Chapter 2
Stability Analysis of Time-Delay Systems

This chapter deals with the stability analysis of linear time-delay systems without
and with parametric uncertainties. The stability analysis for both constant and time-
varying delay in the states is considered. The focus of this chapter is to review the
existing methods on delay-dependent stability analysis in an LMI framework based
on Lyapunov-Krasovskii approach and consequently the improved results on delay-
dependent stability analysis are presented. The results of the proposed techniques are
validated by considering numerical examples and compared with existing results.

2.1 Introduction

Time-delays are often observed in many areas of engineering systems such as
networked control systems, chemical processes, neural networks, milling process,
nuclear reactors and long transmission lines in power systems and their presence can
have effect on system stability and performance [1], so ignoring them can lead to
design flaws and incorrect stability analysis. In particular the effect of delays become
more pronounced in interconnected and distributed system where multiple sensors,
actuators and controller introduce multiple delays. Thus stability analysis becomes
the prime objective in a control system design. The stability analysis of time-delay
systems using Lyapunov’s second method are broadly classified into three major
categories

e Delay-independent stability analysis
e Delay-dependent stability analysis
e Delay-range-dependent stability analysis

Delay-independent stability analysis considers the size of the delay to be arbi-
trarily large (delay value— oo) and hence the obtained stability conditions are
independent of the delay value. Delay-independent stability results are, in general,
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more conservative for many important applications and especially for engineering
(or physical) systems [2]. So, in early 1990s increasing attention has been devoted
to delay-dependent stability analysis, which considers finite (bounded) delay value,
thus in this case derived stability conditions depends on the size of the delay. For both
the delay-independent and delay-dependent analysis the lower bound of the delay is
assumed to be zero, whereas for the first case the delay upper bound is unbounded
and for the second case, it is bounded to some finite value. Very recently [3-5],
another variant of delay-dependent stability analysis has been proposed where the
information of the delay ranges are available i.e., the lower bound of the delay is not
assumed to be explicitly zero but can possess some finite value and the delay upper
value is bounded as in the case of delay-dependent stability analysis, such stability
analysis is referred as delay-range-dependent stability analysis. In this chapter, we
discuss delay-dependent as well as delay-range-dependent stability analysis as they
are of physical significance.

The stability analysis has been carried out for (i) nominal time-delay systems
i.e., systems without parametric uncertainties and (ii) uncertain time-delay systems
i.e., systems possessing uncertainties in the system matrices, the stability analysis
of such time-delay systems is referred as robust stability analysis. The structure of
the uncertainty is assumed to be of norm-bounded type. The stability analysis of
time-delay systems can be carried out using either

e Lyapunov-Razumikhin theorem
e Lyapunov-Krasovskii (LK) theorem

All the recent literature on stability analysis of time-delay systems adopts latter
method as the former method yields conservative estimate of delay upper bound
compared to LK theorem [6—9] because of the following reasons:

1. The use of the condition V(¢ + 0, x(t + 0)) < pV(t,x(t)),V0 € [—d,0] in
Lyapunov-Razumikhin theorem.

2. More number of bounding inequalities are used while deriving delay-dependent
stability conditions, as in this case Lyapunov function is assumed to be very
simple one i.e., V(1) = xT (t) Px(t).

3. Lyapunov-Razumikhin theorem is incapable of handling slow time-varying
delay (i.e., bounded differentiable time-varying delay which implies delay-
derivative <1), it can treat fast time-varying delays (i.e., non-differentiable time-
varying delay that implies delay derivative >1) and constant delays.

In this thesis the attention is focused on the delay-dependent stability analysis of
time-delay systems using Lyapunov-Krasovskii theorem.
2.2 Description of Time-Delay Systems

In this section, description of time-delay systems for carrying out stability as well as
robust stability analysis is presented.
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2.2.1 Nominal Time-Delay System for Stability Analysis
1. System with single, constant delay
Yp:x(@) = Ax(t) + Agx(t — d) (2.1)
x(1) = ¢(1), Vt € [—dy, 0] (22)
2. System with single, time-varying delay
Yo x(t) = Ax(t) + Agx(t — d(1)) (2.3)
x(t) = ¢(t),Vt € [—d,, 0] 2.4)
where, d(t) is time-varying delay satisfying following conditions
0=d@ =d, 2.5
0<d = d@® = dy (2.6)

Note: The condition (2.5) refers to delay-dependent stability (DDS) notion and
(2.6) refers to delay-range-dependent stability (DRDS) notion.
the delay derivative satisfies the condition

dit) < p < 1 2.7)
1<dt) < pu < o0 (2.8)

Note: The condition (2.7) refers to slowly varying time-delay and (2.8) refers to
fast varying time-delay [9] and [10].

Notations: x(t) € R" is the state vector, ¢ (¢) is the initial function in the banach
(norm linear space) space, d(¢) is the time-varying delay, d, is the delay upper
bound and ¢ is the delay lower bound, A € R"*" and A; € R"*" are known
constant matrices.

. System with multiple time-varying delays

T3 k() = Ax() + D Agix(t — di (1)) (2.9)

i=1

x(1) = ¢(t),Vt € max[—d,i,01,i = 1,2...n (2.10)

Note: Here, d;(t) indicates the time-varying delay in the states and Ay; is the
associated delayed system matrices. The stability analysis of the system X, can
be extended to multiple time-delay case of 33 in a straight forward manner [11]
and [8].
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4. System with two additive time-varying delays

T4 k() = Ax(t) + Agx(t — di(t) — da (1)) @2.11)
x(t) = ¢(t), V¢ € max[—d,, 0], (2.12)

where, d;(t) and d,(¢) are the two additive delay component in the state, they
satisfy following conditions

0=<di(1) =diu <00
0 = dZ(t) = d2u <0
dy = diy + dyy (2.13)

and delay derivatives satisfies the following conditions,

di(t) < p < 00
dr(t) < pa < 00 (2.14)

2.2.2 Uncertain Time-Delay Systems for Robust Stability
Analysis

The uncertain time-delay systems with norm-bounded parametric uncertainties for
robust stability analysis is described as

(1) = A()x (1) 4+ Ag(t)x(t — d(1)) (2.15)
x(1) = ¢(t),Vt € [—d,, 0] (2.16)

The matrices A(¢) and A,(¢) are uncertain system matrices and are assumed to be
of the form:

A(t) = A+ AA(1) 2.17)
Ag(t) = Ag+ AAL(1) (2.18)

where, A and A, are nominal system matrices and AA(¢) and AA,(t) are time-
varying matrices, which models the parametric uncertainties present in the system
that are Lebesgue measurable and are norm bounded [7, 12—15]. Further these may
possibly be decomposed by exploiting their structural description as

AA(t) = D,F,(t)E, (2.19)
AAy(t) = DsF;(1)E, (2.20)
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where the time-varying uncertain matrices F,(¢) € R"*" and F;(t) € R"*" are
norm bounded and satisfies V ¢ that,

F'F,) <1 (2.21)
FlFy(t) <1 (2.22)

The matrices D,, E,, D; and E; in (2.19) and (2.20) are constant known matrices
and possibly characterizes how the matrices F,(¢) and F,;(¢) influence the system
dynamics.

2.3 Delay-Dependent Stability Condition

This section brings out the review of some significant existing LMI techniques in
deriving delay-dependent stability conditions based on Lyapunov-Krasovskii func-
tional approach. This review is useful to understand the evolution and development
of improved techniques while attempting to achieve less conservative estimate of
delay upper bound.

Assumption 2.1 The necessary condition for delay-dependent stability of time-
delay systems in Sect. 2.2.1 is that, the matrix [A + A;] (whend = 0, d(t) = 0)
must be Hurwitz.

2.3.1 Model Transformation Approach (Based on
Newton-Leibniz Formula)

In this section, we review the delay-dependent stability conditions that are derived
using fixed model transformation. The systems ¥; and ¥, with time-delays are
transformed into systems with distributed delays using Newton-Leibniz formula for
the analysis. The Newton-Leibniz formula is expressed as,

/ x(s)ds = x(t) —x(t —d)
t—d
x(t —d) = x(t) —/ x(s)ds (2.23)
t—d

A. First Model Transformation
Using (2.23) in X; one can write

(1) = (A + Ag)x(t) — Ay / [Ax(s) + Agx(s — d)]ds (2.24)
t—d
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The transformed system obtained in (2.24) is called first model transformation, the
asymptotic stability of (2.24) also guarantees the stability of the system X; [8].
Based on the transformed systems, a lot of delay-dependent stability results have
been obtained.

Theorem 2.1 (Theorem 7 [8], Cor. 1 [16]) The transformed system (2.24) is asymp-
totically stable for any delay satisfying 0 < d < d, if there exist matrices
P >0, Q01 > 0and Q; > 0 such that,

Ad, PA;d, PA,
0> —0 0 (2.25)
* 0 -0

where, A = (A+ AP + P(A+ A)T +d, (ATQ1A+d AT 0,A,).
Proof Lyapunov-Krasovskii functional chosen is given by
0t
v =" orxo+ [ [ a7 @aT o ax@dpas
—d, J1+0

0 t
+ / / (AT 02 Aux(B)dBd8 (2.26)
—d, Jt—d+0

Finding the time-derivative of (2.26) one can obtain

V(t) = xT[(A+ A)" P + P(A+ Ag) +dy (AL 0244 + AT 01 A)1x (1)

—2/t xT()PAGAx(B)dB —2/t xT(PAGAx (B — d)dB
t t—dy

—dy

t t
- / AT BAT QA B / AT = AT Q2B - d)dp (2.27)
Ji—a, Ji—a,

In (2.27) two cross terms —2 [, x"(1)PA;Ax(B)dp and —2 [, x" (1)
PA,;Ax(B — d)dp appears that are approximated using the bounding Lemma stated
below,

Lemma 2.1 ([2, 8, 16]) For any z,y € R" and any positive definite matrix X €
Rnxn
—27Ty <Z"x 'z 4+ yT Xy (2.28)
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Now, using Lemma 2.1 in (2.27) one can obtain

V() < xT[(A+ ADT P + P(A+ Ag) +dy (AT 0244 + AT Q1)1 (1)
t

t
+/ xT(r>PAdQ:1A5Px<t>dﬂ+/ xT(B)AT 01 Ax(B)dp
t—dy

t—d,

t t
—/ ) xT(ﬂ)ATQle(ﬂ)dﬂ—/ ) xT(B—d)AT 02 A4x (B — d)dB
t—dy I1—dy

ot t
+/ xT(1)PA0; AT Px(t)dp +/ xT (B —d)AT 02A4x (B — dydp  (2.29)
t—dy 1—dy

One can observe in (2.29) that, the terms arising out after using bounding lemma
will compensate for the last two integral terms in (2.27), thus yielding quadratic
Lyapunov inequality in the form of LMI given in (2.25).

Remark 2.1 1Itis obvious from the above derivation that, the choice of LK functional
for this method leads to two cross bounding terms which are approximated using
bounding Lemma 2.1. If this theorem has to be extended for multiple delay case
(say m delays) then the number of times bounding lemma have to be used will be
‘2 m’. Hence, more will be the cross bounding terms present in the LK functional
derivative, the use of bounding lemma for its approximation will be more, which is
a major source of conservativism in the estimate of delay bound results.

Remark 2.2 One can find the similar choice of LK functional for delay-dependent
stability analysis using first model transformation for the systems ¥; and ¥, in [17]
and [18] respectively.
The choice of LK functional in [17] is found to be,
V() = x" (1) Px(t) + Va(t) + V3(0) (2.30)

where,
0 t
Va(r) = / / xT(s)Mix(s)dsdo
—d, Jt+6
—d t
Vi(1) =/ / xT(s)Max(s)dsd®, My > 0, M, > 0
—2d, Jt+6

the time-derivative of (2.30) is found to be
V() = x"(OIA+AD" P+ P(A+ Ax(t) + Va(t) + V(1) + &1(1) + £2(1) (2.31)

where,

£(1) & =2 / xT(t)PAAx(@)da (2.32)
t—d,
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and .
&) & -2 / xT(H)PAAgx (o — d)do (2.33)
t7d14

To approximate the cross terms &;(¢) and &,(¢#) bounding Lemma 2.1 is used,
remaining integral terms arising out of V»(t) and V(1) is canceled by the integral
terms that appears after the use of Lemma 2.1 with the assumption that, M; = AT X, A
and M, = A;XzAd, where X; and X, are positive definite matrices thus giving a
quadratic LMI formulation.

In case of the system X, (time-varying delay) satisfying the conditions (2.5),
the stability condition in [18] is obtained using first model transformation with the
similar choice of LK functional given as

0 t
V) = xT () Px(t) + du/ / T ()M x(s)dsdo
—d, Jt+6

—d(t) '
+d7”2/ / xT (s)Max(s)dsdo, My > 0, My > 0 (2.34)
(I —w)* J—d@)—d, J1+0

The factor U(—IT associated in the second term of (2.34) is used to compensate for
the derivative of the delay term (i.e., d (t)) which arises upon differentiation of V (¢)

due to presence of time-varying delay term in the limit of integration in (2.34).

Remark 2.3 While deriving stability condition using first model transformation, the
number of cross terms to be approximated using bounding lemma is twice the num-
ber of delays present in the system X or X,, secondly, it is proved in [9, 19, 20] that
the first model transformation introduces some additional eigenvalues in the trans-
formed system, hence the characteristics of the transformed system is not equivalent
to the original one (i.e., X¥; or X,), thus the stability condition derived using this
transformation yields conservative result of delay upper bound. In other words, the
drawbacks associated with this approach is that all of the transformed system is not
equivalent to (2.1) or (2.3).

B. Second model transformation [9, 17, 21]
The rearrangement of first model transformation in (2.24) yields the second model
transformation (or neutral type transformation) and it is expressed as

%[x(t) + Ag / ¥(5)ds] = (A + Ag)x(t) 235)
t—d

Using second model transformation the delay-dependent stability condition obtained
in [21] for the system X; is presented in the form of following theorem.

Theorem 2.2 ([21]) The system X, is asymptotically stable for any delay d,, if the
operator D(x;) is stable and there exists symmetric and positive-definite matrices P
and Q such that following LMI holds:
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[(A +A)"P+PA+A)+d,Qd(A+A)"PA,

. iy } <0 (236

The choice of LK functional candidate for this transformed model (2.35) is of the
form (as in [21]),

0 t
V(1) = DT (x) PD(x,) + / / +7 () Qx (s)dsd6 237)
—d, Jt+0

where, P = P" > 0,0 = Q" > 0and D(x,) = x(1) + Aq [}, x(s)ds.
Finding the time-derivative of (2.37) one can obtain,

V(t) = D" (x,) PD(x;) + D" (x,) PD(x,)

+d,xT (1) Qx (1) — / xT(s)0x(s)ds (2.38)
t—d,
where,
DT (x,) :)é(t)+Ad/ x(s)ds
t—d,

Substituting the value of D7 (x;) and D7 (x,) in (2.38) and carrying out algebraic
manipulations one can get,

V@) =x"(0)0(A+ A)" Px(@0) + x" () P(A + A)x (1) + dux” (1) Qx (1)

+2/ xT(t)(A—l—Ad)TPAdx(s)—/ xT(s)Qs(s)ds (2.39)
t—d, t—d,

Applying bounding Lemma 2.1 on the cross term of (2.39) one can get,

V() < xT()(A+ AT Px(t) + xT (1) P(A + Ag)x(t) +d,x" (1) Ox (1)

+/ xT(s)Qs(s)ds—/ xT(s)0s(s)ds

t—d, t—d,

+ / xT(O(A+ AD"PAQT ' PALA + Ax(t)ds (2.40)
t—d,

After algebraic simplification and using Schur-complement [22] on (2.40) one can
get,

(A+ANTPH+PA+AY) +d,Qdy(A+ AT PAy

v = xT(r)[ . 40

]x(t) (2.41)
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The negativity of V(¢) in (2.41) is not sufficient to guarantee the stability of the
transformed system, further it is required to assure the stability of the D(x,) also.
The stability of D(x;) is carried out using frequency domain analysis (refer Remark
14 in [21]), thus this stability analysis yields one more additional sufficient condition
on D(x,) which is given as,

dy || Aa ll< 1

Remark 2.4 Applying second transformation on X; and choosing the LK function
in (2.37) for the transformed system, it is found that the derivative of this functional
yields only one cross term for system X; thus it has an advantage of approximating
half the number of cross terms using bounding Lemma 2.1 compared to the first
model transformation. Whereas the additional constraint introduced to guarantee the
stability of D(x,) results into conservative estimate of the delay bound. Furthermore,
this transformation is not suitable for time-varying delay, as frequency domain sta-
bility analysis is adopted for D(x,) which is a complicated task for systems with
differentiable time-varying delays.

C. Third model transformation
Replacing the value of x (t —d) for X and x ( —d(¢)) for X, using Newton-Liebniz
formula (2.23) into (2.1) and (2.3) respectively, one can get,

(1) = (A + A9)x(t) — Ay / %(s)ds (2.42)
t—d

The model expressed in (2.42) is called third model transformation. To derive the
sufficient delay-dependent stability condition using (2.42) the choice of Lyapunov-
Krasovskii functional is of the following form [10, 23],

V() :xT(t)Px(t)+/ xT(s)Nx(s)ds
t—d
0 t
+ / / T ()ATM A % (s)dsdb (2.43)
—dy, Jt+0

The present author have considered stability analysis for system X, using third
model transformation [6] and bounding Lemma 2.1 by selecting LK functional of the
type (2.43) (assumed in [23]) satisfying the condition (2.5) to investigate the conser-
vatism of the different model transformations. Similar results are also available in the
literature and the results of delay upper bound for different model transformations
are presented in Tables 2.1 and 2.2. The stability condition derived in [6] is presented
in the form of following theorem.

Theorem 2.3 ([6]) If there exist P = PT > 0, Q| = QIT > 0and Q, = QzT > 0,
such that the following LMI holds,
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o1 0 d,ATQ, d,PA,
| 0 —d-w0i1d,AJ0 0
o= . “el o | <o (2.44)
* 0 O _duQZ

where, ¢1; = P(A+Ag)+ (A+Ay)T P+ Qy, then the system X, is asymptotically
stable.

Proof We choose LK functional candidate as
V() = Vi(t) + V2(1) (2.45)
where,
Vit) = x" () Px(t)

t 0 t
Vi (1) :/ xT(s)le(s)ds—}—/ / ()T 021 (s)dsda
t —d, Jt+a

—d(@t)

Taking time-derivative of (2.45), substituting x (¢) from (2.42) in V1 (¢) and approxi-
mating the quadratic integral term as,

- / (s) Qo (s)ds < — / i1 (5) Qax (s)ds
t—d, t

—d(@t)

one can obtain V(t) as,

V() <2xT(t)P(A + A )x (1) — 2xT(t)PAd/ x(s)ds
t—d(t)

+x"(0)Q1x(t) — (1 — wWx" (¢ —d(1)) Q1x(t — d(1)) + dyx" (1) Q25 (1)
- / 1T (5) Q2% (s)ds (2.46)

—d(t)

Applying Lemma 2.1 in (2.46) the cross terms are approximated, and x(7) term
in V,(¢) is substituted with (2.3). Further, algebraic manipulations and use of Schur-
complement [24] will lead to,

V(t) < T ()¢E(0) (2.47)
where, &(¢) is an augmented state vector, i.e., §(r) = [x7 (1) xT(r — d(1)) ]T
Now, to guarantee the asymptotic stability of the system X, the matrix ¢ < 0

and ¢ is an LMI defined in (2.44).

Remark 2.5 The third model transformation introduced in [10] and [23] transforms
the original system X; or X, into system with distributed delay which is equivalent
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to the original system owing to the fact that, the integration of state dynamics is
retained unlike in first model transformation [9]. This transformation is suitable to
treat the systems X, and X,. The additional conservatism arises due to quadratic
stability condition formed by considering the state space vector x(¢) and x(t — d)
independently in the augmented state vector {(#). The substitution of x(¢) term
in (2.46) is carried out using (2.3) and not by (2.42) which is also the source of
conservativeness in the stability analysis.

