Appendix P
Problems

P.1 (Least squares data fitting).Verify that the least squares fits, shown in Fig-
ure 1.1 on page 4, minimize the sums of squares of horizontkertical distances.
The data points are:

o[ -] oo wol] o[
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P.2 (Distance from a data point to a linear model) The 2-norm distance from a
pointd € R? to a linear static mode¥® C R¢ is defined as

dist(d, ) := min||d —d] 2, (dist)
de#

i.e, dist(d, #) is the shortest distance frothto a pointcTin 2. A vectord* that
achieves the minimum of (dist) is a pointdd that is closest tal.
Next we consider the special case wh#ris a linear static model.

1. Let
# =imagda) ={0a|a eR}.

Explain how to find disfd,imagga)). Find
dist(col(1,0),image( col(1,1))).

Note that the best approximatid?ﬁ of d in imagda) is the orthogonal projection
of d onto imagéa).

2. Let# = imag€dP), whereP is a given full column rank matrix. Explain how to
find dist(d, ).

3. Let # = ker(R), whereR is a given full row rank matrix. Explain how to find
dist(d, £).

4. Prove that in the linear static case, a solutiorof (dist) is always unigue?
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5. Prove that in the linear static case, the approximatioor erd* := d — (?‘Ais
orthogonal taZ. Is the converse true.e, is it true that if for somed, d —d is
orthogonal to%, thend = d*?

P.3 (Distance from a data point to an affine model).Consider again the distance
dist(d, %) defined in (dist). In this problens is an affine static modei.e.,

B =% +a,

whereZ’ is a linear static model aralis a fixed vector.

1. Explain how to reduce the problem of computing the distdnam a point to an
affine static model to an equivalent problem of computingdlstance from a
point to a linear static model (Problem P.2).

2. Find
dist( {8] Jker([11])+ H) .

P.4 (Geometric interpretation of the total least squares poblem). Show that the
total least squares problem

N Y 2

I - ~ Y

minimize overxcR,acR", andbe RN Y |d; - AJ]
= billl,  (tls)

subject to ajx:Bj, forj=1,...,N

minimizes the sum of the squared orthogonal distances fnerddta pointdly, ... ,dy
to the fitting line
% ={col(a,b) | xa=b}

over all lines passing through the origin, except for theigalline.

P.5 (Unconstrained problem, equivalent to the total least cuares problem).
A total least squares approximate solutiqg of the linear system of equations
Ax= bis a solution to the following optimization problem

minimize overx, A, andb H [Ab] - [KB} Hi subjectto Ax=b. (TLS)

Show that (TLS) is equivalent to the unconstrained optitioreproblem

_ Ax—b]3

minimize fys(x), where fys(x) 1= T
2

(TLS)

Give an interpretation of the functiofys.

P.6 (Lack of total least squares solution)Using the formulation (TLS’), derived
in Problem P.5, show that the total least squares line figiraplem (tls) has no
solution for the data in Problem P.1.
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P.7 (Geometric interpretation of rank-1 approximation). Show that the rank-1
approximation problems

minimize overRe R™2 R#0, andD e R*N |D-D|]2

, A (Irag)
subjectto RD =0.

minimize overP € R>! andL e RN |D-D|2

: = (Irap)
subjectto D =PL.

minimize the sum of the squared orthogonal distances frerdaita pointsls, . .., dy
to the fitting line#Z = ker(P) = imag€P) over all lines passing through the origin.
Compare and contrast with the similar statement in Probldm P

P.8 (Quadratically constrained problem, equivalent to rark-1 approximation).
Show that (Ira) is equivalent to the quadratically constrained optimaaproblem

minimize fio(P) subjectto PTP=1, (Irab)

where
fira(P) = trace(D " (I — PP")D).

Explain how to find all solutions of (Igg from a solution of (Irg). Assuming that a
solution to (Irg) exists, is it unique?

P.9 (Line fitting by rank-1 approximation). Plot the cost functiorf;a(P) for the
data in Problem P.1 over allsuch thaP " P = 1. Find from the graph ofi;; the min-
imum points. Using the link between (ppand (Ira), established in Problem P.7,
interpret the minimum points dfi; in terms of the line fitting problem for the data
in Problem P.1. Compare and contrast with the total leasireguapproach, used in
Problem P.6.

