Chapter 2
Rigid Perfectly Plastic Material

2.1 Plane Strain Deformation

The (g, s) coordinate system illustrated in Fig. 1.1 will be used. The system of equa-
tions consisting of Egs. (1.1), (1.2), (1.15), and (1.16) is hyperbolic [3]. Therefore, the
maximum friction law in the form of Eq. (1.29) may be adopted. The yield criterion
(1.15) is satisfied by the following standard substitution [3]

O4g =0 +kocos2y, oy =0 —kocos2y, o4 = kosin2y. (2.1)
Here o is the stress invariant introduced in Eq. (1.7). It is worthy of note that o is equal

to the hydrostatic stress for the model under consideration. Substituting Eq. (2.1) into
Egs.(1.1) and (1.16) results in

9 9 9 OH
99 okesin2e Y 4 2k cos 20 2V 4 2kg sin 2y 2 — 0, 2.2)
dq dq as as
9 9 9 OH
3% otk sin2y 2V 4 2k cos 20 Y — 2k cos 29 2L — 0.
as as aq as
and
§gg = A1cos2Y, & = —A1cos2y, &, = Aqsin2y, (2.3)

respectively. In Eq.(2.3), A; = 2kgA > 0. It is seen from Egs. (1.29) and (2.3) that
&, = & = 0 along the friction surface unless

Ay —> 00 24

as s — 0. The condition &,, = 0 means that s = 0 is a characteristic curve [3] (i.e.
the friction surface coincides with this characteristic curve). In this case the solution
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14 2 Rigid Perfectly Plastic Material

is not singular. Therefore, this case is not considered in the present monograph. It is
assumed that

§q 70 (2.5)

along the friction surface and Eq. (2.4) is satisfied. This means that the friction surface
coincides with an envelope of characteristics. It follows from Egs. (1.27), (1.29), (2.3)
and (2.4) that

&4s — 00 (2.6)

as s — 0. Using assumption (ii) of Assumptions 1.1 (see p.9) it is possible to con-
clude that the derivative du,/dq is bounded at s = 0. Then, it follows from Eqs. (1.2)

and (2.6) that

9
M 5 2.7)
as

as s — 0. Using assumption (iii) of Assumptions 1.1 (see p.5) it is possible to rep-
resent the angle ¥ as

V= % + Yos” + o (s7) (2.8)

as s — 0. Here v is independent of s and
B> 0. (2.9)
It follows from Eq. (2.8) that
sin2y = 1 — 2955 + 0 (s7),  cos2y = —29s” + 0 (s*) (2.10)
as s — 0. Substituting Eq. (2.10) into Eq. (2.3) gives
Sqq = _Ess = —Zwoklsﬁ +o0 (Sﬂ) (211)
as s — 0. Using assumption (ii) of Assumptions 1.1 (see p.5) and Eq.(1.2) it is
possible to conclude that £, isbounded at s = 0. Therefore, it follows from Egs. (2.5)
and (2.11) that
M =hos P +0(s7P) (2.12)

as s — 0. Here A is independent of s. Substituting Eq. (2.12) into Eq. (2.3) for &,
and taking into account Eq. (2.10) results in

&5 = ros P40 (s_ﬂ) (2.13)

as s — 0. Since oy, # 0 and the strain rate components &, and &, are bounded
at s =0, it follows from Egs. (1.4) and (2.13) that O(W) = O(§ys) = oG


http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1
http://dx.doi.org/10.1007/978-981-10-5227-9_1

2.1 Plane Strain Deformation 15
as s — 0. Therefore, the inequality (1.5) is satisfied if 8 < 1. This inequality and
Eq.(2.9) combine to give
0<B<l. (2.14)
Substituting Egs. (2.8) and (2.10) into Eq. (2.2)" leads to
22+ 2602 + 0 ()] - [2k0 2257 + 0 (57)] -
{4koHygBs =D + 0 [s@F7D]} =0

(2.15)

as s — 0. In this equation, H and d H /ds are understood to be calculated at s = 0.
Using assumption (ii) of Assumptions 1.1 (see p.5) it is possible to conclude that the
derivative do /dq is bounded at s = 0. Therefore, it follows from Eq. (2.15) that it is
necessary to examine two cases, namely 28 — 1 =  and 28 — 1 = 0. Assume that
28 — 1 = B. Then, B = 1. This contradicts Eq. (2.14). Therefore, 28 — 1 = 0 or

