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Abstract. The calculation of the last unknown contribution to hydrogen energy levels
at order mα7, due to the three loop slope of the Dirac form factor, is described. The
resulting shift of the nS energy level is found to be 3.16/n3 kHz. Adding this result
to many known contributions to the 1S Lamb shift and comparing with experimental
value, we derive the value of the proton charge radius rp = 0.883 ± 0.014 fm.

1 Introduction

Experiments with hydrogen atoms are currently very precise and, amazingly,
their precision continues to increase [1,2,3,4,5,6]. Currently, the most accurate
experimental value for the 1S Lamb shift1 in hydrogen is [6]:

∆E(1S) = 8 172 837(22) kHz. (1)

On the theoretical side, the last unknown piece at O(mα7), the contribution
of the three loop slope of the Dirac form factor, has been computed recently [8].
In what follows that calculation is described.

The interaction of the virtual photon with the electron on its mass shell can
be parameterized by the so-called Dirac and Pauli form factors:

ū(p2)Γµu(p1) = ū(p2)
(
F1(q2)γµ + iσµν

qµ
m
F2(q2)

)
u(p1), (2)

where the u(p1,2) are the electron spinors in the initial and final state and q is
the momentum carried away by the photon. The momenta satisfy the relation
q = p1−p2. An important consequence of QED gauge invariance and the electron
charge definition is that the Dirac form factor equals unity at zero momentum
transfer:

F1(0) = 1, (3)

to all orders in the coupling constant. The Pauli form factor at zero momen-
tum transfer describes an interaction of the electron spin with the homogeneous
magnetic field; it is the electron anomalous magnetic moment.
1 We define the nS Lamb shift in a standard way, see e.g. Ref. [7].
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We are interested in the value of the Dirac form factor when the momentum
transfer q is small as compared to the electron mass. Then:

F1(q2) = 1 + F slope
1

q2

m2
+O

(
q4

m4

)
. (4)

The slope of the Dirac form factor generates a shift in nS energy levels:

∆E(nS) =
4mα4

n3

(mr

m

)3

F slope
1 . (5)

To match experimental precision, the energy shift has to be computed up to
∆E ∼ mα7 and even higher order corrections should sometime be included. For
this reason the three loop contribution to F slope

1 is required. We have previously
reported on our calculation of the three loop slope of the Dirac form factor in [8],
where the emphasize was on the phenomenological aspects. Here we would like
to discuss some of the methods employed in that calculation in a more detailed
way. Nevertheless, all important consequences of our result are presented as well.

2 Strategy of the calculation

There are approximately 40 three loop diagrams to be computed; for this reason
the choice of the appropriate strategy is of significant importance. Any approach
has to rely heavily on the use of symbolic manipulation computer programs. Our
principal tool in this calculation is the so called integration-by-parts technique
[9], which is common in perturbative calculations in high energy physics.

The advantage of this technique is that it allows to treat major part of the
problem in a pure algebraic way; the real three loop integration has to be done
for quite a few “master” integrals; the whole procedure can be easily automated
and then used for various calculations.

Let us now explain the main idea behind this technique. An important point
is that the applicability of the integration-by-parts requires that Feynman in-
tegrals are regularized dimensionally, so that we work in continuous space-time
dimension D = 4−2ε, where ε is the regularization parameter. Both, ultraviolet
and infra-red divergences show up as poles in ε. If dimensional regularization is
adopted, one observes that the following relation:

0 =
∫

∂

∂kµi

(
lµj × propagators

)
, (6)

where ki is one of the loop momenta and lj is either one of the loop momenta
or the external momenta, is valid. This simple equation delivers a non-trivial
information, once the derivative is performed explicitly.

To illustrate how this works, we consider a simple example of the one-loop
self-energy diagram on the mass shell p2 = m2, shown in Fig.1.