P.10 (Analytic solution of a rank-1 approximation problem). Show that for the
data in Problem P.1,

_ _r[140 0
flra(P)—P |:0 20}'3'

Using geometric or analytic arguments, conclude that th@mim of fi,; for a P
on the unit circle is 20 and is achieved for

P*l=col(0,1) and P*?=col(0,—1).

Compare the results with those obtained in Problem P.9.

P.11 (Analytic solution of two-variate rank-1 approximation problem). Find an
analytic solution of the Frobenius norm rank-1 approxioratf a 2x N matrix.
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P.12 (Analytic solution of scalar total least squares)rind an analytic expression
for the total least squares solution of the system: b, wherea,b € R™.

P.13 (Alternating projections algorithm for low-rank appr oximation). In this
problem, we consider a numerical method for rardpproximation:
minimize overD |D—D|2

. ~ (LRA)
subjectto raniD) <m.

The alternating projections algorithm, outlined next,aséd on an image represen-
tationD = PL, whereP € R¥*™ andL € R™*N, of the rank constraint.

Algorithm 8 Alternating projections algorithm for low rank approxiriat

Input: A matrix D € R¥*N, with q < N, an initial approximatiorD© = POLO pO ¢ gaxm,
L© ¢ =N, with m < q, and a convergence tolerance- 0.
1: Setk:=0.
2: repeat
k:=k+1.
4:  Solve:P*D := argminp [|D — PLM |2
5:  Solve:L &) := argmin_||D — P&+L |12
6
7

Dk+1) . p(k+1)| (k+1)
until [B® —Dk || < ¢
Output: Output the matriD k1),

1. Implement the algorithm and test it on random data matiief different di-
mensions with different rank specifications and initial mpgmations. Plot the
approximation errors

e:=|D-DW|2,  fork=0,1,...

as a function of the iteration sté&qgand comment on the results.

. Give a proof or a counter example for the conjecture thasequence of approx-
imation errorse := (ep,€y,...) is well defined, independent of the data and the
initial approximation.

* 3. Assuming that is well defined. Give a proof or a counter example for the con-
jecture thak converges monotonically to a limit poigt,.

* 4. Assuming thate, exists, give proofs or counter examples for the conjectures
thate, is a local minimum of (LRA) ane. is a global minimum of (LRA).

P.14 (Two-sided weighted low rank approximation).Prove Theorem 2.29 on
page 65.

P.15 (Most poweful unfalsified model for autonomous models)Given a trajec-
tory
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of an autonomous linear time-invariant systefrof ordern, find a state space rep-
resentation%so(A,C) of 4. Modify your procedure, so that it does not require
prior knowledge of the system ordeibut only an upper boungla for it.

P.16 (Algorithm for exact system identification). Develop an algorithm for ex-
act system identification that computes a kernel representaf the model,.e.,
implement the mapping

wg—R(z),  whereZ :=ker(R(2)) is the identified model.

You can assume that the system is single input single outglitg order is known.

P.17 (When isZmpum(Wa) equal to the data generating system?fChoose a (ran-
dom) linear time-invariant systew, (the “true data generating system”) and a
trajectorywy = (ug,Yq) of %o. The aim is to recover the data generating systém
back from the datavy. Conjecture that this can be done by computing the most
powerful unfalsified modeBmpum(Wy). Verify whether and when in simulation
PBmpum(Wg) coincides with%. Find counter examples when the conjecture is not
true and based on this experience revise the conjecture.skifficient conditions

for Bmpum(Wa) = Ho.

P.18 (Algorithms for approximate system identification).

1. Download the filef | ut t er. dat from a Database for System Identification
(De Moor, 1999).

2. Apply the function developed in Problem P.16 on the flutia.

3. Compute the misfit between the flutter data and the modelradat in step 1.

4. Misfit minimizationPartition the flutter data set into identificati@ng, first 60%,
and validatione.g, remaining 40%, parts. Compute a locally optimal model with
lag 1 = 3 for the identification part of the data. Validate the idéeti model by
computing the misfit on the validation part of the data.

P.19 (Computing approximate common divisor withs| r a). Given polynomials
p andq of degreen or less and an integer< n, uses! r a to solve the Sylvester
structured low rank approximation problem

minimize overp,ge R™! ||[p o — [P d]||
subjectto rankZa(p,§)) <2n—2d+1

in order to compute an approximate common divisaf p andq with degree at
leastd. Verify the answer with the alternative approach develdpegkection 3.2.

