Chapter 2
Pinning Control Strategies
for Synchronization of CRDNNs

2.1 Introduction

As one of the most significant and interesting dynamical properties of the complex
networks, synchronization has been extensively studied by the researchers [41, 42,
45, 47, 53, 57, 63, 66, 119-121]. To our knowledge, in most existing works on the
synchronization of complex networks, three kinds of coupling forms (named respec-
tively state coupling, output coupling and derivative coupling) were considered in
network models. So far, a great many important results on synchronization have been
obtained for various complex networks with state coupling, see ([41, 45, 47, 53, 66,
119] and relevant references therein). In [57], Chen proposed a complex dynamical
network model, in which nodes are connected by measured outputs experiencing the
random sensor delay. Synchronization in the proposed network model was analyzed
by the stochastic stability theory. Considering that the node state in complex networks
is difficult to be observed or measured, some researchers investigated the output syn-
chronization of complex delayed dynamical networks with output coupling [42, 63].
In[120, 121], the synchronization was studied for complex dynamical networks with
non-derivative and derivative coupling.

It should be noticed that the above mentioned works are based on the network
models with time-varying state variables. However, in reality, the node state is not
only dependent on the time, but also intensively dependent on space variable in many
circumstances. As a special class of complex networks, coupled neural networks have
attracted much attention in recent years. Especially, the synchronization problem
of coupled neural networks has stirred much research interest due to its fruitful
applications in various fields [76—79]. It is well known that the diffusion phenomena
can not be ignored in neural networks and electric circuits once electrons transport
in a nonuniform electromagnetic field [28-30]. Therefore, we must consider the
diffusion effects in neural networks. Obviously, in CRDNNS, the state variable of
node is seriously dependent on the time and space.

More recently, researchers have investigated the synchronization problem of cou-
pled neural networks with reaction-diffusion terms, and some interesting results
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have also been established, e.g., see also [97-99, 101]. Yang et al. [101] studied
the global exponential synchronization of a class of CRDNNs with time-varying
delay by adding impulsive controller to a small fraction of nodes. In [99], Wang
et al. respectively investigated the synchronization problem of two kinds of linearly
coupled neural networks with reaction-diffusion terms using edge-based adaptive
strategy. Unfortunately, most of the existing results of synchronization for CRDNNs
are concerned about state coupling. But, in reaction-diffusion networks, different
diffusion of node may cause different changes of other nodes [122]. For example, as
is well known, different diffusion of species may cause different movements of other
species in food webs [123, 124]. Therefore, it is also interesting to study the cou-
pled neural networks with reaction-diffusion terms and spatial diffusion coupling.
To our knowledge, very few researchers have investigated the synchronization of
CRDNNSs with spatial diffusion coupling [100]. In [100], the authors proposed a
general model of an array of N linearly coupled RDNNs with spatial diffusion cou-
pling, and respectively investigated the synchronization and H, synchronization of
the proposed network model.

Motivated by the above discussions, in this chapter, we propose two kinds of
CRDNNE. In the first one, the nodes are coupled through their states. In the second
one, the nodes are coupled through the spatial diffusion terms. In many circum-
stances, CRDNNSs can not be synchronized by themselves, thus some control strate-
gies should be adopted to achieve synchronization. Considering that it is difficult
to apply control actions to all nodes in a large-scale network, some authors devel-
oped several pinning control schemes for complex networks [125—127]. For instance,
Tang et al. [125] investigated the pinning distributed synchronization problem of a
class of nonlinear dynamical networks with multiple stochastic disturbances using
fixed pinning and switching pinning schemes. In [126], distributed robust pinning
synchronization was investigated for a class of complex networks with parameter
uncertainties and stochastic coupling. In these existing works [125-127], the node
state is only dependent on the time. Obviously, it is also beneficial to apply the pin-
ning control technique to study the synchronization problem of the CRDNNSs. To
our knowledge, very few researchers have investigated the pinning control of the
CRDNNS [97, 101]. Therefore, the objective of this chapter is to design some pin-
ning control strategies such that all nodes in the CRDNNSs can synchronize onto a
desired state. It is well known that the topological structure and the coupling strength
are two key factors impacting the synchronization in CRDNNs. Therefore, it is nat-
ural to raise the following problem: Does the coupling form play an important role
in the synchronization of the CRDNNs? This chapter also analyzes the relationship
among pinning synchronization, the coupling form, the coupling strength, and the
topological structure in CRDNNSs.

The main contributions of this chapter are as follows. First, several sufficient
conditions are established to guarantee the synchronization of the CRDNNs with
state coupling by using the designed pinning controllers. Second, an effective adap-
tive strategy to adjust the coupling strength of the CRDNNs with state coupling is
designed. Third, a sufficient condition ensuring synchronization of the CRDNNs
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with spatial diffusion coupling is obtained by using the designed pinning controllers,
and an adaptive strategy is proposed to obtain appropriate pinning feedback gains
for achieving network synchronization.

2.2 Pinning Control of CRDNNs with State Coupling

In this section, we consider a CRDNNSs consisting of N identical nodes with state
coupling, in which each node is an n-dimensional reaction-diffusion neural network.
By using Lyapunov functional method and pinning control technique, some sufficient
conditions are established to ensure that the CRDNN:S is synchronized. In addition,
an adaptive strategy to tune the coupling strength is proposed, and a general criterion
for synchronization is obtained by using the designed adaptive law.

