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Abstract

We have analysed spatio-temporal variograms of catchment precipitation and run-
off. The sample variograms were calculated on the basis of 20 years of quarter
hourly precipitation and runoff data from about 600 catchments in Austria. We
have fitted three spatio-temporal variogram models independently to the spatio-
temporal sample variograms of catchment precipitation and runoff for three differ-
ent catchment size classes, small, medium and large. The models were an expo-
nential model, a model proposed by Cressie and Huang, and a product-sum model.
We found that the exponential model and the product-sum model provided simi-
larly good fits both for runoff and precipitation. The exponential model was
slightly better for runoff, while poorer for precipitation. The model of Cressie and
Huang was not suitable for modelling precipitation, and was also significantly
poorer for modelling runoff.

We have also fitted regularised variograms jointly to the spatio-temporal sam-
ple variograms of the three catchment size classes. From this we back-calculated a
spatio-temporal variogram of point runoff. Here, all the three models provided
equally good fits.

We are planning to use the back-calculated variograms of point runoff for in-
terpolating runoff time series to catchments without runoff measurements.

1. Introduction

Geostatistical analyses in hydrology have generally focused on either spatial or
temporal analyses, while joint space-time analyses have been rare. At the same
time, most processes of interest to hydrologists have variability both in time and
space. Skgien et al. (2003) analysed the characteristics of variograms in space and
time separately for precipitation, runoff, groundwater and soil moisture. Espe-
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cially, they examined the effect of different catchment sizes on the spatial and
temporal variograms of precipitation and runoff independently.

Here, we examine precipitation and runoff jointly in space and time. We ana-
lyse variograms in terms of their support, and suggest that runoff also has a tem-
poral support that must be accounted for in the analyses. We analyse precipitation
and runoff in the spatio-temporal domain, and explain differences between sample
variograms of runoff from different catchment sizes.

A large number of different spatio-temporal correlation models have appeared
in the literature. Most of them are functions of the correlations in time and space.
De Cesare et al. (2001) and De laco et al. (2001) extended some of the earlier
models into a product-sum model. Cressie and Huang (1999) proposed a series of
non-separable models.

2. Data

The data used in this paper stem from a comprehensive hydrographical data set
of Austria. We have used data series of precipitation and runoff from approxi-
mately the same stations as Skaien et al. (2003), but with a much higher temporal
resolution than what they used in their analyses. We used quarter hourly runoff
data from 590 stream gauges, and hourly catchment precipitation from 756 catch-
ments. Most of the series consisted of approximately 20 years of data.

3. Theory and methods

We can always attach a measurement scale to our measurements. Bléschl and
Sivapalan (1995) described the measurement scale as a scale triplet, the distance
between measurements (spacing), the total area over which we have measured (ex-
tent) and the area or volume that each measurement represents (support). We will
in this paper focus on the support of measurements.

Skgien et al. (2003) analysed how variograms of daily precipitation and runoff
changed as a function of catchment size. Although they showed that it was
mathematically possible to explain the aggregation behaviour of runoff trough
spatial aggregation, they suggested that runoff has a spatio-temporal support, that
has to be considered in the analyses. Runoff at the outlet is not only a spatially av-
eraged value of the instantaneous runoff at every point in space, the variance is
further smoothed as the runoff at the outlet consists of runoff generated at differ-
ent times and in different parts of the catchment. The precipitation data also has a
temporal support, but it is the same for all catchments, the 60 minutes over which
precipitation is summed in the time series used.

The runoff time series at the outlet can be considered as a convolution of the
runoff generation process with a different unit hydrograph for every point (similar
to Woods and Sivapalan 1999):
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Qi(t) is the runoff from catchment i at time t, W(x,y,t) is the point runoff genera-
tion process at point (x,y) and time t, while u(x,y,t) is a unit hydrograph for each
point in space and time. A; refers to the catchment area and T, is the time interval
that influences the output, with ras the integration variable. The specific runoff
(runoff per areal unit) can then be found as a weighted average of the runoff gen-
erated within each point in the catchment to each time step, where the weighting
function can be considered as a unit hydrograph. The unit hydrograph is unknown,
and likely to be a complicated function in space and time, where the temporal
variable also includes the different responses to different precipitation and
evapotranspiration intensities. We assume the simplest possible unit hydrograph, a
block hydrograph, that gives constant runoff of 1/T; during a runoff time interval
T;, and O at all other times. This gives us the specific runoff at the outlet as the
arithmetic average of the runoff point process within the catchment with area A;,

and during the runoff time interval T;, i.e.:

t
0, (=[] [W(x y.t - r)dexdy @
AiTi A =T,
Although T; may be either a constant or a function, depending on the catchment
size and its other properties, for readability and practical reasons, we will use the
notation T, as if it were a constant. We assume a simple relationship between this
runoff time interval and catchment area:

T=aA? 3)

3.1 Spatio-temporal variogram models

We estimated the spatio-temporal sample variograms for both precipitation and
runoff by:
1 m(hs)nj(ht) 4
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where hS = |hs| is the space lag, h; is the time lag, u(x;, t;) is the value of the vari-

able (precipitation or specific runoff) at time t; and spatial location x; of station j,
m(hs) is the number of stations with distance hs, and nj(h) is the number of pairs
with time lag h,. Not all data values were sampled, to reduce computation time.

