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Chapter 1

TERMINOLOGY AND EXAMPLES

EXERCISE 1.1 Assume values of & and ¢ are drawn from truncated geo-
metric distributions. In particular, let P{# = n} = 0 and P{t = n} = 0
except for 1 < n < 10, and let P{Z = n} = ap,(1 — py)" and
P{t = n} = Bp(1 — p)" for 1 < n < 10 with p, = 0.292578 and
pr = 0.14358.

1. Using your favorite programming language or a spreadsheet, generate a
sequence of 100 random variates each for Z and .

2. Plot a(t) as a function of ¢, compute Z,, from (1.3) and w,, from (1.2) for
1 <n<20.

3. Compute 7,, for 1 < n < 20 and verify that w,, can be obtained from
Z(t).

4. Compute z, from (1.3) and w,, from (1.2) for 1 < n < 100 and compute
the average waiting times for the 100 customers.

Solution Part 1. We must first determine the constants « and (3. Since the
probabilities must sum to unity, we find

10 10
ZP{i:n}:ZP{t:n}zl
n=1 n=1

Thus, using the formula for the partial sum of a geometric series, we find

a[(t=p) = =p)"] =B [(—p) - (1 -p)"] =1,

from which we may solve to find &« = 1.45939316 and 5 = 1.48524892.
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Now, in general,

P{z<n} =31, P{z=i}=37ap.(l —p:c)i
=a[(l—ps) — (1 —p)"].

Solving P{Z = n} = ap,(1 — p;)" for n, we find

I [(1 - ps) = (/)P {Z < n}]

"= In(1—p,) -

We may therefore select random variates from a uniform distribution and use
these numbers in place of the above formula in place of P {Z < n} and then
round up to obtain the variates for . Similarly, by solving P{t = n} =
Bpe(1 — py)™ for n we may find the variates for ¢ from

In [(1—p) — (1/B)P {t < n}]

n= -
In(1—p)

By drawing samples from a uniform distribution and using those values for
P{# <n}and P{f <n} in the above formulas, one can obtain the variates
for z,, and ¢, forn = 1,2,---,100, and then apply the formulas to obtain the
following table:

n Tn tn Zn Wn, Tn
1 3 6 2 0 6
2 5 1 -1 2 7
3 1 6 -4 1 13
4 1 5 -1 0 18
5 7 2 4 0 20
6 2 3 -1 4 23
7 2 3 -3 3 26
8 4 5 3 0 31
9 2 1 1 3 32
10 1 1 0 4 33
11 2 1 -1 4 34
12 1 3 -3 3 37
13 3 4 -3 0 41
14 4 6 2 0 47
15 7 2 3 2 49
16 2 4 -2 5 53
17 5 4 1 3 57
18 1 4 -6 4 61
19 1 7 -6 0 68
20 4 7 -1 0 75
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n Tn tn Zn Wn Tn
71 1 6 -2 0 286
72 4 3 -1 0 289
73 5 5 -5 0 294
74 1 10 -3 0 304
75 1 4 -9 0 308
76 1 10 0 0 318
77 4 1 -4 0 319
78 4 8 -4 0 327
79 5 8 -1 0 335
80 4 6 3 0 341
81 6 1 5 3 342
82 2 1 -1 8 343
83 3 3 2 7 346
84 1 1 -3 9 347
85 6 4 0 6 351
86 9 6 2 6 357
87 3 7 -3 8 364
88 7 6 3 5 370
89 3 4 2 8 374
90 4 1 2 10 375
91 2 2 -1 12 377
92 3 3 2 11 380
93 5 1 1 13 381
94 3 4 2 14 385
95 3 1 -4 16 386
96 8 7 4 12 393
97 2 4 1 16 397
98 1 1 0 17 398
99 4 1 -4 17 399
100 2 8 0 13 407
Averages 3.05 4.07 -0.98 3.95

Solution Part 2. Figure 2.1 shows the unfinished work as a function of
time. The values of z,, and w,, are shown in the above Table.

Solution Part 3. The values of 7,, and w,, are shown in the above Ta-
ble.From Figure 2.1, it is readily verified that

wp, = u(7, ).

For example, 73 = 13, and u(137) = 1. Therefore, ws = 1. That is, if
an arrival occurs at time ¢, then an amount of time u(¢~) would pass before
service on that customer’s job began. That is, the server would first complete
the work present in the system at time ¢~, and then would begin the service on
the customer that arrived at time ¢.
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Solution Part 4. The average waiting time is shown at the bottom of the
above table. It is found by simply summing the waiting times and dividing by
the number of customers.

10
7.5
= 5
S
2.5
0 I I
0 20 40 60 80

time

Figure 2.1 Unfinished work as a function of time.
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EXERCISE 1.2 Assume values of Z and ¢ are drawn from truncated geo-
metric distributions as given in Exercise 1.1.

1. Using the data obtained in Exercise 1.1, determine the lengths of all busy
periods that occur during the interval.

2. Determine the average length of the busy period.

3. Compare the average length of the busy period obtained in the previous
step to the average waiting time computed in Exercise 1.1. Based on the
results of this comparison, speculate about whether or not the average
length of the busy period and the average waiting time are related.

Solution Part 1. A busy period starts whenever a customer waits zero time.
The length of the busy period is the total service time accumulated up to the
point in time at which the next busy period starts, that is, whenever some later
arriving customer has a waiting time of zero. From the table of values given in
the previous problem’s solution, we see that a busy period is in progress at the
time of arrival of C'1g. Therefore we must decide whether or not to count that
busy period. We arbitrarily decide not to count that busy period. The lengths
of the busy periods are given in the following table:

1 9
2 1
3 11
4 10
5 3
6 19
7 1
8 4
9 1
10 5
11 7
12 4
13 1
14 1
15 7
16 1
17 2
18 2
19 1
20 12
21 2
22 26
23 5
24 2
25 1
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Average 5.209302326

Solution Part 2. The average length of the busy period is determined by
summing the lengths of the busy periods and dividing by the number of busy
periods. The result is shown at the end of the above table.

Solution Part 3. The computed averages are E [w] = 3.95 and E [y] =
5.21. We see that based on this very small simulation, the results are not all
that different. It is sometimes possible to establish a definitive relationship
between the two quantities. We will see later on that under certain sets of
assumptions, the busy period and the waiting time have the same value.

EXERCISE 1.3 For the general case where the packet arrival process has
run lengths, it is seen that the survivor functions decrease with decreasing
run lengths. Determine whether or not there exists an average run length
at which the packet arrival process becomes a sequence of independent
Bernoulli trials. If such a choice is possible, find the value of run length
at which independence occurs. Discuss the result of reducing the run length
below that point. [Hint: A packet arrival occurs whenever the system tran-
sitions into the on state. Thus, if the probability of transitioning into the
on state is independent of the current state, the arrival process becomes a
sequence of independent Bernoulli trials.]

Solution. The arrival process will be Bernoulli if the probability of having a
packet in a slot is independent of the current state. In general, there will be
a packet arrival in a slot if the system is in the on state. Hence we want to
set transition probabilities pg; and p;; equal. Since we want to have a 90%
traffic intensity, we choose pg; = p11 = 0.9/N. Since the run lengths have the
geometric distribution, the average run length will be 1/p;¢. Thus, the average
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run length will be
N

N —0.9.
Similarly the average off time will be

N
0.9.

... SOLUTION MANUAL
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REVIEW OF RANDOM PROCESSES

EXERCISE 2.1 For the experiment described in Example 2.1, specify all
of the event probabilities.

Solution. For the experiment described in Example 2.1, the events are as fol-
lows: 0, {N}, {S}, {C}, {T}, {S,N}, {C,N}, {T,N}, {C,S}, {T, S},
{T,.C}, {C,S,N}, {T,S,N}, {T,C,N}, {T,C,S}, {T,C,S,N}. Since
each of the events is a union of elementary events, which are mutually ex-
clusive, the probability of each event is the sum of the probabilities of its con-
stituent events. For example,

P{T,C,S,N} = P{T}+P{C}+P{S}+P {N} = 0.1140.66+0.19+0.04 = 1.0.

By proceeding in this manner, we find the results given in the following table:

Event Probability Event Probability
0 0.00 {C, S} 0.85
{N} 0.04 {T,S} 0.30
{S} 0.19 {T,C} 0.77
{C} 0.66 {C,S,N} 0.89
{T} 0.11 {T,S,N} 0.34
{S,N} 0.23 {T,C,N} 0.81
{C,N} 0.70 {T,C,S} 0.96
{T,N} 0.15 {T,C,S,N} 1.00

EXERCISE 2.2 For the experiment described in Example 2.1, there are a
total of four possible outcomes and the number of events is 16. Show that it
is always true that card () = 2¢'4(5), where card (A) denotes the car-
dinality of the set .4, which, in turn, is the number of elements of A. [Hint:
The events can be put in one-to-one correspondence with the card (S)-bit
binary numbers. |
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Solution. Every event in the event space consists of a union of the elementary
events of the experiment. Thus, every event is characterized by the presence or
absence of elementary events. Suppose an experiment has card (S) elemen-
tary events, then these events can be ordered and put in one-to-one correspon-
dence with the digits of an card (S)-digit binary number, say,

deard (S)—ldcard (8§)-2""" do.

If elementary event ¢ is present in some event, the d; = 1, else d; = 0. Since
there are a total of 2V N-digit binary numbers, there are exactly 2¢@rd (5)
events in any experiment. For example, in the experiment of Eample 2.1, we
have four events. Let 7', C, S, and N be represented by the binary digits ds,
da, dy, and dy, respectively. Then, 1010 represents the event {7, S}. The total
number of events is 24 = 16.

EXERCISE 2.3 Repeat the computations of Example 2.2 by constructing
restricted experiments based on S4 and Sp. [Hint: The probabilities of the
elementary events in the restricted experiments must be normalized by di-
viding the probabilities of the individual elementary events of the restricted
experiment by the sum of the probabilities of the constituent elementary
events of the restricted experiment.]

Solution. The idea is to construct two different experiments, A and B, and
compute P {w1} in each of the experiments. The set of all possible outcomes
in experiment A is S4 = {s1, S2, $4, S6, S8 }-

For experiment A, we compute the probabilities of each elementary event to
be P{s;} =k A%, where k 4 is a normalizing parameter such that

S; €S
We find K4 = % so that P {s;} = % for s; € S4 and P {s; = 0} otherwise.
We then find for experiment A,

1 2 1
{w1} {s1} + P{s2} + P {s3} 51 1 57 +0 -
Similarly, for experiment B, we find P {s;} = % fors; € Spands; =0
otherwise. Then, for experiment B, we have

0 0 3 1
{w1} {s1} + P{s2} + P {s3} 5 + 5 + 55
We recognize these probabilities to be the same as the conditional probabil-

ities previously computed.
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EXERCISE 2.4 Suppose wi,ws € © with P{w;} # 0 and P {wa} # 0.
Show that if w; is statistically independent of wo, then necessarily, wy is
statistically independent of w;. In other words, show that statistical inde-
pendence between events is a mutual property.

Solution. From Bayes’ rule, we have

Pwi|wa} P{wa}

P {walw } = Pl

If wy is statistically independent of ws, then P {w;|wa} = P {w; }. Thus,

P{wi} P{ws}

P{wslwi} = P {an}

:P{WQ}.

Since
P{walwi} = P{ws}

is the definition of w9 being statistically independent of w1, the result follows.

EXERCISE 2.5 Suppose wi,wy € Q but P{wi} = 0 or P{ws} = 0.
Discuss the concept of independence between w; and ws.

Solution. We assume w; and w;, are two different events. Suppose P {w1} =0
but P {ws} # 0. Then

P {wlwg}
P{ws}

But, P{w1w2} < P{wl} and P{w1w2} > 0. Thus, P{w1w2} = 0, which
implies P {wi|w2} = 0, and thus, w; is independent of wy. If P {w} = 0,
then wj is equivalent to the null event. Therefore, the probability that any
event has occurred given that the null event has actually occurred is zero; that
is, all subsets of the null event are the null event. Hence no event other than
the null event can be statistically independent of the null event. In words,
if we know the null event has occurred, then we are certain no other event
has occurred. Since the other event is not the null event, its unconditional
probability of occurrence is greater than zero.

P{wi|wse} =

EXERCISE 2.6 Develop the expression for d Fz () for the random variable
¢ defined in Example 2.4.

Solution. The random variable ¢ defined in Example 2.4 is discrete, and its
support set is

C = {56.48,70.07,75.29, 84.35,96.75,99.99, 104.54, 132.22 } .
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‘We then find,
dFs(z) = Z P{é¢=c}dé(x —c)dx
ceC
= Z P{¢=c}é(x —c)dx.
c€{56.48,70.07,75.29,84.35,96.75,99.99,104.54,132.22}
@2.1)
Thus,
dF;(z) = é&(m — 56.48)dx + 15(x70 07)dx + E&(m — 75.29)dz +
¢ 36 . 36 . 36 )
)

4 3
2 5z — 84, = 5(x — 96. 2 5z — 99.
365(3: 84.35)dx + 365(3: 96.75)dx + 365(3: 99.99)dx +

2 1
— —104.54 — —132.22
365(3: 04.54)dx + 365(:13 32.22)dx

EXERCISE 2.7 Find E[¢] and var (¢) for the random variable ¢ defined in
Example 2.4.

Solution. By definition,
Ele) = ZcP{é: c},
ceC
var (¢) = B[] - E2[d],

and

E {62} :ZC2P{6ZC}.

ceC

From Example 2.4 and the previous problem, we have the following table:

c P{¢=c}

56.48 0.222222222
70.07 0.194444444
75.29 0.166666667
84.35 0.138888889
96.75 0.111111111
99.99 0.083333333
104.54 0.055555556
132.22 0.027777778

Upon performing the calculations, we find E'[¢] = 79.0025, E [¢%] =
6562.507681, and var (¢) = 321.1126743.
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EXERCISE 2.8 Let A} and X, denote the support sets for Z; and Zo,
respectively. Specialize (2.12) where X} = {5,6,...,14} and Xy, =
{11,12,...,22}.

Solution. Equation (2.12) is as follows:

n
P{iy+da=n}=> Plio=n—i|i =i} P{i1 =1}.
i=0

First we note that the smallest possible value of T1 + 22 is 5 + 11 = 16, and
the largest possible value 21 + 22 can take on is 14+ 22 = 36. We also see that
T1 + Zo can take on all values between 16 and 36. Thus, we find immediately
that the support set for Z1 + 2 is {16,17,...,36}. We also see that since Z
ranges only over the integers from 5 to 14, P {Z; =i} > 0 only if 7 is over
only the integers from 5 to 14.

Similarly, probZo =n —i > Qonlyif n —¢ > 11 and n — ¢ < 22, so that
probio =m—1¢ > 0onlyifn—11 >dandn —22 < jor¢ < n — 11 and
i > n — 22. Hence, for P{Z; =i} > 0, we need i > max{5,n — 22}
and ¢ < minsetld,n — 11. We, therefore have the following result. For
n #{5,6,...,36}, P{%1 + 22 =n} =0, and forn € {5,6,...,36},

min {14,n—11}
P{Z1 + 2y =n} = > P{Ey=n—i|i =i} P{# =1i}.
i=max {5,n—22}

For example,

min {14,18—11}
P{iy + & = 18} = > Ploa=n—ilhi=i}P{E =1}
i=max {5,18—22}

7
= > Plig=n—i|i =i} P{& =1}.
=5

| EXERCISE 2.9 Derive (2.14) as indicated in the previous paragraph.

Solution. We wish to find an expression for f;,4z,(z) given the densities
fz, () and fz,(z). We first note that fz,4+z,(z) = %Fjl_i_jz (z)(x). But,
Fi 43,(x)(x) = P{% + Z2 < z}. Now, suppose we partition the interval
(0, z] into N equal-length intervals an assume that the random variable Z; has
masses at the points iAX, where AX = % Then,

N
Pliy+ &y <a} =) P{& + i <|¥ =iz} P{# =iAX}.

i=1
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But
P{z =iAX} = fz (IAX)AX,

SO,

N
P{i1+ @y <z} = > P{i+& <aliy =ilz} f3,AX
i=1
N
= > P{is <2 —iAX|¥ =iAx} fz, (IAX)AX.
=1

In the limit, we can pass A X to the continuous variable y and A X to dy. The
sum then passes to the integral over (0, z], which yields the result

P&+ < 2} = /0 P{iy <z —ylf1 = )} for (),

or
Fz15,(2) = /O Fioi, (2 — yly) fz, (y)dy.

Differentiating both sides with respect to x then yields
xT
forsaa@) = [ fruea (@ =yl i ().

| EXERCISE 2.10 Prove Lemma 2.1.

Solution. Recall the definition of memoryless: A random variable Z is said to
be memoryless if, and only if, for every «, 3 > 0,

P{z >a+fp|lz > B} = P{z > a}.

In order to prove the lemma, we simply show that the exponential distribution
satisfies the definition of memoryless; that is, we compute P{Z > « + 3|Z >
[} and see whether this quantity is equal to P{% > «}. From the definition of
conditional probability, we find

P{z > a+ B,z > 5}
P{z > B} '

But the joint probability of the numerator is just P{Z > « + (3}, and for the
exponential distribution is

P{z >a+ Bz > B} =

P{E > a+ f} = e Noth),

Also,
P{i> g} =e .
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Thus,
e_)‘(a+6)
P{z > T > = —
{&>a+flE> P} = ——53

Thus, the definition of memoryless is satisfied and the conclusion follows.

= e MP{i > al.

EXERCISE 2.11 Prove Lemma 2.2. [Hint: Start with rational arguments.
Extend to the real line using a continuity argument. The proof is given
in Feller, [1968] pp. 458 - 460, but it is strongly recommended that the
exercise be attempted without going to the reference.

Solution. We first prove the proposition that g(n/m) = g(1/m)" for an arbi-
trary integer m. Let T" denote the truth set for the proposition. Trivially, n € T,
so assume (n — 1) € T'. Then

n 1 n—1 1 1
gln/my=g > —|=g|>D.—+—|.
j=1"m
But, by hypothesis of the Lemma 2.2, g(t + s) = ¢(t)g(s) Vs, t > 0. Thus,
n—1
1 1
gln/m) =g (Z E) g <E> :
7j=1
and by using the inductive hypothesis, we have
1 n—1 1 1\"
gln/m)=g (—) g (—) =g <—> for all integer m, n.
m m m
This completes the proof of the proposition. Now, with m = 1, the result of

the proposition gives g(n) = ¢(1)", and with n = m, the same result gives
g(1) = g(1/m)™ from which it follows that g(1/m) = g(1)*/™. Substitution
of the latter result into the conclusion of the proposition yields

n—1
gln/m)=g ( ! ) g (i> = g(1)™™  for all integer m, n.

m

m
If we now take A\ = —In [g(1)], we have
g(n/m) = e~ /™ for all integer m, n.

Since the rationals are dense in the reals, each real number is the limit of a
sequence of rational numbers. Further, g is a right continuous function so that
by analytic continuity,

g(t) = e ™ for all integer t > 0.
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EXERCISE 2.12 Repeat Example 2.5, assuming all students have a deter-
ministic holding time of one unit. How do the results compare? Would
an exponential assumption on service-time give an adequate explanation of
system performance if the service-time is really deterministic?

Solution. P {Alice before Charlie} must be zero. We see this as follows:
Alice, Bob and Charlie will use the phone exactly one time unit each. Even
if Bob finishes his call at precisely the moment Alice walks up, Charlie has
already begun his. So, Charlie’s time remaining is strictly less than one, while
Alice’s time to completion is exactly one in the best case. Thus, it is impossible
for Alice to finish her call before Charlie. Since assuming exponential hold-
ing times results in P {Alice before Charlie} = 1/4, exponentiality is not an
appropriate assumption in this case.

EXERCISE 2.13 Prove Theorem 2.2. Theorem2.2. Let £ be a non-
negative random variable with distribution F3(x), and let FZ(s) be the
Laplace-Stieltjes transform of z. Then

n
n 4" o

~21
Eli7] = (-1) @F@(S) .
Solution. We first prove the proposition that
dn * n ° n_ —Ssx
) = (1 [ are (@),

Let 7" be the truth set for the proposition. By Definition 2.8, F(s) = E[e™*"],

so that J
—F* = —x)e **dFz(x),
TF) = [T (o) dp )

and so 1 € T'. Now assume that n € T'. Then
dn+1 . d dm .
) Fi(s) = 75 {@Fgﬁ(s)}

_ %{(_1)" /OOO x"e—Sdef(:c)}
= (=1t /OOO 2" e TSP ARy (z).

(2.2)

This proves the proposition. We may now show

= [o° 2" e T dFy(x)

s=0
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= Jo° 2" dFs(s)
= E[i").
(2.3)

EXERCISE 2.14 Prove Theorem 2.3. Let £ and y be independent, non-
negative, random variables having Laplace-Stieltjes transforms F(s) and
F; (s), respectively. Then, the Laplace-Stieltjes transform for the random
variable Z = & + § is given by the product of F; (s) and Fj(s).

Solution. By the definition of Laplace-Stieltjes transform,
Fi(s) = Bl = B
Ele™5%e™%).
Now, because 7 and ¢ are independent, hy (&) and hy (¢) are also indepen-
dent for arbitrary functions h; and ho. In particular, e=** and e™*Y are inde-

pendent. Since the expectation of the product of independent random variables
is equal to the product of the expectations,

Ele™%%e™%] = E[e *%|E[e™%].
That is,
F (s) = F5(s)F ().

z

EXERCISE 2.15 Let = be an exponentially distributed random variable
with parameter A. Find F} (s).

Solution. By definition,

For & exponential, dF;(z) = Ae dz, so
o
Fi(s) = / e S \e My
0

= /OO e~ 5Tz g
0

/\ o]
= )\ _(SJ’_)‘)"Ed
DY /0 (s+ Ae z

A
s+ A

EXERCISE 2.16 Let & be an exponentially distributed random variable
with parameter \. Derive expressions for E[z], E[%2], and Var(%). [Hint:
Use Laplace transforms.]
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Solution. By Theorem 2.2,

~nl __ n " *
Blz"] = (-1)" S FE(s)|
where by Exercise 2.5, F(s) = )\j‘_s. Then
- d A
1 \7? 1
= —1)|A = -
( ) [ <)\+S> ‘| s=0
Eli?] =(-1°% () .
1 \? 2
[ A <)\ + S) ‘| s=0 A2

We may now compute Var(z) as follows:

Var(x) = FE[#?] - E?[i]

_ 3_(1)2
o

>l

Note that for the exponential random variable, the mean and variance are equal.

EXERCISE 2.17 Let z and g be independent exponentially distributed ran-
dom variables with parameters « and /3, respectively.

1. Find the distribution of Z = min{z, y}. [Hint: Note that Z = min{Z, g}

and Z > zmeans £ > zand § > z.]
2. Find P{Z < g}.

3. Show that the conditional distribution F3z5(2) = F3(2).

Solution.

1. First, note that P{Z < z} = 1 — P{Z > z}. As noted in the hint, Z =
min{Z, g} and Z > z means & > z and § > z. Therefore,

P{z>z}=P{2> 249> z}.
Since T and gy are independent,

P{Z>zy>z} =P{z>z}P{y>=z}
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— o~ —fr _ e—(a—l—ﬁ)m.

Thus,
P{i<z}=1—¢ (etAz
so that Z is exponentially distributed with parameter A + «.

2. We compute the required probability by conditioning on the value of % as
follows:

P{z<j} = fO‘X’P{:E < jlz = az}dF~(:L")

3. We begin with the definition of F3;;(2). We have
Fipcy(2) = P{Z < 2|T < g} .
Thus,
Fyzcg(z) =1- P{z>z|lz < g}

— 1 P{z>2,32<3}
- P{z<y}

But, since Z = min{z, g}
P{Z> 20 <) = P{3#> 2,3 <q}
= [[°P{z < g|& = 2} dF;(x)
= .7 P{x < g} dF;(x)
= [Z e PTae % dx
= 355 [ (a + Ble 0t PTdy

= O%Be—(aw)z.

Thus, upon using th eresult of part (ii), we find
P{z> 2z < j} = e (oth)z
so that
Fioeg(2) =1 - e~ 0tz — (),
and the proof is complete.

EXERCISE 2.18 Suppose Albert and Betsy run a race repeatedly. The time
required for Albert to complete the race, a, is exponentially distributed with
parameter « and the time required for Betsy to complete, b, is exponentially
distributed with parameter 3. Let i, denote the number of times Betsy wins
before Albert wins his first race. Find P{n, = n} for n > 0.
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Solution. First consider P {n;, = 0}, the probability that Albert wins the very
first race. Since Albert’s time must be less than Betsy’s for him to win, this
probability is P {@ < b}. By Exercise 2.7 (iii), P{a <b} = -9.
consider P {n;, = 1}, the probability that Betsy wins one race and then Albert
wins the second. Both & and b are exponential random variables; hence they
are memoryless. That is, during the second race they don’t ‘remember’ what
happened during the first race. Thus the times for each race for each runner
are independent of each other. Let a;, ZN)Z denote the races times of Albert and
Betsy, respectively, on the 7' race. Then

Now

P{ﬁb: 1} :P{dl > Bl,dg < 52}
:P{dl >Z~)1}P{C~L2 <52}
_%jﬁﬁ

Repeating this argument for arbitrary n, we see that
P{ﬁb:n} :P{dl>51,6,2>52,"',C~Ln>5n,dn+1<l~)n+1}
=Plar> b} P{as> b} Pan > b P{anss <bpia}
— (L)" _a_
— \a+ps a+pB"

o

a+pB"

EXERCISE 2.19 Let {Z;,7 = 1,2,...} be a sequence of exponentially dis-
tributed random variables and let 72 be a geometrically distributed random
variable with parameter p, independent of {Z;,7 = 1,2,...}. Let

n
=%
1=1

Show that y has the exponential distribution with parameter pa.

That is, 7 is geometric with parameter

Solution. First we prove a lemma. Lemma: If z;,¢ = 1,2,--- are as in the
statement of the exercise and n is a fized integer, then g = Y 1 ; &; has the
gamma distribution with parameter (n, «v).

Proof: If n = 1, the result holds trivially. So suppose the result holds for
n=N-1,N>21If fZN (y) is the probability density function of 7,

—1 ~
1 T
then

o (ap)V 2
Forr e @) = e T

Using the fact that SN | &; = SN 7! 47y leads to

foil T; (y) = f(;)o fi‘N (y - t)fzzlifll & (t)dt
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N—2

= [ aem W qeot (5\?)_2)! dt
a N—-1
= e~ ((Zi/f)—l ;

This proves the Lemma. To complete the exercise, we condition the probability

density function of y on the value of 7. Recall that here 7 is a random variable
and is independent of z;,¢ = 1,2, - - -. Thus,

faly) =fsn 5, )

= 1 fz:;l F y)P{n=n}

N-1
= Yoty ae v B p(1 — p)n !
= pae= Y Y, (ay(l—'p))”
n= n!
— pae—ayeay(l—p) = pae PV,

EXERCISE 2.20 This exercise is intended to reinforce the meaning of
Property 2 of exponential random variables. Let  and § denote the two
independent exponential random variables with rates 1 and 2, respectively,
and define Z = min{Z, y}. Using a spreadsheet (or a computer program-
ming language), generate a sequence of 100 variables for each of the ran-
dom variables. Denote the ith variate for  and ¢ by z; and y;, respectively,
and set Z = min{z,y} fori =1,2,...,100.

Let n denote the number of values of ¢ such that x; < y;, let 7; denote
the jthe such value and define w; = z;, for j = 1,2,...,n. Compute the
sample averages for the variates; that is compute Z = (1/100) 3129 z;,
g = (1/100) 1% y;, 2 = (1/100) 2129 2, and @ = (1/100) 3129 w;.

J
Compare the results. Is w closer to T or z?

Now give an intuitive explanation for the statement, “It is tempting to con-
clude that if one knows the state change was caused by the event having
its interevent time drawn from the distribution Fj(x), then the time to state
change is exponentially distributed with parameter «, but this is false.”

Solution. The following sequences for Z, ¥, Z, and w were generated using a
spreadsheet package:
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Tn

1.84397193
1.24667042
2.2392642

0.7575555

1.42970352
4.01878152
3.43923471
1.1702069

2.46251518
2.89695466
0.65195416
0.38827964
0.13928522
0.56052792
1.98337703
0.58175933
0.4729621

1.18397153
0.27687641
0.04403085
0.1339849

0.93645887
0.58498602
1.20431873
1.28216752
0.36686726
0.73515498
0.29300628
1.41245136
1.43283182
0.45688209
3.43212736
6.08640858
2.75348525
0.63137432
0.17315955
0.46050301
0.54172938
1.81441406
0.95500193

Yn

0.16714174
0.18449179
0.07468417
0.08376639
0.39268839
1.34361333
0.08348682
0.64094628
1.1929263

0.74196329
0.11265824
0.77950928
0.01412904
0.31830474
1.1304179

0.61897506
0.32353766
0.1701992

0.15029115
0.21006062
0.25982677
0.2989296

0.2435585

0.05653863
2.32710226
0.08247806
1.20688382
0.21725415
0.06286597
1.14791652
0.07873111
0.7438511

0.53356533
0.63894337
0.19140255
0.64144138
0.53641231
0.27631063
0.55841417
0.83148476

Zn
0.16714174
0.18449179
0.07468417
0.08376639
0.39268839
1.34361333
0.08348682
0.64094628
1.1929263

0.74196329
0.11265824
0.38827964
0.01412904
0.31830474
1.1304179

0.58175933
0.32353766
0.1701992

0.15029115
0.04403085
0.1339849

0.2989296

0.2435585

0.05653863
1.28216752
0.08247806
0.73515498
0.21725415
0.06286597
1.14791652
0.07873111
0.7438511

0.53356533
0.63894337
0.19140255
0.17315955
0.46050301
0.27631063
0.55841417
0.83148476

Wn,

0.38827964

0.58175933

0.04403085
0.1339849

1.28216752

0.73515498

0.17315955
0.46050301
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n

41
42
43
44
45
46
47
48
49
50
o1
52
53
o4
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
(0]
76
7
78
79
80

Tp
0.8008909

0.02385716
0.4176623

0.44562071
0.93021164
0.28880168
2.15051176
0.38888728
0.04647351
0.24678196
1.29128385
1.19616038
0.70889554
0.03148097
2.00060148
2.37414692
0.5614103

0.28880168
2.10829625
0.00647539
1.21198004
0.25354251
0.25010753
0.42281911
0.43420203
2.10942768
0.57224943
1.4642691

0.92824082
0.36374508
0.26106201
1.86907458
0.56825514
1.15881452
0.01464839
0.52810458
0.87417563
0.03337237
1.75585187
0.79283399

Yn

0.02778907
0.67811659
0.06398327
1.30356611
0.58957361
0.13168134
0.42603754
0.33542262
0.13146297
1.08658913
0.12054774
0.58372847
0.50033913
0.19271322
0.73581018
0.05800158
1.02321168
0.48428777
0.55708733
0.28160211
0.42532257
0.16509961
0.31332586
1.21254329
0.08457892
0.48084293
0.73587666
0.36727522
0.34664989
0.83064034
0.31306894
0.1030878

0.27826342
0.23169248
0.00071004
0.05496071
0.43087249
0.20835641
0.85560022
1.17958999

Zn
0.02778907
0.02385716
0.06398327
0.44562071
0.58957361
0.13168134
0.42603754
0.33542262
0.04647351
0.24678196
0.12054774
0.58372847
0.50033913
0.03148097
0.73581018
0.05800158
0.5614103

0.28880168
0.55708733
0.00647539
0.42532257
0.16509961
0.25010753
0.42281911
0.08457892
0.48084293
0.57224943
0.36727522
0.34664989
0.36374508
0.26106201
0.1030878

0.27826342
0.23169248
0.00071004
0.05496071
0.43087249
0.03337237
0.85560022
0.79283399

0.02385716

0.44562071

0.04647351
0.24678196

0.03148097

0.5614103

0.28880168

0.00647539

0.25010753
0.42281911

0.57224943

0.36374508
0.26106201

0.03337237

0.79283399

23
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nooa Yn Zn Wn
81 0.07335002 202886531  0.07335002  0.07335002
82 2.25514443 0.58648222 0.58648222
83 181272977  0.14403435  0.14403435
84 0.08817172  0.78172674  0.08817172  0.08817172
85  0.66163598  0.30661797  0.30661797
86 074250208  0.40806585  0.40806585
87 0.44464432 0.08091491 0.08091491
88 2.93930994 0.28810271 0.28810271
89 0.06949872  0.08515753  0.06949872  0.06949872
90  0.62340183  0.10592748  0.10592748
91 09035322  0.9430666  0.9035322  0.9035322
92 013090162  0.06881894  0.06881894
93 0.27739983 0.18747991 0.18747991
94  0.68718355  0.23571032  0.23571032
95 0.37903079 0.38083248 0.37903079 0.37903079
96 0.25523489 0.05314163 0.05314163
97 0.26009176 0.68434451 0.26009176 0.26009176
98 0.41854311 0.90496445 0.41854311 0.41854311
99 0.00704379 0.21641837 0.00704379 0.00704379
100 0.14198992 0.01055528 0.01055528

98.8205643 46.0988392 33.8636937 10.3453931

Mean of z;’'s

0.98820564

Mean of y;’s
0.46098839

Mean of z;’s
0.33863694

Mean of w;’s
0.33372236

Solution. Observe that the sampled means of z, ¢, and Z are close to their
expected values: 0.98820564 as compared to the expected value of 1.0 for z;
0.46098839 as compared to the expected value of 0.5 for ; and 0.33863694
for z. (Recall that if o and § are the rates for  and g, respectively, then
E[zZ] = ﬁ In this exercise @ = 1 and 8 = 2; hence E[Z] = 0.33333333.)
Note that the sampled mean of w0 is very close to the sampled mean of z.

Now, the w; are selected from the samples of z. Once the samples of z are
chosen, it does not matter whether the original variates came from sampling the
distribution of Z or of y. Hence the same result would hold if w represented
those y; that were less than their corresponding z; values. The distribution of
w, and therefore of Z, does not depend on whether v < 3 or 8 < a. Thus Z is
not a representation of Z, and so will not be exponential with rate a.
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EXERCISE 2.21 Define counting processes which you think have the fol-
lowing properties:

1. independent but not stationary increments,

2. stationary but not independent increments,

3. neither stationary nor independent increments, and
4. both stationary and independent increments.

What would you think would be the properties of the process which counts
the number of passengers which arrive to an airport by June 30 of a given
year if time zero is defined to be midnight, December 31 of the previous
year?

Solution.

1.

Independent, not stationary: Count the number of customers who enter a
store over an hour-long period. Assume the store has infinte capacity. The
number of customers that enter during one 1-hour time interval likely will
be independent of the number that enter during a non-overlapping 1-hour
period. However, because of “peak” hours and slow times, this counting
process is not likely to have stationary increments.

. Stationary, not independent: Count the number of failures of a light bulb in

any small time interval. Let the failure rate be exponential, so it is memory-
less. Hence the probability it fails in one fixed-length interval is the same as
in any other. This process does not have independent increments, however.
If the light burns out in one increment, then there is a 100% probability it
will not burn out in the next, since it can have only one failure.

. Neither stationary nor independent: Count the Earth’s population. Certainly

this is not stationarys; it is generally agreed that the birth rate increases with
time. Nor is this process independent. The birth of every individual alive
today was dependent upon the births of his or her parents. And their births
were dependent upon the births of their parents, and so on.

Both stationary and independent: Count the number of phone calls through
an operator’s switchboard between 3:00 am and 5:00 am in Watseka, Illi-
nois (a small farming community). Then the process can be modeled using
stationary and independent increments.

For the final part of this exercise, assume the airport has an infinite airplane
capacity. Then this process would likely have independent increments. Pas-
sengers usually will not be interested in how many people arrived before them;



26 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

they are concerned in their own, current, flight. Furthermore, this counting

process is not likely to have stationary increments since there will be peak and

slow times for flying. (For example: “red eye” flights are during slow times.)
EXERCISE 2.22 Show that E[n(t + s) — n(s)] = At if {n(t),t > 0} isa
Poisson process with rate .

Solution.

E[a(t+s)—a(s)] = > nP{i(t+s)—a(s) =n}

n=0
[e%9)

= >n
n=0

n

_()\t)ne—)\t_
n!
_()\t)ne—)\t_
n!
_()\t)ne—)\t_
I n—1! ]
_ s ()
= (e nz::l n—1!
_ ey A"

= (M)e nzo o

= ()nf)e‘Me)E
= Mt

I
M8|

1

3
Il

I
WE

n

3
Il
—

EXERCISE 2.23 For each of the following functions, determine whether
the function is o(h) or not. Your determination should be in the form of a
formal proof.

1. f(t) =t

2. f(t) =13,

3. f(t) =13,

4. f(t)=e " fora,t >0

5. f(t) =te % fora,t >0
Solution.

1. limy_sg % = limp_,o 1 = 1. Therefore f(t) = ¢ is not o(h).

2. limp_y %2 = limy,_,o h = 0. Therefore f(t) = t? is o(h).

[N

3. limy o hT = limy_,0 ™2 = oco. Therefore fit) = t3 is not o(h).
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4.

e—ah

limy,_q & h} = limp_,o & 5~ = oo, since e~ — 1 as h — 0. Therefore
f(t) = e % for a,t > 0is not o(h).

imy,_ge”* = €0 = 1, Therefore f(t) = te™* for

=1l
at>01sno o(h).

EXERCISE 2.24 Suppose that f(t) and g(t) are both o(h). Determine

)
whether each of the following functions is o(h).

L os(t) = £(t) + g(t)

2
3
4. q(t) = f(t)/9(t)
5

Solution.

1.

s(t) = f(t) + g(t) is o(h) by the additive property of limits.

2. d(t) = f(t) — g(t) is o(h) by the additive and scalar multiplication proper-

ties of limits. (Here, the scalar is —1.)
We now prove an itermediate result. Lemma: If f(t) is o(h), then f(0) =

proof: Clearly, by the definition of o(h), f(t) is continuous. So suppose
that f(0) is not equal to 0, say f(0) = a,a > 0. Then

lim M =00

h—0 h
since a > 0. But f(t) is o(h), so that the required limit is zero. Hence it
must be that a = 0. So if f(t) is o(h) then f(0) =

. By the Lemma, limy, g g(h) = limy,_, f(h) = 0. So

lim L9 _ <lim M) (hm g(h)) =0-0=0

h—0 h—0 h h—

h
Sop(t) = f(t)g(t) is o(h).
)

4. Since limyp_,of(h) and limp,_,0g(h) exist independently,

) _ i f(h) _ 0
im = — = —
h=0 h limy, ,og(h)h 0




28 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

The limit is then indeterminant, and whether or not ¢(h) is o(h) depends
upon the specific form of f(h) and g(h).That is, we now need to know what
f(t), g(t) are to proceed further. For example, if f(t) = t*, g(t) = t2, then

. q(h)y .. At _
MR A A =0

making ¢(t) an o(h) function. If, on the other hand, f(t) = t2, g(t) = t*

then ) 12
.qth) .. R 1
W TR T AN han e =

and here ¢(t) is not o(h).

5. Since f(t) is continuous, there exists some n in [0, k] such that

h
/O f@)dz=h- f(n)

Therefore
. i(h . n
llmh—mﬁ = limy, o 25"
= limy, 0 f(n), n in [0,h]

=0
by the Lemma above. Hence i(t) = fg f(x)dxis o(h).

