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3 Quantized transport

While the conductance quantization observed in ballistic QPCs can be naively understood as
the perfect transmission of the one-dimensional subbands defined in the ballistic constriction this
explanation raises many fundamental issues. Here an overview of the important theoretical results
and predictions is presented, and the relevant experimental data provided and discussed.

3.1 Overview of the theory

The current carried in a single one-dimensional subband can readily be shown to be related to the
integral over the product of the density of states, D(e), and the velocity, v(e), of the electrons.
Regardless of the exact nature of the subband dispersion this product can be simply rewritten as
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D(e) -v(e) = D(k) % ndn (40)
In the linear response limit this cancellation gives rise to a current per subband of (e?/wh)V
where V' is the voltage applied between the reservoirs. This is the conductance quantization and
the observation of conductance steps of magnitude 2e%/h suggests simply that the number of
one-dimensional subbands has changed accordingly, and that the conductance of each subband
adds as expected in a parallel configuration. While this explanation could be plausible for a long
one-dimensional channel with translational invariance along its length, it is difficult to see how
it applies directly to the narrow constriction of a ballistic QPC. Shortly after the experimental
observation of conductance quantization a number of theoretical approaches appeared to explain
the effect in more detail. Broadly speaking two distinct approaches to the problem were considered;
adiabatic models in which the confining potential of the QPC gives rise to a smooth transition,
and hence transmission, of the one-dimensional modes, or alternatively wavefunction matching
schemes in which the perfect transmission results from a perfect coupling to the channel modes.
While both approaches manifest many similarities, and indeed provide an excellent description of
the quantization, several subtle differences arise which warrant particular attention.

3.1.1 The adiabatic model

The essence of the adiabatic model of transmission in a ballistic QPC is that the lateral confinement
generated by the split-gate electrode configuration results in a slowly varying potential along the
length of the QPC (Fig. 13).
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d.(x) X
¢ Fig. 13: The geometry assumed within the simple
adiabatic model [88G2] is schematically illustrated.
Only within the central region, x < R, is the adia-

batic approximation strictly valid.

The variation in width of this confining potential is required to be small at the scale of the
Fermi wavelength. Under such conditions an adiabatic separation of variables in the Schrodinger
equation is possible [88G2],

h? d2%y
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with the quantization energies
2n2h?
én(?) 2m*d?(z) (42)
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where d(x) is the position dependent width of the narrow constriction, and n the 1D subband
index. The quantization in the 2D plane is here ignored and the confining potential is assumed
to be hard walled. The corresponding solutions of the one-dimensional Schrodinger equation are
either travelling waves or exponentially damped solutions, depending upon the value of E — ¢, (z).
The narrowest point of the constriction d. = d(x.) thus determines the critical energies €, (z.) and
hence the number of one-dimensional channels contributing to the conductance.

Within the adiabatic model the wavefunctions associated with each subband are smoothly
transformed along the channel and there is no wavefunction mixing between subbands. Hence
the nalve calculation of conductance discussed above remains valid, and the total conductance is
given simply by (2e2/h)n. where n. = Int[kpd. /7], i.e. the number of subbands with critical energy
smaller than the Fermi energy. The smooth variation assumed above for the channel geometry leads
to a particularly simple formula for the transition region between quantized steps in conductance,

5G— 2¢? 1
h 1+ exp(—2zn2y/2R/d.)

where R is the radius of curvature of the constriction at its narrowest point and z = (kpd./m —nc)
a parameter to describe the continuous change in kr (or energy) required for the observation of a
conductance step. It is important to note that the adiabaticity assumed in this model is strictly
local; the gradual variation of the width will inevitably break down at the interface between QPC
and reservoirs. However, providing the length of the constriction is significantly larger than v/ Rd.
then these accommodation regions do not contribute to the QPC resistance.

(43)

3.1.2 The Wide-Narrow-Wide geometry

An alternative description of the conductance quantization can be given by considering the trans-
mission in the so-called Wide-Narrow-Wide (WNW) geometry [89S6]. In this geometry the width
of the conducting region changes abruptly at the entrance to the QPC and remains constant along
the channel length, as shown in Fig. 14.

W w Fig. 14: The wide-narrow-wide geometry consid-
T ered in the text is schematically illustrated. Both
v L L the length L and the width w’ are comparable with
the Fermi wavelength, and W is considered macro-
«— scopic.

In order to calculate the conductance the scattering matrix for the system must be determined.
Although there is still some debate as to which version of the Landauer-Biittiker formula is most
appropriate for such a calculation the correct result can be derived from the two-terminal formula

=2 P (44)
- h nm .

Here t,,,,, are the transmission amplitudes between tranverse modes m and n far from the constric-
tion. The essence of the problem lies in the mode conversion which takes place at the entrance
and exit of the QPC. Even in the absence of adiabatic transport, as discussed above, the states
with lateral-quantization energy well below the Fermi energy couple well to the reservoirs and are
almost perfectly transmitted (T, = |tnn|?> ~ 1). Indeed, for the simplified problem of a semi-
infinite channel the transmission approaches unity very quickly as a function of the dimensionless
parameter A = kpw' /7 as shown in Fig. 15.
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Fig. 15: The transmission coefficient 7T, for a Fig. 16: The conductance G(er) for various aspect
Wide-Narrow-geometry is plotted as a function of ratios a = L/w’. The dashed line of the top trace

the dimensionless parameter A = kpw'/m for var- is the weakly modified conductance due to tapering
ious numerical models and theoretical approxima- [89S6]. Inset is the tapering geometry assumed for
tions [8956]. a=15.

A further important result of the WNW model lies in the dependence of the calculated trans-
mission upon the channel aspect ratio L/w’. The coherent reflection of the channel modes leads to
resonant structure in the transmission for large aspect ratios. The resonant structure is most pro-
nounced at the onset of transmission and decays rapidly as the transmission coefficient approaches
unity for large energies. Nevertheless, the calculated resonant structure is comparatively robust
and is not significantly damped when a tapering between the QPC channel and the wide reservoirs
is included, as illustrated in Fig. 16 for an aspect ratio of a = 0.25.

3.1.3 Quantization

An elegant analytical solution for an adiabatic channel is that for hard-walled hyperbolic confine-

ment [89K1], where
2 2

(CCgSO%)2 a (CSianz)Z =1 (45)

defines the explicit form of the hyperbola. In such a system the separation of the variables can
be achieved using (modified) Mathieu functions and elliptic coordinates. The current through
the QPC is then evaluated using linear response and a knowledge of the current-density operator
within the 2D-plane. The calculated conductance quantization shows well-defined steps which
qualitatively improve for larger values of the asymptotic angle a (see Fig. 17).

A related adiabatic model which removes the necessity for hard-walled confinement has also
been considered [90B2]; here the confining potential in the 2D-plane is taken to be

1 1
Viz,y) =V — imwfxz + Emwfyz. (46)
The separation of the motion in such a saddle point constriction is straightforward and the resulting
transmission easy to calculate. Steps in the conductance are derived as a function of the Fermi
energy of the system, where the energy interval required for each step is determined by hw, as
shown in Fig. 18. Clear quantization is expected when hw, > fw,.
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Fig. 17: The conductance of the hyperbolic con-
striction as a function of the normalised energy
parameter qr = mepc®/2h*. The various traces
(a,...,f) correspond to values of the asymptotic
a =0, 7/16, 7/8, 7/6, /4, and /3, respectively
[89K1].
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Fig. 18: The single-channel T}, and total trans-
mission probabilities as a function of energy in units
of hw, [90B2] for hwy = 3hw,. As explained in the
text clear quantization in units of (n + 1/2)hw, is
observed in the limit of Awy, > hw,. The quan-
tized conductance in units of e?/h results from an

omission of the spin degeneracy.

Many of the early theoretical publications which attempted to explain the conductance quan-
tization relied upon simple WNW geometries with either hard-walled or parabolic confinement in
the direction perpendicular to the current. An interesting feature which was found in a number
of papers [88I, 93X] was the expectation that the conductance quantization is not specific to 2D-
structures and could in theory also be observed for systems with many occupied 2D-states, i.e. in
systems of finite lateral extent in both directions perpendicular to the transport direction. Indeed
for the 3D-1D-3D structure [93X] with square cross-section conductance steps of magntiude 4e?/h
result from the possible mode degeneracy within the constriction itself. The treatment of the
QPC boundaries to the surrounding reservoirs is critical, and even in WNW structures artificial
adiabaticity has been invoked [88]] to reproduce qualitatively the experimental quantization. In a
WNW geometry with parabolic confinement [88K2, 89K5] the effect of resonant coupling between
the reservoirs has been investigated as a function of channel length (see Fig. 19). The resonant
peaks in the conductance are associated with length resonances where the channel length is equal
to an integral number of half wavelengths of the Fermi electrons. Interestingly these modes have to
be adjusted for weak end effects and can be understood as the electronic analogue of the acoustic
modes of an open organ pipe.

An interesting extension of the picture of resonant transmission considers the diffraction of the
electronic waves at the entrance and exit to the QPC [88L2]. In a particularly elegant derivation,
which exploits the reciprocity principle, the channel conductance for a single subband can be shown
to be given by

62 |T|4
- mh4(1—|T|?)sin2¢ + T4

(47)

where ¢ is the phase shift along the length of the constriction, and |T'| the transmission at the
entrance integrated over all angles for fixed energy. A quantized conductance is attained either
when there is no diffraction at the exit of the constriction, or when there is resonant transmission
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(sing = 0). The latter effect is most important as the modes are switched into the conductance,
while the former is the case for the high-energy limit and explains the quantization seen in this
limit.

WNW geometries have also been considered within the framework of tight-binding Hamiltonians
[89H2, 89vdM, 89H3, 93H1]. The ballistic constriction itself can be modelled as a simple aperture
within the 2D-lattice, or indeed as a set of lattice points with arbitrary geometry [89H2, 89vdM].
Using this technique it has been found that the conductance quantization is most clearly visible for
channel lengths L. ~ 0.32/nAr where n is the subband index; for shorter channels the increase in
conductance with width (or equally Fermi energy) is almost monotonic, while for longer channels
the resonant structure becomes pronounced and leads to significant deviations from quantization.
Alternatively, the QPC can be modelled with additional tight-binding reservoirs [89H3, 93H]I]
with considerably more lattice points. Systematic studies which include the influence of scattering
have been performed using this technique and are discussed below. A tight-binding Hamiltonian
defined on a rectangular lattice has also been investigated in a simpler geometry [88K4, 89M];
here the reservoirs were incorporated into the rectangular lattice, albeit as field free regions. The
translational invariance defined in this geometry implicitly yields a truly one-dimensional channel;
the expected conductance quantization was derived and, in contrast with the WNW models, found
to be independent of channel length.

A cylindrical geometry [88J], whose circumference models the channel length, has been invoked
in analogy with similar models of the quantum Hall effect (QHE). In this geometry the definition
of an applied voltage can only be indirectly derived through differing chemical potentials for the
two directions of motion around the cylinder. The authors are nevertheless able to determine
the device conductance and suggest that the zero-temperature two-terminal conductance in the
absence of all scattering is always quantized, regardless of the actual constriction width.

Clearly, the quantized conductance can be explicitly derived within the framework of a large
number of alternative theoretical descriptions. Both within the adiabatic model and WNW models
it is explained as the perfect transmission of the finite number of occupied modes in the constriction.
The somewhat suprising fact that a ‘perfect’ conductor can have a finite resistance has now been
understood as the inevitable contact resistance between constriction and reservoirs. In the context
of the Landauer-Biittiker formalism (see Eqn. (44) above) the perfect transmission of channel
modes tp;, & dny, Means that mixing between the transverse modes is unimportant. While this
picture gives us a good description of such non-local properties as the two-terminal conductance,
a microscopic picture of the local electrostatic potential, and local density of states is lacking. The
former problem has been addressed using an exact formulation of the Landauer resistivity dipole
[91Z, 98U] for a simple model potential. It has been shown that the voltage drop along the channel
is approximately linear, is concentrated symmetrically at the entrance and exit to the QPC, and
that there is no potential drop at the narrowest point of the QPC, in marked contrast to a classical,
diffusive channel.

