
Chapter 2
Precision of a Non-driven Mechanical
Gyroscope with Negative Velocity
Feedback

2.1 Measurement Precision of a Constant Angular
Velocity Rotating Around The Horizontal Axis

The output signal is connected with the angular velocity by the scale factor:
Uout;amplitude ¼ KSFX. So the study of the measurement precision of a constant
angular velocity rotating around the horizontal axis of the aircraft is ultimately
attributed to the stability of the calibration scale factor of the instrument. In this
chapter, the precision of the gyroscope is studied based on the dynamic charac-
teristics of the instrument. Therefore, the closed-loop transfer function expressions
(1–143), (1–146) and (1–147) are used, and nTamplify replaces Tamplify:
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Because UoutðsÞ¼ UðsÞMinertiaðsÞ and Minertia sð Þ changes by the harmonic law,
Uout is determined as

Uout ¼ UðjxÞj j
x¼ _u0

H0X sin _u0tþ arg UðjxÞ
x¼ _u0

" #( )
ð2:4Þ

Uamplitude ¼ H0X UðjxÞj j
x¼ _u0

¼ C1 � A1 þB1ð Þ _u0X UðjxÞj j
x¼ _u0

v ¼ argUðjxÞ
x¼ _u0

8><
>: ð2:5Þ

From Eqs. (2.1), (2.2) and (2.3) the amplitude of the output signal is

Uamplitude0 ¼ C1 � A1þB1ð Þ _u2
0X
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When the integrator is ideal (Tintegrator is very large) and the ideal compensation
of the influence of the mutual inductance (n ¼ 0) is considered, because nTamplify

and n0 are small and can therefore be ignored, from Eq. (2.7) we can obtain
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When the instrument is operating at close to the resonant point, T2
0 _u

2
0 � 1 and

C1 � A1 ¼ B1.

Uamplitude1 ¼ 2B1XKKintegrator1

KmomentKelectric currentTintegrator2nT0

¼ 2B1XKintegrator1

KmomentKelectric currentTintegrator
in the close to ideal conditionð Þ ð2:10Þ

In the close to ideal condition, the output signals of the instrument are deter-
mined only by the transfer coefficients of the torque winding of the torque con-
verter, a current amplifier and the integrator. The measurement result of the stability
of the above parameters is a percentage, and can satisfy the high precision
requirement of the angular velocity measurement of the rotating flight carrier.

When the integrator with the transfer function (1–130) is used, then where this
function is in the ideal integral condition, T1 and T2 are relatively large. Assume
that n ¼ 0 and n0 ¼ 0, there holds
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But in the case of the resonance, there holds

Uamplitude2 ¼ 2B1KKintegrator2T1
KmomentKelectric currentT2

2 2nT0
X ¼ 2B1Kintegrator2T1
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2
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When T2
2

T1
¼ Tintegrator, Eq. (2.12) corresponds to Eq. (2.10).

When there is no integrator and no assumption (n ¼ 0, n0 ¼ 0,) at the output end
of the instrument, from Eq. (2.6), we can obtain

Uamplitude0 ¼ C1 � A1 þB1ð Þ _u2
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In the case of resonance, there holds

Uamplitude0 ¼ 2B1K _u0

KmomentKelectric current2nT0
X ¼ 2B1 _u0

KmomentKelectric current
X ð2:14Þ

Comparing Eqs. (2.10), (2.12) and (2.14) shows that if there is no integrator at
the output end of the instrument, the output signal of the instrument will be
unstable. This is because there is a linear relationship between the stability of the
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output signal and the angular velocity rotating around the longitudinal axis of the
aircraft. The integrator at the output end of the instrument, as shown in Eqs. (2.10)
and (2.12) can eliminate the dependency between the output signal and the rota-
tional angular velocity around the longitudinal axis of the aircraft. Therefore, the
integrator can significantly improve the stability of the output signal.

As has been discussed before, in the case of non-precise tuning, for example in
the case of l ¼ 0:9, there is instability between the amplitude of the output signal
and the angular velocity rotating around the longitudinal axis of the aircraft. When
Tdamping is smaller, for these loops, n ¼ Dfeedback

2 _u0lB1
can be substituted into Eq. (2.11) and
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In order to obtain the general result, the effect of the instability of the angular
velocity rotating around the longitudinal axis on the amplitude of the output signal
is in the form of a relative value:

Uamplitude
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The coefficient K is introduced to denote the ratio of the unstable value of the
angular velocity rotating around the longitudinal axis of the aircraft to the average
value of this angular velocity, i.e., M _u0 ¼ Ku0

0. In this case Eq. (2–16) has the
following form:

Uamplitude
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where n0 ¼ Dfeedback
2 _u0

0lB1
is the attenuation coefficient, which has nothing to do with the

instability of the angular velocity rotating around the longitudinal axis of the
aircraft.