EXERCISE 2.25 Show that definition 1 of the Poisson process implies def-
inition 2 of the Poisson process.

Solution. Denote Property (j) of Poisson process Definition n by (j),,.
1 (i)2: Immediate.

2 (di)a: Property (7)1 gives us independent increments; it remains to show
they are also stationary. By (7ii)1, we see that P{n(t + s) — n(s) = n} is
independent of s. This defines stationary increments.

3 (iii): By (iii)1,

P {a(h) =1} = Mg 2
= \he M
= \he M
= Mhe M + \h — MR
—\h (e‘Ah - 1) T\
=g(h) + A\h
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Note that
. g(h) . Ah(e= -1
fim T =t
= Alimy,_,o (e_)‘h -1
=A(1-1)
=0

by Exercise 2.15 (v). So g(h) is o(h). Thus

P{ii(h) =1} = Ah+ g(h)
— A+ o(h)

And so (7i7)2 holds.
4 (iv)e: By (i4i)1,

X (Ah)" e AR

Pia(n > 2y =y A
n=2 :

Let n > 2 be arbitrary. Then

AR)™ e~
lim ()nif — limy,_, A Mpn1
= \limy,_,g e Mhn1
— A" 0
—0

since limj,_,o e = 1 and limj,_,oh" ' =0, n>2. And by Exercise
2.16 (i), sums of o(h) functions are o(h). So

i (AR)"™ e
= n!

is o(h). This shows (iv)s.

EXERCISE 2.26 Show that Definition 2 of the Poisson process implies
Definition 1 of the Poisson process. [Hint: After satisfying the first two
properties of definition 1, establish that Py(t) = exp{—At} where P, (t) =
P{n(t) = n} and then prove the validity of Property 3 of Definition 1 by

induction. ]
Solution. Denote propery (j) of Poisson process definition 7 by (j)s,.

1 (4);: Immediate.
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2 (ii)1: Immediate by the first half of (ii)s.
3 (#i7)1: Define

with
P,(t) =0, n < 0.
Then P, (t+h) = P {n(t + h) = n}. Conditioning upon the value of 7(¢),
we find
P,(t+h) =XF_oP{n(t+h)=n|n(t)=Fk}P{n(t) =k}
= > ko P{n(t +h) —0(t) =n — k} P(t)
= P{n(t+h) —n(t) = 0} P,(t)
+P{n(t +h) —na(t) =1} P, (t)
+P{at +h) —n(t) = 2} Pa(t)
_|_ e
+P{a(t+h) —n(t) = n} Po(t)

But by (#i4)a, (iv)2,

Thus,

P{n(t+h)—n(t) =0} = P {n(h) =0}
=1—[P{n(h) =1} + P{n(h) > 2}]
=1—[(Ah+o(h)) + o(h)]
=1—Ah+o(h).

Observe that

S P {4 ) — () = k} Pailt) = Shsolh) Pai(t) < olh) -1
k=2
— ofh)

since P, (t) is a scalar for all & < n, and any scalar multiplied by a o(h)
function is still o(h). (Think of the limit definition of o(h) to see why this
is true.) Thus

P,(t+h) =P,(t)[1 =X+ o(h)] + Py—1(t) [No+ o(h)] + o(h).
Rearranging the terms,

Po(t+ h) — Po(t) = —AhP,(t) + AhPo_1(t) + o(h).
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We then divide by h and take the limit as A — 0

lim P, (t+h) — P,(t) ~ im —AhP,(t) 4 lim AhP,_1(1) 4 lim o(h)’
h—0 h—0 h h—0 h h—0 h
so that
Py(t) = —APu(t) + APy1(t) +0

= —AP,(t) + A\P—1(t), n > 1. (2.26.1)

Forn = 0,
Py(t) = —APy(t).

1.e.,

Py(t) + APy(t) = 0.
Observe that

leads to

and
Py(t) = Ke M. (2.26.2)

But by ()2, Py(0) = 1. Using this result in (2.26.2) we find K = 1, so that
PO (t) = e>‘t.
Let T" denote the truth set for the Proposition that

()" eM

n!

Pu(t) =

Then 0 € T'. Now suppose n — 1 € T'. That is,

(2.26.3)

Pn—l(t) — [M]

(n—1)!
By (2.26.1) from above,

P(t) = —=AP,(t) + AP,_1(t)
Multiplying by e~ and rearranging terms:

M [Po(t) + APA(B)] = AN P (8).
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Hence,
d
dt
Since n — 1 € T', we have by (2.26.3),

M P, (t) = AeMP,_1 (1)

A [
=
_)\(}\t)nfl
- (n—1)!
An¢(n—1)
(n—1)!

Integrating both sides with respect to ¢:

e_)\tPn(t) - % +c

SO

Thus,
P,(t) = e M [M + C]

n!

But by (i)2, 7(0) = 0. So for n > 0, P,(0) = 0. Therefore,

P,(0) =0 [M + c}

n!

=1(c)=0.
That is, R
(M) t

Thus, n € T, the Proposition is proved, and all properties of Definition 1
are satisfied.

EXERCISE 2.27 Show that the sequence of interarrival times for a Poisson
process with rate A forms a set of mutually iid exponential random variables
with parameter .

Solution. Recall that if {n(¢),t > 0} is a Poisson process with rate A, then for

all s,
P{i(t +s) —ii(s) = 0} = P{fi(t) = 0} = e

Now, in order for no events to have occurred by time t, the time of the first
event must be greater than ¢. That is,

Pty >ty =P{i(t) =0} = e

This is equivalent to .
Pty <t}=1-e
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Observe that this is the cumulative distribution function for an exponential ran-
dom variable with parameter \. Since the c.d.f. is unique, #; is exponentially
distributed with rate A.

Note that the second interarrival time begins at the end of the first interarrival
time. Furthermore, the process has stationary and independent increments so
that ¢, has the same distribution as ¢; and is independent of t1.

Repeating these arguments for n > 3, we see that {fl, to,t3,-- -} are inde-
pendent exponential variables with parameter .

EXERCISE 2.28 Show that
)\()\t)n—le—)\t

d
st = =0

[Hint: Start by noting §,, < t <= n(t) > n].

Solution. First note that §,, < ¢ if and only if 72(¢) > n. Hence 7(t) a Poisson
process that

o0 k,—\t
. . (At)"e
P{s, <t} =P{n(t) >n}= Z T
k=n
since {7(t),t > 0} is a Poisson process with rate \. But this implies
d B (ke
EP{SnSt} dtZk =n t

. 00 )\t)k — At
- Zk:n dt k!

_ o0 EXFth—1e—At A()ke—t
= ken ol -

k!
kAktk Le—At oo [AQDFe
— Zk n - Zk—n k!
)\t k 1 —At 00 )\()\t)k — At
- Zk n k 1) k=n k!

Observe that we may separate the first summation as

i k)\ktk_lﬁ_)\t )\()\t)" le—At
= k! (n— 1)

00 )\()\t) —lg—At )\t ke—At
+Zk:n+1 (k=1)! - Zk =n 1 .
Thus, upon reindexing the first summation,

)\()\t)” 1 7)\7: )\t k 7)\7:
(n—1)! Zk n _Zk n ]

)\()\t)" le—At
(n— 1)

d
Y prz < -
dtP{Sn <t}

EXERCISE 2.29 Show that Definition 3 of the Poisson process implies
Definition 1 of the Poisson process.
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Solution.
(i) Clearly, since n(0) = max {n : 5, < 0}, n(0) = 0.

(i) This follows immediately from the independence of {fi,i >1}. Fur-
thermore, because these are exponential random variables and thus are
memoryless, 7 has stationary increments.

(iii) Using Exercise 2.28, note that

P{a(t)=n} =P{i(t)>n}—P{a(t) >n+1}
= P{5, <t} — P{Gps1 <t}.

d . AT LAt A(A) e M
ZPlt)=n} =2y - 2

But the right-hand side is:

d [()\t)"e"\t]

n!

dt

Therefore
( by ) ne— At
n!

P{n(t) =n} =

and the proof is complete.

EXERCISE 2.30 Let n; and 1o be independent Poisson random variables
with rates v and 3, respectively. Define n = 7 + 9. Show that 7 has the
Poisson distribution with rate o + (. Using this result, prove Property 1 of
the Poisson process.

Solution. From the definition of the Poisson distribution,

n,—n

- ae
P{ny =n}= —
and
B ﬁne—n

Now, condition on the value of 75 to find:

Pli=n} =7 ,P {ﬁl g = n, |fig = k} P iy = k}
S P {4+ k = n} P {fs = k}
=Yk=o P{a=n—k} P {kﬁgﬁz k}
= Sio [ ] [P
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since both 71, 1o are Poisson.

_ o) o)~k (B)*
= (ZZ:O (#) am kg
—(a+8)
_ e ° (a+5)n
[(act )] e=(o+#)
n!

This shows 7 = N1 + 79 is Poisson with rate o + (.

To prove Property 1, define {n1(¢),t > 0} and {n2(t),¢ > 0} to be Pois-
son processes with rates « and 3, respectively, and 7(t) = ny(t) + na(t).
Then, from Definition 1 of the Poisson process, 711 (t) and n(t) are Poisson
distributed with rates at and [t, respectively. Thus, by the result just shown,
n(t) is Poisson distributed with parameter (o + 3)¢; this settles property (iii)
of Definition 1 of the Poisson process.

Since, by property (i) of Definition 1 of the Poisson process , 71(0) =
n2(0) = 0, and 12(0) = 71(0) + 12(0), we find 7(0) = 0; this settles property
(i) of Definition 1 of the Poisson process.

It remains to show that {n(¢),¢ > 0} has independent increments. Consider
two non-overlapping intervals of time, say (to,¢1) and (t2,t3). Now,

ii(t1) — 7i(to) = [ (t1) — 1 (to)] + [Ra(t1) — R2(to)],

and
n(ts) = n(t2) = [P (ts) — na(t2)] + [R2(ts) — na(ta)].

Since the random variables [721 (t1) — 11 (to)] and [fa(t1) — n2(to)] are inde-
pendent, and [721 (t3) — 71 (¢2)] and [f2(t3) —n2(t2)] are independent, it follows
that [n(t1) — n(to)] and [n(t3) — n(t2)] are independent. Thus, {n(t),t > 0}
has independent increments, and the proof of Property 1 of Poisson processes
is complete.

EXERCISE 2.31 Suppose an urn contains 7. balls, where 7 is a Poisson
random variable with parameter A. Suppose the balls are either red or green,
the proportion of red balls being p. Show that the distribution of the number
of red balls, n,., in the urn is Poisson with parameter pJ, the distribution of
green balls, 7, is Poisson with parameter (1 — p)), and that 7, and 7, are
independent random variables. Use this result to prove Property 2 of the
Poisson process. [Hint: Condition on the total number of balls in the urn
and use the fact that the number of successes in a sequence of n repeated
Bernoulli trials has the binomial distribution with parameters n and p.]

Solution. Condition on the value of 7, the total number of balls in the urn:

P{a, =rng=g}t=> P{f, =riig =gl =k} P{i =k}
k=0
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Note that the only way for 7, = r and ny = g, given that n = £, is if their
sumis r + g; thatis, if k = r + g. Sofor k £ r + g,

P{n, =rng =gln=~k} =0.
Hence
P{i, =rng =g} =P{i, =r,ng=gli=r+g} P{i=k}

Consider a red ball to be a success and a green ball to be a failure. Then we
may think of all of the balls in the urn as being a series of  Bernoulli exper-
iments. Hence P {n, = r,ng = g|n = r + g} is Binomial having parameters
(r + g), p. Then, since 7 is Poisson with rate A,

P{n,=rng=gln=r+g}P{n==~k}

T—’_ T ' -7
< . g)zo (1—p)r+o

After some rearranging of terms:

_ [e‘“(zﬂ)r] [e‘(l"’”{(l—pw}g]

7! g!

is
e—A(}\)r—l—g
(r+g)!

_ e—)\()\)r+g
(r+g)!

Summing over all possible values of 7,4, we find

P{n,=r} = iP{ﬁrzr,ﬁgzg}

g=0

_ l(m)re—m] oo 35 (L =0)

7! g!
g=0

_ lM o= (1=D)A (1-p)A
r!

B p)\)re—p)\

N 7!

Therefore n,. is Poisson with rate p\. Similarly, by summing over all possible
values of ., P {ngy = g} is shown to be Poisson with rate (1 — p)\. Further-
more, since

P{'Flr:Taﬁg:g}:P{ﬁT:r}P{ﬁg:g}

n, and n, are independent.
Now show 7,.(t) and f4(t) are Poisson processes. Let {n(t),t > 0} be
a Poisson process with rate A\. By Definition 1 of the Poisson process ()
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is Poisson distributed with parameter A\t. Let each event be recorded with
probability p. Define 7,.(¢) to be the number of events recorded by time t,
and 74(t) to be the number of events not recorded by time t. Then by the
result just shown,nn(t) = 7,(t) + ny(t), where 7,.(t) and ny(t) are Poisson
distributed with rates pAt and (1 — p)\¢, respectively. This proves property
(¢it) of Definition 1 of the Poisson process.

By property (iii) of Definition 1 of the Poisson process, 7(0) = 0. Since
N, (t) and n4(t) are non-negative for all ¢ > 0, n,(0) = 74(0) = 0. Thus
property (i) of Definition 1 of the Poisson process holds.

It remains to show property (i7) of Definition 1 of the Poisson process. Con-
sider two non-overlapping intervals of time, say (to,t1) and (t2,t3). Then,
since 7i(t) = 1, (t) + ng(t),

n(ty) —n(to) = [Ar(ts) — 7 (to)] + [72g (1) — 7g(to)];

and
n(ts) — n(tz) = [ir(ts) — e (t2)] + [g(ts) — ng(t2)].

By the result shown above, 72,(t) and 74(¢) are independent random variables.
That is, [ (t1) — - (t0)] and [724(t1) — 74(to)] are independent, and |72, (t3) —
N (t2)] and [fg(t3) — ng(t2)] are independent. Furthermore, {7(t),t > 0}
is a Poisson process so it has independent increments: n(t1) — n(tg) and
n(t3) — n(te) are independent. Since 7,.(t) and 74(t) are independent of
each other across the sums, which are then in turn independent of each other,
N (t) and f4(t) are independent across the intervals. i.e., [, (t1) — 7. (to)] and
[ (t3) — 71p(t2)] and independent, and [, (t1) — 7g(to)] and [y (t3) — Tog(t2)]
and independent. This proves property (i7) of Definition 1 of the Poisson pro-
cess.

Since all three properties hold, {7, (t),t > 0} and {n4(t),t > 0} are Pois-
son processes.

EXERCISE 2.32 Events occur at a Poisson rate A\. Suppose all odd num-
bered events and no even numbered events are recorded. Let 713 () be the
number of events recorded by time ¢ and 722(¢) be the number of events not
recorded by time t. Do the processes {n1(¢),t > 0} and {na(t),t > 0}
each have independent increments? Do they have stationary increments?
Are they Poisson processes?

Solution. Since only odd numbered events are recorded, the time between
recorded events is the sum of two exponentially distributed random variables
with parameter \. Hence, the processes {n(¢),t > 0} and {na(t),t > 0}
are clearly not Poisson. Now, suppose an event is recorded at time ¢y. Then,
the probability that an event will be recorded in (to,%o + h) is o(h) because
this would require two events from the original Poisson process in a period of
length h. Therefore, the increments are not independent. On the other hand,
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the event probabilities are independent of £y because the original process is
Poisson, so the increments are stationary.

EXERCISE 2.33 Determine the one-step transition probability matrix for
the Markov chain {g;,k =0,1,...} of Section 1.2.2 for the case where
{0k, k =1,2,...} is assumed to be a sequence of independent, identically
distributed binomial random variables with parameters N and p.

Solution. The dynamical equations are given as follows:

)-i-

Gk+1 = (@ — 1)" + Opq1-

By definition, the one-step transition probability is

P{Gx+1 =jlgx =i} for all integers 1,7

But,
P{Gesr = jlan = i} = P{(@ — D)7 + 81 = jlin = i -
In turn,
P{@ 1"+ 01 =jlae =i} = P{(i—1D)"+b = jla = i}

= Pl =j— (-7 g =i}
But, 91 is independent of g = ¢. It follows that
Plog=j— G- g =i} =P{oen =5 (-7}
Fori=0o0r: =1,
Pt =j—(-1)"} = P{onn = j}.
Fori > 2,
Pl =j—(-1)"} = P{o =j+1-1i},

where we note that the previous probability is zero whenever j < ¢ — 1. Define
aj = P {041 =j}fori=0,1,...,N. Then, we have shown that

fag a1 as a3 a4 as ag ay -+ an 0 -7
ay a1 a2 a3 a4 as Gag ay -+ AN 0
Pp=|0 a a1 ay a3 a4 as ag -+ an-1

0 0 ap al as as as as -+ AN_—2
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EXERCISE 2.34 Staring with (2.18), show that the rows of P> must
be identical. [Hint: First calculate P°° under the assumption Gy =
[1 0 O ...]. Next, calculate P> under the assumption [y =
[0 1 0 ...].Continue along these lines.]

Solution. The general idea is that 7 is independent of Jy; that is, the value of
7 is the same no matter how we choose the distribution of the starting state.

Suppose we choose Sy = [1 0 0 ...]. Then, ByP> is equal to the first
row of P*°. Since m = [yP>°, we then have the first row of P°° must be 7.
if we choose 5p = [0 1 0 ...], then SyP™ is equal to the second row

of P°°. Again, since m = [FyP°, we then have the first row of P> must be
7. In general, if we choose the starting state as ¢ with probability 1, then we
conclude that the i-th row of P*° is equal to 7. thus, all rows of P°° must be
equal to 7.

EXERCISE 2.35 Suppose {Zx,k = 0,1,...} is a Markov chain such that

D {0.6 0.4} '

0.5 0.5
Determine the stationary vector of {Zy,k =0,1,...}.

Solution. We have 7 = 7P and me = 1. Thus,

m ml=lm w5 05

or
04 —-04

[m 772]{—0.5 0.5}:[0 0].

Also me = 1 means
1
[71'1 7T2] [1] =1.

Upon substitution of the last equation into the second equation of the matrix
equation, we have

m ml| Sy 1] =10 1L

Adding % of the second equation to the first yields

[71'1 7T2]:0(.)9 }]:[0.5 1].

Then dividing the first equation by 0.9 yields

m ml|y 1=l

Relley]

1].
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And, finally subtracting the first equation from the second yields

m oml|y 9] =15 41
[m m]=[§ 35l

EXERCISE 2.36 Develop the one-step state probability transition matrix

for the special case {vy, k = 0,1, ...} for the special case of N = 5.
Solution. We wish to find P {01 = j|ox = ¢} for 4,5 € {0,1,2,3,4,5}.
Now, U, is the number of sources in the on state during interval k. Thus, if
U = 1, then ¢ sources are in the on state during period k£ and 5 — ¢ sources are
in the off state during that period. Let a; denote the number of sources that are
in the on state in period k + 1 if ¢ sources are in the on state in period k£ and bi
denote the number of sources that are in the on state in period k£ + 1 if ¢ sources
are in the off state in period k. Then, the number of on sources during period
k + 1 given ¢ on sources in period k is equal to a; + bs_;. Thus,

P g1 = jlog =i} = P{@i+ b5 = j} -
But,

Pla+bsi=j} = ip{ai + b = jlas = ¢} P{a = 0}
(=0

= S P{i=i- () Pla =1,

=0

the latter step following by independence among the behavior of the sources.
In the summation, if £ > j, then P {55_i =j— €} = 0, so we may ter-
minate the summation at min {¢,5}. In addition, j — ¢ > 5 — i or { <
j+1i—5,then P {55_i =j— E} = 0. Thus, we may begin the summation at
max {0, j + ¢ — 5}. Thus
min {i,5}
P {1 = jliop =i} = 3 P{bsi=j—t}Plai=1}.
¢=max {0,j+i—5}

Since each of the off source turns on with probability po;.

7 : D=1\ jg (5-i)—(j—¢
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Similarly, since each of the on source remains on with probability p1;.

. ] i
P{ai = 5} = <€>P€1p10€-

The transition probabilities can now be obtained by performing the indicated
summations. Some examples are

P {41 = Ol = 0} = pio,

P {1 = 1|5, = 0} = 5po1pio.

and
3
P {01 = 3J0, =4} = Z {h=3-¢}Plas=10}

_ {b }P{a4_2}+P{b1_o}P{a4_3}

4 3
= p11p10 + Poo 3 Pi11P10

= 6po1pT1pTo + 4poopiipio

EXERCISE 2.37 For the example discussed in Section 1.2.2 in the case
where arrivals occur according to an on off process, determine whether or
not {Gx, k = 0,1,...}is a DPMC. Defend your conclusion mathematically;
that is show whether or not {Gx,k = 0,1, ...} satisfies the definition of a
Markov chain.

Solution. We are given
~ _ ~ + ~
Qer1 = (@ — 1) + Vpg1,
and we want to know whether or not
P{Grr1 = jldo =t0,G1 = i1, @ = i} = P{Gr1 = jlar =i}

For the case where the arrival process is an independent sequence of random
variables, the answer is “Yes.” The sequence of values of g, does reveal the
number of arrivals in each interval, but the probability mass function for the
queue length at epoch k£ 4 1 can be computed solely form the value of infor-
mation is not needed to compute the new value of g,. For the case where the
arrival process is on-off, the sequence of queue lengths reveals the sequence
of arrivals. For example, if g = 7 and ¢x_1 = 3, then we know that there
were 5 arrivals during interval k&, which means that there were 5 sources in the
on state during interval k. Thus, the distribution of the number of new arrivals
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during interval k£ + 1, and therefore the distribution of g1, is dependent upon
the values of G and ¢r—;. Thus, if we know only that ¢, = ¢, we cannot
compute the distribution of g 1. Hence for the general on-off arrival process,
{@x,k =0,1,...} is not a DPMC.

EXERCISE 2.38 Suppose {Z(t),t > 0} is a time-homogeneous CTMC
having infinitesimal generator Q defined as follows:

=\, ifj =14,
Qij: )\, ifj:i—l—l,
0, otherwise.

Show that {Z;(t),t > 0} is a Poisson process. [Hint: Simply solve the
infinite matrix differential equation term by term starting with Py (¢) and
completing each column in turn.]

Solution. Solve the infinite matrix differential equation:

d
—P(t) = P(t)0Q.
SP(t) = P()Q
Due to independent increments, we need only compute the first row of the
matrix P(t). Begin with P o(t):
L poo(t) = —APyo(t)
g 0olt) = 0,0(?)-
We see immediately that
Poolt) = e M.

Now solve for the second column of P(¢):

d

dt
= e M — )\Po’l(t).

This solves to
P071(t) = Me M

Repeating this process for each column of P(t), we find the solution of P(t)
to be Ny
e M()"

Pon(t) = a0
Observe that this probability is that of a Poisson random variable with param-
eter At. Hence the time between events is exponential. By Definition 2.16,
{z(t),t > 0} is a Poisson process. Furthermore, this is strictly a birth process;
that is, the system cannot lose customers once they enter the system. This
should be apparent from the definition of Q.
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EXERCISE 2.39 Let {Z(t),t > 0} be a CTMC such that

—-2.00 1.25 0.75
Q=1 050 —-1.25 0.75 |.
1.00 2.00 —3.00

1. Solve for P(o0) directly by solving P(c0)Q = 0 Poco)e = 1.

2. Solve for 7 for the DPMC embedded at points of state transition using
(2.24).

3. Find P for for the DPMC embedded at points of state transition.

4. Show that the value of 7 found in part 2 of this problem satisfies 7 = 7P
for the P found in part 3 of this problem.

Solution.
1.

—2.00 125 0.75
[P(x)g P(); P(co)a]| 050 —125 075 | =[0 0 0],
1.00  2.00 —3.00

and

yield
—2.00 125 1

[P(OO)() P(oo)1 P(OO)Q][05O —1.25 1]:[0 0 1].
1.00 2.00 1

Then dividing the first equation by -2 and the second equation by -1.25
yields

1 -1 1
[P(c0)y P(oc0); P(oo)g][—% 1 1]:[0 0 1].
SR

Then adding the first equation to the second and subtracting the first equa-
tion from the third yields:

]:[0 0 1].

N |ot O
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Dividing the second equation by 3/4 yields

1 0 0
[P(00)o  P(oo)1 P(Oo)z][—% 114 3]2[0 0 1].
3 —% 5

Subtracting 5/4 of the second equation from the third yields

1 0 0
-4

Dividing the third equation by 5 yields

1 0 0
[P(c0)y  P(c0) P(oom{—% 1 Olz[o 0 0.2].
-3 —5 1

Then adding 14/5 times the third equation to the second yields

1
[P(c00)o  P(co)1 P(Oo)z][—

00
1 0|=[0 # 02].
0 1

[N NI

Finally adding 1/4 of the second equation and one half of the third equation
to the first equation yields

[P(c0)o P(oo)1 P(oo)2]=[2 3 3]

2. We have from (2.24)

— Zz;ﬁ] ( )QU
’ ZZZZ;&ZPZ( )Qlf'

Plugging in numbers, we find

141 5 12
ZP QzO _+_:_7
pori 252 " 25 25
65 5 70
Pi(00)Qi = — o+ 22 =
D Fi(o0)Qn 954 7 25° 7~ 100’

i#£1

and

6 3 14 3 60
D Pi(00)Qin = 357+ 357 = To0°
1#£2
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Thus,

48 48

0= R ¥ 70+60 178

3. From

P{Zpp =gl =1} =

fori # j and P {Zy+1 = j|Zr = j} = 0, we have immediately

] |

P =

Wik O

T =

wino O ool

o
178’
Qij
—Qii’

O Twoolw

45

4. We wish to show that the value of 7 computed in Part 2 satisfies 7 = 7'P.

‘We have

wl=ain O
wiro O oolen
O vlwoolw






Chapter 3

ELEMENTARY CONTINUOUS-TIME
MARKOV CHAIN-BASED QUEUEING MODELS

EXERCISE 3.1 Carefully pursue the analogy between the random walk
and the occupancy of the M/M/1 queueing system. Determine the proba-
bility of an increase in the queue length, and show that this probability is
less than 0.5 if and only if A < p.

Solution. Consider the occupancy of the M/M/1 queueing system as the posi-
tion of a random walker on the nonnegative integers, where a wall is erected
to the left of position zero. When there is an increase in the occupancy of the
queue this is like the walker taking a step to the right; a decrease is a step to
the left. However, if the queue is empty (the walker is at position zero), then a
‘decrease’ in the occupancy is analogous to the walker attempting a step to the
left — but he hits the wall and so remains at position zero (queue empty).

Let A be the rate of arriving customers and p be the rate of departing cus-
tomers. Denote the probability of an arrival by p* and a departure by p~.
Then p* is simply the probability that an arrival occurs before a departure.
irom Chapter 2, this probability is ﬁ It follows that p™ < % if and only if

< U.

EXERCISE 3.2 Prove Theorem 3.1 and its continuos analog

El#] = /O T Pl > a)da,

Solution.

En] = inP{ﬁ:n}

n=0

- i<i1>p{ﬁ:n}

n=0 \k=1
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For the continuous analog, we have

E[#] = /Ooo o fa(@)de.

w:/ dy,
0

g = [ [ dyss(a)d.

Changing order of integration yields

But,

SO

E[fc]:/Ooo/yoofgc(ac)dwdy:/oooP{i>y}dy:/oooP{a~c>x}dx.

| EXERCISE 3.3 Prove Theorem 3.2.

Solution. The theorem is as follows: Suppose & and ¢ are any two nonegative
random variables. Then E [min{z,7}] < min{F [Z], E [7]}.

First we consider the continuous case. Define Z = min {Z, §}. Then, Z > 2
if, and only if, {Z > 2,4 > z}. But,

E[E]:/OOOP{Z>z}dz:/oooP{a?>z,g].z}.

But, P{z > z,5.2} < P{% > z} and P{Z > 2,7.2} < P{y > z} because
the event {Z > 2,9 > 2z} C{Z >z} and {Z > 2,9 > 2z} C {g > z}. There-
fore,

E[z]g/ooop{gz>z} and E[é]g/OOOP{g>z}.

Equivalently,
E[Z]<FE[z] and E[Z]<EJg].



Elementary CTMC-Based Queueing Models

The previous statement is equivalent to

E [min{z,7}] < min{EZ, F [7]}.

The discrete and mixed cases are proved in the same way.

Compare the two distributions. Are they the same?

49

EXERCISE 3.4 Suppose customers arrive to a system at the end of every
even-numbered second and each customer requires exactly one second of
service. Compute the stochastic equilibrium occupancy distribution, that
is, the time-averaged distribution of the number of customers found in the
system. Compute the occupancy distribution as seen by arriving customers.

Solution. Since a customer arrives every two seconds and leaves after one
second, there will either be one customer in the system or no customers in the
system. Each of these events is equally likely since the time intervals that they

occur in is the same (1 second). Hence

— 0 P{A=0}+E[5la=1P{n

On the other hand, because a customer finishes service at the end of every
odd-numbered second, she has left the system by the time the next cusomer
arrives. Hence an arriving customer sees the system occupancy as empty; that
is, as zero. Obviously this is not the same as E [5] and we conclude that the
distributions as seen by an arbitrary arriving customer and that of an arbitrary

observer cannot be the same.
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EXERCISE 3.5 For the ordinary M/M/1 queueing system, determine the
limiting distribution of the system occupancy

1. as seen by departing customers, [Hint: Form the system of equa-
tions 7y = mwgPy, and then solve the system as was done to obtain
P{n=n}]

2. as seen by arriving customers, and [Hint: First form the system of equa-
tions 7, = 7, Py, and then try the solution 7, = 74.]

3. at instants of time at which the occupancy changes. That is, embed a
Markov chain at the instants at which the occupancy changes, defining
the state to be the number of customers in the system immediately fol-
lowing the state change. Define m = [y 7 ---] to be the stationary
probability vector and P to be the one-step transition probability matrix
for this embedded Markov chain. Determine 7, and then compute the
stochastic equilibrium distribution for the process {n(t),t > 0} accord-
ing to the following well known result from the theory of Markov chains
as discussed in Chapter 2:

PZ' _ OO7TZE[§Z]
> mE[S]
=0

Y

where 5; denotes the time the systems spends in state ¢ on each visit.

Observe that the results of parts 1, 2, and 3 are identical, and that these are
all equal to the stochastic equilibrium occupancy probabilities determined
previously.

Solution.

1. Let ng(k) denote the number of customers left by the k£ — th departing
customer. Then the (i, ) — th element of P, is given by

P{iig(k + 1) = j|fia(n) =i} .

This probability is given by the probability that exactly j — (i — 1) cus-
tomers arrive during the k — th service time. For j — (i — 1)* < 0,

P{ng(n+1) = jlia(n) =i} =0,

since you can’t have a negative number of arrivals. Otherwise, letting A
denote the event of an arrival before the & — th service completion,

A+

Pl-G-1" A= ( T
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This results in

TR R N E
A A Ap A A+p
TR R (R E
M Ap Ap A +p
Ps = 0 L A B
Ap >\+u“ +p
0 0 peay

Using this matrix, form the system of equations 7y = w4P4. Then, for
1 =0,

[e.e]
Tdy = Zﬂ-dipdio
1=0
[e.9]

= TdyPdoo + TarParo + O _ 7a, Paso
=2

Iz A Iz
do (A+u) L (A+u) (A+u) 0

Hence 7y, = %7‘(}10. Substitute this into the equation for 7, :
Tdy = Xizo Td; Pdyy

(o]
= Tdy Pdm + 74, Payy + 7dy Py, Z Td; sz‘l
=3

7 A A A 7
- () ) e ) G
S\ A+ pu) \ A+ u po PN+ ) \ A+ p

+7Td2 ﬁ) + 0

2
which gives the solution 74, = ( ) T4,- Repeating this process we see

>

that 7y, = (3)j7rd0,j =0,1,2,....

Now use the normalizing constraint) 72 74, = 1. Then for A < p,

LAY 1
”(JZ(E) :%(1—%):1'

J=0

Thus ¢, = 1 — 2, and g, = (%)J (1-2).

. Let 14 (k) denote the number of customers as seen by the k — th arriving
customer. Then the (i, ) — th element of P, is given by

P{fg(k+1) = jlig(n) =i}.

)
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For j = 0,1,...441 this probability is given by the probability that exactly
1+ 1 — j customers arrive during the & — th service time:

Pk 1) = jlian =0 = (1)

A
_ [ . A po N
Plialh+ 1) = jliam) =1} = 5= (7). >

For j > ¢ + 1, this probability is equal to zero since only departures may
occur between arrivals. This results in

%“2 e 0 0 0
D — (X-FL) AMXL % 0 0
T ) %(%) s w0

Form the system of equations 7, = 7,P,. Then, for j = 0,

00
Tag — § Ta; Pa
=0

00 7
A\ A+ p

Now, to show that m, = mg, it suffices to show that 74 is a solution to
Tq = Ta'Pq. Substitute 7y, into the equation just found for 7,

-0 G
Mao = )\+,u.z W \p A+ p

which is the same result found for 74, in part (a).

Now generalize to Ta;sJ > 0, and substitute 7,4, for m,,:

P - o\’
Ta; = )‘+N§()‘+N> Taj_1yi
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Thus 7, = 74.

3. Determine P, the one-step transition probability matrix. If the system is in
state 0 at time k, then with probability 1 it will be in state 1 at time (k + 1).
The probability of it being in any other state at time (k + 1) is 0. If the
system is in state ¢, (¢ # 0) at time k, then the next event will either be a
departure or an arrival. If it’s a departure, the system wil be in state (¢ — 1)
at time (k + 1). This happens with probability Wuu If the next event is an
arrival, then the system will be in state (i + 1) at time (k + 1). This will
occur with probability ﬁ Thus,

o 1 0 0 0
A
ﬁomgo
p=| 0 xm 0 x5 0
oo%oﬁ

- ¥
=

Form the system of equations 7; = > 72, 7;P;;. Then for j = 0:

o0
U
=0 _— E - 0.
o m <>\+M> +i:27rj

That is, m = 770)%”- Substituting this into m1 = > 72, 7P, gives the

A+p

solution o = T ( p

) (%) Repeating this process we see that for j > 1,

A+ (A)j‘l
;= To — .
[N

Now use the normalizing constraint to find mq:
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ie., mp = (u— \)/2u. And so for j > 1,

- () ()
RN 7 2u

To compute P;, first determine E/[3;], the expected amount of time the sys-

tem spends in state ¢ on each visit. Note that 3; is an exponential random
variable, since the time spent in state ¢ is determined by when the next ar-
rival or departure may occur. The rate for 5y is A, since only an arrival
may occur. And the rates for all other s;, ¢« > 0, is A + p, since either an
arrival or a departure may occur. Thus by the properties of the exponential
distribution,

1
El5] = =
[30] 3
E[Sl] = m, 1 >0
Then
> _ NS AN S S TR 1
mels) = w3 (S0) (5) (450) G5)
Somelsl = mell+3(5F) (5) (557)
o op—A l+,u—)\ 1
Co2u A 2P 1—3
_ 1
2

Using this result and the 775—3 obtained above in

E 3.
P Oom [3:]
> miE[3]
i=0
we get the solutions
p=A 1
: A
() ()7 () (<)
P = B B 2p A+p
(2 1
2X

This is precisely the results of parts (a) and (b).
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EXERCISE 3.6 Using Little’s result, show that the probability that the
server is busy at an arbitrary point in time is equal to the quantity (\/pu).

Solution. Let B denote the event that the server is busy. Define the system to
be the server only (i.e., no queue). Then

P{B}=P{i=1)

where 75 is the number of customers in the system (i.e., s is the number in
service). Hence

Eld] = 0-P{a=0}+1-P{a=1}
= Pla=1}
~ P{B}.

Furthermore, the average waiting time in the system is just the average service
time. That is, E[w] = % By Little’s Result, E[n] = AE[w]. Thus
. A
P{B} =E[n] = m

EXERCISE 3.7 Let w and 5 denote the length of time an arbitrary cus-
tomer spends in the queue and in the system, respectively, in stochastic
equilibrium. Let F;(x) = P{$§ <z} and Fi3(z) = P{w < x}. Show that

Fi(z) =1 — e #i=p, forz >0,

and
Fa(z) =1 — pe 1=z, forx >0,

without resorting to the use of Laplace-Stieltjes transform techniques.

Solution. To compute F;(x),condition on the value of 72, the number of cus-
tomers in the system:

Fs(z) =) P{3<a|ln=n}P{i=n}, (3.6.1)
n=0

where P {n =n} = p"(1 — p).

If a customer arrives at time ¢ and finds n customers in the system, then the
probability that she departs the system by time ¢ + = equals the probability that
there will be n + 1 service completions in the interval (¢,¢ + z]: the original
n customers plus herself. This probability is P {5,+1 < x}. Recall Exercise

2.20: (u2)
d . _ pfpx)teHe
g e s 7k ===
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By differentiating and then integrating both sides of (3.6.1),

Fi(z) = /Z““O‘ " (1 - p)da

Now find Fy(x):

Fi(x) = P{w<0}+P{w <z}, x>0
= P{w <0} + int§ fu(a)da, x> 0.

But P{w <0} =P{w=0=P{a=0=1—p,s0
Fy(z) = (1—p)—|—/0xf@(a)da, 2> 0.

Condition fy on the value of 71, the number of customers in the system and use
the fact that the system is in stochastic equilibrium:

n 1, —po
I ua et
Fale) = (1=p)+ [ Z M C (1~ p)da
= (1-p +/ up(l—p _“O‘Z ,upoz) ~———da (reindexing)
n=0 !
= (1—p)+/ pp(1 — p)e 0= ”)“da
0

= 1— peHi=p)z x> 0.

EXERCISE 3.8 M/M/1 Departure Process. Show that the distribution of
an arbitrary interdeparture time for the M/M/1 system in stochastic equi-
librium is exponential with the same parameter as the interarrival-time dis-
tribution. Argue that the interdeparture times are independent so that the
departure process for this system is Poisson with the same rate as the arrival
process (Burke [1956]). [Hint: Use the fact that the Poisson arrival sees the
system in stochastic equilibrium. Then condition on whether or not the ith
departing customer leaves the system empty.]

Solution. Observe that the Poisson arrivals will see the system in stochastic
equilibrium. Using this fact, condition on whether or not the ¢+ — th departing
customer leaves the system empty. Now, if the system is not left empty, the
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time to the next departure is simply the time it takes for the (i+1)— st customer
to complete service. This is Poisson with parameter . If the system is left
empty, however, the time to the next departure is the time to the next arrival
plus the time for that arrival to complete service. Denoting the event that the
system is left empty by A,

P{d<dA}=P{a+z<d}.

Recall that in stochastic equilibrium the probability that the system is empty is
(1 — p). Then if BB denotes the event that the system is not left empty,

pld<d} = pPl{d<dB}pP{B}+P{d<dA}P{4)
= pP{E<dY+(1-pPla+i<d}.

Sum over all possible values of a to get P {a + & < d}, noting that P {a + & < d} =
0if a > d. Hence

~ d
Pld<df=p(1-er)+0 —p)/ P{a+7 <d|a=a}dF;.
0
Since @ and z are independent of each other, this is

P{Jﬁd} = p(l—e‘”d)—I—(l—p)/OdP{a+:f§d})\e_)‘“da

= (1 — e_”d) +(1—-p) /d (1 - e_“(d_“)) e Mda
= 1-—e M, ’

This shows the departure process d is Poisson with parameter . That is, the
departure process occurs at the same rate as the arrival process, which we know
to be independent. Because of this ‘rate in equals rate out’ characteristic, this
implies that the interdeparture times are also independent. If the interdepar-
ture times were not independent, then its distribution could not be that of the
interarrival times.
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EXERCISE 3.9 M/M/1 with Instantaneous Feedback. A queueing system
has exogenous Poisson arrivals with rate A and exponential service with rate
1. At the instant of service completion, each potentially departing customer
rejoins the service queue, independent of system state, with probability p.

