Chapter 2
Equations Governing Flow and Transport
in Porous Media

K. Muralidhar

In the simplest situation of a large bed of small rigid spheres of uniform diameter,
flow in the pore space can be represented by Darcy’s law [1]. As discussed in
Chap. 1, this relationship, stated at the scale of the representative elementary volume
(REV), arises from volume-averaging Navier—Stokes equations at the low Reynolds
number limit in a repeating geometry [2, 3]. Historically, Darcy’s law was proposed
as an empirical relationship on the basis of laboratory experiments while the theo-
retical basis was developed in later years. In this respect, the mass, momentum, and
energy equations in a porous medium are posed as mathematical models rather than
natural laws. This spirit of empirical-theoretical formulation of flow and transport in
porous media has pervaded analysis and will be followed in the rest of the chapter.

With burgeoning applications in porous media, a wide variety of possibilities
may be realized during flow and transport. While single and multiphase flows in
porous media are discussed in the following sections, several other specialized
topics such as radiative transport and solid—fluid phase change have not been
covered [4-6]. The discussion here is restricted to devices and processes in which
one or more fluids pass through the porous region, exchanging energy and mass
with the solid phase.

2.1 Darcy’s Law

Originally stated for a bed of spheres, Darcy’s law for fluid flow in the pore space is
given by the relationship

K
u=-——Vp (2.1)
I

Here, u is the fluid velocity obtained as an average over the REV, and p is fluid
pressure at the pore scale. The symbol K represents the medium permeability, and

© Springer International Publishing AG 2018 15
M.K. Das et al., Modeling Transport Phenomena in Porous Media

with Applications, Mechanical Engineering Series,

https://doi.org/10.1007/978-3-319-69866-3_2



16 2 Equations Governing Flow and Transport in Porous Media

4 is the dynamic viscosity of the fluid. The porous medium is taken to be saturated
with the fluid of interest in the sense that fluid—fluid interfaces do not form, and a
single fluid prevails in the pore space. Let d, be the particle size and U, a velocity
scale. Equation 2.1 has been found to be applicable for Reynolds number of up to
unity, namely [1-3, 6, 7]

ud
Re = 22 <
u

The permeability of a porous medium is a property that depends on the pore size
and the pore structure. The fact that permeability may vary from one geometry to
another makes the applicability of Eq. 2.1 quite restrictive. On the other hand,
dimensional analysis shows permeability to be a function of porosity ¢ and particle
diameter d,,, each representing the pore geometry and pore size, respectively. The
Carman—Kozeny relationship connects these quantities empirically but with
dimensional correctness as [2, 8, 9]

d>é
K= ’772 (2.2)
180(1 — &)

With the particle diameter expressed in meters, permeability has dimensions of
m?. In applications, one can expect to have a length scale for the device itself, say L,
and the ratio defined as

is called the Darcy number. In many applications, the particle diameter is of the
order of a fraction of a millimeter while the device length scale is around a meter or
beyond. Naturally, Darcy numbers of the order of 10™® and smaller and quite
common. Larger Darcy numbers will indicate larger particle diameter and pore size.
The resulting Reynolds number will be greater than unity leading to a violation of
Darcy’s law. Hence, Eq. 2.1 can be properly stated as being applicable in the limit
of Da< <1,Re<1.

The Carman—Kozeny relationship for permeability has limited applicability.
Even for a regular bed of spheres, the numerical factor shows a spread over 150-
180. It has the advantage of representing the flow space in terms of porosity while
the flow size is referred to the particle diameter. These small-scale features are then
projected on to the size of the REV. In more complex systems such as meshes and
an array of cylinders that are assumed to behave like porous media, an explicit
permeability—porosity relationship may not exist. Equation 2.1 must then be used to
determine permeability from a calibration experiment where pressure drop and
velocity are individually measured [10].

Darcy’s law (Eq. 2.1) is remarkably similar to Fourier’s law of heat conduction
where the heat flux and temperature gradient are connected via thermal
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conductivity. Heat transfer across a finite temperature difference is thermodynam-
ically irreversible with a local dissipation rate proportional to the product of tem-
perature gradient and heat flux. Analogously, flow through porous media is
irreversible, and the power required to sustain flow is proportional to the product of
velocity and pressure gradient. The power thus supplied is internally dissipated as
thermal energy through the action of viscosity.

Darcy’s law is most appropriately used to determine fluid velocity and the flow
rate, when the pressure gradient is known. For example, flow in a tube filled with a
porous medium will experience a pressure drop of p, — p; = Ap over a length
L between points 1 and 2. The average fluid velocity in the tube along its axis can
now be calculated as

Lo K (@) _Kpi—p»
uw\ L n L

Volume flow rate is obtained as a product of velocity and the cross-sectional
area. The power consumed to sustain flow is the product of pressure drop and
volume flow rate.

In a multidimensional flow field, the local pressure gradient is also an unknown.
Here, Darcy’s law is viewed as a momentum equation wherein pressure gradient
balances viscous forces at the fluid—particle boundary. Other contributions such as
body forces, inertia, and unsteadiness are set to zero. The momentum equation is
then to be supplemented by the mass balance equation. Assuming flow to be
incompressible, mass balance equation at the scale of the REV is given as [4-9, 11]:

V-u=0 (2.4)

Equations (2.1) and (2.4) can be jointly used to obtain the flow and pressure
distribution in the porous medium.

To a first approximation, Darcy’s law is applicable without change during flow
transients as well. The justification here is that the characteristic length scale related
to the duration of the transient, namely d,, the particle diameter, is small.
Consequently, the timescale

&

is also a small quantity. In applications, the timescale over which changes in
pressure and velocity take place are usually much larger. For conditions where flow
or pressure is driven in time, Darcy’s law (Eq. 2.1) is now taken to be applicable for
each time instant.

Between velocity and pressure, velocity can be eliminated using the mass
balance equation, yielding a single equation for pressure, namely
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Vi =0 (2.5)

The pressure equation can be solved along with suitable boundary conditions.
Combined with Eq. 2.1, the velocity field can be mapped in the porous region.

2.1.1 Cartesian and Cylindrical Coordinate Systems

Equation 2.5 is in coordinate-free form; specific forms of the pressure equation in
Cartesian and cylindrical coordinate systems are given as follows:

Pp O 82p_0

Cartesian 2 + 8—))2 + Fr e
o Pp 10p 1p &Pp '
Cylindrical 22 + ~r + 72@ + F =0
The velocity components are determined using Eq. 2.1 as:
K9 K 19) Ko
Cartesian u=——-L ,—-_2%2 ,__2%F
1 Ox uoy 1 9z 27)
K9 1K 9, K 19) '
Cylindrical ' = -2 0—_-2% . 2%
wor rudb u 0z

Equations 2.5-2.6 can be solved by the tools of classical analysis [12—14], for
example, separation of variables in finite domains of regular shape and transform
techniques in semi-infinite geometries. They require prescription of boundary
conditions over the entire boundary in one of the following standard forms:

Dirichlet: p(x, y, z)specified

o .
Neumann: %spemﬁed (2.8)

0,
Robin: ap(x,y,z) + b a—Z specified (constants a and )

For example, at an injection or fluid production point, pressure is specified. On a
no-flow, impermeable boundary, the normal derivative of pressure is zero. The third
category of boundary condition is also possible. The specified quantity can be zero,
a constant, or a function of time.

Some porous media problems can be formulated with volumetric sources
(of mass) distributed as Q(x) (units of m’/s per m® volume of REV) for which the
mass balance equation is written as
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V-u=0

Combined with Darcy’s law, the pressure equation takes on the form
u
Vip+-0=0
pt+ e 0

The boundary conditions continue to be given by Eq. 2.8.

Since the pressure gradient along a solid wall is nonzero, the tangential com-
ponent of wall velocity is nonzero and the no-slip condition does not hold. For an
impermeable wall, the normal derivative of pressure is zero, and hence, the normal
velocity is also zero. The inapplicability of the no-slip velocity condition is peculiar
to the Darcy formulation of flow in porous media. The non-Darcy system of
equations (Sect. 2.4) permits the no-slip condition and is more realistic.

For a clear fluid medium lying adjacent to a porous medium, the boundary
conditions for Navier—Stokes equations are modified to account for slip at the
interface. In place of the no-slip condition, the following Beavers—Sparrow con-
dition [9] is utilized:

8uf o [09:34

By \/I?(uf — upy)

Here, suffix ‘f” refers to the clear fluid medium, PM is the porous medium, and
apy is an empirical (Beavers—Joseph) parameter. The Dirichlet boundary condition
for velocity is now replaced by a Neumann condition. It can be expected that the
normal velocity component will remain continuous across the clear—porous inter-
face. The governing equations in the porous medium and the clear fluid are thus
coupled at their interface.

2.1.2 Inhomogeneous Media

Here, the pore space dimensions may vary from one location to another. If an
average pore dimension can be identified at the scale of the REV, one can define a
permeability function K(x) and the corresponding form of Darcy’s law

u=— Kx) Vp (2.9)
,u

Combining with the mass balance equation, Eq. 2.9 can be expressed in terms of
pressure as
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V- {K(x)Vp} =0 (2.10)

The pressure equation is solved along with the Dirichlet, Neumann, or Robin
boundary conditions described by Eq. 2.8. Equation 2.10 expressed in Cartesian
coordinates is of the form

0 Jp 0 Op 0 op|
pp {K(Lm) 8x} + N [K(x,y, z) 5y] + 5 {K(x,y,Z) aJ =0

2.1.3 Anisotropic Media

Darcy’s law (Eq. 2.1) can be expressed in index notation as

dp
—Ka—Xl (2.11)

Here, permeability is a scalar function that is a constant or a prescribed function
of position, as in Eq. 2.9. Equation 2.11 also admits tensor forms of permeability
wherein permeability is a Cartesian second-order tensor, namely

dp

= —Kj;— 2.12
u i 8Xj ( )
Equation 2.12 expands in a Cartesian coordinate system as
Op Op dp
=—Kin——Kp=——Ki—=
u 11 p) 12 By 13 P
Op dp dp
=Ky — —Kopp— — Kp3 — 2.13
v 205, 22 dy 3%, ( )
9p 9p 9p
=—Ky——Kp—— K3 —
w 315 32 By 39,

Here, Kj; is a permeability tensor and has nine components, with indices ‘i’ and
;> running over 1...3. These respectively refer to the Cartesian coordinate direc-
tions x, y, and z. Combining with the continuity equation, Eq. 2.13 can be cast in a
form suitable for pressure calculation as [15]

0 Op Op 0 0 Op Op 0
e {Ku o +K128 +Ki3 aﬂ + = B {Kn o +K223 + K3 812 _
0 0 0 0 '
5 |:K318p +K32(,;y7 + Ks3 aﬂ ~0
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In homogeneous media, the permeability tensor is symmetric, and the nine
components reduce to six. In isotropic and homogeneous media, the nine compo-
nents of the permeability tensor reduce to one, making permeability a scalar quantity.
It is worth repeating here that Darcy’s law as given by Eq. 2.1 is applicable for a
homogeneous and isotropic medium, characterized by a scalar permeability.