Numerical Example 2.1 ([19]) Consider the system ¥ or X, with the following

constant matrices
-2 0 -1 0
A= [ 0 —0.9}’/*" - [—1 —1}

The eigenvalues of the matrix [A + A;] are Hurwitz and the eigenvalues of the matrix
[A — A,] are unstable, thus the given system is delay-dependently stable (i.e., the
system is asymptotically stable for certain finite delay value, refer Sect. 1.1.4). The
analytical delay upper bound for this system is d, = 6.1726 for u =0 [14, 21].

Numerical Example 2.2 ([19]) Consider the system X, with the following constant

matrices
-6 0 0 4
A= [0.2 —5.8i| A = [—8 —8}

The eigenvalues of the matrix [A + Ag] and [A — Ay are Hurwitz, the given system
is delay-independently stable (i.e., the system is asymptotically stable for arbitrary
large delay value, refer Sect. 1.1.4).

Remark 2.6 In [19], it has been shown that the system X; after being trans-
formed using first model transformation has the characteristic equation of the form
A (s) = Agaa(s)A,,(s), where Ayyq(s) = det(I — 1_+711SA(1), thus indicating that
the transformed system contains additional eigenvalues which depends on the delayed
matrix and delay size. The presence of these additional eigenvalues makes the stabil-
ity of the transformed system different from original system when the eigenvalues of
the A, matrix are (i) complex conjugate and (ii) positive real, as in both the cases for
a small positive delay the additional eigenvalues will reach the imaginary axis before
the original system, but this is not the case for the eigenvalues of A; matrix being
negative real. The degree of conservatism could be better understood by observing
the result for Numerical Example 2.2 presented in Table 2.2, as the original system
is delay-independently stable but the transformed system is found to be stable up to
certain finite value only.

The delay value results obtained using different model transformations and bound-
ing Lemma 2.1 depicts that the third model transformation has the advantage for
obtaining better estimate of delay value for different delay derivatives (0 < pu < 1)
over the other two transformations.
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Table 2.1 Delay upper bound (d,,) results of Example 2.1

Stability methods nw=0 nw=0.5 n=0.9 | Model Transformation

[16] 0.9999 - - First model transformation

[17] 0.9999 - - First model transformation

[18] 0.9999 0.6551 0.1743 First model transformation

[21] 0.9999 NA NA Second model
transformation

[6] 0.9999 0.8210 0.4677 Third model transformation

Table 2.2 Delay upper bound (d,) results of Example 2.2

Stability methods nw=20 n=0.5 n=0.9 | Model Transformation

[16] 0.1514 - - First model transformation

[18] 0.1514 0.1016 0.0280 First model transformation

[21] 0.1639 NA NA Second model
transformation

[6] 0.3891 0.3548 0.2712 Third model transformation

It can be concluded from the above discussion and results (presented in Tables 2.1
and 2.2) that, all the transformed systems (first, second and third) discussed above are
not equivalent to the original system X, and/or X, as all the transformations possesses
additional eigenvalues due to the distributed delayed term and this becomes the main
reason for the conservatism in estimating delay bound when the eigenvalues of A,
matrix are present on imaginary or positive real axis. Next, the conservatism in the
estimate of delay value due to the adopted bounding Lemma is discussed.

2.3.2 Bounding Techniques

The main purpose of the delay-dependent stability studies of time-delay systems
is to find sufficient LMI conditions that can estimate less conservative delay upper
bound compared to the existing stability methods using bounding techniques [8]. The
stability methods discussed so far utilized bounding Lemma 2.1 for approximating
the cross terms arising out of the LK functional derivative. It is validated in [23] that
the use of better tighter bounding inequality to represent the cross term arising out
of LK functional derivative in the stability analysis can play a key role in reducing
conservatism. An improved bounding inequality lemma proposed in [23] is presented
below.

Lemma 2.2 (Park’s Bounding Lemma [23]) Assume that a(x) € R", and b(a) €
R, are given for a € Q. Then, for any positive definite matrix X € R"*" and
any matrix M € R™*™, the following inequality holds
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a@) 1" Tx xM [a@)
—Z/QbT(a)a(a)da 5/9[b(a)] [* 0. 2)] [b(a)} (2.48)

where, (2,2)= (MTX + DX Y (XM + ).
Then by using this inequality, an improved delay-dependent stability has been
reported in [23]. The derived sufficient condition in [23] is restated as:

Theorem 2.4 ([23]) Ifthere exist P > 0, Q > 0,V > 0and W > 0 then the system
defined in X1, satisfying the condition (2.2) is asymptotically stable if the following
LMI holds,

1,1 —wrA, ATATvV (1,4)

. 0 Ty <0 (2.49)
* 0 0 -V

where, (1, )=(A+ A)"P + P(A+ Ap)+WT A, + ATW + 0
1, 4)=d,WT + P),W =XMP,and V = d, X

The stability Theorem 2.4 has been derived using third model transformation. The
selection of LK functional is same as (2.45) except that the positive definite matrix
corresponding to delay-dependent LK functional term is taken as A} X A, instead
of O, = Q2T > 0. The cross terms that evolve from LK functional derivative is
approximated using bounding Lemma 2.2.

Remark 2.7 The use of bounding Lemma 2.2 in deriving the delay-dependent sta-
bility condition in Theorem 2.4 resulted into significant increase in the delay upper
bound estimate in an LMI framework. The result obtained for the system considered
in Example 2.1 using Theorem 2.4 is d, = 4.3588 for © = 0 which is a signif-
icant improvement in comparison to all the previous delay upper bound results of
dy, = 0.9999 for 1 = 0 and also much closer to actual delay upper bound value of
d, = 6.172 for the considered system. This validates the fact that, approximation of
cross terms by the bounding technique is one of the major source of conservatism in
the delay-dependent stability analysis of TDS.

Another significance of delay-dependent stability Theorem 2.4 is that, for the
system considered in Numerical Example 2.2 it could establish that the system is
delay-independently stable as the delay upper bound estimate for this system turns
out to be arbitrarily large. Thus one can be concluded that, the use of bounding
Lemma 2.2 not only enhanced the delay upper bound estimate of delay-dependently
stable system, but the delay-dependent stability condition (2.49) derived using this
bounding lemma could even establish the delay-independent stability of the system
in Numerical Example 2.2, this was not possible using third model transformation
and bounding Lemma 2.1 as clear from the result presented in Table2.2.

The generalization of bounding inequality Lemma 2.1 and Lemma 2.2 was pro-
posed in [25] with an idea to provide a simple LMI structure of delay-dependent
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stability condition such that it can be easily extended to synthesis problems. The
generalized bounding Lemma and delay-dependent stability condition obtained for
>, are discussed below.

Lemma 2.3 (Moon’s Bounding Lemma, [25]) Assume that a(x) € R", and b(x) €
R™, and N'(.) € R"*" are given for a € Q. Then, for any positive definite matrix
X € R'*"a Y € R"*™ and any matrix Z € R">*", the following inequality holds

a@) " [XY =N[a@)
—Z/QaT(a)Nb(a)dozf/Q[b(a)] [* 7 ][b(a)} (2.50)

XY
2]z
Remark 2.8 The bounding Lemma 2.3 is more generalized bounding Lemma and

one can obtain bounding Lemma 2.1 and bounding Lemma 2.2 from it with proper
selection of matrices Y, Z and \V,

Case I Selecting N'=1,Y =1, and Z = X' in (2.50) one can get bounding
Lemma 2.1.

Case Il Selecting N =1,Y =1+ XM, andZ =M"X + DX (XM + 1) in
(2.50) one can get bounding Lemma 2.2.

where,

The delay-dependent stability condition for the system X; is derived in [25] using
the third model transformation selecting the LK functional as:

t

V(t) :xT(t)Px(t)—i—/ xT(s)0x(s)ds

t—

d
0 t
+ / / 7 (s)Zx(s)dsda (2.51)
—d, Jt+a

Taking the derivative of (2.51) along the trajectory of the transformed system and
using the bounding Lemma 2.3, one can get the stability condition in an LMI frame-
work [25]. The delay-dependent stability theorem is restated below.

Theorem 2.5 ([25]) The system X, is asymptotically stable if there exist symmetric
matrices P > 0, Q > 0, matrices X > 0,Y > 0 and any matrix Z for time-delay
d € [—dy, 0] such that following LMIs hold,

ATP+PA+d,X+Y+YT+Q -Y+PA, d,ATZ
* Y d,AYZ | <0 (252)
* * —dZ

XY
[* z} >0 (2.53)
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Remark 2.9 The estimate of the delay upper bound result using Theorem 2.5 is found
to be d, = 4.3588 for the system considered in Numerical Example 2.1, which is
same as the result obtained through Theorem 2.4. The advantage of using bounding
Lemma 2.3 in comparison to the use bounding Lemma 2.2 in deriving stability
condition is that, the former bounding lemma results into simple LMI structure. This
can easily be extended for solution of stabilization and robust stabilization problems.

From the above discussions, it is now clear that the conservatism in the delay-
dependent stability analysis are due to (i) the presence of distributed delay term in the
model transformation which in turn introduces additional dynamics into the trans-
formed system and (ii) the use of bounding inequalities to approximate the cross
terms. In an attempt to reduce the conservatism arising out of the model transforma-
tions discussed in Sect.2.3.1 a new model transformation called descriptor system
approach was introduced in [26].

2.3.3 Descriptor System Approach

This section discusses briefly the development and further modification of this
method which are available in literature [9, 27-29]. In [26] and [9] the delay-
dependent study was done on system X, (constant time-delay), whereas the method
was extended to system X, (time-varying delays) in [28] and [9].

The model transformation of the original system into descriptor system with
distributed delay for the system X; in (2.1) is discussed briefly below:

x(t) = y(1)
y(t) = Ax(t) + Agx(t — d) (2.54)

using Newton-Leibniz formula (2.23), the above equation (2.54) can be rewritten as

x(t) = y(@)
y@®) =(A+Apx(t) — Ad/ ) y(s)ds

0=—y@®)+ A+ A)x () — Ad/ y(s)ds
t—d

EE(1) = AE(t) + Ay / y(s)ds (2.55)
t—d

[x»] ., [10]1: [ o 1 - [ o
I T L I [ A Y
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The delay-dependent stability conditions for the transformed system (2.55) in [26]
has been derived selecting the LK functional candidate as

0 t
V() = &7 ()EPE(D) + / / VT (5) Ry (s)dsdb (2.56)
—dy J1+0

P 0
P, P;

One can find from (2.56) that the LK functional corresponding to the delay-
independent term (single integral term) is not present. Finding the time-derivative
of the (2.56) and applying the bounding Lemma 2.1 to approximate the cross terms
arising out of the LK functional derivative, one can obtain following LMI stability
condition for the descriptor system (2.55) as

where, P = > 0 with P, = Pl > 0.

PIA+A)+A+A)DTP, P — P] +(A+ AT Py dy P Ay
* -Py— Pl +d,R  d,P]A; | <0 (257)
* * —dy R

In [9] the stability condition of the descriptor system (2.55) for time-varying delay
satisfying conditions (2.5) and (2.7) was derived. The selection of the LK functional
in this case is considered as,

ot 0 t
V() = gT(z)EPg(r)Jr/ xT(s)Sx(s)ds +/ / y ()ATRAy(s)ds (2.58)
1—d() —d, Ji+6

where, £(¢) and P are defined earlier.

The time-derivative of the (2.58) results into cross terms which is approximated
using bounding Lemma 2.2. The introduction of functional corresponding to delay-
independent term (single integral term) is for the application of bounding lemma.
The resulting LMI stability condition is stated below in the form of theorem.

Theorem 2.6 ([9]) The time-delay system %, satisfying (2.7) is asymptotically stable
for any delay d(t) € [—d,, 0] if there exist P = PlT >0, P, P, R=R" >0,
S =587 >0, W, and W, such that the following LMI holds,

1,0 1,2 dWwWr+prPhH wla,
* (2,2)d, W] + P W]A,
* * —d,R 0
* * 0 —S(1 —pw

<0 (2.59)

where, (1, )=PJ (A + Ag) + (A+ AT P, + ATW, + WA, + S,
(1,2)=P, — P] + (A+ A)T" Py + W] Ay, 2,2)=—P; — P] + d, ATRA,,
W1=RMP2, and WQ:RMP3
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A modified version of Theorem 2.6 can be found in [28] by introducing the fol-
lowing modifications, (i) cross bounding Lemma 2.3 was used instead of Lemma 2.2,
as this lemma leads to simple structure of LMI condition and (ii) the positive definite
matrix associated with delay-dependent term in (2.58) is replaced by a symmetric
positive-definite matrix R such that it is suitable for the use of bounding Lemma 2.3.
The stability conditions derived is restated in the form of theorem.

Theorem 2.7 ([28]) The time-delay system X, satisfying (2.7) is asymptotically
stable for any delay d(t) € [—d,, 0] if there exist P, > 0, P, P3, R = RT > 0,
S=S8">0,Y, Y, Zi, Z> and Z3 such that the following LMIs hold:

(1,1 (1,2) PlA; — Y]]
x —Py— Pl +d,Zy+d,RPfA,—Y] | <0 (2.60)
* * =S —pw |

RY, Y|
*xZ1Z, | =0 (2.61)
* K Z3_

where, (1, )=PJA+ATP, + Y1+ YT +S+d,Z1,(1,2)=P — PL + ATPy+ Y, + d, 2,

Remark 2.10 Comparing the stability conditions in (2.59) and (2.60)—(2.61) it can
be observed that (i) the dimension of main LMI in (2.60) is less compared to that in
(2.59) and (ii) the structure of LMI is simpler in terms of product of the Lyapunov
matrix variables with the system matrices. Due to these reasons, the extension of
stability conditions in (2.60) could be extended easily for synthesis problem in [28].

Remark 2.11 The stability condition in (2.57) (derived using descriptor system and
bounding Lemma 2.1) when tested on Example 2.1 gives delay upper bound of
d, = 0.9999 which is same as the result obtained using the condition derived in
[6] (using third model transformation and bounding Lemma 2.1). But the stability
conditions in Theorem 2.6 and Theorem 2.7 when tested on Example 2.1 yielded
delay upper bound estimate of d, = 4.47 which is less conservative result compared
to the delay value of d, = 4.3588 obtained in [23].

Thus from above discussions and results it can be concluded that, a delay-
dependent stability conditions using LK functional requires (i) appropriate choice
of LK functional [26] followed by appropriate bounding technique to bind the cross
terms arising out of the LK functional derivative, in order to reduce the conservatism
in the delay bound results.

The advantage of descriptor method is that, it can be easily extended for state
feedback synthesis of controller as in [28] and [27], but the observation reveals
that the dimension and structure of the LMI conditions are larger and complicated
respectively due to the use of descriptor system instead of original system.

Recently in [29] a new generalized delay-dependent stability condition has been
proposed for neutral time-delay system using Finsler’s Lemma and the bounding
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Lemma 2.3. First we present Finsler’s Lemma and then the stability condition for
time-delay systems X, using the method proposed in [29] is presented.

Lemma 2.4 (Finsler’s Lemma [24, 29]) The following statements hold xTQ_x +
f(x) < 0,YBx =0,x # 0, where Q = QT, B € R™ " (such that rank (B) =
m < n and f(x) is a scalar function, if there exists matrix X € R"™"™, such that

xT[Q+XB+B X" Ix+ f(x) <0,Vx #0

Theorem 2.8 ([29]) System X, satisfying (2.7) is asymptotically stable for the delay
d(t) € [—d,, 0] if there exist P = PIT >0,8 >0,P,i =2,3,4Y,Y, 7,
Zy, Z3 and R > 0 such that following LMIs hold:

(1,1 (1,2) (1,3) ]
* (2,2)2,3) | <0 (2.62)
* *  (3,3) ]

RY Y, |
*x x Z3 |

where,(1, D=PJ A+ ATP,+ S+ Y, + Y] +d,Z),
(1,2=P, — P/ + ATPs+ Y, +d, 2,
(1,3)=ATP,— Y + P/ Ay, (2,2)=—P; — P] +d,R +d,Z;

(2,3)=—P; — Y] + Pl A4, and (3, 3)=—(1 — 1)S + AT P, + PT A,

Proof The Lyapunov-Krasovskii functional candidate chosen is
V(@) = Vi) + Vo) + Va@) (2.64)

where,V,(r) = xT@)Pix(t), Vo(t) = fi)d“ f;:.effT(S)RfC(s)dsdG, Vi) =
fz[—d(t) xT(s)Sx(s)ds

Time-derivative of the (2.64) is

V(1) = Vi(t) + Va(t) + Vs(1) (2.65)

Vi) = [T (0 i7 ()] [19] ‘g‘} [ig;] (2.66)
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Vo(t) < dyxT (1) Rx (1) — / xT(s)Rx(s)ds (2.67)
t—d,

Va(t) < xT()Sx(t) — (1 — w)x" (t — d(1))Sx(t — d(t)) (2.68)

Defining, augmented state space vector as

x(t)
HOES (1)
x(t —d(t))
In terms of £(¢) we can express (2.65) as
) 0 PO ) )
Vi) =T | PL 0 0 |&@)+ Va(t) + V3(r) <O (2.69)
000

for V(1) € R s.t.[A, —1, Ag] €(t) = 0, this is obtained from (2.3).

Applying Lemma 2.4 in (2.69) yields

0 PO
0" | P OO |+[P P P] [A—T A
000
[A =1 Ad] [ P2 Py P ]} 60 + Va0 + Va(0) (2.70)

Substituting the values of Vz(t) and V3 (t) from (2.67) and (2.68) respectively into
(2.70) one can write

PJA+ATPy+5 P — Pl + AT P3 Pl Aq+ AT Py
O>ET(t)[|: * —P] — Py +dyR Pl Ay — Py }
* * —(1—wS+PlAg+ AL P,
00 Pl Ay ,
+100 P3TOAd £() = /t _duXT(S)R)'c(s)ds (2.71)
*

Define the last two terms of (2.71) as,

00 P/ A, ;
w27 | 00 PIA, |£4) - / T ()R ()ds
t—d,

*x 0
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and carrying out the algebraic manipulations with Lemma 2.3,

w6y =@y [P, P30]" [00 A [x7 () 57 (0) x" (1t —d(@))]"
+[xT(@) &7 (@) xT(t —d@) ][00 As]" [ P2 P3 0] £(r)

—/ T (s)Rx(s)ds
t—d,

w) =T [Py Py 0]" Agx(t —d() +xT(t —d) AT [ P, Py 0]£()

- / T (s)Rx(s)ds (2.72)
t—d,

Using Newton-Leibniz formula defined in (2.23) on (2.72), one can obtain
t
() =26T@0) [P, Py 0] Agx(r) — 2/ ET(t)[ Py Py 0]" Agi(s)ds
i—d(1)

t
- / T (s)Rx(s)ds (2.73)
t7d14
Applying bounding Lemma 2.3 on (2.73) one can get,

w(t) < 2xT(I)Y [igg} +d, [xT(t) )'cT([)]Z [igi]

—2x"(t — d(t)Y [igﬂ +2x7 (1 —d() AL [ P, P3] [;8}(2.74)
where, Y = [Y; V2] and Z = Z*l ;i )

Substituting @ (¢) from (2.74) into (2.71) and carrying out further algebraic manipu-
lations, one can easily obtain

V() <&T(EE®) (2.75)

where matrix E is defined in (2.62). For asymptotic stability of the system X,, the
matrix E < 0, an additional LMI (2.63) appears in the stability formulation due to
adoption of bounding Lemma 2.3.

Remark 2.12 One can observe that the LMI structure in (2.62) and (2.60) are similar
except that in the former condition few additional terms consisting of a free matrix P,
are involved. Now, if one chooses P4, = 0 in (2.62) then one can obtain the condition
(2.60) and thus the condition (2.62) is a generalized one. This generalization of LMI
was possible due to the use of Finsler’s lemma, but in turn introduces additional free
matrix variable (in this case Py).
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When stability conditions in (2.62)—(2.63) are tested on Numerical Example 2.2
the delay upper bound obtained is d, = 4.4721 which is same as the result obtained
with Theorem 2.7, thus indicating that the use of additional matrix variable Py is
redundant here.

