Chapter 2
Standard Replacement Policies

To begin with, this chapter gives three standard replacement models that have been
obtained as basic replacement policies for an operating unit with shock and damage
[2]. Here, the so-called standard models are formulated under the classical approach
of whichever triggering event occurs first [22] in reliability theory. That is, the unit is
replaced preventively at some thresholds or planned measurements such as operating
time, usage number, damage level, repair cost, number of faults or repairs, etc., or at
failure, whichever occurs first, which is named as replacement first.

Replacement first is absolutely reasonable when a single preventive replacement
scenario is planned to avoid catastrophic failure, and models based on this approach
have been surveyed and extended for decades. However, it may typically cause
frequent and unnecessary replacement actions when several compound preventive
replacement scenarios are scheduled. The features of models for replacement poli-
cies acting on the approach of first have been observed in [7, 9, 12, 19]. We name
the models in this chapter as replacement first, as it will be used to compare with
replacement last in Chap.3, and replacement middle and replacement overtime in
Chap. 4, which are based on the newly proposed approaches of whichever triggering
event occurs last, whichever triggering event occurs middle, and replacing over a
planned measure, respectively.

In this chapter, we consider an operating unit suffered for cumulative damage
due to random shocks should operate over an infinite time span, in which it is of
great importance to make suitable replacement plans to avoid catastrophic failure
when the total damage has exceeded a failure threshold K. That is, we focus mainly
on replacement policies for an operating unit with the failure mode of cumulative
damage. As discussed in [2], we give the following three preventive replacement
actions: The most easy way is to replace an operating unit at planned ages without
monitoring its shock and damage; however, using monitoring equipment, we could
count the number of shocks and investigate the amount of total damage at shock times,
and more precise replacement plans can be done at a pre-specified number of shocks
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18 2 Standard Replacement Policies

or damage level before failure, despite the relatively rough. So that the operating
unit is supposed to be replaced correctively after failure K and preventively before
failure at planned time 7', at shock number N, or at damage level Z, whichever occurs
first [2].

The planned replacement actions can be optimized in order to balance failure
losses and replacement costs. It was shown from numerical examples [2] that opti-
mum preventive replacement policies acting on shock and damage conditions show
more superiority than the policy acting on a planned time, that is, from the cost saving
point, replacement done at Z is better than those at 7 and N, and replacement done
at N is better than that at 7 in most cases. However, replacement at 7' is much easier
to perform but additional monitoring equipment should be provided for those at N
and Z, of which monitoring costs may not be neglected in practice. Additional com-
parisons of replacement policies for cumulative damage models have been studied
in [26]. Further, it seems to be a waste of cost for replacement first, as we know that,
replacement should be done as soon as possible before failure when any policy at
T, N, or Z is first triggered. However, we will find the cases when replacement first
saves cost for a long run, by comparing to the proposed replacement policies in the
following chapters.

In Sect. 2.1, we obtain the expected cost rate of three combined preventive replace-
ment policies planned at time 7', at shock N, and at damage Z. In Sects.2.1.1 and
2.1.2, we derive analytically optimum policies which minimize the expected cost
rates for each of three policies and for two combinations of three ones. It would be
of great interest to show theoretically that when all preventive replacement costs of
three policies are the same, the best policy among three ones is replacement with
damage Z, the next one is replacement with shock N, and the last one is replacement
with time 7. In Sect. 2.1.3, when shocks occur at a Poisson process and each amount
of damage due to shocks is exponential, optimum policies in Sects. 2.1.1 and 2.1.2
are computed numerically and compared with each other. Sections2.2 and 2.3 con-
sider several extended replacement models, of which the level of failure threshold
K is a random variable with an estimated probability distribution, and the unit also
fails when the total number of shocks reaches to a certain value of N.

2.1 Three Replacement Policies

A new unit with damage level 0 begins to operate at time 0 and degrades with
damage produced by shocks. It is assumed that shocks occur at a renewal process
according to an identical distribution F'(¢) with a density function f () = dF(¢)/dt
and finite mean p = fooo F(t)dr, where F(t) = 1 — F(¢). When F(¢) has a density
function f (), h(t) = f(t)/F(t) is assumed to increase from 4(0) = lim,_ ¢ h(z)
to h(oo) = lim,_, h(t). Clearly, when F(¢t) =1 — e, h(t) = \ for any t > 0.
An amount W; (j =1,2,---) of damage due to the jth shock has an identical
distribution G (x) = Pr{W; < x} with finitemean 1 /w = [, G (x)dx and is additive
to the current damage level.
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Let N(¢) denote the number of shocks during the interval [0, #]. Then, the proba-
bility that j shocks occur exactly in [0, ] is

PriN({t) = j} = FP@) - FV"P 1) (j=0,1,2,---),

and the distribution of the total damage W (¢) at time ¢ is

Pr{W (1) < x} =D [FV ) — FIV )]GV (v),
Jj=0

where @) (¢) denotes the j-fold Stieltjes convolution of any function @ (z) with
itself, i.e., @V (1) = fot ®U=D(¢ —u)yddw) (j=1,2,---) and @O () =1 for
t>0.

The unit fails when the total damage has exceeded a failure threshold K (0 <
K < 00) at some shock, and its failure is detected and corrective replacement (CR)
is done immediately. Preventive replacement (PR) times are scheduled before failure
at planned time 7' (0 < T < 00), at shock number N (N =1, 2, - --), or at damage
level Z (0 < Z < K), whichever occurs first, which is called replacement first (RF).
In addition, the unit is supposed to be replaced at damage K or Z rather than at
shock N, when the total damage has exceeded K or Z at shock N. Furthermore, it
is assumed that both CR and PR remove all damage perfectly, and the unit becomes
as good as new after any replacement.

It can be understood for RF that the replacement should be done as soon as
possible before CR when any PR is first triggered. Then, the probability that the unit
is replaced at time 7T is

N—1
Z[F(j)(T) _ F(jH)(T)]G(j)(Z), 2.1)

j=0
the probability that it is replaced at shock N is
FM(TGM(2), 22)

the probability that it is replaced at damage Z is

N—-1

z
> F<f+'>(T)/ [G(K —x) — G(Z — x)|dGY (x), (2.3)
j=0 0

and the probability that it is replaced at failure K is

N-1 7
> F<f+1>(T)/ G(K — x)dGY(x), (2.4)
0

Jj=0
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where note that (2.1) + (2.2) + (2.3) + (2.4) = 1. Thus, the mean time to replacement
is (Problem 2.1)
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Z
/ tdF(f“)(t)/ [G(K — x) — G(Z — x)]1dGY (x)
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dF<f+1>(z)/ G(K —x)dGY(x)
0 0
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Il

Il
,Mz

(=]

(j)(Z)/ [F(j)(t) F(H'l)(t)]dt (2.5)

~

Therefore, the expected replacement cost rate is

Cr(T,N,Z) =

ck — (cx —er) X [FO(T) = FUt(T)]GY(2)
ek — ) FODGM (2)
—(cx — cz) X0 FUD(T) [FIG(K — x) — G(Z — 1)1dGYD(x)

Z?’;Ol GI(Z) fOT[F(/)(t) — FU+D(r)]dt

. (20

where ¢y = replacement cost at time 7', cy = replacement cost at shock N, ¢z =
replacement cost at damage Z, and cx = replacement cost at failure K, where cx >
cr,Ck > Cn,and cx > cz.

