Chapter 2
Convergence of Iterative Methods
in Abstract Fractional Calculus

We present a semi-local convergence analysis for a class of iterative methods under
generalized conditions. Some applications are suggested including Banach space
valued functions of fractional calculus, where all integrals are of Bochner-type. It
follows [6].

2.1 Introduction

Sections 2.1-2.3 are prerequisites for Sect.2.4.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) :={u € By : |lu — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can be
brought in a form like

F(x)=0 (2.1.1)

using Mathematical Modeling [1-18], where F' : Q2 — B, is a continuous operator.
The solution x* of Eq.(2.1.1) is sought in closed form, but this is attainable only
in special cases. That explains why most solution methods for such equations are
usually iterative. There is a plethora of iterative methods for solving Eq. (2.1.1). We
can divide these methods in two categories.

Explicit Methods [7, 8, 12, 16, 17]: Newton’s method

Xppt =Xy = F (0) ™ F () . (2.1.2)

Secant method: :
Xn+1 = Xpn — [xn—lv Xns F] F (xn) s (213)
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where [, -; F'] denotes a divided difference of order one on 2 x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (2.1.4)

where E,, = E (F) (x,) and E : Q — L (By, B,) the space of bounded linear oper-
ators from B; into B,. Other explicit methods can be found in [8, 12, 16, 17] and
the references there in.

Implicit Methods [7, 10, 12, 17]:

F(xp) + Ap (g1 —x,) =0 (2.1.5)
Xper =% — AF (x0) (2.1.6)

where A, = A (X401, X,) = A(F) (Xp41, x,) and A : Q x Q — L (By, By).
There is a plethora on local as well as semi-local convergence results for explicit

methods [1-9, 11-17]. However, the research on the convergence of implicit methods
has received little attention. Authors, usually consider the fixed point problem

P, (x) = x, 2.1.7)
where
P(x)=x+F@+Ax,2)(x—2) (2.1.8)
or
P.(x)=z-A(x,2)"' F(2) (2.1.9)

for methods (2.1.5) and (2.1.6), respectivelly, where z € 2 is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [12, 16, 17], P, has a fixed point x} which can be found using the
method of succesive substitutions or Picard’s method [17] defined for each fixed n
by
Yik+1,n = Pxn (yk,n) y Yoon = Xns Xp41 = lim Vi,n- (2110)
k——00

Let us also consider the analogous explicit methods

F(xn) +A(xnv -xn) (xn+l _-xn) =O (2111)
Xn+l = Xp — A (xna X,1)71 F (xn) (2112)
F(xn) +A(x,,, xnfl)(-anrl _.X,,) =0 (2113)

and
Xpat =X — A (G, Xam) T F (x0) (2.1.14)
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In this chapter in Sect.2.2, we present the semi-local convergence of method
(2.1.5) and method (2.1.6). Section2.3 contains the semi-local convergence of
method (2.1.11), method (2.1.12), method (2.1.13) and method (2.1.14). Some appli-
cations to Abstract Fractional Calculus are suggested in Sect. 2.4 on a certain Banach
space valued functions, where all the integrals are of Bochner-type [9].

2.2 Semi-local Convergence for Implicit Methods

We present the semi-local convergence analysis of method (2.1.6) using conditions
(S):
(s1) F:Q C By — B, is continuous and A (x, y) € L(B;, By) for each
(x,y) € 2 x Q.
(s2) There exist 3 > 0 and ) C B, such that A (x, y)~' € £ (B», B;) for each
(x,y) € Q x Qpand
A G| =67"

Set ; = Q2N Q.

(s3) There exists a continuous and nondecreasing function 1 : [0, +00)> —
[0, +00) such that for each x, y € Q;

IF(x)—F()—Axy)&x—-yl =
B (lx =yl llx = xoll s ly = xolD) llx — ¥l
(s4) For each x € Q there exists y € Q( such that
y=x-A@.x0) F).
(s5) For xg € ¢ and x| € Q satisfying (s4) there exists > 0 such that
A G x0) ™' F (x0)|| <.
(s¢) Define g () := 1 (n, t, t) for each ¢t € [0, +00). Equation
t(1=q@®)—n=0

has positive solutions. Denote by s the smallest such solution.
(s7) U (x9,5) C 2, where

! and go = (1.5,5).
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Next, we present the semi-local convergence analysis for method (2.1.6) using
the conditions (S) and the preceding notation.