1. Determine the distribution of the total amount of service time the server
renders to an arbitrary customer.

2. Compute the distribution of the number of customers in the system in
stochastic equilibrium. How does your solution compare to that of the
M/M/1 queueing system? What explains this behavior? [Hint: Consider
the remaining service time required for each customer in the queue. Sup-
pose customers that required additional increments of service returned
immediately to service rather than joining the tail of the queue. What
would be the effect on the queue occupancy?]

3. Argue that the departure process from the system is a Poisson process
with rate .

4. Compute the average sojourn time for this system and comment on com-
putation of the distribution of the sojourn time.

Solution.

1. Let ¢ be the total amount of service time rendered to an arbitrary customer.
Condition on 72, the number of times the customer joins the queue.

Fy(z) = ip{ig x|l =n} P{n =n}. (3.8.1)
n=1

Now, the probability of the customer entering the queue n times is simply
p" (1 — p) since he returns to the queue (n — 1) times with probability
p" ! and leaves after the n-th visit with probability (1 — p). Furthermore,
if the customer was in the queue n times, then P {t < x|fi = n} is the

probability that the sum of his n service times will be less than x. That is,

Plt<zlp=n} = P{i@gx}

i=1
= P{35, <z}, Z; >0
Recall Exercise 2.20:
D pis ) < gy B
—P{s rf=—>"——
dzx ntl = n!



Elementary CTMC-Based Queueing Models 59

Then, upon differentiating and then integrating both sides of (3.8.1),

an 16 po .
Fia) = /Z““ P71 = p)da

)
= / Me_”a
= / pe e )e"po‘da
= )x x> 0.

2. Consider those customers who, on their first pass through the server, still
have increments of service time remaining. Suppose that instead of joining
the end of the queue, they immediately reenter service. In effect, they "use
up‘ all of their service time on the first pass. This will simply rearrange
the order of service. Since the queue occupancy does not depend on order
of service, reentering these customers immediately will have no effect on
the queue occupancy. Observe that the arrival process is now a Poisson
process: since customers complete service now in one pass and don’t join
the end of the queue as they did before, they arrive to the queue only once.
Hence, arrivals are independent. With this is mind, we see that the system
can now be modeled as an ordinary M/M/1 system with no feedback. From
part (a), the total amount of service time for each customer is exponential
with parameter (1 —p)u. The distribution of the number of customers in the
system in stochastic equilibrium is the same as that of an ordinary M/M/1

system, with this new service rate: P,, = (1 — p)p", where p = a —Ap)u‘

3. As argued in part(b), we can model this feedback system as one in which
there is no feedback and whose service rate is (1 — p)u. Since the departure
process does not depend on the actual rate of the server, it will remain a
Poisson process with the same rate as that of the arrival process.

4. Using the results of part(b), model this system as an ordinary M/M/1 queue-
ing system whose service is exponential with rate (1 — p)u. Then E[3] =

11 A
T=p)u1-p° » Where p = (I—p)p*
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EXERCISE 3.10 For the M/M/1 queueing system,

1. find E'[h], the expected number of customers served in busy period, and

2. find Ele=*Y], the Laplace-Stieltjes transform of the distribution
of the length of a busy period.  Show that (d/dy)F;(y) =

1/(y\/ﬁ)e_()‘+“)yll(2y\/)\u). A Laplace transform pair,
Vs+2a—+/s 1

— —e "I (at),

Vs+2a+ /s t

taken from Mathematical Tables from the Handbook of Physics and
Chemistry, will be useful in accomplishing this exercise.

Solution.

1. Let D denote the event that the first customer completes service before the
first arrival after the busy period has begun, and let A denote the comple-
ment of D. Then

E[h] = E[h|D]P {D} + E[h|A]P {A}.

If D occurs then clearly only the initial customer will complete service
during that busy period; that is, F[h|D] = 1. On the other hand, if D
occurs, then the length of the busy period has been shown to be the length
of the interarrival time plus twice the length of g, a generic busy period.
Now, no service will be completed during the interarrival period, but A
service completions will take place during each busy period length ¢. Thus,

E[h] = 1-P{D}+ E[h+ h|P{A}
7 = A
——— + 2F[h]——.
)\+u+ [])\+M
Then,ifp:%,

- i 1

Ehl= "t =——

[h] P N

2. Condition E[e~*Y] on whether or not the first customer completes service
before the first arrival after the busy period has begun. Let D, D be the
same as in part (i). Then

Ele™®] = E[e™*Y|D|P {D} + El[e *|A|P { A}.

Now, ) )
Ele™|D] = Ele™*],
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and
E[e_8=17|.,4] — E[e—8(21+37+37)] ,
= Bl (Ele™])".

Thus,
Ele™) = P{D} E[e=**] + P{A} E[e=*] ( E[e_sg]f ,
This implies that
0= P{A}E[e‘sil] (E[e—sg])z B E[e—sg] + P{D} E[e—sil]'

Substituting the expressions for E[e~**t], P{A}, and P {D}, and using
the quadratic formula,

(s+)\+,u)j:\/(s+)\+u)2—4)\,u
2A

We now must decide which sign gives the proper function. By the definition
of the Laplace-Stieltjes transform, E[e*Y]|,_, is simply the cumulative
distribution function of the random variable evaluated at infinity. This value
is known to be 1. Then

Ele™%] =

E[e_o'y] =1
A+ ) /(A +p)? =4

2\
(A+p) £ VA —p)?
2
(A+p) £ V(p—N)?

22
A+p) (-2
2\

This of course implies that the sign should be negative. i.e.,

2
Ble7] = (s+)\+,u)—\/(28)\+)\+u) — 4\

It remains to show that
d 1
—Fy(y) = —
dy y\/p
We first prove a lemma. Lemma: Let g(t) = e~ % f(t). Then G(s) =

e~ MY I (29 Ap).
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F(s+ a).

proof:
Recall that if F'(s) is the Laplace transform of f (), then

F(s) = /0 T F et
Observe that if s is replaced by (s + a) we get
F(s+a) = /OOO ft)e= Tty
= /Ooo f(t)e e stdt

[e.e]
= / g(t)e *dt
0
= G(s)
by the definition of a Laplace transform. This proves the Lemma. Using

this Lemma, we wish to invert

(s+/\+u)—\/(s—|—)\+u)2—4)\,u

a(s) = 5
given iTTa— s .
Vs+2a+ /s t 1(at)
First note
sy = VTS
Vs+2a+/s
 (vsFEa-vE) (Vs T za- va)
- (VsT2a+5) (Vs r2a—5)
_ (s+a)— Vs(s +2a)
where

B(s) <= %e‘“tll (at).

To apply the Lemma to invert «(s), we first need to manipulate «(s) so it
is in the form of /3(s). Define

(s+a+b)—/(s+b)(s+2a+b)

Ws) = Bls+b)=
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(s+a+b)—/(s+2a+0b)?—a?
- :

Let (a +b) = (A + p) and a® = 4 \u. Then b = (A + p) — 2/ M.

v(s) = Bls+ (A +n) —2vAn)
(s+)\+u)—\/(s+)\+u)2—4)\u

2V
oA s A+p)? -
I 2\ '
Note that ]
1(s) = als)y/p = als) = %’Y(S),
Then by applying the Lemma,
L7'(s)] = e "L [B(s)]
= e_btze_“tll (at)
= %6_(“+b)tll(at).
By linearity, af(t) <= aL[f(t)].
L7 fa(s)] = ?TMS”
— ? Ee—(a-l-b)tll(at)
— %Ze‘(“*‘)th(%m)-

Or, replacing ¢ with y,
d 1
dy Y VP

This is the desired result.

56_(A+“)yll (2yv/Ap).

EXERCISE 3.11 For the M/M/1 queueing system, argue that his a stop-
ping time for the sequence {Z;,7 = 1,2, ...} illustrated in Figure 3.5. Find
E[h] by using the results given above for E[g] in combination with Wald’s
equation.

Solution. Recall that for hto be a stopping time for a sequence of random
variables, h must be independent of Ty 41 Now, h describes the number of
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customers served in a busy period and so Z;, is the last customer served during
that particular busy period; all subsequent customers 7, e j > 1, are served in

another busy period. Hence his independent of those customers. This defines
h to be a stopping time for the sequence {Z;,7 = 1,2, --}. We can thus apply
Wald’s equation

3
2 7 E[z].

Hence,

| =

iy — B

- [

1—p

—

EXERCISE 3.12 For the M/M/1 queueing system, argue that F[s], the ex-
pected amount of time a customer spends in the system, and the expected
length of a busy period are equal. [Hint: Consider the expected waiting
time of an arbitrary customer in the M/M/1 queueing system under a non-
preemptive LCFS and then use Little’s result.]

Solution. Let 3 be the event that an arbitrary customer finds the system empty
upon arrival, and let I be the event that the system is found to be idle. Then

E[3] = E[3|B)P {B} + E[3|1]P {I}.

Now, if the system is idle with probability (1 — p), then the customer’s sojourn
time will just be her service time. On the other hand, if the system is busy upon
arrival, then the customer has to wait until the system is empty again to receive
service. That is, w in this case is equivalent to ¥, and so

E[5B] = B[]+ E3]

Combining the two conditional probabilities, we see that

E[3 = BLi +1}+1%
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e
= Elj)

EXERCISE 3.13 Let Sp,crs denote the total amount of time an arbitrary
customer spends in the M/M/1 queueing system under a nonpreemptive
discipline. Determine the Laplace-Stieltjes transform for the distribution of
SLCFS-
Solution. Condition the Laplace-Stieltjes transform for the distribution of
SrLcrs on whether or not the service is busy when an arbitrary customer ar-
rives. If the server is idle, the customer will immediately enter service and so
the Laplace-Stieltjes transform of Spcrs is that of Z, the service time. If the
server is busy, however, the customer’s total time in the system will be waiting
time in the queue plus service time. It has already been shown in Exercise 3.11
that in a LCFS discipline the waiting time in queue has the same distribution
as ¥, an arbitrary busy period. Let BB denote the event that the customer finds
the server is busy, and let 3¢ denote the event that the server is idle.

Ele™*%ers] = BlemsS10rs|BY P {B°} + E[e™*51073|B] P {B}

= (1—p)Ele ]+ p{E[e*] + E[e”*]}

= Ele"]+ pEle™]
L (s+/\+,u)—\/(8—|—>\+,u)2—4>\#
S+ P 2A ‘

EXERCISE 3.14 Determine the Laplace-Stieltjes transform for the length
of the busy period for the M/M/2 queueing system, the system having Pois-
son arrivals, exponential service, two parallel servers, and an infinite waiting
room capacity. [Hint: Condition on whether or not an arrival occurs prior to
the completion of the first service of a busy period. Then note that there is a
very close relationship between the time required to reduce the occupancy
from two customers to one customer in the M/M/2 and the length of the
busy period in the ordinary M/M/1 system.]

Solution. Let 75 denote the length of a generic busy period in the M/M/1
queueing system and suppose that a customer arrives, beginning the busy pe-
riod. Condition E[e~*Y2] on whether or not the customer finishes service be-
fore the next customer arrives. Let A denote the event of an arrival before
completion of service, and let D denote the event the customer completes ser-
vice before the next arrival:

Ele™*%2] = E[e™*%|D|P {D} + E[e*"| AP {A}.

If the original customer departs before this arrival, then the length of the busy
period is the minimum of the service time and the interarrival time. Hence we
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see that
Bl (D] = B[],

which we know to be - fr)‘ 5~ If the next arrival occurs before the original

customer finishes service, then there will be two customers in the system. Call
this state of the system ‘state 2. The second server will be activated and the
overall service rate of the system will be 2. It will continue to be 2y until
there is only one customer in the system again. Call this state of the system
‘state 1’. Consider fg’l, the time it takes to return to state 1 from state 2. (This
is called the ‘first passage time from state 2 to state 1.”) Think of the time spent
in state 2 as an ordinary M/M/1 busy period, one in which the service rate is
2p. Then

(s+)\+2u)—\/(s+)\+2u)z—8)\,u
2 '

E[e—sfz,l] —

This follows directly from the definition of E[e~*Y], the Laplace-Stieltjes trans-
formof a generic busy period in the M/M/1 system, with 2y substituted in for
the service rate. Once the system returns to state 1 again, note that this is ex-
actly the state it was in originally. Because of the Markovian properties, the
expected length of the remaining time in the busy period should be the same as
it was originally: E[e~92]. With these observations, we see that

E[e_SQQI.A] — E[e—8(21+f2,1+372)]7

where Z; represents the interarrival time between the original customer and the
first arrival after the busy period begins. Hence,

Ele=%] = P{D}Ee=%|D] + P {A} E[e=*72| 4] ~
P{D}E[e—sél] + P{A}E[e_321]E[e_sz'l]E[e_SgQ)],

Substituting the expressions for Ee™5%1], E[e‘sf“], P{A}, and P {D}, and
rearranging terms,

2
(s+)\)+\/(s+)\+2u)z—8)\u

Ele™5%] =
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EXERCISE 3.15 We have shown that the number of arrivals from a Pois-
son process with parameter )\, that occur during an exponentially distributed
service time with parameter u, is geometrically distributed with parameter
p/ (e 4+ N); that is, the probability of n arrivals during a service time is
given by [A/(X + p)]"[n/ (X + p)]. Determine the mean length of the busy
period by conditioning on the number of arrivals that occur during the first
service time of the busy period. For example, let 72; denote the number of
arrivals that occur during the first service time, and start your solution with
the statement
[e.e]
E[j] = > E[jlfin = n]P{iiy = n}.

n=0

[Hint: The arrivals segment the service period into a sequence of intervals.]

Solution. Condition E[j] on the number of customers who arrive during the
service time of the original customer. Now, if no customers arrive, then the
busy period ends with the completion of the original customer’s service time.
It has already been shown that §|{%; < t1} = Z;. Thus,

< - 1

Bl = 0] = Bl&) = .
Now suppose that exactly one new customer arrives during the original cus-
tomer’s service period. Then due to the memoryless property of the exponen-
tial distribution, this service time starts over. So the remaining time in this
busy period is equal to the length of a busy period in which there are initially
two customers present, one of whom’s busy period ends service with no new
arrivals. That is,

g{E1 >ty =z + 7+ @@ < t}),

where the first term, Z;, represents the interarrival time between the original
customer and the first arrival. We’ve already show above that the last term of
this sum is equivalent to Z;. Hence,

Elgln = 1] = 2E[z1] + Ey].

Repeating this process, we see that if there are n arrivals during the service
period of the initial customer, then this is equivalent to the length of a busy
period that has (n+1) initial customers present: n customers we know nothing
about (and so have generic busy periods), and 1 customer whose service period
ends with no new arrivals. i.e.

Elgln=n] = nE[Z]+nE[g] + E[z]
= (n+1)E[z]+nE[j).
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Then, using the geometric properties of P{n; = n},

Elj] = Z Ely|n1 = n]P{n; = n}

n=0
- nz_:o[(wr 1)E[z] + nE[g]] (%) ﬁ
B i ) A\ ) 00 A n—1
= i {E[Zﬂ + mE[y]] nz::l” m)
o i PR O ERA
- m [E[Zﬂ + mE[Q]} T) )
o 1 A L] (At
) i“‘A[Aw At [y]} <T>
= —+=E[j],

poop

which implies 1
Bl = 1

EXERCISE 3.16 Suppose that the arrival and service time distributions are
memoryless, but that their rates depend upon the number of customers in
the system. Let the arrival rate when there are k customers in the system be
Ak, and let the service rate when there are k customers in the system be .
Show that the dynamical equations are as follows:

_()\n + /Ln)Pn(t) + )\n—lpn—l(t)
Pl (t) = { +pni1Pus1(t), for n > 0;
)\(]P(](t) + ,ulPl(t) forn = 0.
Solution. Let P, (t) denote the probability of having n customers in the system
at time ¢. Then

[ee)
Po(t+h) =Y P{f(t+ h) = n|fi(t) = k} P(t) (3.15.1)
k=0
where n(t+h) = n|n(t) = k signifies the event of having n—F arrivals or k—n
departures in the time interval (¢,¢ + h]. But these arrivals and departures are
Poisson, so we may apply the properties of Definition 2 of the Poisson process
(modified to take into account the possibility of deaths. In this case we may
think of Definition 2 as governing changes in state and not simply the event of
births.) Let D;, A; denote the events of i departures and i arrivals, respectively,
in the time interval (¢,¢ + h]. And note that for i > 2, P{D;} = P{A;} =
o(h). Hence, using general A and x,

P{Ds} = P{Az2} = o(h)
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P{Di} = ph + o(h).
P{AL} = A+ o(h).
P{Do} =1— ph+ o(h).
P{Ay} =1—Ah+o(h).

Then, substituting these in (3.15.1) and using state-dependent arrival and de-
parture rates,

P,(t+h) = P{Ao} P{Dy} P,(t)
- +P {.Al} Pn_l(t) + P {Dl} Pn+1(t) + O(h)
— 1= Aok + oW1 = pnh + o(R)] Pa(?)
= Dtk o)) Py 1 (2) + i1k + o)) Pasa (£) + o(h)
= [1 = (An+ pn) ] Pa(t) + Ap—1h P (t)
= +/Ln+1hpn+1(t) + O(h)

Rearranging terms and dividing by h:

Py(t + h})l ) un)Pn(t)JrAn_an_l(t)+un+1pn+1(t)+$'

Now let h — 0:

Pyll(t) = _()\n + /Ln)Pn(t) + )\n—lpn—l(t) + /ln+1Pn+1(t)-
Finally, note that for n = 0, P,,_1(¢) = 0 = po, so that
Py(t) = —=XoPo(t) + paPi(t).

| EXERCISE 3.17 Prove Theorem 3.5.

Solution. Let Q be a (K +1)-dimensional square matrix having distinct eigen-
values og, 01, -+, 0k, and define

W(o) = (oI — Q).
Then, for detl () # 0, (i.e., for o # 04, i = 1,2, -+, K), we find
W)W (o) =1.
Since W~1(o) = adj W (o) /det W (o),
adj W (o)W (o) = det W (o)I.

Now, W (o), adj W (o), and det W (o) are all continuous functions of o.
Therefore,
lim adj W(o)W (o) = lim detW (o)1,

o—0; o—0;
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so that, since lim detW (o) = 0,
o—0;

adj W (o)W (i) = O(k41)x (K+1)5

where O,,x., denotes an n X m matrix of zeroes. Thus, we have

adj (0;1 — Q) (0:] — Q) = Ok 1)x (K +1)-
Now, by definition, X is a left eigenvector of Q corresponding to o; if 0; X =
XQ or X(0;,1 — Q) = 0. Therefore, every row of adj (o;1 — Q) is a left
eigenvector of Q corresponding to o;. Hence M is proportional to the rows
of adj (o;1 — Q).
|  EXERCISE 3.18 Prove Theorem 3.6.

Solution. By Exercise 3.16, since the rows of adj (0;1 — Q) are proportional

to M;, the left eigenvector of Q corresponding to o, they must be proportional

to each other. Similary, we may use the same technique of Exercise 3.16 to

show that the columns of adj (0,1 — Q) are proportional to each other. Since

W (o)W ~Y(o) = I,and W~Y(0) = adj W (o)/det W (o), we find that
W(o)adj W (o) = det W(o)I.

By the continuity of W (o), adj W (o), and det W (o),

lim W(o)adj W(o) = lim detW(o)I.

o—0; o—0;

This implies, since 1i_1>n. detW (o) = 0, that

adj W (o)W (i) = Ok 4 1)x (K +1)5

where O,,x., denotes an n X m matrix of zeroes. Thus, we have
(oil — Q) adj (0:] — Q) = Ok 4 1)x (K +1)-

Now, by definition, X is an eigenvector of Q corresponding to o; if ;X =
QX or (0,1 — Q)X = 0. Therefore, every column of adj (o;] — Q) is an
eigenvector of Q corresponding to o;. Hence the rows of adj (0,1 — Q) are
proportional to each other.
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EXERCISE 3.19 Let K = 1. Use Definition 2 of the Poisson process to
write an equation of the form

d

SR PO =R P0]Q

Show that the eigenvalues of the matrix () are real and nonnegative. Solve
the equation for Py(t), Pi(t) and show that they converge to the solution
given in Example 3.2 regardless of the values Py(0), P;(0). [Hint: First,
do a similarity transformation on the matrix (), which converts the matrix
to a symmetric matrix Q Then show that the matrix Q is negative semi-

definite.]

Solution. As seen in the proof of Exercise 3.15, we can use Definition 2 of the

Poisson process to write the dynamical equations as:

Fy(t) = —XoPo(t) + p1Pi(t)
Pi(t) = —pnPi(t) 4+ MoPo(t).

Then, using the definition

Gii+1 = \/Giit1Giy1,; for 1=0,1,--- K —1,

we see that Q is as follows:

(vax %)
PA - —p
It is easily seen that the eigenvalues of Q are op = 0 and 01 = —(\ + p).
Then, using the equation
P(t) = P(0) M diag ( oot Ult,-",e”Kt) MY
and arbitrary Py(0) and P;(0), we see that
1 A1 0 A
P(t):P(O)[ ]{ —(AFp)t [“—1 "
Lo Jlo et o
This implies that
P B 1y(0) + PO)] + S APy (0) — (0
) = —— -
) = A lR0) + PO+ S WAO) — uPi(0)
P R0+ PO+ S L AR(0) + (0
t) = -
(1) = TR0+ AO)] + S FARO) + i (0)
Note that Py(0) + P;(0) = 1, and then let ¢ — oo
Pt = |
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w
P(t) = ——.
1(2) Nt
Since Py(0) and P;(0) were arbitrary, we see that Fyy, P, converge to the solu-
tion given in the example regardless of the values Py(0), P (0).

EXERCISE 3.20 For the specific example given here show that the equi-
librium probabilities for the embedded Markov chain are the same as those
for the continuous-time Markov chain.
Solution. As already shown, the probability matrix for the discrete-time em-
bedded Markov chain is
_(l=p p
r=("17 ).

Thus, using the equation 7, = P,

1
7T60 = 1+p
I
el 1+ p

Recall that in the original system, the continuous-time Markov chain was

0 1
Po=({ o)

Now, however, the system can transition from one state back into itself. The
one-step transition probability matrix is then

_(1—-p 1
pe= (177 1),
Since this is precisely the probability matrix for the discrete-time embedded
Markov chain, we see that

1
o S TS
Moy = Ty = P
c1 el 1 + P .
Furthermore, by the very definition of being uniformized, the mean occupancy
times for each state on each entry are equal. That is, F[So] = E[51] = 1/v.
This implies
PC- — Te; E [gl]

7

1
Z T, E [52]
=0



Elementary CTMC-Based Queueing Models 73

Teo + ey
= 7TCi

= T,.

7

Thus we see that the equilibrium probabilities for the embedded discrete-time
Markov chain are equal to the equilibrium probabilities for the continuous-time
Markov chain when we randomize the system.

EXERCISE 3.21 Show that the equilibrium probabilities for the embedded
Markov chain underlying the continuous-time Markov chain are equal to
the equilibrium probabilities for the continuous-time Markov chain.

Solution. Let the capacity of the finite M/M/1 queueing system be K, K>1.
In this general case, we must take v to be at least as large as A + p, the rate
leaving states 1,2, ---, K — 1. Then

) A
w2 Ko 0 0 0 0
v— A
v 7 v 0 0 0
Po=] 0 pooov=QOam 2 0 0
v v 12
: : : : 0 O
0 0 0 0 L =r
This produces the solution
L—p
7T60 1 — pK+1
Te; = P Tegs pP==
0

By the same reasoning as in the proof of Exercise 3.19, the one-step transition
probability matrix P¢ is equal to P.. Hence for i = 0,1,---, K, m,, = 7.
And, since the system has been uniformized, the expected amount of time spent
in each state before transition is unity. Hence,

WCiE[Si]
x ~
Z ﬂ-cz‘E[Si]
=0

e, - 1
E
Z Te; * 1
=0

g ﬂ‘ci
= Te;-

7

Pe, =

7
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EXERCISE 3.22 For the special case of the finite capacity M/M/1 queue-
ing system with K = 2, \p = A = 08, and g3 = ps = 1,
determine the time-dependent state probabilities by first solving the dif-
ferential equation (3.32) directly and then using uniformization for ¢ =
0.0,0.2,04,...,1.8,2.0 with Py(0) = 1, plotting the results for Py(t),
Py (t), and P5(t). Compare the quality of the results and the relative diffi-
culty of obtaining the numbers.

Solution. For K = 2, the matrix Q is:

) A 0
Q = | p “A—p A
0 % —H

= 1.0 -18 0.8
0 1.0 -1.0

The eigenvalues of Q are found to be 0, —.9055728, and —2.6944272, and their
corresponding eigenvectors are proportional to[1 1 1]7,[=7.5777088 1 10.5901699]7,
and [—0.42229124 1 —0.5901699]7, respectively. Thus, we find

P(t) =[Py(0) Pi(0) Py(0)] MMM,

[—0.8 0.8 0]

where

[1 —7.5777088 —0.42229124

M = 1 1 1 }
L1 10.5901699 —0.5901699
(1 0 0

At — 0 e 0-9055728¢ 0
0 0 o—2.6944272t
[ 0.4098361  0.3278688  0.2622951

ML = —0.0582906 0.0061539  0.0521367 }

| —0.3515454 0.6659772 —0.3144318

The time dependent state probabilities are then

Py(t) = 0.4098361 + 0.4417094¢ 090957288 1 () 1484545 26944272
Pi(t) = 0.3278688 + 0.0466325¢0-9095728¢ _ () 9819364~ 26944272
Py(t) = 0.2622951 — 0.3950769¢0-9095728¢ | () 1327818~ 26944272

To complete the exercise, Equation 3.48 was programmed on a computer for
t =0.0,0.2,0.4,---,2.0. The resulting values of Py(t), Pi(t), and P»(t) are
shown in Figure 3.1.

For K = 2, it was easier to solve for the equilibrium probabilities by hand.
For larger values of K, however, this would become increasingly difficult. The
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10

0.8

0.6

0.4

Ti e dependent state pro a ilities

Ti e sec

Figure 3.1. Time dependent state probabilities for Exercise 3.22

quality of the computer results differed with the values of ¢ and €, where € de-
termines when the summation in Equation 3.48 may be stopped. As ¢, depedent
on ¢, increased to threshold value, the equilibrium probabilities improved. And
as € decreased, the values of ¢ were allowed to get larger and larger, bringing
the equilibrium probabilities closer to those determined by hand.

EXERCISE 3.23 For the special case of the finite-capacity M/M/1 system,
show that for K =1,2,...,

__pPp(K—1)
PelB) = 1 py =)

where Pg(0) = 1.
Solution. By Equation (3.60), if the finite capacity is K,

Pok) = |y | o

1— pK—i-l




76 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

It follows that if the finite capacity is K — 1,

Pa(k ~ 1) = | 7| o1

1—pk
That is,
(1=p)p"~' = Pp(K —1)(1 - p").
So
L—p K-1
Po(K) = |1 x| P
_ pPe(K-1)(1 = p")
o 1 _pK+1
Furthermore,
1—pK _ 1—pK
1—pE+l 1 — pK 4 pK — pK+1
_ 1-p¥
1= pK 4+ K1 —p)
1
- pp5=1(1—-p)
T 14 pPp(K—1)
Hence,
pPp(K —1)
Pp(K) = .
5 (K) 1+ pPp(K — 1)

EXERCISE 3.24 For the finite-state general birth-death process, show that
for K =1,2,...,

(A /pr)Pp(K —1)

Pt = T i) Pa R = 1)

where Pg(0) = 1.

Solution. If the finite capacity of the M/M/1 queueing system is K, then by
combining Equations (3.56) and (3.58),

=
L
&

D
Il

i

o

=

>
[T
=

—_
_l_
M=
|
I
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Similarly if the finite capacity is K — 1,

K—
. I A
1=
Pg_q = — 1
k-1 | 1IN IT wi
1 + Z ziO i=1
n=1 H i
=1
Now, note that the numerator of Py is equal to
K]:[2 \
()\K—l) =0
pr B
IT i
i=1
and the denominator of Py is
n—1 K—2
K-1 'Ho Ai Ay ‘Ho Ai
1= — 1=
=t | T pi [T pi
=1 i=1

Dividing both numerator and denominator by

n—1
k-1 | IT N\
i=0
1+ 15—
n=1 | I wi
i=1
we see that the numerator becomes
K—2
A
()\Kfl) i=0
pr K1
Hq
=1
n—1 ?
K—-1 _1:[) Ai
1 + Z 1=0C

n
n=1 | [] w
i=1

77
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which is (Ax—1/px )Pk —1. And the denominator becomes

K—2
[T
1=0
K—1
)\ B L Hi
1+ ( EKI) =
k-1 | 1L
1_|_ Z 11:10
n=1 HM
=1

which is 1 + (Ax -1/ ) Pr—1. Thus,

_ (Ak—1/px)Pp(K —1)
1+ (Ak—1/pr)Pp(K — 1)

Pp(K)

where Pp(0) = 1.

EXERCISE 3.25 Let K be arbitrary. Use the balance equation approach to
write an equation of the form

d
) =PH)Q
where P(t) = [Py(t) Pi(t) --- Pg(t)]. Show that the eigenvalues of

the matrix () are real and nonpositive.

Solution. Observe that %P(t) is {the rate of arrivals to the system at time ¢}
minus {the rate of departures from the system at time ¢}. Therefore, using the
table in Section 3.4 of the text, we may write

p1Pr(t) — XoPo(t)
MPo(t) + paPo(t) — (A1 + 1) Pi(t)

Ak —2Pr_o(t) + nx Pr(t) — (Axk—1 + pr—1) Pr-1(t)
Ak —1Pr—1(t) — pr Pr(t)

We may rewrite this as %P(t) = P(t)Q, where

-0 Ao 0
pr —(MHp) M

d
S P =

pr-1 —(Ax-1+pr-1) Ak-1
0 K —lK
Now, Q is a diagonal, real matrix, whose main diagonal is negative and whose
off-diagonal elements are all of the same sign (positive). Hence, its eigenvalues
are all real and nonpositive.
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EXERCISE 3.26 Using the concept of local balance, write and solve the
balance equations for the general birth-death process shown in Figure 3.12.

Solution. In Figure 3.12, the initial boundary is between the nodes represent-
ing state 1 and state 2. We see that the rate going from the left side of the
boundary into the right side (that is, from state 1 into state 2) is A;. The rate
going from the right side of the boundary into the left side (from state 2 into
state 1) is uo. Since the ‘rate in’ must equal the ‘rate out’, we must be have

P = /;\2132
i.e. P2 = —1P1.
M2

Moving the boundary between state 0 and state 1, the local balance is

A
P =2p,.
M1

Substituting this into the earlier result for P, we see that

AL
p,="1p
21
Repeating this process by moving the boundary between every pair of states,
we get the general result

&zggﬁm
i=1 Hi
| EXERCISE 3.27 Prove (3.66).
Solution.
Ezz—1)---(—n+1)] = %}}(z) 1 (3.66)

Since Fz(z) = E[2%], we may differentiate each side with respect to z:

d d i
E}}(Z) = %E[«Z]

- = / 2 dF3(x)

= z2* L dF;(x)

Hence,



80 QUEUEING THEORY WITH APPLICATIONS . .. : SOLUTION MANUAL
— E[3.

Now use induction on n, assuming the result holds for n — 1. That is, assume

that
dn—l

dZ”_l

Then, differentiating this expression with respect to z,

Fi(z) =E [5:(:% -1 (T—n+ 2)Z9~3—n+1} '

a2 () :;%Aw@—n~«w—n+mfw“ﬂw@

= [o=1 @ =nt 2@ -0+ DF @)
= E[#@-1)-(@E-n+1:"7"].

Thus,

lm S F(z) = limE[E 1) (& —n+1)7]

z—1 dz™ z—1

| EXERCISE 3.28 Prove (3.67).
Solution.
(3.67)

By definition of expected value,
Fi(2) = E[7]
[e.e]
= Y Pz =i}
i=0

On the other hand, the Maclaurin series expansion for F;(z) is as follows:

1

n=0

2",

z=0

By the uniqueness of power series, we may match coefficients of z". The result
follows.

| EXERCISE 3.29 Use (3.66) to find E[fi] and E[7i?].
Solution. Use equation (3.66) with n = 1:

Ea(f—1)---(a—141)] = E[f]=—Fu(2)
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To solve for E[7?], let n = 2:

E[f(f—1)- (i — 2+ 1)]

(1-p)?*

But E[7? — 7] = E[?] — E[R], so after a little arithmetic we find that

E[a?) =

P>+
(1—p)?

81
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Supplementary Problems

3-1 Messages arrive to a statistical multiplexing system according to a Poisson
process having rate A\. Message lengths, denoted by m, are specified in
octets, groups of 8 bits, and are drawn from an exponential distribution
having mean 1/u. Messages are multiplexed onto a single trunk having a
transmission capacity of C bits per second according to a FCFS discipline.

()

(b)

(©

(d)

(e)

Let = denote the time required for transmission of a message over the
trunk. Show that £ has the exponential distribution with parameter
uC'/8.

Let E[m| = 128 octets and C' = 56 kilobits per second (kb/s). Deter-
mine Ap,x, the maximum message-carrying capacity of the trunk.

Let n denote the number of messages in the system in stochastic equi-
librium. Under the conditions of (b), determine P{7n > n} as a func-
tion of \. Determine the maximum value of A such that P{n > 50} <
1072,

For the value of \ determined in part (c), determine the minimum
value of s such that P{3 > s} < 1072, where 3 is the total amount
of time a message spends in the system.

Using the value of X\ obtained in part (c), determine the maximum
value of K, the system capacity, such that Pg(K) < 1072,

Solution:

()

(b)

Since trunk capacity is C', the time to transmit a message of length m
bytes is x = 8m/C. Therefore, £ = 8m/C, or m = C/8. Thus,

8m

P{z <z} = P{?Sw}
- rlas<Z)

8
—uC
= 1 — e%l"
where the last equation follows from the fact that 2 is exponential
with parameter u. Therefore, m is exponential with parameter ©C'/8.

Since E[m]| = 128 octets, 1 = ﬁ. Therefore, Z is exponentially
distributed with parameter % = % Kbps, or 1—58 x 103 bps. Then
Elz] = 128 x 1073 sec. Since Ao E[Z] = p < 1,
1
A< ==
Elz]
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7 3
= ﬁxlo

= 54.6875 msg/sec.

(c) We know from (3.10) that P {7 > n} = p"*!. Thus, P {f > 50} =
p°L. Now, p°! < 10~ 2implies

51 loglo 1% < —2.

ie.,

I < 2
0 PR—
10 P 51

Hence, p = AE[Z] < 10~ ST = 0.91366, so that

A < 49.966 msg/sec.

(d) Now, 5 is exponential with parameter u(1 — p), so P{5 >z} =
e~#(1=P)% Then for P {5 > s} < 102, we must have

e r1=p)s 102

or
—u[l—p]s < —2(In10)

ie.,

2(In10)

p(l— p)
2(In10)
L% 103 (1 — 0.91366)
4.60517

4.7217
0.9753 sec

= 975.3 ms

(e) Recall the equation for Pp(K):

1—p
Pp(K) = <m> p"

We wish to find K such that Pg(K) < 1072. First, we set Pp(K)
102 and solve for K.

L—p K —2
(1—pK+1)p -0
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(1=p)p = 1072 (1 pi*1)
- 10°2_ 10—2pK+1
(1 _ p) pK + 10—2pK+1 — 10—2
(1 —p+ 10_2p) pK = 1072
. 1072
1—-0.990

Therefore,

—2(In10) — In (1 —0.99p)
Inp

—[2(In10) 4+ In (1 — 0.99p)]
Inp

For p = 0.91366,

—[4.60517 — 2.348874]

—0.09029676
2.256296

0.09029676
25.799

K =

Therefore, for a blocking probability less than 1072, we need K >
26. From part (c), note that for the non-blocking system, the value
of K such that P {fi > K} < 1072 is 50 for this particular value of
A. Thus, it is seen that the buffer size required to achieve a given
blocking probability cannot be obtained directly from the survivor
function. In this case, approximating buffer requirements from the
survivor function would have resulted in K = 50, but in reality, only
26 storage spots are needed.

3-2 A finite population, K, of users attached to a statistical multiplexing sys-
tem operate in a continuous cycle of think, wait, service. During the think
phase, the length of which is denoted by £, the user generates a message.
The message then waits in a queue behind any other messages, if any, that
may be awaiting transmission. Upon reaching the head of the queue, the
user receives service and the corresponding message is transmitted over a
communication channel. Message service times, &, and think times, t, are
drawn from exponential distributions with rates p and A, respectively. Let
the state of the system be defined as the total number of users waiting and
in service and be denoted by 7.
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()

(b)

(©

(d)

(e

The first passage time from state 7 to state ¢+ — 1 is the total amount
of time the systems spends in all states from the time it first enters
state ¢ until it makes its first transition to the state 7 — 1. Let 5; denote
the total cumulative time the system spends in state ¢ during the first
passage time from state ¢ to state 7 — 1. Determine the distribution of
S

Determine the distribution of the number of visits from state i to state
? + 1 during the first passage time from state 7 to 7 — 1.

Show that E[yk], the expected length of a busy period, is given by
the following recursion:

1
I

[Hint: Use the distribution found in part (b) in combination with the
result of part (a) as part of the proof.]

Blg] =+ (14 MK = DE[frca]) - with B[] = 0.

Let Py(K) denote the stochastic equilibrium probability that the com-
munication channel is idle. Determine Py(K ) using ordinary birth-
death process analysis.

Let Efix| denote the expected length of the idle period for the com-
munication channel. Verify that Py(K) is given by the ratio of the
expected length of the idle period to the sum of the expected lengths
of the idle and busy periods; that is,

Elig]
Elix] + E[jx]
which can be determined iteratively by
1
T L[N/ {1+ (K = DX B}’

That is, show that Py(K) computed by the formula just stated is iden-
tical to that obtained in part (d).

Py(K) =

Py(K)

KA K- A K- A A A

Figure 3.2.  State diagram for Supplemental Exercise 3.2

Solution:
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The state diagram is as in Figure 3.2. For a typical state, say 7, we
wish to know the total amount of time spent in state 7 before the sys-
tem transitions from state ¢ to ¢ — 1 for the first time, 7 = 1,2, -- -, K.
Now, on each visit to state ¢, the time spent in state ¢ is the minimum
of two exponential random variables: the time to first arrival, which
has parameter (K — i)\, and the time to first departure, which has
parameter p. Thus, the time spent in state 7 on each visit is exponen-
tially distributed with parameter (K — i)\ + p. Now, the time spent in
state 4 on the j %" visit is independent of everything, and in particular
on the number of visits to state ¢ before transitioning to state ¢ — 1. Let
5;; denote the time spent in state ¢ on the j ~th visit and 7; denote the
number of visits to state ¢ during the first passage from 7 to ¢ —1. Then
S; = Z}’;l 5;j. Now, the number of visits to state ¢ is geometrically
distributed (see proof of exponential random variables, page 35 of the
text) with parameter £/ [(K — ¢)A + p] because the probability that a
given visit is the last visit is the same as the probability of a service
completion before arrival (see Proposition 3 of exponential random
variables, page 35 of the text) and this probability is independent of
the number of visits that have occurred up to this point. Thus, §; is the
geometric sum of exponential random variables and is therefore expo-
nentially distributed with parameter [(K — i)\ + p] m = 4,
which follows directly from Property 5 of exponential random vari-
ables, given on page 35 of the text. In summary, the total amount of
time spent in any state before transitioning to the next lower state is

exponentially distributed with parameter p.

