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Abstract. We present an advanced theoretical approach enabling highly accurate
studies of a wide class of resonant 2 + 1 photoionization processes involving hydro-
geic levels to be carried out. AC-Stark shifts, non-zero ionization rates of all states
involved are naturally incorporated into the theoretical setup developed, together with
spatial and temporal inhomogeneities of the laser signal, fine structure contributions, as
well as second order Doppler shifts. In contrast with the usual perturbative technique,
the time evolution of the atomic states is described by direct numerically solving a cou-
pled system of time-dependent differential relativisitic equations. Particular numerical
simulations have been carried out to model two-step 3-photon ionization process in

muonium, 1S
2~ω−→ 2S

~ω−→ εP , induced by a CW laser signal of high intensity.

1 Introduction

Multiphoton resonant processes with simplest fundamental quantum systems
exposed to sufficiently strong laser fields attracted conspicuous attention over
last years. Currently, this interest is being especially strongly stimulated by dra-
matic improvements in the precision of measurements presently attainable in
spectroscopic experimental studies of hydrogenic and few-particle atoms. Us-
ing methods of ultra high precision Doppler-free spectroscopy, particularly im-
pressive results have been recently obtained in studies of fundamental bounded
systems such as hydrogen (H) and its natural isotopes deuterium (D) and tri-
tium (T) [1,2,3,4,5,6,7], positronium [8,9], denoted Ps = (e+ − e−), muonium
[10,11,9,12,13,14,15], denoted (M = µ+ − e−), and the helium atom (He) [16]
1. With these systems the dominant electromagnetic part of the atomic bind-
ing energy can be calculated to a very high precision, which, in combination
with appropriate results of highly accurate measurements, enables the funda-
mental constants like, e.g., particle masses or the fine structure constant α to
be extracted [17]. Furthermore, the influences of other interactions, particularly
strong and weak, along with possible contributions from yet unknown forces, can
be investigated as well. In the latter case, either new effects beyond the stan-
dard theory may be discovered or respective speculative theoretical models can
1 See also the respective contributions in this volume for a more extended list of
references and as yet unpublished results
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be restricted with respect to their parameters. A very high precision appears,
apparently, to be a basic requirement with any measurements aimed at achieving
either of these goals. This demands at the same time that systematic spurious
effects introduced in the course of experimental procedures be understood at a
level where they might not mimic essential physical contributions. In the past,
the interaction of atoms with electromagnetic radiation was usually treated in
optical spectroscopy using idealized assumptions regarding temporal and spatial
properties of radiation. It can be foreseen, therefore, that somewhat more accu-
rate methods will be needed with many forthcoming high-precision spectroscopy
projects. This has been demonstrated in the case of muonium laser spectroscopy
[14,18,19], where a relevant accuracy could be attained only using a numerical
approach based on density matrix formalism and measured properties of the
laser light.

It has been recognized already a long time ago (see [20,21] for a more de-
tailed discussion) that the 1S − 2S transition offers unique opportunities for
high precision spectroscopy due to the narrow natural line width, Γ (nat)

2s , of the
2S-state. Experimentally, the 1S−2S transition can be induced Doppler-free by
absorbing two photons from two identical counter-propagating laser beams being
generated by either a sufficiently powerful pulsed laser (as with muonium [14])
or a continuous laser (as with hydrogen [5,6]). In the latter case, for example,
where Γ (nat)