Theorem 2.1 Assume that the conditions (S) hold. Then, sequence {x, } generated by
method (2.1.6) starting at xo € Q2 is well defined in U (xg, s), remains in U (xg, s) for
eachn =0, 1, 2, ... and converges to a solution x* € U (x0, 8) of equation F (x) =
0. Moreover, suppose that there exists a continuous and nondecreasing function
1 1 [0, +00)* — [0, +00) such that for each x,y, z € Q)

IF&x)—F()—A@y) -yl =
Bior (lx =yl llx = xoll s Iy — xoll, Iz = xol) llx — yll

andq, = (n,s,s,s) < 1. B
Then, x* is the unique solution of equation F (x) = 0in U (xp, s) .

Proof By the definition of s and (s5), we have x| € U (xo, s). The proof is based on
mathematical induction on k. Suppose that || x; — xp—1] < qé‘_ln and ||x; — xol| <s.
We get by (2.1.6), (s2) — (s5) in turn that

i1 — xell = A F o) | = | A (F (o) = F (xkmt) — Axmt (e — x6-1) ||
<A IF ) = F Goeen) — Aoy (e — xim)|| <

B8 (lxk — xx—1 Il =1 — xoll e — xoll) lxk — x|l <
Y (1,8, 8) 1xe — xi—1ll = qo llxe — xe—1ll < gi e — xoll < ggn (2.2.1)

and
lxk+1 — xoll < llxk1 — xell + .o+ llx1 — xol

1— k+1
§q(’)‘77+...+77= 4o n < il =s.
1 —qo 1 —qo

The induction is completed. Moreover, we have by (2.2.1) that form =0, 1, 2, ...

m

e — el =~ 90 g

1 —qo

It follows from the preceding inequation that sequence {x;} is complete in a Banach

space B; and as such it converges to some x* € U (xo, 5) (since U (xo, s) is a closed

ball). By letting k — 400 in (2.2.1) we get F (x*) = 0. To show the uniqueness

part, let x™* € U (xp, s) be a solution of equation F (x) = 0. By using (2.1.6) and
the hypothesis on ?;, we obtain in turn that

v = x| = [ =3+ AFF () — AF'F (x7)] <
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[ACTIHIF () = F (o = A (5 = )| =

BBy ([ = x| s llxe—1 — xoll» Ixe — xoll, |x™* — xo)) [|x** — xi| <
g1 ¥ = x| = g™ 2 - x0]
so lim x; = x™*. We have shown that lim x; = x*, so x™ = x™**. |
k——+o00 k——+o00

Remark 2.2 (1) The equation in (s¢) is used to determine the smallness of 7. It can
be replaced by a stronger condition as follows. Choose i € (0, 1). Denote by s the
smallest positive solution of equation ¢ (#) = . Notice that if function g is strictly
increasing, we can set so = ¢~ (). Then, we can suppose instead of (sg) :

(s) m<(1—=p)so

which is a stronger condition than (s¢).

However, we wanted to leave the equation in (s¢) as uncluttered and as weak as
possible.

(2) Condition (s;) can become part of condition (s3) by considering

(s3) There exists a continuous and nondecreasing function ¢ : [0, +00)> —
[0, +00) such that for each x, y €

|A e, ) F () = F () = Ax, y) (6, m <
@ (lx =yl llx = xoll s Iy — xolD) llx — ¥lI.

Notice that
@ (ui, uz, uz) <P (uy, up, uz)

for each u; > 0, up > 0 and u3 > 0. Similarly, a function ¢, can replace ¥, for yhe
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (sg), error bounds and
the precision of s.

(3) Suppose that there exist 3> 0, 3, >0 and L € £ (B, B;) with L™! e
L (B,, By) such that

|27 <5~
1A () = LIl < B

and

Bri=p""5 <L

Then, it follows from the Banach lemma on invertible operators [12], and

I A, ) —LI<B7'Bi=0 <1
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that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (s7) is implied, therefore it can be dropped from the conditions (S5).