From arguments similar to those of part (a), the number of visits to
state ¢ + 1 from state 4 is also geometric. In this case,

. 7 (K —i)A ]k
P{v; =k} = . .
fo ' (K—z)A—FM[(K—z))\—F,u
so that the mean number of visits is
K —1)A K—9)A
(Z%—l:(% for i=1,2--,K—1.

For ¢ = K, the number of visits is exactly 1.

First note that g, _;, the busy period for a system having K — 7 cus-
tomers, has the same distribution as the first passage time from state
? + 1 to 7. From part (b), the expected minimum number of visits to
state 7+ 1 from state ¢ is (K —1) % Thus, the total time spent in states
¢ 4+ 1 and above during a first passage time from state ¢ to ¢ — 1 is
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(K — z)%E[gK_Z] Also, the total time spent in state ¢ is 1/, so that
the first passage time from state ¢ to ¢ — 1 is given by

Elir—i_y] = §+<K—i>§EwK_i]
- §<1+<K—1>AE[5K_Z-]>.
With 7 = 1, we have
EMdziﬂ+MF4Mﬂ%4n
We then have
Elj] = =
Y| = /f
Elg] = ;(1+1‘)\E[?31])
1 A
= g(”;)
Elgs] = ;(1+2)\E[?32])
1 A A
= ()

so that we may compute E[jx]| for any value of K by using the re-
cursion, starting withn =1,

Elja] = % (1+ (K — DAE[Gn 1)),

with E[go] = 0, and iterating to K.

(d) Using ordinary birth-death analysis, we find from (3.58) that
1

Py )
1+ [H?:_o )‘i/ [Ty Mz’]
1

L I T v T

Now, p; = prand \; = (K — )\ for this particular case. Thus,

P = !
LTI T (6 =03/ T
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1
K M\" -1 N
143 0 (;) im0 (K —1)

But [[[5) (K —i) = K(K —1)--- K — (n — 1) = 5. So

1

L )

The expression given for Py(K) is readily converted to the final form
given as follows:
1
Py(K) = ——&2 —
&3 + Blix] X
— KA
7+ 5 (1+ MK - )E[E - 1))
1

1+ 52 (14 MK - 1)B[jK - 1))
We now prove the proposition
b e ()

proof: Let T" denote the truth set for the proposition. With K = 1, we
find E[in] = %, which is clearly correct. Now, suppose (K —1) € T..

Then, by hypothesis,
— —)' </\> ] (*)
nzl 2—n)! \u

Eljx

Elyk 1]

1
o
and, from part (c),

Eljx] = % [1+ (K — DAE[jxc 1]

which is always true. Substituting (x) into this last expression gives

o1 1 K2 (k-2 /a\"
Elyx] = . 1+/\(K—1)<;[1+;m<;>]>]
1 (K—-1) (K -1)(K-=2)!/x\"
S +nz::2 (K —1_n) <;)
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- R )

n=1

This proves the proposition.

We now substitute the expression for E[yx 1] into the given expres-

_ K -1
R(K) = 1A% (14 (K = DABfic1) |
N A S oA
- _1+A;<1+;7(K_1_n)!<;> )]

L SN
R
which is identical to that obtained in part (d).

3-3 Traffic engineering with finite population. Ten students in a certain grad-
uate program share an office that has four telephones. The students are
always busy doing one of two activities: doing queueing homework (work
state) or using the telephone (service state); no other activities are allowed
- ever. Each student operates continuously as follows: the student is ini-
tially in the work state for an exponential, rate 3, period of time. The stu-
dent then attempts to use one of the telephones. If all telephones are busy,
then the student is blocked and returns immediately to the work state. If a
telephone is available, the student uses the telephone for a length of time
drawn from an exponential distribution with rate y and then returns to the
work state.

(a) Define an appropriate state space for this service system.
(b) Draw a state diagram for this system showing all transition rates.
(c) Write the balance equations for the system.

(d) Specify a method of computing the ergodic blocking probability for
the system - that is the proportion of attempts to join the service sys-
tem that will be blocked - in terms of the system parameters and the
ergodic state probabilities.

(e) Specify a formula to compute the average call generation rate.

(f) Let u = 1/3 calls per minute; that is, call holding times have a mean
of three minutes. Compute the call blocking probability as a function
of g for 8 € (0, 30).
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(g) Compare the results of part (f) to those of the Erlang loss system hav-

ing 4 servers and total offered traffic equal to that of part (f). That
is, for each value of 3, there is a total offered traffic rate for the sys-
tem specified in this problem. Use this total offered traffic to obtain a
value of A, and then obtain the blocking probability that would result
in the Erlang loss system, and plot this result on the same graph as the
results obtained in (f). Then compare the results.

Solution.

(a) Define the state of the system as the number of students using the

telephones. This can have values 0, 1,2, 3, 4.

(b) See Figure 3.3.

:108:98:88 :78 :
1p 21 3u 4u

Figure 3.3.  State diagram for Supplemental Exercise 3.3

(c) The balance equations can be either local or global; we choose local.

108 Py = Py
95P1 = 2/J,P2
85P1 = 3,ng
75P3 = 4,uP4.

(d) All arrivals that occur while the system is in state 4 are blocked. The

arrival rate while in state 4 is 65. Over a long period of time T, the
number of blocked attempts is 63 P41 while the total number of ar-
rivals is (105Py + 98P, + 882 + 78P3 + 65P,) T. Taking ratios,
we find that the proportion of blocked calls is
6P,
10Py + 9P, + 8P, + 7P; + 6P4.

(e) The average call generation rate is 10Py5 + 9P, 5 + 8P 3 + TP +

6P, 0.
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(f) First we solve the balance equations.

10 10
n - B (9)in
98 10\ /8)?
- Do (2) ()
5 5\
8 10
Py = 2P = E) p
- S (9 ()
78 10 B)
P, = —P3= — | B
! ap’ <4><u ’
So,
4 7
10
=n3(7)(7)
i.e., )
Py =
(D)6
=0 Z I
Therefore,
102
P = 1(‘; ,
4 B8\*
Zi:0<z’)(u)
(7))
P = Y gri=0,1,2,3,4

4 10 8
Zj:o < i ) (ﬁ)
The call generation rate is then
4
A=) (10—4)
=0
10 g
BZZ 0(10_2)( i ) (g)
4 10 8 J
(7))
And the call blocking probability is 6P4§. Hence,
10\ /5\4
65 ( 4 ) (%)

se00 0 () (2)

Pg =
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o)

gy T 10- (1) @ar
B Yo <1jO) (38)
and
Pp(B) = . i <140) (350)4
o0 () sy

From (3.64) and (3.65), we have
a= i =3\
and
o
B(4,a) = (T)
S (4

B (3))*
14 3x+ 8- 4+ B8 4 B
(3M)*

24 + (24 4 12+ (4+ 30)3A]30)3A

The idea is to compute A first and then compute 3(4, \) using this
formula. It can be seen that for the Erlang blocking formula, a smooth
traffic assumption would result in a substantial underestimation of the
actual blocking probability. This will always be true for relatively
small numbers of users. As an example, if § = 1, then the actual
blocking probability is approximately 0.1, but the Erland blocking
formula would yield 0.00025, which is off by a factor of 400.
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3-4 A company has six employees who use a leased line to access a database.
Each employee has a think time which is exponentially distributed with
parameter A\. Upon completion of the think time, the employee needs
the database and joins a queue along with other employees who may be
waiting for the leased line to access the database. Holding times are ex-
ponentially distributed with parameter ;. When the number of waiting
employees reaches a level 2, use of an auxiliary line is authorized. The
time required for the employee to obtain the authorization is exponentially
distributed with rate 7. If the authorization is completed when there are
less than three employees waiting or if the number of employees waiting
drops below two at any time while the extra line is in use, the extra line is
immediately disconnected.

(a) Argue that the set {0, 1,2, 3, 3r, 3a, 4r, 4, 5r, 5a, 6r, 6a}, where the
numbers indicate the number of employees waiting and in service, the
letter r indicates that authorization has been requested, and the letter
a indicates that the auxiliary line is actually available for service, is a
suitable state space for this process.

(b) The situation in state 4r is that there are employees waiting and in
service and an authorization has been requested. With the process in
state 4r at time £, list the events that would cause a change in the state
of the process.

(c) Compute the probability that each of the possible events listed in part
(b) would actually cause the change of state, and specify the new state
of the process following the event.

(d) What is the distribution of the amount of time the system spends in
state 4r on each visit? Explain.

(e) Draw the state transition rate diagram.

(f) Write the balance equations for the system.

Solution.

(a) Two waiting employees means that there are three employees waiting
and using the system. At a point in time, if an employee requests a
line, then there is a waiting period before the line is authorized. The
idea is that the system behaves differently when the number of wait-
ing persons is increasing than when the number of waiting persons is
decreasing. When the third person arrives, the system is immediately
in the request mode 3a. But, if no other customers arrive before the
line is authorized, the line is dropped, leaving 3 in the system, but
only one line. If a person arrives while the system is in state 3, the
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line is again requested, putting the system in state 4r. If the line au-
thorization is complete while the system is in 47, 57, or 67, then the
system goes into state 4a, ba, or 6a, respectively.

While in state 47, the possible next events are customer arrival, cus-
tomer service, line authorization complete, with rates 2\, u, and T,
respectively.

Let A, S, and AC denote the events customer arrival, customer ser-
vice, line authorization complete, respectively. Then

2\

PiA} = A+ p+T
_ P

Pis}h = A+ p+T
T

P{A = —

{ac} 2+ p+T1

The distribution of the amount of time spent in state 4r is exponen-
tially distributed with parameter 2\ + p + 7 because this time is the
minimum of 3 exponential random variables with parameter 2, p,
and T, respectively.

See Figure 3.4 for the state transition rate diagram.

Figure 3.4. State diagram for Supplemental Exercise 3.4
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(f) The balance equations are as follows:

state  rate leaves

0 6AP,

3 (3\+p)Ps

3a BA+ T+ p)Psq
3r 3\ +2u)Ps,
da 2N+ 74 p)Puq
dr (2N +2u) Py,

56  (A+T7+p)Psq
5r (A+2u)Ps,

6a (,u + T)Pﬁa

6r 21 P,

95

rate enters

05

6)\P0 + /LPQ

SAPL + P + puPsq + 21 P,
7_P3a

4>\P2 + /LP4a

2IUP47*

3AP3 4+ 3\ Ps, + wPsq
APz + TPyq + 21 P5,
2)\P4a + //*Pﬁa

2APy, + 2uPs + 7Ps5,
)\P5a

APs, + 7P,

3-5 Messages arrive to a statistical multiplexer at a Poisson rate A for trans-
mission over a communication line having a capacity of C' in octets per
second. Message lengths, specified in octets, are exponentially distributed
with parameter 1. When the waiting messages reach a level 3, the capacity
of the transmission line is increased to C, by adding a dial-up line. The
time required to set up the dial-up line to increase the capacity is exponen-
tially distributed with rate 7. If the connection is completed when there
are less than three messages waiting or if the number of messages waiting
drops below two at any time while the additional capacity is in use, the
extra line is immediately disconnected.

(a) Define a suitable state space for this queueing system.
(b) Draw the state transition-rate diagram.

(c) Organize the state vector for this system according to level, where the
level corresponds to the number of messages waiting and in service,
and write the vector balance equations for the system.

(d) Determine the infinitesimal generator for the underlying Markov chain
for this system and comment on its structure relative to matrix geo-
metric solutions.

Solution.

(a) Figure 3.5 details two state diagram for the system. Note that the first
passage time from state 2 to state 1 in the first diagram is the same as
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the length of the busy period in the second diagrarn i.e., the M/M/1

with service rate 2. Thus, fo; = Elgamn] = 2u/1 — ﬁ

U
QeFTF
—
~

Figure 3.5. State diagram for Supplemental Exercise 3.5

(b) Let A denote the event of an arrival before the first departure from a
busy period, and let .A¢ denote its complement. Then,

Ely] = E[glAP{A} + E[g| AP {A°}
= E[Z+ 5P {A} + E[Z]P {A%}

A Iz
= — + F|Z
BlE + o + il + Bl
Thus,
gt = 2 < T )
Ap A+p o A+p ﬁ
ie.,

(¢) &=+ §implies that E[¢] = + + % + % ( 2 ) Therefore,

P {system isidle} =
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(d) From an earlier exercise, we know that the total amount of time the

system spends i state 1 before entering state 0 is exponential with
parameter p because there are a geometric number of visits, and for
each visit the amount of time spent is exponential with parameter (A+
). Thus,

P{a=1} =

3-6 Consider the M/M/2 queueing system, the system having Poisson arrivals,
exponential service, 2 parallel servers, and an infinite waiting room capac-

1ty.

(a)

(b)

(©

(d)

(e

Determine the expected first passage time from state 2 to state 1.
[Hint: How does this period of time compare to the length of the
busy period for an ordinary M/M/1 queueing system?]

Determine the expected length of the busy period for the ordinary
M/M/2 queueing system by conditioning on whether or not an arrival
occurs before the first service completion of the busy period and by
using the result from part (a).

Define ¢ as the length of time between successive entries into busy
periods, that is, as the length of one busy/idle cycle. Determine the
probability that the system is idle at an arbitrary point in time by tak-
ing the ratio of the expected length of an idle period to the expected
length of a cycle.

Determine the total expected amount of time the system spends in
state 1 during a busy period. Determine the probability that there is
exactly one customer in the system by taking the ratio of the expected
amount of time that there is exactly one customer in the system during
a busy period to the expected length of a cycle.

Check the results of (c) and (d) using classical birth-death analysis.
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Determine the expected sojourn time, F[$], for an arbitrary customer
by conditioning on whether an arbitrary customer finds either zero,
one, or two or more customers present. Consider the nonpreemptive
last-come-first-serve discipline together with Little’s result and the
fact that the distribution of the number of customers in the system is
not affected by order of service.

Solution.

()

If the occupancy is n, then there are (n — 1) customers waiting. So,
if there are 3 customers waiting, occupancy is 4. Less than 3 mes-
sages waiting means occupancy is less than 4. We assume that if the
number waiting drops below 3 while attempting to set up the extra
capacity, then the attempt is aborted. In this case, the required states
are 0,1, 2,3, 3e,4, 4e, - - -, where e indicates extra capacity.

(b) See Figure 3.6.

Figure 3.6.  State diagram for Supplemental Exercise 3.6

(c) Organizing the state vector for this system according to level, we see

that
level 0 : Fy
level 1 : P
level2 : P,
leveln : P,=[Pw Pu] n>2

And the balance equations for the system are

APy = uCh
A+ puC)P, = pPy+ APy
_ e
(>\+MC)P2 = /\P1+/\P3 [,Uce}
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A+ uC 0

Pg[ 0 A+uce] = P\ 0]+P4[

0
0 uC,

For all remaining n, n > 4,

A+ uC+r 0 _ A0 0 7
BT el = e alem e 6
uwC 0
+P, 1 0 ,uC’J

(d) The infinitesimal generator is readily written by inspection of the bal-
ance equations by simply taking all terms to the right-hand side. If
welet R = (A +uC) and R = (A + pCe), the resulting generator is

A A 0 0 0 0 0

uC R OA 00 0 0

0 uC -R A 0 0 0

0 0 uC -R 0 A 0

0 0 wC. 0 -R. 0 A

~ 0 0 0 uC 0 —Re—T T
=19 0o 0o 0 uC 0 -R.

o 0 0 0 0 uC 0
o 0 0 0 0 0 uC.

o 0 0 0 0 0 0

o 0 0 0 0 0 0

We may also write Q as

rBoo Bo1 0 0 0 0 0 T
By Bin Bi2 Big 0 0 0
0 Boy By Bys 0 0 0
~ 0 0 Bss Bss3 Ay O 0
Q=10 0 0 Bs 0 A A
0 0 0 0 Ay A7 A
0 0 0 0 0

We see that this latter form is the same as that given on page 140 of
the text, except that the boundary conditions are very complex. The
text by Neuts treats problems of this form under the heading of queues
with complex boundary conditions.






Chapter 4

ADVANCED CONTINUOUS-TIME
MARKOV CHAIN-BASED QUEUEING MODELS

EXERCISE 4.1 Using Little’s result, determine the average time spent in
the system for an arbitrary customer when the system is in stochastic equi-
librium.

Solution. Let s denote the time spent in the system for an arbitrary customer,

and let ~y be the net arrival rate into the system, v = fvil ~;. By Little’s result,
ol
s = 20
8

where 71 is the total number of customers in the system in stochastic equilib-
rium. Observe that the total number of customers in the system is the sum of
the customers at each node. i.e., 7 = >, 71;. Therefore,

1 M
E[§] = ;E lz n]
i=1

M
1 -
iz

_ l% Pi
fyizl _pi7

the latter following from (4.11) and (3.11).

EXERCISE 4.2 Argue that the matrix R is stochastic, and that, therefore,
the vector \ is proportional to the equilibrium probabilities of the Markov
chain for which R is the one-step transition probability matrix.

Solution. The element r;; represents the probability that a unit currently at
node ¢ will proceed next to node j. Since the system is closed, a unit must go
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to some node within the network. Therefore,

M
Z Tij = 1Vs.
j=1

Hence R is stochastic. From A\[I — R| = 0, we have
AR =\

Therefore, the vector A is the left eigenvector of R corresponding to its eigen-
value at 1, and all solutions X are proportional to this eigenvector. But, this
equation has exactly the form mR = 7, where R is a one-step transition matrix
and 7 is the stationary probability vector of the Markov chain for which R is
the one-step transition probability matrix. Thus, A is proportional to 7.

EXERCISE 4.3 Let z denote any integer. Show that
1 " 1, forz=-1
jor j{(; ¢°do = {O, otherwise.
by direct integration.

Solution. Suppose = # —1. Then
1 1 ¢m+1
o A= T
j2m Jco j2r x+1

Note that the closed path C' may be traversed by beginning at the point 77’
and ending at 7e/(®*2™) The integral is then

+1
12Tt =z Jam
— L {T“’“leﬂ'(@””)(“l) — r“leje(ﬁl)}
j2m
_ % [Tx+1ej6(x+l) - r”leﬁ(”l)}
j2om
= 0.
Now suppose = —1.
j2r Jo j2177 c ¢
= —1Ino
J2m
) l red (0+27)
= —1In
J2m redb
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= j% Inr+ 70+ 27) —Inr — j6]

1
= —j2r=1.
j27Tj7T

EXERCISE 4.4 Suppose that the expression for g(N, M, ¢) can be written
as
! 1

SR S 41
Z.:Hl I— o) “.D

g(N, M, ¢) =

where Y7, v; = M. That is, there are exactly r distinct singular values of

g(N, M, ¢)- these are called 01,09,. . .,0, - and the multiplicity of o; is v;.
We may rewrite (4.35) as

T

g(N, M, $) = ZZ 4.2)

i=1j= 1 O-qu

B 1 1\ Wi—9)
A (7 (‘a_i)

dWi—i) y
gy (=) g M)
Solution. Let m be a fixed but otherwise arbitrary index, 1 < m < r. Multiply
both sides of g(N, M, ¢) by (1 — o,,0)"™:

Show that

Vm

(1= ome)" " g(N, M, ) =D mj (1 — 0nd)"™ 7 + (1 — o)™ F(9),

i=1

where F'(¢) is the remainder of the terms in the sum not involving o,,,. Now
fix n, 1 < n < y,. Differentiate both sides of this expression and evaluate at

¢:1

dvm—n) .
W(l — 0m®)"™g(N, M, ¢)‘ = (=0m) Y™™ o (v, — )
1.€e.,
1 -1 (¥m—n) d(um—n) y
Cmn = m <0—> W (1 = 0ome)"g(N, M, $)]
1 1 (vi—n) d(ui—n) L.
- (J_) g (L= 0@ o.M |
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EXERCISE 4.5 Define b,y to be the coefficient of ¢* in the expansion of
(1 —0;¢)~™. Show that

N+n-1
bnN:< ]\7; )agv. 4.3)

Solution. Define h(¢) = (1—0;¢)~". Then by the Maclaurin series expansion
for h,

0 () (0)(—0sb)*

k=0

In particular, the N ~*" term of this sum is

h (0)(~ai6)"
N! '

But AN (0) = (=n)(—n —1)...(=n — M + 1)(1)", so that the coefficient
of ¢ is

(—D)N(N +n - D(=0)N
Nl(n —1)!

N —1
_ ( ﬁ; )agV.

EXERCISE 4.6 Verify that the probabilities as specified by (4.39) sum to
unity.

bnN =

Solution. In this exercise, we must first determine the set

5
Sup = {(71177127"'7"5)’2711' = 4}-
i1

Then for each member (n1, ne, n3, n4, ns) of this set, we’ll substitute ns, ny,
and ns into 27314475 producing an intermediate result, which we’ll call 1.
Note that I is equal to P {nq,ns,ns, ng, ns} multiplied by 1497. It suffices,
then, to show that the sum of these intermediate results is equal to 1497. The
following table gives all possible members of the set Sy 5, with the last column
of the table being the intermediate result I. These members were obtained by
finding all possible combinations of ny, ng, - - -, ns with ns = 4; then finding
all combinations with n5 = 3, etc.
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256
128
128
64
64
64
64
64
16
16
16
32

10
11
12
13
14
15
16
17
18
19
20
21

32

32

32

32

32

32

32

16
16
16
16
16
16

22
23
24
25
26
27
28
29
30
31

32

33

34
35

16
16
16
16

36

37
38
39
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I~

L ny Ny 5

]
w
IS

40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70 2 2 0 0 0
It is easy to verify that the last column does indeed sum to 1497. This shows
that the probabilities given by (3.105) sum to unity.

(@)

H WO R FNFEFNODWODWONFFFONODINNF,FOF,ROFR,RORFROO
OO OO P OO0 RFFEFFEFFEFONODONNRFFEFDNDNDOOWWIN
OO OO OO HFHFFHFFPFOOFFFINONNOONNRFFWWOOIN
N eNeleleoleoNeNeNeNeoleololeoNeoBeoBeoleolololoBeoRoBoBeNeNeNe NN Nl

W R ONHRFN R WO WONOR,RHFRNONOORORORORO
o RO DD R N DD DD RO DD R A s i s s s W s 00 00 GO 00 00 00 00 0O =

EXERCISE 4.7 Carefully develop the argument leading from (4.43) to
(4.44).

Solution. In the development of (4.43), N was never assigned a specific num-
ber. Rather, it is a variable and so it simply represents some integer. Hence
(4.43) is true for all integers. Since N — n also represents some integer, we see
immediately that (4.44) follows from (4.43).
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EXERCISE 4.8 Using the recursion of (4.43) together with the initial con-
ditions, verify the expression for g(N, 5) for the special case N = 6 numer-
ically for the example presented in this section.

Solution. Letting p = 4 as in the example in the chapter, we find that

pro= [)2:%—1,
ps = pa=5=2
ps = p=4

Then, using (3.109) along with the initial conditions we may compute g(1,1):

= 04+1-1=1.

We then substitute this value into the expression for g(1, 2):

— J1-1=2

Repeating this for each value of N and M until g(6,5) is reached, we may
form a table of normalizing constants:

M

0 1 2 3 4 5
0: 0 1 1 1 1 1
1: 0 1 2 4 6 10
2: 01 3 11 23 63

N 3: 0 1 4 26 72 324

4: 0 1 5 57 201 1497
5: 0 1 6 120 522 6510
6: 0 1 7 247 1291 27331

where ¢(6, 5) is in the lower right-hand corner of the table.

EXERCISE 4.9 Develop an expression for throughput at node M using Lit-
tle’s result and (4.47).

Solution. Define 74y and 54,4 to be the number in service and time in service,
respectively, at node M. Each node in the system may have only one customer
in service at a time, so that by (4.47),

E[ny] = P{n>0}
g(N —1, M)

- M
PU™ (N, M)
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and

Il
_glzll—‘

The throughput may now be found by applying Little’s result to L and W,

_ L
T w
- A g(N_17M)
M g(N M)

EXERCISE 4.10 Show that det A(z) is a polynomial, the order of which
is not greater than 2(K + 1).

Solution. The proof is by induction. First consider the case where A(z) is a
1 x 1 matrix. Clearly det A(z) is a polynomial whose order is at most 2. Now
assume that for an n x n matrix, its determinant is at most 2(n + 1). Let A(z)
be an (n+ 1) x (n+ 1) matrix. We wish to show det A(z) is at most 2(n + 2).
Now, the determinant of .4 (z) will be

K
det .A(Z) = ZCL()J.AQ,]',
=0

where g j is the element in the jth column of the first row of A(z) and Ay ;
represents its respective cofactor. Note that for all j, j = 0,1,---,n, ag; is of
at most order 2. Furthermore, each Ay ; is the determinant of an n x n matrix.
By assumption, Ay ; is of order at most 2(n + 1). Hence the product ag ;Ao ;
is of at most order 2(n + 2). Thus the result holds for all X > 0.

EXERCISE 4.11 Repeat the above numerical example for the parameter
values = 6 = 2, A = u = 1. That is, the proportion of time spent in
each phase is the same and the transition rate between the phases is faster
than in the original example. Compare the results to those of the example
by plotting curves of the respective complementary distributions. Compute
the overall traffic intensity and compare.

Solution. Substituting § = § = 2, A = p = 1, into the example in Chapter 3,
we find 5 3 5 o
o= 5]-17 &)

eloul=lol
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0 0 0 0
a=lo 3=l 1)
Note that the matrices M and A remain unchanged from the example in the
chapter. Then, upon substitution of these definitions into (3.137), we find

and

1-3z2 2z
A(z)—[ 2z 22—4z+1}’
. 22—4z+1 -2z
adj A(2) = [ —2z 1- 32} ’
and
det A(z) = —323+922—-72+1
6 v 6
= 3(1—2)(1+£—2)(1———z).
3 3
Thus, we find that
adj A(2) | 0.2996598  —0.3670068
) oiovE [ 03670068 0.4494897 |7
. -2 =2
adj A(z = [ } )
O
and
det A(z) _
(1 - Z) z=1 ‘

Substituting these numbers into (3.140) and (3.141), we find that

0 1]=pr, {—0.0673470 2} '

+0.0824829 2
Thus, we find that

Py =[0.2752551 0.2247449].
Upon substitution of this result into (3.138), we find after some algebra that

{Go(z)r 1 102752551 — 0.05051032 "
Gi(z)] — 1-0.5505103z 0.2247449 '

After some additional algebra, this result reduces to

[Go(z) Gi(z)]=  [0.2752551 0.2247449]
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+ [0.1835034 0.2247449] 3" (0.5505103)" 2"

n=1
Thus, for n > 1, we find

[Pao Pai]=1[0.1835034 0.2247449] (0.5505103)".

The probability generating function for the occupancy distribution can now be
computed from (3.139) or by simply summing Gy(z) and G1(z). We find

[o¢]
Fa(z) = 0.5 +0.4082483 > (0.5505103)" 2"

n=1

From this probability generating function, we find Py = 0.5 and
P,e = 0.4082483 x (0.5505103)" forn > 1.

To compute the traffic intensity we determine the probability that the system
will be busy. This is simply the complement of the probability that the system
is not busy: 1 — Fy. Since P, did not change in this exercise from the example
in the chapter, the traffic intensity for both problems will be the same:

1-05=0.5

Figure 4.1 shows the complementary distributions of both the original example
and its modification 8 = =2,A = pu = 1.

EXERCISE 4.12 Suppose we want to use the packet switch and transmis-
sion line of the above numerical example to serve a group of users who
collectively generate packets at a Poisson rate -y, independent of the com-
puter’s activity, in addition to the computer. This is a simple example of
integrated traffic. Assuming that the user packets also require exponential
service with rate u, show the impact the user traffic has on the occupancy
distribution of the packet switch by plotting curves for the cases of v = 0
and v = 0.1.

Solution. Since the group of users generate packets independent of the com-
puter’s activity, the overall arrival rate to the transmission line is simple the
sum of the arrivals from the computer and from the group of users. That is,
0
A=|] .
{O A+ ’y]

The matrices @ and M remain unchanged from the example. Now, in the
first case where v = 0, it should be clear that the matrix A will also remain
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Figure 4.1. Complementary distributions

unchanged. i.e., the problem is the same as that in the example. In the second
case, where v = 0.1, the matrix A will be:

01 0
A‘{o 1.1]'

We repeat the definitions of Q and M:

o= [7 5]-[7 4
m=[5 =l 1)

We proceed in the same manner as in Exercise 3.39 and in the example in the
chapter. Substituting these definitions into (3.137) yields:

[ 122-21z+1 z
Al2) = { 2 1.1z2—3.1z—|—1]’
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1122 - 31241 —z
adj A(2) = —z 12221241
and
det A(z) = .112* —2.622° +6.7122 =522+ 1

0.11(1 — 2)(1.5091141 — 2)(21.0225177 — 2)(0.2865501 — z).

Thus, we find that

adj A(z)

_[ 0.2020168 —0.2865501]
2=0.2865501 —0.2865501  0.4064559

_ [—1 —1]
z=1 -1 -1}’
det A(z) _ 08

(1 - Z) z=1
Substituting these numbers into (3.140) and (3.141), we find that

adj A(z)

and

0 1]=P [—0.0845332 2.5]

+0.1199059 2.5
Thus, we find that

Py =1[0.2346046 0.1653954] .

Upon substitution of this result into (3.138), we find after some algebra that
the matrix [G(2)G1(2)] is

1 {0.2346046 —0.0739485z 17
(1 —0.6626404z) (1 — 0.0475680z) [ 0.1653954 — 0.0047394

After some additional algebra, this result reduces to

[Go(z) Gi(z)]=  [0.2346046 0.1653954]
+ [0.1325209 0.1704812] 206626404

+ [0.1020837 —0.0050858 Z 0.0475680)" z".
n=1

Thus, for n > 1, we find

[Poo Pai] = [0.1325209 0.1704812](0.6626404)"
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+ [0.1020837 —0.0050858 | (0.0475680)".

The probability generating function for the occupancy distribution can now be
computed from (3.139) or by simply summing G(z) and G1(z). We find

Fa(z) = 0.440.3030021 > (0.6626404)" 2"
n=1
+0.0969979 > (0.0475680)" 2"
n=1

From this probability generating function, we find Py = 0.4 and
P,e = 0.3030021x (0.6626404)" 40.0969979 x (0.0475680)" forn > 1.

abscissa

.01-5

001

00017

P ccu a c e ceeds aluesh w

Figure 4.2. Complementary distributions

Figure 4.2 shows the occupancy distributions for the cases v = 0, v = 0.1.
EXERCISE 4.13 Let Q denote the infinitesimal generator for a finite,
discrete-valued, continuous-time Markov chain. Show that the rows of
adj Q are equal.
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Solution. We first note that the rows of adj Q are all proportional to each other
and, in addition, these are proportional to the stationary vector for the CTMC.
Let the stationary vector be denoted by ¢. Then, with k;, 0 < 7 < K, a scalar,

koo kodo ko1 ... kook
adj O = 1:¢ _ 1:¢0 1:<Z51 1?1{
kxo kxoo kxor ... krxok

In addition, the columns of adj Q are all proportional to each other and these
are all proportional to the right eigenvector of Q corresponding to its zero
eigenvalue. Since Qe = 0, this right eigenvector is proportional to e. There-
fore,

Jo J1 -+ JK

) . . . Jo J1 ... JK
adj @ =[joe 51e ... jge|l=1|". . |,

Jo J1 ... JK

where j;, 0 < j < K, is a scalar. Comparing the two expressions for adj Q,
we see that k;¢; = j; for all i. So that if ¢; # 0, then k; = j;/¢; for all i. Since
¢; cannot be zero for all 7 unless all states are transient, which is impossible
for a finite state CTMGC, it follows that the k; are identical so that the rows of
adj Q are identical and the proof is complete.

EXERCISE 4.14 Obtain (4.73) by starting out with (4.64), differentiating
both sides with respect to z, postmultiplying both sides by e, and then taking
limits as z — 1.

Solution. Recall Equation (4.64):
G(2)A(z) = (1 = 2)Ry M,

where

A(z) = A2> — (A= Q+ M)z + M.
Now, differentiating both sides of (3.137) with respect to z, we see that
G (2)A(2) +G(2) [2Az — (A — @+ M)] = =2y M.
Taking limits as z — 1,
G(1)Q+G(1)[A+Q—M]=—PM.

Then postmultiply both sides by e, and noting that Qe = 0 yields the desired
result:

G(1)[M — A] = PyM.
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EXERCISE 4.15 Show that the sum of the columns of A(z) is equal to the
column vector (1 — z)(M — zA)e so that det A(z) has a (1-z) factor.

Solution. To find the sum of the column vectors of A(z), postmultiply the
matrix by the column vector e:

A(z)e = Az’e—(A—Q+ M)e+ Me
= —z2(1—2)Ae+(1—2)Me
= 1—-2)M—-2z2A)e.

EXERCISE 4.16 Show that the zeros of the determinant of the A-matrix
AlA(z) are all real and nonnegative. [Hint: First, do a similarity trans-
formation, transforming A(z) into a symmetric matrix, A(z). Then, form
the inner product < X, A(z)X. >, where X is the null vector of .A(2)
corresponding to z. Finally, examine the zeros of the resulting quadratic
equation. ]

Solution. First we show that the null values are all positive by transforming
A(z) into a symmetric matrix, .A(z), and then forming the quadratic form of
fl(z) This quadratic form results in a scalar quadratic equation whose roots
are positive and one of which is a null value of A(z). Recall the definition of
A(z):

A(z) = A2? — (A — Q@+ M)z + M,

where
A = diag(Ao, A\, Ak,
M = diag(NOnula”'ﬂuK)?
and
—Bo Bo 0
0 —(Br+d) B
Q=

0k—1 —(Br-1+0Kx-1) Pr-1
0 0K —0K

Now, since @ is tridiagonal and the off-diagonal terms have the same sign, it
is possible to transform O to a symmetric matrix using a diagonal similarity
transformation. Define

L oli fori=j=0,1,--- K
Wi': HJ_OJ J F ) )
J {0, else

where
lp=1,
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and

0; .
lj=/7— for 1<j<K.
Bi-1

Then .
Q=w"'ow,

where Q is the following tridiagonal symmetric matrix:

—Po VBoo1 0
o VBod1  —(Bi+d1) VBid2

0 Br-16x —OK

It is then straightforward to show that Qis negative semi-definite. Also, since
the determinant of a product of matrices is equal to the product of the individual
determinants, and W is non-singular, it follows that

det A(z) = detW ~LA(2)W.
Furthermore, since A, M, and W are all diagonal, it follows that

det A(z) = det [Az2 — (A= QO+ M)z+ ./\/l} )

Now, suppose that det A(z) = 0. Then det A(z) = 0, and there exists some
nontrivial X, such that

A(z) X, = 0.

Therefore, R
< X5, A(2) X, >=0,

where < -, - > denotes the inner product. Thus,

< Xg, A(2) Xy >=10>— (I —p+m)o+m =0, (3.44.1)
where
l = < Xo, AX, >,
m =< X,, MX, >, A
p = < X,, 90X, > .

But, A and M are positive semi-definite, so [ and m are nonnegative. Also, p
is negative semi-definite, so p < 0. The discriminant of the quadratic equation
for (3.44.1) is given by

(1 —p+m)* —dlm = (I —m)? —2p(l +m) + p°.
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We see that the right-hand side of this equation is the sum of nonnegative terms,
and so the value of o must be real. Hence all null values of A(z) are real.

We now show that these null values are positive. We see from above that either
[ =0,orl > 0. In the first case, we find from (3.44.1) that

™S

g =
m—=p

In the second case we find from the quadratic equation that

a:%[(l—p+m)i\/(l—p+m)2—4lm :

Clearly, (I — p+ m) > /(I — p+m)? — 4lm > 0. Therefore, both roots of
(3.44.1) are positive so that all of the null values of .A(z) are positive.

EXERCISE 4.17 The traffic intensity for the system is defined as the prob-
ability that the server is busy at an arbitrary point in time.

1. Express the traffic intensity in terms of the system parameters and F.

2. Determine the average amount of time a customer spends in service us-
ing the results of part 1 and Little’s result.

3. Check the result obtained in part 2 for the special case M = ul.

Solution.

1. Recall (4.74):
G(1)Ae = [G(1) — Py] Me.

The left-hand side expresses the average rate at which units enter the service
the system, and the right-hand side expresses the average rate at which units
leave the system. Hence, analogous to the special case of the M/M/1 system
of A\ = (1—Py)p where p = % = (1—Fy), we may write the traffic intensity
using (4.74) as

p=16(1) — Re.

2. Let T represent time. Then, if [G(1) — Py] e is the traffic intensity, [G(1) — Py] Te
is the total time spent serving. In addition, the number of customers com-
pleting service over time is [G(1) — Py] MT'e. This is due to the fact that
the right-hand side of (4.74) represents the average rate at which customers
leave the system. Therefore, by Little’s result, the average service time is
then

(6(1) —RlTe _ [6(1) — Rle
G(1) — P)) MTe [G(1) — Ry) Me’




118 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

3. If M = pul, then the average service time is

Elz]=[6(1) — hle 1

[G(1) — PoJpe  p’

which is a familiar result.

EXERCISE 4.18 Show that adj .A(z;)e is proportional to the null vector
of A(z) corresponding to z;.
Solution. Since A~1(2;) = adj A(z;)/det A(2;), and A(2;) AL () = I, we
find that
A(z;)adj A(z) = det A(z)1.
By the continuity of A(z;), adj A(z;), and det A(z;), and the fact that z; is a
null value of A(z),

Uli—I}(}i A(z)adj A(z) = Jh_)n;b det A(z)1.

This implies, since lim det.A(z;) = 0, that

0—0;
A(zi)adj A(2i) = Ok 1)x (K +1)5
where O,,x., denotes an n X m matrix of zeroes. Thus, we have
A(z;)adj A(z)e = 0.

This defines adj A(z;) to be a null vector of A(2) corresponding to z;.

EXERCISE 4.19 Show that if the system described by (4.57) and (4.60) is
ergodic, then there are exactly K zeros of det Al A(z) in the interval (0, 1).
[Hint: First show that this is the case if §; = 0 V 7. Then show that it is
not possible for det A(z)/(1 — z) to be zero for any choice of §;s unless
Py = 0, which implies no equilibrium solution exists. The result is that the
number of zeros in (0, 1) does not change when the J; change.]

Solution. First note that det A(2) is equal to the determinant of the matrix
obtained from .A(z) by replacing its last column by A(z)e. Now, it is easy to
show that

Aoz? — (Mo + po)z + o
A\ 22— (M + p1)z+ 1
A(z)e = =(1—-2)(M —Az)e.

