Formulas of the Form
T N
k— = ¥ m;arctan (%)
4 1=1 v

the 1-term formula:

2-term formulae:

by Jorg Arndt arndt@jjj.de

N

= arctan(1)

{3

N

arctan (%) + arctan (%)

{5} (Euler, 1706)

g 2 arctan (%) — arctan (%)
{5} (Herman, 1706)

T 1 1

1 2arctan (3) + arctan (%)

N

{5} (Hutton, 1776)

4 arctan (%) — arctan (2—1@)

{13} (Machin, 1706)



3-term formulas:

N

o3

o) 3

NS N N N N N N N N

N

2 arctan (%) — arctan (%) — arctan (3%)
{641}

1 1 1
3arctan () + 2arctan (73) + arctan (5g)
(5,17}

1\ _ 1y _ 1
5arctan (3) — 2arctan (gg) — arctan (77)
(5,37}
3arctan ( 1) + arctan ( 1 ) + arctan ( 1 )

1 20 1985
{17,401}

1 1\ 1
5arctan () + 2arctan (53) — 2 arctan (1zg)
(5,53}

1 € 1
5arctan (5) + 2arctan (55) — 2 arctan (5p57)
(5,677

1 1 1
Sarctan (7) + 2arctan (5=) + 2 arctan ({g5g)
(5,73}

1 1 1
Sarctan (7) + 2arctan (gg) + 2 arctan (73)
{5,157

1 1 1
Sarctan (7) + 2arctan (3) + 2 arctan (gg)
(5,37}

1 1 1
Sarctan (7) + 4arctan (g5) + 2 arctan (773)

{5,181}

) + arctan (%)

T

6 arctan (%) + 2arctan (

{5,18} (Stormer, 1896)

8 arctan (110) — arctan (2—1@) — 4 arctan (5%5)

{15,101} (Klingstierna)
1 1y 1
12 arctan (1g) + 8 arctan (=) — 5 arctan (53g)

{5,138} (Gauss)



4-term formulas:

AN N e e N e N e e N e N e

N

3arctan(%) + 4arctan(1—13) + 2arctan(%) + 2arctan(1—13)

{ 5,17,89}
1 1 1 1
11arctan () + 4 arctan (gz3) + arctan (13g3) + 2 arctan ({j13)

{5,157,197}

44 arctan (%I) — 9arctan (Q_IE) — 16 arctan (B—é—g) — 12 arctan (1—2—5—4—3)

{5,18,61}

12 arctan(TlS) — arctan(z—lﬁ) — 4arctan(5é—0) — 4arctan(T711—0)

{ 13,118,229}

10 arctan (T17) + 2arctan (318) + Tarctan (leI) — 4 arctan (%7)

(5,17,29}

12 1 1y 1y L
arctan (=) + 8arctan (g=) — 5 arctan (535) — 12 arctan (557)

(5,13,29}

) — 8arctan(2—9l4—g)

g

) + 3arctan (

-

12 arctan (118) + 8arctan (

{6,138,41}

12 arctan (118) + 3arctan (710) + 5arctan (glg) + 8arctan (3—(1?7)

{5,13,29} (Bennet)
1 1 1 1
12 arctan (15) + 8arctan (gg) + 3 arctan (535) + 8 arctan (g37)

{5,13,29} (D.H. Lehmer, 1938)

12 arctan (118) + 8arctan (1—(1)—9) + 11 arctan (Q_IE) — 8arctan (6_8_2_(133_1—8)
{5,18,457}

44 arctan (1—18) — 23 arctan (%) + 8arctan (6%) — 16 arctan ( 12543)

Q0|

{5,13,61}

1 1 1 1
16 arctan (57) + 3 arctan (535) + 4 arctan (g57) + 4 arctan (1ggx)
{18,17,401}

1 1 1 1
10arctan (55) + 7arctan (g7) + 12arctan (==) + 2 arctan (g753)
{5,29,97} (Stormer, 1896)

) + 10 arctan (STll—g) + 5arctan (BUITZ)

o

17 arctan (213) + 8arctan (

{5,53,373}

17 arctan (57 ) + b arctan (318) + 3arctan (2—0157) — 10 arctan (%12—7)

