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1 Introduction

Flexible beam-like structures such as cables or hoses have various applications rang-
ing from everyday to industrial use. Their main function is of course the conduction
of electric current, gas, oil or other liquids. But the number of applications where
cables and hoses move or have structural functions, e.g. in assembly robots or sub-
marine cables, rises constantly [24, 25]. Therefore, their mechanical properties gain
importance [4, 5, 13]. More precisely, the mechanical behavior determines the han-
dling, operational lifetime and failure of cables and hoses [12, 19]. This contribution
deals with the experimental investigation and modeling of slender, flexible structures
using the example of cables.

We are looking for a model which is complex enough to cover the various effects
that occurwhen cables are loadedmechanically.However, themodel parameters have
to be accessible in suitable experiments. The optimum in our case is the description
of the mechanical behavior on the macroscopic scale, i.e. based on the sectional
quantities of the beam. The effects are modeled by formulating the corresponding
constitutive laws in the sectional quantities as well. The model parameters are then
effective stiffness parameters, which can be obtained from well-known experiments
for beam-like specimens. This procedure makes use of the classical framework of
continuummechanics [11] and the possibility to reduce slender objects such as cables
to one-dimensional continua.

Section2dealswith the experimental investigation andphenomenaof cables under
mechanical load. Three types of load cases are relevant in this context: uniaxial
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tension, torsion and bending. Classical experiments representing these load cases
are used to characterize the mechanical behavior of cables in a first step. Material
effects resulting from the structure of cables will be observed.

In this work, we assume the cables’ cross sections to be circular and isotropic.
Furthermore, we model their mechanical behavior based on the sectional quantities
with the Cosserat rod theory [1, 18, 20]. Its essential parts are geometrically exact
kinematics, balance equations that govern the equilibrium of sectional forces and
moments and constitutive laws that give the relations between objective deformation
measures and sectional quantities. Section3 will describe these more thoroughly.

2 Experiments for Flexible Beam-Like Structures

Executing suitable experiments is an important part of modeling the behavior of
structural elements under mechanical load. Sections2.1, 2.2 and 2.3 show character-
istic results and phenomena of cables undergoing the three basic deformation modes
uniaxial tension, torsion and bending [22]. The described experiments allow access
to the elastic model parameters, i.e. the tensile, torsional and bending stiffnesses
[7]. Furthermore, they already illustrate inelastic behavior when the experiments are
executed cyclically.

2.1 Uniaxial Tensile Tests

The uniaxial tensile test is the most common experiment for beam-like specimens as
well as the characterization of bulk materials. Its boundary conditions are shown in
Fig. 1. It is widely used for determining elastic parameters like the Young’s modulus
E or plastic characteristics such as the yield strength or strain hardening. Usually,
these characteristics are taken asmaterial parameters from stress-strain curves, where
normalization on the geometrical properties, i.e. the specimen’s cross section area
and length, is applied. This is reasonable for homogeneous, isotropicmaterials. In the
case of cables and hoses, however, where properties strongly depend on the direction
of load, we use force-displacement curves to calculate the tensile stiffness (E A)T ,
where the cross section area A is still included. As the following results will show,
it makes sense to characterize the cable’s behavior with this parameter combining
material and geometrical properties.

Despite its simplicity, the uniaxial tensile test yields a lot of information about the
cable’s deformation behavior, especially when executed cyclically. Figure1 (right)
shows the result of a cyclic uniaxial tensile test of a cable with a diameter of 2.8mm
and initial free length of 32mm, where the uniaxial tensile force FT is plotted over
the measured machine displacement Δl. In order to illustratethe difference between
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Fig. 1 Uniaxial tensile test: schematic drawing of the boundary conditions (left) and exemplary
results of a cyclic experiment on a cable showing elastic behavior for Fmax = 40N and plastic
behavior for Fmax = 100N (right)

elastic and inelastic behavior, two curves are shown. One results from a procedure
with a maximum load of 40N and the other one from loading up to 100 N. If the
larger maximum force is applied, a bend in the first loading path, denoting the yield
point at approximately 54N and plastic hysteresis loops occur. For cyclic loading
below the yield point, loading and unloading paths coincide and no bend occurs in
the load-displacement diagram, i.e. the behavior is elastic in this range. The uniaxial
tensile stiffness is calculated by applying a linear fit in the elastic range according to

FT = (E A)T
Δl

l0
, (1)

using the original length l0 of the specimen.

