Chapter 2
Robust Stochastic Stability

This chapter investigates the robust output feedback H,, control for a class of uncer-
tain Markovian jump linear systems with mode-dependent time-varying time delays.
With known bounds of the system uncertainties and the control gain variations, we
develop the sufficient conditions to guarantee the robust stochastic stability and the
y-disturbance H, attenuation for the closed-loop system. These conditions can be
solved by LMI Toolbox efficiently. Note here that the control design is based on
the measured Markovian jumping parameter r, that may be inconsistent with the
true jumping parameter 7, due to the measurement noises.

2.1 Introduction

Robust stability for time-delayed Markovian jump systems with uncertainties has
always been a challenging problem and has been widely investigated so far. In this
field Hy design has been one popular tool for uncertain delayed Markovian jump
system due to its capability of dealing with disturbance attenuation [2, 7, 8]. For
example, in [7], the results for the robust stochastic stability and y-suboptimal Hy,
state-feedback controller design were presented. In [2], a sufficient condition for
robust stochastic stability and H..-disturbance attenuation was derived for a class
of uncertain delayed Markovian jump linear systems based on the Lyapunov func-
tional method, where the uncertainties are of the norm-bounded type. In [8] the
delay-dependent H,, control problem was considered by adopting a descriptor model
transformation method and a new bounding inequality.

In most existing works, the jumping parameters are often assumed to be precisely
known. This assumption is usually not true in practice while the system states can
often be observed. Therefore, the Wonham filter can be used to estimate the jumping
parameters using the given system matrices. To address this problem, the adaptive sta-
bilization was studied in [6], where the existence condition and the adaptive certainty
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equivalence feedback control were proposed by the parameter estimation technique
of nonlinear filters. On the other hand, imprecise measurements are often present in
analog systems and quantization error sometimes can not be ignored in digital con-
trol systems, making precise control implementation almost impossible. To make it
worse, the overall systems will have poor stability margins if these robust control
strategies are not properly implemented, which applies to common techniques such
as Hy, [; or u synthesis, etc.

On a parallel line, time delays often exist in practical systems such as mechan-
ical systems, chemical processes, neural networks. Delays can deteriorate the sys-
tem performance or even unstabilize the system. For the stability analysis and con-
troller design of such delayed systems the Lyapunov-Krasovskii functionals (LKFs)
approaches are widely used [14-16]. In order to reduce the conservatism caused
by model transformations and inequalities, many new techniques were proposed for
uncertain time delay systems [11, 12, 22, 23]. In [24], the free-weighting matrix
method was proposed to bound the cross product terms and it can reduce the conser-
vatism greatly.

In this chapter, we consider the problem of robust output-feedback H,, control
for a class of uncertain Markovian jump linear systems with mode-dependent time-
varying delays. We also consider the measurement errors of the jumping parameters,
which are always inevitable due to the detection delays and false alarm of the identi-
fication algorithms [20]. The robust stochastic stability analysis and H, disturbance
attenuation design are given by using the measurement value of the jumping para-
meters directly.

2.2 Uncertain Markovian Jump Linear Systems with Time
Delays

Consider the following uncertain Markovian jump linear stochastic systems with
mode-dependent time-varying delays,

x(t) = [A1(r) + A, (ry, DIx (@) + [A2(re) + An, (rr, )]t — 7, (1))
+[Bi(r) + Ap, (ry, )]u(t) + Ba(r)w(1),

z2(t) = [C(r) + Ac(rs, ]x (1),

x(s) = f(s), ry=r9, s€[-2u, 0],

2.1)

where x(f) € R”, z(t) € R™ u(t) € R™ are the system states, system outputs,
and control inputs, respectively. A;(r;) € R"™*", A(r;) € R™", Bi(r;) € R™™,
By(r;) e RM™2 0 C(r;) € R™*" are known real matrices denoting the nominal
system parameters, and Ay, (1, 1) € RV, Ay, (ry,t) € R™V", Ap (1, t) € RP™,
Ac(rs, t) € R™" are unknown matrices representing the model uncertainties [2, 7,
9]. w(t) € R™ is the exogenous disturbance input which satisfies w(t) € L,[0, 00).
f () € R" is a continuous function denoting the initial states. r; is a continuous-time
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Markov chain that takes value in finite set . = {1, 2, ..., N} with the transition rate
matrix IT defined in (1.3). 7, () represents the mode-dependent time-varying delay
that satisfies

0<t(®) S, <p<oo, t,()<h, <1, Vres 2.2)

where u,, and h,, are upper bounds of 7, (¢) and 7, (¢), for given r, € . u is the
common upper bounded and can be set as u = ma;{ Wit
1e

The following assumption is necessary to establish the main results.

Assumption 2.1 The uncertain parameters can be written as follows [27]:

AAl(r,, t) = Hi(ry) F(re, t)E1(1y),
Ap, (re, 1) = Hi(r) F(ry, 1) Ex(ry),
Ap, (ri, 1) = H\(r) F(re, 1) E3(ry),
Ac(r, 1) = Ha(ro) F(ry, 1) Eq(ry),

where H(r;) € R""/, Hy(r;) € R™>*" E(r;) € RY>*" Ey(r;) € RV Es(ry) €
R >™ and E4(r;) € R"*" are known real matrices, while F' (r,, t) € R"/*"/ are the
uncertain matrix functions satisfying

Fl(r,t)F(ri,t) < I, Vr, € 7. 2.3)

Remark 2.1 As an extension of the matching condition, the structure of the uncer-
tainties in Assumption 2.1 is widely used in the literature on robust control and
robust filter, see e.g. [1-4, 7-9, 27]. How the uncertain matrix functions F(r,,t)
affect the nominal parameters A (r;), A(r;), B1(r;), C(r;) can be characterized by
H\(r), Hy(r1), E1(rs), Ea(r), E3(r;) and E4(r;)

In practical control systems, the environmental noises, external disturbance and
other modelling uncertainties unavoidably cause detection delays and false alarms
when we identify the activated system mode. Similar to [19, 20], we adopt two
stochastic processes to describe the above phenomena. One process, denoted by r;,
is used to characterize the actual system mode in (2.1), and the other one, denoted
by r/, represents the mode we observed or measured in the practical systems. The
difference between r;, and r{ are mainly caused by two kinds of measurement errors,
i.e. the detection delays and false alarms. The following models are used to describe
these measurement errors.
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o The probability of jump from i to j conditional on r,, denoted by r/, can be written

as
re =i
. 0 . .
o _ | =1 _ | ;A +0(4), L]
P r[.i,-A_,] rt(r =i _[1+7T3A+O(A),l=j (24)
s €t t]