2s ≈ 1.3 Hz, the quality factor of δν/ν � 10−15 has already been
achieved today [6] by accurately measuring the radiation resulting from the two-
photon quenching of the 2S-state: 2S 2�ω−→ 1S. Unlike the hydrogenic case, it
appears to be technically difficult to observe the 1S− 2S transition in muonium
by detecting the radiation due to the 2S-state deexcitation. This is because of
the fact that appropriate line intensities in this atom happen to be by several
orders of magnitude weaker than in hydrogen, owing to much lower densities
at which muonium atoms can be produced. This necessitates in turn that laser
sources of much higher intensity (by a factor of 104, at least) must be employed
to generate a detectable signal. The 2S-state of muonium is observed, there-
fore, via its photoionization by the third photon absorbed from one of the laser
beams: 1S 2�ω−→ 2S �ω−→ εP . The use of this scheme in the new experimental
study recently finalized at the Rutherford Appleton Laboratory has enabled the
1S − 2S energy interval in muonium to be determined to as yet unbeatable
for this system accuracy of 9.8 MHz [14]. This uncertainty was solely due to
some lack of statistics and as well because of inaccuracy (≈ 0.85MHz for muo-
nium and ≈ 8.5MHz for deuterium) of the laser frequency standard available at
that time. The measured data have already allowed to deduce a new value for
the muon mass and to establish a new limitation on the muon-electron charge
equality [14]. The scheme of the study in question is presented in Fig. 1(a) where
�ωL ≈ 3/16 a.u. stands for the resonant photon energy of the 2-photon 1S → 2S
transition. Experimental results for muonium and deuterium are shown in Figs. 2
and 3 together with the appropriate theoretical expectations based on our past
work [19].
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Fig. 1. (a) – The scheme of the new 1S-2S experiment in muonium. (b) – The set of
states to model the stepwise 3-photon ionization

In this paper we present a highly accurate ab initio theoretical study to sim-
ulate, under most general condition, ionization probabilities and line profiles
for two-photon resonant excitation, |a〉 2�ω−→ |b〉, possibly followed by one-photon
ionization, |b〉 �ω−→ |c〉, occurring with any hydrogen-like levels. Our present in-
vestigation can be viewed, therefore, as an extension of our past work [19], and
it is intended primarily to account for a wider class of most important system-
atic spurious contributions to the energy intervals that make their appearance
whenever an atom is subject to laser radiation of arbitrary intensity. As an illus-
tration of our approach, particular numerical simulation has been carried out for
the 2 + 1 resonant photoionization of the ground state in muonium. Unlike our
former calculations (see Fig.4) this transition was now assumed to be induced by
a continuous rather than pulsed laser light. Appropriate results can be consid-
ered, therefore, as a precise theoretical prediction which may be of great interest
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Fig. 3. Deuterium 1S − 2S signal [14]. The solid squares represent the theoretical ex-
pectations based on shot by shot measured pulsed laser parameters and our theory [19]

and relevance in the forthcoming experimental investigations of the muonium
atom by means of CW laser radiation of high intensity. Additional motivations
of this study are discussed in more detail in [14,19].

Our current theoretical model constitutes a significant improvement upon
our obsolete scheme [19] which has been stringently verified recently (to the
accuracy of about � 2 MHz) for the deuterium 1S − 2S transition [14] driven
by a high-power pulsed laser [22,23] with an rms chirp of 2.3 MHz (see Figs. 2
and 4). These improvements have resulted eventually in by a factor � 10 higher
overall accuracy (now, ≤ 100kHz) as well as in a wider scope of physical pro-
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cesses which are presently incorporated systematically into the model on the
equal footing. Without imposing any restriction on the strength of the laser
field, the theoretical framework developed is currently capable of accounting for
its arbitrary spatial and temporary inhomogeneities, non-zero ionization rates of
intermediate atomic relay levels, along with Stark shifts and appropriate exact
fine structure contributions. It should be emphasized that the case of light fields
with time-varying amplitudes and frequencies is also covered by our rigorous
approach. Even with CW laser sources, time dependencies of the laser light’s
electric field and phase may arise as a result of intensity fluctuations and/or
refractive index changes in any optical component along laser beam paths. Fur-
thermore, curved wave fronts may also cause effective chirps, as seen by an atom
in its rest frame moving with an average velocity v in the laboratory system.
Presently, our model is capable of allowing for this movement to order (v/c)2,
i.e. takes into account the second order Doppler shifts as well. The latter fea-
ture appears to be essential for a proper interpretation of most highly accurate
experimental data available now-a-days. Indeed, under common experimental
conditions, the second order Doppler shift at the photon frequency ω0 = |k0|c,
δω = ω − ω0 � (v/c)2ω0 � 10−4ω0 can be of the same order of magnitude as,
or even larger than, the leading Dirac α2-corrections to the nonrelativistic en-
ergy intervals between levels i and j: εi − εj = ε(0)

