PREFACE

This manual provides solutions to the problems that have answers in the
back of our book, ADVANCED ENGINEERING MATHEMATICS. In
many cases, the solutions are not as detailed as the examples in the
book; they are intended to provide the primary steps in each solution so
the student is able to quickly review how a problem is solved. The
discussion of a subtle point, should one exist in a particular problem, is
left as a task for the instructor. In general, some knowledge of a problem
may be needed to fully understand all of the steps presented. This
manual is not intended to be a self-paced workbook for the student; the
instructor is critically needed to provide explanations and discussions of
significant points in many of the problems.

The degree of difficulty and length of solution for each problem varies
considerably. Some are relatively easy and others quite difficult. This
allows for flexibility in assignments or in practice sessions. Typically,
the easier problems are the first problems for a particular section.

The problems have been carefully solved with the hope that errors have
not been introduced. Even though care is taken and problems and
equations are reviewed, errors still creep in. We would appreciate
knowing about any errors that you may find. They can be eliminated in
future printings and/or included on an appropriate web page.

We’d also like to thank Professor Matthew Boelkins of Grand Valley
State University for his contributions to the solutions of the problems in
Chapters 4, 5, and 6.

Merle Potter East Lansing, Michigan
Jack Lessing Ann Arbor, Michigan
Edward Aboufadel  Allendale, Michigan



1. Ordinary Differential Equations

Section 1.2
2. uu" =1+ x is nonlinear, 1% order.
4. u"—2u'+u = cosx is linear, nonhomogeneous, 2" order.

6. u"—u =0 is linear, homogeneous, 2" order.
8. (1®)' +u =0 is linear, 1* order, homogeneous (divide by u).

10. u' =sinx+e* implies u(x) = cosx+e* +C.

3
12. u" =2x implies u'(x) = x> +C, which implies u(x) = %+Cx+ D.

3 4
13. u" = x* implies u”=%+C, which implies u’ :%+Cx+D, which implies

5 2
u(x)=+CX + Dx+E.
60 2

2 3
14. 4 = x—2 implies u"’:%—zﬁc1 :>u"=%—x2 +Cx+C,

. x4 x3 2 5 x4 x3 2

X X X
U=—-—+C—+Cx+C, ux)=—-—+C,—+C,—+Cx+C
24 3 ‘o2 P07 ()1201216 2o T
22. 5" =-20. s' =20t +c,. s=-10* +¢,t+c,. s'(0)=100. ..c, =100.
s(0)=0. ..c,=0. ..s(t)=-10*+100t. s'=-20f+100=0. ..t=>5ats,__
ss,. =—10x5%+100x5 =250 m

x*

Section 1.3.1
u' ) ) 1 1 1
2. — =10 implies d(——) =d(10x). So, —==10x+C and u(x)=—
u u u 10x+C

’

4.We have £ =sinx so d(Inu) = d(—cos x).
u

—COsX

SInx=-cosx+InC or u(x)==Ce



6. xu'=1-1 so —2 : _1 Thus, l(L+L)u’:d(lnx)
1-u~ x 2\1-u 1+u
or —d[-In(1-u)+In(1+u)]=d(Inx) or %d[ln

H—u}:d(lnx)
1-u
1/2
Thus, 1lnl+—u=lnx+lnC. 1n(1+—u) =InCx
2 1-u 1-u
2_
Hence, — % = (Cx)* =Kx*. .u(x)= y
1-u Kx” +1
5 x?
8. 5xdu+ x*udx=0 so =du+xdx=0. .'.51nu+?=C.
u
xZ
Thus, Inu=C-—

Finally, u(x)=Ke™ /"

10. x*u' =xu+u® so u' =

2
u u
—+—. Set u=vx so u'=v+xv'
X x
/
v 1 1
Then v+xv'=v+v” or — =—. Then, d(——):d(lan).
X v

Hence, ——=InCx so v= —L. Finally, u(x)=-
v

nCx
12. 3u+(u+x)u' =0 becomes 3z+(z+1ju’20. Let u=vx so u'=v+xv".
X

x
Then 3v+ (v +1)(v+x0v') = 0. This leads to xv'(1+v) = —4v —*

v'(1+0) 1
or =——
4v+0° x
or U'(l/_4+ 3/4)=—1 So llnv—éln(v+4):—ln(cx).
v v+4 X 4 4
v K u

K
=— or ———="—
(v+4) (u+4x)  x°

14. Let x+2u=y so y'=1+2u". Then (x+2u+1)u'=x+2u+4 becomes
-1
(y+1)y2 =y+4 or [

1—- =2

'=3. ~y-2In(y+3)=3x+c.
y+3}y Y (y+3)
Finally, x +2u—2In(3+x+2u) =3x+c¢

!

16. From u
u+1

=cotx, we obtain In(x+1)=In(csinx), so the general solution is
u(x)=—-1+csinx. But, u(2)=0=-1+csin2.

sc=1/sin2. . .u(x)=-1+sinx/sin2




18.Set v=u—x in xu'=(u—x)’ +u toobtain x(v'-1)=v" +v—x

or v__v v'—l L =cx® so u(x)=x|1+ 1
v v+1  x vt +1 JK =22
1
ul)=2=1+ . o K=2 and u(x)=x|1+(2-x*)"?
) N (0 =x[1+@2-2")"" ]
Section 1.3.3

4. For u'+2u=2x, F(x)= N di(ez"u) =2xe”* and
X

1 1 _
ue™ = J.er“dx +c=xe™ — Ee“ +e cou(x)=x- SHee 2

6. For u!_zu — ex, F(x) _ eI—de — efzx. di(eru) — e72xex — efx
X

e Pu(x)=—e"+c.  cou(x)=—e" +ce™
1
—| —dx
10. For u'—izu = %sinl, F(x)=e ot _ gure, i(e”"u) = %sinle”x
x X X dx x X

x 2 1 x 2 1
VA I RV | : VRN LR VI | “1/x
e u(x)—'f1 tze smtdt+C. su(x)=e L t2e smtdt+Ce

d
12.For ' +xu=e™, F(x)=eJde =2 (e Pu)y=¢""? so
x

2 X 2 2 X 2 .2
€x/21/l(X)=L€t/2dt+C. .'.u(x)ze"/2I1(,>t/zcli?4rce"/2

u(l) =0= Ce*l/Z. c=0. U(.X) _ e,xz/zjllx eitZ/Zdt

Section 1.4

2. Li'+Ri=v. 1077 +20i=02¢" or §§+2xufi=2mk%
F@:Jmm=ém7.nm:aM“Umw%M“m+q
:(N“{—%@—ém”+Cj=0ﬂk”+Cé”Wﬂ i(0)=0=0.01+C

20002
~C=-001. ~i(t)= 0.01(er _e*2x10“f)




dg 6
4.12=200q'+q/10° or —L+5000=——. F(t)=e™"
q' +q/ or o q 00 (t)=e

sqty=e™ ( j 0.06e™ dt + C) =12x10° +Ce™™. ¢(0)=0. ..C=-12x10"°
S qt)=12x10°(1—e™). as t >0, g—>12x07° Let g=6x10"°
Then

_ 1 3000t

5 - t=1.386x10" s

6. ac + 10/60 C= 10/60 C,. Tofind C,: CO, entering =0.0016x18x300x0.04
dt 1500 1500

=0.3456 m®/min. Air entering = 10 m’/min. ..C, = 0'24(1)56 =a

%:1.111x1o4(a—c,’) or dCC=1.111x104dt. ~In(C-a)=-1.111x10"*t +InK

or C(t)= Ke 1107t L 0 Ap f— 0, C(0)=0.004. ..K=0.03056
= C(t) = 0.03456 — 0.03056¢ 1-111x10¢

9. ZFy =ma,. Sum forces in vertical direction: —D+Mg=M C;—Y . Eq. is OK.

a) 1002 ~100x9.81-0.01V = —0.01(V —9.81x10%). .. d—V4 =104t
dt V—9.81x10
~In(V —9.81x10%) = =10 *t +InK or V() =9.81x10*(1—e0"").

_=N. _ 41 107 Cp
Let V=50: 50=9.81x10"(1-e¢ )- S t=5.098 s

b) 1002 —981-0.004V> or - av - =—-4x107dt
dt V?-2453x10

( 1 - 1 j v =-4x107°dt. .-.%=Ce‘°-°~°’%f.
V —4953 V +495.3)990.6 V +495.3

_—0396t
V(0)=0. ~C=-1. V(=22 — o ). 1t V=50 t=51165

or

1+e

11. With insulated sides (no heat transfer) the heat flux is constant at each x-location.

oT 1200dT  dT

2. 10=—-kA—=-100 ——. .—=-8333 and T(x)=-83.33x+C
ox 10° dx dx

T(2) =50 =-83.33x2+C. ..C=217 and T(x)=-83.33x+217

13. % =—ae. ~Ine=—at+InC. ..et)=Ce ™. e(0)=e’ =C. ..e(t)=ee ™

e(20) = %0 —ee ™. . a=00347. 0.05¢, =ee ™.  -t=863min



Section 1.5.1

2. A discontinuity at 0, not a jump because lim (Inx) = —oo.

x—0"

4. Not a jump discontinuity because lim (l) =0,

x—0 x2

5. No discontinuity at x = 0.

6. Not a jump discontinuity because lim(smxj 1= hm(smx) .
x‘60 X x—())O x
x> x<

8. Not sectionally continuous because lim (Inx)=—o.

x—0
10. Not sectionally continuous because the singularity at x = 0 is not a jJump discontinuity.

12. Not sectionally continuous because the singularity at x = 0 is not a jump discontinuity.

Section 1.5.3
2. po(x) =1. W(.X') _ Ke—jdx/x _ Ke—lnx _ Kelnl/x _ /x
x —_—

4. po(x)=0. . W(x)=K

aty +ﬁu2 Yy + 57/12 ' ' ’ ’ / '
10. , ; , || = ayuu; —aoduuy + Byu,uy + fou,un, —ayugiy — adu,uy
ouy + puy,  yuy +0ou,

u u
=By, — Pouyiy = ad(uguy —uyty) + By (Ut —uyidy) = (6 — fy) u% 3 =(ad - By )W
1 2
sad—pPy#0
Section 1.6
2. m* —9=(m-3)(m+3)=0. ~m=3, =3.  u(x)=ce> +c,e"
4. 4m* +1=Qm-i)2m+i)=0. ~m=i/2, —i/2.  u(x)=ce™?*+ce™?




6. m* +4m+4=(m+2)>=0. ~m=-2, —2. sou(x) = ce ™ +cyxe

8. m* +4m—4=0. ~m=-2+2J2. . u(x)= cle_(z_z"/i)x + cze_(2+2‘ﬁ)x
10. m* —4m+8=0. ~m=2%2i. . .u(x)=c,e®? yc,el? 2"
3 3.
12. 2m* +6m+5=0. .'.m:—gii. Sou(x)=cqe G +cye G
2

14. From No.2, a=0 so u(x)=c,e> +c,e™"

16. From No.4, a=0 so u(x)=c,cosx/2+c,sinx/2

18. From No.8, u(x)=e** (Clezﬁx +c2e*2’ﬁ")

20. From No.10, u(x) = " (c; cos2x +c, sin 2x)

NEN RUEN
22. m* +5m+3 =0, ngig. .'.u(x)eSxmLcle 2 tce 2 J
24. m*-9=0, a=0, b=-9. . .u(x)=c sinh(3x+c,)
, 1 1

26. m +Z:0' a=0, b:Z. su(x) =c cos(x/2+c,)
28. m* +4m—-4=0, a=4, b=—4. su(x) =ce sinh(Z»\/fx + c2)
30. m* —4m+8=0, a=-4, b=8.  ..u(x)=ce”" cos(2x+c,)
32. m* +5m+3=0, a=5, b=3. . ux)=ce " COS(\/EX/Z‘FCZ)
34, m* +5m+6=0, a=5 b=6. ux)=ce > +ce". u0)=2=c, +c,

w'(0)=0=-2c,-3c,. ..¢c;=6, c,=—4 and u(x)=6e"" —4e*

36. m* -4, a=0, b=—4. . ulx)=ce™ +c,e™. u0)=2=c, +c,

u'(0)=1=2c, —2c,. ..c;=5/4, ¢, =3/4 and M(x)2262x+262x




38. See N0.34: u(x) =c,e ™2 sinh(g +c,). u(0)=2=c,sinhc,.

u’(0)=0=—§sinhc2+c1 coshc,. ..10=c, coshc, and tanhc, =%.

¢ =98, ¢,=02027 and u(x)=9.8sinh(} +0.2027)

40. See N0.33: u(x) = %sin3x

42. See N0.36: u(x) = Ze“ +Ze2x

1+if3  -1-iV3
2 2
Hence, u(x)=c,e* +e*'?(c, cos~/3x/2+c5sin/3x/2)

4. m* —1=(m-1)(m* +m+1). ~m=1,

46. m* -m* =0. ~.m=0,0,1, -1. u(x)=c, +cx+cse* +c,e™

48. m* —m® =0. ~.m=0,0,0,1 . .ux)=c,+cyx+c3x° +cye’

Section 1.7.1

2. ZF:ma. —Ks:mgTZZS. IOZTZZS+1OS:O. m*=-1. .m =i, m,=—i

~.s(t) = Acost+Bsint. s(0)=10=A, s'(0)=0=B. s(t)=10cost

4.3 F=ma. —Ky=mi. 0.03jj+05y=0. m*=-16.67. ..m=+4.08i

S Y(t) = Acos4.08t + Bsin4.08t. 4.08t =27. Styge =1.54's

6. 2ij+50y =0. m* =-25. m=45i. .. y(t)= Acos5t+ Bsin5t
y(0)=2=A, y'(0)=-10=5B.  ..y(t)=2(cos5t—sin5t)




Section 1.7.2

2. 4ij+40y+64y =0. m* +10m+16=0. m =-8, m, =-2. .. y(t)=Ae™® +Be™
y(0)=0=A+B, §0)=50=-8A-2B. . A=-B= 2—35 Lyt = 2—35(e8* —e?)

7. y(t) =1.336(e *>% =72 - () = -5.689¢ 7 +15.69¢ 7174
Set 17 =0 and solve for t. This can be done by trial and error. Try t =0.1:  =1.13.
Tryt=0.12: y=042. Tryt=0.13: y=0.14. Tryt=0.14: y=-0.10. ..t =0.136 s
It would be nice to have an expression to find t at ymax. See No.8.

9. Substitute t = 0.136 s back into the expression for y(t):

ymax — 1'336(84.258x0.136 _ 6711'742“1136) — 0.478 m

, 2
12. y(t)zze’tsint, _-_C:ZM, M:L ~K=2M. D= 27xM =2
2M JA2M)M —4M>
C D :
So—=—===0.707. ..C=70.7% of C AN,
Cc JD*+4r* c pv/\\,ﬁv‘t

YmaxOCCUrs at y =0, ..tant,=1. ..t ,=7/4s

Section 1.7.3
_ +J 2 _
1.a) Li"+Ri'+i/C=0. 10°{"+Ri'+i/2x10° =0. m= R_ogoz 200

If R? < 200 then oscillatory. Regi = 14.14 ohms

b) For a parallel circuit:

R?++R?-8x107

2x107°0"+0'/R+v/107° =0. m= —~ . R?<0.08. ..R,, =354
4x10 —
20+ +/ _
3. 107"+ 207" + 15_6 1=0. ~.m= 20 _2 4;())(34 800 =-10°+10°j (herej=+-1)
X

~i(t)=e """ (Acos10°t + Bsin10°t). i(0)=10=A, i'(0)=0=-10°A+10°B. ..B=10
. i(t) =10(cos10°t +sin10°£)e "




Section 1.8

2.Let u,(x)=Ax+B. Then 0+ A+2(Ax+B)=2x. .. A=], B:—l. U (x):x—l
2 ’ 2

4. Let u,(x) = Axe™" since e* is a solution to the homogeneous egn. Then

u}’, = Ae* + Axe”, u;' =2Ae" + Axe*. ..2Ae" + Axe’ — Axe* — Axe* =¢*
1 .
~2A=1 and u,(x) =§xe
6. Let u,(x) = Axsin3x. u, = Asin3x+3Axcos3x. u, =6Acos3x—9Axsin3x

S 6Acos3x —9Axsin3x+9Axsin3x =cos3x. A= % and u,(x) = %xsin 3x

8. Since sin3x is a solution to the homogeneous eqgn, we assume
i, (x) = Ax* + Bx +C + Dx cos 3x
Then substitute into the given eqgn:

2A—6Dsin3x —9Dx cos3x + 9Ax* +9Bx +9C +9Dx cos3x = x> +sin3x

~9A=1, 9B=0, 9C+2A=0, —6D=1. .'.up(x)=$(9x2—2)—%xcos3x

10. m* +4m+4=0. m =m, =-2. u,(x)=ce™ +c,xe. Let u,(x)= Ax* +Bx+C
2A+8Ax+4B+4Ax* +4Bx+4C=x>+x+4. . 4A=1, 8A+4B=1 2A+4B+4C=4
1 1 9 9

wA=-, B=—, C=-. -'~u(x)=cle’2"+czxe’2x+1x2—1x+—
4 4 8 4 4 8

12. m* =—4. m=+2i. ..u,(x)=c,cos2x+c,sin2x. Let u,(x) = Axcos2x

—4Asin2x—-4Axcos2x+4Axcos2x =sin2x. ..—4A=1 and A= —i

" u(x)=c, cos2x+c, sin2x — %xsin 2x

10



14.

16.

18.

20.

m* +5m+6=0. m=-2, m,=-3. u(x)=ce " +c,xe"
Let u,(x)= Asin2x+ Bcos2x. There results:
—4Asin2x —4Bcos2x +10A cos2x —10Bsin2x + 6 Asin2x + 6B cos2x = 3sin2x

Ccos2x: —4B+10A+6B=0} 3 15

A== B=-—
sin2x: —-4A-10B+6A =3 527 52

—2x -3x

su(x)=ce " et + 5—32(sin 2x —5co0s2x)

m==22i. ..u,(x)=c,cos2x+c,sin2x. Let u,(x)=Asinx. —Asinx+4Asinx =2sinx

LA= % and u(x)=c, cos2x+c, sin2x + %sinx. u(0)=1=c,. u'(0)=0=2c, +§

e, = —% and u(x)=cos2x — %Sil’l 2x + %sinx

m=42i. . .u,(x)=c, cos2x+c,sin2x. Let u,(x)=Axcos2x
—4 Asin2x —4Axcos2x +4Axcos2x =2sin2x
1

LA=-1/2. u(x):clcc052x+c2sin2x—%xc052x. u(0)=0=c¢,. u'(O):O:Zcz—E

5y :i and u(x)=isin2x—%xc032x

m=+4. o (x)=ce” +c,e™. Let u,(x) = Axe™. 8Ae™ +16Axe™ —16Axe™ =2¢"

.8A=2 and Azi. .'.u(x)zcle“Jrcze*’(+ie4". u(0)=0=c, +c,. u’(0)=0=4c1—402+i

Section 1.9.1 and 1.9.2

2. y(t)=c, +c,e** —49.1t. y(0)=0=c, +c,. #(0)=100=-02c, —49.1. ¢, =746, c,—746

Ly(t) =746(1—e ) —49.1t. Tofindy,  : y(t)=0=02x746e"* —49.1. ..t =5557s
~y(t,) =746(1—e 7))~ 49.1x5.557 =228 m

4. The solution is (see Nos. 2 & 3) y(t) =c, +c,e ™" +200t where C/M =0.5/(100/9.81)

and Mg/C=100/05. y(0)=0=c, +c,. §0)=0=-0.049c, +200. ..c,=4080, c, =-4080
d Mg/ / Y Y
- y(f) =4080(e ™" —1)+200¢ so that v =i =—200e %" +200. As t—>w, ©—>200

Let v=0.99x200 =198 = —200e **** +200. .. 2%)0 =e "M, t=94s

11



6. 2ij+32y =0.1sin4t. 2m*> +32=0. ..m==H4i. ..y,(t)=c, cosdt+c,sin4t.
Let yp(t) = Atcos4t. 16Asin4t —32Atcos4t +32Atcos4t =0.1sin4t. ..—-16 A =0.1

A=-1/160. .'.y(t)=clcos4t+czsin4t—%cos4t. y(0)=0=c,. y'(0)=0=4c2—L

160
- y(t) =1/160(sin4t — 4t cos 4t)
Ignore the sine term (it’s at most 1) and let cos4f =—1.
Then 0.5=4t/640 and t=80s

0.5]-------m-nes

.m"+9=0. ..m==£31 an t)=c, cos3t+c,sin3t. Let 1) = Atsin 3t. en
8. m*+9=0 31 dyh()132'3Lyp()A'3Th

6Acos3t —9Atsin3t +9Atsin3t =8cos3t. .. A=4/3. y(t)=c,cos3t+c,sin3t+ %tsin3t

¥(0)=0=¢,;, y(0)=0=3c,. Sy(t) = %tsin?)t

10. m* +16=0. ..m=+4i and y,(t) =c, cosdt+c, sin4t. Let y, () = Asint. Then

-A+10A=2. A= % = Y(t) = ¢, cos4t +c, sin4t +%sint

¥(0)=0=c¢, y(0)=10=4c2+%. .-.y(t)z%sin4t+%sint

12. m*+1=0. ..m==+i and y,(t)=c, cost+c,sint. Let y, ()= Ae”'. Then
Ae' +Ae” =2¢". L A=1. cy(t)=c, cost+c,sint+e”

y(0)=0=c, +1, y0)=2=c,-1. .. y(t)=3sint—cost+e”

14. Li"+Ri'+i/C=7v". i"+10000i =12000sin2t. m* +10000=0. ..m =+100i
». 1, (f) = ¢, cos100t +¢, sin100t.  Let i, (t) = Atcos100t. —200Asin100f —10000A¢t cos100f
+10000At cos100t =12000sin100t. .. A=-60. ..i(t) =c, cos10t+c, sin10t —60t cos 10t
i(0)=0=c¢,, i'(0)=0=100c, —60. - 1i(t) = 0.6sin 100t — 60t cos 100t

16. %y +98y =2cos7t. %mz +98=0. ..m=16.933i and v, (t) =c, cos@yt +c, sin oyt

Let y,(t)= Acos7t. Then —-99.898A+98A=2. .. A=-1.054

y(t) = ¢, c0s6.933t + ¢, sin6.933t —1.054cos7t. y(0)=0=c, =1.054, %(0)=0=0.6933c,

= y(t) =1.054(c0s6.933t —cos7t). Using Eq.1.9.18, ¢ = % =0.0335. w=7

Therefore, using Eq. 1.9.19, y(t) =2.1sin0.0335¢ sin7t. The beat frequency is 0.0335/2

which is 0.00533 hertz. The maximum amplitude occurs when sin0.0335¢ and sin7t
arel. ..y, =210m

12



Section 1.9.3

4.Let y,(t) = Asin3t+ Bcos3t. Then —9AS-9BC+6AC—-6BS+AS+BC=C
—9A—6B+A:0} 3

2 1 . S=sin3t
ZA=—, B=—— and y,(t)=—(3sin3t-4cos3t) where
-9B+6A+B=1 50 25 ! 50

C =cos3t

6. Let Y, (t) = Asin2t + Bcos2t. Then —4AS—-4BC+02AC—-0.2BS+2AS+2BC =25
S: —-4A-02B+2A=2

.. B=-0.099, A=-0.99. t) = -0.99sin 2t — 0.099 cos 2t
C: —4B+0.2A+ZB=1} yp( ) sin cos

8. Let y,(t) = A, sint + B, cost + A, sin2f + B, cos 2t.

—-A,S, —B,C, —4A,S, -4B,C, + A,C, —B;S, +2A,C, —2B,S, +2A,S, +2B,C,
+2A,S, +2B,C, =C, -S,.

