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Preface

Almost all control systems are realized using discretized (discrete-time and
discrete-value, i.e., digital) signals. However, analysis and design methods for dis-
cretized/quantized control systems are not always established. The analytical treat-
ment of linear discrete-time (sampled-data) control systems was developed in the
1950s and the 1960s, and is covered in several classical textbooks. Nevertheless,
since the characteristics of control systems with discrete-value (discretized) signals
become nonlinear, the analysis and design of these discrete control systems has not
been elucidated. The aim of this book is to establish a basis for the analysis and
design of discretized/quantized control systems for continuous physical systems.

Chapter 1 surveys the mathematical descriptions of discrete-time and also
“discrete-value” systems. In Chap. 2, beginning with the necessary mathematical
foundations and system model descriptions, the analysis in function spaces for these
discretized (nonlinear) control systems is developed. Chapter 3 analyzes the ro-
bust stability of discretized nonlinear feedback systems in the frequency domain
based on the input-output stability concept. In order to keep a practical perspec-
tive on the uncertain physical systems, most of the methods are carried out in the
frequency domain. As part of the design procedure, modified Nyquist-Hall and
Nichols diagrams are presented. In Chap. 4, first, a discretized version of tradi-
tional proportional-integral-derivative (PID) control schemes is reconsidered. Next,
schemes for a model reference feedback that corresponds to a discrete observer
feedback are proposed. It is shown that the model reference feedback approximately
becomes a PID control scheme.

Although single-loop feedback systems form the core of the text, in Chap. 5,
some considerations are given to multiple loops and nonlinearities. Furthermore,
Chap. 6 discusses the robust control performance and stability of discrete inter-
val systems (with multiple uncertainties) from the viewpoint of the characteristic
roots area based on Sturm’s theorem. Finally, in Chap. 7, the relationship between
feedback control and discrete event systems is outlined. The nonlinear phenomena
associated with practically important event-driven systems are elucidated, and the
dynamics and stability of finite state and discrete event systems are defined.

The author’s thoughts on recent control theory are as follows.

vii



viii Preface

(1) The state-space representation is useful for the analysis and simulation of con-
trol systems in the time domain. However, the method is not always appropriate
for the design of control systems.

(2) To keep a practical perspective on uncertain physical systems, modeling/identi-
fication and control should be carried out in a limited frequency range.

(3) There will be a large difference in time scale for feedback control systems (tran-
sient responses) and adaptive control loops. Therefore, adaptive and learning
control processes should be discussed separately.

(4) This book treats discrete signals; therefore, differential and integral techniques
are not used in principle.

I would like to thank Mr. Oliver Jackson and Ms. Charlotte Cross at Springer UK
for giving me the opportunity to write this book and for helping me to complete it.

Tokushima, Japan Yoshifumi Okuyama
October 2013
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Chapter 1
Mathematical Descriptions and Models

1.1 Introduction

Almost all control systems are realized using discretized (discrete-time and
discrete-value, i.e., digital) signals. However, analysis and design methods for dis-
cretized/quantized control systems are not always established. An analytical treat-
ment of linear discrete-time (sampled-data) control systems was developed in the
1950s and the 1960s, and is covered in several classical textbooks [4, 10]. Never-
theless, since the characteristics of control systems with discrete-value (discretized)
signals become nonlinear, the analysis and design of these discrete control sys-
tems has not been elucidated [3]. In this chapter, the mathematical descriptions of
discrete-time and also “discrete-value” systems are surveyed [5, 6].

1.2 Input-Output Representation

The control systems to be considered here are composed of some (dynamic) ele-
ments or subsystems. Each element or subsystem (and whole system) is regarded as
a relationship between the cause and the effect (i.e., the input and the output).

1.2.1 The System

First, it is assumed that the system can be expressed by a “relation” between one
input and one output. In general, the relation is given by

y=S(u), (1.1)

where S is an operator (or a transformation) which defines the system. This may be
represented in block diagram form, as shown in Fig. 1.1. Here, u is the input, and y

Y. Okuyama, Discrete Control Systems, 1
DOI 10.1007/978-1-4471-5667-3_1, © Springer-Verlag London 2014



2 1 Mathematical Descriptions and Models

Fig. 1.1 The discrete system

is the output. In other words, u is an independent variable, and y is a dependent vari-
able. In general, u is considered a time sequence of real numbers ug, uy, -+, ug, -,
and y is a time sequence of real numbers yg, y1, - -, Y&, - - - . Of course, these may
be considered sequences in space.

1.2.2 Linear and Nonlinear

The transformation § is linear if it follows the principle of superposition, i.e.,
y=S(au +bv) =aSu) +bS(v), (1.2)

where a and b are constant parameters. In this case, y is a linear function of u# and
v; otherwise, it is a nonlinear function. Here, the former transformation S is referred
to as a linear operator; otherwise, S is referred to as a nonlinear operator.

1.2.3 Static and Dynamic Systems, Causality

If a system is given by
ye=Swr), k=0,1,2,---, (1.3)

the system is called static. On the other hand, if a system is affected by time sequence
UQ, Ui, U2, -+, UN as

ykZS(MO,M],"',MN), OSkSN’ (14)
the system is considered dynamic. When system (1.4) is written as
Yk =S(uo,u, -+, ug) (1.5)

the system may be called causal.

1.2.4 Time Invariance

The system S is time-invariant if its response is independent of the moment of ap-
plication of the input . If i and k represent arbitrary time instances, then

Yick =SWi—), Vi,k>0,
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where y;_r =0, for i <k.

Otherwise, the system is time-variant.

1.2.5 Discrete and Continuous Time

When a variable is in the form of a time sequence, €.g., uq, U1, Uz, -+ , Uk, -,
it can be assigned to u(0), u(1),u(2),---,u(k),--- as a function of discrete time
0,1,2,-++ k.

In general, the input and the output of the system S can be written as
up =u(k), vp=v(k),
keZy:=1{0,1,2,3,---}.

Functions of continuous time, () and v(¢), can be given as
u=u(), v=uv(t),

teRy =10, 00).

1.2.6 Discrete and Continuous Values

In the above expression, values of u(k), u(t) may be either discrete or continuous.
However, in this section, the set of real numbers (an uncountably infinite set) R will
be identified with a countably infinite set Z,

u(k), y(k) e Z C R,
7 = (_OO, +OO),

in spite of the strict mathematical definition. The values of u(k) and y(k) may be-
long to finite sets U, Y C Z due to some limiter or saturation in the system S. The
behavior of finite value and state systems will be discussed in the next subsection
and in Chap. 7.

1.2.7 Concept of the State

In order to express the internal structure strictly, the concept of “state” will be intro-
duced. In general, a system S can be written as follows:'!

n the following, boldface will be used in principle for vector (multivariable) representation and
also for set representation.
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{x(k+1)=f(x(k),u(k)) (1.6)

y(k)=gx(k+ 1))
xk)yeZ", uk),yk)eZ
[ 72" x7—-7", g:7"— 7.

The system equations (1.6) can be rewritten as follows:

{x@+D=f&%LM@) (1.7)

y(k)=gxk+ 1)) =g*x(k), uk))
g 7" x 71— 7.

When Z is considered as finite sets U, X, and Y, the system (1.6) can be written as:

(1.8)
y(k) =gx(k+1))

x(kyeX, uk)elU, yk)eY
fXxU—>X, g:X—>Y.

{x@+n=fuwxwm>

In the automata theory, Eq. (1.6) is called the Moore machine expression. On the
other hand, Eq. (1.7) is called the Mealy machine expression with respect to g*(-, -).
However, in this chapter, only “time-driven”-type systems are considered. In these
expressions, k € N is an independent variable that corresponds to an elapsed time ¢.
With respect to discrete event (“event-driven”-type) systems, the definition and the
behavior of finite state systems will be described in Chap. 7.

1.3 Linear Discrete Equations

As in differential equations, the discrete equation (system model) for linear dynamic
systems is described in the relationship between a dependent variable (sometimes
called “output” y) and a forcing function (sometimes called “input” u) with respect
to an independent variable (discrete time series k). In this section, the method of
solving such discrete equations is presented. It helps to formulate, synthesize, and
analyze discrete-time linear systems similarly to linear differential equations.

1.3.1 Forward Discrete-Time Equation

The discrete equation based on a forward-type expression is given as follows:

aoy(k+n)+aryk+n—1)+---+ap_1yk+ 1) +ayyk)=uk).  (1.9)
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Here, independent variable k may or may not be time elapsed. It may be in the form
of discrete-space (e.g., integer grid) coordinates. However, throughout this book, it
is assumed that the independent variable is a discrete-time variable, as shown in the
sampling process (Fig. 1.7). In general, (1.9) can be written as

yk+n)+---+an_1ytk—1)+any(k) =bou(k+n)+---+by_ju(k —1)+byu(k),
(1.10)
where 7 is the order of the equation.?
In these equations, dependent variables y(k) and u(k) may or may not be of
continuous value, i.e.,

yk), uk) €eR, or yk)=y"(k),uk)=u'(k) € Z.

However, in this section, the dependent variables are considered to be continuous,
unless otherwise specified (or to belong to an uncountably infinite set).

Example 1.1 In the case of a first-order system, the equation can be written as’

x(k+1)+ayx(k) =bou(k + 1) + bru(k).

When it is homogeneous, the following simple expression is given:
x(k+1)+ax(k)=0.
Thus, the first-order homogeneous equation can be written as
x(k+1)=Ax(k), A=—-a;, k=0,1,2,---,
where x (k + 1) is the next stage of the above discrete equation. When k& = 0, x(0) is
the initial condition, and x (1) is the next stage. If x(k) e Rand A e R, x(k+ 1) e R
is satisfied.
In general, by using a vector-matrix form, the homogeneous discrete equation

can be expressed as

x(k+1)=Ax(k), xeR" AecR"™", (1.11)

If there exists an exogenous (forced) input, the vector-matrix form can be written as

x(k+1)=Ax(k)+ Bu(k), ueR, BeR". (1.12)

2Without loss of generality, the leading coefficient is assumed to be 1 (i.e., ag = 1). This assump-
tion can easily lead to a vector-matrix form and a “monic” polynomial of z-transform variables.

3Symbol x was used for y in order to introduce a state-variable representation.
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A set of first-order equations can be represented by using the vector-matrix form
(1.11) as follows:

x1(k+1) ayy app ... ay || xik) by
x2(k+1) axy axp ... ay || x2k) by

. =\ . . . . + | . |uk). (1.13)
Xn (k +1) apl Aap2 ... dApp Xn (k) by,

Since an n-th-order discrete-time equation (1.10) can be written as a set of first-order
equations, e.g.,
xi(k+ 1) =xa(k) — arxi (k) + (by — a1bo)u(k)
x2(k + 1) = x3(k) — azx1 (k) + (b2 — azbo)u(k)

(1.14)
xp(k 4+ 1) = —apx1(k) + (bn — anbo)u(k),
it can be given in the following vector-matrix form:
x1(k+1) —aj 10 ... 0O x1(k) by —aibg
xa(k+1) —ap o1 ... 0 x2 (k) by — arby
: =l S : + : u(k)
Xn—1(k+1) —ap—1 0 0 ... 1 Xpn—1(k) bu_1 —au—1bo
xpk+1) —a, 0 0 ... O X, (k) b, — aubg
(1.15)
and
y(k) = x1(k) + bou(k). (1.16)

Equations (1.15) and (1.16) correspond to a linear constant (time-invariant) expres-
sion for the general system equation (1.7). The above expression is also called an
“observable canonical form.” With respect to vector-matrix form (i.e., state-space
representation), there are many possible expressions. As an example, the following
expression, which is also called a “controllable canonical form,” can be shown:

x1(k+1) 0 1 0 0 x1(k) 0
xa(k + 1) 0 0 1 0 xo (k) 0
: =1 : : R : + || uk)
Xn—1(k+1) 0 0 0 1 Xn—1(k) 0
xp(k+1) —a, —a,—1 —ap—> ... —daj X, (k) 1
and
xy (k)
x2(k)
y(k)z[bn_an bp1—an—1 -+ b _Cll] . + u(k). (1.18)

2 ()
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1.3.2 Backward Discrete-Time Equation

When considering time shifting k£ + n — k the discrete-time equation given
by (1.10) is rewritten as follows:

yk) + - +ap—1ytk —n+1) +ayyk —n) =bou(k) +--- +bp—u(k —n + 1) + byu(k — n).
(1.19)
For a first-order system, it can be written as

x(k) +ayx(k —1) =bou(k) + bjuk —1).

Therefore, the vector-matrix discrete-time equation which corresponds to (1.11) will
be expressed as

x(k)=Ax(k—1), x eR" AecR™" (1.20)

Of course, if there exists an exogenous input, the vector-matrix discrete equation
which corresponds to (1.12) will be written as follows:

x(k) = Ax(k — 1)+ Bu(k), ueR, BeR" (1.21)

Since future data cannot be used, these backward expressions (1.19) and (1.21) are
actually used on computer simulation models instead of the forward expressions
(1.10) and (1.12).

1.3.3 Difference Equation

Another approach for formulating a discrete equation is to analyze the behavior of
the differences between two successive values of the dependent variable. The first
forward difference,

Ay(k) = y(k+ 1) — y(k),

transforms the discrete equation to the following difference equation:
doA"y (k) +di A"y (k) + - A dym 1 Ay (k) + dyy (k) = u (k). (1.22)
Here, higher differences are defined similarly to the first difference, i.e.,
A"y (k) = AA"y (k). (1.23)
For example, the second forward difference is given by

APy(k) = A(Ay (k) = Ay(k + 1) — Ay (k).
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Thus, it can be defined as
A%y(k) = y(k +2) = 2y(k + 1) + y (k).

Properties

(i) The first forward difference of the product of two discrete functions is given by

A(f(k)g(k)) = fk+1)Agk) + g(k)Af (k). (1.24)
Proof As is obvious from the definition of the first forward difference,
A(f(k)gk) = fk+ gk +1) — f(k)g(k)
=flk+1D(gk+1)—gk)+gl)(fk+1)— f(k),

(1.24) is proved.
(i) The relationship between the discrete equation (1.9) and difference equation
(1.22) is given as follows:

P
ap=> (=1)P~1C,"d,
a0 (1.25)
dy=> Cpla,
q=0

Equation (1.25) relates the coefficients of the difference equation to the coeffi-
cients of the discrete equation and vice versa.

Backward Difference Equation The first backward difference is defined as
Ay(k) =y(k) — y(k —1).

An n-th-order backward difference equation which corresponds to forward differ-
ence equation (1.22) is given as follows:

do A"y (k) +dy A"y (k) 4 - dy1 Ay (k) + dyy (k) = u(k). (1.26)
Higher differences are defined similarly to the first difference, i.e.,
A"y(k) = AA" Ty (k)). (1.27)
The second backward difference is given by
A%y(k) = A(Ay(k) = Ay(k) — Ay(k — 1).
Thus, it can be defined as

A%y (k) = y(k) = 2y(k — 1) + y(k — 2).
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Properties

(1) The first backward difference of the product of two discrete functions is given
by

A(f(k)g(k)) = f(k)Ag(k) + gk — D) Af (k). (1.28)
Proof From the definition of the first backward difference,
A(f(k)g(k)) = f(k)g(k) — f(k—1)g(k —1)
= f(k)(g(k) — gk — 1)) + gk — D(f (k) — f(k—1),

(1.28) is proved.
(ii) The relationship between the discrete equation (1.19) and difference equation
(1.26) is given as follows:

p
ap=>Y (—Hracy 44,
420 (1.29)
dy=> Cpla,
q=0

Equation (1.29) relates the coefficients of the difference equation to the coeffi-
cients of the discrete equation and vice versa.

1.3.4 Solution of Discrete and Difference Equations

The classical methods for the solution of discrete equations are similar to the meth-
ods for differential equations. Here, homogeneous equations are considered.

Solution of Homogeneous Equation Consider a general homogeneous equation,
apyk+n)+arytkk+n—1)4+---4+a,yk)=0.

If we assume y (k) = 2K as a solution, then

y(k +n— p)=2ktn-r,
For all 0 < p < n, the following is obtained:

(oA + a X"+ aAk =0.
The characteristic equation can be defined as follows:
apM +a "M+ a, =0.

The general solution is a linear combination of solutions, based on the root of the
characteristic equation.
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Table 1.1 The numerical

behavior for real A Values of y(k) fork=0,1,2, -

A>1 Increasing

r=1 Constant

O<ir<l Decreasing

—1<i<0 Decreasing, alternating sign
r=-1 Alternating value

A< -1 Increasing, alternating sign

Example 1.2 Consider the following example:
yk+2)—15y(k+1)+0.5yk*k)=0
The characteristic equation is obtained as
A2 —1514+05=0, A=10, 0.5.
Then, the solution is given by
y(k) = Ci +C2- (0.5,

where C| and C; are arbitrary (real) constants.

In general, the values of A describe the natural behavior of the solution y(k).4
The numerical behavior of y(k) is summarized in Table 1.1 when one of the roots is
real.

In the case of complex or imaginary roots, the solution is given as

y(k) = Cia + Cah,

where
r=a+jb, A=a—jb, j=+—1,

where a and b are real numbers.

Similarly to continuous systems, the behavior of y(k) is described by a com-
bination of two sinusoids (damped or undamped), and for the case of a conjugate
imaginary pair it is a pure oscillation. Multiple real roots generate behavior which
consists of the term kAX. The graphical description of the natural behavior of the
homogeneous equation is given in the following sections on the z-plane.

A practical method for solving the discrete or difference equations is to use the
z-transform approach [2, 6]. This is the subject of the following sections.

4)K plays the same role in discrete equations as e* in linear, time-invariant differential equations.
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1.4 The z-Transform and Transfer Characteristics

The z-transform is a valuable approach for formulating, analyzing, and solving
problems in the time-invariant, linear, discrete-time domain.

1.4.1 Definition of the z-Transform

The z-transform is defined as
ZIf(kh)]:=F(2)=)_ f(kh)z™*, (1.30)
k=0

where it is assumed that f(kh) is defined only in k£ > 0.
The right side of (1.30) exists if and only if the following infinite series con-
verges:

F)=fO)+ fz "+ feRz2+---. (1.31)
That is, the summation of series (1.31) should be expressed in a closed form.

Example 1.3 Consider the following exponential function:

fkh) =e " for k>0,

o0
F(Z) — Ze—akhz—k — l + e—ahz—l + e—2llhz—2 + R (132)
k=0
If |z| > e~ " is satisfied, the following closed form is obtained:
1 V4
F(2) = | —eakh,—1 7 _cakh' (1.33)
As a special case, when a = 0, the above can be written as
f(kh) =1, for k>0
o0
F@=) zF=1+z"4724-
k=0
Thus, if |z| > 1 is satisfied, the following is obtained:
1 Z
F(z) = = . (1.34)

11—zl z-1
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1.4.2 Properties of the z-Transform

Some properties of the z-transform are given here:
(i) Superposition.
Zlaf (kh) +bg(kh)] =aZ[ f(kh)]+bZ[g(kh)] =aF (2) + bG(2).
(i) Real backward translation (shifting theorem).
Z[fkh—th) =z Z[f(kh)]=z"'F(z), £>0.
(iii) Real forward translation (shifting theorem).

£—1
ZIf(kh+ e =2"F) =) flkm™F, e=1.
k=0

(iv) Complex translation.
Z[e™ f(kh)] = F(e™""z)
(v) Initial value theorem.
f(0) = lim F(z).
77— 00

(vi) Final value theorem.

lim f(kh) = lim(1 — 7 HF(2).

k— o0 z—1
Proof From the linearity of z-transform (1.30), (i) and (ii) are easily proved. For

(iii) through (vi), the following proof is given:
(iii) Asis obvious from (1.30),

Z[f(kh +kb)] = Z fkh+kt)z % =z* Z F((k + 0)h)z~*+0
k=0 k=0

00 -1
=) flehz =2 !F(Z) - Zf(/ch)z_"} . k=k+L

k=~ k=0

(iv) From (1.30), the following is obtained:
o
Ze™ f k)] =) fkh)(e"2)™* = F(e™"2).

k=0

(v) From (1.31), the following is easily obtained:

Jim F(z) = £(0).
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(vi) Inregard to the right side of the equation, the following can be obtained:

1=z HF@) = O + (f(h) — fFO)Z "+ (f2h) — f(h)z™?
+o o (F(kR) = f((k— Dh)z ™  + -

Thus
lim(1 —z YF(z) = lim f(kh).
z—1 k—00

1.4.3 Solving Discrete-Time Equations

Using the definition of the z-transform and its properties, an approach for solving a
discrete equation can be formulated. Consider the following equation:’

yk+n)+---+an1yk+1) +anyk) =bou(k +n) + - +an-1z + apu(k).
(1.35)
If each term on the left side of this equation is transformed, the following can be
obtained based on the shifting theorem:

Ziyk+m)}=2"3(2) — O+ +y(nr — D"

Zlap—1ytk+ 1)} =a,-1(z9(2) — y(0))
Zlany(k)} = a,3(2).

