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In this note, we discuss different approximation schemes for the evaluation of the two-
photon transition rate between discrete states. Non relativistic atomic hydrogen is used
as a test of the reliability of the methods. We consider a one particle system described
by a Hamiltonian Ho, whose eigenstates and eigenvalues are denoted by |n> and En,
respectively. In the gauge with divA = 0, the interaction of the particle with the
electromagnetic field has the usual form

-e 1 /e^ 2
^mc^-P-^ cT" (1)

Since we are interested in the two-photon transition rate, we will consider a vector
potential

AJ = e^ A(^ exp [-i <n^ t] + e;, A^ exp [-i co^ t] + c.c. (2)

The dipole approximation in (2) is justified in all the cases that we will consider [1]. As
a consequence of this approximation the term proportional to A2 in the interaction
does not contribute to the two-photon transition rate, which takes in the velocity
gauge the well known form

Z^IAmAn,!2
W^ (m,n) = ————03_02_ | ̂  (m, n) 1 2 8(Aco) , (3)
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where

V <m I e,.p /m I u> <ii I e~.p /ml n>
^ (m, n) = (1 + P-J 2, ———-———————————— . (4)' "- u 0)40 - co(n) - (02

In (3) A,n, AQ^ are the amplitudes of the vector potentials with frequencies co^/ co^ and
polarization unit vectors e,, Cy the operator P.̂  interchanges (e^, co^) with (ey co^)/

co(u.) = E /Ti/Ao) =co(m) - (n(n) - co, -£0y and { l u > } represents a complete set of
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eigenstates of Hp with eigenvalues E . Since rotA = 0 in the dipole approximation, the
vector potential can be eliminated by a gauge transformation. In the so called length
gauge Jg with Ajp = 0, the interaction Hamiltonian takes the form

(5)

The transition rate in the length gauge can be obtained from (3,4) by the substitution
p . e./ m —> (0. x . e.. It is important to notice that the transition rates between
eigenstates of the same free Hamiltonian Hy, evaluated in different gauges are gauge
independent, i.e.

W^ = W^. (6)

For the special case of non relativistic Hydrogen, the multiphoton transition rate can
be obtained exactly using methods based on Green function techniques, which avoid
summations over intermediate states. This approach was introduced in order to treat
time independent problems, and later extended to time dependent ones [2]. In the
Green function method, the evaluation of the infinite sums over intermediate states is
reduced to the solution of a linear differential equation. For systems other than
Hydrogen, this method can also be used, but the associated differential equation has to
be integrated numerically. The two-photon transition rate can also be evaluated exactly
by performing explicitly the summation over the intermediate states.
We present exact calculations of the two-photon transition rates between discrete states
of the non relativistic Hydrogen atom and we compare these results with those
obtained with various approximation schemes. We plot in Fig. 1 the ls-3s resonant
transition amplitude D" as a function of one of the photon frequencies [3], where

D3 [L] = | -2-"—— "m (Is, 3s)1 0 2 ag co^ TO, J" (7)

and HQ and R are the Bohr radius and the Rydberg frequency, respectively.
The transition amplitude exhibits dramatic structure over the entire frequency range.
Besides the resonance enhancement for oo^ = 2ic R [1 - l/p.2] with (i = 2, 3, the plot
clearly shows the two-photon transparency. We refer to [3, 4] for the behavior of the
transition rate W^ to higher excited s and d states and for the dependence of W^9 on
the polarization of the incoming radiation. A detailed discussion of the transparencies
for different transitions is also given in a recent paper by Florescu et al [4]. In Table 1,
we reproduce some of their results, showing in particular that the position of the
transparencies are almost independent of the final state.
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Fig. 1. Two-photon resonant transition amplitude D3 for ls-3s transitions in Hydrogen has a function ofv-,

(f\f^ <-'t» ^ ̂  n'?iwll^a'»wf«'Mlt<*lfor 5- g Vi < n- [Rydberg units]
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0.7500

0.7500
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0.9600
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0.9720
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0.6936
0.6912

0.6905

0.6901

0.6897

0.6895

0.6894

0.8714
0.8381
0.8707
0.8307
0.8705
0.8274
0.8704
0.8232
0.8703
0.8216
0.8703
0.8211

