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Abstract. We present and analyze a new stable multi-patch space-
time Isogeometric Analyis (IgA) method for the numerical solution of
parabolic diffusion problems. The discrete bilinear form is elliptic on the
IgA space with respect to a mesh-dependent energy norm. This prop-
erty together with a corresponding boundedness property, consistency
and approximation results for the IgA spaces yields a priori discretiza-
tion error estimates. We propose an efficient implementation technique
via tensor product representation, and fast space-time parallel solvers.
We present numerical results confirming the efficiency of the space-time
solvers on massively parallel computers using more than 100.000 cores.
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1 Introduction

The standard discretization methods for parabolic initial-boundary value prob-
lems (IBVP) are based on a separation of the discretizations in space and time,
i.e., first space, then time, or, vice versa, first time, then space. The former
one is called vertical method of lines, whereas the latter one is called horizontal
method of lines or Rothe’s method. Both methods use some kind of time-stepping
method for time discretization. This is a sequential procedure that needs some
smart ideas for the parallelization with respect to time, see [4] for a histori-
cal overview of time-parallel methods. Other disadvantages of these approaches
are connected with a separation of adaptivity with respect to space and time,
and with difficulties in the numerical treatment of moving interfaces and spatial
domains. To overcome this curse of sequentiality of time-stepping methods, one
should look at the time variable ¢ as just another variable, say, zg4+1 if 21, ..., 24
are the spatial variable, and at the time derivative as a strong convection in the
direction x441. In [10], we were inspired by this view at parabolic problems, and
proposed upwind-stabilized single-patch space-time IgA schemes for parabolic
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evolution problems. For comprehensive overview on the literature on different
space-time methods for solving parabolic IPVP, we also refer to [10].

In this paper, we generalize the results of [10] from the single-patch to the
time dG multi-patch IgA case. As in [10], we consider the linear parabolic IBVP:
find u : Q@ — R such that

Oiu—Au= fin @, u=0o0n XY, and u = ug on Xy, (1)

as a typical model problem posed in the space-time cylinder Q@ = 2 x [0,T] =
QU X U XoU X where 0, denotes the partial time derivative, A is the Laplace
operator, f is a given source function, ug are the given initial data, T is the
final time, @ = 2 x (0,7), X = 002 x (0,T), X := 2 x {0}, Tr := 2 x {T},
and 2 C R? (d = 1,2,3) denotes the spatial computational domain with the
boundary 02. The spatial domain {2 is supposed to be bounded and Lipschitz.
Later we will assume that (2 has a single- or multipatch NURBS representation
as is used in CAD respectively IgA.

2 Space-Time Variational Formulation

Using the standard procedure and integration by parts with respect to both x
and t, we can easily derive the following space-time variational formulation of
(1): find u € Hy°(Q) = {u € La(Q) : Vou € [L2(Q)]%, u = 0 on X} such that

a(u,v) =1(v), Yve H&’%(Q), (2)

with the bilinear form
a(u,v) = —/ u(z, t)0pv(x,t) dxdt—l—/ Vaeu(z,t) - Vyv(z,t)dedt  (3)
Q Q
and the linear form

l(v)/Qf(a:,t)v(x,t) d:rdt+/ uo(x)v(z,0) dz, (4)

¢’
where Hé’al(Q) = {u € Ly(Q) : Vou € [L2(Q)]%, 0u € La(Q),u = 0 on X,
and v = 0 on Xp}. The space-time variational formulation (2) has a unique
solution, see, e.g., [8,9]. In these monographs, beside existence and uniqueness

results, one can also find useful a priori estimates and regularity results. For
simplicity, we below assume that uy = 0.