The transformed function of each term on the right side of (1.35) will be obtained
in the same way. For simplicity, the initial conditions are assumed to be zero (i.e.,
yO)=y(1)=---=ym—1)=0and also u(0) =u(l) =---=un — 1) =0).
Then, the following transformed equation can be given:

@ +ard a2+ a)$@) = (b + b1 4 a1z + b))
(1.36)
Equation (1.36) may be written as

_bo" 4+ b1 4+ b2+ by i)
tazt N a1zt ay '

Y ()

where 7" + a;1z" ' + -+ + a,_1z + ay, is the characteristic polynomial. The roots
of the characteristic polynomial correspond to the roots A’s of the homogeneous
solution.

SHereafter, sampling period / is omitted, and to indicate z-transformed functions a hat symbol,
e.g., y(z) is used instead of a capital letter Y (z), because a capital letter is usually used for a matrix
(or set) expression.
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Example 1.4 Consider the following discrete-time equation:
yk+2)—yk+1)4+05yk) =ulk+1) +uk). (1.37)
The z-transformed equation is given as
@ = 24055 —2y(0) = y(1) +y(0) = @+ Dir(k) —u(0). ~ (1.38)
If the input (forced term) is assumed to be a step function, then

2(z+1)

(& = 240.5)3(2) — 2y(0) — y(1) + y(0) = —

—u(0).

When the initial conditions are zero (i.e., y(0) = y(1) = 0 and u(0) = 0), the fol-
lowing transformed equation is obtained:

z(z+1)
(z—D(E2—z+05)

y(2) = (1.39)

The method used to find the explicit solution y(k) will be presented in Sect. 1.4.5
(Example 1.6).

Incidentally, when considering time shifting k +2 — k (k =2, 3, ---) as shown
in (1.19), discrete-time equation (1.37) can also be written as

vk) —ytk—=1)+05yk=2)=utk—=1)+utk—-2), k=2,3,---. (1.40)
Since data in a computer are obtained with a time delay, the discrete-time equation

might have to be written as shown in (1.40). Using the backward shifting theorem,
the transformed equation is given as

(1—z7"4+0527)5@) =" + 27 D). (1.41)
Thus,
5= %a(z). (1.42)
When a unit step function : i 1= # is added as an input, the following is
obtained:
@) = (L+z )z (1.43)

1—z7HA—z71+0.5z72)
Obviously, (1.42) is the same as (1.39).
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Fig. 1.2 Connected systems
u Y1 Y2
— Gi(z) Ga(z) |—
Fig. 1.3 Feedback system
r + u Y
Gi(2)
v
Ga(2)

1.4.4 Transfer Function of Connected Systems

The concept of transfer function may be developed independently by using the dis-
crete equation formulation, e.g., Eq. (1.10),

yk+n)+---+an—1ytk—1)+apyk) =bou(k+n)+---+by_1u(k —1)+byu(k).
In this case, the z-transformation yields
@+ ai" e+ a)I@) = (b + b1 4 4 b)),

Here, all the initial conditions are assumed to be zero. Thus, the transfer function is
defined as follows:
3@ bo" +biZ" " 4+ by

iz "+a '+ ta,

If several discrete-time systems are connected to each other, the output of one of
the systems serves as the input to the others. As was described in continuous-time
systems, the transfer function of cascade connected systems (Fig. 1.2) is given by

¥2(2) = G2(2)$1(2) = G2(2)G1 (2 (2).
For a feedback connection (Fig. 1.3),

¥(@) = G1(2)ii(z)

0(2) =G2(2)3(2), u(2) =7(2) — 0(2).
Thus, the transfer function of the feedback system is given by

S0 _ G
F(z) 14+G1(2)G2(2)

In general, the usual block diagram algebra can be applied.
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1.4.5 The Inverse Transformation

The inverse transformation is used to obtain the explicit behavior f(kh) (k =
1,2,---) in the time domain from the z-transform F'(z). The inverse transforma-
tion formula is given as follows:

fkh) =27 [F(2)]= L% F(z)7"dz, (1.44)
27‘[] C

where C is a Jordan curve in the complex plane. The solution of inverse transforma-
tion (1.44) can be obtained from Cauchy’s residue theorem, i.e.,

1 n
i 7(% F(z)dz = Res(F: pi). (1.45)

i=1

where Res(F; p;) indicates a residue of function F with respect to the pole, p;. Al-
though the definition of inverse transformation is given by (1.45), the direct contour
integration is scarcely used. Usually, the following partial fraction or power series
expansions are applied.

Example 1.5 Consider a simple example,

z4+0.5 z4+0.5
F(z) = = . 1.46
= D05 " 2-15:405 (146)
(1) First, the direct formula (1.45) is applied:
f (k) =Res(F; 1)+ Res(F;0.5)
= lim(z — DF(2)z*"' + lim (z —0.5)F(z)z"!
z—1 z—0.5

=3-205"" k=1,2,--. (1.47)

(ii) Using partial fraction expansion, z-transform (1.46) can be written as

3 -2 377! 2771
F(z) = _ _
@O= gt 05 T 1051

=3z 1A+ "+ 2+ ) =227 11405271+ 0252724+ -1)  (1.48)

with respect to |z| > 1. From the coefficients of power series (1.48), the result,
(1.47), is obtained.
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(iii) In general, if z-transform function F'(z) is represented by the following rational

function:®
bo" + b1 Vb
Fo= 25 ++a1;*‘ ++~--++ann’ (149
a power series can be obtained by using the division algorithm,
F@)=cot+crz ' +ez 4. (1.50)
Here, the coefficients of power series (1.50) are determined as follows:
co=by
c1=by—ajco
¢ =by —arcop —ajcy
c3=by —azco) —axcy —ajcy
k—1
cr = by —Zak_ic,- (1.51)
i=0
-, (ag, by =0, for k> n).
Thus, the time sequence f (k) is given as
fk) = c.
In the case of (1.46), the following coefficients are determined:
co=bp=0
cir=b; =1
co=by—ajc1 =2
c3=—axcy —ajcr =2.5
c4 = —axcy —ajcy =2.75
That is, the power series of (1.46) is given as
F@=z"42:2425:3 427574+, (1.52)

and the time sequence, f(k) (vs. k =0,1,2,---), is depicted as shown in
Fig. 1.4.

6 Also in this case, for simplicity, a leading coefficient of the denominator polynomial of ag = 1 is
assumed.
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Fig. 1.4 Time sequence of

the solution for Example 1.5 r
4
[ * 1
»
2 »
.
0 2 4 k

Example 1.6 Consider transformed function (1.39) shown in Example 1.4. Since it
can also be written as

2
Fo=5- 2; ++1Z.;z —05’ .
the following sequence is obtained based on (1.51):
co=byp=0
ci=b =1
co=by—ajc; =3
c3=—axcy —ajcy =4.5
C4 = —a3zc] —axcy —aic3=>5
c5 = —azcr —axces —ajcy =4.75
ce = —azcy —axcq —ajcs =4.25
Thus,
F(2)=z'4322445:73 45774 +475:7° 442570 +.... (154

The time sequence, f (k) (vs. k =0,1,2,---), is as shown in Fig. 1.5. The same
result is obtained on a computer simulation based on the vector-matrix form (e.g.,
(1.15) and (1.16)). The state-space representation is given as

xik+1) _ —ay 1| |x1k) n b u(k),
x2(k+1) —ay 0| x20k) by (1.55)

y(k) =x1(k), where aj =—1, a»=0.5.
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Fig. 1.5 Time sequence of
the solution for Example 1.6

19

Thus, if u(k) = 1 for k£ > 0 is applied, sequence y (k) can easily be calculated. (Note
that ap = 1 and by = 0 in this example.) A block diagram representation for a com-

puter simulation is as shown in Fig. 1.6. Note that the response is delayed by one
step as shown in Fig. 1.5 if y(k) = x;(k + 1) is applied to the computer program

for (1.55).

1.5 Sampling/Holding and Discrete-Time Signals

In this section, the sampling and holding process in the time domain for continu-
ous signals is described. The sampled signals are analyzed by using Laplace and

z-transformation.

y=1x

by
£E2+
-1 -1
bo z T 1
ay
asg

Fig. 1.6 Block diagram for Example 1.6, where aj = 1,a, = 0.5, and by = by =1
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Fig. 1.7 Sampling (time h
discretization) and holding u(t) u*(t) (t)
process g H

1.5.1 The Sampling and Holding Process

Consider the sampling and holding process represented by Fig. 1.7. The sampling
process consists of sampling a continuous-time signal v(¢) every i seconds (with
small time width) as shown in Fig. 1.8(a), (b). The sampled signal u*(#) may be
held on a constant value in the small interval as shown in Fig. 1.9(a). In practice, the
sampled signal will be stored in an electronic circuit until the next sample occurs
(i.e., ZOH: zero-order hold).” Therefore, the output signal v(¢) becomes a stepwise
function of continuous time ¢ as shown in Fig. 1.9(b).3 In this figure, an example of
the output with a relatively large resolution is represented. By using expressions of
countably infinite set Z, the output can therefore be written as

o(t) = v(kh) : Zy — Z, (1.56)
Z+ = [O, +OO)’

where h € Z is the sampling period. The analysis of time (and also space) dis-
cretized signals (i.e., discrete-time and discrete-value signals) will be discussed in
Sect. 1.6.

vit) vit)

(a) (b)

Fig. 1.8 Sampling with small time width

7In this book, the symbol # is used.

8The sampling period may be time-varying. Usually, the sampling process is an electrical signal
in an analog-to-digital (A/D) converter, but optical, mechanical, and other forms of signals are
possible.
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vit) vit)

0

wﬂHHH

(a) (b)

Fig. 1.9 Sampling and holding functions

Fig. 1.10 Continuous plant ~ h \
and sampling/holding ult Dl * (¢ Dot
function 4’( ) G(s) u ) )(y &) H ‘ N

1.5.2 Transfer Function of Sampling/Holding Process

The output of the sampling and holding process, as shown in Fig. 1.10, is given by

o]

Ve =Y y(kh)Ap(t — kh).
k=0

Here, A, is a rectangular pulse, as shown in Fig. 1.11. The Laplace transform of the
pulse is written as

| —e P
LLAp(1)] = ——

Therefore,
) o0 o0 1 A pS _
Fi(s) = Z Y(kR) LAy (t — kh)] = Z y(kh) (%) e khs, (1.57)
k=0 k=0

When p — 0, the following approximation holds:

2
l—ePS=1—<l—ps+(p2s') —---)%ps.
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Fig. 1.11 Rectangular pulse

function Y
0 v r
Thus,
o
Vp)~p Y ylke . (158)
k=0
The time function can be written as
o0
yp@ & p Y y(kh)S — kh), (1.59)
k=0

where §(¢) is the unit impulse function. The right side of (1.59) is an impulse train
that has magnitude p - y(kh) att = kh.

Consider an ideal sampler which operates at each sampling instant 4 and has
a width of p = 0. When considering y;‘p ) = y;’;(t) /p, the Laplace transform is
written as follows:

1 - 1—e 78 h
Vop(s) = ;9;(S)=Zy(kh) (T) e M (1.60)
k=0
If the limitation of p — 0 is considered,
o
$*(s) = ;L“}) i) = Zy(kh)e—””. (1.61)
k=0

The output of an ideal sampler (a hypothetical sampling signal) is, therefore, written
as

y () = ,]flno Vi (1) = ];0 y(kh)8(k — kh) = y(t) gsa — kh). (1.62)

The output of the (zero-order) hold circuit is

v(t) = y(kh), kh<t<(k+Dh.
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The transfer function of the continuous plant and holding circuit is given as

0(s) 1—eh

acs) s

G*(s) = -G(s). (1.63)

In the z-transform expression, the following relation can be obtained:

~G(s)}:(1—z‘1)2{@}.

—hs

G(2) :z“{l% (1.64)

Here, the symbol Z{-} means the z-transform of the sampled sequence for the in-
verse Laplace transform.
If the denominator of the transfer function G (s) is factored as
N(s)
(s =pD(s—p2)--(s=pn)

G(s) = (1.65)

the transformed function can be written in the following partial fraction form:

G(s K K K
()=_0+ 1 S+ n

G = .- .
1) S S —=Pp1 S — Pn

(1.66)

Itis assumed that p; (i =1, 2, - - -) are simple poles (in other words, p; are all differ-
ent real or complex constants) and are not equal to zero. Here, N (s) is a numerator
polynomial. Obviously,

Ko=s5G1(s)s=0 and Ki;=(s—pi)Gi()ls=p;» i=1,2,---,n.  (1.67)
From (1.66) and (1.32), the z-transform expression is given as follows:

Ko B B e
1— Z_l 1— ep]hz—l 1— ep,,hZ ' :

G1(2):=Z{Gi(s)) =

If reducing to a common denominator, (1.68) becomes

Kol —e"z7h) - (1 —ePhz D]+ + Kyl —2z7h) - (1 =Pzl

o= (=2 (I —emhz=T) (I —erhzT)

Thus, (1.64) is expressed as

G(z)=(1-z""Gi(2)

_ Kol(l—z7'eP™) (1 —ePhz 4 4 K[ =271 (1 =Ptz ]
B (1 —erthz=ly...(1 —epnhz=1) .

On the other hand, if the transfer function G (s) has a pole at the origin, i.e.,

N(s)

G(s) = ,
s(s—p)(s—p2)---(s— pn)

(1.69)
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Table 1.2 z-Transform table

Continuous Discrete time Laplace transform z-Transform
time (¢ > 0) (k>0) Ms > 0) (Jz| > 1)
1 .
1 1 — i
s z—1
1 h
t kh — —Z
52 (z— 1)2
N khePkh 1 _*
s—p 7 —ebh
h
reb! oPkh 1 heP"z
(s —p)? (z —erh)?
inwh
sin ot sinwkh _® __ Ginohz
s2+w? 722 —2(coswh)z + 1
2
s — (coswh
cos wt cos wkh _5 _¥ —(coswh)z
52+ w? 72 —2(coswh)z + 1

the partial fraction expansion should be given as

Gi(s) = — + — + +t , (1.70)

Ko | Kot K Kn
52 s s —=Pp1 S — Pn

where
Ko=s5G(s)|s=0 and K;=(s—p)Gi($)|s=p;» i=1,2,---,n

and

ds’G
Ko =BG (1.71)
ds $=0

From (1.70) and Example 1.3, the following z-transformed function is obtained:

K()hz_l Ko K K,
G _ S
12) 1-z"H2 1—-2z71 + 1 —erthz—l e 1 —epnhz—1
Kohz Ko Kiz Kz

= + + +ot

1.72
(z—1% z—-1 z—enh (1.72)

z— epnh ’
The relationship between time sequences, Laplace transforms, and z-transforms is
given in Table 1.2 for the reader’s reference.

In any case, the z-transform of G (s) with a zero-order holding can be written as
follows:”

9These operations can be provided in C-language functions.
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Fig. 1.12 State-space T T

. . h
representation and w(k 2(t ) e e
sampling/holding function M’ ¢ = Az + Bu ) C ul )‘ )gy *) H : o)
l_ =
- bo+biz7 + bz by
G)=(1-z7"G(x) =

=t @ l+aiz7 ' +arz=2- +a,z™"

_ b()Zn +b1Zn_l +--- +bn—lz +bn . (173)

a7+t a1z +ap

From the last expression, the difference equation (1.10) can be considered. Fur-
thermore, the vector-matrix form (1.12) (i.e., the state-space representation) and, for
example, (1.15) can be given.

1.5.3 Discretization for State-Space Representation

In this subsection, the direct transformation to a state-space system is represented.
Consider a discretized system as shown in Fig. 1.12. Here, x is an n-dimensional
state vector (i.e., x € R"). The continuous-time linear system can be written in the

following state representation:'?
dx (1)
m = Ax(t) + Bu(t) ' (1.74)
y(t) = Cx(r)

Its discretized version is obtained as
(k+1)h
x(k+1)=®(h)x (k) +f ®[(k+ 1)h — t]Bu(r)dr, (1.75)
kh
where the transition matrix, ®(7), is given by
Ar At?
d(7):=e =1+A‘L’+T+"-. (1.76)

If the system is time-invariant, (1.75) is simply written as

h
x(k + 1) = ®(h)x (k) +f ®(1)Bu(v)dr. (1.77)
0

10 order to clarify the relationship between continuous and discrete systems, a traditional state-
space expression is considered here.
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Fig. 1.13 Continuous plant, f'*h' ****** =
sampling/holding, and ult | e ot (k
discretization L» G(s) ‘JS(— H : ®) D (k)
L=
N————
G(2)

For u(t) = const. during period #, the discrete-time version of (1.74) can be ex-
pressed as

{x(k +1) = ®(h)x (k) + T(Wu(k), T(h)=[) ®(r)Bdr (178

y(k) = Cx(k +1).
It can be seen that (1.78) corresponds to a linear constant version of (1.6).
Thus, the z-transform of the system is given by

n — o3 Ti
{zx(z) x(z) + Tu(z) (1.79)

$(z) = Czx(2).
Rearranging the above, the following expression can be obtained:

$(z)=C[I — ®z'17'Ti(z). (1.80)

1.6 Space Discretization of Continuous Signals

So far the sampling and holding process of continuous signals in the time domain
(i.e., the method of processing discrete-time signals) has been described. In this
section, the space discretization of continuous signals (i.e., the method of processing
discrete-value signals) is also discussed.

1.6.1 Sampling/Holding and Discretization Process

As was described in Sect. 1.5, the sampling and holding process consists of sam-
pling a continuous signal u(t) every & (e.g., seconds) and holding its value constant.
Usually this is executed in A/D and digital-to-analog (D/A) converters. Figure 1.13
shows the sampling/holding and space discretization process of an A/D (D/A) con-
verter. An example of output u (k) is drawn as shown in Fig. 1.14. Here, the sampling
period and the resolution value are chosen as 7 = y = 1. Figure 1.14(a) shows the
sampling/holding signals with and without (space) discretization, respectively. The
discretized output is clearly depicted in Fig. 1.14(b).
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vit) vit)
e =
T —
— -‘——% — -
4 i - — I I Y
’:“ -— ?—: : -—
. |
S ‘ = :
w4 1
= . IR [
0 t 0 t
(@) (b)

Fig. 1.14 Output of sampling/holding and discretization

1.6.2 Discrete-Value Signals

It has been assumed that the values of both continuous-time function v(z) and
discrete-time function v(k) are continuous. However, those values in computer-
ized or automated digital systems are not continuous in practice. In this section, the
method of processing these discrete-time and discrete-value systems is described.
In a discrete system, a signal v(k) that is discretized in a broad sense can be written
as

U(k) € { ) _27/7_7/’07 Y, 2)/7 }7

where y is the resolution of the signal.'! In the following, such a discretized signal
will be denoted as v’ (k), and without loss of generality it may be written as

VkyeZ:={-,-2,-1,0,1,2,--},

with the assumption of y = 1.

1.6.3 Connection of Sampling/Holding Process

Figure 1.15 shows the cascade connection of sampling and holding processes. Un-
fortunately, since the characteristic of discretizations Dy (£ = 1, 2) is nonlinear, the

For example, in TV scanning or image processing, the resolution is given as y = R/N, where R
and N are the operating range and the pixel number, respectively.
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Fig. 1.15 Sampling/holding processes and cascade connection
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transfer function of the connected system cannot be obtained using the method de-
scribed in Sect. 1.4.4. Moreover, a feedback connection which corresponds to an
infinitely connected system is always found in control systems. Figure 1.16 shows
the feedback connection of sampling and holding processes [1, 9]. These problems
are discussed in Chap. 2 and later in the book.