0.9299
0.9215
0.9295
0.9192
0.9294
0.9163
0.9293
0.9160
0.9293
0.9157

0.9560
0.9529
0.9557
0.9510
0.9557
0.9505
0.9557
0.9503

0.9697
0.9676
0.9697
0.9672
0.9697
0.9671

0.9780
0.9767
0.9780
0.9766
0.9780
0.9765

Table I. Two-photon transparency frequencies for several Is-ns and Is-nd transitions (frequencies m
Rydberg units), from Ref. [4]
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We turn now to the evaluation of W^ using various approximation schemes.
Problems that one has to consider in an approximate calculation are the rate of
convergence of the sum over intermediate states, the importance of the contribution
from the continuum and the gauge independence of the final result. For frequencies
out of the condition of resonance enhancement, a heuristic approximation generally
adopted, is to consider only a limited number of intermediate states, choosing those
close to initial and final states because of their smaller energy denominators. As an
example, we present in Table 2 the resonant ls-3s two-photon transition amplitude in
atomic Hydrogen, for various values of the incident frequencies, in the length and
velocity gauges. We notice that both gauges give the same final result, but the
respective contribution from the intermediate states are dramatically different.

OMEGA(1)= 0.44444
OMEGA(2)= 0.44444

N DUO,N] D[J,N]
2 3.96259 2.08965
3 -10.83427 2.08965
4 -7.45560 1.31014
5 -6.54089 0.99402
6 -6.14107 0.83003
7 -5.92520 0.73293
8 -5.79366 0.67034
9 -5.70690 0.62749

10 -5.64637 0.59682
11 -5.60233 0.57408
12 -5.56921 0.55674
13 -5.54364 0.54320
14 -5.52347 0.53243
15 -5.50726 0.52372

DD -5.39815 0.46363
DC 2.18723 -3.67456

D -3.21093 -3.21093

OMEGA(1)= 0.21389
OMEGA(2)= 0.67500

N D[JO,N] DP.N]
2 9.20118 6.63866
3 -11.04357 6.63866
4 -6.71940 5.27370
5 -5.57604 4.73307
6 -5.08192 4.45579
7 -4.81685 4.29266
8 -4.65598 4.18792
9 -4.55015 4.11642

10 -4.47647 4.06533
11 -4.42292 4.02751
12 -4.38270 3.99869
13 -4.35168 3.97622
14 -4.32721 3.95835
15 -4.30756 3.94389

DD -4.17555 3.84442
DC 2.50625 -5.51372

D -1.66930 -1.66930

OMEGA(1)= 0.12389
OMEGA(2)= 0.76500

N D[JO,N] D[J,N]
2 -39.39279 -43.29640
3 -70.23253 -43.29640
4 -64.38017 -46.11053
5 -62.88897 -47.18464
6 -62.25544 -47.72621
7 -61.91877 -48.04184
8 -61.71562 -48.24332
9 -61.58251 -48.38032

10 -61.49007 -48.47796
11 -61.42303 -48.55011
12 -61.37274 -48.60499
13 -61.33400 -48.64774
14 -61.30347 -48.68171
15 -61.27898 -48.70916

DD -61.11479 -48.89761
DC 2.91474 -9.30244

D -58.20004 -58.20004

Table 2. Two-photon transition amplitude D" for ls-3s transitions in Hydrogen for three different
values of the incident photon frequency in the length and velocity gauges J and J respectively. D[J , N]
(Dy; N]) denotes the contribution from the discrete spectrum in the length (velocity) gauge up to the N-th
intermediate state. The total contribution from the discrete and continuum spectrum are denoted by DD and
DC, respectively

Robinson [5] has shown how to obtain gauge-independent results for the two-photon
transition rates in cases when only a limited number of intermediate states are used.
Following Robinson, we first transform the transition amplitudes in a more compact
form

Pp. Cp. (8a)
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and

D1J] = -——— X PU Cn (8b)2viV2 p, >'• 11

where
CH = (l+Pi2)<mlei.x/aolu> <u.le2.x/aoln>lv(a)-v(n) -vi] (9)

p ^ _______vi V2_______ /-p ,
4 [v(u)-v(n)-V2] [v(u)-v(n)-vi]

p. [v(n)-v(m)] [v(n)-v(n)l ^
li [v(u) - v(n) - vz] [v(u) - v(n) - vi]'

Using energy conservation, i.e. v(m) - v(n) = vi + vz, one has

F^ = 1 - F .̂ (11)

Prom the equality of the transition amplitudes in different gauges one obtains the sum
rule

2- C., = 0 . (12)
U H-

The sum rule (12) can be used in order to have a gauge independent approximation
scheme. The transition amplitude DIJg] is split into two parts :

