2. Experimental studies on
disordered NbN thin films

Now, what do you own the world?

How do you own disorder, disorder?

Somewhere between the sacred silence and sleep
Disorder, disorder, disorder

System of a Down

Content of this chapter are optical studies on NbN thin
films on approach of the superconductor-insulator quan-
tum phase transition (SIT) providing experimental evi-
dence for the existence of the Higgs mode. We will start
our discussion in Sec. 2.1 with some theoretical consider-
ations regarding superconductivity and disorder followed
by a review of hallmark tunneling-spectroscopy studies
on homogeneously disordered SIT materials in Sec. 2.2.
Subsequently in Sec. 2.3, we will discuss measurements
of the dynamical conductivity of a series of NbN films
covering the range from clean to strongly disordered and
compare the results with measurements of the (differen-
tial) tunneling conductance. We will see that the mu-
tual analysis within a model inspired by the paramagnetic
pair-breaking theory of Abrikosov and Gor’kov reveals a
discrepancy between both spectroscopies that cannot be
explained by pair-breaking effects only but rather calls for
for radically new ideas. Given the specific nature of short
coherence-length quasi-2d NbN near quantum criticality
we will in Sec. 2.4 present an explanation involving an ex-
citation of the superconducting order parameter namely
the Higgs mode - a condensed-matter realization of what
1s best known as Higgs boson in particle physics yet shar-
ing the same origin: spontaneous symmetry breaking.
We will discuss experimental results justifying this in-
terpretation, yet also open questions concerning the visi-
bility of the Higgs mode in disordered systems, Sec. 2.5.
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2.1 The superconductor-insulator
quantum phase transition

A prototypical quantum phase transition in condensed
matter is the transition between superconducting and
insulating ground states of an electronic system at zero
temperature in two spatial dimensions (2d). This super-
conductor - insulator transition (SIT) can be tuned by
various parameters, most importantly lattice impurities
acting as source for weak localization effects or poten-
tial traps strongly localizing charge carriers. The special
appeal of the SIT and associated phenomena lies in its
intermediate position framed by two of the most funda-
mental paradigms of condensed matter physics, namely
the Anderson theorem for superconductivity and the An-
derson localization each of which breaks down at the SIT
giving rise to intriguing physics vivified by the interplay
of localization and condensation. In what follows, we will
briefly examine both paradigms and qualitatively intro-
duce the two fundamental scenarios possibly leading to
the cease of superconductivity at the quantum critical
point3?.

2.1.1 The insulating side: scaling theory
of conductivity

Maybe the most stunning aspect of the SIT in 2d lies in
the direct transition between two ground states, which
could not be any more different. On the one side, a co-
herent many-body ground state composed of delocalized
Cooper pairs (a superconductor) and, on the other side,
a ground state with incoherent and localized quasiparti-
cles (an insulator) presumably without an intermediate
ground state of incoherent but delocalized quasiparticle
states (a metal). To understand the absence of this in-
termediate metallic state one can employ the single pa-
rameter scaling argument [17] suggested by Abrahams,
Anderson, Licciardello, and Ramakrishnan®® which is an
elegant application of the renormalization-group ideas:
Start with a cube of spatial dimension d = 1,2,3 and
side lengths L, then find expressions for the conductance,
define a scaling function thereof and study the general
implications by sending L — oo. For a metal in the



2.1. THE SUPERCONDUCTOR-INSULATOR QUANTUM PHASE
TRANSITION 23

high-conductivity (o) limit the conductance g is simply
Gm = o L9472 (2.1)

which is easily verified for the dimensions above. For
insulators in the low-conductivity localization limit, one
can expect a conductance which is exponentially damped
on a characteristic length scale &

gi = gee” " (2.2)

While at intermediate regimes the particular form of g
surely depends on details of electron transport and in-
cipient localization, we will see that the asymptotic lim-
its Egs. (2.1) and (2.2) are sufficient to understand the
essential physics. For a renormalization treatment re-
moving the explicit dependence on L, Abrahams et al.
suggested the scaling function

__dIng
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(2.3)

repulsive fixpoint at d=3
1 { metal-insulator transition

B(g)
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Figure 2.1: single-parameter-scaling function 5 of a d-
dimensional cube L versus conductance interpolating be-
tween logarithmic decay (insulating limit) and saturation
(metallic limit) in 1,2, and 3 spatial dimensions. Arrows
indicate the renormalization flow in the limit L — oc.
For d = 1 and 2 any amount of disorder will always
favor the insulating ground state over the metallic one,
whereas for d = 3 the system has a metal-to-insulator
transition at an repulsive fiz point.
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Inserting the explicit expressions Eq. (2.1,2.2) gives the
limits

T 5g) = d-2 (2.4
o) = (%), (25

Figure 2.1 displays schematically 8(g) for d =1,2, and 3
dimensions. In the insulating limit, all curves collapse ir-
respective of dimensionality, while in the metallic limit,
the asymptotes are different and only the 3d case fea-
tures a zero-crossing at a critical conductance g.. Now
we consider the renormalization flow upon coarse grain-
ing, indicated by the arrows in Fig. 2.1. For small dis-
order, we will obtain a conductance gg > g., and send-
ing L — oo for d = 3 will increase the conductance as
g = oL pushing the system towards the metallic limit,
whereas for gy < g, at high disorder the conductance will
rather decrease dragging the system towards to insulat-
ing regime. The system is said to flow away from the
repulsive fix point at g. either towards metallic or insu-
lating ground states depending on the specific disorder.
This is the so-called metal-to-insulator quantum phase
transition (MIT) at the mobility edge g. purely driven
by disorder. In d = 1 and 2 the situation is distinctly
different. Here, increasing L will leave the conductance
unaffected g = o (d = 2) or reduce it as g = o /L (d = 1).
The drag towards the insulator cannot be compensated
by an attractive metallic limit so that even the smallest
amount of disorder will unavoidably cause a flow towards
the insulating ground state. In other words, in dimen-
sions d < 3 no metallic ground state is possible at 7' = 0.
Note that the above reasoning does not rely on specific
details of g(L). It can be shown, that quantum correc-
tions to transport will affect the specific functional forms,
but there is never a mobility edge in less than 3 spatial
dimensions [17].

2.1.2 The superconducting side: Ander-
son theorem

Although superconductivity as ground state of electronic
systems is limited to comparably low energy scales T, ~
10 K, its ubiquitous appearance as favorable ground state
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of numerous materials ranging from single crystals to
amorphous films results from its insensitivity against dis-
order. While the above scaling arguments rules out a
2d metal, this insensitivity can qualitatively be seen as
reason for 2d superconductors - a celebrated result first
obtained by Anderson [18] and commonly referred to as
Anderson theorem. A comprehensive discussion of the
Anderson theorem is lengthy and beyond the scope of
this work. Instead, we will only sketch the succession of
arguments leading to the conclusion?'.

The electron-phonon interaction term H of the BCS Hamil- is

tonian Hy for clean superconductors reads*?