In fact, r/ can be seen as an exponentially distributed random variable with rate

7/;. The parameters 77/, can be obtained by evaluating observed sample paths, and

7l = _Znig, () >0, #1i). (2.5)
J#

e Although r, remains at i, { can still occasionally transmit from i to j. Similarly,
we also use an independent exponential distribution with mean 1/ JTilj to describe
this scenario

(2.6)

ploo =i _[rhAa+od),  i#|

AT s e, 1| T | 1+nlA+oA), i=
where nib is the false alarm rate, which can also be evaluated from observed sample
paths, and satisfies

Th=— anﬁlf’ () =0,j #i). 2.7
i

For simplicity, we simplify M (r{, r,, t) as M;; (t) whenry = j, r, =i, j,i € &,
and let the initial time 7y = 0, then the initial conditions can be written as x(0) =
Xo, ro and rg. Note that all these initial value are deterministic.

The following dynamic output feedback controllers are to be designed.

[f(t) = A3(r))x(t) + B3(r/)z(1), 2.8)
u(t) = K(r)x(), )

where X(#) € R” is the states of the controllers, and As(r?), Bs3(r?), K (r?) are the
unknown matrices of the controllers with appropriate dimensions to be determined.

Practically, it is impossible to implement the above controllers precisely. So, in
this chapter, the controllers with imprecise implementation are described as

u(t) =1 + ()¢, DK F)x(@), (2.9)
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where o ()¢ (r;, t) represent the additive errors that affect the controller gains. «(r;)
is a positive constant and ¢ (r;, t) satisfies

T i DG, 1) < I, Vr, €.7.

Remark 2.2 Notice that the designed controllers are dependent on the measured
jumping parameter r/. To reconfigure the controllers, the switching of controller
gains K (r/) is based on r/. However, the evolution of the dynamic systems follows
the actual mode r,, and therefore, the variations of the controller gains depend on r,
and have nothing to do with r{.

Apply the control law (2.8) to system (2.1) and denote £(¢) = [x7 (t), X7 (¢)]7,
we obtain the closed-loop system

E(t) = A1(r?, 1, DE() + Aa(r) IoE(t — T, (1)) + Ba(r)w(1),
2(t) = [C(ry) + Ac(ry, )E (), (2.10)
IoE(s) = f(s), ry=ro, s €[-2pu, O],

o [ Ay + Ax (1) (Bui + Ap, (1) (I + o (1)) K]} c R2%2
Bs; (Ci + Ac, () Asj ’

ZZi — [A2i +OAA2,-(Z)] c Rann’ EZi — |:B2i] c RZnXMz’

Iy = [I O] e R™?" for each rP=j,rn=i, Vi,je.Z.

The objectives of this chapter are as follows:

(i) Robust stabilization: Determine the nominal controller gains K (r/) in (2.9) and
establish sufficient conditions for the system (2.1) such that the overall closed-
loop system (2.10) is robustly exponentially stable in the mean square sense;

(i) Hy control problem: Given a constant scalar y > 0, determine the nominal
control gain K (77) in (2.9) and establish the sufficient conditions such that
the resulting closed-loop system (2.10) is robustly stochastically stable with
disturbance attenuation level y under zero initial condition (x(0) = 0), that is

T
J:El/ |:zT(t)z(z) - ysz(z)w(t)]dt] <0,V w(t) £ 0, w() € £[0,00). (2.11)
0
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2.3 Robust Control

In this section, we study the exponential mean-square stability of the time-delayed
uncertain Markovian jump linear system (2.10) with w(¢) = 0. The following lemmas
are needed in deriving the stability conditions.

Lemma 2.1 [17] Schur complement: Consider the following matrix of appropriate
dimension

0= |:Q11 Q12:|’ 0y > 0, 2.12)

T
12 Q22

then Q is positive definite if and only if Q11 — Q12 Q;; ol >o.

Lemma 2.2 [25] Given matrices Q = QT, H, E and R = R” > 0 of appropriate
dimensions, then
Q+HFE+E"FTHT <0

for all F satisfying FTF < R, if and only if there exits some p > 0 such that
Q+pHH" + p'ETRE < 0.

Lemma 2.3 [19] The infinitesimal generator £ of random processes can be defined
as follows.
For the following jump systems

)&(t) = f(-x(t)’ u(t)’ rtf)’ rtv t)’

suppose that f(-) is continuous for all its variables within their domain of definition,
and satisfies the usual growth and smoothness hypothesis, g(x(t), r/, r;, t) is a scalar
continuous function of t and x(t), Vr{,r, € /. Then, the infinitesimal generator £
of the random process {x(t), r/, r,, t} can be described as follows:

o forr) =r; =1, we have
Lg(x(t),i,i,1)
1 o o ,
= iLmoZ [E{sx(t+ D), rfip, rpnst + D)x () = x, 10 =i, =i, 1}

—g(x,i,i,1)]
N
=g/ (x,i,i, 1)+ fT(x, u(t),i,i,t)g(x,i,i,1) + Zn,-jg(x, i,j,t) (2.13)

J=1

N
+ > mhex. j. i 0.