2.3.4 Free Weighting Matrix Approach

Recently it was pointed out in [13] and [30] that, the derivative of the LK func-
tional that contained x(r — d(¢)) term was replaced with x(t) — ftt_ d, x(s)ds (due
to third model transformation in [23] and [25]) for obtaining the quadratic stability
condition whereas the term d,x7 (t) Zx(¢) in the LK derivative was not replaced by
Newton-Leibniz formula rather x (¢) was substituted with (2.3) (as in [25]), thus the
replacements are not done uniformly everywhere in the formulation. In free weight-
ing matrix method, the term x (¢) is treated as one of the state in augmented state space
vector and the relationship among the terms x (¢), x (t — d(t)) and x(¢) are expressed
using Newton-Leibniz formula by introducing some free matrices. Free weighting
matrix method proposed in [30] plays an important role in deriving delay-dependent
stability conditions that is restated below.

Theorem 2.9 ([30]) The system %, satisfying the conditions (2.5) and (2.7) is asymp-
totically stable for any delay d (t) € [—d,,, 0], ifthere exist P = PT > 0,0 = 07 >
O0and Z = ZT > 0 along with appropriately dimensioned matrices N; and T; for
(i = 1,2,3) such that following LMIs hold:

(1,1 (1,2) (1,3) duN,
* (2,2) (2,3) d,N,
* * (3,3) d,N;
* * *x —d,Z

<0 (2.76)

where, (I, )= —T{A — ATT] + Ny + NI + Q. (1.2)=—N1 + N] —ATT] — Ty A4
(1,3)=P + NI + 1) — ATT]  2,2)=—N, = N] —(1 =)0 — 1A, — Al T]

(2.3)=T» — NI — AI'T! Jand 3,3)=d, Z + T3 + T}
Proof The LK functional candidate chosen is

t
V(t) = xT(t)Px(t)-i-/

t—d(

0 ot
T (s)0x(s)ds + / / T (5)Z5(s)dsd6 (2.77)
1) —d, Jt+6

One can write the time-derivative of (2.77) as
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V) < 2xT () Pi(t) +x" (1) Qx(t) — (1 — wx"(t —d (1)) Qx(t — d (1))

1

+d,xT (O Zx @) — / T (s)Zx(s)ds (2.78)
t—d(t)

The inequality sign in (2.78) is due to fact that, d(r) has been approximated
as u and the integral — fti d, (&7 (s)Zx(s)ds) arising out of the derivative of double
integral term in (2.77) is approximated as — ftt_du T () Zx(s)ds) < — ftt_dm xT(s)
Zx(s)ds).

Earlier methods that are based on model transformations, replace x (¢) in LK deriv-
ative by (2.3), whereas in this method an appropriately dimensioned free weighting
matrices N; fori = 1, 2, 3 have been introduced to express the relationship between
the terms x (), x(t —d(t)), and x (r) using Newton-Leibniz formula as shown below,

0=2[x"()N, +xT(t —d(t))N> + xT (1) N3]
X |:x(t) —x(t —d() — / )'c(s)ds] (2.79)

—d(t)

Another set of free weighting matrices 7; for i = 1, 2, 3 are introduced using the
following relation,

0=2[x"OT +x"(t —d)Tr + X" (1) T3]

x[x(t) — Ax(t) — Agx(t — d(1))] (2.80)

X1 X2 X3
A semi-positive definite matrix X = * X2 Xp3 | = 0is introduced and the

* * X33

following holds
t
LT 0xs0 - [ £ OxE0ds 2 0 @.51)
1—d(1)

where, £(t) = [x7 (1) xT (¢t —d(1) 7 (1) ]

Adding the terms (2.79)—(2.81) into V (), one can express V(1) as

t

V() < T ()TEWD) —/ n'(t,5)0n(, s)ds (2.82)

t—d(t)

where, (¢, s)=[§T(t) x7(s) ]T
(LD +d, X1 (1,2) +d, X2 (1,3) +dy X3
T = * (2,2) +duX» (2,3) +du X2
* * (3,3)+d, X33
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X1 X X3 Ny
o=| * X2 X3 N>
* * X33 N3
*x *x *x Z
[Ny I
Selectionof Z > Qand X = | N» | Z7Y | NV, ensuresthat X > Q0and ® > 0.
| N3 N3
Ny N
Thus, one can write Y +d, | No | Z7' | N, | using Schur-complement equiva-
N3 N;
lent to LMI (2.76).

The asymptotic stability of the system X, is guaranteed if the LMI in (2.76) is
negative definite.

Remark 2.13 1In the Theorem 2.9 as x(¢) is retained in the formulation of stability
condition so (2.80) is introduced such that system matrices A and A, appear in the
stability condition. In [13] similar kind of stability condition as in [30] is proposed,
X (#) which appears in the derivative of LK functional is now replaced by the RHS
of (2.3). The stability condition in [13] is presented next in the form of following
theorem.

Theorem 2.10 ([13]) The system %, is asymptotically stable for any delay d(t) €
[—d,, 0], if there exist P = PT > 0,0 = QT > 0and Z = ZT > 0, a symmetric
X1 X2

* X2
matrices Y and T such that following LMIs hold:

semi-positive-definite matrix X = i| > 0, and appropriately dimensioned

(1,1 1,2)d,A"Z
* (2,2 duAgz <0 (2.83)
* x —d,Z

X XY
*x *x Z

where,(1, )=PA+ ATP+Y +Y" + Q+d, X1, (1,2)=PA; — Y + Y +d,X1»

(2,2)=—T-T" — (1 — w0 +d,X»n

This theorem can be proved in a similar manner as in Theorem 2.9, except that
(2.80) need not to be considered now as x(¢) is substituted by RHS of (2.3).

The present author has recently investigated a stability condition for system X,
using free weighting matrix approach and introduced the following modifications
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(i) without using inequality (2.81) (i.e., avoiding the use of semi-positive definite
matrix in the formulation) and (ii) without retaining the x(¢) term and hence not
using condition (2.80) over Theorems 2.9 and 2.10 in [31]. The theorem is stated
below.

Theorem 2.11 ([31]) The system %, is asymptotically stable for any delay d(t) €
[—d,, 0, satisfying the conditions (2.7) if there exist P = PT > 0, Q1 = QlT >0
and Q2 = QF > 0, with appropriately dimensioned free matrices T; (i = 1, 2) such
that following LMIs holds:

1, D@2 T
Q= * (2,2 T <0 (2.85)
* * —du_l 0,

where, (1, D)=d, AT 02A + ATP + PA+ T + T + 01, (1,2)=PAg +d, AT 0244 — TV + T
(2,2)=d A} 0240 — Th = T — (1 — ) 0,

Proof Consider LK functional candidate chosen as
t 0 t
V() = xT (@) Px(r) +/ xT(s)Q1x(s)ds +/ / 7 (s) Q2% (s)dsdo (2.86)
t=d(1) —dy Jt+6

One can write the time-derivative of (2.86) as

V() <2x" ()P +xT (1) Qix(t) — (1 — w)x" (t —d(1)) Q1x(t — d (1))
+d, 7T (1) Q2 (1) — / T (5) 0% (s)ds (2.87)

t—d(t)

For delay-dependent condition, one can use the following expression based on
Newton-Leibniz formula in the derivative of LK functional.

0=2[xT() xT(t —d() ] [2}

X |:x(t) —x(@—d@)) —/ )'c(s)ds:| (2.88)

1—d(1)
where, T1 and T, are free matrices. Expanding (2.88), one can get
ro [T +T -1+ T ! ro [T .
§(1) T |§(0) — 287 (0 x(s)ds =0 (2.89)
* —Tz — T2 1—d(t) T2

where, £(t) = [xT (1) xT(t —d(1)) ]T. Applying bounding Lemma 2.1 in the last
term of (2.89) one can obtain
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t T T
—[ ch(s>szc(s>dsssT(r)[TltT‘ i%f%]sm

—d(t)
T
+£7 ()d, [2} 0;' [2} 0 290)

Substituting the value of X (¢) = Ax(¢) + Agx(t —d(¢)) and RHS of (2.90) in (2.87)
one can obtain

V() < €T 0)QE®0) (2.91)

where, matrix €2 is defined in (2.85), if 2 < 0 then it ensures the asymptotic stability
of the system under consideration.

This stability analysis can be extended for systems with delay-derivative (1 > 1)
i.e., fast time-varying delay satisfying the condition (2.8), which is stated in the
following corollary.

Corollary 2.1 For u > 1, the system X, is asymptotically stable if there exist
matrices P = PT > 0, 0, = QF > 0, any free matrices Ty and T, of appropriate
dimensions, such that the following LMI holds:

1,D 1,2 T
« 2,2 T <0 (2.92)
* * —d,;l 0>

where,(1, )=d, AT 02A + ATP + PA+ T\ + T, (1,2)=PAg + dyAT Q2Aqg — T\ + T
(1,3)=d, A} 0244 — T» — T]

Proof The proof of this corollary is straight forward following the proof of Theo-
rem 2.11, the stability result is obtained by considering Q; = 0in (2.86), this assump-
tion makes the Lyapunov functional candidate corresponding to delay-independent
term zero.

Remark 2.14 Theorem 2.11 provides a generalized framework for stability analysis
asitcan treat systems X (constant delay case), ¥, (time-varying delay case) for both
the types of time-varying delays-slow (u < 1) and fast (u > 1). Advantage of the
stability condition obtained in Theorem 2.11 compared to Theorem 2.10 (condition
(2.83)—(2.84)) are (i) it consists of lesser matrix variables and (ii) lesser number of
LMIs need to be solved, whereas compared to Theorem 2.9 the LMI dimension in
(2.85) is smaller. Furthermore, Theorem 2.11 has also been extended for system X3
(system with multiple state delays) in [11].

A stability condition has been proposed recently in [14] for the system X, sat-
isfying condition (2.7). The stability condition is derived by using (i) augmented
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Lyapunov-Krasovskii functional candidate, (ii) Jensen’s integral inequality (for elim-
inating the integral terms arising out of the derivative of LK functional) and (iii) free
weighting matrices by utilizing Newton-Leibniz formula.

The delay-dependent stability condition of [14] is presented after stating the
Jensens integral inequality Lemma [7] as it is significant in establishing this sta-
bility condition.

Lemma 2.5 (Jensens inequality [19]) For any symmetric positive definite matrix
M > 0, scalar y > 0 and vector function w : [0, y] — R" such that the integrations
concerned are well defined, the following inequality holds:

Y T y Y
(/ a)(s)ds) M (/ a)(s)ds) <vy (/ a)(s)TMa)(s)ds) (2.93)
0 0 0

Theorem 2.12 ([14]) The system ¥, is asymptotically stable for any time-delay
d(t) € [—d,, 0] satisfying (2.7), if there exist symmetric positive definite matrices,
P, O, R, T and any matrices S;(i = 1, ...4) with the appropriate dimensions sat-
isfying following LMIs:

P, P .
P =[ *“ PZ] >0 with Py > 0 (2.94)
0= [Q*“ gz] >0 (2.95)

iy Tz Ty pPr2

x I'pp Tz Ty O

x* x =0Ty puPy [ <0 (2.96)
* * * F44 0

*  x * * —uT

where, I'1 1= AT Py —I—P]]A—I—dI%(Q]] +ATQ{2+ 012A+AT 02 A)+ R+ 5 +S1T

F12=Pi1Ag — S| + 8 +d3(Q12Ad + AT 022A0). T13=A" Pip + 53
Ti4=Pio — ST + 84, Too=—(1 = R+ uT + d2 AL 0 Ag — ST - 5,
l"23=z‘\51°12 - 83, F24=—52T — 84, T'34=Py — Q12 — S3T and

F44=— 020 — S4T — 54

Proof The augmented LK functional candidate chosen here is

V() = Vi) + Va(t) + V3() (2.97)
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where, Vi (t)=n" (1) P(1), Va(t)=dy, [° a 1o &7 () QE(9)dsdb, V3(1)=/_y, x" (s)Rx(s)ds
n, T .
n(z>=[xT<z> (g ¥(ds) ] L e=[ ) )]
Finding time-derivative of (2.97), one can get the following

Vi(t) = 2" (t) P (1)

Vi(0) = 20" () Pl (1) + d ()2 (1)] (2.98)

T A A —d
where, i0) = [47(1) (J1_, #)ds) ' | ,m(t)=[ x(”f?“d( d;((;) P (”)} d
1—d(t)

0
772(l)=[ . } x(t —d())
Defining the augmented vector as

@ = [T () 57— d)) (frt_d(l)x(s)ds)T (fj_d(,)Je(s)ds)T]T

Now, following vectors can be expressed in terms of 7(¢) as given below

n()=017(1), N ()=07 (1), [0, [1P1(1)=037(r) and x (1 — d(1))=0O47 (1)

1000 AA;00
Where, ®1= 0010 ,®2=|:0 0 OI],®3=[P1€0P22 O]and
®4=/0700

The term ZnT(t)Pd(t)ng(t) in (2.98) can be rewritten as,
20" (1) Pd(t)2(1) = 2d()n" (1) P m x(t—d(1)
thus in view of above notations, one can equivalently write the above equation as,
dn)2nT ()P [?] x(t —d) =d)2t" ()OI el ()

Using the bounding inequality Lemma 2.1 one can write,

dn2tT meleltw < it el t7'enw + uc el Temw), T =17 >0
(2.99)
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Substituting (2.99) into (2.98) one can obtain

Vi) < T ()T + u®l T7'03)7(1) (2.100)
where, '} = ©T PO, + ©T PO, + uB@ITO,4

Now, the time-derivative of V,(¢) can be written as,

Va(t) = d267 (1) Q£ (1) — d, / ) £7(s) Q& (s)ds

using Jensens integral inequality Lemma 2.5 one can write,

Vo) < e ()21 (2) (2.101)

s = 20T 005 — o000, 0x=[ | 1 00 e [104]

Finally V5(7) can be written as
Va(t) < T ()37 (1) (2.102)

where,I's = ©TRO; — (1 — O RO, ©;=[1000]

Using Newton-Leibniz formula relationship among various states of an augmented
state vector t(¢) is expressed by introducing free matrices S such that following
equality is satisfied,
217 (1) STOg(r) =0 (2.103)
where, Og = [1 =10 —I]and S =S| S S5 54 ]
One can write (2.103) in terms of 1(¢) as

tT()S Tyt (t) = 0 (2.104)

where, 'y = STOg + OF S _
Adding (2.100), (2.101), (2.102) and (2.104), which yields the expression of V (¢)

V() <t (T4 uOl 77103)7(r) (2.103)
where, ['g = zler,-

Taking Schur-complement of (2.105), one can obtain the stability condition in
(2.95).
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Remark 2.15 The LK functional in [13] can be obtained by setting P;; = Py =0
and Q11 = Q12 = 0infunctional (2.97), thus this LK functional is more generalized
than in [13]. The construction of new LK functional was attempted such that there
is proper distribution of delay information in the obtained LMI structure leading to
less conservative estimate of delay upper bound.

An improved method of delay-dependent stability analysis has recently appeared
in [32] and [3] where it is pointed out that the approximation of the integral term
— ftl a4 fd() < — fti a0 f()d(.) is conservative, in sequel exact replacement
of the above mentioned integral was proposed which is expressed as,

t t t—d,
—/ fOd() = —/ Fd() —/ Fd()
t—d, t—d(1) t—d(1)

In all earlier delay-dependent stability methods the integral term — ftt:d‘?‘t) fd()

was ignored leading to conservative estimate of the delay upper bound. In [32] and [3]
an improved delay-dependent stability condition was derived considering new LK
functional so as to accommodate this integral term. The stability theorem of [32] is
presented below:

Theorem 2.13 ([32]) The system ¥, is asymptotically stable for any time-delay
d(t) € [—d,, 0] satisfying (2.7), if there exist symmetric positive definite matrices,
P, O, R, Z; (i = 1,2) and free matrices N;, M; and S; (i = 1,2, 3) with appro-
priate dimensions such that following LMI holds:

® d,N 4,5 dM d,Al(Z,+ Z,)

* —d,Z, 0 0 0
* *x —d,Z; 0 0 <0 (2.106)
*  x *x —dyZ, 0

*  * * * —d,(Z1 + Z»)

where, &= + &, + &7,
PA+ATP+Q+R PAy 0
o) = * -1-wo 0 |,
* * —R
O=[N+M -N+S—-M—S],Aq =[A As 0],
N=[ NI NI NTY', s=[ST ST ST]', and M=[ M] M ]

Proof The LK functional chosen here is

0 t
V() = xT(t)Px(t) +/ / T () Z) + Z2)x(s)dsdb
—d, Jt+6

+/ xT(s)Qx(s)ds—i-/ xT(s)Rx(s)ds (2.107)
t t—d,

—d@)
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The time-derivative of (2.107) along with the exact substitution of quadratic integral
term arising out of the LK functional derivative of the double integral (associated

with Z; matrix) as — [ o FOAO) = — I o FOA0) = " j("t) £()d(.) one can
write,

V() <2x" (1) Pi(t) +xT(Q + R)x(t) — (1 — w)x" (t — d (1)) Qx(t — d(1))

—xT(t —d)Rx(t — d,) +d,xT ) (Z1 + Z)x () — / xT(s)Z % (s)ds
t—d(t)

t—d(t) t
— / xT(s)Z % (s)ds — / 1T (s)Z2x(s)ds (2.108)
t—d, t—d,

For delay-dependent condition Newton-Leibniz formula is used, which satisfies fol-
lowing equations involving free matrices

t

26T (N [X(t) —x(t —d()) —/

t—d(t)

)é(s)dsi| =0

t—d(t)

267 (S [x(r —d) - x(t - dy) —/

—dy

)'c(s)dsi| =0

26T (M |:x(t) —x(t —dy) —/ )'c(s)ds] =0 (2.109)
t—d,

N] S] Ml
where, N=| N> |, S=| S |, M=| M, | and
N3 Sg M

sn=[x () xT (¢ —d @) 2Tt —dy) |

Adding all the terms of (2.109) to (2.108), and with further rearrangement of terms
one can get,

V) <T@ +d,AL(Z) + Z) Ao +d,NZT'NT
+d,SZ7'ST +d,MZ7 ' MT)E(t) — / [ET (N + 37 (5)Z1]
t—d(r)
t—d(t)
X Z7VINTE) + Zyk(5)lds — / €705 + 57 () 7]
t—dy,

xZ ' STEW) + Z1%(s))ds — / [ET ()M + 57 (5)Z,]
t—d,

X Z; ' [MTE(t) + Za% (s)1ds (2.110)



64 2 Stability Analysis of Time-Delay Systems

It may be noted that, the last three integral terms of (2.110) are all less than zero, so
ife" ([ @ +d, AL (Z\+2Z) A0 +d,NZ'NT +d,SZ;'ST+d,MZ; ' MTE(t) < 0
than by using Schur complement one can obtain the stability condition in LMI form
as in (2.106).

The free weighting matrix method has been widely used in the stability analysis of
continuous systems with two additive time-varying delay in the states. The closed-
loop operation of a networked controlled systems is an example of systems with
two additive time-varying delays [33]. The stability condition of system X, while
considering as a single time delay term yields conservative results of delay upper
bound compared to the case when the two additive time-varying delays are treated
separately in the formulation, because the delays may have different properties as
they occur in different places of the network [33].

The delay-dependent stability condition derived in [33] for system X4 based on
free-weighting matrix method is presented below.