In an orthotropic medium, the off-diagonal components of permeability are zero
while the principal components of permeability are nonzero and distinct. Here

Kn 0 0
Ki=| 0 Kn O
0 0 Ki

The pressure equation can now be derived as

0 Op 0 Op 0 op\
Ox (K” 8x> + dy (K22 8y> + 0z <K33 31) =0 (2.15)

The permeability components K;; can be functions of position or take on purely
constant values. For a homogeneous and isotropic medium,

K1 =K»n=K33 =K

For anisotropic media, one can identify principal directions with respect to
which the off-diagonal components of permeability are zero. The Cartesian coor-
dinate system can then be aligned with the principal directions of the porous
medium being studied, leading to some simplification in the governing equations.

2.1.4 Compressible Flow

For a start, think of a porous medium whose pore space does not alter with pressure,
so that it is characterized by a constant porosity. In certain circumstances, the fluid
filling the pore space may have to be treated as compressible. The mass balance
equation for a compressible fluid in a fixed pore space is now expressed as

dp

88t

+V.pu=0 (2.16)

Here, p is fluid density, ¢ is porosity, and u is the REV-averaged fluid velocity.
With mass sources, the right-hand side is replaced by pQ(x). Eq. 2.16 follows the
mass balance equation of a compressible fluid of homogeneous fluid-filled porous
media, except that the first term includes porosity. This correction arises from the

fact that the amount of fluid contained in the REV is a fraction of the volume of
REV, as defined by the porosity.
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If the flow rates are small enough for the pore-scale Reynolds number to be less
than unity, Stokes equations will hold in the fluid phase, and its integrated form at
the scale of the REV, namely Darcy’s law (Eq. 2.1), can once again be used as a
momentum equation. Hence, working with a homogeneous and isotropic medium,
velocity and pressure are connected as

The system of equations can be closed when an equation of state relating density
and pressure is prescribed. For gases, changes in density will be accompanied by
those in pressure and temperature. Accordingly, an energy equation is added to the
system of equations governing compressible flow of gas in a porous medium. For a
liquid, density may be connected to pressure through compressibility S as

10
s=-F
pOp
Here, S is a positive quantity (units of (N/m?)") and is a constant over a range of

fluid pressures. Combining the unsteady mass balance equation with Darcy’s law,
we get

Op K
Spe—=V-[p—=V
pr = (s )

A simplified form of the pressure equation that is adequate for mildly com-
pressible fluids (p ~ constant) can be derived by canceling density on both sides. It
reads

dp K _,
- =— 2.17
ot ,uS.sv P ( )

If the porous medium is also compressible, S can be interpreted as the combined
compressibility of the medium and the fluid within. Equation 2.17 shows that the
role of compressibility is to sustain flow transients in a porous medium.

The unsteady pressure equation for a compressible liquid in an incompressible
porous medium has a form analogous to the diffusion equation of heat transfer.
Analytical solutions developed in specialized texts related to conduction heat
transfer can be extended to the present context [14].

Compressibility of the fluid is important for gaseous media. It is also important
when liquids are pumped at high pressures through a porous reservoir. For small
pore dimensions, permeability (and hence, Darcy number) is small, pressure drop is
large, and compressibility will once again be relevant.

If the porous medium carried gas, the compressibility relationship emerges (to a
first approximation) via the ideal gas law
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0

For near-isothermal conditions, we may write p = Cp for the ideal gas law
leading to the nonlinear governing equation

dp _ E 2
5=V (HSVp ) (2.18)

For steady state, Eq. 2.18 is linear in the new variable—square of pressure. For
constant properties, Eq. 2.18 simplifies to

V-Vp? =0

2.1.5 Effect of Gravity

In large-scale reservoirs, gravity forces become relevant and alter the flow field.
Gravity-related corrections will appear in the momentum equation, namely Darcy’s
law in the form

w= =2 (Tp+pg) = = (V) (2.19)

Here p = p+ pgz. Symbol z stands for the vertical direction opposed to the
direction of gravity. The augmented pressure variable can be interpreted as a
gravity-modified pressure. Equations derived earlier carry over unchanged with
p replaced by p, when gravitational effects are to be accounted for.

2.2 Brinkman-Corrected Darcy’s Law

Consider the simplest layout of flow in a parallel plate channel of length L and
opening 2H, filled with homogeneous isotropic porous media of permeability K,
driven by an overall pressure difference. The governing equation for pressure
reduces to

&p _
d

The pressure variation is thus linear in the flow direction; using Darcy’s law, the
velocity components are evaluated as
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_ Kpp—p1.
u=———>—"-—-; v=0
uw L

The velocity components predicted by Darcy’s law are seen here to be inde-
pendent of the axial coordinate and hence, fully developed. When the pressure
difference changes with time, the x-component of velocity will change instanta-
neously, without any time lag. These results are not unexpected because the
characteristic length scale that determines transient duration as well as the flow
development is the pore diameter, which is a small quantity, relative to H and L.

A second consequence of a constant velocity component is that it is spatially
uniform in the cross-sectional y-direction, including the wall. This solution violates
the no-slip condition between a fluid and a solid boundary commonly seen in
continuum flow applications. The interpretation here is that porous media lead to
extremely thin wall boundary layers. The spatially uniform velocity solution is then
applicable in an experiment over most of the channel width. Based on dimensional
reasoning, one can expect the boundary-layer thickness to scale with v/K, and so
with the square root of Darcy number vDa = VK /H, where H is the channel
half-width. Thus, the constant velocity solution is expected to be realized in dense,
low permeability porous media. Here, pressure drop arises mainly from skin friction
within the body of the porous medium, unlike homogeneous fluids where the origin
of pressure drop is skin friction at the solid walls.

The uniform velocity solution is expected to fail in moderate and high perme-
ability porous regions confined in a channel or a tube. An additional factor that
needs consideration is the variation of permeability of a porous region near a solid
wall. As shown in Fig. 2.1, porosity near a wall is greater in comparison to the bulk,
leading to higher permeability. The wall boundary layers are thickened, and the
entire velocity profile can now be obtained only after accounting for the no-slip
condition.

A useful framework for introducing the no-slip condition in Darcy’s law is
available through the Brinkman’s approximation which introduces a viscous shear
stress term in Darcy’s law. The Brinkman-corrected Darcy’s law is written as

||\\
& k, /

€ k

Fig. 2.1 a-b Wall porosity and permeability variation in a channel; ¢ schematic drawing of
velocity variation in the near-wall region; peak porosity and permeability are indicated as ¢y and
K respectively
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u
—u

_Vp_K

+Eviu=o (2.20)

Comparing with Eq. 2.1, the correction is seen in the third term involving an
effective viscosity . Given the overall uncertainty in model parameters such as
K and ¢, the effective viscosity is approximated as the fluid viscosity itself [8, 9].

Since Eq. 2.20 is a second-order partial differential equation in velocity, the
no-slip condition can now be conveniently introduced at the walls. A sample
solution of velocity distribution is sketched in Fig. 2.1. The overall pressure drop
will arise from shear stresses at the liquid—particle interface of the porous region as
well as stresses at the liquid—channel boundary that enforce the no-slip condition. It
may be noted in Fig. 2.1 that the near-wall velocity variation has a local maximum
arising from larger porosity and permeability, a phenomenon called channeling. It
refers to preferential flow in the near-wall region owing a larger pore scale in
comparison to the bulk of the porous medium.

2.3 Forschheimer-Extended Darcy’s Law

Darcy’s law requires correction when the particle-diameter-based Reynolds number
exceeds unity. Such a flow field is commonly encountered in high porosity systems
where the fluid velocities are high. In gas flows, viscosity is low, and Reynolds
numbers can once again exceed unity.

The immediate consequence of increasing Reynolds number is that form drag
experienced by the particles of the solid phase becomes larger in relation to viscous
drag. In the limiting case of high Reynolds numbers, form drag can be substantially
larger than viscous drag. Figure 2.2 shows the variation of drag coefficient Cp, of a
sphere as a function of Reynolds number Re,. With D as total drag,

pud

Cp = andRe; = —

- 3 PUPA,

Here, p is fluid density and A,, is a reference area, usually chosen as the projected
area of the object normal to the flow direction. For a sphere of diameter d,

Ay, = rd?

For small Reynolds numbers, drag coefficient decreases with Re,, giving rise to
the following scaling relation:

D A .
=1—5— =5 Hence, drag varies as D = constant X u
3pulA,  Rey

For larger Reynolds numbers (20 < Re,; < 10,000), Fig. 2.2 shows near con-
stancy of the drag coefficient. Hence

Cp
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Fig. 2.2 Variation of drag coefficient with Reynolds number for a sphere placed in uniform
approach flow

D

= {5, = constant ~ I; D = constant X u?
3 PUAp

Cp

Combining the two limits, one can write the following expression for drag
experienced by a particle of the porous medium:

D = au+ bu®

The square-law dependence arises from an adverse pressure gradient and flow
separation at the surface the sphere. The quadratic trend realized for a single sphere
can be extended to a porous medium comprising a bed of spheres. Experiments
indeed show that a porous medium made up of small particles will show drag
scaling linearly with velocity at a low Reynolds number and square of velocity for
Re > 1. The low Reynolds number limit of drag proportional to velocity translates
as Darcy’s law (Eq. 2.1). An extended form of Darcy’s law valid for a wider range
Reynolds numbers can be written analogously to drag coefficient as

The symbol Ap represents pressure drop and is negative with respect to the flow
direction. Here, F is a parameter to be determined from experiments. For a bed of
uniform-diameter rigid spheres, the following correlation has been reported in the
literature [5, 8, 9]:

18
(180¢5)"?
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In applications, it will have to be experimentally determined from calibration
experiments; see Chap. 6 for an example. The square-law correction of Darcy’s law
is called the Forschheimer term, F being the Forschheimer constant. Darcy’s law
generalized to accommodate a wider range of Reynolds numbers is expressed as

F
—Vp—ﬁu—p—Ku|u| =0 (2.21)

K" TVK

The modulus of velocity ensures that the formulation is correct for positive as
well as negative flow directions.
The Brinkman and Forschheimer-corrected Darcy’s law is written as

F
prfﬁu—p—u\uPr gV2u:0 (2.22)

K" VE

Equation 2.22 is a form of a momentum equation in which a balance of fluid
pressure, viscous forces at the fluid—particle boundary, viscous forces within the
fluid medium, generally arising at the confining walls, and form drag is attained at
the scale of the REV.

