This is to solve the Sage portion of Chapter 4 of
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In [10]:

"A journey through the realm of numbers:

from quadratic equations to quadratic reciprocity."
# Testing the validity of the Fermat-Euler theorem

def fermat test(n):
return all([p==2 or p%4==1 or e%2==0 for p, e in factor(n)])
# tests whether all p congruent to 3 mod 4 appear with even power

fermat test(5)

True

fermat test(15)

False

def sum2sq(t=100): # list of sum of two squares
N = floor(sqgrt(t)) + 1
return [m"2+n"2 for m in range(1l,N)
for n in range(N)
if m"2+n"2 <= t]

def only if part(t): # first direction of Fermat-Euler
return all(fermat test(k) for k in sum2sq(t))

only if part(1075) # testing only if up to 1075
True
def if part(t): # second direction of Fermat-Euler

sumlist = sum2sq(t)
return all(not(fermat test(k)) or (k in sumlist)
for k in range(l,t))

if part(1075) # testing if up to 10"5

True

# Division with remainder and greatest common divisor



In [11]: def div rem(m, d): # assumes d!=0

z=m/ d

a = round(z.real()) # round does what it avertises
b = round(z.imag()) # real and imaginary parts
return m - (at+i*b)*d # returns only the remainder

In [12]: div_rem(3+2*i, 2+1i)

Out[l2]: -1
In [13]: def Euclid(ml, m2): # we assume ml!=0
if m2 ==
return ml # vanishing case
else:

r = div_rem(ml, m2)
return Euclid(m2, r) # ascent property

In [14]: ml = (1+i)*(2+i)"3%7
m2 = 2%5%(3+2%i)"2 # recall 5=(2+i)(2-1) and 2=-1i(1+i)"2
# so the answer should be (1+1i)(2+1i)
,ml," and ", m2,"is", Euclid(ml,m2), ".")

print ("The gcd of

The gcd of 91*I - 63 and 120*I + 50 is I - 3 .

In [15]: i*(l+i)*(2+1) # checking by hand using the unit i

Out[15]: I - 3

In [16]: def div rem2(m, d): # assumes d!=0
z=m/ d
a = round(z.real())
b = round(z.imag())
return (at+i*b, m - (ati*b)=*d) # returns quotient first

In [17]: div_rem2(3+2*i, 2+i)

out[17]: (2, -1)
In [18]: def Euclid2(ml, m2): # we assume ml!=0
if m2 ==
return (ml, 1, 0) # vanishing case
else:
(g, r) = div_rem2(ml, m2) # ml=q*m2+r, r=ml-qg*m2

(d, oldl, old2) = Euclid2(m2, r) # d=oldl*m2+0ld2*r
return (d, old2, oldl-g*old2)



In [19]: ml = (l+i)*(2+i)"3%*7
m2 = 2%5%(3+2%1)"2
print("The gcd of", ml," and ", m2,
d, cl, c2 = Euclid2(ml, m2)
print(d,"=(",cl,")*(",ml,")+(",c2,")*(",m2,").")

is")

The gcd of 91*I - 63 and 120*I + 50 is
I - 3 =( =20%I - 29 )*( 91*I - 63 )+( 30*I - 1 )*( 120*I + 50 ).

In [20]: cl*ml + c2*m2 # just checking if true

out[20]: I - 3

In [21]: # Testing irreducibilty (crudely) in the Gaussian integers

In [22]: def divides(d, m): # assumes d!=0
z=m/ d # checks for divisibility
return (z.real() in Integers()
and z.imag() in Integers())

In [23]: divides(2+i, 5)

Out[23]: True

In [24]: def Gaussian prime(p):
N p.real()”2+p.imag()"2
r floor(sqrt(N))
candidates = [ati*b for a in range(r) # looking for divisors
for b in range(r) # in first quadrant
if 1 < a”"2+b”2 and a”"2+b”"2 < N]
return N > 1 and all(not(divides(q, p)) for g in candidates)

In [25]: for b in range(6): # looking for primes 1in
for a in range(b,10): # first quadrant
if Gaussian prime(a + i*b):
print(ati*b, " is a Gaussian prime.")

3 1is a Gaussian prime.

7 1is a Gaussian prime.

I +1 is a Gaussian prime.

I + 2 1is a Gaussian prime.

I +4 1is a Gaussian prime.

I +6 1is a Gaussian prime.
2*¥I + 3 1s a Gaussian prime.
2*T + 5 1is a Gaussian prime.
2*I + 7 1is a Gaussian prime.
3*I + 8 1is a Gaussian prime.
4*I + 5 1s a Gaussian prime.
4*T + 9 1is a Gaussian prime.
5#*I + 6 1is a Gaussian prime.
5*I + 8 1is a Gaussian prime.