(4) Clearly method (2.1.5) converges under the conditions (S), since (2.1.6)
implies (2.1.5).

(5) We wanted to leave condition (s4) as uncluttered as possible, since in practice
Egs. (2.1.6) (or (2.1.5)) may be solvable in a way avoiding the already mentioned con-
ditions of the contraction mapping principle. However, in what follows we examine
the solvability of method (2.1.5) under a stronger version of the contraction mapping
principle using the conditions (V) :

(v1) = (1) .

(v2) There exist functions w; : [0, +00)* — [0, +00), wy : [0, +00)* —
[0, 400) continuous and nondecreasing such that for each x, y, 7z €

I+ A, 2) =AY, Dl <w (lx =yl lIx=xoll, Iy = xoll , llz = xoll)

A, 2) =A@, DI <wa(lx =y, lIx = xoll, |y = xoll , Iz = x0lD) [lx — Il

and
wi(0,0,0,0) = w, (0,0,0,0) =0.

Set
wy 2t, 8,1, 1) +wy 21, 8,1, 1) (1 + Ixoll) , 27 # X0
wy (2t,1,1,0) + wy 21, ¢, ¢, 0) [Ix0ll , 2 = xo.

h(t,t,t,t)=
(v3) There exists 7 > 0 satisfying

ht,t,t,1) <1

and
ht,t,0,6)t +||F (xo)|| <t
(v4) U (x0,7) C D.

Theorem 2.3 Suppose that the conditions (V) are satisfied. Then, Eq.(2.1.5) is
uniquely solvable for each n =0,1,2,.... Moreover, if A;l € L (B,, By), the
Eq.(2.1.6) is also uniquely solvable for eachn = 0, 1, 2, ...

Proof The resultis an application of the contraction mapping principle. Letx, y, z €
U (xo, 7). By the definition of operator P,, (v;) and (v3), we get in turn that

[P (x) = P-WI=I1T+AXx,2)—A@(,2)(x—y)—(Alx,2) —A(y. )zl
SH+AE 2 -AQ. I x =yl +1AK,2) = A, D Iz

< [wi (lx =yl llx = xoll s Iy — xoll . lz — xo0ll) +
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wy ([lx =yl llx = xoll, 1y = xoll, Iz — xo0lD) (llz — xoll + lxoID] llx — vl
<h@ 77,7 lx =yl

and
1P; (x) — xoll < 1P, (x) — P, (xo)ll + [ P; (x0) — xoll

< h(lx = xoll, lx = x0ll, 0, llz = xolD) llx — xoll + I F (o)l
<h(r,7,0,n) 7T+ ||F (xo)l < 7.

Remark 2.4 Sections 2.2 and 2.3 have an interest independent of Sect. 2.4. Itis worth
noticing that the results especially of Theorem 2.1 can apply in Abstract Fractional
Calculus as illustrated in Sect.2.4. By specializing function %), we can apply the
results of say Theorem 2.1 in the examples suggested in Sect.2.4. In particular for

(2.4.1), we choose v (uy, us, u3) = (;fll‘;ﬂ foru; > 0,u; >0, uz > 0and ¢y, p are
given in Sect. 2.4. Similar choices for the other examples of Sect.2.4. It is also worth
noticing that estimate (2.4.2) derived in Sect.2.4 is of independent interest but not

needed in Theorem 2.1.

2.3 Semi-local Convergence for Explicit Methods

A specialization of Theorem 2.1 can be utilized to study the semi-local convergence
of the explicit methods given in the introduction of this study. In particular, for
the study of method (2.1.12) (and consequently of method (2.1.11)), we use the
conditions (') :

(si) F : Q C By — B, iscontinuous and A (x, x) € L (B, By) foreachx € Q.