Different authors have suggested a large number of spatio-temporal variogram
models. We have compared three of these models in this paper, a spatio-temporal
exponential model, a model proposed by Cressie and Huang (1999) and the prod-
uct-sum model (De Cesare et al. 2001; De laco et al. 2001).



4 Jon Olav Skgien and Glinter Bloschl

The first model we examined is an exponential model, partly following the
Taylor hypothesis.

715 (s, hy) = a; (A—exp(—=((c;h, +hg) /dp)*)) ®)

a; will be equal to the variance for a homogenous process, ¢, is a scaling parame-
ter for time, d; is a spatio-temporal correlation length and e; is defining the slope
of the short distance part of the variogram.

The second model we examined was proposed by Cressie and Huang (1999).
They presented a method for developing classes of non-separable, spatio-temporal
stationary covariance functions. We have tested several of the models they sug-
gested from this method, and focus in this paper on the following model:

Cohy +1 (6)
((coh, +1)? +b2h2)%/2
a, >0 is a scaling parameter for the variogram, equal to the variance for a ho-

mogenous process, b, >0 is a scaling parameter for space and ¢, >0 is a scaling

parameter for time.

The third model we examined is the product-sum model, which is derived from
a covariance model combining products and sums (De Cesare et al. 2001; De laco
et al. 2001):

73t (Ns, M) = 751 (N5,0) + 75 (0, ) =Ky (hs,0)75 (0, ) (7
where y; is the spatio-temporal variogram, and k is a parameter, partly dependent

on the variances. y(h,,0) and 4 (0,h,) represent the spatial and temporal

variograms, respectively. The product-sum-model was based on the following
one-dimensional variogram model both in spatial and temporal directions:

7(h) = ag(1—exp((h/d3)™)) )

where the parameters are similar to Eq. 5

Skaien et al. (2003) showed that daily precipitation can be regarded as station-
ary in time, daily mean runoff is almost stationary in time, while neither of the
processes can be regarded as stationary in space within the spatial extent of the
data. The models above are all describing stationary processes. The correct way to
use them as a starting point for non-stationary models would be to add a fractal
part. But this will make it difficult to fit the short distance part of the variograms.
We have therefore chosen to multiply it with a fractal part in both spatial and tem-
poral directions as:

Yast(hs, hy) =a,(1—

Vist = 7’isth§htb ©)
u is referring to the non-stationary variogram model, i to the variogram model, and
with the approximation that h? =1 if h? <1 and h? =1 when h <1. When us-

ing a variogram model for interpolation, it needs to be positive definite (Journal
and Huijbregts 1978). Christakos (1984) has developed a series of tests for posi-
tive definiteness, but these are difficult to apply to the above variograms. If we
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suppose that the stationary parts of the variograms are valid, we assume that the
multiplication with a fractal part with a small fractality should not change this.
One important condition for variograms to be valid though, is the condition that
y(h) must grow more slowly than ||h|* (Cressie 1991;Christakos 1984). The lag h
will in the spatio-temporal context be h=(hs,h;). Skaien et al. (2003) found that the
empirical variograms of runoff did not have a higher slope than one on any of the
axes. The highest slope of precipitation is found to be 1.6. We therefore assume
that Eq. 9 gives valid variograms for small a and b.

3.2 Spatio-temporal regularisation

We assume that the variance of catchment runoff is also dependent on the tem-
poral scale. We have therefore extended the spatial regularisation, described, e.g.,
in Skaien et al. (2003) and Western and Bldschl (1999), and use the following

equation for space-time regularisation:
T max R max
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fys and fi are the pdfs of spatial distances between points in two catchments with
separation distance hs and catchment area S, and two points within a catchment
with area S, respectively. f,, and fy; are the pdfs of temporal separations between
two points in time, 5 for points within different catchments and/or different start-
ing times for the runoff time interval T, fy, for points within the same runoff time
interval T.

A correct way of performing spatio-temporal regularisation of runoff would be
to work with real spatio-temporal pdfs of distances in time and space between
points within or between catchments. This would be the result of using realistic
unit hydrographs, and then finding the pdfs analytically (which is impossible for
most catchment geometries and unit hydrographs) or numerically. To focus on the
regularisation, we have assumed a block hydrograph, as described in Eq. 2. A sec-
ond simplification is that we allow for catchments of equal size to be partly over-
lapping. Natural catchments will always be either non-overlapping, or the larger
one will completely cover the smaller. The simplification of assuming catchments
to be of a certain size, and allowing them to be partly overlapping, may have some
influence on the estimated variograms at short-distance lags.