2.2 Torsion Experiments

Similar to the uniaxial tensile test, the torsion test enables access to the torsional
stiffness of a beam-like structure in the elastic range and information about plasticity
effects from cyclic loading. The boundary conditions are shown in Fig. 2 (left) and the
resulting diagram of torsional moment over torsional angle is shown in Fig. 2 (right)
for a cable of 2.8mm diameter and an initial free length of 33mm. The result is
strongly nonlinear and inelastic with a first load curve that differs from the following
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Fig. 2 Torsion test: schematic drawing of the boundary conditions (left) and exemplary results of
a cyclic experiment on a cable showing plastic behavior for θT,max = 360◦ (right)

load paths. The first loading shows again a bend that can be interpreted as the yield
point of the specimen.During unloading, a torsionalmoment in the opposite direction
is necessary to reach the original position of 0◦ torsional angle. The torsional stiffness
(GJ )T is estimated with the help of a linear fit in the elastic range according to

MT = (GJ )T
θT

l0
, (2)

where G denotes the shear modulus and J the polar moment of inertia.

2.3 Bending Experiments

Three Point Bending Experiments

It is state of the art to use three point bending experiments [22] to investigate the
behavior of cables undergoing bending deformation [7]. The theoretical boundary
conditions are shown in Fig. 3 (left). In this experiment, the force FB on the specimen,
which is necessary to reach a certain deflectionw(z = l0/2), is measured in themiddle
of the specimen. The evaluation of the bending stiffness (E I )B in this experiment
is based on the Euler–Bernoulli assumptions stating that the beam’s cross sections
remain planar and normal to the beam’s centerline after deformation. Furthermore,
it is only valid for small deflections of sufficiently slender beams. Then, the bending
stiffness can be evaluated from a linear fit according to
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FB

l0

Fig. 3 Three point bending test: schematic drawing of the boundary conditions (left) and exemplary
results of cyclic experiments on a cable showing elastic behavior for wmax = 2mm and plastic
behavior for wmax = 6mm (right)

FB(z = l0/2) = 48 (E I )B
w(z = l0/2)

l30
. (3)

Figure3 (right) shows an exemplary result of three point bending of a cable with a
diameter of 2.8mm and a free length between the supports of 56mm. Again, results
of different load ranges are displayed in order to illustrate the difference between
cyclic loading in the elastic and inelastic range. Applying a deflection of 6mm results
in plastic hysteresis loops, where a bend in the first load curve implies the beginning
of the plastic region. Furthermore, the specimen stays deflected during unloading
so that the punch loses contact and force equals zero before the punch reaches the
original position. Bending the specimen only up to a maximum deflection of 2mm
yields in contrast a smaller hysteresis, which lacks the plastic region. Additionally,
no bend can be observed in the force-displacement diagram for small deflections.

Although this experiment is well-known and easily implemented, it has its lim-
itations. First of all, it is only valid for small deflections and should therefore not
be used for the investigation of large deformation effects like plasticity. Secondly, it
provides only integrated information about the curvature and bending moment along
the axis of the specimen, not their local values, which are the quantities that are rele-
vant for the constitutive law for bending in this context, see Sect. 3.4. In order to get
information about the local curvature, e.g. corresponding to themeasured yield point,
additional measurements such as optical deformation measurements are necessary.

Pure Bending Experiments

We designed a device which enables pure bending [2, 3] of a cable and therefore
overcomes these limitations. The symmetrical experimental setup is shown in Fig. 4.
In the undeformed state, the cable ends are clamped and mounted on slides. Air
bushings ensure friction-free gliding of these slides along the axis of the specimen.
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Fig. 4 Topview on the
experimental setup for pure
bending. The straight cable
is clamped on slides which
are mounted on friction-free
air bushings. They allow for
a translational motion of the
specimen, while bending is
realized by rotation of one
cable end. Therefore, only a
bending moment and no
normal or shear forces act on
the specimen

air bushings

specimen

undeformed

deformed

translation
rotation

Thus, no normal forces act on the cable. Bending is realized by rotation of one of
the cable ends. This setup guarantees that only a bending moment is applied on the
specimen, i.e. no shear forces occur. The schematic boundary conditions are shown
in Fig. 5 (left). These boundary conditions yield a configuration, where the bending
moment MB and the bending curvature KB along the specimen are constant, i.e. the
specimen’s centerline is deformed to a circular arc. The specimen’s bending curvature
is then accessible as the inverse bending radius R of the specimen following basic
geometry