2.4 Non-darcy Model of Flow

Equation 2.22 extends Darcy’s law by including a variety of external forces.
Indeed, this approach can be used to bring in additional forces arising from, for
example, buoyancy and electromagnetism. Equation 2.22 requires the sum of all
external forces to be zero, a condition applicable only for non-accelerating flow
fields. The expression for fluid acceleration a in a Lagrangian frame of reference
can be written as

T edr

Here, the symbol u continues to represent the REV-averaged velocity, with u/e
being the local fluid velocity vector. Hence, acceleration referred here is that of the
fluid alone, while the solid phase is stationary.

It is useful to employ the Eulerian representation of acceleration [11]

1du 1(6u 1 )
a=-—=—|—+-u-Vu
edt ¢ e

Temporal and spatial acceleration terms are now explicitly written out. Equating
the sum of all external forces to mass x acceleration, Eq. 2.22 can be generalized
to the form
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pdu

P _vp—
e dt P

F
%u —p—\/Eu|u| + %Vzu

Here, p is fluid density. Hence

pfou 1 u pF JT—
— | — — . = — —_— _— — 22
( + Ju Vu) Vp u \/_u|u|+ ; Vu (2.23)

Equation 2.23 is called the non-Darcy model of fluid flow in a porous medium
and is applicable over a range of Reynolds numbers [5, 8, 9, 16—-18].

When gravity effects are important, pressure can be replaced by the effective
pressure as in Eq. 2.19. This approach is applicable for all body force fields y that
are expressible as a gradient of a scalar potential (y = —V ¢). Then, p = p + ¢.

Equation 2.23 can be seen from other viewpoints as discussed in the following
remarks.

i.

ii.

iii.

1v.

The non-Darcy model represents flow in a homogenized porous medium
where the building block is the representative elementary volume (REV).
Local averaging yields new parameters such as ¢, K,and F apart from fluid
properties p and p.

The fluid phase in the pores of the physical domain pass through a tortuous
path may suffer local adverse pressure gradients and flow separation. These
classify as acceleration but are submerged in the volume-averaging step over
the REV, leading to the Forschheimer correction. The acceleration terms of
Eq. 2.23 will be explicitly nonzero when inflow velocities change with time,
the macroscopic flow passage is of variable area, and over geometries such as
a cylinder buried in a porous formation.

The basic unknowns of the non-Darcy model are the velocity components that
are derivable from the momentum equations and pressure. The latter is
obtained from the mass conservation equation, which for an incompressible,
fluid saturated porous medium is given by Eq. 2.4 as

V-u=0

Uncertainties in the specification of the effective viscosity (approximated often
as the fluid viscosity) and the correlations for K and F contribute to the overall
model uncertainty. In turn, these quantities are to be found from benchmark
experiments where the flow distribution and pressure drop can be easily mea-
sured. The overall approach of extracting the constants of proportionality from
experiments falls in the domain of parameter estimation.

For a homogeneous fluid, ¢ — land K — oo and Eq. 2.23 reduces to the
classical Navier—Stokes equations [11]
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Vi.

Vii.

Viii.

0
/)(Fltl +u-Vu> = —Vp+uViu

For definiteness, consider flow in a parallel plate channel filled with a
homogeneous and isotropic porous medium. Following the initial and
boundary conditions employed in the context of fluid flow problems, those
for the non-Darcy model can be stated as follows.

prescribed or quiescent initial flow field,

prescribed inlet velocity distribution,

no-slip and impermeability conditions for velocity at solid surfaces,
fully developed flow at the exit plane, and

pressure specified at one point on the exit plane.

The non-Darcy model shares several mathematical properties with the
Navier-Stokes equations. For example, both are second-order nonlinear
partial differential equations in space and first order in time. Hence,
semi-analytical and numerical methods such as computational fluid dynamics
(CFD) applicable for the Navier—Stokes equations can be carried forward to
flow in porous media [19].

Equation 2.23 is in coordinate-free form and can be expanded in a coordinate
system of interest by using the correct form of the derivative operators. Let
(u,v,w) represent the Cartesian components of velocity in the (x,y,z)
coordinate system. The three-dimensional unsteady form of the non-Darcy
equations can be expressed as follows:

o, 00 ow
ox Jdy 0z

p(ow L[ 0w Ow  Oow\\_ Op K
e\ar e \"ax Vay ")) T Tax k"

2 2 2
\/u2-l—v2+w2—i-,u(8 8u+@)

oyr 07
8v+ uav+v@+w@ = 6p ﬁv
ot e\ Ox ady 9z)) — oy K

2, 2 2,
V\/u2+v2+w2+,u<a 8 +8 )

p [Ow ow ow Ow\\ _ dp n
s<at+g<“ax+vay+waz I

—£W‘/M2+v2+wz+ 62_W+82_W+82_W
VK K Ox? ly 4

=0 (2.24)

(2.25)
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ix. Once the local flow field and pressure distribution are solved for quantities such
as flow rate and surface forces on a global scale can be obtained by suitably
integrating the local distributions of velocity, pressure, and shear stresses.
Equations 2.24 and 2.25 are coupled in terms of velocity components and
pressure. Coupling, nonlinearity, and the overall complexity of the governing
equations make analysis of the flow field quite daunting.

2.4.1 Non-dimensionalization

Let L be a macroscopic length scale and U a velocity scale chosen for the device or
the apparatus of interest. For homogeneous fluid flow, the scaling law for dimen-
sionless quantities leads to the definition of the Reynolds number

_ pUL
u

Re

In dimensionless form, velocity is interpreted as the scaled variable u/U and
pressure as (p — prr)/pU?, while the independent variables are scaled as x — x/L
and t — Ut /L. During the process of scale analysis, the continuity equation remains
unchanged.

The dimensionless Navier—Stokes equations written in coordinate-free form can
be readily derived as [11]

Ou B 1 _,
(81‘ +u- Vu) = —Vp+ R—CV u (226)

Equation 2.26 shows that two different flow fields with unequal velocities and
dimensions can still be dynamically similar, if their Reynolds numbers are equal.
Then, the solution of one in dimensionless form will truly hold for the other.

Extending the scaling analysis further, the non-Darcy equations in
coordinate-free form read as follows:

1 /0u 1 1 f
—(—+;u~Vu> ——Vp—ReXDau— _“Dau|u|

1 2
+ @V u (2.27)

Here, Da, the Darcy number is defined as

1.8

K
Da =— whilef =———¢
L2 ! (180507

Apart from Reynolds number, ¢, Da, and f appear as additional dimensionless
parameters in the formulation. For a given Reynolds number, the flow details will
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then depend primarily on porosity, permeability, and the inertia coefficient; corre-
spondingly, the flow distribution will depend on the dimensionless parameters of
the formulation including ¢, Da, and f.

2.4.2 Special Cases

The non-Darcy model is quite complex in its general form, but can be simplified in
many circumstances. For steady flow, the dependence on time can be dropped,
namely

Ou
——0
ot
When the flow is fully developed, the acceleration terms can be set to zero;
hence

(@Jrleu) =0
ot ¢

Accordingly, one solves the following system of equations for the flow field:

1 f

0=—-Vp— _
p Re><Dau v/Da

1
ulu| + — Vu
| |+8Re

Additional simplifications may arise from the reduced dimensionality of the flow
field. It is also clear that for small Reynolds numbers, the square-law dependence on
velocity can be dropped; hence

1
Re< <1, —Vp ut+ —Vu=0
eRe

" Re x Da

Equating the second and the third terms, the boundary-layer thickness 6 near a
solid wall can be estimated as

0 Da

— ~ P

L I3

Hence, in low permeability porous media (Da< <1), the boundary-layer
thickness is small and the corresponding wall shear stress term can be omitted in the
calculation of the flow field outside the boundary layer. Thus, under the twin
approximations of low Reynolds number and low permeability, we recover Darcy’s
law as the valid form of the momentum equation:
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1
—u
Re x Da

Re< <1, Da<<1:-Vp—

The above equation will be adequate for pressure drop calculations but will not
resolve the wall boundary layers.

2.4.3 Compressible Flow

Compressible flow of a liquid in a Darcian framework is discussed in Sect. 2.1.3 in
terms of a fluid property, namely compressibility. The present discussion general-
izes this approach for a non-Darcy model.

Compressibility of the fluid in the porous region introduces fundamental changes
in the mathematical equations relative to the incompressible formulation.
Specifically, the mass balance equation is used to determine fluid density while the
equation of state determines pressure. For a gas, changes in pressure take place
simultaneously with temperature that must be introduced as a dependent variable.
Thus, mass, momentum, and energy equations are coupled and are to be simulta-
neously solved. While working with compressible flow, it is common to introduce
auxiliary-dependent variables such as enthalpy and entropy, depending on the
application of interest. For example, when shocks are formed, large changes in
entropy take place and it is advantageous to introduce entropy as a dependent
variable.

The present discussion is restricted to gas flow in a fixed porosity porous region
where compressibility arises from high gas speeds and hence, large changes in
pressure. The fluid medium is taken to be an ideal gas so that the following equation
of state, connecting pressure, density, and temperature, is applicable:

P _rr (2.28)

p

In view of large changes in specific heat C,,(T') of the gas, it is preferable to work
with enthalpy # that relates to temperature as

Oh
Cy(T) =—
P
For high speed flow of compressible gas in a homogeneous region with no
chemical reactions and shaft work, the governing equations are of mass, momen-
tum, and energy (first law of thermodynamics), stated as follows [20]:
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dp
E‘FV'pll—O

0 2
p <FL; +u- Vu) =-Vp+V- (,u(Vu+ vu') - gél;,-v : u) (2.29)

de k u’
p(5+u-Ve>—V~<C—p>Ve (e—h-i-?)