i − ε
(0)
j + aijα2 . Here, c is

the speed of light and α ≈ 1/137 is the fine structure constant. This requires
that corrections to atomic energies and wave functions of order α2 be taken
into account on the same footing as those ∝ (v/c)2 due to the second order
Doppler shifts. To incorporate naturally both corrections into our theoretical
setup, the time evolution of all atomic states involved was simulated in this work
by direct numerically solving a coupled system of relativistic time-dependent
inhomogeneous differential equations. In regard to somewhat unique combina-
tion of the aforementioned features and the overall precision achieved thereby,
our current simulations surpass most similar type of calculations performed so
far [20,21,24,25,26,27,28,29,30,31,4]. This enables the model developed to be effi-
ciently employed for a highly accurate analysis of either 2- or 3-photon resonant
phenomena with few-particle systems, which are induced by either pulsed or
continuous sources of laser radiation. Although technically difficult to construct,
high-power continuous CW lasers offer nowadays a number of inviting and unique
opportunities for ultra high precision spectroscopy with simplest atoms, espe-
cially those containing µ±-muons. This makes the current work of relevance and
use both for current and future highly precise studies with various fundamental
quantum systems.

2 Underlying Theory

In this section we outline a theoretical framework enabling the 2 + 1 resonant
photoionization of a hydrogenic atom to be analyzed. Generally, the process is as-
sumed to be induced by a non-monochromatic laser field with a time-dependent
amplitude and taking place in the presence of intermediate resonance. It is shown
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that the phenomenon in question can be described by a coupled system of non-
linear equations (7)–(9) derived upon most general conditions, without specifying
particular functional forms of the laser frequency and intensity.

To model the physical situation of interest we consider, following [19], a set
of three hydrogen-like levels, |a〉, |b〉 and |c〉, of an atom with the charge Z
of its nucleus and the reduced mass m∗, such that their energies satisfy the
inequality: εa < εb < εc; this rather general setup is shown in Fig. 1(b). It is
assumed that the given 3-level system is exposed to two counter-propagating
(along the z-axis) laser waves with equal time-dependent circular frequencies
ω(t) ≡ ωL + φ(t)/t, polarizations vectors ε, and wave vectors k1(t) = −k2(t) ≡
k(t) ‖ nz , |k(t)| = ω(t)/c, with c being the speed of light. The stationary part
ωL of the field frequency ω(t) is assumed to be such that it is in the 2- and 1-
photon resonances with two pairs of states, (|a〉, |b〉) and (|b〉, |c〉). This implies
that 2πνL ≡ ωL = ωb,a/2� = ωc,b with ωj,i ≡ εj − εi, (i, j = a, b, c) being the
energy differences. In addition, it is supposed that the E1-transition is forbidden
between |a〉 and |b〉 and is allowed between |b〉 and |c〉.

The electric field of the laser signal with polarization ε can be taken in the
form (the reduced atomic system of units, � = e2 = m∗ = 1, is used throughout
the paper):

E1,2(r, t) =
1
2
εE1,2(t)U1,2(r) exp {i (k1,2(t)r − ω(t)t)}+ c.c. , (1)

where U1(r) = U2(r) ≡ U(r) and E1(t) = E2(t) ≡ E0(t) denote the spatial inho-
mogeneity of the laser field and its time-dependent amplitude. These quantities
are directly related to the laser intensity I(r, t) = cE2(t)U2(r)/8π which, along
with the chirped circular laser frequency ω(t), is obtainable from measurements.
As usually happens in most practical situations, both the amplitude E(t) and
the frequency ω(t) are slow-varying functions of time, such that the magnitude
of the chirp, |ω̇(t)|, is normally small compared with the frequency ωL. Thus, we
assume that ω(t) and E(t) are subject to the following conditions [32,33]:

|tω̇(t)| 
 |ω(t)− ωL| ≡
∣∣∣∣1t φ(t)

∣∣∣∣ ≈ |φ̇(t)| 
 ωL ; (2)∣∣∣Ė(t)∣∣∣ 
 |ωLE(t)| . (3)

