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Abstract. We have collected all known theoretical contributions to the energy levels
of positronium and present a complete listing for the states n = 1, 2 and 3. We give
the explicit dependence of the energy levels on the quantum numbers n, L, S and J
up to the order Rooc®. In the next higher order Rooa” only the contributions to S- and
P-states are completely known. The annihilation rates of para- and ortho-positronium
are completely listed up to the orders Rooco® and Ro.a®, respectively. We compare
calculated values of energy levels and annihilation rates with experimentally observed
quantities.

1 Introduction

Positronium (Ps, eTe™) is the bound state of an electron and its antiparticle the
positron. Both constituents are structureless and pointlike leptons. The absence
of structure avoids the difficulties encountered in hydrogen due to the composite
nature of the proton. The advantage, compared with muonium (u*e™) is the
absence of an additional free parameter like the muon mass. Ps is completely
described by only two fundamental constants [1)2], the Rydberg constant

2 .2

cRoc = m;ha — 3289 841 960.368 (25) MHz (1)
and the fine structure constant
2

a =M% _1/137.035 999 76 (50) . (2)

2h

The weak interaction and quantum chromo-dynamics (QCD) play no role at the
present level of accuracy.

Moreover Ps is an exotic atom being an eigenstate of the charge conjugation
operator. As a consequence real and virtual annihilations lead to additional
Feynman diagrams which are absent in hydrogen and muonium, but can easily
be tested in Ps. The disadvantage connected with annihilation is the broadening
of certain energy levels.

For all these reasons Ps is an ideal candidate for precision tests of bound
state quantum electrodynamics (QED).



408 R. Ley and G. Werth
2 Theoretical expressions for the energy levels

The S- and P-energy levels of Ps have been completely calculated [3/4] up to the
order Rooa?. In the next higher order R,.a® only the leading logarithmic con-
tribution to S-states is known (citation in [3]). The parameters Ry, and « are so
accurate that the theoretical uncertainty results almost only from uncalculated
higher order terms and is estimated to be 700 kHz for the ground state n =1
and 10 kHz for excited 2P-states. The gross structure of the energy levels scales
as 1/n2. The contributions to fine and hyperfine structure and their uncertain-
ties scale roughly as 1/n3. The explicit dependence of the energy levels on the
main quantum number n, on the orbital quantum number L, on the total spin
quantum number S and on the total angular momentum J = |f) + §>| has been
given in [5] up to the order Ro,a?. In the next higher order R..a® the explicit
dependence on the quantum numbers is not yet published to our knowledge. It
can be obtained, e.g, from [6] by using their formulas (3.2) and (3.3) with the
matrix elements

(L., J|LS|L,8,7) = 5707+ 1)~ L(L+1) ~ (S + 1)] (3)
(L=J,5=0,]|S|L=J,8=0,J)=0, (4)
6(J +1)
L=J-1,5=1 L=J-1,5=1 =— -4
(L=J-1,5=1JplL=J-1,8= 1.0 =L -4, )
(L=J5=1,J|S|L=J5=1,])=6—4=2, (6)
6J
(L=T+18=1JISalL=J+1,5 = 1.7) = == — 4, (7)
6,/J(J + 1)
L=J-1,5=1 L= 1.S=1 —_VvZ\ )
< J 7S 7‘]|512| ‘]+ 7S 7J> 2J+1 (8)
and
1y ! for L#0 )
73/ " (200)* 3 L(L + 1)(L + 1/2) ' '

Where ag = h/mac ~ 0.529 x 107% m is the Bohr radius and

3airm)(o27)

512 = — 0102 (10)

r2
is the tensor operator whose matrix elements are given in e.g. [7]. The tensor
operator has a potential which is not central symmetric. As a consequence ([0)
has off-diagonal matrix elements between L and L £ 2 given in (8) which mix
different L-states of the same parity. This is a familiar effect in nuclei, e.g. in
the deuteron whose angular momentum of 1 is a mixture of a 3S;-state and a
3D;-state. For Ps a similar mixture between the 335;-state and the 33D;-state
does not occur, because the radial part of matrix element <33S1 |S12/r3} 33D1>
is zero when calculated with hydrogenic wave functions.

