50 Years of Integer Programming 1958-2008






Michael Junger - Thomas Liebling -
Denis Naddef - George Nemhauser -
William Pulleyblank - Gerhard Reinelt -
Giovanni Rinaldi - Laurence Wolsey
Editors

50 Years of Integer
Programming 1958-2008

From the Early Years to the State-of-the-Art

@ Springer



Editors

Michael Jiinger

Universitat zu Koln

Institut fiir Informatik

Pohligstrafie 1

50969 Koln

Germany

mjuenger @informatik.uni-koeln.de

Denis Naddef

Grenoble Institute of Technology - Ensimag
Laboratoire G-SCOP

46 avenue Félix Viallet

38031 Grenoble Cedex 1

France

denis.naddef @ grenoble-inp.fr

William R. Pulleyblank
IBM Corporation

294 Route 100
Somers NY 10589
USA

wp@us.ibm.com

Giovanni Rinaldi

CNR - Istituto di Analisi dei Sistemi
ed Informatica “Antonio Ruberti”
Viale Manzoni, 30

00185 Roma

Ttaly

rinaldi @iasi.cnr.it

Thomas M. Liebling

Ecole Polytechnique Fédérale de Lausanne
Faculté des Sciences de Base

Institut de Mathématiques

Station 8

1015 Lausanne

Switzerland

thomas.liebling@epfl.ch

George L. Nemhauser

Industrial and Systems Engineering
Georgia Institute of Technology
Atlanta, GA 30332-0205

USA

george.nemhauser @isye.gatech.edu

Gerhard Reinelt

Universitat Heidelberg

Institut fiir Informatik

Im Neuenheimer Feld 368

69120 Heidelberg

Germany

gerhard.reinelt @informatik.uni-heidelberg.de

Laurence A. Wolsey

Université Catholique de Louvain
Center for Operations Research and
Econometrics (CORE)

voie du Roman Pays 34

1348 Louvain-la-Neuve

Belgium

laurence.wolsey @uclouvain.be

Additional material to this book can be downloaded from http://extras.springer.com.

ISBN 978-3-662-50181-8
DOI 10.1007/978-3-540-68279-0

ISBN 978-3-540-68279-0 (eBook)

Springer Heidelberg Dordrecht London New York

Mathematics Subject Classification (2000): 01-02, 01-06, 01-08, 65K05, 65K 10, 90-01, 90-02, 90-03,
90-06, 90-08, 90C05, 90C06, 90C08, 90C09, 90C10, 90C11, 90C20, 90C22, 90C27, 90C30, 90C35,
90C46, 90C47, 90C57, 90C59, 90C60, 90C90

(© Springer-Verlag Berlin Heidelberg 2010

Softcover reprint of the hardcover 1st edition 2010

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned,
specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, reproduction on
microfilm or in any other way, and storage in data banks. Duplication of this publication or parts thereof is
permitted only under the provisions of the German Copyright Law of September 9, 1965, in its current version,
and permission for use must always be obtained from Springer. Violations are liable to prosecution under the
German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws and
regulations and therefore free for general use.

Cover design: WMXDesign, Heidelberg
Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



We dedicate this book to the pioneers of
Integer Programming.






Preface

The name integer programming refers to the class of constrained optimization prob-
lems in which some or all of the variables are required to be integers. In the most
widely studied and used integer programs, the objective function is linear and the
constraints are linear inequalities. The field of integer programming has achieved
great success in the academic and business worlds. Hundreds of papers are published
every year in a variety of journals, several international conferences are held annu-
ally and software for solving integer programs, both commercial and open source, is
widely available and used by thousands of organizations. The application areas in-
clude logistics and supply chains, telecommunications, finance, manufacturing and
many others.

This book is dedicated to the theoretical, algorithmic and computational aspects
of integer programming. While it is not a textbook, it can be read as an introduction
to the field and provides a historical perspective. Graduate students, academics and
practitioners, even those who have spent most of their careers in discrete optimiza-
tion, will all find something useful to learn from the material in this book. Given
the amount that has been accomplished, it is remarkable that the field of integer
programming began only fifty years ago.

The 12th Combinatorial Optimization Workshop AUSSOIS 2008 took place in
Aussois, France, 7-11 January 2008. The workshop, entitled Fifty Years of Inte-
ger Programming, and this book, which resulted from the workshop, were created
to celebrate the 50th anniversary of integer programming. The workshop had a to-
tal of 136 participants from 14 countries ranging in experience from pioneers who
founded the field to current graduate students. In addition to the formal program, the
workshop provided many opportunities for informal discussions among participants
as well as a chance to enjoy the spectacular Alpine setting provided by Aussois.

The book is organized into four parts. The first day of the workshop honored
some of the pioneers of the field. Ralph Gomory’s path-breaking paper, showing
how the simplex algorithm could be generalized to provide a finite algorithm for
integer programming and published in 1958, provided the justification of the an-
niversary celebration. The activities of the first day, led by George Nemhauser and
Bill Pulleyblank, included a panel discussion with the pioneers who attended the
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viii Preface

workshop (Egon Balas, Michel Balinski, Jack Edmonds, Arthur Geoffrion, Ralph
Gomory and Richard Karp) as well as three invited talks by Bill Cook, Gérard
Cornuéjols and Laurence Wolsey on integer programming and combinatorial op-
timization from the beginnings to the state-of-the-art. The whole day is captured in
two Video DVDs which come with the book (Part IV). Parts I, I1, and III contain 20
papers of historical and current interest.

Part I of the book, entitled The Early Years, presents, in order of publication
date, reprints of eleven fundamental papers published between 1954 and 1979. Ten
of these papers were selected by one or more of the authors of the paper, who also
wrote new introductions to the papers that explain their motivations for working
on the problems addressed and their reason for selecting the paper for inclusion
in this volume. The authors are Egon Balas, Michel Balinski, Alison Doig, Jack
Edmonds, Arthur Geoffrion, Ralph Gomory, Alan Hoffman, Richard Karp, Joseph
Kruskal, Harold Kuhn, and Ailsa Land. Each of these heavily cited papers has had
a major influence on the development of the field and lasting value. The eleventh
selection, which starts this section, is a groundbreaking paper by George Dantzig,
Ray Fulkerson, and Selmer Johnson, with an introduction by VaSek Chvétal and
William Cook. The introduction to Part I closes with a list, in chronological order,
of our selection of some of the most influential papers appearing between 1954 and
1973 pertaining to the many facets of integer programming.

Part IT contains papers based on the talks given by Cornuéjols, Cook, and Wolsey.
The paper Polyhedral Approaches to Mixed Integer Programming by Michele Con-
forti, Gérard Cornuéjols, and Giacomo Zambelli presents tools from polyhedral the-
ory that are used in integer programming. It applies them to the study of valid
inequalities for mixed integer linear sets, such as Gomory’s mixed integer cuts.
The study of combinatorial optimization problems such as the traveling salesman
problem has had a significant influence on integer programming. Fifty-plus Years of
Combinatorial Integer Programming by Bill Cook discusses these connections. In
solving integer programming problems by branch-and-bound methods, it is impor-
tant to use relaxations that provide tight bounds. In the third paper entitled Refor-
mulation and Decomposition of Integer Programs, Frangois Vanderbeck and Lau-
rence Wolsey survey ways to reformulate integer and mixed integer programs to
obtain stronger linear programming relaxations. Together, these three papers give a
remarkably broad and comprehensive survey of developments in the last fifty-plus
years and their impacts on state-of-the-art theory and methodology.

Six survey talks on current hot topics in integer programming were given at the
workshop by Fritz Eisenbrand, Andrea Lodi, Francois Margot, Franz Rendl, Jean-
Philippe P. Richard, and Robert Weismantel. These talks covered topics that are
actively being researched now and likely to have substantial influence in the coming
decade and beyond.

Part ITI contains the six papers that are based on these talks. Integer Programming
and Algorithmic Geometry of Numbers by Fritz Eisenbrand surveys some of the
most important results from the interplay of integer programming and the geome-
try of numbers. Nonlinear Integer Programming by Raymond Hemmecke, Matthias
Koppe, Jon Lee, and Robert Weismantel generalizes the usual integer programming
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model by studying integer programs with nonlinear objective functions. Mixed Inte-
ger Programming Computation by Andrea Lodi discusses the important ingredients
involved in building a successful mixed integer solver as well as the problems that
need to be solved in building the next generation of faster and more stable solvers.
Symmetry is a huge obstacle encountered in solving mixed integer programs ef-
ficiently. In Symmetry in Integer Programming, Frangois Margot presents several
techniques that have been used successfully to overcome this difficulty. Semidefi-
nite programming is a generalization of linear programming that provides a tighter
relaxation to integer programs than linear programs. In Semidefinite Relaxations for
Integer Programming, Franz Rendl surveys how semidefinite models and algorithms
can be used effectively in solving certain combinatorial optimization problems. In
the 1960s Ralph Gomory created a new tight relaxation for integer programs based
on group theory. Recently the group theoretic model has been revived in the study
of two-row integer programs. In The Group-Theoretic Approach in Mixed Integer
Programming, Jean-Philippe P. Richard and Santanu S. Dey provide an overview of
the mathematical foundations and recent theoretical and computational advances in
the study of the group-theoretic approach.

We close with the hope that the next fifty years will be as rich as the last fifty
have been in theoretical and practical accomplishments in integer programming.

November 2009

Cologne, Germany Michael Jiinger
Lausanne, Switzerland Thomas Liebling
Grenoble, France Denis Naddef
Atlanta, USA George Nemhauser
New York, USA William Pulleyblank
Heidelberg, Germany Gerhard Reinelt
Rome, Italy Giovanni Rinaldi

Louvain-la-Neuve, Belgium Laurence Wolsey






About the Cover Illustration

The four figures on the cover illustrate adding Gomory mixed integer cuts to a poly-
hedron of dimension 3. The x-axis is horizontal, the y-axis is vertical and the z-axis
is orthogonal to the cover. The starting polyhedron P shown in Fig. 1(a) is a cone
with a square base and a peak having y = 4.25. P contains twelve integer lattice
points. Suppose we solve the linear program: maximize y, subject to y € P. The
unique optimum will have y = 4.25. However, if we add the constraint that y be
integral, then there are four optima, the lattice points illustrated on the edges of P
having y = 2.

A (@) / (b)
! ©) / (d)

Fig. 1 The Cover Illustration.
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xii About the Cover Illustration

This example is a 3-D version of a 2-D example, first shown to us by Vasek
Chvital, which Bill Cook told us that VaSek attributes to Adrian Bondy. A “stan-
dard” Chvatal-Gomory cut (CG cut) is obtained by taking a hyperplane that sup-
ports a polyhedron and which contains no lattice points in space, then moving in
a direction orthogonal to the hyperplane into the polyhedron until it hits a lattice
point somewhere in space (not necessarily in the polyhedron). This gives a new
valid inequality for all lattice points in the polyhedron, and which cuts off part of
the original polyhedron. Gomory’s fundamental result described a finite algorithm
that, given any integer program, would automatically generate a finite sequence of
CG cuts such that when they were added, the resulting linear program would have
an integer optimum.

What cuts must be added to P to remove all points having y > 2? How do we
generate the inequality y < 2 which must be added if the resulting linear program is
going to have an integral optimum? The Bondy-Chvatal example showed that, even
for dimension 2, the number of CG cuts that would have to added was unbounded,
depending only on the height of the peak of the pyramid (provided that we adjust
the base so that the lattice points in P having y = 2 continue to lie on the edges). In
particular, the number of CG cuts that need to be added to solve an integer program
is independent of the dimension of the polyhedron, and is not polynomial in the size
of a linear system necessary to define the original polyhedron.

In 1960, Gomory described a method to generate so-called mixed integer cuts.
These cuts have turned out to be very powerful in practice, both for integer and
mixed integer programs. They work as follows: Take a hyperplane that intersects
the polyhedron and passes through no lattice points in space. In Fig. 1(b), we chose
the hyperplane x = 1.5. Note that it passes right through P. Consider the inequalities
x < 1 and x > 2 which are obtained by shifting the hyperplane left and right respec-
tively, until it hits a lattice point in space. We construct two new polyhedra P; and
P, from P, one by adding the inequality x < 1 and one by adding x > 2. Then every
lattice point in P will belong to one of P and P.

These two polyhedra are the two wedges shown in Fig. 1(c). Note that every
lattice point contained in P is in one of the two wedges.

The final step is to take the convex hull of the union of P; and P. This is the
polyhedron shown in Fig. 1(d). Note that one hyperplane was used to create two
subproblems. Then by maximizing y over these two subproblems, we get the solu-
tion we are seeking. Balas, Ceria and Cornuéjols describe a method called lift-and-
project for generating a cut after a polyhedron has been split into two subpolyhedra.
This is discussed in Balas’ introduction to Chapter 10.

Also, everything we have done remains valid if x and z are allowed to be contin-
uous variables and only y is required to be integral. For this reason, these types of
cuts are usually called “mixed integer cuts”.
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The Early Years



2

In 1947, George Dantzig created the simplex algorithm, which was subsequently
published in 1951. This landmark paper described a finite method for optimizing a
linear objective function subject to a finite set of linear constraints. It was already
recognized that this type of problem, called a linear programming problem, occurred
in a great many situations. Moreover, Dantzig’s simplex method was proving to be
very effective in practice.

It was recognized that adding integrality constraints on some or all of the vari-
ables significantly increased the applicability of these models. A great many prob-
lems, including combinatorial optimization problems, could be modeled using lin-
ear functions and integer variables, but no method was known for modeling these
problems using linear functions and continuous variables. (It is noteworthy that now,
more than fifty years later, it is still not known whether integer programming is more
powerful than linear programming.) Moreover, no general method was known for
solving this type of problem, called mixed-integer linear programming problem.

In 1958, Ralph Gomory published a short paper which described how, with rela-
tively straightforward modifications, Dantzig’s simplex algorithm could be adapted
to provide a finite algorithm for finding an optimal integral solution to a linear
program. He showed how the simplex tableau could be used to generate new in-
equalities which were valid for all solutions satisfying the integrality constraints, but
which were violated by the current linear program’s optimum solution. The study
of these inequalities, called cuts, quickly became a major area of activity both for
theoretical reasons and because of the promise they showed as a computational tool.
Recall that at the end of the decade of the 50s, digital computers were emerging as a
force in the way that business was conducted with the potential to actually optimize
business processes.

The year 2008 marked the 50th anniversary of the appearance of Gomory’s
groundbreaking paper. There is an annual meeting on combinatorial optimization
and integer programming held each year at the French ski resort of Aussois. The ed-
itors of this volume proposed dedicating the January 2008 meeting to a celebration
of the development of the field of integer programming together with an overview of
the field today, including state-of-the-art surveys and recent results on selected hot
topics. Our plan was to invite a number of pioneers of the field of integer program-
ming who had been active in the fifties and sixties to provide a historical perspec-
tive and to participate in the scientific agenda. The first person we contacted was, of
course, Ralph Gomory who enthusiastically accepted. (This may have been influ-
enced by the fact that Ralph is an avid skier.) Each of these pioneers agreed to select
one of their papers for inclusion in this volume, and to write a new introduction for
it that would provide a historical and mathematical perspective.

We include two of Gomory’s foundational papers on the cutting plane method
for integer programming. The second dealt with the mixed integer problem and in-
troduced a method of cut generation that has proved to be very effective in practice.
Previously, this paper was only available as a Rand report.

The earliest paper we reprint here contains the solution to a 49 city traveling
salesman problem using linear programming and cuts by George Dantzig, Ray Fulk-
erson, and Selmer Johnson. In addition to showing how a small set of cuts could be
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sufficient to prove optimality of a solution to an integer programming problem, this
paper laid a foundation for much of the subsequent work on computational polyhe-
dral combinatorics. Because the authors are deceased, Vasek Chvatal and William
Cook, two of the coauthors of a recent book on the traveling salesman problem,
volunteered to write the introduction.

The 1955 paper by Harold Kuhn describes a combinatorial algorithm for a spe-
cially structured integer program, the assignment problem. This work provided an
early example of a specialized method for solving a structured problem and was one
of the first uses of a primal-dual linear programming algorithm.

Alan Hoffman and Joseph Kruskal’s 1956 paper showed the importance of the
notion of total unimodularity to finding integer solutions to linear programs. They
showed that this property characterized when this would happen automatically for
all linear objective functions and choices of integral right-hand sides.

The 1960 paper by Ailsa Land and Alison Doig introduced the other method
that has been so important in obtaining solutions to integer programming problems,
branch-and-bound. In fact, most successful modern computer codes integrate cuts
with branch-and-bound.

Michel Balinski’s 1965 paper described the power of integer programming mod-
els to a range of real world problems. It provided the first comprehensive survey and
introduced integer programming to a much broader audience.

Jack Edmonds’ 1968 paper on matroid partition is one of a remarkable series
of papers that he wrote showing a number of cases for which a combinatorially
described set of cuts added to a linear program would yield the integer hull and
would provide the basis for a polynomial run-time algorithm to solve the integer
problem.

The importance of polynomial algorithms for combinatorial algorithms reached
a broader audience in the early 1970s with the introduction of the classes P (poly-
nomial) and NP (nondeterministic polynomial) in the theoretical computer science
community. Steven Cook’s fundamental result showed that there was a set of so-
called NP-complete problems with the property that if any were solvable in poly-
nomial time, then so too were all problems in the class NP. Richard Karp’s 1972
paper highlighted the importance of these results to the mathematical programming
community and showed that a long list of specially structured integer programs,
for which no polynomially bounded algorithm was known, belonged to the class of
NP-complete programs.

Art Geoftrion’s 1974 paper showed how Lagrangean methods provided an alter-
native method for solving integer programming problems by incorporating certain
constraints into the objective function and then alternating between solving primal
and dual problems. He also established connections between the Lagrangean ap-
proach and Dantzig-Wolfe decomposition.

Egon Balas’ 1979 paper showed that the class of integer programming problems
could be extended to a much broader class defined by considering disjunctions of
polyhedra, and that methods for this broader framework had specializations to inte-
ger programming that have turned out to have computational as well as theoretical
importance.



We conclude with a list, in chronological order, of our selections of some of
the most influential papers pertaining to the many facets of integer programming
appearing between 1954 and 1973.

20 YEARS OF MIXED-INTEGER PROGRAMMING:
MILESTONES (1954-1973)

G.B. Dantzig, D.R. Fulkerson, and S.M. Johnson, Solution of a large scale traveling
salesman problem, Operations Research 2 (1954) 393-410.

H.W. Kuhn, The Hungarian method for the assignment problem, Naval Research
Logistics Quarterly 2 (1955) 83-97.
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ear Inequalities and Related Systems (H.W. Kuhn and A.J. Tucker eds.), Princeton
University Press, 1956, pp. 223-246.
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Chapter 1

Solution of a Large-Scale Traveling-Salesman
Problem

George B. Dantzig, Delbert R. Fulkerson, and Selmer M. Johnson

Introduction by Vasek Chvdtal and William Cook
The birth of the cutting-plane method

The RAND Corporation in the early 1950s contained “what may have been the
most remarkable group of mathematicians working on optimization ever assem-
bled” [6]: Arrow, Bellman, Dantzig, Flood, Ford, Fulkerson, Gale, Johnson, Nash,
Orchard-Hays, Robinson, Shapley, Simon, Wagner, and other household names.
Groups like this need their challenges. One of them appears to have been the travel-
ing salesman problem (TSP) and particularly its instance of finding a shortest route
through Washington, DC, and the 48 states [4, 7].

Dantzig’s work on the assignment problem [1] revealed a paradigm for minimiz-
ing a linear function f : R" — R over a finite subset . of R": first describe the
convex hull of . by a system Ax < b of linear constraints and then solve the linear
programming problem

minimize f(x) subject to Ax < b

by the simplex method. Attempts by Heller and by Kuhn to apply this paradigm
to the TSP indicated that sets of linear constraints describing the convex hull of
all tours are far too large to be handled directly. Undeterred, Dantzig, Fulkerson,
and Johnson bashed on. The preliminary version of their paper [2] includes a dis-
cussion of the convex hull of all tours, nowadays called “the TSP polytope”. The
version submitted for publication four months later (and eventually published and

Vasek Chvatal

Canada Research Chair in Combinatorial Optimization

Department of Computer Science and Software Engineering, Concordia University, Canada
e-mail: chvatal@cse.concordia.ca

William Cook
School of Industrial and Systems Engineering, Georgia Institute of Technology, Atlanta, USA
e-mail: bico@isye.gatech.edu

M. Jiinger et al. (eds.), 50 Years of Integer Programming 1958-2008, 7
DOI 10.1007/978-3-540-68279-0 1, © Springer-Verlag Berlin Heidelberg 2010



8 George B. Dantzig, Delbert R. Fulkerson, and Selmer M. Johnson

reproduced here) breaks free of the dogma: without letting the TSP polytope obscure
their exposition, the authors just go ahead and solve the 49-city instance. (Regarding
this change, Fulkerson writes in a September 2, 1954, letter to Operations Research
editor George Shortly “In an effort to keep the version submitted for publication
elementary, we avoid going into these matters in any detail.”)

This case study ushered in the cutting-plane method. To solve a problem

minimize f(x) subject to x € . (1.1)

where f: R" — R is a linear function and . is a finite subset of R”, choose a system
Ax < b of linear inequalities satisfied by all points of . and use the simplex method
to find an optimal solution x* of the linear programming problem

minimize f(x) subject to Ax < b, (1.2)

called the linear programming relaxation of (1.1). If x* belongs to ., then it is an
optimal solution of (1.1); else there are linear inequalities satisfied by all points of
. and violated by x*, called cutting planes. Find one or more such inequalities, add
them to Ax < b, and iterate. (The method actually used by Dantzig, Fulkerson, and
Johnson—described also in [2, 3]—is a slight variation on this theme: rather than
introducing cutting planes only when an optimal solution x* of (1.2) lies outside .%,
they introduce them after each simplex pivot leading to a basic feasible solution x*
of (1.2) that lies outside ..)

The role played by the convex hull of .# in this new paradigm is only implicit:
we have to be able to find a cutting plane whenever one exists, which is the case
if and only if x* lies outside the convex hull of .. In particular, the number of
linear constraints in a description of the convex hull of . is irrelevant here. Another
important difference between the two paradigms is that the cutting-plane method
is an engineering rather than mathematical method: unlike the simplex method, it
carries no guarantee that the sequence of its iterations will terminate. (But then
again, a guarantee of termination after finitely many iterations is a far cry from a
guarantee of termination before the end of our solar system.) Our three authors write
“...what we shall do is outline a way of approaching the problem that sometimes,
at least, enables one to find an optimal path and prove it so.”

Until 1954, no one had an inkling of a way to solve large instances of the TSP.
The lament about the number of tours through 7 cities being too large to allow their
listing one by one marked the vanguard of scientific progress on this front. Then
Dantzig, Fulkerson, and Johnson let the light in and inaugurated a new era. All
successful TSP solvers echo their breakthrough. This was the Big Bang.

This Big Bang reverberates far beyond the narrow confines of the TSP. It provides
a tempting template for coping with any NP-complete problem of minimizing a
linear function over a finite set .. For each problem of this kind, the challenge lies
in finding cutting planes quickly. In the special case of integer linear programming,
where . consists all integer solutions of a prescribed set of linear constraints, this
challenge was met with remarkable elegance (and termination after finitely many
iterations guaranteed) by Gomory in a series of papers beginning with [5].
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Great new ideas may transform the discipline they came from so profoundly that
they become hard to discern against the changed background. When terms such as
“defense mechanism” and “libido” are in the common vocabulary, it is easy to forget
that they came from Sigmund Freud. The cutting-plane method of George Dantzig,
Ray Fulkerson, and Selmer Johnson had the same kind of impact on the discipline
of mathematical programming.
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SOLUTION OF A LARGE-SCALE TRAVELING-SALESMAN
PROBLEM*

G. DANTZIG, R. FULKERSON, anp S. JOHNSON
The Rand Corporation, Santa Monica, California
(Received August 9, 1954)

It is shown that a certain tour of 49 cities, one in each of the 48 states and
Washington, D. C., has the shortest road distance.

HE TRAVELING-SALESMAN PROBLEM might be described as

follows: Find the shortest route (tour) for a salesman starting from a
given city, visiting each of a specified group of cities, and then returning to
the original point of departure. More generally, given an n by n sym-
metric matrix D= (d;;), where d;; represents the ‘distance’ from I to J,
arrange the points in a cyclic order in such a way that the sum of the d,
between consecutive points is minimal. Since there are only a finite
number of possibilities (at most 34 (n—1)!) to consider, the problem is
to devise a method of picking out the optimal arrangement which is
reasonably efficient for fairly large values of n. Although algorithms have
been devised for problems of similar nature, e.g., the optimal assignment
problem,”""® little is known about the traveling-salesman problem. We
do not claim that this note alters the situation very much; what we shall do
is outline a way of approaching the problem that sometimes, at least, en-
ables one to find an optimal path and prove it so. In particular, it will be
shown that a certain arrangement of 49 cities, one in each of the 48 states
and Washington, D. C., is best, the d;; used representing road distances as

taken from an atlas.

* HistoricAL NoTe: The origin of this problem is somewhat obscure.

appears to have been discussed informally among mathematicians at mathematics
meetings for many years. Surprisingly little in the way of results has appeared in
the mathematical literature.® It may be that the minimal-distance tour problem
was stimulated by the so-called Hamiltonian game! which is concerned with finding
the number of different tours possible over a specified network. The latter problem
is cited by some as the origin of group theory and has some connections with the
famous Four-Color Conjecture.? Merrill Flood (Columbia University) should be
credited with stimulating interest in the traveling-salesman problem in many quar-
ters. As early as 1937, he tried to obtain near optimal solutions in reference to
routing of school buses. Both Flood and A. W. Tucker (Princeton University) re-
call that they heard about the problem first in a seminar talk by Hassler Whitney
at Princeton in 1934 (although Whitney, recently queried, does not seem to recall
the problem). The relations between the traveling-salesman problem and the
transportation problem of linear programming appear to have been first explored by
M. Flood, J. Robinson, T. C. Koopmans, M. Beckmann, and later by I. Heller and

H. Kuhn.+&8
393




12

George B. Dantzig, Delbert R. Fulkerson, and Selmer M. Johnson

394 DANTZIG, FULKERSON, AND JOHNSON

In order to try the method on a large problem, the following set of 49
cities, one in each state and the District of Columbia, was selected:

1. Manchester, N. H. 18. Carson City, Nev. 34. Birmingham, Ala.

2. Montpelier, Vt. 19. Los Angeles, Calif. 35. Atlanta, Ga.

3. Detroit, Mich. 20. Phoenix, Ariz. 36. Jacksonville, Fla.

4. Cleveland, Ohio 21. Santa Fe, N. M. 37. Columbisa, 8. C.

5. Charleston, W. Va. 22. Denver, Colo. 38. Raleigh, N. C.

6. Louisville, Ky. 23. Cheyenne, Wyo. 39. Richmond, Va.

7. Indianapolis, Ind. 24. Omaha, Neb. 40. Washington, D. C.
8. Cl}lcago, L. . 25. Des Moines, Iowa 41. Boston, Mass.

9. Milwaukee, Wis. 26. Kansas City, Mo. 42. Portland, Me.

10. Minneapolis, Minn.

11. Pierre. 8. D. 27. Topeka, Kans. A. Baltimore, Md.

12. Bisma,r k. N. D. 28. Oklahoma City, Okla. B. Wilmington, Del.
13. Helena, I\;Iont. 29. Dallas, Tex. C. Philadelphia, Penn.
14. Seattle, Wash. 30. Little Rock, Ark. D. Newark, N. J.

15. Portland, Ore. 31. Memphis, Tenn. E. New York, N. Y.
16. Boise, Idaho 32. Jackson, Miss. F. Hartford, Conn.
17. Salt Lake City, Utah  33. New Orleans, La. G. Providence, R. I.

The reason for picking this particular set was that most of the road
distances between them were easy to get from an atlas. The triangular
table of distances between these cities (Table I) is part of the original one
prepared by Bernice Brown of The Rand Corporation. It gives di;=
Yo (di,—11)* IJ=1,2, - -, 42), where dy;, is the road distance in miles
between I and J. The d;; have been rounded to the nearest integer.
Certainly such a linear transformation does not alter the ordering of the
tour lengths, although, of course, rounding could cause a tour that was
not optimal in terms of the original mileage to become optimal in terms of
the adjusted units used in this paper.

We will show that the tour (see Fig. 16) through the cities 1, 2, -- -, 42
in this order is minimal for this subset of 42 cities. Moreover, since in
driving from city 40 (Washington, D. C.) to city 41 (Boston, Massachusetts)
by the shortest road distance one goes through A, B, - - -, G, successively,
it follows that the tour through 49 cities 1, 2, ---, 40, A, B, ---, G, 41,
42 in that order is also optimal.

PRELIMINARY NOTIONS

Whenever the road from I to J (in that order) is traveled, the value
zrs=1 is entered into the I ,J element of a matrix; otherwise z7,=0 is
entered. A (directed) tour through = cities can now be thought of as a
permutation matrix of order n which represents an n-cycle (we assume

* This particular transformation was chosen to make the d;, of the original table
less than 256 which would permit compact storage of the distance table in binary
representation; however, no use was made of this.
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n>2 throughout). For example, for n=>5, the first matrix displayed be-
low

01000 01000

, 00010 , 10000
lzll=)0 0 0 0 1}, llzrll=10 0 0 0 1
00100 00100
10000 00010

is a tour since it represents visiting the cities in the 5-cycle (1 2 4 3 5),
while the other matrix is not a tour since it represents visiting the cities by
means of two sub-cycles (1 2) and (3 54 ).

It is clear that all representations for directed tours satisfy the relations

7 ’ ’ ’
Z xu=z 2, =1, z, =0, 27, 20.
T 7

The matrix may be made into a triangular array by reflecting the numbers
above the diagonal in the diagonal. The sum of corresponding elements is
denoted by z;; =z7,+zy;. Then the matrices above become

1 - 2

lzrsll=1 0 0 ) lzsll=({0 0 -
011 - 001 -
1010 0011

Consequently, the sum along the Kth row plus the sum along the Kth
column must now be 2. This may be written
Z T+ Z zy =2, (K=1,--+,n; 2,20) (1)
J<I=K I>J=K

This device yields a representation for undirected tours and is the one used
throughout this paper. It will be noted that the second array above does
not represent a tour but nevertheless satisfies the relation (1).

For undirected tours, the symbol z;, will be treated identically with
z,7 50 that we may rewrite (1) as

Zx”=2. (quO; I=1,2, R (H I#J; $[J—=—$,") (2)
J=1 .
The problem is to find the minimum of the linear form
D(:c) =E a1y Z1s, (3)
1>7
where the 2;;,=0 or 1 and the z;,=1 form a tour, and where the sum-

mation in (3) extends over all indices (I,J) such that I>J.
To make a linear programming problem out of this (see ref. 2) one
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needs, as we have observed, a way to describe tours by more linear re-
straints than that given by (2). This is extremely difficult to do as illus-
trated by work of I. Heller* and H. Kuhn.® They point out that such
relations always exist. However, there seems to be no simple way to
characterize them and for moderate size n the number of such restraints
appears to be astronomical. In spite of these difficulties, this paper will
describe the techniques we have developed which have been successful in
solving all the problems we have tried by this approach. A surprising
empirical observation is the use of only a trivial number of the many
possible restraints to solve any particular problem. To demonstrate the
procedure, we shall attempt to use direct elementary proofs even though
they were originally motivated in many places by linear programming
procedures.

There are possibly four devices we have used which have greatly re-
duced the effort in obtaining solutions of the problems we have attempted.

First of all, we use undirected tours. This seems to simplify the char-
acterization of the tours when 7 is small and certainly cuts down the
amount of computation, even for large n. Secondly, and this is decisive,
we do not try to characterize the tours by the complete set of linear re-
straints, but rather impose, in addition to (2), just enough linear con-
ditions on the z;; to assure that the minimum of the linear form (3) is
assumed by some tour. For the 49-city problem and also for all the
smaller problems we have considered, such a procedure has been relatively
easy to carry through by hand computation. This may be due in part to
the fact that we use a simple symbolism which permits direct representa-
tion of the algebraic relationships and manipulations on a map of the
cities. This third device speeds up the entire iterative process, makes it
easy to follow, and sometimes suggests new linear restraints that are not
likely to be obtained by less visual methods. Finally, once a tour has been
obtained which is nearly optimal, a combinatorial approach, using the
map and listing possible tours which have not yet been eliminated by the
conditions imposed on the problem, may be advantageous. This list can
be very much shorter than one would expect, due to the complex inter-
locking of the restraints. However, except for short discussion in the
section below, “An Estimation Procedure,” this method will not be de-
scribed in detail although it has worked out well for all examples we have
studied.

An important class of conditions that tours satisfy, which excludes
many non-tour cases satisfying (2), are the ‘loop conditions.” These are
linear inequality restraints that exclude subcycles or loops. Consider a
non-tour solution to (2) which has a subtour of n;<n cities; we note that
the sum of the z;; for those links (Z,J/) in the subtour is n;. Hence we can




16

George B. Dantzig, Delbert R. Fulkerson, and Selmer M. Johnson

398 DANTZIG, FULKERSON, AND JOHNSON

eliminate this type of solution by imposing the condition that the sum of
z77 over all links (Z,J) connecting cities in the subset S of n; cities be less
than n,, i.e.,

AVE: 2y <m—1 (4)

where the summation extends over all (Z,/) with I and J in the n; cities S.
From (2) we note that two other conditions, each equivalent to (4), are

2_ Ty <n—m—1, (5)
8

where § means the summation extends over all (I,J) such that neither I
nor J is in S, and

2 22, (6)

88
where SS means that the summation extends over all (I,J) such that I
isin S and J not in S.

There are, however, other more complicated types of restraints which
sometimes must be added to (2) in addition to an assortment of loop con-
ditions in order to exclude solutions involving fractional weights z;;.
In the 49-city case we needed two such conditions. However, later when
we tried the combinatorial approach, after imposing a few of the loop
conditions, we found we could handle the 49-city problem without the use
of the special restraints and this would have led to a shorter proof of
optimality. In fact, we have yet to find an example which could not be
handled by using only loop conditions and combinatorial arguments.

_ THE METHOD
The technique will be illustrated by a series of simple examples:

Ezample 1

First consider a five-city map forming a regular pentagon of unit length
per side and with length 14 (A/5+1)=1.7 on a diagonal (Fig. 1). Sup-
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pose that the problem is to minimize (3) subject only to (2). Start
with a tour which is conjectured to be optimal, obviously (1234 5).
In this case the values of z;;, denoted by Z,, are F==Fn==Tu==Is==Tn=1
and all other Z;;=0. The variables 2;; corresponding to links on the tour
are called ‘basic variables.” The length of the tour given by the linear
form (3) for z=% is D(Z)=5. There are five equations in (2). Mul-
tiply each by a parameter »; to be determined, and then subtract the
sum from (3). Thus, we are led to

D(x) =Z A1 — Z I (Z 3511—2) (xu—=-$n§ I?EJ)
I>J 1 I=1

I=

n

=- Z (7|'I+‘K'J‘du)xu+2 Z Tr.

I>J 1

Denote the coefficients of z;; by 8, so that
D(x) = ”‘IZJ 81s%rs +2Zl: r. (5” =mr+ws _du) (7)
>

Now determine the five #; values so that é;, corresponding to basic vari-

ables vanish: .
61, =0, (for &y,=1) (8)

i.e., if the link (/,J) is on the tour in question. Note that to solve for the

7 we have five linear equations in five unknowns.
If now we set x;; =%, in (7), then %;,6;, =0 for all (I,J) and

D(z)=2 }?, w=5. 9)

Subtracting (9) from (7) we have finally*
D(:c) —D<j) = —'Z 61,1931_/. (10)
I>J

For the regular pentagon m =14 for I=1, 2, 3, 4, 5 solves (8), and so
ors=%(1—+/5)<0 on a diagonal, i.e., 8,,<0 for every ([,J). Thus,
the right side of (10) is always nonnegative or D(z)>D(Z) for all x satis-
fying (2), and in particular all other tours are longer than the tour repre-
sented by &.

Ezxample 2

Next, take another five-city problem whose map is not a regular
pentagon (Fig. 2). We start with the tour (123 4 5) of length D(Z) =32
where the basic variables take on the values Zi,=fn==Tu==%s==In=1 and
all other Z,,=0. Repeat the steps in the previous problem leading to (10)
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o
"
o H N~
(2]
(4]

Ficure 2
where, as before, calculate the m; by setting 6;; =0 for é,; corresponding
to basic variables z;;. The five equations that the =, must satisfy are
m+me=>5, w3 =5, m+m=8, m+ms =6, m+m=8
By alternately subtracting and adding these equations one obtains.
2m =dyp—dp+du—ds+dn=5—5+8—-6+8=10,
or m =25, ma=0, m=5H, m=3, m=3.

The factors x; which multiply equations (2) to form (10) are called
‘potentials.”* There is one such potential associated with each city I,
and these are readily computed by working directly on the map of the
cities (see Fig. 3).

Ficure 3 FiGuRE 4

To form other §;,, add the =; and =, of city I and city J and subtract
off the distance d;; between them. In this case we note that except for
031=5+5—6=+44, all the other §;; are <0.

We see from (10) that if x; were to take on a positive value, zs =9,
the other nonbasic variables remaining at zero, this may lead to a better
solution. We let 8 be the largest value consistent with (2). Thus, the
weights z;; must add up to 2 on links from each city and no weight is
negative. However, in setting z; =60 we adjust only the basic set of
variables, leaving all other nonbasic variables at zero value. This is

* The term potential is used by T. C. Koopmans in an analogous connection for
the transportation problem.’
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worked out on the map shown in Fig. 4. Here the maximum value of 6 is
1, and this leads to a 3-cycle (1 2 3) and a 2-cycle (4 5) (Fig. 5).

This is not a tour, so we add a loop condition which excludes this
solution but which is satisfied by all tours. In this case z45<1 or

$45+ya—1=0, (%20) (11)

is such a condition. Accordingly, we start over again using the five
equations (2) and the sixth equation (11). This time we will need six
basic variables and it will be convenient to have x1; (the one we set equal to
6 previously) included with those associated with the tour. Thus, the

FI1GURE 5 FI1GURE 6

starting solution is as follows: The basic variables have values Z,=

Tp=Tu==I==In=1, £13=0. All other £,,=0. This solution is shown in

Fig. 6. The presence of an upper bound on z4 or relation (11) is depicted

in Fig. 6 by a block symbol on (4, 5). Now we multiply equation
b 5

(11) by s, add it to >m (Z zu-2), subtract the sum from ) dpy 21,
I=1 J=1

and collect terms in x;; as before. The result is
5
E dry Ty =— E 01y $u+22 mr+me (1 —ys) (12)
I>J I>J I=1
where 8;; =m+m;—d;; except b4 =ms+ 75— (dis—7e).

Now determine the six values of #; by setting 8;; =0 corresponding to
basic variables x;,:

5_12=523=534=545=551=513=0, (13)
from which it follows that
D(z)—D(z)= —Z 017 Trs—me Yo. (14)

To evaluate =; we note that there are six equations in six unknowns.
These are shown on the map below (Fig. 7). The three conditions about
the triangular loop (1, 2, 3) permit us to solve for i, m, m;. Branching
out from the triangle we get next my and =5 and finally ms. Thus, we
determine first that 21!'1 =d]2—d23+d31=5—5+6 so that ™ =3, 1l'2=2, ‘R'3=3.
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Working down, my=5, ms=>5. Thus, m+ms=—m+6, so ms= —4. These
values are shown adjacent to each city in Fig. 7.

With these values of w; all remaining &8,y = (m;+m,—d;;) <0; hence,
with 7s<0 we have the right side of (14) always positive, so the tour
(12345) is minimal. This illustrates the use of the simplest of the loop
conditions, namely, an upper bound on the variable .

Mg+ Wy =6-Tg
(me=-4)

FIGURE 7

Example 3

Here we consider a six-city case (Fig. 8) where the optimal tour is not
our initial choice. Let the starting tour be (123 4 5 6) of length D(£) =
23. If we proceed as before, relation (8) implies that the m; satisfy the
relations shown in Fig. 8. In this case (and this is generally true for

2=+ Ty
N
2|4
>332
D= =
©4q|7(5(5
5/7]1716}3
6]6|7]|6|5 3!\4
1 2 3 4 5 6
City
FicUure 8

loops with an even number of links) the sum of equations on links (1, 2),
(3, 4), (5, 6) is identical with the sum for (2, 3), (4, 5), (6, 1) except for
different constant terms, so that the system of equations in ; is incon-
sistent.

This difficulty can be avoided if the following general rule is followed:
The set of basic variables must be so selected that when the remaining
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zr; are fixed, the values of the basic variables are uniquely determined.
This means the matrix of coefficients of the basic variables is nonsingular
(i.e., their determinant is nonvanishing). Since the =; satisfy a system of
equations whose coefficient matrix is the transpose of this matrix, the =,
will be uniquely determined also. In the six-city case, one may augment
system (2) with the additional upper-bound condition

zutyr=1 (¥20) (15)

and select 15 as a basic variable in addition to the basic variables z;, cor-
responding to (I, J) on the tour. Then, letting 7; be the weight associ-
ated with restriction (15), the-m; satisfy relations in Fig. 9.

F1gUure 9 Figure 10 Figure 11

The value of m=34 can be determined from the odd loop (12 3)
by alternately adding and subtracting the equations around the loop.
The others can then be evaluated immediately. In this case, we have,
analogous to (14),

D(x) _D(i) = ‘—Z 611 L1y — M7 Y14 (16)

where 8;;=0 if z;; is a basic variable and &, =m+m;—d;; otherwise.
Since 84=3, increasing the value of z4 to 8 (while all other nonbasic
variables remain zero), with corresponding adjustments in the basic
variables, will yield D(z)—D(%)=—30<0. In Fig. 10 it is seen that
the largest value of =1 and the resulting solution is Fig. 11, which is
not a new tour, but two loops. However, we can exclude this solution by
imposing the additional restriction satisfied by all tour solutions

ZTe+Zutrn<2, or zutzuntratys=2, (ys=0) (17)

since in Fig. 11 the inadmissible solution has zp+zu+2za=3. We
now start all over again augmenting relations (2) by (15) and (17). Let
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the basic variables be the same as before but include z4 (i.e., the one we set
equal to 8 in Fig. 10). Let =, for 1, 2, ---, 8 be the weights assigned
to these relations respectively in forming D(x) —D(Z); then the w; satisfy
the relations shown in Fig. 12, where the loop condition (17) is symbolized
by the dotted loop in the figure.

FiGure 12 Ficure 13

The value of m¢=2 may be evaluated from the odd loop (6 4 3 2 1)
by alternately adding and subtracting the equations in #; shown on this
loop. The other m; can then be immediately determined. This time

D(z)—D(z) = “Z OryTrs — w7 —W8Ys8 (18)

where 6;;=0 for z;; a basic variable and &, =m;+m,—d;, otherwise.
Since 8% =1 while all other §,<0, we set xx=0; then the adjustments
in the values of the basic variables necessary to satisfy (2), (15), (17) are

(mg=-2)
—_—— T T —
-

“ LR AT A RN
[ AN
\ \
\\. 1rz+1rs=2-1r! ‘

LA AT 5=t 7,
% (s
T+, Tyt T

Ficure 14 Ficure 15
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shown in Fig. 13 and the new solution for #=1 is a new tour Z with length
D(Z)=D(z)—1=22, Fig. 14. We may now drop zx=0 from the
basic set of variables (or alternatively x2) and replace it by zx as a new
basic variable. This yields the relations for ; of Fig. 15. The expression
for D(z)—D(Z) is similar to (18). It can now be tested that all §;;<0
corresponding to non-basic z;;, and the coefficients of y7 and ys are <0,
m3<0, so that the new tour is established as optimal.

AN ESTIMATION PROCEDURE

In any linear programming problem with bounded variables, an es-
timate is available of how much a basic solution differs from an optimal
solution. Let D(zx) represent a linear form to be minimized and D(Z) be
the value for some basic solution £ where variables (zi, zs, - -, Zn’),
represented by the symbol z, satisfy a system of equations as well as
bounds 0<z;<r;. If the equations are multiplied by weights =; and
substracted from D(z), then (as we have noted earlier)

D@ -D@ =} 4, (@200 (19)

where x; are chosen such that 8,=0 if the corresponding z, is a basic
variable. We may now split the right side of (19) into positive and
negative parts and obtain a lower bound for the difference by dropping the
positive part, i.e.,

D(z)—D(z) = "BZ 8,2 "62 8,%s, (z;=>0) (20)
>0 <0
D()—~D(@)> -2 82, —E, (E>0) (21)

where —E is some estimate for the negative part. By setting z,=ry,
we obtain in particular
—D(E)>— .
D(x) D(x)._ BJZ>:051TJ (22)
For the traveling-salesman problem the variables z;; must be either
0 or 1 if z represents a tour. From (20), no link (7, J) can occur in an
optimal tour if

"8, <—E, (23)

hence all corresponding variables z;; can be dropped from further con-
sideration.

During the early stages of the computation, E may be quite large and
very few links can be dropped by this rule; however, in the latter stages
often so many links are eliminated that one can list all possible tours that
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use the remaining admissible links. By extending this type of combin-
atorial argument to the range of values of the ‘slack’ variables yg, it is
often possible at an earlier stage of the iterative algorithm to rule out so
many of the tours that direct examination of the remaining tours for
minimum length is a feasible approach.

THE 49-CITY PROBLEM*

The optimal tour & is shown in Fig. 16. The proof that it is optimal is
given in Fig. 17. To make the correspondence between the latter and its
programming problem clear, we will-write down in addition to 42 relations
in non-negative variables (2), a set of 25 relations which suffice to prove
that D(z) is a minimum for Z. We distinguish the following subsets of the
42 cities:

Si={1, 2, 41, 42} Ss=1{13, 14, ---, 23}
S:=1{3,4, ---,9) Ss=113, 14, 15, 16, 17}
8i={1,2, ---,9,29,30, ---,42}  Sy={24, 25, 26, 27}.
Si={11,12, ---, 23}
Except for two inequalities which we will discuss in a moment, the pro-
gramming problem may now be written as the following 65 relations:t

? zr=2 (I=1,---,42), 23aX1, 74,351, 77,6<1,

29.8<1, zpn<ll, zunll, 15,451, T20,0<1,

Tan<ll, onu<l, znx<l1, o281, ZTaw<l,

Tun<l, Ts5,u<1, Tu6<1, 2 21022, 2 zy22,
81.8; 83,82

Z zr22, Z z1,22, Z 21,22, Z z15<4, Z z1,<3.
83,83 84,84 85,55 8g 87

The remaining two relations (66 and 67) are perhaps most easily described
verbally. .

66: x5 minus the sum of all other z;, on links out of 15, 16, 19, except for 3.5,
Tig.16, 17,16, Tisas, AN T, i8 NOL positive.

67: Zarxr;<42, where ammn=2, a.=0, all other a;;j=1 except a;;=0 if
Zry is a non-basic variable and either (a) I is in S;, J not in S, or (b) I or
J is 10, 21, 25, 26, 27, or 28.1

These two inequalities are satisfied by all tours. For example, if a
tour were to violate the first one, it must have successively 5.4=1,

* As indicated earlier, it was possible to treat this as a 42-city problem.

t Zs.5 zr; means the sum of all variables where only one of the subscripts I or J is
in 8. Zg 7, means the sum of all variables such that I and J are in S—see relations
), (5), (6).

t We are indebted to I. Glicksberg of Rand for pointing out relations of this
kind to us.
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Tis=1, Tig1,=1, but also xp1s=1, a contradiction. The argument
that each tour satisfies the second inequality is similar. If a tour x exists
with 2 a7, >42, then clearly s =1, and also 0,0 =2 =1, since by
(a) these are the only links connecting S; and S; having non-zero a;;.  (See
Fig. 17 to distinguish between basic and non-basic variables.) More-
over, since az =0, it follows from (b) that s 10="=s2=2x =28 2=1.
Again, (b) and the fact that 2.2 =0 imply Zu 0=2sxs=1. Now look at
city 27. There are three possibilities: Zo7 24 =1, Za7,22=1, Or Tysr=1. But
each of these contradicts the assumption that z is a tour.

These relations were imposed to cut out fractional solutions which
satisfy all the conditions (2) and (4). A picture of such a fractional
solution, which gives a smaller value for the minimizing form than does
any tour, is shown in Fig. 18. Notice that it does not satisfy relation 67.

Fic. 18. A fractional solution z satisfying all loop conditions with
E d]J I[J=698.

We assert that if the weights x; are assigned to these restraints in the
order presented above, then the values as given in Fig. 17 satisfy &,=0
for all variables x;; in the basis. With these values of 7; in the expression
for D(x)—D(z), all 6,,<0 corresponding to variables z;; and m, T,

- -, mg corresponding to variables s, - - -, Ys7 are appropriately positive
or negative (positive if its y occurs with a minus sign in the relation, nega-
tive otherwise) with the exception of mp=214 where T xu+ysn=1.
This proves, since E=14 and all the d;, are integers, that £ is minimal.
The length D(Z) is 699 units, or 12,345 miles except for rounding errors.
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It can be shown by introducing all links for which §;;> —14 that
is the unique minimum. There are only 7 such links in addition to those
shown in Fig. 17, and consequently all possible tying tours were enumer-
ated without too much trouble. None of them proved to be as good as Z.

CONCLUDING REMARK

It is clear that we have left unanswered practically any question one
might pose of a theoretical nature concerning the traveling-salesman
problem; however, we hope that the feasibility of attacking problems
involving a moderate number of points has been successfully demon-
strated, and that perhaps some of the ideas can be used in problems of
similar nature.
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Chapter 2

The Hungarian Method for the Assignment
Problem

Harold W. Kuhn

Introduction by Harold W. Kuhn

This paper has always been one of my favorite “children,” combining as it does
elements of the duality of linear programming and combinatorial tools from graph
theory. It may be of some interest to tell the story of its origin.

I spent the summer of 1953 at the Institute for Numerical Analysis which was
housed on the U.C.L.A. campus. I was supported by the National Bureau of Stan-
dards and shared an office with Ted Motzkin, a pioneer in the theory of inequalities
and one of the most scholarly mathematicians I have ever known. I had no fixed
duties and spent the summer working on subjects that were of interest to me at the
time, such as the traveling salesman problem and the assignment problem.

The Institute for Numerical Analysis was the home of the SWAC (Standards
Western Automatic Computer), which had been designed by Harry Huskey and had
a memory of 256 words of 40 bits each on 40 Williamson tubes. The formulation
of the assignment problem as a linear program was well known, but a 10 by 10 as-
signment problem has 100 variables in its primal statement and 100 constraints in
the dual and so was too large for the SWAC to solve as a linear program. The SEAC
(Standard Eastern Automatic Computer), housed in the National Bureau of Stan-
dards in Washington, could solve linear programs with about 25 variables and 25
constraints. The SEAC had a liquid mercury memory system which was extremely
limiting.

During that summer, I was reading Konig’s book on graph theory. I recognized
the following theorem of Konig to be a pre-linear programming example of duality:

If the numbers of a matrix are 0’s and 1’s, then the minimum number of rows and
columns that will contain all of the 1’s is equal to the maximum number of 1’s that
can be chosen, with no two in the same row or column.

Harold W. Kuhn
Princeton University, USA
e-mail: kuhn@math.princeton.edu

M. Jiinger et al. (eds.), 50 Years of Integer Programming 1958-2008, 29
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Indeed, the primal problem is the special case of an assignment problem in which
the ratings of the individuals in the jobs are only 0’s and 1’s. In a footnote, Konig
refers to a paper of E. Egervary (in Hungarian), which seemed to contain the treat-
ment of a more general case. When I returned to Bryn Mawr, where I was on the
faculty in 1953, I took out a Hungarian grammar and a large Hungarian-English
dictionary and taught myself enough Hungarian to translate Egervary’s paper. I then
realized that Egervary’s paper gave a computationally trivial method for reducing
the general assignment problem to a 0-1 problem. Thus, by putting the two ideas
together, the Hungarian Method was born. I tested the algorithm by solving 12 by
12 problems with random 3-digit ratings by hand. I could do any such problem, with
pencil and paper, in no more than 2 hours. This seemed to be much better than any
other method known at the time.

The paper was published in Naval Research Logistics Quarterly. This was a nat-
ural choice since the project in Game Theory, Linear and Nonlinear Programming,
and Combinatorics at Princeton, with which Al Tucker and I were associated from
1948 to 1972, was supported by the Office of Naval Research Logistics Branch.
Many mathematicians were benificiaries of the wise stewardship of Mina Rees as
head of the ONR and Fred Rigby as chief of the Logistics branch. We were also
fortunate to have Jack Laderman, the first editor of the journal, as our project super-
visor.

