Chapter 2
Fundamentals of Bistatic SAR Imaging
Algorithms

Abstract The formulation of a point target spectrum in synthetic aperture radar
(SAR) is a key step in SAR focusing algorithms, which exploits the processing
efficiency in the frequency domain. The general bistatic SAR range equation has a
double-square-root (DSR) term that makes it difficult to derive an analytical
expression of the bistatic two-dimensional spectrum. Many researchers overcome
this difficulty by developing an approximation of the two-dimensional bistatic point
target reference spectrum (BPTRS) and using the result to develop efficient fre-
quency domain focusing algorithms for bistatic SAR data. In this chapter, three
BPTR spectra are discussed and derived in detail. These consist of the Loffeld
bistatic formula (LBF), the extended Loffeld bistatic formula (ELBF), and the
method of series reversion (MSR). These three formulations are based on the
principle of stationary phase (POSP).

2.1 Introduction

For bistatic SAR focusing, time-domain methods can be used to focus echo signals
for any acquisition scenario with any arbitrary flight trajectories without approxi-
mation error [1]. These methods are used to produce computerized tomography in
medical imaging and geophysical tomography in geophysical imaging. However,
these methods incur heavy computational cost that scales with an order of O(N?),
where N2 is the number of pixels in the image [1]. By substituting the
time-consuming superposition integrals in the space-time domain by fast convo-
lution in the frequency domain, the processing efficiency can be greatly improved.
For the monostatic case, an analytical solution exists for the point target spectrum
[2]. Many efficient monostatic algorithms [2] are developed based on this analytical
monostatic point target spectrum. These frequency-domain algorithms achieve a
computational cost that scales on the order of O(N?log, N).

Deriving the point target spectrum is basically an inversion problem that must be
solved to arrive at a frequency representation of the time domain signal history of
the point target trajectory. For the bistatic case, there is no analytical solution for the
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point target spectrum due to the double-square-root (DSR) function in the range
equation. This bistatic range history has the form of a flat-top hyperbola [3]. As
there is no analytical solution for the BPTRS, it can only be determined approxi-
mately or numerically. Several approximate bistatic point target reference spectra
and bistatic imaging methods have been derived based on these approximate ana-
lytical spectra. In this section, three generic approaches are discussed.

The first method transforms the bistatic data to a monostatic equivalent as a
preprocessing step. After this preprocessing step, the data can be focused by a
monostatic focusing algorithm. In [4], a preprocessing technique known as dip
move out (DMO) [5] used in geophysical imaging was applied to bistatic SAR to
produce an approximate spectrum. DMO refers to the difference in the arrival times
or travel times of a reflected wave, measured by geophone receivers at two different
offset locations; a seismic processing technique compensates for this DMO. Rocca
made use of this technique to transform an azimuth-invariant bistatic configuration
into an equivalent monostatic configuration. Nonetheless, this method is limited to
processing the bistatic case in which the receiver and transmitter have identical
velocities and flight paths. In [6], Bamler used an equivalent velocity to model the
bistatic configuration with a monostatic equivalent. This method of transforming
the bistatic configuration to a monostatic configuration tends to restrict the allow-
able bistatic geometry. What can be inferred from these two methods is that the
approximate spectra modeled are not able to account for the spectrum components
brought about as the geometry becomes increasingly less pseudo-monostatic. In any
case, such methods can be considered a quick and effective solution if an existing
monostatic SAR processor is to be used without significant modification. In fact, the
method [6] was applied to focus the spaceborne bistatic SAR missions of the
satellites TanDEM-X and TerraSAR-X [7, 8], where the velocities of the two SAR
satellites can be considered to be almost identical and their baselines to remain
fairly constant during the imaging interval.

A second method of solving this inversion problem is to solve it numerically [6—
10]. These algorithms are similar to the monostatic w-k algorithm [2], except that
they make use of numerical methods when calculating the DSR phase term. In [6],
Bamler et al. proposed a focusing algorithm that replaces the analytical bistatic
SAR transfer function with a numerical equivalent. This algorithm is able to handle
the azimuth-invariant case, including squint. The drawback of this method is that it
will require more numerical terms for more extreme bistatic cases and, hence,
increase the complexity and computational load of the algorithm.

The last method derives the two-dimensional spectrum directly using the prin-
ciple of stationary phase (POSP). A detailed treatment of this stationary phase
method can be found in Appendix C. An approximate analytical solution for the
general bistatic two-dimensional frequency spectrum was proposed in [3]. Instead
of just having a pseudomonostatic component as in [9, 10], this analytical formu-
lation accounts for the bistatic spectral component by having two phase components
in the spectrum—a quasimonostatic phase term and a bistatic term with a bistatic
deformation term. Such a formulation suggests a step to remove the bistatic
deformation term followed by a quasimonostatic focusing step. This method,
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known as the Loffeld bistatic formula (LBF), is similar to the DMO method that
uses a Rocca smile operator to transform the data from a bistatic configuration to a
monostatic configuration. A more accurate formulation, the extended Loffeld
bistatic formula (ELBF), was proposed to solve more extreme bistatic cases with
squint geometry. In [11], a power series method for the general bistatic case was
formulated. The spectrum is derived based on the method of series reversion
(MSR), which gives a more accurate formulation of the stationary point in the form
of a power series. The accuracy of this method depends on the number of terms
used in the power series. Unlike LBF and ELBF, this method does not split the
spectra components into monostatic or bistatic components. For the trivial case of
monostatic geometry, both the LBF and ELBF can be shown to derive exact
analytical formulation of the monostatic case, while the MSR will leave the for-
mulation as a power series.

As a summary of the BPTRS, the DMO method in [4] is an efficient method that
requires a simple pre-processing step, and it can be applied for a bistatic configu-
ration, which is more pseudomonostatic, i.e., when the signal history is of the
azimuth-variant type. Such methods imply that both the receiver and transmitter
platforms have fairly identical velocities, so that the baseline is fixed during the
imaging interval. Numerical methods are used to derive the BPTRS [6-10] by
representing the DSR term numerically. Numerical methods, although fairly flex-
ible, tend to be fairly time consuming and are less convenient when one wants to
appreciate the system implications when compared to an analytical formulation of
the BPTRS. The formulation in [6-9] can handle azimuth-invariant bistatic con-
figurations, whereas the method presented in [10] can cope with some
azimuth-variant cases. The LBF and ELBF account for the bistatic phase terms and
are more accurate than the former method. Another method using power series
expansion, MSR [11], shows good focusing performance in [12, 13].

2.2 Two-Dimensional Bistatic Point Target
Reference Spectrum

A bistatic synthetic aperture radar (BiSAR) system is characterized by different
locations for transmitter and receiver that offer some degrees of flexibility in
designing BiSAR missions. The transmitter (illuminator) and receiver (passive) can
assume different motion trajectories. This increased flexibility in designing bistatic
SAR missions comes at a cost of increased complexity with respect to the pro-
cessing of bistatic SAR raw data to SAR images.

Deriving the point target reference spectrum is a key step for efficient
frequency-domain-based monostatic SAR processing algorithms. In the bistatic
case, the range history of any point target consists of the individual range history
contributions of transmitter and receiver. The classical monostatic hyperbolic range
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history and the analytical correspondence between azimuth frequency and azimuth
time being closely related to a certain point in the trajectory history are no longer
valid and cannot be applied to the bistatic configuration. Both transmitter and
receiver trajectories are, in general, quite different, and thus the bistatic spectrum is
significantly different from that of a monostatic spectrum. Although an exact
analytical solution for a BPTRS does not exist, an approximation can be made of
the range history and an approximate formulation can be derived. In the next
section, the analytical formulations LBF, ELBF, and MSR are discussed in detail.

