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ABSTRACT

This work aims to develop a numerical model to predict freld fidorations due to vibratory and impact
pile driving. For this purpose, a hybrid frequency-time domformulation is presented. Based on a
coupled FE-BE approach, the soil-pile system is decompimgedwo subdomains: (a) a finite domain
containing the pile and a part of the soil that can behavelimearly and (b) the unbounded semi-infinite
linear soil domain. The unbounded soil region is represkhyetractions at the soil-structure interface
in terms of stiffness matrices and displacements, whichadaed to the equation of motion of the
finite domain. The stiffness or flexibility matrices of thelimunded soil are computed in the frequency
domain by means of a boundary element method. Using a hyppiach and a Fourier transformation
of the flexibility matrix to the time domain, the force-diggkement relationship is obtained in the time
domain. Newmark’s time integration scheme is used to sdieeegjuation of motion of the coupled
system. Results of the present method under linear behaaieucompared with those obtained by a
frequency domain analysis.
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INTRODUCTION

Due to the non-linear constitutive behaviour of the soifeunding the pile, the dynamic soil-pile inter-
action problem is non-linear and must be analysed in the diomeain.

In recent years, many researchers have dealt with the dmalygdynamic soil-pile interaction problems
in the time domain (Mamoon & Banerjee, 1992; Tham, et al. 6)98ome progress has been also made
by developing models to assess the driving efficiency ofediripiles using a non-linear constitutive law
for the soil (Holeyman, 2002). In particular, some works based on the application of the time do-
main boundary element method with the fundamental solstionthe dynamic soil-structure interaction
problems (Wolf, 1988; Bode, et al., 2002).

Using a substructuring method, the soil-structure sysgedecomposed into two independent substruc-
tures: (a) the inhomogeneous or non-linear structure, ANthé unbounded linear elastic soil. For each
of these substructures, the basic dynamic equilibrium tempsaare written independently. The properties
of the unbounded soil (linear part) on the exterior are regmeed by a boundary condition in the form
of a force-displacement relationship, which is global in@pand time. This relationship is expressed in
the form of convolution integrals involving the dynamidfstess coefficients in the time domain with re-
spect to the degrees of freedom of the nodes located on th&tisa@iture interface. Alternatively, Green's
functions in the time domain can be directly used in the camtmnal procedure.

As it is assumed that the unbounded soil on the exterior ointieeaction horizon up to infinity behaves
linearly, this substructure can be analyzed in the frequelmmnain. The dynamic impedance of the

Structural Mechanics, K.U.Leuven, Belgium, Email: hareih.masoumi@bwk.kuleuven.be



soil is calculated by means of a boundary element formuiatiat employs the Green’s functions of a
horizontally stratified soil.

An alternative consists in calculating the unbounded sditeraction forces in the frequency domain
and transforming these into the time domain. These foraeswrsequently used to solve the interaction
problem in the time domain (Wolf, 1988). This strategy i€reéd to as a hybrid frequency-time domain
approach, while the direct formulation in the time domaina#ied the direct time domain approach.

Wolf (1988) has proposed several alternatives to formulatesoil-structure interaction forces in the time
domain. In order to avoid the difficulties associated with transformation of the dynamic-stiffness
coefficients, a flexibility formulation is used in this workr@ncgois & Degrande, 2005).

Finally, the interaction forces in the time domain are admdtie nodes of the soil-structure interface and
the equation of the motion of the generalized structurelisesidoy means of Newmark’s time integration
method.

NUMERICAL MODELING

Problem outline

As the main objective of this work is the time domain analggithe dynamic soil-pile interaction prob-
lem during pile driving, the governing equations are présgfior an embedded pile in a homogeneous
layered soil medium.

First, the soil-structure system is decomposed into twalsniains: the bounded (generalised) structure
Qp, that contains the pile and an irregular soil region adjatetite pile which can behave non-linearly,
and the unbounded semi-infinite layered soil denote@Y: The interface between the bounded (struc-
ture) and unbounded (linear soil) subdomain is denoteH, lag shown in figure la.
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Figure 1: (a) The geometry of the problem, and (b) the radiatd wave fieldsusc(up).