H=V> éély eowiws (2.6)
k

pairing states with opposite momenta and spin, i.e. (k,1)
and (—k,J). The BCS mean-field approximation diag-
onalizes this Hamiltonian and leads to the well-known
energy spectrum Ey = /(ex — p)? + |AJ? with ex and p
the band dispersion and chemical potential and the BCS
self-consistency equation

A
(€~ +IAP2

A = VN(0) / e (2.7)

In disordered systems, the lattice translational symme-
try is lifted and scattering off impurities violates con-
servation of momentum such that k is no longer a good
quantum number and Cooper pairs do no longer result
from the above pairing scheme. Anderson showed, that
the BCS condition for pairing can be generalized beyond
|k, 1) and | — k,|) to exact eigenstates |a) of the disor-
dered Hamiltonian H’ and their time-reversed counter-
parts T|a> yet restoring the energy spectrum and self-
consistency equation above. Starting point is the general
electron-phonon interaction operator

H=V Z ch,+q U,Ck qa, UCk ng/ ol (28)
k.,k/,q 0,0’
Transformation?® of the k-space operators to real-space

operators ¢( ), subsequent integration, and spin sum-

41 What follows
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more comprehen-
sive discussion in
Ref. [19].

42 with the usual no-
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44 Ui the spectral

representation

bo(r) =) da(r)éao

45 that is, introduc-
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stead of electrons)
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plicated 4-operator

term in Eq.(2.8)
into a harmonic
oscillator.
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mation yields

H=2v / dril () (0D, (1) (). (2.9)

In general, the orbitals z/;(r) will be complicated func-
tions of r for a randomly disordered lattice. For the
sake of the argument, however, the actual form is not re-
quired given the existence of a set of eigenstates |a) (and
corresponding orbitals éa(r)) diagonalizing the Hamil-
tonian for the disordered problem. Transformation into
this new basis**, the Hamiltonian Eq. (2.9) can be cast
into the BCS mean-field form with the only difference
that the operators create and annihilate (time-reversed)
eigenstates |a) instead of momentum eigenstates |k). Af-
ter diagonalization and Bogoliubov transformation*® one
finds a similar spectrum E, = \/(€q — )% + |A|2 which
still contains information about the specific choice of
eigenstates in terms of the eigenvalues ¢,. To obtain
the self-consistency equation, however, any reference to
the basis is lost when the summation over eigenvalues ¢,
is replaced by an continuous integral so that the BCS
result Eq. (2.7) is exactly restored. Consequently, dis-
order has no impact on the superconducting properties.
In other words, if impurity scattering were to destroy a
Cooper pair it would need to lift the requirement of time-
reversal symmetry. Scattering off an potential, however,
preserves the spin orientation and hence no pair-braking
takes place, as long as the scatterer does not carry a
magnetic moment: in this case, time-reversal symmetry
is broken and superconductivity may be strongly sup-
pressed [20, 21, 22].

2.1.3 The quantum-critical regime

The Anderson theorem and the Anderson localization
sketched above determine the physics far from the SIT
at moderate and extreme amounts of disorder, respec-
tively. As both asymptotic regimes are continuously con-
nected, there must be a regime of disorder, where both
paradigms break down and where, pictorially speaking,
electrons cannot decide whether to pair up and condense
or to get localized.

How can we escape Anderson’s theorem? The important
assumption Anderson made was that the orbitals ¢ (r)
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of the disordered system are extended in space. Only
then the mean-field approximation in accordance with
BCS works. Clearly, spatial extension and localization
tendencies antagonize compromising the prerequisites of
Anderson’s theorem. An important measure to put a
number on disorder is the Ioffe-Regel parameter kp{, i.e.
the product of the Fermi wave vector kr and the electron
mean free path /. For marginal disorder, kpf > 1 and
the Anderson theorem holds, while for extreme disor-
der*® kpf ~ 1 and the system turns insulating signaling
the ultimate break down of Anderson’s theorem. While
this explains the conceptual demand for an SIT, it does
not provide an answer to the question how superconduc-
tivity actually ceases. Over the past years, two models
have been put forward by theory, the so-called fermionic
and the bosonic scenarios we will now briefly discuss.

The amplitude-driven or fermionic SIT

In a seminal work [23] Finkelstein has shown that dis-
order tends to renormalize Coulomb interaction between
electrons such that the screening becomes less efficient:
the attractive Cooper interaction pairing up electrons is
challenged by the repulsive Coulomb interacting lower-
ing the energy gain upon condensation. At a critical
disorder, Coulomb repulsion is strong enough to over-
compensate the pairing interaction and the bound state
is no longer favorable. Using a diagrammatic renormal-
ization approach, Finkelstein demonstrated that the am-
plitude of the order parameter vanishes uniformly at the
SIT yet. At the same time, also the superfluid density
and -stiffness go to zero where the latter always remains
the greater energy scale, see Fig. 2.2. The insulating
side contains fermionic quasiparticles which in 2d im-
mediately localize forming a hard insulator whereas in
3d tend the insulating behavior may be weaker accord-
ing to the scaling of conductivity discussed above. The
fermionic scenario has been successfully applied to ex-
plain the suppression of T, in homogeneously disordered
ultra-thin films of, e.g., amorphous MoGe [24] or poly-
crystalline TiN [25] and MoC [26, 27]. At the same time
- and not unsurprisingly - it fails to properly describe
experimental results in the very vicinity of the SIT as it
neglects quantum fluctuations relevant at low energies.

46 1y this case, elec-
trons scatter from
each lattice site, i.e.
the mean free path is
the lattice constant.
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Figure 2.2: Energy scales at the SIT within the
fermionic (left) and the bosonic (right) scenario for the
SIT. In the first case, pairing amplitude and superfluid
density (or stiffness) go to zero at the QCP for critical
disorder g. and the insulator contains localized fermions.
In the bosonic scenario, the SIT is marked by a loss of su-
perfluid coherence while pairing remains robust into the
Cooper-pair (or Bose-) insulator.

The phase-driven or bosonic SIT

In the bosonic scenario global coherence necessary to
form a phase-locked macroscopic superfluid condensate
is lost at the SIT, see Fig. 2.2. In more detail, Fisher
et al. have shown in a pioneering work [28] that long-
range phase fluctuations among a charged (2e) bosonic
superfluid are enhanced in approach of the SIT reduc-
ing the superfluid stiffness and finally destroying super-
conductivity. As a natural consequence, the bosonic
model allows pairs to survive into the insulating side,
where they, however, have lost a global phase coherence
and become localized. This model features an intriguing
charge-vortex duality which predicts a universal resis-
tance R. = h/4e? right at the SIT. Indeed, early dc-
transport studies [29] of ultra-thin a—Bi films quench
condensed on Ge reveal a SIT at the predicted universal
resistance. Later on the prediction was found at odds
with other systems, e.g. ultra-thin MoGe films: Al-
though magneto-transport measurements confirmed the
localization trend of Cooper pairs at the field-induced
SIT, the importance of phase fluctuations and long-range
Coulomb interaction [30], the obtained critical resistance
seems sample-dependent and is scattered widely around
h/4e?. The discrepancy is commonly attributed to the
missing fermionic degrees of freedom which naturally
arises treating the Cooper pairs as hard-core charge-2e



2.2. TUNNELING SPECTROSCOPIES ON THE SIT 29

bosons without internal fermionic structure.

The limited applicability of both models calls for a uni-
fied amplitude-phase theory equally capturing Coulomb
interactions and phase fluctuations each of which are the
central aspects of the respective models. At the time of
writing this thesis, such a theory is yet to be developed.

In the next section we will discuss some of the hall-
mark experiments elucidating the SIT to conceptually
outline what a successful theoretical treatment would
have to account for.