A. Bistatic Geometry

To derive the BPTRS for an arbitrary point, the geometry of a general bistatic
configuration must be defined. The geometry of a general bistatic SAR configu-
ration is shown in Fig. 2.1, and it is composed of two moving platforms illumi-
nating a point target P on the ground. The footprint of the antenna beam is formed
from the overlapping areas of the beam footprints from both the transmitter and the
receiver. This overlapping beam footprint is known as the composite antenna beam
footprint. The three-dimensional coordinate system is defined by the x—y plane
representing the surface of the earth and the z axis pointing away from the Earth.

Each platform moves along with different trajectories at different velocities: the
transmitter travels with a velocity vt and the receiver assumes a velocity of vg, with
the subscripts “7T”” and “R” denoting transmitter and receiver parameters, respec-
tively. The azimuth time is denoted by t, and 7 is the azimuth time instant when
transmitter or receiver “sees” the point target at the closest distance, or the point of
closest approach (PCA). The position of the point target is implicitly specified by
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Fig. 2.1 Bistatic geometry
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the time instant when it is perpendicular from the receiver track. The corresponding
slant range is represented by Rog = |§R(10R,ROR, ‘COR)’. From Fig. 2.1, we have

Rr(t, Rog, Tor) = R (Tor, Ror, Tor) — V& - (T — Tor) (2.1)

where
R (tor, Rog, Tor) LV (2.2)

The vector ER(TOR, Ror, Tor) represents the slant range vector from receiver to
point target, which is orthogonal to the receiver velocity vg. Tog is the azimuth time
when the point target is at this PCA. Likewise, for the transmitter range history,

Rr(t, Ror, tor) = Rr(tor, Ror, Tor) — Vr - (¢ — Tor) (2.3)

where
Rz (tor, Ror, Tor) L7 (2.4)

The vector ﬁr(ror, Ror,Tor) is the slant range vector from transmitter to point
target, which is orthogonal to the transmitter velocity vy The time tor is the
azimuth time, where the transmitter platform reaches the PCA with the point target.
Without a loss of generality, the reference parameters with subscripts “OT” and
“OR” of this bistatic geometry can be assumed to be constant.

B. Slant Range Histories

The scalar range history of the bistatic trajectory history is given by
Ry (1, Ror, Tor) = Rr(7, Ror, Tor) + Rr (7, Rog, Tor)- (2.5)

The bistatic range history has a pair of square-root terms representing the sum of
the hyperbolic range of the transmitter to the point target and the hyperbolic range
of the receiver to the point target, which is known as the double-square-root
(DSR) term and is written as

Ry(7,Rog, Tor) = \/R(Z)T +v2(t —107)° + \/R(Z)R +v3(1 — 10r)" (2.6)

Figure 2.2 shows the slant range histories of different bistatic configurations.
The monostatic range history is represented by the dashed-line plot, while the rest
of the plots are bistatic configurations. It can be seen from the figure that the bistatic
trajectory is slightly “flatter” around the stationary point, and thus it is given the
name flat top hyperbola in geophysical processing.
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Fig. 2.2 Bistatic slant range
histories for different point
target slant ranges
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2.2.1 Loffeld Bistatic Formula (LBF)

In 2004, Loffeld proposed a vectorial model for expressing transmitter and receiver
trajectories for an arbitrary general bistatic configuration [3]. The point target
response is first modeled in the space—time domain and then transformed or inverted
to the frequency domain by POSP to give the BPTRS. In the reference spectrum,
two phasor functions can be identified, the first resembling some quasimonostatic
contribution and the second being a bistatic deformation phasor transforming into
an elliptical arc in the spatial domain. The multiplication of the two phasors in the
frequency domain is transformed into a convolution-like operation in the space—
time domain, indicating that the bistatic dataset can be expressed as a convolution
(range and azimuth variant) mapping of a monostatic dataset. In this regard, this
formulation extends the solution for the constant baseline case. The LBF removes
the bistatic deformation term and is similar in operation to the geophysical pre-
processing associated with “Rocca’s smile operator” [4]. In fact, the formulation for
[4] is a special case of the more general LBF formulation.

By inspecting the range trajectory in Fig. 2.2, the following three observations
can be made:

(1) The overall slant range histories lose their hyperbolic form and look different
than the monostatic hyperbolic slant range history. The reason for this is that the
sum of two hyperbolas is no longer a hyperbola but that of a flat top hyperbola.

(2) The azimuth points, where the overall slant range is a minimum, vary with Rog;
we observe an azimuth shift of the minimum.

(3) The shape of the overall slant range history changes in quality, and not only in
scaling.
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The general bistatic slant range history is essentially quite different from the
monostatic slant range history; hence, bistatic SAR processing cannot be achieved
by purely monostatic approaches.

A. Range Histories

From Eq. (2.5), we see that the Doppler history (being proportional to the range
rate history) of a point target actually consists of the two individual contributions of
transmitter and receiver:

Ry (7, Ror, Tor) = Rr(7, Ror, Tor) + Rr(, Ror, Tor).- (2.7)

For the individual scalar range rates, we then have

Re(t, Rog, T0r) - Rr (7, Rog, Tor) = Rr(T, Rog, Tor) - Rz (7, Rog, Tor)

. 28)
= —Vg - Rg(7, Ror, Tor),

Ry (7, Rog, T0r) - Rr(t, Rog, Tor) = Rr (%, Rog, Tor) - Rr (T, Ror; Tor)

. (2.9)
—Vr - Ry (7, Rogr, Tor)-

If the transmitter path was used as a reference, analogous to Eq. (2.8), we would
have

Rr(t, Ror, tor) - Rr(t, Ror, Tor) = —Vr - Rr(t, Rog, Tor)- (2.10)

V%-‘(T*TUT)

At time Tog, this gives
va. - (tor — Tor) = —Vr - (I_éR(TORaRORv ToR) +6_1'(‘50R)), (2.11)
from which we obtain the time difference between the individual PCAs,

vr - (RR(TOR7ROR7 To0r) +‘7(TOR))
(top — Tor) = K — —ay. (2.12)
T

Assuming that the receiver and transmitter are perfectly synchronized, the signal
echo delay from transmitter to point target and back to the receiver is given by

R R R R
t0(t, Rog, Tor) — (T, ()RaTOR)i = (T, ORaTOR). (2.13)
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However, note that the synchronization of transmitter and receiver over large
and time-varying distances is not a trivial task. The signal received from a point
target at (Rogr, Tor) after down-conversion is given by

g(#,7, Ror, Tor) = 0(Ror, Tor) - W(T — Tcp) (2.14)

% s;(t — to(t, Ror, Tor)) - exp [—727foto(T, Ror, Tor)],
where ¢ is the range time and w(t — 7.) is the window centered on 7., on the
azimuth time axis describing the time interval in which the point target is both
illuminated by the transmitter and within the antenna footprint of the receiver
(composite beam footprint). s;(-) is the transmitted chirp signal with modulation
rate K,. Applying a Fourier transform (FT) to the signal to invert the signal from the
range time domain to the range frequency domain, we obtain

G(f,,Ror, Tor) = d(Ror, Tor) - w(T — ) - Si(f)
(f +/fo)

C

X exp [—j2n@ . RR(‘E,ROR,‘C()R):|.

