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Abstract. Order α2 corrections to the decay rate of orthopositronium are calculated
in the framework of nonrelativistic QED. The correction is ≈ 45 in units of (α/π)2

times the lowest order rate.

1 Introduction

The theoretical result for the orthopositronium decay rate is
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{
1 + A

α

π
+
α2

3
lnα+B

(α
π

)2

(1)

− 3α3

2π
ln2 α+ C

α3

π
lnα+D

(α
π

)3

+ · · ·
}
Γ0

where

Γ0 =
2
9
(π2 − 9)

mα6

π
= 7.2111670(1) µs−1 (2)

is the Ore and Powell result for the lowest order decay rate [1,2], and

A = −10.286606(10) (3)

is the order α correction [3,4,5]. The α2 lnα logarithmic contribution with co-
efficient 1/3 was obtained in 1979 [6], and the α3 ln2 α logarithmic contribution
with coefficient −3/(2π) in 1993 [7]. The (α/π)2 correction has two parts: from
decay to five photons [0.187(11)] [8,9], and from decay to three photons. Our
new result is the three photon decay contribution: 44.86(26) [10]. Finally, the
coefficient of the (α3/π) lnα contribution has recently been obtained by three
groups: C = A/3− 229/30 + 8 ln 2 = −5.517 [11,12,13].

Numerical values for the various contributions to the decay rate are shown in
Table 1. In looking at this table, one should keep in mind the approximate value
of the current experimental uncertainty for this rate, which is ≈ 0.002 µs−1 (see
Table 2). It seems clear that the perturbation series is behaving nicely, and that
“higher-order” terms are indeed small. For example, the ratios of the O(α) to
O(1) terms and the O(α2) to O(α) terms are

|A/1|α
π

= 0.023 , (4)

|B/A|α
π

= 0.010 . (5)



376 G.S. Adkins et al.

Table 1. Numerical values of contributions to the orthopositronium decay rate

term contribution (in µs−1)

1 7.211167

Aα
π

-0.172303

α2

3
lnα -0.000630

B
�
α
π

�2

0.001753(11)

− 3α3

2π
ln2 α -0.000032

C α3

π
lnα 0.000024

D
�
α
π

�3

0.00000009 D

total 7.039979(11) + 0.00000009D

If the unknownD contribution follows roughly the same pattern, and |D/B|α/π =
0.010, then one would have D = 192 and its contribution would be D(α/π)3Γ0 =
0.000017 µs−1. If D were 10 times this large, its contribution would still be much
smaller than the present experimental uncertainty.

Our final result is

Γ (theory) = 7.039979(11) µs−1 . (6)

We have not assigned a theoretical error to the uncalculated D term, but note
that D would have to be about 20000 for this contribution to be as large as the
experimental error.

The theoretical result is significantly below the two Michigan experimental
values [14,15], but is in agreement with the lower precision Tokyo experimental
value [16] (see Table 2).

Table 2. Recent experimental results for the orthopositronium decay rate. The quan-
tity ∆ is the difference between the experimental and theoretical values for the rate in
terms of the experimental uncertainty σ

medium place year result (in µs−1) ∆ reference

gas Michigan 1989 7.0514(14)a 8.1 σ [14]

vacuum Michigan 1990 7.0482(16) 5.1 σ [15]

powder Tokyo 1995 7.0398(29) -0.1 σ [16]

a At this meeting, Ralph Conti announced that the value of the Michigan gas number
will be corrected to bring its value down closer to the vacuum result [17].
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2 NRQED

We use nonrelativistic QED (NRQED) [18] as the framework for this calcula-
tion. In particular, we use an implementation similar to that used by Hoang,
Labelle, and Zebarjad [19,20] in their calculation of the two-loop corrected one-
photon-annihilation contribution to the positronium hyperfine structure. Their
calculation and ours are very closely related: theirs involves the virtual decay
of orthopositronium to a single photon, while ours involves the real decay of
orthopositronium to three photons. However, there are substantial differences
between three-photon real decay and one-photon virtual decay. In three-photon
decay the photons go off in unspecified directions in a plane which brings in
the need to integrate over two parameters which describe the configuration of
the decay. The three-photon graphs are considerably more complicated than the
one-photon graphs because of the increased number of real and virtual parti-
cles. There are many more graphs to be considered (83 vs. 6) in the decay rate
calculation. And finally, in three-photon real decay the energy-shift graphs have
imaginary parts which are related to the decay rate.