Finally, a somewhat exotic derivation of the quantized conductance has been given from a
thermodynamic analysis of the quantum electrodynamical properties of a one-dimensional sys-
tem [88W3]. The quantized result is explained as the radiative impedance of a one-dimensional
transmission line, whose impedance can be related to the capacitance and inductance per length.
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3.1.4 Finite temperature

The effect of a finite temperature on the conductance of a QPC will be determined by the tem-
perature dependence of the Fermi distribution and the consequent occupation of electronic states
at the Fermi energy. In adiabatic models this leads to a thermal broadening of the conductance
steps between quantized values for [88G2]

nh?
my/2Rd}

when thermal broadening exceeds the broadening related to the geometry as given in Eqn. (43)
above. For WNW models the effects of finite temperature are twofold: first at intermediate tem-
peratures the oscillatory structure resulting from the length resonances should disappear and,
within the framework of such models, should lead to the observation of well quantized conduc-
tance plateaux, as shown in Fig. 20. At higher temperatures the broadening between conduc-
tance plateaux becomes significant as in the adiabatic model. At highly elevated temperatures
kT > Ae,(~ ep/n) it is to be expected that the conductance quantization disappears completely.
Whether or not such thermal effects are observed experimentally will depend critically upon the

ksT > (48)
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/‘/\ Fig. 20: The temperature dependence of the chan-
) nel conductance in the WN'W model [89S6] is shown
as a function of the channel width. The parameter
To = 0.02¢r is chosen such that typical experimen-
1 2 3 4 tal data correspond to T' =~ 3Ty. The dashed line
w’ (Ap/2) —_— shows the exact numerical result at 7' = 0.

temperature dependence of other system parameters in real devices. In particular the assumption
of ballistic transport requires both elastic and inelastic scattering lengths significantly longer than
the channel length. While the former is strongly dependent upon the material quality the latter
exhibits a strong temperature dependence in semiconductors at low temperatures.

3.1.5 Sample geometry

The comparative robustness of the conductance quantization in high-mobility samples at low tem-
peratures leads one to suspect that the sample geometry plays a subsidiary role in determining the
conductance characteristics. Theoretically, this robustness can be understood within the adiabatic
model if the channel length (i.e. the region over which the adiabatic separation is valid) exceeds a
certain critical length, L > L. = v/Rd.. Nevertheless the detailed form of the channel geometry
may well be significant; a more rigorous analysis of the conditions under which a smooth channel
variation can be expected to yield good conductance quantization has shown that the wavefunction
matching between channel and reservoirs when adiabatic conditions break down is of the utmost
importance [90Y1]. If the number of occupied transverse modes at this point is small compared
with the total number the channel can theoretically accommodate then the matching is optimal
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and the conductance quantization is good, even though mode conservation in the reservoirs is not
given.

The simple adiabatic picture of quantum transport in QPCs has been extended [90G2], and the
difference between local and global adiabatic regimes discussed. Within this picture the quantized
conductance is a manifestation of local adiabaticity at the narrowest point of the constriction.
However, mode conservation is not given throughout the device, and each QPC mode couples
to many modes in the surrounding 2D reservoirs. Mode conservation over the entire device ge-
ometry, corresponding to global adiabaticity, is given only in the limit of a finite perpendicular
magnetic field. The critical field necessary for global adiabaticity scales with the mode index and
is approximately given by

B2 / )\ 3/2 2 3/4
B~ 0.33Vn = (%) (ln 2l ) (49)
€

in the low-field limit. Such global adiabaticity is particularly important for the explanation of the
magnetic field dependence of the conductance quantization considered below.

For WNW models a clear quantization corresponds to an intermediate channel length which
suppresses the tunneling of states above the Fermi energy but which is sufficiently short to prevent
resonant effects resulting from the channel length. As discussed above [89S6] tapering of the
WNW at the ends of the constriction does not signifcantly dampen the magnitude of the expected
length resonances. However, a systematic theoretical study [91T] has shown that wedge shaped
geometries provide for better quantization as the opening angle of the wedge increases (i.e. for
point-like geometries) as shown in Fig. 21. For very sharp geometries the conductance quantization
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Fig. 21: The conductance G(w) for wedgelike QPC Fig. 22: The conductance G(w) for tapered QPC
geometries is plotted for various opening angles of geometries is plotted for different taper angles as a
the wedge as a function of the channel width [91T]. function of the channel width [91T].

weakens and a monotonic increase in conductance with QPC width is observed as discussed before
[89H2, 89vdM]. Interestingly, analysis of the tapered geometries suggest that here also a small
amount of tapering is sufficient to remove the length resonant structure (see Fig. 22) which then
reappears as the tapering becomes more abrupt. This result is in contrast with previous work and
it has been suggested [91T] that there exists an optimal opening angle between 85° < a < 90° for
the observation of conductance quantization.
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The dependence of the quantization upon the channel size has been considered in a two-
dimensional QPC where the active channel ranges from a mesoscopic wire to a single atom, the
latter limit being of interest for the investigation of metallic QPCs [95M1]. With the WNW
geometry assumed the essential features common to all such models are clearly reproduced.

Nonadiabatic models for the ballistic transport in mixed geometries, i.e. constrictions with a
smooth but sharp geometry, have shown that the quantized conductance may still be theoretically
expected, but that in such model systems the intermode mixing plays a significant role in the
observation of well quantized plateaux [92C1]. The introduction of an effective potential with two
maxima in the direction of the current flow leads to the expectation of resonant structure in the
conductance if mode-mixing is neglected. Only when the non-adiabatic nature of such abrupt
geometries is included through the mode mixing does the conductance become a smooth function
of the Fermi energy with clearly defined plateaux.

A detailed comparison [94M] of the salient features of the various theoretical models has con-
firmed the robustness of the conductance quantization, and suggests that in realistic samples the
quantization is better than that expected from the assumption of a purely local adiabaticity. Fur-
thermore, it is shown that the supposed improvement upon local adiabaticity, the so-called diagonal
approximation as discussed above [90Y1], can in fact show significant deviations from exact numer-
ical calculations of the quantized conductance. Typical results are shown in Fig. 23; the diagonal
approximation shows severe deviations from the other models and the best quantization is observed
for the exact calculations. This effect is explained as an effective increase in channel length which
leads to a smoothening of the abrupt channel geometry considered.
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Fig. 23: The conductance is plotted as a func-
tion of the Fermi wave number for an abrupt QPC
geometry. The figure compares an exact calcula-

tion (full line) with three common approximations
[94M]. The inset shows the hard-walled geometry
assumed for these comparative calculations.
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An interesting modification of the standard QPC geometry is one in which the channel modes
can couple via a tunneling barrier into a laterally defined reservoir [92T3]. In such a geometry the
expected conductance quantization, with suitable modifications due to the hard WNW structure
considered, has been calculated, and in addition the tunneling current which escapes sideways
determined. It was found that the tunneling current depends upon the nature of the tunneling
barrier between channel and lateral reservoir. The results of such calculations are summarized
in Figs. 24 and 25 where both the channel transmission as well as the tunneling transmission
are plotted as a function of subband index for two extreme cases. For a thin, high tunneling
barrier (as shown in Fig. 24) the conductance quantization is accompanied by a tunneling current
which decreases rapidly after the onset of transmission and resembles the k~! behaviour of the
1D density of states. By contrast, Fig. 25 shows the situation for a broad but low tunneling
barrier between QPC and reservoir. Both the direct transmission and the tunneling transmission
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Fig. 24: The channel transmission probability T}
and the lateral tunneling probability T; are shown
as a function of channel index for kpd/m = 0.1 and
U/Er = 40 corresponding to a thin, high tunneling

Fig. 25: As in Fig. 24 but for krpd/m = 1 and
U/Er = 1.8 for a broad and low barrier [92T3].
The parameters U and d determine the height and
width of the tunneling barrier.

barrier. [92T3].

show clear resonant structure below the onset of the actual quantized conductance. This can be
attributed to the formation of weakly bound states within the QPC channel itself as a result of
the relatively strong coupling to the tunneling reservoir.

3.1.6 Magnetic field

The application of a magnetic field perpendicular to the plane of the 2DEG leads to the formation
of Landau levels in the bulk. Within the QPC itself the lateral quantization arising from the
narrowness of the channel will be modified by this addditional magnetic quantization, and hybrid
magneto-electric subbands are expected to form when the cyclotron radius I, = hikp/eB becomes
comparable with the channel width. The number of occupied subbands is now also dependent
upon magnetic field and allows simple models for the lateral confining potential to be compared
[88B2], and important parameters such as channel width and electronic density within the channel
to be determined. The deviations from a linear depopulation with inverse magnetic field are
an essential characteristic of one-dimensionality, both for long 1D channels as well as for QPCs.
In QPCs this results in a modified characteristic of conductance with channel width; both the
conductance plateaux as well as the steps between them become better defined as a function of
the channel width with increasing magnetic field. Within the context of the adiabatic model
the effect of a perpendicular magnetic field has been calculated using perturbation theory. Both
the conductance plateaux width (measured as a function of channel width) as well as the step
size between plateaux increase quadractically with magnetic field [89G2] for small field strengths.
Furthermore, the spin-degeneracy assumed for the lateral quantization within the QPC in the
absence of a magnetic field, will be lifted regardless of field orientation. This effect can be best
observed in a parallel configuration [88W1]| where the influence on the lateral quantization is
minimal. In such a configuration the magnitude of the spin-splitting has been shown [89G2] to
scale linearly with magnetic field and with plateau index. This leads to the expectation that
spin-split plateaux can be observed only for high-index plateaux with

e (3 (5) )

at high fields.
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The conductance and thermopower of a ballistic QPC have been considered [92P1] in a WNW
geometry at high magnetic fields. It is found that increasing the magnetic field leads to an improved
quantization and to less pronounced resonant structure resulting from the channel length. The
oscillatory behaviour of the thermopower is enhanced by the application of the magnetic field and
the oscillations become markedly asymmetric with significantly larger positive contributions.

Another fundamental aspect of 1D ballistic transport in the presence of a magnetic field is the
nature of the Hall effect. This question was addressed initially in cross-type geometries consisting
essentially of two QPCs in series. The fundamental experimental result is the observation of a Hall
voltage close to zero for finite magnetic fields [87R]. Although the origin of this so-called “quench-
ing” was initially hotly contested [88K1, 89K4] the currently accepted explanation is based upon
a simple model of collimation in QPCs [89B2], which is of relevance to many other transport phe-
nomena. Within the framework of the Landauer-Biittiker formulation of transport in mesoscopic
devices the Hall resistance Ry can be written in terms of the transmission probabilities,

h Tr — T,

Ry =—
N 22T (Tr + T+ To) + T3 + 17

(51)

where T1,, Tr, and T correspond to the transmission coeflicients to the left, right and forward di-
rections in the cross geometry, respectively. Clearly, the observation of zero Hall voltage necessarily
requires that 71, and TR are identical, but makes no statement as to their absolute magnitude. In
fact the accepted picture is that both 71, and TR are almost zero, and that the observation of a
generic quenching of the Hall effect can be only explained in terms of the broadening of the QPC
constrictions at the entrance and exit as discussed in the adiabatic models (or WNW with taper)
above [89B2]. In such channels the gradual decrease in lateral quantization energy is associated
with the simultaneous growth of the momentum along the channel. Thus a QPC focuses the elec-
tronic trajectories emanating from the QPC in the forward direction in much the same way as
a trumpet focuses sound. This collimation is of importance in understanding both the coherent
electron focusing experiments [88B1] which motivated the initial QPC investigations, as well as
the non-additivity of QPC resistances [88W2, 89B3].

In electron focusing experiments electrons injected through a point contact are, in the presence
of a perpendicular magnetic field, focused towards a collector contact, whose voltage serves as a
measure for the number of electrons arriving at the collector. Semiclassically, the ballistic injection
of electrons gives rise to a periodic focus condition for multiples of the magnetic field B = 2hkg/eL
where L is the lateral separation of the injector and collector contacts [88B1], and consequently
to the observation of periodic oscillations in the measured collector voltage. In QPCs at low
temperatures deviations from such behaviour are observed due to the coherent excitation of the
magnetic edge states occupied at the sample edge. Quantitative calculations of the expected
probability density at the collector contact show significant deviations from the simple periodic
behaviour as shown in Fig. 26.