V(c) \"(u)
= Zrf P., C,, + ZrfDiy=^ V^^ ^' <13)

in the first term, the summation extends over states which are exactly known or for
which a good approximation is available (characterized states), while the states in the
second summation are supposed to be unknown (uncharacterized states). In the
approximation scheme proposed by Robinson, the coefficients Pp. under the sum over
the uncharacterized states in (13) are replaced by a constant coefficient FK, which is
obtained from P^ replacing v(u) with an averaged frequency v(K). Using then the sum
rule (12), we obtain an approximate expression for the transition amplitude :

S(c)
1 = (14)
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In the velocity gauge an analogous expression holds for the transition amplitude, and
it can be shown [5] that the approximate results obtained in the length and velocity
gauges are equal.
The approximation can be tested for the ls-2s transition in Hydrogen. All p-states with
p. > 2 are taken as uncharacterized, the average frequency v(K) is determined by fitting
(14) to the exact transition amplitude D2 Up] from [2] at vi = 0.375, leading to v(K) =
0.0171. In Table 3 we compare at various frequencies the exact amplitude D2 with the
amplitudes D2 [R, L 2] and D^ [Jy 2], where only the 2p intermediate state is included.
We notice that the error in D2 [R, Jp 2] is less than 2%, and much smaller than the
error in D2 [L, 2]. The gauge invariant approximation partially overcomes the major
difficulty encountered in any approximate calculation; this scheme, however, relies on
free parameters which must be determined independently and hence its application is
not straightforward.

Vi D^] D2^;:^] % error D2^2] % error
0.3750 -11.7805 17.8785 (61.8)
0.5250 -14.7319 -14.8339 (0.69) -21.2839 (44.5)
0.6750 -41.1484 -41.8616 (1.73) -49.6624 (20.7)
0.6875 -49.6878 -50.5207 (1.68) -58.5113 (17.8)
0.7000 -62.6595 -63.6348 (1.56) -71.8331 (14.6)
0.7125 -84.5252 -85.6713 (1.36) -94.0971 (11.3)
0.7250 -128.683 -130.037 (1.05) -138.712 (7.79)
0.7375 -262.165 -263.772 (0.61) -272.722 (4.03)
0.7475 -1334.33 -1336.18 (0.14) -1345.37 (0.83)

Table 3. Comparison of theoretical transition amplitudes for various v., using only the 2p-state as
intermediate state. D2 [J] is the exact theoretical value, D2 [R; J 2] is from the modified Eq. (14) and D2

[J 2] is from Eq. (8a), where in both cases only the 2p intermediate state has been included. The errors
relative to the exact results are given in parenthesis. The average frequency v(K) = 0.0171 is determined
by setting D2 [R; J(, 2] = D2 [J^ 2] = -11.7805 for v^ = 0.375. (From ref. [1])

Finally, we propose an alternative approach based on the representation of the
Hamiltonian over a finite basis set. In general, the lowest variational states are close to
the true states, but this is not the case for the high energy eigenstates, in particular for
those with positive energy representing the continuous spectrum. In our approach,
we still use the finite set of eigenfunctions to evaluate the sum over the intermediate
states, including the continuum. Since the exact result can in principle, be obtained
with an infinite basis set, the accuracy of the procedure can be checked through the
convergence of the transition rate versus basis size. For Hydrogen, we find fast
convergence using real exponentional or Gaussian radial basis functions. As an
example, we show in Table 4 the ls-3s two-photon transition rate, at selected
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frequencies. The calculations were performed for both beams polarized in the z-
direcdon, in the length and velocity gauges. Convergence tests showed that the basis
size (24 Gaussian functions) is sufficient to provide results with 1% accuracy.

Vi

0.4444
0.6750
0.7000
0.7250
0.7475
0.7650
0.8000
0.8250
0.8500
0.8750
0.8860

LENGTH
GAUGE
D(ls-3s)

-3.2108
-1.6699
0.9832
11.211
226.71
-58.184
-38.301
-46.571
-74.412
-219.98
-1116.0

VELOCITY
GAUGE
D(ls-3s)

-3.2104
-1.6693
0.9838
11.212
226.71
-58.183
-38.300
-46.569
-74.409
-219.96
-1116.0

EXACT

D(ls-3s)

-3.2109
-1.6693
0.9847
11.216
226.81
-58.200
-38.310
-46.580
-74.420
-219.98
-1117.2

Table 4. ls-3s Two-photon transition amplitude calculated with variational states. The radial basis
set for s an p states are of the form (p = c exp - ar and (p = c' r exp - ar respectively. Twenty four

0 q -

different exponents a, with 10 £ a< 10 (a.u.) in geometrical sequency have been used.
Variational energies : (Rydberg units)
s-states - 1.0000/-0.11-11
p-states - 02500 / - 0.1111 / - 0.0625/- 0.0397 / - 0.0214 / + 0.0821 /...