In [26]: # Working with modular arithmetic within Z/(d) in sage



In [27]:

Out[27]:
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out[28]:

In [29]:

out[29]:

In [30]:

out[30]:

In [31]:

In [32]:

Out[32]:

a = mod(2,10) # defines the residue class of 2 modulo 10

a”~10 # takes the 10th power
4
type(a) # remembers its nature

<class 'sage.rings.finite rings.integer mod.IntegerMod int'>

a.modulus () # and its modulus

10

Zd = Integers(10) # the quotient ring modulo (10)
table([[m*n for m in Zd] for n in Zd])

000O0O0O0OOO0OO0OO OO0
01234567289
0246380246 8
036 9 2528147
04826042826
0505050505
06 284062284
0741852963
08 6 420286 42
0987 65 4321

def mult table(p): # general mutltiplication table
Fp = Integers(p)
return table([[m*n for m in Fp] for n in Fp])

mult table(5)

0 00

1 2 3 4
4 3

2

oS O o o ©o

321



In [33]: mult table(7)

Outl331: 00 00 0 0 0
01 23456
02461 335
0362514
0415263
05316 42
06 54321
In [34]: def inv table(p): # awkward definition using our command

return table([[m, mod((Euclid2(m,p)[1l]/Euclid2(m,p)[0]),p)]
for m in range(1l,p)])
# we divide by the gcd in case it equals -1 instead of 1

In [35]: inv_table(5)

Out[35]: 1 1
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In [36]: inv_table(7)

Out[36]1: 1 1
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In [37]: def inv table(p): # using the build in modular division
return table([[m, m"(-1)] for m in Integers(p) if m!=0])

In [38]: inv_table(5)

Out[38]1: 1 1



In [39]: inv_table(7)

Out[39]:
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In [40]: # Analysing squares within Fp

In [41]: def is square(a=-1, p=13): # looks for a square root of a
found = false # modulo p
for b in Integers(p):
if b"2 == a:
found = true
break
return (found, b)

In [42]: 1is_square()

Out[42]: (True, 5)

In [43]: is_square(-1, 11)

Out[43]: (False, 10)

In [44]: def when square(a=-1, t=100):
for p in range(l, t):
if is prime(p):
(found,b) = is square(a,p)
if found:
print(a,

n

n

is a square modulo", p,

(because of ", b,").")

else:
print(a,

is not a square modulo", p, ".")



In [45]: when square(-1, 40)
# checks for a square root of -1 modulo all primes below 40

-1 1is a square modulo 2 (because of 1 ).
-1 1is not a square modulo 3 .

-1 is a square modulo 5 (because of 2 ).
-1 1is not a square modulo 7 .

-1 is not a square modulo 11 .

-1 1is a square modulo 13 (because of
-1 is a square modulo 17 (because of
-1 is not a square modulo 19 .

-1 1is not a square modulo 23 .

-1 is a square modulo 29 (because of 12 ).
-1 is not a square modulo 31 .

-1 1is a square modulo 37 (because of 6 ).

= O
S~ ~—
.

In [46]: when square(2, 40) # same but for square root of 2
2 1is a square modulo 2 (because of 0 ).
2 1is not a square modulo 3 .

2 is not a square modulo 5 .

2 1is a square modulo 7 (because of 3 ).
2 1is not a square modulo 11 .

2 is not a square modulo 13 .

2 1is a square modulo 17 (because of 6 ).
2 1is not a square modulo 19 .

2 1is a square modulo 23 (because of 5 ).
2 is not a square modulo 29 .

2 1is a square modulo 31 (because of 8 ).
2 1is not a square modulo 37 .

In [47]: # finding square roots in Z(n)

In [48]: def count(d=15):
Zd = Integers(d)
return len([a for a in Zd if a"2==1])

In [49]: count() # how many square roots of 1 exist in Z/(15)

out[49]: 4



In [50]:

In [51]:

Out[51]:

for d in range(2,20):
print(d, count(d))
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[d for d in range(2, 50) if count(d) == 2]

49]



In [52]: # This might lead one to conjecture the following criteria
# for precisely 2 square roots of 1 in Z/(d):
def prec2(d):

if d == 4: # d=4 is a special power of 2
return True # since it alone gives two roots

factors = factor(d)

if len(factors) == 1: # odd prime powers are ok
return factors[0][0]>2

elif len(factors) == 2: # twice an odd prime power is ok
return factors[0] == (2,1)

else: # in all other cases there are
return False # more square roots of 1

In [53]: # This tests our condition for d up to 1000.
all((count(d)==2) == prec2(d) for d in range(2,1000))

Out[53]: True

In [54]: # Using Zagier's proof for representing p as a sum of two squares

In [55]: def tau(x, y, 2z): # the first easy involution
return (x, 2z, y)

