Chapter 2
Object of Research

This chapter describes the objects of research i.e. a two-wheeled mobile robot and
a robotic manipulator with three degrees of freedom. It presents the structure, com-
ponents and basic parameters of the controlled systems. The chapter discusses the
kinematics of both robots and provides a simulation for solving the inverse kine-
matics problem. The desired trajectory of a given system was generated, based on
a pre-planned path and velocity values of a selected point attached to a robot. The
generated trajectories were used for numerical tests and verification analyses of track-
ing performance with regard to the controlled systems. The chapter discusses also
the dynamics of both controlled systems and provides a simulation for solving the
inverse dynamics problem for a given trajectory generated earlier. This resulted in
waveforms of control signals for a given trajectory.

2.1 Two-Wheeled Mobile Robot

Pioneer 2-DX wheeled mobile robot (WMR) is a two-wheeled robot intended for
laboratory use. It is equipped with the so-called caster, which is a third self-adjusting
supporting wheel, whose dynamics was not taken into consideration, and is assumed
to be negligible. Mobile robots with a similar structure are known as two-wheeled
robots since they have two drive wheels. It is to be noted that in the last few years
new robots have been introduced that have no extra supporting wheel.

The Pioneer 2-DX model [1] is shown in Fig.2.1a, while its dimensional repre-
sentation is shown in Fig.2.1b.

The model is composed of:

e drive wheels 1 and 2,
e caster 3,
o frame 4.
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Fig.2.1 aPioneer 2-DX wheeled mobile robot. b Pioneer 2-DX schematic diagram; main physical
dimensions

Pioneer 2’s total mass is mpx = 9 [kg], and its maximum capacity (payload) is
mp, = 20 [kg]. Drive wheels 1 and 2 are made of rubber and their main physical
dimensions are: radius r = r; = r, = 0.0825 [m] and width i,,; = h,,, = 0.037 [m].

The maximum velocity of point A, which is attached to the Pioneer 2-DX
WMR, is v, = 1.6 [m/s]. The WMR is equipped with a sensory system con-
sisting of 8 ultrasonic sensors, affixed to the circumference on the front of the
frame. The sensors are denoted by s,1, ..., s,s as marked in Fig.2.1b. In the pro-
gramming phase, the maximum measuring range of rangefinders was limited to
dy; =4 [m]. If the distance between an obstacle and the WMR is greater than
the adopted limit, a default value d,,, is assumed. The minimum measuring dis-
tance from an obstacle is d,,, = 0.4 [m]. If the distance between an obstacle and
the WMR is less than d,,,,, a default value d,,, is assumed. Considering the above,
the distance measurements made by the ultrasonic sensors fall in the range d,; €
(0.4,4.0)[m], i =1, ..., 8. The deviations of ultrasonic sensors’ axes from the
frame’s axis of symmetry are as follows: ws; = 90°, w5 = 50°, w3 = 30°, wu =
10°, w5 = —10°, wge = —30°, wg; = —50°, wsg = —90°.

An analysis of the WMRs motion is linked to the kinematics and dynamics of
these objects which is further discussed in the subchapters below.

2.1.1 Description of the Kinematics of a Mobile Robot

The issues related to the kinematics of the WMR include, inter alia, forward and
inverse kinematics problems. A problem-solving approach to forward kinematics
consists in the determination of the WMR’s position and orientation relative to a
stationary frame of reference, where the motion parameters of the drive units and
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the geometry of the system are known. To solve the inverse kinematics problem, the
angular parameters of drive wheels rotation need to be determined, given that a pre-
defined path and velocity of a selected point of the system are known. An analysis
of the inverse kinematics problem is carried out to determine the trajectory of the
WMR that is to be executed by the tracking control system [7, 21].

Selection of a characteristic WMR’s point that is to follow the desired path depends
on the vehicle’s navigation system and the design of the control system. The desired
path for a selected WMR’s point is represented by rectilinear and curvilinear segments
[19] so as to ensure the completion of a defined task. There are many factors that
affect the path design such as the type of tasks to be carried out, the structure and
technical capabilities of the WMR. Section 7.8 provides a synthesis of the WMR’s
trajectory generation layer of the hierarchical control system. The layer generates
control signals that are necessary to determine the trajectory for the WMR’s selected
point. This process is carried out on an ongoing basis during the performance of tasks
such as “goal seeking with obstacle avoidance”, which is a combination of two task
types: “goal seeking”and “keep to the center of the empty space/obstacle avoidance”.

The kinematics of a selected point of the system is analyzed by means of kine-
matic equations that may be established through application of different methods
e.g. Denavit-Hartenberg convention [19] which employs homogenous coordinates
and transformation matrices. Another approach is to use the classic methods applied
in mechanics, in particular an analytical description of motion that is based on the
parametric equations of motion [21].

In the following considerations it is assumed that all the WMR’s components are
perfectly rigid and the motion is executed on a flat horizontal surface. The WMR
motion is described based on a model (see Fig.2.2) corresponding to the structure of
the Pioneer 2-DX robot used in the verification of solutions that are presented later
in this work. The investigated WMR is a nonholonomic system with two degrees
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Fig. 2.2 Schematic diagram of velocities of individual points on wheeled mobile robot’s frame
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of freedom. Two independent variables were used for motion description i.e. drive
wheels 1 and 2 rotation angles, denoted by o and «,, respectively. In the case where
angular velocity vectors of the WMR drive wheels take the same values, the robot’s
frame performs translational motion, whereas if angular velocity vectors of individual
wheels have different values, the robot’s frame is in plane motion (i.e. it moves in
the plane (surface) of motion defined by axes xy).

In the analysis of the inverse kinematics problem, it was assumed that the selected
point H on the WMR moves on a given path with a desired velocity. The execution
of trajectory is ensured by defining appropriate angular velocities for the rotation of
the WMR drive wheels 1 and 2. It is also assumed that the WMR wheels roll without
slipping and the velocity vector of the characteristic point A lies in the plane parallel
to the plane of motion and is directed perpendicularly to a line segment bounded by
points B and C [7, 21].

In the case where the velocities of points B and C are such that vz > v¢, the
WMR’s frame is in the plane motion and point F shown in Fig. 2.2 is the instantaneous
center of rotation of the frame.

Projections of the WMR’s point A velocity vector on stationary coordinate system
axes x and y satisfy the relation

ya =Xatan (B) , 2.1)
where 8 — instantaneous angle of rotation of the WMR’s frame.
It follows from Eq. (2.1) that point A velocity vector is bounded by nonholonomic

constraints. Based on the geometry of the WMR the relation between points H and
A in the xy system can be determined

Xy = x4 +13c0s(B) , 2.2)

Yo =ya+Ilzsin(B) . (2.3)
Differentiating the above relations with respect to time, we get

Xy = X4+ BLBsin(B) (2.4)

i = Ja+ BB cos (B) . 2.5)

Given that v, is the value of point A velocity vector, then values of vector projections
on the coordinate system axes xy are as follows

X4 =vacos(B) , (2.6)

ya=vasin(f) . 2.7)
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Plugging relations (2.6) and (2.7) into the set of Eqgs. (2.4) and (2.5), we obtain
Xp = vacos(B)+Lfsin(B) (2.8)
Y = vasin(B) + 3 cos (B) . (2.9)

It is assumed that point H moves in the xy plane, on a path that is analytically
expressed as
f&u,yn) =0, (2.10)

where by differentiating (2.10) with respect to time, we get
fuyn)=0. (2.11)
Given the velocity of point A and the desired path of point H, the set of Egs. (2.8),

(2.9) and (2.11) allows for the calculation of the change in the values of the following
parameters

xy =xg (1) ,
yu =yu (@) , (2.12)
B=B@) .

Relations that describe the velocities of points B and C, when written as vectors,
take the following form
Ve =Va+Vca,

VB =V4+Vga, (2.13)

and in the scalar form N
Vs = va-+van @1

where .
vea =Pl , (2.15)

VBA = —,311 .

It is assumed that the WMR drive wheels roll without slipping, hence the following
relations are satisfied )
B = (2.16)
Ve = aqra,
where r; = r, = r —radiuses of the WMR drive wheels.
By considering Eqs. (2.14)—(2.16), the angular velocities ¢ and &, of individual
WMR drive wheels can be written as

(5{1 _l 1 l] Vz.q
)= Ba ] a1
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The inverse form of relation (2.17) takes the form

VA _V 1 1 (5[1
[3}— p [111 ll‘} [dz} ' @19

Kinematic relations described by Egs. (2.17) and (2.18) are considered later in this
work. To solve the inverse kinematics problem the values of the following variables
need to be calculated

xg =xp (1) ,

yu =yu @) ,
B=pB@), (2.19)
ap =ap (1) ,
ay =ad (1) .

by means of Egs. (2.8), (2.9), (2.11) and (2.19), taking into account the desired path
for point H and the velocity of point A v,.

Given that distance /3 = 0, two trajectories of point A were generated relative to
the desired paths. The first being a loop-shaped path with loop radius R = 0.75 [m],
and the second being an 8-shaped path consisting of two combined loops, each of
radius R = 0.75 [m)].