In the dipole approximation which happens to be accurate enough for our pur-
poses, an effective two-photon operator Q̂(2)(E) acting on the states |a〉, |b〉 and
|c〉 is defined as

Q̂(2)(E) ≡ ε∗·α 1

E − Ĥ0

ε·α . (4)

Here, α is the Dirac matrix, E is a certain energy parameter, and Ĥ0 is the
Hamiltonian of an isolated atom whose eigenvalues are denoted by εr: Ĥ0|r〉 =
εr|r〉. Equation (4) can be readily inferred (see paper of V. Yakhontov in this
volume) by taking into account the relativistic “atom–photon field” interaction
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Fig. 5. Diagrams contributing to the AC Stark-shifts and mixing of the 1S1/2- and
2S1/2-levels of a hydrogen-like atom under the action of two laser waves of the fre-
quency ωL, counter-propagating in the direction nz. As seen by an atom in its rest
frame moving with the velocity v = vn relative to the laboratory system, appropriate
Doppler-shifted frequencies are determined as ω1,2 = ωL(1± vn·nz/c)/

p
1− (v/c)2
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V̂ (r, t) (cf. [34]),

V̂ (r, t) = i
c

2ωr(t)
Er(t)U(r)α·εeiωr(t)t + c.c. , (5)

in the second order of the conventional time-dependent perturbation theory [34].
Here, Er(t) and ωr(t) denote the electric component (cf. (1)) and the (time-
dependent) frequency of the light field as seen by the atom in its rest frame.

For laser parameters of interest, the validity of (5) follows from the estimate:
|∇U(r)| � 1/σr ≈ 10−7 
 |k(t)·r| � 2π/λL ≈ 10−3. This implies that the con-
tribution of the quadrupole terms ∝ Er(t)(∇U(r)·α), which originate from the
spatial macroscopic inhomogeneity of E(r, t), is expected to be a factor 10−7

smaller than the dipole contribution. The similar estimate holds also for cor-
rections due to the quadrupole component ∝ Er(t)U(r)|k(t)|(ε·α)2 of the field.
Appropriate E2-contributions appear to be suppressed, therefore, by a factor
10−8, at least, as compared with the dipole ones in all practically interesting
situations.

The time evolution of the levels |a〉, |b〉 and |c〉 under the action of the
light field can be described by a standard coupled system of time-dependent
equations of the conventional perturbation theory [34] for the state amplitudes
ca,a(t), cb,b(t), cc,c(t). The effects which are being taken thereby into account
comprise the AC-Stark shifts of all levels involved, their two-photon mixing,
as well as all conceivable Raman-type processes of absorption and scattering.
For the particular case of |a〉 = |1s1/2〉 and |b〉 = |2s1/2〉, these are shown
diagrammatically in Fig. 5. For an atom moving with the velocity v = vn in
the laboratory system, the laser frequency ω(t) undergoes a Doppler shift in the
atomic rest frame. Depending on which of two counterpropagating laser beams
the moving atom interacts with, two appropriate Doppler-shifted frequencies are
denoted in Fig. 5 as

ω1,2 = γωL

(
1± v

c
n·nz

)
, γ =

1√
1− (v/c)2

, (6)

so that ω1+ω2 = 2γωL. The fact that for v �= 0 these two frequency are unequal
makes the scope of the processes involved much more diverse compared to the
case of a single monochromatic photon usually considered in QED. Furthermore,
if the laser frequency ωL is a slowly varying function of time in the laboratory
frame, then ωL has to be generally replaced in (6) by ω(t).