In this approach, the momentum equations solve for velocity, mass balance for
density, energy equation for enthalpy and temperature while pressure is determined
form the equation of state (2.28). Nevertheless, the system of equations is tightly
coupled and must be jointly solved for the dependent variables. Since compress-
ibility effects arise jointly with high speed flow of the gaseous medium, inertia
effects in the momentum equation and advection terms in the energy equation
become prominent. Equation 2.29 can then be simplified by dropping the viscous
terms in the momentum equation and diffusion terms in the energy equations. These
approximations considerably reduce the effort required to solve the governing
equations.

Energy equation for a porous region is discussed in Sect. 2.5. The compressible
flow equations as applied for a porous medium are subsequently revisited in
Sect. 2.5.2.

2.4.4 Turbulent Flow

The overall effect of the solid grains of a porous matrix is to stabilize flow by
increasing viscous forces uniformly throughout the physical domain. Conversely,
when the pore size becomes large, the pore-scale Reynolds number can be sub-
stantial, leading to persistent unsteadiness in the local flow field. Boundary-layer
thickness near an impermeable wall is small in a dense porous medium, scaling

with v/K (K being the permeability). This change in boundary-layer thickness
suggests a delay in the transition to turbulence [21]. To a first approximation, it can
now be assumed that large-scale vortices of the size of the boundary-layer thickness
do not appear in the porous medium. It is likely that the main sources of turbulence
are then (i) vortex formation from the surface of the solid particles and (ii) shear
layer instability in the pore space. The respective length scales of the turbulent
fluctuations are then the particle diameter and the pore diameter [22, 23]. With the
size of the REV much greater than either of these scales, the effect of fluctuations on
flow distribution and pressure drop will have to be factored in through the time
domain statistics.

While resolving every timescale present in the time-dependent fluctuations of
velocity can be numerically difficult, a Reynolds-averaging approach can be
attempted for turbulent flow. This step follows volume-averaging over REV that is
intrinsic to the mathematical modeling of flow in porous media [24]. The
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time-averaged flow field is now modified by Reynolds stresses that are temporal
correlations of the velocity fluctuation vector. Combined with the Boussinesq
approximation of turbulent viscosity, one obtains a modified form of the momen-
tum equation wherein fluid viscosity is replaced by the sum of fluid viscosity and an
eddy (or, turbulent) viscosity.

The time-averaged approach to modeling of turbulent flow ensures that the
overall (time-averaged) pressure drop is correctly predicted for a given flow rate. In
the process, instantaneous changes in velocity and pressure, particularly in the
pores, are not fully resolved. The non-Darcy model accounts for the Darcian
pressure drop arising from the interfacial friction between the fluid and solid phases,
viscous friction within the fluid medium via the Brinkman correction, and flow
separation effects including vortex shedding through the Forschheimer terms.
Additional corrections for the turbulent fluctuations will necessarily represent those
at the small scales within the pores of the porous medium. These effects, particu-
larly vortex formation and turbulent fluctuations, are overlapping. As a result,
modeling parameters of turbulent flow in porous media will be distinct from a
homogeneous fluid and must be individually obtained from dedicated experiments
of parameter estimation.

Following Eq. 2.27, the momentum equation governing turbulent flow in a
porous medium can be written as

1 1 1
(all+8u-Vu)——Vp— u— f uju|

&

Here, velocities and pressure are both REV- and time-averaged. Symbol pu;
represents turbulent viscosity and is zero below a certain threshold Reynolds
number. The continuity equation in terms of the time-averaged velocity will be
applicable for mass conservation. Following the discussion on dispersion of
Sect. 2.5, turbulent viscosity can be obtained as

Hr _ CRe;, Re; > 100 and 0, otherwise
U

Here, Reynolds number is based on a pore-scale dimension and the average fluid
speed. The constant of proportionality is expected to be of the order of unity. Here,
turbulent fluctuations are taken to be present at the pore scale and create
viscosity-like effects seen in jets and wakes. Correlations of turbulent viscosity
similar to the one above can be seen in the context of round jets [25, 26].
Higher-order turbulence models (such as k — ¢) in porous media have been dis-
cussed in the literature [27].

In heat and mass transfer, a non-participating solid phase merely creates a tor-
tuous flow path. Combined with velocity fluctuations, the net influence on transport
is to increase dispersion. See discussion accompanying Eq. 2.33 in Sect. 2.5.
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Consider a thermally participating medium where the solid phase thermal con-
ductivity is much greater that of the fluid phase. Thermal fluctuations are then
uniformly damped within the porous medium (Eq. 2.33 of Sect. 2.5). The effect of
turbulence on thermal transport will then be a function of the solid-to-fluid thermal
conductivity ratio.

2.5 Energy Equation

Convective heat transfer in a porous region is the subject of discussion here. For a
homogeneous fluid, the equation governing heat transfer is derived from the first
law of thermodynamics [28]. The following assumptions greatly simplify the
governing equation for temperature. These are:

i. Incompressible flow
ii. Constant fluid properties that are independent of temperature
iii. Negligible viscous dissipation
iv. No shaft work (or devices)
v. No heat generation
vi. No radiative fluxes

For a homogeneous fluid region, the governing equation is expressed as [29]

pC(g +u- VT) = kV’T
ot

Here, p is fluid density, C is specific heat, and k is thermal conductivity. This
form of the energy equation can be extended to a porous medium carrying fluid
flow. The additional approximations needed to set up the energy equation in a
homogeneous isotropic porous region are as follows.

1. The symbol T(x,y,z,t) represents the REV-averaged temperature of the fluid
and the solid phases jointly. Thus, the phases are at equal temperatures within
the REV, for all time instants, an assumption referred as one of thermal
equilibrium.

2. The time derivative refers to the change in sensible energy of the porous
medium within the REV. Hence, the multiplying factor is (pC),, determined for
the porous medium.

3. The advection term refers to energy transfer by the fluid phase. Hence, the
multiplier is (pC)f as appropriate for the fluid phase.

4. On the right-hand side, thermal conductivity will be the effective medium
conductivity (also called, the stagnant medium conductivity), denoted as k.

5. Heat conduction in a porous medium continues to be given Fourier’s law
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q=—k,VT

Thus, the thermal energy equation in the porous medium can be expressed as
oT s
(pC)mE + (pC)fu -VT =k, V°T (2.30)

Expressions relating thermophysical properties of the solid and the fluid phases
with those of the medium have been extensively discussed in the literature [9, 15,
30]. These depend on the individual properties, porosity, and the pore structure. The
simplest correlations for specific heat and thermal conductivity of the porous region
are given by the rule of mixtures:

(pC),, = &(pC); + (1 — &)(pC);
ki = eky + (1 — &)k

Here, f and s refer to the fluid and the solid phases while m is the porous
medium. Effective (equivalent) thermal conductivity of the porous medium is
related to the direction of the temperature gradient, and the expression above is to
be seen as an upper limit when the solid and the fluid phases are in series. A parallel
arrangement of the phases yields the lower limit as

km o ks/ kf

ke (1 — &) +eks/ky

The effective thermal conductivity of a sufficiently dilute suspension (¢ — 1)
with spherical particles is given by the analytically derived Maxwell model:

kn (3 —2e)ks/kr +2¢

ki 3 — e+ ek/ke

An equivalent expression with the solid phase treated as a collection of cylinders
(wires) is given by the Rayleigh model:

b 1 ks/hke = (1= &)(1 = ky/ky)
kf o 1+ks/kf+ (1 — 8)(1 — ks/kf)

Other models for non-periodic geometries and non-spherical particles are pre-
sented in the literature, but the effective medium conductivity is a source of
uncertainty in transport modeling in porous media. In general, these can be derived
mainly from experiments. In a gas—metal system (as in Chap. 6), the medium
properties are closely aligned with the metallic phase with (1 — ¢), namely (1—
porosity) as a multiplier. For temperature-dependent thermal conductivity, the right
side of Eq. 2.30 is written as V - (k,,(T)VT).
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For anisotropic and inhomogeneous porous media, thermal conductivity is a
second-order tensor (like permeability in Sect. 2.1.2), and the energy equation is
written as

(pC)m% +(pC)pu- VT =V - [k,|VT (2.31)
Fluid velocity in these expressions continues to be the Darcian velocity evalu-
ated for the REV as a whole. At the scale of the REV, the real flow path tends to be
tortuous, thus increasing the possibility of intermixing of the hot and the cold fluid
streams and greater spreading. This effect will show up as an augmentation of
thermal conductivity and is referred as dispersion (Fig. 2.3). Since velocity has
three components, dispersion can occur in three dimensions. Equation 2.31 is now
written to include a dispersion tensor, also called dispersion coefficient D,, as

T
(pC)maa—t +(pC)pu - VT =V - [ky + Dy VT (2.32)

Here, dispersion augments molecular conduction and so the elements of the
dispersion tensor are positive. Experiments in homogeneous isotropic porous media
show that dispersion tensor reduces to a scalar quantity and is related to fluid speed
as [31, 32]:

dy = (pC),,!llu| where
I = constant - d,(Pey <1);1 = CPé}y - d,(Pey > 1),0<n<1

Symbol [ is called dispersion length, and d,, is the particle diameter. Peclet
number is defined in this context as

_ |ujd,

o

Ped

Here, oy is the fluid thermal diffusivity.

Fig. 2.3 Schematic drawing of tortuosity and dispersion in a porous medium; (left) spread of
thermal energy from a line source in a homogeneous fluid phase; (right) higher spread in a porous
medium arising from tortuosity of the flow path
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Let U be the velocity scale, L the length scale, and the property ratios defined as

(pc)f =k

ﬁ B (pc)m k“‘

The dimensionless form of the thermal energy equation with constant dispersion
is written as

or - 1
ot VT =V (PeVT) (2.33)

Peclet number appropriate for the scale of the entire porous medium is now
defined as

UL
Pe =———
ol + O

The molecular thermal diffusivity in the definition of Pe is

km
Omol = 7~
(PC),
while the dispersion part is
A
Uy = =llu|~IU
(pC)ﬂl | |

In the presence of turbulent fluctuations in the pores of the physical region, the
dispersion length is further augmented by an amount, constant x pore diameter
(Sect. 2.4.4), where the constant value is to be determined from reference experi-
ments. Being dimensionless, the constant will scale with the fluid Prandtl number. It
is understandable that velocity and temperature fluctuations will correlate for small
Prandtl numbers as in liquid metals. For Pr > 1, this dependence can be expected to
be small [25]. For small fluid-to-solid thermal conductivity ratio /A, thermal fluc-
tuations will be damped by the solid phase.