2.1.1.1 Simulation of Loop-Shaped Path Inverse Kinematics

The WMR’s point A motion on the desired loop-shaped path, from the initial position
at point S to the desired final position at point G, is divided into five characteristic
phases [7]:

(a) Start-up (motion on a rectilinear path):

%
Va

t— 1,

. . Va ;
(t—1,), t,<t<t, b =dp=—, =0,

Vp =

where v, — linear velocity of point A, ¢ — time, v}, — maximum desired linear velocity
of point A, t, — (motion) initial time, . — end-time of start-up, ¢, & — desired
angular velocities of the WMR drive wheels rotation, r — drive wheel radius, ,8 -
instantaneous angular velocity of the WMRs frame rotation.

(b) Motion with the desired velocity, when v4 = v} = const.:

R ' :
dp=dy=-7=, & =t <li, p=0,

where t., — start-time of curvilinear motion.
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(c) Motion in a circular path with radius R, when v4 = v} = const., R = 0.75 [m]:
. VA : . VA :
051274‘11/37 0l2=7—l1,3, tet <t <ty

where t., — end-time of curvilinear motion, /; — length that results from the WMR’s
geometry.

(d) Curve exit including the transition period, followed by motion on a rectilinear
path with constant velocity, when v4 = v} = const.:

a) = dlp1 — (dp] — VTA) (1 — e‘gt) , Oy = dll,z — (VTA —dpz) (1 — E_gt) s

lo =1 <1y,

where 1, — braking start-time, ¢ — transition curves approximation constant, ¢, &>
—values of wheels’ angular velocities at the beginning of the transition period. Intro-
ducing approximation allows for the execution of system’s motion with smooth
changes being applied to parameters such as velocity and acceleration.

(e) Braking:

¥ V; < .. Vg ,_0
VA=V, — t—t), th<t<ty, al_az_T’ =0,

tk — 1ty

where f;, — end-time.

Equal lengths of time were adopted for the braking and the start-up phase. The
start-time values for the remaining phases are respectively: ¢, = 3 [s], &, =5 [s], fc1
=7.5[s], t,, =20.5 [s], t, =23 [s], ty = 25 [s]. The maximum linear velocity value
of point A on the WMR is v; = 0.4 [m/s]. To eliminate discontinuities in angular
accelerations of trajectory with a triangular velocity profile, an approximation of the
velocity profile was generated by means of the following relation

1
1+ exp—“(’—“)) (1 + expL‘l(t—tz)) ’

VA=V ( (2.20)

where ¢; = 12 [1/s] — sigmoid functions slope coefficients, #; — motion mean start-
time, t; = 0.5(¢, +t,) =4 [s], ©, — braking mean start-time, t, = 0.5(t + 1) =
24 [s]. The diagrams of the assumed triangular velocity profile and its approximation
are shown in Fig. 2.3a, b, respectively.

Based on the desired velocity profile (Fig.2.3b), the desired motion path of point
A on the WMR (Fig.2.4a) and the geometry of the WMR, the inverse kinematics
problem was solved, thereby producing angular variables related to the WMR drive
wheels rotation. Figure 2.4b shows the diagram of rotation angles «; and o, [rad] of
the WMR drive wheels, Fig.2.4c presents the angular velocities «; and &, [rad/s],
whereas in Fig. 2.4d the angular accelerations &; and &, [rad/s?] are presented.
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Fig.2.3 a WMR’s point A triangular velocity profile, b approximation of point A triangular velocity
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Fig. 2.4 a WMR’s point A desired motion path, b WMR drive wheels rotation angles o1 and a2,
¢ angular velocities &1 and ¢», d angular accelerations &; and &

2.1.1.2 Simulation of 8-Shaped Path Inverse Kinematics

The WMR’s point A motion on the desired 8-shaped path, from the initial position
at point S to the desired final position at point G, is divided into two characteristic
phases (I and II), each of which consists in a “drive” on a loop-shaped path. Motion
phases are separated by a stop at point P. Each phase consists of nine characteristic
sub-phases of motion:

(a) Start-up (motion in a rectilinear path):
Vi

va=—="—(t—tp), tpSt<ty, @j=dr=—, B=0,
1 — Ip1 r
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where 7| —initial time of motion in the first phase of motion, #,; — start-up end-time
in the first phase of motion.

(b) Motion with the desired velocity, when v4 = v} = const.:

. . VA ;
=0y =-=, I =t<li, =0,

where .| — start-time of the curvilinear motion in the first phase of motion.
(c) Motion along a circular path with radius R, whenv4 = v} =const., R = 0.75 [m]:

. VA : . 7\ 5
ar=—+hB, co=——-ULB, tqg =<t <ta,
r r
where #,| — start-time of decrease in velocity (deceleration) in the curvilinear motion.
(d) Deceleration in the motion along a circular path with radius R:
Vi — (v";\ — VZ*) -t —ty0) . . Vi — (vj — VZ*) -t —ty0) B

+hp, ar=
r(ta2 — ta1) r (ta2 — ta1)
g1 =t <tg2,

LB,

a] =

where 1, —end-time of deceleration in the curvilinear motion, v* — minimum desired
linear velocity of the selected point A on the WMR.

(e) Motion along a circular path withradius R, whenv, = v§* =const., R = 0.75[m]:
1% . A% .
d1=7A+llﬂ, d2=TA—llﬁ, top <t <tg3,

where #,3 — start-time of increase in velocity (acceleration) in the curvilinear motion.

(f) Acceleration in the motion on a circular path with radius R:

Vi = (v = Vi) - (ta3 — 1) Lp . a Vi — (V= Vi) (g3 — 1)
1P, a2 =
r (tq3 — ta4) r (tq3 — ta4)

g3 =1 <lg4,

-1,

a) =

where t,4 — end-time of acceleration in the curvilinear motion.

(g) Motion on a circular path with radius R, when v4 = v} = const., R = 0.75 [m]:
. VA ; . VA :
061=7+11/3, 062=7—11,3, fag <1 <1 .

where t., — end-time of the curvilinear motion in the first phase of motion.

(h) Curve exit including the transition period, followed by motion on a rectilinear
path with constant velocity, when v4 = v} = const.:

ap = dp — (dpl - VTA) (I—e™") oo =0dyn — (VTA _‘5‘1]2) (I—e),

Iep =t <pys
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where t,; — braking start-time in the first phase of motion, ¢ — transition curves
approximation constant, ¢, &, — values of wheels’ angular velocities at the begin-
ning of the transition period in the first phase of motion.

(i) Braking:

*
v . . VA ;
VA=V — A (t—ty), th <t <t o =dy=-=, B=0.

Ir1 — Ini

The second characteristic period of the WMR’s point A motion on a loop-shaped
path consists of identical motion phases.

Equal lengths of time were adopted for the braking and the start-up phase, equal
lengths of time were assumed for the decrease and increase in velocities in the curvi-
linear motion phase. The start-time values for the subsequent phases are respectively:
tor =31l ty1 =51[sl, te1 =7.5[s], ta1 =10 [s], tar = 11 [S], ta3 = 13.85 [s], taa =
14.85 [s], teo = 18 [s], ty1 = 18.4 [s], tx1 = 20.4 [s], tpo = 24.6 [s], t,1 = 26.6 [s],
te3 =222 [s], tpy = 30.1 [s], tpo = 31.1 [8], tp3 = 34.1 [5], tp4 = 35.1 [s], ta = 32.8
[s], tha = 40 [s], txo = 42 [s]. The maximum velocity value of point A on the WMR
is v = 0.4 [m/s], whereas the minimum is v§* = 0.3 [m/s]. To eliminate the dis-
continuities in angular accelerations of trajectory with a triangular velocity profile,
an approximation of the velocity profile was generated by means of the following
relation

1

! 1

1 + exp*cz(t*hﬂtm)) (1 + expcz(t*f3+4m))

, (221
m=0 (

where ¢; = 6 [1/s], c; = 12 [1/s] — sigmoid functions slope coefficients, #; — start-
up’s mean start-time in the first phase of motion, #; = 0.5 (t,-l + t,,l) =4 [s], n
— mean start-time of deceleration in the curvilinear motion in the first phase of
motion, t, = 0.5 (t,1 + t,2) = 10.5 [s], 13 — mean start-time of acceleration in the
curvilinear motion, #3 = 0.5 (¢,3 + t,4) = 14.35 [s], #4 — braking mean start-time,
t4 = 0.5 (tx1 + tp1) = 19.4 [s], t5 — start-up’s mean start-time in the second phase of
motion, t5 = 0.5 (t,z + t,,z) = 25.6 [s], t¢ — mean start-time of deceleration in the
curvilinear motion in the second phase of motion, g = 0.5 (51 + f2) = 30.6 [s], t7 —
mean start-time of acceleration in the curvilinear motion, t; = 0.5 (tp3 + t54) = 33.6
[s], tg — braking mean start-time, tg = 0.5 (fx + t42) = 41 [s]. The diagrams of the
assumed triangular velocity profile and its approximation are shown in Fig.2.5a, b,
respectively.