P.20 (Matrix centering). Prove Proposition 5.5.
P.21 (Mean computation as an optimal modeling)Prove Proposition 5.6.

P.22 (Nonnegative low rank approximation).Implement and test the algorithm
for nonnegative low rank approximation (Algorithm 7 on pdg®).
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P.23 ((Luenberger, 1979, Page 53)A thermometer reading 2C, which has been
inside a house for a long time, is taken outside. After oneuteirthe thermome-
ter reads 1%C; after two minutes it reads 1C€. What is the outside temperature?
(According to Newton’s law of cooling, an object of highemigerature than its
environment cools at a rate that is proportional to the diffiee in temperature.)

P.24.Solve first Problem P.23. Consider the system of equations

(112 ®G A _a(4y)] m —col(y((a+1)ts),-++y(Tk)),  (SYSDD)

(the data driven-driven algorithm for input estimation agp 210) in the case of
a first order single input single output system and three paitats. Show that the
solution of the system (SYS DD) coincides with the one oladiim Problem P.23.

P.25.Consider the system of equations (SYS DD) in the case of aofidgr single
input single output system and data points. Derive an explicit formula for the
least squares approximate solution of (SYS DD). Proposewasive algorithm that
updates the current solution when new data point is obtained

P.26. Solve first Problem P.25. Implement the solution obtaind@roblem P.25 and
validate it against the functiost epi d_dd.
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Appendix S
Solutions

P.1 (Least squares data fitting). Minimization of the vertical distances (Ise) for
the data in the example is

col(—2,-1,0,1,2,2,1,0,—1,—2)x=col(1,4,6,4,1,—1,—4,—6,—4,-1) .
a b

The least squares approximate solution is given by

Ty T2-4404442-2-4101442

xs=(a'a) la e 0,

so that the corresponding fitting line is
Pis={d=col(a,0) |]acR}

the horizontal line passing through the origin.
Minimization of the horizontal distances (I¥eis a = bx/, with thea andb de-
fined above. The least squares approximate solution in dsis is

xs=(b'b)'hTa=0,
so that the corresponding fitting line is
Bis={d=col(0,b) |[be R}
the vertical line passing through the origin.

P.2 (Distance from a data point to a linear model).

1. Using the image representation imégeof the model%, the distance compu-
tation problem (tIs”) is equivalent to the standard leasiasgs problem

dist(d, %) := min||d—d||, subjectto d =P

244 S Solutions
Therefore, assuming thitis full column rank, the best approximation is
d*=P(PTP)"'P"d =: Mpd (d*)
and the distance afto % is
dist(d, #) = ||d— d*||2 = 1/dT (I - Mp)d. (distp)

The assumption thatP'is full column rank” can be done without loss of gen-
erality because there are aways full column r&'&ksuch that imagé) = %
(choose any basis faB).

. Using the kernel representation K& of the model#, the distance computation
problem (tIs”) is equivalent to the problem

dist(d, %) := min||d —d||> subjectto Rd=0.
d

As written, this problem is not a standard least squaresi@mthowever, with
the change of variable&d := d — d it can be rewritten as an equivalent ordinary
least norm problem

dist(d, #) :== min||Ad||> subjectto RAd=Rd.
d

Therefore, assuming thikis full row rank,

Ad* =R"(RR")'Rd= Mgd

dist(d, &) = [|Ad*||2 = /dT Mgr d. (dist)

Again, the assumption th& is full row rank is done without loss of generality
because there are full row rank matriégssuch that kgiR) = #.
. Substitutingd = [3] andP = [1] in (distp), we have

o 3 me{ [{)) - | 1[4 -[ (s 0 [3) ") 4

STEFAIRE

and
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. As shown in part g is unigue (and can be computed byg, (d*) and (disg)).
. A vectorAd is orthogonal to the mode® if and only if Ad is orthogonal to all
vectors in4. Using @*) and the basi® for %, we have

AdTP=(d—d")"P=d"(I-p)P=0,

which shows that i©d* is orthogonal to%. R

The converse statememti = d — d being orthogonal t&Z implies thatd is the
closest point in% to d” is also true. It completes the proof of what is known
as theorthogonality principle—d is an optimal approximation of a poidtin a
model Z if and only if the approximation errat —d is orthogonal to.