In strong magnetic fields near filling factor v = 1/2 the behaviour of a 2DEG can best be
described in terms of so-called composite fermions (CFs). These quasiparticles, consisting essen-
tially of two flux quanta associated with each electron in the 2DEG, move within the mean-field
generated by the spin-polarized electrons and the external field. For v = 1/2 the mean-field for the
CF's is zero and many phenomena which are observed at zero field for ‘free’ electrons are expected
to be visible for their composite counterparts. The conductance quantization for ballistic CFs
is however modified due to the subtle interplay between mean magnetic field and electron den-
sity. Simple models of ballistic QPCs in the high-field limit suggest that the non-uniform electron
density within the channel leads to a non-zero mean magnetic field and the expected conductance
quantization has been predicted to be visible [96K3] only for filling factors v > 1/2. This strikingly
nonmonotonic behaviour leads to the variation of conductance quantization shown in Fig. 27 where
an abrupt drop in the conductance associated with the filling factor v = 1/2 is clearly visible.

The transport properties of a ballistic channel in the presence of a parallel magnetic field
oriented along the direction of current flow have also been investigated [93B]. The magnetic
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field dependence of the laterally quantized states leads to fluctuations in the number of occupied
channels for weak magnetic fields. The appropriate magnetic field strength is given by the flux
neccesary for a shift in energy levels of the order of the average level spacing, Er/(kra)? with a
the channel radius, and is thus predicted to be a small fraction of the flux quantum ¢y = h/e for
a quasi 3D channel. Although the geometry considered was a long ballistic channel the essential
conclusions could presumably also be valid for ballistic QPCs defined in the appropriate system,
i.e. with comparable quantization energies in both lateral directions.

The observation of periodic structure in the magnetoresistance of some ballistic QPCs has
prompted theoretical calculations [94MR] which suggest that this structure may in fact be related to
the creation and annihilation of vortex-antivortex pairs, in contradiction to the generally accepted
interpretation of Aharonov-Bohm (AB) type oscillations. It is argued that the closed path required
for AB-oscillations is highly unlikely due to the suppression of backscattering in a magnetic field,
and that the observed oscillations are associated with the trapping of vortices under the potential
barrier created by the QPC. Such effects are expected to be most pronounced as the subbands
switch into the conductance.

3.1.7 Impurities

Although the conductance quantization is a manifestation of ‘perfect’ transmission, a QPC is
an inherently mesoscopic device and it is therfore to be expected that disorder will play a role
in the determination of the individual device characteristics. The naive expectation that the
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impurity configuration in the immediate vicinity of the QPC will produce a characteristic device
‘fingerprint’ has indeed been theoretically confirmed. The tight-binding Hamiltonians discussed
above [89M, 89H2, 89vdM, 89H3, 93H1] are particularly amenable to such theoretical investigations,
and several new effects resulting from disorder have been predicted. For an ensemble of QPC
devices [89M] the conductance is predicted to no longer be well quantized in the presence of
weak disorder, here included as a fluctuation of the local site energies within the channel. The
characteristic equidistant steplike structure of the conductance plateaux should still be observed
but with a stepsize which decreases linearly with increasing disorder. Furthermore the disorder
is predicted to induce mixing between subbands; as a result the occupation of localized states
at the band edge of higher subbands can mix with conducting states of lower subbands. As a
consequence a resonant decrease in the conductance is predicted as each subband is tuned below the
Fermi energy. The mesoscopic character of QPC devices is most clearly demonstrated in the tight-
binding calculations with a single impurity state [89H2, 89vdM] whose position relative to the QPC
constriction is systematically varied (see Fig. 28). Both a qualitative reduction of the conductance
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w(Ap/2) —— rity, channel length L = 0.99Ar [89H2].

plateaux as well as a quantitative reduction of the quantized values are clearly observed. This very
general observation has been confirmed [89H3, 93H1] in other tight-binding calculations where the
transition to universal conductance fluctuations (UCFs) for strong elastic scattering is predicted.
Similarly the presence of inelastic scattering will also destroy the conductance quantization and,
in the absence of coherent transport, lead to a smooth, monotonic variation of conductance. Even
if no impurity is to be found in the immediate vicinity of the QPC, disorder within an inelastic
scattering length of the constriction will yield a mesoscopic correction to the conductivity. In bulk
samples such UCF conductivity corrections are generally of the order of e?/h which is comparable
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to the conductance of the QPC itself. However, such fluctuations are not seen in the conductance of
a QPC due to the filtering action of the channel modes [93M2]. Any fluctuations of the surrounding
diffusive region are suppressed by a factor of 2(n/N) where n is the number of channel modes and
N the number of modes in the reservoir within an inelastic scattering length of the constriction.
The lack of good quantization in channels whose length is considerably shorter than the elastic
mean free path in high quality heterostructures has led to investigations of the role of the random
impurity potential generated by the donors in the dopant layer [91N, 91L1]. The donors are
assumed to be fully ionized and distributed randomly throughout the dopant layer, while the
2DEG is treated as an infinitely thin sheet whose electron density is given by the local potential
within the sheet. Qualitatively, it has been found that whilst good quantization is found in short
QPC devices, even devices whose length is considerably smaller than the elastic scattering length
show strong deviations from quantized behaviour [91N]. Typical electronic density profiles are
shown in Fig. 29 where the parameters of the model have been chosen to simulate realistic device
geometries. These simulations suggest that good quantization is obtained when the channel length

Fig. 29: The electronic density in the vicinity of
a QPC device is shown for a realistic device geom-
etry both a) without and b) with the influence of
the random dopant potential included [91N]. The
contours are for constant electron density.

is shorter than the correlation length of the random impurity potential, and that significant,
sample specific deviations are to be expected resulting from the impurity configuration in the
immediate channel vicinity. This analysis has been extended to consider the role of intermode
scattering [91L1] in the presence of a random impurity potential. It has been shown that the
adiabatic approximation does not hold in this limit, and that rapid intermode scattering will
occur. Nevertheless, conductance quantization can be expected for short channel geometries due
to the predominantly forward nature of the scattering. Related calculations [95Z], performed
with realistic impurity potentials, have stressed the importance of quasi-localized states at the
Fermi energy which can lead to indirect backscattering and hence to a loss of quantization. The
breakdown of the conductance is quantified in terms of its deviation from ideal quantization,
and the statistics of these fluctuations are calculated for an ensemble of QPCs. The probability
distribution for such realistic geometries follows the from of a generalized Poisson distribution.

The effect of impurity scattering has also been investigated for adiabatic QPC models [94C,
94K1]. For the saddle point constriction considered above [90B2] an attractive impurity located at
the centre of the constriction leads to a loss of quantization and to the presence of additional res-
onant structure at the onset of conduction for each subband. Interestingly, an attractive potential
located outside of the QPC itself can give rise to additional resonant structure, which results in an
increased conductance as shown in Fig. 30; an effect which has been also been predicted for simple
WNW geometries [90T1]. Similar results have been obtained [94K1] for the hyperbolic confining
potential discussed previously [89K1].

3.1.8 Interactions

The electronic transport in an interacting electron system in the one-dimensional limit has been
extensively investigated theoretically. In the context of ballistic QPCs the question of whether
the quantized conductance should be renormalized as a consequence of the interactions has been
the subject of much debate. For the case of a perfect 1D wire with a tunneling barrier located
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somewhere along its length, the conductance as a function of transmission coefficient ¢ and inter-
action parameter g has been calculated for the various interacting regimes [92K]. For repulsive
interactions (g < 1) it has been found that the T'= 0 limit of zero conductance vanishes according

to the power law
G ~ 272972 (52)

while for attractive interactions (g > 1) the zero temperature conductance should scale according
to G = ge?/h for all nonzero t for spinless fermions. Additionally, the interacting regime should
manifest itself in deviations from the otherwise linear, ohmic behaviour with a current-voltage
charateristic given by the power law I ~ V2/9~1 for voltages above a critical voltage Vi, = hup /el
where L is a length scale over which the electronic interactions are assumed to operate. In the
case of a ballistic QPC this may be identified with the channel length since the source and drain
reservoirs are invariably two-dimensional and can thus be treated as a Fermi liquid.

Comparable results have been derived by other authors [95F] and the theoretical models have
also been extended to include the effects of high magnetic fields. In particular, exact nonequilib-
rium solutions for the transport properties of QPC devices in the fractional quantum Hall regime
have been derived [95F], and predict similar power law behaviour for both the current-voltage
characteristics as well as for the tunneling conductance versus temperature.

More recently however, the prediction of a renormalized quantized conductance has been called
into question for the case of an ideal QPC [95M2, 95P, 96K2, 960, 96A] or equivalently a ballistic
1D channel, connected to reservoirs. All of these theoretical treatments stress the role of the
reservoirs to which the QPC is attached and show that the predicted renormalization is in fact an
artefact resulting from the assumption of purely 1D Luttinger liquid behaviour along the entire
device length. In any realistic device geometry the interacting 1D channel will inevitably open
out into reservoir regions where the potential drop is actually measured. Treating these reservoir
regions as Fermi liquids [95M2, 96A], or as non-interacting 1D regions [95P], the usual quantized
result is recovered. Other approaches [96K2, 960] have emphasized the renormalization of both
the chemical potential, as well as current, within the 1D channel. Although both are influenced
by the interactions, the channel conductance, defined essentially as the ratio of the current to the
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potential drop remains unaffected.

3.1.9 Electron spin

Self-consistent calculations of the electronic structure in one-dimensional channels in a parallel
magnetic field have been performed [96W] in an attempt to model some of the more recent ex-
perimental results on very high-mobility QPC samples. Using spin-polarized density functional
theory it was shown that the exchange interaction causes a significant subband splitting as the
Fermi energy passes through the subband structure, and that this effect can occur also at zero
magnetic field. This effect could explain the observation of additional conductance features below
2¢%/h and it is conjectured that such anomolous conductance features might also be visible for
higher subband occupancy.

3.1.10 Non-linear effects

The simplest treatment of non-linear effects in QPCs assumes a prefectly symmetric voltage drop
along the length of the QPC channel [88G1, 89G1] within an adiabatic model. As discussed above
the energy scale relevant to the onset of conduction for a particular channel mode n is given by

= nihz (53)

A, .
m+/2Rd?

When a finite bias is applied to the reservoirs connected to the channel the occupation of reservoir
states is assumed to be modified accordingly. The shifts in electrochemical potential, (+eV//2), are
also reflected in the occupation of the channel modes and hence the total transmitted current. This
leads to an effective broadening between the conductance plateaux at finite bias and eventually to
the disappearance of the conductance plateaux when the energy spacing between quantized levels
becomes comparable with the applied bias. Interestingly these models also predict the emergence
of additional quantized steps in the differential conductance at intermediate values of conductance
G = (2n — 1)e?/h for low index plateaux in the voltage range n < 2Eg/eV. This behaviour is
illustrated in Figs. 31 and 32 as a function of the continuous dimensionless parameter z = kpd/m
which defines the number of occupied subbands, and reflects the assumption of a symmetrical
voltage drop along the channel length. If this assumption is relaxed then the additional plateaux
structures are still predicted in the non-linear regime but are no longer perfectly quantized. Rather
the observed differential conductance for the lowest conductance plateau is predicted to be given
by G = 32¢%/h and G = (1 — 3)2¢?/h where f3 is the fraction of the potential dropped at the
entrance to the ballistic channel [89K6].

The above model has been extended to include the effects of a magnetic field and, in addition,
the effect of a non-linear variation of potential drop within the channel, i.e. for 3 = 5(Viq) [92MM].
The magnetic field lifts the spin degeneracy of the subbands and results in the observation of
additional quantized plateaux in the linear response limit. In the non-linear regime the same
qualitative picture can be applied as above and gives rise to additional plateaux with quantized
conductance G = (n + 1/2)e?/h for the symmetric case, or more generally to plateaux G =
(n + B)e?/h and G = (n + 1 — B)e?/h. When the electric field distribution within the QPC
becomes a function of the applied voltage itself then the steps in the differential conductance are
no longer well quantized, but shift with the applied bias. For the case of a parabolic variation of
the voltage drop, the observed steps manifest a linear slope.