The curve corresponding to Eq. (2.17) is shown in Fig. 2.1.
Obviously, in the case of the precise tuning the amplitude ratio in Eq. (2.17) is

equal to 1 and has no relationship with D _u0 which is confirmed by Fig. 2.1a. It is
worth noting that the enhanced damping effect of the instrument will lead to the
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decrease of the dependency in Eq. (2.17), which is proved by Fig. 2.1b. When the
angular velocity rotating around the longitudinal axis of the aircraft varies in the
whole range (10–20 Hz) as well as in the case of l ¼ 0:9 and n ¼ 0:5, the relative
error of the amplitude of the output signal value is 3.8%, that is, the ratio associated
with the average amplitude is ±1.9%.

Because the instantaneous value of the output signal is used in the instrument,
the phase of the output signal and the phase stability should be noted accurately.

Corresponding to Eq. (2.5) there holds
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Fig. 2.1 Effect of instability of the angular velocity rotating around the longitudinal axis of the
aircraft on the output signal amplitude of a non-driven mechanical gyroscope, a Variation of the
detuning coefficient; b Variation of the damping coefficient
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Under the above conditions, n ¼ 0, n0 ¼ 0, T1, T2 and Tintegrator are very large.
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It can be seen that under the condition of using the circuit with the different
integrators, the phase shifts are equal and the phase difference between the circuit
with the different integrators and the circuit without the integrators is 90°.

In order to determine the stability of these values, Eqs. (2.21), (2.22) and (2.23)
have the following form:

v0 ¼ Dv0
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2
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Because v1, v0 and v2 can be described by the same method, only v1 is studied
and obtained as
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In this case, substituting Eqs. (1.124), (1.125) and (1.134) obtains
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and there holds
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Because the tuning factor l\1, there holds C1 � A1ð Þ\B1 and the symbol term
“arctan” in the expression is positive.

Equation (2.26) shows that because the signal phase does not exceed � p
2, the

instrument works outside the resonance point. And because

_u0 ¼ _u0
0 � D _u0 ð2:27Þ

where _u0
0 is the average angular velocity rotating around the longitudinal axis of the

aircraft (here it is 15 Hz) and D _u0 is the unstable value of the angular velocity
rotating around the longitudinal axis of the aircraft (here it is the maximum value
D _u0 = 5 Hz).

Combining this with Eq. (2.26), it is known that the phase shift of the instrument
is unstable because it has a dependent relationship with the unstable angular
velocity rotating around the longitudinal axis of the aircraft.

Substituting Eq. (2.27) into Eq. (2.26) obtains
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Because the value of the expression “arctan” is small, there holds
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When the instrument is mounted to the machine body, the angle is compensated
by the method of rotating the instrument or when the output signal of the instrument
is furtherly processed, the angle is compensated in the aircraft. v10 is a constant and
does not have a dependent relationship with the unstable value D _u0.

Dv10 is caused by the instability of the angular velocity rotating around the
longitudinal axis of the aircraft and is the unstable phase value of the output signal
of the instrument. It should be noted that D _u0 is quite large, so the phase error is
relatively large.

Dv10 ¼
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current
ð2:31Þ

Similar to Eq. (2.29), for the circuit without the integrators and the circuit with
the integrators, the expressions of the output signal phase are obtained as follows:
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We will estimate how the unstable phase value of the output signal affects its
instantaneous value. As the output signal of the instrument is in the form of

Uout ¼ Uamplitude sin _u0tþ vð Þ

then

Uout ¼ Uamplitude sin _u0 � D _u0ð Þt � B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current
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The angle v0 in Eq. (2.30) is considered as a compensation in Eq. (2.34).
_u0 � D _u0ð Þt will no longer calculate the unstable value of the angular velocity

rotating around the longitudinal axis of the rotating flight carrier. Therefore, as this
unstable value affects the steering engine of the rotating flight carrier and does not
affect the processing precision of the input signal, then

Uout ¼ Uamplitude sin _u0t �
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:35Þ

When the output signal is the maximum or minimum value, the sensitive axis of
the instrument is coincident with the vector direction of the measured angular
velocity. Thus

_u0t ¼ � p
2
� pk

The error of the instrument is small because Eq. (2.35) has the following form:

Uout ¼ �Uamplitude cos
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KmomentKamplifyKmeasureKelectric current

� �
ð2:36Þ

Equation (2.36) shows that in the case of resonance, Dv10 = 0 in Eq. (2.31), then
Uout ¼ �Uamplitude, where the positive and negative symbols will determine the
maximum or minimum value of the signal.

