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To my family
and my friends and co-workers
at the Astronomical Institute of the University of Bern






Preface

This work is based on lecture notes about Celestial Mechanics of the planetary
system and of artificial satellites, about the rotation of Earth and Moon, and
about numerical analysis. The lectures were intended for diploma students of
astronomy, physics, mathematics, and geography at the University of Bern
in their first three academic years. In view of the broad and inhomogeneous
audience, the lectures had to be self-consistent and based on simple, generally
known physical and mathematical facts and concepts.

The work consists of three parts in two volumes, where the first Volume is
reserved for the development of theory and mathematical tools (Part I), the
second for applications (Part IT) and the accompanying computer program
system (Part III). The two volumes were designed and written as one self-
contained work. Logically, they belong together. The program system, Part
II1, is used throughout the two first parts to illustrate the theoretical concepts
in Volume I and the applications in Volume II.

The two volumes offer a thorough introduction into modern astrodynamics
and its applications to a broad variety of problems in the planetary system
and in global geodynamics for students in astronomy, physics, geodesy (in
particular space geodesy), geophysics and geosciences, and in applied math-
ematics. They contain many ideas for future research in the areas addressed,
and they are hopefully also beneficial for the experts in the field.

The equations of motion — for point masses and extended bodies — and their
solution methods are the central, unifying aspect of our treatment of Celes-
tial Mechanics and its applications. Particular solutions of the equations of
motion, specified, e.g., by initial conditions and by the parameters defining
the force field acting on the celestial bodies considered, are studied with the
tools of numerical analysis. Powerful and yet efficient numerical algorithms
are developed, starting from basic mathematical principles. The focus of our
treatment of numerical analysis is not on completeness but on a few key
methods, which are based on simple and easily understandable mathematical
principles.

We tried to avoid concepts which are “only” useful to the specialist in the
field, be it in numerical analysis or in Celestial Mechanics. If the choice was
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either that of an elegant or of a simple treatment, the simple approach was
followed.

Both volumes are accompanied by the same Compact Disk (CD) containing
the computer programs as executable modules for Personal Computers (PC).
The program system is easy to install and to use on PCs with a Windows op-
erating system. The computer programs are documented in Part III, Volume
II. The programs are a central issue of our treatment of astrodynamics, not
just as a nice supplement. They allow it to study and analyze a wide variety
of problems reaching far beyond those treated in this book. The program
package should be useful for academic teachers and their students, but also
for research workers.

Prof. Leos Mervart of the Technical University of Prague designed and wrote
the menu system accompanying the computer programs. It is in essence his
merit that the computer-programs are easy to understand and to use. Part
ITT of Volume II were written jointly by him and the undersigned. In addition,
Leos Mervart was proof-reading Chapter 3 (Equations of Motion) of the main
text and he was producing most of the more delicate figures.

My colleague and co-worker Dr. Andreas Verdun was the design expert con-
cerning the structure and the formal appearance of this work. In addition, his
collaboration was paramount in all aspects related to his specialization, the
history of astronomy, in particular of Celestial Mechanics. He screened and
proof-read the entire manuscript. His expertise and never ending encourage-
ment was of greatest importance for the realization and completion of this
work.

This work never could have been completed without the assistance of the two
young colleagues. Their contribution is acknowledged with deep gratitude.

Prof. Paul Wild, my predecessor as director of the Astronomical Institute of
the University of Bern (AIUB), contributed in many respects to this book.
The observations of minor planets used as examples in the chapter about
orbit determination were performed and reduced by Paul Wild personally.
The observations of minor planets and comets provided on the CD mostly
refer to objects discovered by him at the Zimmerwald Observatory. Paul
Wild also adapted his fabulous skill to screen Schmidt-plates for new objects
(minor planets, comets, supernovae, etc.) to the manuscript of this book
by performing an amazingly thorough proof-reading of major parts of the
manuscript. The final result is undoubtedly very much improved thanks to
his effort.

Chapters 4 (two- and three-body problems) and 7 (numerical analysis) were
proof-read by Adrian Jaggi, Chapter II-2 (rotation of Earth and Moon) by
Claudia Urschl, and Chapter II- 3 (satellite motion) by Michael Meindl. The
three young colleagues are Ph.D.-candidates at our institute. Chapter 8 (or-
bit determination and parameter estimation) was proof-read by Dr. Thomas
Schildknecht, head of the institute’s CCD astrometry group. He also re-



Preface IX

viewed the Chapter II-4 (planetary system). Dr. Urs Hugentobler received
his diploma in theoretical physics, then joined the CCD group and wrote a
Ph.D. thesis in the field of astrometry and Celestial Mechanics. After a longer
research stay at ESOC in Darmstadt, he joined the AIUB team as head of
ATUB GPS research group. With his broad background and his sharp mind
he was perfectly suited to proof-read the entire Part IT and the chapter about
orbit determination of Volume I.

Profs. Robert Weber from the Technical University of Vienna, Markus
Rothacher from the Technical University of Munich, and Prof. Werner Gurt-
ner, director of the Zimmerwald Observatory, also read and commented parts
of the manuscript. Dr. Jan Kouba from the National Geodetic Survey of
Canada thoroughly read most of Part II. The comments by the four dis-
tinguished colleagues are very much appreciated. A final proof-reading at
the entire manuscript was performed by Ms Edith Stoveken and Ms Claudia
Urschl.

The editing and reviewing process of a treatise of this extent is a crucial
aspect, at times even a nightmare. The reviewing work was a considerable
addition to the normal professional duties of the colleagues mentioned above
and to those of the author. It is my sincere desire to thank my friends and
colleagues for their assistance. I can only promise to assist them in a similar
way, should they decide to achieve something similar. I cannot recommend
this to anybody, on the other hand: My sabbatical leave from the University
of Bern in spring and summer 2001 and the following two years were in
essence sacrificed to the purpose of writing and completing this two volume
work.

The author hopes that the two volumes will be helpful to and stimulating
for students and researchers — which in turn would help him to forget the
“(blood), sweat and tears” accompanying the creative act.

Bern, February 2004 Gerhard Beutler
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Part I

Physical, Mathematical,
and Numerical Principles






1. Overview of the Work

This work contains three parts in two volumes. Volume I consists of Part I
Theory, Volume 11 of Part IT Applications and Part 11T Program System. Part
I Theory contains Chapters 3 to 8, Part I Applications the Chapters I1- 2 to
I1- 4, and Part IIT Program System, the documentation of the entire program
system.

Celestial Mechanics, as we understand it today, has a long history. Its impact
on the concepts of physics and mathematical analysis and, more recently, on
geophysics can hardly be overestimated. Chapter 2 reviews the development
of classical Celestial Mechanics, but also the developments related to the
motion of artificial satellites.

1.1 Part I: Theory

The Equations of Motion. The title of this work demands that we depart
from the equations of motion for the celestial bodies, which may be considered
either as point masses or as extended bodies in our developments. In the
latter case the bodies may be either rigid or deformable. This initial problem
description is suited to address a great variety of problems: the orbital motion
in galaxies, globular clusters, planetary systems, binaries, the orbital and
rotational motion of planets, and the motion of natural and artificial satellite
systems around a planet. Such a general treatment of Celestial Mechanics
would be demanding, it could, however, hardly be dealt with in only two
volumes.

We focus our treatise on the planetary system (consisting of a limited number
of about NV < 20 of point masses), on the orbital and rotational motion of the
Earth-Moon-Sun system as an example of an N-body problem with extended
bodies, and on the orbital motion of artificial Earth satellites (the attitude of
satellites is briefly addressed, as well). With this selection of topics we leave
aside many fascinating and important problems in dynamical astronomy, in
particular the entire field of galactic dynamics. The latter topic is, e.g., very
nicely treated in the standard textbook by Binney and Tremaine [20]. Our
selection of topics still is rather ambitious, however.
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The equations of motion for three types of problems, namely for the planetary
system, for the three-body problem Earth-Moon-Sun and for the motion of
artificial satellites are derived in Chapter 3. The method, simple and transpar-
ent in principle, is the same for all problem types, for the orbital as well as for
the rotational motion: Using classical mechanics, Newton’s law of universal
gravitation, and the Newton-Euler formalism equating the time-derivatives
of the linear momentum of individual bodies (or of mass elements of extended
bodies) with the forces acting on the particles, the equations for the orbital
and rotational motion are obtained in the inertial system. Depending on the
problem type, the equations are then transformed to refer to the primary
body for the particular problem type. When the motions of planets, minor
planets or comets are studied, the position vectors in the equations of motion
are heliocentric, in the other two cases, these position vectors are geocentric.

The three problem types have certain peculiarities: (1) “only” the orbital
motion needs to be addressed in the first case, orbital and rotational motion
in the second case; (2) “only” gravitational forces must be considered in the
first two cases, whereas non-gravitational forces have to be dealt with, as well,
in the third case; (3) due to the artificial satellites’ proximity to the Earth,
the gravitational potential of the Earth needs to be modelled very accurately;
(4) in the latter application the equations of motion of different satellites
are not coupled mathematically, allowing it to deal with each satellite orbit
separately.

The developments are in essence based on classical mechanics. The relativis-
tic equations of motion are, however, reproduced, as well. In Chapter 3 the
so-called PPN (Parametrized Post-Newtonian) version of the equations of
motion for the N-body problem is introduced and discussed, as well. The
PPN equations may be viewed as a perturbation of the classical N-body mo-
tion. The direct use of the PPN equations (e.g., used for the production of
planetary and lunar ephemerides in [107]) in numerical integrations over mil-
lions of years prohibitively affects the efficiency of the solution algorithms.
This is why approximations of the correct PPN equations are considered,
as well (and implemented as options into the computer programs for the
planetary and satellite motion).

The Classical Two- and Three-body Problems. The two-body problem
must be an integral part of each treatise of Celestial Mechanics, and it is found
as an important issue in many textbooks of “ordinary” mechanics. Here,
it is dealt with in Chapter 4 together with the three-body problem. That
chapter thus deals with the two presumably simplest problems encountered
in Celestial Mechanics.

The two-body problem, the motion of two point masses w.r.t. each other, may
be solved “analytically”, i.e., in terms of a finite set of elementary mathemat-
ical functions of time. These analytical solutions are extremely important as
first approximations of more complicated problems. In Celestial Mechanics
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the two-body motion often is referred to as the unperturbed motion, implying
that all other motions may be viewed as perturbed two-body motions. The
chapter introduces the one-to-one relationship between the set of position-
and velocity-vectors on one hand, and the orbital elements on the other hand.
This relationship allows to introduce the concept of osculating orbital ele-
ments, by assigning one set of six orbital elements to each set of position-
and velocity-vectors of a perturbed motion, using the formulae of the two-
body problem.

Osculating and mean elements — the latter defined as averages of osculating
elements over certain time intervals — are introduced as fundamental concepts.
The computation of ephemerides, one of the important practical problems in
Celestial Mechanics, is briefly addressed, as well. The three-body problem
already contains many (if not most) of the characteristics and difficulties of
the general planetary N-body motion. It was studied by many eminent as-
tronomers and mathematicians (from Euler to Poincaré). The attempts to
find “analytical” solutions of the 3-body problem were only moderately suc-
cessful. They led, however, to the discovery of the probleme restreint, one of
the most charming mathematical miniatures found in dynamical astronomy.
It is treated as a preparation to more general problems.

Variational Equations. The trajectory of a celestial body contains much
information. Studies of the development of the osculating orbital elements as
a function of time are indeed extremely informative, but yet it is impossible
to decide in an objective way whether or not the findings are representative
for other trajectories with similar initial characteristics. In order to answer
such questions it is mandatory to study the so-called wvariational equations,
which may be associated with each individual trajectory. The variational
equations are of greatest importance in Celestial Mechanics — in theory as
well as in application. They are required for orbit determination and for solv-
ing more general parameter estimation problems, in questions concerning the
stability of a particular solution, and in error propagation studies. Chap-
ter 5 introduces the variational equations as linear differential equations for
the partial derivatives of the position vector(s) of celestial bodies w.r.t. the
parameters defining the particular solution of the equations of motion consid-
ered. The chapter also provides analytical solutions (in the sense mentioned
above) of the variational equations associated with the equations of motion of
the two-body problem, and compares their characteristics with the solution
characteristics related to perturbed motion.

Theory of Perturbations. Perturbation theory is the central topic of
Chapter 6. Each method to solve an initial value problem associated with
the equations of motion of a particular orbital motion may be viewed as a
perturbation method. Usually one expects, however, that perturbation meth-
ods make (intelligent) use of the known approximative solutions, i.e., of the
solutions of the corresponding two-body motion. The knowledge of an approx-
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imative solution may be exploited in many different ways. It is, e.g., possible
to set up a differential equation for the difference vector between the actual
solution and the known two-body approximation. The best-known of these
attempts is the so-called Encke method, which is analyzed and considerably
expanded when introducing the problems in the chapter. The best possible
way to exploit the known analytical solution of the two-body problem consists
of the derivation of differential equations for the osculating orbital elements.
These equations are derived in an elementary way, without making use of the
results of analytical mechanics. Our approach first leads to the perturbation
equations in the Gaussian form, which allow it to consider a very broad class
of perturbing functions. Only afterwards we derive the so-called Lagrange
planetary equations, requiring the perturbing functions to be gradients of a
scalar (so-called perturbation) function. The method to derive the equations
is very simple and transparent, and the general form of the equations is amaz-
ingly simple. The drawback lies in the necessity to calculate the gradients of
the orbital elements (w.r.t. Cartesian position- and velocity-components), a
task which was performed in the last, technical section of the chapter.

When comparing the mathematical structure of the perturbation equations
for different orbital elements (either in the Gaussian or in the Lagrangian
form), one finds that all except one are essentially of the same simple math-
ematical structure. The exception is the equation for the time of pericenter
passage Ty (alternatively for the mean anomaly o referred to the initial epoch
to), because the time argument figures outside the trigonometric functions
on the right-hand sides of the equations. This is a nuisance independently
of whether one solves the equations analytically or numerically. As opposed
to the usual method of introducing new, auxiliary functions (as, e.g., the
function p introduced by Brouwer and Clemence [27]), we derive directly a
differential equation for the mean anomaly o(t) which does not show the
problems mentioned above. o (t) is of course not an orbital element (an inte-
gration constant of the two-body motion), but any other auxiliary functions
that might be introduced are not first integrals either.

Numerical Solution of Ordinary Differential Equations. Numerical
analysis, in particular the numerical solution of the equations of motion and
the associated variational equations, is studied in considerable detail in Chap-
ter 7. In view of the fact that first- and second-order equations as well as def-
inite integrals have to be solved in Celestial Mechanics, the general problem
of solving non-linear differential equation systems of order n is studied first.
Linear systems and integrals may then be considered as special cases of the
general problem.

It is not sufficient to consider only initial value problems in Celestial Mechan-
ics. The so-called local boundary value problem (where the boundary epochs
are close together in time) is of particular interest. It is, e.g., used in or-
bit determination problems. Euler’s original analysis (see Figure 7.1) is the
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foundation for all modern algorithms. It meets all requirements an algorithm
should offer, except one: Euler’s method is prohibitively inefficient. We show
that the (not so well known) collocation methods may be viewed as the logi-
cal generalization of Euler’s method. Cum grano salis one might say that the
Euler method and the collocation method are identical except for the order
of the approximation. Euler’s method corresponds to a local Taylor series
approximation of order n (where n is the order of the differential equation
system); the order ¢ > n of the collocation method may be defined by the
program user. Collocation methods may be easily adapted to automatically
control the local errors of the integration, allowing it to determine efficiently
not only orbits of small, but also large eccentricities.

Local error control is one issue, the accumulation of the local errors, due
to two different sources, is another one. The accumulation of errors is of
course studied for a machine-environment (as opposed to hand calculation).
Apart from that our treatment is closely related to the method described
in Brouwer’s brilliant analysis [26]. Based on this theory a rule of thumb is
provided for selecting the proper (constant) stepsize for producing planetary
ephemerides (assuming low eccentricity orbits). This approximate treatment
of the accumulation error is not applicable to very long integration spans or to
problems involving strong perturbations (as, e.g., in the case of resonances).
The correct theory of error accumulation therefore must to be based on the
variational equations as well.

Orbit Determination and Parameter Estimation. Orbit determination
and more general parameter estimation procedures are the topic of Chapter
8. The decision to conclude Part I with the chapter on orbit determination
is justified by the fact that the problem reveals many interesting theoretical
aspects related to parameter estimation theory. The determination of orbits
may, however, also be viewed as one of the important practical tasks in Celes-
tial Mechanics. The chapter may thus also be viewed as a transition chapter
to the application part.

Orbits of celestial bodies may only be determined if they were repeatedly
observed. For generations of astronomers the expression “observation” was
synonymous for “direction observation” (usually an astrometric position),
defining (in essence) the unit vector from the observer to the observed object
at the epoch of the observation (a precise definition is provided). Except for
the fact that today usually CCD (Charge Coupled Device) observations, and
no longer photographic or even visual observations, are made, not much has
changed in this view of things, when minor planets or comets are concerned.
Orbit determination based on astrometric positions is also an important issue
when dealing with artificial satellites and/or space debris. This is why the
classical orbit determination problem based on astrometric positions applied
to minor planets, comets, and artificial objects orbiting the Earth is addressed
first.
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It is important to distinguish between first orbit determination and orbit
improvement. In the former case there is no a priori information about
the orbital characteristics available. In the latter case, such information is
available, and this allows it to linearize the problem and to solve it with
standard procedures of applied mathematics. Cum grano salis one might
say that first orbit determination is an art, whereas orbit improvement is
mathematical routine.

Let us first comment the artistic task: If the force field is assumed to be known
(in most cases one even uses the two-body approximation) the problem is re-
duced to determining six parameters, the (osculating) orbital elements, using
the observations. First orbit determination can only succeed, if the number
of unknowns can be reduced to only one or two parameters. The principle is
explained in the case of determining a circular orbit using two astrometric
positions, where the (originally) six-dimensional problem is reduced to one
of dimension one.

In the general case, it is possible to reduce the problem to a two-dimensional
problem, the topocentric distances corresponding to two astrometric posi-
tions being the remaining unknowns. The method is based on the numerical
solution of a local boundary value problem as discussed in Chapter 7. The
new method presented here is very robust, allowing it to investigate also
delicate cases as, e.g., multiple solutions.

Classical orbit determination must be illustrated with standard and difficult
examples. Program ORBDET), serving this purpose, allows it to determine
first orbits of objects in the planetary system (minor planets, comets, NEO
(Near Earth Objects), etc.), and of satellites or space debris. First orbits
may be determined with a variety of methods in ORBDET, including the
determination of circular and parabolic orbits. Except for the case of the
circular orbit the basic method is the new method mentioned above. Sample
observations of minor planets, comets, and artificial satellites are provided.
Each orbit determination is concluded by an orbit improvement step, where
the more important perturbations of the particular problem may be taken
into account.

Most of the orbit determination procedures in use today are based on ideas
due to Gauss, Laplace, and others. The historical reminiscences are discussed,
but not considered for implementation. Often, the original recipes have been
simply translated into a computer code and applied — from our point of view
a totally unacceptable procedure. Our method outlined in the main text
and implemented in program ORBDET is based on Gauss’s brilliant insight
that the formulation of the orbit determination problem as a boundary value
problem (instead of an initial value problem) immediately reduces the number
of parameters from six to two, and on the numerical solution of the associated
(local) boundary value problem.
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Not only angles, but also distances, distance differences, and other aspects of
a satellite orbit may be observed. This naturally leads to much more general
orbit determination problems in satellite geodesy. Usually, one may assume
moreover that good approximations of the true orbits are known — meaning
that “only” standard methods (based on linearizing a non-linear parameter
estimation problem) are required to improve the orbits.

An observation of a celestial body does not only contain information con-
cerning the position (and/or velocity) vector of the observed object, but also
about the observer’s position and motion. This aspect is widely exploited in
satellite geodesy. Some of the general parameter estimation schemes and of
the results achieved are briefly mentioned in Chapter 8, as well.

The chapter is concluded with two modern examples of “pure” orbit determi-
nation problems. One is related to SLR (Satellite Laser Ranging), the other
to the determination of LEO (Low Earth Orbiter) orbits, where the LEO
is equipped with a GPS receiver. The latter orbit determination problem is
based on the LEO positions (and possibly position differences) as determined
from the data of the spaceborne GPS receiver. Program SATORB may be
used to determine these orbits. This latter application is attracting more
and more attention because more and more LEOs are equipped with GPS
receivers.

1.2 Part II: Applications

Rotation of Earth and Moon. Chapter II-2 deals with all aspects of
the three-body problem Earth-Moon-Sun. All developments and analyses are
based on the corresponding equations of motion developed in Chapter 3; the
illustrations, on the other hand, are based almost exclusively on the computer
program ERDROT (see section 1.3).

In order to fully appreciate the general characteristics of Earth (and lunar)
rotation, it is necessary to understand the orbital motion of the Moon in the
first place. This is why the orbital motion of the Moon is analyzed before
discussing the rotation of Earth and Moon.

The main properties of the rotation of Earth and Moon are reviewed after-
wards under the assumption that both celestial bodies are rigid. Whereas the
characteristics of Earth rotation are well known, the rotational properties of
the Moon are usually only vaguely known outside a very limited group of
specialists. Despite the fact that the structure of the equations is the same
in both cases, there are noteworthy differences, some of which are discussed
in this chapter. The analysis pattern is the same for the two bodies: The mo-
tions of the rotation axis in the body-fixed system and in the inertial system
are established by computer simulations (where it is possible to selectively
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“turn off” the torques exerted by the respective perturbing bodies); the sim-
ulation results are then explained by approximate analytical solutions of the
equations of motion. The simulations and the approximate analytic solutions
are compared to the real motion of the Earth’s and Moon’s rotation poles.
Many, but not all aspects are explained by the rigid-body approximation.

This insight logically leads to the discussion of the rotation of a non-rigid
Earth. This discussion immediately leads in turn to very recent, current and
possible future research topics. Initially, the “proofs” for the non-rigidity of
the Earth are provided. This summary is based mainly on the Earth rotation
series available from the IERS and from space geodetic analysis centers. Many
aspects of Earth rotation may be explained by assuming the Earth to consist
of a solid elastic body, which is slightly deformed by “external” forces. Only
three of these forces need to be considered: (1) the centrifugal force due to
the rotation of the Earth about its figure axis, (2) the differential centrifugal
force due to the rotation of the Earth about an axis slightly differing from
this figure axis, and (3) the tidal forces exerted by Sun and Moon (and
planets). The resulting, time-dependent deformations of the Earth are small,
which is why in a good approximation they may be derived from Hooke’s
law of elasticity. The elastic Earth model brings us one step closer to the
actual rotation of the Earth: The difference between the Chandler and the
Euler period as well as the observed bi-monthly and monthly LOD (Length
of Day) variations can be explained now.

The elastic Earth model does not yet explain all features of the observed
Earth rotation series. There are, e.g., strong annual and semi-annual varia-
tions in the real LOD series, which may not be attributed to the deformations
of the solid Earth. Peculiar features also exist in the polar motion series. They
are observed with space geodetic techniques because the observatories are at-
tached to the solid Earth and therefore describe the rotation of this body (and
not of the body formed by the solid Earth, the atmosphere and the oceans).
Fortunately, meteorologists and oceanographers are capable of deriving the
angular momentum of the atmosphere from their measurements: by compar-
ing the series of AAM (Atmospheric Angular Momentum) emerging from the
meteorological global pressure, temperature, and wind fields with the corre-
sponding angular momentum time series of the solid Earth emerging from
space geodesy, the “unexplained” features in the space geodetic observation
series of Earth rotation are nowadays interpreted by the exchange of angular
momentum between solid Earth, atmosphere and oceans — implying that the
sum of the angular momenta of the solid Earth and of atmosphere and oceans
is nearly constant.

Even after having modelled the Earth as a solid elastic body, partly covered
by oceans and surrounded by the atmosphere, it is not yet possible to explain
all features of the monitored Earth rotation. Decadal and secular motions in
the observed Earth rotation series still await explanation. The explanation
of these effects requires even more complex, multi-layer Earth-models, as,
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e.g., illustrated by Figure II- 2.55. The development of these complex Earth
models is out of the scope of an introductory text. Fortunately, most of their
features can already be seen in the simplest generalization, usually referred
to as the Poincaré Earth model, consisting of a rigid mantle and a fluid
core (see Figure II-2.56). It is in particular possible to explain the terms
FCN (Free Core Nutation) and NDFW (Nearly-Diurnal Free Wobble). The
mathematical deliberations associated with the Poincaré model indicate the
degree of complexity associated with the more advanced Earth models. It is
expected that such models will be capable of interpreting the as yet unex-
plained features in the Earth rotation series — provided that Earth rotation
is continuously monitored over very long time spans (centuries).

Artificial Earth Satellites. Chapter II- 3 deals with the orbital motion of
artificial Earth satellites. Most illustrations of this chapter stem from program
SATORB, which allows it (among others) to generate series of osculating
and/or mean elements associated with particular satellite trajectories.

The perturbations of the orbits due to the oblate Earth, more precisely the
perturbations due to the term Cyg of the harmonic expansion of Earth’s po-
tential, are discussed first. The pattern of perturbations at first sight seems
rather similar to the perturbations due to a third body: No long-period or
secular perturbations in the semi-major axis and in the eccentricity, sec-
ular perturbations in the right ascension of the ascending node (2 and in
the argument w of perigee. There are, however, remarkable peculiarities of
a certain practical relevance. The secular rates of the elements {2 (right as-
cension of ascending node) and w (argument of perigee) are functions of the
satellite’s inclination ¢ w.r.t. the Earth’s equatorial plane. The perturbation
patterns allow it to establish either sun-synchronous orbital planes or orbits
with perigees residing in pre-defined latitudes.

The orbital characteristics are established by simulation techniques (using
program SATORB), then explained with first-order general perturbation
methods (based on simplified perturbative forces). Higher-order perturba-
tions due to the Cyp-term and the influence of the higher-order terms of
the Earth’s potential (which are about three orders of magnitude smaller
than Csg) are studied subsequently. The attenuating influence of the Earth’s
oblateness term Cs on the perturbations due to the higher-order terms Cj
is discussed as well.

If a satellite’s revolution period is commensurable with the sidereal revolution
period of the Earth, some of the higher-order terms of Earth’s potential may
produce resonant perturbations, the amplitudes of which may become or-
ders of magnitude larger than ordinary higher-order perturbations. Resonant
perturbations are typically of very long periods (years to decades), and the
amplitudes may dominate even those caused by the oblateness. Two types of
resonances are discussed in more detail, the (1:1)-resonance of geostationary
satellites and the (2:1)-resonance of GPS-satellites. In both cases the prac-
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tical implications are considerable. In the case of GPS-satellites the problem
is introduced by a heuristic study, due to my colleague Dr. Urs Hugento-
bler, which allows it to understand the key aspects of the problem without
mathematical developments.

The rest of the chapter is devoted to the discussion of non-gravitational forces,
in particular of drag and of solar radiation pressure. As usual in our treat-
ment, the perturbation characteristics are first illustrated by computer sim-
ulations, then understood by first-order perturbation methods. Atmospheric
drag causes a secular reduction of the semi-major axis (leading eventually
to the decay of the satellite orbit) and a secular decrease of the eccentric-
ity (rendering the decaying orbit more and more circular). Solar radiation
pressure is (almost) a conservative force (the aspect is addressed explicitly),
which (almost) excludes secular perturbations in the semi-major axis. Strong
and long-period perturbations occur in the eccentricity, where the period is
defined by the periodically changing position of the Sun w.r.t. the satellite’s
orbital plane.

The essential forces (and the corresponding perturbations) acting on (suffered
by) high- and low-orbiting satellites conclude the chapter.

Evolution of the Planetary System. The application part concludes with
Chapter II- 4 pretentiously entitled evolution of the planetary system. Three
major issues are considered: (a) the orbital development of the outer system
from Jupiter to Pluto over a time period of two million years (the past million
years and the next million years — what makes sure that the illustrations in
this chapter will not be outdated in the near future, (b) the orbital develop-
ment of the complete system (with the exception of the “dwarfs” Mercury
and Pluto), where only the development of the inner system from Venus to
Mars is considered in detail, and (c) the orbital development of minor planets
(mainly of those in the classical asteroid belt between Mars and Jupiter).

The illustrations have three sources, namely (a) computer simulations with
program PLASYS, allowing it to numerically integrate any selection of plan-
ets of our planetary system with the inclusion of one body of negligible mass
(e.g., a minor planet or a comet) with a user-defined set of initial orbital
elements (definition in Chapter 2), (b) orbital elements obtained through the
MPC (Minor Planet Center) in Cambridge, Mass., and (c) spectral analyses
of the series of orbital elements (and functions thereof) performed by our
program FOURIER.

By far the greatest part of the (mechanical) energy and the angular momen-
tum of our planetary system is contained in the outer system. Jupiter and
Saturn are the most massive planets in this subsystem. Computer simula-
tions over relatively short time-spans (of 2000 years) and over the full span
of two million years clearly show that even when including the entire outer
system the development of the orbital elements of the two giant planets is
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dominated by the exchange of energy and angular momentum between them.
The simulations and the associated spectra reveal much more information.

Venus and Earth are the two dominating masses of the inner system. They
exchange energy and angular momentum (documented by the coupling be-
tween certain orbital elements) very much like Jupiter and Saturn in the
outer system. They are strongly perturbed by the planets of the outer sys-
tem (by Jupiter in particular). An analysis of the long-term development of
the Earth’s orbital elements (over half a million years) shows virtually “no
long-period structure” for the semi-major axis, whereas the eccentricity varies
between e ~ 0 and e = 0.5 (exactly like the orbital eccentricity of Venus).

Such variations might have an impact on the Earth’s climate (annual vari-
ation of the “solar constant”, potential asymmetry between summer- and
winter-half-year). The eccentricity is, by the way, approaching a minimum
around the year 35’000 A.D., which does not “promise” too much climate-
relevant “action” in the near future — at least not from the astronomical
point of view. The idea that the Earth’s dramatic climatic changes in the
past (ice-ages and warm periods) might at least in part be explained by the
Earth’s orbital motion is due to Milankovitch. Whether or not this correla-
tion is significant cannot be firmly decided (at least not in this book). The
long-term changes of the orbital characteristics (of the eccentricity, but also
of the inclination of the Earth’s orbital plane w.r.t. the so-called invariable
plane) are, however, real, noteworthy and of respectable sizes.

Osculating orbital elements of more than 100’000 minor planets are available
through the MPC. This data set is inspected to gain some insight into the
motion of these celestial objects at present. The classical belt of minor planets
is located between Mars and Jupiter. Many objects belonging to the so-called
Kuiper-belt are already known, today. Nevertheless, the emphasis in Chapter
II- 4 is put on the classical belt of asteroids and on the explanation of (some
aspects of) its structure. The histogram II-4.43 of semi-major axes (or of
the associated revolution periods) indicates that the Kirkwood gaps must
(somehow) be explained by the commensurabilities of the revolution periods
of the minor planets and of Jupiter. After the discussion of the observational
basis, the analysis of the orbital motion of minor planets is performed in two
steps:

e The development of the orbital elements of a “normal” planet is studied.
This study includes the interpretation of the (amazingly clean) spectra of
the minor planet’s mean orbital elements. These results lead to the defini-
tion of the (well known) so-called proper elements. It is argued that today
the definition of these proper elements should in principle be based on nu-
merical analyses, rather than on analytical theories as, e.g., developed by
Brouwer and Clemence [27]. A few numerical experiments indicate, how-
ever, that the results from the two approaches agree quite well.
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e Minor planets in resonant motion with Jupiter are studied thereafter. The
Hilda group ((3:2)-resonance) and the (3:1)-resonance are considered in
particular. The Ljapunov characteristic exponent is defined as an excellent
tool to identify chaotic motion. A very simple and practical method for its
establishment (based on the solution of one variational equation associated
with the minor planet’s orbit) is provided in program PLASYS. The tools
of numerical integration of the minor planet’s orbit together with one or
more variational equations associated with it, allow it to study and to illus-
trate the development of the orbital elements of minor planets in resonance
zones. It is fascinating to see that the revolutionary numerical experiments
performed by Jack Wisdom, in the 1980s, using the most advanced com-
puter hardware available at that time, nowadays may be performed with
standard PC (Personal Computer) equipment.

1.3 Part III: Program System

The program system, all the procedures, and all the data files necessary
to install and to use it on PC-platforms or workstations equipped with a
WINDOWS operating system are contained on the CDs accompanying both
volumes of this work. The system consists of eight programs, which will be
briefly characterized below. Detailed program and output descriptions are
available in Part III, consisting of Chapters II-5 to II-11.

The program system is operated with the help of a menu-system. Figure 1.1
shows a typical panel — actually the panel after having activated the program
system Celestial Mechanics and then the program PLASYS. The top line of
each panel contains the buttons with the program names and the help-key
offer real-time information when composing a problem.

The names of input- and output-files may be defined or altered in these panels
and input options may be set or changed. By selecting < Next Panel >

(bottom line), the next option/input panel of the same program are activated.
If all options and file definitions are meeting the user’s requirements, the
program is activated by selecting < Save and Run > . For CPU (Central
Processing Unit) intensive programs, the program informs the user about the
remaining estimated CPU-requirements (in %).

The most recent general program output (containing statistical information
concerning the corresponding program run and other characteristics) may be
inspected by pressing the button < Last Output > . With the exception of
LEOKIN all programs allow it to visualize some of the more specific output
files using a specially developed graphical tool compatible with the menu-
system. The output files may of course also be plotted by the program user
with any graphical tool he is acquainted with. All the figures of this book
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Fig. 1.1. Primary menu for program system Celestial Mechanics, PLASYS

illustrating computer output were, e.g., produced with the so-called “gnu”-
graphics package. The gnu-version used here is also contained on the CD. The
programs included in the package “Celestial Mechanics” are (in the sequence
of the top line of Figure 1.1):

1. NUMINT is used in the first place to demonstrate or test the mutual
benefits and/or deficiencies of different methods for numerical integra-
tion. Only two kinds of problems may be addressed, however: either the
motion of a minor planet in the gravitational field of Sun and Jupiter
(where the orbits of the latter two bodies are assumed to be circular) or
the motion of a satellite in the field of an oblate Earth (only the terms
Coo and Cy of the Earth’s potential are assumed to be different from
7€ero).

The mass of Jupiter or the term Cyp may be set to zero (in the respective
program options), in which case a pure two-body problem is solved.

When the orbit of a “minor planet” is integrated, this actually corre-
sponds to a particular solution of the probleme restreint. In this program
mode it is also possible to generate the well known surfaces of zero ve-
locity (Hill surfaces), as they are shown in Chapter 4.

2. LINEAR is a test program to demonstrate the power of collocation
methods to solve linear initial- or boundary-value problems. The pro-
gram user may select only a limited number of problems. He may test the
impact of defining the collocation epochs in three different ways (equidis-
tant, in the roots of the Legendre and the Chebyshev polynomials, re-
spectively).

3. SATORB may either be used as a tool to generate satellite ephemerides
(in which case the program user has to specify the initial osculating
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elements), or as an orbit determination tool using either astrometric
positions of satellites or space debris as observations or positions (and
possibly position differences) as pseudo-observations. In the latter case
SATORB is an ideal instrument to determine a purely dynamical or a
reduced-dynamics orbit of a LEO. It may also be used to analyze the
GPS and GLONASS ephemerides routinely produced by the IGS (Inter-
national GPS Service).

The orbit model can be defined by the user, who may, e.g.,

e select the degree and the order for the development of the Earth’s
gravity potential,

e decide whether or not to include relativistic corrections,

e decide whether or not to include the direct gravitational perturbations
due to the Moon and the Sun,

e define the models for drag and radiation pressure, and

e decide whether or not to include the perturbations due to the solid
Earth and ocean tides.

Unnecessary to point out that this program was extensively used to il-
lustrate Chapter II- 3.

When using the program for orbit determination the parameter space
(naturally) contains the initial osculating elements, a user-defined selec-
tion of dynamical parameters, and possibly so-called pseudo-stochastic
pulses (see Chapter 8).

Programs ORBDET and SATORB were used to illustrate the algorithms
presented in Chapter 8.

LEOKIN may be used to generate a file with positions and position dif-
ferences of a LEO equipped with a spaceborne GPS-receiver. This output
file is subsequently used by program SATORB for LEO orbit determi-
nation. Apart from the observations in the standard RINEX (Receiver
Independent Exchange Format), the program needs to know the orbit
and clock information stemming from the IGS.

. ORBDET allows it to determine the (first) orbits of minor planets,

comets, artificial Earth satellites, and space debris from a series of as-
trometric positions. No initial knowledge of the orbit is required, but at
least two observations must lie rather close together in time (time inter-
val between the two observations should be significantly shorter than the
revolution period of the object considered).

The most important perturbations (planetary perturbations in the case of
minor planets and comets, gravitational perturbations due to Moon, Sun,
and oblateness of the Earth (term Cyg) in the case of satellite motion)
are included in the final step of the orbit determination. ORBDET is the
only interactive program of the entire package.
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The program writes the final estimate of the initial orbital element into
a file, which may in turn be used subsequently to define the approximate
initial orbit, when the same observations are used for orbit determination
in program SATORB.

. ERDROT offers four principal options:

e It may be used to study Earth rotation, assuming that the geocentric
orbits of Moon and Sun are known. Optionally, the torques exerted by
Moon and Sun may be set to zero.

e It may be used to study the rotation of the Moon, assuming that the
geocentric orbits of Moon and Sun are known. Optionally, the torques
exerted by Earth and Sun may be set to zero.

e The N-body problem Sun, Earth, Moon, plus a selectable list of (other)
planets may be studied and solved.

e The program may be used to study the correlation between the angular
momenta of the solid Earth (as produced by the IGS or its institutions)
and the atmospheric angular momenta as distributed by the IERS
(International Earth Rotation and Reference Systems Service).

This program is extensively used in Chapter II- 2.

. PLASYS numerically integrates (a subset of) our planetary system
starting either from initial state vectors taken over from the JPL (Jet
Propulsion Laboratory) DE200 (Development Ephemeris 200), or using
the approximation found in [72]. A minor planet with user-defined initial
osculating elements may be included in the integration, as well. In this
case it is also possible to integrate up to six variational equations simul-
taneously with the primary equations pertaining to the minor planet.
Program PLASYS is extensively used in Chapter 1I- 4.

. FOURIER is used to spectrally analyze data provided in tabular form
in an input file. The program is named in honour of Jean Baptiste Joseph
Fourier (1768-1830), the pioneer of harmonic analysis. In our treatment
Fourier analysis is considered as a mathematical tool, which should be
generally known. Should this assumption not be (entirely) true, the read-
ers are invited to read the theory provided in Chapter II-11, where
Fourier analysis is developed starting from the method of least squares.
As a matter of fact it is possible to analyze a data set using

e cither the least squares technique — in which case the spacing between
subsequent data points may be arbitrary,

e or the classical Fourier analysis, which is orders of magnitude more
efficient than least squares (but requires equal spacing between obser-
vations), and where all data points are used,

e or FFT (Fast Fourier Transformation), which is in turn orders of mag-
nitude more efficient than the classical Fourier technique, but where
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usually the number of data points should be a power of 2 (otherwise a
loss of data may occur).

In the FFT-mode the program user is invited to define the decomposition
level (maximum power of 2 for the decomposition), which affects the
efficiency, but minimizes (controls) loss of data. The general program
output contains the information concerning the data loss.

The program may very well be used to demonstrate the efficiency ratio of
the three techniques, which should produce identical results. FOURIER
is a pure service program.

The computer programs of Part III are used throughout the two volumes of
our work. It is considered a minimum set (“starter’s kit”) of programs that
should be available to students entering into the field of Astrodynamics, in
particular into one of the applications treated in Part II of this work. The
programs NUMINT, LINEAR, and PLASYS are also excellent tools to study
the methods of numerical integration.



2. Historical Background

Celestial Mechanics deals with the orbital and rotational motion of celes-
tial bodies, e.g., the dynamics of stellar systems, the motion of stars within
galaxies, the dynamics of planetary systems. In this book we focus on the
orbital motion of planets, minor planets, and comets in our solar system, on
the orbital motion of artificial satellites around the Earth, on the orbital and
rotational motion of Earth and Moon, and on the development of the plan-
etary system. In section 2.1 we focus on aspects of the history of Celestial
Mechanics related to the planetary system, in section 2.2 on the same aspects
related to the Earth-near space and to the aspects of the modern realizations
of the celestial and terrestrial reference systems.

2.1 Milestones in the History of Celestial Mechanics
of the Planetary System

We will consider two aspects in this overview: those related to eminent sci-
entists, summarized in Table 2.1, and those related to important discoveries
in the planetary system, summarized in Table 2.3.

The history of Celestial Mechanics should start with the first attempts to
observe and predict the apparent motions of the Moon, the Sun, and the
planets w.r.t. the celestial sphere of fixed stars. Our story, however, begins
in the 16*" century with the epoch of Tycho Brahe (1546-1601) and Jo-
hannes Kepler (1571-1630). Towards the end of the 16th century Brahe had
set new standards in astronomical observation techniques. First in Denmark
(1576-1597), then in Prague (1599-1601), he and his collaborators observed
the positions of the planets and the Sun w.r.t. the zodiacal stars with an
accuracy of about 1-2 arcminutes ('). Loosely speaking, the position of a
celestial body is the direction from the observer to the observed object at a
certain observation epoch. The astronomical position is characterized by a
unit vector (which in turn may be specified by two angles) and the corre-
sponding observation time. The accuracy achieved by Brahe was one of the
best in the pre-telescope era, close to the best that could be obtained with
only mechanical observation techniques.
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In view of the accuracy of the position measurements, the observation epoch
had to be accurate to a few seconds of time. The best time scale then available
was given by the Earth’s rotation (sidereal or solar time), defined in turn by
observations of the stars and the sun. This is why Brahe also needed to
observe stars in his comprehensive observation program. For interpolation
of time, mechanical clocks with an accuracy of few seconds over, let us say,
one day already were available. These few remarks show that Brahe did not
only “observe a few planets”, but that he and his team accomplished a rather
comprehensive observational survey in astronomy towards the end of the 16th
century, lasting for a time period of about a quarter of a century. Brahe’s
program should be compared with current international observation programs
in astronomy, organized, e.g., by the IERS (International Earth Rotation and
Reference Systems Service). Brahe’s main result was a very consistent, long,
and complete set of positions for the sun and the planets.

Around 1600 Kepler was Landschaftsmathematiker (state surveyor) in Graz.
His inclination towards astronomy was documented by his work Mysterium
cosmographicum, where he tried to relate the radii of the classical planets to
the five regular polyhedra. Although Brahe was not so impressed by Kepler’s
work he invited Kepler as a co-worker to Prague. Tycho certainly hoped that
Kepler would help him to further develop his own model of the planetary
system, a mixture of the systems due to Nicholas Copernicus (1473-1543)
and Claudius Ptolemaeus (ca. 100-170). Kepler had different ideas, however.
We know from history that Kepler tried to find a physical law governing the
planetary motions. He used the law of areas and introduced ellipse-shaped
orbits to reduce the calculations when processing Tycho’s time series of the
positions of the sun and of the planet Mars. The steps eventually leading
to the so-called Kepler’s first two laws are documented in the Astronomia
nova (which appeared in 1609) and in the correspondence between Kepler
and his teacher Michael Méstlin (1550-1631) as well as Kepler’s “rival” Lon-
gomontanus (1562-1647). However, the first two ”laws” may not be found in
the Astronomia nova because Kepler failed to confirm them by theory and
observation. The third law was published only in the Harmonice mundi of
1619.

Let us include Kepler’s laws in modern language:
1. The orbit of each planet around the sun is an ellipse with the Sun at one
of its foci.

2. Each planet revolves so that the line joining it to the Sun sweeps out
equal areas in equal (intervals of) time. (Law of areas).

3. The periods of any two planets are proportional to the 3/2 powers of
their mean distances from the sun.

The first law implies that planetary motion is taking place in orbital planes,
characterized, e.g., by two angles (in the planetary system, e.g., {2 the eclip-
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Table 2.1. Highlights in the history of Celestial Mechanics

Name Year Event

T. Brahe 1600 Long and accurate (about 1-2 arcmin) time series
of observations of planets and sun

J. Kepler 1609  Astronomia nova published

1. Newton 1687 Publication of the Philosophiae naturalis prin-
cipia mathematica

L. Euler 1749 Modern version of eqns. of motion published in
Recherches sur le mouvement des corps célestes
en général

J. L. Lagrange 1779 Introduction of perturbing function

P. S. Laplace 1798  Traité de mécanique céleste published

C. F. Gauss 1801 Orbit determination for planetoid Ceres

U. J. J. Leverrier 1846  Analysis of perturbation of Uranus leads to detec-
tion of Neptune

G. W. Hill 1878  Researches in the lunar theory. Periodic waria-
tional orbit for Moon, establishment of Hill’s eqns.
of motion, etc.

F. Tissérand 1889  Traité de mécanique céleste contains, e.g., crite-
rion on identity of comets

H. Poincaré 1889 The work Sur le probléme des trois corps et les
équations de dynamique wins the price of the
Swedish king

1892 Les méthodes mouvelles de la mécanique céleste

initiates the research on dynamical systems

S. Newcomb 1900 Basis for production of ephemerides (almanacs) in
planetary system

A. Einstein 1915 Theory of General Relativity as new fundament
of Celestial Mechanics

K. Hirayama 1918 Discussion of families of minor planets

A. N. Kolmogorov, 1963 Not all series developments of three body problem

V. Arnold, J. Moser are diverging

J. Wisdom 1987 In-depth analysis of chaotic movement in plane-
tary system

A. E. Roy 1988 Project Longstop, integration of planetary system

over 100 million years

tical longitude of the ascending node, and the inclination ¢ with respect to
the ecliptic). The first law furthermore implies that there must be a point
of closest approach to the sun, the so-called perihelion, characterized by the
angle w, the argument of perigee (angle between ascending node and perigee).
Size and shape of the ellipse are defined by the semi-major axis a and the
eccentricity e. If we add the time Ty of perihelion passage (or simply time of
perihelion) to these five geometrical elements we obtain a set of six orbital
elements a, e, i, {2, w, and Ty, which we still use today to characterize the
orbits of celestial bodies. These orbital elements are illustrated in Figure 2.1.
Cum grano salis we may say that we owe Kepler the orbit parametrization
still in use today. We know that Kepler’s laws are only correct for the “pure”
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Fig. 2.1. Keplerian elements

two-body problem, i.e., in the absence of perturbing forces due to other plan-
ets. It is always possible, however, to view a trajectory as a time evolution of
the orbital elements mentioned.

The law of areas, illustrated in Figure 2.2, implies that the velocity of a
planet near perihelion exceeds that near aphelion. The law of areas is used to
compute the true anomaly v (the angle between the direction to the perihelion
and the current position, as seen from the Sun) as a function of time (see
Chapter 3). Kepler’s first two laws allow it to compute position and velocity
of a celestial body at any given instant of time t. Kepler’s laws therefore allow
it to calculate the ephemerides of the planets in a very simple way.

to t1+ At
to 4+ At

t1

t3+ At
3

Fig. 2.2. Kepler’s law of areas
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In 1687 Sir Isaac Newton (1643-1727) published his Philosophiae naturalis
principia mathematica. Newton’s famous work [83] contains the fundaments
of mechanics as they were understood in the 17th century. Because of their
tremendous impact on the development of physics in general and Celestial
Mechanics in particular we quote some of the important definitions in Table
2.2 using the recent English translation by Cohen and Whitman [84].

The chapter Definitiones (Definitions) deals with questions like what is mat-
ter?; what is linear momentum (as we call it today)?; what is a force?; what
is absolute time?; what is absolute space? The second chapter Aziomata sive
Leges motus (Axioms, the Laws of Motion) develops the fundaments of dy-
namics. Three so-called Books follow this introductory part. The first two
are entitled De motu corporum (about the motion of bodies), the third De
mundi systemate (about the system of the world). The quotes in Table 2.2
stem from the introduction and this third Book, which develops the law of
universal gravitation. The first definition in principle declares mass as the
product of volume and density, the second the (linear) momentum as the
product of mass and velocity in “absolute space”. The third defines the in-
ertia of a body, and the fourth introduces the concept of force as the only
reason for a body to change its state of motion. It is interesting that New-
ton discusses space, time, “place”, and motion only after these definitions
(which already require an understanding of these notions) in a section called
scholium. Reading the second law, we immediately recognize the equations
of motion. Newton’s wording is even general enough to derive from this law
the equation of motion of a rocket (with variable mass). This understanding,
however, does not reflect the historical truth. The equations of motion, as
we still use them today, are due to Leonhard Euler (1707-1783), who stated
them in the form still used today in his work Recherches sur le mouvement
des corps célestes en général published in 1749 (see Figure 2.3), more than
sixty years after the publication of Newton’s Principia. In 1750 he recognized
that these equations are valid for any mass element and thus define a “new”
mechanical principle [34]. Book 3 of Newton’s Principia, De mundi system-

Cela posé, prenant ’element du tems 4z pourconﬁant le change-
ment inftantané du mouvement du’ Corps fera exprimé par ces trois
équatxons :
2ddx _ X 2ddy zdd z2__ 2

l.‘{a _Mle ‘_M’m' =M
d'ol lom pourra tirer pour chaque tems ecoule ¢ les valeurs
x,y, 2, & par conféquent Pendroit ou le Corps fe trouvera.
C. QF. T.

Fig. 2.3. The equations of motion in Euler’s work of 1749
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Table 2.2. Quotes from Newton’s Principia

Part Statement

Definitions Def. 1: Quantity of matter is a measure of matter that arises from
its density and its volume jointly.
Def. 2: Quantity of motion is a measure of motion that arises
from the velocity and the quantity of matter jointly.
Def. 3: Inherent force of matter is the power of resisting by which
every body, so far as it is able, perseveres in its state either of
resting or of moving uniformly straight forward.
Def. 4: Impressed force is the action exerted on a body to change
its state either of resting or of moving uniformly straight forward.
Scholium 1: Absolute, true, and mathematical time, in and of itself and
of its own nature, without reference to anything external, flows
uniformly and by another name is called duration. ...
2: Absolute space, of its own nature and without reference to
anything external, always remains homogeneous and immovable.

8: Place is the part of space that a body occupies, ...
4: Absolute motion is the change of position of a body from one
absolute place to another; ...

Axioms Law 1: Every body perseveres in its state of being at rest or of
moving uniformly straight forward, except insofar as it is com-
pelled to change its state by forces impressed.

Law 2: A change in motion is proportional to the motive force
impressed and takes place along the straight line in which that
force is impressed.

Law 3: To any action there is always an opposite and equal reac-
tion; in other words, the actions of two bodies upon each other
are always equal and always opposite in direction.

Corollary 1: A body acted on by [two] forces acting jointly de-
scribes the diagonal of a parallelogram in the same time in which
it would describe the sides if the forces were acting separately.

Book 3 Theorem 7: Gravity exists in all bodies universally and is propor-

tional to the quantity of matter in each.
Theorem 8: If two globes gravitate toward each other, and their
matter is homogeneous on all sides in regions that are equally
distant from their centers, then the weight of either globe towards
the other will be inversely as the square of the distance between
the centers.

ate, deals almost uniquely with the law of universal gravitation. After giving
rules for professional work in natural philosophy (which still should be ob-
served today), he states in a chapter called phenomena that the orbits of the
satellites of Jupiter and Saturn in their orbit around their planets, the orbits
of the five (classical) planets and that of the Earth around the Sun, and the
orbit of the Moon around the Earth are all in agreement with Kepler’s laws of
planetary motion (after suitable generalization). In the chapter propositions
Newton postulates (and proves these propositions making use of results from
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Books 1 and 2) that the force responsible for all the above mentioned orbital
motions is universal gravitation. He then concludes that the theorems 7 and
8 in Table 2.2 must hold. In mathematical terms, the law of gravitation states
that two bodies (of the type specified in theorem 8) separated by a distance
r attract each other by a force

m M
r2

f=G

e , (2.1)
where G is the gravitational constant, m and M are the masses of the two
bodies, and e is the unit vector from the attracted to the attracting body.
Experts in the field claim that Robert Hooke (1635-1702) initially played a
central role in the development of the law of gravitation, particularly by rec-
ognizing the importance of centripetal forces and by the idea of decomposing
the orbital trajectory into a tangential and a radial component, which points
to the “attractive” central body, and by explaining the change of the tan-
gential component by “pulses” (instantaneous velocity changes) in the radial
direction. It was, however, Newton’s achievement to explain Kepler’s laws
(more or less rigorously) by an inverse-square-law (the so-called direct and
inverse problem), to recognize gravitation as a property of matter, and thus
to postulate the universal law of gravitation.

Newton’s discussion in Book 3 of the Principia is much more general than
what is reflected in Table 2.2. He states, e.g., that the gravitational attraction
on a body exerted by an arbitrary mass distribution may be computed as the
superposition of the gravitational attractions of the mass elements of the mass
distribution. We will use this principle in Section 3.3 to derive the equations
of motion for the three-body problem Earth-Moon-Sun.

Perturbation theory is an essential instrument in Celestial Mechanics of the
planetary system. We make use of the fact that the motion in the ellipse is a
good approximation of the actual motion. Loosely speaking, we may deal only
with the difference “solution of the actual problem minus the corresponding
elliptical solution”. This difference may be rendered zero at one particular
epoch and it is small in absolute value in the vicinity of this epoch. The
goal of analytical perturbation theory is the approximative solution of the
equations of motion in terms of known base functions (usually trigonometric
series) which may be easily integrated.

Euler, Alexis-Claude Clairaut (1713-1765), Jean Le Rond d’Alembert (1717—
1783), and Joseph Louis de Lagrange (1736-1813), were pioneers of perturba-
tion theory. The introduction of the (scalar) perturbation function, e.g., is due
to Lagrange. In his Méchanique analitique (1788) we find an encompassing
compilation of analytical methods (the keywords being Lagrange brackets,
Lagrangian perturbation equations). Pierre Simon de Laplace (1749-1827)
was an accomplished master of Celestial Mechanics. He left behind the five
volumes of his Traité de mécanique céleste. He seems to have introduced the
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notion mécanique céleste, Celestial Mechanics. Using his methods of pertur-
bation theory he was able to explain the observed, seemingly secular pertur-
bations of Jupiter and Saturn (great inequality). His success in explaining
this and other delicate phenomena in the solar system probably led him to
his belief of predictability of all phenomena (not only in the planetary sys-
tem) over arbitrary time spans, provided the initial state of the system was
known with sufficient accuracy. In this context we still speak of the Lapla-
cian demon. Laplace was convinced of the stability of the solar system and
he thought that he had proved this statement. His conclusions were, however,
based on a rather uncritical use of series expansions.

Urbain Jean Joseph Leverrier (1811-1877) and later on Henri Poincaré (1854—
1912) had serious doubts concerning the stability of the planetary system, or,
to be more precise, concerning the validity of the proofs due to Laplace. With
the advancement of mathematical analysis and with the improvement of the
methods of analytical mechanics it became possible to show that some of the
series expansions which were previously thought to be convergent actually
were not. Poincaré showed that even in the restricted three-body problem
(see below) there were cases, where two orbits which are infinitesimally close
at a time to will deviate from each other exponentially as a function of time.
This is exactly what we understand today by the term deterministic chaos.
Poincaré is the father of the theory of dynamical systems. His Méthodes
nouvelles de la mécanique céleste are worth to be red even today. With the
new English edition [86] it is possible to fully appreciate his contribution to
Celestial Mechanics in particular and to the analysis of dynamical systems
in general. The three volumes entitled Integral invariants and asymptotic
properties of certain solutions, Approzimations by series, and Periodic and
asymptotic solutions demonstrate his interests quite well. For relaxation and
entertainment we also refer to [85] in this context.

The circumstance that the so-called two-body problem has simple “analytic”
solutions but that the general three-body problem cannot be solved in closed
form led to many attempts to reduce the latter problem in such a way that
an analytical solution becomes feasible. The problema restrictum was studied
for the first time by Euler in 1766, then by Lagrange as probléeme restreint.
The well known five stationary solutions of the restricted problem are partly
due to Euler and to Lagrange. George William Hill (1838-1914) developed
his lunar theory by studying the actual motion relative to a periodic solution
of the three-body problem Earth-Moon-Sun. It is ironical that Poincaré, who
wanted to prove the stability of the restricted problem by representing an
actual orbit as infinitesimally close to a suitable periodic solution (which is
stable by definition), found that for some of the resonant motions the opposite
was true. It often happens that a problem, which is simplified in the attempt
to find simple approximations, is no longer strongly related to the original
problem. The (restricted) three-body problem, however, proved to be most
stimulating for the advancement of Celestial Mechanics.
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The analytical methods of perturbation theory were of greatest importance
and impact for practical work in astronomy, in particular for the production
of the ephemerides in the solar system. The Nautical Almanac and Astro-
nomical Ephemeris, predecessor of today’s Astronomical Almanac, and the
The American Ephemeris and Nautical Almanac (see [107]), were based on
Simon Newcomb’s (1835-1909) Tables of Sun, Moon and Planets. Today, the
ephemerides are based on the technique of numerical integration (see [107)).

Perturbation theory has already brought us deeply into the 20th century.
Let us return now to the 18th century to comment some of the exciting
discoveries in the planetary system since the invention of the telescope. Some
of the highlights are given in Table 2.3.

On March 13, 1781 Uranus, the seventh planet of our solar system, was
discovered by John Frederick William Herschel (1738-1822). Herschel never
agreed that he discovered Uranus by chance, but that he owed this success
to his systematic survey of the skies. This is of course true, but it is also
true that Herschel’s motivation for his systematic optical survey was not
the search for planets. The discovery of Uranus must have been an epoch-

Table 2.3. Discoveries in the planetary system

Year Discovery

1781  Uranus by Herschel

1801 First minor planet, Ceres, by Piazzi

1846 Neptune by Galle, based on predictions by Leverrier (and
Adams)

1930 Pluto by Clyde William Tombaugh (1906-1997) at Lowell Ob-
servatory

1977  Chiron, first minor planet with aphelion far beyond Jupiter
(Kuiper belt), discovered by Kowal

making event in the 18th century. At once, the “god-given” number of the
six classical planets Mercury, Venus, Earth, Mars, Jupiter and Saturn had
changed. Strangely enough, the semi-major axis of Uranus’ orbit seemingly
confirmed the empirical rule set up by Johann Daniel Titius (1747-1826) in
1766 relating the semi-major axes of the planetary orbits by a geometrical
series (today written as):

a=04+03-2"AU, n=-00,0,1,2,...

Johann Elert Bode (1729-1796) was making this rule publicly known in 1772.
It is a bit strange that there are no numbers between —oco and 0 in this rule,
but Table 2.4 illustrates how well the rule holds in the planetary system.
We should keep in mind that the rule was set up prior to the discovery
of Uranus, which was interpreted as a strong evidence that this rule was
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a new law of nature which had to be explained by the scientists! It was
troubling that, according to this rule, there was no planet between Mars and
Jupiter corresponding to a semi-major axis of a &~ 2.7 AU. The belief in the

Table 2.4. Titius-Bode rule

Planet True axis a Axis a Rev. Period
[ AU | Titius-Bode [ AU | [ Years |
Mercury 0.39 0.40 0.24
Venus 0.72 0.70 0.62
Earth 1.00 1.00 1.00
Mars 1.52 1.60 1.88
Minor Planets ~ 2.7 2.8 ~ 4.44
Jupiter 5.20 5.2 11.86
Saturn 9.54 10.0 29.46
Uranus 19.19 19.6 84.02
Neptune 30.06 — 164.79
Pluto 39.53 38.8 249.17

Titius-Bode law was so strong that a coordinated search in Germany for the
new planet between Mars and Jupiter was initiated. The organized search
for it was not successful. On the other hand, Giuseppe Piazzi (1746-1826)
discovered a faint new planet in the evening of the New Year’s day 1801 —
a perfect way for an astronomer to commence a new century. Ceres, as the
new “planet” was called, proved to be the biggest object in a long series of
minor planets discovered in the following years. Piazzi could observe Ceres
only 19 times in January and early February 1801 during a period of 42 days
following the discovery. The time period of about 40 days is rather short when
compared to the revolution period of the planet of about four years. There
was a certain danger that the newly discovered planet would again be lost
“forever”. In 1801 there were no methods available allowing it to derive the
orbital elements of a celestial object in the solar system from a short time
series of direction observations.

The discovery of Ceres in 1801 and of other minor planets soon thereafter ini-
tiated a new branch in Celestial Mechanics, that of first orbit determination.
Two scientists have to be mentioned in this context, namely the famous Ger-
man mathematician Carl Friedrich Gauss (1777-1855) (see Table 2.1) and
the French specialist in Celestial Mechanics, Laplace (see also Table 2.1).
Their concepts of so-called first orbit determination both are most attractive
from the mathematical point of view and they are quite different in nature.
We will address the topic of first orbit determination in detail in Chapter 8.

The algorithm provided by Gauss proved to be very robust and most suc-
cessful; it was used by many generations of astronomers and it is still used
in modified form in the computer age. Gauss became famous in the greater
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scientific community (also) thanks to his successful orbit determination for
Ceres, which allowed a safe re-discovery of the celestial body on December
7, 1801. It was impressive that the semi-major axis a ~ 2.77 AU of its orbit
did fit quite well into the Titius-Bode scheme in Table 2.4.

The next important event in Table 2.3 is the discovery of Neptune by Johann
Gottfried Galle (1812-1910) in 1846 in Berlin. This discovery was a triumph
of perturbation theory. In the first half of the 19th century the experts in
the field became aware of (periodic) orbit perturbations of Uranus that could
not be explained by the gravitational perturbations from the known planets.
Leverrier and independently John Cough Adams (1819-1892) tried to explain
the perturbations by a new outer planet. The inverse task of perturbation
theory (determination of orbit and mass of a perturbing body based on the
orbital behavior of a known planet) is a most delicate problem. It cannot be
addressed without adopting simplifying assumptions (e.g., circular orbit of
perturbing body with known semi-major axis, which are then iteratively im-
proved). It is interesting and convincing that both, the analyses by Leverrier
and Adams, led to similar results. Based on the computation by Leverrier
Galle found the new planet, subsequently called Neptune, only 4’ away from
the predicted position.

Leverrier wanted to repeat his success. By a very careful application of pertur-
bation theory, taking into account the perturbing effects of all known planets
he convincingly proved that about 43" per century of the secular perihelion
motion of Mercury could not be explained. This part of Leverrier’s work is a
masterpiece. Less convincing is the second half of the story: Leverrier tried
to explain this effect by a planet called Volcano with an orbit inside that
of Mercury. To make a long story short: Table 2.3 documents that Volcano
was never discovered. Other attempts to explain the excess of rotation of
Mercury’s perihelion (which was undoubtedly real), e.g., by a ring of dust
around the Sun, also failed. Long after the establishment of Mercury’s excess
perihelion motion Albert Einstein’s (1879-1955) general theory of relativity
eventually explained the phenomenon — ironically enough as a consequence
of gravitation (in the framework of general relativity), an explanation which
was ruled out as a possible explanation by most experts early in the 205t
century. The story is exciting and it is well documented in [91].

Let us once more address the second event in Table 2.3. Shortly after the
discovery of Ceres other minor planets were discovered, in particular Pallas
in 1802, Juno in 1804, and Vesta in 1807. By 1850 about 150 minor planets or
planetoids were known. Today, for more than 10000 of these objects excellent
orbit information is available, e.g., through the MPC (Minor Planet Center)
in Cambridge, USA, of the TAU (International Astronomical Union). The use
of photography, and later on in the 20th century the use of CCD (Charge
Coupled Devices), rendered the discovery of fainter and fainter objects much
easier. Today, thousands of new minor planets are discovered every month.
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A histogram of the semi-major axes or the corresponding revolution periods
reveals that the distribution between Mars and Jupiter is far from regular.
There are maxima and gaps which cannot be explained by natural fluctu-
ations. Based on a relatively modest sample of about fifty planets Daniel
Kirkwood (1814-1895) was the first to describe such gaps in the last century,
which is why they are called today Kirkwood gaps. Because many gaps and
maxima correspond to orbits for which the fraction of the revolution periods
of Jupiter and minor planets is a ratio of small integer numbers, it is fair to
guess that the observed histogram may be explained by gravity alone. Strong
evidence emerges from numerical experiments as performed, e.g., by Jack
Wisdom [131], that Newtonian mechanics, combined with considerations of
the probabilities of encounters are sufficient to explain the gaps.

Is there more to say concerning the structure of the population of minor plan-
ets? At the beginning of the 20th century Kiyotsugu Hirayama (1874-1943)
showed that there are families of minor planets with similar orbit charac-
teristics (semi-major axis, eccentricity, inclination), which might have been
created by fragmentation from one proto-planetoid.

Fast electronic computers are essential tools for modern research addressing
the structure and evolution of the planetary system. They allow it to study
the evolution of the entire planetary system (including minor planets) over
millions of years. We will again address this topic in Chapter II-4. Let us
mention that progress was also made in the theoretical domain. In the second
half of the century (see Table 2.1) it was possible to demonstrate in the
framework of the KAM theory (Kolmogoroff, Arnold, Moser) that some series
developments in Celestial Mechanics are convergent after all. Such results are
of considerable importance for the stability of the planetary system.

In the night of 18-19 October 1977 Charles T. Kowal discovered Chiron, the
first minor planet between Saturn and Uranus, using the Schmidt Camera
of Palomar Observatory (see Table 2.3). Chiron has a very interesting orbit
lying almost entirely between Saturn and Uranus, with close encounters with
the two planets making a long-time prediction of its orbit a delicate issue.
The discovery seemed to indicate that minor planets are not confined to the
region between Mars and Jupiter, but that they are common in the outer
planetary system as well. More than 100 of these objects in the so-called
Kuiper belt, named after Gerard Peter Kuiper (1905-1973), were discovered
up to now.
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2.2 The Advent of Space Geodesy!

The Earth has one natural satellite, namely the Moon, and hundreds of ar-
tificial satellites. In view of the fact that the first artificial Earth satellite,
Sputnik-1, was only launched on October 4 of the International Geophysical
Year 1957 this statement is quite amazing.

The Moon is of particular interest in Celestial Mechanics. Due to its closeness
to the optical astronomical observatories on the surface of the Earth, not only
its orbital motion may be studied with great accuracy, but also its rotational
motion. The study of the orbital motion of the Moon led to the detection of
irregularities in the time scales related to the rotation of the Earth and, as
a consequence in the 1960s, to the introduction of ephemeris time as a more
uniform absolute Newtonian time based on the orbital motion of the Moon
(and of the planets). After the deployment of retro-reflectors on the surface of

the Moon in the second half of the 20th century, LLR (Lunar Laser Ranging)
allowed it to monitor the orbital (and rotational) motion of the Moon with
the unprecedented accuracy of (few) cms. Due to the excellent observability
and due to the Moon’s almost perfect insensitivity w.r.t. non-gravitational
forces (see Table II- 3.4 in Chapter II- 3), the orbit of the Moon proved to be
an ideal test object for the theory of general relativity (more details will be
provided in Chapter 3).

The three-body problem Earth-Moon-Sun is probably the best studied real
three-body problem in Celestial Mechanics : A profound analysis not only
gives insight into the orbital motion of the three bodies, but also into the
rotation of both, the Earth and the Moon. The equations of motion for this
problem, considering Earth and Moon as finite bodies, are set up in Chapter
3.3, the rotational motion of Earth and Moon is studied in considerable detail
in Chapter II- 2.

Definitions and Principles of Space Geodesy. Geodesy studies the size
and the figure of the Earth including the determination of the Earth’s gravity
field. Geodetic astronomy is that part of astronomy dealing with the definition
and realization of a terrestrial and a celestial reference frame. Space geodesy
addresses those aspects of geodesy and geodetic astronomy which are studied
by using natural or artificial celestial bodies as observed objects or as observ-
ing platforms. In the older literature the term Cosmic geodesy is sometimes
used as a synonym. Space geodesy is thus defined through the observation
techniques, also referred to as space geodetic techniques (methods).

Space geodesy evolved rapidly in the second half of the twentieth century. In
the space age it became possible to deploy and use artificial satellites either
to study size and figure of the Earth from space or to observe them as targets

! based on the contribution Space geodesy by the author to the Encyclopedia of
Astronomy [79]
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from the surface of the Earth. The use of artificial Earth satellites for geodetic
purposes is also referred to as satellite geodesy. The second essential develop-
ment consists of the VLBI (Very Long Baseline Interferometry) technique as
a new tool to realize an extraordinarily accurate and inertial reference system
(called inertial reference frame) and to monitor Earth rotation using Quasars
(Quasistellar Radio Sources).

Today, space geodetic techniques are the primary tools to study size, figure
and deformation of the Earth, and its motion as a finite body w.r.t. the
inertial reference system. Space geodetic techniques thus are the fundamental
tools for geodesy, geodetic astronomy, and geodynamics.

Each space geodetic observation contains information about the position (and
motion) of the observed object and the observer. Therefore, these observa-
tions also contain information concerning the transformation between the
terrestrial and the inertial systems. The Earth orientation parameters, i.e.,
polar motion, UT1 (the time determined by the rotating Earth), precession
and nutation define this transformation.

The Role of the Earth’s Atmosphere. The signals of the observed or
observing celestial bodies have to travel through the Earth’s atmosphere.
This changes the paths and the travel times of the signals. These effects are
referred to as refraction effects. Refraction is usually considered a nuisance
in astronomy, geodesy and geodynamics. In recent years refraction effects are
more and more understood as a primary source of information for atmosphere
science and are systematically monitored by space geodetic methods.

Whether the atmosphere related signal is useful depends on the wavelengths
of the analyzed signals. If we measure, e.g., distances or distance differences
to satellites using optical signals, refraction effects may be computed with
sub-centimeter accuracy using pressure, temperature and humidity registra-
tions at the observing sites. This implies that Laser ranging is not very useful
for atmosphere monitoring. This fact may, however, also be formulated posi-
tively: Laser observations are well suited for calibrating other space geodetic
techniques, which are more prone to atmospheric effects.