1.6.4 Space Discretizing Process

A discretization process as shown in Fig. 1.17 is considered here. In this process,
D1 and D, are discretizing elements on the input and output sides of a continuous
static and memoryless (frequency-independent) nonlinear characteristic N(-). The
output of the discretizing elements is written as

M-i'(k) € { “ —23/1» —VI1, 07 Y1 2)/19 e }1
UT(k) € { ) _23/27 —Y2, Ov Y2, 2)/27 e }

In the following chapter, the resolutions will be assumed to be y| = y» = 1.0, with-
out loss of generality. Thus, variables u' (k) and v’ (k) may be written on integer
grid coordinates as follows:

ut ), ut k) ez
Zi={-,-3,-2,-1,0,1,2,3,---}.
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Fig. 1.18 Discretizing process for a linear continuous characteristic

Table 1.3 Discretized

signals
(—12.0,—10.0] —10.0 —8.5 -8.0
(—10.0, —8.0] —8.0 —6.8 —6.0
(—8.0,—-6.0] —6.0 —5.1 —4.0
(—6.0, —4.0] —4.0 -3.4 -2.0
(—4.0, —2.0] -2.0 -1.7 0.0
(—2.0,0.0] 0.0 0.0 0.0
[0.0,2.0) 0.0 0.0 0.0
[2.0,4.0) 2.0 1.7 0.0
[4.0,6.0) 4.0 3.4 2.0
[6.0, 8.0) 6.0 5.1 4.0
[8.0, 10.0) 8.0 6.8 6.0
[10.0, 12.0) 10.0 8.5 8.0

Example 1.7 Figure 1.18 shows a numerical example of the space discretizing pro-
cess for a case where continuous characteristic N(-) is linear. The input/output
characteristic of input-side discretization D; for resolution y; = 2.0 is as shown
in Fig. 1.18(a). In this example, for output-side discretization D, the resolution
is chosen the same as for the input-side discretization, as shown in Fig. 1.18(c).
Figure 1.18(b) shows the discretized (point-to-point) characteristic when the linear
continuous characteristic is v = 0.85u.

As is shown in the figure, the discretization performed in this process is based on
a round-down procedure. Table 1.3 shows each variable of the discretizing process.

Example 1.8 Figure 1.19 shows a numerical example of the space discretizing pro-
cess for a case where continuous characteristic N (-) is nonlinear. In this example, a
sigmoid function is applied for the continuous characteristic. Using a programming
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(a) (b) ()

Fig. 1.19 Discretized process for a nonlinear characteristic

Table 1.4 Discretized

signals for nonlinear u u v v

characteristic
(—=12.0, —10.0] —10.0 —8.22 -8.0
(—10.0, —8.0] -8.0 —-7.31 —-6.0
(—8.0, —6.0] —6.0 —6.30 —-6.0
(—6.0, —4.0] —4.0 —5.13 —4.0
(—4.0,-2.0] -2.0 —3.43 -2.0
(—=2.0,0.0] 0.0 0.0 0.0
[0.0,2.0) 0.0 0.0 0.0
[2.0,4.0) 2.0 3.43 2.0
[4.0,6.0) 4.0 5.13 4.0
[6.0, 8.0) 6.0 6.30 6.0
[8.0,10.0) 8.0 7.31 6.0
[10.0, 12.0) 10.0 8.22 8.0

language such as C, the following expression can be given:

u' =1y % (double)(int) (u/y),
v=03xu"+3.0xatan(0.6 xu"), (1.81)
vl = y * (double) (int) (v/y).

The input-output side discretization elements, Dy, D,, are the same as in Exam-
ple 1.7. Figure 1.19(b) shows the discretized (point-to-point) characteristic when
the continuous characteristic is the above sigmoid function. Table 1.4 shows each
variable of the discretizing process.
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1.6.5 Binary Arithmetic with a Finite Word Length

The discussion in this subsection concentrates on the methods most used in micro-
processor digital control [6]. It will be assumed that a word length of C + 1 bits
is chosen to represent a number, C bits for the numerical value and one bit for the
sign. Therefore, 2€ different numbers may be represented with a C-bit word for the
positive axis and the same for the negative axis. 27C is the least significant bit of
the binary number and represents the limit of the resolution.

In fixed point representation, the binary point is fixed, e.g., for C = 4 the follow-
ing is obtained:

1M01=1x2" +1x2°+0x21+1x272

=2+1+0+0.25
=3.25.

Depending on the way in which negative numbers are represented, there are three
different forms of fixed point arithmetic.

(i) The sign-magnitude representation, in which the reading bit represents the sign,
0 for positive values and 1 for negative values, e.g.,

—3.25~011.01
+3.25~111.01

In sign-magnitude form the number O has two representations, 000.00 and
100.00.

(i) The 2’s-complement representation, in which the positive numbers are identi-
cal to the sign-magnitude representation. The negative of a positive number is
obtained by complementing all bits, and adding 1 in the least significant bit,

e.g.,
—(111.01) = (000.10) + (000.01)
=000.11.

Using positive numbers, the following is obtained:

—(000.11) = (111.00) + (000.01)
=111.01.

(iii) The 1’s-complement representation, where positive numbers are represented as
in sign magnitude and 2’s-complement, and the negative of a positive number
is obtained by complementing all the bits of the positive number, e.g.,

—(111.01) = 000.10.
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Fig. 1.20 Truncation and rounding

The position of the binary point in fixed point arithmetic in microprocessors
is just to the right of the first bit. Proper scaling is needed to represent all
quantities in the range —1.0 to +1.0 —27C,

1.6.6 Truncation and Rounding of Binary Numbers

It is assumed that there is no overflow during A/D conversion and during arithmetic
operations. However, there is a limit on the resolution, because the width of the
resolution is the value of the least significant bit 26,

Truncation In truncation all bits less than the least significant bit are discarded.
The relationship between the untruncated value x and the truncated number Q(x) is
depicted in Fig. 1.20(a). For 2’s-complement representation (fixed point) the trun-
cation error €7, defined as

er = Qrlx]—x,
is
0>er>-2C.
For 1’s complement and sign-magnitude representations the truncation error is
O0<er <27¢ for x <0
0>er > —27¢ for x>0.
Rounding Rounding of a binary number to C bits is accomplished by choosing

the number in the C-bit closest to the unrounded quantity, e.g., 0.01101 rounded
to a 4-bit number is 0.011. A choice must be made for rounding of numbers; e.g.,
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Fig. 1.21 Truncation process for a linear characteristic

Table 1.5 Discretized : ;

signals u u v v
(—=12.0, —10.0] —10.0 —10.5 -10.0
(—10.0, —8.0] —8.0 —8.8 -8.0
(—8.0, —6.0] —6.0 -7.1 —6.0
(—6.0, —4.0] —4.0 —54 —4.0
(—4.0, —2.0] —-2.0 -3.7 -2.0
(—2.0,0.0] 0.0 -2.0 2.0
[0.0,2.0) 0.0 0.0 0.0
[2.0,4.0) 2.0 1.7 0.0
[4.0,6.0) 4.0 3.4 2.0
[6.0, 8.0) 6.0 5.1 4.0
[8.0,10.0) 8.0 6.8 6.0
[10.0,12.0) 10.0 8.5 8.0

0.01010 rounded to a 4-bit number is either 0.010 or 0.011. For fixed point arith-
metic, the error made by rounding is the same for all three types of number repre-
sentations (sign-magnitude, 1’s-complement, and 2’s-complement). The error is

€ = Orlx]—x

2—C 2—C
<ep < —.
2 T k= 2

The behavior of Qg[x] compared to x is depicted in Fig. 1.20(b). Figure 1.20(c)
shows a stepwise characteristic which corresponds to the discretizing process shown
in Fig. 1.14 and C programming (1.81). Figure 1.21 shows an example of the trun-
cation process for a linear characteristic based on the discretization as shown in
Fig. 1.20(a). Table 1.5 shows each variable of the discretizing process for the trun-
cation.



34 1 Mathematical Descriptions and Models

1.7 Exercises

(1) Find the homogeneous solutions to each of the following difference equations:
(D) y(k+2)=3yk+1)+2yk) =u(k),
(1) ytk+2)—=2yk+ 1)+ yk) = u(k).
(2) Prove that
dF(z)
dz

(3) Determine the z-transform of the discrete ramp function

Zlkf (kh)] =~z for |z| > 1.

k for k>0
k) = -
F® 0 for k <O.

(4) Show that an n-th-order discrete-time equation (1.99) can also be written in the
following vector-matrix form:

x1(k+1) 0 1 ... 0 x1(k) [0
x2(k + 1) . x2(k) 0
. =| - . : . + | . |utk)
: 0 0 | : :
xp(k+1) —a, —day,_1 ... ai xp (k) |1
and
x1 (k)]
x2(k)
Y(k)z[bn_an bp_1—an—1 ... b _al] . + u(k).
X (k) |

(5) Determine the discrete-time version (1.78) of the following state-space repre-

sentation:
d [ x _ 0 1 X1 0
e R M

so=[1 o]|"

X2

Assume i =1, and u# = const. through 0 <7 < h.

(6) Determine the z-transform of the following time function as a closed form:
i) f@)y=t-e
(i) f(t) =sinwt

(7) Determine f(k) for

z+1

F —
=357 115205
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and confirm that it corresponds to the delayed response as shown in light blue
in Fig. 1.4

Appendix A: Simultaneous Linear Equations and Matrix
Expressions

Consider the following linear system of m equations in n unknowns:

anxy+apxa+ -+ amxp =y1
anxi+axnxy+ -+ ayxp =y

(1.82)
A1 X1 + AmaX2 + -+ AunXn = Ym
As is well known, (1.82) can be simply written as follows:
Ax=y. (1.83)
Here,
aiy  aiz ... dig X1 V1
A azy  axp ... axp . X2 = 2
aml Am2 ... Qmn Xn Vi

There are appropriate reasons why the vector-matrix expression (1.83) is considered
from the original simultaneous equations (1.82). It can be seen from (1.82) that the
following operations do not influence the solution of simultaneous equations [12]:

(1) interchanging two equations,
(2) multiplying each term in one equation by a nonzero constant,
(3) adding a constant multiple of one equation to another.

In the matrix expression A, these are called elementary row operations, and they
become the following operations:

(a) interchanging two rows,
(b) multiplying each entry in one row by a nonzero constant,
(c) adding a constant multiple of one row to another row.

Note that the above operations are related not only to entries of A but also to vari-
ables x; and y; (i, j=1,2,---,n).
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Consider a square matrix (i.e., m = n). If operation (c) is applied to the left side
matrix A in (1.83), the following matrices can be obtained:!2

ay dyp ... din ai; 0 ... O

0 ax ... amy 0 apn ... O
- A= . . L. = A=

0 0 ... au 0 0 ... au

Here, A is called an upper!? triangular matrix, and Aj is a diagonal matrix. More-
over, the following diagonal matrix (having all diagonal elements equal to 1) is
called a unity matrix (or an identity matrix):

1 0 ... 0

0 1 0
I =

0 0 ... 1

(It is also written as I, or E.) If the solution x is obtained by using the above
process, it can be written as

x=By=A7ly, (1.84)

where B = A~ is called an inverse matrix.

Determinant With respect to a square matrix A, the determinant is defined as
follows:

alg aln ... Alp
ay a2 ... dp

detA=|A|=| . . o (1.85)
apl ap2 ... dpp

which is a generalization of the area of a parallelogram in the two-dimensional
plane, i.e.,

apy a2

=dajiaz2 —dapnazl.
azy a2

In general for n > 3, the determinant of a square matrix A is defined for the (n —
1) x (n — 1) matrix A;; that is obtained by deleting the i-th row and j-th column
from A:

n
detA = "a;j(—1)""/ det Ajj. (1.86)
j=1

12This operation is referred to as the sweep-out method.

131f all the entries above the main diagonal are zero, it is called a lower triangular matrix.
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Since the calculation of (1.86) becomes a permutation problem, it is difficult to
obtain the value of the determinant. Then, by applying the elementary row operation
(c), the matrix A should be led to an upper triangular matrix. Note that the value of
the determinant is invariant for this operation. As a result, it is obtained in regard to
the diagonal elements of the triangular matrix as follows:

detA =ajiax---ay,. (1.87)
Here, we define the matrix of cofactors, i.e.,
adjA = [(—1)'t/ det A ;]. (1.88)
Thus, it can be shown that

A-adjA=detA-I =adjA- A.

For det A, the inverse matrix in (1.84) is given by

Al = adjA
detA’

(1.89)

When A~! is obtainable as shown in (1.89), the matrix A is referred to as a regular
or nonsingular matrix.

Eigenvalue/Eigenvector When the direction of a vector Ax is the same as that of
x,ie.,
Ax = \x, (1.90)

the vector x is called an eigenvector, and in that case A is called an eigenvalue.
The idea in (1.90) is also applied to complex vectors (and matrices) in general.
Equation (1.90) can be written as

M —A)x=0. (1.91)
In this expression, (1.91) is considered to be simultaneous homogeneous equations.

The trivial solution of (1.91) is x = 0. Obviously, the condition having nontrivial
solutions of (1.91) is given as follows:

detGud — A) =0. (1.92)

Equation (1.92) is called a characteristic equation, and A is called a characteristic
root.

Quadratic Form With respect to a square matrix A, the following function,
R" — R, can be defined:

ajy ap ... dai || X

r a)l ay ... Ay X2
Qx)=x Ax:[)q X2 ... xn]

anl 4p2 ... dpp Xn

ZXH:Xn:ai/‘x,'Xj (1.93)

i=1 j=I
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which corresponds to the equation of an ellipse and a hyperbola. The value of the
function is scalar, and is considered the inner product of Ax and x. The above
mathematical form is called a quadratic form.

If considering x;;, the coefficients a;; and a;; can be replaced with a;; = a’; =
(ajj +aj;)/2. Therefore, the matrix A in (1.93) can be considered a symmetry ma-
trix. Since such an expression is clear in mathematics, it is often applied to control
theory, e.g., as a candidate of a Lyapunov function. However, the mathematical form

in (1.93) is not always suitable for the expression of real complex systems.

Appendix B: Function Space, H,, L ,, and £, Spaces

A linear space X is called a normed linear space (or simply a normed space) [11],
if for every x € X, there is associated a real number ||x||, the norm of the vector x,
such that

x| >0 and [[x|| =0 if and only if x =0, (1.94)
lx 4+ yll <llx|l + Iyl :triangle inequality, (1.95)
llox| = lof - x| (1.96)

The topology of a normed space X is defined by the distance (or metric)'*

px,y)=llx—yl. (1.97)

Here, p(x, y) satisfies the following axiom of distance:

p(x,y)>0 and p(x,y) =0 ifand only if x =y, (1.98)
p(x,y) < p(x,2) + p(z,y) :triangle inequality, (1.99)
px,y)=p(y,x). (1.100)

Obviously, p(x, y) =[x — yll = Ily — x|l = p(y, x) and

px,)=llx—=yl=lx—z+z—yl=Zlx—zll+llz=yll=px,2) +p(, ).

The convergence lim p(x,,x) =0 in anormed space X is denoted by x,, — x, and
n—0oo

sequence {x,} is said to converge to x. Thus lim |x,| = |x], if x, — x.
n—o0
(1) Let X be areal or complex vector space (i.e., x = (x1, x2, -~ , x,)! withx; e R

or C). The following norms are defined:

14See also Appendix A in Chap. 7.
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n
Il =Y Ixil (1.101)
i=1

n 1/p
Ixll, := <Z |in”> l<p<oo (1.102)
i=1
[l [loo := max |x;]. (1.103)
L

Here, ||x|| is called the Euclidean norm of x. Thus, the normed space corre-
sponds to an n-dimensional Euclidean space.

(2) Let X be the space of sequences of real numbers (x = (x(1), x(2), -+, x(N))).
The following norms can be defined:

N
e 1 =Y lx ()| (1.104)
k=1
N 1/p
()] = (Z |x<k)|f’) JI<p<oo (1.105)
k=1
Ix(K)lloo := sup [|x(k)]. (1.106)
1<k<N

The corresponding normed spaces for N — oo are called £1, £,, and £, re-
spectively. In this book, the following norm is especially considered for discrete
signals (x = x(0), x(1), x(2),---) with x : Z4y — R:

o 1/2
x (k)2 = (Z |x(k)|2) < 00. (1.107)

k=0

The normed space corresponds to an £, space.
(3) Let X be the space of continuous signals with x : Ry — R. The following
norms are defined:

llx (@) :2/0 lx(1)|dz (1.108)
00 l/p
lxlp = (/ |x(t)|pdt> , I <p<oo (1.109)
0
[lx(#)|loo := €8s sup |x(t)]. (1.110)
teR

The corresponding normed spaces are called Ly, L, and L, respectively.
(4) Let X be the space of transformed variables with X : C — C. The following

norms are defined:
g

. n 1 .
XD := sup [[X,($)ll1= sup o |x(¢)[do (L.111)
[0,1) 470 J—x

rel0,1) rely,
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1 T 1/p
XN = sup [[£-(Dlp= S[l(l)Pl (-/ |)2(§)|1’d9> (1.112)
rel0,1)

ref0,1) 27 J_n
IR lloo := sup [2(2)]. where ¢ =r-e/’ (1.113)
rel0,1)

The corresponding spaces are called the Hardy spaces, Hy, Hp, and Hyo, re-
spectively [7]. In particular, Hy, has recently been used in control theory. As
for continuous systems, the following domain is usually considered:

c=e T T>0.
The right half-plane of s =0 + jw (i.e., 0 > 0) corresponds to the open unit
disk,
D={¢eC:|¢|<1}.

The boundary line of domain ID (i.e., the imaginary axis s = jw) corresponds
to the unit circle,

L={teC:[¢|=1}.

In this book, since discrete-time signals are treated in the system analysis, the
following norm on the boundary line is considered for { =z ' =e ™" (h :
sampling period):

1 T 1/2
I£(¢)ll2:= sup (E [ |£(¢)|2d9) :

rel0,1)

Obviously, r = e and 6 = wh. Thus, the L> norm becomes

h b4 ) 1/2
£z = (2—/ I)?(e_""h)|2dw) .
T J-x

Appendix C: Inverse z-Transform

The z-transform and the inverse z-transform are defined by the following pair of
equations:

F()=)_ fkhz ™", (1.114)
k=0
1 k—1
f(kh) = —7§ F(2)Z" 'dz, (1.115)
27j Jo

where C is a Jordan curve in the complex plane. Here, as a reference, the definition
of the Laplace transform and its inverse transform are given below:
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oo
F(s):/ f() e *dr, (1.116)
0
1 c+joo
f@® = —/ F(s) e''ds, s=0+ jo. (1.117)
2nj c—joo

If f(r) is a sample/hold (stepwise) function f (kh), then F(s) = L{f (kh)} becomes

Fs)y=h)_ fkmz*.

k=0
On the other hand, from (1.117) the following expression can be obtained:

1 -
kh) = —— @ F(s)Z* 'dz,
S (kh) 27hy P ($)z z

because dz = he”¥ds. Thus, the relationship between the z-transform of f (kh) and
the inverse one hold with respect to arbitrary 5.

Relation Between z-Plane and s-Plane As was defined in Sect. 1.4, the rela-
tionship between the z-transform variable and Laplace transform variable is given
as z = e/, This is shown graphically in Fig. 1.22. In these complex planes, two
domains and contours,

D={zeC:l|z] <1},
L={zeC:|z|=1},

and
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D={seC:MN(s) <0},
L={seC:%(s) =0},

are defined [7]. The stability problem for discrete-time systems will be clarified
from these diagrams.

Appendix D: Sampling Theorem

The hypothetical sampling signal u*(¢) is expressed by an impulse function train
that modulates continuous signal «(¢) with a carrier wave signal as follows [8]:

W) =u(t) Y 8(t—kh). (1.118)

k=—o00

(e.¢]
Since Z 8(t — kh) is a periodic function, the following expression can be given
k=—00
by using the complex Fourier series:

o0

J
Z ot —kh) =+ Z elkest (1.119)

k=—00 k=—00

where wy = 2/ h is the sampling angular frequency. Therefore, the Laplace trans-
form of u*(¢) is given by using the shifting theorem in the s-plane as follows:

o0

ﬁ*@):% D7 s + jkay). (1.120)

k=—o00

That is, the Laplace transform of hypothetical sampling signal #(s) is the Laplace
transform of a modulated signal i (s) that is shifted to the imaginary axis by wy (plus
or minus). When the frequency spectrum of |ii(jw)]| is given as shown in Fig. 1.23,
the frequency spectrum of the sampler output is repeated as shown in Fig. 1.24(a).
Therefore, if cut-off frequency w, " is given by

(1.121)

the modulated signal u(?) is transmitted on the sampling process without losing its
information, and the original signal can be recovered perfectly. However, if

(1.122)

I5A cut-off frequency means that the frequency spectrum is negligible there.
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Fig. 1.24 Frequency responses of the sampling

the frequency spectrum is duplicated (in other words ‘“folded”) as shown in
Fig. 1.24(b), and the modulated signal cannot be transmitted without losing its in-
formation. Thus, it is difficult to recover the original signal. The sampling (angular)
frequency wjy that can recover a continuous signal must be at least twice the highest
component frequency, i.e.,

— > . (1.123)
This is called Shannon’s sampling theorem.