1. See e.g. A. Quattropani and R. Girlanda, Rivista Nuovo Cimento 6,1 (1983).
2. A. Dalgarno and J. T. Lewis, Proc. Roy. Soc., London, Ser. A, 233, 70 (1956);

J. Gontier, N.K. Rahman and M. Trahn, Nuovo Cimento D, 4,1 (1984); S. Baroni
and A. Quattropani, Nuovo Cimento D, 5, 89 (1985), and references quoted
therein.

3. P. Bassani, J. J. Forney and A. Quattropani, Phys. Rev. Letters 39, 1070 (1977);
A. Quattropani, F. Bassani and Sandra Carillo, Phys. Rev. A25,3079 (1982).

4. J. H. Tung, A. Z. Tang, G. J. Salamo and P. T. Chan, J. Opt. Soc. Am B3, 837 (1986);
Viorica Florescu, Suzana Patrascu and 0 Stoican, Phys. Rev. A36/ 2155 (1987).

5. C. Wilse Robinson, Phys. Rev. A26,1482 (1982).

67


	Start Screen
	Foreword by Norman F. Ramsey
	Preface
	Table of Contents
	List of Contributing Participants
	Introduction to Simple Atoms
	Part I Hydrogen and Helium
	Precision Spectroscopy of Atomic Hydrogen
	Ultracold Hydrogen
	Review of High Precision Theory and Experiment for Helium

	Part II Positronium and Muonium
	Spectroscopy of the Muonium Atom
	Experimental Tests of QED in Positronium: Recent Advances

	Part III Fundamental Constants and Frequency Metrology
	A New Type of Frequency Chain and Its Application to Fundamental Frequency Metrology
	Fundamental Constants and the Hydrogen Atom
	Present Status of g - 2 of Electron and Muon

	Part IV Few-Electron Highly-Charged Ions
	Laser Spectroscopy of Hydrogen-Like and Helium-Like Ions
	The g Factor of Hydrogenic Ions: A Test of Bound State QED

	Part V Exotic Atoms
	Elementary Relativistic Atoms
	Antiprotonic Helium – An Exotic Hydrogenic Atom

	Appendix: Abstracts of Contributed Papers
	Subject Index
	Author Index
	Part VI Hydrogen and Helium (on CD only)
	Towards a Precise Measurement of the He+ 2S Lamb Shift
	High Precision Measurements on Helium at 1083 nm
	Absolute Frequency Measurement of the 1S-3S Transition in Hydrogen
	2s Hyperfine Structure in Hydrogen Atom and Helium-3 Ion
	Three-Loop Slope of the Dirac Form Factor and the 1S Lamb Shift in Hydrogen
	Radiative Decay of Coupled States in an External dc Field
	Atomic Interferometer and Coherent Mixing of 2S and 2P States in the Hydrogen Atom
	Ground State Energy of the Helium Atom

	Part VII Muonium and Positronium (on CD only)
	Two-Loop Corrections to the Decay Rate of Orthopositronium
	Recent Results in Positronium Theory
	Test of CPT and Lorentz Invariance from Muonium Spectroscopy
	Positronium: Theory Versus Experiment
	Highly Accurate Theoretical Simulation of the Resonant Multiphoton Ionization Processes With Simplest Atoms

	Part VIII Muonic Atoms (on CD only)
	Time-of-Flight Spectroscopy of Muonic Hydrogen Atoms and Molecules
	Hyperfine Structure in Muonic Hydrogen
	Towards a Measurement of the Lamb Shift in Muonic Hydrogen

	Part IX Exotic Atoms (on CD only)
	Antihydrogen Production and Precision Spectroscopy with ATHENA/AD-1
	Precision Spectroscopy of X-rays from Antiprotonic Hydrogen
	Charged Pion Mass Determination and Energy – Calibration Standards Based on Pionic X-ray Transitions
	Pionic Hydrogen: Status and Outlook
	Antiprotonic Helium “Atomcule”: Relativistic and QED Effects
	Towards Laser Spectroscopy of Antihydrogen
	Hyperfine Structure Measurements of Antiprotonic Helium and Antihydrogen

	Part X Precision Spectroscopy, Fundamental Constants and Fundamental Symmetry (on CD only)
	Indium Single-Ion Optical Frequency Standard
	Matter Neutrality Test Using a Mach-Zehnder Interferometer
	Relativistic Corrections in Atoms and Space-Time Variation of the Fine Structure Constant
	Frequency Comparison and Absolute Frequency Measurement of I2-stabilized Lasers at 532 nm