There are two recurrence relations. Let us look at the one that corresponds
to (∂/∂k) k. Explicit calculation gives:(

D − 2a2 − a1 − a12−1+
)
I(a1, a2) = 0, (7)
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a1

pm

a2

I(a1, a2) =

Z
dkD

(2π)D
1

(k2 + 2pk)a1(k2)a2

Fig. 1. The one-loop on shell mass shell diagram

where 1±I(a1, a2) = I(a1 ± 1, a2) and similar for 2±. Let us assume that a2 is
positive. Then, we rewrite Eq.(7) as:

I(a1, a2) =
a1

D − 2a2 − a1
I(a1 + 1, a2 − 1). (8)

By repeated application of this identity index a2 can be reduced to zero (see
Fig.2) which implies that the calculation of I(a1, a2) is reduced to the calculation
of vacuum bubble integrals that do not dependent on the external momentum
p. That is a significant simplification.

a1

a2

=⇒

a1 + a2

I(a1, a2) =⇒ I(a1 + a2, 0),

Fig. 2. A reduction of the on-shell one-loop integrals to vacuum integrals

Amazingly, this simple logic generalizes on to much more difficult cases and
is now the main tool in perturbative calculations in high energy physics. We use
it for the required calculation of the three loop slope of the Dirac form factor.

The first thing to realize is that all Feynman integrals that have to be com-
puted can be expressed through four basic topologies shown in Fig.3 (obviously,
only if arbitrary powers of all propagators are allowed).

(a) (b)

(c) (d)

Fig. 3. Examples of electron-photon vertex diagrams that correspond to the four dif-
ferent integration topologies
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We then solve the recurrence relations for all of these topologies and, as the
result, we have the mapping:

Any three loop on− shell QED Feynman integral

=⇒ 17 master three loop integrals.

These seventeen integrals have been computed in the course of the calculation
of the anomalous magnetic moment of the electron [10] and we can borrow them
from that reference. In the next section we present the structure of the computer
program in which this strategy is realized.

3 Basics of the program

All the above steps have been automated (in simple terms this means, that get-
ting either the three loop g − 2 or the slope of the Dirac form factor is just a
matter of changing a single line in the computer code). The program is writ-
ten in Form, a symbolic manipulation language created by J.A.M. Vermaseren.
Organization of the program is as follows:

Initial Feynman diagram

Diagrams database Main file Feynman rules

Recurrence relations

Master integrals

Final result

❄
✛ ✲

❄

❄

❄

When the calculation of specific diagram is requested, the program pulls it
out of the database, uses Feynman rules to substitute vertices and propagators,
applies recurrence relations to map the diagram into the master integrals, substi-
tutes these master integrals from a separate database and prints out the result.
A typical run of the program looks like (diagram Fig.1b as an example):

> form2.3 runChargeRad
...
Time=10 sec Generated terms = 5531
EXPR Terms in output = 5531
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expand line 4 Bytes used = 799972
....
Time = 1919.10 sec Generated terms = 32
EXPR Terms in output = 32
Bytes used = 608

EXPR = − 13
288ε3

− 683
3456ε2

+
1
ε

(
− 8675
20736

+
1
32
ζ3 −

π2

48
log 2− 53

1152
π2

)

+
(
672619
497664

+
17
72
ζ3π

2 − 2503
576

ζ3 −
5
6
ζ5 +

459
320

π2 log 2

−101
72
π2 log2 2− 12809

7200
π2 +

793
4320

π4 − 23
144

log4 2− 23
6
a4

)
.

The program has been tested on several QED and QCD motivated examples
such as: electron g − 2 in QED, gauge independence of the electron wave func-
tion renormalization in QED, a relation between the pole and the MS mass in
QCD, exponentiation of the infra-red asymptotic of the heavy fermion propa-
gator. Many details concerning these checks and other technical aspects of our
calculations can be found in Ref. [11] which the interested reader should consult.