Jj=1
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o forr) = j #r, =1, we have

Lgx(@), j,i, 1)
.1 . .
= ilm0 A [E {g(x(t + D), psTan t + D)x@) =x, 1) = j, 1 =1, t}

_g(-xvj)i’t)]
=g, j,i, )+ [T, u@), j,i, g (x, j, i t) (2.14)
+agg(x,ii, ) —wpg(x, i)

Theorem 2.1 Consider the uncertain delayed Markovian jump linear system with
w(t) = 0. If there exist symmetric positive-definite matrices P;;, Q, Z, positive semi-
definite matrices X j;, real matrices K ;, Y;;, Tj; that are of appropriate dimensions
and positive constants pyji, p2ji, p3ji Such that

Ly PijiBy; + p3i ELE3i 0 PijiH; 0 KjT ]
L, 0 K] 0 ViHy 0
L3 ,03j,'E2TiE3,' 0 0 0 0
. L4 MZBli 0 [LZH],' 0 0
Wii=| Ls —I+ ps;;ELEs; 0 0 0 0 |<0 (215
L6 0 -1+ plj,‘Olizl 0 0 0
L7 0 0 _p3ji1 0 0
Lg 0 0 0 —pzjl'l 0
_Lg 0 0 0 0 —,Oljil_

Xiji Xaji 1§ Yji
=\ X3;; X3 Tji | >0, Vi,jeZ. (2.16)
vil T, Zz

where
[ Pu+psji L Evit2ji Ef Eqi CTVjituX3 ), ®i3+p3ji Ef Exi wAZ 7]
T 2
IL‘l ViCituXi;; U/""'U/Tf:'@z HX3ji 0
L; @f+p3ji EJ Ej nX3j; Dy3tpsji B3 Eai pALZ
IL‘A _ WZ Ay 0 HZAs; —nZ
Lo |~ BT Py kT B 0 p3jiEs Exi pBLZ |
i 0 K; 0 0
; A -
Ly H Py 0 0 nwH;;Z
Lo 0 HEV;; 0 0
L K; 0 0 0o
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Xii X Xi Xiji X
L X
Xt = X2, Xa | = X2 Xi X3
2ji X3ji R
X'aji X005 X3
with
if j=i
N v ) |
b = AlTiPIii+P1iiAli+j§ ijnj-l-j; 7 P+ Y+ Y] (140 QX
if j#i
AT Piji 4 PyjiA + 7% (P — Py + Y + Y5+ A+ 1w Q + X,
N N
P = Zlnijpzu + Zlniljpzji +/’LX%ii’ if j=i
=1 = 2
”j')i(PZii = Pji) —i—quji, if A

D13 = PijiAy — Vi + T +uXy;, Pz =—Tj;i — T} — (1 —h)Q + nXsji,

T T
n=n£§{|mi|}, Vii= B3 P2ji, Uji = A3, Pyji,
1

then the systems (2.10) are exponentially stable in the mean-square sense.

Proof Consider the nominal time-delayed jump linear system X without distur-
bance:

E(t) = A 1(r?, r)E() + Aa(r) L& (t — 1., (1)),
Do : 2(t) = [C(r) + Ac(ry, DIE®), (2.17)
LE(s) = f(s), rs=ro, s €2, 0]

where

T 0 _ Ay (ry) Bl(rt)K(r;O) 2nx2n
Al(’f””‘[&(rf)C(rt) A3(r?) ]ER ’

A\Z(rt) — |:A2(§rt)i| c Rann.

Itis worth pointing out that {(§ (¢), 7, r;), t > 0} isnon-Markovian due to the time
delay 7., (). However, if we define a process {(§,, 7/, r;), t > 0)} that taking values in
%o, where & ={£E@ +1) | 2u <60 <0}, 6 = Ui,je.S” €[—2u,0] x {i, j}, and
€[—2u, 0] denotes the space of continuous functions on interval [—2u, 0], then
we can show that {(&,r/, r;),t > 0)} is a strong Markov process with state space

6o 127].
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Consider the following LKFs candidate:
V.l r, ) =Vi+ Vot V34V, (2.18)
where
Vi =T PG, r)E@) = x" (@) P, r)x (1) + X7 (1) Pa(rf , r)X (),

V, = / xT(s)0x(s)ds

—Tr (1)

0 t
Vi=1n / / xT(s)Qx(s)dsd6
—p Jt+6

0 t
v4=/ / iT(s)Zx(s)dsdb.
—pn Jt+6

Forbothcasesof r} =r, =iandr/ = j, r, =i, j # i, we obtain their respective
results according to the definition of the infinitesimal generator £ in Lemma 2.3.

Casel.r) =r =i

We can find that

N N
Vi =£7(0) | A, Py + PiAy; + Zﬂijpij + Zﬂiljpji (1)
j=1 j=1

+ET (1) Py Ayix (t — (1)) + x7 (1 — 7, (1)) AL PiE (D),
LVa = ET (1] QL) — (1 — 1;())xT (t — (1)) Qx(t — T (1))

N ¢
+> / xT(s)Qx(s)ds
=t

—T; (1)

<&ETMIT QIoE®) — (1 — hp)x" (1 — 5 (1)) Qx(t — 7;(1))

N t
+ D / xT(s)Qx(s)ds,
j=1 !

—7; (1)

t

LVy = nue" (1] QL&) —n / x"(s)Qx(s)ds,

1—p

eV, = uET (1] Z16E (1) —/ xT(s)Z%(s)ds
t—un

t

SuéT(t)IoTZIoé(t)—/ %7 (5)Z%(s)ds.

t—1;(t)
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Combining (1.4) and (2.2), we obtain

N 1 N ;
Zﬂu/ AT ($)Qx(s)ds < Y n,-,/ x7(5) Qi (s)ds
j=1 —p

=7 ) J=Lj

= —n,»i/ xT(s)Ox(s)ds < n/ xT(s)Qx(s)ds. (2.19)
I—p t—p

To overcome the conservativeness in selecting the optimal weighting matrices
between the terms in the Newton-Leibniz formula, the following condition is pre-
sented [24]:

2[x" )Y +x" @t —de)T] |:x(t) - / x(s)ds — x(t — d(t))] =0,

—d(t)

where the free weighting matrices Y and T indicate the relationship between the
terms in the above formula, and they can easily be selected by means of linear matrix
inequalities.