Equilibrium equations in the structure

First, the structurey, is considered. The boundafy = N, U Z of the bounded domai®y, is de-
composed into a boundafy,, where tractiondy, are imposed and the soil-structure interfaceThe
displacement vectar, of the structure satisfies the following Navier equation badndary conditions:

div ap(up) + Ppb = Pulip in Qp (1)
th(Up) =tp on Mpgy 2
(€)

wherepyb denotes the body force on the structure &g = o(u) - n the traction vector on a boundary
with a unit outward normal vectar.



Equilibrium equations in the soil

The exterior soil domai®!is taken into consideration. The bound&@$§* = s, UT ., UZ of the soil
domainQ&is decomposed into the bounddry, where tractions are imposed, the outer boundagy
where radiation conditions are satisfied and the soil-8iradnterfaceX. Free boundary conditions or
zero tractions are assumed bg;. The displacement vectar; of the soil satisfies the Navier equation
and the following boundary conditions:

divos(us) = pslis in Q% (4)
ts(us) =0 on Ny (5)

Us = Up on X (6)

th(Up) +ts(Us) =0 on X (7)

According to the compatibility condition (6), the displacent vectorus is equal to the scattered wave
field us¢(up) radiated in the soil due to the motiol, imposed on the interface (figure 1b):

US :uSc(ub) |n QgXt (8)

Variational formulation

The equation of the motion of the dynamic soil-structureriattion problem is formulated in a varia-
tional form. For any virtual displacement fied/ imposed on the structure, the sum of the virtual work
of the internal and the inertial forces is equal to the virtmark of the external loads:

/ £(8V) 1 p(up)dQ + / SV - PoilindQ — / 5V - ppbdQ + / Sv-Todr + / SV-to(Up)dZ  (9)
Qp Qp Qp Mo b

Accounting for the equilibrium of the tractions on the ssfifucture interfac&, the variational equation
(9) becomes (in the absence of the body forces):

/ £(5V) : Op(Up)dQ + / SV - PolindQ + / SV - to(Usc(Up))dE = / Sv-Tdr  (10)
Qp Qp > Moo

The virtual work of the internal and the inertial forces oé tstructure results into the stiffness and the
mass matrix of the structure, respectively. As the stredy occupies a finite domain, the stiffness and
the mass matrix as well as the external force vector can b@utad using a FE method. The tractions
ts(Usc(Up)) in the soil on the boundary are computed using a BE method.

Numerical modeling of the bounded domain (the generalizedtsicture)

In a FE formulation, the displacement field is approximated asy = Npu,, whereNy, are the globally
defined shape functions angis a vector of the three displacement components at all rpudials. Anal-
ogously, the strain vecta is approximated as = LN Uy, with L a matrix which contains derivative
operators. The virtual work equation (10) must hold for aimyual displacement fieldv. Substituting
the strain-displacement relations, equation (10) candisoeated as follows:

Ml (t) + 5 (t) = £(t) — Q(t) (11)

whereMy, is the mass matrix of the structure &if#l denotes the vector of the internal forces. The vector
&t collects the external forces dfye and Q(t) represents the vector of the soil-structure interaction
forces. The displacement vectay can be divided into the displacement veaigy corresponding to the
nodes within the structure which are not located on thestaileture interfac& and the displacement
vectoruy, corresponding to the degrees of freedom of the nodes on tidsioe>:
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The interaction force®y, (t) depend on the tractions and displacements on the soilusteuinterfacex
and are equal to the convolution integral of the dynamic &tiffhess matrixS(t) and the displacement
vectoruy, (t):

Qn, (1) = /0t S(t - T)up, (T)dT (13)

Numerical modeling of the unbounded linear soil domain

As the unbounded soil domain behaves linearly, the dynatiffoness coefficients of the soil can be
calculated in the frequency domain by means of a boundargezieformulation that uses the Green'’s
functions of a horizontally stratified soil. This formulati has been implemented in the computer pro-
gram MISS (Modélisation d’Interaction Sol-Structure)dGteau, 1999).

