
Chapter 2
Some General Issues of Propagation
of Magnetoelastic Waves
in Electroconductive Isotropic
and Anisotropic Media

This chapter is devoted to the study of propagation of magnetoelastic waves in
isotropic and anisotropic electro-conductive media. The basic linearized equations,
boundary conditions and relations of perfectly conducting media, describing
magnetoelastic wave processes, are derived. Magnetoelastic plane waves in infinite
media are investigated. The characteristic equation of bulk magnetoelastic waves is
derived. The classification of fast and slow, as well as of quasi-longitudinal and
quasi-transverse, magnetoelastic waves is given. It is shown in which cases,
depending on the orientation of the external magnetic field, the medium is under
plane-strain conditions. The condition of complete hyperbolicity, which ensures the
possibility of propagation of magnetoelastic waves in any direction, is established.
Investigation of the roots of the characteristic equation reveals the nature of
propagation of fast and slow waves, depending on the physical and mechanical
properties of the medium and the magnitude of the external magnetic field intensity.
The changes in wave’s phase velocities depending on the direction of propagation
characteristics of the elastic medium and magnetic field.

2.1 Basics of the Linear Theory of Magnetoelasticity
of Electroconductive Media

In this section, on the basis of the coupled nonlinear equations and the relations of
magnetoelasticity of electrically conductive media given in Chap. 1 (Sect. 1.1), the
basic linear equations and relations of perfectly conducting anisotropic elastic
media describing the wave processes in these media in the presence of external
magnetic fields, are obtained by linearization.

On the basis of the results of the Chap. 1 (Sect. 1.1), hereinafter we consider
media with an infinite conductivity (i.e. perfectly conducting media). In this case,
from Ohm’s law written in its own coordinate system K� [the first equation
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in (1.1.5)], it follows that inside an ideally conducting medium the following
condition is fulfilled:

E� ¼ 0; ð2:1:1Þ

as the current density j� must be finite. From (2.1.1) and (1.1.8) we have:

E ¼ � 1
c

V� Bð Þ: ð2:1:2Þ

Hence it follows that the electric field intensity E in a perfectly conducting
medium is determined by the field of magnetic induction B and the velocity of the
medium particles V. On the other hand, in perfectly conducting media under the
influence of quasi-stationary electromagnetic fields, the displacement current den-
sity is so small in comparison with the conduction current density [1] that with high
accuracy the following equation can be used instead of the second equation of
(1.1.1):

rotH ¼ 4p
c
j: ð2:1:3Þ

From (2.1.2) and (2.1.3) it follows that the interaction of fields of magnetic
induction B and elastic displacement u plays an important role in magnetoelasticity
of a conducting body. Distribution of these values determines all other parameters
characterizing the magnetoelastic problem.

In this chapter, when considering the problems of magnetoelastic waves in
conducting media, we will use the linearized equations of the theory of elasticity
and electrodynamics. Linearization of the basic relations of magnetoelasticity is
carried out under the assumption that along with the smallness of elastic distur-
bance, electromagnetic disturbance is also small.

As usual, we consider two states magnetoelastic system: disturbed and undis-
turbed. The values related to the first state will be marked with index “0” from
above or below (depending on convenience). The values related to the second state
will be represented as a sum of the undisturbed values and the corresponding
disturbances. The latter values will be considered to be small and denoted by the
corresponding small letters.

So, let us consider an elastic conducting body in a stationary external magnetic
field. Assume that the magnetostatic problem for the initial (undisturbed) state is

solved, i.e. the magnetic induction vectors for the outer BðeÞ
0 and inner B0 regions

are known. These characteristics of the electromagnetic field satisfy the following
equations and boundary conditions:

rotH0 ¼ 0; divB0 ¼ 0; E0 ¼ 0;

rotHðeÞ
0 ¼ 0; divBðeÞ

0 ¼ 0; EðeÞ
0 ¼ 0;

ð2:1:4Þ
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BðeÞ
0 � B0

h i
� n0 ¼ 0;

HðeÞ
0 �H0

h i
� n0 ¼ 0;

ð2:1:5Þ

where HðeÞ
0 ¼ BðeÞ

0 , H0 ¼ bl�1B0 are the vectors of intensity of the initial magnetic
field in vacuum and in medium, respectively; n0 is the unit outward normal vector
of the surface of discontinuity (the boundary of the medium) in undisturbed state; l̂
is the tensor of magnetic permeability of the medium.

Using the usual notation without “*” sign [based on Formula (1.1.33)], rep-
resenting the disturbance components of the elastic and electromagnetic fields in the
form [2–5]

H ¼ H0 þ h; E ¼ e; B ¼ B0 þ b;D ¼ d; j; u; qe; ð2:1:6Þ

and considering that the characteristics of the induced electromagnetic field and the
elastic perturbations are small, we linearize the original equations and relations
(1.1.26)–(1.1.36) taking into account (2.1.2) and (2.1.3), neglecting the squares and
products of all the values, arising from the disturbance. For the sake of simplicity let
restrict us with the investigation of the following cases: (a) the mechanical stresses
of unperturbed state are equal to zero; (b) external forces of non-magnetic origin
and disturbances of the points of bodies surface are independent of perturbations.
As a result, we obtain the following linear equations and the magnetoelasticity
relations for perfectly conducting anisotropic elastic media in the initial region X0

in Cartesian coordinates x1 ; x2; x3 of the observer’s frame of reference K.
The equations and relations of magnetoelasticity for a perfectly conducting body

in the inner region:

divr_ þ 1
c
j� B0 ¼ q0

@2u
@t2

; B ¼ l̂H;

roth ¼ 4p
c
j; div b ¼ 0; b ¼ l̂h; B0 ¼ l̂H0,

rot e ¼ � 1
c
@ b
@t

; e ¼ � 1
c
@u
@t

� B0;

j ¼ c
4p

rot h; qe ¼
1
4p

div d;

rik ¼ Ciklmclm; clm ¼ 1
2

@ul
@xm

þ @um
@xl

� �
;

d ¼ êeeþ 1
c

êe
@u
@t

� l̂H0

� �
� @u

@t
�H0

� �
;

ð2:1:7Þ

where u ¼ u1; u2; u3ð Þ is the elastic displacement vector; cmn are the components of
the Green deformation tensor; rij are the components of the Cauchy stress tensor;
e; h and d; b are the vectors of intensities and inductions of the disturbed
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electromagnetic field; j is the conduction current density vector; B0—the dis-
placement vector of the external magnetic field; qe—the density of the induced
electric charge; êe—the permittivity tensor; l̂—the magnetic permeability tensor;
q0—the density of the medium in the undeformed state; c—the electrodynamic
constant; Cijmn—the components of the tensor of elastic constants, which have the
following symmetry [6–9]:

Cijkn ¼ Cjikn ¼ Cijnk ¼ Cnkij ð2:1:8Þ

In the case of an isotropic medium, the components of the elastic constants
tensor are given by:

Ciklm ¼ kdikdlm þG dildkm þ dimdklð Þ ð2:1:9Þ

Maxwell’s equations in the outer region for vacuum:

rot eðeÞ ¼ � 1
c
@ hðeÞ

@t
; div eðeÞ ¼ 0;

rot hðeÞ ¼ 1
c
@ eðeÞ

@t
; div hðeÞ ¼ 0;

ð2:1:10Þ

from which the following wave equations are obtained:

DhðeÞ � 1
c2

@2hðeÞ

@t2
¼ 0;

DeðeÞ � 1
c2

@2eðeÞ

@t2
¼ 0 :

ð2:1:11Þ

Boundary conditions on the surface of the elastic body S0:

(a) The conditions characterizing the electrodynamic part of the problem take the
form (it is assumed that there is no surface current in the unperturbed state):

n0 � e� eðeÞ
� �

¼ 1
c
n0 � @2u

@t2
� B0 � BðeÞ

0

� �� �
;

n0 � b� bðeÞ
� �

¼ 0;
ð2:1:12Þ

4pj�s ¼ �c n0 � h� hðeÞ
� �

; ð2:1:13Þ

4pq�s ¼ �n0 � d� dðeÞ
� �

; ð2:1:14Þ
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where relations (2.1.13) serve to find the surface current j�s and charge q
�
s , appearing

on the surface of the body as it moves in a magnetic field;

(b) The conditions characterizing the mechanical part of the problem:

when the surface forces f0s are given on the surface and have the form:

n0 � r̂þ t̂ � t̂ðeÞ
� �

¼ 0; ð2:1:15Þ

where t̂ and t̂ðeÞ are the Maxwell tensor perturbations in medium and in vacuum,
respectively, the components of which are determined by the formulas:

tik ¼ 1
4p

H0
i bk þB0

khi
� 	� 1

4p
dikH0 � h; ð2:1:16Þ

tðeÞik ¼ 1
4p

HðeÞ0
i bð0Þk þBðeÞ0

k hðeÞi

� �
� 1
4p

dikH
ðeÞ
0 � hðeÞ: ð2:1:17Þ

At the end of this section, we note the following. Excluding the vector e from the
Eq. (2.1.7) and integrating it with respect to time, we find:

b xi; tð Þ ¼ rot u xi; tð Þ � B0½ � þ q xið Þ ð2:1:18Þ

where q xið Þ is an arbitrary time-independent function which should be determined
from the initial conditions. Usually for a perfectly conducting body it is assumed
that q � 0 and Eq. (2.1.18) is used in the form of:

b ¼ rot u� B0ð Þ ð2:1:19Þ

or according to (2.1.7)

h ¼ l̂�1rot u� B0ð Þ ¼ l̂�1rot u� l�1B0
� 	

; ð2:1:20Þ

where l̂�1 is the inverse tensor of l̂. It should be noted that such an assumption
q � 0ð Þ is usually true when investigating stationary processes. But in the general
case, when we study the problem of propagation of initial perturbations, it does not
allow to independently set the initial conditions for the elastic displacement and the
generated magnetic field. In this case, the initial conditions must be compatible with
each other by an equation at the initial instant of time.
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2.2 Equations of Magnetoelastic Waves in Displacements.
One-Dimensional Quasi-longitudinal
and Quasi-transversal Magnetoelastic Waves

In this section we derive the equations of motion in displacements which describe
the magnetoelastic wave process in perfectly conducting anisotropic media in the
presence of external homogeneous magnetic fields. The problem of structure of
one-dimensional magnetoelastic waves and the waves separation into
quasi-longitudinal and quasi-transverse is investigated [10–14].

2.2.1 The Equations of Magnetoelastic Waves
in Displacements

The equations obtained in the preceding section will be reduced to a form we will
use further.

By determining the vector of the electric current density j from the fourth
equation of system (2.1.7) and using relation (2.1.20), we obtain the following
expression for the ponderomotive force F:

F ¼ 1
c

j� B0ð Þ ¼ 1
4p

rot l̂�1 rot u� B0ð Þ
 �� B0: ð2:2:1Þ

Hence, in the case of a homogeneous external magnetic field, we obtain the
following expressions for the projection of the ponderomotive force in the Cartesian
coordinate system 0x1x2x3:

Fi ¼ ~Cijmn
@2un
@xj@xm

; ð2:2:2Þ

with the following notation:

~Cijmn ¼ g0B
0
aB

0
bl

�
cd dicdaj � dijdac
� 	

dnddbm � dnmddb
� 	

; ð2:2:3Þ

B0 ¼ fB0
i g;

H0 ¼ fH0
i g;

g0 ¼
1
4p

l̂j j; i; j; m; n; a; b; c; d ¼ 1; 2; 3ð Þ
ð2:2:4Þ

where l̂j j is the determinant of tensor l̂; l�cd—the components of the tensor l�

joined to tensor l̂; dij—the Kronecker symbols.
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Using the convolution of tensor product and the reverse tensor criterion [15], it is
not difficult to prove that the values ~Cijmn constitute a fourth-order tensor and satisfy
the symmetry condition of the following type:

~Cijmn ¼ ~Cnmji ð2:2:5Þ

Using the symmetry property of tensor l�, from (2.2.3) we obtain the expres-
sions for the coefficients of Eq. (2.2.2):

~C1111 ¼ g0 B0
2 B0

2l
�
22 þ 2B0

3l
�
23

� 	þB0
3B

0
3l

�
33


 �
;

~C1123 ¼ �g0 B0
2 B0

2l
�
23 þB0

3l
�
33

� 	
 �
;

~C1112 ¼ �g0 B0
1 B0

2l
�
22 þB0

3l
�
23

� 	
 �
;

~C1131 ¼ �g0 B0
3 B0

2l
�
12 þB0

3l
�
13

� 	
 �
; ~C1223 ¼ g0 B0

2B
0
2l

�
13


 �
;

~C1113 ¼ �g0 B0
1 B0

2l
�
23 þB0

3l
�
33

� 	
 �
; ~C1213 ¼ g0 B0

1B
0
2l

�
13


 �
;

~C1312 ¼ g0 B0
1B

0
3l

�
12


 �
; ~C1221 ¼ g0 B0

2B
0
2l

�
11


 �
;

~C1131 ¼ �g0 B0
3 B0

2l
�
12 þB0

3l
�
13

� 	
 �
; ~C1231 ¼ g0 B0

3B
0
2l

�
11


 �
;

~C1121 ¼ �g0 B0
2 B0

2l
�
12 þB0

3l
�
13

� 	
 �
; ~C1331 ¼ g0 B0

3B
0
3l

�
11


 �
;

~C1122 ¼ g0 B0
1B

0
2l

�
12 þB0

3 B0
1l

�
13 þB0

2l
�
23 þB0

3l
�
33

� 	
 �
;

~C1132 ¼ �g0 B0
3 B0

2l
�
22 þB0

3l
�
23

� 	
 �
; ~C1212 ¼ g0 B0

1B
0
2l

�
12


 �
;

ð2:2:6Þ

The remaining coefficients can be obtained from the above by cyclic permutation
of the indices 1, 2, 3 and by using the symmetry relation (2.2.5).