For microwave techniques like the Doppler systems, the GPS (Global Posi-
tioning System), the VLBI, one has to distinguish between ionospheric re-
fraction stemming from the ionized upper part of the atmosphere (extend-
ing up to about 1500 km) and tropospheric refraction, stemming from the
lower, neutral layers of the atmosphere. Ionospheric refraction is wavelength-
dependent and may be (almost completely) eliminated if coherent signals are
sent through the atmosphere on different carrier wavelengths. In the VLBI
technique this is achieved by observing the Quasars in different wavelengths,
in the Doppler- or GPS-technique the same is achieved by using two different
wavelengths for signal transmission.

For microwave techniques tropospheric refraction is the ultimate accuracy-
limiting component in the error budget. As opposed to range observations in
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the optical band, we have to take into account the so-called wet component of
tropospheric refraction, which is highly variable in time and space. This fact
forces analysts using microwave observations to introduce station and time
specific parameters (or to model the effect as a random process). It allows,
on the other hand, the determination of the so-called total precipitable water
vapor content above an observatory with high accuracy and high temporal
resolution.

The Optical Period. For centuries optical observations were the only ob-
servation type available in astronomy. In the pre-space era a series of astro-
metric instruments was used for the purpose of defining a terrestrial reference
frame and for monitoring Earth rotation. The photographic zenith tube and
the Danjon astrolabe were the most advanced of these instruments. They
were used by the observatories contributing first to the ILS (International
Latitude Service), then to the IPMS (International Polar Motion Service)
and the BIH (Bureau International de I’Heure) to determine the geographic
latitude of a station with a precision of about 10-40 mas (milliarcseconds) in
one night. We refer to [76] for more information.

The first generation of artificial Earth satellites, like Sputnik 2 and Explorer
1, was observed with optical techniques. The balloon satellites Echo 1 and 2
and PAGEOS (PAssive GEOdetic Satellite) (which could even be seen “by
naked eye”) were observed by a worldwide optical tracking network. These
satellites were (supposedly) spherical, consisted of layers of aluminized mylar
foil. Thanks to their brightness, their tracks could easily be photographed
against the star background. It was not trivial to assign time-tags to specific
points of the track. Much better suited from this point of view, although more
difficult to track, were smaller satellites like Geos 1 (Explorer 29) and Geos
2 (Explorer 36) equipped with flash lamps allowing for tens of thousands
of high-precision optical observations. Obviously, the quasi-simultaneity of
observations from different sites was easily achievable.

Fascinating results came out of this first phase of satellite geodesy. The geode-
tic networks on different continents could be related to the geocenter (and
thus to each other) with an accuracy of about 5 meters. First reliable coeffi-
cients of the gravity field (spherical expansion up to degree and order 12-15)
could be also derived.

The classical astrometric technique, i.e., the establishment of the directions
from an observatory to celestial objects, was applied in the 1960s and 1970s
to artificial satellites and had serious deficiencies. At that time the star cat-
alogues were not of sufficiently good quality and the reduction time (time
interval between observation and availability of results) was of the order of
a few weeks in the best case. This aspect and the advent of new observation
techniques promising higher accuracy ruled out the astrometric technique for
a number of important applications. The optical technique no longer played
a significant role in space geodesy after about 1975.



34 2. History of Celestial Mechanics

In view of newly developed observation techniques, e.g., CCD, and much
better star catalogues based on astrometry missions (e.g., the HIPPARCOS
(HIgh Precision PARallax COllecting Satellite) mission, named in honour of
the ancient Greek astronomer Hipparchus (ca. 190-125 B.C.)), the optical
observations are likely to play a more prominent role in space geodesy in the
near future. Additional evidence supporting this statement will be provided
in Chapter 8.

The Doppler Period. The NNSS (U.S. Navy Navigation Satellite System,),
also called TRANSIT system (after the survey transit instrument), had a sig-
nificant impact on the development of space geodesy. It proved that a system
based on the measurement of the Doppler shift of a signal generated by a sta-
ble oscillator on board of a satellite could be used for relative positioning with
remarkably high accuracies (0.1-0.5 m relative, about 1 m geocentric). The
satellites sent information on two carrier frequencies (400 MHz and 150 MHz)
near the microwave band.

The two frequencies allowed for a compensation of ionospheric refraction.
Rather small receivers connected to omni-directional antennas made the tech-
nique well suited to establish regional and global geodetic networks. Obser-
vation periods of a few days were required to obtain the above mentioned
accuracy.

The NNSS satellites were in polar, almost circular, orbits about 1100 km
above the Earth’s surface. Only one satellite could be observed by one receiver
at a particular epoch. As opposed to astrometry the Doppler measurement
technique is weather-independent. Until a significant part of the GPS was
deployed (around 1990) the NNSS played a significant role in space geodesy.
Many Doppler campaigns were organized to establish local, regional or global
networks. With the full deployment of the GPS in the 1990s the geodetic
community eventually lost interest in the Doppler system. The Transit system
was shut down as a positioning system in December 1996 but continued
operating as an ionospheric monitoring tool. For more information concerning
the Doppler system we refer to [64].

Satellite and Lunar Laser Ranging (SLR and LLR). The Laser (Light
Amplification through Stimulated Emission of Radiation) technique, devel-
oped in the 1950s, is capable of generating highly energetic short light pulses
(of a few tens of picoseconds (ps) (1 ps = 10712 s)). These pulses are sent
out using a conventional astronomical telescope, travel to the satellite (arti-
ficial or the Moon), are reflected by special corner cubes (comparable to the
rear reflectors of bicycles) on the satellite (artificial or natural) back to the
telescope, where they are detected.

The actual measurement is the travel time At of the Laser pulse from the
telescope to the satellite and back to the telescope. Apart from refraction
this light travel time, after multiplication with the speed of light ¢ in vac-
uum, equals twice the distance p; between satellite and telescope at the time
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the light pulse is reflected from the satellite p? ~ At - ¢/2 (the observation
equations are developed in more detail in Chapter 8). Today’s SLR (Satellite
Laser Ranging) technique is used to determine the distances between obser-
vatories and satellites with an accuracy of a few millimeters and, if required,
with a high repetition rate (several times per second).

SLR techniques may be used for every satellite equipped with corner cubes.
Figure 2.4 shows LAGEOS (LAser GEOdetic Satellite) II, a typical SLR-
dedicated satellite, which was launched in 1992. Lageos II is a spherical
satellite with a diameter of 0.6 m and a weight of 405 kg. 426 corner cubes
are inlaid in its surface. Lageos II is a close relative of Lageos I, which was
launched in 1976. The two Lageos satellites are in stable, almost circular
orbits about 6000 km above the surface of the Earth.

The two Lageos satellites are primary scientific tracking targets for the ILRS
(International Laser Ranging Service). The two satellites have contributed
in a significant way to the determination of the Earth’s gravity field. Many
more targets are regularly observed by the ILRS. Some of them, like the
French low orbiting satellite Starlette, with a diameter of 24 cm, are similar in
design to the Lageos satellites and serve a similar purpose. For other satellites
the SLR technique is just the primary or backup technique for precise orbit
determination.

Fig. 2.4. The Lageos 2 spacecraft

With the exception of UT1 (Universal Time, defined by Earth rotation), the
SLR technique is capable of determining all parameters of geodetic interest
(station coordinates and motion, Earth rotation parameters, gravity field).
The unique and most valuable contributions lie in the determination of the
Earth’s (variable) gravity field, in the determination of the geocenter (i.e.,
the location of the polyhedron formed by connecting the SLR stations with
respect to the geocenter), and in calibrating geodetic microwave techniques.

From the technical point of view there is no principal difference between SLR
and LLR (Lunar Laser Ranging): Light travel times are measured from the
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observatory to one of the laser reflectors deployed on the Moon by the Apollo
space missions or the Russian unmanned Lunokhod missions. The scientific
impact of LLR is significant. LLR was, e.g., capable of measuring directly
the secular increase of the Earth-Moon distance (3.8 cm per year), an effect
which is in turn coupled with the deceleration of the angular velocity of Earth
rotation. Also, LLR is well suited to evaluate gravitational theories.

Very Long Baseline Interferometry. Today, VLBI is the only non-
satellite geodetic technique contributing data to the IERS. The principles
of the technique are briefly outlined in Chapter II- 2.

Its unique and fundamental contribution to geodesy and astronomy consists
of the realization of the inertial reference system and in the maintenance
of the long-term stability of the transformation between the celestial and
terrestrial reference frame.

The ICRS (International Celestial Reference System) and the ICRF (Inter-
national Celestial Reference Frame), the realization of the ICRS, are defined
and maintained by the TERS [4]. It was adopted by the IAU as the primary
celestial reference system replacing the optical predecessors.

An accurate and stable celestial reference frame is a prerequisite for the estab-
lishment of a terrestrial reference frame. In this sense VLBI plays a decisive
role for the definition and maintenance of the terrestrial reference frame, as
well, and for establishing the transformation between the two frames. VLBI
is the only technique providing the difference UT1-UTC (where UTC (Uni-
versal Time, derived from atomic clocks)) with state-of-the-art accuracy and
excellent long-term stability. Also, VLBI is the only technique capable of
determining precession and nutation, defining the position of the Earth’s
rotation axis in the inertial system, with an angular resolution below the
mas-level.

The observation and analysis aspects are today coordinated by the IVS (In-
ternational VLBI Service for Astrometry and Geodesy) (see Table 2.5).

The Global Positioning System (GPS). Today, the GPS is the best
known of the space geodetic techniques. The system has a deep impact on
science and on society reaching far beyond space geodesy. GPS revolutionized
surveying, timing, car and aircraft navigation. Millions of hand-held receivers
are in use for navigation. Spaceborne applications of the GPS are about to
revolutionize geodesy and atmosphere sciences.

GPS is a navigation system allowing for instantaneous, real-time, absolute po-
sitioning on or near the surface of the Earth with an accuracy of few meters.
An unlimited number of users may use the system simultaneously. Absolute
means that the estimated coordinates may be established using only one
receiver and that they refer to a geocentric Earth-fixed coordinate system.
This coordinate system, the WGS-84 (World Geodetic System 1984), is to-
day aligned with sub-meter accuracy to the ITRF (International Terrestrial
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Reference Frame). The ITRF is the realization of the ITRS (International
Terrestrial Reference System), is maintained by the IERS.

The space segment of the GPS nominally consists of 24 satellites (21 oper-
ational satellites plus 3 active spares). The satellites are in almost circular
orbits distributed in six planes approximately 20000 km above the Earth’s
surface. These planes are separated by 60° on the equator and inclined by
55° with respect to the equator. The constellation is illustrated in Figure 2.5
as it would be seen from outside the system from the poles (left) and from a
latitude of 35°.

Fig. 2.5. The GPS as seen from geographic latitudes of 90° and 35°

The revolution period is half a sidereal day (11"58™), which means that for a
given location on the Earth’s surface the satellite constellation above horizon
repeats itself after one sidereal day (solar day minus four minutes). Figure 2.6
shows a Block II satellite. The first full GPS generation was realized around
the mid 1990s with this type of GPS satellites. We distinguish the main body
of the satellite with the antenna array pointing to the center of the Earth
and the solar panels. The attitude is maintained by momentum wheels, which
have to guarantee that the antenna array is always pointing to the center of
the Earth and that the solar panel axes are perpendicular to the Sun-satellite
direction. The satellite is capable of rotating the solar panels into a position
perpendicular to the same direction.

The GPS satellites transmit (essentially) the same information on two coher-
ent carrier frequencies L1 and L2 (with wavelengths of about 19 and 24 cm).
The two carriers are used to model (or eliminate) the frequency-dependent
part of the signal delay caused by the Earth’s upper atmosphere, the iono-
sphere. Both carriers are coherent, i.e., they are generated by one and the
same highly stable oscillator onboard the satellite. The information is trans-
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Fig. 2.6. Block II GPS satellite

mitted by the phase modulation technique. Two observables, the so-called
code observable and the phase observable are used for GPS positioning and
navigation. The code observable corresponds to the distance between the
satellite position (at signal transmission time) and the receiver position (at
signal reception time). The code observable is biased by the clock errors of
the satellite and the receiver, and atmospheric transmission effects. The GPS
code available for the civilian user community is accurate to about 1-3 m.
The phase observable is based in principle on a count by the receiver of the
incoming carrier waves (integer number plus fractional part). The measured
quantity is closely related to that of the code observable: exactly as the code
observation it corresponds to the distance between satellite and receiver, but
it contains one more bias, an initial phase count (the receivers have to start
their counts with an arbitrary value). The trouble introduced by the addi-
tional unknown is counterbalanced by the extremely high accuracy of the
GPS phase observable: the phase observable is established with mm- rather
than m-accuracy.

The phase observations allow it to establish local GPS networks with mm-
accuracy, regional and global networks with about cm-accuracy. This is only
possible, if precise satellite orbit and clock information, such as generated
and distributed by the IGS (International GPS Service), is available. Figure
2.7 shows the IGS network as of January 2002.

Over 200 IGS sites, distributed all over the globe, permanently observe all
satellites in view and transmit their observations (at least) on a daily basis
to the IGS Data Centers.

The data are then analyzed by IGS Analysis Centers, which deliver rapid
and final products. Rapid IGS products are available with a delay of about
one day (or even below), final products with a delay of about ten days. Daily
products include satellite orbits with an accuracy of about 5 cm, satellite
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clocks with an accuracy of about 0.1 ns (nanoseconds), daily values of polar
motion components accurate to about 0.1 mas, (corresponding to 3 mm on
the Earth’s surface), and LOD (Length of Day) estimates with an accuracy
of about 20 ps/day (microseconds per day). These products are essential
contributions to the monitoring of Earth rotation.

[eTVil Jan 23 16:10:19 2002

Fig. 2.7. The International GPS Service (IGS) Network in 2002

In addition the IGS Analysis Centers perform weekly global coordinate so-
lutions of their portion of the IGS network. These results are used, together
with the results of the other space techniques, for the establishment of the
ITRF.

The IGS products (orbits, satellite and receiver clock corrections, Earth ro-
tation parameters, coordinates and velocities of IGS stations) are used as
known a priori information to establish regional networks for crustal defor-
mation studies. More and more, the IGS network is used for purposes other
than space geodesy. Let us mention that the IGS network has been enhanced
to include time and frequency transfer and that it is able to monitor the
ionosphere.

4

From the point of view of space geodesy GPS is a “work horse” with impor-
tant contributions to the establishment and maintenance of a dense terrestrial
reference frame, providing Earth rotation parameters with a high time reso-
lution. It should not be forgotten, that the GPS — like every satellite geodetic
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method — is not able to maintain a long-term stability of UT1 or of preces-
sion and nutation. Moreover, despite the fact that GPS is a satellite geodetic
technique, it is not well suited to determine the Earth’s gravity field. The
height of the GPS satellites is one of the limiting factors.

The GPS observables and some of the essential results derived from them are
presented in section 8.5.3. Specific examples, e.g., concerning Earth rotation,
will be included in other chapters of this book. For detailed information
concerning the GPS as a tool for geodesy and geodynamics the readers are
referred to [122]. The interdisciplinary aspects offered by the GPS in general
and the IGS in particular are also discussed by Beutler et al. in [17].

Other Satellite Microwave Techniques. The Russian GLONASS
(GLObal NAvigation Satellite System) is so closely related to the GPS that
there is a number of combined GPS and GLONASS receivers available. These
receivers were used in the first global GLONASS tracking and analysis cam-
paign, the IGEX-98 (International GLONASS Experiment 1998). The exper-
iment revealed that a combined analysis of GPS and GLONASS is promising
for science and navigation.

The French DORIS (Doppler Orbitography by Radiopositioning Integrated
on Satellite) proved to be a very powerful tool for orbit determination. It is,
e.g., one of the orbit determination systems used in the TOPEX/Poseidon
(TOPEX (TOPography EXperiment for Ocean Circulation)) mission (see
below). Also, DORIS possesses a very well designed ground tracking network.
This is one reason why DORIS was accepted as an official space technique
by the IERS (see Table 2.5).

The German PRARE (Precise Range And Range-rate Equipment) system
may be viewed as the German counterpart of the DORIS system. It is used
as an orbit determination tool, e.g., on the European Space Agency’s ERS-2
(Earth Remote Sensing 2) spacecraft.

The Galileo system, to be implemented by the ESA (European Space Agency)

in the first decade of the 215 century, will soon be added to the list of powerful
operational satellite navigation systems.

Geodetic Satellite Missions. There were many satellite missions in the
past and there will be more in the future in which the satellite is used as an
observing platform to study aspects of the Earth relevant to geodesy and geo-
dynamics. Let us mention in particular that altimetry missions significantly
improved our knowledge of the sea surface topography, ocean currents, tidal
motions of the oceans, etc.

Figure 2.8 shows the TOPEX /Poseidon spacecraft. The mission is a com-
bined U.S. and French altimetry mission. It is the first mission which was
specially designed to investigate ocean currents. One entire volume of the
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Fig. 2.8. The TOPEX/Poseidon spacecraft

Journal of Geophysical Research was devoted to this mission [123]. For space
geodesy the TOPEX /Poseidon mission was a kind of “rosetta stone mission”
because its orbit was determined using three independent systems, the French
DORIS system, SLR tracking, and the GPS. All three systems proved their
capability. The radial component of the orbit (which is of crucial importance
for altimetry missions) could be established with an accuracy of a few cm.
JASON is the TOPEX/Poseidon follow-on mission. It is in orbit since early
2001. JASON, exactly as TOPEX/Poseidon, is a NASA(JPL)/CNES mis-
sion, named after the mythological hero who led the Argonauts on the search
for the Golden Fleece. According to information available through the ILRS
(internet address in Table 2.5) JASON symbolizes both the hard-fought quest
for a worthy goal and civilization’s fascination with the ocean and its mys-
teries. The specification of “1” attests to the expectation that JASON is one
of a series of TOPEX/Poseidon follow-on missions.

For geodesy, geodynamics, and atmosphere physics the CHAMP (CHAlleng-
ing Mini-satellite Payload for geophysical research and application, German
mission), GRACE (Gravity Recovery And Climate Experiment, U.S. / Ger-
man mission), and the upcoming GOCE (Gravity field and Ocean Current
Explorer, ESA mission) are and will be fundamental. It is expected that our
knowledge of the gravity field (using spaceborne GPS receivers, accelerome-
ters, gradiometers) to measure the non-gravitational forces and gravity gra-
dients will significantly increase thanks to these missions.

Also, CHAMP and GRACE are able to produce atmosphere profiles using
the GPS occultation method: the signal (phase and code) of a GPS satellite is
monitored by a spaceborne GPS receiver on a LEO (Low Earth Orbiter) dur-
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ing the time period the line of sight LEO — GPS satellite scans through the
Earth’s atmosphere. These developments support our initial statement that
interdisciplinary aspects are becoming more and more important in Space
Geodesy.

Organizations. Table 2.5 gives an overview of the international scientific
organizations, which are relevant for the worldwide coordination in space
geodesy.

They all are IAG (International Association of Geodesy) services. The IERS
and the IVS are in addition IAU services. The IERS, IGS and IVS are mem-
bers of FAGS (Federation of Astronomical and Geodesical Data Analysis
Services).

IGS, ILRS and IVS are technique-specific services. The IERS is a multi-
technique service. It was established in 1988 as the successor of the Inter-
national Polar Motion Service (IPMS) and the Earth rotation branch of the
Bureau International de 'Heure (BIH). The IERS products are based on the
measurements and products of the technique-specific services.

CSTG (Commission on Coordination of Space Techniques) is a commission
of TAG and a subcommission of COSPAR (Committee on Space Research),
the Commission on Space Research. It has a coordinating function within
space geodesy. In the time period 1995-1999 the CSTG created the ILRS
and the IVS, and it organized the first global GLONASS experiment IGEX-
98 together with the IGS.

More information about these services may be found at the internet addresses
in Table 2.5.

Protagonists of Space Geodesy. It would be easily possible to create a
list of eminent pioneers of this field (comparable to Table 2.1). Because a
short list, written by someone deeply involved in space geodetic research for
more than thirty years, would most likely be highly subjective, no such table
is provided here.
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Table 2.5. Space-geodetic services

Acronym Name, Mission, Internet

CSTG Commission on International Coordination of Space Techniques.
Coordination between space geodetic organizations, organizes
projects.

IERS International Earth Rotation Service. Establishes and maintains ce-
lestial and terrestrial reference frame, generates combined Earth
orientation parameter series
http://hpiers.obspm.fr

1GS International GPS Service. Makes available GPS data from its
global network, producing and disseminating high accuracy GPS
orbits, Earth rotation parameters, station coordinates, atmospheric
information, etc.
http://igscb.jpl.nasa.gov

ILRS International Laser Ranging Service. Collects, archives, and dis-
tributes SLR and LLR datasets. Generates scientific and operational
products
http://ilrs.gsfc.nasa.gov

VS International VLBI Service for Geodesy and Astrometry. Operates

and supports VLBI programs. Organizes geodetic, astrometric, geo-
physical research and operational activities.
http://ivscc.gsfc.nasa.gov







3. The Equations of Motion

Basic concepts related to space, time, matter, and gravitation are briefly ad-
dressed in Section 3.1. In order to simplify the discussion we will first assume
the celestial bodies to be either point masses (planetary system) or rigid
bodies (satellite geodesy and Earth rotation). The assumption of rigidity will
be dropped in sections 3.3.7 and 3.3.8, where the basic properties of a non-
rigid Earth and its rotation are introduced. The structure of the equations
of motion does not change too much. Some physical entities (like the iner-
tia tensor and the angular momentum of a planet) have to be modified to
take changes due to deformations into account. The mathematical structure,
however, remains pretty much the same for a rigid and a deformable celestial
body — at least as long as the deformations are small.

The equations of motion for a system of point masses are developed in section
3.2. Only the gravitational forces according to the inverse square law (2.1)
are taken into account. It is assumed that the mass of one of the bodies
dominates those of all the others, i.e., the resulting equations of motion refer
to a planetary system. From these equations the well-known ten first integrals
are derived.

In Section 3.3 the equations of motion for the system Earth-Moon-Sun are
set up under the assumption that Earth and Moon are rigid celestial bodies
of finite dimensions with given density distributions. The equations of motion
for the orbital and for the rotational motions of these bodies are developed
directly from the Newtonian axioms (Table 2.2) and the law of universal
gravitation (2.1). The equations for the orbital and the rotational motions
are coupled. Because the coupling mechanism is only weak, it is possible to
derive handy approximations for the orbital and the rotational motion of the
system Earth-Moon-Sun.

In Section 3.4 the equations of motion for an artificial Earth satellite are
presented. For LEOs many terms of the Earth’s gravity field have to be taken
into account. Also, as opposed to the other equations of motion studied, non-
gravitational forces play a key role. For these reasons, the equations of motion
associated with an artificial Earth satellite are the most complex considered
here.
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We are mainly concerned with classical mechanics in this book. One should
keep in mind, however, that the equations of motion should be studied in the
framework of the theory of general relativity. The result of such studies would
be rather complex. Fortunately it is possible to account for the relativistic
effects approximately by “slightly modifying” the Newton-Euler equations of
motion. Relativistic versions for the equations of motion for the planetary
system and for artificial satellites are introduced in section 3.5.

The equations of motion derived in this Chapter are reviewed in Section 3.6.
The mathematical structure of the equations of different types is compared,
common aspects and differences are discussed.

3.1 Basic Concepts

The term inertial reference system or simply inertial system is defined as
a time scale in the Newtonian sense and a rectangular Cartesian coordi-
nate system (named in honour of René Descartes (1596-1650)) in the three-
dimensional Euclidean space E2, in which celestial bodies obey Newton’s laws
of motion (Table 2.2) and his law of universal gravitation (2.1).

Time is the independent argument in the equations of motion. Newton used
the term “absolute time” to distinguish it from measures of time which are
far from uniform, like e.g., solar time as given by a Sun dial. Every “strictly”
periodic phenomenon may be used to realize an absolute time scale — by
counting the number of periods elapsed since a conventional time origin. As
one wishes to use the best possible periodic phenomenon for the purpose, it is
usually impossible to decide whether the underlying phenomenon is strictly
periodic or not. Such a decision can only be made as soon as a “better clock”
becomes available.

UT (Universal Time) is a measure of time reflecting the mean diurnal motion
of the Sun. Formally, UT is derived from ST (Sidereal Time), which is in
turn a measure of time defined by the apparent diurnal motion of the stars.
Both, ST and UT, are time scales based on the Earth’s rotation. UT (and
ST) are determined from observation. Due to the effect of polar motion (see
Chapter II-2) UT, as observed at a particular observatory on the Earth,
slightly depends on the location of the observatory. This realization of UT is
designated as UT0. UT1 (UT corrected for polar motion effects) is in essence
the best possible “absolute time”, which can be obtained from Earth rotation.

Up to 1960 UT was the official realization of absolute time in astronomy.
From 1960 to 1984 ET (Ephemeris Time), based on the orbital motion of the
Moon and the planets, was used for the same purpose. ET was determined
from the equations of motion for the bodies in the planetary system. It is by
definition the best possible time scale for the purpose of Celestial Mechanics.
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Unfortunately, ET was only available months after real time. This circum-
stance and the fact that since about 1950 atomic clocks started to provide a
time scale of highest accuracy and stability, led in 1984 to the introduction
of atomic time scales in astronomy.

The atomic time scale is called TAI (International Atomic Time). TAI is re-
alized by an ensemble of atomic clocks distributed worldwide at national and
international timekeeping laboratories. These clocks are able to reproduce the
second (s) of the SI (International System of units). The clock combination
used to define TAI asks for corrections due to special and general relativity.
TAI corresponds to the performance of a perfect clock situated on the geoid,
the equipotential surface of the Earth at sea level. TT (Terrestrial Time),
which is today used as independent argument for Celestial Mechanics in the
Earth-near space is derived from TAI by the following equation:

TT = TAI — 32.184 s . (3.1)

TT is a time scale uniquely based on atomic time. TT is measured in units of
days defined as 86400 s in the SI. TAI and T'T serve as uniform time-scales
in the non-relativistic approximation of the equations of motion referring to
Celestial Mechanics problems in satellite geodesy. The constant —32.184 was
introduced to make the transition from ET to TAI smooth at one particular
epoch in time, namely January 1, 1958.

UTC (Universal Time Coordinated) agrees with UT to within one second.
UTC is derived from TAI by adding an integer number N (TATI) of leap seconds
to TAI to guarantee that | UT1 — UTC | < 1 s . Formally, one may write

UTC = TAI + N(TAI) . (3.2)

The leap seconds are introduced (if required) end of July and/or end of De-
cember. Leap seconds and N(TAI) are announced by the IERS in its Bulletin
C.

Several other time scales are in use in satellite geodesy, GPS time probably
being the best known. GPS time and UTC (thus also between GPS time and
TAI) differ by an integer number of seconds.

TDB (Barycentric Dynamical Time) is the independent argument of the
equations of motion referring to the barycenter of the solar system. The
precise definition of TDB depends on the gravitational theory used. For most
applications it is sufficient to use the approximation (see [107]):

TDB =TT + 0.001658 sin g + 0.000014 sin2g , (3.3)
where the amplitudes are given in seconds and
g = 357.53° + 0.9856003° (JD — 2451545.0) , (3.4)
where JD (Julian Date).
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For more information concerning the time scales actually used in astronomy
we refer to [107]. A concise overview of different time scales in use today may
also be found in [75].

For future reference we include the numerical values for the gravitational
constant in Newton’s law of universal gravitation (2.1). In the SI, where
meters (m), kilograms (kg), and seconds (s) are used as units for length,
mass, and time, the constant of gravitation has the following value:

G =6.67259 x 10" m®kg~'s72 . (3.5)

In applications related to the planetary system it is tradition to use other
units for time, mass, and length: One day d of 86400 s (SI) (in essence one
solar day) is used as time unit, the mass of the Sun (me = 1.9891 x 103" kg)
as mass unit; the mean distance between the center of mass Earth-Moon
and the Sun, originally defined to be the AU (Astronomical Unit), serves as
length unit. In these units the constant of gravitation is written as k2, where
k is referred to as the Gaussian constant. Today, the AU is defined in such
a way that the Gaussian constant k keeps the same numerical value, namely

k = 0.01720209895 1/ (AU)*m3td-2 (3.6)

as it already had at Gauss’s epoch. This is why every astronomer knows the
numerical value of k£ by heart. It is handy to assign a constant value to the
product “solar mass - gravitation constant”. The drawback lies in the fact
that the semi-major axis a of the center of mass of the Earth-Moon system
in its orbit around the Sun can no longer be strictly interpreted as a = 1 AU.
Currently, the semi-major axis a of the Earth-Moon barycenter is considered
to have a length of (see [107]):

a = 1.00000003 AU . (3.7)

The constant k is also approximately the mean daily motion of the center
of mass of the Earth-Moon system in its orbit around the Sun, expressed in
rad/d, what corresponds to 180°/7 - k = 0.986 °/d .

Newton’s absolute space corresponds to what we call today inertial space. In
mathematical terms this space is the three-dimensional Euclidean space E3,
where we may introduce a rectangular, right-handed Cartesian coordinate
system. Such a coordinate system is defined by three orthogonal unit vectors
e;, i =1,2,3, originating from an origin O. For a right-hand system we have

e; =e; Xey,

where e; X es is the vector product of the two vectors e;, ¢ = 1,2. The set
of the three unit vectors e;, i = 1,2, 3, is also called an orthonormal base
in E3. A vector x pointing from the origin of the coordinate system to an
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arbitrary point in E3 is called a position vector. Each position vector may be
represented as a linear combination of the three base vectors:

T =11 e +Tyey+x3€3. (3.8)

The coefficients x;, i = 1, 2, 3, are the Cartesian coordinates of the vector x in
the coordinate system defined by the unit vectors e;, ¢ = 1,2, 3. It should be
noted that the vector « is a quantity independent of the specific coordinate
system, whereas the coordinates x;, ¢ = 1,2, 3, are related to the specific
coordinate system. This is documented by the following relation emerging
from eqn. (3.8) by scalar multiplication with the unit vector e;:

zi=e-x, 1=123. (3.9)
It is convenient to use the following matrix notation for the coordinates of x
SCZ dZCf (xl,xg,l’g) . (310)

x. is a column-matrix with three elements, ! is its transpose, a row matrix
with three elements. We will also call . the coordinate matrix.

We should make a clear distinction between a vector and its coordinate ma-
trix. In an attempt to reduce the formalism to the absolute minimum, we will
often leave out the index specifying the coordinate system (above, we used e
as an example), if no misunderstandings are possible.

Let us assume that @ is the position vector of a spherically symmetric celestial
body (in the sense of Theorem 8 in Table 2.2), i.e., we assume that the mass
distribution in the body is spherically symmetric w.r.t. the center of mass of
the body, or that the size of the body is very small compared to the distances
between the bodies. In the former case we interpret @ as the position vector of
(the center of mass of) the body, in the latter case we speak of a point mass.
Our goal is the derivation of the trajectories (see Figure 3.1) of all bodies (or
point masses) of a mechanical system (rigid, spherically symmetric bodies,
or point masses) as a function of time.

The realization of a coordinate system is a coordinate frame. How is the
inertial coordinate system realized? Taking the same pragmatic standpoint
as in the case of the realization of the uniform timescale we postulate that
the frame does not rotate with respect to the ensemble of Quasars. This
realization actually is closely related to definition 2) (out of four) of an inertial
frame in [127]. We demand that the unit vectors e;, i = 1,2, 3, do not rotate
w.r.t. this ensemble of Quasars. This does not yet imply, however, that the
system is inertial, because linear accelerations, e.g., along one axis, still might
occur. In order to exclude such motions we have to set up the equations of
motion and derive the origin of the system as a function of time. This will
be a byproduct of the next section. An inertial reference system realized in
this way is called an inertial reference frame.
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Fig. 3.1. Trajectory of a point mass m in the inertial system

When establishing the inertial reference frame we neither need the equato-
rial plane of the Earth nor the ecliptic, the plane of the orbital motion of
the center of mass of the Earth-Moon system around the Sun. The ecliptic
does, however, play an important role in Celestial Mechanics of the planetary
system, and the Earth’s equatorial plane plays a similarly important role in
studies of the Earth-near space. The role of the former plane is given by the
circumstance that the inclinations of the orbital planes of most planets w.r.t.
the ecliptic are small (see Table II-4.1), the role of the latter is given by
the flattening of the Earth with the equatorial plane as symmetry plane. It
makes sense to define the unit vectors e;, i = 1,2, 3, in such a way that the
first unit vector e; lies in the intersection of the equatorial and the ecliptic
plane. This axis points into the direction of the vernal equinox. For studies in
the planetary system es is best defined to lie in the ecliptic, 90° away from
the vernal equinox in the direction of the motion of the Earth, for Celestial
Mechanics in the Earth-near space ey is defined to lie in the equator, 90°
away from the vernal equinox in the direction of the rotation of the Earth.

Both, the equatorial plane (due to precession and nutation) and the ecliptic
(due to planetary perturbations) are rotating w.r.t. the inertial system. This
is why we have to specify an epoch when defining the coordinate frames using
the equator and ecliptic. Today, the epoch J2000.0 serves as normal epoch.
J2000.0 corresponds to January 1, 2000, 12" UTC (for more details we refer
to [107]).

3.2 The Planetary System

We assume that N point masses are moving uniquely under their gravitational
attraction and that there are no other celestial bodies (masses) outside the
system. These assumptions define the classical N-body problem.
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Let us furthermore assume that N = n 4+ 1. Each point mass m; is fully
described by its mass m; and its position vector x;(¢t), i = 0,1,...,n, for all
times t. Let us furthermore assume that the mass my dominates the others.
This is the case in our planetary system where mg corresponds to the Sun.

If we follow the trajectory of one of the bodies as a function of time we may
also define the wvelocity &; of each point mass as the first time derivative of
the position vector:

. diL’i(t> def . a:i(t + At) — iL’i(t)

B = = 1 . i=0,1,2,...,n. 3.11
* dt Ao At v n ( )

If the position vectors @;(t) and the velocity vectors &;(t) at the initial epoch
t = to are known, we have the task of finding the trajectories x;(t) for all
time arguments ¢ and for all point masses m;, i = 0,1,2,...,n, in the inertial
system. The ensemble of vectors x;(to), @:(t9), ¢ =0,1,...,n, represents the
initial state vector of the entire system.

3.2.1 Equations of Motion of the Planetary System

According to (the modern understanding of) Newton’s second law, his corol-
lary concerning the superposition of forces (see Table 2.2), and the law of
universal gravitation (2.1) (replacing, however, for our application the gravi-
tation constant G by k2, see eqn. (3.6)) we may write down the equations of
motion in the inertial system for the N = n + 1 point masses:

d (m;d;) 9 " T;— T .
ST _ g2, BT 2 0.1,2,.. . 3.12
dt mj—ozj;simj |lz; — ;[ ' " -

On the left hand side we have the first derivative of the linear momentum, on
the right hand side the superposition of gravitational forces acting on point
mass m;. Assuming that the masses do not change with time (which will
never be 100% true) we may write

“ 2 . T =Ty -
xz—_k‘jozj#lmjm, 2—071,2,...,71. (313)

It is important to note that the mass m; does not show up in the equation for
this particular point mass. From the mathematical point of view the equations
of motion (3.13) of our N-body problem form an ordinary, coupled, nonlinear
differential equation system of second order in time. Mathematical analysis
tells that unique trajectories exist (under certain conditions) for all times
t € (—oo,+00) , provided the initial state of the system is known.

def def

iL’i(to) = Z;0 , :I'Zi(to) = i’iO 5 = 0, 172, N (314)
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The equations (3.13) are vector equations. If we want to solve them (nu-
merically or otherwise) we have to select a concrete coordinate system with a
suitable origin. There is an entire class of equivalent inertial reference frames,
because the eqns. (3.13) are invariant under a Galilei transformation (named
in honour of Galileo Galilei (1564-1642)), composed of a translation Xy and
a velocity Vy :

wi:w;—l—Xo—f—Vot

t =t.

(3.15)

When introducing these transformation equations into eqns. (3.13) we easily
verify that the transformed equations have an identical structure in the new
reference frame, which is therefore inertial, as well.

Assuming that we were able to identify one particular inertial reference sys-
tem, we may interpret the symbols x; in the equations of motion as the
column matrices of coordinates relative to this system. We should use an
additional index, e.g., 7, to identify the coordinate system. If no transfor-
mations are required, we may as well skip the index “Z”. Except for this
subtlety the equations of motion for the position vectors are formally identi-
cal with the corresponding equations for the coordinate matrices.

It was assumed that there are no masses outside the system of the N point
masses. This is not perfectly true. Think, e.g., of the gravitational attraction
the solar system experiences from our galaxy. When considering time periods
of hundreds of millions of years such effects must be taken into account (the
revolution period of the solar system around the galactic center is estimated
to be about 250 million years). We do not account for such effects in this
chapter and further explore the idea of an isolated system of point masses.

If the mass my dominates all other masses it makes sense to rearrange the
equations (3.13) to describe the motion of the system relative to the point
mass mg. For that purpose we introduce the notations:

def

ri=x; —xg, 1=12,...,n. (3.16)

In our planetary system we call the vectors r; the heliocentric position vec-
tors. Starting from the equations of motion (3.13) in the inertial system we
may easily set up the corresponding equations of motion for the heliocentric
position vectors r; by subtracting the equation for the point mass mg from
the corresponding equation for the point mass m;. We obtain:
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ee def o
Ty =T — iUO

ro — Iy
= — k2 m; + k? m; ——9
Z J —wj|3 Z 7 o —x;[3
j= Oj;éz (317)
n
—k2 Ty _ /€2 . Ty
Z mj |m—r B ng EXE
J=0,j#i j=1

If we take out the first term (index j = 0) in the first sum on the right
hand side of the above equation and term j = ¢ in the second sum and let
these terms precede the two sums, we obtain the equations of motion for the
heliocentric position vectors r; in the following form:

n
T TP — T T,
Fi:—k2(mo+mi)—§—k22 mj ——=+ %>, i=12...,n,
7 L lri — i3 )
J=1,j7#i
(3.18)
where 7; = |r;|. We easily see that the equations of motion (3.18) for the
heliocentric motion again form a coupled second order differential equation
system. Its dimension is d = 3n and has been reduced by 3 when compared
to the system (3.13) describing the motion in the inertial system.

If we interpret the above equations as equations for the coordinate matrices
we see that the underlying heliocentric Cartesian coordinate system is always
parallel to the original inertial Cartesian reference frame in the inertial space.
The heliocentric coordinate system is, however, not inertial, because its origin
follows the trajectory of the point mass mg (e.g., that of the Sun), which,
according to the first of equations (3.13), shows non-vanishing accelerations
w.r.t. inertial space.

It is important to note that we are able to study the development of a plane-
tary system relative to the central mass without having defined the origin in
the inertial system, using the equations of motion (3.18), provided the initial
state in the heliocentric system is given by

def

(to) = ’I"ZO 5 ’f‘i(t0> = ""iO s L= 1,27. R I (319)

It was the achievement of the preceding centuries to determine the initial
conditions (3.19) and the masses m;, i = 1,2,...,n, of (Sun) planets with
higher and higher accuracy. The definition of a suitable origin in the inertial
system was a secondary issue.

The structure of the equations of motion (3.18) may be further specified: the
first term on the right hand side is called the main term of the force (per mass
unit) acting on point mass m;, the sum is called the perturbation term. This
characterization is correct as long as there are no close encounters between
the bodies of the system and if the ratios of the planetary (and satellite)
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masses to the mass of the central body m;/mg < 1 are small numbers.
Table II-4.1 in Chapter II-4 shows that this assumption holds in our solar
system, where the most massive planet, Jupiter, has a mass of only about
0.1 % of the solar mass.

We have stated above that the entire system is coupled. We have to modify
this statement slightly. So far, we made the distinction between the central
mass mg and all the other masses m;, i = 1,2,...,n. We now add one more
point mass to this system, assuming that its mass m

m<<m;, 1=0,1,2,....,n, (3.20)

is negligible w.r.t. all other masses of the system. We denote the heliocentric
position vector of the new point mass with 7. It is easy to add the equation of
motion for this body to the N-body problem described by equations (3.13).
The structure of the equations for the point masses with “finite masses” are
unaffected by this procedure, and for the point mass m of negligible mass we
obtain the following equations of motion in the heliocentric system (formally
the equations of motion are obtained from eqns. (3.18) by setting m; = 0 and
by leaving out the index 7):

. 2 r 2 - ) r=r; T

J

The sum on the right hand side has to be extended only over the finite
masses of the planetary system. The equations of motion (3.21) may be solved
independently from the equations of motion (3.18) for the entire planetary
system of the bodies with finite masses, or, in other words, we may consider
the position vectors r; as known functions of time on the right hand side
of the above equations. The equations of motion (3.21) are, e.g., used to
describe the trajectory of a minor planet or a comet. Note that in our solar
system we could set mg = 1, which would further simplify the structure of
the differential equation system.

The right hand sides of the equations (3.18) for body number ¢ may be
written as a gradient w.r.t. the coordinates of this body. The equations of
motion (3.18) therefore may be written in the form

’I”ZZVZ{UZ—f—Rl}, 1=1,2,...,n. (322)
where

k2 (mg + m;)
Ty

U = (3.23)

and

- 1 riT;
_ 1.2 ‘ _ vy
R, =k g m; { Ep—— = } , (3.24)

J=1,j#i
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and where the gradient V; is defined as

v;“:“< o 9 9 ) , (3.25)

81"1-1 ’ (97‘1'2 ’ 81“1-3

where V7 is the transpose of V;. U; is the force function of the two-body
problem (to be discussed below), R; is called the perturbation function of body
number . Both, U; and R; are scalar functions of the r;, j =1,2,...,n, but
only the dependency on r; is considered for body number ¢ when taking the
gradient of R;. As mentioned in Chapter 2, the scalar perturbation function
was introduced by Lagrange. It has the advantage for analytical develop-
ments that only one instead of three functions (corresponding to the three
coordinates) has to be studied. If we inspect the perturbation function we see
that the term of the sum corresponding to a particular planet is composed
of a 1/r-term which we would also expect in the equations referring to the
inertial system. This term is called the direct perturbation term. The second
term containing the scalar product of the perturbing and the perturbed body
is called the indirect term. It is uniquely due to the transformation from the
inertial to the heliocentric system.

The equations of motion for a point mass with negligible mass may be written
in similar form

#=V{U+ R}, (3.26)
where 12
U=""0 (3.27)
r
and

- 1 rTr;
R=kK> mjd —— 1. (3.28)
j=1 J{|r—rj| v} }

The gradient refers to the components of the position vector r.

3.2.2 First Integrals

Ten scalar functions of the coordinates and velocities of the N-Body problem
are known to be time-independent. We call such quantities first integrals or
simply integrals. We also derive formulas for the time development of the
so-called polar moment of inertia of the system (to be defined below). The
result is called the wvirial theorem.

The developments of the entire section are based on the equations of motion
(3.13) referring to an inertial reference frame.
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Center of Mass. The center of mass of a system of point masses is defined
as:

def

where the total mass M of the system is given by:
M= "m,. (3.30)
i=0

If we multiply equation number ¢ of the system (3.13) with the factor m; /M
and add up all resulting equations, the double sum on the right hand side
adds up to zero. The differential equation for the center of mass in the inertial
system therefore reads as:

1 n
Mzmi 2, =X,=0. (3.31)
=0

This equation is solved by
Xo(t) = Xoo + Voo(t —to) , (3.32)

where ty is an arbitrarily chosen origin of time, X g is the position vector
of the center of mass in the inertial system, Vy its velocity vector at the
same time. As X and Vo both are defined by three quantities, we have
actually found six first integrals by showing that the center of mass is moving
according to eqn. (3.32).

We are now in a position to define an inertial reference frame with origin in
the center of mass of our N bodies by asking that

Xoo=Vo=0. (3.33)

This implies that our definition (3.29) for the center of mass reads as follows

1 n
=Y " mi@;=0. (3.34)
M =0

Using the fact that the position vector x; for point mass m; can be written
as the sum of the position vector of the Sun (the central mass) referred to
the inertial system and the heliocentric position vector of point mass m;

.’131'23304—7’1', i:1,2,...,n, (335)

and introducing this relation into the equation (3.34) and the corresponding
equation for the velocities, we obtain the relations
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1 .
o+ leml T &of xo+ Ry =0 (3.36)

and

n

a':o—i-%;mi 7 = dg+ Ry=0, (3.37)
where R is the position vector of the barycenter as computed in the helio-
centric system and R, its velocity. Obviously, we are in a position to compute
the position of the Sun in the barycentric system (which is an inertial system)
for any time ¢ — provided we have solved the heliocentric equations of motion
(3.13). This implies that by the transformation from the inertial to the helio-
centric system we have not lost any information. We implicitly made use of
the six integrals found above when reducing the number of (scalar) equations
by three in the transition from the inertial to the heliocentric system.

Total Angular Momentum. The total angular momentum of a system of
point masses is defined as

h et Zml Tr; X dZi . (338)
=0

We multiply the equation of motion for point mass m; in eqns. (3.13) with
m; x; %, add the resulting equations and obtain:

n n n

” 9 r; X (:]31 — CCJ')
g m; T; X &; =—k g g m; myj ——————=
4 —~ |z — @
=0 =0 j=1,5#1

3.39
d - . 2 - - i X Xj ( )
dt |4 — S mi—
=0 i=0 j=0,j7#1 -

From the last of the above set of equations we conclude that the total angular
momentum of a system is conserved:

Zmi Tr; X i’i &of h . (340)
=0

As the (constant) vector h is defined by three scalar quantities (e.g., the
three components of h) we have found three (first) integrals of the equations
of motion of the N-body problem.

The plane perpendicular to the vector h is called the invariable plane or
the Laplacian plane. Due to its definition it actually would be the natural
plane of reference to describe the evolution of the planetary system (at least
over long time periods). It would be much better suited than the ecliptic
plane referred to a normal epoch like J2000.0, which becomes completely
meaningless for epochs a few million years apart from J2000.0.
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Total Energy. The total energy E of a mechanical system is defined as the
sum of its kinetic energy T and potential energy —U, the absolute value of
which is the force function U previously introduced.

E=T-U, (3.41)
where .
T=35> m; (3.42)
i=0
and .
v=r> %" ﬁi . (3.43)
0 jei1 TP T 7l

The “force function” U of the system at a particular point in time equals the
work that would have to be performed in order to completely dissolve the
system, i.e., to remove each pair of bodies of the system to infinite distance.
U may be written as:

m; m; k2 & - m; m;
U:kzz.z ﬁzgzzm (3.44)

The total energy of our system of point masses thus equals
1 — k2 & - Mg M
—— Cm2 ey
E—2Zmlwi 2Z Z oo (3.45)
=0 =0 j=0,j7#1
By multiplying equation i of the system of equations of motion (3.13) by

m; &;- and by summing up all resulting equations the total energy is seen to
be conserved:

- . 2 - - xz(wl_wj)
domidi& ==k > T T — P
i=0 i:Oj:l,j;éi Ti—%xj
_ g2 & - (x; — xi)
==k Z Z M |w'—w»|3
j=01i=0,i#j v J
n n _ _ 3.46)
112 (& w]) (z; w) (
=—3k Z m; m; EREE
i=0 j=1,j#i ¢ J
1d 1d m;m;
_ 2| =22 | k2 R
TR s
i=0 j= 0];&1

From the first to the second line the indices i and j were exchanged, from
the second to the third the sign in the expression (x; — x;) was changed and
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the summations over ¢ and j were exchanged. In the third line the right hand
side was calculated as the “mean value” of the expressions in the first and
second line. In the last line the left and the right hand side of the equation
could be written as total time derivatives, from which the conservation of
total energy is obtained:
n
2y mid - K
i=0

i _ g (3.47)

n
< ai—a;]

>

n
=0 j=0,j#1i

Ten first integrals were found in this section, six related to the motion of
the center of mass, three to the total angular momentum, and one to the
total energy of the system. We were able to make excellent use of the first
six integrals by solving the equations of motion in the heliocentric coordi-
nate system. There is no obvious way to reduce the number of equations of
motion using the other four integrals. All attempts in this direction ruin the
symmetry and simplicity of the equations. The integrals may be used very
well, however, to check the quality of analytical or numerical solutions of the
equations of motion.

The question naturally arises whether there are other first integrals which
might further reduce the complexity of the problems. There are, e.g., the-
orems due to Poincaré and Heinrich Bruns (1848-1919). Both are negative
statements in the sense “if such and such assumptions hold, there are no
other integrals”. The assumptions are quite restrictive (which is why the the-
orems are not included here) and we agree with Moulton [77] who states: The
practical importance of the theorems by Bruns and Poincaré have often been
overrated by those who have forgotten the conditions under which they have
been proven to be hold true.

Virial Theorem. The so-called polar moment of inertia of a system is de-
fined as

I(t) =Y m; a? . (3.48)
=0

By construction I(t) is always positive. It becomes infinite if one or several
of the bodies escape from the system. On the other hand, if the orbits of all
point masses would be concentric circles (with the center of mass as common
center), I(t) would be a constant. This condition certainly is not met in
our planetary system, but it is not far from the truth either. From such
considerations we see that I(¢) might be a good indicator to decide whether
an N-body system is stable or not.

It is instructive to calculate the second time derivative of the polar moment
of inertia:
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n
j =2 Z m; I; - dZi
=0
n n
1=0 1=0

Ty S e, B

i= 0] 0,];&1 (349)
x; - (x; —xj)
=4T + 2k gmy =
oS Y ey Bl

=0 j=0,j#1

=AT — k°
Sy e
1=0 j=0,5#1

=4T — 2U .

The second time derivative of I(t) is a function of the total kinetic and
potential energy (or of the force function), or the total energy (which is
constant) and either the kinetic or the potential energy of the system:

I =4T —2U =2E 42T = 4E +2U . (3.50)

Equation (3.50) is a special form of the wirial theorem. The above equation
is not a self-contained differential equation: the right hand side of equation
(3.50) may only be computed if either the potential or the kinetic energy are
known as a function of time.

Because the total kinetic energy of the system must always be a positive
quantity and because a positive I inevitably leads to the destruction of the
system, we have to ask for ¥ < 0 as a necessary condition for a stable system.
This condition is not sufficient, however.

For many applications, the virial theorem may be written in a more mean-
ingful way, in particular if the solution is periodic or if all coordinates and
velocities vary only within certain given limits. The former condition is not
given in the planetary system, the latter just might be the case if the system
is stable. In the cases mentioned it makes sense to compute the mean value
of I over a certain time interval At as

+ At

I<t+ %) = %t/ i) dat = % (f(H—At) —j(t)) —4T - 20,
(3.51)

where T is the mean value of the total kinetic energy of the system in the
time interval [t, ¢ + At], —U is the mean value of the potential energy in the
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same time interval. For periodic solutions the quantity + (f (t+ At) -1 (t))

is exactly zero, if At is equal to an integer number of periods. For many
non-periodic systems we may assume

% (f(t + At) — j(t)) —0 for At—oo. (3.52)

In practice At should be much longer than the longest period occurring in
our system. If these conditions hold we obtain the virial theorem in the form

T==, (3.53)

|

i.e., averaged over long time intervals, twice the mean value of the kinetic
energy equals the mean value of the force function. We might call this state-
ment a statistical conservation law. The relation is well known in kinetic gas
theory, but also in galactic dynamics or in the dynamics of star clusters. We
expect that this relation holds approximately in the planetary system, as
well.

3.3 The Earth-Moon-Sun-System

3.3.1 Introduction

Point masses are idealizations of real bodies, which are of finite (non van-
ishing) size. We might generalize the N-body problem by replacing all point
masses by bodies of finite extensions. In view of the physical size of the plan-
ets and of the distances between them such a generalization would not make
sense in Celestial Mechanics. There are, however, sub-systems where the bod-
ies’ size cannot be neglected. The system Earth-Moon-Sun, as visualized in
Figure 3.2, is one important example. Figure 3.2 shows the Earth and the
Moon as bodies of finite size and the Sun as a point mass. This latter ap-
proximation is justified because the mass distribution within the Sun shows
almost perfect spherical symmetry and because the distance of the Sun w.r.t.
the two other bodies is big compared to the sizes of the three bodies.

Figure 3.2 illustrates the notations used throughout this section. Two parallel
coordinate systems, one inertial and one geocentric, are required. All position
vectors referring to the inertial system are characterized by x_., all referring
to the geocentric system by 7. . The subscript ® refers to the Sun, & to the
Earth, and € to the Moon. The subscript p denotes a mass element (particle)
of the Earth, p one of the Moon. The symbol dm is reserved for a general mass
element of a “general” celestial body. The vectors o, x5, T, Tp, T, are the
position vectors of the centers of mass of Sun, Earth, Moon, of a particular
mass element of the Earth and one of the Moon in the inertial system, rq), r¢,
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Fig. 3.2. The Earth-Moon-Sun system

Tp, Ty are the corresponding vectors in the geocentric system. Occasionally,
position vectors relative to the Moon’s center of mass are required. In this
case we use two symbols to denote the selenocentric position vector, e.g.,
7o for the selenocentric position vector of the Sun, r¢, for the selenocentric
position vector of a lunar mass element.

Some of the essential facts related to the three-body problem Earth-Moon-
Sun are summarized in Table II- 2.1 in Chapter II- 2. From that table one must
conclude that the artist’s view of the Earth-Moon-Sun system in Figure 3.2
is largely exaggerated: Earth and Moon are close to spherical, which is why
the point mass model is a good approximation for the orbital motion for the
(centers of mass of the) three bodies as soon as the distances between the
bodies are big compared to the dimensions of the bodies.

Not only orbital, but also rotational motion has to be considered in this type
of three-body problem. The basic facts (see Table II- 2.1) are well known: the
Earth rotates with a period of one sidereal day about its axis. The rotation
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axis is inclined by about 23.5° w.r.t. the normal (pole) of the ecliptic. This
inclination angle does not vary much in time (of the order of a few degrees over
millions of years). It is well known that the rotation axis is precessing around
the pole of the ecliptic, the period being about 26500 years. This implies that
about 13000 years from now the Earth’s rotation axis will point to a point
47° from today’s polar star (Polaris = o Ursae Minoris), to return (more or
less) to its original position after a full precession period. The regression of
about 50” per year of the vernal equinox in the ecliptic was already known
to Hipparchus.

Orbital and rotational motion of the Moon show interesting peculiarities, as
well: The node of the Moon’s orbital plane (its intersection with the ecliptic)
regresses in the ecliptical plane with a period of about 18.6 years. It is also well
established that the Moon’s revolution and rotation periods agree perfectly. It
is probably not common knowledge, however, that the Moon’s rotation axis,
inclined by about 1.54° w.r.t. the ecliptical plane also shows the effect of
precession, where the precession period exactly corresponds to the period of
the regression of the node, illustrating the strong correlation between orbital
and rotational motion. A detailed discussion is provided in section II-2.2.3.

It is in principle a straight forward procedure to add (some of) the planets
as additional point masses to the three-body system Earth-Moon-Sun (e.g.,
other planets of the planetary system). This is, e.g., necessary when studying
the long-term development of the Moon’s orbit or of the obliquity of the
ecliptic (see Chapter II-2). Adding more point masses does not alter the
mathematical structure of the problem, which is why we confine ourselves to
the analysis of the three-body problem Earth-Moon-Sun subsequently.

In sections 3.3.2 to 3.3.6 it is assumed that Earth and Moon are rigid bodies.
In sections 3.3.7 and 3.3.8 we will introduce the generalizations needed to
discuss the rotation of a deformable Earth.

3.3.2 Kinematics of Rigid Bodies

Total Mass and Center of Mass. A body is said to be rigid, if the distance
between any two of its mass elements remains constant in time. Assuming a
continuous mass distribution described by a density function p(x), expressed,
e.g., in kg/m3, the body’s mass may be computed as a volume integral

m = / dm = / o(@am) AV (3.54)

\%4

where the integration has to be extended over the entire volume occupied by
the body.

The motion of a rigid body is completely known, if the motion of one specific
mass (or volume) element of the body with position vector (t) is known as
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function of time, and if the orientation of a body-fixed Cartesian coordinate
system centered at this mass element is also given as a function of time (see
Figure 3.3). The former motion may be called the orbital motion, the latter
the rotational motion. In principle, an arbitrary point might be selected to

A
3
dm
& dm(£) N
Ae, \m
z(t)
3
0 > 2,
€2
el x’/1
€2

Fig. 3.3. Trajectory of an extended celestial body [ dm in the inertial system
v

describe the orbital motion and to serve as origin of the body-fixed coordinate
system. It is convenient, however, to select the center of mass of the body as
reference point. The center of mass of the rigid body is defined as

def

x=— /p(a:dm) Tam AV . (3.55)
v

This is a straight forward generalization of the definition for the center of
mass in the N-body problem according to eqn. (3.29) — the system of point
masses merely had to be replaced by a continuous mass distribution described
by a density function p(x) in a volume V. Conventionally, the entire mass
m of the body is attributed to the center of mass. With these conventions,
x(t) in Figure 3.3 represents the trajectory of the center of mass, @4, the
trajectory of an arbitrary mass element dm of the rigid body.

Coordinate Transformations and Euler Angles. The three-body prob-
lem is solved, if the trajectory xg.,(t) for each individual mass element of
each body is known as a function of time, provided the initial state at an
initial epoch ¢, is specified for each mass element.

In principle any coordinate system might be used for this description. An
astronomer would prefer to use only the inertial system (and possibly those
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parallel to it referring to the center of mass of one of the bodies involved), a
geodesist would prefer an Earth-fixed system (which inevitably rotates w.r.t.
the astronomical systems). The equations of motion are particularly simple in
the astronomical system, the description of locations on or within the Earth
is particularly simple in the Earth-fixed system. We have to introduce both
systems and to establish the transformation between them.

Figure 3.4 illustrates the geocentric inertial system, the Earth-fized system
and the transformation between the two systems. Admittedly, “geocentric

Equator

Ecliptic

Fig. 3.4. Transformation between the Earth-fixed and the geocentric ecliptical
system

inertial” is not a good designation, because any system attached to a par-
ticular point of the Earth shows accelerations w.r.t. the inertial system. By
this term we understand a geocentric system which is always parallel to the
inertial system. Figure 3.4 shows that the inertial system used here is the
ecliptical system referring to a particular epoch (in all applications the re-
alization J2000.0 [107] will be used), and that the Earth-fixed system is an
equatorial system (in all applications, the ITRF, the International Terrestrial
Reference Frame [71], will be used). Figure 3.4 documents that three angles,
the so-called Euler angles, are required to perform a coordinate transforma-
tion from the geocentric inertial to the Earth-fixed system (and vice versa).
Loosely speaking, ¥y corresponds to precession (plus nutation) in (ecliptical)
longitude, €5 to the obliquity of the ecliptic (plus nutation in obliquity), and
O; to sidereal time, if we identify the third axis of the Earth-fixed system
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with the figure axis of the Earth (pointing approximately to the North pole,
to be defined below).

The inertial coordinates rp, (t) of the geocentric vector r,(t) of a mass el-
ement (or of any other geocentric position vector) may then be computed
from the Earth-fixed ones 7, (t) of the same vector with the following trans-
formation equations:

Ty = Ry(—Ws) Ri(e5) R3(—03) rp = Ty, . (3.56)

The transformation matrix obviously is a function of all three Euler angles,
def

Ty = Ts(Ps,e5,05). Note that it would have been preferable to introduce
&5 = —e, as the inclination of the Earth’s equator w.r.t. the ecliptic. In order
not to generate confusion, we follow the astronomical conventions in eqn.
(3.56) by using the obliquity of the ecliptic w.r.t. the equator (and not the
obliquity of the equator w.r.t. the ecliptic) to specify these transformations.

The equation corresponding to a particular mass element of the Moon reads
as
def
Tor = R3(—¥¢) Ri(e) R3(=Od) rpr = Ty , (3.57)
where the angles ¢, e¢, O, the transformation matrix T, and the inertial
and Moon-fixed coordinates, are defined in an analogous way as the corre-

sponding quantities describing the rotation of the Earth.

Note that eqns. (3.56) and (3.57) are not vector equations, but transformation
equations for the coordinates of one and the same vector in the two systems.

Euler’s Kinematic Equations. In view of the fact that the bodies con-
sidered in this section are rigid, the velocity 74,, of each mass element dm
relative to the center of mass of the body is merely due to a rotation about
an axis w(t) through the center of mass of the body. The velocity of the
mass element dm of a body in the geocentric inertial system may therefore
be written as

f'dm = w(t) X Tdm » (358)

where w is the vector of angular velocity. Its absolute value w = |w]| is the
angular velocity of the body’s rotation at time ¢, the unit vector w/w is the
rotation axis of the body at time ¢.

Equation (3.58) is a vector equation. It may be evaluated in any coordinate
system. In the inertial system the velocities of two mass elements of Earth
and Moon may be expressed as follows:

,i.PI = Wy, (t) X Tpr

TPor = wWey(t) X Ty . (3.59)

The velocity of a mass element p of the Earth may, on the other hand, also
be computed by taking the time derivative of eqn. (3.56):
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. .0
Tpr = | Ps A {R3(—¥s) }Ri(e5) R3(—6;)
. 0
+ €5 Ra(—¥s) oz, {Ri(es) }R3(—6;) (3.60)
. 0
+ OsRa(—¥:) Ri(es) 75 {R3(—65) }| rps -
FER

The left-hand sides of eqns. (3.59) (first equation) and (3.60) are identical,
which is why the following relationship can be established:

9
o,

+ &5 Ra (=) % {Ri(es) }R3(—65) (3.61)

ws, (1) X Ty = | {R3(—¥;)}R1(e5) R3(—6;)

O, Ra(—0) Ry (<) 5%6 [Ry(~62) }| 7

Using the coordinate transformation from the inertial to the Earth-fixed sys-

tem
rpr = R3(Os) Ri(—¢s) Ra(¥3) 1), (3.62)

to replace rp; by 7, on the right-hand side of eqn. (3.61), we obtain the
following remarkably simple relation:

wsy () x 1y, = [T T 7,

~[{0-10 0 0 —siny,
=q% (1 00| + &4 0 0 cos Wy
0 00 sinWy —cos¥y 0 (3.63)
) 0 —coses  sinegcos Py
+ Oy CoS€Eg 0 sin g4 sin ¥y Tpr
—sineg cosWy — sineg sin Wy 0
where [...]7 indicates that the expression refers to the inertial system.

In view of the fact that the left-hand side of equation (3.63) may be written
in the following matrix form

. - 0 _w613 +w612
ws (1) X Tp, = [TBTa ]I Tpr = | Twer, 0 —wsy | T, (3.64)
_w612 +w511 0

we obtain the equation relating the components of the angular velocity vector
in the inertial system to the first derivatives of the Euler angles:
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0 —cosWy —sineg sin Yy !Pa
wy, (t) = | 0 —sinWy +sines cos ¥y g | - (3.65)
1 0 cosey Oy

The inverse transformation is given by

!Pa sinWscotes; —cosWscotey 1
s | = — cos WUy —sin® 0 | ws, (1) = Xy, ws, (1) . (3.66)
Oy —sinW¥y csces 4 cosWscsceg 0

Equations (3.59) and (3.60) were used to establish the relationship between
the Cartesian coordinates of the angular velocity vector of Earth rotation
in the inertial coordinate system and the first time derivatives of the Eu-
ler angles, j’a: €s, and éa~ The same equations may be used to establish
the relationship between the Cartesian coordinates of the same vector in the
Earth-fixed system and the first derivatives of the Euler angles. The calcula-
tions are straight forward and lead to the following result:

—sinessin@y —cos Oy 0 A
ws,(t) = | —sinescos Oy +sinB; 0 & | - (3.67)
COSEy 0 1 Oy

The inverse transformation is easily derived from the above equation:

A —sin @y cscey —cos Oy cscey O
és | = —cos Oy +5in@s 0 | wy, (t) = Xy, ws, (1) .
Oy sin@g cotey + cosBOycotes 1

(3.68)
Equations (3.65, 3.66) and (3.67, 3.68) also are referred to as Fuler’s kine-
matic equations of Earth rotation. We derived them in a purely algebraic way.
It is also possible to give a geometrical derivation by projecting the angular
velocities &?6, €s, and @5 on the resp. coordinate axes.

For later use we note the result, which was established as a side issue, so to
speak en passant in this section: It is obviously possible to express the matrix
TaTg either through the components of the angular velocity vector in the
inertial system, eqn. (3.64), or to the Earth-fixed system (analogous to eqn.
(3.64) related to the Earth-fixed system):

. 0 _("')613 _H‘Jézg
|:T6T§:| I = +W613 0 _w611
_wézQ +w611 0
(3.69)
. 0 —UJ&ES +UJ6}.2
[TaTﬂ F tWor, 0wy
_w5.7~'2 +w67~'1 0

Similar relationships may be derived for the Euler angles for the rotation of
the Moon. They follow from eqns. (3.65, 3.67) by replacing index s by «.
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Angular Momentum Vector and Inertia Tensor. The angular momen-
tum vector of a rigid body w.r.t. a center of mass coordinate system is defined
as

h = /p(’!’dm) Tam X ".'dm dV = /p(?"dm) Tdm X (w X rdm) av . (370)
14 14

Using the well-known relation
Tam X (W X Tam) = 12, @ — (W Tam) Tdm (3.71)

we obtain the following equation for the angular momentum vector of the
rigid body:

h= /p(rdm) {rim w— (W Tam) Tam } dV . (3.72)
v

The expression shows that the Cartesian components of vector h are linear
functions of the components of the angular velocity vector w. It may therefore
be written in the following elegant way:

def

h = /p(rdm) [13m E—Tam ®@Tam | dV ) w =T w, (3.73)
%

where 74, ® T4 is the outer product (or tensor product) of the vector (or
tensor of rank 1) 74, with itself, E is the unit tensor of rank two, I is the
inertia tensor, a tensor of rank two, as well. The inertia tensor I of a body is
thus defined by:

I= /p(?"dm) [leim E—r4y,® rdm] av . (374)
|4

Transformation Law for the Inertia Tensor, Principal Moments of
Inertia. The inertia tensor may be expressed in any coordinate system. The
tensor notation then becomes an ordinary matrix notation. Let us compute
the inertia tensor of the Earth in the inertial system as an example:

I, = / p(rps) [12 B =y, @1y, ] dVs (3.75)
Vs

As the Earth performs rather complicated rotations in the inertial system,
the inertia tensor, expressed in the inertial system, is a quite complicated
function of time, as well. Wherever possible, one should therefore refer the
inertia tensor to an Earth-fixed system:
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Ly = [ plrye) 11, B ry @] dV (3.76)
Vs

In view of the transformation equations (3.56) one easily establishes the trans-
formation law for the inertia tensor in the inertial and Earth-fixed coordinate
system:

I;, = Ty 1, T7

R3(—¥s) Ri(es) R3(—65) Is . R3(Os) Ri(—es) Ra(¥s) - (3.77)

By definition, I . is constant in time for a rigid Earth. In general, the matrix
will be fully populated, however.

So far, we have not put any requirements on the Earth-fixed system other
than letting its origin coincide with the center of mass. We are now in a po-
sition to introduce a particularly well-suited Earth-fixed system, namely the
one with respect to which the inertia tensor becomes diagonal. Is it always
possible to find such a system for any given density distribution? The answer
is given by the fact that it is always possible to perform a main-axis trans-
formation (a rotation in our case) 75, = Ary, such that I, = ALy, AT
becomes diagonal. The technique consists of finding the eigenvalues and then
the eigenvectors of the matrix Iy .. We may thus assume that the coordinate
axes of the Earth-fixed system coincide with the principal axes of inertia and
that the inertia tensor in this system may be written as

Iy, 0 As 00 As 00
L, 0L, 0 |=([0Bs0]=|0A450 |, (3.78)
0 0 Iy, 0 0 Cj 0 0 Cj

where the quantities Iy, = Ay, Iy, = By, Iy, = Cs, Ay < By < Cy are
called the principal moments of inertia.

If the inertia tensor of a celestial body becomes diagonal (as given by eqns.
(3.78) for the Earth), we call the underlying coordinate system the coordinate
system of the PAI (Principal Azes of Inertia) or simply PAI-system.

Their numerical values are listed in Table II-2.1. In the case of the Earth,
rotational symmetry B ~ A is an excellent approximation (as indicated in the
above equation). The principal axis corresponding to the maximum moment
of inertia, also called the figure axis of the planet, approximately points to
the North pole. Similar equations result for the inertia tensor of the Moon,
except for the approximation in equation (3.78) which is not justified in the
case of the Moon.

In the PAl-system the elements of the inertia tensor are defined as follows
(see eqn. (3.76) and take into account eqn. (3.78)):
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(3.79)

p r@]—" 7'_7:1 + T.27:2) dV
for i £k .
These equations allow the establishment of the following useful relations:

p(ros) 1?2 dV = 5 (A+B+C)

D=

p(ro)ridV =% (A+B+C)—A

(3.80)
(A+B+C) -

[T

p(r@f) Tg av =

p(ro,)r3dV =31 (A+B+C)-C.

S T T S

We have established the transformation equations and the PAl-system for the
Earth. Equations of the same type may be developed for the Moon. Apart
from replacing the index “s” by “«” they are identical with the corresponding
relations for the Earth. It is interesting to note (see Table II-2.1) that (as
opposed to the Earth) rotational symmetry is not an appropriate approxi-
mation in the case of the Moon’s principal moments of inertia. Note that
(as in the case of the Earth) the axis of maximum moment of inertia closely
coincides with the rotation axis of the Moon, and that the axis of minimum
moment of inertia approximately points toward the Earth.

3.3.3 The Equations of Motion in the Inertial System

As in the case of the N-body problem the equations of motion first are es-
tablished in the inertial system. We set up one equation of motion for each
mass element p of the Earth and one for each mass element p of the Moon.
The Sun is treated as one point mass. Afterwards, the equations of motion
are derived for the center of mass of Earth and Moon and for the angu-
lar momenta associated with Earth and Moon. Gravitational forces between
mass elements of different bodies of course have to be taken into account. In
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addition, other forces between the mass elements of one and the same body
may be considered, as long as they act along the line between the two mass
elements, and as long as the third Newtonian axiom (see Table 2.2) holds:

. Tp — To Lp
P = Gty = G [olo) =g /f“"dvs
Ve
. Ty —To ol e
pwpz—Gm@pm - G@/P(%)md% "’/fma’ dVq
Vy Ve
. Lo —Tp
o ——G/ pxp) wp|3 dVy — G/ plxy) [T — @y dVg
Ve

(3.81)

where f,,» and f, . are internal forces acting from one mass element of a
body to another mass element of the same body.