X exXp |:—j27'C 'RT(TaROR,TOR):l (2 15)

where S;(f) = exp {—jnf?/K,}. We again see the individual contributions of
transmitter and receiver in Eq. (2.15). Transforming from the azimuth time to the
azimuth frequency domain, we obtain

G(f.fz, Ror, Tor) = 0(Ror, Tor) - Si(f) - I(f,fz, Rors Tor) (2.16)
where
I(f,f:, Ror, T0r) = / w(T — Tcp) - exp[—j, (T, fr, Ror, Tor)]d, (2.17)
¢u(1,fe, Ror, T0r) = P7(T,f, Ror, Tor) + P (T, f2; Rors Tor)
—2r. [(’CLCJCO) - Rr(t, Rog, Tor) +%] 2.18)
+ 27 - |:(f+TfO) . RR(‘L',ROR, ‘L'()R) +%:| .

Substituting Egs. (2.18) into (2.17), we obtain
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I(f,f:, Ror, Tor) = /700 w(t — tep) - exp [—j(dr(T.fr) + Pr(t.f))ldx (2.19)

exp [—j(or(Tr.fo) + Or(Tr. )] BL(f. o),

R

where

Bif) = | wie—tw)
/*"O , (2.20)

X exp [_é ((.].ST(%T) (t =)+ dr(r) - (v — %R)zﬂ a

where g, Tr are the points of the stationary phases of the receiver and transmitter
phase histories given by

%T : d)T(%va‘hRokv’EOR) - 07

. (2.21)
‘Z’R : (f)R(%R,fI,ROR; TOR) =0.
The quadratic Taylor series expansion [2] around the point of stationary phase is
an implicit assumption when employing the POSP to derive the monostatic point
target reference spectrum. Here, we have two halves of two monostatic phase
histories that are expanded in two Taylor series around the individual points of
stationary phase.
Now, reasoning that the sum of two quadratic functions is again a (shifted and
scaled) quadratic function, we may write, for the phase in Eq. (2.20) as in
Eq. (2.22),

_ r(ir) - Pr(ir)

br(er) (=71 ) (220 = ST LU oy gy
+ ($r(er) + dalan)) - (= %),
(2.22)
where the common (bistatic) point of stationary phase is given by
i d)T(%T) Er+ dp(in) - " (2.23)

¢r(ir) + Ei’R(%R)

Solving Eq. (2.20) by POSP and substituting Egs. (2.22) and (2.23), we obtain,
from Eq. (2.17),
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I(f,f; Ror, Tor) 2 W(T — Tep)

x exp | —j (o7 (r.f) + Pr(Tr.f2))

L (s
v oxp | d OG0 e o (2.24)
2 ¢y (3r) + Pr(ir) TR
L w2071
X — \/QEN - exp (_jg)_
b7 (1) + dr(ir)

Equation (2.24) conceptually shows how we can combine the two
monostatic-phase and Doppler histories of the transmitter and receiver to the
BPTRS.

We must formulate the individual points of stationary phase, the corresponding
phase arguments in those points, and the second phase derivatives. For the receiver,
the derivation is straightforward and has been documented in the open literature [2].

When considering the transmitter, the coupling is essential, yet the calculation
and combination of the individual terms is lengthy and must be omitted. The
stationary points clearly depend on the azimuth frequency; hence, the first term in
Eq. (2.24), o(t — 1), defines azimuth bandwidth and bistatic Doppler centroid
frequency as the center frequency of the azimuth reference spectrum. The analysis
of this window is lengthy, and exact equations determining Doppler bandwidth and
Doppler centroid are difficult to derive. However, they can be approximated just in
the case of the stationary phase formulation:

Pi(f.f) = br(Tr.fo) + Pr(Er.fo)
= nf, - (21or + ao)

. g - (2.25)
OR 2 2 2 2
2 Ok 2 2
T X (f +fo) 4V12?+ (f +fo)"—f; s a|,
— —_—
Fr(f £.) Fr(f f:)

where the coefficients ay, a, determining the “bistatic grade” are given by

(ER(TOR) + C_i(TOR)) -V
ap = v2 =Tor — TOR, (226)
T
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S 2
- d(Tor) , ay  Ror
- R 227
as (eR(‘coR) + Rox v R, Ror ( )

After some lengthy algebra, the second exponential phase term is found,

r(&r) - dr(Er)

Yo (f,fo) = i % (T — 1)
Z(ff) /7/"(TT)+¢;$(TR) ( T R)
2n viva
= R G +f0)2 (2.28)
3/2 3/2
L DR DS
BE )+ aiF (1)
where the difference between the stationary points is
.. c Ror
(i — %)’ = {ao —f :
27 VEGT) P ) 2.29)

x [v,i (L f)an — V2 F;/Z(f,ﬁ)H.

In the monostatic case, the right-hand side of Eq. (2.29) vanishes, the stationary
points of transmitter and receiver coincide, and the second phase term vanishes.
Thus, the bistatic reference spectrum given in Eq. (2.24) “collapses” to the trivial
monostatic reference spectrum if the bistatic baseline goes to zero and if the
velocities are equivalent.

2.2.2 Extended Loffeld Bistatic Formula

The LBF consists of two components: a quasimonostatic phase term and a bistatic
deformation phase term. Owing to the fact that a second-order approximation is
used in the course of calculating the bistatic spectrum, and that equally weighted
contributions of the transmitter and receiver to the azimuth modulation are
assumed, LBFs tend to be inaccurate in extreme bistatic configurations (e.g.,
space-borne/airborne configurations, such as a satellite used as a transmitter/
receiver and aircraft used as receiver/transmitter).

In the space-borne/airborne configuration, azimuth signals from the space-borne
and airborne platforms only cover a part of the total synthetic aperture time, par-
ticularly for the airborne case. Therefore, the airborne case has a very small
time-bandwidth product (TBP), which might result in the failure of the POSP. The
different TBPs of slant range histories result in unequal contributions of the
transmitter and receiver to the overall phase modulation of the azimuth signal.
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For the ELBF, the individual TBP of the transmitter and receiver is used as a factor
to weigh contributions of the transmitter and receiver to the common bistatic point
of stationary phase. This weighted phase is then used to substitute for the real point
of stationary phase of BiSAR. From this formulation of phase and by applying the
POSP, the BPTRS in the general configuration can be derived.

The received signal from a point target located at (tog, Ror) (see Fig. 2.1) after
demodulation is given by

g(Ta Z TORvROR) = G(TOR,ROR)W(T — ch)

%p@) exp {_ﬂnw ~(230)

Performing a two-dimensional FT to Eq. (2.30) gives

G(fe,f, tor, Tor) = G(TOR,VOR)Sl(f)/W(T — Tep) exp [—jd,(t,f)ldT,  (2.31)

where S (f) is the spectrum of the transmitted signal, and the bistatic phase history
¢, (v.f) is given by

dy(t.f) = 2n(f +fo)w

+2nfit (2.32)
and Rg(7), Rr(t) is given in (2.6). From Eq. (2.31), it can be seen that a double
square-root (DSR) term is included in the integral of Eq. (2.31), which makes it
difficult to apply the POSP to obtain the BPTRS. To circumvent the limitation of
the DSR in Eq. (2.31), we split the bistatic phase history into two components, i.e.,
the phase history of the receiver, ¢(7,f), and the phase history of the transmitter,

¢T(T’f):
bp(v.f) = Pr(T.f) + 1 (T.f). (2.33)

In [3], ¢g(7,f) and @1 (z,f) are defined as

C

br(e.g) =220

bute.0) =2 ro) .
(2.34)

Rr(7) +ff;]

From Eq. (2.34), it can be seen that both range equations are restricted to the
equal contributions to the instantaneous Doppler frequency f;. In [14], we formu-

lated ¢g(t,f) and @7 (1,f) as
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ba(5.0) = 25 P Re(0) +
o (2.35)
br(ef) = 20 L R b,

where the weighting factors kg and kr are defined by using the ratio of the TBP of
the platform to the total TBP in [14, 15]. Note that these factors will always satisfy
the equation kg + kr = 1. However, the ELBF would show a limitation in the
moderate- or high-squint configuration since the effect of squint angles on the
instantaneous Doppler frequency is neglected.