B=—. (2.16)
Then, it follows from Eq.(2.15) that

o =X+ Z1/s+0(Vs) (2.17)

ass — 0.Here X and ¥ are independent of s. Substituting Eqs. (2.8), (2.10), (2.16)
and (2.17) into Eq. (2.2)? yields

HXY
Tls_l/z + HkoWos ™ * + 0 (s_l/z) =0

as s — 0. Therefore,
X = —2koyo. (2.18)

Substituting this equation into Eq. (2.17) leads to
o = Xy — 2kovo/s + 0 (V/s) (2.19)

as s — 0. Eliminating ¢ in Eq.(2.15) by means of Eq. (2.19) shows that Eq. (2.15)
contains the term —4kq (dvo/dq) «/s. This is the only term of the order ./s as
s — 0 involved in this equation. Therefore, it is necessary to assume that v is
constant. Since the strain components &,, and &, are bounded at s = 0, it follows
from Egs. (1.3), (2.13) and (2.16) that

D 1
Eeq = x +o (75) (220)
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ass — 0.Here D is the strain rate intensity factor [2]. The distribution of stresses near
the maximum friction surface is found from Egs. (2.1), (2.10), (2.16), and (2.19) as

049 = X0 — 4koYo/s + 0 (V5),

2.21)
Uss=20+0(ﬁ)’ O—qssz(l_zwgs)_‘_O(s)

as s — 0. The distribution of velocity follows from Eqs. (2.11) and (2.13). In particu-
lar, substituting Eq. (2.11) for &, into Eq. (1.2), eliminating A; by means of Eq. (2.12)
and integrating result in

Uy = 2Yoros + o (s) (2.22)

as s — 0. Here it has been taken into account that this velocity component should
satisfy the boundary condition (1.8). Taking into account Egs. (2.7), (2.13) and (2.16)
the equation for the shear strain rate in Eq. (1.2) can be represented as du,/ds =
2hos~* 4+ 0 (s7'/2) as s — 0. Integrating leads to

g = ug + 4ro/s + 0 (V) (2.23)

as s — 0. Here u is independent of s.

2.2 Axisymmeric Deformation

The (g, 0, s) coordinate system illustrated in Fig. 1.2 will be used. The system of
equations consisting of Egs. (1.9), (1.10), (1.18), and (1.19) is not hyperbolic [3].
Therefore, the maximum friction law in the form of Eq. (1.28) should be adopted.
Equations (1.14), (1.18) and (1.28) combine to give

O‘qq = USS = 0'90 = o‘h (224)

at s = 0. Substituting this equation into Eq. (1.19) for &y shows that £y = 0 unless

A — 00 (2.25)

as s — 0. The condition &y = 0 contradicts Eq. (1.10) for &yg if u, # 0 and u, # 0

if the regime of sliding occurs (the velocity vector is not equal to zero) and the tangent

to the friction surface is not parallel to the z- axis, which is the axis of symmetry of the

process, at a generic point M of the friction surface (Fig.2.1). Therefore, Eq. (2.25)
is in general valid. Then, it follows from Egs. (1.19) and (1.28) that

§qs = 00 (2.26)
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Fig. 2.1 Tllustration of the Velocity vector
condition &py #~ O at friction =
surface

o SRy o
- Friction surface

Tangent to friction
surface at M

as s — 0. Using assumption (ii) of Assumptions 1.1 (see p.95) it is possible to con-
clude that the derivative du,/dq is bounded at s = 0. Then, it follows from Eqgs.

(1.10) and (2.26) that

9
e RN (2.27)
as

as s — 0. Using assumption (iii) of Assumptions 1.1 (see p.5) it is possible to rep-
resent i, as
ug = ug + uis? +o (sﬂ) (2.28)

as s — 0. Here u( and u, are independent of s. It follows from assumption (i) of
Assumptions 1.1 (see p.5) that § > 0. On the other hand, it is seen from Eqs. (2.27)
and (2.28) that 8 < 1. Hence,

0<p <l (2.29)

Using assumptions (i) and (ii) of Assumptions 1.1 (see p.5) it is possible to find from
Eq. (1.10) that the strain rate components &,, and &y are bounded as s — 0. Then,
it follows from Egs. (1.10) and (1.13) that the strain rate component &, is bounded
as s — 0. Therefore,

