Chapter 2
Theoretical Background

In this chapter some of the fundamental theoretical tools, required to characterize
the first excited isomeric state of °Th, are developed. The first section provides a
short introduction to nuclear shell models with a focus on the Nilsson single-particle
shell model and rotational bands. The second section describes the fundamental
theories of nuclear v decay and internal conversion, together with their applications to
229mTh, The last section introduces the theoretical background for direct nuclear laser
coupling and gives examples for 2°™Th. Also >™U is discussed for comparison,
being the isomeric state of second lowest excitation energy.

2.1 Nuclear Shell Models

The ultimate way to describe nuclear transitions would be within a quantum chro-
modynamical framework. Unfortunately, this theory has not yet been developed to a
point which would allow for precise predictions of level schemes. Especially com-
plex nuclei and transitions of lowest energies, as is the case for the first excited state
of 22°Th, is far beyond the scope of quantum chromodynamics at the current time.
Therefore, all possible predictions are within the framework of different collective
models, of which the most important one is the nuclear shell model. This model, even
with all possible extensions, still does not allow for a precise prediction of nuclear
transitions in the eV-range. Instead, it allows for rough estimations, which can then
be compared to experimental data. In the following, the nuclear shell model will be
discussed together with its extensions as far as of interest in the context of this thesis.
The discussion is based on Ref. [1].
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16 2 Theoretical Background

2.1.1 Nuclear Single Particle Shell Model

Similar to the electrons in an atom, the nucleons can be described as solutions of the
Schrddinger equation .
Hy = Ev 2.1

for a given Hamiltonian H. Assuming that a potential is found, in which each nucleon
moves independently of all others, the total Hamiltonian can be written as a sum over
individual particle Hamiltonians [1]

2
H= H=> [—f—mm + vm} : 22)

i

where V (r) is the potential of interest. The Schrédinger equation must then hold for
each individual particle

2

Hyyy = [—h—Ai + vm} i = Ei. (2.3)
2m

The potential in which one nucleon is moving is given by the mean field that is

generated by all other nucleons and therefore corresponds to the nucleon density,

which is described by Fermi statistics. The basic potential approach is therefore the

Woods—Saxon potential

_VO

T erAr @9

Vwoods—Saxon () =

where V; corresponds to the potential depth, R is the radius at which the potential
depth is half of Vj and a is a parameter corresponding to the steepness of the potential.
Vo, R and a have to be experimentally identified. A comparison of theoretical predic-
tions from this model and measured level schemes reveals that this simple approach
does not lead to satisfying predictions. Instead also the spin-orbit interaction has to
be considered. This is done via an extra term in the potential, which then becomes

-V <I§ >

Vir)= WJFV”(”T' 2.5

Here Vi, is a scaling potential and [ and § are the orbital momentum and spin oper-
ator, respectively. The operators are coupled as j = [ + § which, by applying the
commutativity of [ and §, gives

i = % (j2 —P- §2) . (2.6)
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As all components of f commute with the Hamiltonian, one can find a basis of states
|slj), for which the eigenvalue relations of the angular momentum operator hold

§2|slj) = R2s(s + D)|slj),
PIsljy = B2 + 1)|slj), (2.7)
JIstj) = B2 (j + DlsLj).

Thus the expectation value < [§ > becomes

RPLG+D =10+ 1) —s@s+ D]

I5 >= : 2.8
<[5 > 5 (2.8)
Inserting this relation into Eq. (2.5) leads to
_ -V JG+D =1 +1)—s(s+1)
Vir) = m-’-vls(”) 5 . (2.9)

It is known from experiment that Vi;(r) takes negative values. The resulting
Schrodinger equation cannot be solved analytically, but due to the spherical sym-
metry of the potential the resulting wave functions can be factorized into a radial
wave function R,;(r) and the spherical harmonics Y, (0, ¢), where n, [ and m are
the radial quantum number, the orbital quantum number and the magnetic quantum
number, which can take values from 1 to 0o, 0 to oo and —/ to / respectively. The spin
quantum number s is involved to also take spin-orbital coupling into account. The
spin s takes the values —1/2 or +1/2. It turns out that the energy is independent of
the magnetic quantum number m. An energy eigenstate is therefore fixed by the three
quantum numbers 7, [ and s. Usually the states are assigned by n,/ and j =1 + s
instead, where for [ the letters s, p, d, f, g, h,... (corresponding to/ = 0,1,2,...)
are used. Due to the independence on m, each state is (2 + 1) times degenerate.
The numerically calculated level schemes for the Woods—Saxon potential with and
without spin-orbital coupling are shown in Fig.2.1.

2.1.2 The Nilsson Model

The above made assumption of a spherical nuclear potential cannot be validated for all
nuclei. In general, deformation occurs, leading to changes of the energy eigenvalues,
which have to be considered in a more realistic approach. This is especially important
for nuclei far from closed shells, as is the case for 22°Th. Therefore deformations
of the Woods—Saxon potential have to be allowed, which again can only be done
numerically. In order to get any insights into the theory of deformed nuclei, the
deformed harmonic oscillator potential is considered in the following. This is also
the way in which deformation was first introduced into the model by Nilsson [2].
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The Hamiltonian of the anisotropic harmonic oscillator is of the form [1]
N h? m
_ 2.2 2.2 2.2
HO—_%A"‘E(%»X +wyy” +wiz ) (2.10)

The energy eigenvalues of this Hamiltonian are

1 1 1
Ey = ho, (n + 5) + (ny + z) + (n + E)’ @.11)

where n,, n, and n; denote the quantum numbers characterizing the corresponding

eigenstates. For the following, axial symmetry with w, = w, is assumed. Further, a
constant potential volume wywyw, = const. = wg is introduced and a deformation

parameter ¢ is introduced as
b—a

6=2. , 2.12
b+a ( )
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where b denotes the length of the ellipsoid along the symmetry axis and a the length
orthogonal to the symmetry axis. Thus negative values of d correspond to oblate defor-
mations and positive values to prolate deformations. With the help of this deformation
parameter, w,, w, as well as w, are expressed as

2

(2.13)
2_ 2 4
w. = w”(d) (1——5).
< 3
In this case one has
4 16 ,\'"?
WyWyw, = W (8) (1 - 3(52 — E(SS) = wg, (2.14)
and correspondingly
4 16 .\ "/
w(d) = wp (1 - 552 — 553) . (2.15)

In the original work [2], Nilsson introduces a deformation dependent oscillator length
b(8) = (h/mwy(5))"/? and dimensionless coordinates ¥’ = 7/b to transform the
Hamiltonian of Eq. (2.10) to

Ao = o) (a4 4\/?5% 0, ¢ 2.16
0= ()(—5 +7—§ gr 20( Jb)) (2.16)
It is convenient to transform to cylindrical coordinates, in which case the eigenstates
are characterized by the quantum numbers n_, n, and m;, where m; denotes the
projection of the orbital angular momentum onto the symmetry axis and is often
denoted as A. Correspondingly one obtains

1
Ey = hw, (nz + E) + hwyy (20, +m; + 1)

cwaf(re ) o3 ))

Here N = n,+ny+n; wasintroduced as anew quantum number and w,, = w, = wy.
The axial symmetry of the Hamiltonian causes A to be a good quantum number.
The same is valid for the z-component of the spin ¥ and the z-component of the
total angular momentum 2 = A + X. For this reason, the eigenstates of the given
Hamiltonian are described by the quantum numbers

2.17)
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Q" [Nn A], (2.18)

where ™ = (—1)" is the parity of the state.