To further improve the result of [3], we redefine the individual slant range
histories as

a(5.0) = 21 LR (0) 4 |
o (2.36)
b1(6.0) =21/ Ree) 41|

where f;z and f;r represent the individual instantaneous Doppler frequencies con-
tributed by receiver and transmitter, respectively, and are assumed to be the
unknown variables. It is clear that fir+f;r =f; is the identical equation.
Subsequently, we expand ¢g(7,f) and ¢ (z,f) in a Taylor series around Tg and 77
(note that the first-order terms are zero):

Ou(5:f) ~ Bulinf) + 5 belina )@ — 1) + i) — )’

| 1 (2.37)

1(0.) = br(ir.f) + 5 br(Erf) (e = 71) + 2br(Trf) (e = 7r)’,
where stationary points 7g and 7r are the solution to (bR(r, f)=0 and
qu(tT, f) = 0, respectively. Solving for the stationary points, we obtain

N cRorfir . cRor for
TR = T —_ Tr = T _— 2.38
R OR VI% FR ) T oT V% FT 9 ( )

where Tg and Tr are the stationary points of ¢g(t,f) and ¢, (z,f). Equation (2.38)
represent the individual time-Doppler correspondences between the azimuth time
variables Tz, Tr and the Doppler frequency variables f:r, f;r, respectively. Fr and
Fr are defined as

Fr = \/ (f +5o)*— (CV;R>2, Fr = \/ (f +5o)*~ (Cf:) . (239)
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The following derivations show how a more accurate time-Doppler correspon-
dence can be formulated. To use the finite-order polynomial model in Eq. (2.37)
(e.g., the zeroth order or second order) and obtain the accurate 7z and 77 to hold

= ~ ~ ~ . . 2.
—fr)~ (1—17) =0, :
(t — 7g) = (t — Tr) = 0, we define the following Euclidean norm on R
IE|*= (x — %)’ + (x — %7)°. (2.40)

This norm can be used to formulate the new approximation expressions of the
individual slant range histories. To attain the goal of neglecting the second- and
higher-order terms in Eq. (2.37), we should keep ||E||* as small as possible. Thus,
we would like

|E|]*= 0. (2.41)

This equation does not have an analytical solution, and an approximate solution
can be found by using the least-square methods. Therefore, the minimum of the
sum of two square terms in Eq. (2.41) can be obtained by setting the gradient of
| E||* to zero. Since ||E||* contains two parameters, there are two gradient equations,
ie.,

DIE 0%, .. 0,

=-2 —ig) =22l (r— 0,
o ot 24
I|E|’? O, Fr '
A= _ 5 i) =29 5 =o.
G Pop T T2 o) =0

In order to achieve the approximated formulation of f;z and f;r, we must for-
mulate the partial derivatives of 7z and 7 with respect to f;z and f;7. The partial
derivatives can be expressed as

g cRor (F+H)*| O _ CRor (f+A)° (2.43)
I % | B W v | RP
otr _ cRyr <f+f0)2 otr _ cRor (f+f0)2 (2 44)
Fo E | B Fe | B
Substituting Egs. (2.43) and (2.44) into (2.42) yields
R 2 R :
CoR F+h) (t—1g) — C0R F+5) (t—1r) =0,
2 3/2 2 3/2
VR Fy VR Fy
Ror [ (F +1)’ Ror [ (£ +)° .
CRor 0 ~ CRoT 0 ~
—ZT(T—’L'R)— 5 T(T—TT):O.
VT Fr VT Fr
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Simplifying Eq. (2.45) by removing the equivalent terms in Eq. (2.45) gives
(T — %R) = (‘L' — ‘ET) & Tp = 11 (246)

Before substituting Eqs. (2.38) into (2.46), Tg and Ty can be approximately
expressed as

- Ror ARor
Tr &~ Tor — —— tan Osg — 39 (fer — focr),
VR vy cos? Ogg (2.47)
Tr & Tor — Ror tan 0 ARor (fer — foer) |
T or vy ST — 0053 O T —JDeT )5

where fp.g and fp.r represent the Doppler centroid of receiver and transmitter at the
composite beam center crossing time, respectively. They can be accurately for-
mulated by Eq. (2.52).

By using (2.42) and substituting Eqs. (2.47) into (2.46), the resulting relation-
ship between fx and f;7 is

v2cos® Ogr  v3cos® Osr T2
(frT _chT) _ Aror _ Aror (2 48)
(fir _chR) vicosd Osg v cos® Ogg T2 ’ ’
AToR AToR a

Combining Eq. (2.48) and the identical equation f;z + f;r = f;, we can express
the individual instantaneous Doppler frequencies as

2 0dd
Vg cos” Osg 72

AR a
fTR = vR cos® Osg 20_};_ vT cos? Osr T2 (fT _fDCR _fDCT) +fDCRa
Hhow #Ror (2.49)
vT cos® Osr 0
= s (f: = foer = foer) +1
fTT v2 cos’ Ogg 2 vz cos? Ot T2 t DeR DeT DeT -
ARor + ARoT

By introducing the factors kg and ky defined in Eq. (2.51), we can obtain
Eq. (2.50). In Eq. (2.48), we introduce the square term of the composite synthetic
aperture time in the denominator and numerator. It seems that the contributions of
transmitter and receiver to the instantaneous Doppler frequency in the base band are
proportional to their TBPs. This is because the accuracy of the time-Doppler
relationship derived by the POSP is determined by the TBP [16, 17]. We have

fer = kg (fe — foer — foer) + foer,

2.50
fer = kr(fe — foer — foer) +foer, (2.50)
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where

2 3
vg cos’ Osg T2
a

= TBPg _ TRox
TBPr + TBP v2cos? Osg gy | V2-08% Ost vy
. ! . ARor Ta + ARor Ta (2 51)
v2T cos® Osr T2 '
_— TBPr _ ke La
" TBP TBP; ~ vicos® Ose V2 cos3 Osr ’
R + T R R Ta2 + T Rer Tg
+ .
Sfoer = (f Cfo) vg sin Ogg,
(2.52)
_FtR)
Joer = vy sin Ogr.

c

In Eq. (2.50), f;r and f;r are of the minimum error. Therefore, substituting
Egs. (2.50) into (2.38) yields the accurate individual time-Doppler correspon-

dences, i.e., Tz and 7r. These two accurate correspondences can lead to ||E||*~ 0,
which means that Tz ~ 7y ~t." Using ||E|*~ 0, ¢x(t,f) and ¢ (t,f) can be as

d)R(‘Cvf)zd)R(%Raf)a

br(t.f) =7 (Tr.f). (2.53)