The following conditions are also employed to complete the proof.

e OX (0 r)E(r) — / (TOX G rE(ds 20, (220)
=Tppis (t)
2T YL ) + X" — 1, )T (0, 11)] %

[log(z) - / i(s)ds — x(t — 1, (r))] —0, (220
t—1,, (1)

where ¢7(t) = [ET(t) xT(t — 7, (t))], and X (r?, r,) are defined in Theorem 2.1.
We have
N

N
LV (&, i, i,t) <&T (1) XlTiiPii + PyiAui + zﬂijpij + Zﬂiljpji &(1)
j=1 j=1
+ ET (1) Py Agix (t — (1)) + xT (1 — 7 (1)) AL, P (1)
+ (L+nwgT (I QIoE(®) — (1 — hi)x" (t — (1)) Qx(t — T (1))

t

+pET (I Z1E@) —/ #T(s)Zx(s)ds

=7 (1)

+2 [T O Y 0f ) + 27 = 7, T )] [ o)
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- / t, ) i(s)ds — x(t — n,(r))] +usT X L)
- / : (I):TU)X(r,”,rt)c(t)ds
=T MEit () — / r ()x%,smix(r,s)ds, (2.22)

where

X", s) =1ET@) x"(t —5(0) 7)),

= @), +MA1,,1 ZIyAy;i <D12+,uA1”I ZlyAy
P oL+ uALI Zhh A ¢>22+A2l1 Z 1Ay

A],IPU + PuAlu + Z ﬂlelj + Z T Pji + IJYHIO

~ j=1
P = +IoY,,TIj +0+ w)lTQIO + X1 if j=1)
A]ij]l+ A1]z+61],(Pu )+IT IO+IOY};I()T
+<1 Y nwly Qlo + uxlj,-, f j #1)
@iy = PjiAy — 1] Y;i + 1] T] + X, (2.23)

@y =—Tji —TF — (1 —h)Q + uXsji,

n= grelggs{lnul}.
If E;; <0, I} >0, then for each i € S and any scalar § > 0, we obtain

PV &, i, i, D] < —a1 P EO )+ B V&, i, i 1), Yies B>0, (2.24)

where o) = mg}{kmin(—Eii)}-
1€
Similar to [27], we can verify that
t

Vi iy 1) < hnax (P IED I + Anax (Q) Ix(s) 1 ds

t—1;(t)

0 t 0 t
+ D () / / 1£(5)[2dsdO + homar (2) / / 1(s) |2 dsd6
—u Jt+6 —p Jr+6

< hmax (P IEDI + (e + I)A-max(Q)/ Ix()II*ds
t—p

U«)"max(z)/ ||X(S)||2ds
1=
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Noticing that in nominal system X:
E(1) = Ak (1) + Ani L& (1 — 1, (1))
and letting a; = max [2||Zm ||2], a3 = max [2||22i ||2}, it yields
IEOI® < a2l EOI + azllx(t — 7, ()]
This, together with (2.24), gives
Ll V(& i, i, )] < (—ar +auB)e’ ED)))
+ 3t hmar (Z) Be / :M lx(s — 7, () [I°ds
+ B! [(un + Dinar (Q) + 02thmax (2)] / | x)IPds.
o (2.25)

where oy = max{A,q (Pi;)}.
ie?

Using Dynkin’s formula [18],forany T > 0,8 > O,andeachr =r, =i, i € .7,
it follows that

E{P"V (r, 1l 1, T) |0, 7. 70,0 }

T
= V(0. 78 70.0) + E{/ LLePV (&, 0,1, 5)Ids €. 8. 70,0 }.
0

Since the initial time values x(0) = xo, ro and r{§ are deterministic, &y is also
deterministic. Substituting (2.25) into above gives

E{eﬁTV(ET, rl, e, T)}

T
< V(&, 5, po, 0) + E[(—al +a4ﬂ)/ P |E() | *dt
0
T t
+ B[(wn + DAmar (Q) + @2 pthar (2)] /0 P / lx(s) |2 dsdt
t—p

T t
+ a3 (2)B / o / ||x(s—ny(s)>||2dsdr}. (2.26)
0 t—p
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Let @ =t — 7;(¢). The following inequalities
dt; (t
tn = 250 g o,
A 2.27)
dt < deo,
—h,

yields

T t
/ eﬁ’/ lx(s)||>dsdt
0 t—p

0 T—u T
S/ M€5(5+“)|Ix(s)||2ds+/ ;,Leﬂ(s+")||x(s)||2ds+/ neP ST x(s))17ds
—u 0 r

K

T T
=pu / P x (@) Pdt < / LM E @) |2 dt, (2.28)
—1 -
T t
/ e’ / Ix(s — . (s)) | *dsdt
K
/ pePC T x (s — 7, (s))II°ds + / weP ST x (s — 7. (5))*ds
0

/ peP ST x (s — 7, () *ds

1 r = — _
= M/ P x(t — T, (1) Pdt < M/ P OT01x(9)*d0
—u 1=hi Joou

1 r 1 T
= M/ ﬂ(t+2/4)||x(t)||2dt < M/ eﬂ(r+2ﬂ)”€(t)”2dt. (2.29)
L=hit Joou 1—hi" oo

Substituting (2.28) and (2.29) into (2.26) leads to

E{PTV (Er, 10 1. T))
T
< V(. rg. P0,0)+E{(—0!1 +a4ﬂ)/0 PIEDIPdr + B[(un + 1DAmax (Q)

r 3P hmax (2)B [T
+ 02 thmax (2) |t / PO E @) |Pdr + = eff““”)nsa)uzdz}
—n 1 =21

0 0
< V<so,r;;,ro,0)+E[asﬂef‘“ / 1E@)IPdt + B / &) IPde

- —2un

T
+ [—a1 + s + asBePt + agpe?H] / P ||s(z>||2dr},
0

where s = [(147 + Dmax (Q) + @2pthnar ()], and g = a2,
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Choose 8 > 0 such that

—a; + s + aspet + asfe?Pt < 0.

Then, we have
E{/TV(Er. 10, 1)} <c, (2.30)

wherec = V(6. 1. po, 0) + E [asBe?™ [°, 60 |Pds + asBe™™ [%, 6] ds ).

Hence, the LMIs E;; < 0, I'; > 0 guarantee that the nominal time-delayed jump
linear system X is exponentially stable in mean square, forry =r, =i,Vi € ..

Casell.r) = j,r,=i,and j #1i
Following similar lines as in the proof of Case I, we obtain

Ev(xfﬂ j7 ia t)

<&7(t) [A];; Pji + PjiArji + q% (P — Pi)] £(0)

+ &7 (1) jiAzix(l — ) +x" (- ri(t))ng,-PﬁE(t)

+ (1 +nwg" 1] QLoE(@) — (1 — h)x" (t — 1:(1) Qx(1 — T (1))

+uéT(t)IJZIoé(t)—/ T (s)Z%(s)ds
t—1; (1)

SET(I)EJ@E(Z)—/ X", )i, s)ds, (2.31)
=7 (1)

where

[

B @) + MAI,,IO ZIOAlj: ‘plz + MA1],1()TZIOA21
/i ol +MA211 ZIOAI,, Dy +A2,1 ZhhAy |’

and the LMIs 8;; < 0, I'j; > 0 guarantee that the nominal time-delayed jump linear
system X, is exponentially stable in mean square, for v} = j,r, =i, and j # 1,
Vj,iesS.