The thermal energy equation requires specification of additional parameters over
and above the flow field itself. Being a second-order partial differential equation in
space, boundary conditions must also be specified. As in the modeling of pressure
and velocity, these are classified as Dirichlet (temperature specified), Neumann
(heat flux specified), and Robin (linear combination of temperature and heat flux
specified). For unsteady heat transfer problems, an initial condition is required for
the temperature calculation within the porous medium.
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2.5.1 Thermal Non-equilibrium Model

The assumption of equal phase temperatures is equivalent to requiring the fluid and
the solid media attain local thermal equilibrium quickly, in relation to the overall
timescale of the transport process. This assumption is violated in several contexts
and more so during rapid transients, namely when the timescale of the superim-
posed process is itself small.

An explicit treatment of individual phase temperatures is more general and will
contain the approximation of thermal equilibrium as a special case. In view of this
generality, the thermal non-equilibrium model is presented below. It is assumed that
the porous medium has a solid phase coexisting with a single continuous fluid
phase, leading to the two-equation model for temperature. These equations solve for
the fluid and solid phase temperatures.

The respective equations will resemble the energy equations at the pure fluid and
the pure solid limits with a point of difference. For the fluid medium, the solid
particles at a distinct temperature will serve as an energy sink (or source, depending
on the sign of the local temperature difference). One can imagine a hot fluid
entering a cold porous region; a substantial part of the fluid energy will be spent in
warming up the solid phase. This process requires a temperature difference and,
clearly, a non-equilibrium model. The fluid—solid energy exchange term is thus
central to the two-equation formalism.

The fluid phase energy equation for temperature 7/ is written as:

or/
e(pC); (7 + g vr/ ) = k2T + Qe (2.34)

Similarly, the energy equation for the solid phase is written in terms of tem-

perature T° as

(1360, () =T+ 0 (235)

Comparing Egs. 2.34 and 2.35, the following points of difference may be noted:

(a) The heat capacity term for the fluid is multiplied by porosity which is the
volume fraction of the fluid phase. The corresponding term in the solid phase
equation is multiplied by (1-porosity), the volume faction of the solid phase.
This is understandable because the two equations are jointly applicable for a
unit volume of the porous medium.

(b) The fluid temperature equation is written exclusively in terms of its thermo-
physical properties. The solid phase equation employs its own conductivity,
density, and specific heat. It is assumed here that, within the REV, the two
phases are adequately connected with independent paths for heat transfer.
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(c) Since energy exchange at the phase boundary is continuous at all time instants,
the source terms Qr_.; and Qr, are equal in magnitude but opposite in sign.

Equations 2.34 and 2.35 can be used in modeling only after the source terms are
prescribed. Assuming a convective heat transfer environment, the source term,
evaluated per unit volume of the REV, can be written as

Or s = hAR(T! — T%) (2.36)
Similarly
Qry = hAp(T* = T7)

The heat transfer coefficient between the two phases is denoted as /& and A, the
specific area, is the interfacial area per unit volume of the porous medium (units of
m™ ). The specific area will depend on the pattern of arrangement of the solid phase
within the fluid. Heat transfer coefficient can be determined from Nusselt number
correlations such as

hL
Nu = — = AP"
kf

The diffusion term in Eq. 2.34 can be rewritten to include dispersion as
V- (kf +df)VT =V- (keﬁ')VT
Using uniform velocity and length scales U and L for the two temperature

equations, a timescale of L/U, and Pe = UL/ oy, the dimensionless form of the
thermal non-equilibrium model is summarized as follows:

T/ 1 .
FLUID: s(aa—t - g VTf) =—V- (k—ﬁ> v/

P . ks (2.37)
_ UAr (Tf _ TS)
Pe
SOLID: (1 —¢) (g) :ﬁp—/:vzrf
(2.38)
NMA[Fﬁ f s o (pc)f
+ P (17 =T Where,B—TC)‘Y

Symbol 4 is the fluid-to-solid thermal conductivity ratio. An application of the
two-equation model is presented in Chap. 6 for oscillatory flow in metallic mesh
regenerators.

The two-equation model of heat transfer will reduce the thermal equilibrium
model when the energy exchange term of Eq. 2.36 is zero. This limit is reached



2.5 Energy Equation 41

when the heat transfer coefficient is large, indicating T/ — T* — 0, i.e., an equality
of phase temperatures. Alternatively, the solid phase conductivity can approach
zero, thus decoupling the solid and fluid phase temperatures. In this respect, the
thermal equilibrium model also holds for a thermally non-participating solid phase
whose role is entirely to create a tortuous flow path for the fluid medium.

Effective thermal conductivity in Eq. 2.37 will have to be augmented for addi-
tional dispersion in turbulent flow. Temperature fluctuations will be damped by a
highly conducting solid phase, and this correction will not be required. In a solid
phase of low conductivity, a single-equation model of heat transfer will be ade-
quate. Here, the correction for turbulent fluctuations will be as per the discussion
accompanying Eq. 2.33 (Sect. 2.5).

2.5.2 Compressible Flow

Following the discussion of Sect. 2.4.3, we examine the mass, momentum, and
energy equations of high speed gas flow in a porous medium whose pore geometry
as well as the solid particles is rigid. Mechanical work and viscous dissipation terms
are neglected in the fluid phase energy equation with the expectation that the fluid—
solid energy exchange terms would be dominant. Total energy, the sum of enthalpy
and kinetic energy is approximated as enthalpy since velocities expected within a
porous medium will not be excessive. Enthalpy is written as the product of (pC)
and 7, for each of the two phases. A non-Darcy, two-equation thermal
non-equilibrium model is proposed here, and the following system of equations can
be derived:

Mass:s% +V-(pu)=0

1
Momentum : 2 (E)u +-u- Vu) =-Vp-—
e\0t ¢

(2.39)

F

L p—u|u| + Lo
K &

K" VR

a(pC),T! ,
Fluid;g(ﬂ +V-(pC)f.ETf> _v. (k‘ﬂV(chf)) fo,

Solid : (1 — &) (W) =V. (%V(CST‘VD + O

The fluid—solid energy exchange term is given by Eq. 2.36. The left side of the
fluid phase energy equation can be simplified using the mass balance equation as

A(pC), T’ u_, AGT)) ;
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The form on the right side is convenient for discretization in numerical simu-
lations. The product of specific heat and temperature can be treated as a single
dependent variable. The temperature formulation is, however, to be preferred since
the energy exchange term is presented in the form the phase temperature difference.
Specific heat as a function of temperature for the participating phases is indepen-
dently supplied as constitutive equations in the model. Thus, in the system given by
Eq. 2.39, the mass balance equation determines density, momentum equation
solves for the Darcian velocity, the energy equations yield the fluid and solid phase
temperatures, and the ideal gas equation of state will determine the fluid phase
pressure. For a discussion on compressible flow through a deformable porous
medium and formation of shock waves, see [33, 34].

2.6 Unsaturated Porous Medium

In the discussion of Sects. 2.1-2.5, the pore space was taken to be filled with a
single fluid, thus making the porous medium saturated. Consider flow of water in a
porous medium with air pockets around. An example is groundwater flow, where
water may not fill the available pore space. Such a medium is said to be unsatu-
rated. Applications involving unsaturated flow are quite a few. A variable that
characterizes the volume fraction of the liquid in the pore space available within the
porous medium is saturation and is denoted as S. In the context of groundwater, the
symbol adopted is S, to indicate water saturation. The volume fraction of air in
such an instance is 1 — S,,,.

An important consequence of the porous medium being unsaturated is the
appearance of interfacial forces. Figure 2.4 shows a porous medium partially sat-
urated with water. Assuming that the solid phase is wetted by water, a meniscus will
form within the pore space, as shown schematically in Fig. 2.4. A simple balance of
forces at the interface shows that, under equilibrium conditions, pressure in the
liquid phase will be smaller than that in the gaseous phase, namely p,, <p,..

Fig. 2.4 Formation of
interfaces and the importance
of surface tension in an
unsaturated porous medium
containing air and water. As
shown, water wets the solid
surface and is called the
wetting phase
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The difference is balanced by the appropriate component of surface tension inte-
grated over the wetting perimeter. The difference will scale with the interface
curvature, increasing as the pore size diminishes and decreasing with higher water
content in the pores.

Suppose the quantity of interest is flow of water, for example, the speed with
which it saturates the porous medium. To a first approximation, we may assume
here that the gaseous phase, a mixture of air and moisture, will be practically at the
atmospheric pressure. To mobilize water, an extra pressure will have to be provided
at one end of the porous region. Flow is setup when the excess pressure overcomes
the force of surface tension at the water—air—grain three-phase boundary.

An exact analysis of interfacial forces in a porous medium is formidable, and
more so because it depends on the geometry of the pore space. Instead, analysis can
proceed on the scale of the REV, and one can write the revised form of Darcy’s law,
applicable for a phase ¢ of an unsaturated porous medium as follows [35, 36]:

K
u’ = —k.(Sy) ;Vp(/’ (2.40)

Comparing with Eq. 2.1, it is clear that the difference in formulation arises from
the function k,., called the relative permeability. It is a dimensionless quantity. Since
the formation of interfaces increases flow resistance, it can be surmised that the
relative permeability function will be smaller than unity. When water is withdrawn
from the pores, the interface curvature steepens, increasing the flow resistance
further. Thus, relative permeability is a function of the phase saturation, a func-
tionality shown in Eq. 2.40.

In a porous medium with two fluids 1 and 2 jointly present, Eq. 2.40 is written as
follows:

K
u = —k1(S1) —Vpi
’I‘(l (2.41)
w = —k2(82) — Vp2
H2

Here, S; + S, = 1. For air—water flow, air may be taken to be at the atmospheric
pressure, namely p, ~ p,, leading to zero velocity in the gaseous phase.
Equation 2.41 then reduces to a single momentum equation for the migration of
water:

K
u,, = _kr(Sw)_pr
o

w

Equations 2.40 and 2.41 are momentum equations for unsaturated flow in porous
media. The restrictions applicable for Darcy’s law continue to hold, namely the
pore-scale Reynolds number is less than unity. This approximation is quite acceptable
in many instances since fluid speeds are smaller under unsaturated conditions.
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The phase pressures are, in turn, determined with reference to the mass balance
equation for an unsaturated medium. The discussion is initially for air—water flow
where air is the stagnant phase. Water saturation is denoted as S,,, p is water
density, and u is the Darcian velocity of water averaged over the REV. Start with
the general form of the mass balance equation for the liquid contained in the pores
of the physical region. Hence

0
= (epSy)+V - pu=0
ot

The product of porosity and water saturation arises from the fact that saturation
is defined with respect to the pore volume. Treating water as incompressible
(p = constant) and porosity as constant, the mass balance equation simplifies to

S,
eV u=0 (2.42)

Using Eq. 2.41 for velocity, the pressure equation can be derived as

as, d (k,(SW)K 5pw>

“or T ox

t,  Ox

(2.43)

Permeability K and water viscosity u,, are independently prescribed quantities.
Relative permeability is a function of water saturation and is a characteristic
property of the porous medium. It is to be specified from experimental character-
ization of the medium under study. Since water migration in unsaturated soils is a
slow process, quasi-static conditions may be assumed to hold. The pressure dif-
ference across the interface between the non-wetting and the wetting phases, called
the capillary pressure (p.), will be function of the interface shape and liquid vol-
ume. To a first approximation, this dependence can be linked with the local satu-
ration [37]. Thus, for air—water flow (Fig. 2.4), capillary pressure, a positive
quantity, is given as

Pc =Pa —Pw = g(Sw)

Typical variations of relative permeability with saturation and saturation with
capillary pressure are shown in Fig. 2.5.