I have told much of the same story in my paper [1]. Large sections of this account
are reproduced in the book by Alexander Schrijver [2]. Schrijver’s account places
the Hungarian Method in the mathematical context of combinatorial optimization
and rephrases the concepts in graph-theoretical language.
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THE HUNGARIAN METHOD FOR THE ASSIGNMENT PROBLEM!

H. W. Kuhn
Bryn Mawr College

Assuming that numerical scores are available for the perform-
ance of each of n persons on each of n jobs, the '"assignment problem"
is the quest for an assignment of persons to jobs so that the sum of the
n scores so obtainedis as large as possible. It is shownthat ideas latent
in the work of two Hungarian mathematicians may be exploited to yield
a new method of solving this problem.

1. INTRODUCTION

Stated informally, the problem of personnel-assignment asks for the best assignment of
a set of persons to a set of jobs, where the possible assignments are ranked by the total scores
or ratings of the workers in the jobs to which they are assigned. Variations of this problem,
both mathematical and non-mathematical, have a long history (see the Bibliography appended).
However, recent interest in the question, when posed in the terms of linear programming,
seems to stem from the independent work of Flood, J. Robinson, Votaw, and Orden. Flood's
work [12], begun in 1949, regards the problem as the most "degenerate" case of the transpor-
tation problem. Robinson regarded it as a relative of the travelling salesman problem; her
work is available only in the form of RAND Corporation memoranda. The problem was dis-
cussed from various points of view in the work of Votaw and Orden (see [9] ) presented to the
SCOOP Symposium on Linear Inequalities and Programming, June 14-16, 1951. The compu-
tational advantages to be gained by considering the problem in combination with the dual linear
program have been stressed by Dantzig, von Neumann and others (see [8], [10], and [12]). The
purpose of this paper is to develop a computational method that uses this duality in a particu-
larly effective manner. One interesting aspect of the algorithm is the fact that it is latent in
work of D. Kdnig and E. Egervary that predates the birth of linear programming by more than
15 years (hence the name, the "Hungarian Method").

The theoretical basis of the algorithm is laid in Sections 2 and 3. Section 2 (which is
derived from the proof of Konig in "Theorie der Graphen" (1936) Chelsea, 1950, pp. 232-233)
treats the problem of assignment when there are but two ratings, 1 and 0, indicating that a
worker is qualified or not. Section 3 (which is derived from the work of Egervary in [3]) shows
that the general problem of assignment can be reduced to this special case by a procedure that
is computationally trivial.

The algorithm is given an independent (and self-contained) statement in Section 4 and
Section 5 is devoted to a detailed example to illustrate its application.

2. THE SIMPLE ASSIGNMENT PROBLEM
The problem of Simple Assignment is illustrated by the following miniature example:
Four individuals (denoted by i = 1, 2, 3, 4) are available for four jobs (denoted by j = 1,
2, 8, 4). They qualify as follows:

IThe preparation of this report was supported, in part, by the ONR Logistics Project,
Department of Mathematics, Princeton University.
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1 1, 2, and 3
Individual : qualifies for job(s)< S 29 4
4 4
This information can be presented effectively by a qualification matrix
1110
0011
Q= 10001
0001

in which horizontal rows stand for individuals and vertical columns for jobs; a qualified individ-
ual is marked by a 1 and an unqualified individual by a 0. Then the Simple Assignment Prob-
lem asks:
What is the largest number of jobs that can be assigned to qualified
individuals (with not more than one job assigned to each individual)?
This may be stated abstractly in terms of the matrix Q:
What is the largest number of 1's that can be chosen from Q with
no two chosen from the same row or column?
It is clear that we can start an assignment by placing unassigned individuals in any unassigned
jobs for which they qualify. Thus, we might assign individuals 1 and 2 to jobs 3 and 4, respec-
tively; this information is entered in the matrix below by asterisks.

1 1 10
0 0 1 1*
0 0 01
0 0 0 1

Since it is impossible to improve this assignment by placing an unassigned individual in an
unassigned job for which he qualifies, this assignment is said to be complete. If an assignment
is complete, it is natural to attempt an improvement by means of a transfer. For instance, the
transfer:

Move individual 1 from job 3 to job 1

" 2 monog o3
results in the following incomplete assignment:
f[1* 1 1 0]
0 0 1*1
0 0 0 1
0 0 0 1]

Here we may assign either individual 3 or 4 to job 4 to complete the assignment. Either result,
say

1*1 1

0 0 1*1
0 0 0 1%’
0 0 0 1|

is optimal, since there all qualified pairs involve either individual 1 or job 3 or job 4, and
hence four assignments would involve one of these twice. Thus, although there is a transfer
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possible in this optimal assignment (move 1 from job 1 to job 2), it leads to a complete assign-
ment. The discussion to follow establishes that this situation holds in general, namely, that
one can always construct an optimal assignment by a successsion of transfers followed by
additional assignments until this is no longer possible.
Suppose n individuals (i =1, ..., n) are available for n jobs (j=1, ..., n) and that a
qualification matrix Q = (qij) is given, where q;; = 1 if individual i qualifies for job j and
Q5 = 0 otherwise. If an assignment (not necessarily optimal) of certain qualified individuals to
jobs is given, then the easiest way to improve it is to assign any unassigned individual to an
unassigned job for which he qualifies. If this is possible, the given assignment is said to be
incomplete; otherwise, it is complete. If the assignment is complete, then it is reasonable to
attempt an improvement by means of a transfer. A transfer changes the assignment of r
distinct individuals il, ceey ir employed in jobs jl, ceey jr. It moves 11 into an unassigned job
jo and ik into job jk-l for k=2, ..., r. All of the new assignments (ik to jk-l) are assumed to
be qualified for k= 1, ..., r. It is convenient to call the result of leaving all assignments
unchanged a transfer also. A useful notation for transfers that change some assignment is
PR PP SR
jol/ jll/ ig - .- jr-l/ ip -
We shall call every (assigned) individual involved in such a transfer an essential individual and
every job assigned to an i tial individual an essential job. Thus:

LEMMA 1. For a given assignment, if an individual is assigned
to a job, then either the individual or the job is essential, and not both.

COROLLARY 1. For all assignments, the number of individuals
assigned to jobs equals the number of essential individuals and jobs.

The motivation of the definition of essentiality is partially explained by the next two lemmas.

LEMMA 2. For a given assignment, if an individual is assigned
to a job and qualifies for another, unassigned, job then the individual is
essential.

PROOF: The transfer of the individual to the unassigned job establishes him as
essential.

LEMMA 3. For a given assignment, if every transfer leaves a
job assigned then the job is essential.

PROOF. Assume the job j to be inessential. Then some individual lk is assigned to it

and involved in a transfer that moves i,, i, ..., i) in order. Symbolically,
‘/il‘/iz ... lk_ll/ik
L L PP N

’

and j is unassigned. This proves the lemma.




36

Harold W. Kuhn

86 THE HUNGARIAN METHOD FOR THE ASSIGNMENT PROBLEM
These lemmas, in combination, establish the key result:

THEOREM 1. For a given assignment, if every transfer leads to
a complete assignment then, for every individual qualified for a job, either
the individual or the job is essential, and possibly both.

PROOF. Let individual i be qualified for job j. If i is assigned to j then Lemma 1
asserts that one or the other is essential. If i is assigned to another job then j is unassigned
and Lemma 2 asserts that the individual i is tial. If i is igned then every transfer
leaves j assigned (otherwise the assignment is incomplete) and Lemma 3 asserts that j is
essential. This proves the theorem.

Starting with any assignment (say, of one individual to a job for which he is qualified),
either every transfer leads to a complete assignment or at least one more individual can be
assigned after some transfer. Since at most n individuals can be assigned, this proves:

THEOREM 2. There is an assignment which is complete after
every possible transfer.

The problem will now be viewed from another, dual, aspect. Consider a possible budget
to account for the value of an individual assigned to a job for which he is qualifed. Such a
budget will allot either one unit or nothing to each individual and to each job. A budget is said
to be adequate if, for every individual qualified for a job, either the individual or the job is
allotted one unit, and possibly both.

THEOREM 3. The total allotment of any adequate budget is not
less than the largest number of jobs that can be assigned to qualified
individuals.

PROOF. If the part of the adequate budget allotted to jobs assigned in an optimal assign-
ment is counted, it is seen to be not less than the number of jobs assigned because these jobs
are all assigned to qualified individuals. Since the total budget is not less than this amount, this
proves the theorem.

Consider any assignment that is complete after every possible transfer (by Theorem 2,
there are such) and consider the budget that allots one unit to each essential individual or job
and zero otherwise. Theorem 1 asserts that this budget is adequate. Taking account of Corol-
lary 1, we have proved:

THEOREM 4. There is an adequate budget and an assignment
such that the total allotment of the budget equals the number of jobs
assigned to qualified individuals.

Since Theorem 3 implies that the assignment of Theorem 4 is optimal, we have provided
the following answer to the Simple Assignment Problem:
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The largest number of jobs that can be assigned to qualified
individuals is equal to the smallest total allotment of any adequate
budget. Any assignment is optimal if and only if it is complete after
every possible transfer.

3. THE GENERAL ASSIGNMENT PROBLEM

Suppose n individuals (i = 1, ..., n) are available for n jobs (j=1, ..., n) and that a
rating matrix R = (ri') is given, where the r;; are positive integers, for all i and j. An assign-
ment consists of the choice of one job i for each individual i such that no job is assigned to
two different men. Thus, all of the jobs are assigned and an assignment is a permutation

1 2 ... n
i g - gy
of the integers 1, 2, ..., n. The General Assignment Problem asks:
For which assignments is the sum

rljl + l‘zjz + .00+ rnjn
of the ratings largest ?
The dual problem considers adequate budgets, that is, allotments of non-negative
integral amounts of uy to each individual and v, to each job in such a manner that the sum of

the allotments to the it! individual and the it? job is not less than his rating in that job. In
symbols,
(1) U+ V2 Ty ,j=1,...,n).

The problem dual to the General Assignment Problem is then:
What is the smallest total allotment

ll1+...+ll +V1+...+V

n n

possible for an adequate budget ?
The following analogue of Theorem 3 is immediate.

THEOREM 5. The total allotment of any adequate budget is
not less than the rating sum of any assignment.

PROOF. Since each individual and job occurs exactly once inan assignment the sum of
the allotments to individuals and jobs in an assignment is exactly the total allotment. However,
the budget is adequate and therefore this is not less than the sum of the ratings of the individ-
uals in their assigned jobs. In symbols,

u1+v11; rljl, ceeaUp ¥V 2T,

h= My

by the condition that the budget is adequate. Adding these inequalities, we have
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\11+...+I.ln+vjl+...+an3rljl+...+rnjn.

However, the integers jl' ceey jn appearing in the assignment

1 2 ... n
iy dg - - ¢ dp

are merely an arrangement of 1, ..., n and the theorem is proved.

It is an immediate consequence of this theory that, if an adequate budget and an assign-
ment can be exhibited such that the total allotment equals the rating sum, then they must be
simultaneously a solution of the assignment problem and its dual. We shall now show that this
is always possible and can be achieved by solving certain, related, Simple Assignment Problems.

Associate with each adequate budget for the rating matrix R = (rij) a Simple Assignment
Problem by the following rule:

The individual i is qualified for the job j if u; + vj = rij; otherwise,
he is not qualified.
We see immediately that:

THEOREM 6. If all n individuals can be assigned to jobs for which
they are qualified in the Simple Assignment Problem associated with an
adequate budget, then the assignment and the budget solve the given General
Assignment Problem and the rating sum equals the total allotment.

PROCF. For the given budget and assignment, we have

u1+vj1=r1j1 y see s \ln+Vj“= rnjn

Adding these equations,
u1+...+un+v1+...+vn=r”1+...+rnjn

and this proves the theorem.

If not all individuals can be assigned to jobs for which they are qualified in the Simple
Assignment Problem associated with an adequate budget, then the budget can be improved by a
simple procedure. Before this procedure can be described, it must be noted that an adequate
budget must allot either a positive amount to every individual or a positive amount to every job
since otherwise it would not be enough for the positive rating of some individual in some job.
We shall assume, without loss of generality since rows and columns enter symmetrically, that
every individual is allotted a positive amount; in symbols

ui>0 (l=1,...,n).

Assume that the largest number of individuals that can be assigned to jobs for which they are
qualified is m < n. Choose an optimal assignment and let the essential individuals be i=1,...,r
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and the essential jobs be j = 1, . . . , 8 (possibly renumbering individuals and jobs). Corollary
1 asserts that

r+s=m
Then the rule for changing the budget is:
LU PPRPRP U S SRR ST TRERFE W |
Vi=vy+l, o V=V, V=V g e V= Yy

(The u; are still non-negative because the u; were positive integers.) We must check that

(a) the new budget is adequate, and

(b) the total allotment has been decreased.
The adequacy is checked by inequalities (1) which can only fail where u has been decreased and
v; has been left unchanged. But this means that both the individual i and the job j are ines-
sential. Theorem 1 then asserts that individual i is not qualified for job j and hence

lli +Vj > ri]

by the rule for constructing the associated Simple Assignment Problem. Since all the numbers
involved are integers,

ui+vi= (ui—l)+vj= (ui+vj)-1; Ty

and the new budget is adequate.
The total allotment has been decreased by n - r and increased by s, thus has been
decreasedby n - (r + 8) = n - m > 0. Summarizing:

THEOREM 7. If at most m < n individuals can be assigned to jobs
for which they are qualified in the Simple Assignment Problem associated
with an adequate budget, then the total allotment of the budget can be
decreased by a positive integral amount.

Starting with any adequate budget (say, that which allots to every individual his highest
rating and nothing to the jobs), either it is optimal, and Theorem 6 applies, or it can be de-
creased by Theorem 7. Since it can be improved at most a finite number of times, we have
provided the following answer to the General Assignment Problem:

The largest possible rating sum for any assignment is equal to
the smallest total allotment of any adequate budget. It can be faund by
solving a finite sequence of associated Simple Assignment Problems.

4. THE HUNGARIAN METHOD
In this section we shall assemble the results of the two preceding sections, abstracted
from the context of actual assignments, and state explicitly the algorithm implicit in the
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arguments of those sections. In certain cases where it seems advisable to use a different
terminology, the discrepancy will be noted parenthetically.

As considered in this paper, the General Assignment Problems asks: Given an n by n
matrix R = (ri ) of positive integers, find the permutation igs «++s iy of the integers 1, ..., n
that maximizes the sum rn1 AEERRE 1t is well known (see references [3] and [10] in the

n
Bibliography) that the linear program dual to this problem can be stated: Find non-negative
integers uy, ..., u andvy,..., v, Subject to

(1) ui+vj;x‘ij G,j=1,...,n)
that minimize the sum Up ot oW 4V + oL+ VL A set of non-negative integers satisfying

(1) will be called a cover (or an adequate budget) and the positions (i, j) in the matrix for which
equality holds are said to be marked (or qualified in the associated Simple Assignment Prob-
lem); otherwise (i, j) is said to be blank. A set of marks is called independent if no two marks
from the set lie in the same line (the term "line" is used here to denote either a row or column).
Then a fundamental result of Konig says: If the largest number of independent marks that can
be chosen is m then m lines can be chosen that contain all of the marked positions. (This is
precisely the conclusion of Section 1 with ""jobs assigned to qualified individuals" playing the
réle of "independent marks.")

The algorithm to he described in this report is based on these remarks in the following
manner. If a cover for R is given, a largest set of independent marks is found; if this set
contains n marks then obviously the marked (i, j) constitute the desired assignment (Theorem
6). If the set contains less than n marks then a set of less than n lines containing all of the
marked (i, j) is used to improve the cover (Theorem 7).

The construction of an initial cover and an initial set of independent marks can be made
quite conveniently as follows:

Letal=n;axru for i=1,...,n and bj=miaxrij for j=1,...,n Further let

a=2ial and b=Ejbj.

=a, for i=1,...,n
K ach define] 1 1 v
v,=0 for j=1,...,n.

=0 for i=1,...,n
It a>b define{ ! Pente
vj=bj for j=1,...,n.

At this stage, as at all subsequent stages, there is associated with the matrix R and the
cover {u;, vj}a matrix Q = (q“) where

1 if “l*vj‘rlj
qu'{

0 otherwise.

At each stage we shall also need a set of independent 1's from Q which will be distinguished
by asterisks. To provide such a set at the first stage, in the first case (a ¢ b) the rows are
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examined in order and the first 1 in each row without a 1* in its column is changed to a 1*. In
the second case (a > b), the same instructions are followed with rows and columns exchanging

roles.
The two basic routines of the algorithm will be called Routine I and Routine II. A

schematic description of the order of their repetition is given in Figure 1.

Problem

Is <:::§\\\
Routine I

Ib

I1a

Routine II

IIb

Solution

Figure 1

Every occurrence of Ia will increase the number of assignments (i.e., of asterisks in Q) by one
and every occurrence of Ila will decrease the current covering sum (Z u; + z vj) by at least
i

one. Since the number of assignments is bounded from above by n and the covering sums are
bounded from below by zero, this insures the termination of the combined algorithm.

Routine I

Routine I works with a fixed matrix Q associated with a fixed cover {“i' vj}. The input
also includes a certain set of asterisks marking 1's in Q.

The computation begins with the search of each column of Q in turn for a 1*. If a 1*is
found, we proceed to the next column (no columns left = Alternative Ib). If a 1* is not found in
the column, then the column is called eligible and is searched for a 1. If a 1 is not found, we
proceed to the next column (no columns left = Alternative Ib). If a 1 is found in (11, io)s we
record il and jo and start a process that constructs a sequence of the following form:

1 in (4, )
1* in Gy, §,)
1 in ()

The routine then divides into two cases according to the parity of the number of terms currently
in the sequence. In Case 1, we have just found a 1 in (lk, ’k-l) and have recorded ‘k and j,_q-

We then search the row e for a 1* If a 1*is not found then we change each 1 in the sequence
to 1* and each 1* in the sequence (if any) to a 1. This is Alterhative Ia and means that we start
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Routine I again. In Case 2, we have just found a 1*in (1k, ji>- We then search column jefora .
1. Ifa 1 is not found, then row i, is recorded as essential, i, and j _; are deleted from the
record and we go back to Case 2 with the last two terms of the sequence deleted and searching
for a 1 in column j 4 from row i +1 on. Note that, if k = 1, then we go back to our pre-
liminary search for a 1 in the eligible column jo from row il +1 on. Completing Case 2, if

a 1 is found in (ik+ 1 jk) we test whether et is distinct from iy, ..., i, . If it is distinct

then we record ik +1 and ik and are back in Case 1. If it is not distinct, we go on searching

for a 1 in column jk from row ik+1 +1 on.

(This routine is connected with Section 2 in the following way. Given an assignment, we
enumerate all possible transfers. Such a transfer starts at an eligible column. If there are no
eligible columns, there are no transfers and the given assignment is complete. The occurrence
of Alternative Ia means that we have found a transfer that frees a column that contains a 1 that
is unassigned. In this event, we carry out the transfer:

/il/iz lk_z/l

by
o 1 2 - By ke

-1
1
and assign (ik, jk-l)' If a transfer is developed that cannot be continued and which yields a
complete assignment, the.last row involved is recorded as essential, following which the
enumeration of the transfers is continued. If the enumeration of the transfers is completed
without the occurrence of Alternative Ia, this is Alternative Ib and we have an assignment in
which all transfers yield complete assignments.)

The output of Routine I in Alternative Ib is an optimal assignment for Q and a set of
essential rows. Every 1 lies either in an essential row or in the column of a 1* in an essential
row (Theorem 1).

A tentative flow diagram for Routine I is given in Figure 2. For this arrangement of the
routine, we use the following notation:

Symbol Use in Routine
i Index of rows of Q.
j Index of columns of Q.
K {Tally of length of sequence of 1's and 1*'s.
Tally to clear essential rows in Alternative Ia.
1 Tally to test distinctness of b from il, ceey 1k'

ig, dgy ooy iy Record of rows in sequence of 1's and 1*'s.
jo, jl, ceey jn-l Record of columns in sequence of 1's and 1*'s.

€1s €95 0y € Record of essential rows.
The values of these quantities for the input of Routine I are:

f=j=k=4=1, 1,;6,,:0!0:' v=1...,n.
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The values of these quantities for the output of Alternative Ib are:

i=j=k=4=1, iy_jv_1=0 for v=1,...,n.

and
{ essential

1
€= { if row i is
0

t inessential.

The symbol "A — B" is to be read "replace the value of A by the value of B".

Input

1in (i,j)?
i,yes
—

1
Jk-1

- X i— 1
————d
yes
[i <n2 1% in (i,§)? ]
[—————>an Vyes
i— 1

[EE R i i— i+ 1
W0 no y“no es
yoo 3 [1in cii>? Fopli < [ ey > 02 P

k> l?_l yes
————————>|no

[ ¢] [k= k1]

y Hnd>
) gl Y

k= k + 1 ¥k < n?] =0
no j.r >0

1 (: - o |yes T
i— 1 1 yes no
iz L—fk— k-1] k > 12 |0

7 no
Ia

ot afet<n?]

{ no

14— 1

Figure 2
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93




44

Harold W. Kuhn

94 THE HUNGARIAN METHOD FOR THE ASSIGNMENT PROBLEM

Routine I

The input of Routine II consists of a cover {u‘, v;}and a set of essential rows and col-
umns (a column is essential if it contains a 1* in an inessential row). We first compute d,
the minimum of v +v; - Ty taken over all inessential rows i and columns j. I there are no
such (i, j) then the set of 1* in Q constitutes a solution to the General Assignment Problem
(Theorem 6). Otherwise, d > 0 and there are two mutually exclusive cases to be considered.

Case 1. For all inessential rows i, u; > 0. Compute m, the minimum of d and uy
taken over all inessential i. Then

y; —> u; - m for all inessential rows i, and

vj —_— vj + m for all essential columns j.

Case 2. For some inessential row i, u; = 0. Compute m, the minimum of d and vj
taken over all inessential j. Then

W —> u; + m for all essential rows i, and

vi —_ v:I - m for all inessential columns j.

After these changes have been made in the cover, we are in Alternative Ila and should return to
Routine L

5. AN EXAMPLE
The following example, although small in size, illustrates all of the possibilities of the
routines (except Case 2 of Routine II):

[N I -
W = N
N B I ©
»© ®©

Sum of row maxima =9+ 8+ 94+ 6=32.

Sum of column maxima=8+7+ 9+ 9= 33.

Hence, the initial cover is provided by the row maxima. The next table shows the successive
covers obtained from the algorithm (reading out from the matrix):

[
l
5
8
3

Vl 72 Vs V4

Stages: 1 0 2 3

!
o
o O o
O
O =N

Y
uz
3
Uy

w9 O o ¢ w
W = N -
N & 3 ©
D © o™ ©
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The following tables explain the construction of the successive covers and of the corresponding

assignments:
Stage 1.
11
1
1
1
1* 1
194
1
1

00
9|8 17
8|5 2
9|16 1
6(2 3
Stage 2
le——1*1
lt
1
1
001
75 2 7
8 1 4
5|2 3 2
Stage 3
le——1*
le—1%
1
1
1* 1
1* 1
l#
1

Remarks

This matrix marks (with 1) those positions for which u + vj = rij
in the first cover.

Assign in each row the first 1, if any, not in the column of a pre-
vious assignment. Assignments are marked by asterisks. No transfers are
possible and hence all assigned columns and no assigned rows are essential.

Thus, the algorithm decreases all u; and increases v4 and v, by
the minimum of U +vj -rj; on the part of the matrix shown at left. The

]
second cover is:
\11=8,u2=7,u3=8, u4=5andv1=v2=0,v3=v4=1.

The change in the cover has introduced a new 1 at (1,1) and there is
one possible transfer, indicated by an arrow. Thus, row 1 and column 4
are essential.

Thus, the algorithm decreases u,, ug, and u, and increases v, by
the minimum of L 4-vj - rij on the part of the matrix shown at left. The
third cover is:

u; =8,uy=6,u3=T,u =4andv; =vy=0,vg=1,vy=2.

The change in the cover has introduced a new 1 at (2,3) and elimi-
nated the 1 at (1,4). The possible transfers are indicated by arrows.

The transfer ‘/l 2 leads to an incomplete assignment (column 4
134

is unassigned and (3,4) is qualified). The matrix at left completes it. All
igned col and no igned rows are essential because there are no
transfers.
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Thus, the algorithm decreases all u; and increases vy, vq, and v,
by the minimum of u +v’ - rij on the part of the matrix shown at left.
The fourth cover is:

u =7 uy=5u3=6u=3andvy=1,vy=0,vy=2,v,=3

W = NN IO

1* 1 The change in the cover has introduced new 1's at (1,2) and (4,2).
1* Thus the assignment is incomplete and is completed by assigning (4,2).

1*1 1

The assignment shown is optimal.
1* 1 Check: Uy +Vy 2Ty for all i, j.

1* ru+r23+r34+r42=8+7+9+3=27.

1+ 1 Upboo o U Vs 4V =T4+54+64+3+414+04+24+3=27.

1
[2]
(3]
[4]
[5]
[e]
[7]

(8]

(o]
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Chapter 3
Integral Boundary Points of Convex Polyhedra

Alan J. Hoffman and Joseph B. Kruskal

Introduction by Alan J. Hoffman and Joseph B. Kruskal

Here is the story of how this paper was written.

(a) Independently, Alan and Joe discovered this easy theorem: if the “right hand
side” consists of integers, and if the matrix is “totally unimodular”, then the vertices
of the polyhedron defined by the linear inequalities will all be integral. This is easy
to prove and useful. As far as we know, this is the only part of our theorem that
anyone has ever used.

(b) But this was so easy, we each wanted to generalize it. Independently we
worked hard to understand the cases where there are no vertices, i.e., the lowest
dimensional faces of the polyhedron are 1-dimensional or higher. This was hard to
write and hard to read.

(c) At this point, Alan benefitted greatly from simplifications suggested by David
Gale and anonymous referees, but it was still not so simple.

(d) Independently, we both wondered: If the vertices were integral for every in-
tegral right hand side, did this mean the matrix was totally unimodular? This is
discussed in our paper, and also in References [1] and [2], especially the latter.

Harold Kuhn and Al Tucker saw drafts from both of us and realized that we were
working on the same problem, so they suggested that we start working together, and
that Alan should send his latest draft to Joe to take the next step. For Joe, this turned
out to be the most exciting collaboration he had ever experienced; and he still feels
that way today.

Alan J. Hoffman
IBM Research, Yorktown Heights, New York, USA
e-mail: ajh@us. ibm.com

Joseph B. Kruskal
Bell Laboratories, Murray Hill, New Jersey, USA
e-mail: jkruskal@comcast.net

M. Jiinger et al. (eds.), 50 Years of Integer Programming 1958-2008, 49
DOI 10.1007/978-3-540-68279-0 3, © Springer-Verlag Berlin Heidelberg 2010
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We must have met casually before the collaboration, but we never saw each
other during it nor for a long time afterwards. Joe knew nothing about Alan’s work.
However Alan, who was working for the Navy, knew something about Joe’s work
through a Navy report on a real operations research project on which Joe and Bob
Aumann had gotten impressive results. (Many years later, in 2005, Bob won the
Nobel Prize for Economics.)

As it turned out, Joe merged our two papers—but did much more; Alan’s ideas
were very stimulating. When Alan got that version, he was also stimulated and made
substantial improvements. Then Joe made further improvements, and finally Alan
did the same. We could probably have made much more progress, but the deadline
for publication cut off further work.

(e) One of our discoveries when collaborating was a new general class of totally
unimodular matrices ... but several years later we were chagrined to learn from Jack
Edmonds that in the 1800’s Gustav Kirchoff (who was the inventor of Kirchoff’s
Laws) had constructed a class of totally unimodular matrices of which ours was
only a special case.

(f) The term “totally unimodular” is due to Claude Berge, and far superior to our
wishywashy phrase “matrices with the unimodular property”. Claude had a flair for
language.

(g) We had no thought about computational questions, practical or theoretical,
that could be influenced by our work. We also did not imagine the host of interest-
ing concepts, like total dual integrality, lattice polyhedral, etc. that would emerge,
extending our idea. And we never dreamed that totally unimodular matrices could
be completely described, see [3], because we didn’t anticipate that a mathematician
with the great talent of Paul Seymour would get interested in these concepts.

After we wrote the paper, we met once in a while (a theater in London, a meeting
in Washington), but our interests diverged and we never got together again pro-
fessionally. The last time we met was almost 15 years ago, when Vasek Chvatal
organized at Rutgers a surprise 70th birthday party cum symposium for Alan. Joe
spoke about this paper and read some of the letters we wrote each other, including
reciprocal requests that each of us made begging the partner to forgive his stupidity.
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INTEGRAL BOUNDARY POINTS OF CONVEX POLYHEDRA
A. J. Hoffman and J. B. Kruskal

INTRODUCTION

Suppose every vertex of a (convex) polyhedron in n-space has (all)

integral coordinates. Then this polyhedron has the integral property (1.p.).
Sections 1, 2, and 3 of this paper are concerned with such polyhedra.

Define two polyhedra1:

P(b) = (x | Ax > b) ,

(x| Ax>b, x>c),

Q(b, ¢)

where A, b, and c¢ are integral and A 1s fixed. Theorem 1 states that
P(b) has the 1.p. for every (integral) b 1if and only if the minors of
A satisfy certain conditions. Theorem 2 states that Q(b, c¢) has the
i.p. for every (integral) b and c¢ 1if and only if every minor of A
equals 0, + 1, or - 1. Section 1 contains the exact statement of Theo-
rems 1 and 2, and Sections 2 and 3 contain proofs.

A matrix A is saild to have the unimodular property (u.p.) if it
satisfles the condition of Theorem 2, namely if every minor determinant
equals 0, + 1, or - 1. In Section 4 we give Theorem 3, a simple suffi-
clent condition for a matrix to have the u.p. which is interesting in it-
self and necessary to the proof of Theorem 4. In Section 5 we state and
prove — at length — Theorem 4, a very general sufficient condition for a
matrix to have the u.p. Finally, in Section 6 we discuss how to recognize
the unimodular property, and give two theorems, based on Theorem 4, for
this purpose.

Our results include all situations known to the authors in which
the polyhedron has the integral property independently of the "right-hand
sides" of the inequalities (given that the "right-hand sides" are integral
of course). In particular, the well-known "integrality" of transportation

Unless otherwise stated, we assume throughout this paper that the in-
equalities defining polyhedra are consistent.

223
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type linear programs and theilr duals follows lmmedlately from Theorems 2
and 4 as a special case.

1. DEFINITIONS AND THEOREMS

A point of n-space 1s an integral point if every coordinate is an
integer. A (convex) polyhedron in n-space is sald to have the integral
property (i.p.) if every face (of every dimension) contains an integral
point. Of course, this is true if and only if every minimal face contains
an integral point. If the minimal faces happen to be vert::tces2 (that is,
of dimension 0), then the integral property simply means that the vertices
of P are themselves all integral points.

Iet A bean m by n matrix of integers; let b and b' be
m-tuples (vectors), and ¢ and c¢' be n-tuples (vectors), whose compon-
ents are integers or + . We will let =(- =) also represent a vector
all of whose components are (- «); this should cause no confusion. The
vector inequality b < b' means that strict inequality holds at every
component. Let P(b; b') and Q(b; b'; c; c¢') be the polyhedra in n-space
defined by

P(b; ') = {x | b g Ax < b') ,
Q(b; b'; c; ¢') = (x | bgAxgb' and cgxgec') .

Of course Q(b; b'; -, +®) = P(b; b'). If S 1s any set of rows of A,
then define

0, 1f each minor determinant in S which
has as many rows as S equals O,
ged(s) = greatest common divisor (g.c.d.) of all
those minor determinants in S which
have as many rows as S, otherwise.

THEOREM 1. The following conditions are equivalent:
(1.1) P(b; b') has the 1.p. for every b, b';
(1.2) P(b; ») has the i.p. for every b;
(1.21) P(- »; b') has the i.p. for every b';

if r 1s the rank of A, then for every
(1.3) set S of r 1linearly independent rows
of A, gcd(S) = 1;

It is well known (and, incidentally, 1s a by-product of our Lemma 1) that
all minimal faces of a convex polyhedron have the same dimension.
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(1.4) for every set S of rows of A, gcd(S) =1 or O.

The main value of this theorem lies in the fact that condition (1.3) implies
condition (1.1). However the converse implication is of esthetic interest.
If it 1s believed that (1.3) does not hold, (1.4) often offers the easiest
way to verify this, for it may suffice to examine small sets of rows.

A matrix (of integers) is said to have the unimodular property
(u.p.) if every minor determinant equals ©0, + 1, or - 1. We see immediate-
ly that the entries in a matrix with the u.p. can only be 0, + 1, or - 1.
THEOREM 2. The following conditions are equivalent:

Q(b; b'; ¢; ¢') has the i.p. for every

(1.5) b, b', c, ¢c';
for some fixed ¢ such that - o < c¢c < + o,
(1.6) Q(b, »; ¢; ») has the i.p. for every b;
. for some fixed c¢ such that -« < ¢ <=,
(1.6") Q(- »; b'; ¢; =) has the i.p. for every b';
. for some fixed c¢!' such that - o < ¢! < x,
1
(r.611) Q(b; »; - »; ¢') has the 1.p. for every b;
for some fixed c¢!' such that - o < ¢! < o,
Tt
(1.6111) Q(- »; b'; - »; ¢') has the i.p. for
every b';
(1.7) the matrix A has the unimodular property (u.p.).

The main value of this theorem for applications lies in the fact that con-
dition (1.7) implies condition (1.5), a fact which can be proved directly
(with the aid of Cramer's rule) without difficulty. However the converse
implication is also of esthetic interest. The relationship between Theo-
rems 1 and 2 1s that Theorem 2 asserts the equivalence of stronger prop-
erties while Theorem 1 asserts the equivalence of weaker ones. Condition
(1.5) is clearly stronger than condition (1.1), and condition (1.7) is
clearly stronger than condition (1.3).

For A to have the unimodular property is the same thing as for
A transpose to have the unimodular property. Therefore if a linear program
has the matrix A with the u.p., both the "primal" and the dual programs
lead to polyhedra with the i.p. This can be very valuable when applying
the duality theorem to combinatorial problems (for examples, see several
other papers in this volume).
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2. PROOF OF THEOREM 1

We note that (1.1) == (1.2) and (1.2') trivially. Likewilse
(1.4) == (1.3) trivially. To see that (1.3) == (1.4), let S and S'
be sets of rows of A. If SC S', then the relevant determinants of 3!
are integral combinations of the relevant determinants of S. Hence
ged(S) divides ged(S'). From this we easily see that (1.3) == (1.4).

As (1.2) and (1.2') are completely parallel, we shall only treat
the former in our proofs.

Let the rows of A be A1, cee, Am and the components of b and
b' be bl, ceey bm and b1', ceey bn'q. Suppose that we know that (1.3) for
any matrix A, implies (1.2) for the corresponding polyhedra P, (b; «).
Also, suppose that (1.3) holds for the particular matrix A. Then setting

A
- A
we see immediately that (1.3) holds for A,. Consequently
Py(bys «eey Dy = bl, ey - Dl )
has the i.p. But it is easy to see that this polyhedron is identical with

P(b; b'); hence the latter also has the i.p. Therefore if for every
matrix (1.3) implies (1.2), then (1.3) implies (1.1) for every matrix.

Let P(b) = P(b; ») for convenience.

It only remains to prove that (1.2) is equivalent to (1 .3)3. Ir
S 1s any set of rows Ai of A, we define

Fq = Fg(b) = (x | Ax>b and A;x=Db; if A in S,

GS = the subspace of n-space spanned by the rows Ai in S.

Ir Fs(b) is not empty, it is the face of P(b) corresponding to S. (We
do not consider the empty set to be a face of a polyhedron.) We easily see
that Fs(b) , if non-empty, corresponds to the usual notion of a face. Of
course Fy(b) = P(b), where # 1s the empty set. We shall use the letter
A to stand for the set of all rows of the matrix A. In general we will
use the same letter to denote a set of rows and to denote the matrix formed
by these rows. (This double meaning should cause no confusion.)

3 The authors are indebted to Professor David Gale for this proof, which
is much simpler than the original proof.
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IFMMA 1. If S CS', and if Fs(b) and FS'(b) are
faces (that is, not empty), then Fqr (b) 1is a subface
of Fs(b). If FS(b) i1s a face, then it is a minimal
face if and only if GS = GA’ that 1s, i1f and only if
S has rank r, wksre r 1s the rank of A.

PROOF. The first sentence of the lemma follows directly from the
definitions. To prove the rest of the lemma, let S' be all rows of A
which are in GS' Then GS = GS" and A. 1is a linear combination of the
Ai in S 1if and only if Aj is in S'. Clearly GS = GA if and only if
S' = A.

If S' # A, there is at least one row Ak in A - S'. Then
there 1s a vector y such that Aiy = 0 for Ai in S, Aky < 0. Let
x be in Fg. As AX > by, there 1s a number iy > 0 for which
A (x + xky) = by. For every Aj in A - S' such that Ajy < 0, the
equation Aj (x + Ay) = b; has a non-negative solution. Let A, Dbe that
solution. Define A = minimum xj, and let j' be a value such that
A= Asye As M, exists, there is at least one >.j, so A exists. By
the definition of A,

A(x + Ay) > b,
Aj(x +xy) = by for A; in §,
Aj.(x +Ay) = bj' .

Thus FSUA-, is not empty, and is therefore a subface of Fg. Further-
more as AJ-, is not a linear combination of the Ai in S, FSUA., is a
proper subface of FS' Therefore FS is not minimal. J

On the other hand, if Fg 1s not minimal it has some proper sub-
face FSUAk' Then there must be x, and X, in Fg such that Akx1 = bk

and Akx2 > bk' Therefore Aler varies as X ranges over FS‘ But for
Ai in S, Aix = bi is constant as x varies over FS' Hence Ak can-
not be a linear combination of the A:L in 8, so Ak is in A - S'.
Hence S' # A. This proves the lemma.

If b, as usual, is an m-tuple and S 1s a set of r rows of
A, then bg 1s the "sub-vector" consisting of the r components of b
which correspond to the rows of S. Let b always represent an (integral)
r-tuple. The components of b and bS will be indexed by the indices
used for the rows of S, not by the integers from 1 to r. Let

Lg(b) = (x | Sx = B .
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LEMMA 2. Suppose S 1s a set of r 1linearly inde-
pendent rows of A. Then for any D there 1s a b
such that
(2.1) by = b ;
(2.2) Fs(b) is a minimal face of P(b).

PROOF . As 3 1s a set of linearly independent rows, the equa-
tion Sx = b has at least one solution: call it y. Define b as follows:

b if Ay in S,

1

by =
[ A4y if A; not in S .

Clearly bg = b, so (2.1) is satisfied. Obviously b 1s integral. Further-
more y 1s seen to be in FS(b)’ so Fg(b) 1s not empty, and hence is a
face of P(b). By Lemma 1, Fs(b) is a minimal face, so (2.2) is satisfied.

LEMMA 3. Suppose S' 1s a set of rows of A of rank
r, and S C S' 1is a set of r 1linearly independent
rows. For any b such that Fg,(b) 1s a face (that
is, not empty),

Fgi(b) = Lg(bg).
PROOF. Iet y be a fixed element in F'S.(b), and let x be

any element of Lg(b). As Fg,(b)C LS(bS) is trivial, we only need show
the reverse inclusion. Thus it suffices to prove that x 1is in F‘S,(b).

As S has rank r, any row Ak in A can be expressed as a
linear combination of the rows Ay in S:

Ag = Zaghy -
Then
Agx = by = Ay
for Ai in S, so
Akx = ZakiAix = Z‘.akiAiy = Aky .

Then as y 1is in Fs,(b), x must be also. This completes the proof of
the lemma.
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LEMMA 4. Any minimal face of P(b) can be expressed
in the form Fgq(b) where S 1s a set of r linearly
independent rows of A.

PROOF. Suppose the face is Fg,(b). By Lemma 1, S' must have
rank r. Iet S be a set of r 1linearly independent rows of S'. Then
by applying Lemma 3 to both Fg,(b) and Fs(b) , we see that

Fg,(b) = Lg(bg) = Fg(b).
This proves the lemma.

LEMMA 5. If S 1is a set of r 1linearly independent
rows of A, then the following two conditions are
equivalent:

(2.3) Lg(b) contains an integral point for every (integral) b ;

(2.4) ged(s) = 1.

PROOF. We use a basic theorem of linear algebra, namely that any
integral matrix S which is r by n can be put into the form

S = UDV

where D 1s a (non-negative integral) diagonal matrix, and U and V are
(integral) unimodular matrices. (Of course U 1is r by r, V is

n by n, and D 1is r by n.) As U and V are unimodular, they have
integral inverses. Furthermore gcd(S) = ged(D). (For proofs of these
facts, see for example [3].)

Let the diagonal elements of D be dyy- Clearly gcd(D) =
d”d22 oo dm,. Therefore condition (2.4) is equivalent to the condition
that every dii = 1. Now we show that (2.3) is also equivalent to this
same condition.

Suppose that some diagonal element of D 1s greater than 1. For
convenience we may suppose that this element is d11 =k>1. Let & be
the r-tuple (1, 0, ..., 0), and let b = US. Then LS(B) contains no
integral point. To see this, let x be in LS(E)- Then

Sx = UDVx = b = Us ,

so DVx = & . Clearly the first component of y = Vx 1is 1/k, so y is
not integral. Hence x cannot be integral. This shows that (2.3) cannot
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hold if some dj_1 i1s greater than 1.
Suppose every d;y = 1. Let x be in LS(E) and set

Vx = (y1: ce0s Jps Tppqr *oe yn)-

Then

U6 = Dvx = (y1; ey yr);
and so y,, «++, ¥, are integral. Let y = (yl, s Fpr 0 eeey 0).
Then V''y 1s integral, and since Dy = DVx,

y) - wDy - UDVx = B .

s(v'y) = vov(v"
Thus V"y is in LS(E). This shows that (2.3) does hold if every dyy = 1,
and completes the proof of the lemma.
Now it is easy to prove that (1.2) === (1.3). First we prove
=. Let S be any set of r 1linearly independent rows of A. Let b
be any (integral) r-tuple. Choose a b which satisfies (2.1) and (2.2).
By (1.2), Fs(b) must contain an integral point x. By Lemma 3 and (2.1),

Fg(b) = Lg(bg) = Lg(b) .

Hence LS(B) contains x. Therefore (2.3) 1s satisfied, so by Lemma 5,
ged(8) = 1. This proves =—=.

To prove <——, let FS.(b) be some minimal face of P(b). By
Lemma 4 this face can be expressed as Fs(b) where S consists of r
linearly independent rows of A. By Lemma 3, Fg(b) = Lg(bg). By (1.3),
ged(8) = 1, and by Lemma 5 Lg(bg) must contain an integral point x.
Hence Fgr (b) contains the integral point x. Therefore every minimal
face of P(b) contains an integral point, and hence also every face. This
proves <=, and completes the proof of Theorem 1.

3. PROOF OF THEOREM 2

The role of (1.6) and its primed analogues are exactly similar,
80 we treat only the former in our proofs. For convenience we let

Q(b; c) = Q(b; =5 c; ).

It is not hard to see that (1.7) =>(1.5). For suppose that A
has the u.p. (that is, satisfies (1.7)). Then
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A
- A
A, =
-1

satisfies (1.3). By Theorem 1, the assoclated polyhedron
Pu(bys «eey bys = Bly eeey =B, Cys eeey Cpy = Cl, eee, - cr'l)

has the i.p. But it is easy to see that thls polyhedron is identical with
Q(b; b'; ¢; c'). Therefore the latter has the i.p., so (1.7) == (1.5).
(An alternate proof of this can easlly be constructed using Cramer's Rule.)
Clearly (1.5) == (1.6). Hence 1t only remains to prove that
(1.6) = (1.7). We shall prove1+ this by applying Theorem 1 to the matrix

Al ] .
A
Let d be any (integral) (n+m)-tuple, and let

cUb = (c], cees Cpy b1’ ey bm) .

Then P (c UDb) = Q(b, c).

To verify condition (1.2) for A*, we need to show that P*(d)
has the 1.p. for every d. Condition (1.6) ylelds only the fact that P (d)
hi.s the i.p. for every d such that dI = c. To fill this gap, note that
A has rank n as it contains the n by n identity matrix, and let
F‘;.(d) be any face of P (@). ‘I’};is face contains some minimal face, which
by Lemma 4 can be exprissed as F‘S(d) where S consists of n 1linearly
independent rows of A . By Lemma 3,

Fg(d) = Li(dg) = (x | Sx = dg) .

As S isan n by n matrix of rank n, Fg(d) consists only of a single
point. Call this point x. We shall show that x 1s integral.

Let I1 be the rows of I in S, I2 the rows of I not in S,
A1 the rows of A in S, and A2 the rows of A not in S. We wish to
pick an integral vector g such that

b The authors are indebted to Professor David Gale for this proof, which
is much simpler than the original proof.
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(3.1) x+q2c¢,
(3.2) (x + q)11 = cI1

et g=c¢ - dI' Then q satisfies these requirements, for

if the 1-th row of
X3+ qy di+(ci_d1)=cj_ I is in I1,
otherwise.

n

nw

Define d' =c U (dA + Aq) Then d' 1s integral, and df = ¢, so by
(1.6) the polyhedron P *(d") has the i.p.

Now Fs(d') is not empty because it contains (x + q), as we
may easily verify:

A*(x+q)=I(x+q)UA(x+q)ch(dA+Aq)=d’,

S(x + q) = I1(x+q) UAl(x +q) = cI1 U (dA + A1q) = dé.

Therefore F‘S(d') must contain an integral point. However F‘S(d') can con-
tain only a single point for the same reasons that applied to F‘S(d) Hence
x + q must be that single point, so x + q must itself be integral. As

q is integral, x must be integral also. Thus Fs(d), and a fortiori
FS,(d), contains the integral point x. This verifies condition (1.2)

for A".

By Theorem 1, (1.3) holds for A*- As the rank of A* is n,
ged(S) = |S| = 1 for every set S of n linearly independent rows of A*.
From this we wish to show that A has the u.p. Suppose E 1s any non-
singular square submatrix of A. Let the order of E be s. By choosing
S to consist of the rows of A* which contain E together with the proper
set of (n - s) rows of I, and by rearranging columns, we can easily
insure that

F E

where I 18 the identity matrix of order (n - s), F 1s some s by
(n - s) matrix, and 0 1is the (n - s) by s matrix of zeros. Then
IS| = |E| # 0, so S 1is non-singular. Therefore S consists of n
linearly independent rows, so

|IE|l = |8] = ged(S) =
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This completes the proof of Theorem 2.
4. A THEOREM BY HELLER AND TOMPKINS

In this and the remaining sections we give various sufficient con-
ditions for a matrix to have the unimodular property.

THEOREM 3. (Heller and Tompkins). Let A be an m
by n matrix whose rows can be partitioned into two
disjoint sets, T, and T,, such that A, T, and

T2 have the following properties:
(%.1) every entry in A 1is 0, + 1, or - 1;
(k.2) every column contains at most two non-zero entries;

if a column of A contains two non-zero entries,
(4.3) and both have the same sign, then one is in T,
and one is in T2 ;

if a column of A contains two non-zero entries,
(4.4) and they are of opposite sign, then both are in

’I'1 or both in Ty

Then A has the unimodular property.

This theorem 1is closely related to the central result of the paper
by Heller and Tompkins in this Study. The theorem, as stated above, is
glven an independent proof in an appendix to thelr paper.

COROLLARY.? If A 1is the incidence matrix of the
vertices versus the edges of an ordinary linear graph
G, then in order that A have the unimodular prop-
erty it 1s necessary and sufficient that G have no
loops with an odd number of vertices.

PROOF. To prove the sufficiency, recall the following. The con-
dition that G have no odd loops is well-known to be equivalent to the
property that the vertices of G can be partitioned into two classes so
that each edge of G has one vertex in each class. If we partition the
rows of A correspondingly, it 1s easy to verify the conditions (4.1)-(k.4).
Therefore A has the u.p.

If A has an odd loop, let A' be the submatrix contained in the
rows and columns corresponding to the vertices and edges of the loop. Then

5 The authors are indebted to the referee for this result.
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it is not hard to see that |A'| = + 2. This proves the necessity.

5. A SUFFICIENT CONDITION FOR THE UNIMODULAR PROPERTY

We shall consider oriented graphs. For our purposes an oriented
graph G 1is a graph (a) which has no circular edges, (b) which has at
most one edge between any two given vertices, and (¢) in which each edge
has an orientation. Let V denote the set of vertices of G, and E
the set of edges. If (r, s) is in E (that is, if (r, s) 1s an edge
of G), then we shall call (s; r) an inverse edge. (Note that by (b),
and inverse edge cannot be in E;
thus an inverse edge cannot be an Diagram 1
edge. This slight ambiguity in ter-
minology should cause no confusion.)

We shall often use the phrase direct r r
edge to denote an ordinary edge.

A path 1s a sequence of dils-
tinct vertices r;, ..., Ty, such 2
that for each i, from 1 to k -1,
(rys T4,,) 1s either a direct or an r, r, ry Ty
inverse edge. A path is directed if A+ =)
every edge is oriented forward, that A direct ,

path alternating path

is, if every edge (ry, I'1+1) in the
path is a direct edge. A path is
alternating if successive edges are
oppositely oriented. More precisely,
a path is alternating if 1ts edges are
alternately direct and inverse. An
alternating path may be described as 1777 T3 s
being (++), (+-), (-+), or (--).
The first sign indicates the orienta-
tion of the first edge of the path,
the second sign the orientation of the
last edge of the path. A + 1indicates
a direct edge; a -~ 1indicates an in-
verse edge. A loop is a path which
closes back on itself. More precise-
ly, a loop 1s a sequence of vertices
Pys eees Ty in which r. = T but

1
which are otherwise distinct, and such (,..5u¢ Omﬁtzclit?rgﬂ:igﬁoﬁi’gpge upward)

that for each 1 (ri, ri+1) is either
a direct or an inverse edge. A loop
is alternating if successive edges are

1’2 I'u 1”6

An alternating loop
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oppositely oriented and if the first and last edges are oppositely oriented.
An alternating loop must obviously contain an even number of edges.

A graph is alternating if every loop in it 1s alternating. Let
V= (v, «esy v} be the vertices of G, and let P = (Dys eees pn) be
some set of directed paths in G. Then the incidence matrix A = Haij Il
of G versus P 1is defined by
1 if vy is in pj,
aij =
o 1if vy is not in pj'
We let Av represent the row of A corresponding to the vertex V and
AP represent the column of A corresponding to the path p. We often

p
write &yp instead of aij for the entry common to Av and A*.

THEOREM 4. Suppose G 1s an oriented graph, P is
some set of directed paths in G, and A is the in-
cidence matrix of G versus P. Then for A to have
the unimodular property it is sufficient that G be
alternating. If P consists of the set of all
directed paths of G, then for A to have the uni-
modular property 1t is necessary and sufficient that
G be alternating.

This theorem does not state that every matrix of zeros and ones
with the u.p. can be obtained as the incidence matrix of an alternating
graph versus a set of directed paths. Nor does it give necessary and
sufficient conditions for a matrix of zeros and ones to have the unimodular
property. (Such conditions would be very interesting.) However it does
provide a very general sufficient condition. For example, the coefficient
matrix of the 1 by j transportation problem (or its transpose, depend-
ing on which way you write the matrix) is the incidence matrix of the
alternating graph versus the set of all directed paths. Hence this matrix
has the u.p., from which by Theorem 2
follows the well-known i.p. of
transportation problems and their duals.
The extent to which alternating graphs
can be more general than the graph
shown to the left is a measure of how
general Theorem 4 is.

So that the reader may follow
our arguments more easily, we describe
here what alternating graphs look like.

Diagram 2
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(As loglcally we do not need these facts and as the proofs are tedious, we
omit them.) An integral height function h(v) may be defined in such a
way that (r, s) 1s a direct edge only when (but not necessarily when)
h(r) + 1 = h(s). If we define r < s to mean that there is a directed path
from r to s, then < 1s a partial order. Then (r, s) 1s a direct
edge if and only if both r < s and there is no element t such that
r<tc<s.

PROOF OF NECESSITY. We consider here the case in which P 1is
the set of all directed paths in G, and we prove that for A to have the
u.p. 1t 1s necessary that G be alternating. It 1s easy to verify that
the matrix (shown below) of odd order which has ones down the main diagonal
and sub-diagonal and in the upper right-hand corner, and zeros elsewhere,
has determinant + 2.

We shall show that if G 18 not alternating then it contains this matrix,
perhaps with rows and columns permuted, as a submatrix.