KB = 1

R
. (4)

Calculating the stress distribution resulting from pure bending in the cross section
of an Euler–Bernoulli beam under the assumptions of locally linear elastic material
behavior, the bending moment can be derived as

MB = (E I )B KB = E I

R
. (5)

Thus, the bending stiffness is in this experiment directly accessible as the slope of the
elastic region of the bendingmoment over curvature diagram. An exemplary result of
a cyclic pure bending experiment executed on a cablewith a diameter of 2.8mmand a
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Fig. 5 Pure bending experiment: schematic drawing of the boundary conditions (left) and exem-
plary results of cyclic experiment on a cable showing plastic behavior for θB,max = 80◦ (right)

free length of 50mm is shown in Fig. 5 (right). Comparing it to Fig. 3 (right), the same
elastoplastic characteristics are observable as in the three point bending experiment.
The advantage of the pure bending experiment is the fact that the observed yield
point is given as bending moment and corresponding bending curvature, which are
directly the quantities that enter the constitutive law for bending, see Sect. 3.4.

Varieties in Constitutive Bending Behavior

Figures6 and 7 show experimental results of both types of bending experiments on
different beam-like specimens with circular cross sections in order to illustrate the
varieties of constitutive bending behavior.

The diagrams shown in Fig. 6 result from cyclic three point and pure bend-
ing experiments on comparatively stiff, but elastic carbon fiber reinforced polymer
(CFRP) rods of a diameter of 3mm. The specimen used in the three point bending
experiment had an initial free length of 170mm and in the case of pure bending it
had a free length of 410mm. It is noticeable, that the loading paths are linear and
coincide perfectly with the unloading paths in both bending experiments.

The results displayed in Fig. 7 show almost elastic, but nonlinear constitutive
bending behavior. In contrast to elastoplastic behavior shown in Figs. 3 and 5, loading
and unloading paths coincide – except for some viscous effects – and are parallel, but
the slope of the curves changes during loading and unloading. These characteristics
are called piecewise linear elastic bending behavior in this work. These diagrams
result from bending experiments on Bowden cables with a special structural setup.
They typically consist of an inner wire rope and a hollow housing of composite
structure, which is incompressible in the longitudinal direction. The inner wire rope
of the Bowden cables used in the experiments has a diameter of 2.1mm and the
housing has a diameter of 7.8mm. In the three point bending experiment, an initial
free length of 300mm was used and in the pure bending experiment, the specimen
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Fig. 6 Experimental results of cyclic bending experiments on elastic CFRP rods: three point bend-
ing with wmax = 6mm (left) and pure bending with θB,max = ±60◦ (right)

Fig. 7 Experimental results of cyclic bending experiments on Bowden cables showing nonlinear,
approximately piecewise linear elastic behavior: three point bending with wmax = 15mm (left)
and pure bending with θB,max = 60◦ (right)

had a free length of 320mm. Bowden cables are commonly used, e.g. in bicycle
brakes or motorcycle clutches, to transmit a tensile force.

It can be noticed, that the three point bending experiment as well as the pure
bending experiment show the characteristics of the respective constitutive behavior,
e.g. yield points, linear or nonlinear, elastic or inelastic behavior. The pure bending
experiment, however, directly depicts the constitutive bending model as it shows the
bending moment over bending curvature.