3 Stable Multi-patch Space-Time IgA Discretization

Let us now assume that the space-time cylinder Q@ = U)_,@Q,, consists of N
subcylinders (patches or time slices) Q,, = 2 X (tp—1,tn), n = 1,..., N, where
0=ty <ty <...<ty =T is some subdivision of time interval [0, T]. The time
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faces between the time patches are denoted by X, = Q.1 N Q, = 2 x {t,}.
We obviously have Xy = XYp. Every space-time patch @, = @n(é) in the
physical domain @) can be represented as the image of the parameter domain
Q = (0,1)™! by means of a sufficiently regular IgA (B-Spline, NURBS etc.)
map P, : @ — Qn, ie.,

¢n(€) = Z Pn,i@n,i(f)’ (5)

i€ly,

where {@, ;}iez, are the IgA basis functions, and {P,, ;}icz, C R?*! are the
control points for the patch @,,. The IgA basis functions are usually multivariant
B-Splines or NURBS defined on a mesh given by the knot vector wrt to each
direction in the parameter domain (), and the underlying polynomial degrees
and multiplicities of the knots defining the smoothnesses of the basis functions,
see, e.g., [2] or [11] for more detailed information.

Now, we can construct our finite-dimensional IgA (B-Spline, NURBS etc.)
space Vor = {vn : vn = vnlg, € Von,n = 1,..., N}, the functions of which
are smooth in each time patch @, in correspondence to the smoothness of the
splines, but in general discontinuous across the time faces ~,,, n=1,..., N — 1.
The smooth IgA spaces Vi, = Vop,, = span{yy, i tiez, C H&’l(Qn) are spanned
by IgA basis functions {¢y, ;}icz, that are nothing but the images of the basis
functions {@,,; }iez, , which were already used for defining the patch @, by the
map ®,,i.e., pni = on, o@;l. The basis functions ¢; ; should vanish on X for
all 4 € Z;. Therefore, all functions vy, from Vjy, fulfil homogeneous boundary and
initial conditions. The discretization parameter h, denotes the average mesh-
size of the mesh induced by the corresponding mesh in the parameter domain
Q@ via the map ®,,. The IgA technology of using the same basis functions for
describing the patches of the computational domain (geometry) and for defining
the approximation spaces Vj, was introduced by Hughes, Cottrell and Bazilevs
in 2005 [7] and analyzed in [1], see also monograph [2] for more comprehensive
information.

In order to derive our dG IgA scheme for defining the IgA solution uy € Vyp,
we multiply the parabolic PDE (1) by a time-upwind test function of the form
Uy + Ophn0iv, with an arbitrary v, € Vj, and a positive, sufficiently small
constant 6,,, and integrate over the space-time subcylinder @,,. After integration
by parts wrt x, we get

/ (Oru(vy, + OnhynOrvy) + Vau - Vv + 0,k Vaou -V 0pvy,) dadt

n

- / n, - Veu (v, + 0,h,000,) ds = f(vn + 0,0, 000y, ddt. (6)
9Qn Qn

We mention that dv,, is differentiable wrt  due to the special tensor product
structure of Vj,. Using the facts that v, and O;v, are always zero on X, and
the x-components n, = (ny,...,ng)" of the normal n = (ny,...,ng,ngs1) ' =
(ng,n¢) " are zero on X,_; and X, we observe that the integral over 4Q,, is
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always zero. Now, adding to the left-hand side of (6) a consistent time-upwind
term for stabilization, and summing over all time patches, we get the identity

N
Z / (Oru(vy + O,hnOvy) + Vau - Vv, + 0,0, Vau - Vi 0wy,) dedt

+Z/ [|ul] vnd:va/ f(vn + OnhyOrvy,) dadt (7)

n=1

that holds for a sufficiently smooth solution u of our parabolic IBVP, where
[ul] == ulg, — ulg, , on X,_1 denotes the jump of w across X,_; that is
obviously zero.

The time multipach space-time IgA scheme for solving the parabolic IBVP
(1) respectively (2) can now be formulated as follows: find uj € Vyp, such that

an(un,vn) = ln(vp), VYon € Vo, (8)

where
n(up, vp) Zan Up,, Up) Z (/ (Ortin, (Vg + 0P Opvy,) + Vit - Vv,

+ 0,0, Vg, - Vi 0pvy) dedt + /

Xn-1

[lunl] vn dw) ; 9)

N
In(vn) =3 In(vn) = Z f Up + OphnByvy,) dazdt. (10)
n=1

Here and below we formally set [|u;|] on Xy to zero since we assumed homo-
geneous initial conditions. It is clear that this jump term can be used to include
inhomogeneous initial conditions in a weak sense. In this case, the test functions
v, are not forced to be zero on Y. The derivation of the IgA scheme given
above immediately yields that this scheme is consistent for sufficiently smooth
solution, cf. identity (7). Indeed, if the solution u € Hé’O(Q) of (2) belongs to
Hé ’1(Q), then it satisfies the consistency identity

ah(u, vp) = lh(’l}h), Y, € Von, (11)
yielding Galerkin orthogonality
ah(u — uh,vh) =0, VYo, € V. (12)