The equations of motion are vector equations. They may, however, also be
interpreted as coordinate equations referring to the inertial system. In order
to reduce the formalism, the index specifying the coordinate system will be
omitted, wherever feasible.

The integrals over the gravitational and non-gravitational forces within the
same body have to be performed cautiously: The volume element occupied by
the mass elements p and p on the left-hand side of the above equations must
be left out in the integration over the volumes of bodies on the right-hand
sides.

The equation of motion for the Sun is already in a useable form. Using the
decomposition x, = s + 7, , where x4 is the position vector of the Earth’s
center of mass and the analogous decomposition for the position vector of
the Moon’s mass elements, one obtains by integrating over the equations of
motion of all mass elements of Earth and Moon, respectively, the equations
of motion for the centers of mass of the two bodies:
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. P(wp) Tp — Lo
=-G v
e mQ/ Mz, —aoP ©°

_Gm(/p(mp)/ pley) T — T Ve dVs

mq  |@, — @y’

."13(( = —GmQ/p(mp) -736/_; —%o dV@ (3 82)
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The (double) integral [ [ f,, dVsdV{ (and the corresponding integral for

Vy Vé
the Moon) are zero by virtue of Newton’s third axiom. The above result was
obtained after division by the total mass of the bodies (observe the definition

(3.55) for a body’s center of mass).

In analogy to the derivation of the heliocentric equations of motion of the
planetary system, the equations of motion for the centers of mass of Sun and
Moon will be referred to the center of mass of the Earth as central body.
Let us recall here the notations shown in Figure 3.2 and introduce shorter
notations for the densities of Earth and Moon:

To =T — Ty

Tq = Tg —Tp

det (3.83)
Pp = p(wp>

def
Po = plxy)

_ p(xp)
Pp. =M

px

e
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The relative densities p,,. and p,, express the density as mass per volume,
where the total mass of the body serves as unit of mass.

Let us refer the equations for the geocentric motion to the geocentric inertial
system introduced previously. The equations for the geocentric motion of
Moon and Sun are obtained by subtracting the equation for the motion of
the Earth’s center of mass from the equations for the centers of mass of the
other two bodies in eqn. (3.82):

. Pt T —Tp
e =—G(M+m dVy dV,
¢ o //pprpp7 Irq + 7o — Tp|3 oo

Va Vs
—Gm /p Tt~ "o gy +/p Loy,
© o g +rep —Tol? e
Ve Vs
(3.84)
o~
TQ__G(m®+M>/pPr| 7,,|3 dVES
Vs
o — T~ Tqp T+ T —
—Gm —|—/ — 4V > dV .
«/pm Ire —rq —repl? Pre Ir¢ +7ep —Tp|3 ’ ¢
Ve Vs

The right-hand sides of these equations may be written as gradients of scalar
functions. In the equation for the Moon the gradients refer to the geocentric
coordinates of the Moon, in the equation for the Sun to those of the Sun.
This is indicated by the indices “©” and “c”.

. Ppr Peor
=G(M dVi dV,
fo = GEmdy //|r«+r«p—rp| o
Va Vs
p@r (”‘@ _,,‘P>
G —r — dVi — ~o T gy,
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Ve Vs

(3.85)
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Equations (3.85) are the equations of orbital motion for a three-body prob-
lem with two bodies of finite size and one point mass. They reduce to the
corresponding equations (3.22) for point masses, if the mass distribution is
spherically symmetric. The generalized two-body motion is described by the
first terms on the right-hand sides of eqns. (3.85), the generalized perturba-
tion terms are the second terms on the right-hand sides. Obviously the above
equations are not yet convenient for the solution of the problem. Integrations
over the entire volume of the body are required at each integration step. Ap-
proximate and easy to use expressions for the integrals will be developed in
section 3.3.5.

The equations for the rotation of Earth and Moon are obtained by multi-
plying the equations for the mass elements for Earth and Moon in eqns.
(3.81) vectorially (from the left) with the geocentric and selenocentric po-
sition vectors 7, and ¢, and by integrating over the entire volume of the
bodies. Representing the vectors x, and x¢, on the left-hand side as the
sums T, = T + T, and T, = T + T¢p of the centers’s of mass vectors and
the geo- and selenocentric position vectors of the mass elements, and taking
into account the center of mass definition (3.55) for rigid bodies, the following
equations for the angular momenta of the two bodies result:

. T, XT
/Pp'rpxrpdvé :GmQ/Pp#dva

T3
Vs
7‘(( +"'C(g3>
G dVy dV;
- //pp gg|”"p_7'((_7"ﬁso|3 e
Vs Ve
. rep X (ro = 10) (386)
/P@TGKJXTC(KJCZVC( sz@/pp ro — T¢ — Tqo| dVq
Ve « p

Tep X (Tp —Tq) (rp — 1)
G dVg dVs .
* //pppgg 7 +7"((@_rp|3 e
Vs Ve

A comparison of the left-hand side of the above equations with the definition
(3.70) for the angular momentum of a celestial body reveals, that these may
be written as the time derivative of the bodies’ angular momenta:

b :/pprpxi:p A
Ve

h@:/ppr@pxi“'@pd‘/@ .
Ve

(3.87)
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Taking into account that the gravitational attractions on the right-hand side
may be written as gradients of scalar functions, we obtain the equations for
the rotation of the Earth and the Moon:

h6:+Gm®/va®{m}XT® d‘/s
Vi b
1
+G//Ppﬂgavc( {m} X (rep +1¢) dVg dVs
Vs Ve

1 (3.88)

T —1rq — 7“((@|

h«=+Gm®/0pV®«{ }X(TQ—T«) dVq

Ve
1
- G//ppppv( {m} X (rp—7rq) dVg dVs .
Ve Va

Note that the index of the gradient symbol indicates with respect to which
coordinates the gradient has to be taken.

As the torque acting on a body through a force f is defined as

e@/pmmxfﬁm (3.89)
14

eqns. (3.88) express the physical law that the change of angular momentum
of a body is due to (and equal to) the sum of external torques acting on the
body:

hy = o5 + £gs
he = Loq + L (3.90)

where Loy, £¢s are the torques exerted by Sun and Moon on the Earth,
Lo, Lsq those exerted by Sun and Earth on the Moon.

In the previous section the relations between the angular momentum h and
the angular velocity vector w_, and between the components of the angular
velocity vector and the first derivatives of the Euler angles were established
(see eqns. (3.73) and (3.65)). From these equations we may directly establish
the relation between the angular momentum vector and the Euler angles:
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s
5?6 = Xéz 16_11 h’61 = Xéz Té Igy} Tg hBI = Yéz h’61’
O
(3.91)
Ve
. — — def
| =Xz Ig; hay = Xop T I, T hay = Yoz hes -
O¢

Note that eqns. (3.91) are easy to evaluate: the inverse of the inertia tensor in
the body-fixed coordinate system is diagonal (the computation of the inverse
is thus trivial). The transformation matrices T have to be evaluated at each
integration step.

Equations (3.85), (3.88) and (3.91) represent the complete set of equations
of motion of the three-body problem Earth-Moon-Sun. They describe the
geocentric orbital motions of the centers of mass of the Moon and the Sun
through eqn. (3.85) and the rotational motion of the Earth and Moon through
eqns. (3.88) and (3.91). The complete system of equations thus consists of
2 x 3 = 6 second order differential equations (orbital motion), 2 x 3 = 6 first
order equations for the angular momenta of Earth and Moon, and 2 x 3 =6
first order differential equations for the Euler angles. Taking into account
that each second order system may be transformed into a first order system
of twice the dimension of the second order system, we have derived a system
of d = 24 scalar, first order differential equations defining the generalized
three-body problem Earth-Moon-Sun.

Note that the entire system of d = 24 first order equations is coupled: The
geocentric position vectors of Sun and Moon are needed to evaluate the right-
hand sides of the eqns. (3.88), and the orientation of the bodies is required
to evaluate the right-hand sides of equations (3.85) describing the orbital
motion.

In order to solve the system of equations we have to specify the initial state
of the system, i.e., we have to provide the following quantities:

ro(to) =re, , Tolte) = To,
’I’((Et(); = ’I’@O y T((((to)) = 7"@0
ha to = h’60 5 h(( to = h((o

3.92
Ws(to) = Ws, »  Welto) =Yg, (3.92)
es(to) =e5 5 eclto) =eq

Instead of specifying the angular momentum at time ¢y it may be more con-
venient to specify the corresponding angular velocity vectors w; and w¢ and
to use relation (3.73) to derive the initial state of the angular momentum
vectors.
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In order to use the equations of orbital and rotational motion as derived in
this section, we need to know the volumes occupied by the bodies and the
density distribution within these bodies. If we want to solve the initial value
problem defined by the above equivalent to the 24 scalar differential equations
and by the initial state of the system, we would have to evaluate the integrals
on the right-hand sides of the equations of motion at each integration step.
For a complicated density distribution this may be a formidable task. Also,
in general, we do not have the density distributions of the celestial bodies
readily available. We will therefore have to find approximations for the right-
hand sides of the equations of motion which depend only on some global
characteristics of the bodies, in particular on the total mass and the principal
moments of inertia. Such developments will be studied in section 3.3.5.

3.3.4 The Equations of Motion in the Body-Fixed Systems

Taking into account the defining equation (3.73) for the angular momentum
vector, it is easy to transform the equations (3.90) into equations for the
angular velocities (and no longer for the angular momenta) for Earth and
Moon. The left-hand sides of eqn. (3.90) may be transformed as follows:

hzzi{lzwz}:%{ﬂfﬂwz}. (3.93)

The transformation law (3.77) for the inertia tensor was used in the last step.

One such relation stands for the Earth and one for the Moon. It is important
to note in this context, that the above expression refers to the inertial system
(more precisely to a geo- resp. selenocentric system, at all times parallel to
the inertial system). In view of the definition (3.56) of the transformation
matrix T we may conclude:

Wwr = TTwI

hr =T  hy . (3.94)

With these equations the relation between the first derivative (3.93) of the
angular momentum and the angular velocity vector may be transferred easily
into the body-fixed reference system:

h;:TT%{TIfwf}zlfwf + [TTTLI;W. (3.95)
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. . T
Using the fact that {TTT}f = [TTT}}_ and in view of eqns. (3.69) and
(3.78), the following explicit relation is established for expression (3.95) in

the Earth-fixed (or Moon-fixed) system. For the first derivative of the Earth’s
angular momentum we obtain:

) Ay wsp + (Cs — By) wyy,Ws
h’B]: = Ba waQ + (AB — OB) wsﬁ UJB}_I . (396)
Cs wsp, + (Bs — As) wsp Wz,

The differential equations (3.90) for the angular momentum in the inertial
system thus have a simple counterpart as equations for the angular momen-
tum in the body-fixed systems (Earth and Moon):

As wsy +(Cs — By) wsy, Wz,
By ws,, +(As — Cs) wsp wsr | = Logy + Las,
Cs Wop, + (Bs — As) wyr Ws,

. 3.97
Aq ey, +(Cq — Bq) Wep,War, (3.97)

Bq ey, + (A = Co) wep,war, | = Locs +€scsr -
Cq Wes, + (B — Ad) Wer, W g,

It should be noted that eqns. (3.97) are equations in the components referring
to the resp. body-fixed systems, i.e., all the vector components have to refer
to the correct body-fixed coordinate system.

Eqns. (3.97) are truly remarkable: in the absence of external torques, the
components of the angular velocity vector may be established in the body-
fixed system without the knowing the motion of the rotation axis in space. As
soon as torques are present, it is of course no longer possible to establish the
angular velocity independently of the Euler angles. Therefore the equations
(3.97) should not be considered individually, but together with the so-called
kinematical relations, which now have to be related to the body-fixed system.
Eqns. (3.91) have to be replaced by the somewhat simpler relations

¥

6?6 = Xé}‘ Ig]} h6]~' = Xé]: Ws e

Os

i, (3.98)
E.(( :X@]__Ig}l_h@]__ dZEfX@j__w((}_ .

¢
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Equations (3.97) are the classical Euler equations for the rotation of a rigid
planet. It is interesting to note that Euler (as it is natural) first derived
his equations in the inertial system in the year 1750 in an article called
Découverte d’un nouwveau principe de mécanique ([34]). The new principle
actually consisted of the insight that only the equation “change of linear mo-
mentum = sum of forces acting on a point mass” is required to understand
the motion of a rigid body, because it is always possible to create any rigid
body by superposition of small particles. Euler did not recognize at that time
that the equations of motion in the inertial system expressed the fundamental
law change of angular momentum of a body = sum of the torques acting on
the body. Limited by his computational tools — a computer at that time was
a human being — he did not gain too much detailed insight into the rotation
of planets. This remark is perhaps not justified. After all he understood very
well that the motion of the rotation axis in inertial space (i.e., precession and
nutation) is explained by the equations he derived. Euler published the equa-
tions for the rotation of a rigid body in the classical form, i.e., referred to the
body-fixed PAI-system, only in 1765 [36] in the famous article Du mouvement
de rotation des corps solides autour d’un axe variable presented to the Berlin
Academy on November 9, 1758 and published in 1765. It is amazing that the
mathematical form of the equations of motion for point masses and for rigid
bodies, as commonly used today, are both due to Leonhard Euler.

3.3.5 Development of the Equations of Motion

This section is rather technical. The one and only purpose consists of de-
veloping the integrals on the right-hand sides of the equations of the orbital
and rotational motion and to approximate the result by simple expressions.
Readers not interested in such technicalities just may inspect the final results
(egns. (3.118) for the orbital motion, eqns. (3.124) for the rotational motion).
Let us point out, on the other hand, that the subsequent developments give
insight into the structure of the equations.

The equations of motion, as derived in the two preceding sections, are not
handy to use. Fortunately, the integrals on the right-hand sides of the equa-
tions of motion may be approximated using only the masses and the three
principal moments of inertia of Earth and Moon. A typical denominator in
the equations of motion has the general form

1

m s where |A| =ALr= |"'| . (399)

This quantity may be developed into a rapidly convergent series (see, e.g.,
(25])
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n=0 n=0

using the small quantity % as the argument of the development. ¢ is the angle
between the vectors r and A, and P, (x) are Legendre polynomials (named
after Adrien Marie Legendre (1752-1833)) of degree n:

PQ(Z,E) =
P1 (ZL’)

3.101
o) = (3.101)

Il
vw 8

N[=

In view of the fact that the distances between Earth, Moon and Sun are
large compared to the physical sizes of Earth and Moon, we may confine
ourselves to the approximation up to terms of order n = 2 in the above series
development:

1 1 r-A 1 A2 3 (r-A)?
— = R p— - . 3.102
|A—7r| r { r2 2 r2 + 2 ot } ( )
We will also need the third power of the above quantities:
1 1 r-A 3 A? 15 (r-A)?
— =<1 3 - = — — 5. 3.103
|[A—7r]3 13 { + r? 2 r2 * 2t } ( )

The integrals have to be evaluated in a well-defined coordinate system. Even-
tually, we may need the accelerations in the inertial system. It is much sim-
pler, however, to perform the integration in the body-fixed systems, the terms
involving integrals over Vy in the Earth-fixed, the terms with integrals over
V¢ in the Moon-fixed system. Afterwards, the accelerations are transformed
back into the inertial system using the transformation matrices Ty or T.

Let us first deal with the equations (3.85) for the orbital motions of the Moon
and the Sun. The Sun is treated as a point mass in these equations, which
is why the structure of the equation for the Sun seems slightly simpler than
that for the Moon. Taking into account the development (3.102) we may
approximate the first integral for the equation of motion for the Sun on the
right-hand side as
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. 1 r2 3 cr)2
/ Pp, dVBZ/PPT 14 T®27'p _ __g 42 (ro 47"19) v,
Ire — 7yl To Uio] 2715 2 o

Ve Vs

1 1 )

= — - — dv;
ro 23 V/”p*r s (3.104)
s
3
g [on Uttt ety av
Vs

The integral over the first term reduces to - (due to the definition of pj, ),

the second vanishes because the body-fixed system has the origin in the center
of mass. Using the definitions for the principal moments of inertia (3.79) and
taking into account the relations (3.80), the above approximation assumes
the form

/ Pp, dVe = i + A6 +B$ +06 _ 3 (’,4291‘4ES + T2®2Ba =+ T2®306) )
ro—7,l % 1o 2M 3 2M )
Vs
(3.105)
Formula (3.105) may be brought into a standard form by
lo, =€ As + €% By + e? Cs . (3.106)
I, is the moment of inertia of the Earth in the direction e, the geocentric
unit vector to the Sun. Using this result in eqn. (3.105) we obtain:
1 As+Bs+Cs =31
/&dvf—Jr - ° (3.107)
|7"® — Tp| e 2M ’f’®

Vs

Because the principal moments of inertia of the Earth have very similar nu-
merical values (see Table II-2.1), the moment of inertia in direction ep will
not differ much from the three principal moments of inertia. As a conse-
quence, Ag + By + Cs — 3 I, will be a small quantity, of the order of the
differences between the principal moments of inertia. Formula (3.107), after
multiplication with GM , represents the potential function of the attractive
force exerted by the mass distribution (V; and p,) on a point mass with
barycentric position vector rg. The formula is known as MacCullagh’s for-
mula due to James MacCullagh (1809-1847).
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Formulas (3.105) or (3.107), when written in this form, have to be evaluated
in the Earth-fixed system. This circumstance has to be observed when tak-
ing the gradient of this potential function (as required in the equations of
motion). Although it would be possible to develop formulae for performing
these operations directly in the inertial system (see, e.g., [14]) we prefer to
use the following formulation based on taking the gradient in the Earth-fixed
system and then to transform the result back into the inertial system using
matrix Ta déf Ts (Lpa, Es, @6)

Ppr 1 As + By + Cs
\Y% ———— dVy =TsV — —_
®/|r@—rp| s s Q{T@ + 2M 13,
Vs

, ) , (3.108)
B 3 (T®1A6 + 7’®2B6 + 7'@305) }

2M 7‘%

All component matrices and the gradient on the left-hand side refer to the
inertial, all symbols on the right-hand side to the Earth-fixed system.

The result (3.108) may be transcribed easily to the second term in the
equation of motion for the Sun in eqns. (3.85): the geocentric position vec-
tor re of the Sun has to be replaced by the selenocentric position vector
(o = ro — 7¢, and the Earth-related quantities (mass, density, volume)

have to be replaced by the corresponding Moon-related quantities:
1 A¢+ B¢+ C

VQ/L dV«:TGVQ{—jL@—“g“

J ITco — Tapl (o) 2me e

«

2 2 2
3 (rge,As + 180,85 + 176,C5)
2mq g '

(3.109)

The last term to be considered in the equations of motion for the Sun (3.85)
contains a double integration over the volumes occupied by Earth and Moon.
First, the potential function of this term is considered. Equation (3.103) has
to be used to approximate the denominator on the left-hand side. In an
attempt to reduce the formalism we put

def

A=1r,—rg (3.110)

and obtain (observe the sign to be chosen to be consistent with formula
(3.103)):
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(r¢ +rep—Tp) To PorPp 3
Por Py, dVs dVg = —= 1+ 57 A
// o g + 7o —Tpl? Tg’ T%

Ve Vs Ve Ve (3.111)
3 ., 15 )
—mﬂ + E(T((A) (r((—A)-r@dVBdV@.

All terms in the brackets {...}, except for the second, give non-zero con-
tributions when multiplied with r¢ - ro , only the second term contributes
(considering only terms up to the second order in A) when multiplied with
A - rg . Assuming again that we evaluate the integrals either in the Earth-
fixed or the Moon-fixed systems and considering that all terms linear in the
components of either r, or r¢, and the mixed terms rp; 1 will give no con-
tribution after integration, the following terms actually have to be considered
of the above expressions (all other terms are marked with ... in the following
equations):

2 _ .2 2
A =T, i, — -
2 2,2 2 .2 2 .2
(re - Q) =2, F T e, e e,
2 2 2 2 2 2
T 70T T 700"t T TpsTas T (3.112)

_ 2 2 2
(r¢ - A)(re - A) =1, 1, To, T 5T, 0, T TpsTas oy T+ -

2 2 2
—+ T@% T,To, —+ TQ%T@QT@Q + TCosTasTos + ...

The relevant terms related to Earth and Moon are very nicely separated. Note
that the components of the vectors r¢ and rg are referred to the geocentric
PAI-system, to the corresponding selenocentric PAI-system for Moon-related
parts. Using the expressions (3.112) we may give eqns. (3.111) the following
explicit form:

(r¢ +rep—Tp) To 1
dVidVy = —r¢-r
//Pgorppr |r@+r@p—rp|3 s V¢ r% ' To
Va Vs

15

3

—— (Ay+ B; +Cs) — ———

+{27~3M( s+ Bs + Co) 277 M
3

- ’I“5 M {Aér((lT®1 + BéT(2r®2 + 067’((37’@3 }
«

(rg, As +73,Bs +72,Cs) } T To

3
% (A(+B+C) — ——
+{2r€’(m( « + Be+Co) 2rim

3

5
’I"((m

(rg, A +78,Bc +72,Cq) }7’« To

{A¢rq,mo, + Bere,To, + Caresro, } - (3.113)
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Note that for As = By = Cs and A¢ = B¢ = C¢ the above scalar function
is reduced to the first term on the right-hand side, which is, as a matter of
fact, the term of the classical three-body problem. Using matrix notation,
the gradient of eqn. (3.113) may be written in the following elegant way:

’!‘(( +7‘((g3 Tp) 1
v © qvi dVg =
@//p@r Pp. |7"@ +r«p _rp|3 I « — T(( L
Va Vs

3 )
+27‘5M {|:<A5+B6+06 é'f‘glay__"‘(>E+ 215}_:| ’I”((}

3 5
+ 27‘2m T(({|:<A(( +B(( +C(( - %Tg:[((]__’!‘((> E + 21((]__:| T¢
(3.114)

Equation (3.114) refers to the inertial system. The first bracket on the right-
hand side has to be evaluated in the geocentric, Earth-fixed PAI-system, the
second bracket in the corresponding selenocentric system.

With eqns. (3.108), (3.109) and (3.114) we may approximate the equations
of motion for the Sun in the three-body problem using the masses and the
principal moments of inertia. Using the work which was necessary to perform
this task it is now comparatively easy to find the corresponding approxima-
tion for the motion of the Moon in eqns. (3.85). Let us first compute the
two-body term of this motion:

1
V((// Ppr Ppr AV, dVg = Vg {_}
[T + 7o — Tl rq

Aé + Bg; + Cé 3 (’l"é Aa —+ 7’% Ba + ’I“é 05)
T - 1 2 3 11
+ BVK{ 2 M3 2M g (3:115)
A(( +B(( + C@ 3 (T%1A@ +T§23@ +T§30@)
TV S — .
mg TC( mg ’f’((

The first bracket on the right-hand side may be directly evaluated in the in-
ertial system, the second refers to the geocentric, the last to the selenocentric
PAl-systems.

Equation (3.115), after multiplication with G(M + mg), contains the poten-
tial function for the generalized two-body problem Earth-Moon. The relative
motion of the centers of mass of two bodies of arbitrary shape is thus de-
scribed by a potential function which is the “weighted” sum of the potential
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functions as given by MacCullagh’s formulas for the Earth and the Moon
individually, the weights being W for the term corresponding to the

Earth, G(Mit(m@)

e.g., reported by Brouwer and Clemence [27].

for the term corresponding to the Moon. This formula is,

The first part of the perturbation acceleration in the equations of motion for
the Moon is in essence already given by formula (3.109):

Po.
V@/ ———dVg =
IT¢o — Tqpl
Ve

1 A¢ + B¢+ C 3(r2y As+ri, Bs+1r2,. C
T((V@{ L ActBatCo (rfo,4s + 120,85 +1¢5,Cs) ,

3 5
TCo 2mqrie 2mq e

(3.116)

and the indirect part of the perturbative acceleration may be transcribed
from eqn. (3.114):

To —Ty) T 1
v(/pprw dVé:r_sTG

|’I”®—’r’p|3 o
Vs
3 5 o
+27~<5DMT6 AB+BS+C$_%T®ISH“® E + 2L, |70 ¢ -

(3.117)

With this result the equations of motion for the generalized three-body prob-
lem may be summarized in the approximation sought in this section. The
terms below are arranged to let the point mass approximation precede the
terms proportional to the principal moments of inertia. The latter terms are
expressed as gradients of brackets {...}. The gradients have to be evaluated
in the corresponding body-fixed PAl-system. Afterwards the term is trans-
formed into the inertial system using the matrices Ty and T¢. When solving
the equations of motion with numerical techniques it is thus necessary to
transform the geocentric position vectors of Sun and Moon at each integra-
tion step into the geocentric and the selenocentric PAI-system, to evaluate
the gradients in these systems, and to transform the result back into the
inertial system.
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(3.118)

The generalized equations of motion (3.118) for the geocentric motion of
the Sun and Moon are well structured: If only the first line in each of the
equations is taken into account, we obtain the equations of motion for the
classical three-body problem with point masses. If only the first three lines
of the equation for the Moon are taken into account, the equations for the
generalized two-body problem Earth-Moon are obtained.

What still remains to be done is the derivation of the equations (3.88) for the
rotation of Earth and Moon in the approximation used above for the orbital
motion. As a matter of fact, we only have to deal with the right-hand sides
of these equations, i.e., with the torques. In order to make our derivations as
simple as possible, we compute the torques in the corresponding PAI-systems.
Using the same development as in eqn. (3.104) we may write the first term
n (3.88) as
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1
[rrve {y e avi-

Vs
1 re T 172 3 (re-mp)? (3.119)
Vol — ¢ e 2 2o Tp) dv; .
V/Pp Q{r@+ 3 27%_'—2 3 X To @V
[

What at first sight looks like a formidable task becomes rather simple, be-
cause V(r") x r = 0. Therefore, we only have to consider the terms which
result from taking the gradient of the numerators in the brackets {...} above.
This in turn immediately implies that only the contributions due to the sec-
ond and the fourth term have to be considered, because the other two do not
depend on 7. Taking into account that the second term is linear in the com-
ponents of 7, the integral related to this term will be zero (center of mass
condition). Therefore, only the contribution due to the last term, considering
only the dependence on r¢ of the numerator, will be different from zero:

1 re-T 1r 3 (re-mp)?
Vol — + o 2 o M) by av,
V/Pp Q{r@+ e 27 +2 o To @Vs

I

3p 3p
= /2—§V®{(T®'Tp)2} xXro dVs = /TP(TG'TP)TP X To dVy
3 Lo}

®w|'t3w

Vy Vs
3 pp TpaTes = TpsTo, 3 (Cs — Ba)%z’"@s
= /—5 (ro-mp) | Tps70r —TmiTe, | Vs = & | (As — Cy)re,re,
T® T® B A
Vi TprTOs = TpToO, ( & 6)T®1T®2

(3.120)

In the last step we made use of the fact that only the diagonal terms of the
inertia tensor are different from zero in the PAI-system. For the computation
of the diagonal terms the formulae (3.80) were used.

The result (3.120) may be transcribed to the Sun- and Earth-induced torque
on the Moon in eqns. (3.83):

1 3 [ (Co=Bd)rog, rocs

/ppve{m}x?“@ dVg = —— | (A = Cd) Toqs Tow

Ve e e OC \ (B — A¢) Toq, Tod,
(3.121)

Note that the result has this form only if the Moon’s PAl-system is used.

The computation of the torque exerted by the Earth on the Moon follows the
same pattern as above. It is interesting to note that to the level of approxi-
mation of this section the result is the same as if the attracting mass were a
point mass (and not an extended body). The result is given by
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the equations for the rotation of Earth and Moon may be written in the resp.
PAI-systems as

u.‘}61 ’761 ("‘)62 w63 3 Gm(( ’761 T@2 T@s
Wey | + | Voo wWesws, | =+ 5 Vo2 T TCa
Wy Vo3 We1 Wey ¢ Vo3 Ty T,
T T

3Gm® Ve, TOs ToOs

+ 5 Vo2 TOs TOL

© V3 TO1 TO,

. (3.124)
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W, Vs We,; W, ¢ Vs T Ty

T T
3G me Va1 "oz Taos
+ 5 V2 TCOs TCO,
Lo}
Va5 TCo: Ta®,

Obviously the equations show a particularly simple structure. For the solution
of the equations in the inertial system we obtain
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As usual the terms T (...) have to be evaluated in the Earth’s PAl-system,
the terms T¢ (...) in the Moon’s PAI-system.

In the above approximation the generalized three-body problem Earth-Sun-
Moon is described by the equations (3.118) and either eqns. (3.124, 3.68) if
the rotational motion is described in the PAl-systems or eqns. (3.125, 3.66),
if this motion is described in the inertial system. These systems of equations
represent the most general three-body problem with rigid bodies considered
here.

3.3.6 Second Order Differential Equations for the Euler Angles ¥,
€ and ®

The rotational motion of the Earth and the Moon are defined by the equations
(3.88) and the corresponding kinematic Euler equations (3.68) (one set of
kinematic equations must be used for Earth rotation, one for the rotation of
the Moon). Together, the equations (3.88) and (3.68) form one set of 2 - 6
first-order differential equations.

When solving the generalized three-body problem, i.e., when solving simulta-
neously the equations for the orbital and rotational motion of Earth, Moon,
and Sun, it would be preferable to transform the first order differential equa-
tion system for the Euler angles and the components of the angular velocity
vector into one second order system for the three Euler angles. This can be
achieved easily by taking the time derivative of Euler’s kinematic equations
(3.68):
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Using the differential equations (3.88) for the components of the angular
velocity vectors and Euler’s kinematic equations in the form (3.67) on the
right-hand sides of the above equations, one easily obtains a second-order
system for the Euler angles:

!ﬁa (— Sin @6 u.}ay__l — COS 95 w6F2 + 8.5 9.5 — 8.5 !pa) /Singa
€ | = —c08Osws, +8inOsws, — Vs Oysiney
95 o .

—VWscoses + E5Wssines + wy,
(3.127)

Equations (3.127) actually are second-order differential equations in the Eu-
ler angles, because the first derivatives of the components of the angular
velocity vector wy in the Earth-fixed PAl-system only contain the compo-
nents of this vector (which may in turn be written as functions of the Euler
angles thanks to the kinematic equations (3.67)) and the components of the
perturbing bodies in the Earth-fixed PAI-system, which are obtained by the
corresponding components in the Earth-fixed PAl-system and the Euler an-
gles as transformation parameters.

By replacing the subscript “s” by the subscript “¢” in the above equations,
one obtains the corresponding relations for the Moon.

When using the equations (3.127) instead of the first-order version (3.88),
(3.68) one has to use the kinematic equations in the form (3.67) whenever
the angular velocity vector is required.

For analytical investigations the first-order version of the equations is usually
given the preference, when numerically solving the equations, the version
(3.127) is better suited.

3.3.7 Kinematics of the Non-Rigid Earth

Strictly speaking, expressions like body-fized coordinate system, rotation and
angular velocity of a celestial body become meaningless when departing from
the rigid-body model and allowing for deformations.
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It is intuitively clear what has to be understood by the deformation of a
celestial body: As opposed to the rigid body approximation one allows for
the distances between individual mass elements of the body to vary in time.
These variations are due to forces acting between the mass elements. The
relevant deformations in the case of the Earth are small: the tidal deforma-
tions (mainly) due to Moon and Sun are, e.g., only of the order of a few
decimeters on the Earth’s surface and on the open ocean — an effect with a
relative amplitude of about 10~7 when measured in Earth radii.

The center of mass of a deformable body is defined in the same way as that
of a rigid body: The definition (3.55) may be taken over without any changes
— one only has to keep in mind that the physical shape of the volume V
occupied by the body may change in time. The same is true for the definition
of a celestial body’s inertia tensor: The definition (3.74) is suitable for a
deformable body as well.

It is therefore still possible to write the position vector @, (see Figure 3.2) of
a particular volume element as the sum of the position vector of the Earth’s
center of mass x5 and the geocentric position vector 7, of the volume element:

Tp =5 +7T)p . (3.128)

In view of the fact that the deformations of an Earth-like planet are in general
small, it makes sense to define a rigid, rotating coordinate system w.r.t. which
the actual deformations of the body remain small at all times. Let us mention
that such a system may not exist for all celestial bodies. In the case of the
Sun there are, e.g., latitude dependent angular velocities of solar rotation,
which would invalidate this concept.

Having introduced the rigid, rotating coordinate system, it is natural to as-
sociate the angular velocity vector w; with the rotating coordinate system,
implying in turn that the three Euler angles ¥y, €5 and Oy describe the
orientation (attitude) of this rotating coordinate system in inertial space.

Equations (3.56) describe the transformation of the position vector of an
arbitrary volume element of the rigid Earth between the inertial and the
Earth-fixed PAl-systems. The same equations describe the transition between
the inertial and the rigid, rotating system in the case of deformable bodies.

For a rigid Earth the velocity of a volume element of the Earth may be written
as the sum of the velocity of the Earth’s center of mass and the geocentric
velocity of the element, which in turn is defined by the vector product (3.58).
If we allow for deformations we have to use the more general relation

Tp =Ws X Tp+0Tp , (3.129)

where d7, describes the motion of the volume element relative to the rotating
system.
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With the above interpretation of the Euler angles Euler’s kinematic equa-
tions, i.e., the relations between the components of the angular velocity vec-
tor wy and the angular velocities &?5, Es, 967 also may be used for the case of
the non-rigid Earth.

The definitions (3.74) and (3.70) for the inertia tensor and the angular mo-
mentum may be used for non-rigid bodies as well. One has to keep in mind,
however, that there is in general no coordinate system w.r.t. which all ele-
ments of the inertia tensor are constant in time.

The angular momentum of a deformable Earth is given by the definition
(3.70), where the representation (3.129) for the velocities of the Earth’s vol-
ume elements has to be used:

h; = /p(rp) Ty X Tp dVy = /p(rp) rp X {ws X1y + 07} dVy
Vs Vs
(3.130)
= Ir w; +/p(rp) Tp X 0Py dVy = I, ws + Ky,
Vs

where Iy, is the Earth’s inertia tensor expressed in a rigid, rotating coor-
dinate system and ks(t) is the angular momentum of the deformable Earth
relative to the same system. Note that eqns. (3.130) are the generalized re-
lations (3.73) between the angular momentum h of a deformable planet and
the angular velocity vector w characterizing its rotation.

Up till now the definition of the rigid, rotating coordinate system was some-
what arbitrary: We just asked for a system relative to which the deformations
would be small — if possible at all times. A particularly suitable rigid, rotating
system may be defined by the requirement

Ks(t) =0 (3.131)

for all times ¢t. The idea of defining the rotating frame by asking the angular
momentum due to deformations to vanish for all times is attributed to Félix
Tissérand (1845-1896) (see [121]). The coordinate System F thus has a
slightly different meaning in the case of the deformable Earth. It may no
longer be defined as an Earth-fxed system, but as the system rotating with
the rigid coordinate system, w.r.t. which there is no inner angular momentum.

Equations (3.131) are the condition equations for the realization of a Tissérand
system. The actual realization of a Tissérand system is far from trivial, be-
cause we have no direct access to the velocities and densities in the Earth’s
interior. Usually, Tissérand systems are realized in a purely kinematic way
using the coordinates and velocities of the space geodetic observing sites on
the Earth’s crust.
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Tissérand systems are particularly suitable, because the equations of motion
are formally very similar to those of the rigid body when expressed in this
system.

3.3.8 Liouville-Euler Equations of Earth Rotation

For the derivation of the (orbital and rotational) equations of motion in the
case of deformable bodies we have to depart from the basic equations of
motion (3.81) for individual volume elements of Earth (and Moon) — as in
the rigid-body case. These equations then have to be combined according to
exactly the same pattern as in the case of the rigid body in order to obtain

the equations of motion for the center of mass and for the angular momentum
of the Earth.

When reviewing the derivation of the results (3.85) and (3.88) we observe,
that we actually did not have to assume the rigidity of celestial bodies. We
were only relying on the basic law actio=reactio between any two individual
mass elements. As long as this assumption holds, the equations of motion
(3.85), (3.88) and (3.90) remain the same for deformable bodies as for rigid
bodies.

Naturally, one has to keep in mind that the angular momentum hy of the
planet is now defined by eqn. (3.130), giving rise to the following equations
for Earth rotation:

%{16]: w6+n6} :e((ES —|—£@6 . (3132)
Equations (3.132) are vector equations. They may, however, also be inter-
preted as equations in the coordinates of the inertial system. Note that eqn.
(3.132), defining the rotation of a non-rigid body in inertial space, and the
first of eqns. (3.90), defining the same motion for a rigid body, are formally
identical, if a Tissérand system is used in the former case. Observe also, how-
ever, that Iy . cannot be transformed into a system, where all of its elements
are time independent.

The torques €55 and £¢s are defined by the integrals on the right-hand side
of equs. (3.88). When evaluating these integrals, one of course would have
to take the deformations into account, as well. In view of the fact that the
torques are small quantities, the rigid-body approximation is in practice good
enough for the computation of these integrals.

In section 3.3 it was argued that the equations for the rotation of the Earth
are particularly simple when referred to the body-fixed PAl-system. We can-
not expect a comparable gain, when transforming the equations for Earth
rotation into the rigid, rotating coordinate system — just because the inertia
tensor will neither become diagonal nor time-invariant in this system.
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For Earth-like planets it is, however, always possible to introduce a rigid, ro-
tating coordinate system w.r.t. which the off-diagonal elements of the inertia
tensor and the time-varying part of the diagonal elements are small when
compared to the diagonal elements of the corresponding rigid body.

The transformation of eqns. (3.132) from the inertial into the rigid, rotating
coordinate system follows the pattern of the transformation from the inertial
into the Earth’s PAl-system in the case of the rigid body (see section 3.3.4).
After a few rather tedious, but elementary algebraic transformations one
obtains:

d
7 {Iaf ws + "ia} + ws X {Isf ws + "ia} =Les +Los (3.133)
where:
Gm((
Ly = ——71¢ X (Is,. rq)
re
Gm (3.134)
Los = 5 Cre x (I, ro) -
®

When using a Tissérand system, equations (3.133) assume the following par-
ticularly simple form

d
E {15]: (.(Ja} + Wy X {15}‘ wB} = E((a +£®5 . (3135)

Equations (3.135) are usually referred to as the Liouville-Euler equations of
Earth rotation (named after Joseph Liouville (1809-1882) and Euler).

Note that for the special case of the rigid body equns. (3.135) reduce to the
simpler equations (3.124), if the PAl-system is used. For a rigid body we
might use the Liouville-Euler equations (3.135) as the equations of motion
referring to an arbitrary body-fixed system. In this case we might even make
use of the fact that the inertia tensor is not a function of time and write

Ié]: u')a + wy X {16]: wa} = EC(ES +£@5 y (3136)

whereas we have to take into account the time variability of the inertia tensor
for non-rigid Earth models:

i}-ew}-e + IB}‘C“"B + Wy X {IB}‘wB} :£(5 +£®5 . (3137)

We are now in a position to solve the Liouville-Euler equations, provided the
inertia tensor and its time derivative are known. For this purpose we have to
specify the nature of the deformations considered. This discussion will be a
central issue in Chapter II- 2.
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3.4 Equations of Motion for an Artificial Earth Satellite

3.4.1 Introduction

The equations of motion for artificial Earth satellites and their derivation
from the Newtonian axioms is closely related to the developments related to
the Earth-Moon-Sun system. Figure 3.3 may also serve to describe the motion
of an artificial Earth-satellite in its orbit around our planet. It reminds us,
that in general, artificial Earth satellites should be viewed as “extended”
objects. A complete description of the satellite’s motion comprises the motion
of its center of mass and the orientation of a satellite-fixed coordinate system
(with origin in the center of mass of the satellite) in inertial space. In the
context of artificial satellites this orientation w.r.t. inertial space is called
the attitude of the satellite. Figure 3.5 illustrates the body-fixed coordinate
system for a satellite of the US Global Positioning System.

Fig. 3.5. Body-fixed coordinate system of a GPS satellite

Whereas the orientation of Earth and Moon is defined uniquely by Euler’s
equations (3.124), the same cannot be true for active satellites, like e.g., GPS
satellites. These navigation satellites have to orient their antennas (along the
positive z-axis) always (more or less) towards the Earth’s center, in order to
optimize signal reception for navigation and positioning on the Earth’s sur-
face or in the Earth-near space (precise orbit determination for LEOs). The
solar panels of the GPS satellite provide the energy for the operation of the
satellites. In order to optimize the energy gain, the panels’ surfaces have to
be perpendicular to the direction Sun-satellite at all times. This is why the
attitude of the satellite has to be actively controlled. For GPS satellites the
nominal attitude is maintained with momentum wheels, mounted on the axes
of the satellites. Only occasionally, when the momentum wheels in the satel-
lites are spinning too rapidly, the rotation of the wheels has to be stopped,
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and the attitude has to be maintained using thrusters (this de-spinning of
the wheels is called “momentum dump”). If the attitude of satellites is main-
tained actively, the Euler equations for the rotation of a body are completely
ruled out (or they should be modified to include the torques applied by these
mechanisms).

There are satellites, for which the orientation is not important. The satel-
lites Lageos I and Lageos II (Lageos II is shown in Figure 2.4 in Chapter
2) were, e.g., designed as massive, spherically symmetric bodies with Laser
retro-reflectors distributed over the satellites’ surface. As the name implies,
the satellites were constructed to be observed by the Laser observation tech-
nique (for a precise definition of the Laser measurement see Chapter II-3).
The reduction of the distance measurement from the actual reflector to the
satellite’s center of mass is trivial and needs no knowledge of the attitude of
the (spherically symmetric) satellite. Also, the mass distribution within the
satellite is almost perfectly spherically symmetric, which is why the attitude
of the satellite should not have any sizeable influence on the motion of the
center of mass.

The two examples indicate that in satellite geodesy often the attitude plays
a lesser role than the orbital motion, or, if the attitude is important, it is
established by active control mechanisms onboard the satellite, momentum
wheels and thrusters being the important tools for attitude maintenance.
However, as soon as a satellite is not (or is no longer) actively controlled, its
attitude may be derived from Euler’s equations describing the rotation of a
rigid body. This is why in section 3.4.3 we include the equations governing
a rigid satellite’s attitude under the assumptions that there are no active
control mechanisms onboard. In the same section we also discuss the validity
of separation of orbital and rotational motion for artificial satellites. In section
3.4.2 we uniquely focus uniquely on the motion of a satellite’s center of mass.

3.4.2 Equations for the Center of Mass of a Satellite

Apart from the attitude-related issues mentioned in the introductory section
3.4.1 the following differences w.r.t. the equations of motion dealt with so far
are relevant:

e The mass of an artificial satellite always may be neglected w.r.t to the
masses of Earth, Moon, Sun, and planets. This aspect considerably reduces
the complexity of the problem because we do not have to worry about the
accelerations exerted by the satellite on these celestial bodies.

e The orbits and orientation of Earth, Sun and Moon, and planets, required
to compute the satellite’s motion, may be assumed as known.

e Due to the proximity of artificial Earth satellites with height above surface
ranging from 150 — 200 km (below this height above the Earth’s surface
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an orbiting object will decay rather rapidly) up to, let us say, the geosta-
tionary belt at a geostationary distance of about 42000 km, it is no longer
sufficient to take only the main term and the second-order terms of the
Earth’s gravitational potential into account. A much more complete de-
scription including hundreds of terms of the stationary part of the Earth’s
gravitational potential is needed.

e The tidal deformations of the Earth (solid Earth and ocean tides) have to
be modeled as well when computing the gravitational attraction acting on
the satellite.

e Non-gravitational forces like
— Air drag due to the Earth’s upper atmosphere,
— solar radiation pressure effects,
— thruster firings,
— ete.

have to be considered as well.

The first of the above aspects is the only one reducing the complexity of the
problem. It allows us to address the equations for one satellite at the time,
which is why usually only three differential equations (of second order) for the
center of mass (and possibly three more equations describing the attitude) are
considered subsequently. The second aspect does not pose delicate problems,
in particular if the point mass approximation is used. The third aspect, the
generalization of the Earth’s gravitational potential, is the main topic of this
section. Non-gravitational forces (aspect 5) will be dealt with in Chapter I1- 3
together with the forces associated with the aspects of a non-rigid Earth. The
discussion of tidal deformations is postponed to Chapter II- 3.

The Equations of Motion in the Inertial System. In the inertial system
the equations of motion for an artificial satellite follow directly from the
Newtonian axioms. In analogy to eqns. (3.81) the equations of motion of the
center of mass x of a satellite of mass m may be set up as follows:

T—x
m:E:—Gm/pprip dVy
|z — xp|?
Vs

n T (3.138)
) et
_Gm;mj E— + ang+...,

where Y fng is the sum of non-gravitational forces acting on the satellite.
Apart from the Earth’s gravitational attraction the gravitational effects of
n > 2 celestial bodies have to be modelled (Sun and Moon and possibly
(other) planets), where the point mass model can be adopted for all per-
turbing bodies. This is justified in most cases due to the distances of the
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satellite w.r.t. these bodies. For very ambitious applications (very long satel-
lite arcs) the term associated with lunar gravitation would have to be taken
into account by a volume integral, as well.

Dividing all terms of the above equation by the mass of the satellite gives the
acceleration of the satellite in the inertial reference frame. Using moreover
the relative density function, we obtain the equation of motion of the satellite
in the inertial system, with M = mass of the Earth:

.’1}
_—GM/ppT = dVy — GZmJ| o F + Y amg +

(3.139)

where ang are the non-gravitational accelerations (better: forces per mass
unit) acting on the satellite. In the same approximation (i.e., point mass
approximation to describe the relative motion of all celestial bodies except
that of the satellite) the equations of motion for the Earth’s center of mass
may be written as (compare eqns. (3.82)):

By=—G Y my e (3.140)

For highest accuracies one might use the equation (3.82) to model the motion
of the Earth’s center of mass. For all applications we consider in this book,
the approximation (3.140) is sufficient. The generalization is straight forward
and may be left to the reader.

The Equations of Motion in the Geocentric System. Subtracting eqn.
(3.140) from eqn. (3.139) leads to the equation for the geocentric motion of
the satellite’ center of mass, r = x — x5 (the geocentric position vectors for
the other bodies are defined in the same way).

r—
r_—GM/ppr| |3dV5
Vs
n (3.141)
T ’!‘j ’!‘j
~6 S (e ¢ S
j=1 -

The above equation is a vector equation. It may, however, also interpreted
as an equation in Cartesian coordinates. Due to the fact that the equatorial
plane is in an excellent approximation a plane of symmetry of the Earth, it
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makes sense to refer the above equations to the equatorial geocentric coor-
dinate system of a particular reference epoch (which we always select as the
system J2000.0). The system is a so-called quasi-inertial system (as it is not
rotating w.r.t. any inertial system, but its origin is attached to the Earth’s
center of mass).

The gravitational terms on the right-hand sides of these equations may be
written as gradients of a potential function.

i*:GMV/L v,
7 — 7]
Vs

(3.142)
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Note that tidal effects, which are due to the Earth’s deformation caused by the
gravitational attraction of Moon and Sun (see Chapter II-2), are included in
the equations of motion (3.142) provided the volume occupied by the Earth’s
body and the density p,, are considered as time-varying quantities. In order
to simplify the discussion, we will assume for the remainder of this chapter
that the Earth is rigid and postpone the discussion of the tidal potential to
Chapters II- 2 and II- 3.

It was already mentioned that the equations of motion (3.142) may also be
interpreted as equations in the components of vector r in the geocentric
quasi-inertial system. It is, however, much more convenient to evaluate the
volume integral in the Earth’s PAl-system and to evaluate the gradient in
this system. This is achieved by transforming the component matrix from
the inertial to the Earth’s PAl-system, taking the gradient in this system
system, and then by transforming the gravitational acceleration due to the
Earth into the inertial system. Using this concept, the equations of motion
in the geocentric quasi-inertial system may be written in the form

i=GMT, VV(r) + GV ij{errﬂr—gr} +3 aug
j=1 J J

(3.143)

with the understanding that all component matrices in the equations of mo-
tion (3.143) refer to the inertial system, except for the term VV (r), which
refers to the Earth’s PAl-system. The back-transformation into the inertial
system is performed by the matrix Ty, eqn. (3.56), which is why Ty VV (r)
is a component matrix referring to the quasi-inertial geocentric system (as
all other terms on the right-hand side of eqn. (3.143)).
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The Earth’s Stationary Gravitational Potential. According to eqn.
(3.143) the potential function of the Earth may be written as

GM/|rp_p’r | (3.144)
p

In this definition V'(r) is always positive. One easily verifies that the following
equation holds by taking first the gradient VV () of the above scalar function,
then the divergence V- VV (r) & AV(r) of the gradient:
0? 02 0?
AV €S s+ 25+ =5 V(r) =0 3.145

(r) {87‘% + or3 + 87“%} (r) ’ ( )
where r;, i = 1,2,3, are the Cartesian coordinates of the vector r in the
Earth-fixed system (the equation would of course hold in any Cartesian coor-
dinate system). Equation (3.145) is called the Laplace equation. This equation
holds for any potential for vectors r outside the mass distribution (for satel-
lites, as long as they are in orbit(!), this condition is certainly met).

As the mass distribution within the Earth is close to spherically symmetric,
it makes sense to express Laplace’s equation in spherical, rather than rect-
angular coordinates. Let us introduce the following spherical coordinates in
the Earth-fixed system:

1 =rcosgcos\; 1T =/r?+713+1r2

. . 73
ro =rcosgsin\; ¢ = arcsin ——————
2 0% + 12 (3.146)
r
rg =rsing ; )\:arctan—2,
1

where r is the geocentric distance, ¢ the latitude, and A the longitude of the
satellite. ¢ and \ are geocentric coordinates, where the longitude A is positive
East of the Greenwich meridian. For points on the northern hemisphere the
latitude ¢ is positive, for the southern hemisphere it is negative.

It is a tedious, but straightforward exercise to transform the Laplace equation
from rectangular to spherical coordinates:

10 (,0 10 ) 1 B
{—za—( 5) * ma—g;(mw%) * mm}””)—o’
(3.147)
where

10 0 19 1
T2 or ( Br) t cos ¢ Do < o8 (b(“)(b) 2 cos? ¢ ON? (3-148)

is the Laplace operator in spherical coordinates.
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Every solution of the Laplace equation, be it expressed in rectangular (3.145)
or in spherical coordinates (3.147), is called a harmonic function. Solutions
of eqn. (3.147) are called spherical harmonic functions, or briefly spherical
harmonics.

It is particularly attractive that the solutions of the second order partial
differential equation (3.147) may be separated in spherical coordinates:

V(r) = R(r) ®(¢) A(N) . (3.149)

A formal proof for this equation and the derivation of its solution may be
found in any treatment of potential theory and in many textbooks of physical
geodesy. Let us mention in particular the very concise treatment by Kaula
[62] and the more elaborate and complete treatments in [52] and [124]. The
final result may be brought into the following form:

GM & i
W (C;—a) > PF(sing){ Cix cos kA + SipsinkA }

=0 k=0

V(r,\ ¢) =

(3.150)
where as ~ 6378137 m (see Table II- 2.1) is the equatorial radius of the Earth.
The functions PF(x) are the associated Legendre functions, which may be
defined as follows:

PY(z) = Pi(z) = QZLZ' ddxii {(x2 _ 1)¢}

(3.151)
PF(z) = (1—2?)

where P;(x) are the Legendre polynomials as they were already introduced in
eqns. (3.101). The coefficients C; and Sy are defined as (see, e.g., [124]):

1 .
Cio = — /pp,‘ r' Py(sing,) dV ; i>0
as
Vs

2 (=R [ o | |

Cir, = @ (T R) /pp,‘r PF(singy)coskl, dV ; i, k>0, k<i
Vs

2 (i—k)! i . ) , ,

S, = @ (T R) /pp,‘r PF(sing,)sink\, dV ; i, k>0, k<i.
Vs

(3.152)

(Remember that p,,. = p(r,)/M is the relative density as introduced in eqns.
(3.83)). The use of the equatorial radius as of the Earth and the isolation
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of the factor GTM in the representation (3.150) for the Earth’s gravitational
potential function is somewhat arbitrary. It has the advantage that the coef-
ficients Cjx and S;x become dimensionless. Another advantage of this scaling
procedure resides in the fact that for LEOs, where ‘176 ~ 1, the coefficients
may be easily compared with each other, in particular with the main term
Coo =1.

The index ¢ is called the degree, k the order of the spherical harmonic func-
tion in the above notation. For the sake of completeness we mention that the
Legendre functions, multiplied by either sin kA or cos kA, are called spheri-
cal functions; if multiplied in addition with TL% they are called spherical

harmonic functions (and they are solutions of the Laplace equation (3.147)).

It is worthwhile to calculate the first few low degree (and order) coefficients
Cyr and Sy, of the development (3.150). It should be mentioned that, because
of

sinkA=0, fork=0,

one may set

Sio=0, fori=0,1,2,.... (3.153)

Let us now calculate all terms up to degree ¢ = 1 using the defining equations
(3.152). In order to preserve generality the results will first be given w.r.t. to
an arbitrary coordinate system, only in the last step it will be assumed that
the coordinate system refers to the center of mass. The result for the orders
zero and one are:

Coo = /ppr 7‘2 dVv =1
Vs

1 1
Cloz—/pprrpsin% de—/pprrp3 av =22 =0
as as

as
\Z \Z
. s s . (3.154)
r
011:—/pprrpcos¢pcos/\p clV:—/,oprrp1 v =-=2=0
as ag as
Vs Vs
1 . 1 r2
Si1=— [pp,rcosppsinr, dV = — [pp . 1p, dV=—=0.
as as ag
Vs Vs

The equalities “= 0” hold, because the coordinate system refers to the Earth’s
center of mass. The term Cyp, multiplied by M, is the total mass of the Earth,
the coefficients Ci1g9, C11 and S7; are the center of mass coordinates divided
by as (expressed in units of the equatorial radius ay).

In principle the origin of the coordinate system should coincide with the cen-
ter of mass of the Earth (this is what we assumed so far). In practice, one has
the difficulty that the center of mass of the Earth has to be determined from
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satellite geodetic observations relative to a polyhedron of observing sites on
the Earth’s crust. This implies that, with improving observation techniques
and processing strategies, better and better estimates for the center of mass
relative to the polyhedron of observing stations become available. If a new
center of mass estimate becomes available, one has in principle two options:

(a) Coefficients C1p # 0, C11 # 0 und S1; # 0 are accepted, or,

(b) C1p = C11 = S11 = 0 is enforced, but then the coordinates of the entire
polyhedron of observing sites have to be adapted in order to refer to the
newly established center of mass.

In practice one often prefers option (a) — obviously there are more users of
station coordinates than of potential coefficients.

The coeflicients of second degree may all be expressed in terms of the elements
of the inertia tensor. The developments are first given w.r.t. an arbitrary
coordinate system; in the last step the result refers to the PAl-system.

1 .
Coo = o /Ppr 7‘12)[ sin® Pp — %COS2 (bp] dVv

5,
L 1 (.2 2
=% [on [ = 563 402 v
5,
- i, 41 I L[l(A + Bs) — Cs |
- Mag 2 \"or 8720 8733 Mag 2 8 8 8
1
Cy = = /ppr 7’12) cos \p €os ¢y, sin ¢, dV/
5y (3.155)
1 1
= % /pprrplrps dv = _M—ag 16.7:13 =0
Vs
1
So1 = o /ppr rg sin A, cos ¢, sin g, dV
5,
1 1
ag /ppr Tpa Tps Ma% 8Foy
Vs
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1
Coy = /Pm iRz cos? ¢, (cos2 A, — sin? Ap) dV

2
ay
Vs
_ 1(2 _
= a% /ppr 1 (Tpl sz) av
Vs

1 1 1 1
1@ (Iafzz —Iafu) =1 M (Bs — As)

1
Spp = = /,opr%R2 sin \, cos \, cos? ¢, dV
a
5,
1 . 11
Za—g/Pp,@Tplsz dVZ_§M—a§ 0 = 0

From the above results it may be seen that, only if the coordinate axes
coincide with the axes of principal inertia, we have

Ca1 = 591 = S22 =0. (3.156)

It is an old tradition to let the first axis of the Earth-fixed coordinate system
lie in the Greenwich meridian. This is why in practice we might have Cy; =
521 = 0, but 522 75 0.

If only terms up to degree 2 are taken into account and if a geocentric coordi-
nate system with its third axis lying in the figure axis of the Earth is chosen,
the potential function (3.150) assumes the following simple form:

Vi(r, A ¢) =

GM GM )
Z= 4 s {Gsin?e - )[4 (As+ B) - G

(3.157)
+ 3cos® ¢ [%(35 — As)cos2A — %Iafu sin2)\]} .

Except for the term proportional to I,  , which would disappear if the coor-
dinate system would coincide with the Earth’s three principal axes of inertia,
the formula is just another version of MacCullagh’s formula (3.105) .

Let us now discuss the general development (3.150) of the Earth’s potential
function. Terms of any degree ¢ and of order £ = 0 do not depend on the
longitude A. Their latitude dependence is defined by the Legendre polynomi-
als P;(sin ¢). Legendre polynomials of degree i have exactly ¢ different roots
in the interval I = [—1,+1]. Relating this to the concrete problem we dis-
tinguish exactly ¢ + 1 latitude zones on the unit sphere, at the borders of
which the Legendre polynomial changes sign. Figure 3.6 illustrates the case
1 = 6, k =0, where zones with positive polynomial values are white, those
with negative values black. Terms with k& = 0 of the potential function are
called zonal terms. According to their definition (3.151), the associated Leg-
endre functions P} (sin ¢) are constants, i.e., they neither depend on latitude
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Fig. 3.6. Zonal harmonic function (i =6, k= 0)

nor longitude. The associated spherical functions are either multiplied by
sin¢A or cosiA. Therefore they have the same sign for all latitudes, but they
change sign at ¢ equally spaced longitudes. This is why terms with ¢ = k are
called sectorial harmonics. Figure 3.7 illustrates a sectorial harmonic func-
tion with ¢ = k = 7, where zones of identical sign of the harmonic function
have the same shading. Harmonic functions with k # 0 and k # i are called
tesseral functions. Tesseral functions divide the sphere into 2k - (i — k) differ-
ent regions, in k- (i — k) of which the tesseral function assumes a positive and
in the others negative values. Figure 3.8 illustrates a term of degree ¢ = 13
and order k = 7.

In the development (3.150) one often uses the fully normalized Legendre
functions PF(sin¢). The normalization is done according to the following
scheme:

Fig. 3.7. Sectorial harmonic function (i =7, k=7)
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Fig. 3.8. Tesseral harmonic function (i = 13, k=7)

(2i+1) (i — k) -
C; = Ci, k>0
F \/ z—i—k y ~
Cio
I
S _ 2(2i+1) (i — k)! S k>0
Z+k (3.158)
(20 +1) k)!
k (sin ¢) = \/ zt—l—k ) PF(sing), k>0

PP(sin¢) = v/2i +1 PP(sin¢) .

Table 3.1 contains the coefficient, complete up to degree and order 4, of
the development (3.150) of the JGM3 (Joint Gravity Model 3) [120]. The
coefficient Cyg, characterizing the flattening of the Earth, dominates clearly.
There is no obvious hierarchy in the coefficients after Cs. It makes therefore
sense to speak of a flattened or oblate Earth; but to use terms like “pear-
shaped Earth” is perhaps slightly exaggerated.

The adopted values for GM and ag are scaling constants of the gravitational
model, which is why the values for GM and as used in JGM 3 are contained
in Table 3.1. There are no terms of first degree, indicating that the origin of
the terrestrial coordinate system underlying JGM3 is the Earth’s center of
mass. The coefficients Co; and So; are very small, implying that the third
axis very closely coincides with the figure axis of the Earth. The numerical
value for Sy is comparatively big, due to the fact that no attempt was made
to let the equatorial axes coincide with the axes of the second and third
principal moments of inertia. The numerical value for Cy shows that the
mass distribution in the Earth is not fully rotationally symmetric.
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Table 3.1. The first terms of the Earth gravity model JGMS&

Coeflicient Value Coeflicient Value

GM 398.60044150 - 10'* m®s™2 as 6378136.30 m
Cao —0.48416954845647 - 10> Sa20

Co —0.18698764000000 - 10~° Sa1 +0.11952801000000 - 10~*
Caz 0.24392607486563 - 10~° Saz —0.14002663975880 - 10~°
Cso +0.95717059088800 - 1079 Ssp

Cs +0.20301372055530 - 10~° Ss1 +0.24813079825561 - 10~°
Cs2 +0.90470634127291 - 10~° Sa2 —0.61892284647849 - 10~°
Css +0.72114493982309 - 10~° Ss3 +0.14142039847354 - 10~°
Cio +0.53977706835730 - 107°  Sio

Cn —0.53624355429851 - 10~° St —0.47377237061597 - 10~°
Ca +0.35067015645938 - 10~° Saz +0.66257134594268 - 10~°
Cis +0.99086890577441 - 10~° Saz —0.20098735484731 - 10~°
Caa —0.18848136742527 - 10~° Saa +0.30884803690355 - 10~°

We stated above that the coefficients do not show a clear hierarchy. There
is, however, an order of magnitude rule, called Kaula’s rule of thumb [62],
stating that

e the quantity
i
a7 =Y [Ch+ 53], (3.159)
k=0
e which may be viewed as the power spectral density of the degree variances
of degree i,
e corresponding to a half wavelength of

_2mas 20000

li =~ ~ k 3.160
2i i (3160)
on the Earth surface,
e decreases according to the rule
160 - 10712
o? = — (3.161)

Kaula [62] spelled out his rule at a time when the geopotential was not yet
well established by satellite geodesy, which is why he mainly used terrestrial
gravimetry data for his assessment. One may ask the question why o? is con-
sidered as a spectral power density: Equation (3.150) represents the potential
function on the Earth surface (more precisely for 7 = ay) as a linear combina-
tion of periodic functions. All terms of the same degree approximately have
the same wavelength (as stated above). The power contained in a periodic
signal is, on the other hand, proportional to the square of the amplitude of
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Fig. 3.9. Power spectral density of the Earth’s gravitational field as a function
of the spherical harmonics of degree i according to Kaula’s rule and using the
coefficients of JGM3

the signal. Therefore we may interpret the quantity o? as a measure for the
power contained in all terms of degree i of the gravitational field. Figure 3.9
illustrates that Kaula’s rule of thumb is an excellent order of magnitude esti-
mate. Figure 3.9 shows the logarithm of o2 for i = 2,3,...,70, as a function
of the degree i using the model JGM 3. The Joint Gravity Model is one of
the most recent global models for the Earth’s gravitational field. It is based
to a large extent on satellite geodetic observations. For an overview of the
development of Earth gravitational models since the beginning of the Space
Age we refer to [75].

Let us conclude this section by representing the Earth’s potential function
(3.150) in a slightly different way. Using the definitions

Ci dZCf — Jik COS k)\ik

Sik = — Jip sin kg

Ji = 4/C% + 52 (3.162)

-5,
k \;i. = arctan ( k) ,
—Cik

the potential function of the Earth may be written in a form which is (some-

times) better suited for studying the perturbations of an artificial Earth satel-
lite: .
GM  GM = fas\i ¢

V(r A, B)= _ (—5) P¥(sin 3) Jig, cos k(A=) . (3.163

(. 0) 5 () X Pt ducoskr-da) . (3.16)

T T <
1=2

Note that the sign associated with the perturbation potential is purely con-
ventional and that the terms of degree 1 were assumed to be zero.
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3.4.3 Attitude of a Satellite

Coupling of Orbital and Rotational Motion. So far it was assumed that
orbital and rotational motion of a satellite may be established independently.
We considerably extended the model for the motion of the satellite’s center
of mass by including not only Earth gravity terms up to the second order, as
in eqns. (3.118) describing the geocentric orbital motion of Sun and Moon,
but also up to any order that might seem appropriate; on the other hand,
the term due to the finite size of the satellite was neglected.

Let us check whether this procedure was justified by transcribing the eqns.
for the Moon in eqns. (3.118) to a satellite, and by taking into account only
the (generalized) two-body orbital accelerations of the Earth-satellite system.
Under these assumptions eqns. (3.118) read as

r
r=— GM 7‘_3
GM Aa —+ Ba + Ca 3 (T%AB + T%Ba + T§CB)
+ —T;V —
2M r3 75 (3.164)
N GM T,V A+ B + C, B 3 (T%AS +73Bs + r%CS) '
2m r3 rd

The satellite’s mass m was neglected in eqns. (3.164) in the sum of masses
M +m. In view of the Earth’s mass of M ~ 6 - 10%* kg (Table II-2.1) this is
certainly justified. Equations (3.164) are correct up to terms of second order.
The model of the acceleration due to the mass distribution of the Earth is
contained in the second term (first bracket). This approximation was much
improved previously by generalizing the term proportional to g—]]‘\//[[ to any
degree and not only the second as in the above equations.

The last term proportional to % in eqn. (3.164) was not considered in the

equations of motion previously established. Whether or not this was justified,
depends to a large extent on the moments of inertia, more precisely on the
quantities Ag/m, Bs/m, and Cs/m of the satellite. Obviously the term is
nearly zero, for A, = By = Cs. For (close to) spherically symmetric satellites
our procedure was therefore correct.

Let us consider now a satellite consisting of two equal point masses of mass
m/2 separated by a rigid, thin rod (dumb-bell shaped satellite). Clearly,
knowledge of the satellite’s attitude is required in the second bracket (last
term). Let us assume that the rod has a length of [ = 20 m. This interesting
construction has the following principal moments of inertia

12
A=0; B:O:2Zm:2-1oo-m[m2kg]. (3.165)

In the least favourable situation (i.e., when the neglected term assumes max-
imum value), the rod points to the center of the Earth and only the first term
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in the second pair of brackets in eqns. (3.164) contributes to the perturbing
acceleration a, where:

3GM E _— 31°GM
2mrt T4 24
This looks like a small acceleration, but, in view of the fact that the smallest

perturbing accelerations considered today are of the order of 10712 m s72, it
would have to be taken into account. Because

la| <2 ~3.6-10""" [m/s%] . (3.166)

e the Earth radius was used for the estimate (3.166) (for satellites in GPS
orbits we would have r =~ 26500 km, which would reduce the estimate by
a factor of about 300, rendering the term completely irrelevant), that

e a very special set of principal moments of inertia (As = 0, B; = Cs =

2

25

e the arc lengths spanned by one set of initial conditions usually are not
longer than a few days,

m) was used for the satellite, and that

we conclude that in practice the decoupling of orbital and rotational motion
is in general justified for artificial Earth satellites.

The situation is different, if, e.g., the orbit of a tethered satellite is considered,
where the connection between the two “point masses” may have a length [ of
several km. The orbital and rotational motion of such constructions is much
more complicated than the cases considered here — in particular because
the assumption of a rigid body does no longer hold and because surface
forces (drag and radiation pressure) become rather important. Probably it
is safe to state that the term discussed here (and neglected previously and
subsequently) would be the least problematic.

Attitude of a Satellite. The above considerations show that in a good
approximation the attitude of a passive satellite may be determined by Eu-
ler’s equations under the assumption that the orbital motion of the satellite’s
center of mass is known. The derivation of the equations describing the atti-
tude of a rigid satellite, which shall be characterized by the three principal
moments of inertia Ay, By, and Cs, is done in close analogy to the derivation
of the corresponding equations for Earth and Moon rotation. The equations
for the rotation of the satellite in a satellite-fixed coordinate system with the
origin in the center of mass and the coordinate axes as axes of principal iner-
tia may be transcribed from the corresponding equations (3.124) and (3.68)
of Earth rotation:

w81 Vs1WsyWsy 3GM Vs, T273
Wsy | VsaWssWsy =+ ’I"—5 Vs2T37T1 . (3167)
ws;g 753w51w82 753’,’.1712

In the transition from eqns. (3.124) to eqns. (3.167) only the torque due to
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the Earth was taken into account. The torques due to the Moon and the
Sun are orders of magnitude smaller and are not considered here. Note that
the quantities v,,, ¢ = 1,2, 3, are defined in analogy to the corresponding
quantities (3.123) related to Earth and Moon. w; is the angular velocity
vector of the satellite, its components used above are those referring to the
satellite-fixed PAI-system.

How shall the motion of the angular velocity vector be described in inertial
space? It would of course be possible to take over the notation of eqn. (3.68).
This would be awkward, however, because usually an equatorial (and not
an ecliptical) coordinate system (referring to a standard epoch) is used to
describe the motion of a satellite. This is why we introduce the angles (2,
7/, and 1/ as Euler angles describing the angular velocity vector of the satel-
lite. The analogy to the orbital motion is underlined in this definition of the
Euler angles ({2’ corresponding to the right ascension {2 of the node of the
orbital plane, 7' corresponding to the inclination i of the orbital plane, and
u’ corresponding to the argument of latitude u of the satellite). Figure 3.10
illustrates the selected Euler angles of the satellite’s attitude in the inertial,
equatorial reference frame of a particular epoch. The figure should be com-
pared to Figure 2.1. When adapting Euler’s kinematic equations to the new
set of angles given in Figure 3.10 we have to replace ¥ by 2/, —e by ¢/, and
© by v'. Equation (3.68), adapted to the new problem, thus reads as

Fig. 3.10. Euler angles (2’, i’, and u' describing the orientation of the satellite’s
PAl-system w.r.t. the equatorial system
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0’ +sinu’ csci’ + cosu csci’ 0
i = cosu/ —sinu’ 0 | ws(t) . (3.168)
' —sinu/ coti’ —cosu’ coti’ 1

Equations (3.167) and (3.168) completely describe the attitude of the satel-
lite. On the right-hand side of equs. (3.167) the coordinates of the satellite’s
center of mass in the satellite’s PAl-system are required. The corresponding
transformation matrix from the inertial to the satellite’s PAI-system may be
written as (see Figure 3.10)

TT = R3(u') Ry (i) R3(2') . (3.169)

The transpose was used to preserve consistency of all transformation matrices
Ty, T, and T between the inertial and body-fixed systems. Assuming that
the satellite was, at the time considered, at a geocentric distance r with an
argument of latitude u, its coordinates in the satellite’s PAl-system are

7‘; = Rg(ul) Rl(i/) Rg(Q/) Rg(—Q) Rl(—i) Rg(—u) 0 . (3170)
T3 0

Attitude Stabilization with the Gravitational Torque. Let us try to
control the attitude of a satellite with the goal that

NE -0
5 =il —i

def
du Eu —u

(3.171)

remain small quantities. Initially, this may be achieved by an appropriate
choice of an initial set of parameters. If eqns. (3.171) hold, the first coordinate
axis of the PAI-system points approximately to the center of the Earth, the
second along track (at least for circular orbits) and the third axis is normal
to the (instantaneous) orbital plane. If we neglect all terms of higher than
first order in these small quantities, the transformation equation (3.170) may
be written as

1 1
ro | =7 —du — cosi 612 . (3.172)
T3 —sinu 67 + sinicosu 042

To the same order of approximation the Euler equations (3.167) may be
written as

wsl 751 ng w83 3 GM O
Wey | + | Voo Wssws, | = = Vs, (—sinu 67 + sinicosu 012)
d}SS 753 wsl ng - '753 (5” + COSZ’ 59)

(3.173)
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Let us further simplify the problem by assuming rotational symmetry about
the first axis, i.e., by putting By = Cs. This implies

Cs — B;
[ T
_ As - Cs def
Vs2 = B, Vs (3.174)
Bs — A,
Vss = B, = —7s -
Equations (3.173) may then be modified as follows:
Ws, 0 M 0
Wsy | + Ys | twssws, | = % —sinu 64 + sinicosu 412
%3 — Wsy Wsy " ou + cost 0
(3.175)

As in the case of Earth rotation, the system is separated into one single
(and trivial) equation, and into a system of two equations. In this case the
constant rotation takes place about the first axis in the satellite’s PAI-frame.
This in turn transforms the system for the second and third component of
the the angular velocity vector into a linear, inhomogeneous system. It might
be solved in analogy to the solutions sketched in the case of Earth rotation.