A2 — Ak + b))z + 1K

Therefore, det A(z) = (1 — z)det B(z), where B(z) is the matrix obtained by
replacing the last column of A(z) by the column vector (M — Az)e.
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Now, we may compute the determinant of 5(1) by expanding about its last
column. In doing this, we find that the vector of cofactors corresponding to the
last column in proportional to u g, the left eigenvector of Q corresponding to
its zero eigenvalue. That is,

_ 9K
9) = Je
Thus,
detB(1) = ag(1) [M — Al e, (4.57.1)

for some av = ¢ e # 0. But from equation (4.74), G(1) [M — Al e = mpMe.
The left-hand side of (4.57.1) is zero only if mg = 0. But my > 0 if an equi-
librium solution exists, so that if an equilibrium solution exists, then B(1) is
nonsingular. Equivalently, if an equilibrium solution exists, then B(z) has no
null value at z = 1.

We note that the null values of a A\-matrix are continuous functions of the
parameters of the matrix. Thus, we may choose to examine the behavior of the
null values of B(z) as a function of the death rates of the phase process while
keeping the birth rates positive. Toward this end, we define

~

8(2,51,52,"' 75K)

First, consider det B’(z,O, 0,---,0). Since the lower subdiagonal of this
A-matrix is zero, the determinant of the matrix is equal to the product of the
diagonal elements. These elements are as follows:

Nzt = N+ Bi + i)z + i, 0<i <K,

WK — AKZ.
The null values of B (2,0,0,---,0) may therefore be found by setting each of
the above terms equal to zero. Thus, the null values of 5(z,0,0,---,0) may
be obtained by solving the following equations for z:
/\Z‘Z2 — (>\z + B; + ,ui)z +u; =0, 0<i<K, (4.57.2)
and
ur — A = 0.

When solving (4.57.2), two possibilities must be considered: \; = 0, and

A; > 0. In the first case,
Y

z =
Bi+ i’
so that for each i, the corresponding null value is between zero and one. In the
latter case, we find that

lim )\Z'Zz — N+ Bitui)z+wm = p >0
z—0
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li_>1111 N2? = N+ Bi )z + i = =B <0;

and that the expression
zlglolo )\Z‘Z2 — ()\z + /Bz + Mi)Z + g

tends to +oo. Therefore, each quadratic equation of (4.57.2) has one root in
(0,1) and one root in (1,00) if A\; > 0. In summary, the equations (4.57.2)
yield exactly K null values of B’(z, 0,0,---,0) in (0, 1), and between 0 and K
null values of B (2,0,0,---,0) in (1, c0), the latter quantity being equal to the
number of positive values of \;.

Now, due to (4.57.1), there exists no (d1,02,--,dx) such that 0 = det
l’;’(l, 01,02, -+, 0k ). In addition, all of the null values of [;’(z, 01,02, +,0K)
are real if Q is a generator for an ergodic birth and death process. Therefore,
it is impossible for any of the null values of B(z, 01,02, -+, 0k ) in the inter-
val (0,1) to assume that value O for some value of (61,02, -,0x). Hence,
the number of null values of [;’(1, 01,02, -+,0x) in (0, 1) is independent of
the death rates. Therefore, B(z), and consequently .A(z), has exactly K null
values in the interval (0, 1).

EXERCISE 4.20 Beginning with (4.86) through (4.88), develop expres-
sions for the joint and marginal complementary ergodic occupancy distri-
butions.

Solution. From (4.86),

P, = Z A; ZI_{Z_Z
ZK+1€Z(1’°°)

Therefore,

[e.e]

Plisn) = > Y A,
j=n+l  zg,1€21)
o

= > Z(lm)fli< ! )j

. z 1
j:n-i-l ZK+1€Z K+i

s as ()

. z ;
agi€Z(loo)  j=ntl VIR

( 1 n+1
— , ZK+z')
zr41€21,%) ZK+i

= oA

ZK+1€Z(1'°O)

n+1
Z§<+z’ : ] .

-1
I—2py
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Similarly,

P{n>n}e= Z Aje

ZK+1EZ(1’°°)

n+1
Z§(+i : } .

1
I—zpy

EXERCISE 4.21 Develop an expression for adj .A(z;) in terms of the outer
products of two vectors using LU decomposition. [Hint: The term in the
lower right-hand corner, and consequently the last row, of the upper trian-
gular matrix will be zero. What then is true of its adjoint?]

Solution. We let A(z) = L(z)U(z), where L(z) is lower triangular and U (z)
is upper triangular. We follow the usual convention that the elements of the
major diagonal of L(z) are all unity. From matrix theory, we know that for
A(z) nonsingular,

adj A = det A(z) A(z)7!
=det A(2)UY(2)L™1(2) . .
= det A(Z)Madj U(z)madj L(z)
= adj U(z) adj L(z).

Since adj \A(z) is a continuous function of z for an arbitrary matrix G(z), we
then have
adj A(z;) = adj U(z;)adj L(z;).

Now, if z; is a simple null value of U(z), the LU decomposition can be
arranged such that the last diagonal element of U(z) is zero. This means the
entire last row of U(z) is zero so that all elements of adj U(z) are zero except
for its last column. This means that adj .A(z;) will be given by the product of
the last column of adj U (z;) with the last row of adj L(z;). Let y(z;) denote
the last column of adj U(z;) and z(z;) denote the last row of adj L(z;). Since
det L(z;) = 1, we may solve for the last row of adj L(z;) by solving

x(2)L(%) = [k,

where f; is the row vector of all zeros except for a 1 in position ¢. Since the
last column of adj U (z) is unaffected by the elements of the last row of U (z),
we may determine the last column of adj U(z;) in the following way. First,
we replace the (K, K) element of U(z;) by 1/ H]K:_Ol U;j(z;). Call this matrix

U (z;) and the note that this matrix is nonsingular and that its determinant is 1.
Now solve the linear system

A~

U(zi)y(z) = ek.
‘We then have

1 .
z;) = ————adj U(z;)ek.
y(zi) doi 02 j Ul(zi)ex
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But det U(z;) = 1 and, in addition, the last column of adj U(z;) is the same
as the last column of U(z;). Consequently y(z;) is identically the last column
of adj U(z).

In summary, we solve U(z)y(z) = ex, 2(z)L(z) = fx and then we
have

adj A(z) = y(zi)z(z).

We note in passing that solving the linear systems is trivial because of the form
of U(z;) and L(z;). We illustrate the above method with an example. Let

2 3 4
A=14 8 11].
6 13 18
We may then decompose A as described above:
1 0 0
L= [2 1 1]
2 3 4
U =10 2 3
0 0 O

Now, det L is 1, so that adj L = L. That is, if Z is the last row of adj L,
then
gL=1[0 0 1]

Thus,
=1 -2 1]
We now replace the (3, 3) element of U of ﬁ = 7, so that

2 3 4
0 2 3

1
00 1

A

U=

Since the determinant of this matrix is 1, adj U=detU'. We may compute
the last column ¢ of adj U (and, hence, of adj U) by solving the system

0
0
1

It is easy to show that j = [1  —6 4]”. The product is then

1 -2 1
ij=1-6 12 —6

4 -8 4

Ug =




Advanced CTMC-Based Queueing Models 123

By computing adj A directly by forming the minors of A, we see that the
product zy is, indeed, equal to adj A.

EXERCISE 4.22 Solve for the equilibrium state probabilities for Example
4.5 using the matrix geometric approach. Specify the results in terms of
the matrix Al R. Determine numerically the range of values of 7 for which
(4.98) converges. Also, verify numerically that the results are the same as
those obtained above.
Solution. A program was written to compute the different iterations of Equa-
tion (3.172). R, was taken to be diag(0.5,0.5). Using differing values of 7
and the parameters from Example 3.7 into (3.172), we find

B 1 (21 —10\], _1[0.1 0.0
Ri=r 1R?_1+Ri—1{1_7 1<—1 31> T 1[00 11}'

The matrix R was determined to be

0.070500  0.029500 |
0.460291 0.639709 |

|

for values of 7 between 1.7215 and 2795. Since the vector G(1) is proportional
to the left eigenvector of Q corresponding to the eigenvalue 0, we find

G(1) =105 0.5].
Substituting these result into (3.167) yields

0.070500  0.029500
P = (05 0'5][1_(0.460291 0.639709)}
— [0.234604 0.165395] .

The solution expressed in matrix geometric form as in (3.163) is then

P, = PyR" )
= [0.234604 0.165395][0'070500 0.029500]

0.460291 0.639709

These are the same results as those found in Example 3.7. In particular, we see
that Py = 0.4.

The following are sample data from the program, where € = 1 x 10~!!, and n
is the number of iterations it took for the program to converge. Note that the
resultant matrix R was the same for each of the sampled 7.

~10.070500 0.029500

R= 0.460291 0.639709 |’
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T n
2 300
50 3200
200 11800
500 28000
2795 10928

EXERCISE 4.23 Solve Exercise 3.22 using the matrix geometric approach.
Evaluate the relative difficulty of using the matrix geometric approach to
that of using the probability generating function approach.
Solution. Substituting different values of 7 and the parameters from Exercise
3.39 into the computer program from Exercise 3.50, we find

s T (30 —20\] . __1[0.0 00
Ri=r Ri—1+R’—1[[ T (—2 4.0>_+T [0.0 1.0}'

The matrix R was determined to be

0.0 0.0
0.449490 0.550510 |

|

. Since the vector G(1) is proportional to the left eigenvector of Q correspond-
ing to the eigenvalue 0, we find

G(1)=[05 0.5].

Substituting these result into (3.167) yields

0.0 0.0
P = [05 0'5][1_<0.449490 0.550510)}

— [0.275255 0.224745].

The solution expressed in matrix geometric form as in (3.163) is then

P, = PyR" i
= [0.275255 0.224745][ 0.0 0.0 }

0.449490 0.550510

These are the same results as those found in Exercise 3.39. In particular, we
see that Py = 0.5. Note that I o does not play a role in determining P, since
the first row of R is zero.
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The following are sample data from the program, where € = 1 x 107!, and n
is the number of iterations it took for the program to converge. As in Exercise
3.50, the resultant matrix R was the same for each of the sampled 7.

R = 0.0 0.0
0.449490 0.550510 |’
T n
3 300
10 600
50 2400
100 4500
500 20400
For this exercise, K = 1. Since the matrices involved were 2 X 2, using

the probability generating function approach was fairly straight forward and
did not involve a great deal of computation. However, as the dimension of
these matrices increases, the difficulty involved with using this method also
increases. On the other hand, solving the problem using the matrix-geometric
approach involved developing a computer program. Although this is not al-
ways an easy task, this particular program was relatively simple. Furthermore,
the program should be adaptable to different parameters: matrix dimension, 7,
i, Bi, etc. So although there is initial overhead, it is reusable. Plus, as the di-
mension of the matrices increases even slightly, the matrix geometric method
is much more practical than the probability generating function approach.

EXERCISE 4.24 Prove the result given by (4.112) for the n-th factorial
moment of 7.

Solution. First we prove a lemma:

%g(z) =nlG(2)[I — 2R " R", n>1.

Suppose . = 1. Then using the identity G(z) = Py [ — 2R] ",

d _
—G(x) = B[l —2R] R

[
= B[I-2RI"'I-2RI"'R
= G(2)[I -2R]"'R.
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Now assume the result holds true for n; we wish to show it holds true for n+1.

dn+1) d T d»
2z 9 = dz {ﬁ ( )]
- = (n1G(2) [ - =R] " R"),
by assumption. Thus,
dn+1) 3
w9 =~ nl[l 2RI RY (-R)

= (n+1)IG(z)[I — zR]”+D g1,

This proves the lemma. Using this result, we evaluate the n~*" derivative of

G(z) at z = 1, and recall that R = V"INV,

j;g() e = nG()[I— R "R e
z=1 z=1
= nlG(1)[I —R] " R"e
— n!g(1)]‘[ lZR] R"e
=1 Li=0

= nlg(1 H [Z V—INZ'V] VIN"Ve
= nlgL)Y! H [ZN’] N"™Ve

7=1 Li=0
= nlG(LHYVHT - N " N"™Ve.

Now,  is a diagonal matrix, and so [I — /]~ is the matrix

diag [ 2~ - L_1.

T—vo 1—vg

Furthermore, multiplication of diagonal matrices is again a diagonal matrix,
whose elements are the products of the diagonal elements of the individual
matrices. In particular, powers of diagonal matrices are the diagonal matrix of
powers of the diagonal elements of the original matrix. Thus,

dn
dzm pEIAC)

e=ng(r [ (22:)" ()" ve.

z=1
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EXERCISE 4.25 Beginning with (4.113), show that

ZP,- =.
i=0

[Hint: First, sum the elements of the right hand side of (4.113) from ¢ = 1 to
i = oo. This will yield 0 = [}, P;] [Ao + A1 + As] + 0(Py, P1). Next,
use the fact that, because Q is stochastic, the sum of the elements of each
of the rows of Q) must be a zero matrix to show that (P, P;) = 0. Then
complete the proof in the obvious way.]

Solution. We emphasize that we are dealing here with the specific case that the
arrival and service rates are dependent upon the phase of an auxiliary process.
The arrival, service, and phase processes are independent of the level except
that at level zero, there is no service. For a system in which the previous
condition does not hold, the result is in general not true.

The implication of the fact that Q is stochastic is that the sum of the block
matrices at each level is stochastic; that is [Ag + A1 + As], [B1 + A1 + Ay,
and [By + Ay] are all stochastic, and each of these stochastic matrices is the
infinitesimal generator of the phase process at its level. Thus, in order for the
phase process to be independent of the level, the three stochastic matrices must
be the same. This can be found by comparing the first two to see that B; = A,
and the first and third to see that By = A + As.

Upon summing the elements of the right hand side of (4.113) from ¢ =1 to
7 = 00, we find

0= [Z PZ‘| [Ao + A1+ AQ] - b [Al + AQ] — P As.
=0

But, for our special case, A1 + As = By and Ay = By. Thus the previous
summation yields

=[x

=0

[A() + A+ AQ] — PyBy — P B;.

But, from the boundary condition of (4.113), we have PyBy — P1B; = 0.
Therefore, we have

[A() + A + AQ]

1=0

from which we see that

S r=n

=0



128 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

because both are the unique left eigenvector of [Ay + A; + As] whose ele-
ments sum to unity.

In a very general case, the arrival and services while in a given phase could
be accompanied by a phase transition. For xample, we would denote by A;;
the arrival rate when the process that starts in phase ¢ and results in an increase
in level by 1 and a transition to phase j simultaneously, and define p;; in a
parallel way. At the same time, we could have an independently operating
phase process, whose infinitesimal generator is Q.

Let A and M denote the more general arrival and service matrices, respec-
tively, and let A and M denote the diagonal matrices whose i-th elements
denote the total arrival and service rates while the process is in phase 7. It is
easy to show that we then have the following dynamical equations:

0=Py(Q—-A)+PM and 0=P_A+P(Q—A—M)+P M.

It is then easy to see that the phase process is independent of the level if and
only if the M = M. That is, the service process must not result in a phase
shift. Alternatively, the phase process at level zero could be modified to incor-
porate the phase changes resulting from the service process at all other levels,
but then this would contaminate the definition of the independent phase process
at each level.

EXERCISE 4.26 With Q defined as in (4.138) and b any vector of proba-
bility masses such that be = 1, show that the matrix S 4 S°b is always an
infinitesimal generator.

Solution. We first note that since Q is stochastic, it follows that Se 4+ S° = 0.
Since be = 1, it follows immediately that S%e = SY. Thus, Se + S%e = 0.
But, S% is a matrix whose dimensions are the same as those of S so that
S and S% may be summed term-by-term. Hence we have (S + S%)e =
0. It remains to show that the elements of the diagonal of S + S° are non-
positive and the off diagonal elements are nonnegative. To show this, first note
that the matrix S has these properties. Since Q is stochastic, the magnitude
of the diagonal elements of S must be at least as large as the corresponding
row elements of S°, so that the sum of the diagonal elements of S and the
corresponding row elements of SY cannot exceed 0. The diagonal elements
of S% cannot exceed the corresponding row elements of S° because b is a
vector of probability masses, and hence each element cannot exceed 1. Since
the off-diagonal elements of S and the elements of S%b are all nonnegative, the
elements of the result follows.
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EXERCISE 4.27 Consider a single-server queueing system having Poisson
arrivals. Suppose upon entering service, each customer initially receives a
type 1 service increment. Each time a customer receives a type 1 service
increment, the customer leaves the system with probability (1 — p) or else
receives a type 2 service increment followed by an additional type 1 service
increment. Suppose type 1 and type 2 service increment times are each
drawn independently from exponential distributions with parameters p; and
W2, respectively. Define the phase of the system to be 1 if a customer in
service is receiving a type 2 service increment. Otherwise, the system is in
phase 0. Define the state of the system to be the O when the system is empty
and by the pair (¢,5) where ¢ > 0 is the system occupancy and j = 0,1
is the phase of the service process. Define P, = [Py F;1] fori > 0
and Py, a scalar. Draw the state diagram, and determine the matrix O, the
infinitesimal generator for the continuous-time Markov chain defining the
occupancy process for this system.

Solution. The state diagram can be determined by first defining the states in
the diagram which have the from (i, j), where i is the system occupancy and
j is the phase, except for ¢ = 0. It is then a matter of determining transition
rates. Since all phase 0 service completions result in lowering the occupancy
by 1 with probability p, the rate from state (i,0) to (i — 1,0) is p1(1 — p).
Similarly, the rate from (4, 0) to (4, 1) is p1p. This is a direct result of Property
2 of the Poisson Process given on page 44. Since service completions at phase
1 always result in an additional phase 0 service, the transition rate from (4, 1)
to (4,0) is uo. Increases in level occur due to arrivals only, so for every state,
the rate of transition to the next level is A\. The state diagram is detailed in
Figure 4.3.

Figure 4.3. State Diagram for Problem 4.27
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By inspection of the state diagram, we find
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—A
pa(1—p)

- OO OO

A
—p1 = A
M2
(1= p)
0
0

0
f1p
—A— 2
0
0
0

0

A

0
—p1 = A

2
(1l —p)

> O O

Hip
—/LQ—)\...
0

This compares to the infinitessimal generator for a queueing system with phase
dependent arrivals and service as follows:

A = ),
p _ |—mp ulp]
,U(2 —)M2 '
_ |m@d=p) O
M = [ ] O]

It is different in the first level, but it is exactly an M/MP/1 system because the
service always starts in phase 0.

EXERCISE 4.28 Suppose

S:[—u I

0 _/J Soz[g], and P,(0)=[1 0].

Find F;(t) = P{Z <t} and f3(t), and identify the form of f;(t). [Hint:
First solve for Py(t), then for Pj (), and then for P5(t) = P,(t). There is
never a need to do matrix exponentiation. ]

Solution. We have p

or

—p
Lip) Pt B =(B(t) P(t) Pa®)] ] 0
dt 0 0 0

w0
—H K

Thus, 4 Py(t) = uPy(t), so that Py(t) = ke ™. But Py(0) = 1,s0 k = 1.
Therefore Py(t) = e .
d
11O = nBo(t) — nPi().
or

%Pl(t) + P (t) = pPo(t).
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Multiplying both sides by e/,
t d t t
et Epl(t) + et Py(t) = pet Py(t).

Equivalently,
d
| eHt R O
o {e P (t)} uete L.
Therefore, e’ Py (t) = ut + k, or Py (t) = ute ™ + ke #*. Now, P;(0) = 0,
so k = 0 and we have P (t) = ute M.

d

—P(t) = pPi(t

i 5(t) pPi(t)
plte M,

Since the probabilities sum to 1, it must be the case that

Py(t) =1—Fy(t) = Pi(t)
=1—e Hpute M,

We may check this by evaluating P (t) directly.

d d
_ - _ ot —ut
dtPg(t) = [1 e Mute }
= 0+ pe M+ pte ™ — peH
= p(pt)e .
Now,
Py(t) = P{in state 2 at time t}
= P{z<t}.
That is,
Fi(t) =1—e M — ute "
and

fa(t) = p(ut)e ™.

EXERCISE 4.29 Starting with (4.139) as given, prove the validity of
(4.140).

Solution. First, find the Laplace-Stieltjes transform of Z.

Fi(s) — /0 ST Ay ()
= / e %" [—bSesxe} dx
0
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= _bS/ —[sI=51z e
— bS[sI— S| / (— s = 8] e~ dge
= —bS[sI—S]_O

Now, E[3"] = (—1)" 42 F(s)[,_» so

T

Blz] = (-1)5 Fz(s)

s=0
= (-1 [-bS[sI -5 e

= (1) [bS[sT - S] e
= —bSle.

We now prove that proposition that
d" (_1\n —(n+1)
Ign —FZ(s) = —n!(—1)"bS [sI — 5] e.
For n=1,

d%F;(s) = bS[sI—S]?
= 1(=1)(=1)bS [s] — S] 2

So 1 € T, the truth set for the proposition. If (n — 1) € T, then

d”—l * n—1 -n
T Fi(s) = —(n = D(=D)"VbS [sT — 5] e,
so that
jsn Fi(s) = —(n—1DI(=1)"DpS(—n)[s] — 5] " Ve

= —nl(=1)"bS [sI — 5] "V e.
and the proof of the proposition is complete. Therefore, continuing with the

proof of the exercise,

E[z"]

(=1 [=nl(=1)"bS [s] - §]"" Ve

= —n!bS(—1)" Ve
= nl(-=1)"bS "e

s=0
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4.1

Supplementary Problems

4-1 Let Q be an (m+1)-square matrix representing the infinitesimal generator

for a continuous-time Markov chain with state space {0,1,...,m}. Let
[T T

where 7 is an m-square matrix, 79 is an m x 1 column vector, and the
remaining terms are chosen to conform, be a matrix obtained by replacing
any row of Q by a row of zeros and then exchanging rows so that the
final row is a vector of zeros. Let P(t) = [ P,(t) P,(t)] denote the state
probability vector for the Markov chain for which Q is the infinitesimal
generator, with P;(t) a row vector of dimension m and P,(t) a scalar.

(a)

(b)

(©)

(d)

(e

Argue that if Q is the infinitesimal generator for an irreducible Markov
chain, then the states 0, 1, ..., m—1 of the modified chain are all tran-
sient, and state m is an absorbing state.

Prove that if @ is the infinitesimal generator for an irreducible Markov
chain, then the matrix 7 must be nonsingular. [Hinz: Solve for P;(t),
then prove by contradiction. Make use of the fact that if 7 is singular,
then T has a zero eigenvalue.]

Show that P,(t) = 1 — P,(0)exp {7Tt}e. [Hint: Use the fact that
Py(t)e is the probability that the state of the modified Markov chain
is in the set {0,...,m — 1} at time ¢.]

Let z be the time required for the modified Markov chain to reach
state m given an initial probability vector P(0) = [FP,(0) 0], that
is, with P;(0)e = 1. Argue that P {Z < t} = P,(t), that is,

P{z<t}=1—-P(0)exp{Tt}e.

Argue that if Q is the infinitesimal generator for an irreducible Markov
chain, then the matrix 7 = 7 +7°P,(0) is the infinitesimal generator
for an irreducible Markov chain with state space {0, 1,...,m — 1}.

Solution:

(a)

Since the Markov chain is irreducible, all states can be reached from
all other states; therefore, state m is reachable from all other states in
the original chain. Since the dynamics of the system have not been
changed for states {0,1,---,m — 1} in the modified chain, state m
is still reachable from all states. But, once in state m, the modified
system will never leave state m because its departure rate to all other
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(b)

(©

(d)
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states 1s 0. Therefore, all states other than state m are transient states
in the modified chain and state m is an absorbing state.

Observe that

d
ZR(t) Put)] = R()T
so that p
—P,(t) = P,(0)e?
o ¢ (t) = P(0)e
Now, we know that
lim P;(t) =0
t—0

is independent of P,(0). This means that all eigenvalues of 7" must
have strictly negative real parts. But, if all eigenvalues have strictly
negative real parts, the matrix 7 cannot be singluar.

From the matrix above, d/dtP,(t) = P,(t)T". Therefore,

d

el — Tt
ﬁa@ P e’tT?

Now, P,(t) is the probability that the system is in an absorbing state
at time ¢, which is equal to the complement of the probability that the
system is in some other state at time ¢. Hence,

Pa(t) = 1-Pyt)e
= 1-P(0)te

Furthermore, from the differential equation,
P,(t) = P(0)e"' T 1T + K
But Te+ 7Y =0, so that 7170 = —e. Thus,
P,(t) = K — P,(0)ee te,

and
lim Py(t) =1=1—0
t—0

implies that K = 1, and P,(t) = 1 — P,(0)e” e.

The argument is straight-forward. If the chain is in the absorbing
state at time ¢, then it necessarily has left the transient states by time
t. Thus,

P{i<t} = P,
= 1-P(0)"te
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(e) The vector T° represents the rates at which the system leaves the
transient states to enter the absorbing state. The matrix 7°P;(0) is
then a nonnegative m x m matrix. Since [T 7°]e = 0, it follows that
T + ToP;(0) is a matrix whose diagonal terms are nonpositive. This
is because T;; + T, < 0 so that T;; + T2 P;;(0) < 0. This is due to
the fact that P;(0) < 1. All nondiagonal terms are nonnegative since
all off-diagonal terms of 7~ are nonnegative and 7 is nonnegative. It
remains only to determine if

To=[T+T°P(0)]e=0

Now, P;(0)e = 1, 5o [T + T°P,(0)]e = Te + TV, which we al-
ready know is equal to a zero vector. Thus, 7 4 T°P;(0) is the in-
finitesimal generator for an irreducible Markov chain with state space
{0,1,...,m—1}.

4-2 Consider an m-server queueing system having Poisson arrivals. Suppose
upon entering service, each customer initially receives a type 1 service
increment. Each time a customer receives a type 1 service increment, the
customer leaves the system with probability (1 — p) or else receives a
type 2 service increment followed by an additional type 1 service incre-
ment. Suppose type 1 and type 2 service increment times are each drawn
independently from exponential distributions with parameters p; and po,
respectively. With the service process defined as in Problem 4-1, suppose
there are m servers. Define the phase of the system to be j if there are j
customers receiving a type 2 service increment, j = 0,1,---,m. Define
the state of the system to be O when the system is empty and by the pair
(i,7) where i > 0 is the system occupancy and j = 0, - - - , ¢ is the phase of
the service process. Define P; = [Pio P -+ P mingi,my | fori >0
and P, a scalar.

(a) Draw the state transition diagram for the special case of m = 3.
(b) Write the matrix balance equations for the special case of m = 3.

(c) Write the matrix balance equations for the case of general values of
m.

(d) Determine the matrix Q, the infinitesimal generator for the continuous-
time Markov chain defining the occupancy process for this system.

(e) Comment on the structure of the matrix Q relative to that for the
phase-dependent arrival and service rate queueing system and to the
M/PH/1 system. What modifications in the solution procedure would
have to be made to solve this problem? [Hint: See Neuts [1981a], pp.
24-26.]
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Solution:

(a) For this exercise, we may think of a customer as staying with the same
server thoughout its service; the server simply does a different task.
See Figure 4.4 for the state diagram of the system.

(b) We first introduce the following notation, where [}, is the k x k identity

matrix:

Ao
Ay

As

Az
My

Moy

Moy

M3

M

P1

Ps3

MNAg =[x 0]
A A0 O
AL, Alz[o 0 0}
A0 00
M, Agz[O A0 0]
0 0 A 0
Thi—p) o (1-p)
pi(l—p ; pi(l—p
107 ) = [T
[2p1(1 = p) 0 0
0 0 0
2p1(1 = p) 0
0 ,Ltl(l—p) )
L0 0
[3ui(l—p) 0 0 0
0 2p1(1 — p) 0 0
0 0 m-p of
L 0 0 0 0
[3p1(1 = p) 0 0
0 2p1(1 — p) 0
0 0 pi(l—=p) |’
L 0 0 0
0 -2 0
_0 %lp] yPo=1|—p2 0 ﬂhp] ;
LTH2 0 -2y O
[0 —3u1 0 0
—p2 0 =21 0]
0 0 —3us 0

With this notation, we may compactly write the balance equations as

follows:

PoAy = Pl-/};ll

P A +Pr+Mi] = PyAo+ PoM,
Py[Ag + Py + My

Ple + PgMg
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Figure 4.4. State Diagram for Problem 2a

Ps[As+Ps+ Ms] = PQAQ + Py M3,
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and for n > 4,
Py [As +P3+ M3] = PyiAz + P M;

To obtain the balance equations for general m, we simply define A;,
i=1,2,---,m; Aj, i = 0,1,---,m — 1; and P;, M;, My, i =
0,1,---,m as in part (b). The equations will then follow the same
pattern as in part (b). i.e.,

PNy = PiMy,
Pn [An + Pn + Mn] = Pn—lAn—l + Pn+1Mn+l7

wheren =1,2,---,m. For n > m,

Py [ A+ P + My ] = Po_iAp, + Poyi Mo,

A = diag[-Ag,— [A1 +P1+ M), — (As+ P2+ Ms),
- — (A3 +P3+ Ms), — (As + Ps + Ms) -]
A" = superdiag {Ao,Al,AQ,A3,A37A3>"'}

A; = subdiag {Mo,Ml,Mz,Mg,Mg,Mg,’”}

Then, by inspection of the balance equations in part (c),
O =A+A"+ A

This exercise will be harder to solve than the M/PH/1 system; this is
due to the fact that there is memory from service to service. That is,
a new customer starts service at exactly the phase of the previously
completed customer as long as there are customers waiting. In the
M/PH/1 system, the starting phase is selected at random. Since there
is more than one possible starting phase, this problem will be more
difficult to solve. This matrix Q has the form

Boy Bor Bo2 Bos 0
By Bi1 B2 Biz 0

0 0 0 By A Ay ...
0 0 0 0 A A A
0 0 0 0 0 A A
0 0 0
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which is similar to the form of the matrix of the G/M/1 type, but with
more complex boundary conditions.

(f) We know that P, = P3'R, but we do not know Fy, P;, P>, P3. On the
other hand, we know PQ = (0. Now consider only those elements of
P that are multiplied by the B submatrices. Thatis, Py, P, P>, P3, Pj.
Then,

By Bi1 Bi2 Bis

0=[FP P P, P3 Py]|Bx DBa By DB

But Py = P3R, so that

0=[Py PP P» P3 P3R||By B2 B Ba

Then combining the columns involving P35, we have

By Boi1 B Bos
. Big Bi1 Bia B3
0 =1[h A P B Byy Ba1 B Bas

B3y Bsi1 DBsz B33+ RDBa3
= [Po P P Pg]B('R)

Thus, we see that the vector [Py P, P, P3| is proportional to
the left eigenvector of B(R) corresponding to its zero eigenvalue. We
may then write the zero eigenvalue of B(R)aszand [Py P, P, P3]=
k[xzo 1], where k is a normalizing constant, and x is proportional

to P3. Thus,
(o]
kxoe + Z kziRle = 7,
i=1
or
kroe + kzi [[ —R] le=1,
so that

1
zoe+ kx [I —R] e

Once k is know, we can compute

k=

[PO Pl Pg] = kl‘o
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P3 = ]{71’1

and
Pn+3 = Pan, n>1



Chapter 5

THE BASIC M/G/1 QUEUEING SYSTEM

EXERCISE 5.1 With z, {n(t),t > 0}, and g defined as in Theorem 5.2,
show that E[g(g — 1)--- (g —n+ 1)] = A"E[z"].

Solution. Recall that F5(z) = > 72 2Y P {y = y}. Then

da” s

Tl =2 Wy =1y —n+ DTP{G =y},
§=0
so that
dn . N
gdi?)|  =EEG-1-- G -n+1).
z z=1
On the other hand,
N P LAY Radgeioy; Hes gy
=) = | e -slars @)

= / ()\w)"e_Ml_Z} dF;(x),
0

which implies
L pop-|  =aepn.

T
dZn =1

Since Fj(z) = FZ(A[1 — z]), it follows that

Elgy—1)---@G—n+1)]=A"E[z"]

Alternatively,
Fy(z) = F5 (s(2))
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where s(z) = A[1 — z] implies

) = P ) ()
LR (A
= OB
= \'E[z"].

[EXERCISE 5.2 Prove Theorem 5.3.

Solution. The proof follows directly from the definition of F;(z).
oo
Fa-n+(z) = > ZP{@-1)" =4}
i=0 .
= P{@E-1t=0}+> ZP{@E-1)" =i}
i=1
But (z — 1)* = 0 when either = 1 or & = 0, so that

Fa-+(z) = P{Q:O}—FP{J}:1}+%§z(”1)P{55:i+1}
— P{E=0}4+P{i=1}

_ +%[}}(z)—P{:f=0}—ZP{53:1}]
— (1 — %) P{i=0}— %]—“;C(z).

EXERCISE 5.3 Starting with (5.5), use the properties of Laplace trans-
forms and probability generating functions to establish (5.6).

Solution. Observe that if we take the limit of the right-hand side of (5.5)
as z — 1, both numerator and denominator go to zero. Thus we can apply
L’Hopital’s rule, and then take the limit as z — 1 of the resultant expression,
using the properties of Laplace transforms and probability generating func-
tions. Let «(2) denote the numerator and /3(z) denote the denominator of the
right-hand side of (5.5). Then the derivatives are

La(z) = ~P{a=0} [FEO0 =)~ (1- 2) LB\ 2]
d d .
o) = Lron-a-1

Now take the limits of both sides as z — 1. It is easy to verify using Theo-
rem 2.2 that lim,_,; L F*(\[1 — z]) = AE[&] = p. Thus, after some simple

dz" T
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algebra,
_Pa=03 _
p—1

1.

1.e.,
P{Gg=0}=1—p.

| EXERCISE 5.4 Establish (5.6) directly by using Little’s result.

Solution. Define the system to be the server only. Then there is either one in
the system (i.e., in service) or zero, so that

Eld] = 0-P{a=0}+1-P{a=1}
= Pla=1}.

Note that this is the probability that the server is busy. On the other hand, we
have by Little’s result that

E[f] = )E[3
AE[3]
= p.

i.e., the probability that the server is busy is p, or, equivalently, that the proba-
bility that no one is in the system is (1 — p). Now, it has already been pointed
out that the Poisson arrival’s view of the system is the same as that of a ran-
dom observer. Thus, P{n =n} = P{G=mn}. In particular, we see that
P{g=0}=1-p.
EXERCISE 5.5 Batch Arrivals. Suppose arrivals to the system occur in
batches of size b, and the batches occur according to a Poisson process at
rate A. Develop an expression equivalent to (5.5) for this case. Be sure to
define each of the variables carefully.

Solution. It should be easy to see that the basic relationship
(jn-l—l = ((jn - 1)+ + 2~}71—|-1

will remain valid. i.e., the number of customers left in the system by the (n +

1)-st departing customer will be the sum of the number of customers left by the

n-th customer plus the number of customers who arrive during the (n + 1)-st

customer’s service. It should be clear, however, that the number of customers

who arrive during the (n + 1)-st customer’s service will vary according to the

batch size, and so we need to re-specify v,,41. Now,

Fanle) = Fa@Fua)
= [(1 — ;) P{QNn = 0} + ;]:~n(z) ‘7:17n+1 (Z)
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Taking the limit of this equation as n — oo,

Falz) = [(1——)P{q—0}+ Lri)| Fol2)

L) P{G =0} Fs(2)
Z‘FQ( )ff)( ) ‘

But, conditioning upon the batch size and the length of the service, we find that

Fi(z) = E[:j]oo
_ /0 gE[zﬁﬁ:n,j’:: }P{ﬁ_n\x_w}d}l( )
- [ el e
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EXERCISE 5.6 Using the properties of the probability generating function,
show that

A\p E[#?]
1 — p2E[7]
P C;CZ +1

_ 14 P
PV TS, 2

Elf] =

(5.1)

[Hint: The algebra will be greatly simplified if (5.8) is first rewritten as

Fiu(z) = a(2)/6(2),

where
a(z) = (1= p)F(A[1 — 2]),
e - B0 - )
B(z)=1-— T, .
Then, in order to find p
Zh_% @fﬁ(z)a

first find the limits as z — 1 of «(z), 5(2), da(z)/dz, and df3(z)/dz, and
then substitute these limits into the formula for the derivative of a ratio.
Alternatively, multiply both sides of (5.8) to clear fractions and then differ-
entiate and take limits. ]

Solution. Following the hint given in the book, we first rewrite F5 (2) as (o)
where

a(z) = (1= p)F(All = 2]),

and
B 1—FZ(A\[1—2])

Blz) =1- —20

It is straight forward to find the limit as z — 1 of diz}"ﬁ, a(z) and diza(z):

ll_)rri alz) = 1—p
;;rqd@a(z) = (1=p)p
ll—% E]—'ﬁ(z) = E[n].

The limit as z — 1 of 3(z) and its derivative are more complicated. Note that
if we take the limit of §(z) that both the numerator and the denominator of the
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fraction go to zero. We may apply L’Hopital’s rule in this case.

lim B(z) = 1-lim [1 — (A1 Z])}

z2—1 z—1 . 1—=2
— 1-—lim [)‘%Fg (Al - Z])]
z—1 -1
= 1— \E[Z]
= 1—0p
Similarly, we compute
d B d [1—F;(\1-2)])
ORI o s
_ _ﬁ{l—Eﬂd@q
dz 1—=2
_ (= 2)AEFE (s(2) — [1 = Ff (s(2))]
(1-2)? '

Upon taking the limit of this ratio and applying L’Hopital’s rule twice, we see
that

lim iﬁ(z) = lim

z—1 dz z—1

Vl_@vg;g@u»]
2(z — '1)
4LﬂF%@MM—V%@Mm]

z—1 2

To find E[n], we substitute these limits into the formula for the derivative of
Falz) d d
d Bl)ga(z) — alz) £ B(2)

E}—ﬁ(z) - B2(2).

Thus,

(1-p)%p+ (1 - p)¥ B[
(1—p)?

A2 E[7?]

1-p 2

N (B[F*] - B*[7] + E*[7)

1—p 2
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N g <E[f2] _ B2[i] + B? m)

2E2[7]

R p? (Var(a:):l—l)
1—p 2F2[7)

B 2 (Ci2 41

- p+1—p< 2 )

P Cj2+1]

— 14
p[+1—p 2

EXERCISE 5.7 Letd, = 1if g, = 0 and let §,, = 0 if g, > 0 so that
Gn+1 = Gn — 1 + 6, + Uy, Starting with this equation, find E[0] and
E[n]. Interpret E[do]. [Hint: To find E[n], start off by squaring both sides
of the equation for Gy, 1.]

Solution. First take expectations of the equation for G, 1.
Elq] = Elg] — 1+ Elds] + E[1].

By Little’s result, we know that E[0] = AE[Z] = p. Substitute this value into
the above equation to find that E[ds] = 1 — p.

To find E[n], we begin by squaring the equation given in the problem state-
ment.

E[¢®] = E[@|+ E[#*] + E[6%] + 1 + 2E[§0] + 2E[G0] + 2E[004)]
—2E[§] — 2E[0] — 2E[00s].

But E[§] = E[n], and E[§%,] = E|[ds] since &, can take on values of 0 or 1
only. In addition, g, and v,,+1 are independent, as are J,, and ¥, 1. Clearly
their limits are also independent. However, d,, and ¢, are not independent.
Furthermore, their product will always be zero; hence their expected value will
also be zero. Using these observations and solving for E[n],

E[n] (2 — 2E[0]) = E[6%] 4+ E[t*] + 1+ 2E[0]E[0s] — 2E[0] — 2E[0so].
That is,
p(1 = 2p) + E[0?]