Using Hooke’s law and geometric relations included in (2.1.7), the expression of
the ponderomotive force (2.2.2), from the first equation of system (2.1.7) in the
absence of usual volume forces, we obtain the following equations of magnetoe-
lastic waves in displacements:

Aikln
@2un
@xk@xl

¼ @2ui
@t2

ð2:2:7Þ

where the coefficients Aikln are determined by the expressions:

Aikln ¼ q�1
0 Cikln þ ~Cikln

� 	 ð2:2:8Þ

and satisfy, according to (2.2.5) and (2.1.8), the following symmetry conditions:

Aikln ¼ Anlki ð2:2:9Þ
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The remaining characteristics of the magnetoelastic problem are determined by
the vectors of elastic displacement u and the induction of the external magnetic field
B0 according to the formulas above.

Thus, the equations of motion of an ideally conducting elastic body in the
presence of an external homogeneous magnetic field (2.2.7) are linear homoge-
neous second-order differential equations with constant coefficients which depend
on the physical and mechanical properties of the medium and the intensity of the
given external magnetic field. These equations are independent from the equations
of the electromagnetic field, but the connection between elastic and electromagnetic
fields in general is realized through the boundary conditions [10–12].

2.2.2 One-Dimensional Quasi-longitudinal
and Quasi-transverse Waves

Let us consider the solutions of Eq. (2.2.7) of the form:

ui ¼ Ui exp i k � r� xtð Þ; Ui ¼ const; ði ¼ 1; 2; 3Þ; ð2:2:10Þ

which describe the propagation of plane monochromatic magnetoelastic waves with
the wave vector k, frequency x, amplitude U and phase u ¼ k � r� xt.

The equation of equiphase surface

u ¼ k � r� xt ¼ const ð2:2:11Þ

at any given moment is a plane (a phase plane), the velocity of which (the phase
velocity of the wave) is determined by the expression [1, 16–18]:

V ¼ � graduj j�1n
@u
@t

;

n ¼ graduj j�1gradu:
ð2:2:12Þ

According to (2.2.11) gradu ¼ k; n ¼ k=k (k is the wavenumber), ut ¼ �x.
Substituting these values into в (2.2.12), we obtain the expression for the phase

velocity:

V ¼ nx=k ¼ Vn ð2:2:13Þ

Substituting the solution (2.2.10) into Eq. (2.2.7), we obtain:

Aijlnkjkl � x2din
� 	

Un ¼ 0 ð2:2:14Þ
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or

Â� V2 Î
� 	

U ¼ 0; ð2:2:15Þ

where Î is a unit tensor, Â—a second-order tensor, defined as follows:

Ain ¼ Aijlnnjnl ð2:2:16Þ

It follows from (2.2.15) that the displacement vector U of a monochromatic
plane wave is an eigenvector, and the square of the phase velocity of the wave V2 is
an eigenvalue of the tensor. Consequently, V2 is the root of the characteristic
equation:

Â� V2 Î
�� �� ¼ 0 ð2:2:17Þ

of the equation system (2.2.15).
It is seen from (2.2.6), (2.2.8) and (2.2.16) that the components of the tensor Â

depend on the direction n of the wave normal, on the physical-mechanical prop-
erties of the medium and on the components of the external magnetic field.

Consequently, the problem of propagation of magnetoelastic waves consists in
finding the displacement U and the phase velocity V of magnetoelastic plane waves
with an arbitrarily direction of the wave normal n according to the given elastic
properties of the medium and to the given magnetic field.

Let us show that for any direction the tensor Â is symmetric.
Indeed, according to (2.2.16), we have:

Ain ¼ Aijlnnjnl ¼ Ai11nn
2
1 þAi22nn

2
2 þAi33nn

2
3

þ Ai12n þAi21nð Þn1n2 þ Ai13n þAi31nð Þn1n3
þ Ai32n þAi23nð Þn2n3;

ð2:2:18Þ

which, in view of (2.2.9), can be written as:

Ain ¼ Aijlnnjnl ¼ An11in
2
1 þAn22in

2
2 þAn33in

2
3

þ An12i þAn21ið Þn1n2 þ An13i þAn31ið Þn1n3
þ An32i þAn23ið Þn2n3:

ð2:2:19Þ

Now, calculating Ani from (2.2.16) and comparing the resulting expression with
the expression of Ain in (2.2.19), we see that they coincide. Thus, the tensor Â is
symmetric and, consequently, has three real eigenvalues V2

i [19].
In the case of an arbitrary anisotropic medium in the absence of a magnetic field,

the tensor Â is proved to be positive definite for any direction of the wave normal n
[17]. For physical reasons it is natural to assume that, even in the presence of a
magnetic field, the tensor Â has this property. In what follows, this property is
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proved in the case of the plane problem of an orthotropic medium, when the
external magnetic field is directed along one of the principal directions of elasticity
of the medium. Below the proof of this property in the case of an isotropic medium
is given. In the general case, this property can be proved using the property of
positive definiteness of the magnetoelastic energy, as it is done in the case of the
purely elastic problem [17].

For an isotropic medium, according to (1.1.6), we have: lik ¼ ldik; l�ik ¼ dik.
Using these relations, we obtain from (2.2.6):

~C1111 ¼ g0ðB2
02 þB2

03Þ; ~C1122 ¼ g0B
2
03;

~C1221 ¼ g0B
2
02;

~C1331 ¼ g0B
2
03;

~C1112 ¼ �g0B01B02; ~C1123 ¼ �g0B03B02;
~C1132 ¼ �g0B03B02; ~C1112 ¼ �g0B01B02;
~C1113 ¼ ~C1121 ¼ ~C1131 ¼ ~C1212 ¼ ~C1213 ¼ ~C1223 ¼ ~C1312 ¼ 0:

ð2:2:20Þ

Directing the 0x1 axis along the direction of the wave vector n and substituting
(2.2.20), (2.1.9) into (2.2.8), we find Aiklm, and, according to (2.2.16), the com-
ponents of the Â tensor.

As a result, the tensor Â for an isotropic medium is represented in the following
form:

Â ¼
d0 þ c0 þB2

�2 þB2
�3 �B�1B�2 �B�1B�3

�B�1B�2 d0 þB2
�1 0

�B�1B�3 0 d0 þB2
�1

2
4

3
5 ð2:2:21Þ

with the notation:

d0 ¼ G
q0

[ 0; c0 ¼ kþGð Þ
q0

[ 0;

l[ 0; B�i ¼ 1
4p

B0i

q0
[ 0; ði ¼ 1; 2; 3Þ:

ð2:2:22Þ

It is clear from (2.2.22) that the principal minors of the tensor are positive:

A1 ¼ d0 þ c0 þB2
�2 þB2

�3 [ 0;

A2 ¼ d0 d0 þ c0 þB2
�

� 	þ c0 þB2
�2

� 	
B2
�1 [ 0;

A3 ¼ d0 þB2
�1

� 	
d0 d0 þ c0 þB2

�
� 	þ c0B

2
�1


 �
[ 0:

ð2:2:23Þ

Consequently, for isotropic media in the presence of a magnetic field, the tensor
Â is positive definite in any direction of the wave normal n. Hence it follows that in
this case the characteristic equation has three positive real roots V2

i . This means that
plane monochromatic magnetoelastic waves can propagate at any angle to the
direction of the external magnetic field B0.
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In the general case, the real symmetric tensor Â will have three distinct eigen-
values V2

1 ; V2
2 ; V2

3 , to each of which there corresponds an eigenvector which
determines the direction of the displacement vector U in the wave. Consequently, in
both isotropic and anisotropic media, in general, for any given direction of the wave
normal n, three magnetoelastic waves with different phase velocities can propagate.
These waves, having a common wave normal, are called isonormal waves. The
displacement vectors of isonormal waves, as the eigenvectors of the real symmetric
tensor Â, are mutually perpendicular. In those particular cases, when the tensor Â
becomes uniaxial, the two eigenvalues of this tensor coincide, hence two of the
three isonormal waves have the same phase velocities, and their displacement
vectors may have any direction in a plane perpendicular to the displacement vector
of the third wave.

As an example, consider the case of an isotropic medium [12]. On the basis of
(2.2.21), the characteristic equation determining the phase velocities of propagation
of magnetoelastic waves can be represented in the form:

V2 � d0 � B2
�1

� 	
V2 � d0
� 	2 þ c0B

2
�1 � V2 � d0

� 	
c0 þB2

�
� 	h i

¼ 0: ð2:2:24Þ

Hence, to determine the phase velocities of isonormal magnetoelastic waves with
a given wave normal n, we obtain the expressions:

V2
1;2 ¼ 0; 5 c0 þ 2d0 þ v� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0 þ v�ð Þ2�4c0v� cos2 B0; nð Þ

q� �
;

V2
3 ¼ d0 þ v� cos

2 B0; nð Þ;
ð2:2:25Þ

where

v� ¼
B2
0

4pq0
l�1: ð2:2:26Þ

Let us consider the specific cases.

(a) The wave normal n is parallel to the magnetic field B0. In this case we find from
(2.2.21) and (2.2.25) that:

Â ¼
d0 þ c0 0 0

0 d0 þB2
� 0

0 0 d0 þB2
�

2
4

3
5; V ¼

V2
1 ¼ d0 þ c0 ¼ a0
V2
2 ¼ d0 þ v�

V2
3 ¼ d0 þ v�

2
4

3
5: ð2:2:27Þ

It follows that the tensor Â is uniaxial. In this case one of the eigenvectors of the
tensor Â will have the same direction as n ¼ i1 (the corresponding wave will be
longitudinal). Two other eigenvectors of the tensor Â may be chosen arbitrarily in a
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plane perpendicular to n (the corresponding waves will be transverse and will have
the same phase velocity). It is seen from (2.2.27) that the longitudinal wave is
purely elastic, and the transverse waves are magnetoelastic.

(b) The wave normal n is perpendicular to the direction of the vector B0. In this
case we have according to (2.2.21) and (2.2.27):

Â ¼
d0 þ c0 þ v� 0 0

0 d0 0
0 0 d0

2
4

3
5; V ¼

V2
1 ¼ d0 þ c0 þ v�

V2
2 ¼ d0

V2
3 ¼ d0

2
4

3
5: ð2:2:28Þ

It follows from (2.2.28) that there propagates one longitudinal wave perpen-
dicular to the magnetic field B0, and its velocity depends on the magnetic field, and
two transverse waves propagate with coinciding phase velocities independent from
the magnitude of the magnetic field intensity.

Thus, the presence of a magnetic field in the case of an isotropic medium leads to
the tensor Â to become biaxial for any direction of the wave normal n, with the
exception of those directions that are parallel or perpendicular to the direction of the
magnetic field.

Important properties of propagation of magnetoelastic waves in isotropic media
follow directly from this conclusion.

(1) None of the three isonormal magnetoelastic waves (except when the vector B0

is parallel or perpendicular to the vector n) is neither purely longitudinal nor
purely transverse. However, in any case, one of the three isonormal waves will
have a displacement vector U1, which forms the smallest angle with the wave
normal n. Such a wave is called quasi-longitudinal, and the other two are called
quasi-transverse.

(2) Usually the phase velocities of all three isonormal waves are different for any
direction of the wave normal n. The wave with a phase velocity V1 (for
V1 [V2; V1 [V3) is called fast, the waves with phase velocities V2 and V3 are
called slow.

(3) Linearly polarized magnetoelastic waves can propagate in any direction of the
wave normal n. Elliptically polarized magnetoelastic waves, in contrast to
purely elastic waves, can propagate only in directions that are parallel or per-
pendicular to the direction of the magnetic field.

(4) In the presence of a magnetic field, the phase velocities of the transverse waves
coincide, and besides, when the vectors B0 and n are parallel, the velocities of
these waves increase with an increase of the magnetic field intensity, and when
these vectors are perpendicular, the velocities do not depend on the magnetic
field intensity.

The character of wave propagation (both elastic and magnetoelastic) is very
complicated in the case of anisotropic media. With some reservations, the above
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properties also occur in this case. The influence of medium anisotropy on propa-
gation of magnetoelastic waves will be discussed later. Here we note the following.
If the direction of the wave normal n in an anisotropic medium is specific in the
absence of a magnetic field, then by choosing the direction of the magnetic field it
can be made ordinary (specific directions of n are those along which purely lon-
gitudinal waves can propagate).