Systems with Transmission Delay In regard to control systems with transmission
delay, the above concept should be revised as follows. Assume that the continuous
signal is written as

ug(t) =u(t — L),
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where L is a time delay. When the signal is in discrete time, it can be written as
ug(kh) = u((k —de)h),

where dy = L/ h (dy € Z). The Laplace transform expression of u;(¢) that corre-
sponds to (1.120) is given as

 — .
a(s) =i*(s)e s = A Z (s + jkog)e Letikes, (1.124)

k=—0o0

References

1. Bartoszewics A (ed) (2011) Robust control, theory and application, pp 243-260. Chap 11
2. Cadzow JA (1973) Discrete-time systems. Prentice-Hall, New York
3. Desoer CA, Vidyasagar M (1975) Feedback systems—input-output properties. Academic
Press, New York, republished by SIAM, 2009
4. Jury EI (1964) Theory and application of the z-transform method. Wiley, New York, revised
by R.E. Krieger, 1973
5. Kalman RE, Falb PL, Arbib MA (1969) Topics in mathematical system theory. McGraw-Hill,
New York
6. Katz P (1981) Digital control using microprocessors. Prentice-Hall, New York
7. Mashreghi J (2009) Representation theorem in Hardy spaces. Cambridge University Press,
Cambridge
8. Ogata K (2006) Discrete-time control systems, 2nd edn. Prentice-Hall, New York
9. Okuyama Y (2006) Robust stability analysis for discretized nonlinear control systems in a
global sense. In: Proc of the 2006 American control conference, Minneapolis, MN, USA,
pp 2321-2326
10. Ragazzini SP, Franklin GF (1958) Sampled-data control systems. McGraw-Hill, New York
11. Rudin W (1987) Real and complex analysis, 3rd edn. McGraw-Hill, New York
12. Wright DJ (1999) Introduction to linear algebra. McGraw-Hill, New York



Chapter 2
Discretized Feedback Systems

2.1 Introduction

As we described in the previous chapter, since discretized/quantized feedback sys-
tems become nonlinear, the analysis and design of those types of systems has not
been elucidated. The first attempt to clarify these problems was described in a paper
of Kalman [3]. However, few results have been obtained for the stability analysis of
nonlinear discrete-time feedback systems [2, 9]. In this chapter, the analysis in an
£, space for such a discrete-time and discrete-value system is discussed.

2.2 Discretized Control Systems

A discretized nonlinear control system can be represented by a sampled-data control
system with two samplers, S1, Sy, and a continuous nonlinear characteristic, N (-),
as shown in Fig. 2.1. Here, Dy, D;, and ‘H denote the discretization and zero-order
hold elements, which are usually performed in A/D (D/A) conversion, and G(s) is
the transfer function (the Laplace-transformed one) of a linear (continuous-time)
controlled system. It is assumed that the two samplers with sampling period % op-
erate synchronously. The feedback structure corresponds to the sampling/holding
system shown in Fig. 1.16, when G (s) is considered to be a static nonlinear char-
acteristic. The sampled-data control system can be equivalently transformed into a
discretized control system, as shown in Fig. 2.2. Here, G(z) is the z-transform of
G (s) together with a zero-order hold, and D and D; are the discretizing units (static
quantizers) on the input and output sides of the nonlinear element, respectively.

In Fig. 2.2, each symbol e, u, v, ... indicates the sequence e(k), u(k), v(k), ...,
(k=0,1,2,---)in discrete time, but in continuous values. On the other hand, each

symbol e, ut, T, ... indicates a discrete value that can be assigned to an integer
number, e.g.,

eT € { Y _3)/17 —23/1, —Y1, 07 Y1, 2)/17 31’1, e }7
Y. Okuyama, Discrete Control Systems, 45
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Fig. 2.1 Nonlinear + t ‘rhf'f'f'*j} i
sampled-data feedback r ot N(eh) : H :*_ D, v
system — g :

L2l ==

yt 12 frt df
| u
[l 1 A ) -
L= 52
—_——
G(z)

Fig. 2.2 Discretized Ny(e)
nonlinear control system e

UT € {' R _37/21 _2)/27 _V2109 VZ, 27/23 3)/27 e }9

where y; and y, are the resolution values of each variable. In the above expressions,
it is assumed that the input and output signals of the nonlinearity have the same
resolution in the discretization (i.e., y = y1 = y» > 0) [1, 5, 6]. Here, e, ul, and v
also represent the time sequences e’ (k), u'(k), and v’ (k).

The relationship between e and vh = Ny(e) in the figure becomes a stepwise
nonlinear characteristic on integer grid coordinates, as shown in Fig. 2.3(a). In this
chapter, a round-down discretization, which is usually executed on a computer, is

Nde) - Nd(e)

(a) (b)

Fig. 2.3 Discretization for nonlinear and linear characteristics
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Fig. 2.4 Effect of resolution values
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Fig. 2.5 Logarithmic quantizers

applied. Therefore, the relationship between e and v' is indicated by small circles
(i.e., a point-to-point transition) on the stepwise nonlinear characteristic. Even if the
continuous characteristic N(-) is linear, the discretized characteristic v becomes
nonlinear on integer grid coordinates, as shown in Fig. 2.3(b). In order to compare
the discretization, Figs. 2.4(a) and (b) show the effect of resolution values. In these
figures, two cases are depicted: (a) input resolution y = 2 and output resolution
y =1, (b) input and output resolutions y = 2.

Some authors have investigated a logarithmic quantizer in relation to the robust
stability. Figs. 2.5(a) and (b) show two cases of the logarithmic quantizer. However,
the applications of these discretizations are scarcely known in practice.
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Fig. 2.6 Nonlinear characteristics and output-side discretizations

Hereafter, without loss of generality, it will be assumed that y = 1. That is, the
variables e, u", - - - are defined by integers as follows:

utez, Z:={--—3,-2,-1,0,1,2,3,---}. 2.1

On the other hand, the time variable 7 is given as ¢ € {0, h, 2h, 3h, - - - } for the sam-
pling period 4. When assuming h = 1.0, the following expression can be defined:

te€Zy, Ti:=1{0,1,2,3,---}. (2.2)

Therefore, each signal e’ (r), u'(7), - - - traces on a grid pattern that is composed of
integers in the time and (controller variables) space.

2.3 Discretization and Nonlinear Sector

2.3.1 Three Types of Discretization

Output-Side Discretization When a signal is discretized only on the output side
of the nonlinear characteristic, the relationship between e and v’ becomes a step-
wise nonlinear characteristic with step height 1, as shown in Figs. 2.6(a) and (b).
Figure 2.6(a) is the output-side discretization for a saturation-type nonlinear charac-
teristic (arctangent sigmoid function). On the other hand, Fig. 2.6(b) is the output-
side discretization for a sinusoidal nonlinear characteristic. Without loss of general-
ity, it is assumed that the nonlinear characteristics have origin symmetry and exist
in the first and third quadrants.

Input-Side Discretization When a signal is discretized only on the input side of
the nonlinear characteristic, the relationship between e and v’ becomes a stepwise
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Fig. 2.7 Nonlinear characteristics and input-side discretizations

nonlinear characteristic with step width 1, as shown in Figs. 2.7(a) and (b). Fig-
ure 2.7(a) is the input-side discretization for a saturation-type nonlinear characteris-
tic (arctangent sigmoid function), whereas Fig. 2.7(b) is the input-side discretization

for a sinusoidal nonlinear characteristic.

Input and Output Sides Discretization When a signal is discretized on the input
and output sides of the nonlinear characteristic, the relationship between e and v
becomes a stepwise nonlinear characteristic with step hight and width 1 (i.e., broken
line on integer coordinates) as shown in Figs. 2.8(a) and (b). Figure 2.8(a) is the
input and output side discretization for a saturation-type nonlinear characteristic
(arctangent sigmoid function). On the other hand, Fig. 2.8(b) is the input and output
side discretization for a sinusoidal nonlinear characteristic.

2.3.2 Nominal Gains and Sector Parameters

In general, the discretized nonlinear characteristic

v = Ng(e) =Ke+ g(e),

can be partitioned into the following two sections:

Ig(e)| =g < oo,

for |e| < €, and

1g(e)| < Blel,

0<B=K,

0< K < o0,

(2.3)

2.4)

2.5)
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Fig. 2.8 Nonlinear characteristics and input and output side discretizations

for |e| > . When considering relative nonlinear characteristics, the partitioned ex-
pression is given as follows:

v = Ny(e) = K(e+n(e)),
In(e)| < alel. (2.6)

Clearly, the sector parameter is considered to be f = Ka.

Equation (2.4) represents a bounded nonlinear characteristic that exists in a finite
region. On the other hand, Eq. (2.5) represents a sectorial nonlinearity for which the
equivalent linear gain exists in a limited range. It can also be expressed as follows:

0 < g(e)e < Be?. 2.7

When dealing with the robust stability in a global sense, it is sufficient to consider
the nonlinear term (2.5) for |e| > ¢ because the nonlinear term (2.4) can be treated
as a disturbance signal. (In the stability problem, a fluctuation or an offset of error is
assumed to be allowable in |e| < ¢.) Figures 2.9(a) and (b) show the discretization
characteristics and the nonlinear parts g(e) of two examples. In these examples, the
thresholds are chosen as ¢ = 2.

In partitioning (2.3), nominal gain K and sectorial nonlinearity g(e) can be cho-
sen appropriately. For example, if K is chosen in integer numbers, w’ = g(e) also
becomes an integer number. Figures 2.10(a) and (b) show examples of the partition-
ing of nonlinear characteristics when K = 1 (i.e., an integer number). In these cases,
sector parameter B should be given by the larger value of Kyax — K and K — Kpip.
In general, the nominal gain and the sector parameter should be determined as fol-
lows:

_ Kmax + Kmin
N 2

K (2.8)
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Fig. 2.9 Nonlinear characteristics and discretized outputs
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Fig. 2.10 Nonlinear characteristics and discretized outputs
Kmax — Kmin
p= T = K — K. 2.9)

By partitioning nonlinear characteristic N, (), a single-loop control system can be
drawn as shown in Fig. 2.11. It can also be drawn in regard to the discretized input
as shown in Fig. 2.12. In the figure, discretized input e is assumed to be determined
as follows:

e=eT, when eT§e<eJ'+y.

In this case, the nominal gain and the sector parameter will be given as follows:
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Fig. 2.11 Discretized
nonlinear control system

Fig. 2.12 Discrete-input ot
nonlinear control system g9()
r t e +y of dt
D
- +1 H+
KT
Y G(z)
i Kr‘;ax + K;Lin
K)=——"¢——5, (2.10)
2
il i
+ Kpax — K
pl = = _—min, .11
2
where the following relations hold:!
Kl =K K' < Kpi
max — Dmax, min — H-min-

Figure 2.13(a) shows the difference between Kpi, and K ;ﬂn for the sinusoidal non-
linearity shown in Figs. 2.9(b) and 2.10(b). In this figure, nominal gains K and K
are also drawn in chain lines. The control system shown in Fig. 2.12 can also be
drawn as shown in Fig. 2.14. From Fig. 2.14, the relationship between e(k) and
et (k) and the equivalent exogenous input € (k) are drawn in Fig. 2.13(b). As is clear
from the figure, € (k) = e' (k) — e(k) may be considered a bounded disturbance sig-

nal.

18 will be used instead of B in the following discussion.
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Fig. 2.13 Different sectors and equivalent input

Fig. 2.14 Equivalent
discrete-input control system

2.4 Equivalent Transformation

Based on the above considerations, the following new sequences ¢* (k) and w* (k)
are defined:

e*ky=ek)+q- Ail(k) , (2.12)
w* (k) =w(k) — Bq - Aelk) (2.13)

h 9
where ¢ is a non-negative number, e(k) and w(k) are neutral points of sequences
e(k) and w(k),

e(k) = e(k)Lz(k_l), (2.14)

W(k) = w’ (2.15)
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Fig. 2.15 Transformation of
nonlinear element g(e) Yl

Fig. 2.16 Equivalent
nonlinear subsystem

and Ae(k) is the backward difference of sequence e(k), that is,
Ae(k) :=e(k) —e(k —1). (2.16)

When using delay operator z~!, Egs. (2.14), (2.15), and (2.16) may be given as
follows:

—1
ak) = %e(l{), 2.17)
—1
wk) = %w(k), (2.18)
and then
Ae(k)= 1=z ek). (2.19)

By using z-transform expressions, Eqs. (2.12) and (2.13) can be written as follows:

1 —1 1 —1 1 — -1

%é*@ G Py S (h—Z)é(zx (2.20)
1+z7Y 1+z7hH 1—z7hH,
%w*(z) - %w(z) —Bq- (h—Z)e(z). .21)

The relationship between Eqgs. (2.20) and (2.21) is shown by the block diagram in
Fig. 2.15, and by the equivalent subsystem in Fig. 2.16. In these figures, operator §
is defined by a bilinear transformation as follows:
1—z7!

1+z71

2
8(z) :== . (2.22)

Therefore, if the subsystem shown in Fig. 2.16 is used instead of g(e), the whole
control system is drawn as shown in Fig. 2.17. The control system represented by
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Fig. 2.17 Discrete nonlinear
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+
Fig. 2.17 is equivalently transformed into Fig. 2.18. In this figure, since
) =e@)+é@
¢*1(2) = (1 +48(2))é" (@),
the equivalent exogenous input €’ can be given by
€' (2) = (1+¢8(2)é(2). (2.23)

From these figures,
8(2) =#(2) — G@D*(2) + (K + Bgd(2))é(z) +d'(2)].
Furthermore,
[1+ (K + Bg8(2)]1G(2)é(2) = G()B*(2) + 7(2) + G(2)d' (2).

Thus,

sy GO +F@ + G(2)d'(2)
T TR K + B8 (0)GR)
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Fig. 2.19 Equivalent /
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st _ * /
M B N e TeTes R
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2.2
T & 560 O Tk + o @ )

Consequently, we have the block diagram of the discretized control system
shown in Fig. 2.19, where

G(2)

H(B.q.2) = 14+ (K + Bq8(2)G(z)

(2.26)

Thus, the loop transfer function from w* to e* can be given by

_ (14+98(2)G(2)
W49 = T K+ pgs (G @) 227)

as shown in Fig. 2.20. Here, r’ is given by

F(z) =

T (K 1 B3GR &
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Furthermore, the reference input r” in Fig. 2.20 is equivalently expressed as

() = (1 4+ q8(2)F'(2) +€(2).

2.5 Norm Inequalities
We now provide an assumption with respect to the behavior of control systems.

Assumption The absolute value of the backward difference of sequence e(k) does
not exceed vy, i.e.,

|Ae(k)| =le(k) —e(k — )| <y. (2.28)

If condition (2.28) is satisfied, Ae(k) becomes exactly +y or 0 because of the dis-
cretization Dj. That is, the absolute value of the backward difference can be given
as

|Ae(k)| = |e(k) —e(k — 1)| =y or 0.

The assumption stated above will be satisfied in some examples given in the
following chapters. These examples will include figures illustrating the phase trace
of the backward difference Ae.

In this subsection, some lemmas with respect to an £2 norm of the sequences are
presented. Here, we define a new nonlinear function

fle):=g(e)+pe. (2.29)

When considering the discretized output of the nonlinear characteristic, w’ = v —
Ke', the following expression can be given:

e’ k) =w' k) + e’ (k). (2.30)

In expression (2.30), we note that w ¢ Z in general. From inequality (2.5), it can be
seen that the function (2.30) belongs to the first and third quadrants. Figures 2.21(a)
and (b) show the discretized outputs vi = Ny(e) and f (e) for the examples given in
Fig. 2.9(a) and (b) when the discretized error € was not considered and the point-to-
point transition was executed.

Considering the equivalent linear characteristic, the following inequality can be
defined:

S (e(k))
e(k)

When this type of nonlinearity ¥ (k) is used, inequality (2.5) can be written as

0=y (k) :=

<2B. (2.31)

w' (k) = g(e(k) = (Y (k) — B)e(k). (2.32)
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Fig. 2.21 Nonlinear characteristics and discretized outputs

For the neutral points of e(k) and w?(k), the following expression is given
from (2.30):

1 .
E(f(e(k)) + flek — 1)) =w" (k) + e’ (k). (2.33)
Moreover, Eq. (2.32) is rewritten as w' (k) = (¥ (k) — B)e' (k). Since [e' (k)| <

le(k)|, the following inequality is satisfied when a round-down discretization is ex-
ecuted:

@' (k)| < Ble’ (k)| < Ble(k)|. (2.34)

Based on this premise, the following norm conditions are examined.

Lemma 2.1 The following inequality holds for a positive integer p:

") la.n < BlE" ®) .y < Blle) 12, (2.35)

Here, || - ||l2,§ denotes an £2 norm, which can be defined by

N 1/2
()l = (Z |x(k>|2) .
k=1

Proof The proof is clear from inequality (2.34). (|

Lemma 2.2 [f the following inequality is satisfied with respect to the inner product
of the neutral points of (2.30) and the backward difference:

(w' (k) + pe' (k), Aeh))y =0, (2.36)
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we can obtain the inequality
™ ®)ll2.v < BlIe™ ®)ll2.n (2.37)
forany g > 0. Here, (-, -) N denotes the inner product, which is defined as
(1), x2(0)) Zm(k)xz(k)
k=1
Proof The following equation is obtained from (2.12) and (2.13):

B2 (13,5 — I 113
_ 561 — i
=BT 03y — W K3y + = (@' (k) + Be" (k), Ae(k)),. (2.38)
Thus, inequality (2.37) is satisfied by using the left-side inequality of (2.35). More-
over, as for the input of g*(-), the following inequality can be obtained from (2.38)
and the right-side inequality of (2.35):

o () lla,n < BllE* ()12, - (2.39)

O

2.6 Sum of Trapezoidal Areas
The left side of inequality (2.36) can be expressed by a sum of trapezoidal areas.

Lemma 2.3 For any step N, the following equation is satisfied:

o(N):=(w' (k) + g’ (k), Ae(k)) Z(f(e(k)>+f<e<k— 1)) Ae (k).
= (2.40)

Proof The proof is clear from (2.33). O
In general, the sum of trapezoidal areas has the following property.

Lemma 2.4 [f inequality (2.28) is satisfied with respect to the discretization of the

control system, the sum of trapezoidal areas becomes non-negative for any N, that

is,

o(N)>0. (2.41)
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Fig. 2.22 Non-negative characteristics of trapezoidal summation

Proof Since f(e(k)) belongs to the first and third quadrants, the area of each trape-
zoid

1
(k) := 5 (f(etk) + fletk — 1)) Aetk) (2.42)

is non-negative when e(k) increases (decreases) in the first (third) quadrant. On the
other hand, the trapezoidal area 7 (k) is non-positive when e(k) decreases (increases)
in the first (third) quadrant.

Strictly speaking, when (e(k) > 0 and Ae(k) > 0) or (e(k) <0 and Ae(k) <0),
T (k) is non-negative for any k. On the other hand, when (e(k) > 0 and Ae(k) <
0) or (e(k) <0 and Ae(k) > 0), t(k) is non-positive for any k. Here, Ae(k) >0
corresponds to Ae(k) =y or 0 (and Ae(k) <0 corresponds to Ae(k) = —y or 0)
for the discretized signal, when inequality (2.28) is satisfied. The sum of trapezoidal
areas is given from (2.40) as:

N

o(N) = Z (k). (2.43)

k=1

We thus derive the following result. The sum of trapezoidal areas becomes non-
negative, o (N) > 0, regardless of whether e(k) (and e(k)) increases or decreases.
Since the discretized output traces the same points on the stepwise nonlinear char-
acteristic, the sum of trapezoidal areas is canceled when e(k) (and e(k) decreases
(increases) from a certain point (e(k), f(e(k))) in the first (third) quadrant. (Here,
without loss of generality, the response of discretized point (e(k), f(e(k))) is as-
sumed to commence at the origin.) Thus, the proof is concluded. U

Figures 2.22(a) and (b) show the sum of trapezoidal areas for f(e) given in
Fig. 2.21(a), when e is a sinusoidal input with amplitude 8.0, i.e., e(k) = 8.0sinwk
(w: an arbitrary number).
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Fig. 2.23 Non-negative characteristics of integrals

(a) The sinusoid starts from O to 8.0. Then, e¢ decreases to e < 5.0.
(b) The sinusoid starts from 0, passes 8.0, 0.0, —8.0, and increases to e > —5.0.

In any case, the sum of trapezoids will be canceled.