2.2 Tunneling spectroscopies on the
SIT

We will restrict our discussion to SIT systems relevant
for the scope of this thesis, namely TiN and NbN. These
materials can be produced in various ways as thin film
with a homogeneous amorphous or polycrystalline struc-
ture and random distribution of atomic-scale disorder.
The distance to the SIT can be tuned either by compo-
sition (i.e. varying N concentration) or thickness. The
arguably most striking result was obtained by measure-
ments of the local tunneling conductance. Far from crit-
icality, the energy gap A is uniform in space as expected
for ordinary s-wave superconductors. This changes dras-
tically in approach of the SIT where - despite struc-
tural homogeneity - measurements reveal a strongly in-
homogeneous superconducting state. For TiN, Sacepe
et al. resolved a spatially fluctuating energy gap A [25]
while for NbN inhomogeneities are identified by varia-
tions of the coherence-peak height and zero-bias anoma-
lies [31]. In both cases, the emergent superconduct-
ing domains exist on length scales comparable to a few
times the superconducting coherence length of ~ 10 nm,
i.e. much larger than the atomic-scale disorder poten-
tial traps. The emergent electronic inhomogeneity tends
to localize the Cooper pairs into weakly coupled super-
conducting puddles. The global superconducting phase,
which, in the clean case, acquires its lock to a constant
value by virtue of perfect delocalization, is subject to
increasingly strong fluctuations, as decomposition into
weakly coupled puddles increases. The long-range phase
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coherence is eventually destroyed when the charging en-
ergy?” of the puddles by far exceeds the Josephson en-
ergy*®. This peculiar inhomogeneity of the supercon-
ducting state is in perfect agreement with calculations
within the Bogoliubov de-Gennes model [32, 33] and fa-
vors the bosonic scenario of the SIT. This view is strength-
ened by tracing the energy towards the SIT. Comparison
of T, and tunneling gap A revealed a less strong decay
of the latter towards criticality leaving an anomalously
large gap for films where T, was almost zero [25]. The
evolution of both quantities suggests A to survive across
the SIT forming a gapped Bose insulator. Similar mea-
surements using planar junctions and disordered 2d InO
films [34] compared nominally insulating and supercon-
ducting film in the very vicinity of the SIT characterized
by dc-transport down to mK temperatures. Surprisingly,
both the insulating and superconducting tunneling spec-
tra display a clear gap with almost the same amplitude.
The coherence peaks, however, only appear for the latter
which was viewed as evidence for robust pairing without
global phase coherence in agreement with the bosonic
models. In a subsequent publication [35] the insulat-
ing gap was conceptually explained by partial screen-
ing of electronic interactions due to the nearby metallic
tunneling electrode pushing the sample back on the su-
perconducting side to explain an alleged mismatch with
optical THz measurements. This argument, however, is
questioned by a screening length much smaller than the
tunneling barrier. Furthermore, if the electrode effec-
tively pushes an insulating sample superconducting, also
the coherence peaks should reappear what is, however,
not the case.?®. Another consequence of strong phase
fluctuations manifests at the transition to the normal
state. Tunneling studies [36, 31] revealed a pseudogap
in the density of states surviving up to several times
T.. The gap, however, is not flanked by coherence peaks
reminiscent of the superconducting gap. Their absence
is understood as result of the vanishing superconduct-
ing order, while pair correlations remain present. In
this sense, upon cooling preformed Cooper pairs exist
at temperatures much higher than 7T, but form a glob-
ally coherent condensate only below T.. While soon af-
ter this discovery, the analogy to the pseudogap in un-
conventional high-temperature superconductors such as
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the cuprates has been stressed, the comparison is deli-
cate as the driving forces - disorder and correlation - are
not quite the same. For instance, a recent study [37]
assembles experimental evidence that the pseudogap in
various cuprates is not restricted to the regime of the
phase diagram where phase fluctuations delimit super-
conductivity (e.g. LSCO) but also appears (in case of
e.g. Bi-2201) above amplitude-driven transitions®®. Al-
though tunneling studies arguably yielded the most valu-
able insights how energy scales behave towards critical-
ity, the above mentioned discrepancy with optical mea-
surements in the THz frequency range is troubling. The
situation is even more alarming as also systematic stud-
ies [39, 40] bringing together resonant microwave and
tunneling measurements on disordered TiN and NbTiN
point towards the insufficiency of theories purely rely-
ing on the effects of pair-breaking. In what follows, we
present comprehensive measurements of the dynamical
conductivity at THz frequencies and compare them to
tunneling measurements and discuss a reasonable solu-
tion to the above problem on basis of a new kind of
excitation invisible to tunneling spectroscopy.

2.3 Measurements of the
dynamical conductivity

We now turn to the optical spectroscopy measurements
performed on superconducting NbN thin films in ap-
praoch of the SIT. We performed comprehensive mea-
surements of the complex transmission amplitude in the
frequency range v = 2—40cm~! (i.e. energies E = hv =
0.25—5meV), which is well suited to study the dynamics
of (strong-coupling) superconducting NbN films®! with
critical temperatures ranging between 7, = 15— 3K and
an estimated spectral gap of 4.2kpT. = 0.9 — 5.4meV.
Measurements were performed in the normal state slightly
above T, and the regime of superconducting fluctuations
and in the superconducting states well below T, /2, where
the mean-field BCS energy gap is at almost 100% of its
zero-temperature value. The spectra of the transmission
amplitude and phase were fitted to Fresnel equations via
real and imaginary parts of the complex dielectric func-
tion € without any particular microscopic model for the

50 This paradig-
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charge dynamics®®. The complex dynamical conductiv-

ity follows directly via & = 2wieor(é — 1). Prior to the
optical studies, similar NbN films with a thickness of
50nm have been fabricated as planar Ag/NbN tunneling
junctions. Comprehensive measurements of the (differ-
ential) tunneling conductance have been performed by
M. Chand and the tunneling spectra displayed below are
originally published in Ref. [41].

Before we discuss the experimental results, it is in-
structive to clarify, how superconducting energy scales
manifest in both the optical properties and the tunnel-
ing conductance G. At zero temperature, the charge
current I between the electrodes through the tunneling
barrier sets in as soon as the Fermi level of the Ag elec-
trode is biased by a voltage |V| > A/e. As a conse-
quence of the diverging density of states right at +A,
the slope of the conductance G = I/V is initially infi-
nite before it saturates to the tunneling barriers inverse
Ohmic resistance. The density of states which is propor-
tional to the differential conductance dI/dV displays a
gap of the width 2A and thus provides a clean access to
the superconducting pairing energy. While here, the am-
plitude of A is measured by shifting chemical potentials,
in optical spectroscopy it is probed by the quasiparti-
cle excitations across the gap: At zero temperature, the
finite-frequency response of a superconductor sets in at
v = 2A/h where quasiparticles are lifted above the DOS
gap which manifests as an onset in the real part of the
dynamical conductivity 6(v) = o1(v) + ioe(v). While in
the canonical BCS picture the onset of electromagnetic
absorption at the spectral gap €2 equals the supercon-
ducting energy gap 2A picture, additional excitations®
may open absorption channels at frequencies v < 2A/h
shifting © below 2A. Consequently, the combination of
both transport and optical spectroscopic techniques is a
promising route to identify excitations of the superfluid
beyond ordinary quasiparticle breaking.
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The comparison is done according to the scheme de-
scribed below.

1. Match an optical with a tunneling spectrum for
NbN with (approximately®*) the identical T,

2. Fit the dI/dV spectrum:

(a) Solve the Usadel equation (1.48) for a given
pair breaking parameter 7 (with £ = 0) and
coupling® ¢ = 2A/kgT, for energies |E| > E,

where
. (T;(T)y/j T e

is the renormalized hard band gap [8] and T
is the temperature of the tunneling measure-
ment.

A(T)

(b) Calculate the real part of the energy depen-
dent normal Green function G(E), i.e. the
density of states D(E) via Eq. (1.46).

(c¢) Include - if required - additional sub-gap states
Ntail (E)
E,— B\
S

for |E| < E,; where I' measures the width of
the tail accounting for local A inhomogeneities
due to random impurity configurations [11].
(d) Connect D(|E| > E,;) and Dqi(E < Ey)
smoothly by adjusting the relative weight to
generate a continuous function D(FE), VE
(e) Calculate the functional form of dI/dV at fi-

nite temperatures by convoluting D(E) with
the Fermi function f(F,T)

Diait(E) = exp (2.11)

o0

dl d -

— X == ED(E)(f(E - f(E

< ar | AEDENSE +ev) - F(E)
(2.12)

where the integration range is chosen such,

that the result does not change any more within

standard numerical precision [43]

54 Any NbN film
produced as elec-
trode within a
tunneling junction
cannot be used for
an optical mea-
surement. The
relation between the
structural properties
and the T, i.e. the
reproducibility, is
sufficiently high for
the given growth
procedure, such that
the comparison of
two NbN films linked
by T¢ is justified [42]

55 The temperature
dependence of A is
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Figure 2.3: Sketch of
the disorder-smeared
density of states in-
cluding sub-gap tail
states. The dashed
line is the BCS solu-
tion. Note that the
tail states are actu-
ally much less signif-
icant than displayed
here.
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(f) Adjust 7, ¢, and " and iterate (a-e) to find the
optimal fit.

3. Use the obtained 7 and ¢ to solve the Usadel equa-
tion for A(T") with 7" the temperature of the op-
tical measurement.