In conclusion, let us consider one qualitative aspect of the influence of the
magnetic field on the character of propagation of magnetoelastic waves. It is known
[17] that in an isotropic medium in the absence of a magnetic field the frequency of
a wave is proportional to the absolute value of the wave vector k and therefore the
group velocity of the wave Vg (the velocity of propagation of perturbations)
coincides with the phase velocity. In the case of magnetoelastic waves, this property
is violated for any direction of the wave normal n (except for specific directions).
Indeed, the group velocity of a wave of any type is defined as follows [17]:

Vg ¼ @x
@k

¼ @x
@kj

ij: ð2:2:29Þ

From (2.2.14) we have:

x2 ¼ AijlmkjklUiUm
�
U2: ð2:2:30Þ

Taking into account (2.2.30), we find from (2.2.29):

Vg
j ¼ @x

@kj
¼ 1

V
Aijlm

UiUm

U2 nl ð2:2:31Þ

or

U ¼ V�1Â� �~n; A�
il ¼ AijlmUjUmU:�2 ð2:2:32Þ

Hence it follows that the group and phase velocities are related by

U � n ¼ V : ð2:2:33Þ

The obtained relations show that the group and phase velocities of magnetoe-
lastic waves (except for specific directions) differ both in direction and in magni-
tude, and, as can be seen from (2.2.33), the magnitude of the group velocity can not
be less than the phase velocity. They coincide: when purely elastic waves are
considered to be propagating in an isotropic medium; when the wave normal is
specific in an anisotropic medium without any magnetic field; in the presence of a
magnetic field in an isotropic medium as well as in an anisotropic medium.
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2.3 Propagation Character of Two-Dimensional
Magnetoelastic Waves

In this section, two-dimensional equations of magnetoelastic waves are derived
from the general equations of magnetoelastic waves for conductive anisotropic
media, given in the second section of this chapter, in the case of planar deformation,
when an anisotropic medium in the absence of a magnetic field in the planar
problem is characterized by four elastic constants, and the induction vector of the
external magnetic field is parallel to the main directions of elasticity of the medium.
The question of complete hyperbolicity of the system of equations of the plane
problem is discussed.

2.3.1 Equations of Two-Dimensional Magnetoelastic Waves

Let us assume that an elastic body is in a state of plane deformation, i.e. the
displacement vector u does not depend on one of the coordinates, for example x3,
and there is no elastic displacement in the direction of this coordinate:

u1 ¼ u1ðx1; x2; tÞ;
u2 ¼ u2ðx1; x2; tÞ;
u3 � 0 :

ð2:3:1Þ

In this case, the remaining unknown quantities, as follows from the foregoing
relations, will also depend only on the variables x1; x2; t.

Let us find the necessary conditions under which Eq. (2.2.7) admit solutions of
the form (2.3.1) [11].

Let the deformation plane 0x1x2 be a plane of elastic symmetry. In this case, the
tensor l̂ and the matrix of elastic coefficients Cik½ � in the ordinary two-index
notations have the forms [9, 17]:

l̂ ¼
l11 l12 0
l21 l22 0
0 0 l33

2
4

3
5;

½Cik� ¼

C11 C12 C13 0 0 C16

C12 C22 C23 0 0 C26

C13 C23 C33 0 0 C36

0 0 0 C44 C45 0
0 0 0 C45 C55 0
C16 C26 C36 0 0 C16

2
6666664

3
7777775
: ð2:3:2Þ

30 2 Some General Issues of Propagation of Magnetoelastic Waves …



In view of the positive definiteness of the tensor l̂ [9], its components satisfy the
following conditions:

l11 [ 0; l22 [ 0; l33 [ 0;

jl̂j ¼ l33 l11l22 � l12l21ð Þ[ 0:
ð2:3:3Þ

According to (2.3.1)–(2.3.3) and (2.2.2)–(2.2.4), we obtain from (2.2.7) two
equations that determine the components u1; u2 of the displacement vector u and
the following additional condition (the third equation of the system (2.2.7):

B03 B01
@ div uð Þ
@x1

þB02
@ div uð Þ
@x2

� �
¼ 0: ð2:3:4Þ

Consequently, the condition (2.3.4) is necessary for the existence of the solution
of the system of Eq. (2.2.7) in the form (2.3.1), when the deformation plane 0x1x2 is
a plane of elastic symmetry.

It follows from condition (2.3.4) that it will be satisfied in the following three
cases [11, 12]:

(1) The specified magnetic field B0 is perpendicular to the deformation plane 0x1x2,
i.e. B0 ¼ f0; 0; B03g. This is the case of a transverse magnetic field.

(2) The specified magnetic field B0 is parallel to the deformation plane 0x1x2, i.e.
B0 ¼ B01;B02; 0f g. This is the case of a longitudinal magnetic field.

(3) The medium is incompressible: div u ¼ 0. The magnetic field has an arbitrary
direction with respect to the deformation plane 0x1x2.

It should be noted that in the case of presence of a plane of elastic symmetry,
conditions (1) and (2) can also be formulated in the same way for the intensity
vector H0 of the external magnetic field. Indeed, from the equality B0 ¼ l̂H0, by
virtue of (2.3.2), the following relations are obtained:

B01 ¼ l11H01 þ l12H02;

B02 ¼ l12H01 þ l22H02;

B03 ¼ l33H03:

ð2:3:5Þ

From this and (2.3.3) it follows that if H0 ¼ H01;H02; 0f g then the vector B0 has
the form B0 ¼ B01;B02; 0f g; and if H0 ¼ 0; 0;H03f g, then B0 ¼ 0; 0;B03f g.

In the following we will investigate only cases (1) and (2), considering such
media, whose equations of motion in the absence of a magnetic field under
plain-strain conditions contain four elastic constants and are written in the form
[20–23, 32]:

a0uxx þ c0vxy þ d0uyy ¼ utt;

d0vxx þ c0uxy þ b0vyy ¼ vtt;
ð2:3:6Þ
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where

a0 ¼ C11=q0;

b0 ¼ C22=q0;

d0 ¼ C66=q0;

c0 ¼ C12 þC66ð Þ=q0;

ð2:3:7Þ

x1 � x; x2 � y; x3 � z;
u1 � u; u2 � v; u3 � w;
@u
@x1

� ux; @u
@x2

� uy; @u
@x3

� uz;
@2u
@x21

� uxx; @2u
@x1@x2

� uxy; @2u
@x22

� uyy

ð2:3:8Þ

In particular, the following media are among the above media [7, 22, 23]:

(a) Orthotropic media and rhombic crystals. The equations of motion of these
media have the form (2.3.6), when the coordinate axes are directed along the
principal directions of the elasticity of the medium.

(b) Transversely isotropic media and hexagonal crystals. In this case, Eq. (2.3.6)
are true when the axis 0x is directed along the principal axis of the sixth-order
crystal. When the axis 0z is analogously oriented, we obtain the equations of an
isotropic medium.

(c) Cubic crystals and anisotropic media with cubic symmetry. The orientation of
the axes is the same as in the case of orthotropic media (case a). For these media
the following relation holds:

a0 ¼ b0: ð2:3:9Þ

(d) Isotropic media. For such media:

a0 ¼ b0;

c0 ¼ a0 � d0:
ð2:3:10Þ

In all the above cases, the tensor l̂m is diagonal [9]:

l̂ ¼
l1 0 0
0 l2 0
0 0 l3

2
4

3
5; ð2:3:11Þ

and in case (b) and in cases (c) and (d), respectively, we have:
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l1 ¼ l2; ð2:3:12Þ

l1 ¼ l2 ¼ l3 ¼ l: ð2:3:13Þ

Assuming that the specified magnetic field H0 has one of the following
directions:

ð1Þ H0 ¼ fH01; 0; 0g;
ð2Þ H0 ¼ f0;H02; 0 g;
ð3Þ H0 ¼ f 0; 0;H03g;

ð2:3:14Þ

the equations of motion (2.2.7) for the considered media under plain-strain con-
ditions in the presence of a magnetic field can be represented in the form [11, 12]:

amuxx þ cmvxy þ dmuyy ¼ utt;

emvxx þ cmuxy þ bmvyy ¼ vtt;
ð2:3:15Þ

where the cases m ¼ 1; m ¼ 2; m ¼ 3 correspond to the directions of the mag-
netic field (2.3.14), and the case m ¼ 0 corresponds to the absence of a magnetic
field.

The coefficients am; bm; dm; em; cm are determined as follows:

a1 ¼ a0; b1 ¼ b0 þ v1; d1 ¼ d0;

e1 ¼ d0 þ d1v1; c1 ¼ c0;

a2 ¼ a0 þ v2; b2 ¼ b0; d2 ¼ d0 þ d2v2;

e2 ¼ d0; c2 ¼ c0;

a3 ¼ a0 þ v3; b3 ¼ b0 þ v3; d3 ¼ d0;

e3 ¼ d0; c3 ¼ c0 þ v3;

vi ¼ li
H2

0i

4pq0
; d1 ¼ l1

l2
; d2 ¼ 1

d1
; ði ¼ 1; 2; 3Þ:

ð2:3:16Þ

2.3.2 The Condition of Complete Hyperbolicity. The Area
of Values of the Coefficients of the Equations
of Magnetoelastic Waves

For physical reasons, let us consider those restrictions that must be imposed on the
coefficients of the system of Eq. (2.3.15) [11, 12].

First, let us consider the area of allowable values of the parameters
a0; b0; d0; c0, i.e. the coefficients of the equations system (2.3.6). This region is
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found from the positivity condition of the elastic energy, which, for plane defor-
mation, can be written in the form [22–24]:

a0 [ 0; b0 [ 0; d0 [ 0; ð2:3:17Þ

E0 � a0b0 � ðc0 � d0Þ2 [ 0: ð2:3:18Þ

In view of (2.3.17), inequality (2.3.18) can be represented as follows:

�Cð0Þ
D \c0\Cð0Þ

E ; ð2:3:19Þ

where

Cð0Þ
D ¼

ffiffiffiffiffiffiffiffiffi
a0b0

p
� d0;

Cð0Þ
E ¼

ffiffiffiffiffiffiffiffiffi
a0b0

p
þ d0 :

ð2:3:20Þ

Using the relations (2.3.17), the condition of complete hyperbolicity for the
system of Eq. (2.3.6) can be written in the form [24]:

�Cð0Þ
E \c0\Cð0Þ

E : ð2:3:21Þ

Comparing inequalities (2.3.19) and (2.3.21), we note that under the conditions
(2.3.17), (2.3.18) the system (2.3.6) is completely hyperbolic [20].

According to (2.3.3) and (2.3.15), the parameters di and vi satisfy the
inequalities:

di [ 0; vi [ 0: ð2:3:22Þ

From this and (2.3.16) it follows that the parameters am; bm; dm; em are
positive:

am [ 0; bm [ 0; dm [ 0; em [ 0: ð2:3:23Þ

Let us show that the system (2.3.15) is completely hyperbolic under the con-
ditions (2.3.17), (2.3.18) and (2.3.22). Indeed, the condition of complete hyper-
bolicity for system (2.3.15) can be represented in the form [11]:

amemp
4 þ lmp

2 þ bmdm [ 0; ð2:3:24Þ

which must be satisfied for any value of the parameter p (here and in consequent
two paragraphs there is no summation with respect to repeated indices). It follows
from (2.3.23) and (2.3.24) that the necessary and sufficient conditions for the ful-
fillment of inequality (2.3.24) are the following inequalities:
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Dm 	 0 or Dm [ 0; lm [ 0: ð2:3:25Þ

where

lm ¼ ambm þ dmem � c2m;

Dm ¼ l2m � 4ambmdmem:
ð2:3:26Þ

From (2.3.26) we have:

lm [ 0 for cmj j\cðmÞl ;

Dm 	 0 for CðmÞ
D 	 cmj j 	CðmÞ

E ;

Dm [ 0 for CðmÞ
D [ cmj j and cmj j [CðmÞ

E ;

ð2:3:27Þ

where

CðmÞ
l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ambm þ dmem

p
;