The effect of coherent mode-mixing on the non-linear conductance of QP C devices has been con-
sidered [94Z], and it is suggested that nonlinearities, even at extremely small applied source-drain
bias eVyq < AF, can occur. Although mode mixing is believed to play a relatively insignificant role
in the conductance quantization due to the fact that the weak scattering potentials in QPC sys-
tems produce no backscattering, under certain circumstances conductance corrections can occur as
a result of mode interference. In an adiabatic constriction with two isolated scattering centres the
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Fig. 31: The current in units of e?V/7h is plot- Fig. 32: The emergence of additional quantized
ted as a function of the dimensionless parameter steps in the differential conductance is plotted as a
z = krpd/mw. The smearing of the quantized steps at function of the dimensionless parameter z = kpd/m
finite voltage (full line) is compared with the V =10 [89G1].

result (dashed line) [89G1].

phase difference between two partial waves, propogating in different channel modes is sensitive to
the potential along the channel, as in the electrostatic Aharonov-Bohm effect. The linear response
conductance is, as a consequence of unitarity, unaffected, however the differential conductance is
predicted to show small (a few %) corrections, which are also manifest in the rectified response of
the QPC device.

Landauer’s conductance formula has been extended to include the case of finite voltages and
finite temperatures [89B1] where, under the assumption of ideal conductance in the reservoirs
connected to the QPC, the current I flowing can be shown to be a convolution of the form:

2
HE.V.0) = S T(EV) [0 +ov) - o)« |- L0

s

(54)

The convolution can be intuitively seen to depend upon the energy and voltage dependent trans-
mission coefficient, as well as upon both the finite voltage V' and the derivative of the Fermi
distribution function f(E,#). Cast in this form the broadening between quantized conductance
plateaux associated with an increased temperature is clearly independent of the broadening con-
nected with a finite voltage in the non-linear regime.

The assumption of a symmetric voltage distribution along the channel length, while convenient
for model calculations, is presumably only reasonable for small deviations beyond the linear re-
sponse regime. As suggested in the phenomenological models above [89K6, 92MM)] the potential
distribution is generally expected to be asymmetric and indeed to be a function of the applied
bias. For finite voltages a non-uniform electronic charge density along the channel evolves which
will screen the external field. A self-consistent solution of the Poisson equation for a QPC geome-
try then leads to an integrodifferential equation for the potential distribution in the QPC [89L1],
which can only be solved exactly for the simplest of cases. Qualitatively, it is be expected that
the potential drop along the ballistic QPC channel is concentrated at the entrance and exit to the
channel. Under high-bias conditions the associated space-charge build-up has been predicted to
lead to current instabilities [92F2, 92F1] which, due to the short transit time for electrons in the
channel, could lead to interesting high-frequency behaviour.

A simpler model for the transmission in the high-bias regime neglects the space-charge build-up
and also assumes that the channel transmission is non-adiabatic [89K3, 89K2|. Calculations of the
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energy dependent transmission coefficients suggest that the non-linear characteristics are modified
due to a significant reduction of the transmission, and predict that the high-bias characteristics
should manifest a pronounced negative differential conductance. In conjunction with other device
parameters, such as the small channel capacitance in the tunneling regime and the transit time for
ballistic electrons, this has led to the suggestion that QPCs are interesting candidates for future
high-frequency devices.

3.1.11 Series configurations

As discussed above in the case of low-field Hall measurements, it has been predicted that the
inevitable tapering at the exit of a QPC will lead to a collimation of the transmitted electrons. This
suggestion has motivated the experimental and subsequent theoretictal consideration of a series
configuration of two QPCs with separation smaller than the scattering length. The conductance
of this series configuration will deviate from that expected for purely ohmic transmission, and in
the limit of perfect transmission through the series geometry the measured conductance would be
given by the quantized conductance as in the simple QPC geometry. In a realistic QPC geometry
both the channel tapering and any potential step at the exit of the QPC will lead to collimation
effects and hence to a modified series conductance. These effects have been modelled [89B3] and
the conductance can be shown to be given by:

5T (55)

Gseries = %GO <1 + fWrnaX>
where Gy is the conductance of the individual QPCs (measured separately), Wiax the channel
width at the exit (entrance), L the channel length and f = f f; is the collimation factor resulting
from both barrier collimation and tapering. The latter is essentially given by the channel geometry
ft = Wiax/Wmnin, while the former is related to the potential step Ey at the constriction exit via
fo=(1—Ey/Er)~*/2. A quantum-mechanical calculation for the series geometry [92T2] has re-
produced the important features of the above model and has also extended the analysis to include
an asymmetric tuning of the individual QPCs. In this limit it is shown that the conductance
is determined by the narrower QPC, i.e. the QPC with lower conductance. Furthermore, for a
series configuration of QPCs with additional lateral confinement between the QPCs a transmission
resonance originating from bound states is predicted. The parity of this state and its consequent
coupling to the QPC modes strongly influence the conductance, and both an enhanced as well
as a reduced transmission have been derived. The angular distribution of electronic transmis-
sion through series QPC configurations has been considered [92S2] within a quantum mechanical
diffraction model, which extends the semiclassical picture of collimation discussed above. Typical
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Fig. 33: The calculated probability density for

the detection of electrons in a collimation geometry

[92S2] is plotted as a function of the applied mag-

netic field. The two traces correspond to the sit-
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results are illustrated in Fig. 33 and demonstrate that both the collimation resulting from the
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geometrical tapering as well as diffraction of the electron waves at the exit should be present in
the transmitted electron beam. Subsequent numerical analysis [94U] has stressed the importance
of wedge shaped QPC geometries in attaining good collimation at the detector QPC.

3.1.12 Electromagnetic environment

The modification of the quantized conductance resulting from the interaction of the surrounding
2D reservoirs with a resistive electromagnetic environment [92H2] has been considered, and a
reduction of the low-voltage conductance predicted. For an adiabatic channel the traversal time
over the adiabatic regime Ty = \/H%/ vp defines a cut-off frequency for the fluctuations of the
environment. For a sufficiently resistive environment the evolution of a current blockade is predicted
for a conducting geometry even in the absence of any capacitance as shown in Fig. 34. The gap is
given by Vgap = eRg/TTiray Where Rg is an impedance given by the fluctuating environment.

15

‘ 1.0
— Fig. 34: The current-voltage characteristics for a
CE e g QPC in a resistive electromagnetic environment are
& 05 shown for different ratios of environmental resis-

~
% Z7 tance Ry and QPC resistance Rq (here taken to be
ol - ideally h/2e?) and for traversal time Tray. The val-
0 — _~ ues Re/Rg = 0.5,1.0, 1.5, 2.0 are shown, the dotted
0.0 0.5 1.0 1.5 line extrapolates the high-field ohmic behaviour for
V (eRq/Ttray) —— the case Rg/Rq = 2.0 [92H2].

The quantum-mechanical nature of a ballistic QPC is reflected not only in the quantization of
the conductance but also in the quantization of other system parameters. For example the low-
frequency admittance gives information about the capacitance of a QPC [96C]. By virtue of their
small density of states, mesoscopic devices are expected to show significant deviations from the
capacitance as defined purely by the geometry of the device. Furthermore, for a system with finite
conductance there is a distinction between the static and dynamic properties. To accommodate

this distinction a device emittance e
E=1 <—> (56)
dw ) ,_o

is defined which can then be related to the reflection and transmission coefficients of the QPC. The
theoretical results for a QPC with the saddle-point geometry discussed above [90B2] are shown in
Fig. 35.

3.1.13 Thermal transport properties

The transition region between quantized plateaux, is accompanied by oscillations in the ther-
mopower of the QPC [89S5, 91P3]. The thermopower S(u,T) is related to the transmission coef-
ficients for the QPC modes T; through an equation of the form:

kg X )T dE(=df /AE)T(E)(E — p)/ksT
S == : > o dE(=df/dE)Ti(E)

The resultant thermopower is quite generally expected to show oscillations as a function of the
chemical potential, with maxima arising whenever a resonance with a subband energy occurs, the
width of such oscillatory structure given by the energy scale on which the subband switches into

(57)
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the conductance. This behaviour is illustrated in Fig. 36 for the adiabatic confining potential
considered above [90B2| with wy/w, = 3. At low temperatures kgT' < AE,, the thermopower is
predicted to show temperature independent local maxima with heights

kg 2 60
en+1/2° n+1/2

pVK™L (58)
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The influence of the electron-phonon interaction upon the quantized conductance of a ballistic
QPC has been investigated [97C], and it was found that high-energy LO phonons should reduce the
value of quantized conductance below n(2e?/h), while low-energy phonons can in fact enhance the
transport along the channel and hence lead to an increased conductance. Furthermore, the con-
ductance plateaux show additional structure which detracts from the quality of the quantization.
These calculations were performed for significantly higher temperatures (30 K) than are usually
employed in studying QPCs and also assumed Fermi energies an order of magnitude greater than
is found in the semiconducting samples discussed here.
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3.1.14 Superconducting weak links

The electronic transport in superconducting quantum point contact geometries has also been con-
sidered and predicted to have interesting quantized properties [91B1, 92F3]. For the case of a
superconducting weak link whose length is shorter than the coherence length of the bulk material
it has been predicted that the critical current becomes quantized according to I. = NeAy/h, where
A is the energy gap of the bulk material and N may be identified with the number of propogating
transverse modes within the QPC [91B1]. This result is however only valid providing the QPC
channel length is shorter than the coherence length of the superconductor. For longer channels
[92F 3] the predicted steps will decrease in height from the above result, and scale roughly with the
inverse channel length or rather the separation between the two superconducting regions of the
device. As in the case of non-adiabatic transmission, the critical current can also develop resonant
structure, which is correlated to the resonant structure in the conductance, as a result of length
resonances occuring in abrupt WNW geometries.

3.2 Quantization

The observation of a conductance quantized in units of 2¢?/h is the most fundamental result associ-
ated with the transport properties of ballistic QPCs [88vW1, 88W1]. These first experiments were
performed using lithographically defined gate electrodes to define a short, narrow constriction in the
plane of a two-dimensional electron gas (2DEG) as detailed in Section 2.2 above. The application
of a low-frequency current of sufficiently small amplitude and the phase-sensitive detection of the
resulting voltage signal provides a direct measurement of the low-temperature sample resistance.
Inevitably, even in a four-probe measurement configuration, an additional series resistance from
the surrounding diffusive reservoirs must be subtracted from the measured resistance before the
conductance quantization can be clearly discerned. In high-mobility samples at low temperatures
however the magnitude of this correction can be smaller than 1002 and hence considerably smaller
than the quantized conductance. Typical results are shown in Figs. 37 and 38 where the measured
resistance and the extracted conductance of typical ballistic QPCs are shown respectively.
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Fig. 37: The channel resistance at 7" ~ 0.1K is
plotted as a function of the applied gate voltage.
The two traces show results for different electron
densities induced by illumination [88W1]. The inset
schematic shows two QPC devices, with length and
width of 400 nm and 500 nm respectively.

Fig. 38: The low-temperature conductance of a
typical ballistic QPC is plotted as a function of the
applied gate voltage after subtraction of the series
resistance [88vW1]. The quantization of the con-
ductance in units of 2e?/h is clearly manifest.

In both of these original publications the Fermi wavelength Ap was of the order of 40 nm and

the channel width at defintion presumably 200—300nm wide.

The maximal number of trans-
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verse modes thus defined is expected to be npyax = 2W/Ap roughly 10—15, in good agreement
with the experimental observations. Thus, despite the obvious lack of translational invariance
along the channels, the explanation of the quantized conductance in terms of the formation of
one-dimensional subbands was postulated and widely accepted. Furthermore, the short channel
geometry of the QPCs is essential for ballistic transport in the QPC itself. In GaAs/AlGaAs
heterostructures the low-temperature elastic mean-free path ¢, can become as large as 10 ym;
empirically the observation of a quantized conductance requires ¢, > L where L is the channel
‘length’. Prior experiments in high-mobility 2DEG material with channel lengths as small as 5 pm
[86T], demonstrated a clear one-dimensionality in the gate voltage dependence of the observed
Shubnikov-de Haas (SdH) oscillations but no evidence for quantized conductance was seen.