The implementation of NRQED used here is defined by the Lagrangian and
the treatment of infrared and ultraviolet divergences. The Lagrangian has the
form [20,21]

LNRQED =
1
2
(E2 −B2)

+ ψ†
[
iDt +

D2

2m
+
D4

8m3
+ · · ·+ cF e

2m
σ ·B

+
cDe

8m2
(D ·E −E ·B) +

cSe

8m2
iσ · (D ×E −E ×D) + · · ·

]
ψ

+ (ψ → χ)

− dCe
2

4m2
(ψ†σσ2χ

∗) · (χTσ2σψ)

+
dDe

2

3m4

1
2
[
(ψ†σσ2χ

∗)(χTσ2σ(−i
↔
D /2)2ψ) + H.C.

]
+ · · · (7)

where ψ and χ are the two-component electron and positron fields, Dt = ∂t −
ieA0, D = ∇ + ieA, and σi is the usual Pauli matrix. The Fermi, Darwin,
spin-orbit, and the four-fermion contact and derivative couplings cF , cD, cS , dC ,
and dD all have the form 1+O(α) by matching with tree-level QED. Ultraviolet
divergences are regulated by a momentum-space cutoffmΛ, while infrared diver-
gences are controlled by a non-zero photon mass mλ. We make use of Coulomb
gauge, in which the photon propagator has the form 1/D(k) for Coulomb pho-
tons and

Dij(k) =
1

k2 − λ2 + iε

(
δij −

kikj
D(k)

)
(8)

for transverse photons (where D(k) = k2 + λ2). The electron propagator is

S(p) =
1

p0 − p2/(2m) + iε
. (9)
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In the related calculation of Hoang, Labelle, and Zebarjad [20], ultraviolet
divergences were regulated by a momentum-space cutoff as here, but infrared
divergences were dealt with by keeping the particles above threshold (to control
binding singularities) and also including a non-zero photon mass (to regulate
the remaining infrared divergences). In the two-loop parapositronium decay rate
calculation of Czarnecki, Melnikov, and Yelkhovsky [22,23], both ultraviolet and
infrared divergences were regulated via dimensional regularization. We chose to
regulate all infrared and binding singularities by a photon mass in order to make
contact with the NRQED work done by Labelle, Lepage, and Magnea [24] on the
orthopositronium decay rate problem. A nontrivial check of our implementation
of NRQED is provided by making sure that it reproduces the results of Ref. [20],
with both NRQED calculations confirmed by an entirely different Bethe-Salpeter
type calculation [25].

To the order of interest here the relevant NRQED interactions (see Fig. 1)
can be represented as instantaneous potentials [20]. They are

V4(p, q) =
2πα
m2

dC , (10)

V4der(p, q) = − 4πα
3m4

(p2 + q2)dD , (11)

Vcoul(p, q) = − 4πα
D(k)

, (12)

δHkin(p, q) = −(2π)3δ(p− q)
q4

4m3
, (13)

VBF (p, q) = −2πα
m2

{p2 + q2

D(k)
− 11

6
k2

D(k)

+
λ2(p2 + q2)
D2(k)

+
λ4

2D2(k)
− λ2

2D(k)

}
. (14)

(a) (b)

(c) (d) (e)

Fig. 1. The NRQED instantaneous potentials: (a) four-fermion contact, (b) four-
fermion derivative, (c) Coulomb, (d) relativistic kinetic energy, and (e) Breit-Fermi
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The relativistic correction to the fermion kinetic energy is represented as a po-
tential. The Breit-Fermi interaction includes the effects of transverse photon
exchange as well as relativistic corrections to Coulomb photon exchange. The
potentials are given with the assumption that the states acted on are S states
with total spin 1.