The preceding zeroth-order approximation is validated by the simulation
experiments in the high-squint geometry in [3]. The resulting phase error functions
introduced by the zeroth-order Taylor approximation can be approximately repre-
sented by neglecting the quadratic terms:

b

Buns(5.1) = 183(5.0) — el = | Bulinf e - o)

L (2.54)
Enus(5.1) = [81(6.0) — dr(r )| = | brCir (e = 20|

Substituting Eqgs. (2.53) into (2.33) yields the bistatic slant range history as

d)b(va) ~ (pr(%va) + (bT(%va)' (255)

From Eq. (2.55), it can be seen that the present bistatic slant range history is
represented by the zeroth-order polynomials and is independent of the azimuth time
variable 7. Therefore, the integral in Eq. (2.31) can be readily solved to derive the
desired BPTRS:

'Tn addition, the bistatic stationary point can also be related by 7z ~ Tr ~ T =~ 7, as T, represents
the bistatic time-Doppler correspondence.
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G(f:.f, Tor, ror) = 0 (Tor, VOR)W(%p - ch)Sl (f) exp [—j¥s(f:,1)]- (2.56)

The bistatic phase Wg(f;,f) is given as

Ye(fe,f) = or(Tr.f) + Or(Tr.f)
= 2n(frtor +firT0R)

+ 27” ROR\/(f +fo)' - (CV;R>2 (2.57)

2
+ROT\/(f +fO)2— (CfTT>
vr

Comparing Eq. (2.57) and the monostatic spectrum in [2], it can be shown that
Wi (f:,f) would become the monostatic spectrum by setting tor = Tor, VR = V7,
and Rog = Ror where the bistatic configuration reduces to a monostatic case. In
comparison with the bistatic spectrum in [3], Eq. (2.57) does not have the bistatic
deformation term, and thus appears simpler. For the applications of the proposed
zeroth-order model, the algorithm presented in [15] can be directly applied based on
the formulation in Eq. (2.57) without a “blocking” operation. In particular, it is
linearly dependent on the slant range variables, which will facilitate its application
for bistatic SAR processing [2].

2.2.3 Method of Series Reversion

In 2007, Neo proposed a two-dimensional point target spectrum for an arbitrary
bistatic synthetic aperture radar configuration. His method makes use of series
reversion to expand the range history into a power series. The stationary phase is
then used to invert the power series, and finally a FT pair is used to derive the point
target spectrum. The accuracy of the spectrum is controlled by keeping enough
terms in the power series expansion.

To simplify the derivation of the two-dimensional (2D) bistatic spectrum, let the
aperture center 1., be at the origin, and the baseband signal can be expressed by

g(7,1,tor, Ror) = (Tor, Ror)W(7)

oo - B0 Re(0) +Re(r)]  (258)

)
exp{ j2m 7

The first step is to remove the linear phase and the linear range cell migration
(LRCM). This reason for this step will become apparent when we apply the series
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reversion at a later step. After removal of these terms, the point target signal in the
time domain becomes

ga(t,7) = 51 (r - RIC(T))W(T) exp (—j2an;ET)), (2.59)

where o (tor, Ror) is absorbed into the above equation. In addition,

R (1) = Reew + kot +ka3t® + kgt + - - (2.60)
and

Reen = Rrcen + Rpreen

(2.61)
= R+ 55y + /Ry vk
Using the property of Taylor series, we have
T\ ar )|y '
1 (dR3(t)  dRy(t)
ks = 3 ( s + s = (2.63)
1 (dR}(t)  dR}(7)
ky = — T R . 2.64
YT ( dt* * dt* ) -0 (2.64)

The coefficients ki, k,, and k5 are evaluated at the aperture center. The deriva-
tives of the transmitter range are given by

dRZT(‘E) _ R(2)3TV% _ V% cos? HSqT7 (2.65)
de =0 RTcen RTC@”
dRy(t)|  3RYtorVi  3V3 cos? Oyr sin Oyr (2.66)
d’E3 T:O_ Rg"cen B R%Cen ’ .
dRé}(T) _ 3R%TV; (4T%)TVT2' - R%T)
dt | _, R
=0 y ) Tcen L, , (267)
_ 3V7 cos? Oygr (4 sin® Oy — cos® Oyr)
= 3 )
Tcen

Similar equations can be written for the derivatives of the receiver range R,(7).
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As an example, if the number of terms in the trajectory was kept up to the fourth
order in Eq. (2.60) and the range spectrum was expanded up to the fourth azimuth
frequency term, the 2D point target spectrum is given by

F+h)R(x) +f°C>R‘ (T)}. (2.68)

Gu(1:7) = 170 exp { o
Next, we perform an azimuth FT to invert the function to the frequency domain.
Using POSP (see Appendix A), azimuth frequency is related to azimuth time by

= Dkt BT+ AT (2.69)
+/o
We can derive an expression of 7 in terms of f; by using the series reversion (see
Appendix B). In the backward function given by Eq. (2.117), we replace x by t, y

by (— f+L_fo ﬂ) , and substitute the coefficients of x by the coefficients of 7. Inverting

this power series, we arrive at

2
c Cc
W= () o (7o)

+A3-< ¢ ﬁ>3+.... o

f+h
The rationale for removal of the linear phase term and LRCM becomes clear at
this step. In order to apply the series reversion directly in Eq. (2.69), we should
remove the constant term in the forward function since the constant term is absent
in the backward function Eq. (2.117). Since the linear phase term and the LRCM
term are removed, there is no constant term left after applying the azimuth FT to

Eq. (2.68).
Using Eq. (2.70) with Eq. (2.68), we obtain the 2D spectrum of g4(t, 7):

GA(fafr) =38 (f)Waz(fr> exp {—jZnﬂr(ﬂ)}

ewp { -2n P e}

c

(2.71)

where W,,(+) represents the shape of the Doppler spectrum and is approximately a
scaled version of the azimuth time envelope w(-). To obtain the 2D point target
spectrum for g(z,7), we reintroduce the LRCM and linear phase into g4(¢,7) in
Eq. (2.59), and obtain
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k k
g(t,t) =ga (t - i,r) exp (—jZnJhr>
c c

Ri(2) R (%) | fok 27
T T T T
:sl<t—11>w(r) exp (—j2n<0 ! +()1>),
c c c
where
dR dR
= Br@ | dRe(D)) (2.73)
dt |, v | _,
The derivatives Eq. (2.73) at the aperture center are given by
dRT(‘C) .
I 1:0: —Vr sin Oy, (2.74)
dR
ROy, sin O (2.75)
dr |,

To derive the 2D point target spectrum for g(z, 7), we use the FT skew and shift
properties [2]:

g(t7 T) A G(fyf‘[)’
g(t,7) exp{—2nfit} < G(f.f: +f), (2.76)
g(t - k’L-?T) A G(faff +kf)7

where g is a 2D time function, G its corresponding frequency function, and k and f

are constants. Applying these FT pairs to Egs. (2.71) and (2.72), we arrive at the
desired 2D point target spectrum,

6.9 = G (15 + G+ L), 7

The accuracy of the spectrum is limited by the number of terms used in the
expansion of Eq. (2.77). In general, we would like to limit the uncompensated
phase error to be within £ Z, in order to avoid significant deterioration of the image
quality.