66 2 Precision of a Non-driven Mechanical Gyroscope …



When the instrument is not in the resonant state but it is directly close to the
resonant state, then because Mv10 is determined and is small, the unstable value of
the angular velocity rotating around the longitudinal axis of the aircraft will not
significantly affect the maximum or minimum value of the instrument’s output
signal.

In this case, the output of the instrument is zero, which indicates that the
instrument’s sensitive axis is perpendicular to the vector direction of the measured
angular velocity. Thus

_u0t ¼ 0� pk

The form of the instrument’s output signal is

Uout ¼ �Uamplitude sin
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:37Þ

In this case, because the output signal is proportional to the sinusoidal value of
Dv10, its image is different. In the case of resonance, the output signal should be
equal to zero but in the case of imprecise adjustment of the resonance because Dv10
is very small, the output signal will be

Uout ¼ �Uamplitude
B1 � C1 � A1ð Þ½ �M _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:38Þ

Thus, in the above moment the signal error is, in essence, the cross error of the
instrument and is proportional to the unstable value of the angular velocity rotating
around the longitudinal axis of the aircraft. It should be pointed out that the size of
Dv10 can be up to a few degrees.

Under the condition that the integral time constant of the integral loop is not
large enough, the influence degree of the integral loop at the output signal end on
the phase stability of the output signal is measured. In Eqs. (2.19) and (2.20),
assume that n = 0 and n0 = 0, then
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According to the above calculations and obtains
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v1 ¼ � p
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In this case, even in the state of resonance, the phase of the output signal always
maintains a complex relationship with the rotating angular velocity of the aircraft
itself. The integral time constant is small and can be easily determined. The time
constant causes the phase of the integral loop and the angular velocity rotating
around the longitudinal axis of the aircraft to change, and make them keep very small
dependency in the varying range of the above angular velocity. This condition is
obtained by Eqs. (2.41) and (2.42), and the following two expressions are obtained,
which show that the instrument is considered to be working in a resonant state.

tan Dv1 � Dvintegrator1
� � ¼ 1

Tintegrator _u0
ð2:43Þ
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tan Dv2 þDvintegrator21 � Dvintegrator22
� � ¼ 1þ 2nintegratorT2T1 _u2

0
1�T2

2 _u
2
0

T1 _u0 � 2nintegratorT2 _u0

1�T2
2 _u

2
0

ð2:44Þ

where

v1 ¼ � p
2
� arctan

1
Tintegrator _u0

0 � D _u0

� �
" #

ð2:45Þ

v2 ¼ � p
2
� arctan

1þ 2nintegratorT2T1 _u0
0�D _u0ð Þ2

1�T2
2 _u0

0�D _u0ð Þ2

T1 _u0
0 � D _u0

� �� 2nintegratorT2 _u0
0�D _u0ð Þ

1�T2
2 _u0

0�D _u0ð Þ2

2
664

3
775 ð2:46Þ

Equations (2.29), (2.30), (2.45) and (2.46) show that the instability of the
rotating angular velocity signal has a huge influence on the stability of the phase
and the instantaneous value of the instrument output signal. Therefore, various
measures must be taken to reduce the phase instability. Introducing the differential
circuit in the integrator can achieve this purpose. Then, Eqs. (1.129) and (1.130)
have the following form by some transformations:

Wintegrator1 sð Þ ¼ Kintegrator1
1þ Tdampings
1þ Tintegrators

ð2:47Þ

Wintegrator2 sð Þ ¼ Kintegrator2
1þ Tdampings
� �

1þ Tintegrators
� �

T2
2 s

2 þ 2nintegratorT2sþ 1
ð2:48Þ

The transfer function of the closed-loop system is described by the following
expressions:

U1ðsÞ ¼ KKintegrator1

KmomentKelectric current
� 1þ Tdampings
1þ Tintegrators

� s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:49Þ

U2ðsÞ ¼ KKintegrator2

KmomentKelectric current
� 1þ T1sð Þ 1þ Tdampings

� �
T2
2 s

2 þ 2nintegratorT2sþ 1

� s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:50Þ

In this case, the amplitude and the phase of the output signal is also changed:
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Uamplitude1 ¼ C1 � A1 þB1ð Þ _u2
0X