On the other hand, Figs. 2.23(a) and (b) show the sum of trapezoidal areas for
f(e) when the sampling period # is very small (i.e., Ae(k) — 0), in other words,
the integration of f(e),

e(N)
a(N) =/ f(e)de.
e(0)
The latter case corresponds to the Popov stability problem for continuous control
systems.?
For an easier understanding, examples of the sequences of continuous/discretized

signals and the sum of trapezoidal areas are depicted in Figs. 2.24(a), (b) and
2.25(a), (b).

Example 2.1 The input/output characteristic shown in Fig. 2.24(a) is written as:

¢f =y % (double)(int)(e/y)
v=03x%e +2.7% atan(0.7xe") (2.44)
vl = y * (double)(int)(v/y)

by using a C-language expression. Here, (int) and (double) denote the conversion
into an integral number (a round-down discretization) and the reconversion into a

2The relation to the Popov criterion will be described in Chap. 3, Sect. 3.6.
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Fig. 2.24 Discretized input/output signals of a nonlinear element

double-precision real number, respectively. The second equation of (2.44) corre-
sponds to a sigmoid (saturated) function (needless to say, atan(-) = tan~!(")).

In Fig. 2.24(b), the curve e and the sequence of circles e’ show the input of the
nonlinear element and its discretized signal. The curve v and the sequence of circles
v’ show the corresponding output of the nonlinear characteristic and its discretized
signal, respectively. As shown in the figure, the sequences of circles e and v’ trace
a grid pattern that is composed of integers. The sequence of circles w’ shows the
discretized output of the nonlinear characteristic g(-). The curve of shifted non-
linear characteristic f(e) and the sequence of circles f (e) are also shown in the
figures.
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Fig. 2.25 Discretized input/output signals of a nonlinear element for Example 2.2

Example 2.2 For the example of Figs. 2.25(a) and (b), the following nonlinear char-
acteristic is considered:

e’ =y x (double)(int)(e/y)
v=10%e" +15%sin(0.7*¢") (2.45)
vl =y % (double)(int)(v/y).

The second equation of (2.45) is an inclined sinusoidal function. In either of the
examples, (2.41) in Lemma 2.4 is satisfied, i.e., 0 (k) >0 (k=1,2,---).

Figures 2.26(a), (b) and 2.27(a), (b) show the two cases in Examples 2.1 and 2.2
with a nearly continuous characteristic, where y = 0.1 and # = 0.1, that is, 1/10
high resolution. As is obvious from the figures, o () > 0 (t =0.1,0.2, - - -). Thus,



64 2 Discretized Feedback Systems

Ne) i/
,'J /J’
5] / T
. e [0
e o T
i -5 Sy . B e

b,

euV

-5

(®)

Fig. 2.26 Input/output signals of a nearly continuous characteristic for Example 2.1

the calculated results show that the input/output characteristics of nonlinear ele-
ments become similar to continuous problems, that is, Popov’s criterion and other
conditions in continuous time.

Example 2.3 Figures 2.28(a) and (b) illustrate the case where the following nearly
nonlinear characteristic is considered:
¢’ =y x (double)(int)(e/y)
v=1.0xe" +0.15%sin(0.7x¢") (2.46)
vl =y % (double)(int)(v/y).
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Fig. 2.27 Input/output signals of a nearly continuous characteristic for Example 2.2

In this example, the amplitude of sinusoidal function is chosen as 1/10 for Exam-
ple 2.2 (i.e., 1.5 — 0.15). Figures 2.29(a) and (b) illustrate the case where 1/10 high
resolution is applied (i.e., y = 0.1 and 7 = 0.1). As is obvious from these examples,
the theory of discretized static and/or dynamic nonlinear systems (in other words,
discrete-time and discrete-value nonlinear systems) considered in this chapter ap-
proaches that of continuous-time and continuous-value nonlinear systems asymp-
totically for y — 0 and &2 — 0. Of course, it includes that of continuous linear
systems for § — 0 naturally, as shown in Figs. 2.29(a) and (b).
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Fig. 2.28 Discretized input/output signals of a nearly continuous characteristic for Example 2.3

2.7 Exercises

(1) Prove that the sector condition in (2.5),

Ig(e)] = Blel,

is equivalently written as (2.7).
(2) Confirm that block diagram Fig. 2.16 is equivalent to Fig. 2.15.
(3) From Fig. 2.18, determine the loop transfer function H (8, ¢, z) in Fig. 2.19.
(4) From (2.5) and (2.29), prove the sector inequality in (2.31), that is,

0 Fe®)

e(ky — 28
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Fig. 2.29 Discretized input/output signals of a nearly continuous characteristic for Example 2.3

(5) Prove Lemma 2.1, that is,

[w" (k)ll2,n < Bl K)ll2,n < Bllet) 2N,

using inequality (2.34).
(6) For N =2, prove Schwarz’s inequality (2.60).
(7) Using the result of (6), prove Minkowski’s inequality (2.68) when N = 2.
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Appendix A: Norms and Inner Products of L, and £, Spaces

In this appendix, inner products and norms in an £, space are explained for discrete-
time systems. In general, norms of L, and £, spaces are defined as follows. For a

continuous-time signal x: Ry — R,

00 I/p
Ix@llp = </ IX(t)I”dt> . l=p<oo, (2.47)
0
[x(*)lloc :=ess sup [x(2)], (2.48)
t€[0,00)
and for a discrete-time signal x: Z;, — R (or Z),
00 1/p
()] == (Z |x(k)|P) . l<p<cx, (2.49)
k=1
llx (k) |l oo := sup |x (k)]. (2.50)
k=1
In the €7 space, the norm is defined as
o 12
lx(k)ll2 = (Z |x(k>|2> , @.51)
k=1
and the inner product is given by
o
<x(k), y(k)) = Zx(k)y(k). (2.52)

k=1

The preceding definitions for finite time series x (k) (k =0, 1, 2,
as follows:

N 1/2
e (k) l2.n := (Z |x(k>|2> :

k=1

N
(x k), y(K))y =Y x(k)y (k).

k=1
When N — oo, these definitions are written as:
lx(B)l2:= lim [x(K)ll2,n,
N—oo

(e, yh)) = lim {x (k). y(0),-

-+, N) are written

(2.53)

(2.54)

(2.55)

(2.56)
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Appendix B: Holder and Schwarz Inequalities

(1) Inan L, space, the following inequality holds:

o0 00 1/p 00 1/q 1 |
| |x<r>y<t>|dts(f |x<t>|1’dr) (f |y(t)|th> R
0 0 0 p

As for discrete signals, the following inequality holds in an £, space:

S

00 00 1/p o0 1/q 1 1
D lx(yyol < (Z |x(k>|f’) <Z |y<k>|q) . —+-=1L (@259)
k=1 k=1 k=1 p 4

These are called Holder’s inequalities [4, 8, 10]. The proof is given for 1 < p < o0
(ie., 1 <g <o0)in,e.g., [8].
(2) An important special case of (2.58) for p =g = 2 is given as

0o 00 12 / o0 12
D lxyk)| < (Z |x<k>|2> (Z |y<k>|2) : (2.59)
k=1 k=1 k=1

Equation (2.59) is called Schwarz’s inequality. The easier proof of (2.59) is as fol-
lows. For finite sums of N steps, Schwarz’s inequality (2.59) is rewritten as

2

N N N
(Z |x<k>y<k)|) < (Z |x(k)|2> <Z|y(k>|2> (2.60)
k=1 k=1

k=1

N N
Yoy ®PF+2 Y xR)y®)] - x Oy D)

k=1 k,=1,k#l

N N
< ®POP+ D xGPyOP (2.61)
k=1 kl=1,k#l

In (2.61), the following sum must be non-negative:

2
N N N
Yo k@PYOP-2 Y kky®-xOyOI=| > Ixydl| ,
ki=1k#l ki=1,k#l ki=1,k#l
(2.62)

and it must hold for N — oo. Thus, inequality (2.60) has been proved.
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Appendix C: Minkowski Inequalities

(1) Inan L, space, the following inequality holds:

00 1/p o0 1/p 00 1/p
</ | (7) +y(t)|pdt) < </ IX(t)I”dt> + (/ Iy(t)lpdt> .
0 0 0

(2.63)
The norm expression based on (2.47) is given by

x(@) +yOllp = IxOllp + Iy Ollp- (2.64)

As for discrete signals, the following inequality holds in an £, space:

00 1/p 00 1/p 00 1/p
(Z Jx (k) +y<k)|f’) < (Z |x(k)|f’) + (Zly(k)l”) . (265)
k=1 k=1

k=1
The norm expression based on (2.49) is given by
x (k) + y(®)lp < x| p + Iy p- (2.66)
These are called Minkowski’s inequalities [7, 8].
(2) A special case of (2.65) for p =2 and finite sums of N steps is written as

1/2 1/2 1/2

N N N

(Z Jx (k) +y<k>|2) < (Z |x<k)|2> + (Z |y<k>|2> 2.67)
k=1 k=1 k=1

e (k) + y () l2,n < I lla,n + Iy K 12, x- (2.68)

In order to prove (2.65), consider the following equality:
()] + 1y R D? =[x @1 (x©)] + [y TP~ + [y ®)I(xK) + [y R))P .

Holder’s inequality gives

N
> ) (x B+ [yk)pr!

k=1

N r s n 1/q
< (Z|x<k)|P) (Z(|x(k>| - |y<k>|><'”>Q> (2.69)
k=1

k=1

N
D Iy@1x ] + [y toh? !

k=1

N I/p , N 1/q
< (Dy(kw’) (Zux(kn + |y<k>|)<1’—1>‘1> . (@70)
k=1

k=1
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Since (p —1)g = p and 1/g =1 — 1/ p, the addition of (2.70) and (2.69) gives

N N (1=1/p)
D (xl + ly(k))? < (Z(|x<k)| + |y(k>|>">

k=1 k=1
I/p

N L/p N
: (Dx(k)w) +(Z|y(k)|l’> : 2.71)
k=1 k=1

Moreover, |x (k) + y(k)| < |x(k)| + |y(k)|. Thus, Minkowski’s inequality (2.65)
is obtained for N — oo.

To provide a clear understanding, the following simple equality is considered
here:

(x| + [y®R)D* =[x B |(x(©)] + |y R + [y @[ (x(K)| + [y K)]).
Schwarz’s inequality gives

x(D[(x D]+ [y(DD + [x @)1 (x2)] + [y2)])
< (Ix(P+ 1x QP2 [(x D]+ [yMD? + (x @) + [y )12
Iy(DIx (D] + [y + [y 1(x @) + [y2)])
<y P+ Iy@QPD"2 (x4 lyMD> 4+ (x @) + [y@)1)*1/2.
By adding these inequalities, we have
(x| + [y(D? + (x| + [y2))?
<[IxP+1x@QPDY2 + 1y + [y
X (D] + (D> 4 (x@)] + [y@) )12,

Thus,

JED+3yOP + 1@ +y@P < xR + x@P +Ily(DR + [y

and the equality problem is proved.
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Chapter 3
Robust Stability Analysis

3.1 Introduction

In this chapter, the robust stability of discretized feedback systems is analyzed in
the frequency domain. Throughout the theories, it is assumed that the discretization
is executed on the input and output sides of a nonlinear element at equal spaces, and
the sampling period is chosen of a size suitable for the discretization in the space.
Based on this premise, the discretized (point-to-point) nonlinear characteristic is
examined from two viewpoints: global and local.

3.2 Input-Output Stability

The basic results of input-output stability theory are presented in this section. This
theory is later in origin than Lyapunov stability theory. Figure 3.1 shows the basic
feedback structure of a nonlinear time-varying discrete-time system. As is obvious
from the figure, the following equations are given:

vk) = f(e k), k=0,1,2, -
¥(2) = G(2)ii(2) (3.1
e(k) =rk) —yk), u(k)=v(k)+dk).

Here, r (k) and d (k) are exogenous inputs that exist in an > space. Moreover, in the
strict sense, the nonlinear time-varying element f (e, k) should be written as

fe k)= f(e(kh), kh),

where £ is the sampling period.

Definition If (k) € ¢> and d(k) € £, lead to e(k) € ¢> and y(k) € {>, the feedback
system is called bounded input-bounded output (BIBO) stable.

Y. Okuyama, Discrete Control Systems, 73
DOI 10.1007/978-1-4471-5667-3_3, © Springer-Verlag London 2014
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Fig. 3.1 Nonlinear
time-varying feedback system ~) - fe k)

G(2) )

That is, if it is valid that

S rwP <o, Y ld®)I? < oo

k=0 k=0
lead to
o0 o0
D le®)F <o, Y Iy(k)I* < oo,
k=0 k=0

then the nonlinear feedback system is input-output stable (in other words, £,-stable)
[1, 3, 8, 13—15]. For the norm expression, the above conditions can be written as
follows:

[r(k)ll2 <oo and [d(k)ll2 <00 = [le(k)ll2 <oo and |[ly(k)[2 < oo.

3.3 Small Gain Theorem and Circle Criterion

From the last equations of (3.1), the norm inequalities of these variables are given
by applying Minkowski’s inequality' as follows:

lle()ll2 < lIr ()12 + Ly (K)ll2, (3.2)
luC)ll2 < llv() 2 + [ld (k) |2 (3.3
If the nonlinear time-varying element f (e, k) is written as

|fe. k)l
ey] =7

the norm of the output of nonlinear element v(k) can be expressed as

< 00, (3.4

vtz < p - lle() 2.

Then, inequality (3.3) is given by

lutllz < p - lle) 2 + 1K) |2 (3.5

I'See Appendix C in Chap. 2.
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On the other hand, the following holds for z = e/®":

7@l < sup [G()] - [li(2) ]2 (3.6)

lz|=1
Here, |z| = 1 correspondsto w: —w/h — 7w/ h,i.e.,

sup [G(x)| = sup  |G(e/“M].

lz|=1 —n/h=w=m/h

Since open-loop system G(z) is assumed to be stable, the boundary line |z| =1 is
considered.
By applying Parseval’s identity,> the following inequality is obtained:

ly()ll2 = ‘Slu_p1 IG@I- uk)]l2. (3.7

By using (3.3),
le)ll2 < lIr(k)ll2 + sup |G(2)| - [[u(k) 2.

|z]=1
Thus,
le()ll2 < lr () ll2 + sup |G(2)|(p - e + [Idk)]|2. (3.8)

lz|=1

Rearranging (3.8), the following inequality is obtained:

(I =p-sup [G@)Dle®)l2 < llr(K)ll2 + sup [G)| - ldK)]l2.  (3.9)

|z|=1 lz|=1

Theorem 3.1 If ||r(k)|2 < oo, ||[d(k)|2 < oo, and sup |G(z)| < 0o, then |le(k)||

lz|>1
becomes bounded when
1 —p-sup |G(z)] >0. (3.10)
lz]=1
That is,
1
sup |G(2)| < —. (3.11)
|z|=1 1Y

The inequalities (3.10) and (3.11) are referred to as the small gain theorem.

Figure 3.2(a) is a graphical interpretation of (3.11), i.e.,

|G (/M) = VU2(w) + V2(w) < %, (3.12)

where U (w) = R{G (e/®")} and V (») = I{G (e/*")}.

2See Appendix B in this chapter.
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v v

P
Q_/ 1/p u 0 U

(a) (b)

Fig. 3.2 Circle criterion for discrete-time systems

Fig. 3.3 Time-varying gain +
feedback system ()

On the other hand, when the feedback system shown in Fig. 3.1 is drawn with
respect to the nominal gain K as shown in Fig. 3.3, the small gain theorem (3.11) is
rewritten as

G 1
sup L < -, (3.13)
=1 |1 +KG@)| p
and instead of (3.4)
lg(e, k)l
<p< (3.14)
le (k)]

Inequality (3.13) can be written in regard to the inverse function of G(z) as follows:
! K 3.15
W + >p. (3.15)

Therefore, the condition of (3.14) becomes one such that the inverse Nyquist curves
of G(e/ “’h) exist in the outside of a small circle, as shown in Fig. 3.2(b). This stabil-
ity criterion is also called the circle criterion. Note that the stability condition in the
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Fig. 3.4 Nonlinear n
continuous-time feedback r o—F° fe,t) v
system -
Y U —+ d
G(s) O
+

relation between Nyquist curves and specified circles will be described in Sect. 3.7
on the Hall diagram.

Continuous-Time Systems For continuous-time systems, the nonlinear feedback
systems in question should be written, of course, as shown in Fig. 3.4. The definition
of input-output stability is given as follows.

Definition If () € Ly and d(t) € L, lead to e(t) € Ly and y(t) € L», the feedback
system is called BIBO stable.

That is, if it is valid that

(0.¢] oo
/ |r(1)[*dt < o0, f |d(1)[*dt < o0
0 0
lead to
o o0
/ le()|*dr < oo, / ly(1)|*dt < oo,
0 0
then the nonlinear feedback system is input-output stable (in other words, L;-
stable).
For the norm expression, the above conditions can be written as follows:
[r(®l2 <oo and [d(®)]2 <00 = [le()l2 <00 and [y(1)]2 < oo.

As for the continuous case, Theorem 3.1 should be rewritten as

Corollary 3.2 If |r(t)]|l2 < 00, |d(t)]|2 < 00, and sup |G(s)| < oo, then ||le(t)]|

Rs>0
becomes bounded when
1 —p-sup |G(s)| > 0. (3.16)
s=jw
That is,
1
sup |G(s)]| < —. (3.17)
s=jw P
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In recent control theory, (3.16) and (3.17) may be written as’
I=p-1G$)lloo>0 (3.18)
and
1
G () lloo < s (3.19)

Truncated Input Functions In general, even if |x (k)| < oco(k=0,1,2,---), the
following is not always valid:

[[x(®)]l2 < oo. (3.20)

However, if the following function x is considered for an arbitrary integer number
N >0:
xn (k) =x(k), for k<N,
(3.21)
xy(k)=0, for k>N,

inequality (3.20) is always satisfied. This operation is called fruncation. On the other
hand, if the norm of truncated function ||lxx (k)||2 is considered as*

N 12
oy ()l = 2 () .y = (Z |x(k>|2) ,

k=1

the ¢> norm can be obtained as a limiting value, i.e.,
lx(K)l2 = lim [lx(k)ll2,n-
N—oo

Thus, the input-output stability of discrete systems can be determined from these
concepts. Figures 3.5(a) and (b) show examples of truncated discrete functions.
In the case of continuous-time systems, the truncated function can be defined as
follows:
x7(t) =x(t), fort<T,
(3.22)
x7(t)=0, for t>T.

Therefore, the boundedness of norms can be clarified as

lxr (D2 =[x (@®)ll2,7 < 00,

3See Appendix B in Chap. 1.
4See Appendix A in Chap. 2.
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Xitk) Xitk)

| V.V VISRV O

0 10 T n k

(a) (b)

Fig. 3.5 Truncations of oscillating discrete functions

where
172

T
[x(®ll2,7 == (/0 |x(t)|2dt>

[xl2=_lim [lx(®)ll2,7.
T—o00

Obviously,

Thus, the input-output stability of discrete systems can be determined from this
expression.’

3.4 Discretized Nonlinear Control Systems

As was described in Chap. 2, the discretized control system shown in Fig. 3.6 is
equivalently transformed into Fig. 3.7. The control system can be treated as a feed-
back structure, shown in Fig. 3.8.

As is obvious from these figures, the following relations are obtained:

w*(k) = g*[e*" (h)], (3.23)
() =)+ (2). (3.24)

Here, as is shown in (3.4) and (3.14), the following sector can be considered in
regard to the nonlinear part:

lg*[e*T (k)]

)] <pB < oo. (3.25)

3See Appendix A in Chap 2.
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Fig. 3.6 Discretized
nonlinear control system

Fig. 3.7 Equivalent feedback /

€
system
r o+ e* ytet w*
1+ g0 g* (-
- % ()
Y o’ + d
H(67 q, Z) N4
+
Fig. 3.8 Equivalent . «f .
small-gain system NI () w
Y u’ + d
W(B.q,2)
+

Furthermore,
() =€ (@) + (1 +q8()F'(2),
& () =7"(2) — §' (2), (3.26)
Y()=H(B,q, )" (2) +d()).
Here,
n 7(z)
r'(z) =
14+ (K + Bq8(2))G(2)
and thus
H(B,q,2)= RS

14+ (K 4+ Bg8(2)G(2)

The loop transfer function is obtained as follows:

1 ) G
W)= (1 + 3N H (B 4.9 = - +( : + 2 ;f[?(z)(;()} ERRNCED

Therefore, the loop characteristic equation is given by
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&) ="(2) — W(B, q, )" (2) +d(2)), (3.28)

where
1+g8(2) P
1+ (K + Bgé(2)G(2)

From (3.28), the following inequalities are obtained with respect to norms in the £
space:

() =€) +

(2).

le* @2 < 1" @)1z + 1W (B, ¢, DIUT*@l2 + 1d () 12)
<17 @2+ BIWB.q. |- 16T @2+ IW(B.q. 2] - 1d)l2-

Thus, the small gain theorem is given as follows:

1
sup |[W(B,q,2)| < B (3.29)

lz|=1

In practical physical systems, it can be written as

. 1
sup |W(B.q,e/M)| < —, (3.30)

O<w=<w, /3

where o, is a cut-off frequency. Although inequality (3.30) corresponds to a robust
stability condition for discrete control systems, the allowable sector 8 cannot be
explicitly given.

