Chapter 2

Precision of a Non-driven Mechanical
Gyroscope with Negative Velocity
Feedback

2.1 Measurement Precision of a Constant Angular
Velocity Rotating Around The Horizontal Axis

The output signal is connected with the angular velocity by the scale factor:
Uout,ampliude = KspQ. So the study of the measurement precision of a constant
angular velocity rotating around the horizontal axis of the aircraft is ultimately
attributed to the stability of the calibration scale factor of the instrument. In this
chapter, the precision of the gyroscope is studied based on the dynamic charac-
teristics of the instrument. Therefore, the closed-loop transfer function expressions
(1-143), (1-146) and (1-147) are used, and nTmpiiry replaces Tampiify:

K
(I)() (S) =
K, momemK electric current P
X2 3 2 2
TQ nTa.mplifyS + (T() + 2£0T0nTamplify)s + (nTumplify + 2éOTO + K)S +1
(2.1)
(1)1 (S) _ KKintegratorl 1
KmomentKelectric current 1+ Tintegrators
N
TgnTamplifys3 + (Tg + ZfoTonTamplify)Sz + (nTampnfy + 2§VOT() + K)S +1
(2.2)
KKinteor: Tis+1
(I)2 (S) _ integrator2 % — 15+ «
KmomemKelectriC current T2 7+ 2éimegrat0r TzS + 1
N
T3nTampitys> + (T3 + 2E0 TonTamplity ) > + (nTamplity +20To + K)s + 1
(2.3)
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Because Ugy ()= D(5)Minertia(s) and Mineria(s) changes by the harmonic law,
Uoyt 1s determined as

Uou = |(I)(](’U)‘ HpQ sin ¢0t+ arg (I)(](D) (24)
w=@y 0=y

Uamplitude = HoQ |@(jo)| = (C1 — Ay + B1) 9o Q [D(jo)|

O=Pg W=

. (2.5)
1 = arg ®(jow)
=0
From Egs. (2.1), (2.2) and (2.3) the amplitude of the output signal is
Usnpiiaged = (C1 — A1+ B)§RQ——— 5
Pl 1 : %o KmomemKeleclric current
1
Eo 4 ) 2312 572
\/{ [T amptiy + 2To (&0 + &)] @o — TonTampity @3}~ + [1 = (T3 + 20 TonTampiity) 7]
(2.6)
. KKinteo 1
Uampliludel = (Cl — A +B1)(,D(2)QK }?eeralorl X x
momentelectric current 1+ Tizmegrator (pg
1
T - 312 B —
\/{ [ Tampiity + 2T0 (o + )| g — TénTamptity @3} + [1 — (T3 + 2E0 TonTampiity) 93]
(2.7)
. KKincraor \/1+T2.2
UamplitudeZ = (Cl —Al +B1)([)(Z)QK Kt grator2 X 190 x
moment/electric current \/(1 _ Tzz(b(z))Z + <2éimegmmrT2¢0)2
1
I3 . . 2 . . )
VA [Tty +270(Zo + O] — TanTampuny @3 + [1 — (T2 + 260 TonTumpity) 73]
(2.8)

When the integrator is ideal (Tipegrator i very large) and the ideal compensation
of the influence of the mutual inductance (n = 0) is considered, because nTamplify
and &, are small and can therefore be ignored, from Eq. (2.7) we can obtain

KKimegratorl

Uamplitude1 = (C1 — Ay +B1) @3 Q

KmomemKelechic current
X 5 (2.9)
Tintegratorﬁbo \/(1 - Tg@%) + (2£TO¢0)2
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When the instrument is operating at close to the resonant point, 75¢3 ~ 1 and
C] — A1 =B 1-
2Bl QKKintegratorl

KmomentKelectric current Tintegrator 2 éTO
2Bl -QKinlegratorl

KmomentKelectric current Timegrator

Uamplitudel =

(in the close to ideal condition)  (2.10)

In the close to ideal condition, the output signals of the instrument are deter-
mined only by the transfer coefficients of the torque winding of the torque con-
verter, a current amplifier and the integrator. The measurement result of the stability
of the above parameters is a percentage, and can satisfy the high precision
requirement of the angular velocity measurement of the rotating flight carrier.

When the integrator with the transfer function (1-130) is used, then where this
function is in the ideal integral condition, 77 and 7, are relatively large. Assume
that n = 0 and &, = 0, there holds

KKintegratorZ

Usmpligez = (C1 — A1 + B)) 3@

KmomentKeleCtriC current

T
x 1% (2.11)

303/ (1 - 1303)° + (2Tod,)?

But in the case of the resonance, there holds

2B 1 KK; integrator2 Tl 2B 1 K integrator2 Tl

Uamplitude2 = Q (2 1 2)

2 - 2
KmomentKelectric current T2 2 fT() KmomentKelectric current T2

When ;—? = Tintegrator» EQ. (2.12) corresponds to Eq. (2.10).
When there is no integrator and no assumption (n = 0, &, = 0,) at the output end
of the instrument, from Eq. (2.6), we can obtain

. K
Usmplideo = (C1 — A1 + By) 52

1 KmomentKelectric current
x . (2.13)
V(1= T303) + (2eToi,)?

In the case of resonance, there holds

2B1K ¢, 0— 2B ¢

KmomentKelecm'c (:urrent2 éTO KmomentKelectric current

UampliludeO = Q (2 14)

Comparing Eqgs. (2.10), (2.12) and (2.14) shows that if there is no integrator at
the output end of the instrument, the output signal of the instrument will be
unstable. This is because there is a linear relationship between the stability of the
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output signal and the angular velocity rotating around the longitudinal axis of the
aircraft. The integrator at the output end of the instrument, as shown in Egs. (2.10)
and (2.12) can eliminate the dependency between the output signal and the rota-
tional angular velocity around the longitudinal axis of the aircraft. Therefore, the
integrator can significantly improve the stability of the output signal.