In a stiffness formulation, the inverse Fourier transforfrihe dynamic stiffness coefficients from the
frequency domain to the time domain must be calculated amdsymptotic value for the frequency
approaching infinity must be determined. The difficultiesl@ermining the components of the dynamic
stiffness can be avoided using a flexibility formulation. eTdhynamic flexibility coefficients of the soil
in the frequency domain are the inverse of the dynamic sffihess coefficients and converge to zero
when the frequency approaches infinity.

The displacements of the interface nodgg(t) are equal to the convolution integral of the dynamic
flexibility matrix F(t) and the vector of interaction forc€},, (t):

t
Uy, (1) = [ F(t=1)Qs,(n)c a4)
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Figure 2: (a) Time history and (b) frequency content of the tiangular interpolation function ¢(t).

Introducing a time domain interpolation functigsit) (figure 2), the interaction forceQy, (t) are dis-
cretized as follows:

00

Q1) = Y @t —kat)Qf, (15)
k=1

Substituting expression (15) into equation (14), the dispinent vectouy at timenAt becomes:

nAt

up,= /. F(1) <k§1<p<<n— k)At — r)Q&) dr (16)

This is rearranged as:

n

(k- 1)Ax
up, =5 (/O ’ tF(r)q)((n— K)At — r)dr) Qf, (17)

k=1



where, due to the bounded suppett <t < At of the time interpolation functiop(t), the integration
bounds are reduced from 0 to—k+ 1)At. The boundary displacement vectgy is finally written as:

n

up, = 5 FRQy, (18)
k=1
where
kAt
FK= | F(D)o((k—1)At — 1)dT (19)

0

The first dynamic flexibility coefficienE?! is equal to:

At
Fl :/o F(1)p(—1)drT (20)
which results in:
Fl= /jo F(1)@(—1)H(1)dt (21)

Introducing the functiory/ (t) = @(t)H(—t), whereH (t) is the Heaviside step function, the integral is
rewritten as:

Fl= / F(1)¢/ (—1)dt (22)
Using the convolution theorem, the flexibility coefficigfit is written as:
i
1 _—
F = o [ Fo)d (@)do (23)
with
~ 1— €98 4+ jwAt
¢ (w) = By ve— (24)
The flexibility coefficientF (k > 2) in equation (19) can be written as follows:
Pk — %T / E () ()@ Dt (25)
with
A 2—2cogwAt
o) = 2RO (26)

The integral in equation (23) is evaluated by means of a n@igal rule, while equation (25) is evaluated
by means of a Filon integration algorithm with an oscillgtkernel function.

The interaction forc®p can be elaborated as:

Qp, = (FHup, - Qg 27)
where the second term on the right hand side is the time fisfahe interaction forces:
- n—1
Qg;l — (Fl)fl kzl Fn*k+lQ|l§2 (28)

Substituting equation (27) into the equation of motion (f&ults in:

Mblbl Mb1b2 :| { ugl } { fti)ntn } |: 0 X :| { ug } { fgxm } .
(7 + in + _ 1 — 1 + — 29
e e [ e Lo @ L e b o) @



Interface modes and interaction forces

A modal reduction technique is applied where the vector efititerface displacements,, is decom-
posed as a linear combination of vibration moggg.,(m=1,...,q):

q
Up, = z Yp,m0sm = W, ds (30)
m=1

where the modeg,, ,(m=1,...,q) are collected in a matri¥y, and the modal coordinategm(m =
1,...,q) are collected in a vectaxrs. The modal coordinatess are equal to:

as=Tyup, (31)

whereT, = (lIngllJbz)—llngz. The modal interaction forcdg are introduced as:

fs = Wi, Qn, (32)
Therefore, the interaction forc€y,, can be rewritten as follows in terms of the modal interactmes:

whereTq = tIJbZ(\IJEZLIJbZ)*l.