In the above experiments the variation of channel width with applied gate voltage is approx-
imately linear, and hence the number of modes in the conductance scales accordingly. A simple
analytical model [89S1], based upon an electrostatic solution of an idealized QPC geometry with
translation invariance in the current direction, predicts that the number of occupied subbands
should scale according to

n(Ve) o (Vg = Voo (59)

where A > 3/4 and V},, is the gate voltage at pinch-off. The weak deviation from linearity predicted
is indeed qualitatively seen in the data; more detailed comparisons between experiment and theory
are considered in Section 3.5 below.

As mentioned above the first observation of a ‘quantized’ step in conductance [87G] was seen in
the abrupt change of the tunneling current of an STM contact and a metallic surface. However the
observed quantization was poor, and furthermore only a single step at the onset of the conducting
regime was observed. In contrast the quantization in semiconducting QPCs, while clearly not as
good as that observed in the quantum Hall effect, can approach 0.1% of the expected values.
Subsequently good quantization has been observed in quantum wire devices [98K], and in metallic
point-contacts [95K, 96K1]. Although many experimental aspects of the conductance quantization
in metallic systems are comparable with those of semiconductor QPCs there are significant differ-
ences related to the differing energy scales and length scales. A discussion of the metallic systems
is however beyond the scope of this survey.

Subsequent to the observation of quantized conductance in semiconductor QPCs and other
metallic systems, a number of quantized analogies have been suggested and investigated [91M, 99T].
The optical analogue has been found in transmission experiments through a 2D slit when exposed
to diffuse illumination of wavelength A = 1.55 um. As the slit width was continuously increased
the transmitted power rose in a stepwise fashion every time the slit-width changed by A/2. Since
the transmitted power is given by the transmission cross-section per unit length, which for a large
slit is equal to the width after appropriate normalization, this results in transmission steps directly
proportional to the wavelength of the diffuse radiation [91M]. Another interesting analogy is to be
found in the domain of quantum optics [99T] where the conductance of a beam of atoms, as defined
by the ratio of the transmitted flux relative to the source brightness, can be shown to be quantized
in units of nA%5 /7, where A\qp is the de-Broglie wavelength of the atoms in the incident beam.
The observation of such a quantized atomic conductance requires a suitable confining waveguide
and various microfabricated geometries have been suggested based upon the magnetic confinement
resulting from the Zeeman potential.

3.3 Finite temperature

The effect of a finite temperature upon the conductance of ballistic QPCs is to introduce an
energy scale k7T which leads to a thermal broadening of the device characteristics at elevated
temperatures. At low temperatures the broadening between conductance plateaux is not limited by
the ambient temperature but, in the context of the simple adiabatic model, by the geometry of the
confining potential (see Section 3.1.4). Clearly, when the thermal energy becomes comparable with
the subband energy spacing (4kgT ~ AFE,) the quantized structure will be significantly broadened.
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For QPCs defined in heterostructure devices the subband energy spacing AFE, ~ ep/n varies
typically from 1-5meV as the channel width is changed. The typical temperature dependence of
a high-quality QPC [91vW] is shown in Fig. 39 below.
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Fig. 39: The breakdown of the conductance quan-
tization as a result of thermal averaging is il-

lustrated. At elavated temperatures low-index
-1.8 -1.6 plateaux disappear last due to the gate-voltage de-

pendence of the subband energy spacing [91vW].

Larger subband energies have been attained in specially designed heterostructure devices [9251]
where the 2DEG is situated 30 nm from the Schottky gate electrodes used to define the QPC. Mea-
surements of the gate-voltage characteristic and first derivative showed indications of quantized
structure at temperatures up to about 40 K, and were in agreement with simple theoretical calcu-
lations of the conductance.

In a so-called “Butterfly-MOSFET” geometry [95T2], with a structured top gate used both
as a diffusion mask and as an electrode to define a narrow inversion layer, measurements of the
transconductance showed an anomolous peak close to threshold at temperatures up to 77 K which
was attributed to ballistic transport. The lithographic width of the gate structure at its narrowest
point was 0.24 um, however the actual constriction width is estimated to be as small as 50 nm due
to the effects of Born diffusion under the gate.

3.4 Sample geometry

As discussed in Section 3.1.5 above, the detailed shape of the confining potential can strongly
influence the device conductance, especially when abrupt changes in the width or its first derivative
with position occur. Whether such potential changes in real systems occur is however questionable.
The majority of experiments have been performed in heterostructure devices where the conducting
2DEG lies typically 60—-80nm beneath the surface. As such, the confining potentials induced
via gate electrodes located at the surface are not expected to show abrupt potential variations
as evidenced by the simulations of Fig. 29 [9IN]. Indeed, the most rapid changes in channel
potential are presumably more dependent on the local impurity potentials. This latter effect
explains the mesoscopic character of QPC devices where nominally identical devices often show
significantly different characteristics. The length resonances characteristic of WNW models have
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been tentatively observed [91vW] in a finite number of samples, however the poor quantization in
such devices suggests that the role of impurity scattering is equally important.

The dependence of the quantized conductance upon the channel length has been considered
[89T] and it was shown empirically that the quantization breaks down for channel lengths consid-
erably shorter than the elastic mean free path. For high-mobility heterostructures mean free paths
of the order of 10 um are typical, nevertheless ballistic QPCs much longer than 1 um generally
show poor quantization. The role of disorder has been considered above [91N] and agreement with
the empirical data is found. Intuitively, the poor quantization can be understood as the ineffective
screening of scattering potentials as the channel width narrows and the electron density decreases.
Nevertheless, steps in the conductance have been observed for a long 10 pm, ballistic channel [96Y],
defined using cleaved edge overgrowth. The values of quantized conductance were found however
to deviate by as much as 25 % from the expected values. This experiment and other observations
of quantized conductance in long 1D channels are considered more fully in Section 7.1.2(Part III).

The nature of the confining potential perpendicular to the current flow is of particular impor-
tance since it determines the subband spectrum of the QPC. Self-consistent solutions of related
split-gate geometries in quasi-1D systems [86L, 88L1] suggest that at low densities the confining
potential is almost parabolic. However, for higher electron densities the self-consistent solution
of the Schrédinger and Poisson equations leads to the evolution of a truncated parabola, which
is frequently modelled as a simple square well. A detailed analysis of the exact potential shape
requires spectroscopic information about the subband energies as a function of gate voltage, and a
particularly elegant method to determine the spectrum relies upon the magnetic depopulation of
the 1D-subbands (as considered in Section 3.5). Both empirical data [89W2] as well as a simple
theoretical model [89W1] have confirmed the validity of the above self-consistent analysis.

Experimentally, the most significant consequence of a realistic sample geometry is the colli-
mation of the transmitted electrons (see Section 3.1.11) brought about by the adiabatic flaring of
the QPC at its exit. Such an effect cannot be directly observed in the QPC resistance itself and
was first investigated in a series configuration [88W2]. The observed gate characteristics suggest
that the combined resistance is determined almost entirely by the narrower of the two QPCs. The

ﬁ Fig. 40: The series resistance of two QPCs is plot-

ted as a function of the gate-voltage applied to the

' first QPC device for two fixed values of the volt-

L age applied to the second QPC device [88W2]. The

-3 -2 -1 steps in resistance indicated by the two vertical bars
Ve (V) correspond to A = h/24e® and B = h/40¢”.

R(kQ)

non-ohmic addition of resistance illustrated in Fig. 40 was initially interpreted as an indication
of perfect transmission through both QPCs, however a more rigorous subsequent analysis [89B3]
showed that the data could be best explained as the flaring of the QPC exit with a tapering col-
limation factor of roughly 2.5 as defined in Eqn. (55). Direct evidence for collimation has been
found [90M2] in a series configuration where the injector and collector QPCs are separated by
up to 4 um. The transmitted electron beam can be shifted laterally by the application of a weak
magnetic field and the angular distribution of the beam investigated. Typical results are shown
in Fig. 41. From the height of the maximum at zero magnetic field a collimation factor of 1.85
has been determined and, under the assumption of adiabatic transport, was used to extract the
angular distribution P(«) of the emerging electron beam P(a) = (f/2)cosa for |«| < arcsinl/f.
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Fig. 41: The ratio of collector voltage to injector
w cur?ent is plotted as a function. of the applied mag-
netic field for a QPC separation of 4 pm [90M2].
The dots indicate a simulation of the device con-
-0.10 -0.05 0.00 0.05 0.10 figuration with tapering, and the dashed line the
result of a simulation of an abrupt geometry.

The observed degree of collimation is tunable via the applied gate bias and scales linearly with the
QPC resistance. Previous measurements of the collimation in a similar series configuration [89B4]
however, were not able to find any significant variation of the collimation with channel width.

The angular distribution of the transmitted electrons in a single QPC [920] has been carefully
analysed as a function of the number of occupied subbands and typical data are shown in Fig. 42.
The observed distributions are characteristic of diffraction at the QPC exit and have been suc-
cessfully modelled [9252] within a modified Fraunhofer diffraction theory (see also Fig. 33 above),
which shows that the electrons propogate from injector to collector retaining both mode and phase
information.
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2 e S i L TPV S electrons (measured in arbitrary units of conduc-
&= tance) is measured via the application of a weak

10 magnetic field [920]. The upper and lower traces

-0.2 -0.1 0 0.1 0.2  correspond to one and two occupied subbands re-
B(T) spectively.

The interaction between parallel QPCs, defined using an air bridge technique to allow their
simultaneous definition, was also investigated and the quantization in units of approximately
mmn(2e?/h) observed, where m is the number of parallel QPCs and n the number of occupied
subbands [920]. Similarly, measurements of the conductance in a parallel QPC geometry [8954]
have revealed quantization in units of 4e%/h as illustrated in Fig. 43. In these experiments two
nominally identical QPCs were defined using a single gate-electrode and an isolation resist tech-
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nique to define the channels. The quality of the fabrication is evidenced by the almost perfect
transitions between quantized values; close to pinch-off however indications of the emergence of
structure at h/2e? and also at h/6e? suggest a small difference in lithographic width. Such par-

,,,,,,,,,,,, 9
-+1/8
‘ 12— ‘
5
S ™ g
= =
= —1/4 &
0.5
1/8—1/6 Fig. 43: The resistance of a parallel configuration
/_/41/( of two ballistic QPCs is plotted as a function of the
1 bias voltage used to define both channels simultane-
ously [8954]. The fractions are marked in units of

-0.8 -1.0 -1.2 -1.4 h/2e* showing that the conductance quantization
Ve (V)

occurs in units of 4e?/h.

allel configurations have been considered theoretically [93Y] and have been shown to have a rich
conductance behaviour in a magnetic field, especially when the restriction of identical widths is
relaxed.

The series configuration of QPCs also permits the measurement of a “Hall” voltage between
the two QPCs. This possibility has been considered before to measure both the quenching of the
Hall effect at small fields as well as the nature of the quantum Hall effect in the fractional regime.
Simultaneous sweeps of both QPC gate electrodes have found an interesting correlation between
the observation of quantized plateaux in the longitudinal resistance and mimina of the transverse
resistance [91Y, 92Y3]. Such subband structure has been previously observed [91B2] although the
quality of the sample was insufficient to ascertain the correlation with the conductance quantiza-
tion. The interchange of the current and voltage contacts leads to qualitatively similar observations
which go beyond the reciprocity relations associated with four-terminal measurements. It is argued
that these observations are related to the existence of a cavity state between the two QPCs which
couples weakly to the transverse contacts. However, in the context of the collimation effects dis-
cussed above, it seems more plausible that this effect is associated with a weakly asymmetric device
configuration and the subband dependence of the focusing [9252]. Indeed, subsequent experiments
with samples of similar geometry [92Y1] have confirmed the original observation of conductance
plateaux for series configurations and are consistent with the collimation picture detailed above.