In particular, when the unit is replaced only after failure K, i.e., when 7' — o0,
N —-ooand Z — K,

C= lim C/(T.N,Z) = ——K 2.7
7% il 1 Mo (K)]

Z—K

where Mg (x) = 3772, GY(x) is a renewal function of G(x) and represents the
expected number of shocks at damage level x. Further, if Z — 0, then N is equal to
1, and

1
lim Cp(T,N,Z) = lim Cp(T,1,Z) = —[cx — (cx — cz)G(K)]. (2.8)
o) pay g
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2.1.1 Optimum Policies with One Variable

‘We should avoid the high failure cost without any PR in (2.7). Meanwhile, it would
be unreasonable to make frequent replacement actions to waste PR cost, such as an
extreme case in (2.8). In order to minimize the respective cost rates of the above
three replacement policies, we next obtain analytically optimum time 7*, shock N*,
and damage Z*, respectively.

(1) Optimum T*

Suppose that the unit is replaced preventively only at time 7 (0 < T < o0). Then,
putting that N — oo and Z — K in (2.6),

C(T)

lim Cp(T, N, Z)

2%

cx — (cx —cr) Z;‘;Q[F(j)(T) _ F(j+l)(T)]G(j)(K)

= - — A .9
Z;io G(,/)(K)fo [FOD () — FU+D(r)]dr

It can be easily seen that limy_,o C(T) = oo and limy_, o, C(T) = C in (2.7). We
find optimum T7* to minimize C (7). Differentiating C(T) with respect to T and
setting it equal to zero,

00 T
01(T) > GV(K) / [FP (1) = FU*D(n)]ds
0

j=0
=S PGP (K) — G (K)] = — L, (2.10)
oy Ck —CT
where
N=L G+ (Y GW(K) — GUTD(K
QI(T,N)EZj:Of (DIGY(K) (K)] @.11)

YYD IFU(T) — FUH(T)IGY (K)

Z;OZO f(”l)(T)[G(j)(K) — GUtY(K)]

Q:1(T) = lim O\(T.N) = Y52 FUNT) — FUHD(T)IGU(K)

and fUD(t) = dFYU+D(¢)/dt. Note that if i (¢) increases with ¢, i.e., F(z) has an
IFR (Increasing Failure Rate) property, its convolution is also IFR, and so that,
FYUrD @) /[FD(t) — FU+D(4)] increases with ¢ [22]. In particular, when F(t) =
1 —e™™, fUD(@)/[FP(t) — FYTD ()] = A for any ¢ > 0.

If O (T) increases strictly with T to Q(00) = limy_,» Q1(T), then the left-hand
side of (2.10) increases strictly to (Problem 2.2)
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pQ1(00)[1 + Mg(K)] — 1.

Therefore, if

Ck

Q1(0)[1 +Mg(K)] > ————,
wlcg —cr)

then there exists a finite and unique 7 (0 < T* < oo) which satisfies (2.10), and
the resulting cost rate is

C(T*) = (ck —cr) Qu(T™). (2.12)

Conversely, if

Ck

01(0)[1 +Mg(K)] £ ———,
ul(cx —cr)

then T* = o0, i.e., the unit is replaced only at failure, and the resulting cost rate is
given in (2.7).

(2) Optimum N*

Suppose that the unit is replaced preventively only at shock N (N = 1, 2, - - -). Then,
putting that 7 — oo and Z — K in (2.6),

ck — (cx —en)GM(K)

C(N)= lim Cpg(T,N,Z) = - (N=1,2,---).
s o w5 GVK)
(2.13)

In particular, when N = 1, i.e., the unit is always replaced at the first shock, the
expected cost rate is given in (2.8) when cy = cz.

We find optimum N* to minimize C(N). Forming the inequality C(N + 1) —
C(N) = 0 (Problem 2.3),

N-1

rys1(K) D GOK) = [1 = GV(K)] = — 2, (2.14)
=0 Ck —CN
where for0 < x < K,
G(N)(x) _ G(NJrl)(x)
ry+1(x) = (N=1,2,---).

GM(x)

If ry41(x) increases strictly with N, i.e., GV *D(x)/G™)(x) decreases strictly
with N, then the left-hand side of (2.14) increases strictly with N to roo(K)[1 +
Mg(K)] — 1 (Problem 2.4), where roo (K) = limy_ oo ry+1(K) < 1. Therefore, if
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Ck

oo (K)[1 + Mg(K)] > ,
Ck —CpN

then there exists a finite and unique minimum N* (1 < N* < oo) which satisfies
(2.14), and the resulting cost rate is

(cx —cen)rn=(K) < pC(N*) < (cx — en)ry=11(K), (2.15)

whose cost rate is given in (2.8) when N* = 1. Conversely, if

Foo (K)[1 + Mg (K)] < — %
Ck —CN

then N* = oo, i.e., the unit is replaced only at failure, and the expected cost rate is
given in (2.7).

Note that ry.1(K) represents the probability that the unit surviving at the Nth
shock will fail at the next shock, which might increase with N to 1.

(3) Optimum VA

Suppose that the unit is replaced preventively only at damage Z (0 < Z < K). Then,
putting that 7 — oo and N — o0 in (2.6),

C(2)= lim Cr(T.N.Z)
N—oo
cx — (cx — c)GK) — [ G(K — x)dMg (x)]

_ . (2.16)
pll + Mg(Z)]

When Z — 0, (2.16) agrees with (2.8).
We find optimum Z* to minimize C(Z). Differentiating C (Z) with respect to Z
and setting it equal to zero,

K ¢z
/ [1+ Mg(K —x)]dG(x) = , 2.17)

K-Z Ck —Cz

whose left-hand side increases strictly with Z from 0 to Mg(K) (Problem 2.5).
Therefore, if M;(K) > cz/(ck — cz), then there exists a finite and unique Z* (0 <
Z* < K) which satisfies (2.17), and the resulting cost rate is

puC(Z*) = (cx —cz)G(K — Z*). (2.18)

Conversely, if Mg(K) < cz/(ck —cz), then Z* = K, i.e., the unit is replaced only
at failure, and the resulting cost rate is given in (2.7).
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2.1.2 Optimum Policies with Two Variables

Our next concerns are (i) how to compare respective replacement policies done at
time T, at shock N, and at damage Z, and (ii) what are optimum policies with two
variables to minimize their expected cost rates in (2.6). We answer for (i) and (ii) in
the following sections, and further discussions for (i) will be addressed in Chap. 3.