Now we will show that the bilinear form ap(:,-) is Vpp-elliptic wrt the norm
|v]| defined by

N
1 1 1
lolli = Z(i\IVszI%mn) + On o 1001175y + 5” [[v]] H2Lz<2n,1>) + 5”””?:2(21\,)-

n=1
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In order to show the Vpp-ellipticity of ap(-,-), we need the inverse inequality

vavnH%Q(zn,l) < C?nv,Oh:Ll”vIUn”zLQ(Qn) (13)
that is valid for all v,, € Vp,, and n=1,..., N, see [1,3].

Lemma 1. The bilinear form ap(-,-) defined by (9) is Vop-elliptic, i.e., there
exist a generic positive constant p. such that

an(Vn,vn) = pellonlli,  Von € Von. (14)

provided that the parameters 0, are su]fﬁciently small. More precisely, p. = 1
if 0 <6, < cmv o foralln =1,2,... N, where cinyo is the constant from the
tnverse mequalzty (13).

Proof. Using integration by parts with respect to ¢t and the inverse inequality
(13), we can derive the following estimates:

1 O,
an(vp,vp) = / (zatvi + Gnhn(atvn)2 + \van|2 + 5

+/ [lon|] v dx
Yn1

n—

1 1
= vidr — 7/ vide +/ (0nhn(Opvn)? + |Vov,|?) dzdt
2 Py 2 En 1 n

enhn 2 enhn
xzUn dr — ——
T2 anv' T /2

> enhnHatUnH%Q(Qn) + ||V$Un||2L2(Qn) - Oﬁenhn‘lvwvnuiz(zn,l)

1 1
+ f/ vidr — 7/ vidr +/ v? dx — / Up—1Up dT
2)s, 2 /s = z

n—1 n—1 n—1

> enhn”atvnH%Q(Qn) + (1 - 0-5ancz?nv,o)nvxvnH%z(Q”)

1 1
+/ (vi — vnlvn) dr + 7/ vidm
So1 \2 2 /s

n

"at|vwvn|2> dx dt

n

|van|2dac+/ [lon|] v da
1

n—1

Summing over all n =1,..., N, we obtain

Uha Uh TL ’U}“Uh

h ||6tvh||L2(Q )+ (1_050 Cznv 0)||V$Uh||L2(Q )

HMZ HMZ

1 1
+ Z §|| ([onl] ||%2(En71) + §||UNH%2(2N)-
n=1

Choosing 0 < 6, < cm oforalln=12... N, we immediately arrive at
(14) with g = 1. [ |
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Lemma 1 immediately implies that the solution u, € Vo, of (8) is unique.
Since the IgA scheme (8) is posed in the finite dimensional space Vyy,, the unique-
ness yields existence of the solution u, € Vyy, of (8).

Once the basis is chosen, the IgA scheme (8) can be rewritten as a huge linear
system of algebraic equations of the form

thlh = fh (15)
for determining the vector uy, = ((u1.:)icz,,- - -, (Un,i)iczy) € RV" of the control
points of the IgA solution

Uh(l‘,t) = Z un,igpn,i(x’t% (x7t) € @na n= 1a ey N7 (16)

i€Ly,

solving the IgA scheme (8). The system matrix Ly, is the usual Galerkin (stiff-
ness) matrix, and fj, is the corresponding right-hand side (load) vector.

4 A Priori Discretization Error Estimates

In order to derive a priori discretization error estimates, we will first show that
the IgA bilinear form ay (-, ) is bounded on Vyy, « X Vor, where the space Vo, « =
V + Vo, is equipped with the norm || - ||« defined by the relation

N N
lollf .« = ollf + > Onhn) " 0l2 400y + D I0l@ullism, 0y (17)
n=1

n=2

and V is a suitable infinite-dimensional space containing the solution u, e.g., we
can choose V = H&’é(Q) = {u € Ly(Q) : Vou € [La(Q)]4,0pu € Lo(Q),u =
0on X, and u = 0 on Yy} assuming that the solution u belongs to this space.
In order to prove the boundedness of ay,(-, ), we need the inverse inequality

vaat’Un“QLz(Qn) < czznv,lh'rZQHvﬂUU”H%z(Qn) (18)
that is valid for all v, € Vp,, and n =1,..., N, see [1,3].