(s5) There exist 3 > 0 and €y C By such that A (x, x)~' € L (B,, By) for each
x € Qo and

407 <57

Set Q; = QN Q.
(s3) There exist continuous and nondecreasing functions )y : [0, +00)? —

[0, +00), ¥, : [0, +00)> — [0, +00) with ) (0, 0, 0) = 1/, (0, 0, 0) = 0 such that
for each x, y €

IFx)—FOQ)—AQ,»E - =<

Bibo (llx = Il llx = xoll s 1y — xol) lx — ¥l
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and
A G, y) =A@, I < B (lx =yl lIx —xoll, Iy — xol) -

Set ) = o + 1.
(s4) There exist xo € €2 and 7 > 0 such that A (xo, x0)~! € L (B,, By) and

A (xo. x0) ™" F (x0)|| <.
() = (s6)
(s) = (57).

Next, we present the following semi-local convergence analysis of method (2.1.12)
using the (S’) conditions and the preceding notation.

Proposition 2.5 Suppose that the conditions (S') are satisfied. Then, sequence {x,}
generated by method (2.1.12) starting at xo € Q2 is well defined in U (xo, s), remains
inU (xg, s) foreachn = 0, 1, 2, ... and converges to a unique solution x* € U (x0, 5)
of equation F (x) = 0.

Proof We follow the proof of Theorem 2.1 but use instead the analogous estimate
I1F )l = I1F (xx) = F (xk—1) — A (=1, Xe—1) (o — x—1) || <
IF (xk) — F (eg—1) — A (X, xe—1) (e — xe—) 1 +
(A Ceky xk—1) — A (=1, X—1)) Ok — =D || <
[0 (e — xe—1 ]l lxe—1 — xoll , lxx — xoll) +
Vo (Ixk = x| k=1 — xoll, lxe — x0lD] ok — xe—1 [l =
Y (lxx = xe—1lls Ixe—1 = xoll', llxx — xoll) lxx — xk—11l -

The rest of the proof is identical to the one in Theorem 2.1 until the uniqueness part
for which we have the corresponding estimate

| = it || = ™ —xe + AL'F () — AL'F (x) ] <

[ACTIHIF () = F (o = Ac (5 = )| =

Nlxk—1 = xoll, llxe — xoll) <

B B (|2 — xe

k+1 ”x**

q [+ —x] =q = o] -
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Remark 2.6 Comments similar to the ones given in Sect.2.2 can follows but for
method (2.1.13) and method (2.1.14) instead of method (2.1.5) and method (2.1.6),
respectively.

2.4 Applications to Abstract Fractional Calculus

Here we deal with Banach space (X, ||-||) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [15]. The derivatives of f are defined
similarly to numerical ones, see [18], pp. 83—86 and p. 93.

In this section we apply the earlier numerical methods to X-valued fractional
calculus for solving f (x) = 0.

Here we would like to establish for [a, b] C R,a < b, f € C? ([a, b], X),p € N,
that

lx — !
lfO)—fx-—Ax, -l =<ca T (2.4.1)
VY x,y € la, b], where ¢; > 0, and
A (x,x) =A@, VI <calx —yl, (2.4.2)

withcy; >0,V x, y € [a, b].

Above A stands for a X-valued differential operator to be defined and presented
per case in the next, it will be denoted as A (f), A_ (f) in the X-valued fractional
cases, and Ag (f) in the X-valued ordinary case.

We examine the following cases:

(I) Here see [4, 5].

Letx, y € [a, b] suchthatx > y,v > 0,v ¢ N, such that p = [v], [] the integral
pat,a=v—p O <a<1).

Let f € C? ([a, b], X) and define

. 1 x
() f) (x) = m/ (x—=0)""' f@t)dt, y<x <b, (2.4.3)

the X-valued left generalized Riemann-Liouville fractional integral.

Here I' stands for the gamma function.

Clearly here it holds (Jyyf) (y) = 0. We define (Jy«"f) (x) =0forx < y.By[4]
(J,}' f ) (x) is a continuous function in x, for a fixed y.

We define the subspace C}, ([a, b], X) of C? ([a, D], X) :

CYy (la,b], X) :={f € C"([a,b], X) : J{_, f P € C' (Iy.b], X)}. (24.4)

So let f € C; + ([a, b], X), we define the X-valued generalized »—fractional
derivative of f over [y, b] as
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v /
Dl f = (I f?). (2.4.5)

that is

v a £(p)
(DY f) (x) = Td—ad / (x =)~ fP (1) dt, (2.4.6)

(

which exists for f € CVJr ([a, b], X),fora <y <x <b.