3 The Matching Calculation

The next step in the implementation of NRQED is to determine the NRQED
coefficients by requiring agreement between NRQED and QED for appropriately
chosen scattering amplitudes. Of particular interest for the decay rate calculation
are the four-fermion coefficients dC and dD, which encode the effects of decay
in their imaginary parts. The scattering process we will discuss is e−e+ → e−e+

scattering at threshold in the total spin 1 configuration. On the QED side, the
two graphs of Fig. 2a and Fig. 2b represent the leading contributions to the real
and imaginary parts of dC and dD. We will work in terms of energy shifts and
decay rate contributions by defining

∆E = i(amplitude)× φ2
0 , (15)

Γ = −2Im(∆E) , (16)

where φ2
0 = m3α3/(8π) is the square of the nonrelativistic Coulomb ground state

wave function at the origin. Then the energy shift and decay rate described by
Fig. 2a and Fig. 2b are

∆E =
mα4

4
, (17)

Γ = Γ0 =
2
9
(π2 − 9)

mα6

π
. (18)

The corresponding energy and rate from Fig. 1a and Fig. 1b are

∆E =
2πα
m2

Re(dC)φ2
0 =

mα4

4
Re(dC) , (19)

Γ = −mα
4

2
Im(dC) . (20)

(a) (b)

Fig. 2. QED graphs contributing to the lowest order energy shift and decay rate. The
dashed vertical line represents a Cutkosky cut through the three-photon intermediate
state used to find the imaginary part



380 G.S. Adkins et al.

Tree-level matching then gives

Re(dC) = 1 +O(α) , (21)

Im(dC) = −
4(π2 − 9)α2

9π
+O(α3) . (22)

If we write

Im(dC) = −
4(π2 − 9)α2

9π
e (23)

where
e = 1 + (α/π)e1 + (α/π)2e2 + · · · (24)

then we will need to evaluate e up through terms of order α2.
Similarly, the real and imaginary parts of dD are found by considering the

same QED graphs Fig. 2a and Fig. 2b slightly above threshold. One finds that
[26,24]

Re(dD) = 1 +O(α) , (25)

Im(dD) = −
(π2 − 9)Xα2

36π
, (26)

where X = (19π2 − 132)/(π2 − 9).
Now we proceed to the one- and two-loop calculations in QED and NRQED.
The graphs contributing the orthopositronium decay at one-loop order in

QED are shown in Fig. 3. The one-loop graphs contribute [10]

(a) (b) (c) (d)

(e) (f)

Fig. 3. One-loop QED graphs contributing to the orthopositronium decay rate. They
are (a) the self-energy graph, (b) the outer vertex graph, (c) the inner vertex graph,
(d) the double vertex graph, (e) the ladder graph, and (f) the annihilation graph
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(a) (b) (c)

(d) (e)

Fig. 4. One-loop NRQED graphs contributing to the orthopositronium decay rate

ΓQED
1 =

[2π
λ

+A(λ)
]α
π
Γ0 (27)

where
A(λ) = −10.286606(10)+ 15.39 λ . (28)

Even though the limit λ → 0 is taken at the end of the calculation, we keep
terms of order λ in the one-loop calculation because terms with a factor of 1/λ
enter at the two-loop order. The NRQED one-loop graphs are shown in Fig. 4,
and their values are given in Table 3. The matching condition through one-loop
order is thus

1 +
α

π

[2π
λ

+A(λ)
]

=
[
1 +

α

π
e1

]
+
α

π

[2π
λ

+
(
−8
3
− X

6
)
Λ+

( 7
12

+
X

12
)
πλ

]
, (29)