S;: —A -B +2A, =0 A =1/2
C,: -B +A +2B, =1 B, =1/2 1 1
=y, (t) ==(sint + cost) + —(sin 2t + cos 2t)
S,: —4A,-2B,+2A,=-1] A,=1/4 ! 2 4
C,: —4B,+2A,+2B, =0 B,=1/4

10. Let y,(f) = A, sint + B, cost + A, sin2t + B, cos2t. —A;S, —B,C, —4A,S, —4B,C,
+7A,C, —7B,S, +14A,C, —14B,S, +10A,S, +10B,C, +10A,S, +10B,C, =2S, —C,
S: —A —7B, +104, =2 A, =0.1385
C,: —B,+7A, +10B, = 0} B, =-0.1077
% A =007 e Ime10=0. nm=-5, —2
B, =0.0375 ’

oyt =ce” +c,e? +0.1385sint —0.1077 cost + 0.0875 sin 2 + 0.0375 cos 2t

—4A, -14B, +104, =0
C,: —4B, +14A, +10B, =-1

12. Let y,(t) = Asin2t + Bcos2t. Then —-4AS-4BC+02AC-0.2BS+2AS5+2BC=C
S: —-4A-02B+2A :0} ~B=-049

2 _ _ + .
C: —4B+02A+2B=1[ "~ A=0.0495 m +01m+2=0. m=0.05+1.413;

sy(t) =e "™ (¢, cos1.413t + ¢, sin1.413¢) + 0.0495 sin 2+ — 0.495 cos 2t

14. Let y,(t) = Asint + Bcost. Then —AS—-BC+2AC-2BS+AS+BC=2S

S: —A—ZB+A=2} B=-1, A=0. m* +2m+1=0. m=1, -1

C: -B+2A+B=0 ~y(t) =(c, +cyt)e™ —cost

y(0)=0=c¢, -1 .
= =1 =(1 —
W0)=0=c,—¢,| G~ @ y(t) = (1+t)e" —cost

13



16 . Let y,(t) = Acost + Bsint. Then —AC-BS+0.1BC-0.1A5+2AC+2BS=20.2C
S: -B-0.1A+2B=0 } B=2

C: -A+0.1B+6A=202] ~A=20 m®> +0.1m+2=0. m=-0.05+1.413i
~y(t) =e ™ (c, cos1.413t +c, sin1.413t) + 20 cos 2t + 2 sin 2t
y(0)=0=¢,+20 } c, =20
17(0) =10 =1.413c, —0.05¢c, +4| ¢, =4

sy(t) =e "™ (4sin1.413t — 20 cos1.413t) + 20 cos t + 2sint

18. Let y, () = Asin4t + B4cost. ..—16AS5-16BC+.08AC —.08BS5+16AS5+16BC =25

S: —16A—.08B+16A=10} B=25 A=0. m?* +.02m+16=0. m=0.01+4i

C: -16B+.08A+16B=0 S y(t) = (c, cos4t +c, sindt)e " +25cos 4t

y(0)=0=c¢, +25 } ¢, =25

7(0)=0=4c, — 0lc, ~5/4[ ¢ 0625 s y(t) =25cos4t —e " (25cos 4t +.0615sin 4t)
=U=z(, —.Ul6 — 2 =
20. Using Eq. 1.9.24: A, —=—2220%3 5,
51/4% 32 x 2% —5°
C? 5
Eq. 1.9.22: o’ =& - o 22 — e 2.61. S w=1.62rad/s
» ® = 1.6 rad/s

22.10%q"+309' +g/10° =12. m* +3x10°m+10" =0. ..m-2.62x10°,
By inspection, g,(f) =12x107°. ..q(t) = 0,6 2P0 4 o820 1 105107
0)=0=c, +c, +12x10°°
A0)=0=6 +e, +12x . b oo =205x10°, ¢, =14.05x10°°
q'(0)=0=-2.62x10°c, —3.82x10*,

~-3.82x10*

£ q(t) = (20527 +14.05e 1 £12)x10° and i(t) = 0.537 e — e 27 )

24. See Ex.1.7.2. Co" +v'/R+0/L=0. 0(0)=g(0)/C=10"/10 =100
and v'(0) =i(0)/C=0. 10°0"+v'/80+0v/10* =0. m* +12500m +10" =0
m=—6250+99800i. . o(t) = e (c, cos99800¢ +¢, sin99800f). v(0) =100 =,

0(0)=0. ¢, =626. ip(t)= %eﬁm (100 cos 99800t + 6.26 5in 99 800¢) / 80

t=10", i, =e"*(100c0s9.98 +6.265in9.98)/80 = —0.591 amp
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26. 40i, +107*i; =12 [1],  40i, +g/10°+20i, =12 [2|, g¢'=i, [3, i, =i, +i,

Substitute [2] and [3] into [4] : 411?) —ﬁ—%q = i,. Substitute this and [2] into [1]:

12—g/10° -=20g" +10*(—q'/40x10™° — Eq") =12. Then: 159" +2.25x10°q' +10"°g =0

1.5m* +2.25x10°m+10" =0. ..m=-75000+3.23x10*i. The solution for q(t) is:
g(t) = (¢, cos 32300t + c, sin 32300t)e °*". From [2]: g(0)=12x0"°. ..¢, =12x10°
Also, i,(0) =4'(0) =0 =—75000c, +32300c,. ..c, =2.79%x107. Using
i,(t) = e7>*" (-0.388 sin 32 300¢ + 0.9 cos 32 300t — 2.09 sin 32 300t — 0.9 cos 32 300¢)

= -2.48¢ """ sin 32300t

Section 1.10

4. The basic solutions are u; =sinx, u, =cosx, g=1/cosx.

sinx Ccosx

cosx 1 sinx 1

dx

=-1. -u (x)——sm I dx+cosxj

cosx —sinx cos X -1 cosx

. sinx . . .
= smx_[dx - cosx_[ dx =xsinx+cosxIncosx. ..u(x)=c,sinx+c, cosx+xsinx + cosxIncosx

COosx

ezx xe2x

X 2x

6. Basic solutions: u, =e**, u, =xe*, ¢=e¢"/x. W= e
1 2 g

=e
2e% ¥ +2xe*"

2x x
xe*“e* [ x e*e’ [ x
—/dx+xez"J. /

s, (x) = —e"f =

dx = —e*(—e ) +xe’ Jle’xdx=ex+xezxj‘le’xdx
x x

1
sou(x) =(c, +c,x)e”t +et + xesz.—e*xdx
x

8. See Problem 7. Here u,(x) = —xIM Ixxz = -2
—2/x 3
su(x)=cx+c, /x+2x*/3
. . ) 1 x°
10. Basic solutions: u, =1, u, =x", gx)=1+x. W= =2x.
0 2x
2 2 3 2
7! (x):—Jc‘lj‘Ler)clx+x2'f1+—xdx:—1 2 (nxtx).
y 2x 2x 202 3 2
xZ x3 2
su(x)=c, 0, X" ——+—+"—Inx
(x)=¢, +¢, 313

15



Section 1.11

2.m* +8m+12=0. ~.m=-6, —2 and u(x)=cx°+cx”

4 m*+m-12=0. ~m=3, —4 and u(x)=c,x’+c,x". Let u, = A. Then —12A=24

nA=-2 and u(x)=cx’ +c,x -2

6. Refer to No.4 and let A=-1. Then u(x) =c,x* +c,x° —1.

u(l)=0=c¢, +¢c, -1
,() te c1=§, cz=é. .'.u(x)=1(3x4+4x3)
u'(1) =0=—4c, +3c, 7 7

8. The C-E eqn of order 1is xu’'+a,u=0. With u=x", xmx"" +a,x" =0

or mx" +a,x" =0 or m=—-a,. Thus, u(x)=cx™

Section 1.12.1
2. ¢ is a solution of u"+4u'+4u =0. Assume that ye™* is a solution of u" +4u’ +4u =e™".

Then substitute ye ™" : ye ™ y" +4ye ™ —4y'e ™ +4(y'e ™ —2ye ") +4ye > = e .

~.y" =1. This has the general solution y(x)=x"/2+c,x +c,.

Hence, u(x)=y(x)e™ = %xze_z" +(cx+c,)e
4. Note that u,(x) = x is a solution. Substitute u = xy and use Eq. 1.12.6:

xy" +[2—xp(x)x]y' =0 or y"+ (z - xp(x))y' =0. Let F(x)= ¢ e

x
2
Then %(@IXXP(X)de'j = i[xZF(x)y'] =0. So, x’F(x)y’ =c,. Hence, y(x)= ClJ.deT)Ex) +c,

The solution is u(x) = xy(x) =c,x + clxj

2F(X)
Section 1.12.2
2. For the Legendre equation, p, = — sz , P = n1(n+21). Thus, we have
- —-X
nn+1) 1 4x° —x(—2x) n(n+1) 1
I= 2 __( ) e 7+ 2\2
1-x 4(1-x*) ( -Xx7) 1-x (1-x7)

16



4. For the Bessel equation, p, :l, p; = -2, Consequently,
X X

n” 11 1, 1 1

1 2
[=1- ———— (- )=1-——+— =1———(4n* -1
x> 4x° 2( xz) x> 4x? 4x2( )

6. For the Hermite equation, p, =—2x, p; =2n and hence,

1= 2n—i(—2x)2 —%(Zx)’ =2n+1-x°
Section 1.12.3

2. Here —tanx, p, =cos’ x. ..z=c|cosxdx=csinx. With c=1, z’ = cosx,
Po P
2

) u . du
z" =—sinx. Hence, cos’ x— +(—sinx +cosxtanx)d—+ cos’xu=0. ~.u"+u=0.
z

Then, u(z) =c¢, cosz+c, sinz from which u(x) = ¢, cos(sin x) + ¢, sin(sin x).

4. Here p, =2x_2—3, p, =2x". .‘.z=c.|.«/§x‘2dx=l. .'.z'=—i2, z"=2x".
X X X
2
Hence, ™ d—? + [29(3 + (—x‘z)iz(Zx - 3)}@ +2x"*u = 0. This simplifies to
dz X dz

W +3u+2u=0. ~uz)=ce +c,e’, u(x)=ce " +ce’”

8x* -1 2 > 2
6. Here p, = , P =20x". .'.z:cj‘\/20 xdx =x" with c=—
x

N

1}u'+20x2u =0, or u"+4u +5u=0.

8x* —

Then z'=2x, z"=2. Thus, 4x2u”+{2+2x
X

suz)=e (¢, COS%Z +c, sin;z). Finally, u(x)= e [q cos(;x2) +c, sin(;x2 )]

17



Chapter 2 Series Method

Section 2.2

2. fy=e', fl=e, fro=e, .., [P)=e".

Hence,

1 1 1
e =1+x+—x"+—x b=
2! 3! n!

4. f(x)=cosx, f'(x)=sinx, f"(x)=-cosx, f"'(x)=-—sinx,
JO) =L f'0)=0, f"0)=-1 f"(0)=0,

Hence,
1, 1 4
cosx=1—-——x"+—x"—---
2! 4!
6 f(x)_]Il(1+X) f’( )—L f”( )__ _1 fm(x)__ 2'
ST R STy Y T Ty

The remaining derivatives follow the pattern in Exercise 1 with appropriate
minus signs. Since f(0)=0, we see from Exercise 1 that

ln(1+x)=x—1x2+1x3—1x4+---
2 3 4
. 1/2 . . . .
8. Since = , wecanuse x /2 inplace of x in Exercise 7 to obtain
2+x 1+4(x/2)
1 1 ’ 3 1 x x* x°
—=—1-x/2+(x/2)" =(x/2)" +)=|= ==+ ———+
7% > [2+(x/2)" =(x/2) )24816
10, From — 1 _ 7 S S U V< B VZ S
‘ x?—x—-12 (x-4)(x+3) 3+x x—-4 1+((x/3) 1-(x/4)’
have
7 1 x x 1 x X 7 7x 91X
B NS N I _—t— | = —F— = +
x*—x-12 4 4 & 3 3 3 12 144 172
xt o«
12. e =1+(-2")+— (2" + = (=) +--=|1-x" + — -
! 3! 2! 3!

18



14. Since,

X' X
sinx 7 S
tanx = = > )
Cosx XX
20 4!

3 2x5

long division leads to |tanx =x+—+—
3 15

In this case, there is no obvious pattern of the formation of the coefficients.

2 2 2 4
16. Here, In 4-x 1+ |2 X
4 4 4 32 192

2 3 3
ince ¢ sinx o X _x X
18. Since e smx-(l—x+ o 3!+..j(x 3!+...)

3 x5

we have e sinx=x—x>+>——-"—+-..
3 30

2 4 3 5
20. J. dtz :1I Lzzl‘[ (1+t_+t_+...)dt:£+x_+x_+
04—t 49 1—(t/2) 470 4 16 4 48 320

3 5 4 6
2
22. Isinzx dx:J.(x—%+1x70—...)2dx:-[(x2—x—3 +4—x5—...)dx

©ox0 2x

3 15 315

24. Since Isinxcosx dx = %jsin 2x dx = %(1 —%cos 2xj , it is only necessary to

substitute the expansion of cos2x into the above formula and get, after

. .o . . x2 x4 2x6
simplification, Ismxcosxdx = ST + pE

26. No singular points so R = .

28. (0, 0), (0, 2) and (0,—2) ..R=0.

30. (-1, 0) ~R=1
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32. Since, b,,,/b,=1, wehave R=1.

n+1

n(n+1)2" n+l 1
34. H b, /b = = =, =2.
ere b, /b, (12" 2(n—1)_>2 so R=2

36. Same as Exercise 33 and hence R = .

38.1:+=1—(x—1)+(x—1)2—(x—1)3+---
x 1+(x-1)
1)
1 1 11 1) 1] - 3
40. Here, x2—4_(x—2)(x+2)_4kx—2_x+2)_4t1—(x—1)+1+x1J' Now
3
using the ideas developed in Exercise 39 and collecting terms, we have
1 1 2 7 20
= (=D —=—=(x -1 == (x-1)° —--+|.
R A AN Th
Section 2.3

2. Set t=kx anddefine w(r)=u(t/k)=u(x). Then @—d—wﬂ—kd—w

o dr ax g Hence,

du dw :

o + ku= kE + kw=0. By Exercise 1,
2 3 2.2 3.3

w(t) =b, 1_t+t_—t—+-~ =1b, 1—kx+kx b +oll, R=oo
2 3l 2 3

o0

4 xu(x)=D bx"", w(x)=Y nbx""'=D (n+Db, x" and R=w. So,
n=0

n=l n=0

' +xu=hb+ Y (n+1b,, +b, x"=0. Therefore b =0 and
n=1

+1

bn+1=—:’:11., forall n>1. Thus b=b,=b;=...=0.
b b, b b b
Al =—=2 =—=2=2 == __0 .. A
SO, b2 2 s b4 4 8 5 b() 6 6,8’ nd SO
2 4 6 8
u(x)=b,|1-2+ -2 X .
2 8 68 6:8-8
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10. (4—x)D_n(n—1Dx"7?+> 2 x" =0 and R=o0. Collecting terms leads to

n=2 n=0

2(4(;1 +1)(n +2)b,,, +2b, X" — Zn(n —1)b,x">=0. Hence,
T, 2b, +2b,=0, 4-3-2b,+2h = 0 and 4n+2)(n+1)b, ., = (n—2)(n+1)b, forall

n=>2. Therefore, b, ., = Mb forall n>2. Now we use the facts that 5, =0
2T A(n+2) "
and b =1. Since b,=0, b,=b,=...=0 we consider only odd subscripted
- 2k—-3
coefficients. So, b,,,,= mbﬂﬁ Then,

o o 135.Qk=3) 1
T 4R.3.5..2k+1D)  Qk-1)QRk+1)

2k+1

w x
So, u(x)=x— Z14k(2k 1)(2k+1)

12 Zn(n—l)bnx"_z—xZannx"+£x——+ JZ =0 and R=o. Now
n= n=l
b,=0 and b =1 leadsto 2h,=0, 6b,=0, 12b, +1=0, 20b,—1=0, .... So,
2 x5
ux)=x——+—+
12 20

14. Set y=x-2 and uy)=u(x—2)= f(x). Then the equation for u is given by
(1+y)u' +u=0. Therefore, u(y)= Z( . +b,)y"=0. So, b,=(1)"b, and we
deduce that u(y)=b,(1—y +y" —.... Also [R =1]. Hence
f(x)=b(1-(1-x)+(1-x)"—....

. 1 1
Giventhat f(2)=1=5,, we have f(x)_l+(x—2)_ 1
series, f(1.9)=1.111. But f(1.9)=10/9 from the exact solution.

Using 4 terms of the

16. Use the same substitutions as in Exercise 15. Here x> =y*+2y +1. So,

2b, +b, +(4b, + 6b, +b)y +Z((n+2)(n+l) o+ 20(n+ Db, +(n* = n+ D))" =0.

b b, b, b B 5h

b
Therefore, b, =—20 p =i bo p B b B
erefore, by == b=t b= g Ym0

bo(l—(x_l)z +(x—1)3 +"'j+b1 [(x_1)+(x—1)3 LD

u(x) = w(x-1) =w(y) = 5 3 6 6

+]
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18. For this differential equation R=c and b,=4, 5 =-2. Also

20.

i(n +2)(n+1b,, x" + ib”fzx” =2b, + 6b,x + i((n +2)(n+Db, , +bn,2)x" =0.

n=0 n=2 n=2

Therefore, b,=0, b,=0, b,,,= _#@Hl)' So, b,=by=b,,=h,=-.-=0
and b, =b,=b,,=hb,=...=0. For the nonzero coefficients, b,, = —(4]{_)224_ 5
and b, = ﬁ?ﬂ) So,

on CD'h, and b,, = (D',

T 3.4.7-8...(4k)(4k—1) 3:-4-7-8...(4k)(4k—-1)
Using the initial conditions b,=4, 4 =-2, we arrive at

x4 x5 x8 x9 x12 x13
ux)=4-2x——+—+ - - +
3 10 3-7-8 2-5-8-:9 3.7-8-11-12 2-5-8-9-12-13

x16 x17

+ — +...
3-7-8-11-12-15-16  2-5-8-9-12-13-16-17

Againset y=x—-2 and u(x)=u(y+2)=w(y). Now x—1=y+1 and
xu"+(x-Nu=(y+2)w"+(y+1)w=0. So, after the standard manipulation of

series, w(y) =4b, +b, + Y_(2(n+1)(n+2)b,,, + n(n+1)b,,, +b, +b,; Jy" =0.

n=1

b b b b b b, b B, b B

2 2 5 5% 9% 9 _by b _

6’ b 6 12 12 24 127 7t 48 48’ 960 120’
2 3 4 5 3 4 5

Therefore, w(y):bo(l—y__y_er + Y +---J+b1[y+y——y—+ Y +j

So b,=— by

4 24 48 960 12 48 120
Now we use w(0) =u(2) =10=0b, and w'(0) =u'(2)=0=">, to obtain

u(x)=10(1—(x_2)2 B M C S G +]
4 24 48 960
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Sections 2.3.2, 2.3.3 and 2.3.4

(16—2n)! Rt
28n(8—n)!(8 —2n)!

4
2. ¢) From Eq. 2.3.32, P(x)= Z(—l)" . So,
n=0

Py(x) = L (35 1260x” +6930x* —12012x° +6435x° )

8. Here A(A+1)=6 sothat 1=2, 1=-3. Weuse A=2 and write the general
solution of the homogeneous equation in the form u,(x) =¢,P(x)+c,0,(x). A
particular solution of the inhomogeneous equation is obtained by
determining 4 and B sothat Ax+ B is asolution. Thisleadsto A=1/4
and B=0. Hence,

u(x) = ix +c,P(x)+¢,Q,(x) = ix +c, P (x)+c, (Pz(x)Qo(x) — %xj

10. From Exercise 8 we have w(x)=¢,P,(x)+ cz(P (x)0,(x) 3 x) . Now set

x =cos¢ and let u(@) =w(cos®) =w(x). Use Q,(x)= h11+—x to write

3 by(cosg), 1+cosg, 3
u(¢) = c,P,(cos¢) +c, 5 lnl—cosgzﬁ) 2cos¢j.

Now collect terms to obtain

u(p) = (3cos $-1)| A+Bln izzzj‘;) > Beosg

Section 2.3.5

6. H,(x) =413 (-1)" (297

=) 16x* —48x% +12.
S0 k4 -2k
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Section 2.4

6. As in earlier exercises it is necessary to combine summations and simplify. Here we
have

[(2r +5)(r —2)]a,x" + i[(n +r=2)2n—-2r+5)a, +a,, " =0

n=1

a 1 1
=1. For r=2 g =——234— =——_.a,=——.... and hen

Set q, or r a, n(2n +9) So, q %= 5¢ and hence

2
u, (x) = x> -2+ 4

11 286

Now choose 7= -5/2. S0, ¢ =——==1 — and _1 a _1 Hence

T R AT e TR AT R T |

10. Here, collecting summations and simplifying leads to
H2r+Dax™

+i (—(n +7r)2n+2r+a,(r)+(n+r)(2n+2r— 3)an_l(r))xn+r-1 —0

Thus =0, r=-1/2 andweset g,=1. So, in general,

2n+2r—3
a(N=5 5 1%

For r=0, a(O)_2 — 4 (0) andfor r=-1/2, a (- l/2)=—1an L(=1/2).