As the dynamic soil stiffness coefficients are usually coragun the frequency domain in terms of the
interface modes, equation (18) can be represented in togvfo modal form:

=}

ars‘| _ ankJrlfé( (34)
k=1

where the modal interaction forc&scan be written as:

n-1
fg=(FH) tag— (FH)~ 5 FMHig (35)
k=1

where(F1)~! denotes the instantaneous dynamic impedance of the unbdsod domairQ$*. Substi-
tuting equation (35) into equation (33) results in:

Qp, = Tq(FH)~*Tuup, — Q11 (36)
where
1 " o kek
Qp t=To(FH) Y Rk 37
k=1

Substituting equation (37) into the equation of motion (f&&ults in:
i o ] L b (e 0 v on, J{OR D= o oo
. intn _ - n—-1
Mbyb, Mbyb, up, fo 0 Tq(FY) Ty up, fo Qp,*
Modal decomposition

Assuming a linear elastic behaviour for the structure atmdlucing a modal decomposition based on
the modes of the structure with free boundary conditions:

Lo b= o @



the equation of motion (38) can be elaborated as:
lgqd D+ (Agg+ (FH 1) @l = W " L @l gt g1 (40)

where theg-dimensional diagonal matrigq = diag(w?,) contains the squares of the eigenfrequencies
wn(m=1,...,q) and theg-diagonal unit matrix qq reflects the orthogonality of the eigenmodes with
respect to the mass matrix. The vedigr? is defined as:

n—1

= (FY Yy Pl (41)
k=1

Craig-Bampton substructuring technique

The Craig-Bampton substructuring technique is a valudiderative to solve the coupled linear problem
(Craig & Bampton, 1968). The displacement vector of thecstme can be written as:

S
Lo -1 e i) ®
Ub, 0 W, ap,
The displacement vectar, is written as a superposition of the mod¥s, of the soil-structure inter-
face. The displacement vectoy, is decomposed as a linear combination of the eigenm¥flesf the

structure fixed on the soil-structure interface and the igstasic transmissioty, of the moded¥y,, of
the soil-structure interface:

gl = _K[;l][)leletpr (43)

Applying the Craig-Bampton decomposition technique, tipgagion of motion (38) is represented as:

LPS
T
n i e (3] g

s’ T Mp,b, IBVE GBZ

Ak 0 ] { ap, } Wl fo { 0 }
. = +9 o 44
[ 0 WLKE, Wh+(FHt || a S fo 4 @l gt Al

where thek-dimensional diagonal matriAy, = diag(wjz) contains the squares of the eigenfrequencies
wjz. The matrixlyg is ak-dimensional unit matrix reflecting the orthogonality oéthigenmodes with
respect to the mass matrix. The matridé§, andKg , are the Schur complement of the mass and the
stiffness matrices of the structure, respectively.

NUMERICAL EXAMPLES

In order to validate the present method, different linealyses are performed due to a harmonic loading.
Results computed by the present method are compared with timained by solution in the frequency
domain.

A single pile embedded in a homogeneous half space

A circular concrete pile with a diametdp = 0.50m is considered (figure 3a). The pile has a lergth-
10m, a Young’s modulugE, = 40000 MPa, a Poisson’s ratig = 0.25, and a densitp, = 2500 kg/n{.
The pile is assumed to be completely embedded in the soil avitenetration depte, = 10m. The
longitudinal wave velocity in the pile is equal @, = 4000 m/s.
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Figure 3: (a) The geometry of a single pile and (b) the geomeyrof the generalised structure (a
single pile and the soil) embedded in a homogeneous half sgac

The pile is modeled using 8-node isoparametric brick eleémefhs the pile has a cylindrical shape and
an axial force is applied at the center of the pile, only thisyarmetric modes consisting of the vertical
rigid body mode and the flexible axial modes of the pile aresared. Figure 4 shows the flexible axial
eigenmodes of the pile with free boundary conditions.