(1) Optimum T, and N},

Suppose that the unit is replaced preventively at time T (0 < T < o0) or at shock
N (N =1,2,---), whichever occurs first. When ¢y = cy, putting that Z — K in
(2.6), the expected cost rate is

cr + (cx — o) X3y FUHD(TIGY(K) — GUTV(K)]

Cr(T,N) =
oL 8 z?’:—ol G (K) fOT[FU)(t) — FU+D()]ds

(2.19)

We find optimum (77, Nj) to minimize Cr(T, N). Forming the inequality
Cr(T,N—1)—Cp(T,N) >0,

) N-—1 T
i rn(K)FN(T) ZG(;)(K)/ [FOt) — FUD(1)]ds
Jo [FN=D (1) — FM(1)]dr 5= 0

N—-1
=3 FUMIGY (K) — GV (K] < — T (2:20)

Ck —Cr

j=0

where ry (K) is given in (2.14).
Differentiating C (T, N) with respect to T and setting it equal to zero,

N-1 T
0iT. ) 3 6V [P0~ FU
0

j=0
N-1 c

= > FUMDIGV(K) = GU(K)] = ——, (2.21)
=0 cker

where Q(T, N) is given in (2.11).
In addition, because both T} and N have to satisfy (2.20) and (2.21), (2.21) is
rewritten as, by substituting (2.20) for (2.21),

rn(K)F"(T)

T,N .
O ( ) > f()T[F(Nil)(t) — F(n]dr

(2.22)
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Thus, if the inequality (2.22) does not hold for any N, there does not exist any finite
T} which satisfies (2.21), i.e., the optimum policy is (77 = oo, Nj = N*), where
N* is given in (2.14).

For example, when F(f) = 1 —e ™

and ry (x) increases strictly with N, (2.22) is

SN IATY NIGY(K) — GUD(K)]
Z?;01[<AT>.7/,~;]G<,~>(K)

> ry(K),

whose left-hand side increases with 7 from G(K) to ry(K) as T — oo (Problem
2.2). That is, the above inequality does not hold for 0 < T < oco. This means that
when optimum N}; satisfies (2.20), the left-hand side of (2.21) is less than ¢z /(cx —
cr), i.e., Cp(T, N}) decreases with T, and hence, T} = oo. This concludes that
if the inequality (2.22) does not hold, then the optimum policy which minimizes
Cr(T,N)is (Tf =00, Nj = N%).

In other words, when ¢y > cy is supposed for the replacement policies done at
time 7" and at shock N, its optimum policy degrades into the case in which only finite
N* for T = oo can be found in (2.14).

Next, we obtain optimum T} for given N when F(t) = 1 — e and c7 = cy.
In this case, (2.21) is rewritten as

N—-1
Qi(T, N) D" FU™(T)GY(K)
j=0
N—-1
_ Z FUtH(MIGY(K) — GYTV(K)] = r (2.23)
= Ck —Cr ’
where
517 vy = DU [OTYIGV ) = GUHD ()]

Zj-vz_ol [(AT) /j'1GI(K)

When ry(x) increases strictly with N, it is approveii that Ql (T, N) = G(K) for
N =1 and increases strictly with 7' for N > 2 from G(K) to ry(K) (Problem 2.2).
Thus, the left-hand side of (2.23) increases strictly with 7' from 0 to

N-1

rn(K) D GVK) —[1 =GN (K)]
j=0

N
< v (K) D GU(K) = [1 = GV (K)]
j=0
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N-1

=ry1(K) D GU(K) —[1 =GN (K)],
j=0

which agrees with that of (2.14). Thus, if N > N* in (2.14), then there exists a finite
and unique T} (0 < Tz < oo) which satisfies (2.23), and the resulting cost rate is

Cr(TE, N) ~ .
e = ek —enQi(TE ). (2.24)
Conversely, if N < N*, then T7 = oo.
(2) Optimum T; and Z;

Suppose that the unit is replaced preventively at time 7 (0 < T < o0) or at damage
Z (0 < Z < K), whichever occurs first. When ¢y = cz, putting that N — o0 in
(2.6), the expected cost rate is

cr + (ck —er) 252 FUTN(T) fOZ G(K — x)dGD(x)
> %, G(2Z) fOT[F(j)(;) — FU+D(1)]dr :

Cr(T, 2) = (2.25)

We find optimum (T, Z%) to minimize C (T, Z). Differentiating Cr (T, Z) with
respect to Z and setting it equal to zero,

0 T
0:1.2) 3.6V @) [ 1w~ P o
j=0 0

cr

00 zZ
_ Z FUD(T) / G(K —x)dGY(x) = (2.26)
i—0 0

9
Ck —Cr

where

G(K —2) X4 g(Z)FU*(T)
> 20992 [y FO () — FU+D(n)ldr’

OxT,2) =

and ¢ (x) =dGY (x)/dx (j =1,2,---) and ¢ (x) = 0.
Differentiating Cr (T, Z) with respect to T and setting it equal to zero,

o T
0s(T,2) > GV(2) / [FY () = FYU*D(@0)]dr
—0 0

Ccr

(2.27)

9
Ck —Cr

o z
-> F<f+'>(T)/ G(K —x)dGY(x) =
—0 0
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where

Z;‘io FY(T) fOZ G(K — x)dGY(x)

03(T, 2) = > X FO(T) — FUth(T)1GU(Z)

Substituting (2.26) for (2.27),
03(T,Z2) = 0x(T, Z). (2.28)

Thus, if Q3(T, Z) < Q»(T, Z) for any Z, then there dose not exist any finite 77
which satisfies (2.27), i.e., the optimum policy is (T} = oo, Z}. = Z*), where Z* is
given in (2.17).

For example, when F(f) = 1 — e, it is proved that Q»(T, Z) = \G(K — Z),
and (Problem 2.6)

S IATY /1y G(K — x)dGY (x)

> XA /NG (Z) <G(K-2)

for any Z. That is, (2.28) does not hold for 0 < T < oo. This means that when opti-
mum Z% satisfies (2.26), the left-hand side of (2.27) is less than cr/(cx — cr),
i.e., Cp(T, Z}) decreases with T, and hence, T7 = oo. This concludes that if
03(T,Z) < Q»(T, Z) and cr > ¢z, then the optimum policy which minimizes
Cp(T,2)is (Tf =o00,2% =Z%).

In other words, when cr > ¢ is supposed for the replacement policies done at
time 7 and at damage Z, its optimum policy degrades into the case in which only
Z* for T = oo can be found in (2.17).

Next, we obtain optimum 7 for given Z when F(t) =1 — e Mandcr =cz.In
this case, (2.27) is rewritten as

0s(T, 2) > FUN(1)GY(2)

j=0
00 Z
_ S RUT / K —x)dGV () = — T, (2.29)
oy 0 Cxk —CT
where
Guct 2 = il OD /71 [ GK — x)4G0 ()
(T, 2) = .

> XA /j11IGD(Z)

If Q3(T, Z) increases strictly with T to G(K — Z) (Problem 2.6), then the left-hand
side of (2.29) increases strictly with T from O to
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K
/ [1+ Mg(K —x)]dG(x),
K-Z

which agrees with that of (2.17). Thus, if Z > Z* in (2.17), then there exists a finite
and unique 77 (0 < T/ < oo) which satisfies (2.29). Conversely, if Z < Z*, then
T} = 0.

(3) Optimum N, and Z,,

Suppose that the unit is replaced preventively at shock N (N =1,2,---) or at
damage Z (0 < Z < K), whichever occurs first. When cy = ¢z, putting that 7 —
oo in (2.6), the expected cost rate is

ey + (ck —cen) Z fo G(K — x)dG(/)(x)

cri 2= n> 1G<f><Z>

(2.30)

We find optimum (N}, Z%) to minimize Cr(N, Z). Differentiating Cr (N, Z)
with respect to Z and setting it equal to zero,

Z/ [G(K —Z) — G(K — 0)]dGY (x) = —N (2.31)
Ck —CN
Forming the inequality Cr(N + 1, Z) — Cr(N, Z) > 0,
> G6W@y 7 .
W/(; G(K —)C)dG (x)
- Z / G(K — x)dGY(x) > (2.32)
Ck — CN
Substituting (2.31) for (2.32),
Z — —
/ [G(K —2Z)—G(K —x)]JdGM(x) <0, (2.33)
0

which dose not hold for any Z (Problem 2.7). Thus, there does not exist any finite
N7, which satisfies (2.32).