The anisotropic harmonic oscillator Hamiltonian given in Eq. (2.10) is not a
realistic nuclear potential. The reason is that no spin-orbital coupling is included and
the potential is not realistic for high / values. In order to correct for that, Nilsson
introduced two further terms. One spin-orbital coupling term, proportional to [$, and
one term proportional to 2, leading to a more realistic form of the potential. The full
Nilsson-model Hamiltonian reads [1, 2]

I:INilsson = ﬁo +C < f§ > +Di2 (219)

Here C determines the strength of the spin-orbit coupling and D introduces a level
shift. The corresponding Schrédinger equation can only be solved numerically. Solu-
tions for the energy are shown in Fig.2.2 as a function of the deformation parameter
[3]. It can be inferred that each eigenstate of the undeformed Hamiltonian splits in
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Fig. 2.2 Nilsson diagram for neutron single-particle states, showing states as populated by nuclei
with neutron number larger than 126 [3]. The single-particle energy is shown as a function of the
deformation parameter €. The crossing of the 5/27633 ground state of 22°Th and the 3/21631
isomeric state is marked by a red circle
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(2j 4+ 1)/2 substates during deformation. After introduction of the correction terms
C < I§ > and DI2, Q and 7 are the only remaining good quantum numbers of the
states. However, for large deformations, the 15 and 1% term are less important and the
quantum numbers in Eq. (2.18) are approximately good quantum numbers. For this
reason they are denoted as asymptotic quantum numbers and used to describe the
Nilsson states.

In case of *Th, the nuclear ground state is described by the Nilsson quantum
numbers 5/27633 and the isomeric state by 3/27631. The deformation parameter is
often defined as ¢, the Nilsson quadrupole deformation parameter. ¢, relates to § as

1 5
=04 =0+ —5+--- 22
€ + 5 + T + (2.20)

For 22°Th, the nuclear deformation can be estimated from the electric quadrupole
moment to e, & 0.19 [4]. This is in good agreement with the crossing point of the
5/2%633 ground state and the 3/27631 isomeric state in the Nilsson diagram, as
shown as a red circle in Fig.2.2.

2.1.3 Rotational Bands

In order to understand the nuclear y-ray spectrum of > Th, also rotational motion of
the nucleus has to be considered. As the nucleus is deformed, rotations around an axis
perpendicular to the symmetry axis of the nucleus can occur. In case of cylindrical
symmetry, the corresponding Hamilton operator takes the form [1]

P22 2
H. = A 2.21
¢ 2. 0. (2.21)

Here I denotes the total angular momentum operator of the rotation, and I; is the
corresponding projection onto the z-axis of the body-fixed system. 6, and 6, denote
the moments of inertia in x and z direction, respectively. Introducing the new quantum
number K = I, as the z-component of the total angular momentum, the rotational
energy of the system can be obtained by solving the Schrodinger equation with the
given Hamiltonian as

2 2

E :h—(1(1+1)—K2)+h—K2 (2.22)
T 20, 20, ‘

Based on symmetry arguments, it is possible to show that in case of axial and reflec-
tion symmetry K = O and I = 0,2, 4, ... holds and the rotational energy is given

by [1]
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2

I}
Erot = 20 (II+1). (2.23)

In accordance with Eq. (2.23), there is a series of excited rotational states, called
rotational band, corresponding to each energy level of the Nilsson model. The ground
state of each rotational band is denoted as the band head. Besides rotational states
also vibrational states can play a role. These will not be discussed, as they are not of
importance in the considered context.

2.2 Nuclear v Decay and Internal Conversion

Two decay channels of ?>™Th are addressed in this work. These are the ~ decay
via emission of a photon in the vacuum ultra-violet (VUV) region around 160nm
and the internal conversion (IC) decay under emission of a low-energy electron. The
search for an internal conversion decay channel has led to the successful observation
of the isomeric decay (see Sect.5.2.2). In the following, the theoretical background
is discussed for both decay channels.

2.2.1 Nuclear v Decay

The theory of nuclear coupling to electromagnetic radiation provides the basis for
nuclear v decay as well as excitation. In the following, the y-emission rate for a
given nuclear transition will be derived. For this purpose, the electromagnetic field
is developed in multipoles, closely following the procedure described in Ref. [5].
The starting point are the Maxwell equations, which take the following form (in SI
units):

G.EG. ="
€0

V-HF 1) = -V -MF, 1)
L H G (2.24)
¥ x BG. )=—uoa( (F, 1) + M(r,1))

ot
- PN 8E(7, t) 7=
VxH(@r,t)=eg———=+ J(r,1).

ot

These are the usual vacuum Maxwell equations after introduction of a magnetization
1\:4 (7, 1), in order to take the intrins}c angular momenta of the particles into account.
E (7, t) denotes the electric field, H (7, t) is the magnetic field and J (7, ¢) as well as
p(#, t) denote the current and charge density, respectively. €y and g are the vacuum
permittivity and permeability constants.
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Assuming a single source frequency w, the time dependency can be separated as
(6] A ,
p(F, 1) = p(Fle”"" + p*(F)e"”

JF, 1) = J(He ™ + J*(F)e™ (2.25)
MG, 1) = MF)e™™ + M* (e’

The same relation then also holds for the electric and magnetic fields. By inserting
these relations into Eq. (2.24) and applying the continuity equation

9 gt’ D %id.n=o. (2.26)

the Maxwell equations take the following form
Ho =
2v.7
r) = k‘/ ")
V-HF) = -V - M)
V x E(F) = ik / (H(r) + M(r))
> g . € 2 - g
VXxH({r)=—ik |—E®Fr)+ J().
Ho

Here w = ¢ - k with k as the wavenumber and ¢ = 1/, /oo was used. Applying the
curl operation to the last two equations and making use of the identity

t‘m

(2.27)

Vx(VxV)y=V(V-V)-VV, (2.28)

the inhomogeneous Helmholtz equations are derived

(%24_](2)5(?) —lk\/7 (J(r)—l—V X M(r)) k\//:jsﬁ(% f(?)) (2.29)

(VE+IDHG) = —k*MF) =V x JF) = V(V - M(F)).
These equations take the form of an inhomogeneous wave equation
(V2 + )0 F) = =V (), (2.30)

which is solved with the help of the Green’s formalism. The solution for the vector
component « reads

%®=Z/W@Wﬁmmx 2.31)
g
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where the Green’s function G, is expressed in terms of vector spherical harmonics
as [5]

5(F 7)) = e 1" (k) ji k) X ima X o3 (0 2.32
Gop(F. 1) = lzolmz I(H (k) ji(kr") Xima X150 &), (2.32)
Here hl(l) denote the spherical Hankel functions and j; the spherical Bessel func-

tions. X, (0, ¢) = LY}, (6, ¢)//TT + 1) denote the vector spherical harmonics, as
developed from the scalar sphencal harmonics Y}, (6, ¢) with help of the angular
momentum operator L = —i7 x V. In this way X = Y,’;LL /+/1(l + 1) becomes a
differential operator that acts on the 1nh0rn0genelty V. The solution to the inhomo-
geneous wave equation (2.30) thus reads

V() = Z Z hy" k) Xim (0, §)——=== [ dF'ji(kr")Y}s, (0, §)L' - V(7).