2.2.1 Network Model

To facilitate the readers, the CRDNNs model is presented in a step-by-step format.
A single reaction-diffusion neural network with Dirichlet boundary conditions is
described by the following PDEs:

ow;(x,t)

o :d[Aw,-(x,t)—a,-w,»(x,t)+J,-—i—Zb,-jfj(wj(x,t)), 2.1

J=1

where i = 1,2,...,n, n is the number of neurons in the network; x = (x, x2,
...,xq)T € 2 C R?; w;(x,t) € R is the state of the ith neuron at time ¢ and in
space x; A = >1_, % is the Laplace diffusion operator on £2; d; > O represents
the transmission diffusié)n coefficient along the ith neuron; a; > 0 represents the rate
with which the ith neuron will reset its potential to the resting state when disconnected
from the network and external input; b;; denotes the strength of the jth neuron on the
ith neuron; f;(-) denotes the activation function of the jth neuron; J; is a constant
external input.

The initial value and boundary value conditions associated with system (2.1) are
given in the form

wi(x,0) =¢;(x), x €82, 2.2)
w;(x, 1) =0, (x,1) € 92 x [0, +00), (2.3)
where ¢;(x)(i = 1,2, ..., n) is bounded and continuous on £2.

We can rewrite system (2.1) in a compact form as follows:

ow(x, 1)

o = DAw(x,t) — Aw(x,t) +J + Bf (w(x, 1)), 2.4)
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where D = diag(di, da,....dy), B = Bij)nsensd = (U1, Ja, o, J)T A =
diag(ay, az, ..., an), f(w(x, ) =(fi(wi(x, 1), fr(wa(x, 1)), ..., fulwa,(x, D)7,
U)(.X, t) - (U)I(.X, t)v wz(-xa t)v AR ] wn(-xa t))T

N mutually coupled RDNNSs (2.4) can result in a CRDNNSs, which is described
by

0zi(x,t
% = DAzi(x,t) — Az;(x, 1) +J + Bf (z;(x, 1))
N
+e > Gylzj(x. 1), (2.5)
j=1
where i = 1,2,..., N, N is the number of nodes in the network; z;(x,t) =
(zin(x, 1), zin(x, 1), ..., zin(x, )T € R" is the state vector of node i; c is a pos-

itive real number, which represents the overall coupling strength; I” € R"*" > 0 is
inner coupling matrix; G = (G;;) v xn i the coupling configuration matrix represent-
ing the topological structure of the network, where G;; is defined as follows: if there
exists a connection from node i to node j, then G;; > 0; otherwise, G;; = 0(i # j);
and the diagonal elements of matrix G are defined by

N
GiiZ_ZGij’izl’z""’N’
j=1

J#

In this section, we always assume that CRDNNs (2.5) is strongly connected. The
initial value and boundary value conditions associated with network (2.5) are given
in the form

7i(x,0) = &;(x) eR", xe, (2.6)
zi(x, 1) =0, (x,1) € 982 x [0, +00), 2.7)

where @; (x) is bounded and continuous on £2.
Suppose w*(x, 1) = (wi(x, ), wi(x, 1), ..., wi(x, )T is an arbitrary desired
solution of the system (2.1), then it satisfies (2.3) and

ow*(x, 1)

T = DAw*(x,t) — Aw*(x,t) + J + Bf (w*(x, 1)). (2.8)

The objective of this section is to design some pinning control strategies such that
the solution of the controlled network (2.5) can achieve synchronization in the sense
that

lim [lz; (-, 1) —w*(, D)2 =0, i=1,2,..., N.
t—>—+00
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2.2.2 Pinning Synchronization of CRDNNs

Without loss of generality, rearrange the order of all nodes and let the first /(1 <
| < N) nodes be selected to be pinned. Thus, the pinning controlled network can be
described by

Ozi(x,t N
zét ) _ DAzi(x,1) — Azi(x, 1) + J + Bf (zi(x, 1)) +CZGUFZJ(XJ)
j=1
+u,i=12,...,1,
0z (x, 1) N
lat, = DAzj(x,t) — Az;(x,t) + J + Bf (zi(x, 1)) +C2Gijfzj(x, 0,
j=1
i=I1l+1,...,N, 2.9)
where
u; = —CkiF(Zi(X, t) — w*(x, t)), I = 1,2’ .. ’] (210)

are n-dimensional linear feedback controllers with all the control gains k; > O.
Defining e¢; (x, t) = z;(x, t) —w*(x, t), then the dynamics of the error vector ¢; (x, t)
is governed by the following equation:

Oe;(x, 1)

o = DAe;(x,t) — Ae;i(x,t) + Bf (z;(x, 1)) — Bf (w*(x, 1))

N
+¢ D Gijlej(x,1) — ckilei(x, 1), (2.11)

j=1

wherei =1,2,...,N,andk; =0fori =[1+1,/+2,...,N.
For the convenience, we denote

. © =diag(p}, 3, .-, o),
1

K = diag(kl, kz, ey kN),
T =

»
I

o]
Il

M-

| O

D A+@+BBT
2 2

Theorem 2.1 If there exists a positive definite diagonal matrix E = diag(n;, n2,
..,MN) € RN*N such that

EG+G'E
EQY —cl(EK)®T+c(~——F—@&Tl) <0 2.12)
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then the pinning controlled network (2.9) is synchronized.