When optimum Z7 satisfies (2.31), the left-hand side of (2.32) is less than
cy/(cxk —cn), Wthh means Cp(N, Z}) decreases strictly with N, and hence,
N} = oo. This concludes that if cy > ¢z, then the optimum policy which minimizes
Cr(N,Z)is (Nj =00, Z}, = Z*), where Z* is given in (2.17).

Next, we obtain optimum N} for given Z when G(x) =1 —e ™ and cy = cz.
In this case, (2.32) is
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N-1

e ED v (2) 2 GV + G2 — 1| = - CZC : (2.34)
; K —¢Z
j=0

whose left-hand side increases strictly with N to (Problem 2.4)

wZe K=2),
which agrees with that of (2.17). Thus, if Z > Z* in (2.17), then there exists a
finite and unique minimum Nj (1 < Nj < oo) which satisfies (2.34). Conversely,
if Z < Z*, then Nj = o0.

The above optimum results show under the suitable conditions, e.g., different PR
costs for ¢y > cy > ¢z, the policy with damage Z is the best among three ones,
the next one is the policy with shock N, and the third one is the policy with time
T. However, the order of working load for each preventive replacement is usually
damage Z, shock N and time T', because we have to investigate the amount of total
damage at each shock for damage Z, count the number of shocks for shock N, and
record only the passed time for time 7" which is the easiest work load among three
policies. Therefore, the case of c; < cy < ¢z should be investigated to compare the
above three policies, which will be discussed numerically in (2) of Sect.2.1.3.

2.1.3 Poisson Shock Times

When shocks occur at a Poisson process with rate A\, and each amount of damage
due to shocks is exponential with parameter w, i.e., F(t) =1 —e ™ and G(x) =
1 — e—wx’

F(j)(t)zzo\.—t')le*/\” G(j)(x)zzwefwx (j=0,1,2,---).
1! 1.

i=j i=j
The expected cost rate in (2.6) is rewritten as
ck — (ck — 1) 200 TATY /e GV (Z)
—(ck —en) FM(T)GM(Z)
Cr(T,N,2)  —(cx —ez)e? —e ") 3 FUD(D[(wZ)/ /j1]
A Zj,":_ol FU(T)GW(Z) ’

(2.35)

We survey again optimum policies with one variable 7%, N* and Z* discussed in
Sect.2.1.1 and with two variables T, N and Z}, discussed in Sect. 2.1.2 for different
PR costs ¢z, cy and c¢5.
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(1) Optimum Policies with One Variable
We obtain optimum 7, N* and Z* to minimize C(T'), C(N) and C (Z), respectively.
(a) Optimum T

From (2.9) and (2.35),
C(T) _ er+(exk —en) X720 FU N (DIWK) /jlle* 236)
A Z?io FUD(TYGWD(K) ’
Differentiating C(7T") with respect to 7' and setting it equal to zero,
- > ‘ SR (wK)/ cr
01(T) > FU™(T)GY(K) — ZF(”D(T)Te’”K =——. 37
j=0 j=0 ' et

where él (T) = limy_ Q, (T, N) is given in (2.23). The left-hand side of (2.37)
increases strictly from 0 to wK because él (T) increase strictly with 7 from e~
to 1. Therefore, if wK > cr/(cx — cr), then there exists a finite and unique 7* (0 <
T* < o0o) which satisfies (2.37), and the resulting cost rate is

c(T")

= (ex - cr) 01(T%). (2.38)

(b) Optimum N*
From (2.13) and (2.35),

C(N) ey +(ck —en)l = GM(K)]

- ; (N=12,---). (2.39)
A Z;":Ol GI(K)
Forming the inequality C(N 4+ 1) — C(N) > 0,
N—1 c
v (K) D GP(K) =1+ GV (K) = ——, (2.40)
=0 Ck —CN
where
(WK)YN/N!
rye1(K) = / (N=0,1,2,--+)

2 ylWK)/j]

increases strictly with N from e to 1 (Problem 2.4). Thus, the left-hand side
of (2.40) increases strictly with N to wK. Therefore, if WK > cy/(cx — cn), then
there exists a finite and unique minimum N* (1 < N* < oo) which satisfies (2.40),
and the resulting cost rate is
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C(N%)

(cx —cn)rn«(K) < =< (cx —en)ry=1(K). (2.41)

(¢) Optimum Z"
From (2.16) and (2.35),

C(Z) _cz+ (cx —cg)e @ K=7

(2.42)
A 1 +wZ
Differentiating C(Z) with respect to Z and setting it equal to zero,
wze k-2 — _Z (2.43)
Cg —Cz

whose left-hand side increases strictly with Z from 0 to wK . Therefore, if WK >
cz/(cx — cz), then there exists a finite and unique Z* (0 < Z* < K) which satisfies
(2.43), and the resulting cost rate is

cz* .
<A ) _ (cx — ep)e K29, (2.44)

It is of great interest that if wK > ¢;/(cxk —¢;) (i =T, N, Z), then finite T*, N*
and Z* always exist uniquely.

(2) Optimum Policies with Two Variables

We obtain optimum (7T}, N}), (Tp, Z3) and (N}, Z}) to minimize Cg(T, N),
Cp(T,Z) and Cr(N, Z) for c7 < cy < cz, respectively.

(a) Optimum T}, and N,
Putting that Z = K in (2.35),
cr + (cx — cr) X0 FUN(D)[(WK)! /jlle K
Cr(T,N) _ +(ey — er) F(T)G™M(K)
A Z?’;Ol FU+D(T)YGW(K)

(2.45)

In particular, when N = 1, T = oo, and

Cr(oo, 1 _
% =cy + (ck —en)e™X

We find optimum 77 for N > 2 tominimize Cr (T, N). Differentiating C (T, N)
with respect to T and setting it equal to zero,
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_ N-1 N-1 (wK)j
(ck —cr) | Qu(T, N) D FUN(T)GV(K) = > PO ——e™*
Jj=0 Jj=0 '
N-1
+(en —er) | Qu(T,N) D" FU(MGYV(K) — FY (TGN (K) | =cr,
j=0
(2.46)

where él (T, N) is given in (2.23) and increases strictly with 7 to ry (K) in (2.40),
and

(AN /(N = DIGM(K)
SO /NG (K)

O4(T,N) =

which increases strictly with T from 0 to G™ (K)/G™~D(K) (Problem 2.8). Thus,
the left-hand side of (2.46) increases strictly with 7 from O to

N-1
(cx —cr) | rn(K) D" GV(K) + GM(K) — 1
j=0
N—-1
+ ey —er) {11 = rn(K)1 D GV (K) =GN (K)
j=0
Therefore, if
N-1
(ck —en) | rn(K) D GV (K) + GV (K)
j=0
N—-1
+ ey —er) D GV(K) > . (2.47)
j=0

then there exists a finite T (0 < T/ < oo) which satisfies (2.46).
In addition, letting L (N) be the left-hand side of (2.47),

N—1

L(N+1)—=L(N) > (cx —cn)lrn+1(K) —ry(K)] Z GY(K) >0,
j=0

Nlim L(N) = (cx —c7)(1 + wK).