2.2.4 Two-Dimensional Principle of Stationary Phase

As is analyzed in the above section, the LBF is the first approximated BPTRS.
However, for the LBF the same contributions of the transmitter and receiver to the



2.2 Two-Dimensional Bistatic Point Target ... 61

total azimuth modulation are assumed, which is not always valid for the general
bistatic configurations. To circumvent this limitation, the azimuth TBPs are intro-
duced into the ELBF mode and better accuracy in the spectrum is obtained for the
general geometry where azimuth modulations are unequal for the transmitter and
receiver. A 2D POSP is used in the 2D frequency domain to achieve an approxi-
mate one-to-one correspondence between time and Doppler frequency. By
derivation, it can be seen that the spectrum contains two hyperbolic range-azimuth
coupling terms and thus is very similar to the monostatic spectrum. It shows the
characteristic of the conventional monostatic SAR in addition to an additional
azimuth scaling term. Therefore, it makes the common Doppler-based monostatic
processing algorithms readily suitable to handle the BiSAR data in the
moderate-squint, azimuth-variant configurations with two moving platforms.
Performing the 2D FT to (2.14) gives

G(f.fTor, Ror) = 0(tor, Ror)Si(f)

/W(r — Tep) €Xp [—Zn(f +o) w exp (—j2nfir)dz (2.78)

where S;(f) is the spectrum of the transmitted signal. From Eq. (2.78), it can be
seen that a DSR term is included in the integral of Eq. (2.78), which makes it
difficult to apply the POSP to solve the integral [2, 11-13, 18]. To circumvent the
limitation in Eq. (2.78), we replace two hyperbolic square-root terms with the
following Fourier decompositions [14] and [19].

S ]

sc

| .

- [w [“T) ]exp{—ermT,fneprznﬁmdﬂn

where f;z and f;r denote two azimuth frequency variables and represent contribu-
tions of the range equations of receiver and transmitter to the instantaneous Doppler
frequency f;. Thus, we always have f;r +f;r = f;. Pg and Oy are defined as

Or(frr.f) = 2775erTOR+27T_\/(f+ﬁ) - Cer) )

V

(2.80)

Or(fir,f) = 2nfortor + 271 \/(f )= Cf;T) .

Tr(fir) and T7(fir) are the individual time-Doppler correspondences of receiver
and transmitter, respectively, and are given by
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- CR T
’L'R(f:rR) :'L'OR_ vzoR fR 2,
(F+£)~ (%)
2.81
cRor Jr (281)

Tr(fer) = Tor — 2

(%)

Substituting Egs. (2.79)—(2.81) into (2.78) yields

G(f:,f, tor, Ror) = o(rOR,ROR)Sl(f)/ exp(—j2nf; 1)

[ ff oo, o]

x exp (j2nf;t) exp{—jlPr(fir.f) + @r(fer.f)]}dfirdfir]dt
(2.82)

From Eq. (2.82), we find that f;z and f;7 are centered on the Doppler centroid
frequencies fp.g and fp.r, and have a width of K,gTs and KT, respectively.
They are given by

f VR sin GSR f vr sin QST
DR = 77—~ Jpor = —FF—~,
/) S +h) 28
Koo — v,z2 cos’ Or B VZT cos’ Osr '
R JRor T IR

The 2D POSP can be applied to solve the double integral in Eq. (2.82). Letting
the first partial derivatives of the phase of Eq. (2.82) with respect to f;z and f;7 be
Zero, we obtain

0[P (fir,f) + Pr(fer,f) — 2n(fer +for)1]

Of ek ) 0. (2.84)
O[O (fir,f) + Pr(fer,f) — 2n(fer +for)1] -0
fer

Using the identical equation f; = f;g +f;7 in Eq. (2.84), we can approximately
determine the values of f;z and f;7 as

fer = kg (f: — foer — foer) +focrs

2.85
fer = ke (fe — foer — foer) +foer, ( )

where kg and k7 are given by
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KaR
=g i K
aR aT
N (2.86)
T KaR +KaT

Substituting Eq. (2.85) in the double-integral term of Eq. (2.82) and disre-
garding the complex factor give

e e e e

exp(2nf.1) exp{ —j[®r(fir.f) + Pr(fer.f)] }dferdfer

P P (2.87)
o TR — JDcR TR — JDcR
N WR|: KaRTsc :|WT|: KaRTsc :|
expli2n(fir +fir)t) exp{—j[@r(fer,f) + Pr(for,f)]}-
We further substitute Eqs. (2.87) into (2.82), and obtain
G(fufv TOR, ROR)
= o(tor, Ror)S1(f) x / Wr [ II;{(;JT%:R} Wr F;{;;L::T}
exp(—j2nf;t) exp2n(fir +for) 7] (2.88)

exp{—j[@r (fir.f) + @r(for,f)] }dr

oo msi1) [ we v (2

exp{—j[(I)R (ervf) + q)T(fTT,f)]}dT.

Since the phase term in the integrand of Eq. (2.88) is independent of the variable
7, Eq. (2.88) can be further expressed as

G(ff7f7 T0R7ROR) = G(TOR,ROR)Sl(f)WR[rRK ;DLR:|
aR1tsc
(2.89)

W [72 T]T”DCT] exp{—j[®x (fir.f) + Pr(fir.f)]}-

For simplicity, we introduce a composite window function in the Doppler

domain, given by W, {%} = Wg {f,’é Rf;kk} Wr [%] If we assume that

the transmitted signal is a chirp signal with a positive modulation rate K,, Eq. (2.89)
can be rewritten as
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G(f:,f: Tor, Ror) = o(tor, Ror) W, (f)

v —Joer — Jper .
w [fe = foer = o] e e
‘ |:KL1RTSC + KaTTsc exp{ J B(ff?fa OR)},

(2.90)

where W,(f) is the range frequency envelope. The BPTRS is defined as

2
Ws(fe.f,Ror) = “JI;— +2n(f:rTor + frrTor)

Ror fir\’ . Ror ofir\’
canl i () R g (3) ]

(2.91)

From Eq. (2.91), we find that the bistatic spectrum similarly contains two
hyperbolic range-azimuth coupling terms. Comparing Eq. (2.91) and the monos-
tatic spectrum in [2], it is seen that Eq. (2.91) will degenerate to the monostatic
spectrum when the bistatic configuration reduces to a monostatic configuration. The
availability of this expression allows one to accurately formulate the range
migration trajectory and azimuth-matched filter in the Doppler domain.

However, the foregoing derivation is restricted on a point target. In order to
focus the entire scene, we must further accommodate the space variation and
range-azimuth coupling of the derived spectrum. To highlight the space variation
and coupling, some transformations will be introduced in the following.

For clarity, we use the geometric image transformation to formulate 7oy as a
function of 7o and Rog:

Tor = P10 +P11Ror + P1270r,
poi = Tor(0, Ror),

_ Otor(or, Ror)

pi = : (2.92)
IRor =0, Ror = Rgg
Otor(Tor, Ror)
po=—"p——— .
TOR wr=0, Ror = Rgr

In Eq. (2.92), Rgg and Rgr are defined as the reference slant ranges of receiver
and transmitter. Generally, they are set to be the midrange values.
Substituting Egs. (2.92) into (2.91) yields

2
Ws(fe.f,Ror) = ﬂ% +2nB,4Torf: + 27(pio + p11Ror krf;

(2.93)
R R _
+2n {—SR Frt+ & FT:| + @reum (f) + Pres(Tor, Ror)

c
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where Fr and Fr are defined as

Fr= \/ (F +5)"~ (CV;R>2, Fr = ¢ (F +5)~ <Cvj)2- (2.94)

p4 refers to the scaling factor in the azimuth-time domain that is introduced by
the variant relative position in azimuth between transmitter and receiver. It is for-
mulated as

Ba = kr +prakr. (2.95)

@rey(f) denotes a range cell migration (RCM) term and is expressed as

ERCM(f) — _on (kTVR sin GSR — kRVT sin GST)

Torf

Cc

(kTVR sin HSR — kRvT sin 651‘)

+ 2n TORf (296)

c
_ 2n@#r1#r2f+ 2n@ﬂmﬂmﬁ
c DT c DR

where

D=1~y D, =\/1- 1 (2.97)

(kTVR sin HSR — kRVT sin QST)

He = 1 ,
A A
trt = — [kefe + 1], Mgo = — Mo, (2.98)
VR VR
A A
Hr = ; [kar - ﬂc]? Hry = _;Mc-

Dres(Tor, Ror) is the residual phase term, and given as

(kTVR sin OSR — kRVT sin 057‘)

Dres(Tor, Ror) = =271 7
krvg sin Osgp — kgvy sin 0
(P10 + p11Ror +p1210R)+27T( IR SR PRTT ST)TOR.