P.3 (Distance from a data point to an affine model).

e The problem of computing digl, %) reduces to an equivalent problem of com-
puting the distance of a point to a subspace by the changeiables

d:=d-—a
We have

dist(d, %) = min||d —d||2 = min ||d' —d'|| = dist(d’, &').
de# des

e Using the change of variables argument we have

dist([g} Jker([1 1))+ BD = dist<— H Jker([1 1})) .

Then using (dist) we have

dist(— H ker([1 l])) = \/[l 2] m ([l 1 H

S Solutions

d

P.4 (Geometric interpretation of the total least squares poblem). The con-
straint of (tls), R
ajx=»b;, forj=1,...,N

is equivalent to the constraint that
di = (A1,b1), ..., dyi=(an,bn)

lie on the line
Bio(x) :={d = col(a,b) e R? | ax=b},

i.e, (tls) can be written as
. . - -~ - -~ 2
minimize overxanddy,...,dv Y, ||dj —djl|; (ls)
subjectto dj € Hip(x), forj=1,...,N.

In turn, problem (tls’) is equivalent to minimization of thienction fygs: R — R
defined by

fus()i=_min Z e~ dil; (tis”)

subject to d,- € Bio(x), forj=1...,N.

The minimization in (tls”) is separable in the variabths. .., dy, i.e., (tIs”) decou-
ples intoN independent problems

subject to dAJ € Biio(X).

fusi(X) = ”C‘Ti” dj _dAng
j

By the orthogonality principlefys j(X) is the squared orthogonal distance from
to the line%i;x (X). Subsequently,

ftls Z ftls J

is the sum of squared orthogonal distances from the dataspmitthe line%j, (x).
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For anyx € R, %ijo(X) is a line passing through the origin and any line passing
through the origin, except for the vertical line, corresp®to a set4i;, (X), for some
x € R. Therefore, the total least squares problem,airfys(x) minimizes the sum
of squared orthogonal distances from the data points teeadiver all lines passing
through the origin, except for the vertical line.

P.5 (Unconstrained problem, equivalent to the total leastquares problem).
The total least squares approximation problem (TLS) is rhis{x), where

fus(¥) = min || [Ab]  [AB] || subjectto Ax=b (fus)
Ab

or with the change of variable®A := A— AandAb:=b—D,

2

F Subjectto Ax—b=AAx—Ab.  (fg)

9 = i | (44 28] |

Define
Ab:= Ax—Db, AD = [AAAb]T, and r=[x" —1]
in order to write ) as a standard linear least norm problem
rRLn HADHi subjectto rAD=Ab'.

The least norm solution faD is

rTAb
AD* =
rr’

)

so that, we have

AbTAb  ||Ax—Db|)?
fus(X) = [|AD*||2 = trace((AD*) ' D*) = = )
t|5( ) H ||F (( ) ) rrT HX||2+1

From Problem P.4 and the derivationfgf, we see thafys(x) is the sum of squared
orthogonal distances from the data points to the medlgl(x), defined byx.

P.6 (Lack of total least squares solution). The total least squares line fitting
method, applied to the data in Problem P.1 leads to the owmrdmed system of
equations

col(—2,-1,0,1,2,2,1,0,—1,—2) x=col(1,4,6,4,1, -1, —4,—6,—4,—1).

a b

Therefore, using the (TLS’) formulation, the problem is tmmmize the function

(ax—b)"(ax—b) _  substitutingaandbwith | x*+7

fis(x) = X+1 ~ " theirnumerical values ~ < x2+1°
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The first derivative offys is

d ¢ B 24
& tIS( ) - 7@7
so thatfys has a unique stationary pointat= 0. The second derivative dfjs at
x = 0 is negative, so that the stationary point is a maximum. phises that the
function fys has no minimum and therefore the total least squares probéesmo
solution.

Figure S.1 shows the plot dfs over the interval[—6.3,6.3]. It can be verified
that the infimum offys is 20 andfys has asymptotes

fus(x) — 20 for x— oo,

i.e, the infimum is achieved asymptoticallyatends to infinity and to minus infin-
ity.
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Fig. S.1 Cost function of the total least squares problem (TLS’) iotfem P.6.