§4g=0(1), &s=0() and & =0 (1) (2.30)
as s — 0. Substituting Eq. (2.28) into Eq. (1.10) leads to

£5=0 (sﬁ—l) (2.31)

ass — 0.Itis seen from Egs. (1.12), (2.29), (2.30) and (2.31) that the inequality (1.5)
is satisfied. Equations (1.19) for &, (1.28) and (2.31) combine to give & = O (s#~1)
as s — 0. This equation can be rewritten as

A= o (sP71) (2.32)

as s — 0. Here ) is independent of s. Substituting Eq. (2.32) into Eq. (1.19) leads to
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Egq = [0s"™ + 0 (s"7)] (204g — 055 — 0%0) .
Eos = [2os” ™ 0 (sP71)] (2005 — 00 — 04g) + (2.33)
60 = [105 ™ 40 ()] (o — 1~ 040).

as s — 0. Then, it follows from Eq. (2.30) that

2044 — O5s — Opg = Aqsl_ﬁ +o0 (sl_ﬂ) ,
2055 — 090 — 0gg = Ass' P +0(s"7F), (2.34)
2009 — Oqq — 055 = Agsl_’3 +o (sl_ﬁ)

as s — 0. Here A,, A; and Ay are independent of s. Equation (2.34) can be trans-
formed to

A, — Ay

== LA o 18,

055 — Ogp = ms;ﬂs“ﬂ +o(s'7), (2.35)
Ag— A

0oy — Ogg = ( 0 . q)slfﬂ +o(s17ﬂ)

ass — 0.Using assumption (iii) of Assumptions 1.1 (see p.5) and taking into account
Eq. (1.28) it is possible to represent o, as

o4s = ko + O (s°) (2.36)
as s — 0. Here w > 0. Substituting Eqgs. (2.35) and (2.36) into Eq. (1.18) results in

[(4 = 4 + (A = 407 + (40— 4,)']

5 $?20=P = 0 (s9). (2.37)

as s — 0. It is worthy of note that the coefficient of s2=P) never vanishes. Then, it
follows from Eq. (2.37) that ® = 2(1 — B) and Eq. (2.36) can be rewritten as

ogs = ko + kis? =P 4o [sz(l_m] . (2.38)

as s — 0. Here k) is independent of s. Using Eq.(1.14) it is possible to rewrite
Eq.(2.34) as

— oy, = Augl=B 4 o (5B
O5s — O) = T‘sl’ﬂ +o0 (sl’ﬂ) , Ogg —Op = T"sl’ﬂ +o0 (sl’ﬂ)
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as s — 0. The derivative do,/ds is the first term of Eq.(1.9)>. The other terms of
this equation are bounded by assumptions (i) and (ii) of Assumptions 1.1 (see p.5).
Therefore, the first term must also be bounded. Using Eq.(2.39) this term can be
represented as

00y doy, A;(1-p) -8 B
T A S 2.4
as as 3 st (s ) (2:40)

as s — 0. The second term on the right hand side of this equation approaches infinity
as s — 0. In order to cancel this term, it is necessary to assume that

As0=P

T +o [s"P] (2.41)

op = 0p —

as s — 0. Here oy is independent of s. Equations (2.39) and (2.41) combine to give

A, —Ag _ _ —
04g = 00 + LAV 4 [0-P] | 6y = 00 + 0 [s0P)],

opp = 0 + QAL GA-P) | o [s1-P)].

(2.42)

Substituting this equation and Eq. (2.38) into Eq.(1.9)' leads to
{% +ko (25 + 250 +o(1)}
L[d(AA) | (A=A o] - .
{g[ i) | (et @]s“ P 4 o5 ﬁ>]}+ (2.43)

[2Hk (1 = B) s 4o [s0-2P]} =0

ass — 0.If 1 — B =1 — 28 then 8 = 0. This contradicts Eq. (2.29). Therefore, it
follows from Eq. (2.43) that 1 — 28 =0 or

g=- (2.44)

and
=0

d (A, — Ay) N (A — Ag) or
dq r Bq

at s = 0. Substituting Egs. (2.30) and (2.31) into Eq. (1.11) and using Eq. (2.44) it is
possible to arrive at Eq. (2.20). The distribution of stresses near the maximum friction
surface is found from Eqgs. (2.38), (2.42), and (2.44) as

qu—00+(q )\/_+0(\/—)’ U.S.SZUO+0(\/E)’
095 = 00+ FFE5 40 (V5), 0ge = ko +his +0(s)