As has been discussed before, in the case of non-precise tuning, for example in
the case of u = 0.9, there is instability between the amplitude of the output signal
and the angular velocity rotating around the longitudinal axis of the aircraft. When

Tgamping 18 smaller, for these loops, & = % can be substituted into Eq. (2.11) and

¢, is replaced by @) + Ad,.

(/12 + 1 )DfeedbackKintegratoﬂ Tl Q

UamplitudeZ =

2
((Pg + A@O) KmomentKeleCtric current T22 \/(,uz -1 )2 + |:((poDirLZ”;;k)Bl:|
0
(,uz +1 )Bl DfeedbackKintegratorZ Tl Q

. . 2
KmomentKelectric current T22 \/ [ ((Pg + A@O)Bl (luZ - 1)] + D%eedback
(2.15)

In order to obtain the general result, the effect of the instability of the angular
velocity rotating around the longitudinal axis on the amplitude of the output signal
is in the form of a relative value:

. 2
Uamplilude _ [(/)831 (:uz - 1)] + D%eedback (2 16)

Uamplitude (Mg = 0) [(@) £ Apg) B (1> — 1)]2 + Dfiedoack

The coefficient K is introduced to denote the ratio of the unstable value of the
angular velocity rotating around the longitudinal axis of the aircraft to the average
value of this angular velocity, i.e., A@y = K¢). In this case Eq. (2-16) has the
following form:

2
Uamplitude _ (1“2 B 1)2 + (Zéoﬂ) (2 17)

Uamplitude (Mg = 0) (1+K)* (12 —1)" + (250,11)2

where éo = % is the attenuation coefficient, which has nothing to do with the
instability of the angular velocity rotating around the longitudinal axis of the
aircraft.

The curve corresponding to Eq. (2.17) is shown in Fig. 2.1.

Obviously, in the case of the precise tuning the amplitude ratio in Eq. (2.17) is
equal to 1 and has no relationship with A¢, which is confirmed by Fig. 2.1a. It is
worth noting that the enhanced damping effect of the instrument will lead to the
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Fig. 2.1 Effect of instability of the angular velocity rotating around the longitudinal axis of the
aircraft on the output signal amplitude of a non-driven mechanical gyroscope, a Variation of the
detuning coefficient; b Variation of the damping coefficient

decrease of the dependency in Eq. (2.17), which is proved by Fig. 2.1b. When the
angular velocity rotating around the longitudinal axis of the aircraft varies in the
whole range (10-20 Hz) as well as in the case of g = 0.9 and ¢ = 0.5, the relative
error of the amplitude of the output signal value is 3.8%, that is, the ratio associated
with the average amplitude is +1.9%.

Because the instantaneous value of the output signal is used in the instrument,
the phase of the output signal and the phase stability should be noted accurately.

Corresponding to Eq. (2.5) there holds

T amplity + 27T + Do — TznTam ify 0
Yo = T etan [nTampity g(fo )] ¢o — T3 = plify Po (2.18)
2 1-— (TO + ZéOTOnTamplify)<00

- .
1= E — arctan (Tintegratof(p())

_ aretan [nTampiity +2T0(Eo + &) | @ — TgnTamplity @3
1= (75 + 2&TonTumpiity) £

(2.19)

2¢&; T>q
XZ = g —|— arctan (Tl (po) — arctan (M)

1 — T35
1 — (T3 + 2& TonTampiity ) 9
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Under the above conditions, n = 0, &, = 0, T, T> and Tipegracor are very large.

2ETo ¢
Yo = = — artan | =10%0_ 0% (2.21)
2 1 —-T5¢5
2ETv¢
%1 = — arctan (%) (2.22)
1 =T50
2¢Topy
Y2 = — arctan (1_78(/)(2) (223)

It can be seen that under the condition of using the circuit with the different
integrators, the phase shifts are equal and the phase difference between the circuit
with the different integrators and the circuit without the integrators is 90°.

In order to determine the stability of these values, Eqgs. (2.21), (2.22) and (2.23)
have the following form:

%o = Axo
T
y :—7—A"
£1 3 11
T
= _Z_ A
X2 3 12

Because 1, yo and y, can be described by the same method, only y; is studied
and obtained as

i 1
tan y; = tan (fA;(l — 5) =cotAy, = anhy
1 202 — 1
tan Ay, = =% - (2.24)
tany;  2¢Tog,
In this case, substituting Eqs. (1.124), (1.125) and (1.134) obtains
B —1 B — (Ci — AD)]d
tanAy; = ¢— C.lf_;(h Koo =X [Kl (Kl 11)(]#)0 (2.25)
t Bamplify S lectric current . .
€Ay momentDamplify Ameasure X electric current
and there holds
By — (Ci — Ay)l¢
1= T arctan{ B = (G, )16 } (2.26)
2 KmomentKampliny measure Kelectric current
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Because the tuning factor p < 1, there holds (C; — A;) <B; and the symbol term
“arctan” in the expression is positive.

Equation (2.26) shows that because the signal phase does not exceed —7, the
instrument works outside the resonance point. And because

by = @) + Adpg (2.27)

where ¢} is the average angular velocity rotating around the longitudinal axis of the
aircraft (here it is 15 Hz) and A¢, is the unstable value of the angular velocity
rotating around the longitudinal axis of the aircraft (here it is the maximum value
A, =5 Hz).

Combining this with Eq. (2.26), it is known that the phase shift of the instrument
is unstable because it has a dependent relationship with the unstable angular
velocity rotating around the longitudinal axis of the aircraft.

Substituting Eq. (2.27) into Eq. (2.26) obtains

{ [B1 — (C1 — A)](¢) £ A¢o) }

KmomentKamplifyKmeasureKelectric current

T
%1 = — = — arctan

5 (2.28)

Because the value of the expression “arctan” is small, there holds

[By — (C1 — A))](¢) £ Agy)

K moment K. amplify K measure K electric current

1= —g — arctan{ } =110 T Axo  (2:29)

where

n [B) — (C1 — A1)}

Li0 = —5—
2 Kmomeanamplify KmeasureKelectric current

(2.30)

When the instrument is mounted to the machine body, the angle is compensated
by the method of rotating the instrument or when the output signal of the instrument
is furtherly processed, the angle is compensated in the aircraft. y,, is a constant and
does not have a dependent relationship with the unstable value A¢,,.