2.4 Discussion of Experiments

It was shown that the classical experiments for beam-like specimens can be used to
characterize the rate independent behavior of elastoplastic cables under mechanical
load.
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Table 1 Elastic stiffnesses and Young’s moduli calculated from the different classic experiments
on a simple cable with a diameter of 2.8mm

(E A)T (E)T en (GJ )Tor (E)Tor (E I )B (E)B

7.96 · 104 N 12900MPa 2.02 · 10−3 Nm2 1003.7MPa 1.37 · 10−3 Nm2 454.4MPa

The elastic tensile, torsion and bending stiffnesses can be determined from linear
fits to the elastic range of the corresponding experimental results. Table1 shows
the elastic stiffnesses that were determined from uniaxial tension, torsion and three
point bending results given in the sections before.Under the assumptions of a circular,
isotropic cross section and incompressible (ν = 0.5) behavior, the Young’s moduli
were calculated from the respective stiffnesses by using

I = π

4
R4 = 1

2
J, (6)

G = E

2(1 + ν)
= E

3
. (7)

They are also given in Table1 in addition to the corresponding stiffness. The com-
parison of the Young’s moduli that were determined from the three different types of
experiments yields that the tensile stiffness is considerably higher than the torsional
and bending stiffnesses. That means, the cable behaves much stiffer under tension
than under torsion or bending due to the anisotropic inner structure of the cable.
Consequently, it is not sufficient to determine the Young’s modulus as the elastic
material parameter for one cable, but one has to investigate the three different load
cases separately and to determine the stiffnesses as a combination of material and
structural parameters.

Different phenomena in the constitutive behavior are illustrated by the described
experiments, especially when they are executed in consecutive cycles. The tensile,
torsion and bending experiments on cables show the characteristics of elastoplastic
behavior resulting from the multi-component structure. They appear due to inner
friction or delamination of the constituents and the metal plasticity of the inner
wires.

Furthermore, experimental results for different kinds of beam-like specimens
illustrating the variety of constitutive bending behavior were shown. CFRP rods
showing linear elastic behavior and Bowden cables showing piecewise linear elastic
behavior were investigated in bending experiments exemplarily andwill be discussed
in Sect. 3.4 in more detail.

It has to be mentioned, that the described experiments only cover the three basic
deformation modes for beam-like structures and are mostly uniaxial. In applications,
however, mostly multiaxial deformations combining the basic deformations occur.
First approaches in the experimental investigation of multiaxial deformations of
cables are executed in [7], but are beyond the scope of this work.
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3 Modeling of Flexible Beam-Like Structures for Virtual
Product Development

The variety of experimental effects and different kinds of behavior shown in Sect. 2
can be modeled in the framework of continuummechanics [9, 23]. It provides physi-
cally correct models to simulate the deformation of parts with a complex microstruc-
ture such as cables without having to take the microstructural properties explicitly
into account. These properties certainly influence the deformation behavior of the
cables strongly, but it is computationally and experimentally too expensive to include
them into the model. We consequently aim for a model which is complex enough
to cover the measured phenomena of cables under load and at the same time simple
enough in the sense that its parameters are accessible in experiments.

The long and slender shape of the flexible parts provides the possibility to reduce
the continuum model analytically to one dimension. These models are based on the
Cosserat rod theory [20], which basically consists of three main parts: Geometrically
exact kinematics that relate configuration variables with objective strain measures,
balance equations that govern the equilibrium of the sectional forces and moments
and constitutive laws giving the sectional quantities in terms of the deformation
measures. The following subsections will describe them in detail.

3.1 Kinematics of Geometrically Exact Rods

The geometrically exact kinematics of a Cosserat rod are based on its configuration
variables, see Fig. 8. The centerline curve is described by a space curve

s �→ r(s) ∈ R
3 , (8)

and the orientation of the cross sections is given by a moving frame of orthonormal
directors a( j)(s)

s �→ R(s) = a( j)(s) ⊗ e j ∈ SO(3), (9)

both given as a function of the arc length parameter s [1]. The vectors a(1)(s) and
a(2)(s) define the local cross section and a(3) = a(1) × a(2) is the cross section normal.
Themoving frameR(s) is called adapted to the curve if the tangent vector t(s) = r′(s)
equals a(3)(s). This constraint is equivalent to the Euler–Bernoulli assumptions that
cross sections remain orthogonal to the beam centerline and only a special case of
the more general Cosserat curve which does not require this constraint.
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Fig. 8 The kinematics of
Cosserat rods
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3.2 Deformation Measures

Based on the geometrically exact kinematics given in the section before, objective
deformation measures can be defined. The rotational deformations K and transla-
tional deformations ΓΓΓ are given as vectors in the local coordinate system by