Theorem 2.14 ([33]) System X4 in (2.11) with delays d\(t) and d(t) satisfying
(2.13) is asymptotically stable if there exist matrices P > 0, Q1 > Q, > 0, Q3 >
Qs >0,M >M, >0,M3s > My >0,N;,i =1,...8, such that following LMI
holds,

[Ty Oz M3 PAg ATTss Ny 0 Ns 0 ]
* Ilpp 0 Tlog 0 Ny N3 0 0
*  *x [Il33 I3g 0 0 0 Neg N7
*  x  *x Iy A£H55 0 Ny 0 Ng
* * *x x —Ils5 0 0 0 0 <0(2.111)
* ok ok * * —dfu]Ml 0 0 0
* ok ok * * * —d;u]Mz 0 0
* ok *x * * * * —dZ_MIM3 0
L *x * x * * * * * —dl_ulM4_

where, H11=ATP + PA+ Q1+ 03+ N+ NIT + N5 + NT,
Mj=—N; + NZT, IMi3=—N5 + N6T
My=—(1 — u)(Q1 — Q2) — Na — N + N3 + N, [py=—N3 + N/,
M33=—(1 — u2)(Q3 — Q4) — No — N{ + N7+ N;, I34=—N7; + Ny ,
Mu=—(1 — p1 — u2)(Q2 + Q4) — Ny — N] — Ng — N{
1_155=(dlujwl + d2uM2 + d2uM3 + dluM4)

Remark 2.16 The LK functional candidate selected in [33] for Theorem 2.14) is,

V) =Vi+Va+Va+Vy+ Vs

V(1) = xT (1) Px(r)
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t t—d (1)
Vo (t) =/ xT(s)le(s)ds+/ xT(s)sz(s)ds
t—dy () t—dy (1) —db (1)
0 0 —d1y 0
V3(t):/ /)'cT(t—i-a)Ml)é(t—i—a)dadﬁ—i—/ /)&T(t—i-oe)Mg)'c(z—i—a)dadﬂ
—dy ﬂ —dy—day ﬂ
t t—dy (1)
Va(t) =/ xT(S)st(S)ds+/ x7(s) Qux(s)ds
0] t—dy (1) —db (1)

0 0
Vs(t) = / / 2Tt + ) M3x(t + a)dadp
—du J B

_d2u 0
+/ / 2Tt + ) Myx (t + )dadp
- B

diu—doy

The selection of the LK functional considered above contains repetitive delay
information in some region that can lead to a conservative estimate of the delay upper
bound. Moreover, the dimension of the LMI obtained by this method is more due
to the introduction of free weighting matrices for approximating quadratic integral
terms using Newton-Leibniz formula.

Also, introduction of semi-positive definite matrices to satisfy the inequalities
(24)—(27) in [33] and consequently replacing it with inequalities (32) in [33] are not
equivalent. This is turn, leads to conservative delay upper bound estimate.

2.4 Delay-Range-Dependent Stability Condition

It was pointed out in [3] that, in practice the delay lower bound cannot necessarily
be always restricted to 0 as in many engineering (or physical) systems, delay may
vary in a ranges (or intervals) unlike for the system considered in X, ¥, ¥3 and
3, satisfying (2.5). The stability conditions derived by restricting the lower delay
bound to 0 are referred in literature as delay-dependent stability conditions.

The stability condition in an LMI framework for systems with time delay varying
in ranges have been reported in [3-5, 34, 35]. In [3] stability condition has been
proposed for the system X, satisfying (2.6) (i.e., delay lower bound is not restricted
to 0) by proposing a new LK functional suitable for the condition (2.6), such stability
condition are referred as delay-range-dependent stability condition in the literature.
The stability condition derived in [3] is presented below.

Theorem 2.15 ([3]) The system X, is asymptotically stable for any time-delay
d(t) € [—d,, 0] satisfying (2.6), (2.7) and (2.8), if there exist symmetric positive
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definite matrices, P, T, Q, R, Z; (j = 1, 2) such that following LMI holds:

<0 (2.112)
[ @11 @12 My —S1 dulN; diuS1 My ATU
*x Dy My —Sy dyNy di, S> diyM» AZ;U
* *x —T 0 0 0 0 0
h = * * * —R 0 0 0 0 0
where, x  x  x x —dyZ 0 0 0 =
*  x k% * —dy,(Z1+2Z) O 0
*x  x x % * * —diyZo, 0
L * * x % * * * -U |

®11=PA+ATP+Q+T+R+N +N], ®15=PA;+ NI — N; + 51 — M,
Pr=—(1—wWQ+ S+ ST =Ny — NI — My — MT, U=d, Z| + dj, Z and
djy=dy — dj

Proof The LK functional is chosen here as
0 t
V() =xT()Px(t) + / / T (s)Z1x(s)dsd0O
—d, Jt+0
—d t t
+/ / xT(s)Zo% (s)dsdb +/ xT () 0x(s)ds
—d, Jt+6 1—=d(t)
t t
+/ xT(s)Rx(s)ds—i-/ xT(s)Tx(s)ds (2.113)
t—d, t—d,

The time-derivative of (2.113) is given by

V) < 2xT @) Pi(t) + xT (1)(Q + R+ Tx(1) — (1 — wxT (1 — d(0)) 0x(t — d (1))
—xT(t —dy)Rx(t — dy) — xT (¢t —d)Tx(t — dp) + 5T (1) duZy + dpyy Z2)5 (1)

t t—d
—/ )'cT(s)Zl)’c(s)ds—/ [)%T(S)Zg)'c(s)ds (2.114)
t—dy t—dy

As stated in [32] that the conservative estimate of the delay bound is obtained as
the term — ftt:j;t)(.) was ignored while approximating the term — f:f 4. (). Hence,
the exact expression for the last two integral terms in (2.114) is considered as,

—/ 1) Z1x(s)ds = —/ xT(s)Z1%(s)ds
t—d, t—d(t)

t—d(r)
—/ x1()Z1%(s)ds (2.115)
f_du
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1—d, t—d(t)
—/ 1(5)Zax (s)ds = —/ 1) Z% (s)ds

—d, t—d,

t—d,
—/ 1T (s)Z2x (s)ds (2.116)
t—d(t)

Thus in view of (2.115) and (2.116), one can write (2.114) as

V(t) < 2xT(z)P5c(t) +xT(Q +R+T)x(t)— (1 — u)xT(t —d()0x(t —d(1))
—xT ¢t —d)Rx(t —dy) — xT(t —d)Tx(t — d)) + 3T ) (duZ; + djy Z2)3 (1)

t t—d(t)
—/ 1 (5)Z1%(s)ds —/ T (s)(Z) + Zp)x(s)ds
t—d, t—d,

ot —dj
—/ i1 (s)Zak (s)ds (2.117)
t—d(t)

For obtaining delay-dependent condition one can use Newton-Leibniz formula such
that it satisfies following equations involving free matrices

2$T(t)N|:x(t)—x(t—d(t))—/ i(s)ds| =0

—d(t) J

t—d(1) b
2sT(t)S[x(r —d@)) —x(t —d,) —/ i(s)ds| =0
t—d, a

t—d;
26T ()M [x(t—dl)—x(t—d(t))—/ i(s)ds| =0 (2.118)

—d(t)

where, N=[Ilz;:|, S=|:§;i| M=|:%;i| and &£(1) = [xT(t) xT(t —d([))]T

Adding (2.118) into (2.117), then carrying out algebraic manipulations, using
bounding techniques (discussed in Theorem 2.11 and applying Schur-complement
one can obtain,

V() =T ()de(t)

where ¢(t) = [x()T,x(t —d@®)T, x(t —d)T,x(t —d,)T]". The LMI & is already
defined above. If ® < 0 then the system X, is guaranteed to be asymptotically stable.

Remark 2.17 1t is possible to obtain delay-dependent stability condition from this
theorem by setting d; = 0 in the LK functional (2.113) thus reducing the double
integral term to fi)d fl:—@ 2T (s)(Z1 + Z»)%(s)dsd6 and setting T = 0 the single
integral term becomes zero while rest of the term appears as in (2.113).
Considering N = [N], N ,01", S =[S, 57,0]” and M = [0] in (2.109) of
Theorem 2.13 one can obtain the delay-dependent condition of Corollary 3 of [3].
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Theorem 2.13 and corollary 3 of [3] both are applicable for unknown p > 1 due to
the presence of free matrices in the (2,2) element of the LMI conditions, so separate
condition need not to be derived for this case.

Further improvements of delay-range-dependent stability criteria as well as delay-
dependent stability criteria with less number of matrix variables applicable for both
slow and fast varying time-delay (i.e., satisfying the conditions (2.7) and (2.8)) have
been proposed in [4] and [5]. Both the stability criteria are presented below.

Theorem 2.16 ([4]) The system X, is asymptotically stable for any time-delay
d(t) € [—dy, 0] satisfying (2.6), (2.7) and (2.8), if there exist symmetric positive
definite matrices, P, T, Q, R, Z; (j = 1, 2) such that following LMI holds:

yu PAqs Z, 0 dATZ, 4, AT Z,
* vo Zo  Z» dAYZ, d,ALZ,

*  * Vi3 0 0 0

* x * —R—7, O 0 <0 (2.119)
*x  x * * -7 0

*  x ok * * )

where, y1=PA+ATP+Q+T +R—Z), yn=—(1—p)Q —2Z, and
yi=—T —2Z,—- 2,

Proof The LK functional candidate is selected as,
0t
V() =xT()Px(t) + / / dixT () Z1%(s)dsdO
—d; Jt+6

—d; t t
+ / / diuxT () Zo% (s)dsdO + / xT(s)0x(s)ds
—d, Ji+6 t

—d(t)

+/ xT(s)Rx(s)ds—i—/ xT(s)Tx(s)ds (2.120)
t—d, t—d,

Considering time-derivative of (2.120) and substituting the value of x (1) = Ax(¢) +
Agx(t — d(t)) one can obtain

V() < 2xT(1)P(Ax(t) + Agx(t — d (1)) + x" (O + R + T)x(t)
—(1 —w)x" (¢ —d(®)Qx(t — d(1))
—xT(t —d)Rx(t —d,)) — xT(t —d)Tx(t — dy)
+(Ax(t) + Agx(t —d(O) (A} Z) + d2, Z,) (Ax (1) + Agx(t — d(2)))

t t—d;
—/ dlch(s)Zlfc(s)ds—/ diuxT () Zo% (5)ds (2.121)
t—d; t—dy
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Applying Lemma 2.5 (Jensen’s integral inequality), the integral terms in (2.121) are
approximated as,

—/ dix ()" Z1k(s)ds < —(x(1) = x(t —dp)" Z) (x(t) — x(t — dy))
t—d;
(2.122)

and,
t—d; t—d(t)
—/ dix(s)" Zrx (s)ds < —/ (dy — d)x(s)T Zrx(s)ds
t—d, t—d,

t—d;
- / d@) — d)x(s)T Zyx(s)ds (2.123)
t—d(t)

further one can write (2.123) as,

t—d
- / l i () Zox(s)ds < —(x(t —d(1)) — x(t — du))T Zo(x(t —d(0)) — x(t — dy))
t—d,

—(x(t —dp) = x(t —dONT Za(x(t — d)) — x(t —d (1))
(2.124)

Using (2.121)—(2.124) and with algebraic manipulations, one can easily obtain the
following expression,

V() <¢'Te) (2.125)

where, ¢()=[xT (1) xT(t —d()) x"(t —d)) x"(t —d,,) ]T
yu PAy Z4 0
*x yn Z» Zy
* X Y33 0
*x * *x —R—127,

r= +[A4,00] @21 +d%Z)[A A 00]

Y11, V22 and y33 are defined in (2.119), if ' < 0 in (2.125) then the system is
asymptotically stable.

Remark 2.18 When d; = 0, the above Theorem reduces to delay-dependent stability
condition, which is given in corollary 1 of [4] and it is valid for u < 1.

When © > 1 then Theorem 2.16 is not applicable, thus setting Q = 0 in Theo-
rem 2.16, one can easily obtain corollary 2 of [4].

The modifications made in Theorem 2.16 compared to Theorem 2.15 are (i) selec-
tion of different LK functional (ii) use of Jensens integral to approximate the quadratic
integral terms arising in the LK functional derivative unlike introducing free matri-
ces via Newton-Leibniz formula in [3]. It is clear from the above theorem that, even
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without using free matrices it is possible to derive an LMI condition which can pro-
vide feasible solution for both & < 1 and u > 1, with lower matrix variables due to
the use of Jensen integral inequality.

As only weighting matrices of LK functional is involved in the LMI of Theo-
rem 2.16 thus the computational burden of this theorem is much lesser then that
of [3], as the latter method involves lot of free weighting matrices.

Recently in [5] another improved delay-range-dependent stability analysis has
been reported with a tight bounding of the following integral terms,

t—d(1)
- / diux ()T Zo% (s)ds
t—dy,

t—d;
and —/ di % ()T Zox (s)ds
1—d(t)

The bounding of the above integral terms carried out in [5] and it is expressed as,
t—d, t—d(1)
- / dpx ()T Zox (s)ds = — / diux ()T Zyx (s)ds
t—d, t—d,

t—d;
- / diux ()T Zox (s)ds
t—d(t)

t—d, t—d(t)
— / dix ()T Zox (s)ds = — / (dy — d@)x ()T Zo% (s)ds

—dy —dy

t—d(1)
- / d(t) — d)x(s)" Zox(s)ds
t—dy,

t—d;
- / d@) —d)x(s)T Zox (s)ds

—d(1)

t—d,
- / d, —d@)x ()T Zox(s)ds (2.126)
t—d(t)

Defining 8 = (d(¢t) — d;)/d;,, so 1 — B = (d, — d(t))/d,,, thus following will be

true

t—d(1) t—d(1)
- / d@t) — dpx(s) Zri(s)ds = —p / diux ()" Zoi(s)ds
t—dy t—dy

t—d(t)
<-B / (dy — d()k ()" Zox(s)ds
t—d,

t—d; t—dj
and, — / (dy —dO)x(s)T Zox(s)ds = (1 — B) dyx ()T Zox (s)ds
t—d(t) t—d(t)

t—d,
=-(1- ﬂ)/ l d(t) — dpi(s)" Zax(s)ds
t—d(t)
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Incorporating the above modifications, the quadratic integral term — frt__dd’ dpx ()T
Z»X(s)ds is approximated using Lemma 2.5 (Jensens Integral Inequality) as

t—d,
- / k)T Zok()ds < —(r(t — ) — x(t — d)T ZaGr(t — () — x(t — dy)
t—dy

—@(t —dp) = x(t —dO) Za(x(t — dp) — x(t — d(1)))

—Bx(t — d(1)) — x(t — du)T Za(x(t —d(©) — x(t — dy))

~(1 =Bt —dp) — x(t —dO)T Za(x(t — dp) — x(t — d(©)))
(2.127)

Considering similar LK functional as in [4] and applying bounding technique of
(2.127) results a stability condition which is stated below.

Theorem 2.17 ([5]) The system X, is asymptotically stable for any time-delay
d(t) € [—d,, 0] satisfying (2.6), (2.7), if there exist symmetric positive definite matri-
ces, P,T,Q, R, Z;(j =1, 2) such that following LMI holds:

& =0-[0-110]" Z[0-110]<0 (2.128)
and
O =d-[070-1]"2[010-1]<0 (2.129)
yi PAs Zy 0
where,p=| * 72 £2 22 A 00] (@PZ)+dlZ)[A Ag00]

* Y33 0
*x *x x —R—27,

Yn=PA+ATP+ Q+T+R—Z,yn=—(—n)Q — 27, and
vi3=—T — 21— 2,

Proof Considering the similar LK functional candidate as in Theorem 2.15 and
incorporating the integral term approximation in (2.127) one can easily obtain,

V() <011 - )@ + pD1]c (1)

where, £(t) = [x()T x(t —d ()" x(t —d)” x(t —d,)" ]T. One can observe that
the above V(t) expression is a convex combination of the matrices ®; and ®,. The
negativity of V(t) is ensured if both ®; and ®, are negative definite, which in turn
guarantees the asymptotic stability of the system X,. The details derivation can be
found in [5].
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Remark 2.19 The improvement on delay upper bound result compared to the Theo-
rem 2.17 is expected as the over bounding of the integrals (2.122)—(2.124) has been
avoided in the present theorem.

Delay-dependent stability condition is a special case of delay-range-dependent
stability condition when d; = 0.

Delay-dependent stability conditions in LMI framework have been reviewed
extensively that are directly relevant to the present work of the thesis. Initially, some
basic delay-independent stability condition are recalled. Next, four basic approaches
have been discussed in length for developing delay-dependent stability conditions in
LMI framework. they are namely: Model transformation approach, Bounding tech-
niques, Descriptor system approach and Free-Weighting matrix approach. Finally
the recent results on additive delay and delay-range-dependent stability conditions
have been discussed in previous sections.

For convenience of the discussion of the main results of this chapter, some prelim-
inaries including few definitions, basic theorems on stability of time-delay systems
which are related to the main results are presented in previous sections.

The main and improved results on delay-dependent stability analysis are proposed
in this chapter and presented below.

2.5 Main Results on Stability Analysis of Time-Delay
System

In this section, delay-dependent-stability analysis of nominal time-delay systems
are presented with an objective to (i) obtain less conservative estimate of the delay
upper bound result and (ii) obtain a stability condition in an LMI framework (without
sacrificing the conservatism) that can be further extended to derive improved robust
stability and/(or) stabilization conditions. The necessary condition for the delay-
dependent stability of the time-delay systems is that the matrix (A + A;) must be
Hurwitz.

The results of the proposed stability conditions are compared with existing meth-
ods by considering several numerical examples.

2.5.1 Stability Analysis of TDS with Single Time Delay

Consider the system X, in (2.3), satisfying the condition (2.5) and (2.7), the stability
condition is presented by considering anew LK functional and replacing the quadratic
integral inequalities arising in the LK derivative with more exact expressions as
suggested in [3]. The proposed method is described in the form of theorem below.

Theorem 2.18 The system X, satisfying the condition (2.5) for 0 < u < 1, is
asymptotically stable if there exist matrices R; = R] > 0, (i=1,2) and any free
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matrices L;, (i = 1,..3), M; (i =1, ..3), G;, (i = 1,2) such that following LMI’s

are satisfied

Py Ppp
P = > 0,
|:P1T2 Py

On O
= 0
¢ [0 05|~
and,
Q uP d,M
* —uT 0 <0
*x 0 —0»
Q wuP d,L
* —uT 0 <0
x 0 —0On
where,
Qi Q2 Q3 Qy 0 Qs
* Q0 Q3 Q4 0 Qo
Q= * * 933 0 0 0
Sl ox o« 0 =01 0 Qg
00 0 0 -0y 0
* * 0 * 0 966

T T
and, L=[L{ LT LY000]", M =M M] M 000]
~ T
P=[PL00P,00]
where, Q11=d2011 + GT A+ ATG| + Pio+ PL + Ry + Ry +du(Ly + L)
Qu2=GT Aq — Piy +dy(~Ly + LT + M), Qu3=d, (LT — My), Qi4=Pp.

Qi6=P11 — GT + AT G Qoo=—(1 — W Ry + puT +dy(—Ly — LY + My + MT)

Q3=dy (=M + MI — LT, Q4=— P, Q06=Al G2, Qa3=dy(—M3 — M]) — R,

Qp6=—G2 — G¥ +d20m

Proof The LK functional is selected as,

V() = Vi(t) + Va(0) + V3(1)

(2.130)

(2.131)

(2.132)

(2.133)

(2.134)
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where,

Vi(r) = ¢ (1) Po(1) (2.135)

T

with, ¢(t) = [XT(I) (f,;t—d(t) x(s)dS)T]

Va (1) =/ xT(s)Rlx(s)ds+/ xT($)Rox(s)ds (2.136)
t t—d,

—d(t)
0 t

Va(t) = / / duy" () Qy (s)dsdo (2.137)
—d, +6

where, y (s) = [x7(s) 7 (s) ]T. The time-derivative of (2.135) along the solution
of (2.3), one can obtain

Vi(t) =207 ()P ([(I) ? _01} @1(1) +d(1) [?] x(t — d(t))) (2.138)

where,
o1 = [T xT@0) "¢ —d@p]’
Defining the augmented state vector as, n(t) =

[xT(t) xT@t—d@) xT @t —d,) (ftt_d(t)x(s)ds)T (ftt:[Z(r)x(s)ds)T xT(t)]T

One can rewrite the second term of (2.138) as,

2d(n" P[0 10000]n@) =2d(t)a” ()b() (2.139)

where, a(.) = PTy(t), b() = [010000]n() and P = [PL 00 P» 0 o]T.