We do not follow this procedure here, but reduce the problem further by
approximating the orbit by an unperturbed elliptical orbit and by defining
the initial state of the satellite’s rotation as follows:

(%(to) =0 ; Wy (to) =0
0(tg) =0 ; ws,(tg)=0 (3.176)
oulto) = dug ; wsy =MNo -

where ng = 4L is the (Keplerian) mean motion of the satellite. With these

assumptions and initial conditions, it is easy to verify that

i) =0 ; 60

=0
o () =05 we(t)=0. (3.177)

With this particular solution the third of Euler’s kinematic equations (3.168)
reads as:

—

iy = 0+ 61 = no + [ way () dt’ . (3.178)

to
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This equation may be transformed into an ordinary differential equation by
taking its first time derivative (and by rearranging its terms):

3vGM
T

ot ou=—1. (3.179)
Taking into account that, according to our assumptions, r = r(t) and @i = i(t)
are known functions of time ¢, the above equation is an ordinary, linear,
non-homogeneous differential equation, which may be solved by standard
procedures. Its structure is even better visible, if the problem is once more
simplified by assuming that the orbit is circular. Then, the equation becomes
even a homogeneous linear equation with constant coefficients

§ii — 3y,nd du=0. (3.180)
The equation has periodic solutions, provided that
3vsm3 <0, (3.181)
or, since n? is a positive quantity, provided that
Cs =Bs; > As (3.182)

which means that the symmetric satellite must have one small and two large
principal moments of inertia (a rod or an American football would meet the
requirements) and the axis of minimum principal moment of inertia has to
point (more or less) to the center of the Earth.

With the initial conditions specified above eqn. (3.180) has the solution
du(t) = dugp cos(@s(t —to)) , (3.183)

where
Ws =/ —37s No (3.184)

which means that the satellite’s axis of minimum inertia oscillates about the
radial direction with an amplitude defined (in one way or another) by the
initial state of rotation. The oscillation period is given by

1
Patt = T — Prcv 5 (3185)
/=37,
where P, is the orbital period. The mechanism outlined is also called gravity
stabilization of a satellite. It works under more general conditions than those
considered here.

The best results (shortest period P,g) are obtained for ’gs — 0. gs is zero for

an ideal rod with A; = 0 and B; = Cs # 0, where we have Vs = i1, and the
period Py would be a factor of v/3 shorter than the revolution period of the
satellite. The period increases with increasing ratio g—z. For A, = B, = C,
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the period becomes infinite, indicating that a spherical satellite cannot be
stabilized with this method. No periodic solutions exist for A > Bs = Cs.
Gravity stabilization was, by the way, not invented by space agencies. The
Moon and other natural satellites prove this statement.

We only addressed the principles of gravity stabilization here. For a more
detailed discussion we refer to [103] and [41].

3.5 Relativistic Versions of the Equations of Motion

The equations of motion (3.13) of the planetary system and the corresponding
equations (3.143) describing the motion of an artificial Earth satellite are
approximations of the equations as they result from Einstein’s general theory
of relativity (or of even more general theories of gravitation), which were
developed in the 20th century. A thorough treatment of this theory is outside
the scope of this book, where the emphasis is on the methods of Celestial
Mechanics. We refer to Soffel [109] for this purpose.

The relativistic version of these equations must be used, on the other hand,
for many applications in practice, e.g., to generate the ephemerides of Sun,
Moon, and planets as published in astronomical almanacs (see, e.g., [107],
or [82]) and to compute precise (cm-type) orbits of artificial Earth satellites
(see, e.g., [70]).

The corrections required by the general theory of relativity are very small.
They may be taken into account by slightly modifying the equations of motion
(3.13) of the planetary N-body problem and the corresponding equations of
motion (3.143) of an artificial Earth satellite. The mathematical structure
of the equations of motion is in essence preserved in this approximation.
The equations of motion are quoted below (without proof) from the sources
mentioned and their content is discussed. No attempt is made to describe
the rotational motion of Earth and Moon in the framework of the theory of
relativity.

When using the relativistic version of the equations of motion attention has
to be paid to use the time argument which is consistent with the equations of
motion. Terrestrial time (TT) is the correct time argument for the integra-
tion of the equations of motion (3.143) of satellite geodesy, TDB (Barycentric
Dynamical Time) is the independent argument for the solution of the equa-
tions of motion of the planetary system (which are referred to the barycenter
of the solar system). The approximate transformation between the two time
scales is provided by eqn. (3.3), more precise formulae may be found in [107].
Both, TT and TDB are derived from the atomic time TAI.

According to [107] the relativistic version of the equations of motion of the
planetary system, also called PPN (Parametrized Post-Newtonian) equations
of motion of the planetary N-body problem read as
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= T, — T 2k2(B+7) <« my
Z _ —k2 ) % J 1 — L
x Z M |wi_wj|3{ 2 Z Tz —
J=0,j#1 k=0,k#1
k228 -1) & m @2 @2
L
c ey — x| ¢ ¢
k=0,k#j ' -
2(1+7) . . 3 [(@i—z)&;]" 1 .
= e By e P ~ 5z (@) &

— —_— L; — Tj X;
2 ey — P J v
J=0,j#1i :

_(1+27)¢j]}.(¢¢—¢j)+wimj's'c#,

i=0,1,...,n, (3.186)

where ¢ = 173.14463 AU/d is the speed of light in AU per day, § and v are
parameters of the particular theory of gravitation used. For Einstein’s general
theory of relativity these parameters are

B=~y=1. (3.187)

With the appropriate initial conditions and masses, eqns. (3.186) are the
equations of motion describing the motion of the Sun, the planets, and (possi-
bly) their moons. The bodies are considered to be point masses in an isotropic,
PPN (Parametrized Post-Newtonian) N-body metric (see [109]).

The accelerations showing up on the right-hand side may be approximated
by the non-relativistic equations (3.13).

Taking into account that

/€2
—5 ~ 0987 1078, (3.188)

we see that the differences between the relativistic and the non-relativistic
equations are of the order of (at maximum) a few parts in 1075,

Equations (3.186) are used to generate the ephemerides of Sun, Moon, planets
and the asteroids Ceres, Pallas, Vesta, Iris, and Bamberga for the Astronom-
ical Almanac. The complexity of equs. (3.186) has the consequence that their
numerical solution (as compared to that of eqns. (3.13)) is very inefficient.
For applications over very long time spans (millions of years) the integra-
tion of eqns. (3.186) still is prohibitively slow — even when using modern
computers.
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For such applications it is useful to have a “light version” of eqns. (3.186)
available. Tt is indeed possible to reduce these equations considerably by
retaining only those correction terms proportional to mg. This is justified
under the assumption

m; K my, t=1,2,...,n, (3.189)

i.e., for N-body problems describing a planetary system.

Assuming that eqn. (3.189) holds, one may in addition verify that @q is
a small quantity. When calculating the correction terms it is therefore al-
lowed to replace &; by the corresponding heliocentric velocity vector 7;.
With these approximations one easily verifies that eqns. (3.186) for the bod-
ies i = 1,2,...,n, (i.e., for the planets and moons) may be reduced to the
following handy equations:

—x; k2 mo k2 mo . L.
:—kzz " i—335|3+ 7,3 {[4 — — (i A ()T

TZ
J=0,j#1
(3.190)
The equations for the central body mg (index 0) do not contain sizeable
correction terms in the sense mentioned above, which is why we may approx-
imate them as

_ 2
- L ij |$1 _wj|3 , (3.191)

which makes it easy to derive the relativistic equations for the relative (he-
liocentric) motion by taking the plain difference of eqns. (3.190) and (3.191)

Sometimes, the relativistic term is even further reduced. For low eccentricity
orbits one may even argue that the scalar product

PP~ 0 (3.192)

may be neglected. Moreover, the “energy theorem” of the two-body problem
(see eqn. (4.20)) may be reduced for low eccentricity orbits to

k2
72 0 (3.193)

K3 ,r.l

which allows it to reduce equs. (3.190) to

1 (kQ m0)2 T
~ —k? Z m; 1 _wj|3 + 3 = (3.194)
J=0,j#i

It is in essence this version of the relativistic equations of motion which was
used in the long-term integration [95] of the planetary system. Observe, that
eqns. (3.194) might be written as the gradient of a potential function, where
the potential function would differ slightly from the 1/r-potential.



3.5 Relativistic Versions of the Equations of Motion 119

When using program PLASYS (documented in Chapter II- 10) the equations
of our solar system may be integrated in the form (3.18), corresponding to the
classical Newton-Euler formulation, in the form (3.186) corresponding to the
correct PPN-formulation (with the drawback that the integration becomes
rather inefficient), or in the approximated version (3.190), which takes into
account the corrections due to the general theory of relativity to within about
0.1%. When the latter option is selected, the integration is performed in the
heliocentric system (using the corrections defined by eqns. (3.190)).

When solving the correct equations with program PLASYS the integration
is performed in the barycenric system — which is why the equations for the
Sun have to be integrated, as well. Let us mention, that in principle this
might have been avoided by referring the equations (3.186) to the general
relativistic definition of the center of mass (see, e.g., [107]):

> mimi=0, (3.195)
=1

where

1 L k2w
S . 1
P Z _wj| (3.196)

=1,

=

N
0M| 8.

Observe, that eqns. (3.195) are non linear in the coordinates ;.

The relativistic corrections required for an artificial Earth satellite are easily
transcribed from eqns. (3.190) by replacing k?mg by GM, the product of
the gravitational constant and the Earth’s mass, and by using geocentric
instead of heliocentric position vectors. The perturbing acceleration reads as
(compare [70]):

Qrel =

GM GM

where ¢ = 299792.458 km/s is the speed of light, r and 7 are the satellite’s
geocentric position and velocity vector in a quasi-inertial system (one which
does not rotate w.r.t. the inertial barycentric system).

Obviously the relativistic acceleration term a,.¢; lies in the orbital plane. For
a close Earth satellite the acceleration due to the theory of relativity is of
the order of 1072 of the main term. For precise orbit determination it is
mandatory to take such effects into account.
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3.6 The Equations of Motion in Overview

Three sets of equations of motion were developed, namely

e the heliocentric equations of motion (3.18) for the planetary system in
section 3.2;

e the geocentric equations of motion (3.118) for the centers of mass of Sun
and Moon and the equations (3.124), (3.68) for the rotation of Earth and
Moon in section 3.3;

e the geocentric equations of motion (3.143) for an artificial Earth satellite
(and the equations (3.167) and (3.168) for the satellite’s attitude in section
3.4).

These equations will be the basis for all our subsequent developments and
considerations.

In all sets of equations of motion considered, the same pattern was used to
derive the equations in their final form: Starting from (the modern under-
standing of) Newton’s axioms the equations for each particle, be it a point
mass or a mass element of an extended body, were set up in the inertial
system. Then the equations were transformed to a body-centered system by
subtracting the equations for the center of mass for the selected central body
from the equations of all the other bodies. In the planetary system we ob-
tained heliocentric, in the generalized three-body problem Earth-Moon-Sun
and for artificial Earth satellites geocentric equations of motion.

Only the orbital motion had to be considered in section 3.2, equations for the
rotation of bodies of finite extensions were derived as well in sections 3.3 and
3.4. The equations for the orbital and rotational motion are a consequence
of the same mechanical principles, the same primitive (in the word’s original
sense) equations of motion for each particle (volume element) of a system.
This pattern is perhaps best seen in the case of the three-body problem
Earth-Moon-Sun, where the final equations for orbital and rotational motion
all emerge from the same basic equations (3.81) by very simple operations:
By integrating over the equations of all particles of a body, we obtained the
equations of motion for the bodies’ centers of mass, by first multiplying the
basic equations (3.81) vectorially with their geo- or selenocentric position
vector and then integrating over these equations the equations governing the
rotation of Earth and Moon were obtained. That both, orbital and rotational
motion, are a consequence of the same principles of mechanics was one of the
deep insights Leonhard Euler gained in his article [34] around 1750.

We have seen furthermore, both for the system Earth-Moon-Sun and for the
motion of an artificial satellite, that orbital and rotational motion are not
independent. This implies that in principle the equations for the orbital and
rotational motion should always be analyzed together. This is (almost) never
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done (and not required) in practice, because the coupling between the two
types of motion is very weak.

An analysis of the equations of the three-body problem Earth-Moon-Sun
showed that both, orbital motion and rotational motion, are governed by non-
linear differential equations in time. The structure of the rotational motion
proved to be quite interesting, when analyzed in the body-fixed coordinate
system. The equations for the time development of the angular velocity vector
form a linear, inhomogeneous system of first order differential equations —
allowing for approximate analytical solutions. In general, the equations for
the angular velocity vector and for the Euler angles cannot be separated.
The resulting system is a nonlinear first order system of ordinary differential
equations for the components of the angular velocity vector and the three
Euler angles.

An alternative treatment of this standard procedure was also given in section
3.3. Instead of using the components of the angular velocity vector and the
three Euler angles to describe the rotation, it is possible to use the Euler
angles and the components of the angular momentum vector. This alternative
approach to solve the equations for the rotation is governed by eqns. (3.125)
and (3.66).

The relativistic versions of the equations of motion (N-body problem and
satellite motion) were included and discussed, but not derived. In all appli-
cations, which will be considered subsequently, it is perfectly allowed to treat
the relativistic terms as small perturbations w.r.t. the classical equations of
motion.






4. The Two- and the Three-Body Problems

The two-body problem is analyzed in section 4.1, the three-body problem in
section 4.5. In both cases we assume point masses and neglect the effects due
to the theory of general relativity.

4.1 The Two-Body Problem

4.1.1 Orbital Plane and Law of Areas

The two-body problem is governed by two point masses my and m, where we
call mg the primary, m the secondary mass (the index may be left out for the
latter mass). The motion of m relative to mg results from equations (3.18) by
retaining only the central mass mg and one of the other point masses. This
implies that the perturbation term is zero and we obtain

.. T o r
TZ—kQ(mo+m)T—3C1=f—/LT—37 (4.1)

where p = k% (mg +m).
We follow the procedure which led to the conservation law of total angular
momentum in the N-body problem by multiplying eqn. (4.1) by the vector
operator r X and obtain

0. (4.2)

X TP =—
h—3
Obviously this implies (in analogy to the conservation of the angular momen-
tum) that
rxr=h (4.3)

is constant in time. (Observe that the actual definition of vector h slightly
differs from the angular momentum as defined by the equation (3.38)). Equa-
tion (4.3) implies that the motion of the point mass m relative to mg takes
place in a plane through mg. The orbital plane is defined by any set of po-
sition and velocity vectors r(t) and 7(t) (as long as the two vectors are not
collinear).
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Figure 4.1 shows that the vector h allows the computation of the orbital
elements {2, the longitude of the ascending node, and the inclination 7, with
respect to the fundamental plane of the inertial coordinate system (e.g., the
ecliptic for applications in the planetary system):

cos(f2 — §) sini sin {2 sin ¢
h=h| sin(2—3F)sini | =h | —cosf2sini | . (4.4)
Cos % Cos %

This allows the computation of the two orbital elements defining the orbital
plane w.r.t. the fundamental plane chosen:

R ()
2 = arctan | — | 1 =arccos | — | . 4.5
(5 Al (42

Fig. 4.1. Angular momentum vector h and orbital elements {2 and &

The length of the vector h = r x 7 is equal to the size of the area of the
parallelogram spanned by the vectors r(¢) and 7(t). The area dF swept up
by the position vector r(¢) during the infinitesimally short time interval dt
is that of the triangle spanned by the vectors r and 7 dt (see Figure 4.2).
Therefore, the area may be computed as:

dF =L |r x#|dt =1 hdt, (4.6)
where h = |h]|.

We recognize eqn. (4.6) as the infinitesimal formulation of Kepler’s second
law. By integration over time it emerges that the law holds for time intervals
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du
vdt

m

Fig. 4.2. Area filled by position vector r with velocity 7 in short time interval dt

of arbitrary length. Kepler discovered this law for the elliptic motion in the
planetary system. Kepler’s second law for a time interval At is illustrated by
Figure 2.2.

From its derivation we see that this law would hold for a broad class of force
laws, not only for the inverse square law. In essence the right hand side of
eqn. (4.1) must have the form f(r)r. We also conclude from Figure 4.2 that
we may write

dF = $r?du, (4.7)

where u and r are polar coordinates in the orbital plane. We identify u with
the argument of latitude (see Figure 2.1), but this is not an important issue
in our context; we might as well use another reference direction in the orbital
plane.

By comparison of the right hand side of the above equation with that of eqn.
(4.6) we obtain:
r? du = hdt

or

4.1.2 Shape and Size of the Orbit

Following the procedure which led to the law of energy conservation in the
N-body problem we multiply eqn. (4.1) by the vector operator 7+ and obtain

.. T
T =—L .
’/’3

Both sides of the equation may be written as time derivatives:

a { 172 } _4a { H }
dt |2 dt LrJ >’
which leads to the well-known result

12 E_p (4.9)

r
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where F may be designated as the energy constant of the two-body problem.
As 72 and £ are both positive quantities, and as & — 0 for r — oo, only for
E < 0 the body m will never escape the main body. For E = 0 the body m
has a velocity || — 0 for 7 — oo, for E > 0 the absolute value of the velocity
will be positive for r — oo. Equation (4.9) also implies that the absolute
value of the velocity uniquely is a function of the distance between the two

bodies for any given energy E.

Figure 4.2 illustrates that the velocity vector may be written as a superposi-
tion of two orthogonal unit vectors

T=re + rie,, (4.10)

where e, is the unit vector in direction r, e, that in the orbital plane per-
pendicular to r (pointing into the direction of motion in the case of a circular
motion). Squaring eqn. (4.10) leads to

72 =72 4 ria? . (4.11)
If we introduce formula (4.11) into equation (4.9) and use relation (4.8) to
eliminate 4, we obtain a self-contained second order differential equation for
the absolute value r of the position vector r:

1/, h? I -
— — | —-—==F. 4.12
2<T +T‘2) r ( )

Equations (4.12) and (4.8) are transformations of the original equations of
motion in the orbital plane. They separate our problem: We first solve eqn.
(4.12) for r(t) and introduce the result into eqn. (4.8) to obtain u(t).

It is preferable to proceed in a slightly different way: Through the following
transformation we replace the time ¢ by the angular variable u
.odr . h dr
r=—u=——".
du r? du
This transformation allows us to study the shape of the orbital curve without

considering the dynamics of the motion. Following the tradition (what would
not be necessary) we also transform the dependent argument r by its inverse

~def1
= —. 4.13
ek (113)
We may then write:
dr_d(1\__1ds__ d
du  du\é/) &2 du du -’

These transformations lead to the so-called fundamental equation of the
two-body problem, also called Clairaut’s equation in honour of Alexis-Claude
Clairaut:
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(V- 2 (e} e

Clairaut’s equation is a scalar, non-linear, first order differential equation for
o= % with the argument of latitude u as independent argument. It is solved
by

5= %{1+ecos(u—w)} , (4.15)

the polar equation for a conic section. p is the so-called semi-latus rectum
of the conic section, e its numerical eccentricity, and w is the argument of
perihelion. This latter equation is better known when expressed in terms of
the length r of the position vector r and the true anomaly v = v — w:

p

p=—. (4.16)
1+ ecosv

The square of the first derivative of expression (4.15) is

A . e?2 €2 e? 5 2 1
<@>: ESID?(U_M) =7 ECOSQ(U_M) = {02 - 504—?} ,
(4.17)
where we used eqn. (4.15) in the last step of the above derivation.

Comparing the coefficients of the terms 6%, i = 0,1,(2), of this expression
with those in Clairaut’s equation (4.14), we verify that formula (4.15) solves
the fundamental equation, provided the semi-latus rectum p and the eccen-
tricity e of the conic section are defined as

h? 2h2E
p=— and e=4/1+——.
7 7

(4.18)

From the same formulae we may also compute the energy constant E as a
function of the semi-latus rectum of the ellipse and the eccentricity:

E=2{e-1}. (4.19)

The argument of perihelion is defined by the initial conditions associated
with Clairaut’s equation. So far, the solution of the two-body problem may
be summarized as follows:

e Kepler’s second law is a consequence of the conservation of angular momen-
tum. The law implies that the motion is taking place in a plane defined
by the orbital elements {2 and ¢ (e.g., longitude of ascending node and
inclination w.r.t. ecliptic).
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e Energy conservation leads to Clairaut’s equation, the fundamental equation
of the two-body problem relating the absolute value r of the radius vector to
the true anomaly v. Its solutions are conic sections (circle, ellipse, parabola,
and hyperbola).

e The semi-latus rectum p, eccentricity e, and argument of perihelion w are
functions of h, the absolute value of the angular momentum vector h,
of the energy constant FE, and of the initial conditions & (ug) and 99 (ug)
associated with Clairaut’s equation. Kepler’s first law thus is a consequence
of energy conservation.

e So far, the solution of the two-body problem is defined by the five orbital
elements p, e, i, {2, and w. These orbital elements are well suited to describe
all conic sections.

The different orbit types are characterized in Table 4.1, where a is the semi-
major axis of the conic section. The circle is a special case of the ellipse (with
e = 0). From the orbit parameters p and e we may in particular calculate

Table 4.1. Characterization of conic sections

Type Eccentricity Semi-latus rectum Perihelion  Energy

Circle e=0 p=a a —4= <0

Ellipse e<1 p=a(l—e?) a(l—e) —4£<0
Parabola e=1 P qg=25 =
Hyperbola e>1 p=al(e®—1) ale—1) +4£& >0

the pericenter distances (from myg), and, in the case of the ellipse and the
hyperbola, the semi-major axes. The semi-latus rectum p has the same simple
geometric meaning for all conic sections: It is the length of the heliocentric
position vector perpendicular to the major axis. Using these relations we
may write the energy theorem of the two-body problem for the three cases as

follows:
(2 — l) ,  Ellipse

2 =p ' 2 ‘ , Parabola . (4.20)
(% + %) , Hyperbola

Note, that in some textbooks the semi-major axis a of the hyperbola is defined
to be a negative value.

Figure 4.3 illustrates the three conic sections. The ellipses have an eccentricity
of e = 0.5, the hyperbolas one of e = 1.5 (for the parabolas we have e = 1).
The sun is at the coordinate origin. The orbits in the upper half-figure all
have the same semi-latus rectum p = 2.5 AU, and in that crossing point
even the same angular velocity (same distance r = p from the Sun, same
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constant h = ,/up; therefore the same @ = T% = z%) The orbits in the
lower half-figure have the same perihelion distance | a (1 —e¢) | = 2.5 AU.
Note also that the hyperbola asymptotes form angles of

-1
2
-4
-6 -5 -4 -3 -2 -1 0 1 2
[ ellipse parabola ----—-—-—- hyperbola - |
10
5
//—\
0
e
5 -
-10
-10 -5 0 5
[ ellipse parabola ----—-—-—- hyperbola - |

Fig. 4.3. Conic sections with the same semi-latus rectum p (upper) and the same
perihelion (lower); eccentricities e = 0.5,1.0, 1.5
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a= j:arctan{ e2—1 } , (4.21)

with the axis (sun-perihelion).

4.1.3 The Laplace Integral and the Laplace Vector g

In mathematics it is not unusual that one and the same result may be ob-
tained in different ways. In the previous section the orbital elements p and
e were found by solving the fundamental equation (4.14) of the two-body
problem. In this section we derive the so-called Laplace vector q, a linear
combination of the position and velocity vector, which is time-independent
(i.e., a first integral). The Laplace vector may also be used to calculate the
elements p and e. As frequent use will be made of the Laplace vector in
the subsequent chapters, this second solution of (one part of) the two-body
problem is a fruitful exercise.

Multiplying both sides of the equations of motion (4.1) of the two-body prob-
lem with the vector operator xh (where h is the angular momentum vector
(4.3) of the two-body problem) results in:

. 1
rxh:—r—erh. (4.22)

Obviously the left-hand side of eqn. (4.22) may be written as a total time
derivative:

i’xh:%(f*xh). (4.23)
Using the well-known relation
ax(bxec)=(a-¢c)b—(a-b)c (4.24)

from vector analysis, the right-hand side of eqn. (4.22) may be written as:

—ﬂrxh:—égﬁhﬂr—ﬁﬁ}:—u{WﬁT—i}ZM%{T}-

r3 r3 r r
(4.25)
The intermediary results(4.23) and (4.25) show that both sides of eqn. (4.22)
may be written as total derivatives w.r.t. time ¢

%{ﬁxh—ug}zo, (4.26)

which is why, after integration, the following result may be established:

Fxh—pus=q. (4.27)
T

Equation (4.27) is referred to as the Laplace integral, the vector g as the
Laplace vector. Applying formula (4.24) to the first term of eqn. (4.27) shows
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that the Laplace vector may be written as a linear combination of the position
and velocity vector.

Even more insight into the structure of vector g is gained when multiply-
ing eqn. (4.27) with the operator - r (scalar product). The resulting scalar
equation reads as:

(Fxh)- T — pr=q-r=qrcosv, (4.28)

where the angle between the position vector r and vector g was tentatively
designated by v, the symbol reserved for the true anomaly v.

Using yet another result
a-(bxe)=b-(cxa) (4.29)

from vector analysis, we see that v actually may be identified as the true
anomaly: Using formula (4.29) to transform the first term in eqn. (4.28), this
equation reads as

h? —pr=qr cosv ,

which eventually leads to the polar equation of the conic sections

h2

TR 4.30
" 1+%cosv ( )

proving that the angle v actually is the true anomaly.

The result shows moreover that vector g is pointing to the pericenter and
has the length pe, and that the semi-latus rectum p and the eccentricity e

are defined by
h? q
p=— and e=—, (4.31)
ju ju
a result which was already established in eqn. (4.18) (the proof that the two

results are algebraically identical is left to the reader).
It is often more convenient to use the vector
def
e=—

’ (4.32)

of length e instead of the Laplace vector q. Both vectors, q and e, will sub-
sequently be referred to as Laplace vectors.

Let us conclude this section by explicitly writing the Laplace vector q as a
linear combination of the position and velocity vector. Taking into account
formula (4.24) eqn. (4.27) may be written as:

(7"2—%>r—(r~f“)7":q. (4.33)
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Making use of the energy conservation law (4.20) this equation may be written
in different ways for different orbit types. For elliptic orbits we have, e.g.:

1 4.34
:—{7'«2—5}7«—(7«-7'«)7'«. (4.34)
Observe, that g = 0 for circular orbits.

4.1.4 True Anomaly v as a Function of Time:
Conventional Approach

The transformation ¢ — w of the independent argument removed the dy-
namics from the equations of motion and led to Clairaut’s equation. If we
introduce the solution (4.15) of this equation into the differential equation
(4.8) for the argument of latitude u, the dynamics of the system is recovered
by the following first order differential equation in the argument of latitude
w:

h h 2 2
u:r—zzﬁ(1+ecos(u—w)) z\/pzs(1+6COS(U—w)) . (4.35)

Its solution gives the argument of latitude u as a function of time. The equa-
tion may, e.g., be solved by the method of separation of variables. Using the
true anomaly v Yu—was angular argument (see also Figures 4.4 and 2.1),
the solution reads as:

i du’ _ 7 dU/ B [
/(1 + ecos(u’ — w))2 B /(1 +ecosv)? \/pig (t—to) , (4.36)

Uo Vo

where ug is the argument of latitude and vy the true anomaly at the initial
epoch tp.

uo would be the natural choice as sixth (and last) orbital element at time ¢.
The set p, e, 1, £2,w, ug of orbital elements describes the orbit of any two-body
problem — for elliptic, parabolic, and hyperbolic orbits. Following astronom-
ical tradition we modify eqn. (4.36) with the goal to start the integration in
the perihelion. We replace the integration from vy to v by one from 0 to v
and one from 0 to vg:

[ dv’ 7 dv’ AT
0/(1 +ecosv)? 0/(1 +ecosv’)? \/pj?’((t = To) = (fo = o)), (4:37)

where T is the time of pericenter passage. Instead of the “natural” orbit
elements p, e, i, £2,w, ug , one may therefore as well use the set p, e, i, 2, w, Tp.
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If the orbit is either an ellipse or a hyperbola, p may be replaced by the
semi-major axis a. We refer to Table 4.1 and to Figure 4.4 for the definition
of the element a and the relationship between a,e and p in the case of the
ellipse, to Figure 4.5 in the case of a hyperbola.

P/
P
b r
v
a FE d N N
0 S
ae

Fig. 4.4. True and eccentric anomalies v and F, semi-major axis a and eccentricity
e in the elliptic orbit

i ae
[

Fig. 4.5. True anomaly v, semi-major axis a and eccentricity e in the hyperbolic
orbit
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It is possible to compute the integral in eqn. (4.36) in closed form. This is
only a technical issue, a matter of computational convenience and efficiency.
It is only on this technical level where different cases, namely circles, ellipses,
parabolas, and hyperbolas, have to be distinguished. Table 4.2 gives the con-
ventional transformations required to solve equation (4.37), and the standard
results.

Table 4.2. Equation for the true anomaly v: fm =./L& (t—To)
0

Type Transformation Solution

Circle — v=o(t) *)

Ellipse tan 3 = \/E tan £ E—esinE=o0(t) *)
Parabola — tan g + £ tan® ¥ =2 £ (t—To)
Hyperbola tan 2 = /<t tanh £ esinhFF— F=o(t) *)

*) where: o (t) e (t —To), with:  n def /&

In Table 4.2 0 = o (t) is the mean anomaly for the elliptic and circular motion,
the constant n is the mean motion. In the circular motion (special case e = 0)
the true anomaly is the same as the mean anomaly v(t) = o(t). In the elliptic
motion, the solution is sought by introducing the eccentric anomaly F (see
Figure 4.4), which has a simple geometrical meaning. The solution is given
by the Kepler equation relating the eccentric and mean anomalies E and o.

Kepler’s equation follows easily with the help of Figure 4.4 and Kepler’s sec-
ond law (law of areas): The area of the ellipse segment SPII is first computed
with the help of the eccentric anomaly E and the elements a and e, and then
with the law of areas:

A(SPIT)

(4.38)

Kepler’s second law implies on the other hand that

t—To  A(SPII)
U abrm

or A(SPII) = g Atab

where At =t — Ty is the time elapsed between the planets perihelion passing
and its arrival at position P, U is the revolution period, and abrw is the area
of the ellipse.
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By equating the areas A(SPIT) as computed in the previous two equations
we obtain Kepler’s equation:

E=o0(t)+esinkE, (4.39)
where o(t) = 22 (t — Tp) is the mean anomaly of the celestial body at time
t. This definition of the mean motion n (via the revolution time) is, by the
way, which was accessible to Kepler. The relation n = /% is only obtained
by solving the equation (4.36) between the limits ug and ug + 27 leading to
the result:

2
—=_ - /Lu, (4.40)
V(1 —e?)3 p
from where the relation
n?a® =p (4.41)

is easily obtained.

The Kepler equation is a linear equation for the determination of Tg if E is
given, it is transcendental in E| if ¢ is given. It has to be solved iteratively,
where the simplest (and best known) algorithm reads as

[N
S

E1 ZCO'(t)Zn(t—T())
Eiyy =o(t) +esinE;, i=1,2,3,.... (4.42)

This simple initialization is possible because e < 1 and sini < 1. For
e < 1 the process converges rapidly, for higher eccentricities it is better to
use an algorithm based on the correct linearization of the Kepler equation:

def

El ZCT(t)ZTL(t—T())
O'(t) — (Ez — € SinEi)
AEi4 =
i 1 —ecosE; (4.43)

FEiq d:CfEi—l—AEH_l, 1=1,2,3,....

The analogue to Kepler's equation in the case of a hyperbolic orbit also
is transcendental in F', the analogue to the eccentric anomaly E in the
elliptic orbit. As opposed to the eccentric anomaly FE, the angle F' does
not have a particular name, nor does it have a simple geometrical mean-
ing. It is solved by a linearization of the analogue to Kepler’s equation:

—o(t)+esinh F; — F;

AF 1 =
1 1 —e cosh F;
Fivw =F,+AF, i=1,2,3,....

(4.44)
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The initialization either may be done “graphically” or, e.g., by the following
recipe found in [94]:

MF_(E:O
e

a§5e—g: solve F3 +
e
9 (4.45)
a>5e—g: F=1n<—a>.

e

The cubic equation in the above equations is of the structure
v’ +ay=>b, (4.46)

which, according to [114], has exactly one real solution for a > 0 :

R ER(ORO) R CR (BRI

For the cubic equation in the recipe (4.45) we have

a e—1 b 3o
Z =9 - = 4.4
: . and 5 . (4.48)

giving rise to the solution

1 1
3o 30\ 6—133 3o 30V e—1V
y=4q—+ — ] +12 + < — - — | +12
e e e e e e
(4.49)
The analogue to Kepler’s equation for parabolic orbits is the polynomial

equation of third degree in tan 3 given in Table 4.2. It is of the structure
(4.46), which, in view of the above discussion, is solved by

1 1
tang = [§+ \/£2+1}3 + [5—\/§2+1}3 ., with g“:e‘?,\/pg(t—To) .
(4.50)
For elliptic orbits the eccentric anomaly E and for hyperbolic orbits the
angle F' proved to be most useful. When using these auxiliary quantities,
it is important to provide the transformation between E and v, F' and wv,
respectively, in a very explicit way. The transformation equations all may be
derived from the the defining transformation provided in column 2 of Table
4.2 using the half-angle theorems of trigonometry (and the corresponding
theorems for hyperbolic functions). The result is

vV1—e2sinFE . V1 —e? sinwv

siny=————; sink =
1—ccoskE 1+ e cosv
(4.51)
cosk —e e + cosv
CosSV = ———— ;i cosEBE= ——— .
1—ecosE 1+ecosv
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The corresponding transformation equations for hyperbolic orbits read as

ve2 —1sinh F ve?2 —1 sinv

iny = Y2 T G F =
sy ecosF—1 % 14 ecosv
(4.52)
cos e — cosh I cosh F e + cosv
V= ——————— =_ """ .
ecoshF —1 ' 1+ ecosv

Using the above transformation equations we may in particular immediately
establish the relations for the absolute value r of the radius vector r for

ellipses
p

N 1— E 4.
" 1Y ecoso a(l—ecosE), (4.53)
and for parabolas:
r=—22P _g4 (e coshF —1) . (4.54)
14 e cosv

4.1.5 True Anomaly v as a Function of Time:
Alternative Approaches

The solution methods of the equation (4.36) for the true anomaly v as a func-
tion of time t outlined in the previous section were based on the introduction
of (what might be called) auxiliary anomalies, namely the eccentric anomaly
FE for elliptic orbits and the corresponding quantity F' for hyperbolic orbits.
These anomalies are well established in astronomy and their use has impor-
tant advantages. The iterative procedures for the computation of E (eqns.
(4.43)) and F (eqns. (4.44)) are robust and converge rapidly.

On the other hand one may ask the question whether it is actually necessary
to introduce case-specific anomalies? The question may be answered with
a clear no: The true anomaly v has the same definition for the ellipse, the
parabola, and the hyperbola; the true anomaly v is implicitly given by eqn.
(4.36) together with some initial values, e.g., v(Tp) = 0; this initial value
problem might then, e.g., be solved numerically using the technique of nu-
merical quadrature (addressed in Chapter 7). The resulting algorithm of this
“brute force” approach would, however, in general be very inefficient.

A much better alternative solution (without introducing auxiliary quantities)
of eqn. (4.36) is possible by observing that the integral on the left-hand side
may be solved analytically for all three cases.

The left interval boundary was chosen to correspond to the time of pericenter
passage in the subsequent formulae. The corresponding integrals sometimes
are referred to as the flight-time equations (e.g., [90]), because they allow it to
compute the flight time since the (most recent) perihelion passage associated
with a given value for the argument v. Using a standard compendium of
mathematical formulae, e.g., [25], one may establish the relations:
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v

dv’ m
A

(1 + e cosv’) P
0
— 2 1— .
= 62)(els-t-nevcosv) Ty arctan [ e tan %] ;oe<1
= %[tan%+%tan3%] ;o e=1
esinv 1 v62—1+(e—1)tan3 .
(e2=1)(1+ecosv) \/(62_1)3 In |:\/€2_1 —(e—1) tan §:| ) e>1.

(4.55)

The complexity of the first and the third of eqns. (4.55) may be slightly

reduced by multiplying them with /(1 — e2)3 and /(e — 1)3, respectively.

Observing the definition of p in the case of the ellipse and the hyperbola
(Table 4.1), one obtains:

—e/1—e2si 1—
¢ ¢ smy + 2 arctan ¢ taunE ;o oe<1
7 1+ ecosv 1+e 2

: =
@ eve? —1sinv ! Ve —1+ (e—1)tang o1
—————— —In ;e .

1+ ecosv Ve —1— (e—1)tang
(4.56)

Equations (4.55) and (4.56) are linear in the time ¢. As already mentioned
above, it is therefore easily possible to calculate the epoch t corresponding
to a given value of the true anomaly v.

The equations are transcendent in the true anomaly v. For a given epoch ¢ it
is a non-trivial task to compute the corresponding value for the true anomaly
v — the exception being the second of eqns. (4.55) (which is identical with
the equation already given in Table 4.2) and which is solved in closed form
by eqn. (4.50).

The other two equations (for the ellipse and the hyperbola) may in principle
be solved iteratively by some standard procedure of applied mathematics
(e.g., a Newton-Raphson procedure).

Figure 4.6, showing the mean, eccentric, and true anomalies o, F, and v
for an orbit of eccentricity e = 0.8 as a function of the mean anomaly o,
illustrates that the convergence of the iteration process to determine v more
critically depends on the first approximation than the corresponding iteration
process for the determination of the eccentric anomaly E. According to Figure
4.6 the solutions for o = 40° are FE(o) ~ 82° and v(o) ~ 141°. Using the
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Fig. 4.6. Mean (o), eccentric (E), and true anomalies (v) as a function of o for
e=10.8

first approximation Ej L 5 leads to a converging iteration process (4.50)
for E (marked by a solid black square in Figure 4.6) whereas the analogue
initialization v; = & (marked by a solid black circle in Figure 4.6) would lead
to a diverging process. (This may be verified geometrically by constructing
the tangents to the curves E(o) and v(o) at the marked points, intersect them
with the vertical line at ¢ = 40°, find corresponding second approximation
FE5 and vy by intersecting the horizontal line through the intersection points
of the mentioned tangents and the vertical line at ¢ = 40° with the curves
E(o) and v(0o), respectively).

The fact that the initialization of the iteration process for the determination
of v is slightly more critical than for the corresponding processes in E and F'
does not invalidate the use of the alternative method. It just means that the
iteration process has to be implemented carefully.

There are other alternatives to solve the integral for the anomaly. An attrac-
tive solution, which may be used for elliptic, parabolic, and hyperbolic orbits,
consists in the introduction and computation of so-called universal variables.
We refer to [31] for a concise discussion of the method.
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4.2 State Vector and Orbital Elements

The position vector and the velocity vector together are also referred to as
the state vector of the orbital motion. The state vector referring to one par-
ticular epoch and the corresponding differential equation system define one
particular solution of the equations of motion.

The preceding analysis showed that the equations of motion of the two-body
problem (4.1) are solved by conic sections as trajectories and that the time de-
velopment is a solution of the equation (4.37) (or (4.36)) for the true anomaly
v. Six time-independent orbital elements, e.g., the semi-latus rectum p of the
conic section, the eccentricity e, the inclination 4, the longitude of the ascend-
ing node {2, the argument of perihelion w, and the time of perihelion Ty may
be used to define the solution of the two-body problem. On the other hand,
the state vector at epoch ¢ also uniquely defines one particular solution of the
equations of motion (4.1). Therefore there must be a one-to-one relationship
between the orbital elements p, e, i, 2, w and Ty and the state vector at any
epoch ¢ which will be formally established in the subsequent two paragraphs.

So far, all equations encountered in this Chapter were either vector equations
or equations in the component matrices referring to the inertial system, which
is characterized by the subscript Z. In order to reduce the formalism we left
out the symbol Z, even if this would have been appropriate (like, e.g., in the
equations (4.5), where the inclination ¢ and the longitude {2 of the node were
calculated as a function of the components of the angular momentum vector).
We will preserve this habit throughout the book.

Subsequently we will need four different coordinate system in addition to the
inertial system, all of them having a common fundamental plane, namely the
orbital plane. We introduce the four systems for the two-body problem, not
without pointing out, however, that the same coordinate systems may as well
be defined and used for the perturbed motion. The difference merely resides
in the fact that the orbital plane, which is fixed in the inertial space in the
case of the two-body motion, has to be replaced by the instantaneous orbital
plane referring to epoch ¢ in the case of the perturbed motion.

As the fundamental plane is the orbital plane, these systems are called orbital
coordinate systems. As the orbital plane is the common fundamental plane of
all four systems, the systems also share the same third coordinate axis, which
must be collinear with the angular momentum vector k. Assuming all systems
to be “Cartesian” (orthogonal, right-handed), the four different systems thus
can thus be uniquely characterized by their first coordinate axes. Table 4.3
contains a list of the four orbital systems with their characterization, the def-
inition of their first coordinate axis, and the coordinate transformation from
the inertial system into the particular orbital system. Figure 4.7 illustrates
the corresponding first axes.
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Fig. 4.7. First coordinate axes of orbital systems 2, IT, R, T

Table 4.3. Orbital coordinate systems

System First unit vector Transformation from Inertial System 7

2 eq = % ro = Ri(i) Ra(2) r
I eng = % ro = Rs(w) Ri1(?) Rs(2) r
R er =T rR = Rs(u) R1(3) Ra(2) r
T  er=1i4 rr = Ra() Ra(w) Ri(i) Ra(2) 7

The coordinate transformations are given for the position vector in Table 4.3.
The same transformation does of course hold for the velocity vector (or the
acceleration vector).

Keep in mind that the argument of latitude u is defined by the sum of the
argument of pericenter and the true anomaly v = w4+ v, and that the angle £
is the angle between the Laplacian vector ¢ (pointing to the pericenter) and
the velocity vector 7.

The transformation between the inertial system and each orbital system is
defined by a series of rotations about particular axes and rotation angles. A
particular rotation about an axis k and an angle « is defined by the transfor-
mation matrix Rg(«), which is a 3 x 3 matrix. For practitioners we mention
that the elements of the transformation matrix may be generated easily by
an algorithm (easily translatable into a computer program) of the following
kind:
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Rj; € cosa , j=1,2,3
Ri2 = Ros = R3; = sina
Ro1 = Rgs = R13 & —sina
Ryj=R;r, =0, j=1,23

def

R =1

With this preparatory work it is now comparatively easy to solve our first
task in this section, namely the calculation of the orbital elements from the
state vector.

4.2.1 State Vector — Orbital Elements

def o def

Assuming that » = r(t) and 7 = 7*(¢) are the components of the state vector
in the inertial system at time ¢, we may determine the orbital elements as
follows:

1.

According to eqn. (4.3) we have
h=rx7v, h=]|h|.

The orbital elements 2 and w are defined by eqns. (4.5)

h h
{2 = arctan (_—;@) , 1 = arccos (f) .

. The constant E is obtained from equation (4.9)

1.2 M
E—§r - =,
r

which allows the computation of the elements p and e with eqn. (4.18)

h? 2h2E
p=— and e=4/1+——.
7 7

. Table 4.3 and Figure 4.7 show how to compute the argument of latitude

at time t:
u = u(t) = arctan <r92> . (4.57)
T,
. The coordinates of the position and velocity vector in the R-System read
as follows:
r 7
re=10 and Pr=|[ru| , (4.58)

0 0
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from where one may easily compute r and © = v, allowing it to re-
trieve the two orbital elements e and w. Equation (4.15) and its first
time derivative,
2 .
e
7F=— P 5 (— esin(fu—w))i=—esinv, (4.59)
(1+ e cos(u—w)) p

leads to the two equations for the determination of the true anomaly

V=U—w: » »
ecosv=——1; esinv=——, (4.60)
r 24
from where we may also determine the argument of perihelion
W=uU—"u. (4.61)

5. Using the equations in Table 4.2 (or the alternative formulae developed
above) allows to determine the “last” element, the time Ty of pericenter
by solving, e.g., the flight-time equations (4.55) for the time argument
t—Tp.

4.2.2 Orbital elements — State Vector

With the set p, e, 7, {2, w, and Ty of orbital elements we may derive the
components of the vectors r(t) and 7(t) referring to the inertial system (or
any other coordinate system we might choose) at any epoch ¢ in the following
steps:

1. The formulae in Table 4.2 (or the alternative formulae established) allow
the computation of the true anomaly v.

2. For all orbit types the length r of the position vector r may now be
computed using eqn. (4.16).

3. The components of the position vector at time ¢ in the inertial coordinate
system with the orbital plane as reference plane and the direction to the
perihelion as first coordinate axis are defined as:

T COSV a(cosE —e)
rg=|rsinv | =|avl—e?sinE | . (4.62)
0 0

Figure 4.4 illustrates that in the case of the elliptic orbit the two compo-
nents of position vector may be expressed either by the true anomaly v
or the eccentric anomaly E. Note that the representation as a function
of v holds for all types of conic sections. For the sake of completeness we
note that the length r of the radius vector may also be expressed by the
eccentric anomaly:

r=a(l—ecoskE). (4.63)

Equation (4.63) is equivalent to the polar equation (4.16).



144 4. The Two- and the Three-Body Problems

4. The components of the velocity vector referring to the same coordinate
system are derived by taking the first time derivative of eqn. (4.62):

7 COSvU — T Sinvv —sinv
g = | 7sinv + r cosvv :\/E e + cosv
0 p 0
) —asinF (4.64)
=FE|avl—e2cosE | ,
0

where we have used eqn. (4.8) with the understanding that v = 4, be-
cause u = v +w, w = const. The time derivative E is obtained by taking
the time derivative of the Kepler equation (4.39). One easily establishes
the result . an
E=—. (4.65)
r
5. The components of vectors r and 7 in the inertial system Z are computed

by the inverse sequence of rotations already given in Table 4.3:

= Rg(—Q) Rl(—i) Rg(—w) T

= Ry(—02) Ru(—i) Ra(—w) 717 - (4.66)

6. If necessary, the components of the state vector may be transformed into
other coordinate systems, e.g., into the geo- or topocentric equatorial
systems.

We have thus demonstrated that for any epoch ¢ there is a one-to-one rela-
tionship between the orbital elements and the state vector referring to epoch
t:

{T(t>77’.(t>} e {p,@,i,Q,W,TO} . (467)

To the extent possible we have used formulae and parameters which are valid
for all orbit types (ellipse, parabola, hyperbola).

4.3 Osculating and Mean Elements

In section 4.2 it was shown that the set of orbital elements defining the two-
body problem may be computed from the state vector and that vice-versa
the state vector referring to a particular epoch ¢ may be computed from this
unique set of orbital elements. In the framework of the two-body problem
there is, in other words, a one-to-one correspondence between the orbital
elements of a celestial body and the state vector referring to an (arbitrarily
selected) epoch t:
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t:{r@),rt)} < {a,ei, 2,w,To} . (4.68)

If the general N-body problem is integrated, the primary result consists of
time series of state vectors for each of the constituents of the N-body system.
If the orbit of a satellite is integrated in a very complex force field, the primary
result consists of time series of geocentric state vectors for this satellite.

Using the formulae of the two-body problem it is possible to assign (for each
celestial body considered) one set of orbital elements to each epoch ¢ to the
state vector (of the particular celestial body) of that epoch:

e Let r(t),7(t) be the solution of the equations of motion for one of the
celestial bodies considered.

e The osculating orbital elements or osculating elements referring to the
epoch t are defined by

t:{r(),r(t)} — {at),e(t),i(t), 2(t),w(t), To(t)} , (4.69)

where t is called the osculation epoch, and where

e the osculating elements in the relation (4.69) are derived using the formulae
of the two-body problem associated with the celestial body considered.

This concept of computing osculating elements is extensively used in pro-
grams PLASYS and SATORB, where the integration is performed in rectan-
gular coordinates, but the planet-specific (satellite-specific) output contains
time series of orbital elements (see Chapters II- 10 and II- 7 of Part III).

With the set of osculating elements referring to epoch ¢ one may associate a
Keplerian (two-body) orbit: The osculating orbit shares the state vector with
the actual orbit at epoch ¢, but from there onwards (in positive and negative
time direction) the osculating orbit follows the laws of the two-body problem
(i.e., the osculating orbit curve is a conic section).

The actual orbit and the osculating Keplerian orbit are tangential at epoch t.
This property explains the expression “osculating” stemming from the Latin
verb “osculari”, meaning “to kiss”. The actual orbit is the envelope of all
osculating orbits.

The osculating elements are excellent to gain insight of the orbital motion
over few orbital periods. Figure 4.8 (left) illustrates the statement. The figure
was generated with program PLASYS. The entire outer planetary system
was integrated, the mentioned figure therefore illustrates the perturbations
of the semi-major a of Jupiter due to the other planets over a few (about 10)
revolutions. Figure 4.8 (right) illustrates, that the osculating elements are not
ideal to study the development of an orbit over many revolutions (a time span
of 2000 years corresponding to about 200 revolutions is covered in Figure 4.8
(right)). It would be preferable to remove the short period perturbations.



146 4. The Two- and the Three-Body Problems

5.205 T T T T T 5.205

52045 | 52045

5.204
5.204

5.2035
5.2035 | |

AU

2 5203
5.203 -

5.2025 f
5.2025 -
5.202

5202

5.2015

5.2015 L . L L L 5.201 L L L
2000 2020 2040 2060 2080 2100 2120 2000 2500 3000 3500 4000

t(years) t(years)

E— b—=]

Fig. 4.8. Osculating orbital element a of Jupiter over a time intervals of 120 years
(left) and 2000 years (right)

In Figure 4.8 (right) one would like to study other than short-period per-
turbations with relatively small amplitudes. In order to focus on these more
interesting effects it is useful to define mean orbital elements in the following
naive sense:

o Let
I(t) € {a(t),e(t),i(t), 2(t),w(t), To(t)} (4.70)

designate one of the osculating elements.

e The mean orbital element I(t; At(t)), averaged over a time interval of At(t)
(which might be a function of time in the most general case), is defined as

t+At/2

I(t; At(t)) = % / It dt' . (4.71)

t—At/2

Provided the osculating elements are continuous functions of time, eqns.
(4.70) and (4.71) define a continuous function of time ¢, as well. If the averag-
ing period At vastly exceeds all the short periods, or if the averaging period
is an entire multiple of all short periods (something which is very difficult to
achieve because there usually are no “strictly constant” periods in perturbed
problems), the mean elements do no longer contain short period perturba-
tions of significant size. Mean elements are therefore much better suited for
studying the development of orbits over long time periods with thousands of
revolutions.

The result of the averaging process (4.71) is illustrated in Figure 4.9 (right),
where the osculating semi-major axis a of Jupiter was averaged over a time
interval of five revolutions

At(t) 5P (1) , (4.72)
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P, (t) being the (osculating) revolution period of Jupiter at time ¢. Note, that
only by averaging over five (or an entire multiple of five) sidereal revolutions
(corresponding to three synodical revolutions of the pair Jupiter-Saturn),
(almost) all short period effects can be eliminated.

With the exception of calculating mean instead of osculating elements, Figure
4.9 (right) is based on an integration performed with identical options as
that underlying Figure 4.9 (left), where the corresponding osculating element
is shown. Obviously the removal of short period perturbations was rather
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Fig. 4.9. Osculating (left) and mean (right) semi-major axis a of Jupiter over a
time interval of 2000 years

successful. Extensive use of the concept of mean elements will be made in the
subsequent chapters.

The osculating and mean elements of Jupiter (and other planets) over time
spans ranging from years to millions of years will be studied in more detail
in Chapter II-4.

4.4 The Relativistic Two-Body Problem

The equations for the relativistic motion of planets and satellites were in-
troduced in section 3.5. From these equations we may extract the equations
describing the relativistic two-body motion. For the subsequent treatment
it is assumed that the conditions (3.189) hold, implying that we may use
the simpler equations (3.190) (and not eqns. (3.186)) to take the relativistic
effects into account.

Let us now consider the relativistic two-body problem with masses mg and
m, assuming that m < mg. The equation for the relative motion of the two
bodies is obtained by taking the difference of equs. (3.190), (3.191) resulting
in
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o 2 T

P =—k*(mo+m) o + Qrel (4.73)
with the perturbing acceleration

k2m0 {[4k2m0

23

Qrel =

—¢2]r+4(r-f«)f~} : (4.74)

r

These equations have the same mathematical structure as eqns. (3.197) de-
scribing the perturbing accelerations for an artificial Earth satellite.

As viewed from classical (non-relativistic) theory the first term on the right-
hand side of eqn. (4.73) is the two-body term of the classical theory, the
second term is the “perturbation term” due to the theory of general relativity.

According to eqn. (4.74) the perturbation term a. is a linear combination
of the relative position and velocity vector. The relativistic two-body motion
therefore takes place in an orbital plane. The orbital elements {2 and i are
thus first integrals of the relativistic motion, exactly as in the case of the
non-relativistic two-body problem.

For low eccentricity orbits we may use the approximations
r-r~0 and r~a=const,

which allow it to reduce the differential equation (4.73) to

P —k? (mo+m—3k2mg) L C

ac?
Equations (4.75) are closely related to those of the classical two-body prob-
lem (4.1). The only difference resides in the fact that the product “gravity
constant x mass of the central body” has to be slightly modified.

Our developments may be used to construct a circular orbit of radius a for the
relativistic motion, as well. The “only” difference w.r.t. the classical circular
orbit of radius a resides in the fact that the mean relativistic motion nge is
defined by

3kZm3 )

N a’ =i =k’ <m0+m—

— (4.76)

whereas the classical mean motion n is given by n?a® = k2 (mg +m). One
easily verifies that

3k2m0 3k2m0
rel ~ 1— ~ 1-— . 4.77
Hrel I ac? n( 2ac? (477)

Using the value of ¢ = 173.14463 AU/day for the speed of light, the numerical
value (3.6) for the Gaussian constant k, and mo = mg for the solar mass one
obtains the relativistic correction for the mean motion as




4.4 The Relativistic Two-Body Problem 149

e = 1.48 1078 | (4.78)
a
The impact §l due to the relativistic correction (4.78) in longitude [ for a
circular orbit with the semi-major axis of Mercury a = 0.39 AU after one
century is then computed as:

Ol = Onpey At
= 4.046°/day - 3.79 - 107® - 100 - 365.25
= 0.0061°/century (4.79)
= 22.2" /century ,

which is a very small value, indeed. It was virtually impossible to detect
discrepancies of this kind before accurate distance measurements (e.g., Radar
measurements to Venus in the 1960s) became available. A slightly wrong
value for the mean motion of a planet could very well be absorbed by a
slight change of the semi-major axis: Equation (4.41) allows it to calculate
the relative error in the semi-major axis caused by a relative error in the
mean motion and vice-versa. From

n?a® =k* one obtains: 2na®*dn + 3n%a?da=0,

and eventually

on 3 da oa 2 on
i E e (4.80)

Equation (4.78) tells that the (relative) relativistic correction of the mean
motion is the order of a few parts in 10%. Equations (4.80) tells that it is
possible to absorb this effect by scaling (reducing) the semi-major axis by a
factor 1+ &, where £ is a few parts in 10%. As the semi-major axis of Mercury
is a =~ 0.39 AU (corresponding to a ~ 58500000 km), the reduction to absorb
the relativistic correction of the mean motion by the semi-major axis a is
about 2 km — a discrepancy which was impossible to be detected, when the
scale in the solar system was still established by the means of triangulation.

Mercury has an exceptionally large eccentricity of about e & 0.206 (see Table
IT- 4.1 in Chapter II-4). The planet’s perihelion therefore is well defined and
can be observed accurately. Let us calculate the perturbations in the semi-
major axis a, the eccentricity e and in the argument of perihelion w using
program PLASYS (see Chapter II-10 of Part IIT). All other perturbations
(due to the other planets) were “turned off”. Figure 4.10 shows the resulting
perturbations of the semi-major axis a and the eccentricity e. The Figure
is based on the solution of the relativistic two-body problem Sun-Mercury
(using the exact PPN-equations). The perturbations are shown only over the
time interval of one year, because the perturbations are strictly periodic. The
period of the perturbation is one revolution period of Mercury (about 0.24
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Fig. 4.10. Perturbation due to relativity in Mercury’s semi-major axis a (left) and
eccentricity e (right) over one year (two-body problem)

years), the amplitudes are of the order of 3-1078 AU in the semi-major axis,
of the order of 9 - 10® in the eccentricity. Expressed in units of length, the
variations are thus of the order of one kilometer. Unnecessary to say, that
such subtle differences are extremely difficult to observe if only angles are
measured.

Figure 4.11 show that Mercury’s perihelion advances over one century as
obtained by solving the relativistic two-body problem. As predicted by the-
ory the advance is about Aw = 43" /century. This is a strong signal, which
could be detected by optical observations already in the 19th century. Figure
4.12, giving Mercury’s “actual” perihelion advance over 1000 years, calculated
once with the Newton-FEuler theory and once with the theory of relativity
(the correct PPN-equations were used) including (in both integrations) all
nine planets (Mercury-Pluto), demonstrates that the detection of Mercury’s
relativistic perihelion advance was far from trivial: Only about 4% of the to-
tal advance of about 1000” /century are due to general relativity. Leverrier’s
merits (already mentioned in Chapter 2) are truly remarkable in this context.

4.5 The Three-Body Problem

After the successful treatment of the two-body problem the three-body prob-
lem is logically the next candidate of the N-body problem to be considered
and solved. In the 18th century there was hope to find solutions in closed form,
very much like they were described for the two-body problem. Investigations
performed by Euler, Clairaut and Lagrange indicated, however, that simple
analytical solutions would be obtained only under very special conditions.
Today we know that the three-body problem is not solvable in analytically
closed form and that it already contains most of the difficulties associated
with the general N-body problem.
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Fig. 4.11. Perturbation due to relativity in Mercury’s argument of perihelion over
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Fig. 4.12. Perturbation with and without relativistic correction in Mercury’s ar-
gument of perihelion over 1000 years; all planets included
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The three-body problem is relevant in practice. Think of the planetary sys-
tem, which is governed by the three-body problem Sun-Jupiter-Saturn con-
taining the greatest part of the mass of the solar system, of the problem
Sun-Jupiter-asteroid, which is essential to study the long-term development
of the belt of asteroids between Mars and Jupiter, the problems Earth-Sun-
Satellite or Earth-Moon-spacecraft, which matter for space agencies wishing
to fly to the Moon or to deploy Sun-observing satellites in the Earth-near
space.

In the attempt to reduce the degree of difficulty of the problem, the so-called
probléme restreint or problema restrictum (in the scientific language of those
days) was introduced by Euler. It was subsequently studied by many eminent
mathematicians and astronomers. Euler, Lagrange, Carl Gustav Jacob Jacobi
(1804-1851), Poincaré, Tissérand should be mentioned in particular. In the
probleme restreint it is assumed that the mass of one of the three bodies
is small and may be neglected. This immediately reduces the three-body
problem to describing the motion of the small body in the gravitational field
of the two other bodies (revolving around each other in two-body orbits). In
order to further reduce the degree of difficulty it is even assumed that the
orbits of the two finite masses about each other are circular. For this version
of the three-body problem Jacobi found a new integral of motion which is
independent from the ten classical first integrals of the N-body problem (see
section 3.2.2). This additional integral allows to gain considerable insight
into the structure of the three-body problem. It will be derived and discussed
in section 4.5.2. Despite all these positive aspects it must be admitted that
closed analytical solutions could not even be found for the general case of the
probleme restreint. Poincaré even found chaotic aspects when studying the
probleme restreint as a first step to explore the stability of the solar system.

Some interesting properties of the general three-body problem will be dealt
with in section 4.5.1, the probléme restreint will be analyzed in section 4.5.2.

4.5.1 The General Problem

The general three-body problem with point masses is illustrated in Figure
4.13. We assume that the mass mg is the biggest of the three masses m;, i =
0,1,2. The position vectors r;, i = 1,2, are referred to mg. S is the center
of mass of the two bodies mg and m;. Figure 4.13 also contains the Jacobian
vectors w;, i = 1,2, where u, et r1 and where us &of ro — mO’Tml rq is the
vector pointing from the center of mass S of mg and my to the third body m..
The ten classical integrals of the N-body problem were already established
in section 3.2.2 and need not be repeated here. It is, however, instructive to
express the conservation law for the angular momentum in the center of mass
system

h:mgngd}0+m1az1xz&1—|—m2m2><a'32, (481)
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m2

Fig. 4.13. The general three-body problem (point masses)

using the so-called Jacobian vectors (to be defined below). x; , i =0, 1,2, are
the position vectors of the bodies with masses m; in the inertial system (see
section 3.2). After elementary algebraic transformations the following result
is found:

momy . mao (Mo + M1
b O gy 4 M2 (mot )

U2 X '112 . (482)
mo + my mo +mi + ma

The above relation is easily verified using the following definition for the
Jacobian vectors ui, uo, and the center of mass condition:
uy @ - @
v g (mo o +m1 1)
mo + my (4.83)
moxy + miax1 + moaxs = 0.

Introducing the fictitious masses p1 and ps by

det 10 M aot M2 (Mo +mq)
=, =0 4.84
s mo + my Hz mo + my + mg ( )
the total angular momentum (4.82) may be composed as that of two sub-
systems, one consisting of the component u; relative to the component myg
and one consisting of the component p9 relative to the center of mass of the
components mqg and my:

h = (ug X 41) + pe (ug X 12)

. (4.85)
dzf,ulh1 + p2ho .

If the mass mg dominates the two others, i.e., if m; < mg, i = 1,2, we have
approximately p; ~ m; and ps = mg. These conditions are approximately
met in the three-body problems of interest in the planetary system.
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In the three-body problem Sun-Jupiter-Saturn, p1 would correspond approx-
imately to the mass of Jupiter and h; to the (two-body) angular momentum
of Jupiter relative to the Sun; po would correspond to the mass of Saturn and
hs to the (two-body) angular momentum of Saturn relative to the Sun. In this
approximation the angular momentum vectors h; , ¢ = 1,2, are perpendicular
to the orbital planes of Jupiter and Saturn, respectively. This interpretation
leads to Jacobi’s theorem of nodes: Multiplying eqn. (4.85) with hx to form
a cross product one obtains the interesting relationship

‘Ulhxhlz—ﬂzhth, (486)

where vector h is perpendicular to the so-called invariable plane (see section
3.2.2). Vectors h x h;, i = 1,2, are thus vectors lying in the intersection
of the invariable plane with the two orbital planes, thus in the line of nodes
of the orbital planes (referring to the invariable plane as reference plane).
More precisely the vectors point to the ascending nodes of the two planes.
This explains the name theorem of the nodes associated with eqn. (4.86) for
planetary three-body problems: Under the assumption m; < mg, ¢ = 1,2,
the ascending node of Jupiter’s orbit coincides with the descending node of
Saturn’s orbit. Cum grano salis we may therefore state that in a planetary
three-body problem the orbital planes of the two small masses form approx-
imately a rigid system, which may only rotate about the axis h, the pole of
the invariable plane.

Figure 4.14, which was generated with program PLASYS (documented in
Chapter II-10 of Part III), where only Jupiter, Saturn, and the Sun were
included, showing the projection of the orbital poles (unit vectors perpendic-
ular to the osculating orbital planes of Jupiter and Saturn on the plane of the
ecliptic J2000.0), documents that Jacobi’s theorem of the nodes is very well
met by the three-body problem Sun-Jupiter-Saturn. The integration covers
an interval of 40000 years. The lines connecting the starting and end points
of the projections of the two orbital poles, respectively, intersect each other
at the projection of the pole of the invariable plane on the ecliptic (see eqns.
(II-4.5) and (II-4.9)). In Chapter II-4 we will see that, even if the entire
outer planetary system is included in the integration, Jacobi’s theorem of the
nodes still holds approximately.

The theorem of nodes is only one of the important aspects of the general
three-body motion. Other aspects would be worth being discussed as well. Let
us mention in particular the special cases which can be solved in closed form
(first described by Euler and Lagrange). We will deal with them only under
the more restrictive assumptions of the probléme restreint in the next section.
Moreover it would be attractive to study the intermediary lunar orbits of the
three-body problem Earth-Moon-Sun. Space and time limitations do not al-
low it to discuss special problems of this kind here. For in-depth studies we re-
fer to the standard treatment by Szebehely [117]. Also, Guthmann [49] offers a
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Fig. 4.14. Orbital poles of Jupiter’s and Saturn’s orbital planes seen from the
North pole of the ecliptic J2000.0

concise treatment of the more important aspects of the general three-body
problem in German. Danby [31] contains a concise treatment in English.

4.5.2 The Probléme Restreint

In the probleme restreint the motion of a point mass of negligible mass is
studied in the gravitational field of two finite masses mg and m1; the orbits of
mg and my are assumed to be circular. In his studies concerning the problema
restrictum Euler even confined the discussion to a two-dimensional treatment
by assuming that the third body would also move in the orbital plane of the
bodies of finite mass.

Equations of Motion in the Inertial System. In any inertial system the
motion of the three bodies is represented by (compare eqns. (3.13), section
3.2):

o T — Io T — T

&=k moi—l—mli}. 4.87

=R = 50

From now on it is assumed that eqns. (4.87) refer to the center of mass
system of the bodies mo and m. It is natural to use the orbital plane of
the two bodies as reference plane. Also, we assume that at epoch ¢ = 0 the
two bodies lie on the first (horizontal) axis of the coordinate system and that



156 4. The Two- and the Three-Body Problems

they rotate counterclockwise with angular velocity 7 (defined below). Their
motion is illustrated by Figure 4.15. With these assumptions the motion of

x1(t)
:B()(O) S —

nt

o
O/ J::zO)
) (t)

Fig. 4.15. Motion of the two bodies mo and m; in their orbital plane

the two bodies (w.r.t. the rotating coordinate system of Figure 4.15) may be
written as:

m cosnt
wo=———a| sinnt (4.88)
mo + mi 0
and
m cos nt
oy =+—"2 G| sinnt | | (4.89)
mo + my 0

where @ = |x; — x| is the radius of the circular motion of bodies mg and
my about each other; n = kw/% is the corresponding (mean) angular

motion.

Equations in the Rotating Coordinate System. The equations of mo-
tion are now transformed into the coordinate system co-rotating with the two
masses mg and m. The rotation axis is the pole of the orbital plane of the
two finite bodies and the origin is the center of mass S. The first coordinate
axis of the rotating system may be selected as the axis of the masses mg and
mq.

In the rotating system the coordinates of the celestial bodies are designated
with yg, y1, and y. The coordinates of mg and m; in the rotating system
simply are:

~1
yo=—2 Gl o (4.90)
mo + my 0
and
. 1
y=——2—alo] . (4.91)
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For the test particle the transformation from the inertial into the rotating

system reads as:
y=Rs(At)x , (4.92)

where Rg(7nit) is the 3 x 3-Matrix representing a rotation about the third
coordinate axis by the angle of +nt:

cosnit sinnt 0
Rg(nt) = | —sinfit cosnt 0 | . (4.93)
0 01

The inverse transformation from the rotating into the inertial system for the

test particle reads as:
x=Rg(—nt) y . (4.94)

In order to transform the left-hand side of eqn. (4.87) into the rotating system,
we have to calculate the first two time derivatives of eqns. (4.94):

xz=Rs(—nt) y

& = Ry(—7t) y + Ra(—nt) y

. . (4.95)
& =Rg(—nt) § + 2Rs(—nt) y + Rs(—nt) y .

Substituting these relations into the equations of motion (4.87), multiplying
the result with Rg(+nt), and using the matrix relations

R3(’7Lt> R3(—’7Lt> =E,

0-10
Rs(iit) Rs(—nt)=a 1 00|,
0 00 (4.96)
100
Rs(nt) Ra(—nt) = —a2 {010 | ,
000

(where E is the identity matrix), one obtains the equations of motion of the
probléme restreint in the rotating coordinate system:

Y2 Y1 _ —

g+2al o |=n2w —k2{m0y o, Y 3y1} . (4.97)
0 0 To L1

where the symbols 7o = |y — yo| and 71 = |y — y1| were introduced. The

second term on the left-hand and the first on the right-hand side, respectively,
may be identified with the coriolis and centrifugal accelerations.
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From the mathematical point of view the two systems of equations of mo-
tion (4.87) and (4.97) are equivalent. The latter allows us, however, to gain
additional insight into the structure of the problem.

Jacobi’s Integral. Multiplying the equations of motion (4.97) with ¢ one
obtains:

- _ . . Uy -y y(y—y
Y§+0="n" (Y191 +y292) — kQ{mo% + m1¥} )
0 1
(4.98)
Obviously, each term of the above equation represents a total time derivative
(observe that vectors y;, ¢ = 0,1 are constant). Integrating the above equa-
tions and multiplying the result with the factor 2 we obtain the important
formula:
. _ m m
y2:n2{y%+y§}+2k2{—°+—l}—J. (4.99)
To T1
Equation (4.99) represents a first integral which is independent of the classical
ten integrals of the N-body problem. It is referred to as Jacobi’s integral and
the constant J occurring in it as Jacobi’s constant.