K (α) := 〈 a(α), a(3) × ∂sa(3) 〉; Γ (α) := 〈 a(α), ∂sr 〉; α = 1, 2
K (3) := 〈 a(2), ∂sa(1) 〉; Γ (3) := 〈 a(3), ∂sr 〉 − 1,

(10)

where 〈•, •〉 is the scalar product. The components K (α) give the curvatures for
bending about the axes defined by a(α) and K (3) measures the torsional twist. The
bending curvatures can be combined in the vectorKB = (

K (1), K (2)
)T

and its length

KB = ‖KB‖ =
√

(K (1))2 + (K (2))2 (11)

is the absolute value of the bending curvature. The entriesΓ (α) measure the transverse
shear strains and the longitudinal strain, relevant for uniaxial tension, is denoted by
Γ (3).

3.3 Static Equilibrium Equations

In analogy to the deformation measures, the sectional quantities can be divided
in translational sectional quantities, the sectional forces F, and rotational sectional
quantities, the sectional moments M. The components F (1,2) of the sectional forces
are in accordance with the translational deformation measures the transverse shear
forces and F (3) is the longitudinal force which is equivalent to the force measured in
the uniaxial tensile test. The moments resulting from bending about the bending axes
are consequently M (1,2) and the torsional moment is given by M (3). Equivalently to
the bending curvature given in (11), the bending moments can be summarized in the
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vectorMB = (
M (1), M (2)

)T
and the absolute value of the bending moment is given

by the vector’s length

MB = ‖MB‖ =
√

(M (1))2 + (M (2))2. (12)

Vectors denoted with a capital letter are material quantities, i.e. defined in the
local coordinate system of the beam. The static equilibrium equations, however, can
be formulated more neatly in the spatial sectional quantities, defined in the global
coordinate system. They can be calculated from the material sectional quantities by
using the moving frame according to

f = R(s) · F; m = R(s) ·M. (13)

The system of static equilibrium equations for Cosserat rods is then given as

∂sf + fext = 0,

∂sm + ∂sr × f + mext = 0.
(14)

The vectors fext and mext denote external forces and moments acting on the axis of
the Cosserat rod.

3.4 Constitutive Laws

The continuum mechanical framework for the simulation of flexible, slender parts
like cables is given in the previous sections, except for the constitutive equations. We
will focus on these now since they provide the possibility to model different kinds
of deformation behavior [14]. In contrast to a general three-dimensional formulation
in tensor quantities, constitutive laws for Cosserat rods can be formulated in the
vectors of the sectional quantities due to their slender geometry [10, 15, 17]. This is
especially of advantage in regard of experiments. The sectional quantities are in most
cases the measured quantities in the classical experiments for beams, which enables
the investigation of the constitutive behavior directly in the experiments without the
necessity for reverse engineering. In the following, the modeling of three types of
rate independent constitutive behavior is described in more detail: linear elasticity,
piecewise linear elasticity and elastoplasticity.

Linear Elasticity for Cosserat Rods

In the simplest case of linear elasticity the stress tensor σ is related linearly to the
strain tensor E via the elastic stiffness tensor C in three dimensions

σ = C : E, (15)
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which is known as Hooke’s law. It can be formulated equivalently for the material
sectional quantities of the Cosserat rod as

F = CF · Γ el; M = CM · Kel , (16)

where the effective elastic stiffness matrices are given by

CF =
⎡

⎣
(GA)1 0 0

0 (GA)2 0
0 0 (E A)T

⎤

⎦ ; CM =
⎡

⎣
(E I )1 0 0
0 (E I )2 0
0 0 (GJ )T

⎤

⎦ . (17)

In case of isotropic circular cross sections, the bending stiffnesses are equal and
denoted as (E I )1 = (E I )2 = (E I )B . The same applies to the transverse shear
stiffnesses, i.e. (GA)1 = (GA)2 = (GA)S , which cannot be easily determined in
experiments. It is, however, valid to calculate them from the other experimentally
determined stiffnesses as the transverse shear is small in parts with a high aspect
ratio.