3.3 Analyses

We have separated our analyses into two parts. In the first part we have fitted
theoretical spatio-temporal variogram models to our sample variograms of small,
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medium and large catchments independently. In the second part we have jointly
fitted the variogram models to the sample variograms from the three catchment
size classes. Using the regularisation procedure described in 3.2, this allowed us to
back-calculate spatio-temporal variograms for point runoff.

We use the weighted least-squares (WLS) method (see e.g. Cressie 1991) to es-
timate the optimal parameters by minimizing the objective function:

e | imod (N hy) ’ (12)
O(A) = ’ : ,\——l
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Where A, is the average area of catchment size class I, 7} mqq(Nsi, hy) is the mod-
elled variogram for a spatial lag hs and temporal lag hy, 7, (hgi, hg ) is the esti-

mated sample variogram for the same spatial and temporal lag, for the same
catchment size class. ns and nt are the number of bins in space and time. w(i,j) is
a weight for the error of each bin, with the indices i and j in spatial and temporal
directions, respectively. We increased the weights along the axes to make sure that
the regularised variograms would be well fitted to the univariate spatial and tem-
poral variograms. We used the SCEUA-method (Duan et al. 1992) in the search
for the best parameter set.

The spatio-temporal regularisation was only performed for runoff variograms,
as all of our precipitation series have the same temporal support. Due to the as-
sumptions above, the variograms of precipitation from different catchment size
classes can be found by spatial regularisation of a spatial variogram of point pre-
cipitation. This was done for daily precipitation series by Skaien et. al (2003).

4. Results

4.1 Spatio-temporal sample variograms of precipitation and runoff

Figure 1 shows the spatio-temporal sample variograms of precipitation. The total
variance of precipitation is similar in time and space, with the measurement scales
of our data set. However, the variogram increases faster in the temporal direction
than in the spatial direction. The variograms are well-defined for short to medium
distances both in space and time, but are a little more noisy for large spatial and
temporal distances. There is not much difference between the spatio-temporal
sample variograms of precipitation from the different catchment size classes.
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Fig. 1. Spatio-temporal sample variograms of catchment precipitation. Catchment size
classes are small, medium and large

Figure 2 shows the spatio-temporal sample variograms of runoff. The figure
shows that there is a higher variance in space than in time, with the measurement
scales of our data set. The variogram increases faster in the spatial direction than
in the temporal direction, opposite to precipitation. The spatio-temporal
variograms are well-defined for all spatial and temporal distances, and better de-
fined for long spatial and temporal scales than the variograms of precipitation.
There is a large difference between the variograms from catchments of different
sizes. It is obvious that the catchment size has an efficient smoothing effect. All of
these observations are coherent with the findings of Skgien et al. (2003).
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Fig. 2. Spatio-temporal sample variograms of runoff. Catchment size classes are small, me-

dium and large.
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4.2 Fitting of spatio-temporal variogram models

We have fitted the spatio-temporal variogram models to the spatio-temporal sam-
ple variograms. This has been done independently for the variograms from each
catchment size class. In Figure 3, we see how the three different variogram models
have been fitted to variograms of precipitation from small catchments. We see that
the fitted models fit quite good to the sample variogram. The fits are best for the
shorter spatial and temporal distances, the deviations are larger for the longer dis-
tances. This is also because the sample variograms are more noisy for larger spa-
tial or temporal distances.
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Fig. 3. Spatio-temporal sample variograms of precipitation for small catchments, along
with the fitted variogram models.

Table 1 shows the calculated values of the objective function for the best fitted
variogram models. The table includes both the objective functions for each inde-
pendently fitted variogram, and the sum of the objective functions of all the
catchment size classes. Table 1 indicates that the product-sum model gives slightly
better fits to the sample variograms of precipitation than the exponential model.
The Cressie-Huang model is not suited to model spatio-temporal variograms of
precipitation. Its errors are largest for short to medium distances along the spatial
axis.

Table 1. Objective function for variogram models fitted independently to spatio-temporal
sample variograms of precipitation for small, medium and large catchment size classes. To-
tal relates to the sum of the objective functions for the three catchment size classes.

Variogram model Small catch-  Medium catch-  Large catch- Total
ments ments ments

Exponential model 0.66 0.48 0.79 1.93

Cressie-Huang model 13.8 15.0 13.0 41.8

Product-sum model 0.40 0.40 0.63 1.43

For runoff, the variogram models provide similarly good fits to the sample
variograms, although the objective function was higher than for precipitation. Fig-
ure 4 shows the spatio-temporal sample variogram of runoff from small catch-
ments, together with the best fitted variogram models. The fits are better for the
short spatial and temporal distances than for the longer distances.
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Fig. 4. Spatio-temporal sample variograms of runoff for small catchments, along with the
fitted variogram models.