Based on the desired velocity profile (Fig.2.5b), the desired motion path of point
A on WMR (Fig. 2.6a) and the geometry of the Pioneer 2-DX, the inverse kinematics
problem was solved, thereby producing angular variables of the WMR drive wheels
rotation. Figure 2.6b shows the diagram of rotation angles ¢} and o, [rad] of the WMR
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Fig. 2.6 a WMR point A desired motion path, b WMR drive wheels rotation angles «; and a2, ¢
angular velocities &; and &2, b angular accelerations & and &>

drive wheels, Fig.2.6c presents the angular velocities ¢; and ¢, [rad/s], whereas in
Fig.2.6d the angular accelerations ¢&; and &, [rad/s?] are presented.
The generated solutions to the inverse kinematics problem were applied in the

quality analysis of tracking performance with regard to particular control systems,
as the WMR’s desired trajectory.

2.1.2 Description of the Dynamics of a Mobile Robot

The analysis of issues related to the WMR’s dynamics consists in seeking correla-
tions between the system’s parameters of motion and the mechanisms that cause the
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motion. The forward dynamics problem is to determine the system’s parameters of
motion resulting from the generalized forces, whose values are known, whereas the
inverse dynamics problem is solved by determining the values of the generalized
forces that occur during the WMR’s motion along the desired trajectory, where the
values of the parameters of motion are known [21].

The analysis of the WMR’s dynamics results in a mathematical model represented
by ordinary differential equations that may be used for further analysis, identification
of parameters and synthesis of control systems [11]. The model that describes the
WMR’s dynamics provides merely an approximation of real system’s behavior and
does not take into account every system-related event, due to the computational
complexity and difficulty in measuring certain quantities.

The WMRs are complex mechanical systems with nonholonomic constraints and
a nonlinear dynamic description. The dynamics of such systems can be described by
means of Lagrange equations with multipliers [7, 21] to obtain dynamic equations of
motion with the right-hand side in implicit form. Once reduced to equations of motion
with nonholonomic constraints, they allow for the solution of the WMR’s forward
and inverse dynamics problems. The use of Lagrange equations with multipliers to
describe the WMR’s dynamics allows to determine the values of friction forces acting
at the contact point between the WMR drive wheels and the surface, and thereby to
determine whether the desired trajectory can be executed in the rolling without slip-
ping motion. The disadvantage of this approach is in the computational complexity
and difficulty in determining the values of Lagrange coefficients, therefore a transfor-
mation is applied that allows for decoupling multipliers from the driving moments.
The WMR’s dynamics may be also described by means of Maggi’s mathematical for-
malism [7, 8, 10]. Thus obtained model, which has a convenient computational form,
allows for the calculation of driving moments values for the WMR drive wheels.

Maggi’s equations were selected to describe the WMR’s dynamics. The motion
of dynamic systems expressed by means of Maggi’s equations in generalized coor-
dinates is defined as follows

! d (dE\ OE
;Ci,j [E ( ) } =0, (2.22)

dq; )  9q;
where i = 1, ..., g, g — number of independent parameters of the system in gen-
eralized coordinates g;, equal to the number of system’s degrees of freedom,
j=1,...,h, h — number of generalized coordinates, E = E (¢) — kinetic energy

of the system, C; ; — coefficients. The diagram of the WMR is shown in Fig.2.7.
All generalized velocities are written in the following form

8
gj=Y Cijéi+Gj. (2.23)
i=I

where ¢é; — kinetic parameters of the system in generalized coordinates, G ; — coef-
ficients. The right hand-sides of Eq.(2.22) are the coefficients of variations d¢;
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Fig. 2.7 Diagram of the
WMR

in expressions for virtual work of system’s external forces. These coefficients are
defined as follows [10]

g g h
Z@iée[ = Zée,- ZC,"jQFj 5 (224)
i=1 i=1 j=1

where Qf — vector of generalized forces, given the driving moments of the WMR
wheels 1 and 2, and rolling resistance. Thus formulated Maggi’s equations are used to
describe the WMR point A motion. It is assumed that robot’s motion is executed in a
single plane. In order to clearly determine its position and orientation it is necessary to
provide the position of point A i.e. coordinates x4, y4 related to the orientation of the
frame defined by the instantaneous angle of rotation 3, as well as the rotation angles
of drive wheels 1 and 2, denoted by «; and «», respectively. Vectors of generalized
coordinates and generalized velocities are as follows
1

q= [XA, YA, ,3,051,052 P (225)

qz[chv.)‘)AaBadladZ]T . (226)

In the analysis of the values of the external forces acting on the examined dynamic
system, it is essential to include the dry friction forces which occur in the tangent
plane of contact between the drive wheels and the surface. These forces are shown in
Fig.2.8, where T],, Th — circumferential dry friction forces, T, "o Tzn — transverse
dry friction forces [7].

The considered WMR is a system with two degrees of freedom. The movement of
WMR is analyzed in the x y plane. Given that independent coordinates are represented
by drive wheels rotation angles «; and «;, then the arrangement of velocity vectors
with regard to points A, B and C implies the following equations for velocities
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Fig. 2.8 Friction forces

acting on the WMR drive
wheels A
y
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X
. ro. .
Xa =3 (o1 +az)cos(B) ,
. ro. . .
ya=3 (a1 +az)sin(B) , (2.27)
: ro. .
B= 20 () — ) .

Based on relation (2.23) generalized velocities are written as follows

. . ro. . ro. . . .
G == (61 + d) cos (B) = 3 (e1 +ex)cos(B) =Crie1 +Crie2+ Gy,

. . ro . . . ro. . . . .
@2=yr=7 (a1 +az) sin (B) = 5 (é1 +ex)sin(B) = Crpey + Crper + Go

. . r . . r . . . .
G=B=— (a1 —a) =7(é1 —&)=C13¢1 +Cr36, + Gz,
21 21

q'4 — dl = él = C1,4é1 + C2,4é2 + G4 s
qs = (.Xz = éz = Cl,Sél + C2,5é2 + GS ’

(2.28)
where coefficients C; ; and G; have the following values

r r
Cri=37cos(p) , Coa=7cos(h) . G =0,

ro. ro.
Cip=3zsin(f) , Cp=7sin(f) ., G2 =0,

r r (2.29)
Cizs==, Coz=——, G3; =0,

13= 5 23 2 3

Cia=1, Crs=0, G4=0,
Cis=0, Cs=1, Gs=0.

Given the generalized forces described by relation (2.24), and the values of coeffi-
cients C; ; (2.29), the WMR’s dynamic equations can be written as

Or=C110r1+Ci120r2 +C130Fr3+C140ps+C150F5 =u; — Ny f1,
O =C10F1+ C220r2+C230F3 +C240ps + Cr50rp5s =us — Naof .
(2.30)
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In the present case, Maggi’s equations take the following form

r\2 r\?
2my +my) (5) (01 4 dip) + 2my (i) rly (G — ory) an + I 0+
1

+ (2myl} + mal; + 21 + La) N (@1 — ) =u; — Nif1,
I 2.31)

e .. r\ . s ..
(2m1 + my) (5) (a1 + az) +2my (Z) rly (6 — dn) oy + I+

— (2} + mal5 + 21 + La) o @ — @) == N2 fa
1

where m| = m, — substitute masses of WMR drive wheels 1 and 2,
my — substitute mass of the WMR’s frame,
1,1 = I, — substitute mass moments of inertia of drive wheels 1 and 2 that are
determined relative to axes x; and x,, which relate to the drive wheels, respectively,
1,1 = I, — substitute mass moments of inertia of drive wheels 1 and 2 relative to
drive wheels rotation axes,
I.4 — substitute mass moment of inertia of the WMR’s frame relative to axis z4 that
relates to the frame, assuming the axes of the reference frame bounded with a given
WMR’s part are the central principal axes of inertia,
N1, N> —normal forces relative to wheels 1 and 2,
fi1, f» —rolling friction coefficients relative to respective WMR wheels,
uy, uy — driving moments (control signals),
1,1y, 1, hy —respective lengths resulting from the geometry of the system,
ry = rp, = r —radiuses of respective wheels.

Maggi’s equations (2.31) were applied to describe the WMR’s dynamics. Their
vector/matrix form is shown below [7, 8].

r\2 r\2
@my+my) (3) + Lt @y +my) (5) +
r r
+(2m1112+m4l%+ZIX1+IZ4)i’ _(2m1112+m4l%+21x1+lz4)i [al]
r\2 r\2 &
@my+my) (3) + @my+my) (3) + bt 2
r r
_ (2m11f Fmyl3 + 20 + 124) o (2m11f +myl} + 20 + 114) o
2
r .
0, 2my (ﬁ) rly (e — @) é
* r\? . i)
2my A riy (@) —a2) , 0

. [lelsgn(m)] _ [”1]
N3 frsgn (@) uy |-

The following parameters can be introduced to simplify the WMR’s dynamic
equations

(2.32)
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r 2
ar = Qmy + my) (5) ,

,
a = (Zmlll2 + myl3 421 + 114) T

az = =1,,

3 z1 zr2 R (2.33)
=2 — b,

ag nay (211) riy

as = Ny f1,

as = N f>,

given the above, relation (2.32) can be written as
Maé+C@)a+F(@) +t,0) =u, (2.34)

where M —inertia matrix of the WMR, C (&) & — vector of moments of the centrifugal
and Coriolis forces, F (&) — friction vector, T4 (t) = [t41 (1), T4z (£)]7 — vector of
bounded disturbances - that also relates to the dynamics of the WMR’s elements that
are not modeled, u — control vector - that includes control signals in the form of
driving moments of respective drive units, & = [, ¢]” — angular velocities vector
of the WMR drive wheels rotation.