1=0 m=—1 vi /
(2.33)

This general solution can be used to solve the inhomogeneous Helmholtz equations
(2.29), which will be done in the following only for the first equation with the special
inhomogeneity

V) = zk\/7 (J(r) +V x M(r)) k\/?%(% LT (#)). (2.34)
0

The solution for the electric field is determined to

[} 1
EF =22 ap’h" tr)Xim(0, ¢), (2.35)

=0 m=—1

with the field amplitude of order /, m

M) _ 3. roNT
d k 0, o)L
[ l(l+1 / r]l( I’) ( d))
. Ho (7 . > Y4 i Moz 2 7.
: [lk flall (J(r)+v % M(F )) y LY. J(r)):|
€0 kV e
(2.36)
Making use of the identities
L-VF) =iV-Fx V@),
R . . . . . 2% . “/' -.
L-(VxV({F)=iViF- V) — ’a(”—(")) (2.37)
ror
L-Vs@F) =0,
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this equation is simplified to

(M) _

! . / * / /
Um m‘/ . /dr Ji(kr )Y]m(e .0

AN Y il
. [e e T + S iy - 2T )

r'or’

(2.38)
When applying integration by parts, the V2 is replaced by —k? and by Green’s
theorem one can cast the radial derivative onto the spherical Bessel function. This
results in

alM) — m /“ / dF/ Y, ¢ (v 7 x J(F)) — K2 - M(?/)))
/
Y, )Y - M(F’)w .
r
(2.39)
As the source dimensions are small compared to the wavelength (kr < 1), the
argument of the Bessel function is small. In this limit, j; can be approximated as

. (kr)’
kr)y ~ ————. 2.40
LGy (2.490)
Inserting this approximation in Eq. (2.39) and keeping only the lowest orders in kr
(leading to the cancellation of the k>(#' - M (7)) term), one obtains

142
o) _ —ik l+ MO
—_— Mm M), 2.41
an, (21 1)” im + lm ( )

with the magnetic multipole moments defined as

=— / dF'rYE @, §)V - (7 x T (7)), and
(2.42)
My, = / 'Yy (0, OV - M(F).
M;,,, corresponds to the effective magnetization, while M, accounts for the intrinsic
magnetization M(F).
A similar procedure can be carried out in order to determine the electric multipole
coefficients al(,f) (Ref. [5]). The result is

l m

(E) _ —ickl+2 l+
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with the electric multipole moments

O = / &7 Y0 )p()
ik (2.44)
Q) = ) dri'r'YE @, 9OV - (F x M(F)).

The Poynting vector S is used to infer the angular dependent energy emitted per
second and unit area. It is defined as

SG, 1) = EF, 1) x HF, 1). (2.45)

In the far field one has |f[ | = |l§| /1o = J€o/ ,u0|1;" | and the Poynting vector trans-

forms to
=2 € = o 2
IS, Ol = | —|EF, D). (2.46)
Ho

Applying the definition of the electric field (following Ref. [6]) as
EG, 1) = EF)e ™ + E*(F)e'™, (2.47)
the time average takes the value
<|EG D] >=2-1E@) (2.48)

and thus
AN €0, 2 > 2
< |S(F, D) >=2|—|EM)|". (2.49)
Ho

From Eq. (2.35) we obtain for a single magnetic multipole of order /m
ED ) =l nf") (k) Rin (0, 0), (2.50)

with hl(l) the spherical Hankel functions and X 1m (0, @) the vector spherical harmon-
ics. For far distances from the source (kr < [), the spherical Hankel functions can
be approximated as

ei(krflﬂ/Z)

JIRES — (2.51)
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Thus the total amount of energy radiated per second is calculated to be

pn —/ < |SGF 1) > dQ

|a(M)
‘/ 1 X1 (0, $)2dQ2 (2.52)
—2 /2 |a,M)|2’
wo k2

where in the last step the normalization condition of the vector spherical harmonics
was used. Inserting Eq. (2.41) for a,(ff ) and dividing by fw, the rate of emission of a
photon of frequency w per unit time is derived.

A0 _ PM) _ PM)
hw — hek
260
=13 ag P (2.53)

2 K 141

Boo(MI),
ho[@r+nn? 1 o(MD

where B,,(M!) denotes the nuclear transition matrix element of multipole order /,
defined for the transition from the excited state e to the ground state g as

Boy(MI) = (M + M},)" . (2.54)

This matrix element can only be determined experimentally, however, Weisskopf
derived a rough estimate for B,,(M!), based on the single-particle nuclear shell
model, leading to [6]

100 3\’
By (M) ~ (3_+1) R¥72 1. (2.55)

Here R = 1.2 - Al/ 3 fm is the nuclear radius (with Ay the mass number) and
un = 5. 051 1077 J/T denotes the nuclear magneton. Equation (2.53) is often given
in gaussian units, where it has to be multiplied by 47 /. The results of Eq. (2.55)
can easily deviate by two orders of magnitude from the experimental results. In
order to account for this, a correction factor By, is introduced, corresponding to
the transition rate in Weisskopf units. There is no complete agreement for By, in
case of 2™ Th in literature and the proposed values vary by a factor of 10 between
0.33-1072 and 4.55 - 1072 [7].

Similar to Eq. (2.53), the photon emission probabilities can also be estimated for
electric multipole moments. In this case one obtains
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210 E
A® = k3 |al(m)|2
2 k2l+l l 1
= 2 * Beg(El)9
heo [21 + DI 1

(2.56)

where B, (El) = (Qin + Q}m)2 and can be approximated as [6]

2
B El~i 3 R ¢? 2.57
eg( )N47T 3+l e . ( )

During the radiative transition from an initial nuclear state i to a final state f, the
overall angular momentum is conserved. This leads to the selection rules for multipole
radiation /, m during nuclear transitions as

lji —jrl <1< ji+js
m; —my =m.

(2.58)

A further selection rule originates from parity conservation. Denoting the parity of
the initial and final nuclear states as 7; and 7, respectively, one obtains

T =Ty for ™= +1, (2.59)

T = —Ty for ™= -1,

where 7 denotes the parity of the multipole radiation. From the definition of electric
and magnetic multipole radiation (see e.g. Ref. [6]) the parity 7 is obtained as

7= (=1 forelectric multipoles,
. ) ) (2.60)
T=—(—1) for magnetic multipoles.

In the specific case of 22*™Th, the nuclear transition occurs between the Nilsson states
3/21631 (excited state) to 5/21633 (ground state). Correspondingly, one obtains
[3/2 —5/2| <1 <3/2+45/2 and [ can take values between 1 and 4. As decays
are dominated by the lowest multipole order, only the multipole order [ = 1 will
be considered. From parity conservation it is seen that 7 = +1, which can, under
the assumption / = 1, only be fulfilled for magnetic multipole radiation. Thus the
transition of 2™ Th to the ground state will be mostly of type M1, with a small
admixture of E2. The photon transition rate is calculated based on Eq. (2.53) to be
A ~ 4.9 1073 s7!, conservatively assuming Bw,, = 0.33 - 1072, As the purely
radiative lifetime 7, relates to the photon transition rate via

T = — 2.61)

this corresponds to a lifetime of 7, ~ 2.0 - 10* s, which is 5.6 h.
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2.2.2 Internal Conversion

Besides «y decay of an excited nuclear state, internal conversion (IC) can occur, which
is for most nuclear transitions the only relevant competing decay channel. During the
internal conversion process, the nuclear excitation energy is transferred to an atomic
shell electron, which is subsequently ejected from the atomic shell. Due to energy
conservation, the electron’s kinetic energy after the IC process (E.) corresponds to
the energy of the nuclear transition E., minus the binding energy of the electron Ey:
E. = E, — Ey. Thus internal conversion can only occur if the electron’s binding
energy is below the nuclear excitation energy. This is of particular importance for
the case of 2™ Th with an extremely low nuclear excitation energy of about 7.8 eV.
In this case it is expected that already for singly charged thorium ions the internal
conversion process is energetically forbidden, as the ionization energy of Th'* is
11.9 eV and therefore above the isomeric energy. Only for neutral thorium atoms,
with an ionization energy of 6.3 eV, IC is expected to be the dominant decay channel.