Therefore, if WK < c7/(ck —cr), then Tf = oco. If wK > ¢y /(cx — cr), then a
finite 7% might exist. On the other hand, if
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LQ2) = G(K G(z)(K)
(2) = (cx — cr)G( )_(CK_CN)W > cr,

then a finite 75 (0 < T/ < oo) always exists for N > 2, and the resulting cost rate
is
Cr(T§,N)

3 = (cx —cr)Q1(Tf, N) + (en — c1) Qu(Tf, N). (2.48)

Because L(2) > (cy — ¢r)G(K),if G(K) > cr/(cy — cr), then a finite T} exists.

In general, it is very difficult to derive optimum N} for given T analytically
(Problem 2.9). So that, we compute numerically 7; which satisfies (2.46) and the
resulting cost rate Cp(T7, N) in (2.48) for N. Comparisons for different N will be
shown in numerical examples.

(b) Optimum T, and Z,
Putting that N — oo in (2.35),
cr + (cxk —¢z) Z;io FUTN(T)[(wZ) /jle X

Cr(T,2)  +lcz —cr) X720 FU N (D(Ww2Z)! /jle™?
A > FUt(T)GI(Z)

(2.49)

We find optimum 77 and Z7 to minimize Cr(T, Z). Differentiating Cr (T, Z)
with respect to T and setting it equal to zero,

[(ck — c2)e ™ P 4 (cz —en)l | Q5(T. 2) D FUTN(T)GY(2)
Jj=0

(wZ)

Z FUD () == = cr, (2.50)
j=0

where

> LT /Nl wZ) /e

T’Z = o S .
e 2 2ol /j1G9(Z)

Note that Q5(T, K) = Ql (T)in (2.37), and Qs(T, Z) increases strictly with 7' from
e™“7 to 1. Thus, the left-hand side of (2.50) increases strictly with T from 0 to

Zl(ck —cz)e KD 4 (cz —ep)].
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Therefore, if
WZl(ex —cz)e ™ * P 4 (cz —er)l > cr, (2.51)

then there exists a finite and unique T (0 < T/ < oo) which satisfies (2.50) for
given Z, and the resulting cost rate is

Cr(Tf, Z)

3 = [(ckx — c2)e™ % 4 (cz — e)1Qs(TF, Z). (2.52)

Clearly, if wK > c7/(ck — cr), then a finite T}> might exist.
Next, differentiating C (T, Z) with respect to Z and setting it equal to zero,

[(ck — c2)e™*D 4 (cz — )] D FITHGYV(2)
j=1

=cr +(cz —en)Qs(T. 2) D FHI(T)GY(2), (2.53)
j=0

where

J_
22 FU(DIWw2Z)i /i1 ~

22 FUTN(Dw2)/ /i
>

(T, Z) = 1,

which increases strictly with Z from F(T)/F @(T) to Qs(T, K) (Problem 2.10).
Thus, the left-hand side of (2.53) increases strictly with Z from 0 to

[o.¢]
(cx —cr) Y F(TGYV(K),
j=1
and its right-hand side also increase strictly with Z from

F(T)?

cr + (cz — CT)F(T(T)

to

cr + (cz — 1) Qe(T, K) D~ FU(T)GYV(K).
Jj=0
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Therefore, if

(cx —er) D FI(T)GP(K)

j=1

> er + (cz — er) Qe(T, K) D FUTN(T)GY (K),
j=0

then afinite and unique Z7, (0 < Z} < K) tosatisfy (2.53) for given T exists. Clearly,
if wK > c¢z/(cxk — cz), then a finite Z} might exist, because Q¢(7T, K) decreases
with T to 1.

(¢) Optimum N, and Z
Putting that T — oo in (2.35),

Cr(N,Z) ¢z —(cz—=en)GM(Z) + (cx —cz)e ™ F 21 - GV (Z)]
A - Z?’;} GW(Z)

(2.54)
In particular, when N = 1, Z} = K, and

Cr(1,K _,,
¥=6N+(CK—CN)6 Wk

We find optimum N and Z3. to minimize Cr (N, Z). Differentiating Cr(N, Z)
with respect to Z and setting it equal to zero for N > 2,

N
(cx —cz)e K> GV(2)

j=1
N—1
=cz+(cz—cn) |[Fn(2) D GV (2) -GN (2) |, (2.55)
j=0
where
5 (wx)N/N!
=—"—— (N=12,---).

The left-hand side of (2.55) increases strictly with Z from 0 to

N
(ck —cz) D GY(K),

j=1
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and its right-hand side increases strictly with Z from cz to

N-1

cz+(cz—cn) | Fn(K) D GP(K) = GM(K) |,
j=0

because 7y (Z) increases strictly with Z from 0 and decreases strictly with N to 0
(Problem 2.4). Thus, if

N N-1
(cx —cz) D GV(K) > cz+ (cz —en) | Fn(K) D GV (K) =GN (K) |,
j=1 j=0

then there exists a unique Z}. (0 < Z}, < K) to satisfy (2.55), and the expected cost
rate is

Cr(N,Zy)

s K2 ez — en)TN(ZE). (2.56)

= (cx —cz)e
Clearly, the left-hand side of (2.55) goesto (cx — ¢z)wK asZ — K and N — oo,
and its right-hand side goes to ¢z as N — oo. Thus, if wK > c¢z/(cxk — c¢z), then a
finite Z% (0 < Z% < K) might exist.
Forming the inequality Cx(N + 1, Z) — Cr(N, Z) = 0,

N-—1
[(ck —c2)e ™ P +(cz —en)l | rnvi1(2) D GP(2) + GM(Z) -1
Jj=0
> cy, (2.57)

whose left-hand side increases strictly with N. Thus, if
WZ[(cx — c2)e” N7 4 (cz —ew)] > en,

then there exists a finite and unique minimum Nj; (1 < Nj < 00) to satisfy (2.57)
for given Z. Clearly, if wK > cy/(ck — cn), thenafinite Nj (1 < Nj < oo) might
exist.

(3) Numerical Examples

When F(1) =1—e™ and G(x) =1 —e ", ie, FV (1) = X2 [(A)/ille™
and GV (x) = z;’zj[(wx)i/i!]e‘wx (j=0,1,2,---), we compute optimum A\T*,
N*, wZ* and (AT, Nj), (A\T¢, wZy), (N}, wZ%), which minimize the expected
cost rates C(T) in (2.36), C(N) in (2.39), C(Z) in (2.42), and Cr (T, N) in (2.45),
Cr(T,Z)in (2.49), Cr(N, Z) in (2.54), respectively.
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From (2.37), optimum 7' * satisfies

2ol ATY /j1IWK) /5] i i()\T)"+ _)\TZ(LUK)I

SISl /U2 WK /i) | & (i + 1)
B i i (AT)! T (wK)fe_wK _ e
=0 | i=j (l+1)‘ ]' CK —CT’
and from (2.38), the resulting cost rate is
C(T*) Do lT* /711w K) /71
=(ck — 1) = —
A > lATHI 132 [wK)i/il]
From (2.40), optimum N* satisfies
ong)N/N.! Nii (wK) = @K ok _ev
Zj:N[(WK)J/]'] = J! CKk —CN

and from (2.39), the resulting cost rate is

C(N*) ¢k = (cx —cn) 22y l(WK)/ /jle™*
A S0 X WK itleK
Optimum wZ* and its resulting cost rate C (Z*)/\ satisfy (2.43) and (2.44), respec-
tively.