Proof Define the following Lyapunov functional for the system (2.11):
|
Vi(t) = 5 ;ni /Q el (x, )e;(x, 1)dx. (2.13)

In the following, we calculate the time derivative Vi(t) along the trajectory of
system (2.11)

V(t)—in-/ el (x t)wdx
1 i=1 et ot

N
= Z/ r]ieiT(x, t)(DAei(x, t) — Aei(x,t) + Bf(zi(x,1))
i=17%

N
+¢ > Gylej(x.1) — Bf (w*(x, 1)) — ck; i (x, 1))dx. (2.14)
j=1

From Green’s formula and the boundary condition, we have

/ (x. 1) Des (x. 1)d Zq;/ (‘96”()"”)24
eis(x, eis(x, X =— — X,
2 —Je O

where ¢; (x, 1) = (e;1 (x, 1), ein(x, 1), ..., ein(x, N, s =1,2,..., n. According to
Lemma 1.22, we can obtain

/ ef (x.)DAei(x. )dx = Z/ dseis(x, t)Aeis(x, 1)dx
? s=1 2
q n ' 2
— J0 Oxy
q 1 n ,
S _;l_zZ/steis(x’t)dx
= —/ el (x,1)De;(x, t)dx. (2.15)
2

Furthermore, we can easily derive

el (x,)B[f(zi(x, 1)) — f(w*(x,1))]

L 7 T [
< Eei (x,t)BB'e;(x,1) + Eei (x,1)Oe;(x,1). (2.16)
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It follows from (2.14) to (2.16) that

BBT ©
+ -~ ckiMe;(x, t)dx

N
Vi) < Z/ niel (x,0)(=D — A +
i=17%

N N
+CZZ/QniGijeiT(xst)Fej(X,t)dx

i=1 j=I

EG+GT'E

= / el (x,1) [S ®T +c (+ ® F) —c(BK)® r)} e(x, 1)dx
2

<mlleC Ol3. (2.17)

wheree(x. 1) = (ef (x.0). €] (x,1). ... e[ (x. ). 71 = An(E@T +c (22
I')—c(EK ®I')) < 0. By the definition of V|(¢), we have

TlleC, DI < Vi) < vllet, 03, (2.18)

where 75 = minj—; 5. x{%}, 73 = maxi— 2. y{%}. Thus, by (2.17) and (2.18),
we can get

Vi) < Vi) (2.19)
73
Then, we can derive from (2.18) and (2.19) that

Y3
leC, )2 < | =es"[leC-, 0) 2.
Y2

Obviously, the pinning controlled network (2.9) is synchronized. The proof is com-

pleted.
AccordingtoLemmas 1.11, 1.16 and 1.19, there obviously exists a positive definite
diagonal matrix & = diag(n, 72, ..., Ny) such that

(EG+GTE
(222 =

5 ® r) <O0. (2.20)

When 7" < 0, we can derive from (2.20) that

EG+G'E
Q7T +c¢ T@)F < 0.

From Theorem 2.1, CRDNNs (2.5) can synchronize by itself. Therefore, in this
section, we always assume Ay (7)) > 0.
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By applying Theorem 2.1, we can easily obtain the following conclusion.

Corollary 2.2 [f there exists a positive definite diagonal matrix £ = diag(ny, ns,
..,nn) € RVN such that

A(ERT
c> An(E®T) , (2.21)

Ay (E(GfK)Jrz(GfK)TE ® 1—.)

where B(G — K) + (G — K)T B < 0, then the pinning controlled network (2.9) is
synchronized.

Remark 2.3 According to Corollary 2.2, there exists a critical coupling strength c*
for given = such that the pinning controlled network (2.9) will synchronize if ¢ > c*.
Therefore, if

EG-K)+(G-K)TE <0

is satisfied, then the pinning controlled network (2.9) can synchronize as long as the
coupling strength c is large enough.

Remark 2.4 From Lemma 1.19, there is a positive definite diagonal matrix =& =
diag(n1, M, ..., ny) € RY*N such that the sum of the entries in each row of matrix
EG + GT Z is zero. In addition, it is obvious that matrix £G + G & is symmetric
and irreducible. Then, by utilizing Lemma 1.16, we can easily obtain the eigenvalues
of £G + G 5 are real-valued and strictly negative except an eigenvalue 0 with
multiplicity 1. Thus, we have that for any y = (yi, y2,..., yny)? #0 € RY,

YI(EGH+GTE)yy=0 < yy=y,=---=yy #0.
Then, we can get
YIE(G-K)+(G—-K)TE]ly<0
forany y = (y1, y2, ..., yn)” # 0 € RY, namely,
EG-K)+(G-K)TE <.

Therefore, for any given matrices G and K, we can always find the positive definite
diagonal matrix = satisfying

E(G-K)+(G-K)E <o.
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2.2.3 Pinning Synchronization of CRDNNs with Adaptive
Coupling Strength

The coupling strength ¢ given in (2.21) is very conservative, usually much larger
than the needed value. Therefore, an adaptive strategy to tune the coupling strength
c is designed in this subsection.

The pinning controlled network (2.9) with adaptive coupling strength can be
described by

N
= DAZi(x,1) — Azi(x, ) + J + Bf (2 (x, 1) + ¢(t) D GijI'z;(x, 1)

j=1

aZj(.x,l)
ot
tu;, i=1,2,...,1,

32,‘()(,1‘)

N
Fy DAzi(x,t) — Az;(x,t) + J + Bf (zi(x,1)) + C(I)ZGijFZj(X, 1),

j=1
i=1+1,...,N, (2.22)

where
ui = —cOk; L' (zi(x, 1) —w (x,1), i =1,2,...,1 (2.23)
are n-dimensional linear feedback controllers with all the control gains k; > 0.

Let e;(x, 1) = (ei1(x, 1), en(x, 1), ..., ein(x,0))" = zi(x, 1) — w*(x, 1). Then, the
dynamics of the error vector e; (x, t) is governed by the following equation:

Oe;(x, 1)

5 = DAe;(x,t) — Ae;i(x,t) + Bf (z;(x, 1)) — Bf (w*(x, 1))

N
+e(t) D Gijlej(x, 1) — (ki Te;(x, 1), (2.24)
j=1

wherei =1,2,...,N,andk; =0fori =1+1,1+2,...,N.