Let ¢ Dbe a non-alternating loop in G. If £ has an odd number
of distinct vertices, consider the rows in A which correspond to these
vertices, and consider the columns in A which correspond to the one-edge
directed paths which correspond to the edges in ¢. The submatrix contain-
ed in these rows and columns 1s clearly the matrix shown above, up to row
and column permutations. Hence in this case A does not have the u.p. If
£ has an even number of distinct vertices, then find in it three successive
vertices r, s, t such that (r, s) and (s, t) are both direct (or both
inverse) edges. (To find r, s, t 1t may be necessary to let s be the
initial-terminal vertex of £, 1in which case r, s, t are successive only
in a cyclic sense.) Consider the rows of A which correspond to all the
vertices of ¢ except s. Consider the columns of A which correspond to
the following directed paths: the two-edge path r, s, t (or t, s, r) and
the one-edge paths using the other edges in (. The submatrix contained in
these rows and columns is the square matrix of odd order shown above, up to
row and column permutations. Hence in this case also A does not have the
u.p. This completes the proof of necessity.
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The proof of the sufficiency condition, when P may be any set
of directed paths in G, occupies the rest of this section. As this
proof is long and complicated, it has been broken up into lemmas.

If Tys o eees T is a loop, then Tis sees Ty Tpy oeees Ty is
called a cyclic permutation of the loop. Clearly a loop 1s alternating if
and only if any cyclic permutation 1s alternating.

LEMMA 6. Suppose A 1s the incidence matrix of an
alternating graph G versus some set of directed
paths P in G. For any submatrix A' of A, there
is an alternating graph G' and a set of directed
paths P' in G' such that A' is the incidence
matrix of G' versus P'.

PROOF. Any submatrix can be obtalned by a sequence of row and
column deletions. Hence it suffices to consider the two cases in which A!
is formed from A by deleting a single column or a single row. If A!
is formed from A by deleting the column Ap, let G' =G, and
P' =P - {p). Then A' 1s clearly the incidence matrix of G' versus P!',
and G' 1s indeed an alternating graph.

Suppose now that A' 1s formed from A by deleting row At
Define

vt =V - {t],

E'=((v, w) [ v, w in V' and either
(v, w) in E or (v, t)
and (t, w) in E) ,
G' = the graph with vertices V' and edges E',

P'=(p-{(t) | p in P} .

Clearly A' 1s the incidence matrix of G' versus P'. We shall prove
(a) that P' 1s a collection of di- Diagram 3

rected paths and (b) that G' 1is X 9/
alternating.

U

The proof of (a) is quite
simple. Suppose vV, w are succes-
sive vertices of p' =p - {t} in
P'. It may or may not happen that p 3
contains t. In elther case, how- Solid edges - G and G'
ever, 1f v, w are successive ver- Dashed edges - G only
tices in p, then (v, w) 1is a Dotted edges - G' only
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direct edge iIn G, so (v, w) 1s a direct edge in G'. If v, w are
not successive vertices in p, then necessarily v, t, w are successive
vertices in p. In this case (v, t) and (t, w) are direct edges in G,
so (v, w) 1s a direct edge in G'.

The proof of (b) 1s more extended. Define

S=1{(s | (s, t) in E)
U={u] (t, u) in E} .

Then each "new" edge in E', that 1s, each edge of E' - E, 1s of the
form (s, u) with s in S and u in U. Let £ be any loop in G'.
If ¢ contains no new edge, then ¢ 1is also a loop in G and hence
alternating. If ¢ contains a new edge, 1t contains at least two ver-
tices of S U U. Hence the vertices of S UU break ¢ up into pleces
which are paths of the form

D=V, Pyy eeey Tps v!

where v and v' are in S UU and the r's are not.

CASE (U, U): both v and v!' belong to U. In thils case
t, v, Ty eess Ty, v', t

1s a loop in G, hence alternating. Therefore p 1is an alternating path.
As (t, v) 1s a direct edge and (v', t) 1s an inverse edge in G, D
must be a (- +) alternating path in G!'.

CASE (8, 8): both v and v' belong to S. In this case dual
argument to the above proves that p must be a (+ -) alternating path
in G'.

CASE (U, 8): v belongs to U and v' belongs to S. In this
case p must be exactly the one-edge path v, v'. For if not, p con-
sists solely of edges in E, so the loop which we may represent symbolically
v', t, p 1is a loop in G. But as (v', t) and (t, v) are both direct
edges in G this loop is not alternating, which is impossible. As (v, v')
1s an inverse edge in G', p 1s a (- -) alternating path in G'.

CASE (S, U): v belongs to S and v' belongs to U. In this
case dual argument to the above proves that p must be exactly the one-
edge path v, v' and hence a (+ +) alternating path in G'.

Using these four cases, we easily see that the pleces of ¢ are
alternating and fit together in such a way that ¢ 1itself 1s alternating -
except for one technical difficulty, namely the requirement that the
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initial and terminal edges of £ must have opposite orientations. How-
ever, if we form a cyclic permutation of ¢ and apply the reasoning above
to this new loop, we obtain the necessary information to complete our proof
that ¢ 1s alternating. This completes the proof of (b) and Lemma 6.

In view of Lemma 6, the sufficiency condition of Theorem % will
be proved if we prove that every square incidence matrix of an alternating
graph versus a set of directed paths has determilnant, 0, + 1, or - 1.

We prove this by a kind of induction on two new variables, c(G) and
d(G), which we shall now define:

c¢(G) = the number of unordered pairs (st} of distinct
vertices of G which satisfy

there is a vertex u such that (s, u)
(5.1) and (t, u) are direct edges of G;
d(G) = the number of unordered pairs ({st) of distinct
vertices of G which satisfy

(5.2) there 1s no directed path from s to t
nor any directed path from t to s.

Though not logically necessary the following information may help
orient the reader to the significance of these two variables. Assume G
is alternating. Then using the partial-order < introduced informally
earlier, d(G) 1s the number of pairs of vertices which are incomparable
under <. Any pair (st) which satisfies (5.1) also satisfies (5.2), so
c(G) g d(G). If c(G) = 0, then each vertex of G has at most one
"predecessor", and G consists of a set of trees, each springing from a
single vertex and oriented outward from that vertex. If d(G) = 0, then
G 1s even more special: it consists of a single directed path.

ILEMMA 7. If G 1is alternating, and (st} satisfies
(5.1), then it also satisfies (5.2). Hence
c(@) g d(a).

PROOF. Let u be a vertex such that (s, u) and (t, u) are
direct edges of G. Suppose there is a directed path

S, Tyy eeey rk, t .

If none of the r's 1is u, then

s, r cees Ty t, u, 8

1?2
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1s a loop, hence alternating. As (t, u) 1s a direct edge, (rk, t) 1is
an inverse edge, so the path 1s not directed, a contradiction. If one of
the r's 1s u, take the plece from u to t. By renaming, we may call
this directed path

Uy Tyy eeey Ty t .

Then

t, u, Tys eeey Tpo t

is a loop, hence alternating. As (t, u) 1s a direct edge, (u, rl) must
be an Inverse edge, so the path is not directed, a contradiction. There-
fore, there can be no directed path from s to t. By symmetrical argu-
ment, there can be no directed path from t to 8. Therefore (st}
satisfies (5.2). It follows trivially that c¢(G) < d(G). This completes
the proof of Lemma 7.

The induction proceeds in a slightly unusual manner. The "in-
itial case" consists of all graphs G for which c¢(G) = 0. The inductive
step consists of showing that the truth of the assertion for a graph G
such that c(G) > 0 follows from the truth of the assertion for a graph
G' for which d(G') < d(G). It is easy to see that by using the induc-
tive step repeatedly, we may reduce to a graph G* for which either
c@”) or a@") is o. But as d(G*) = 0 implies c(G*) = 0 by the
inequality between ¢ and d, we are down to the initial case either way.

We now treat the initial case.

LEMMA 8. Let A Dbe the incidence matrix of an alter-
nating graph G versus some set of directed paths P.
Suppose that P contains as many directed paths as G
contains vertices', so A 1s square. Suppose that
c(@G) = 0. Then |A] =0, + 1, or - 1.

PROOF. If (r, s) 1is a direct edge of G, we call r a
predecessor of s and s a successor of r. The fact that c(G) = 0
means that each vertex of G has at most one predecessor. If V! is a
subset of V, and r 1s in V' but has no predecessor in V', then r
1s called an initial vertex of V!'.

Every non-empty subset V' of V has at least one initial ver-
tex. For if V' has none, then we can form in V' a sequence r, r

0y e
of vertices such that for every 1, r is a predecessor of r,. Let
i+1 1

rj be the first term in the sequence which 1s the same as a vertex picked
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earlier, and let Ty be the earlier name for this vertex. Then Ty,
Ty, qs te0s Py 1s a loop all of whose edges are inverse. As G 1s alter-
nating, this 1is impossible.

Let U(r) = {s | s 1s a successor of r}. Let r, be an in-
itial vertex in V. Recursively, let ry be an initial vertex of
v - [PI’ Thy eees ri_1). Then define matrices B(1) recursively:

B(0) = A,
B(i) = B(1 - 1)

with the row B, (1 - 1) replaced by
i

B, (1 -1)- >  By1-1).
1 s in U(ry)

Let B Dbe the final B(1). We see immediately that |A] = |[B(1)] = ... =
|B]. Thus we only need show that |B| = 0, + 1, or - 1.

We claim that each column BP of B consists of zeros with
either one or two exceptions: 1f w 18 the final vertex of the directed

path p, then b =1, and if v 1s the unique predecessor to the in-
itial vertex of p, then b = - 1. As the initial vertex of p may
have no predecessor at all, the - 1 may not occur.

We shall not prove in detall the assertions of the preceding
paragraph. We content ourselves with consldering the column corresponding
to a fixed path p during the transition from B(i - 1) to B(i). Only
one entry is altered, namely brip(i - 1). There are four possible cases.

CASE (1): neither ry nor any of its successors is in p.

CASE (ii): r; is not in p but one of its successors is in p.
CASE (1i1): both r; and one of its successors is in p.

CASE (iv): r; 1is in p but none of its successors is in p.

At most one successor of a vertex can be in a directed path be-
cause G 1is alternating, so these cases cover every possibllity. In case
(1), the entry we are considering starts as O and ends as 0. In case
(11), it starts as O and ends as - 1. In case (iii), it starts as 1
and ends as 0. In case (iv), it starts as 1 and ends as 1. From these
facts, 1t is not hard to see that B satisfies our assertions.

From our assertions about B 1t 1s trivial to check that B

satisfies the hypotheses of Theorem 3. It 1s only necessary to partition
the rows of B into two classes, one class being empty and the other class
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containing every row. Then by Theorem 3, B has the u.p. Therefore,
|IBl =0, +1, or - 1. As |A] = |B|, this completes the proof of Lemma 8.

We now prove the inductive step.

LEMMA 9. Suppose that A 1s the square incidence matrix
of an alternating graph G versus a set of directed paths
P. Suppose that ¢(G) > 0. Then there is a square matrix
A' such that |A'| = |A| and such that A' 1s the
square incidence matrix of an alternating graph G'

versus a set of directed paths P', where d(G') < d(G).

PROOF. As c¢(G) > 0, G contains a vertex u which has at
least two distinct predecessors, s and t. Define

A' = A with row A, replaced by As + At
Clearly |A'| = |A|. Define

vt =V,

= {(s, w) | (s, w) in E} ,

E, = {({t, w) | (s, w) 1in E} ,

EUVE, U ((s, t)) - Eg ,

G' = the graph with vertices V' and edges E' ,

]
!

=
n

p 1if p does not contain s,
p' =Y p with t 1inserted after s 1if p does
contain s,

P'={(p'|p in P} .

We shall prove (a) that G' 1s alternating, (b) that P' 1s a set of
directed paths of G', (¢) that d(G') < d(G), and (d) that A' is the
incidence matrix of G' versus P'.

Diagram 4

Graph G Graph G'!
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The proof of (b) is simple. If p does not contain s, then
every edge In p' = p 1s in E', so p' 1is a directed path in G'. If
p does contain s, write p thus:

Tys eees Tys S5 Ty gy eoe, rj .
Then p' 1is
Tys cees Tys 8 t, Tig1r oo rj .

Each edge of p except (s, ri+1) is also in E'. Hence to show that p!'
is a directed path in G', we only need show that (s, t) and (t, r1+1)
are in E'. The former is in E' by definition, and the latter is in Et
because (s, r:L+1) must be in E. This proves (b).

To prove (c), let r, and r, be any pair of vertices such that
there 18 a directed path p from one to the other in G. Then p' is a
directed path from one to the other in G'. Hence every palr of vertices
which satisfies (5.2) in G' also satisfies (5.2) in G. Furthermore,
(st} does not satisfy (5.2) in G' because (s, t) is in E', while
(st} does satisfy (5.2) in G by Lemma 7. This proves that d(G') < d(G).

To prove (d), we first show that A' consists entirely of zeros

and ones. The only way in which this could fail to happen is if As and
both contained ones in the same column. But if this were the case,

then the directed path corresponding to this column would contain both s
and t, which cannot happen by Lemma 7. To see that A' 1s the desired
incidence matrix, consider how P! differs from P. Each directed path
which did not contain s remains unchanged; each directed path which did
contain s has t inserted in it. Thus the change from A to A' should
be the following. Each column which has a zero in row As should remain
unchanged; each column which has a one in row As should have the zero in
row A, changed to a one. But adding row As to At accomplishes ex-
actly this. Therefore (d) is true.

The proof of (a) is more complicated.6 Define S' to be the
set of successors of s 1in G which are not also successors of t. Note
that every edge in G' which is not in G terminates either in t, or
in a vertex of S'. Let ¢ be any loop of G'. If £ 1is already a loop
of G, then it is alternating. If not, 1t must contain either the edge
(s, t) or an edge (t, s') with s' in S'. (Of course, £ might con-
tain the inverse of one of these edges instead. If so, reversing the order
of £ brings us to the situation above.) Ignoring trivial loops, that 1is,

6 We are indebted to the referee for this proof, which replaces a con-
siderably more complicated one.
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loops of the form aba (which are alternating trivially), £ must have
the form

str1 cee TS
or
ts‘r1 cee b, with s' in 8'.

The first form is impossible. To prove this, first suppose that no Ty

is in S8' U (u). Then s,utr1 cee TS is a loop of G, hence alternating.
Thus (rk, s) 1s an inverse edge and belongs to both G and G', which
is impossible. Now suppose that some Ty is in S' U (u}, and let rj
be the last such Ty Then SIr: «.. s 1s a loop of G, hence alter-
nating. Hence (rk, s) 1s inverse, which is impossible as before.

We may now assume that £ 1is ts'r1 rkt. No ry cen be s.
Clearly r, cannot be s, and if rj =8, j>1, then ss'r1 rj_1s
is a loop of G, hence alternating, so (rj_1, s) 1s inverse and belongs
to both G and G', which is impossible. Thus Ty, ees, Iy are distinct
from 8. Suppose that Ty is in S'. Then sss'r1 cee TS is a loop of
G, hence alternating. Consequently, so 1s £. Suppose that T, is not
in S' and that no ry is u. Then ss'r1 rktus is a loop of G,
hence alternating. Thus s'r, ... rt 1isa (- -) alternating path in G
and also in G'. Hence £ 1is alternating. Finally, suppose that T, is
not in 3' and that r: 1is wu. Then ss'r,; ... ry_qus and tur'j+1 cee 1)t
are loops of G, hence alternating. Thus s'r, ... r._u is a (- +)
alternating path, and UPg g oo rt is a (- -) alternating path. Fitting
these paoths together and adjoining t at the beginning, we see that £
i1s alternating. This completes the proof of (a), of Lemma 9, and of the

sufficiency condition of Theorem 4.
6. HOW TO RECOGNIZE THE UNIMODULAR PROPERTY

To apply Theorem 3 is easy, although even there one point is
important. To say that A has the unimodular property is the same thing
as to say that AT, the transpose of A, has the unimodular property.
However the hypotheses of Theorem 3 or 4% may quite easily be satisfied for
AT but not for A. Consequently it is desirable to examine both A and
Ar'[| when using these theorems.

To apply Theorem 4 1s not so easy: how shall we recognize whether
matrix A (or matrix AT) is the incidence matrix of an alternating graph
versus some set of directed paths? We point out that in actual applications
the graph G generally lies close at hand. For example, it was pointed
out in Sectlon 5 that the coefficient matrix A of the 1 by Jj trans-
portation problem is the incidence matrix of the alternating graph shown
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in Diagram 2 (at the beginning of Section 5) versus all its directed paths.
This graph is no strange object - it portrays the i "producing points",
the j "consuming points", and the transportation routes between them.

In a glven linear programming problem there will often be one
(or several) graphs which are naturally associated with the coefficient
matrix. Whenever the problem can be stated in terms of producers, con-
sumers, and intermediate handlers, this is the case. It may well be possible
in this situation to identify the matrix as a suitable incidence matrix.

However it 1is still useful to have criteria available which can
be applied directly to the matrix A and which guarantee that A can be
obtained as a suitable incidence matrix. The two followlng theorems give
such conditions. Each corresponds to a very special case of Theorem k4.
Theorem 5, historically, derives from the integrality of transportation-
type problems, and finds application in [2]; Theorem 6 from the integrality
of certain caterer-type problems (see [1]).

We shall write Ay 2 Aj to indicate that row Ay 1s component-
wilse > row Aj'

THEOREM 5. Suppose A 1s a matrix of O's and 1's,
and suppose that the rows of A can be partitioned
into two disjoint classes vV, and V, with this
property: if A:L and Aj are blc:th in V1 or both in
V2, and if there is a column A" 1in which both Ai
and A. have a 1, then either Ai < A; or A‘.L gAj.

J
Then A has the unimodular property.

This theorem corresponds to a generalized transportation situa-
tion, in which each upper vertex of the transportation graph has attached
an outward flowing tree and each lower vertex has attached an inward flow-
ing tree. Only directed paths which have at least one vertex in the or-
iginal transportation graph can be represented as columns of the matrix A.

PROOF. Briefly the proof is this: Let vertices vy In V
correspond to the rows A; of A. Define a partial-order < on the
vertices:

Vi S V5 if Ay in V, and Aj in V,
or Ai’ Aj in V1 and Ai Aj
or Ai’ Aj in V2 and Ai Aj'

[AVRRTN

Let G be the graph naturally associated with this partially-ordered set.
We leave to the reader verification of the fact that G is alternating,
and that the columns of A represent directed paths in P.
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Say that two column vectors of the same size consisting of 0's
and 1's are in accord if the portions of them between (in the inclusive
sense) thelr lowest common 1 and the lower of their highest separate 1's
are ldentical.

THEOREM 6. Suppose A 1is a matrix of O's and 1's,
and suppose that.the rows of A can be rearranged in
such a way that every pair of columns 1s in accord.
Then A has the unimodular property.

This theorem corresponds to a situation in which ¢(G) = 0, that
i1s, every vertex has at most one predecessor (or to the dual situation in
which every vertex has at most one successor). The columns of A may
represent any directed paths in the graph.

PROOF. Let vertices vy in V correspond to the rows Ai in
A. Assume that the rows are already arranged as described above. Define
E as follows:

(vy) vj) is in E kif 1 > j and if there is a
column A" of A such that ayy and
ajk are both 1 while all intervening
entries are O's.

Let G be the graph with vertices V and edges E. We leave to the read-
er verification of the fact that G 1s an alternating graph in which every
vertex has at most one successor, and that the columns of A represent
directed paths in G.
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Chapter 4

Outline of an Algorithm for Integer Solutions to
Linear Programs and
An Algorithm for the Mixed Integer Problem

Ralph E. Gomory

Introduction by Ralph E. Gomory

Later in 1957, as the end of my three-year tour of duty in the Navy was approach-
ing, Princeton invited me to return as Higgins Lecturer in Mathematics. I had been
a Williams undergraduate and a then a graduate student at Cambridge and Princeton
while getting my Ph.D. I had published 4 papers in non-linear differential equations,
a subject to which I had been introduced by two wonderful people whose support
and encouragement made an unforgettable and wonderful difference in my life: Pro-
fessor Donald Richmond of Williams College and Professor Solomon Lefschetz of
Princeton.

Because of my interest in applied work I had planned to look for an industrial
position rather than an academic one on leaving the Navy, but I decided instead
to accept this attractive offer and spend a year or two at Princeton before going
on. When I returned to Princeton late in the fall of 1957, I got to know Professor
A. W. Tucker, then the department head, who was the organizer and prime mover
of a group interested in game theory and related topics. This group included Harold
Kuhn and Martin (E. M. L.) Beale.

As the Navy had kept me on as a consultant I continued to work on Navy prob-
lems through monthly trips to Washington. On one of these trips a group presented
a linear programming model of a Navy Task Force. One of the presenters remarked
that it would be nice to have whole number answers as 1.3 aircraft carriers, for
example, was not directly usable.

I thought about his remark and determined to try inventing a method that would
produce integer results. I saw the problem as clearly important, indivisibilities are
everywhere, but I also thought it should be possible. My view of linear programming
was that it was the study of systems of linear inequalities and that it was closely anal-
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Alfred P. Sloan Foundation, New York, USA
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ogous to studying systems of linear equations. Systems of linear equations could be
solved in integers (Diophantine equations), so why not systems of linear inequali-
ties? Returning to the office I shared with Bob Gunning (later Dean of the Faculty
at Princeton), I set to work and spent about a week of continuous thought trying to
combine methods for linear Diophantine equations with linear programming. This
produced nothing but a large number of partly worked out numerical examples and
a huge amount of waste paper.

Late in the afternoon of the eighth day of this I had run out of ideas. Yet I still
believed that, if I had to, in one-way or another, I would always be able to get at an
integer answer to any particular numerical example. At that point I said to myself,
suppose you really had to solve some particular problem and get the answer by any
means, what would be the first thing that you would do? The immediate answer was
that as a first step I would solve the linear programming (maximization) problem
and, if the answer turned out to be 7.14, then I would at least know that the integer
maximum could not be more than 7. No sooner had I made this obvious remark to
myself than I felt a sudden tingling in two of my left toes, and realized that I had just
done something different, and something that certainly was not a part of classical
Diophantine analysis.

How exactly had I managed to conclude, almost without thought, that, if the LP
answer was 7.14, the integer answer was at most 7?7 As I was working with equa-
tions having integer coefficients and only integer variables, it did not take long to
conclude that the reasoning consisted of two simple steps. First that the objective
function was maximal on the linear programming problem and therefore as large or
larger than it could ever be on the integer problem. Second that the objective func-
tion was an integer linear form and therefore had to produce integer results for any
integer values of the variables, including the unknown integer answer. Therefore the
objective function had to be an integer less than 7.14. Clearly then it was legitimate
to add an additional constraint that confined the objective function to be less than
or equal to 7. I thought of this as “pushing in” the objective function. It was also
immediately clear to me that there would always be many other integer forms max-
imal at that vertex in addition to the given objective function and that they could be
“pushed in” too.

Greatly excited I set to work and within a few days had discovered how to gener-
ate maximal integer forms easily from the rows of the transformed simplex matrix.
It became clear rapidly that any entry in a given row of the tableau could be changed
by an integer amount while remaining an integer form, that these changes could be
used to create a form that was maximal, as that simply meant that all the row entries
had to become negative (in the sign convention I was then using). It also was clear
that, once an entry became negative, it strengthened the new inequality if the entry
was as small as possible in absolute value; so all coefficients were best reduced to
their negative fractional parts. This was the origin of the “fractional cut.”

Within a very few days, I had worked out a complete method using the fractional
cuts. I thought of this method as the “The Method of Integer Forms.” With it I was
steadily solving by hand one small numerical example after another and getting the
right answer. However, I had no proof of finiteness. I also observed that the fractional
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rows I was creating seemed to have a lot of special properties, all of which were
explained later in terms of the factor group.

Just at this time I ran into Martin Beale in the hall. He was looking for a speaker
for the seminar we had on game theory and linear programming. I said I would be
glad to give a talk on solving linear programs in integers. Martin said “but that’s
impossible.” That was my first indication that others had thought about the problem.
During the exciting weeks that followed, I finally worked out a finiteness proof and
then programmed the algorithm on the E101, a pin board computer that was busy
during the day but that I could use after midnight. The E101 had only about 100
characters of memory and the board held only 120 instructions at one time, so that I
had to change boards after each simplex maximization cycle and put in a new board
that generated the cut, and then put the old board back to re-maximize. It was also
hard work to get the simplex method down to 120 E101 instructions. But the results
were better and more reliable than my hand calculations, and I was able to steadily
and rapidly produce solutions to four- and five-variable problems.

During these weeks I learned that others had thought about the problem and that
George Dantzig had worked on the traveling salesman problem and had applied spe-
cial handmade cuts to that problem. Professor Tucker, who was enormously helpful
to me during my entire stay at Princeton, gave me the time he had for himself on
the program of a mathematical society meeting. There early in 1958 I made the first
public presentation of the cutting plane algorithm. This produced a great deal of
reaction, many people wrote to me, and Rand Corporation invited me to come out
to California for the summer.

In the summer of 1958 I flew west to Los Angeles, where Rand was located, car-
rying the first edition of the manual for Fortran, then a brand new language. I spent
one month at Rand and succeeded in producing a working Fortran version of the
algorithm for the IBM 704. During my stay at Rand, I renewed my acquaintance of
graduate student days with Lloyd Shapley and with Herb Scarf and met for the first
time George Dantzig, Dick Bellman, and Phil Wolfe. Phil, already well known for
his work on quadratic programming, generously took on the assignment of orienting
me during my visit at Rand. He helped me in every conceivable way.

The Fortran program seemed to be debugged about two days before I left Rand
so I was able to do larger examples. Larger meant something like ten to fifteen vari-
ables. Most of these problems ran quickly, but one went on and on and producing
reams of printout but never reaching a final answer. I thought at the time that per-
haps there were still bugs left in the program, but in fact it was the first hint of the
computational problems that lay ahead.

It seems likely that it was during that summer that I worked out the mixed integer
method, which I never sent in to a journal but appeared later as a Rand report. At the
time I regarded it as a pretty straightforward extension of the original cutting plane
method. Having done so many hand problems I was aware that, despite its obvious
strengths in some of its computational detail it lacked some attractive properties
of the all integer calculation. However at this late date I am quite reconciled to
the mixed integer cut by (1) its computational success in a world of larges scale
computing and (2) a rather recent result in which I have shown that it provides the
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only facet for the one dimensional corner polyhedron problem that is a facet both
for the continuous and for the integer variables case. This finally locates the mixed
cutting plane in its proper theoretical setting.
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The following article originally appeared as:

R.E. Gomory, Outline of an Algorithm for Integer Solutions to Linear Programs,
Bulletin Of the American Mathematical Society 64 (1958) 275-278.

Copyright (©) 1958 The American Mathematical Society.
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RESEARCH ANNOUNCEMENTS

The purpose of this department is to provide early announcement of significant
new results, with some indications of proof. Although ordinarily a research announce-
ment should be a brief summary of a paper to be published in full elsewhere, papers
giving complete proofs of results of exceptional interest are also solicited.

OUTLINE OF AN ALGORITHM FOR INTEGER
SOLUTIONS TO LINEAR PROGRAMS

BY RALPH E. GOMORY!
Communicated by A. W. Tucker, May 3, 1958

The problem of obtaining the best integer solution to a linear pro-
gram comes up in several contexts. The connection with combina-
torial problems is given by Dantzig in [1], the connection with prob-
lems involving economies of scale is given by Markowitz and Manne
[3] in a paper which also contains an interesting example of the effect
of discrete variables on a scheduling problem. Also Dreyfus [4] has
discussed the role played by the requirement of discreteness of vari-
ables in limiting the range of problems amenable to linear program-
ming techniques.

It is the purpose of this note to outline a finite algorithm for ob-
taining integer solutions to linear programs. The algorithm has been
programmed .successfully on an E101 computer and used to run off
the integer solution to small (seven or less variables) linear programs
completely automatically.

The algorithm closely resembles the procedures already used by
Dantzig, Fulkerson and Johnson [2], and Markowitz and Manne [3]
to obtain solutions to discrete variable programming problems. Their
procedure is essentially this. Given the linear program, first maximize
the objective function using the simplex method, then examine the
solution. If the solution is not in integers, ingenuity is used to formu-
late a new constraint that can be shown to be satisfied by the still
unknown integer solution but not by the noninteger solution already
attained. This additional constraint is added to the original ones, the
solution already attained becomes nonfeasible, and a new maximum
satisfying the new constraint is sought. This process is repeated until
an integer maximum is obtained, or until some argument shows that
a nearby integer point is optimal. What has been needed to transform
this procedure into an algorithm is a systematic method for generating

1 This work has been supported in part by the Princeton-IBM Mathematics Re-
search Project.
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the new constraints. A proof that the method will give the integer
solution in a finite number of steps is also important. This note will
describe an automatic method of generating new constraints. The
proof of the finiteness of the process will be given separately.

Let us suppose that the original inequalities of the linear program
have been replaced by equalities in nonnegative variables, so that the
problem is to find nonnegative integers, w, %1, - * * , Xm, £1, * * *, In,
satisfying

w = ag0+ ao,1(—1) + * * dGon(—1n),
a0 + a1,1(—t) - -+ a1,a(—1ta),

X1

(1

f;':m OmoF @mai(—21) * * * Gma(—1n)

such that w is maximal. Using the method of pivot choice given by
the simplex (or dual simplex) method, successive pivots result in
leading the above array into the standard simplex form,

w = a0 + a01(—t) - -+ ao.a(—1n),

' ] ’ ’

X1 = @, + . o - " -1
(2) .1 1,0 a1 ( n);
Tn=Omot o ama(—t)

where the primed variables are a rearrangement of the original vari-
ables and the aq,; and a}, are nonnegative. From this array the sim-
plex solution ¢/ =0, x{ =a;,, is read out.

An additional constraint can now be formulated. The constraint
which will be generated is not unique, but is one of a large class that
can be produced by a more systematic version of the following pro-
cedure.

If the a}, are not all integers, select some %, with @, noninteger,
and introduce the new variable

i=n

3) s1= = fioo = 2 fioi(—1))

where fi ,=aj ;—ni; with n, the largest integer =<ay,. This new
equation is added to the Equations (2), obtaining a new set which
will be referred to as (2*). A feasible solution to (2*) is a vector,
w, x{, "+, X, t{, -+, ta, 51 of nonnegative components. The
values of x{, -+ -, X, ¢/, - - -, t« determine the s; value through
(3), so there is a natural correspondence between a solution
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%, ) Xy b, -+, ta of (2) and the (not necessarily feasible)
solution that these values determine for (2*). Clearly any feasible
solution to (2*) determines a feasible solution to the equatlons (2)
simply by dropping the s;.

It should be noted that if fi,0 is #0, then there is at least one
fi,.i 70, with 750, otherwise the equation

7 [} i 7 7
Tip = Gig0 + Z aio.i(—ti)
=1
can have no solution in integers, and the program has no integer
solution.

Since the simplex solution to (2), ¢/ =0, x{ =a{, determines,
through Equation (3), a negative value, —f;,,o for 51, the correspond-
ing solution to (2*) is not feasible, i.e. the new restraint cuts off the
old maximum. However, any nonnegative inieger solution to (2) does
give rise to a nonnegative integer solution to the equations (2*).

To see this suppose w”’, x{’, - - -, x,,,,t « ¢+, ta'! is any solution
in nonnegative integers to (2). The s{ determmed is

= = fn = 2 i =1

j=1

= "inyo + Z "’ioJ( t.f) - ato 0= Z aiu.J( t )

j=1

which using (2) becomes s{’ =nj o+ D 1y nl,,(—t{') —xi!. Since the
4,5 the ¢/’ and the x; are all integers, the s/’ determined is also an
integer. Furthermore, since the f;, and the ¢/’ are all nonnegative,
(3) shows that s{’ is = —f o> —1. Since s/’ is an integer, this shows
it must be nonnegative.

This reasoning establishes a one-one correspondence between non-
negative integer solutions w’’, x{’, - - -, %5, ¢{', -+ + , tx' to (2) and
the corresponding nonnegative integer solutions w”, x{’, - - -, xl,
W, - 8, si to (2*). Since the w value is the same for both solu-
tions, the problem of maximizing w over nonnegative integer solu-
tions to (2) can be replaced by the problem of maximizing w over
the nonnegative integer solutions to (2*). The solution to the original
problem is obtained by dropping the s;.

The procedure now is to maximize w over the solutions to (2*).
This is done using the dual simplex method because all the a} s and
aio are already nonnegative, and —f;,o is the only negative entry
in the zero column of the equations (2*). This fact usually makes
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remaximization quite rapid. The process is then repeated if the new
simplex maximum is noninteger.

Of course the Equations (2*) involve one more equation than the
Equations (2), and an equation is added after each remaximization.
However, the total number need never exceed m-+#%-+2. For if an
s-variable, added earlier in the computation reappears among the
variables on the left hand side of the equations after some remaxi-
mization, the equation involving it can simply be dropped, as the
only equations that need be satisfied are the original ones. This limits
the total number of s-variables to #--1 or less.

It should be noted that even the process just described involves an
element of choice, any of the rows ¢ of (2) with a,0 noninteger might
be chosen to generate the new relation. Some choices are better than
others. A good rule of thumb based on the idea of “cutting” as deeply
as possible with the new relation, and borne out by limited computa-
tional experience, is to choose the row with the largest fractional
part fi,0 in the zero column.

The class of possible additional constraints is not limited to those
produced by the method described here since it is easily seen that
some simple operations on and between rows preserve the properties
needed in the additional relations. These operations can be used to
produce systematically a family of additional relations from which a
particularly effective cut or cuts can be selected. A discussion of this
class of possible additional constraints together with a rule of choice
of row which can be shown to bring the process to an end in a finite
number of steps—thus providing a finite algorithm—require some
space and will be given as part of a more complete treatment in
another place.
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SUMMARY

An algorithm is given for the numerical solution of the
"mixed integer" linear programming problem, the problem of
maximizing & linear form in finitely many variables constrained
both by linear inequalities and the requirement that a proper
subset of the variables assume only integral values. The
algorithm is an extension of the cutting plane technlque for

the solution of the "pure integer" problem.
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AN ALGORITHM FOR THE MIXED INTEGER PROBLEM

The problem discussed here is an integer programming
problem, i.e., the problem of maximizing

=N
2=285,0 % 2 3,505

subject to the inequalities

J=n

(1) Jil 2 yty <2

i,o

and subject to the additlonal condition that some specified
subcollection of the variables appearing above should be
integers.

If the inequalities above are changed into equations in
nonnegative variables by the addition of m "slack" variables,
and the whole set 1is enlarged to form a set in which all the
variables are expressed in terms of the independent or '"nonbasic"

ones, we have

J=n
z=a, + Jil a,,5(=ty)
sy =a; o+ 2 ai,J(_tJ) 1=1, «v., m
ty = —1(-t,) j=1, ..., n.
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For the sake of a more uniform notation we will rewrite this as

=n
(2) Xy = ai,o + Jil a1’J(~tJ) 1 =0, ..., min,

where the X, now are all the variables and the ai,J are all
the coefficlents.

The usual1 linear programming problem 1s solved by apply-—
ing G. B. Dantzig's simplex method. In this method a series

' "changes of basis,"

of "pivot steps," "Gaussilan eliminations,"
or "changes to different sets of nonbasic variables" bring the
equations (2) into a form in which, denoting the new coeffi-

clents in the equations by primes,

>0 1i=1, ..., min
and

(11) a

0,3 J =1, ..., n.

v
©

obtailned by putting all the nonbasic variables equal to zero,
the values that result for all the varlables are nonnegative.
The second condition makes certain that the objective function

is in fact maximal when the variables are glven the values they

The usual method terminates when conditions (1i) first
hold. It 1s necessary here that the pivoting continue until
all columns J > O become lexicographically positive. The
procedure for doing this is described in [1].

The first condition is the condition that in the "trial solution"

attain in this trial solution. The solution obtained is of course
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Xy =a 1i=0, ..., min.

This solutlon may very well not satisfy the integer requirement;
i.e., some Xy that 1s required to be an integer 1s assigned the
noninteger value ai)o.

If this occurs we will be able to deduce a new inequality
that will be satisfied by any integer solution, i.e., by any
solution having integers where they are required, but will not
be satisfied by the current trial solution.

Then, Just as in (1] and [2], this new inequality will
be added to the original set of inequalities, and the new set
then remaximized by the simplex method. This remaximization
1is usually quite rapid,as adding the new inequality maintains
dual feasibility and introduces just the one unsatisfied
inequality.

If the new maximum solution still contains integer vari-
ables which are assigned noninteger values the process is
repeated.

To deduce this new inequality we make use of the equation

1 1
(3) Xy =2y o+ b2 ai,J(_tJ)
'
where the Xy 1s an integer variable, gy o 1s noninteger, and
2
'

the tJ are the current set of nonbasic varlables. Since ay o

3

is noninteger 1t can be written uniquely as the sum of an

1 ' 1
integer ni,0 and a fractional part fi,o’ 0 < fi,o < 1.
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We now lmagine that we have an integer solution to the
1) 1]
problem and use Xy tJ to denote the values given to the vari-

ables in (3) by this solution. Hence

] ' 1 ]
Xy =8y o+ s ai,J(—tJ)

and using & & b to mean a and b differ by an integer (equiv—
1]

' 1
alence modulo 1), we have, since Xy = 0 and ai,o = fi,o’

(%) Sa, t,=f

We will group the constants on the left in (4) according
to thelr sign. Let s* be the set of indices J for which ai 3 20,
’
1]
and §~ the set for which ay 4 < O. 'Then
2
1

! 1 ] !
(5) Jis* 8y 4ty + JES— ay 4ty =Ly o

There are now two possibilities to conslder. The expres—
silon on the left 1s eilther (1) nonnegative or (11) negative.

Case gil. Since the left side 1s nonnegative and equiv—
alent to fo, its value can only be fé, or 1 + f;, or 2 + f;, ete.

Hence

! ' 1 ] ] ' '
f < = a t, + 2 a t, < Z a ty.
1,0 = J€S+ 1,373 J€S— 1,373 = JES+ 1,37)
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Case (ii). If the right-hand side 1s negative and equiv—

alent to fi,o

it can only be fo -1, fo — 2, etc. So in every

case

1 1 1 1 '
f -1> 3 a, ,t, + 2 _a, ,t, > & _a
1,0 J€S+ 1:J J JES 1)J J - JES i,J

' '
or, multiplying by — fi o/1 - fi 0?
3 k]

]
£ o8 & —22 (- J)tj .
’ JeS 1 - fi ° 4
3

Now either (1) holds or (i11) holds so always

1 1 1 1,0 ' 1
(6) fi,o < J}és'*' ai,JtJ + .jis_ 1———_—;;-_—— (-ai,J)tJ’
,0

since the right side 1s the sum of two nonnegative numbers,
1

1,0°

This inequality then 1s satisfled by any integer solution

one of which 1s > f

but not by the present trial solution, since substituting
tJ = 0 for all J into (6) makes the right—hand side O.
Of course the inequality (6) can be rewritten as an equation

by introducing a nonnegative slack s. Then (6) becomes

£

' ' i,o !
s=—f, — 3 _a, (=t,)— % _ —=2%  (-a;, )(~t,).
i,0 JeS+ i, J jeS 1 —-f 1,0 J

1,0
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In obtaining (6) we have used only the fact that X, was
required to be an integer. If some of the nonbaslc variables

t, are also integer variables, the inequality (6) can be

1iproved in a manner entirely analogous to the reduction

that 1s always possible in the strictly integer problem. The
improvement will take the form of a decrease in the coefficients
on the right in the resulting inequality (6). It 1s clear that
for fixed fi,o the smaller these coefficients, the stronger

the inequality.

Let us suppose then that some tJo is requir?d to be
integer an? hence 1s assigned an integer value tJo in (5).
Changing ai,do by an integer amount then changes the left
side of (5) by an integer, and hence preserves the equivalence.
Thus we may replace ai’Jo by any new value a* = ai’Jo and
proceed Just as before to deduce an inequality like (6).

If a* > 0, the coefficient of t in the resulting in—

* * Jo ' ' *
equality is simply a . If a 1s < 0, 1t 1s —f, o/(1 -f, o)a .
] E
Among a* > 0, a* = fi the fractional partl of ai clearly
- ’JO JJO

gilves the smallest coefficlent to t in the resulting in—

J
[}
equality. (This may even be 0.) Among a* < 0, the smallest

coefficlent is obtained from a* = fi 3= 1, and 1s
3
o

by !
(7) 2 (1o ).
1ot 2o
_—

By the fractional part of both positive and negative
numbers ay 3 we will mean the nonnegative fraction fi 3 < 1 such
k] 2
t! = .
hat ai,J ni,J + fi,J with ni,J integer
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To obtain the smallest possible coefficient we choose the
1
smaller of f1 3 and (7) which, because an expression of the
2
[}
form x/1 — x increases monotonically with x is seen to be

ir

1 1]
£ £
o 1,5 ST

1,3 o

and
!

‘1,0 <1 £ ) if . !
-1, 1, 3, 1,3, 7 to,0°
El

It follows that the strongest inequality 1s obtained by
a simple two—stage process. (1) Flirst replace coefficients
of integer variables by thelr fractional parts 1f these are
i,o’ or by the fractional parts less 1 if they are
greater than fj'.,o' (11) Then deduce the inequality (6) as

less than [

before. The final result obtalned from the equation

'
Xy =ay o+ b ai,J(—tJ)
by this procedure is the inequality represented by the equation
*
= -—f — —
(8) s 1,0 = T3 5(=ty)

where the f: 3? all nonnegative, are given by the followlng
2

formulae:
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1
if ay 3 2> 0 and tJ noninteger variable
2

1
___L_T—— (—ai J) if a; 4, < 0 and t, noninteger variable
L ’

& 1- fi o
1,3 % < ' ' '

fi,J ir fi,J S'fi,o and tJ integer variable

]
f 1
—1:0 _ (e/ 1) 1f £, . >f., and t, integer variable
1 - fi 1, 1,3 i,0 J
3

Equation (8) 1s then added and the problem i1s remaximized.

It seems sensible to use the dual simplex method at this point
1]

as all the a, .5 J 2 1, are nonnegative, and there is only one

negative element, —f in the O-column.

1,0’
If the dual simplex method 1s applied, the O—column is
decreased lexlcographically at the next step, and furthermore,
denoting by double primes the coefficients after the next
pivot step and by Jo the column in which the pivot step takes

place, we have

1
3,0 < M0 ey, >0
(9)

1
ai’o > +1 if ai,Jo <O

where n 18 the integer part of a ’
1,0 1,0

that of the row figuring in equations (3) through (8).

the index 1 in (9) is
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This means that after the next pivot step the value as—
signed to Xy by the new trial solution 1s either > the next
highest integer, or < the next lowest integer.

To see this we consider the mechanism of the dual simplex
method. The dual simplex method willl pick a pivot in the new
row represented by (8). If the pivot element 1is chosen in
this row and in the JO column then the formula for the a:,o
that results after a pivot step 1s

1
" , f1,0%1,4,
8,0 = 8,0~ T :
Yo
Now the formulas for fi,J show that if ai’Jo 1s positive

and t, noninteger we have

Jo
f' 1
1 " ' i,oai,Jo '
(10) a1,0 = ai,o - "";T“'_'" = n1,0 *
1,4
If a' 1s negative and t noninteger we have
1,4, Jo
l 1
" 1 o i J
(11) ai,o = '
__a
i ]
= a1,o - fi,o +1 = ni,o +1.
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To cover the cases when tJ is an integer variable we
o
need only remember that in thils case the f; ] 1s deduced by
E

o
a two—stage process, part (ii) of which is ‘exactly the same as
M when t is noninteger.
iijo Jo
Consequently if part (1) leaves ay 4 unchanged, either (10)

B

the process used to deduce the f

1
or (11) holds just as above. Part (i) will have ay, g un—
El
changed only if either

] 1
24,5 = T1,y
or

1) 1] ' 1 1]
ai,J < 0, ai,J = fi,J -1, and fi,J > fi,o

Otherwise part (1) makes a change which results in a
strictly smaller final f; 3 So in these cases we have the
3

strict inequalities
n if a’ 0
< i,0 ,JO >

n

ai,o >

'
if a .
1,0 +1 1'Jo <O

The remaining possibility, ai 3= 0, can not occur because
3

!
84,g, = O tmplies f:,.jo =0and 80 fy ; can not be the pivot
element. Thus (9) holds in all cases.
Now (9) is exactly the property required for a finiteness
proof—i.e., a proof that the solution is attained in a finite

number of steps—provided that the objective function z 1s one

of the integer variables. To see this we arrange the original
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equations so that the integer variables on the left in (2)
are the first rows following the objective function z. (This
means that they rank higher lexicographically in the dual
simplex method.) Given property (9), the reasoning in the
first finitness proof in [1] (pp. 33-35) now goes through
unchanged. Of course one must stop now on attaining the
required integer values in the O-column, as an all-integer

matrix 1s not generally obtained.
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Chapter 5

An Automatic Method for Solving Discrete
Programming Problems

Ailsa H. Land and Alison G. Doig

Introduction by Ailsa H. Land and Alison G. Doig

In the late 1950s there was a group of teachers and research assistants at the
London School of Economics interested in linear programming and its extensions,
in particular Helen Makower, George Morton, Ailsa Land and Alison Doig. We had
considered the ‘Laundry Van Problem’ until we discovered that it was known as the
Traveling Salesman Problem, and had looked at aircraft timetabling, until quickly
realizing that even the planning for the Scottish sector was beyond our capability!
Alison Doig (now Harcourt) had studied the paper trim problem for her Masters
project in Melbourne before coming to England.

At the same time, British Petroleum was developing linear programming mod-
els for their refinery operations. They had ambitions to extend the model to deal
also with the planning of world movement of oil from source to refinery, but knew
that the capacity restrictions on the ships and storage tanks introduced discrete vari-
ables into their models. BP contracted with LSE to pay the salaries of Alison Doig
and Ailsa Land for one year to investigate the possibility of incorporating discrete
variables into linear programming models.

We rapidly decided that the oil transport model was much too big to tackle un-
til we had a working method to handle discrete variables. We easily found papers
with smaller examples, ones with known optimal solutions, to use for testing pur-
poses [1]. We are pretty sure that we got the approval of BP for this switch of
attention. At the time, BP did not want their sponsorship acknowledged for any
publication we might make on discrete variables. We suppose they did not want
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to alert competitors to their interest in the area, but we assume this prohibition no
longer applies!

We were very well aware that the solution of this type of problem required elec-
tronic computation, but unfortunately LSE at that time did not have any access to
such a facility. However, we had no doubt that using the same approach to comput-
ing could be achieved, if rather painfully, on desk computers, which were plentifully
available. We became quite skilful at doing vector operations by multiplying with
the left hand, and adding and subtracting with the right hand on another machine!
Storage of bases and intermediate results did not present a limitation since it was
all simply recorded on paper and kept in a folder. Hence we found it efficient to
pursue each branch of our tree until its bound was no longer the best bound. To that
extent our implementation was not exactly as we would later come to code it on a
computer. It was efficient to make an estimate on the next bound in each direction
of a branch before putting it aside for possible later development.

As well as solving the original zero-one model from the Markowitz and Manne
paper, we felt we had also to publish one for which the solution was not already
known. Hence we solved also an ‘any integer’ model using the same data set. We
did not initially think of the method as ‘branch and bound’, but rather in the ‘ge-
ometrical’ interpretation of exploring the convex feasible region defined by the LP
constraints. We are not sure if ‘branch and bound’ was already in the literature, but,
if so, it had not occurred to us to use that name. We remember Steven Vajda telling
us that he had met some French people solving ILPs by ‘Lawndwa’, and realising
that they were applying a French pronunciation to ‘Land-Doig’, so we don’t think
they knew of it as branch and bound either. Much later someone wrote a paper about
‘shoulder branch and bound’ (no reference, we are afraid), which in fact was what
we were doing by not leaving a node of the tree without bounding it on the upper
and lower direction of the current integer variable. This, of course, isn’t much help
in the zero-one ILP, but we were very much thinking of the ‘any-integer’ discrete
variable problem.

The paper we submitted to Econometrica described the thinking that led to our
development of the algorithm, but much clearer expositions of Branch and Bound
have been published since then and we wouldn’t recommend the paper to students
for learning the algorithm!
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ECONOMETRICA

VoLUME 28 July, 1960 NUMBER 3

AN AUTOMATIC METHOD OF SOLVING DISCRETE
PROGRAMMING PROBLEMS

By A. H. LAaND AND A. G. Dol

In the classical linear programming problem the behaviour of continuous,
nonnegative variables subject to a system of linear inequalities is investigated.
One possible generalization of this problem is to relax the continuity condi-
tion on the variables. This paper presents a simple numerical algorithm for
the solution of programming problems in which some or all of the variables
can take only discrete values. The algorithm requires no special techniques
beyond those used in ordinary linear programming, and lends itself to
automatic computing. Its use is illustrated on two numerical examples.

1. INTRODUCTION

THERE 1s A growing literature [1, 3, 5, 6] about optimization problems
which could be formulated as linear programming problems with additional
constraints that some or all of the variables may take only integral values.
This form of linear programming arises whenever there are indivisibilities.
It is not meaningful, for instance, to schedule 3—7/10 flights between two
cities, or to undertake only 1/4 of the necessary setting up operation for
running a job through a machine shop. Yet it is basic to linear programming
that the variables are free to take on any positive value,! and this sort
of answer is very likely to turn up.

In some cases, notably those which can be expressed as transport prob-
lems, the linear programming solution will itself yield discrete values of
the variables. In other cases the percentage change in the maximand? from
common sense rounding of the variables is sufficiently small to be neglected.
But there remain many problems where the discrete variable constraints
are significant and costly.

Until recently there was no general automatic routine for solving such
problems, as opposed to procedures for proving the optimality of conjec-
tured solutions, and the work reported here is intended to fill the gap.
About the time of its completion an alternative method was proposed by
Gomory [5] and subsequently extended by Beale [1]. Gomory’s method

1 Or more generally, any value within a bounded interval.
2 We shall speak throughout of maximisation, but of course an exactly analogous
argument applies to minimisation.
497
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is based on the systematic addition of new constraints which are satisfied
by a discrete variable solution but not by a continuous variable solution.
At present, the published results apply only to problems in which all the
variables are discrete, but a generalisation to the mixed case (i.e., in which
not all the variables are required to be discrete) is known to exist. The
mixed problem has been solved by Beale using a method in which the dis-
crete variables appear as the parameters of a subsidiary linear programme
which is expressed entirely in terms of continuous variables; the parameters
of this continuous problem are themselves required to satisfy a pure dis-
crete problem for which Gomory’s technique may be employed. The method
described here applies also to the mixed problem and although we have in
fact worked only on a desk computer, we have borne in mind throughout
that the algorithm should be susceptible to programming on an electronic
computer. It is not suggested that this method should supersede successful
ad hoc methods for particular problems. It may, in fact, be chiefly useful for
testing the validity of proposed ad hoc methods for new problems.

FiGure 1

2. FORMULATION
The discrete programming problem can be expressed as follows:
Maximize
(1 cdx+iy=y,
subject to the constraints
@ Ax + Ay <0,
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(3) % is a column vector with nonnegative integral components
(4) y >0,

where y, the maximand, is a scalar, b is a column vector of m rows, ¢ and x
are column vectors of #; rows, ¢ and y are column vectors of (#—mn;) rows,
A is a matrix of order m X m;, and 4 is a matrix of order m X (n—mn).
A feasible solution of the problem is one which satisfies (2), (3), and (4).

A two variable linear programming problem without discrete variable
constraints is illustrated in Figure 1 where it can be seen that the functional
(represented by the family of parallel lines) reaches its maximum at (xg, xg).
The discrete variable constraints limit the set of feasible solutions to points
within the original set for which both coordinates are integers; in Figure 2

)

| el ]
o~y

2 s & )\ Ny
4 A A4 B \K1=52 (3)
SOLUTION

1 \ & o 4 ¥,(2)

0 1 2 3 4
FIGURE 2

(3]

6 X1

the complete set of feasible solutions to the discrete programming problem
consists of the eleven points which have been circled. It is easy to see in this
two dimensional case that the maximum solution is %1 = 2, 2 = 3. The
procedure for arriving at this conclusion could be described as “pushing
down the functional line until it meets an integral point.”” The algorithm
to be described here is the generalisation of this procedure to many dimen-
sions.

3. DESCRIPTION OF THE METHOD

As the set of feasible solutions to the discrete variable problem is not
convex, any method which examines merely the immediate neighbourhood
of a proposed solution can prove the existence only of a local optimum.
The method used here makes systematic parallel shifts in the functional
hyperplane in the direction of a reduction of the maximand, until a point
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within the ordinary linear programming set is found which has integral
coordinates in the specified (¥ variable) dimensions. This is obvious in
principle but cannot be so readily done in practice as one does not have
the faculty of ‘“‘seeing” a hyperplane in n-dimensional space in order to
determine if it contains a point whose x coordinates are all integers. Numeri-
cal methods can only examine one point at a time. Rules must therefore
be devised to switch attention from one region of the falling functional
hyperplane to another to ensure that no integer point has been passed.

In other words an upper bound to the functional y9, is first obtained by
solving the ordinary linear programming problem without the discrete
variable constraints, and then successively more restrictive upper bounds,
y1, 2, . .., p¥, are found. If the upper bound of the functional at any stage
is p¥, then it has been proved that there is no discrete variable solution
with a higher value of the maximand than y*.