The coupling between the subband states of a single QPC and those of an adjacent electron
waveguide has been considered in a so-called T-geometry [94S, 95U], where electrons emitted
from the QPC exit are injected into a narrow channel defined orthoganal to the emergent beam.
The width of the electron waveguide is tuned via a reflector electrode, and both the waveguide
conductance and QPC resistance simultaneously recorded (see Figs. 44 and 45). Oscillations in the
QPC resistance are observed whose period is identical with that of the structure in the waveguide
conductance, where conductance steps concordant with a change in the waveguide width of A\p/2
are seen. This effect has been interpreted in terms of the mode coupling between the waveguide
states and the emergent electron beam. A detailed numerical analysis of this effect [95U] has been
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Fig. 44: The QPC resistance is plotted as a func-
tion of the reflector-gate bias for magnetic fields
of 0T and 0.2T at a bath temperature of 0.31 K
and for fixed QPC-electrode bias of -2.9V [95U].
The arrows indicate structure correlated with the
waveguide conductance as shown in Fig. 45.
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Fig. 45: The conductance of the waveguide is plot-
ted as a function of the reflector-gate bias with iden-
tical experimental conditions as in Fig. 44 [95U].
The arrows indicate the correlated structure be-
tween the channel conductance and QPC resistance
of Fig. 44.

able to reproduce the important features of the experiment, and also shows that the suppression
of the effect at finite magnetic fields is associated with the formation of edge states within the
waveguide channel. An important feature of this model is the requirement of a rounded geometry
at the interface between QPC and waveguide, without which the magnetic field data cannot be
simulated.

The wave nature of the transmitted electronic states has also been considered in geometries
where the QPC is situated in a resonant cavity [89S3, 97K1]. In the original experiment [89S3]
the transmission through the QPC was modulated by shifting the potential induced by a reflector
gate. The resulting oscillations had a period given by Ar/2 as expected. The resonance condition
nA = 2L, where L is the separation between reflectors, must be modified due to an additional phase
shift arising from a change of the wavevector within the QPC, an effect which is most clearly visible
when the number of occupied subbands is small. More recently a similar geometry with cirular
reflectors [97K1] has been used to investigate coherent resonant tunneling in the conductance of the
QPC device. Similar periodic data were obtained and modelled using a so-called wavelet boundary
wall method. The model predicts periodic conductance peaks and additional fine structure due to
stable modes within the approximately circular cavity.

3.5 Magnetic field

In the presence of a perpendicular magnetic field the purely electrical quantization within the
channel is modified, and hybrid magneto-electric subbands evolve. For the conductance of a QPC
device this results in a reduction of the number of subbands within the channel for a given channel
width, and hence to the observation of magnetic depopulation of subbands as the magnetic field
strength is increased. The original observation of this effect in QPCs [88W1] is shown in Fig. 46,
where it is seen that the number of plateaux observed within a given voltage range decreases
with increasing field. Furthermore, the plateaux are more pronounced and, in a two-terminal
measurement setup, the quantized values of conductance are maintained.

The first attempt to model the magnetic depopulation in QPCs [88vW?2] assumed a square well
confining potential and calculated the number of occupied subbands as a function of the channel
width and magnetic field strength according to a simple semi-classical quantization rule, which
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where [ is the cyclotron radius. The resulting n(B) can be directly compared with the number
of occupied subbands from the conductance data (see Fig. 47) for a given gate voltage (and hence
channel width). The resultant fit is illustrated in Fig. 48 and permits the gate voltage dependence
of the channel width and 2D-carrier density to be extracted; for the gate-voltages considered an
essentially linear variation for both parameters is found. Furthermore, a good fit to the data could
only be obtained by assuming the existence of an additional potential barrier at the entrance to
the QPC, whose height increased with the applied negative bias.

A more detailed analysis [89W2] based upon a realistic confining potential in the absence of
disorder, as discussed above in Section 3.4, relies upon a variational calculation of the spectrum
of the subband energies within the QPC channel at a given field strength and channel width. As
above, the conductance data at fixed V, are compared with the predictions of the calculation and
hence the system parameters determined. An almost linear variation of channel width and 1D-
density are found, and the extracted Fermi energy shows little change with respect to the bulk value.
This suggests that the energy barrier at the entrance and exit of the QPCs becomes important
only shortly before pinch-off when the self-consistent potential screening becomes weaker. The
quantitative features of the above model have been reproduced in a simpler analytical description
of a QPC based upon parabolic confinement [89W1], which also yielded qualitative agreement with
the semi-classical model.

At higher magnetic fields the lifting of the spin-degeneracy gives rise to additional quantized
plateaux at values of (2n + 1) - €2/h independent of the orientation of the magnetic field [88W1,
88vW2]. Furthermore, the electronic transport occurs in edges channels located at the sample
boundary. When such edge states propogate through ballistic QPCs the width of the QPC channel
modifies the transmission of the uppermost states [89vW2, 91vW], and thus enables the selective
population and detection of these edge states. In the quantum Hall regime the selective population
of edge states leads to the observation of anomolous integer plateaux [89vW2] where the channel
conductance remains quantized independent of the number of occupied Landau levels in the bulk of
the sample (see Fig. 49). Using the Landauer-Biittiker formulation for transmission in multiprobe
geometries, the conductances between a bulk 2DEG and two closely situated QPCs have been
calculated. In the absence of scattering, the first QPC can be employed to selectively populate
edge states which can then be selectively detected at the second QPC. This configuration of QPCs
plays an important role in many subsequent experiments [94W, 99H] where scattering between the
selectively occupied and unoccupied subbands in the 2D bulk between QPCs can be investigated.
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Fig. 47: The QPC conductance is shown as a func- Fig. 48: The number of spin-degenerate subbands
tion of the gate bias for several values of magnetic are shown (square dots) as a function of the inverse
field and at a temperature of 0.6 K [88vW2]. magnetic field strength for several vlaues of gate

bias [88vW2]. Full lines represent the model fit.

An early example of such scattering effects is the suppression of the SdH-oscillations observed when
either the injected current does not populate the uppermost Landau level, or the detection of the
uppermost Landau level is selectively suppressed. This effect is illustrated in Fig. 50 and has been
employed to extract interedge scattering rates within the 2D bulk. At high magnetic fields it has
been shown that ballistic transport can occur on macroscopic length scales in excess of several
hundred microns [89vW3].

Oscillatory behaviour in the presence of a perpendicular magnetic field has been observed in
QPC devices [88vL, 89W3| and has been attributed to the AB-effect in singly connected geometries.
In the data of Fig. 51 clear periodic oscillations are seen with periods varying from AB = 0.056 T
to 0.18 T corresponding to areas of (250 nm)? and (150 nm)? respectively. The existence of a well-
defined area within a singly connected QPC geometry is somewhat suprising, and together with the
observation that such structure is not common in QPC devices, suggests that some backscattering
mechanism in the vicinity of the QPC is operative. Comparable data are presented in Fig. 52
and a weak (25%) gate voltage dependence is observed suggesting that the periodic oscillations
are associated with a change in the channel geometry. In both instances the areas required are
comparable with the inner area, as defined in a WNW picture, although no clearcut barriers for
reflection are defined. For the controllable observation of AB-oscillations, structures with well-
defined barriers integrated into the defining geometry [89vW1] should be considered.

The transverse electron focusing of ballistic electrons in the presence of a perpendicular mag-
netic field [88vH, 89vH] has been reported in QPC devices. Such experiments can be exploited
to investigate the nature of the scattering processes in metallic systems. Typical data are shown
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Fig. 49: A comparison between the two-terminal
conductance Gi and the Hall conductance Gu is
illustrated for two different values of the two-
terminal conductance of the voltage probe Gv. The
important point is that Gu follows the maximum
of the conductances (Gv,G1) and remains quan-
tized whenever either of these values is quantized

Fig. 50: The resistance of a 2DEG is plotted as a
function of the prependicular magnetic field for four
different QPC gate voltages. The suppression of the
SdH oscillations resulting from the selective detec-
tion of the edge states is clearly illustrated [89vW3].
For trace a) the direction of the magnetic field has
been reversed.

[89vW?2].

in Figs. 53 and 54 where the collector voltage is plotted as a function of the applied magnetic
field. In these experiments electrons are injected into the bulk 2DEG material via a QPC and are
focused under the influence of the magnetic field into a collecter QPC. The voltage build-up in
the reservoir behind this collector is a measure of the efficiency of the focusing. At low magnetic
fields the observation of multiple peaks shows that the ballistic trajectories scatter specularly on
the boundary potential defined by the gate electrode of length L separating the two QPCs. The
additional reproducible fine structure seen at low temperatures is smeared out by an increase in
the applied bias, or equally through a widening of the injector QPC, as shown in Fig. 54. In order
to explain the fine structure seen in these experiments the propogation of the injected electrons in
magnetic edge states must be accounted for. At low temperatures the interference of these states
leads to the observed fine structure when phase coherence is maintained.

Increasing the injector bias leads to the observation of a shift in the peak positions related to
the classical focusing orbits [90W3] as is shown in Fig. 55. This effect can be explained in terms
of the additional kinetic energy that the injected electrons have in the bulk 2DEG. Using a simple
phenomenological model for the voltage drop over the injector QPC, it has been shown that the
gain in kinetic energy is linear over a wide range of applied bias, and that the voltage dropped
over the QPC is in good agreement with the quantized value. Furthermore, the observation of
focusing suggests that ballistic transport occurs for significant lengths despite the excess kinetic
energy (up to 50 % of Fr). Comparable experiments have also been performed in a series geometry
[89S2] where electrons emitted through an injector QPC are collected via a tunable collector QPC
2 pm away. The transfer ratio, i.e. the effeciency with which emitted electrons reach the collector,
has been measured as a function of the injection energy, and it has been found that the dominant
scattering mechanism is the emission of LO-phonons. Below the LO-phonon energy scattering is
weak and ballistic lengths comparable to those discussed above are found. Similar experiments
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Fig. 51: The QPC resistance at a fixed gate voltage
of Vz = —1.7V is plotted as a function of magnetic
field for two different field regions corresponding to
a) the transitions between the n = 4 and n = 2
spin degenerate hybrid subbands and b) between
n =2 and n = 1 at fields sufficient to lift the spin
degeneracy [88vL].
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Fig. 52: The magnetoresistance of the QPC de-
vice, shown schematically in the inset, is plotted
for three different gate voltages for the transitions
between n = 4,n = 3 and n = 2. The measur-
ment geometry permits the quasi-two-terminal de-
vice conductance to be determined, which clearly
shows the excellent device quantization [89W3].

have been perfrormed in an electron optical setup where the collection efficiency is improved via
the application of an electrostatic gate electrode operating as an electron lens [92S3].

In the focusing experiments above, the injector and collector reservoirs are electrically separated
from each other by the gate electrode which also acts as a specular reflector for the focusing
experiments. In a parallel configuration of QPCs [95E] electron focusing has been inferred from
measurements of the magnetoresistance at low fields. The classical focusing of the transmitted
electrons leads to an effective reflection and hence to peaks in the resistance.

3.6 Impurities

Impurity scattering ideally plays a subsidiary role in determining the device characteristics of a
perfect QPC. Nevertheless, in real devices the effects of impurities cannot be ignored, and the
characteristics of nominally identical devices are frequently significantly different. A variety of
phenomena associated with impurities are reflected in the dynamic properties and are considered
more fully in Sections 4.1.5 and 4.6. An early observation of resonant structure in the gate charac-
teristic close to pinch-off [90M1] has been attributed to the tunneling through an isolated impurity
(see Fig. 56). In this instance the QPC characteristics permit the spectroscopy of the impurity
state, which has been investigated as a function of temperature and magnetic field. Similar effects
close to the pinch-off region have been subsequently observed in Si/SiGe QPCs [95T4] and have
been analyzed using the same theoretical framework [88K3].

A particularly elegant method exploited to investigate the nature of the confining potential, or
rather its modification due to impurities, relies upon the lateral shifting of the channel position
when different voltages are applied to the split-gate electrodes [90W2]. In such experiments the
resistance associated with a given number of conducting subbands shifts with the applied differen-
tial voltage, and reflects the change in transmission resulting from changes in the local potential
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Fig. 53: Typical electron focusing spectra are plot-
ted as a function of the applied field for tempera-
tures between 7K and 50 mK. The peak positions
predicted by Biocus = 2ihkr/eL are indicated by

Fig. 54: The gate-voltage dependence of the elec-
tron focusing spectra are shown for a bath temper-
ature of 50 mK. The number of occupied channels
decreases with increasing negative gate bias [89vH].

the arrows (1 =1,2,3,...) [89vH].

landscape. In one device the suppression of plateaux (see Fig. 57) has been interpreted as a mea-
surement of the coupling of the transverse wavefunctions with the reservoirs which, due to the
presence of a strongly localized impurity, are modulated with channel shifts of the order of Ap/4.
The lateral shifting technique has been considered theoretically [94L1] and a device proposed con-
sisting of four electrodes; two shift the saddle point of the QPC constriction laterally, and two
additional gates located towards source and drain reservoirs shift the position of the saddle point
along the channel. It it suggested, that in such a device it is possible to extract the correlation
length of the impurity potential, an important parameter for the realistic modelling of the impurity
potential.