1 nl
For »=0, wefindthat g =
a =0 forall k>2. Hence,

u(x) =c, (1 22418 }rc2 x 2 (1-x)

Fz_l- For r=-1/2, a =-1, a,=0 and thus

Section 2.5
2. Let r=x> then 2xdx =dt. Then 2xdx =dt and

© 2 i _1 © ¢ _ 1 _
jo X2 dx _EJO e \/?dt—EF(B/Z)_O.443

4. Let t=+/x then xdx =2t and j:x*‘e“ﬁdx =2.[:t’7e’tdt =2I'(—6) = o suggests

that the given integral is divergent. This can be demonstrated rigorously by standard
techniques.
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6. Let ¥x =¢. Then [ (1—x)’¢ "dv=2] (1~3"+ 37~ e~'dr. So,
jo“’ (1—x)*e ¥ dx = 2(I'(2) — 3T(4) + 3T (6) — I'(8)) = —9394 .

8. Let x"’=1¢ sothat dx =37 dr. Then,

J.: e dx = I: et 3¢2dt = 3-10! = 10886 600

T(n+1/3)

10. From Example 25.2: r=1, h=3 and .. |3"
I'(1/3)

12. Since T(A+1)=A(4), 1=T(1) =0-1'(0). Soif T'(0) isanumber, 0=1. Hence
I'(0) does not exist.

Section 2.9.1

8. As we have seen in previous exercises, the differential equation leads to a combination
of summations which when simplified leads to a collection of equalities. In this

example, #—1)’=0 and (n+r—1a,=a, , So, a = EF(r+1)...(r +k— l))

From this,
) k
X
=|x| 1+ E — |=xe
( k=1 k!j

Set f(r)=(r(r+1)...(r+k—1)) " and thus

() _d (1L, I
) dxlnf() _K + m+r+k—1)

Uy

So, f’(l):—% and therefore,

k

Uy (x) =xe* Inx—x) X
i k!
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10. Here #*=0 and (n+7ra,=a, ,. Now a = f(r), where

1)
+r+k)

S =(r+1)...(r+ k))_] . and f'(r) :—f(r)(L +

So, f(O)—;' and 77(0)=—=£. Thus, u(x)=x (1+Zf(r)xj Therefore,

o0

o .k
u, (x) :1+Z% =¢*| and |u,(x)=e"Inx-
k=1 -

k=1

Section 2.9.2

6. Here (r+2)=0 and (n+r)(n+r+2)a, =—2(n+r+1)a, ,. The fact that the
coefficients of g, and a, , vanish for some n when r=-2 leads to two linearly
independent solutions with no logarithm term. To find these solutions, let r =-2.
Then, n(n —2)a, =—2(n—1a, ,. Hence —a,=0-a, and 0-a, =—2a, =0shows that
a, and a, are arbitrary. Soselect q,=1 and a,=0 which leadsto u,(x)=x"
since a,=0 implies a,=0 forall £>2. Nowset ¢, =0 and 4, =1. Then

22 23 —2(k+1)
aj_ 13 > a4_ 24 a3’ tt 0y ak+2 k(k+2)
Therefore,
(=2) (k +1)! f 2M
= —-—(— —— >
a.,, k122 (=D YR forall k>0
And finally,
2+l ) .
Uy (x) =x2 (-1 ———u/"? = (-1y x!
i Z G+2)! Z (]+2)]'
Section 2.10.1
. L A x x° x5 x’
2. We find )xl-—+"—— and Z- _
Jo() 4 64 2304 o= 2 16 384 18432

6. A=1/4 and u(x) =c,J;,4,(x) +c,],,(x).

8. A=1/2 and u(x) =c,J;,,(x)+¢c,] ;,,(x).

12. Since i** =(-1)",

© (_l)k( )2k+n © 2k+n
J . .n .n]
n(lx) kZ_;ZZkJrnr(n + k+1) =1 kz:()22k+nr(n + k+1) =1 n(x)
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Section 2.11

2. As in the previous exercise 1(0)=u'(0)=0 we obtain, at x =0:
u? +(1- x)u = 4x = 1 (0)=-1
W+ 1= —u=4 =u?0)=5
U +(1=0u? =20 =0 = uP(0)=1
2 3 4
So, U(X)Il—x—+5i+x_+...
2 6 24

4. Given f(0)=6 = f'(0)=6, then

(1-x)f" - f=2x

(1-x)fP-2/Y=2 = P0)=14
(1-x)fP-3P=0 = P0)=3-14
(A-x) =419 =0 = fY0)=4-3-14

Thus, f(x)=6+6x+7x"+7x" +7x" +---

6. (See Exercise 1, Section 2.3.) Here, R=o and we use 1(0)=1:

u +u=x =u"(0)=-1
u® +u” =2x = u?(0)=1
u® +u'? =2 =uV(0)=1
W +uP=0 = uP(0)=-1
So,
2 .3 4
u(x) :1_x+x_+x__x__...
2 6 24

8. See Exercies 4, Section2.3. We search for u,(x) satisfying u'+xu=(sinx)/x with
0)=0 and #'(0)=1. So, as above,

x> X 6
M'+xu:sinX/x:1_§+§_ﬁ+.“
ZX 4_)('3 6x5
2) 1) _ X 4ax 6x
U +xu+u= 3 + 51 7 +...
2 4.3x 6-5x
@) () n_ = B
u’'+xu +2u = 3 5 o +
Thus R=o0 and 4®(0)=0, u(0)=—7/3, u*(0)=0, and «“(0)=143/15. Thus,
( )_ 7_X3+143x5 4
up X)=x 3.3! 3.5.5! cee
2 4 3 .
B u(x):bo 1—x—+x—+ +x— 7x + 143x i
2 8 3.3! 3.5.5!
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10. See Exercise 8, Section 2.3. We find u,(x) satisfying «® +6u" +5u= x* +2sinx,
u,(0)=0 and )(0)=0. So, 4*(0)=0 and by repeated differentiation,

u® +6u? +5u" = 2x +2cos x =uP(0)=2
u® +6u” +5u =2 —2sinx = u'Y(0)=-16
u® +6u® +5u = 2cosx = uV(0)= 84

Then, R=o and
(x) x’ 2)c4+7x5Jr
Uu(x)=——-——+—+...
’ 3 3 10
3 4 5
" u(x)=b0( —éxz+5x3—@x4+---j+bl(x—3x2+Ex3+---j+x——2i+7i+
2 24 6 3 3 10
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3. The Laplace Transform

2

S

(1 - 1r sinte‘“dtj
s §v0

S

241

Section 3.2
—st _ —st _ —st N
2. IO (t—3)e " dt _IO te~ dt 3j0 et =| =
u=t dvo=edt
1 —st
du=dt v=--e¢
s
*® . —st 2 *® —st
4, I 2sinte " dt :—J. coste *dt
0 S 0
u=sint dv =e"dt u=cost dv=e"dt
1 _st . 1 —st
du=costdt v=--¢ du=—sintdt v=——¢
s s
. 1 @ . —-st 34 __ 2 R st 74 _
..(1+S—2jj.0 2sinte dt—s—z. ..IO 2sinte " dt =
o0 1 o0
6. | t'%edt=—x| x"%e 7 dx=5"?T(3/2
) ol 0()2)

Letst = x, sdt =dx See Eq.2.5.1

8. [ (4 —3)e'dt =4[ e dr—3[ et

2

= %J‘; te™*'dt —

du =dt

u=t do =e*dt
du=2tdt v=—=¢"
s
® 2 —st _ © 2 st _ ©, st
10. J’O (t—2)% e dt _jote dt 4[0 te~ dt
u=t>  do=cdt u=t
1 —st
du=2tdt v=—-—¢" du =dt

S

v=——¢

S

S S S

ISP R EWE N
570 S S

29
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u=t do=e"dt

+4J:Oe_5tdt

do = e " dt

st



12. I: e e dt = '[: eI = | ——

14. £(t) ={

16. L[e* (3t)] =

18. L[e * (cos4t)] =

20. L[e” (3sin2¢)] =

22. Lle " (cos4t)]—2L][e " (sindt)] =

24. Lle™ ()] +4LLe ™ ()] +5L[e ™ ] =

26. L[u,(t)sinzt] =

72'6_45

s* + 72

28. L[t/2]- Llu,(t)t/2]

L[t/ 2]- Liu, (1) 5(t—4)+2}

—4s 1

1

e

s—2
t/2 0<t<4 o 4t 1— 46> 1
t —stdtz - —stdtz —4s
i<t Iof()e .[026 e +ZS2
u=t
du = dt
_3
(s-3)*
s+2 B s+2
(s+2)*+16 |s* +4s+20
3x2 6
(s+1)°+4 |s°+25+5
s+1 B B s—7
(s+1)2+16 (s+1)+16 |s*+25+17

2

55> + 24s + 30

Note: sin z(t —4) = sin 7t

2% 282 s

2s

— 2(1_645)_564}5

30. F(F) =t —1u, ()t + 211, (F)
L[t]= Liu, ([ (¢~ 2) + 2]} +2L[u, (1)]

1

e—25 26‘_25

++ - =
(s+2)° (s+2)° s+2 (s+2)°

26_25
+

S

1
—(1-e™*
52( )

30



32. f(t)=sint —u (t)sint+u, (t)sin2t
L[sint]— L[u_(t)sint]+ Lu_(t)sin2t]

1 e 227 | 1

34. Use sinht =(e' —e™")/2.

L[e* cos2t]- Le™

— + =
P?+1 s2+1 s*+4 |s*+1

cos2t]=

(1-

e ")+

s?+4

e

—7TS

S_

. 2sinh 3t cos2t = ¢ cos2t —e™

3 s+3

ARNANYAW
AV WAL

cos 2t

s—3

s+3

36. See N0.34:  6sinhtcost =3(e' —¢ ') cost

L[3e' cost]+ L[3e” cost] =

38. See N0.33:  2coshtcos2t =(e' —¢

L[e' cos2t]+ L]e™ cos2t] =

(5-37 14 (543714

2 —65+13 s +65+13

3s=1)  3(s+]) 3(s=1)  3(s+]
(s—1)*+1 (s+1)°+1 |s"=25+2 s> +25+2
)cos 2t
s—1 N s+1 | 3(s-1) 3(s+1)
(s—1°+4 (s+1)°+4 |s°—25+5 s°+25+5

s f(t) = %t(z —t)e”

3 2 3
40 F(s)= _3 2 "'f(t):Et2+2t
_(s+Dh-1_ 11
42 F(S)_ (S+1)3 _(S+1)2 (S+1)3.
44, P(s)_éJrE C__-l/2, /4, 1/4
5_2 S S S 2
-1/3 1/3 1o o
4. Fo) =+ f(t)_ )

48. F(s)=ie‘s.
+1
50. F(s) =

52. [(s) =
S

S fB)=u(t)e

o f(t)=2e"" sin2t

o f(t)=e"" sinh2t

31
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4 1)-4
(S+ ) 3_27[5.

>4 )= (s+1)% +4

o f(t) =2e " (2cos 2t —sin 2t)u, , (t)

56 F(S):[z(s+2)—1

————— f(t) =(étsinst—isin&+ltcos3tje‘2f
(s+2)* +9] 2 54 18

Section 3.3

2. Lf1=['fFedi+ [ ftede+ [ f(peat
=sL(f)— fO)—[f(a")— f(a)]e™ —[f(0")— f(b )™

4. f'(t) = -’ sinot. —w’L(sinewt)=s>L(sinwt) —sx0-wx1

)
s + &*

5 (8° +0°)L(sinwt) = w. s L(sinwt) =

6. f"(t)=a’ sinhat. a’L(sinhat)=s>L(sinhat)—sx0—ax1

~.(s* —a*)L(sinhat)=a. .. L(sinhat)=

8. f'(t)=4e”. 4L(e*)=5L(e*)—sx1-2x1

(F L) =542, L) = %
S_

10. f(t)=t-u ()t +u (t) =t —u,(H)[(t —1)+ 1]+ 1 (2)
E(f)=l2—(l2—1)e‘S P %(1_6—5)
S S S S S

FO=1=1(0. L) =| e |=sLP-0. = L(H=51-)

S

12. fi(H)=e' +te'. . L(f")=L(e")+ L(te') =sL(te')+0.
L) |1
s—1 (s—1)°

S L(te') =

32



14. f'(t)=cost—tsint. f"(t)=-sint—tcost. .. L(f")=-2L(sint)— L(tcost)

1-2Lsin) 1 2 [&-1
s°+1 SS+1 (5 +1)°  [(57+1)
16. f'(t) =e' sint +te' sint +te' cost. L(e' sint)+ L(te' sint) + L(te' cost) =sL(te' sint) =0
1

- L(te' sint) = —l[ﬁ(et sint) + L(te' cost). Use the 1¥ shifting property and the result
S J—

=s"L(tcost)—sx0—1. ..L(tcost)=

2
of No.14: .. L(te' sint) = 11{ 1 }: 2 5" —-2s+1
S_

(s—1)°+1] |s—1(s*-25+2)°

18. f'(t) = cosh2t +2tsinh2t. f"(t) = 4sinh 2t + 4t cosh 2t
L(f")=4L(sinh2t)+4L(tcosh 2t) = s> L(t cosh 2t) —sx0 -1

4L(sinh2t)+1 1 [ 8 +1}_ s?+4
s°—4 s°—4 4 (s> —4)

- L(tcosh2t) =

s* —

20. f'(t) =sinh2t+2tcosh2t. f"(t) =4cosh2t+4tsinh 2t
L(f")=4L(cosh2t) +4L(tsinh 2t) = s> L(tsinh 2¢) —sx0 -0

- L(tsinh2t) = 4/ (cosh2t) _ 245 2
s°—4 (s"—4)
22. F(s) =%. . f(t)=4e"?sinht/2 or 2(e' —1)
(=3 =% —
4 1 1 ) P
24. F(S)—m—s—z—sz—i—[}. f(t)—t 281r12t
6 2|1 1 ) _ 2, 1.
26. P(S)—m——g[s—z—SZ_g} f(t)— 3(t 351nh3t)
Section 3.4
— _ 5 . _ 52 —4
2. f(t)=cos2t. F(s) = R ~.—F'(s) = —(52 Ty
. 1 v 28
4. f(t) =sinht. F(s)= 71 F'(s) = —(sz 1y
- F(s) = (s® —1)2(—2)2+ 2s -42(52 ~1)2s _ 2(3;52 +§)
(s -1 (s -1
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— _ 112 A
6. f(t)=¢e —e". 1—"(5)—5_1 o1 -1 F'(s) —(52_1)2
o 1 e [ 26+
8. f(t)=e" sint. F(s)——(s+1)2+1. F'(s) = —(S2+25+2)2
B 1 ey s +1
10. f(t) =cosht. F(S)_SZ—l F'(s) —(52_1)2
12. f(t)=2-2cosh?2t. F(s):g— 225 . J.m(z— 225 )ds: lnszz4
s s —4 s\s s -4 s
g IR SR U AP S
W fh=e" -1 Fe)=— - j (5_2 des-lns_z
1 © 5 1 2t -2t
16. P(s):m. [ s+2y ds=——=G(s). ~g)=e. - fit)=tg(t)=te
s 1 (e 5 1/2 1. . t.
18. P(s):m. E-L (s—4) ZSds:S2 - ..g(t):Zsmh2t. ..f(t):Zsmh2t
, 1 1
20. G(s)=In(s-2)-In(s+3). H(s)=-G'(s)=—————
s+3 s-2
~h()y=e =¥, L f(t)= %h(t) = %(e‘3t —e™)
2s 2s

22

24

. G(s) =In(s> +1) —In(s* +4). H(s)=-G'(s) =

S h(t) =2cos2t—2cost. .. f(t) =

sS+4 s +1

%h(t) = %(cos 2t —cost)

- G(s) =In(s* +4s+5) —In(s* +25+5). H(s)=

25+2

2s+4

2(s+1)

2(s+2)

TP 425+5 S +45+5 (s+1)7+4 (s+2) +1

s h(t)=2e" cos2t —2¢ 7 cost. .. f(t)= %h(t) = %(et cos2t —e > cost)
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Section 3.5

i 2 2 5 1,
2. L(f) = jt dt. jote dt:—gez - 2 _1)
1 -2s —2s 2
ﬁ(f): m(l—e 2 —2se 2 ) M/!/l ¢
4. L(f)= “dt = . 145 ~(1-2s—e™ —2se )}
= ;[1—25—(“25)(43 _ il | | |t
P(1-e™) N
1 —— 1—e™ 1
6. E(f)_l_ —4s Oe dt = 52(1_6—45) _|2 4|_f|3 | t

—st 1 2 —s -1 -s 1 -5
e N R LA )|

:W[zs 1-(s-1)e | 12% ™

1T 2 3 4 5

Section 3.6

2. E(s) = _5 5/2 2 25/6
s s-1 s+4 s+1°

5 25
L f(H)=-b+=¢ -2t ¢!
f(®) > G

4, P(s):1/4+3/4+ 1 = .'.f(t):le‘3t+§e*+tet
s+3 s-1 (s-1) 4 4

6. F()—7/8 1/22+8/3+ 1/32+1/72. s )= Z+1t+ (8+t)e +le
S s—=1 (s=1)° s-4 2 72
B,(20i) + B > | -2 .B -0 B =5/4
g F(S)_Bls+Bz+Als+A2 ! 4l 4 T
T 24400 s?+441° _ 5 5
ARl +A =5——| =-—. ~A =0 A,=-5/41
$2 +400)_,; 41

s f() = S(L sin 20t — isin 21tj
820 861
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2
10. Fs)= Ay 2 Bist By Bl(zz’)+Bz=i =—i—£'
s+1 (s+1° s +4 (s+ 25 25
B,=-6/25, B,=-9/25, A =-6/25 A,=2/5. - f(t)= ( t——)e —z%coszt %stt
12. F(s) = Cis+C, N B;s+B, N Dis+D, Ajs+A,
(s+4) s +4  (5°+1)7 s +1
. 10 10 . d 10 80
C1(21)+C2=(SZT)22 =?, Bl(21)+Bz=—ﬁ 27 C1=0, B2=0
. 10 10 . d 10 40 .
Dl(l)+D2:mi:?, Al(l)+A2:—— =—2—71. D1=0, A2:0
'f(t)—@(COSZt—cost)+i(sinZt—2tc052t)+§(sint—tcost)
N 27 72 9
Section 3.7

8. eat *eat:I a(t—t) aTdT I eath: teat.
. . t . I /.
10. sinwt*sinwt= Iosmw(t— z')sma)z'dr:Zo(sma)t—ta)cosa)t).

12. Since I[1]= é and L[sinhat]= #‘az , the Convolution Theorem gives,

1 inh ' inh 1
> =12 at. But, l*smhat:J-ts ara’r=—2(—l+coshat). Thus,
s(s“+a’) a a
. 1 1
L1L(S2_a2}=?(—l+coshat).

Section 3.8

2. 5*Y(s) —sy(0) — y40) —4Y(s) =0. . Y(s) = Sff

- y(t) = 2cosh 2t

4. PY(s)+4Y(5) = -2, - Y(s)= 25 BT e T —cost—éCOSZt
s*+1 (s> +1)(s* +4) ss+1 s +4 3

36



—(s+1)/2 _
6. YO +Y(5) ==+ 2. ()=t =2 D2 2 B
s—1 s (s=D(s"+1) s(s"+1) s-—-1 s*+1 s s +1

1 5 1
Sy(t)=2+=e"' —=cost——sint
y(t) 2% 75 5

s+4  s+4  (s+2)+2

8. s*Y(s) —sy(0) +4sY(s) —4y(0) +4Y(s) = 0. .. Y(s) = S +4s+4  (s+2)° (s+2)

1 2
= + .
s+2 (s+2)

Lyt =e ' (1+2t)

12 10s+12 2 6 4
10. s*Y(s) - y'(0) +5sY(s) +6Y(s) = —. . Y(§)=———="n—t——
#)-y0) ) ) S ®) s(s*+55+6) s s+3 s+2

Syt =2-6e" +4e

8 Y= 282 + 4“2
(5+2)7(s +4) (s+2)

Sy(t)=|=+3t -— 2t
y(t) (2 je 2Cos

12. $%Y(s) —sy(0) +4sY(s) — 4y(0) + 4Y(s) =

s° +
1/2 1 —s/2 1 2

= + s+ —5—+ + >
s+2 (s+2) s +4 s+2 (s+2)

_ 1 1/36 s/36
s(s+36) s  s*+36

15. @) s*Y(s) +36Y(s) = 1 2 Y(s) wy(t) = i(1 —cos6t)
s 36
30 . 30

c) s*Y(s)+36Y(s) = VS Y(s) = 136

Sy(t) = %(sin 6t — 6t cos 6t)

Note: Only solutions to selected parts of the following problems are provided.

16. a) SZY(S)+SY(S)+36Y(S):1. Y(s)z%zl L 1—5—1
s s(s”+s+36) 36|s (s+5) +35.75

1 1 1
Yt = — — —(c0s5.98t + —sin 5.98t)e /2
Y =3¢~ 36 12> )

C) s*Y(s)+sY(s)+36Y(s)=———. Y
)S (5)+5sY(s) (s) 2 (s) s +36 (S+%)2+35.75

30 ~ 30 _1| B 5(s+D)
+36 (s +36)(s> +5+36) 6

~y(t) = g(—cos 6t +c0s5.98t + %sin 5.98t)e™"/?

37



10 Y(s) 10

17.b) %Y 125Y(s) +36Y(s) = i =
) $Y(5) +125Y(s) ) =712 (52 +4)(s* + 125+ 36)

1 {—35+8 -3 10

1
= + + . y(t)=—| 4sin2t —3cos2t —(3—-10t)e™®
40| $+4 s+6 (s+6)2} ¥ =40l (3-100e ]

f) s°Y(s) +125Y(s) +36Y(s) =50. Y(s)= - y(t) = 50te”™™

0
(s+6)*

30 30
> . Y(s)=—; 5
s*+36 (s* +36)(s” +20s + 36)

1 [ —48s -1 9

18. ¢) s*Y(s)+20sY(s) +36Y(s) =

1
= + + . y(t)=——| —48cos6t —e B 1907
192| % +36  s+18 s+2J y(®) 192[ ]

19. The differential equation is Lj+ Rq+ %q =o(t), i=¢q

10 1/10 /10
s(s*+100) s  s*+100

a) s°Q(s) +100Q(s) = ?. 5 Q(s) =

1 1
Sg(t) =———cos10t and i(t) =sin10¢t
9 =151 0

50 50
. S)=—F""">
s*> +100 Q) (s> +100)

¢) s°Q(s) +100Q(s) =

sq(t) = lsinlOt —ltcoslot and i(t) = 1i,‘sinlOt
40 4 4

10

e) s°Q(s) +100Q(s) =10. .. Q(s) = = 100"

~.q(s) =sin10t and i(t) =10cos10¢t

Note: Only solutions to selected parts of the following problems are provided.