KKintegrator1

KmomentKelectric current
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

damping _u
2
0

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

integrator _u
2
0

q
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:51Þ

Uamplitude2 ¼ C1 � A1 þB1ð Þ _u2
0X

KKintegrator2

KmomentKelectric current

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

1 _u
2
0

� �
1þ T2

damping _u
2
0


 �r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

2 _u
2
0

� �2 þ 2nintegratorT2 _u0

� �2q
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:52Þ

Under the assumption used previously and the assumption that n0 ¼ 0,
Tintegrator _u0 � 1 and Tdamping is very small (Tdamping _u0 	 1), Eq. (2.51) is obtained as

Uamplitude1 ¼ KKintegrator1

KmomentKelectric current

C1 � A1 þB1ð Þ _u2
0X

Tintegrator _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2nT0
� �

_u0 � T2
0nTamplify _u

3
0

� �2 þ 1� T2
0 _u

2
0

� �2q
ð2:53Þ

Uamplitude1 ¼ KKintegrator1

KmomentKelectric current

C1 � A1 þB1ð ÞX

2nT0Tintegrator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ nTamplify

2nT0
1� T2

0 _u
2
0

� �h i2
þ 1

2nT0
1� T2

0 _u
2
0

� �h i2r

Equation (2.53) shows that the differential loop whose time constant is small
enough, is introduced into the integrator and will not affect the amplitude of the
output signal. When the instrument is working in the resonant state and nTamplify is
very small, Eq. (2.53) is in accordance with Eq. (2.10).

Next we will analyze the situation when the instrument is not working at the
resonance point, but is very close to the resonance point. This situation is more
realistic. At this time, nTamplify is a very small constant but is not equal to zero.

Because nTamplify is very small and _u0 approaches x0,
nTamplify

2nT0
1� T2

0 _u
2
0

� �
is far less

than 1 and its square value can be neglected when compared with 1. There holds

Uamplitude1 ¼ Kintegrator1

KmomentKelectric current

C1 � A1 þB1ð ÞX
Tintegrator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�T2

0 _u2
0

2nT0

1�T2
0 _u

2
0

2nT0 _u2
0
þ 2nTamplify

h i
þ 1

r
ð2:54Þ

Substituting Eqs. (1.124), (1.125) and (1.134) obtains
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Uamplitude1 ¼ Kintegrator1

KmomentKelectric current
C1�A1 þB1ð ÞX

Tintegrator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1�A1�B1ð Þ _u20

KmomentKamplifyKmeasureKelectric current

C1�A1�B1ð Þ
KmomentKamplifyKmeasureKelectric current

þ 2nTamplify

h i
þ 1

r ð2:55Þ

When the influence of the mutual inductance effect is not completely compen-
sated (n 6¼ 0) and precisely tuned, the signal amplitude at the output end of the
instrument will have a complex dependency on the angular velocity rotating around
the longitudinal axis of the aircraft.

Equations (2.54) and (2.55) show that in the process of approaching the resonant
point, not only is the influence of the angular velocity rotating around the longi-
tudinal axis of the aircraft on the amplitude of the output signal decreased, but its
influence on the time constant nTamplify is also decreased. The effect of these
parameters is reduced under the condition that the feedback damping function is
enhanced.

Under the same assumptions, Eq. (2.52) can be obtained by analogy:

Uamplitude2 ¼ Kintegrator2

KmomentKelectric current
T1 C1�A1 þB1ð ÞX

T2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1�A1�B1ð Þ _u20

KmomentKamplifyKmeasureKelectric current

C1�A1�B1ð Þ
KmomentKamplifyKmeasureKelectric current

þ 2nTamplify

h i
þ 1

r ð2:56Þ

When the integrator is introduced into the differential loop, the phase change of
the output signal is obtained:

v1 ¼
p
2
þ arctan Tdamping _u0

� �� arctan Tintegrator _u0

� �
� arctan

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( ) ð2:57Þ

v2 ¼
p
2
þ arctan Tdamping _u0

� �þ arctan T1 _u0ð Þ � arctan
2nintegratorT2 _u2

1� T2
2 _u

2
0

� �

� arctan
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( ) ð2:58Þ

Because the damping of the air is small, and set n0 ¼ 0, there holds

v1 ¼
p
2
þ arctan Tdamping _u0

� �� arctan Tintegrator _u0

� �
� arctan

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� �
1� T2

0 _u
2
0

� �
ð2:59Þ
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v2 ¼
p
2
þ arctan Tdamping _u0