CðmÞ
D ¼

ffiffiffiffiffiffiffiffiffiffiffi
ambm

p
�

ffiffiffiffiffiffiffiffiffiffi
dmem

p��� ���;
CðmÞ
E ¼

ffiffiffiffiffiffiffiffiffiffiffi
ambm

p
þ

ffiffiffiffiffiffiffiffiffiffi
dmem

p��� ���;
ð2:3:28Þ

CðmÞ
D \CðmÞ

l 	 CðmÞ
E : ð2:3:29Þ

On the basis of (2.3.27)–(2.3.29), (2.3.23) and (2.3.25) we obtain the domain of
admissible values of the parameters am; bm; dm; em; cm for which the system of
Eq. (2.3.15) is completely hyperbolic:

am [ 0; bm [ 0; dm [ 0; em [ 0; ð2:3:30Þ

�CðmÞ
E \cm\CðmÞ

E : ð2:3:31Þ

According to (2.3.16), condition (2.3.31) can be written in the form:

c0j j\CðmÞ
E ¼

ffiffiffiffiffiffiffiffiffiffiffi
ambm

p
þ

ffiffiffiffiffiffiffiffiffiffi
dmem

p
ðm ¼ 1; 2Þ; ð2:3:32Þ

c0 þ v3j j\Cð3Þ
E ¼

ffiffiffiffiffiffiffiffiffi
a3b3

p
þ d3 ðm ¼ 3Þ: ð2:3:33Þ

When m ¼ 1; 2, by virtue of (2.3.28), we have: 0\ Cð0Þ
D

��� ���\Cð0Þ
E \CðmÞ

E : From

this and from comparison of the inequalities (2.3.31) and (2.3.21) it follows that
under the conditions (2.3.17), (2.3.18) and (2.3.22) the inequalities (2.3.30),
(2.3.31) are fulfilled. When m ¼ 3 from (2.3.3) we have:
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�
ffiffiffiffiffiffiffiffiffi
a3b3

p
þ d0 þ v3

� �
\c0\

ffiffiffiffiffiffiffiffiffi
a3b3

p
þ d0 � v3 : ð2:3:34Þ

According to (2.3.16), (2.3.17) and (2.3.22) it is easy to see that the left-hand
side of (2.3.34) satisfies the condition:

�
ffiffiffiffiffiffiffiffiffi
a3b3

p
þ d0 þ v3

� �
\� Cð0Þ

D

��� ��� ¼ �
ffiffiffiffiffiffiffiffiffi
a0b0

p
� d0

��� ���: ð2:3:35Þ

Let us show that the right-hand side of (2.3.34) satisfies the condition

Cð0Þ
E \

ffiffiffiffiffiffiffiffiffi
a3b3

p
þ d0 � v3 ð2:3:36Þ

Inequality (2.3.36) is reduced to the form which shows the validity of the
condition (2.3.36). It follows from (2.3.34) to (2.3.36) that the inequality (2.3.33) is
satisfied under the condition (2.3.19).

Consequently, the system of equations of magnetoelastic waves (2.3.15) for the
values of the coefficients am; bm; cm; dm; em; taken from the region (2.3.17),
(2.3.18) and (2.3.22), is completely hyperbolic. This means that under the above
conditions, magnetoelastic waves can propagate in any direction.

In view of the fact that the elastic constants of real known media of the con-
sidered class satisfy the conditions [22–24]:

a0 [ d0; b0 [ d0; d0 [ 0; c0 [ 0; E0 [ 0; ð2:3:37Þ

or, which is the same,

A0 ¼ a0 � d0 [ 0; B0 ¼ b0 � d0 [ 0; d0 [ 0; 0\c0\Cð0Þ
E : ð2:3:38Þ

in [22–24], the behavior of elastic waves is investigated under these assumptions. In
this section, we also proceed from the inequalities (2.3.37) or (2.3.38) and (2.3.22).
In addition, to simplify further calculations, we take

di ¼ 1 ði ¼ 1; 2Þ: ð2:3:39Þ

For isotropic media and anisotropic media with cubic symmetry, (2.3.39) is
satisfied exactly. For the remaining conductive anisotropic media of the considered
class, in view of li 
 1, this equality is satisfied approximately. In view of the
above, the relations (2.3.16) will be used in the form:
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a1 ¼ a0; b1 ¼ b0 þ v; d1 ¼ d0;

e1 ¼ d0 þ v; c1 ¼ c0;

a2 ¼ a0 þ v; b2 ¼ b0; d2 ¼ d0 þ v;

e2 ¼ d0; c2 ¼ c0;

a3 ¼ a0 þ v; b3 ¼ b0 þ v;

d3 ¼ d0; e3 ¼ d0; c3 ¼ c0 þ v;

ð2:3:40Þ

where

v ¼ H2
0

4pq0
: ð2:3:41Þ

The parameter
ffiffiffi
v

p
that characterizes the intensity of the external magnetic field

has the dimension of the velocity and, similarly to magnetohydrodynamics [25, 26],
is often called the Alfvén velocity.

Thus, in what follows, the system of equations for magnetoelastic waves (2.3.15)
will be considered under the conditions (2.3.37) and (2.3.40) imposed on the
coefficients of this system. Under these conditions the system will be completely
hyperbolic, which ensures the possibility of propagation of magnetoelastic waves in
any direction.

2.4 Investigation of the Roots of Characteristic Equation
of Two-Dimensional Magnetoelastic Waves
and Drawing of the Acceptable Area on the Basis
of the Roots

In this section, functional-invariant solutions of two-dimensional equations of
magnetoelastic waves for electrically conductive anisotropic media, derived in the
previous section, are constructed. The corresponding characteristic equation of
magnetoelastic waves is obtained. The behavior of the roots of this equation is
investigated in detail, depending on the values of the elastic constants and the
magnitude of the external magnetic field. The roots of the characteristic equation,
depending on the above parameters, are shown to be as follows: either each root has
its own unique interval of realness, or one of them is real in two disjoint intervals,
and the other is real in one interval. On the basis of the results obtained here, the
behavior of plane magnetoelastic waves is subsequently investigated.
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2.4.1 Characteristic Equation of Two-Dimensional
Magnetoelastic Waves

According to the previous paragraph, the plane magnetoelastic waves in anisotropic
perfectly conducting elastic media in the plane problem in the presence of a con-
stant external homogeneous magnetic field are described by the equations of motion
in displacements (2.3.15). The coefficients of the Eq. (2.3.15) are determined by
expressions (2.3.40) and (2.3.7) and satisfy the conditions (2.3.37). In (2.3.15),
u ¼ f ðx; y; tÞ; v ¼ gðx; y; tÞ are the components of the elastic displacement vector
u ¼ u; v; 0ð Þ in a Cartesian coordinate system 0xyz whose axes coincide with the
principal directions of the elasticity of the medium.

According to the Smirnov-Sobolev method of complex solutions [24, 27], the
functionally invariant solutions of the system of Eq. (2.3.15) let’s present in the
form:

u ¼ f ðXÞ; v ¼ gðXÞ ð2:4:1Þ

where X is a function defined implicitly by a linear equation with respect to x; y; t:

d � lðXÞtþmðXÞxþ nðXÞy� kðXÞ ¼ 0 ð2:4:2Þ

Here, f and g are continuous twice differentiable functions if the quantities
lðXÞ; . . .; kðXÞ are real. And if some of these quantities are complex, then f and g
are analytic functions of X.

Defining the derivatives of the functions (2.4.1) using the known formulas for
differentiating complex and implicit functions [24, 28] and substituting their values
into the system (2.3.15), we obtain the conditions:

ðamm2 þ dmn
2 � l2Þf 0ðXÞþ cmmn g0ðXÞ ¼ 0

cmm n f 0ðXÞþ ðemm2 þ bmn
2 � l2Þg0ðXÞ ¼ 0

ð2:4:3Þ

which establish the relationship between the unknown functions (2.4.1).
The system (2.4.3) has a nonzero solution if the following condition holds:

D � ðamm2 þ dmn2 � l2Þðemm2 þ bmn2 � l2Þ � c2mm
2n2 ¼ 0 ð2:4:4Þ

Equation (2.4.4) establishes the relationship between the functions
lðXÞ; mðXÞ; nðXÞ, and, according to (2.4.3), between the derivatives f 0ðXÞ and
g0ðXÞ.

Thus, the class of functions (2.4.1) expresses the solution of system (2.3.15) if
the argument X is defined by Eq. (2.4.2) with coefficients subject to Eq. (2.4.4), and
the functions themselves are subject to condition (2.4.3).

It is possible to separate the solutions that are plane waves from the class of
functionally invariant solutions. To do this we take in Eq. (2.4.2)
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lðXÞ � 1; mðXÞ � �h ¼ const;

kðXÞ � X; nðXÞ � k ¼ const:

Then we get:

uk ¼ fkðXkÞ; vk ¼ gkðXkÞ ð2:4:5Þ

Xk ¼ t � hx� kky k ¼ 1; 2ð Þ; ð2:4:6Þ

where kk are the roots of Eq. (2.4.4), which in this case takes the form:

bmdmk
4 � pmðhÞk2 þ rmðhÞ ¼ 0 ð2:4:7Þ

We represent the solutions of (2.4.7) in the form:

k ¼ �kkðhÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pmðhÞþ ð�1Þk

ffiffiffiffiffiffiffiffiffiffiffiffi
qmðhÞ

p� �
=2bmdm

r
k ¼ 1; 2ð Þ: ð2:4:8Þ

We use here the notation:

pm ¼ bm þ dm � lmh
2;

rm ¼ amh
2 � 1

� 	
emh

2 � 1
� 	

;

qm ¼ p2m � 4bmdmrm;

ð2:4:9Þ

Dm ¼ l2m � 4ambmdmem; lm ¼ ambm þ dmem � c2m; ð2:4:10Þ

Mm ¼ bm þ dmð ÞNm � amdm � bmemð ÞBm; ð2:4:11Þ

Am ¼ am � em; Bm ¼ bm � dm; Nm ¼ AmBm � c2m: ð2:4:12Þ

It follows from (2.4.5) and (2.4.6) that for real values of h the functions (2.4.5)
express homogeneous and inhomogeneous plane waves.

To construct the solutions, both the first and the second Eq. (2.4.3) can be used.
However, for some values of h the coefficients of one of the equations can
simultaneously vanish and the solution compiled on the basis of this equation
becomes meaningless for such values. In the case of purely elastic waves, in order
to eliminate this deficiency, it is proposed in [28] first to formulate a generalized
condition from conditions of the type (2.4.3), summing the latter. The solution
based on the following generalized condition

amh
2
k þ dmk

2
k � cmhkkk � 1

� 	
f 0k Xkð Þ

þ emh
2
k þ bmk

2
k � cmhkkk � 1

� 	
g0k Xkð Þ ¼ 0;

ð2:4:13Þ

according to (2.4.5), can be represented as:
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uk ¼ emh
2 þ bmk

2
k � cmhkk � 1

� 	
Wk Xkð Þ;

vk ¼ � amh
2 þ dmk

2
k � cmhkk � 1

� 	
Wk Xkð Þ k ¼ 1; 2ð Þ: ð2:4:14Þ

Here Wk are the branches of an arbitrary continuous twice differentiable function
W if the coefficients of the variables x; y; t in (2.4.6) are real. If some of these
coefficients in some domain of variables x; y; t are complex quantities, then W is
an analytic function of the complex variable X.

In this section, in what follows we will consider only homogeneous waves.
The choice of the sign “ + ” or “−” in front of kk in (2.4.6) shows that the plane

waves (2.4.14) propagate in opposite directions “forward” and “backward”. In
accordance with this it is clear that, by choosing the coordinate system (relative to
the principal directions of the elasticity of the medium and the direction of the
magnetic field), four waves corresponding to the hyperbolic system (2.3.15) are
divided into two pairs propagating in opposite directions. In view of this, in what
follows, we will consider waves with the plus sign in front of kk in (2.4.8).

Equations of the fronts of plane waves (2.4.14) have the form:

Xk ¼ t � hxþ kky ¼ C ¼ const ð2:4:15Þ

The phase velocities and directions of propagation of these waves are determined
by the following formulas:

Vk ¼ � @/=@t
grad/kj j~nk; nk ¼ grad/k

grad/kj j ;/k ¼ C � tþ hx� kky;

Vk ¼ h

h2 þ k2k
i� kk

h2 þ k2k
j; nk ¼ hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2 þ k2k

q i� kkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2k

q j;

Vk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2k

q ; tgak ¼ h
kkðhÞ

ð2:4:16Þ

where nk are the unit normal vectors to the wave fronts, Vk are the phase velocities
of propagation, ak ¼ \ �j;nkð Þ; C is an arbitrary constant (Fig. 2.1).

It follows from (2.4.16) that to each value of the parameter h from the interval
�1;1ð Þ, for which the quantities kkðhÞ are real, there correspond plane homo-
geneous waves whose phase velocities and propagation directions are determined
by Formula (2.4.16). In view of the symmetry, we will consider the interval
0	 h\1.
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2.4.2 Investigation of the Roots of the Characteristic
Equation

As is known, when investigating wave processes in anisotropic media [23, 24, 27,
29], the problem of separating waves into quasi-longitudinal and quasi-transverse,
or fast and slow, depending on the parameter h for any of the above admissible
values of the parameters a0; b0; c0; d0 (conditions 2.3.37), is very important. This
problem is connected with the study of the properties of the roots kkðhÞ of the
corresponding characteristic equation.