Applying the Schur complement, one sees that forany i, j € S, E;; < 0 implies
@1 612 MAl ,,

o, oy ,LAleT <0, (2.32)
MZlpArji wZloAy —pnZ

which is equivalent to the following condition:
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D CiTB;jpzj,' + ,LLX%”- D3 /LA][;Z
,
Pyji B3jCi + uXi,; AL Paji + PyjiAzj + @n puX3; 0
ol X3, @33 uAlz
MZ Ay, 0 MZAy —pnZ
PyjiBy; 0
0 K] T T
+ 0 I[0K; 00]+ o I[B]Pj; 00 uB,Z] <0.(233)
nZ By; 0

By Lemma 2.2, a sufficient condition guaranteeing (2.33) is that there exists a
positive number p;; > 0 such that

Dy C! Bj; Paji + wXi; D13 pAjZ
T
o PjiB3;Ci + nX3; Agijzji + PyjiAz; + P uX3, 0
ji T
(png MX%ii (1533 /,LA%;»Z
WZAy; 0 MZAy —pZ
Pyj; By 0
2 0 T T K!
+p7; o |T[BiPi00uBLZ]+ | "y |1[0Ki00]<0.(234)
nZBy; 0

Replacing pji Prji, pji P2ji, pji Qs pji Z, pji X ji, pji¥ji and pji Tj; with Pyj;, Paji,
0,Z,X;,Y;; and T};, respectively, and applying the Schur complement shows that
(2.34) is equivalent to

Dy Cl'Vii+uXi;, @13 nAlLZ Pi;iBy; 0
VIC +uX3, Uy + UjTiT—i— @y pXi, 0 0 K7
Wji ¢1T3 /’LX%ii ¢33 /LAZTiZ 0 0 <0
MZAy; 0 MWZAy —pnZ pnZBy 0O
Bl Py 0 0 wBliZ -1 0
0 K; 0 0 0 I
(2.35)

with j,i € .. Hence, the LMIs (2.16) (2.35) guarantee that the nominal time-
delayed jump linear system X, is exponentially stable in mean square for r} =
Jorr=1i, Vjies.

Then, for the uncertain time-delayed jump linear system (2.10) without dis-
turbance, replacing Ay;, Ay, By; and K in (2.35) with Ay; + Hy; Fi (1) Ey;, Ay +
H\F;(t)Es, By + Hy; F;(t)E3; and K; + «;¢; (1) K j, we can obtain that (2.35) for
system (2.10) is equivalent to the following condition:
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[ P1ji Hy; ELT" Ej; PiiHy "
0 0 0 0
0 E}, Ej, 0
W, + WZHy,; FE@® | o | FO WZH;
0 Ej; E} 0
| 0 0 0 0
[0 EL" TEL o 1"
VI Hy 0 0 Vji Hai
0 0 0 0
+ 0 FE@O o | T o |FO 0
0 0 0 0
| 0 0 0 0
[0 01" [o 01"
0 K] K] 0
0 0 0 T 0
1o |90 0 1 o ] 5| <O (2.36)
0 0 0 0
| i 0 0 o

By Lemma?2.2, a sufficient condition guaranteeing (2.36) is that there exist positive
numbers p1j; > 0, p2j; > 0, p3; > 0 such that

[ Py Hy; Py;iHy; EL] [ ET, !
0 0 0 0
I 0 | EN || Ex
W;i + P3ji wZHy; wZ Hy; + p3ji 0 0
0 0 EL ET
0 0 o]l o
[0 o 1" EL T ET
vﬁHZi VJEHZ,» 0 0
_ 0 0 0 0
0 0 0 0
o 0 ol o
rolTo0]” 0 o]"
0 0 KJT KJT
0 0 _ 0 0
+oui] o |10l o] o o | <o (2.37)
0 0 0 0
_Oli o 0 0
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With the Schur complement one can show that (2.15) is equivalent to (2.37) for
allr = j,r, =i, Vj,i € 7. This completes the proof.

Remark 2.3 Tt can be seen that the condition in (2.32) is nonlinear in the design
parameters A3;, B3;, K; and Pj;. In non-delayed systems, these types of nonlinear-
ities have been eliminated by some appropriate change of control variables with the
general form of Pj; as follows [13, 21]:

Piji Pyji

P =
! |:P2Tji P3ji

i|, Vj,ie.”. (2.38)

To deal with the output feedback control problem for time-delay systems, there
are always some parameters coupled with their inverse which is required to be fixed
a priori, see, e.g., [10, 26]. In this chapter, if we partition P;; as (2.38) and use the
linearizing change of variable approach as in [26] for condition (2.32), the design
parameters Yj;, X i jis Y ;1, X i: will occur in the same inequality.

Then, if we were to transfer the control design problem into the framework of
LMI, we have to fix these parameters a priori, which makes the obtaining of the
optimal relationships between the terms in the Newton-Leibniz formula (2.20) and
(2.21) almost impossible.

To obtain an easier design technique, we choose P;; to be diagonal block matrices

o Plji 0 ..
P”_|: 0 szi:|, Vj,ieS.

It is reasonable to choose Lyapunov parameters P j; for plant states x(¢) and P ;
for control systems states X (), respectively. We can obtain the optimal free weighting
matrices by solving the corresponding linear matrix inequalities without the need to
fix any design parameters, leading to less conservative results.

2.4 Robust H,, Disturbance Attenuation

In this section, we consider robust H,, disturbance attenuation for the time-delayed
uncertain jump linear systems (2.10).