It has to be pointed out that, during the IC process, the nucleus couples directly to
the atomic shell by means of the exchange of a virtual photon. Internal conversion is
thus a second order process, representing a competing decay channel to the first order
process of the direct photonic decay (see also Fig.3.5). In this way, the existence of
an internal conversion decay channel leads to a lifetime reduction of the excited
nuclear state. Opposed to that, it is not correct to imagine internal conversion as the
emission of a (real) photon by nuclear deexcitation followed by a photo effect in the
atomic shell. In the latter case the lifetime of the nuclear excited state would not be
affected [6].

A complete theoretical derivation of the internal conversion process is involved
and beyond the scope of this thesis. The interested reader is referred to the original
work of Tralli and Goertzel [8]. Some problems concerning the gauge invariance
were later resolved by G. Kramer [9]. For a description of the IC process we follow
closely the lines of Rose (Refs. [10, 11]).

As nuclear v decay and internal conversion are competing decay channels of an
excited nuclear state, an internal conversion coefficient ;. is defined as the decay
rate via internal conversion (A;.) divided by the y-decay rate (A, ). It can be shown
[8, 9], that the IC coefficient is calculated (in ST units') as

A 00 - 2

o i 2 * - . 2

o= ZE = k)\ca-S’/ v (a~Blm(kr)+¢lm(kr)) W, r2drdQ| , (2.62)
0

v

where k = E., /hc is the wavenumber corresponding to the nuclear transition energy,
Ae = 2nh/m.c ~ 2.426 - 10712 m denotes the Compton wavelength and o =
e?/4meghe ~ 1/137 is the finestructure constant. S is an abbreviation for the sum
over all unobserved degrees of freedom of the radiation, an average over initial and

I'Natural units are often used in literature, setting i = ¢ = m, = 1. In this case A\, = 27, a = e*

and k and e are dimensionless.
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a summation over final magnetic substates of the electron and W; and W represent
the electronic wave functions of the initial and final state that will be introduced
below. & corresponds to the Dirac matrix vector and élm and ¢y, are the vector
and scalar potentials of an outgoing electromagnetic wave, respectively. They take
different forms for electric and magnetic radiation of multipole order /. For magnetic
radiation one has

- 2 -
m%=J;mewm@¢x

(M) _
i = 0.

(2.63)

Here hl(l) denote the spherical Hankel function, and X, the vector spherical har-
monics. Similarly, for electric multipole radiation, one has

- 2 r

B — \/7 hi2y kr) (rV+ )Ylm(& 2
T+ 1) (2.64)
2

$=V;;%Wmmww,

where Y}, are the scalar spherical harmonics.

InEq. (2.62),1); and v s represent relativistic electron wave functions of the central
field, defined by the quantum numbers L, J = L £ 1/2 and the magnetic quantum
number u. These are solutions of the Dirac equation for the Coulomb potential and
can be separated into radial and angular components [10]

—i fLJ(r)Q(Ji) ®, ¢)
=\ wmefey ) or /=2 (2.65)

Here Q(i) (0, ¢) correspond to the spin spherical harmonics, representing two-
component spinors defined as

cit o, Y “12(0, $)
Q(:t)(e ¢) = ( JJ;:l/zu 12 172 172 £7£1/2 p—1/2 ¢ ’ (2.66)
T51/2 p1y2 172 —12 Yoxry2 pr12(0, @)

where C denotes the corresponding Clebsch—Gordan coefficient and Y;,, are the
scalar spherical harmonics. The radial spinor wave functions f(r) and g(r) for the
Coulomb potential can be calculated explicitly and are given in Ref. [12]. For the
integral in Eq. (2.62), one obtains in case of magnetic multipole moments
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oo
KO — / 7 (& Buuthr) + i k) Wirdrd2
0

1 (2.67)

2 (™ -
=—— |2 | WAV krEALY) (0, 9)Vir2drdQ
«/_l(_l+1)\/;/0 7 ’

where the definition of the vector spherical harmonics as X m@,¢) = 1/J/I1+1)
LY, (0, ¢) was used. Inserting & as

N 0o
o= (&0) (2.68)

and using Eq. (2.65) for W; and ¥, one obtains

. 3 ) )
0 L *(£) > (F) _ ) = )
K = l(l—l—l)‘lﬂ |:R1/QQJ# O‘LYlmQJ/Hr dQ Rz'/Q SZJ# ‘TLYZmQJW dgz].

(2.69)
Here the radial integrals R| and R, were defined as
Oo 1
Ry = / fri@h kr)guy (r)yr?dr
0
00 1 (2.70)
Ry = / gL () kr) fu g (r)r¥dr.
0
These integrals can only be calculated numerically. Using the identity [10]
G- (ZYM) Q=5 L (YinRw) = Y& - Ly, 2.71)

the integrals in Eq. (2.69) can be simplified in the following way

/ Q5 IGLY,, Q) dQ = / FLQ Y Q) A — / QY LQY), dS2
Q Q Q
y /Q Y, 90, d2.
(2.72)
In the last step the equations

(&Z + 1) QE = (L - DI+ DD for J=L1)2
(2.73)

(&Z + 1) QP = —(L' = IS+ DT, for J =L £1/2
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were used and x (and ') were introduced as

k=(L-J)2J+1) for J=L=+1/2,

2.74
K =L -J)2J +1) for J =L +1/2. 2.74)

Similarly, for the second term in Eq. (2.69) one obtains

/ QFGLY, Q) dQ = — (5 + K) / QPY,Q), a9
o Q (2.75)
_ (R+,4)/ Q' PY.QY), dQ.
Q

Here, for the last step the square of a Pauli matrix 0> = 1 was introduced and
the hermitian property of ¢ in combination with O'Q(i) —Q(jF) was used [10].
Inserting the results of Egs. (2.72) and (2.75) into Eq. (2 69) and usmg that ¥, is a
scalar function, the result is

j 2
KO = L [Z (R + Ry (s ++) [ Vu@)PQT, d.  (276)
VIT+ DV« Q e

From the definition of 2, it is seen that

*(i) F _ I
Q W Z CJ:i:l/Zu TI/ZTC.IZFI/2;L Tl/ZTYJ:tl/Z,LL TYJ’3;1/2/1 -7
r=%1/2
2.77)

For the following, we use that L' = J' F 1/2 and define L = J + 1/2. The last
equation contains the product of two spherical harmonics, which can be expressed
in terms of a single spherical harmonic as [10]

2L+ DL + 1 "
Y* YWT=Z(—1)#‘T\/( + D@L+ )C’-’O curH Y,

buer A7 QU+ 1) CLOLOTL et 1 g VK
(2.78)

Here the relation Y}, = (=1)"Y. _,, was applied. Inserting this into Eq. (2.77)

leads to
QB QP QL+1DR2L+1)
o R = Z\/ 472 + 1) Co wo¥v i

S, (2.79)

where S, was defined as

_ RN ardl J'w vy —p
SU - Z( 1) Cl_, n—r 1/2 TCL, W= 1/2 TCI_, —p4T L /=7 (280)
T
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With some calculation, which will not be carried out at this point, it is possible to
show that the sum over three Clebsch—Gordan coefficients can be explicitly expressed
in terms of Racah coefficients W [10]

S, = (=D Jo T 1120 + DT ‘j’;‘}, JWULI'L;1/20).
(2.81)

Consequently, for the integral in Eq. (2.76) one obtains

Q6 QL+ DL +1)
/Y Q) el de = /lemz —arar 1) Clowolyw-uSs d9
14

(21_' + 1)(2L/ + 1) 0 m *
- Z WCLO L OS” (_l) o Yl —mYV ,U/_NdQ

14
QL+DERL +1)
= (D" Z mczo L’OS” 51,1/5111,;1—;1/
v
QL+DEL+1) 4,
= D" Wcm 1051 O +m-

(2.82)
Inserting Eq. (2.76) together with this integral into Eq. (2.62) the result is
oM _ kAca S‘(R1+R2) (H+n’)\/(2[+1)(2L/+1) o o5
ic 2 /l(l + 1) (21 + 1) LO L0 s ' +m
(2.83)

The sum S, which represents the sum over all final states and the average over all

initial states, can be explicitly written as S = 1/(21 + 1) > uemy [10], leading to

2

Khea 1 (Ri+ Ry (k++) [QL+DQL +1)
(M) c 10
T AT Z‘ €0 10! Oyt

JI+1) Ql+1 Lo 1o

kA 2L/ +1
2 I+ D@I+1
_ khea QL+ DRI + 1)
2 1A+ 1DQRI+1)?