Analysis shows that the system of equations, which governs the time evo-
lution of the given 3-level system under the action of the laser field with a
time-dependent amplitude and frequency, resembles its nonrelativistic counter-
part [19] and has the form:

Ċ(t) = −iDb,a + iDa,bC2(t) + i
(
Da,a −Db,b + 4π∆ν + 2φ̇(t)

)
C(t) , (7)

η̇(t) = Da,a +Da,bC(t) , (8)

Ẇc(t) = I(r, t) |C(t)|2
(
σ

(γ)
b (ω1)
ω1

+
σ

(γ)
b (ω2)
ω2

)
exp (2�η(t)) . (9)
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Here, the auxiliary functions η(t) and C(t) are related to the true state ampli-
tudes ca,a(t) and cb,b(t) as:

ca,a(t) ≡ e−iη(t), (10a)

cb,a(t) ≡ C(t) exp
{
−i

[
2

(
γωL −

ωb,a
2

)
t+ η(t) + 2φ(t)

]}
, (10b)

where 2π∆ν ≡ γωL−ωb,a/2 stands for the time-independent frequency detuning
off the resonance, σ(γ)

b (ω) denotes the total photoionization cross section of the
state |b〉 at the frequency ω, Wc(t) ∝ |cc,c|2 is the probability for an atom to
be ionized by the time t via absorption of 3 photons from the laser beam of the
intensity I(r, t). Finally, Dj,i, j, i = {a, b} denote the ω1,2-dependent effective
two-photon dipole matrix elements between the states |a〉, |b〉; Dj,i are given by
the following expressions:

Dba = −
2π
cω1ω2

I(r, t)
[
Q̂

(2)
b,a(εa + ω1) + Q̂

(2)
b,a(εa + ω2) (11)

+
ω2

ω1
Q̂

(2)
b,a(εa + ω2)ei∆ωt +

ω1

ω2
Q̂

(2)
b,a(εa + ω2)e−i∆ωt

]
,

Daa =
2π
cω2

1

I(r, t)
[
Q̂(2)
a,a(εa − ω1) + Q̂(2)

a,a(εa + ω1)
]

(12)

+
2π
cω2

2

I(r, t)
[
Q̂(2)
a,a(εa − ω2) + Q̂(2)

a,a(εa + ω2)
]

+
2π
cω1ω2

I(r, t)
[
Q̂(2)
a,a(εa − ω1) + Q̂(2)

a,a(εa + ω2)
]
e−i∆ωt

+
2π
cω1ω2

I(r, t)
[
Q̂(2)
a,a(εa + ω1) + Q̂(2)

a,a(εa − ω2)
]
ei∆ωt ,

where

ω1,2 = γωL(1± vz/c) + φ(t)/t , ∆ω = ω1 − ω2 ≡ 2γvz/c ;

Dbb and Dab are obtainable from (11)–(12) using the replacement a↔ b.
The matrix elements Q̂(2)

b,a(εa ± ω1,2) entering (12)–(11) are given explicitly
by the following expression:

Q̂
(2)
b,a(εa ± ω1,2) =

∑
r

∫ 〈b|ε∗·α|r〉〈r|ε·α|a〉
εa − εr ± γ(ωL ± vz/c)

, (13)

where the summation spans all Coulomb eigenstates of the Hamiltonian Ĥ0

which are allowed by the selection rules, including those belonging to the posi-
tive (εr > mc2) and negative (εr < −mc2) continuum. Usually, there remains a
formidable practical problem of accurately evaluating (13) numerically for arbi-
trary εa, ωL, and vz . This difficulty can be overcome, however, by using exact
closed-form analytic formulas for this type of complicated sums (see paper by V.
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Yakhontov in this volume). The analytic relations obtained in the latter work
admit error-free numerical evaluation at values of ωL lying both below and above
respective ionization thresholds. Note that in the latter case Q̂(2)

b,a(εa ± ω1,2) be-
comes complex-valued, with its imaginary part being proportional to the width
of the state due to the one-photon ionization.

Under typical experimental conditions, the states |a〉, |b〉 are usually prepared
before the very process of the excitation/ionization. The initial populations of
these levels, which are proportional to |ca,a|2 ≡ exp {2�η(t)} and |cb,b|2, can be
modeled by choosing appropriately the values for C(−∞), η(−∞). Thus, the
system (7)–(9) is to be solved subject to the following general initial conditions:

C(−∞) = C0, η(−∞) = η0, Wc(−∞) = 0 , (14)

which determine all three function uniquely at all times t. In particular, Wc(t =
+∞,∆ν, r, v) describes the 3-photon resonant ionization probability of an atom
at infinitely large positive times, i.e. when the interaction between the laser signal
and the atomic system has already ceased and/or an equilibrium population of
the levels is reached. As a function of the laser frequency detuning ∆ν, Wc(t =
+∞,∆ν, r, v) determines, after averaging over spatial variables and appropriate
velocity distribution, the 3-photon ionization line profile. Similarly, C(+∞) and
η(+∞) describe in turn the equilibrium final populations of the appropriate
bounded states.