A
(2.99)

This term is independent of the range and azimuth frequency variables, and it
can be ignored if a magnitude image is the final product. If the phase information is
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required (e.g., a bistatic interferometer), this residual term needs to be compensated
in the image domain by using a phase multiplication.

To formulate the space variation and range-azimuth coupling, and further handle
the variation and coupling, we expand F and Fr in the second-order Taylor series
in terms of f/fy, giving the following results:

- _ 2
Fr ~ Dfo + ( #mﬂRz)f _ (Hr1 — Hgo) 7,

D 2f,D3
(1 R ), i )’ (2:100)
— Hril2 U1 — Br2)
Fr~D — .
T Tﬁ) + DT f ZfOD% f

Substituting Eqs. (2.100) into (2.93), we can decompose Wy into the range
compression, range cell migration, azimuth compression, and azimuth scaling
terms, denoted by the subscripts R., RCM, AC, and AS, respectively:

Y5 (fe.f, Ror) = Pre(fe, f) + Prem (oo f, Ror) + Pac(fe, Ror) + Pas(fc), (2.101)

F f?
Qe (ferf) - —m—, 2.102
re (feof) T K ( )
21 [Ror(1 — Ror(1 — _
Dren (i f) :7{ or ( DHR1HR2) + or ( Dﬂnﬂrz) £+ Bren(f)
N ! (2.103)
7
=202k 0T g
C DR DT
27
Dyc(fr, Ror) = 27(p1o + p11Ror)krf: + - (RogDg + RorDr), (2.104)
Dys(fe) = 2mBsTorf:, (2.105)
1 — 2 _ 2
—|r (M1 .“3132) + Rer (11 I;Tz) (2.106)
Ksre cfoD3 cfoD3.

Some short remarks concerning Eqs. (2.101)—(2.106) will be helpful to under-
stand the characteristics of the space-variant terms and coupling terms:

e The first term of ®gc is quadratic in the range frequency variable, and thus
responsible for the range modulation. The second term of ®gc is not only
quadratic in the range frequency variable, but also dependent on the azimuth
frequency variable, and thus denotes the range-azimuth coupling. Since the
range-azimuth coupling is weakly dependent on the variant component of the
slant range [2], we neglect the dependency of ®gc on the range-variant com-
ponent. The resulting range-invariant quadratic range-azimuth coupling term is
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well known as the secondary range compression (SRC) term [2]. It can be
corrected together with the range compression in the two-dimensional frequency
domain with a fixed slant range variable of the reference values.

e Ogcy is linearly dependent on the range frequency variable and identifies the
range cell migration trajectory of target. Thus, it represents the range-variant
feature of the derived spectrum within the scene. From Eq. (2.103), it can be
seen that the echoed signal of the target follows a curve that is the sum of two
curvature-variant curves in range. To accurately focus the echoed signal from
the entire scene, this range-variant curve must be straightened along the swath,

ie., [%[f + %ﬂ — Rogr + Ror. For the range Doppler algorithm (RDA) [2], it

will be corrected by the range-variant interpolation in the range-Doppler domain
(generally, an eight-point sinc interpolation kernel appears to be sufficient [2]).
For the chirp scaling algorithm (CSA) [2], the chirp transformation is applied to
correct the differential component of the total RCM, and the bulk component is
corrected by using the phase multiplication.

e @, represents the range-variant azimuth modulation. It must be removed with
the range-variant matched filtering after range cell migration correction (RCMC)
in the range-Doppler domain. The accommodation of this range-variant azimuth
modulation can result in accurately focusing the bistatic SAR data in the azi-
muth direction.

e @45 denotes the additional azimuth scaling term compared to the conventional
monostatic SAR. Although this scaling factor does affect the azimuth resolution,
it results in the fact that the focused targets are scaled in the azimuth-time
domain. To rescale the SAR image in time domain, one may use the inverse
short Fourier transform (ISFT) [20] to correct the factor. Otherwise, the inverse
Fourier transform (IFT) can be used to directly transform the data into the image
domain.

The resulting phase error in Eq. (2.101) introduced by the quadratic approxi-
mation, referencing Eq. (2.100), can be expressed as

2
Oy = 2n{? |:FR — Difo— (1— ,uRl:uR2)f:| + Rea (Kr1 — Hg2) fz}

Dr 20Dy
Ror (1 — pgy ) (tiry _MT2)2 2
21 L\ P — Dyfy — B2 ) g AT E12) 2
2 g (i) g )
(2.107)

Because the truncated error terms can be approximately represented by the
quadratic and cubic terms, Eq. (2.107) can be simplified as
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2
_ 1—
(Rzx — Ror) (Ug1 — N3R2) B2+R (Lg1 .UR2)2( - :uRl:uRZ)BE

4foDy 8fy Dy

2
T (:uTl ﬂrz) 2 (ﬂTl_ﬂrz) (1 — uzipira) 3

+ —< (Rrr — Ro7) ———=—"—B-+R B 5,

c {( rr = Ror) afD3 T 82D ’

(2.108)

where B, denotes the bandwidth of the transmitted chirp signal. Finally, a phase
error of 7/4 is usually used as an upper limit to obtain good focusing quality [2],

|| < %. (2.109)

Appendix A: The Principle of Stationary Phase

In this Appendix, the approximate analytical form of the Fourier transform of a
linear frequency-modulated (FM) signal will be derived using the principle of
stationary phase (POSP).

Let g(t) be a FM signal whose modulation is either linear or approximately
linear:

p(t) = wi(z) exp (jo, (7)), (2.110)

where w, (1) represents the real-valued envelope and ¢,(t) is the demodulated
phase of the signal. To simplify the derivation, it is assumed that the envelope
varies very slowly with time, compared with the variation of the phase.

