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Abstract. In this paper, we investigate the problem of decomposing an ontology
in Description Logics (DLs) based on graph partitioning algorithms. Also, we
focus on syntax features of axioms in given ontology. Our approach aims at
decomposing the ontology into many of sub-ontologies that are the most distinct
as possible. We analyze the algorithms and exploit parameters of partitioning that
influence the efficiency of computation and reasoning. These parameters are the
number of concepts and roles shared by a pair of sub-ontologies, the size (the
number of axioms) of each sub-ontology, and the topology of decomposing. We
provide two concrete approaches for automatically decomposing the ontology,
one is called partitioning based on minimal separator, and the other is segmenting
based on eigenvectors and eigenvalues.
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Introduction

The previous studies about DL-based ontologies focus on the tasks as ontology design, ontology
integration, ontology deployment,... Starting from the fact that one wants to effectively solve with
a large ontology, instead of the ontology integrating we examine the ontology decomposing. As
we proposed in the previous paper, some algorithms for reasoning on the system of decomposed
ontologies and the criteria for decomposing. In this paper, we resolve the problem of decomposing,
more concretely, we delve the techniques of decomposing an ontology into several sub-ontologies.
Our principal goal is how do select a "good" one? A decomposing is called "good" if it improves the
efficiency of reasoning and guarantees the properties proposed in [4]. Our computational analysis
for reasoning algorithms guides us to suggest the parameters of a such decomposing: the number of
concepts and roles included in the semantic mappings between partitions, the size of each partition
(the number of axioms in each partition) and the topology of the decomposing graph. There are
two approaches to be considered here. They are based on two presentation ways of the ontology.
First, we present the ontology by a symbols graph, and implement decomposing based on minimal
separator method. Second, the ontology is presented by an axiom graph, corresponding to the image
segmentation method.
The paper is organized as follows. Section 1 describes two ways for transforming of an ontology by
an undirected graph (symbol graph and weighted graph). Section 2 defines an overlap decomposing
of a TBox and the criteria for a good decomposing. In sections 3 and 4, we discus the methods and
two partitioning algorithms of the graph represented an ontology corresponding to the above graphs.
Section 5 presents some evaluations of effect of the decomposition algorithms. Section 6 provides
some conclusions and future works.
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1. Representing ontology as the graph

As we knew, a knowledge base (ontology) built by a concept language is generally composed of
two component levels: intensional (called TBox) and extensional (called ABox). Our attention is the
reasoning problem in a large TBox. A TBox is a finite set of concept inclusions (axioms). Therefore
decomposing ontology is reduced to examining the set of axioms, we split the axioms into small
groups that follows the proposed criteria in [4].
In this section, we present ontology as an undirected adjacency graph. In particular, we examine
two approaches for representing a TBox by graph that conduct two ways dealing with the problem
of decomposing, hence the axioms are coded as follows. Given an original TBox T with N axioms.
- The first, unfolding (expanding) all the axioms in original TBox T into the expressions of primitive
concepts and primitive roles (i.e. computing Ex(Ai) as in [4], we recall that Ex(Ai) is a set of
primitive concepts and roles which occurs in Ai).
- Let |Ex(Ai)| = ni (the number of concepts and roles in Ai), |Ex(Ai) ∩ Ex(Aj)| = nij (the
number of common concepts and roles in two axioms Ai and Aj), wand i, j = 1,m, i 6= j:
Example 1: We have a TBox T :

(A1) : C1 u C2 v X (A6) : Y u T v H
(A2) : C3 v ¬C2 (A7) : C3 v X
(A3) : X u C4 u C5 v Y (A8) : ¬C3 v C2

(A4) : ¬C4 v ¬Y (A9) : ¬X v ¬Y
(A5) : Y u C6 v H (A10) : ¬C5 v ¬Y

Figure 1: TBox T

Thus, there is ten axioms in T , i.e N = 10 and they are unfolded as follows:
Ex(T ) = {C1, C2, C3, C4, C5, C6, X, Y, H, T}
|T | = 10

1.1. Symbol graph

Definition 1 A graph G = (V,E) (with V is a set of nodes and E is a set of edges) is called symbol
graph if each node v ∈ V is a symbol, an edge eij = (vi, vj) ∈ E if vi and vj occur in the same of
axiom.