Matrices M, C (a&), and vector F (&) take the form

M — ai+ay+az, a —a
ap—a;, a+a+as

C(@) = [ 0, a (d‘zo_ ‘5‘1)] , (2.35)

—ag (@) — @)

F (@) = [“Ssg“ (dl)} .

assgn ()

Maggi’s equations make it possible to circumvent the procedure of decoupling
multipliers in Lagrange equations, which is time-consuming for complex dynamic
systems. Thus obtained relations allow for the solution of the forward and inverse
dynamics problems of the WMR’s dynamics.

Equation (2.34) may be written in a linear form with respect to parameters a

Y@ d)'att,(t)=u, (2.36)
where Y (&, &) — so-called regression matrix that takes the form

. (.)21-’—(.)22,(')21,&1—&2,&%—d1dz,sgn(d1), 0 r

Y(a,0) = | .. SO N T, .
artay, dy, 0y —ay,ap —ajaz, 0, sgn(an)

(2.37)

The nominal set of parameters of the WMR Pioneer 2-DX was adopted and

denoted by a, whereas the second set denoted by a, refers to the parameters of the

WMR carrying a load of mg; = 4 [kg]. These parameters were applied to simulate



2.1 Two-Wheeled Mobile Robot 27

Table 2.1 Adopted parameter values for the Pioneer2-DX WMR

Parameter Value (no load) Parameter Value (load Unit
(a) applied) (ag)
aj 0.1207 ag 0.1343 kgm?
a; 0.0768 agn 0.0945 kgm?
as 0.037 an 0.037 kgm?
ay 0.001 o 0.001 kgm?
as 2.025 ags 2.296 Nm
ag 2.025 ade 2.296 Nm

disturbances during the movement of the WMR. Both sets of parameters are presented
in Table2.1.
The model of forward dynamics of a mobile robot can be defined based on
Eq.(2.34), thus
a=M'lu-C@a—-F(@ —1,0)] . (2.38)

Equation (2.38) will be applied further in this work for the modeling of mobile robot’s
motion.

A continuous model of the WMR’s dynamics (2.38) was discretized with the use of
Euler’s method of approximation of continuous derivative by a difference (forward
rectangular rule). The parameters of motion were computed (in a simulation) or
measured (in an experiment) in discrete- time periods & () ), & (¢} ), Where £y = kh,
k —integer indicating an iteration step, k = 1, ..., N, N —number of iteration steps,
h = tyy1y — tyy — time discretization parameter, o (#() and e (f+1)) — WMR drive
wheels rotation angles in discrete-time periods #;y and fx1y (for steps k and k + 1).
Substituting z; = &, z; = « into (2.38), the following discrete description of the
WMR’s dynamics was obtained

Zikt1) = 2y + hzoyy (2.39)
Dojirt) = 2oy — M [C (221) 220y + F (220) + Tay — ] '

T . . .
where Zi;y = [Zn{k}, ZlZ{k}] — vector of discrete drive wheels rotation angles that

corresponds to the continuous vector o, Zyjy = [z21{k}, Zzz{k}]T — vector of discrete
angular velocities that corresponds to the continuous vector .

Difference equations of mobile robot’s dynamics (2.39) that were derived by
means of Maggi’s equations will be used further in this work for the modeling of
motion of a controlled object, while a discrete form of relation (2.34) was applied in
the synthesis of robot’s tracking control algorithms.

The structural properties of the WMR’s dynamic model (2.34) are used in the
synthesis of tracking control algorithms. These properties are presented below.



28 2 Object of Research

Structural Properties of the WMR’s Mathematical Model
Description of the WMR’s dynamics in the form of Eq.(2.34) meets the fol-
lowing assumptions [6, 11, 14]:
1. Inertia matrix M is symmetric and positive-definite, and meets the con-
straints
Omin M) T <M < opax M T, (2.40)

where I —identity matrix, omin (M), omax (M) — respectively, minimum and
maximum strictly positive eigenvalue of the inertia matrix.
2. Matrix C (a&) is such that the matrix

S@ =M-=-2C(a) , (2.41)
is skew-symmetric. Thus the following relation
£'S(&E=0, (2.42)

where & — any given vector of appropriate dimension.

3. Vector of disturbances t, () acting on the WMR is bounded so that
llza; () | < bgj, where by; is a positive constant, j = 1, 2.

4. The WMR’s dynamic Eq. (2.34) can be written in a linear form with respect
to the parameters, hence

Maé+C@a+F@+t,0)=Y@ &) at+t,0)=u, (243)

vector of parameters a shall consist of a minimum number of linearly
independent elements.

2.1.2.1 Simulation of Inverse Dynamics Problem — The WMR’s Motion
on a Closed-Loop Path

In the simulation of the WMR’s motion the robot’s characteristic point A follows the
desired trajectory with a loop path. The inverse kinematics solution trajectory from
Sect.2.1.1.1 was applied. Based on the values of the desired WMR’s parameters such
as angular velocities (&, &) and angular accelerations (&, &), and according to
Eq. (2.34) control signals u; and u, were generated. The control signals determine
the WMR’s motion on the desired path given the desired angular velocities and accel-
erations of the drive wheels. The nominal values of the WMR’s model parameters a
were adopted, in accordance with Table2.1.
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Fig. 2.9 a Desired path of point A on the WMR, b angular velocities ¢; and &2, ¢ angular accel-
erations & and &, d control signals u1, uy

The diagram of the desired motion path of point A is shown in Fig.2.9a, desired
angular velocities of the drive wheels (¢, ¢&;) and angular accelerations (&, &)
are illustrated in Fig.2.9b, c, respectively. Figure 2.9d presents the generated control
signals.

It can be noted that the waveforms shown in Fig.2.9d directly correspond to the
phases of motion related to the desired trajectory. At the initial time, the position of
the WMR’s point A is at point S. In the acceleration period (¢ €< 3, 5 >) the control
signals are generated, thereby initializing the motion of robot’s mass despite robot’s
innate inertia and resistance to motion. Hence, the highest values of control signals
and u, are observed in this phase of motion. In the next phase, which is the constant
motion on a rectilinear path (r €< 5,7.5 >), the values of angular accelerations
are equal to zero, thus in accordance with Eq. (2.34) the values of control signals are
determined merely by the modeled effects related to the resistance to motion. Another
phase is the motion along a circular path (with radius R = 0.75 [m]) preceded by
the curve entrance transition phase and completed with the curve exit transition
phase. The curve entrance requires an increase in the angular velocity of wheel 1
and a decrease in the angular velocity of wheel 2 which results in the increase in
the value of control signal #; and the decrease in the value of control signal u; in
t €< 17.5,8.5 >. In the constant motion on a circular path (r €< 7.5, 20.5 >) the
control signals are affected by the vector of moments of the centrifugal and Coriolis
forces, thus the different values of drive wheels control signals in this phase of motion.
The curve exit phase is followed by another phase of constant motion on a rectilinear
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path (r €< 20.5, 23 >). The final phase of motion is braking (r €< 23,25 >) and
complete stop at point G, where the angular velocities tend to zero and the control
signals go to zero as well.

2.1.2.2 Simulation of Inverse Dynamics Problem — The WMR’s Motion
on an 8-Shaped Path

In the simulation of the WMR’s motion the robot’s characteristic point A moves on
an 8-shaped path. The inverse kinematics solution trajectory from Sect.2.1.1.2 was
used. The simulation conditions applied are those from Sect.2.1.2.1. The diagram of
the defined motion path of point A is shown in Fig.2.10a, desired angular velocities
of the drive wheels (&, &) and angular accelerations (&, &) are illustrated in
Fig.2.10b, c, respectively. Figure 2.10d presents the generated control signals.

The desired trajectory consists of two main periods. The first one consists in point
A’s motion on a rectilinear path from its initial position at point S, followed by the
motion along a curved path in the leftward direction, curve exit and the rectilinear
motion with braking and stop at point P. The second main period of motion begins
at point P and consists in the rectilinear motion, followed by the motion on a curved
path in the rightward direction and the rectilinear motion with braking and stop
at point G. Each of these two main periods consists of analogous phases to those
described in Sect.2.1.2.1 except that during the motion on a curved path there is

0 5 10 15 20 25 30 35 40 45
1[s]

(b)

a,, @, [rad/s]

[ S TS R e e |

0, o, [rad/s’)

0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
t[s] 1[s]

Fig. 2.10 a Desired path of point A on the WMR, b angular velocities ¢&; and ¢, ¢ angular
accelerations & and &, d control signals uy, us
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an additional decrease in point A’s velocity from vy = 0.4 [2] to v4 = 0.3 [2] in
the periods t €< 10, 15 > [s] and ¢t €< 30, 35 > [s]. The decrease in the values of
angular velocities of drive wheels rotation in the aforementioned periods, results in

the lower values of the control signals.