In [56]: def sigma(x, y, z): # the second more involved involution
if x<y-z:
return (x+2*z, z, y-xX-2)
elif x<2*y:
return (2*y-x, y, x-y+2z)
else:
return (x-2*y, X-y+z, V)
In [57]: def Zagier(p): # Zagler's proof reinterpreted
X, ¥, 2 = (1,1,(p-1)/4)
while y != z: # searching for a tau-fixed point
X, ¥, 2 = tau(x, y, 2)
X, vy, z = sigma(x, y, z)

return (x,y)

In [58]: Zagier(17)

out[58]: (1, 2)

In [59]: # Representing primes in the form a’2+d*b"2

In [60]: def sumsgd(d=1 ,t=100):
N = floor(sqgrt(t)+1)
list = [a"2+d*b"2 for a in range(N)
for b in range(N)
if is prime(a”2+d*b"2) and a”2+d*b"2<t]
return sorted(Set(list))



In [61]:

Out[61]:

In [62]:

Out[62]:

In [63]:

In [64]:

out[64]:

In [65]:

Out[65]:

In [66]:

In [67]:

sumsqd ()

(2, 5, 13, 17, 29, 37, 41, 53, 61, 73, 89, 97]

sumsqd(2)
(2, 3, 1, 17, 19, 41, 43, 59, 67, 73, 83, 89, 97]
list2 = sumsqd(2,1074)

for d in range(2,11):
print(d, Set([mod(n,d) for n in list2]))

2 {0, 1}

3 {0, 1, 2}

4 {1, 2, 3}

5 {1, 2, 3, 4}

6 {1, 2, 3, 5}

7 {1, 2, 3, 4, 5, 6}

8 {1, 2, 3}

9 {1, 2, 3, 4, 5, 7, 8}
10 {1, 2, 3, 7, 9}

# Hence congruences modulo 2,3,4,5,7,9 seem quite useless
# let us study a possible congruence condition modulo 6
all(p in list2 for p in range(1074)

if is prime(p) and mod(p,6) in [1,2,3,5])

False

# Ok, maybe we should use congruence modulo 8.
all(p in list2 for p in range(1074)
if is prime(p) and mod(p,8) in [1,2,3])

True

# This suggests (correctly) that a prime p is representable
# in the form a"2+2*b"2 if and only if p is congruent to
# 1,2, or 3 modulo 8.

# Let us repeat this with d=3 and replace our above guess work
# concerning the right congruence condition by checking all
# possible conjecture for d considered in some range.
list3 = sumsqgd(3, 1074) # all represented numbers below 1074
conglist = [(d, Set([mod(n, d) for n in 1list3]))

for d in range(2,11)]

# all congruences of these numbers for d<I11
for (d,cong) in conglist:

if all(p in 1list3 for p in range(1074)
if is prime(p) and (mod(p, d) in cong)):
print(d, cong)

3 {0, 1}
6 {1, 3}
9 {1, 3, 4, 7}



In [68]:

In [69]:

In [70]:

out[70]:

In [71]:

out[71]:

In [72]:

out[72]:

In [73]:

In [74]:

In [75]:

In [76]:

out[76]:

In [77]:

In [78]:

Out[78]:

# This suggests for primes p that p is representable in the form
# a"2+3*b"2 if and only if p=3 or p is congruent to 1 modulo 3.

def test3(n):
return all(p==3 or p%3==1 or e%2==0 for p, e in factor(n))
test3(3*5)

False

test3(3*%25)

True

sorted(Set(m”"2+3*n"2 for m in range(100)
for n in range(100)
if m"2+3*n"2<1074))\
== [n for n in range(1074) if n==0 or test3(n)]

True

# Hence the conjectured congruence modulo 3 and the generalization
# of the Fermat-Euler theorem also seem to work very well.

# Working with quadratic fields and its rings of integers directly.

# To define the ring of Gaussian integers we define the 'field'
K.<i> = QuadraticField(-1)

# and then use "maximal order" to define its ring of integers.
R = K.maximal order()

factor(R(60))

(-1) * (-1 - 2) * (i + 1)% * (2*1 + 1) * 3

# this shows that 60 factors as -i*(-i-2)*(i+1)"4(2i+1)*3

# we may instead have written —(1+i)"4#*3*(2+i)*(2-1)

# but these are equivalent factorizations (i.e. the same

# after permuting the factors and changing the primes by units)

# here is another example that we can set up just as quickly
K2.<r> = QuadraticField(-2) # here r=sqrt(2)*i

R2 = K2.maximal order()

factor(R2(60))

(-r = 1) * (r - 1) * r*4 = 5



In [79]:

In [80]:

In [81]:

In [82]:

In [83]:

In [84]:

Out[84]:

In [85]:

Out[85]:

# this shows that 5 remains a prime in Z[r], but 2 and 3 factor

print(is_prime(R2(2)), factor(R2(2)))
print(is_prime(R2(3)), factor(R2(3)))
print(is_prime(R2(5)), factor(R2(5)))

False (-1) * r"2
False (-r - 1) * (r - 1)
True 5

for p in range(40):
if is prime(p):
if is prime(R2(p)):
print(p,"stays a prime")
else:

U w N

7

11
13
17
19
23
29
31
37

print(p, "factors as", factor(R2(p)))

factors as (-1) * r"2

factors as (-r - 1) * (r - 1)

stays a prime

stays a prime
factors

stays

a

factors
factors

stays
stays
stays
stays

a

a
a
a

as (-1) * (r - 3) * (r + 3)

prime

as (-2*r + 3) * (2*r + 3)
as (-3*r + 1) * (3*r + 1)

prime
prime
prime
prime

# From the above we might notice a pattern modulo 8.
print(Set(mod(p,8) for p in range(1074)

{5

r T}

if is prime(p) and is prime(R2(p))))

# This suggests (correctly) that p is inert for R2 (i.e. stays a

# prime in R2) if and only if p is congruent 5 or 7 modulo 8.

# Equivalently p is ramified or split (becomes a power or product
# of primes) if and only if p is 2 or congruent 1 or 3 modulo 8.

# this matches an ealier answer above ....

K3
R3

.<s> =
= K3.maximal order()

QuadraticField(-3) # here s=sqrt(3)*i

# R3 is the ring of integers

print (factor(R3(60)))

(-1) * (=s)"2 * 272 * 5

(l+s) / 2

1/2*s + 1/2

(1+s) / 2 in R3

True

# the sixth root of unity

# belongs to the ring of integers defined above



In [86]: K5.<t> = QuadraticField(-5) # here t=sqrt(5)*i
R5 = K5.maximal order() # again the ring of integers

In [87]: factor(R5(60)) # this creates an error since the ring R5
# 1s not Euclidean and unique factorization
# doesn't work there



TypeError Traceback (most recent c

all last)

/Users/manfred/Documents/SageMath9/local/lib/python3.7/site-packag

es/sage/arith/misc.py in factor(n, proof, int , algorithm, verbose
**kwds)

2597 try:
-> 2598 return m(proof=proof, **kwds)
2599 except TypeError:

TypeError: factor() takes no keyword arguments

During handling of the above exception, another exception occurred

ArithmeticError Traceback (most recent c
all last)
<ipython-input-87-9ba465ada685> in <module>()
—~—--> 1 factor(R5(Integer(60))) # this creates an error since t
he ring R5

2 # is not Euclidean and unique factorizat
ion

3 # doesn't work there

/Users/manfred/Documents/SageMath9/local/lib/python3.7/site-packag
es/sage/arith/misc.py in factor(n, proof, int , algorithm, verbose
**kwds)

2599 except TypeError:

2600 # Maybe the factor() method does not have a proof
option
-> 2601 return m(**kwds)

2602

2603

/Users/manfred/Documents/SageMath9/local/lib/python3.7/site-packag
es/sage/rings/number field/number field element.pyx in sage.rings.
number field.number field element.NumberFieldElement.factor (build
/cythonized/sage/rings/number field/number field element.cpp:19566

) ()

1961 for P,e in fac:

1962 if not P.is principal():
-> 1963 raise ArithmeticError("non-principal ideal
in factorization")

1964 element fac = [(P.gens reduced()[0],e) for P,e in
fac]

1965 # Compute the product of the p®e to figure out the
unit

ArithmeticError: non-principal ideal in factorization



In [88]: # visualizing primes in Gaussian integers
prime list = []
for a in range(0,51):
for b in range(0,51):
if is prime(atb*i): # even 1+0#*i belongs to R

prime list.append((a, b))
prime list.append((a, -b))
prime list.append((-a, b))
prime list.append((-a, -b))

points(prime list, dpi=75, aspect ratio=1)

out[88]:




In [89]: # visualizing primes in
r3 = sqgrt(3).n()
prime3 list = []
for a in range(101):

for b in range(101):

the Eisenstein integers

if a+b < 101 and is prime(a+b*(1l+s)/2):

prime3 list.
prime3 list.
prime3 list.
prime3 list.
prime3 list.
prime3 list.
points(prime3 list, dpi=

Out[89]:

In [ ]:

append((a+b/2, b/2*r3))
append( (atb/2, -b/2*r3))
append((-a-b/2, b/2*r3))
append((-a-b/2, -b/2*r3))
append((a/2-b/2, (a+b)/2*r3))
append((a/2-b/2, -(atb)/2*r3))
75, aspect ratio=1l)