An investigation of this problem in the case of propagation of plane magne-
toelastic waves in both isotropic and anisotropic media is given in [12, 30, 31]. It is
related to the study of the properties of the roots kkðhÞ of the characteristic
Eq. (2.4.7) of the equations system (2.3.15) for any values of the parameters
a0; b0; c0; d0 and v, satisfying condition (2.3.37). In particular, it is important to
determine the realness domain of functions kkðhÞ depending on the values of the
indicated parameters. It should be noted that the properties of the roots of
the characteristic equation are also used in solving other problems related to the
propagation of waves.

t-θx1+λ2x2=const

α2

α2

X10

X2

-X2 

t-θx1+λ1x2=constn1

n2

H0

Fig. 2.1 Investigation of the roots of characteristic equation
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In what follows, by virtue of symmetry, the behavior of the roots kkðhÞ is
considered only in the interval 0	 h\1. As already noted, we will investigate
only the waves corresponding to the plus sign in front of kk in (2.4.8). The choice of
the sign “plus” or “minus” in front of kk in the solution shows that the plane waves
propagate in elastic medium in opposite directions with coincident phase velocities.

On the basis of (2.4.8) and (2.4.12), it is easy to see that the function k2ðhÞ takes
on real values when one of the following conditions is fulfilled:

(a) qm [ 0; rm [ 0; pm [ 0;
ðb) qm ¼ 0; pm � 0;
ðc) qm [ 0; rm\0;

ð2:4:17Þ

and the function k1ðhÞ takes on real values if conditions (a) or (b) of (2.4.17) are
satisfied.

Consequently, it is necessary to investigate the behavior of the functions qmðhÞ,
rmðhÞ and pmðhÞ in the interval 0	 h\1.

It follows from (2.4.9) that, depending on the sign of the quantity lm, the function
pmðhÞ varies as follows:

ð1Þ pmðhÞ[ 0; for lm 	 0; h 2 ½0; þ1Þ;
ð2Þ pmðhÞ[ 0; for lm [ 0; h 2 ½0; hðmÞp Þ;
ð3Þ pmðhÞ	 0; for lm [ 0; h 2 ½hðmÞp ; þ1Þ;

ð2:4:18Þ

where

hðmÞp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bm þ dmð Þ=lm

p
ð2:4:19Þ

We now turn to the study of the function rmðhÞ. Note that the zeros of the
function rmðhÞ, which are provided by the index r according to (2.4.9) are deter-
mined from equation

rmðhÞ ¼ amh
2 � 1

� 	
emh

2 � 1
� 	 ¼ 0

and are expressed as follows:

h ¼ �hðmÞrk ;

hðmÞr1 ¼ a�1=2
m ;

hðmÞr2 ¼ e�1=2
m ; ðk ¼ 1; 2Þ

ð2:4:20Þ

It follows from (2.4.20) that the location of the roots hðmÞrk ðk ¼ 1; 2Þ on the
positive semiaxis h depends on the sign of the quantity Am and has the form:
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hðmÞr1 \hðmÞr2 ; for Am [ 0 ðm ¼ 0; 1; 2; 3Þ;
hð1Þr1 ¼ hð1Þr2 ; for A1 ¼ 0;

hð1Þr1 [ hð1Þr2 ; for A1\0:

ð2:4:21Þ

Wherein

Am [ 0; for 0	 v\þ1 ðm ¼ 1; 2Þ;
A3 [ 0; for 0	 v\vA;

A3 	 0; for vA\v\þ1;

ð2:4:22Þ

where

vA ¼ A0 ¼ a0 � d0 [ 0: ð2:4:23Þ

Based on the foregoing, the behavior of the function rmðhÞ can be described as
follows:

(1) for Am [ 0 ðm ¼ 0; 1; 2; 3Þ :

rm [ 0; for h 2 ½0; hðmÞr1 Þ [ ðhðmÞr2 ; 1Þ;
rm 	 0; for h 2 ½hðmÞr1 ; hðmÞr2 �;

(2) for A1 ¼ 0:

r1 [ 0 for h 2 ½0; þ1Þ; h 6¼ hð1Þr1 ¼ hð1Þr2 ;

r1 ¼ 0 for h ¼ hð1Þr1 ¼ hð1Þr2 ¼ a�1=2
0 ;

ð2:4:24Þ

(3) for A1\0:

r1 [ 0; for h 2 ½0; hð1Þr1 Þ [ ðhð1Þr2 ;1Þ;
r1 	 0; for h 2 ½hð1Þr1 ; h

ð1Þ
r2 �:

Now we will clarify the conditions under which the zeros of the functions rmðhÞ
are roots for functions kkðhÞ. Substituting (2.4.20) into (2.4.8), we obtain:
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kkðhðmÞr1 Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Sm þð�1Þk Smj j

2ambmdm

s
;

kkðhðmÞr2 Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Km þð�1Þk Kmj j

2ambmem

s
;

ð2:4:25Þ

where Sm and Km denote:

Sm ¼ Amdm þ c2m;

Km ¼ Ambm � c2m m ¼ 0; 1; 2; 3ð Þ: ð2:4:26Þ

In the absence of a magnetic field m ¼ 0ð Þ, in view of (2.3.40) and (2.4.26), we
have:

A0 [ 0; S0 [ 0; K0 [ 0; for 0\ c0\ cð0Þk ;

K0 	 0; for cð0Þk � ffiffiffiffiffiffiffiffiffiffi
b0A0

p 	 c0\Cð0Þ
E ;

ð2:4:27Þ

From (2.4.26), by virtue of (2.3.40), it follows directly that

Sm [ 0; for Am � 0

K1\0; for A1 	 0 :

On the other hand, from (2.4.26) we have:

S1 ¼ S0 � d0v: ð2:4:28Þ

It is clear from (2.4.28) that:

S1 [ 0; for v 2 ½0; vSÞ;
S1 	 0; for v 2 ½vS;1Þ ð2:4:29Þ

where

vS ¼ S0=d0 ¼ A0d0 þ c20
� 	 ð2:4:30Þ

From (2.4.26) we have:

K1 ¼ K0 þ A0 � b0ð Þv� v2;

K2 ¼ K0 þ b0v;

K3 ¼ K0 þ A0 � b0 þ 2c0ð Þv:
ð2:4:31Þ
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On the basis of (2.4.26)–(2.4.30), (2.3.37) and (2.3.41) we come to the con-
clusion that the quantities Km and Sm, depending on the values of the parameters
a0; b0; d0; c0 and v can have the following signs:

(1) for Am [ 0 ðm ¼ 0; 1; 2; 3Þ :

(a) Sm [ 0; Km � 0;

(b) Sm [ 0; Km\0;

(2) for A1 ¼ 0 :

S1 [ 0; K1\0; ð2:4:32Þ

(3) for A1\0 :

(a) S1 [ 0; K1\0;

(b) S1 	 0; K1\0:

Taking into account (2.4.32), we obtain from (2.4.25) the values of the functions

kkðhÞ at the points h ¼ hðmÞrk where rmðhÞ vanishes. The result of the calculations is
given in Table 2.1, where the following notations are done:

kðmÞ0 ¼
ffiffiffiffiffiffiffiffiffiffiffi

Smj j
ambmdm

q
;

kðmÞ� ¼
ffiffiffiffiffiffiffiffiffiffiffi
Kmj j

bmdmem

q : ð2:4:33Þ

Table 2.1 The result of calculations and sign of the roots

m Am Sm Km k1 hðmÞr1

� �
k1 hðmÞr2

� �
k2 hðmÞr1

� �
k2 hðmÞr2

� �
0, 1, 2, 3 >0 >0 >0 ¼0 ikðmÞ0 kðmÞ0

¼0

>0 ¼0 ¼0 ¼0 kðmÞ0
¼0

>0 <0 ¼0 ¼0 kðmÞ0 kðmÞ�
1 ¼0 >0 <0 ¼0 ¼0 kð1Þ0 ¼ kð1Þ� kð1Þ0 ¼ kð1Þ�

<0 >0 <0 ¼0 ¼0 kð1Þ0 kð1Þ�
¼0 <0 ¼0 ¼0 ¼0 kð1Þ�
<0 <0 ikð1Þ0

¼0 ¼0 kð1Þ�
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On the basis of Table 2.1, the following conclusion can be drawn:

(1) If the parameters a0; b0; d0; c0 and v satisfy the inequalities:

(a) Sm [ 0; Km [ 0

(b) Sm\0; Km\0;
ð2:4:34Þ

then one of the roots of the equation rmðhÞ ¼ 0 is a zero of the function k1ðhÞ, and
the other root is a zero of the function k2ðhÞ; in case (a) hðmÞr1 is the root of the

function k1ðhÞ, hðmÞr2 is the root of the function k2ðhÞ; and in case (b) it is vice versa.

(2) If these parameters satisfy the inequalities

Sm [ 0; Km\0; ð2:4:35Þ

then both roots of the equation rmðhÞ ¼ 0 are zeros of the function k1ðhÞ, and the
function k2ðhÞ does not vanish anywhere.

(3) Cases

Sm [ 0; Km ¼ 0 or Sm ¼ 0; Km\0 ð2:4:36Þ

are transitive between cases (1) and (2), where if Sm [ 0; Km ¼ 0, then both

functions kkðhÞ vanish at the point hðmÞr2 and only k1ðhÞ vanishes at hðmÞr1 ; and if

Sm ¼ 0;Km\0 m ¼ 1ð Þ, then both functions vanish at hðmÞr1 and only k1ðhÞ vanishes
at hðmÞr2 .

Comparing the values of hðmÞr1 ; hðmÞr2 and hðmÞp , we find their location depending on

the values of the parameters a0; b0; d0; c0 and v (for real hðmÞp ):

(1) for Am [ 0 ðm ¼ 0; 1; 2; 3Þ:
(a) if Km � 0; Sm [ 0; then hðmÞr1 \hðmÞp 	 hðmÞr2 ;

(b) if Km\0; Sm [ 0; then hðmÞr1 \hðmÞr2 \hðmÞp ;

(2) for A1 ¼ 0 :

hð1Þr1 ¼ hð1Þr2 \hð1Þp ; ð2:4:37Þ
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(3) for A1\0:

(a) if K1\0; S1 [ 0; then hð1Þr2 \hð1Þr1 \hð1Þp ;

(b) if K1\0; S1 	 0; then hð1Þr2 \hð1ÞP 	 hð1Þr1

where hðmÞp are the roots of the function pm hð Þ.
Let us now turn to the investigation of the function qmðhÞ under the internal

radical in (2.4.8). The zeros of qmðhÞ according to (2.4.10) are defined by
expressions

h ¼ �hðmÞqk ;

hðmÞqk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D�1

m ðMm þð�1Þk
ffiffiffiffiffiffiffiffi
DmÞ

pq
k ¼ 1; 2ð Þ;

ð2:4:38Þ

Dm ¼ M2
m � B2

mDm ¼ �4bmdmc2mNm: ð2:4:39Þ

It follows from (2.4.39) that when the following conditions are satisfied:

(1) Nm ¼ AmBm � c2m [ 0: all four roots (2.4.38) are pairwise complex conjugate;
(2) Nm 	 0; Dm [ 0; Mm\0: all roots (2.4.38) are imaginary;
(3) (a) Nm 	 0; Dm [ 0; Mm [ 0 or (b) Nm ¼ Dm ¼ Mm ¼ 0: all roots (2.4.38) are

real;

(4) Nm\0; Dm\0: the roots �hðmÞq1 are real, and the roots �hðmÞq2 are imaginary.

It follows from the foregoing that the function qm hð Þ under the conditions
(2.4.37) varies as follows:

(I) for (1) or (2) or (b) from (3): qm hð Þ[ 0; if h 2 ½0;1Þ;
(II) for (a) from (3):

qm [ 0 if h 2 0; hðmÞq1

h �
[ hðmÞq2 ;1
� �

;

qm 	 0 if h 2 hðmÞq1 ; hðmÞq2

h i
;

ð2:4:40Þ

(III) for (4):

qm [ 0 if h 2 0; hðmÞq1

h �
;

qm 	 0; if h 2 hðmÞq1 ; 1
h �

:

Finally, consider the location of the roots of function rm hð Þ; qm hð Þ and pmðhÞ:
From (2.4.20) and (2.4.38) we obtain
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hðmÞr1

� ��2
� hðmÞqk

� ��2
¼ B�2

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dm Nmj j

p
� ð�1Þkcm

ffiffiffiffiffiffi
bm

ph i2
� 0;

hðmÞr2

� ��2
� hðmÞqk

� ��2
¼ B�2

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bm Nmj j

p
� ð�1Þkcm

ffiffiffiffiffiffi
dm

ph i2
� 0:

ð2:4:41Þ

Equating the expressions (2.4.41) to zero, we obtain Sm ¼ 0; Km ¼ 0. On the

other hand, it follows from (2.4.41) that the real values hðmÞqk are to the right of the

points hðmÞrk on the positive semiaxis. Further, when Km [ 0, according to (2.4.37),

the value hðmÞp lies between the points hðmÞr1 and hðmÞr2 . Hence it follows that for

Km [ 0 the following arrangement holds: hðmÞr1 \hðmÞP \hðmÞr2 \hðmÞq1 \hðmÞq2 . If Km\0,

then according to (2.4.37) hðmÞP is to the right of the point hðmÞrk on the axis h. In this

case rm hðmÞp

� �
[ 0. Consequently, the point hðmÞP is located in the region where

qmðhÞ\0: By virtue of (2.4.40) this means that in the case of two real roots hðmÞq1 and

hðmÞq2 , the point hðmÞp lies between them, and in the case of an imaginary root hðmÞq2 , the

condition hðmÞq1 \hðmÞp holds.
On the basis of the foregoing and the relation (2.4.37) and (2.4.40) we have the

following arrangement of points hðmÞrk ; hðmÞqk ; hðmÞp :

(1) for Am [ 0 m ¼ 0; 1; 2; 3ð Þ :
(a) hðmÞr1 \hðmÞp 	 hðmÞr2 	 hðmÞq1 \hðmÞq2 ; if Km � 0; Sm [ 0;

(b) hðmÞr1 \hðmÞr2 \hðmÞq1 \hðmÞp \hðmÞq2 ; if Km\0; Sm [ 0;

(2) for A1 ¼ 0 :

hð1Þr1 ¼ hð1Þr2 \hð1Þq1 \hð1Þp \hð1Þq2 ; ð2:4:42Þ

(3) for A1\0:

(a) hð1Þr2 \hð1Þr1 \hð1Þq1 \hð1Þp \hð1Þq2 ; if K1\0; S1 [ 0;

(b) hð1Þr2 \hð1Þp 	 hð1Þr1 	 hð1Þq1 \hð1Þq2 ; if K1\0; S1 	 0 :

To determine the boundary of realness intervals of the functions kkðhÞ, it is also
necessary to establish what values the roots hðmÞqk take on under the conditions
Km � 0 or Km\0. On the basis of conditions (2.3.37) and (2.4.39), it can be shown

that for Km � 0 the roots hðmÞqk can be either real or complex. In the case of the
fulfillment of the condition Km\0, only the following conditions hold:
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ða) Dm [ 0; Mm [ 0; ðb) Dm\0; ð2:4:43Þ

from which on the basis of (2.4.39) it follows that for Km\0 either hðmÞq1 and hðmÞq2 are

real [case (a) of (2.4.43)], either hðmÞr1 is real, and hðmÞr2 is imaginary [case (b) from
(2.4.43)].