Tables 2.1, 2.2 and 2.3 presents optimum A7T*, N* and wZ*, and their cost rates
C(T*)/(\er), C(N*)/(Acey) and C(Z*)/(Acz) for wK and ckg/cr, cx/cy and
ck /cz. All of optimum values A\T*, N* and wZ* increase with wK and decrease
with cx /c; (i =T, N, Z), and their cost rates decrease with wK and increase with
ck/ci. When wK = 5.0, 10.0, optimum A\7*, N* and wZ™* are almost the same, and
when wK = 20.0, \T* < N* < wZ*. It can be understood that when a failure level
K becomes smaller or cost ck for failure becomes larger, early replacement should
be decided and it’s replacement cost rate becomes higher.

When the same values cx/c; (i =T, N, Z) are assigned, it can be found from
Tables2.1, 2.2 and 2.3 that C(T*) > C(N*) > C(Z*). As is known, unit failure
is caused by total cumulative damage, that is, if more precise damage or shock
could be observed and monitored, more effective replacement actions can be done.
However, monitoring costs should not be neglected in practice, it is more reasonable
to suppose ¢y < cy < cz when replacement polices are valued, which will be shown
in Tables2.4, 2.5 and 2.6.
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Table 2.1 Optimum AT* and its cost rate C(T*)/(AcT)

cx/cr wK =5.0 wK =10.0 wK =120.0
AT* C(T*)/(er) | AT C(T*)/(her) | AT* C(T*)/(Aer)

5 3.328 0.617 5.750 0.260 11.835 0.106
10 2.221 0.910 4.378 0.334 9.971 0.124
15 1.804 1.130 3.805 0.382 9.137 0.134
20 1.567 1.317 3.460 0.420 8.617 0.142
30 1.292 1.637 3.040 0.479 7.962 0.153
50 1.019 2.162 2.594 0.564 7.235 0.168

Table 2.2 Optimum N* and its cost rate C(N*)/(Acy)

ck/cn wK =5.0 wK =10.0 wK =20.0
N* C(N*)/(Xen) | N* C(N*)/(Acn) | N* C(N")/(Aen)

5 3 0.508 6 0.213 13 0.089
10 2 0.684 5 0.253 12 0.100
15 2 0.786 5 0.283 11 0.105
20 2 0.887 4 0.299 10 0.110
30 2 1.090 4 0.325 10 0.115
50 1 1.330 4 0.377 9 0.122

Table 2.3 Optimum wZ* and its cost rate C(Z*)/(Acz)

cx/cz wK =5.0 wK =10.0 wK =20.0
wZ* C(Z%)/(Acz) |wZ* C(Z")[(Acz) |wZ* C(Z*)/(Aez)

5 2.642 0.378 6.710 0.149 15.850 0.063
10 2.073 0.482 6.009 0.166 15.089 0.066
15 1.783 0.561 5.632 0.178 14.675 0.068
20 1.591 0.628 5.374 0.186 14.389 0.069
30 1.340 0.746 5.019 0.199 13.994 0.071
50 1.055 0.948 4.585 0.218 13.505 0.074

Tables2.4,2.5 and 2.6 presents optimum (AT7, N3), AT, wZ3) and (N}, wZ3),
and their cost rates Cr (T, Nj)/Acz, Ce(Tf, Z3)/Aez and Cp (N, wZ}.) [ Acz for
wK and cx/cz when wK = 10andcr :cy :cz=1:2:3.

For optimum (AT, Ny) and Cr(TZ, N§)/Xcz:

1. When N =1, T} = oo,

Cr(oo, 1) _ N (C_K B C_N) oK

>\CZ Cz Cz Cz
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Table2.4 Optimum (AT}, Nj) andits costrate Cr (T, Ny)/(Acz) whener ey tcz =1:2:3
cx/cz |wK =10.0 wK =120.0
AT [N Cr(TE N /Oez) |AT; [ N: Cr(TE, NE)/(Aez)

5 3.887 8 0.127 9.199 17 0.045

10 3.331 6 0.157 8.204 14 0.051

15 2.933 6 0.177 7.722 13 0.054

20 2912 5 0.191 7.337 13 0.057

30 2.553 5 0.216 6.959 12 0.061

50 2.527 4 0.247 6.523 11 0.065

Table 2.5 Optimum (AT}, wZ}) and its cost rate Cr(Ty, Z})/(Acz) when ¢ tcy ez =
1:2:3

cx/cz |wK =10.0 wK =120.0
AT wZj, Cr(TE, Z3)/(Aez) | AT wZ3, Cr(TE, Z3) [ (Acz)

5 4.932 7.878 0.111 11.008 |17.471 | 0.040
10 4.502 7.136 0.127 10474 |16.692 | 0.042
15 4.274 6.735 0.137 10.185 |16.268 | 0.043
20 4.119 6.459 0.145 9.986 |15.976 | 0.044
30 3.909 6.079 0.158 9.712 [15.571 | 0.046
50 3.656 5.611 0.176 9.374 |15.070 | 0.048

Table 2.6 Optimum (Nj,wZp) and its cost rate Cp(Njy,Zy)/(Acz) when cr :cy:
cz=1:2:3

cx/cz |wK =10.0 wK =120.0
N} wZj, Cr(N}, Z3)/(Xcz) | N wZj, Cr(N}, Z3)/(Xcz)

5 7 7.435 0.140 15 16.920 | 0.056
10 7 6.522 0.158 14 16.195 | 0.059
15 6 6.309 0.168 14 15.706 | 0.061
20 6 5.962 0.177 14 15.367 | 0.063
30 6 5.486 0.190 13 15.078 | 0.064
50 5 5.217 0.209 13 14.496 | 0.067

2. For N =2,3,4, .-, compute \Ty to satisfy (2.46).
3. Compute and compare Cr (0o, 1) and Cp(Ty, N) (N =2,3,--+) to determine
optimum T = Ty and Ny = N, where

Cr(TE Np) _
)\CZ

Cz

S C—T) O1(T}. NE) + (
Cz

For optimum (AT7, wZ¥) and Cp(T¢, Z%)/Acz:

CN
Cz

N c—) 04(T}, N¥).
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1. Compute Tz for 0 < Z < K to satisfy (2.50), and compute Z7 for 0 < T < oo
to satisfy (2.53).

2. Let Z = K and compute T, compute Zr; for Tz, compute T, for Zry, - - -,
to determine ATy = Tz; and wZy = Zr; (i = 1,2, ---), where

Cr(TE, Z%) (K =7 .
Sl il |:(C_K — 1)e wK=2Zp) 4 (1 - Z—Z):| Os(Tg, Z%).

/\CZ Cz

For optimum (N, wZ%) and Cp(Nj, Z5)/Acz:
1. When N =1, Z}, = K, and

Cr(1,K) _ov (C_K CN)e—wK.