Lemma 2. The bilinear form ap(-,-) defined by (9) is bounded on the space
Von,« X Von, t.e., there exists a generic positive constant p, such that

lan(u, vp)| < pollullnsllvnlln,  Yu € Vo, Yon € Von. (19)

with the boundedness constant upy = 2max{,/1 + cmv,l/cfm’o, V2}, where Cinv,0

and ciny1 are the constants from inequalities (13) and (18). We always assume
that the parameters 0,, are chosen as in Lemma 1.
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Proof. For the first and the interface jump terms of ay, we use Green’s formula
and the Cauchy inequality to derive the following estimates:

2; (/ druvp, dxdt+/2 1 [ul] vnds)

n—

N
:Z 7/ u O¢vp, dxdtJr/ uvndsf/ uvnds+/ [lu|] vn ds
X Zn-1

n=1 n n n—1
v N A4
< <Z(0nhn)1(/ u? d:r;dt) ) (Z thn< (8yvn)? dxdt> )
n=1 n n=1 Qn
N
+ / (Vn—1 —vn)uds+/ vpuds
nz:l Tn—1 N

(Brvp)? da dt>2>

N 1 N
1 1 3 1
V(5 ol s, + 5w o) VA s, ) + gl
n=1 n=1

Using again Cauchy’s inequality, we get the estimates

n=1 n n

- (i(%hn)l(/Q u? d:(:dt)2>é (i:lenhn(/(g

[NE

N N
Z/ (Onhn) 2 Ot (B hn) 2 Opvn dadt + > | Vou - Vv, drdt

N

< (i@nhn|atU|%2(Q )%(ie hn‘latvnlliz(Qn)>

n=1
ﬁ(;i||vmu||%2(cgn)é va(s SIv. wlBian)’
n=1 n=1

for the second and third terms. Finally, for the last but one term, we apply
Cauchy’s and inverse inequalities to show

Z (0nh)V 40pvy, da: dt
N 3 /N 3
< (Z ||qu||%2(Qn)> (Z(enhn)2||vxatvn%Z(Qn)>
n=1 n=1
N 5 /N 3
< (Z IIqullﬁz(Qn)> (Z(Gnhn) o1 2Vl 0. )
n=1 n=1

[N

N 1 N
S Cinv719n\/§(% Z ||VIU||%2(Q")) ’ \/5(% Z vavnHLZ(Qn))
n=1

Gathering together the bounds obtained above yields estimate (19) with u, =

2maX{\/m, V/2}, where 6 = max,=1, ~N{0n} < cmv 0- [ ]
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Let vy, be an arbitrary IgA function from V3. Using the fact that v, —up € Vpo,
the Vjo-ellipticity of the bilinear form ay(-,-) as was shown in Lemma 1, the
Galerkin orthogonality (12), and the boundedness (19) of ap(-,-) on Vop .« X Vop,
we can derive the following estimate

prellvn = unlli < an(vn = wn,vn = un) = an(vn — u, v — up)
< mpllvn = ulln«llon — wnlln-
Therefore, we can proceed as follows:
w—wunlln < llu=vnlln + llvn — unlln

< lu=wnlln + (uo/pe)lvn = ulln«
< (L4 o/ pe) [ —

h,*a

which proves the following Cea-like Lemma providing an estimate of the dis-
cretization error wrt the norm || - ||, by the best approximation error wrt to the
| - ||, norm.