4. Calculate the complex normal and anomalous Green’s
functions G(F) and F(E) via Eqs. (1.46,1.47)

5. Calculate the complex conductivity &(v) via Eq. (1.52)

Within the canonical BCS picture, the parameters re-
quired to fit the tunneling measurement should also yield
a proper description of the optical measurement®S.

Figure 2.4 compares measurements of the real part of
the dynamical conductivity o1 (v) + io2(v) of a sample
with T, = 15.14K with a measurement of the differ-
ential tunneling conductance dI/dV of a sample with
T. = 15.6 K. While the tunneling measurement is per-
formed at 1.9 K well below T, the displayed o4 (v) spec-
trum is taken at 12 K much closer to T,. The reason is
that the fully opened gap is located at frequencies above
the experimentally accessible range, while the elevated

NbN, T, = 15.6 K (b)
o 19K
——BCS + pair breaking + tail states

87(azauoc ° e o o

NbN, 7, = 15.14 K
e 17K

o 12K
——BCS + pair breaking ||

didv (@)

10 15 20 25 30 35

Energy (meV)

Frequency (cm™)

Figure 2.4: Optical and tunneling spectroscopy on
clean NbN. (a) real part o1 (v) of the dynamical conduc-
tivity in the normal (17K) and superconducting states
(12K). The arrow indicates the spectral gap estimated
from the minimum of o1(v). (b) Differential tunneling
conductance dI/dV as function energy at 1.9K. Solid
lines are based on Green’s functions calculated for the
same pair breaking T and ratio A/kgT,.. To fit the in-
gap part of dI/dV , exponentially decaying tail states have
been added, which are not taken into account for oy.
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temperature allows a direct read-out of  and hence
comparison with 2A from the tunneling measurement.
Though being in the clean limit, the coherence peaks in
the dI/dV spectrum are smeared out substantially be-
yond thermal broadening. The optimal fit is obtained
for TAp = 25.3 and a coupling of ¢ = 2A/kpT. = 4.15
and a minor Niu; contribution. The corresponding pre-
diction for oq(v) invoking the same 7 and c¢ is in very
good agreement with the actual experimental result. The
minimum in o1(v) lies at ~ 31cm ™! (denoted with the
arrow) which gives a coupling 2A/kpT. = 4.1 with the
BCS temperature-dependence of A [41]. A similar re-
sult is found for another pair of clean-limit samples with
T. = 14.3K and 14.9K for the optical and tunneling
measurement, respectively, shown in Fig. 2.5. The min-
imum in the predicted o1 (v) curve is in good agreement
with the onset of optical absorption beyond quasi parti-
cle dynamics. At sub-gap frequencies, the experimental
dispersion matches the predicted one, while above the
spectral gap, the rise is stronger than expected. Compar-
ing samples with T, = 10K and 9.5 K for the optical and
tunneling measurement, respectively, reveals an absorp-
tion threshold ) that is shifted below the predicted one
exceeding the range of experimental uncertainty, see the
top panel of Fig. 2.6. While again for sub-gap frequencies

(a) ® NBN, T, = 14.9 K (by
gL ° hd . . . 1l o 217K
——BCS + pair breaking + tailstates
NbN, 7 = 143K r o 5 70
® 17K

o 11K |
—— BCS + pair breaking

5 10 15 20 25 30 35
Frequency (cm™) Energy (meV)

Figure 2.5: Optical and tunneling spectroscopy on
clean NbN. (a) real part o1(v) of the dynamical con-
ductivity in the normal (17K) and superconducting state
(11 K). The arrow indicates the spectral gap estimated
from the minimum of o1(v). (b) Differential tunneling
conductance dI/dV as function energy at 2.17K. Solid
lines are based on Green functions calculated for the same
pair breaking T and ratio A/kgT..
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Figure 2.6: Optical and tunneling spectroscopy on
moderately disordered NbN. Panels (a) show real
part o1(v) of the dynamical conductivity in the normal
and superconducting state. The arrows indicate the spec-
tral gap estimated from the kink of o1(v). Panels (b)
display the differential tunneling conductance dI/dV as
function energy. Solid lines are based on Green func-
tions calculated for the same pair breaking T and ratio
A/kpT..

the experimental dispersion agrees with the predicted
form, an increasing excess absorption evolves around )
and at higher frequencies.

Both the suppression of Q with respect to 2A pre-
dicted from the tunneling measurement and the accu-
mulation of additional spectral weight beyond the quasi-



2.3. MEASUREMENTS OF THE

DYNAMICAL CONDUCTIVITY 37
15
(@) 8 g, g 8 * & NbN, 7,=B2K (b)
o 05K
NBN, T =6.4K @ o ——BCS + pair breaking + tailstates
TE 10- e 10k E
o 0 2K e}
e | —— BCS + pair breaking ;
S g
~ L 4 k=
o 05
| o
0.0 = . v
10 20 30
Frequency (cm™) Energy (meV)
1.5-() 1
NbN, 7,=5K
< o 2K
_g 100 ——BCS + pair breaking 4, |
&
=
g 0.5 1
0_0 n L 1
10 20 30
Frequency (cm™)
(a) NbN, T, =4.3K (b)
12 e o * * * o e || o 065K
. ® & {[——BCS + pair breaking + tailstates
~10¢ s 2 0 4
% o 12
S8 G
c -
© 08 E
EUA NbN, T,=42K F J1 ©
e 10K
0.2 o 2K K
——— BCS + pair breaking
00 1 1 L L L 0
10 20 30 -1 0 1
Frequency (cm™) Energy (meV)

Figure 2.7: Optical and tunneling spectroscopy on
disordered NbN. Panels (a) show real part o1(v) of the
dynamical conductivity in the normal and superconduct-
ing state. The arrows indicate the spectral gap estimated
from the kink of o1(v). Panels (b) display the differ-
ential tunneling conductance dI/dV as function energy.
Solid lines are based on Green functions calculated for
the same pair breaking T and ratio A/kpT,.

particle absorption, become increasingly pronounced as
T, is reduced in approach of the SIT, as displayed in the
mid and bottom panels of Fig. 2.6 and Fig. 2.7. Down
to T, = 7.5K the excess conductivity is concentrated
around frequencies corresponding to 2A and becomes
vanishingly small towards the low-frequency limit. As
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for the T, = 6.4K, sample, the additional conductivity
spans over the entire frequency range. The discrepancy
between the anticipated and the actual oq(v) becomes
increasingly worse as both functional form and absolute
values are concerned when going to the lowest-T,. sam-
ple, where o1 (v) could meaningfully be calculated.

As mentioned above, the above fits of the dI/dV spec-
tra to quantify the pair breaking strength incorporated
exponential sub-gap tail states, which are not included
in the Green’s functions G and F from which o1 (v) was
derived. Piecing together a continuous function D(E)
from both the hard-gapped continuum contribution and
the tail states to fit dI/dV is associated with a certain
degree of freedom as finite temperatures also smear out
a hard gap similar as tail states do. Consequently, the
lack of tail states in the calculation of oy (v) should care-
fully be examined in consideration of the presented dis-
crepancy. This can be done by inversion of the above
analysis: o1(v) is fitted to find a suited pair breaking
strength, which thereupon is used to calculate a predic-
tion for dI/dV. In Fig.2.8(a) we exemplary re-plot the
experimental results on the samples with T, = 4.2 and
4.3K together with a fit of o1(v). The required pair-
breaking is 10 times stronger than in the previous fit
of dI/dV displayed in Fig. 2.7(c). Except for the low-

NBN, T, = 43K (b)
o 065K
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2 =
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>
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Figure 2.8: Inverted analysis routine applied to a
strongly disordered sample with T, =4.2 (a) and 4.8K
(b). The pair breaking parameter is chosen such that it
yields a fit of o1(v) at 2 K. This strong pair breaking fails
to generate a satisfying description of dI/dV regarding
both the coherence peaks and the width of the gap.
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Figure 2.9: Curves from Gaussian distributed lo-
cal gaps A(r) applied to a strongly disordered sample
with T, = 4.2 (a) and 4.83K (b). The fit of the dI/dV
measurement is the average of 81 D(E) curves calculated
from a Gaussian distribution of A(r) values. The corre-
sponding average of o1(v) curves cannot reproduce the
experimental result.

est frequencies, this choice of pair breaking reproduces
the experimental o1(v) very well. At the same time,
however, it completely fails to yield a satisfying descrip-
tion of dI/dV displayed in panel (b) regarding both the
height and shape of the coherence peaks and the width
of the gap. It is clear, that this discrepancy cannot be
accounted for by the missing tail states which could only
narrow the gap further, and consequently, the effect of
tail states on o1 (v) can be ruled out as origin of the ex-
cess conductivity.