Table 3. One-loop NRQED decay rate contributions

diagram α
λ
Γ0

αΛ
π
Γ0 αλΓ0

a 2e 0 0

b 0 1 − 1
2

c 0 − 5
3

13
12

d 0 −X
6

X
12

e 0 −2 0

total 2e − 8
3
− X

6
7
12

+ X
12

where a factor of Γ0 has been removed from each side. Thus one has

e1 =
(8
3
+
X

6
)
Λ+A(λ)−

( 7
12

+
X

12
)
πλ . (30)
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The two-loop calculation is significantly more involved. There are 83 indepen-
dent two-loop QED graphs that contribute to the decay rate. Representatives of
the various classes of graphs are shown in Fig. 5. The classes are (a) irreducible
two-loop corrections to the outer vertex; (b) irreducible two-loop corrections to
the inner vertex; (c) irreducible two-loop self-energy corrections; (d) reducible
two-loop corrections involving one-loop vertex and self-energy parts; (e) ultravi-
olet and infrared finite generalizations of the double-vertex graph; (f) the double
ladder, crossed ladder, and related graphs; (g) one-loop vertex or self-energy
corrections to the double-vertex graph; (h) one-loop radiative corrections to the
annihilation diagram; (i) vacuum polarization corrections to the one-loop dia-
grams; (j) the square of the one-loop amplitude; (k) light-by-light scattering of
two of the three final state photons. Several of these classes have been calculated
earlier: (h) by Adkins and Lymberopoulos [27]; (i) by Burichenko and Ivanov
[28] and by Adkins and Shiferaw [29]; and (j) by Burichenko [30] and by Adkins
[5]. The rest of the calculations are new. We used dimensional regularization
to handle the ultraviolet divergences, and a finite photon mass to regularize all

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k)

Fig. 5. Two-loop QED graphs contributing to the orthopositronium decay rate. One
sample graph is given per class. A spin-one state is implicit on the right. A Cutkosky
cut through the three-photon intermediate state to give the imaginary part is implicit
in class (j)

infrared divergences. All ultraviolet divergences disappeared after renormaliza-
tion. The results are listed by class in Table 4 [10]. The complete two-loop QED
decay rate result has the form
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Table 4. Two-loop QED contributions to the orthopositronium decay rate by class

class α2

λ2 Γ0
α2

πλ
Γ0 lnλα

π
(α
π
)2ln2λΓ0 α2lnλΓ0 (α

π
)2Γ0

a 0 0 −ΓOV -2 0 -5.618

b 0 0 −ΓIV -1 0 -0.705

c 0 0 −ΓSE 2 0 0.058

d 0 0 0 0 0 2.421

e 0 0 0 0 0 9.259(9)

f 2 ln 2 A ΓSE+OV+IV+DV 1 − 2
3

-20.50(26)

g 0 0 −ΓDV 0 0 -1.372

h 0 0 0 0 1 9.007

i 0 0 0 0 0 0.965

j 1 A 0 0 0 28.860(2)

k 0 0 0 0 0 0.350(4)a

total 2ln 2+1 2A 0 0 1
3

22.72(26)

a The numerical result for class k is still preliminary.

ΓQED
2 =

[(2 ln 2 + 1)π2

λ2 +
2πA(λ)
λ

+
π2

3
lnλ+B2

](α
π

)2
Γ0 , (31)

where B2 = 22.72(26).
The appropriate two-loop NRQED graphs are shown in Fig. 6, and the results

are given in Table 5. The total two-loop NRQED contribution to the rate is

ΓNRQED
2 =

[2 ln 2 + 1
λ2 +

(
−16

3
− X

3
) Λ
πλ
− 1

3
ln

(Λ
λ

)
+

2
3
ln 2+

(
−2
3
+

5X
24

)]
α2Γ0 .