N

{5,17,677}

1

12 arctan (5 L L

) + 20 arctan (g ) — 5 arctan (537) + 12 arctan (

I~

13)

%
|



NS N N N N N

N

{ 5,18,157}

22 arctan(zlg) + 2arctan(zpll—3) — 5arctan(1—1m) —-10 arctan(Tr(l)—rg)
{ 5,157,197} (Escott)

24 arctan (55 ) — 4 arctan (5%) + 7arctan (2—1@) — 12 arctan (1—2—%—%)

M-

{5,18,421}

1 1

12 arctan (%) + 20 arctan (g5 ) + 7 arctan (535) + 24 arctan (55z)

T

{ 5,18,17} (Gauss)

1

12 arctan (4g) + 32 arctan ( L

) — barctan (535) + 12 arctan(n—olﬂ—g)

-

{5,18,1201}

) — 5arctan(z—lm) +12 arctan(zﬂlz—g)

-

24 arctan (513) + 20 arctan (
{5,13,281}
1 1 1 1
20 arctan (g=) + 24 arctan (gg) + 12 arctan (117) — 5 arctan (535)
{5,13,37}
44 arctan (5%) + Tarctan (Q_IE) — 12 arctan (B—é—g) + 24 arctan (1—2—5—4—3)

{5,18,61} (Stormer, 1896)



H-term formulas:

|3

N

N

N

N

N

N

) + 2 arctan (QL) + arctan (%) +

ST

11 arctan (

Ne/

—2 arctan (WIQ) — 2arctan ( 126411557)
{5,13,29,53,197}

22 arctan (2%) + 12 arctan (@%—2) + 2arctan (T0l6_8) -
—5 arctan (Tl%) — 10 arctan (ﬁ)

{5,78,197,421}

22 arctan (312) + 17 arctan (1%2) + Tarctan (ﬁ—g) -
—5 arctan (Tl()?)) —12 arctan(301i557)
{5,41,58,101}
1 1 1
68 arctan (gg) — 12 arctan (117) + 39 arctan (535) +
+20 arctan (ﬁ) — 24 arctan (%)
{5,13,29,37}

56 arctan (glg) + 27 arctan (2—1@) + 32 arctan (3_(%7) +

+12arctan (ﬁ) — 12 arctan (39:1))07)
{5,18,29,97}
1 1 1
44 arctan ({{jg) + 95 arctan (535) — 12 arctan (ggy) +

+24 arctan ( 12543) — 44 arctan (682(13318)

{5,18,61,457}

88 arctan (ﬁ—I) + 7arctan (2—1@) — 44 arctan (5%5) +

+32arctan (@) + 24 arctan ( 12543)

{5,18,61,101}

88 arctan (TITZ) + 51 arctan (Q_IE) + 32 arctan (G—é—g) +

+44 arctan (53157) + 68 arctan (1—2—5—4—3)

{5,13,61,97} (Stormer, 1896)

1

88 arctan (1—5—2) + 39 arctan (535) + 100 arctan (5%5) -

—32 arctan (T016_8) — 56 arctan (TTIWQ)

{5,18,73,101}

(43)

(46)

(48)



6-term formulas:

T
134 —
34

N

N

N

N

N

N

N

N

N

N

227 arctan(%) — 13 arctan (@) + 12 arctan (_20159) +

+24 arctan (%) — 6arctan (ﬁ) + 20 arctan ( 12543)

{5,18,41,61,97}

200 arctan(g%) +81 arctan(z—lﬁ) + 4 arctan (Zﬂlg‘g) -

—32arctan (ﬁgs) — 4 arctan (39:1))07) — 64 arctan ( L 1)

(@)
o0l
Ne
—|

{5,13,29,97,421}

100 arctan (2%—6) + 71 arctan (2—(13-5) + 24 arctan (T0l6_8) +

+39 arctan (ﬁ) + 44 arctan (Wl(ﬁ) + 56 arctan (ﬁ)

{5,18,87,78,97}

7 arctan ( L)+ 176 arctan (5i=) + 44 arctan (7ir ) +
239 293 616

+32arctan (@) + 132 arctan (31—141) — 64 arctan ( 12543)