(2.45)
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as s — 0. The distribution of the velocity component u, follows from Egs. (2.28)
and (2.44) in the form
ug = up + /s +o (ﬁ) (2.46)

as s — 0. Using this representation of u, it is possible to determine the shear strain

rate from Eq. (1.10) as
1

4 _
§q3—4\/§ +0(\/E) (247)

as s — 0. Equations (2.32) and (2.44) combine to give
A :Aos_]/2+0(s_l/2) (2.48)

as s — 0. Substituting this equation along with Egs. (1.28) and (2.47) into Eq. (1.19)

yields
up

~ 12k

Ao (2.49)

Equations (2.33) and (2.34) combine to give & = AgA; + 0 (1) as s — 0. Substi-
tuting Eq. (2.49) into this equation and integrating results in

_ MlAS
T 12k

s+ o(s) (2.50)

Us

as s — 0. It has been taken into account here that u, should satisfy the boundary
condition (1.8).

In contrast to plane strain deformation, the constitutive equations for axisymmetric
deformation depend on the yield criterion. The analysis presented in this section is
based on the von Mises yield criterion. However, it has been shown in [2] that
Eq.(2.20) is valid for quite a general smooth yield criterion and in [1] that this
equation is valid for Tresca yield criterion.

2.3 Compression of a Layer Between Rough Plates

As an illustrative example of singular solutions, an approximate solution for com-
pression of a rigid plastic layer between parallel plates is given in this section. This
solution can be found in any monograph on plasticity theory, for example [3].
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2.3.1 Statement of the Problem

Consider a rigid perfectly plastic layer of thickness 2 and width 2w. The layer is
compressed between two parallel plates. The speed of each plate is V. The Cartesian
coordinate system (x, y) is chosen as shown in Fig.2.2. The process has two axes
of symmetry, x = w and y = 0. Therefore, it is sufficient to consider the domain
O0<x<wand0 <y <h.

Let u, and u, be the velocity components referred to the Cartesian coordinate
system. The exact velocity boundary conditions are

uy =0 (2.51)

for y = 0 and
uy=-—V (2.52)

for y = h. The exact velocity boundary condition at x = w is replaced with the
following approximate condition [3]

h
/ udy =0, (2.53)
0

It is understood here that the velocity component u, involved in the integrand is
calculated at x = w.

Let oy, 0y, and oy, be the stress components referred to the Cartesian coordinate
system. The exact stress boundary conditions are

Oy =0 (2.54)

for y = 0 and the maximum friction law at y = h. The exact stress boundary condi-
tions at x = 0 are replaced with the following approximate condition [3]

Fig. 2.2 Compression of a v I
plastic layer between two
parallel plates notation

) X i
- =5
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I
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h
/oxxdy =0. (2.55)
0

It is understood here that the stress component oy, involved in the integrand is
calculated at x = 0.
In the Cartesian coordinate system, Eqgs. (1.1) and (1.2) become

00y 00y do,, 00y,
— =0, —/—+—=0 (2.56)
ax ay ax ady
and
£, = duy £, = ouy £, = 1 (0u, n duy 2.57)
Tt Y ey Y 2 ey ax ) '
respectively.

It is evident that in the case under consideration the normal distance from the
maximum friction surface is
s=h-—y. (2.58)

The coordinate line s = 0 (Fig. 1.1) corresponds to y = & and the angle ¥ shown

in Fig. 1.3 is also the angle which the principal stress direction corresponding to o
makes with the x- axis.

2.3.2 Solution

The yield criterion (1.15) and the associate flow rule (1.16) in the Cartesian coordinate
system read

(0xx — 0yy)” + 402, = 4k3. (2.59)

and
Exx = A (Gxx - O-yy) > 'i:yy =A (Uyy - Uxx) > gxy = 2)\ny» (2.60)

respectively. By analogy to Eq.(2.1) the yield criterion (2.59) is satisfied by the
following substitution

Oxx =0 +kocos2y, oy, =0 —kypcos2y, oy, = kosin2y. (2.61)
Equations (2.60) and (2.61) combine to give

&xx = 2kohcos 2y, &, = —2korcos2y, &, = 2koAsin2v. (2.62)
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Eliminating A between these equations results in

284y

%-xx — Syy

Exx + ’g:yy = O» = tan 210 (263)