The influence of DX centres, located within the doped layer of the heterostructure, on the QPC
characteristics has been investigated [98H] as a function of temperature and also after irradiation
with light. Although the temperature dependence of the carrier concentration of the 2DEG is
relatively weak, the pinch-off voltage of the QPC moves to significantly lower negative voltages as
the carriers within the doped layer freeze out. Irradiation has the effect of increasing the carrier
density within the dopant layer, and hence leads to the observation of more negative pinch-off
voltages for the QPC. Indeed, the screening of the gate potential can be so effective that no
constriction is formed in the 2DEG.

Landolt-Bérnstein
New Series 111/34B(1)



Ref. p. 72] Quantized transport 59

Vbe
OmV & &——
3 2mV —— —
-4mV - —---
ol A\ A
I
—~ 2 7 \ -
S Ay
5 RO ALR
S HAS A
=~ A [ n III‘-"\ \ )(’/"{/ \ ‘\
0 le"?}\“\‘. ' 1}{/ j‘\// \ w
Fig. 55: The electron focusing peaks at low mag-
0 0.1 0.2 0.3 0.4 0.5 netic field are shown for different applied injector
B (T) bias [90W3].

14 /

12 /\,

8
— 15 /
< 6 / 1.0 Fa /
3 Y
2 0.0 . L .
A/\f -2.25 -2.20 Fig. 56: The conductance of a ballistic QPC is
0 | | plotted as a function of the applied gate bias for a
-2 -1.5 -1 -0.5 bath temperature of 550 mK. The inset shows the

resonant structure close to pinch-off [90M1].

3.7 Interactions

Electron-electron scattering is an important phase-breaking mechanism in semiconductor het-
erostructures at low temperatures. A convenient method to study this mechanism is based upon
the collimation geometry discussed in Section 3.4. The influence of changes in the scattering rate,
induced here by changes of the experimental conditions, is monitored by the detected collimated
beam [92M1]. The important experimental result is shown in Figs. 58 and 59, where the collima-
tion signal is plotted as a function of the magnetic field. The influence of a DC current flowing
at right angles to the ballistic, injected current is seen to be similar to the influence of an ele-
vated temperature. As discussed below (see Section 3.11) the local electron temperature can be
derived from experiments of the thermopower in a QPC device. This technique has been used in
these collimation experiments to show that the reduction of the collimated signal is related to the
increase in electron temperature and not directly to the absolute lattice temperature. It is thus
concluded that the relevant scattering mechanism for the ballistic electron beam at the injection
energies considered is electron-electron scattering, in good agreement with theoretical models for
2DEG systems. Similar conclusions [95M3] have been reached in an electron focusing geometry at
injection energies up to 15meV (cf. 36 meV for the LO-phonon energy).

As considered in Section 3.1.6 above, at filling factor v = 1/2 the properties of a 2DEG are
expected to be given by the behaviour of so-called composite fermions. The ballistic resistance
in QPC devices at this filling factor has been measured [96L1, 96L2] and despite an elastic mean
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free path for the composite particels of 0.7 um, longer than the QPC channel, no evidence for
conductance quantization could be found. The gate characteristic showed a monotonic increase
of resistance with applied gate voltage, albeit with significantly higher values of resistance for the
composite fermion state. The width of the channel was determined for both instances and showed
a linear dependence with the applied gate bias but with narrower channels for the Beg = 0 case,
in agreement with theoretical models where the confining potentials of composite fermions are
sensitive to variations in the local electron density.

3.8 Electron spin

The conductance quantization in units of 2e2/h reflects the spin degeneracy of the electronic
states within the QPC, and therefore differs from the fundamental unit of conductance observed
in the quantum Hall regime. A lifting of this spin degeneracy gives rise to additional conductance
plateaux at (n + 1/2) - 2e2/h as discussed in Section 3.5 and offers, at least in principle, a method
for determining the intersubband energy spacing of the 1D electronic states within the QPC. In
practice the magnetic field strengths required to lift the spin-degeneracy, with the field applied in
a parallel orientation, are considerably larger than expected and suggest that the effective g-factor
is significantly enhanced compared with the bulk value of GaAs. As discussed in Section 3.1.6 in
the adiabatic approximation the observation of a spin-splitting should only be observed for high

index plateaux with
2\? e [ Er \°
c=—) = 61
nen (W) R <guBB) (&1

as seen in experiment and illustrated in Fig. 60. For the QPC under consideration an estimate of
the radius of curvature of the confining potential at definition then permits an estimation of the
maximal effective g-factor of about 0.86 (cf. 0.44 for bulk GaAs).

A fascinating application of the lifting of the spin degeneracy in QPCs is to be found in their use
to locally create and probe the dynamic nuclear polarization in a AlGaAs/GaAs heterostructure
[94W]. The nuclear and electronic spins interact via the hyperfine interaction, in which the change
of an electron spin is accompanied by an associated change of nuclear spin. This effect can either
be used to create a net nuclear polarization, or the dynamic nuclear polarization can be used to
change the transport properties of spin polarized electrons. In this context the ability of a QPC
to selectively transmit and reflect the edge states created in a perpendicular magnetic field can be
usefully exploited (see Section 3.5). The geometry chosen for the experiments is essentially that
of an isolated 2DEG connected to reservoirs via QPCs at entrance and exit (see Fig. 61). The
perpendicular magnetic field strength is set to give a bulk filling factor v = 2 while the QPCs
are tuned to transmit only the lower edge channel with spin-up oriented electrons. In the isolated
2DEG region interedge channel scattering can occur which results in a reduction of the current
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a function of magnetic field for various current Fig. 58) of the collimation resistance is shown for

strengths flowing in the ballistic region between various device temperatures [92M1].
QPC injector and collector [92M1]. For clarity the
curves are offset vertically.

transmitted through the detector QPC. Although a number of mechanisms can contribute to the
interedge scattering the nuclear spin scattering process clearly manifests itself in a pronounced
hysteresis at large applied bias, as illustrated in Fig. 62. The nuclear origin of this signal was
confirmed by fixing the applied bias to the hysteretic region and applying an rf-signal to the gate
electrode of the detector QPC. The resonant structure observed could be clearly correlated with
NMR signals associated with the As and Ga nuclei.

In very clean 2DEG systems the conductance characteristics of some QPCs have shown an
additional conductance feature beyond the last conductance plateau [96T3]. It has been suggested
that this feature is an intrinsic property of very clean 1D channels; furthermore the clear evolution
of the spin-split conductance plateau in a large parallel magnetic field (see Fig. 63) from this
anomolous feature have led to the suggestion that the 1D gas is spin-polarized in zero magnetic
field.

3.9 Statistical properties

Ever since the original observation of photon bunching in the correlated intensities of two coherent
light beams [56HB] the observation of a statistical correlation in a fermionic system has remained
an elusive goal. Despite vast improvements in the coherence of electron sources the measurement
of anti-bunching has yet to be conclusively demonstrated in free electron systems. It may therefore
seem somewhat suprising that experiments on QPC devices have indeed shown such second-order
coherence effects, but in fact the high degree of phase space occupation makes the observation of
electron anti-bunching in the solid state readily possible [98L, 99H].

The first experiment to demonstrate anti-bunching in the solid state was based upon the in-
teraction between two ballistic beams which are partially transmitted through a mesoscopic beam
splitter [98L]. In this experiment the QPCs are used to produce the two collimated beams of
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ballistic electrons with zero current noise as discussed in Section 4.6. With the transmission of
the QPC adjusted such that the conductance is exactly 2¢?/h the partition noise of the current
through the QPC is completely suppressed. In a configuration such that the two ballistic beams
interact in the vicinity of the beam splitter the current noise of one of the two output beams can
be directly compared with that measured in the output beam when the two QPCs are separately
biased (see Fig. 64). The observed suppression of the output current noise is a clear manifestation
of fermionic anti-bunching and can be well explained within the context of the model parameters
assumed in the experiment.

An alternative approach to investigate the fermionic correlations of electrons has been realised
in transmission experiments through a QPC in the quantum Hall regime [99H]. The transmission
and reflection of the current carrying edge states clearly manifests the anti-bunching of electrons, as
seen in the autocorrelation of the transmitted current and the cross-correlation of the transmitted
and reflected channels (see Fig. 65). These current fluctuations normalised to unit frequency
bandwidth are expected to yield

(Al Alg)s = £2e|It(1 —t) (62)
where t is the transmission of the edge state through the QPC. For the experimental situation with
t = 1/2 excellent agreement with the observed current correlations is found.

3.10 Non-linear effects

The first experimental investigation of the non-linear properties of ballistic QPCs [89K6] mani-
fested large nonlinearities in the current-voltage characteristics for applied biases comparable with
the subband energy spacing. As discussed in Section 3.1.10 above the differential conductance is
expected to show additional plateaux structure as the quasi-Fermi energies of source and drain
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Fig. 62: The differential conductance dI/dV is
plotted against voltage V at T'= 50 mK and B =
4T (v = 2). The solid lines indicate upward and
the dashed lines downward voltage sweeps [94W].
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-6.8 -6.6 -6.4 -6.2 from 0T to 13T (the curves are offset for clarity)
Ve (V) [96T3].

reservoirs shift relative to the subband energies. This behaviour is also reflected in the change of
slope of the observed current-voltage curves. Under the assumption of an approximately symmet-
rical voltage drop along the QPC the data were used to extract a breakdown voltage Vgr whose
maximal value yields the intersubband energy as illustrated in Figs. 66 and 67. The empirical
value for the intersubband spacing was found to be in good agreement with the corresponding
value extracted from magnetic depopulation data (see Section 3.5).

An interesting extension of the above discussion considers the effect of a magnetic field upon
the non-linear characteristics in an asymmetric geometry [92N2]. When the voltage drop along the
channel length is not symmetric then the differential conductance of the QPC is expected to show
conductance values of (n+ 3)-2e2/h and (n+ 3 — 1) -2¢2/h, where n is number of conducting one-
dimensional subbands in the linear regime and 3 the fraction of the voltage dropped at the entrance
to the QPC. Which of the above conductance values is observed depends upon the energy separation
between chemical potential and the respective subband minima. By considering the difference
between the non-linear characteristics observed for positive and negative applied bias and, assuming
that the fraction § depends solely upon the device geometry, the value for 8 has been extracted.
In zero magnetic field there is no significant difference between the two polarities, 8 = 1/2, and the
potential drop is essentially symmetric despite the intentional asymmetry of the QPC geometry
itself. In the presence of a perpendicular magnetic field the non-linear characteristics show a
significant difference between the two polarities which saturates for high applied bias according to
Al = (28 —1)V -2¢2/h. The value of 3 thus obtained was roughly 0.6 independent of the applied
gate bias and has been attributed to the asymmetry of the current flow along the edges of the
QPC geometry in the presence of a perpendicular magnetic field.

A more systematic investigation of the non-linear properties over a wider range of gate-voltages
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vice.

where several subbands within the QPC are occupied has also been considered [90P, 91P1, 92P2,
91P2]. The prediction of the evolution of half-integer plateaux [88G1, 89G1] with conductance
values (n + 1/2) - 2e2/h has been confirmed as illustrated in Fig. 68. In particular the variation of
the subband energy separation with subband index can be investigated and it was suggested that
a parabolic confining potential was best suited to explain the observed data, where no significant
increase of subband spacing with index was found.

The influence of a magnetic field upon the additional quantized plateaux is illustrated in Figs. 69
and 70 [91P1, 91P2]. In the absence of a magnetic field the additional half-integer plateaux are
observed as before; furthermore additional anomolous structure is observed at values of roughly
0.85-2¢2/h and at 0.2 - 2¢2/h which cannot be explained within the theoretical model discussed
above [88G1, 89G1]. With a perpendicular magnetic field applied all quantized structure becomes
more pronounced as a consequence of the increased adiabaticity through the QPC. Not only are
the half-integer plateaux clearly visible but, in addition, the reemergence of the original integer
quantization can be discerned at 4¢?/h. The anomolous structure previously observed at 0.85-2¢2/h
has disappeared. In the presence of a large parallel magnetic field the Zeeman spin-splitting is
sufficient to lift the degeneracy of the spin states (see Section 3.5 above) and the same behaviour
can now be observed for quantized states G = ne?/h in the linear response limit which split into
quantized states (n + 1/2) - €?/h at high bias [92P2].