With the matrix elements ([B]) to (@) the explicit dependence of the energy
levels on the quantum numbers n, L, S and J can be given up to the order
Rooa®:
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E(nLSJ) 1
) 11
cRo 27127L (11)
a? [ 11 1 7
— |— — ——— + =156
W |32n 2Ll pooor T
L(BL+4) 1
m, fOI'J—L+1
d15(1 —dor)
-1 forJ =1L
9L(L + 1)(2L + 1) ’ o
(L+1)(3L-1) _
57 — 1 , forJ=1L 1_
+a_3 - §lna ] —élnk(n L)+
n3m 2 0L 3 o
203 7 7 71 1
— 4+ —4+-In2+ - ————1 dor —
+{180+12n+3n +6<;k n n”)} oL
7 1— 4oL 16
—-— — | —+4+1In2)dgd
12 LL+ 1)L +1) (9 o ) 1500zt
L(4L +5) 1
m, fOTJ—L+1
f15(1 — doz) ~1, for J =L
4L(L+1)(2L + 1)
(L+1)(4L - 1)
- f =L-1
L1 o 1

The Bethe logarithms In ko(n, L) in ([I) are given with very high accuracy

in [§) :

Inko(1,0) = 2.984 128 555 765 498;  Inko(2,1) = — 0.030 016 708 630 213 ;
Inko(2,0) = 2.811 769 893 120 563;  Inko(3,1) = — 0.038 190 229 385 312;
Inko(3,0) = 2.767 663 612491 822;  Inko(3,2) = — 0.005 232 148 140 883 .

The contributions in the order Ro,a? to the individual energy levels are listed
in tabldl[[l We note that there is a degeneracy between the levels 33 P, and 33D,
up to the order Rooa?. In the next order the degeneracy is removed by 0.746
MHz (cf. Appendix).

! The Riemann zeta-function is here: ¢(3) = 1.202 056 903 159 594 285 4. ..
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Table 1. Contributions to the positronium energy levels in units of cR«. In order to
keep the size of the table as small as possible the following contributions which must

be added to all energy levels have been omitted: the lowest order contribution —#
and the contribution with the Bethe logarithm 73% In ko(n, L)

level z—z %x Z_;X %
n2stirL; Ina In3 In2 1 |lnaln3 In2 1:—22 ﬂ% % 1

'So | -2 |-2 0 +f +Z |43 0 -2 -5 +1 4+ 488 2
P8 [+8]-3 0 44—k |3 0 4B -4 +BE ey |
28 |-B|-3 0 +T+E|+h 0 - 5 4} 4B B -2
229 |+ -2 0 4+ 425 |-F 0 485 4 42l B
2'P =310 0 0 —-%|0 0 0 0 0 0 42| O

N I N

2°P 4510 0 0 —2 |0 0 +44 0 —£2 - 4081 0

2P |-210 0 0 —%|0 0 -2 0 +8 +3 +2800 o

50 | -3 -3 -F +} B |+E -k - -5 +b +B +BE | -
N Rl e A A
3P | =0 0 0 —-%5|0 0 0 0 0 0 +z2 | 0

P |-210 0 0 -Z|0o 0 +: o -, 3 07 0

3P =210 0 0 —2]0 0 +54 0 —£& L 455 0

3P -4 |0 0 0 -0 0 -2 0 48 +2 45688 ¢

3Dy |—55|0 0 0 —35 0

3Dy |20 0 0 —& 0

3Dy |—-s2]0 0 0 -z 0

3D |—385| 0 0 0 +3055 0
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To demonstrate the use of table [Tl we give an explicit example:

E(3%8)) 1 a2 9

ot [ 4 3 7 4 233

X S mke(3,0)— Slna— ~In34 -ln2 4 =2
+27w{3n°(’) g 6n+3n+180}+

at (1 1 79 In2 2815  11¢(3) 9089

@) Clna+ -3+ o2 402 =S Y
+27{ 6T E M T M T e T T e 6912}

n a®In’ o 151
27w 60 | -
The contributions in table Mand, e.g. in equation (I2) containing the factor In3
result in full generality from factors Inn which for n = 2 are contracted with

the contributions containing In 2. The apparent divergence of Inn for large n is
prohibited since it always occurs in the combination [cf. equation(TT) ]:

3

~1 1
(ZE———lnn> — vy = 0.577... (Euler’s constant) for n — oo.

For comparison with theoretical publications we note that

(Z%%) = W) + 75
k=1

where ¥ (n) is called the logarithmic derivative of the I'-function. The numerical
values of the energy levels for the different orders in « are given in the appendix.

3 Theoretical expressions for the annihilation rates

The contributions from Feynman diagrams with virtual annihilation have com-
plex values. Their real parts lead to energy shifts (which are absent in hydrogen
and muonium), their imaginary parts lead to annihilation rates. Since Ps is
an eigenstate to the charge conjugation operator with the eigenvalue (—1)+9
and since a n-photon state is an eigenstate to the charge conjugation operator
with the eigenvalue (—1)" it is strictly specified that *Sp-states (para-Ps) decay
into an even number of photons and that 3S;-states (ortho-Ps) decay into an
odd number of photons. The annihilation rates scale roughly as 1/n3. For non
S-states the annihilation is completely negligible compared to radiative transi-
tions.