{5,18,17,61,101}

27 arctan ( L ) + 200 arctan (k=) + 68 arctan (g ) +
239 307 4193

1 1
+56 arctan ({5535) — 68 arctan (gg3g7) + 112 arctan(58£1)11)
{5,13,29,97,421}

95 arctan (2—1@) + 44 arctan (5%5) + 32arctan (6%_2) +

+176 arctan(%) + 88 arctan(ﬁ) + 112 arctan ( 12‘})43)
{5,18,61,101,401}

183 arctan (2—%3) + 44 arctan (5%5) — 56 arctan (B—é—g) +

+88 arctan (ﬁ) + 7arctan (%) — Tlarctan ( 12543)

{5,18,41,61,101}

127 arctan ( L ) 4+ 100 arctan L ) + 88 arctan (im) —
265 515 697

—32 arctan (T0l6_8) + 39 arctan (2—41%) — 56 arctan (TTIWQ)

{5,18,87,78,101}

68 arctan ( L) + 115 arctan (mi=) + 32 arctan (54 ) +
268 307 147

+95 arctan (1—1;4—3) + 51l arctan (371%_0_8) + 39 arctan (2171—%79)

{5,18,17,29,53}

183 arctan (2_(13‘8) + 32 arctan (B—é—g) + 95 arctan (TSIG_g) +

+44 arctan (21—6%—2) — 166 arctan(D—é—B) — 5l arctan (32%07)

{5,18,17,61,89}

337 arctan(?)—(lﬁ) — 193 arctan (21—(13—3) + 151 arctan (Zﬂlg—g) +

+305 arctan(zml%v) — 122 arctan (@—%7) —83 arctan(@—olﬂ—?)

(52)

(57)

(60)



N

N

{5,18,17,29,97}

100 arctan (515

1

1

) + 127 arctan (3—178) + 71 arctan (5%7) -
1 1

—15 arctan (m—g) + 66 arctan(m) + 44 arctan (W)
{5,13,17,41,78}

322arctan (7=

+156 arctan (

1

{5,18,61,89,197}

) + 76 arctan (@) + 139 arctan (%) +

1 1 1

m) + 132 arctan (m) + 44 arctan (m

)



7-term formulas:

T
2L
64

N

N

N

N

N

N

537 arctan (1—11) + 43 arctan (ﬁ) — 52 arctan (_55107) +

+6 arctan (Wug) + 138 arctan(né%) + 112 arctan (32%;07)

+26 arctan (TS’Tlm)

{5,18,87,61,89,97}

44 arctan (5%5) + 95 arctan (5?1)_8) + 127 arctan(B—é—Q) +

+176 arctan (’Té_i) + 95 arctan (T0l6_8) + 88 arctan(zfolm) +

+17 arctan(m—é—[g)

{5,18,61,78,101,401}

[u—y

366 arctan (5—%7) — 12arctan (ggy) + 44 arctan ( 10123) +

+183 arctan (Tlm) — 44 arctan (SBlﬁ) + 24 arctan (1—2—5—4—3) —

Q0|

—88 arctan (B—gQ%—m)
{5,13,61,229,197,457}

215 arctan(B—é—Q) + 827 arctan(ﬁ%—g) — 139 arctan (21—616—2) -

—349 arctan (o3 ) + 132 arctan (gagz) — 366 arctan (ggi=r) —
—183 arctan (m)

{5,18,17,61,89,233}

537 arctan (7—16) + 44 arctan (ngﬁ) + 259 arctan (—55107) +

+156 arctan (1—2—5—4—3) — 171 arctan (TTé_Q_S) + 227 arctan(3—2—é—07)
+139 arctan (TS’Tlm)

{5,18,87,61,89,97}

1074 arctan(ﬁ%—g) + 657 arctan (21—616—2) + 183 arctan(53157) -

—779 arctan(n—é—[g) - 32 arCtan(TTé‘Q‘g) — 449 arctan(3—2—é—07) +

+398 arctan (3_9_0l1—1—2)
{5,18,17,61,89,97}
1587 arctan (qges) + 205 arctan (7hz) + 593 arctan (yo5) +

1 1

+359 arctan (gg357) + 481 arctan (gxppz) + 625 arctan (2—1—11050) -

—708 arctan (3_9_0l1—1—2)

{5,18,17,29,97,433}

(65)