P.7 (Geometric interpretation of rank-1 approximation). In both problems
(Irag) and (Ira) the cost function is

N
ID-BIE=" I|d; —dj|3,
=1
i.e, the sum of the squared distances from the data pdints their approxima-
tionsd;. The rank-1 constraint of

5 [d - ).
however, is equivalent to the constraint that the approﬁtrnach lie on a line#

passing through the origin. In (k@ 2 = ker(R) and, in (Ir@), £ = imaggP).
By the orthogonality principlegd; must be the orthogonal projection df on 4,
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so that||d — dA, |3 is the squared orthogonal distance frdmto 2. Therefore, the fira(P(0*1)) = fira(P(6%2)) = 20.
rank-1 approximation problems (kpand (Irg) minimize the sum of the squared
orthogonal distances from the data points to the fitting lifie- ker(P) = imageP) The minimum points
over all lines passing through the origin.

Comparing the geometric interpretations of the low rankapipation problems
(Irag) and (Irg) and the total least squares problem (tls), we see that imdades
the same data fitting criterion is minimized, however, thaimization is over dif-
ferent sets of candidate solutions—in the low rank appraxiom problemsll lines 0
passing through the origin are considered, while in thd tetst squares problem ’ = 71} )
all lines passing through the origéxcept forthe vertical line are considered.

o*t1=m/2 and 6*%2=3m/2

correspond to optimal parameters

()

which in the context of the line fitting problem corresponttte vertical line passing

Consider the rank-1 approximation problem grand observe that for a fixed pa- through the origin. The link between the low rank apprquat(lrap) and total
rameterP € R2<L, problem (Ira) becomes a least squares problem in the parame- least squares (tls) problems allow us to compare their otispecost functiond,
terL € RN ' and fys. In particular, we see thdj;, achieves the infimum ofs.

P.8 (Quadratically constrained problem, equivalent to rark-1 approximation).

minimize overL ||D—PL|2

Assuming thatP is full column rank {.e,, P # 0), the solution is unique and is
given by
L*=((P'P)'P'D.

Then the minimumfy,(P) = ||D — PL*||Z is given by

fira(P) = trace(DT(| - P(pr)flpT)D)'

20

0 /2 T 3n/2 2
6

Fig. S.2 Cost function of the rank-1 approximation problem & Problem P.9.

The functionf;;5, however, depends only on the directiorRyi.e.,

fira(P) = fira(aP), forall a #0.

Therefore, without loss of generality we can assume [{fRdt = 1. This argument
and the derivation ofj;; show that problem (I8 is equivalent to problem (Ieg.
All solutions of (Ira) are obtained from a solutioR* of (Irab) by multiplication P.10 (Analytic solution of a rank-1 approximation problem).
with a/ nonzero scglar_anci vice* verse a s_olut?érof (Irap) is redu.ced.to a solgtion a) MATLAB code for the alternating least squares algorithm:
of (Irap) b,y no,rmallzatlprp /HP Il. A solution to (Irg), however, is still not unique 250a (Alternating least squares algorithm for low rank approxiioa 2508 =
because iP™ is a solution so is-P". function [dh, €] =1lra als(d, p, |, tol, naxiter)

. - . . 2 dh = pxl;
P.9 (Line fitting by rank-1 approximation). The set of vector® € R4, such that e(1) = norm(d - dh, 'fro’) A 2:

PTP =1, is parametrized by for i = 2:maxiter
p=d=* 1"/ (I
p(6) - [c0%9) dh_old = dh; dh =
~|sin(@) |’ if norn(dh_old - d

= )| txp) A poxd
* | i norm(d - dh, '"fro') ~ 2;
"fro < tol, break, end

|
p
h,

end

where6 € [0,2m). The plot off(P(6)) over@ is shown in Figure S.2. The global Defines:

minimum points are I ra_al s, used in chunk 250b.

A typical error convergence plot (for a 010 matrix with rank specification= 5)
6*'=m/2 and 6"?=3m/2 is shown on Figure S.3.