Consider the convex set of solutions of an ordinary linear programming
problem, such as might be represented for a two-dimensional case by Figure 2.
Any feasible value of the maximand, say y¥, is uniquely associated with a
definite position of the functional hyperplane which in general cuts through
the #n-dimensional convex set, and in the special case of the optimum value
just touches the convex set. The intersection of the hyperplane with the

X1

*3
FiGure 3
original convex set is itself a convex set of #—1 dimensions. For example,
Figure 3 represents such an intersection with a three-dimensional set.
The points #1, %2, and x3 are the intercepts of the hyperplane on the 3
axes respectively and the shaded area represents the convex set which
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lies within the constraints of the ordinary linear programming problem.
In such an (n—1)-dimensional set there would be a minimum and a
maximum value for each variable as shown in Figure 4.

FIGURE 4

If y¥ = 99, i.e., if the functional hyperplane is that associated with the
optimum solution of the ordinary linear programming problem, this convex
set would normally consist of a single point (unless there were multiple
optimum solutions). It is still true to say, however, that for every value
of the maximand (position of the functional hyperplane) there is a minimum
and a maximum value (which may coincide) for each x variable, consistent
with the ordinary linear programming constraints.

Knowing for a particular value of y the minimum and maximum value
for each variable one knows also whether there is a possible integer value
of each variable for that position of the hyperplane. If there is not at least
one possible integer value for every x-variable, then one can say immediately
that there is no solution to the problem at that value of the maximand.
Unfortunately the converse is not true. The fact that each x variable takes
an integer value at some point or points within the set is not a sufficient
condition for there being an nmfersection of these integral coordinates
within the set, and hence a feasible solution.

Since there is a unique minimum and maximum value for any variable
% at a particular value of y, it follows that one can define two functional
relationships, min x; and max xi, between %, and the falling functional
hyperplane (value of p). The connection between these two functions and
the fundamental problem may be demonstrated by means of the following
system of inequalities:

(1) cx +éy—y=0,
%) Ax + Ay <b,
(3" x>0,
(4) y >0,

>




114

Ailsa H. Land and Alison G. Doig

502 A. H. LAND AND A. G. DOIG

This system defines a convex polyhedral set in (» -+ 1)-dimensional
space and since the plane projection of a convex set is convex, the pro-
jection of this set onto the (xk, y) plane will yield a convex polygon whose
upper (lower) boundary is a concave (convex) function of the abscissa. One
such polygon is shown in Figure 5.

zso

%,.(2)

5 ()
Uk(a) /

min X

x—>

N

0 1 2 | 3 b x>
XK

FIGURE 5

The value »° which y takes at the highest point of the polygon is the maxi-
mum value y can take subject to the given inequality system. This is equi-
valent to saying that y? is the optimal value of the functional y in a linear
programming problem with constraints (2), (3'), and (4). Further, x; takes
the value xj in this solution (if xx were not in the optimum basis, the peak
of the polygon would lie on the y axis). The boundary of the polygon
consists of the functions® min %, and max x;. These functions could be
calculated by solving the two families of linear programming problems
defined by (1°), (2), (3'), (4), and (5) with functionals “‘minimize x;”’ and

8 In a minimization problem, we are interested in the Jower boundary of the polygon;
if all coefficients of 4, 4 and b are nonnegative, the point (#2, ) is at infinity and
the polygon is unbounded; in this case, the functions min #; and max ¥ are mono-
tonic,
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“maximize xg,” for all possible values of y using straightforward parametric
linear programming [4, 7, 8]. A two-dimensional polygon of this type
could be determined for every x variable of the original discrete problem.

In Figure 5, x?; lies between the values 2 and 3. If min xf and max xx
are traced out by reducing y from ¢° until an integer value of xj is first
encountered on each, the two values yx(2) and y(3) on Figure 5 are obtained.
This is equivalent to examining the path traced out by two specific corners
of the intersection of the functional hyperplane with the convex set of feasible
solutions when that hyperplane is systematically pushed back from its
maximum position, y°. It may be said of y(2) that it is an upper bound on
the maximand since at no higher value of y can % take an integer value.

The solution of the discrete programming problem will be developed
by the systematic use of this argument. For convenience of exposition, we
define a set of subsidiary problems, P(f), as follows:

P(f): Maximize y subject to constraints (2), (3’), and (4) above, and the
additional constraints that § of the x variables be nonnegative integers
(j = 0:112: ey nl)-

Let S; be the set of all feasible solutions to problems of type P(j) and let
S be the set of nonfeasible solutions to any problem of type P(j). The
particular problem in which, for example, xz and x4 are constrained to be
nonnegative integers, will be written P(2; 2,4). and the set of its feasible
solutions is written S3(2,4). In this notation, the required solution is the
element of S, for which y is maximized. The y value of this solution is
bounded above by the maximum value of y over the set S, _; which is
itself bounded by the maximum value of y over Sy _,, etc. The ultimate
upper bound reached in this manner is ? ,the maximum value of y over Sp.

The solution will be constructed in the form of a tree graph whose
vertices are elements either of one of the sets Sy, 1 = 0,1,2, ..., #, or of
the set S. The steps of this construction are:

Step 0. The first vertex of the tree is the optimum solution of P(0),

which is now given the label 0. If this solution also satisfies P(#,), it is the
required solution.

Step 1. If 0 is not the required solution then, according to the rules given

below, an arc is drawn to each of two points in Sy (or, possibly, in S). y is

evaluated at these points if they are in S;, but the y value of a point in § -

need never be calculated.

Step 2. If vertices 99, y1, 92, ..., y¥-1, have already been labelled, the -
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highest (according to the value of y) unlabelled vertex not in S is given
the label y%.

Step 3. The final solution has been reached when for the first time a
labelled vertex is an element of S, ; this occurs as soon as all the x variables
of a solution are nonnegative integers. If y* is not such a solution, suppose
it to be an element of S;. A new arc is drawn originating at the (labelled)
vertex immediately above y* (this is not necessarily y*-1) and terminating
at a point in the same subset of solutions (Sj;) as ¥* or in S. If this new
vertex is in Sy, its y value is necessarily less than or equal to y*.

Step 4. Two arcs are drawn from y* to points in Sj or in S. Again, if
these points are in Sj41, their y values are less than or equal to y*. The
last two steps add three new arcs and vertices to the tree. Return to Step 2.

The labelled vertices form a sequence of nonincreasing upper bounds on
the y value of the final solution. In addition, the y value of an unlabelled
vertex of a set S; cannot exceed that of a labelled vertex and therefore,
at the time that it is labelled, y* is the greatest current upper bound on the
optimal value of y. Thus, provided the method used to add arcs and ver-
tices to the graph covers all possibilities, the algorithm must lead to the
optimum solution of P(n;), provided such a solution exists.

Rules for adding arcs and vertices. At Step 0, the tree consists of the single
labelled vertex y° which is an element of Sp.

The decision is now made that x,, which is in the basis at 9, is to be
constrained to nonnegative inte§ral values, i.e., attention is focused on
the problem P(1;7). Let x, = x7 at yo. The functions min %, and max x,
are traced as far as the points ([x‘,)], yrm) and ([x?} + 1, yrm) respectively,
where:

[xg] is the greatest integer less than or equal to %,

Yrm is the maximum value of y subject to P(0) and the condition

Xy = [x(,)], and

yry is the maximum value of y subject to P(0) and the condition

xr =[] + 1.

The vertices yrm and ypry, if they exist, are elements of S;. It is seen,
however, that both of them may be evaluated by solving a standard
linear programming problem in (# — 1) variables. If one of these problems,
say ‘‘maximize p, subject to P(0) and to %, = [xg]” is not feasible, yrm
does not exist and a vertex is added to S instead. This implies that S; does
not contain an element for which x, = [xg], which in turn implies that only
values of x, which satisfy x, > [x‘,’] + 1 need be considered in developing
the tree. If neither y,m nor y,u exist, x, cannot be constrained to an integral
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value and the problem possesses no feasible solution. We have now added
the two arcs and vertices of Step 1.

From Step 2, y! = max (Yrm, yru). In calculating y,m and yrm, we have
in effect examined every value of y between »° and y1, and have shown
that p1 is the maximum value of y which is compatible with an integral
value of x,. Suppose xr = v at y1. This equation is added to the problem as
a new constraint which applies to any branch of the tree which can be
traced back to yl. The variable #, is dropped from the calculations, thus
reducing the dimensions of the set of solutions being explored to (n — 1),
and each boundary value d; is reduced by an amount ;. This new con-
straint is certainly valid with respect to solutions of P(1; #) over the range
of values of y for which the only permissible integer value of x, is v. The
upper end of this range is y! and, since the upper boundary of the polygon
of Figure 5 is a concave function of the abscissa, the lower end must be
one of yr(v — 1) and yr(v + 1). The larger of these two is the second best
solution of P(1; 7).4 One of the neighbouring values is already known (it
is min (yrm, ¥rm)) and an upper bound to the other can be found by extra-
polating the appropriate function of x,.5 If this upper bound exceeds the
other neighbouring value, the corresponding y value should be determined
exactly. The arc and vertex of Step 3 have now been added to the tree.

To illustrate the argument, consider the two-dimensional problem shown
in Figure 2.

Step 0. The solution at 4 provides the first vertex of the tree, 0.

Step 1. The variable x; is selected and the points B (2 =2, y = yam =
y2(2)) and C (x2 = 3, y = yam = y2(3)) are determined.

Step 2. y1 = yap for which v = 3.

Step 3. 91 is not the final solution. Since x2 = 4 lies entirely outside the
convex set Sp, y2(4) is in S. The only possible integral value of % for all
values of y satisfying y2(2) < y < 92(3) is x2 = 3; this constraint is valid
for the line segment CD which is a one-dimensional subset of the set of
feasible solutions to P(0).

4 Should it happen that, for example, y,(v — 1) = 1, y,(v — 2) must be determined,
and this step down of the integral argument of y, is continued until a value of
yr(v—w), (1 < w < v), is strictly less than 1, or until a minimum integral value of
%r consistent with the ordinary linear programming constraints is reached. A parallel
calculation will be needed for each integer value of #, for which y.(%,) = p.

5 This procedure is used to calculate y for #; = 0 in Appendix 1.
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Step 4. x1 is now constrained to integral values. One of the new vertices
(y1m) is in Sp and the otherisin S.

Step 2. y2 = yim > yam .

Step 3. y? is an element of Sg; therefore the point E, corresponding to y2
is the required solution. At this point , #; = 2, %3 = 3.

Clearly at any stage of the solution, the only x variables which may
be violating the discrete constraints are those in the current basis. There-
fore, byEsuccessively constraining each such variable in the manner describ-
ed above, either a feasible solution of P(n;) will be found or else it will be
shown that no such solution exists.

In the general case, the first upper bound on the functional, 99, is the
optimum solution to P(0). The second upper bound is y! < 99; y! is the

. optimum solution to P(1; 7). This second upper bound could have been

sharpened by finding the optimum solution to all problems of type P(1)
and selecting the leas? of these as y1. Just as in the simplex method, however,
it is not normally useful to determine which basis change yields the greatest
increase in the functional, in this analysis it is usually more economical of
computing effort to trace the min and max functions of one variable only
at each stage. The criteria for selecting the appropriate variable are dis-
cussed in the appendices.

If y1 is not a solution to P(n1), a new x variable is chosen from those
in the basis at y1. Step 4 consists of tracing the max and min functions
of this variable to the nearest integer values respectively above and below
its value at 1. This adds two new vertices to the tree, and, from Step 2,
»2 is the maximum value of y taken over these and the neighbouring values
yr(v — 1) and yp(v 4+ 1) of p1. The whole argument can now be repeated
with y2 replacing 91 as the current upper bound on the optimal value of
». By continuing this process, a tree is formed each of whose vertices repre-
sents a known set of integer constraints (y!, for example, represents x, = v).
A branch terminates if it reaches a vertex in S. Ultimately, either all branches
have terminated in S and the problem has no feasible solution, or else a ver-
tex, yf say, is reached for which all x variables are nonnegative integers.
In principle, appropriate constraints are now applied to any x variable
which has not yet been constrained at an integral value, and a vertex p¥
in Sy, is reached which has the same y value as the labelled vertex y7.
Since the labelled vertices are upper bounds on the functional, y¥ must
be the required optimal solution.

In practical terms, one would not necessarily stop a block of computa-
tions in the middle once the upper bound of y with the current set of in-
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tegral constraints had been proved to be lower than some value of y which
is still possible with a different set of constraints, since it may later be
necessary to return to that branch. So long as a discrete solution when
found is checked to determine that the upper bound of y on every branch
of the computation is at least as low as the solution value, the algorithm
must yield the maximum solution. In automatic computation, where there
is the problem of storing the bases associated with each branch of the
tree, the best procedure may be to carry each branch in turn down to some
predetermined “cut off”” value of y. Since in many discrete programming
problems, it is easy to find a “good” as opposed to an optimum solution,
there should be no difficulty in selecting a cut off value sufficiently low
to ensure that the tree extends as far as a solution, and hence that the
optimum solution has not been excluded from the tree. The cut off value
can be raised during the course of the calculation as soon as better discrete
solutions are found. Alternatively, if a high cut off value were chosen, the
output of the computer could include sufficient information on each branch
to enable the calculation to be restarted if no discrete solution were reached
above that value.

4. NUMERICAL EXAMPLE

Toillustrate the preceding sections, consider the following problem: ¢

Maximize
(1) y=cx+7y
subject to
(2) b= Px +Qy,
(3) % to be a vector of nonnegative integers,
(3’) x 2 0 i
4 y =0,
where:
¥y =[ % % x3 1 N Y2 Y3 Ya ]
109 3.6 —40.8 : 439 7.1 1 0| [823]
PQ =|-—86.8 327 243 138 —126 0 1 b=|T773
| 609 689 69.0 {—569 225 0 0 | [86.5 ]
¢ =1[ 779 768 896 : 971 313 0 0]

8 Two possible computational routines, one based on the solution of many simple
linear programmes and the other on parametric linear programming are given in
Appendix 1.
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The tree corresponding to the sequence of the calculationsis given in Figure 6.

Step 0. The solution to the problem defined by (1), (2), (3') and (4) is

5°-= 1165-5060

5! [-1051-8952 X121
- D I
\— X3=5not
feasible
52 | =990-6382 _€x3=4
5 |=981-6023 SOLUTION
B L L) Lo S L L B— I
Xz =0
¥
decreasing
X3=3
¥ =840-8229
x= 0, §=822-8457
X1=2
§=770-6983 O

FIGURE 6
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used as a starting point to the solution of the complete problem. In this
solution

y = 0 = 1165.5060 .7

Step 1. The upper bound of y and the current solution at the start of this

step are
y° = 1165.5060
x = 1.4960
X3 = 5.0210
y1 =  6.1697.

As x; is furthest from an integer value, find the first integer value on the
two functions min x; and max x;.

1.1. Min %;. As y decreases the first integer value of x; which is encounter-
edisx; = 1 at y = 1051.8952.
1.2. Max #;. The first integer encountered is x; = 2 at y = 770.6983.

Step 2. The greater of these two is y = 1051.8952 at x; = 1, and this is
given the label 1. To complete this stage it is necessary to know the values
of y for the integers on either side of the one which is to be pursued.®
Therefore:

Step 3. Min x; is continued as far as its second integer value, %1 = 0,
at y = 822.8457.

These three values for y are recorded in a list of values of y which will be
pursued in their order of magnitude from the highest down. Thus, at the
beginning of each Step 2, one value will be taken from the list and at the
end of Steps 3 and 4, three (lower) values will have been added to it. The
computation is complete when all y values remaining on the list are lower
than a y value associated with an integer solution. At this stage, the listis:

y obtained in step
1051.8952 yt 1
770.6983 1
822.8457 3

7 For ease of presentation, the results have been rounded to four decimal places.

8 In a larger problem, where several branches have to be pursued, it may be necessary
to continue the min or max functions further. E.g., if x; = 2, y = 770.6983 had to
be picked up and explored (there being no integer solution for y > 770.6983), it would
be necessary to compute y for x; = 3.
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The highest value is 1051.8952 which has therefore been labelled y! (Step 2).
The solution and constraints at this point are:

Constraints: %
Solution: y1
X1
X3
Y1
Ve

1.
1051.8952 ,
1,
4.4089 ,
5.4838 ,
1.4851 .

Step 4. 4.1. Min x3. At x5 = 4, y = 990.6382.
4.2. Max x3. The first integer encountered is x3 = 4 at y = 803.4034.9

The list of y values is now:

14
1051.8952
770.6983
822.8457
990.6382

obtained in step
7t 1

1
3
4

Step 2. The highest unlabelled value is 990.6382, which therefore be-

comes y2,

Step 3. Carry min x3 one step further. At x5 = 3, y < 840. 8229 10 The

solution and constraints are now:

Constraints: %1
Solution: y2
X1
X2
X3
Y1
Y2

Step 4. 4.1. Min x3. At 23 =

I

Il

], X3 = 4.

990.6382 ,
l B
0.2768 ,
4,
5.1513,
1.0507 .

0, y = 981.6023.
4.2. Max xp. This is a falling function. I.e., 2 = 1 is not feasible,
and another point is added to S. Hence we have a solution at:

9 This apparently anomalous result arises because max x3 is a falling function of y.
It implies that the point for which #; = 1, #3 = 5 lies in S since the problem with
these constraints added is infeasible. It also implies that no feasible solution can be
found in which #; = 1, 3 = 4 and yp is less than 803.4034.

10 This is an upper bound to the branch value of ¥ which has been obtained by
ignoring the fact that ys would be negative at this pomt. The true branch value cannot
exceed 840.8229, but it will be determined exactly only if the branch becomes active.
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y = 981.6023
X1 = 1
X2 = 0
X3 = 4
y1 = 5.0702
ye = 1.6930.

As this value of y is higher than any remaining on the list, this is the op-
timum solution.

APPENDIX 1

COMPUTATIONAL METHOD

The starting point for both methods described in this appendix is the solution of
the linear programming problem described by (1), (2), (3’) and (4) of Section 4, here-
after referred to as the initial problem. The integer restrictions (3) must now be con-
sidered. Since the two-dimensional set enclosed by min x; and max xy in the (¥z, y)-
plane is convex it follows that the first points for which y must be determined are
the integers on either side of the (nonintegral) value of one of the x variables. In
principle, the routine will terminate irrespective of the x variable selected. But the
limited experience afforded by the solution of two moderate size problems (Appendix 2)
suggests that the criterion for selecting #, has a considerable effect on the amount of
computation needed. At first, #, was chosen so as to maximize the decrease in y at
each step, which meant that the max and min functions had to be traced out for every
# variable which was still nonintegral. As the calculations proceeded, it appeared that
a more economical criterion (from the computational viewpoint) at each step would
be to select the » variable which was furthest from an integer, and this rule was used in
the remainder of the work. Another criterion which, however, has not been tested
chooses the largest # variable with the object of making the sum of the constraints
as large as possible. In some sense it must be true to say that the greater the sum
of the constrained variables at any stage the more restricted is the remaining linear
programming problem, and therefore the easier it is to solve.

In the example worked p was determined for the points:

1. intersection of min #; with #; = 1; and
2. intersection of max #; with #; = 2.

Method 1. These two values of y are found by solving the two linear programmes
obtained by adding each of the above integral constraints in turn to the initial problem.

Additional constraint y
%=1 1051.8952
% =2 770.6983 .

The remaining points on the tree of Figure 6 can be found similarly. In all, the
nine linear programmes which have to be solved are:

1. Constraints (2), (3') and (4) 0
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2. Constraints (2), (3') and (4) and #; = 1 7
3. Constraints (2), (3") and (4) and »; = 2
4. Constraints (2), (3') and (4) and #; = 0
5. Constraints (2), (3') and (4) and #; = 1, x3 = 4 »?
6. Constraints (2), (3’) and (4) and #; = 1, 3 = 5 (not feasible) §
7. Constraints (2), (3') and (4) and #, = 1, 73 = 3
8. Constraints (2), (3') and (4) and #, = 1, #3 = 4, 3 = 0 SOLUTION
9. Constraints (2), (3') and (4) and #, = 1, #3 = 4, x2 = 1 (not feasible) §

The result for programme 6 indicates that max x3 (with x; = 1) is a falling function
of y. The intersection of max xs with ¥3 = 4 lies on the lower boundary of the (7—2)-
dimensional set of feasible solutions for which #; = 1, 3 = 4. It is represented by the
point (4, yu) in Figure 7. Since y cannot be lowered below this unknown value y,,

1052 §!

991

Su

X
4 44089

FI1GURE 7

whilst still keeping #3 fixed at 4, the point 1 = 1, ¥3 = 4, y = y, cannot be used as a
starting point for exploration. Thus the fact that this method does not evaluate y, is
irrelevant?l,

This method has the advantage that it uses only existing standard linear program-
ming routines. If the time required to reach a solution is of paramount importance, e.g.,
for regular computer work or in desk computations, this method is slower than that
based on parametric linear programming which is described in Method 2, below.

Method 2. The functional hyperplane is introduced as an additional (variable)
constraint. This adds an extra row and column to the inverse basis, the entries in
which can be easily deduced from the corresponding inverse basis in the initial problem.
In the latter, let the first tableau be written in the form:

11 If this value were desired, it could be obtained by minimizing y subject to the
the restrictions (2), (3') and (4) and the imposed constraints ; = 1, #3 = 4.
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A B Inm b
(A1)
c, c} o' cp =0
functional row 4 B *

where Iy is the m X m unit matrix, 4 is a possible basis, and, allowing for the appro-
priate reordering of the columns:

4 B P Q

’

cy cp c

o]

If the entire matrix (A.1) is premultiplied by

v | 011 r A-1 0
[c; —1 ] T | s —1 ]
the result is: inverse
basis
Im A-1B A-1 A
(A.2)
0’ c4A-1B—cy| A1 41
functional row

When y is added as a constraint, the basis corresponding to 4 for the enlarged pro-
blem is:

with inverse:

A-1 ': 0
a3 | =]

A unit column, with unit entry in the functional row is inserted in (A.1) between the
inverse basis and the b column. The functional row now will have the form of the
new constraint if the entry ¢, is put equal to the current value of y, i.e., if 4 is the
current basis for the initial problem, ¢, = cyA-1b.

The convex set of feasible solutions to the initial problem is governed by the struc-
ture of the first m rows of (A.1). In the enlarged problem, the augmented matrix (A.1)
plays the same role, and the result of multiplying this by (A.3) is:
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inverse basis

In A-1B A1 0 A-1

(A4)
0 | cs—ta1B | —4a1 1 0

Provided that 4 yielded a feasible solution to the initial problem, (A.4) represents
a feasible solution to the enlarged problem for which as yet no functional has been
specified. In particular, if 4 is an optimal basis for the initial problem, the entries
in the bottom row of (A.4) which, with the exception of the elements in the last
column of the inverse basis and in the b column, are obtained by multiplying the
functional row of (A.2) by —1, are all nonpositive.

Throughout the calculation it is necessary to compute only the inverse basis and
those rows of the rest of the tableau associated with the variable going out of the
basis and with the » variable for which the functions min # and max # are currently
being computed. In the larger problems summarised in Appendix 2, this represents a
great economy over working with the whole tableau.

In the numerical example, the inverse basis and & column of (A.4) at the end of the
solution of the initial problem are:

I, P I3 I, b
X1 0.0125 —0.0038 0.0088 0 1.4960
1 0.0401 0.0174 0.0176 0 6.1697
X3 0.0220 0.0177 0.0213 0 5.0210
I4 —6.8468 —2.9781 —4.2983 1 0

Columns I; and Ip of the inverse basis correspond to the real variables ys and ys,
respectively, and at a later stage may enter the basis at a positive level. The remaining
two columns correspond to disposal variables on equality constraints and therefore
may appear in the basis only at zero level.

The next steps in the calculations consist of tracing the functions min # and max »
by means of parametric programming.

Min . In the enlarged problem, let the functional be #; and let the aim be to
minimize this functional. The #; row becomes the functional row and the condition for a
minimum will be satisfied if all the relevant elements in this row are negative. It can
be seen that this requirement does not apply to columns I3 and I4 neither of which is
a possible candidate for coming into the basis. The entire x; row!? is calculated by
premultiplying the matrix

2
0’ 5'

12 Note that elements outside the inverse basis are not required to a very high
degree of accuracy—only sufficient to enable a clear choice of a new basic variable
to be made by the ratio rule given below. The only exception is the column correspond-
ing to the new vector to be brought in when a change of basis has to be made, all the
elements of which must be calculated to the same degree of accuracy as the inverse.
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by the #1 row vector of the inverse

[0.0125 —0.0038 0.0088 0]
to give
2 % %3 91 Y2 ys(=I)  ya(=Is)
[ 0.524 0 0 0.334 0.0125 —0.0038] .

Not all the entries are negative, so a basis change is required. The variable which is
to go out of the basis is I4, the elements of which are!3

%1 %3 X3 y1 Y2 Vs Va

[0 —3414 0 0 —176.5 —6.8468 —2.9781].
The variable chosen to come in is ys since this ensures that all elements in the new
#1 row except the I4 column are negative.14 When this change has been made, the I,
column and the b column are: ’

I b
£ 0.0044 1.4960
Y1 0.0060 6.1697
X3 0.0054 5.0210
y2 |—0.0131 0

If now y is decreased by d units, the elements b; of the b column will alter according
to the rule,

by = by —dly i=12...,4),
and, in particular
#1 = 1.4960 — d(0.0044) .

Therefore the value y;(1) of ¢ for which the line #; = 1 intersects the function min #,,
cannot exceed
0.4960

1165 — dmin = 1165 — ——— — 1051.8052 .
165 — dmi 0.0044

If any of the other variables should become negative for some value of d smaller
than dmin, a change of basis will be required. The variable which is brought in as the
result of a change of this type is chosen so as to maintain the optimal character of
the functional row by a rule of the same nature as that described in the footnote. From
the convexity of the set in Figure 5, such a change reduces the gradient of min #; as a
function of y and y1(1) would then be less than 1051.8952.

The remaining elements of the inverse basis and the b column need be calculated
only if it becomes necessary actually to carry out the change of basis concerned.

If the entry in the I4 column and #; row had been negative, this would have demon-
strated the impossibility of reducing #; as a function of falling y and would mean that
the constraint #; = 1 was not feasible.

13 From the solution to the initial problem.

14 The variable chosen is the one for which —#;y/I4; reaches its maximum value.
Similarly, if max #; were under consideration, the choice would be governed by the
maximum value of #1;/145.
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A similar method is used to determine the value of y for the max »; function. The
value of y corresponding to 1 = 0 has also to be determined. An upper bound to it
can be obtained from the min #; calculation:

1.4960
1165.5060 — ——— = 822.8457 .
0 0.0044

Since neither y; nor x3 has decreased to zero for this value of y, this is exactly the
value of y for which x; = 0.

y1is selected as the starting point for Step 4 and the complete inverse basis and &
column for y = p! = 1051.8952 are worked out. An extra constraint, x; — F = 1,
where F is a disposal variable which must always be zero, is now added to the pro-
gramme. Theoretically this adds a row (F) and a column (I5) to the inverse basis. The
variable F (which is at present in the basis) plays the same role at this stage of the
calculations as I4 did in the previous stage. It can easily be shown that apart from
the column I the elements in the F row of the inverse basis are exactly the same as
the elements of the x; row and therefore as soon as any basis change is made, the
elements of the x; row in columns I; to I4 vanish. It is now impossible for any basis
change to affect the x; row and hence both it and the column 75 may be dropped from
the basis. The #; column in the main part of the tableau may also be deleted, since
x1 is now constrained to be equal to one.

In the succeeding steps of the calculation, the same method is employed to trace
out the functions min » and max #, care being taken always to work down from the
greatest value of y which is still compatible with the constraints so far imposed.
In the small numerical example, the solution was found without having to examine
more than one branch of the tree, but in general this will not occur nor, of course, is
there any guarantee that a solution exists.

Towards the end of a calculation following the second method, it may be helpful
to use the first method to investigate some of the branches.The value of the first
method is most apparent when the integral constraints have reduced the entries in
the b column so much that a solution can almost be found by inspection.

Although the dual method for adding constraints used by Markowitz and Manne [6]
can be adapted to the requirements of this algorithm, it appears to involve more work
than the parametric method described above.

APPENDIX 2

The methods described in this paper have been tried out on the data published by
Markowitz and Manne [6] as a hypothetical production problem. The problem they
solved is:

Maximize ¢'x = y,
subject to Ax < b,
¥y =0orl,

where 4 is a 6 X 21 matrix of technical coefficients, all of which are positive integers
ranging from 3 to 99.
An alternative problem restricts the variables only to being nonnegative integers:

x; = any nonnegative integer.
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‘““ANY INTEGER’’ PROBLEM

We have solved both problems, but have chosen to present only the second in any
detail since it is the more general problem. The main description of the calculations is
the “‘tree” figure (Figure 8, p. 518), the text being in the nature of an annotation to
the tree.

The solution of the primary problem is:

Maximize ¢'x = yp,
subject to 4» < b,

x>0,
y° = 643.99,15
X = 1.77,
X111 = 2.54 )
X112 = 1.04 »
X13 = 2.06 N
X5 = 0.97.

It will be seen that x;; is the value furthest from an integer. In fact the min and max
functions were computed for all 5 variables and x1; provided the least upper bound.
Thus in this case the a priori selection of #1; as the variable to be considered would
have given the same result as considering all variables. This is not always the case,
however, and on the figure some p’s will be found marked with an asterisk showing
that in the following step the » variable is not the one which would have been chosen
following the “furthest from an integer’’ rule. During the later calculations this rule
was followed, and the min and max functions were not obtained for every x» variable.
The calculations followed the procedure described as Method 2 in Appendix 1 except
that where the b values had been reduced so much that only a few integer solutions
were possible (i.e., when the sum of the constraints reached 5, 6 or 7) Method 1 was
tried. Since, in general, Method 1 discovers an interior point of the convex set enclosed
by the min and max functions, successively higher integer values of the x» variable
being examined must be explored until an integer is reached for which the constraints
are no longer feasible. These nonfeasible branches are omitted from Figure 8. The
other branches for which Method 1 was used are marked M.1. and for these the high-
est integer solution compatible with the constraints has been determined and is
shown. The y values on the other branches are upper bounds on the value of the
functional, obtained by Method 2.16
Two optimum solutions were discovered at y = 594. These are:

1st solution 2nd solution
1 = X5
1 = X@
X8 = 2
2 = X11 = 1
1 = X2 = 2
2 = X133 = 1
1 = 215 = 1
X20 = 1

15 Results have been rounded to two decimal places.

16 There may be other nonfeasible constraints for which an upper bound is shown.
This merely means that the Method 2 calculation has not been taken far enough to
show up the infeasibility.
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It will be seen from the tree that the solution of the problem involved 37 steps
(apart from the primary solution). This involved exploring 74 7 X 7 inverse bases, in
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25 of which only the y column was needed, and using Method 1 39 times, including 19
times in which the constraints were not feasible.

““0 OR 1"’ PROBLEM

The primary problem in this case was:
Maxc's =y,
subject to Ax < b,
0<s<1.
Dantzig’s method for bounded variables [2] was used so that here again the inverse
bases were of order 7 X 7. The primary solution is

» = 594.40,
X5 = 0.69 »
Xe = 1 »
Xy = 1 y
Xg = 0.29 N
rm = 1,
%2 = 1,
%3 = 1,
X115 = 0.94 ’
X200 = 0.96 .

It will be noted that even in the primary solution there are 5 variables already at
the level one, and it remains true throughout the calculation that at each y value there
are not only variables which are constrained to be equal to zero or one, but also
others which are at the value one because of the constraints #; < 1. This has the un-
fortunate result that Method 1 cannot be used even when there are seven variables
at the unit level, since they are not constrained to be equal to one, and therefore
cannot be subtracted from the b column. Indeed at one point when approaching an
integer solution at y = 538 (the optimum being y = 540) every unused x» variable
had to be successively constrained to be equal to zero before the upper bound of y
on that branch could be pushed below 540. This is not quite so disastrous as it sounds
since in this situation one simply explored a series of bases with only two variables
other than slack variables.

~ ~
~ u “

¢ \é‘b -\—;,: 5 -\-Q
% % % 2 % R
x5=0 X8=0 X"=0 x12=0 x13=0
FIGURE 9

In summary there were 53 steps in this calculation. The total number of different
bases was 165 in which 2 had 6 slack variables, 42 had 5, 63 had 4, 41 had 3, 15 had 2,
and 2 had only 1. In 42 of the bases only the y column was computed.
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It appears to us almost certain that a different criterion for selecting the x variable
at each step would have considerably reduced this work. In particular it appears
that one should select not merely the greatest noninteger variable but the greatest
unconstrained variable. In the problem starting with bounded variables, in other
words, one would start by selecting (arbitrarily) xe, #s, %11, #12, or #13 and investigate
the effect of reducing it to zero. The other side of the fork would be constraining it to
be equal to unity, and hence would not reduce y at all. The start of the tree, therefore,
would appear as:

The testing of this hypothesis, however, will be postponed until it is programmed for
an electronic computer.

Acknowledgement. We wish to thank Mr. Neil Swan for his valuable assistance in
solving the numerical examples.
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Chapter 6

Integer Programming: Methods, Uses,
Computation

Michel Balinski

Introduction by Michel Balinski

This article exists because Robert Thrall, at the time Editor of Management Sci-
ence, invited me to write a survey of the then new area of “integer programming.”
First printed in 1965, it was subsequently reprinted in 1968 in Mathematics of the
Decision Sciences (edited by George B. Dantzig and Arthur F Veinott, Jr., a volume
of the AMS’s Lectures in Applied Mathematics) and in 1970 in Proceedings of the
Princeton Symposium on Mathematical Programming (edited by Harold W. Kuhn, a
Princeton University Press publication). In its last resurrection it was supplemented
by 16 pages of “Recent Developments.” By then the bibliography had grown from
the original 105 items to 232 items: the field was burgeoning.

I now believe that this article was the first virtual text book on integer program-
ming, for it seems to have been used as such in a rich variety of university courses.
In fact, I was well on my way to integrating, supplementing and transforming the
material of the article and other more recent developments into a bona fide textbook
when in June 1967 a particularly violent summer storm decided otherwise: lightning
caused a surge of current in the main electric line connected to our house, it skipped
over the fuse, destroyed a part of the insulation in my study on the top floor, allow-
ing a fire to ignite and warm up slowly undetected until a noise of slamming doors
turned out to be the booms of falling beams. All of my work, books, notes, papers
and articles were consumed in the flames. The burning desire to write a book extin-
guished: the effort to remember and redo was at once too daunting and too boring.
I looked elsewhere, though not so far afield.

Why Bob Thrall asked me I really don’t know! I had written several papers with
Ralph Gomory, but not in integer programming. I belonged to the Princeton crowd
that worked in linear programming and its extensions. My formal thesis adviser had

Michel Balinski
Département d’Economie, Ecole Polytechnique, Palaiseau, France
e-mail: michel .balinski@polytechnique.edu

M. Jiinger et al. (eds.), 50 Years of Integer Programming 1958-2008, 133
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been Albert Tucker—though he was away on a sabbatical leave in 1958-59 while I
wrote the thesis—so the person to whom I turned for advice and solace was Ralph
Gomory, then a Lecturer in mathematics at Princeton, working on his first algorithm
for general integer programs. Ralph tells me that—given this premise—I can claim
to be his only student, a distinction that I accept with pleasure. The year that Jack
Edmonds spent at Princeton we shared an office. I had also spent several summers
at the RAND Corporation, so with Philip Wolfe, George Dantzig, Ray Fulkerson,
Lloyd Shapley and others.

The decade of the 1960’s was a very exciting one for a budding mathematician.
It was a golden age: the idea pervaded that every problem could be solved with
mathematics (or operations research, its applied arm)! There were not that many
mathematicians: I remember noticing once that I was one of slightly more than two
hundred persons in the entire USA who had earned a Ph.D. in the discipline in
1959. In addition to teaching first in mathematics at Princeton, then in economics
at the University of Pennsylvania, finally in mathematics at the Graduate Center
of C.UN.Y., I also worked with Mathematica, a consulting company, located in
Princeton. I began working there as a graduate student before it was named. I still
have a brochure describing its services and personnel (which dates from later on
in the 1960’s). The people pictured include Oskar Morgenstern (Chairman of the
Board), Tibor Fabian (President, trained in O.R. and a pioneer in the use of linear
programming in the iron and steel industry), Harold Kuhn, Al Tucker and me. In
earlier days Ralph Gomory was involved (indeed, to the best of my memory, he was
the person who proposed the name of the company), in later days George Dantzig
and Robert Aumann were involved in one or another contract. The brochure’s list
(complete and in the order given) of

“Characteristic Assignments in Mathematical Analysis and Programming:

e Basic research in algorithms for discrete optimization problems.

e Development of nonlinear programming algorithms for transportation and rout-
ing problems.

e Development of an algorithm and computer program for reliability analysis of
electromechanical networks.

e Devising computer programs for the solution of decomposable linear programs
to handle up to 30,000 inequalities.

e Establishing game theoretic models of bargaining processes.

e Game theoretic analyses of antisubmarine warfare.”

This article was frequently used to claim up-to-date expertise in discrete opti-
mization and, in particular, helped obtain important contracts to study “fixed-cost
transportation problems” and to redistrict the state of New Jersey’s legislative dis-
tricts, among others.

Optimization and game theory and their applications were the big themes of those
days. They have been the big themes for me too, though in research game theory fol-
lowed optimization. More and more, as the years past, equity—fairness and how to
achieve it—came to the fore as the focus of my work. I first worked on problems
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described in this article: apportioning the seats of the (or a) House of Representa-
tives among the various states. Then, I worked on another problem described in this
article, also in the political realm, the districting or redistricting problem: how to cut
up a state into congressional districts. Later I extended the “vector” apportionment
problem to the “matrix” apportionment problem (a method of voting which has re-
cently been adopted in some Swiss elections). Early on I worked on the matching
problem (the Edmonds type), later on—with equity on my mind—I worked on sta-
ble matching (the Gale-Shapley type). Now I have come full circle and work on
the more fundamental problem of how to elect one person and how to rank several
competitors when more than one judge or voter has opinions in the matter. Here
optimization plays only a minor role, whereas game theory plays a crucial part.

In retrospect what seems to be the most likely explanation for Bob Thrall’s invi-
tation to write this article is the company I kept. Whether this be true or not, I am
indebted to him: the problems I found and talked about in it have kept me busy for a
lifetime—if I am allowed to construe that the earlier political questions engendered
the later one and that game theory is but a multi-function extension of finding an
optimum solution.
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INTEGER PROGRAMMING: METHODS, USES,
COMPUTATION*t

M. L. BALINSKIj!
University of Pennsylvania and MATHEMATICA

This paper attempts to present the major methods, successful or interesting
uses, and computational experience relating to integer or discrete program-
ming problems. Included are descriptions of general algorithms for solving
linear programs in integers, as well as some special purpose algorithms for use
on highly structured problems. This reflects a belief, on the author’s part,
that various clever methods of enumeration and other specialized approaches
are the most efficacious means existent by which to obtain solutions to practical
problems. A serious try at gathering computational experience has been made—
but facts are difficult to uncover.

The paper is written with intent to enable readers to read selected sections
without having to read the whole.

A. Methods
1. Introduction

The integer programming problem is: find o, 21, *** , Za4m With z; integer
valued for some specific set of indices 7 &£ J in order to

a0 + 21 oi( —1x;)
when Tagi = G 4+ 2t aii(—2;) 2 0, z; 20

where, for simplicity we assume all a.; are integer valued. Except for the require-
ment that a certain set of variables z; must have integer values in a solution
the problem is simply a linear program. In fact, for some problems (A.1) its
solution as a linear program will already have the required integer property.
This can happen fortuitously and might be expected to happen fairly often in
certain classes of problems (see Section C.5).

In certain circumstances it is possible to predict that a linear program (A.1)
will necessarily have an integer valued solution. The well known case of this
occurrence is the class of mathematically equivalent problems which includes
the assignment, transportation, and network flow problems. Dantzig [25] pointed
out in 1949 that the transportation problem—and hence this class of problems—

maximize o
(A1)

* Received May 1965.

t This work was supported, in part, by MATHEMATICA under contract with the
Army Research Office, United States Army, Contract No. DA-31-124-ARO(D)-31. Re-
production, translation, publication, use and disposal in whole or in part by or for the
United States Government is permitted.

t Now at Graduate Mathematics Center, City University of New York.

1 This is the third in a series of 12 expository papers commissioned jointly by the Office of
Naval Research and the Army Research Office under contract numbers Nonr-4004(00) and
DA-49-092-ARO-16, respectively.
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always has integer solutions given integer valued ‘“demands” and “supplies.”
In other terms, the “obvious” linear programming formulation of these integer
programming problems.leads to convex polyhedral constraint sets whose ex-
treme points have integer components. Experience indicates that (so far) all
real or practical problems which have been found to possess this property can—if
properly interpreted—be displayed as a problem of the transportation or net-
work type. However, there do exist (mathematical) problems which have this
property but are not of transportation or network type.

If the solution of (A.1) as a linear program does not have the required integer
property then techniques for achieving it must be invoked. The basic approach
common to most methods is that of successively deducing supplementary linear
constraints, from the linear constraints of (A.1) and the integer requirements,
until a “new” linear program is obtained whose solution satisfies the integer
requirements. The primitive idea of new constraint generation appears to have
been first advanced by Dantzig, Fulkerson, and Johnson [31] in 1954 in their
work on solving a travelling salesman problem, and, subsequently, by Marko-
witz and Manne [76] in 1957. In both cases the idea was used in an ad hoc manner
on specific problems. In 1958 Gomory ([49] [53] [54]) developed a systematic
method for new constraint generation, applicable to any “pure” problem (A.1)
in which all variables are required to be integer valued, which guarantees that
an integer solution is found (if any exists) in a finite number of steps. Then,
Beale [9] and Gomory [50] developed algorithms for the “mixed” integer problem
in which only a subset of the variables are required to be integer valued. In
1960 Gomory [48] generalized the new constraint generation idea to obtain a
method for the ‘“pure’” problem which requires only addition and subtraction in
computation (an “all-integer integer”” method) provided the data (a:;) of the
problem is integer valued. Recently, papers on ‘“nonlinear” integer problems
have appeared. In [68] Kunzi and Oettli describe a method for minimizing a
quadratic positive semidefinite function subject to linear and integer constraints
which is based on solving a sequence of “mixed” integer problems; in [100]
Witzgall generalizes the idea of Gomory’s all-integer integer method to solve a
problem in which the objective is linear, the variables required to be integer,
and the constraints linear or “parabolic,” i.e., of a form which may be trans-
formed linearly into a constraint of type ¢ = D . ¢/

In the above work the basic approach has been one of “convexification.”
Geometrically, the processes for solving problems (A.1) isolate a feasible point
with the required integer property by making it an extreme point of a new
polyhedral convex constraint set at which the linear form z, is maximized. The
remarkable mathematical fact—and unquestionably the major technical ac-
complishment—is that it has been possible to devise new constraints in such a
way that a finite number guarantees finding a linear program whose solution has
the required integer property (if such a solution exists). However, these al-
gorithms are “‘dual methods”: no feasible solution to the problem of interest is
obtained until an optimal solution is found . . . and this may require more itera-
tions than can be afforded. There are, however, at least two proposals which
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offer primal integer methods. One, announced by Gomory in 1962 but never
described in writing, has had poor computational success in some limited ex-
perimentation. Another is described by Ben-Israel and Charnes [15] but it re-
quires, as a substep, the solution of a system of linear inequalities in integers.
Finding a good primal method is most certainly an outstanding problem of
great practical interest.” This situation is remedied, though in a perhaps artificial
way, for the class of “mixed”” problems through a partitioning approach due to
Benders [13]. In this approach the problem is partitioned and every stage of the
computation involves the solution of two subproblems, a pure integer problem
and a linear programming problem.

Other approaches to solving “pure” and “mixed” problems (A.1) have been
proposed. In 1960 Land and Doig [69] developed an enumerative type algorithm.
It has not, as of February 1964, been tested computationally save by hand.
Recently, Little and others [73] have used the same kind of idea in developing
a very successful approach to solving the travelling salesman problem. Other
proposals for special problems, e.g., problems (A.1) with variables z:, ¢ J,
constrained to be 0 or 1 have been advanced by Bellman [10}, by Benders and
others [14], and, lately by Healy [60] (though no guarantee of finding an optimal
solution is given in this last paper). Another special problem, the “knapsack
problem” [26], has been solved by dynamic programming and by a special enu-
merative technique [43] which is closely allied to the ideas advanced in [14].

Some of the more interesting, important and useful of the above ideas are
described in this part of the paper.

2. Cutting Methods

The basic technical vehicle for the “cutting methods,” or the new constraint
generation methods, is a dual simplex method. For the sake of being complete,
we describe it briefly here.

The linear program (A.1) may be conveniently exhibited in tableau form as
follows:

1 -z - —3,
|
T = |0w |Gu -0 Gon _
Tat1 = | Qo (Qu  *** Qi
(A2) Tntm = | Gm | Gmi " Gun_ all z; = 0,7 # 0.
x =10 -1
zn, =10 -1

Here the “basic” variables are %o, Zn41, *** , Tatm ; the “nonbasic” variables
are Z1, - -+, Za . A pivot step with pivot entry a:; # 0, 7, 7 # 0, is a complete

! Recently, another primal method has been announced [101].
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elimination step which solves the equation of row ¢ for the variable z; in terms
of #,4: and the remaining nonbasic variables, and uses this equation to eliminate
z; from the remaining equations. z; thereby becomes a basic and Z.;:; a non-
basic variable of the new tableau. Thus, a pivot step is the simple algebraic
operation so frequently encountered in elementary linear algebra. Its mechanies
are most easily described in terms of an elementary column operation which
takes one tableau of form (A.2) into another of the same form as indicated here:

—Zj T ZTnti

_ T T _ 1
o=l o=
Tnt1 = | : 1 Tnt1 = { : ; ; a]' = ("1/0.‘]‘)“1
. I . - -
: 1% e : 18] 18
St I O I B I EP e
21 = | 1 | 2 = | 1 | 1 = Qy
- A : L {aa/a)
: | i [ 1 G/ Bij)
Tn =] | L o =| | 1 1

where «; is the column containing the pivot entry and « is any other column.
The remaining ‘“marginal” labels and variables stay in the same positions.
For example, in Display I below, tableau (1) is transformed into tableau (2)
with pivot entry —3; z, thereby becomes a basic and x5 a nonbasic variable in
tableau (2) as is indicated by the switch in these marginal labels. Successive
tableaus, or sets of equations, obtained in this way are simply different repre-
sentations of the same linear program but in terms of different partitions of the
variables into basic and nonbasic sets.

A dual simplex method is initiated with a tableau of form (A.2) having
an = 0, -+, @ = 0 or, more specifically, having lexicographically positive
columns @y > 0, - - - , a, > 0, i.e., having the first nonzero entry of every column
aj(j # 0) positive. The aim of the computational process is to pivot on suc-
cessive tableaus in order to obtain a tableau whose zero-column o has all
nonnegative components, except possibly the first which corresponds to the “cur-
rent”’ value of the objective, while maintaining the lexicographic positive prop-
erty of the remaining columns. If such a tableau is obtained then (o, Za41, =+ * ,
Tnim, T1, '+, Ta)" = ap is an optimal solution. Suppose, then, that in some
tableau (A.2) there exists an entry a:y < 0 for some 7. Then either (a) every
entry in the row of a:; is nonnegative or (b) there exist negative entries. In case (a)
that row of the tableau shows the noncompatibility of the constraints. In case
(b) choose as the next pivot entry a;; < 0 where [ is chosen by the usual ratio
rule, agi/a:; = max, {au/a: | @i < 0}; when ties occur resolve them by the cor-
responding ratio test between the next column entries a1./a:, of the tied columns,
etc. This choice of pivot maintains lexicographically positive columns and
assures termination of the algorithm in a finite number of pivot steps.

If an initial tableau (A.2) does not have ax > 0, -+, an > 0 then some
special device is necessary. One particular such device is to append the extra
constraint Zaimi1 = Gmy10 — Ty — *+* — Tn = 0 with @m0 very large; then
pivot in this row and in the smallest lexicographic column. Clearly, the solution
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to this enlarged linear program is the solution to the original one if Znym41 > 0,
i.e., if there exists a (bounded) solution to the original program.

We turn, now, to the cutting methods of Gomory, and first to the ‘“pure”
integer problem (A.1).

Suppose that at some stage of the computation a linear program or tableau
is encountered all of whose variables are required to be integer and nonnega-
tive, and all of whose variables are expressed as linear combinations of some
nonbasic set, say 21, -+, Z. . A typical equation of the tableau is (omitting
row subscripts)

(A3) z=a+ 2 a(—z;) 20.

From (A.3) we show how to derive a new linear constraint which must be satis-
fied by feasible integer solutions; or, equivalently, how to define a new non-
negative integer variable £’ implied by (A.3).

Let [] denote the integer part of ¢, i.e., ¢ = [f] + r, where [{] is integer and
0 = r < 1. Define for A > 0

(A4) aj/A =[ay/X] +7r;/A, 0Sr;<\N (7=0,1,---,n).
Then (A.3) may be rewritten, after dividing through by A,

(A5)  z/A 4+ (M) Xz = (la/N] + X [ai/N(—23)} + ro/M.

Now, the left side of (A.5) is nonnegative, hence so is the right; but r,/A < 1

and the term in curly brackets is integer. Therefore, the term in curly brackets
must be nonnegative as well as integer, i.e.,

(A.8) & = [ao/N] + 2 [ai/N(—2;) 20
is a new constraint or ' a new nonnegative integer variable implied by (A.3)
and the fact that z;, ---, z, are integer constrainted variables. This is the

constraint developed in [48].
Suppose, now, that A\ = 1. Rearrange (A.5) to obtain

(A7) 2ra; = {lad] + Zlad(—z;) —a} + 0.

The left side of (A.7) is nonnegative, hence so is the right; but 7, < 1 and the
term in curly brackets is integer. Therefore, the term in curly brackets must be
nonnegative as well as integer, or, what is the same thing, '

(A.8) = —ro+ Drai= —1r+ > (=ri)(—=z;) 20

is a new constraint or ' a new nonnegative integer variable implied by (A.3)
and the fact that z,, - - - , z, and z are integer constrained variables. This is the
constraint developed in [49].

Suppose, now, that we are dealing with the “mixed” integer problem (A.1)
in which only z; for 7 ¢ J are constrained to be integer valued. Consider a typical
equation (A.3) of a tableau corresponding to a variable = which is integer con-
strained. Then, making the substitution (A.4) forj = O and jeJ,let A = 1,
and rewrite (A.3)

(A.9) Dt + 2iwaii = {lad + 2 la(~2z;) — a} + 0.
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The term in curly brackets is integer and either (a) greater or equal to 0 or
(b) less than or equal to —1; i.e., in case (a)

(A10) Xjsrami+ 2jwam; = 1o hence 2@+ Diimaszo 6% = To

and in case (b)

D iertii+ 2ojrami < —1+ 1o hence Y iragen a; S —1 410
or Z(:‘u,a,q) (ro/(1 — 10))(—a;j)z; = 10

Therefore, since the coefficients of all the variables in the last inequalities of
(A.10) and (A.11) are nonnegative, we have

g = —ro+ 2 (—13)(=%5) + Dtierazzn (—5)(—2z;)
+ 2titrag<o (roas/(1 — 10))(—25) Z 0

is a new constraint or z’ a new nonnegative (not integer) constrained variable
implied by (A.3) and the fact that z and z; for j £ J are integer valued. This is
the constraint developed in [50].

Using these new constraints Gomory proposed two algorithms for the pure
problem, and one for the mixed problem.

Algorithm I ([49] 1958) for the “pure” problem. Obtain an optimal solution
to the problem (A.l) considered as a linear program (assuming one exists,
since otherwise no optimal integer solution exists). Then, if the solution is not
in integers, generate from some row (A.3) with ao noninteger, a new row (A.8);
adjoin it to the existing constraints to form a new linear program which is
(lexicographically) dual feasible but not primal feasible; and use a dual simplex
method to re-optimize. If z" of (A.8) becomes basic in any subsequent tableau,
drop it and its defining equation or row. Continue to cycle through these steps
until either an integer optimal solution is found or a constraint appears im-
plying no feasible solution exists.

In geometric terms this algorithm considers, successively, optimal extreme
point solutions to linear programs; if an extreme point X of some cycle has a
noninteger component a closed half-space z' = 0 defined by (A.8) is introduced
which “cuts off” X, i.e., makes the last linear programming solution infeasible
since at X the value of z is negative. The constraintz’ = 0 can cut off no feasible
integer solution since z' = 0 and z’ integer are implied by already imposed con-
ditions. (See Display I for an example).