(66)



primes := subset of 5,13,17,29,37,41,53,61,73,89,97,101,109,113

g = 4arctan(%) - arctan(z—lm)
{13}

% = 12arctan (118) + 8arctan (5%) — barctan (Q_IE)
{5,138}

T = 4darctan (l) + Tarctan (L) — 12 arctan (L) + 24 arctan ( 1 )

4 57 39 682 12943
{5,13,61}

T - 88 arctan ( 1 ) + 39 arctan ( 1 ) 4+ 100 arctan ( 1 )

4 192 239 515
—32 arctan (1—016—8) — 56 arctan (TTIWQ)
{5,18,78,101}

To_ 1 1 1

il 100 arctan (37q) + 127 arctan (g75) + 71 arctan (gz=)
—15 arctan (Tol@) + 66 arctan (2—9%1—3) + 44 arctan (2[78_1707)
{5,13,17,41,73}  cf. formula 63

To_ 1 1 1

Z = 1074 arctan (Tsa—g) + 657 arctan (m) + 183 arctan ('5357)
—779 arctan (1—2—5—4—3) — 32 arctan (TTé_Q_S) — 449 arctan (3—2%—07)
+398 arctan (3—9—0l1—1—2)
{5,13,17,61,89,97}  cf. formula 70

T _ 1 1 1

il 1074 arctan (7575) + 1257 arctan (g5e=) + 1731 arctan (g157)
+295 arctan (1—2—5—4—3) + 625 arctan (1—9170_3) — 481 arctan (3—2%—07)
—1042 arctan (3—9—1%7) + 398 arctan (3—9—0l1—1—2)
{primes}

To_ 1 1 1

Z = 7162 arctan (m) + 3796 arctan (m) + 2558 arctan (m)
+2729 arctan (M—IITQ) — 708 arctan (5T1%7) + 2192 arctan (ml%—g)
2805 arctan (x37g) — 3696 arctan (geygg) — 2407 arctan (syspag)
{primes}

T _ 1 1 1

il 2805 arctan (gge=) — 398 arctan (ggag) + 1950 arctan (15573)
+1850 arctan (gyagg) + 2021 arctan (=g ) + 2097 arctan (gei=s)
+1484 arctan (ml%—g) + 1389 arctan (m) + 808 arctan (21'8"5179_8)
{5,18,17,29,37,41,53,61} (Gauss)

T = 50539 arctan (xrige) + 1555 arctan (1 )

4 51387 114669

—~6601 arctan ({x37g) — 20678 arctan (ggiyy) — 5617 arctan (;geygg)
—64126 arctan (BT%—Z?) =+ 10958 arctan (E821—9—3—3) — 30569 arctan (m)

+23407 arctan (s + 25433 arctan (symey7)

{primes}



N

N

N

36462 arctan (ggo7y) + 135908 arctan (4grygg)

+274509 arctan

5E30sz) — 39581 arctan (Tggigzs)
1 ) — 114569 arctan(m)

/

(
+17847T arctan (
(

146571 arctan ({ggrsggy) + 61914 arctan (smmdo=r)

%

~69044 arctan (o) — 89431 arctan (yyrosgsgs)
—43938 arctan (y1gg3757g0)

{5,18,17,29,87,58,61,89,97,101}

446879 arctan (ggaggy) + 172370 arctan ({gzamgg)
193720 arctan ([ggagzg) + 369078 arctan (stsos)
+18231 arctan (gypissy) + 21339 arctan (gp75057)

154139 arctan ((ggmto) — 110109 arctan (1ggrsggy)
+80145 arctan (sy=ogym;) — 223183 arctan (ppperg)

107662 arctan (syrosgsgy) — 216308 arctan (s1ggs-sras)
{primes}

872408 arctan ([ggagzg) + 619249 arctan (smgrees)
+369078 arctan (sprgng) + 18231 arctan (gypiss=)

—1217159 arctan (m) + 911989 arctan ( 622%)244)

+783649 arctan (1ggsgay) — 70886 arctan (syrgoyry)
374214 arctan (soyyy) — 1044789 arctan ({pgrs3g0s)
+339217 arctan (syyysgsgs) — 446879 arctan (sgygtoess)

(

+402941 arctan mglm)
{primes}

(82)