Jacobi’s integral is of central importance for the subsequent discussion of the
probleme restreint because it significantly constrains the motion of the test
particle. It is, by the way, important to note that the terms on the right-hand
side are invariant under the transformations (4.92, 4.94).

Tissérand-Criterion. Comets may have close encounters with Jupiter (or
other planets). Their osculating orbital elements may have changed dramat-
ically after such encounters. It is therefore in general not possible to decide
whether two sets of osculating elements referring to epochs well before and
after the epoch of a close encounter, respectively, belong to one and the same
comet. We can expect, however, that the Jacobi constant J does not change
by such a close encounter. The constant J thus is an ideal instrument to de-
cide whether a “newly discovered” comet actually is identical with a known
comet — rediscovered after a close encounter with Jupiter.

Tissérand gave the criterium a very useful form for practice. The corre-
sponding criterium, although it is nothing but an application of Jacobi’s
integral, therefore is referred to as Tissérand’s criterion for the identification
of comets. Possibly, the monument erected in honour of Tissérand in Nuit
St. Georges (Burgundy, France) (which contains, among other, a symbolized
comet) has to be seen in the context of Tissérand’s criterion.

Osculating elements are easily available for all known comets. The corre-
sponding Jacobi constants usually are (were) not. Therefore, the question
(at least at the times of Tissérand) whether there is a simple possibility to
calculate Jacobi’s constant using only the osculating elements is legitimate.
A strikingly simple answer was given by Tissérand.
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In order to derive this criterion we first write Jacobi’s constant approximately
as m
T {yi+u5} + 2k — — 9§, (4.100)
To

where we assume that the above equation refers to an epoch well separated
from that of a close encounter. Only under this condition one may neglect
the term mq /ry w.r.t. the term mg/rg .

In order to express the right-hand side of eqn. (4.100) by the osculating
elements, one has to transform it into the inertial system. As stated above
the transformation merely consists of a rotation about the third coordinate
axis about the angle —nt. The length of the projection of a vector onto the
reference plane is invariant under this transformation:

4y =yl (4.101)

The lengths o and r; of the associated position vectors are of course invari-
ant, as well. This only leaves us with the transformation of the term 2. From
the transformation equation (4.92) one may conclude:

g2 = (:;:T Ry(—nit) + 2T R3(—m)) (Rg(ﬁt)a': + Ry(nit) w) . (4.102)
In analogy to the proof of relations (4.96) we easily verify that
Rs(—nt) Rs(at) = E,

) 0-10
Rs(—nt) Rg(nt)=n |1 00 |,
0 00 (4.103)

) - 100
Rs(—nt) Ry(nt) =72 [ 010
000

Using the above relations in eqn. (4.102) and substituting the resulting ex-
pression into eqn. (4.100), we may calculate Jacobi’s constant as:

J%2k21:—00—:i32+2ﬁ(:c1$2—x2x'1) . (4.104)

Considering the fact that z1 £ — x2 1 is the third component of the angular
velocity vector and making use of the energy theorem of the two-body motion,

we obtain 2
Jx; + 2kn+/a(l—e?) cosi, (4.105)

where we made use of the fact that in the solar system mg = 1.
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Tissérand’s criterion therefore may be stated as follows:

Two sets {t; : a;, ej, i;, j=1,2} of osculating elements may be associated
with one and the same comet, provided

k k
— + 27iy/ay (1 —€?) cosiy = — + 27 \/az (1 — €3) cosiz . (4.106)
ai a2

Keep in mind that the above formula is only valid for epochs ¢; and to well
separated from an epoch corresponding to a close encounter. Observe, that
in this approximation J is a strange combination of the energy and the third
component of the angular momentum of the two-body problem. One might
refer to it as an energy conservation law in the rotating system.

Hill’s Surfaces of Zero Relative Velocity. For a given value of Jacobi’s
constant J Jacobi’s integral (4.99) allows us to separate (in the rotating co-
ordinate system) regions which are accessible to the test particle considered
from those not accessible to it. The surfaces separating the regions are the
surfaces of zero relative velocity (the attribute “relative” referring to a veloc-
ity in the rotating system). Requesting 7> 0 in the integral (4.99) defines
a surface in the three dimensional space:

”2{y3+y§}+2k2{@+m}—u7=0~ (4.107)

To 1
Defining the reduced masses (masses relative to the total mass) by

% def mo % def mi
™ ’ 4.108
mo + mq mo +ma (4.108)

and the reduced, dimensionless Jacobi constant by

J

n?a?’

Jr e (4.109)
the equations for the surfaces of zero relative velocity may be given in a
slightly simpler form:

2 2 * *
a To

1

The surfaces (4.110) are named after the American astronomer Hill. They
separate those regions of the three-dimensional space for which §% > 0 (ob-
viously that part of the space accessible to the body considered) from those
for which 2 < 0 (that part of space not accessible to the body).

It is instructive to draw the intersection of these surfaces with the coordinate
planes for different values of the Jacobi constants. Such intersecting curves
may be found in Figure 4.16 for a (hypothetical) mass ratio of mg : m; =3 : 1
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(Figures on left-hand side) and for a mass ratio of mg : my &~ 1047 : 1 (the
mass ratio of the solar mass and Jupiter’s mass) on the right-hand side. The
first row of Figures shows the intersection of Hill’s surfaces with the (x,y)-
plane, the second row the intersection with the (z, z)-plane, and the third
the intersection with the (y,z)-plane. The zero-velocity curves in the left
column are drawn for the values J* = 4.0, 3.8, 3.2, 2.8, of the reduced Jacobi
constant, those in the right column for J* = 4.0, 3.5, 3.0, 2.8. In the Figures
4.16 (left) the projections of the two masses mg and my are included as “4”.
In the projection onto the (z,y)-plane (top, left) the five stationary solutions
Ly — L5 are marked with “x”. These solutions will be discussed below.

Equation (4.110) says that the reduced Jacobi constant J* (thus also the
constant J) always must be positive. For big values of J* a positive value
for the square of the velocity 9% only results either in the immediate vicinity
of the two masses mgy and my or for big values of y? + y3, i.e., if the test
particle is far away from the z-axis. This in turn implies, that the test particle
is either trapped in an (almost) spherical vicinity of the masses mg and m4
or it must be outside of a cylindrically shaped boundary of about 7 — 8 AU.
The innermost boundary surfaces around mg and m; and the outermost
cylindrical boundary in Figure 4.16 correspond to the maximum value of
J* = 4.0 of the Jacobi constant.

If the Jacobi constant J* decreases, the permissible regions around the ce-
lestial bodies become bigger and bigger, and they are deformed to become
a connected dumb-bell shaped region. This occurs between J* = 4.0 and
J* = 3.8 in the left column of Figures 4.16. In addition, the radius of the
boundary cylinder becomes smaller and smaller in the vicinity of the (z,y)-
plane.

If the Jacobi constant is further reduced, the boundary cylinder and the
dumb-bell shaped regions are connected. For J* = 3.2 two kidney-shaped
regions are left back in the (x,y)-plane. For the value J* = 2.8 of the Jacobi
constant the entire (x, y)-plane is accessible to the test particle. The zones of
avoidance are contained within cylindrically shaped surfaces — moving further
and further away from the (x,y)-plane (see left column, middle and bottom
row of Figures 4.16).

Usually, Hill’s surfaces of zero relative velocity are drawn for mass ratios of
the type (mo :m1) = (2:1),(3:1),(3:2),.... From the “designer’s” point
of view one obtains the nicest figures for values of this kind. The right column
of Figures 4.16, which was drawn for the mass ratio (mg : ma) & 1047 : 1,
demonstrates that more realistic scenarios in the planetary system result in
slightly less attractive figures. For the value J* = 4,3.5 the allowed region
around the mass m;,, are very small indeed (they are only visible as points
in the top and middle row of Figures 4.16). For the values of J* = 3.0 the
two kidney-shaped areas are actually connected (Figures 4.16, top, left).
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Fig. 4.16. Hill’s surfaces ((y1,y2)-plane top, (y1,ys)-plane middle, (y2,ys3)-plane
bottom) of zero velocity for (mo : mi) = (3 : 1) (left) and for the case Sun-Jupiter
(right)
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Stationary Solutions. In this paragraph we are looking for solutions of
the equations (4.97) which are at rest in the rotating system. We call them
stationary solutions of the probleme restreint. For a stationary solution we
must have for arbitrary epochs ¢:

y(t) = zg = const. (4.111)

Such solutions obviously result if, at a particular initial epoch ¢y, the following
conditions are met:

Y(to) =0
. (4.112)

By introducing these equations into the equations of motion (4.97) of the
rotating system one obtains a set of algebraic condition equations to be met:

01 zo — zZo —

a2 | 2o, | — K2 {mo 20290 4 0737’1} =0. (4.113)
0 o 1

The structure of the above equations is recognized more easily, if they are

written component-wise and if the representations (4.90, 4.91) are used for

the coordinates of the two point masses mg and my:

m m m m

_9 2 0 1 _ 1 0 _

n-zo, — k — |z t——a|+ 5 |20,—————a =0
rg mg + mq Ty mo + mq

_9 2 | ™o mq
{” -k [E*ﬂ}% =0
_kz{m_;+m_;]203 ~0.
L) LT
(4.114)

Stationary solutions only result, if all three eqns. (4.114) hold. As the coeffi-
cient of the third of eqns. (4.114) is always negative, stationary solutions are
only possible for

205 =0, (4.115)

implying that stationary solutions have to lie in the (z,y)-plane, i.e., in the
orbital plane of the two finite masses.

We make the distinction of two kinds of stationary solutions:

e For zp, = 0 candidate solutions lie on the straight line defined by the
two point masses mg and mj. Solutions of this kind are referred to as
straight line solutions or collinear point mass solutions. The first of equa-
tions (4.114) provide the required condition equation. The straight line
solutions were discovered by Euler.
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e For zp, # 0 the point masses mg, m; and the test particle have to form
a (non-degenerated) triangle. One usually speaks of triangular solutions of
the probleme restreint. These solutions were discovered by Lagrange. In
this case the coefficient of the term zg, in eqns. (4.114) must be zero:

n“‘—k?{m—;er—;}:o. (4.116)
To St

In addition, the first of the three equations (4.114) must hold. Let us now
study the straight line and the triangular solutions separately.

Euler’s Straight Line Solutions. Obviously, we have to assume that zg, =
0 and zp, = 0. Figure 4.17 shows that the test particle may assume three
different positions w.r.t. the two point masses mg and m;. It may either lie
between the two bodies (position 1), to the right of the two bodies (position
2), or to the left of the two bodies (position 3). Independently of the particular

A
O A Position 1
|
O A— Position 2
2—Q ‘ Position 3
| i | @
| I b E—

Fig. 4.17. Three positions of test particle w.r.t. the two point masses

position one may express r; in units of a:

def

r G (4.117)

The dimension-free quantity A may assume different values according to the
position (relative to mo and my) considered:

o B mo _
Position 1: A€ (0,1) , ro=(1-\a, =V A
osition (0,1) ro = ( Ja, zo Mo + ma ¢
s a 7"’”0 a
Position 2: A€ (0,00), ro=(1+A)a, = A
osition (0, 0) ro=(1+Aa %0 mo 4+ mq tAga
.. A 7m0 a
Position 3: A € (1 =(\-1 =2 ~
osition € (L,00), 10=( )a, 2, mo+my |
(4.118)

Let us now assume that the considered body resides at position 1. If we
replace the distances 19, r1 and 2, in the first of eqns. (4.114) according
to eqn. (4.117) and (4.118) we obtain after division by 72 (and taking into
account that 2 a3 = k2 (mg + m1)) the following condition equation for \:
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m m
mg—(mo—le))\—ﬁ—F)\—;:O. (4119)

Let us define the function
KO) = mo — (mo+m1) A — (17117&)2 + % (4.120)

to simplify the subsequent discussion.

One easily verifies that K(A\) — +oo for A — 0 and that K(\) — —oo for
A — 1. This implies that the above condition equation has at least one root in
the interval I = (0,1). As K (\) monotonically decreases in the same interval
(take the derivative of K(\) w.r.t. A) one may even conclude that there is
exactly one root in the interval mentioned.

In an analogous way one may prove that there exists exactly one root for each
of the condition equations related to the positions 2 and 3 of the considered
test particle (see Figure 4.17).

In summary, we may state that there are three straight line solutions, one
for each of the positions of the three bodies as shown in Figure 4.17. For
Z—; — 0 the roots corresponding to the positions 1 and 2 approach r1 — 0
implying that the test particle becomes a satellite of mass m;. Under the same
assumption r; — 2a for the position 3, and the test particle lies diametrally
opposite to m as seen from the point mass mgy. The semi-major axis of the
orbit is (approximately) the same as that of my, but the orbital position is
opposite to mq as seen from my.

Lagrange’s Triangular Solutions. For (true) triangular solutions the first
of eqns. (4.114) and eqn. (4.116) must hold. A simple rearrangement of terms
in eqns. (4.114) leads to the result:

_ mo mi momy _ 1 1
{n2—k2[—3+—3]}z01—k27a{—3——3}20. (4.121)

o Lt mo + my o 1

According to the condition equation (4.116) the coefficient of zp, must be
zero. This allows us to conclude immediately that

o =T1 (4122)

must hold. If we use this result in eqn. (4.116) and take into account that
k% (mo +m1) = n?a® we obtain the final result

ro=7r1=a, (4123)

which implies that the three celestial bodies of the probleme restreint have
to form an equilateral triangle in the orbital plane of the two bodies m( and
mq.
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We were able to identify five stationary solutions of the probléeme restreint,
namely three straight line solutions and two triangular solutions. Figure 4.18
illustrates the five solutions, where a mass ratio of z—? =3, my+my =1,
was used to draw the straight line solutions. The positions are labelled
L;, i =1,2,3,4,5. They are also called libration points (implying that real
celestial bodies would librate about these points). The letter L also reminds
of Lagrange, who contributed significantly to the solution of the probleme
restreint. The stationary solutions of the pobléme restreint are obviously

T T T

Ly
2.5/ ]
L L Lo
AU 0 | 3 mo 1 \m1 27
950 ]
] Il Il Il L5\ Il Il ]
25 0 25 50 75
AU

Fig. 4.18. The stationary solutions L;, i = 1,2,...,5, of the probleme restreint

particular “analytical” solutions (solutions in closed form) of the three body
solution. Solutions in closed analytical form corresponding to the five solu-
tions L1 to Ls may be found under more general conditions (all three masses
different from zero, elliptic instead of circular orbits for mg and m;). For
more information we refer to [117], [49] (in German), or [31] (in English).

Stability of Stationary Solutions. Five stationary solutions of the prob-
leme restreint were found in the previous paragraph. Here we want to answer
the question whether these solutions are stable, i.e., whether the orbit of a
celestial body with slightly modified initial values will stay in the vicinity of
the points L; or not.

The tools to be used for this purpose will be fully developed in Chapter
5. Here we only need a very limited subset of the theory presented in that
chapter.
Let

pE {20172’02,20372017202,203} (4124)
be one of the coordinates of the initial values of a particular solution of the
equations of motion (4.97). Let us furthermore introduce the function
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et OY
w(t) = op (t) . (4.125)
To a first order, w(t) Ap tells what the consequence at time ¢ of a change
Ap in a particular initial value at time ty will be. Obviously the solution
will remain in the neighborhood of the libration point considered, if w(t)
shows only periodic variations. If this is true for all initial conditions (4.124)
considered, the corresponding solution is said to be stable.

An ordinary differential equation system is obtained for the function w(t) by
taking the partial derivative of the equations of motion (4.97) w.r.t. p (one
of the initial values):

W=Ajw + Ay . (4.126)

The system (4.126) is a linear, homogeneous system of equations. It is referred
to as the system of variational equations associated with the stationary solu-
tions of the probleme resteint. (A general derivation for the variational equa-
tions will be given in Chapter 5.1). The matrices A; , ¢ = 0, 1 are obtained as:

100 mo 3
o= (010 ) - 2 fE 5ty -}
000 "o "o
(4.127)
m 3
- kQ_gl{E - =3 (y—y1)®(y—y1)T} ;
1 1
where ® stands for the outer product of two vectors, and where
0-10
Aj=-2n(1 00| . (4.128)
0 00

For the five stationary solutions to be considered, the radii o and r; are
constant, which in turn implies that the matrices A;, ¢ = 0,1, are time-
independent, as well. For stationary solutions the system of variational equa-
tions is a linear, homogeneous system with constant coefficients — (almost)
the simplest case of an ordinary differential equation system.

Stability of Triangular Solutions. From Figure 4.18 one obtains:

o +1
y-vyo=5|£V3 ], (4.129)
2
0
as well as
S -1
y-yi=5 | £V3 |, (4.130)
0
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where the positive sign applies to the solution L4, the negative sign to solution
L5 (see Figure 4.18).

Taking into account that 7o = r; = a for the triangular solutions, matrix Ag
reads as

377L2 1, :l:\/g X 0
Ag=— | £V3 x, 3, 0], (4.131)

4 4

07 07 -3

where:
mo — My

= —. 4.132
X = (4.132)

The variational equations for triangular solutions thus read as

372 L+V3x, 0 0-10

. n _ .

W — —— +v3 x, 3, 0Jw+2n[1 00]|w=0. (4.133)
0, 0,—3% 0 00

Obviously the system is separated into one for the first two components and
a scalar equation for the third equation

W3 + Afws =0 . (4.134)

This is the equation of the one-dimensional harmonic oscillator which is solved
by:
ws(t) = wo, cos(iit + ) , (4.135)

where wo, is the initial value of ws(t) at ¢ = 0. Obviously the general solution
is periodic in nature. The triangular solutions at L,y and Ls are therefore
stable w.r.t. small changes in the third component of the initial position and
the velocity vectors.

The variational equations for the components wi (t) und ws(t) are (first two
of eqns. (4.133)):

(2) () (E) - (a3 (2)-

(4.136)

(1) = () (1137
w2 C2

where A is an arbitrary complex number and ¢; and ¢y are (arbitrary) con-
stants. Should A be purely imaginary only periodic solutions are obtained.
In all other cases there will be components showing an exponential growth.
Obviously the solutions would be stable in the former, unstable in the latter
case.

The system is solved by
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Using eqn. (4.137) in the variational equations (4.136) one obtains the alge-
braic condition equations

A2 —3p2 , — 1N 2)\:|:uﬁx)
43\/5 7 2 _ 9 112 (21) - (4.138)

Non-trivial solutions are obtained only if the determinant of the above 2 x 2-
matrix is identically zero. This requirement leads to the following biquadratic
equation in A

M+ nPX + 2t (1-y%) =0, (4.139)
which is solved by:
ﬁ2
)\2:—7{11 1—%(1—;&)}. (4.140)

The four solutions obviously are purely imaginary if
0<1-2T(1-x*)<1. (4.141)

Assuming that my > m;y this implies 0 < x < 1. This in turn means that
stable solutions are obtained if the mass ratio meets the condition

x> 2 (4.142)
or
x= 20 5 ).9229582 (4.143)
mo + my

Triangular solutions are obviously stable if mg > my. For the three-body
problem Sun-Jupiter-Minor planet the triangular solutions are obviously sta-
ble, because we have
1— —1
Xor = —0T835 = 0.9980922 > 0.9929582 . (4.144)
1+ 155735

In Chapter II-4 we will see that in the solar system the libration points L,
and Ly (of the three-body problem Sun-Jupiter-asteroid) are populated by
the Trojans (and Greek) family of asteroids. The existence of these families of
minor planets underlines the importance of the probleme restreint in practice.

From the above equations one easily derives the following basic frequencies
of the system Sun-Jupiter-Minor planet:

M2 =vi2%==£0.9967575n1

. ) (4.145)
A3y = vs4 i = +0.0804641 ni

where ¢ is the imaginary unit. In essence we have one period which is compa-
rable to the revolution period of the two masses mg and m1, and one which is
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about twelve times longer. The latter period is observed as a slow librational
motion of the Trojan (Greek) family of minor planets about the libration
points Ly and Ls.

Instability of Straight Line Solutions. We follow the procedure estab-
lished for the triangular solutions to address the issue of stability of the
straight line solutions. In a first step the variational equations (4.126) have
to be formulated for the special case considered. We observe that:

To 1
y—yo=1|0 and y—yi=1[0|. (4.146)
0 0

Let us select the libration point Lo as an example. Matrix Ay assumes the
form:

1+2¢2, 0 , 0

0 — n ) - ) ) .
A 2 0 1-¢2, 0 4.147
0 ) 0 y T CQ
where 1 1
2= 0 + > 0. (4.148)

m0—|—m1 (1—|—)\)3 m0—|—mlﬁ

With these relations the variational equations relative to the stationary so-
lution at Lo are obtained as

1+2¢2, 0, 0 0-10
W — n? 0,1-¢2 0)lw+2af1 00 |w=0. (4.149)
0, 0, —¢? 0 00

Obviously, it is again possible (as in the case of the triangular solutions) to
split up the system into an equation for the third component (normal to the
orbital plane of the bodies mg and m;) and a system of equations for the
first two components of the vector w. According to the above definition the
auxiliary scalar quantity ¢ is real, which is why we may conclude that ¢2 > 0.
This in turn implies that the third component ws(t) obeys the equation

3 4 % ws =0 (4.150)

of the harmonic oscillator, the solutions of which are periodic functions. The
same result (with a slightly different period) was obtained for the triangular
solutions. The considered straight-line solution thus is stable w.r.t. small
changes in the third components of the initial position and velocity vectors.

The first two components obey the following system of equations:

) B ' )
<Z;> +2ﬁ<(1) é) <Z;> _ a2 (1+2<0:1_C8) <Z;> =0, (4.151)



4.5 The Three-Body Problem 171

which is solved by the same type (4.137) of solution as in the case of the tri-
angular solutions. Introducing formula (4.137) into the variational equations
(4.151) for the libration point Lo yields the following condition equations for
the coefficient A:

M-(+2)n®, 20l oY
(R ) ()0

Non trivial solutions only exist if the determinant of this matrix is zero. One
easily verifies that the above 2 x 2 matrix gives rise to a biquadratic expression
in A for the determinant. Also one may show in a straight forward way that
it is not possible in this case to find purely imaginary solutions. Therefore,
there are no purely periodic solutions of the variational equations (4.151) for
the straight-line solution considered. This in turn implies that the solution of
the equations of motion (4.97) with initial conditions slightly (infinitesimally)
different from those of the stationary solution at Lo will eventually depart
exponentially from L,. Obviously, the stationary solution at Lo is not stable.

One easily verifies that the solutions corresponding to the other two libration
points Ly and L3 are not stable either. Before the advent of the space flight
era one could therefore safely state that only the libration points L4 and Ls
are of practical importance (family of asteroids associated with them in the
three-body problem Sun-Jupiter-asteroid). The libration points L; and Lo of
the three-body-problem Sun-FEarth-spacecraft are of considerable importance
today, e.g., for Sun-observing space missions: when brought to either of the
two libration points, the spacecraft will remain in the vicinity of the Earth
(observe the mass ratio mg : my) and it will co-rotate with the Earth around
the Sun (the geocentric and heliocentric revolution periods are the same).
The stability of the solution, as considered in this section, is not a central
issue for spaceflight applications, because orbital manoeuvres are anyway
necessary (e.g., due to non-gravitational forces) to keep the spacecrafts in
place.

Periodic Solutions in the Probleme Restreint. We were looking for
stationary solutions in the rotating system in the previous paragraphs. We
might as well study periodic solutions (and their stability) in the same co-
ordinate system. This would immediately lead to the question whether there
are such solutions and (in the affirmative case) how they can be established
in practice. A thorough discussion requires the distinction of many special
cases, e.g., periodic orbits about mg, m1, the libration points L4 and Ls, pe-
riodic orbits around mqg and mq, etc. We refer to [117] for a broad discussion
of periodic solutions.

H. Poincaré was very much interested in the periodic solutions of the probleme
restreint. He hoped to obtain clues concerning the stability of the solar system
with their help. He had the idea to associate a periodic orbit with each
real orbit (close to the latter) and to study stability properties with the
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help of the periodic orbit (which, by construction, would be rather simple
to describe) and the variational equations associated with it. This concept
eventually failed because he found that it was not even possible to find a
periodic solution for each revolution period, or, what is equivalent, for each
mean motion n of a test particle.

Let us conclude the chapter by constructing a few periodic orbits around my
for a planetary three-body problem, i.e., for mg > my . (The actual values

for the probleéme resteint Sun-Jupiter-asteroid will be used below). We focus

on orbits with a period P & f%ﬁ in the rotating system. Obviously n must

be the mean motion of the asteroid as observed in the inertial system, 7 is
the orbital period of Jupiter around the Sun.

Periodic orbits of this kind may be generated numerically by defining a pa-
rameter estimation problem. It is (in general) safe to assume, that a circular
orbit with the mean motion n is a fair approximation to the true solution (it
approximates the true solution for m; — 0). With this assumption we may
define approximate values for the initial conditions of a truly periodic orbit
in the rotating system: The initial epoch typ = 0 is chosen to correspond to
a crossing of the first coordinate axis in the rotating system. As a circular
orbit was assumed, the initial conditions read as:

Yo, 0
y(0)=1 0 and  g(0)= | 95, | (4.153)
0 0
where
. aer [(K2mo\? . N _

A truly periodic orbit in the rotating system with the period P= nz_—”ﬁ must
intersect the first coordinate axis after the time period At = g perpendic-
ularly: For reasons of symmetry, the orbit in the time interval [%P7P] will
then be a mirror (with the first coordinate axis as a mirror) of the orbit in
the time interval [0, 1 P]. A truly periodic solution y,(t) therefore must meet

the following conditions:

P\ P\ .
Yp,02 <§> 0 and  gpo <5> =0. (4.155)

With the approximate initial conditions defined above these conditions will be
met only approximately. How do we establish it to generate an orbit meeting
the condition equations (4.154) precisely? The answer is simple: we represent
the unknown, truly periodic orbit by

def

yp(t) = y(t) + wi Ay, + wa Ay, (4.156)
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where w;, i = 1,2, are the solutions of the variational equations (4.126)
w.r.t. the initial values yg5 and gg,. These two initial values must now be
varied in such a way that the orbit y,(¢) meets the two condition equations
(4.155). Introducing the orbit representation (4.156) into the condition equa-
tions (4.155) we obtain the following system of two linear equations for the
determination of improved initial conditions:

P\ a P P P .
Yp,02 <5> =y <5> + wi2 <5> Ayo, + wa 2 <5> Ago, =0

5 5 5 5 (4.157)
Up,01 <5> = <5> + w1 <5> Ayo, + W21 <5> Ago, =0 .

The solution of the two linear equations (4.157) are used to define new ini-
tial values yo, = Yo, + Ayo, and o, = Yo, + AYo, which will result in
an orbit meeting the conditions (4.155) much better than the original orbit
represented by the initial value (4.153). Should there still be unacceptable
discrepancies, the parameter estimation procedure outlined above may be
repeated with the improved initial values as a priori approximations.

The sketched parameter estimation process will in general have a unique solu-
tion — two scalar condition equations are necessary and sufficient to determine
two free parameters, which may be adjusted.

The resulting orbits usually are close to circular. Exceptions to this rule occur
if the revolution periods of the test particle and the two bodies mg and m, are
commensurable. Two orbital periods P and P are said to be commensurable
if their periods (in the inertial system) may be expressed by

P Kk

—=—, 4.158
where k1 and ko are integers. Observe, that commensurable periodic orbits
in the rotating system are also periodic in the inertial system (what is not
true in the general case).

The parameter estimation process (4.157) will fail, if the periods of the minor
planet and Jupiter (as measured in the inertial system) meet the additional
condition

P:%P, k=23,.... (4.159)
Figure 4.19 (left) shows two periodic orbits near the (2 : 1)-commensurability,
Figure 4.19 (right) two periodic orbits near the (3 : 2)-commensurability. The
differences in the mean motions of the two orbits are very small in both cases,
the resulting solutions differ dramatically, however. Moreover, the solutions
are highly eccentric. In the example of Figure 4.19 (left) the perihelia of the
two orbits differ by 90° in the rotating system (the close encounters of Jupiter
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and the minor planet occur at perihelia and at aphelia passing times of the
minor planet, respectively). Note that there is a group of minor planets, the
so-called Hilda group. The solid-line solution of Figure 4.19 (right) corre-
sponds to the Hilda-type objects (see Chapter II- 4, section II- 4.3.4 for more
information). The closer one tries to approach the exact commensurabilities,

AE
=

[ POMP:Pup0499 — POIPPUup=030 —— | POMP:PUup=0.666 —— POMP)Pup)=0.681 ——

Fig. 4.19. Two periodic orbits near to the (2 : 1)- and to the (3 : 2)-commensu-
rability of three-body problem Sun-Jupiter-minor planet

the more eccentric the corresponding periodic orbits become.

This behavior also implies that already in the case of the probleme restreint
there are orbits which are chaotic, i.e., even if the initial conditions of two
orbits differ only by infinitesimally small amounts, the resulting solutions will
depart from each other exponentially. Poincaré’s investigations of the periodic
solutions in the probleme restreint were of fundamental importance. They
eventually led to the developments of the theory of dynamical systems and
to the detection of the so-called deterministic chaos, which will be discussed
in greater detail in Chapter II-4.

The above figures were generated with the program PLASYS (documented
in Chapter II- 10).



5. Variational Equations

5.1 Motivation and Overview

When discussing the stability of stationary solutions in the probléme restreint
in section 4.5.2 we derived differential equations for the partial derivatives
of these solutions w.r.t. the components of the initial state vector and called
them wariational equations.

Variational equations may be attributed to all trajectories (particular solu-
tions) solving the different types of equations of motion given in Chapter 3.
As a matter of fact, variational equations exist for all initial (and boundary)
value problems — inside and outside the area of Celestial Mechanics. In this
chapter we review the essential properties of the variational equations encoun-
tered in Celestial Mechanics. These equations are in particular indispensable
for

e stability studies of particular solutions of differential equations (see sections
4.5.2, 11-4.3.4 for applications),

e parameter estimation theory, in particular orbit determination (see Chap-
ter 8), and

e the theory of error propagation in numerical integration (see Chapter 7).

Variational equations are of central importance for the theory of dynamical
systems, in particular in Celestial Mechanics.

In section 5.2 the problem is studied from a rather general point of view.
We depart from an initial value problem associated with a differential equa-
tion system of dimension d and order n > 1 and derive the general form of
the variational equations. As the two-body problem could be solved in closed
form, it must also be possible to solve the corresponding variational equations
“analytically”. This task is accomplished in section 5.3, where extensive use is
made of the formulas of the two-body problem in Chapter 4. The variational
equations accompanying the perturbed trajectory of one celestial body are
studied in section 5.4, those associated with the general N-body problem in
section 5.5. Efficient solution methods for the variational equations occurring
in Celestial Mechanics are based on the (analytically known) solutions of the
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corresponding equations of the two-body problem. Methods of this type are
outlined in section 5.6. In the concluding section 5.7 the variational equations
are used to study the impact of small errors introduced at a particular time
tr on the trajectory for ¢ > ti. The so-called fundamental law of error prop-
agation is derived in this section. Unnecessary to say that this law is of vital
importance when studying the propagation of numerical integration errors in
Chapter 7.

5.2 Primary and Variational Equations

Primary Equations. The three types of equations of motion derived in
Chapter 3, namely the equations of the N-body problem, the three-body
problem Earth-Moon-Sun, and of the motion of artificial Earth satellites,
are non-linear systems of the second order. In Chapter 6 we will see that it
is equally well possible to transform the equations of motion into a system
of first order with the osculating orbital elements as dependent arguments.
Therefore we derive the variational equations associated with the following
general initial value problem:

y(n :f(ﬁ’yaf/?’!'l'a-~-ay("_1)71517152,...,pm)
yO(te) =y, i=01,....n—1,

)
(5.1)

where:

n > 1 is the order of the differential equation system, d its dimension;
y(t), a column array with d elements, is the solution vector of the system,

9,4, ...,y represent the first, second, ... ith derivative of the solution
vector,

yéi), 1=0,1,...,n—1, is the initial state vector of the system at the initial
epoch to (the initial state vector may be understood as the set of the nd
components of the solution vector and its first n — 1 derivatives at t = ()

— these components are also referred to as “initial values”;

f(...), a column vector with d elements, is the right-hand side of the differ-
ential equation system, and

Dj,J=1,2,...,m, are the so-called dynamical parameters of the system.

In the context of variational equations the initial value problem (5.1) is re-
ferred to as the system of primary equations.

The dynamical parameters are included explicitly in eqns. (5.1), because one
may wish to study the impact of (slightly) changing one or more of these
parameters on the particular solution of the primary equations. In this case
the partial derivatives of the particular solution defined by eqns. (5.1) w.r.t.
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these parameters are required in addition to the partials w.r.t. the compo-
nents of the initial state vector. The masses of the planets in eqns. (3.18) or
the coeflicients Cjx, Six of the Earth’s gravitational potential in the equations
of motion (3.143, 3.150) are examples of dynamical parameters.

It is possible to use more general parameters describing the initial state of
the system than the components of the vectors yél), i=0,1,...,n—1. This
is, as a matter of fact, frequently done: In Chapter 8 we will, e.g., use the
osculating elements at ty to describe the initial state vector. As this more
general treatment does not alter the structure of the problem, we stick to the
formally simpler way of parametrization and consider the components of the
above mentioned vectors as parameters.

It is even possible to replace the initial value problem (5.1) by a boundary
value problem. This may, e.g., make sense when determining orbits, if the
problem is formulated as a local boundary value problem (see Chapter 8). As
it is a straightforward matter to generalize the tools developed subsequently
to boundary value problems of this kind, we do “only” address variational
equations associated with primary equations of type (5.1) from here onwards.

Notation. Let us introduce the following notation for the nd+m parameters
of the above primary equations (5.1)

T
e o . —1 ~ o~ ~
{p17p27"'7pnd+m} d:f {ygaygayg77(ygn )) 7p17p27"'7pm} . (52>

Note that the first nd parameters p; define the initial values, whereas the
last m parameters characterize the differential equation system. With this
notation the particular solution defined by eqns. (5.1) may also be written
as y(t;p1,P2, - - - Pnd+m), if one wishes to underline the dependency of the
solution vector on the parameters (5.2).

Let us now assume that

p €{p1,p2, - Pd+m} (5.3)

is anyone of the parameters defining the initial value problem (5.1). The par-
tial derivative of the solution vector w.r.t. this parameter p is then designated

by
dy
HE(=) @ 5.4
=0 (%) ). 6.4
where y(t) = y(¢;p1,D2, - - - s Pnd+m) 1S the solution vector of the initial value
problem (5.1).

Sometimes it is important to refer to a particular parameter p; in the list
(5.2). In this case we will designate the corresponding partial derivative by:

2(t) = (%) (t), le{1,2,...,nd+m} . (5.5)
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z(t) and z;(t) are functions of time. Their first, second, ...derivatives w.r.t.
time are denoted by z(, zl(l) , 1=1(0),1,2,...,n, (in analogy to the notation
used for vector y(t)).

Variational Equations. The function z(¢) solves the initial value problem,
which is obtained by taking the partial derivative w.r.t. the parameter p of all
equations, the differential equations and the defining equations for the initial
state vector, in the original initial value problem (5.1).

Making extensive use of the chain rule of elementary calculus (by taking
first the partial derivatives of the differential equation in equs. (5.1) w.r.t.
the components of the solution vector and its first n — 1 derivatives at time
t, then the partial derivatives of these components w.r.t. the parameter p),
one easily verifies that z(t) is a particular solution of the linear, in general
inhomogeneous differential equation system

n—1

20 =) Ait) 20 + fo(t) (5.6)

=0

where the components of the square matrices of dimension d x d

&M@ﬂ§<ag>@p i=0,1,....n—1, jk=12,...,d (5.7)
oy,

are the elements of the Jacobian of vector f(...) w.r.t. the components of the
solution vector and its first n— 1 derivatives, respectively. The column matrix
fp(t) is the explicit derivative, i.e., the partial derivative w.r.t. the parameter
p considered, of vector f(...) (disregarding the fact that the vectors y®,
1 =0,1,...,n — 1, also depend on p, see right-hand side of the differential
equation in eqns. (5.1)):

et afo 9 pe{plap27"'7pnd}
= 5.8
fp (%) (t> ) p S {pnd+17pnd+27 e 7pnd+m} . ( )

This explicit derivative is the zero vector 0, if the parameter p considered is
one of the initial values.

The differential equation system (5.6) is called the system of variational equa-
tions for parameter p of the original differential equation system (5.1) (of the
primary equations).

The initial values associated with the variational equations (5.6) for a pa-
rameter p are obtained by taking the partial derivatives of the corresponding
initial values of the primary equations (5.1) w.r.t. parameter p, i.e., by

(@) (to) o ,

i=0,1,....n—1. (5.9)
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The right-hand sides of equs. (5.9) must all be identically zero, if parameter
p is one of the dynamical parameters (see parameter definition (5.2)):

2O (tg) =0, i=0,1,....n =1, pE {Pdr1,Pnd+2s--->Pndsm} - (5.10)

If, on the contrary, parameter p £ yélk) corresponds to component k of an

initial value yél), we obtain

z<i>(t0)={£k’ i; , i=0,1,...,n—1. (5.11)

The array ey therefore must be interpreted as the column array formed by
column k£ of the identity matrix E with d x d elements.

Elementary Properties of the Variational Equations. The properties
of the variational equations (5.6) and their solutions accompanying the pri-
mary problem (5.1) may be summarized as follows:

1. The system (5.6) of variational equations is a linear differential equation
system.

2. One solution vector z(t) is associated with each of the nd+m parameters
pi, 1=1,2,...,nd+m, (5.2).

3. The partial derivatives z;(t), I = 1,2,...,nd, w.r.t. the initial values
are particular solutions of one and the same homogeneous differential
equation system

n—1
20 = Az, 1=12. . nd. (5.12)
=0
The nd solutions obey nd different sets of initial conditions (5.11).

4. The nd solutions z;(t) associated with the initial conditions define a
complete system of solutions of the homogeneous equations (5.12).

5. Each linear combination of the nd solutions of the homogeneous system

nd
2(t) =Yy z(t) (5.13)
=1

(with constant coefficients «;) is a solution of the homogeneous system
(5.12), as well. Function (5.13) may be considered as the general solution
of the homogeneous system (5.12).

6. The attribute “complete” of the system of nd solutions z;(t) reflects
the fact that any solution of the homogeneous system (5.12) may be
expressed as a linear combination of type (5.13).



180 5. Variational Equations

The homogeneous equations (5.12) occur in each of the problems mentioned
initially: when determining an orbit in a known force field, we have to de-
termine the initial values (or functions thereof), in stability theory we are
(usually) interested in the sensitivity of a particular trajectory w.r.t. small
changes in the initial values; when studying error propagation in numerical
integration we have to study the impact of small changes in the initial values
— at time ty and at intermediary epochs ;.

Solution of the Inhomogeneous Variational Equation by Quadra-
ture. The inhomogeneous variational equations (5.6) only have to be solved,
if the force field contains dynamical parameters p; , j = nd+1,nd+2, ..., nd+
m. In satellite-geodetic problems many of these parameters may occur in the
same parameter estimation problem. When determining the Earth’s gravity
field parameters Cji, S;x up to degree and order 300, about 90000 dynamical
parameters have to be determined. It may, therefore, be of crucial importance
to have efficient solution methods at hand for such purposes.

In this paragraph it is shown how the inhomogeneous equations (5.6) may
be solved by quadrature. This transformation is important because the solu-
tion methods for solving definite integrals are much more powerful than the
methods for solving an ordinary differential equation system.

The partial derivatives w.r.t. the dynamical parameters p;, j = nd+1,nd+
2,...,nd+m, are solutions of the inhomogeneous differential equation system
(5.6), where the explicit derivative has to be taken w.r.t. parameter p;. The
initial values at time ¢, according to eqns. (5.10), are homogeneous (all zero).

The solution vector z;(t), j € {nd+ 1,nd+2,...,nd + m} of the inhomoge-
neous system (5.6) (and its first n — 1 derivatives) are, e.g., obtained by the
method of variation of constants as a linear combination of the nd homoge-
neous solutions

nd
A0 EN w2, i=01,....n-1, (5.14)
=1

where the coefficients a;(t) are functions of time ¢ (to be determined below).
The functions z;(¢) on the right-hand side of eqns. (5.14) are solutions of
the homogeneous system, they form the complete system of homogeneous
solutions of the equation (5.12).

Observe that eqns. (5.14) are rather special: If you would take the ith time
derivative of the function z;(t), you would obtain much more general formulas
than eqns. (5.14). We will make use of eqns. (5.14) to set up linear differential
equations for the parameters a;. In order to do that we write the above
equation in a very compact matrix form by introducing the one-dimensional
array

a(t) = (e (t), az(t), ..., ana(t)) , (5.15)
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with nd elements, which allows it to write eqns. (5.14) in the form
2 =20t at) €20, i=01,...,n-1, (5.16)

where Z(t) is the rectangular matrix with nd columns and d rows, in which
column [ contains the elements of the solution z;(t) with index [ of the ho-
mogeneous system.

Equations (5.16) and the inhomogeneous equation (5.6) allow it to list nd
scalar condition equations for the nd components of the array a(t):

= (Za) =Za - Za =0

d? .

e (Z ) =Za - Za =0

.- = — =

Jn1) (5.17)
W (Z a) = Z(n—l) [0 4 — Z(n—?) d =0

dm

n—1
=S 20a+ g, - 20 Va=4,,
=0

where f, = (‘Z—f) t), je{nd+1,nd+2,...,nd+m}.

For the sake of clarity we include the intermediary steps leading to the latter
condition equation. When forming this equation we already know (assumed)

that
d(n—1)

dt(n—l)

Using the chain rule of calculus, we obtain the next time derivative as

(Za)=27Z""Ya.

dm
Ty (Ze) = ZM o + 2V &

Now, we want the function Z a to solve the inhomogeneous system (5.6):

o) e @

On the other hand we know that the function Z “alone” solves the homoge-

neous system:
n—1
7" = { > A1)z (t)} .
i=0
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From the previous four relations the last line of the condition equations (5.17)
easily follows.

The condition equations (5.17) may be written simply as
Z&a=F, , (5.18)
where the regular square matrix Z is defined as

Z

, (5.19)

F, = "1. (5.20)

Independently of the order n of the variational equation, a very simple dif-
ferential equation system of first order is obtained for the parameter array
a, which, as a matter of fact, may be solved by quadrature:

alt) = /Z_l(t/)ij (') dt’ . (5.21)

to

In mathematical textbooks the above deliberations are usually given for first-
order systems of equations — what is sufficient from the point of view of pure
mathematics, because every system of order n > 1 may be decomposed into
one of first order. In numerical analysis, this step usually leads to a decrease
of computational efficiency and to an increase of disk storage requirements.

The representation (5.21) is of crucial importance, if many (hundreds to thou-
sands of) dynamical parameters have to be determined, because there are
much more efficient tools available to solve integrals than differential equa-
tions (see Chapter 7).

The numerical solution of eqns. (5.21) may be optimized, if many variational
equations referring to dynamical parameters have to be solved: Observe, e.g.,
that the matrix Z has to be inverted only once and that the matrix multipli-
cation in the integrand has to be performed only over the last d elements of
matrix F}, because only those elements are different from zero.
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5.3 Variational Equations of the Two-Body Problem

The motion of two spherically symmetric bodies obeying Newton’s law of
universal gravitation is governed by the differential equations (4.1). Accord-
ing to the procedure outlined in section 5.1, the corresponding variational
equations are obtained by taking the partial derivative of these equations
w.r.t. one of the initial values (or w.r.t. one of the orbital elements, which are
functions of these initial values). The result is

37“% 37117 37117
r rz r2
z——ﬂ 3r17e 37"% 3rors
r3 r2 r2 r2 (522)
2 .
_ 3rirs _37“27"3 _3r3
rz rz r2
def 3
= — % E — ST® rT % 2
T T

According to the definition (5.4) the column array z(t) = (g—;) (t) is the

partial derivative of the array r(¢) w.r.t. one of the parameters p defining
the initial values, r ® T is the Cartesian product, or outer product, of the

column array r with its transpose rT.

The variational equations obviously are a special case of equs. (5.12), where
the order of the system is n = 2 and its dimension d = 3, and where
def 1% 3 T def
AOOZAOZ__3 E——2T®7‘ and Ajg=A;=0. (523)
r r

The notations Agg and Ao will be used where necessary, to refer to the ma-
trices accompanying the two-body problem. No dynamical parameters need
to be considered in the case of the two-body problem.

The differential equations (4.1) of the two-body problem were solved in closed
form in Chapter 4. In the remainder of this section we derive closed solutions
of the variational equations (5.22).

According to eqns. (4.62, 4.64), and (4.66) the equations of motion (4.1) are
solved in the quasi-inertial system by

= R3(—Q) Rl(—i> R3(—w) T

5.24
— Ry(~2) Ra(—i) Ry(~w) 71 . (5:24)
where
T COSV — sinv
rg= | rsinv | ; T = \/g e+ cosv (5.25)
0

0
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are the component matrices of the position and velocity vector in the orbital
system [T as defined in Table 4.3 and illustrated by Figure 4.7.

As v, the celestial body’s true anomaly, is defined in the same way for all
types of orbits, we can state that the above equations hold for all orbit types
(ellipses, parabolas, hyperbolas). r is the column matrix of Cartesian coor-
dinates in the quasi-inertial system, r the corresponding column matrix
in the orbital system (orbital plane as fundamental plane, direction to the
pericenter as first coordinate axis).

Subsequently, either of two alternative sets of orbital parameters will be used
to define a particular solution of the two-body problem:

{a,e,i,2,w, Ty} or {p,ei,2,w T} , (5.26)

where a is the semi-major axis, e the numerical eccentricity, p the semi-latus
rectum, 4 the inclination w.r.t. reference plane, 2 the longitude (or right
ascension) of the ascending node, w the argument of pericenter, and T the
time of pericenter passage.

The second of the sets (5.26) has the advantage to describe the orbit for all
possible solutions, namely ellipse, parabola, and hyperbola (with the under-
standing that the eccentricity is fixed to e = 1 in the case of the parabola).

Other sets of six independent functions of the above orbital elements may
be better suited for special cases (e.g., for low eccentricity elliptic orbits, or
for low inclination orbits). The derivatives w.r.t. alternative sets of elements
may be easily obtained by simple transformations of the derivatives provided
subsequently.

The three Eulerian angles 4, {2, and w only show up in the rotation matrices
in eqns. (5.24) and (5.25), whereas the remaining three orbital elements are
contained only in the two non-zero components of the state arrays r; and
717 in the orbital system.

The partial derivatives of the state vector w.r.t. the three Eulerian angles
follow from eqns. (5.24):
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0
{ }_8Q{R3 }Rl RS( ) H:a_Q{R} T
E{T} = R3(—Q) —{Rl —1 } R3 —w) rog = %{R} T

i{’!‘} = R3(—Q) R1 8 {Rg } rTmn = % {R} T

9 (5.27)
{}_8Q{R3 2)} Ri(—i) Rz(—w) 7 *1 =55 R}
. : . 0 .
E {*} =Rs(-9) E{Rl(—l)} Rs(-w) fn = 5 (R} 71
J .. L 0 . 0 .
(9_(.«.) {7‘} = R3(—Q) Rl(—2> %{R:;(—w)} rog = % {R} T,
where the product of the three rotation matrices was abbreviated as
R = R3(—2) Ri(—i) Ra(—w) . (5.28)

It is a straight forward matter to verify that the rotation matrix R may be
written explicitly as

cos {2cosw — sin 2 cosisinw , — cos {2 sinw — sin {2 cosicosw ,
R = | sinf2cosw + cos f2cosisinw , —sin 2sinw + cos {2 cosicosw ,
sin ¢ sin w , sin4 cosw

('5'.29)

Note that only the first two columns of matrix R (and of its partial derivatives
below) are needed, because the third components of the state vector is zero
in the orbital system.

The partial derivatives of matrix R w.r.t. the three Eulerian angles may then
be written explicitly as
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0

— (R} =

50 (R

—sin 2 cosw — cos {2 cosisinw , +sin 2sinw — cos 2 costcosw , ...
~+ cos {2cosw — sin 2 cosisinw , — cos {2sinw — sin f2cosicosw , ...

0 , 0
P +sin{2sinisinw , +sin{2sinicosw , ...
E{R}: —cos{2sinisinw , —cosf2sinicosw , ... | ,
i

cosisinw , COS 1% COsw y e

0
5, (R =

—cos 2sinw — sin {2 cosicosw , — cos f2cosw + sin f2cosisinw , ...

—sin f2sinw + cos 2 cosicosw , —sin f2cosw — cos f2cosisinw , ...

+ sin cosw , —sinésinw S
(5.30)
As the angles 2, i, and w are constants of integration of the two-body prob-
lem, the matrix R and its partial derivatives are matrices with constant
elements, as well. Because the components r;; and 77 are periodic func-
tions of time in the case of the elliptic motion, the partial derivatives of the
state vector of an elliptic orbit w.r.t. the three Eulerian angles are periodic

functions, as well.

This leaves us with the partial derivatives w.r.t. the four elements a, p, €,
and Ty (where only three are independent). Let therefore

15 € {a7p767T0} . (531)

Because the rotation matrix R does not depend on the three elements con-
sidered now, we may conclude from eqns. (5.24):

2 {r} = R(~) Ra(-i) Ra(—w) 2-{rn}

a .. ) o .. (5.32)
55 (7} = Ra(=2) Ra(=i) Ro(—) = {in)

From here onwards we have to distinguish between the three types of orbits,
namely ellipses, parabolas, and hyperbolas.

5.3.1 Elliptic Orbits

In the case of the ellipse the semi-latus rectum p, the numerical eccentricity
e, and the semi-major axis a are related by:
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p=a(l—¢?), (5.33)

which means that we may derive the formulas for the partial derivatives for
two of the three elements and give the partial derivative w.r.t. the third ele-
ment as a function of the two others. We prefer to use a and e as independent
elements. By virtue of the above equation defining the semi-latus rectum of
the ellipse, the operator for the partial derivative w.r.t. the parameter p is
given by:
9 _0a 0 0c0 1 0 1 9 (5.34)
Op Op Oa Opde 1—e2da 2ace Oe
From eqns. (5.25) and the formulas of the two-body problem we see that
the components of the state vector (in the orbital system) have the following
structure:

T =7 ('U(a, e, Tp); a,e) (5.35)
= f'H(v(a,e,To);a,e) ) '

Consequently, the partials w.r.t. the three elements a, e, and Ty may com-
puted as:

0 0 ov
%{TH} :{Tﬂ}a+%{7’ﬂ}%
0 0 ov
a{rﬂ} :{7"17}@4'%{7’17}%

0 0 ov
8—110{7’17}:%{7’17} 8—T0

o ) o o (5.36)
%{TH} :{Tﬂ}a+%{7’ﬂ}%

o .. L o .. ov

a{rﬂ} —{7"17}@4‘%{7’17}%

a ., . _ 0 ., ov

TR{TH}_%{TH}(?—%’

where {r;7}, and {7}, designate the partial derivatives of the coordinates
in the orbital system w.r.t. a and e, ignoring, however, the dependency of the
true anomaly v on the two elements.

It is a straight forward matter to compute these partial derivatives starting
from eqns. (5.25):
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Ccosv 1 —sinv
{rp},=—| sinv i {rn}, =—— E1 e+ cosw
a a O a 2a p O
r /7 CcOS vV ae —sinv
{Tﬂ}e:_a§<]—)+e) sinv | {7"17}62\/%? £ +e+cosv
0 0
9 2 —sinwv P o [ cosv
—{r*n}=— | e+cosv i =—{rgt=—,/% [ sinv
(911{ ) D 0 (911{ } \/; 0
(5.37)

In order to calculate the partial derivatives of the true anomly w.r.t. the
elements a, e, and Ty, we need the transformation between the true and the
eccentric anomalies v and F, Kepler’s equation, and the equation defining
the mean motion o(t) (see Table 4.2):

tan§ = T—. tanE
ot) =L (t-Ty) .

a3

Alternatively, the equations (4.55) might be used. The advantage of using
these equations resides in the elimination of the “auxiliary” angles E (elliptic
motion) and F (hyperbolic motion). The disadvantage has to be seen in the
complexity of eqns. (4.55).

The structure of eqns. (5.38) is obviously as follows:

v =v(e, E)
E = E(o,¢) (5.39)
o =o0(a,Tp) .
In order to reduce the above formulas to the essential content, the time
dependency (which would enter into all equations) was left out.

Making use of this structure we may compute the partial derivatives of the
true anomaly w.r.t. the elements a, e, and T systematically as follows:
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v _ Ov OE 0o

da  OE 0o Oa

o0 v OF

9c ~ e 3E e (5.40)

ov  Ov OF 0o

T, OE 9o 9Ty’
where v, designates the partial derivative of the true anomaly v w.r.t. e,
ignoring the dependency of E on e.

All that remains to be done is the calculation of the partial derivatives on
the right-hand side of the above equation.

From the first of equations (5.38) we obtain the partial derivative of the true
anomaly w.r.t. the eccentric anomaly:

1 1 ov  [1+el 1

2 cos?y OF l—e 2 cos2Z

ov 14+e 1+cosv

oFE ~V1-e 1+cosE (5.41)
1 p

V1= e2 r

The first two lines of the above derivation are straight forward, for the third
line one needs the equation r cosv = a (cos E — e) (see eqns. (4.62)).

The partial derivative of the eccentric anomaly E w.r.t. the mean anomaly
o follows from Kepler’s equation (second of eqns. (5.38)):

oFE a

—_— = 5.42

o r ( )
In order to obtain the partial derivative of the true anomaly v w.r.t. the
semi-major axis a we need, according to the first of eqns. (5.40), in addition
the partial derivative of the mean anomaly w.r.t. the semi-major axis. This
relation follows in turn from the third of equs. (5.38):

do 3

—=——0(t) . 5.43

Da 5, (1) (5.43)
The partial derivative of the true anomaly v w.r.t. the eccentricity e (without
considering the dependency of the eccentric anomaly E on the eccentricity
e) follows first from taking the partial of eqn. (5.38) w.r.t. e:
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1 1 0 1+e E
Z - t -
20052%{1}}e 86{ 1_e}an2
1+e 2 E 9V
{v}, —\/1_61_62 tan;cos 5
_J1+e 1 B 1+ cosv
“Vitei—e ™ 1+ cosE
(5.44)

1
= Tsinv (14 e cosv)

(1-e) @
_ L p
= (1_762)25 S ov
sSmmuv
1—e2”’

then by taking the partial derivative of the eccentric anomaly w.r.t. the ec-
centricity:
0FE a sinwv
— =—-sinF = ——. 5.45
Oe r V1 — e2 ( )
As we have already calculated the partial derivative of E w.r.t. o, the pre-
ceding two relations allow us to calculate the partial derivative of the true
anomaly v w.r.t. the eccentricity e with the second of equations (5.40). The
partial derivative of the true anomaly w.r.t. Ty follows from the third of the
same set of equations, where the partial derivative of the mean anomaly o
w.r.t. the time of pericenter is
do m
— = /= 5.46
aT() CL3 ( )
We are now in a position to calculate — in closed form (“analytically”) —
the partial derivatives of the two-body orbit (and its velocity) w.r.t. all six
elements a, e, 7, {2, w, and Ty as a function of time ¢.

. . def def def
The six functions z; = 22(t) 20 = 22(t), ..., 26 = aé’—q’{](t) form a complete

system of solutions of the homogeneous variational equations (5.22) accom-
panying the two-body problem in the case of elliptic orbits.

5.3.2 Parabolic Orbits

Parabolic orbits are best described by the second set of orbital parameters
(5.26). As the numerical eccentricity is constrained to e = 1, we have to deal
with the five orbital parameters {p, i, 2, w, To}.

The partial derivatives w.r.t. the three Eulerian angles ¢, {2, and w are the
same for all three types of orbits. Therefore, we only have to derive the par-
tial derivatives w.r.t. the semi-latus rectum p and the time T of pericenter.



5.3 Variational Equations of the Two-Body Problem 191

In order to do that, we first have to transform the derivatives (5.37) into
derivatives w.r.t. the semi-latus rectum p and the true anomaly v (where we
merely have to set e =1 in the latter case):

- [ cosv 1 [z —sinwv
= — 1 : o = — — _— 1
{ru}, 5 sinwv ;o {tn}, 3\ + cosv
0 0
2 —sinv cosv
{rm},=— 1| 1+cosv | ; {i‘n}v:—\/g sinv
p 0 P\ o

(5.47)

According to Table 4.2 the true anomaly v may be computed without any
transformations as a function of time

v 1, 4w m
tan§+§tan 5221/1? (t—1Tp) . (5.48)

The true anomaly v is a function of the semi-latus p of the parabola and of
the time Ty of pericenter passage (and of course of the time t).

The partial derivatives w.r.t. p and Ty are formed according to the same
pattern as in the case of the ellipse. The formula are simpler because no
auxiliary angle has to be introduced. Equations (5.36) have to be replaced
by the relations

0 0 ov
a—p{rﬂ} ={ru}, + %{TH} o

0 0 v
a—TO{TH}Z %{TH} 8—T0
9 .. . Q. , Ov (5.49)
a—p{rﬂ} ={rn}, + %{"'H} o

g . . 0, v
8—T0{TH}_%{TH}8—TO'

All that remains to be done is the calculation of the partial derivatives of
the true anomaly w.r.t. the elements p and Ty, by taking partial derivative
of eqn. (5.48) w.r.t. the corresponding element

ov 3 P [
T a2\ p (t —To)
o 2 (R (5.50)

3_TO_ r2 37

where use was made of the (elementary) relations
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d v 1 1 1 r

[ _} - — —_— 5.51
dv{ any 2cos?y  l4cosv p (5:51)

Observe that the latter equality only holds for parabolas, whereas the first
hold for all conic sections.

With the equations derived in this paragraph we are in a position to calculate
the partial derivatives of the state vector w.r.t. all five orbital elements in the
case of the parabola.

In analogy to the elliptic motion only the partial derivative w.r.t. one orbital
element, namely p, grows linearly with the time ¢. The other partial deriva-
tives are of course not periodic (there is no period in the case of parabolic
motion), but their absolute values are constrained by sinv or cosw.

5.3.3 Hyperbolic Orbits

The partial derivatives w.r.t. the three Eulerian angles obey the formulas
(5.27), which are (as pointed out previously) independent of the shape of the
orbit.

The partial derivatives w.r.t. the elements a, e, and T are calculated ac-
cording to the same pattern as in the case of the ellipse. The only difference
resides in the facts that the eccentric anomaly E has to be replaced by the
hyperbolic analogue F', and that Kepler’s equation has to be replaced by the
corresponding equation in the case of hyperbolic motion (see Table 4.2). The
equs. (5.38) thus have to be replaced by the following set of equations (where
only the first two are actually different from the set (5.38)):

v e+1 F
tan§ =\ o1 tanhi
F  =esinhF — o(t) (5.52)
o(t) =5 (t-T).

Equations (5.36) and (5.37) may be taken over without change from the
elliptic motion, whereas eqns. (5.40) have to be modified as follows:

dv  Ov OF Oo

da  OF 9o Oa

O o, 00 OF

e e 5F Be (5.53)
av_avaF oo

T, OF 0o 0T,
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The three partial derivatives needed to calculate all partial derivatives of the
state vector w.r.t. the elements a, e, and Ty are:

ov e+1 1+cosv 5 a
o PP Je2 12
oF e—11+coshF € r

e+ 11+ cosv F sin v
- _ tanh — = — 5.54
whe ==\ oo7 21 tanh3 2—1 (5.54)
oF 1 a

90 _ecoshF—1 r’

where the first of equs. (5.52) and the relation

B a(eQ—l)

= =a(ecoshF —1) (5.55)
1+ e coswv

were used to derive the results (5.54).

5.3.4 Summary and Examples

Analytical solutions (solutions in mathematically closed form) of the varia-
tional equations (5.22) were derived for the three types of two-body orbits
in section 5.3. The orbital elements rather than the components of the ini-
tial state vectors were used to parametrize the problem. Complete sets of six
solutions for the solution of the variational equations were given for elliptic
and hyperbolic orbits. (For obvious reasons only five partial derivatives were
provided in the case of the parabola.)

Figure 5.1 shows the partial derivatives of an unperturbed two-body orbit
w.r.t. four out of the six elements (namely for a, e, i, and w). The examples
refer to (hypothetical) minor planets with revolution periods P of about four
years (about a third of the revolution period Py of Jupiter) with moderate
eccentricity and inclination (the precise values do not matter in our context).

When interpreting Figures 5.1 we should keep in mind that the product
of a partial derivative w.r.t. an orbital element with the difference in the
corresponding orbital element equals the following differences of solutions of
the two-body problem
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Fig. 5.1. Partial derivatives of a two-body orbit w.r.t. semi-major axis a and
eccentricity e (first row), inclination ¢, and argument of pericenter w (second row)
over 100 years (P = 0.326 P, e = 0.10, ¢ = 11.58°, £2 = 107.6°)

— () Aa  =r(t;a+ Aa,e,i, 2,w,Ty) — r(t;a,e,i, 2,w, Ty)
— () Ae  =r(t;a,e+ Ae,i, 2w, Ty) — r(t;a,e,i, 2, w,Tp)

— () Ai =r(tae i+ Ai, 2,0, Ty) — r(t;a,e,i, 2, w,Tp)

5.56
ﬁ(t) AR =r(ta,e i, 2+ AL w,Ty) — r(t;a,e, i, 2,w,To) ( )
— () Aw =7r(t;a,e,i, 2w+ Aw, Ty) — r(t;a,e,i, 2, w, Tp)

aT()AT()—r(t a,e i, 2,w, Ty + ATy) — r(t;a,e,4, 2,w,Tp) ,
0

provided the differences Aa, Ae, Ai, AR, Aw, and ATy in the orbital ele-
ments are infinitesimally small.

With this understanding Figures 5.1 may be easily interpreted: They illus-
trate the development of the difference of two orbits, which were infinites-
imally close to each other at the initial epoch tgy. If the semi-major axis of
the reference orbit r(¢;a, e, i, 2,w,Tp) is changed by a small amount at time
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to, Figure 5.1 tells, that after one hundred years (corresponding to about 25
revolutions) the resulting effect on the orbit is amplified by a factor of about
250, whereas only periodic variations with small amplitudes are expected
when changing the other five elements.

The remarkable difference in the signature of the partial derivative of a refer-
ence orbit w.r.t. the semi-major axis a when compared to the partials w.r.t.
one of the other orbital elements is explained by the fact that a defines the
mean motion via Kepler’s third law n?a® = u (see eqn. (4.41)). The oscil-
lations in Figure 5.1 with linearly growing amplitudes are explained as the
difference of two position vectors corresponding to orbits with slightly differ-
ent mean motions (the difference of mean anomalies grows linearly with time
t).

Figures 5.1 are (of course) characteristic for the partial derivatives of the two-
body motion, but also for the perturbed two-body motion — provided the time
interval considered is not too long and the perturbations are small compared
to the main term. If two perturbed orbits, which were infinitesimally close
at to, evolve according to the pattern of Figure 5.1 (top, left), this merely
implies that the two semi-major axes (and consequently the corresponding
mean motions) slightly differ. Figures with the signature of Figure 5.1 are
often incorrectly interpreted.

The above figures were generated with program PLASYS (see Chapter II- 10
of Part ITT) and not with the analytical formulas developed above. The results
are, however, undistinguishable from the analytical solutions developed here.

5.4 Variational Equations Associated
with One Trajectory

In Chapter 3 the equations of motion (3.21) for a celestial body of negligible
mass (in the planetary system) were written as:

r " rTr—r; T
F=—k’myg— — k> N QL ST A O 5.57
" mo r3 ;m] {|7’—7’j|3 * r? ( )

Following the procedure outlined in section 5.1 we take the partial derivative
of the above equation w.r.t. one of the parameters defining the initial state
vector at time %y, or with respect to one of the dynamical parameters, i.e.,
the masses m; of the planets. As there are no velocity-dependent forces in
this case, the result may be written in the form

2,=Aozp+ Iy, (5.58)

where
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k2 3 .
AO:_r_3|:E T—27'®7':|
- m; 3
2 R 2 (e _ T (5.59)
Z|7"—7"j|3[ e e T)
j=1
= Ago + AAy
and
r—7; T
— k2 J A = M
fr = {|r—rj|3+r§e}7 orp =y (5.60)

; for p € {ao, eo, 0, 20, w0, Too} -

Observe that the initial values are assumed to be defined by the initial oscu-
lating elements ayg, eg, 9, {20, wo, Too, referring to the initial epoch ¢y.

One easily sees from eqn. (5.59) that the matrix Ag is composed of the
two-body constituent Agy and the (small) contribution AA( due to the per-
turbations.

The initial conditions associated with the variational equation (5.58) are de-
fined by

8’]"0 .
2(to) = 4 Bp for p € {ao, €0, 0, £20,wo, Too}

0 for p € {m1,ma,...,m,}

o0 | (5.61)
2,(t) = 4 Bp for p € {ao, eo, io, 20, wo, Too}

0 for p € {my1,ma,...,my} .

The partial derivatives %% and % of the initial state vector have to be

calculated according to the formulas of the two-body problem developed pre-
viously.

The variational equations in program PLASYS are solved exactly accord-
ing to the procedure outlined here, where the equations are simultaneously
integrated with the primary equations (5.57).

Figure 5.2 illustrates the solution of the variational equations in the presence
of the perturbations by Jupiter, Saturn, Uranus, Neptune, and Pluto (where
the dominating influence is due to Jupiter and Saturn) over a time interval
of 1000 years.

The variational equations correspond to two orbits close to the (3:1)-commen-
surability with Jupiter. The revolution period of the first orbit is P =
0.32633 P, of the second orbit it is P = 0.3333 P,. The solutions of
the variational equations (elements a, e, and ¢) are contained in the first
(P =0.32633 ) and second (P = 0.3333 P,) column in Figure 5.2.
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Fig. 5.2. Partial derivatives of a perturbed orbit (by Jupiter, Saturn, Uranus,
Neptune, and Pluto) w.r.t. semi-major axis a, eccentricity e, and inclination i over
1000 years (P = 0.3263 P (left), P = 0.3333 P (right) , e = 0.10, i = 11.58°,
2 =107.6°, & — Wy = 90°, Ty = Toy, to = 2000, Jan 1.0; Py is Jupiter’s orbital
period, @, @i the test particle’s and Jupter’s perihelion longitudes)

The initial conditions of the primary equations corresponding to the left
column in Figure 5.2 are identical as those in Figure 5.1, where the variational
equations of the two-body problem are shown. For the first 100 to 200 years
(corresponding to 25 to 50 revolutions), the unperturbed and the perturbed
solutions of the variational equations are very similar. In view of the fact
that the perturbations are small compared to the main term, this result
could be expected (it was anticipated in the previous section). It implies,
that in parameter estimation procedures covering time intervals of only few
revolutions, it may be sufficient to approximate the partial derivatives of the
orbit w.r.t. the initial osculating elements by the two-body approximation.
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Note that in the case of the perturbed motion, after an initial time span of
a few dozen revolutions, the signature of the partial derivatives may deviate
significantly (in the second column of Figures 5.2 even dramatically) from
the signature observed for the two-body motion in Figure 5.1. Obviously, a
small change in the osculating elements other than a at ¢y also influences the
mean motion of the minor planet.

The equations of motion for an artificial Earth satellite were derived in Chap-
ter 3, eqns. (3.143) and (3.144). One easily verifies that their structure is

. r

where the perturbation term may be much more complicated than in the
case of the motion in the planetary system. The structure of the variational
equations associated with equs. (5.62) is

Z=Apz + 0Apz + A1 Z + (Sfp R (563)

where Agg is the matrix of the two-body problem (see eqns. (5.23)). The
concrete form of the other matrices depend on the concrete orbit model used
and on the particular parameter.

In satellite geodesy the determination of dynamical parameters plays a much
more important role than in problems related to the planetary system. If the
gravity field of the Earth is determined from the orbital motion of close Earth
satellites, thousands of parameters C;i, S;; have to be solved for, whereas only
relatively few osculating elements have to be determined (the actual number
depends on the length of the satellite arcs analyzed).

Note, that the structure of the variational equations describing the satellite
motion is in essence the same as the structure of the variational equations
(5.58) associated with the motion of a minor planet or comet in the planetary
system. An important difference resides in the fact that matrix A; # 0 for
low Earth orbiters (LEOs).

5.5 Variational Equations Associated
with the N-Body Problem

Equations (3.18) are the equations of motion of the entire planetary system.
They were derived on the basis of the Newton-Euler equations of motion,
assuming point masses for all celestial bodies involved. A particular solution
of these equations is defined by the following initial value problem (the argu-
ment of latitude ug is used subsequently instead of the time Ty of pericenter
passage):
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n
. T T —T; T
7 = —k*(mo +m;) = — k? g mj | ———= + 5
T = |’I’1' — 'l"j| ’I"j
J=1,j#i
ri(to) = Ti0(aio, €0, 10, 240, Wins Wio) (5.64)

7i(to) = 1i0(aio, €i0; i0; 20, Wi, Wio)

i=1,2,...,n.

Only the members of the planetary system with non-zero masses were in-
cluded in the initial value problem (5.64). This reduction is fully justified
from the purely mathematical, not necessarily from the physical point of view
— but the equations for celestial bodies of negligible mass may be treated with
methods addressed in the previous section.

As indicated in eqns. (5.64) the osculating elements referring to the initial
epoch tg were used to define the planets’ initial state vectors.

There is only one dynamical parameter, namely the mass m;, associated
with each celestial body of the planetary system, which implies that “only”
np = Tn + 1 parameters define the particular solution of the initial value
problem (5.64).