Theorem 2.5 [fthere exists a positive definite diagonal matrix & = diag(ny, na, . . .,
ny) € RVN such that

EG-K)+(G-K)T'E <0, (2.25)

where K = diag(ky, k2, . .., ky), then the pinning controlled network (2.9) is syn-
chronized under the following adaptive law:

N
o0 =620 [ Gl = w0 Tl =, dr, 26
i=1

where c¢(0) > 0, 3 is a positive real number.
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Proof Firstly, according to (2.25), there obviously exists a positive constant r; such
that

EG-K)+(G-K)E+2rnE <.

Construct a Lyapunov functional for the system (2.24) as follows:

N
Vo(t) = % Zni /Q eiT(x, t)e;i(x, t)dx + ;—lﬁ(c(t) —&)?, (2.27)
i=1

where ¢ is a positive real number.
Calculating the time derivative of V,(¢) along the trajectory of system (2.24), we
can get

N N
Vz(t):Zni/ge,?(x,t)wdxwl(cm—E)Zn,-/gef(x,t)rei(x,t)dx
i=1 i=1

N
= Z/ miel (v, 0] Diei(x,1) = Aei (. 1) + B (5 (x, )
i=17%

N
+ c(t) Z Gijlej(x,1) — Bf(w*(x, 1)) — c(t)k; I'e; (x, t)]dx
j=1

N
+rle@® =D m / el (x, ) ei(x, dx
i=1 s

BBT ® .
> + 5~ ricl)]e(x, t)dx

< / ', DE®(-D—A+
2

&}

+i’)/ eT(x,t){[E(G—K)—i-(G—K)T
2 Jo

+ 2r]E] ® F}e(x, t)dx

- _ ~ BBT © N
< e (x,t)[.z ®(—D — A+ > +?—r1c1")]e(x,t)dx, (2.28)
2
where e(x,1) = (ef (x,1), el (x,1),....ek(x, )T, ©® = diag(p}, p3, ..., p2),

D= ZL %'
By selecting ¢ sufficiently large such that

-D—-A+

BBT+@ il <0
— —ricl’ <0,
2 2 !

one obtains
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y 2
Va(r) < —olle(-, D3, (2.29)

where 0 = M, (8 @ (D+ A — BEL — 2 4 12)) > 0.

Obviously, V,(#) is non-increasing, and each term of V,(¢) is bounded. Conse-
quently, c(¢) is bounded, and lim,_, ;o V2 (¢) exists and is a non-negative real number.
Since c(t) is monotonically increasing, one can conclude that c(¢) asymptotically
converges to a finite positive value. Therefore, by the definition of V,(¢), we can
derive that

N
i . T .
tilgloo;n,/gel (x,t)e; (x, t)dx

exists and is a non-negative real number. In what follows, we shall prove that

N
; ) T ) —
tl}glw;n, /Q e; (x,t)e;(x,)dx =0.

If this is not true, we have

N
lim Zn,»/ el'(x,0)e;(x,1)dx = > 0.
i=1 2

t—+o00 4

Then, there obviously exists a real number M > 0 such that

N
Zni/ el-T(x,t)ei(x, tydx > L
i=1 2 2

for t > M. Therefore,

2 H
.’[ > —
lleC-, DIl >

5’ t=2M, (2.30)

where 0 = max;—; 2. n{7;}. From (2.29) and (2.30), we can get

Vo(r) < —%, t> M. 2.31)

By integrating (2.31) with respect to ¢ over the time period M to 400, we can obtain
+00

“Va(M) < Va(400) — Va(M) = / Vo(r)di
M

+o00
op
— —dt
= /M 26

= —0OQ.
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This yields a contradiction, and so

N
lim Zni/ el-T(x, t)e;(x,t)dx = 0.
i=1 2

t—+o00 4

Then, we can easily obtain

lim [le(-, )]l = 0.
t—>+400

Therefore, the pinning controlled network (2.9) is synchronized under the designed
adaptive law. The proof is completed.

Remark 2.6 To our knowledge, in many real-world networks, the coupling strength
is adaptively adjusted according to changes in the environment or the network itself
(for instance, wireless sensor networks, biological networks, neural networks) [128].
Therefore, it is important and interesting to study the pinning synchronization of
CRDNNSs with adaptive coupling strength. In Theorem 2.5, a sufficient condition is
obtained to guarantee the synchronization of the pinning controlled network (2.9)
by using the designed adaptive law.

Remark 2.7 Obviously, for any given matrices G and K, we can always find the
positive definite diagonal matrix = satisfying

E(G-K)+(G-K)'& <0.

Therefore, the CRDNNs (2.5) can realize synchronization under any pinning con-
trollers in the form of (2.10) if the coupling strength ¢ is adjusted according to the
designed adaptive law.

Remark 2.8 1t follows from Corollary 2.2 that the CRDNNs (2.5) can realize syn-
chronization by controlling only one node. But it requires a very large coupling
strength ¢, which may not be very practical [47]. According to Theorem 2.5, the
CRDNNS (2.5) is synchronized by pinning only one node if the coupling strength
is adjusted according to the adaptive law (2.26). In this case, c(f) may also con-
verge to a very large positive real number. Therefore, we need to find a good balance
between the number of pinned nodes and the coupling strength such that they are
as small as possible and acceptable for practical use. Obviously, this is an important
and interesting problem and will become our future investigative direction.

2.3 Pinning Control of CRDNNs with Spatial Diffusion
Coupling

In this section, we consider a CRDNNs consisting of N identical nodes with spa-
tial diffusion coupling, in which each node is an n-dimensional reaction-diffusion
neural network. Based on the Lyapunov functional method and the pinning con-
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trol technique, a sufficient condition is obtained to guarantee the synchronization of
the CRDNNS. In addition, we also investigate the pinning adaptive synchronization
of the CRDNNS, and a general criterion for ensuring network synchronization is
established.