- . . . . 250b testl ra_al s 2500 =
(indicated with dots on the figure) and the global minimum is < q=10 N= ?0;
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d =rand(gq, N); p =rand(q, r); | =rand(r, N);
[dh, e] =1lra_als(d, p, I, 0.0, 25); plot(e)
print_fig( als-conv')

Usesl ra_al s 250a.

approximation errogy

5 10 15 20
iteration stegk

Fig. S.3 Error convergence plot for the alternating least squagsrihm in Problem P.13 (ran-
dom 10x 10 matrix, rank specification= 5, and random initial approximation).

The convergence is monotonic. The approximation error sigignificantly in the
first few iteration steps and after that decreases slowly.

The sequenceis well defined wheP® andL® are full rank for allk =0,1,...,
however, it may not be well defined whé®®) or LK) become rank deficient at
certain iteration stef. Indeed, rank efficiently d®¥) or L implies that a solution

for, respectivelyl. ¥ or Pt1) is not unique. Then, depending on the choice of the

solution different values ad ; may be obtained.

For example, the data Problem P.1 with the initial approxiomel(©) = 1/,, results
in PY = 0, which implies that ) is arbitrary. Choosing¥ = [1 0--- 0], leads
to the error sequence

while LW = [0 --- 0 1], leads to the error sequence
e — 160 & — 116 €3 — 29, e, — 20.1996 e5 — 20.0041 e — 20.0001 ...

c) See, the proof of Theorem 5.17 on page 236.
d) See, the proof of Theorem 5.17 on page 236.

P.11 (Analytic solution of two-variate rank-1 approximation problem). A so-
lution is given by the eigenvalue decomposition of the 2 matrix

S:=DD' = {31 512} — { SLidf 3]0

S1 % Zﬂ‘zl djdy; Z?‘:ld%j

Let A1 andA; be the eigenvalues & We have

S Solutions
Mt+A=s1+% Ah=si+—-M
M =819,

Substituting the expression fag in the second equation, we have

A = (s1+S2) A+ (12— Sp) = O,

1
A= > (51+52:|: (51— )2+ 4 2)-

Let Amin be the smaller eigenvalue. (It corresponds to the minus)sign
Next, we solve for an eigenvecteycorresponding t@min:

(S—Aminl)v=0
(3
s1— S+ /(51— 52)2+4s, 2s;,
2s12 S2—S1+1/(s1— %)% +4sf,

v=_0.

Provided,s;» # 0, i.e., the rows ofD are not perpendicular,

S—S1+1/(s1— )2 +4s2,
2512

v=a [_Xl] , where x:= , (%)
anda is an arbitrary nonzero constants.

In this case, parameters of kernel and image represergatfdhe optimal model
are

R=[x —1], and P= Ll(] )

(We fixeda = 1.) Finally, the optimal approximatiod of D is

B—P(P'P) P D X qu-ﬁ-dm - Ly +Xd2N] .

T 112 |dig+X0py -+ Oy + XCon

Note that in the cas®, # 0, alternative formulas for the eigenvectorcorrespond-
ing to Amin can be derived.

P.12 (Analytic solution of scalar total least squares).In the case whea is not
perpendicular td, the total least squares solution exists and is unique.isrcdse,

it is given by ) (derived in Problem P.11). In the case when b, but ||a|| > ||b||,

the total least squares solutiorxis- 0. Otherwise, a total least squares solution does
not exists.

P.13 (Alternating projections algorithm for low-rank appr oximation). We have
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fira(P) = trace(D" (I —PP")D)
= trace((I —PP")DD ")
— ... substituting the data and usifg P = p? + p3 =1 ---

2
_ P5 —Pip2] [20 OD
= trace
([*plpz Pz } [0 140
— 140p2 + 20p3 = 140sirf(0) +20cog(6).
From the analytic expression &f; it is easy to see that
20< fira(P(6)) < 140

and the minimum is achieved fo¥)( which is the result established in Problem P.9
by less rigorous methods.

P.14 (Two-sided weighted low rank approximation). Define
Dm = vWDVW and  Dm:= WDVW.
SinceW andW; are nonsingular,
rank(D) = rank(Dp).
Then, from (WLRAZ2), we obtain the equivalent problem

minimize overD Dm—D
) >m [IBm = Dimlle (WLRA2))
subjectto rankDm) <m,

which is an unweighted low rank approximation.