Thus, the roots �hðmÞq1 of the equation qmðhÞ ¼ 0 under the condition Km\0 are
necessarily real and determine the boundaries of the realness domains of the roots
of the characteristic equation kkðhÞ when the condition Sm [ 0 is satisfied. Using
(2.4.18), (2.4.24), (2.4.40) and (2.4.42), on the basis of (2.4.17), we find the real-
ness domains of the roots of the characteristic equation kkðhÞ depending on the
values of the parameters a0; b0; d0; c0 and v . The results are given in Table 2.2.

The functions kkðhÞ take on imaginary or complex values at those points of the
interval 0	 h\þ1 which do not belong to the realness domain of these func-
tions. The inhomogeneous plane waves correspond to these imaginary or complex
values.

Thus, depending on the values of the parameters a0; b0; d0; c0 and v when
considering the behavior of the roots kkðhÞ of the characteristic equation, we have
two main cases [30, 31].

(1) These parameters satisfy the conditions (2.4.34). In this case, the functions

kkðhÞ are real in the intervals ½0; hðmÞri � of the positive semi-axis h ðhðmÞri are the

roots of the equation rm hð Þ ¼ 0) and vanish at points hðmÞri . The roots kk hð Þ
possessing such properties, we attribute to the first type.

Table 2.2 Realness intervals

m Cases Realness intervals

Am Km Sm k1ðhÞ k2ðhÞ
0, 1, 2, 3 >0 >0 >0 0	 h	 hðmÞr1 0	 h	 hðmÞr2

¼0 >0 0	 h	 hðmÞr1 ;

h ¼ hðmÞr2

0	 h	 hðmÞr2

hðmÞr2 ¼ hðmÞq1 ¼ h

<0 >0 0	 h	 hðmÞr1

hðmÞr2 	 h	 hðmÞq1

0	 h	 ðmÞ
q1

1 ¼0 <0 >0 0	 h	 hð1Þq1 0	 h	 hð1Þq1

<0 <0 >0 0	 h	 hð1Þr2

hð1Þr1 	 h	 hð1Þq1

0	 h	 hð1Þq1

<0 ¼0 0	 h	 hð1Þr2 ;

h ¼ hð1Þr1

0	 h	 hð1Þr1

<0 <0 0	 h	 hð1Þr2 0	 h	 hð1Þr1
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(2) These parameters satisfy the conditions (2.4.35). In this case, the function k1ðhÞ
takes on real values in two intervals: ½0; hðmÞr1 � and hðmÞr2 ; hðmÞq1

h i
, if Am [ 0;

0; hðmÞr2

h i
and hðmÞr2 ; hðmÞq1

h i
if A1\0. The function k2ðhÞ takes on real values in

the interval 0; hðmÞq1

h i
. The roots kk hð Þ; possessing such properties, we attribute

to the second type.
(3) If either of the quantities Km or Sm vanishes, then we are dealing with the case,

transitive between the above cases.

The so-called conical refraction A1 ¼ 0ð Þ is a special case [25]. In this case the

functions kkðhÞ are real in the interval 0; hðmÞq1

h i
, and the function k1 hð Þ vanishes at

the double point hð1Þr1 ¼ hð1Þr2 of this interval, and the function k2 hð Þ does not vanish
anywhere.

2.5 Classification of Plane Magnetoelastic Waves.
Behavior of Their Velocities

Here, using the results of the previous section, the classification of magnetoelastic
waves is categorized into fast and slow, or quasi-longitudinal and quasi-transverse,
depending on the physical and mechanical properties of the medium and on the
magnitude and orientation of the external magnetic field. The changes in phase
velocities are studied depending on the indicated parameters. In particular, intervals of
monotonicity and extreme values of phase velocities are determined [12, 14, 31–33].

Magnetoelastic wave processes in anisotropic elastic media are complex and
diverse, depend on the anisotropy class, the relationships between the elastic
constants, the magnitude and direction of the external magnetic field, the directions
of wave propagation, and so on. In contradistinction to isotropic media, where
purely longitudinal and purely transverse waves propagate, in anisotropic media, as
well as in isotropic and anisotropic media under a magnetic field, quasi-longitudinal
and quasi-transverse, or fast and slow waves propagate. The wave process in iso-
tropic media has been described by functionally invariant or complex solutions of
wave equations. The wave processes in anisotropic media were investigated in [24,
27, 28] by the noted method. In [12], the wave processes in isotropic media under a
magnetic field were studied by the method of complex solutions. The studies [14,
31, 32] are devoted to the behavior of magnetoelastic waves in perfectly conducting
anisotropic media.

Further, by virtue of the symmetry of the cases m ¼ 2 and m ¼ 3 of the direction
of the external magnetic field, we will consider the cases m ¼ 1; m ¼ 3.
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2.5.1 Classification of Plane Magnetoelastic Waves. Fast
and Slow Magnetoelastic Waves

Let us consider the behavior of the functions ak hð Þ and Vk hð Þ from (2.4.16). Let us
find the derivatives of these functions in the realness intervals of the roots kk hð Þ.

According to (2.4.16), we have:

uk ¼ bm þ dm þ �1ð ÞkB
2
m �Mmh

2ffiffiffiffiffiffiffiffiffiffiffiffi
qm hð Þp ;

u0
k ¼

�1ð Þkþ 18bmdmc2mh
3Nmffiffiffiffiffiffiffiffiffiffiffiffi

qm hð Þp ;

Wk ¼
2bmdm � lm þ �1ð Þk Dmh

2 �Mm
� 	

ffiffiffiffiffiffiffiffiffiffiffiffi
qm hð Þp ;

W0
k ¼

�1ð Þk8bmdmc2mhNmffiffiffiffiffiffiffiffiffiffiffiffi
q3m hð Þp ;

tgakð Þ ¼ uk hð Þ
2bmdmk

3
k hð Þ ;

V 0
k ¼ � hV3

k hð Þ
2bmdm

Wk hð Þ:

ð2:5:1Þ

Let us consider the possible cases.

Case 1 Let Km [ 0. Then Am [ 0; Sm [ 0 and Nm can take a value of any sign.
According to Table 2, the functions k1ðhÞ and k2ðhÞ are real in the following
intervals and vanish at the ends of these segments:

0	 h	 hðmÞr1 ;

0	 h	 hðmÞr2 ; ðhðmÞr1 \hðmÞr2 Þ:
ð2:5:2Þ

Let Nm [ 0. It follows from (2.5.1)4 that /
0
1 [ 0, /0

2\0, that is the function /1
increases and /2 decreases. Further, according to (2.3.40) and (2.4.12) we have:

B1 ¼ B0 þ v[ 0;

B3 ¼ B0 þ v[ 0
ð2:5:3Þ

Taking into account Am [ 0; Sm [ 0 and (2.5.3) from (2.5.1)3 we obtain:

u1ð0Þ ¼ 2dm [ 0;

u2 hðmÞr2

� �
¼ 2bmdmAmK

�1
m [ 0:
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It follows that in the segments of (2.5.2) the right-hand sides of (2.5.1) take on
positive values and therefore tg ak hð Þ increases from zero to infinity. Therefore, the
angles ak hð Þ in (2.5.2) increase from 0 to p/2:

0	 a1 	 p=2;

0	 a2 	 p=2
ð2:5:4Þ

Let Nm ¼ 0. According to (2.5.1) we have u0
k hð Þ � 0,

uk hð Þ ¼ bm þ dm ¼ const[ 0, ðtg akÞ0h [ 0. Therefore, in the segments (2.5.2) the
angles akðhÞ, monotonically increasing, run through the values of the interval
(2.5.4).

Let us assume that the condition Nm\0 is fulfilled. According to (2.5.1), u2
increases and u1 decreases. In addition, by virtue of Am [ 0; Sm [ 0 and (2.5.2),
we have:

u1 hðmÞr1

� �
¼ 2bmdmAmS

�1
m [ 0;

u2 0ð Þ ¼ 2bm [ 0:

From this and (2.5.1) it follows that the angles ak hð Þ in the corresponding
segments (2.5.2) increase from 0 to p/2.

Thus, under the condition Km [ 0 to the values from the intervals (2.5.2) there
correspond waves (2.4.14) with directions of propagation (2.5.4).

It follows from (2.4.16) and (2.4.7) that the relation between the phase velocities
is:

V1 að Þ[V2 að Þ for a 2 0; p=2½ �: ð2:5:5Þ

Thus, in the case of Km\0 the waves (2.4.14) for k ¼ 1 are fast, and for k ¼ 2
they are slow, and:

Vf ¼ V1ðhÞ for h 2 ½0; hðmÞr1 �;
Vs ¼ V2ðhÞ for h 2 ½0; hðmÞr2 �:

ð2:5:6Þ

Case 2 Let Km\0. Suppose that the condition Am [ 0 is also fulfilled. Then
Sm [ 0. Under these conditions, i.e. when

Am [ 0; Sm [ 0; Km\0 ð2:5:7Þ

as it follows from Table 2.2, the roots kkðhÞ belong to the second type, and k1ðhÞ
takes on real values in two segments:
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0	 h	 hðmÞr1 ;

hðmÞr2 	 h	 hðmÞq1 hðmÞr1 \hðmÞr2

� � ð2:5:8Þ

vanishing at the end of the first and at the beginning of the second segment; the

function k2ðhÞ is real only in 0	 h	 hðmÞq1 ; where it is nonzero. In addition, since

qm hðmÞq1

� �
¼ 0, the condition k1 hðmÞq1

� �
¼ k2 hðmÞq1

� �
is true. Representing Nm from

(2.4.12) in the form Nm ¼ Km � dmAm; we note that Nm\0 for (2.5.7). As the
conditions Am [ 0; Sm [ 0; Nm\0 hold, on the basis of the results of Case 1 we
conclude that when h takes on values from the first interval (2.5.8), the angle a1ðhÞ
increases from 0 to p/2, and when h runs through the interval 0	 h	 hðmÞq1 ; the angle

a2ðhÞ increases and varies from 0 to the value a2 hðmÞq1

� �
\p=2: When Nm\0 the

function /1ðhÞ decreases, and since for Km\0 the condition u1 hðmÞr2

� �
¼

�2bmdm Kmj j�1\0 holds, the right-hand side of (2.5.5) for k ¼ 1 is negative in the
second interval (2.5.8), and therefore the angle a1ðhÞ in this interval decreases from

p/2 to the value a1 hðmÞq1

� �
� a2 hðmÞq1

� �
:

Thus, for Am [ 0;Km\0 to the values h from 0	 h	 hðmÞr1 there correspond
waves propagating along the directions 0	 a1 hð Þ	 p=2: To the values h from

0	 h	 hðmÞq1 there correspond waves propagating along the directions

0	 a2ðhÞ	 a2 hðmÞq1

� �
� a1 hðmÞq1

� �
: Finally, to the values h from the interval

hðmÞr2 	 h	 hðmÞq1 there correspond waves propagating along the directions

p=2� a1ðhÞ� a1 hðmÞq1

� �
� a2 hðmÞq1

� �
: Now can be verified that

Vf að Þ[Vs að Þ for a 2 0; p=2½ �; ð2:5:9Þ

Vf að Þ ¼ V1 a1 hð Þð Þ for h 2 ½0; hðmÞr1 �;