	Part XI Few-Electron Ions (on CD only)
	A QED Calculation of Electron Interaction for He-Like and Li-Like Highly Charged Ions
	The gJ Factor of an Electron Bound in Hydrogen-Like Carbon: Status of the Theoretical Predictions
	Second-Order Self-Energy Calculations for Tightly Bound Electrons in Hydrogen-Like Ions
	Lamb Shift in Light Hydrogen-Like Atoms
	The g Factor of a Bound Electron in a Hydrogen-Like Atom
	Laser Spectroscopy of the 2S Lamb Shift in Hydrogenic Silicon
	Ground-State Hyperfine Structure of Heavy Hydrogen-Like Ions
	Measurement of the 1s2p 3P0 - 3P1 Fine Structure Interval in Helium-Like Magnesium
	Towards a Precision Measurement of the Lamb Shift in Hydrogen-Like Nitrogen
	Absolute Test of Quantum Electrodynamics for Helium-Like Vanadium
	Relativistic Recoil Corrections to the Atomic Energy Levels
	X-Ray Spectroscopy of Hydrogen-Like Ions in an Electron Beam Ion Trap

	Part XII Advanced Quantum Mechanics and QED (on CD only)
	CPT-Invariant Eight-Component Two-Fermion Equation
	The Two-Time Green’s Function and Screened Self-Energy for Two-Electron Quasi-Degenerate States
	Higher-Order Stark Effect on Magnetic Fine Structure of the Helium Atom
	Radiation Properties of Diamagnetic Manifolds in Atomic Hydrogen: Line Intensity Dependence on a Magnetic Field
	Precise Evaluation of the Electron (g-2) at 4 loops: The Algebraic Way
	Relativistic Dipole Dynamic Polarizabilities of Lowest ns1/2-States in Hydrogen-Like Atoms
	Loop-After-Loop Contribution to the Second-Order Self-Energy in Hydrogen

	Contents of the 1989 Hydrogen Atom Book1 (on CD only)
	Preface
	Part I Precision Spectroscopy of Hydrogen: Fundamental Physics and Universal Constants
	The Hydrogen Atom (An Historical Account of Studies of Its Spectrum)
	Interference of the Hydrogen Atom States (n=2)
	Separated Oscillatory Field Measurement of the Lamb Shift in H, n=2*
	Hydrogen Spectroscopy and Fundamental Physics
	DoppIer-Free Two-Photon Spectroscopy of Hydrogen Rydberg States: Remeasurement of ...
	Two-Photon Transitions Between Discrete States
	Two-Photon Spectroscopy of Hydrogen 1S-2S
	1S-2S Transition-Frequency Calibration
	High Resolution Spectroscopy of Hydrogen
	Trapped Atomic Hydrogen
	Atomic Hydrogen in a Magnetic Trapping Field
	Frequency Standards in the Optical Spectrum
	Precision RF Spectroscopy of Circular Rydberg Atoms

	Part II Positronium, Muonium, and Other Hydrogen-Like Systems
	Laser Spectroscopy of Positronium and Muonium
	Positronium Decay Rates
	New Schemes for the Production and Spectroscopy of Positronium
	Some Recent Advances in Muonium
	Transitions in Muonic Helium Ions Induced by Laser Radiation
	Positrons for Low Energy Antihydrogen Production
	Antihydrogen by Positromum-Antiproton Interaction
	Antiprotonic Hydrogen
	The Spectroscopy of Hydrogen-Like Highly Ionised Atoms

	Part III Quantum Electrodynamics and Beyond
	The Bound State Problem in QED*
	Electron g - 2 and High Precision Determination of ...
	General QED/QCD Aspects of Simple Systems
	Search for Parity Nonconservation in Hydrogen

	Part IV Hydrogen in Strong Fields and Chaos
	Multiphoton Transition to the Continuum of Atomic Hydrogen
	Hydrogen in Strong DC and Low Frequency Electric Fields - One Dimensional Atoms
	Hydrogen Atoms in Strong Magnetic Fields - in the Laboratory and in the Cosmos
	Theory of Chaos in the Atomic Hydrogen
	Quantum Chaos and the Hydrogen Atom in Strong Magnetic Fields
	Highly Excited Hydrogen in Strong Microwaves:Experimental Tests for Classically Chaotic Semiclassical Dynamics and for Quantum Localization
	Quasi-Landau Spectrum of the Chaotic Diamagnetic Hydrogen Atom


	Help

	suchen: 
	treffer: 
	hilfe: 
	help: 
	hits: 
	search: 