Generalizing the scheme set in section 5.2 the following notation for the
parameters is used:

{p1,p2, -+, prat1} = { a0, €10, 10, 210, w10, Tho,
a20, €20, 120, {220, w20, 120,
ey (5.65)
ey
an0, €n0;s tno, QnOawn07Tn07
mo, M1, ..., My }

Let
pE {p17p27 e 7P7n+1}
be one of the parameters of the system. Let us furthermore denote the par-

tial derivative of the orbit r;(¢) of planet i (characterized by the planet’s
component matrix) w.r.t. the parameter p by

2i(t) (887;) t), i=1,2....n. (5.66)

For the entire planetary system we define the following column matrix (of
dimension d = 3 n) as the partial derivative of the solution vector of the
entire system:
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2= ... | . (5.67)
zn(t)

One column array of type (5.67) has to set up for each of the 7n+ 1 parame-
ters. The array (5.67) tells, what the impact of a small change in a particular
parameter on the state vector of the entire planetary system is. Consider,
e.g., the parameter p ' 410, the osculating semi-major axis of the innermost
planet at to in the system. The elements 10 — 12 of the array (5.67) contain
the partial derivatives of the components of the position vector of orbit r4(t)
of planet number 4 w.r.t. the semi-major axis of the first planet. The ex-

ample shows that vector z(t) contains the complete (first order) information
concerning the dependence of the entire system on the parameter considered.

The variational equations for the entire planetary system are obtained by tak-
ing the partial derivative of the primary equations (5.64) using the general
procedure outlined in section 5.2. It is useful to introduce the following auxil-
iary 3 x 3 matrices to express the resulting variational equations in convenient
form:

. k? 3(ri—r; i—ri)"
cy N g Ammm)emior) 1oy s
il ri — ;|
(5.68)
and ) ( 7y
k 3(r; ®@r;
Cin= — |E - L i =1,2,... 5.69
0 T‘? |: 7'12 :l ) ? ) 4y y 1 ( )
as well as
Aij(IZEf—mj(—Cij—FCjo), Z,j=1,2,,n,j7él (570)
and
Aii(IZEf—(mo—Fmi)Cio— Z ijij, i:1,2,...,n. (571)
J=1,j#i
The auxiliary matrices A;;, 4,7 = 1,2,...,n, (of dimension 3 x 3) are now
arranged in one matrix of dimension 3n x 3n
Ay, Agg, ooy Adg
» Asy, Ago, ..., Ay,
Ag=| ooy oo, o, . (5.72)

g ey ey

AnlvA 27"'7Ann

With these definitions the variational equations for the parameters associated
with the initial osculating elements assume the standard form
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2=Aoz, p<{p1,p2,---Don} - (5.73)

The initial values z(tg), Z(to) are obtained by taking the partial derivatives
of the equations defining the initial conditions in the initial value problem
(5.64). Only the formulas related to the two-body problem are required for
that purpose.

Let us assume that p designates an osculating orbital element of planet num-
ber j. In this case, all the elements of z(t), Z(t9) not referring to this planet
are zero. The elements of z,(t), £;(to) are calculated according to the pro-
cedure given in section 5.3.

If the parameter p € {mg, m1, ..., my} refers to one of the planetary masses
or to the solar mass, the corresponding system of variational equations is
inhomogeneous:

E=Aoz+ f,, pe{mo,mi,...,mp}. (5.74)

For ¢ > 0 the parameter p ' m, is one of the planetary masses and the vector
fp assumes the form

; 7"1 -7 T,
_51 2 /€2 51 J
1 Z lm—m“ ;

—5;2” DI Eerig
’f’ ’f’j

E)
fo = J=1,3#2 |r2 T | : ,

(5.75)

_61 k2—n k2 5t Tn — 75 +’I”_7
% Z |7’n—7’a|3 r?
p € {m1,ma,...,myu} .

8% is the Kronecker-symbol (named after Leopold Kronecker (1823-1891)),
assuming the values 6° = 0 for i # k and 6% = 1 for i = k. Observe, that each
element of vector f, consists only of one term (either stemming from the main
term or from one of the terms in the sum of the perturbing accelerations).

For p = mg (=solar mass), f, assumes the form:

_k2T_1
3

i
_2T2

3
T3

L= 1. (5.76)

_k2n T'n
r3
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For dynamical parameters p € {mg,m1,...,m,} the variational equations
(5.74) are inhomogeneous, but the corresponding initial conditions are ho-
mogeneous (all zero): z(tp) = 0 and 2(ty) = 0.

Formally, it is rather simple to implement the solution of all variational equa-
tions into a computer program like PLASYS (see Chapter II- 10 of Part III).
The computational effort and the data handling aspect should not be un-
derestimated, however: Instead of solving one differential equation system of
order 2 and dimension 3n (n being the number of planets included in the in-
tegration), we would have to solve +7n such systems, where all systems, with
the exception of the primary system, are linear. When analyzing the outer
planetary system — without Pluto — we would therefore roughly increase the
processing time requirements by a factor of 30, and the storage requirements
would increase by a similar factor.

The benefits of including the system of variational equations are, on the
other hand, considerable: we do not only obtain information related to the
development of a sample planetary system, but the complete information
concerning its (first order) stability within the time interval of the integration.
Exactly as in the case of a minor planet (see Chapter II-4.3) the variational
equations might serve to look for a chaotic behavior in the development of
a planetary system. It would also be extremely interesting to investigate the
stability of the system with respect to the planetary masses.

Instead of trying to integrate the equations of motion of the planetary system
over longer and longer time intervals, it would perhaps make more sense to
perform integrations over moderately long intervals, let us say up to about
100 million years, but to include the variational equations into the integration
process. Methods to implement such schemes without increasing the CPU
requirements dramatically will be discussed in the next section.

5.6 Efficient Solution of the Variational Equations

The general structure of the variational equations were developed in section
5.2, the structure of variational equations of Celestial Mechanics were then
discussed in sections 5.4 and 5.5. The distinction was made between the
motion of an individual body in a given force field (e.g., minor planet of
negligible mass or an artificial Earth satellite) and the solution of the N-
body problem governed by an initial value problem of type (5.64).

In section 5.2 we saw (see equs. (5.21)) that there are powerful methods to
solve the variational equations associated with dynamical parameters. So far,
the issue of solving the variational equations associated with initial values
(e.g., the osculating elements at tg) was not addressed.

The development of efficient techniques to solve the variational equations
with this parameter type is the purpose of the current section. The specific
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structure of the equations of motion of Celestial Mechanics is exploited for
this purpose. The methods outlined below are therefore not literally trans-
ferrable to dynamical problems outside Celestial Mechanics.

5.6.1 Trajectories of Individual Bodies

In the most general case (disregarding dynamical parameters) the variational
equations
zZ= (AOQ(T) + AA()) z+ A1 z (577)

have to be solved, where the matrix of the two-body problem Agg(¢) is given
by eqn. (5.23), and where the elements of the matrices AAy and A; are small
quantities when compared to the elements of matrix Agy. We assume that
the partial derivative z(t) refers to one of the osculating elements at ¢o:

p € {ao, €0, 0, $20,wo, Too} -

The initial values at time ¢g are:

or .
z(to):a—po and  £(ty) =

% (5.78)

Except for simple special cases, the above initial value problem has to be
solved by numerical methods. The prominent exception is the two-body prob-
lem with AAg = A; = 0, which was discussed in section 5.3.

Let us therefore define an auxiliary initial value problem, which differs from
problem (5.77), (5.78) only by the primary and variational differential equa-
tions, which are those of the two-body problem. Let us furthermore assume
that zo(¢) solves this auxiliary problem:

20 = Ao()(?"()) 20
or : o
zo(to) = 8—]90 and  Zo(ty) = 8_p0 . (5.79)

zo(t) thus is the solution of the variational equations associated with the
two-body problem obeying the same initial conditions at ¢o as the function

z(t).
Introducing the notation

Az(t) = z(t) — zo(t) (5.80)

for the difference between the two partial derivatives z(t) and z((t) one may
easily establish a differential equation system for this difference

AZ = Aoo(’l”o) Az + (AAO + 5A00) z+ A2, (5.81)



204 5. Variational Equations

where §Ag & Ago(r) — Ago (7o) is the difference of matrices Agp, as com-
puted with formula (5.23), once with actual r(t), once with the two-body
approximation r(t).

Because
Az(tg) =0 and AzZ(ty) =0 (5.82)

and because the matrices AAy + 6Ag and A, are small when compared to
the matrix Agg, Az(t) is a small quantity in the vicinity of the initial epoch
to, as well.

This in turn implies that the second and third term in eqn. (5.81) are small
when compared to the first term. Equation (5.81) therefore may be solved by
the following iteration process:

AU = Ao Az 4 (A0 + AAg) 2 + A 2 T=1,2,... .
(5.83)
The process is initialized for I =1 by

21(8) = zo(¢) . (5.84)

Using eqn. (5.84) in eqn. (5.83) (which corresponds to the first approximation
step) actually is a first order approximation in the spirit of perturbation
theory (see Chapter 6).

We have thus replaced the solution of the system of variational equations
(5.77) by an iterative solution of the system of equations (5.83), which has the
advantage that the solution of the corresponding homogeneous system (as it is
the system of variational equations corresponding to the two-body problem)
is known: Its complete solution is given by the functions (5.21), where the
inhomogeneous part has to be adapted to the structure of equs. (5.83). We
have therefore shown that the solution of the variational equations of the
perturbed motion may be reduced to the calculation of definite integrals,
a process which is orders of magnitude more efficient than the solution of
differential equations.

Usually, the iterative solution process (5.83) may be terminated after the first
step, which corresponds to a solution in the tradition of the perturbation
theory of the first order.

From the implementation point of view it is simpler to solve the variational
equations simultaneously with the primary equations without performing any
transformations (this is why this method of solving the variational equations
was implemented in program PLASYS), but from the economical point of
view such a procedure cannot be recommended. The procedure described
above was followed in program SATORB, when used in the orbit determina-
tion mode (see Chapter II- 7 of Part III).
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5.6.2 The N-Body Problem

A closer inspection of the homogeneous system of variational equations (5.73)
associated with the initial values of the primary equations (5.64) of a plane-
tary system reveals, that an approximative solution based essentially on the
same principles as those developed for the trajectories of individual bodies
in a pre-determined field is feasible.

According to eqn. (5.73) the variational equations referring to an initial os-
culating element of one of the bodies may be written as

F=Agz. (5.85)

The structure (5.72) of matrix Ay shows that all but the diagonal matrix
elements A;; are small quantities proportional to one mass m; or to a linear
combination of terms, each of which is proportional to a planetary mass. The
matrix may be decomposed as follows:

A0017 07 R 0 5A117 A127 ey Al'n,
()7 AOOQ, ey O A.217 5A227 ceey A.Qn
Ay = ey ey ey e + ey ey ey ,  (5.86)
07 07 -"7A00n Anla An27 7§Ann
where
e k2 i 3 2
Agyi & — (m03+m) [E— r ?Ti)} , 1=1,2...)n (5.87)
T T
and N
SA; - Z m;Cij, i=1,2,...,n. (5.88)
j=1,j#i

The matrices Agg; are the matrix of the variational equations of the two-
body problem with the total mass mg+m; of the system (and the associated
gravity constant k2 (mg +m;) ). All the matrix elements of the above matrix
Ay, with the exception of the matrices Agg;, are small quantities of the first
order in the planetary masses m;, j =1,2,...,n.

The differential equations referring to one of the planets, say planet j, are of
the same structure as those referring to an individual trajectory (established
in the previous paragraph), which is why these equations may be solved
with the pattern established in the previous paragraph. For that purpose
we introduce zg; as the solution of variational equations associated with the
two-body problem of planet 4

Z0; = AOOi Z0i - (589)
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Designating by Az(t) = z;(t) — z0:(t) the difference between the actual and
the two-body version of the variational equations (obeying the same initial
conditions) for planet 4, the following differential equation system is obtained:

AEEI_H] = Ago; AZEI—H] + Z A ZE-I] + (5Aii + 5A00¢) ZEI] , (5.90)
i=1,ji

where §Ag0; & Ago (ri) — Aoo(7oi) is computed with formula (5.23) using the
correct and the two-body solution of the initial value problem (5.85, 5.86) for
planet j.

For each planet the solution of the above linear, inhomogeneous system of
equations is performed using the routine procedure set up for individual tra-
jectories: A complete solution of the homogeneous system is produced first
(this solution is obtained in closed form as the solution of the variational
equation accompanying the two-body problem). The solution of the inho-
mogeneous equation is obtained afterwards by the method of variation of
constants.

5.7 Variational Equations and Error Propagation

The numerical solution of an initial value problem of type (5.1) differs from
its true solution due to small errors of different kind, introduced at discrete
epochs ti, k = 0,1,2,..., into true state vector (see Chapter 7). The dif-
ference numerically integrated — true solution may be written with the help
of the complete system of solutions of the homogeneous system (5.12) of
variational equations associated with the initial value problem (5.1). In this
section we develop the explicit form of this representation.

Let us assume that at epoch ¢ = ¢, the errors &} are introduced into the state
vector y)(t),i=0,1,...,n—1. The error Az(t) of the true state vector at
a time t > t; due to the errors s}'{ introduced at ¢ is defined as the solution
of the initial value problem

n—1
Az = Ai(t) Az
: ; : (5.91)

Az () =€, i=01,....n—1,

where the matrices A;(t) are defined by eqn. (5.7). Equations (5.91) represent
nothing but a particular solution of the homogeneous part of the variational
equations (5.6) associated with the initial value problem (5.1).

The solution of the above initial value problem may be written as a linear
combination of type (5.16) (with constant coefficients, however) of the com-
plete system of solutions of the homogeneous system of variational equations
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associated with problem (5.1):
A2 =ZD W o, i=0,1,...,n—1, (5.92)

where Z(t) is the rectangular matrix with nd columns and d rows, in which
column j contains the elements of the solution z;(¢) with index j of the
homogeneous system (5.12) (see eqn. (5.16)).

The nd (constant) coefficients in array oy are determined by the request
that the linear combination (5.92) must satisfy the initial conditions in eqns.
(5.91):

A2 (1) =29 () o =€k, i=0,1,...,n—1. (5.93)

Using the notations

)T) | (5.94)

er = ((sg)T,(e,ﬁ)T,...,(e’g_l

the above condition equations may be given the compact matrix form
Z(ty) ap = € , (5.95)
allowing it to determine the coefficient matrix as:
o, =77 ty) & (5.96)

This result allows it in turn to write the solution of the initial value problem
(5.91) as ~ L
AZy(t) = Z(t) Z7 (ty) € . (5.97)

Equation (5.97) describes the development of the errors introduced at one
particular epoch t; (the grid points of the numerical solution of an initial
value problem) as a function of time. The accumulated error at ¢ due to all
errors introduced at all the epochs t;, k = 1,2,..., N, may then simply be
calculated as the superposition of all errors (5.97) evaluated at ty:

N N
AZ(tn) = AZp(ty) =Z(tn) Y Z7( (5.98)
i=0 k=0

Equation (5.98) may be called the fundamental law of error propagation. It
represents the accumulated integration error as a linear combination of the
elementary errors introduced into the state vector at epochs t;. The result
will be used to describe the accumulation of rounding and approximation
errors in Chapter 7.






6. Theory of Perturbations

6.1 Motivation and Classification

The expression perturbed motion implies that there is an unperturbed motion.
In Celestial Mechanics the unperturbed motion is the orbital motion of two
spherically symmetric bodies represented by the equations of motion (4.1),
the solution of which is known in terms of simple analytical functions (see
section 4.1). The constant  is the product of the constant of gravitation and
the sum of the masses of the two bodies considered. The numerical value of
1 thus depends on the concrete problem and on the system of units chosen.

The perturbed motion of a celestial body is defined as the solution of an initial
value problem of the following type:

= —p 4 Of(t ) (6.1)

r(to) =79 and 7(tg) = vy . (6.2)

For a system of point masses there is one such equation for each of the bodies,
except for the central body to which the position vectors refer.

The term — p %5 in eqn. (6.1) is called the two-body term, 6 f the perturbation
term. The terminology makes sense if the perturbation term is considerably
smaller than the two-body term, i.e., if

|5f|<<’—ur%‘. (6.3)

Three different kinds of perturbation equations were introduced in Chapter
3. One easily verifies that condition (6.3) is met for the planetary N-body
problem represented by eqns. (3.18), for the motion of a body with neg-
ligible mass in the planetary system (represented by eqn. (3.21)), for the
geocentric motion (3.118) of Moon and Sun in the generalized three-body
problem Earth-Sun-Moon, and for the motion of an artificial Earth satellite
represented by eqn. (3.143). Observe that the general relativistic equations of
motion (3.186) or their “light” version (3.190) also have the same structure
as eqns. (6.1) and that condition (6.3) is easily met, allowing us to consider



210 6. Perturbations

the relativistic two-body problem (see section 4.4) as a perturbed classical
two-body problem.

The differential equation system (6.1) is called the system of perturbation
equations or simply the perturbation equations. Every method solving the
initial value problem (6.1, 6.2) is a called a perturbation method.

In Celestial Mechanics one usually makes the distinction between

e General Perturbation Methods, seeking the solution in terms of series of
elementary integrable functions, and

e Special Perturbation Methods, seeking at some stage the solution by the
methods of numerical integration.

For general perturbation methods it is mandatory mot to use the original
equations of motion (6.1) in rectangular coordinates, but to derive differ-
ential equations for the osculating orbital elements (see section 4.3) or for
functions thereof. This procedure promises to make the best possible use of
the (analytically known) solution of the two-body problem (4.1), because the
osculating elements are so-called first integrals of the two-body motion.

Both, general and special perturbation methods, provide approximate solu-
tions of the equations of motion (not regarding the few special cases which
could be solved in closed form). In the former case the approximation is due
to the fact that the series developments have to be terminated at some point
and that sometimes the convergence of the series is not well established, in
the latter case it is due to the accumulation of rounding and approximation
errors to be discussed in Chapter 7.

Special perturbation methods may be applied directly to the initial value
problem (6.1, 6.2) or to the transformed equations for the osculating elements.
Solution algorithms are discussed in Chapter 7.

In this Chapter the focus is on transformations of the initial value problem
(6.1, 6.2) with the goal to make optimum use of the analytical solution of the
two-body problem (4.1). In section 6.2 a differential equation is developed for
the difference vector of a perturbed and the associated unperturbed motion
(obeying eqns. (6.1) and (4.1), respectively, both meeting the same initial
conditions (6.2)). The analytical developments necessary for this purpose are
rather moderate, the importance is considerable in practice. In section 6.3
we outline the method to derive the differential equations for the osculating
elements starting from the original equations of motion (6.1). The perturba-
tion term df may be rather arbitrary. The resulting equations usually are
referred to as the Gaussian perturbation equations.

In section 6.4 the perturbation equations are derived under the assumption
that the perturbation term may be written as the gradient of a scalar force
function. The resulting equations are called Langrange’s planetary equations.
The Gaussian and Lagrangian perturbation equations are derived directly
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from the Newton-Euler equations of type (6.1) without making use of the re-
sults of analytical mechanics. First- and higher-order perturbation methods
are discussed in section 6.5. When applying general perturbation methods,
the scalar perturbation function has to be transformed into a form allowing
for an analytical integration. This task, which may be frustratingly com-
plicated is briefly addressed in section 6.6. The Gaussian and Lagrangian
versions of the perturbation equations are set up and solved for the so-called
osculating orbital elements of the celestial bodies considered. These elements
are first integrals (integration constants) of the two-body problem. Having
solved that problem it is possible to set up differential equations for functions
of these orbital elements. It turns out that the equation for the mean anomaly
o(t) = n(t)(t—Tp) obeys a particularly simple equation, which is, as a matter
of fact, preferable to the equations for the time T of pericenter passage or
for the mean anomaly o¢ = o(tg) at the initial epoch to. The equations for
o are developed for the Gaussian and Lagrangian version in section 6.7.

6.2 Encke-Type Equations of Motion

A simple method to solve the initial value problem (6.1, 6.2) making intel-
ligent use of the solution of the two-body problem (4.1) is attributed to the

German astronomer Johann Franz Encke (1791-1865). It is based on a dif-

ferential equation for the difference vector Ar(t) = r(t) — ro(t), where r(t)

is the solution of the perturbed motion (6.1), 7¢(¢) the solution of the cor-
responding two-body motion (4.1), and where both solution vectors assume
the same initial values (6.2). The method is not only well suited to describe
the motion of an individual particle in a given force field (e.g., of a minor
planet or of an artificial Earth satellite) it may also be adapted to the inte-
gration of the entire planetary system. Encke’s method is well established in
astronomy. It was, e.g., used to integrate the planetary equations of motion
in the LONGSTOP project [95].

With equations (6.1), (4.1) and the common initial values (6.2) the initial

value problem for the difference vector Ar(t) = r(t) — 7o(t) is easily set up:

. ro + Ar 7o . .
Afg :—u{m—%}—|—5f(t,’!’0—|—A’I’,’I’0+A’I’)
A?"()(t()) =0 (64)
A’f’o(to) =0,

where vector r¢(t) and its derivative on the right-hand side of the differential
equation are the known solutions of the two-body problem.
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The term in brackets {...} in the above differential equation system is a small
quantity in the vicinity of the initial epoch ¢y (due to the initial values of
the difference vector Ar(t)), the right-hand side of the equation is a small
quantity, because the perturbation term §f is small, as well. In the formu-
lation (6.4) the term is calculated as the difference of two “large” quantities
(compared to the result). It is therefore advisable, to look for an alternative
representation of the term {...}.

Using the notation of Brouwer and Clemence [27] we obtain:

ro + Ar 0 1
_ 2 = _ 2V _EfAr— A '
“{|r0+Ar|3 Tg} glar—falro+an},  (65)
where X .
q:%<"'0+§A"'>'A7‘ (6.6)
and

1—(142¢)7%2
p :

The initial value problem to be solved when using Encke’s formulation is
obtained by replacing the brackets {...} in the differential equations (6.4) by
the expression (6.5):

f= (6.7)

Aiy = — %{Ar — fq(ro+ Ar)} + 6f (t, 70 + Ar, 1o + AT)

0
Arg(to) =0 (6.8)
A’f‘o(to) =0.

Due to the factors ¢ and f (which are non-linear functions of Ar) the differ-
ential equation in the initial value problem (6.8) is non-linear and of second
order. It must be solved by numerical integration (see Chapter 7), i.e., by
special perturbation methods.

When compared to the direct integration of the initial value problem (6.1,
6.2), the solution of the initial value problem (6.8) is perhaps twice as efficient.
A gain of this kind matters only, if the problem has to be integrated over
long time spans. This is the case when integrating the planetary system over
millions of years as it was, e.g., done in the LONGSTOP project [95]. The
decision to use Encke’s method was undoubtedly beneficial to the project.

One should on the other hand keep in mind, that the use of equs. (6.8) is
only advantageous in the vicinity of the initial epoch ty. After a few revolu-
tions it is no longer justified to consider the vector Ar as a small quantity
and Encke’s method would loose its efficiency. It is therefore necessary to
“re-initialize” Encke’s method from time to time by introducing new initial
epochs to; and by defining new initial value problems by replacing to by to;
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in equs. (6.8), a process which involves (among other) the computation of
new osculating elements. From the point of view of processing time this does
not matter (because such re-initialization events are only required after a few
hundred integration steps) but the programming logics required should not
be underestimated. If processing time is not a critical issue there is no point
in using Encke’s method.

There is an alternative method to solve the initial value problem (6.4) promis-
ing to be much more efficient. The method reduces the problem from one of
solving differential equations to one of calculating definite integrals (i.e., to
quadrature). The gain resides in the fact that there are much more efficient
methods for numerical quadrature than for the solution of ordinary differen-
tial equations (see Chapter 7).

The method transforms the equations (6.4) as follows: The term in brackets
{...} is correctly linearized in the small quantity Ar; the difference between
the nonlinear and the linearized function {...} is designated by ¢ fo:

ro + Ar To|
—u{m - %} = Ago Ar + dfo(ro, AT) , (6.9)

where the square 3 x 3-matrix

3
Aooz—%{E——zroe@r[{} (6.10)

To "o
is identical with the matrix of the variational equations associated with the
two-body problem as defined in equs. (5.22), (5.23) in Chapter 5.

Equation (6.9) defines the function § fo. By virtue of this definition, § f¢ is a
small quantity of second order in vector Ar. By introducing equn. (6.9) into
the differential equation (6.4) we obtain the following initial value problem:

AT = Ago Ar + 5f0(7‘0, A’I") + 5f(t,T0 + Ar, 1o + A’f‘)
Arolto) =0 (6.11)
Ao(te) = 0 .

It is important to note that eqns. (6.11) are algebraically identical with
Encke’s original eqns. (6.4), i.e., the solution of the initial value problem is
mathematically equivalent to the solution of the initial value problems (6.1,
6.2) and (6.8).

As already mentioned, the elements of 0 fy are small quantities of the sec-
ond order in Ar. The perturbation term §f, on the other hand, is a small
quantity of the first-order. If we would use the approximation Ar 270 in the
perturbation term §f we would therefore only neglect terms of the second
order in small quantities.
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This particular structure of the initial value problem (6.11) allows it to set
up the following iterative solution process:

Ai’g”l] — Ag ArlH1 4 5f0<r0,Arm> + 6f<t,r0+Ar[I],f’o+A7"m>
= Agg ArlF) 4 6FU 10,1,

Aro(to) = 0 (6.12)
A’f’o(to) =0,
where

Artl =0 forI=0. (6.13)

Note, that the differential equation system in eqns. (6.12) is a linear system
of second order. The homogeneous part is the same as that of the two-body
problem (see equs. (5.22), Chapter 5.2), the inhomogeneous part § f consists
of the two contributions d fo and § f.

The advantage of eqns. (6.12) over Encke’s original equations (6.8) resides in
the facts that

e the differential equation system (6.12) is a linear, inhomogeneous system,
and that

e a complete system of the homogeneous part in this linear system is known
in closed form. The solution was given explicitly in Chapter 5.

These two facts allow it, eventually, to reduce the solution of the inhomoge-
neous system to numerical quadrature: The six partial derivatives

a0 (F2) 0. 20 (52) 0, 20 (52 0

w.r.t. the osculating orbital elements a, e, i, {2, w, and T at epoch ty form a
complete system of solutions of the homogeneous equations associated with
eqns. (6.12) (which are known in closed form). The solution of the inhomo-
geneous solution is then obtained by the method of variation of constants, as
outlined in section 5.1.

The solution of the inhomogeneous equation (6.12) may be written as a linear
combination of the homogeneous solutions, where the coefficients of the linear
combination are time-dependent:

A+ — 7 oI+ () 6.14
0

where
Z(t) = (z1(t), z2(t), ..., z6(t)) (6.15)
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is a rectangular array of six columns, corresponding to the six partial deriva-
tives, and three lines, corresponding to the three components of the three-
dimensional vectors, and al/*1(t) is a column array, the transpose of which
is defined by:

(a[H_l])T (1) = (a[11+1] (t)’a[zl—i-l](t)"”7a£31+1](t)> ) (6.16)

According to eqn. (5.21) in Chapter 5 the coefficients «; are expressed as
integrals of known functions of time:

a1 (f) = / 7= B () dt’ (6.17)

to

where the matrix Z is the following regular 6 x 6 matrix

Z:<Z1 zz...zfj) ’ (6.18)

21 29 ... 2

and where the one-dimensional array F,y] is given by

(F}”)T - <0T, (5f“1)T) 7 (6.19)

where 0 is the column-array of three zero elements.

The solution of the equations of motion in the form (6.12) is in many as-
pects equivalent to the solution of the differential equations for the orbital
elements to be discussed now. The equivalence is in particular given regard-
ing the efficiency and the calculation of perturbations in increasing orders.
The solution of the initial value problem (6.12) for I = 0 corresponds to the
perturbations of first order when integrating the equations of motion for the
osculating elements (the concept of first and higher order perturbations will
be introduced below).

6.3 Gaussian Perturbation Equations

6.3.1 General Form of the Equations

The concept of osculating elements, as represented by eqn. (4.69), assigns
one set of osculating orbital elements to every epoch t via the position and
velocity vectors 7(t) and 7°(¢). There is a one-to-one relationship between
the osculating elements of epoch ¢ and the corresponding state vector. The
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transformation equations between the two sets of functions are those of the
two-body problem.

Let
I(t> € {a(t>7 e(t>7 i(t>7 Q@)? w@)? T (t)} (6'20)

be an arbitrary osculating element. When referring to particular elements the
following equivalence will be used:

{Il (t>7 IQ@)? I3(t>7 I4(t)7 Is (t)7 16(t>} = {a(t>7 e(t>7 i(t>7 Q(t)ﬂ"}(t)? To(t)(é 21)

The definition (4.69) implies that each osculating element may be written in
the form
I(t) = 1(rt), 7)) . (6.22)

The time enters only implicitly in this equation via the time-dependence of
the state vector.

The differential equation for the element I(¢) is obtained by taking the total
derivative of eqn. (6.22) w.r.t. the time ¢. This is done by applying the well-
known chain-rule of elementary calculus:

3
. or . ol . . .
I—l_gl{a—/rlrl-i-a—/f.l’f'l}—VTI'T+VUI'T7 (623)

where V,.I designates the position-, V,,I the velocity-gradient of the orbital
element I.

Equation (6.23) may be further modified by replacing the second time deriva-
tive of the position vector on the right-hand side by the right-hand side of
the original differential equation system (6.1):

[=V,I-7% +VUI-{—MTL3+5f} .

Because I is a constant of integration of the two-body problem one may
conclude that .
I=V,I-6f, (6.24)

which is why the complete differential equation system for the entire set of
osculating orbital elements assumes the amazingly simple form

Lo =Vl -6f, k=1,2,...,6. (6.25)

Equations (6.25) are the so-called Gaussian perturbation equations. They are
not yet in a very useful form — but all that has to be done is to calculate the
scalar products on the right-hand sides of eqns. (6.25).

From the mathematical point of view eqns. (6.25) are an explicit, non-linear
system of six first-order differential equations. The system is equivalent to the
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second-order system (6.1). Note, that the scalar products are small quantities
of the first order because the perturbation term § f is a small quantity of the
first order.

If the perturbation term §f on the right-hand sides of equs. (6.25) may be
written as gradient of a scalar function R, the so-called perturbation function,
the perturbation equations may be given the elegant form

I, =V,0,-V,R, k=1,2,...,6. (6.26)

The equations (6.25) and (6.26) are called perturbation equations in the Gaus-
sian form. In the form (6.25) they are applicable to a very broad class of per-
turbations. Gauss derived the perturbation equations by starting from the
Lagrangian formulation (which will be given below).

The perturbation equations have a very simple structure. The remaining
problem only resides in the fact that the formulas of the two-body problem
have to be used explicitly to compute the gradients of the orbital elements
w.r.t. the velocity components. The procedure is illustrated for the semi-
major axis a in the case of an elliptic motion.

6.3.2 The Equation for the Semi-major Axis a

Equation (4.20) defines the energy of the two-body motion. Considering only
elliptic motion, we reorder this equation to give the semi-major axis a as a
function of the state vectors:

2
H_2Ph_ g2 (6.27)
a T

Taking on both sides the gradient w.r.t. the velocity components we obtain

v, (ﬁ) —— L Ya=—-2¢, (6.28)
a a
resulting in
2 2
Voa= 2 g (6.29)
I

The perturbation equation for the semi-major axis a in the Gaussian form

thus reads as
. 2ad*,

The same pattern will be used to calculate the gradients of the other or-
bital elements. Observe that “only” the formulae of the two-body problem as
provided in Chapter 4 are required for that purpose.
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6.3.3 The Gaussian Equations in Terms of Vectors h, g

Perturbation Equations for h and g. The above derivation of the Gaus-
sian perturbation equation for the semi-major axis a has (hopefully) illus-
trated that the perturbation equations for the classical orbital elements may
be obtained in principle in a straightforward, perhaps though not always in
a technically simple way. A relatively simple method to derive all of the six
classical elements results, if systematic use is made of the angular momen-
tum vector h (see definition (4.3)) and the Laplacian vector g (see definition
(4.27)).

From the developments in Chapter 4 we know that the vectors h and g are
first integrals and that they are expressible as simple functions of vectors r
and 7. Two vectors with 3 components each, this even promises to take care
of the six independent first integrals of the two-body problem. This is not
the case, however: The two vectors are not independent, but related by

h-q=0, (6.31)

because the vector h must always be perpendicular to the instantaneous
orbital plane, whereas the vector q always must lie in this plane, by definition.

The five elements p, {2, i, e, and w may be easily derived from the two vectors
h and g after having solved their perturbation equations (plus the one for
the time T, of pericenter passage). Therefore, in this straightforward and
formally very simple approach, seven instead of six perturbation equations
have to be considered. A reduction to six would be rather easily achieved by
making use of relation (6.31).

Alternatively, the perturbation equations for the classical elements may be
derived using the corresponding equations for h and g. This is the more
attractive way, because we avoid solving for more than the six independent
functions of the problem. This approach is followed subsequently.

Before providing the perturbation equations for h and g we recapitulate, for
convenience, the relevant relations (compare eqns. (4.18), (4.5), (4.31), and
(4.27)) of the two-body problem:
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>

h? h-
p:—:—
1 I

h1 h-e;
(——hz) = arctan <—h - 62>
: hs3 h-es
1 = arccos (W) = arccos (W) (6.32)

e ==—=-q449
pooH

w = arccos ,
q

where the vectors e;, © = 1,2,3, are the unit vectors coinciding with the
three axes of the (quasi-)inertial Cartesian coordinate system used. The fifth
and last equation follows from calculating the scalar product of the Laplacian
vector (4.33) and the unit vector e (the unit vector of the first axis of the
coordinate system {2 of Table 4.3) pointing to the ascending node. Note that
the vector e, was expressed by the vectors h and es:

{2 = arctan

e3 X h e3 X h
= = . 6.33
e les x h|  hsini (6:33)

The perturbation equations for vectors h and g are obtained by formally
taking the time derivative of the corresponding defining equations (4.3) and
(4.27) and by observing that the two vectors are first integrals in the case of
the two-body motion:
h=rxdf (6.34)
and
G=0f xh + 7 xh. (6.35)

The six equations (6.34) and (6.35) hold for all orbit types. Together with
the equation for Ty (not yet provided) and the relation (6.31) they fully
describe the perturbation problem. The above equations are well known in
literature (see, e.g., [94]). Often, they are cited together with the equation for
the “energy” (as defined by eqn. (4.9), which is equivalent with the equation
for the semi-major axis a for elliptic and hyperbolic orbits). This is not really
necessary, because the equation for a may be extracted from the eqns. (6.34)
and (6.35).

Equations for p, i, §2, e, and w. The perturbation equation for the semi-

latus rectum p is obtained by taking the time derivative of the first of eqns.
(6.32)

p==h-h. (6.36)
7
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The perturbation equation for the eccentricity is obtained by taking the time
derivative of the fourth of eqns. (6.32)

1
é=—4q-q. (6.37)
Hq
As the semi-latus rectum p, the eccentricity e, and the semi-major axis a are
related by the equations provided in Table 4.1, we may also give the equation
for the semi-major axis a from the above two equations:

P+ 2aeé), e<l
a= 1—162( ) (6.38)
62_1(p—2aeé), e>1.

From the second and third of eqns. (6.32) we obtain the perturbation equa-
tions for the elements ¢ and (2:

di 1 P hss
i Jmrm ' h

] . . (6.39)
= o {he = haln} .
h% n h% { 1742 21701
Using the relations
cos {2 [ —sinf2
eo=|sinf2 |, éo=02| cosf2 |, |en-q|=qcosw, (6.40)
0 0

one obtains the perturbation equation for the argument of pericenter

w = arccos { 4 ¢ } (6.41)

q

by taking the time derivative of the above equation

) 1
W= —
q sinw

{coswq — eq -4} — cosif2 . (6.42)

Perturbation Equation for T. The equation for the time T} of pericenter
passage must be obtained by taking the time derivative of the solution of the
equation (4.35) for the argument of latitude u (or for the true anomaly v).
The concrete solutions were found to depend on whether the eccentricity e
is e < 1 (ellipse), e = 1 (parabola), or e > 1 (hyperbola). The perturbation
equation for Ty may thus be different for different orbit types, as well. We will
see below that the differences are of a minor nature — as a matter of fact they
might be avoided, if one would formally define the hyperbolic semi-major
axis to be negative. The parabolic case usually does not matter when dealing



6.3 Gaussian Perturbation Equations 221

with perturbation equations. This is why only the elliptic and the hyperbolic
case are considered, subsequently.

Let us first handle the case of the elliptic orbit, where e < 1. For this purpose
we start from Kepler’s equation

m .
E= 3 (t—To) + esinE (6.43)

solving the equation for the true anomaly, when using the eccentric anomaly
E as an auxiliary angle (see Figure 4.4).

Taking the time derivative of Kepler’s equation one obtains after a slight
reordering of the terms (and by making use of the fact that n?a® = p)

. 3n

E(l—ecosE)= (t—To)d—l—n(l—To) + ésinkE . (6.44)

 2a

Making furthermore use of the fact that according to eqn. (4.53) r = a (1 —
e cos E) we obtain the following equation for the time of pericenter passage:

) inE 3 )
=" - 2 (¢-Ty)a+1- —F
n 2a an
T sinwv (6.45)

3 ro.
———¢é - —(t-Ty)a+1 - —E.
an\/l—e26 2a( )a + an
The time derivative of the eccentric anomaly is obtained from eqn. (4.63),
ie, fromr=a(l —ecoskE):

7 =a(l—ecosE) —aécosE + aesnEE

na ) T, . resinv - (6.46)
esinv=—-a— (ae+rcosv)é + ———F,

V1—e? a V1—e?
where use was made of eqn. (4.64) for the transformation on the left-hand

side and of eqns. (4.62) for the transformations on the right-hand side of the
above equations. The time derivative of the eccentric anomaly E thus reads

as follows:
;e N V1—e2 {e+cosv . a}

r e sinv

Tz ¢4 (6.47)

Introducing this latter result into the equation (6.45) for the time of pericenter
passage we obtain eventually

. V1 — e2 3
TO:—%B{cosvé—%d}——(t—TO)d, e<l. (6.48)
en sinv a 2a

Note that the perturbation equation for the time of pericenter passage is a
linear combination of the perturbation equations in the semi-major axis a and
the eccentricity e, where the coefficient of & is explicitly time-dependence.
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When dealing with hyperbolic orbits one has to depart from the equivalent
of Kepler’s equation (see Table 4.2)

esmhF—F:,/%(t—TO), (6.49)

which solves the equation (4.35) of the true anomaly using the auxiliary angle
F. Taking the time derivative of the above equation results in

. 3n

(ecosh P = 1) F = = o= (t=Tp)a + n(l1—1Tp) — sinh Fé

- 3n , (6.50)
- F =—5 (t=Toa+n(1-T) - sinh Fé.

a a

Making use of eqns. (4.52, 4.54) we obtain the following equation for the time
of pericenter passage:

. inh F' 3 .
To=-¢ 2 -Tya+1- —F
n 2a an (6.51)
r sinv 3 roo. :
=— ¢ — —(t—Tp)a 1 - —F.
an 82—1e 2(1( b) @ + an

The resemblance of this result with the corresponding one (6.45) for the
elliptic motion is striking.

The time derivative of the angle F' is obtained by taking the time derivative
of eqn. (4.54). Observe that the left-hand side (as expressed in terms of the
true anomaly v) is identical for both, the elliptic and the hyperbolic orbit —
except for replacing 1 — e? by 2 — 1:
) na . T, . . :
T:Tlesmvzaa+acoshFe+aesmhFF. (6.52)
2 _
Making use of eqns. (4.52) it is a straightforward procedure to derive the
expression for the time derivative of F":

(6.53)

. na e2—1(e+cosv ., a

F=—— — - 3 e+ .
r e sinv et —1

Observe the similarity of the above expression with the corresponding deriva-

tive (6.47) for the elliptic motion.

Introducing the result (6.53) into the equation (6.51) leads to the final result
for hyperbolic orbits

. 2 _1 3
Tozei.{cosvé+ﬁd}——(t—To)d, e>1, (6.54)
en sinv 2a

which is, as expected, rather similar to the corresponding result (6.48) of the
elliptic motion.
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Summary. What was achieved in this section? Starting from the pertur-
bation equations (6.34, 6.35) for the angular momentum vector h and the
Laplacian vector q the perturbation equations for the classical osculating or-
bital elements were derived. Five equations, namely those for p, e, i, {2, and
w, hold for all possible orbit types. The equation for the time T} of pericenter
passage is case sensitive. Below, we use the vector notation, as opposed to
the coordinate notation used so far by, e.g., using the identity hs = h - e3,
the latter vector being the unit vector defining the third axis of the (quasi-)
inertial Cartesian coordinate system. The six perturbation equations for the
classical osculating elements, expressed in terms of the vectors h and g, are:

p ==-h-h

=N

di L ks
¢ ym+m

. 1 .
& :m{“’x’“'%}
1
PR S (6.55)
rq
1 .
w =——{cosw ¢—en -G} — cosi {2
q sinw

) 3 . \/m {—cosvé+;—2d}, e<1
TO —2—(t—T0)CL+7,' r

a en simv [—i—cosvé—i—a—za}, e>1
The above equations actually form a self-contained differential equation sys-
tem for the orbital elements p, i, {2, e, w, and Ty. They may be used to
develop a computer program, where the vectors of the scalar products on the
right-hand sides, e.g., in h- h, have to be replaced by the corresponding right-
hand sides of the defining equations (4.3), (4.27) and their time derivatives
(6.34), (6.35).

6.3.4 Gaussian Perturbation Equations in Standard Form

Equations (6.55) may be brought into the standard form (6.26) in essence by
repeatedly using the theorem

a-(bxec)=c-(axb) (6.56)

of vector algebra.

The results may be written in different levels of explicitness. On one hand,
one would like to retain a general vector notation (the choice of the mathe-
matician), on the other hand one would like to use, to the extent possible,
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the well-established formulae of the two-body problem to guarantee that the
equations may be used easily by the practitioner. In our sketch of the trans-
formation of equations (6.55) we will first derive the general vector notation,
then provide the (hopefully) optimal version for application.

Equation for the Semi-latus Rectum p. On the right-hand side of the
first of eqns. (6.55) the scalar product may be transformed as follows:

h-h=h-(rxdf)=(hxr)-6f. (6.57)

The equation for p may thus be written as

p:%(hxr)-éf:2\/§r(6ng'5f), (6.58)

where eg, o thTT is the unit vector lying in the second axis of the orbital

system (see Table 4.3). The vector is perpendicular to the position vector r
and points (more or less) into the direction of motion.

The above equation says that p is only affected, if the perturbing acceleration
0 f has a component collinear with vector er,. One might wish to use another
form for the above equation. As the vector e, lies in the orbital plane, it can
be represented by the first two unit vectors ey, (pointing to the pericenter)
and ey, of the orbital coordinate system. The transformation is given by (see
Table 4.3)

T 0
eRr, = COos (5 +v) er, + sin (5 +v) e, =— sinv ey, + cosv e, .
(6.59)
The perturbation equation for the semi-latus rectum p therefore also may be
given the form

p:2\/§r{—sinv ern, + cosvemt-of . (6.60)

Equations (6.58) and (6.60) are mathematically equivalent. From the physi-
cal point of view one would probably prefer the first representation, because
it shows immediately that only the component of § f in er,-direction mat-
ters. In practice it may, however, be better to use the second representation,
because the unit vector of the orbital system usually have to be calculated
anyway.

Equation for Inclination ¢. In the second of equs. (6.55) we may transform
the bracket {...} (using eqn. (6.56)) on the right-hand side as follows:
. hs hs
h~eg—Fh:(rxc?ffeg—ﬁ(hxr)ﬁf. (6.61)
The second term could be taken over from eqn. (6.57), the first one may now
be developed using eqn. (6.56). The result reads as
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h-eg—%h:{(egxr)—%(hxr)}-af. (6.62)

Making use of the relations

hs =h cosi, +/h?+h3=hsini, (6.63)

the perturbation equation for the inclination ¢ may be written in the form

dl 1 def 1

—=———{(ez3—cosie xrj-6f=+——(rxx)-0f, (6.64

dt hsmz{( s m) X} of hsmz( )-0f, (6.64)
where efr,, the third unit vector of the orbital coordinate system, is normal to
the orbital plane. The vector x, defined above, lies in the orbital plane, points
to the point of maximum elevation above the reference plane (at argument
of latitude u = 90°) and has the length |z| = sini. The vector product  x r
therefore is collinear with vector h. The non-zero (third) coordinate in the
orbital system is given by

|z| |h| sin (g - u) =sini /up cosu , (6.65)

which is why the perturbation equation for the inclination ¢ also may be
brought into the form

di T COSU

B
At na2\/|1—e?| =

Equations (6.64) and (6.66) are equivalent, where the second version un-
doubtedly is preferable from the practical point of view.

Sf (6.66)

Equation for Node f2. In order to obtain the perturbation equation for
the element 2 (third of equs. (6.55)) we have to transform the bracket on
the right-hand side of this equation as follows:

(hxh)-e3 = (e3xh)-h=(e3xh) (rxdf)=((esxh)xr)-5f. (6.67)

Note that e x h = h sini ey, which is why

h
((egxh)xr)zhsinirsinuﬁ . (6.68)

As B
hi+hi=h%sin’i and e, = 7 (6.69)

the perturbation equation for {2 may be written as
1

h2 sin?i

r sinu

((esxh)xr)-6f = (e, - 0f) . (6.70)

na? sini /|1 — e2|

As in the case of the other elements, two versions were provided to express
the perturbation equation for the node (2. Both are in the standard form
(6.26). The second version is more useful from the practical point of view.
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Equation for Eccentricity e. In order to obtain the perturbation equation
for the eccentricity e we have to calculate the scalar product

q-G=q - {6fxh+ix(rxdf)f={hxg—rx(gx#)} -0f. (6.71)

The vector h x q is of length hg, lies in the orbital plane and is perpendicular
to g, thus collinear with the second axis ey, of the orbital system IT (see
Table 4.3). Making use of the theorem (4.24) of vector analysis the product
r x (g X ) may be written as a linear combination of the vectors ep;, and
7. A first version for the eccentricity thus may be written as

) D T r-em .
é= ;{em— - em + — lr}-éf. (6.72)

The three vectors in the parentheses {...} of the above expression are lying
in the instantaneous orbital plane. It is therefore possible to write one of the
two vectors as a linear combination of the two others. It seems reasonable
to represent the third vector 7 by er, and ej,. The transformation equa-
tions (4.62) and (4.64) are used for this purpose. In vectorial notation the
transformation reads as

1 ., T .

Z (r-em)r = p cosv{ —sinv ey, + (e +cosv) er, } . (6.73)
Using the same transformation equations we may also transform the scalar

product

1 T
—(r-r)=—esinv . 6.74
=" (6.74)

The perturbation equation for the eccentricity e thus may be written as
. p r .
e=,/=<em + p (e 4+ cosv) (—sinv ey, +cosv er,) ¢ -0f . (6.75)
1

Equation for Argument of the Pericenter w. As the perturbation equa-
tion for {2 and ¢ = ue were already given above, we only have to calculate
the term

eo-G=eg{0f xh+7x(rxéf)}. (6.76)

Using the theorem (6.56) it is a straightforward matter to show that
ep-G={(hxeq)+(egxr)xr} 6f. (6.77)

The first vector on the right-hand side is of length | h X e | = h, lies in the
orbital plane and points to the argument of latitude u = w/2. The second
vector lies in the orbital plane, as well, has the “length” of \/u/pr (cosu +
ecosw), and is collinear with eg. (Use the equations (4.62) and (4.64) to
calculate the double vector product).



6.3 Gaussian Perturbation Equations 227

It is a straightforward procedure to show that the three terms on the right-
hand side of the fifth of eqns. (6.55) may be written as

1 .
w=— \/?_ {6171 + ;—? sinwv (—sinv e, + cosv 6172)} -0f — cosi (2.
(6.78)

Time of Pericenter Passage. The time of pericenter passage may be ex-
pressed as a linear combination of the equations for the semi-major axis a
and the eccentricity e. The differential equation for the eccentricity e is al-
ready available in the standard form. In order to express the equation for
the time Tj of pericenter passage in the standard form, we need the equation
for the semi-major axis in the same form, as well. This equation may easily
be derived using the relation (6.38). On the other hand, we already gave the
result for an elliptic orbit in eqn. (6.30). The result is

2 [+7-0f; e<l1
—7-0f; e>1

o (6.79)

Observe that we avoided the use of the semi-latus rectum p in the above
equations because of the different meanings in the elliptic and hyperbolic
case.

As we gave the equation for e in terms of the unit vectors e, , i = 1,2, we
do the same for the semi-major axis a:

ny/|l—e?| | - (—sinveq, + (e+cosv) e, ) -6f; e>1
(6.80)
Introducing eqns. (6.80) and (6.75) into the perturbation equations for the
element Ty (6.48) (for elliptic orbits) and (6.54) (for hyperbolic orbits) we
obtain the result

. 1 —e? r
To=— —5—— {(cosv—2—e> e,
eans smv P

. 3 (6.81)
+ = [ (e + cosv) cosv — 2] eR2} Of — — (@t —-To)a
P 2a
for elliptic orbits (e < 1) and
. 21
To =+ 627, {(COSU— 2£e> e,
ean® sinv P
(6.82)

r 3 .
+ » [(e+cosv)cosv—2]eyg2} 0f — %(t—To)a

for hyperbolic orbits (e > 1).
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Summary. The perturbation equations for the six classical orbital elements
were brought into the standard form (see (6.26)) in this section. From our
results the velocity-gradients associated with the individual elements may be
easily extracted (where we include for convenience, both, the gradients for
the semi-latus rectum p and the semi-major axis a):

VoD :2\/Eres
I

Vi T COSU
v 1 =——e&e€
na? /|1 — é?| s
7 sinu
Vi 2 = e
na? siniy/|1 — €?| s
v, e = \/E {6172 +r (e + cosv) es}
1 p
(6.83)
D T
v, w = \/j {6172 + — (e+ cosv) es}
1 p
3 1—e?
Vo To + — (t —Tp) Vva:—zie, {{cosv—2 r e] e,
2a ean? sinv P
+f[(e+cosv)cosv—2]e7g2}
p
Vi a :i#{—sinvenl—i—(e—i—cosv) e} -
n+/|1—e?|

Note that the positive sign in the gradient for the semi-major axis holds for
elliptic, the negative for hyperbolic orbits. The equation for Ty holds for both,
elliptic and parabolic orbits!

6.3.5 Decompositions of the Perturbation Term

The scalar products on the right-hand sides of the Gaussian perturbation
equations (6.83) may be calculated in any coordinate system that might seem
convenient. Two particular Cartesian systems, both rotating w.r.t. inertial
space in a rather complicated way and both already defined in Table 4.3,
prove to be very useful:

e The R-system system, decomposing the perturbing acceleration into a ra-
dial component R’, a component S’ normal to R’ in the orbital plane
(pointing approximately into the direction of motion), and the out-of-plane
component W’ normal to the orbital plane. The components refer to the
unit vectors er,, er,, and ejy,.

e The 7-system, decomposing the perturbing acceleration into a tangential
component T” (parallel to the velocity vector 7*), a component N’ normal
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to T" in the orbital plane (and pointing into the ellipse), and the out-of-
plane component W’ normal to the orbital plane. The unit vectors of this
Cartesian coordinate system shall be denoted by er, ey, and ejy,.

Fig. 6.1. Decomposition of the perturbing acceleration into the radial R’, normal
to radial in the orbital plane S’, and the out-of-plane direction W'; or into the
tangential 7", normal to tangential in the orbital plane N’ and the out-of-plane
direction W'

Figure 6.1 illustrates the (R’,S’,W’)- and the (T, N, W’)-systems. In the
(R',S’,W')-system the components of the velocity vector are computed as
Rs3(v) &7 using eqn. (4.64). The result is

T e sinv
. . _\/ﬁ »
rr=|ru | =,/- =
p
0 0

In vector notation the same transformation may be written as:

7= \/E{e sinv eg, + P eRQ} . (6.84)
D r

With this representation of the velocity vector, the perturbation equation for
the semi-major axis a in eqns. (6.83) assumes the form
d:¥(e sian’+’35’) (6.85)
nv1—e? r '

where an elliptic osculating orbit was assumed.

In the case of the semi-major axis a the decomposition according to the
(T', N',W')-system leads to an even simpler result, because in this particu-
lar coordinate system the scalar product associated with the element a simply
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is the product of the absolute value of the velocity with the tangential com-
ponent T":
T 0f =T, (6.86)

The last of the perturbation equation (6.83) then simply reads as

. 2 .
a = n2—a |7"| T/ ) (687)

where the relation p = n? a® was used. An elliptic orbit was assumed.

Equation (6.87) illustrates how insight is gained into the structure of a par-
ticular perturbation by (a) using the perturbation equations for the orbital
elements instead of the original equations in rectangular coordinates and (b)
by an appropriate decomposition of the perturbing acceleration. The equa-
tion tells that only with a tangential component it is possible to change the
semi-major axis; a positive tangential component increases, a negative de-
creases the semi-major axis. The equation also tells that a tangential acceler-
ation T" of short duration (and of the same size) has maximum effect on the
semi-major axis a when applied in the pericenter and minimum effect when
applied in the apocenter. Space agencies operating artificial Earth satellites
are of course utilizing such basic facts. Manoeuvres intended to change the
semi-major axis of a space-craft have to be realized by thrusts in the tan-
gential (along-track) direction. The atmospheric drag acting on an artificial
Earth satellite in a circular orbit is an example for a (more or less) constant
perturbating force in the along-track direction. It is opposed to the satellite
motion, therefore decreases the semi-major axis, and eventually leads to the
decay of the satellite.

The complete set of the Gaussian perturbation equations for the (R', S, W’)-
decomposition is now easily derived from the general representation (6.83):

2
a :\/E a2{esian'+}—jS’}
wl—e r
e = \/E{Sian’—l— (cosv + cos E) S’}
I

. 1—¢e? 3
Ty = — c cosv—2e— | R — (14~ )sinv s’ — —(t—-To)a
nZ2ae D P 2a

di 71 cosu W
dt  na?v1-—e2

r sinu ,

Q =
na?+v1—e2 sint
. 1 /p ’ ™\ . ’ .
w =—4,/=<—cosvR + |1+ —|sinvS ) — cosif?2,
eV p p

(6.88)
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where v is the true, F the eccentric anomaly, and u = w + v the argument of
latitude of the celestial body considered (see Chapter 4). Only the formulae
for the case e < 1 are reproduced above. The perturbation equations (6.88)
are arranged in two groups, the first consisting of the equations for the semi-
major axis a (defining the size), the eccentricity e (defining the shape), and
the time Tp of pericenter passage (defining the dynamics) of the orbital mo-
tion, the second consisting of the three Eulerian angles i, {2, and w defining
the orbital plane and the orientation of the conic section within the orbital
plane. Observe that the orbital plane can be only changed by an out-of-plane
component W'.

The choice of the set a, e, 7, {2, w and T} of osculating elements is by no means
unique. Alternatives make in particular sense if the inclination ¢ and/or if the
eccentricity e are small. The perturbation equations for such elements are
easily obtained by elementary combinations of the set of equations (6.88).
We include one alternative for the time of pericenter, by replacing Ty by
the mean anomaly o( referring to the initial epoch ty. The transformation
equation relating og and Ty is:

o0 = n(to—Tp) , (6.89)

where according to eqn. (4.41) n = /%5 is the osculating mean motion of
the celestial body. Taking the time derivative of eqn. (6.89) results in the
following perturbation equation for the element oy:

1— e 3
oo = © {<COSU—2€£) R — <1—|— C) SinUS/} + —E(t—to)d.
nae P P 2a

(6.90)

For further reference we conclude this paragraph by the Gaussian pertur-
bation equations for the decomposition 7", N’, and W’. The equations for ¢
and {2 may be skipped because they contain the W’-component which is com-
mon to both decompositions. The result is easily obtained from the general
representation (6.83) of the Gaussian equations.

2 a?

a =— || T’
) 1 T, , ,
é :—,{—— sinv N +2(cosv+e)T}
[ L a
V1 —e2 (6.91)

, 3
To=""dcosoN' +2(1+e2 1) sinoT'} — = (t-Tp)a
nel|r| |a D 2a

1 .
W o= — {(C cosv +e <1+i)>N'+2sian’} — cosif2 .
el?| L\p p
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6.4 Lagrange’s Planetary Equations

In this section it is assumed that the perturbing acceleration §f may be
represented as the gradient of the scalar perturbation function R:

Sf < V,.R. (6.92)

6.4.1 General Form of the Equations

The Gaussian perturbation equations assume the form (6.26):
I, =V -V:R, k=1,2,...,6. (6.93)

Due to the fact that the osculating elements at epoch ¢ may be derived from
the state vector referring to the same epoch (and vice versa), the gradient in
eqn. (6.26) may be expressed by a linear combination of the gradients (w.r.t.
the position vector) of the six osculating elements

6 R

ViR = —
91
Jj=1

v, (6.94)

where coefficients of the linear combination are the partial derivatives of the
perturbation function w.r.t. the corresponding osculating element. Replac-
ing the gradient of the perturbation function on the right-hand side of the
Gaussian perturbation equations (6.93) by the right-hand sides of eqn. (6.94)
leads to the formally very simple result

6
jk:Z(vvjk.vTIj)%, k=1,2,...,6. (6.95)
j=1 J

The perturbation equations (6.95) represent the time derivative of each or-
bital element as a linear combination of the perturbation function’s partial
derivatives w.r.t. all six orbital elements. It may be viewed as a disadvantage
of equs. (6.95) that the sum has to be extended over all six orbital elements
(constants of integration).

This situation may be improved by making explicit use of the fact that the
perturbation function R does not depend on the velocity components, which
is why the velocity-gradient of the perturbation function R is a zero-vector.
The analogue of eqn. (6.94) in velocity space therefore reads as

S OR

v.R=S <t
01;

j=1

VI, =0. (6.96)
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This relationship may be used to eliminate the term with summation index
j = k on the right-hand side of the perturbation equations (6.95): We simply
multiply the above equation (in the sense of a scalar product) with the vector
V1), and subtract the resulting scalar product from eqn. (6.95). The result
are the Lagrange’s planetary equations:

6

I = Z (VoI - Vi Iy — VoI - Vi Iy) Z—R, k=1,2,...,6. (6.97)
j=1 L
Observe that the term j = k on the right-hand side is zero due to symmetry
reasons. It is therefore not necessary to exclude the term number & explicitly
in the above sum. The terms (...) are the well known Poisson brackets of
analytical mechanics, named after Siméon-Denis Poisson (1781-1840). It is
remarkable that we arrived at the above representation of the perturbation
equations merely by making explicit use of the fact that the function R is
the gradient of a scalar function of the position vector (and does not depend
on 7).

The following notation for the Poisson bracket referring to the orbital ele-
ments k and j will be used subsequently:

def

(L, I € Vo Iy - VoI — VoI, -V, (6.98)

The Lagrange’s planetary equations may thus be given the following elegant
form:

.2 OR
Ikzz:[lk,lj]a—lj, k=1,2,...,6. (6.99)
=1

J
The definition (6.98) of the Poisson bracket implies anti-symmetry

I, I;) = —[I;, 1] and therefore [Ij,I;]=0 jk=1,2,...,6,
(6.100)
which is why only 15 out of the 36 Poisson brackets are independent and
have to be computed.

Lagrange’s planetary equations (6.99) are not yet very useful in this form,
but all that remains to be done is the explicit computation of the Poisson
brackets. This will be done in section 6.4.3, where we will see that only five
out of the 15 independent Poisson brackets are different from zero.

The general form (6.99) of the equations of motion is useable for a broad class
of problems: If a dynamical system may be written as a perturbation problem
and if the perturbation term is a position-gradient and does not depend on the
velocity, then the perturbation equations may be written in the form (6.99).
The problem-dependent part only resides in the explicit computation of the
Poisson brackets (see section 6.4.3). From this point of view the attribute
planetary in Lagrange’s planetary equations (6.99) can hardly be justified.
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6.4.2 Lagrange’s Equation for the Semi-major Axis a

The Gaussian perturbation equation for the semi-major axis a was derived
as a first example to introduce the problems. The same can be done for the
Lagrangian version of the perturbation equations: The total time derivative
of the perturbation function R may be computed as

d—R:VTR-f"+a—R: o oR

- 4 = 101
dt ot 0Ty + ot ’ (6.101)

where use was made of eqn. (6.30) to represent the perturbation term.

Note, that the scalar product V. R -7 may be interpreted as the time deriva-
tive of the perturbation function R(7(t),t), when ignoring the explicit time
dependence of this function. In this case, the time-dependence of vector r(t)
is eventually governed by the osculating mean anomaly o(t) = n (t — Tp),
showing that the derivative w.r.t. time ¢ and T are equal, but of opposite
sign. This explains the second of eqns. (6.101). Therefore, eqns. (6.101) lead
directly to the final form of the perturbation equation for the semi-major axis
a in the Lagrangian form:
2 2 2
LU P L ) TR L. (6.102)
Iz Iz p o 0To

Equation (6.102) actually is of the general form (6.99), where, obviously, four
of the five Poisson brackets showing up in the equation for the semi-major
axis are zero (see next section).

The above derivation of Lagrange equation is sometimes given in textbooks
as an example. It is, in a way, a nice example, because the derivation and
the result are rather simple. The example is, however, not really instructive,
because it is not possible to derive the perturbation equations for the other
five elements along similar lines. We have to find a general method valid for
all elements. This is the purpose of the next section.

6.4.3 Lagrange’s Planetary Equations

The general method to derive the Lagrangian perturbation equations is im-
plicitly given by their general form (6.99): We first have to derive the position
and velocity-gradients of the elements, then we have to compute the Pois-
son brackets. Keeping in mind that we already have derived the expressions
for the velocity-gradients (summarized in eqns. (6.83)) the remaining task
cannot be too difficult. It will be solved in the next paragraph.
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The Position-gradients of the Osculating Elements. The elements p,
1 and {2 are all derived from the angular momentum vector h = r X 7. As
the vector product is not commutative, but changes sign when the order of
its factors is reversed, we may easily derive the position-gradients from the
velocity-gradients by replacing r by 7* and by reversing the sign in the final
formula for the position-gradients (vectorial notation). The final result reads
as follows (for convenience and comparison we include the velocity-gradients,
as well):

2 2
Vop=—(hxr) i Vep=——(hx7)
1 7
) . 1 .
Voi= h sini (rxa); Vei=- h sini (7 x z) (6.103)
T-e;3 T-e3
Vo2 = —5— o Ve l=——7—
h2 sin?i h2 sin?i

The eccentricity e and the argument of pericenter emerge from vector q (see
eqns. (6.32)). Let us focus on the eccentricity first. From the identity

*=q-q

we conclude that
2qVq=2V{q- [(7'"2—%)1'—(7'-7'") r}}
zgv{(fﬁ_%)(q.r)_(r,f,)(q.fa)} : (6.104)

where (due to the factor of 2 on the right-hand side) the vector q can be
considered as a constant when taking the gradient. Equation (4.33) was used
to represent vector g on the right-hand side. The above formula holds for
both, the position- and the velocity-gradient. One may now easily calculate
the position-gradient from the above formula. For convenience we include the
velocity-gradient, as well. The result is:

Vg =L g — (i + (-5 q

(6.105)
qVog=—(F-q)r +2(r-q)7 — (r-7)q.

It is a straightforward task to show that the above representation for the
velocity-gradient can be reduced to the one given in eqns. (6.83).

As the position-gradients of both, p and e, are available now, we may also
derive the position-gradient of the semi-major axis a, at this point, using the
relation 1
— (Vp + 2ae Ve), e<l1
Va=4 175¢€ (6.106)
o (Vp —2aeVe), e>1,
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which is derived in exactly the same way as eqn. (6.38) starting from the
definition of conic sections. Observe that the relation holds for both, position-
and velocity-gradients. The position-gradient of ¢ may, of course, also be
directly derived from the “astronomical energy theorem” (4.20), which even
may be the shortest method. In any case the result is (again, we include the
velocity-gradient for convenience):

2 2a?
Voa=+——17; Via=+-—s1, (6.107)
n?a 73

where the positive sign holds for elliptic, the negative for hyperbolic orbits.

The (position- or velocity-)gradient of the argument of pericenter w is ob-
tained in analogy to eqn. (4.33) as:

Vw = {cosw Vg — V(e -q)} — cosi V2. (6.108)

q sinw
The equation holds for both, the position- and the velocity-gradients. The
gradients of ¢ = pe and {2 were already given above, which is why we only
have to deal with the gradient of the scalar product ey, - q, where we may
consider ey, to be a constant (the “neglected” term is taken care of as the
last term in the above equation).

Using the representation (4.33) for vector g, the scalar product in question
reads as

q-en= (7’“2— %) (r-eg)— (r-7)(7-eq), (6.109)

from where the position- and velocity-gradients are computed as

Vr(q-eg):% (r-eg)r — (rr-en)r + (7"2—%)69

(6.110)
Vo(g-eq)=—(T-eq)r +2(r-en)r — (r-7)eqn .

The gradients of the time Ty of pericenter passage is derived in analogous
way as the corresponding perturbation equation. One simply has to take the
gradient of Kepler’s equation and to replace the term VE by taking the
gradient of eqn. (4.53). When considering hyperbolic orbits one has to start
from the analogue of Kepler’s equation (see Table 4.2), where the auxiliary
angle F' is used instead of the eccentric anomaly E. We quote the result for
elliptic orbits only:

Vize 3 Vi—e
VTTO:—%e{cosvvre—%vra}——(t—TO)VTa—iér
en Ssimvuv a 2a arne sinuv
Vize 3
VT = - Y& {cosvvve - %v,,a} ~ 2 (t—Ty) Vea .
en sinv a 2a

(6.111)

The gradients of a should be replaced by a linear combination of the gradients
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of p and e using eqn. (6.106), if p instead of a is used as osculating element.
Let us briefly sketch the derivation of the position-gradient of Ty. Taking the
position-gradient of Kepler’s equation results in:

3 in £
VoTh =~ oo (t=Tp) Vya + S

Ve — —V,E . (6.112)
an

With the exception of V. E all gradients on the right-hand side of eqn. (6.112)
are available. In analogy to the computation of E when deriving the Gaussian
equation for Ty we obtain the position-gradient of E using eqn. (4.53):

Vor = ; —Vya (1—ecosE) — acosE Ve + aesinE V,E.  (6.113)

Obviously, the position-gradient of r on the left-hand side of the above equa-
tion is not equal to the zero-vector. Using the above result in eqn. (6.112)
leads to the preliminary result:

3 2 1
VIp=14——(t—Tp)+ — ———— ' Va
2a a3 nesin B
. (6.114)

1
+={sinBE - cot B} Ve - ————r.
n ae a’*nesin K
If we replace the eccentric anomaly F by the true anomaly v using eqns.
(4.51) we obtain the second of eqns. (6.111).

Poisson Brackets. The results presented in the previous paragraph allow
it to calculate the Poisson brackets rather easily. The result is amazingly
simple: All but five of the 15 independent Poisson brackets (when using the
classical six orbital elements a, e, i, 2, w, and Tp) are zero. One recognizes,
e.g., that the four Poisson brackets of the elements ¢ and (2 with a and e are
zero — because the gradients of ¢ and (2 stand normal on the orbital plane
and the gradients of the a and e lie in this plane. This in turn implies the
products of the position-gradient (velocity-gradient) of either ¢ or {2 with the
velocity-gradient (position-gradient) of either a or e to be zero. A little bit
more algebraic work is involved when evaluating the remaining 11 brackets.
The actual work can, however, be left as an exercise to the reader.

The final result is contained in the Table 6.1. We already proved that the
Poisson brackets are anti-symmetric, which is why we only have to provide
15 of the 36 brackets. With the Poisson brackets contained in Table 6.1
and with the general formula (6.99) of Lagrange’s planetary equations it is
no problem to quote the explicit version of these equations in the classical
orbital elements:
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Table 6.1. Poisson brackets of the classical orbital elements

e] il 2] w ] To |
24/|1 —e?
[p, 0 O 0 M 0
na
2
0 0 0 0 - —
[a, g
V1 —ée?| 1—e?
~ 0 0 _ _
Le, nae n2a2e
4, - 1 cot ¢ 0
na? sini/[1—e2[ na2/[l —e?]
(2, - - - 0 0
[w, - - - - 0
. 2 OR
@ =F —— —
+ n?2a 0T,

¢ Ee T ae OT
di 1 OR cot i OR
@ na I smi 02 | na -] o
1 OR (6.115)
B na2\/|1—e2|sinia
B V1 — €2 OR cot g OR
na?e Oe na? /|1 —e2 0i
2 OR 1—e? OR
7 nZa 0a ' n2dZe de

Observe that Table 6.1 allows it to write down Lagrange’s equations for the
set of elements p, e, i, 2, w, and Ty. The result is:
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" na? /|1 — 2| sini Oi
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Ty =& 2

7 n2a2e e

From the purist’s point of view it would be preferable to use consequently
the elements p and e (and not a and e) in the above perturbation equations.
The advantage of the above formulation is their close relationship with the
classical eqns. (6.115).

We have given Lagrange’s planetary equations (6.115) (or (6.116)) for the
orbit of one celestial body in a given potential, consisting of the two-body
term and the perturbation function R. In this form Lagrange’s planetary
equations are well suited to describe the orbital motion of any celestial body
for which it is possible to compose the resulting acceleration as the sum of
the two-body term and a gradient of a scalar perturbation function. The
equations may be used in particular to describe the orbital motion of an
artificial Earth satellite or of a minor planet in conservative force fields.

The term “planetary” indicates, that Lagrange’s equations were originally
meant to describe the motion of the entire planetary system. Note that in
this case one set of equations of type (6.115) holds for each planet i = 1,2, .. .,
and that there is one planet-specific perturbation function R; for each of the
considered planets (see eqn. (3.24)):

= 1 T T
_ 72 _ _riry
R, =k E m; { F—— p } . (6.117)

J=1,j#i J

For conservative perturbation problems in Celestial Mechanics, (i.e., when
the perturbation function(s) may be described by the position-gradient of a
potential), Lagrange’s planetary equations and the Gaussian version (6.88)
of the perturbation equations are mathematically equivalent.

For theoretical work aiming at a formal solution of the equations of motion
Lagrange’s version of the perturbation equations is preferable, because only
one scalar function (for each of the perturbed bodies) has to be dealt with,
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whereas the three components R’, S’, and W’ (or any other set of three com-
ponents of the perturbing acceleration) have to be considered when using the
Gaussian version. Moreover, the coefficients of the partial derivatives of the
perturbation function w.r.t. the orbital elements, i.e., the Poisson brackets,
are first integrals of the underlying two-body problem. A similar statement
does not hold for the Gaussian version of the perturbation equations. The
Gaussian version (6.88) of the perturbation equations must be used, however,
as soon as non-conservative perturbing accelerations occur.