Algorithm IT ([48] 1960) for the “pure” problem. In this algorithm a dual
(lexicographic) simplex method is again used, but all computation is carried
out through addition and subtraction of columns, i.e., the only pivot entries
are —1. Given columns ey, -, an in (A.1) or (A.2) lexicographically positive
choose a row with ao < 0 for (A.3) and generate from it a new constraint (A.6).
In it, take X large enough, but as small as possible, to insure that the generated
row or constraint (A.6) contains an entry —1 which is an eligible pivot entry
for a dual simplex method. This is clearly possible unless a; = 0 for all j # 0

(A.11)

(A12)
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in (A.3); but, then, no solution exists. Rules for a choice of \ are: (a) the pivot
entry [a:;/A] = —1 must lie in the lexicographically smallest column having
a; < 0; (b) for each column % with a; < 0 find the largest integer ux for which
(1/pr)or = o and let \x = —ai/me (the choice of A = A\, would assure that
the new column & in the subsequent tableau be lexicographically positive);
and (c) take A = max {\|ax < O} to assure preservation of dual feasibility
(and if A = 1 take 2’ = z). Pivot on the —1 entry of the new row and continue
to repeat this step until either a primal solution is found or a constraint appears
implying no feasible solution exists.

In geometric terms this algorithm generates, successively, new halfspace con-
straints 2 = 0 which are implied by already imposed conditions and takes as
the next “trial” solution or point an integer point on the hyperplane z' = 0.
(See Display II for an example.)

Algorithm III ([50] 1960) for the “mixed” problem. Obtain an optimal solu-
tion to the problem (A.1) considered as a linear program. If the solution does
not satisfy the integer requirements then there must be a row (A.3) with z
required to be integer and a; > 0 noninteger. Generate from it a new constraint
(A.12); adjoin it to the existing constraints to form a new linear program which
is (lexicographically) dual feasible but not primal feasible; and use a dual sim-
plex method to reoptimize. If =’ of (A.12) becomes basic in any subsequent
tableau, drop it and its defining equation or row. Continue to cycle through
these steps until either an optimal solution satisfying the integer requirements
is found or a constraint appears implying no feasible solution exists.

The geometric interpretation is the same as for Algorithm I (see Display III
for an example).

The remarkable mathematical fact is that these algorithms converge to an
optimal solution with the required integer property in a finite number of steps
if such a solution exists. Actually, ‘“cuts” are rather subtle subjects despite
their intuitively simple origins. For example, in Algorithm I, if instead of (A.8)
the valid constraint Z jx; = 1 was used (i.e., the current basic solution is not
all integer, hence the sum of the current nonbasic variables must be positive;
but since these variables are integer constrained this means ), z; = 1 [28])
or the new integer variable ' = —1 4+ J_; (—1)(—z;) = 0 were introduced,
then it is known that convergence is not assured and will not occur for large
classes of problems [56]. In the case of the “mixed” integer programming Al-
gorithm III one extra stipulation must be made; namely, that 0 ¢ J, i.e., that
the value of the objective function 2o must itself be required to be integer valued.
It has been shown that if z, is not so constrained then it is possible for the proc-
ess not to converge in a finite number of steps [99].

The proof of convergence for Algorithm I may be given as follows, where we
assume that z, is bounded below and that the choice of row (A.3) from which
to generate a new constraint is either always or periodically the topmost row
with noninteger ao . Let a" be the column of m + n + 1 entries corresponding
to the “current” values of the variables after concluding the 4 reoptimization.
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By the dual simplex method a* > af*" for all k. Assume the process does not
converge in a finite number of steps, i.e., that no all integer ao is found. Since
ak, is bounded below and @k = aks® there must be a greatest integer now < ab

for all k. But, then, for some k, afp = np + b with 0 £ 1% < 1; and if o > 0
the new constraint would be generated from

Zo = noo + oo + 2 ati(—z;) where af; =0
and hence would be
(A.13) ¥ = —rho+ 2 (—15)(—z;) 2 0.

The next step of the dual simplex method would choose as pivot some entry of
row (A.13), say (—rt;) which results in a new value for x,

(A14) aw = nw + rh — (ab7h/r%;) < meo since abi/rh; = L.

Thus z, attains the integer value aqn = ngyp and can be no smaller. Repeat the
same argument on each successive entry of ao*; each z;, j # 0, is bounded below
by the integer zero. If no constraint showing feasible solutions do not exist are
encountered, every entry of o, k large enough, must become integer, thus
contradicting the assumption of nontermination [49].

The proof of termination in a finite number of steps for Algorithms IT and III
may be given in much the same “lexicographic” terms.

The underlying approach of these “cutting methods” may be viewed in many
ways. One such view—and perhaps the most “natural” or most immediate—is
as a process of convexification. Another is as an instance of the general idea em-
bodied in decomposition approaches [51]: this is the attempt to organize compu-
tation in large (and structured) linear programs in such a way that data is
generated only when it is needed in the course of computation. In this view one
imagines the integer program (A.l) as really being a linear program in which
many (implied) linear constraints of rows of data have not yet been specified but
are generated when needed by (A.6), (A.8) or (A.12). In the more familiar de-
composition approaches columns of data have not yet been specified and are
generated when needed (e.g., by a linear programming computation in [32], by
a knapsack problem computation in [43], by a shortest path problem computa-
tion in [38]), and a primal simplex method is used instead of a dual simplex
method. )

In still another view, the integer programming algorithms for the “pure”
problem may be interpreted as a generalization of the Euclidean algorithm for
finding the greatest common divisor of a set of integers [3]; this is of pedagogical
if not of practical interest. An all-integer algorithm of Glover [47]—which, in its
very simplest form, is remarkably easy to explain but represents a considerable
weakening of the constraints of Algorithm IT—together with a recent explanation
of the Euclidean Algorithm [17] makes clear this connection. The Glover all
integer integer method is derived from two very simple observations. If a tableau
is encountered in the course of computation which contains an equation (A.3)
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with
(A15) z=a+ 2 a;(—=z;) =0, where a; = 0
' all j#0,k and a <0,a <0

then, clearly, z: = ay/ax > 0 and, since z; must be integer valued,
2 2 [ao/ax] + 1, if that quotient is not integer. This lower bound on z; is
used as a new constraint on which to pivot instead of (A.6). If no such equation
(A.15) is present in a tableau then one is created by picking some row (A.3)
with @y < 0, finding among the entries a; < 0 that one corresponding to the
least lexicographic column ¢y, subtracting the column o; from other columns
a; with a; < 0, and repeating until the row has form (A.15). In fact this sequence
of operations can be summarized by a constraint of type (A.6) with constant
term [ag/A] = 0. Finiteness of the procedure is easily proved by lexicography
once again; however, it seems that the method is very much weaker than Algo-
rithm II and would be considerably less successful in computation.

Display I

Consider the “pure” problem: find integers z: (¢ = 0, - -+, 5) maximizing z,
and satisfying the constraints of tableau (1) below and z; = 0, 7 # 0. Pivot
entries are designated by stars; rows (A.3) used for the generation of a new
constraint (A.8) by arrows.

1 1 —z —z (2 1 —z5 —I2 3) 1 —Z5  —T4
Zo = 0| 4 5|z0o=|—28/3| 4/3 7/3 | zo = |—112/10 | 11/10 7/10
zz3=|—-2|-3 —1ljzz= 5 -1 1 |23 = 42/10 |—11/10  3/10
Za=|—-5|-1 —4lz(=|—-8/3[-1/3 —10/3* z4 = 0 0 -1
zsg= | —7|—3* =2 |z = 0 -1 0 |25 = 0 -1 0
7= 0i-1 0|z = 7/3 |—1/3 2/3 |z = 18/10 | —4/10  2/10 | <
Ty = 0f 0 —-1l|z= 0 0 -1 |22 = 8/10 1/10 -3/10
z'y = —8/10 | —6/10*% —2/10
“) 1 -z — T4 ) 1 -z —z's
zo = | —76/6 11/6 2/6 ZTo = —-13 7/4 2/4
T3 = 34/6 —11/6 4/6 — oz = 5 -2 1
zy = 0 0 -1 Ty = 1 1/4 —6/4
zs = 8/6 —10/6 2/6 z5 = 1 —7/4 2/4
T = 14/6 —4/6 2/6 = 2 —3/4 2/4
zy = 4/6 1/6 —-2/6 Z3 = | 1 1/4 —2/4
z'y = —4/6 -1/6 —4/6*
The new constraints, expressed in terms of z, and z; are z'; = —6 + 22 +

2z, = 0 and z's = —5 + 2, + 3z = 0. The progression of the “trial” solutions
corresponding to the five tableaus may be graphed in (i, z.)-space. The feasible
region (ignoring integer constraints) lies to the northeast; the shaded region
represents that part of the feasible region “cut off”’ by the new constraints. The
numbered points show the correspondence with the tableaus.
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Display I
Consider the same ‘“pure” problem as stated in “Display 1.” The same nota-
tion is used.

1) 1 -z —Z2
Ty = 0 4 5 | (a) Pivot column 1
zs=| -2 | =3 =1 () a/1)4=4n=3
Ty = -5 -1 —4 A/1)6 = 4,0 =2
Zy = -7 -3 -2 |+
z = 0 -1 0 |(e)A=3
Ty = 0 0 -1
z'h=| —3 —-1* -1
(2) 1 —z'y1 — 6)) 1 -z -zt
zo = | —12 4 1 | (a) Pivot column 2 zo= | —13 3 1
T3 = 71 -3 2 T3 = 5| =5 2
Zy = -2 -1 =3 |+« Ty = 1 2 -3
x5 = 2| -3 1 |()A/4)sz1,m=1/4 T = 1 —4 1
z = 3| -1 1 /N1 z1,xn=3 T = 2| -2 1
Ze = 0 0 -1 (C) A=3 T2 = 1 1 -1
gla=| —1| =1 —1*
The new constraints, expressed in terms of z; and Zz are g1 = —3 + 21+ 2, = 0

and s = —4 + 2, + 2z, = 0. The progression of the three “trial” solutions
corresponding to the tableaus is graphed below.
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(3)

Display IIT

“Display 1.”

3) 1 —z5 —2Z4
zo = | —112/10 11/10 7/10
z; = 42/10 | —11/10 3/10
Ty = 0 0 -1
Tz = 0 -1 0
T = 18/10 —4/10 2/10
Ty = 8/10 1/10 -3/10
T’y = —-8/10 | —16/10* —2/10

(5) 1 —z'y —Z4
ZTo = —-12 1 0
z; = 5 -1 1
Ty = 0 0 -1
rs = 8/11 | —10/11 7/11
z = 23/11 ~4/11 5/11
Zy = 8/11 1/11 —4/11
z'y = -1/11 —4/110  —-5/11*

)

LTI I

7,

263

Consider the “mixed” problem which is identical with the problem of “Dis-
plays I and II” except that only x, and z; are constrained to be integer, i.e.,
J = {0, 1}. The same notation is used. Since in this algorithm the first step is
to solve the linear program, tableaus (1), (2), (3) are identical with those of

1 —Z1 —Ts
—188/16 11/16 9/16
76/16 | —11/16 7/16
0 0 -1
1/2 | —10/16 2/16
2 —4/16 4/16
12/16 1/16 —5/16
—4/16 | —11/16* —9/16
1 —z'y —Z';
-12 1 0
24/6 | —54/50 11/5
1/6 4/50 -—11/5
3/5 | —48/50 7/5
2 —2/5 1
4/5 6/50 —4/5

The progression of the six “trial” solutions corresponding to the tableaus is
graphed below. Again, the shaded region has been “cut off”” by the new con-
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straints '3 = 0, 2z = 0, z's = 0. The new constraints, expressed in terms of 21
and 7 are 2y = —13 + 5z + 42, = 0,2’y = —12 + 43, + 52, 2 0,25 =
—14/5 + 3/5 21 + 22, 2 0.

3. Branch and Bound Methods of Enumeration

It is natural enough to consider enumeration of feasible solutions to discrete
or integer problems where there are only a finite number of candidates for an
optimal solution. However, finite may be large and, hence, enumeration needs to
be cleverly devised in order to avoid inspection of solutions which are dominated.
“Branch and bound” is the very suggestive term given by Little et al [73] to
their method for solving the travelling salesman problem; it is also an apt desig-
nation for the Land and Doig method [69] for solving pure and mixed integer
programming problems (A.1). We describe the Land-Doig procedure.

The general approach is to start out as though to enumerate all feasible integer
solutions according to the following scheme. First, solve (A.1) as a linear pro-
gram. Either the solution, X° = (2, - - , Tm4n), satisfies the integer require-
ments, or not. If it does, then X° is the required solution; if not, the value of the
objective function, 8° = z," provides an upper bound on the value of the optimal
solution, max z < &°.

Consider some variable z; , k £ J, which is required to be integer valued, but
currently is not. It must be forced to take an integer value and hence decreased
to at least [£:’] or increased to at least [z:"] 4+ 1. In fact, the entire range of
possible integer values for z; may be found by solving the two linear programs
max z; and min z; subject to the constraints of (A.1). For each possible integer
value in the range the max z, subject to the constraints of (A.1) with z; fixed
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can also be computed by linear programming. Thus, one can think of enumerating
these possibilities in a directed tree, with rooted node 0 corresponding to X°, and
directed branches (0, 7) with node 7 corresponding to the solution X* of the linear
program max z, subject to the constraints of (A.1) and z; set at some specific
integer value, say z;'. From each new node the same procedure can be applied
wherever integer restricted variables have noninteger values. Thus, if z//, l ¢ J,
is noninteger, its range of possible integer values can be computed for z, = z;’,
and for each possible integer value in the range the max 2, subject to the con-
straints of (A.1) with z; = ;' and z; fixed can also be computed, thereby de-
veloping new directed branches and nodes. In the tree a path from node 0 to
any other node defines a sequence of integer valued choices made for certain
integer restricted variables. Continuing until no further tranching is possible,
every terminal node will either correspond to a feasible integer solution or to
some sequence of integer valued choices which do not admit a feasible solution
to (A.1). The feasible node with max z, provides the optimal solution—for all
feasible integer solutions have been enumerated.

The Land-Doig procedure involves precisely this enumeration—except that it
attempts to search only a subset of the potentially immense (possibly infinite)
tree described above. The idea is to develop only that paré of the tree which con-
tains the optimal solution and sufficient information to prove its optimality.
Notice the following two facts. Any node in the above directed tree must have a
value of z, no greater than its predecessor’s, since branching means imposing an
additional variable to some integer value, i.e., imposing an additional constraint.
Second, consider any node X of the tree and suppose z: is integer restricted and
branching will be made by forcing z; to be integer since z;' is nonintegral. Then,
it is clear that the integer values for z; which will result in the least decrease in
o after branching must be either [z;] or [z,'] 4 1; in fact, max z, constrained by
(A.1) and the past fixed integer values for certain variables is a concave function
of z; with maximum value at z; = z;". Thus, the further away the value of z;
from z;* the worse the resulting value of max z .

Algorithm IV ([69] 1960) for “pure” and “mixed” problems. Siep 0. Solve
(A.1) as a linear program to obtain a solution X° and bound 8° = z,’ > max z, .
Construct node 0 with bound &°. Step 4. In the tree select node I with bound
8 = 2’ = maxz,. If all integer restricted variables have integer values in X*
then it constitutes an optimal solution. Otherwise, some integer restricted varia-
ble z; has a noninteger value z’.

(a) Branch. Solve the two linear programs, max z, subject to zx = [z;'] in one
case and z; = [z;'] + 1 in the other case, the constraints of (A.1) and
the other fixed integer values for certain variables inherited in the tree.
Call these solutions X" and X"; if a program has no solution assign it
(—o, ---). Adjoin nodes }, and I, and ares (I, 1) and (, ).

(b) Branch. Let I, be the unique predecessor to ! in the tree, where z, was
forced to the integer value z,'. [ has one or more immediate successors
corresponding to other integer choices for z, . Take z, to be a new integer
value z,* which is either just smaller or larger than the integer choices
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already made, and leading to the larger z, , say z¢® (z¢* = max Z, over
integer choices for z, not already made) by solving the two correspond-
ing linear programs. Call the solution X™; again, if there is no solution
let X% = (—w, --+). Adjoin node s and arc (k, ).

(¢) Bound. Find the unbounded node having largest z, in the entire tree, say

node r, and bound it with 8*"* = z,".

It is only necessary to argue that max z, < 5. This is true because every non-
terminal node n in the tree so far constructed has one or two immediate succes-
sors which are terminal nodes, and which correspond to the best or/and next
best choice of integer value for the variable in question at node n. Therefore any
node of the entire tree which would be constructed if all feasible solutions were
enumerated would have to have values of z, no greater than &, ie.,
maxz, < 8.

As mentioned in the introduction, this algorithm has not been programmed
and hence not tried on large problems (recent computer programming of this
approach is reported in [104]). On the face of it the approach seems unpromising
for general or large integer programming problems. For problems where few
variables are required to be integer or where some other special structure or con-
ditions are present, it would seem that these ideas could be put to fruitful use.
These comments seem only reasonable; they can, however, be supported by the
recent success of Little et al [73] in solving the travelling salesman problem. Their
algorithm is very similar to Algorithm IV: the same basic idea of branch and
bound is used together with the obvious fact that a given route (7, j) from one
city ¢ to another j either belongs to the cycle of the travelling salesman (z:; = 1)
or not (z;; = 0). This observation provides the “branching.” “Bounding” is
more intricate, but is based on the fact that changing the length of all departing
routes (7, ) from a city 7, or all arriving routes (j, ) to a city 7, by the same
amount produces a new problem which possesses the same optimal solutions as
the original problem. Systematic use of this observation provides a method for
obtaining bounds.

Another approach similar to these is contained in a paper of Healy [60]. This
approach is concerned with a special type of mixed or pure problem (A.l) in
which variables z;, j&J, are constrained to be 0 or 1 and > z; = 1
(or J = UJy, i.e., the integer constrained variables belong to disjoint subsets
Ji, 25 %; = 1); hence the title of the paper, “Multiple Choice Programming.”

Fig. A.l. Step i (new arcs designated by solid arrows)
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The central idea is this. Solve the problem as a linear program. If z; = 0, 1 for
all j £ J, then the optimal solution is found. Otherwise, some z;, j ¢ J, must be
made equal to 1. Consider each such variable z;, j € J, in turn, and compute a
linear (over)estimate of the value of maximum z, given z; = 1 from the optimal
(noninteger) tableau. This is easily done: if z; is nonbasic then an (under)esti-
mate of the decrease in z is ao; (see tableau (A.2)), and if z; is basic the corre-
sponding estimate is (1 — z;) min {aw/—as | x not basic, az < 0, kg J} (if
no such minimum exists take a very large number as the estimate of decrease).
Letting the respective estimates for z, be e;' the constraint (max) z, < >orefz;
is valid. Repeat the procedure by solving the linear program with the new con-
straint. If the solution is not integer obtain new estimates e and replace the
last constraint by (max) 7, < D, e;’z;. Convergence has not been proved; in
fact, if in the course of computation a noninteger solution were found with the
same value for z;, as for the optimal integer solution, then the process would
terminate since no improved constraints on max z, could be found. No significant
computational success is cited for this method.

Display IV

Consider the pure problem given in Displays I and II. The branch and bound
method of Land and Doig leads to the following tree.

Node 0: (—112/10, 18/10, 8/10, 42/10, 0, 0)
Node 1: (—14, 1,2, 3, 4, 2)

Node 2: (—47/4, 2, 3/4, 19/4, 3/4, 1/2)
Node 3: (— o, --+)

Node 4: (—13,2,1,5,1,1)

Node 5: (—29/2, 3, 1/2, 15/2, 0, 3)

8%-n2/10

Step 0. Node 0 corresponds to the linear programming solution (see Display
I, tableau (3)) and has bound 8° = —112/10. Step 1. 21 must be integer so
branch with z;' = 1 and z,® = 2. z' = —14 and 2" = —47/4, so bound node
2. Step 2. z, must be integer, so branch with z,° = 0 and z' = 1, and branch
from the predecessor to node 2 to inspect the next best choice for z; = z,° = 3.
max (zo, Zo, To') = T = —13 = &, so bound node 4. Step 3. The bounded
node 4 has X* all integer, stop.
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4. Branch and Ezxclude Methods of Enumeration

The methods described here are for rather restricted types of integer pro-
gramming problems. Their extensions and applications to the general problem
(A.1) are subject to the same hesitations as made with regard to the Land and
Doig method. The reason these methods are described here is this: clever enu-
merative schemes—despite their lack of glamour—are in certain situations, at
least, the best known methods of solution.

Consider the special integer program: find X = (21, ---,2,) to

maximize CX or ) cw;
when AX < B, or 2. a:z; < b:
(A.16) (t=1,+---,m),z; =0 or 1lallj
where all a;; and b; are integers. Let ej,j = 1, - -- , n be the columns of 4 and

adjoin (for special purposes below) a column of zeros oy with ¢¢ = 0 and corre-
sponding variable z, = O or 1. Further, let 4* = (a0, a1, -, ),
Ch = (Cchly et ,Ck),ande = (xﬂx et !xk)'

Bellman’s [10] [11] functional equation approach, for the case a;; = 0, b; = 0,
is to define for any £ = 0, 1, - - - , » and m-vector Y,

Fi(Y) = max {C*X*| A*X* < Y, each z; = 0, 1} if feasible,

(A.17)
= —® if ‘nonfeasible.

Then, the recursion
(A.IS) Fiu(Y) = MaXz,=0,1 {Fra(Y — awzr) + cue

with “initial conditions” Fo(Y) = 0if ¥ = 0, Fo(Y) = — « otherwise, pro-
vides the familiar computational scheme of dynamic programming. Here, F.(B)
is the value of the optimal solution and Fr(Y ),k < n,0 < Y =< B, is the value
of the optimal solution to subproblems of (A.16). The number of values com-
puted and used in the course of computation is of the order (n + 1)[]7'(b: + 1),
for Fi(Y) must be computed for all 0 < k'< nand 0 < Y =< B. If the a;;
and b; are not restricted to be nonnegative, a modification of the same approach
may be used but the number of operations becomes very large. This is a branch
and exclude method in the sense that for given ¥ and & — 1, i.e., for given ¥
and current choice of values of X*™ only one choice of value for z; needs to be
considered; the other may be excluded immediately.

The idea of Benders et al [14] has certain similarities to that above. It is this.
Begin as though to enumerate all 2" possible (0, 1)-solutions X according to a
branching scheme. The overall organization of the scheme is to start with the
“trial” X = 0, which is defined to be the set S, of trials; then to enumerate the
one solution of the set S; of trials having z; = 1 and 2, = -+ = z, = 0; then
to enumerate all 2' solutions of the set S, havingz, = landz; = -+ =z, = 0;
and so forth, with the Kkt stage to enumerate all 2*" solutions of
Si = {X|zx = 1and 24q = --+ = 2, = 0}. Specifically, a tree of labelled
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nodes is developed. The nodes correspond to solutions X with associated columns
B — AX and values CX. Given that all nodes corresponding to solutions
X £ Uy"™ 8; have been found, the nodes of S, are found by adjoining a branch
and node to each node of U,*™* 8; (see Figure A.2). Namely, to any such node
X with associated B — AX and value CX adjoin a branch and a node correspond-
ing to a trial solution X', where z’; = z;,j 5 k, and ', = 1, with associated
B — AX' = (B — AX) — o; and value CX’ = CX + ¢ . If all 2" such nodes
are enumerated then the node X with maximum value CX having B — AX = 0
is the optimal solution. The number of values computed and used is of the order
(m + 2)27, for the adjoining of a new node involves subtracting a column e ,
changing z; = 0 to z'x = 1, and adding ci .

It is not necessary, however, to enumerate all nodes. Suppose that X* with
B — AX* = 0 has the maximum value CX™ of nodes so far enumerated. Let
m* = max;p {¢;|if ¢; < 0allj = k} or m* = {D ¢;| the sum extending over
¢; > 0,7 = k}. Then m* is an upper bound on the increase that can be given
to a node of U,"S; in excess of the value of a node of U,"*S;. Thus,
if Xe U 8;and CX + m* < CX* then all successors of X in U," §; may
be excluded. This exclusion is possible because no such successor of X, feasible
or not, can be a candidate for an optimal solution. Another rule for exclusion is
as follows. Define a column vector o with components a.* = min {a; | if a;; = 0
for all 7 = k} or a* = {2 a:s| the sum extending over a;; < 0,5 = k}. Then
—a* is a column of upper bounds on the increases that can be given to the values
B — AX of nodes X ¢ U, S; in excess of those of Uy*™ 8; . Thus, if X & U,* §;
and B — AX — o* % 0 then all successors of X may be excluded. This is possible
since no such successor could be feasible. Application of this method to general
(0, 1)-problems is reported [13] to have been successful for problems involving
up to 30 or 40 variables.

These two approaches have been used in solving the knapsack problem. Ex-
periments [43] have shown that the adaptation of the Benders et al idea is five
times as fast as the straightforward dynamic programming method. However, a
more clever formulation of the problem as a dynamic program [45] should prove
competitive since counts on the number of operations are about the same as for
the Benders et al approach.

FIGURE A.2
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The knapsack problem [26] is the integer program
maximize Y, c¢zz;
(A.19) !

when > az; < b, z; = 0, z; integer.

The reason it has received considerable attention is that its solution provides new
columns in the decomposition algorithm for the cutting stock problem ([43] [45];
also see Section C.1). The name comes from the following interpretation of the
problem: given n items of per item value ¢;; - -+, ¢, and size a;, - -+ ,a,, and a
knapsack of capacity 4, pack the knapsack in order to maximize the value of the
load.

The straightforward dynamic programming method of computation [11] is
contained in the recursion

(A.20) Fi(y) = maxy, {Fra(y — ax) + e |0 < 72 < y/a , 2, integer}.

This requires the construction of an (n + 1) by (b + 1) table of values Fi.(y),
k=0,1,---,nandy =0, 1, ---, b; and, once F,(b) is computed, the optimal
values for z; are found by backtracking through the table. This can make serious
demands on the memory capacity of a computer.

The clever dynamic programming computation [45] is contained in the recur-
sion (where, actually, Fi(y) = Gi(y), as shown below)

(A.21) Gi(y) = max {Gea(y), Gy — @) + al.

Here, each computation requires only a comparison of two quantities. Again
(n + 1)(b + 1) values need to be computed; however, the entire table need
not be kept because backtracking to find the optimal values for z; can be done
on theb + 1valuesGa(y),y =0, 1, - - -, b alone. This is accomplished as follows.
In performing (A.21) always store two values, Gx(y) and #(k, y), where

. _Jik—=1,y) if Ga(y) 2 Gy — @) +

(A.22) ik, y) = { k otherwise
Thus, #(k, y) corresponds to the highest j with z; > 0 for the problem with %
items and capacity y. Then, to find the optimal values for the z;, begin with
Gn(b) and z; = 0 all 5. At any step of the backtracking there will be a value
G.(y) and current values for the z; ; maintain all current values except to in-
crease Zity by 1 and to change Gn(y) to Ga(y — Gitmy)- Stop when G,(0) is
reached.

It should be clear that Fi(y) = G4(y) for all k, y. To see this directly, suppose
itistruefor k < k*all y and fork = k¥* and y < y*. Then, using (A.20), (A.21),
and the hypotheses,

Gi(y") = max {Gea(y"), Ge(y* — @) + o} =max {Fey(y*), Fu(y* — o) + i}
max {Fr1(y*), maxe, {Fea(y* — & — az’s) + a2’ + 1)}
maxs, {Fia(y* — wz) + azd = Fu(y®).

By induction, this establishes the truth of the statement.

I
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The modification of the Benders et al idea is given in [43]. It may be sum-
marized in the following terms. Reorder the items according to their value per
unit size, i.e., so that ¢1/a; = ¢/as = -++ = €m/am . Then, begin as though to
enumerate all possible solutions X = (1, -, Zm), starting with the lexico-
graphically largest possible vector until X = 0 is reached. An ordered list of
possible solutions is thus constructed; the X which maximizes CX = Y ¢;z; in
the list is the optimal solution. The lexicographically largest possible solution is
X" with components z' = [b/al), 2z’ = [(b — ax’)/a), -, 2z’ =
[(® — 221" az;")/an), i.e., as many units of item 1 as possible are loaded, then
as many as possible of item 2 are loaded in the remaining space, and so forth.
Given an X in the list the next solution of the list X " i5 the lexicographically
largest vector smaller than X*; it is found by decreasing the last positive com-
ponent of X* by 1 and then increasing the next component as much as possible,
and then the next, and so forth. But, again, it is not necessary to enumerate the
entire list of such vectors. Suppose that X* ma.ximizes CX in the current list,
and that X* is the last solution of the list, with z,’ > Oandziy = -+ =z, = 0.
Define Y‘tobeequa.ltoX'exceptthaty. =z'—120. Then,lfthemteger
requirements on the variables #;41, - - - , Z» were temporarily ignored, the maxi-
mum value of CX over all vectors X whose first s components were equal to Y*,
would be 6 = CY* + ¢1(b — AY*)/a,41, since (b — AY®) is the rema.lmng
capacity and c.+1/a.+1 = ++* 2 Cm/am. If the integer requirements were im-
posed, then the maximum value could only be less than or equal to &°. So, if
%' < CX™ none of the vectors X which agree in the first s components with ¥*
need to be considered and can thus be excluded from the list. In this case X**,
the vector following X in the list, is set equal to ¥*. Otherwise, X*** is set equal
to the next lexicographic vectors. For many purposes it is desirable to solve
(A.19) for many values of b; the method is easily and directly extendable to
solve this problem in an efficient manner [43].

5. Partitioning in Mized Problems

Consider, now, a mixed integer programming problem in which some variables
are constrained to be integer valued and others not. Specifically, suppose that

the problem is: find X = 0 and Y integer valued to
=C0X + CY
(A.23)
when AX+AY2B X, YzO0.

Then a partitioning idea of Benders [13] seems to hold special promise. It may
be explained in the following terms [6]. Denote the permissible values for ¥ by
R. Then, (A.23) may be written

(A24)  ming.s {CaY + ming {C,X | 41X = B — AY, X = 0}}.

But, for given values of ¥, the minimum problem “inside’’ the curly brackets is
a linear program in X for which, by the duality theory of linear programming,
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the following statement holds:
miny {C1X | 41X = B — A,Y, X = 0}
= maxy {U(B — AY)|UA; = C,, U = 0},

where the left(right) hand side has “value” — o (4«) if unbounded
below(above), and “value” + o (—o) if undefined. Thus, (A.24) may be
re-expressed as the problem

(A.26) miny {CY + maxg{U(B — 4,Y)| U4y < C1, U 2 O}}.

Consider, now, the convex polyhedral set S = {U|U4 £ C,, U = 0}. It is
independent of the values for Y. If it is empty then, by (A.25), no solution to
the original problem (A.23) exists (in fact, this is the statement of Farkas’
Theorem). Otherwise, the maximum value of U(B — 4,Y), no matter what
values of Y, attains its optimum at an extreme point of S or grows without
bound along an extreme ray of S. But the extreme points or vertices of S are
finite in number and can be enumerated, call them U’, I ¢ L; and the extreme
rays of S are finite in number and can also be enumerated by finding all extreme
rays of UA; £ 0, U = 0, call them U*, k ¢ K. Now, if for some Y there exists
a U* ke K, with U*(B — A,Y) > 0 then the “value” of (A.25) is + «, showing
the left side of (A.25) has no feasible solution; thus

(A27) UY(B — 4,Y) =0, keK,

provide necessary and sufficient conditions on Y to admit a feasible X. Further-
more, this permits us to rewrite (A.26) as

miny.z {0 | Yo = C2Y + maxy, U'(B — 4,Y),
and U*(B — AY) £0 all keK).

Thus this partitioning has transformed the original mixed integer programming
problem into a pure integer programming problem in variables Y containing po-
tentially vast numbers of linear constraints on ¥, and Y. As in decomposition
[32] (of which this i§ a dual form) the hope is that not all of these constraints
need be enumerated, but rather that only some small subset need ever be con-
sidered. The computational procedure consists in solving (A.23) by iteration
through a sequence of steps, each consisting in the solution of two subproblems.

Partition Algorithm V (1960, [14]). (i) Given a finite subset of U7, j £ Q, where
Q < K U L, solve the restricted integer program (A.28), i.e., solve (A.28) over
the restricted set of constraints associated with U’ for j £ Q. If no feasible solu-
tion exists, then (A.23) has no feasible solution either; otherwise, let y,*, ¥* be
an optimal solution—or y," small and Y™ feasible if y, is unbounded below. (ii)
Given the trial solution y,*, ¥* determine whether or not it is optimal by solving
the linear programs (A.25) with ¥ = Y*, and call their common value f(¥*).
If f(Y*) = + o then the current ¥* does not admit a feasible X and a new
U*, k € K, has been found as the “solution” to the right side of (A.25). If f(¥*) =
— o, then no feasible solution exists. If f(¥*) is finite, let X* and U™* be the so-

(A.25)

(A.28)
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lutions to the left and right problem, respectively of (A.25). (X*, Y*) is a feasible
solution to (A.23). If, in addition, yo* = C.Y* + f(¥*) = C.Y* 4 C1.X* then
it is also an optimal solution; for y,*, Y* is feasible for the entire integer program
(A.28) while yo can be taken no smaller than its minimum value y,* over the
restricted problem associated with U7, j € Q. Finally, if yo* < CoY™ + F(¥™)
then some one or more linear constraints of (A.28) are not satisfied by %", ¥*;
the most “violated” one corresponds to U¥, i.e., is yo = CoY + U*(B — A,Y),
so U™ is adjoined to the set Q. This completes the description of a step of Algo-
rithm V (see Display V in Section B.3).

The finiteness of the procedure is assured due to the finite number of extreme
points and rays of S.

Consider, now, some of the properties of this algorithm. First, at every step
one is provided with upper and lower bounds on the value of the minimum ¥, .
Substep (i) provides a lower bound y,* since minimization of y, is accomplished
over a restricted set of constraints. Substep (ii) provides an upper bound since
either f(Y*) is infinite or f(¥™*) is finite implying (X*, Y*) is feasible with
C.X* + CY* = f(Y*) + Y™ = min y, . Thus, if computation becomes too ex-
pensive it can be stopped and the best feasible solutions (X*, ¥*) so far found
taken, together with an estimate of how far it is from optimum. In this regard
Algorithm V may be said to have at least one of the advantageous attributes of
a “primal” method. Second, if S is bounded, i.e., the set of rays U7, j ¢ K is void,
then in fact every substep (ii) provides an (X*, ¥*) which is feasible. Third, if §
is not bounded, then it may be possible to enumerate its extreme rays initially
and thus impose conditions on Y sufficient to assure that every Y™ of (i) admits
a feasible X* in (ii). Fourth, the fact of partitioning rather than applying some
direct mixed integer algorithm preserves the structure of the matrix A, for the
computation of substep (ii). Thus, if A, is of transportation type, then every
occurrence of (ii) involves a problem of transportation type. All of these proper-
ties are desirable; nevertheless, the key question regards the number (or per cent)
of extreme points and rays of S which enter the computational procedure. If this
number is large, the approach is not successful.

It should, perhaps, be pointed out that this procedure, though algebraic in
nature, has the “flavor” of a branch and bound method. In fact, every occurrence
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of subset (ii) in which f(¥™*) is finite provides a new lower bound on the value
of the objective function y, . Schematically, or geometrically, the process builds
up a convex feasible region in (3o, Y')-space, each new constraint “cutting off”
the current integer solution. This interpretation is illustrated in Figure A.3.
U, ---, U* correspond to the restricted set of constraints gotten from U7,
j€Q;and U® and U* are rays of S. (1", Y*) is the integer solution to a substep
(i) and U™ the subsequent solution of substep (ii) which “cuts off” y,*, Y* and
gives a new bound on min y, . U* is then adjoined to Q. In Section B this method
is applied to the plant location problem and given a direct interpretation.

B. Uses
1. Introduction

Many problems of practical and other interest can be formulated as linear
programs by using one or more additional constraints which state that some
variables are required to be integer valued in a solution. Thus, optimization
problems over non-convex and/or disconnected polyhedral sets of points, the
minimization of non-convex piecewise linear functions, the travelling salesman
and salesmen problems [79], the p — (p = ?) coloring map problem, the search
for orthogonal latin squares and other statistical designs can all be formulated
as pure or mixed integer programs. A survey of these and other formulations may
be found in the paper of Dantzig [29].

There is the question as to whether or not these problems ‘“‘should” be so
formulated: although mathematically correct some seem awkward and unnatural
posed as integer programs since they lead to very large problems (in numbers of
variables and constraints). The same may be said about various industrial
scheduling problems ([41] [74] [88] [96] [97], see especially the book [80]): very
large integer programs are needed to pose rather “small” scheduling problems.
Computational experience [41] appears to confirm this observation; in fact, for
some small scheduling problems a version of Algorithm II is reported to have
required more steps than would be needed for a solution by complete enumera-
tion (though this may have been due, in part, to the particular code used, see
Section C). This experience has discouraged many potential users of integer
programming. In the author’s opinion this experience should be heeded with
respect to the application of integer programming to these scheduling problems
only—and not to other classes of problems,

Other problems of practical interest which have been stated as integer pro-
grams are fixed cost problems (e.g., [2]); warehouse location problems ([6] [75]
[89] [93]) and their uses in an apportionment problem [98]; the minimum dis-
junctive normal form problem or the network design problem ([20] [21] [22] [84])
and its generalization to a delivery problem [5]; problems in the construction of
codes ([65] [78]); and of course any economic activity analysis or linear pro-
gramming problem which concerns indivisible activities or commodities (e.g.,
[24] [34]). Since not discussed below—due to the relatively extensive mathe-
matics needed to obtain a formulation—it should be said that a very successful
application has been made to the construction of minimum-redundancy (mini-
mum cost per bit) prefix codes for the discrete noiseless channel [65]. Computa-
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tional experiments are reported on to show that the solution of the problem
formulated as an integer program is a practical approach.

A host of combinatorial problems may be stated as integer programs: the
marriage problem, the system of distinct representatives problem , the assign-
ment problem and its generalization to the transportation, transshipment, and
network flow problems, the caterer problem, and others (see [39] [61] for a sur-
vey of these and other applications). However, these problems are cases in which
solutions to their “obvious” linear programming formulations are automatically
integer valued: the extreme vertices of the convex polyhedral constraint sets
are known to have integer components given integer data (e.g., given integer
“supplies” and “demands” in the transportation problem). This useful property
is due, of course, to the very special structure of these so-called “unimodular”
constraint matrices: all subdeterminants have value 0, 41, or —1. This means
that in the course of doing a simplex method the only pivot entries that can ever
be encountered are +1; hence, only addition and subtraction are needed in the
course of computation. There has been considerable effort to characterize the
set of unimodular matrices in a manner which would allow easy identification;
but, in the large, this effort has failed. Classes of such matrices have been identi-
fied: the most inclusive of these has been, essentially, all matrices which are
either of the transportation type or can be obtained from such a matrix through
a finite number of pivot steps (see [3], and particularly [61] for more extensive
discussions). On the other hand, it is of considerable practical interest to note
that all unimodular matrices found (so far to the author’s knowledge) “in na-
ture,” i.e., arising from some problem, have been of the transportation type.
Nevertheless, there are examples of matrices which are unimodular but cannot
be interpreted as being of the transportation type.

Other combinatorial problems which can be formulated as integer programs
are not so well behaved. The travelling salesman problem, for example, requires
additional cuts. An ad hoc method of generating additional cuts ([30] [31]) proved
successful in solving some numerical problems: these cuts were derived in order
to eliminate “loops” in the salesman’s itinerary; i.e., to insure that the salesman
makes a complete tour without returning home until each city is visited exactly
once. It should also be said that in one special case of the problem an algorithm
exists ([44] [46]) for obtaining the optimal tour in the order of n® steps, where n
is the number of cities. The complexity of the general travelling salesman problem
may be illustrated by the following fact [66]: a system of 390 irredundant in-
equalities describes the convex hull of the feasible tours (in 25-space) for the
5-city case (i.e., the extreme points of this convex polyhedron correspond to the
120 feasible tours). Other examples of problems which are not well behaved are
the hierarchy of covering problems of graph theory—of which the delivery
problem [5] cited above is a generalization—and their close relatives, the hier-
archy of matching problems. These are discussed in the rext section.

2. Covering Problems

Covering problems of various types represent a class of specialized integer
programming problems which are of considerable importance in that many
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practical problems can be so formulated. In fact, the most successful computa-
tional experience to date with the integer programming algorithms of Gomory
has been with problems of covering type. The term arises from the fact that
these problems can be interpreted or explained in terms of graphs.

A graph G = (@, R) is a finite set of nodes @ together with a set of edges R
joining certain pairs of nodes (or unordered pairs of nodes). In the simple cover-
ing problem a cover is defined to be a subset of edges such that each node of the
graph is incident to some edge of the subset; the problem is to find a cover with
the minimum number of edges. As an integer program, the problem may be
stated

2 ;

(B.1)
when Draz = o, z; =0o0rl,

where ay is a column of m 1’s and each a; = (@i, - -+ , @mj)" has exactly two
entries equal to 1 and the remainder equal to zero. a; corresponds to the edge of
@ joining nodes 7 and k if a:;; = a; = 1. The matrix A = (a1, - -, a,), with
one column for each edge and one row for each node of G, is called the node-edge
incidence matrix of the graph G.

Closely allied to the simple covering problem is the simple matching problem:
Given @, a matching is defined to be a subset of edges such that no two edges
of the subset are incident to the same node; the problem is to find a matching
with the maximum number of edges. Clearly, the maximum matching contains
no more edges than the minimum cover. Further, it is not difficult to see that to
obtain a maximum matching from a minimum cover (or vice versa) it is only
necessary to delete edges from the cover which “overcover” a node (or adjoin
edges to obtain a cover) [81]. As an integer program, then, the simple matching
problem is to

2z

(B.2) .
when e S, z;=0o0rl

where, again, A = (a1, * -, aa) is the node-edge incidence matrix of G.

The complexity of these problems considered as integer programs can be illus-
trated in much the same terms as that of the travelling saleman problem. Since
the basic integer programming algorithms are convexification processes it may
be reasonable to measure the complexity of the problem by counting the number
of linear inequalities which, when adjoined, would describe the convex hull of
the integer solutions (if possible). Of course, such sets are not necessarily unique.
Nevertheless, it is of interest to note [36] that the feasible integer solutions to
(B.2), i.e., the matchings of @, are precisely the extreme points of the convex
polyhedral set

Z,’ a;l; = Qg , Zj = 0, and

(B.3)
D iery i < 1 for all sets of edges Ry and m = 1,2, --
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where Ry is a set of edges of G whose nodes belong to a set S; consisting of
2r: + 1 nodes of G. If the z; have values 0 or 1 these new inequalities simply say
that no more than r; edges can be chosen from among the edges of 2r, + 1
nodes; for otherwise the edges would not form a matching since some node would
necessarily be incident to more than one edge. These constraints, however, may
be great in number.

Nevertheless—as might be expected—there are more direct algorithms for
these special integer programs. The underlying idea which leads to these is that
of the alternating path—an idea which goes back to 1891 [83]. A path of G is a
sequence of pairwise distinct successively adjacent edges of G. Consider the
simple covering problem. Suppose that a set of edges E is found which covers G.
Then the following theorem [81] holds: E is a minimum cover of the nodes if and
only if there exist no alternating paths (paths whose successive edges alternately
belong to and do not belong to E) with the added property that the first and
last edges, e; and e;, of the path belong to £ and the first and last nodes of the
path are also covered by edges of E other than e; and e; . Call such an alternating
path a reducing path: if one does exist then it is easy to see that by reversing
the assignment of edges in the alternating path to the covering set a new cover
E' results which contains fewer edges. Thus, the “only if” part of the theorem
is simple.

The “if”” part is slightly more involved. Suppose E is a cover of G for which
no reducing path exists and that C is a minimum cover of G. We show how to
alter E and/or C, without changing the number of edges in either set, until they
coincide; i.e., we show E must also constitute a minimum cover.

If E = C, the proof is complete. Otherwise there must exist an edge e, ¢ E N C~
(an edge in E but not in C) for, if not, E < C implying E = C. e; must have
an adjacent edge e; £ E~M C because each node of ¢; must be covered by edges
of C and if these edges also belonged to E, then there would be three adjacent
edges of E with edge e: constituting a reducing path. Continue to construct a
path according to the following rule. Given e; ¢ E N C~ and an adjacent edge
e1eE"N C (ore;e E~N C and eipie E N C~) adjoin to the path e, «--,
e:, €41 an edge e.2 € E N C~ (or ez € E~N C) adjacent to ei41 . Continue until
either (a) no further edge can be adjoined or (b) an edge e+, is adjoined which
is adjacent to some other edge e; of the path, k < 7.

(a) Thepathiser, e, -+ ,e; ( = 2). Suppose e; e EN C~ (ore;je E~N C).
There must exist an edge e;11 ¢ E N C adjacent to e; since C and E are covers
and there is no adjacent edgein E~ N C (in E N C~). But then change E (change
C) by withdrawing e; and adjoining €;; to obtain a new cover E (a new cover
C) with the same number of edges (see Figure B.1). This results in covers E
and C which coincide in one more edge than before.

(b) A cycle of adjacent edges e:,€it1,-'-,€;,e; has been formed
(j =2 7+ 2 = 3). The cycle contains (b;) an even number of edges or (b;) an
odd number of edges. (b;) Change E by withdrawing every edge in E of the
cycle and adjoining every edge in C of the cycle to obtain a new cover E with
the same number of edges which coincides with C in two or more edges than
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before (see Figure B.2). (b:) e: and e; both belong to E N C~ (to E~ N C).
Change E (change C) by withdrawing ¢; and adjoining e;—1 to obtain a new
cover E (a new cover C') with the same number of edges (see Figure B.3). This
results in covers E and C which coincide in one more edge than before.

This completes the proof, for every construction results in covers E and C
which coincide in at least one more edge but which each contain the same number
of edges as before.

Algorithm VI ([81], [37] for the simple covering problem). This theorem
provides the basis for an algorithm for finding a minimum cover. Namely, find a
cover then search for reducing paths. If none exist, the cover is minimum; if one
is found, inverting the assignment of edges to the covering set in the reducing
path results in a new cover with one fewer edge. But how is the search for a re-
ducing path to be made? This question was largely ignored until Edmunds [37]
pointed out that on it hinges the efficiency of any resulting algorithm. In fact,
Edmunds proposed a method which has, as an upper bound on the number of
“steps” required for obtaining a solution, a function linear in the number of
edges of the graph. His discussion is given in terms of the simple matching prob-
lem; however, the same ideas may be carried over or adopted for the simple
covering problem.

A procedure for finding—if one exists—a reducing path given a cover E may
be given in the following terms. If £ contains less than two nodes which are more
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than once covered, then E must be a minimum cover. Otherwise, choose a node
vo which is more than once covered. The following gives rules to construct alter-
nating paths which branch out from v,. At any stage of the construction let S
be the set of edges which form these paths.

To initiate the procedure, let S consist of the edges (v, v;) which belong to
the cover E, (v, v:) € E, and label these nodes with {v;, E}. Then, at any stage
of the procedure apply the following rules. It should be kept in mind that if a
node v; has a label {v; , E} or {v;, E~}, then this means that there exists an alter-
nating path of edges of S from v; to v, beginning with the edge (v;, v:;) € E or
(vj, v:) € E~, respectively. If a node v; also has a second label {v;, E}* then it
means that there is a defined cycle o consisting of an odd number of edgesin S
which contains an alternating path from »; to v; and thence to v, beginning with
an edge of E. Furthermore, the labels together with lists a, 8, - -+ of cycles are
sufficient to locate any such alternating paths.

(1) Suppose a node v; has a label {v; , E} or second label {v; , E}*. Then, either
(1a) there exists an edge (v;, v) ¢ E, vx # v; or (vj, ) £ a;or (1b) there
exists an edge (v;, u:) e B~ N S~ with v, having a label {v;, E} or {v;, E}®
(B # a); or (1c) not. In case (1a) a reducing path exists beginning with edge
(v, v;) € E and may be located (see (4) below). In case (1b) adjoining (v;, u)
to S forms a new cycle consisting of an odd number of edges in S (see (3) below).
In case (1c) adjoin to S an edge (v;, v:) if v has not been labelled, and label »;
with {v;, E~}. Then continue to label, if possible.

(2) Suppose a node v; has one label {v; , E~} (i.e., has no label {v , E}*). Then,
since E is a cover there must exist some edge (v;, vx) € E. Either (2a) v has a
label {v;, E} or (v;, E}?; or (2b) v has one label {v;, E~}; or (2¢) v has no
label. In case (2a) a reducing path exists beginning with (v, »;) and may be
located (see (4) below). In case (2b) adjoining (v;, v:) to S forms a new cycle
consisting of an odd number of edges in S (see (3) below). In case (2¢) adjoin
to S the edge (v;, vx) and label v, with {v; , E}. Then, continue to label, if possible.

(3) Odd cycle. Adjoin the edge (v;, ) to S. Then, an odd cycle of edges is
formed in S (in cases (1b) and (2b)). This is because the labels on v; and v;
show there exist alternating paths to v beginning at »; and v, respectively,
whose first edges are either in E (case (1b)) or in E~ (case (2b)). Therefore,
these paths must first come together at a node v, whose incident edges in the
cycle are either both in E or both in E~, This means that the sum of the edges
in these two paths »; to v, and v; to v, is even, and hence the number of edges
in the cycle odd since (v;, vx) was not counted. Either (3a) v, = v, or (3b) the
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edges in the cycle incident to v, are both in E~ or (3c) the edges in the cycle
incident to v, are both in E. In case (3a) or (3b) give as second label {v, , E}”
or {v,, E}’, respectively, to all nodes in the (™) cycle which have labels con-
taining E~ but have no second labels. Record the nodes of the »*® eycle in cyclic
order starting with v, . These labels reflect the following fact: starting with any
node in the eycle it is possible to follow an alternating path back to v, beginning
with an edge in E by going either in one or the other direction towards v, . In
case (3¢) a reducing path exists and may be located (see (4)).

(4) Locating an alternating path. Given a labelled node v, , it is always possible
to follow an alternating path from v, to v, in S. Namely, a label of vy is either
{v,, E}, meaning that (v;, v,) ¢ E is in a path and v, has a label {v;, E7}; or
{v,, E~} meaning that (v, v,) € E~ is in a path and v, has a label {vs, E} or
{vn, E}*; or {v,, E}" meaning there are alternating paths beginning at v; with
an edge in E or in E~ to v, which can be found by looking at the record of the

‘2 cycle, one of which can be continued from v, to v, . In case (1la) the path
s0 located beginning with (v;, v:) € E and ending at v, is a reducing path since
o and v; have incident edges in E and not in the path. In case (2a) the same
is true with the path beginning with (v:, v;). In case (3c) the path beginning
with an edge incident to v, in the »* cycle, going around the cycle back to v,
and thence to v, is also a reducing path since the node v, remains covered after
reversing assignments (as well as the other nodes).

The rules above must terminate by finding a reducing path or by being unable
to apply them further in a finite number of steps not exceeding the number of
edges in the entire graph, since each step results in adjoining one new edge to S.
In the latter case the cover E is a minimum cover. For suppose not, i.e., suppose
there exists a reducing path from one overcovered node v, to another overcovered
vq . Let v, # vy (where v, is the initial node of the construction). Then, v, must
have a label (assuming the graph to be connected). Suppose it has a label
{v:, E} or {v:, E}*; then, since v, is overcovered, step (1a) would have located
a reducing path. Therefore, v, must have one label {»;, E~}. But, then, either
step (2a) occurred, meaning a reducing path was located; or step (2b) occurred,
meaning a cycle was found and hence v, must also have a label {»,, E}*. Thus in
all cases a contradiction is reached, showing the validity of the procedure as a
means for obtaining a minimum cover.

The difficulty in the above procedure and in the simple covering problem
arises from the presence of odd cycles of edges in the graph. In fact, if none
existed then a linear programming procedure could be applied directly to (B.1)
and an optimal solution in integers found. This is because of the following
theorem: any square non-decomposable matrix of 0’s and 1’s with at most two
1’s in any column has determinant 0, &1, or ==2. This means that in a linear
programming solution to (B.1) variables can have values 0, §, or 1. Thus, if only
cycles of even number of edges are present and a solution has variables with
values 3, these must correspond to edges which form a cycle(s); increasing and
decreasing these values by % around the cycle(s) a cover is obtained with the
same objective function value. The proof of the above statement is easily given
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by induction on the order of the matrix m. It is obvious for m = 2. If some row
or column of an m by m matrix contains less than two 1’s, induction establishes
the fact. Otherwise, every row and every column contains exactly two 1’s. But
such a matrix has determinant 0 or =2, for evaluating it by computing all m!
products with appropriate sign and summing will result in only two nonzero
terms which are each either 41 or —1. This is because the choice of any one of
the two 1’s in the first row of the matrix uniquely determines the choice of other
1’s if one wants to obtain a nonzero product. In fact, if m is odd the value is =42,
while if m is even the value is 0. It should be noted that the assumption of non-
decomposability is the same as assuming the matrix is the node-edge incidence
matrix of a connected graph.