5 2R Rl (4 )7 QL+ DICE o ST
J '

SR+ R (5 + #)° QL+ DQJ + 1)
J

|Cl0

L0 GPWAULIL 120> I, R,

J—pJ
n

(2.84)
Applying now the relation

ek =241 (2.85)

B
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leads to the final result for the internal conversion coefficient as

kha QL+ 1)Q2J + 1 -
o = ( X ) SR+ R (5 + ) QL+ 1D@J + 1)
J

2 I+ DRI+

ICLo L PWA(ILI'L': 1/21).

(2.86)
Let us now consider the special case of 2™ Th: Corresponding calculations were
for the first time performed by Strizhov and Tkalya [13] and more recently also by
Karpeshin and Trzhaskovskaya [14]. Due to the expected energy value of 7.8 eV,
internal conversion is expected to occur only in neutral >>Th and only by coupling
to the two outermost electrons, populating the 6ds,, and the 7s,, electronic levels
(usually IC electrons are generated in the innermost shells). Calculation reveals,
however, that the internal conversion process is dominated by the 7s;,> shell [13].
Thus one can assume L’ = 0 and J' = 1/2. As the nuclear transition is of type M1,
we have / = 1 and Eq. (2.86) simplifies to

k>\ca / T
ie = = D[R + R (k + #)* QL + D@J + 1)
6
7 (2.87)

|CE(§)1/2 JWAIL1/20;1/2 1),

This equation provides the basis for numerical calculations resulting in a;. =~ 10°
[13, 14]. Some minor dependency on the applied atomic shell model was found
[14]. Assuming a purely photonic lifetime 7, = 2.0 - 10* s (see Sect.2.2.1), the
expected lifetime of 2™ Th under internal conversion in the neutral thorium atom
is Tic 20 ps. This value is in good agreement with the recently measured lifetime
Tic 210 ps (corresponding to t1,5 ~ 7 ps) [15].

2.3 Nuclear Laser Excitation

One of the main motivations for studying ?*™Th is that it is the only known nuclear
state that allows for direct nuclear laser excitation using already existing laser tech-
nology. In the following, the theory of nuclear laser excitation is discussed. In the first
section the optical Bloch equations are derived. In the second section an expression
for the number of excited nuclei in saturation is obtained, assuming the low-saturation
limit. This equation is applied to the special case of 2> Th in the third section. In the
last section, the case of 2>>™U, which exhibits the second lowest excitation energy of
76 eV, is discussed for comparison.
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2.3.1 The Optical Bloch Equations

Quite generally the optical Bloch equations describe the coupling of coherent light to
a two-level system [16]. For an atomic two-level system usually electric dipole tran-
sitions are discussed. For nuclear two-level systems, however, higher multipolarities
play a more pronounced role and have to be taken into consideration. The optical
Bloch equations for a nuclear two-level system consisting of degenerate ground and
excited nuclear states will be derived in the following. Starting point for this deriva-
tion is the quantum optical master equation in Lindblad form given in the Schrodinger
picture as [17, 18]

% = —% [H, ;3] + LIp), (2.88)

where the Lindblad super-operator £[p] is defined as

, S UV VR,
'C[p] = Z Fmgme (AmqmepAInﬂmf - EPAL‘quAmq’nﬂ - EAjngmgAmqmep) . (289)

mgm,

The first term on the right-hand side of Eq. (2.88) corresponds to the von-Neumann
equation, which describes the time propagation of the density operator p without
energy dissipation. The Lindblad super-operator, models the decay of the excited
states due to coupling to the environment. The summation is performed over all
possible deexcitations from the nuclear excited to the nuclear ground states, taking
into consideration the magnetic sublevels. For simplicity we have neglected the
decoherences between different sublevels of the ground and excited state. The total
angular momentum quantum numbers of the ground and excited states are denoted
by j, and j., respectively, with the corresponding magnetic quantum numbers 1, and
m, satistfying —j, <my < j,and —j, < m, < j.. Furthermore, I';, ,, is the partial
decay rate from the excited nuclear sublevel described by the magnetic quantum
number m, to the ground nuclear sublevel described by the magnetic quantum number
m . The Lindblad operators Amﬂmg are the annihilation operators of the excited states,
explicitly given as

A —iEgt/h
Amgme =e ot/

Ligs ) Ces melet Ee/m, (2.90)
It is assumed that the total Hamiltonian of the system H can be expressed as H=
I:IN +H 1, with H n the nuclear Hamiltonian and H ; the resonant light-interaction
Hamiltonian, which describes the interaction of laser light of angular frequency w;,
with a nuclear transition of the same angular frequency w = wy .

The Hilbert space vectors of the ground and excited states | jg, m4) and | j., m,)
are eigenstates to the nuclear Hamiltonian without interaction term béi Nlji,mi) =
E;|ji,m;) with i € {g, e}, where E; and E, denote the energy of the ground and
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excited nuclear state. We therefore have (E, — E,)/h = w. The time dependency of
the states can be gained back by multiplying with e=*£s//% or e =1 Ec!/ respectively.

In the Schrodinger picture and for the considered case, the density operator p
takes the explicit form

PA) =D pec(me)e™ F M jo, me) (o, mee ™5/

me

+ > pgelmg.me™ Et M o my) (o, me|eES

mgm,

(2.91)
—iE.t/hy . . h
+ D, Pegme.mg)e™ E N e me) (g, mgleE
mgm{,
~iEgtIR ' iEyt/h
+Zpgg(mg)e iEgt] |,].(]1m./]><‘].(]7m.(]|€+lE‘/t/ )
my

Here p..(m.) and py,(m,) denote the population probabilities of the ground and
excited nuclear sublevels, respectively and pg.(mg, m.) = p’;g(mg, m,) are the so
called coherences. From this it is inferred that the population probability of the
excited sublevel characterized by the magnetic quantum number 71, is
pee(ime) = (jesmele™Et/M j =B o me). (2.92)

For an explicit calculation we will first consider the von-Neumann-term of Eq. (2.88).
This transforms to ) )

1 A 1 A A

_L1g, ] =__[H H,A] 2.93

=[A.p] =5 [Av+ A (293)
Calculating the matrix element p,,.(m,) of the density operator by making use of
Eq. (2.92) and inserting the unity operator 1 between each operator product of
Eq. (2.93) as

1= Ze_lEyt/ﬁljgv mg><jgv mgle-HEyf/fL

. . (2.94)
e E o me) (oo meletTET
me
the von-Neumann-term gives
i . . )
= e mele BN [ 5] e E jeeme)
i iwt 5o
= ﬁ Z [pge(mgv me)eth‘ (]es me|H1|]ga mg) (295)

mg

- peg(mga me)eith <jg’ mg|1:11|j87 me>]
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Here (j., me|ﬁ1 | jes m.) = 0 was used, as H; describes only transitions between the
nuclear ground and excited sublevels.