What is the influence of an emergent electronic inhomo-
geneity? The above dI/dV spectra are measured with
planar tunneling junctions. Local tunneling measure-
ments, however, revealed an emergent electronic inhomo-
geneity on a length scale of the coherence length much
greater than the lateral dimension of the planar junc-
tions. In that sense, the smeared dI/dV spectra could
also be modeled as an average of locally varying A(r) and
thus D(E,r) curves. In fact, assuming a Gaussian distri-
bution of A values gives a fairly good approximation of
the dI/dV spectrum, see Fig. 2.9, although after closer
examination it falls short compared to the pair-breaking
model. Employing the identical A(r) distribution for an
averaged o1 (v) curve yields a curve completely at odds
with the actual measurement. Attributing the mismatch
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between dI/dV and o1(v) measurements can thus not
be accounted for by a simple averaged response due to
electronic inhomogeneity.

The failure of both pair-breaking and an averaged re-
sponse due to a distribution of A(r) values as possible un-
derlying scenarios accounting for the apparent mismatch
between optical and tunneling spectroscopy calls for an
alternative effect at play. In the next section, we will see
that three specific properties of NbN - the short coher-
ence length of a few nanometer, the quasi-2d character
and the vicinity to quantum criticality - make this mate-
rial a promising candidate for an excitation best known
from the Standard Model of particle physics serving as
possible explanation for puzzling observation above.

2.4 The Higgs mode and the Higgs
mass

The striking resemblance of both the theory of the Higgs
boson in high-energy physics and superconductivity gives
rise to a natural question: is there a Higgs-boson like ex-
citation in superconductors? Clearly, on the one hand
an affirmative answer is challenged by half a century of
uncountable spectroscopic measurements not revealing
a superconducting Higgs mode. On the other hand, the
successful and elegant treatment of superconducting phe-
nomena by virtue of field theories and symmetry break-
ing is a strong pleading for a Higgs mode. Hence, a more
constructive approach is not to ask if but where there
is a Higgs mode, and how it can be detected experimen-
tally. In recent years, works of Auerbach et al. gave
a particular clear account to these questions as we will
review below.

An instructive way to understand the elusive nature
of the Higgs mode is to reconsider under which circum-
stances the particle analogue appears. The well-defined
Higgs boson as sharp resonance is predicted within a
relativistic and bosonic broken-symmetry field theory.
Although Cooper pairs as constituents of superconduct-
ing condensate can be viewed as composite bosons, the
fermionic nature of the underlying quasiparticles usu-
ally plays an important role. Qualitatively, this can be
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seen as consequence of the pairing taking place in k-
rather than real space. The coherence length £, as a mea-
sure for the quasiparticle’s real-space distance, is for con-
ventional superconductors usually much larger than the
inter-atomic distance so that bosonic treatments are not
applicable. While Bose-Einstein condensed (BEC) neu-
tral superfluids contain tightly bound pairs and bosonic
theories apply, they do not require local U(1) invariance
and gauge fields and thus the Higgs mechanism does not
occur.

The search for a suited system with a Higgs mode
therefore resorts to effectively bosonic charged superflu-
ids, i.e. short coherence-length superconductors. Thin
films of NbN are such candidates: For films of around
50nm thickness, Hall- and magneto-resistance measure-
ments [45] revealed a coherence length of £ ~ 5nm, which
is just around one order of magnitude larger than the
lattice constant of NbN and much smaller than the pen-
etration depth ~ 200 nm rendering disordered NbN thin-
films a prototypical short-coherence superconductor and
ideal testbed for effectively bosonic theories.

BEC-like pairs can be treated as lattice bosons within
the Bose-Hubbard model (BHM)

H=—JY (blbj+blb;) —pd> ni—UD ni(ng —1)

(2.13)
where b, b, and n = b'b are bosonic annihilation, cre-
ation, and number operators, J and U are hopping and
onside-repulsion energies, and p is the chemical poten-
tial. The phase diagram of this model features insulating
and superfluid phases depending on the filling (bosons
per lattice site) and the kinetic energy, see Fig. 2.10.
By means of a Hubbard-Stratonovich transformation the
BHM Hamiltonian can be cast into a field theory with
an imaginary-time action reading [46]

SpHM = / drdzLp (2.14)

with the Lagrangian

Leum = Koo+ K1|0,9 % + Ko | VY| + 7y +uly[*
(2.15)
which is identical with the one we discussed in Sec. 1.3.

.
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w

Figure 2.10: Phase
diagram of lattice
bosons within the
Bose-Hubbard
model. The tips of
the lobes are points
with emergent rel-
ativistic dynamics.
Adopted from Ref.
[44].
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(2imdy — 82)p =0
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ativistic (Dirac) ver-
sion

(IO —m)y =0

58 Note that the

description in terms
of a the U(1) com-
plex scalar model is
here equivalent to
the O(2) real vector
model [48]
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Clearly, (imaginary) time and space dependencies are not
treated on equal footings. It is the linear-time derivative
in the first term that spoils relativistic dynamics®’. In
a seminal work [47], however, Fisher et al. have demon-
strated that Ky can be related to r via Ky = —gi, and
further, that Ky vanishes at the tips of the Mott lobes,
see Fig. 2.10. Consequently, the Lagrangian becomes
symmetric in space and time coordinates and henceforth
describes relativistic bosons. The superfluid-Mott insu-
lator quantum phase transition (QPT) within the BHM
has a prototypical condensed-matter realization in form
of the superconductor-insulator quantum phase transi-
tion (SIT) observed in granular and disordered super-
conductors such as NbN.

In recent years, the dynamics of the BHM in the rel-
ativistic limit have been studied intensively by Auerbach
et al. in terms of O(N) field theories®® with an action
[49]

stel= [arae{J@.07 + hlo +alol'} (210

in 2+1 space-time where ¢ is an N —component real vec-
tor. This model has turned out to be a powerful ap-
proach to study dynamics and collective modes in quan-
tum critical condensed matter systems, in particular the
superfluid-Mott insulator transition [47] for N = 2 and
Neel-singlet transition of dimerized Heisenberg antifer-
romagnets [50] for N = 3. We will now review some of
the results [51, 52, 53, 44] obtained by Auerbach et al.
relevant for this work.

e Relativistic dynamics are essential for the appear-
ance of a long-lived Higgs mode. In the (Gross-
Pitaevskii) limit of non-relativistic dynamics, the
collective excitations of the order parameter are
coupled massless amplitude-phase phonons, wher-
eas for the relativistic case the O(2) model predicts
one massless phase mode and one massive ampli-
tude (Higgs) mode.

e The aforementioned visibility in the dynamical con-
ductivity does not apply to conventional weak cou-
pling superconductors, where the BCS Hamilto-
nian commutes with the (Cooper-pair) current op-
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erator leaving the spectral gap essentially open.
In the strong coupling limit, the coupling between
charges and photons happens by gauging the the-
ory as discussed in Sec. 1.3. Via minimal coupling
the gauge field A is introduced and one obtains

1
LOP)[6, Al = 5 (9,0)° — 6P +gl6|" + Lom[d, A]

(2.17)

where®?
Lewm = eA(VT) {[(d)o]* + 20(d)o + ...} (2.18)
contains the electron-light interaction. Currents

are obtained by functional derivatives of L, with
respect to A. To lowest order, this yields two di-
agrams: a phase mode eV7 and a coupled phase-
amplitude mode 2eV7o.