ACz cz cz ¢z

2. For N =2,3, -, compute Zy to satisfy (2.55).
3. Compute and compare Cr(1, K) and Cp(N, Zy) (N =2,3, ---) to determine
optimum Z3 = Zy and Nj = N, where

Cr(Np, Zn) (C_K B 1) e—wlK=Z}) _ (1 B c_N) (WZE)Ne~ /(NE — 1)

Acz cz cz Z?’jgz[(wzﬁ)j/ﬂ]

These tables indicate that when cr 1 cy :cz =1:2:3, AT < Nj and A\T§ <
wZ7.,but N and wZ7 are almost the same. As the scale of c7, cy and ¢z is roughly
given, we cannot compare optimum policies (AT, Nj), (ATg, wZy) and (Nj, wZ%)
exactly. However, we may conclude: (i) Optimum policy (AT, Nj) saves more
cost rate than (AT, wZ}.) does, though ¢z is greater than cy. (ii) Optimum policy
(ATj, wZy) is better than (N, wZ},), which may be due to ¢7 < cy. (iii) Either
(ATf, Nf) or (N, wZj.) would be better, though cr is much less than cz. The
reasons of (i)—(iii) should be explored further, and different scales of costs cr, cn
and ¢z will be discussed in Chap. 4.

2.2 Random Failure Levels

Units operating in different degradation environments exhibit varying levels of tough-
ness, in which case, the above defined failure threshold K could not be determined
as constant values; however, its probability distribution can be estimated statistically
from historical failure data. In this section, a level of failure threshold K is supposed
to be a random variable and has a general distribution L (x) = Pr{K < x} with finite
mean 1/60 and L(0) = 0 [2].

When the unitis replaced preventively attime 7 (0 < T < oo) oratshock N (N =
1,2, ---), whichever occurs first, the expected cost rate is [2]
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cx — (ck —en) FN(T) 75 GV (x)dL(x)
—(cx — er) SVGFOT) = FUDT)] [° 6D (x)dL(x)

SV J PO @) — FU+D(0))de [ GO (x)dL(x)
(2.58)

Cr(T,N; L) =

When L(x) = 1 —e™% and the unit is replaced preventively only at time 7T, the
expected cost rate is

Cr(T;0) E[\}iinooCR(Ta N; L)

ek — (ex — o) XX[GHOVIFU(T) — FUHD(T)]
C SRIGH OV f] FO1) — FUth(0)]dr

, (2.59)

where G*(0) = [, e"**dG (x), which represents the Laplace-Stieltjes transform of
G(x).

Furthermore, when shocks occur at a nonhomogeneous Poisson process with
a cumulative hazard rate H(¢) = fot h(u)du, ie., h(t) = dH(t)/dt and FY(t) =
Z?ij[H(t)i/i!]e’H(’> (j =0,1,2,---) from (1.6), the expected cost rate in (2.59)
is
ck — (ck —cr) exp{—[1 — G*(O)]H(T)}

Ji exp{—[1 — G*(O)1H (1)}dr

Cr(T: 0) = (2.60)

If h(¢) increases strictly with ¢ to h(c0), and

Ck

[ - G*(e)]h(oo)/o<> exp {1 — G*O)H®)} dr >
0

9
Cxk —Cr

then there exists a finite and unique 75 (0 < Tz < oo) which satisfies (Problem
2.11)

T
[ - G*(a)]h(T)/O exp {—[1 — G*(O)IH (1)} dr

+exp {11 - G*OH (T} = ——, 2.61)
Cxk —CT
and the resulting cost rate is
Cr(T}: 6) = (ck — ep)l1 — G*@)IA(TR). (2.62)

When the unit is replaced preventively only at shock N, the expected cost rate is


http://dx.doi.org/10.1007/978-3-319-70456-2_1

42 2 Standard Replacement Policies

Cr(N; L) ETIer;OCR(T,N; L)

ek = (ck —en) Jy GM(x)dL(x)
X GO )dL (k)

N=1,2,---). (2.63)

Forming the inequality Cr(N + 1; L) — Cr(N; L) > 0,

Ck

N-1 00 [ee)
0:(N) Y / GV (0dL(x) + / GMVdL() = ——,  (2.64)
=00 0 Ck —CN

where

o0
[G™M(x) = GNFV(x)]dL(x)
0sv) = 1676 =1
Joo GM (x)dL(x)
If O7(N) increases strictly with N to 1, then the left-hand side of (2.64) increases
strictly with N to fooo[l + Mg (x)]dL(x), where Mg (x) is given in (2.7). Therefore,
if

/Do Mo()dL(x) > —N
0

CKk —CN ’
then there exists a finite and unique minimum N} (1 < Nj < oo) which satisfies
(2.64), and the resulting cost rate is (Problem 2.12)
(cxk —en)Q7(Ng — 1) < pCr(Ng; L) < (ck — en) Q7(Np). (2.65)

In particular, when L(x) =1—e"%, Q7(N)=1—G*#), and N} = o0.
Table 2.7 presents optimum 75 and its cost rate Cr(Ty; 0)/cr for G*(0) and cg /cr
when H (t) = +>°. Obviously, optimum Ty increases with G*(0) and decreases with
ck /cr, and its cost rate decreases with G*(6) and increases with cg /cr.

Table 2.7 Optimum T} and its cost rate Cr(T; 0)/cr when H(t) = 12

cx/cr G*(0) =0.1 G*(0)=0.5 G*(#) =0.9
Ty Cr(TE:0)/cr | Th CrR(TE: O /cr |Th Cr(Tg;0)/cr

5 0.538 3.875 0.772 2.888 1.615 1.292
10 0.355 5.746 0.476 4.283 1.064 1.915
15 0.283 7.142 0.380 5.322 0.850 2.380
20 0.243 8.305 0.326 6.191 0.729 2.769
30 0.196 10.247 0.263 7.640 0.589 3416
50 0.151 13.303 0.202 9918 0.452 4.434
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2.3 Double Failure Modes

In crack growth models [27, 28] for aircrafts, it has been well-known that the unit
would be failure when the size of one crack exceeds a threshold level, or when
the total sizes of all cracks attain to a certain level, e.g., multi-site damage, which
is defined as the simultaneous occurrence of many tiny fatigue cracks at multiple
locations in the same structural element, and has become recently a major issue of
aging aircrafts since the Aloha Airlines affair in 1988 [29].

This section takes up one extended model where the unit fails when the total
damage has exceeded a failure threshold K (0 < K < 00) in Sect. 2.1, and also fails
when the total number of shocks reaches to a certain value of N (N =1,2,---),
whichever occurs first, and corrective replacement is done immediately when the fail-
ure is detected. As preventive replacement policies, the unit is replaced preventively
attime 7 (0 < T < 00), or atdamage Z (0 < Z < K), whichever occurs first.