2(1=p)

But by Exercise 5.1, E[0%] — E[0] = A\2E[#?], so that E[6?] = p?E[%?] + p.
Substituting this into the expression for E[n],

Elf] =
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EXERCISE 5.8 Using (5.14) and the properties of the Laplace transform,
show that

p_ Eli*]

1—p2E[i]

. P C5;2+1
[T?Z 2

E[3] + E[7]

+1]Eﬁ] (5.2)

Combine this result with that of Exercise 5.6 to verify the validity of Little’s
result applied to the M/G/1 queueing system. [Hint: Use (5.15) rather than
(5.14) as a starting point, and use the hint for Exercise 5.6]

Solution. Begin with (5.15) and rewrite F (s) as a(s)//3(s), where

1—FZ(s)
—1-p|—22
B(s) p[sEﬁ]]
Simple calculations give us the limits of %Fg(s), a(s), and %a(s) as s — 0.
ill):ri%) a(s) = 1—p
lg%EM@ = —(1-p)E[z]
lli% E}"g(s) = —EJ35].

Taking the limit of the 5(s)as s — O results in both a zero numerator and
denominator in the second term. We may apply L’Hopital’s rule in this case to
find

. i | 2815 ()
i) = 1ty | ]
_ B
L EE
= 1—p.
We now find the limit of ' (s), where
d o\ _p [SEEGF(s)+[1— Fi(s) E[Z
Eﬂ(s)_E[f][ ‘ 52 1

Then, taking the limit of this expression as s — 0 and twice applying L’Hopital’s
rule,

do o p l%F;@)%%F;(s)—%F;(s)]
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2 * 3 *
— _? jim %EFQE(S)+3;?F5;(S)
E[;i'] s—0 2
E[3?]
= p — .
2E[z]

Substituting these expressions into the formula for the derivative of F7 (s), we
find that

—E[§] =

(1—p)?
- -2
= B - 2 - (E[2’] —fgﬁ + E%[7])
SRR
I pr[:z] <Var(2922+[;2 m)
= —Eli] - 1 Eld] <C~2 ki 1)
B [%Cf;l +1]
E[3] = E[4] [%% 1]

R Gt = )
Bl Bl (&% +1)
_ P
~ E[7]
Y

This verifies Little’s result applied to the M/G/1 queueing system.



150 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

EXERCISE 5.9 Using (5.17) and the properties of the Laplace transform,
show that

Ci® +1
Blg] = 2“2 *
1—p 2
Combine this result with the result of Exercise 5.6 to verify the validity
of Little’s result when applied to the waiting line for the M/G/1 queueing
system.

E[3). (5.3)

Solution. Recall equation (5.17):

As in Exercise 5.8, we rewrite F%(s) as (1 — p)3~1(s), where

1—F§(s)]‘

5 =1-0)| T

To compute E[w], we need to find

d
ds
and its limit as s — 0. We first calculate 3(s) at s = 0. Clearly, however, this

would result in both a zero numerator and denominator. Therefore, applying
L’ Hépital’s rule,

Fals) = (1= p)F () 6(5)

_d px
i) = 1ty | ]

= 1—p.

We now calculate the limit of d%ﬁ(s) by applying L’Hopital’s rule twice. This
results in

d L p [—sLF;i(s)—[1— F;(s)]
Iy 3550) = lim—gr 52
* 2 * *

— lim p %Ff(s)‘FSC%ZFf(S)_%F@(S)

s—>0E[~] 2s

2 * 3 %

I -1 ORE 1210

s—)OE[N] 2

E[7?

_ B
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Noting that E[w] is —d/dsF}(s) at s = 0, we may now specify E[w] as

Ew] = —lim —Fj(s)

Combine this result with that of Exercise 5.6 to complete the exercise. That is,
show that

E[n] — AE|[Z] _ E[al,
A
where E[n] — AE[Z] = E[n,), the expected number of customers in queue.
E[n] — \E[2 5+ 1
El = AP gy 2 S5 U
A 1—p 2
- p Ci2 41
= Bli] |1+ 2 1
@l |1+ 12 ]
. - P Cjz +1
= E[z] i
= Elw]

Ely) = . (5.4)

Solution. Recall equation (5.21)
Fy(s) = Fz[s + A = AF5(s)].

We see that F; (s) has the form f(s) = F(g(s)), so that

O = 20 1906)
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This results in the expression

d d

* d *
TF(s) = §Fj (s) 2 (s +d)\—)\Fg ()
= YR 1A TR (s)].
L) 1AL F ()]
Evaluate both sides at s = 0, and recall that jSF; (s) = —FElyl, and
s=0
4F(s)| =—E[i]. Thus,

s=0
—Ely] = —E[z] (1 + AE[g]) .

Solving for E[g], this equation becomes

EXERCISE 5.11 For the ordinary M/G/1 queueing system determine F[y]
without first solving for Fj;(s). [Hint: Condition on the length of the first
customer’s service and the number of customers that arrive during that pe-
riod of time.]

Solution. To determine E[y], condition on the length of the first customer’s
service.

E[j] /OOOE[gygz — dFs(x).  (5.11.1)

Next, condition this expected value on the number of customers who arrive
during the first customer’s service. i.e.,
(/\3: )v -z

Elj|z = ZEQ&:: L0 =] e, (5.11.2)

Now, given that the length of the first customer’s service is  and the number
of customers who arrive during this time is v, it is easy to see that the length of
the busy period will be the length of the first customer’s service plus the length
of the sub busy periods generated by those v customers. That is,

Eljlt =z, 0=0v]=z+Y_ E[j]
1=0

where g = 0 with probability 1. Thus,

E[jli =2,0=1] = w+iE[g]
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= z+vE[y],

since each of the sub busy periods g; are drawn from the same distribution. If
we substitute this expression into (5.11.2),

E[g|z = 2] i z + vE[j (A:!)ve—m
o
= o+ pE[g].

To complete the derivation, substitute this result into (5.11.1) and solve for
E[y]. Thus,

Bl = [ (o pEl) dFs(a)

- Amxﬂ%u»+pEm
— E3] + pElg).

1.e.,

EXERCISE 5.12 M/G/1 with Exceptional First Service. A queueing sys-
tem has Poisson arrivals with rate A. The service time for the first customer
in each busy period is drawn from the service-time distribution F;_(x), and
the remaining service times in each busy period are drawn from the gen-
eral distribution F3(z). Let g, denote the length of the busy period for this
system. Show that

Elz]

E[ge]: 1—p

)

where p = AE[Z].
Solution. Let ¥, denote the number of customers who arrive during the first
customer’s service. Then it is easy to see that

Elge] = Elie] + Elve] E[y],

where ¢ denotes the length of the busy period for each of the subsequent v,
customers. By Little’s result applied to E[v.], E[0.] = AE|[Z.]. Then, using
the result from Exercise 5.11,

Elg] = El& ]+TE[ e]
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EXERCISE 5.13 For the M/G/1 queueing system with exceptional first ser-

vice as defined in the previous exercise, show that I (s) = F}. (s+A—
AFZ(s)).

Solution. Recall that we may write F(s) as E[e=%%]. As in the proof of
Exercise 5.11, we shall first condition this expected value on the length of the
first customer’s service, and then condition it again on the number of customers
who arrive during the first customer’s service. That is,

Ble0] = / Ele™% |3, = 2]dFy(z),  (5.13.1)
0
where
E[e—sge‘(ie — x] — Z E[e—sﬂelie =x,v= U]P {’D = ’U} dF;C(x) (5-13'2)
v=0

Here, . represents the length of the first customer’s service and v is the num-
ber of arrivals during that time. Now, the length of the busy period will be the
length of the first customer’s service plus the length of the sub busy periods
generated by those customers who arrive during the first customer’s service.
Hence,

Ele |3, = 2,0 =v]|=F {e_S(IJFZZO 9:) ,

where 3o = 0 with probability 1. Furthermore, x and v are constants at this
stage, and the g; are independent identically distributed random variables, so
that

Ele |, = 2,0 =v] = e ** ﬁ Ele™%%]
= e_stET”l[e_sg].
Substituting this into (5.13.2),
o= (Ele*)Aa)"

—8Te | 5 —sx —A
Blea =a] = e S
— e—sxe—)\xe(—)\xE[e*Sﬂ})'

To complete the proof, substitute this into (5.13.1), and then combine the ex-
ponents of e.

I
0
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= Fy (s +A - /\E[e_sg])
= Fp (s+A-2F;(s)).

EXERCISE 5.14 Comparison of the formulas for the expected waiting
time for the M/G/1 system and the expected length of a busy period for
the M/G/1 system with the formula for exceptional first service reveals that
they both have the same form; that is, the expected waiting time in an ordi-
nary M/G/1 system is the same as the length of the busy period of an M/G/1
system in which the expected length of the first service is given by

Explain why these formulas have this relationship. What random variable
must Z, represent in this form? [Hint: Consider the operation of the M/G/1
queueing system under a nonpreemptive, LCFS, service discipline and ap-
ply Little’s result, taking into account that an arriving customer may find
the system empty.]

Solution. Consider the waiting time under LCFS. We know from Little’s result
that E[wrcrg] is the same as E[wrcors| because Elnpors] = E[nrcrs]-
But E[wcrs|no customers present] = 0 and E[wcrg|at least 1 customer
present] = FElength of busy period started by customer in service] = E[Z.]/(1—
p). But the probability of at least one customer present is p, so that

Elw] = pr [Ze]
On the other hand, we know that
E ~2
B = 2 EZF]
1—p2E[7]
Therefore [ 2]
Flz
El3.] =
2 2E[7]

represents the expected remaining service time of the customer in service, if
any, at the arrival time of an arbitrary customer.

EXERCISE 5.15 Show that the final summation on the right-hand side of
(5.28)is K + 1if ¢ = (K + 1)m + n and zero otherwise.

Solution. First, suppose that £ = (K + 1)m + n. Then f;;ﬁ = m, and the

final summation is
K _ K
doe P =N = K +1
k=0 k=0
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Now suppose that ¢ is not of the above form; that is, ¢ = (K + 1)m +n + 7,
0 <r < (K +1). Then

27Tk(€—n)_27rk[m(K+l)+T]_2 ko + 2rkr
K+1 K+1 K+1

and the final summation becomes

27'rk [m(K+1)+7]

K .
g _ &
SRS

since e72™F™ = 1 for all integers k, m. Now, note that 0 < r < K + 1 implies
that this summation may be summed as a geometric series. That is,

_] 27r \ K+1
K -2k 1— ( K+1)
Ze—ﬂx—ﬂ =
2nr
k=0 1— e 7R
1—e¢ —j27nr
= _ s 2nr = 0
1—e /&

| EXERCISE 5.16 Argue the validity of the expression for by in (5.31).

Solution. First, multiply both sides of (5.30) by (z — zp) to obtain

(c = 20)Fale) = (& - ) DS L - 2,

Now, taking the limit as z — 2¢, the denominator of the right-hand side goes to
zero by definition of 2. Hence we may apply L’Hopital’s rule to the right-hand
side:

@—mw%u—m@—wwuu—dﬂ+u—m@—w@uu—w
— £ L~ 2]) '

If we evaluate this expression at z = 2, the first term in the numerator goes to
zero, and so we have that

by = Zli_{glo (2 — 20)Fn(2)
_ l(l— p)(z —EFZ(A [1—2])] .
EFEAL-2) ],
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EXERCISE 5.17 Show that the denominator of the right-hand side of
(5.30) for the probability generating of the occupancy distribution has only
one zero for z > 1. [Hint: From Theorem 5.2, we know that F (A\[1 — z])
is the probability generating function for the number of arrivals during
a service time. Therefore, FZ(A[l — z]) can be expressed as a power
series in which the coefficients are probabilities and therefore nonnega-
tive. The function and all of its derivatives are therefore nonnegative for
nonnegative z, and so on. Now compare the functions fi(z) = z and
fa(z) = FZ(A[l — z]), noting that the expression JF(z) can have poles
neither inside nor on the unit circle (Why?).]

Solution. From Theorem 5.2, we know that F2(A[1 — z] is the probability
generating function for the number of arrivals during a service time. Therefore,
FZ(A[1 — 2]) can be expressed as

Fi(A\[1-2]) = i P{n, =n}z",
n=0

where each of the P {n, = n} is, of course, nonnegative, and whose sum is
equal to one. Now F5(2) is also a probability generating function and so is
bounded within the unit circle for z > 0. Hence it can have no poles, and its
denominator no zeros, in that region. If 75 (z) does have a zero at z = 0, then
z = FX(z) = 0 implies that P {n,} = 0. That is, the probability that the
queue is ever empty is zero, and so stability is never achieved. Since this is not
possible we conclude that the denominator has no zero at z = 0. This means
that P {n, = 0} > 0.

Consider the graphs of the functions f1(z) = z and f2(z) = FZ(z). The
graph of f1(z) is a line which starts at 0 and whose slope is 1. On the other
hand, the graph of fo(z) starts above the origin and slowly increases towards
lasz — 1, with fi(2) = fa(z)at 2 = 1. Atz = 1, Lf5(z) = p < 1,
and d% fi(z) = 1. But the slope of f2(z) is an increasing function, so that
as z increases, d% f2(z) also increases. This means that eventually, fo(z) will
intersect f1(z). This will happen at the point z = z;. However, since dilz fa(2)
is increasing, while dilz fi(z) is constant, fo(z) and f1(z) will intersect only
once for z > 1.

EXERCISE 5.18 Starting with (5.29) and (5.32), establish the validity of
(5.33) through (5.36).

Solution. If ¢ = K + 1 in (5.29), then px114+n =~ pPr+17(. In addition, if
i =K and n = 1, then px 41 = pxro. Combining these results,

PK+14n & PE+170 & (prTO)TE = pRTY T (5.5.18.1)
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To show the validity of (5.34), let n = 0 in (5.29) to get

o0
Co,K = Po + Z Pm(K+1)s

m=1
which implies
o0
Cok —Po= Y Pm(k+1).  (5.18.2)
m=1
Now,
[e.e] o0
Z Pm(K+1) = DPK+1+ Z Pm(K+1) — PK+1
m=1 m=1

= PK+1+ Z D(m+1)(K+1)

m=1

o
= DPK+41+ Z Pm(K+1)+K+1

m=1

o
/N pKTo + Z TOPm(K+1)+K
m=1

o
= T0|PK + Z Pm(K+1)+K
m=1

= TOCK,K,

where the last equality follows from (5.29) with n = K. Substituting this
result into (5.18.2) and solving for ry,

_ C0.K — Do

~ 5.34
p— (5.34)

To show the validity of (5.35), note that
o (o]
Z Pm(K+1)+n =~ o Z Pm(K+1)-
m=1 m=1

Furthermore, by the definition of ¢, g,

%
Co,K = Zm:O pm(K+1)7
or

o0
Co,Kk —Po = Z Pm(Kx+1)-

m=1
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Substituting this into (5.29), we find

Cn,K = Dn-+ Z Pm(K+1)+n

m=1

= RPnt Y Pu(ri1)T
m=1

= pn+(cox —po)rg-
Thus, solving for p,,,
Pn = Cnx — (€0, — D0)T0 - (5.35)

Finally, by the definition of probability generating function,

= Z 2"pn = po. (5.36)
z=0

EXERCISE 5.19 Approximate the distribution of the service time for the
previous example by an exponential distribution with an appropriate mean.
Plot the survivor function for the corresponding M/M/1 system at 95% uti-
lization. Compare the result to those shown in Figure 5.2.

Solution. Figure 5.19.1 illustrates the survivor function for the M/M/1 system,
with an exponential service distribution and p = .95. Observe that this function
closely approximates that of the truncated geometric distribution in Figure 5.2
of the text, with a = 1, b = 5000, but that the survivor function is significantly
different for the rest of the curves. Thus, the exponential distribution is a good
approximation only in the special case where the truncated distribution closely
resembles the exponential but not otherwise.

| EXERCISE 5.20 Starting with (5.39), demonstrate the validity of (5.47).
Solution. Beginning with (5.39),

F(s) = Topr
_ 1—FZ(s)
All—2)%
_ [1=F(s) .- i
_[ p }Z%

By (5.43), F}(s) = >.2%, 2Pz 4, so that

F; (s) = % [1 - Z ZiP:az'] Zzi
=0

1=0
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Figure 5.19.1 Survivor function for Exercise 5.19.

1 oo [
g —ZZZ [1—ij7n‘| .
Pizo n=0
But, by applying (5.43) to F; (s), we see that
w .
Fi(s) = Y 2'Ps
i=0
1 oo )
= —Zzlll—zpj7n‘|
P o n=0
Matching coefficients of z;, we obtain

1 A
P =~ l1 = ch,n] :
p n=0
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EXERCISE 5.21 Evaluate P; ; for the special case in which  has the ex-
ponential distribution with mean 1/pu. Starting with (5.50), show that the
ergodic occupancy distribution for the M/M/1 system is given by P; =

(1 — p)p’, where p = \/p.
Solution. Since the interarrival times of the Poisson process are exponential,
rate A, we have by Proposition 4, page 35, that

AN\
Pi = (~——) ——
’ <A+u> A+ p

- ()
- \l+p/) 14p

Therefore

Sha = 3 ()

1=0 +pn:0 1+p
r i+1

1|1 (%)

1+p 1—#’{) ’

1 J i+1
- 1_(L) .
I+p| T+p

We now show that P; = (1 — p)p’ where p = \/u. Let T denote the truth set
for this proposition. Then 0 € T since from (5.94),

(1-p)Psp
Py =P gy
0 P o

Now assume that i € 7. We wish to show this implies (¢ + 1) € 7. By
hypothesis,

Py =(1-p)p", n <1,
so that '
Pin=@0-p)p™" n > 0.
Therefore,
Zi: <1 Yy p n) P =S (L)"H (1 p)pi"
n—=1 m=0 =i\ tp .
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(1= p)pit! (Flpf B (Flp)iﬂ

1

e

(1_p)pi ) ( 1 >i+1
 1+49p 1+p '

Thus, using (5.50) and the hypothesis,

B o (1 p)p’ ! !
b= {(1_[))(1+/))”1Jr 14 p [1_(1+P)i”/m

= (L=p)r',

and the proof is complete.

EXERCISE 5.22 Evaluate P; ; for the special case in which P{Z = 1} =
1. Use (5.50) to calculate the occupancy distribution. Compare the comple-
mentary occupancy distribution (P{N > ¢}) for this system to that of the
M/M/1 system with p = 1.

Solution. If £ = 1 with probability 1, then it should be clear that the distribu-
tion describing the number of Poisson arrivals is simply a Poisson distribution
with ¢ = 1 (Definition 1, part #:7). i.e.,

—Ayi

I%J::ET;L~
7!

To calculate the complementary occupancy probabilities, a computer program
was written using the recursive formula (5.50) using different values of \. For
A = 0.1, the distributions were very similar, with the probabilities of the deter-
ministic and exponenitial summing to 1 after n = 6 and n = 9, respectively.
(Accuracy was to within 1078.) However, as n increased, the two clearly di-
verged, with the deterministic system summing to 1 faster than that of the
exponential. The graphs of the complementary probabilities vs. those of the
M/M/1 system for A = 0.5 and A = 0.9 is shown in Figure 5.22.1.

EXERCISE 5.23 Evaluate P; ; for the special case in which P{% = 3} =
P{z = %} = % Use (5.50) to calculate the occupancy distribution. Com-
pare the complementary occupancy distribution (P{NN > i}) for this system
to that of the M/M/1 system with 4 = 1.

Solution. As in Exercise 5.5.22, if & is deterministic, then P ; is a weighted
Poisson distribution, with

1 (14} —2x (3y)
)y R )
Fai= <§) z'!z * (2) i!2 '
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Figure 5.22.1 Survivor function for Exercise 5.22.

The computer program used in Exercise 22 was modified and the new occu-
pancy probabilites calculated. As in Exercise 22, the graphs of both distribu-
tions were very similar for A = 0.1, with the probabilities of both summing to
unity within n = 9. As )\ increased, however, the differences between the two
systems became apparent, with the deterministic complementary distribution
approaching zero before that of the exponential system. The graphs compar-
ing the resultant complementary probabilites to those of the M/M/1 system for
A =0.5and A = 0.9 is shown in Figure 5.23. 1.

EXERCISE 5.24 Beginning with (5.59), suppose F;_(x) = Fz(z). Show
that (5.59) reduces to the standard Pollaczek-Khintchine transform equation
for the queue length distribution in an ordinary M/G/1 system.

Solution. Equation 5.59 is as follows:

fq(z) [Z — .7-"&(2)] = 7o [Z .FE(Z) — f&(z)} . (559)
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Figure 5.23.1 Survivor function for Exercise 5.23.

Since F; () = Fz(x), we have F;(2) = F5(z). Upon substitution of this
result in (5.59), we have

Fi(2) [z = Fa(2)] = mo(z — 1) Fa(2).
Putting 7 (2) = F(A[1 — z]) leads to
Fi(2) [z = FE (A[1 = 2])] = mo(z — DFZF (Al = z]).
Solving the previous equation, we find

(1 — 2)moF7 (A1 — 2])

F =T -

which is the same as (5.5) with m = 1 — P {G = 0}.
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EXERCISE 5.25 Beginning with (5.59), use the fact that lim,_,; F;(2) =

1 to show that
1—Fy()

T 1-F)+ A

(5.5)

0

Solution. Equation 5.59 is as follows:
Fi(2) [z — Fa(2)] = mo [z Fy(2) — Fa(2)] - (5.59)
First take the derivative of both sides of (5.59) with respect to z to find
d d d d
F) = Fal 4 Fe) [ 1= - Fal)| =m0 |2 ST (2) + i) -

Now, take the limit as z — 1 and recognize that F;(1) = 1, F5(1) = 1, and
F3(1) = 1. We then have

Fa(z)] .

11— 2R =m0 | LR +1- 2R

from which the result follows directly.

EXERCISE 5.26 Argue rigorously that in order for the M/G/1 queue to be
‘ stable, we must have ag > 0.

Solution. Since a( represents the probability that there are no arrivals during
an ordinary service time, there only two choices, ag = 0 or ag > 0. The latter
choice indicates that there are at least one arrival during an ordinary service
time and hence the expected number of arrivals during a service time is at least
unity. Suppose the queueing system ever enters level one. Then the dynamics
of returning to level zero are identical to that of an ordinary M/G/1 queueing
system. Therefore, we may consider the ordinary M/G/1 queueing system. In
that case the expected number of arrivals during a service time is the traffic
intensity. Thus, if ag = 0, the traffic intensity is at least unity and the system is
unstable. Therefore, we know that for stability of the present queueing system,
we ned ag > 0.

| EXERCISE 5.27 Verify (5.62).

Solution. The restatement of (5.62) is as follows:

20D = mgN
where zo = [m 7 ... Tmy1,N=[bp—1 by ... by]and
[—ay 1—a1 —az -+ —apy |
0 —ap l—a1 v —am-1

D = 0 0 —ag L =2
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This is derived directly from (5.61), which is as follows:

[71'0 T e Tm]:ﬂ'o[bo by ... bm]—l-
ag aig as [07%9%%
0 ap a1 -+ apm1
[T 7o ... Tmy1] 0 0 a - am—
0 0 o .- ao

We may write the left side of the previous equation as

0 I
Ml 0 . 0l [m T o ]| g&],
where [1 0 ... 0] isan m-vector and I, is an m-square identity matrix.
We thus have for (5.59),
0 I,
7T0[1 0 ... 0]+Zo 0 0 :Wo[bo b1 bm]-l-
ap ap ay - A
0 a a1 m—1
20 0 0 a e Am—2
0o 0 0 - a
The result follows by noting that N = [bg b1 ... by]—[1 0 ... 0]
and
ap ap a2 -+ Gm
0 I ap  air o Qmpel
oo[p ][0 ¥ 8
0o 0 0 - a

EXERCISE 5.28 Fori=1,2,..., show that
(0 S
; .
‘7:[j (Z) :Zﬂi+jzj.
§=0

Solution. Since F;(z) = > 327,27, we see immediately that F5(z) — mo =
> je1 T 2J. Therefore,

1 e ) e .
- [fq(z) — 7T0] = Zﬂ'jzj_l = Zﬂ'j—l—lzj'
j=1 3=0

z
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Thus, the result holds for ¢ = 1. Assume the result hold for 7 — 1, then

]-'éi_l)(z) = w157
=0

Now, 1
i i—1
fé )(z) =~ {}"é )(z) - 772_1} ,
we have
FOy =1 iﬂ.l BN iﬂ. |
q 2 | & i—14j i— 2 | & 1—1+4y
7=0 7j=1
Hence

F(=) =3 migse,
j=0

and the proof is complete.
EXERCISE 5.29 Define

1 i LG ,
F') = S Fala) = mol and 7PV = 270 G) -] i 21

Starting with (5.68), substitute a function of 7, él) (z) for F5(z), then a func-

tion of f(§2) (z) for ]-"él)(z), and continue step by step until a function of

F, éc) (z) is substituted for F, éc_l) (z). Show that at each step, one element
f
© c-1 '
Z 72 Fa(2)
§=0

is eliminated, resulting in (5.69).

Solution. First we solve

for F;(z) to find

Fal(2) = 2FD(2) + mo
and 1
e = 7 @) )iz

for ]:q(i) (z) to find
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Now, (5.68) is

Fi(2) [0 - Fal2)] = Z 20 F; () — A Falz)]. (5.68)
To begin, we substitute F5(z) = z]—"él) (z) + mp into (5.68) to obtain
c-1
z]—"q(z)(l) [zc - ]-"@(z)} = Z ﬂjch&j(z)— Z 2 Fa(2)+ 2 mo+mo Fa(2).
=0 5=0

Simplifying, we find

c-1
z]:g(z)(l) {zc } Z % ]:~ - Z 2 Fa(z) + 2%m0.

j=1

(5.68.1)
Similarly, we substitute zF." (2) + m; for Fy") (2) in (5.68.1) to find
z2]:g(z)(2) {zc - f&(z)} = Z Tz ]:~ Z 2 Fal(
—Zcﬂ'o — 2+ 7T1Z]:a( ),

and simplifying leads to

zz]:q(z)(l) { } Z Tz c]:l;] Z 2 Fa(2)—2%mo—2 .
(5.68.2)
Continuing in this way leads to
c-1 c-1
LF()D [ - Falz)] = Y mCF ) - Y AFalz)
7=0 j=C-1
c-1
+3 7 2 4 mo_ 1287 Fa(2),
7=0
and simplifying leads to
zc]:q(z)(c) [ } Z Tz ]:5] Z 27+ gmj,
or
Cc-1 ‘
Fi(2) O [2€ = Fa(2)] = 3 w5 [y (2) — ) (5.69)

=0

.
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EXERCISE 5.30 Suppose F5(z) and F3(z) are each polynomials of degree

m as discussed in the first part of this section. Define w(z) = 1. Find v, D,

N, A, and E using (5.72), (5.73), and (5.78). Compare the results to those

presented in (5.62) and (5.66).
Solution. We are considering the case where C' = 1. Recall that F;(z) =
u(z)/w(z). With w(z) = 1, u(z) = Fz(2), Similarly, v(z) = F;(z). Thus,
d(z) = z — Fa(z) and ng(z) = n(z) = F;(2) — 1 for this special case. Now,
m > 1 because otherwise, there would never be any arrivals. Recall that v; and
vy, are the degrees of d(z) and n(z), respectively. Since m > 1, vy = v, = m.
Thus,

v =max {nugq,v, + 1} = max{m,m+ 1} =m + 1.

Using (5.73), we then have
di =1—ay1, d; = —a;,i # 1,0 <i <mandng=bg—1,n; = b;,1 <i<m.

We then have from (5.76)

—ag 1—a —ay —Qpm,
0 —ag 1—a; —am-—1
D = 0 0 —ag —y—2
L0 0 0 -  —ap |
and N = [bgp—1 by b by, . From (5.78), where E and A are de-

fined as follows where ' = diag (1,1,...,1,dp), and
[0 0 dy—1 ]
1 0 dy—o
A=1o0 1 —dy_3 |
0 o 14
we find £ = diag (1,1,...,1,—ap) and
"0 Can T
1 0 —Qm—1
A=10 1 — 2
_6 0‘ 1‘ (1 - ap) |

These are the same results as presented in (5.62) and (5.63).



170 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

Table 5.1. Occupancy values as a function of the number of units served during a service
period for the system analyzed in Example 5.8.

Occupancy Cc=1 Cc=2 C=4 Cc=38
- 1.00000 1.00000 1.00000 1.00000
0 0.9000 0.9493 0.9861 0.9985
1 0.7633 0.8507 0.9453 0.9920
2 0.6350 0.7347 0.8772 0.9762
3 0.5261 0.6233 0.7914 0.94381
4 0.4356 0.5254 0.6997 0.9071
5 0.3606 0.4419 0.6107 0.8547
6 0.2985 0.3715 0.5292 0.7942
7 0.2472 0.3123 0.4569 0.7292

EXERCISE 5.31 Table 5.5 gives numerical values for the survivor function
of the occupancy distributions shown in Figure 5.5. From this table, deter-
mine the probability masses for the first few elements of the distributions
and then compute the mean number of units served during a service time
for C = 1,2,4, and 8. Analyze the results of your calculations.

Solution. The main idea here is that if there are at least C' units present in the
system, then the number of units served will be C. Otherwise, there will be
the same as the number of units present, or equivalently, the servers will serve
all units present at the beginning of the service interval. Hence, the expected
number of units served will be

c-1

Y iP{j=i}+CP{Gi>C}.

i=1
To obtain the probability masses, we simply subtract successive values of the
survivor functions. For example, for the case C' = 2, we have P {§ =0} =
1-10.9493 = 0.0507, P {G = 1} = 0.9493 — 0.8507 = 0.0986, P {G > 2} =
P{g > 1} = 0.8507. Hence the expected number of services during a service
interval is 1 x 0.0986 + 2 x 0.8507 = 1.8. From this, we see that the system
utilization is 0.9. If we repeat this for C' = 4, we will find that the expected
number of services that occur during a service time is 3.6 so that again the
system utilization is 0.9.

EXERCISE 5.32 Use a busy period argument to establish the validity of
(5.90). [Hint: Consider the M/G/1 system under the nonpreemptive LCFS
service discipline.]
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Solution. Let B be the event that an arbitrary customer finds the system busy
upon arrival, and let I represent its complement. Then

Eli] = E[@|BP{B}+ E[W/P{I}
= pE[w|B]+ E[w|I](1 - p).

But E[w|I] = 0 since the customer enters service immediately if the system is
idle upon arrival. Therefore,

E[@] = pE[d|B].

Now, the total amount of waiting time for the arbitrary customer in a LCFS dis-
cipline will be the length of the busy period started by the customer in service
and generated by the newly arrived customers. Hence,

_ Elz]
1—p]

Multiplying this expression by p, the probability that the system is busy upon
arrival, we find that

Elw|B]

Efw] = pE[w|B] = —— E[z],

which is the desired result.

EXERCISE 5.33 Show that the Laplace-Stieltjes transform for the distri-
bution of the residual life for the renewal process having renewal intervals
of length z is given by

_1-Fi(s)

FL() = — gtz (5.98)

Solution. By Definition 2.8,

e_SZngT (Z)

e ** / dFs(y)dz

- {/Oy e_szdz} dFs(y)

N % [1—e™*]dFx(y)

F(s) =

I
S——

[e.e]

‘ -

I
3-
S—S——

&
i

= [1—F:(s)].

V>)
&
e
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EXERCISE 5.34 For an arbitrary nonnegative random variable, z, show
that

oy _ B[]
Elr)] = CESIGE (5.102)
Solution. Recall that "
po - L)
We may then write
Bl = [a" gz, @)
0
so that
Bz = ﬁ 0/ 21 — Fa(2)] da
17,
- i 1o

Changing the order of integration,

Bli] — %ﬂ/ "dx] fil2)dz
_ %0/ P fm

1

(n + 1)E[3~c]

EXERCISE 5.35 For the M/G/1 system, suppose that T = 1 + Z2 where
71 and Zy are independent, exponentially distributed random variables with
parameters ji1 and jiz, respectively. Show that C;2 < 1 for all y1, p12 such
that E[Z] = 1.

Solution. First, by the fact that F[Z] = 1,

1 = E?F] = FE%[i, + &)
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E?[#1] + 2E[i1] E[%s] + E°[#)
1 2 i

—+—+
By Mg )

which implies that 1/pu2 4+ 1/u3 < 1 since 2/ > 0. Therefore,

Var(Z)
2 _
“ T B
_ Var(z; + )
B 1
Var(z1) + Var(Zz)
1 1
- o<
pEn3

EXERCISE 5.36 Compute the expected waiting time for the M/G/1 system
with unit mean deterministic service times and for the M/G/1 system with
service times drawn from the unit mean Erlang-2 distribution. Plot on the
same graph F[w]| as a function of p for these two distributions and for the
M/M/1 queueing system with ¢4 = 1 on the same graph. Compare the
results.

Solution. To compute the expected waiting time, recall equation (5.101):

. pE[Z] |1+ C?
BEl)|=—-—=|—Z%
[@] = 1= o2 |
where Var(2)
o Var(z
C; = R

For all three systems, note that F[Z] = 1. Thus, we need only find the variance
(which will be equal to C’Zg in this case) of each to compute its expected waiting
time. For the deterministic system, the variance is zero, so that

. 1+0 g
Elivg) =+~ [ ]: 2
—pL 2 I—p

For the Erlang-2 system,
Var(z.) = Var(z1)+ Var(z9)
1 1

12 Tz
1

57
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and the mean waiting time for this system is

1+3
2

__r
I—p

_

Eli.] —

For the M/M/1 system, Var(Z,,) = 1/u? = 1, so that
p {1—# 1} P
1

Elwy,| = .
[W0m] 12 —

From Figure 5.1, we see that as the coefficient of variance increases, the perfor-
mance of the system deteriorates. i.e., the coefficient of variance and the mean
waiting time are directly proportional. In addition, we see from the figure that
the mean waiting time is also directly proportional to p. This should be clear
since if p = 2 increases, then the arrival rate also increases, putting a greater

load on the system.

EXERCISE 5.37 For the M/G/1 system, suppose that  is drawn from the
distribution Fj, (x) with probability p and from Fj,(x) otherwise, where
Z1 and 9 are independent, exponentially distributed random variables with
parameters ;7 and po, respectively. Let E[Z] = 1. Show that 0562 > 1 for
all p € [0, 1].

Solution. By the definition of CZ,

_ Var(z)  E[z?] - E*[7]

CG=PE - B0

That is, proving C2 > 1 is equivalent to showing E[#%] > 2. Let D; denote
the event that distribution i is selected, ¢ = 1, 2. Then

Pli<a} = P{i<a|Di}P{Dy}+ P{i<a|D:i} P{Di}
= prh(‘T)"’_(l_p)Fi‘ (‘T)7

so that
dF;(z) = pdFy, () + (1 — p)dFz,(x).

Therefore,
E[z"] = pE[Y] + (1 — p) E[#3].
For the exponential distribution with rate u, E[#?] = 2/u?, and so

- 2 2 p 1—p
El#*] = p= + 1—p—:2[—+ }
"] 13 ( )u% G
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Figure 5.36.1 Survivor function for Exercise 5.36.

Therefore, showing E[#?] > 2 is equivalent to showing

1 —
% n ( 219) 1
1251 25
1.€e.,
1 —
LS 10
231 25)
Now,
1 —
EF =L+ =L,
H1 2
so that
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Thus,

p  1-p o p 1-p p* 2p(1-p) (1-p)?

St —m -l = St - -3

25 125 KT K2 251 12 125
pl—p) p(l—-p) 2p(1-p)

I 113 [11 442
2 1

- _|_ -
13 mpe  p3
1 2
= p(1-p) [— - —} >0,

H1 o M2

and the proof is complete.

EXERCISE 5.38 With Z and p defined as in Exercise 5.37, let p = % Find
w1 and po such that sz = 2. Would it be possible to determine p, p;, and
po uniquely for a given value of C;2? Explain.

Solution. First, we will compute the general case for any p, and then we will
substitute for the specific value of p = 3. Now, 1 = E[7], and C2 = E[7?] -1,
so that we have the following two equations

1—
LA ) (5.38.1)
M1 w2
2p  2(1-—p) 2
S+ = 2+ 5.38.2
i T (5:352)
Rearranging (5.38.2),
1 (1-p)/p CZ+1
S = & 5.38.3
AR % 0359

Solving equation (5.38.1) for i and squaring both sides

1 1 2(1 — 1—p)?
LI -p)  ( 229) '
My p K2 125

Substitute this expression into (5.38.3) to yield
12 1-B(@GHY
2 1— :
My 2 p

And solving this equation for ;%2’ we obtain

i — 1+ \/(1’%})) (%) (€2 -1). (5.38.4)
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Substitute this result into (1) to yield

Loy \/<¥> (C2—1). (5.38.5)

H1 p

This shows that one can find p1 and ps given p and C2 if C2 > 1. If we take

1/pu1 =1+ 4/1/2, then
1 1
—=1—4/=.
o 2
From (5.38.4) and (5.38.5), we see that it is necessary to specify p in addition to
C’% to obtain unique values of p; and po. This should be clear from equations

(5.38.1) and (5.38.2), which is a system of two equations in three unknowns.

EXERCISE 5.39 (Ross[1989]) Consider an ordinary renewal process with
renewal interval zZ. Choose a real number c arbitrarily. Now suppose the
renewal process is observed at a random point in time, tg. If the age of the
observed interval is less than c, define the system to be in an x-period, else
define the system to be in a y-period. Thus, the expected cycle length is
E|[Z], and the expected length of the it x-period is E[min {c, Z}]. Show that

Efmin {¢, 7}] — /0 [ = Fi(2)]d>

so that
d 1-— Fg(z)

—F; (2) = =
as was shown in the previous subsection.

Solution.
EXERCISE 5.40 Formalize the informal discussion of the previous para-
graph.

Solution. Let Y (¢) denote the total length of time the server has spent serving
up to time ¢, so that Y'(¢)/t represents the proportion of time the server has
spent serving up to time t. Now let N(¢) denote the total number of busy
periods completed up to time ¢. So long as there has been at least one busy
period up to this time, we may write

Y{t) Y(@)N(@E) _ Y(t) N
t  t N(t) N@) t

For a fixed ¢, Y (¢) is a random variable. Thus, the long-term average propor-
tion of time the server is busy is

Y (¢ Y () N(t

i YO Y N ()

tooo  t t—ooo  t (t) ’
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It remains to show

YON@) _ . Y N(t)

Y — qjm X

t—oo (t) ey (t) t—oo ¢

That is, that these limits exist separately.
We consider the limit of ¢/N(t), as t — oo. Let ¢, = z,, + yy, denote the
length of the n-th cycle. Then

lim LA lim Zi‘vz(to) “n - ! < Zi‘V:tO)H Cn
B N{) e N(t) SNBSS N@O
so that .
—— = Fl¢| = Flz] + Ely].
Jim 7 = 6l = £+ B
Therefore,
lim N(®) = - 1 —.
Pt B + Bl
Since the limits exist separately,
Y(t Y(t N(t
lim L = lim L lim L
t—oo t t—00 (t) t—oo
Elg]
E[z] + E[y]

5-1 Consider a communication system in which messages are transmitted over
a communication line having a capacity of C' octets/sec. Suppose the mes-
sages have length m (in octets), and the lengths are drawn from a geomet-
ric distribution having a mean of E[m] octets, but truncated at a and b
characters on the lower and upper ends of the distribution, respectively.
That is, message lengths are drawn from a distribution characterized as
follows:

P{m=m}=k0(1—0)""1 for a<m<b,

where m is the number of characters in a message and k is a normalizing
constant.