The FT of the signal, P(f;), is written as

rg) = [ " p(x) exp {—j2nfic}dr
—oo (2.111)

- / " () exp {j0(0)}d,

oo

where the phase due to the FT, —27f;7, has been absorbed into a single-phase term:
0(t) = ¢(r) — 2nfet. (2.112)

The phase in the integrand contains of the quadratic- and higher-order terms. The
analytical form of the integral is difficult to derive by conventional means.
However, the approximate FT may be obtained by using the POSP. Based on the
assumption that w,(t) varies slowly, where the phase 0(t) is rapidly varying, the
envelope w,(7) is almost constant over one complete phase cycle. Then, the main
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component of the integral comes from approximately the stationary phase point.
The rest of the components vary so rapidly that their net contributions are negli-
gible. The stationary point can be determined by finding the stationary point of the
phase,

do(t) d(¢(t) —2nfir)
— 2~ — —0. (2.113)

From the preceding equation, the relation between frequency f; and time 7 can be
determined. This equation must be inverted to obtain an analytical function for t
expressed in terms of f;, denoted 7(f;). Stating the result of the derivation, which is
detailed in [14] and [21], the spectrum of the signal is given by

P(f;) = CiW.(f:) exp{jO(f:) £ m/4}, (2.114)

e where C| is a constant and can usually be ignored;
e W, (f;) is the frequency domain envelope, which is a scaled version of the time
domain envelope w; (1),

Wi (fe) = we[z(£o)], (2.115)

e and O(f;) is the frequency domain phase, which is also a scaled version of the
time domain phase, 0(t):

O(f) = 0[x(f.))- (2.116)

Appendix B: Series Reversion

Series reversion is the computation of the coefficients of the inverse function given
those of the forward power series Eq. (2.26). For a function expressed in a series
with no constant term, which means that ay = 0,
y=aix+ax’ +azxd + . (2.117)
The series expansion of the inverse function is given by

x=Ay+A) +AY .. (2.118)

Substituting (2.27) into (2.26), the following equation is obtained:
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y = @Ay + (AT + a142)y* + (a3A] +2a1A 1A, + a1 A3)y* + -+ . (2.119)
By equating terms, the coefficients of the inverse function are

— 1
Al_al )

Ay = —al‘laz,
Az = al’S (Za% — a1a3), (2.120)

The formula for the nth coefficient is given in [22], as summarized in the
handbook [23].

Appendix C: Two-Dimensional Principle
of Stationary Phase

This appendix gives an approximation for the analytical solution of the double
integral in Eq. (2.82) and derives Egs. (2.85)—(2.86).
Using the identical equation f; = fig + f;r in Eq. (2.84) gives

OOk (ferf) + Pr(ferof)] _
ofer

Ok (ferf) + Pr(ferof)] _ (2.121)
ofer

As  OQk(fr.f)/Ofk = —OQk(fir,f)/Ofer  and  O@r(fer.f)/Ofer = —OPr
(fer,f)/Ofir can be derived using Eq. (2.80), then Eq. (2.121) can be simplified as

8cDR(f1R7f) _ 8<DT(f‘ET7f) )

= 2.122
3er 8er ( )
To overcome the limitation of the DSR term in Eq. (2.122), we expand m’éfi(i’*f)
and W as the linear functions of (f;g — fpcr) and (fir — fper), respectively,
given as
a(D TR R TR = JDc
4R(fR f) ~ 2ntop — 27 {ﬂ tan Osg — —(fR fo R)] ,
Ofr VR Kar
001 (fr.f) R T ) (2.123)
riferof) Crter + 27 |:ﬂ an Ogy + L7 Joer ] .
Ofir vr Kar

Substituting Egs. (2.123) into (2.122) yields
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(fr —foer)  Kar
(fir — focr)  Kar' (2.124)

Combining Eq. (2.124) and the identical equation f;z + f;r = f;, we can express
the individual instantaneous Doppler frequencies as

fer = Kr(f — foer — foer) + focrs

2.125
for = Kr(fe — foer — foer) +foer, ( )

B v cos® Osg /7Rog
k= v& cos? Osg//Rog + v cos® Osr/ARor’ (2.126)

2 3 1
_ va. cos® Osr / ARor
Vlze COS3 OSR/iROR + VZT COS3 OST/AR()T

Kr

Appendix D: Overview of Weighting Concept

This Appendix shows how the weighting model was developed for the LBF. In the
derivation of the LBF, the same azimuth modulations of both platforms are
assumed. When both platforms contribute unequally to the total azimuth modula-
tion, this assumption would result in the inaccurate individual stationary points Tg
and 77, with reference to Eq. (2.47). Thus, these inaccurate stationary points cannot
represent the individual time-Doppler correspondences [24]. Therefore, the time
differences (t —7g) and (t — 7r) would become larger, which means that the
neglected third- or higher-order phase terms in (2.40) as the functions of (1 — 7g)
and (t — Tr) would introduce a significant phase error and the second-order model
in the bistatic spectrum [2] may not be accurate.

The purpose of introducing the weighting is to improve the accuracy of the
quadratic model around 7z and 7r by obtaining the more accurate individual
time-Doppler correspondences. It can be implemented by making azimuth modu-
lations of both range equations to agree with the individual instantaneous Doppler
frequencies in the respective slant range histories.

The instantaneous Doppler frequency of the bistatic range history in the space-
borne/airborne configuration (i.e., a small-squint case) can be formulated as [6]

d
A NORY S E)
_ fHfov; f+fovi (2.127)
N—TR—:R( —Tep) — - R—OTT(I—TC;,)

Receiver Transmitter
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From Eq. (2.127), we see that the contributions of the Doppler modulations from
the individual platform to the total instantaneous Doppler frequency are approxi-
mately proportional to the slopes of the respective range equations vi/Rog and
vZ./Ror. The LBF works well when the ratio (v/Rog)/(v#/Ror) is near unity.
However, the LBF would be inaccurate in cases where the ratio deviates further
from unity, e.g., in a space-borne/airborne configuration.

Starting from Eq. (2.127), the weighted individual phase histories are formulated
as in Eq. (2.36).

To show the validity of the weighting operation, we define the phase error
functions of the quadratic slant range histories of receiver and transmitter in [25]
and [2] as

En(e /) a(5.) ~ [ i) + el (5 = 2

1. (2.128)
Br(e) % dr(ef) = [1(eraf) + Sbar - 207

Egw(t,f) = brw(t.f) — |:¢RW(%RWaf) + %éRW(%RWaf)(T - %RW)Q}
(2.129)

Env(e.) = dru(f) = [ v + 3 bl e = 2

where T and 77 are defined as
~ Ror f2 ~ Ror [

TR — TOR_;TO{%R, Tr :TOT_CZTO%T%7 (2130)

Fr= \/(f+ﬁ))2—(;i>2, Fr= \/(f+fo)2—<ch;>2. (2.131)

Table 2.1 SAR system

Receiver Transmitter

parameters Carrier frequency (GHz) 10.13

Range bandwidth (MHz) 100

PRF (Hz) 650

Composite exposure time (s) 0.5

Doppler bandwidth (Hz) 63.4

Velocity (m/s) 100 100

Altitude (km) 4.5 6

Depression angle (deg) 35 35

TBP 178 14

Weighting factors (kg, kr) 0.925 0.00745
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Fig. 2.3 Phase errors in the LBF and ELBF

The phase errors in the LBF (Ex and E7) are shown in Fig. 2.3a, b; the phase
errors for the ELBF (Egy and E7y) are shown in Fig. 2.3c, d. The system is shown
in Table 2.1.

Figure 2.3a shows that the phase error appears to be nonlinear in azimuth and
approximately linear in range. This is the reason the focused point target in a
space-borne/airborne case computed using the LBF deteriorates visibly in azimuth [5].

Comparing Fig. 2.3a, b with Fig. 2.3 c, d, it can be seen that the weighting oper-
ation can reduce this phase error significantly and results in a marked improvement of
the accuracy of the spectrum for this space-borne/airborne configuration.

In addition, the plots also show that the larger the time bandwidth product
(TBP) of the slant range history, the more accurate the second-order model will be.
When the TBP is larger than 100, the slant range histories can be accurately
represented by its second-order approximation [6, 21].
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