Consider now the set covering problem: given a set of elements and a collection
of subsets of these elements, find a minimum family of the subsets such that
every element of the set is contained in some subset of the family. In graph
language define a graph G with nodes v; and F; and edges (v, F;): let nodes v;
represent elements of the set and nodes F; subsets of the collection with an edge
(v¢, F;) in the graph meaning v; ¢ F';. Then the set covering problem is to find
a minimum number of nodes F; in G whose incident edges together meet or cover
every v; vertex. As an integer program the problem is
Minimize PRE?
when 2iem; = a, z;=0,0r1
where a; = (a1, **+,m;)” has a;; = 1if v; ¢ F; and a:; = 0 otherwise. The
matrix A = (a1, *** , a,) with one column for each subset F; and one row for
each element v;, is the (0, 1)-incidence matrix of elements versus subsets. It
contains, in general, an arbitrary number of 1’s in each column in contrast with
the simple covering problem whose matrix has exactly two 1’s in each column.
A generalization of the alternating path ideas [35] has been given in the following
terms. First, define a tree T to be a graph every pair of whose nodes are joined
by exactly one path; or, equivalently, as a connected graph which contains one
more node than edges. An alternating tree 7' in G with respect to a cover C (of
nodes F';) is a tree such that: (a) if T consists of exactly one edge (v;, F;) then
F;eC;or (b) if T consists of more than one edge then v; ¢ T' implies v; has
exactly two incident edges, (v:, F;) and (vi, Fx) in T with F;eC and F, e C~,
and Fr e T N C~ implies F; has exactly two incident edges in T as well. This
means that the tree T' contains one more node of C than of C~. Theorem [35]:
C is a minimum cover if and only if there exist no alternating trees T with the
added property that the set of F;-nodes C’ obtained by reversing the assignment
of nodes F; in T to C form a cover (¢’ = (C — TN C)U (C~N T)). As
before it is clear that the existence of an alternating tree 7' in G with the added
property shows the cover is not a minimum. The other direction is more in-
volved. But of particular interest here is the fact that the only known way of
applying this theorem as a method of solution is to actually inspect every alter-
nating tree and verify for each whether or not the added property obtains.
Therefore, there is no known algorithm for searching for a tree with the required

(B4)
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properties or showing none exist in a way which requires “looking at” each edge
or each node of G once (as is the case in the simple covering problem).

This is a regrettable fact for the set covering problem, and its slight generaliza-
tion, the weighted set covering problem

(BS5) Minimize D e
"’ when Staz = o, z; =0o0r1
where each a; = (@17, *** , @mj)” has a;; = 0 or 1, are models for real problems

of considerable interest and importance. These problems are faced by the engi-
neer in designing switching circuits for digital computers or telephone centrals or
control systems in automated manufacturing; by the logician in looking for a
simplest disjunctive normal form equivalent to a given formula; by the business-
man responsible for the delivery or distribution of goods from a warehouse to a
host of clients.

These problems of the engineer and of the logician are exactly the same and
have been extensively studied by both [62]. Consider the point of view of the
engineer: a combinational circuit is a circuit having & binary (e.g., off-on) inputs
and one binary output which is solely a function of the 2* possible arrays of
inputs. The designer specifies the switching function, i.e., the output he wishes
for each of the 2* inputs, and is then faced with the problem of constructing a
network which realizes the desired function. There are, in general, many cir-
cuits which realize the function; the problem is to choose one which is ““cheapest.”
The problem is often limited to that of constructing the circuit through inter-
connections of and-gates, circuits which are on only when all inputs or switches
are on (are in series), and of or-gates, circuits which are on when at least one
switch is on (are in parallel). In particular, circuits realizing any switching
function can be made by building and-gates whose inputs are the circuit inputs,
and connecting these into one or-gate. It is these special circuits with which we
shall deal here.

Consider the point of view of the logician. A literal is a variable or the negation
of a variable. A formula is a sequence of literals and/or formulae connected by
ands (conjunctions) and ors (disjunctions), or the negation of such. If p and ¢
are literals or formulae, then their disjunction (p V g) is true if either p or/and ¢
are true but is false otherwise; their conjunction (pg) is true if both are true
but is false otherwise; and if p is true then its negation (p™) is false and vice
versa. Thus, through the use of these laws the dependence of the truth value of a
formula on the truth value of each of its k variables may be displayed in a truth
table consisting of one line for each of the 2° possible ways of assigning true and
false to the variables. Formulae are said to be equivalent if their truth tables are
the same. In general, there are many equivalent formulae; the problem is to
choose a “simplest” one. Often, the problem is reduced to that of finding a
simplest equivalent formula in disjunctive normal form, that is, a formula which
is a disjunction of clauses, each clause being a conjunction of literals. It is clear
that this problem is the same as the circuit problem: on corresponds to true, off
to false, an and-gate to a conjunction, an or-gate to a disjunction, the special
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circuits to a disjunctive normal form. In fact, both of these are models for a
Boolean algebra in which there are two elements O (off, false) and 1 (on, true);
addition (or-gate, disjunction) is defined by0 +0=0,04+1=1+4+0=1 +
1 = 1; multiplication (and-gate, conjunction) is defined by 0-0 = 0-1 = 1.0 =

0,1-1 =1.
The two problems can, therefore, be formulated in a unified fashion. Let
2y, Ta, +++ , Ty Tepresent inputs or variables with values 0 or 1 in a Boolean

algebra. Given a switching function or truth table or Boolean function F, that is,
an output value of 0 or 1 corresponding to each of the 2* possible assignments of
0, 1 to the variables, find a ‘“cheapest” or ‘“simplest’ expression or function in
the z; which is a sum of products of terms, every term being either an z; or an
(1 — z;), whose values over the domain of definition agree with the output val-
ues. It is clear that there exist solutions: if (z,’, - -+ , ;) is a k-tuple of 0’s and
1’s with value 1, then include the product J]:* z;~ in the sum, where z;" = z;
ifz = 1and =1 — z;if z; = 0. Each such product is called a fundamental
product or canonical term. To formulate the problem it is still necessary to
specify what is meant by “cheapest” or ‘“‘simplest.” It suffices, in what follows,
to impose any nonnegative integer costs on the products as long as any factor of
the product has a cost no larger than the product (asking for rational costs is,
of course, no more than asking for integer costs). For example, it may be of
interest to find the solution containing the fewest number of products, or the
solution which contains the fewest number of terms.

Given the output function F define a prime implicant of F to be a product P
of terms over some subset S of indices {1, 2, -+ , k}, P = ]]sz;~ which has the
property that P = 1 implies F = 1 but no proper factor of P has the same prop-
erty. Thus, a prime implicant is a product containing a minimal number of
terms which has value 1 only when F has value 1. It is easy to see [85], in view
of the cost structure stated above, that it suffices to consider functions which
are sums of prime implicants to find a cheapest. Thus, the problem may be re-
duced to finding all prime implicants and then to choosing a cheapest subset of
them whose sum realizes F'. The enumeration problem is quite simple and may be
described as follows [85]. Begin with the sum of all fundamental products of F.
Then, at any stage, apply rule (i) if possible; if not possible, apply rule (ii);
if neither is possible, stop. Rule (i): if P + P’ is in the sum and P is a factor
of P', drop P’ from the current sum. This is clearly permissible since P = 1 if
and only if P 4+ P’ = 1. Rule (ii): if z;P + (1 — z,)Q is in the sum then add
the product PQ to the sum, omitting any duplicate terms, (P or @ might be
identically 1) provided PQ does not contain a factor z;(1 — z;) (since then
PQ = 0) and does not contain a factor which is already a product in the sum
(since then a cyecle of rules (i) and (ii) could result). This rule is also permissible
since z;P + (1 — z;)Q = 1 if and only if z;P + (1 — z;)Q + PQ = 1. Thus
these rules represent a sequence of transformations each resulting in a new ex-
pression realizing F. It remains to show that the rules produce all prime impli-
cants and only prime implicants. Suppose some prime implicant P of F is omitted
in the final sum obtained. Let P* be the product containing the largest number of
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terms such that P is a factor of P* but no product in the sum is a factor of P*
(such a P* must exist since P itself satisfies the constraints on P*). P* cannot
contain all k variables for then, since no product in the sum is a factor of P*, P*
would have a value different from every product in the sum. Suppose P* does
not contain the variable z;. Consider z;P* and (1 — z;)P*. These products
contain more terms than P*, and P is a factor of them; thus some products of
the sum must be factors of them. These products of the sum contain z; and
1 — z; since they were not factors of P*. Thus, one of three cases obtains. First,
the products are z; and 1 — z; alone. But, then, the problem is trivial since this
implies that the Boolean function F is identically 1. Second, the products are
z; and (1 — z;)R (or (1 — z;) and z;R) with R a factor of P*. But, then, by
rule (ii) the product R is part of the sum, contradicting the hypothesis on P*,
Third, the products are z;R; and (1 — z;)R., with R; and R, factors of P*,
Again, by rule (ii) the product R;R, (with duplicates omitted) is part of the
sum and a factor of P*, contradicting the hypothesis on P*. In either of these
cases the product R or R;R; might not have been added since some other product
was already present in the sum which was a factor of R or R;R, : the same con-
tradiction derives. The only part of the argument is trivial: since all prime im-
plicants are generated no other products would be present by rule (i).

To formulate the problem list the prime implicants of the sum, Py, Py, -+« , P,
and compute their costs ¢, ¢z, - -+ , ¢a . Then, list the fundamental products of
F,Q1,Q:,  ,Qn,or, what is the same thing, list the points of the domain of F
where F = 1 (i.e., there are msuch points out of the 2* possible points or inputs).
Define a;; = 1if @; = 1 implies P; = 1, i.e., if P; is a factor of Q; and a;; = 0
otherwise. Then, to any feasible solution to (B.4) there corresponds a subset of
prime implicants which realize F'; and an optimal solution selects the cheapest
such subset.

The delivery problem [5] may be stated in the following terms. Commodities,
located at a central warehouse, are to be shipped by common carrier to m clients
at various destinations within some region. The shipper’s objective—in any
given time period—is to deliver the clients’ orders at a least total transportation
cost. Typically, the order of a given client cannot be shipped in separate de-
liveries; however, the shipper may specify the delivery schedule to be followed
by the carrier in view of carrier constraints and rates. Carriers can be instructed
to combine a number of orders (at most k) to be delivered together, i.e., by
dropping-off one order and going on to drop-off another, etc., provided that these
clients lie along one of a number of permissible geographical routes (at most r)
or/and that certain weight or capacity limitations are not surpassed. Typically,
a client may receive deliveries via a number of different routes. The carrier has a
well-defined schedule of rates which is a function of the total weight of a com-
bined shipment, the number of stop-offs required, and the routes or destinations
involved. Usually, fixed costs are applied for each stop-off; rates decrease in
jumps with larger loads (e.g., car-load, less than car-load); rates applied to
particular combined shipments are based on rates applying to the furthest (i.e.,
most expensive) destination; and so forth. Thus, total cost is a complicated com-
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bination of rates which usually is a piecewise linear convex and concave in parts

function.
To formulate the problem suppose that in a given period m orders of total
weight w;, 7 = 1, - - - , m are received and must be met. Define an activity to be a

single feasible combination of orders with deliveries for some subset of clients
(perhaps only one). If r, k, and m are small it is feasible to generate all possible
activities. Suppose these are n in number. In some real problems it has been
observed that r < 5,k = 4, m < 15 and n < 388. Of course, in general, » is an
involved function of 7, k, and m and any supplementary constraints which may
be in force for the particular problem being considered. If n, (s = 1, ---,r) is
the number of destinations in each permissible route, then 7 £ D 1=y D im1 7;'
In any case, list all activitiesj = 1, --- , »n and compute the cost ¢; of each ac-
tivity j. Define a;; = 1 if activity 7 delivers order ¢ and a;; = 0 otherwise. Then,
to any feasible solution to (B.5) there corresponds a subset of activities which
together deliver all client orders; and an optimal solution selects the least cost
delivery schedule. It is assumed implicitly, here, than an optimal solution will
satisfy all inequalities as equations and not strict inequalities, since the latter
occurrence would mean two identical orders were shipped to a same client. It is
sufficient to assume for this to be true that if two activities j and & are exactly
the same except that j delivers to 7 and % does not, then ¢; < ¢ .

These three problems all lead to the weighted set covering problem (B.5).
In any of these formulations m and/or n may be large, indeed. However, it is
usually possible to simplify (B.5) considerably. There are four operations which
can lead to simplifications. First, if any row 7 contains only one enfry a;; = 1,
the other entries being zero, then, clearly z; = 1 in a solution (if no entries in
row 1 are 1, no feasible solution exists). Thus, row 7 and column j may be elimi-
nated, and o replaced by ap — a; ; if any entries of ap — a; are zero, their rows
may be eliminated. Second, if there exist two rows, 4 and 4, so that a;; = 1
implies a;,; = 1 for all j, then row 7, may be eliminated since Siane; = 1
implies D _;as,;¢; = 1, i.e., the row 4 constraint is weaker than the row ¢, con-
straint. Third, if there exists a set of columns S and a column «; 50 that s a; =
a;and D s ¢ S ¢j, then activity j is “dominated” and it is clear that it is per-
missible to take z; = 0 in an optimal solution. Thus, column j may be eliminated.
Fourth, if the matrix A = [a, - - - , as] can be written, after rearrangements of
rows and/or columns in the form

A0
A=
0 A”

where the zeros represent blocks of zeros, then (B.5) may be written as two
separate problems of the same type, but each of considerably smaller dimension.
Clearly, these operations may be applied in any order successively. In practical
problems related to Boolean functions [20] [21] and to delivery problems [5] it
was found that these operations resulted in considerable simplifications.
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A recent proposal ([70][71]) makes systematic use of these simplifications to
specify an enumerative method for the set covering problem (B.4) (the method
may be extended to the weighted case). Consider the first row of A and suppose
ay; = 1forj £ kand ay; = 0forj > k. The inequality Y ayz; = 1 implies that
;= 1,0orz; =0,z = 1,01, --- ,0rzy = --- = 254 = 0, 7 = 1. Consider
the j*" of these mutually exclusive possibilities. Discard rows i of A having a;; = 1
and replace the first  — 1 columns by 0’s; call the resulting matrix A, Clearly,
a minimum cover for A may be found by computing a minimum cover z? for
A® and adjoining z; = 1, for each j, and then choosing a minimum of these &
covers. The idea of this approach is to construct a matrix A’ whose set of covers is
the same as the set of the covers of A®, A®, ...  and of A®. Let a{{}, be a row
of A? and o'; = >_;at),, addition being Boolean. Then o’z = 1 if and only
if a{i)z = 1 for at least one j. Thus, the matrix A’ formed by making all possible
Boolean sums of k rows, one from each of the matrices A, enables the following
statement: if =’ is a minimum cover for A’, then it is a minimum cover for some
A® and 2’ together with z; = 1 is a minimum cover of 4. The covering problem
A’ may be considerably simplified by at least the second rule given above; also,
at least one column of A’ is composed entirely of 0’s (in our discussion, the first
column). Continue to apply the same ideas until z = 0 is 8 minimum cover for
the matrix composed entirely of 0’s. Then “backtrack”.

3. Location Problems

Location problems of various types constitute another class of specialized
integer programs having wide applicability. A typical problem is the following.
A product is produced at one plant and is distributed to warehouses in various
locations. Subsequently, the product is delivered to customers, each with known
or estimated per period demands, from storage in the warehouses. The problem
is to choose some set of warehouse locations from a finite set of possibilities in
order to effect the distribution, storage and delivery from plant to customers at a
least total cost. If costs are linear, or convex, the problem is straightforward;
in fact, solutions in this case would usually tend to use all possible storage loca-
tions. More realistically, suppose that the costs of shipments from plant to ware-
houses and the costs of storage are concave, i.e., that economies of scale in ship-
ments and storage are present (per unit costs are non-increasing), but that the
subsequent delivery costs are linear.

A slight generalization of this problem with many plants rather than one was
considered in 1958 [7] by Baumol and Wolfe and a method for determining a
local minimum is given there. This model assumes that each plant’s production
is limited while warehouse capacities in the various locations are (for practical
purposes) unlimited. Thus, the problem is one of location and flow of distribu-
tion. The idea behind the method for obtaining a local minimum is easily stated.
Consider any feasible solution. Then, determine the marginal costs associated
with every variable in the problem, and take these as the (temporary) per unit
or average costs of their variables. This results in a (temporary) linear total
cost function—the differential of the cost function—which approximates the
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change in total cost in a neighborhood of the last feasible solution. Solve the
linear problem: it is, since in this case warehouse capacities are unlimited, a
transportation problem. Repeat the procedure, beginning with the last trans-
portation problem solution, until the same solution repeats itself. This last is a
sought for local minimum. A difficulty here is that marginal costs are not always
unambiguously defined. Also, no real global considerations have been made—
and the local minimum found may be a very expensive one.

Consider, now, the one plant problem, thus eliminating the transportation part
of the problem. Suppose there are m possible warehouse locations (z =1, - - - , m)
and n customers with per period demands of d; (j = 1, - - -, »). Then the problem
is to

D f( i) + D cisij
when Z.- zi; = dj, 2i; =2 0

where z;; is the number of units of the product shipped from the plant via ware-
house 4 to customer 7, and f:(z;) is a concave function of z; with f;(0) = 0. The
first point to note is that since the f(z;) are concave functions, delivery costs are
linear, and warehouses have unlimited capacities, every customer can receive
his entire demand from exactly one warehouse in a least cost solution. In other
terms, a concave function attains a minimum at an extreme point of the convex
constraint region. The extreme points of the constraint set of (B.6) are easily
described: since each of the equations ;z;; = d; are independent, an extreme
point has, for each j, z;; = d; for some one 7 and zx; = 0, k£ # 4. Thus, the ex-
treme points of (B.6) are m" in number and one possible method of solution is
via enumeration: for each assignment of customers to warehouses compute the
total cost and choose one with minimum cost. Though possible this approach is
certainly not feasible for m or n moderately large.

Suppose, now, that the functions f;(2;), representing cost of shipment to and
storage at warehouse ¢ of z; = J;z;; units, are continuous, piecewise linear
functions of z;, i.e., are of form

fi

(B.6) Minimize f(z)

Zj

This is a common type of function found in practical situations, with the breaks
in dfi/dz; corresponding to rate breaks as larger quantities become involved.
The local minimum approach could be easily applied, though some attention to
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ambiguities at points corresponding to changes in rate would be necessary. How-
ever, R. L. Taylor [89] has suggested the following approach to the global prob-
lem. Suppose f; has b; different marginal rates (3 in the function drawn above).
Then, (B.6) could be solved via another kind of enumeration. Namely, consider
all possible marginal costs that could be assigned to variables z;; . The local
minima are found among the solutions to all linear distribution problems re-
sulting from every possible assignment of marginal costs and a global minimum
must, of course, be a local minimum. However, the number of possible rate as-
signments is []b;, which is, for most practical problems, a number considerably
smaller than the m" alternatives of the previous enumeration. Taylor then pro-
posed (and used) the following method of solution. Enumerate, in some sys-
tematic fashion, all possible rate assignments. Given any one, solve the resulting
trivial distribution problem (for each j take z;; = d; if its rate r;; = ming ry;,
and 2x; = 0, k # 7). Either the resulting solution z° is such that 8f(z°)/dz:; = ri;
or not, i.e., either the marginal costs of the solution match the rate assignment
or not. If it does not then reject it. If it does then either it is a local minimum or
some ambiguity is present due to some z}; corresponding to a point at which the
rate changes. In the latter case iterate to find a local minimum. Continuing, all
possible local minima are found. Taylor reports having programmed this ap-
proach and solving real problems, among them one with m = 6, n = 40, and
by =2,by=5,bs =7,b, = 8,bs =9, bg = 10. This took approximately seven
minutes of IBM 7090 time. Further, 12,754 vertices or solutions were found not
to match the rate assignments; 25,389 vertices or solutions did but were not
local minima; and 160 local minima were found. In this case solutions involving
all warehouses were excluded. In another example with m = 12, n = 40, and
b; = 3 all 4, forty minutes was required. It should be noted that the size of n is of
no real significance. The lesson of this experience is that in many practical prob-
lems enumeration, intelligently done, is feasible and of great value.

Consider a still more special form of the location problem (B.6) in which
fi(z:) = f: (a constant) if z; > 0 and f;(0) = 0 [75]. Then, by replacing z.; by
djx:; and appropriately redefining the c;;, the problem may be stated as the
integer program

Minimize W = 2ifai+ Digcii
when Z.-x,v,- =1, 0=z;;=yi,y: =0, 1.

If y; = 1, then warehouse 7 is used and a fixed cost of f; incurred; otherwise,
y: = 0 and warehouse 7 is not used (or built). Manne [75] considers this problem
and reports on some computational results of using a certain heuristic program
for obtaining “near optimal” solutions. A number of problems are solved exactly
by enumeration and the solutions compared to those obtained by heuristic means.

It might be conjectured that a solution to (B.7) with integer constraints
ignored (i.e., y;: = 0 or 1 replaced by %; = 0) would automatically result in each
y; taking an integer value. The following example (of R. E. Gomory) shows this
to be false. In thisexamplem =n =3,f; =1alls,and ¢;; = 2,¢;5 = 1,7 % J.
Due to symmetry there are three possible solutions: use one warehouse (fixed
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cost of 1 plus linear cost of 4 for total cost of 5), use two warehouses (fixed cost
of 2 plus linear cost of 3 for total cost of 5), or use three warehouses (fixed cost
of 3 plus linear cost of 3 for total cost of 6). However, the following noninteger
solution has a lower cost: use three § plants (take y; = % all 4, and z;; = 3,
1 5% j, z = 0 for a total cost of §).

The partition algorithm (see Section A.5) appears to be particularly well suited
for application to (B.5) [6]. Partitioning into integer constrained variables ¥
and noninteger constrained variables X, the dual linear programs for given
values ¥* = (3,%) (see (A.23)) are

Minimize Ze,j Cijlij

when D=1, 0=z <y’
(B8) | .

Maximize Z,— v; — Z.-,,- Ys Uij

when v; — Ui S Cij, v; 2 0,u; 2 0.

Consider, first, the problem of finding all extreme rays which can lead to a non-
feasible Y*, or, what is the same thing, of finding necessary and sufficient con-
ditions that ¥™* admit a feasible distribution X. The conditions are that for ex-
treme rays of v; — ui; < 0, v;, ui; = 0 the inequality >ivi— Doiliui; >0
is false. If ¥* = 0, then any {u;;, v;} with some v; > 0 makes the inequality
true. Otherwise, if ¥* 5 0 but has components 0 or 1, then v; £ D _; y:*u; all 7,
and the inequality is false. Thus, a necessary and sufficient condition on Y*
is that Y™ = 0; in words, at least one warehouse must be used.

Now, given some solution to the restricted integer program Y™ with value
Yo, the linear programs which ask whether or not Y* is optimal are the pro-
grams (B.8). These are easily solved explicitly. Namely optimal solutions are
to take v,* = min; {c;; | y:* = 1}, ul; = max {0, v;* — ¢;};and 25 = 0ify* = 0
while zf; = 1 for one index 7 if ;¥ = 1 and ¢;; = ming ¢, each j. In words,
for each sink j supply its unit by ordering from an open source with cheapest
transportation cost. Let the common optimal value of (B.8) be f(¥™*). Then, if
v = 2 fut + f(Y*) {zF, ¥} constitutes an optimal solution. Otherwise,
adjoin {u3j , v;"} to the set of extreme points and adjoin the corresponding in-
equality to the restricted integer program.

Consider the restricted integer program. Given {u%;, v/}, k = 1,--- ,K* a
subset of extreme points to the right hand problem of (B.8), it is: find ¥ # 0
in integers, and y, to

Minimize %
when Yo = v — DUty + 2ifys, (k=1,---,K").

The inequalities of (B.9) have a direct interpretation. To give this interpretation,
suppose some solution ¥* 7 0 is given, and that the resulting solution to the
right hand linear program of (B.8) is {uJ;, 1. Then the new inequality

(B.10) Yo = Doivi— Diiuliys + 2o
is adjoined to the restricted integer problem.

(B.9)
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Now, as was seen above, uj; = 0 if ;* = 1; and if * = 0, then u}; is the
difference between the present linear cost of supplying sink j, »;*, from the open
sources and the linear cost of supplying j from a presently closed source 7, if
that cost is smaller. Thus, uj; is the linear saving made possible in supplying j
if the source 7 is opened, and Y ; u}; is the total linear saving made possible if 4 is
opened.

Let I = {i|y:" = 1};it is the set of open sources. Then (B.10) may be written
(B11) w = Ziv:‘* + Zielfi + Z-’cxf-'(yi -1+ Z-‘tr i — Zsuf;]y.- .
The sum of the first two terms is the total of the current solution {z7; , y:*}: the
linear cost is ) ;v;* and the fixed cost is D f; . The sum of the last two terms
provides a lower bound on the change in total cost incurred in moving from ¥*
to a new solution Y.

The fourth term of (B.11) is associated with the set of currently closed sources,
12 1.1 Y is chosen so that y;* = 0 implies y; = 0, then this term is zero. If y;* =
0 implies y; = 0 for all 7 ¢ I except for one source, say %, (¥5, = 0 and y;, = 1),
while y;* = 1 implies y; = 1, then f;; — % ud,; is exactly the change in cost
incurred in moving from Y* to Y. Clearly, the total fixed cost is increased by
fio - But y;, = 1 and it is possible for some one or more sinks j to be supplied its
units at a lower linear cost if ¢;; < v;*; the saving obtained at sink 7 is precisely
uly; = max {0, v — Ci,i} since each sink has a demand of exactly one unit.
However, if two or more sources are opened the contribution of linear savings
in the fourth term is overly optimistic. The reason for this is that total linear
savings obtained by opening two or more sources is necessarily less than (or
equal to) the sum of the linear savings obtained by opening each of the sources
separately. If some sources are closed and some opened then, again, the linear
savings of the fourth term are overly optimistic.

The third term is associated with the set of currently open sources, ¢ ¢ I. If ¥
is chosen so that y;* = 1 implies y; = 1 then this term is zero. Otherwise some
fixed costs f;, ¢ € I, are saved (if y,* = 1 and y; = 0). However, (B.11) does
not take into account the fact that if a previously open source is closed then the
linear cost may increase.

Therefore, the new inequalities generated by the algorithm may be described
as “loose.” In particular, it appears that the estimate of savings given in the
third term may be ‘““tightened”—although in a rather weak sort of way. Namely,
let Jp = {j | zt; = 1}. Then, if source % becomes closed, i.e., if z» = 0 although
yi* = 1, then all sinks j £ J; which received their supply from % must receive
shipment from elsewhere. Since Y is unknown—the set of open sources is un-
predictable—the strongest statement that can be made concerning going from
source k open to source k closed is that the linear cost is increased by at least
> jer, max {mingex (¢; — v;*), 0}. Thus the third term of (B.11) may be re-
placed by

2ierlfi — 2 s, max {minge; (6 — 0;%), 0})(y: — 1)
which appears to be a weak improvement. However, if all sources are currently

open, y;* = 1 all 4, then this term accurately represents the change in cost if
exactly one source is closed down (see Display V for an example).
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Another form of location problem arises in the political sphere. This is the
problem of drawing voting districts in a state for the purposes of providing
citizens with equal representation in a state house of representatives. This prob-
lem is of considerable current interest due to recent Supreme Court rulings con-
cerning citizens’ rights for equal representation and the right of federal courts to
intervene and review the constitutionality of state apportionments. The dis-
tricting problem is the following. A house of representatives is to contain exactly
r representatives: define r geographical districts in-the state in order that each
district contain nearly the same populations but in such a way that each district
be a connected region with reasonable frontier (e.g., that familiar gerrymandered
contours be eliminated). Weaver and Hess [98] have considered a formulation of
this problem and, for a districting problem arising in the State of Delaware, have
computed local optima via the spirit of the Baumol-Wolfe approach described
above.

To formulate the problem define, first, some minimum geographic unit in
which to make a population count and call this unit a precinct. For example, a
precinct might be an “enumeration district,” the unit used by the census bureau
which is a well-defined area whose population is counted by one census enumera-
tor. Suppose there are n such precincts, with p; the population of district j.
Further, for each, locate (by some means) a geographic center. A district is now
defined as some collection of precincts, the center of the district being the center
of some precinct in the collection. A feasible districting is some assignment of
precincts to r disjoint districts. Ideally a district contains 1/r) p; = p popula-
lation; assume that a relative disparity of 25,0 < & < %, in population between
districts is tolerable. Finally, to meet the need for “compactness”—a heretofore
undefined geographical notion—define a measure of the compactness of a district
as follows. Consider any district D(l), with center the center of precinet I, and
precinets k & D(l). Let r.; be some geographical distance between centers of
precincts ¥ and ! and define ¢, = ri;. The compactness of district D(1) is

> kep CiPe - The problem may now be formulated as that of defining a feasible
districting to satisfy the population restrictions while minimizing the total
compactness measure:

Minimize E.-,,- CiiPiij
(B.12) when Yimi=1, (1—8py; < Xipaiu = (14 8)py;
and z:;; =0,0rl, y;=0,0rl, Siyi= 1.

y; = 1 means a district with center the center of precinct j is defined; z;; = 1
means precinct 7 is assigned to the district with that center. The equation con-
straints ensure, respectively, that each precinct is assigned to some district, that
the relative disparity of population between districts not exceed 25, and that
exactly r districts are defined.

In [98] this problem is treated in an approximate fashion, and only a local
minimum is found. The approach is this. Some collection of r y’s is chosen and
each of these s is set to 1, i.e., some r district centers are chosen. Then, the z;;
are allowed to vary between 0, 1 and & is set to zero, 8 = 0, and, thus, a trans-
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portation problem results and is solved. The z;; are then rounded to 0 and 1,
thus obtaining a set of districts. At this point, it is determined whether or not the
district centers can be reassigned (the collection of r y’s changed) in such a
manner as to decrease the objective function: if so, the changes are made and the
step repeated; if not, the solution found is kept.

The districting problem is distinct from an allied political problem, which is
that of determining the size of the congressional delegation of each state in the
U. S. House of Representatives. This problem, and schemes for its solution, has
a long history and a very reasonable method of solution [63] [64]. The apportion-
ment problem is exactly this: given n states, state j having a population
of P;,j =1, ---,n,and a house of M members, determine the number of repre-
sentatives or seats z; = 1 that each state j “should have.” Controversy over this
problem has centered on the meaning of “should have”: what is a fair criterion
on which to base the apportionment of seats to states? The criterion now in use
has led to “the method of equal proportions.” Define, for any apportionment,
i.e., any set of z; = 1, integers and with Y z; = M, the congressional district
of state j to be P;/z; ; this is the number of citizens represented by one member
of state 7. The point of view adopted in the current method is that any solution
{z;} should have the property that the percentage difference between the con-
gressional districts of any two states cannot be reduced by a transfer of a seat
from one state to the other. The percentage difference between congressional
districts of states 7 and k is defined by {(Pi/z:)/(Pw/zx) — 1} 100 %, where
P;/z; = Px/x: . The method for constructing a solution is easily stated. First,
assign one seat to each state. Then, at any stage, some L( < M) seats have been
assigned which, in fact, constitute a solution satisfying the criterion to the prob-
lem were the house to contain only L members. Suppose this apportionment is
given by {z;}, 2. z; = L. Then, if L < M, assign one more seat to state 5 if
Pi/(zi(z: 4+ 1)) = max; P;/(z;(z; + 1)) This priority scheme obtains a
solution satisfying the criterion because every time a new seat is assigned the
criterion is maintained. The reason is that the rule means (P;/z;)/(Pi/z: + 1)
< (Pi/z:)/(Pi/z; + 1) for all j. If (P;/z;) = (Pi/z: + 1) then (Pi/z:) =
(Pj/z; + 1), while, otherwise, (Pi/x:) > (Pi/z: + 1) Z (Pj/z;) > (Pi/z;+ 1)
and the criterion is satisfied in either case for all j. Furthermore, the criterion
leads to a unique solution except for possible “ties.” To see this suppose {z;}
and {y;} are different apportionments of the M seats which satisfy the criterion
of “equal proportions”: the priority scheme could lead to different ones if ties
occurred in the max evaluation. There must be some pair of delegations satisfying
z; = yi + 1 and 2, < y, — 1. Then P;/z; = Pi/xi (or Pi/y; < Pi/ys , by sym-
metry) implies 1 < (Py/z:)/(Pe/2x) S (Pi/ys + 1)/ (Pe/ye — 1) < (Pi/y:)/
(P+/y:) thus contradicting the assumption that {y; satisfies the criterion.
Otherwise, P;/:c.- < P,,/:cg and P.-/y.- > P,,/y;, . Clea.rly, (P.-/y.- + 1)/(P;‘/y,, - 1)
=< (Pi/y:)/(Px/yr), and since {y;} is assumed to satisfy the criterion this means
(Pi/y: + 1)/ (Px/yx — 1) < 1. By the same argument, (Px/zi + 1)/(Pi/z; — 1)
< 1. Therefore,

Pi/y; _ P/yr — 1 _ Pi/2 _ Pifzs — 1 _ Pify:
1= =< =< =< =
S P/y T Pify: + 17 Pi/zi = Pi/a + 17~ Piu/ye
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a contradiction, unless all inequalities hold as equations. But, then, z; = y; + 1
and z; = yx — 1 and the percentage difference between congressional districts
of states 4 and % is the same in either apportionment.

An important feature of the criterion and method of equal proportions—and
one which seems to have been instrumental in leading to its adoption—is that
if the size of the house M is increased while the total population of the country
remains fixed then there is always a solution having the property that the delega-
tion of no state is decreased. Some other methods which have been used or pro-
posed do not have this feature and are, thus, liable to produce the ‘“‘Alabama
Paradox” (so named due to an occurrence of this phenomenon in an apportion-
ment of the late 19th century, the loser being Alabama). For example, the “test
of minimum range” proposes that the apportionment problem be formulated as

Max;,; | Pj/x; — Pi/z:|
Z! Zj = Ill)

that is, minimize the maximum disparity in congressional districts. This cri-
terion has recently been re-proposed [42], but, as shown by numerical example
[64], it admits the Alabama Paradox.

Display V.

Consider the problem (B.7) withm = n = 4, f; = 7 all 4, and

0 12 20 18
=2 0 8 ¢
“W=l20 8 0 6
18 6 6 0

Minimize
(B.13)

when z; = 1, z; integer,

(an example occurring in [6] and taken from [75]).

The constraints of form (B.10) generated for the restricted integer program
(B.9) are given in the following table. In a line of this table Y* is an optimal
solution to the restricted integer program defined by the constraints given in all
the above lines and having the value Min y, given in the immediately preceding
line (e.g. Y* = (1,0, 1, 0) is an optimal solution with value Min y, = 20 to the
program with three inequalities). Y.;v;* 4+ D_:fw:* is the optimal value to
(B.7) given that ¥ = Y* (e.g., Y* = (1, 0, 1, 0) has least cost 28). Thus, at
any stage, Min yo provides a lower and Min Y ;2;* + >.:f#:* an upper bound
on the true least cost solution.

Y* = (% 3% 3, ) | Zji* + Zifivit =)+ On+ O+ Oys+ (n Min yo
0,1,0,0) 33 26 -5 7 -1 -1 19
1,0,1,1) 27 6 7 1 7 7 20
(1,0,0,1) 26 12 7 1 1 7 20
1,0,1,0) 28 14 7 -1 7 -1 21
(1,0,0,0) 57 50 7 —-29 —-29 -31 24
0,0,1,1) 38 24 -11 -5 7 7 26
(1,0,0,1) 26
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C. Computation
1. Introduction

Users of general integer programming algorithms I and II have met with
erratic computational performance: some problems have been solved rapidly,
others not for numbers of iterations surpassed limitations of time and/or expense.
It is, thus, natural to ask why the experience has been erratic.

One reason resides in the fact that algorithms I and II allow a wide range of
arbitrary choice which can seriously effect’ convergence. There is evidence to
support this statement. Ouyahia [82] remarks that in a problem (A.l) with
m = 20, n = 29 one version of a computer code for I found no solution in over
30,000 iterations; while in another version an optimal solution was found in 70
iterations. Computational experience in solving the “cutting stock” problem
[43] is also germane to this statement. The algorithm used to solve that problem
is a “primal” decomposition approach to solving a linear program with relatively
few rows or constraints and potentially vast numbers of columns or variables
(e.g., millions), just as an integer programming algorithm is (in one interpreta-
tion) a “dual” decomposition approach to solving a linear program with relatively
few columns or variables and potentially vast numbers of rows or constraints
(the “convexifying constraints’). In integer programming the basie step is the
generation of a new row or constraint. In the cutting stock algorithm the basic
step is the generation of a new column or new cutting pattern which will yield
an improvement relative to the “current” feasible solution. This step is accom-
plished by solving a “knapsack problem.” In doing this, however, it is possible
to obtain (a) a column which leads to the greatest per unit improvement, or to
(b) stop the knapsack computation earlier by accepting the first column found
which yields some improvement. The effect of these alternate methods of choice
of new column on a set of 21 test problems is given in [43]. It is conclusively
demonstrated that (a) is superior to (b). For example, the total number of pivot
steps necessary for solution in a set of 5 problems with these alternate methods
of choice were:

Problems. .............. | %1 %2 %3 %4 #5
Column [ (a) 148 233 161 101 90
Choice | (b) 541 1104 586 545 370

The inference to be drawn is that convergence in integer programming will be
highly sensitive to the rule of choice of row (A.3) from which to generate a new
constraint (A.6), (A.8) or (A.12).

Further evidence of sensitivity of convergence to choices in computation
abounds. For example, in recent work [4] regarding algorithms I and II for
solving generalized set covering problems (B.5), a problem having m = 15,
n = 50 was not solved in 200 iterations using I, but after a shuffling of rows (i.e.,
a simple unpremeditated rearrangement or reordering of the constraints) the
problem was solved in 34 pivots by the identical code. Such behavior—which
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has been encountered by others—suggests at least two lines of action. One is to
develop choice mechanisms which are “row-independent” or which depend on a
“‘more natural” kind of lexicography for convergence; another is to find ways for
ranking rows or, more generally, for pre-conditioning problems for computation.
The measure of iterations or number of pivot steps is not necessarily one which
increases with total time of computation, or with any other measure, for some
types of pivot steps require much time and others little in computation. Nonethe-
less, it is a measure which is not tied to type of hardware used and which does
have direct mathematical interest and at least indirect computational interest.

In this section some further mathematical structure which underlies integer
programming and, more particularly, the choice problem, is discussed, and a new
“rounding method” based on the structure is described. Also, some possible rules
of choice and their role in some of the current computer codes are discussed.
Finally, an attempt is made at rallying the known experience in solving prob-
lems, and some reasons are tentatively advance for explaining the observed per-
formance of the algorithms.

2. The Group of Alternate Cuts in Algorithm I

In the derivation of the new constraint or cut (A.8) from an equation (A.3)
(we restore row subseripts)

(C.1) Tin = G + 2;0ii(—2;)
appearing in some tableau equivalent to problem (A.l), the following facts

were used. All z; nonnegative and integer, and z;,, integer but not constrained
in sign. This permitted deduction of a new cut (A.8)

(C.2) Tign = —Ta+ 2.5 (—1i)(—25) 2 0

with x4, integer, where r;; = 0 is the fractional part of a;;. But since z;;, is
only required to be integer in this argument, any equation which is an integer
combination of equations of form (C.1) such as

(C3) ¥ = D iuZiin = (Dswuin) + 2 (Doiwiai;)(—2;), wus:integer

could also be used to derive a cut (C.2) since z* is integer constrained being by
definition an integer combination of integer constrained variables. The cut
(C.2) resulting therefrom has r;; as the fractional part of Y .;wua.;, ie.,
Ty = O uai(mod1) = D;umi(mod 1).

Suppose, now, that algorithm I is to be used to solve (A.1) and that the linear
programming solution has been found. If the product of the pivot entries of the
computation is D then it means that a matrix has been inverted in the course of
the computation whose determinant is D; and every entry and every minor of
the tableau can be written in the form A/D where k and D are integer, since the
original data of the problem is integer. Let the rows R; = (ra, -*+ , i) Tepre-
sent the cuts (C.2) derived directly from the equations (C.1) of the tableau as
before. Then, all possible cuts resulting from forming equations (C.3) implied
by the tableau are generated by choosing arbitrary integer values for u; and
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forming rows D ;u.R:i(mod 1) = (X ;urn(mod 1), -+, i usm(mod1)).
These rows form an additive group with respect to vector addition entries
reduced to their fractional parts.

Does this group @G of all cuts derived as above from the constraints in a tableau
have any particular structure? Yes: by the “fundamental theorem of abelian
groups” (see e.g., [92]) G is the direct sum of a finite number of cyclic subgroups.
This means that G contains some set of rows R* = (rsf, -« ,r¥), k=1, .-+, 1,
each R itself generating a subgroup G* consisting of all rows uR*(mod 1), u = 0
and integer, such that any row of G is uniquely expressible as a sum of rows
(mod 1), one taken from each subgroup G; . Notice that this immediately implies
that @ is finite, for each Gy can contain at most D rows (since any ro° has a de-
nominator at most equal to | D | and | D |R* = 0 (mod 1)). Not so evident, but
true, is the fact that G consists of exactly | D | rows. Thus, if there is a row
R = (10, - -+, Ts) containing an r; = h/D, with h and D relatively prime (i.e.,
containing no common factors) then R itself generates the entire group of cuts
since it must generate | D | of them. In fact, if D has no repeated primes in its
factorization then there must be one row R which generates all of G. In this case
G is said to have rank 1; if [ subgroups G generate G, then G is said to have rank
1. Further results concerning bounds on the rank of G' have also been derived [49].

In summary: investigation of the derivation of cuts led to the discovery that
all possible cuts derived from an optimal linear programming tableau as above
form a group G containing exactly | D | rows and that in “many” cases @ has
rank 1, i.e., all rows can be generated by one row. The discussion may appear to
be predicated on deriving cuts from an optimal linear programming tableau of
(A.1). However, the same remarks hold for any stage of computation in algo-
rithm I; for any cuts or rows that are adjoined at any stage can be re-expressed
in all integer data in terms of the original nonbasic variables. In other terms,
reverting the pivot process to return to the original tableau would mean reinvert-
ing a matrix of determinant D and thereby transforming any cut into an equiva-
lent constraint having integer coefficients. Thus, in later stages of I the same
statements are true if the ‘“underlying” linear program is interpreted to contain
among its original constraints those cuts previously adjoined.

Facts pertaining to the group structure of cuts have practical bearing. Given a
choice of new cuts to introduce in a stage of I, how should one or more be picked?
This is a question analogous to that of how to choose a new column to enter the
basis in a simplex method and it appears that answers to both questions must be
of a statistical rather than a mathematical nature. The general intent in deriving
a new cut is to choose that which is strongest, i.e., for which the ratios ro/r; are
large as possible for this means that the new constraint has intercepts with the
zj-axes (where the z; are the current nonbasic variables) which are deep. Clearly,
it is impossible, in general, to find cuts which are uniformly strong for all j, so
other criteria for choice are necessary. Essentially, three intuitively derived
criteria have been proposed. One is to choose a cut B = (ro, 71, - -+ , 72) having
7o large; another having ro/r; large for some given k: the third, having 7o/ ( D_ 0 75)
large. If only directly derived cuts are admitted then each of these criteria involve
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inspecting each constraint in the current tableau from which a cut may be gener-
ated and choosing one as (C.1) which yields the cut with the desired property.
However, it seems reasonable to believe that the group often has rank 1 but is
always small. If the rank is actually 1 then the choice of a constraint in the
tableau which generates the entire group is easy, and, moreover, finding that cut
which maximizes 7o or ro/rx is accomplished through an application of the
Euclidean Algorithm [17]. Thus, if one believes the rank to be 1 often, then the
choice of row (C.1) from which to generate cuts is relatively unimportant. Of
course, one of the criteria assumes a choice of column k or z;-axis along which the
deepest cut is desired. It seems reasonable to choose that xx which has the smallest
ag, or price attached to it for then a deepest cut is being made in a direction
along which the objective decreases the least per unit. In this way the objective
does not—it is felt—hinder the effectiveness of the deepness of the cut along the
Zi-axis.

There are three codes® which are essentially variants of algorithm I. IPM3 [72]
is an all in core Share code in which a number of intuitive rules are incorporated.
For one, an attempt is made to pick cuts having r,/ ), r; large; for another, given
a cut with ro/ D r; large a further cut is derived from it using (A.6), that is a
cut ([ro/A], - -+ , [ra/A]), for some choice of A, if the new cut enables making the
ratio [ro/A]/ 2. [ri/M] larger; for still another, a number of cuts are adjoined at
once (as many as storage allows) in order to allow the simplex method computa-
tions to “choose.” The CEIR code [77] is a general code which is not all in-core
and, hence, able to accept problems of greater dimension than any other code.
It chooses a row (C.1) whose directly derived cut R has r; a maximum; then, it
chooses % to be that column which would be the pivot column if R were the cut
used; finally, it generates from R that row having 7o/7: a maximum. Furthermore,
after pivoting on such a cut, this code continues to derive new cuts, without
obtaining a new linear programming solution, until an all integer tableau is ob-
tained. Only at this point is a new linear programming solution found. LIPI [59]
is an all in-core code to be released in Share which is, as is IPM3, an experimental
code. In it the linear programming calculation is done by a primal, phase I-
phase II, revised simplex method which causes, it would appear, computation to
require rather more pivot steps than if a dual simples method were used (since
when a cut is introduced the tableau is already dual feasible and “almost” opti-
mal). The choice of cut is done lexicographically: after a linear programming solu-
tion is found the topmost row (including objective) of the tableau having a
noninteger basic variable is chosen and from it the directly derived cut is found
and used. However if the cut is not taken from the objective, then before genera-
tion of a cut pivoting is done to make all columns lexicographically positive (the
first basic integer variable having nonpositive row entries is ‘“suboptimized,”
values of variables higher in the tableau remaining unchanged, meaning such
pivoting occurs in columns having zeros above the pivot entry). The authors of
this code tried various row selection rules and concluded this was the best after

3 Hards facts regarding codes and computational experience are difficult to obtain.
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some experimentation. In particular, they rejected a choice of row leading to
large 7o and a choice of row leading to large 7o/ dors.

3. The Group of Columns and a “Rounding” Algorithm

Given a linear program to be solved in integers it is tempting to solve the linear
program and then—by some process—“round” the noninteger valued variables
into an optimal integer solution. Recent particularly appealing results of Gomory
[52] have led to a dynamic programming process for rounding a linear program-
ming solution into an optimal integer solution. The inherent appeal of the results
resides in their crucial dependence on the structure of a group of columns—a
group which is essentially the same as (is isomorphic to) the group of cuts de-
scribed above—which is just enough to enable specification of a finite recursive
procedure.

It is convenient to alter notation. Consider the integer program: find
integer X to

aximize CX
when AX = B, Xz0
where C is an m 4 n-vector, A an m by m -+ n matrix of integers containing an
m by m identity matrix (i.e., the constraints are immediately reducible to in-
equalities), and B an m-vector of integers. Let Ay be a basis, i.e., a set of m

linearly independent columns of 4, and partition the data of (C.4) by letting
A = (Ax, A;), C = (Cy, C;) and X = (Xy, X;). Then (C.4) may be re-

(C4)

written as
Maximize CaXy + C1X,
when ANXN + A[X[ = B, XN N XI g 0.

Solving for X in terms of X; (C.4) becomes the same problem as
Maximize  CyAx'B + (C: — CxAx'A1)X:
when XN + A;IAIXI = A;IB, XN ’ X[ g_ 0.

If A7'B = 0 and C; — CyA5'A; < 0 then an optimal solution to (C.5), and
hence (C.4), is X; = 0 and Xy = Ax'B, for taking the independent variables
X to be anything larger than zero can only decrease (or leave the same) the
value of the objective. A simplex method locates precisely such a partition or
basis Ay .

To simplify the notation, let d

(C.5)

CNA;IB, A;lAI = (aly ttty aﬂ),

C: — CyA¥'A; = (&1, , ¢a), A¥'B = a, and rename variables so that
X;= (21, ,%s) and Xy = (Tny1, *** , Tnym). Then, as we have seen, (C.4)
is equivalent to: find integer X; and X, to

Maximize d+ Xjex
(C.6) 1

when Xo=o0— 2 agzi = 0, z; 20,
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where we may assume ap = 0 and ¢; < 0 all § by a previous linear programming
computation or basis Aw .

Consider the problem (C.6). If oy is all integer then X; = 0, Xy = agis an
optimal integer solution. Otherwise, the independent variables X; = (21, -+ , Za
of (C.6) must take on some non-negative integer values (X; # 0) in such a way
that ap — 2 azz; is integer and non-negative. The proposal of Gomory may be
said to be this: ignore, for the moment, the requirement that this difference
be non-negative. Then, the problem of solving (C.6) reduces to: find
z; (j =1, ---, n) integer to

maximize E:‘ CiTj
when Y iam; = o (mod 1), z; =0

where the (mod 1) is applied row by row. But, clearly, anya; (7 = 0,1, :--, n)
may be replaced by a column &; so long as a; = &; (mod 1) ; in particular, &; can
be taken to be the column of fractional parts of a; and the problem defined as:
find z; integer to

Zl CiTj
when > jam; = & (mod 1), z; = 0.

If there exists an integer feasible solution to (C.4) then there must exist a solu-
tion to (C.7) since every c; < 0. But, now, the group of cuts discussed above
is essentially the same as the group of columns H which is generated by
&;,j =1, -, r (afact easily verified by considering the argument which led
to the group theoretic results [49] for cuts and simply talking about columns
instead of rows). Therefore, letting the determinant of Ay be the integer D, there
are at most | D | columns which can be generated by D &z; (mod 1) for all
integer values z; ; and, moreover, all of these may be found by generating the
cyclic subgroups of H and then taking all sums of the columns, one coming from
each subgroup. Again, if some one column &; contains an entry h/D with & rela-
tively prime to D then it generates the entire group.

Clearly it is possible to ask that z; < | D | — 1 in an optimal solution to (C.7).
Slightly less clear is that there exist optimal solutions with >.;z; < |D| — 1.
For suppose not. Form the sequence of vectors &; with which &; appearing z;
times. Then, the null column, the first column, the sum of the first two, of the
first three, etc., form a sequence of more than D columns, implying that at least
two of these sums must be the same and hence columns &; present in one sum
but not the other may be deleted (since they sum to the zero column).

To compute solutions to (C.7) apply the idea of dynamic programming: let

(C.7)

(C.8) ¢o(3) = {max X icwi: 21 amx; = & for &< H}.
Then
(C.9) o(@) = max{p(a — &) + ¢, pe-1(3)}

(by the same reasoning which led to the knapsack computation, see Section
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A.4). Assuming ¢,(0) = 0 (i.e., if & is the zero column 0 the solution must have
value 0: take all z; = 0) and that ¢,;(&) is known for all | D | columns & of H,
application of (C.9) gives

es(@) = max {¢:;(0) + ¢, ps1()}

(C.10)
os(ra,) = max {o,(ra — &) + ¢, ea(rd)} r=2,---,D — 1.

If @, generates the entire group, this computation (C.10) finds ¢,(&) for all
@ ¢ H. Otherwise, da, = 0 (mod 1) for somed which is a factor of D. In this case
the computation of the necessary values is slightly more involved.

Begin by choosing some & of H which is not a column of the cyclic subgroup
generated by @, & # ra, all integer r. The idea is to compute ¢,(& + ra.) for
r=1,2,-.-,d. The difficulty encountered is that it is not possible to compute
os(@) directly (by (C.9)) for ¢,(a — @) is not known. Assume for the moment
that ¢.(@) is ¢.—1(&) and (to indicate this special assumption which can also be
stated as assuming ¢.(& — &) + ¢ < ¢e_1(@)) let ¢'+(&) = os1(a) and

o+ ra) = max (g (a + ra — &) + ¢, eea(@ + ra)},

ca
(e r=1,2--,d.

If the assumption is correct then (C.11) provides the sought for values o.(a + &.).
In fact, if ¢'.(& + ¢&) = ¢.(@ + ga) for some g then all subsequent values
es(a+ 1a) = ou(@ + ra), r > g, as well; taking r = d, ¢'s(a + d&) = o4(8)
= ¢,(@) (which may be different than ¢,;(@)) and thus (C.11) may be used
with primes dropped to compute ¢,(& + ra&,) for r < ¢. Thus, in at most 2d uses
of (C.11) all values ¢,(& + ra.) are found, if (C.11) once provides a correct value.