Ay, is caused by the instability of the angular velocity rotating around the
longitudinal axis of the aircraft and is the unstable phase value of the output signal
of the instrument. It should be noted that A¢, is quite large, so the phase error is
relatively large.

[B1 — (C1 — A1)]Agq

KmomentKamplifyKmeasureKelectric current

Ao = (2.31)

Similar to Eq. (2.29), for the circuit without the integrators and the circuit with
the integrators, the expressions of the output signal phase are obtained as follows:
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[Bi — (C1 — AD)](09 £ Ay

KmomentKamplify KmeasureKelectric current

Yo = g - arctan{ } =Yoo £ Axoo  (2.32)

[Bi — (C1 — A))](¢) £ Adpy)

KmomentKamplify KmeasureKelect:ic current

T
Y = —5~ arctan{ } = 200 £ Ao (2.33)

We will estimate how the unstable phase value of the output signal affects its
instantaneous value. As the output signal of the instrument is in the form of

Uow = Uamplitude sin (¢0t + X)
then

B — (C1 — A)]Ap,

KmomentKamplify Kmeasure Kelectric current

Uout = Uamplilude Sin{(ﬁbo + A¢0)t + } (234)

The angle y, in Eq. (2.30) is considered as a compensation in Eq. (2.34).
(¢ = A@y)t will no longer calculate the unstable value of the angular velocity
rotating around the longitudinal axis of the rotating flight carrier. Therefore, as this
unstable value affects the steering engine of the rotating flight carrier and does not
affect the processing precision of the input signal, then

[Bi — (C1 — A1)]A¢, } (2.35)

Kmomem K. amplify Kmeasure Kelectric current

Uow = Uamplitude Sin{@ot +

When the output signal is the maximum or minimum value, the sensitive axis of
the instrument is coincident with the vector direction of the measured angular
velocity. Thus

<'p0t:igink

The error of the instrument is small because Eq. (2.35) has the following form:

[Bi — (C1 — A1)]Agy }

K moment K amplify K measure K electric current

Uout = £ Uamplitude COS{ (236)

Equation (2.36) shows that in the case of resonance, Ay,, = 0 in Eq. (2.31), then
Uout = £Uampliude> Where the positive and negative symbols will determine the
maximum or minimum value of the signal.
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When the instrument is not in the resonant state but it is directly close to the
resonant state, then because Ay, is determined and is small, the unstable value of
the angular velocity rotating around the longitudinal axis of the aircraft will not
significantly affect the maximum or minimum value of the instrument’s output
signal.

In this case, the output of the instrument is zero, which indicates that the
instrument’s sensitive axis is perpendicular to the vector direction of the measured
angular velocity. Thus

@ot =0 £ mk
The form of the instrument’s output signal is

[B1 — (C1 — A)]A¢, } (2.37)

K momentKamplify Kmeasure Kelectric current

Uow = :FUamplilude Sin{

In this case, because the output signal is proportional to the sinusoidal value of
Ay, its image is different. In the case of resonance, the output signal should be
equal to zero but in the case of imprecise adjustment of the resonance because Ay,
is very small, the output signal will be

[B1 — (C1 — A)]agy } (2.38)

KmomentK amplify KmeasureKelectric current

Uow = :FUamplitude{

Thus, in the above moment the signal error is, in essence, the cross error of the
instrument and is proportional to the unstable value of the angular velocity rotating
around the longitudinal axis of the aircraft. It should be pointed out that the size of
Ay, can be up to a few degrees.

Under the condition that the integral time constant of the integral loop is not
large enough, the influence degree of the integral loop at the output signal end on
the phase stability of the output signal is measured. In Egs. (2.19) and (2.20),
assume that n = 0 and &, = 0, then

n . 2Toéi
1= 2 arctan (Timegrator QD()) — arctan (%) (239)

T . 2 iintegrator T (:bO 2T0 é (bO
= = 4 arctan (T} o) — arctan | —=mee@or 290 ooan (222520 ) (2,40
fp =5 T arc an (T1¢p,) — arctan ( I - 1202 arctan { 202 ( )

According to the above calculations and obtains
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T
1= _E + AXimegm{orl - A/fl

T
X2 = — 5 - AXinlegraloer + AXinlegralor22 - Alz

T
tan y; = tan(fAXI + AXintegralorl - 5) = COt(AXI - AXintegralorl)

_ 1
~ tan (A)Cl - AXimegramrl)
tan y, = tan(—sz = Aintegrator21 T Allintegrator22 — g)
_ 1
~tan (Ayy + Aflintegrator21 — AXimegramrzz)

1 . 2Tl gy
tan (Ay; — Afintearatori ) = —— = tan [arctan Tintegrator P ) + arctan (7
( integrator ) tan 1 ( Integrator ) 1— Tg(/)g

o Timegrator(r.’)o - Timegrator TS 90?) + ZTOéQbO

B 1- T(%QD%) - ZTimegramrTOéQb(z)

_ nntegrator‘b(z)(cl - Al - Bl) + KmomemKamplinymeasureKelectric current
¢0(C1 - Al - Bl) - Tintegrator (pOKmomentKamplifyKmeasureKelectric current

(2.41)
) , -1 _
tan (A/CZ + AXintegratoer - A/CimegratorZZ) T tany,
_ . 27, éimegra[or 900) ( 2Tﬂi§bo ) :|
tan{ arctan(T; @) + arctan (4142%3 + arctan ({355
tan (AXZ + AXintegratle - AXinlegratorﬂ) - (242)

2¢q (Tz Sintegrator + 70 5) —2T2To () (To Eintegrator T T2 f) —Tipy + _
1=@2 (T2 +T2) + T3T2 9 —4T0 T Einegraror 93 +

1143 (T2 + T2) =TTV T34 + 4ToT1 T Cintegraior £
211 93 ( Taimegrator + T0€) —2T2T1 To @ ( Toimegraor + T26)

In this case, even in the state of resonance, the phase of the output signal always
maintains a complex relationship with the rotating angular velocity of the aircraft
itself. The integral time constant is small and can be easily determined. The time
constant causes the phase of the integral loop and the angular velocity rotating
around the longitudinal axis of the aircraft to change, and make them keep very small
dependency in the varying range of the above angular velocity. This condition is
obtained by Egs. (2.41) and (2.42), and the following two expressions are obtained,
which show that the instrument is considered to be working in a resonant state.