In a next step, the extra term in Eq. (2.88) as imposed by the Lindblad super-
operator is considered. Using Eq. (2.92) for the matrix element p,, (m.) and inserting
Eq. (2.90) for Am_qme, a direct calculation reveals that this term is of the form

i .
- _(Jea m€|e

h
= — Pee (me) Z Fmgmt’ :

my

HEAIR 5] g=iEet/h

ple | Je> M)

(2.96)

Performing the same calculation also for the remaining matrix elements py,(m,)
and pg.(mg, me) = p;,(mgy, m,) leads to the optical Bloch equations for degenerate
ground and excited states including damping [19]%(see also Refs. [20, 21])

. i
Pee(me) = ——

7 Z I:pge(mgy me)eiw[(jev me”:ll ljgs mg)—

mg

p(,g(m!,, me)e_iu)[ (jg» mg‘l:lllje» me)] - pee(me) Z Fm‘,/me»

mg

. i P A . ~
Pge(mgy me) = ﬁ[ﬂgg(my) - Pee(me)]e lwr(}ys m(/|Hl [Jesme) — p{/e(mys me) (lA + Z Frh(,mg) s

my

. i wt ) s I
Pgg(mg) = ?i Z [/’g(’(’n!]’ mg)e'! (Jesme|Hp|jg, mg)—

ne

peg(mg, me)e_[wt (j!]v mg‘l:ll [ Je me)] + Z pee(me)rmqml, .
me

(2.97)

In these equations the possibility of detuning of the laser with respect to the transition
frequency is taken into account by introducing A = w — wy, where w; denotes the
angular frequency of the laser light. The decay rate of the coherences was introduced
as Uym, = Uiy, /2.

For a specific multipolarity /, the partial decay rates I',,», can be explicitly
expressed as [1, 19]

2j9 + 1 lo 2
Cogne = 2 5727 1Clmim, Tt (2.98)
where Cj.;’mq - is the corresponding Clebsch—Gordan coefficient, o denotes the

photon angular momentum projection and ' is the total decay rate of the excited

%Note, that the sum over 7 ¢ 1s missing in the second equation in Ref. [19].
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state, including both radiative decay and internal conversion channels. Using this
definition, summation over the final states m, together with the average over the
initial states m, for the partial decay rates renders the total decay rate I'y,. From
Eq. (2.98) and using the summation properties of the Clebsch—Gordan coefficients,
one obtains

2je+1 .
> Togm. =, 1t T
o mw 21 (2.99)

= [t

Consequently, also the sum over the decay rates of the coherences can be simplified

to 1 |
meﬁmf = E Z Fm!,me = Er‘tol
mg my (2.100)
= [t

Here the total decay rate of the coherences f‘tot was introduced. A short coherence
time of the laser pulse introduces an additional decay rate of the coherence terms in
Egs. (2.97) [22, 23], such that f’tm = (I'tot +T'1)/2 where ', denotes the bandwidth
of the laser light [21].

In its general form, the optical Bloch equations given in Eq. (2.97) can only be
solved numerically. Under certain conditions, however, an analytical solution is pos-
sible. The analytical solution for a realistic scenario of nuclear laser excitation will
be discussed in the following section.

2.3.2 The Low-Saturation Limit

In this section the optical Bloch equations given in Eq. (2.97) will be analytically
solved under the assumption that the nuclear transition is driven with moderate laser
intensities and a laser bandwidth broader than the natural linewidth of the nuclear
transition. In this case the low-saturation limit (qu Pgg(mg) ~ 1 and pyy(mg) >
Pee(m,)) is valid and the initial population of the ground-state magnetic sublevels
can be approximated as

Pgg(mg) ~ (2.101)

2j,+ 1
Further, for a bandwidth of the laser light significantly broader than the linewidth of
the nuclear transition (I'; > I'i,) one obtains ', &~ I'; /2 and the coherences pgy,
will relax fast to an equilibrium with pg, (m4, m.) = 0. Under these assumptions the
equation for pg. of Eq. (2.97) simplifies to
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i e—iwt ) . . )
= g1 o Mol il me) = pge(mg. me) (lA n rm) , (2.102)

which is known as the adiabatic elimination method [24], and one obtains

ie ™ (jg.mglHlje, me)

h2j,+1  iA 4T

pge(mgv me) = (2.103)

Inserting this expression into the equation for p,. leads to

Pee(Me) = - = =
Peelimte }%2(2]5,+1)z iA + Dot —iA+ T

my

1 ',mI:I',m2 ',mI:I',m 2
[og oHiljes m) g, mol e “”}—pee(me)rm

2 Lot L
= h2(2jq+1) A2 +01:‘2 Z|(ngmg‘H1|Jesme>|2_pee(me)rlob

tot m,

(2.104)

In the rotating wave approximation H; can be regarded as time independent. There-
fore this differential equation is solved for p,.(t = 0) = 0 by

2T [1 — ¢ T .
Pec(me) = ol ]~ > g mgl Al je.me) . (2.105)
T, + D (a2 4+ F2)
Consequently, from Eq. (2.105) the excited state population density is obtained by
summation over m, and reads

Pee = Zpee(me)
n,

2E T — omFuct ) (2.106)
= tot[ ] ~ Z |(jga mg|H1|j67 me)|2'
BT, + 1) (A2 +3,) o

This excited state population corresponds to a small (arbitrary) frequency fraction
Aw < Ty of the total frequency width of the laser light I' . In order to calculate the
full population density, p,. has to be divided by Aw and integrated over the full laser
linewidth T";. Only the overlap with the transition linewidth will contribute to this
integral. For this reason, the integration limits can be extended to infinity without
changing the value of the integral. Thus we have
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2f’0 1 — e*r‘wt't ) R .
= /de il ] > g mglHiljes me)?
12T\ Aw (2, + 1) (A2 n rmt) -
2.107
R L Zu m Al jeam)? [ iy fu &0
hzrtotAw(ng + 1) 9 g es T AZ + Fto[

27 [1 — ¢ Tt t] A
N ' »m H .87 me 2»
T Aw(2j, + 1) % |(gs Mgl Hplje, me)|

where in the last step the integral

1 oot
| dw,—=— =1 (2.108)
T A? 4+ T2

was applied. .

The interaction matrix element (j,, m4|H/|j.m.) can be expressed in terms of
the reduced interaction matrix element (j || H, Il jo) by means of the Wigner—Eckart
theorem [25]

s mgl Hrlje, me) = CI0 g Hrl ). (2.109)

Jeme lo

From the summation properties of the Clebsch—Gordan coefficients one has [26]

2j,+1
S P = % (2.110)

mg,me

and therefore

> g mglBrljesme) P = > 1€ 1 P11 Hrlle)
mg,me mg,me (21 l 1)
2jg+1 A,
= H, .
511 | Gall )]
Defining the Rabi frequency 2 as
_ 20l Hillig) _ [2dg 1 200l Hrllje)]

= 2.112
20+ 1k 2je+1 2+ 1h ( )

and inserting Eq. (2.111) into Eq. (2.107), the resulting expression for p¥ reads

T2 2j,+1
Aw2jy+ 1

tot

Pee =

(2.113)
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A detailed description for the derivation of the explicit form of the interaction matrix
element (j,, my|Hy| j.m,) is given in Refs. [1, 27] and will not be carried out at this
point. The result for magnetic multipole radiation is [19]°

| .]qv q|H1|]ev me -

EO‘/ (Zl + 1)(1 + 1) 2J€ +1 JgMmyg
(21+1)u 2, 1 11Cim 1oV BegMD, - 2.115)

similarly, for electric multipole radiation, we have
|<ng mngI lje, me)| =

QI+ 1)(1+ D 2, -
Eov2rn e 10 | /By (ED).