The direction of flow (Fig.2.2) dictates thato,, > Oaty = hintherange0 < x < w.
The maximum friction law (1.29) becomes

— (2.64)

for y = h. Substituting Eq. (2.61) into Eq. (2.56) yields

3 3 3

- 2kg sin zw—‘/’ + 2ko cos 2x/f—w =0, (2.65)
ax ax dy

3 3 3

99 4 okgsin2e 2V 42k cos 2y Y 0.

dy dy 0x

In the case of #/w < 1 it is reasonable to assume that v is independent of x [3].
Then, Eq. (2.65) becomes

oo dyr oo
— +2kpcos2y— =0, —
ax dy ay

~+ 2ko sin de—w =0. (2.66)
dy

Equation (2.66)? can be immediately integrated to give o = kocos2y + ®; (x)

where @, (x) is an arbitrary function of x. Using this solution to eliminate o in

Eq.(2.66)" and taking into account that the second term of this equation is indepen-

dent of x it is possible to find that

];1 — B — Ax + cos 2y (2.67)
0
and
dyr
2cos2y— = A. (2.68)
dy

Here A and B are constant. It follows from the boundary condition (2.54) and
Eq.(2.61) that ¥ =0 at y = 0. The solution of Eq.(2.68) satisfying this bound-
ary condition is sin 2y = Ay. Using the boundary condition (2.64) it is possible to
determine that A = 1/h. Then,

sin 2y = % (2.69)

and Eq.(2.67) becomes

) (2.70)
—_— = —_ = COS . .
%o 3
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The value of B can be found from the boundary condition (2.55) using Egs. (2.61),

(2.69) and (2.70). However, it is not necessary to determine this value for demon-
strating that the solution is singular. Equations (2.57) and (2.63) combine to give

9

du, ou,y ouy, duy du, ouy
) — = — — | tan 2. 2.71)
ax ay

dax ay ay dax

In the case of 7/w <« 1 it is reasonable to assume that u, is independent of x [3].
Then, Eq.(2.71) becomes

oty duy,  Ou, du,
=——, = —2—tan2y. (2.72)
ax dy ay dy

Differentiating Eq. (2.72)" with respect to y and Eq.(2.72)* with respect to x leads

© 2 2 2
aux:_duy 8ux:0
0xdy dy?’ dydx '

Then, using the equation

9%u, B 9%u,
dxdy  dydx
it is possible to find that
d*u, .
dy?

The solution of this equation satisfying the boundary conditions (2.51) and (2.52) is
7 y
— == 2.73
v A (2.73)

Equations (2.72)* and (2.73) combine to give

ux _ 2V n2y (2.74)
= — lan . .
dy h

Replacing here differentiation with respect to y with differentiation with respect to
Y by means of Eq. (2.69) yields

ouy
Y

= 4V sin 2y 2.75)

Integrating this equation results in

Ux

7 =uy— 2 cos 21ﬂ (276)
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Here u is an arbitrary function of x. It is seen from Eq.(2.72)! that the derivative
du, /dx is independent of x. It is therefore evident that i is a linear function of x
and Eq. (2.76) becomes

”7" — a + bx — 208 2 2.77)

where a and b are constant. Substituting Egs. (2.73) and (2.77) into Eq. (2.72)" shows
that b = 1/ h. Then, Eq.(2.77) becomes

L+ _2cos2y (2.78)

v = a W cos 2. .
The value of a can be found from the boundary condition (2.53) using Eqs. (2.69)
and (2.78). However, it is not necessary to determine this value for demonstrating
that the solution is singular. In particular, it is seen from Eq. (2.73) that du, /dx = 0.
Therefore, it follows from Eq. (2.57) that 2§,, = du,/dy. Then, using Eq. (2.74)

&y = %tan 2. (2.79)

Expanding the left hand side of Eq.(2.69) in a series in the vicinity of Y = /4 and

using Eq. (2.58) yield
5= Zh(l/f _ %)2 Yo [(w — %)2} (2.80)

as ¥ — /4. Expanding the right hand side of Eq.(2.79) in a series in the vicinity
of ¥ = 7 /4 and using Eq. (2.80) yield

= — 4 (1) 2381)
= —40|— .
’ 2hs Vs

as s — 0. Since the strain rate components &, and &, are bounded, Eq.(2.81)
coincides with Eq. (2.20).
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