4 Results

We now summarize the results of the calculation. For the slope of the Dirac form
factor we obtain:

F slope
1 =

∞∑
n=1

(α
π

)n
A

(n)
slope, (9)

and

A
(1)
slope = −1

8
− 1

6ε
, (10)

A
(2)
slope = −4819

5184
− 3

4
ζ3 +

1
2
π2 log 2− 49

432
π2, (11)

A
(3)
slope = − 77513

186624
− 17

24
ζ3π

2 − 2929
288

ζ3 +
25
8
ζ5 +

41671
2160

π2 log 2− 217
216

log4 2

− 103
1080

π2 log2 2− 454979
38880

π2 +
3899
25920

π4 − 217
9
a4, (12)

where a4 =
∞∑
n=1

1/(2nn4) and ζk =
∞∑
n=1

1/(nk) denotes the Riemann zeta func-

tion. Note, that the one-loop slope A(1)
slope is divergent as ε → 0. This infrared

divergence is transformed to logα, if other contributions to the Lamb shift at
order mα5 are taken into account. The results for A(2,3)

slope show explicitly that in
higher orders of perturbation theory this problem is absent.
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The correction to the S-wave energy levels induced by the three-loop slope
of the Dirac form factor is then:

∆Eslope
α3(Zα)4(n) =

4mα7

π3n3

(mr

m

)3

A
(3)
slope →

8cR∞α5

π3n3

(mr

m

)3

A
(3)
slope,

where cR∞ is the Rydberg constant in MHz.
Using the values for the Rydberg and the fine structure constant [12]

cR∞ = 3 289 841 960.367(25) MHz, α = 1/137.035 999 76(50),

we arrive at:
∆Eslope

α3(Zα)4(n) =
3.016
n3

kHz.

The contribution due to the three-loop slope of the Dirac form factor was
the last unknown contribution to the hydrogen energy levels at order α3(Zα)4.
The two other contributions come from the three-loop electron anomalous mag-
netic moment and the three-loop vacuum polarization correction to the Coulomb
propagator. These contributions can be extracted from the literature [10,13].

The effects of α3(Zα)4 are conveniently parameterized by the coefficient C40

defined by:

∆Eα3(Zα)4 =
8cR∞α5

π3n3

(mr

m

)3

C40.

Taking all the three contributions into account, we obtain the following ex-
pression for the coefficient C40 for the S-levels:

C40 =
679441
93312

− 252251
9720

π2 +
4787
108

π2 log 2− 121
72
ζ3π

2 − 239
135

π2 log2 2

−84071
2304

ζ3 +
85
24
ζ5 −

568
9
a4 +

1591
3240

π4 − 71
27

log4 2 ≈ 0.417508, (13)

which results in a three-loop correction to the nS-level Lamb shift:

∆Eα3(Zα)4(n) =
mα7

n3π3

(mr

m

)3

C40

= (3.016 + 5.187− 6.370)
kHz
n3

=
1.83
n3

kHz.

We have displayed the contributions due to the three-loop slope of the Dirac
form factor, the three-loop anomalous magnetic moment of the electron and the
three-loop photon vacuum polarization separately. Thanks to the cancellation
between these contributions, the correction turns out to be quite small numeri-
cally.

We now present our result for the 1S Lamb shift in hydrogen. A detailed
description of all the corrections that we include to obtain the final result as
well as references to the original papers are given in [8]. The final value for the
1S-shift strongly depends on the value of the proton charge radius:

∆E(1S)theory = 8 172 778(16)(32) kHz, (14)
∆E(1S)theory = 8 172 819(16)(66) kHz, (15)
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where the two values of ∆E(1S) are given for rp = 0.862(12) fm [14] and
rp = 0.877(24) fm [15], respectively. The first error in Eqs.(14,15) is the the-
oretical uncertainty due to still uncalculated higher order corrections to energy
levels. The second error is due to the uncertainty in the experimental values of
the proton charge radius. The uncertainties in Rydberg and the fine structure
constants are not relevant at the present level of precision.