2.2 Robotic Manipulator

Scorbot-ER 4pc is a laboratory robotic manipulator (RM) with five degrees of free-
dom comprising revolute kinematic pairs of the arm and wrist. The robot was designed
and developed to emulate an industrial robot, however its unique feature is the open
mechanical structure that allows to observe the movement of the arm mechanisms
and the open structure of the control system. Scorbot—ER 4pc [17] RM is shown
in Fig.2.11a, and its structure is illustrated by means of a schematic diagram in
Fig.2.11b.

The gripper is the robot’s end-effector that can reach the desired position through
the movement of the robot arm with three degrees of freedom. Another two degrees
of freedom allow the gripper to be oriented arbitrarily and a servo motor allows
closing of the gripper jaws. The robot is driven by drive units that comprise 12 [V]
DC motors, gears and incremental encoders. Reduction gears were installed with
ratios of iy = i, = i3 = 1 : 127.1 in the drive units of links 1, 2 and 3, and ratios of
iy = is = 1:65.5 in the drive units of links 4 and 5. The motors that drive link 2
(upper arm), 3 (forearm) and the gripper are mounted in link 1 (base), thus they do not
weigh down the links, whose masses and mass moments of inertia are relatively small.
The power is transmitted by cogbelts, whose flexibility has a marginal impact on the
robot arm movement given the position of the drive units in link 1. Robot’s payload
capacity is my; = 1 [kg], including gripper, and the robot mass is mg = 11.5 [kg].

The open structure of manipulator’s control system along with dSpace measure-
ment and diagnostic tools allow for experimental verification of different methods
for modeling and control of RMs. Research on the synthesis of control algorithms
with regard to the motion of dynamic systems requires knowledge of the system’s

Fig. 2.11 a Scorbot-ER 4pc
robotic manipulator, b
schematic diagram of the
robotic manipulator
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mathematical model that should be simple, namely, consider solely the most impor-
tant effects. Therefore, the following assumptions are made [23]:

e analyzed kinematic chain of the manipulator has three degrees of freedom, gripper
movements are negligible,

e manipulator links were modeled as rigid bodies,

gripper was modeled as mass concentrated at point C, at the end of the robotic

arm,

flexibility and backlash in gears are negligible,

dynamics of actuators was not considered, due to short time constants of motors,

link 1 was modeled as a cylinder,

links 2 and 3 were assumed to have axes of symmetry which intersect the axes of

their respective joints.

2.2.1 Description of the Kinematics of a Robotic Manipulator

The issues related to the kinematics of robotic manipulators include forward and
inverse kinematics problems. A problem-solving approach to forward kinematics
consists in the determination of the tool center point (TCP) position and tool orien-
tation within the manipulator’s workspace, taking into account the joint coordinates
(configuration coordinates). To solve the inverse kinematics problem joints’ coordi-
nates, velocities and accelerations must be determined based on the assumed motion
of the tool within the workspace. From a mathematical point of view solving the
inverse kinematics problem is more difficult than solving the problem of forward
kinematics, however it is more important in terms of robotics. An analysis of the
inverse kinematics problem is carried out to determine the trajectory which is to be
executed by the tracking control system [23]. Except in extraordinary cases, solving
the inverse kinematics problem is difficult, which is due to ambiguity of solutions,
discontinuity in solutions and kinematic singularity.

This subchapter describes the kinematics of the Scorbot - ER 4pc RM by means
of the Denavit—Hartenberg notation (D—-H) [2, 9, 15, 16, 19, 20] which employs
homogenous coordinates and transformation matrices [15, 16, 19]. The Scorbot
- ER 4pc’s arm has a joint kinematic structure (anthropomorphic). According to
the adopted D-H notation, the ith coordinate frame is attached to each ith link of
the manipulator’s kinematic chain. The homogenous transformation matrix A!_
transforms coordinates of a selected point from the ith coordinate system into the
i — 1 system. It is obtained by combining four transformations [19], according to the
relation

A! | =Rot_ o, Trans, 4 Trans, ,;Rot, ,; , (2.44)

where individual matrices of rotation and translation express the angle of rotation and
displacement of the ith system to the i — 1 system, Rot; o; is the matrix of rotation
through angle ®; about axis z, expressed by the relation
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cos (®;) —sin(©®;) 00

sin (®;) cos(®;) 00
0 0 10|~
0 0 01

Rot, o; = (2.45)

translation matrix Trans, 4 expresses translation along axis z by distance d;, accord-
ing to the relation
1000
0100
Trans.ai = | 4 4| (2.46)

0001
translation matrix Trans, ,; expresses translation along axis x by distance a;

10061,‘
0100
0010 |~
0001

Trans, ,; = (2.47)

and rotation matrix Ret, ,; expresses rotation through angle ¢; relative to axis x,
according to the relation

1 0 0 0
0 cos (a;) —sin (¢;) O
0 sin (er;) cos(e;) O
0 O 0 1

Rot, o = , (2.48)

where the parameters of the ith link of the kinematic chain are: ®; — joint’s angle of
rotation, d; — joint offset, a; - link length, o; — link twist angle. The application of
D-H notation requires the following selection of coordinate frames attached to the
links matrix [19]:

e axis x; of the ith coordinate system is perpendicular to axis z;_; of the i — 1
coordinate system,

e axis x; of the ith coordinate system intersects axis z;—; of the i — 1 coordinate
system,

where parameters ©;, d;, a; and «; are unambiguously determined and satisfy the
relation (2.44).
Finally, matrix A§_1 has the form

cos (®;) —sin (®;) cos (;) sin (O;) sin («;) a; cos (O;)
sin (®;) cos (®;)cos (o;) — cos (O;)sin («;) a; sin (O;)
0 sin («;) cos (a;) d;

0 0 0 1

Al = (2.49)



34

Fig. 2.12 Schematic
diagram of the Scorbot-ER
4pc robotic manipulator with
coordinate systems and
Devanit—Hartenberg
parameters
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Table 2.2 Scorbot-ER 4pc kinematic parameters relevant to Denavit-Hartenberg notation

Czon ®; [rad] a; [m] d; [m] «; [rad]
1 O I1 =0.026 dy =0.35 /2

2 ®, I =0.22 0 0

3 [OF) I3 =0.22 0 0

Figure 2.12 shows a schematic diagram of RM structure with kinematic parameters
relevant to the D-H notation.
Relevant kinematic parameters of the links are presented in Table2.2.
Homogenous transformation matrices of the Scorbot-ER 4pc RM [9, 23] take the

form:

A (©)) =

AT (On) =

A} (03) =

[(cos (©)) 0 sin (@) Ijcos(O)]
sin (®1) 0 —cos (®1) [; sin (O)
0 1 0 d,

0 0 0 1

[ cos (@) 0 —sin (©,) 1, cos (©,) ]
sin (®,) 0 cos (®;) [, sin (O,)
0 0 1 0
0 0 0 1

[ cos (@3) 0 —sin (@3) I3 cos (O3) ]
sin (®3) 0 cos (®3) I3sin (O®3)
0 0 1 0

0 o0 0 1

3

El

(2.50)

2.51)

(2.52)

Considering the mechanical structure of the manipulator and the methods for
measuring rotation angles of the Scorbot-ER 4pc manipulator’s links, a new vector
of configuration coordinates was adopted
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q1 I
q=|q | = ®, , (2.53)
q3 0, + 63

and new homogenous transformation matrices defined by coordinates ¢g; in the form

[[cos (1) 0 sin(q1) [icos(qr) ]
i _ | sin(gq1) 0 —cos(q1) I sin(q1)
| 0 0 0 1]
[ cos (q2) 0 —sin(¢2) [ cos (q2) |
2 _ | sin(g2) O cos(q2) lrsin(q)
Al (q2) = 0 0 ) 0 , (2.53)
0 0 0 1]
cos (g3 — q2) 0 —sin (g3 — q2) 13cos (g3 — ¢2)
3 _ | sin(gz —q2) 0 cos(gs —q2) IB3sin(gz — q2)
AZ (972, CI3) - O 0 1 O ’ (256)

0 0 0 1

that will be used further in this work to determine the manipulator Jacobian.
Transformation of the jth coordinate system to the i — 1 system is defined by
matrix T/, € R4+ expressed in the form [20]:

J
T, =[]AlL @ . (2.57)
k=i
whose general form is
. J J
T, =| R ‘p,._l , (2.58)
0 1

where R{ _| € 933 _ matrix of rotation of the Jjth coordinate system relative to the
i — 1system, p{ _1 € 93*1 _yector of translation of the Jjth coordinate system relative
to the i — 1 system.