10

20. e) s°Q(s)+16sQ(s) +100Q(s) = 10. .-.Q(s)=(s+8)—2+36

gt :§e_8t sin6t. .. i(t :Ee_st 3cos 6t —4sin 6t
=3 3
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21. b) s?Q(s) +20sQ(s) +100Q(s) =

s* +400
L Q(s) = 200 _—4s/250-6/25 4/250  2/5
B (s* +400)(s* +20s +100) s* +400 s+10  (s+10)
sqh) = —L(4 c0s 20t + 3sin 20¢t) + 4 e 4 2 o
250 250 5

and i(t) = 2—15 (8sin 20t — 6 cos 20t + 6e " —100te ™)

d) s*Q(s) +20sQ(s) +100Q(s) = 10_10 e
s s
_ ,27s _ o
.'.Q(s):10(1 e 2): 1/1O+ 1/1O+ 1 : (1-e?")
s(s+10) s s+10 (s+10)
1 1 o —10¢ l: 1 1 ~10(t-27) 10(t27r)j|

qt)=——-——e  —te —| ———c¢ —(t—2m)e u, (t

10=10"10 010 (t—27) 27 (F)

and i(t) =10te™ —10(t —27)e " u, _(t)

2 ~ . ~ 10 _2/3 2/3
22. €) s°Q(s) +25sQ(s) +100Q(s) = 10. "Q(S)_(s+2o)(s+5)_s+5 s+20

sq(t) = —%(emt —e™) and i(t) = %(462(” —e™)

20 20 5/19 4/57 1/3
f) s*Q(s) +255Q(s) +100Q(s) = —. .. Q(s) = = + —
) $Q6) Q) Q&) s+1 Q&) (s+1)(s+20)(s+5) s+1 s+20 s+5
sq(t) = L i(t) = Dpst_ 2 gt 80 o
19 57 3 3 19 57

23. The differential equation is My" + Ky = F(t).

e (1/25 s/25 je_z,,s

1
b) s°Y(s)+25Y(s)=—e™. .. Y(s)= = —
) () ® s° ®) s(s* +25) s  s°+25

Sy(t) = 2i5(1 —cosbt)u, (t)

_5(1-e?")/2m  Be™

5 5
c) s°Y(s)+25Y(s) = 1—e™™ |—=Ze™2™. - Y(s
) ®) (®) 27s” [ ] s (®) s%(s* +25) s(s* +25)

1 (1 1 5 (1/5 s/5 j 5
— el 1—6 sy _ | 2 e s
107[(52 s +25j( ) s s°+25

() = —L (- L s 1
() = o= (= 2t (O] = o~ sin T =y, ()] - (1= os 5, (1)
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f) s*Y(s)+25Y(s) =5. .. Y(s)= - y(t) =sin 5t

s> +25°

1/100  s/100 )(ez,,s e )

24. a) s°Q(s) +100Q(s) = %[ez’” —e* ] Q) = ( 100

R _ iy = L _
() = 15 (1= cos 100ty () = uge (O] i(8) = = Sin10Hy, (1) =1, (1)

b) °Q(s)+100Q(s) =~ . .~.Q(s):(1/100 5/100 je
S

2 +100
: (t)—i(l—colet)u () 'i(t)—lu (t)sin10t
T =700 I T
1 1._ 1 1/100 s/100
e 2 1 — 4= 47rs. — 1 —4rs — _ 1 —47s
) $%Q(5) +100Q(s) s+se Q) s(sZ+1OO)( e ( s 52+100j( e

1 P
q(t) = ﬁ(l —cos10t[1+u,, ()] Si(t) = 10 sin10¢[1+u,, ()]

5 _ 5 1/20  s/20 \ _
s°Q(s)+100Q(s) =5+=e>™. .. Q(s) = +( -~ je 2
9) $QO Q) s Q) s +100 s s°+100
sq(t) = %sin 10t + 2—10(1 —cos10t)u, . (t). - i(t) =5cos 10t + %uzﬁ(t) sin10¢t

25. For the system Cy'+ Ky = F(t).

2 1(1 1 1
b) 45Y(s) +100Y(s)==e ™. .~ Y =—(—— j 2 y(f) = —[1—e P t
) 4sY(s)+ (s) S¢ (s) o\s 523 /)° y(t) 50[ e Ju, . (t)

10
4(s+25)

f) 4sY(s)+100Y(s) =5. .. Y(s)= Syt = 26_25’
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4. The Theory of Matrices

Section 4.2
1 2
2.
LIV eies
13 4 5 6 '
1 2 3

8. Coefficient matrix: [l 1 1].  Augmented matrix: Il 1 1 0]

1 00 1 0 00
10. Coefficient matrix: {0 1 0|. Augmented matrix: [0 1 0 1
0 0 1 0 0 1 1
12.(a), (b), (d), (9), (), (), (k)
Section 4.3
0 1 0] [1 1 0] [1 1 0
2 0 O|—»|1 0 O|—>(0 -1 O
0 0 1 0 0 1 0 0 1
A [0 b c b+d c b+d
e d|7le da |70 -b
X +x, +x3=0 1 1 1 0
6. x,—x; =0 Augmented matrix: |0 1 -1 1
0=1 0 0 0 1
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8. The augmented matrix can be reduced as follows:

I 1 -1 1 I 1 -1 1 1 10 0

111 1700 2 277700 1 -1
The given system is thus equivalent to x, + x, =0, x; =1. Weset x, =¢ and thus
x,=—t, x,=t, x;=—1is asolution for all t.

10. The reduction of the augmented matrix is given by:
1 -1 6 I -1 6 1 -1 6 1 0 3
11 0/ o 2 -6/ Jo 1 =301 3
Thus x=3 y=-3.

12. Here the augmented matrix reduces as follows:
3 4 7 1 4/3 7/3 1 4/3 7/3
2 5 2|72 5 2 |70 —23/3 -8/3
{1 4/3 7/3} {1 0 43/23}
- — :

0 1 8/23 0 1 8/23
Thus, x =43/23 y=8/23.

1 -3 1 =2 1 0 0 -2 1 0 0 =2
4.1 -3 -1 0|—>(1 0 O O|—>|1 O O 0
0 -3 1 0 0 -3 1 0 01 -1/3 0

The first row corresponds to the equation Ox +0y+0z= -2, acontradiction. Hence
the system has no solutions.

N A N A
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1 21 =2 1 2 1 =2 1 2 1 2 1 0 -1 8
8.1 1 0 3|-»|0 -1 -1 5|->|0 1 1 5|—>|0 1 1 -5
1 01 4 0 -2 0 6 0 -2 0 6 00 2 4

1 0 -1 8 1 0 0 6 X 6

-0 1 1 -5|—>|0 1 0 3|. So,|y|=|-3

00 1 =2 0 01 -2 z -2

Section 4.4

2. a) No; add (-1) times row 2 to row 1. b) No; multiply by 1/2.

c) Yes. d) Yes. e) No; interchangerows1 & 2.  f) Yes.
g) Yes. h) Yes. i) Yes; if *=1; no otherwise. j) Yes.

k) No; add (-3) times row 2 torow 1. 1) Yes.

.Section 4.5
1 0 -1 -1 0
10 A-B=|1 -1 -2], B-A=|-1 1 2
2 1 3 -2 -1 3
12 8 14
12. 4A +4B=| 4 -4 -8 |=4(A +B)
24 12 -12
2 1 4
14. A"=|1 -1 2| 15. Show it to be true.
0 -2 0
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2 1 0] [2 1 4] [4 2 4
16. A+A ' =|1 -1 =2[+|1 -1 2|=|2 =2 0
4 2 010 =2 o]l [4 0 0

2 1 0ol [2 1 4] Jo
A-A"=[1 -1 =2|-]1 -1 2|=|0 0 —4
4 2 0l 1lo =2 o] |4

0 -2 2 0 -8 6 0 =2 2 0 -10 8
18.B'=|-8 0 4|, B+B'=|-2 0 2|+|-8 0 -4|=|-10 0 =2
6 2 4 2 4 4 6 2 4 8 =2 8

0 -8 6|0 =2 2 0 -6 4
B-B'=|-2 0 2|-|-8 0 -4|=|6 0 6
2 -4 4 6 2 4 4 -6 0

Section 4.6

10 4
12,10 2 4| 4 [F+p*+c7] 6 F O}
. . 60yl

00 1

10A21111‘12
o 1j0 1] [0 1]
12A12A2'143Az312 on_|? 18] [0 0
S [ O A I A B 1 i [V BN S [ I Y

0 -6
Thus, 3A2+6A—91=[0 0}'

2 a-1=|" a2 S0, 3(A—TI)(A-2I 0 -6 3A% +6A — 91
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18.

oo

22.

30

32

34.

36.

38.

40.

42

0 -1 0x

0 1 —1|x,

[xl, X, x3] 0 1 1|x,|= [xl, X, X5 | X, + X,

=2, (0 —X,) + 2, (X, +X3) +x5(X, —X3) = X7 + X5 — X5 — XX, +2X,X;5.

, B—C

-2 2

1 00 00 0
A=(0 0 0,B-C=[0 1 0
0 0 0 0 0 0
111
A second exampleuses A=[1 1 1
111
(ATA) =ATAT) =ATA. AAT) =(ANH) AT=AA".
.BA=-+4
(2 4 13 2 1] [-3 4
-2 4 1|2 0 -1|=|3 -4
4 8 =211 0 1| |-6 8

3
A+B=[-2 4
1

1

3

1

.D(A+B)=DA+DB=[,2,0]-2 4 1|=[311 3]

3

1

1

45
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0 0 O

. So, forany C, define B=|0 1 0[+C.

0 0 0



0 -1 oJo 3 1 1 =20
44, ATA=|3 2 0|-1 2 0|=|-2 13 3| and
1 0 1]0 0 1 0 3 2
0 3 1Jo -1 o] [10 6 1
AA'=|-1 2 03 2 ol=l6 5 0.
0 0 11 0 1 1 0 1
3 6 1 36 1|0 3 1] [-6 3 2
46. A*=|-2 1 -1|. A’=|-2 1 —=1|-1 2 0|=|-1 -4 -3|.
0 0 1 0 0 1]0 01 0 0 1
48. A +C is undefined.
50. Undefined.
2 0 o2 1 3 4 2 6 4 1 9
51. AB=|0 -1 0|1 -1 2|=|-1 1 —21|. Also, BA=|2 1 6/. Hence,
0 0 3|1 3 2 3 9 6 2 -3 6

they are unequal.

2 0 0f2 4
52.10 -1 O 1 |=|-1}.
0 0 3|-1 -3

Section 4.7

22A,C =B .. But A is nxn so A B . isdefined. However, B_A ' is

nxn ~nxk nxn nxk

undefined unless n = k.
4. ATAY =(A"A) ' =I'=T and.(A")YAT=AA ) =I'=1. So,(A")'=(A™")".

6. Let A=-B. Then,evenif A~ and B exist, A +B is singular.

46



Section 4.8

—4/21
1/7

S —~ O

1
01

-1

0

1/2 0

1
0
1

|

1
-1/2 1/2 1/2

}. So A" =

1
1

1 0
-0 1
00

0
-3 0
1

1/2
-1/2
1/2

-1/2 3/2
=7/2

3/2

0
1
0

1
0
0

—>
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21 1 1 1 0 0 O o1 1 -1 1 0 2
16 1 2 00 01 00 1 2 0 0 01 O
11T 0 0 1 0 01 0 - 1 0 0 1 0 0 1
1 01 2 0O 0 0 1 1 01 2 0 0 -1
01 1 -1 1 0 -2 0 001 -1/2
01 0 —1/2 0 1/2 -1/2 0 01 0 —1/2
o0 1 0o 0 1 0|1 00
0 0 1 1 0o 0 -1 1 0 0 1
00 0 -3/2 : 1 —-1/3 1/2 -1 000 1
01 0 —-1/2 : 0 1/2 -1/2 0 01 0 -1/2
200 1 0 0 1 0|71 00 1
001 1 0 0 -1 1 001 1
0 0 01 -2/3 1/3 1/3 2/3
01 0O -1/3 2/3 -1/3 1/3 So. A 1
100 0 : 2/3 -1/3 —4/3 —2/3] 20N T3
0 01 O 2/3 -1/3 4/3 1/3
18. 1 is singular because the first row is twice the second.
1oa]
20. 0 0 is singular.
1 0 2 1 0 1 1 0 2 1 01
22.12 1 1 01 0|l—->|0 1 -3 -2 1 0
i 1 1 0 0 1 01 -1 -1 0 1
1 00 0 1 -1 { 0o 2
-10 1 0 -1/2 -1/2 3/2]. SO,A4::5 -1 -1
0 0 2 1 -1 1 1 -1

48
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o o o =

0

-1/2
1/2

-2/3 1/3

1/3

-3/2
-1/2
1
-1

1/2 -1/2

0
0

1

-1




3 2 :1 00 -1 21 :010
24.1-1 2 1 01 0/>[3 1 2:100
0 1 0 0 1 011 :00°1
-1 2 0 0 1 21 01 0
|0 7 5 :1 0}%011 0 0 1
0 1 0 1 075 :1 31
1 0 1 0 1 0 1 0 0 1/2 1/2 =3/2
—>l01 1 : 0 0 1]—>010 1/2 3/2 =3/2
0 0 -1 : 1/2 3/2 =7/2] |0 0 -1 : 1/2 3/2 -7/2
1 1 -3
Thus, A‘:l2 1 3 -5
-1 3 7
Section 4.9

2. det A" =det AdetA ...det A =(det A)".

4. There are n! permutations of the integers, 1,2,...n.

10, det]> Y= 6-0=6. 11. det| 322112, def|>  =2-2-0
.et_13———..et13———..et_11———.
(4 -1 3
14.det|2 2 2[=32-2-12-6+16+8=236.
1 -2 4
(2 3 4 -1 0 3 -1 0 3 -1 0 3
22.det|—-1 0 3|=—detl 2 3 4|=—detl0 3 10|=—det{0 3 10 |=-2.
12 3 1 2 3 0 2 6 0 0 —2/3
(2 1 3 21 3
24.det|4 2 6|=detl0 0 0]|=0.
ES ES £ 3 * sk sk
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31 -1 0 1 =3 0 -4 1 =3 0 -4
a2 22 N 22 2 1] o8 2 9
0ot s 0 4T3 1 o T%o 10 -1 12
8 6 -2 2 8 6 2 2 0 30 -2 34
1 3 0 -4 1 =3 0 4
o]0 2 o | Jo8 2 9 “
=y 0 g2 3470 0 —7/2 34 :
0 0 -19/2 1/4 0 0 0 -25/4
2 -1 6 3 1 -1 2 3 1 -1 2 3
s ™ sl [ e 1 029 s
Aot 3y g g [T B P S
1 -1 2 3 2 -1 6 01 2 -3
1 -1 2 3 1 -1 2 3 1 -1 2 3
012 8 o1 2 3012 3 o
%Mo 2 9 51770 0 5 11770 05 1 |77
0 7 -3 -7 00 -17 14 0 0 0 87/5
Section 4.9.2
2. -3d 2 -l 3d 32 12-24 =36
.= et_2 L1 et__1 2_—— — 24 = —50.
4. -2d 33 2d 3 -1 6—24=-36
.= et__l 1— et_3 3_—— — =—-36.
2 8 6 2 0 6
6. det|—=1 2 0|+3det| =1 3 0|=—42+3-(=78) =—276.
307 3 5 7 3
14 2 2 0
8. —6detl 0 —1 3|+3det|-1 4 2|=—6-64+3-36=—276.
305 7 0 -1 3
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10.1-0=0.

11 2 1
12. By the first row: det{1 I}eretL 1}:()+2:2.
_ 32 301
14. By the third row: —det 11 + det 1 2 =-5+7=2.
16. By the first column: 1
Section 4.9.3
2a =2 | Assingul aa =’ 2| Assingu
AL is singular. A=l 1 is singular.
[0 -1 1] [o 2 -2 l_o 2 2
6.A"=|2 -1 -1| =|-1 -1 3} A‘I:E -1 -1 3|
-2 3 1 -1 1 11
11 ] 11 -3
8.A"=|1 3 -3|=|1 3 -=5| A issingular.
-3 =5 7] [-1 -3 7
10, deta —det| . =2 L R L A
.et—et_1 1_—. x—zeto 1—,y—zet10——.
3 4 -1 7 47 43 -1 3 71 8
12. det A = det =-23. x=—det =—, =—det =—
2 —5} 23 {2 —5} 23" Y7232 2] 23
1 -3 1 . 2 -3 1
14. detA=det|1 -3 —-1|=-6. x=—detf 0 -3 —-1|=-2,
0 -3 -1 0 -3 -1
1 2 1 1 -3 =2
-1 1 -1
y:Edetl 0 -1|= 3, z=—det|1 -3 0 |=-1.
0 0 1 0 -3 0
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Section 4.10

2. Same as Exercise 1. The computation here is more tedious:

1 1 0 1 1 1 0 1
-1 2 0 0 0 3 0 1 301

detO 0 1O:de‘[oo 1OzdetO 1 0|=2
0 2 -1 0 0 -2 -1 0 -2 10

Hence the vectors are linearly independent.
kK 0 1
4.det| 1 k —1|=k>+2k+1. So the determinant vanishes if and only if k is a root
-1 1 %

of this cubic. The only real root is seen to be negative between —1/2 and 0.

6. Not necessarily. If x,+x,+x;=x,, then x,, x, x,, x, is dependent regardless of
whether x,, x, x; Iis.

8. 2x, +x, —x; =0 from the work in Exercise 7.

1 0 1 X, 1 1.0 1 : x
1 0 01 X, 1 0 01 : x,

10. 0 0 1 0 X, - 00 10: x, , SO X, —2x,+x, =0.
1 -1 0 1 X, 2.0 0 2 : x,

12. At least one scalar is non-zero, say, @ =0. Then
—a,X, = a,X, + a;X; +...+q,X,.

Since —a,x,# 0, at least one of the scalars on the rhs. Is also non-zero. Therefore,
at least two scalars are not zero.
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Section 4.11

g |l DU N0 isequivalentto |- - L Ulk—o Thusr=2 n=4 p=2
. 0 0 0 1X— ISGQUIVaen 0 0 0 0 1X— . Us r=4, n= y =2,

1 -1 1 -1
) ) | 0 o | 0
As in Exercise 2, x, = or %= and the general solution is ¢ ot |
0 0 0 0
1 00
10. {0 1 0] has r=3, n=3, so n=0. Thus, there is only the trivial solution x =0.
0 0 1
12111 1OOH =2,n=3 1. Th 0l'th
o 1 11710 1 1| Here r=2,n=3 son=1 Thus, x=a|-1) isthe
1
general solution.

14100 1OOH =2,n=3 1. Th 01
‘111 117lo 1 (| Hee r=2,n=3 n=1 Thus x=a|-1).

1

16. Assume there are n columns in [1 L ... 1]. Then r=1 and n=n-1. So, the

general solutionis o, x, + &, X, + ...+, X, ,, Where

-1 1] [—1]
1 0 0 .
=0, x,=[ 1], -, x,,=[0]. xg=Zakxk.
1 0] 1 0] 1]
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18. Suppose u=[u, u,, ..., u,]and u =0. Then,

2
U, uu, ... uu, u u ... u,
2
o lwu  uw, .o wu, 0 0 ... 0
uu = . . . . % i % . . . .
. 2
Z’lnul un”Z . Z/ln 0 0 O 0

n—1"n-1"

So, r=1, n=n-1. The general solutionis o x, +a,x, + ...+, X, ,, Where

_w| L] U]

U U g

0 0

X\=1 o pX=| 1 pXa™| 0
0 | 0 | 1]

20. uv' =[u0,, u,v,, -+, u,v, |  #0. Hencex =0 is the only solution.

Section 4.12
L R N D T | o
11 210 21 o 1“2 ;oo Set¥=0 thenx =l and x, =0.

Hence x| =[10,0]

1 1 1 -1 1 00 : 0
4./1 -1 -1 ¢ 0 |—>...—>|0 1 1 : —1| sothereareno solutions.
2 0 0 0 0 00 : -1

6_1—11—1;—1 1—10—1;—3S 0
'1—12—1;1_)"'_>0010;2'etx2_x4_'

Then, x,=-3, x,=2 and x,=[-30,20].

8 [.L—-1:1]. Set x,=x,=x,=0. Then, x,=1, x,=[1,0,0,0], x,=[1,-1,0,0],

xzz[l,O,I,O]T, x3:[1,(),0,—1]T. SO x=X,+aX, +a,X, +a;X;.
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SR N I N R I B 1 v0.0]
'0012;29001—2;2'°’XP‘[_”"

x,=[LL00], x,=[3021].

121—11;1 101/3;1Th ool
o2 117701 —2/3 5 0f s, x, =[10,0].

x,=[1/32/31], and x=[i,0,0] +a[-12,3].
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5. Matrix Applications

Section 5.2

6. 0l=+v0°+0>+...0° = 0.

0
1 2
8. "ek": 0 =\/0 +...4140+...40=1.
_O_
1][o
10. (-1 }| 1) =1-0+(D)-1+1-1=0.
111

12. Since i# j, (e,e;)=0+0+...+0=0

14. (x,x)= lez

16. (0x)=0-x,+0-x, +...+0-x,=0.

()

20. No. Let x=z for the counterexample.
22. Yes. (x,y+2z)=(x,y)+(x,z)=0+0=0.
24. Since u'u=1 (uu)@uu')=uu'u)u’ =uu'.

26. (wby=(u, Y @, x)= > (a,(ux,))=0.
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Section 5.3

1 1 1 11
1 .
2.Here, a,=|1| and a,=|1|. So, 712\/_3 and q1:7§ 1|. Thus, q|1}| 1 | isthe
1 0 1 1|2

required orthogonal list.