For the 115y ground state of para-Ps a complete calculation of the two photon
decay up to the order R,,a® has recently been given in [9] . The most precise
theoretical value for the branching ratio of the four photon decay is given in [10].
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‘We summarize:

Apara) = Xy 4+ A + Xg 4+ -+ = 7989.510 (23) x 10%s™ 1,

2
0 (0% s
S Ay{l‘%(“z) -

2 3
—2ana+ (9) [1.75(30) ] — 3i1n2a+~~}
s 2w

= 7989.498 (23) x 10% s~ | (13)
by 2
M 14793 (18) x 1076 = (3) [0.27417 (34) ],
)\2 ™
A4 = 0.01185(3) x10°s™ !,
(0) mc?a® 3 6 —1
A = —55— = 2mcRaca® = 8032.502808 (90) x 10° s .

For the 13S; ground state of ortho-Ps a complete calculation of the three photon
decay up to the order Ro,a® has recently been given in [11]. The most precise
theoretical value for the branching ratio of the five photon decay is given in :

AMortho) = A3 + A5 + A7 + --- = 7.039941 (20) x 10° s,
A =\ {1 +21-10.286 606 (10) ] +
™

a? a\? 3% 5
+?lna+<;) [44.52 (26)] - S—1n a+~~~}

=7.039 934 (20) x 105 s,

(14)

As —6 o2
— = 09591 (8 107° = (— 0.17776 (15
= (8) x (2)1 (151,
)\5 = 6.8 (1) 871 y

2.6 2 2
© _meal 2(r-9) _ 1,209
A3 = X on = 4dmrcR o™ X on

=7.211 166 97 (11) x 10°s7* .

The theoretical uncertainties of Ao and A3 result to almost equal parts from
the uncertainty of the (a/7)2- coefficient and from an estimate of the uncal-
culated higher order contributions which are taken to be 50 % of the highest
leading logarithmic term.
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4 Comparison between theory and experiment

413

The theoretical predictions for transition frequencies and decay rates in Ps have
presently reached a level of precision which is a challenge to experimentalists!

4.1 Spectroscopy

For the spectroscopic results it can be seen from table 2] that in general there is
reasonable agreement between theory and experiment within one or two standard
deviations.

Table 2. Comparison between experiment and theory for some transition frequencies
and energy level differences. Where two values are given for the experimental error the
first one is statistical and the second one is systematic. For the differences between the
2 P-states all experimental uncertainties have been added in quadrature. The theoretical
uncertainties are estimates of the yet uncalculated higher order contributions

Experiment [MHz] Theory [MHz| [3]
[

13S; — 235;1233607216. 40 £+ 3.20 13]{1 233 607 222. 166 £ 0.600

135, — 115, 203389. 10 £0.74 14 203 392. 010 = 0.500
203 387. 50 £ 1.60 [15]

236, — 218, not yet measured 25424. 672 4 0.060

2358, — 23P, 18499. 65 +1.20 +£4.00 [16] 18 498. 246 £+ 0.090
18504.10 £10.0 £1.70  [17]

235, — 23P; 13012. 42 £ 0.67+1.54 [16] 13012. 407 £ 0.090
13001. 30 £3.90£0.90 [I7]
8624. 38 £ 0.54 £ 1.40 [16]

235, — 23P, 8619.60+2.70£0.90 [17] 8626. 709 £ 0.090
x  8628.40£2.80 [18]

238, — 2P 11180. 00 = 5.00 =4.00 [16] 11185. 372 £ 0.090
11181. 00 4+ 13.00 19

2P, — 23P, 5487. 23 +4.50 16 5485. 839 + 0.010
5502. 80 +10.9 17

23P, — 23P; 4388.04 £ 2.25 16 4385. 698 £0.010
4381.70 £4.91 [17]

TP — 2P 1832. 40 £ 6.60 [10] 1827. 035 £ 0.010
1820. 30 + 13.60 I19]

* measured in a magnetic field of 54 Gauss with a kinetic energy of some eV.