The Jacobian matrix (in robotics also referred to as the Jacobian) is essential
for the modeling, motion planning and RM control. Scientific publications provide
several different types of the Jacobian [19, 20], this monograph only presents the
analytical Jacobian [19, 20, 23].
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The analytical Jacobian of the RM is derived from the so-called kinematic func-
tions, where the joint coordinates (configuration coordinates) q are related to the task
coordinates y of manipulator’s link e.g. tool position and orientation in robot’s task
space.

The task coordinates are defined by the relation

y=k(@ . (2.59)

where k (q) € %! — the so-called kinematic function, q € R"*! — vector of config-
uration coordinates, m — dimension of manipulator’s task space, n — dimension of
manipulator’s configuration space.

The connection between the values of velocities in the configuration space and the
values of joint velocities is expressed by means of the analytical Jacobian, according
to the following relation

y=JW@q, (2.60)

y € R _ velocity vector in task coordinates, ¢ € %"*! — vector of configuration
velocities, J (q) € R — analytical Jacobian expressed in the form

ok
J(@ = e W . (2.61)
q

The selection of manipulator’s task coordinates y has a significant impact on the

dimension and form of the Jacobian [19, 20, 23]. The analytical Jacobian of n-link
manipulator consists of columns J;,i = 1,2, ..., n, thatis

J@=0J ... Ji ... L, (2.62)

where the ith column of the revolute joint Jacobian matrix is expressed by

i—1 n_ il
J = |:R0 3th CUIZ{i)il(po Po ):| , (2.63)
0 3™ col
and for a prismatic joint by
i—1
J = RE) 3tk col (2.64)
0 9
where Rf)_;,h col = is the third column of the rotation matrix resulting from relation

(2.58).

The analytical Jacobian of the Scorbot-ER 4pc was determined assuming a 6-
dimensional task space, where point C coordinates of the manipulator’s kinematic
chain y = [y;y2y3y4ysys]” describe the position (y;, y2, y3) and the orientation
(v4, ¥s, y6) of the end-effector with respect to the base coordinate system. By apply-
ing configuration coordinates (2.53), the analytical Jacobian (2.61) has the form
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J(@) =
— (1 + 12 cos(gp) +13cos(g3)) sin(q1) —Ipsin(gp)cos(gy) —I3sin(g3)cos(qy)
(I1 + 1l cos (q2) +13cos(g3))cos(q1) —Ipsin(gp)sin(q;) —I3sin(g3)sin(qq)

0 I cos (g2) I3 cos (q3)
0 0 sin (q1)
0 0 —cos (q1)
1 0 0

(2.65)
Another important issue in the analysis of manipulator’s kinematics is to determine
singular configurations based on the analysis of the Jacobian [20, 23]. The theory
indicates that if the manipulator’s number of degrees of freedom is lower than the
number of task space dimensions, the manipulator has only singular configurations.
In this analysis, 6-dimensional task space was adopted for a manipulator with three
coordinates in the configuration space (2.53). A manipulator thus defined allows
the end-effector to either reach the desired position, in that case the end-effector’s
orientation depends on the position, or to reach the desired orientation, then the
position depends on the orientation. The determination of singular configurations of
the Scorbot-ER 4pc manipulator is described in detail in [23].

2.2.1.1 Inverse Kinematics Problem

The following considerations are limited to the first three degrees of freedom of
the kinematic chain. Under this assumption the Scorbot-ER 4pc RM is not capable
of reaching any arbitrary position and orientation within the 6-dimensional task
space. Further considerations deal with the position kinematics which comes down
to the division of task coordinates into coordinates y, = [y1, 2, y3]T that relate to
the position of the end-effector and coordinates y, = [y4, Vs, y6]T that relate to the
orientation [23].

A similar division may be made for the analytical Jacobian (2.65) where J, € 933
is the part related to the position

Jp(@ =
— (i + 1208 (g2) + I3cos (q3)) sin(q1) —l2sin(g2) cos (1) —I3sin(g3) cos(q1)
|: (It +12cos (g2) + 13 cos (g3)) cos (q1)  —lasin(g2) sin(q1) —I3sin(g3)sin(q1) :| ’
0 I cos (q2) I3 cos (q3)
(2.66)
and J, € "33 is the part related to the orientation of the manipulator’s end-effector
00 sin(gq;)
J,(@=|00—cos(q) | - (2.67)
10 0

The relation between the velocities of end-effector’s point C and the joint veloc-
ities of the manipulator is given by
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p =3 @4q. (2.68)

The problems of forward and inverse kinematics of the RM can be solved by
means of Eq.(2.68). However, solving the inverse kinematics problem is difficult,
which is due to the singularity of manipulator’s kinematics as well as the ambiguity
and discontinuity in solutions. When solved, it provides the desired trajectory that is
necessary for the tracking control of a RM.

The following considerations concern solution of the inverse kinematics problem
of a RM, given the desired motion path and velocity of the end-effector’s point C.
In the general case point C’s motion path is a curve, defined in the task space

fi(xc,zc) =0,
[fz (xc,yc) =0, (2.69)

where x¢, yc, z¢ —end-effector’s point C coordinates in the base coordinate system
xyz, corresponding to the position coordinates y,. The velocity vector of point C
has the form )
Xc
ve=|vc | =¥, (2.70)
Zc

whose value is expressed by the relation

ve = \[3E + Y2+ (2.71)

The direction of the velocity vector of point C must be tangent to the path of motion,
thus the following relations must be satisfied

gradfl (-XC, ZC)VC =0 s
[gradfz (xc, yc)ve =0, (2.72)

which can be written as

Xc
dfilxc,zc)  dfilxc.zc)  dfilxc.zc) . _
[ oxc axc 9z ] ye | =0,
ic
. 2.73)
Xc
0fr(xc,yc)  dfalxc,ye)  9falxc,ye) : —
[ dxc dyc dzc ] )_)C =0.
ic

: il , il , i ,2 [l
Given that flx — Al Zc)’ fly — filxe ZC), flz — fl(axzcc c), f2x __ 9hxc,yc) f

dxc dye 3xC

Mbieac) | f,, = 2B solution of Egs.(2.71) and (2.73) take the form
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Sfiyfoe=fizfoy

Xc =TFve )
Vo=t f1y) +(qufz ;uffl V24 (fiy foe—foy f12)
. xSro—fiz fox
Yy = ' ,
\/(fnfzx o fis) +fix from for fi+(fis foo— Fos f12) (2.74)

ic = Fve Six foy= fiy fox
VG for— o iy e foem fou 10 +(fiy fromfor fi2)]

By solving the set of differential equations (2.74) including the initial conditions
and pre-determined value of point C velocity vector, it is possible to determine the
values of point C velocity vector components with respect to time, as well as the
coordinates x¢, yc i z¢. Relation (2.68) can be transformed into

a=[, @] 'y, (2.75)

By solving differential equations (2.75) based on the pre-defined values of point C
velocity components, it is possible to determine the values of angular velocities and
rotation angles of manipulator’s links, with respect to time. Differentiating the values
of angular velocities provides the values of angular accelerations. Thus obtained
variables may constitute the desired reference trajectory to be tracked by the control
system. To avoid singular configurations, for which no inverse of the Jacobian J, (q),
exists, the end-effector’s motion path must be properly planned.

2.2.1.2 Simulation of Inverse Kinematics Problem with a Semicircle
Path

Following example presents a solution to the inverse kinematics problem with regard
to the RM. The assumed path of motion of point C attached to the end-effector has
the shape of a semicircle, with center E and radius R, and lies in the xy plane.

Thus, it is assumed that there is no motion in the z-axis direction, hence the
coordinate z¢ = const., and point C velocity relative to z-axisis zc = 0. The assumed
equation for point C motion path is

. 2 . 2 p2 _
(xc —xg)"+ (c—ye)  —R° =0, (2.76)
z2c—d; =0,
where xg, yg — coordinates of point E (center of the circle), xg = 0.36 [m], yg =0
[m], R — circle radius, R = 0.1 [m]. The assumed value of point C velocity vector
is expressed by the following relation

5 -1y
Z +6Xp—(‘l(l t|+7m)) (1 +6chl(t_t2+2m)) ’ 2.77)

where v§, —maximum velocity of end-effector’s point C, v = 0.08 [m/s], ¢; — slope
coefficient of unipolar sigmoid function, c¢; = 10 [1/s], t €< 0,40 > [s], t14om —
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mean start-time of mth period of acceleration, f,,,, — mean start-time of mth period
ofbraking,m =0, ...,5,t; =4[sl,t = 7.93[s], 13 = 10[s], 4 = 13.93[s],#5s = 16
[s], 26 = 19.93 [s], t7 = 22 [s], t3 = 25.93 [s], to = 28 [s], t10 = 31.93 [s], 11, = 34
[s], t1p = 37.93 [s].

The velocity profile described by relation (2.77) approximates the triangular veloc-
ity profile; it was applied to eliminate discontinuities in angular accelerations of tra-
jectory with a triangular velocity profile. In the presented case fi, = 2 (x¢ — xg),
fiy =2yc, fi; = fox = foy =0, fo, = 1, and the set of Eq. (2.74) takes a simplified

form .
fiy

Xc = Fv
c = FVc ’_fﬁx+fﬁy

ye = tve \//Tf : (2.78)
50=0.