� �þ arctan T1 _u0ð Þ � arctan
2nintegratorT2 _u0

1� T2
2 _u

2
0

� �

� arctan
_u0 2nT0 þ nTamplify 1� T2

0 _u
2
0

� �� �
1� T2

0 _u
2
0

� �
ð2:60Þ

Introducing the following symbols:

vintegrator ¼ � arctan Tintegrator _u0

� � ð2:61Þ

vintegrator1 ¼ arctan T1 _u0ð Þ ð2:62Þ

vintegrator2 ¼ � arctan
2nintegratorT2 _u0

1� T2
2 _u

2
0

� �
ð2:63Þ

vintegrator0 ¼ � arctan
_u0 2nT0 þ nTamplify 1� T2

0 _u
2
0

� �� �
1� T2

0 _u
2
0

� �
ð2:64Þ

For larger values of Tintegrator, T1, T1 and the working state of approaching the
resonant point, from transformations (2.22) and (2.23), Eqs. (2.61), (2.62), (2.63)
and (2.64) can be transformed and rewritten as

vintegrator ¼ � p
2
þDvintegrator

vintegrator1 ¼
p
2
þDvintegrator1

vintegrator2 ¼ �pþDvintegrator2

vintegrator0 ¼ � p
2
þDvintegrator0

Because Dvintegrator, Dvintegrator1, Dvintegrator2 and Dvintegrator0 are small, there holds

Dvintegrator ¼ � 1
tan vintegrator

¼ 1
Tintegrator _u0

ð2:65Þ

Dvintegrator1 ¼ � 1
tan vintegrator1

¼ � 1
T1 _u0

ð2:66Þ

Dvintegrator2 ¼ tan vintegrator2 ¼ � 2nintegratorT2 _u0

1� T2
2 _u

2
0

¼ 2nintegrator
T2 _u0

ð2:67Þ
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Dvintegrator0 ¼ � 1
tan vintegrator0

¼ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� � ð2:68Þ

For a small Tdamping, arctan Tdamping _u0

� �
= Tdamping _u0, then

v1 ¼ � p
2
þ Tdamping _u0 þ

1
Tintegrator _u0

þ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� � ð2:69Þ

v2 ¼ � p
2
þ Tdamping _u0 þ

2nintegrator
T2 _u0

� 1
T1 _u0

þ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� �
ð2:70Þ

The augments of the third term and the fourth term in Eq. (2.70) were synthe-
sized as:

v2 ¼ � p
2
þ Tdamping _u0 þ

2nintegratorT1 � T2
T2T1 _u0

þ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� �
ð2:71Þ

When Tintegrator ¼ T2T1
2nintegratorT1�T2

, Eq. (2.71) is completely consistent with

Eq. (2.69).
Figure 2.2 shows the frequency characteristic curves of two integrator schemes

that have the transfer functions in Eq. (1.130). The frequency characteristic curves
with different nintegrator are drawn.

Comparing Eqs. (2.10) and (2.12) with (2.69) and (2.71), obtains two conditions
in Eqs. (2.72) and (2.73). Under the above two conditions, the frequency charac-
teristic curves for the integrator with the transfer function in Eq. (1.130) are in
accord with the frequency characteristic curves of the non-periodic loop.

T2
2

T1
¼ Tintegrator ð2:72Þ

Tintegrator ¼ T2T1
2nintegratorT1 � T2

ð2:73Þ

Because the three parameters of the integrator are only related to two equations,
there are many groups of parameter solutions that satisfy the two equations.

The parameters of the frequency characteristics in the integrator are determined
by Eqs. (2.72) and (2.73). It is recommended that these parameters are selected in
the following order:

(1) Select a sufficiently large time constant Tintegrator.
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(2) Select a sufficiently large time constant T1.
(3) From (2.72), calculate the time constant T2.
(4) From (2.73), determine the coefficient nintegrator.

Under the condition of these parameters, calculate the requirement that the
frequency characteristic curve of the integrator is fully in accord with that of the
non-periodic loop.

(5) As shown in Fig. 2.2, the coefficient nintegrator is changed on the basis of the
phase frequency characteristic curve. In the working frequency range, the
required phase stability is obtained.

It should be noted that under the condition that the time constants T1 and T2 are
large enough, then the change of nintegrator, within the working frequency range,
does not actually affect the amplitude frequency characteristic curve.