An experimental result for linear elastic bending behavior is displayed in Fig. 6.
The diagram resulting from pure bending on the right hand side directly illustrates
the linear elastic constitutive law for bending of a specimen with a circular isotropic
cross section in the plane,

MB = (E I )B KB . (18)

It is visible, that loading and unloading paths coincide, whichmeans no energy is lost
in this process and it is reversible. Only few beam-like specimens, such as the CFRP
rods, behave linearly elastic at finite deformations. In most cases, linear elasticity
is only observed at small deformations. Material nonlinearities, in contrast to the
already introduced geometrical nonlinearities covered by the geometrically exact
kinematics, have to be considered then.

Piecewise Linear Elasticity for Bending of Cosserat Rods

Adifferent kind of reversible, rate independent, behavior is shown inFig. 7: Piecewise
linear elasticity in bending. This type of constitutive behavior has only been observed
in bending experiments on Bowden cables, so far. It is still interesting to investigate
in pure bending, since the constitutive behavior can be depicted directly in this
experiment.

The characteristics of piecewise linear elastic bending behavior are portrayed
schematically in Fig. 9 (left). The diagram of bending moment over bending curva-
ture shows linear elastic bending with a bending stiffness (E I )B,1 up to a certain
threshold curvature KB,t . At this point, the slope of the graph, i.e. the bending
stiffness, changes to (E I )B,2. The unloading path follows the same behavior and
coincides with the loading path, no hysteresis occurs. The real results obtained in
a pure bending experiment corresponding to this ideal behavior are shown in Fig. 7
(right). Obviously, the threshold curvature is not as clearly detectable as in theory
and a small hysteresis, probably due to viscous material behavior or plastic structural
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(EI)B,2

KBKB,t

Fig. 9 Schematic drawing of piecewise linear elastic bending constitutive law (left) and comparison
of experimental results of three point bending on a Bowden cable with simulation results using
piecewise linear elastic bending (right)

Table 2 Experimentally determined model parameters for piecewise linear elastic bending model

Bending stiffness (E I )B,1 Bending stiffness (E I )B,2 Threshold curvature KB,t

1.40Nm2 0.19Nm2 0.18m−1

effects, occurs. However, it is evident that the bending stiffness is higher at smaller
curvatures and that the behavior is reversible.

This piecewise linear elasticity can simply be modeled by distinction of the cases

MB =
{

(E I )B,1 KB for |KB | < KB,t

MB,t + (E I )B,2
(
KB − KB,t

)
for |KB | ≥ KB,t ,

(19)

with the threshold bending moment MB,t = (E I )B,1 KB,t . The results of the
simulation of a three point bending experiment with this kind of model are shown
in Fig. 9 (right) in comparison with the experimental results of three point bending.
The experimentally determined model parameters are given in Table2. It has to be
mentioned, that the curve resulting from simulation shows one complete cycle, i.e.
loading and unloading. This is not visible, because the loading and unloading paths
coincide. The experimental and simulated results show good agreement, except for
a small hysteresis in the experiment which is probably caused by viscous or dam-
age effects that are not covered in the model. The simple formulation of piecewise
defined elastic bending stiffnesses at least models the loading behavior of Bowden
cables in three point bending very well.

Elastoplasticity for Cosserat Rods

The results from cyclic experiments on simple cables given in Sects. 2.1, 2.2 and
2.3 illustrated strongly nonlinear and inelastic behavior under the three basic defor-
mations. A rate independent elastoplastic constitutive law allows for the integration
of the various underlying material and structural effects, such as metal plasticity,
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Fig. 10 Illustration of a one-dimensional rate independent elastoplastic rheological model, accord-
ing to [21] (left) an d schematic stress-strain-diagram for one-dimensional perfect elastoplasticity
(right)

friction between the constituents, delamination and damage without the necessity of
investigating them on the microstructural level.