Equation 2.43 can be written entirely in the form of a second-order nonlinear
PDE for water pressure as follows:

ds, op, 0 (k,(SW)K apw)

dp. Ot  Ox

My Ox

—¢ (2.44)

Equation 2.44 will determine phase pressure in water, and fluid velocity can be
determined from Darcy’s law (Eq. 2.41). The derivative of water saturation with
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Fig. 2.5 Variation of relative permeability with water saturation and saturation with capillary
pressure (arbitrary units) in clay-type porous media

capillary pressure is negative (see Fig. 2.5). With this comment, Eq. 2.44 is in the
form of a nonlinear diffusion equation [38].

Under non-isothermal conditions, it is possible to identify distinct temperatures
for the fluid phases and one for the solid phase. In a thermal equilibrium model, the
three are assigned a single volume-averaged temperature and Eq. 2.32 carries over.
Effective medium properties of thermal capacity and thermal conductivity are now
functions of the local saturation.

Extensions of the formulation for unsaturated flow with two or more fluids are
discussed in the following sections.

2.6.1 QOil-Water Flow

As an immediate extension of unsaturated flow of water in a partially wet porous
region, immiscible flow of oil and water in a porous medium is now considered.
The context is an application of enhanced oil recovery from oil-rich reservoirs.
Pressurized water serves to mobilize oil trapped in the pores of the host rock.
Heating the injected water also serves to lower oil viscosity and decrease flow
resistance. The physical picture outlined in the previous section carries over. Oil
and water form an interface, and surface tension creates a jump in pressure across
this boundary. Thus, the two fluid phases move under the influence of the respective
phase pressures. Unlike air that was taken to be at the atmospheric pressure, water
and oil are in motion, leading to a spatiotemporal variation in the fluid pressures.
The overall approach of using relative permeability to augment flow resistance and
deriving capillary pressure from saturation continues to be applicable. As expected,
these equations are nonlinear, and specialized numerical methods are needed for
their solution. The subject of oil-water flow has been extensively studied over
the years, and several references can be seen in the list at the end of the chapter
[39-42].
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Mass balance: The mass balance equation is written for oil and water as follows:

Oil : g(apoSo) +V-(p,u,) =0 (2.45a)
0
Water : — (¢p,,Sw) + V- (p,, ) =0 (2.45b)

ot

Specifying that that the pores contain water and oil and no other fluid, we get
So+Sy =1 (2.46)

Momentum equation: Assuming the fluid velocities to be reasonably small, the
momentum equation is a form of the generalized Darcy’s law that includes a
correction by the relative permeability. For oil and water, these are expressed as
follows:

kro(So)K
Oil:u, = — % Vp, (2.47a)
krw SW K
Water : u,, = —#pr (2.47b)
Iy

The momentum equations can be combined with the mass balance equations to
arrive at a single nonlinear second-order partial differential equation in pressure for
each of the two phases. Here, the temperature field (REV-averaged) is taken to be
evolving in space and time so that the fluid properties—density and viscosity—are
non-constant. Fluid compressibility with respect to pressure and temperature is
defined as:

0
e O

_Op
=% ¢

T ar

9,
T r

The phase pressure equations can now be derived as:

. oT dpo _dS, [Op, apW:|
Oil : _Soé/o_ +S0£0__ o |:_ T or
1 . t t dp. | Ot g (2.48a)
Po &t
Water : —SWCW% + Sl 65; - % {% a %}
pe (2.48b)
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Here, water is the wetting phase with oil, the non-wetting phase. Consequently, the
capillary pressure, a positive quantity, is expressed as p. = p, — pw and S, + S,, = 1.
In an isothermal reservoir, derivatives of temperature can be set equal to zero.

Thermal energy equation: If the injected water is at a temperature higher than the
oil-rich formation, a thermal front will move through the porous region. The front
position can be determined by solving the appropriate form of the thermal energy
equation. For the present discussion, an REV-averaged, thermal equilibrium model
is proposed, wherein the fluid phases as well as the porous matrix are locally at the
same temperature. This assumption is realistic because the fluid speeds in the
reservoir are expected to be small, yielding time constants much larger than the
fluid—solid equilibration time. Following Eq. 2.32, the thermal energy equation is
written in Cartesian coordinates as:

or  OT T K,
FU V="

- i vy ) 2.4
ot Ox ady JTV (249)

Here, the coefficients include the effective medium properties corrected for fluid
saturation. These are respectively given as follows:

U— UpPoCo + 10, Co
or

V:%mg+wm6 (2.50)
or

o1 = &(SopoCo + SwpyCi) + (1 — €)(pC)g

Symbol K, represents the effective thermal conductivity of the porous medium
filled with multiple fluids. As written in Eq. 2.49, dispersion is not considered since
fluid speeds are small. If the variation in conductivity with saturation is included,
thermal conductivity will no longer be spatially constant (see discussion in
Sect. 2.5). The momentum equation is affected by temperature distribution, first
through the explicit temperature terms, but this is usually a smaller influence. The
real dependence emerges from large reduction in oil viscosity with increasing
temperature.

The mass, momentum, and energy equations are to be supplemented with
thermophysical properties of oil and water as well as the oil-bearing rock (marked
R). In addition, the following constitutive relations specific to the site being ana-
lyzed are required:

Ky = ko (Si)

Ko = kro(Sw)

Pe =Po — Pw = Pe(Sw) (2.51)
Pi

=1+ &(pi — prer) — Gi(T; — Top), i = oil,water
pref
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Apart from the variability of porosity and permeability in a field-scale
oil-bearing reservoir, parametric functions such as relative permeability and cap-
illary pressure can also vary substantially and over several orders of magnitude
(Fig. 2.5). Estimation of these functions in randomly inhomogeneous media is a
formidable task and has been addressed in the literature [43—45].

The formulation given above is applicable for immiscible fluids. If fluids mix,
the governing equations become more complicated owing to mass fluxes of one
fluid into another [46]. The mass balance equation is itself modified by factors such
as hydrodynamic dispersion, requiring significant reformulation of the equations of
mass, momentum, and energy.

Initial and boundary conditions: The system of equations given above is coupled
and can only be numerically solved. Simulation studies with such systems have
been discussed in the literature by various authors [47-51]. Specific solutions can
be obtained in selected geometries with known boundary conditions. Two config-
urations, one and two dimensional, respectively, are sketched in Fig. 2.6. In the
one-dimensional simulation, oil and water pressures are specified on each side of
the physical domain, temperature is prescribed on the left side, and a suitable
outflow condition is applied on the right. Initial conditions for the phase pressures
and temperature over the entire domain are also required. In two-dimensional
simulation, the figure sketched is a quarter of a repeating geometry of injection and
production wells. The former carries pressurized and heated water, while oil and
water are recovered at the other end. Thus, pressures and temperature are prescribed
at the injection well, shown in Fig. 2.6 as a quarter of a circle. Pressures and a
suitable temperature outflow condition are prescribed at the production well. On
other boundaries, the symmetry condition in the form of a zero normal derivative
boundary condition is prescribed.

Wat i
ater Water + Oil Pradiicttan

point
Rock
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T

o T i —

Injection
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Fig. 2.6 One (left)- and two (right)-dimensional geometries chosen for simulation of enhanced oil
recovery. In a two-dimensional geometry, water is injected at the injection well shown as a
quarter-circle. Oil and water are recovered at the production well
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2.6.2 Multiphase Multicomponent Flow

Generalizing oil-water flow in a porous medium, it is possible to imagine a scenario
where gas, liquid, and solid fill the pore space while each phase has multiple
chemical entities present. This is an example of multiphase, multicomponent flow
and transport in a porous medium. As a specific example, a non-isothermal, mul-
tiphase, multispecies model is presented here for the simulation of CH, gas pro-
duction via depressurization of a gas hydrate reservoir and simultaneous CO,
injection [52—57]. The subject is discussed in detail in Chap. 7.

The porous medium in the present discussion is soil beneath water bodies such
as lakes and oceans. In the pore space, all three phases—solid, liquid, and gas—are
present. Each phase contains multiple species such as water and methane. The
species balance equation, for example, of methane, is to be summed up over all the
phases. The phase equilibrium relation brings in thermodynamic aspects in trans-
port modeling. An example is the amount of methane present in the gas hydrate
(solid) phase at a given pressure and temperature. Departure from equilibrium will
result in reaction kinetics that will proceed at a speed in proportion to the distance
from the equilibrium curve. The reaction chemistry is accompanied by stoi-
chiometry, as discussed in Chap. 7 in the context of gas hydrates. In principle, each
phase has its own pressure, temperature, and velocity. In the following discussion,
the gas phase is treated to be ideal, local temperature to be equal among the phases
including the solid matrix (thermal equilibrium) and solid phase velocity (soil as
well as the hydrate deposits in the pores) to be zero.

The governing equations are written for simplicity in a one-dimensional
Cartesian geometry bounded by the depressurization well at one end where methane
is recovered and the injection well at the other where pressurized CO, can be
introduced. The present model accounts for transport phenomena in the five
components, namely aqueous, gas, CHy-hydrate, CO,-hydrate, and the geologic
media, spread over three phases. While the first two components are mobile, the
other three are treated as immobile. Such a distinction helps in accounting for the
thermophysical properties of CHy- and CO,-hydrates. At a time instant and a given
location, all five components present in the system are assumed to be in thermal
equilibrium with each other. Temperature itself varies considerably over the spatial
extent of the reservoir and is obtained as a part of the overall solution. The gas
phase comprises a mixture of CH, and CO,, while the liquid phase is aqueous and
contains only H,O. The solubility of CH, and CO, gases in the aqueous phase and
the presence of H,O in the gas phase can be shown to have small impact on gas
recovery and is neglected.