3.5 Robust Stability for Discretized Systems

In this section, based on the above result, the following robust stability condition for
discretized nonlinear control systems is derived explicitly [10, 11].

Theorem 3.2 [f there exists a q > 0 in which the sector parameter B defined
in (3.25) satisfies the following inequality, the discrete control system is robustly
stable in an £ sense:

ﬂ<ﬂo=Kn(qo,wo)=m;1xngnKn(q,w), (3.3D

when the linearized feedback system with nominal gain K is stable. (That is, the
allowable sector is given as [0, Bo] from (3.31).)
Here, the n-function is written as follows:

—gQV + g2V 4+ (U2 + V{1 +U)? + V?)
n(g,w) = v 21 V2 . (3.32)

Yo € [0,w.], . : cut—off frequency.
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Moreover, Q2 (w) is the distorted frequency of angular frequency w and is given by

a(efwh)zjsuw):j%tan (%h) j=v-1 (3.33)

Here, § corresponds to the bilinear transformation

2 z—1 2 1-z7!

5(z) = = . =zt
@ = T T T

(3.34)

in the z-plane. In addition, U (w) and V (w) are the real and the imaginary parts of
K G(e/®M), respectively.

Corollary 3.3 When considering relative sector parameters « = /K , the theorem
can be written simply as follows:

—qQV + @22V + (U2 + V{1 +U)? + V2)
o<
U2+v2

, Yoel0,w]. (3.35)

Proof Based on the loop characteristic in Fig. 3.8, the following inequality can be
given with respect to z = e/®":

I€*@)ll2,p < 17 @2, p +c201d @) 12,p + \S}lp1 W(B., 4,1 [0 (D)l - (3.36)
1=

Here, 7' (z) and d(z) denote the z-transformation for the neutral points of sequences
r’ (k) and d (k), respectively. Moreover, ¢1 and ¢; are positive constants.
By applying the inequality

[w* &) l2.p < Blle* ®)ll2.p- (3.37)
the following expression is obtained:
(1 — B - sup IW(ﬁ,q,z)|> e*@)ll2.p < c1llF @2, p + c2ld@) 2, p.  (3.38)
lzl=1

Therefore, if the following inequality (i.e., the small gain theorem with respect
to £» gains) is valid:
(1 +jgQ(w)(U(w) + jV(w) 1

" :‘ — (339
W4l = | T K + jBa2@) U@ + V@) | ~ B o

the sequences e*(k), e(k), e(k), and y(k) in the feedback system are restricted in
finite values when exogenous inputs r(k), d (k) are finite and p — oo.
When 8 = K« is used, inequality (3.39) can be rewritten as

<. (3.40)

‘ (I1+7qQ(w)(U(w) + jV(w) 1
I+ 1+ jagQ@)(U@) +jV(w)| «
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Fig. 3.9 Nonlinear
sampled-data control system

U d
Jr
Fig. 3.10 Nonlinear discrete
trol svst r e v
control system Na(e) —| K,
y u -+ d
G
(2) T

From the square of both sides of inequality (3.40), we have
A +?HU?+VH < (14U —agQV)? + (V + agQU)>.
The following quadratic inequality for « is obtained:
20772 2 2 2
a“ U+ V) +2aqQV —{(1+U)"+ V-} <0. (3.41)

Consequently, as a solution of inequality (3.41),

—qQV +/q2Q2V2 + (U2 + V{1 + U)? + V?}
o<
U2 +v?2

is given. Thus Theorem 3.2 (i.e., (3.31) and (3.32)) is proved. U

Example 3.1 Consider a nonlinear feedback control system as shown in Figs. 3.9
and 3.10, which are equivalent to Figs. 2.1 and 2.2, but with a proportional controller
K, inserted in the feedback loop. Here, Ny (-) is a nonlinear time-invariant element,
and G(z) is a discrete-time linear dynamic system. When the following continuous
plant is considered:

K
G(s) = . K=0.02, (3.42)
s(s +0.2)(s + 0.4)
G (z) is given as
0.0029z% + 0.0099 0.0021
Go) = e TR (3.43)

73 —2.49z2 +2.04z — 0.549
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dle) Va7 dle) Voed 4

en

(a) (b)

Fig. 3.11 Nonlinear characteristics and allowable sectors

by using the procedure given in Sect. 1.5.2. Here, it is assumed that the discretized
nonlinear characteristic to be considered is as shown in Figs. 3.11(a) and (b).° When
proportional feedback (K, = 1.0) is executed, n(q, @) can be drawn as shown in
Fig. 3.12 in the three-dimensional view. Figure 3.13(a) shows ngn Kn(g,w) vs. o

for K, =1.0,1.2,1.4. For K, = 1.0, o = maxmin = 0.863 is determined. Hence,
q w

the allowable sector of 8 is given as 0.137 < 8 < 1.863.7 When K p = 1.4, the

Fig. 3.12 Three-dimensional
n(q, w) curves

%In the following example, the stepwise representation is applied to the (point-to-point) nonlinear
characteristic. As a result, the lower bound of the nonlinear sector is less than that of the point-
transition characteristics.

7 Actually, 0 < 8 < 1.863 when the nominal system is stable.
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(@) (b)
Fig. 3.13 The min-max value of 1(gq, ®) curves

stable sector, 0.669 < 8 < 1.331, can be calculated as drawn in yellow in Fig. 3.11.
Obviously, the former is guaranteed stability, while the latter is not.

Example 3.2 Next, consider the following nonminimum phase system:

Gy = KEH09(Cs 410
Y 6 +02)( + 1.0)

, K=0.15. (3.44)

As described in Example 3.1, the following G(z) can be obtained by using a com-
puterized procedure:

—0.0494z% + 0.1890z — 0.0966

G =
@)= =3 172+ 1.49: —0.301

(3.45)

Figure 3.13(b) shows min K7 (g, ) vs. w for K, =1.0,1.5,2.0. When K, = 1.0,
w

Bo = 0.887 is obtained. Thus, the allowable sector of § is given as 0.113 < <
1.887. For K, = 1.5, the stable sector can be calculated as 0.386 < 8 < 1.614. In
either case, the discretized feedback system with nonlinearity shown in Fig. 3.11(a)
or (b) is guaranteed stability. However, when K, = 2.0, By = 0.238 and 0.762 <
B < 1.238. Obviously, the feedback system with nonlinearity as shown in Fig. 3.11
is not guaranteed in this case.

3.6 Some Relations to Traditional Theory

Aizerman’s Conjecture The relationship between the robust stability condition in
(3.31) and the allowable gain band (i.e., interval set parameter), in other words, the
validity of Aizerman’s conjecture extended into discrete-time systems, is examined.

In the following case, Theorem 3.2 becomes equal to the robust stability condi-
tion of the linear gain band that corresponds to Aizerman’s conjecture.
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Theorem 3.3 [fthe right side of (3.31), i.e.,
n(qo, wo) = max n}]in n(gq, ®) (3.46)

is satisfied at the saddle point,

0 )
< ”(Q_‘“)> 0. (3.47)
dq q=q0,0=wo

then (3.32) of Theorem 3.2 becomes equal to the robust stability condition that is
provided for linear discrete-time systems.

Proof From (3.32), i.e.,

—qQV +V/¢? @V + U2+ V) + V)2 + V2

the partial differential function is given by

on 1 gQ2v?

—=———|-Qv+

9 UT+V V@V U2+ VA + U2+ V)
—QVn(gq,w)

= . (3.48)
V@RQRV2 + (U2 + VO{(1+U)* + V2
Therefore, when (3.47) is satisfied, the following equality must hold:
V(wp) =0, (3.49)
because 2 (wg) > 0 and 1(qo, wp) > 0 for 0 < wg < % Then,
114 U(wo) ‘
n(qo, wp) = ———— = > a, (3.50)
|U (w0)] U (wo)
that is,
14+ KR{G(e/®M)}| 1
K , = . = —_— . 3.51
pr= Ko 0) = "8G erom)] RG] G20

Inequalities (3.50) and (3.51) correspond to the robust stability condition which is
determined for linear discrete-time systems by the linear gain band, i.e., the Nyquist
and the inverse Nyquist stability criteria for discrete-time systems. O

As was shown in Fig. 3.13(a), (3.47) is satisfied in Example 3.1. However, in
Example 3.2, although (3.47) is satisfied as to the small allowable sector (e.g., the
case of K, — 2.0 in Fig. 3.13(b)), the other cases in the figure (K, = 1.0, 1.5) are
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not. The difference in the time responses of these cases will be described in the
following section.

Popov’s Criterion Inequality (3.40) can be rewritten as follows:

oz\I/(a,q,ej‘“h)
. <
1 +a¥(a,q,eloh)

1, (3.52)

where

(1 +jqQ@)KGE")
1+ (1 —a)KG(e/oh) ~

From (3.52), the following inequality is obtained:

W(a,q,e/h =

20 - W{W(a, g, e/} +1>0. (3.53)

Therefore, the following robust stability condition can be given:

jwh . jwh
m{]—i—(l—i—a)KG(ef )+ 2jagQ (@)K G e/ )} o G54

1+ (1 —a)KG(ei®h)

which is equivalent to (3.31) and (3.32). When « = 1 is chosen, (3.54) can be written
as follows:

1 )
= + N{1 + ij(a)))G(e/‘”h)} >0, (3.55)
n

where K, = 2K . In this case, the allowable sector of nonlinear characteristic N (-)
is given by

0<N(e)e < Kne*, e#0. (3.56)

When h approaches zero (or w is a low frequency), inequalities (3.55) and (3.56) are
equivalent to an expression of Popov’s criterion for continuous-time systems (i.e.,
§—s5,Q— w,and G(@/“") - G(jw)).

In the case of ¢ = 0, the definition of n(q, ) becomes the inverse of the absolute
value of complementary sensitivity function 7 (jw). Then, Corollary 3.3 can be
written as follows:

VI +U)2+ V2 1

n0, w) = = - > (3.57)
VU?+V? |7 (jw)l
On the other hand, from (3.54)
1+ KG (el
g | ITUFOKGE™) ] (3.58)
1+ —a)KG((e/oh)
and thus the following criteria are obtained:
1+ KG(e/“h
H+KGE™) (3.59)

|K G (e/h)|
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Fig. 3.14 Equivalent
passivity system e* 1 e Y

o) —
14 qd

that is,

1

Inequalities (3.57), (3.59), and (3.60) correspond to the circle criterion for nonlinear
time-varying systems.

Passivity Theorem Consider a nonlinear subsystem as shown in Fig. 3.14. Here,
¢ (+) is some nonlinear (time-invariant) element that is defined in the first and third
quadrants, § is a bilinear operator as shown in (3.34), and ¢ is a non-negative pa-
rameter. From the left block of the diagram,

. 2 1-z71, .
e(x)+q- P me(z) =é*(2). (3.61)
Then,
1+z71, 1—z71, 1+z_1A*
e(z)+q- 7 e(z) = 5 —¢ (2). (3.62)
Therefore, the following relation can be given with respect to time sequences:
Ae(k
2k) +q - eh( ) _ ), (3.63)
where, as defined in Chap. 2,
k k—1
et = B TETD g = ek) — ek — 1),

2

In regard to the inner product of the neutral point of input/output sequences, the
following relation can be obtained:

Ae(k)
h ’ )N

(), e () y = (d(ek)), e (k) = (plek)), e(k) + ¢ -

= [Ble(k). 20 + T - [Blet). Ae(h)) . (3.64)

where

P(e(k) + etk — 1))
5 .

Since nonlinear characteristic ¢ (-) belongs to the first and third quadrants, the fol-
lowing inequality must be satisfied for N — oo:

(p(eth)). 2(k)), = 0. (3.65)

Ple(k)) =



3.6 Some Relations to Traditional Theory 89

Ifg >0and

(@(ek)), Ae(k)), =0, (3.66)
the following inequality is satisfied:

(@(e(k)). 2% (k) = 0. (3.67)

Inequality (3.66) was described in Chap. 2. Thus, the property of passivity has been
elucidated with respect to Lemma 2.2.

Autonomous System Stability Consider a nonlinear control system as shown in
Figs. 3.9 and 3.10. When considering continuous plant G (s), G(z) should be given
by

—hs

l—e G(s)

N

G(z)=Z{ G(s)} = —z‘)z{ }: (1-zYGi1(). (3.68)

As was described in Chap. 1, (3.68) is expressed as

Gt b1z bz A baz ot b1 4 b1z by
l+aiz ' +ayz 2 +az " Mtai" M+ tap1zta,
(3.69)

Therefore, the input-output relation should be written as

boz" + b1V by_1z 4 by

y(z2) = G(2)i(z) =
() (2)u(z) e o a it

-11(2). (3.70)

Clearly, (3.70) is rewritten as the following state-space equation:

x(k+1)=Axk)+ Bu(k),
(3.71)
y(k) = Cx(k) + Du(k),
xe€Z", u,y,DeZ, AeZ"", B,CeZ",
and furthermore, from the block diagram,
e(k)=rk) —yk), ulk)=v(k)+dk), vk)=Ngy(e). (3.72)

Hence, the closed-loop characteristic can be given as:

x(k+1) = fxk),rk),dk)
y(k) = g(x(k), r(k),d(k))

x(kyez", rk),uk),yk eZ
[ 7Z'"xZ2—7", g:7"xZ—>7Z, kely.

(3.73)
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If exogenous inputs r(k), d(k) (e.g., reference and/or disturbance) are considered
truncated functions:

rn(k) =rk) for k <N, dy(k)=d(k) for k<N,
rn(k) =0 for k>N, dy(k)=0 for k>N,

the state equation can be written in the following autonomous form:

x(k+1) = fx(k)
y(k) =gx(k)) for k=N,N+1,---

(3.74)

Therefore, if ||y(k)|2 < oo with respect to the above truncated inputs, the system is
regarded as input-output stable in the ¢, sense.

In this case, if |y(k)| — 0 or ||x (k)| — O, the system is said to be asymptoti-
cally stable. Strictly speaking, in regard to some Lyapunov-type function V (x), if
V(x(k+ 1)) < V(x(k)) (i.e., the inclusive characteristic) holds, the system can be
defined as asymptotically stable. Moreover, when || x (k)| < Xe ™ (X > 0,a > 0),
the system may be said to be exponentially stable.

Example 3.3 We will now check the time responses of discretized feedback control
for continuous plants as shown in Example 3.1, i.e.,

K

= , K =0.02.
s(s +0.2)(s +0.4)

G(s)

The feedback control system is as shown in Figs. 3.9 and 3.10. Moreover, the
discretized nonlinear characteristics are assumed to be as shown in Figs. 3.11(a)
and (b).

Considering the expressions for (3.71) and (3.72) (and, e.g., (1.15) and (1.16) in
Chap. 1), the following discrete-time state equation can be obtained from (3.43):

xi(k+1) 249 1 0] [x1(0) 0.0029
wEk+D|=]-204 0 1] |xk) |+]0.0099 |u@),

x3(k +1) 0549 0 0] |x3(k) 0.0021 (3.75)
y(k) =x1(k),

and
e(k) =ry(k) —y(k), u(k)=Kpv(k)+dn(k), v(k) = Ng(e).

Thus, when the nonlinear characteristic is as shown in Fig. 3.11(a), the time re-
sponses for k > N with respect to the initial states x;(N) = 6.0, x2(N) = x3(N) =
0.0 become as shown in Figs. 3.15(a) and (b). On the other hand, when the non-
linear characteristic is as shown in Fig. 3.11(b), the time responses become as
shown in Figs. 3.16(a) and (b). In these figures, e(k), ef(k), Ae(k), and Ae’ (k)
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Ae e(k)

A

(@) (b)

Fig. 3.15 Phase traces and attenuating responses for Example 3.3 (sigmoid-type nonlinearity)

(a) (b)

Fig. 3.16 Phase traces and attenuating responses for Example 3.3 (inclined sinusoidal nonlinear-
ity)

(k=N,N+1,---) are drawn when (i) K, = 1.0 and (ii) K, = 0.5. As is obvious
in (a), Aet (k) is only O or £1.

Example 3.4 Next, consider the continuous plant as shown in Example 3.2, i.e.,

 K(s+0.5)(—s + 1.0)
GO == T06 110

K =0.15.

In regard to the expression of (3.71) and (3.72) (and, e.g., (1.15) and (1.16) in
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Ae ek

(a) (b)

Fig. 3.17 Phase traces and attenuating responses for Example 3.4 (sigmoid-type nonlinearity)

Chap. 1), the following discrete-time state equation can be obtained from (3.43):

xq(k +1) 217 1 0] [xik) —0.0494

ok+D | =]=149 0 1||x@) |+ 0.1890 |u),

3k + 1) 0301 0 0 ]|x30k) —0.0966 (3.76)
y(k) =x1(k),

and
e(k) =ry(k) — y(k), uk)=K,v(k)+dyk), vk)=Ny(e).

Thus, when the nonlinear characteristic is as shown in Fig. 3.11(a), the time re-
sponses for k > N with respect to the initial states x1(N) = 6.0, x2(N) = x3(N) =
0.0 become as shown in Figs. 3.17(a) and (b). On the other hand, when the nonlin-
ear characteristic is as shown in Fig. 3.11(b), the time responses become as shown
in Figs. 3.18(a) and (b). Also in these figures, e(k), ef(k), Ae(k), and Ae(k)
(k=N,N+1,---) are drawn when (i) K, = 1.0 and (ii) K, =0.5.

3.7 Modified Hall Diagram (Off-Axis M-Circles)

In order to interpret (3.31) and (3.32) in Theorem 3.2 graphically, a modified Hall
diagram is presented in this section [10]. Here, the following inverse function of the
n-function is considered:

§(qg, w) = G0

(3.77)
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Ae ek

(@) (b)
Fig. 3.18 Phase traces and attenuating responses for Example 3.4 (inclined sinusoidal nonlinear-
ity)

Using this notation, inequality (3.31) is rewritten as follows:

A@=swmm»=@pmns@&»<g. (3.78)

When g = 0, the £-function can be expressed as

VU2 +V?
VA +U?+ V2

where S.(z) is the complementary sensitivity function for the discrete-time system.
It is evident that the following curve on the complex plane,

£(0,w) = =|Sc(e/M)), (3.79)

EO0,w)=M, (M :const.), (3.80)

corresponds to an M-circle in the Hall diagram.® Figure 3.19 shows an example of
a Hall diagram and Nyquist curves accompanied by performance indices, M, gain
margin, and phase margins.

However, since (3.32) in Theorem 3.2 contains an arbitrary non-negative number
q, the equality that corresponds to (3.80) should be rewritten as

§(q,w) = Uit ve =M. (3.8])
T gV + VI (U2 VDA + U2+ V)

From this expression, the following quadratic equation can be obtained:

(M? = )U? +2M?U + (M?> = 1)V2 + M?> —2MqQV =0. (3.82)

8See Appendix D.
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Fig. 3.19 Hall Diagram and v
Nyquist curves

(M, =1.35,3.0,

gm =11.0,5.16 [dB],
pm =43.8,20.8 [deg])

Obviously, when M =1,

2g 2
204 1=——-V.
+ M

When M > 1, the following equation of circles is obtained from (3.82):

2

Mz 2 Mz 2
U V=22 = ——— + 1% 3.83
( +M2_1) +( ) (M2_1)2+ (3.83)
where
o ASM (3.84)
CoM2-177 '

Although the distorted frequency €2 is a function of w, the term
g :=qQ(w) >0 (3.85)

is assumed to be constant in this study. Hence, it can been seen that (3.83) represents
off-axis circles with their center at

(—M?/(M? = 1), %)

and with a radius of

\/Mz/(Mz — 1)+ A2
Note that either of the circles crosses the real axis at

-M -M

or ——,
M—1 M+1

in which we will consider the latter for the robust stability problem.
The verification of robust stability using the above modified Hall diagram (off-
axis M-circles) is based on the following theorem.
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Fig. 3.20 Off-axis M-circles
and Nyquist curves for
Example 3.1 (K, =1.0,0.43,
M =1.23, and

¢y =0.0,---,10.0)

Theorem 3.4 If vector locus K G (e/®") exists in the following area as determined
by a certain q = qq (the outside of circle C shown in Fig. 3.20):

- K
£(q0. w) =&(q0, 0, U, V) = My < ' (3.86)

the discretized feedback system is stable.