Theorem 2.2 The time-delayed uncertain jump linear systems (2.10) is stochas-
tically stable with y-disturbance H., attenuation (2.11), and the output feedback
control law (2.8) is robust if there exist symmetric positive-definite matrices P jj,
Pyji, O, Z, symmetric positive semi-definite matrices in > 0, constants pyj; > 0,
p2ji > 0, p3j; > 0 and appropriately dimensioned matrices K, Y;;, Tj;, Nj; such
that
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™ ,U-AlT,i ﬁl/iBli-H)sjiElTiEzi 0 cr ﬁljiHli 0 0
L, O 0 K7 0 0 VIiHy KT
Ly pALZ  pyjiELEy 0 0 0 0 0
L, uBLZ 0 0 0 0 0 0
Ls —uZ WZBy; 0 0 wuZH; O 0
Lo uBLZ —I+ps;iELEy; 0 0 0 0 0 <0, (2.39)
I, 0 0 —I4pi?l 0 0 0 0
Zg 0 0 0 —)04/’,‘1 0 Hzl’ 0
Ly uH'Z 0 0 0 —pyil 0 0
Z]() 0 0 0 HZT, 0 7p2j,'1 0
| I, o0 0 0 0 0 0 —pul |
ro
Xll]z X12]z Xl3jl IAYZ
—= X7 Xzz i X23 i Ty
Tji= X”ﬂ bl ! e o >0, Vi,je.”, (2.40)
“13ji “23ji 33/’ /[f
T 7T NT
inlo T]l N Z
where
-7 [ Wit03ji EL Evitpaji EL Eqi CT ViituX?  Wiatpsji ELEy - i ]
1 - -
L, /"X11/1+VTC/ Ui+U] +n /J/X%zji II'X%3/i
Ls i ELEn Mxlzj, Was+p3i EL Esi - W4
L SoT
Z: v, uXis ji v Wi—y?1
s | = _ MZAy 0 HZ Ay WZ By ,
T B Pyji+p3i E3 E; 0 03ji E3; Eai 0
L 0 K; 0 0
8
I Ci 0 0 0
I HIPyj; 0 0 0
e 0 HIV, 0 0
L L 2
L 0 K; 0 0 _
-1 =2 -1 -1
Xll]z X]lji X12]z 13ji
Xi1ji X12ji X13ji I 37 —2 —2
v X 11 Xll ji X12 X13
Jji Jji Ji Jji
Xji= X12], X22]l Xozji | = | 0/ ¢ ,
X13 7 X3 X 1aji X 10 Xoaji Xosji
ji “*23ji Ji —1 T T _r —

with
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[t j=1)
” AT Pii+Pii A+ Y +Y] + (1+nu)Q+anl,+Zm,Pl,, zn,]Pl,,,
11 = j=1

Gf j#1)

_AlT,-ﬁlji + PjiAn+ Y + YT +1+n0)0 +MX111, +7T;')i(ﬁlii — Pyji).

N - N -~ - . . .
> i Paij + Xl Paji + X3y, if j=i
Uy =1 j=1 i=1

| n?j(ﬁ;ii — Pyji) +M)??1ji, if j#i

Y3 = ﬁljiAzi - /Y\ji + TT +,U«5(\{2j,-, Yy = 131,'1'321 + NT +MX13],,
‘1/33=—Tj;—fﬁ—(l—h)Q+MX22,“ ‘1’34——N + 1 X231,

Wiy = uX33ji, 0= Iirelﬁgﬁﬂﬂiil}, Vii= ngpzji, Uji = Angzji,

[ﬁlji ﬁZji 07 ?ji T}z ]z]—,O4j, [Pljl Py O ZY; T Nji],
S

X! ox2 xL o xt. X Xuji X Xusji
l;jl lljl 12/1 13ji oT 3 > )
w2 w3 w2 w2 5% 5% 2 ¥

Xl]sz Xll]z X12ji Xl%ji = o7} X i Xllei X12ji X135
177 ol = Py4ji | —1 —T — T =

Xﬁﬂ X;%Jl Xaji X23J’ X i X 12ji Xoji Xo3ji

Xl3jl Xl3]z X23jl X3311 v 2l 57

X 13 X 13 Xozji X33ji
Proof For the nominal time-delayed jump linear system X; with disturbance:

E(t) = A2, r)E(0) + Aa(r) & (t — 1, (1)) + Ba(r)w(1),
i 2() =[C(r) + Acry, DILE®), (2.41)
IOE(S) = f(S), ry =10, s € [_I’L’ O]a

where

Ez(’”z) = [Bgér,)i| .

Let ET @) =[ET@) xT(t — 1:(t)) wT (¢)]. Take the Lyapunov function candidate
as (2.18), and employ the following conditions

W OX (O, T — / 7 OX (0, r)T (s = 0,
1=, (1)
2" W1y Y@ ) + 2T — 1, )T G2 r) + W (ONGY, 1]

X |:10§(t) —/ X(s)ds —x(t — 7, (t))] =0, (2.42)
t—1,, (1)
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we can then obtain

t
LV (x;, j,it) < {T(t)Ejig“(t) —/ YT(I, )T ix(, s)ds, (2.43)
t—1; (1)
where

q/”—{-ﬂAlﬂI ZI()AI], lI/[2+IJ/A1JlITZIOA2l ’1/13—{-141][1 ZIQBQ,

—T —~ — -~ — ~
ji=| Wia+ wALI ZI0A i Woy + nALIT ZIoAy Was + nALIT Z1oBy

—T -~ —~ —T . —~ —_ . ~
Ui+ uBLIl ZIoA ;i Wy + nBl 1l Z10Ay a3+ uBl 1] Z1yBy

AP + P”Xm + ITYulo + LY I 4+ A+ il 0l

T +//LX1111+Z7TUPU+Z7T,] Jjis ifj=i
1= j=1
A”,P,, + P,,Alj, + 10 Yjilo + LY 1§ + (1 +nw)if Qlo
+/LX1111+5]/‘1'(PU le) l.f];'él

W= PiAy —I] Y+ 1] T L4 uX 12,

Uy =—Tj — TT. — (1= h)Q+ uXnji,

W3 = szle + 15 N i T uX i, Yo = _N i Xy Wy = Xy
n= E‘;%if{im,w},—T(r,s) =[E"® x" @ —7@®) W) )]

Using Dynkin’s formula again [18], we obtain

T
E’/ EV(xSa r;)a rSaS)dS] = E{V(XT, rtoa Ity T)} - E{V(XO”’S”’O’ 0)}
0

Under the zero initial condition (x(0) = 0), we have
E{V (x0,r§,70,0)} = 0.