Comparing the theoretical result Eqs.(14,15) with the most recent measure-
ment of the 1S-level Lamb shift [6]

∆E(1S)exp = 8 172 837(22) kHz, (16)

we conclude that the larger values of the proton charge radius seem to give an
agreement between the theory and experiment.

Turning the problem around, we note that the small uncertainty in the the-
oretical result for the 1S Lamb shift permits an extraction of the proton charge
radius by comparing experimental and theoretical results. We then arrive at the
precise value of the proton radius rp = 0.883 ± 0.014 fm. It is interesting to
note that this result seems to be in good agreement with the value of the proton
charge radius derived in a recent re-analysis of the electron-proton scattering
data [16].

In conclusion, we have computed the three-loop slope of the Dirac form factor.
Thanks to this calculation the theoretical uncertainty in the predictions for the
1S Lamb shift is reduced. Comparison of the theoretical and experimental results
for the 1S level shift permits an accurate determination of the proton charge
radius. Further improvements in theoretical predictions for the 1S level shift
would be possible if subleading α2(Zα)6 log2 α corrections are calculated. Only
then can the theoretical uncertainty be brought down to several kHz and can
the potential of the recent measurement of the 1S − 2S transition frequency [6]
be fully exploited.

5 Acknowledgments

Useful conversations with E. Remiddi, S.G. Karshenboim, K. Pachucki and
A. Yelkhovsky are gratefully acknowledged. This research was supported in part
by the United States Department of Energy, contract DE-AC03-76SF00515, by
BMBF under grant number BMBF-057KA92P, by Graduiertenkolleg “Teilchen-
physik” at the University of Karlsruhe and by the DFG Forschergruppe “Quan-
tenfeldtheorie, Computeralgebra und Monte-Carlo-Simulation”.

References

1. M. Weitz et al.: Phys. Rev. Lett. 72, 328 (1994)
2. D.J. Berkeland et al.: Phys. Rev. Lett. 75, 2470 (1995)
3. S. Bourzeix et al.: Phys. Rev. Lett. 76, 384 (1996)
4. B. de Beauvoir et al.: Phys. Rev. Lett. 78, 440 (1997)



Three-loop slope of the Dirac form factor 351

5. Th. Udem et al.: Phys. Rev. Lett. 79, 2646 (1997)
6. G. Schwob et. al.: Phys. Rev. Lett. 82, 4960 (1999)
7. P. Mohr: in Atomic, Molecular and Optical Physics Handbook, edited by
G.W.F. Drake, pp. 341–351, (AIP Press, Woodbory, New York, 1996)

8. K. Melnikov and T. van Ritbergen: Phys. Rev. Lett. 84, 1673 (2000)
9. F. Tkachov: Phys. Lett. B 100, 65 (1981);
K.G. Chetyrkin and F. Tkachov: Nucl. Phys. B 192, 159 (1981)

10. S. Laporta and E. Remiddi: Phys. Lett. B 379, 283 (1996)
11. K. Melnikov and T. van Ritbergen: The three loop on-shell renormalization of

QCD and QED, hep-ph/0005131
12. P.J. Mohr and B.N. Taylor: Rev. Mod. Phys. 72, 351 (2000)
13. P. Baikov and D.J. Broadhurst: hep-ph/9504398
14. G.G. Simon et al.: Nucl. Phys. A 333, 381 (1980)
15. Ch.W. Wong: Int. J. Mod. Phys. 3, 821 (1994)
16. R. Rosenfelder: Phys. Lett. B 479, 381 (2000)


	Start Screen
	Foreword by Norman F. Ramsey
	Preface
	Table of Contents
	List of Contributing Participants
	Introduction to Simple Atoms
	Part I Hydrogen and Helium
	Precision Spectroscopy of Atomic Hydrogen
	Ultracold Hydrogen
	Review of High Precision Theory and Experiment for Helium