Here we consider f € C? ([a, b], X) such that f € C)”er ([a, b], X), for every
y € la, b], which means also that f € C}, ([a, b], X), for every x € [a, b] (i.e.
exchange roles of x and y), we write that as f € CY ([a, b], X) .

That is

(DY f) ) = oy / (y =0~ fP (t)dt (2.4.7)

(
exists for f € Cy, ([a,b], X),fora <x <y <b.

We mention the following left generalized X-valued fractional Taylor formula
(f € €Yy (a,b], X), v > 1), see [5].

It holds

() 1 x
Fo-from=31"0 g W/ (x— 0"~ (DYf) (wdr,
y

= k!
(2.4.8)
all x, y € [a, b] with x > y.
Similarly for f € C/, ([a, b], X) we have

o @,
k!

fOH—fx=> >"+—/ (y ="' (DL f) (@) dt,
k=1

@)
(2.4.9)
all x,y € [a, b] with y > x.
So here we work with f € C? ([a, b], X), such that f € CY ([a, b], X).
We define the X-valued left linear fractional operator

1 ro _ ¥ oyl
ol f“m( »* 1+(Dyf) (x) ()lc"(yy-&)-l) A=Y,
o 1 ®) (x — v X
(At () (x,y) = Pl s ()( — )"+ (DY f) (v) (ly_(yll) Ly > X,
f(p 1) (X) X =y.

(2.4.10)
Notice that (see [13], p. 3)

1A+ () (20 = (A (M) I = [FP7P @ = PV @41
<[Pl =yl Vx,yela. b,

so that condition (2.4.2) is fulfilled.
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Next we will prove condition (2.4.1). It is trivially true if x = y. So we examine
the case of x # y.

We distinguish the subcases:

(1) x > y : We observe that

IfFO) = f &) =AL(H) ) =) =

(by (2.4.8), (2.4.10))

ILf ) = f () =AL(f) (x,y) (x =)l

< f® (y)
Z G =)+ T )/ (="' (DY f)di—  (24.12)
k=

p—1

f<k> O) (¢ vy (b} x — )"

Z = = (DY) ) ¢ Y

1 ) v v v— v
HF(V)/y (x — 1) l(Dyf)(t)dt—m/ (x — 0" (DY) (o) i

by [1], p. 426, Theorem 11.43

-0 (DY) 1) — (DY f) () dt|| < (2.4.13)
(by [9D) .
oy ) e O = (D) o ds
(we assume that
I(Dyf) @) = (DY) ) <A () e —x |77, (2.4.14)
forallx, y,t € [a, bl withx >t > y,with \; (y) > Oand sup A (y) =: A\ < o0,
vela,b]
alsoitisO<p+1—-v<1) ’
1 * AN | _ +1—v _
< o) /v x=0)""(x—=0" dr = (2.4.15)

_ y)rt+l
/(x—t)”dt A %

r (1/) ey (p+1
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We have proved condition (2.4.1)

A (x — y)Pt!
lfO)—f@)—A () xy)(—x) < o) (pT),forx > y.
(2.4.16)
(2) x < y : We observe that
1f ) = £ (0 = (A () (e, y) (v — o) P EHZEHD
p—1
SO ) k vl
2 (y—x)+ m/ (y ="' (DLf) (t)dt— (2.4.17)
p—1
7O @) E b-0"|
; PR NI N o v B
1 Y v—1 v o v (y _-x)y
HF;A<%*>(%ﬁmm (D)) oD
1 ' d v—1 Du d
HF(V)/x (v—=0""(DVf) (0 t——F( )/ (v =" (DL f) (» ,H
(2.4.18)
=0 (DY) () = (D) () de| <
y
o [ o= @i 0 - i) ol as
(we assume here that
|(DYf) 1) = (DY F) )| < Ao ) It = yIP*', (2.4.19)
forallx, y,t € [a, b]withy >t > x,with Ay (x) > Oand sup A (x) =: Ay < o0)
x€la,b]
y
ST (i)/x -0y -nrt"dr = (2.4.20)

/ v — 1) dr o (y—x)P“.