Vs að Þ ¼
V2 a2 hð Þð Þ for h 2 0; hðmÞq1

h i
V1 a1 hð Þð Þ for h 2 hðmÞr2 ; hðmÞr1

h i
:

8><
>:

ð2:5:10Þ

Therefore, in the case of Am [ 0;Km\0; the waves (2.4.14) for k ¼ 1 in the

interval 0	 h	 hðmÞr1 are fast, and for k ¼ 2 in the interval 0	 h	 hðmÞq1 they are
slow. The velocities of fast and slow waves are determined by (2.4.16) and (2.5.10),
and their directions—by (2.4.16), and:
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a ¼ a1 hð Þ for h 2 0; hðmÞr1

h i
; for fast wavesð Þ; ð2:5:11Þ

a ¼ a2 hð Þ for h 2 0; hðmÞq1

h i
;

for slow wavesð Þ:
a ¼ a1 hð Þ for h 2 hðmÞr2 ; hðmÞq1

h i
:

ð2:5:12Þ

Now suppose that the condition Am ¼ 0 is satisfied for Km\0, which is possible
only for m ¼ 1. In this case, according to Table 2.2 the functions kk are real in the

interval 0	 h	 hð1Þq1 , the function k1ðhÞ vanishes at the double point h ¼ hð1Þr1 ¼
hð1Þr2 ¼ 1

� ffiffiffiffiffi
a0

p
and the function k2ðhÞ does not vanish anywhere. This is the case of

conical refraction [25]. The separation of waves into fast and slow is carried out as

in the case of (2.5.7). But, in contrast to that case, here we have hð1Þr1 ¼ hð1Þr2 ; as a
result of which in the direction of the magnetic field H0 the magnetoelastic waves
propagate with the same phase velocity Vf ðp=2Þ ¼ Vsðp=2Þ ¼ ffiffiffiffiffi

a1
p ¼ ffiffiffiffiffi

a0
p

:

Finally, consider the case K1\0;A1\0: Let us first assume that the condition
S1 [ 0 is also satisfied. Then, according to Table 2.2, the function k2ðhÞ is real in
the interval 0	 h	 hðmÞq1 ; and the function k1ðhÞ is real in the intervals 0	 h	 hð1Þr2

and hð1Þr1 	 h	 hð1Þq1 ; where

k1 hð1Þrk

� �
¼ 0;

k1 hð1Þq1

� �
¼ k2 hð1Þq1

� �
[ 0:

It follows that this case is analogous to the case K1\0; A1\0: Analogy here
means that the waves are separated into fast and slow waves in the same way. The

corresponding results can be obtained from (2.5.9) to (2.5.12) by interchanging hð1Þr1

and hð1Þr2 .
Further, on the basis of Table 2.2, it is easy to see that the case

K1\0; A1\0; S1\0 is analogous to the case K1 [ 0; A1 [ 0; S1 [ 0. But here
we must make the above substitution in (2.5.5) and (2.5.6). Km ¼ 0 or Sm ¼ 0 are
transitional between the above cases.

Thus, the separation of the magnetoelastic waves (2.4.14) into fast and slow
depends on the type of the roots kk hð Þ, and when the roots kk hð Þ are of the first
type, the wave separation is performed by the Formulas (2.5.5) and (2.5.6), and if
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the roots kk hð Þ are of the second type, then the wave separation is performed by the
Formulas (2.5.9) and (2.5.10).

We note the following changes in the sign of the quantity A1 depending on the

magnitude of the magnetic field H0. For 0\v\vð1ÞA ; ðA1 � 0Þ in the direction of
the axis 0x (parallel to H0), the slow waves propagate at a velocity Vs ¼

ffiffiffiffiffiffiffiffiffiffiffi
e1ðvÞ

p
.

Further, with increasing of the magnetic field intensity v� vð1ÞA ; ðA1 	 0Þ, the slow
waves propagate at a constant velocity VsðvÞ ¼ ffiffiffiffiffi

a0
p ¼ const: The picture of the

fast waves propagation is opposite: for v	 vð1ÞA the fast waves propagate at a

constant velocity Vf ðvÞ ¼ ffiffiffiffiffi
a0

p ¼ const; and for v� vð1ÞA —at a velocity Vf ðvÞ ¼ffiffiffiffiffi
e1

p � ffiffiffiffiffi
a0

p
that increases from

ffiffiffiffiffi
a0

p
to þ1: Hence it follows that the fast waves

are longitudinal for v\vð1ÞA , while the slow waves are transverse. For v[ vð1ÞA we

have the opposite picture. It also follows that for v\vð1ÞA the longitudinal waves
propagate faster than the transverse waves.

In the case v[ vð1ÞA the transverse waves propagate faster than the longitudinal
waves, which is usually impossible with the propagation of purely elastic waves. In

the case v ¼ vð1ÞA the longitudinal and transverse waves propagate at the same
velocity, and this separation is formal here—there is one wave, and its displacement
vector~u can have any direction with respect to H0 and any value (conical refraction
case).

2.5.2 Behavior of the Phase Velocity of Plane
Magnetoelastic Waves

Let us now turn to the investigation of the extremum of phase velocities inside the
realness segments of the roots kkðhÞ.

The critical points of the extreme of the velocities Vk hð Þ according to (2.5.6) are
determined from the equation:

mm hð Þ � N0Dmh
4 � 2N0Mmh

2 þN0B
2
m � Nmc

2
m ¼ 0: ð2:5:13Þ

Let us determine the conditions for the solutions of Eq. (2.5.13) to be the
extremal points for the functions kk hð Þ.
Case 1. The effect of a longitudinal magnetic field Let us first consider the case
of a longitudinal magnetic field m ¼ 1ð Þ. According to (2.5.1), (2.4.25), (2.4.32)
and (2.4.42) we have:
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W1ð0Þ ¼ 2d0B�1
1 B0B1 � c21
� 	

; W2ð0Þ ¼ �2b1B�1
1 A0B1 � c21
� 	

W1 hð1Þr2

� �
¼ �2b1d1 K1j j�1 B0A1 � c21

� 	
; for K1\0;A1 [ 0

W1 hð1Þq1

� �
¼ þ1; W2 hð1Þq1

� �
¼ �1; for K1\0

W1 hð1Þr1

� �
¼ 2b1d1c41 [ 0; for A1 ¼ 0 hð1Þr1 ¼ hð1Þr2

� �
W1 hð1Þr2

� �
¼ 2b1d1 K1j j�1 B0 A1j j þ c21

� 	
[ 0; for A1\0

W1 hð1Þr1

� �
¼ 2b1d1S�1

1 A0 A1j j þ c21
� 	

[ 0; for A1\0; S1 [ 0:

W2 hð1Þr1

� �
¼ �2b1d1 S1j j�1 A0 A1j j þ c21

� 	
\0; for S1\0

ð2:5:14Þ

Using the usual methods of mathematical analysis, on the basis of the Formulas
(3.4.16), (2.5.1)1–(2.5.1)5 we investigate the maximum and minimum of the
velocities Vk hð Þ. Here are the final results:

(1) If N1 [ 0 and A0A1 � c21 	 0 then the velocity V1 hð Þ in the interval 0; hð1Þr1

� �
decreases from V1 0ð Þ ¼ ffiffiffiffiffi

b1
p

to V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

. If N1 [ 0 and B0B1 �
c21 	 0 then the velocity V1 hð Þ in the interval 0; hð1Þr1

� �
increases from

V1 0ð Þ ¼ ffiffiffiffiffi
b1

p
to V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

.

(2) If N1 [ 0 and B0A1 � c21 	 0; then the velocity V2ðhÞ in the interval 0; hð1Þr2

� �
increases from V2 0ð Þ ¼ ffiffiffiffiffi

d0
p

to V2 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

; and if N1 [ 0, B0A1 �
c21 [ 0; then V2 hð Þ in the indicated interval reaches the maximum value, and
the maximum point is the zero of Eq. (2.5.13).

(3) If N1 ¼ 0, then the velocity V2 hð Þ in the interval 0; hð1Þr2

� �
increases mono-

tonically from V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
to V2 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

.

(4) If N1 ¼ 0 and (a) b1 � a1 [ 0 or (b) b1 � a1\0; then the velocity V1 hð Þ in
the interval 0; hð1Þr1

� �
varies monotonically and in case (a) it decreases from

V1 0ð Þ ¼ ffiffiffiffiffi
b1

p
to V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

, and in case (b) it increases from V1 0ð Þ ¼ffiffiffiffiffi
b1

p
to V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

; and if b1 � a1 ¼ 0; then V1 hð Þ in the considered

interval retains a constant value equal to V1 hð Þ ¼ ffiffiffiffiffi
a0

p
.

(5) If N1\0 < , K1 � 0 and (a) A0A1 � c21 � 0 or (b) B0B1 � c21 � 0 then the

velocity V1 hð Þ in the interval 0; hð1Þr1

� �
in case (b) decreases from V1 0ð Þ ¼ffiffiffiffiffi

b1
p

to V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

, and in case (a) increases from V1 0ð Þ ¼ ffiffiffiffiffi
b1

p
to

V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

.
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(6) If N1\0, K1 � 0 and A0A1 � c21\0;B0B1 � c21\0; then the velocity V1 hð Þ in
the interval 0; hð1Þr1

� �
has a maximum point, at which m1 hð Þ ¼ 0:

(7) If N1\0, K1 � 0 and A0B1 � c21 � 0; then the velocity V2 hð Þ in the interval

0	 h	 hð1Þr2 increases monotonically from V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
to V2 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

;

if A0B1 � c21\0; then the velocity V2ðhÞ in the indicated interval has a
minimum point, at which m1 hð Þ ¼ 0:

(8) If K1\0, A1 � 0 (then also N1\0Þ, then the velocity V1 hð Þ in the

interval 0; hð1Þr1

� �
behaves as in the case N1\0, K1 [ 0, and in the

interval 0; hð1Þr1

� �
decreases, and V1 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

; V1 hð1Þq1

� �
¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2b1d1ð Þ�1 b1 þ d1 þ hð1Þ2q1 2b1d1 � l1ð Þ
h ir

:

(9) If K1\0, A1 � 0 and A0B1 � c21 � 0; then the velocity V2ðhÞ in the interval

0; hð1Þq1

� �
increases from V2 0ð Þ ¼ ffiffiffiffiffi

d0
p

to V2 hð1Þq1

� �
¼ V1 hð1Þq1

� �
; and if

A0B1 � c21\0; then the velocity V2 hð Þ in the indicated interval has a mini-
mum point, which is the solution of the Eq. (2.5.13).

(10) If K1\0, A1\0, S1 [ 0 and B0B1 � c21 � 0, then the velocity V1ðhÞ in the

interval 0; hð1Þr1

� �
decreases from V1 0ð Þ ¼ ffiffiffiffiffi

b1
p

to V1 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

; if

B0B1 � c21\0; then the velocity V1 hð Þ in the indicated interval has a maxi-
mum point, which is the solution of the Eq. (2.5.13).

(11) If K1\0, A1\0, S1 [ 0 then the velocity V1 hð Þ and hð1Þr1 ; h
ð1Þ
q1

� �
decreases,

and:

V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

; V1 hð1Þq1

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b1d1ð Þ�1½b1 þ d1 þ hð1Þ2q1 2b1d1 � l1ð Þ�

q
;

and the velocity V2 hð Þ in the interval 0; hð1Þq1

� �
varies, as in the case K1\0, A1 [ 0.

(12) If S1\0 (then also N1\0, A1\0, K1\0Þ, then the velocity V1 hð Þ in the

interval 0; hð1Þr2

� �
varies, as in case (10), and the velocity V2 hð Þ varies in the

interval 0; hð1Þr1

� �
the same way as in the interval 0; hð1Þr2

� �
of the case K1 [ 0,

N1\0.