While solving the set of differential equations (2.78) the following initial condi-
tions were assumed: x¢ (0) = 0.46 [m], y¢ (0) = 0 [m], and while solving differen-
tial equations (2.75) the assumed initial values of manipulator arms’ rotation angles
were ¢, (0) = 0 [rad], ¢» (0) = 0.1653 [rad], g3 (0) = —0.1653 [rad]. The adopted
geometry of the Scorbot-ER 4pc RM corresponds to the parametric data included in
Table 2.2.

The velocity values of the end-effector’s point C v¢, calculated from relation
(2.77), are shown in Fig. 2.13a. The projection of the velocity vector on the axis tan-
gent to the point’s motion path takes either positive or negative values for individual
motion periods. Each of the m = 6 periods consists of the acceleration phase, where
ve changes from ve = 0 [m/s] to ve = £v§ [m/s], the constant velocity phase, where
Ve = £V§ = const., and the braking phase, where the velocity of point C tends to
zero. The path of point C, calculated from differential equations (2.78), is shown in
Fig.2.13b. Point C moves on a circular path with the assumed value of the velocity
vector; with point S being the initial position, marked with the triangle in Fig. 2.13b.
Point G is the point of reversal, where the end-effector’s point C comes to a halt,
followed by the second phase, where point C moves along the same path from point
G to point S. These two phases make a full motion cycle that is repeated three times
within r €< 0, 40 > [s].

(a) o 2 Ll fghy Ly Ny Y

0.05

-0.05

-0.1

0 5 10 15 20 25 30 35 40 02 03 04 05
1[s] x [m]

Fig. 2.13 a Velocity profile of the end-effector’s point C, b motion path of point C
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Fig. 2.14 a Manipulator’s links rotation angles g1, g2, g3, b angular velocities ¢1, ¢2, 43, ¢ angular
accelerations ¢, ¢2, g3

The case described above illustrates a typical path planning/path execution prob-
lem that is challenged by industrial manipulators in the pick and place process.

Based on the assumed path and point C velocity, the trajectory in the robot’s
configuration space was determined, by solving the inverse kinematics problem i.e.
by calculating joints’ variables from differential equations (2.75) such as: rotation
angles ¢, g2, q3 (Fig.2.14a), angular velocities g, g2, g3 (Fig.2.14b) and angular
accelerations ¢y, §¢», g3 (Fig.2.14c).

Thus obtained inverse kinematics problem solution, in the form of joints’ vari-

ables, may constitute the desired reference trajectory to be tracked by the Scorbot-ER
4pc tracking control system.

2.2.2 Description of the Dynamics of a Robotic Manipulator

Robotic manipulators are mechanical systems with a nonlinear dynamic description,
which is due to the complexity of their structure. A dynamic model of such systems
can be developed for example by adopting a classical mechanics approach or by
means of the Lagrange’s equations of the second kind. The basic issues relating to

the modeling of robotic manipulator’s dynamics are addressed in publications [2—4,
15, 18-20, 23].
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The analysis of issues concerned with the dynamics of a RM consists in seeking
correlations between the system’s parameters of motion and the mechanisms that
cause the motion. The forward dynamics problem is to determine the manipulator’s
kinematic parameters of motion resulting from the imposed forces, while the inverse
dynamics problem is solved by determining the control variables required for the
execution of the system’s motion with regard to the assumed kinematic parameters.

The analysis of the RM’s dynamics results in a mathematical model described with
ordinary differential equations, with certain parameters and structure. The parameters
of the model come in the form of coefficients in the differential equations of motion.
However, it is difficult to determine their values, as they result from the geometry of
the system, mass distribution or resistance to motion and thus can be defined in the
process of parametric identification [3, 5, 12, 13, 18, 21-23]. Besides parametric
identification the dynamic model may be used for the synthesis of the manipulator’s
tracking control systems. The model usually captures the most essential effects that
occur in the manipulator’s motion, due to the computational complexity and difficulty
in measuring certain quantities. The dynamics of actuators is often deemed negligible
and thus not considered, given the short time constants of the applied electric motors.

An important issue is the sensitivity of the mathematical model to changes in para-
meters [5, 21-23]. A sensitivity analysis allows to identify the impact of individual
parameters on the accuracy of the mathematical model that can be simplified by
isolating the parameters that have no significant influence on the model. The reduc-
tion of complexity allows the model to be applied in control based on the model
performed in the real-time. A description of the Scorbot-ER 4pc dynamics model
sensitivity analysis can be found in publications [22, 23].

This chapter presents a model of the dynamics of a three-degrees-of-freedom RM
based on the Scorbot-ER 4pc robot. The model was derived using the Lagrange’s
equations of the second kind [22, 23]. The schematic diagram of the manipulator’s
kinematic chain is shown in Fig.2.15.

The following denotations are used in Fig.2.15: point C — TCP, |00’| = d,,
|O'A| =11,|AB| = I,|BC| = I3 —dimensions resulting from the geometry of RM’s
kinematic chain, u;, u,, u3 — links movement control signals. Point O on the RM’s

Fig. 2.15 Schematic
diagram of the Scorbot-ER
4pc robotic manipulator
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base is bounded by the stationary Cartesian coordinate system xyz. Manipulator’s
link 1 is bounded by the moving coordinate system x;y;z; with origin at point O,
where axis z; is identical to axis z of the base system. Link 1 rotates about axis z;
through an angle g;. Links 2 and 3 rotate through angles ¢, and g3, respectively,
about joints’ axes whose directions are perpendicular to the x;z; plane and that pass
through points A and B. Link 3 rotation angle, g3, is independent from link 2 rotation
angle, g». Links’ 2 and 3 resultant motion is composed of links’ rotation motion with
respect to joints and the transportation of link 2 imposed by link 1, as well as the
transportation of link 3 imposed by links 1 and 2.

Given the assumptions set out in Sect.2.2, a model of the RM’s dynamics was
derived by means of the Lagrange’s equation of the second kind, thus

d (oL oL
—(=)-—==0;. (2.79)
dt 86]j qu

q; — jth generalized coordinate, Q ; — jth generalized force, L — Lagrangian function
is expressed by the relation
L=E-U, (2.80)

where E — kinetic energy of the system, U — potential energy of the system. To
formulate Lagrange’s equations it is necessary to determine the kinetic and potential
energy, and the generalized forces acting on the system. The kinetic energy of a
multilink system is expressed by

L, .

E=34'M@4q, 2.81)
where M (q) — inertia matrix, M (q) € R"*". Since no deformations are considered,
the manipulator’s potential results only from the mass potentials of individual links of
the kinematic chain within Earth’s gravitational field, and is expressed by a function
of generalized coordinates. Thus, the Lagrangian function is written as

L. .
L=34'M@¢-U@ (2.82)
By substituting relation (2.82) to Lagrange’s equation (2.79) and performing model
sensitivity analysis together with all the necessary computations given in [22, 23],
the following equation of manipulator’s dynamics was obtained

M@G+C@.Pq+F@+G(@+74() =, (2.83)
where q — vector of generalized coordinates, including manipulator’s links rotation

angles, M (q) — inertia matrix, C (q, q) q — vector of moments resulting from cen-
trifugal and Coriolis forces, F (q) — resistance to motion vector, G (q) — vector of
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moments resulting from gravitational forces, T4 (¢) — vector of bounded disturbance
moments, u — control signals vector.
Matrices M (q), C (q, q), and vectors F (q), G (q), T4 (¢), u, take the form

M, 0 0
M(@=| O ps Mz |,
0 My pr
—bgy —cqz  —bq1 —cq
Cq,q = bq: 0 Cs |,
cqi Cso 0

psq1 + prisgn(q1)

F(Q) = | pog2+ prasgn(q2) | ,
P10g3 + p13sgn (43)

[ 0

G(q) = | pigcos(q2) | »

| P28 cos (q3)

_le

Ta@®)=|Tta2 | »

33

(2.84)

uj
u(@)=|u |,
us

where

My, = 2pil; cos (q2) +2p2 (1 + 1> cos (g2)) cos (g3) + % p3 cos (2g2) +
+1 pscos (2g3) + ps,
M3 = M3, = palacos (g3 — q2) ,
b = pily sin (q2) + palasin (q2) cos (g3) + 5 p3sin (2¢2) (2.85)
¢ = pa(l1 + L cos (q2)) sin (g3) + 3 pa sin (2g3) ,
Co3 = —pabrsin (g3 — q2) 3.
Cs3 = palasin (g3 — q2) G2,

wherep = [p1, ..., p13]T —vector of RM’s parameters, which result from the geom-
etry of the object, distribution of masses and resistance to motion, g — gravitational
acceleration, g = 9.81 [Sﬂz]

The values of individual parameters are expressed by coefficients grouped as
follows
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p1= malo + (m3+me)la,

p2 = msl +mcls

p3 = mal? + (m3 +mc) 3 — Ly + by,

pa= msly +mcl — Ly + by,

Ps = Ilyy + % (IZxx + I2yy + Ly, + ISyy) + my (l% + %132) +

+ms (13 + 303+ 32) +me (3 + 15+ 13)

Pe = niy (l% + 132) + mcl% + IZZZ , (286)
p1 = m3lc23 + l32 + I,

P8 = Fvl s

Po = Fv2 s

po= Fs,

pi1 = Fer

pi2 = Fea

p13 = Fes s

where m; — manipulator’s ith link mass, m¢ — gripper mass concentrated at TCP, /; —
the ith link length, /,; — distance of the ith link’s center of mass from the i — 1 link’s
end, Jixy, I;yy, I;z; — mass moments of inertia of the ith link with respect to x;, y;,
z; axes, F,; — the ith link viscous friction coefficient, F¢; — moment of dry friction,
i = 1, 2, 3. The construction of the resistance to motion vector F (q) results from the
assumed approximation of the resistance to motion moments of each kinematic pair
with the application of moments that result from the viscous friction (F,;¢;) and the
dry friction (F¢;sgn (g;)).