In our case, a symbol is either a primitive concept or role in TBox T . Construct a symbol graph G =
(V,E) from TBox T , by taking each concept (role) in every axiom in T as a node and connecting
each pair of concepts (roles) by an edge if this pair co-occurs in the same axiom. According this
method, each axiom is presented as a "clique" (see definition 7) in the graph.
Example 2: The above TBox T can be presented by a symbol graph as follows:

Figure 2: Symbol graph of the TBox T

1.2. Axiom graph

Definition 2 A graph G = (V,E) (with V is a set of nodes and E is a set of edges) is called an
axiom graph if each node v ∈ V is an axiom in TBox T , and an edge eij = (vi, vj) if vi and vj have
some symbols shared.



From a point of view of graph, we present a TBox T by a weighted graph G = (V,E), denoted
the "connected axiom graph": each vertex v of V corresponds to an axiom in T , and connecting
each pair of vertices in V by an edge if they have some shared concepts and roles. A weight is then
assigned to each edge in E. This weight should be chosen such that it reflects the association degree
between the pair of linked vertices. Using just the common concepts and roles between every pair
of axioms, we can define the graph edge weight connecting the two nodes i and j (wij)that are
corresponding to two axioms Ai and Aj as: wij = nij

ni+nj
.

Example 3: An presentation of axiom graph for the above TBox T :

Figure 3: Axiom graph of the TBox T

2. Ontology Decomposing

2.1. Definition

Because we examine an ontology as a graph, in this paper, we define the notion of ontology decom-
posing based on graph partitioning.

Definition 3 A graph partitioning Gp = Vp, Ep is a connected graph (see definition 9) of the indi-
vidual partitions Gi. Each node v ∈ Vp is a partition (sub-graph) Gi, each edge eij = (vi, vj) ∈ Ep

is the set of shi ared symbols between Gi and Gj .

This definition is corresponding to the overlap decomposing in [4]. We see that Gi corresponds to
component TBox Ti, the edges eij corresponds to the set of identical bridge rules Bij .

2.2. What is a good decomposing

Our goal is eliminating GCIs as much as possible from a general ontology (presented by a TBox)
by decomposing an ontology into several sub-ontologies (presented by a distributed TBox). In this
paper, we are only considered the syntax approach that are based on the structures of GCIs. As we
mentioned in the previous paper, the decomposing only implements with the set of axioms (GCIs).
All the concepts and roles of the original ontology will be kept through the decomposing. As a result,
we propose two techniques for decomposing based on graph. For legibility reason, in this paper, we
examine only the simplest case, decomposing a TBox into two smaller TBoxes. The general case is
presented in [11].
We defined the decomposing of a TBox as a distributed TBox consisting of sub-TBoxes and the
semantic mappings between each pair of sub-TBoxes. Our decomposing approach is most related to
the graph formulation and partitioning. A delicate aspect of decomposing-based logical reasoning is
the selection of a good partitioning of the ontology, we need to also ask the following questions:
1. What is the precise criterion for a good decomposing ?



2. How can such a decomposing be computed efficiently ?
These questions have been also proposed in the image segmentation and data clustering. In the gen-
eral DL case, our purpose is not reducing of computational complexity, but the results for reasoning
in decomposing suggest similar relationship between the decomposed TBoxes and original TBox.
The computation analysis of our decomposing-based reasoning algorithms provides a metric for
identifying parameters of decomposing that influence our computation: the size of the communica-
tion part between component TBoxes, the size of each component, and the topology of the decom-
posing graph. Our goal is minimizing the disassociation between the component TBoxes and max-
imizing the association within the components. Moreover these component TBoxes must preserve
the properties of decomposing that we proposed in the previous paper. These parameters guide us
to propose two greedy algorithms for decomposing ontology into sub-ontologies, trying to optimize
these parameters. The algorithm depends on the presenting case of ontology. The detail of these
algorithms will be presented in the following sections.

3. Partitioning based on the minimal separator

Starting from the symbol graph, we examine a decomposing method based on the minimal separa-
tors. The first of all, we recall some notions that can be found in [5].

3.1. Definitions

Definition 4 Let G = (V,E) be an undirected graph, with |V | = n, |E| = m. For x, y ∈ V ,
N(x) = {y 6= x|xy ∈ E}. For X ⊆ V , N(X) =

⋃
x∈X N(x).