Proof As is evident from (3.78), the following inequality is valid in general:

§(q,w) <&(q,wp), Yo €0, w.]. (3.87)

The right side of (3.87) is a peak value for angular frequency w. Here, wg is not
always determined as only one frequency, and may not be a smooth (differentiable)
point of the frequency range depending on the g-value. Nonetheless, inequality
(3.38) is also satisfied for g = go. Therefore, the following inequality is obtained:

It can be shown that (3.86) in Theorem 3.4 is equivalent to (3.32). [

Figure 3.20 shows an example of the modified Hall diagram and Nyquist curves
for0 < c¢; <4.0and M = 1.24. Here, as an open-loop transfer function, we consider
G(s) shown in (3.42) and the proportional gain K. In the figure, Ny is a vector
locus that contacts with an M -circle at the peak value (M, = 1.24, K, = 1.0, 0.43).
On the other hand, N, is a vector locus that contacts with a circle C on the real
axis, where all the M -circles cross the real axis. In this case, Aizerman’s conjecture
extended to discrete-time systems is valid. At the continuous saddle point which is
also the phase-crossover point P, the following equation is satisfied:

(85(4]7(1))) —0. (3.89)
dq q=40.w=wp
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Fig. 3.21 Off-axis M-circles AN I
and Nyquist curves for \ 7
Example 3.2 (K, = 1.0, 0.45, \

M =12, and . h

g =00,---,10.0) LA

Equality (3.89) is equivalent to (3.47). Incidentally, the phase margin pjy is obtained
from the gain-crossover point G.

Figure 3.21 shows the case where the open-loop transfer function is given
in (3.44). As is obvious from N» locus in the figure, the curve does not contact
with a circle C on the real axis. In this case, Aizerman’s conjecture is not valid; that
is, the equality (3.89) is not satisfied.

3.8 Modified Nichols Diagram

Naturally, the above ideas can be applied to the Nichols diagram as well [9]. If the
absolute value and the argument of K G (e’ ©hy are defined as

\%
p=+vU?4+ V2 and 6 =tan™! (ﬁ)’

the &-function (3.81) can be rewritten as follows:

Py

—gpQ2sinf + \/q2,0292 sin? @ 4+ p2{(1 + pcosO)? + p2sin® 0}}
_ p , (3.90)
—gQUsinf + \/qZQZ sin” 0 4 p2 +2pcosf + 1

§(qg, w) =

because U = pcosf and V = psin6.
In this expression, the following robust stability condition must hold:

. K
Mo = &(qo, wo) :rr}lm maz}x E(q,w) < —.

p
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When g = 0, the £-function can be expressed as

P

Vp2+2pcosh+1

where S¢(z) is the complementary sensitivity function for the discrete-time system.
It is evident that the following curve on the gain-phase plane,

=1S.(e/*M)], (3.91)

£0,0) =

EQO0,w)=M, (M :const.), (3.92)

corresponds to the contour of the constant M in the Nichols diagram.’
As described in the previous section, since an arbitrary non-negative number ¢ is
considered, the &£-function that corresponds to (3.79) and (3.80) is given as follows:

0

=M. (3.93)
—gQsinf + \/quZ2 sin?6 + p2 +2pcosh + 1

From this expression, the following quadratic equation can be obtained:
(M? = 1)p? +2pM (M cos6 — gQ2sin®) + M? =0. (3.94)

The solution of this equation is expressed as

p= —L(Mcose—qﬁ sin@)iL\/(Mcose —gQsinh)? — (M2 —1).
M?—1 M?—1 (3.95)

The modified contour in the gain-phase plane (6, p) is drawn based on Eq. (3.95).
Although the distorted frequency €2 is a function of w, the term g2 = ¢, > 0 is
assumed to be a constant parameter. This assumption for M contours is the same as
in the previous section.

Figure 3.22 shows the modified Nichols diagram for Example 3.1 (M = 1.23,
0<c; <4.0,and Kp =1.0,0.43. Here, GP; is a gain-phase curve that touches an
M contour at the peak value (M), = 1.23, K;, = 0.43). On the other hand, GP; is
a gain-phase curve that crosses the & = —180° line and all the M contours at the
phase-crossover point P,.. That is, the gain margin g,; becomes equal to

gm = —20log;o M/(M + 1) = 5.4[dB].

Obviously, at point P, the gain-phase curve GP, touches an M contour. At this
point, the following (continuous saddle point) equation is satisfied:

(_3E @ ‘”)> —0. (3.96)
aq q4=40,w=w(

9See Appendix E.
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Fig. 3.22 Modified Nichols
diagram for Example 3.1
(M =1.23,
¢g=0.0,02,---,4.0)

Fig. 3.23 Modified Nichols
diagram for Example 3.2
(M=1.2,

¢ =0.0,02,---,4.0)

In this case, Aizerman’s conjecture extended to discrete-time systems is valid. In-
cidentally, the phase margin pjs is obtained from the phase-crossover point P, as
follows:

pu = 20.5[deg].

Figure 3.23 shows the modified Nichols diagram for Example 3.2 (M = 1.2,
0<cy<4.0,and Kp =1.0,0.45. Here, GP; is a gain-phase curve that touches an
M contour at the peak value (M, = 1.2, K, = 0.45). Moreover, GP; is a gain-phase
curve that crosses the & = —180° line and all the M contours at the phase-crossover
point P.. That is, the gain margin gj; becomes equal to

gm = —20logy M /(M + 1) = 14.8[dB],
and the phase margin pj; is obtained from G, as

pu = 49.8[deg].
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However, the gain-phase curve does not touch an M contour at the phase-crossover

point P.. The continuous saddle point equation (3.96) is not satisfied, and thus, in
this case, Aizerman’s conjecture is not valid.

3.9 Exercises

(1) Show that inequality (3.15) corresponds to Fig. 3.2(b).
(2) Using the result of (3.39), prove the following inequality:

—qQV + /g Q2V2 + (U2 + V{1 + U)? + V2}

K
h< UT+ V2

(3) Show that the right side of the above inequality can be written as

—g2sinf + \/qzsﬂsinze +p2+2pcosh + 1
K - ,
P
where p(w) = |KG(e/“")| and 6 (w) = ZK G (e/®h).
(4) Prove the stability condition (3.11) in Theorem 3.1 based on the definition of
input-output stability.
(5) Prove that

. 2 wh
§(e/M) = jQ(w) = j3 tan <7>
in (3.33), where
2 z—-1
h z+1°
(6) Show that (3.89) is equivalent to (3.47).
(7) Derive (3.116) and (3.118) from (3.114) and (3.115).

8(z) =

Appendix A: Fourier-Plancherel Transform

For continuous-time signals, consider the following integral pairs:

F(jw) = f - x(r) e I dr (3.97)
x(1) = 1 /OO F(jw) e/ dw, (3.98)
21 ) _so
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where @ = 27 f.1° Usually, (3.97) is called the Fourier transform, and (3.98) is
called the inverse Fourier transform [5, 6]. When evaluating at s = jw (s: Laplace
transform variable, in general, s = 0 + jw), the preceding transforms become bilat-
eral as follows:

£(s) = [ - x(t) e *'dr (3.99)
1 [/®

x(t) = —f x(s) e’ds. (3.100)
27j J—joo

With respect to ¢ € [0, 00), the following transform is defined:

£(s) = /oox(t) e dr. (3.101)
0

Definition (3.101) is the (unilateral) Laplace transform, which is well known in the
field of control engineering.

The value of integrations (3.97) and (3.99) exists when the following inequality
holds:

(s)| = ’ / Y ) e

o0
5/ [x(¢)|dt < o0.
—0Q

In functional analysis, x(¢) is said to belong to the L; space, and is written as
x(t) € Ly. In general, if

o0
/ |x()|Pdt < oo,

—00

x(t) is said to belong to L, and is written as x(¢) € L, or
x e Ly(R), R := (—00, 00).

In the L, space, the norm is defined as follows:

00 1/p
lx@lp = </ |x(t)|pdt> . (3.102)

Obviously, in regard to the inverse Fourier (Laplace) transform, x (s) must belong to
the L space.

Plancherel’s theorem states that if x(t) € LN L, the above transformed function
X(s) can also be determined similarly.

101p this book, we assume that the independent variable  represents time (expressed in the SI unit
of seconds), and the transformed variables f and w represent ordinary frequency (in Hertz) and
angular frequency (in radians per second), respectively.
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Plancherel Theorem When x € Ly(R), the following X (jw) exists:

A
XA(jw) =/ x() e /¥ ds
—A

—00

With respect to X(jw), the following relation holds:

1 (B .
xB(t):E/ (o) e/ dw
—B

[oo |x(t) — xg(1)|>’dt > 0,  for B — oo.

—00

Appendix B: Parseval Identity

Consider the following integral with respect to x1(¢), x2(t) € L1 N L:

1= /OO drxq(t)xp(1).

—0o0
By using the inverse Fourier (Laplace) transform, x> (¢) is given by
1 [i®
x2(1) = —/ dsxa(s)e™.
27j J_joo
Substitution of this value of x5 () into (3.103) yields
o] 1 joo
I =/ dr xl(t)—,f ds e %5 (s).
—00 27j J—joo
Interchange the order of the integrations,

1 [i®

o0
1 ds J?z(s)/ dr e’ x1(2).
—0oQ

B 2nj J-joo

By applying the Fourier (two-sided Laplace) transform,

o

1(s) =/ dt e x1(2).
—0o0

This expression can be written as

X1 (—s)= /OO dr e x1(t)

—00

o0
/ 1R(jw) — fa(jw)*dw — 0, for A — co.

101

(3.103)

(3.104)
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Therefore, (3.104) is expressed as

1 [i®

1 ds X1(—s)X%2(s).

B 27j J—joo
For an easier understanding, (3.105) is rewritten for s = jo,

1 oo
1= —f X1 (—jw)x2(jw) dw.
27 J oo

When x1 () = x2(t) = x(¢), (3.106) is given by

2

Then, the following equality is obtained from (3.103):

o0 1 o0
f Ix()|*> dr = —/ 1% (jol* do.
oo 27 J_so

Here, define the following L, norms:

00 12
()2 = ( f Ix(t)lzdt>

1 oo 1/2
1G)l2 = (2— / ¢ ja))lzda)) .
T J-oc0

Thus, we obtain

lx@)ll2 = IX (o) ll2.

This formula is called Parseval’s identity.

L[> . .. L[> . 5
I=— X(—jw)x(jw) do =— X(jol|” dw.
T J 21 J o

(3.105)

(3.106)

(3.107)

(3.108)

On the other hand, as for discrete-time signals, consider the following summation

of discrete signals:

T=> " x1()xa(k).

k=1

By using the inverse z-transform,

1 A k—1
xXo(k) = — X2(2)7" " dz,
27'[] lz|=1

where z = e/(?+/®) _ Substitution of this x» (k) into (3.109) yields

o0
1
J=>"xi(k) s— t2(2)7" dz.
kzoXl( ) Zﬂj/I X (2)z Z

z|=1

(3.109)

(3.110)
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Here, for o =0,
dz = jhe/“M dw.
Based on the z-transform,
oo
R =) xk 7k,
k=0
the following can be defined:
o0
2@ =Y x) .
k=1

Thus

h 7 ) .
J F1 @2z e = = / 1My (/) dw.  (3.111)
T J-x

27 Jigen

When x1 (k) = x2(k) = x(k), (3.111) is given by

h [T . . h (7 ;
J — )’(\_(e—jwh) )’C\(eja)h) d(,() — |x"(e_]a)/’l)|2 da)
2w J_, 2 Jon

Then, the following equality is obtained from (3.109):

Z Ix(k)|? = e /n 12" dw. (3.112)
P 2

—7T
If the norm expressions in the ¢, space,

00 1/2
RGIEES (Z |x<k)|2)

k=0

, horT , 12
12 2 = (2— / |f(e-'“’h>|2dw>
T J—n

are used, the relation
A iwh
x(k)ll2 = 1’2

can be obtained. The result is called Parseval’s identity [7, 12].
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=1

(a) (b)

Fig. 3.24 Relation between z-plane and §-plane, and contours

Appendix C: Bilinear Transformation and Mapping
The relationship between z and § with respect to

2 z—1 1+ 45
5:—-Z , that is, z= i >
h z+1 1-4s

is as shown in Figs. 3.24(a) and (b). Furthermore, from the following equality:
. 2 h
5(e") = jQ(@) = j tan (“’7) ,

the relationship between w and 2 is illustrated in Fig. 3.25.

Appendix D: The Hall Diagram

Consider a (unity feedback) closed-loop characteristic,

G(2)

W(Z)= TG(Z)’

(3.113)

as shown in Fig. 3.26. When we define the following frequency characteristic for
w < w, as shown in (3.32):

G =U(w) + jV (),
and

W(e/®h) = Mel?,
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Fig. 3.25 Distorted Q
frequency characteristic /
1
/
-1 // o w
/ o
/
Fig. 3.26 Discrete-time
unity feedback system ot ¢ G(2)
obviously,
M =W and ¢ =2sW(E/").
Therefore,
U+jV
_ UiVl (3.114)
[1+U+jV|
and
Vv
—1 —1
=tan  — —tan = ————. 3.115
v U 1+U G115
By rearranging (3.114), the following equation is obtained:
M2 2 ) M 2
U+ + Vo= , for M#1. 3.116
(v+5=) +v=() - oromr G
Here, when M = 1, the equation is given as
U= ! (3.117)
=—7 .

Equation (3.117) is a (purple) line in Fig. 3.27, and (3.116) (in blue) circles the right

side to (3.117) for M < 1 and the left side to the line for M > 1.
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Fig. 3.27 Hall diagram v /

On the other hand, with respect to (3.115) the following circles equation is ob-
tained by setting N = tan ¢:

U+1 2+ yo > 1(N*+1 (3.118)
2 2N) 4\ N2 ) ‘
Equation (3.118) also becomes circles, shown in light blue in Fig. 3.27. Such type
of diagram is often called the Hall diagram [2].

The derivations of (3.116) and (3.118) from (3.114) and (3.115) are left for the
reader.

Appendix E: The Nichols Diagram

Next, consider the open-loop characteristic G (e/®") in polar coordinates as follows:
Gy =p.elf. (3.119)

Obviously, the closed-loop characteristic is given by

. Lelt
W(e!wh) — 1:0% (3.120)
Therefore,
M = |W (/)| = p 3.121)

V(1 + pcosd)? + p2sin?6
By rearranging (3.121), the following quadratic equation is obtained for M # 1:

2+2M20059 n M? .
VI R Vo

0. (3.122)
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Fig. 3.28 Nichols diagram o

Then,

1
T M2
Curves (3.123) are drawn in blue in Fig. 3.28. When M = 1, note that p is simply
written as follows:

P (—Mz cos6 + My/cos2 6 — (M2 — 1)) . (3.123)

1
= . 3.124
P 2cos6 ( )
This curve is drawn in purple in the figure.
On the other hand, for phase ¢,
ooh 1 psinf
p=/W(E'“")=0 —tan _ ). (3.125)
14 pcosf
From (3.125),
sinf
N =tang =
cosf + p
Then,
in6
o= _ cosé. (3.126)
tan ¢

Curves (3.125) are drawn in sky blue in the figure. Here, the derivations of (3.123),
(3.124), and (3.126) from (3.121) and (3.125) are left for the reader.
The diagram shown in Fig. 3.28 is the well-known Nichols diagram [4].
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Chapter 4
Model Reference Feedback and PID Control

4.1 Introduction

In the previous chapters, the robust stability of nonlinear discrete-time and discrete-
value (discretized) control systems was examined in the frequency domain. In this
chapter, a design problem for these discretized control systems is presented based on
first a traditional but discretized PID control scheme, and then on a discrete-model
reference feedback structure. The model reference feedback using a second-order
continuous-value (linear) system is equivalently transformed into a traditional PID
control. In the design procedure, the concepts of a modified Nyquist and Hall dia-
gram (off-axis M-circles) and a modified Nichols chart for nonlinear control systems
are applied.

4.2 Discretized PID Control

4.2.1 PID Control Scheme

The control scheme based on proportional-integral-derivative (PID) techniques has

been widely used in practice and theory irrespective of whether it is continuous or

discrete in time [1-4, 18, 21, 22], since it is a basic feedback control technique.
For a continuous-time classical representation,

uc(t):Kpu(t)+C1/u(t)dt+CDd1:1§t). @.1)

Using the Laplace transform with zero initial conditions, we have

ic(s) =Kpﬁ(s)+C1@ + Cpsu(s) = C(s)u(s). 4.2)

Y. Okuyama, Discrete Control Systems, 109
DOI 10.1007/978-1-4471-5667-3_4, © Springer-Verlag London 2014
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Thus, the controller can be written as!

1
Cis) =K, (1 Tt TDs> : 4.3)

where 77 and Tp are referred to as integral and derivative time, respectively.

The PID controller is referred to as a three-term controller, which means that
the control strategy can easily be adjusted by using only three parameters. If the
stability of the control system is guaranteed, a proportional-integral (PI) controller
is also used, for example, in industrial processes approximated by a first-order time-
delay model [7, 8, 19]. In this case, only two parameters need to be adjusted.

In a similar representation as in the continuous case, a discrete-time PID control
scheme can be given as follows:

. . i(z) .
ie(z) = Kpi(z) +Cy - T—FCD.(Su(z), 4.4)

where § should be considered a bilinear operator as we have defined in (3.34), i.e.,

21—zt
8=Z-m. 4.5)

Of course, as shown in (4.3), the controller can be written as

1
c©) =Kk, (1 75t TDa) . (4.6)

The operator § has the following properties:
(1) Since
s 1+ <

21—z
the relationship between the input and output sequences, x(k), y(k), (k =
0,1,2,---) can be written as

h
y(k)=yk — 1)+§(x(k)+x(k— 1)). 4.7)

This transformation corresponds to a trapezoidal summation (integration).
(2) On the other hand, with respect to the operator §, the following relation is ob-
tained:

2
ylky==ylk = 1)+ - xKk) —x(k = 1)). (4.8)

ISince the pure differentiation cannot be realized in practice, a high-cut filter is usually added in
the derivative operation.
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Fig. 4.1 Relationship

between w and @

Therefore, the PID controller can be given in a bilinear expression,

h 14z7' 2 Tp(l—-z!
C(z):Kp<1+—-—Z+—-M>

4.9
2 Ti(l—z7Y) h 147! “9)

In the frequency domain, (4.6) can be obtained from (3.33) as follows:

1 1
C(iQ2)=K 14+ —— iTpQ ) =K, |1 i Tp2 — —— , 4.10
) ”<+sz9+“) ) ”[“(D Tlsz)} @10

where 2 is the distorted frequency of w that is defined in (3.33), i.e.,

2 wh

The relationship between w and €2 (w) is drawn as shown in Fig. 4.1.
We can also apply the direct difference method to the discrete-time PID controller
as follows:

k
uc(k) =Kpu(k) + Cy Zu(j)—i—CDAu(k), 4.11)
j=0

where Au(k) =u(k) —u(k — 1) is a backward difference of the input signal. Using
the z-transform expression, (4.11) can be written as

e(2) =Kpi(2) + Cr(1+z7 " 4272+ i) + Cp(1 —z D).  (4.12)

Therefore, when considering |z| > 1, (4.12) can be written in closed form,

ne(z) =Kpi(z)+Cr - i)+ Cp(1 —z7Hi(2). (4.13)

1—z71
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Fig. 4.2 Discretized PID
control system

Fig. 4.3 Discretized
nonlinear PID control system

Thus, the controller can be given as follows:

Cx) = Tp -1
=K, |1+ +7(1—z ) ). (4.14)

Tr(1—2z71

By using the above PID controllers, the discretized control systems can be repre-
sented as shown in Fig. 4.2 and equivalently in Fig. 4.3.

4.2.2 Controller Algorithm

The PID control algorithm based on (4.13) and (4.14) is easily realized in a com-
puter (or a microprocessor). It can also be represented by a block diagram, as
shown in Fig. 4.4. On the other hand, the controller algorithm using a bilinear
approximation method based on (4.9) becomes a little complicated, as shown in
Fig. 4.5.

However, the difference in the controller performance between these algorithms
is not so large in the frequency response for w < ws/2 = m/h. For example, the
gain curves in the frequency domain become as shown in Figs. 4.6(a) and (b), where
K, =C;=Cp=1.0 and h = 1.0 are chosen. Here, (i) and (ii) are frequency re-
sponses (vs. w) of the PID controller using the direct difference and bilinear approx-
imation methods, respectively.