Lemma 3. Under the assumption made above, the discretization error wrt the
|+ |ln norm can be estimated from above by the best approzimation error wrt to
the || - ||h.« norm as follows:

o= unll < (1452 inf = enlns. (20)

¢ vh€Von

Theorem 1. Let the solution u € Hé’O(Q) of the parabolic initial-boundary
value model problem (2) belong to V. = Héé(Q) globally, and patch-wise to
H*"(Q,,) with some s, > 2 forn=1,...,N, and let u, € Vg, be the solution to
the IgA scheme (8) with fixed positive 0,,, n =1,..., N, defined as in Lemma 1.
Then the discretization error estimate

N
Ho —
lu —unlln < (14 ;) > eahr Ml @) (21)
¢ n=1

holds, where ¢, are generic positive constants, r, = min{s,,p, + 1}, and p,
denotes the underlying polynomial degree of the B-splines or NURBS used in
patch Qn withn=1,...,N.

Proof. Let IT,, be a projective operator from Ls(Q,,) to Vg, that delivers optimal
approximation error estimates in the Ly(Q,) and H'(Q,) norms, see, e.g., [1]
or [12]. We define the multi-patch projective operator (IIyu)|g, = II,(ulg, ) for
all n = 1,..., N. Employing the approximation results given in [1] or [12], we
can easily derive the approximation error estimates

IV (u=TT) 72,y +0n P 0s (u—TT0) 72,y < Crbi™ Vl[ullFrn g, (22)

and
O byt llu = ull72 g,y < Coh™ | Frn 0, (23)
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with positive generic constants C; and C5. Based on the previous estimates and
the trace inequality

[ullZ200,) < Corby (lull7z,) + P lulfo,))
we can further show the approximation error estimate
||u — HHUHZL%{)QH) < C3h2rn71Hu||2Hrn(Qn)
that in turn implies
[ = Iyul 325,y < Cah®™Hull3r g, (24)
and
1 2 2 2
gl = Myullllz, s,y Slun = Haullze s, ) + lun-1 = Ho-rullzas, )
_ 2y _1—1
< Cahym 1||U||?{m(Qn)+C5hnr—1 ' ||u||§{*n—1(Qn,1), (25)

with positive generic constants Cy and C5. Finally, gathering together (22), (23),
(24) and (25), summing over all space-time patches @, and recalling definition
(17), we get the approximation error estimate

N
= Tyl < S enbtz =l gu. (26)
n=1
Inserting (26) into (20) yields the desired result. [ |

Remark 1. The above estimate has been derived under the isotropic assumption
u € H*"(Q,) for the patch-wise regularity of the solution. In the forthcoming
work [6], we will present a discretization error analysis for the case when the
solution can have anisotropic regularity behavior with respect to time and space.

5 Matrix Representation and Space-Time Multigrid
Solvers

We now assume that the IgA map ®,, : @ — @, preserves the tensor product
structure of the IgA basis functions ¢, ; = @ ;0 ®;, L. Hence, for each time slice
Qn,n=1,...,N, the basis functions ¢, ;, # € Z,, can be rewritten in the form

Oni(T,t) = iy ()4, (1), wWith iy € {1,..., Ny} and ¢, € {1,..., Ny, 1},
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where dim(Vp,,) = Ny, 4N, ¢ Using this representation in the definition of the
bilinear form a, (-, ), we obtain

/ (atson,j(gan,i + enhnaﬁon,i) + vzson,] : vz@n,z + enthISOn,] . vmat@nﬂ) dxdt

n

+ / nsll onsi da
P

n—1
= [/!z Drip Prig dx] [/tt" Otn i, (Vn,iy + OnhnOtthn i, ) dt]

n—1

tn
+ [/ Vm¢7l,jm 'Voc¢n,iz dx] [/ ¢n,jt (wn,it + 9nhn8t¢n,it)dt]
o] t

n—1

+ [/Q Orn—1,ky Prin dx] [(Tpn,jt (tn—1) — wn—l,kt(tnfl))wn,it (tn71)]

- Mn,x[iac,jac]Kn,t[itajt] + Kn,x[iﬁij]Mn,t[ityjt} - Mn,:c[ian kac]Nn,t[ita ktL

with the standard mass and stiffness matrices wrt to space

Mnac[%»]z] ::/ an,jmd)n,iz d:l:, Kr[%a]x] 5:/ vx(bn,jm . vr¢n,zT dl’,
2 2

Mn,z[iwakz] ::/ (bn—l,km(bn,ix dzx,
2

and the corresponding matrices wrt to time

tn
Kmt[ita ]t] = / atwmjt (wn,it + enhnatwn,it) dt + wn,jt (tn—l)wmit (tn—l)y
tn—l

tn

Mn,t[it7 ]t] = wn,jt (wn,it + enhnatwnzt) dta

tn—l
Nn,t[ita kt] = wnfl,k:t (tnfl)wnﬂ’t (tn71>-

With this computations, we have shown that the Galerkin matrix Lj can be
rewritten in the block form
A

—-B3 Ay
Lh = . . )
—-Bn AN
with the matrices A, = M,,, ® Ky + K;, o @ M, for n = 1,..., N, and
B, = Mnm ®N,;forn=2,...,N.