It only remains to show that ¢'s(a + 7&) = ¢.(a@ + ra,) forsome 1 < r < d.
Note that ¢',(& + r&) = @.(&@ + ra) all 7, i.e., if the original guess at ¢,(a)
is an underestimate then (C.11) cannot overestimate any values ¢, . Suppose
(8) ¢:(@ + @) = ¢os(a + ra,) for some r: then ¢'»(a + 1&@) = ver(d + 7a,)
= ¢(& + 18) = ¢+(& + ra) and equality must hold throughout. Otherwise,
(b) gs(@ + ra,) = ¢s(a + ra — &) + ¢, for all r: then ¢,(&) = p,(a + da,)
= g(a+ da, — &) + ¢ = -+ = p,(&) + dc,, a contradiction if ¢, = 0. If
¢s = 0 then ¢, 1(& + r&) = ¢:(a) forsomer,1 < r < d (by (C.8)) and, hence,
¢s—1 (& + @) = @s(@ + ra&,), which is again case (a).

In summary: if da, = 0, d < D, choose some & # r&, any 7, and apply (C.11)
d or more times until ¢,(a + ra,) agrees with its previously computed value.
This means applying (C.11) at most 24 — 1 times. The final values ¢',(a + ra.)
= ¢,(& + r8,). Then, choose some new & for which ¢,(&) has not been computed,
and repeat. This procedure is applied for | D |/d starting points & to obtain all
| D | values ¢.(&), @ e H. All of this depends on the fundamental fact that the
group of columns H is the direct sum of a finite number of cyclic subgroups.

Algorithm VII ([52] 1965). Let ¢o(@) = m, m very small (e.g.,
m =< min; | D |¢;). Apply (C.10) and/or (C.11) to compute ¢,(a), foralla e H. .
At each stage it is only necessary to record and keep ¢,(a) together with >
corresponding to each such maximizing solution. When ¢,(&) is found for all &,
look up ¢a(&) and backtrack (as described in the similar method for the knap-
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sack problem) to obtain values X,* = (", -+, %) to (C.7). If these values
are such as to make all values Xx* = oo — 2 ajz;" nonnegative, X»* = 0,
then X* = (X,*, X»*) constitutes an optimal solution to (C.4).

The obvious question is: when does this algorithm provide a solution? ILe.,
under what circumstances is Xx* = 0? In geometric terms Xy* = 0 whenever
the integer solution to (C.4) is determined by the half-space requirements alone
where X; = 0 determines an optimal linear programming solution; in other
words, whenever the constraints Xy = 0 are superfluous to both the linear and
the integer problem. But this is not an answer.

In the absence of knowing an optimal basis Ax nothing can be said. However,
once Ay is known sufficient conditions can be given. Notice, first, that Ay remains
an optimal basis for all Be K = {Z | A¥'Z = 0}. The condition on B cannot be
carried over to the integer case for given some B nonnegative integer multiples
of columns «; are subtracted from, rather than arbitrary nonnegative multiples,
to obtain values Xy . What is the worst that could happen? Each z; < D — 1is
such a solution. Thus, if « is defined to be a vector whose ** entry is the maxi-
mum of the i® entries of @1, -+, an, then Xy* = O whenever Be K =
{Z|A¥'Z = (D — 1)a}, for (D — 1)a is the most that could possibly be sub-
tracted. Another sufficient condition is this [52]: if B belongs to K but is distant
at least (D — 1) max; || a; || from the boundary of K then again Xy* = 0, for B
cannot be displaced in K by more than a vector of that magnitude. Neither of
these conditions are necessary.

In conclusion notice that if B is changed by adding any integer combination
of columns of Ay to it, then the solution to (C.7) remains the same, since this
addition only changes Ay'B = a by integer quantities. Essentially, therefore,
only D — 1 different B’s need or can ever be considered: namely those B which
lead to each possible column @ of the group H. And, of course, these have all
been considered in the dynamic programming computation since ¢,(&) is evalu-
ated for every a € H.

Display VII

Consider, again, the example of Display I. In the notation of this section it
may be written as

x Z2 z3 Z4 s
—4 —'5 0 0 0 = Zg
-3 -1 1 = -2
-1 —4 1 = —5 z20,i=1,:---,5
S 1] = -7
and its linear programming solution displayed as
zy T2 z; Iy Zs
0 0 0 —-7/10 —11/10| = zo + 112/10
1 2/10 —4/10| = 18/10
1 —-3/10 1/10| = 8/10
1 3/10 —11/10| = 42/10
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Thus (C.7) becomes (where y; = z, and y2 = z5)

Maximize —=7/10y, — 11/10 y,
2/10 6/10 8/10

when 7/10 )y + | 1/10 | y2 = | 8/10 ], Y1, % = 0, integer.
3/10 9/10 2/10,

The computation (C.10) is contained in the following table. In each entry the
first number is the appropriate value ¢,(), the second the sum Y y: corre-
sponding to that optimal solution, the third the index 7 of the last variable made
equaltoa 1.

e () n i e () n+n index

0 0 0 - 0 0 -
@ = Tas —17/10 1 1 —7/10 1 1
2a; = 4a: —14/10 2 1 ~14/10 2 1
3a = & —21/10 3 1 -11/10 1 2
4a; = 8as —28/10 4 1 —18/10 2 2
bay = bas —35/10 5 1 —25/10 3 2
6@ = 2a —42/10 6 1 —-22/10 2 2
7@ = 9a: —49/10 7 1 —29/10 3 2
- 8@ = 6a: —56/10 8 1 —36/10 4 2
9@ = 3a: —63/10 9 1 —33/10 3 2

@ = 4@ = 8a; ; therefore, backtracking, y» = 1, y1 = 1 is an optimal solution.
Hence, by substitution, an optimal solution is 2o = —13,2; = 2,22 = 1,25 = 5,
zi = 1, 25 = 1. Notice that if, for example, (—2, —5, —7)" were altered to
(-5, —6, —10)” by addition of the column of z, then the optimal linear pro-
gramming tableau would be the same except that the right hand side would
become (28/10, 8/10, 42/10). Thus problem (C.7) remains the same and an
optimal solution is easily read off.

Finally, if the (—2, —5, —7)" were altered to, say, (—6, —7, —8)7, then
" becomes (18/10, 13/10, 7/10) and the solution to (C.7) is already contained
abovefora = 3@ = 9 ;%2 = 3,51 = 0. Thus, 2, = 3,22 = 1,25 = 4,2, = 0,
zs = 3 is an optimal solution in this case.

4. Choices in Algorithms II and I11

In the derivation of the new constraint (A.6) from an equation (A.3) (we
restore row subscripts)

(C.11) Tisn = G + 27 0i5(—2;)

appearing in some tableau equivalent to (A.1), the following facts were used.
All z; nonnegative and integer, and z;., nonnegative but not necessarily integer
constrained. This permitted derivation of a new constraint

(C.12) Tim = [an/N + 2 [a:/N(—2) 2 0
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with z},, integer constrained. But since 2, is only required to be nonnegative
in this argument, any equation which is a nonnegative combination of equations
of form (C.1) such as

(C13) z* = Xiumin = (Lswan) + 25 (D iuai)(—z), =0

could also be used to derive a constraint (C.12), since z* is nonnegative being a
nonnegative combination of nonnegative variables. The constraint (C.12) re-
sulting therefrom is easily written down—but not in terms of the constraints
resulting directly from equations (C.11) of the tableau.

In algorithm IT a choice of row (C.11) withay < 0 or (C.13) with D_; uaa < 0
from which to generate a constraint of type (C.12) uniquely specifies the smallest
possible A and the resultant —1 pivot entry if dual feasibility and integer data
are to be maintained. The pivot entry must be in the smallest lexicographic
column «; which contains a;; < 0 or _; ua:; < 0. Thus a reasonable approach
to a choice of row is to find one which permits a choice of pivot in a large lexico-
graphie column «;, for this means that the pivot step leads to a change in the
constant column at least as large as column ¢;. Experiments have shown that
concern with pivoting in large columns is considerably more important than
concern with pivoting on rows with ap < 0 or D uan < 0 as small as possible
(contrary to the usual linear programming criteria). Of course, it is also de-
sirable to pivot in a large lexicographic column «; in such a way that [ax/A] or
[2° usaa/A] is as small as possible for this leads to a change in the constant
column which is a large integer multiple of the column ;.

What rules, then, should or can be adopted? Again, the answers (which are
not known) must be of a statistical rather than a mathematical nature. Some
suggestions have been made. Assume that (or rank) the columns of a given
tableau are arranged lexicographically with a; = -+ = as . Then the rows may
be ranked by assigning to each row the index (or rank) of the column which
would have to be its pivot column, i.e., row ¢ has rank r(z) where
ar = min; {a; | a;; < 0}. Essentially the one intuitive criterion which has been
used is to choose or construct a row having r(7) small. A direct rule is this: choose
row % in the current tableau having an < 0 with minimum rank r(¢). More
involved are iterative schemes for producing a row having small rank. For ex-
example, choose Tow %, OT Z;is, in the tableau having a, < 0 with minimum
r(4) and generate its constraint z:, . Then, for rows & having (k) < r(i) (and
hence having gz = 0) form a new row z* = Ziyn + UTisn, ¥ = 0, with negative
constant term and zero entry corresponding to the pivot columnp r(7) of z{in
(thus u = ap). If it is possible to find such an z* then it is an eligible row with
lower rank, and the process may be repeated. A slight (untried) amendment to
this approach would be to compare the total lexicographic change in « resulting
from use of ;s , [@i/Alercs , With that resulting from use of z*, bayqy , b < 0 and
integer, and continue the process only when this change increases (the first
scheme acts as though [ax/A] = b = —1). A logical extension to this procedure
is to assign weights u; = 0 to each row 4 of the tableau and form z* = ) ; uZisn
in such a way that D ;uae < 0 and D_; uai; = O for the largest possible set of
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smallest lexicographic columns o , @1, - - - . This can be accomplished through
a computation analogous to obtaining a first feasible solution in linear pro-
gramming, and represents an attempt at generating a row which leads to pivoting
in the largest possible column. Of course, combinations and variations of these
rules may be applied; in fact, it may be desirable to combine methods of algo-
rithms I and II. For example, it may be efficient to first solve the integer program
as a linear program, then use I to obtain an all integer dual feasible tableau, and
then use II. Or, begin with a linear programming solution to obtain an upper
bound on the value of the objective function to be introduced as a constraint in II.
Three codes of algorithm IT are known. IPM 1 [94] is an all in core share code
which uses a row choice rule which is derivative to the direct choice of row with
smallest r(¢) interspersed with a choice rule which picks out that row with most
negative ao. This code seems to have had the least computational success of
those mentioned here. IPM 2 [95] is an all in core share code which uses a variant
of the second procedure described above for producing a row with small rank.
Finally, IPLP 6 is an IBM experimental code which uses the last described linear
programming type computation for producing a row with smallest rank. This
code has led to convergence in remarkably fewer steps than IPM 2; however, the
linear programming technique for generating a new row has not been perfected
and has taken relatively long times.
. In the derivation of (A.12), the constraint used in algorithm III, from (A.3)
it can again be observed that only limited information was used; however, no
ideas or theory concerning the development of strong constraints have been
advanced. One slight improvement is immediate; namely, it may be worthwhile
to replace 7; by (r; — 1) in (A.9) and then interpret r; — 1 as belonging to the
set j 2 J, a; < 0 in the arguments (A.10) and (A.11). The effect of this is that
the coefficient of z; in (A.12) becomes (1 — r;)ro/1 — 7, instead of 7; ; hence,
this is worthwhile doing if r; > (1 — r;)re/1 — 7. In considering the problem
of how to choose a row (A.3) in the tableau from which to generate a constraint
three ideas have been discussed [16]: choose that one which leads to the largest
70 , choose that one which leads to an 7, closest to %, and choose the topmost row
with noninteger ao . The first of these has proven to be bad, perhaps because a
large o, makes certain coefficients —rwa;/(1 — 1), where j g J, a; < 0 very large
and hence the cut weak along the z;-axis. This is the reason for choosing the
second criterion. The third criterion is the lexicographic one and limited experi-
mentation seems to indicate it is the best of the three [16].

5. On Computational Experience

Computational experience with integer programming algorithms must be a
function of the code used and the type of problem solved. No distinct compari-
sons or conclusions are possible. The attempt here is to rally some principal and
useful facts pertaining to experience with special codes and particular problems.

The first computational successes in the use of integer programming algorithms
seems to have been with set covering problems. In [20][21][22] experiments in
solving problems of type (B.4)—in which the “cost” of each column is 1—arising
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from randomly generated normal disjunctive form problems are discussed. The
codes used are IPM 2 and IPLP 6 (versions of II) and IPM 3 (a version of I).
Of the 999 problems generated all but 83 were solved by IPM 2 and/or IPM 3—
most of the 83 exceeded the storage capacities of the codes. Generally speaking
IPM 2 appeared better in number of iterations and time. For small and/or easy
problems IPM 2 required perhaps slightly fewer pivots; but as problems became
larger and/or are harder to solve the performance and reliability of IPM 3 came
to the fore. The authors give §n as a ‘““reasonable” rule of thumb for number of
pivots required for convergence in problems (B.4) having* (m, n) < (125, 125)
using IPM 2. In terms of time on an IBM 7090 using the same code “reasonable”
estimates are: .21 minutes for (60, 60); .38 minutes for (90, 90) ; .82 minutes for
(150, 150). Among a group of problems requiring an unusually large number of
pivots using IPM 2 were these: (104, 117), 391 pivots; (77, 61), 373 pivots in
one run and 53 in another after a rearrangement of problem data; (53, 58), 852
pivots in one run and 979 in another after data rearrangement. Experiments with
a very few problems showed IPLP 6 to be much superior to either of these other
codes in numbers of pivots; however, the linear programming computation for
generation of a new row required relatlvely long times (its pivots were not
counted). All in all, these reports conclude that integer programming is an
effective means of dealing with the minimization of Boolean function problems.

In an ongoing project, work is being done [4] in an attempt to establish some
ranking of rules for selection or generation of a new constraint in algorithms I
and II. This work is currently confined to generalized set covering problems
(B.5). The approach has been to generate random (m, n) matrices 4, (m, n)
specified, with each column a; containing a random number of 1’s from given
range placed randomly in the rows, and each cost c¢; a random integer from some
given range. Then, sets of identical problems are solved using various ad hoc
rules of generating new constraints in algorithms I and II. Generally speaking
the results showed little difference between the various rules or between I and II.
In fact, in 25 problems (20, 50) with the density of 1’s in A about 24% and
1 < ¢; £ 4, a variant of II in which that direct row leading to a pivot in the
largest lexicographic column is used, seemed slightly better than all other meth-
ods. On closer inspection the reason for this was easily found: most problems are
‘“‘easy,” i.e., in no case did a problem require more than four cuts with at least
one variant of I. On the average, about 18 pivot steps was needed in the variant
of II mentioned; while about 24 pivot steps was needed in a variant of I in
which the row leading to a maximum 7o/, r; is chosen.

Why are such problems ‘“easy”’? And why has integer programming been
successful in so many covering type problems? Subsequent work in which an
attempt has been made to generate hard problems indicates a partial explana-
tion: by following the same procedure as above but specifying the costs ¢; to be
precisely the number of 1’s in its column «;, all problems become relatively very
difficult to solve for they become “purely” combinatorial problems. It seems,

4 (m, n) refers to a problem having m constraints and » nonnegative variables.
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thus, that past successes are at least partly due to the fact that in real or random
problems columns a; containing many 1’s with small ¢; or containing few 1’s
with large c; arise, and “linearity forces” z; to be 1 or 0, respectively. A problem
(15, 50) was attempted four times, each representing a new arrangement of
data, using the variant of I mentioned above with these results: (i) no solution
in 200 pivots, (ii) optimal solution 34 pivots, 1 constraint adjoined, (ii) optimal
solution 29 pivots, no constraint adjoined, and (iv) no solution in 400 pivots.
The same problem required 39 pivots using the variant of II mentioned above.
On the other hand in 10 problems (10, 50) with 2 < ¢; < 8, the variant of II
solved all, while the variant of I failed in 150 pivots on four. For example, con-
sider two of these problems, P; and P;, each of which were solved three times
under different arrangements of rows using the variants of I and IT mentioned,
with these results:

Py Py
@ i) (i) @ Gi) (i)
I {Pivots 52 150 26 15 14 19
Cuts 5 no solution 2 0 0 1
1I Pivots 2% 2 15 52 36 19

In a word these experiments are still inconclusive except that they have led to
some possible explanations for success in solving covering type problems. It
may be worthwhile to mention that D, the product of the pivot entries leading
to a linear programming solution, always seems to be small: in 25 problems (20,
50) the average | D| = 8and 1 < | D| < 20. | D | is a crucial parameter of the
amount of computational work necessary in rounding a noninteger solution to
an integer solution in Gomory’s new algorithm [52].

The CEIR Code [77] is the only known operating code which is not all in core
and, hence, problems of large size have been solved with this code only. In nine
problems of the generalized set covering type arising from practical delivery
problems [5] solutions were successfully found where (m, n) < (15, 305), usu-
ally within about 40 pivot steps. For example,

Problem........cuuvvuerrnaennnns (9, 102) (11, 305) (15, 270)
Pivots........oovvunnnann. 142 36 23
Cuts.....ooovvvvnvennnnnn 20 1 1

where the problem (9, 102) was the hardest of the nine. A tenth problem was
not completed after more than 200 iterations. In other work Martin reports
solving combinatorial problems arising from scheduling problems with (70,
160) = (m, n) £ (1600, 2200) on a fairly regular basis. These problems have
constraint matrices whose entries are 85% 0’s; and of the nonzeros, about 85 %
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are 1’s. Most problems take in the order of 100 pivot steps and one hour of 7090
computation (in a set of 20 problems® the longest took 157 pivots). Lately,’ in a
revised version of the code, Martin reports solving a problem (80, 2400) of the
same type in 24 minutes of 7094 computation—this being an example of a suc-
cessful run. The largest single problem (215, 2600) was solved in about the
same order of pivots and time as the bulk of the others; however, it required
only one new constraint. In fact, most of the problems require few new cuts (of
the set of 20 none required more than 10). Thus, it is easy to see why these
problems are successfully solved: optimal solutions lie on a low dimensional face
of the underlying linear constraint set.

LIP 1 has been tested on three small sets of problems [59], and the results
compared with the performance of IPM 1, IPM 2 and IPM 3. One set of prob-
lems consists of six integer programs arising from 6-item, 3-machine scheduling
problems [41}—problems which can be solved by enumerating all 6! possible
sequences. Generally speaking, LIP 1 performed better than IPM 1, although
the two most difficult problems required 798 and 3249 iterations, respectively
(numbers larger than 6!), thus leading one to believe that the integer program-
ming formulation of these scheduling problems is somehow not “right.” Another
et of problems consists of ten fixed charge problems [58] of very modest size,
i.e., not larger than (10, 12). LIP 1 solves all ten, while IPM 2 and IPM 3 do
not; LIP 1 converges faster than ITPM 3 uniformly, and is slightly faster than
IPM 2, but not on all problems. For example, consider three of the hardest
problems for LIP 1:

Problem.........ovvnerinnnns {4,5) (6, 5) (10, 12)

LIP 1—Pivots......... 164 126 110

LIP 1—Cuts.......... 38 31 11

IPM 2—Pivots........ 731 20 4000, no solution
IPM 3—Pivots........ 3000, no solution 3000, no solution 3000, no solution

The last set of problems consists of nine “IBM Test Problems.” Results are
very mixed: each algorithm, LIP 1, IPM 2 and IPM 3, is better for some prob-
lems than the others (for the specific numerical problems see [58]).

It appears that almost no computational experience has been obtained with
the mixed-integer algorithm III. The only known report describes very limited
computation with a code written in 1961 for SILLIAC in Australia [16], [24].
The code is one which chooses a row leading to an 7, closest to zero. In six prob-
lems P;, arising from a scheduling problem in a power generation system, of
form (A.1) with m = 32, n = 39 and 44 of the 71 variables and x, required to
be integer the following results obtained:

§ Privately communicated, February 1.
8 Privately communicated, March 1965.
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Py P2 Py Py Py Ps
Pivots......c.oviiiiiienin 43 49 70 101 228 53
(03117 TR 11 19 22 30 52 6
Pivots to L.P. Solution............ ? ? 44 54 52 46

In using the lexicographic row choice rule Ps was solved in 75 pivots with 15
cuts being introduced; and in using a rule which introduces several cuts simul-
taneously P;s was solved in 76 pivots with cuts introduced on 5 occasions, a total
of 19 cuts being introduced.

Some recent work has been done in an attempt to determine the performance
of algorithm V in solving a type of non-linear distribution problem which is
slightly more general than the plant location problem (B.7) [18]. The problem
is that of producing and distributing, at least cost, a homogeneous product from
m plants to n customers given customer demands and maximum plant capacities,
where transportation costs are linear but plant production costs are piecewise
linear for some plants, i.e., economies of scale may occur. Given any such prob-
lem it is possible to obtain an optimal solution by enumeration by locating every
local optimum: solve every possible “derived marginal problem” resulting from
the choice of one marginal production cost from each plant taken as an average
cost (see Section B.3). The approach taken was to generate problems at random
and compare the number N, of cycles of algorithm V, that is, the number of
times an integer program is solved, with the number N, of possible “derived
marginal problems.” Generally speaking the authors concluded that as Ny be-
comes large, i.e., as the problem becomes hard, the algorithm becomes efficient
in the sense that 100 N,/N4 becomes small: 100 N,/N; < 5 for Ng > 500 al-
though usually for such problems 100 N,/N; ~ 1. 135 problems were solved
having7 £ m £ 19,7 £ n £ 30, the number of plants m, subject to economies
of scale, 2 £ m, £ 6, the total number of marginal production rates r over all
such plants, 5 < r < 24 (e.g., if two such plants have 3 and 4 different marginal
rates, respectively, r = 3 + 4 = 7 while Ng = 3.4 = 12). Other data was gen-
erated randomly from fixed ranges. Some examples of results for problems P;

are:
Py P Py P Ps Py Py Py
Nty 3 4 4 5 5 6 6 6
r 7 19 20 17 22 16 22 23
m 10 13 13 16 16 19 19 19
n 14 18 19 24 26 22 28 30
N. 12 14 21 3 43 38 52 8
Na 12 450 405 432 1200 288 1944 2592
100 N./N4 100 3.1 5.2 7 3.6 13 2.7 .3

Although N./N, is a reasonable measure of the efficiency of the basic idea of
algorithm V, the actual usefulness of this approach depends on the efficiency of
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the integer programming calculation that is a part of it. The number of pivots
required for integer programming is not specified in the data given here. How-
ever, in related work [93] in which the problem is the plant location problem
(B.7) a 5-plant problem had N. = 535, with a total of 2133 pivots being made
in integer programming calculations: this seems incredibly disheartening.

It is unfortunate that no more computational experience can be related. This
paucity of information indicates potential for considerable improvement in
integer programming codes and in discovering classes of problems which can be
solved efficiently.
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Chapter 7
Matroid Partition

Jack Edmonds

Introduction by Jack Edmonds

This article, “Matroid Partition”, which first appeared in the book edited by
George Dantzig and Pete Veinott, is important to me for many reasons: First for per-
sonal memories of my mentors, Alan J. Goldman, George Dantzig, and Al Tucker.
Second, for memories of close friends, as well as mentors, Al Lehman, Ray Fulker-
son, and Alan Hoffman. Third, for memories of Pete Veinott, who, many years after
he invited and published the present paper, became a closest friend. And, finally,
for memories of how my mixed-blessing obsession with good characterizations and
good algorithms developed.

Alan Goldman was my boss at the National Bureau of Standards in Washington,
D.C., now the National Institutes of Science and Technology, in the suburbs. He
meticulously vetted all of my math including this paper, and I would not have been
a math researcher at all if he had not encouraged it when I was a university drop-out
trying to support a baby and stay-at-home teenage wife. His mentor at Princeton,
Al Tucker, through him of course, invited me with my child and wife to be one
of the three junior participants in a 1963 Summer of Combinatorics at the Rand
Corporation in California, across the road from Muscle Beach. The Bureau chiefs
would not approve this so I quit my job at the Bureau so that I could attend. At the
end of the summer Alan hired me back with a big raise.

Dantzig was and still is the only historically towering person I have known. He
cared about me from a few days before my preaching at Rand about blossoms and
about good algorithms and good characterizations. There were some eminent com-
binatorial hecklers at my presentation but support from Dantzig, and Alan Hoffman,
made me brave.

Jack Edmonds
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I think of Bertrand Russell, Alan Turing, and George Dantzig as the three most
important philosophers of the last century. During an infrequent visit to California
from Washington, D.C., sometime in the 60s, Dantzig took me, a wife, and three
kids, to Marineland and also to see a new shopping mall in order to prove to us that
having a ceiling of a certain height in his carefully planned Compact City is as good
as a sky.

One time when I unexpectedly dropped in on Dantzig, the thrill of my life was
him asking me to lecture to his linear programming class about how the number
of pivots of a simplex method can grow exponentially for non-degenerate linear
programming formulations of shortest path problems, and also asking me to vet
contributions for a math programming symposium which he was organizing.

One of my great joys with George Dantzig was when a friend working at Hewlett-
Packard asked me to come discuss the future of operations research with his artificial
intelligence colleagues. I was discouraged when no one I knew in O.R. seemed in-
terested in helping—that is, until I asked George. He told my second wife Kathie
and me that he was a neighbor and had socialized with Mr. Hewlett, or was it
Mr. Packard, for years, and had never been invited to HP, two blocks away. George
took over the show and was wonderful. Kathie video-taped it. The next morning he
asked if she had made him a copy yet.

Al Tucker made me a Research Associate and put me in charge of his Com-
binatorics Seminar at Princeton during 1963—-64. Combinatorists whom I wanted
to meet accepted paying their own way to speak at my ‘Princeton Combinatorics
and Games Seminar’. However, except for Ron Graham who came over from Bell,
and Moses Richardson who came down from City University, they were unable to
schedule their visits. So I hastily organized a Princeton Conference in the spring of
1964 where the eminent seminar invitees could lecture to each other.

At that conference I met Al Lehman who led me, by his matroidal treatment
of what he called the Shannon switching game, to see that matroids are impor-
tant for oracle-based good algorithms and characterizations. I persuaded Al, along
with Chris Witzgall, to come work at the Bureau of Standards, and immediately we
started looking for people to participate in a two-week Matroid Workshop at the Bu-
reau of Standards in autumn 1964. We didn’t find more than six who had even heard
of the term ‘matroid’. About twenty serious people came to it, including Ray Fulk-
erson, George Minty, Henry Crapo, Dan Younger, Neil Robertson, and Bill Tutte.
Within a year it seemed the whole world was discovering matroids.

The Bureau was delighted at the prospect of hiring Al Lehman. However, an
aftermath of McCartheism left the Bureau with the rule that new employees had to
take an oath of loyalty. The early computer-guru, Ida Rhodes, actually tugged at Al’s
arm to try to get him to take the oath but he wouldn’t. Instead he took a research job
with a Johns Hopkins satellite of the U.S. Army which did not require such an oath.
He literally picketed the Matroid Workshop, speaking to whomever would listen
about the ‘Bureau of Double Standards’. We stayed friends for the many years until
his recent death in Toronto.
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At the same workshop, Gian-Carlo Rota conceived of and started organizing the
Journal of Combinatorial Theory. He also insisted that the ‘ineffably cacophonic
word matroid’ be replaced by ‘combinatorial geometry’.

George Minty was an especially sweet and brilliant participant. He wrote a paper
which Bob Bland credits with being a precursor of oriented matroids. He spent years
afterwards on successfully extending the good algorithm for optimum matchings in
a graph to optimum independent sets in a clawfree graph. His work is still the most
interesting aspect of matching theory.

During the year after the Matroid Workshop, Ray Fulkerson and I regularly spent
hours talking math by government telephone between Santa Monica and Washing-
ton. Ray and I never did learn how to work computers, and though I think the pro-
totype of email did exist back then in our government circles, he and I didn’t know
about it. One of the outcomes of our talk was combining a version of the matroid
partitioning algorithm described in the paper here with Ray’s interest in doing ev-
erything possible by using network flow methods.

My huff about him and Ellis Johnson calling the blossom method “a primal-
dual method” led me to look for algorithms for network flow problems which were
polytime relative to the number of bits in the capacities as well as in the costs.
The reason I had presented the blossom method only for 1-matchings is that for
b-matchings I could not call it a “good algorithm” until I had figured out how to
do that for network flows. Once it’s done for flows, it’s easy to reduce optimum
b-matchings to a flow problem and a b-matching problem where the b is ones and
twos. Dick Karp was independently developing good algorithms for network flows
and so much later I published with Dick instead of, as intended, with Ray and Ellis.
I enjoyed working with Ray and I coined the terms “clutter” and “blocker”. I can’t
remember who suggested the term “greedy” but it must have been Alan Goldman
and probably Ray as well.

It was important to me to ask Ray to check with the subadditive set function
expert he knew about submodular set functions. When the answer came back that
they are probably the same as convex functions of additive set functions, I knew I
had a new tiger by the tail.

Ray and I liked to show off to each other. I bragged to him about discovering the
disjoint branchings theorem, mentioned later. Trouble is, I then became desperate to
find quickly a correction of my faulty proof. I think I would have done a better job
on the theorem if I had not been frantic to cover my hubris.

During a phone call, Ray mentioned that one day later, four months after the
Matroid Workshop, there would be a combinatorics workshop in Waterloo. My boss
Alan Goldman rescued me as usual and I quickly hopped a plane to Canada to sleep
along with George Minty on sofas in Tutte’s living room.

Neil Robertson, a meticulous note-taker, had reported to Crispin Nash-Williams
on my Matroid Workshop lectures. Crispin, by his own description, was too enthu-
siastic about them. He was giving a keynote lecture about matroid partitioning on
the first morning of this Waterloo workshop. I felt compelled immediately after his
talk to speak for an impromptu hour on the following:
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Theorem 1. A non-negative, monotone, submodular set function, f(S), of the sub-
sets S of a finite set E, is called a polymatroid function on E. For any integer-
valued polymatroid function on E, let F' be the family of subsets J of E such
that for every non-empty subset S of J, the cardinality of S is at most f(S). Then
M = (E,F) is a matroid. Its rank function is, for every subset A of E, r(A), mean-
ing max|[cardinality of a subset of A which is in F] = min[f(S) + cardinality of (A
S) for any subset S of A].

After this opening of the Waterloo meeting I urgently needed a mimeographed
abstract handout and so I submitted Theorem 1.

The theorem is dramatic because people had only seen matroids as an axiomatic
abstraction of algebraic independence, and not as something so concrete as a kind
of linear programming construction quite different from algebraic independence.

I tried to explain on that snowy April Waterloo morning how the theorem is a
corollary of a theory of a class of polyhedra, called polymatroids, given by non-
negative vectors x satisfying inequality systems of the form:

For every subset S of E, the sum of the coordinates of x indexed by the j in S is
at most f(S).

However, even now, this is often outside the interest of graph theorists, or formal
axiomatists. [ am sorry when expositions of matroid theory still treat the subject only
as axiomatic abstract algebra, citing the mimeographed abstract of that Waterloo
meeting with no hint about the linear programming foundations of pure matroid
theory.

What does Theorem 1 have to do with matroid partitioning? Well—the rank func-
tion of a matroid is a polymatroid function, and hence so is the sum of the rank
functions of any family of matroids all on the same set E£. Hence a special case of
Theorem 1, applied to this sum, yields a matroid on E as the ‘sum’ of matroids on E.
I had hoped to understand the prime matroids relative to this sum, but, so far, not
much has come of that.

Suppose we have an oracle which for an integer polymatroid function f(S) on E
gives the value of f(S) for any subset S of E. Then the theorem gives an easy way
to recognize when a given subset J of E is not a member of F, in other words not
independent in the matroid determined by Theorem 1. Simply observe some single
subset S of J having cardinality greater than f(S).

Does there exist an easy way to recognize when a set J is independent? The
answer is yes. For a general integer polymatroid function f, this easy way needs
some of the linear programming theory which led me to Theorem 1, which I will
describe in a moment.

However for the special case of Theorem 1 where f is the sum of a given family,
say H, of matroid rank functions, an easy way to recognize that a set J is indepen-
dent, which even the most Ip resistant combinatorist can appreciate, is given by the
‘matroid partition theorem’ of the present paper: a set J is independent if and only
if it can be partitioned into a family of sets, which correspond to the members of H,
and which are independent respectively in the matroids of H.

Thus, relative to oracles for the matroids of H, for the matroid M determined as
in Theorem 1 by the f which is the sum of the rank functions of H, we have a ‘good
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characterization’ for whether or not a subset J of E is independent in M. To me this
meant that there was an excellent chance of proving the matroid partition theorem
by a good algorithm which, for a given J, decides whether or not J is independent
in matroid M. That is what the present paper does.

Having an instance of a good characterization relative to an oracle, and having
a good algorithm relative to the oracle which proves the good characterization, was
the main point and motivation for the subject.

One reason I like the choice of “Matroid Partition™ for the present volume is
that, as far as I know, it is the first time that the idea of what is now called NP
explicitly appears in mathematics. The idea of NP is what forced me to try to do
some mathematics, and it has been my obsession since 1962.

I talked about it with Knuth at about that time and ten years later he asked me
to vote on whether to call it NP. I regret that I did not respond. I did not see what
non-deterministic had to do with it. NP is a very positive thing and it has saddened
me for these many years that the justified success of the theory of NP-completeness
has so often been interpreted as giving a bad rap to NP.

Let me turn my attention to linear programming which gave me Theorem 1,
which led to the present paper.

Given the enormous success that the marriage problem and network flows had
had with linear programming, I wanted to understand the goodness of optimum
spanning trees in the context of linear programming. I wanted to find some combi-
natorial example of linear programming duality which was not an optimum network
flow problem. Until optimum matchings, every min max theorem in combinatorics
which was understood to be linear programming was in fact derivable from network
flows—thanks in great measure to Alan Hoffman and Ray Fulkerson. Since that was
(slightly) before my time, I took it for granted as ancient.

It seemed to be more or less presumed that the goodness of network flow came
from the fact that an optimum flow problem could be written explicitly as a lin-
ear program. The Farkas lemma and the duality theorem of linear programming are
good characterizations for explicitly written linear programs. It occurred to me, pre-
ceding any success with the idea, that if you know a polytope as the hull of a set
of points with a good, i.e., easily recognizable, description, and you also know that
polytope as the solution-set of a set of inequalities with a good description, then us-
ing Ip duality you have a good characterization. And I hoped, and still hope, that if
you have good characterization then there exists a good algorithm which proves it.
This philosophy worked for optimum matchings. It eventually worked for explicitly
written linear programs. I hoped in looking at spanning trees, and I still hope, that it
works in many other contexts.

The main thing I learned about matroids from my forefathers, other than Lehman,
is that the edge-sets of forests in a graph are the independent sets of a matroid, called
the matroid of the graph. What is it about a matroid which could be relevant to a set
of linear inequalities determining the polytope which is the hull of the 0-1 vectors of
independent sets of the matroid? The rank function of course. Well what is it about
the rank function of a matroid which makes that polytope extraordinarily nice for



204 Jack Edmonds

optimizing over? That it is a polymatroid function of course. So we’re on our way
to being pure matroid theorists.

A “polymatroid” is the polytope P(f) of non-negative solutions to the system of
inequalities where the vectors of coefficients of the vector of variables is the 0-1
vectors of subsets S of E and the r.h.s. constants are the values of the polymatroidal
function f(S). It turns out that it is as easy, relative to an oracle for f, to optimimize
any linear function over P(f), as it is to find a maximum weight forest in an edge-
weighted graph. Hence it is easy to describe a set of points for which P(f) is the
convex hull. Where f is the rank function of a matroid, those points are the 0-1
vectors of the independent sets of the matroid, in particular of the edge-sets of the
forests for the matroid of a graph.

A polymatroid has other nice properties. For example, one especially relevant
here is that any polymatroid intersected with any box, 0 < x < a, is a polymatroid.
In particular, any integer-valued polymatroid function gives a polymatroid which
intersected with a unit cube, 0 < x < 1, is the polytope of a matroid. That is Theo-
rem 1.

So what? Is this linear programming needed to understand Theorem 1? Not to
prove it, though it helps. For Theorem 1, rather than for any box, the Ip proof can
be specialized, though not simplified, to being more elementary. However linear
programming helps answer “yes” to the crucial question asked earlier: Does there
exist an easy way to recognize when a set J is independent?

It is obvious that the 0-1 vector of the set J is in the unit box. Using the oracle
for function f we can easily recognize if J is not independent by seeing just one
of the inequalities defining P(f) violated by the 0-1 vector of J. But if the vector
of J satisfies all of those inequalities, and hence J is independent in the matroid M
described by Theorem 1, how can we recognize that? Well using linear program-
ming theory you can immediately answer. We have mentioned that we have a very
easy algorithm for optimizing over polytope P(f) and so, where n is the size of the
ground set E which indexes the coordinates of the points of P(f), we have an easy
way to recognize any size n+ 1 subset of points each of which optimizes some linear
objective over P(f). Linear programming theory tells that the 0-1 vector of J is in
P(f), and hence J is independent, if and only if it is a convex combination of some
n+ 1 points each of which optimizes some linear function over P(f).

That’s it. We have a good characterization of whether or not a set J is independent
in the matroid described by Theorem 1. It takes a lot more work to say that directly
without linear programming. We do that in the paper here with the matroid partition
theorem for the case where f is the sum of some given matroid rank functions.

For concreteness assume that a is any vector of non-negative integers correspond-
ing to the elements of finite set E. Of course Theorem 1 is the special case for a unit
box of the theorem which says that box, 0 < x < g, intersected with integer polyma-
troid, P(f), is an integer polymatroid. Call it P(f,a).

The rank r(f,a) of P(f,a), meaning the maximum sum of coordinates of an in-
teger valued vector x in P(f,a) is equal to the minimum of f(S) + the sum of the
coordinates of a which correspond to E \ S. If you know the meaning of a submod-
ular set function, the proof of this is very easy. At the same time, you prove that
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the max sum of x is achieved by taking any integer valued x in P(f,a), such as the
zero vector, and pushing up the value of its coordinates in any way you can while
staying in P(f,a). (By analogy with matroid, having this property is in fact the way
we define polymatroid.) The only difficulty with this otherwise easy algorithm is
deciding how to be sure that the x stays in P(f,a). Hence the crux of the problem
algorithmically is getting an algorithm for deciding whether or not a given x is in
P(f,a). We do get a good characterization for recognizing whether or not an x is
in P(f,a) in the same way we suggested for characterizing whether or not a subset
J of E is member of matroid M. Hence from this we have a good characterization
of the rank r(f,a) without necessarily having a good algorithm for determining the
rank r(f,a).

Any integer-valued submodular set function g(5), not necessarily monotone or
non-negative, can be easily represented in the form constant + f(S) + the sum of
the coordinates of a which correspond to E \ S, where f is an integer polymatroid
function and a is a vector of non-negative integers. Hence, since the mid sixties,
we have had a good characterization of the minimum of a general integer-valued
submodular function, relative to an oracle for evaluating it. Lovasz expressed to
me a strong interest in finding a good algorithm for it in the early seventies. He,
Grotschel, and Schrijver, showed in the late seventies that the ellipsoid method for
linear programming officially provides such an algorithm. However it has taken
many years, many papers, and the efforts of many people, to get satisfying direct
algorithms, and this currently still has wide research interest. We have observed
here how the matroid partitioning algorithm was a first step. The methods by which
Dick Karp and I got algorithms for network flows was another first step.

There are other interesting things to say about matroid and submodular set-
function optimization theory which I won’t mention, but there is one I would like
to mention. Gilberto Calvillo and I have developed good direct algorithms for the
optimum branching system problem, which might have some down to earth interest.
Given a directed graph G, a value c(j) and a capacity d(j) for each edge, find a fam-
ily of k branchings which together do not exceed the capacity of any edge and which
together maximize total value. A branching in G is a forest such that each node of G
has at most one edge of the forest directed toward it. Of course there are a number of
equivalent problems but this one is convenient to say and to treat. By looking at the
study of branchings and the study of optimum network flow in chapters of combi-
natorial optimization you might agree that the optimum branching systems problem
is a natural gap. The analogous problem for forest systems in an undirected graph is
solved by the matroid partitioning algorithm here together with the matroid greedy
algorithm. The optimum branching system problem is quite different. It is solved in
principle by a stew of matroid ideas including the ones here, and was first done that
way, but it is better treated directly.
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Jack Edmonds

Matroid Partition

1. Introduction. Matroids can be regarded as a certain abstraction
of matrices. They represent properties of matrices which are
invariant under elementary row operations, namely properties
of dependence among the columns. For any matrix over any field,
there is a matroid whose elements correspond to the columns of
the matrix and whose independent sets of elements correspond to
the linearly independent sets of columns. A matroid M is completely
determined by its elements and its independent sets of elements.

There are matroids which do not arise from any matrix over
any field, so matroid theory does truly generalize an aspect of
matrices. However, matroid theory is justified by new problems in
matrix theory itself, in fact by problems in the special matrix
theory of graphs (networks). It happens that an axiomatic matroid
setting is natural for viewing these problems and that matrix
machinery is superfluous for viewing them.

Much of matroid theory has been motivated by graphs. A graph
G may be regarded as a matrix N(G) of zeroes and ones, mod2,
which has exactly two ones in each column. The columns are the
edges of the graph and the rows are the nodes of the graph. An
edge and a node are said to meet if there is a one located in that
column and that row. Of course a graph can also be regarded
visually as a geometric network. It is often helpful to visualize
statements on matroids for the case of graphs, though it can be
misleading. Matroids do not contain objects corresponding to
nodes or rows.

335
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Another motivation here will be another source of matroids which
is an extensive theory in its own right. It is well known in various
contexts, including systems of distinct representatives, (0,1)-
matrices, network flows, matchings in graphs, and marriages. We
will refer to it here as transversal theory.

2. Problem. The following definition of matroid has certain
intrinsic interest. :

A matroid, M = (E, F), is a finite set E of elements and a non-
empty family F of subsets of E, called independent sets, such that
(1) every subset of an independent set is independent; and (2) for
every set A C E, all maximal independent subsets of A have the
same cardinality, called the rank r(A) of A.

Any finite collection of elements-and nonempty family of so-called
independent sets of these elements which satisfies axiom 1 we shall
call an independence system. This also happens to be the definition
of an abstract simplicial complex, though the topology of complexes
will not concern us. _

It is easy to describe implicitly large independence systems
which are apparently very unwieldy to analyze. For example,
given a graph G, define an independent set of nodes in G to be
such that nb edge of G meets two nodes of the set.

The minimum coloring problem for an independence system is
to find a partition of its elements into as few independent sets
as possible.

A problem closely related to minimum coloring is the ‘“packing
problem”. That is to find a maximum cardinality independent
set. More generally the ‘“weighted packing problem” is, where
each element of the system carries a real numerical weight, to
find an independent set whose weight-sum is maximum.

For any independence system, any subsystem consisting of a
subset A of the elements and all of the independent sets contained
in A is an independence system. Thus, a matroid is an independence
system where the packing problem is postulated to be trivial for the
system and all of its subsystems. After having spent much labor
on packing problems, it is pleasant to study such systems. Matroids
have a surprising richness of structure, as even the special case of
graphic matroids shows.

A main result of this paper is a solution of the minimum coloring
problem for the independent sets of a matroid. Another paper
will treat the weighted packing problem for matroids.
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3. Ground rules. One is tempted to surmise that a minimum
coloring can be effected for a system by some simple process like
extracting a maximal independent set to take on the first color,
then extracting a maximal independent set of what is left to take
on the second color, and so on till all elements are colored. This
is usually far from being successful even for matroids.

Consider the class of matroids implicit in the class II of all
matrices over fields of integers modulo primes.. (For large enough
prime, this class includes .the matroid of any matrix over the
rational field) We seek a good algorithm for partitioning the
columns (elements of the matroid) of any one of the matrices
(matroids) into as few sets as possible so that each set is independent.
Of course, by carrying out the monotonic coloring procedure
described above in all possible ways for a given matrix, one can be
assured of encountering such a partition for the matrix, but this
would entail a horrendous amount of work. We seek an algorithm
for which the work involved increases only algebraically with the
size of the matrix to which it is applied, where we regard the size of
a matrix as increasing only linearly with the number of columns,
the number of rows, and the characteristic of the field. As in most
combinatorial problems, finding a finite algorithm is trivial but
finding an algorithm which meets this condition for practical
feasibility is not trivial.

We seek a good characterization of the minimum number of
independent sets into which the columns of a matrix of II can be
partitioned. As the criterion of “good’ for the characterization we
apply the “principle of the absolute supervisor.” The good charac-
terization will describe certain information about the matrix which
the supervisor can require his assistant to search out along with a
minimum partition and which the supervisor can then use ‘“with
ease” to verify with mathematical certainty that the partition is
indeed minimum. Having a good characterization does not mean
necessarily that there is a good algorithm. The assistant might have
to kill himself with work to find the information and the partition.

Theorem 1 on partitioning matroids provides the good charac-
terization in the case of matrices of II. The proof of the theorem
provides a good algorithm in the case of matrices of II. (We will
not. elaborate on how.) The theorem and the algorithi1a apply as
well to all matroids via the matroid axioms. However, the ‘“goodness”’
depends on having a good algorithm for recognizing independence.
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4. Theorem. Let {M;}, i=1,---,k, be an indexed family of
matroids, M; = (E, F;), all defined on the same set E of elements.
Let r;(A) denote the rank of A C E relative to M;. Let |A| denote
the cardinality of A.

THEOREM 1. Set E can be partitioned into a family { I;},i =1, ---, k,
of sets I; € F;, if and only if there is no A C E such that

IAI >,-Zr,~(A).

Inparticular, where the M;’s are the same matroid M, we have that:
The elements of a matroid M can be partitioned into as few as k
sets, each independent in M, if and only if there is no set A of elements
such that
|A| > k-r(A).

Proof of the “only if” part is easy. Suppose that {I;},i=1,---,k,
is a partition of E such that I; is independent in M;. Then for
any ACE,

Al =2 |ANT| =:2°r(A).

5. Lemmas. A set A C E is called dependent relative to a matroid
M = (E,F) if it is not .a member of F.

Let A be any subset of the elements of a matroid M. Let I be
any independent subset of A (relative to M). The set SCA,
consisting of I and all elements e € A such that I {Je is dependent,
is called the span of I in A (with respect to M).

LEMMA 1. For any set A of the elements of a matroid M, and any
independent set I C A, the span of I in A is the unique maximal set
S such that ICS CA and r(S) = |I|.

ProoF. Let S be any maximal set such that ICSCA and
r(S) =|I|. Consider any e A — I. By the definition of  rank,
I'is a maximal independent.subset of S. Thus, if e U I is independent,
then e S. And thus, on the other hand, if e U is dependent,
then I is a maximal independent subset of e US. Hence, in this
latter case, by matroid-axiom 2, r(e US) =|I| and so ec S.
Thus, S is the span of I in A, and the lemma is proved.

Where I is any independent set of matroid M, not necessarily
contained in set A, we will denote the span of I N A in A, relative
to matroid M, by T(1, A, M).

A minimal dependent set of elements of a matroid M is called
a circuit of M.
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LeEMMA 2. The union of any independent set I and any element
e of a matroid M contains at most one circuit of M.

ProoF. Suppose IUe contains two distinct circuits C; and
C,. Assume [ is minimal for this possibility. We have e &€ C; N Cs.
There is an element ¢; & C; — C, and an element e, & C;, — C,.
Set (IUe) — (e;Uey) is independent since otherwise I —e, is a
smaller independent set than I for which (I —e;) Ue contains
more than one circuit. Set I and set (I Ue) — (e; Ue;) are maximal
independent subsets of set I\Je. This contradicts axiom 2.

6. Algorithm. Let {I;} (i=1,---,k) be a family of mutually
disjoint subsets of E such that I; is independent in matroid M;
= (E, F;). Any number of these may be empty. Denote their union
by H = U ({I;}). Set H is said to be partitionable (relative to {M;}).

Suppose there is an e € E — H. We shall show how either to
find an A CHUe such that |A| > ;) ri(A), or else partition
HUe, i.e., rearrange elements among the sets I; to make room
for e in one of them while preserving their mutual disjointness and
their independence, respectively, in the matroids, M;. This will
prove the theorem.

This algorithm uses as a “primitive operation” the following:
for any given index i, for any given set I C E which is known to
be independent in M;, and for any element e € E — I, determine
that I U e is independent in M; or else find the C C I U e such that
C is a circuit of M;. It is easy to see how this operation can be
reduced to operations of the following type: determine whether or
not I Ue is independent in M;. In view of axiom 2, it is easy to
see how, using either one of these types of operation, to determine
r;(S) for any SCE.

PHASE 1 OoOF THE ALGORITHM. Let S;=E. For each j—1,
starting with j — 1 = 0, see if there is some i, call it i(j), such that

| Lijy N Sj—a] <1igy(Sj-1)-
If so, let
Sj = T(Liijy; Sj-1; Mi(j»)
be the span in S;_;, with respect to matroid M, of I;; NS;_;.
Then repeat the above with j — 1 one greater. In this way, we
construct a sequence ([;),S)), -+, (lin,S,). The labels i(j) are

not necessarily distinct.
Set S; is a proper subset of S;_; since, by Lemma 1,
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rin(S) = | Ligy N Sj1| <rigjp(Sj-1).

Therefore, in order for the sequence to stop, we must reach an
S, such that for every i, |I;N\S,| =ri(S,). Because the I’s are
disjoint, this is equivalent to

|HN S| =:2-r:(Sy).
Now, if e S, — H, then where

A=(HNS,) UeCS,,
we have )
|[A| = |HNS,| +1>,:2°r:(S,) 22 ri(A).

Therefore, according to the “only if” part of Theorem 1, since
ACHUeand |A| > ;2 ri(A), set HUe can not be partitioned.

On the other hand, where e € E — (HU S,), we shall show how
He can be partitioned.

PHASE 2. Since e & S, and e € S, and since the S;’s are nested,
there is some S, such that e ¢ S, and such that e S; for 0 < j < h.

If eUI,'(].) is independent, in M,'(h), then adjoin e to I,'(h) and
we are done. Otherwise, let C be the circuit of matroid M;; which
is contained in e I;.

Set C is not contained in S,_; because then, by the definition of
the span function T and the construction of S,, we would have
e € S;. Let m be the smallest integer, 0 <m < h, such that C is
not contained in S,,.

Let ¢’ be some member of C — S,,. By Lemma 2, I}y, =eU Iy
— €’ is independent in M,;. Replacing I;; by If;, and letting
I! = I; for i % i(h), we now need to dispose of ¢’ instead of e.

We know that ¢’ & S, and that ¢’ € S; for 0 <j <m. We can
also show that sequence, (I}y),S1), **, (Zfm,Sn), is of the same
construction as sequence, (I;u),S1), -+, (Lig,Sh):

Consider the terms, j=1,---,m, in order. If i(j) = i(h), then
I,{(j) = EU Ii(j) — ¢’. Since CCSj-—ly the set D= (If(j) Ue’) mSj—l
= (L;;yUe) NSj_; is dependent in M,;,, and thus

rip(D) = | Iy N Sja| = [ Liy N Sjaf
Therefore by the uniqueness asserted in Lemma 1 we have that
T(Ii;,Sj-1; Mij) = T(L;); Sj-1; M) = S;.

This relation obviously also holds if i(j) # i(h), since then I}
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= I;j). Thus we can treat ¢’ in the same manner that we treated
e, and so on. Since m is a positive integer strictly less than k, we
will be done with this application of Phase 2 in less than & iterations.
That completes the description of the algorithm and the proof
of Theorem 1.

7. Some applications. For any integer t, 0 <t < | E|, let Fj be the
family of subsets of E which have cardinality at most ¢. Clearly,

L= (E, FY is a matroid, and the rank function r% of M% is r'{A)
=min(t, |A|).

APPLICATION 1. For any indexed family {M;} of matroids, M;
= (E,F)),i=1,---,k, consider Theorem 1 applied to the indexed
family consisting of {M;} together with matroid M%. Clearly, set
E can be partitioned into sets which are independent respectively
in matroid M4 and matroids M; if and only if at least some | E| — ¢
members of E can be partitioned into sets which are independent
respectively in matroids M;. Thus Theorem 1 says that the latter
can be done if and only if there is no A C E such that

|A| > ridA) + .2 ri(A), ie., |A|>t+ ;2 ri(A).

APPLICATION 2. In particular where |E| —t = ;) r:(E), we have
that: there exist mutually disjoint subsets of E which are bases
(maximum cardinality independent sets) respectively of matroids
M; if and only if there is no A C E such that |A| > |E| — X ri(E)
+>.ri(A), ie., such that |E— A| <, (r:(E) — ri(A)).

Where the M/’s are the matroids of graphs, this result is equiva-
lent, using rank-properties of graphs, to a theorem of Tutte [11],
and also of Nash-Williams [7] where the graphs are identical.

Similarly, Theorem 1 itself implies the following theorem of
Nash-Williams [8].