1

- (2.43)
Tintegrator )

tan (AX1 - AXimegratorl) =
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28 integrator Ty ‘/7%

1+ 1—T22(/)t2)
tan (AXZ + AXimegraloer - AXintegralorZZ) = . 2E egrator 1290 (244)
1P0 = — 1257
where
i 1
¥1 = —= — arctan - - (2.45)
2 Tintegrator (908 + A@O)
14 25imegmuu-TzT1(¢8iA¢’o)2
7 1-72(+Ad, )’
1o = =5 —arctan Z(Zf’ O)T — (2.46)
Cintegrator 2((PUiA‘/70)

.0 .
T, ((P() + AQD()) - l—Tzz(('pgiAzbO)z

Equations (2.29), (2.30), (2.45) and (2.46) show that the instability of the
rotating angular velocity signal has a huge influence on the stability of the phase
and the instantaneous value of the instrument output signal. Therefore, various
measures must be taken to reduce the phase instability. Introducing the differential
circuit in the integrator can achieve this purpose. Then, Egs. (1.129) and (1.130)
have the following form by some transformations:

1+ Tdampings

2.47
I+ Tintegrators ( )

‘/Vintegratorl (S ) = I(integratorl

(1 + Tdampings) (1 + Tintegrators)
T22S2 + 2£integratorT2S +1

‘/VimegratorZ (S) = KimegratorZ (2 48)

The transfer function of the closed-loop system is described by the following
expressions:

® (S) _ KKimegratorl 1+ Tdampings
! KmomentKeleclric current 1+ Tintegrators
5 N
T3nTampiiys® + (T3 + 2E0TonTampiity ) s> + (nTamptity +2E0To + K) s+ 1
(2.49)
KKineraor 1+Tys 1+Tamins
Dy (s) = tegrator2 ( 1)( dpg)

2
KmomentKeleclric current T2 s2 + 2fintegralor TZS +1
S

X 3 2 2
TQnTamplifyS + (TO + 250T0nTamplify)s + (nTamplify + 2'éOTO + K>S +1
(2.50)

In this case, the amplitude and the phase of the output signal is also changed:
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. KK 1 \/ 1 + Tidmplng(p()
Usmplirugel = (C1 — A1 + B1) 3Q iearaor X
KmomentKelectric current /1+ Tlnlegmtor (/)0

1
\/{ [”Tumplify + 2T0(£0 + C:’)] ())0 - Tg"Tumplify(pg}z + [1 - (Tg + 2éOTO"lTa\mp]ify) (P%] :
(2.51)

X

2 )
KKinlegranr2 \/(1 + Tl qDO) (1 + Tdamping @0)
KmomemKeleclriccurrenl \/(

UampliludeZ = (Cl —Ar+ Bl)(P%Q >
- T22 (00) (2§imegmtor T2 (/)0)
1

\/{ [nTamplify + 2TO(50 + 5)] (b() - TgnTamplify¢g}2 + [1 - (Tg + 2§OTOnTamplify) (P%] :
(2.52)

X

Under the assumption used previously and the assumption that &, =0,
Tintegrator@o = 1 and Taamping is very small (Tgamping @9 < 1), Eq. (2.51) is obtained as

U itudel = KKimeﬂmtorl (Cl *Al JrBl)qD%Q
amplitudel —
KmomentKelectric current Tmlegralor(/)o\/[(”Tamplify + 2€TO)¢O _ T(%nTamplify(pg}z + [1 _ Tz(/)()}
(2.53)
KKintegrutorl (C1 — A1 + Bl)Q
Uamp]ilude] =

KmomemKelec[ric current

2 2
2£T0Tinlcgralor\/[l + nTnmpth (1 - Tg([)g)] + [2570 (1 - T Q’o)]

Equation (2.53) shows that the differential loop whose time constant is small
enough, is introduced into the integrator and will not affect the amplitude of the
output signal. When the instrument is working in the resonant state and nTompiiry is
very small, Eq. (2.53) is in accordance with Eq. (2.10).

Next we will analyze the situation when the instrument is not working at the
resonance point, but is very close to the resonance point. This situation is more
realistic. At this time, nTampliry is a very small constant but is not equal to zero.

T, .
Because nTympiity is very small and ¢, approaches wy, z “i“"“‘y (1 —T (p%) is far less

than 1 and its square value can be neglected when compared with 1. There holds

o Kintegrarorl (Cl — A+ BI)Q
Uamplitudel - K K -
momentXelectric current 1-Tigy | 1-T4 @2
Tintegrator\/ 25%0 0 |:2qT q)o + 2I’lTamp]ify:| +1

(2.54)

Substituting Egs. (1.124), (1.125) and (1.134) obtains
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U ) . Kimegra[orl
amp]ltude l KH\OI“EHK KEIEC(HC current ( )
Ci—A, +B1)Q
(2.55)
A — 22 -
- (C1-41-81)g (C1-41-81) 2Tt | 1
Integrator Kmoment Kmnplify Kmeasure Kelectric current | Kmoment Kumplify Kmeasure Kelectric current amplify

When the influence of the mutual inductance effect is not completely compen-
sated (n # 0) and precisely tuned, the signal amplitude at the output end of the
instrument will have a complex dependency on the angular velocity rotating around
the longitudinal axis of the aircraft.

Equations (2.54) and (2.55) show that in the process of approaching the resonant
point, not only is the influence of the angular velocity rotating around the longi-
tudinal axis of the aircraft on the amplitude of the output signal decreased, but its
influence on the time constant nT,mpry 1S also decreased. The effect of these
parameters is reduced under the condition that the feedback damping function is
enhanced.