4. Here v,=a =q, and a, =

O =

L1
. S0, {v.v, =4/ 0L| 1]t = {q,,q, }. To obtain the
010

0
third orthogonal vector, we note a,=|1 | and use, Hence, the orthogonal list is
1

11{0(]0
{qpqzav3}: 0411710
001
1 1 . 0
6. Here a,=|0|and a,=|1| Asinthe previous exercises, =1, qzzvz 1| So,
0 1 1
o || |1 . 0| . 0
= -0} 0 |- 1} 1
Vi=|a, | a, |) <75 a, 75
a, O||a; | |0 a, 1
o 1 0 0
1 1
=la, |-l 0 —§(a2+a3 1 =5l %
a, 0 1 o, —«a,

110
. .. 1 .
For simplicity, choose &= (@, ~a;). Then, dovavi =310 1] & | isan
0fl1

orthogonal set, provided &= 0.
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. 1 2
8. From Exercise 3, z;:ﬁ, r,=1, 42:75( 11 >:7§'
0|1
So,
1 1] [v2/2 0
L2 2
1 1]=[v2/2 0 .
0 1
0 1 0 1
1 1 0
. \/_ 1 1
10. From Exercise 5, r=r,=+v2, =1, q‘ZVE 0 qZ:VE 0} and q,=|1].
1 -1 0
IR N R
Also, riy=—7=|0[s] 0 =0, ry=—=/0]e|1 =42, n=75| 0 [+]1|=0
1] -1 1] |1 ~1] |1
11 1] (V272 V272 o2 o V2
Thus, [0 0 1[=| 0 o 1]0 v2 o

1 =1 1| [v2/2 =2/2 ol 0 o 1

12. We consider ch.ql:o and take the dot product on both sides with q . If i= j
then q,eq,=0. If i=; then q,eq,=]q,| >0. Since,

q,°2.c4,=2c(q,°q)= C_f"q_/"2 =q,°0=0,

it follows that ¢, =0 for all j. Thus, orthogonal sets are linearly independent.

Clearly, one such solution is [1 -2, I]T which is clearly orthogonal to the rows of A.

16. AA" is kxk. Now, rank A < min(k,n)=n, and rank AA" < rank A. But n<k
by hypothesis. Hence, rank AA™ <k which implies that AA" is singular.

18. In general, (PP,)’ =PP,PP,. If PP,=P,P, hoth are projections, then
2
(Ple) =PP,PP,=PPPP, = (Pl)z (Pz)z =PP,.

Next, note that (PP,) = PP = P,P,. So we have proved that PP, is a projection
provided, P, and P, are projections AND they commute. If they do not commute,
then the second equality in the displayed expression does not follow.
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1 11 ...1
111 ; 1ol 1
20. Let u= . Th =— =—J .
et u 7; : en uu Al an
1] 11 1 1
1 1] T 11 ] ]
22. Let A= o 1l Then A'A = 1 . We use the following row operations to

compute (ATA)_I:

11 :10 10 : 2 -1
1 2:0 17701 : -1 1

_ 2 -1 _ 1 1] 2 -1§1 O
T o T et oy
So (A'A) _{_1 1}. Therefore, A(A'A) A _L) J[—l I}L J_IZ_P.

24. A=QR Ax =b becomes

11 -l 2
11—1121_1 -1
200 0 a0 PE
o1 |00 20y

2
201 -1 1 1 1 1 1
01 1 S IR e
X=- -] - =
2 1
00 2 SRR I I
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Section 5.4

1 - o .
4. Let A=| ~? "?| be the coefficient matrix in Ax =b. So the normal equations

are
n in inz Zyi
AA'x = le. x’ fo x=A'b= inyi .
2x 2w 2 DXy,
Section 5.5.
2 47
2. det L - =A"-4.So A4 =2and A,=-2
st " 0 |eGooman. s 1and 4,=9
.et_3 8—1_(_)(+)' 0, 4=-1and 4,=9.
5-1 4 ,
6. det_ 4 i |FA—44-21.50,2,=7 and 2, =3,

8. det[l-A]=1-1 and A, =1.

1-4 o ... 0
0 1-1 ... 0 _
10. det| . . ) . |=(1=24)". Here A, =1 forall i.

0 0 ... 1-4

12.detf 3  7-1 0 |=(6-A)(F-61-16). S0, 4, =6, A,=8 A, =-2.
0 0 6-4
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14.

18.

20.

22.

24,

26.

_ 1
We compute A~'=

He

det

det

det

nce,

16

-7/

det(A"—AD=| 3

det

det

(1

-7 3 0

§ 1 0
0 0 8/3

16-21  3/16 0

/16  1/16-=4 0

0 0 1/6-2

Voo 3, 1Y (1 N, 1y, 1

=5 U\ 34 7g) g AT A )

and the eigenvalues are the reciprocals of those in Exercise 13.

-1 2 4
1-4 0 |=(01-4)°. Thus 4, =4,=4,=1.
I 0 1-4
[3-1 0 1
2-14 0 |[=Q2-1)(A-21-8). S0, 4, =2, A, =4, and A,=-2.
5 0 -1-4
-1 1 -1 2
0 2-1 0 1
. 0 14 1 = - AU-1-D)2-)(1-2).
0 0 0 -

A =0, 4=-1, A =2, 4 =1

-4 1

[cosO— 1

sin @

o2

sin &
cosf@— A

tva’ —4b

al+b SO A=+—m ;

}: (cos@—1)* —sin’ 0. So A= cos@+sinf. Compare this

Wit_h the answer to Exercise 23.

If x isan eigenvector of A, thensois kx forevery nonzero k. Inthe Exercises
to follow we will choose k so that x has convenient (usually integer) entries.
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0 O 1
28. A, =2 leads to the equations {0 _3}(: 0 and thus to the eigenvector X‘:{O}'

30 0
The eigenvalue A, =-1 leads to {O O}X =0 and the eigenvector x, = L}

-2 2

I
30. For A4, =2+2i wesolve { }x:(} for the eigenvector xlz[l}. For

2 =2

1 —2-2 solve |~ *lx=0 and get -
,=2-2i solve | . |x=0 andget x,=| |

-1 1 1
32. Using A, =4 we solve L _5};:0 to obtain X]:L} For A,=-2 wesolve

> ! 0 to obtai :
s [X=0 toobtain x,=| i

1 20 -2 2 20
34. For 4,=1, {1 1 1x=0 andthus, x,=| 1| For 4,=0, |1 2 1x=0 and
1 20 0 1 21
1 -2 2 0 1
x,=|-1| Finally,for 4;,=4, |1 2 1 x=0 and x3—{1.
1 1 2 3 1
10 1 0 -1 0 1
36. For 4,=2, |0 0 O |x=0 leadsto x,=|1| For4,=4,|0 -2 0 [x=0
50 -3 0 5 0 -5
il 50 1 1
and x,=[0 For 4,=-2, 10 4 0[|x=0. Thus x,=|0 |
1 5 0 1 -5
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01 -1 2 1
01 0 1 _ 0
38. For A, =1, wesolve 00 -2 1 x =0 to obtain x,= ol For A4,=2, we
00 0 O 0
-1 1 -1 2 1
0 0 0 1 ) |
solve 0 0 =3 1}0 to obtain x, = ol Likewise, 4, =—1, and we solve
0 0 0 -2 0
2 1 -1 2 1 -1
03 0 1 _ o -1
00 0 1 x =0 toobtain x, = 5| Finally, 4, =0, x, = 5|
0 0 0 1 0 2

0 1
58.A:L1 0} since ¢ =0 and a,=1.

60. Here n=4, g =-1, gy=a,=a,=0. S0, A=

- O O O
S O O =
S o = O
S = O O

62. Here n=3 and C,(1)=(-1)’(L’ = (4 + 4, + DA + (A4, + 44, + LAA— A4A,.
Thus, ¢, =-A44,, o =44 + 44, + 4,4, and q =—A4, —A,—A4,. Hence,

-4 1 0
A=—- 0 -1 1
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Section 5.7

1-4 1
2. det[ ; —I—JZ X —4=0. Therefore, A=+2. Thus,

-1 1 1
A =2, {3 _3};:0, XI:L}.

And

1 1
Hence, x(¢)= aL}ezt +b{_3}2t.

2-2
2 3-2

A -2 1 0 1
A=A, 2 1P Mg

And )

11 -2
A, =1 ) 2x=0, =

Hence, x(t) = 5{1}3‘“ + b{_z} e'
' 2 1 '

-2 1 1
B.detl 0 2-1 1 |=(1-H2-D3-A).
0 0 3-2

4. de’{ } =A% -5 +4=0. Therefore,

01 1
A =1, 01 1|x=0, X, =
0 0 2
—1 1 1
A,=2, 0 0 I|x=0, x,=|1
0 01 0
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-2 1 1 1

A, =3, 0 -1 1|x=0, x,=|1]
0O 0 O 1
Thus, ) .
1 1
x(t)=a|0 |e' +b|1 e +cllle.
1 1] 1 1 1 a] [0
12. Since, x(O)— l1|=al0|+b|-1|+c|-1|, weneedtosolve [0 —1 —-1|b|=|1}|
1 2 | 0 1 2|c] [0
: 1 0 0 ¢ 1
So, |10 -1 -1 ¢ 1|>...—>|0 1 0 : 2| showsthat a=1 b=-2, and
o 1 2 0 0O 01 : 1
c =1. Thus,
1 1 1]
x()=]0le'=2|-1|e" +|-2]e™
0 1 1
1 1 1 0 10 0 : 0
14. Asin Exercise12: ([0 -1 -1 ¢ O0|—>...—»|0 1 0 : —1| Hence a=0,
0 1 2 00 1 : 1
b=-1, and c¢=1. Thus,
1 1
x(=— -1l +| 2™
1 1
LI N . . . C C 1 .
16. Li +q,/C=q,/C,=Li :(ll+12)/cz_ll/cl:>L1CC +L1C212
’ . " . . - n 1 . 1 .
Li, =q,/C, =L i, =(,+i,)/C, =i, = 1, + i
oly =42 /L, 2l = +1,)/C, 2 L2C21 chz2

mt

18. Let i=xe™. Then, i” = m°xe™. Therefore, m’x = Ax or Ax=Ax, where A=m>.
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19. With L =1, L,=2, C =.02, C,=.0l, we have A:{

50 100 y
50 s0 | e
{50—1 100
det

j— 2_ _ _ __
50 50—,1}_’1 1004 —2500. Therefore, 4, =120.7, 4, =-20.7. So,

~70.7x +100x, =100

816
- =
=1 Y7 577

70.7x, +100x, =100

816
=1 [ T7%T| 577

()= 0.25(e"" —e ') +0.5cos4.55¢,
i()=0.25('" —e ')~ 0.5cos 4.55t.

2

. M
M,ij, =M,g-K, []/2 —Y "‘K_Zg}
2

Simplifying these equations leads to this:

.. M M, +M
22. My, :K1(3/2_]/1+K_2gj+Mlg_K1[y1+#gj'

1

. K, +K K
i, =— 1 2 2

Ml ! Ml 2 2 M2 ! MZ 2
M+M, K,
M, M,
In Matrix-Vector form:y" = ! !
Y kK
2

N

-1
So, y”{ 4 4}7 and C,(1)= 1 +141+24=0.

-2 1
For, A, =-12, yl:g[l}' For, A, =-2, yzzﬁ{}

5127
Both eigenvectors have been normalized to have length 1.
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—-60
26. Refer to Exercise 24: y =Ay where A :{ 10

and hence, 4, =-2.99, A, =-67. Therefore, m =+1.729i and m,==£8.19i. The
normalized eigenvectors (corresponding to the eigenvalues) are:

1 1
X Zlras | 270175 )

Thus, y(?)= xl(cl sinl.73¢+c,cos1.73 t)+ XZ(C3 sin8.19¢+ ¢, cos 8.19t)

40 )
1ol S0 C)=Z +702+200

Thus, y,(#)=c,sinl.73¢+c,cos1.73¢t+c,sin8.19¢+ ¢, cos8.19¢,

And, y,(f)=1.425(c,sinl.73¢+¢,cos1.731)—0.175(c, sin8.197 + ¢, cos 8.19¢).

We solve this system for the constants:

0 1 0 I el 2
0 1425 0 —0.175|c,| |0
173 0 819 0 || |Of
2465 0 -143 0 e, | |0
Hence, ¢,=c, =0, ¢,=0.219, ¢,=1.78. S0, y,()=0.219c0s173+1.78co0s8.12¢,

and y,(#)=0.312(cos173¢—1.78c0s8.12 7).

Section 5.8

1
For Exercises 2 and 4 we compute C(A1)= £ —1 sothat A=+1. Next, x, = L} and

1 0 1
X, = L J. Hence, the general solution of the homogeneous system, x' = L O}X IS

1 | 0 1
given by, x,(?9) = ama +b[_1}e". The general solution of x' = L O}X +1(¢) is

written x,(#) +x (7). Ineach Exercise we will only compute x (7). Note that the

t —t

. L. ] e e .
method of variation of parameters requires ®(7) :{ , t} We solve for u’ using
e —e

the system ®(7)u’ =f(#) by row reduction of the augmented matrix. The reduction is

illustrated by [0(0): f()]— ... > [l: D) '1(0)]
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0 et et 0 1 0: 1/2
2. Here f(¢)= o | So, | , G [T Thus,
e —e

0 1:-¢*/2

11 2t S 1le e |[ 2¢ 12t =€ | &'|2t—1
f=— . So, =— B =— =— .
u() 4 _ezt Xp(t) 4 et —e t _ezt 4 2tet+et 4

4|2¢+1

1 1 0
4. Since, [l t} H— { t] we obtain a particular solution by subtracting the
—e e

1 “12t-1
particular solution in Exercise 2 from that in Exercise 3: x (7) :—{ } £ { }

1 4|2t+1

6. We find a particular solution by assuming the existence of one in the form

xp(t):b:{bl}. Since b’=0 and x'(/)=Ax-+f, we seethat b must satisfy,
2

Ab+f=0. Then {_01 ﬂbz—fz{_ol}. .'.bz{ﬂzxp(t). The general solution
is then x(t) = ¢ F —1+t}+{1}. At t =0 we require F _1}4{1} ={O}.
1t 0 1 0 0 1
B et HE P E
' 20 1t ||2] |0 2t+1] |0]

. For this Exercises we assume x () =e"" [i)l } Then x' (1) =—e’B1 } From this we
2 2

[0 1] 1 -1
obtain, after canceling e, —b= 1 9 bJ{ J. So, bz[o}. Thus

’ -1 J1 -1+6] -1
X' (f)=e 0 and x(t):e1 ; c+e .

0

1 -1 [-1 0
Since x(0)=0= [l 0 c+{0}, we find c:[_l}. Finally, then

J1 —1+e][07 [-1] ., [1-#], [-17
el VL
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Exercises 16 and 18 involve finding a particular solution when the forcing function is a

C
combination of functions of the form f(¢)= ce” :{ l}“’. Here, a can be zero or
)

2

complex. Our trial solution will be x (7) =be” = B‘ }e‘”. Since x',(1)=abe”, it will

1 O
be necessary to find b from the equation, x’ (1) = abe” = { . Jbe’” +ce”.
I-a O
-1 3-a

factor cancels in each term. Row reductions give the following solution:

We simplify this express so that it reads, { }b =—c¢, since the exponential

- -
l-a 0 : —¢ 10 : l1—a
-1 3—a —C, e 0o 1 : _02 _ cl
3—a (3-a)l-a)
Hence,
4
x () = 1-a :——1 ¢(3-a) .
v ) G B-a)l-a)|c,+(1-a)c,

3-a (3-a)l-a)

1
16. Here c¢= [J and a =0. Using the above expression gives the particular solution
113
x,(0) = ~3 L}

18. In this case we see that f(z)= {

1
previous exercises, we substitute these values in our general formula to obtain:

-1 |-1=-3i, 1{1-i,
f)=—r =—= :
SO=5"4l 122 € =72 1

it . e H H .
We want Rex ,(¢). Souse e" =cost+isinz and simplify:

R 1| cost+sint
N=-= :
exp() 2 cost

| .
}” so, ¢,=—i=—a, ¢,=1. Asinthetwo
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] cost| |cost 0 . cost 0
20. Since f(¢)= sins =1 0 + Sint,erte f(r)= 0 and f,(9) = sing | Then

f(1)=1£()+1,(9). We have foundan x () for f(¢) inExercise 19. We need only

find a particular solution using f,(#). As in Exercise 19, we try a solution in the
. ~ 0 .
form be” and write f,(7) = [1}”. Then, again as in Exercise 19,

i =2 0 10 @ —l1+i
| —1=i =177 70 1 (402

1+ 4
X (1) = . Hence, after simplification:
S0 X,(1) {(1”)/2} P

1 [2cost—2sint}

H=Rex (H== )
X"() exp() 2| cost+sint

We add this (real) solution to the solution given in Exercise 19 to obtain the
particular solution

2cost—sint
cos t+sint |
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6. Vector Analysis

Section 6.2
2 2 4 7.07 i
2. |A+B||= \/(15 +7.07)* +7.07* =23.17, f=tan' ——=17.76
22.07
L, 7.07

|A~B|=(-15+7.07)* +7.07* =10.62, 6= tan =138.3°

4. |A+B|=1/10° +(-5)* =11.18, O=tan" I—g =-26.57
|A-B||=/(-10)? +(-5)> =11.18, O=tan" _T50 =-153.43°

6. 1=cos”60° +cos*120° +cos”> . ..cos> f=0.5. ..cosf=0.707.
A =20c0s120°i +20cos45 j+20cos 60"k = —10i +14.14j + 10k

i, = A_ —0.51 +0.707j + 0.5k
A

8. A+B=2+4)i+(4+7)j+(4-4)k=6i+3j—-8k

10. A+B-C=(2+4-3)i+(4+7-0)j+(4-4+4)k=3i+3j—-4k
12. A-B=2x4+(4)x7+(4)x(-4)=+4

14. AxB=(16+28)i+(-16+8)j+ (14 + 16)k = 44i — 8j + 30k

- |AxB|=+/44> +8 +30> =53.85
16. A-AxB=2x44+(—4)(—8)+(—4)x30=0. (See No.14 for AxB.)

18. BxC = (4i +7j —4k) x (3i — 4k) = —28i + 4j — 21k
A x(BxC) = (2i —4j — 4K) x (—28i + 4j — 21K) = 100i + 154j — 104k

20. A-B=(-2j+4k)-(—4i—4j)=0+8+0=8

2

N

71

. [I(A xB) x A| =(16i —16j — 8k) x (-2i + 4k)| = |-80i — 64j — 32k|| = 107.3
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28. A-i, = (3i—6j+2K)-(7i—4j+4k)/9 =(21+24 +8)/9 = 5.889

30. A-i, =(4i—3j+7Kk)-(2i—5j—7k)/8 =(8+15-49)/8 =-3.25

32. AxB=(3i-2j)x(i—2j—4k)=—2i-3j—4k. ..|AxB|=5385

i AxB
© |AxB|

=-0.371i - 0.557j - 0.743k

Of course —i. (all plus signs) is also perpendicular to both A and B.

34. LetB gofrompt. Ltopt. 2: -.B=3i-2j+6k—(i+3j+2k)=2i-5j+4k
A= 15(% + % —%) =5i+10j—10k ~.ip =0.2981 - 0.745j + 0.596k
A-i; =5%x0.298 +10x(—0.745)-10%x0.596 = -11.92
36. W=F-d=(3i-10j)-(2i—2j+10k)=6+20=26]

38. V=wxr=45((2—%+%]X(2i+3j—k)=—4Oi+75j+145k

9

40. a) M =1 xF = (4i — 2j + 4k) x (100i — 100j + 50k) / 3 = (300i + 200j — 200Kk)/ 3

- M, =100
b) M-i, =%(300i+200j—200k)-(—2i+2j—k)/3 = —220 + 4(9)0 + 2(9)0 =0.0
Section 6.3
du

2. —=21+2tk=2i+4k
dt

4, %:%(ZtCOSSt—lOtZ):2c055t—10tsin5t—20t:2c0310—2051n10—40:—30.7
2
6. d (u2 V)
dt

=-10sin10-10sin10-100cos10 —20 =74.60

dw
8. A= +a+2wWXV+Wx(WXr)+—xr
Ay (wxr)+—

= —30i + 2(30k % 10i) + 30k x (30k x 0.2i) = —210i + 600j
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10. w=—2% _1=727x10°k. v=22100 47071 _0707k). r = 6400000(<0.707i + 0.707k)
24 x 3600 3600

S wxv=-000257j. wx(wxr)=0.707x(7.27 x10)* x6400000i = 0.0239i

|2cwx v|=0.00514 m/s*>.  [wx(wxr)|=0.0239 m/s

, DT _oT | 0. oa,, o, v, T 016" sin5x +10e " 5cos 5x
Dt ot ox Yoy 0z
= EsinlO + @cos 10 =-15.44 °C/s
e e -

Section 6.4

2. Vi = 2yi +2xj

4. Vgp=e"(sin2yi+2cos2yj)

6. ¢ =In(x* +y* +z°)""? zéln(x2 +y> +2%)

1 2x . 2 ) 2z xi+yj+zk |r
Vo=l a1t g o R ey Nl by ]/]2 2 |2
2| x"+y +z Xty +z Xty +z Xty +z r
-y . X . . . 2 2
8. Vo= i+ =(—yi+xj)/(x" +
¢ 2+ x2+y2] (—yi+xj)/( y)
. PR . V¢ ..
10. V¢ = 2xi +2yj = 4i +2j. .'.ln:m:(21+])/\/§
12. V¢ =4xi - 2yj = 8i - 2j. -1, =0.97i - 0.243j
14. Vg =i+2yj—4zk =i+4j—4k. -1, =0.174i + 0.696j — 0.696k

16. Vg =2xi+2yj+2zk=6i+8j. r—r, =(x—-2)i+(y—4)j+zk
Vé-(r—1,)=0=6(x—3)+8(y—4). .. 3x+4y=25

18. V¢ =(2x —2y)i - 2xj = —4j. r-1, =(x—-2)i+(y-2)j+(z-Dk
Vg-(r—1,)=0=—4(y-2). ny=2
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20.

21.

22.

24,

26.

28.

30.

32.

34.

36.

38.

40.

42.

44,

vT

VT =2x+y)i+(x+2)j+yk=5+6j+k. i, = m =0.635i +0.762j+0.127k
VT =5i+6j+k. .'.ﬂzé
ox

2 L f-5/3
3 3 3 ——

VT‘in=(5i+6j+k)(1_2]+§):5 12 2
3 3 3

V-u=0+0+0=0
Viu=y+2y+2z=1
d X 0 0 z
V'“za(xz +y° +27)? +@(x2 +]/2y+22)3/2 +§(xz +y* +27)°
) 3 —xgr(Zx) +r3 —ygr(Zy) +r3 —zgr(ZZ) _3_3(9(2 +y*+20)r 3 3
B r® r° re 7 rt o
V-v must be zero for a liquid flow. For the first, V-v =2x -2y, and for the second

V-v=0+0=0. .. The second is possible but not the first since the divergence must
be zero everywhere in a flow.