The visibility of the Higgs mode is closely related
to the symmetry of the probe. The longitudinal
susceptibility of the O(N) field theory in two spa-
tial dimensions diverges at low energies so that the
spectral signature of the Higgs mode is washed out
into a broad shoulder. However, any scalar suscep-
tibility probing the square of the order parameter
rather than its direction, is finite at all frequencies
and displays a peak right at the Higgs mass mpy
(an energy scale) which manifests as the onset of
electromagnetic absorption measured by the dissi-
pative conductivity.

To understand the physical implications of the above
phase-amplitude diagram, we recall the result of
Sec. 1.4, i.e. gradients of the superconducting phase,
V', generate currents and hence cause density fluc-
tuations of the condensate. In 341 dimensions,
these are massive plasmons with a threshold en-
ergy given by plasma frequency w,. In turn, while
being a sharp resonance in 3+1 dimensions, the
Higgs mass my is shifted to energies hw, + mg
where the Higgs modes are completely overshad-
owed by electronic interband excitations and ex-
perimental identification is a hopeless task. To the
contrary, the plasmons are not gapped in 2+1 di-
mensions due to the nature of Coulomb interaction

-
59 Here, we

parametrize the
order parameter
field ¢ as

6= (<¢>)07r+ a)

where o are the
longitudinal fluctu-
ations around the
ground state (¢)o
and 7 is the phase
field. Note, that a
real two-component
vector is equivalent
to a complex scalar
order parameter de-
scription.
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Incorporation
of higher-order
diagrams shows,

that the threshold at
hw = mp is actually
a soft gap closing as
w5 in leading order
suppressed  further
by a tiny numerical

prefactor.

61 Note that the

spectral gap for pair
excitations lies at
Q = 2A.

52 Here, o1(v)
was measured by
means of microwave

Corbino spec-
troscopy. Taken
from Ref. [54].
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and can be excited at arbitrarily low energies. The
excitation threshold for the conductivity is here de-
termined® by my. With £ ~ 5 and d ~ 20nm, the
NbN films under study are, strictly speaking, not
in the actual 2+1 limit, but with £ and d being of
the same order, the dimensional crossover is close
such that traces of 2+1 physics are likely to be ob-
served.

In conclusion, the short-coherence superconductor NbN
allows an effective bosonic treatment within the BHM
model (and related field theories) and together with the
emergent relativistic dynamics in approach of a quan-
tum phase transition is a natural candidate to search for
the Higgs mode in a solid-state system. Furthermore,
being a scalar susceptibility, the optical conductivity is
expected to display an onset of finite oy (v) (for T = 0) or
a minimum (for T > 0) at my and therefore is a suited
probe for the Higgs mode.

Coming back to the experimental results, we can as-
semble characteristic features of the o1(v) spectra as
function of T,. We start with the energy gap A ob-
tained from tunneling and the spectral gap (2 being read
out from o1(v), see Fig. 2.11. The tunneling gap A is
reduced following the strong-coupling BCS prediction in-
dicated by the solid line with A/kgT, = 2.1 down to the
lowest T, ~ 3 K. Starting with clean samples far from
criticality, corresponding®! spectral gap €2/2 also follows
the BCS strong-coupling behavior down to T, =~ 9K.
Further approach of criticality then pushes ©/2 below
A. This relative suppression becomes stronger as T, goes
down. At the lowest-T, sample®? the deviation amounts
to nearly one order of magnitude. This implies, that
while tunneling spectroscopy probes the superconduct-
ing energy gap A for all distances from criticality, below
a certain T., another energy scale appears in the optical
absorption spectrum. Far from criticality, this additional
scale is above A, so that ) also measures A (or rather
2A). The reduction below the strong-coupling curve at
around 9 K signals the appearance of a new energy scale
we interpret as the Higgs mass my;.

The Higgs mode is a critical mode of the QCP mean-
ing that my vanishes as T, — 0 at the SIT. Within a
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Figure 2.11: Superconducting energy scales to-
wards criticality Comparison between energy gap A ob-
tained from tunneling measurements and (half of ) optical
absorption threshold Q/2 taken as the minimum in o1 (v)
for NON films approaching the SIT. In the clean limit
(high T, ), both energy scales are approximately the same.
While the decrease of A follows T, in agreement with the
strong-coupling BCS reduction (black line), the reduction
of Q/2 speeds up towards criticality. The dashed line is
a guide to the eye.

bosonic scenario of the SIT®, the reduction of my below 63 which  seems
A is a natural consequence, as the pairing energy remains likely to be realized

. . . . . in NbN where
finite across the transition. The increasing reduction of S

K S T i - superconductivity at

my in approach of criticality is in qualitative agreement  gmall order parame-
with the theoretical prediction of the O(2) model, where ters is governed by
mpy x (69)%%7 with §g being a dimensionless parameter 1’51?5;6 fluctuations
measuring the distance to the QCP. How dg relates to [55, 56]-
T, is not a priori clear, so that we can only qualitatively
confirm the predicted decay, while affirmation of the ex-
ponent remains an open problem.
So far, we have considered only the real part of the com-
plex conductivity. In what follows, we employ the in-
ductive response of the superfluid, o2(v), as a check for
internal consistency of the above interpretation.
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first approxima-
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For any system with a constant total carrier density ne,
the spectral weight defined as

- 2
5= /dwal(w) = heC
0

o (2.19)

is strictly conserved® as it follows from the fundamental
Kramers-Kronig relations for causal response functions.
The opening of the superconducting gap in oq(v) goes
along with a redistribution of spectral weight such that
the 'missing’ spectral weight at finite frequencies, i.e. the
quasi particle contribution o1 gp, is compensated by the
zero-frequency d-response, namely the superfluid contri-
bution o1, sF, thus

2m

(oo}
— [ d
7T€2/ wo p(w)
0
oo

2m

e?mng
= 2 dw{ - 5(LU)+O'0XO'1’QP(W)}

2 o
= ng+ L?/dw017Qp(w) (2.20)
e
0

where n; is the superfluid density, o1, the normal-state
conductivity, and o1,gp the normalized quasiparticle con-
ductivity scaled with the normal-state dc-conductivity
oo. Equation (2.20) holds true for any system where the
charge dynamics follows BCS theory. It further states
that if o¢ is reduced o¢p — aoy with |a| < 1, then both
ne and ng are reduced by the same factor . In turn, the
appearance of superconducting excitations beyond BCS
theory associated with finite-frequency spectral weight
calls for a reduction of thereof in a disparate spectral
range. For the Higgs mode, being an excitation of the
superfluid condensate, a reduction of the superfluid spec-
tral weight is most likely. Indeed, by quantum Monte
Carlo (QMC) simulations of the disordered XY-model,
Trivedi et al. have shown a direct correspondence be-
tween the excess spectral weight arising from the Higgs
mode and the reduction of the superfluid weight [57].

The superfluid dominates o1 (v & 0) ~ 6(v) in the zero-
frequency limit and therefore, following Kramers-Kronig
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relations, also determines o9 at small, but finite frequen-
cies v < 2A/h. Considering the Kramers-Kronig trans-
form for the superfluid contribution

—2P/ dw'w mnge?d(w’)
T w'? — w? 2m

oo(w=0) = (2.21)

0
one finds the relation

2mm
Ng =
e2

voo(v)

- (2.22)

using w = 27v and 6(w) = 5=6(v). In practice, we multi-
ply the measured o2(v) with frequency and extrapolate
to v — 0 to estimate ns. This procedure is compara-
bly reliable as the dependence o5(v) x 1/v cancels the
ns x v dependency so that the right side of Eq. (2.22)
becomes constant in the low-v limit. In Fig. 2.13 we dis-
play the product ~ voy for the NbN films studied in this
work. The zero-frequency extrapolation is taken as the
mean value of the two left-most data points and shown
as star symbols.

To account for the different relative temperatures T'/T,
of the various measurements, we correct to thus-obtained
value of ng(T') by assuming the two-fluid approximation
[58]

ns(T) ~
ns(0)

which only relies on the relative temperature t = T'/T'c.
The applicability of this approximation is shown for a
representative sample with 7. = 6.4K in Fig. 2.12(a),
where a fit according to Eq. (2.23) yields a satisfying de-
scription of the temperature dependence®.