2.3.1 Network Model

In this section, we consider a CRDNNS consisting of N identical RDNNs (2.4) with
spatial diffusion coupling. The mathematical model of the CRDNNs can be described
as follows:

aZi (-xv t)
5 = DAzi(x,t) — Azi(x,t) + J + Bf (zi(x, 1))
N
+éY Gilazj(x,0), (2.32)
j=1
where i = 1,2,..., N, N is the number of nodes in the network; z;(x,t) =
(zi(x, 1), Zin(x, 1), ..., Zin(x, )T € R" is the state vector of node i; ¢ is a pos-

itive real number, which represents the overall coupling strength; I = (ﬁ Dnxn €
R™" > 0 is inner coupling matrix; G = (G; i)Nxn is the coupling configuration
matrix representing the topological structure of the network, where G, ; 1s defined as
follows: if there exists a connection from node i to node j, then G,- ; > 0; otherwise,
G, ;7 =0(@ # j); and the diagonal elements of matrix G are defined by

N
Gi=-) Gij.i=12,....N.
2
In this section, we always assume that CRDNNSs (2.32) is strongly connected. The

initial value and boundary value conditions associated with network (2.32) are given
in the form

2(x,0) = &;(x) e R", x e, (2.33)
zi(x, 1) =0, (x,1) € 92 x [0, +00), (2.34)

where &; (x) is bounded and continuous on 2.

The objective of this section is to design some pinning control strategies such
that the solutions of the controlled network (2.32) can achieve synchronization in the
sense that
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lim |}z 1) = w' (D=0, i = L2..... N,
11— 400

where w*(x,1) = (wi(x, 1), wi(x,1),..., wi(x,1))" is an arbitrary desired solu-
tion of the system (2.1).

2.3.2 Pinning Synchronization of CRDNNs

Without loss of generality, rearrange the order of all nodes and let the first /(1 <
| < N) nodes be selected to be pinned. Thus, the pinning controlled network can be
described by

Dzi(x, 1 A
% = DAzi(x,t) — Azi(x,t) +J + Bf (z;(x, 1)) + cZG,;,-FAz_,-(x, 1)
j=1
+I/t,', i:1,2,...,l,
0zi(x, 1) al
# = DAzi(x,t) — Az;(x, 1) +J + Bf (zi(x, 1)) +5ZGUFAZJ(’C’ 0,
j=1
i=Il+1,...,N, (2.35)
where
U = —6kiﬁ(zi(x, ) —wx, ), i=1,2,...,1 (2.36)

are n-dimensional linear feedback controllers with all the control gains k; > O.
Defining ¢; (x, t) = z;(x, t) —w*(x, t), then the dynamics of the error vector e; (x, )
is governed by the following equation:

Oe;(x, 1)

o = Dheilx, ) = Aeilx, 1) + Bf (zi(x, 1)) — Bf(w*(x, 1))

N
+8> Gyl tejx, 1) — ckilei(x. 1), (2.37)
j=1

wherei =1,2,...,N,andk; =0fori =1+ 1, +2,...,N.
For the convenience, we denote

q

- D )

D= 2 7 O = diag(p?, p3, ..., pl),
k=1

K = diag(kl, kg, ey kN),

Y=-D A+@+BBT
a 2 2
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Theorem 2.9 If there exists a positive definite diagonal matrix E = diag(n;, n2,
..,MN) € RN*N such that

cEG+GTE .
Z@D+ " J’ZC & >0, (2.38)
q A _ A AT —
R EG+G'E ~
E®T—(6EK)®F—ZZ%(+®F)<O, (2.39)
k=1 "k

then the pinning controlled network (2.35) is synchronized.

Proof Take the same Lyapunov functional V| (¢) as in Theorem 2.1, that is,

1 ,
V(1) = E;”"/Qe" (x, De; (x, t)dx.

In the following, we calculate the time derivative V; (r) along the trajectory of system
(2.37)

N
y aei(-xat)
Vi(t) = ,»/ el (x, 1) ——"—dx

N
S / e (. ) (DAe;(x, 1) — Aer(x, 1) + Bf (zi(x, 1)) — Bf (w”(x, 1))
i=1 /€
N
—Ekife,-(x,t)+6ZG,-j1:'Aej(x,l))dx
j=1

< / ' DIE® D+ (86)® [MAe(x, t)dx
2

r _ ® BBT . .
+ [ e (x,)|ER —A—i—E—i— > —(CEK)QTI |e(x,t)dx,
2

where e(x,t) = (elT(x, 1), ezT(x, ..., e]{,(x, 7.
From Green’s formula and the boundary condition, we then have

/ el (x,1)(E ® D)Ae(x, t)dx

Il
<M2b

775/ e[T(x, t)DAe;(x, t)dx
fos

i=1

I
M=

n
77iZdl/geu(xal)ﬂeil(xyf)dx
=1
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dei(x, 0\
__Zznlzcll/g(—eé;; ) dx

k=1 i=1

——Z/ (8e(x t)) D)(’?e(x 1) dx.
8xk

Oxy

/ el (x, H[(CEG) ® [MAe(x, t)dx
2

:Zch,GU/Qe (x, t)FAeJ(x t)dx

n n

N
= ZZénléU ZZIA“IS/Qeil(x, I)Aejs(x, t)dx

i=1 j=1 I=1 s=I

LR Dei(x. 1) Dejs (x.1)
IR PXTOD LIRS e

N n
= Z cn; ,IZZF:A/ Nej(x, t)ejs(x, )dx

i=1 j=I1 =1 s=1
q
_ —Z/ (82())5,0) (GT H)®F]8e(x t) (2.40)
P Xk Oxk

By (2.40), we can get

/ " (x,HD[E ® D+ (68G) ® [Nie(x, t)dx
2

cE2G .
=/ €T(x,l‘)(E®D+CT(X)F)Ae(x,[)dx
Q2
eGTE
+/(Ae(x,t))T(c 7 ®F)e(x,t)dx
I?)