Thus, for any w(t) € L,[0 00), one sees that

T
J E{/ [z%)z(r) - yzw%)w(z)+2wx[,r;’,r,,z)]dz] — E{V(xr, 10,1, T)}
0

T
SE{/ [ZT(t)z(t)— T(t)w(t)+£V(x, Tt t)] } (2.44)
0
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Substituting (2.43) into the above inequality gives
IIclcilyo 0 _
i 00 0 [)Ew

T_
JEE[A PTm( 0  0—yp2

t
_/ YT(I,S)Fti(l,S)dS]dt}.
t—7;(t)

By Lemma 2.2 and the Schur complement we obtain (2.40), and

|

‘p11+,04I,CTC CTB31P211+MX1111 lpl3 lf/\14
PZﬂB3/C + MXU;; A3]P2ﬂ + P211A3/ + ¥ MXlZ]l /’LX%Sji
¥y nXh; V3 V4
11/12 Xlz':/l lI/3T4 lI/44 N VZI
nZAy; 0 HZAy WZBy
BLPj; 0 0 0
i 0 K; 0 0
MAlT,f 13\1/‘:'315 0 ]
0 0 Kj
pALZ 00
uBLZ 0 0 | <0 (245)
—M/Z\ 2811‘ 0
uBLZ -1 0
0 0 0 |

guarantee J < 0 for any w(t) # 0 (and w(t) € L;,[0, 00)), which also guarantee
y-disturbance H, attenuation (2.11) of the closed-loop system X; from w(t) to
z(1).

Then, replacing Ay;, As;, Bi;, C; and K ; in (2.45) with Ay; + Hy; F;(t) Ev;, Ao +
Hy\ Fi(t)Esi, By + Hyi Fi(t)E3;, Ci + Hy Fi(t)Ey; and K; + a;¢; (t) K ; and using
the similar proof of Theorem 2.1, we can easily verify that the control u(¢) =
K (r{)x(t) guarantees y-disturbance H, attenuation (2.11) of the closed-loop sys-
tem (2.10) from w(t) to z(¢), if the coupled linear matrix inequalities (2.39) and
(2.40) are satisfied. This completes the proof.

In the case that the jumping parameter process can be directly and precisely
measured; thatis,r, =r/?, Vt € [0, 00), the closed-loop system (2.10) is specialized
as

E(t) = A\ (ry, DE() + As(r) IoE(t — T, (1)) + Ba(r)w(1),
2(t) = [C(ry) + Ac(ry, DE(D), (2.46)
LEGs) = f(s), ro=ro, s €[-2u, 0],
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where

i = A+ Ax () (B + Ap, (D) (I + i (D) K; c R2%2n
VT By (G A () Asi '

KZi = |:A2i +()AA21' (t):| eRann’ E2i — |:li)21 ] ERanmz’ 10: [IO] e Rann

foreach p, =i, Vi € <.
Then by Theorem 2.2, we have the following corollary.

Corollary 2.1 The time-delayed uncertain jump linear systems (2.10) is stochas-
tically stable with y-disturbance H., attenuation (2.11), and the output feedback
control law (2.8) is robust if the jumping parameter process can be directly and
precisely measured, and there exist symmetric positive-definite matrices Py;, Py,
0, Z, symmetric positive semi-definite matrices X; > 0, constants p1; > 0, pp; > 0,
p3i > 0 and appropriately dimensioned matrices K;, Y;, T;, N; such that

™ Ly nAl,Z Py Bii+py ELE5; 0 ¢! PiH; 0 0
L, 0 0 K! 0 0 V'Hy KT
Ly pnALZ  pyELEy 0 0 0 0 0
Ly uBLZ 0 0 0 0 0 0
Ls —uZ wZBy; 0 0 wZH,; O 0
L uBLZ —I+pyELEs 0 0 0 0 0 <0 (2.47)
Ly 0 0 —I+piie?l 0 0 0 0
Ly O 0 0 —psil 0 Hy 0
Lo uHLZ 0 0 0 —psl O 0
Lo O 0 0 HE 0 —pyl 0

LZu o 0 0 0 0 0 —pil

s o o .7
X X Xz 1y
Sl Sl 2130 fg ]
Xy Xooi Xozi T;
Sloi 2220 223 L
Xisi Xy Xaai Ni
Y7, ! NI Z

1

el

>0, VieJ, (2.48)

where

- I [~ W1i+ps EL Evi+pu EL Ey; C,TVI+M)A(12“ Vi3t EL By Wa
= o7 ~ = >
L, uXi+VIC Ui+U] +¥ nXty, uXiy
= r B _ -
L; Ul+ps ELE) wXh, Us+ps ELEy Wy
L > oo . =
Zz %ﬁ 1Xis Z@Z l1’44: v
= ZA 0 wZ Ay wZByi
L6 — A/L li i i
I, Bl Pii+ps ELEy 0 p3i EL Ey 0 ’
i 0 K; 0 0
ZS C; 0 0 0
Z" HEPy; 0 0 0

L 70 0 HLV, 0 0

1 L 0 K; 0 0o
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-~ o~ = xXlox2 o xoxl.
11 <211 <2120 <7130
X Xi2i X3 wor v ¥

Y3 2 2
v _ T ] | X X X X
Xl - X12i XZZz X23z = ilf iz'l i i s
vyI YT Yy i i 22i 23i
Xisi Xo3i X33 S o w

vi1T v2I ¥T )
X3 Xi3i X3 X3

N
Wy = AL Py + PiAy + Y + Y] + (L+ ) 0 + uX, + Zni/f)]f’
Jj=1
N
Uy = Z”ijpzj"‘ﬂx?m Wia=Pi Ay —Yi+ T, +uX1y, Was = nXa,
j=1
Wiy=P;iBy + N/ +uXly, U3 =—-T, - T — (1 = )0 + X,

Wy = —N/ + 1 Xa3, 77=I,TEI§§{|7T1‘1‘|}, Vi = By Py, Ui = AL Py,
lE.