P.15 (Most poweful unfalsified model for autonomous models)Realization of
H:Z, — RP*" js equivalent to exact modeling of the time series

Wa1 = (Ud1,Ya1) == (0e1,h1), ... Wim= (Udm,Ydn) = (O€n,hn).
Consider the impulse responideof the system
%i/S/O (Aa [bl e bm] 7C7.)

and the responses, ..., Yo Of the autonomous systefs/o(A,C) due to the initial
conditionsby, ..., b,. Itis easy to verify that

oH = [y v

Thus, with the obvious substitution

8= %],
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Wherexé,...,xg are the initial conditions generating the resportsgs.., hy, real-
ization algorithms can be used for exact identification chatonomous system and
vice verse; algorithms for identification of an autonomoystems can be used for
realization.

P.16 (Algorithm for exact system identification). If the ordern of the system is
knowning, the problem reduces to the computation of a basithe left kernel of
the Hankel matrixs#, 1(Wg).

(wn2r2543=

function R = wn2r(w, n), R = null (bl khank(w, n + 1)")";

With unknown order, we can proceed iteratively by trying twifan exact model
for increasing ordera = 1,2, .. ., till an exact model exists. This appraoch guaran-
tees that the computed model is the most powerful unfalsifiedel for the data in
the model class of LTI systems.

(w2r254h=

function R = w2r(w)

(reshape w and defing T (never defined)

nmax = floor((T - ttw) / (ttw + 1));

for n = 1:nmax

R=wn2r(w, n); if ~isenpty(R), break, end
end

P.18 (Algorithms for approximate system identification).
P.19 (Computing approximate common divisor withsl r a).

P.20 (Matrix centering).
E(C(D)) =E(D-E(D)1y)

(D- %Dlng)lN

1

1
N
—1D1 — —DIy1y1ny=0
TNON T NN =0

N

P.21 (Mean computation as an optimal modeling).The optimization problem is
a linear least squares problem and its solution is

1
C=DIn(141n) 1= Plv=E(D).

P.23 ((Luenberger, 1979, Page 53))Let y(t) be the reading of the thermometer at
timet and letu be the environmental temperature. From Newton’s law ofiogol
we have that

d _
—y=a(us—
gy = alus—y)
for some unknown constamt< R, a > 0, which describes the cooling process.

Integrating the differential equation, we obtain an expfiermula fory in terms of
the constang, the environmental temperatungand the initial conditiory(0)




S Solutions
(0)+(1—e ™0,  fort>0
The problem is to findi from (x) given that
y(0) y(1) =15, and y(2)=11

Substituting the data in«J, we obtain a nonlinear system of two equations in the
unknownsuandf :=e2

y(1) = 1y(0) + (1 f)d ()
y(2) = £2y(0) + (1 )T

We may stop here and declare that the solution can be compuytadnethod for
solving numerically a general nonlinear system of equati¢gBuch methods and
software are available, sezg, (Dennis and Schnabel, 1987).)

System £x), however, can be solved without using “nonlinear” methdsfine
Ay to be the temperature increment from one measurement teitig.e.,

Ay(t) :=yt) —y(t—1), for all t.

The increments satisfy the homogeneous differential énuat

d
SrAY) = ay(t).

so that
Ay(t+1) = e 2Ay(t) fort=0,1,...

From the given data we evaluate
y(1) ~y(0) = 15— 21= —6,
Substituting in £ x %), we find the constant
f=e2=2/3

With f known, the problem of solvingx{) in u'is linear, and the solution is found
to beu= 3°C.

P.24 The system (SYSDD) is

sl -

and has the unique solution

ﬂ _ 1 [y(l)y(S) —yz(Z)} .
9y -2y2)+y(3) L 9(y(3) ~¥(2)
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It can be shown that in this case

é
a__ —
e _f_

P.25 The system (SYSDD) is

g Ay(2) y(2)

1[5

g Ay(T) y(T)
and the corresponding normal equations are

{ (T-1¢? ngsz(t)] ﬂ :[ g5 oy(t) }
952 AY(t) T AYA(1) | |¢ T Ay()y()]

The least squares approximationudf

1
o (T- D349 - (3124y(0))°)

G—

T T T T T
(28703 v~ 3 ay0(3 270 5 y(00))

A recursive algorithm for computingjin real time requires only the four running
sums

t

tZszz(r), iAy(r), 3 ¥(n). and iAymy(r).
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