Table 2 shows the calculated values of the objective function for the fitted
variogram models. The table includes both the objective function for each inde-
pendently fitted variogram, and the sum of the objective functions of all the
catchment size classes. The exponential model provide a slightly better fit to the
sample variograms of runoff than the product-sum model. The Cressie Huang
model, again, performs slightly poorer than the two other models.

We would actually expect a non-separable model, such as the Cressie-Huang
model, to perform better than the product-sum model for variograms of runoff.
Cressie and Huang (1999) formulates the problem with separable variograms as:

CO(hy:hy) o CO(hgy;hy) (12)

i.e., the shape of the correlation function in the temporal direction will be equal for
different spatial distances. It might be that our choice of a separable non-stationary
part has changed the goodness-of-fit of the models. It can also be that both the ex-
ponential model and the product-sum model are so much better suited for the spa-
tial and temporal variograms, that they also perform better for the spatio-temporal
variograms.

Table 2. Objective function for variogram models fitted independently to spatio-temporal
sample variograms of runoff for small, medium and large catchment size classes. Total re-
lates to the sum of the objective functions for the three catchment size classes.

Variogram model Small catch-  Medium catch-  Large catch- Total
ments ments ments

Exponential model 4.8 6.7 4.6 16.1

Cressie-Huang model 7.5 17.8 241 494

Product-sum model 9.1 7.2 6.9 23.2

4.3 Joint fitting of spatio-temporal variograms

We have fitted the regularised spatio-temporal variograms to the spatio-temporal
sample variograms. This has now been done jointly for the variograms from all
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catchment size classes. This allows us to back-calculate a variogram for point run-
off. Figure 5 shows the three variogram models fitted to the sample variograms.
The Cressie Huang model, again, performs poorer than the two other models.

Table 3 shows the objective functions from the fitting procedure for the differ-
ent models. As the variograms of different catchment size classes have been fitted
jointly, only the total objective function is given. All the three spatio-temporal
variogram models give practically equally good fits as a spatio-temporal
variogram of point runoff. The regularised variograms from the Cressie-Huang
model give better fits to the sample variograms than when we were fitting the
model directly.

The back-calculated point variogram models exhibit significantly shorter spa-
tial correlation lengths than any of the catchment scale variogram models. The
correlation lengths are on the scale of a kilometre or less, while the small catch-
ments showed correlation lengths of 10-20 kilometres. This is plausible.

The back-calculated point variograms based on the exponential model and the
product-sum model exhibit slightly shorter temporal correlation lengths than the
small catchment scale variograms, while the Cressie-Huang model gives longer
temporal correlation lengths.

While the differences of the point variograms between the models may be sig-
nificant, they may be not important for interpolation applications, as the catch-
ments of interest are of similar size as the catchments in the data set used here.

Table 3. Objective function of jointly fitted variograms from all three catchment classes, by
regularising variogram models of point runoff.

Variogram model Total
Exponential model 449
Cressie-Huang model 46.2

Product-sum model 46.0
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Fig. 5. Spatio-temporal sample variograms (left) of runoff from small, medium and large
catchment size classes, along with regularised variograms and the back-calculated
variograms of point runoff.

Conclusions

We have fitted three spatio-temporal variogram models independently to the spa-
tio-temporal sample variograms of catchment precipitation and runoff for three
different catchment size classes, small, medium and large. The models were an
exponential model, a model proposed by Cressie and Huang, and a product-sum
model. We found that the exponential model and the product-sum model provided



12 Jon Olav Skgien and Giinter Bloschl

similarly good fits both for runoff and precipitation. The exponential model was
slightly better for runoff, while poorer for precipitation. The model of Cressie and
Huang was not suitable for modelling precipitation, and was also significantly
poorer for modelling runoff. We think this is related to the fact that both spatial
and temporal variograms of runoff can be very well modelled by exponential
variograms. It might also be that we have not been able to introduce a proper in-
separable non-stationary part in the variogram models, and that we have to search
for better non-stationary spatio-temporal variogram models.

We have also fitted regularised variograms jointly to the spatio-temporal sam-
ple variograms of the three catchment size classes. From this we back-calculated a
spatio-temporal variogram of point runoff. Here, all the three models provided
equally good fits.

We are planning to use the back-calculated variograms of point runoff for in-
terpolating runoff time series to catchments without runoff measurements. We
found that the back-calculated variograms differed depending on the variogram
model used, but for interpolation applications these differences are likely not im-
portant as the catchments of interest are of similar size as the catchments in the
data set used here.
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