Case 2. The effect of a transverse magnetic field Let us now consider the case of
a transverse magnetic field m ¼ 3ð Þ. In this case, the critical points are determined
by the expressions:
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hð3Þ1 ¼ B3 � c3ð Þ a3b3 � c3 þ d3ð Þ2
h i�1

;

hð3Þ2 ¼ B3 þ c3ð Þ a3b3 � c3 � d3ð Þ2
h i�1

;

where the point hð3Þ1 is critical for the function V1 hð Þ, and the point hð3Þ2 is critical
for V2 hð Þ, and instead of the Formula (2.5.14) we have the following formulas:

W1ð0Þ ¼ 2d3B�1
3 B3 þ c3ð Þ B0 � c0ð Þ; W2ð0Þ ¼ �2b3B�1

3 N3;

W1 hð3Þr2

� �
¼ �2b3d3 K3j j�1N3 for K3\0;

W2 hð3Þr2

� �
¼ �2b3d3 K3j j�1N3 for K3\0;

W1 hð3Þq1

� �
¼ þ1; W2 hð3Þq1

� �
¼ �1;

W1 hð3Þr1

� �
¼ �2b3d3S�1

3 A3 þ c3ð Þ A0 � c0ð Þ;

W2 hð3Þr2

� �
¼ 2b3d3K�1

3 N3 for K3 [ 0:

ð2:5:15Þ

According to (2.4.16), (2.5.1) and (2.5.15) we arrive at the conclusion:

(1) If N3 > 0 and (a) A0 � c0 	 0 or (b) B0 � c0 	 0; then the velocity V1 hð Þ in the

interval 0; hð3Þr1

� �
in case (a) decreases from

ffiffiffiffiffi
b3

p
to

ffiffiffiffiffi
a3

p
, and in case (b) it

increases from
ffiffiffiffiffi
b3

p
to

ffiffiffiffiffi
a3

p
; and if A0 � c0 [ 0, B0 � c0 [ 0; then the velocity

V1 hð Þ at the point hð3Þ1 2 0; hð3Þr1

� �
has a minimum:

V1 hð3Þ1

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3b3 � c3 þ d3ð Þ2
A0 þB0 � 2c0

s
;

a1 hð3Þ1

� �
¼ arctg

B0 � c0
A0 � c0

� �1
2

ð2:5:16Þ

(2) If N3 [ 0, then V2 hð Þ at the point hð3Þ2 2 0; hð3Þr2

� �
has a maximum:

V2 hð3Þ2

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3b3 � c3 � d3ð Þ2
A0 þB0 � 2c0

s
;

a2 hð3Þ2

� �
¼ arctg

B3 þ c3
A3 þ c3

� �1
2

ð2:5:17Þ

(3) If N3 ¼ 0 and (a) b0\a0 or (b) b0 [ a0; then the velocity V1 hð Þ in the interval

0; hð3Þr1

� �
in case (a) decreases, and in case (b) increases, and V1 0ð Þ ¼ ffiffiffiffiffi

b3
p

;
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V1 hð3Þr1

� �
¼ ffiffiffiffiffi

a3
p

; and if b0 ¼ a0; then V1 hð Þ is constant and is equal to
ffiffiffiffiffi
a3

p
:

V1 hð Þ � ffiffiffiffiffi
a3

p
.

(4) If N3 = 0, then V2 hð Þ in the interval 0; hð3Þr2

� �
is constant and equals to

ffiffiffiffiffi
d0

p
.

(5) If N3\0, K1 � 0 and (a) B0 � c0 � 0 or (b) A0 � c0 � 0; then the velocity V1ðhÞ
in the interval 0; hð3Þr1

� �
in case (a) decreases from

ffiffiffiffiffi
b3

p
to

ffiffiffiffiffi
a3

p
, and in case (b) it

increases from
ffiffiffiffiffi
b3

p
to

ffiffiffiffiffi
a3

p
; and if A0 � c0\0, B0 � c0\0; then the velocity

V1 hð Þ at the point hð3Þ1 2 0	 h	 hð3Þr1 has a maximum, and V1 hð3Þ1

� �
; a1 hð3Þ1

� �
are determined by the Formulas (2.5.16).

(6) If N3\0, K3 � 0 then V2ðhÞ at the point hð3Þ2 2 0	 h	 hð3Þr2 always has a
minimum, and the Formulas (2.5.17) hold.

(7) If K3\0, (and also N3\0Þ, then the functions V1 hð Þ in the interval 0; hð3Þr1

� �
is

described as in the case N3\0, K3 [ 0, and in the interval hð3Þr2 ; h
ð3Þ
q1

� �
it

decreases from
ffiffiffiffiffi
d0

p
to V1 hð3Þ1

� �
; V2 hð Þ at the point hð3Þ2 2 0	 h	 hð3Þq1 has a

minimum, and V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
, V2 hð1Þq1

� �
¼ V1 hð1Þq1

� �
:

This analysis in the Fig. 2.2 is drawn. From this the results for an isotropic
medium can be obtained [12].

0
χ

Fig. 2.2 The effect of a transverse magnetic field
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2.5.3 The Case of an Isotropic Medium

In the case of a longitudinal magnetic field m ¼ 1ð Þ, according to (2.3.10), from
(2.4.23), (2.4.36), (2.4.28), (2.4.32), (2.4.9)–(2.4.12) and (2.3.40) we have:

A1 ¼ A0 � v;

B1 ¼ B0 þ v;

N1 ¼ �v2;

K1 ¼ �v2 � d0vþ d0A0:

ð2:5:18Þ

It follows that for any isotropic medium, in the presence of a magnetic field of
arbitrary intensity, the following relationships are valid:

B1 [ 0; l1 [ 0; N1 [ 0; D1 [ 0 for 0\v\þ1 ð2:5:19Þ

A1 [ 0; K1 [ 0; S1 [ 0 for 0\v\vð1Þk

A1 � 0; K1\0; S1 [ 0; for vð1Þk \v	 vð1ÞA

A1\0; K1\0; S1 � 0 for vð1ÞA \v	 vð1ÞS

A1\0; K1\0; S1\0 for vð1ÞS \v\1

ð2:5:20Þ

In the case of isotropic media, all the singular points h 1ð Þ
rk ; h 1ð Þ

qk and

h 1ð Þ
p k ¼ 1; 2ð Þ turn out to be real, and [12]:

hð1Þr1 ¼ a
�1

2
0 ;

hð1Þr2 ¼ e
�1

2
1 ¼ d0 þ vð Þ�1

2;

hð1Þp ¼ a0 þ d0 þ v
a0 þ d0ð Þvþ 2a0d0

� �1
2

;

hð1Þqk ¼ vA0ð Þ�1=2
ffiffiffiffiffi
b1

p
þð�1Þk

ffiffiffiffiffi
d0

ph i
:

ð2:5:21Þ

By virtue of (2.5.18), (2.5.19) and (2.4.24), the collocation of the points (2.5.21)
is the following [12]:

ð1Þ 0\hð1Þr1 \hð1Þp 	 hð1Þr2 	 hð1Þq1 \hð1Þq2 for 0\v	 vð1Þk ;

ð2Þ 0\hð1Þr1 	 hð1Þr2 \hð1Þq1 \hð1Þp \hð1Þq2 for vð1Þk \v	 vð1ÞA ;

ð3Þ 0\hð1Þr2 \hð1Þr1 	 hð1Þq1 	 hð1Þp \hð1Þq2 for vð1ÞA \v	 vð1ÞS ;

ð4Þ 0\hð1Þr2 \hð1Þp \hð1Þr1 \hð1Þq1 \hð1Þq2 for vð1ÞS \v\þ1;

ð2:5:22Þ
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where

vð1Þk ¼ 0; 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0 4a0 � 3d0ð Þ

p
� d0

� �
;

vð1ÞA ¼ A0;

vð1ÞS ¼ A0 a0
d0

:

ð2:5:23Þ

The change of the collocation of these singular points depending on the intensity
of the external magnetic field is shown in Fig. 2.3.

In this case, the separation of magnetoelastic waves into fast and slow waves is
carried out in the following way according to the general case.

In cases (1) and (4) from (2.5.22) the wave with the velocity V1 hð Þ is fast, and
the one with the velocity V2 hð Þ is slow; in cases (2) and (3) the wave with the

velocity V1 hð Þ for 0	 h	 hð1Þrk [k ¼ 1—in case (2), k ¼ 2—in case (3)]—is fast, the

wave with the velocity V2 hð Þ for 0	 h	 hð1Þq1 and V1ðhÞ for hð1Þrk 	 h	 hð1Þq1 [k ¼ 2—
in case (2), k ¼ 1—in case (3)]—is slow.

In the case of isotropic media, the following estimates are used to investigate the
extreme of the functions VkðhÞ [12]:
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n

x2 

(а) χ=0
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0

Vf
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0
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x
(d) χ [2); 3)]

V2(x)

Fig. 2.3 The case of isotropic media
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N1 vð Þ ¼ �v2\0; B0B1 � c21 ¼ A0v[ 0; A0A1 � c21 ¼ �A0v\0;

B0A1 � c21 ¼ �A0v\0; A0B1 � c21 ¼ A0v[ 0; W1 h 1ð Þ
q1

� �
¼ þ1;

W2 h 1ð Þ
q1

� �
¼ �1; V1 h 1ð Þ

q1

� �
¼ V2 h 1ð Þ

q1

� �
¼

ffiffiffi
4

p
b1d1:

ð2:5:24Þ

Hence, on the basis of the results of 2.5.2 of this section, we arrive at the
following conclusion [12].

(1) If 0\v	 vð1Þk , then the velocity V1 hð Þ decreases monotonically from V1 0ð Þ ¼ffiffiffiffiffi
b1

p
to V1 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

, and the velocity V2 hð Þ increases monotonically from

V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
to V2 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

, and VS að Þ ¼ V2 hð Þ, Vf að Þ ¼ V1 hð Þ.
(2) If vð1Þk \v	 vð1ÞA , then the velocity V1 hð Þ in the interval 0; hð1Þr1

� �
varies as in

case (1), and in the interval hð1Þr2 ; h
ð1Þ
rq

� �
it decreases monotonically from

V1 hðð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

to V1 hð1Þq1

� �
¼ ffiffiffi

4
p

b1d1; the velocity V2 hð Þ increases mono-

tonically from V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
to V2 hð1Þq1

� �
¼ V1 hð1Þq1

� �
¼ ffiffiffi

4
p

b1d1, and the speed

of the fast wave Vf að Þ decreases from Vf 0ð Þ ¼ ffiffiffiffiffi
b1

p
to Vf ðp=2Þ ¼ ffiffiffiffiffi

a0
p

, while
the velocity of the slow wave increases from VS 0ð Þ ¼ ffiffiffiffiffi

d0
p

to Vf p=2ð Þ ¼ ffiffiffiffiffi
e1

p
.

(3) If v ¼ vð1ÞA , then a refraction of waves take place, i.e. magnetoelastic waves
propagate with the same velocities in the direction of the magnetic field
a ¼ p=2ð Þ.

(4) If vð1ÞA \v\vð1ÞS ; then the velocity V1 hð Þ in the interval 0; hð1Þr2

� �
decreases

monotonically from V1 0ð Þ ¼ ffiffiffiffiffi
b1

p
to V1 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

; and in the interval

hð1Þr1 ; hð1Þq1

� �
—from

ffiffiffiffiffi
a1

p
to

ffiffiffi
4

p
b1d1; the velocity V2ðhÞ increases monotonically

from V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
to V2 hð1Þq1

� �
¼ ffiffiffi

4
p

b1d1; and the velocity of the fast wave

Vf að Þ decreases monotonically from Vf 0ð Þ ¼ ffiffiffiffiffi
b1

p
to Vf p=2ð Þ ¼ ffiffiffiffiffi

e1
p

, and the
velocity of the slow wave VS að Þ increases monotonically from VS 0ð Þ ¼ ffiffiffiffiffi

d0
p

to
VS p=2ð Þ ¼ ffiffiffiffiffi

a0
p

.

(5) If v� vð1ÞS , then the velocity V1 hð Þ decreases monotonically from V1 0ð Þ ¼ ffiffiffiffiffi
b1

p

to V1 hð1Þr2

� �
¼ ffiffiffiffiffi

e1
p

, and the velocity V2ðhÞ increases monotonically from

V2 0ð Þ ¼ ffiffiffiffiffi
d0

p
to V2 hð1Þr1

� �
¼ ffiffiffiffiffi

a0
p

.

Figure 2.3 [12] shows the curves of phase velocity changes (phase polars) of fast
and slow magnetoelastic waves in an isotropic medium for various characteristic
values of the magnetic field. Because of the symmetry, only one quadrant is shown
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(the line mn perpendicular to the radius-vector of the phase velocity gives the
position of the plane discontinuity in a unit of time after passing through the origin).

In conclusion, to quantify the effect of the magnetic field, let us consider a
numerical example. For the calculation we take: C11 ¼ 0414� 1011 dyne/cm2,
C66 ¼ 0264� 1011 dyne/cm2, C12 ¼ 0:33� 1011 dyne/cm2, q0 ¼ 0; 87 g/cm3 (a
perfectly conductive medium of the potassium type). Then, according to (2.4.23)

and (2.4.30), we find: vð1ÞA ¼ 1:73� 1010 cm/s2, vð1ÞS ¼ 17:1� 1010 cm/s2, to which
there correspond magnetic fields with the intensities HA ¼ 4:34� 105 Oe, HS ¼
1:36� 105 Oe. For these values of the magnetic field we have the following value
for the phase velocity V2ðvÞ of transverse waves propagating along the magnetic

field: V2 vð1ÞA

� �
¼ 2:18� 105 cm/s (the refraction case), V2 vð1ÞS

� �
¼ 4:49� 105

cm/s (fast wave velocity). For comparison, let us give the value V2 in the absence of
a magnetic field: V2ð0Þ ¼ 1:74� 105 cm/s.

From this it is clear that to the critical values vð1ÞA and vð1ÞS of the parameter v
there correspond sufficiently strong magnetic fields, for which the phase velocity of

the wave, as expected, increases substantially (at v ¼ vð1ÞA —1.6 times, at v ¼ vð1ÞS —
2.6 times) [12].
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