Under the same assumptions, Eq. (2.52) can be obtained by analogy:

Ki integrator2

UamplitudeZ =K

moment Kelectric current

T1(C1—A +B)Q

—A— H2
T2 (C1-t1-B1)g (CiAr51) + 21T amplity | +1
2 K, Kmmp]il' ¥ sure Kelectric current Kmomenlkamplil'yKmCi\Su"CKelecuiccurrem ampiity

(2.56)

When the integrator is introduced into the differential loop, the phase change of
the output signal is obtained:
T . .
x = 5 + arctan (Tdamping(po) — arctan (Tmtegmor(po)

— arctan [ ampiity +2T0(é + )] @ — TonTampiity @ (2.57)
1 — (75 +2& TonTumpiity ) 95

n 2¢; Taq
=35 + arctan(Tdampmg('pO) + arctan (T ¢,) — arctan <élmegm‘°r2%>

1 - T5¢5
[nTampiity +2T0(Eo + €)] @0 — TanTampiity @3
1 — (T3 +2&TonTampity) 93

(2.58)
— arctan

Because the damping of the air is small, and set £, = 0, there holds

T . :
n=3 + arctan (Taamping@o) — arctan (Tinegrator Po)

_ aretan ((Po [2¢T0 + nTamplif)i (1- T&wé)])
1 - T55

(2.59)
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T . . 2éin T: rT2(.P
72 =75 + arctan (Taamping@o) + arctan (T ¢) — arctan (%22@30
_ arctan ®o [25T0 + nTampl;f)j (21 - Tg (P%)}
1 —T5¢5
(2.60)
Introducing the following symbols:
Xin[egrator = —arctan (Tintegrator('Po) (261)
Xintegratorl = arctan (Tl (/’0) (262)
2éintegrator T (p 0
Yinteoratory = — arct; —_ 2.63
/CmtegrdtorZ arctan ( 1 — T22(/7% ( )
90 [2ETo + nTampiity (1 — T3 93
XintegratorO = —arctan { [ - p2)i(2 0 0)] (264)
1 —T5¢;

For larger values of Tiuegrarors T1, T1 and the working state of approaching the
resonant point, from transformations (2.22) and (2.23), Egs. (2.61), (2.62), (2.63)
and (2.64) can be transformed and rewritten as

T
Xintegrator = 5 + A/Cintegrator

T
/(inlegratorl = E + AXintegralorl

XintegralorZ =-—n+ AXinte,g,rratorZ
T
Xintegrator0 — 5 + AXintegrator()

Because AXintegralor’ AXintegratorl’ AXintegratorZ and AXinlegratorO are Small’ there holds

1 1
A _ : 2.65
integrator tan Xintegrator Timegrator ) ( )
1 1
Ay _ _ 2.66
ZXintegratorl an Zinegrator! T1¢q ( )

25 I{ 1 Tz(.po 25 I{ 1
A;{imegratorZ = tan Yiyegratorz = — T(fra;zzrgb(z) = ;;(;: = (267)
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1 1 — 7243

AXine rator) — =5 / (268>
tegrat tan integrator (o [ZfT() + nTamplify (1 - Tg QD(%)]
For a small Tyamping, arCtan(Tdamping¢o) = Tdamping o, then
i _ 1 1 - T3¢
21 = =5 + Taamping @0 + T o The ' 209
1 2 amping () Tintegrator(po [0 [2§T0 + nTamplify (1 - Tg (p(z))] ( )
T . 2'éintegrator 1 - Tg q)(z)
12 = — 7 + TaampingPo + . - T /
2 ) ping 0 TZ(/)O T, ®o [on [ZéTO + nTampllfy (1 - Tg(/)%)]
(2.70)

The augments of the third term and the fourth term in Eq. (2.70) were synthe-
sized as:

T . 2§imegratorT1 -1 1 - Tg(ﬂ%
o= —= + Td ing P + . 5 .
27 T T dampingo T ¢, 90 [2ET0 + nTampiity (1 — T3]
(2.71)
When  Tinegrator = %, Eq. (2.71) is completely consistent with
Cintegrator
Eq. (2.69).

Figure 2.2 shows the frequency characteristic curves of two integrator schemes
that have the transfer functions in Eq. (1.130). The frequency characteristic curves
with different Cipegraior are drawn.

Comparing Egs. (2.10) and (2.12) with (2.69) and (2.71), obtains two conditions
in Egs. (2.72) and (2.73). Under the above two conditions, the frequency charac-
teristic curves for the integrator with the transfer function in Eq. (1.130) are in
accord with the frequency characteristic curves of the non-periodic loop.

3
v = Timegrator (272)
T
T, T
Tintegralor = R (273)

2§integrator Tl - T2

Because the three parameters of the integrator are only related to two equations,
there are many groups of parameter solutions that satisfy the two equations.

The parameters of the frequency characteristics in the integrator are determined
by Eqgs. (2.72) and (2.73). It is recommended that these parameters are selected in
the following order:

(1) Select a sufficiently large time constant Tiegrator-
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Fig. 2.2 Frequency L/dB
characteristic curves of two
integrators. 1—Integrator
with the transfer function in
Eq. (1.130), non-periodic
loop; 2—Curve with
éimegralor = 0.8; 3—Curve
with éimegratnr =0.5;
4—Curve with &ipegrator = |

-20dB/dec

2 1)

(0]

(2) Select a sufficiently large time constant 7.

(3) From (2.72), calculate the time constant 7,.

(4) From (2.73), determine the coefficient Cinegrator-
Under the condition of these parameters, calculate the requirement that the
frequency characteristic curve of the integrator is fully in accord with that of the
non-periodic loop.

(5) As shown in Fig. 2.2, the coefficient {ipegrator 1 changed on the basis of the
phase frequency characteristic curve. In the working frequency range, the
required phase stability is obtained.