(32)
The two-loop matching condition is

Γ0 + Γ
QED
1 + ΓQED

2 =
(
1 +

α

π
e1 +

(α
π

)2
e2

)
Γ0

+
α

π

[2π
λ

(
1 +

α

π
e1

)
+

(
−8
3
− X

6
)
Λ +

( 7
12

+
X

12
)
πλ

]
Γ0

+ ΓNRQED
2 . (33)

The corresponding two-loop coefficient is

e2 =
π2

3
lnΛ− π

2X

24
+

11π2

6
− 2π2

3
ln 2 +B2 . (34)

4 The Bound State Calculation

Now that NRQED is defined to the required order, we are in position to obtain
the order α2 correction to the decay rate. The unperturbed problem, defined by
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 6. Two-loop NRQED graphs contributing to the orthopositronium decay rate

Table 5. Two-loop NRQED decay rate contributions

diagram α2

λ2 Γ0
α2Λ
πλ

Γ0 α2 ln
�
Λ
λ

�
Γ0 α2 ln 2Γ0 α2Γ0

a 2 ln 2 0 0 0 0

b 1 0 0 0 0

c 0 1 0 0 − 3
4

d 0 0 1
2

− 1
2

0

e 0 1 0 0 − 1
2

f 0 − 5
3

1 1
3

− 5
8

g 0 0 − 5
6

5
6

1
8

h 0 − 5
3

0 0 13
12

i 0 −X
6

0 0 X
8

j 0 −X
6

0 0 X
12

k 0 −4 0 0 0

l 0 0 −1 0 0

total 2 ln 2 + 1 − 16
3
− X

3
− 1

3
2
3

− 2
3
+ 5X

24
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use of the potential Vcoul(p, q), is simply the usual nonrelativistic Schrödinger-
Coulomb problem. The ground state wave function has the form

φ(p) = φ0

8πγ
(p2 + γ2)2

(35)

where γ = mα/2 and φ0 = ψ(r = 0) = (γ3/π)1/2 is the wave function at contact.
The perturbing potentials are V4, V4der , δHkin, and VBF . Since we are inter-

ested in the imaginary part of the energy shift, at least one factor of a four-point
contact term (V4 or V4der) must be included. Perturbation theory for the ground
state energy at second order gives

∆E = 〈0|V4|0〉+ 〈0|V4der|0〉+ 〈0|V4ĜV4|0〉+2〈0|V4ĜδHkin|0〉+2〈0|V4ĜVBF |0〉 ,
(36)

where |0〉 represents the spin-1 ground state, and

Ĝ =
∑
n�=0

|n〉〈n|
E0 − En

(37)

is the nonrelativistic Schrödinger-Coulomb propagator with the ground state
contribution taken out [31,32,33]. The corresponding decay rate contributions
are found through use of Eq. 16. After labeling the terms of Eq. 36 as 1-5, we
find

Γ1 =
[
1 +

(α
π

)
e1 +

(α
π

)2
e2

]
Γ0 , (38)

Γ2 =
[
−Xα

6π
Λ+

Xα2

16
]
Γ0 , (39)

Γ3 =
[
−2α
π
Λ− α2 ln

(Λ
α

)
− α2

]
Γ0 , (40)

Γ4 =
[α
π
Λ+

α2

2
ln

(Λ
α

)
+
α2

8
]
Γ0 , (41)

Γ5 =
[
−5α
3π
Λ+

α2

6
ln

(Λ
α

)
+

5α2

12
]
Γ0 . (42)

Ultraviolet divergent integrals were regulated with a momentum cutoff as in the
NRQED part of the matching calculation. The total correction to the decay rate
is the sum of Eqs. 38 – 42:

Γ =
[
1+

(α
π

)
e1 +

(α
π

)2
e2

]
Γ0 +

[
−8
3
− X

6
]α
π
ΛΓ0 +

[
−1
3
ln

(Λ
α

)
− 11

24
+
X

16
]
α2Γ0 .

(43)
Now using the values of e1 and e2 (with λ→ 0), one has

Γ =
{
1 +

α

π
A+

(α
π

)2[π2

3
lnα+ π2

(11
8
− 2

3
ln 2 +

X

48
)
+B2

]}
Γ0

=
{
1 +

α

π
A+

(α
π

)2[π2

3
lnα+B3γ

]}
Γ0 , (44)
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where
B3γ = π2

(11
8
− 2

3
ln 2 +

X

48
)
+B2 = 44.86(26) (45)

is our final result for the three-photon part of the O(α2) decay rate correction.
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