') T (p+D
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We have proved that

X (=0t
If ) —f @) — A () @) =0l < T Gt (24.21)
for all x, y € [a, b] such that y > x.
Call A := max (A, \2) .
Conclusion We have proved condition (2.4.1), in detail that
lx — y|”*!
If ) —f @)= A () @) =2l = o) ot Vx,yé€la,b].
(2.4.22)

(IT) Here see [3] and [5].

Let x,y €[a,b] suchthat x <y, v >0,v ¢ N,suchthat p =[v], a =v—p
O<a<l).

Let f € C? ([a, b], X) and define

(Jy”,f) (x) == / z—x)"""f(@)dz, a<x <y, (2.4.23)

L)

the X-valued right generalized Riemann-Liouville fractional integral.
Define the subspace of functions

Cy_(la,b]. X) == {fec”(a,b].X): Jyljaf(p) e C'(la, y], X)}. 424
Define the X-valued right generalized »—fractional derivative of f over [a, y]
as

DY_f = (=) (g (2.4.25)

Notice that
1 y
I—a £(p) — _ —a r(p)
JZ0f (x)_F(l—a)/x (z—x)"* P (2)dz, (2.4.26)

exists for f € C” ([a, b], X), and

v (_ )[7 ! —a £(p)
(DY_f) (x) = Ti—oir / (z — FP (2)dz. (2.4.27)

Le.

(=Pt

(BN ™ = 5, ax

/ (z—x)"" FP () dz. (2.4.28)
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Here we consider f € C? ([a, b], X) such that f € C;_ ([a, b], X), for every
y € [a, b], which means also that f € CY_ ([a, b], X), for every x € [a, b] (i.e.
exchange roles of x and y), we write that as f € C” ([a, b], X).

That is

(— 1)!’*1

DY -
(DY_f) () T —r 7D

/ (z— )P fP()dz (2.4.29)

exists for f € CY_ ([a,b], X),fora <y <x <b.

We mention the following X-valued right generalized fractional Taylor formula
(f € Cy_(la,b], X),v > 1), see [5].

It holds

=% ()
k!

foO=fm=, (x =+ o )/ =" (Dy_f) ) dz,
k=1

(2.4.30)
allx,y € [a,b] withx < y.
Similarly for f € CY_ ([a, b], X) we have
p—1 k)
fO ) vl (
FO—f0=2 "0 )"+m Ce— ! (DY_f) (@) dz,
k=1 ’
(2.4.31)
all x, y € [a, b] with x > y.
So here we work with f € C? ([a, b], X), such that f € C” ([a, b], X).
We define the X-valued right linear fractional operator
) (x — X
L )” (= = (DL_f) ) (w’jl) x>y,
o 1 & _ DY _
A_(f)(x,y) = ,’: 20 ()) —y)k '—( f)( (;(,fll) , Y > X,
- l)(x),x—y~
(2.4.32)
Condition (2.4.2) is fulfilled, the same as in (2.4.11), now for A_ (f) (x, x) .
We would like to prove that
|x _ |p+1
Ife)—fO—-—A- (N Nx—nl=c T (2.4.33)
for any x, y € [a, b], where ¢ > 0.
When x = y the last condition (2.4.33) is trivial. We assume x # y.
We distinguish the subcases:
(1) x > y : We observe that
I(f )= f ()= (A= () (x, y) (x = Il = (2.4.34)

ICfF ) = F &) = (A= () (x, ) (v =0l =
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(k) 1 x
(Zf R L / (e =" (DY) (z)dz)—
k=1 Ty Jy

p—1 -
f(k) (-x) _ v (.X _ y)l/ 1
| [ et @z o f)(y)w@—x)H:
' (v) e T+ D)
v— v v ( _ )V
HF( ) = (DL ) @ dz = (D) ) Fx(yjl)

=" (DL f) @ dz ~ / (=" (DLf) dz| =
:

N H(DY_f) @) = (DY_f) () dz| < (2.4.36)
1 ! v—1 v _ v
m[ (=" (D f) @ = (DL_f) 0] dz
(we assume that
|[(DY_f) @ — (D) D] < Ailz = y1P*' =, (2.4.37)
A1 >0, forall x,z,y € [a, b] withx >z > y)
W @= Pt dz = (2.4.38)
A (=Pt e — )Pt
“Tw p+1l Mo
where p; 1= ﬁ > 0.
We have proved, when x > vy, that
(x — !
Ife)—f)—A-() & y) &=yl = Plﬁ- (2.4.39)

(2) y > x : We observe that

ILf ) =fO) = A& y) &=yl =
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p—1
f(k)(y) k 1,1
( (x =) +m/ (z—x)"""(Dy_f) (@) dz |-

k=1

p—1 _
FARS)) _ v (-0
(kZ]: o == (D f) () oo JEmy|= @40
Y v—1 v v (y — X Y
|t [ -0 0y @ a0 w22
y v—1 v v—1 v
H o) /x (z—x)"""(Dy_f) () dz — _I‘( ) / z—x)"""(Dy_f) (x)dzH
1 (2.4.41)
@0 (DU f) @) — (DY_f) (0) dz| < (2.4.42)
y
F . €m0 ) @ = (07
(we assume that
1(DY_f) @) = (DL_f) @] < A lz —x[PT7, (2.4.43)
A >0, forall y, z, x € [a, b] withy >z > x)
2 Y _ v—1 _ +1—v _
< o) /x z—x)"(z—x)? dz = (2.4.44)
D =0t
F(u)/ SR A IS I
We have proved, for y > x, that
(y =0
Ife)=f)—A-() @y &= <p—"7", (2.4.45)
p+1
where p; := Tf/) > 0.
Set A := max (A, \y) and p := W > 0.
Conclusion We have proved (2.4.1) that
x =yt
If ) —f)—A-(f) @ y) &=yl =< pﬁ, (2.4.46)

forany x, y € [a, b].
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(IIT) Let again f € C? ([a,b], X), p e N, x,y € [a, b].
By vector X-valued Taylor’s formula we have, see [3, 4, 18],

(k 1 X
Fo- =3 L0 1 [a=ort (10 @ 70 ),

k=1 k! - D! y
(2.4.47)
Vx,y€la,b].
We define the X-valued function
f<k’()) k—1
(Ao (f)) (x,y) := I%’;, b c o yf) X FE Y, (2.4.48)

Then it holds, by [13], p. 3,
(Ao () (x. x) = (Ao (N 0. I =[PP @) = P D] (2449
< | FP) lx =yl Vx.y€la.bl,

so that condition (2.4.2) is fulfilled.
Next we observe that

If )= f ()= (Ao (), y) (x =yl =

14
LA6) k ! ’ —1( )
om CT (p—l)!/y (=0 (f7 0 = £ ) de
(2.4.50)
4 (k)
Z ()’) . )k
k=1
1 X
Gomi|) G0 P O =S ;)di] = ©). (2.4.51)
Here we assume that
|7 @ =P o] <clt=yl, Y,y elabl.c>0. (2.4.52)

(1) Subcase of x > y : We have that (by [9])

© < / =P 0 @) = £ () e <

1
(p—=DlJy

ﬁ / x (x =Pt —y)dt = (2.4.53)
s Yy
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T e (=D
GoDrp+ T TG hipen Y

_cx—yrt!

(p+ D!
Hence il
© < c%, x>y (2.4.54)
(2) Subcase of y > x.
‘We have that
©O=ct| [ a-or o - @) ar (2.4.55)
T / =" P - P 0] dr <
=D /y (=) (v = nydi =
=D / o e ar = (2:4.56)
C TOT® e =D
(p=D!'T(p+2) (p—DHp+D!
_ - x)P*!
S (pE D!
That is il
©) < c%, y > x. (2.4.57)
Therefore it holds
lx — y|7*!
) < CW, all x, y € [a, b] such that x # y. (2.4.58)
We have found that
_ y|ptl
If )= f ) — (Ao () (x,y) (x =y < c%, c>0, (2459
(p+ D!

forall x # y.
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la,

When x = y inequality (2.4.59) holds trivially, so (2.4.1) it is true for any x, y €
b].
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