6.5 First- and Higher-Order Perturbations

On the right-hand sides of the perturbation equations in the Gaussian form
(6.25) and in the Lagrangian form (6.115) there are only “small” terms of
the order of the perturbation terms.

It is tempting to solve the perturbation equations (6.25) or (6.115) approx-
imatively by using the two-body approximation to calculate the right-hand
sides of these equations. In this approximation the right-hand sides of the
equations are known functions of time. The error committed by this proce-
dure is “small of the second order” in the perturbations because

e the right-hand sides are small quantities, and because

e the difference vector Ar(t) = r(t) — ro(t) between the true solution r(t)
of the system (6.25) or (6.115) and its two-body approximation r((t) is a
small quantity, as well (at least in the vicinity of the initial epoch tg).

By replacing 7(t) by ro(t) on the right-hand sides of the equations we are
thus committing an error of the second order in the perturbations.

The impact of the approximation on the mathematical structure of the prob-
lem is important: The problem of solving a system of six coupled, non-linear
ordinary differential equations is reduced to the solution of six integrals,
which may be solved independently. It is thus possible to study the impact of
a perturbation separately for each orbital element, or only for one or several
elements of special interest.

The solution of the perturbation equations using the two-body approximation
on the right-hand sides of the perturbation equations is called the first-order
solution of the perturbation equations, and the theory outlined here is called
first-order perturbation theory.

Let us state explicitly the first-order perturbation equation and its solu-
tion for the semi-major axis in its Gaussian form using the (77, N',W')-
decomposition of the perturbing acceleration. The result must be distin-
guished from the true result. It may be directly transcribed from eqn. (6.87):
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2
alll = —— || T’
ng ao
5 (6.118)
ol (1) 2 /|7’~0(t’)|T’(ro(t’),fg(t’),t’)dt’.
ng ao
to

The notation al!(t) indicates that the equation (6.87) was only solved using
first-order perturbation theory. All quantities on the right-hand side of this
equation are approximated by the two-body solution of the underlying initial-
value problem.

At least in the vicinity of the osculation epoch one may expect that the first-
order solution al'l(t) is much better than the zero-order solution al® = aq
(which simply would be the osculating semi-major axis at the epoch tg).

One should not forget that the first-order solution of the perturbation equa-
tions is the solution of a problem differing considerably from the original
one. Nevertheless, a first-order solution, in particular when limited to a time
interval of, let us say, a few dozen revolutions, usually is an excellent approx-
imation for the true solution. It is moreover an excellent tool to gain insight
into the structure of a particular problem.

Having established the first-order solution for all siz orbital elements it is in
principle easy to generate a supposedly better, second-order, solution by using
the first-order solution on the right-hand sides of the perturbation equations
instead of the two-body solution. The principle may be generalized to any
order by using the next lower-order approximation on the right-hand side of
the perturbation equations. Higher-order solutions for the semi-major axis
are, e.g., characterized by:

_ 2
T pll gl
t

2
[I41] py def 2 T (P 2 Y ar!
@ = /n[I](t/)a[I](t/) T (T (), # (t)’t) dr

to

Qlr+1] #1771

(6.119)

Note, that the above integral may be solved independently from the integrals
for the other five elements. The solution method of the perturbation problem
is thus the same in the higher than the first order: only known functions of
time are used in the integration process. One should be aware of the fact,
however, that on the right-hand side of the above equation a complete solution
of order I is needed in order to accomplish a correct solution of order I + 1,
even if only one of the orbital elements is of interest.

The procedure for generating first-order, then higher-order approximations of
the original perturbation equations is straight forward — and usually, it works.
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There are, however, risks involved in the procedure. Two of them should be
mentioned:

e If a first-order solution is used over very long time periods (hundreds of
revolutions), the essential assumption of first-order theory, namely that
the difference between the true and the two-body solution is a “small”
quantity, may become violated. This may lead to convergence problems, if
the attempt is made to generate higher-order solutions.

e If solutions are sought in the tradition of general perturbation theory, it
may occur that a perturbation term is exactly periodic in a first-order
approximation. It may in addition happen that small divisors or even a
zero-divisor occur, when taking the time derivative of this perturbation,.
Such problems are in particular encountered when resonance problems are
studied.

If first- and higher-order solutions are established using numerical methods,
such problems usually do not occur. In order to avoid problems of this kind,
one has to brake up a long time-interval into shorter partial intervals and
apply first- and higher-order approximation within these shorter intervals.
Numerical methods for solving the transformed equations of motion are, how-
ever, not yet well established. They should be considered as promising and
very powerful tools.

It is refreshing to read Taff’s treatise on perturbation theory, in particular the
section “the misapplications of perturbative theory”, which is concluded by
the editorial starting with the statement (see L. G. Taff, [118]): 7 ... beyond
first-order theory I know of no useful result from perturbation theory in Celes-
tial Mechanics because all of the higher-order results have no firm mathemat-
ical basis. Frequently the second approximation produces nonsensical results
... 7 We agree with this assessment, where analytical theories (method of
general perturbations) are concerned — and such theories were meant in the
treatise [118]. We are, however, much more optimistical concerning the ap-
plication of the perturbation approach in the field of special perturbation
theory (i.e., when solving the perturbation equations in the elements using
the technique of numerical integration).

6.6 Development of the Perturbation Function

In general perturbation theory an “analytical” solution of the perturbation
equations is sought. This implies that the perturbation function has to be
developed into a series, the terms of which may be integrated in closed form
(“analytically”). General perturbation methods are very well suited to gain
a quick overview of a particular perturbation function. In such analyses first-
order perturbation theory is sufficient and usually it is allowed to simplify
the problem considerably.
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If higher accuracy is required, the development of the perturbation function
may frustratingly complicated, and it is, by definition, problem-dependent.
This section will be concluded by a simple (simplified) example to demon-
strate the technical difficulties involved in this step. Other examples may be
found in subsequent chapters.

Until quite recently general perturbation theory was the only tool available
for practical problems requiring highest accuracy in Celestial Mechanics. The
striking example is Newcomb’s theory of the planetary (and natural satellite)
motion, which provided the firm fundament for astronomical almanacs well
into the second half of the 20*" century. Only with the advent of fast com-
puters (and this time we do not speak of human beings) it was possible to
circumvent and, what was at least as important, to check analytical theories
of motion in Celestial Mechanics by numerical solutions.

Subsequently, we will use general perturbation theory only to generate simple
approximations (and apply them only to short time intervals). The following
example shall illustrate the use and limitations of first-order perturbation
theory.

6.6.1 General Perturbation Theory Applied to Planetary Motion

Let us study the orbital motion of two planets with small eccentricities in
one and the same orbital plane around the Sun. Formally, the distinction is
made between the perturbing and the perturbed planet. No index will be
used for the perturbed body and the index is p reserved for the perturbing
body. According to eqn. (6.117) the perturbing function (for the perturbed
body) may be written as:

1 .
R=kmyd —— -T2l (6.120)
T T
As we are dealing with a planar problem, we may disregard the perturbations
in the inclination ¢ and the longitude of the node {2 and introduce instead
the longitude of the perihelion, the sum of the longitude of the node and the
argument of perihelion:
v ¥ 0+w

. 6.121
Op = 2+ wp ( )

!

Neglecting the terms of higher than first order in the eccentricities e and
e, the following approximations may be used for quantities related to the
perturbed body:
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o =n(t—"To)

E ~ o + esino

cosE =coso — ge(l—cos20)
sin ¥ =sino + %e sin 20

r =|r|=a(l—ecoskE)

Q

a(l—ecoso) (6.122)
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a~™(1+mecosoc), m=12...
a(cos(E+ @) —e coscb)

Q

T1

Q

a (cos(a +0)+ = cos(2 o+ w))
ro  ~a(sin(E+@)—e smw)
)+

~a (Sln(a +o 1n(2 o+ w)) ,

where ;1 and ro are two components of the position vector of the perturbed
body in the orbital plane, where the first coordinate axis pointing to the
perihelion. Analogous approximations are obtained for the perturbing body.

With these approximations we are now in a position to develop the perturbing
function into a series with integrable terms. We may assume that

vl > Irl | (6.123)

which allows it to develop the first (and crucial) term of the perturbation
function (6.120) into series of Legendre polynomials (see eqn. (3.101))

el 2 Z ('Flf]') () (6-124)

where the functions P;(x) are the Legendre polynomials of degree i. Using
the approximations (6.122) the argument of the Legendre polynomials may
be written as:

rT-Tr ~ } ) )
m: {cos(o —0p+@—@p) + € cos(20 — 0 + 0 — &)
+gepcos(20, — 0+ @y — @) {1 +ecoso+ep coso,)

=cos(o —op +© —@p) (6.125)

+3e{2cos(20 —0p+@—@p) + cos(op — 0+ @)}
+3ep{2cos(20, — 0+ @ — @) +cos(oc+ @ —@p)} -

In the development (6.124) we have to raise this argument up to power n,
resulting in expressions of the kind
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n
T-Tr ~ y » ) )

-|:+%6{2 cos(20 — 0, + @ — @p) + cos(op — 0+ @p) }

+ 3 ep{2cos(20, — 0+ @p — @) + cos(o + & — @p)}] .
(6.126)

Using the standard trigonometric relations one may replace the nth power
of a cosine-function by a linear combination of cosine-functions of multiples
of its argument. It is therefore possible to write the perturbation function as
a trigonometric series in the multiples of the angles io — ko, + j (@ — @p).
The structure of the resulting series development is:

R:kQTnp{ ! T.Tp}

[r — 7y a rf;

“+o0
= Zaj(a,ap) cos [j (o —0p +@—@p)]
=0

(6.127)
ey Y Y Binlaay) cos[jo—kop +1(@ )]
i k1

+epZZZ”yjkl(a,ap) cos[jo—kop, +1(@—p)] .
ik 1

The sum limits were not specified in the above expression. It is important,
however, that in the terms proportional to e and e, we do not only have
terms with arguments proportional to [ (¢ —ap) + .. ..

In first-order theory, all of the above angular arguments except the two mean
anomalies o and o, do not depend on time.

We are now ready to use the development (6.127) in Lagrange’s planetary
equations (6.115), where the partial derivatives of the development (6.127)
w.r.t. the orbital elements have to be calculated.

The development (6.127) shows that the dependence on the eccentricity e is
only contained in the coefficients of the development, whereas the dependence
on Tp and @ resides uniquely in the arguments of the cos-functions. With the
exception of the semi-major axis, which occurs in the coefficients and implic-
itly in the anomalies (the mean motion n is a function of a), the dependence
on a particular orbital element is contained either in the coefficients or in the
arguments of the cos-series, but not in both.

As the arguments of the trigonometric series are linear functions of the mean
anomalies, and as the mean anomalies in turn are linear functions of time,
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the differential equations resulting after replacing the perturbation function
on the right-hand sides of Lagrange’s planetary equations (6.115) may be
integrated formally. The individual terms give raise to

27

e periodic perturbations with periods P = Tk

or
e secular perturbations, growing linearly with time t.
The basic period of the system occurring in the term proportional to eoeg is
the synodic revolution period of the two planets
2
p=—""_ (6.128)

[n—np| "
Perturbations with periods of the order of P are called short-periodic.

Secular perturbations only occur, if there are terms not depending on the
mean anomalies in the integrands. Such terms cannot show up, if the partial
derivative of expression (6.127) is taken w.r.t. Ty, because all resulting terms
will contain jo with ¢ # 0, j # 0 in the argument. This is why secular
perturbations cannot occur in the semi-major axis a in first-order theory. This
might be viewed as an argument for the stability of the planetary system.
Unfortunately the argument is not valid because secular terms might show
up in higher-order solutions.

Because we have to take the partial derivative of the perturbing function
w.r.t. the eccentricity e in the equation for the perihelion (and because the
e-dependence is contained in the coefficients of the development), secular
terms may occur when solving the equation for the perihelion. The examples
in Chapter II-4 will show that secular terms actually do show up in the per-
ihelion and in the longitude of the ascending node. The revolution periods of
these angles are very long compared to the basic period (the synodic revolu-
tion period P) of the system. In higher-order approximations one would thus
expect perturbations with periods related to the revolution period of both,
the longitude of the pericenter and the longitude of the ascending node.

Long-period perturbations may, however, already show up in first-order so-
lutions, if
[in —kny,|~0. (6.129)

The relation (6.129) holds, if the two mean motions are nearly commensu-
rable. The amplitudes of the corresponding perturbation terms may be rather
big, despite the fact that they are proportional to e and e,, because they are
amplified (after the integration) by the factor |jn — kn, |~

Through this mechanism long-period perturbations with considerable ampli-
tudes may show up even in first-order theory, provided the revolution periods
are nearly commensurable. The great inequality of the planets Jupiter and
Saturn of about 900 years is an example for such a mechanism (see also
Chapter I1-4).
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If the resonance condition (6.129) holds precisely (this may occur when solv-
ing a perturbation problem with analytical means), the method, when blindly
used, fails due to the occurrence of zero-divisors. The problem can of course
removed by considering the associated sin- or cos-term as constant, e.g., by
the approximation

cos(jo —kop + a) = cos (kny (Tor — To) + ) . (6.130)

A term of this kind is capable of producing seemingly “secular” perturbations
in all orbital elements, a result which may become nonsensical if used over
very long time intervals. The example illustrates the difficulties and problems
that may occur in the framework of general perturbation theory.

If more than one perturbing planet are acting on the perturbed body, the
perturbations may be calculated separately in first-order theory and the com-
bined effect is obtained by superposition. This makes first-order perturbation
theory a very powerful and efficient tool. The theory, enhanced by selected
higher-order terms, was used for the production of the ephemerides of our
almanacs till the second half of the 20th century.

The above example was a gross simplification of the analytical developments
actually performed for applications in the planetary system. When allowing
for moderate eccentricities and inclinations between the orbital planes, the
perturbation function of two bodies moving around the Sun may be written
as (see, e.g., [94]):

R= ZPCOSQ + ZP/COSQ/ , (6.131)

where the coefficients P and P’ are functions of the elements a, a,, €, e, and
i, ip . In addition to the first-order terms in the eccentricities, higher-order
terms have to be taken into account, as well. Moreover, the inclination be-
tween the orbital planes generates additional terms proportional to sin” i and
sin’ ip . The argument @ is time-independent in first-order theory, whereas Q’
contains the time-dependence:

Q=702+ jpl + ki + kyop

6.132
Q =Int—Ty) +lyny(t—Tw) + 2+ jp2p + k@ + kp©p . ( )

Equations (6.131) are somewhat more general than the development (6.127).
The elegant shape of eqns. (6.131) should not hide the fact that their explicit
versions are rather complicated.

6.7 Perturbation Equation for the Mean Anomaly o(t)

The Gaussian and Lagrangian perturbation equations (6.88) and (6.115) were
set up for the osculating orbital elements a, e, i, £2, and Ty (or o¢(= o(tp))).
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All osculating elements are first integrals of the two-body equations of motion
(4.1).

All of the Gaussian perturbation equations (6.88) except the one for the equa-
tion for the time of pericenter passage (or, alternatively, the equation for the
mean anomaly o) are of a similar and simple structure: The right-hand sides
are linear combinations of the perturbing accelerations, and the coefficients
of the linear combinations are to the first-order (when using the two-body
approximation on the right-hand side) periodic functions of time (with the
revolution period of the perturbed body as period). The result therefore is
“well-behaved” — provided the perturbing accelerations are “reasonable”, as
well: One may expect periodic functions (with periods given by the perturbed
body and the periods contained in the perturbing accelerations) and possibly
linear functions of time.

In the equation for Ty or og there is, however, a term proportional to the time
interval t — Ty or t — tg. For integrations over long time intervals, this term
is going to dominate all other terms, and it must generate periodic terms
of a linearly growing amplitude. Figure 6.2, showing the the initial mean
anomaly ¢ (referring to January 1, 2000) as a function of time over 2000
years, illustrates the effect. The Figure is based on the osculating elements
obtained by numerically integrating the outer planetary system. Whereas
the amplitudes of all other perturbations are small, we observe terms with
linearly growing amplitudes, which are already of the order of 30° after 2000
years. The result is not easy to interpret — as a matter of fact it is a kind of
an artefact (see subsequent discussion). This is why the development of o or
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Fig. 6.2. 0o = 0(2000.0) of Jupiter over a time interval of 2000 years
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of Ty usually is not discussed in textbooks, a tradition which will be followed
here.

When inspecting Lagrange’s planetary equations, one might first think that a
similar problem does not show up in eqns. (6.115). This is not the case, how-
ever: the equation for Tj contains the partial derivative of the perturbation
function R w.r.t. the perturbed body’s semi-major axis. As this perturbation
function does contain the radius vector r of the perturbed body (or functions
thereof), it will also depend on the true anomaly v, which in turn depends
on a,e, and Ty via the eccentric and the mean anomaly o(t) = n (t — Tp)
(see section 5.3). This dependence shows that the term %—f also must contain

terms proportional to t — Ty, as well.

The situation can be improved because the elements ¢ or T are only needed
to calculate the mean anomaly o(t) for the time argument ¢ considered. Hav-
ing established the perturbation equations for all six osculating elements
(referring to tg), it is of course also possible to derive a differential equation

for ¢ = o(t). The mean anomaly o(t) at time ¢ is a function of a, T, and ¢:

U:n(t—To):\/g(t—To).

Taking the time-derivative of this equation we obtain:

3 .
d:n—%(t—To)d—nTg. (6.133)

Using equs. (6.88) one easily verifies that the differential equation for o does
not contains terms proportional to (¢ — Tp), but only the constant term n
(the two-body term) and small perturbation terms:

1— 2
G=n + c {(cosv—2e£> R — (1 + i) sinvS’} : (6.134)
nae P P

Equations (6.134) are easier to handle, independently of whether general or
special perturbation methods are applied. If necessary, the osculating ele-
ment T may be reconstructed after having solved the Gaussian perturbation
equations (6.88) for a, e, i, 2, w, and o(t) using the definition (6.7) of the
mean anomaly.

Lagrange’s planetary equations may be modified following the same pattern
as in the case of the Gaussian equations. The differential equation for o is
again given by eqn. (6.133), but we have to replace Ty and a using eqns.
(6.115):

3n 20> OR L? OR
] — 4+ —— = 6.135
u Oda * u2e Oe ( )

Now, the partial derivative w.r.t. the semi-major axis a may be split up into a
derivative { R}, where the dependence of the true anomaly v on a is ignored,
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and a contribution taking into account exactly this term (obviously it is only
the latter term which contains the terms proportional to the time argument
t— T()):

OR ov OF
90~ Bt 50 98 B0
3 OR Ov OF
={R}, + 5 (¢t~ 0>%8_E8—T0
5 R (6.136)
Z{R}a‘Fﬂ(t— 0)8—T0
= (R}, - $07 (b~ To)a

Replacing in eqn. (6.135) the partial derivative of R w.r.t. a by the above
expression gives the following differential equation for the mean anomaly o (¢):

_1-con

6=mn { I e 9o (6.137)
Equation (6.137) is the equivalent to the perturbation equation for ¢ in the
Gaussian formulation (6.134). Both versions do not contain terms propor-
tional to the time ¢ and are thus much more convenient to use than the
equations for o or for Ty. Keep in mind that the symbol {R}, stands for
the partial derivative of R(a,e,v) w.r.t. a, disregarding the fact that the true

anomaly v also depends on the semi-major axis a.

Figure 6.3 proves that the alternative “orbital element” ¢ = o(t) is much
better behaved than gy. o only shows a linear trend and periodic variations
with a constant amplitude — exactly as all the other osculating elements.
Observe, that a linear trend of ng (¢t — o) , where ng is the osculating mean
motion at ¢t = ¢y, was removed in Figure 6.3 in order to make the periodic
variations visible.

A Side-Issue: The problem of “time t outside the trigonometric arguments” is
well known and may be dealt with in different ways. Brouwer and Clemence
[27], Roy [94], and most of the other “modern” authors introduce a “new”
element which does not contain the terms mentioned. They then derive a
second-order differential equation for this auxiliary element. Kaula [62] even
derives the Lagrangian perturbation equations using the set of parameters a,
e, i, 2, w, and o(t) throughout the development. His result is, as a matter of
fact, equivalent to the equations presented here, because a(%(t) =—-n 8g(t)
We believe that the equations given above for the five orbital elements a, e,
1, 2, w and for the mean anomaly o are very easy to understand and (what
may be even more important) to use.
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7. Numerical Solution
of Ordinary Differential Equations:
Principles and Concepts

7.1 Introduction

The three different types of equations of motion set up in Chapter 3 and
the associated variational equations discussed in Chapter 5 are the central
theme of this book. In Chapter 6 it was shown that the equations of motion,
when using the osculating orbital elements instead of the celestial bodies’
coordinates and velocities as dependent variables, may be represented ap-
proximately as integrals of known functions of time. It seems therefore wise
to put the discussion of solution methods of differential equation systems
on a general basis in order to cope with quadrature, with linear, as well as
non-linear differential equation systems of any order.

In Celestial Mechanics the equations of motions are in general so complex that
only numerical methods promise efficient, yet accurate solutions. It is there-
fore appropriate to develop the key algorithms of numerical analysis related
to the solution of differential equation systems and to numerical quadrature.
We cannot strive for completeness, but we include those solution methods
which are of greatest importance in Celestial Mechanics.

The numerical solution of ordinary differential equation systems should not
be understood (and taught) as a “catalogue of recipes”. We will restrict the
discussion to few fundamental principles and concepts of numerical analysis.

In pure mathematics manifolds of solutions of differential equation systems
may be discussed. In numerical analysis the focus is on particular solutions of
ordinary differential equation systems. A particular solution is defined by the
differential equation system and additional information, usually the initial
values of the solution at one particular value ¢y of the independent argument
t. We will also address what might be called a local boundary value problem
(see sections 7.2 and 7.5). The initial and the local boundary value problems
will be defined more precisely in the next section.

When dealing with ordinary differential equation systems the distinction is
made between one independent and one or more dependent arguments. A
particular solution represents all dependent arguments as functions of the
independent argument. Dependent and independent arguments have different
meanings in different applications. In an attempt to keep the language simple,
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the symbol ¢ will be used for the independent argument and it is identified
with time. This convention allows it to speak, e.g., of an initial epoch, of
boundary epochs, etc.

Solving an initial or a boundary value problem should be viewed as a special
task of approximation theory, where an approximating function for the true
solution is sought. From now on it shall be called the numerical solution of
the underlying mathematical problem. The numerical solution might be a
truncated Taylor series (named after Brook Taylor (1685-1731)), a series of
trigonometric functions, and so on. Special problems might favor special func-
tions. Subsequently, we are only interested in algorithms with the potential
to solve “all possible” ordinary differential equation systems. When solving
a differential equation system with numerical methods we will observe the
following general guidelines:

e The numerical solution represents each component of the solution as a
linear combination of given base functions. We will use polynomials for
this purpose.

e The numerical solution is generated independently of specific user require-
ments (in the sense that the solution is needed at such and such epochs),
except that the approximating function must cover the entire time interval
of interest.

e After the actual solution step, the numerical solution may be evaluated at
any required epochs, its time derivative(s) may be taken at any epoch, the
numerical solution may be integrated over any time interval covered by the
solution.

This purist’s understanding of numerically solving an initial or boundary
value problem is not common — and it rules out a number of well known and
commonly used methods. Such alternative algorithms will only be included
for comparison purposes in section 7.4.

Formally, the numerical solution of a differential equation system may be
written as the sum of the true solution and of an error function. Good inte-
gration methods should have the capability to assess and/or control the errors
of the numerical solution. The appropriate treatment of errors and their ac-
cumulation is probably the most complicated aspect of numerical integration
methods.

Numerical integration is dealt with in six sections (not counting this in-
troductory section). The general mathematical structure of the problems is
discussed in section 7.2. The Euler method, so to speak the “mother of all
integration methods”, is reviewed in section 7.3. This review is mandatory,
because modern methods share many — as a matter of fact most — proper-
ties with Euler’s algorithm. Section 7.4 gives an overview of important and
powerful integration procedures in use today for the numerical solution of
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ordinary differential equation systems. Section 7.5, dealing with the collo-
cation methods, is the core of our treatment. Collocation methods may be
viewed as the logical successors of the Euler method, sharing all properties
with the Euler method but being orders of magnitude more efficient. The
well-known multistep methods are shown to be special cases of collocation
procedures in this section. In section 7.6 collocation algorithms are applied to
linear differential equation systems and to definite integrals, i.e., to numeri-
cal quadrature. The famous Gaussian quadrature formulae are shown to be
special cases of collocation methods, as well. The chapter is concluded with a
discussion of the error propagation in section 7.7, where the emphasis is put
on problems of Celestial Mechanics.

A treatment of numerical analysis without including at least a few key ex-
amples would be like a soup without salt. The illustrations in this Chapter
are based on the programs NUMINT, LINEAR, and PLASYS, which are in-
cluded in the program package and documented in Chapters II-6 and II- 10
of Part III. Program NUMINT is particularly well suited to compare inte-
gration algorithms. Two basic problems of Celestial Mechanics, namely the
motion of an artificial Earth satellite in the gravity field of the oblate Earth,
and the motion of a minor planet in the gravity field of Sun and Jupiter, may
be solved using a variety of different methods. The program LINEAR is used
to solve selected linear differential equation systems and to evaluate definite
integrals. Program PLASYS is used to solve the planetary N-body problem.

7.2 Mathematical Structure

The equations of orbital and rotational motion derived in Chapter 3 are
special cases of the following explicit system of ordinary differential equation
systems of order n:

y(n) = f(t7y7y.7g7"'7y(n_l)) ’ (71>
where

n > 0 is the order of the differential equation system,
d > 0 is the dimension of the system of equations, implying that

y = y(t) is the column array of d dependent variables y;(t), j =1,2,...,d,
i.e., the array of unknown functions of time,

t is the time, the independent variable of the system of differential equations,
¥ = y(t) is the first derivative of y(t) w.r.t. ¢,
4 = 4(t) is the second derivative of y(t) w.r.t. ¢,
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y® =y0(t), i =1,2,..., is the i-th derivative of y(t) w.r.t. t, and

f= j"(t7 Y, Y, Y, .. ,y("_l)) is the right-hand side of the system of differen-
tial equations.

Loosely speaking, y(t) is also called the solution vector. Note, however, that
the dimension d of the system has nothing to do with the dimension of the
vector space of the problem addressed. In the equations of motion of the
planetary system with N planets and/or planetoids and comets, etc., the
dimension of the differential equation system would be d = 3 N . For our
applications only equations of orders n = 1 and n = 2 are actually needed.

Equation (7.1) is not the most general formulation for a differential equation
of order n. A more general formulation would be:

f(t7y7y.7y7"'7y(n_1)7y(n)) = 0 * (7'2>

Quite a few important equations of mathematical physics are of the general
form (7.2), which might be called the implicit formulation of a differential
equation system. All systems of type (7.1) may be written in the form (7.2),
but not all systems of type (7.2) may be brought (easily) into the form (7.1).
Only explicit systems of type (7.1) are considered in this book.

The system (7.1) of order n and dimension d might be written in component
form

ygn) fl(t7y7y‘7y77y(n_1)) fl(t>
ys f(ty, 9.9, ...,y Y) fa(t) -
o= = .. 7.3
y{ fat,y. 9.9, ...,y V) fa(t)

Wherever possible the matrix notation (7.1) will be given the preference over
the component notation (7.3).

In general, all components of y(¢) and of its first n — 1 time derivatives occur
on the right-hand sides of eqns. (7.1). In this case the system is called a
coupled system of equations. If it is possible to split the system (7.3) into
two subsystems, where, within (at least) one subsystem only the components
referring to that subsystem occur on the right-hand sides, the system (7.3) is
separable, and both subsystems can be solved separately. Observe that the
system containing only the components of this system on the right-hand side
has to be solved first.

A planetary system with a mixture of finite point masses and bodies of neg-
ligible masses is described by a separable system. Obviously, the non-zero
masses give rise to a coupled system of type (3.18), which does, however,
not depend on the motion of the bodies of negligible mass. This subsystem
describing the motion of the finite masses must be solved first. Subsequently,
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we may solve — one by one — the equations of motion (3.21) for the bod-
ies of negligible mass. Obviously, the coordinates of the particular body of
negligible mass and the coordinates of all bodies with finite masses (which
are known functions of time after the solution of eqns. (3.18)) occur on the
right-hand side of the differential equation for the particular body.

In Chapter 5 we have seen that the variational equations associated with the
equations of motion are linear. Linear systems may be written in the form

n—1

y" = Ay +b() (7.4)
1=0

where A;(t) are square matrices of dimension d with elements A;,, = A; , (1),
J,k=1,2,...,d, known as functions of time ¢, and where b(t) is a column
array, consisting of d known functions b;(t), j =1,2,...,d, of time.

The linearity of the differential equation systems may, but need not, be ex-
ploited by numerical algorithms. This aspect will be further pursued in section
7.6.

When numerically solving the system (7.1) we need additional information
to identify one particular solution, e.g., by defining an initial value problem,
where, at an initial epoch tg, the solution vector and its first n — 1 derivatives
w.r.t. time ¢ are specified. The initial value problem reads as:

vy = fy, 9.9,y Y)

N (7.5)
yD(to) Ly, i=01,...,n—1.

The solution vector and its first » — 1 time derivatives at a particular time ¢
also are referred to as the state vector of the system at time ¢. Consequently
the initial values yél), 1 =20,1,...,n — 1, are referred to as the initial state
vector at time tg.

Equations (7.5) consist of the differential equation system, which should hold
for all time arguments ¢ (it is the system of eqns. (7.1)), and the initial values
of the solution array and its first n — 1 derivatives at time ty. One can prove
that the initial value problem (7.5) has exactly one solution, if the function
f meets certain requirements (key word: Lipschitz conditions). We do not
review the existence and uniqueness theorems and proofs associated with
the initial problem (7.5), a topic, which is covered in many mathematical
textbooks.

Particular solutions may be specified in many alternative ways. If the con-
dition equations referring to one initial epoch ty are replaced by equations
referring to several epochs, one generally speaks of a boundary value problem,
which might, e.g., be formulated as follows:
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J = $midi ) o
y(t) Sy, i=12...,n, tj At for iFk. |

In the above example the time derivatives of the solution vector at time tg
were replaced by the solution vector at n — 1 different epochs. It is a non-
trivial task to decide whether the problem (7.6) has a unique solution. (As a
matter of fact boundary value problems in Celestial Mechanics generally do
not have unique solutions, but usually all but one solution may be ruled out in
practice.) Two special cases are important: (a) if an approximate solution of
the boundary problem is available, a solution may be found by linearization;
(b) if the boundary epochs t;, i = 1,2,...n, are close together (within the
convergence radius of a Taylor series expansion of the solution with suitable
origin), it is possible to find a numerical solution by a special technique
(see section 7.5). Problems of type (b) may be called local boundary value
problems.

More general boundary value problems than that represented by equs. (7.6)
occur in practice. One might, e.g., wish to provide the value for y(¢) at time
t}, its first derivative at time ¢}, etc. One might even think of specifying
different time derivatives for different components at one and the same time.
It would not be too difficult to develop algorithms for such general situations.
In order to focus on problems actually occurring in Celestial Mechanics, we
refrain from studying such cases and uniquely deal with the initial value
problem (7.5) and the local boundary value problem (7.6).

Many algorithms may be used to solve only first-order differential equation
systems. From the mathematical point of view, no harm is done by this
restriction, because every higher-order system may be transformed into a
first order system by the following substitutions:

U =Y
def o
u =y
def
w; d:ef y(i) (77>

Up-1 =y

These transformations allow it to set up the following first order system of
differential equations:
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Uy = u

U, Uit1

Tln—Q = Up—-1
ﬁn—l = .f(tvu()?ulv s 7un—1) .

Obviously the system (7.1) of order n and dimension d was transformed into
a system of order 1 and dimension n d. The definitions

ul
Uo
U1 Uz
w= | ... and F(t,u) = o (7.8)
u. . I
n—1 f(t7 u)

allow it to write the above differential equation system in the concise matrix
form:
u=F(t,u) . (7.9)

If a dynamical system is described in this way, the designation of its solution
vector u(t) as state vector is commonly used. If the system is specified by
equations of type (7.1) of higher than the first order, its state vector must be
viewed, as already mentioned, as the solution function y(t) and its first n —1
time derivatives.

From the mathematical point of view the systems (7.1) and (7.9) are equiva-
lent. This is not necessarily true for their numerical solutions. From the point
of view of the practitioner one should always try to solve the higher-order
system, because the storage requirements and the so-called overhead of an
algorithm (comprising all operations not related to the solution of the specific
problem, i.e., not related to the evaluation of the right-hand sides f(...) of
eqns. (7.1) (or F(t,u) of equs. (7.9))) are usually considerably smaller when
sticking to the original formulation (7.1).

7.3 Euler’s Algorithm

The numerical algorithms in use today to solve the initial value problem (7.5)
are based on the principles outlined by Leonhard Euler in 1768 [37]. This fact
is recognized by associating Euler’s name with the simplest, and perhaps the
most robust, integration algorithm. Euler’s original analysis, in the scientific
language of those days, is reproduced in Figure 7.1. In this algorithm Euler
approximates the solution of the initial value problem
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DE INTEGRATIONE AEQUATIONUM DIFFERENTIALIUM
PER APPROXIMATIONEM

PROBLEMA 85

650. Proposita aequatione differentiali quacunque eius integrale completum
VETO Proxrime assignare.

SOLUTIO

Sint x et y binae variabiles, inter quas aequatio differentialis proponitur, atque
haec aequatio huiusmodi habebit formam, ut sit % = V existente V functione
quacunque ipsarum z et y. lam cum integrale completum desideretur, hoc ita
est interpretandum, ut, dum ipsi x certus quidem valor, puta x = a, tribuitur,
altera variabilis y datum quemdam valorem, puta y = b, adipiscatur. Quaes-
tionem ergo primo ita tractemus, ut investigemus valorem ipsius y, quando
ipsi « valor paulisper ab a discrepans tribuitur, seu posito z = a + w ut quaer-
amus y. Cum autem w sit particula minima, etiam valor ipsius y minime a b
discrepabit; unde, dum x ab a usque ad a + w tantum mutatur, quantitatem
V interea tanquam constantem spectare licet. Quare posito x = a et y = b fiat
V = A et pro hac exigua mutatione habebimus % = A ideoque integrando
y =b+ A(z — a), eilusmodi scilicet constante adiecta, ut posito x = a fiat
y = b. Statuamus ergo r = a + w fietque y = b+ Aw.

Quemadmodum ergo hic ex valoribus initio datis * = a et y = b proxime
sequentes r = a + w et y = b+ Aw invenimus, ita ab his simili modo per
intervalla minima ulterius progredi licet, quoad tandem ad valores a primi-
tivis quantumvis remotos perveniatur. Quae operationes quo clarius ob oculos
ponantur, sequenti modo successive instituantur.

Ipsius valores successivi
T a, da, a', 4", oV, ..., 'z, =
y b, b/7 bll7 b"l7 bIV7 R /y7 y
v A, AL, AT AT AY L YV,

Scilicet ex primis x = a et y = b datis habetur V' = A, tum vero pro secundis
erit ¥ = b+ A(a’ — a) differentia a’ — a minima pro lubitu assumpta. Hinc
ponendo z = a’ et y = b’ colligitur V = A’ indeque pro tertiis obtinebitur
b =b' + A" (0" —a’), ubi posito z = a’’ et y = b" invenitur V = A”. ... Series
autem prima valores ipsius x successivos exhibens pro lubitu accipi potest,
dummodo per intervalla minima ascendat vel etiam descendat.

Fig. 7.1. Euler’s method of numerical integration
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dy

o = V(@) (7.10)

y(a) =b
in the interval I = [a,z], where  may be to the left or to the right of
the initial value a of the independent argument. He subdivides the original
interval I by the points a, a/, a”, ..., x, where @’ —a, " — d, ..., are
assumed to be infinitesimal, into the subintervals I; = [a,d'], Io = [d/,a”],

etc. In practice these subinterval lengths will be defined as small values. The
true solution is approximated by a linear function of time ¢ within each of
the subintervals Iy = [a,d'], Is = [a’,a”], etc., where the linear function is
defined by its value and slope at the left interval boundary (function values
y and V(x,y)). With this procedure an approximating function is defined
for all 2’ € [a,z], not only for the interval boundaries a, o', a”, etc. Euler’s
numerical solution is continuous in I = [a,z], its first derivative w.r.t. the
independent argument is only piece-wise continuous. Discontinuities occur at
the subinterval boundaries a, a’, a”, etc.

The essential elements of Euler’s method are:

1. The entire integration interval I = [a,z] is divided by the points
a,a’,ad”’,..., into subintervals I, k =1,2,....

2. The numerical solution is defined as a linear function of the independent
argument within each of the subintervals I.

3. A subsidiary initial value problem is defined at the left boundary of each
of the subintervals I , I3, etc.

4. The initial values y(a’), y(a”), etc. are defined as the numerical solution
referring to the preceding subinterval I, I, etc., at the right interval
boundaries a’, a”, etc. of this subinterval.

5. The linear approximating function within each of the subintervals is de-

fined by the initial value and the slope (right-hand side of the differential
equation) at the left interval boundary.

Euler proposed his algorithm in Figure 7.1 for one scalar differential equation
of order n = 1.

Let us transcribe Euler’s algorithm to the initial value problem (7.5) in an
interval I = [to, ty]. Within this interval the initial value problem (7.5)

y = f(ty.g. g,y )

y (o) Eyd), i=0,1,...,n-1

is approximately solved by the following algorithm:
n—1

def def 1 i 7 1 n . n—1
v S0 £ 35—t Yio + — (6= )" F (teyso. o,y )
- tel,, k=01,....N—1,
(7.11)
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where the original interval I = [to,tn] is divided into N subintervals by the

epochs (to), t1, ..., tn—1, (tn) (see Figure 7.2), and where the initial values
within each subinterval are defined by
(4)
; Yy , k=0
yl(cg = { () (7.12)
yk_l(tk) , k>0.

The initial values are identical with those of the original problem in subin-
terval Iy, whereas the initial values in subinterval I, k& > 0, are defined by
the numerical solution y;—_1(t) at time ¢; of the preceding interval Ij_;.

7‘50 7‘51 7‘52 7‘53 7‘54 tN-3 l‘fN—Q 7‘5N—1 l‘fN
‘ ]0 ! 11 ! ]2‘ 13 ! ‘ [N—S ‘ IN—Z ‘ ]Nfl ‘

Fig. 7.2. Subdivision of the integration interval in Euler’s algorithm

The algorithm (7.11, 7.12) is in the following respects a generalization of
Euler’s original algorithm:

e The algorithm (7.11, 7.12) is capable of dealing not only with one scalar
equation, but with systems of equations. This part of the generalization
was simple: Scalar coefficients had to be replaced by arrays of coefficients.
Note, however, that each component of the solution may be dealt with
separately (except when evaluating the right-hand sides of the differential
equation systems).

e The algorithm (7.11, 7.12) is able to solve equations of higher than the
first order. The numerical solution is a polynomial of degree n (Taylor
series truncated after the terms of order n for differential equation systems
of order n). Its (n — 1)-st derivative (which is, e.g., needed to define the
new initial values at the right interval boundaries) is, however, a linear
approximation of the true (n — 1)-st derivative of the solution.

The second generalization might have been avoided if the n-th order system
would have been transformed into a first order system prior to its numerical
solution. The accuracy of both approaches are comparable. The only advan-
tage of algorithm (7.11, 7.12) over Euler’s original one in Figure 7.1 resides
in a reduction of the overhead of the algorithm.

The solution of the initial value problem associated with one of the intervals
Iy, is usually called an integration step, and the length of the subinterval I, ,
B < t1 —1 , is called the stepsize of the solution. The stepsize may change
from step to step.
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Euler’s scheme clearly was meant for numerical approximations, but it proved
to be very fruitful in pure mathematics, as well: Using a series of finer and
finer subdivisions of the integration interval (starting from an original, arbi-
trary subdivision), it can be shown that the corresponding series of approxi-
mate solutions converges to the true solution. The proofs of the existence and
uniqueness of solutions are, as a matter of fact, based on Euler’s (numerical)
solution scheme — which is truly remarkable! The convergence of Euler’s so-
lution method is very slow, however. The error decreases only linearly with
the number of subintervals.

This slow convergence is the main disadvantage of Euler’s scheme. It is doc-
umented by Figures 7.3 showing the error of the semi-major axis a of a hy-
pothetical minor planet orbiting the Sun in an orbit of small eccentricity and
small inclination with orbital elements defined by Table 7.1. The equations
of motion of the two-body problem (4.1) were directly integrated with pro-
gram NUMINT, once with the Euler method as explained above, once with
the classical Runge-Kutta method as it will be outlined in section 7.4.4. The
constant stepsize of the integration was one day in both cases, the integration
covered a time interval of 10 years.

AU
107(-10) AU
s
s
5

0 2 4 6 8 10 0 2 4 6 8 10
t(years) t(years)

Fig. 7.3. Error of semi-major axis a when integrating an orbit of small eccentricity
in a two-body potential over 10 years with a stepsize of one day; Euler method
(left), Runge-Kutta of order 4 (right) (note scale differences)

After the numerical solution of the two-body problem, the orbital elements
were computed for each day from the numerically integrated position and
velocity vectors. As the orbital elements should be constant in the case of
the two-body problem, Figure 7.3 shows directly the errors introduced by
the integration. The results obviously are far from optimal in both cases.
There is, however, a striking accuracy difference in the two figures: Whereas
the error in a is of the order of a few hundredths of an astronomical unit
(AU) when using the Euler method, the error is only of the order of a few
10712 AU when using the Runge-Kutta method. The accuracy gain when
using the Runge-Kutta method instead of the Euler method thus is about
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a factor of 10'°. One must admit, on the other hand, that the comparison
in Figure 7.3 is not really fair: The number of evaluations of the right-hand
sides of the differential equation systems is four times higher in the case of
the Runge-Kutta method than in the case of the Euler method. So, with the
same computational effort it would be possible to reduce the step size for
the Euler method by a factor of four. This would, however, only improve the
accuracy by a factor of four.

Table 7.1. Osculating elements of a “minor planet” at to=January 1, 2000, oh

Element Value Element Value
a 2.502 AU e 0.05
i 10° n 130°
w 30° To to

In summary, we may state that the Euler method is not a good choice, because
of efficiency considerations. Apart from that it meets all the requirements
specified in the introduction: Euler’s algorithm provides an approximating
function in the entire integration interval, and its error at an arbitrary epoch
t is known to decrease linearly with the number of subintervals, a fact that
might be exploited for an error assessment (see section 7.7 for a treatment of
this topic).

7.4 Solution Methods in Overview

Before discussing in detail the collocation and multistep methods, which are
fundamental in Celestial Mechanics, it is worthwhile to outline the principles
underlying the major integration methods in use today. Only the principles
and a few numerical examples are provided in this section. For detailed ex-
planations of the collocation and multistep methods the readers are referred
to the following sections, for extensive numerical comparisons of methods in
the field of Celestial Mechanics to [75].

7.4.1 Collocation Methods

The collocation method solving the initial value problem (7.5) is in all but
one aspects identical with the Euler algorithm (7.11, 7.12): Collocation algo-
rithms approximate the initial value problem within the subintervals I (see
Figure 7.2) by a polynomial of degree ¢, which is (in general) higher than
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in Euler’s algorithm. (For ¢ = n the collocation method is reduced to the
Euler algorithm.) The polynomial degree ¢ > n is also called the order of the
method. The interval subdivision and the definition of the subsidiary initial
value problems at the left interval boundaries are done exactly as in the Euler
algorithm (using, however, usually the collocation method of order ¢ > n of
the previous subinterval to define the new initial values).

The initial value problem referring to the interval I, , k € {0,1,...,N — 1}
may be written as:

y](gn) = f(t7yk7yk7gk7"'7yl(gn_1))
y () Lyl i=01,...,n—1, (7.13)

where the initial values y,(;g are defined by eqns. (7.12), i.e., exactly like in

Euler’s method.

The collocation algorithm of order ¢ > n approximates the initial value prob-
lem (7.13) or the boundary value problem (7.6) in the interval I}, = [tg, tx+1]
by a polynomial of degree ¢

q
o 1
ye®) =Y 5 (- 1) i (7.14)

where the coefficients y,(clg , L =0,1,...,q, are obtained by the requesting
that

(a) the numerical solution assumes the initial values (7.12) and that

(b) the numerical solution solves the differential equation system at exactly
q+1—n different epochs ty, , j=1,2,...,¢+1—n, within the interval
I, (see Figure 7.4).

l‘fo 7‘51 7‘52 1‘53 1‘f4 te The1 1‘51\#3 7‘5N—2 TN—I l‘fN
AV AL Iy ] Ing! Ino ! Ing|
Ty Thy T T, Thprn  Thyn  Thpiw

Fig. 7.4. Subdivision of the integration interval I, for collocation algorithm

The conditions (a) are “automatically” met (replace y,(;) (tx) in the equations

for the initial values of the problem definition (7.13) using the right-hand
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sides of the defining eqns. (7.14) of the numerical solution). Conditions (b) are
obtained explicitly by replacing yi(¢) (and its derivatives) in the differential
equation system (7.13) by eqns. (7.14) for the epochs ty;:

9 (ty, — )™ "
Z % ygo) = f(te, Yr(te,) e (te,), - - ,yi 1)(tkf)) (7.15)

l=n

j=12,....,q+1—n.

The condition equations (7.15) are algebraic and in general non-linear in the

unknowns y,(clg, Il=nmn+1,...,q, (because the unknowns implicitly also
show up on the right-hand sides of eqns. (7.15) — the terms yg) (t,) must be
replaced by the right-hand sides of eqns. (7.14)). Observe that the number

of unknowns equals the number of condition equations.

The task of developing the explicit collocation method is rather straight for-
ward from now on: We simply have to explain how to solve the system (7.15)
of non-linear algebraic equations! The collocation method of order ¢ is thus
reduced to the problem of determining the coefficients y,(fg JAd=nn+1,...,q,
of the numerical solution (7.14). This program will be performed in section
7.5, where we will show that the above condition equations may be solved
using standard methods of linear algebra.

The order g of the collocation method is defined by the program user. Orders
up to about ¢ = 10 to ¢ = 14 make sense in a double precision floating point
environment (see section 7.7).

7.4.2 Multistep Methods

When introducing the Euler method in section 7.3 and the collocation
method in the section 7.4.1 it was assumed that the subintervals I, k =
0,1,...,N—1, do not overlap. There is no obvious reason for this restriction.
The subintervals for collocation methods are now defined in the following,
more general way:

Ii = [toegi thran] » G1,G2 >0, (7.16)

where ¢;, i = 1,2, are positive integers (natural numbers). Obviously, the
case 1 = g2 = 0 does not make sense. The definition (7.16) guarantees that
tr is contained in the interval Ij.

The definition (7.16) formally does not affect the original subdivision of the
integration interval by the epochs ¢;. It only affects the subinterval in which
the collocation epochs #j, have to lie. Many “different”, potentially very
powerful, collocation methods may be derived using the generalized scheme
(7.16).
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Definition (7.16) obviously contains the “pure” collocation method, as intro-

duced above, as that special case for which ¢ <0 and G2 | (and thus
def

Iy = [ths tiga]).
For multistep methods the subinterval Iy, is defined either by

I = [thegins th] (7.17)

ie., by q1 y—nand o =0 or by

def

It = [th—qn—1,tit1] (7.18)

i.e., by ¢1 d:qu—i— 1—n and ¢ SRl

Multistep methods based on the subinterval definition (7.17) are called ez-
trapolation methods, those based on the subinterval definition (7.18) interpo-
lation methods. The name extrapolation method is explained by the fact that
extrapolation methods have to extrapolate the initial values to the epoch tx41
for solving the initial value problem of the next subinterval Ij ;. Interpola-
tion methods require a previous extrapolation step. They iteratively improve
the solution values at t;1 obtained by the extrapolation method solving the
initial value problem at tj.

The principle of multistep methods, in particular the transition from subin-
terval Iy to subinterval Iy, is illustrated by Figure 7.5: The interval sub-
division of the original interval I is illustrated by the top figure. The second
figure from the top shows the subinterval I}, for the extrapolation step. The
third figure from the top shows the same subinterval I, indicating that the
collocation epochs i, , j = 1,2,...,q + 1 — n of the extrapolation step are
identical with the partition epochs tx_;11,7 =1,2,...,¢+1—n of the inter-
val I (see top Figure). The extrapolation method in the interval Iy solves the
initial value problem at epoch t;; the differential equation system is “exactly”
solved at the collocation epochs tj, L thri—j, J =1,2,...,g+1—n. The
same figure also indicates that the extrapolation step has to be concluded
by extrapolating the solution vector (based on the polynomial of degree q)
to tx4+1. This extrapolation is indicated by the cross “x” in this figure. The
next figure may be understood as the subinterval I, jnter of the interpolation
step(s) related to the initial value problem referring to tx or (already) as the
next subinterval I;11 associated with the initial value problem at tjiq. If
there are no interpolation steps (pure extrapolation method), the extrapo-
lated function values at t;41 are taken as the new initial conditions at tx1.
If interpolation steps follow the extrpolation step, the solution (and its n — 1
first derivatives) of the interpolation step at tx4+1 serve as initial values at
tx+1. The bottom figure shows the subinterval Iyy; for the extrapolation
method.

Apart from using overlapping subintervals I, the multistep procedures have
another interesting and attractive property, which distinguishes them from a
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i q+n i ¢+n+1 tk7q+n+2 le—2 tp1 173 trt1
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]k+1 t(k+1)(q—n+l) t(k+1)(q~n) t(k+1)f= t(k+1)z Z’(k-%—l)1
T < >

Fig. 7.5. Subdivision of the integration intervals I, Ir41 for multistep algorithm

general collocation method: With the exception of the initial value problem
referring to tp, the right-hand sides of the condition equations (7.15) are
taken over as known from the previous integration steps without ever being
recomputed! This implies that the extrapolation methods compute the right-
hand sides of the differential equation systems exactly once per integration
step referring to Iy, namely at t;11 (indicated by the cross x in Figure 7.5).
This makes multistep methods (potentially) very efficient. If one interpolation
step is performed, the number of function evaluations is doubled, because the
function f(tx+1) has to be evaluated one more time, but this still promises
a high computational efficiency.

If multistep procedures are understood, as they should, as special cases of
collocation methods, the designation “multistep” is somewhat misleading and
not really justified. The name can only be understood, if the integration step
is seen as the transition from the old initial epoch tj, to the new one at t41. It
would have been much better to call such methods collocation algorithms with
overlapping intervals. When understanding the multistep methods as special
cases of collocation methods it is, e.g., not necessary to lose a word about
constructing a special initial sequence of function values — perhaps even,
horribile dictu, with Runge-Kutta procedures of low order, as recommended
by some experts in the field.

High-order multistep procedures (10 < g < 14) are extremely efficient and
accurate, probably the best of all methods available today, if the stepsize
hyp & tr+1 — tx needs not be changed frequently. Multistep methods will be
discussed in detail in section 7.5.6.

In literature multistep methods are often introduced in a different way, where
it is (implicitly) assumed that a prediction is possible by making not only
use of the condition equations (7.15), but in addition of the values yy (tx—;)
of the solution vector yx(t) at the previous epochs ¢;, j = 1,2,...,¢ —n.
Such methods in general cannot be stable. In the author’s opinion they do not
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deserve the name “integration method”, which is why they are not considered
here. In the best case, they have a role to play when studying the asymptotic
behavior of differential equation systems. More information may, e.g., be
found in [53].

7.4.3 Taylor Series Methods

Exactly as the collocation methods, the Taylor series algorithms differ only in
one aspect from Euler’s scheme (7.11, 7.12): The Taylor series development
is truncated only after the terms of order ¢ > n and not already after the
terms of order n. The derivatives of the orders n to ¢ have to be computed
with the help of the differential equation system:

(7.19)

(t —tr) ytY +Zl' t—t) £

where the derivatives on the right-hand side all refer to the epoch ¢, and
where

fko - f(tkvyk07yk07 cee 7y§g78_1)) . (720)

The first derivative of fro = f(tx) is computed as follows:

yl(cn+1)(tk) dor 'n,+1) ~ f1o

n—1 d

Ofro Ofro S+
= + ) Z D Yko
ot S oy (7.21)
Ofro =& Ofn ¥ d afk
0 0 1—0—1 0
= ot + ZZ z) Yro, =t Z fkol ;
i=0 1=1 kOl = kOL

where the index [ characterizes the component no [ of the corresponding array.
Higher-order derivatives are obtained by taking the derivatives of eqns. (7.21).

There can be no doubt that an algorithm resulting from such a scheme would
be much better than the Euler algorithm (7.11, 7.12) and that it would meet
all the requirements postulated in the introductory section 7.1. The result of
the integration is in particular an approximating function which may be used
everywhere within the interval considered. Also, local error control could be
easily established.

A practical consideration destroys the concept: The concrete form of the
derivatives of f(t) is problem-dependent and the resulting expressions may
become close to unmanageable. This is true for most problems in Celestial
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Mechanics. Efficient Taylor series methods may, however, be developed for
the solution of linear differential equation systems. The issue will be taken
up again in section 7.6.

Taylor Series Solution for the Two-Body Problem. In order to demon-
strate the complexity of Taylor series methods we include this type of algo-
rithm to solve the two-body problem. With the advent of digital computers
quite a few of these algorithms were developed. We quote the algorithm given
by A. E. Roy in [94]. The algorithm solves the following initial value problem:

., T

T TE

r(to) = 7o (7.22)
’I"(to) d:Cf To

Note that the gravity constant was put to u = 1 which has implications on
the units used. The approximate solution is sought in the form of a power
polynomial in ¢ — t¢ (which is equivalent to a Taylor series):

r(t) = ri(t—to)" . (7.23)
=0

With the introduction of the four scalar auxiliary variables (for better refer-
ence the notation is taken over from [94] and only used in the context of this
particular algorithm)

(7.24)

(7.25)

P =—ur, (7.26)
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it is possible to calculate the terms of all power polynomials recursively:

1
() = %
1
wy = —&
0 7’(2)
S0 =170 " ’f‘o
(o) = Wop So
1 J
Tiig = — — Uj_i T
TG+ +2) 2 e
Ly
Ujpl = — == > Ui0j— (7.27)
j+1 P
9 J
Wip =——— Y w0
i+tli=
j+1
Sj+1 = Z(z +1) i1 it
i=0
j+1

Oip1 = D Wwisj it
=0
j=0,1,...,—2.

Note that the algorithm (7.27) is valid for all conic sections. When generating
a computer code of the above algorithm, the vector r(t) may be treated as
two dimensional in the orbital plane (with the first axis pointing from the
focal point of the conic section to the pericenter). The algorithm only needs
the eccentricity e, the true anomaly v and (of course) the maximum order of
the development as input. The algorithm can be modified not to return the
polynomial coefficients 7;, but the values of the derivatives at tg, r@ (to) -
For a “real” orbit, characterized, e.g., in addition by a, the term 7 has
to be scaled (multiplied) by an® (for elliptical orbits), where n is the mean
motion.

7.4.4 Runge-Kutta Methods

It is logical to deal with Runge-Kutta methods immediately after the Taylor
series method. Runge-Kutta methods of the order ¢ compute the value of
the solution function (and its first n — 1 derivatives) for exactly one instant
near the initial epoch, namely at ¢t = ¢ + hi , with an accuracy equivalent
to a Taylor series up to order ¢q. Runge-Kutta methods are named after two
German mathematicians, Carl David Tolmé Runge (1856-1927) and Martin
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Wilhelm Kutta (1867-1944), who developed a procedure of order ¢ = 4 for
differential equation systems of order n = 1. Runge-Kutta algorithms are
robust and simple in application. They are very popular and therefore covered
in virtually every textbook of numerical analysis and in many textbooks
of Celestial Mechanics. As the result of Runge-Kutta procedures is not an
approximating function as requested in section 7.1, we only develop the key
ideas and reproduce the best-known algorithm. Runge-Kutta procedures of
the orders ¢ = 4, 7, and 8 are available in the program NUMINT (see Chapter
II- 6 of Part IIT).

Let us approximate the solution of the initial value problem

¥y = fty) (7.28)
y(to) = yo

of a differential equation system of first order at ¢t = ty + h by an expression
which is equivalent to a Taylor series up to degree and order ¢

q

y(to + h) :Z 'l 4 0 (heth)
=0
. (7.29)

1
=yo + E i FE V(o) b + O (hT) .
=1

Runge-Kutta algorithms do not determine (approximations for) the coeffi-
cients of the Taylor series. They merely provide the sum on the right-hand
side of eqn. (7.29) to the accuracy specified.

The first derivative of f(t) at ¢t = o, namely f'(tg) = fo, may be written as
0 0
fo—{ + Yo - 8y0}f(t0)

) P (7.30)
{8t+f0 yo}fo
=Dfo,

where the scalar operator D is explicitly defined as

i [0 0 9 < 9
D:{wf'(@)}f W?_}ff(a—yj) B

to

This definition allows it to write the higher-order derivatives in a very concise
way:
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fo =Dfo

A

fo :Dfo (7.32)
Sq):quO'

The actual computation of the operator D® becomes more and more cum-
bersome with increasing order i, mainly due to the fact that fy must be
considered as a function of ¢ and yo in the operator D defined by (7.31).
If we replace the functions fy by their values vy at t = ty, we obtain the
following linear operator:

0 0
Do & = L=
0= 5 + vo oy (7.33)
With this linear operator (7.33) the derivatives (7.32) at ¢y may be written
as follows:

Jio = Do fo
fo =Difo + (VyDo)fo

(7.34)
63) ZDgfo + ...

With eqns. (7.34) and h = t — t, for the time argument relative to to the
Taylor series expansion (7.29) may be written as

2 3

y(t) =yo + hfo + % Dofo + % {Dgfo + (VyDo)fo} + ..., (7.35)
It is the goal of Runge-Kutta algorithms of order ¢ to approximate the ex-
pansion (7.35) up to terms of order ¢ by a linear combination of a (minimum)
number of function values f(¢;,y) at different locations in the vicinity of the
point (tg,yo) in the (d 4+ 1)-dimensional space. The general explicit Runge-
Kutta algorithm reads as:

kl = hf(t(),y())
ko =hf(to+ah,yo+ Fk1)
ks = h f(to + ath,yo + Bik1 + 711k2)

(7.36)

k?m :Clk1+82k2—|—63k3—|—...
ylto+h) =yo+kn,

where the constants o, (3,..., ¢1, ¢2, ..., have to be defined in such a way that
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the last equation in formulae (7.36) is equivalent to the Taylor series (7.35)
truncated after terms of order ¢. In order to obtain the condition equations
for the coefficients, the right-hand sides of eqns. (7.36) have to be developed
up to the required order relative to the point (¢g, yo). This is achieved by the
following formal development:

- 1
flto+ At,yo+ Ay)=> =D i (7.37)
=0

where D is a linear operator which differs from the linear operator Dy defined
by eqn. (7.33) only by the coefficients of the partial derivatives:

R + Ay - 0

o 9 (7.38)

From here onwards, the procedure is in principle clear: The right-hand sides
of the eqns. (7.36) have to be developed using the expansion (7.37), and
the result has to be identical with the truncated Taylor series (7.35). This
comparison results in condition equations for the coefficients. The actual
computations are rather elaborate, in particular for orders ¢ > 4.

The best-known Runge-Kutta algorithm undoubtedly is that of order g = 4,
probably reproduced in every treatment of numerical analysis:

kl :hf(t()?y())

ko =hf(to+3hyo+35ki)

ks =hf(to+5h yo+ 35ks)

k4 = h f(to+ h,yo + k3) (7.30)
k., =1 (k1 +2ky+2ks+ky)

The idea underlying Runge-Kutta procedures is attractive from the math-
ematical point of view, and the resulting algorithms are not only powerful,
but also easy to use. Due to the heavy algebra involved in the explicit com-
putation of the coefficients, it took quite some time to develop higher-order
methods, methods for higher-order equations, and algorithms providing error
control. Such algorithms are available today up to about order ¢ = 12 for first
and second order differential equation systems. We refer to the pioneer work
[38] by E. Fehlberg, and to [75] for an overview of more recent developments
applied to problems of Celestial Mechanics.
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7.4.5 Extrapolation Methods

According to Gear [45] extrapolation methods are based on an idea originally
developed by L. F. Richardson in the early 20th century. The method is also
called “deferred approach to the limit”. The key idea is illustrated by Figure
7.6 and may be summarized as follows: The solution y(t) of the initial value
problem

] = f(t7y>

7.40
y(to) = yo (740)

at one and the same epoch t = tg + H is calculated using one and the same
simple algorithm (e.g., Euler’s method), however, with smaller and smaller

(constant) stepsizes h; , e.g., h; £ % , in subsequent approximations.

t to t+H

h=H y(to +H,H)
h= H/2 | y(to +H,H/2)
h= H/3 | | y(to +H,H/3)
h= H/6 I I | | I y(to +H,H/6)

Fig. 7.6. Principles of extrapolation methods

Denoting the approximation of the solution at ty + H with stepsize h; by
y(to+H, h;) , one may then interpret these solutions at t = to+H as functions
of the stepsizes h;. If all in all ¢ + 1 approximations y(to + H, h;), j =
1,2,...,q9+ 1, were calculated at ty + H, it is possible to represent them by a
polynomial of degree ¢ in the stepsize h and to use the value of the polynomial
at h =0 as the estimate for the solution at to+ H. It is intuitively clear that
this approximation corresponds to a hypothetical stepsize of h = 0.

Let us develop the procedure more explicitly using the Euler method as the
underlying integration method. The numerical solution of the initial value

problem (7.40) at to + H may thus be written as a function of the stepsize h

of the Euler integration steps used, where the function values for h = h; L

j=1,2,..., are computed as:

7 )
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hi=H:y(to+ H,h1) =yo+ hi f(to,yo)

ho = & y(to + ha,ha) = yo + ha f(to,yo)
y(to + H,ha) = y(to + ha, ha) + hgf(to + ha,y(to + ha, hg))

hs = 2 :y(to + hs, hs) = yo + hs f(to,yo)
y(to + 2 hs, hg) = y(to + hs, hs) + hgf(to + hs,y(to + hs, hg))
y(to + H, hs) = y(to+ 2hs, hs) + hsf (to + 2 hs, y(to + 2 hs, hs))

(7.41)
The numerical solutions y(to+ H, h) at epoch t = ¢ty + H may be represented
by a special polynomial of degree ¢ (plus an error term of order ¢+ 1 in h)
in the (variable) stepsize h:

q
y(to + H,h) = Zci ht 4+ O(he)
1=0
. (7.42)
=ylto+ H,0) + Y c;h' + O(h'T)
=1

where
co = y(to + H,0) (7.43)

has to be understood as the “true” solution vector (corresponding to stepsize
h =0) at epoch t =to + H.

From now on, the procedure to calculate ¢y = y(to+H, 0) is straight forward:
The coefficients ¢;, i = 0,1,..., in formula (7.42) are determined using the
approximations y(to + H, h;), j = 1,2,...,q¢ + 1, as function values to be
assumed by the representation (7.42):

thcld_efytO_FHh)v ]:17277(]"’1 (744)

As the terms O(h?t1) of order ¢+ 1 in h were neglected when setting up the
condition equations (7.44), all terms ¢; h;'- are accurate to order ¢ in H. By
solving the linear system of equations (7.44) we obtain in particular the term
Co

=y(to+ H,0) + O(h*™) . (7.45)

Extrapolation methods can be substantially improved by replacing Euler’s
method to generate the successive approximations at t = tg+H with the steps
h;,j=1,2,..., by higher-order methods with the following error property:

y(to+ H,h) —y(to+ H,0)=> c;h"™ + O(h"H) (7.46)

i=1
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where r > 1 is a positive number. The errors at t = ¢ty + H may thus be
represented as polynomial in &€ = A", which is why the error property (7.46)
is superior to the error property (7.42) associated with Euler’s method.

Gragg [47] gives a simple algorithm based on a second order integrator for
which 7 = 2. The individual step in formulae (7.41) for h € {h1, ha,...,} is
replaced by

y(to+h,h) =yo + hf(to,yo)
y(to+2h,h) =yo + 2h f(to+ h,y(to + h, h))

y(to+ih,h) =y(to+ (i —2) h,h)+2hf(to+ (i — 1) h,y(to + (i — 1) h, h))

y(to +nh,h) =y(to+ (n—2) h,h)+2hf(to + (n—1) h,y(to + (n—1) h, h))
y(to+ H,h) =1 {y(tg Fnhh) + y(to+ (n— 1)k, h)

+h f(to+nh,y(to + nh,h))} :
(7.47)

where n must be an even number. Press et al. [88] recommend to use the
sequence h, , n = 2,4,8,10,..., with nya.x ~ 16.

The algorithm may be brought into a very efficient form based on divided
difference schemes, where the approximations for y(to + H) are obtained in
increasing orders of h2. The error behavior allows it easily to estimate the
accuracy of the result at ¢ = ¢ty + H (using in essence analogous methods
as in the case of collocation algorithms). One of the most advanced algo-
rithms was developed by J. Stoer and R. Bulirsch, see, e.g., [112] or [113]. An
extrapolation method of selectable order ¢ is available in program NUMINT.

One should be aware of the fact that extrapolation algorithms provide accu-
rate values for the solution only at the interval boundaries. No comparable
approximation is available between the interval boundaries. If the only in-
terest in the solution of an initial value problem consists in propagating the
solution vector from the initial epoch ¢y to a remote epoch ty , extrapolation
algorithms may be extremely powerful tools. If, on the other hand, an approx-
imating function is needed, their use seems somewhat limited. Extrapolation
methods certainly are superior to Runge-Kutta methods, among other be-
cause high-order extrapolation methods may be obtained easily, without the
painful algebra involved in the establishment of the Runge-Kutta methods.

7.4.6 Comparison of Different Methods

Five different methods were outlined in this introductory section. They all are
of orders ¢ > n, higher than the order n of the differential equation system,
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which in turn is the order of Euler’s method. There are many different ways
to compare methods. In Celestial Mechanics it is a well-established practice
to apply the methods to the solution of the two-body problem, where usually
the distinction is made between applications to orbits of small and large
eccentricities.

Figure 7.7 compares the performance of four eight-order methods, namely the
Runge-Kutta, the extrapolation, the multistep, and the collocation methods.
A constant stepsize of h = 40 days was used for the Runge-Kutta and the
extrapolation method, one of H = 40 days for the extrapolation method,
and one of h = 40/(¢ — 1) = 6 days for the multistep method. An orbit
with the small eccentricity e = 0.05 (initial elements defined by Table 7.1)
was integrated. The integration interval covers a time period of 1000 years
corresponding to 252.6 revolutions.

log(AU)

15 . . . .
0 200 400 600 800 1000

t(years)

[_colloc § —— extra 8§ ——— multi § ——— |

Fig. 7.7. Error of semi-major axis a when integrating a minor planet orbit with e =
0.05 a in two-body potential over 1000 years with a stepsize of 40 days; Collocation,
Runge-Kutta, Extrapolation, and Multistep (stepsize of h = 6 days) (all of order
8)

The integration was performed in rectangular coordinates, i.e., the equations
of motion (4.1) using u = k? were integrated, where these equations were
transformed into a first-order system when using the Runge-Kutta and the
extrapolation methods. (The integration was based on the second order equa-
tions when using the collocation and multistep methods).

At intervals of 120 days the rectangular coordinates of the position- and
velocity-vectors were transformed into osculating orbital elements. The dif-
ferences of these elements w.r.t. the initial elements, i.e., the integration errors



7.5 Collocation 279

in the elements, were then stored in a file. Figure 7.7 shows the logarithm of
the (absolute values of) the integration errors in the semi-major axis a (the
results for the other elements show in essence the same pattern).

Figure 7.7 first of all tells that all methods are excellent. The results are
much better than those achieved in Figures 7.3. At the end of the integration
interval (i.e., after 1000 years) the error lies between the limits 10711 AU for
the collocation method and 1078 AU for the Runge-Kutta method of order
8. The extrapolation method and the multistep method with an accuracy of
about 10~ AU are about comparable.

The order of a method in essence defines the order of magnitude of the error.
The efficiency of a method is defined by the number ns of evaluations of the
right-hand sides of the differential equation system per revolution (except
for those cases where the evaluation of the right-hand sides of the differential
equation systems is trivial). These numbers were ny = 470 for the collocation
method, ny = 759 for the extrapolation method, ny = 482 for the multistep
method, and ny = 470 for the Runge-Kutta method. These numbers would
favor the collocation and multistep methods for this kind of problems.

One should not “over-interpret” results of the kind represented by Figure
7.7. With increasing integration order ¢ the mutual performance may change
considerably. For more information we refer to section 7.5.4.

7.5 Collocation

From the author’s point of view the collocation method is the central tool
for solving ordinary differential equation. Collocation provides a numerical
solution of type (7.14), representing each component of the solution as a
truncated Taylor series in each of the subintervals Ij.

The basic principles underlying the collocation method were already outlined
in section 7.4.1. The collocation method is based on the requests that

(a) the numerical solution of the initial or boundary value problem within in-
terval I, assumes the same initial or boundary values as the true solution
of the same problem, and that

(b) the numerical approximation solves the differential equation system at
exactly ¢+ 1 —n different epochs within the interval Iy, (see eqns. (7.15)).

The theory of collocation methods is treated in sections 7.5.1 and 7.5.2, where
the solution of the initial value problem will be studied in section 7.5.1, that
of the local boundary value problem in section 7.5.2. Section 7.5.3 is devoted
to computational efficiency, numerical stability, and, to some extent, to the
elegance of the formalism. Collocation methods are applied to the problem
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of integrating an orbit of small eccentricity in section 7.5.4, a very important
class of problems in Celestial Mechanics. The integration interval may be
divided into subintervals I; of the same length h Lof tx+1 — tr in this case.
The example demonstrates the power of the method for problems of this
kind. As the analytical solution is known, we also gain a first impression of
the accumulation of errors in this section. In section 7.5.5 we first show that
collocation methods based on a constant stepsize h are inefficient or even
inappropriate to solve the two-body problem when the orbital eccentricity e
is no longer small. The remainder of the section is devoted (a) to the devel-
opment of a very simple method to define the stepsize (subinterval length)
hy = tx+1 — tr “in real time” by using the information available from the
collocation method and (b) to demonstrate the power of the automatic step-
size control. In section 7.4.2 it was already shown that multistep methods
are special cases of collocation methods. In the concluding section 7.5.6 we
further develop the concept.