(a) Given that

P{m=m}=k0(1—0)""1 for a<m<b,
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(b)

©)

(d)

(e)

®

show that

k=|a-0t-a-0

E[Zm] _ ,a-1) 0z 1—[(1- Q)z](b—[a—l})
T 116 1-(1—g0

and

5 L (b—[a—1)@ — )0l
Eml=a=1+5 ="~ (1—)0-la-1)

Rearrange the expression for E[/] given above by solving for §~! to
obtain an equation of the form

5 = J(Blin],a,b,0),

and use this expression to obtain a recursive expression for 6 of the

form
1

041

= f(E[m],a,b,6;).

Write a simple program to implement the recursive relationship de-
fined in part (b) to solve for  in the special case of a = 10, b = 80,
and E[m] = 30. Use 6y = E~'[m] as the starting value for the
recursion.

Argue that F(s) = E% (s/C'), where C'is the transmission capacity
in octets/sec.

Using the computer program given in the Appendix, obtain the com-
plementary occupancy distribution for the transmission system under
its actual message length distribution at a traffic utilization of 95%,
assuming a transmission capacity of 30 characters/sec.

Compare this complementary distribution to one obtained under the
assumption that the message lengths are drawn from an ordinary ge-
ometric distribution. Comment on the suitability of making the geo-
metric assumption.

Solution:

()

From the laws of total probability,

b
ZP{rh:m}:l.
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And from (1.1),

Zb: P{m=m} = k Zb: 6(1 —6)m1
o I T s
= 1-(1-0)
= k00— (1-0)] =1,
Therefore,

k=|1-0""=(1-0)] -

To find E[m], observe that
b
Ez"] = Z Z"P{m=m}
mbza
= Y 2k —-6)" !

b

= k02> [2(1—0)""

-0 =1 —-0)
= MW
R (1= g)et — 2@ (1 — g)?]
- 1—2(1-0)
1
(1—0)=1—(1—0)
w1 0z 1-[(1-6) Y

1—2(1-0) 1—(1—@)b-(a=1) ~

To compute E[m], first note the following probabilities:

1, r <a,
b
P{m >z} = Z+1P{T7L:m}, a<xz<b,
m=x
0, z>b

1, r <a,
_ {k{(l—@)x—(l—e)b}, a<z<b, ,
0, x>0

so that

Elm] = > P{m>u}
=0
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b—1
= k[Z(l—H)x—(b—a)(l—H)b +a
 Ta—ee—a—op
- [ g —(b—a)1—-0)"| +a

(1-60)"—(1-0)"—00b—a)(l -0 +a
[(1—0) — (1 -0 —6(b—a)(1—0)
(1)t —(1-0)
(1—60)—(1—0)> D _g(b—a)1— 9)6—@—1)]

+a

1—(1_0p-G@D

D= DR

+a

1 1+ (b—a)(1—gP D
-9 i-(-gp@n ¢
I e ) i ol (el (e ) [ € ) A
0 1— (1= @)D
-ECL [b—(a—1)](1 —@)b—(e=D)
= (a—1)+§— 1_(1_9)1)—((1—1)

We may also compute the mean of 12 by considering the following.
Define m; to be geometric random variable with parameter 6. Then
E[m] =a— 1+ E[mi|m1 < ¢|, where the latter expression is equal
to the mean of geometric random variable truncated at the point ¢ =
b— (a—1). Now,
E[ml] = E[Th1|’l’h1 < C]P{TNTL < C}
+E[m1|my < c]P{m > c}. (5.1.1)

But

P{m>c} = fjeu — )t

=C

B 0(1—0)°
C1-(1-9)
= (1-0)
and ]
E[mim >c] =c+ ik
Thus,

P{m<c=1-(1-0),
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and from (S5.1.1), we then have

1 1 c
I a—(0+9)(1—9)
< =

E[mi|my < (] =0

1 c(1-0)°

0 1-(1-0)c

Therefore,
Bl = a—144-<1=9)

b~ (a— 1)1 —6)"~ Y
1—(1—-6)b-(a-1)

1
06 1—(1—6)
= a—l—i—1

0

(b) From part (a),

L B = (a—1)+ [b— (a = 1)](1 - §)>~ @~V

0 1—(1—@p-(1
or
1 N [b— (a—1))(1 — ;)0 (e=1)
= E[m] —(a—1
0it1 ] = (a=1)+ === (1 — 6;)b—(a=1)

(c) The computer program resulted in 6 = 0.039531.
(@ Since & = &, P{# <z} = P{Z <a} = P {im < Cx}, so that

Fi(z) = /0 Py (x) = /0 e dFn (Ca).

Let y = Cx; then z = y/C, and

Fio)= [ e tara(y)

(e) See the graph in Figure 1.

(f) The comparison is roughly that shown in Figure 5.1 between the
(10, 80) curve and the (1,5000) curve. For n small, the two distri-
butions can be said to approximate one another. However, as n in-
creases, the truncated geometric diverges from that of the ordinary
geometric and so the geometric assumption is not valid in this case.

medskip
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Figure P1.1 Survivor function for Supplementary Problem 1.

5-2 Using the properties of the probability generating function, determine a

formula for E[i2], the second moment of the occupancy distribution for
the ordinary M/G/1 system, in terms of the first three moments of Fj(x),
the service time distribution. Verify the formula for E[n] along the way.
[Hint: The algebra will be greatly simplified if (??) is first rewritten as

Fa(z) = az)/B(z),
where
a(z) = (1= p)Fz(A[1 - 2]),
B(z) =1—pkz (A1 —2]),

and F;, (z) is the distribution for the forward recurrence time of the ser-
vice time. Then, in order to find

P
1 g2 7n )
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first find the limits as z — 1 of «a(z), B(2), da(z)/dz, dB(z)/dz,
d*a(z)/dz?, d*3(z)/dz?, and then substitute these limits into the formula
for the second derivative of the ratio.]

Solution: First rewrite (5.8) as

a(z)
=56y
where
a(z) = (1 - p)FF (A1 - 2]),
and

B(z) =1 = pkz, (Al = 2]),
where F; (z) is the distribution for the forward recurrence time of the
service time. Then,

d (Z)_a’<z>_a<z>5’<z>
dz"" Bz) B2
and
& ) (98 ()
@7 = B TR ,,
- (a (2)8(2) , a(x)8"(z) _20(2)[8 (z)]2>
32(2) 32(2) 33(2)
_ 0(x) 205G a8 () 205 E)
B(2) 3(2) 3(2) Bz)

Now, a(1) =1 — p, and 5(1) = 1 — p, so that

o' (2) = (1 = )N - i (2)

implies

o' (1) = (1 = )N FE(0) = p(1 ),
and / p

§(2) = —p(-N) T F (@)

implies

B(1) = —p(=N)(~E[&]) = —\oE|%,]
Therefore

) = CFa)
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In terms of C’%,

Taking the second derivatives of a(z) and §(z) evaluated at z = 1,

2

" d * ~
a'(2)]  =(1=p)(=NT5F(s)] = (1= pAEE,
z=1 $ s=0
and
4 2 d® 2 712
B2) =N S5 FR(s)| = —pAElE]
z=1 $ s=0
Now, F (x) = 155;5(18) Thus,
d 1 1 1d
& g = |1 —Ffs) = — = —_F
SF) = g |- FE) g -5
B 1 [1—Fz(s)+sLFi(s)
 E[7] 52 '
Applying L’Hopital’s rule twice,
d . . 1 [sdFs) + 5 F(s)
i 35 Ta-(8) = T E[F lﬂ%l 2 ’
so that ,
-, Bz
B = o5

Next we obtain

&) = B

d? 1 [2[1—F§(s)+s%F§(s)]+32d2F*( )]
s3 '
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By applying L’Hopital’s rule four times, we find
d? E[#3]
lim — F; = .
iy 25275 (5) = 35

Therefore,
o B[]
Bl = 3E[7]
Consequently,
‘ v, —pA\ E[T?]
lzmz—>1/8 (Z) 3 E[i.] :
We may now specify
d2
g2la@)| _ = Bl - 1)) = B@*] - Bl
L2001 p)l-Ap B
= NE[#% - e
(1= p)pA? B[ 2u—m9ﬁlEﬁﬂr
(1-p)? 33E[gz] - pf’ 2?[9?]
_ g P E[z7] p E[z°]
= NEBET+ (1-p)2E2[7]  3(1—p) E3[7]
2t [E[)

_l’_

-7 | B6
LB B

B[] 1-pE?[E]  3(1 - p) E3[7]

ot Bl

2(1-p)* | E[7]

+

Therefore,

L LEF P EE? P B
B[] = p2E2[56]+1—PE2[9?]+3(1_P)E3W+

ot B P E)

2a—pv{E%a}+”+2u—pﬂ#m

_ " E[# P> E[i? P’ B[]
21— p) B2 " T B | 3

Alternatively, we may determine a formula for E[7?] using an operator
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argument as follows. Rewrite n = n; + no, where

Far(z) = (1—p) [1 - pFL, (AL - 2))] ",

and
Fin(2) = Fz (A[1 — 2]).
Then
E[f*] = E[(1n + n2)’]
= E[p3] + 2B Elns] + E[A3]. (S85.2.1)
Now,
N d
E[”j] = %‘Fﬁj(zﬂz’:l
and
- d?
Elnj(n; —1)] = @fﬁj(z) )
or, rearranging terms,
d? d
)
E[n;] = d—z22]:’flj(z)|z’:1 + E]:ﬁj(’z”z:l
d

= @fﬁj(zﬂz:l"'E[ﬁj]-

Then, for 77 and 72 as defined above, and for s(z) = A[1 — z],

Bl = {=0-p - pF00 -1 (AR 6G) ) |
1—p ;
= (1-p)2 (PN E[T],

and p

Elis] = {—AEFg(s)} -
The second moments of 17 and 7o are thus

2

B = {201 p) 1= pF5, (M1~ 2)] 7 [ A5, ()]

1= p) [1 = pFf, (A1 —2])] 2

d2
. [pA@ ;(s(z))] b+ Bl
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20—p)  \\2p20- (1=p) yop- . PN Lo
= —= (PN E%z,| + —5p\Elz;| + —E|2,],
s (P ]+ (B B+ 2 Bl
and
2 2 &?
Bl = {(—A) @Fg;(s(z))} o+ El
= MNE[#] +p.
We may now substitute these results into (S5.2.1) to obtain
. 2 . P . pA
ER?Y = ——— PA 2E?(%, +—)\2Exg + —0F|Z,
) = B + LN + {2 B
p2A - 2 -
+21 _pE[wr] + N E[z,] +p

B 2p2)\2 E[jz] 2 p/\ E[jz] 5 pz/\ E[jz]
(1 -p)2 \2E[7] 1-— gQE[i:] 1 — p2E[7]
TNE[F] 4 p + fi E[#]
2 B[ (2Bl pA* B[]
T (- p)22E[ { T A p)} P IT 3R
p*  E[]
]

e A

This is the same expression as was found using the first method.

5-3 Jobs arrive to a single server system at a Poisson rate A\. Each job con-
sists of a random number of tasks, m, drawn from a general distribution
Fy(m), independent of everything. Each task requires a service time
drawn from a common distribution, F%,, independent of everything.

(a) Determine the Laplace-Stieltjes transform of the job service-time dis-
tribution.

(b) Determine the mean forward recurrence time of the service-time dis-
tribution using the result of part (a) and transform properties.

(c) Determine the stochastic equilibrium mean sojourn time for jobs in
this system.

(d) Determine the mean number of tasks remaining for a job in service at
an arbitrary point in time, if any.
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Solution:

(a) Since the time between interruptions is exponentially distributed with
parameter 3, the process that counts the interruptions is a Poisson
process. Hence

n ,—pBx
P{ﬁ:n|j:m}:%.
Therefore,
n —B:c
P{n=n}= / LdFj(ZE),
and
Falz) = i 2"P{n=n}
oo —Bz
= Zz o0o—F—r— ﬁa:) dFz(x)
- / Jar e 7" Fy(x)
_ / P76~ B P (1),
0
Therefore

Fin(z) = Fz (B[ = 2]),
which, of course, is just the pgf for the distribution of the number of
arrivals from a Poisson process over a period .

(b) Let 7 represent the total number of interruptions. Then ¢ = & +
> o Zs,;. Therefore,

Ele™] = E[e—S(“Z?_o%J}
_ /Oooi {E e—s(f—i—éhi) n=n,r=
n=0

P{n=n|z =z} }dF;E(:L")
- [ e o C

n!
= / e_sxeBfocs( Ve P aF; ().
0
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(d)

(e)
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Thus,
Fi(s) = Ff (s + 8 — BF2(s)).

The formula for the M/G/1 busy period is as follows:

Fy(s) = F; (s + A= AF;(s)).

The relationship between the two formulas is that if the service time
of the special customer has the same distribution as the length of a
busy period, then the completion time has the same distribution as the
length of an ordinary busy period. The relationship is explained by
simply allowing the first customer of the busy period to be interrupted
by any other arriving customer. Then each interruption of the first
customer has the same distribution as the ordinary busy period. When
service of the first customer is complete, the busy period is over. Thus,
the busy period relationship is simply a special case of the completion
time.

Since ¢ = & + Y. &5,
El¢|z] = x + BxE[Z4],
which implies
Ele] = Elz] + BE[Z]E[Z].
Therefore
Ele] = E[Z](1 + ps),
where p; = SE[Zs]. As a check,

d d
—F* — — F*
ste )| =g tEls)

0 [1 N 5%&08(8)]

s=0

It follows that )
Ele] = B[] (1 + BE[T]) -

Similarly,
d2 d2 « d % 2 d % d2 *
@Fé(s) = 7 = (s) [1 - 5@% (3)] +£Fj (s) [—5@%(3)] .
Taking the limit as s — 0,

E[@) = E[#*] (1 + BE[%,])* + E[#]BE[i2).

Note that the probability that the server is busy is just the expected
value of the number of customer is service. That is, if B represents
the event the the server is busy,

P{B} = AE[e] = AE[Z](1+ ps)
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= p(1+ps).

The stability condition is then p(1 + ps) < 1. Rewriting p as AE[Z]
the stability condition is then

1 1
A EE T

5-4 Consider a queueing system in which ordinary customers have service
times drawn from a general distribution with mean 1/u. There is a spe-
cial customer who receives immediate service whenever she enters the
system, her service time being drawn, independently on each entry, from
a general distribution, Fj_(x), which has mean 1/«. Upon completion
of service, the special customer departs the system and then returns after
an exponential, rate 3, length of time. Let Z, denote the length of the
ith interruption of an ordinary customer by the special customer, and let
denote the number of interruptions. Also, let ¢ denote the time that elapses
from the instant an ordinary customer enters service until the instant the
ordinary customer departs.

(a) Suppose that service time for the ordinary customer is chosen once.
Following an interruption, the ordinary customer’s service resumes
from the point of interruption. Determine P {7 = n|z = x}, the con-
ditional probability that the number of interruptions is n, and F7(z),
the probability generating function for the number of interruptions
suffered by the ordinary customer.

(b) Determine FZ(s), the Laplace-Stieltjes transform for ¢ under this pol-
icy. [Hint: Condition on the the length of the service time of the or-
dinary customer and the number of service interruptions that occur.]

(¢) Compare the results of part (b) with the Laplace-Stieltjes transform
for the length of the M/G/1 busy period. Explain the relationship
between these two results.

(d) Determine F[¢] and E[¢?].
(e) Determine the probability that the server will be busy at an arbitrary

point in time in stochastic equilibrium, and the stability condition for
this system.
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Solution:

(a) Since the time between interruptions is exponentially distributed with
parameter (3, the process that counts the interruptions is a Poisson
process. Hence

(B$)ne—ﬁx
n! '

s
—~—
bt
Il
=
ISX
Il

x} =

Therefore,

and

Filz) = Z Z"P{n=n}

Therefore
Fi(z) = Fz (B[1 — 2]),

which, of course, is just the pgf for the distribution of the number of
arrivals from a Poisson process over a period z.

(b) Let n represent the total number of interruptions. Then ¢ = T +
> o Zs,;. Therefore,

Ele™] = E[e—S(“Z?_o%)}

I (=5

P{n=n|z ==z} }dF;E(:L")

= X e e e in e

= / e3P ) =BT (2).
0

n=n,r=x
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(©

(d)

(e)

Thus,
Fi(s) = F2 (s + 8 — BFE(s)) .

The formula for the M/G/1 busy period is as follows:
Fy(s) = F; (s+ X = AF; (s)).

The relationship between the two formulas is that if the service time
of the special customer has the same distribution as the length of a
busy period, then the completion time has the same distribution as the
length of an ordinary busy period. The relationship is explained by
simply allowing the first customer of the busy period to be interrupted
by any other arriving customer. Then each interruption of the first
customer has the same distribution as the ordinary busy period. When
service of the first customer is complete, the busy period is over. Thus,
the busy period relationship is simply a special case of the completion
time.

Since ¢ = & + Y. &5,
El¢lx] = v + PxE[T],

which implies

E[¢] = E[z] + BE[Z|E|Zs).
Therefore

Ele] = E[Z](1 + ps),
where p; = SE[Zs]. As a check,
d d

@ g e
GRO| = TR

0 [1 N 5%&08(8)]

s=0

It follows that )
Ele] = B[] (1 + BE[T]) -

Similarly,
d2 d2 « d % 2 d % d2 *
) = TS ) |1 BLE )] 45 F ) [— e (sﬂ .
Taking the limit as s — 0,
B[] = B[#°] (1 + BE[z))* + E[7]BE[72).

Note that the probability that the server is busy is just the expected
value of the number of customer is service. That is, if B represents
the event the the server is busy,

P{B} = AE[e]=AE[Z](1+ ps)
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= p(1+ps).

The stability condition is then p(1 + ps) < 1. Rewriting p as AE[Z]
the stability condition is then
1 1

A ER T

5-5 Consider a queueing system that services customers from a finite popula-
tion of K identical customers. Each customer, while not being served or
waiting, thinks for an exponentially distributed length of time with param-
eter A and then joins a FCFS queue to wait for service. Service times are
drawn independently from a general service time distribution F(z).

(a) Given the expected length of the busy period for this system, describe
a procedure through which you could obtain the expected waiting
time. [Hint: Use alternating renewal theory.]

(b) Given the expected length of the busy period with K = 2, describe a
procedure for obtaining the expected length of the busy period for the
case of K = 3.

Solution:

(a) First note if B denotes the event that the system is busy,

Ely)

PABY= ooy Bl

Then, by Little’s result,
P{B} = \esElZ],

where A,y is the average arrival rate of jobs to the server. Since the

customer are statistically identical, A, = )“”—Igf is the job generation
rate per customer. Now, a customer generates one job per cycle; hence
Ac 1s equal to the inverse of the expected cycle length. i.e.,

B 1

c — = .

E[t] + E[w] + E[7]

Therefore, by Little’s result,

P{B} = K-
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We may then solve for E[w] to find

Eln] = Iéfg—E[z]—E[z]
_ E[7] ~
= Pl P (B -
K

P} ]
KE[j] + KE[]| .
El| 1 Elt]]

- B |k + k20

1} — E[t]

+ EJt]

Elg]

(b) Let yx denote the length of a busy period for a system having K
customers, and let A; denote the event that ¢ arrivals occur during
1. Further, define ] t be the length of a busy period starting with i
customers in the service system and j total customers in the system.
Then

K-1
Elpf] = Bl + Y B g4 P{A}.
i=1

In particular, for K = 3,

2
Elf] = BlE+Y E|[5A] P{A}
i=1
= E[3] + B[5i]P + B[g3]Py.
Now, gg’ = g% + gil”, because the service can be reordered so that one
customer stands aside while the busy period of the second customer
completes and then the first customer is brought back and its busy
period completes. From the point of view of the second customer,

the whole population is only two, but the first customer sees all three
customers. Thus,

E[5}) = B[] + B3} P + (B3] + B[F]) P,
which implies
Elj}](1 - Py — Py) = E[&] + E[j}] P,
That is,

_ Eli] + ERIP
1-P— P
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where E[§?] is the given quantity, namely the length of the busy pe-
riod if the population size is two.

5-6 For the M/G/oo queueing system, it is well known that the stochastic equi-
librium distribution for the number of busy servers is Poisson with param-
eter AE[Z], where A is the arrival rate and Z is the holding time.

(a) Suppose that £ = ¢ with probability p; for ¢« = 1,2,3 with p; +
p2 + p3 = 1. Determine the equilibrium distribution of the number of
servers that are busy serving jobs of length ¢ for ¢ = 1,2, 3, and the
distribution of the number of servers that are busy serving all jobs.

(b) Determine the probability that a job selected at random from all of the
jobs in service at an arbitrary point in time in stochastic equilibrium
will have service time ¢, 7 = 1, 2, 3.

(c) Calculate the mean length of an arbitrary job that is in service at an
arbitrary point in time in stochastic equilibrium.

(d) Suppose that job service times are drawn from an arbitrary distribu-
tion F;(x). Repeat part (c).

(e) What can be concluded about the distribution of remaining service
time of a customer in service at an arbitrary point in time in stochastic
equilibrium for the M/G/oo system?

Solution:

(a) From the problem statement, the equilibrium distribution of the num-
ber of busy servers is Poisson with parameter AE[z]. Now, if Z = i
with probability p;, then the arrival process consists of 3 independent
arrival processes with arrival rates Ap;, ¢ = 1,2,3. Since there are
an infinite number of servers, we may consider each arrival stream as
being served by an independent, infinite set of servers. Thus, if we
denote by 7, the number of busy servers for class ¢, then

(Apyi)mie Pit

The number of jobs in service at an arbitrary point in time is simply
n = N1 + ny + n3. Since this is the sum of three independent Poisson
random variables, then by Property 1 of the Poisson process (page 44
of the text) we have that 7 is Poisson distributed with parameter .
ie.,

3 " 3
- (/\ Zi:l Zpi) - Zi:l P
P {’[’L = ’[’L} = Te n!
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(b)

©)

(d)

(e

(AE[f])ne—AE[:a
n!

9

as in the problem statement.

Since 7 is a Poisson random variable that is obtained by the addition
of 3 independent Poisson random variables, it follows that the propor-
tion of calls of type i is simply

Nip; ip;
A ips ElE]

That is, it is as though there is a Poisson random variable with param-
eter 3, and each item is marked with color ¢ with probability ?‘

From part (b), the probability that a job is type i is ip;/ E[Z]. There-
fore, if %o denotes the length of an observed job, P{Zg =z} =
ip;/ F|Z], and

ol = 3ot = 3

By the same argument as in part (c),

Pl{r<zy<z+dz}= %,
so that . IF> () E[~2]
s = [ M5 = T

The distribution of the remaining service time is the same as the distri-
bution of the remaining service time of a renewal interval in a renewal
process whose interval distribution is Fz(x).






Chapter 6

THE M/G/1 QUEUEING SYSTEM WITH PRIORITY

| EXERCISE 6.1 Argue the validity of (6.1).

Solution.
EXERCISE 6.2 Derive an expression for the Laplace-Stieltjes transform
of the sojourn-time distribution for the M/G/1 system under the LCFS-PR
discipline conditional on the customer’s service time requirement. [Hint:
See Exercise 5.13].
Solution. For ease of notation, let s represent in this solution only the sojourn
time of an arbitrary customer for a system having the LCFS-PR discipline.
Then, conditioning the Laplace-Stieltjes transform of this variable on the ser-
vice time requirement of the customer,

F2(s) = /0  Ele*3|# = a)dFs(x).

But this conditional may in turn be conditioned on the number of customers
who arrive during the system time of the arbitrary customer. i.e.,

o0
Ele®|li=x] = ZE[e_sgﬁzm,@:v]P{ﬁ:v}
v=0
e _ —Az Ax)?
= ZE[@‘SS@:x,@:v]w.
vl
v=0

Now, if v customers arrive during the system time of the arbitrary customer,
then the sojourn time will be the service time requirement plus the busy periods
generated by those v customers. But, each of the v customers have the same
busy period distribution g, with § = 0 with probability 1. Hence,

© I -z v
Ble g =a] = Y B[ XL &
v=0 '
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[[e

o0
= Z e E |
=0 i—1 v

= v e M (\x)?

— Y e (F;(s)) -

v=0 v
00 (Ang(s))

e—swe—)\x Z

v=0
"
—sxe—)\xe)\rFQ (s)

e—z[s+A—,\F5(s)] '

Y ] e A (\x)?

v!

Therefore,
Fi(s) = F; (s+ A= AF;(s)).

EXERCISE 6.3 Compare the means and variances of the sojourn times for
the ordinary M/G/1 system and the M/G/1 system under the LCFS-PR dis-
cipline.

Solution. To compute the mean of F¥, . . . (s), recall that

Fg*LCFS—PR(S) = Fg(s)

Hence, by (5.22),
Elz]
1—p

ElSLcrs—pRr) =

Now, since
Fy(s) = F (s + A= AF3(s)),

we may rewrite the LST of Sporps—_pr as

spors_pr(8) = Fz (u(s))

where
u(s) = s+ A= AF7(s).
Thus,
d? d (d d
B = LR ) L)
a2 d 2 d d?
- i) | ulo) ot ()
= R e 1L E )
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2
—I-%F; (u(s)) [—/\%Fg(s)] .

We then evaluate this expression at s = 0 to find

o, -2 112 -~ -2
G| = EE)0 4B + (-F) (2B
B 2
—  E[#Y (1+ﬁ) ~ B[] (-AE[7)
= B[,

where we have used the above result for E[§]. Then solving for E[§?],

o B[]
E[y2] - (1 _p)3’
so that

Var(Spcrs—pr) = Var(y)

= E[?J[z]z]— E*[g) e
FEl\x FElx

T o 1-pP (1—P>
_ E[#] - E%[&@] + pE?[7]
B 2 (1-p)?
= e 1)

It remains to compute Var(§). Observe that § = @ + %, where @ and % are
independent since the service time in question occurs after the waiting period
is over. Thus Var(5) = Var(w) 4+ Var(z). Rewrite F;(s) as

1—p
F* = 5
o) = T )

Then
) = Lla-pn-pm e pd%F;st)}
= 21 p) (1= pF5, 9] [0 )
FU— ) (1= pF (9] 2 pacg i (5)
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Upon evaluating this expression at s = 0 and using the relation E[Z]'] =
E[#""Y]/(n + 1)E[Z], we find that
. 1-p . L—p N
Ela?l = 92 2 2 E32

2 (BN (e EEY
=L <2E[§]> + (5 —p> 3E[7]
125 (5%

1— p2E[i]

pE[F] (2 +1\]?
(%57

Now, by (5.17),

so that the variance of w is then

Var(w) = FE[w?]

| <

Therefore,

Var(§) = Var(w)+ Var(z)

pE[F] CF +1 p \ E[¥ )
N ll —p 2 (T,;) 35 T EE] - B
e a2’ p \ E[#
= E?| ]{[m 5 +C§}+(ip) 35T
Now,
El5rpcrs| — Elsrcrs—pr] = E[Z] |1+ - f ; 1 +2C§ 1E£552)
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- p 1+ C? 1
= E[7] 1+1_p 5 _1—p]

- p 1+C? 0
- E[][l—p 2 _1—/)]
_ pE[] [1+¢2 1]

1—p 2

_ pE[E] [C?-1
N 1—pl 2 ]

Thus, if C2 < 1, then E[5.crs—pr] < E[Srcrs), and if C2 > 1, then
E[Srcrs—pr) > ElSrors]. If C2 = 1, then E[5 crs—pr) = Eldrcrs).
This result is clear for exponential service because of Little’s result, which is
reasoned as follows. Since the service time is memoryless, then upon each
arrival, the service time of the customer in service is redrawn again from the
same distribution as all other customers. Thus, all customers are alike, and it
does not matter which order the service occurs; the distribution of the number
of customers in the system is unaffected by order of service. Therefore, the
average number of customers is unaffected by service order. Thus, by Little’s
result, E[S.crs—pr] = E[Srcrs])-We now compare the variances of the two

distributions.

Aj (Cﬁ) = Var(5pcrs) — Var(3Lcrs—pPRr)

2 ~
)

1— p3E[Z]
E[7]
e (]
That is,
E?[z 2(1 —
ai(e2) = & _[pgg{p A=) (1 c2)?
5'3
HO -2 2 p} Tt
AtC2 =0, E[73] = E3[7], so that for all p,
_ ElE] [pP(l-p) p B[
A5 (c3) = (1—p)3{ 1 _p} T 03ER

2z
—%{8+4p+p(1—p)}<0.
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This means that var(3,crs_pr) > var(3pcrs) if C2 = 0 for deterministic
service.
At C’% = 1, with exponential service,

E[#*]  6E*[z]

3E[i]  3E[@] 2E°(2).

Hence, at C’% = 1 and for all p,

8:(2) = {12 )
— (fi[i])g{p—p2+l—3p+3p2—p3—l—p
+2p—4p2+2p3}
_ (’;E_z[j)]s{—l—erp?}
= —%{1+2p—p2}<0.

Again, this means that var(3,cps—pr) > var(§pcrs) at C2 = 1. ie., with
exponential service. The question then arises as to whether Var(Spcps—pr) <

var(5pcpg) for any value of C’%. This question can be answered in part by con-
sidering
p  E[

_ _B?[3]
As(C5 = 1-p3E[E]

GO

where

re2) =20+ (- - o

Since 7 is a nonnegative random variable, we conjecture that E[?] is an in-
creasing function of C’%. Now,

SGICH = Bl p)C 6T+ 37}

_ PP =p) [ e 6-Tp+3p
2 {Cx p(1—p) }

.NID

This shows that for sufficiently large C2, f(C?) is an increasing function. That
is, if )
6—7p+3
C’% > ﬂ,
p(1—p)
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then f(C?2) is an increasing function. However, the minimum value of (6 —
7p + 3p?)/p(1 — p) can be shown to be at p = (3 — +/3)/2, and at this
point, C’% > 5 + 4+/3. Therefore, one would expect that var(Spops—pr) >
var(§pcopg) for C2 < 5+ 44/3, and that var(3,crs—pr) < var(3pcrs) for
C2 <5+4/3.

EXERCISE 6.4 Compare the probability generating function for the class
1 occupancy distributions for the HOL system to that of the M/G/1 system
with set-up times discussed in Section 6.2. Do they have exactly the same
form? Explain why or why not intuitively.

Solution. Recall Equation (6.36)

| g o pFL = 2])) (1= )L (M- 2)
Fate) = [ ]1—p1F§1T(A1[1—z])’

and (6.24)

Farlz) = [ LR (A1 - 2+ 2 F;S,ml—z])]fﬁ(z),

L+ps ™ 1+ ps

where (6.36) and (6.24) represent the probability generating functions for the
occupancy distribution of HOL Class 1 customers and M/G/1 customers with
set-up times, respectively. These probability generating functions have the
exactly the same form in that they both are the probability generating function
of the sum of two random variables, one of which is the probability generating
function for the number left in the system in the ordinary M/G/1 system. In
each case, the first part of the expression represents the number left due to
arrivals that occur prior to the time an ordinary customer begins service in a
busy period.

In the case of the priority system, either there is a Class 2 customer in service
or there isn’t. If so, then the probability generating function for the number of
Class 1 customers who arrive is the same as for those who arrive during the
residual service time of the Class 2 customer in service, namely F7 (M[1—

z]). Otherwise, the probability generating function is 1. The probability of no
Class 2 customers in service is 1 — $22-.

In the case of set-up, since this i 1s before ordinary customers are serviced,
either the customer in question in the first customer of the busy period or not.
If so, the customer will leave behind all customers who arrive in the set-up
time; otherwise the customer will leave behind only those who arrive after and
during the set-up time. i.e., during the residual of the set-up time. The result
is that in the case of the priority system, the set-up time is either O or Zo,,
depending upon whether or not a Class 2 customer is in service or not upon
arrival of the first Class 1 customer of a Class 1 busy period. Recall Equation
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(6.36)

L—p1—ps  p2Fi, (M1 —2])) (1= p1)F5 (Ml = 2])
Fau(2) = [ T—p 1— ] L= pFz, (ML= 2])

and Equation (6.24)

Fanld) = (o FL QL = 2 + T2 B, (L = 2]) | 7o),

1+ ps 1+ ps

where (6.36) and (6.24) represent the probability generating functions for the
occupancy distribution of HOL Class 1 customers and M/G/1 customers with
set-up times, respectively. These probability generating functions have the
exactly the same form in that they both are the probability generating function
of the sum of two random variables, one of which is the probability generating
function for the number left in the system in the ordinary M/G/1 system. In
each case, the first part of the expression represents the number left due to
arrivals that occur prior to the time an ordinary customer begins service in a
busy period.

In the case of the priority system, either there is a Class 2 customer in service
or there isn’t. If so, then the probability generating function for the number of
Class 1 customers who arrive is the same as for those who arrive during the
residual service time of the Class 2 customer in service, namely F3 (M1 —

z]). Otherwise, the probability generating function is 1. The probability of no
Class 2 customers in service is 1 — —i&

In the case of set-up, since this is before ordinary customers are serviced,
either the customer in question in the first customer of the busy period or not.
If so, the customer will leave behind all customers who arrive in the set-up
time; otherwise the customer will leave behind only those who arrive after and
during the set-up time. i.e., during the residual of the set-up time. The result
is that in the case of the priority system, the set-up time is either 0 or Z3,,
depending upon whether or not a Class 2 customer is in service or not upon
arrival of the first Class 1 customer of a Class 1 busy period.

EXERCISE 6.5 Derive the expression for F, (z) for the case of the HOL-
PR discipline with I = 2.

Solution. The probability generating function for the number left in the system
by a departing class 2 customer is readily derived from (6.45). As noted earlier,

the term \
L—y [ =2)+ {1 = Fj (A[1 —2])}
T+ 77, Oall — 2) — 2

is the probability generating functionfor the distribution of the number of cus-
tomers who arrive during the waiting time of the departing customer while the
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term
F, (A2l = 2])

is the probability generating functionfor the distribution of the number of cus-
tomers who arrive during the service time of the departing customer. Now, the
distribution of the number of customers who arrive during the waiting time is
the same whether or not servicing of the class 2 customer is preemptive. On the
other hand, the number of class 2 customers who arrive after the time at which
the class 2 customer enters service and the same customer’s time of departure
is equal to the number of class 2 customers who arrive during a completion
time of the class 2 customer, the distribution of which is F3,.(z). The prob-
ability generating functionof the number of class 2 arrivals during this time is
then

*

:?:gc(s)|s:)\2[1—z} = F§2 (s+ A1 — )\1F511 (8))|S=)\2[1—z}
= F7, (Al = 2]+ M — M Fy, (Aofl - 2]))

The required probabiltiy generating function is then

1=y [((L=2)+ {1 - F, (A1 — 2])}
T+ Ff, ol —2]) — 2
F§2()\2[1 — Z] + A1 — /\1F511 (/\2[1 - Z]))

Fiig (Z)

EXERCISE 6.6 Derive expressions for F, (z), Fi, (2), and Fi, (z) for the
ordinary HOL discipline with I = 3. Extend the analysis to the case of
arbitrary 1.

Solution. Consider the number of customers left by a class j departing cus-
tomer by separating the class j customers remaining into two sub-classes:
those who arrive during a sub-busy period started by a customer of their own
class are Type 1; all others are Type 2. As before, the order of service is that
the service takes place as a sub-busy period of a sequence of sub-busy periods,
each being started by a Type 2 customer and generated by Type 1 and higher
priority customers. Then, n; = 71 + nj2. Since these customers arrive in
non-overlapping intervals and are due to Poisson processes, 71 and 7o are
independent.

As we have argued previously, 751 is the sum of two independent random
variables. The first is the number of Type 1 customers who arrive during the
waiting time of the tagged customer, which has the same distribution as the
corresponding quantity in an ordinary M/G/1 queueing system having traffic
intensity -y; and service time equivalent to the completion time of a class j
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customer. The pgf for the distribution of the number of Type 1 customers in
this category is

(1—)
* . (6.6.1)
L= Fz, (A1 —2])
In turn, F3 (s) = ngH (s). That is, the completion time of a class j customer
is simply the length of a sub-busy period started by a class j customer and
generated by customers having priority higher than j. Furthermore,

L. (s) = F%, (s Ay — AHFgHH(s)) (6.6.2),
where I (s) satisfies
i (5) = Fy (54 A= My (9)) (6.6:3),

which is the LST of the length of a busy period started by a high priority cus-
tomer and generated by customers whose priority is higher than j. Specifically,

j—1
A=Y Ak, (6.6.4)
k=1
and -
. =
Fz,(s) = py" > eF3 (s), (6.6.5)
H =1
with Ay = 0 and F;, (s) undefined if j < 2. In addition,
1—F% (s)
Fy,,,(8) = —=25— 6.6.6
Tjer (s) SEI:i‘]C] ( )
and
- E[z,]
E[Z;c] = - 07 1 (6.6.7)
-
where _
j
05 = Z Pk
k=1
Since v; = 72 i[ﬁ},
Fr (s) = NE[zg) 1— ngc(s)
Vit g er -1 o1 sE[Z}]

—0j-1

N1 R ()]
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_ Y 1= 5 0) (6.6.8)

Returning to the second component of 721, this is just the number of class j
customers who arrive during the service time of the class j customer. The pgf
for the distribution of the number of such customers is simply £ gj (A1 = 2]).
Thus we find on making appropriate substitutions that

(1 =) Fg, (N[ = 2])
1=y F7 (AL —2])
(L =) F, (A1 —2])

5 [1-Fy, 05120

Aj[1—2]

(1 =) (1 = 2)FF, (N[1 = 2])

o, (gl —z]) — 2

(L =)z = )F7 (N1 —2])

2~ F}, (Aj[1 — 2]+ Ag = Au kg (AL - Z]))

‘Fﬁjl (Z) =

by (6.6.2). We now turn to the distribution of the number of Type 2 customers
left in the system. Such customers arrive to the system when one of the fol-
lowing three events is occuring:

1, the event that the system is idle.

L, the event that the system is in a completion time of a lower priority cus-
tomer excluding periods of time covered by event E.