q T A A AAT =
Oe(x,t EG G'E 0 t
=—Z/(e(x )) Egp4 B0 E o p)0e ),
=1 0 6xk 2 8xk
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According to (2.38), there exists a real square matrix Q such that

CEG+¢GTE .
2

Then, we can easily derive

de(x, )\ EG+0GTE L\ delx, 1)
Z®D r
( ) ® D+ 3 ®

Ox Oxg
B (a(Qe(x,r»)T d(Qe(x, 1))
- 8xk 8xk '

Let y(x,t) = Qe(x,1t), for (x,1) € 052 x [0, +00) from the boundary condition
(2.34), we have y(x, t) = Qe(x,t) = 0. In view of Lemma 1.22, one has

! Ay(x,n)\" dy(x, 1)
> [ (50) e
=1 Q axk axk

q

3

(56 +¢6GTE .
eT(x,t)(E(X)D—I—%@F)e(x,t)dx. (2.41)
k=1

|

2

Therefore,
q A _ A AT —
. EG+G'E A R
Vl(t)g/eT(x,t) |:E®T—Zl£2(+®1“)—(631()®1“:| e(x,t)dx.
2 k=1 'k

Then, following similar arguments as in the proof of Theorem 2.1, we can obtain the
desired result immediately.

Remark 2.10 By using the properties of Kronecker product, we can get

¢

€3]
®
)
+
6]
Q»
ol T
>
(@}
3
6]
®
~»
A
N
=N
[x
+
>
€3]
(@}
ol T
N>
Q»
3
6]
N
®
=

where kK = %. When ¢ > max;—j,._n {ﬁ}, the diagonal elements of matrix
m i
—~ | (EG+eGTE . . . —
KE + % are strictly negative. In this case, K&
negative eigenvalue. Therefore, if

R K
> max {——1,
i=12..N | |Gyl

tEGLeGT B
+ % has at least one

T A e L) A . . P
® D + % ® I always has a negative eigenvalue for any matrix ='.

Q|
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Remark 2.11 1In the past few years, some pinning control schemes for the CRDNNs
with state coupling have been developed [97, 101]. Obviously, it is also beneficial to
apply the pinning control technique to study the synchronization of the CRDNNs with
spatial diffusion coupling. To the best of our knowledge, this is the first to consider
the pinning control problem of the CRDNNs with spatial diffusion coupling, which
is a very important and challenging problem.

Remark 2.12 1In Sect. 2.2, we consider a CRDNNS consisting of N identical RDNNs
(2.4) with state coupling, and prove that the CRDNNSs (2.5) under the pinning con-
trollers (2.10) can synchronize as long as the coupling strength c is large enough
[see Corollary 2.2]. In this section, we investigate the pinning synchronization of a
CRDNNSs with spatial diffusion coupling, and a criterion for reaching synchroniza-
tion is established by using the designed pinning controllers (2.36) [see Theorem
2.9]. If the coupling strength ¢ is very large, it is impossible to find matrix & to
satisfy the condition (2.38) in Theorem 2.9 [see Remark 2.10]. In such a case, the
CRDNN s (2.32) under the pinning controllers (2.36) may not be synchronized. These
results show that coupling form has a strong influence on the dynamic behavior of
the CRDNNS.

2.3.3 Pinning Adaptive Synchronization of CRDNNs

Obviously, it is desirable to make the pinning feedback gains k;(i = 1,2, ...,1) as
small as possible. Therefore, an effective adaptive strategy to tune the feedback gains
k; is designed in this subsection.

The pinning controlled network (2.35) with adaptive feedback gains can be
described by

8,‘ , 1 n N A oA
% = DAzi(x,t) — Azi(x,t) + J + Bf (z;(x, 1)) + cZG,;,-FAz_,-(x, 1)
j=1
— k(O (zi(x, 1) —w(x, 1), i = 1,2,...,1,
0z;(x, 1) al
# = DAZi(x, t) — AZ,'(X, t) + J + Bf(Zi(x, t)) +éZGl]FAZ/(x1 t)v
j=1
i=I1+1,...,N, (2.42)

ki(t) = 51/ (zi(x, 1) — w*(x, ) T (zi(x, 1) — w*(x, 1))dx,
2
i=1,2,...1, (2.43)

where Bi and k; (0) are positive constants. Let ¢; (x, t) = z;(x, ) — w*(x, t). Then,
the dynamics of the error vector ¢; (x, t) is governed by the following equation:
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66,’((9);, 1) = DAe;(x,1) — Ae;j(x,t) + Bf (z;(x,1)) — Bf (w*(x, 1))
+ éz G[jﬁA@j(X, t) — 5ki(l)ﬁei(x, 1),
Jj=1
k(1) =Bz‘/ el .)lej(x, ydx,i=1,....1, (2.44)
2

wherei =1,2,...,N,and k;(t) =0fori =1+ 1,1+2,...,N.

Theorem 2.13 If there exist matrices & = diag(n, m2, ..., 1In) € RY*N > 0 and
= dlag(kl, ka, ... k1,0,...,0) € RN*N such that
\—,—/b\/—/
1 N
(56 +¢6GTE
E@D+ S J;c ®F > (2.45)
. . 1. 0 (EG Tg
E®T—(éEK)®F—ZE( )<0 (2.46)
k=1

where k; > 0,i = 1,2,...,1,D = ZZ=1%’@ = diag(p}, p3, ..., p>). T =

-D—A+ % + BTBT, then the controlled network (2.42) is synchronized under the
adaptive law (2.43).