The probability that the unit is replaced at time 7', at shock N, at damage Z, and
at failure K are respectively given in (2.1)—(2.4), and the mean time to replacement
is given in (2.5). Then, the expected replacement cost rate is

Cn(T, Z) =
ck — (ck — 1) Xg [FO(T) = FUN(T)]1GY(Z)
—(cx —¢z) ij;ol FUT(T) fOZ[G(K —x)—G(Z —x)]dGYP (x)

, (2.66
Z;\’;Ol GI(Z) fOT[F(/)(t) — FUHD(1)]dt (2.66)

where cr and ¢z are defined in (2.6), and ck is replacement cost at shock N and at
damage K where cx > cr and cx > cz.
When the unit is replaced preventively only at time 7 (0 < T < 00),

Cv(T) = lim Cy(T, Z)

ck — (cx — ) XY IFO(T) — FUTD(T)1GY (K)

= = , (2.67)
Z?’:_Ol GU(K) [ TFD(1) — FU+D(r)]dr
and when the unit is replaced preventively only at damage Z (0 < Z < K),
Cv(Z2) = lim Cy(T, Z)
_ ek —(ex —e) X [T IGK —x) — G(Z — DG () .68

MZ;V:_OI G (Z)

(1) Optimum Ty,

We find optimum 7'y to minimize Cy(7T') in (2.67) for given N and K. In particular,
when N =1,
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ck — (cx —cr)F(T)

Ci(T) = —
1) Jy F(nde

(2.69)

which corresponds to the expected cost rate of the standard age replacement policy
[1]. When shocks occur at a nonhomogeneous Poisson process with a cumulative haz-
ardrate H(t),ie., F(t) = 1 —e 7" and h(t) = dH (¢)/dt increases strictly with ¢
to h(00) = lim;_, o0 A(t) and ph(o0) > cg /(cx — cr), optimum 77" (0 < T}* < 00)
satisfies

T
h(T) / F()dt + F(T) = —% (2.70)
0 Ck —Cr
and the resulting cost rate is
Ci(T{") = (ckx — cr)h(TY). (2.71)
From (2.67),
Cyn(0) = lim Cy(T) = oo,
T—0
Cy(00) = lim Cy(T) = —— 5 (2.72)
N = N = . . .
T—00 M Z?[:_ol G (K)
Thus, there exist a positive Ty, (0 < Ty, < 00) to minimize Cy(T).
Differentiating Cy (T) with respect to T and setting it equal to zero,
N-1 T
Qs(T, N) D" GV (K) / [FO @) — FUD @)]dr
j=0 0
N—1 .
+ Z[F(j)(T) — FUrD(mIGY(K) = K , (2.73)
=0 Ck —Cr
where
— S LT — UG (K)
0s(T, N) = 5

> NYIFO(T) — FUD(T)IGI(K)

and £ (1) = dFY (¢)/dt. If Qg(T, N) increases strictly with T to Qg(co, N), then
left-hand side of (2.73) also increases strictly from 1 to uQg(oco, N) Z;\:{)l GY(K).
Therefore, if

N-1

pQs(00, N) D" GV(K) >

Jj=0

Ck

ck —cr’
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then there exists a finite and unique 75 (0 < T3y < oo) which satisfies (2.73), and
the resulting cost rate is

Cn(Ty) = (ck — cr)Qs(Ty, N). (2.74)
In particular, when F (1) = 1 — e, the expected cost rate in (2.67) is

Cn(T)  cx —(ck —cr) >V FOMGY(K)
A Zj'v;ol FUD(T)GWD (K)

+ (cxk —cr), (2.75)

which decreases strictly with T'. Thus, T = oo, and the resulting cost rate is given
in (2.72).

(2) Optimum Z
We find optimum Z}, to minimize Cy(Z) in (2.68) for given N and K. In particular,
when N = 1, C;(Z) increases with Z, and hence, Z{ = 0,andwhen N — 00, Cy(Z)
is given in (2.16).

Differentiating Cy (Z) with respect to Z and setting it equal to zero for N > 2,

N—-1 N—1 7z
09(2) > GV(Z) + Z/ [G(K — Z) + G(Z —x) — G(K — x)]dGY (x)
Jj=0 j=0"0
=5, (2.76)
Ck —Cz

where

(N)

9" (Z)
09(2)=
? Z;"z‘ll g (Z)

and ¢V (x) = dG™(x)/dx.

If Q9(Z) increases strictly with Z from 0 to Q9(K), then the left-hand side of
(2.76) also increases strictly with Z from 1 to [Qo(K) + 1] 27;01 G (K). There-
fore, if [Q9(K) + 1] Zf’:_ol GY(K) > cg/(ck — cz), then there exists a finite and
unique Zy (0 < Zj < K) which satisfies (2.76), and the resulting cost rate is

HCN(Zy) = (ck — c2)[Qo(Zy) + e K7V, (2.77)
Conversely, if [Qo(K) + 11 317 GV (K) < ck/(ck — cz).then Z}; = K, and the

resulting cost rate is given in (2.72).
When G(x) =1 —e ",
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WZ)V1/(N = D)!
05(2) = — 0 (N =23,
’ SN2 w2)i /)]

which agrees with 7y (Z) in (2.55), and increases strictly with Z from 0 and decreases
strictly with N to O (Problem 2.4). Thus, (2.76) becomes

N—-1 N
+11Y G2 —[1—e® D13 g0z = —K @278
[Fn(Z) ],é (Z) -1 —e ]; @D =——=0 2T

whose left-hand side increases strictly with Z from 1. Therefore, if

N-1

[Fx(K)+11 > GY(K) >
Jj=0

CK

ck —c¢z’

then there exists a finite and unique Z} (0 < Z} < K) which satisfies (2.78). If
wK > cz/(ck — cz), then a finite Z}, might exist.

2.4 Problem 2

2.1 Prove that (2.1)+(2.2)+(2.3)+(2.4)=1 and derive (2.5).

2.2 Prove thatif Q(T) increases strictly with T to Q(00), then the left-hand side
of (2.10) increases strictly to Q(co)u[l + Mg(K)] — 1. Furthermore, prove
in (2.23) that when F(r) = 1 — e~ and 7j+1(x) increases strictly with j,

ST /NG (K) = GUTD(K)]
YOI /j1GI(K)

0i(T,N) =

increases strictly with T from G (K) to ry (K) for N > 2, and increases strictly
with N from G(K) to Q,(T)/\.

2.3 Show why the inequality C(N + 1) — C(N) > 0 should be formulated.

2.4 Prove thatif ry,;(K) increases strictly with N, then the left-hand side of (2.14)
increases with N to ro(K)[1 + M5 (K)] — 1. Furthermore, prove that when
Gx)=1—e“for0<x <K,

_ (wx)N/N! _
i’zv+1()6)—Z (N=0,1,2,--+)

?iN(‘Ux)'i/j!

increases strictly with N from e “X to 1, and decreases strictly with x from 1
to ry+1(K). Prove that
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(wx)N/N!

— 7 (N=1,2,--
> wx)i /]! ( :

Np(x) =

decreases strictly with N from wx to 0 and increases strictly with x from O to
n1(K).

2.5 Derive (2.17) and prove that its left-hand side increases strictly with Z from 0
to M, G (K ) .

2.6 Prove that

2 2ol(ATY /)] JEG(K — x)dGY (x)
> %I /j11GD(Z)

increases with T from G (K) and is less than G(K — Z).
2.7 Prove that (2.33) does not hold for any Z, and show that there does not exist
any finite N which satisfies (2.32).
2.8 Prove that Q4(T, N) increases strictly with 7 from 0 to G™ (K)/ GV =D (K).
2.9 Challenge to derive optimum N}, for given T for cy > cr.
2.10 Provethat Q4(7, Z) increases strictly with Z from F(T)/F ®(T)to Qs(T, K),
and decreases strictly with 7' from oo to 1.
2.11 Derive (2.61) and prove its result.
2.12 Derive (2.64) and prove its result.
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