It should be noted that under the condition that the time constants 7} and 7, are
large enough, then the change of &ipegrator» Within the working frequency range,
does not actually affect the amplitude frequency characteristic curve.

According to the circuit shown in Fig. 1.18, the parameters of the integrator have
the following forms:

Rs+R
Kintegrator = 5;_ 6 (274)
4
_ GRsRe (2.75)
! Rs + Rq '

T, = \/C1C1RsRs (2.76)
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Ci(Rs+Rs) + CaRs

integrator — 277
é tegrate ) C1C2R2R3 ( )
Review Egs. (2.69) and (2.71), decompose 7— "1‘t 5, and 2&““’7%]“‘}“2';‘)% into Taylor

series, reject the two and higher powers of (gbo — g’og) because of their small values,
and substitute them into Egs. (2.69) and (2.71)
1 1 Po —
T oo T N T o2 T (2.78)
integrator PO mtegratorq)o Tmtegrator ((po)

2éintegratorT1 -1 _ 2fintegratorTl -1 . (zfimegratorTl - TZ) ((PO B (178) + ..
Timegrator N Tintegralor(bg Tintegralor ((/)8) 2

(2.79)

Substituting Eqgs. (1.124), (1.125) and (1.134), Egs. (2.69) and (2.71) are
transformed into

1
Tdamping -

T n 2 iy
n="75 a0 " %o N2
2 Tintegrator 2 Tintegrator (QDg) (280)

Ci—A — B

22
KmomentKamplify KmeasureKelectric current nTamplify ®y (Cl —A 11— Bl )

+

2(2éintegratorT1 - T2>
T\ T2}

2éintegratorTl - T2
. 0\2
TiT2(9b) ] (2.81)

T .
Yo = — E + + Po Tdamping -

Ci—A — B

+
-2
KmomentKamplifyKmeasureKelechic current nTamplify QD()(CI - Al - B 1)

The conclusion can be drawn from Eqs. (2.80) and (2.81) that the differential
loop with the time constant Tyamping i used in the integrator, which can be a part of
the compensation for the instability of the self-rotating angular velocity of the
aircraft.

For y,:

1

Tdamping = N2
Tintegrator ((/’0)

C] — Al — Bl
KmomeanamplifyKmeasureKelecmc current nTamplify (P%(Cl - Al - B l)
(2.82)
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For y,:
T _ 2éintegratorTl - T2
damping — — 5
TiT2 (%)
C,—A —B;
KmomentKamplinymeasureKelectric current nTamplify (/7(2)(C1 - Al - Bl)

(2.83)

Obviously, because of the relationship between Egs. (2.82) and (2.83) and the
rotating angular velocity around the longitudinal axis of the rotating flight carrier, it
is not possible to achieve full compensation. However, the instrument approaches
the working state of the resonance point, and the size of Tqamping can be determined
as follows:

For y,:
1
Tdamping = N2 (284)
integrator (QD())
For y,:
2¢; T, - T
Tdamping _ émtegrator 1 2 (285)

72(94)°

Equations (2.84) and (2.85) point out that a larger integral time constant is
required for a better quality of integral. And as has been discussed previously, for a
small value of Tyamping, it is also required that the inconformity of the amplitude
frequency characteristic does not produce a negative effect. For example, when
Tintegrator = 0.1, the effect of the differential loop of the integrator on the amplitude
of the output signal reaches +4%. However, if a larger Tipegrawor 1S selected, it
should be kept in mind that the increase of Tiyegraior Will lead to a decrease in the
amplitude of the output signal and an increase in the phase lag of the output signal.

According to Egs. (2.82) and (2.83), the effect evaluations of A ¢, on y; and y,
can be obtained. For y,, there holds

1 Ci—A - B
Tdamping = N2 - N2 (286)
Tintegrator (QDO) Dfeedback + nTamplify (QDO) (Cl - Al - Bl)
However for y,, there holds
2¢inesrator [1 — T C,—A —B
Tdamping _ Sintegrator £ 1 2 1 1 1 (287)

.0\ 2 o .0\ 2
T1T2 () Drecavack + nTampiity (¢) (C1 — A1 — By)

Substituting Egs. (2.86) and (2.87) into Egs. (2.80) and (2.81) obtains
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b 2
n=—5F m+(¢8iA¢o)
§ Ci -4 — By - Ci—Ai - B, }
Dreedvack + 1 Tampiity (9§ Aqbo)z(cl —A; —B1)  Drecedback +ﬂTamp1ify(¢8)2(C1 —A; - B))
(2.88)
Lo = g + z(zéml;glr:;zr;é TZ,) + (05 £ Agy)
§ Ci— A — B, - Ci— A - B, }
Dreedvack + 1 Tamptity (9§ A%)z(cl —A; —Bi1)  Dieedvack + M Tamplify ((2)8)2(0 —A; - B))
(2.89)

Select éinlegrator =land T, =T, = Tintegrator» 22 can be obtained as

2(28megraor T1—T2 ) n
120

(#9%Ady ) (C1—A1—B1)*nTampity [(<‘p8)27(¢8iA¢o)2]
D%eedback +D?eedbacknT‘““P“f)'<C] —A—B, ) l:((pg)z + (q’giAq’O)z] + ["Tamplify(cl —A1—B, ) (wgiA¢0)¢8]2
(2.90)

Jo=—»t

[\SE

Because all the augments in the denominator are compared with D%eedback, they
are very small and can be ignored. Then

Yy = _E + 2(ZiimegratorTl - Tz)
(2 3 500
(C1 — A1 = B1)*nTampiiy . . 0N .
i D2 = (g £ Ady) (F205A00 — Agp)
feedback
_ _E + 2(26imegratorT1 - Tz)
o2 T\ T>p)
[Bi — (C — A))]°nT, (2.91)
1 — (€1 = Ay)] nlamplity (. . . o
_ 0 P2 (90 £ Ady) (Ao +2¢0) Aoy
feedback
_E + 2(Zéimegrat0rT1 - Tz)
2 T T>¢)
[Bl - (Cl _Al)]znTam Lif: X . 2 ) .
_ - plify (3(,,8A<p0 +2(¢9) iA(pg>A%
feedback

From Eq. (2.91), it can be clearly seen that the sign of the unstable value of the
angular velocity around the longitudinal axis of the rotating flight carrier is changed
and the sign of the second augment in the final parentheses is also changed. But
even so, the output signal has higher phase stability due to the small coefficient of
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the final bracket. When the coefficient is very small, the last term of Eq. (2.91) is
comparable to the others and can be ignored.