	Part II Positronium and Muonium
	Spectroscopy of the Muonium Atom
	Experimental Tests of QED in Positronium: Recent Advances

	Part III Fundamental Constants and Frequency Metrology
	A New Type of Frequency Chain and Its Application to Fundamental Frequency Metrology
	Fundamental Constants and the Hydrogen Atom
	Present Status of g - 2 of Electron and Muon

	Part IV Few-Electron Highly-Charged Ions
	Laser Spectroscopy of Hydrogen-Like and Helium-Like Ions
	The g Factor of Hydrogenic Ions: A Test of Bound State QED

	Part V Exotic Atoms
	Elementary Relativistic Atoms
	Antiprotonic Helium – An Exotic Hydrogenic Atom

	Appendix: Abstracts of Contributed Papers
	Subject Index
	Author Index
	Part VI Hydrogen and Helium (on CD only)
	Towards a Precise Measurement of the He+ 2S Lamb Shift
	High Precision Measurements on Helium at 1083 nm
	Absolute Frequency Measurement of the 1S-3S Transition in Hydrogen
	2s Hyperfine Structure in Hydrogen Atom and Helium-3 Ion
	Three-Loop Slope of the Dirac Form Factor and the 1S Lamb Shift in Hydrogen
	Radiative Decay of Coupled States in an External dc Field
	Atomic Interferometer and Coherent Mixing of 2S and 2P States in the Hydrogen Atom
	Ground State Energy of the Helium Atom

	Part VII Muonium and Positronium (on CD only)
	Two-Loop Corrections to the Decay Rate of Orthopositronium
	Recent Results in Positronium Theory
	Test of CPT and Lorentz Invariance from Muonium Spectroscopy
	Positronium: Theory Versus Experiment
	Highly Accurate Theoretical Simulation of the Resonant Multiphoton Ionization Processes With Simplest Atoms

	Part VIII Muonic Atoms (on CD only)
	Time-of-Flight Spectroscopy of Muonic Hydrogen Atoms and Molecules
	Hyperfine Structure in Muonic Hydrogen
	Towards a Measurement of the Lamb Shift in Muonic Hydrogen

	Part IX Exotic Atoms (on CD only)
	Antihydrogen Production and Precision Spectroscopy with ATHENA/AD-1
	Precision Spectroscopy of X-rays from Antiprotonic Hydrogen
	Charged Pion Mass Determination and Energy – Calibration Standards Based on Pionic X-ray Transitions
	Pionic Hydrogen: Status and Outlook
	Antiprotonic Helium “Atomcule”: Relativistic and QED Effects
	Towards Laser Spectroscopy of Antihydrogen
	Hyperfine Structure Measurements of Antiprotonic Helium and Antihydrogen

	Part X Precision Spectroscopy, Fundamental Constants and Fundamental Symmetry (on CD only)
	Indium Single-Ion Optical Frequency Standard
	Matter Neutrality Test Using a Mach-Zehnder Interferometer
	Relativistic Corrections in Atoms and Space-Time Variation of the Fine Structure Constant
	Frequency Comparison and Absolute Frequency Measurement of I2-stabilized Lasers at 532 nm

	Part XI Few-Electron Ions (on CD only)
	A QED Calculation of Electron Interaction for He-Like and Li-Like Highly Charged Ions
	The gJ Factor of an Electron Bound in Hydrogen-Like Carbon: Status of the Theoretical Predictions
	Second-Order Self-Energy Calculations for Tightly Bound Electrons in Hydrogen-Like Ions
	Lamb Shift in Light Hydrogen-Like Atoms
	The g Factor of a Bound Electron in a Hydrogen-Like Atom
	Laser Spectroscopy of the 2S Lamb Shift in Hydrogenic Silicon
	Ground-State Hyperfine Structure of Heavy Hydrogen-Like Ions
	Measurement of the 1s2p 3P0 - 3P1 Fine Structure Interval in Helium-Like Magnesium
	Towards a Precision Measurement of the Lamb Shift in Hydrogen-Like Nitrogen
	Absolute Test of Quantum Electrodynamics for Helium-Like Vanadium
	Relativistic Recoil Corrections to the Atomic Energy Levels
	X-Ray Spectroscopy of Hydrogen-Like Ions in an Electron Beam Ion Trap