Using bounding lemma (Lemma 2.1) on (2.139) one can have,
2d(n)a” ()b() < pla” VT 'a() + b ()Th())
0

<un'@) | PT'PT + T[010000] |n)

OO OO~

(2.140)
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Substituting (2.140) on (2.138) and upon expansion of (2.138) one can have,

P+ PL =P 0 Py 0P
uT 0—P»n 0 O

*

Vi <0’ @) + PuT BT | n@) (2.141)

*x O+ O

Finding the time-derivative of (2.136) and (2.137), one can obtain

Va(t) < xT(1)(Ry + R)x(t) — (1 — w)x" (¢t —d(1))Rix(t — d (1))
—xT(t —d)Rox(t — d,) (2.142)

Vi(t) <d>yT (1) Qy (1) —d, / y ()Qy (s)ds (2.143)
t—d,

Express the first quadratic term of (2.143) into the following form,

diy" () Qy ) = din" (O (1) (2.144)
where,
d’0,;,0000 0
0 0000 O
©—| 0 0000 0
- 0 0000 O
0 0000 O
0 0000d>0n

The integral term in (2.143) can be written as,

—d, / y (9)Qy(s)ds = —d, / y ()Qy (s)ds
t—d, t

—d(t)

t—d(t)
—d, / yT(s)Qy(s)ds (2.145)
t—d,

Expanding (2.145), one can write



76 2 Stability Analysis of Time-Delay Systems
t t t—d(1)
do [ AT 0ords == [ daTO0uxwds - [ daT6)0nxds
t—dy t—d(1) t—dy
t t—d(t)
- / i (5) 0k (s)ds — / dy %" (5) Q¥ (s)ds
Jr—d(t) Jt—dy
(2.146)

Treating first two integral terms of (2.146) using Jensen’s integral inequality
(Lemma 2.5), one can write

t t T t
_du/ YT ()Qy (s)ds < — (/ X(S)dS) On / x(s)ds
t—d, t—d(1) t—d(t)

—d() T 1—d(1)
— / x(s)ds on / x(s)ds
t—d, t—dy

t—d(t) t
- / du %7 (5) Qi (s)ds — / duxT (5) Qo (s)ds
t—dy, t—d(t)
(2.147)

The last two integral terms in (2.147) are eliminated using Newton-Leibniz formula
by introducing free matrices L and M and they have the following forms,

2" ) [LT LY LY OOO]T[x(t) —x(t—d@) —/ d())'c(s)ds] =0
(2.148)

t—d(t)
20" (t) [MT M] M3Tooo]T[x(t—d(r))—x(t—du)—/ x(s)ds]= 0

1—d,
(2.149)
Expanding (2.148) one can obtain,
Ly+L{ —Li+Ly LT 000
* —L,— LT —1LT000
T * * 0 000
0 0 0 000
0 0 0 000
1
—2/ 07 () [L{ LY LT OOOT])'C(S)ds (2.150)
t—d(1)

Now applying bounding lemma (Lemma 2.1) and with algebraic manipulations one
can obtain,
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Li+LT —Li+L] LT 000

x  —L,— LY —LT000
t
B .7 . T * * 0 000
/td([) dyx” (5) QX (s)ds < n' (1) 1 du 0 0 0 000
0 0 0 000
0 0 0 000
+d(t)Ld, Q5 L™} n(t) (2.151)
Similarly the simplification of (2.149) will yield,

0 M -M; 000
) * My +M] —M, +M] 000

t—d(t) T
_ -T . T * * —M3 — M3 000
|, adT©onias a0 a5 g ;M0
0 0 0 000
0 0 0 000

+ (dy — d(t))Md, Q5 M™ } n(t) (2.152)

Substituting the values of integrals from (2.151) and (2.152) in (2.147) and rearrang-
ing the terms one can write

rt
—dy / . yT )0y e)ds < nT (1) {A +d(O)L(dy 033 LT + (dy — d(1)M(dy 05, )M T (1)
Jt—dy

(2.153)
where,

du(Ll + Lr) du(_Ll + Lg + Ml) du(LZ; - Ml) 0

du(_LZ_L; +M2+M2T) du(_Lg _M2+M3T) 0

dy(—Ms5 — MT) 0
0 —0u
0 0
0 0

S OO+ *
S OO

[eNeoNeBoNeoNe

Substituting (2.144) and (2.153) in (2.143) one can obtain,
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* T22T23 0 0 0
. * * T 0 0 0
o =0"OF 0 0 0 —0n 0 0
0O 0 0 0 —-Qui1 O

0 0 0 O 0 d?’0n
+d(1)L(d, 05,)LT + (dy —d()M(d, 05)MT} n(t) (2.154)

where, Y11=d2 Q1 +d, (L + LT), Yia=d,(—Ly + L} + M)
Yi3=d, (LY — M\), Ypo=d,(—L, — LT + M, + MY)

Yos=d, (=L} — My + M), Ty3=d,(—M; — M])

Now for any matrices G| and G, the equation shown below is satisfied,
2T (OGT + 3T (1)GIT[Ax (1) + Ayx(t —d(1)) — x(1)] =0  (2.155)
Expanding (2.155) one can get,

GTA+ATG, GTA,000-G] + ATG,

* 0 000 AlG,

r 0 000 0 _
0 0 000 0
* * 000 —G,—Gt

Now, adding all the three derivative terms in (2.141), (2.142) and (2.154), along with
(2.156) one can obtain;

V@) = " 0@+ Pur™' BT + LW, 03T + (dy — de)M @i 035HM" | 0
(2.157)

where, the matrix €2 is defined in (2.134). Since in (2.157) the term d(¢) L(d,, Qz_zl)
LT +(d,—d(1))M(d, 05, )M is aconvex combination of the matrices L (d, 05, )L”
and M (d, Q;zl)M T on d(t) so one can express (2.157) by two equivalent LMI con-
ditions, one for d(¢t) = 0 and another for d(¢t) = d, that are described in (2.132) and
(2.133) respectively.

Hence, to guarantee the asymptotic stability of the time-delay system %, in (2.3)
the LMI conditions (2.132) and (2.133) need to be satisfied.

When the time-varying delay is not differentiable (or equivalently called fast
time-varying delay), then by setting P;, = 0, P, = 0, Q;; = 0and R; = 0 in
Theorem 2.18 one can obtain the delay-dependent stability condition for u > 1
which is presented in the following corollary.
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Corollary 2.2 The system ¥, for u > 1, satisfying the condition (2.5), is asymptot-
ically stable if there exist matrices Ry = R2T >0, P = PlT1 >0, On = Q2T2 >0
and any free matrices L;, (i = 1,..3), M;(i = 1, ..3) such that following LMI’s are
satisfied:

Q dM
u 2.1
[* —sz} <0 (2.158)
Q d,L
[* —sz} <0 (2.159)

Q11 Q12 Q213 $214
* Q97 Q93 Qo4
* x 33 0
* * O 5244

el
Il

<0 (2.160)

where, 5211=G1TA + ATGI + Ry +dy, (L1 + L{); QIZ=G{Ad +dy(—L1 + Lg + M)
Ql3=du(L3T — My), Qi4=P1| — G]T +ATG,
Qo=dy(—Ly — LZT + My + MZT) Qo3=dy (—My + M3T — L3T), QZ4=A§G2
Q33=dy(—M3 — MT) — Ry, Quu=—G¥ — Gy +d?
33=du(=M3 — M3) — Ry, Qu4=—G), 2+d; 02
Corollary 2.3 The system X, satisfying the condition (2.5) for u = 0 (i.e., constant

delay), is asymptotically stable if there exist matrices R; = R! > 0, (i = 1,2) and any
free matrices L;, (i =1, ..3), M;(i =1, ..3) such that following LMIs are satisfied

_ | Pu P2

P = [Pf; PZJ >0 (2.161)
_|1@Qu O

0= [ A sz} =0 (2.162)

and,

Q d,M
[* —sz} <0 (2.163)
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Q d,L
[* —sz} <0 (2.164)

where, L=[LT LY LT 000]", M =[M] MI MI 000]" and

Qu Qp Qi Qo 0 Qi

Qolu=0 Q23 Q24 0 Q06

* 933 0 0 0
o _on o <0 (2.165)
0 0 -0

0 0 0 Qe

*
*
*
*
*

* o+

where, Q11=d2Q11 + GTA+ ATG, + P+ PL+ R+ Ry +dy(Ly + LT)
Q=G Ay — Piu+d,(—L, + L} + M))
Qi3=d, (LY — My), Quu=Pn, Qe=P11 — GI + ATG,
Qu=—R, +d,(=Ly — LY + My + MT)
Qo3=d, (=M + MT — LT), Quu=—P, Q6=A1G>
Q33=d,(—M5 — MT) — Ry, Qe6=—G> — Gl +d?0n

Remark 2.20 The proposed delay-dependent stability method has been obtained
in an LMI framework by combining the method of [14] and [36]. The proposed
method selects augmented LK functional of the type in [14] by introducing a new LK
functional term ( fti i xT(s)Ryx(s)ds) and finally obtaining a convex combination
of LMIs as in [36].

The proposed method differs with the method in [ 14] and its extension in [37] withe
the fact that, the augmented state vector does not include the term f(s) Xx(s)ds and in
sequel the matrix Q, in V;(¢) is not considered. Further due to the introduction of new
delay-independent functional, the term j;t__d[i(t) x(s)ds is included in the augmented
state vector and subsequently with the use of Jensen’s integral inequality in the
derivative of LK functional concerning integral of x(s) can be taken inside the LMI
condition, whereas the quadratic integral terms associated with the vector X (s) is
eliminated using Newton-Leibniz formula. Unlike the stability condition in [14], the
proposed method can estimate the delay upper bound for i > 1 which is due to the
modification as suggested in the selection of LK functional followed by different
techniques adopted for bounding the quadratic integral terms appearing in the LK
functional derivative.

The proposed formulation can assess the stability of (i) TDS with constant time-
delay, (ii) TDS with slow varying time-delay (u < 1) and (iii) TDS with fast varying
time-delay (u > 1).

The proposed delay-dependent stability theorem and corollaries for different delay-
derivatives by considering the numerical example 2.1 have been tested. The results
of the delay upper bound are tabulated in Table2.3 and 2.4.



2.5 Main Results on Stability Analysis of Time-Delay System 81

Table 2.3 (d,) results of Example 2.1 for u =0 and p < 1

Stability methods nw=0 nw=0.5 nw=0.9
[9, 271 4.4721 2.00 1.18
[38] 4.4721 2.00 1.18
[39] 4.472 2.00 1.18
[40] 4.472 2.00 1.18
Cor. 3 [32] 4.4721 2.04 1.37
Cor. 1 [4] 4.4721 2.04 1.3789
Cor. 1 [5] 4.4721 2.07 1.5304
Cor. 3 [36] 4.472 2.337 1.873
Cor. 1 [14] 4.472 2.0100 1.1801
[31] 44721 2.0083 1.1801
Proposed method 4.4721 (Cor. 2.3) 2.3372 (§ 2.18) 1.8731 (§ 2.18)

Table 2.4 (d,) results of Example 2.1 for u > 1

Stability methods Unknown p
Cor. 1 [4] 1.3454

Cor. 1 [5] 1.3454

Cor. 3 [36] 1.868

[40] Not applicable
[14] Not applicable
[39] 0.999

Cor. 2.2 1.868

Numerical Example 2.3 ([41]) Consider the system X, with the following constant
matrices

—113.5 -1 -5.97.1 -70.3
A=|-3 -1 -2]|,A;= 2 -1 5
-2 -1 -4 2 0 6

The eigenvalues of the matrix [A + A4] is Hurwitz and the eigenvalues of the matrix
[A — A,] is unstable, thus the given system is delay-dependently stable, i.e., the
system is asymptotically stable for certain finite delay value. The exact delay upper
bound value for this system is d, = 0.1624 for u = 0 ([19] and [41]).

The delay upper bound estimate of Numerical Example 2.3 foru =0and u < 1
using proposed DDS condition are presented in Table 2.6.

Remark 2.21 The stability results presented in Tables2.3 and 2.4 shows that the
proposed stability method provides better estimate of delay upper bound compared
to [14] for increasing delay derivatives, whereas the results of the proposed method is
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Table 2.5 Comparison of decision variables and LMIs for Example 2.1

Stability methods Decision variables No. of LMIs
Cor. 3 [36] 17n% 4 9n 6
Cor. 2.2 15n% + 5n 4

Table 2.6 (d,) results of Example 2.3 foru =0and pu < 1

Stability methods nw=0 uw=0.5

Cor. 3 [32] 0.0751 -

Cor. 1 [4] 0.0751 -

Cor. 1 [5] 0.0751 -

Cor. 1 [14] 0.1091 0.0723

[36] - 0.0736

Present method 0.0803 (§ 2.18) 0.0736 (Cor. 2.3)

found to be same when compared with the results obtained in [4, 5, 32, 36] for u = 0.
Note that the stability condition in [36] is not in a conventional LMI framework.
The advantage of the proposed method over [36] is indicated in Table?2.5.

Remark 2.22 The LK functional considered in Theorem 2.18 can be treated as gen-
eralized one as other choices of functional can be obtained from (2.135)—(2.137)
with following choices of the matrices described below:

1. setting P = P, =0, Py =P, Q11 = Q1p =0and O» = dg in proposed

LK functional yields the LK function of [32].
2. Pp=Pp =0, Pp=P, Qnu = Qnp =0and O» = Z5, 03 = R and
0> = R, in proposed LK functional yields LK functional of [5] and [4].

2.5.2 Stability Analysis of TDS with Two Additive
Time-Varying Delays

Consider the system X4 described in (2.11) satisfying the conditions (2.13), the
stability condition for this system is presented in the following theorem.

Theorem 2.19 ([42]) The system ¥4 described in (2.11) satisfying the conditions
(2.13)~(2.14) is asymptotically stable if there exist P = PT > 0,0, = QT >
0,0, =01 >0,0=0) >0,R =R} >0,R, =R} >0,R3=R] >0
and G1, G, G3, G4, My, M, M3, My, N1, N3, N3 and N4 are free matrices with
Q> > Qs. satisfying following LMI:
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Q211 Q2 Q13 Qg Ly M, Ny 7]
*x Q2 Q3 QL Lp M, N>
* * 933 934 L3 M3 N3
x * x Qu Ly My Ny <0 (2.166)
*  x * —dluRl 0 0
*  x  x ok * —#Rg 0
| x x x X * * —dLMZR3

where, 211=01 + 02 + G1A + ATGT + Ly + L1T + My + MT
Q=ATGY + LT — My + M + N\, Q13=G A4+ ArGY — Ly + LT + M — N,
Qu=P - G+ ATGI + LT + MI Qop=—(1 = dy1)(Q2 — Q3) — My — M + N, + NI
203=GAg — Ly — MI — Ny + NI, Qp4=—G, — MI + N}
Q33=—(1 —dy1 — di2)(Q1 + 03) + G3Ag + AL G — Ly — LT — N3 — NT
Q34=—G3 + AT GI — Ly — NI, and Quu=dy R\ + dy Ry + dyyR3 — G4 — GT

Proof Considering the LK functional candidate as

V() =Vi@t) + Vo) + V3() (2.167)
Vit) = xT (1) Px(t) (2.168)
Va(t) = / x"(s)Q1x(s)ds + / x"(s)Qa2x(s)ds
t—d, (t)—d» (1) t—d; (1)
t—d (1)
+ / xT(s)Q3x(s)ds (2.169)
t—d (t)—dx (1)

t t t t
V3(t):/ /)&T(S)Rl)'c(s)dsd9+/ /)%T(S)Qz)'c(s)dsde
t*dul 7d“2 0 t*dl,l 0

t—dy t
+ / / T (5) Q3% (s)dsd6 (2.170)
t_dul_duZ 0

Finding the time-derivative of (2.168)—(2.170). The time derivative of V3 (1) will be,
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Vi(t) =du5cT(t)R,5c(t)—/ T ()R x(s)ds
t—d,
+du15cT(t)R25c(t)—/ T (s)Rax(s)ds
t—dL,l
t—d,
+du2)'cT(t)R3)'c(t)—/ T (s)R3x(s)ds (2.171)
t—d,

As V3(1) contains integral terms so to formulate quadratic conditions we need to
replace them. For any symmetric positive definite matrices R, R, and R, the fol-
lowing inequalities are satisfied,

IA

—/ T ()R 1% (s)ds

—d(t)

— / T ()R 1% (s)ds
t—d,

A

—/ 1T (s)Ryx(s)ds < —/ 1T (s)Rax (s)ds

—dy1 —d (1)

A

t—d, t—d (1)
—/ 1T (s)R3x(s)ds < —/ 1T (s)R3x(s)ds (2.172)

—d, —d(t)

thus (2.171) can be written as,

t

V(1) < 2T (t)(d, Ry + dy Ry + dyp R3)x (1) — / T (s)R1x(s)ds
t—d(t)

t t—d(t)
—/ 2T ()R (s)dss —/ 1T (s)Rsx(s)ds (2.173)

—di (1) 1—d(t)

Removing the integral terms from (2.173) with the help of Newton-Leibniz formula
and introduction of free matrices. Free matrices L;,i = 1,2,3,4, M;,i =1,2,3,4
and N;,i = 1,2, 3,4 are introduced in the second, third and fourth integral terms
respectively in (2.173). The following identities with free matrices will satisfy

S =2[xTLi+xT¢ —di(®))Ls+ xT(t —d(t)) L3 + x(¢)L4]

t

x[x(t)—x(t—d(t))—/ #(s)ds] =0 (2.174)

1—d(t)

0=2[x"M +xT(t —di(O))My + x" (t —d(t))M5 + 2T (t)M,]

t

X[x(t) —x(@ —d, (1)) —/ X(s)ds] (2.175)

t—d; (1)
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0=2[x"N; +x"(t —d(t))N2 + x"(t — d(t))N3 + i (t)N4]
t—d (1)

x[x(@ —di(t)) —x(t—d@)) — / x(s)ds] (2.176)

t—d(t)

Simple algebraic manipulations along with the application of Lemma 2.1 one can
obtain following,

Li+LT LT —L,+LT LT

! T T * 0 —L2 0
— X ()R x(s)ds < )
/zdo) 1 : * % —L3— L7 —Lj 5
* * * 0
L L"
T Ly | -1 | L2
+&° (t)d, L R; L, E(t) (2.177)

Ly Ly

My + Ml —My+M] MI M]

_/zid,mﬂ(”w“)dsfg MR R 110
* * * 0
M, m "
+&"dy %ﬁ Ry %ﬁ £(t) (2.178)
M, M,
—dy®) 0 N —NIT 0
[ o zer| DT IR G e
* * * 0
N I
+£"d,, Zi Ry! %j () (2.179)
Ny Ny

In this formulation as system dynamics x(¢) is retained in the formulation, so intro-
ducing free matrices G;,i = 1, 2, 3, 4 system matrices are introduced in the LMI
expression as,

S =2x"G +xT(t —di(1)Gy +xT(t —d(1))G3 + %(1)G4)
x[—X(t) + Ax(t) + Agx(t —d(1))] =0 (2.180)
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Simplifying (2.180) one can write

G1A+ ATGT ATGY G1Ay+ ATGY -G, + ATGY

T * 0 GrAq —G» B
so . . GApATGT i |E0=0 218D
* * * —Gy—GT

where, £(t) = [x()T x(t — di(1)” x(t —d(1)T 21" |"

Substituting (2.177), (2.178) and (2.179) into (2.173) and then finally adding all
the derivative terms one obtains

Q211 Q12 Q13 Qg Ly M, N1 7]

* Q9 03 Qo4 Lo M, N,
*x x Q33 Q34 Lj M; N3
Viy<eT@| x x *x Qu L14 My Ny §(1) (2.182)
*  x x x —o R 0 0
*  x  x * * —%Rz 0
L * * *x * * * —ﬁR3_

The LMI (2.182) is defined in (2.166). This completes the proof of the
theorem. (I

Remark 2.23 Thenumerical example 2.1 is considered for validating the result of this
theorem. The delay-derivatives are assumed to be di(t) < 0.1 and d>(¢) < 0.8. Here
the delay upper bound d,,; or d,,, is calculated, when the value of either one is known.
By combining the two delay factors the results of some existing stability theorems
have been provided in the Tables2.7 and 2.8 respectively. The results validate the
fact that the formulation of the stability conditions in LMI framework by single delay
approach for ascertaining the stability of time-delay systems provides conservative
results compared to independent treatment of the delays.