Let subscripts ‘g’, ‘mh’, and ‘ch’ indicate gas, methane hydrate, and CO,
hydrate, respectively. Superscripts ‘m’, ‘c’, and ‘w’ indicate methane, CO,, and
water, respectively. Let w refer to mass fraction; thus a)g’ stands for the mass
fraction of methane in the gas phase. Similarly, the symbol " is the mass fraction
of CO, in the gas phase. Since these are the only two components of the gas phase,
wyg + w;' = 1. Noting that methane is present in the gas phase as well as in methane
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hydrate (a solid phase), a mass balance equation of methane cutting across phases
will read as follows:

a ug m a m m s m s m
Methane SE (pgsgwg +pmhsmhwmh) =5 (pgwg Ve +Jg) +my + i,
(2.52)

The left side is a mass storage term of methane in the REV. The first term on the
right includes the diffusive mass flux given by symbol J (Eq. 2.54 below) and the
advective mass flux that depends on the gas speed. Both terms serve to transport
methane through the porous region. The velocity field is assumed to be Darcian,
and the momentum equation of each fluid phase (gas and liquid) is expressed in
one-dimensional form as:

Kabskr” aP;
= 0 =gl 2.53
v, w8 (2.53)

The diffusive mass fluxes of methane and CO, appearing in the gas phase mass
transport equations are given by the Fick’s law, namely:

i M
Jo = —hpgseD

gﬁgV(x’g), i=m,c (2.54)

The source terms in the mass conservation equation of methane include possible

chemical reactions in the gas phase that produce methane (m;”) and

formation/dissociation reactions that generate/consume methane from the hydrates
in the solid phase (ri22),).
Extending this approach to CO,, the mass conservation equation is written as

0 7] . .
0] a (pgsgwg + pchschwzh> =~ (pgwgvg + Jg) + ritg + ritg, (2.55)

The mass conservation equation of water that constitutes the liquid phase is
similarly written as:

& (P1S10) + PrpSmn @y, + PerSen@ly) = — 7= (o) vi) + 1) + iy, 41,

ot Ox
(2.56)

The symbols carry their usual meaning. From left to right, the right side of
Egs. 2.55 and 2.56 carries the advection velocity, diffusive mass flux, and mass
source terms arising from chemical reactions.

Using a volume-averaged temperature over the REC covering the three phases,
the thermal energy equation is written as:
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8 a iryi
o1 Z (dp,5,U,) + (1 — ¢)p,Us | + Z Ep (vypysycoyHy)
y=L,g,mh,ch y=Lg Li=m,c,w X
O (i 0 or /.. .
a. JlHl) = | Keg = —<ZHZ,) E
i i:zm:c Ox ( 8 Ox ( ! 8x> i ”:l;hx-h i:;c,w o \"r *

(2.57)

The index y sums up contributions from the three phases; the index ‘i’ performs
summation over the applicable species. Symbol E refers to heat released/absorbed
during exothermic and endothermic reactions in the porous region. Symbol U is
velocity with the solid phase velocity U, being, usually, zero. Symbol H is used to
indicate phase enthalpy of the appropriate species.

The closure of the set of governing equations requires applicable constitutive
relations and reaction kinetics. Specific forms of the constitutive relations, kinetic
data, and heat release function are given in Chap. 7.

2.7 Mass Transfer

Saltwater mixing with freshwater in soil and leaching of chemicals from buried
containers are examples of mass transfer in porous media. The transport phe-
nomenon referred here is of a solute, for example, salt in a solvent such as water
from regions of high concentration toward the low. It is possible to envision this
transfer as analogous to thermal energy, temperature being equivalent to solutal
concentration [2, 5, 7-9, 58-60]. In this discussion, concentration (C; also called,
mass concentration) is expressed in units of mass of the solute per unit volume of
the solution (e.g., mg/l). The solution in the present discussion is clear, namely free
of particulates. In a clear medium, diffusive mass fluxes relate to the concentration
gradient. For low solute concentrations (dilute solution), the relationship is linear
with the proportionality constant being given by the mass diffusivity of the solute in
the solution. This treatment is quite similar to the heat flux—temperature gradient
relationship contained in Fourier’s law of heat conduction. In the mass transfer
context, the linear relation, namely Fick’s law, is written as

i’ = —DVC (2.58)

Equation 2.58 connects mass flux (units of kg/mz-s) and the concentration
gradient via the mass diffusivity, D (units of m?/s). Mass units can be equivalently
expressed in molar form.

Consider mass transfer of a dissolved species in a flowing fluid. The physical
law that governs the transport of the solute is the conservation of mass. In a clear
medium, it leads to a mathematical form that is similar to thermal energy transport
[59, 60] and is given as follows:
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<aa—f+u-VC> =V.DVC

In dilute solutions, diffusivity is practically independent of concentration, and
the right-hand side can be expressed as DV>C.

When the solutal mass balance equation is extended to a porous medium, mass
diffusivity is replaced by the mass dispersion tensor D,, as in Eq. 2.32. Hence, for a
porous medium

oC u
(5 2 vc) — V- [D,JVC (2.59)

Here, u is Darcian velocity. Equation 2.59 assumes that solute transfer is in the
liquid phase, with the solid media playing merely a passive role of creating tor-
tuosity in the flow path. In this respect, Eq. 2.59 is analogous to the thermal
equilibrium model discussed in Sect. 2.5.

Non-equilibrium effects as in Sect. 2.5.1 can appear in mass transfer if the solute
precipitates out of the solution and deposits over the solid surface or is adsorbed by
it. As a result, the solute fraction in the solution progressively diminishes in the flow
direction. In many instances, the interest is in the solute concentration entirely in the
fluid phase. The redistribution of salt within the solid particles may not be as
relevant. In any case, mass transfer rates of salts in a solid phase are exceptionally
slow, and the salt may be taken to reside entirely at the surface. The role of the solid
phase in mass transfer is then to introduce purely a source term in Eq. 2.59. If the
solid phase is assumed to remain clean at all times, the source term in the mass
balance equation will be proportional to the local solute concentration. Hence, for a
solute getting adsorbed into the solid phase

oC u
(5 + — VC) =V - [D,)VC - fC (2.60)

The adsorption and dispersion parameters i and D,, have to be estimated
independently from experiments. The adsorption parameter § may be estimated
from reaction chemistry under certain circumstances.

If a model for the transport of solid phase concentration C* is available, Eq. 2.60
can be rewritten for the solute concentration in the fluid phase (Cf ) as

oct  u
ot

e vcf> =V - [D,)VC! — B(CT - C*) (2.61)
Equation 2.61 includes the following special cases:

(a) mass transfer of the solute from the solution to a clean matrix (C* =0
everywhere);
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(b) mass transfer from a contaminated matrix to a clean solution (C* = 0 on the
inflow plane); apart from

(c) the general adsorption—desorption problem of contaminant transport in a porous
medium.

Initial and boundary conditions for Eqgs. 2.60 and 2.61 will depend on the
physical problem being studied. For example, a salt solution entering a
water-saturated porous medium will be subject to the following conditions:

t=0 Cl(x,t)=0C(x,t) =0 x>0
x=0 C/(x,1)=C}C(x,))=01>0 (2.62)
x—oo Cl(x,)=0C(x,1)=0t>0

Revised forms of Eq. 2.61 can be further developed for the following situations:

i. The transported species is radioactive with a decay constant d,. Here, the
adsorption parameter f in Eq. 2.60 is replaced by f+d;.

ii. Species concentration is large, the dilute solution approximation is not valid,
and diffusivity is a function of concentration.

iii. Dispersion models analogous to Eq. 2.32 are introduced.

iv. The incoming solution and the porous medium are at distinct temperatures,
leading to a combined heat and mass transfer problem.

v. Gas phase: When gas (such as methane) is adsorbed on to the surface of the
particles (of coal), the extent of adsorption depends on the local gas pressure.
Thus, the adsorption—desorption process is determined by the difference in
pressures between the gas phase and in the pores. For a gaseous medium,
concentration can be related to pressure using the ideal gas law. With a and
b as material-specific parameters, the concentration—pressure relation is given
by the Langmuir equation

ap

C =
p+b

2.8 Combined Heat and Mass Transfer

In a class of applications related to drying of an initially wet porous region, tem-
perature gradients are jointly present with gradients of moisture content. Moisture
here is present in the pore space in liquid form. With the bulk velocity taken to be
zero, the mass flow rate and momentum equations need not be separately consid-
ered. The porous medium is taken to be homogeneous and isotropic for the present
discussion, gravity effects are neglected, and the local thermal equilibrium model is
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employed. Humidity is analogous to solute concentration considered in Sect. 2.7.
The respective heat and mass fluxes are modified forms of the Fourier and Fick’s
laws of diffusion for heat and moisture migration and are given as

§' = —kyVT

S (2.63)
m" = —D,,VH — DyVT
The model parameters of Eq. 2.63 are positive and are to be determined from
experiments. Symbol Dy stands for the diffusion coefficient of mass transfer arising
from a temperature gradient while %, and D,, are the usual heat and mass transfer
conductivity/diffusivity, respectively. For small evaporation rates from the liquid
phase, Chang and Weng [61] have shown that these can be determined from
principles of thermodynamics; also see [62].
The heat and mass transfer equations now solve for temperature (7) and moisture
content (H) in the pore space and are given as:

or

(pC), o = kn VT +Q
ot 2.64)
OH 2.
5 = D,V?H+M

Here, suffix ‘m’ refers to the effective medium properties of the porous region.
Source terms Q and M refer to heat transfer arising from moisture migration pri-
marily related to latent heat release and mass transfer related to possible conden-
sation as well as the superimposed temperature gradient.

In the physical model, the solid phase, for example, wet sand dries during flow
of dry air over it, changing its moisture and energy content. Thus, the energy source
term can be written as

OH

0 (th\»)ma

Here, h;, is the latent heat of evaporation of moisture at the local medium
temperature. The mass source term in the moisture content equation is the diver-
gence of mass flux associated with the temperature gradient and is expressed in

one-dimensional form as
0 or
M=—|Dr—
Ox < ’ 8x>

Equation 2.64 is a coupled system of partial differential equations in terms of
moisture content and temperature and can be numerically solved, subjected to
suitable initial and boundary conditions.