The rheological model shown in Fig. 10 illustrates the simplest case of one-
dimensional elastoplasticity [21]. It consists of a linear elastic spring with Young’s
modulus E which is serially connected to a Coulomb friction element with yield
point σy . The total strain ε can be split additively into an elastic part εel and a plastic
part εpl , when the whole device is loaded with the stress σ . Starting at the linear
elastic constitutive law,

σ = E εel , (20)

and using the additive split of the total strain,

ε = εel + εpl , (21)

the elastoplastic constitutive law can be formulated as

σ = E
(
ε − εpl

)
. (22)

The resulting stress-strain-curve is given schematically in Fig. 10 (right).
In our case of very slender objects, it is valid to transfer this simple concept to

the deformation measures of the Cosserat rod, since the local deformations remain
small, even if the global displacements and rotations are large. Otherwise, an additive
split of the deformation measures would not suffice and a multiplicative split should
be used. In analogy to (20), (21), (22), the deformation measures of the Cosserat rod
are split into an elastic and a plastic part,

Γ = Γ el + Γ pl; K = Kel + Kpl , (23)

and the elastoplastic constitutive laws for the sectional forces and moments are
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F = CF · Γ el; M = CM · Kel ,

F = CF · (
Γ − Γ pl

) ; M = CM · (
K − Kpl

)
.

(24)

In order to describe the onset of plastic yield, i.e. the limits of the elastic region, a
yield criterion has to be defined. At first, we consider the case of perfect plasticity,
where no hardening occurs. It is assumed, that the stress in the elastoplastic device
cannot exceed the yield point σy and consequently, all admissible stress states have
to be smaller than or equal to σy . In the most general case, the yield condition is then
formulated as

f (σ ) := |σ | − σy ≤ 0. (25)

We can distinguish two cases in (25). As long as f (σ ) < 0 is satisfied, the response
of the device is instantaneous and elastic. The plastic strain does not change in this
case, i.e. ε̇pl = ∂εpl/∂t = 0. When f (σ ) = 0 and a loading condition is fulfilled,
the Coulomb friction element is active and plastic yield occurs. Consequently, the
plastic strain changes and ε̇pl 
= 0. The change of the plastic strain is then described
by an evolution equation called flow rule. If the flow rule is connected to the yield
condition by

ε̇pl = γ
∂ f

∂σ
, (26)

i.e. the flow potential is equal to the yield condition, the flow rule is called associative.
While the derivative ∂ f/∂σ determines the direction of plastic flow, the proportionality
factor γ gives the absolute value of the plastic strain rate. It can be calculated from
the consistency condition

γ ḟ (σ ) = 0, if f (σ ) = 0, (27)

which states that if plastic flow occurs, the stress state has to remain on the yield sur-
face, i.e. the value f = 0 does not change during yield. The necessary requirements
for yielding can be summarized in the Kuhn–Tucker complementarity conditions,
see e.g. [16],

γ ≥ 0; f (σ ) ≤ 0; γ f (σ ) = 0. (28)

In the following, we will focus on elastoplastic bending behavior, since this is the
deformation mode most common regarding plasticity in applications of cables. The
elastoplastic constitutive law for bending is formulated in analogy to (24), using the
vectorial bending curvature and moment as

MB = (E I )B
(
KB − KB,pl

)
. (29)

The experimental results in Sect. 2.3 showed elastoplastic behavior in three point
bending, as well as in pure bending experiments on cables. If one compares the first
load cycles in Figs. 3 and 5 to the illustration of perfect elastoplasticity in Fig. 10, it is
evident, that perfect plasticity will not enable the modeling of the observed behavior.
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During yield in the first load cycle, (strain) hardening occurs in the experiments, i.e.
the bending moment increases after the yield point is reached.

In order to include hardening in the plasticity formulation, further internal vari-
ables in addition to the plastic strain have to be introduced. We will describe the
simple case of linear isotropic strain hardening, since it seems to be sufficient to
describe the first loading of the pure bending experiment shown in Fig. 5. The yield
condition in one dimension is then given by

f (σ,q) := |σ | − [
σy + Hα

] ≤ 0, α ≥ 0, (30)

with the internal hardening variable α, the hardening modulus H and the vector
of internal variables q. This yield condition describes isotropic hardening behavior,
because the center of the elastic region does not change its position, but it expands
isotropically. The evolution of α is given by the hardening law, which can be formu-
lated as an associative evolution equation, as well,

α̇ = γ
∂ f (σ,q)

∂q
. (31)