The edges of a graph G’ can be partitioned into as few as k forests
if and only if there is no subset U of nodes in G such that, where E
is the set of edges in G which have both ends in U,

| Ey| > k(|U| —1).

Nash-Williams’ theorem follows (we omit the proof) from
Theorem 1 by using the following characterization of the rank
function of a graph due to Whitney:

The rank r(A) of any subset A of edges in G, i.e., the rank of
the matroid subset corresponding to A, equals the number of
nodes minus the number of connected components in the subgraph
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consisting of the edges A and the nodes they meet, or equivalently
in the subgraph consisting of the edges A and all the nodes in G.

For the case where the M;’s are identical sets of vectors in a vector
space (with respect to linear independence), Theorem 1 is proved
by Horn [5] and Rado [9]. In fact, Rado posed the problem of
deciding whether or not the result extends to matroids. I did not
know of their work until the present work was completed.

For any integer ¢ = 0, and any matroid M = (E, F), let F* con-
sist of the members of F which have cardinality at most t. Clearly,
M'!= (E, F) is a matroid, called the truncation of M at t.

ArpLICATION 3. For any matroid M and for any prescribed
integers t(i), i = 1, - - -, k, such that 0 < t(i) < r(E), let M; = M'?,
Applying Theorem 1 to this family of matroids gives n. and s. condi-
tions for there to be a family of independent sets of M of specified
sizes (i), i=1,---,k, whose union is E.

APrPLICATION 4. Applying the result of Application 2, to this
same family of matroids gives n. and s. conditions for there to be
a family of mutually disjoint independent sets of M having specified
sizes t(i).

For any matroid M = (E, F) and any prescribed independent set
JEF, let F’ consist of sets I such that JN\ I =@ and such that
(JUI)EF. Clearly, M7= (E,F’) is a matroid.

AprpLICATION 5. For any matroid M = (E, F) and any prescribed
family of mutually disjoint independent sets J() € F, i=1, ---,k,
let M;= M79, Applying Theorem 1 to this family of matroids
gives n. and s. conditions for there to be a partition of E into
independent sets I; € F such that J; C I,.

APPLICATION 6. Applying the result of Application 2 to this
same family of matroids gives n. and s. conditions for there to be
a family of mutually disjoint bases I; of M such that J;C I..

For any matroid M = (E,F) and any A CE, let F* consist of
the sets I € F such that I C A. Clearly M4 = (E, F4) is a matroid.

For any matroid M = (E,F) and any prescribed family of sets
AGW)CE,i=1,---,k, let M;=M*% and so on.

One can combine these and later constructions in other ways. The
algorithm of course applies as well as the theorem.

8. A class of Abelian semigroups. Relative to any indexed family
{M,-],i =1, ..., k,ofindependencesystems, M; = (E, F;), on the same
set E, a set H C E is called partitionable if it can be expressed in
the form H=I1,U--- U, where I, F;, We may, of course,
without further restricting H, require that these Is be mutually
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disjoint. Let F denote the family of subsets H of E which are
partitionable relative to {M;}. Clearly, M = (E,F) is an inde-
pendence system. It is denoted as M = ;)" M; and called the sum
of the systems M.

It is easy to show that this sum is associative, and commutative,
and has a unique identity element. Thus, the independence systems
on a given set E form an abelian semigroup, say G, under this
operation. The theorem below shows that all the matroids on set
E form a sub-semigroup of G.

TueoREM 2. Where the M;’s are matroids, ;3. M; is a matroid.

We have only to prove that this system satisfies matroid-axiom 2.
Let H be any member of F. Letting this H be the H of the
matroid-partition algorithm, we get a certain set S, C E such that

iHmSnl = iz:ri(sn)-

We showed during Phase 1 of the algorithm that, for any e € S,
— H, the set H\Ue is not partitionable. Thus H is a maximal
partitionable subset of H(JS,. We must show the stronger fact
that H is a maximum-cardinality partitionable subset of H U S,.
That is, for any partitionable subset H of HUS,, |H’'| £ |H].

Since H' CHU S,, we have

|H — S,| <|H— S,

Since H’ is partitionable, we have, using the ‘“only if”’ part of
Theorem 1,

IH'ﬂS;J éizri(H'mSn) § ini(Sn) = IHnSnl

Adding these two inequalities together, we get |H’| <|H]|.

Let A be any subset of E. Suppose that the above H is any
maximal partitionable subset of A. Phase 2 of the partitioning
algorithm shows that, for any eC E — (HN S,), the set HUe is
partitionable. Therefore, A C HU S,. Therefore, H is a maximum-
cardinality partitionable subset of A, as well as of H U S,. Thus,
system M satisfies matroid-axiom 2, and so Theorem 2 is proved.

(There are at least two other proofs of Theorem 2 which do not
use the partition-algorithm. They appear respectively in the as
yet unpublished papers Matroids and the greedy algorithm and
Submodular set functions. The latter paper describes a more general
construction, from which the present matroid-sums, as well as
the “transversal matroids’’ which we are about to describe, were
originally derived.)
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“Matroid-sums’” is a useful “nonmatric’ way to construct
matroids. Let M; and M, be matroids determined by matrices N;
and N, where the columns of both N; and N, are indexed by the
set E. It can be shown that if N; and N, are matrices over different
fields, say the integers modulo different primes, then matroid
M, + M, is not generally the matroid of any matrix over any field.

It can be shown using an extension of the technique in [2], that
if N; and N, are matrices over the same commutative field, ¥, then
M, + M, is the matroid of a matrix, say N, over a field extension
of ¥ by about |E| indeterminates. However, as indicated in [2],
even in this case one would not determine whether a set is indepe-
pendent in M, + M, by pivoting in N, but rather by applying the
matroid-partition algorithm to M; and M,.

9. Transversal matroids. An interesting special case of matroid-
sum, ;) M;, is where all the summands are rank-one matroids.
Clearly, r;(E) =1 if and only if every member of F;, besides the
empty set, consists of a single element of E.

Assume ri(E) =1, i=1,.--,k. Let @; consist of the elements
of E which are not themselves dependent in M;. A set H C E which
is partitionable relative to {M,} is called a partial transversal, or
a partial SDR, of the indexed family {Q;}. Matroid M =) M,,
for this case, is called a transversal matroid.

Clearly, the partial transversals of any indexed family, {@Q:},
i=1,---,k, (of not-necessarily-distinct sets @; C E) are the sets
H C E which can be expressed in the foorm H= I, --- U I, where
I; either consists of a single element of @; or else is empty. We may,
of course, without further restricting H, require that these I’s be
mutually disjoint. Set H is called a transversal or an SDR of {Q;}
if the I's are mutually disjoint and nonempty, i.e., if |H| = k.
Thus a partial transversal of family {Q;} is a set which is a trans-
versal of some subfamily of {@Q;}.

Theorem 2 shows that the partial transversals of a {Q;} are the
independent sets of-a matroid M = (E, F), a transversal matroid.
Given {Q;}, the partition algorithm provides a good algorithm
for deciding whether or not any given subset of E is independent
in M, for computing the rank of M, and so on.

Matroid theory and transversal theory enhance each other via
transversal matroids, as do matroid theory and graph theory via
graphic matroids.

P. J. Higgins [4] gives n. and s. conditions for an indexed family




7 Matroid Partition 217

MATROID PARTITION 345

{Q:}, i=1,---,ko, of sets to have k; mutually disjoint partial
transversals of prescribed sizes t(1),%(2),---,t(k;). This is the
subject of Application 4 in §7 by taking the M there to be the
transversal matroid of {Q;}.

Much of the present article consists of extractions from [1] and
[8]. Paper [3] contains another view of transversal matroids, and
also an alternative approach to the partition of transversal matroids
using the max-flow min-cut theorem and the integrity theorem of
Ford and Fulkerson.

For other related material see [6], [10], [12], the preceding
article, and the next one.
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Chapter 8
Reducibility Among Combinatorial Problems

Richard M. Karp

Introduction by Richard M. Karp

Throughout the 1960s I worked on combinatorial optimization problems includ-
ing logic circuit design with Paul Roth and assembly line balancing and the traveling
salesman problem with Mike Held. These experiences made me aware that seem-
ingly simple discrete optimization problems could hold the seeds of combinatorial
explosions. The work of Dantzig, Fulkerson, Hoffman, Edmonds, Lawler and other
pioneers on network flows, matching and matroids acquainted me with the elegant
and efficient algorithms that were sometimes possible. Jack Edmonds’ papers and
a few key discussions with him drew my attention to the crucial distinction be-
tween polynomial-time and superpolynomial-time solvability. I was also influenced
by Jack’s emphasis on min-max theorems as a tool for fast verification of optimal
solutions, which foreshadowed Steve Cook’s definition of the complexity class NP.
Another influence was George Dantzig’s suggestion that integer programming could
serve as a universal format for combinatorial optimization problems.

Throughout the *60s I followed developments in computational complexity the-
ory, pioneered by Rabin, Blum, Hartmanis, Stearns and others. In the late *60s
I studied Hartley Rogers’ beautiful book on recursive function theory while teach-
ing a course on the subject at the Polytechnic Institute of Brooklyn. This experience
brought home to me the key role of reducibilities in recursive function theory, and
started me wondering whether subrecursive reducibilities could play a similar role
in complexity theory, but I did not yet pursue the analogy.

Cook’s 1971 paper [1], in which he defined the class NP and showed that propo-
sitional satisfiability was an NP-complete problem, brought together for me the two
strands of complexity theory and combinatorial optimization. It was immediately
apparent to me that many familiar combinatorial problems were likely to have the
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220 Richard M. Karp

same universal role as satisfiability. I enjoyed constructing the polynomial-time re-
ductions that verified this intuition. Most of them were easy to find, but I failed to
prove the NP-completeness of the undirected hamiltonian circuit problem; that re-
duction was provided independently by Lawler and Tarjan. I was also frustrated by
my inability to classify linear programming, graph isomorphism and primality.

As I recall I first presented my results at an informal seminar at Don Knuth’s
home, and a few months later, in April 1972, I exposed the work more broadly at
an IBM symposium. In the next couple of years many results more refined than
my own were added to the accumulation of NP-completeness proofs, and later the
Garey-Johnson book [2] presented the concepts to a wide audience.

Heuristic algorithms often find near-optimal solutions to NP-hard optimization
problems. For some time in the mid-1970s I tried to explain this phenomenon by
departing from worst-case analysis, and instead analyzing the performance of sim-
ple heuristics on instances drawn from simple probability distributions. This work
was technically successful but gained limited traction, because there was no way
to show that the problem instances drawn from these probability distributions are
representative of those arising in practice. The surprising success of many heuristics
remains a mystery.

References

1. S.A. Cook, The complexity of theorem proving procedures, Proceedings of the 3rd Annual ACM
Symposium on Theory of Computing, 1971, pp. 151-158.

2. M.R. Garey and D.S. Johnson, Computers and Intractability: A Guide to the Theory of NP-
Completeness, W.H. Freeman & Co., 1979.



8 Reducibility Among Combinatorial Problems 221



222 Richard M. Karp

The following article originally appeared as:

R.M. Karp, Reducibility Among Combinatorial Problems, Complexity of Computer
Computations (R.E. Miller and J.W. Thatcher, eds.), Plenum Press, 1972, pp. 85—
103.

Copyright (©) 1972 Plenum Press.

Reprinted by permission from Kluwer Academic Publishers.



8 Reducibility Among Combinatorial Problems 223

REDUCIBILITY AMONG COMBINATORIAL PROBLEMS+

Richard M. Karp

University of California at Berkeley

Abstract: A large class of computational problems involve the
determination of properties of graphs, digraphs, integers, arrays
of integers, finite families of finite sets, boolean formulas and
elements of other countable domains. Through simple encodings

from such domains into the set of words over a finite alphabet
these problems can be converted into language recognition problems,
and we can inquire into their computational complexity. It is
reasonable to consider such a problem satisfactorily solved when
an algorithm for its solution is found which terminates within a
number of steps bounded by a polynomial in the length of the input.
We show that a large number of classic unsolved problems of cover-
ing, matching, packing, routing, assignment and sequencing are
equivalent, in the sense that either each of them possesses a
polynomial-bounded algorithm or none of them does.

1. INTRODUCTION

All the general methods presently known for computing the
chromatic number of a graph, deciding whether a graph has a
Hamilton circuit, or solving a system of linear inequalities in
which the variables are constrained to be 0 or 1, require a
combinatorial search for which the worst case time requirement
grows exponentially with the length of the input. In this paper
we give theorems which strongly suggest, but do not imply, that
these problems, as well as many others, will remain intractable
perpetually.

.f.
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We are specifically interested in the existence of algorithms
that are guaranteed to terminate in a number of steps bounded by a
polynomial in the length of the input. We exhibit a class of well-
known combinatorial problems, including those mentioned above,
which are equivalent, in the sense that a polynomial-bounded algo-
rithm for any one of them would effectively yield a polynomial-
bounded algorithm for all. We also show that, if these problems
do possess polynomial-bounded algorithms then all the problems in
an unexpectedly wide class (roughly speaking, the class of problems
solvable by polynomial-depth backtrack search) possess polynomial-
bounded algorithms.

The following is a brief summary of the contents of the paper.
For the sake of definiteness our technical development is carried
out in terms of the recognition of languages by one-tape Turing
machines, but any of a wide variety of other abstract models of
computation would yield the same theory. Let I* be the set of
all finite strings of 0's and 1's. A subset of I*¥ is called
a language. Let P be the class of languages recognizable in
polynomial time by one-tape deterministic Turing machines, and let
NP be the class of languages recognizable in polynomial time by
one-tape nondeterministic Turing machines. Let II be the class
of functions from I* into ZI* computable in polynomial time by
one-tape Turing machines. Let L and M be languages. We say
that L <M (L is reducible to M) if there is a function f € II
such that f(x) e M®x € L. If M€ P and L« M then L € P.
We call L and M equivalent if L« M and M < L. Call L
(polynomial) complete if L € NP and every language in NP is
reducible to L. Either all complete languages are in P, or none
of them are. The former alternative holds if and only if P = NP,

The main contribution of this paper is the demonstration that
a large number of classic difficult computational problems, arising
in fields such as mathematical programming, graph theory, combina-
torics, computational logic and switching theory, are complete
(and hence equivalent) when expressed in a natural way as language
recognition problems.

This paper was stimulated by the work of Stephen Cook (1971),
and rests on an important theorem which appears in his paper. The
author also wishes to acknowledge the substantial contributions of
Eugene Lawler and Robert Tarjan.

2. THE CLASS P

There is a large class of important computational problems
which involve the determination of properties of graphs, digraphs,
integers, finite families of finite sets, boolean formulas and
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elements of other countable domains. It is a reasonable working
hypothesis, championed originally by Jack Edmonds (1965) in connec-
tion with problems in graph theory and integer programming, and by
now widely accepted, that such a problem can be regarded as tract-
able if and only if there is an algorithm for its solution whose
running time is bounded by a polynomial in the size of the input.
In this section we introduce and begin to investigate the class of
problems solvable in polynomial time.

We begin by giving an extremely general definition of "deter-
ministic algorithm'", computing a function from a countable domain
D into a countable range R.

For any finite alphabet A, let A* be the set of finite
strings of elements of A; for x € A¥*, let 1g(x) denote the
length of x.

A deterministic algorithm A is specified by:

a countable set D (the domain)

a countable set R (the range)

a finite alphabet A such that A*¥AR = ¢
an encoding function E: D » A*

a transition function T: A* > A*UR .

The computation of A on input x € D is the unique sequence
YysYgsees such that vy, = E(x), Yit1 = T(yi) for all i and,

if the sequence is finite and ends with Yy then y,_ € R. Any
string occurring as an element of a computation is called an
instantaneous description. If the computation of A on input x
is finite and of length t(x), then t(x) is the running time of
A on input x. A is terminating if all its computations are
finite., A terminating algorithm A computes the function

fA: D - R such that fA(x) is the last element of the computation

of A on x.

If R = {ACCEPT,REJECT} then A 1is called a recognition
algorithm. A recognition algorithm in which D = ¥ is called a
string recognition algorithm. If A is a string recognition
algorithm then the language recognized by A is {x e Z*| fA(x) =
ACCEPT}. If D=R=:* then A is called a string mapping
algorithm. A terminating algorithm A with domain D = I
operates in polynomial time if there is a polynomial p(:) such
that, for every x € r*, t(x) < p(lg(x)).

To discuss algorithms in any practical context we must spe-—
cialize the concept of deterministic algorithm. Various well
known classes of string recognition algorithms (Markov algorithms,
one~tape Turing machines, multitape and multihead Turing machines,
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random access machines, etc.) are delineated by restricting the func-
tions E and T to be of certain very simple types. These definitions
are standard [Hopcroft & Ullman (1969)] and will not be repeated here.
It is by now commonplace to observe that many such classes are equi-
valent in their capability to recognize languages; for each such
class of algorithms, the class of languages recognized is the

class of recursive languages. This invariance under changes in
definition is part of the evidence that recursiveness is the cor-
rect technical formulation of the concept of decidability.

The class of languages recognizable by string recognition

algorithms which operate in polynomial time is also invariant
under a wide range of changes in the class of algorithms. For
example, any language recognizable in time p(°*) by a multihead
or multitape Turing machine is recognizable in time p2(:) by a
one-tape Turing machine. Thus the class of languages recognizable
in polynomial time by one-tape Turing machines is the same as the
class recognizable by the ostensibly more powerful multihead or
multitape Turing machines. Similar remarks apply to random access
machines.

Definition 1. P 1is the class of languages recognizable by

one-tape Turing machines which operate in polynomial time.

Definition 2. I is the class of functions from I* dinto I*

defined by one-tape Turing machines which operate in polynomial

time.

The reader will not go wrong by identifying P with the class

of languages recognizable by digital computers (with unbounded
backup storage) which operate in polynomial time and II with the
class of string mappings performed in polynomial time by such
computers.

p(+)

Remark., If f: I*¥ > I* is in I then there is a polynomial
such that 1g(f(x)) < p(lg(x)).

We next introduce a concept of reducibility which is of cen-

tral importance in this paper.

Definition 3. Let L and M be languages. Then L « M

(L is reducible to M) if there is a function f € I such that
f(x) eM*®x € L.

Lemma 1, If L <M and M€ P then L € P.
Proof. The following is a polynomial-time bounded algorithm

to decide if x € L: compute £(x); then test in polynomial time
whether £(x) € M.

We will be interested in the difficulty of recognizing subsets

of countable domains other than I*. Given such a domain D,
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there is usually a natural one-one encoding e: D + X*, For exam-
ple we can represent a positive integer by the string of 0's and
1's comprising its binary representation, a l-dimensional integer
array as a list of integers, a matrix as a list of 1l-dimensional
arrays, etc,; and there are standard techniques for encoding lists
into strings over a finite alphabet, and strings over an arbitrary
finite alphabet as strings of 0's and 1's. Given such an encod-
ing e: D> I¥*, ye say that a set T CD is recognizable in golz-
nomial time if e(T) € P. Also, given sets TCD and UCD',
and encoding functions e: D > £* and e': D' > I* wesay T« U
if e(T) « e'(U).

As a rule several natural encodings of a given domain are
possible. For instance a graph can be represented by its adjacency
matrix, by its incidence matrix, or by a list of unordered pairs
of nodes, corresponding to the arcs. Given one of these represen-
tations, there remain a number of arbitrary decisions as to format
and punctuation. Fortunately, it is almost always obvious that
any two ''reasonable" encodings e, and e; of a given problem are
equivalent; i.e., e,(S) € P ej(S) € P. One important exception
concerns the representation of positive integers; we stipulate
that a positive integer is encoded in a binary, rather than unary,
representation. In view of the invariance of recognizability in
polynomial time and reducibility under reasonable encodings, we
discuss problems in terms of their original domains, without speci-
fying an encoding into ¥,

We complete this section by listing a sampling of problems
which are solvable in polynomial time. In the next section we exa-
mine a number of close relatives of these problems which are not
known to be solvable in polynomial time. Appendix 1 establishes
our notation.

Each problem is specified by giving (under the heading
"INPUT") a generic element of its domain of definition and (under
the heading "PROPERTY'") the property which causes an input to be
accepted.

SATISFIABILITY WITH AT MOST 2 LITERALS PER CLAUSE [Cook (1971)]
INPUT: Clauses Cl,C se0+5C_, each containing at most 2 literals
PROPERTY: The conjunction of the given clauses is_satisfiable;
i.e., there is a set S C {x ,x2,...,xn,x1,x2,...,xn} such that

a) S does not contain a complementary pair of literals and
b) SﬁCk #¢, k=1,2,...,p

MINIMUM SPANNING TREE [Kruskal (1956)]
INPUT: G, w, W
PROPERTY: There exists a spanning tree of weight < W.
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SHORTEST PATH [Dijkstra (1959)]
INPUT: G, w, W, s, t
PROPERTY: There is a path between s and t of weight < W.

MINIMUM CUT [Edmonds & Karp (1972)]
INPUT: G, w, W, s, t
PROPERTY: There is an s,t cut of weight < W.

ARC COVER [Edmonds (1965)]

INPUT: G, k

PROPERTY: There is a set Y C A such that [Y| < k and every
node is incident with an arc in Y.

ARC DELETION

INPUT: G, k

PROPERTY: There is a set of k arcs whose deletion breaks all
cycles.

BIPARTITE MATCHING [Hall (1948)]

INPUT: S CZzZ xZ

PROPERTY: There are p elements of S, no two of which are
equal in either component.

SEQUENCING WITH DEADLINES

INPUT: (Tl,...,Tn) €z, (Dl,...,Dn) e z®, k

PROPERTY: Starting at time O, one can execute jobs 1,2,...,n,
with execution times T; and deadlines Dj, in some order such
that not more than k jobs miss their deadlines.

SOLVABILITY OF LINEAR EQUATIONS
INPUT: (cij) s (ai)
PROPERTY: There exists a vector (yj) such that, for each i,

§ cijyj =a .

3. NONDETERMINISTIC ALGORITHMS AND COOK'S THEOREM

In this section we state an important theorem due to Cook (1971)
which asserts that any language in a certain wide class NP 1is
reducible to a specific set S, which corresponds to the problem
of deciding whether a boolean formula in conjunctive normal form
is satisfiable.

Let P(z) denote the class of subsets of ¥ xI* which are
recognizable in polynomial time. Given L € P(2) and a poly-
nomial p, we define a language L as follows:

L= {xl there exists y such that <x,y> € L(z) and lg(y) < p(1g(x))}.
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(2)

We refer to L as the language derived from L by

p-bounded existential quantification.

Definition 4. NP is the set of languages derived from ele-
ments of P by polynomial-bounded existential quantification.

There is an alternative characterization of NP in terms of
nondeterministic Turing machines. A nondeterministic recognition
algorithm A is specified by:

a countable set D (the domain)

a finite alphabet A such that A* N{ACCEPT,REJECT} = ¢
an encoding function E: D - A¥

a transition relation T C A* x (A*U {ACCEPT,REJECT})

such that, for every y, € A¥, the set {<y0,y>l <yosy> € T} has
fewer than k4 elements, where kg is a constant. A computation
of A on input x € D is a sequence yj,yp,... such that

vy = E(x), <yis¥i+1> € T for all i, and, if the sequence is
finite and ends with yy, then yj € {ACCEPT,REJECT}. A string

y € A* which occurs in some computation is an instantaneous
description. A finite computation ending in ACCEPT is an
accepting computation. Input x 1is accepted if there is an
accepting computation for x., If D =% then A is a nondeter-
ministic string recognition algorithm and we say that A operates
in polynomial time if there is a polynomial p(-) such that, when-
ever accepts x, there is an accepting computation for x of
length < p(lg(x)).

A nondeterministic algorithm can be regarded as a process
which, when confronted with a choice between (say) two alternatives,
can create two copies of itself, and follow up the consequences of
both courses of action. Repeated splitting may lead to an exponen-
tially growing number of copies; the input is accepted if any
sequence of choices leads to acceptance.

The nondeterministic 1-tape Turing machines, multitape
Turing machines, random-access machines, etc. define classes of
nondeterministic string recognition algorithms by restricting the
encoding function E and transition relation T to particularly
simple forms. All these classes of algorithms, restricted to oper-
ate in polynomial time, define the same class of languages. More-
over, this class is NP.

Theorem 1. L € NP if and only if L is accepted by a non-
deterministic Turing machine which operates in polynomial time.

Proof. = Suppose L € NP. Then, for some L(2) ¢ P(2) and
some polynomial p, L is obtained from L(2) by p-bounded exis-
tential quantification. We can construct a nondeterministic
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machine which first guesses the successive digits of a ?tging y
of length f_p(lg(y)) and then tests whether <x,y> € L 2) . “such
a machine clearly recognizes L in polynomial time.

< Suppose L 1is accepted by a nondeterministic Turing
machine T which operates in time p. Assume without loss of
generality that, for any instantaneous description Z, there are
at most two instantaneous descriptions that may follow Z (i.e.,
at most two primitive transitions are applicable). Then the se-
quence of choices of instantaneous descriptions made by T in a
given computation can be encoded as a string y of 0O's and 1's,
such that 1g(y) f_p(lg(x)),

Thus we can construct a deterministic Turing machine T',
with I*xI* ag its domain of inputs, which, on input <x,y>,
simulates the action of T on input x with the sequence of
choices y. Clearly T' operates in polynomial time, and L 1is
obtained by polynomial bounded existential quantification from the
set of pairs of strings accepted by T'.

The class NP is very extensive. Loosely, a recognition
problem is in NP if and only if it can be solved by a backtrack
search of polynomial bounded depth. A wide range of important
computational problems which are not known to be in P are obvious-
ly in NP. For example, consider the problem of determining whe-
ther the nodes of a graph G can be colored with k colors so
that no two adjacent nodes have the same color. A nondeterministic
algorithm can simply guess an assignment of colors to the nodes and
then check (in polynomial time) whether all pairs of adjacent nodes
have distinct colors.

In view of the wide extent of NP, the following theorem due
to Cook is remarkable. We define the satisfiability problem as
follows:

SATISFIABILITY

INPUT: Clauses Cj,Cp,...,C

PROPERTY: The conjunction og the given clauses is satisfiable;

i.e., there is a set S C {xy,X9,...,%X;3X1,%9,...,%,} such that
a) S does not contain a complementary pair of literals

and b) SN C +#¢, k=1,2,...,p.

Theorem 2 (Cook). If L € NP then L « SATISFIABILITY.

The theorem stated by Cook (1971) uses a weaker notion of
reducibility than the one used here, but Cook's proof supports the
present statement.

Corollary 1. P = NP © SATISFIABILITY € P.
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Proof. If SATISFIABILITY € P then, for each L € NP, L e P,
since L « SATISFIABILITY. If SATISFIABILITY ¢ P, then, since
clearly SATISFIABILITY € NP, P # NP.

Remark. If P = NP then NP is closed under complementation
and polynomial-bounded existential quantification. Hence it is
also closed under polynomial-bounded universal quantification. It
follows that a polynomial-bounded analogue of Kleene's Arithmetic
Hierarchy [Rogers (1967)] becomes trivial if P = NP.

Theorem 2 shows that, if there were a polynomial-time algo-
rithm to decide membership in SATISFIABILITY then every problem
solvable by a polynomial-depth backtrack search would also be
solvable by a polynomial-time algorithm. This is strong circum-
stantial evidence that SATISFIABILITY ¢ P.

4, COMPLETE PROBLEMS

The main object of this paper is to establish that a large
number of important computational problems can play the role of
SATISFIABILITY in Cook's theorem. Such problems will be called
complete.

Definition 5. The language L is (polynomial) complete if
a) L e NP
and b) SATISFIABILITY « L.

Theorem 3. Either all complete languages are in P, or none
of them are. The former alternative holds if and only if P = NP.

We can extend the concept of completeness to problems defined
over countable domains other than I¥*.

Definition 6. Let D be a countable domain, e a '"standard"
one-one encoding e: D > I* and T a subset of D. Then T is
complete if and only if e(D) is complete.

Lemma 2. Let D and D' be countable domains, with one-one
encoding functions e and e'. Let TCD and T' CD'. Then
T « T' if there is a function F: D = D' such that
a) F(x) eT'®xe€eT -1
and b) there is a function f € II such that f(x) = e'(F(e "(x)))
whenever e'(F(e'l(x))) is defined.

The rest of the paper is mainly devoted to the proof of the
following theorem.
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Main Theorem. All the problems on the following list are
complete.
1. SATISFIABILITY
COMMENT: By duality, this problem is equivalent to deter-
mining whether a disjunctive normal form expression is a
tautology.
2. 0-1 INTEGER PROGRAMMING
INPUT: integer matrix C and integer vector d
PROPERTY: There exists a 0-1 vector x such that Cx = d.
3. CLIQUE
INPUT: graph G, positive integer k
PROPERTY: G has a set of k mutually adjacent nodes.
4, SET PACKING
INPUT: Family of sets {S;}, positive integer £
PROPERTY : {Sj} contains "% mutually disjoint sets.
5. NODE COVER
INPUT: graph G', positive integer £
PROPERTY: There is a set R C N' such that |R| < £ and
every arc is incident with some node in R.
6. SET COVERING .
INPUT: finite family of finite sets {Sj}, positive integer k
PROPERTY: There is a subfamily {T,} C {Sj} containing < k
sets such that LEh = LBj.
7. FEEDBACK NODE SET
INPUT: digraph H, positive integer k
PROPERTY: There is a set R CV such that every (directed)
cycle of H contains a node in R.
8.  FEEDBACK ARC SET
INPUT: digraph H, positive integer k
PROPERTY: There is a set S CE such that every (directed)
cycle of H contains an arc in S.
9. DIRECTED HAMILTON CIRCUIT
INPUT: digraph H
PROPERTY: H has a directed cycle which includes each node
exactly once.
10. UNDIRECTED HAMILTON CIRCUIT
INPUT: graph G
PROPERTY: G has a cycle which includes each node exactly
once.
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11. SATISFIABILITY WITH AT MOST 3 LITERALS PER CLAUSE
INPUT: Clauses Djp,Dp,...,D., each consisting of at most 3
literals from the set {ul,uz,...,um} U {ul,uz,...,um}
PROPERTY: The set {Dl’DZ""’Dr} is satisfiable.
12. CHROMATIC NUMBER
INPUT: graph G, positive integer k
PROPERTY: There is a function ¢: N = Z, such that, if u
and v are adjacent, then ¢(u) # ¢(v).
13. CLIQUE COVER
INPUT: graph G', positive integer &
PROPERTY: N' is the union of &£ or fewer cliques.
14. EXACT COVER
INPUT: family {SJ} of subsets of a set {uj, i = 1,2,...,t}
PROPERTY: There i5 a subfamily {T,} C {SJ} such that the
sets T, are disjoint and Uih = USj = {u » 1=1,2,...,t}.
15. HITTING SET
INPUT: family {Uj} of subsets of {s:, j = 1,2,...,r}
PROPERTY: There is a set W such that, for each i,
lwnu,| = 1.
i
16. STEINER TREE
INPUT: graph G, R C N, weighting function w: A > Z,
positive integer k
PROPERTY: G has a subtree of weight < k containing the set
of nodes in R.
17. 3-DIMENSIONAL MATCHING
INPUT: set U C TXTXT, where T is a finite set
PROPERTY: There is a set W C U such that |W| = |T| and
no two elements of W agree in any coordinate.
18. KNAPSACK +1
INPUT: (aj,ap,...,ap,b) € 2"
PROPERTY: I ajxj =b has a 0-1 solution.
19. JOB SEQUENCING
INPUT: '"execution time vector" (Tl,...,q%) € Zp
"deadline vector" (Dj,...,D Z
"penalty vector" (Pl,...,P ? e zP
positive integer k
PROPERTY: There is a permutation 7 of {1,2,...,p} such
that
EifT +++++T_ .. >D_ . then P else 0]) <k .
CLUE Try® Tneg) 7 Pregy SR Frgy) otoe 0D <
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20. PARTITION s
INPUT: (c15Cp5...5Cg) € Z
PROPERTY: There is a set I C {1,2,...,s} such that
c, = c, .
her * hér B
21, MAX CUT
INPUT: graph G, weighting function w: A > Z, positive
integer W
PROPERTY: There is a set S CN such that

Z w({u,v}) > w .
{u,v}eA
u€s
v¢S

It is clear that these problems (or, more precisely, their
encodings into I¥), are all in NP. We proceed to give a series
of explicit reductions, showing that SATISFIABILITY is reducible
to each of the problems listed. Figure 1 shows the structure of
the set of reductions. Each line in the figure indicates a reduc-
tion of the upper problem to the lower one.

To exhibit a reduction of a set TCD to aset T'CD',
we specify a function F: D - D' which satisfies the conditions
of Lemma 2. In each case, the reader should have little difficulty
in verifying that F does satisfy these conditions.

SATISFIABILITY « 0-1 INTEGER PROGRAMMING
1 if xj € Ci
c,, = -1 if X, € C

= 3¢ o
0 otherwise j=1,2,...,n

i=1,2,.0.,pP

bi = 1 - (the number of complemented variables in Ci) .

i=1,2,...,p.

SATISFIABILITY = CLIQUE

N = {<0,i>l o is a literal and occurs in Cy}
A= {{<0,i>,<6,3>}| 1 # j and o # §}
k = p, the number of clauses.

CLIQUE = SET PACKING

Assume N = {1,2,...,n}. The elements of the sets
S$15595+4.,5, are those two-element sets of nodes {i,j} not in A.

s; ={{1,3}] {1,3} ¢ A}, i=1,2,...,n
L=k .
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CLIQUE =« NODE COVER

G' is the complement of G.
2= |N| -k

NODE COVER « SET COVERING

Assume N' = {1,2,...,n}. The elements are the arcs of G'.
Sj is the set of arcs incident with node j. k = %.
NODE COVER « FEEDBACK NODE SET
V=N' .
E {<u,v>| {u,v} € A"}
2

k

NODE COVER = FEEDBACK ARC SET

v =0N'x{0,1}
E = {<<u,0>,<u,1>>| u € N'} U {<<u,1>,<v,0>>| {u,v} € A"}
k=2,

NODE COVER « DIRECTED HAMILTON CIRCUIT

Without loss of generality assume A' = Zj.
Vv = {a,a9,...,a9} U {<u,i,0>| u € N' is incident with i e A’
and o € {0,1}}
E = {<<u,i,0>,<u;i,1>>| <u,i,0> € V}
U {<<u,i,0>,<v,i,0>>| i € A", u and v are incident with i,
a € {0,1}}
U {<<u,i,1>,<u,j,0>>| u is incident with i and j and %h,
i < h < j, such that u is incident
with h}
U {<<u,i,1>,af>| 1< f <4 and Jh > i such that u is inci-
dent with h}
U {<af,<u,i,0>>| 1< f < % and %h < i such that u is inci-
dent with h} .

DIRECTED HAMILTON CIRCUIT < UNDIRECTED HAMILTON CIRCUIT

N = vx{0,1,2}
A = {{<u,0>,<u,1>},{<u,1>,<u,2>}| u € v}
U {{<u,2>,<v,0>}| <u,v> € E}

SATISFIABILITY « SATISFIABILITY WITH AT MOST 3 LITERALS PER CLAUSE

Replace a clause oj;YUo,U..-Ug , where the o; are literals
and m > 3, by
(03 Yop Yuy) (03 Y-+ - Vo Uiy (83 Vuy) « Gy Yuy)
where wu; 1is a new variable. Repeat this transformation until no
clause has more than three literals.
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SATISFIABILITY WITH AT MOST 3 LITERALS PER CLAUSE
« CHROMATIC NUMBER

Assume without loss of genmerality that m > 4.
N = {ug,ug,..eupt U {G7,0y,...,T,) U {vy,vy,...,vp}
U {Dy,Dp,...,D,}

A = {{uy,5;}| 1=1,2,...,n} U {{vi,vj}l i#3} U {{v;,x;}| 1#3}
U {{Vi,ij}l i#j} U {{ui,Df}l uy ¢ De} U {{Gj_!Df}:r uy e D¢}
k =r+1l

CHROMATIC NUMBER « CLIQUE COVER
G' is the complement of G
L=k .
CHROMATIC NUMBER = EXACT COVER
The set of elements is
NUAU{<u,e,f>| u is incident with e and 1 < f <kl .
The sets Sj are the following:

for each f, 1< f <k, and each u € N,
{u} U{<u,e,f>] e is incident with u} ;

for each e € A and each pair fj;, f5 such that
1<f1 <k, 1<fy<k and f1 # £,
{e} U{<u,e,f>,f#f1} U{<v,e,g>| g#fo}

where u and v are the two nodes incident with e.

EXACT COVER « HITTING SET
The hitting set problem has sets Uj and elements sy, such
that Sj € Ui « uy € Sj'

EXACT COVER « STEINER TREE

N = {no}VU{s3} Ufu;}
R = {no} U{ui}
A = {{ng,85}} Vi{sy,uy}] u; e sy}

w({no,sj}) = lsjl
w({Sj,ui}) =0
k = l{ui}l .

EXACT COVER « 3-DIMENSIONAL MATCHING

Without loss of generality assume ISj] > 2 for each j.
Let T = {<i,j>| ui € Sj}' Let o be an arbitrary one-one function
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from {ui} into T. Let m: T+ T be a permutation such that,
for each fixed j, {<i,3>| uj e Sj} is a cycle of .
U = {<a(uy),<i,3>,<i,3>>| <i,j> e T}
U {<B,0,m(0)>| for all i, B # a(uy)} .

EXACT COVER = KNAPSACK
1 if u; € S3
= . . = 1 J.
Let d |{SJ}'+-1 Let eji 0 if ug ¢ Sj
at
d-1°

Let

al™l and b -

r = |{Sj}|, aj = z eji

KNAPSACK « SEQUENCING
p=r, Ty =P; =aj, Dj=h.

KNAPSACK = PARTITION

s =r+2
C{ = a4 » i= 1,2,...,r
Cr,'_l =b+1

r
c = (2 a,)+1-b
r+2 i=1 i

PARTITION « MAX CUT

{1,2,...,s}
A={{i,j}| i eN, jeN, i# j}
w({i,j} = C4°Cjy

W= [%-z c;]

=z
]

Some of the reductions exhibited here did not originate with
the present writer. Cook (1971) showed that SATISFIABILITY <«
SATISFIABILITY WITH AT MOST 3 LITERALS PER CLAUSE. The reduction

SATISFIABILITY « CLIQUE

is implicit in Cook (1970), and was also known to Raymond Reiter.
The reduction

NODE COVER « FEEDBACK NODE SET

was found by the Algorithms Seminar at the Cornell University
Computer Science Department. The reduction

NODE COVER « FEEDBACK ARC SET

was found by Lawler and the writer, and Lawler discovered the
reduction

EXACT COVER « 3-DIMENSIONAL MATCHING
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The writer discovered that the exact cover problem was redu-
cible to the directed traveling-salesman problem on a digraph in
which the arcs have weight zero or one. Using refinements of the
technique used in this construction, Tarjan showed that

EXACT COVER « DIRECTED HAMILTON CIRCUIT
and, independently, Lawler showed that
NODE COVER « DIRECTED HAMILTON CIRCUIT .

The reduction
DIRECTED HAMILTON CIRCUIT « UNDIRECTED HAMILTON CIRCUIT

was pointed out by Tarjan.

Below we list three problems in automata theory and language
theory to which every complete problem is reducible. These pro-
blems are not known to be complete, since their membership in NP
is presently in doubt. The reader unacquainted with automata and
language theory can find the necessary definitions in Hopcroft and
Ullman (1969).

EQUIVALENCE OF REGULAR EXPRESSIONS
INPUT: A pair of regular expressions over the alphabet {0,1}

PROPERTY: The two expressions define the same language.

EQUIVALENCE OF NONDETERMINISTIC FINITE AUTOMATA
INPUT: A pair of nondeterministic finite automata with input

alphabet {0,1}
PROPERTY: The two automata define the same language.

CONTEXT-SENSITIVE RECOGNITION
INPUT: A context-sensitive grammar I and a string x
PROPERTY: x is in the language generated by T.

First we show that

SATISFIABILITY WITH AT MOST 3 LITERALS PER CLAUSE
« EQUIVALENCE OF REGULAR EXPRESSIONS .

The reduction is made in two stages. In the first stage we con-
struct a pair of regular expressions over an alphabet A = {uj,up,
...,un,ﬁl,ﬁz,...,ﬁn}. We then convert these regular expressions to

regular expressions over {0,1}.
The first regular expression is A"A* (more exactly, A is
written out as (u1+u2+---+un+ﬁl+---+ﬁn), and A? represents n

copies of the expression for A concatenated together). The se-
cond regular expression is

nak n * ke Ak %= 2%k *
pea* U Bt ta at U ke ate 0t U O ooy




240 Richard M. Karp
102 RICHARD M. KARP
where

2*510* if Dy = 07
A*GIAYG HA* U A* oA 51 A* if Dy = 0]VUoy
8(p) = A*olA*czA*c a* U et 1A% 5307507
UA*cAcA* A UAoA A A
UA*cA*aA* A UAO‘A A A
if Dp = 03Vo,Vog .
Now let m be the least positive integer > log |A| and let

¢ be a 1-1 function from A into {0,1}m, Replacezeach regular

expression by a regular expression over {0,1}, by making the
substitution a > ¢(a) for each occurrence of each element of A.

EQUIVALENCE OF REGULAR EXPRESSIONS « EQUIVALENCE OF NONDETERMINISTIC
FINITE AUTOMATA

There are standard polynomial-time algorithms [Salomaa (1969)]
to convert a regular expression to an equivalent nondeterministic
automaton. Finally, we show that, for any L € NP,

L « CONTEXT-SENSITIVE RECOGNITION .

Suppose L 1is recognized in time p( ) by a nondeterministic
Turing machine. Then the following language L over the alphabet
{0,1,#} is accepted by a nondeterministic linear bounded automaton
which simulates the Turing machine:

= (4P (180 A8 | ¢ 1)

Hence L is context-sensitive and has a context-sensitive grammar
I'. Thus x € L iff

1:’#p(lg(X) ) P (18(x))
is an acceptable input to CONTEXT-SENSITIVE RECOGNITION.

We conclude by listing the following important problems in NP
which are not known to be complete.

GRAPH ISOMORPHISM
INPUT: graphs G and G'
PROPERTY: G is isomorphic to G'.

NONPRIMES
INPUT: positive integer k
PROPERTY: k is composite.

LINEAR INEQUALITIES
INPUT: integer matrix C, integer vector d
PROPERTY: Cx > d has a rational solution.
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APPENDIX I

Notation and Terminology Used in Problem Specification

PROPOSITIONAL CALCULUS

X pXgpeeasX  Upsly,eee,Up propositional variables
X, 3K yeeesX U, U, y0e.,U complements of

12 n 12 m propositional variables
0,04 literals
C1,C2,...,Cp D1,D2,...,Dr clauses

Ck C {x1,%2,.003%n,X1,X05-0. 5%}
Dz E {ul,uz, cen ,le,ﬁl,ﬁz,-. . ,l—lm}

A clause contains no complementary pair of literals.

SCALARS, VECTORS, MATRICES

Z the positive integers
zP the set of p-tuples of positive integers
ZP the set {0,1,...,p-1}

k,W elements of Z
<x,y> the ordered pair <x,y>
(ai) (yj) d vectors with nonnegative integer components

(cij) [ matrices with integer components

GRAPHS AND DIGRAPHS

G = (N,A) G' = (N',A") finite graphs

N,N' sets of nodes A,A'" sets of arcs
s,t,u,v nodes ez{u’V} arcs

(

X,%;’= {{u,v}l u€XandveX} cut

If s€X and t e X, (X,X) is a s-t cut.

w:A>Z w':A'->2Z weight functions

The weight of a subgraph is the sum of the weights of its arcs.
H = (V,E) digraph V set of nodes, E set of arcs

e,<u,v> arcs

SETS
the empty set
}S| the number of elements in the finite set S
Sj} {Th} {Ui} finite families of finite sets







Chapter 9

Lagrangian Relaxation for Integer
Programming

Arthur M. Geoffrion

Introduction by Arthur M. Geoffrion

It is a pleasure to write this commentary because it offers an opportunity to ex-
press my gratitude to several people who helped me in ways that turned out to be
essential to the birth of [8]. They also had a good deal to do with shaping my early
career and, consequently, much of what followed.

The immediate event that triggered my interest in this topic occurred early in
1971 in connection with a consulting project I was doing for Hunt-Wesson Foods
(now part of ConAgra Foods) with my colleague Glenn Graves. It was a distribution
system design problem: how many distribution centers should there be and where,
how should plant outputs flow through the DCs to customers, and related questions.
We had figured out how to solve this large-scale MILP problem optimally via Ben-
ders Decomposition, a method that had been known for about a decade but had not
yet seen practical application to our knowledge. This involved repeatedly solving a
large O-1 integer linear programming master problem in alternation with as many
pure classical transportation subproblems as there were commodity classes. The
master problem was challenging, and one day Glenn, who did all the implementa-
tion, came up with a new way to calculate conditional “penalties” to help decide
which variable to branch on in our LP-based branch-and-bound approach.

I regularly taught a doctoral course in those days that covered, infer alia, the
main types of penalties used by branch-and-bound algorithms. But after studying the
math that Glenn used to justify his, I didn’t see a connection to any of the penalties
I knew about. I did, however, notice that Glenn made use of a Lagrangean term,
and I was very familiar with Lagrangeans owing to my earlier work on solving
discrete optimization problems via Lagrange multipliers [2] and on duality theory
in nonlinear programming [6]. It often happens that a mathematical result can be
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derived in quite distinct ways, and so it was in this case: I found that not only Glenn’s
penalties, but several other kinds of penalties could be derived in a unified way
as shown in Sec. 4 of [8], and that numerous special problem structures could be
exploited to produce additional penalties. This pleased me greatly, because I had a
passion for trying to unify and simplify results that others had derived from disparate
viewpoints, especially in the context of exploiting special problem structure. At that
point, I knew that I had to write this up.

Shortly it became clear that what I later dubbed Lagrangean relaxation was use-
ful for exploiting various kinds of special structures of integer programming prob-
lems in other ways besides penalties. In particular, it can be used to tailor most of
the main operations found in branch-and-bound algorithms as explained in Sec. 3
of [8]. It also rendered obsolete the need for so-called surrogate constraints as ex-
plained in Sec. 5, and it can be used to derive new cutting planes as explained in
Sec. 6. Some basic theory of Lagrangean relaxation had to be filled in, the subject
of Sec. 3, and this drew importantly on my earlier work on nonlinear duality. I had
a working paper version of [8] by late 1971, and in late 1972 presented the main
results at a symposium in Germany. When Glenn and I wrote up the work surround-
ing the Hunt-Wesson Foods project, we included a comment in Sec. 3.1 of [7] on
the branching penalties used in our implementation.

To explain more fully where [8] came from, I should also explain how the trig-
gering Hunt-Wesson project came about, especially since this was my first indus-
trial consulting engagement since obtaining my Ph.D. 5 years earlier (how does one
boot a consulting practice?), and I should comment on the prior research that sup-
ported [8] and the novel solution method used for the Hunt-Wesson problem. First
a few words about the origin of the project.

A very senior UCLA colleague of mine, Professor Elwood Buffa, opened a door
in 1970 that would change my life in unforeseen ways. A former doctoral student of
his, Dr. William Taubert, was then a vice president of Hunt-Wesson Foods, which
had been struggling for years to rationalize its network of distribution centers. El
knew that I was working on large-scale optimization methods that might conceiv-
ably apply to such problems, but he couldn’t have known whether I could adapt
those methods successfully. Neither did I. With no prompting whatever, he decided
to recommend me to Bill Taubert as a consultant. El didn’t have to take that risk,
nor did Bill in hiring me. If I failed—which my inexperience as a consultant and
unfamiliarity with distribution systems should have made the safest bet—it would
have been an embarrassment to El, Bill, and UCLA.

But a streak of good luck ensued, leading to a successful project at Hunt-Wesson
Foods, to many more consulting engagements in what is now called supply chain
management, to the founding of a consulting and software firm that celebrates its
30th anniversary this year (2008), to the discovery of several important research
problems that would occupy most of the rest of my career, and to an appreciation
for the synergies of research, practice, and teaching that has shaped my professional
life, including my service to TIMS and INFORMS.

If fortune favors the prepared mind, mine must have been prepared by my previ-
ous work on topics that proved useful not only for the Hunt-Wesson Foods project
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and what followed from it, but also for the paper which this commentary introduces.
Especially my work on integer programming (especially [3, 4]), nonlinear duality
theory [6], and large-scale optimization methods (especially [5]). Most of that work
came about because of another door opened for me by my dissertation advisor at
Stanford University, Professor Harvey Wagner.

When I accepted a job at UCLA’s business school in 1964, just prior to finishing
my thesis, Harvey suggested that I would benefit from being a day-a-week con-
sultant at RAND Corporation, just a few miles from UCLA. He arranged it with
Dr. Murray Geisler, head of RAND’s Logistics Department. At that time, RAND
was not far past its prime as the greatest think tank in the world, including its aston-
ishing role as the fertile spawning ground or incubator of such important OR meth-
ods as discrete event and Monte Carlo simulation, dynamic programming, game the-
ory, parts of inventory and logistics theory, network flow theory, and mathematical
programming—Ilinear, quadratic, stochastic, and integer. RAND was also a major
contributor to the very early history of artificial intelligence, digital computing, the
Internet, both systems analysis and policy analysis, the U.S. space program, and
much more besides. That day a week, which lasted fairly steadily until the early
1970s, was disproportionately important to my early research life.

I had fine operations research colleagues at UCLA, but none did research in op-
timization, whereas at RAND I could interact with many staff members and A-list
consultants who did, including Robin Brooks, Eric Denardo, Ben Fox, Ray Fulker-
son, Glenn Graves, Al Madansky, Harry Markowitz, Bob Thrall, and Philip Wolfe.
Moreover, at RAND I had excellent computer programming and clerical/data ser-
vices (they had an IBM 7044 when I arrived), a full-service publication department
that professionally edited and widely disseminated most of my research papers on
optimization, and a good library that would even translate Russian-language articles
at my request. I was in heaven there, and could not overstate the advantages gained
from RAND’s infrastructure and my second set of colleagues there as I launched
my career.

It was at RAND that, very early in 1965, Murray handed me a somewhat beat
up copy of Egon Balas’ additive algorithm paper prior to its publication [1] (written
while Egon was still in Rumania), and asked me to take a look at it since it was
creating a stir. Thus commenced my enduring interest in integer programming. I re-
cast this work as LP-based implicit enumeration in a limited-circulation manuscript
dated August 23, 1965, published internally at RAND in September 1967 and ex-
ternally about two years later [4]. Murray quickly arranged for Richard Clasen—an
important early figure in mathematical programming in his own right—to be as-
signed to me to implement my first 0-1 integer programming code, the RIP30C
incarnation of which RAND distributed externally starting mid-1968. Murray also
arranged for others to assist me with the extensive numerical experiments.

My debt to RAND goes beyond even what is mentioned above: as a hotbed of
OR for many years, RAND’s influence on nearby UCLA for more than a decade
prior to my arrival helped to build and shape an OR group with a vitality and local
culture that provided a comfortable home for my entire career. The group’s found-
ing in the early 1950s originated independently of RAND, but its frequent interac-
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tions with RAND staff and consultants in its early days were of incalculable value;
there are records of visits in the 1950s by Kenneth Arrow, Richard Bellman, Abe
Charnes, Bill Cooper, George Dantzig, Merrill Flood, Ray Fulkerson, Alan Manne,
Harry Markowitz, Oscar Morgenstern, Lloyd Shapley, Andy Vaszonyi, and dozens
of others. (As an aside, the phrase “management sciences” was coined during a
conversation between Melvin Salveson, the former Tjalling Koopmans student who
founded UCLA’s OR group, and Merrill Flood of RAND in September, 1953, the
same month when Mel hosted on campus the first pre-founding meeting—attended
by many RAND OR people—of what became The Institute of Management Sci-
ences (TIMS) three months later.) Some taught courses as lecturers, and some even
joined the faculty. By the time of my arrival, these interactions had largely tailed
off, but they left a palpable tradition of creativity and excellence in my group that
inspired my best efforts as an impressionable young faculty member.

Let me summarize. The paper following this commentary did not appear out of
nowhere. It was enabled by multiple gifts of wisdom and kindness toward me by
Harvey Wagner, who taught me how to do research and arranged for me to con-
sult at RAND; by Elwood Buffa, who dropped my first and all-important consulting
job in my lap; by Murray Geisler, who turned my attention to integer program-
ming and arranged generous assistance in support of my research; and by my early
colleague/mentors at UCLA, Jim Jackson (an OR pioneer whose contributions in-
cluded “Jackson networks”) and Jacob Marschak (a world-class economist), who
helped shape my understanding of what it means to be a professor, arranged for me
to be supported from the outset on their research grants, and then helped me obtain
my own grants (from NSF starting in 1970 and ONR starting in 1972). I will always
be grateful to these people for the important roles they played in my professional
life.
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