According to the circuit shown in Fig. 1.18, the parameters of the integrator have
the following forms:

Kintegrator ¼ R5 þR6

R4
ð2:74Þ

T1 ¼ C2R5R6

R5 þR6
ð2:75Þ

T2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1C2R5R6

p
ð2:76Þ

Fig. 2.2 Frequency
characteristic curves of two
integrators. 1—Integrator
with the transfer function in
Eq. (1.130), non-periodic
loop; 2—Curve with
nintegrator = 0.8; 3—Curve
with nintegrator = 0.5;
4—Curve with nintegrator = 1
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nintegrator ¼
C1 R5 þR6ð ÞþC2R5

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1C2R2R3

p ð2:77Þ

Review Eqs. (2.69) and (2.71), decompose 1
Tintegrator _u0

and 2nintegratorT1�T2
T1T2 _u0

into Taylor

series, reject the two and higher powers of _u0 � _u0
0

� �
because of their small values,

and substitute them into Eqs. (2.69) and (2.71)

1
Tintegrator _u0

¼ 1
Tintegrator _u0

0
� _u0 � _u0

0

Tintegrator _u0
0

� �2 þ 
 
 
 ð2:78Þ

2nintegratorT1 � T2
Tintegrator _u0

¼ 2nintegratorT1 � T2
Tintegrator _u0

0
� 2nintegratorT1 � T2
� �

_u0 � _u0
0

� �
Tintegrator _u0

0

� �2 þ 
 
 


ð2:79Þ

Substituting Eqs. (1.124), (1.125) and (1.134), Eqs. (2.69) and (2.71) are
transformed into

v1 ¼ � p
2
þ 2

Tintegrator _u0
0
þ _u0 Tdamping � 1

Tintegrator _u0
0

� �2
"

þ C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ


 ð2:80Þ

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
þ _u0 Tdamping �

2nintegratorT1 � T2

T1T2 _u0
0

� �2
"

þ C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

� ð2:81Þ

The conclusion can be drawn from Eqs. (2.80) and (2.81) that the differential
loop with the time constant Tdamping is used in the integrator, which can be a part of
the compensation for the instability of the self-rotating angular velocity of the
aircraft.

For v1:

Tdamping ¼ 1

Tintegrator _u0
0

� �2
� C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

ð2:82Þ
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For v2:

Tdamping ¼
2nintegratorT1 � T2

T1T2 _u0
0

� �2
� C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

ð2:83Þ

Obviously, because of the relationship between Eqs. (2.82) and (2.83) and the
rotating angular velocity around the longitudinal axis of the rotating flight carrier, it
is not possible to achieve full compensation. However, the instrument approaches
the working state of the resonance point, and the size of Tdamping can be determined
as follows:

For v1:

Tdamping ¼ 1

Tintegrator _u0
0

� �2 ð2:84Þ

For v2:

Tdamping ¼
2nintegratorT1 � T2

T1T2 _u0
0

� �2 ð2:85Þ

Equations (2.84) and (2.85) point out that a larger integral time constant is
required for a better quality of integral. And as has been discussed previously, for a
small value of Tdamping, it is also required that the inconformity of the amplitude
frequency characteristic does not produce a negative effect. For example, when
Tintegrator = 0.1, the effect of the differential loop of the integrator on the amplitude
of the output signal reaches ±4%. However, if a larger Tintegrator is selected, it
should be kept in mind that the increase of Tintegrator will lead to a decrease in the
amplitude of the output signal and an increase in the phase lag of the output signal.

According to Eqs. (2.82) and (2.83), the effect evaluations of D _u0 on v1 and v2
can be obtained. For v1, there holds