The set of Eq. (2.83) can be written in a linear form with respect to parameters p

Y4 ' p+rs()=n, (2.87)

where Y (q, q, ) — the so-called regression matrix, which takes the form

Y111Y12|Y13|Y14]G1{ 00 [g1/ 0| 0 |sgn(g1)| O 0 r
Y@, 4.9 = | Y21|¥22Y23] 0 |0G2/ 0|0 42| 0 0 [sgn(q2)] O ,
0 |Y32] 0 |¥34/0]0G3/0]0[g3] O 0 |sgn(g3)
(2.88)

where

Y11 = 2l cos (q2) g1 — 211 sin (q2) G241 »

Y12 =2 (1 + 2 cos (g2)) (cos (q3) §1 — sin (g3) g3g1) — 2l sin (q2) cos (¢3) 4241 »

Y13 = § cos (242) G — sin (292) 4241

Yia = % cos (243) §1 — sin (243) 4341 -

Ya1 =1y sin(g2) 47 + g cos (q2) .

Y2 =l cos (g3 — q2) §3 + L2 sin (q2) cos (¢3) ¢ — I sin (g3 — q2) 43

Y23 = §sin (2g2) ¢} .

Y3, =l cos (g3 — q2) G> + (1 + L cos (¢2)) sin (q3) §7 + L2 sin (g3 — q2) ¢3 + g cos (¢3)

Y34 = 4sin(2g3) % .

(2.89)
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Table 2.3 Asummed parametric values of the Scorbot-ER 4pc robotic manipulator

Parameter Value (no load) Parameter Value (load Unit
(p) applied) (pa)

D1 0.0065 Pdl 0.0082 kgm
P2 0.0018 Pd2 0.0041 kgm
3 0.0113 a3 0.0161 kgm?
2 0.0064 Pds 0.0113 kgm?
Ds 0.0114 pas 0.0163 kgm?
D6 0.0113 Pdé 0.0162 kgm?
p7 0.0065 Pd7 0.0113 kgm2
s 0.5276 Pds 0.5345 Nms
D9 0.5232 Pdo 0.5340 Nms
P10 0.5235 Pd10 0.5342 Nms
P11 0.0195 Pdil 0.0221 Nm
P12 0.0182 Pd12 0.0216 Nm
P13 0.0183 Pd13 0.0217 Nm

A set of nominal parameters of the Scorbot-ER 4pc RM was assumed and denoted
by p, whereas the second set of parameters denoted by p, relates to the manipulator
with the gripper carrying a load of m; = 1 [kg]. The parameters p; were applied
to simulate disturbance during the robot’s movement. Both sets of parameters are
presented in Table2.3.

The inverse dynamics model of the RM can be defined based on Eq. (2.83), thus

i=M"'@[u-C@oqg-F@-G@-t,0]. (2.90)

Equation (2.90) is used further in this work for the modeling of the RM’s motion by
means of the generated control signals.

By applying Euler’s method of approximation of continuous derivative by a differ-
ence, and substituting z; = q, Z; = q to (2.90), in the same manner as in Sect.2.1.2,
the following discrete description of the RM’s dynamics was obtained

Zi{k+1) = Z1(k} + hZopy
Loty = Loy — MM (21y) [C (21wy, Z2iy) 2206y + F (2210)) + G (z1t)) + Tawy — upy]
(2.91)

where z;) = [Zn{k}, 212k} zmk}]T — vector of links’ discrete angles of rotation

corresponding to the continuous vector q, Zy; = [Zzl{k}, 2204k} 123{k}]T — vector of
discrete angular velocities that corresponds to the continuous vector ¢, k — index
of iteration steps, i — time discretization parameter. Difference equations of RM’s
dynamics (2.91) that were derived by means of Lagrange’s equations of the second
kind are used further in this work for the modeling of motion of a controlled object,
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while a discrete form of relation (2.83) was applied in the synthesis of manipulator’s
TCP tracking control algorithms.

The structural properties of the RM’s dynamic model (2.83) are used in the syn-
thesis of tracking control algorithms. These properties are presented below.

Structural Properties of the RM’s Mathematical Model
Description of the RM’s dynamics in the form of Eq. (2.83) complies with the
following assumptions [4, 18, 19]:
1. Inertia matrix M (q) is symmetric and positive-definite, and meets the con-
ditions
Omin (M (@) I <M (q) < omax M (@)1, (2.92)

where I — identity matrix, omin (M (q)), omax (M (q)) — respectively, mini-
mum and maximum strictly positive eigenvalue of the interia matrix.
2. Matrix C (q, q) is such that the matrix

S(q.9) =M —-2C(q.9) . (2.93)
is skew-symmetric. Thus, the following relation holds
£'S(q.9&=0, (2.94)

where & — any given vector of appropriate dimension.

3. Vector of disturbances 74 () acting on the RM is bounded so that || 74 (7) || <
baj, where by; is a positive constant, j = 1, 2, 3.

4. The RM’s dynamic Eq.(2.83) can be written in a linear form with respect
to the parameters, hence

M@i+C@)i+F@+C@+740=Y@a.& p+ra@)=u,
(2.95)
vector of parameters p shall consist of a minimum number of linearly

independent elements.
5. The following relation holds for any two x and y vectors

Cl.xy=C(q.y)x. (2.96)

6. Matrix C (q, q) meets the condition

IC (@, @) I < Kcllall . 2.97)

where K¢ > 0.
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7. Vector C (q, q) q meets the condition

IC (q, @) 4l < kcllql*, (2.98)

where k¢ > 0.
8. Vector F (q) meets the condition

IF (@Il = Krllqll +kr , (2.99)

where Kr > 0, and kr > 0.
9. Vector G (q) meets the condition

G (@I < ke, (2.100)

where kg > 0.

2.2.2.1 Simulation of Inverse Dynamics Problem of a Robotic
Manipulator

In the simulation of the manipulator’s motion the robot’s TCP moves along the desired
circular segment path with center E and radius R = 0.1 [m]. The inverse kinematics
solution trajectory from Sect.2.2.1.2 was used. The values of control signals uy,
u, and u3 were generated based on manipulator’s parameters of motion such as
rotation angles (q), angular velocities (¢) and angular accelerations (q), according to
relation (2.83). The control signals cause the robotic manipulator’s TCP motion on
the determined path. The joint variables take their set values. The nominal values of
manipulator’s parameters p were assumed as defined in Table 2.3. The diagram of the
defined TCP’s motion path is shown in Fig. 2.16a, pre-determined rotation angles of
manipulator’s links (g, g2, ¢3) and angular velocities values (g, ¢», ¢3) are illustrated
in Fig.2.16b,c, respectively. Figure 2.16d presents the generated control signals u |,
us and us.

The desired reference trajectory consists of several motion phases, which result
from the TCP’s defined motion path in a pick and place type of task, where point S
marks the TCP’s initial position and point G is the path’s reversal point. The trajectory
is executed such that the TCP’s motion cycle (from point S to point G and back) is
performed three times. Each time the manipulator’s TCP stops at point S and G for
the period # = 2 [s]. In the initial phase of the simulation (¢t €< 0, 4 >), the signals
controlling links 2 and 3 movement take non-zero values, though no manipulator
movement occurs. This is because the model of dynamics (2.83) includes the vector
of moments resulting from gravitational forces G (q) that must be balanced by control
signals to ensure the performance of motion parameters. In the case of link 1, whose
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Fig. 2.16 a Desired motion path of point C attached to the manipulator’s arm, b links rotation
angles g1, ¢2, g3, ¢ angular velocities ¢1, ¢2, 43, d control signals uy, uz, u3

axis of rotation is parallel to z-axis of the global coordinate system, there is no impact
of the moments of gravitational forces upon the link movement. In the following
motion phases, the values of control signals depend on the parameters of motion q, ¢
and q, where the dominant influence is exercised by the vector of moments resulting
from the resistance to motion F (q), whose values are the functions of links’ angular
velocities vector (.
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