[Pi P QZY, T, N]=py'[Pi Px Q Z Y T; Nil,

X, X3, X X, X, X3, XL X
SIB D CHD CHY BE I I N e
{1121' {1221' {221' {231‘ “ {1121' {1221' {221' {231‘
Xll; X%; X2T3i X33i Xll; X%;‘ X2T3i X33i

2.5 Numerical Simulation
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Example 2.1 Consider a time-delayed uncertain jump linear system (2.10) in R?
with two regimes r, € . = {1, 2}. For Mode 1, the dynamics of the system are

described by

T T
-9 -2 25 -2 2.5 0.4
An=|:1 —6]’A21:|:2 —16]E“:|:1} 7E21:|:2i| ;

T T
1 0.3 1.5 -2 -1
E41=|:02:| ’B11=|:2:|732l:|:2:|7C1:|:1:|,H11=|:2:|7

Eyn=—1, Hy=1, uy =01, hy =1, oy =2.

For Mode 2, the dynamics of the system are described by

T T
0 -2 -2 3 -3 —-0.1
1‘\12=|:_3 1:|,A22=|:1_5:|,E12=|:1:| ,E22=|: 1 i| ;

T T
—1 —1 —1 0.6 1
E42=|:2} ,B12=|:_1]Bzz=|:1]C2=[_1] ,H12=|:_1]

E32 = 03, H22 = 1, MHor = 0.1, /’l2 = 04, 0y = 3.
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Let the noise attenuation level y = 1.2, and

[7ijlax2 = [

—12 12
18 —18

J

-2 2
5 =5

—4 4
6 —6

Slawa = [ ] e = [ } :

Solving the LMIs in (2.39) and (2.40), we obtain

P
P
P
Py
Ty =
T =
Y =
Yo =
Uy =

Ui

0=

Vio =

11 =

|
[

06450230 5 _ [ 0302 —0.010
0.2300.553 |*"'"* 7 | —0.010 0.119 |’
[0.7010.2667] 5 _ [3.5454 1.127

| 0.266 0.808 |* "% 7| 1.127 1.604 |’
251301041 5 [ 1.697 —0.124

| 0.1044.688 |° "2 7 | —0.124 2916 |
(1910 —11417 5 [ 3.291 —2.969

| —1.141 5488 |° "7 | —2.969 12.955 |’

[13.6512.4487 ~ _ [13.228 1.842

| 2.410 3.080 |° " 7| 1.188 2.868 |

[12.3752.034] & _ [12.829 1.838

| 2.012 2.940 | " T | 1.741 2.872 |

[ —8435 6.694 1 o _ [—13.236 —1.843

| 5939 —9.778 |° " T | —1.168 —2.868 |

[—13.028 —2.350 o [ —12.808 —1.838

| —3.585 —=3.703 |* " T | —0.044 —2.816 |
~79.698 1.953 | _[~160.118 —5.683
1.959 —78.229 |7 7| —5.807 —171.548 |’
—44.515 —1.019 [ -120.141 —1413
4386 —43.598 |° 7 T | —1.525 —101.532 |

0.0006 0.0002 1.197 0.176 1.459

E

iAo 5]

0.0002 0.0034 0.176 0.276 —2.172
-0.2917" v _ | 0537 ! v [ 3279 !
—1.407 | * T | —1.846 | - 27 -11917]

2.323
1.086

T -~
|: ] , Np=

T
],K1=

37217
—0.122 | -

[4.384T

1.868

3.367
1.634

—5.203
0.494

o~

Ny =

e[

I
]

|
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p111 = 0.234,
pa11 = 0.567,
311 = 0.332,
pa11 = 9.452,

p112 = 0.108,
p212 = 0.185,
p312 = 0.086,
pa12 = 8.758,

p121 = 0.145,
p221 = 0.259,
p31 = 0.344,
a1 = 6.488,

39

p122 = 0.094,
P22 = 5.643,
0322 = 0.976,
422 = 4.182,

Therefore, by Theorem 2.2, the corresponding parameters of a suitable robust
output feedback control law (2.8) can be chosen as

Au [ 731745 1476
T 1126 —-16.718
A _ [ —26736 —2.797
27 —5.745 —8.525
[ —0.601
B3 = —0.478:| , Baip =
[—0.209
Bm=1_g 872} K= [

o]

, Az = |:

|

—4.384
1.868

0.208
—0.491

—94.725 —7.757
—5.994 —-59.161

—46.141
10.683 —10.013

Jooe|

T
} , Ky =

|

5.203
0.494

]

—0.091
—-0.318 |’

I

9.496

Example 2.2 Consider the robust stability of the uncertain system (1) with the fol-

lowing parameters:

i ] e[ e[
o ) L K A S ey |
Hy = :164097:’ H12=|:—8.8 —0111i|’ E”=|:(1)O(')l]’
Ep= :(1)0(.)6]’ E21=|:066(i?1|’ E22=|:_(1).28:|’
R N S P ]

01
10] Hﬂ:[

0.104
0 14|

01

o |
|

||

11
01

} , [7ijlax2 = [

]

-3 3
5 =5

|
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Table 2.1 The maximum allowed value of time delay ()

h 0 0.2 0.5 1.0

ajp =-2 E.K.Boukas(2002) 0.2453 0.1522 - -
Theorem 3.1 0.6225 0.5795 0.4930 0.3281

ajp =—8 E.K.Boukas(2002) 1.0061 0.9421 0.5834 -
Theorem 3.1 1.2954 1.0594 0.7242 0.3427

To compare with Theorem 9.18 in [5], Theorem 2.1 should be reduced to the
conditions that the jumping parameter process can be directly and precisely measured
and controller can be accurately implemented. Furthermore, we also assume that
hl = h2 = /’l, and

Ap,(re, 1) = H3(r) F(re, ) Ex(ry),

Ac(ri,t) = Ho(r) F(ry, ) E1 (ry).

The corresponding results are similar to Corollary 2.1, and are omitted here. The
maximum allowed value of time delay for different /4 obtained from Theorem 2.1
are shown in Table 2.1. For comparison, The table also lists the results obtained from
Theorem 9.18 in [5]. From the example, we can find that our results show much less
conservatism than those in [5], especially for the increasing of the value of .

2.6 Summary

The problem of robust output feedback H, control for time-delayed uncertain jump
linear systems has been studied. We have presented sufficient conditions on the exis-
tence of output feedback control by the imperfect information r/, which guarantees
not only the robust exponential mean-square stability but also the y-disturbance H,
attenuation for the closed loop system for all admissible parameter uncertainties and
time delays. However, all of these results are established under conditions of the
prior knowledge of the upper bounds of the system uncertainties. A possible direc-
tion for future work is to obtain adaptive H., control laws with less knowledge of
those bounds.
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