However there is one exception: the most precise experimental value for the
ground state hyperfine splitting [T4] is 3.2 standard deviations below the theory
if we add the experimental and the theoretical uncertainties in quadrature. This
experiment has been performed in a 0.8 Tesla magnetic field where a Breit-Rabi
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transition at 2.5 GHz having a line width of 10 MHz is used to determine the
hyperfine splitting of 203 GHz. Considering the problems with the line shape
and the pressure shift a discrepancy of 3 MHz should probably be taken not
to serious. In any case, as a control, the hyperfine splitting at 25.4 GHz in the
excited state n = 2 should be directly measured in zero magnetic field. This can
be done with the technique used in [I6] by observing the disappearance of the
electric dipole transition 235; — 23P, at 18.5 GHz when the metastable state
235, is depopulated by the magnetic dipole transition 235; — 21.9j.

In future improvements the uncertainties of the fine structure transitions
235, — 2P can be reduced to less than 0.5 MHz by using higher positron
intensities and by eliminating known systematic errors.

The Doppler-free two photon transition 135; — 235, at 1.23 x 105 HA2 [13]
can be improved to an accuracy limited only by the natural line width of 1 MHz
if recent techniques for the frequency counting in the optical region are used
P02,

For the intensities of the allowed dipole transitions 235; — 23PJ:07172 at
18.5, 13.0 and 8.6 GHz theory predicts intensity ratios of 1:2:3 which result from
Clebsch-Gordan coefficients determining the relative size of the electric dipole
matrix elements. These intensity ratios have been confirmed in [16].

The one photon transition 238; — 21 P, is strictly forbidden in zero magnetic
field by charge conjugation invariance (in contrast to corresponding transitions
in hydrogen). However in a magnetic field singlet- and triplet-states are mixed
and the transition becomes observable. The intensity and the frequency shift in
weak magnetic fields B are proportional to B2. The frequency given in table 2]is
obtained by extrapolation to zero field. From the data in and an upper
limit for a possible C-violating matrix element was deduced which corresponds
to a suppression factor of more than 1000 for this transition compared to allowed
electric dipole transitions.

4.2 Annihilation rates

From table[d it can be seen that the only serious discrepancy between theory and
experiment occurs for the decay rate of ortho-Ps as given in [25] and [26] by the
Ann Arbor group. Whereas recent studies of the thermalization of Ps in gases
[32] and of the temperature dependence of Ps decay rates [33] seem to be able to
bring the decay rate in gases [ 7.0514 (14) x 10% s~ | down to the vacuum decay
rate [ 7.0482 (16) x 10% s~! ] a discrepancy of more than five standard deviations
to the theory remains [34]. This well established and long lasting discrepancy
has triggered an intense search for exotic and forbidden decay modes of ortho-Ps
which resulted in an exclusion limit much below 10~2 for such decays. It is now
experimentally proven that exotic decays cannot explain the discrepancy. On the
other hand a group in Tokyo has reported a decay rate measurement in perfect
agreement with theory [27]. To overcome the controversial situation completely

2 The two photons have the wave length A\ = 486 nm.
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new experiments are necessary which differ from the old measurements by pos-
sible systematic errors. There are some proposals which all need high positron
intensities as produced, e.g., by a LINAC :

e Look at the decay of a large ensemble of Ps atoms confined simultaneously
in a vacuum apparatus.

e Use a Lyman-« photon from the excited state n = 2 as a start pulse for Ps
formation in the ground state.

e Use a fast beam of Ps atoms produced by ionization of an accelerated beam
of negative positronium ions Ps™ (eTe"e™).

e Look at the spatial distribution of the decay « -quanta from polarized Ps.

Acknowledgements

We are grateful for encouraging and stimulating discussions with Savely Karshen-
boim, Alexander Yelkhovsky and Ralph Conti.

Appendix

Here we give the numerical results for the energy levels in table [ for the dif-
ferent orders in «.. At the end of each equation we have rounded the numerical
results. As uncertainties for the S-levels we took 50% of the leading logarithmic
contribution in the order R.ca®, for the P-levels we took 10% of the known
order Rooa?, for the uncertainty of the 3D-levels (where the order Ro.a is yet

Table 3. Comparison between experiment and theory for the annihilation rates and

branching ratios in para-Ps (1'Sp) and ortho-Ps (13S1). For completeness some decay

rates of the Ps negative ion (Ps™, e"e~e™) are included

Experiment Theory
A(para) 7.990 9 (17) x10% s~ [23]| 7.989 510 (23) x10? s71
A1/ Ao 1.50 (7)(9) x10~° 4] 1.4793 (18) x10~°
1.48 (13)(12) x10=6  [10]
7.051 4 (14) x10° s~ [25]
A(ortho) 7.048 2 (16) x10% s~ [26]| 7.039 941 (20) x10° 51
7.039 8 (25)(15) x10° s~1 [27]