Table 2.7 Computed delay bound d,,» for a given d,; with i = 0.1 and up = 0.8

Stability methods | d,; = 1 dy =12 dg =15 Remarks
Theorem 2.19 0.5188 0.4528 0.3777 T
[43] 0.512 0.406 0.283 t
[33] 0.415 0.376 0.283 +
[9, 13, 44] 0.180 0.080 Infeasible i
[45] Infeasible Infeasible Infeasible o
[18] Infeasible Infeasible Infeasible oo

“t’ —d;(t) and d; (1) treated separately
“#’-di(t) and d)(t) treated combinedly
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Table 2.8 Computed delay bound d,,; for a given d,,» with ; = 0.1 and pup = 0.1

Stability methods | d,» = 0.1 dy =0.2 d,3 =03 Remarks
Theorem 2.19 2.9182 2.3304 1.8324 T
[43] 2.300 1.779 1.453 i
[33] 2.263 1.696 1.324 i
[9, 13, 44] 1.080 0.980 0.880 kS
[45] 0.098 Infeasible Infeasible o
[18] 0.074 Infeasible Infeasible o

“t’ - dy () and d, (1) treated separately
‘£’- d)(t) and da(t) treated combinedly

2.5.3 Stability Analysis of TDS with Interval Time Varying
Delay

Consider the system X, described in (2.3) satisfying following conditions

0<d <d(t)<d, (2.183)
dp = d, — d (2.184)
0<dit)<pn (2.185)

To establish the stability condition using LK functional approach, the integral
inequalities arising in the LK functional derivatives need to be approximated by
tight bounding inequality to achieve less conservative delay upper bound estimate.
To do so, two different types of bounding inequalities have been proposed depending
upon the nature of the limits of integration in the integral inequalities and they are
discussed below.

e If the limit of integral inequality is certain, then the approximation can be done by
following bounding inequality,

—a T
_ T . 1 x(t —) —R R x(t —a)
/,_,s T O)RiO)d0 < [x(l_ﬁ)] [ : _R][x(l_ﬁ)](z.l%)

e If the limit of integral inequality is uncertain, then the following bounding inequal-
ity that can be used is,
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x(t —B) * —-N-—NT x(t —B)
x(t —a) r M | M T x(t —a)
*V[w—ﬁ)] {N]R [N] L(r—ﬂ)](z'lg”

where, y = f — «. The main result of the delay-range-dependent stability of the
time-delay system (X,) is presented below in the form of theorem.

—/tiaxT(e)R;e(e)de < [x(l—a)T [M-i-MT —M+NT] [x(z—a)}
t—B -

Theorem 2.20 System X, is asymptotically stable satisfying the conditions (2.183)—
(2.185) if there exist symmetric matrices P > 0, Q; > 0,i =1,2,...4,R; > 0,
and any arbitrary matrices of appropriate dimensions M, N;, j = 1,2 satisfying
the following LMIs:

0 &
[* —R2i| <o (2.188)
0 o, |
[* <o (2.189)
0 0 [®11 R O3 0
M o | * ©2023 0
where, ®; = N , P = M, =1 L O33 O34
0 N, | * x x Oy

On=PA+A"P+3 0;+ AT} R + R)A - R,

©135=PAy+ AT(d?R, + R)Ay + Ri, ©0=04 — Q) — R, +d;;' (M, + M),
Oz3=dy,' (=M1 + N,

O33=—(1 = w)(Q3 + Q4) + AL (d Ry + R)Aq + dj, (M2 + M) — N1 — N),
Os=d;,' (=Ms + NJ), Ou=—0, — d;,' (N2 + N )

Proof Selecting the LK functional candidate as

V() = x"(1)Px(t) +/ xT(0)0,1x(0)do
t—d;

t

+/ x1(0)0,x(9)do +/ x1(0)03x(9)do

—d, t—d(t)

t—d, t t
+/ xT(0)Q4x(0)d6 + d / 2T ()R x(s)dsd0O
t—d(t) t—d; J O
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t—d, t
+d,,! / / 17 (s)Rox (5)dO
t—d, 0
(2.190)

Finding the time-derivative of (2.190) one can obtain

3
V@)= 2T 0P +x" ()] 0x (1)

i=1

4
—(1 = dO)" (t — d)(S Qx(t — d(1)

i=3
—x"(t —d)(Q1 — Qu)x(t —d)) — x" (t —d,) Qrx(t — d,)

+xT(t)(d? Ry + Ry (1) —d,/ T(O)R,%(0)do
t—d;

t—d;
—d,;‘/ T (0) Ry (0)dO (2.191)
t—d,

Replacing x(¢) using (2.3) in (2.191) one gets

3
V() =2xT (1) PAx(t) + 2xT (1) PAgx(t — d(1)) + xT(t)(Z 0)x(t)

i=1
4
~(1 = d@)x" (¢ = d@) (D Q)x(t — d (1)
i=3
~xT(t = d)(Q1 — Qa)x(t —dp) — X7 (1 — d) Qax(t — dy)
H(AX() + Agx(t — d(@) {dF Ry + R} (Ax(0) + Agx(t — d()))

t t—d,
—d, / T (@)R1x(0)d6 — d,! / T (0) Ry % (0)dO (2.192)
t—d; t—d,

Now, using (2.186) the first integral term in (2.192) is approximated as,

o . xt) 1'[-Ri R x(t)
_dl/l_dlx (O)R,%(9)dO < [x(t—d;)} [ X _Rl] [x(t—d,)]

(2.193)
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Next, the last integral term in (2.192) can be written as,

t—d;

t—d;
—dy,! / T (O)Ryx(0)dO = —d, / T (0)R,x(9)dO
t—dy, t—d(r)

t—d(t)
—d;,! / T (O)Rx(0)dO  (2.194)
.

u

Now, using (2.187), one may approximate the two integral terms of (2.194) as,

t—d; _ T
_1 .T . x(t —dp) -1
—dy, /t—d(;)x <9)R2x<9)des[x(,f d(,))] [

T T _ T T
o M; + M; M1+N% to M, R2_1 M,
* —N1 — N, Ny N1

x(t —dp)
x [x(t_d(m] (2.195)
and,
=4 x(t —d)]"
—dz;I/ i (0) Ry (0)d6 < [ —d } {d;!
t—d, u
8 MT + MI —M, + NJ
* —N, — NZT
T
M. M
+(1—9)[N22}R21[N22} ]
x(t —d(1))
x [ £ —d) ] (2.196)
where,
_d@)—d,
o=—+—,0<0<1 (2.197)

dlu
In view of (2.185) one may replace the uncertain d(¢) by p in (2.192). Substituting
(2.195) and (2.196) into (2.194) and substituting the integral term (2.193) into (2.192)

one can get

V() <ET(O + 0P Ry O + (1 — 0) @Ry ' dDH)E() (2.198)
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where, ®, ;| and P, are already defined above and
§0) = [xT@) xT(t —d) xT(t —d) xT(t —d) |
To ensure the asymptotic stability of (2.3) the matrix ® + o® R, ! o7 + (1 —
0) PRy 1d>2T ) must be negative definite which further can be simplified in the fol-
lowing form,

0(® + & RO + (1 — 0)(® + 2R, 'd)) <0 (2.199)

The above matrix inequality holds equivalently can be written as the following two
LMIs.

O+ &R '¢ <0 (2.200)

O+ &R, "¢ <0 (2.201)

Finally using Schur-complement on (2.200) and (2.201) one can obtain the sta-
bility condition stated in (2.188) and (2.189).

For the case of d; = 0, one may set Q; = Q4 = R; = 0 in (2.190). Then
Theorem 2.20 reduces to following corollary.

Corollary 2.4 System X, with di = 0 is asymptotically stable satisfying the con-
ditions (2.183)—(2.185) if there exist symmetric matrices P > 0, Q; > 0,i =
2,3 R, > 0, and any arbitrary matrices of appropriate dimensions M;, N;, j = 1,2
satisfying the following LMIs:

Y B
[* _RJ <o, (2.202)
DIENCT
[* B Rz} <0, (2.203)
M] 0 211 212 0
where, E1 = | Ni |,Er=| My [,Z =] * X X3
0 N> *  x 233

Su=PA+ATP+ 30, 0i+ ATRA +d; (M) + M),
T1p=PAs+ ATRy Ay +d; (=M, + N]),

Tp=—(1— )03+ Al R Ay +d; (M + M] — Ny — N])
So3=d, ' (=M> + N]), £33=— Qs — d; ' (N, + NT)
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Numerical Example 2.4 Consider the system ¥, with the following constant matri-

ces
0 1 0 0
=[5 5] =[50

For a given delay lower bound (for different w) the delay upper bound estimates
are computed using the obtained LMI condition for Numerical Example 2.1 and
Numerical Example 2.4 that are tabulated in Tables2.9 and 2.10 respectively. The
computed results are compared with the existing results.

Remark 2.24 The proposed delay-range-dependent stability analysis is a modifica-
tion over the work in [5]. It is observed in [5] that, to reduce the conservatism in the
delay upper bound estimate, a convex combination of LMIs are derived by approxi-
mating the uncertain factor y = 8 — «. However, approximation of this y could not
be fully avoided in [5] as the terms d(¢) — d; and d,, — d(t) are assigned to zero.

To avoid the approximation on uncertain factor y stability analysis is derived using
both the integral inequalities (2.186) and (2.187), instead of using single bounding
inequality as in Lemma 1 of [5]. To implement the bounding inequality in (2.187)
along with (2.186) a new LK functional is proposed. The inequality in (2.187) is
used when the limit of integral is uncertain, else (2.186). This is an important feature
and in addition helps to improve the delay upper bound estimate.

Remark 2.25 Note that the present method emphasizes the less conservativeness of
the derived stability criterion based on the LK functional that belongs to the class
of (2.190). However, there exists LK functional that is based on delay partitioning
approach (where the delay intervals are further divided into sub intervals) as in [35]
and [47]. It appears that the use of such LK functional along with the present bounding
inequalities proposed in (2.186) and (2.187) may leads to further improvement in the
estimate of the delay upper bound estimate.

Remark 2.26 1In order to derive less conservative stability condition a separate class
of LK functional was considered that consists of triple integral as well as single-
integral terms with + — d; as the upper limit of integration in the latter term [46].
But it is observed from the results presented in Tables2.9, 2.10 and 2.11 that the
suggested modifications cannot effectively and consistently reduce the conservatism
in the delay bound estimate compared to the results obtained by the proposed method.
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Table 2.9 Computed delay bound d,, for different . (Example 2.1)

93

d; [35] [3] [5] ‘ [46] Present result
nw=0.5

0 - 2.04 2.0723 - 2.2594
1 - 2.07 2.1277 - 2.3303
2 - 2.43 2.5049 - 2.6127
3 - 322 3.2591 - 3.3147
4 - 4.07 4.0744 - 4.0900
n=0.9

0 - 1.37 1.5305 - 1.8502
1 - 1.74 1.8736 - 2.0550
2 - 2.43 2.5049 - 2.6127
3 - 3.22 3.2591 - 3.3147
4 - 4.07 4.0744 - 4.0900
nw>1

0 1.01 1.34 1.5295 - 1.8497
1 1.64 1.7424 1.8737 - 2.0550
2 2.39 2.4328 2.5049 2.5663 2.6127
3 3.20 3.2234 3.2591 3.3408 3.3147
4 4.06 4.0644 4.0744 4.1690 4.0900

Table 2.10 Computed delay bound d, for © = 0.3 (Example 2.4)

d; [3] [4] [5] [46] Present result
0 2.19 2.1959 2.2161 - 2.3369

1 2.2125 2.2128 2.2474 2.3167 - 2.4043

Theorem 2

2 2.4091 2.4179 2.4798 - 2.5871

3 3.3342 3.3382 3.3893 - 3.4766

4 4.2799 4.2819 4.3250 - 4.3978

5 5.2393 5.2403 5.2773 - 5.3394
Table 2.11 Computed delay bound d, for u > 1 (Example 2.4)

d; [35] [3] [4] [5] [46] Present

result

0 0.67 0.77 0.7744 0.8714 - 1.0420
0.3 0.91 0.9431 0.9860 1.0715 - 1.2301
0.5 1.07 1.0991 1.1325 1.2191 - 1.3713
0.8 1.33 1.3476 1.3733 1.4539 - 1.5960
1 1.50 1.5187 1.5401 1.6169 1.6198 1.7523
2 2.39 2.4000 2.4100 2.4798 2.4884 2.5871
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2.6 Robust Stability Analysis of Time-Delay System

The robust stability problem of time-delay systems considers parametric uncertain-
ties in the system matrices. The uncertainty arises in the system model due to fol-
lowing reasons:

1. System parameters are often not known accurately while modeling, rather the
ranges are known.

2. Due to the limitation on the part of availability of the mathematical tools, one
tends to create simple mathematical models that approximate a practical systems,
thus some aspects of system dynamics are ignored, which is known as un-modeled
dynamics.

3. Some control strategies are required to operate the systems under different oper-
ating conditions.

2.6.1 Characteristic of Structured Uncertainties [7]

To include these parametric uncertainties, a bounding set containing all possible
uncertainties in the set is considered that makes the mathematical analysis and syn-
thesis simpler. In the present discussion, the structured uncertainties are considered
for robust stability analysis. Consider a single time-delay system,

(1) = A(D)x (1) + Ag()x(t —d(1)) (2.204)

where, A(¢) and A,(¢) are uncertain system matrices, and defined within a compact
uncertain set IT as,

(A1), Ag()) € TI, V1 = 0 (2.205)

The various characterization of the structured uncertainties [7] are as follows,

(i) Polytopic uncertainty: In practice the parameters of the system are not com-
pletely known and may vary between lower and upper limits, and these uncertain
parameters are found to vary linearly in the system matrices. Thus, the collec-
tion of all possible system matrices form a polytopic uncertainty set. Say there
exist 7, uncertain parameters, then the number of uncertain elements in the set
ITis n, = 2"», as the parameters vary between upper and lower limits,

k=A% AN k=1,2,...n,

n,, is known as vertices. The uncertainty set IT is expressed as the convex hull
of these vertices as given by,
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M= [Zaknkmk >0.k=12,...n0: > o = 1]
k=1

k=1

(i) Sub-polytopic uncertainty: The subpolytopic uncertainty is more general than
polytopic uncertainty. In this case the uncertainty set & possesses n,, vertices
and the uncertainty set I is contained in the convex hull of the vertices

I CCO{ﬂi,iZ 1,2,...”,,1}

where, 7 = >"/", Bin;, for some scalar B; > Oand >/, B; = 1

1= 1=

(iii)) Norm-bounded uncertainty: Here the uncertain system matrices & = (A(¢),
Ay(1)) in (2.204) is decomposed into two parts, nominal part 7, = (A, Ay)
and the uncertain part Ar = (AA, AAy), thus 7 = 7, + Am. The uncertain
part can be further decomposed as [12],

AA = D,F,(t)E,
AAy = DyFs(t)E,

where, F,(t) and F,;(t) are unknown real time-varying matrices with Lebesgue
measurable elements satisfying

| Fa() | =1
I Fa(®) | =1

and, D,, D,, E, and E; are known real constant matrices that characterizes how
the uncertain parameters in F,(¢) and Fy(¢) enter the nominal system matrices
(A, Ag).

The delay-dependent robust stability conditions are generally obtained by directly
extending the stability conditions of nominal time-delay systems. To do so, the nom-
inal system A and A, are replaced by A(¢) and A,(¢) in the stability conditions
derived for nominal systems. The uncertain matrices/parameters that now appear
in the formulation of stability analysis are eliminated with the help of appropriate
bounding inequality lemma along with the condition || F,(¢) ||< land || F(?) ||< 1
to get the robust stability condition.

Note: Here, the robust stability analysis of an uncertain time-delay systems is
discussed for norm-bounded type uncertainty structure only. The time-delay system
with norm-bounded uncertainty structure is presented in details in Sect.2.2.2 from
(2.15)—(2.22).

Following lemmas are useful for deriving robust stability condition of an uncertain
time-delay systems with norm-bounded uncertainties.

Lemma 2.6 ([12, 13]) Let D, E and F be real matrices of appropriate dimensions
with || F || < 1, then for any scalar € > 0,



96 2 Stability Analysis of Time-Delay Systems
1

DFE+ ETFTDT < —DD" +€ETE (2.206)
€

Lemma 2.7 (S-Procedure for quadratic forms and strict inequalities [24]). Let
To, ..., T, €R™" be symmetric matrices. Considering the following conditions
onTy,..., T,

¢TToe > 0,Y¢ #0 (2.207)
such that,
ITe=0i=1,...p (2.208)

If there exists some scalars, T > 0, ...t, > 0, such that
i=p
Ty— > T >0 (2.209)
i=1

then, (2.207) and (2.208) holds.

2.6.2 Delay-Dependent Robust Stability Analysis

In this subsection, some relevant existing results on delay-dependent robust stabil-
ity analysis of time-delay systems considering norm-bounded uncertainties in the
system matrices are discussed to understand the application of lemmas 2.6 and 2.7
for eliminating the uncertain matrix from the derived stability condition in order to
obtain desired robust stability condition.

Several literature on delay-dependent robust stability analysis considering poly-
topic type model uncertainties can be found in [9, 28, 29, 48], and references cited
therein and are not discussed here as the present work focuses on norm-bounded
uncertainty structure only.

Theorem 2.21 ([25]) If there exist matrices P = PT > 0,0 = 07 > 0,X >
0,Y > 0, any matrix Z and scalars €, > 0 and €, > 0 such that following LMIs
hold:

Y, -Y+PA; d,ATZ PD, PD,

* —Q+e&ElE,d,AYZ 0 0

* * —d,Z d,ZD, d,ZD; | <0 (2.210)
* * * —e 1 0

* * * * —el
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XY
[* z} >0 (2.211)

where, Y11 = ATP+ PA+d, X +Y +Y" + Q+ e EI'E,, then the system (2.15)—
(2.16) is asymptotically stable for any time-delay satisfying 0 < d < d, and all
admissible uncertainties as defined in (2.19)—(2.20).

Proof Therobust stability condition in (2.210) can be obtained as a direct extension of
the stability results in Theorem 2.5. Note that, the stability condition in Theorem 2.5
was obtained for constant delay d.

Replace A and A, in (2.52) with A(z)! and A, ()2 respectively, which gives,

(1,1 (1,2) (1,3)
x =0 (2,3) (2.212)
* * —d,Z

where, (1, )=A"P + PA+d,X+Y+Y" +Q+ EI'F'DI'P+ PD,F,E,,
(1,2)=—Y + PAy+ PDsF E4, (1,3)=d,(EI' FI DI Z + AT 7),

(2.3)=d,(ETFT D} Z + A} Z)

Now, multiplying both the sides of (2.212) by any vector y; (i = 1,2, 3) and its
transpose one gets,

T

Y (1,1) (1,2) (1,3) Vi
»2 x =0 (2,3) 2 (2.213)
y3 * * _duZ y3

Expanding (2.213) one can get following cross terms involving the product of vectors
y; and the uncertain matrices,

y(E'FI'DI'P + PD,F,E))y:, Y PD4F4Esy,
duyl ETFI' DI Zyy and d,yI EY FI DY 7y,

Defining,
p=F,@®Ey, g=F,t)EqEqy,

Thus one can rewrite (2.213) in view of above as,

TA(t) = A+ AA(t), where, AA(t) = Dy Fy(t)E,.
ZA4(t) = A+ AAq(t), where, AAy(t) = Dy Fy(t)Ey.
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T

yi Xy -Y+PA;d,ATZ PD, PDy Vi
» * -0 d,AYZ 0 0 »
3 * * —d,Z d,ZD, d,ZD, | | vs (2.214)
p * * * 0 0 )4
q * * * * 0 q

where, X;, = A TP+ PA+d,X+Y+YT+0Q
It may be noted that as the elements (5,5) and (6,6) in (2.214) are zero, so it cannot
be solved for negative definiteness. To overcome this problem one can have,

eip’ p < e1y] ELEay1, with || F,(t) <1
€q"q < ey1 EY Eqys, with || Fy(t) <1 (2.215)

where, €; > 0 and €5 > 0.

Now, applying Lemma 2.7 (S — procedure), one can combine (2.214) and (2.215) to
obtain the LMI condition of (2.210). As, the LMI condition in (2.211) do not contain
any uncertain terms so it remains unchanged as in (2.53) (see Theorem 2.5).