Consider an initially wet, cold, horizontal, one-dimensional porous bed that is
subjected to a temperature difference. Hence, the initial condition is:
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t=0 T(y,t)=Tc; H(y,1)=1
The thermal boundary conditions are:
T(y=0,t)=T¢c; T(y=L,t)=Ty

In many contexts, the lower surface is cooler to prevent natural convection
effects.

The top surface is exposed to dry air from where water evaporates at a rate
depending on the local mass transfer coefficient (%,,). Hence

OH

-D,, —
dy

= hm(H(L7 t) - 1)

Assuming the lower boundary to be impermeable, the mass flux here is zero,
leading to:

oT
—Dp—
y=0 Ay

oH

_Dmay

=0
y=0

For large evaporation rates, the local pressure field is disturbed and a Darcian
velocity component is to be added to the mass transfer equation. For a discussion on
the drying of a porous medium using high temperature steam, see [63].

The above formulation can be extended to a porous medium filled with moist air
and subjected to a cold boundary condition on one side. Under suitable conditions,
water will condense on the cold side where it is drained, and the sign of vapor
transport is reversed from the hot side toward the cold.

2.9 Flow, Heat, and Mass Transfer

In several applications, flow may arise from density differences in the fluid region,
density being a function of temperature and species concentration. An example of
such an application, shown in Fig. 2.7, is freshwater overlaid on saltwater, the
overall arrangement subjected to a temperature difference [64—66]. Terms such as
double-diffusive and triple-diffusive convection are often used in this context. For
the present discussion, a thermal equilibrium model is adopted for heat transfer. The
solid phase of the porous region is taken to be non-participating in mass transfer,
solutal concentration referring to the fluid phase alone. The variation of fluid density
with temperature and concentration can be assumed linear (within limits, [67]) and
expressed as
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Fig. 2.7 An example where T=0
fluid flow is coupled with heat C=0
and mass transfer in a porous %

region. The walls are taken to
be impermeable to mass
transfer (mass flux = 0) while T'= 0k —mmrmrmn e T=1
temperatures are prescribed

p = po(1 = p(T —To)+y(C — Cy))

Here, suffix ‘0’ indicates a reference state, for example, the initial undisturbed
condition of the fluid region. Symbols f and y refer to the volumetric expansion
coefficient of the fluid relative to temperature (positive, K™') and concentration
(positive, (mg/)~"), respectively. It is expected that an increase in temperature will
lower density while increase in concentration will increase density further. Hence,
coefficients f§ and y are expected to be positive quantities. Body force contributions
arise from distortions in temperature and concentration that perturb the density
field. Changes in density and other fluid properties are neglected in other terms, for
example, inertia and viscous. Such an approach is called the Boussinesq approxi-
mation [67].

With z as a coordinate oriented in the vertical direction, we define a modified
pressure for ease of mathematical formulation as follows:

P =p+pogz

The mass, momentum, energy, and solutal transport equations can be jointly
written as:

V-u=0

Po (Ou u _ s _ o — _K
:;(5;+-E~Vu)—— Vb + poglB(T = To) = 7(C = Co)Jk — -u
_PE B
\/Eu+8Vu
or
(pC),, 5 + (PC)u - VT =V - [6,]VT
(2.65)

@£+EWT>VM%WC
ot e



2.9 Flow, Heat and Mass Transfer 57

In Eq. 2.65, k is a unit vector in the vertically upward direction. Note that
temperature and concentration effects are opposed to each other in the sense that
concentration variation as in Fig. 2.7 can diminish velocities and stabilize the flow
field.

For the problem shown in Fig. 2.7, the initial and boundary conditions are:

t=0u=0,T=0,C=F(z)

walls,u=0,T = given,a—c =0

on

Here, n is the outward drawn normal on a solid surface. In Eq. 2.65, flow is set
up due to inhomogeneities in the density field arising from a distribution of solutal
concentration and temperature. In this respect, the system of equations in (2.65) is
coupled and needs to be jointly solved.

2.10 Nanoscale Porous Media

Hydrocarbons (liquids as well as gases), water, and aqueous solutions can occupy
pores and fractures of natural reservoirs whose length scales extend from a few
millimeters down to nanometers. Pores in membranes used for distillation and
component separation are in the nanometer range. The overall characteristics of the
flow and transport processes depend on the connectivity of the pores over the length
scales, and the details of the physical processes, as one proceeds from the macro- to
the micropores in the porous medium. If there were to be no change in the physical
laws underlying transport of mass, momentum, and energy, it would be appropriate
to define effective properties for quantities such as permeability, conductivity, and
dispersion and treat the porous region as a continuum. This assumption has been
implicitly utilized in analysis when length scales varied over two or three orders of
magnitude. The issue of whether it holds over a spread of 67 orders of magnitudes
is as yet unresolved. Preliminary research shows that significant differences are to
be anticipated. For example, small pore dimensions in the micron range will yield
effective permeability greater than what is predicted by Eq. 1.3.

The flow of fluids, fluid—matrix interactions, chemical reactions, and wetting
characteristics in a nano-environment are topics of research that have just begun to
be reported in the literature [68—72]. It calls for molecular level experiments as well
as simulation to relate microscopic concepts of surface texture, three-phase contact
line, and probability distribution functions to the macroscopic, such as temperature
and pressure. The determination of effective medium properties in the presence of
nanoscale phenomena is the next challenge in the study of transport phenomena in
porous media.
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2.11 Multiscale Porous Media

The heterogeneity of a porous medium can be accounted for in the mathematical
model by treating quantities such as permeability and dispersion coefficient as
space-dependent model parameters that are determined from carefully calibrated
inverse experiments. Meaningful predictions are possible when permeability vari-
ations are continuous and within limits. This approach is, however, unsatisfactory
from a theoretical viewpoint, when the degree of heterogeneity is quite high. This is
because the model parameters thus determined are likely to be specific to the
application considered; in addition, they could be scale- and phenomenon-
dependent as well.

A greater generality can be built into the theory of transport phenomena in
porous media, by assigning a mathematical structure to the heterogeneity of the
physical region. The fractal structure is an example, wherein the pore scales have a
continuous variation in the wave number space and equivalently show an infinite
correlation length in the physical space [73, 74]. The macroscopic properties now
depend on the fractal dimensions, along with adjustable coefficients that are to be
determined from experiments.

The pore geometry of heterogeneous porous media may not have a fractal
structure but can show a hierarchical variation in many applications. As described
by Cushman and coworkers [75-77], this indicates that the macroscopic medium
can be decomposed into successively nested, interacting physical subunits. The
decomposition can be discrete or continuous; the available literature has examined a
finite number of hierarchies in the porous region. It is possible for the physical
phenomena at every ladder of the hierarchy to be identical, except that they develop
inter-dependence at their interfaces. Alternatively, the physical dimensions may be
so far apart that transport processes in the hierarchy are quite distinct. For example,
it is conceivable that the smallest length scales fall in the micro- or the nanorange,
while the bulk of the porous region is at the macroscale. This is an example of
functional hierarchy in transport processes coexisting with the structural hierarchy
of the porous region. For a discussion on transport in a two-level hierarchy, dual
porosity system, see [78].

The differences in the volume-averaged governing equations between homo-
geneous and hierarchical porous media become clear from the following discussion.
A scalar function is denoted as F(x) in the space variable x while F(x) is a
vector-valued function. For a homogeneous region, Gauss divergence theorem can
be written for the scalar- and vector-valued functions, respectively, as follows:

/ VF(x)dV = / F(onds
/ Uv F(x)dV = (7 F(x) - ndS (2.66)

(0] ow
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Here, w is a representative volume, and dw is its surface, with n being a unit
outward drawn normal on the surface. When the above relations are applied to a
heterogeneous medium, volume w is replaced by w;, the volume occupied by all
particles and pores at scale 1 (the corresponding hierarchy). In addition, Jw, is the
partial surface area at this scale, and Ow is the total surface area. Gauss’s theorem
applied to a single scale of the hierarchy can be derived as [79]:

/ VF()dV = V / F)dv + / F(x)nds

Ow—dw, (267)

/V -F(x)dV = V- / F(x)dV + / F(x) - ndS

w1 dw—Dmn

The additional terms in the above equations (relative to Eq. 2.66) significantly
increase the mathematical complexity of the governing equations.

The process of integrating the governing equations over a subdomain of the
physical space can give rise to constitutive variables that have a non-local character.
It will require parameter estimation experiments to be conducted at appropriate
scales, and not the macroscale alone. These are additional complications in the
study of flow and transport in hierarchical porous media.

Vankan et al. [80] derived equations for blood perfusion in a biological tissue
using the hierarchical mixture theory. While blood is the fluid of interest, the pores
in the tissue form on the lowest scale of the porous medium. At a larger length
scale, a few larger arteries supply blood through a diverging, arteriolar vascular
channel. Blood reaches the capillaries and is subsequently drained by the con-
verging veins. Blood vessels are numerous, uniformly distributed, and occupy a
large part of the hierarchy. Geometric and mechanical properties of the vascular
structure such as diameter, wall thickness and stiffness, orientation and density
depend on the hierarchy being addressed. Consequently, the flow field is a function
of position on one hand and exhibits on the other, a dependence on the scale at
which the flow takes place.

The mathematical formulation for transport of heat and moisture in an unsatu-
rated porous medium with three spatial scales is developed in [77]. It is shown here
that the number of variables that need to be specified via constitutive relationships
is over 30! Thus, a general formulation of transport in continuous hierarchical
porous media has considerable challenge.

2.12 Closure

Derivation of equations governing flow, heat, and mass transfer in porous media is
discussed in the present chapter. The starting point is Darcy’s law that can be
gradually extended to higher flow rates, complex pore geometries, and the
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appearance of interfaces of immiscible fluids. A second starting point is the system
of equations valid for a homogeneous fluid medium; it can be generalized to a
multiphase system such as a porous medium by introducing source terms and
effective medium properties. In each approach, the model carries a large number of
parameters that are sensitive to the pore structure, though to a lesser extent on the
thermophysical properties of the constituent media. Thus, success in modeling
transport in porous media is linked to careful parameter estimation from experi-
ments. This step is expected to become critical in multiscale porous media where
the pore scales span several orders of magnitude. Theoretical derivation of the
applicable form of the governing equations may prove to be advantageous under
these circumstances. Modeling flow in the non-continuum regime is discussed in
Chap. 3.
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