Tdamping ¼ 1

Tintegrator _u0
0

� �2 � C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

ð2:86Þ

However for v2, there holds

Tdamping ¼
2nintegratorT1 � T2

T1T2 _u0
0

� �2 � C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

ð2:87Þ

Substituting Eqs. (2.86) and (2.87) into Eqs. (2.80) and (2.81) obtains

76 2 Precision of a Non-driven Mechanical Gyroscope …



v1 ¼ � p
2
þ 2

Tintegrator _u0
0
þ _u0

0 � D _u0

� �

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0 � D _u0

� �2
C1 � A1 � B1ð Þ

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

" #

ð2:88Þ

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
þ _u0

0 � D _u0

� �

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0 � D _u0

� �2
C1 � A1 � B1ð Þ

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

" #

ð2:89Þ

Select nintegrator = 1 and T1 = T2 = Tintegrator, v2 can be obtained as

v2 ¼ � p
2 þ 2 2nintegratorT1�T2ð Þ

T1T2 _u0
0

þ
_u0
0�D _u0ð Þ C1�A1�B1ð Þ2nTamplify _u0

0ð Þ2� _u0
0�D _u0ð Þ2

� �
D2

feedback þD2
feedbacknTamplify C1�A1�B1ð Þ _u0

0ð Þ2 þ _u0
0�D _u0ð Þ2

� �
þ nTamplify C1�A1�B1ð Þ _u0

0�D _u0ð Þ _u0
0½ �2
ð2:90Þ

Because all the augments in the denominator are compared with D2
feedback, they

are very small and can be ignored. Then

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

þ C1 � A1 � B1ð Þ2nTamplify

D2
feedback

_u0
0 � D _u0

� � �2 _u0
0D _u0 � D _u2

0

� �

¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

� B1 � C1 � A1ð Þ½ �2nTamplify

D2
feedback

_u0
0 � D _u0

� �
D _u0 þ 2 _u0

0

� �
D _u0

¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

� B1 � C1 � A1ð Þ½ �2nTamplify

D2
feedback

3 _u0
0D _u0 � 2 _u0

0

� �2�D _u2
0


 �
D _u0

ð2:91Þ

From Eq. (2.91), it can be clearly seen that the sign of the unstable value of the
angular velocity around the longitudinal axis of the rotating flight carrier is changed
and the sign of the second augment in the final parentheses is also changed. But
even so, the output signal has higher phase stability due to the small coefficient of
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the final bracket. When the coefficient is very small, the last term of Eq. (2.91) is
comparable to the others and can be ignored.

When the working state of the instrument approaches the state of the resonant
point, the integrity and accuracy influence of the compensation effect of M _u0
increases. In the resonant state, the instability influence of the angular velocity
rotating around the longitudinal axis of the aircraft does not exist.

But as has been mentioned earlier, in the state of the near-resonant point (when
the detuning coefficient l = 0.9), the last term of Eq. (2.91) is negligible. At this
time, Eq. (2.91) can be simplified and its expression without D _u0 is obtained as

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
ð2:92Þ

And so on

v1 ¼ � p
2
þ 2

Tintegrator _u0
0

ð2:93Þ

Equation (2.91) also shows that when the differential loop is introduced into the
integrator, the influence of the angular velocity rotating around the longitudinal axis
of the aircraft on the phase of the output signal decreases, and the damping effect
guaranteed by the feedback increases and the compensation coefficient of the
mutual inductance influence n decreases. Even when the resonant state is missed,
but under the influence of a complete compensation of the mutual inductance
winding (n = 0), and in the condition of using a non-periodic loop as the integrator,
when Eq. (2.86) is implemented, or in the condition that the integrator with a
transfer function (1–130) is used, when Eq. (2.87) is implemented, the phase has
nothing to do with M _u0.

At the output end of the instrument without an integrator, the output without an
integrator, the impact of introducing the differentiator on the phase of the output
signal would be determined.

v0 ¼
p
2
þ arctan Tdamping _u0

� �
� arctan

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

 !
ð2:94Þ

According to Eq. (2.69) the phase of the output signal of the instrument without
an integrator can be written by the following expression:

v0 ¼ Tdamping _u0 þ
1� T2

0 _u
2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� � ð2:95Þ
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Combining Eqs. (1.124), (1.125) and (1.134) obtains

v0 ¼ _u0 Tdamping þ C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

	 

ð2:96Þ

In this case, the time constant of the differential equation can be obtained by
several other expressions. Unlike Eqs. (2.82) and (2.83), there is no added entry
that determines the parameters of the integrator. The compensation accuracy is the
same as that of the circuit with an integrator.

In order to ensure that the measurement accuracy of the angular velocity around
the longitudinal axis of the aircraft is higher, two additional loops must be added to
the velocity feedback loop to reduce the instability and mutual effect of the angular
velocity around the longitudinal axis of the aircraft.

The basic formula for the amplitude of a rotor vibration gyroscope with negative
feedback is as follows

UðsÞ ¼ KKintegrator2

KmomentKelectric current

1þ T1sð Þ 1þ TDsð Þ
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2 s
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When nTamplify, Tintegrator and no are small, and T1 and T2 are large, the measured
amplitude of the constant angular velocity is

Uamplitude ¼ C1 � A1 þB1ð ÞT1XKamplifyKintegrator3Kintegrator2

T2
2
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In the case of precise tuning, there holds

Uamplitude ¼ 2B1Kintegrator2T1
KmomentKelectric currentT2

2
X

v ¼ � p
2

2.2 Regulation of a Non-driven Mechanical Gyroscope

Compare the regulation quality of three instrument loops with a velocity feedback,
which include the no integrator type, the integrator type with transfer function
(1.129), and the integrator type with transfer function (1.130) at the output end of
the instrument.