7.5.1 Solution of the Initial Value Problem

In the case of an initial value problem, requirement (a) states that the first
n — 1 derivatives of the numerical and the true solution are identical at ¢x:

7 1 —q 7 .
y,i)(tk):z(l_i)!(tk—tk)l g =y i=0,1,...n—1, (7.48)

=1
where the values y,(;g ,1=0,1,...,n—1, are the known initial values at time
tr (see eqn. (7.13)).

According to requirement (b) the numerical solution has to solve the differ-
ential equation system for ¢ + 1 — n different epochs within the interval Ij.
This subdivision of the subinterval I is illustrated by Figure 7.4, where it
was assumed that ¢y, = tx and g, ,_, = tg+1. We will always adopt this
assumption, subsequently, would like to point out, however, that even a more
general selection of the collocation epochs t;, would be allowed. The coeffi-
cients are determined by the algebraic condition equations (7.15), which are
repeated here for convenience:

tkj — l=n . e
>0 B a8 = (b ) ) 0)

l=n

j=L12,...,9q+1—n.

Equations (7.15) represent an algebraic system of equations for the deter-
mination of the coefficients y,(clg, Il =nn+1,...,q. Note that the first n
coefficients are already known from eqns. (7.48). The problem of numeric in-

tegration in the interval I with a high-order integrator is thus one of solving



7.5 Collocation 281

the above system of algebraic equations, where the number of equations and
the number of unknowns are the same.

The left-hand sides of equs. (7.15) are linear in the unknown coefficients.
These left-hand sides may even be dealt with component by component,
because in the (scalar) equation referring to a particular component, only
the coefficients corresponding to this component show up. In general, the
unknown coefficients are also contained on the right-hand sides of the above
condition equations. Depending on the problem considered, the dependence
of the function f(...) on the coefficients may be quite complicated. The
actual structure of the system (7.15) therefore depends on the structure of
the original differential equation system (7.1).

The solution of eqns. (7.15) is reduced to the solution of d separate linear
systems of equations (namely one for each component of the solution vector)
if the function f does neither depend on the solution vector nor on its deriva-
tives, Le., if f < f (t) is “only” an explicit function of time. This situation is
encountered when solving a definite integral by numerical quadrature. Under
this assumption the equations for component m read as:

(te, =)™ (o )
Z ](Z—TL)' y](ggm:fm(tk])7 ]:1727~'~7q+1_n. (7'49)

l=n

Equations (7.49) characterize virtually every (useful) formula for numerical
quadrature. A unique solution exists, as long as ty, # tx, for i # [. The
condition equations of type (7.49) will be further studied in section 7.6.

If the differential equation system is linear, i.e., if it is of the form (7.4), the
system of condition equations (7.15) is linear, as well. The linear algebraic
system is, however, of dimension d' = d (¢ — n). Depending on the specific
problem, d’ may assume rather high values, what might be prohibitive for
the numerical solution of a linear system of equations. Many scalar linear
differential equations of mathematical physics are, however, solved in a very
elegant and efficient way by solving the linear system of algebraic equations.
It is worthwhile to point out already at this point that the solution of a linear
differential equation system may be reduced to the solution of a linear system
of algebraic equations.

Having sorted out the two simple special cases (solution of integrals and of
linear equations), we are left with the general problem, where f(¢,...) is a
non-linear function of the coefficients of the numerical solution (7.14). The
standard approach would be to linearize the right-hand sides of eqns. (7.15)
and to solve the resulting linear system of equations iteratively. The approach
would indeed work very well. It would, however, require the knowledge of
the partial derivatives of the function f(...) w.r.t. all components of the
solution vector and its first n—1 derivatives — and this might require extensive
algebraic (and numerical) computations.
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Fortunately, the structure of eqns. (7.15) admits a simple iterative solution.
Let us assume that we managed to find an approximate solution y%(t) which
agrees with the true solution up to terms of order m > n in t — ¢, where
n<m<aq:

yr(t) = yx(t) + O ((t—te)™*h) . (7.50)
A solution yé“(t) of the next higher order m + 1 is found by replacing
the “true” solution values on the right-hand side of equations (7.15) by the
approximation (7.50) and by setting the order of the approximation on the
left-hand side to m + 1 (and not to q):

(tr, —ti)'™" 0 . o1
Z ﬁ (yigl) = f(tkj7y£(tkj>7y£(tkj)7' ) (yé)( )(tkj)) )
j=L1L2....m—n+2. (7.51)

The “new” condition equations (7.51) are much easier to handle than the
original ones, because the right-hand sides are now known functions of time
— exactly as in the case of numerical quadrature (7.49)! Elegance and sim-
plicity have their price: For a collocation method of order ¢, initialized with
the Euler approximation (7.11, 7.12), we have in the first step m = n, which
implies that ¢ — n iteration steps are required to solve eqns. (7.15) “from
scratch”. Fortunately, this price has to be paid only once in the entire inte-
gration covering the interval I = [to, tx], namely in the first subinterval Ij.
In subsequent subintervals the numerical solution of order ¢ of the preceding
interval may be used for initialization. This reduces the number of necessary
iteration steps dramatically, normally to 1-2 steps.

The iteration process defined by equs. (7.51) is convincingly simple and easy
to implement into a subprogram. We have not yet proved, however, that this
iteration process actually will converge. This is achieved by the following
arguments: Assuming that the term y("_l)(t) actually occurs on the right-
hand side f(...) of the differential equation system (which is the worst case
assumption), we conclude from a correct linearization of the problem and
from the assumption (7.50):

£ (o wh ), 9k t) o () 7 () =
f(tkj,yk(tkj)vilk(tkj)w~,yén_1)(tkj)> + O ((tr, — tx)™""2) .

This result implies, in turn, that the left-hand sides of eqn. (7.51) are correct
to the same order — provided the degree of the polynomials are set to m + 1
on the left-hand side

m—+1 —_n m+1 —n
> B i) - 3 et )
&~  (I-n) ko &~  (I-n) k0

+ O ((tkj — tk)m_n+2) ,

(7.52)
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which proves that we have

i)"Y =y + O ((t, — te)" > (7.53)

and in particular for I =m + 1

(y£g1)(m+1) (m+1 L0 ((tkj —tk)l) 7 (7.54)

which proves that the iteration process (7.51), initialized either by the Euler
approximation for the first interval (accurate to order n) or by the numer-
ical solution of order ¢ of the preceding interval, will in general converge.
Should the highest derivative y("_l)(t) not occur on the right-hand side of
the differential equation system (as it is, e.g., the case of the equations of
motion for the planetary system or of the three-body problem Earth-Moon-
Sun), the order of the approximation could even be incremented by 2 in each
iteration step. This aspect is not too important for our applications, because
in general there will be thousands of subintervals, and an iteration starting
“from scratch”, i.e., from the Euler approximation, is required only in the
first subinterval Iy. In the next subintervals the solution y,_1(t) (solving the
initial value at ¢;_1) may be used for initialization.

It is important, however, that the numerical solution obtained by collocation
methods is identical with the true solution except for terms of order ¢ + 1 or
higher in ¢ — ¢, (observe that all coefficients are bound by eqn. (7.53)).

7.5.2 The Local Boundary Value Problem

When solving a local boundary value problem of type (7.6), we assume that
the interval containing all boundary epochs ¢}, i =1,2,...,n, can be covered
by one set of approximating functions (7.14). Whether or not this is true
depends on the concrete problem. Important questions can be answered in
Celestial Mechanics by local boundary problems. If the interval is shorter
than, let us say, a quarter of a revolution, and if the orbit has only a small
eccentricity, let us say e < 0.2, the corresponding boundary value problem
can be solved in the concise form to be developed now.

Let us assume that the boundary epochs lie in the interval I;. According
to our definition of the collocation method we simply have to replace the
equns. (7.48) defining the initial value problem by the corresponding equations
for the boundary values when replacing the initial by the boundary value
problem:

q
1
Zl—'t—t Yyl =y i=1,2,....n. (7.55)
1=
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The coefficients y,(glg ,1=0,1,...,q, emerge as the solution of the system of
algebraic equations (7.55) and (7.15). As opposed to the initial value problem,
the two parts (7.55) and (7.15) of the condition equations cannot be solved
independently from each other in the general case.

There is an important exception, however, where such a separation is possi-
ble: If the function f(t) does not depend on the solution vector (nor on its
first n — 1 time derivatives), the system (7.15) can be solved independently
from the system (7.55) — as a matter of fact the solution is the same, under
these conditions, as in the case of the initial value problem. The remaining
coefficients y,(;g ,4=0,1,...,n— 1, are then obtained by eqns. (7.55):

q
1 !
ye(t)) = il (t; —tn) yhg = i
1=0
SE L, el 0
! !
—0 o
n—1 1
=Y Gt Y+ b=y, i=12.n,
=0
where .
. 1 l .
b; dzflzl—!(t;—tk)lyz(gg , 1=1,2...n,

are known functions after the solution of the system (7.15). Therefore, the
equations (7.56) represent for each component of the solution vector a linear
system of n equations for the determination of the first n coefficients of the
development (7.14).

This means, on the other hand, that we may again set up a very efficient iter-
ative solution for the combined system (7.55, 7.15), where the linear version
of the system (7.15) is, as a matter of fact, identical with the corresponding
system

sy (tre — )™ [ (141))! I .7 1y (n=1)
Z W (yko ) = f(tk?j7yk(tkj>7yk(tkj)7 SRR (yk) (tkj))
l=n ’

j=L2...m+2—n,
(7.57)

when solving the initial value problem. After the solution of the linear system
(7.57) the first n coefficients are obtained in analogy to equs. (7.56) as
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From the above developments the conclusion may be drawn that collocation
methods are very flexible. They allow the solution of initial value problems
and of local boundary value problems, basically with one and the same algo-
rithm. In the case of initial value problems, the first n coefficients are defined
once and for all by eqn. (7.48), whereas in the case of local boundary value
problems these coefficients are obtained as a solution of the linear equations
(7.58) after having solved the system (7.57) of linear condition equations for
the coefficients of order [ > n .

The iteration process (7.57) has to be initialized. When dealing with an ini-
tial value problem, the process was initialized with the Euler approximation
(7.11, 7.12). In the general case, the same procedure cannot be applied when
solving boundary value problems, because we do not know the first (and
higher) derivatives of the solution vector available at any epoch ¢ within the
subinterval Iy . It is therefore necessary to initialize the iteration process with
the interpolation polynomial of degree m = n — 1 defined by the boundary
epochs and values. If the function f = f(¢,y) does not depend on the deriva-
tives of y, it is possible to initialize with a polynomial of degree m =2n—1,
where the coeflicients are defined by the n boundary conditions and n con-
ditions of type (7.57) at the boundary epochs. This means that in Celestial
Mechanics, if the there are no velocity-dependent forces, the initialization
may be performed with the integration order ¢ = 3(!).

7.5.3 Efficient Solution of the Initial Value Problem

Collocation methods require the solution of one linear system (7.51) of condi-
tion equations in each subinterval I . This implies the inversion of matrices
(even for every iteration step) within each subinterval Ij;. Matrix inversions
are time consuming operations (see, e.g., [88]). Using the same interval sub-
division (see Figure 7.4) relative to the subinterval boundaries t; and txy1
for all subintervals I, Kk =0,1,...,N — 1, the coefficient matrices may be
made identical in all intervals — provided the coefficients ygo) are scaled in an
appropriate way. This will be done subsequently. Also, we will introduce a
very dense and (hopefully) elegant matrix notation.

So far we only requested that all collocation epochs ¢y, , j =1,2,...,¢+1-n,
are different, implying that there are many different ways how to select the
epochs ty; , i = 1,2,...,q+1—n, within the interval I}, . One obvious (but not
necessarily the best) way, leading, however, to a very transparent algorithm,
is to select an equidistant subdivision covering the entire subinterval:
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€ . h .
tkjd:ftk+(]_1)q_kn7 ]:1,2,...,(,]—'—1—71,, (759)

where hy, = tx+1 — tr was already defined as the length of subinterval Iy .

The condition equations (7.51) can now be written with an interval-independ-
ent matriz of coefficients:

m—+1 l—n m+1 l—n
(tk, — tr) I+1\(®) . - 1 hi 1+1\()
_ -1 n +
; (—n)! (yko ) ;(J ) 7(1_71)! a—n (1o ')
m—+1
e . —n . (n—1)
= Z (] - 1>l Cij_l = f(tkpyi(tkj)? yi(tkj% ceey (yi) (tkj)) )
l=n
j=12,...,9+1—n,
(7.60)
where
l—n
o 1 h O]
T+1 def k I+1 _
¢, = = (q——n) (yig") . l=n,n+1,...,q. (7.61)

The matrix of coefficients merely consists of powers of integer numbers. The
above equations are written component by component (as mentioned we ob-
tain one system of ¢ + 1 — n equations per component), and then combined
into the matrix equation

MC; ™ =F; (7.62)
where
10 0 0 O 0 0 0 0
1 1 1 1 1 1 1 1 1
1 2 4 8 16 32 64 128 256
1 3 9 27 81 243 729 2187 6561
M — 1 4 16 64 256 1024 4096 16384 65536 (7.63)
- 1 5 25125 625 3125 15625 78125 390625 ’
1 6 362161296 7776 46656 279936 167916 ...
1 7 49 343 2401 16807 117649 823543 5764801 ...
1 8 64 5124096 32768 262144 2097152 16777216 ...
and ’
I+1
c T
[Ik;I]T [fl(t/’ﬁ)]T
|:ck‘n+1j| [fI (tk2 >:|

T

{céﬁi} T [ff(tk.q;l,n )]
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C?l and Fi are matrices with ¢ + 1 — n lines and d columns, where each
column stands for a component of the differential equation system. If a col-
location method of order ¢ is applied to a differential equation system of
order n, the dimension of the matrix M is ¢ + 1 — n, and independent of
the dimension d of the differential equation system. Note, as well, that the
elements of this matriz do neither depend on q nor on n.

The solution of equation (7.62) may be written as
Cit'=M"'F} . (7.65)
Solution (7.65) is elegant, but it has two important disadvantages:

1. Whereas the elements of matrix M are order-independent, the same is
not true for the inverse matrix.

2. An algorithm derived from eqn. (7.65) cannot be recommended from the
numerical point of view, because differences of big numbers (resulting in
small numbers) have to be formed, what may lead to a loss of significant
digits.

Both disadvantages are removed by transforming the original condition equa-
tions (7.62) into a scheme, where on the right-hand side the matrix FL is
replaced by the matrix consisting of the differences (from order zero to or-
der ¢ — n) of the original function values f(tx,). Such a difference scheme,
illustrated by Figure 7.8, is defined by:

A ), =12,
Agj‘l]dchA[l] _AEjl? j=1,2,...,1=0,1,2,... .

kjt1

(7.66)

The differences defined above are also called forward differences.

Formally, the transformation of the original system (7.62) of condition equa-
tions into one based on the forward differences is achieved by multiplying
this matrix equation from the left with the auxiliary matrices D1, Do, ...,
D,_,, and so on, where

1 0 0 0O0.. 1 0 00 O0..
-1 1 0 0 0.. 01 00 O0..
0-1 1 0 0.. 0-1 1 0 0..
D; = 0 0-1 1 0...['P2=| 0 011 0. |Ps=
(7.67)

Through this series of transformations the matrix M becomes an upper tri-
angular matrix M. The result is:

D,y ...D:D;MC;*"' =D, ,, ... DyD, F}, (7.68)
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f(tkl) = ALOI]
1
ef 0 2
fltr,) =AY AP
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def 0 2 4
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3 1
def 0 2 4 6
fo Ay A e A
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def 0 2 4
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Fltng) £ AL A
Al

F(try) & AL

Fig. 7.8. Visualization of forward differences up to order 6

and the final result may be written as
MCiH =FL . (7.69)
The matrix M up to order ¢ = n + 10 has the form:

10000 0 O 0 0 0 0
01111 1 1 1 1 1 1
002614 30 62 126 254 510 1022
000636150 540 1806 5796 18150 55980
_ 000024 240 1560 8400 40824 186480 818520
M= 0000 0 120 1800 16800 126000 834120 5103000 . (7.70)
0000 0 O 720 15120191520 1905120 16435440
00000 O O 5040 141120 2328480 29635200
00000 0 O 0 40320 1451520 30240000
00000 0 O 0 0 362880 16329600
00000 0 O 0 0 0 3628800

The right-hand side of eqns. (7.69) contain the following differences of the
original function values f7(t,):
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(£ ()]
4
]
Pl " , (7.71)
)

where the difference scheme has to be formed according to the pattern (7.66).
The differences used are the first ones given in each column in Figure 7.8.

The solution of eqn. (7.69) may now be written as
Citt=M~'F}, (7.72)

where up to order ¢ =n + 10 :

100 0 0 O O 0 0 0 0
or1-%+ L 1 1 _1 1 1 1 _1
2 3 "1 5 6 7 8 9 10
00 L _1 11 5 137 7 363 _ 761 7129
2 2 24 ~ 12 360 20 1120 2520 25200
000 L _1 7 _ 5 20 _ 469 20531 _ 1303
6 1 24 6 90 1440 90720 1032
1 117 7 967 89 4523
. 00 0 0 25 ~12 721 —38 5760 180 22680
M~ = 4 _1 5 _ 7 1069 _19 | . (773
000 0 0 135 ~35 1 144 17280 256 ( )
1 1 23 _ 1 _3013
000 0 0 0 =55 —25 3880 80 172800
000 0 O 0 0o . -t 13 1
5040 ~ 1440 8640 384
1 1 29
000 0 0 0 0 0 10330 —To0s0 120060
1 _ 1
0000 0 0 0 0 0 0 362880 ~ 0620
1
000 0O O O O 0 0 0 3538800

Note that the elements of matrix M~!, as the inverse of an upper triangular
matrix, do not change, if the order g of the approximation changes. There-
fore it is only necessary to store one (triangular) matrix of maximum order
Qmax for all algorithms with orders ¢ < gmax . This removes the first of the
disadvantages mentioned after eqn. (7.65). The second disadvantage has been
removed also by introducing the differences of the elements of matrix F1 (and
by not using the matrix elements themselves). Note also, that the elements
of the coefficient matrix M~! are given as fractions of integers. The matrix
was generated with a computer program.

The diagonal of matrix M1 obviously contains the terms 1/1!,1=1,2,...,
q—n . As the part of the matrix below the diagonal only contains zero elements
and as the terms ¢y, are defined by eqn. (7.61), we may conclude that
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— q—n
(wld)® = (%) Al Oy (7.72)

The above equation says that the (¢ — n)-th forward difference of the forces
may be interpreted (in a modest approximation and apart from a scaling
factor) as the g-th derivative of the solution vector yi(t) at ¢;. The result
will be used when implementing automatic stepsize control.

Equation (7.72) tells that the coefficients ¢y, , [ = n,n +1,...,q, are linear
combinations of the forward differences AEQ ,1=0,1,...,g—n. Consequently
(see eqn. (7.73)), the solution vector yx(t) may be represented as a linear com-
bination of the same differences. Let us give the resulting linear combination
in explicit form:

q
1 0)
u0 = Y0 L - ) W)
=0
i 1 )
— ﬁ(t—tk y +Z 0 (t—te) (yigt)
=0 l=n

(7.75)

q l—n
1 q—n

l=n

LYY

l=n 5=l

q q l—n
1 q—n ~—1 in
il (t—te) (I —n)! ( I ) M1 j—nt1 ALJI ]

Introducing the interval-independent time argument by

T = (q};n) (t—ty) , (7.76)

k

we may further develop the above expression to obtain eventually:
-1, o
Z o (=) yyo
1=0

L (1—n)! -1 hie \' Alien
+ Z{ M i1 j—nt1 7! —n AE'; h
j=n \l=n

Observe that the term in brackets {. ..} does not contain any terms depending
on the subinterval Iy, . For the purpose of error control we do not only need
the formula for the solution vector, but also for its first n — 1 derivatives.

Taking into account that
dt q—n '
dt? ( hy ) drt”’ ( )

(7.77)
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we obtain the result:

0
ka

+§é{j o z¢}< i yﬂmrm
= q_n kl 7

i=0,1,...,n—1.

AR N0)

Il
—~
o~
[ ] =
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~

(7.79)

The collocation method implemented in the program system contains the
coefficient matrices up to degree and order ¢ — n = 14. The maximum order
thus would be ¢ = 16 for a differential equation system of order n = 2. The
algorithm supplied in the program system is able to handle any order n > 1
of the differential equation system. It may be initialized either by the Euler
approximation or by the numerical solution of a previous step.

7.5.4 Integrating a Two-Body Orbit
with a High-Order Collocation Method: An Example

The power of a high-order collocation method (and of standard computer
equipment like PCs, notebooks, etc.) is illustrated by integrating the orbit of
a virtual minor planet with elements given by Table 7.1 over a time period
of one thousand years with program NUMINT (program PLASYS might be
used for the same purpose).

The processing characteristics are as follows:

e A 12th order collocation method with constant stepsize was used.

e Two program runs were made with stepsizes of h = 30 days and h =
100 days.

e After initialization, one iteration step was performed per sub-interval I} .

e One output record (containing the osculating elements and the radial,
along-track, and out-of-plane coordinate errors) was stored per 100 days.

The general program output, containing statistical information of the pro-
gram run, is reproduced (partially) in Figure 7.9 for the program runs with
100 days stepsize. (The initial osculating elements and some additional in-
formation were excluded.) Figure 7.9 tells that the program run only lasted
for 0.4 s on a PC with a 1.4 GHz processor. Processing times are of course
hardware-dependent. The example shows, however, that test runs over tens
of thousands of revolutions do not pose serious problems, today. In the 1960s
such tests had the tendency to last for hours, even on mainframe computers.
The average number of evaluations of the right-hand sides of the differential
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NUMERICAL SOLUTION OF ORDINARY DEQ-SYSTEMS DATE: 21-SEP-02 TIME: 06:56

3% 3k 3k 3k 3k ok %k k %k ok Xk k 3k ok %k %k %k kk

METHOD OF SOLUTION : COLLOCATION OF ORDER 12
Kok ok ok ok ok ok ok ok ok ok ok ok ok

STEP SIZE : 100.000000 DAYS
# STEPS : 3653

# COMP (RHS)/REV : 304.

CPU (TOT) : 0.40 S
MAX ERROR 1IN A : 0.2834D-10 AU
MAX ERROR 1IN I : 0.2560D-12 DEG
MAX ERROR 1IN ANOM.: 0.3440D-07 AU
MAX ERROR 1IN POS. : 0.3440D-07 AU

ADDITIONAL INFORMATION FOR COLLOCATION METHODS:
stk ok ok ok ok ok o ok ok ook ok ok o K ok ok ok ok ok

ORDER OF DEQ-SYSTEM : 2
INITIALIZE AT EACH STEP : NO
INCREMENT ORDER OF APPROX PER ITERATION STEP : 2
NUMBER OF ITERATION STEPS AFTER INITIAL STEP : 1

Fig. 7.9. Output of program NUMINT for run with stepsize of 100 days

equation system per revolution is a computer-independent quantity. Roughly,
one function evaluation was required per degree swept by the radius vector
in the test illustrated in Figure 7.9.

Figure 7.10 shows the errors in the semi-major axis a (top row), the ec-
centricity e (second row), the longitude of perihelion w (third row), the
mean anomaly og at time ¢o (fourth row), and the mean anomaly difference
do = n(t)(t — To(t)) —no(t — To(to)) at time ¢. The left-hand column of the
figure corresponds to the stepsize of h = 100 days, the right-hand column to
that of h = 30 days. The units are 1071% AU (first row), 10719 (second row),
10710 degrees in rows 3 — 5. It does not make sense to document the errors of
the inclination 7 and of the longitude of the node {2, because these values are
in essence “error-free” when the two-body problem is integrated (all vectors
are linear combinations of the initial position- and velocity-vector).

All errors in Figure 7.10 are small. The errors on the right-hand side are,
however, smaller by a factor of about 1000 than those in the corresponding
figures on the left-hand side. As the ratio of the stepsizes is 0.3, one would,
however, expect the ratio of the errors to be of the order of 0.3'3 ~ 1.6 -
10~7. The expectations clearly are not met in Figure 7.10. The “failure” is
explained by the circumstance that two different kinds of errors are visible
in Figure 7.10: on the left-hand sides we see the accumulated errors due to
the truncation of the numerical solution, subsequently called approzimation
errors, on the right-hand side we see the accumulated rounding errors, due to
the calculation with a finite number of significant digits. The accumulation of
the two error types will be further discussed in section 7.7. The accumulated
approximation errors clearly show a systematic behavior, the accumulated
rounding errors show a random pattern.

There is a distinct difference in behavior between the accumulated approxi-
mation errors (left column in Figure 7.10) in the first three and the last two
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Fig. 7.10. Accumulation of errors in semi-major axis a, eccentricity e, longitude of
perihelion w, mean anomalies oo, and do over 1000 years (left: stepsize=100 days,
right: stepsize=30 days)
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rows: a linear trend is observed in the former, a quadratic growth in the lat-
ter case. The error in do(t) may be explained (approximately) by the linear
decrease of the semi-major axis:

377/0

do(t) = /5n(t’) dt’ ~ — ——/5a(t’) at’ . (7.80)

20,0

From Figure 7.10 (top, left) we may extract
a(t) ~ —0.27-1071% (t —1y) AU, (7.81)

where the time argument ¢ — #y is measured in units of 1000 years relative
to the initial epoch ty. Using this formula in eqn. (7.80) gives the following
relation for the growth of do(t):

t
3 - -
do(t) = /5n(t’) dt' ~ Z? £0.27-10710 (7 — )" = 7366 - 10710 (F —£o)” ,
to 0
(7.82)
where ng has to be measured in degrees per 1000 years. This relation is
confirmed approximately in Figure 7.10 (bottom, left).

Often, one is not particularly interested in the integration error associated
with the orbital elements (or in the quantity o(¢)), but rather in the errors
of the rectangular coordinates of the trajectory. In such cases it is wise not
to display the errors in the coordinates of the inertial system, but rather (a)
in radial, (b) along-track, and (c) in the out-of-plane direction. Figure 7.11
illustrates this error decomposition. As expected from the error accumulation
in the mean anomaly o(t), the error in the along-track direction dominates
the errors in the other two directions. It is easy to interpret the along-track
errors by re-scaling the results obtained for do(t). In view of the remarks
made concerning the elements ¢ and (2, it cannot amaze that the errors in
the out-of-plane direction are very small — negligible compared to the other
two components. The errors in the radial direction are a consequence of the
error in o(t), as well. The polar equation (4.63) for the ellipse, expressed by
the eccentric anomaly E as argument, may be approximated as follows:

r=a(l—ecosE)~a(l—ecoso). (7.83)
Consequently, an error in ¢ induces a periodic error in radial direction:
or(t) ~aedo(t) sino . (7.84)

This explains the pattern of the perturbations in radial direction in Figure
7.11.
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Fig. 7.11. Accumulation of errors in radial (top row), along-track (second row), and
out-of-plane directions (bottom row) (left: stepsize=100 days, right: stepsize=30
days)

7.5.5 Local Error Control with Collocation Algorithms

Motivation. The numerical experiments in the preceding section might have
given the impression that collocation methods with a constant stepsize (con-
stant length hr = h of subintervals Iy) are sufficient to solve all kinds of
equations of motion. The situation changes considerably, however, as soon
as the orbital eccentricity e is growing. Figure 7.12 demonstrates what may
happen, if a well established procedure without error control is used to com-
pute an orbit with an eccentricity of e = 0.9 (the other orbital elements were
kept to the values of Table 7.1).
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Despite the fact that a constant stepsize of only A = 6 days was used, the
result is discouraging. Even the errors in the semi-major axis assume values
of a fraction of one percent — compared to the results obtained in Figure
7.10 with a stepsize which was five or even approximately 15 times larger,
really not a good achievement. The results in Figure 7.12 indicate, however,
that the collocation method with constant stepsize, which proved to be quite
efficient for orbits with small eccentricities, still might be used successfully for
orbits with large eccentricities — provided the stepsize is further reduced. As
a matter of fact, acceptable results are obtained with stepsizes of the order
of h = 0.5 —1 days. The price to achieve results of acceptable quality is high,
though. The computational costs increase by a factor of about 30 — 100 when
integrating the orbit of an eccentricity of e &~ 0.9 compared to one of e &~ 0.1.
This poor efficiency is a consequence of the fact that the stepsize has to be
adapted to the worst case, i.e., to the motion near perihelion.
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Fig. 7.12. Errors in semi-major axis a and argument of latitude u over 1000 years
for an orbit with e = 0.9 using stepsize h = 6 days
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Principles of Stepsize Control. The computational situation encountered
above could be significantly improved, if accurate information concerning the
terms neglected in the numerical solution would be available in each interval
Ir,. We might then adapt the stepsize with the goal to keep the error in
the position and/or the velocity associated with the initial value problem
of interval I) below a specified (user-defined) limit. We have seen that the
numerical and the true solutions of the initial value problem in the subinterval
I}, differ only by terms of the order O(t—t;)?"1. Unfortunately there is no way
of estimating these terms (except by actually increasing the order internally
to (at least) g + 1). Therefore, we have to assess the error of the collocation
step with the highest forward difference of f(t) of order ¢ — n, which is still
taken into account. Using eqn. (7.79) to represent the state vector and eqn.
(7.74) to replace the differences of order ¢ — n of the functions f(tx,) by the
derivative of order g of the solution vector, we obtain the approximation error
in the subinterval I}, by the last term of order j = ¢ included in eqn. (7.79):

q q—1

A def (l - TL)' ~ —1 1—i hk

ey (1) {Z = M ngt1nT 7—n i
l=n

o i he Y
°‘:fe£1>(7)<q_—’“n) Y9 i=0,1,...,n—1,

(7.85)

where the scalar function e,(7) describes the (relative) propagation of the
errors in the subinterval Ij. Observe that e,(7) does not depend on the spe-
cific interval Ij. The relative time argument 7 is defined by eqn. (7.76). If we
accept the above crude (and usually pessimistic) approximation of the local
error, we obtain the optimum length hg p¢ of the interval Iy rather easily,
and even in “in real time”.

For this purpose, the formula (7.85) is evaluated for the time argument ¢t =
ty + hy = tgy1 of the new initial values and for the derivative of order i =
n — 1. We are thus controlling the error of the (n — 1)-th derivative of the
solution vector. We can compare the actual error s,(cn_l)(tkﬂ), as emerging
from formula (7.85), component by component, with the externally provided
tolerance €. Let

(n—1)
‘ YR i

def (n—1)
e { o577

via" i) (80)

(n

be the component of maximum absolute value of the vector yko_l).

The optimum stepsize hpopt is obtained by equating the error function

sé”_l)(tkﬂ) for the component iy, to the maximally tolerated error £ (ob-

serve that 7(tx4+1) = ¢ — n):

. hk o qg+l—m
el ”@—nﬂ(—;ﬂ) -

q—n

=z, (7.87)
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where we took into account that 7(tx1+1) = ¢ — n for a collocation method
with equidistant spacing of the collocation epochs. The above equation is
solved by

1
q+1—n
9

hiopt = (g —n) (7.88)

n—1
" Vg =n) yd....
The criterion (7.88) asks for some comments:

e The criterion is independent of the specific problem. It may not only be
used in Celestial Mechanics but for all kinds of applications.

e The criterion might be generalized by specifying not one general tolerance
€, but one per component of the (n — 1)st derivative of the solution vector.

e The criterion might be further refined to make it depend on time ¢. Such
criteria might be useful in perturbation problems, if an approximate solu-
tion is available.

e One might have the idea to control not only the (n — 1)-st derivative of
the solution vector, but all derivatives from ¢ = 0 up to ¢ = n — 1. The
(n — 1)-st derivatives, however, have the lowest order of the error in hy,
which is why primarily these quantities should be kept under control.

e Criterion (7.88) is by no means the only possible way to control the local
error. One might, e.g., define a limit for the relative error in the components
of the solution vector. Error criteria of this type make the attempt to
control the number of significant digits of a solution. For quasi-periodic
solutions such criteria are usually not considered.

e Special problems may allow for better criteria.

A Case Study. Program NUMINT was used to integrate an orbit with
eccentricity e = 0.9 — all the other orbital elements were kept to the values of
Table 7.1. Figure 7.13 shows the essential part of the output statistics for this
program run. Observe that the stepsize indeed varied substantially during the
integration. Criterion (7.88) was used with the tolerance € = 1-1073 AU/day.

The smallest stepsize is of the order of half a day, the longest of the order of
114 days (i.e., of the same order as the constant stepsizes used to compute
the orbits of small eccentricities). Compared to the integration of orbits with
small eccentricities, the computational burden was rising by a factor of about
two (compared to the run with a stepsize of 30 days). This performance
should be compared to the (only possible) alternative to cover the entire
interval (without error control) with the constant stepsize of 0.5 days, which
would have resulted in about 55000 function calls per revolution. Seen from
that perspective, we have saved a factor of about 20 in processing time by
using a method with an automatic stepsize control. Figure 7.14 shows the
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NUMERICAL SOLUTION OF ORDINARY DEQ-SYSTEMS DATE: 22-SEP-02 TIME: 05:08
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PROBLEME RESTREINT 1IN PLANETARY SYSTEM
ok ok ok ok ok ok ok ok ook oK oK oK ok ok ok ok ok ok ook oK oK KoK ok ok ok oK

SEMI-MAJOR AXIS : 2.50230307 AU

ECCENTRICITY : 0.90000000
NUMBER OF REVS : 252.6
REVOLUTION PERIOD : 1445.8 DAYS

METHOD OF SOLUTION : COLLOCATION OF ORDER 12
Kok ok ok ok ok ok ok ok ok ok ok ok

MIN. STEP SIZE : 0.670557 DAYS
MAX. STEP SIZE : 113.597915 DAYS
CPU (TOT) : 1.92 8§

# STEPS : 24703

# COMP (RHS)/REV : 2207.

ERROR TOL. IN VEL. : 0.1000D-12 AU/DAY

Fig. 7.13. Program output for run with automatic stepsize control

stepsize hy = h(tg) as a function of time for the first 100 years of the arc.
As expected, h(t) is a periodic function of time and assumes its maximum
values at aphelion, its minimum values at perihelion.
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Fig. 7.14. Automatic stepsize selection in days for first 100 years

Figure 7.15 gives an impression of the quality of the results achieved, which is
orders of magnitude better than that in the case documented by Figure 7.12.
In this sense we may consider the experiment a success. Note in particular
that the errors in the semi-major axis are multiplied by a factor of 10°.
The errors in a are stochastic in nature and of the order of a few 1072 AU,
i.e., roughly comparable to what was achieved in the case of the orbits with
small eccentricities. The result is different for the argument of latitude u: We
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Fig. 7.15. Errors (AU) in semi-major axis a (upper figure) and argument of latitude
u (lower figure) over 1000 years for an orbit with e = 0.9, using automatic stepsize
control

observe spikes of considerable amplitudes, an effect asking for an explanation.
A closer inspection shows that the performance is comparable to the case of
small eccentricities everywhere except near the perihelion where the spikes
in Figure 7.15 actually occur. These spikes are of the order of a few units in
10~7 degrees.

Is this an unacceptable error? The answer is a clear “no”. The performance
is typical for orbits of a large eccentricity. The characteristics of the error in
the argument of latitude u in Figure 7.15 may be explained as a consequence
of the development of the semi-major axis a in the same Figure. Exactly as
in the case of orbits with a small eccentricity (compare eqn. (7.80)) the error
induced by a into the mean anomaly o (t) is calculated by

t t
So(t) ~ / on(t') dt’ = — z—z / Sa(t)) dt’ | (7.89)
to tO
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but we are no longer allowed to identify the error in o(¢) with the error in
the argument of latitude. Using the approximation

sa(t) ~5-107'°¢ [AU ], (7.90)

where # represents the time in years, to model the time development of Ja(f),
we obtain according to the formula (7.89)

~ (2
_3ng g (L
o (t) = 1o 010 <1000> [rad ] . (7.91)

This equation gives §o(f) in radian as a function of time ¢ in units of years.
Equation (4.35) for the argument of latitude allows it to transform the error
in the mean anomaly into one in the argument of latitude wu:

. h H 2
=—=,/=2( 7.92
=3 1/p3 (1+e cosv)”, (7.92)

from where we may conclude that in perihelion

Su(v =0) = 4/ 1 J_FZ 15_‘76 ~ 43.6 60 (7.93)

where the latter value results for the eccentricity of e = 0.9. Near the perihe-
lion, an error in mean anomaly translates into an error in true anomaly (and
the argument of latitude) with a magnification factor of about 44 (the factor
varies as a function of the eccentricity e according to the above formula).
For the concrete example shown in Figure 7.15 we obtain (observe that in
formula (7.91) the mean motion is needed in radian/year):

180 A

du(v =0) =43.6 - doc=—-6-10 (1000) [°]. (7.94)
This result is confirmed by Figure 7.15. It proves that the result of our in-
tegration was as good as could be expected. It shows also that for orbits
with big eccentricites it is extremely difficult to control the errors in the true
anomaly near perihelion. The above developments indicate that numerical
tests merely giving the accuracy of the coordinates at specific epochs (e.g.,
always near the aphelion) might not give a full picture of the error charac-
teristics.

The Impact of Rounding Errors. With automatic stepsize control we try
to control the approximation error, not the rounding error. Formula (7.85) in
essence promises that the error function obeys a h?~%-law for the derivative no
1 of the solution, implying a dramatic reduction of errors when reducing the
stepsize. This is only true, however, if we are actually capable of determining

the highest derivative y,(;é) with reasonable accuracy (with a few significant
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digits) from the algorithm itself. These derivatives follow from the forward

differences Agfl_"]. The differences are in turn calculated from the function
values f(t,) using the algorithm (7.66).

Rounding errors do occur in the components of the vectors f(t;). In order

to understand their impact on the difference vector Agfl_”] of order ¢ — n,
it is important to review the definition of the forward differences (7.66), as
illustrated by Figure 7.8. Every element in this scheme (with the exception
of the elements in the first column) is the difference of the lower minus the
upper element in the column to the left of the considered element.

In order to assess the order of magnitude of the error in the differences of
order ¢ — n we consider one particular component and assume that (the
particular component of) the vectors f(tx;) (considered) with even subscripts
j in Figure 7.8 are affected by a rounding error of +p, all others with one of
—p. This is admittedly a rather special situation. As one may assume that
the number of significant digits in the differences is smaller than or equal
to the number of digits in the (considered component of the) accelerations
f(tx;), the difference formation process itself may be considered as free of
rounding errors. This is why only the propagation of the original rounding
errors (in the components) of the accelerations fj, over the scheme 7.8 has
to be studied.

Figure 7.16 shows that the (absolute values of the) errors increase by a factor
of 2 with each order of the difference. This power-law of error propagation
holds in the general case, although the real situation is more complicated:
the rounding errors of the elements of f(tx;) are randomly distributed in
an interval of the length of one unit of the least significant mantissa digit,
centered at the true value of the f(tx,), but statistically speaking, the 297"
law holds.

—p
+2p
+p +22p
—2p +23p
—p -2°p 42
+2p —23p +2%p
+p +22p =2 2%
—2p +2%p —2°p
—p -2%p +2%p
+2p —2%p
+p +22p
—2p
—p

Fig. 7.16. Propagation of rounding errors in a difference scheme
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Figure 7.16 shows that, independently of the actual interval length, the in-
duced error pl9=™ in one of the elements of vector Agcql_"] will be of the order

pli—m 207 (7.95)

By reducing the stepsize further and further, i.e., for hy — 0, the highest
differences will be fully dominated by the rounding error and will no longer
contain any information concerning the solution vector. Statistically speaking
we have

E(Ag,) =const. for hyp—0. (7.96)

Equation (7.85) and (7.74), or, more directly eqn. (7.79), tell that in this
case the error function for the velocity components is a linear function of hy
(and of Agfl_"]). This in turn implies that the optimum stepsize calculated

with criterion (7.88) will be a linear function of the external tolerance € for
hy — 0.

Table 7.2 illustrates the impact of the rounding errors. A minor planet with
the elements of Table 7.1, but with e = 0 (implying that the stepsize should
stay roughly constant for a particular value £), was integrated over a time
interval of 10000 years with the collocation method of order ¢ = 12 with
different error criteria. Program PLASYS was used for this purpose.

Table 7.2. Stepsize hj as a function of the tolerance €

5 hi (integration)  hy(theory)
[ AU/day ] [ days | [ days ]
1-107%8 253.5 253.5
1-107™ 210.9 209.2
1-1071 171.2 172.7
1-10716 139.0 142.6
1-107Y 107.6 117.7
1-10718 15.05 97.1
5.1071° 7.7 91.7
4.1071° 6.2 90.0
3.1071° 4.7 87.8
2.1071° 3.2 84.9
1-1071° 1.6 80.2

Table 7.2 shows in column 2 the average stepsize selected by the program
for different (user defined) tolerances €. Whereas the actual stepsize obeys
the power law underlying the selection criterion for the upper part of the
Table (down to the value & ~ 11077 AU/day), the stepsize breaks down
rather rapidly afterwards, and eventually becomes a linear function of 7, as
predicted. The third column illustrates the expected
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m""

=309 (12

law for the stepsize.

There is an important message in Table 7.2: If one tries to strive for very
high accuracies using a small tolerance, the automatically selected stepsizes
become very small and the efficiency is decreased instead of increased (as one
should expect from automatic stepsize control). In the concrete example, the
best performance is expected for values 1-10717 < &< 1-10714.

If the limitations due to rounding errors are observed, automatic stepsize con-
trol is an excellent and very efficient tool in numerical orbit computation. It is
an absolute requirement when orbits with large eccentricities are integrated.
If the orbital evolution of resonant minor planets is studied, the eccentricities
may vary between broad limits. Any schemes relying (essentially) on similar
orbit characteristics over a long period of time might lead to unpredictable
results.

In principle it is possible to develop stepsize control mechanisms taking the
rounding errors into account. It would, e.g., be possible to check, whether
the absolute values of the few highest differences are governed by rounding
errors. Should this be the case, the criterion (7.88) should be replaced by a
criterion slightly increasing the stepsize. Such advanced techniques are out of
the scope of this book. We refer to [45] and [108] for further reading, to [8§]
for a useful and entertaining general discussion.

7.5.6 Multistep Methods as Special Collocation Methods

In section 7.4.2 it was shown that multistep methods are in principle special
cases of collocation methods. This section is devoted to the development of
concrete multistep algorithms. The approximating function of the initial value
problem in the overlapping subintervals I}, — defined in section 7.4.2 either by
equs. (7.17) (for extrapolation methods) or by eqns. (7.18) (for interpolation
methods) — is defined exactly like the approximating function of conventional
collocation methods. According to eqn. (7.14) it reads as follows:

o 1
ORI

The most efficient algorithms result when assuming the collocation epochs
to be equidistantly spaced within each subinterval. Because the collocation
epochs ty; coincide with subinterval boundaries in the case of multistep meth-
ods (see Figure 7.5), an equidistant spacing of the collocation epochs implies
an equidistant spacing of all subinterval boundaries ty. Therefore multistep
methods with an equidistant spacing of collocation epochs are methods of
constant stepsize h, where
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h =t —tr = const. . 7.97
+

From eqns. (7.17) and (7.18) we conclude that the collocation epochs are
defined as follows:

tkjd:eftk_(j_m)h:tk—j-‘rmv j:1727"'7q+1_n7 (798)
where the method-dependent integer number m is

o { 1 for extrapolation methods (7.99)

2 for interpolation methods

The system (7.15) of condition equations for multistep methods looks as
follows:

q l—n
(tr; —t) . ne
E N yEfé = f(tkj,yk(tkj%yk(fkj)a e 7112 1)(%))

q l—n
5 =)' T i = £ () 9. 0)

q
DD G-m) Ty, = f(tk—,j+m7yk(tk—j+m)7 e 7y1(€n_1)(tk—j+m>)

l=n

j=12...,q+1—n,

(7.100)
where the coefficients d, obviously are defined by
hl—n W
def
di, = myko . (7.101)

The similarities between the above system of condition equations with that
of the conventional collocation methods (eqns. (7.60)) are striking. Therefore,
the solution of eqns. (7.100) (using the coefficients dy, as auxiliary unknowns)
may be done in strict analogy to the case of the conventional collocation
methods. It makes in particular sense to base the algorithm on the backwards
differences of the accelerations f(tk—j+m), j =1,2,...,g+1—n (as opposed
to the forward differences considered in section 7.5.3). This implies, however,
that the backward differences, as illustrated by Figure 7.17 in the case of the
extrapolation methods, are used. These backward differences of the function
values f(tk—j4m), 7 =1,2,...,¢+1—n, are defined by the equations

Vi = F i jim)

[ def [I—1] [1-1] 7.102
vk—j+m - vk—j+m - Vk—j+m—1 . ( )
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Fig. 7.17. Visualization of backward differences up to order 6 for extrapolation

methods

After analogous transformations as in the case of collocation, the coefficients
dy, for a pure extrapolation algorithm may be written in the following con-
venient matrix form:

DI = N1

(7.103)

where D} ™! is defined in analogy to the first of eqns. (7.64), matrix N1 by
eqn. (7.104)

and
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0 0 0
11 1
8 9 10
363 761 7129
1120 2520 25200
469 29531 1303
1440 90720 4032
967 89 4523
5760 480 22680
7 1069 19
144 17280 256
23 1 3013
2880 80 172800
1 13 1
1440 8640 384
1 1 29
40320 10080 120960
0 1 1
362880 80640
1
0 0 3628800

(7.104)
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()]
<
2 T
Fl = M ]} (7.105)

Using the defining equation (7.100) one may easily verify that matrix N-!
has to be replaced by eqn. (7.106) for an interpolation algorithm

1-1r0 0 0 0 0O 0 0 O 0

01 =t=t=1=1 =1 -1 -1 =1 =1
2 6 12 20 30 42 56 72 90
00 L 0 -1 -1 -13 —11 —29 _—223 481
2 1 24 24 360 360 1120 10080 25200
oo o L 1 1 1 7 1 -1 61
6 12 24 48 720 288 5670 25920
00 0 0 L 1 5 1 127 101 1271
24 24 144 36 5760 5760 90720
g-1 _ 11 1 1 229 427
Nint - 00 0 00 120 80 72 72 17280 34560 (7106)
11 11 13 853
00 0 00 0 720 360 2880 2880 172800
1 1 7 19
000 00 0 0 5040 2016 8640 17280
1 1 17
00 00 0 0 0 0 40320 13440 120960
1 1
00 0 00 0 0 0 0 362880 103680
1
00 0 0 0 0 0 O 0 0 36300

and that the backward differences Fi referring to epoch tx have to be replaced
by those referring to epoch tx41:

T
[ (th1)]
T
1
[vid]
T
_ v }
Gl = [ kol (7.107)
AT
Ao
The coefficients in the case of interpolation read as
D' =N, GI. (7.108)

A multistep procedure (extrapolation and interpolation) is included in the
program package accompanying this book. The programs NUMINT and
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PLASYS are capable of performing the integration either with a conventional
collocation method as discussed in section 7.5 or with a multistep procedure.
If only orbits with small eccentricities (e.g., the planetary system without
Mercury and Pluto) are integrated, the multistep procedure is an excellent,
probably even the best possible, choice. It is, however, the program user’s
task to define a suitable fixed stepsize (see section 7.7.4 for guidelines).

The diagonal of matrix N~! obviously contains the terms 1 Ji, =
1,2,...,q —n. As the lower diagonal part of the matrix only contains zero
elements and as the terms dy, are defined by eqn. (7.101), we may conclude
that

Y o =R @ VT o) . (7.109)

The above equation says that the (¢ —n)-th backward difference of the forces
may be interpreted (in a modest approximation and apart from a scaling
factor) as the g-th derivative of the solution vector yi(t) at ty .

Equation (7.103) tells that the coefficients dy, , | =n,n+1,...,q, are linear
combinations of the backward differences V,y] , 1 =0,1,...,9g — n. Conse-
quently (see eqn. (7.100)), the solution vector yi(t) may be represented as a
linear combination of the same differences. The task is achieved by introduc-

ing the interval-independent time argument

1
T=—(t—tg) . (7.110)
h
Proceeding in an analogous way as in the case of the conventional collocation
method we obtain:

1 l
ye(t) = Y 5 (0= 1) g
=0 "
¢ ( (7.111)
(l—n)' o1 n j—n
DPITES A
Jj=n l=n ’

Observe that the term in brackets {...} does not contain any terms specific
for the subinterval Iy . For the purpose of error control we do not only need
the formula for the solution vector, but also for its first n — 1 derivatives.

Taking into account that
d qg—n L
— = - 7.112
dt ( R ) drt’ ( )

we obtain the result:
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(t—tr) "yl

(I—n)! <—1 il i olienl (7.113)
(=i Nimmergmn T Y

—
=
I
-
=

SMQ

q
+ Y {
j=n \l=
The multistep method provided in the program system contains the coef-
ficient matrices up to degree and order ¢ — n = 14. The maximum order
thus would be ¢ = 16 for a differential equation system of order n = 2. The
algorithm supplied in the program system is able to handle any order n > 1

of the differential equation system. It may be initialized either by the Euler
approximation or by the numerical solution of a previous step.

As already pointed out in section 7.4.2 only the function values f(tx+1) are
(re)calculated in the integration step referring to ¢y as initial epoch for k > 0.
The function values f(tr+1—;), j=1,2,...,q, are taken over without any
changes from the previous interval I;_;. As a matter of fact, the backward
differences and not the function values themselves are updated, where the
following scheme is used:

VIL?J,]_l d:Cf f(tk-i-l)

7.114
vl =gl v i=01,...,g-1-n. (7.114)

Table 7.3 gives an impression of the performance of both, the classical col-
location and the multistep methods, implemented in the program package.
The stepsizes h = tx+1 — tr, together with the order ¢ of the method, are
the independent arguments in Table 7.3. One might at first sight think that
the collocation method is much better than the multistep method, because
the stepsizes h are much longer in the former case. This is not true, however:
The number defining efficiency (at least for complicated differential equa-
tion systems) is the number of evaluations of the right-and sides f(t) of the
differential equation systems in a given time interval. The number n¢ of eval-
uations per revolution period of the planet is therefore included, as well, in
Table 7.3.

How do we have to select the stepsize h of the multistep step method to
achieve (roughly) the same performance as the corresponding collocation
method? Keeping in mind that the coeflicients of the approximating func-
tion (7.14) are obtained as solutions of the condition equations (7.15) one
would expect that the length of the interval containing all ¢ + 1 — n collo-
cation epochs should be identical for both, the collocation and the multistep
method. Therefore we expect a similar performance for
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Table 7.3. Multistep methods and conventional collocation methods
Multistep Collocation
q h ng da ou h ng da ou
[ days ] [ AU | [deg] |[days] [ AU ] [ deg ]
10 100 145 24-107® 6.8-107* 80 307 1.2-107° 3.0-107°
10 100 289 7.0-107* 20-.107° 80 451 5.0-107*2 1.1-1077
11 9.0 161 4.0-107'° 9.0-107° 80 343 4.7-1071 1.2-.107C
11 9.0 321 7.7-107*2 15.1077 80 506 7.5-107* 7.0-107°
12 80 181 2.7-107' 85-1077 80 379 1.5-107' 4.0-1077
12 80 361 7.0-107% 22.107% 80 560 7.0-107'* 1.4-.107°
13 7.0 207 3.0-107* 4.0-107° 80 415 4.4-107*2 1.2-1077
13 7.0 413 9.0-107* 8.0-1071° 80 614 8.0-107'* 2.0-107°
14 7.0 207 7.0-107*% 20-107° 80 451 85-107' 22.107°
14 7.0 413 6.0-107* 7.3.107° 80 668 6.0-107* 1.6-1078
10 125 116 1.6-1077 5.0-10732 100 246 25-107% 8.0-107%
10 125 231 51-107° 14-.107* 100 361 5.5-107' 1.1-10°°
11  11.0 132 3.7-107° 80-107° 100 274 25-107° 7.0-107°
11 11.0 263 7.7-107" 1.6-107C 100 404 3.3-107' 7.0-1077
12 100 145 3.0-107'° 1.0-107° 100 303 4.4-107'° 1.2.107°
12 10.0 289 7.5-107'? 24-1077 100 448 7.5-107'% 26-107"
13 9.0 161 6.0-107'? 1.2-1077 100 332 8.0-107' 1.8-107°
13 9.0 321 15-107% 4.0-107° 100 491 7.5-107' 2.0-10°%
14 80 181 5.0-107* 20-107% 100 361 9.0-107! 25.107°
14 80 361 1.0-107' 4.0-107° 100 535 5.0-107' 1.2.10°%
12 120 121 2.0-107° 6.8-107° 120 253 2.0-107° 5.0-107°
12 120 241 50-107' 1.5.107° 120 373 84-107' 22.10°°
13 11.0 132 9.0-107" 22.107C 120 277 2.8-107° 7.0-107°
13 11.0 263 1.6-107'2 3.7.107% 120 409 7.5-107'% 2.0-1077
14 10.0 — . — 120 301 5.0-107% 80-1077
14 100 289 2.2-107% 82.107° 120 445 1.8-107'2 5.0-1078
1 (7.115)

hmultistep ~ q n hcollocation .

Tests with three different collocation stepsizes, namely A = 80, 100, 120
days, were made. According to the above rule this should roughly correspond

to steps of order dependent size Amulitstep =

heollocation /(¢ — 2) in the case

of multistep methods. In order to avoid numerical problems, the resulting
steps Mmultistep Were rounded to an integer number of days. The integration
order ¢ was varied within the limits 10 < ¢ < 14. These integration orders
are reasonable for orbital dynamics (planetary system and satellite geodesy)
and a floating point environment with 14 hexadecimal digits.
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For a particular stepsize h one expects that the actual errors are governed
by the approximation error for the lower orders ¢, by rounding errors for the
higher orders.

For both methods the error in the semi-major axis a¢ (in AU) and in the
argument of latitude (in °) are tabulated (the error in the position would
result after multiplication with the factor ~ 155 a ).

For both methods, the number of iterative improvements of the solution per
subinterval I was varied: The first line for each order ¢ corresponds to a
pure extrapolation method in the case of the multistep method and to one
iteration step in the case of conventional collocation methods. The second
line corresponds to a multistep method with one interpolation step and to a
collocation method with two iteration steps.

Let us now discuss the results summarized in Table 7.3. First of all, we should
point out that all results in Table 7.3 are of a good quality. An inspection of
the numbers ny and the corresponding accuracies indicates that the multistep
procedure is about a factor of 1.5 — 3 more efficient than the collocation
method for these comparatively high integration orders. Multistep methods
are clearly preferable if the numerical solution is dominated by rounding
errors. The integration failed in one case, ¢ = 14 for i = 10 in the case of the
multistep method and pure extrapolation, indicating that in the computing
environment given (double precision floating point) one should not try to
select very high orders and very long stepsizes.

One big advantage of the conventional collocation methods over the multi-
step methods resides in the fact that they may be easily modified to allow
for automatic stepsize control. We have shown in section 7.5.5 that stepsize
control may be achieved using the highest term ygcqo) of the approximating
function in the case of conventional collocation methods. It would not be
difficult, in principle, to transform a multistep method into a procedure al-
lowing for stepsize control, as well. But a change of stepsize would require
a re-evaluation of all function values f(tx;), j = 1,2,...,¢ +1 —n, and
not only of the last one. Such a procedure, although it would work perfectly,
would be rather inefficient. This is why efficient stepsize control in the case of
multistep methods has to be performed by controlling the spacing hj between
the subinterval boundaries t;. There are no problems of principle involved
in such a procedure: Our discussion of collocation methods has shown that
equal spacing between the epochs tj is not a requirement, but that it leads to
very efficient algorithms. By dropping the requirement of an equal spacing,
a good part of the simplicity and elegance of multistep methods is lost. Nev-
ertheless, very powerful methods were developed for first order systems. For
a profound discussion we refer, e.g., to [108]. In view of the simplicity and
efficiency of the conventional collocation algorithm we do not use multistep
algorithms with stepsize control in this book.
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Table 7.3 indicates, on the other hand, that high-order multistep methods (10
< g < 14) should be given the preference over the conventional collocation
methods, if only orbits of small eccentricities are considered.

Many “different” multistep procedures are distinguished in the literature. The
method developed here is equivalent to the so-called Adams-Bashford method
(extrapolation) and to the Adams-Bashford-Moulton method (interpolation),
when applied to first order differential equation. When applied to second-
order differential equation systems our multistep method is equivalent, from
the algebraical point of view, to the so-called Stormer method (extrapolation)
and the Cowell method (interpolation).

In the original Stormer and Cowell algorithms the position and velocity vec-
tor (in the case of a general differential equation of order n: the derivatives
y» i=1,2,..., n—1) are replaced by the differences Vym, 1=1,2,...n—1,
of the solution vector w.r.t. the current initial epoch (the differences are
formed in analogy of those of the vector f(tx;)). The advantage of this for-
mulation over the one we use resides in the hierarchy of the differences: one
may assume that the differences of order ¢ are (at least) one order of mag-
nitude smaller in absolute value than those of order 7 — 1. This implies that
there is also a hierarchy in the absolute value of rounding errors when com-
puting these differences. Despite these apparent advantages we did not use
the original Stormer and Cowell formulations, in order to keep the algorithms
simple and general (applicable to equations of all orders n > 0).

7.6 Linear Differential Equation Systems
and Numerical Quadrature

7.6.1 Introductory Remarks

Linear differential equation systems form a special class of ordinary differ-
ential equation systems, which may be solved by any method introduced so
far (capable of solving general, non-linear and linear, systems of equations).
Strictly speaking, it is therefore not necessary to discuss special methods
for linear differential equation systems. The readers not interested in such
subtleties may skip the entire section 7.6 and continue reading section 7.7.

Taylor series methods and collocation methods are capable of exploiting the
linearity of systems or the fact that the right-hand sides of the system are
merely known functions of time ¢. Neither the Runge-Kutta nor extrapolation
methods are candidates to solve such problems.

Exactly as in the general case, it may be necessary to divide the original
integration interval I into subintervals I, £k = 0,1,2,.... As the transition
from one subinterval to the next is performed in the same way for linear and
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non-linear system, we need not address this issue subsequently. It is therefore
perfectly allowed to skip the subinterval index k in this section.

The problem to be studied in this section may be written either as initial or
as boundary value problem. Let us denote it by:

n—1
v = F(ty gy V) = 3 Ay + b1 (7.116)
i=0
Initial value problem:
yD(te) Lyl i=0,1,...n—1. (7.117)

Boundary value problem:
yFo) Lyt =12 n, ke{0,1,....n—1}, (7.118)

where the above boundary value problem is a slight generalization of the
problem (7.6), which allowed only for zero-order derivatives, i.e., for k; =0,
i=1,2,...,n. Observe that not all boundary value problems of type (7.116,
7.118) may be solved. It is, e.g., a requirement that at least for one index i we
have k; = 0. The coefficient matrices A;(t) are square matrices of dimension
d (d is the dimension of the system), the inhomogeneous part b(¢) is a column
matrix of dimension d.

7.6.2 Taylor Series Solution

The numerical solution of the initial value problem (7.116, 7.117) (not of the
more general case) is sought in the form

1=3 3¢

| =

(t —to) y

,_.o
~

(7.119)

: N

1 11 (s
ﬁ(t—to +Zﬁ —to)' f (t) .

l=n

~

The first n coefficients of the series are defined by the initial condition. The
derivatives of n-th and higher order may be calculated as follows:



314 7. Numerical Solutions

y (1) = 3 Aulto) D (to) + bito)
1=0

.

n—1 n—1
y " (o) = > Ai(to) ¥V (ko) + D Ailto) ¥ (to) + b(to)
=0 =0

= o (7.120)
y "D (1) = ZAi(to)y“”) (to) + 22 A;(to) y" Y (to)
i=0 =0

n—1
+ 3 Ai(to) y(to) + b(to)
=0

Equations (7.120) together with the initial conditions in eqns. (7.117) de-
fine an algorithm to compute the higher-order derivatives. The information
needed to compute derivative number ¢ is available, if all derivatives of lower
order are available.

This statement is only true, however, if the matrices Agl)(to), 1=0,1,...,q,
and b(tp) are easily available. In general this will not be the case. As opposed
to the non-linear case, there is, however, an easy way to solve this prob-
lem with an accuracy of order O((t — t()?), simply by replacing the matrix
elements by their interpolating polynomials of degree ¢ — n defined by the
function values A;(to;), j =1,2,...,¢+1—n. The interpolation epochs to,
(in principle) may be selected arbitrarily, provided all epochs are different.

This procedure is sufficient to make the algorithm defined by eqns. (7.120)
one of order ¢ for y(t) in t — ¢ (if the series is terminated after the terms of
order ¢). The resulting algorithm is rather efficient, if not only one, but many
initial value problems referring to one and the same homogeneous part of the
differential equation system (7.116), differing “only” by their initial values
and/or the non-homogeneous parts b, have to be solved. This is, e.g., the
case, if many variational equations referring to the same primary equations
have to be integrated.

The above formulae are drastically reduced when applied to the numerical
solution of a definite integral. In this case the higher-order derivatives simply
are computed as

y(to) = fO7(to), i=nm+1,....q. (7.121)

It is now even possible to deal with each component of the solution vector
separately, i.e., the problem is split up into the solution of d separate integrals.
If the (mathematically) correct formulae for the derivatives f(to)®, i =
1,2,...,q, are not available (and this is the general case), these derivatives
must be replaced by the derivatives of an interpolating polynomial. The above
algorithm might be further refined. For more information we refer to [15].
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7.6.3 Collocation for Linear Systems: Basics

Collocation methods to solve the linear initial value problem (7.116, 7.117)
make explicit use of the linearity of the system (7.15) of condition equations
when replacing the iterative process (7.51) by a direct solution of the linear
system (7.15) in one step.

This system shall be given in explicit form. In a first step the order of the
double sum on the right-hand side of the differential equation system is re-
versed (for one of the equations of the system (7.15) with time argument

t):

q _
(t —to)! (t—t)~"
N 7.1/ + b(t)
3T = S a0 2
g 7 l—1
(t—t 7.122
DI _02 Ay o T
=0 =0
n=Ilforl<n, n=n—1forl>n.
Using the notations
A,=E
- . (7.123)

A, =—(t—-t)""A;, i=0,1,...,n—1,

where E is the unit matrix of dimension d, eqns. (7.122) may be written as:

q n A1
Z(t —to)l [Z (t) yél) =b(t), n=lforl<n, n=n else
(7.124)

The coefficients are determined by the request that either the initial or the
boundary conditions are met and that eqns. (7.124) hold at ¢+ 1 — n different
epochs to,, j = 1,2,...,¢ + 1 —n. The condition equations may thus be
written as:

For the initial value problem:
yéi) :y(()i)(to) , 1=0,1,...,.n—1.

For the boundary value problem:

q 1] —k;

tl——t v i i .
Z%yé):ygk)7 i=1,2,...,n k;€{0,1,...,n—1} .
I=k; v
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Collocation conditions:

! " Ai(to;) (1)
Z(toj—to)l_” Z ,J' yy =b(to;), n=I1forl<n, n=n else

ji=12...,9+1—n,
(7.125)

where the epochs t;, i =1,2,...,n — 1, are the boundary epochs, and k; is
the derivative specified at epoch ¢, . t¢ is the initial epoch. The coefficients

yél), l=0,1,...,q, are the solutions of the above system of linear algebraic
equations.

The algorithm defined by eqns. (7.125) deserves a few comments:

e Algorithms of type (7.125) are the classical collocation methods encoun-
tered in the literature. Subroutine libraries like the NAg-Library [81] con-
tain routines based on eqns. of this type.

e As opposed to the application of collocation algorithms to non-linear sys-
tems,

— we have to solve one linear system of equations of dimension d (¢ + 1)
in one step and not d separate systems of dimension g + 1 iteratively,

— the differential equation systems hold ezactly (apart from rounding er-
rors) at the ¢ +1 —n epochs to, , j = 1,2,...,¢+ 1 —n, and not only
up to the order ¢ in (¢ — tp),

— the resulting matrix of coefficients for the determination of the unknowns
yél), 1=20,1,...,q, is problem-dependent, i.e., there is no way to sepa-
rate the inversion of the coefficients from the actual problem (as it could
be done in the general case) and to compute the inverses a priori.

e Initial- or boundary-value problems referring to the same homogeneous
part of the linear system (7.116), i.e., to the same matrices A;, may be
dealt with in a more efficient way, because the matrix inversion is required
only once for all particular solutions.

e For initial value problems the first n coefficients are obtained directly from
the initial conditions. The remaining coefficients yéz), i=nn+1,...,q,
solve the system of the d (¢+1—n) last equations in the algorithm (7.125).

e The solution of the initial value problem associated with the homogeneous
system (i.e., for which b(t) = 0) may be represented as a linear combination

of the elements of the initial state vector yél), i=0,1,...,n—1.

e [t is particularly interesting to study the impact of the distribution of
the epochs to,, j = 1,2,...,¢+ 1 — n, within the integration interval
on the quality of the solution vector. This question is intimately related
to the structure of the error function and will be studied in the following
paragraph.
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7.6.4 Collocation: Structure of the Local Error Function

We confine our studies to the initial value problem in this section. So far,
there was no need in this Chapter to make a clear distinction between the true
solution of the initial value problem at ty and its numerical approximation.
This distinction is, however, vital for the following discussion. Therefore, let

y(t) designate the true solution of the initial value problem (7.116, 7.117),

z(t) the numerical solution of the same problem, using a collocation method
of order ¢, and

e(t) = z(t) —y(t) the error function (where rounding errors are not consid-
ered).

Observe that an approximation for the error function was already used in
section 7.5.5, eqn. (7.85) for the purpose of automatic stepsize control. This
approximation cannot be used here, where we are interested in the true struc-
ture of the error function e(t).

The error function solves a linear, non-homogeneous system of differential
equations, where the homogeneous part is identical with that of the differen-
tial equation system in problem (7.116). In order to prove this statement, we
make use of the fact that the numerical solution and (of course) the true solu-
tion exactly solve the differential equation system at the collocation epochs:

z(n)(t()j) = Z AZ(tOJ)Z(l)(tOJ) + b(toj) ) .]: 1727"'7q+ 1—-n
=0

n—1 .
y(n)(toj) = Z AZ(tOJ)y(Z)(tOJ) + b(toj) ) .] = 1727 s gt 1—-n
i=0
n—1 .
E(n)(toj) = Z Ai(toj)e(l)(toj) s _] = 1,27. ..,q+ 1—n.
i=0
(7.126)
The third of the above equations implies that (™ (t) may be written as:
n—1 ) q+1l—m
e™Mt)=> At)e" (1) + [[(t—to,)9(t) (7.127)
i=0 j=1

where g(t) is an analytical function (which may be represented by a Taylor se-
ries with origin ¢g) — at least if the solution of the original initial value problem
is analytical, as well. As the true solution and the numerical approximation
obey the same initial conditions, the error function may be represented as
the solution of the following initial value problem:
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n—1 atl-n
=00 =2, A0 + [T - to) ot (7.125)

eD(t)) =0, i=01,....n—1.

The structure of the above differential equation is the same as that of a
variational equation (5.6) associated with one of the dynamical parameters,
which was encountered in Chapter 5. We may therefore write the solution of
the initial value problem (7.128) as follows (compare equs. (5.14) and (5.16)):

ety =2Vt at), i=01,...,.n—1, (7.129)

where Z(t) is the rectangular matrix with nd columns and d rows, in which
column [ contains the elements of the solution &;(t) with index [ of the com-
plete system of solutions of the homogeneous system associated with the
linear system (7.128). The coefficient matrix «(t) may be expressed by an
integral (compare eqn. (5.21)):

t

at) = /Z_l(t’) F(t') dt', (7.130)

to

where in our case F(t) may be written as

Fit)= [](t-t,) G, (7.131)

where G(t) is a column array with nd elemenent, defined as (compare eqn.
(5.20)):

G=| " |. (7.132)

g(t)
In order to evaluate the definite integral (7.130) at ¢t = to + h we perform a
transformation of the independent argument ¢, as illustrated by Figure 7.18.
Algebraically, the transformation reads as:

2
=-1 —(t—t
T +h( 0)
h
t—tyg = 5(7’4—1) (7.133)
h

The integral (7.130) thus may be written as:
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to to+h

-1 +1
Fig. 7.18. Transformation of the independent argument ¢

q+2—n q+l-n _
a(ty+h) = (g) / H (r—m)Z7' (' (7)) G(' (7)) dr' . (7.134)
—1 j=1

This result formally proves that, in general and independently of the selection
of the collocation epochs 7; in the interval I L [—1,+1], the local approxi-
mation error is bound by h972~" for an integration order gq.

The result (7.134) indicates that even a much better approximation may
be achieved at ¢t = to + h, provided the collocation epochs 7; are defined as
the roots of the Legendre polynomial Pyi1_n(7) of degree ¢ + 1 — n. This
can be formally proved by introducing an auxiliary function X (¢(7)) and by
representing it as an infinite series of the Legendre polynomials P;(7), i =
0,1,2,...:

X(tn) 227 0) Gen) =3 (5) Xep) . (1135)
=0

Assuming that the collocation epochs 7; are the roots of the Legendre poly-
nomial of degree ¢ + 1 — n we may write this polynomial as

q+1—n

[ —7)=¢Puialr) (7.136)

j=1
where the normalization constant £ is of no interest in our context. The

integral (7.134) thus may be brought into the form

j\2a+3-2n +1
ato+h) =& <§> Xgt1-n /PqQ—O—l—n(T/) dr’ | (7.137)

where use was made of the orthogonality properties

+1
Pyrioa(7) P(F) dr' =0, 1#q+1-n

-1
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of the Legendre polynomials. Assuming that the Legendre polynomials L;(T)
are fully normalized, we may even write:

2g+3—2n
alty+h) =¢ <§> Xot1n - (7.138)

Observe that the excellent error property (7.138) can only be achieved for
one time argument, namely for ¢ + h. For any other time argument ¢y + At,
the error behavior of the numerical solution is given