Proof Construct a Lyapunov functional for the system (2.44) as follows:

N
Vs(t) = %Zm/ el (x, )e;(x, t)dx + Z 2% L (ki) — k)2 (2.47)
i=1

1

Calculating the time derivative of V3(#) along the trajectory of system (2.44), we can
get

N
Vs(t)=2ni/ge,-7(x,t)wdx

+ch,(k (t)—k)/ el (x, 1)l e;(x, 1)dx

N
ZZ /T(x,t)[DAei(x,t)—Aei(x,t)—ék,-(t)fei(x,t)

N

+ Bf (v, 1) = Bf (w(x.0) + Z Bej(x, ) ]dx
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1
+ X ente) ~ k) [ el nds
2

i=1

g/ " (x,H)[E® D+ (EEG) ® I'|Ae(x, dx
2

. _ BBT © DN A
+ [ e EQI—-A+ +—)—(CEK)R T |e(x,t)dx
2

BBT © A R
S/e(x,t)E@ —-D— A+ +=)—-(CEK)QT
Q 2 2
c(EG+GTE .
_ZC + Q) |ex, Hdx
2 2
k=1
< blleC, 013, (2.48)

where e(x, 1) = (el (x,1), e (x, 1), ..., ek, N, 6 = (E®T — CEK) ®
Fo S £(EHEE g ) <o,
Obviously, V3 () is non-increasing, and each term of V;(¢) is bounded. Therefore,

ki(t),i =1,2,...,1, are bounded, and lim,_, ; », V3(¢) exists and is a non-negative
real number. Because k; (¢) is monotonically increasing [see (2.43)], one can con-
clude that k; (1) (i = 1, 2, ...,1) asymptotically converges to a finite positive value.

Therefore, by the definition of V3(¢), we can derive that

N
li i | el (x,0ei(x, )d
t_}grnoo;n/gel(x Yei(x, t)dx

exists and is a non-negative real number. Then, by the similar proof of Theorem 2.5,
we can obtain

lim [le(-, £)]l» = 0.
t——+00

Therefore, the controlled network (2.42) is synchronized under the adaptive law
(2.43). The proof is completed.

Remark 2.14 To our knowledge, very few researchers have discussed the adaptive
synchronization of the CRDNNs [98—100]. In [98], adaptive method was applied to
design controller feedback gains, and some sufficient conditions for adaptive syn-
chronization were obtained. It should be noticed that a network model with state
coupling was considered in [98]. In [99, 100], the authors investigated the synchro-
nization problem of the CRDNNs using edge-based adaptive strategy, and some
adaptive strategies to tune all (or a small fraction of) the coupling weights were
designed. In this subsection, we study the synchronization of the CRDNNs with
spatial diffusion coupling by pinning a small fraction of nodes with adaptive feed-
back controllers, and a criterion is obtained to guarantee the synchronization of the
network (2.32).
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Remark 2.15 1In this chapter, some adaptive strategies to tune the coupling strength
c and pinning feedback gains k; are designed [see (2.26) and (2.43)]. Adaptive tech-
nique is a very effective method to tune the coupling strength and pinning feedback
gains. Firstly, coupling strength and pinning feedback gains can be adjusted very
quickly by utilizing the adaptive laws defined by the synchronization errors. Another
important advantage of adaptive technique is to adjust coupling strength and pinning
feedback gains for achieving suitable values in practice [129].

2.4 Numerical Examples

As an application of the above obtained theoretical results, two representative exam-
ples are given in this section.

Example 2.16 Consider the following 3-dimensional reaction-diffusion neural net-
work

ow; (x, 1) _d'é)zwi(x,t)
o 0Ox?

3
—aywi(x, 1) + T+ D by f(w;(x, 1)),
j=1

wi(x,1) =0, (x,t) € 02 x [0, +00), (2.49)

wherei =1,2,3,2 ={x | =0.5 <x < 0.5}, f;(§) = _|§+1\;\571|’d1 —02.dy =
0.2, d3 = 03, a) = 0.3,612 = 0.2, az = 03, Jl = J2 = J3 f— ()’ and the matrix
B = (b;j)3x3 is chosen as

2 —03-02
B=|-25 3 —06
—3 -2 4

Obviously, (0, 0, 0)" € R?is an equilibrium solution of the network (2.49), and
fi()(j = 1,2, 3) satisfies the Lipschitz condition with p; = 1.

Now we consider a CRDNNSs consisting of five linearly coupled identical model
(2.49) with state coupling. The state equations of the entire network are

dzi(x,1) b D%zi(x, 1)
ot o Ox?

5
— Az (x, 1) + Bf zi(x, ) + ¢ D_ Gii 'z (x, 1),
j=1

i=1,2,...,5, (2.50)

where
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25

liz, Il

liz,ll,

liz,ll,

liz,lI
liz,ll,

Fig. 2.1 The change processes of ||z; (-, )|l2,i = 1,2, ..., 5(z1(-, 0)]l2 = 1.1336, ||z2(-, 0) |2 =
0.3873, [lz3(-, 0)[l2 = 0.6819, [|z4(-, 0)[l2 = 1.4933, ||z5(-, 0)[2 = 2.3335)

I' = diag(0.6, 0.8, 0.5),

-02 0 02 0 0
0 -06 0 06 O
G = 0 0 —04 04 O
03 0 0 —0.6 03
0 05 O 0 —-05

The control objective here is to design appropriate control strategies such that all
nodes in the CRDNNSs (2.50) can synchronize onto (0, 0, 0)” € R3.