3 Results

Equations (7)–(9) are well suited for numerical evaluation with arbitrary func-
tions defining the spatial and temporal distributions of the laser pulse. In ad-
dition, the system (7)–(9) is rather convenient for analytical treatment. In par-
ticular, one can develop further perturbative expansion of (7)–(8) in terms of
the fine structure constant α. In the leading order, this yields nonrelativistic
formulas which agree with those formerly derived by us in [19]. For unchirped
laser signals (i.e., φ̇(t) = 0) these reduce further to the result of [31] by ex-
panding all quantities in powers of the laser intensity I(r, t). Extensive nu-
merical tests carried out by us for various forms of the chirp φ(t), pulse en-
velopes E0(t), and spatial distributions U(r) show that (7)–(9) are capable of
producing all essential details of the process in question, including Doppler and
power shifts and broadenings. A detailed description of our numerical proce-
dure will be published elsewhere. To illustrate the efficiency of the method,
however, we present the results of calculations carried out for the 2 + 1 res-
onant ionization process, 1S1/2

2�ω−→ 2S1/2
�ω−→ εP1/2, with muonium where

m∗ = me/(1 + me/mµ) ≈ (1.00484)−1 me. Here, the value for the electron
to µ− mass ratio, mµ/me = 206.768262, was used. Furthermore, we assumed
that the ionization is being induced by the unchirped CW laser signal of the
power P = 10 kW and the Gaussian spatial form of the intensity I(r,v, t):

I(r,v, t) =
P

2πσr
exp

(
− (x− vxt)

2 + (y − vyt)2 + z2

2σ2
r

)
, (15)
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Fig. 6. 3-photon resonant ionization 1S
3~ω−→ εP lines in muonium, induced by the

unchirped CW laser signal at P = 10 kW and σr = 2 mm, are calculated for two gas
temperatures T = 0 K and T = 256 K (this work)

where σr = 2mm is the dispersion of the beam in the XY -plane perpendicular to
the direction of the light propagation. The dependence on the atoms’s velocity
v⊥ = (vx, vy, 0) has been introduced in (15) so as to take into account a so-
called “finite-time-of-flight” effect [20,21,31]. The latter allows for the fact that
the laser field of a beam of a finite geometric size becomes time-dependent in
the rest frame of the atom with v⊥ �= 0 (in the laboratory system), even though
this field is stationary in the laboratory system. Apparently, this effects vanishes
completely only for a particle strictly at rest (v = 0) and/or for a homogeneous
beam of infinite dimensions in the plane perpendicular to the direction of its
propagations. Generally, neither of these conditions are supposed to be satisfied.

Two 3-photon ionization line shapes shown in Fig.6 are calculated by nu-
merically solving (7)–(9) and finally averaging the solutions over Maxwellian
distribution at two different temperatures: T = 0K and T = 256K. These corre-
spond to the following values for the mean velocity 〈v〉 = 2

√
2kT/πm∗: 〈v〉 = 0

and 〈v〉 = 7.415 mm/µs. Two curves clearly exhibit typical features inherent
to the process under consideration, such as shifts, asymmetries and broaden-
ing of the lines. The latter includes also a wide and well-pronounced Doppler
background due to the 2-photon absorption from each of the laser beams. This
enables us to expect that particular results presented here for 1S−, 2S− and
εP -states im muonium can be readily obtained for arbitrary hydrogenic levels
|a〉, |b〉, |c〉 of fundamental atoms, including exotic ones. Low-lying excited states
in positronium and muonium, as well excited ns−levels, 2 ≤ n ≤ 5, in hydrogen
are of particular current interest for ultra high precision laser spectroscopy. We
consider therefore the study of such states in these atoms as a promising subject
for our work in future.
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