(21 + ! 2]g 1! Cime

(2.116)

Here E is the amplitude of the electric driving field and approximations for the
transition matrix elements B, ,(M!) and B,,(E!) were givenin Eqgs. (2.55) and (2.57),
respectively.

In the following, only the magnetic multipole term will be discussed. By com-
parison with Eq. (2.109), it is clear that the reduced interaction Hamiltonian is
obtained from Eq. (2.115) by dropping the Clebsch—Gordan coefficient. According
to Eq. (2.112), the Rabi frequency is thus inferred to be

1,
Q= V8rEy (1+1 Bey(MI). (2.117)

he Q21+ D!

The transition matrix element B,,(M!) can be related to the transition rate AM by
means of Eq. (2.53) as

ho1[2L 4+ DN A4
ng(Mz)z—u - A (2.118)
2p0 [+1 k

3Note, that compared to Ref. [19] a further factor of /2] + 1,2 Jg + 1 occurs. This difference
originates from a different Clebsch-Gordan coefficient. Using the notation of Ref. [19], redefining
—o to o and interchanging the ground and excited state, one obtains

—

A j
|C(]g]ela mg — meo)| = |C]quje

| =20+

(4

Mg ne

Jg e

mg —me —0
- 7Vzl+1|cj9’”!l [
- ng ¥ Jemelo!®

Je 1 g
Mme 0 —niy
(2.114)

Here some relations for the Wigner-3j symbols were used [26]. Only if the Clebsch—Gordan coef-
ficient is in the final form, the Wigner—Eckart theorem (2.109) can be applied to define the reduced
interaction Hamiltonian.

—

=2+




42 2 Theoretical Background
For the derivation of Eq. (2.115) the electric field was assumed to be of the form [27]
E(x,t) = Eg (e'®or—0) 4 e7ior=woD) = 2 Fy cos(kox — wot). (2.119)

The time-averaged energy per unit volume of the electromagnetic wave is conse-
quently given as

_elE(x, ) N |B(x, 1)
B 2 2110 (2.120)
= ¢l E(x, )2 = 2603,

where B(x,t) = E(x, t)/c and cos?(kox — wot) = 1/2 was used. In order to obtain
E\ from the spectral energy density per frequency interval p“, one has to divide p
by the arbitrary but small frequency fraction Aw < I'y.

o= 2.121)

Correspondingly E( can be expressed as

PP Aw

Eo = (2.122)

260

Using k = w/c, where w denotes the frequency of the nuclear transition and inserting
Egs. (2.122) and (2.118) in Eq. (2.117), one obtains for the Rabi frequency

273 pr AwADD

Q= = (2.123)

This expression is inserted in Eq. (2.113) in order to infer the total number of excited
nuclei in saturation for a given spectral energy density p* of the laser light

Ngat = Pt;: - Ny
TNy 2j.+1
2l Aw2j, + 1 (2.124)
PP AMNG 2, + 1
Ciow?  2j,+ 1

Here Ny denotes the total number of irradiated nuclei. Also the time dependency can
be regained. From Eq. (2.105) one obtains

N(t) = Ne (1 — e ). (2.125)
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The same result also holds for electric multipole transitions, however, with A
interchanged by A®). We therefore write for the radiative transition rate

1
A — AB) — g =~ (2.126)
Ty

where 7, denotes the radiative lifetime of the excited nuclear state. Opposed to that,
It corresponds to the total natural decay rate of the transition, which also includes
potential non-radiative decay branches. In case of a potential internal conversion
decay channel of the excited state, this means

Fot = (1 + ic)A, (2.127)

where ;. denotes the internal conversion coefficient.

It should be pointed out that the same result Eq. (2.125) can also be obtained
via the Einstein rate equations, which are valid for the considered case of the low-
saturation limit and a transition linewidth smaller than the width of the laser light.
The Einstein rate equations under resonant irradiation read [28]

N, = (14 ai) AN, + p°B“N, — p*B°%N,
, " (2.128)
Ne = —(1 + aie) AN, — p* BN, + p* B“=* N,

g

where N, and N, are the population numbers of the ground and excited state, respec-
tively, A and B“ denote the Einstein coefficients corresponding to spontaneous emis-
sion (A) as well as stimulated emission and absorption (B“) [28, 29]. g, = 2j, + 1
and g, = 2j, + | are the degeneracies of the ground and excited state and p“ denotes
the spectral energy density of the electromagnetic field which drives the transition.
Solving this equation leads to the number of excited nuclei given as

prw‘:]—ENO _ . 9e ) w gw
Ne(t) — Yy - (1 —e [(I+QIC)A+(1+gy)/ B ]t) , (2129)
(A + (1+ BB

The Einstein B coefficient is related to A via [28]

e

BY= - Al (2.130)

In case that B¥p* « A is fulfilled, Eq. (2.129) transforms to
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W RW Je
N,(t) = PETy N (1 — e (Hown)
¢ (14 aic) A

. P23 ANy 2, + 1 (
T’ 2j,+1

(2.131)

_ e—rtotl) ,

where in the last step Eq. (2.130) was inserted for BY and ',y = (1 + o) A was
used. This resultis identical with Eq. (2.125), derived via the optical Bloch equations,
and will be applied to ™ Th in the following.

2.3.3 Laser Excitation of ***"Th

In the previous section it was shown that, during laser irradiation, the number of
excited nuclei in saturation N, can be calculated via

p“m23 ANy 2, + 1

Nsa == N
o [’ 2jg+1

(2.132)

where p“ denotes the spectral energy density of the laser light, A = 1/7, is the
radiative transition rate, ',y = (1 + «jc)A the total transition rate with «;. as the
internal conversion coefficient and w the angular frequency of the nuclear transition.
It is concluded that Ny, is independent of the lifetime of the excited state. However,
the time after which saturation is reached is lifetime dependent. From Eq. (2.131)
the time dependence is known to be of the form

Ne(t) = Ngg (1 — ). (2.133)

Thus the characteristic saturation time 7, iS

1 1 Ty
Tsat = 7 = = . (2.134)
[t (I + a;)A 1 + aje
Based on Eq. (2.133) the nuclear excitation rate can be approximated as
- pm2 ANy 25, + 1
R ~ N, (t)];=0= T'totNsar = (2.135)

Ao’ 2j,+ 17

The spectral energy density p“ can be related to the laser intensity / of the laser light

via 7
o (2.136)

CFL7

with I'; the bandwidth of the laser light. In the nuclear clock concept it is envisaged
to excite a single ion (Ng = 1) in a Paul trap. The laser excitation should be carried
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out with a single mode of a frequency comb with a bandwidth of approximately
I') = 2m Hz and the nuclear excitation rate should be of about the same value
R =~ T'. Thus the condition for the required laser intensity for the development of
a single-ion nuclear clock reads

3P2 9

SLCAYE Ry (2.137)
mec*A 2j. + 1

Inserting the values of A = 107 Hz [30], w = 1.19 - 10'® Hz, j, = 5/2 and
je = 3/2 for 2°™Th results in I = 0.012 W/cm?. Assuming that the single mode
of the frequency comb could be focused onto an area of 10 m?, the required mode
power for the development of a nuclear clock based on > Th would be p &~ 12 nW.
This is a realistic power for a single mode of a frequency comb.