Vxu=(0-0)i+(0-0)j+(O0—0)k=0
Vxu=(0—0)i+(0—2)j+(0—-x)k=—j+2k
Vxu=(0-0)i+(0—e")j+(e" cosy—e" cosy)k = —¢*j = -0.1353j
V-u=y+2y+1=3y+1=7

Vxu=(0-0)i+(0-0)j+0-xk=k

uxv=(y’z—xyz)i+(x’z —xy’z)j + Mk

~Vouxv=—yz-2xyz=-4+8=4

Vx(uxv)=Vx [(y3z —xyz)i+(x’z — xyzz)j]
= (=2 +xy”)i+(y° —xy)j+(2xz — y’z -3y’ z + xz)k = —5i + 10j — 38k
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0 0 0 0 0 0
46, uxv=| 122 2% lis[29 oy L )i oL -2 2 |k
v (y 0z Zéy} (zﬁx xyazj] (xyéy Y 6xj
.‘.(uXV)xv:{(z%—xy%)yz—(xy%—yz%)xy}i

I o o 0 .
+ (xy@—y2 a)x2 —(y2§—z@)y{1

.0 @ o 0
I O R LAY |9
_(y Pl ay)xy (2= xyaz)x}

=(—xy’ =Xy + )i+ (2xy” —y° +2°)j+(—xz — 2xz)k = 10i + 4j + 6k
48. V(u-v) =V(xX’y+xy’ +yz*) = B’y + y*)i +(x° +3xy” +z°)j+2zyk = 14i — 9j + 8k

50. V-u=1+1+1=3. Vxu=0. ..Irrotational

52. V-u=0. Vxu=(1-1k=0. ..Irrotational and solenoidal

54. V-u=2x+2z. Vxu=(cosx—cosy)k. ..Neither

56. V-u=e’. Vxu=(cosx—cosy)k. ..Neither

58.v % =0 (See No0.28). Vxu=0 (See No.37). ..Irrotational and solenoidal
X4y +z

3 3
68. u=Vg. %:3& .'.¢:%+f(y,z)_ %:yZZ%. .'.f=%+g(z)
3
%=z2=j—§. .'.g=%+C. .'.¢=%(x3+y3+23)+C

70. u=Ve. %:exsiny. Sg=e"siny+ f(y,z). %:e’ccosy:excosy+%

oz dz

.'.%zO and f = f(z). %9 _ =£. ~f=C. Sg=e"siny+C

3
72. u=Vg. %=2xz. Ld=xz+ f(y,2). %:yzzg, .‘.f=%+g(z)
3
%=x22x2+;l—g. - g=C. .'.¢:xzz+y?+c
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Section 6.5

2. i-(cosfi+sindj)=cosd

4. j-(singcosfi+singsinfj+cosfk) =singsind

6. (—sin i+ cosBj) - (cos pcos Oi + cos $sin O — sin Ok) = —cos $cos Osin @ + cos gcos Osind = 0
8. k- (singcos i +singsinOj+cos k) = cos ¢

10. (cos¢cos @i+ cos gsin@j—singk) - (cos @i +sin @) = cosgcos” @ + cosgsin® 6 = cos ¢

S S S S—
\/x2+y2 \/x2+y2

16. u=ri, =r,(—sin @i+ cosbj) = (x* +]/2 +Zz)1/2[

X +yt+z° 2 L
= (—xQ " } (=yi+xj)
22. u=(A—£;)c05¢9ir —(A+£;jsin0ig =82ir +182i€ +a;‘)iZ
r r or r 00 0z

o _ A—E;jcosﬁ. .'.d):Arcos¢9+Ecosé?+f(6’, Z)
or r r
0 0
18;()=—(A+E2jsiné’:—Asiné’—E;sir19+1—f. .'.—f=0. S f=f(2)
r 00 r r r 060 00
@:O:q. s f=C .'.®:Arcose+§cos¢9+c
0z 0z r
Section 6.6

2. §pu-nds = [[[v-uav :Hj(y—l)dydxdz :_1[1(—1/2)dxdz -=-1/2
S 14 000 00

4, g[;ﬁ(xi-mzyj-my?k-n)ds=3[j>(xi+2yj+y2k).nds=m(1+2)dv=3x§7zx22 — 327
S S |4

6. §p=z"k-nds = [[[ 2zdV :-S[szllmiz = 2567
S % 0

But Vg-n=2. . \fpLas— [[[v:pav
S Vv

on
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12. Iyp%dv = —va -qdV. .. Jy[p% +V. q}dV =0. Since V is arbitrary,

p%+V q=0. Use Ae=CAT so that %:C% and q =-KVT. Then there results
oT
C—=KV°T
i

14.8) (i + xyj + 2°K) - (dxi + dyj + AK)
C

©

= (ngzdx +xydy

‘ (22
:Jyzdx+xydy+jy2dx+xy%+q‘>y2%+%ydy QM
1 2 3

_ 2. 2 2 0_, _ 8 _
_Io(x dx + x dx)+j22 dx-2><§—8__8/3

16. ' = ﬂqu (—j)dS = jj[—(z)——}ds [[ds=2

18. T = [[Vxu-kdS = [[0dS =0
S S
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7. Fourier Series

Section 7.1
T T
4. a, c:osn—m'L = (cos n_mfjl I f(s) cos 25 gs. b, sinn—m'L = (sinn—mljl I f(s)sin@ds
T T )T =, T T T )T =, T
T
nrt . nxt 1 nrxs  nxt . nxs . nxt
S.a,co0s——+b, sin— =— J. f(s)| cos cos +sin sin s
T T T=- T T T T

- %TT f(s)cosn?”(s —t)ds

6. -1 ~—1+20xcosnt+0xsinnt =-1

n=0

Section 7.3.1

2. Set g(x)=x", f(x)=sinax. Then,

. -2
) CcoS ax ([ =sinax\ n(n-1Dx"
jx" smaxdx:x"(— j—nx" 1( j— ( ) cosax —---

2 3

a a a
n n—1 1 n-2
R nx" . n(n—1)x
=|-—cosax + ——sinax - ———=~——cosax —--
a a a
n n-1 n-2
) X nx ) n(n—1x
4. Ix" sinhdx = ?Coshbx— " smhbx+%coshbx—m

X'(ax+b)""  nx"(ax+b)*?  n(n=1)x"*(ax+b)""
a(a+1)  d(a+1)(a+2) a(a+1)(a+2)(a+3)

6. Ix”(ax +b)"dx =

Section 7.3.2 The problems associated with Section 7.3.2 are under Section 7.3.3.
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Section 7.3.3

V3 2 V4 . _ e V1
2 o= L a2 oL commar - (B ) s
T 8 T 7 n n n x

1 ( 27T COSNT 27 COSNT

2 + 2

)= iz(—l)”. b, = 1 I 2 sinntdt =0 since +* sinnt is odd.
n n n e

) 8 +4Z( 1)" cosnt

n

2
4 qy=— I (t+2m)dt=4r. a,=— I (t+27r)cos—dt— t+2ﬁsinn—t ;Zcosn—tL =0
T 5. 2w 5 2 n/2 2 (n/2) 2,
20 2z
b, =i I (1f+27z)si1r1nt/2dt‘=L —t+2ﬂcosn—t+ L 2sinn—t =—é(—1)”
27 5. 7| n/2 2 (n/2) 2, n

L f(t) = 2%—4iﬂsmn—t
n=1 n

a, = j;(l—l‘)dt =%. a, = j;(l—t)cosnﬁtdt = [(1—t)sinmztl _[(—1)(—Cosn7ztl _ 1-(=1)"

nr (nz)* (nrx)?
1 . h
b, = [(1-t)sinnxtdt = [‘(1 —f)cosnat _ (1)(~sin mf)} 1
0 nrx nmw 0 nr

1 &1-(-D" 1 .
W f(H)=—+ ) ———cosnxt+—sinnrxt
uu ; (nr)? " nr "

0 2 0
8. aO:lIthdt+lj4tdt=2—O. a :1j2t2 NP j4tcos”—”tdt
24 27 3 2 2 2

n
-2

1]

1@ ) t t 16
b =§I2t2 nlZ ot j4t n”idt— 37T3[1—(—1)2]

n
-2

. f(t)=?+in2 2{[3( 1y 1] osn—”t+—[1 (1) ]sin 2L

n=1

nit }
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|-

T

-7

n 0 0 7r
10. g, :ljdt+l I (-1)dt=0. a, _1 I —cosntdt+ .[cosntdtzo
7Z-0 7 0
if n is even

:_I —sinntdt +— Ismntdt——jsmntdt——[l -1" ] {4/11” 1 is odd

) 4 Gsin2n -1t
'f(t)_;znz 2n-1

12. 4, :%“sinﬂdt:% I sintdt:%. a =%J‘ |sint|costdt:%l‘sintcostdt:%[Sirf t]g =0

a, = E_[sint‘costalt = L7 J[sm(n + 1)t +sin(n—1)tdt =
T T

0

G A T G 2n(-1)" 2n
- ”[ + } 7[{ +— _J )[( 1) +1]

-1 {cos(n +1)t N cos(n—1)t T

T n+1 n-—1

n+l n+l1 n-1 n-1 n* -1 (n® —

2 2& n
Also, b, =0. . |f(H)=—+— -1)" +1 t
n f(t) — ”Z > 1[( ) ]cosn

n=2 N —

Section 7.3.4

2. Sine series: a, =0. b, = 3[415 sinntdt = §[_t cosnt | sznt} _ _§(_1)"
pa P s n n n

ity = _Si (-1)" sinnt

n

3

. : 2%
Cosine series: a, :—I4tdt =4r. a, = _[4tcosntdt =
T

o

~|f() =27z+§2¢cosnt
TS on
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4. Sine series: a, =0. b,

b, =1.

T

=2

E 0 (_1)n+1 _1

=

cosnt

(

ijsintsinntdt =0 forall nexceptn=1.

. . 27 . 4 25 .
Cosine series: a, == [sintdt =—. a, == [sintcosntdt =
T

—1)

I:( 1)n+1 1]

(cosnm—1)

2t . nxmt 4-1)" 8
6. f(t . Sine series: b, == | —sin—dt =— + -1)" -1
f( )= 4~([ 8 4 nx n’r? [( ) ]
(- 1) ( 1) -1 nrt
. t sin
fH= ;{ n 7°n’ 4
2442 nrt
Cosine series: a, =— | —dt =—. =—|— —dt— -1
° 4-([8 -[ n'r 2( y
2 8 nxt
) == ——
Section 7.3.5
aOZZI:(t—tz)dt—%. an:2_[:(t—t2)cosnﬂtdt— e (cosnz+1)
. f(t) —%—%Z%[(—l)z —1]COSTI7Z't = %—%Z%cosan‘
:l
b, =2 (t~#*)sinnztdt = [(t ) _CZS””” ~(1-2t) j?n”ft -2 CZ@Z’”

) sm(Zn 1)7rt
: f( ) - 72_3 nzll
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Section 7.3.6

2. We have f(—t):%+z(_1)2 L cosnt + S ginnt. - |t|~—+gzucosnt
V3

V4
2
o N n 2 o n

" (t)~1+z sin(2n—1)t
2 93 2n-1

6. It is the odd extension of f(t) provided f(0) = f(nx) =0.

Section 7.4

For Exercises 2 and 4, the coefficients of y'(t), namely C, iszero. We find a
particular solution by solving this general equation:

My"+Ky=a, cos[nt]+Db,, sin[mt]

This is a second-order equation with constant coefficients and we can use standard
techniques to find solutions:

a,(K—-n*M)cosmt+b,(K—-m*M)sinnt
(K —n*M)(K —m*>M)

y,(H) =

provided the denominator doe snot vanish. (See Exercise 5 below.) So in Exercises 1-5,
we substitute the specific values of K, M, a, b, n, and m.

2. Here, M=2, K=2, a,=1, b,=0, and m=2. So, yp(t):%lcos%.
4 M=1, K=25 a,=1, b,=1/10, n=2, and m=1. So,

1 1
t)=—cos2t+—sindt
%= 90

6. Proceed as in Exercises 1-4 except C =4 and compute y, () = %cosZt +5—18sin2t.
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Section 7.5.1
0 -m<t<0

_ 4 &) 2cosn-Dt  (-1)" . B
8. f(t)—ﬂ+z_1:{ 7r(2n—1)2 " smnt} Heref(t)—{t O<t<r

—2sin(2n—1)t (—1)” cosnt — -D"
7(2n—1)° n’ n’

j(s——)d — -z _Z

n=1

_ 72'_ z —251n(2n—31)t+(—12) cosnt
12 = 7(2n-1) n

o0

10. Here f(t)=t+2z and from the answer to No.4, Section 7.3.2, f(t)=27-) —
n

n=1
2 © 1 nt &1
So—=8» —cos— -8 —:——7z +8 cos—
2 nzzlan 2 HZ:I:HZ Z 2
Section 7.5.3
2 2 z"
2.6 =1+z4+—+"—+---+—+---. Set z=cost+isint. Then,
21 3! n!

e =1+ cost + C028|2t +et i(sint + 81r21'2t +j

Taking real parts, Ree """ = ¢! cos(sint).

: 2 >
. |cos(sint)e*" =1+ cost + cos 2t et cosnt L= 1+zcosnt
2! n! ~ n!
22z .
4. sinz=z- EN + 5 sin(e" ) = sin(cost) cosh(sint) + i cos(cost) sinh(sin t)

) . 0 (_1)71
. t h t)= 2n-1)t
sin(cost)cosh(sint) ;(Zn—l !COS( n—-1)

2
a +1 1 i _ 1 = —
=——_ 4 E a " cosnt ==+ E a " cosnt

n=1

6. 11" cost _1
" a*—2acost+1 2 a*—2acost+1 2 3

1 1 - a
“ = =—— +Z > cosnt
a- —2acost+1 2(a”+1) i=a +1




8. Partial Differential Equations

Section 8.1
2. Linear, 2" order, homogeneous, partial, parabolic.
4. Linear, 2" order, nonhomogeneous, partial, elliptic.

8. Nonlinear, homogeneous, partial.

Section 8.3
1. AE = CmAT = CpAAXAT iy
S CpAAXAT =[Q(x, 1) + Q(x + Ax, )| At on e
Ax
:—KAAtg(x,tHKAAtﬂ(erAx,t) A
ox ox
Divide by CpAAxAt :
oT oT
AT _ ﬁa(erAx,t)—a(x,t)
Ax  pC Ax
2
Now, let At — 0 and Ax — 0. There results, with X =k, or = kg
pC ot ox

2. To the derivation in No.1 add the heat generation term ¢ AAx. There results
oT oT
CpAAXAT = —-KAAt - (x,t)+ KAAt P (x+Ax,t) + pAAXAL
X X
Divide by AAxAt and let At -0, Ax —>0 (A=7zD*/4):

2
T b
ot ox- pC

2
4. Cp% = KZ—Z since the temperature depends only on x and t. After a long time the
X

2
temperature ceases to depend on t. Hence, Z—Z =0 and T(x)=Ax+B. LetT(0)=0
X

and T(2)=200°. Then B =0 and A =100 so that T'(x) =100x .
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8. For the cylinder shown of length L:

CmAT =[Q(r,t) + Q(r + Ar, t)] At Qurean)
Cp2xLArAT =—-K2xL (r a—Tj At +K2rxL [r a—TJ At
61" r r+Ar A
\ a
Divide by Cp27LArAt :
(r aTj ~ (ré'[) Surface area of cylinder
AT 10 o) \ 0r), =4zt
At r Ar
. Surface area of sphere
Let At—>0, Ar—0: — 27l
oT ,10 ( aTj
R M P
ot ror\ or
Section 8.5

2. The wave speed is a =+/P/m =/300/0.03 =100 m/s. Using Egs. 8.5.11 and 8.5.18:

u(x,t)= %[COS(JC —100t) + cos(x +100¢)]

10 E 10
Section 8.6
2 2 4 "
2. 8_? =a’ 8_21 Assume u(x,t) = X(x)T(t). Then _ 7> X _

T"=0, T(t)=ct+c,
X"=0, X(x)=cx+c,
Let w(L,t)=0=c;L(c,t +c,). Since L =0 we must let cz = 0. But, this gives u(x,t) =0
which is unacceptable. Also, the general solution for u(x,t) is not oscillatory which it must be.
Therefore, the solution is no good as presented.

Thus, } sou(x,t)=(c;t+c¢,)(c;x+c¢,). Let u(0,t)=0. ..¢c, =0

4. T(t) = c,e”™ +c,e””™ =c,(cos Bat +isin Bat) +c,(cos fat —isin Bat)
X(x) = c;e” +c,e”” = ¢, (cos fx +isin Bx) +c,(cos fx —isin Sx)

cosPat: B=c, +c, cosfx: D=c;+¢,
sinfat: A=i(c, —c,) sinfx: C=i(c;—c,)
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6. The initial velocity of a stationary wire is zero. Hence, in Eq. 8.6.25 A = 0. The left end
is fixed, i.e., u(0,t) =0. .. D=0. Thus,

u(x,t) = Kcos fatsin fx where K= BC
a) u(x,0) =0.1sin%x =Ksinpr. ~.K=01 B=x/2

(x5 =01 cos%atsin%x . This satisfies u(2,t) = 0.

8. For zero initial displacement with fixed left end: u(x,t) = Asin40ptsin Sx .
Let %(x,O) =4sinx =40pAsinpx. ..f=1, A=0.1. .. u(x,t)=0.1sin40fsinx.
su, =01matx=x/2m,andatt=x/80s, 7/16s,97/80s, ---

10. For zero initial velocity and fixed left end: u(x,t) = Acos20ptsin Bx .

u(x,0)=0.2 sin%x =Asinfx. ~.A=02, pf=xn/4 . u(xt)=0.2cos 57ztsin%x

12. The general solution, with fixed left end, is u(x,t) = (Acos fat + Bsin fat)sin fx. Let

u(x,O)zO.lsin%szsinﬂx. L A=0.1, ﬁ:%. Let %(x,O)lesin%xzéLOﬁBsinﬁx
10 1

= =—. .~u(x,t)=(0.1cos10xt + 7' sin10xt) sin 2~
408 4

Umax OCCUIS at X = 2 m with magnitude /(1/7z)* +0.1* =0.334 m

14. 4(0,t)=0 and %(x, 0)=0.  ..u(x,t)= Acos Batsin fx. u(L,t)=0= Acos Batsin SL.

S p= o u(x,t) = ZAn cos nat sin %X u(x,0) = ZAn sin 7%
L n=1 L L n=1 L

L L
LA, =Ej.ksin@dx=2—k(—£)cos@ =2—k(1—cosn—ﬂj.
Ly L L\ nr L |, nrx 2

sou(x,t) = Z%(l —Cos n—ﬁj cos nat sin 2%
= nr 2 L L

2k mat . nx 2k 2wat . 2xx 2k 3rat . 3xx
=|—cos—sin— 4+ —cos in—— + —cos mT+---

T L L T L L 3 L
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16. If u(0,t) = 0 and u(x,0) = 0, u(x,t) = Asin fatsin fx. u(xz,t)=0= Asin fatsin fr.

L p=x cou(x,t)= ZAn sinant sinnx. The initial condition is

n=1

3 0 O<x<rx/4
u - .
—(x,0)= > Aansinnx=<20 rx/d<x<37/4
ot "

= 0 3z/d<x<nm

S__

ZXZO( nr 37172)
C os—— |.

LA, -2 J 20sinnxdx = >
Tan ., 607n 4 4
Sou(x,t) = Z 2 5 (Cosn—”—cos&i—”jsinwntsinnx
‘= 3n 4

40000
18. a= 0 =63.2 m/s. The solution may become ill-behaved if oL =2n-1)x (see
a

Example 8.6.5). The forcing function has @ = 21xz. Using L = 15, we have

217 x5 =(2n—1)z. This gives n = 2.992. Thus, for n = 3 the solution is nearly singular

63.2
and near-resonance occurs.

Section 8.7

For problems 2, 4, 6, 8, the following general solution is used:

or . o°T 16 X" , ) 2
—=k—. T=0BX(x). .=—="—=-5%* O+kB*’0=0. . O@F)=¢""
o P (£)X(x) T s 14 (t)=e

X"+ X =0. . X(x)=Asinfx+Bcosfx. .. T(x,t)=(AsinSx+Bcos fx)e "

The £ = 0 solution is often of use in such problems. It would lead to ® =0 and X" =0
resulting in ® =1 and X = ax + b. So, the most general solution results by adding the

solutions together:

T(x,t) = ax + b+ (Asin Bx + Bcos Bx)e ™
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2. Refer to the work before No.2. With T(0,t) =0,b=0,B =0. .. T(x,t) =ax + Ae P sin fx .
With T(x,0) =100 sin%x = ax+ Asin fx, a=0, A=100, and 8 = 7 /4.

- T(x,t) =100e ™ 1/16 sin%x. Atx =2, T(2,t) =100e /1 £ 100. .. no good.
Try T(2,t)=100=2a+ Ae ' sin2f. ..a=50, 2f=nr or f= ”7” n=1,2, 3,

Thus, T, (x,£) =50x + A e sin - . The most general solution is

T(x,) =50x+ A,e "7t sin 2%

n=1

Try T(x,0) = 1OOs1nZ—50x+ZA sme or 10051nZ—50x 34, sm";”‘

n=1 n=1

2
Finally, |4, = [ (100 sin%x—50xjsinn7”xdx
0

4.1 T(0,)=200 =b+Be ™", b=200, B=0. ..T(x,t)=200+Ae ™" sin Bx.
T(x,0) = 200(1 + sin 7x) =200 + Asin Bx, A=200, B=r.

- T(x,t) =200+200e " sinzx. Atx=2, T(2,t)=200. ..OK.