For higher applied bias (eViq > AFE) the current-voltage characteristics of some QPCs have
been found to show pronounced instabilities [89B5] and it has been suggested that these are related
to the formation of current filaments within the one-dimensional channel, although these reports
remain unconfirmed, as does the observation of Coulomb-staircase like behaviour in a single QPC
[90B1].

The non-linear properties of QPCs have also been investigated in the tunneling regime where
their characteristics have been exploited to characterize the potential along the channel length
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[91B3]. For moderate applied bias the characteristics of in-plane gate devices can be reasonably
modelled using a parabolic tunneling barrier and a linear potential drop along the channel. In-
plane gate geometries have also been utilized in spectroscopic investigations of the 2DEG in which
the QPC is defined [91B4, 92B1]. In these studies the differential resistance in the non-linear
regime is numerically differentiated to obtain the second derivative d?V/dI? as a function of the
applied bias. In 3D metallic systems this second derivative can be shown to be proportional to
the Eliashberg form of the electron-phonon interaction [80J]. Typical data for a variety of gate
voltages are shown in Figs. 71 and 72. The observed structures in the second derivative lie close
to the maxima of the phonon density of states, as indicated by the arrows in Figs. 71 and 72,
and suggest strongly that this is a viable method to investigate electron-phonon scattering in 2D
systems. Furthermore, the observed structure is essentially independent of the Fermi energy of
the 2DEG, and can be continuously tuned within the spectroscopic region via a variation of the
channel width. The condition required for the validity of the point contact spectroscopy is that
the channel width be less than the electronic mean free path, and as expected the structure in the
second derivative becomes increasingly more pronounced as the width is reduced.
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91P1]. pendicular magnetic field of 1 T. The gate voltage
variation between traces is 25 mV as before [91P1].

The possibility of extracting the intersubband spacing through measurements of the non-
linearity of the conductance has been successfully exploited to investigate the nature of the confin-
ing potential in QPC devices fabricated on both shallow and conventional heterostructure material
[94F]. Both the saddle-point confining potential [90B2] as well as a modified version thereof which
accounts for the self-consistent potential contribution resulting from the finite electron density
in the QPC channel have been considered. The measured non-linear behaviour was compared
with that expected from simple analytical considerations; for small electron densities the saddle-
point potential with parabolic lateral confinement fitted the data best while for higher densities
with a larger number of occupied subbands the self-consistent confining potential yielded better
agreement, as expected from more detailed considerations [88L1, 89W2].

None of the above models explicitly considers the influence of the source-drain bias upon the
QPC geometry in the high-bias regime, despite the fact that the applied bias can become com-
parable, or at least of the same order of magnitude, as the applied gate voltage. It is therefore
to be expected, as discussed above (see Section 3.1.10 [89L1]) that the channel geometry will be
significantly modified in the non-linear regime [94H]. This effect is most pronounced when the
difference between the positive and negative polarities of source-drain bias is considered as illus-
trated in Figs. 73 and 74. Assuming a simple analytical confining potential and that, at least in the
high-bias regime, the electric field strength is maximal where the channel width is narrowest, as
expected in the diffusive regime, the non-linear characteristics can be readily computed as shown
in Fig. 74. This model reproduces well the absence of a saturation of the current-voltage charac-
teristics in the very high-bias regime but cannot reproduce the lack of antisymmetry typically seen
in the data. In the very high-bias limit the self-consistent influence of the applied source-drain
bias upon the QPC geometry must be considered. A correct theoretical formulation involves the
solution of an integro-differential equation [89L.1] and has yet to be solved exactly. An alternative
approach lies in the use of an effective gate voltage where the channel width is not purely given
by the applied gate voltage but also by the position dependent voltage drop along the length of
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the channel in the high-bias regime. The results of such a calculation are presented in Fig. 75
and show a good quantitative and qualitative agreement between the experimental data and the
theoretical model.

Interestingly, for strong lateral confining potentials the introduction of an effective gate voltage
leads to the prediction of a negative differential conductance for large positive source-drain bias,
which has to date not been observed in a simple QPC device. Negative differential conductance
has however been observed in related, quantum waveguide geometries [92W, 94B] where it is be-
lieved to be associated with hot electron transport through charge islands. In the open geometry
of the original experiment [92W] the charge island was formed artificially through the lithographic
definition of a quantum dot type geometry. The S-type negative differential conductivity observed
occurs at high source-drain bias when the excess kinetic energy of the hot electrons is sufficient to
raise the ambient temperature in the charge island such that thermionic emission is dramatically
enhanced. Such effects have also been observed [94B] in a quantum waveguide geometry, where
the channel length was, in contrast to conventional QPC devices, formed by laterally overlapping
gate electrodes such that the channel width was well-defined, independent of channel length. The
fabricated devices all showed pronounced conductance quantization and, after illumination at low
temperatures, a significant S-type negative differential conductivity (see Fig. 76). Annealing the
devices at 120K for 12 hours was sufficient to restore the original QPC like current-voltage char-
acteristics, suggesting that the observed current instabilities are associated with the light induced
occupation of DX centres in the AlGaAs layer of the heterostructure material. Again it is pos-
tulated that the negative differential conductance is associated with the hot electron transport
through charge islands defined by the inhomogeneous potential distribution resulting from ionized
DX centres. This explains also the observation of more than one S-type instability in the observed
characteristics.
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voltage characteristics of a ballistic QPC are pre-
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Fig. 74: The measured current-voltage character-
istic for Vz; = —1.6'V is compared with the results
of a simple analytical calculation which assumes a

voltage of Vz = —800mV and only two subbands classical field distribution within a diffusive model.

contribute to the current at Vz; = —1.6 V [94H]. The observed asymmetry can be accounted for by
including an additional position dependent effective

gate voltage [94H].
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3.11 Thermal transport properties

The oscillations in the thermopower discussed in Section 3.1.13 above have been indirectly observed
[90M3] via the measurement of a transverse voltage between two asymmetrically tuned QPCs con-
nected to the same 2D resevoir. The experimental setup is shown in the inset of Fig. 77 where the
transverse voltage (i.e. V3 — V3) is plotted as a function of the gate bias applied to one QPC elec-
trode pair. The observed oscillations of the transverse voltage are clearly correlated with the steps
between quantized plateaux. The DC current flowing through the 2D bulk sandwiched between the
two QPC detectors causes electron heating within the bulk and gives rise to a shifted Fermi distribu-
tion. The measured transverse voltage is even in the current and has an approximately quadractic
current dependence as expected for Joule heating within the 2DEG. The comparison with theory
(see Fig. 78) was derived under the assumption that there is no net current between 2DEG and
the QPC reservoirs. This zero transmission condition allows the chemical potential difference to be
directly related to the temperature difference and hence the transverse voltage to be determined.
Only when the transmission has a significant energy dependence is a nonzero transverse voltage ex-
pected, as indeed found at the transitions between quantized plateaux. Comparable measurements
have been subsequently reported [92Y2] and the magnitude of the thermopower maxima compared
with the theoretical prediction S'®* ~ —60/(n + 1/2)uV/K. Typical measurements were within
about 20 % of the predicted values for low index plateaux, and for small currents the agreement
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Fig. 77: The transverse voltage V1 — Va (see inset)
is plotted as a function of the gate bias applied to
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Fig. 78: The calculated values for the transverse
voltage and QPC resistance for the experimental
parameters defined in Fig. 77 [90M3].

the resistance of QPC;. Both measurments were
performed at T' = 1.65K for a current I = 5 puA
and Vg2 = —2.0V [90M3].

improved to within 10 %.

The above analysis can, of course, be exploited to infer the temperature difference between
two reservoirs connected by a ballistic QPC providing a reliable estimate for the thermopower is
known. Such a technique has been used [92M2, 92vH] to investigate the quantum mechanical nature
of both the thermal conductance and Peltier coefficient. As predicted from the Kelvin-Onsager
relations, quantum size effects in the thermopower S should be accompanied by a change in the
Peltier coeflicient II = ST'. This effect has been investigated in a QPC where the thermal current is
inferred from the measurement of thermovoltages in source and drain reservoirs, and can be directly
compared with the subsequently measured thermovoltage between source and drain contacts. Good
quantitative agreement was found with an assumed thermopower S = —kgln2/(n + 1/2)e =~
—40 uV/K when the QPC is tuned to the middle of the n-th plateau. Similarly, the thermal
conductivity was measured by locally heating the source reservoir and measuring the accompanying
thermal current. The thermal conductivity showed structure reminiscent of the QPC conductance,
as may be expected from the Wiedemann-Franz relation x ~ LoT'G where Ly = k3m?/3e? is the
Lorenz number and G the conductance.

3.12 Coulomb blockade

Although Coulomb-blockade effects are not expected in the conductance of an ideal QPC, a number
of reports related to such effects have been published [91dG, 92N1]. Presumably, these observations
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are related to QPC geometries which, by virtue of their fabrication, are more likely to contain an
isolated conducting segment connected to the source and drain reservoirs via tunneling contacts.
In a Si-QPC [91dG], defined used a stack-gated technique (see Section 2.1), periodic oscillations in
the conductance as a function of applied gate bias are observed shortly before the device pinches
off. Both the gate characteristic as well as the source-drain characteristic are entirely consistent
with an interpretation based upon Coulomb effects. In an etched QPC geometry [92N1], which
could be tuned with side-gates defined in the same d-doped layer, the observed current-voltage
charcteristics showed a Coulomb gap of roughly 5mV. The modulation of the blockade via the
side-gates could be demonstrated, and quasi-periodic structure in the conductance of the device
was found. However, the exact device geometry is difficult to determine with the experimental
data presented and it is speculated that the long channel contains several barriers and conducting
islands, and should therefore show the so-called stochastic Coulomb blockade.

3.13 Superconducting QPCs

Superconducting QP Cs have been fabricated in high-mobility InAs layers, where Nb contacts serve
as ohmic contacts to the high-mobility electron gas which can be tuned via split-gate electrodes
[95T1]. In such systems measurements of the normalized differential resistance have been performed
as a function of gate electrode bias. At the Nb/2DEG interface the carriers can be transmitted,
reflected or indeed Andreev reflected, the latter process resulting in an excess current. The gate
voltage dependent characteristics show that, in the absence of a narrow channel the device charac-
teristics at V' = 0 show an increased differential resistance. As the QPC is defined the differential
resistance at zero bias decreases, and the excess current is attributed to Andreev reflected holes
which are focused towards the QPC. Related measurements of coherent Andreev backscattering
have subsequently been reported [97dH] in the disordered limit.

Similar devices have been employed [96T2] to investigate the nature of the critical current in
superconducting QPCs. In Fig. 79 both the critical current and conductance are plotted as a func-
tion of the applied gate-bias. The observed conductance quantization is modified and the steps
in conductance are somewhat larger than in the normal case. Single and multiple Andreev reflec-
tions will modify the quantization but, for the geometry considered, no theory has addressed this
problem so far. The critical current also shows steps of magntiude 5nA which, whilst considerably
smaller than expected, confirm at least qualitatively the theory discussed in Section 3.1.14 above.
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0 Fig. 79: The conductance and critical current of a

-16 -15 -14 -13 -1.2 superconducting QPC are plotted as a function of
the applied gate bias [96T2].
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3.14 Effect of radiation

The influence of alpha particle radiation upon the conductance characteristics has been invetsigated
at low temperatures [93T]. The incident radiation penetrates roughly 20 m into the semiconductor
heterostructure and creates electron-hole pairs as well as ionized inpurities. The latter create a
local potential minimum which can be clearly seen in the conductance characteristics of the QPC
device when the impinging alpha particle hits within a distance of roughly 5 ym from the QPC.
The influence of the potential minima is such that the conductance is briefly enhanced by as much
as 2e2/h, especially in the transition region between plateaux, and then decays on a time scale of
approximately 10s.
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