Thus, the linear system (15) can sequentially be solved from one time slice
@,—1 to the next time slice @,,, where a linear system with the system matrix
A, has to be solved. This can be done, for example, by means of an algebraic
multigrid method, which was already successfully used for the single patch case
in [10]. More advanced solvers for the linear system (15) are given by space-
time multigrid methods, which allow parallelization wrt to space and time. The
problem given in (15) perfectly fits into the framework of space-time multigrid
methods introduced in [5].
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6 Numerical Results

In this section, we demonstrate the proposed method for the spatial compu-
tational domain 2 = (0,1)3 and T = 1, i.e,, @ = (0,1)*. We consider the
manufactured solution wu(z,t) = sin(mzy) sin(rxy) sin(raz) sin(wt) for problem
(1). Here, we only show results for the case p, =1,n=1,..., N, i.e., for lowest
order splines. We start with an initial space-time mesh consisting of 64 elements
in space and one time slice (N = 1) which is subdivided into 8 elements. We
then apply uniform refinement wrt space, and increase the number of time slices
by a factor of two. At the same time, we keep the number of subdivision per time
slice constant. For each time slice, we always use the same parameter 6,, = 0.2.
Using the results of Sect.5, we can generate the linear system (15) very fast.
Moreover, we can apply the solver technology given in [10] to solve the linear
system in parallel wrt space and time. In detail, we use the space-time multigrid
method (1 V-cycle in time and space, and 1 hypre algebraic multigrid (AMG)
V-cycle in space) as a preconditioner for the GMRES method, and we stop the
iterations until a relative residual error of 10~8 is reached. In Table 1, we show
the convergence of this approach with respect to the Lo(Q)-norm. We observe
the optimal convergence rate of 2. The number of cores used for the hypre AMG
is denoted by c¢,, whereas ¢; gives the number of cores with respect to time.
Overall, we use c;c; cores, which is also listed in this table. We also observe
quite small iteration numbers. Finally, we can solve the global linear system
with 9777 365 568 unknowns in less than 5 min on a massively parallel machine
with 131072 cores. The weak parallel efficiency corresponding to the last two
rows of Table 1 is about 50%. This is due to the massive space parallelization of
the AMG that is not especially adapted to the problem under consideration. All
computations have been performed on the Vulcan BlueGene/Q at Livermore,
U.S.A, MFEM.

Table 1. Convergence results for the space-time IgA as well as iteration numbers and
solving times for the parallel space-time multigrid preconditioned GMRES method.

N | dof per slice | Overall dof llu —upllz, (@) | eoc | ca c¢ | Cores | Iter | Time [s]
1 1125 1125 | 1.8815E—-02 - 1 1] 1 0.04
2 6 561 13 122 | 4.8619E—03 1.95 1 9 1.35
4 44 217 176 868 | 1.2294E—-03 1.98 1 4112 18.72
8 323 433 2 587 464 | 3.0834E—04 2.00 4 32113 58.81

16 2471 625 39 546 000 | 7.7092E—-05 2.00 32|16 51215 |109.79
32| 19 320 201 618 246 432 | 1.92621E—-05 | 2.00 | 256 | 32 8192 |16 |133.31
64| 152 771 337 |9 777 365 568 | 4.81335E—06 | 2.00 | 2048 | 64 | 131072 | 18 | 273.27
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7 Summary and Conclusion

We presented new time-upwind stabilized multi-patch space-time IgA schemes
for parabolic IBVP, derived a priori discretization error estimates, and provided
fast generation and solution methods, which can be efficiently implemented on
massively parallel computers as the first numerical results show. This space-time
method can be generalized to more general parabolic evolution problems.
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