We choose the node 1 as pinned node. Select the parameters as follows: k; =
03,71 =0.3,m7, =0.1,73 = 0.15, 74 = 0.2, ns = 0.12. It is easy to verify that the
condition (2.25) in Theorem 2.5 is satisfied. According to Theorem 2.5, the CRDNNs
(2.50) under pinning control and adaptive law is synchronized. The simulation results
are shown in Figs.2.1 and 2.2.

Example 2.17 Consider the following 3-dimensional reaction-diffusion neural net-
work

ow; (x,1) _diazwi(x,t)
o1 ox?

3
—aywi(x, 1) + Ji + D bij f(w;(x, 1)),
j=1

w;(x,1) =0, (x,t) € 082 x [0, +00), (2.51)
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Fig. 2.2 Adaptive coupling strength (c(0) = 0.1)

wherei = 1,2,3,2 = {x | =0.5 < x < 0.5}, f;(6) = LN g, = 0.6,d, =
0.7,d3 = 0.5,(1] = 06, ay; = 0.8,(13 = 0.4, J] = Jz = J3 = 0, and the matrix
B = (b;j)3x3 is chosen as

0.70304
B=]1060402
0.50.60.3
Obviously, (0,0,0)7 € R? is an equilibrium solution of the network (2.51), and
fi()( =1,2,3) satisfies the Lipschitz condition with p; = 1.

Now we consider a CRDNNs consisting of five linearly coupled identical model
(2.51) with spatial diffusion coupling. The state equations of the entire network are

w

dzi(x, 1) %zi(x, 1) i (x 2
at =D axz —Azi(.x,t)+Bf(Zi(xat)) z j

’

i=1,2,...,5, (2.52)

where
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I = diag(0.5,0.7,0.6), ¢ = 0.5,

—-0.1 0 0 01 O
02 =02 O 0 0
0 03 -05 0 02
0 0 04 04 O
0.1 O 0 0 -0.1

o
Il

The control objective here is to design appropriate pinning adaptive controllers
such that all nodes in the CRDNNS5 (2.52) can synchronize onto (0, 0, 07 e R3.
We can find the following matrices

K = diag(0.6,0.7,0, 0, 0.6),
Z = diag(0.4,0.3,0.5,0.6, 0.4)

satisfying (2.45) and (2.46). That is, we only need to control the nodes 1, 2 and
5 for realizing network synchronization. From Theorem 2.13, the CRDNNSs (2.52)
can realize synchronization by using the designed pinning adaptive controllers. The
simulation results are shown in Figs.2.3 and 2.4.

According to the change processes of ||z; (-, #)]l2,i = 1,2, ...,5, in Figs.2.1 and
2.3, weclearly see that the CRDNNGs is synchronized. Figures 2.2 and 2.4 visualize the
change processes of ¢(t) and k; (t) (i = 1, 2, 5) in time interval [0, 10]. The numerical
results clearly show that c(¢) and k; (t) (i = 1, 2, 5) asymptotically converge to some
positive real numbers.

Remark 2.18 Finite-difference method [130], as an effective numerical method, in
the past ten years, has been widely used to simulate the reaction-diffusion systems.
In this section, we plot the curves of the synchronization errors, adaptive coupling
strength and adaptive feedback gains by employing the finite difference method.

. e . . 52, 9.
For instance, by utilizing the finite-difference method, g Zé;;’z‘”) and dz‘gf*’) can be
approximated by

PziCo, 1)zl 1) = 22i (1, 1) + 2i (2, 1))

2 ~ 2 ’
Ox X sample

0zi(xi, 1)) zi(xps 1) — 2i(xk, 1j-1)
ot Tsample

’

where xy = —O.S,XNX = 0.5,1p = 0, In, = 10,k € ./\/;C,] S M,xk — Xfp—1 =
Xsample = XNXN_ZXU, Nx = {0,1,..., N}, i —lji—1 = lample = ZN’NTZU: -/\[t =
{0, 1, ..., N;}. Similarly, ¢(¢) and léi (1) can be discretized.
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Fig. 2.3 The change processes of ||z; (-, H)|l2,i = 1,2, ..., 5(z1(-, 0)|l2 = 1.1336, ||22(-, 0)||2 =
0.3873, [lz3(-, 0)[l2 = 0.6819, [|z4(-, 0)l2 = 1.4933, ||z5(-, 0) |2 = 2.3335)

1.4

k(0
ky(t)
ks(t)

o f

0.2r i

Fig. 2.4 Adaptive feedback gains (k1 (0) = 0.3, k2(0) = 0.1, k5(0) = 0.1)
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2.5 Conclusions

Two kinds of linearly coupled neural networks with reaction-diffusion terms have
been introduced, which have different coupling forms. We have investigated the
pinning synchronization of the proposed network models. Some sufficient conditions
have been established to ensure that the proposed network models are synchronized.
It has been shown that, if the network is strongly connected, then the CRDNNSs (2.5)
under any pinning controllers in the form of (2.10) can synchronize as long as the
coupling strength is large enough. On the other hand, when the coupling strength
is very large, the CRDNNs (2.32) under the pinning controllers (2.36) may not be
synchronized. Finally, two numerical examples have been provided to verify the
correctness and effectiveness of the obtained results.

This chapter is only a first step toward the pinning control of the CRDNNs with
state coupling and spatial diffusion coupling, and there are still some interesting and
challenging problems deserving further investigation. For example, (1) what kind
of nodes should be pinned? (2) how many nodes are needed to be pinned? In this
chapter, some sufficient conditions ensuring the synchronization of the CRDNNs
with spatial diffusion coupling have been established by pinning a small fraction
of nodes with state feedback controllers. Practically, it may be more interesting to
consider the case that the external control u; be defined also by spatial diffusion
coupling.
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