Definition 5 Minimum Vertex Separators
We recall the notion of a vertex separator that was defined in [2]. A set of vertices S is called an
(a, b)-vertex-separator if {a, b} ⊂ V \ S and every path connecting a and b in G passes through at
least one vertex contained in S. A set S of vertices is called an (a, b)-vertex-separator if {a, b} ⊂
V \ S and every path connecting a and b in G passes through at least one vertex contained in S.
Two vertices a, b are said to be adjacent if there is an edge connecting a and b in G. Let a, b are not
adjacent vertices. If S is a minimal a, b-separator which contains only neighbors of a the S is called
close to a.

Definition 6 Connectivity
Let N(a, b) be the least cardinality of an (a, b)-vertex-separator. The connectivity of the graph G is
the minimum N(a, b) for any a, b ∈ V that are not adjacent.

Definition 7 Cliques
A clique (complete graph) is a graph with edge set consisting of all possible edges between the
vertices of the graph. We denote by K[S] the clique built on vertices from S.

Definition 8 Maximum Cliques
A maximal clique in a graph G is a clique G[S] such that there exists no vertex set S′ ⊃ S for which
G[S′] is a clique. The set of minimal cliques of G is denoted by KG.

Definition 9 Connected graph
A graph G is connected if for each pair u, v of its vertices there exists a path from u to v. If G is not
connected, then a connected subgraph C of G is called a (maximal) connected component if there
exists no connected subgraph C ′ of G such that C is a proper subgraph of C ′.

We have another definition of minimal vertex separator: S is a minimal separator of the graph G =
(V,E) if and only if there are two different connected components of G [V − S] such that every
vertex of S has a neighbor in both of these components. This definition as a lemma that have been
proved in [6]
If S is a minimal a, b-separator which contains only neighbors of a then S is called close to a.



3.2. Algorithm

We present a recursive algorithm that uses Even’s algorithm [2] to find sets of vertices that together
separate a graph into partitions. The algorithm returns a set of vertices that determine the separate
subgraphs. Implement this algorithm by taking as input its symbol graph G = (V,E) that is trans-
formed from a TBox T . We briefly describe the algorithm as follows:
Input: G = (V,E)
Output: connected graph Gp = (Vp, Ep)

• Finding the set of minimal vertex separators of graph G:
+ Choosing an arbitrary pair a, b of non-adjacent vertices, and compute the set of minimal
ab-separators.
+ Repeat this process on every possible pair x,y of non-adjacent vertices.

• Finding the overall minimum vertex separator S∗ between all vertices in G.
• Split G into the two subgraphs G1, G2 that are separated by S∗, with S∗ included in both

subgraphs.
• Create an undirected graph Gp = (Vp, Ep) with Vp = {G1, G2} and Ep = S∗

Figure 4 illustrates the connected graph of TBox T in the example of Figure 2

Figure 4: Decomposing T ’s symbol graph

In this example, we have two minimum vertex separators {X} and {Y }. If chose {X} to split T ,
then we collect two groups of symbols {C1, C2, C3, X} and {X, C4, C5, C6, Y,H, T}. Hence, we
obtain two sub-TBoxes respectively : T1 = {A1, A2, A7, A8} and T2 = {A3, A4, A5, A6, A9, A10}.
Similarly, if chose {Y }, we obtain two sub-TBoxes T1 = {A1, A2, A3, A4, A7, A8, A9, A10} and
T2 = {A5, A6}.
We will take the first result, because there is a balance of the number of axioms of two sub-TBoxes in
the first. Thus, the axioms in original TBox is distributed into T1 and T2 with the number of axioms
respectively N1 = 4, N2 = 6.
The number of symbols in the minimum vertex separator is |S∗| = |{X}| = 1

4. Decomposing based on image segmentation

This section describe a grouping method as image segmentation using eigenvectors. First of all, we
assume that a graph G = (V,E) could be splited into two disjoint parts. The degree of association
between these two parts can be computed as total weight of edges that have been removed from
the original graph. In the fact, these edges will be transformed into "bridge rules". The optimal
partitioning of a graph is not only minimize this degree but also maximize the degree of association
within parts. In graph theory, these degrees are selected as [3]:
Ncut(A,B) = cut(A,B)

assoc(A,V ) + cut(A,B)
assoc(B,V )

Nassoc(A,B) = assoc(A,A)
assoc(A,V ) + assoc(B,B)

assoc(B,V )

where cut(A,B) =
∑

u∈A,v∈B w(u, v), the total connection from nodes in A to nodes in B.
and assoc(A, V ) =

∑
u∈A,t∈V w(u, t), the total connection from nodes in A to all nodes in the

graph.