- A/
:
)
Mode 2: 200.0 Hz Mode 3: 400.3 Hz Mode 4: 601.1 Hz

Figure 4: First three flexible axial modes of the pile with free boundary conditions.

The soil medium consists of a homogeneous half space witluag® modulu€s = 80 MPa, a Poisson’s
ratio vs = 0.4, a material damping ratifs = 0.05, and a densitps = 2000kg/nf. The shear wave
velocity in the elastic soil is equal to 120m/s.

The dynamic soil stiffness matrix is calculated in the freley domain using a BE method implemented
in the program MISS 6.3. The boundary element analysis ibeapf compute the impedance functions
of the soil. The size of the boundary elements on the salpilerface is limited to @5m at the pile
toe and ®5m along the pile shaft. The impedance functions are cosolpup to a maximum frequency
fmax = 300Hz. Figure 5 shows the diagonal elements of the dynamiibiliey matrix. The dynamic
flexibility coefficients tend to zero for limiting high fregacies.

The discrete flexibility coefficient matrices in the time damimare computed by the convolution equation
(25) with a time step ot = 1.7 x 10~3s (figure 6). The number of time steps is selected considering
the time that the shear wave needs to pass through the laigestsion of the soil-structure interface.
The flexibility coefficients are evaluated by the integmatiof the product of the dynamic flexibility
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Figure 5: Diagonal elements of the dynamic flexibility matri in the frequency domain.

-7 -7 -7 -7
Z x 10 2 x 10 Z x 10 Z x 10
E E E E
e 15 £ 15 £ 15 e 15
Q@ Q Q0 @
(&)
210 £ 10 £ 10 £ 10
[ Q Q Q
8 5 8 5 8 5 8 5
= 2 2 2
50 1 50 150 50
x x x x
2 5 L 5 L 5 2 5
w w w w
0O 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0O 10 20 30 40 50
Number of time step [-] Number of time step [-] Number of time step [-] Number of time step [-]
Mode 1. Mode 2. Mode 3. Mode 4.

Figure 6: Diagonal elements of the flexibility coefficient mé&ix in the time domain.

matrix with the frequency content of the triangular or maatifiriangular shape function. As the upper
frequency limit is 300 Hz instead of infinity, an error is irwgal which has no significant influence on the
results when the upper frequency limit is higher than theimam frequency content of the loading.
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Figure 7: Modal response of the pile subjected to a sinusoiddorce with a frequency of 20 Hz,
computed by the hybrid method (solid line) and by solution inthe frequency domain (dash line).

A vertical sinusoidal forcep(t) = sin(2rft) is considered with a frequencly= 20Hz. The force is
applied at the pile head. The dynamic response of the pilenigated using a modal reduction technique
(equation (40)). Newmark's method is used to solve the éguaif motion with a time step\t =

1.7 x 10-3s and parameters = 0.47 andd = 0.70. Since the displacements in each time step implicitly
depends on the displacements at all previous time stepsnditional stability can not be guaranteed
with a constant average acceleration scheme=(1/4 andd = 1/2). For a fixedd > 1/2, one can
selecta such that high-frequency dissipation is maximized (Hugh€87). It is observed that the better
stability is achieved by selecting > 0.32(5 + 1/2).

Figure 7 shows that the modal response of the pile, compuiirtie present method, compares well
with results obtained in the frequency domain. This goo@agrent is also preserved when the vertical
displacement of the pile head is computed by means of mogargasition (figure 8).
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Figure 8: Response of the pile head subjected to a sinusoidfmrce with a frequency of 20 Hz,
computed by the hybrid method (solid line) and by solution inthe frequency domain (dash line).