A similar result can also be obtained via the Rabi frequency 2. From the theory of
Rabi oscillations it is known, that these can occur under the condition that Iy /2 < Q
[31]. Here ftm = (I'tot + ') /2 denotes the total decay rate of the coherences, with
It the linewidth of the transition and I';, the bandwidth of the laser light. From
Eq. (2.123) in combination with Eq. (2.121) and p = [/c, the Rabi frequency is

obtained as
[2mc2] A
Q= B (2.138)

Accordingly, the condition for the observation of Rabi oscillations can be written as

2rc2IA max(Ty, ')
Voo > R (2.139)

In the case of 2>*Th ions in a Paul trap the internal conversion process is energetically
suppressed and thus aj. = 0 holds (see Sect.2.2.2). Therefore we have I'y > T
and the above condition is securely fulfilled for 2 = I';. This leads to a required
laser intensity in order to drive Rabi oscillations of

o hw’T?
2mc2A’

1 (2.140)

For 2°Th we obtain the same result as above of I = 0.012 W/cm?. Changes to
these considerations could originate from the fact that, even if internal conversion
is suppressed, electronic bridge effects might still be present (see Sect.3.5.1) and
have to be considered by a further electronic bridge coefficient oy that cannot be
set to zero. Values of ., between 10 (Th3*) and 10° (Th!™ in case of resonance)
have to be expected, depending on the charge state and transition energy under
consideration [32-34]. These effects will, however, only play a role if the nuclear
transition linewidth would be broadened beyond the bandwidth of the laser light used
for nuclear excitation. Further, the electric field strength at the point of the nucleus
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may not equal the field strength of the incoming laser wave, as (anti-)shielding effects
from the atomic shell will play a role (e.g. in case of Th** a magnetic dipole anti-
shielding factor of 217.3 was found [35]).

From the above discussions it is clear that nuclear laser excitation of *™Th
appears possible, especially as there are strong ongoing developments of VUV-laser
technology. The generation of coherent VUV light providing an average output power
of 0.5mW at 149nm via intra-cavity 7th harmonic generation in noble gas of the
1040nm light produced by an Yb-fiber laser system was recently reported [36].
Considering that ~10° comb modes are generated in this way, the estimated average
mode power is 5 nW, sufficiently large to drive the 2**Th nuclear transition when
focused to an area of about 10 zm?.

The discussed laser excitation scheme requires a precise knowledge of the iso-
mer’s transition energy and does not allow for a search of the resonance frequency,
given the large uncertainty in transition energy of about 1 eV. This has led to the
general assumption that the direct nuclear laser excitation of 2> Th requires a better
knowledge of the isomer’s excitation energy. In the following, a new laser excitation
scheme for 2™ Th is presented that allows to circumvent this requirement, in this
way providing the basis for a first nuclear laser excitation of 2> Th. The presented
method is making use of the short-lived internal conversion decay channel, thereby
allowing for nearly background-free detection of electrons emitted in the isomeric
decay [37].

A tunable and pulsed VUV laser system with an energy of E;, &~ 10 uJ per pulse,
R; = 10 Hz repetition rate, 5 ns pulse duration at a beam area of A; = 1 mm? and a
linewidth of Av; = 10 GHz as is already available [38] is assumed for irradiation of
a thin (2.5 nm) layer of 2 Th atoms on a surface of 1 mm?. Under this condition, the
isomeric decay will occur by internal conversion with a half-life of 7 us, resulting in
an IC decay factor of ajc &~ 10° [15]. As the spectral energy density of a single laser
pulse is significantly larger than the time-averaged laser energy density and also the
number of irradiated thorium atoms is large (Ny ~ 7.6 - 101), a significant amount
of nuclei can be expected to be excited during a single laser pulse. For the spectral
energy density of the laser pulse one obtains

P = B 1.1-1071% Js/m? (2.141)
CTLAL . A(.L)L ’ ’ '

Here 7;, = 5 ns denotes the pulse duration, the remaining laser parameters were
taken as stated above. As the laser linewidth of 10GHz is still significantly larger
than the IC-broadened nuclear transition linewidth of about 15.9 kHz, Eq. (2.132)
for the number of excited nuclei in saturation is valid and one obtains

2 por2e3N

Nogi= —————— ~42.10°. 2.142
“ = 30 e e (2.142)

As these nuclear excitations will decay with a characteristic half-life of about 7 us
after the laser pulse via internal conversion, it is possible to trigger the detector
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in accordance with the laser pulses in order to allow for a nearly background-free
detection of the emitted electrons. These could be detected with an MCP detector,
providing about 50% detection efficiency if the electrons are post-accelerated to about
300 eV kinetic energy. The only source of background that has to be considered are
electrons, which are generated by the laser light on the surface. Electrons produced
by the photo effect, however, appear on the timescale of nano-seconds and can there-
fore be distinguished from the comparatively long-lived isomeric decay. Due to the
relatively low laser intensity, no thermal electron emission can be expected to occur.

In the described way, it should be possible to detect the isomeric decay by means
of its characteristic lifetime within one single laser pulse and thus on a micro-second
timescale. Even when assuming 100 laser pulses per scan step, the total time required
for scanning the large energy range of 1 eV would only be 2.4 - 10° s, corresponding
to 2.7 days. This detection scheme would pave the way for a first direct nuclear laser
excitation of 2™ Th without the requirement of an improved isomeric energy value.
The described detection technique can be considered as laser-driven conversion-
electron Mossbauer spectroscopy (CEMS) [39] in the optical region. It could also
provide the basis for a CEMS-based solid-state nuclear clock, however, with an IC-
enlarged natural transition linewidth of expectedly about 15.9 kHz (corresponding
to 7 ps half-life) [15].

2.3.4 A Comparison to *>"U

The second lowest nuclear excitation, which is known by today, is the isomeric state
of 233U with an excitation energy of about 76 eV [40]. This low excitation energy
has led to the conclusion that also >>™U could be a candidate for direct nuclear laser
excitation, as soon as laser technology has evolved to deliver intense laser light at
the required wavelength by high-harmonic generation [41, 42]. In this case, the long
half-life of >>™U of about 26 min would even make the isomer a good candidate for
a nuclear clock.

Such considerations, however, do not take the multipolarity of the U isomer-
to-ground-state transition into account. Being a transition from the spin and parity
values 1/2% (excited state) to 7/2~ (ground state), the multipolarity is £3. According
to the Weisskopf estimate Eqgs. (2.56) and (2.57), the radiative transition rate A¥) is

2
A® ~ L . l+1( : ) R

2
zwhioR[ﬁ(zzl + DU 1 \3+1 (2.143)
w e
- 26010857,
66150mheyc? °

This corresponds to a lifetime of 7, = 3.8 - 10?? s or 1.2 - 10" years. The reason for
the actually measured lifetime of 2.25- 10° s is a huge internal conversion coefficient
of estimatedly ;. &~ 1.7 - 10'°. According to Eq. (2.140) the laser intensity required
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to drive the transition with a single mode of a frequency comb I'; = 27 Hz can be
estimated to be
N hw’T?

o =4.3-10" W/em?. (2.144)
C

Here the angular frequency w = 1.15-10'7 Hz for 2>°™U was used. This laser intensity
is unrealistically large. The reason is, that only the radiative decay rate A enters the
calculation and not the IC-broadened nuclear decay rate I'y,, which corresponds to
the comparatively short half-life of 26 min.

The nuclear transition of third lowest energy is contained in '’ Ag and possesses
an excitation energy of 1.1 keV (¢, = 660 ns) [43], which could be excited with the
help of free-electron lasers, similar as the 14.4 keV M6ssbauer transition of >’ Fe [44].
This technology, however, can by today not provide linewidths sufficiently small to
allow for the development of nuclear frequency standards. For this reason, 2™ Th is
currently the only known nucleus that would allow for the development of a nuclear
clock applying already existing technology. This situation may change in the future,
taking the fast development of laser technology into account [45—48].
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