6. For T(0,t)=0, b=0, B=0. ..T(x,t)=ax+Ae ™" sin fBx.

T(2,t) =100 = 2a+ Ae ™" sin2B, a=50, B=nx/2, n=1,2, 3,

T(x,t)=50x+ > A e gin 22

n=1

2
Finally, T(x,0) =100 = 50x+ZA sin“o-. A, = [ (100 -50x)sin "2 dx = 20
2 0 2 nx
8. T(0,t)=0, b=0, B=0. ..T(x,t) =ax+Ae """ sinBx
T(2,t)=0. ~.a=0, b= ”7” n=1,2 3, ~|T(x,H=> A sin”T’”‘
n=1

T(x,0) =100(2x — x2) = ZA sm”;”‘

2
A= 100(2x—x2)sin”—’2”“dx
0
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. T(1,1000) = 100e ™ " = 78.1°

T(1,o0) =50+ > Ae™ sin%” = 50°

n=1

negligible

. T(1,3600) = 400 -r0zers W (-1)=52.5°
T
.50 =100 /%% 1, - t=2812s
L 50=50+ At x1.  t=oos
= aT 2
. Q= —KAa— =-8007 x0.1> x(2007)x 1= -15780 W
X =0 —
O0=—kaZl 8007012 x(@xf)u:—mm W
OX |, T 2
- Q=-kaZ| ~_8o0zx0.12 x(50+@x1e-”2/4° + 100, gm0 +@x3—”e_9”2/40)x1
OX |29 T 2 T 37 2
=—4700 W

. —kp?t or .

. T(x,t) =(Asin fx + Bcos fx)e™" . 6—(0,t)=0. LA=0
X
. T(x,t)=Bcos ﬂxe‘kﬁzt. T(x,0) =100cos x = Bcos fx. ..B=100, p=1

- T(x,t)=100e ™ cosx.  Atx=r, Z—T(O,t):& . OK.
X

. T(x,t) = (Asin Bx + Bcos Bx)e . T(0,)=0. ..B=0
. X . 1
T(x,0)=100 smE = Asin fx. L A=100, p= 5
ST, =100 sin®. At x=7z, ZL—0. ~OK
2 ox
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36. T(x,t) = (Asin fx+ Beos fx)e ™. T(0,£)=0. .~.B=0

ﬂ ﬂ,t =O=A COs 7, e_kﬂZt. _2n 1/ 7’l=1, 2/ 3/--.
0.
X
AHCHED I sin?x
n=1
- — 7r/2 _ -
T(x,O):f(x):;An Sinznz 1x' = J‘ 10051112 2 1dx: (2:?01)”(1_C052n4 17[)

38. T(rr/2,1000) = A, sin~ 7 e ' + A, sin :ZT 2% 4 A, sin 5: e + negligible terms

=25.7+409-233-1.1=41.2°

2
40. T, = g(x). Substitute into ar_ kﬂ i: 0= kg”+ﬂ or g" =-5.556.
ot ox* pC 9000 x 400

- g(x) =-2.778x" +cx +c,. 1f T(2,t)=0 then ¢, =5.556. Thus, since T, — 0
as t >, T(x,00)=2.7782x —x%)

42. See No.40. Again g(x) =-2.778x" +c,x+c,. T(0,t)=100=c,.

Z—T(z, )=0=-5556x2+c,. ..T(x,0)=100+2.778(4x—x>)
X

44. T (x,t) = (Asin fx + Bcos x)e . T(0,£)=0. ..B=0. g—T(z, £)=0=ABcos2Be "
X

—k(2n-1)* 7%t /16

2n—17[’ n=1,2,3,---. .'.Th(x,t):ZAn sinzn_lﬂxe

L p= 1 2

1 _ _1\2 .2
e K@) 7t /16

Using T, from No.41, |T(x,t) = 2.778(4x —x*)+ ) A, sin 2n -

n=1

2
where |A, = [[100+2.778(x* —4x) ]sin 2n-1 ix
0
. . o X" -y )
46. Since we desire a Fourier series in X, we use = =—/°. Thus,
T(x,t) = (c, sin Bx +c, cos fx)(c,e”” +c,e ™). T(0,y)=0. ..c,=0. T(x,0)=0. ..c,—c,

Let c,c, = A. T(x,1) =100sin zx = Asin Sx(e” —e™”). . ﬁ 7z, 100=A(e" —e").
. A=4.336 and |T(x,y) =4.336sinzx(e™ —e™)|. Atx=1, T=0. ..OK.

90



48. We desire a Fourier series in x so we can meet the T = 100° condition. Hence,

); = _3: =—/°. Thus, T(x,t) = (c, sin Bx +c, cos Bx)(c,e” +c,e™). T(0,y) =0
s, =0. T(x,00=0. ..¢,—c;. Let c,c, = A. T(1,y) =0= Asin (e’ —e").
S pP=nx, n=1,2,3,---. -~ |T(x,y)= ZAn sinnzx(e" —e ")
n=1
0 1
T(x,1)=100 = ZAn sinnzx(e"™ —e ). A, = MZOO_M J. sinnzxdx = %(1—(:05117[)
o e —e nz(e"™” —e ™)

50. Let T =6 +100. Then all boundary conditions on &are 0 except £ (1,y). This is the
solution to No0.48 with x and y interchanged. Simply add 100 to that solution and we

have T(x,y), i.e.,

T(x’ y) =100 + ZAn sinnﬂ_y(enﬂx _e—nﬂx) where A” = %(1—Cosnﬂ')

n=1

Section 8.8

0° 1 0

- .. oT
1. The describing equation is — (7°T) + — —
¢4 8r2( ) sing 0¢

o

[sin¢ J =0. The solution is (see

Eq.8.8.11): T(r,x)= Y | A,r"P,(x)+B,r ""VP,(x) | where x = cos .
n=0

Inside the surface: We must let B, = 0 since at r =0, "V =00, Thus,

T(r,x) =Y A,r"P,(x). Now, we require T(0.2,x)=250=>"A, 0.2"P,(x). Using
n=0

n=0
1

T [ 250P, (x)dx. Hence, T(x,r) =250r"P, (x) = 250°C.
x0.2" 7

A, =250, A, =0, n=1,2, 3,
Outside the surface: If T(w,x) is finite, A, = 0. Thus, we have for this region

Eq.8.8.15: A = 22”“

T(r,x)=>_B,r "P, (x). Use T(0.2,x) =250 = » B,0.2""*Y P, (x). Therefore,

n=0 n=0
1
B =211—+711.|.250Pn(x)dx. .By,=50 and B, =0, n=1,2, 3,---. ..T(r,x)= 20
2x0.270mD ke r

91



2. Use the results of No.1: |T(r,x) = ZAnr"Pn(x) where x = cos¢. We have
n=0

© 1
T(1,x)=100x =Y A,P,(x) so that |A, = 2+l j 100xP, (x)dx

n
n=0 2 -1

Section 8.9

2. ar _ klg(ra—Tj Let T(r,t) = R(r)6(t). Substitute in and %g = 1(1 R+ R”) =—u’.

ot ror\ or R\r
There results: 0 = —k 6. SOt = cle*k"zt
R”+1R’+y2R=O. S R(r) =cy Jo () + 5 Yy (ur)
r

= T(r,t) =[AJ, (ur) + BY, (ur)le ™. Y,(0)=o. ..B=0.
S T(ry,t)=0=AJ,(ur, )e”‘”Zt. Jo(ury) =0.  Let u,be the roots. Then,

T8 = 2 Ao L T0,0= )= X AJau). |4y =z [0 o)

4. The solution, using separation of variables, is T(r,t) = [AJ, (ur)+ BY,(ur)le ™" .
Y(0)=o00. .. B=0. We then have T(r,t) = Aj, ()ur)efkﬂzt . aa_T(ll Hy=0= A](')(Iu)efkuzt
T
so that J;(u)=0. The first three roots are g4 =0, u, =3.832, w, =7.016, using the

values given in Example 8.9.1. The general solution is then |T(r,t) = ZAn]O(ynr)e"""%t

n=1

Finally, T(r,0)=100r = > A, Jo(#,7). Thus, A, = 2

n=1 g H, )

1
[10072 ], (44,r)dr. We find that
0

1 1 1
A, =2[100r%dr = 2—20, A, =1230[r°],(3.832r)dr, A, =2220[r*],(7.016r)dr
0 0 0

92



9. Numerical Methods

Section 9.2

2
6. Following Example 9.2.1, A = % +06+/1+ 6% /4. use the binomial theorem with n = %:

2 2 2 2 3 5 2 3
P PR oA o S DO S A A S A A
2 8 128 2

Section 9.4

neglect

12 Df - (A A2/2+A3/3 /) [f+1 f (f;+2 2f+l+f)/2+(fr+3 3fz+2+3f;+1 f)]
= &(zﬁﬁ% _9fi+2 +18ﬁ+1 _11f1)

neglect

14, D3f_ (v3+3v4/2+7v5/4 AN f,
= W[fz =3fia+3fia—fis+3(fi—4fii+6f,—4fi s+ fi)/2+7(f, —5f,

1
+10f 5 ~10f +5f 4 = frs)/ 4= (17 f,=71f, +118f,, ~98f , +41f, ~7f.)

16. D(erfx)=%( fu—f)= —(0 978038 —0.976348) = 0.08450

From No.15, the exact value = 0.08723.

18. Derf) =5 -(3f =41 + f2) =

From No.15, the exact value = 0.08723.

! 1 (3x0976348 — 4x0.974547 +0.972628) = 0.08710

20, D, == (2f, =51 +4f 2 i)

L (2x0.57672-5x%0.58116 + 4 x0.58152 — 0.57777) = =0.405

T 012
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1
22. Dz]o = h_z(_ﬁ+3 +4ﬁ'+2 _5ﬁ+l +2f;)

0 112 (-0.97763 + 4% 0.99002 — 5% 0.99750 + 2 x 1.000) = -0.505

Section 9.5
h 1

2.a) If(x)dx=§(0+2x12 +2x22 +2x3% +2x4% +2x5% +6%) =73
0

6
b) If(x)dx=%(0+4x12 +2x2% +4x3% +2x4% +4x5* +6°) =72
0

6 3
_[xzdx = % =72. Since Simpson’s one-third rule is approximating a parabola with a
0
n 1’ n
parabola, itisexact. f"=2. —Nf"=—x6x2=1. 73-72=1. . .e=—Nf".
12 12 12

2
4.a) I]O(x)dx =%(14—2)(0.9904—2XO.960+2X0.912+2X0.846+2X0.765+2X0.671
0

+2x0.567 +2 x0.455 + 2 x 0.340 + 0.224) = 1.424

2
b) I]O(x)dx =%(1+4x0.990+2><0.960+4><O.912+2><0.846+4><0.765+2><O.671
0

+4x0.567 +2x0.455 + 4 x 0.340 + 0.224) = 1.426
[ 0.2
6. Iy(t)dt =?(9.6+4><9.1+2><7.4+4><6.8+2><7.6+4><8.8+12.2) =10.04
0

Section 9.6

2. £, =0.29507 +0.4(0.28822 — 0.29507) + @

(0.27860 —2 x0.28822 + 0.29507) = 0.29267

0.6(~0.4)(~1.4)

4. f._, =sum from No.3 - (0.28822 — 3 x0.29507 + 3 x0.29905 —0.30008)

=0.29267 —0.0000045 = 0.29267

10. erf(2.01) =.995720 —.5(.995720 —.995323) + @(.995720 —2x.995323 +.994892) = .995526
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12. erf(1.51) =.966105 — .5(.968413 —.966105) + - (2 )(970586 2x.968413 +.966105) = .96728

0-5(05)(=1-5) (0.972628 —3x0.970586 + 3 x 0.968413 —0.966105) = 0.0000003. The

fourth term does not influence the answer.

14. J,(1.51) = 55794 + 0.1(.56990 — .55794) + @(.57777 —2x.56990 +.55794) = 0.55932

Section 9.7
2 xlzl—i—Z, 2:2—_—1—15, =15- 0125—1556 x, =1.556 — 0056:1. 53
-1 -2 —-2.25 —2.259
4 x1=2—£=157, —157—&—146 —146—w=1_6
8.42
6. f(x)=x"-4x-2. x1=2—£=1.79, X, —179—£—173 X5 —173—M=1.728
28 18.9 16.7

8. f(x)=x"+10x—4. Try x,=0, f=—4. x,=1, f=7.

Try x,=0.3, x, =0. 3997 _. 394, x, =0.394— 0.0012 _ ) 394
0 10.3 2

10.5

10. f(x) =x+Inx-10. f'(x)=1+1. Try x, =1, f=-9. x,=10, f=23.
x

~Try x, =8. x, _g_ 207 ;43 x, =7.93 - 000065 _; 93
1.125 1.126
Section 9.8
2. y,,, =y, +0.057, +0.00125, ij=-2y—2ut

£=005 1, =.2+.05x4+.00125% (—.4) =0.3995

£=001  y,=.3995+.05x(4—2x.3995x.05) +.00125 x (—2 x.3995 — 2 x 3.96 x .05) = 0.596
t=0015 v, =.596+.05x (4 —2x.596x.1) +.00125 x (2 x 596 — 2 x 3.88 x .1) = 0.789
£=0.02 v, =.789+.05x(4—2x.789x.15) +.00125 x (—2 x.789 — 2 x 3.76 x.15) = 0.973

This compares with y(0.2) = 0.976 in Example 9.8.1.
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2

& Yin =Y, hy + = gy =t 27 +2jy=2t G=(t-y)/y y0)=2

t=0.4 y, =2+0.4x0+0.08x0=2
t=0.8 y, =2+0.4x0.4%/(2x2)=2.03

t=12 y, =2.03+0.4x0.8” /(2x2.03) +0.8(0.8 —0.1587) /2.03 = 2.12
t=1.6 y, =2.12+0.4x1.2% /(2x2.12) +0.8(1.2 - 0.34%)/2.12 = 2.30
t=2.0 v, =2.30+0.4x1.6> /(2x2.30) +0.8(1.6 — 0.557%)/2.30 = 2.57

This compares with y(2) = 2.58 from the exact solution.

6. ., =y, +04n, n = f(y; +0.2f, t,+0.2) f=y=— Yo =2

t=04  y, =2+0.4[0.2> /2x2]=2.004

t=08  y, =2.004+0.4[0.6>/2(2.004 +0.2 x0.4> /2 x2.004)] = 2.040
t=12 vy, =2.04+0.4[1.0>/2(2.04+0.2x0.8* /2x2.04)] =2.137
t=1.6 vy, =2.137+0.4[1.4*/2(2.137 +0.2x1.2* /2x2.137)] = 2.315
t=20 y,=2315+0.4[1.8"/2(2.315+0.2x1.6> /2x2.315)] = 2.58

This compares with y(2) = 2.58 from the exact solution.

8. y=t>—4yt  j=2-4y—4yt vy, =y, +027,+0.02), vy, =2
t=02 1y, =2+2x0+.02(-8)=1.84
F=04  y,=184+2(2>—4x1.84x.2)+.02[2x.2 - 4x1.84 — 4(~1.432) x 2] = 1.437
F=0.6  y,=1437+.2(4> —4x1.437x 4)+.02[2x 4 —4x1.437 — 4(-2.139) x 4] = 0.979
t=08  y, =.979+.2(.6> —4x.979x.6)+.02[2 x.6 — 4x.979 — 4(~1.990) x.6] = 0.622
t=1.0 vy, =.622+.2(.8> —4x.622x .8) +.02[2x.8 —4x.622 — 4(~1.35) x.8] = 0.421

10. y, = ﬁ(_ywz +4y,,, —3y;) = tiz —4y,t,. S Yo =4Yi 3y, _0'4ti2 + 1.6yt
x 0.

Use Taylor’s method for y; = 1.84 (see No.8). Then, with y, = 2:
Y, =4x1.84-3x2-04x0+1.6x2x0=1.36
Y, =4x1.36-3x1.84-0.4x0.2> +1.6x1.84x0.2 = 0.493
y, =4x0.493-3x1.36-0.4x0.4* +1.6x1.36x 0.4 = =1.30
Ys =4x(-1.3)-3x0.493-0.4x0.6> +1.6 x0.493x 0.6 = =6.35
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12. ]'/2 =4-2y, ij=-1. ij=0. -y, =0.38, y, =0.72

14. v =y, +%(é +4n +¢). & =4"2=2, 5, =[4-2(0+0.1x2)]"'* =1.897,

& =[4-2(0+2x0.2x1.897 —0.2x2)]"'* =1.812
0;62(2 +4x1.897 +1.812) = 0.380

£ =(4-2x0.38)"* =1.80, 7, =[4-2(0.38+0.1x1.8)]"* =1.697
& =[4-2(0.38+2x0.2x1.697 —0.2x1.8)]'/* =1.613

Sy, =0+

Yy, =0.38+ 0?2(1.8 +4x1.697 +1.613) = 0.720

16. Truncate the series in Eq. 9.8.20 omitting the V° terms. Then, there results

2
yM=yi+h[1+%[v+%j+%vz}y‘i e=0(h")

1 5 1 5
— ) h 1 _v _v2 '.: ] h ~' - -‘_.' ~ .'_2.' .'
y1+ ( +2 +12 jyl yt+ {%"‘2(% y1—1)+12(yz yz—l+yz—2:|

=Y +E(23yi —-16y, , + 5y, ,)

Section 9.9
2. hiz(yi+1 =2y, +y, ) —2ty, =5. .y, =2y, -y, +2h°ty, +5h°. Use y,=2, y, =2.1:
From Ex. 9.9.2
Y, =2x21-2+2x0.2> x0.2x2.1+5x0.2% = 2.43 2.43
Y, =2x243-2.1+2x0.2*x0.4x2.43+5x0.2> =3.04 3.02
Y, =2x3.04-243+2x 0.2 x0.6x3.04 +5x0.2% =4.00 3.90

4 ==y, ¥Y=-Y  Yia =Yy +04y, +0.08y, Yin =Y +0.47; +0.087;
Yy, =0+04x4+08x0=16 i, = 4+0.4(0) +0.08(~4) = 3.68
Y, =1.6+0.4x3.68+0.8x(-1.6)=2.94 1§, = 3.68 +0.4(~1.6) +0.08(~3.68) = 2.75
Yy =2.94+0.4x2.75+0.8x(-2.94) = 3.80  §, = 2.75+0.4(~2.94) + 0.08(~2.75) = 1.354

Yy, =3.80+04x1.354+0.8x(-3.8)=4.04 7, =1.354+0.4(-3.8) +0.08(~1.354) = —0.274
Y, = 4.04+0.4(-0.274) + 0.8 x (—4.04) = 3.61
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6. Use central differences: hiz(yi+1 -2y, +y,,)=-Yy;. Usey, =1.6 (see No.4).

S VYia =(2—h2)yi —Yia Y, :(2_0-42)X1-6_0 =2.94
Y, =(2-04°)x2.94-1.6 =3.87 y, =(2-0.4%)x3.87 -2.94 =4.26
ys =(2-0.4%)x4.26 —3.87 = 4.05

8. §=-10y-2y*, §=-10y—4yj. Vi, =y; +027; +0.02§,, ¥, =y; +0.27; +0.027,

Y, =0+2x1+.02(-10x0-2x1*) =16 7, =1+.2(-2) +.02(-10x1-4x1x-2) =.56
Y, =.16+.2x.56 +.02(-10x.16 — 2 x.56>) = 0.227

1, =.56 +.2(-2.23) —.02(10 + 4 x 2.23) x .56 = —.098
Y, =.227 +.2(—.098) —.02(10 x .227 + 2 x.098%) = 0.162

5 =—.098 +.2(-2.29) +.02(10 + 4 x 2.29) x.098 = —.518
y, =.162+.2(-.518) —.02(10x.162 + 2 x.518%) = 0.0153

Yy, = =518 +.2(-2.16) +.02(10 + 4 x 2.16) x 518 = —.757
Yy =.0153 +.2(—.757) —.02(10 x.0153 + 2 x.757%) = -0.162

Section 9.12

2. At t = 24 ks we follow the example to find:
T = %(Tm,s 2T +T ,5)+Ts. . 1,,=500, T,,=29, 1,,=155, etc.

Interpolate to find the time when T, ; =145:
~ 145-138

time = ———
155-138

x (24— 20) + 20 = 21.65 ks

4. Continue with the table of Problem 3:

Time\Distance 0 0.5 1.0 15 2.0 2.5
25 600 331 156 82 63 60

At x = 1.25, the center =119°. . t=224ks

6. Continue with the table of Problem 3:

Time\Distance 0 0.5 1.0 15 2.0 2.5
35 600 365 194 104 70 60

At x = 1.25, the center = 149°. . +=31.8 ks
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8. ak/h?> =4x107°x20000/0.4> =1/2.

Ti,j = E(T

A table is constructed displaying the calculations:

Time/Distance ©

0

20
40
60

80

Note: Atx = 2.0 we must have T, ; =T; ;

200
200
200
200

200

0.4

0

100
100
125

125

0.8

0
0
50
50

75

0
0
25

25

12,5

oT
since the right end is insulated. Q = -KA—=0. .

ox

. aT_
'ax

0.

10. With ak/h* =1/2 and an insulated right end (Q = 0) so that T,;, =T, we have:

Time/Distance ©

0

20
40
60

80

200
200
200
200

200

0.4

100
150
150
162

162

ou

12.4k/h=40%0.025/1=1. With —

tli-o

Time/Distance ©

0
0.025
0.050
0.075
0.100
0.125

14. ak/h=50x%0.004/0.2 =1.

For an initial velocity of zero u, , = u;,. Display the results as follows:

O O OO OoOOo

Time/Distance °

0
0.004
0.008
0.012
0.016
0.020

0

o O oo

1

0.1
0.2
0.2
0.2
0.2
-0.

1

0.2

0.02
0.02
0

=4 oru;, —u;, =0.025x4 =0.1.

2

0.2
0.3
0.4
0.4
0.1
0

SUpig =

—-0.02
—-0.02
-0.02

0.8

100
100
125
125

137

3

0.3
0.4
0.5
0.3
0.2
-0.2

=Uip,j

0.4

0.04
0.04
0.02
0
—0.02
-0.04

Att=0.02 s, one-half a cycle has elapsed.

99

1.2

100
100
100
112

112

+U

0.6

0.04
0.04
0.02
0
—-0.02
-0.04

0.2
0.3
0.3

1.6

100
100
100
100

106

OO0 oo o0oo o

Ui

0.8

0.02
0.02
0.02
0
—-0.02
-0.02

2.0

100
100
100
100

106

Sty =, +0.1

cocoococooo



16.

ak/h=40x0.025/1=1. With =

Time/Distance ©

0
0.004
0.008
0.012
0.016
0.020

O OO oo

0

ou

tlio

0.2 0.4
0.02 0.04
0.06 0.08
0.06 0.10
0.04 0.08
0.02 0.02
-0.02 -0.04

Att=0.02 s, one-half a cycle has elapsed.

100

0.6

0.04
0.08
0.10
0.08
0.02
-0.04

0.8

0.02
0.06
0.06
0.04
0.02
-0.02

cocooocoo

=10 then u;, —u;, =0.004x10 = 0.04.