When the working state of the instrument approaches the state of the resonant
point, the integrity and accuracy influence of the compensation effect of Aq,
increases. In the resonant state, the instability influence of the angular velocity
rotating around the longitudinal axis of the aircraft does not exist.

But as has been mentioned earlier, in the state of the near-resonant point (when
the detuning coefficient p = 0.9), the last term of Eq. (2.91) is negligible. At this
time, Eq. (2.91) can be simplified and its expression without 4 ¢, is obtained as

T 2(2§integratorT1 - Tz)
b= —2 4 : 2.92
2 2 T\ T ¢) 292
And so on
T 2
=———y 2.93
! 2 Tintegrator @8 ( )

Equation (2.91) also shows that when the differential loop is introduced into the
integrator, the influence of the angular velocity rotating around the longitudinal axis
of the aircraft on the phase of the output signal decreases, and the damping effect
guaranteed by the feedback increases and the compensation coefficient of the
mutual inductance influence n decreases. Even when the resonant state is missed,
but under the influence of a complete compensation of the mutual inductance
winding (n = 0), and in the condition of using a non-periodic loop as the integrator,
when Eq. (2.86) is implemented, or in the condition that the integrator with a
transfer function (1-130) is used, when Eq. (2.87) is implemented, the phase has
nothing to do with A@,,.

At the output end of the instrument without an integrator, the output without an
integrator, the impact of introducing the differentiator on the phase of the output
signal would be determined.

7‘[ .
Yo = 5 + aI‘CtElIl(Tdampingq)O)

~ arctan [nTampiity +2T0(Eo + &) | o — TenTamplity @3
1 — (75 +2&TonTumpiity ) 95

(2.94)

According to Eq. (2.69) the phase of the output signal of the instrument without
an integrator can be written by the following expression:

] 1— TZ('pZ
Xo = Tdamping@o + - 070

2.95
(o [ZéTo + nTamplify (1 - qu)(%)] ( )
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Combining Eqgs. (1.124), (1.125) and (1.134) obtains

C 1 — A 1 — By
KmomentKamplifyKmeasureKelectric current nTamplify (P% ( Cl - Al - Bl )
(2.96)

Xo = Q.D() Tdamping +

In this case, the time constant of the differential equation can be obtained by
several other expressions. Unlike Egs. (2.82) and (2.83), there is no added entry
that determines the parameters of the integrator. The compensation accuracy is the
same as that of the circuit with an integrator.

In order to ensure that the measurement accuracy of the angular velocity around
the longitudinal axis of the aircraft is higher, two additional loops must be added to
the velocity feedback loop to reduce the instability and mutual effect of the angular
velocity around the longitudinal axis of the aircraft.

The basic formula for the amplitude of a rotor vibration gyroscope with negative
feedback is as follows

(D(S) _ KKintegrator2 (1 + T, s) (1 + TDS)
KmOmentKelectriC current TQZSZ + zéintegrator TzS + 1
S
2 3 2 5
TonTamplifyS + (TO + ZéOTOnTamplify)S + (nTamplify 4 250]«0 +K)S 1
(C1 = A1 + B )3 OK Kineraorr (1+ T 53) (14 T359)
Uamplilude = y

VA . \2
KmomemKeleclric current \/(1 - T22 ‘/)6) + (zfimegraturTl(/)O)
1

\/{ [nTamplify + 2T()(£0 + é)} ¢0 - TgnTamplify¢8}2 + [1 - (Tg + ZéOT()nTamplify)d%]z

X

2¢&, Trq
¥ = g + arctan(Tp @) + arctan(T;¢,) — arctan <46mtegm‘°r 2%)

1 - T3¢5
[nTampity +2T0(Eo + &)] 9o — TgnTamplity @
— arctan > )
1-— (TO + ZfoTonTamplify)goo

When nTmpliy> Tinwegrator and &, are small, and T and T are large, the measured
amplitude of the constant angular velocity is

(Cl - Al +B 1 ) Tl QI(amplifyI(integratoﬁ KinlegratorZ

mplitude — B >
2 02
Tz \/ (KintegratorS Kelectric currenthomentK amplify) + (Cl - Al - B 1 ) 20

A

28Ty, >

= —arctan|{ ——=—=
g <1 — 1343
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In the case of precise tuning, there holds

2B 1 K; integrator2 Tl Q

Uampii =
plitude 2
K momemKelectric current T2

_TC
=75

2.2 Regulation of a Non-driven Mechanical Gyroscope

Compare the regulation quality of three instrument loops with a velocity feedback,
which include the no integrator type, the integrator type with transfer function
(1.129), and the integrator type with transfer function (1.130) at the output end of
the instrument.

Comparing Sect. 1.4, the analogy method can be used to determine the response
of the instrument to the constant input force in the implicated coordinate system.
Therefore, according to Egs. (2.1), (2.2) and (2.3), the differential loop in the
integrator is designated as

O ——
KmomemKelectric current
y 5 (Tdampings + 1)
T3nTampiitys® + (T3 + 2&0TonTamplity )% + (nTamplity +2&0T0 + K) s + 1
(2.97)
CI>1 (S) _ KKimegratorl 1
KinomentKelectric current 1+ Tintegrators
» S(Tdampings + 1)
TgnTamp]ifyS3 + (Tg + QfoTonTamplify)Sz + (nTamplify +2& Ty + K)S +1
(2.98)
(I)2 (S) _ KKinlegratorZ Tls +1

KinomentKelectric current T22 s2+ ZéintegratorTZS +1
" 5 (Tgampings + 1)
T3nTampiitys® + (T3 + 2E0TonTamptity )52 + (nTamptity +2E0To +K) s+ 1
(2.99)