A generalized structure (single pile and soil) embedded in homogeneous half space

In the following, the pile foundation and a part of the soi anodeled as a generalised structure em-
bedded in a homogeneous half space. The soil-structurensyistdecomposed into two subdomains: a
bounded domain contains the pile and a part of the soil artiumgile and an unbounded soil domain.
The properties of the pile and the soil are the same as in thaéqus example (figure 3b). The pile-soil
model has a diametek, = 2.00m and a height,, = 11.0m. Since the model has a cylindrical geometry
and a vertical force is applied at the center of the pile httedpile and the soil are modeled using 4-node
plane axisymmetric finite elements.

: 8¢

Mode 2. Mode 3. Mode 4. Mode 5.

Figure 9: Some axisymmetric modes of the interface.

The boundary element method is applied to compute the inmpedaf the unbounded domain. A three-
dimensional BE mesh of the interface is built correspondmghe nodes on the interface in the two-
dimensional axisymmetric FE mesh. The size of the boundaments is limited to A0m at the base
and 025m along the shaft. A rigid body mode in tkedirection and 29 flexible modes are selected.
The flexible modes in figure 9 illustrate the eigenmodes ofritexface with free boundary conditions.

The dynamic response of the generalised structure due tauadsdlal force is investigated using the
Craig-Bampton technique (equation (44)). Results are cwedpapplying 30 interface modes and 200
modes of the structure clamped on the soil-structure exterf Newmark’s method is used to solve the
equation of motion with a time steft = 1.7 x 10~3s and parameters = 0.47 andd = 0.70. Figure 10
shows the vertical displacement of the pile head due to @gidal excitation. The pile response shows
a good agreement with the result of the previous example.

Ground vibrations due to vibratory driving are consider&dtandard hydraulic vibratory driver ICE 44-
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Figure 10: Response of the pile head subjected to a sinusoidarce at 20 Hz, computed by the
hybrid method in a pile-soil model (solid line) and by soluton in a single pile model (dash line).
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Figure 11: The norm of the particle velocity in a homogeneoukalf space due to vibratory driving.

30V is selected. It operates at a frequeficy 20Hz with an eccentric momente= 50.7 kgm, resulting
in a centrifugal force=, = 800kN. In this example, the same Newmark parameters andstiepeas in
the previous example are considered.

Figure 11 shows the norm of the particle velocity in a homegeis half space due to vibratory pile
driving at 20 Hz for the penetration depgh = 10m. Results are presented in {ine) plane, where the
vertical coordinate varies from= 0.0m on the ground surface o= 20m; the horizontal coordinate
varies from the soil-structure interfacerat 1.0m up to a distance= 20.0m from the pile centre. Itis
observed that: (1) because of the soil-shaft contact,cadistipolarized shear waves are generated which
propagate radially from the shaft on a cylindrical surfd@gat the pile toe, shear and compression waves
propagate in all directions from the toe on a spherical wavntf and (3) Rayleigh waves propagate
radially on a cylindrical wave front along the surface.

Figure 12a illustrates the decrease of the peak particticirgl(PPV) at the surface with the distance
from the pile for the penetration depgh = 10m. Figure 12b displays the variation of the PPV versus the
depth at a distance of=5m. Results of the hybrid method are compared with thoseraatdy means

of the direct inverse Fourier transformation (Masoumi, let2007). The response along the surface
shows a small discrepancy with the reference solution.

CONCLUSION

A hybrid frequency-time domain approach has been propaseolve a dynamic soil-pile interaction
problem in the time domain. Different analyses were pereaino investigate the dynamic response of
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Figure 12: (a) PPV versus the distance from the pile at the fre surface, and (b) PPV versus the
depth atr = 5m from the pile due to vibratory pile driving at 20Hz. Results of the hybrid method
(— o —) are compared with those obtained by a frequency domain sotion (— ¢ —).

a pile under harmonic loading. Results of the present metimakkr linear behaviour were compared

with those obtained by a frequency domain analysis and shgwod agreement. The prediction of free

field vibrations due to vibratory pile driving is illustratén an example. In the near future, the proposed
model will also be applied for a non-linear analysis of anéatpile driving problem.
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