0



10. Complex Variables

Section 10.2

2.143.1°, 2.498 rad

4.216.9°, 3.785 rad

6. (3—4i)(3+4i)=9+16=25

4-4i] [4-4i 16+16
. o e ~1.265
2-4il [2-4i Jit16

10. [3—4i]" =|3-4i|[3-4i|=5x5=25

12. (3—4i)* = (-7 —24i)> = 527 + 336i

14. (3 4i)'/> =5/ (COS 5.356+2kz . . 5356+ 2k7rj

k=0: 1.710(-0.2129 + 0.9771i) = -0.3641 + 1.671:
k=1: 1.710(-0.7397 — 0.6729i) = =1.265—1.151i
k=2: 1.710(0.9526 —0.30421) = 1.629 — 0.5202i

16. z* /z"/* = z%'%. Using the results of No.13, we cube each part:
(2+i)° = (3—4i)(=2+i)=2+11i
(2-1)° =(3-4i)(2-i)=2-11i

18. (~16)"4 = 2((:05 7+ 2kn +isin7[+2kﬁj.

k=0: (-16)"* =J2(1+1)

k=1: (-16)"* =J2(-1+i). k=2: (-16)"* =J2(-1-i).  k=3: (-16)""* =2(1—i).

2k

20.9”2:3(C052k7ﬁ+isir17j. k=0: 9Y*=3.  k=1: 92 =3

22. |z-2|=2. |x—2+iy|=</(x—2)2+y2=2. s (x—2)* +y* =4, acircle.

Z—_1=4. lz—1=4|z+1. |x—1+iy|=4[x+1+iy|. Thus, (x—1)*+y* =16[(x+1)* +y’]

24,

34 64 .
or x>’ +—x+1y*=-1 or (x+34/30)* +y* =—, acircle.
15 Y ( /30y +y 225

101



Section 10.3

2.

4.

6.

8.

12.

14.

16.

18.

20.

22.

24,

26.

28.

30.

-2 =2¢"
_21 — 263711'/2
5-12i =13¢>1%"

—5-12i =13

e? =cos2+isin2 =—0.416 + 0.909i

e*™ =cos4r +isindr =1

e < ¢ cos [ 4—isine/4) = ¢ NE(1-)/2

(1_i)=ﬁe7ﬂi/4 = 261574 = (DBl — (Dl
(1-i)"* = ﬁ(cos77ri/4+ isin7rxi/4)=0.276 +1.39i

(1-i)""* =J2(cos157zi/4 +isin157i/4) = =1.39 + 0.276i
(1-i)"* =2(cos237i /4 +isin237i/4) = -0.276 —1.39i
(1-1)""* =\2(cos31zi/ 4 +isin31xi/4) =1.39 —0.276i

240 =45 - (240)® =572 =11.2(cos1.3908 +isin1.3908) = 2 +11i
2—i=5e". - (2-i)? =5"4e*" =1.495(c0s2.91 +isin2.91) = —1.455 +0.3431i

sin(z —zij = sinzcosh(—zj =1.324
2 4 2 4

sinh(z —zij = 1 e?Zi —6771' = 1e”/2 (cosg—isinzj —16_’”2 (cos£+ isinz)
2 4 2 2 4 4) 2 4 4
2 Bz

= 2.40572(1 —i)— 0.10397(1 +1)=1.63-1.77i

See Problem 24. Then |sinz|=1.324

lni=ln1+ig:i7r/2
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32. In(4—-3i) =In5+5.64i =1.609 + 5.64i

34. In(ei)=Ine+ir/2=1+irn/2
36. In(e') =ilne =i

38. (3+ 41-)1—1' _ p(-DIn3+di) _ ,(1-0)(1.6094092731) _ ,2.536-06817i _ ,2536 (c0s0.6817 —isin0.6817)
=9.807 —7.958i

40. (1+ Z-)1+i _ p(WHI(1+) _ j(1+i)(03466+0.7854i) _ ,-04388+1.132i _ ,-04388 (cos1.132 —isin1.132)

=0.2739 + 0.58371

42. sinz =sinxcoshy +icosxsinhy =2

sinxcoshy = 2}

T 1
SX=T hy=—(e! +e¥)=2, % _4e¥ +1=0.
cosxsinhy =0 * 5 coshy 2(3 e’) or e e

~y=1317, -1.317. .z=1571+1.317i, 1.571-1.317i

r_ xiy_ ox L e‘cosy=-3| . o
44, ¢ =e'e¥ =e*(cosy+isiny) =-3. . ~y=xn, e =3. .x=1.099
e’ siny =0

z=1.099 + zi

46. cosz = cosxcoshy —isinxsinhy = -2

cosxcoshy =-2 1, ., y
sinxsinhy =0 LX=TT, coshy:z(e +e7)=2, or e’ —4¢/ +1=0.
y=1317, -1.317.  .z=7+1317i, 7-1317i

50. tan (2 — ) = LIn {270 1ln(—l - ij = L (In0.707 + 3.927) = —1.964 — 0.1734i
2 1+i2-i) 2 (2 2) 2

Section 10.4
2. z=x—1y. u=x, v=-y. .. f'(z)=1 and f'(z)==1 z isnotanalytic.

4. (z=-1Y =(x-1> —y* +2(x-1yi. u=(x-1>-y>, v=2(x-1)y
S f(2)=2(x—-1)+2yi and f'(z) =—i(2y)+2(x—1)=2(x—-1)+2yi
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6. e* =¢e"(cosy +isiny). u=e cosy, v=e siny

o f'(z)=e"cosy+ie*siny and f'(z)=—i(—e"siny)+e* cosy =e* cosy +ie’ siny

10. |f1/l:11’11’, %:1:1@ v = const
or r rof
ov
s—=1 and o(r,0) =6+ g(r)
or
ov 10ou
But —=-—=0. .. =C
o T roo 8r) u =cons
~o(r,0)=60+C
o’u  o’u . .
12. u(x,y)=x* —vy*. —+—=2-2=0. ..u(x,y) is harmonic.
(x,y) Ve o (%, y)
d
%=2x=@. S0 =2xy + g(x). 6_v=_g+2y=_8_u=2y
ox oy Oox dx oy
d
.'.d—g:O. . g(x)=C=0. ~v=2xy and f(z)=x"—y*+2uxyi
x
Section 10.5
x2 yZ . 2 .2
2. —2+b—2:1. Let x=acost, y=bsint. Then cos"t+sin"t=1.
a
4. (JSudx—vdy
:qSy/dx—v%+q‘>u%—vdy+¢udx—v% g 5w
1 2 3
1 0 4
+gSuﬂf—;fdy=—j1dy+j1dx:—_2 ' 12
4 0 1
1
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6. cﬁudx—vdy=<]5udx—v%+<]Suﬂ’f—vdy+qf>udx—vdy

y @2
szd j2xydy+‘[//§dx+‘|‘2xydy 5 )
0

:§+8+T2y2dy=§+8—%zw ]

2
8. See No.5 for a helpful sketch. cJSudx —vdy = .[ [* sin® O(—rsin 8dO) + r* cos” O(r cos HdH)]
0

2 1 o ox 2% on
= I 7’ (cos® 6 —sin® 6)dO = gcos2 @sin’ 0

=0

+Zsin6?
3

+ %sin2 6cosé

+Ecos¢9
3

0 0 0 0

—”[@ + %] dxdy = “.(—Zx +2y)dxdy — jT(Zr cos @ — 2r sin @)rdOdr
00

1
= J.(Zr2 sin@2” +2r” cos 4. )dr =0
0

(0,2)

10. [ (& +y?)(dx +idy) = j(/)dx+j(;c2/+y Yidy = 8i/3 ,
(0,0
j(x2+}/)(dx+i%)+j(x2+y2)(dx+idy)=jx2dx+j(4dx+4idy) Dl—

3 22 x +y2 =4
:5+4I (—2sin 8d0O + 2i cos 8d0) = —+8COS¢9|0 +i8sind;’® ¥ _2cos0

:—E+81
3

y=2sind

12. [(x* = y7 +2x fi)(dx +i gof) + j 4% 2ie" 4o y
1 2
1 X

-8i/3

2
i 8 8i sigr/2 _
3¢l ==8i/3
3i 0

—I x*dx + _[ 8ie®?d0 = 3
z=2¢"
0,2)

_[ (X —y* + 2 yi)(AF +idy) = Izyzdy =-8i/3 dz = 2ie"dé

(0,0)
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14. Yes 16. No 18. Yes 20. Yes

Section 10.6

2. <ﬁsinzdz =0 since sinz is analytic.

dz . 1 . . o
4. gSZj:Q since f(z):ZT2 is analytic in the unit circle.

dz 1 . .. ]
6. p———— =0 si =———  isanalytic in the circle.
95(2—3)(2—2) 0 since f(2)= 3722 %
8. cJS dz :95 dz —ch dz using partial fractions. In the first integral, let
(z=3)(z-2) z—2

z-3=g.e"” where g is small (see Example 10.6. 2) In the second integral, let

6 6
z-2=g,e" where &, is small. 95 z___ j glze dH_ I gzze de =27i-27i=0
-5z+6 3 0
27 27 i0
C_‘S dz =—<_|S dz :lj g,ie’ d@ AL d@z_(zm 27i) =0
(z=2)(z+2) z-2 4%z42 4+ ¢e 40 &€’

12. cj; Zdz Let z—1=ge”, dz=eiedo.

2
qudz =I1+€€ i do = J.ld9+I€l€led9 27Z'Z+ ”92”—2_72'1'
z—1 ’
Section 10.7
f(z)=¢

4 ggZ—“dz=2m'f(1)=27zi/5. @)= Ak

(z—1)(z +9) +9
6 gS z dz = 27if (—i) = 27i f(z)=2"
R -
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z—1 -1 . z-1 1"
8. Cﬁmdz 27Tlf(l) 272'1 By = 72'(1 + 1) f(Z) = : «
z—1 y
0. @mdz =0 since f(z) is analytic in the circle. 18 )

12. <_f>z—_1dz = 27if (i) = 2mi — __1 =7(i+1)
—21

(z+1)(z—1)
14. § 2 orif(1) = 24i fz)=z2-1
(z+1) —
16. " dz = 2if (1) = 2zi(~sin1) = =5.287i. f(z) =cosz
(z-1)
sinh z - . . .
18.(;{) T dz:gf (0) = zicosh0 = i/ 3. f(z) =sinhz
. ULIE,
Section 10.8
21
2. f(z)= , fl2)= f"()——)
| |
S—=1- z+2—z —3—2 to=l-z+z" =2 - R=1
1+z 217 3!
z—1 12
4- =y = 7 = 7 " _—
f(2) e f'(z)= 1)2 f'(z) = i1y f()( 1)
.~.Z—_1:—1+2z—iz +12 Sz —142z-222+27°—-  R=1
z+1 2! 3!
22 23 23 25
6. sinhz =sinh 0+ zcosh0+—sinh0+—coshO+---=z+—+—+--- R=w
2! 3! 3! 5!
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8. =
z=2 1-(z-1)

10.

12.

14.

16.

18.

20.
22.
26.
28.

30.

1 -1

= —1[4+z+1(z+1)2 +1(z+1)3+--}
9 3 9

z+1

=—[1+@z-D+@E-1 +]=—z—-(z2=1) —(z-1)° -~

R=3

1

1 -1 -1 -1/3 1 z+1 (z+1j2 (
= = =——|1+ + +
z—-2 2-z 3—(z+1) 1-(z+1)/3 3 3 3

3

R=1

%}

[ z+2i (z+2i
1+ +

2
g
2+2i }

2+2i

1 1 O —1e+2)

z—2 2+2i—(z+2i) 1-(z+2i)/(2+2i) 2+2i

- —E[ni(zui)—i(“ziﬁ FELLPP S +}
4 4 8 32

z-1 =z 1
1+2° 1+2° 1+2°

1 1/5 1/5 1( z 2 ]

3 = - =—|14+—+—+
z°-3z-4 z-4 z+1 20 4 16

22 3
62—22626—2262 1oz 22 4
6 10
: z* z
sinz® =z ==+ ——--
6 120

2 2 4
e cosz=|+l4z— (1—Z—+Z—+-..):
2! 2 24

Isinwzdw = J.(w2 —w® /6+w" /120 —--)dw =
0 0

1
_3(1_

2 1
z+7 - ) =2+ —z- 2
4 16 64

R=2{2

=z(1-2°+2° - )-(1-22+2° +--)==1+z+2° —z* —z° +...

3

B,

1+z—lz3+iz4 —
3

12

1

3

15

-z ——z

+——2z
42 1320

11

IcoswzdwzI(l—w4/2+w8/24—---)dw=
0 0

e =elel =e[1+(z -1+ (2 =17 /2+(z 1) /6+-] =
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32. sinz=sin[(z—7x/2)+x/2]=sin(z—x/2)cosx/2+sinxz/2cos(z—x/2)

=cos(z—7/2)=

T S Iy NS
1 2(2 7/2) +24(z 7/2)

34. — 1 13 s _ /e A3 1,22 . —1(1—z+zz— )
z°—z-2 z-2 z+1 1-z/2 1+z 6 2 4 3
B PO O LN
2 4 8 16
Section 10.9
2 2
, 1 1 _1-1/2 :1(_1j 12 Yyt 2 ) jroo
zz=2 z1-2z/2 z\{ 2 2 4 2z 2 4 8
2 3 2
4. 1eze‘1:l 1+4z4+—+—+--- =1 1 1+24+2 4. R=wx
z ez 2 6 e\ z 2 6
6. e1/2:1+1+i2+i3+-- || >0
z 2z z
2
8. L L = 1/2 _1X 1+Z+1+(Z+1) Hoe 0<|z+1<2
1-z 2—(z+1) 1-(z+1)/2 |2 2 4
_ 1 S S o B 42+---=—1 - 22— 43—--- 2<|z+]]
z+11_i z+1 z+1 (z+1) z+1 (z+1)° (z+1)
z+1
10, 2 =1(—1—z—zz—-~- B P S 0<lz|<1
z(z-1) z z
_i 1 —l+l+l+.. |Z|>1
22 1-1/z |22 2° Z*
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L o1 1 1 1 1 —i/2 -2 1_.z—z'Jr(,z—i)z____
2241 z+4iz—i z—i2i+z—i z—il+(z—-i)/2i z—i 2i 4

. . . _.2
|-y L Gl it 0<|z—1i]<2
z—1 2 4 8

1 1 1 1 2i 4
= , , ~= | 1l-——F =+
Z2+1 (z—i) 1+2i/(z—i) (z—z)z{ z—i (z—i) }

1 2i 4 .
- — - — - — + 2<|z—1
(z=1)" (z—1)" (z—1i)
14, r _t 1 L 1,3, 9 ..
(z+1D)(z-2) z+1z+11-3/(z+1) (z+1) z+1 (z+1)
| =+ 5 =+ ? T+ 3<|z+]]
z+1)" (z+1)" (z+1)
1 1 -1/3 1 z+1 (z+1)
= =— 1+ + +.--
(z+1)(z-2) z+11-(z+1)/3  3(z+1) 3 9
2
o1 L_z+l (z+D) e 0<|z+1<3

3z+1) 9 27 81

Section 10.10

0 F__zx2i-2i /i _=(1— 2 ,)(ij[n“,zﬂ--}. b =1/2atz=-2i
z-+4 z+2i 1—(z+2i)/4i z+2i )\ 41 4i

z  _z-2i+2i  1/4 (1+ 2 )1[1_2—2&..}, by =1/2atz=2i

214 z2-2i 1+(z-20)/4 \  z-2i)4i| 4
e” g 1 e
4, ——=ee = 1+(z=1)+--]. ~by=e at z=1
(z-1) (z-1) (z—1)2[ (-l :
Z2+1 22+ 1  (z+D)-2(z+D+2 1 —(z+1—2+ 2 j 1
T 22 43z+2  (z+2)(z+1) (z+1) 1+z+1 z+1)1+(z+1)
:[(z+1)—2+%}[1—(z+1)+---]. b =2 at z=-1
z+
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12

g0, 2 _zhixl=i o, =i g .'.Cj)il_dz:%r(l—i)

zZ+1 zZ+1 zZ+1 zZ+1

11 1 12 “1/6i 11 (-_1)(1_“31'/2
42749 22431 22-3i 243i/21-(22+3()/6i 2 z+3i/2\ 6i 3i

~b=-1/12i at z=-3i/2

6i
. . dz
by =1/12i at z=3i/2. (;f)

. 3
. 2s(1r121):%(2_%_’_...}(_1_2—22_...), _-.blz—l at z=0
2% (z— z !

_sin[(z-1)+1]  sin(z—-1)cos1+cos(z—-1)sin1
(z-D+1P(z-1) (z-D[1+(z-DJ

=L[1—(z—l)+---]2 {.54[(2—1)—---]+.841[{1—ﬂ+---:|}
z—1 2

nby=0841 at z=1. -~ ;“_‘; dz = 27i(~1+0.841) = i
2 2
16. — +13 =z +1[1—z+zz—---]. ~by=1at z=0
z(z+1) z
2 2 _ 2
b4 +13 _z +13 1 =(z+1) 2(Z3+1)+2(—1)[1+(z+1)+(z+1)2+~--]
2(z+1)°  (z+1)° 1-(z-1) (z+1)
B S - 2 S [T+ E+D)+(z+1)7 +-]
z+1 (z+1) (z+1)
2
Sbp=-142-2=-1 at z=-1. Cj) = +13 dz=27i(1-1)=0
z(z+1)
Jcoshrz _emte™ 1 g y(4xzeetlonzee). b =1 at z=0.
z(z+1) 2z(1+z) 2z
coshzz =~ -1 "D 7D

D) 2GeD) Ao aeeplrErDEllteeste]

coshrz
~by =1 at z=-1. '.'q‘)z(z+1)

dz = 4zi

111

+j

11 1 1/2 1/6i 1 1 (1)(1_2—3i/2+
422 +9 2z+3i 2z-3i 2z-3i/21+(2z-3i)/6i 2 z-3i/2

' (1 1
R 27rl(b1 losiya 1 |z:731’/2) = Zm(_' __j —0



2 2 .
20. J- dé 2=Cﬁ _ 4z 2£=Cﬁ —2421 2dZ
o (2+cos0) (z"+4z+1)" iz (z+.268)"(z+3.73)
z _ (z+.268)—.268 1/3.46°

(z+.268)°[3.46+(z+268)  (z+.268)" [1+(z+.268)/3.46]

o1 268 1 [1_z+.268+._}
z+.268 (z+.268)° |3.46° 3.46

, Zj do
o (2+cos 0)*

L (1 4 2x0.268 = —4i(0.0965) x 2771 = 2.43

by = —— ) = 0.0965.
3.46 3.46

2
22. I d«9' =35 21 - %=¢ 5 dz. =<ﬁ dz,z. There is no zero in the
o 2+2sin6 2+(z°-1)/iz iz z°+2iz-1 (z+1)
2
unit circle. .. J‘d—é),:(_)
o 2+2sind
2z 1/2 z +1/2° 2 2
o4, _[ c0s26d6 ¢ ) __lgg z°+1/z .
o 5—4cost 5-4(z" +1)/2z iz (z-2)(z-1/2)
2 2 .
( 1) 3 ( 1) z-1/2 4_2-1/2 [(z-1/2)-1/2]
z—=||—=+|z—-=
2 2 2 3/2
_ —2/3 {1 +4[1+]} 1+Z_1/2+
z-1/214 3/2
2
b, :(1+4j(—3j=—1—7. jﬂdez—z(_i)xzmzﬂ
4 3 6 oy D—4cosd 6\ 4i

26. The zero of 1+ z* in the upper half-plane is at z =1. It is a pole of order two. Hence,

op 2] 4] 2 ) i
A+2°) | dz|(z+i) ] 4

© 2

N PSP P S
"£(1+x2)2dx s =y -!(1+x) =zl
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1 3. i i i 1++/31
28. z* +z* +1 has zeros at zzz——i£z or z2 =e?/3 and /3, rz=¢ ’/3:—\/_

S Z
and z=¢"""° = _1+TJ§Z in the upper half-plane. The residues are

[1+ﬁi ’
bl=[z—1_ﬁij z |

I J -=0.25-0.144i
2 z° 4z +1|Z:L%

23 («/§1)21+2\EZ

(—1+«/§i}
—J3i 2 2
b2=(2+1 zﬁzj 2 1| = = J‘ ~0.25-0.144i
z +z"+ —1+3i + /31
<5 (iR

ST xldx . . :

o .[ ——— — =271(0.25-0.144: - 0.25-0.1441) = 1.81

cx +xt+1

30. z* +52% +4 = (z +2i)(z — 2i)(z +1)(z —1). There are two zeros in the upper half-plane at
z =2i, i. The residues are
1| 1 i
1522 14|, (B3)x4i 12 T odx (i
11 | " ( 12)

b, =(z—2i) -

7/6

Jox* +5x+4 —

b =(z-1)

2 +522 14|, 3x2i 6

i (Z )2 iz
dz (z—i)*(z+i)*|_,
_i2i)e’ —e72i(2) i

32. (1+z*)* hasazeroofordertwoat z=i. b, =

_i(z+i)’e” — e (z+i)2

(z+1)* (2i)* - 2’
Te i V4 T cosx
o ———dx =27 - |=Z. o[22 k=
_-[0(1+x2)2 * m( Zej e ;[)(1+x2)2 x=xle

113



1+1 —-1+1

34. 1+z* has zeros at z = in the upper half-plane:

7
. iz (1+i)/ﬁ
b, = (z - ﬂje—4 - = —0.00958 — 0.123i
V2 J1+z 140}/ 2 2(1+z 1+1j
V22
_ ; iz (-1+i) /N2
b, = (z - ﬂje—4 S = 0.00958 - 0.123i
N2 )12 e _2i(—1+1+—1+1j
V22
o dx = 27i(~0.246i) = 1.546. . j €08 dx =0.773
1+x* T+x'
—0 0
36. (z* +1)* has a zero of order two at z =i. Thus,
_d et _(z+ i)*4ie*™ —2(z +1)e*" _ _0.0229;
! (z+1)* _
00 4ix 00
[ g dx = ~0.0229i(27i) = 0.144. j COSAX 1~ 0.072
J(x"+1) O(x +1)
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Chapter 11 Wavelets

Section 11.2
2. j(l/t)zdt does not converge, so the function does not have finite energy.
0

/2
4. J' tan® t dt does not converge, so the function does not have finite energy.
0

9. f(t)= 34t) + w(t) — 10 yao(t) -5 yaa(t)

Section 11.3

5. One example is the function that equals 1 on the interval (0, 8], and zero elsewhere.

7. The second basis property is satisfied, but the third and fourth are not.
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