Figure 2.12(b) compares n,(0) with the total carrier den-
sity n. obtained by Hall measurements in the normal
state [41]. As the resistivity of the films is increased
towards criticality, both 7. and n. are reduced. Ac-
cording to Eq. (2.20) the decline of n. should cause the
same reduction of ng. Experimentally, however, we find
ns to be reduced approximately 10 times stronger than
ne by nearly two orders of magnitude. The progressive
suppression of superfluid spectral weight is in agreement
with the redistribution thereof at finite frequencies due to
the emergence of the Higgs mode. Note that this finding

—t (2.23)

65 Note that the

zero-temperature ex-
trapolation of ns and
the wvalue at the
lowest measurement
temperatures differs
by less than 5% so
that the actual form
of ng(T) plays only a
minor role for ns(0).
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Figure 2.12: Superfluid and total carrier densities
(a) temperature dependence of the superfluid density ng
for a sample with T, = 6.4 K. The solid line is a fit to
the two-fluid approximation giving a zero-temperature ex-
trapolation of ns(0) = 2.07 x 102 m=3. (b) Comparison
between the total carrier density ne [41] from normal-
state Hall measurements and the zero-temperature su-
perfluid density obtained from oo(v). Note the stronger
decay of ng compared to ne in agreement with a redistri-
bution of spectral weight weakening the superfluid contri-
bution towards criticality. Lines are guides to the eye.

also proves the superconducting origin of the excessive
dynamical conductivity in o1(v) and rules out a redis-
tribution of spectral weight from higher energies due to,
e.g., a change in the plasma frequency.

Finally, we address the dispersion of the Higgs mode.
For this we subtract the predicted oi(v) curves based
on the tunneling pair-breaking strength from the ac-
tual measurements. The upper panel of Fig.2.14 dis-
plays o1i88%(1) extracted for four samples® with T, =
7.5 — 4.2 K. Although the studied spectral range allows
to capture the major part of the Higgs mode (displayed
as thick lines), its connection to the quasi particle curve
at high frequencies (thin lines) is not fully recovered for
all samples. To calculate the spectral weight of the Higgs
mode for a quantitative comparison with the reduction in
ng, an extrapolation is required, whose particular form,
however, strongly affects the resulting integral. Unfor-
tunately, the inaccessible high-frequency tail renders a
quantitative spectral weigh analysis impossible. Never-
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Figure 2.13: Determination of the superfluid den-
sity The figure assembles experimental results on the in-
ductive response of NbN samples under study multiplied
with frequency, vos which according to Eq. (2.22) mea-
sures the superfluid density in the limit v — 0 (shown as
stars)

theless, some important connections can be made to the-
ory. The lower panel of Fig. 2.14 displays the theoretical
prediction of the bare Higgs mode conductivity obtained
from Quantum Monte-Carlo studies of the disordered XY
Hamiltonian [57] at various distances from the SIT mea-
sured in terms of the disorder parameter p. To relate
the energy scale of the simulation, the Josephson en-
ergy Ej, to experiment, one can estimate E; from the
clean-sample T, as E; = 2kgT, /= [59] yielding o188 /o
Ej =~ 0.8meV. In experimental units, the energy scale in
the lower panel of Fig.2.14 would then cover frequencies
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0 — 64cm~! similar to the measurement range. Com-
paring the measured and simulated o™88% reveals a fun-
damental resemblance: starting far from criticality, both
amplitude and width of the mode increase towards the
SIT. At the same time, a pronounced peak evolves that
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Figure 2.14: Higgs conductivity in experiment and
theory. Top panel: excessive conductivity extracted by
subtraction of the quasiparticle contribution from the ex-
perimental o1(v) for various films towards criticality. As
T. goes down, the mode grows in spectral weight and ac-
quires a mazximum shifting towards lower energies. Bot-
tom panel: Higgs conductivity calculated from QMC sim-
ulations of the disordered XY Hamiltonian [57] at vari-
ous disorder values. Shaded curves are chosen for com-
parison based on line shape similarities to the experi-
ment.
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grows in amplitude and shifts towards lower energies.
A close examination, however, also reveals differences:
While the clean onset of absorption at my of the O(2)
model is somewhat washed out by disorder, the mea-
sured o188 displays a clear onset at finite energies. This
points towards the important question of the interplay
between disorder, the SIT, and the Higgs mode we will
address in the next section.

In conclusion, by systematic comparison of tunneling
and optical measurements on a set of NbN films tuned
towards the SIT we unraveled an energy scale that shifts
below the superconducting energy gap A associated with
the emergence of an enhanced conductivity at energies
around 2A. Neither disorder enhanced pair-breaking
effects nor an inhomogeneous spatial gap distribution
could explain the evolution of the additional spectral
weight and shift of absorption threshold towards criti-
cality. Instead, we suggest that the vicinity to quantum
criticality and the short coherence length of the quasi-
2d films allow a treatment within the fully relativistic
bosonic O(2) field theory. Within this framework, we in-
terpret the additional absorption channel beyond quasi-
particle dynamics as the collective amplitude mode of
the superconducting order parameter, namely the Higgs
mode, and the new energy scale diving below A as the
Higgs mass my. The appearance of the Higgs mode
goes hand in hand with an anomalous reduction of su-
perfluid density and is in good agreement with the line
shape predictions obtained from Quantum Monte Carlo
simulations of the disordered XY Hamiltonian. The ob-
servation of the softening Higgs mode is a direct proof
that the SIT is a quantum critical point in which a di-
verging timescale is detected [60]. Evidently, the vicin-
ity to the QPT offers a unique opportunity to study the
nature of the low energy collective excitations in super-
conductors. As a prototype of quantum criticality, the
findings presented here also have implications on broader
questions about the effects of interactions and disorder in
condensed matter, and to related questions in interacting
cold atoms and quantum statistical mechanics.



Figure 2.15: Average
total kinetic energy
obtained from sim-
ulations of the XY
Hamiltonian as func-
tions of disorder p
and the Coulomb-to-
Josephson energy ra-
tio Ec/E;. The SIT
(dashed lines) can be
realized by tuning p
or Ec/Ey. Adopted
from Ref. [57].
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2.5 Some concluding remarks on
the Higgs mode in disordered
systems

In the previous sections we considered NbN films tuned
to quantum criticality by increasing disorder. Indeed,
disorder certainly increases as measured by the increas-
ing normal state resistivity and, e.g., the Ioffe-Regel pa-
rameter kpl [41]. Considering disorder, however, as the
underlying mechanism driving the thin films from su-
perconducting to insulating phases, may lead to trou-
blesome inconsistencies in the above interpretation that
deserve a closer examination. In what follows, we will
first argue, that disorder increases, but not necessarily
causes the SIT, and, by this, justify the applicability of
the disorder-free O(2) field theory on which the above
interpretation is essentially build on.