Because nTymplity, €o and Tgamping are very small, Egs. (2.97), (2.98) and (2.99)
are rewritten as
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K K

Dy(s) = X 2.100
( ) KinomentKelectric current Tgsz +Ks+1 ( )
(Dl (S) _ KKimegratorl « 1

KmomentKeleclﬁc current 1 + Tintegrators

s KK; Do (s
« — _ integratorl « 0( ) (2101)
TO s+ Ks+1  KnomentKelectriccurrent 1+ Timegrators

D, (S) _ KKntegratorZ Tis+1 s

) )
KmomemKelectric current TZS + zéinlegratorTZS +1 TOS +Ks+1
KKintegrator2 « (Tl s+1 )(D() (S)
KmomentKelectric current T2252 + 2éinlegrator Trs+1

(2.102)

Consider the expression (2.100) in Eq. (1.134), which is equivalent to the
transfer function of the oscillation loop and is expressed by the angular velocity at
the output end:

where

%o (S) KKimegratorl % 1
M(S) KinomentKelectric current Tgsz +Ks+1

According to Eq. (1.91) and so on, when a constant force is acting on the
instrument in the coordinate system which is connected to the aircraft, the transition
process is expressed by the deflection angle of the sensitive element:

KK; H
oy = Coe ™' sin Kcuo\/ 1-— fz)ﬂr ﬁo} + integratorl X B—OQ siny,

K momeanelectric current 0
(2.103)

According to Egs. (1.93) and (1.94), the integral constant has the form of

f, = arctan <IT£2> (2.104)

KKimegratorl % HyQ sin Y1 Kinlegratorle % HyQ sin 1

KmomentKeleclric current BOV 1— 62 N Kmomenthlectric current B% 1— 62
(2.105)

Co=—
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It is obvious that there is no difference between the characteristics of the tran-
sition process of the gyroscope with a negative velocity feedback and the charac-
teristics of the transition process of the gyroscope described in Eq. (1.95).

In order to obtain the impact of the different integrators on the transition process
of the gyroscope, according to the oscillating angular velocity of the sensitive
element, the transition process of the gyroscope without an integrator at the output
end. When considering the complete expression of the integral constant, the tran-
sition process of the oscillating angular velocity of the sensitive element at the
output of the preamplifier has the following form:

H Doz L —Eawot
d() _ 0 sin /1(0062 - Q sin |:<w0 /1 _ 52> t:|
KmomentKelectric cunentB() V 1 - ":
= dge ' sin [(wm/l — 52)t] (2.106)

The value of Eq. (2.106) is equal to zero, which is consistent with the value of
the constant deviation angle of the sensitive element of the instrument determined
by Eq. (1.106) in Sect. 1.4. Figure 2.3 shows the transition process of Eq. (2.106).

The effect of the integrator on the transition process is measured and the tran-
sition process of each integrator is added to the transient process of the sensitive
element of a non-driven mechanical gyroscope used in a rotating state aircraft with
negative velocity feedback. It can be seen that the transition process of each loop is
the sum of the transient process of the sensitive element of a non-driven mechanical
gyroscope used in a rotating state aircraft with a negative velocity feedback and the
transient process of the integrator.

Fig. 2.3 Transition process a
of the sensitive element of a

non-driven mechanical

gyroscope used in a rotating

state aircraft with velocity ¢=0.7
feedback (represented by the
angular velocity)

£=0.5

0 0.05 0.1 0.15
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Dal(integrutorlH sin "/lw()eiéwutg sin [(w \% - éz)t — arctan <Tinlegratorw0 V 1 - 62)]

1
o = C/C Tintegrator +

2
1-¢ KmomentKeleCtrlccurrent\/1 + mlegramrwo(l —¢ )

e S -t i i [T 2 )14
—Cle + )e sin| | wo S )T+ Yintegrator

\/1 + T12nlegrlmr @ 1 - éz

(2.107)

Under the initial condition of the zero position, the integral constant is equal to

C/ _ 00, amplitude

- > > Sin(;{inlegrator) (2108)
\/1 + Tmtegratorwo (1 - é )

The transient process of the integrator has the following form:

I

Ot amplitude€© '
oCmtegrator - ) B 2
\/1 + Tmtegmtorwo (1 ¢ )

sin (Ximegralor) (2 109)

And the transition process of the whole gyroscope is

0‘0 ,amplitude —Ewot 3 2
e “sin| | woy/1 —¢& I+ Xintegrator

\/1 +T 1ntegrator 0(1 - 52)

T

—e |nlegrdmr sin (Ximegrator) }

(2.110)

Thus, the existence of the integrator changes the transition process of the
instrument. Unlike the transition process studied in Sect. 1.4, in the implicated
coordinate system of the aircraft the transition process of the sensitive element of
the instrument is equal to zero under the action of a constant force. That is to say,
the friction moment, the dynamic unbalanced moment of the sensitive element of
the instrument and the moment produced by the centrifugal acceleration of the
aircraft due to the constant angular deviation of the sensitive element would not
cause the change of the output signal of the instrument.

As described by Eq. (2.106), and unlike the transition process expressed by the
angular velocity of the oscillation framework, the time of the transition process
expressed by the deviation angle of the instrument with the integrator that satisfies
Eq. (2.110) and has the integrator with the transfer function (1.129), is mainly
determined by the settling time of the integrator and Tipegrator Can be seen in
Fig. 2.4.
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Fig. 2.4 Transition process 0 T T
of an integrator and the whole
instrument
£ 0.05f ~
g
3
6 —Ol a Integrator —
0.15 | | | ]
0 0.1 0.2 0.3 0.4 0.5

Because the time constant of an integrator increases, the settling time of the
instrument also increases, and every input force instantly changes with a frequency
greater than 1/(3 ~4) Tiyegrator, the instrument cannot react.

Because every force acting on the instrument in flight has different character-
istics, the integrator at the output end of the instrument is not a major detriment to
the work of the instrument.
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