Xs/As (2.2 (F38) £05 x107¢  [I2]|  0.9591(8) x1076

Ps™ - 1y+e™ not yet measured 3.9 x1072 s T
Ps™ — 2y 4e” 2.09 (9) x10 s~ [29]|2.086 122 2 (5) x 107 s7!
Ps™ — 3y +e~ not yet measured 1.845 x108 571

EEE E | E | B=
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unknown) we took the full contribution of the corresponding 3P-levels

E(115,)
— - = (- 1644920 980.183 75 — 11496747860 + 2738.64061 —
— 297854 — 0.40219 ) MHz = — 1 645 033 212.402 47 MHz
— — (1645033212.40 + 0.30) MHz ;
E(135))
— o = (- 1644920980.183 75 + 8941915002 + 1733.14380 +
Clieo
+ 881738 — 1.32023) MHz = — 1 644 829 820.392 78 MHz
— — (1644 829820.39 + 0.70) MHz ;
E(2'S
% = (—411230245.04594 — 18 134.751 09 + 357.393 65 —
— 044514 — 0.050 27 ) MHz = — 411 248 022.898 79 MHz
— — (411248 022.899 + 0.030) MHz ;
E(235))
— o = (-411230245.04594 + 741357749 + 23170655 +
cRoo
+ 170019 — 0.16503 ) MHz = — 411 222 598.226 74 MHz
— — (411222 598.227 + 0.090) MHz ;
E(2'P
% = (—411230245.04594 — 3 535.706 19 — 2.909 56 +
+0.06329) MHz = — 411 233 783.598 40 MHz
— — (411233 783.598 + 0.010) MHz ;
E(23P,
% = (—411230245.04594 — 10835.228 64 — 15.626 16 —
—0.57167) MHz = — 411 241 096.472 41 MHz
— — (411241 096.472 + 0.010) MHz ;
B(23P.
% = (—411230245.04594 — 5360.586 80 — 5.028 99 -+
cRoo
+0.02827) MHz = — 411 235 610.633 46 MHz
— — (411235 610.633 + 0.010) MHz ;
B(23P.
% = (—411230245.04594 — 980.87333 + 0.905 43 +
+0.07854 ) MHz = — 411 231 224.935 30 MHz
— — (411231224.935 + 0.010) MHz ;
E(3'5
% = (— 182768 997.798 19 — 5744.99452 + 106.97771 —
cRoo
— 0.10434 — 0.01490 ) MHz = — 182 774 635.934 24 MHz
— — (182774 635.934 + 0.009) MHz ;
E(3%5))

R = (— 182768 997.798 19 + 1824.88061 + 69.73709 -+
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+0.530 70 — 0.048 90 ) MHz
= — 182767 102.698 69 MHz
— — (— 182767 102.699 + 0.030) MHz ;

E(3'P
% = (— 182768 997.798 19 — 1419.35159 — 0.697 84 +
Clico
+0.01815) MHz = — 182770 417.829 47 MHz
— — (182770417.8295 + 0.0040) MHz ;
E(33P,
% = (— 182768 997.798 19 — 3582.17305 — 446572 —
—0.170 39 ) MHz = — 182 772 584.607 35 MHz
— — (182772584.6074 + 0.004 0) MHz ;
E(33P
% = (— 182768 997.798 19 — 1960.056 95 — 1.32582 +
Clico
+0.00847 ) MHz = — 182770 959.172 49 MHz
— —(182770959.1725 + 0.004 0) MHz ;
E(33P.
% = (— 182768 997.798 19 — 662.364 07 + 0.43252 +
+0.024 34 ) MHz = — 182 769 659.705 40 MHz
— — (1182769 659.7054 + 0.0040) MHz ;
E(3'D
% = (— 182768 997.798 19 — 554.223 00 — 0.187 92 ) MHz
Clio

= — 182769 552.209 11 MHz
— — (182769 552.209 + 0.020 ) MHz;;
E(3*Dy)

7 = (— 182 768 997.798 19 — 1094.928 37 — 1.067 09 ) MHz
cR

= — 182770 093.793 65 MHz
— — (= 182770 093.794 £ 0.170 ) MHz ;
E(33Dy,)

R = (— 182768 997.798 19 — 662.364 07 — 0.31351 ) MHz

= — 182769 660.475 77 MHz
— — (182769 660.476 + 0.009 ) MHz ;
E(33D3)

R = (— 182768 997.798 19 — 245.248 51 + 0.278 58 ) MHz

= — 182769 242.768 12 MHz
— — (182769 242.768 + 0.025 ) MHz .
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