	Part XII Advanced Quantum Mechanics and QED (on CD only)
	CPT-Invariant Eight-Component Two-Fermion Equation
	The Two-Time Green’s Function and Screened Self-Energy for Two-Electron Quasi-Degenerate States
	Higher-Order Stark Effect on Magnetic Fine Structure of the Helium Atom
	Radiation Properties of Diamagnetic Manifolds in Atomic Hydrogen: Line Intensity Dependence on a Magnetic Field
	Precise Evaluation of the Electron (g-2) at 4 loops: The Algebraic Way
	Relativistic Dipole Dynamic Polarizabilities of Lowest ns1/2-States in Hydrogen-Like Atoms
	Loop-After-Loop Contribution to the Second-Order Self-Energy in Hydrogen

	Contents of the 1989 Hydrogen Atom Book1 (on CD only)
	Preface
	Part I Precision Spectroscopy of Hydrogen: Fundamental Physics and Universal Constants
	The Hydrogen Atom (An Historical Account of Studies of Its Spectrum)
	Interference of the Hydrogen Atom States (n=2)
	Separated Oscillatory Field Measurement of the Lamb Shift in H, n=2*
	Hydrogen Spectroscopy and Fundamental Physics
	DoppIer-Free Two-Photon Spectroscopy of Hydrogen Rydberg States: Remeasurement of ...
	Two-Photon Transitions Between Discrete States
	Two-Photon Spectroscopy of Hydrogen 1S-2S
	1S-2S Transition-Frequency Calibration
	High Resolution Spectroscopy of Hydrogen
	Trapped Atomic Hydrogen
	Atomic Hydrogen in a Magnetic Trapping Field
	Frequency Standards in the Optical Spectrum
	Precision RF Spectroscopy of Circular Rydberg Atoms

	Part II Positronium, Muonium, and Other Hydrogen-Like Systems
	Laser Spectroscopy of Positronium and Muonium
	Positronium Decay Rates
	New Schemes for the Production and Spectroscopy of Positronium
	Some Recent Advances in Muonium
	Transitions in Muonic Helium Ions Induced by Laser Radiation
	Positrons for Low Energy Antihydrogen Production
	Antihydrogen by Positromum-Antiproton Interaction
	Antiprotonic Hydrogen
	The Spectroscopy of Hydrogen-Like Highly Ionised Atoms

	Part III Quantum Electrodynamics and Beyond
	The Bound State Problem in QED*
	Electron g - 2 and High Precision Determination of ...
	General QED/QCD Aspects of Simple Systems
	Search for Parity Nonconservation in Hydrogen

	Part IV Hydrogen in Strong Fields and Chaos
	Multiphoton Transition to the Continuum of Atomic Hydrogen
	Hydrogen in Strong DC and Low Frequency Electric Fields - One Dimensional Atoms
	Hydrogen Atoms in Strong Magnetic Fields - in the Laboratory and in the Cosmos
	Theory of Chaos in the Atomic Hydrogen
	Quantum Chaos and the Hydrogen Atom in Strong Magnetic Fields
	Highly Excited Hydrogen in Strong Microwaves:Experimental Tests for Classically Chaotic Semiclassical Dynamics and for Quantum Localization
	Quasi-Landau Spectrum of the Chaotic Diamagnetic Hydrogen Atom


	Help

	suchen: 
	treffer: 
	hilfe: 
	help: 
	search: 
	hits: 