H, the event that a higher priority customer is in service excluding periods
covered by events £ and L. We also define

E, the event that the system is in a completion time of a class j customer.
The completion time of class j customers is equal to the length of a sub-busy

period of higher priority customers started by a class 7 customer. Similarly, the
completion time of a lower priority customer excluding periods of completion
times of class j customers is equal to the length of a sub-busy period of a higher
priority customers started by a lower priority customer. Since there can be at
most 1 completion time in progress at any given time, the event probabilities
are readily calculated by applying Little’s result. Hence

X E[i] i
P E g J J g J g iy
e l—pw  1—pu "
and \ Bl
P{L} = 2L [@] _ po

l—py  1—pu’
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The proportion of time spent during events £ and L serving higher priority
customers is readily computed by simply subtracting p; and p;, from P {E}
and P {L} respectively. We then find

P{H} = pu—[P{E}—pj] = [P{L} = pi]

= PH— 1_pH_pj - 1_pH_pH}a
(1 —p)pu
Next we find the probabilities
_ 1—p
PAIE) = 1=
(1 =pu)1 =)
- PL
P{LIE} =
B = G

Now, the number of Type 2 customers left in the system by an arbitrary de-
parture from the system is equal to the number of Type 2 customers left in the
system by an arbitrary Type 2 arrival. This is because each Type 2 arrival is
associated with exactly one Type 1 sub-busy period. Now, the number of Type
2 customers left behind if a Type 1 customer arrives to an empty system is 0.
The number left behind for the event { H|E'} is simply the number that arrive
in the residual time of a high priority busy period started by a high priority cus-
tomer, the pfg of which is given by F7 (Aj[1 — 2]). Similarly, the number
left behind for the event {L|E} is simply the number that arrive in the residual
life of a high priority busy period started by a low priority customer, the pgf
of which is given by F;  (A;[1 — z]). Now, from exceptional first service
results,

() = Fiy (54 i = A Fy,,,,(5))

Fjn(8) = By (54 X = MiiFjy,(5))

Also,
c ) = 1—Fy (s)
YHHr - SE[QHH]
1= o (s)
o SE[i‘H]

1—pu
(1= pn) [1 - Fy, . 5)
sE[Ty] '
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Similarly,

(L= pn) [1= 2, (s+ X = 2uFy,,,(5))]

Fun(s) = B

YLH

‘We then find that

Fanlz) = 27 (1—P)PH{{1_F5HH(AJ[1—z])}}+

L—r;  (1=7) Ai[l = 2| ElZ ]
oL { (1= 2, (Ml =2+ A = A Fy,, (5[ - 2))] }

(1 =) N[l = 2| E[7 ]
Thus,
1—p)Ag |1 —F% (N[l —2
Fy(z) = {(1—p)+( /) H[Ajuﬁ(][ ])L
AL [1 —F;, ()\L[l — 2]+ A = A Fj, (A1 - z]))} }
Ajll — 2]

(= = DFL (1 - 2))
s F (M-

We also note that since

Fa,(2) = Ff (A1 —2])

Fi(s) = ((1 - p) {1 M 1= B ) }+

S

1—F;, (s + g — AHFgHH(S)) FZ.(s)
AL 3 ) - N[ —Fz (s)]/s
That is,
Fi(s) = ((1 —p) {5+ Am [1 = Fp ()]} +

A [1= B, (s+Am = AuFy,,. (5)] F5,()
zL YHH s — /\j + /\ngjH (S)
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EXERCISE 6.7 Extend the analysis of the previous case to the case of
HOL-PR.
Solution. The solution to this problem is similar to that of Exercise 6.5, and
proceeds as follows. The probability generating function for the number left in
the system by a departing class j customer is readily derived from the results
of Exercise 6.6, which are as follows

(1= o) 1= F,, Oyt - )]

Fr;j(2) = {(1—p)—|— T +
A (1= B, (ALl = 2+ Am = A Fgy, ([0 = 20)) |
)\j[l—z] }

(= = DFZ, ([l — 2]
2=k (A\j[1—2])

1—pAg |1 —F (N[l -2
Falz) = {(1—p)+( /) H[Aj[lng(ﬂ ),
(U= Fz, (Wl = 2]+ A = AuFy,, (A1 - 2))]
)\j[l—Z] }

-1 —_
{vJ%A&u—m}%”&“ !

Now, the term F;j (Aj[1 — 2]) is the probability generating functionfor the dis-
tribution of the number of customers who arrive during the service time of
the departing class j customer, while the remainder of the expression repre-
sents the probability generating function for the distribution of the number of
customers who arrive during the waiting time of the class j customer. The dis-
tribution of the number of customers who arrive during the waiting time is the
same whether or not servicing of the class j customer is preemptive. On the
other hand, the number of class 2 customers who arrive after the time at which
the class 2 customer enters service and the same customer’s time of departure
is equal to the number of class j customers who arrive during a completion
time of the class j customer, the distribution of which is F, (). The prob-
ability generating function of the number of class j arrivals during this time
is

E; (s) = Fi(s+Au—Auky,(s))
s=A;[1-2]
= Fp, (ML= 2+ Am = AuFg, (A1 = 2))).

j JHH
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The required probabiltiy generating function is thus

(L= pAn |1 = Fp, . (N1 —2])
Falz) = {(1—p)+ ! H[Ajuiz] }+
Ap (1= Ff, (Aull = 2]+ A = A Fy, (5[ = 2))] }
)Aj[l—Z]

{ CoVE NI s, Ol 2D

2= Fy (A1 = 2])

EXERCISE 6.8 Suppose that the service time of the customers in an M/G/1
system are drawn from the distribution F;, (x) with probability p; such that
S pi = 1. Determine E[w] for this system.

Solution. Let S; denote the even that distribution 7 is selected. Then, given
is drawn from Fj, (x) with probability p;, we find

I

E[F] = Y E[#[S]P{S:}
=1
I

i=1
Similarly,
T
El#%) =Y El#flp:.
i=1

Therefore,

I
Bl#] = SH—.
2 Z::I E[i’l]pl

~

From (5.96), we then have

Ela) = L El]
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) I
= 3=, ; E[#p:

1 d Y
= 5 ; N E[77]

B(#]]

1< N
= T g

1 I
= ——> piElEy],
—Pi=

where \; = A\p; and p; = \; E[Z;].

EXERCISE 6.9 Conservation Law (Kleinrock [1976]) Under the condi-
tions of Exercise 6.8, suppose the customers whose service times are drawn
from the distribution Fj, () are assigned priority 7 and the service discipline
is HOL. Show that >, p; E[w;] = pE[] where E[1] is as determined in
Exercise 5.9. Explain the implications of this result. Does the result imply
that the expected waiting time is independent of the priority assignment?
Why or why not? If not, under what conditions would equality hold?

Solution. This exercise refers to nonpreemptive service or ordinary HOL, with

Zz’lzl E[jTi]pi

FElw;] =
S (e rmy
_ pE[T,]
(1-0)(1—0j-1)
‘We wish to show ]
5 ElZ,
E —
[Wrcrs] = 5= )’
so that
I
pE[ircrs] = pY | piE[;)
i=1
i ; ,
= PE[@“] Z -
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We prove the following proposition by induction, and the above result follows
as a special case. Proposition: For all 7,

J
Pi Ty
2 (1—o04)(1 N

)
i=1 - Ui—l) 1- 0j

with o9 = 0. proof: Let T' denote the truth set for the proposition. Clearly
1€ T. Suppose 7 — 1 € T That s,

—_

j_
Pi 051

—1 (1 — O'Z)(l — Uz’—l) o 1 — O'j—l.

=

Then
i1
! Pi _ jz Pi 1 Pj
= (1—0i)(l —0i1) (A -0o)l-0i—1) (1=0j)(1—-0j1)
__gj pj

|
+

(1-0j-1) (1—-0j)(1—0j-1)

_ 1 oj-1(1 — ;) + pj
(I—=0j-1) |[(1—05)(1 —0j-1)

_ 1 lffj(l - 0;’—1)1
(l-0j1)| 1-0;

_ 9

1 —O'j‘
Thus j € T for all j, and with 7 = I, we have
I

Z Pi __or __°r
—~(1-0)(l1-0i1) 1-0or 1-p

This proves the proposition. Continuing with the exercise, we have

Elwrcrs] Z piE w]

or E
Elwrcrs] Z Lig
=P
That is, F[w] can be expressed as a weighted sum of the expected waiting times

of individual classes, where the weighting factors are equal to the proportion
of all service times devoted to the particular class. Thus,

L\ B3]
\E[F]

Elipcrs] = Elij].

i=1
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Now, AE[iwrcrs] = E[ng], and \; E[w;] = E[ng,]. Hence

I -

Elfgpeps] nq;

But

1
E[ﬁQHOL] = ZE[ﬁQj]v (6'6'1)

<.
Il

so that a sufficient condition for E[xor] = Elfigups) is that E[T;] = E[Z]
for all j. Therefore, by Little’s result, a sufficient condition for E[wnor] =
Elwrcrs) is that E[z;] = E[z] for all j. From (6.6.1), we see that

I
AE[gyop) = D N B[],

j=1
which implies
I . I 0;
wQHOL Z TJE Z ;]E[wj] = E[wQFCFS]'
j=1 j=1

That is, if the service times are not identical, the average waiting time may not
be conserved.



Chapter 7

VECTOR MARKOV CHAIN ANALYSIS:
THE M/G/1 AND G/M/1 PARADIGMS

EXERCISE 7.1 Suppose that P {Z =1} = 1, that is, the service time is
deterministic with mean 1. Determine {ay,k = 0,1,...} as defined by
(7.6).
Solution: if P {Z = 1} = 1, then we find that dF;(x) = §(x — 1)dx, where
d(z) is the Dirac delta function. Thus, from (5.6),

o (A\x)k
ar = /0 ()\—)e_kxdFj(x)

k!
[S) k
= / %e_)‘%(x — 1)dz
X
= o° A fork=0,1,2,---

EXERCISE 7.2 Suppose that Z is a discrete valued random variable having
support set X = {xg,z1,...,2x}, where K is an integer. Define oy, =
P {% =z} for zj, € X. Determine {ay,k = 0,1,...} as defined by (7.6).
In order to get started, let dFz(z) = >, cx o0(z — xy), where 0(z) is the
Dirac delta function.

Solution: By (7.6),

ap = / _’\mdF~( )
= / e Z aj-0(x —xj)dx
xJEX
6 AT —)\m
= Z / — d(x —xj)dx
e !
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z;€EX
J k_ —Az;
AT
TS A Ly YN I
k!
=0

EXERCISE 7.3 Suppose that Z is an exponential random variable with pa-
rameter p. Determine {a, k = 0,1,...} as defined by (7.6)).

Solution: By (7.6),

00 k
ap = / ()\x) e_AxdFj(:E)
0 k!

_ oo()\x) -z, _—A\T
= /0 X e uedx

_ A NE e (A + pa)” —(\p)z
= “<A+u> f, e s

I ( A >’“ /00 A4 A+ wal" ey
A+ \A+up 0 k!

=

But, the expression inside the integral is just the density of the Erlang-(k+1)
distribution with parameter (A + 1), so that the expression integrates to unity.

Therefore, i
ak:L<L) , fork=0,1,---
A+ \A+u

This result is obvious since ay is just the probability that in a sequence of
independent trials, there will be k failures prior to the first success.

EXERCISE 7.4 Suppose that £ = Z; + T2, where 21 and 9 are exponen-
tial random variables with parameter 7 and s, respectively. Determine
{ag,k =0,1,...} as defined by (7.6)).

Solution: First, we determine dF;(z) = fz(x)dx.

T

ff(:n) = 0 fz(x_y)fil(y)dy

= [ poe H2T /Om e—(m—uz)ydy

If 1 = peo, we find

fe(x) = ppge " x



Vector Markov Chains Analysis 219

= pjrehe
= po(ugx)e 27,

If p11 # po, we have

12 £ —(—
fa(z) = uf—uuge MM/O (1 — po) e~ W1=H2)v y
— Hik2 e H2T [1 _ e—(ul—uz)r]
H1 — H2
- e

Then, from Exercise 7.3, we find

MH1 — W2 | 42 )\+,LL3 A—f—MjZ M1 )\+M1 )\+M1
/1/1 ( ,U2 ) < )\ )k
,Ul - ,sz )\ + ,sz )\ + ,sz

k
__ < H1 )< A > fork=0,1,---
p1 = p2 \A+p1/) \A+

EXERCISE 7.5 Show that the quantity F;(1) corresponds to the stationary
probability vector for the phase process.

Solution: From (5.37), we find

Fi(2) Iz — PFs(2)] = mo [z — 1] PFa(z)

So, with z = 1,
Fa(W)[I —=PFa(1)] =0

But, F;(1) = I, so the above equation becomes
Fe()[I =Pl =0

1.€.,

Fil1) = Fy(1)P

Therefore, F;(1) is the stationary probability vector for the Markov Chain
having transition matrix P; that is, for the phase process.

| EXERCISE 7.6 Derive equation (7.38).

Solution: From equation (5,37), we have that

Fi(2) Iz — PFa(z)] = mo [z — 1] PF3(z)
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Differentiating with respect to z, we find

/

Fi2) [z = PFa(2)[+F4(2) [I = PFy(2)| = moPFs(2)+m0 [z — 1] PFi(2)

q

Taking the limit as z — 1, and recalling that F;(1) = I,
FoW) I =P+ Fa() [ - PF,(1)] = moP
Postmultiplying by e,
fgnu—Pm+fanp—Pﬁuﬂe:mpe

That is, )
1-— fg(l)Pf&(l)e = Tp€e

EXERCISE 7.7 Suppose there are NN identical traffic sources, each of
which has an arrival process that is governed by an M -state Markov chain.
Suppose the state of the combined phase process is defined by an M -vector
in which the ¢th element is the number of sources currently in phase 7. First,
argue that this state description completely characterizes the phase of the

arrival process. Next, show that the number of states of the phase process is
: (N +M-1 >
given by N .

Solution: First note that the distribution of the number of arrivals from a given
source depends solely upon the current phase of the source. Now, since all
sources operate independently of each other, the distribution of the total num-
ber of arrivals due to all sources is simply the convolution of the distribution
of the number of arrivals from the individual sources. Since the latter depends
solely upon the phase of the individual sources, the totals number of sources in
each phase is sufficient to determine the distribution of the number of arrivals.
That is, if there are n; sources in phase ¢, then the pgf for the number of arrivals
is simply [T, Fi"(z). Also, since the dynamics of the sources are identical,
the future evolution depends only upon the number of sources in each phase
and not upon the which sources are in which phase.

Now, if there are a total of NV sources and M phases, then a typical state is
represented by the M-tuple (ny,ng,---,ny) withn; > 0fori =1,2,--- M
and M, n; = N. We wish to show that the number of such states is

N4+ M-1
=" )

which we shall do by induction on M. That is, we have the proposition C ]\]\/7[ =
(N +M-1

N > for all M, N positive integers. Let 7 denote the truth set of
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the proposition. Then

ol = (N—i_]\}_l) =1 forall N,

soM =1¢eT. Assume

N+M-1
=",

forallmn =0,1,2,--- ,N,andm =1,2,---, M—1.1.e.,assume 1,2, --- M—
1 € T. If the last element of the M -tuple, xps,= ¢, then the remaining elements
sum to N — ¢ so that Z 1 :EJ N — 1. Thus,

Cy = %Cﬁ
=0
N — 1 —
_ %<N +M 1 1)
_ ;(N—z—i— —1) )+(N+(MN—1)—1)
_ i:_()l( z+]\([z\{1—1)—1)+(N—(MN—1)—1>
Now, we must show
§<N—i+]\(fﬂfi—l)—l>:<N+Jj\\f4—1)

To do this, we prove

MRy

=0

N+x+1
N M

by induction on N.
If N =0, we have

Now assume

HN-—1—ita _(N—-1+2z2+1
— N—-1-1 N N-1
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Then

S05) -

=0

< —Z+ZE)+<N];[|-ZL')
—1 .

- 2 (v ) (87

N—l—l—ﬂ:—l—l N+zx

N—I—ﬂ: N)++ZL'< N >
()

N—l—w) (N +z)!

N-Dle+) T Mal

TiMz

=z

s

- (M
(v

(N +z)! 1 1
- oD+ D) [$+1+N}
(N4 z+1)
= N@+D)!
_ <N+x+1>

N

The result now follows with x = M — 2.

EXERCISE 7.8 Define the matrices P and F;(a) for the model defined in
Example 7.1 for the special case of N = 3, where the states of the phase
process have the following interpretations shown in Table 7.2. In the table,
if the phase vector is ijk, then there are ¢ sources in phase 0, j sources in
phase 1, and k sources in phase 2.

Solution: If the phase vector is (ijk) then there are 7 sources in phase 0, j
sources in phase 1, and k sources in phase 2. for ¢,7,k = 0,1,2,3. Phase
0 corresponds to the phase vector 300; i.e., all sources are in phase 0. Each
source acts independently of all others, and the only transitions from phase 0
are to phase 0 or to phase 1 for individual sources to 0, 1, 2, or 3. For transition
(0— > 0), all sources must remain in the ‘off” state. Therefore, this transition
has probability 43. For (0— > 1), 2 sources remain off and there is one

transition to the ‘on’ state. Thus, the transition probability is <i’> B2(1 —

B) = 38%(1 — ). Continuing in this manner results in the following table of
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transition probabilities:

From To Probability
300 —> 300 33
-> 210 26(1 — B)
—-> 120 38(1 - B)
-> 030 (1-p)3
210 —> 201 52
—-> 111 26(1 — j3)
-> 021 (1—pB)?
120 —> 102 6
-> 012 (1-5)
030 —> 003 1
201 —> 300 (1-a)s?
—-> 210 26(1 - B)(1 — ) + f*a
-> 120 28(1 - B)a+ (1 —B)%(1 —«)
-> 030 (1-8)%a
111 —> 201 B(1 —a)
-> 111 (1-8)(1—a)+Ba
—-> 021 (1- B
021 —> 012 a
-> 102 (1—a)
102 —> 300 (1—a)?p
—-> 210 26(1 —a)a+ (1 - B)(1 — a)?
-> 120 Ba? +2a(1 — B)(1 — «)
-> 030 (1—pB)a?
012 —> 201 (1 - a)?
—-> 111 20(1 — )
-> 021 a?
003 —> 300 (1-a)
—-> 210 3a(l — a)?
-> 120 302(1 — @)
-> 030 o?
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EXERCISE 7.9 In the previous example, we specified F;(z) and P. From
these specifications, we have
2
PFi(z) = ZAZzZ
i=0
Therefore,
2
K@) =) AKQ),
i=0
with
82 26(1 - B) (1-8)? 0 0 0
0 0 0 0 0 0
Ao — 0 0 0 0 0 0
"= |8(1-a) Ba+(1-B)(1-a) a(l—8) 0 0 0|
0 0 0 0 0 0
(1—-a)? 20(1 — ) o> 0 0 0
0 00 0 0 0
0 00 B (1-8) 0
0 00 0 0 0
A=1g 00 o0 0 0}’
0 00 (1-a a 0
0 0 0 0 0 0
and
00 00 00
00 00 0O
00 0 0 01
A=15 000 0 0
00 00 0O
00 00 O0O
Now, suppose we compute /C(1) iteratively; that is, we use the formula
2 .
K1) =Y Ai[lC;—1 (1)) forj >1, (7.1)
i=0
with Ko(1) = 0. Prove that the final three columns of K;(1) are zero
columns for all j.

Solution: The proof is by induction. Consider the proposition that the last 3
columns of K;(1) are zero columns for all j > 0. Let 7 denote the truth set for
this proposition. Since Ko(1) = 0,0 € T. Also, £1(1) = Ap, sothat1 € T.
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Now suppose (j — 1) € T. Then,
Ki(1) = Ao+ A1 1 (1) + A2 [K;_1 (1))

Now, if D = AR, and the k-th column of B is a zero column, then the k-th
column of D is also 0 because cj, = >, ajbi, and by, = 0 for all k. Therefore,
with A = B = K;_1(1), we have [ICj_l(l)]2 with its last 3 columns equal to
zero, and with A = Ay, B = [KC;_1(1)]?, we have Ay [K;_1(1)]* with its last
3 columns equal to zero. Also, with A = A;, B = K;_1(1), we have the last
3 columns of A1 /K;_1(1) = 0. Since this is also true of A, the sum leading to
IC;(1) also has its last 3 columns equal to zero. Hence, j € 7, and the proof is
complete.

EXERCISE 7.10 Suppose /C(1) has the form

o ]C()Q 0
K(1) = [’Clo O} ) (7.2)
where Ky is a square matrix. Bearing in mind that /C(1) is stochastic, prove
that Cgp is also stochastic and that  has the form [« 0], where kg is the
stationary probability vector for KCqg.

Solution: Recall that /C(1) stochastic means that /C(1) is a one-step transition
probability matrix for a discrete parameter Markov chain. That is, all entries
are nonnegative and the elements of every row sum to unity. Thus, £(1)e = e.

But © 0
K= o)
and
[IC 0] [e
ke = |Kg 0] M
. ICooe
o _lCme
e
e

Therefore, the element of the rows of Kyp sum to unity and are nonnegative
because they come from C(1). Since Ko is square it is a legitimate one-step
transition probability matrix for a discrete paramter Markov chain.

Now, recall that « is the stationary vector of (1); thus

k- K(1) =k,

with ke = 1. Therefore,

K 0
[ Ko %1]{,&2 0] = [koKoo + k1Ki9 0]
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= [ro K1,

so that k1 = 0. Thus, koKoy = Ko, and we find that  has the form [ro 0].
Furthermore, since ke = [k 0]-[e e]’ =1, we find kge = 1, so that rg
is the stationary probability vector for KCqg.

| EXERCISE 7.11 Prove Theorem 7.3.

Solution: By definition,
77.7-"&(2) = Z Aizi
i=0
Then, with z = 1,
PFa(l) =P =)_A,
i=0

so that the latter sum is stochastic.

First, note that [Ko(1)]" represents an n-step transition probability matrix
for a discrete parameter Markov chain so that this matrix is stochastic. We
may also show [K(1)]" is stochastic by induction on n. Let 7 be the truth
set for the propostion. Then 0 € 7T since [K(1)]® = I, which is stochastic.
Now assume that 0,1,---,n — 1 € T. Hence [K(1)]" " is nonnegative and
[Ko(1)]" ! e = e. It follows that

Ko(D]" = Ko(1

And clearly, [Ko(1)]™ is nonnegative for all n. Therefore, if [Ko(1)]" " is
stochastic, then so is K™(1). This proves the proposition.
Now, A; is a matrix of probabilities and is therefore nonnegative. Thus,

o
K1) => Al
i=0
so that /C;(1) is nonnegative for all j > 0. Now,
oo .
le(l)e = Z‘AZ [ch_l]z e,
i=0
and by the above proposition, [ICj_l]i e = e. Thus,

le(l)e = Z Aie
1=0
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so that /C;(1) is also stochastic.

EXERCISE 7.12 Suppose that P is the one-step transition probability ma-
trix for an irreducible discrete-valued, discrete-parameter Markov chain.
Define ¢ to be the stationary probability vector for the Markov chain. Prove
that e¢ [I — P + e¢] = e¢ and that, therefore, e = ep[1 — P + e¢]_1.

Solution: Observe that
ep[I — P+ ep] =ep — edpP + epeq

But ¢ is the stationary probability vector for P, so that P = ¢ and ¢e = 1.
Therefore,

ep[I — P+ ep)l=ed—ep+ep=ep
Thus, given that [ — P + e¢)] is nonsingular, we find
ep=ep[l —P+ep)
as required.

EXERCISE 7.13 Define

1 1 i+1 |G ,
FM(z) = ~ [Fa2) = mol and Fy V) (2) = = ) —m] >t
Starting with (7.49), substitute a function of (-](-1) (z) for F5(z), then a func-
tion of .7-"@(2)(2) for fél)(z), and continue step by step until a function of

©) ) 1 : (c-1)
F; () is substituted for F

of

(z). Show that at each step, one element

c-1 '
D mid Az)
=0

is eliminated, resulting in (7.51).

Solution: Starting with
1 1
F() = 2 Fal) = ml,

we find
Fi(z) = z]:él)(z) + 7.
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Given

Fil2) [°1 - A(2)] = C_:wj[ 2) = 2 A(2)], (7.49)
we find i

[2F0() 4 7] [7 — A2)] = W[ 2 - 9 AG)]

Cc-1
z]-"él)(z) [ZCI - A(z)} = —7 {Zcf - A(Z)}—i-z j |:ZCBj(Z) - Zj-A(Z)} .
=0

Upon simplifying, we find

c-1 c—
2P () [T = A2)] = —mo [T - A(z ]+Z ;¢ Z
c-1 c—
z]—"él)(z) [ZCI — A(z)} = —mzCT + > m;2° Z
J=0 J=1

We now substitute z]:q@) (z) + m for ]:[1(1) (z) in the previous equation to find

Cc-1 Cc-1

z {z}"g) (z) + 771} [ZCI — A(z)} = —mpzI+ Z 729 Bj(2)— 2 A(2).
j=0 j=1
Simplifying, we get
c—1 c-1
2FP () [°1 - A2)] = —mozCT-2m2C+ Y 12CB;(2) - 3 2 A(2).
j=0 J=2

Continuing in this manner, we get
C r(©) c c
2 F; (z)[ I— Az }——z Zﬂ]z3+2w3 i(2),

or
(O

FOR) [T - A@)] = ¥ m [Bi(2) - 2]

J=0

>_A
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which is the required result.

EXERCISE 7.14 Beginning with (7.68), develop an expression for the first
and second moments of the queue length distribution.

Solution: Starting with

c-1
Fi(z) = Z Zmi+ 28I - F2 ' H, (7.68)
=0

we just use the properties of moment generating functions to compute the

required moments. Recall that for any integer valued, nonnegative random

variable, & we have E [7] = LF;(2)|.21 and E [3?] = %fj(Z)HZ:l +

d%]{g(z)Hz:l. In this case, E [] = dilz]:g(l)e because F;(z)e is the generat-

ing function for the occupancy distribution. The appropriate derivatives are

d

c-1
—Fil(2) = S it + €29 g (I - F2) VH + 2%F 1 — F2] 2 H,
i=1

and

—F4(z) = i(i—1)2" 2+ C(C —1)22g[I —F2) ' H
+202C"YgF I — F2) *H + 2CgF*[I — Fz] > H.
We then have

Cc-1

E[q = C%.Fq(l)e =Y ime+Cg[l — F]"' He+ gF ([ — F]"* He,
=1
and
c-1
&3] = > ili - me+C(C-1)g[l - F] H

=2
+20gF [I — F| 2He + gF?[I — F]® He + E[q].
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EXERCISE 7.15 Suppose C' = 2. Define

i [ A Az
A= | Al
Alz) =Y 47
i=0

and ¢ to be the stationary vector of .4(1). Suppose
m ~
p= o2 [Z iAi] e.
i=0
Show that
(@) ¢2=73[¢ @], where ¢ is the stationary vector of A(1).
(b)

¢ [i iAZ-] e=2p.

i=0
Solution:
(a) Given
R Agy Al .
A = ‘ =12,
’ {Azi—1 Ao
we have

Alz) = [ im0 A2izt 320 Azitr2”
i Agic12t 20 Agid
Upon setting z = 1, we have
A1) = { oo A2 220 A2ig
Yot Az D20 Az

Define - -
A = Z Ay and A, = Z Az
i=0 i=0
‘We then have A A
A1) = [ " AJ .

Now, suppose ¢a = [¢pae a0 is the stationary vector of A(1). Then,
we have ¢o = ¢2A(1) and ¢oe = 1. From ¢ = 2 A(1), we have

(20 0m] =100 0l [ ]
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from which we have

¢2e = ¢26A6 + ¢20Ao and ¢20 = ¢26Ao + ¢20Ae-

Now suppose we set ¢o, = o, = %qb. We then have

1 1 1 1
§¢ - §¢Ae + §¢Ao - 5(25 [Ae + AO] .

But, A, + 4, = A(1), so we have p.A(1) = ¢ and ¢e = 1 because ¢ is
the stationary vector of A(1). Therefore, if we set ¢o = [¢ @], then
@9 satisfies ¢g = ¢2fl(1), ¢oe = 1. That is, ¢ is the unique stationary
vector of A(1).

(b) Given ' '
i Yoico Aozt Y20 Agip1 s’

A = OCZ> % ! [e%9) i

(Z) [ Zi:o A1z Zi:o Agiz

we have
40 _{ i E?ioiA%Hz(i—l)},

dz Zzoil Z.1422'—1Z(i_1) Zloio iAQiZ(i_l)
So that J - _—
LA ey = | Km0t i=0 L2041
dz (Z)H = |: =1 ZA2Z'—1 Zi:O ’LAQZ'
Hence,
ifi(z) = { 1 2 2% 21’A2{' 3 2220(2i +11)A21'+1 - 3 220 Azit1
dz o=t LR (20— D Agia + 3 X i 1352 2iAy,

If we now postmultiply by e, we find

ifl(z) o F 3220 2iAgie + 5 3°720(20 + 1) Agirre — § 3.0 Agiqre
z=1 % Zzoil 1A9;_1e + % Z?il Agi_1e+ % Zloio 2iAqe

dz
Then, upon changing the index of summation, we find

44| om [EEvihe = T A
z=1 % Z;ﬁo 1A;e + % 22021 Ag;_qe

dz
Then premultiplying by ¢o = % [¢ ¢]yields

d - 1 &
(ngA(z)‘Z:le = §¢§ZA1'€-

Therefore,

o0 ] d R
¢ idie = 2¢2d—A(2)Hz=19 = 2p.
i=0 z



232 QUEUEING THEORY WITH APPLICATIONS . ..: SOLUTION MANUAL

7.1  Supplementary Problems

7-1 Consider a slotted time, single server queueing system having unit service
rate. Suppose the arrival process to the system is a Poisson process mod-
ulated by a discrete time Markov chain on {0, 1} that has the following
one-step transition probability matrix:

=17 )

1—« o

While the arrival process is in phase i, arrivals to the system occur accord-
ing to a Poisson process with rate \;, ¢ = 0, 1.

(a) Argue that A(z) = B(z) for this system.
(b) Show that

A(z) = [ po1- ﬁ} [E_AOU_Z) —Al(gl—z)

1—« « 0 e

(¢c) Determine A; for all ¢ > 0.

(d) Suppose that at the end of a time slot, the system occupancy level is
zero and the phase of the arrival process is ¢, ¢ = 0, 1. Determine the
probability that the system occupancy level at the end of the following
time slot will be k, k = {0, 1, - - -} and the phase of the arrival process
willbe 7, 5 =0, 1.

(e) Suppose that at the end of a time slot, the system occupancy level is
k > 0 and the phase of the arrival process is ¢, ¢ = 0, 1. Determine the
probability that the system occupancy level at the end of the following
time slot will be [, | = {k — 1, k, k + 1} and the phase of the arrival
process will be 7, 7 =0, 1.

(f) Leta = 0.5, 8 = 0.75, A\g = 1.2, and A\; = 0.3. Determine the equi-
librium probability vector for the phase process and p for the system.

(g) Write a computer program to determine AC(1) for the parameters given
in part (f), and then determine the equilibrium probability vector for
the Markov chain for which /C(1) is the one-step transition probability
matrix.

(h) Compute E[q|, the expected number of packets in the system at the
end of an arbitrary time slot. Compare the result to the equivalent
mean value E/[q] for the system in which A\g = A; = p as computed
in part (f). What can be said about the effect of burstiness on the
average system occupancy?

Solution:
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(a)

(b)

(©

(d)

(e)

The matrices B, represent the number of arrivals that occur in the first
slot of a busy period while the matrices .A; represent the number of
arrivals that occur in an arbitrary slot. Since arrivals are Poisson and
the slots are of fixed length, there is no difference between the two.

The matrix A(z) represents the generating function for the number
of arrivals that occur during a time slot. In particular, if the phase of
the phase process is 0 at the end of a given time slot, then the phase
will be 0 at the end of the next time slot with probability 3, and the
distribution of the number of arrivals will be Poisson with parameter
Ag. Similarly, if the phase is initially 1, then it will be zero with
probability (1 — «) and the distribution of the number of arrivals will
be Poisson with parameter A\y. Hence

A = g feoz):)_(;(?_z) %:?giiiﬁiii]
— [ B 1—5} {e- o)

0
1« o 0 e~ M(1-2) |-
From the formula for the Poisson distribution,

Ai:Lfa 1;ﬁ] [ATS) i]

1!

/\k

P{i=ko=0R=06=0] = 20
L
P{a=kg=1n=0,=0} = (1—/3)F}
\k
P{i=h,p=0[a=0,6=0} = (1-a)7y
Ak

P{i=k,¢=1n=06=1} ak—}

The level wil be k£ — 1 if there are no arrivals, this probability matrix
is given by
- 154 1—p] e 0
Ao = [1 —« « 0 e M|

Now, [ = k if exactly one arrival given by

RIS [N

11—« « 0 Ae M
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and [ = k + 1 if exactly two arrivals given by

)\ge’AO
PRI EREIE -
1—a« @ 0 Me M
o1

The equilibrium distribution for the phase process is found by solving

.

1—«a o

where xre = 1. Also, we can simply take ratios of the mean time in
each phase to the mean of the cycle time. Let n; be the number of
slots in phase i, i = 0, 1. Thus, P {fg = k} = (1 — B)B*~! implies
E[no] = ﬁ Similarly, E[f1] = 11-. Therefore,

1/(1-5)
P{phase 0} =
tphase O} = =g +1/0-a)

B -«

- 2—a-8

B 0.5 _ 2

- 2-05-075 3
and

1/(1 — )
P{phase1} =
hasel} = -+ 1/1-a)

_ _1-5

 2—a-p§

B 025 1

- 2-05-075 3
Thus,

2 1

P = g/\0+§)\11
= Z(1.2) +=(0.3) = 0.

3( )+ 3(0 3)=0.9

Since A(z) and B(z) are identical, G(1) and /C(1) are also identical.

We may then solve for /C(1) by using (5.39). The result is

~10.486555 0.513445

k) = 0.355679 0.644321 |-

Note that the result is a legitimate one-step transition probability ma-
trix for a discrete parameter Markov chain. The equilibrium may be
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obtained by normalizing any row of the adjoint of I — K(1). The
relevant adjoint, in turn, is

_10.355679 0.513445

adj I —K(1) = | ) 355670 0513445 | -

and, if normalized so that the row sums are both unity, the result is
k =1[0.409239 0.590761 ] .

(h) We may compute F[q] from (5.47). In order to do this, we must first
define each term in the equation. From part g, 7;(1) = [0.6667 0.3333 ].

Also, roll—z]
e MoLT2 0
Fa(z) = { 0 e—)\l[l—z]]
so that, in general,
(), — | Ape ol 0
Fa (2) = [ 0 /\]ie—A1[l—z] :

In particular,
My A O] [12 0
Fa (1)_[0 )\1]_[0 03]°

@y _ [X5 0
‘7:& (1)_|:0 A%

and

144 0
0 0.09]"

From (5.41),

m = [1-FWF 1e]x
[0.0409239  0.0590761] .

All of the terms are now defined. Substituting these into (5.41) yeilds
E[q] = 6.319. For the M/G/1 case, the appropriate formula is (6.10),
which is

2
241
B = pl1e-L-G

1—p 2
= 4.95.

From this, it can be seen that the effect of burstiness is to increase the
average system occupancy. As has been observed many times before,
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a Poisson assumption is not valid in many cases where an observed
phenomena shows that the traffic process is not smooth.

7-2 The objective of this problem is to develop a closed-form expression for
the mean queue length, E[g], for the slotted M/D/1 system having phase-
dependent arrivals and unit service times. Our point of departure is the
expression for the generating function of the occupancy distribution as
given in (7.37), which is now repeated for continuity:

Fi(2) Iz — PFa(z)] = mo [z — 1] PFa(2). (7.69)

(a) Differentiate both sides of (7.69) to obtain

Fi2) [1z = PEP ()] + FyP(2) [z = PFa(2)]

= 7oz — IPFN (2) + moPFa(2) (7.70)

a

(b) Take limits of both sides of (7.70) as z — 1 to obtain
FPOU =P =mP - F() [I-PF ). (7.71)

(c) Define p to be the marginal probability that the system is not empty
at the end of a slot. Postmultiply both sides of (7.71) by e, and show

that p = F3(1)F (De.
(d) Add Fy"(1)eF;(1) to both sides of (7.71), solve for Fy (1), and
then postmultiply by 73]:[51) (1)e to obtain

FOMPF(1) = FV (Dep

+H{moP — Fy(OI - FP () (7.72)
I —P+eF;(1) "

Use the fact that eF5(1) [I — P + eF5(1)] = eF5(1), as shown in
Exercise 7.12 in Section 7.3.

(e) Differentiate both sides of (7.70) with respect to z, postmultiply both
sides by e, take limits on both sides as z — 1, and then rearrange
terms to find

1
FOPFY e = FP (e - s AP WF (1)e

a

—moPF (1)e (7.73)

a
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(f) Equate right-hand sides of (7.72) and (7.73), and then solve for F. él) (De

to obtain
Elq) = FV (1)e
1 1
- — p{ifq(l)fg’(l)e +7oPFY (e
+ (moP = Fa(1) [1 = FP()])
X [I =P +eFy(1)] ' PFV (1)e}.
Solution:

(a) This part is accomplished by simply using the formula

dilzu(z)v(z) _ [diiu(z)} o(2) + ul2) {d%v(z)}
with u(z) = F;(z) and v(2) = [Iz — PFa(z))].
(b) Given
Fi2) [1z = PEV ()| + FyP(2) [z = PFa(2)]
= molz — JPFLY (2) + moPFa(2) (7.70)
from Part (a) and using the fact that lim, ,; F5(z) = I, the result

follows.
(c¢) From Part(b),

FPOU =P =mP - F() [I-PFROW].  (7.7)

Now, Ie = e, and Pe = e because P is the one-step transition
probability matrix for a DPMC. The [/ — P] e = 0. Considering the
RHS, myPe = mpe, which is the probability the occupancy is equal
to zero. Also, F5(1)Ie = Fj(1)e = 1 because F;(1) is a vector of
probability masses covering all possible states. Considering the term
]:g(l)P]:él)(l)e, F3(1)P = F;(1) because F5(1) is the stationary
vector for P; this fact can easily be seen from (7.69) by setting z = 1.
In summary, we have

0=me—[1— Fa()F (e] or 1-me = p= F(1)F" (1)

0 q 0 p q a €.

(d) Starting with
FPO =P +eFy()] = moP—Fy(1) [ - PP (1] . (7.71)
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we add ]-'él) (1)eF5(1) to both sides to get

FOQ)  [T-P+eF(1)
= FPWeF(1) +mP - Fy(1) [1 - PV (1)
We now postmultiply both sides by [I — P + eF;(1)] " to obtain
FUW) = FNWeF(1) [ - P+ eFp(1)] ™!
+{moP + Fy(1) [1 - PFY )]}
[I—P+eFs(1)] ",
We then note that since
eFg(1) [I =P +eF(1)] = eFg(1),
it is also true that
eF;(1) = eFz(1) [I =P+ eFz(1)] [ = P +eFs(1)] "

In addition, F5(1)P = F;(1) because F;(1) is the stationary vector
of P. Hence,

F1) = FPWeF;(1)
+ {71'073 + ]:[1'(1) [I — ]‘}51)(1)} }
[I—P+eF(1)]".

Upon multiplying both sides by 73]:551) (1)e, we have

FIOPE e = FPWeF()PFY (e
+{mP+ F ) [1- FP )]}
T~ P+ eF (1) P (e

Again using F5(1)P = F;(1) and p = ]-'g(l)]-'él)(l)e leads to

FPOPFM e = FM(1)ep
+ {71'073 + ]:[j(l) [I — ]:[51)(1)} }
I =P+ eF(1) ' PV (1)e.

a
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(e) Upon taking the derivative of both sides of (7.70), we find

q

FO@) 1z~ PF(2) +2F0() [1- PFO (2)]
~FAPF () = mlz — UPFY (2) + 2mPF ) (2)
Then multiplying by e and taking the limit as z — 1 yields

27 () [1 - PFO ()] e~ Fi()PFD (e = +2mPF (1),

where we have used the fact that f(§2) (1)[{ —PFa(1)] e = 0. Upon

solving for ]:[1(1) (1)73]:551) (1)e, we find

q a

1
P OPFED e = FV (Ve - s F()F (e - mPF (e,

(f) The final result is obtained by simple algebraic operations. These
operations do not involve any other equations. We begin with

1
7 (e = S R (e - mPF (1) = F) (1)ep

+{moP + F() [T = FV )|} T =P+ eFy(1)] " P (1)e.

This yields

1
FWe(t - p) = 5FHOFD Me + PR ()

+{moP + Fa(D) [T = FV O} T = P+ eF 1] PV (e,

The result follows by dividing both sides by (1 — p).