Theorem 2.22 ([13]') Given scalars d, > 0 and u < 1, satisfying the conditions
0<d(t) <d,andd(t) < u < 1, the uncertain system (2.15) is robustly stable if
there exist symmetric positive definite matrices P = PT > 0, 0 = QT > 0 and

X1 X
Z = ZT > 0, a symmetric-semi-positive-definite matrix X = [ XlTl Xu] > 0, any
12 422

matrices Y and T such that following LMIs hold:

¢ +€E'E, ¢1o+€E'E,; d,A"Z PD

B * ¢+ €EVE; d,AYZ 0
¢ = . N —d,7 dyzp | =0 2210
* * * —el
X XY
*x *x Z

where,¢p;;=PA+ATP+Y + YT + Q+d, X1
¢12=PA; — Y +Y" +d,Xpand ¢po=—T —T" — (1 — p) 0 + d, X2

Remark 2.27 The proof of this theorem follows directly from the stability condition
derived in Theorem 2 of [13] by replacing the A and A; matrices with A4+ DF (¢)E,
and A; + DF (t)E,. In this method to establish the the robust stability condition in
an LMI framework the uncertain matrix F () has been eliminated using Lemma 2.6
instead of using (S — procedure) Lemma 2.7.
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Theorem 2.23 ([14]) Consider the uncertain systems (2.15). Given the scalars
d, > 0and p > 0, the system described in (2.15) is robustly asymptotically sta-
ble for any time-delay satisfying the conditions 0 < d(t) < d, and d(r) < n <1,
with the admissible uncertainties (2.19)—(2.20) satisfying (2.21)—(2.22), if there exist
symmetric positive definite matrices, P, Q, R, T, matrices S; (i = 1,2...,4) with
appropriate dimensions and scalars €; (i = 1, 2), then following LMIs hold:

(211 2 i3 T4 Zis Zie PiiD. PuDg uPr |

x Yo X3 Xy Xos X O 0 0
x x =011 Zn 0 0 PLD, PLD; Py
* * * 244 0 0 0 0 0
*  * * * —01 —01n X577  Xsg 0 <0 (2.218)
* * * * * —Q22 267 268 0
*  x % * * * —el 0 0
*  * * * * * * —el 0
*  x * * * * * * —uT
P=|:P“ Plz} >0, with Py >0 (2.219)
* Py
O On
0= [ A sz} >0 (2.220)

Where, 21]= ATPH + P]]A + R+ Sl + SIT +€]E5Ea, 212=P11Ad — SIT + S2
T13=AT Py + 83, T1a=Pp — S| + Sa, Tis=d,(Q11 + AT Q0],)
Ti6=dy(Q12 + A7 02), Too=—(1 — wWR +uT — ST — S, + ETE,
T03=Al Py — 83, Tou=—S1 — Su4, Tos=d, Al Q1,, Tre=d,Al 02
T3=Pn — Q01— 81, Zu=—0n—58{ — S
Ys57=d, Q12Da, Lss=d, Q12Da, Le7=dy 022Dy, and Yeg=d, Q2 Dy

Proof This theorem can be proved by directly extending the stability condition (2.95)
(see Theorem 2.12). To accomplish this one can replace A and A; by A(¢) and A, (t)
in (2.95) and subsequently the resulting matrix inequality is decomposed into nominal
and uncertain matrices as,

> +2r 43, <0 (2.221)

un

where the uncertain matrices are defined as,

Yun = D1F,(0)E1 + Dy Fy(1 E>
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and, Dy = [DI'P;; 0 DI Py, 0 d, D! QY, d,DI Q5 01", E; =[E, 0000 0 0],
D, =[D} P, 0 D} P, 0d,D} QF, d,D} 0 0]" and E, = [0 E; 000 0 0].
Employing Lemma 2.6 and Schur’s complement on (2.221) one can obtain the

LMI condition (2.218). If the uncertainties in (2.19) and (2.20) are given as

D,=D;=D F,(t) = F4(t) = F(t)
then the LMI condition in (2.218) reduces to the following LMI condition,

i X2 i3 Ty X5 X PuD plPrp
Yy X3 Yoy Xos X O 0

*x =011 X 0 0 PLD uPy
* * 244 0 0 0 0

x =011 —Qnp %57 0 <0 2:222)
x x —Q0»n Xe 0
* * * —€l O
*

* * * —uT

LD D A .

* % o+ %
* % o %

where,Z11= AT Pj; + PlUA+ R+ S1 + ST + €El'E,, S1o=P11Aq — ST + S, +€El'Ey
T13=AT Piy + S3, Z14=P1p — ST + S84, T15=d,(Q11 + AT QL)
T16=du(Q12 + A7 02), To=—(1 = )R+ uT — 5] = S» +€EJ Eq
T03=Al Py — 83, To4=—57 — S4, Tas=d, Al O1,, Tre=d, Al 02
£34=Pn — Q12 — 87, Bas=—Q0m — 8] — S4 s57=d, 012D, Te67=dy 022D

In [36] a delay-dependent robust stability condition has been proposed using new
type of LK functional and integral inequality lemma of [25]. The uncertain time-
delay system in (2.15) for + > 0 with an assumption that D, = D; = D and
F,(t) = F;(t) = F(t) is expressed as,

X)) =(A+DFM)E)x(t) + (Ag+ DF(t)Ey)x(t — d(t))
= Ax(t) + Agx(t —d(t)) + DIF(t)E,x(t) + F(t)Egx(t — d(t))]
=Ax(t) + Ayx(t —d(@)) + Dp(t), YVt € [—d,, 0] (2.223)

where, p(t) = F(t)q(t)andq(t) = E,x(t)+E x(t—d(t))and F(t)T F(t) < y 1.
The LMI stability condition for the uncertain system described in (2.223) is presented
below.

Theorem 2.24 ([36]) For a given vy, the delayed uncertain system (2.223) with
d(t) < w is asymptotically stable if there exist symmetric matrices P > 0, Q¢ >
0,01 >0,5 >0,8 >0, Y1, Y12, Yoo, Z11, Z12, Z2> and X such that the follow-
ing conditions hold,
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0> X(Ae] + Age; —e; + Del) + Yia(ey —ex)’ +d, Yy
+(e1 AT + es Al — ey +esDTYST + (e — e Y],
+(eEl + e2Ef)(Eve] + Egel) + Zin(er — e3)"
+(ey — 63)ZIT2 + e4PelT + elPeZ - - M)eleezT
+dyes(So + S)es +e1(Qo + Onel —e3Qoel — yesel  (2.224)

0> Z(Ael + Agel —el + Del) + Yia(e) —e)” +d, 21,
+(e1 AT + Al — ey +esDTYET + (e) — e Y],
+(e1El + e2EN)(Esel + Egel) + Zin(er — e3)"
+(ey — 63)Z1T2 + e4PelT + elPeZ -1 - y,)engeZT
+dyesSoes +e1(Qo+ Qu)ef —e3Qoey — yPeses (2.225)

Y Y Z11 Z
[ ll Yz] > 0, [ il Z;] >0, So = Z, So+ (1 —w)S; =Yy (2.226)

Remark 2.28 The stability method in Theorem 2.24 uses a new LK functional of the
form,

t t
V() = xT () Px() +/ xT(s)Qox(s)ds +/ xT(s)01x(s)ds
t—d, t—d(t)

0 t 0 t
+ / / T (@) Sox ()dads + / / T (@) S1x(@)dads (2.227)
—dy Jt+s —d(t) Jt+s

with Qp, Q1, Spand S; are symmetric positive-definite matrices. One may note that,
the delay-dependent functional (double integral) term in (2.227) contains uncertain
limit of integration which is usually not used in any LK functional, in this regard the
chosen LK functional is new. The time-derivative of the functional in (2.227) yields
two quadratic integral terms of the form,
t t
—/ xT(s)Sox (s)ds, and (1 —d(1)) xT(5)81x(s)ds
t—d, 1—d(r)

The information of the system matrices are incorporated into the formulation by
introducing one more matrix variables to satisfy the following,

0=2x" (1) (Ae] + Age; —e) + Del)x (1) (2.228)

where, x(t) = [xT(t) xT(t —d@)) xT(t —d,) %) pT@®)]" and e; (i = 1,..5)
are corresponding block identity matrix. For handling the uncertainty, one more
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constraint is introduced which is of the form,
0<q"(q@) —y*p'(t)pt) (2.229)
this can further be written as,
0 < x"MO(e1E] + e2E])(Eqe] + Eqel) — y*p' ()pM)}x (1) (2.230)

The integral terms shown above are approximated using integral bounding lemma
(Lemma 2.3) which is further added with the other derivative terms of LK functional
along with the terms of (2.228), the resulting quadratic expression is finally combined
with (2.230) using S — Procedure lemma to get V(t) expression of the form,

V() < xTO{dOT + (d, — dO))T+ Qx (1) — / T @ ()ds
—/(~)T®2(-)ds (2.231)

where, I, T, 2, ®; and &, are matrices of compatible dimensions. The detailed
structure of the matrices can be found in [36]. The above expression is a convex
combination of matrices I' and IT on d(¢) that can be further expressed by two
matrix inequality conditions as,

1. When d(¢) = 0 one can write
dul'I+Q—/(.)T<I>1(.)ds —/(.)T®2(.)ds <0
S 52
2. When d(t) = d,, one can write

duF-i—Q—/(.)Td)l(.)ds —/(.)TCI>2(.)ds <0

In order to guarantee the negativity of V(¢) in (2.231), first one has to impose two
matrix inequality constraints, ®; > 0 and ®, > 0 such that the quadratic integral
terms in the above expression remains semi-positive definite. In addition to these
constraints two more LMI constraints due to the use of bounding lemma (Lemma 2.3)
need to be satisfied (refer (2.226)).

Note that, the number of LMIs used are six and number of matrix variables
involved are 12, so this theorem has still room for improvement in terms of reducing
the number of LMI constraints and matrix variables by using efficient bounding
inequalities as proposed in the stability condition in Sect.2.5.3.

For detailed proof of Theorem 2.24 one can refer [36].
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For convenience of the discussion of the main results of this chapter, some pre-
liminaries including few definitions, basic theorems on robust stability of time-delay
systems which are related to the main results on delay-dependent robust stability
analysis are presented in preceding sections.

2.7 Main Results on Delay-Dependent Robust Stability
Analysis of TDS

In this section, delay-dependent robust stability conditions for uncertain time-delay
systems in an LMI framework are presented. The additive uncertainties are assumed
to be of norm-bounded type (explained in Sect.2.6.1). For robust stability analy-
sis, an uncertain time-delay system described in (2.15)—(2.20) satisfying the condi-
tions (2.21) and (2.22) (refer Sect.2.2.2 of the chapter) is considered.

The delay-dependent robust stability conditions are direct extension of the stability
analysis of TDS as discussed in Sect.2.5.1. The nominal matrices A and A, in the
stability condition are replaced by the uncertain matrices A(¢) and A;(¢). With the
proper choice of lemma (i.e., 2.6 or 2.7) the uncertain matrices are eliminated.

2.7.1 Delay-Dependent Robust Stability Analysis of TDS with
Single Time Delay

Considering an uncertain time-delay system (2.15) with the structure as described
in (2.17)—(2.20), satisfying the condition (2.21)—(2.22). The robust stability condition
is presented in the following theorem by constructing a new LK functional and
subsequently using improved bounding inequalities for the integral quadratic terms
arising in the LK functional derivative which, in turn, yields convex combination of
LMIs.

The main contribution of the proposed method have already been discussed in
Sect.2.5.1 (see Remarks 2.20-2.22).

Theorem 2.25 For given scalars d, > 0 and ¢; (i = 1,2) > 0, the system (2.15)
is robustly asymptotically stable satisfying the conditions (2.5) and 0 < u < 1,
for the admissible uncertainties (2.19)—(2.20) satisfying (2.21)—(2.22), if there exist
symmetric positive definite matrices P, Q, R; (i = 1, 2), any free matrices L; (i =

1,2,3), M; (i = 1,2,3) and G;(i = 1,2) such that, P = P‘Tl Py, 0=
Piy P

Qu 0 > 0, then the following LMIs hold:
0 0O
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E uP dM D, D, |

* —uT 0 0 0

*x 0 —0»n 0 0 |<O (2.232)
x 0 0 —I O

*x 0 0 0 —el

E uP d,L D, D, |

* —uT 0 0 0

x 0 —0»n 0 0 |[<0O (2.233)
x 0 0 —lI O

*x 0 0 0 —el

where, L=[LT LT LY 000]", M=[MI MI MI000],
D, =[DIG;0000D!G,]", D,=[DJG,0000DLG,]", Pis
defined in (2.132) and

En B Bz B 0 Eg
* Ep ;s By 0 B
— * * E33 O 0 O 2234
E= - (2.234)
x x 0 —0pn 0 Eg
0O 0 O 0 -0 O
* * 0 * 0 E66

where,

En=Qu+eaElE, Enp = Qip, B3 =Qq3, 14 = Qu4, B16 = Qs

Exn = Qun+ &EJEy, B = Q3, Exu = Qu, Ex= Qs

H33 = Q03, B4 = 46, Bes = 266
the elements of matrix  (2; ;, i = 1,..6; j =1, ..6) are already defined in stability
Theorem 2.18.

Proof The proof of this theorem follows directly from the stability condition in
(2.132)—(2.134). The nominal matrices A and A, appearing in 2 matrix in (2.132)
are replaced by time-varying matrices A(¢) and A, (#) which are defined as,

A(t) = A+ AL)

Ag(1) = Ag + Ay(1)

where A,(t) = D, F,(t)E, and A,(t) = D, F,(t) E;. With these replacement in 2
matrix one can get resulting matrix as,
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Qi1la Qui2la Q13 Q14 0 Qigla
x  Qp Qo3 Qg 0 Qogla

* 933 0 0 0

x* 0 =0 0 Qg

0 0 0 -0, O

* 0 * 0 966

[
Il

(2.235)

* O * *

where, Q11|a=d2 Q11 + GT A(t) + AT(1)Gy + Pio + PL + Ry + Ry +dy (L1 + LT)
Qu20a=G] Ag(t) = Pia +duy(—Ly + LT + My)
Qu3=dy (LY — My), Qu4=Pp, Qiela=P11 — G| + AT ()G,
Qp=—(1— wRy — uT +dy(—Ly — LY + My + MT)
Q3=dy (—My + MI — LT), Qo4=—Pr, Qpe=A1 G2
Q33=dy(—M3 — M1) — Ry, Qe6=—G2 — G} +d20»

The matrix in (2.235) can be further decomposed in the form,

E = Quom + Qune (2.236)
where, 2,,,» = €2 and €2,,. can be represented as,

Qune =+ 27 (2.237)

where,

Y = D F,()E; + D2 F (1) Ey (2.238)

D, =[DIG,0000D!G,]",

D, =[DIG,0000D}G,]",

Ey=[E,00000],

E;=[0E,;0000].

Using Lemma 2.6 one can write (2.237) as,
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Y+ 32" <qElE +ElE;+¢;'DiD] +¢'D,DI (2.239)

So, in view of (2.239) and with the application of Schur-complement one can
obtain the LMI conditions (2.232)—(2.233), while remaining conditions P > 0 and
Q > 0 remains same as in stability Theorem 2.18 as they do not contain A and A,
matrices. This completes the proof. (I

If the uncertainties in (2.19) and (2.20) are defined as,

AA(t) = DF(1)E,
AAy(t) = DF()Eg, FT(1)F(t) < I (2.240)

then with D, = D; = D, Theorem 2.25 can be modified in the form of following
corollary.

Corollary 2.5 Letd, > 0 and € > 0 be given scalars, the system (2.15) with (2.5)
and 0 < pu < 1 is robustly asymptotically stable for the admissible uncertainties
(2.19)—(2.20) satisfying (2.240), if there exist symmetric positive definite matrices
P, O, R; (i = 1,2), and any free matrices L; (i = 1,2,3), M; i = 1,2, 3) and

G; (i =1,2) such that, P = [iz gj >0, 0= |:Q0” Q()22:| > 0, the following
LMIs hold:

e ,uf’ d,M D
* —uT 0 0
« 0 —0xn 0 <0 (2.241)
|+ 0 0 —el |
B ,uf’ d,L D |
* —ul 0 0
S0 om0 | <0 (2.242)
|+ 0 0 —el |
where, D= [DTGI 0000 DTGZ]T, and
En @12 ?13 ?14 0 @16
* Bp B3 Bx 0 Ei
g_| * * B3 0 00 (2.243)
*x x 0 =011 0 Eg
0 0 O 0 —0n O
* * 0 * 0 E66

where, B11=1 + EEZEQ, E12=212 +€E5Ed,
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13=8213, E14=QR14, E16=R16
— T Sy 2= 2=
2=0n + e E; Ey, E23=3, E24=Q, B26=L0

T [ It

E33=8203, E46=26, E66=5266

The the elements of matrix Q (2; ;, i = 1,..6; j = 1, ..6) are defined in stability
Theorem 2.18.

If u = 0 (i.e., constant time-delay case) and the uncertainty structure is as defined
in 2.240) then the robust stability condition for an uncertain system satisfying the
condition FT(+)F(¢t) < I, will follow directly from Corollary 2.5 by substituting
u=0.

Corollary 2.6 Let d, > 0 and € > 0 be given scalars, an uncertain time-delay
systems is robustly asymptotically stable for w = 0 and admissible uncertain-
ties described in (2.19)—(2.20), if there exist symmetric positive definite matrices
P, O, R; (i =1,2), and any free matrices L; (i = 1,2,3), M; (i = 1,2,3) and

G; (i =1,2) such that, P = [iz gj >0 Q= |:Q011 Qozz:| > 0, the following
LMIs hold:

g dM D

* —0x»n 0 <0 (2.244)
| » 0 —el |
(& d,L D |

* —0x» 0 <0 (2.245)
| * 0 —el |

where, D is defined in corollary 2.5. and

En B Epn Bu 0 Egp
*x Bplu—0 B2z B4 0 &6
= |« « Bz 0 0 o0
5 _ B3 AU (2.246)
* * 0 —0n 0 CEu
0 0 0 0 —0y 0
* * 0 * 0 E66

where, Ex = —R; +d,(—Ly — L} + My + M)+ €E] E; and rest of the elements
of Z are same as in Corollary 2.5.

To illustrate the effectiveness of the proposed theorem three numerical examples
are considered and the results are compared in tabular form with the existing robust
stability methods.
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Numerical Example 2.5 ([14, 36]) Consider the uncertain time-delay system (2.15)
with the following constant matrices

2 0 “10
a=[55) a=[50]

16 0 0.1 0 10
E“Z[o 0.05] Ed:[o 0.3] D“ZDdZDZ[m]

The analytical value of the delay upper bound d, considering F(t) = I is found
to be 1.3771 [14] for uw = 0, so it cannot be more than 1.3771 for any given
uncertainties defined in (2.240) as FT (t)F (t) < I. The results obtained for different
delay-derivatives |1 are presented in Table2.12.

Numerical Example 2.6 ([14]) Consider the uncertain time-delay system (2.15)
with the following constant matrices

—0.5 —2 -0.5 —1
AZ[ 1 —1] Ad:[ ~1 0.6]

020
Ea=|:O 0.2i|, =E;, and D,=D; =D =1

The results obtained for this Example using Theorem 2.25 for different delay-
derivatives () are presented in Table2.13.

Numerical Example 2.7 ([14]) Consider the uncertain time-delay system (2.15)
with the following constant matrices

Table 2.12 (d,) results of Example 2.5 for0 < u < 1,d; =0

Stability n=20 nw=04 n=0.5 n=0.6 n=0.28 n=09
methods

[12] 0.2086 * * * * *

[18] 0.2299 - 0.1758 - - 0.0557
[25] Infeas. * * * * *

[27] 1.1490 - 0.9247 - - 0.6710
[40] 1.1490 0.973 0.9247 0.873 0.760 0.6954
[38] 1.03 0.61 0.40 0.18 -

[14] 1.1623 - 0.9273 - - 0.6954
[36] 1.149 1.077 - 1.070 1.068 -

Cor. 2.6 and | 1.1606 1.0778 1.0733 1.0708 1.0686 1.0686
Cor. 2.5

‘~’ means result is not available in reference, ‘*’ means improper
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Table 2.13 (d,,) results of Example 2.6 for 0 < u < 1,d; =0

Stability methods nw=0 nw=0.5 nw=0.9
[12] 0.3010 * #*

[18] 0.3513 0.2587 0.0825
[25] 0.5799 * *

[27] 0.6812 0.1820 0.1820
[40] 0.8435 0.2433 0.2420
[14] 1.8542 0.3459 0.2542
Cor. 2.6 and Cor. 2.5 |0.8435 0.3972 0.3972

‘~’ means result is not available in reference, ‘*’ means improper

-2 0 -1 0
Az[o —0.9}’ Ad:[—1—1]
02 0

D“ZD":DZ[O 0.2

:|, and E,=E;,=E=1

The delay upper bound estimate obtained (i) using Corollary 2.6 is d,, = 2.4317 for
w = 0(ii) using Corollary 2.5 ared, = 1.5276 and d, = 1.2658 foru = 0.5and 0.9
respectively, whereas the corresponding results obtained in [14] for u = 0is d, =
2.4390, and d,, = 1.3214 and 0.7938 for u = 0.5 and 0.9 respectively.