The equivalent yield function for linear isotropic hardening for bending of a Cosserat
rod can be formulated as

f (MB,q) := MB − [
MB,y + (H I )Bα

] ≤ 0, α ≥ 0, (32)

using the effective bendingmoment given in (12). The yield point in bending is called
MB,y and (H I )B is the hardening modulus for bending. In analogy to the bending
stiffness (E I )B , the area moment of inertia I is included into the definition of the
hardening modulus. This yield function can be interpreted as a circle in the bending
moment planewith a radius ofMB,y ,which is suitable for homogeneous, isotropic and
circular cable cross sections. It is shown in Fig. 11 (right). The resulting moment-
curvature-diagram for pure bending is depicted in Fig. 11 (left). Comparing this
theoretical diagram to the real experimental results of pure bending given in Fig. 5, it
is evident that this formulation will enable the description of the first load path. The
unloading in the experiment, however, deviates from the theoretical diagram, since
it is not parallel to the elastic loading path. This indicates, that the inelastic effects in
the experiment cannot be covered completely by an elastoplastic formulation. In [8],
numerical experiments using the elastoplastic formulation with isotropic hardening
given by (27)–(29), (31) and (32) are executed. For this purpose, a finite beamelement
based on Cosserat rod theory is derived and used for the simulation of three point
bending and pure bending experiments of a cable. The comparison of the simulation
results to the experimental results confirms the presumption that the elastoplastic
formulation is not sufficient tomodel the unloading path in pure bending experiments.
However, the change in stiffness during unloading can bemodeled using an additional
pseudo-damage formulation based on the sectional quantities of the Cosserat rod.
This extension exceeds the scope of this work, but it is treated in detail in [8].
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MB

MB,y

(EI)B(EI)B

KB,pl KB,el KB

linear hardening

M (1)

M (2)

MB,y

MB,y yield curve, f = 0

elastic region, f < 0

Fig. 11 Schematic illustration of elastoplastic bending behavior with linear hardening (left) and
schematic drawing of a yield function in the bending moment plane (right)

It has to be noted that this formulation for elastoplastic bending does not account
for coupling of the bending moment with the remaining sectional quantities of the
Cosserat rod, i.e. tension and torsion. We assume that they stay in the elastic region
and do not influence the bending plasticity, which is valid for the considered planar
pure bending experiment. It is, however, only the first step towards describing the
three-dimensional deformation behavior of cables showing inelastic behavior.

4 Conclusions

This chapter combines experimental work and theoretical considerations regarding
the constitutive modeling of the deformation behavior of cables.

Since cables are slender and flexible, they can be characterized bymeans of classi-
cal experiments for beam-like structures. Section2 treated experiments covering the
three basic deformation modes of beams: tension, torsion and bending. In addition to
thewell-knownuniaxial tension test, torsions test and three point bending experiment,
a new devicewhich enables the pure bending of cables, was introduced. It was shown,
that the anisotropic and inhomogeneous structure of the cable demands for the use of
stiffness parameters for the respective load cases in order to completely describe the
elastic deformation behavior of the cable. It is not sufficient to determine only amate-
rial property, such as the Young’s modulus E , to cover the behavior of a cable under
load. Moreover, it was shown that the constitutive behavior, even of simple cables,
exceeds linear elasticity. The multi-component structure of the cable causes inelas-
tic effects, e.g. friction, damage or delamination, which is superposed by inelastic
material effects such as metal plasticity of the conducting wires. Results of experi-
ments executed on different kinds of beam-like specimens – CFRP rods and Bowden
cables – illustrated the varieties in constitutive behavior with a focus on bending. The
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differences between linear elastic, piecewise linear elastic and elastoplastic bending
behavior were depicted.

The slender geometry of cables allows for the reduction of the three-dimensional
framework of continuum mechanics to one dimension. In Sect. 3, a brief summary
of the Cosserat rod theory, which enables the constitutive modeling in terms of the
sectional forces and moments of the beam, was given. This reduction not only sim-
plifies the complexity of the model and therefore reduces the numerical effort, but it
also corresponds very well to the experiments for beam-like structures. The sectional
quantities of the Cosserat rod model correspond (most often) to the quantities mea-
sured in the experiments. Therefore, one may directly utilize experimental results
as those given in Sect. 2 to deduce suitable constitutive models for Cosserat rods, as
demonstrated in the particular examples describing linear elastic, piecewise linear
elastic and elastoplastic bending behavior.
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