We can simply see that, Ncut(A,B) = 2−Nassoc(A,B).
We recall some notations in [3]: Assume that a graph G = (V,E) is partitioned into two parts
A and B, let x be an N = |V | dimensional indicator vector with xi = 1 if node i is in A, and
xi = −1, otherwise. Let d(i) =

∑
j w(i, j) be the total connection from node i to all other nodes.

Let D be an NxN diagonal matrix with d on its diagonal, W be an NxN symmetrical matrix with
W (i, j) = wij .

k =
P

xi>0 di
P

i di
, b = k

1−k , y = (1 + x)− b(1− x)
They are used for computing the optimal partition by solving (D −W )x = λDx.

We implement the algorithm according to the following principal steps [3]:
1. Coding a given ontology by an undirected graph (as the above section).
2. Finding minimum value of NCut by solving the eigenvectors with the smallest eigenvalues of the
system
(D −W )y = λDy (*)
As we saw above, the generalized eigensystem in (*) can be transformed into a standard eigenvalue
problem of
D− 1

2 (D −W )D− 1
2 x = λx (**)

3. Once the eigenvector are computed, we can decompose the graph into two partitions using the
second smallest eigenvector. In the idea case, the eigenvector should only take on two discrete
values and the signs of the values can tell us exactly how to decompose the graph. However, our
eigenvectors can take on continuous values and we need to choose a "good splitting point" to
decompose it into two parts.
4. After the graph is broken into two partitions, we can recursively implement our algorithm on two
these decomposed partitions.
Figure 5a illustrates an obtained NCut value (denoted by the green line) of the example in Figure
2, and result graph of decomposing is showed in Figure 5b. This result is the same in the method
based on minimal separator.

Figure 5a: Axiom graph of T and its NCut

Figure 5b: Decomposing T ’s axiom graph

5. Effect of the decomposition algorithms

We have applied two partitioning algorithms to graph decomposition based on minimal separator
and image segmentation. Two these methods return the same result that satisfies the proposed de-



composing properties. All the concepts, roles and axioms are preserved over decomposition imple-
menting. The relations between them are expressed by the edges in symbol, axiom and connected
graphs. In the first place, the set of axioms in the original TBox is reduced by regular distributing into
sub-TBoxes. These decomposition techniques focus on finding a good decomposing. The approach
based on minimal separator minimizes the number of symbols shared between partitions and tries
balancing the number of axioms in the partitions. However, one have to regroup the axioms based
on the cliques in the symbol graph after decomposing. Also, in reality there can be some cliques in
symbol graph which does not present axioms.
The possible advantage of approach based on image segmentation is that it conserves the axioms.
Furthermore, the NCut measure is normalized, it expresses the disassociation between partitions
and the association within partitions. However, to implement effectively this technique, one must
propose a proper weight function for edges between nodes of axiom graph.

6. Conclusion and future works

In this paper, we presented two algorithms for ontology decomposing of the DL language SHIQ
that have done by using the graph partitioning. By treating the grouping problem in graph theory,
we proposed two methods for representing the ontology by symbol graph and weighted graph. Each
graph type is applied corresponding to a decomposing algorithm. Two graph partitioning algorithms
are independently implemented. We see that two approaches are sufficient for our purpose in re-
quirements of decomposed ontologies. However, the choice of decomposing method depends on the
structure of original ontology. For example, with ontology that have the large number of symbols
then one can chose the method of weighted graph. And for ontology have many of axioms then one
can use the method of symbol graph. These proposals only are suggestions for future works. We
propose besides some essential properties of a good decomposing that influence the reasoning per-
formance as have also been provided in [4]. The graph transformations of ontology again depends
on having an effective (and cheap) method for analyzing the likely characteristics of a given test
ontology. We are also performing more experiments with very large KBs (as UMLS,...) for decom-
posing. Preliminary results in the decomposed ontologies is likely similarity in the both of methods.
We are embarking in the optimizing of these decomposition algorithms and treating effectively in
more large ontologies.
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