Remark 2.29 1t may be noted from Tables2.12 and 2.13 that the proposed method
gives less conservative estimate of delay upper bound compared to the [14] for non
zero delay derivatives for all the systems. It may be emphasized here that the stability
method adopted in [14] leads to better delay upper bound only for u = 0.

2.7.2 Robust Stability Analysis of TDS with Delay Varying in
Ranges

Theorem 2.26 Given a system (2.15) for u > 0 with the admissible uncertain-
ties (2.19)—(2.20), satisfying the conditions (2.21)—(2.22) and (2.183)—(2.184) is
robustly asymptotically stable, if there exist symmetric matrices P, Q; > 0,i =
1,2,...4, R; > 0, any free matrices of appropriate dimensions M;, N;j, j =1,2
and the scalars €; > 0 (i = 1, 2) such that the following LMIs hold:

v & Dy D,
* —R, O 0
* 0 —61[ 0
* 0 0 —62]

<0, (2.247)
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v & D D,
* —R2 0 0
* 0 —61] 0
* 0 0 —621

<0, (2.248)

where, ®, = [0 MI NT 000]", @, =[00 M! NJ 00],

D =[DIP0004DIR DIR,]", D,=[DIP000&DLR, DIR,]"

and
Orilazo + €1 ETE, Ry O13]a=0 0 Oi5/a=0 Orsla=o
* ® O3 0 0 0
W= * * O33]a0 + ©EIE; O34 O35]a—0 O36/a=0
- * * * (om 0 0
* 0 * 0 —R; 0
* 0 * 0 0 —R2

Onla=o=PA+ ATP + 37, Qi = Ri, ©131a=0=PAq + R1, O15la=0=diATR),
O16la—0=AT Ry, ©®0=04 — Q1 — Ry +d;;' (M + M]), ©23=d;,' (M + N]),
Ox=—(1 — W)(Q3 + 04) +dy,' (M + M} — N1 — NT),

Ou=d;,' (~M> + NI, @35s|a—0=d| AT Ry, O36|a—0=A R, O44=— Q5 — d;,' (N2 + NT)

Proof The proof of this theorem follows directly from the stability conditions derived
in Theorem 2.20 for nominal time-delay systems. The nominal matrices A and A,
appearing in ® matrix of (2.188) and (2.189) are replaced by time-varying matrices
A(t) and A, (¢) respectively, and then using Schur-complement one can rewrite matrix
® as,

O R O3 0 O15 O

* @22 @23 0 0 0
| * x O33 03 O35 Oz
O0) = « % x Ou 0 0 (2.249)
* 0 « 0 —-R; O
* 0 * 0 0 —R2

©11=PA() + AT ()P + 3}_| Qi — R, ©13=PA4(t) + R, ©15=d;AT (1)Ry,
©16=AT (1)Ry, ©20=04 — Q1 — Ry +d,;1(M1 + MIT), O3=dlu~" (=M + NIT),
O33=—(1 — w)(Q3 + 04 + dful(Mz +MF — Ny —ND),

O34=d;, (—=Ma + NJ), ©35=d Aq()T Ry, @36=Aq(1)T Ry, Oss=— 02 — d;, ' (N2 + NJ)
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Now, A(¢) and A, (¢) are substituted in (2.249) with the values as defined in (2.17)
and (2.18) respectively and subsequently separating nominal and uncertain matrices,
one can rewrite (2.249) as,

O() =0la=0+ A (2.250)
where,
A=T+T1" (2.251)
and
=D F,)E + DyFs(t)E; (2.252)
where,

D =[DIP000dDIR DIR,]", D,=[DIP000dDLIR DIR,]",
E, =[Ea00000],E2=[00Ed000].
Using Lemma 2.6 for eliminating the uncertain matrix, one can write (2.252) as,
NM+0" <eE'E\+«ElE; +¢'D\DI +¢'D,DY (2.253)

So, using (2.253) in (2.250) and applying Schur-complement one can obtain the
LMI conditions (2.243) and (2.248).

If F,(t) = F;(t) = F(¢t) and D, = D; = D, then the above theorem is stated in
the following corollary.

Corollary 2.7 System (2.15) for u > 0 is robustly asymptotically stable with the
admissible uncertainties defined in (2.240) satisfying the conditions F(t)T F(t) < I,
if there exist symmetric matrices P > 0, Q; > 0, i =1,2,...4, R; > 0, any
matrices of appropriate dimensions M;, N;, j = 1,2 and the scalars ¢; > 0 (i =
1, 2) such that following LMIs hold:

(v &, D ]
*x—R, 0 | <0, (2.254)
| * 0 —61_
(v &, D ]
*x—R, 0 | <0, (2.255)
| * 0 —61_

where,
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D=[D"P000dD R D"R,]",

and,
O11la=o + €E'E, Ry Ou3lac0 +€EI'E; 0 ©Ois|a—o Ot6la=o
* @22 @23 0 0 0
W= * * O33]ac0 + €ENEq O34 O35]a—0 O36]azo
- * * * Ouy 0 0
N 0 x 0 —R 0
* 0 * 0 0 —R2

Note: V¥, ©| and ®, are defined in Theorem 2.26.

If d; = 0 and the uncertainties are as defined in (2.240) then the Corollary 2.4
(stability condition of nominal TDS) can be extended for obtaining the corresponding
delay-range-dependent robust stability condition which is presented below.

Corollary 2.8 Given a system (2.15) with d; = 0 for u > 0 is robustly asymp-
totically stable with the admissible uncertainties defined in (2.240), if there exist
symmetric matrices P > 0, Q; > 0, i = 2,3 Ry, > 0, and any free matrices
of appropriate dimensions M;, N;, j = 1,2 and the scalar ¢ > 0 such that the
Sfollowing LMIs hold:

'r B, D |
*x—R, 0 | <O, (2.256)
| * 0 —eI_
[T 8, D ]
*x—R, 0 | <o, (2.257)
| * 0 —61_

il 0 ATRy
* Ty Iz ATR,
* * F33 0 ’

* * x —Rp

where, I' = and

Tn=PA+ATP+37 0, +d; (M, +M") +€ETE,,
I'p=PAs+d; ' (=M, + N]') + €E!'E,,
To=—(1— )03 +d, ' (My+ MI — Ny — NI') + €eETE4, To3=d ' (=M, + NT),
T33=—0, —d,; (N, + Nj)

The matrices E; and E, are already defined in Corollary 2.4 while matrix D is
definedas D =[D"P 00 D'R, 0].

The delay upper bound estimates using Corollary 2.7 and 2.8 for the numerical
examples 2.6 and 2.7 are computed when (i) d; < d(t) < d, (where d; is specified)
and (ii) 0 < d(¢) < d,, for different u (delay-derivative) values.
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Table 2.14 d,, results of Example 2.6 for 0 < u < 1 for specified d;

Stability methods " d; d,
[37] 0.5 0 0.31
0.5 -
[37] 0.9 0 0.31
0.5 -
Corollary 2.8 0.5 0 0.3972
Corollary 2.7 0.1 0.2783
Corollary 2.7 0.2 0.3688
Corollary 2.7 0.5 0.6076
Corollary 2.8 0.9 0 0.3972
Corollary 2.7 0.1 0.2783
Corollary 2.7 0.2 0.3688
Corollary 2.7 0.5 0.6076

Table 2.15 d,, results of Example 2.7 for 0 < u < 1 for specified d;

Stability methods % d; d,
Corollary 2.8 0 0 2.3970
0.5 0 1.4818
Corollary 2.7 0.5 0.1 1.4952
0.5 1.5234
1 1.5458
2 21277
22 2.2612
2.38 2.3851
Corollary 2.7 0.9 0.1 1.2526
0.5 1.3199
1 1.5391
2 2.1279
22 2.2612
2.38 2.3851

The numerical results presented above suggests that the proposed method improves
the results over the published paper [37] mainly due to the (i) new LK functional (ii)
tighter bounding conditions (2.193) and (2.194) used in the robust stability analysis.
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2.8 Delay-Range-Dependent Stability Analysis of
Uncertain TDS by Delay Partitioning Approach

In this section, a robust delay-range-dependent stability method in the frame work of
delay partitioning approach is considered by adopting the LK functional in [47] (here
the delay range between d; to d, is divided into two equal intervals § = %) and
using the proposed bounding inequality discussed in Theorem 2.20 (see Sect. 2.5.3).
The stability analysis is presented below in the form of theorem.

Theorem 2.27 Givenasystem (2.15)for0 < d; <d(t) <d,, 0 < u < 1isrobustly
asymptotically stable with the admissible uncertainties defined in (2.240) satisfying
the conditions F (t)T F(t) < I, ifthere exist symmetric matrices P > 0, Q; > 0,i =
1,2,3, R; > 0, and any free matrices of appropriate dimensions M;, N;, j = 1,2
and the scalar € > 0 such that the following LMIs hold:

Dy(a) P2
[ N —61] <0 (2.258)
D1(b) P12
[ N _61] <0 (2.259)
where,
T R PRI Rchee] FRCET

®,=[DTP0000SD'R, DTR,]" ,and

O110) 01200 0 Ry O
*  Oxn) 023 64 N
@]1((1) = * * 933 934 0 (2261)
* * * 944 M1
* * x *x —Rp
[ 01100y 61200 0 Ry O
*  Oxn) 023 6a M>
@1](b) = * * 933 934 N2 (2262)
* * * Oy O
* * x * —Rp
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SATR, ATR,
T T
SATR, ATR, R0
@12 = O O N @22 = 0 —R
0 0 2
0 0

The elements of the ©11(a) and ®1(b) are as follows,
01](0)=PA =+ ATP =+ 21»321 Qi — R], 012(0)=PAd,

Oy=—(1 — @) Qa2 +d;,' (My + MI — Ny — N), 0r3=d;,' (=M, + NT),
0r4=d;,' (—M] + Ny), O33=d;;,' (=N] — N») — Q3

Ou=dy,' (M{ + M) — Q1 — Ry, $="4%, di=(d, — )
Proof Considering the similar type of LK functional as in [47],

Vi(t) = Vi(t) + Va(t) + V3(1) + Va(t) + Vs (1) + Ve(2) (2.263)

where the individual functionals are as follows,
t

Vi(t) = xTPx(t), Va(t) = / () 01x(s)ds, Va(t) = / X7 (5) Qax (s)ds
t—§8 t

—d(t)

t 0 t
V4(t)=/ xT(s) 03x(s)ds, V5(t)=5/ / xT(@)R,x(0)dbds
r—d, -8 Jt+6

-8 t
Vo(t) = dp,' / / xT(0) Ryx(0)dbds
—d, Jt+0

Note that, the Vg (¢) functional term selected here contains a factor d,;l whereas in
[47] it appears as d;,, this modification is required in the functional in order to use
the proposed bounding inequality described in Sect.2.5.3.

3
V(@) = 25" (1) Px(t) +xT(t)(Z 0)x(t) — (1 — p)x" (t = d(1)) Qax(t — d(1))

i=1

—x"(t = d) Qax(t —d,) — x" (t = 8)Q3x(t — 8) + 8* 4T (1) Ry k(1)

+xT (D Ru% (1) — 5/ xT(s)R % (s)ds
—68

lu

t—38
—d; ! / 1T ()R (s)dss (2.264)
t—d,
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Define augmented state space vector as,

(@) = [xT ) xT —d@) xT (¢t —d) 2T = )]
Now, one can rearrange the terms in (2.264) in view of augmented state space vector

as,

t—§8
V@) < T8 — dt / A7 () Ro (5)ds

u

—5/ xT(s)R x(s)ds
t—6

V) < T8 — 5/ ()R (s)ds

-8

t—8 t—d(1)
—d;! / %7 (s)Rox (s)ds — dj! / 1T (s)Ryx (s)ds (2.265)
t—d(1) t—d,

En

12
22

o] [

where, B

0 0
0 0
-0; 0
0 -0

S *

*
0 1
The elements of ‘E’ matrix are as follows:

En=PAN) +AT(OP + 3, Qi+ AT (G Ri + RDA),

Bip = PAs(t) + AT(1)(8*Ry + R2) Ay(1),

En=—(1-w)0r+AJ()(Ri + Ry A1)

The integral terms in (2.265) are approximated using the proposed tighter bounding

inequality condition as discussed in Theorem 2.20. One can obtain the following
expression as,

' . T . X(t) T —Ry Ry X(t)
_S/t_ax ($)R1x(s)ds < |:x(t—3)] [ * —R1:| |:x(t_8)i|(2.266)
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—Ri 00 R

t
—5/[78xT(s)R1x(s)ds <7 8 88 8 z(t) (2.267)

* 00—R1

t—§ T
—1 .T . X([ - 6)
—d,, /t_d(t)x (Rx(s)ds < |:x(t —d(t)):|

* —N; — NlT
T
M| i | My
[0 ]=[8]]
x(t —98)
X [x(t —d(t))] (2.268)
and,
t—d(t) T
_ . . —d(1))
—d 1/ T R ds < |:.X(l i|
Wl X' ($)Ryx(s)ds < Xt —dy)
d-! My + M] —M, + NI
lu * —Np, — NZT
T
My | 1| M>
X(1_9)|:N21|R2 |:N21| }
x(t —d(1))
X [ Xt —d,) } (2.269)
where, 0 = d(’) = and 0 < o < 1. Substituting the value of integral (2.267), (2.268)

and (2.269)in (2 265), and carrying out some algebraic manipulations yields resulting
expression as,

V(6) < e O0@) + Wi Ry W + (1 — ¥Ry W] Je () (2.270)
where, W, = [0 N7 0 M ]", and w, = [0 M7 NI 0]".
One can observe convex combination of matrices ¥R, ' W[ and W,R,'W] in
(2.270). For asymptotic stability of the system (2.15), V (¢#) must be negative-definite
for which one must have,

C(1) + oV Ry + (1 — o) WR ' <0 (2.271)

The above expression can be further rewritten as,
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o) + W R W) + (1 — o) (T(t) + WaR, ' W) <0 (2.272)

In view of the condition 0 < ¢ < 1, one may write the above inequality as,

() + W R'w! <0 (2.273)
L(t) + VR Wl <0 (2.274)
where,
yit viz 0 Ry
') = : Vf z 7/(2)4 (2.275)
* ok ok Yag
and,

yii=PA@D) +AT(OP + 3, Qi — Ri + AT())(8?R, + Ry)A(1),

yiz = PAs(t) + AT()(8*Ry + R) Ay (1),

v =—1—n)Qr+d, (My+MI — Ny — NI+ AT () (82 Ry + R) Au (1), yo3 =
d;,' (=M, + NJ),

you = di (=M + Nv), y33 = d;;) (—=NT — N2) — Q3. yas = d;,) (M] + M) —
01— R

Using Schur-Complement one can write (2.273) and (2.274) as
(60116 0 Ry 0
*x Oy O3 64 N

O)(a) = * *x G330 0 (2.276)
* * x Oy M,
*x *x * *x —R;

61612 0 Ry 0O
x 02 03 64 M,
O()(b) = * % 033634 N> 2.277)
* *x *x O O

| * * x x —R; |
where, 611 = y11, 612 = Y12, 022 = V22, 023 = V23, 024 = V24, 033 = V33, 04 = Yaa
Once again using Schur-complement on (2.276) and (2.277) one can get,

O)11(a) ®(t)12] O(1)11(b) = [@(t)u(b) @(t)lz] (2.278)

D)11(a) = [ . @) N O
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where,
SAT()R, AT(H)R,
§A.(DTRy AT(DRy “R, 0
O = 0 0 , ®22=[ 0 —Ri|
0 0 2
0 0
[ 0110) O120) O R 0 ]
* 000 023 64 Ni
O)1(a) = x  x O30 0
* * * 944 M]
| * * Kk x —Rz_
[ 0110y 61200 O Ry 0 ]
*  020) 023 64 M>
CIOMGES *  x 0330 N
* * x O O
| * *x  x *x —Ry |
where,

0110)=PA(t) + AT(t)P + =>_,Q; — Ry, O120)=PA4(1),

020=—(1 — 1) Q2 + My + M — Ny — NI, 0x3=d;,' (—M> + N]),
Ou=d;,' (—M{ + N\), 03=d;,' (=N] — Np) — 03,

Osa=d;,' (M| + M) — Q) — R,

Next replace the matrices A(t) and A, (¢) with the uncertain matrices in (2.17) and the
structure of matrices AA(¢) and AA,(¢) are decomposed as DF (t)E, and DF (¢t)E,
respectively. Using Lemma 2.6 for elimination of uncertain matrices and separating
nominal and uncertain matrices the LMIs (2.258) and (2.259) are obtained. This
completes the proof. O

The estimated delay upper bound using the stability condition in Theorem 2.27
for the system described in Numerical Example 2.6 is illustrated in Table 2.16.

Remark 2.30 One can observe from the results presented in Table2.16 that, the
proposed bounding inequalities in conjunction with the delay partitioning method
gives less conservative estimate of the delay upper bound compared to the existing
results [47, 49, 50], for different cases of delay lower bounds.
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Table 2.16 d,, results of Example 2.6 for 0 < u < 1 for specified d;

Stability methods d; d,
For u =0.5
Theorem 2.27 0 0.5563
[47] 0.4760
[49] 0.4243
[50] 0.4783
Theorem 2.27 0.1 0.5935
[49] 0.4767
Theorem 2.27 0.2 0.6294
[49] 0.5429
Theorem 2.27 0.3 0.6642
[49] 0.6059
Theorem 2.27 0.4 0.6982
[49] 0.6656
Theorem 2.27 0.5 0.7315
[49] 0.7238
For n = 0.9
Theorem 2.27 0 0.5563
[47] 0.4760
[50] 0.4783
Theorem 2.27 0.1 0.5935
0.2 0.6294
0.3 0.6642
04 0.6982
0.5 0.7315

2.9 Conclusion

This chapter first deals with the review of existing literature on development of
stability analysis of linear time-delay systems using LK functional approach in an
LMI framework. The new stability conditions have been presented by introducing
new LK functional, improved bounding inequalities and free weighting matrices.
Unlike other methods, some useful terms (integral of quadratic form of X (¢)) in the
derivative of LK functional are not ignored and their presence is taken into account
by using tighter bounding of the integral term, this in turn, results less conservative
results. The stability conditions for three classes of time-delay systems have been
proposed:

(i) Delay-dependent stability condition for TDS with single time-varying delay
(i) Delay-dependent stability condition for TDS with two-additive time-varying
delays
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(iii) Delay-range-dependent stability condition for TDS with time-varying delay.

The effectiveness of the proposed stability criteria are successfully verified by
numerical examples. Tables2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 2.9 and 2.10 show that the
proposed delay-dependent stability criteria provide less conservative results for delay
upper bound estimate consistently for different delay derivatives compared to the
existing methods.

The second part of this chapter deals with the robust stability analysis of an
uncertain time-delay systems where the structure of the uncertainty is assumed to
be of norm-bounded type. New and improved robust stability conditions for the
following problems have been obtained by adopting the same procedure as discussed
in the first part of this chapter,

(i) Delay-dependent robust stability condition for TDS with single time-varying
delay
(i) Delay-range-dependent robust stability condition for TDS with single time-
varying delay
(iii) Delay-range-dependent robust stability condition for TDS with single time-
varying delay using delay partitioning approach.

Tables 2.12, 2.13, 2.14, 2.15 and 2.16 show that the proposed delay-dependent
robust stability methods give less conservative results for delay upper bound estimate
compared to the existing methods.
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