Comparing Sect. 1.4, the analogy method can be used to determine the response
of the instrument to the constant input force in the implicated coordinate system.
Therefore, according to Eqs. (2.1), (2.2) and (2.3), the differential loop in the
integrator is designated as

U0ðsÞ ¼ K
KmomentKelectric current

� s Tdampingsþ 1
� �

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
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ð2:97Þ
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U2ðsÞ ¼ KKintegrator2

KmomentKelectric current
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Because nTamplify, n0 and Tdamping are very small, Eqs. (2.97), (2.98) and (2.99)
are rewritten as
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U0ðsÞ ¼ K
KmomentKelectric current

� s
T2
0 s
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ð2:100Þ
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� 1
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Consider the expression (2.100) in Eq. (1.134), which is equivalent to the
transfer function of the oscillation loop and is expressed by the angular velocity at
the output end:

U0ðsÞ¼ a0ðsÞ
MðsÞ

where

a0ðsÞ
MðsÞ ¼

KKintegrator1

KmomentKelectric current
� 1
T2
0 s

2 þKsþ 1
:

According to Eq. (1.91) and so on, when a constant force is acting on the
instrument in the coordinate system which is connected to the aircraft, the transition
process is expressed by the deflection angle of the sensitive element:

a0 ¼ C0e
�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ b0

	 

þ KKintegrator1

KmomentKelectric current
� H0

B0
X sin c1

ð2:103Þ

According to Eqs. (1.93) and (1.94), the integral constant has the form of

b0 ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
n

 !
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C0 ¼ � KKintegrator1
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It is obvious that there is no difference between the characteristics of the tran-
sition process of the gyroscope with a negative velocity feedback and the charac-
teristics of the transition process of the gyroscope described in Eq. (1.95).

In order to obtain the impact of the different integrators on the transition process
of the gyroscope, according to the oscillating angular velocity of the sensitive
element, the transition process of the gyroscope without an integrator at the output
end. When considering the complete expression of the integral constant, the tran-
sition process of the oscillating angular velocity of the sensitive element at the
output of the preamplifier has the following form:

_a0 ¼ H0Da sin c1x0e�nx0t

KmomentKelectric currentB2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p X sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
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q� �
t

	 


¼ _a0e�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
t

	 

ð2:106Þ

The value of Eq. (2.106) is equal to zero, which is consistent with the value of
the constant deviation angle of the sensitive element of the instrument determined
by Eq. (1.106) in Sect. 1.4. Figure 2.3 shows the transition process of Eq. (2.106).

The effect of the integrator on the transition process is measured and the tran-
sition process of each integrator is added to the transient process of the sensitive
element of a non-driven mechanical gyroscope used in a rotating state aircraft with
negative velocity feedback. It can be seen that the transition process of each loop is
the sum of the transient process of the sensitive element of a non-driven mechanical
gyroscope used in a rotating state aircraft with a negative velocity feedback and the
transient process of the integrator.

Fig. 2.3 Transition process
of the sensitive element of a
non-driven mechanical
gyroscope used in a rotating
state aircraft with velocity
feedback (represented by the
angular velocity)
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Under the initial condition of the zero position, the integral constant is equal to
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The transient process of the integrator has the following form:

aintegrator ¼ � _a0;amplitudee
� t
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And the transition process of the whole gyroscope is
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Thus, the existence of the integrator changes the transition process of the
instrument. Unlike the transition process studied in Sect. 1.4, in the implicated
coordinate system of the aircraft the transition process of the sensitive element of
the instrument is equal to zero under the action of a constant force. That is to say,
the friction moment, the dynamic unbalanced moment of the sensitive element of
the instrument and the moment produced by the centrifugal acceleration of the
aircraft due to the constant angular deviation of the sensitive element would not
cause the change of the output signal of the instrument.

As described by Eq. (2.106), and unlike the transition process expressed by the
angular velocity of the oscillation framework, the time of the transition process
expressed by the deviation angle of the instrument with the integrator that satisfies
Eq. (2.110) and has the integrator with the transfer function (1.129), is mainly
determined by the settling time of the integrator and Tintegrator can be seen in
Fig. 2.4.
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Because the time constant of an integrator increases, the settling time of the
instrument also increases, and every input force instantly changes with a frequency
greater than 1/(3*4) Tintegrator, the instrument cannot react.

Because every force acting on the instrument in flight has different character-
istics, the integrator at the output end of the instrument is not a major detriment to
the work of the instrument.

Fig. 2.4 Transition process
of an integrator and the whole
instrument
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