The experimentally detected Higgs modes, displayed in
the upper panel of Fig. 2.14, were qualitatively mapped
to simulations of the disordered XY Hamiltonian. In
particular, the highlighted curves in the lower panel of
Fig.2.14 correspond to disorder parameters p =0.025,
0.1, 0.15, and 0.2 which have to be compared to the value
at the SIT, p. = 0.337. While the assignment T, — p was
done here considering similarities of experiment and the-
ory, establishing a direct relation between both param-
eters is delicate. A possible route includes the average
kinetic energy along the xz-bonds in the disordered XY
square lattice, (—k;), given as [57]

oo

(—kz)p = % / dw {nS(S(w) + O'Higgs(w7p)} (2.24)

—00

which relates to the experimentally accessible sheet re-
sistances R of clean and disordered systems as [59]

_ haly (2.25)

<_kr>p:0

Rp(disordered)
Rp(clean)

The left-sided ratios of Eq. (2.25) for the samples
under study are approximately 1.45, 1,5, 1.66, and 2.43
in approach of the SIT. The corresponding p-value, see
Fig. 2.15 are approximately p =0.029, 0.033, 0.043, and
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0.092, i.e. systematically lower than the anticipated val-
ues above. This could, on the one hand, suggest that
with the critical disorder p. = 0.337, the samples under
study are still far from the SIT which appears rather un-
likely considering the massive suppression of T,.. Alterna-
tively, the SIT in thin films of NbN might not necessarily
be driven by disorder, but instead the competition be-
tween Coulomb and Josephson energies, i.e. localization
and mobility of charges. This second route envisions a
SIT even for zero disorder, when the system falls apart
into superconducting islands decoupled from each other,
so that Cooper pairs are localized. This scenario of an
emergent electronic inhomogeneity is supported by local
measurements of the order parameter amplitude A(r). In
addition, the sharpness of the SIT in NbN favors a tran-
sition driven by E¢/E; instead of pure disorder, which
would rather destroy the QCP and turn the direct SIT
into a blurred superconductor-metal-insulator transition
[48]. Unfortunately, we cannot directly compare our ex-
cess conductivity shown in Fig. 2.14 to simulations for a
Ec/Ej; driven SIT as these data have been made pub-
lic only in parts. The main difference [57] between the
predictions for o8 from the p and E¢/E; scenarios,
however, is a well-defined absorption threshold at the
Higgs mass all the way to the SIT in case of the latter in
agreement with both our experimental findings and the
results of the relativistic O(2) field theory. In the light
of these considerations, the SIT in thin films of NbN is
likely to be driven by a localization/delocalization mech-
anism, where Cooper pairs become trapped in emergent
superconducting islands towards the QCP. The subordi-
nate role of disorder is important also from another point
of view: As discussed previously, the Higgs mode appears
from a Lagrangian with relativistic dynamics, i.e. obey-
ing Lorentz invariance. The latter is characterized by a
dynamical critical exponent of z = 1. For the disordered
superfluid-Mott transition in bosonic systems, one finds
z = 1.65 [61] which consequently spoils relativistic dy-
namics and existence of a well-defined Higgs mode. In
addition, Benfatto et. al have shown that once disorder
is introduced, the amplitude and phase fluctuations of
the order parameters are mixed so that one can no longer
speak of separate dispersive amplitude and phase modes
[62, 63]. At the same time, the Higgs mode considered
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the RPA analysis al-
lows to clearly dis-
entangle phase and
amplitude contribu-
tions, which is not
possible in the QMC
simulations.
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here is a q = 0 mode and so it is not strongly affected by
the lattice and lattice disorder. Furthermore, near the
clean QCP, the Higgs mode provides the dominant con-
tribution to the spectral weight which cannot suddenly
disappear once weak disorder is introduced. At the time
of writing this thesis, there is no consensus on the relative
importance of amplitude and phase modes in weakly dis-
ordered systems. While calculations up to the random-
phase-approximation (RPA) level [62, 63] put emphasis
on the latter, the more fundamental QMC simulations
[57] favor the first57.

Finally, we note similar THz time-domain measure-
ments as discussed in this chapter have been conducted
by Armitage et al. [64] shortly after we had published

(a) this work (b) Armitage et al. (2016)
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Figure 2.16: Normal-state optical data for various
NON films measured by (a) frequency domain THz spec-
troscopy (this work) and (b) time-domain THz spec-
troscopy (values taken from [64]). While the experi-
mental studies presented in this work reveal a frequency-
independent o1, a growing rise with frequency is re-
ported in Ref. [64]. (c) Raw transmittivity spectra for
two films (this work) far and close to the SIT together fit-
ted by a frequency-independent Drude conductivity (light
gray) and a curve assuming a dispersion similar to the
T. = 3.8 K sample of panel (b).
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our main results. While the main experimental finding,
i.e. the impossibility to explain the optical results on
pure basis of pair-breaking induced from tunneling mea-
surements, is identical with what is presented in detail
in Sec. 2.3, the experimental outcomes concerning the
normal state conductivity o1 ,,(v) differ significantly: In
this work, o1 ,,(v) reveals (within the experimental error
bars) a flat Drude response which is seemingly at odds
with the results of Ref. [64], where o1 ,(v) grows with
frequency towards criticality, see Fig. 2.16(a,b). The au-
thors of Ref. [64] attribute this to the localization ten-
dencies of the charge carriers and restrict their analysis
to the normalized superconducting spectra to meet the
requirement for a dispersion less normal state withing
the standard BCS expression for oy(r). Such a nor-
malization is not required for the data presented and
discussed in this work. To rule out a systematic error
stemming from our &(v) analysis, we can directly com-
pare the raw transmittivity spectra, 7 (v), of two films
far (T, = 14.3K) and close (T, = 4.2K) to the SIT,
see Fig. 2.16(c). Irrespective of T¢, the T (v) spectra do
not feature any frequency dependence beyond the Fabry-
Perot pattern in favor of a frequency independent film
conductivity, which is supported by a perfect Drude fit
with a relaxation rate at eV energies or higher. For com-
parison, another 7 (v) curve is shown based on a con-
ductivity rise similar of the T, = 3.8 K sample displayed
in Fig. 2.16(b) clearly at odds with our measurement.
Although the spectral range of Ref. [64] is greater by a
factor of two so that a frequency dependence can more
easily be traced, the different results and how they may
be related to an technical origin, remain an open prob-
lem.

At about the same time the results of this chapter
were published, another superconducting excitation also
termed Higgs mode has been reported by Matsunaga et
al. by measuring the dynamics of the energy gap A of the
BCS superconductor Nby_,Ti,N in the non adiabatic
regime after an intense THz pulse [65]. These studies
revealed an oscillatory behavior of A(t) quickly leveling
off to the equilibrium value Ay, which can be under-
stood using the BCS Hamiltonian expressed in terms
of pseudo-spins introduced by Anderson. This Higgs



68 Pictorially, the
weak-coupling mode
can be understood
as a coherent breath-
ing mode of Cooper
pairs oscillating
around their center
of mass [66].

69 In fact, using

A as the supercon-
ducting order pa-
rameter is a rea-
sonable approxima-
tion for BCS super-
conductors, which,
however, may break
down in presence of
strong pair-breaking
as shown early after
BCS by Abrikosov
and Gor’kov, when
the energy gap van-
ishes, while super-
conductivity persists
[20, 21, 22].
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mode, however, is qualitatively distinct from the rela-
tivistic Higgs mode of the O(N) field theory. While the
mode reported in Ref. [65] resides exactly at 2A and is a
consequence of the single-particle DOS of weak-coupling
BCS superconductors®®, the quantum-critical mode pre-
sented in this work is a strong-coupling mode with an
energy solely determined by the distance to the QCP
not related to A at all [48]. The question, which of
both modes should meaningfully be interpreted as the
Higgs particle analogue, is not only of semantic nature.
The Higgs particle is a bosonic excitation of longitudinal
components of the Higgs field which obeys relativistic dy-
namics. The strong-coupling Higgs mode emerges from
the essentially identical Lagrangian with no fermionic
degrees of freedom and becomes well-defined only be-
low 2A towards criticality. Here, the composite nature
of Cooper pairs and the superconducting scale A be-
comes irrelevant, which is clearly not the case for the
weak-coupling mode residing exactly at 2A. Further-
more, the strong-coupling mode follows from the O(N)
model as an excitation of the order parameter field 1,
while the weak-coupling mode is an oscillation of the en-
ergy gap A, which, strictly speaking, is not the same%?.
In that sense, linking the strong coupling mode to the
Higgs particle is not only reasonable, but also allows a
fascinating view on the universe: When crossing from
insulator to superconductor within the O(N) model, the
ground state of the symmetric order-parameter field
starts with an expectation value of () = 0 and there
is no Higgs mode, while in the superconducting broken-
symmetry phase (¢)o # 0 and a Higgs mode emerges. In
the identical sense, the universe passed through a criti-
cal point shortly after the Big Bang, when the temper-
ature dropped below the electroweak unification scale of
about 250 GeV. Today, the ground state of the Higgs field
breaks symmetry giving rise to massive Higgs bosons,
which are - so to speak - nothing else but critical modes
of the early-universe phase transition.

S
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