In addition, if the controller algorithm without division as shown in (4.11)
and (4.12) is used, all variables can be realized in integers when parameters K,
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Fig. 4.4 PID controller using
a direct difference method,
where C =C1h=K,h/T;
and CB ZCD/h = KPTD/h

113

3
—
Iy
L
L
+

Cy, and Cp are also chosen in integers. Therefore, the direct difference method
(4.11) will be used in the following examples.

— C7*

—F
T

L— CF

A=t

Fig. 4.5 PID controller using a bilinear approximation method, where C;* = C1h/2 = K,h /2T

and CB* =2CD/h =2KPTD/h

()

/ cldB a0
/
M
/ \\\ 40
// \\\
(ii)/ \\“\ I
(O] \\ i
Gi
D.001 D0.01 0.1 1.0
3
(b)

Fig. 4.6 Frequency-domain characteristics of discretized PID controllers (gain curves)
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Table 4.1 PID parameters
and control performances for
Example 4.1

Cases K, Cy Cp M, gm [dB] pum [deg]

() 1.0 1.0 0.0 1.70 13.6 34.5
(ii) 1.0 1.0 05 1.67 16.3 352

Example 4.1 (A) Consider the following continuous plant without a pole on the
origin (compare with Examples 3.1 and 3.2):

K

G(s) = ,
(s +0.2)(s + 0.4)

K =0.02. (4.15)

Here, the sampling period is assumed to be # = 1.0. Including the integration of the
zero-order hold as shown in (1.66), the following partial fraction is obtained:

G(s) 0.25 0.5 0.25
G = =—— . 4.16
1) s s s+0.2+s+0.4 ( )
Then,
0.25 0.5 0.25
Gi(2) = - .
1@)=1— 71 1_e 02,1 "] _g 0,1
The z-transform of (4.15) with the zero-order hold is given as
_ 0.0082z + 0.0067
G)=(1-z2Gk) = (4.17)

72 —1.4897 +0.549°

Using a direct difference method as shown in (4.14), the controller can be written as
C] -1
C(Z):Kp‘f‘l_iz_l‘f‘cD(l_Z ), (4.18)

where C; = K,/T; and Cp = K,Tp. The PID parameters and control perfor-
mances are given in Table 4.1. Here, M, gy, and pys are the peak values, gain
margins, and phase margins, respectively. Figure 4.7 shows the discretized nonlin-
ear characteristics for this example, and Fig. 4.8 the Hall diagram. Figures 4.9(a)
and (b) show the phase traces and step responses for cases (i) and (ii). The figures
clearly show that the control system responses are well stabilized by using these
PI and PID controllers. In this case, the modified Hall diagram is drawn as shown
in Figs. 4.8(i) and (ii). Obviously, the robust stability is satisfied as 8 > 1.0 in ei-
ther case. In this first example, the discretized nonlinear characteristic considered
in the feedback loop is assumed to be a sigmoid (saturated) function as shown in
Fig. 4.7(a) [11, 12].

Example 4.1 (B) Consider the case in which the discretized nonlinear characteristic
is given as shown in Fig. 4.7(b) (i.e., the inclined sine function, as was shown in
Figs. 2.6-2.8 (b).) In this case, similar phase traces and step responses are obtained,
as shown in Figs. 4.10(a) and (b).
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Ndie ] i : Nde
VL
1= - 5
- L] e - il e
—s 5 e 5
|
(a) (b)

Fig. 4.7 Discretized nonlinear characteristics for Example 4.1

() (i)

Fig. 4.8 Modified Hall diagram for Example 4.1

Example 4.2 Consider the following continuous plant without a pole on the origin
(with a slightly quicker response than in Example 4.1):

K

CO) = T 0sHe 110

K =03. (4.19)

Including the integration of the zero-order hold, we have

G(s) 0.6 1.2 N 0.6
T s 5405 s4+1.0°

(4.20)
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==
|

(a) (b)

Fig. 4.9 Phase traces and step responses for Example 4.1 (A)

(a) (®)

Fig. 4.10 Phase traces and step responses for Example 4.1 (B)

Here, the sampling period is chosen to be the same as in Example 4.1, i.e., h = 1.0.
Therefore,

0.6 1.2 0.6
Gi(zx)= [z 1 1—e05,1 [ _el0,-1°

The z-transform of (4.19) with the zero-order hold is given as follows:

0.093z 4+ 0.056
72 —-0.9747 +0.223°

G =(1-zHG1@) = 4.21)

In the case of (i) in Table 4.1 (i.e., PI control), the discrete PI controller is written as

Cr
1—z7 1

C)=K,+
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Fig. 4.11 Modified Hall diagram and pole location for Example 4.2
Fig. 4.12 Step responses for
Example 4.2
[ =
o 8 g

If the controller parameters are chosen as K, = 1.0 and C; = 1.0, the characteristic

equation is approximately given as

fz) =2 =179z +1.222 —0.28 =0.

(4.22)

In this case, the modified Hall diagram is drawn as shown in Fig. 4.11(a). Fig-
ure 4.11(b) shows the location of the characteristic roots of the control system in
the z-plane. The step responses of the PI control system are shown in Fig. 4.12. The

robust performance of (4.22) will be discussed in Chap. 6.
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4.2.3 Controlled Systems with Time Delay

The transfer function of a continuous plant (controlled system) with a time delay
can be written based on the form of (1.65) as

G(s) = Go(s)e Lrs = Np(s)

- e LS, (4.23)
(s —p(s—p2)---(s— pn)

irrespective of whether the time delay exists in the input or output side of the plant.
Here, L is the time delay and N, (s) is a numerator polynomial. The order of the
numerator is less than that of the denominator in general. From the derivation of
G(z) in Sect. 1.5.2, the z-transform transfer function of the continuous plant and
holding circuit is given by

G(z)=(1-z"G1()z ™, (4.24)

where d, = L,/ h. Thus, with respect to time-delayed systems, the following ex-
pression can be obtained; see (1.73) and (1.74):

bo+biz bz bz
G(o) = 0 1_1 2_2 nE dy
I+aiz7 +axz7=--+apz™"
_ boz" +b1z" A b1z + by o~
Hai 7+ tapmizta, '

(4.25)

(4.26)

Example 4.3 Consider a plant with time delay L, (or a transmission delay in the
control action), i.e.,

K ‘
G(s) = et K =002, L,=2.0. (4.27)
(s +0.2)(s +0.4)

Since h = 1.0, from (4.17) the z-transform of G(s) with a zero-order hold can be
written as

0.0082z +0.0067

G(z) = 2, 428
@)= 31489, 10529 © (4.28)

Therefore, when applying PID algorithm (4.18), the calculation results for the phase
traces and step responses are given as shown in Figs. 4.13(a) and (b). In this case,
allowable sectors B with respect to the robust stability are calculated as shown in
Table 4.2. In case (ii), the robust stability is satisfied with regard to the discretized
nonlinearities as shown in Figs. 3.11(a) and (b) (i.e., sector [0.5, 1.5]). The modified
Hall and Nichols diagrams are shown in Figs. 4.14(a) and (b).
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Fig. 4.13 Phase traces and step responses for Example 4.3
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Fig. 4.14 Modified Hall and Nichols diagrams for Example 4.3

Table 4.2 PID parameters
and control performances for  €ases K, € Cp M, gu [dB]  py [deg] B
Example 4.3

() 1.0 1.0 05 43 35 15.1 0.49
(ii) 1.0 10 10 40 38 16.1 0.55

4.3 Model Reference Feedback Control

4.3.1 Discrete Model Reference and Observer

A model reference feedback structure for a robust control system was proposed by
the author in 1964 [9]. A discrete-time version of the model reference feedback was
presented in [20]. In this chapter, a discretized model reference control system (see
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Fig. 4.16 Model reference feedback structure

Fig. 4.15) is examined [13—15]. The control system is redrawn as shown in Fig. 4.16.
In these figures, G (s) is a continuous-time and continuous-value plant, and G (z) is
the z-transform of G (s) together with the zero-order hold H. Also, N, (), D1, and
D are, respectively, a nonlinear element and the input and output discretizing units
which are determined by sensor and actuator elements. Moreover, G,,(z) is a plant
model and F(z) is a feedback compensator (from another point of view, a discrete
observer). Dy, (-) and D (-) are the nonlinear discretized elements of the model and
the compensator, respectively.

In the figures, each symbol e, v, - - - indicates the sequence e(k), v(k), ---, (k =
0,1,2,---) in discrete time, but for continuous values. Each symbol et ot ..
indicates a discrete value that can be assigned to an integer number, e.g.,

eje{"' 7_21/7_1/707 Y, 2)/7"'}7
vIe{uo , =2y, —v,0, y, 2y,---}, (4.29)
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where y is the resolution of each variable. An example of the discretization char-
acteristics Dp1, Dpo and the discretized characteristic v}- = D)(ey) is depicted as
shown in Fig. 4.7(A). Here, without loss of generality, the resolutions in D, and
D, are assumed to be y = 1.0, and the continuous nonlinear curve N (-) is chosen
as a sigmoid function. Note that nonlinear discretized characteristic D) (-) corre-
sponds to N, (-) in Fig. 4.2.

4.3.2 Bilinear Transformation and Discrete Model

The model system K, G,,(z) is assumed to be a second-order lag system, e.g.,

- K
K. G =K, Gp() = ——, 4.30
mGm(2) mGm(8) 1+C1(S+C252 ( )
where § is the following bilinear transformation as shown in (4.5):
2 z—1
=—- . 4.31
h z+1 ( )

Here, K, is the nominal gain of D,,, which is usually chosen as the nominal gain
of discretized nonlinear characteristic D), (i.e., K), and Cy and C; are the design
parameters of the model system.

This type of model system will correspond to a discrete observer, although it does
not clearly observe the states of the plant. The z-transform expression of (4.30) is
given by

Knh%(z 4+ 1)?
W2z 4+ 12 +2C1h(z+ 1)z — 1) +4Ca(z — 12

KiGm(2) = (4.32)

Obviously, the §-function approaches Laplace transform variable s, when the sam-
pling period is & — 0.

In this chapter, hereafter, § will be used instead of the z-transform operator.
Therefore, the feedback compensator K ¢ F'(z) as shown in Figs. 4.15 and 4.16 is
defined as

1+ Cy8 + Cy82
Kn(1+4c18+c28%)°
Here, K 7 is the nominal gain of D that will be substituted by 1/K ¢, and Cy and

C, are the design parameters of the feedback compensator. Thus, the z-transform
expression of (4.33) is written as

K/F(2)=K;F(@$) = (4.33)

R+ D242Ch(z+ Dz =1 +4Ca(z — 1)?

F O = 1P 20k + D= D T A — 17

(4.34)
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Fig. 4.17 Second-order model reference feedback

In the frequency domain, as was described in (3.33), § can be expressed as

8/ = jQ(w) = j%tan (%h> (4.35)

where €2 is a distorted frequency of w. By using expression (4.35), (4.30) and (4.33)
can be written as follows:

1
—CQ2+jC1Q°

G (&) =G (jQ) = 1 (4.36)

and
1 -2+ jC1Q

F@/“")y=F(jQ) = :
) =rUD =T o e

(4.37)

By applying a second-order model, the model reference control systems can be re-
drawn as shown in Fig. 4.17.

When the controllers are in high resolution (i.e., y — 0), the model reference
control system as shown in Fig. 4.17 can be transformed into Fig. 4.18. Here, d’ is
a disturbance signal generated by the discretization of controllers. The equivalent
controller C(8) and the pre-compensator D(8) are given by

K¢F(S 14 C18 + 82
Ces) = rF@©é) _ 1+ Gis+ 22’ 4.38)
1 —KuKiGu(®)F(©) Kp(c1d+c28?)
1 K, (1 ) 82
D) = Enlt 10 4 c2ff) (4.39)

TKFG) 14+ Cio+C?

Then, the block diagram of the equivalent PID control system is drawn simply as
shown in Fig. 4.19. Here, C(§) can be considered to be a controller when ¢; < cj.
If ¢c; — 0, the controller is approximately written as

1 Cy

C
c@)=—-8"4+ L4 25, (4.40)
K K K
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Fig. 4.18 Approximate PID control system
Fig. 4.19 Equivalent PID
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where ¥ = K,,c1. We can see that (4.40) is a three-term controller based on the
bilinear transform expression. When the sampling period is 7 — 0, the §-function
approaches Laplace transform variable s. Therefore, the scheme given in (4.40) will
correspond to a traditional continuous PID control.

The z-transform of (4.40) is written as

h z+1 (C 20, z—1

Ciz)=— — . 4.41
@ 2k Z—1+K+K/’l z+1 (4.41)
In the distorted frequency domain, it can be expressed as
. ¢ .1 1
C(U=—+j - —[C2——=). (4.42)
K K Q

These algorithms (4.40) and (4.41) can be regarded as quasi-PID control algorithms.
With respect to higher order and time-delay plants, the model system K G, (z)
can be improved as follows:

K
KnGu(§) = ——2 .7 Lms, (4.43)
14 C18 4+ Cy82

where L, is the inserted time delay of the model system. Since a feedback compen-
sator that has a time-lead characteristic cannot be realized, the quasi-PID controller
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should be written as

1+ C18+ C28?

c®) =
® Ku(l +¢18 + ¢282) — 7=

., dn=Ly/h. (4.44)

4.4 Discretized Nonlinear Characteristics and Inequality
Conditions

4.4.1 Partition of Nonlinear Characteristics

The input/output discretization processes and the discretized nonlinear characteris-
tics are illustrated in Fig. 4.20. The nonlinear characteristics can be partitioned as
follows:

vl =Dy(e]) = Kef +g1(e]), 0<K <00, (4.45)
lwi| = lgi1(e))] < o0, for le]| <er, (4.46)
lwi|=lgi(eD)| < Bile]l, for le]|>e. (4.47)

Since the input-side discretization is equivalently represented as shown in Fig. 4.21,
the input signal is considered as an integer, e; = eI. Here, wI is not always an
integer, although T is attached to the symbol. In these inequalities, when analyzing
the robust stability in a global sense, it is sufficient to consider nonlinear term (4.47),
because nonlinear term (4.46) can be treated as a disturbance signal. In this study,
since the nonlinear characteristic (4.45) is assumed to exist in the first and third
quadrants, the sector parameter 81 should be considered in 0 < ; < K.

In regard to the model reference feedback system, the nonlinear characteristic in
the discrete model should be considered:

vl =Dp(e)) = Knel + ga(e), 0< K,y < o0, (4.48)
lwi| = |ga(el)| < 0o, for |e)| < e, (4.49)
lwll = lg2(e)) < Baled], for |e]| > e, (4.50)

and 0 < B, < K,,,. Moreover, in regard to the feedback compensator, the following
expression will be given:

v;rsz(e;r)sze§+g3(eg), 0< Ky <oo, 4.51)
il =lg3(e})| < o0, for |e]| <e3, (4.52)
lwil = |g3(e])| < Bsle}], for |e]| > e3, (4.53)

and 0 < B3 <Ky.
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Fig. 4.20 Discretization for a T'f'f;t T

"

nonlinear characteristic €1 | €1 U1 | U1
Dpl ] Np(') 1 Dp2 ﬁ—"

Fig. 4.21 Equivalent
expression (e = ei’ —e1=d;:
a sawtooth signal)

Therefore, the robust stability of model reference feedback systems with multi-
nonlinearity is analyzed based on the inner product and norm analysis in the £
space. In regard to (4.47), the following new nonlinear function can be defined:?

file)) =gi(e))+Bi-e, i=12,3. (4.54)

i

1

When considering the discretized output of the nonlinear characteristic, w
gi (e;r), the following expression is given:

fite] (k) = w] (k) + B - €] (k). (4.55)

From inequality (4.47), it can be seen that (4.55) belongs to the first and third quad-
rants.

2Hereafter, only i = 1 is considered.
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For the neutral points of el.T (k) and wl.T(k), the following expression can be given
from (4.55):

1
5(fl-<e,-*<k>) + file] (k= 1)) =7 (k) + B - (k), (4.56)
where

w; (k) + w] (k= 1)
2

el (k) +e (k—1)

W, (k) = 5

, ek = (4.57)

Then, the trapezoidal area of the one-step transition in integer grid coordinates,
fi(e), is written as

1 . .
zi (k) := 5 (fi(e' (k) + filel (k= 1)) Aef (k)

= (@] (k) + Bie] () Ae] (k). (4.58)
Here, AeiT (k) is the backward difference of sequence ej (k).
Ael (k) = el (k) — e (k — 1).

Since f (e: (k)) belongs to the first and third quadrants, the area of each trapezoid
7; (k) is non-negative when e; (k) increases (decreases) in the first (third) quadrant.
On the other hand, the trapezoidal area 7; (k) is non-positive when e; (k) decreases
(increases) in the first (third) quadrant.

As described in Chap. 3, the following assumption is provided with respect to
the discretized responses on the integer grid coordinates.

Assumption The absolute value of the backward difference of sequence e(k) does
not exceed vy, i.e.,

|Aei (k)| = lei(k) —ei(k — D[ <. (4.59)

If condition (4.59) is satisfied, Ae (k) is exactly +y or 0 because of the discretiza-
tion. That is, the absolute value of the backward difference can be given as

|Aef (k)| = le] (k) —e] (k= 1)| =y or 0.

This assumption states that each point of the response traces on adjacent points
in the integer grid coordinates.
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Fig. 4.22 Nonllnear ‘ ....................................... T
subsystem (i = 1,2, 3) i wf «f -
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1 + 1
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! \
! Biqid 1
[ \
L] i gi(el-r)
4.4.2 Sum of Trapezoidal Areas
Consider the following sum of trapezoidal areas:
i
oi(p) =) _7i(k). (4.60)

k=1

If the above assumption is satisfied with respect to the discretization of the con-
trol system, the sum of trapezoidal areas, o (p), becomes non-negative for any p.
Since the discretized output traces the same points on the stepwise nonlinear char-
acteristic, the sum of trapezoidal areas is canceled when ¢; (k) (and e,.T (k)) decreases
(increases) from a certain point (ej k), fi (el.T (k))) in the first (third) quadrant. (Here,

without loss of generality, the response of discretized point (e;.r k), fi (e;.}- (k))) is as-
sumed to commence at the origin.)
From Eq. (4.58), the sum of trapezoidal areas can be expressed as follows:

1 14
0i(p) 1= 5 D _(file (K)) + file] (k= 1) Ae] (k)

k=1
= (@, (k) + Bie, (k), Ae, (k) ) p. 4.61)

Here, (-, ), denotes the inner product in the £, space,

14
(x(k), y(k) )p = ZX(k)y(k)~

k=1

In order to derive the robust stability condition, the following new sequences are
considered:

.
ey =2 (k) +q- Ae;'l(k) : (4.62)
b Ae; (k)

oy (k) =W, (k) — Bigi - (4.63)

h
where ¢; is a non-negative number. The relationship between Egs. (4.62) and (4.63)

is as shown in Fig. 4.22.
Based on these sequences, we give the following lemma.
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Lemma 4.1 [fthe following inequality is satisfied with respect to the inner product
of the neutral points of (4.55) and the backward difference:

(W] (k) + Bie] (k). Aef (k) ) = 0, (4.64)

we can obtain
17 ®)l2.p < Bille] W12, < Bille} B2, (4.65)
forany q; >0 and p — c0. Here, || - ||2,p denotes the Euclidean norm, which can

be defined as

p 1/2
xR ll2,p = (Z |x<k>|2> :

k=1
Proof The following equation is obtained from (4.62) and (4.63):

B2l o113, — 1w (013,

2Biqi
h

= B2lel 0113, — 1w, k)13, + (@, (k) + B2, (k). Ae] (K)) p.
From (4.47), (4.50), and (4.53), it holds that

1w, ()2, < Bille, ()12, p- (4.66)
Thus, from (4.64) we can obtain

1@ ()2, p < Bille ®)lla, - (4.67)

Since ||E;r () l2,p < lle;(k)|l2,p for p — oo, the following inequality holds in the
frequency domain based on Parseval’s formula:>

127 @)l = 11+ qidl - 1] (O 12 < 11 + i8] - 12 (8) 12 = 1} (B) 2.

Then, ||E;kT (k) |l2,p < Ilej (k) |12, p, and thus the right side of inequality (4.65) is satis-
fied. O

3Hereafter, & is considered j 2 (w) as shown in (4.35).
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4.5 Vector-Matrix Expression for Model Reference Control

The model reference control system as shown in Fig. 4.15 is given by the following

vector-matrix expression:*
e1(8) 1 —G(%) 0 0 u1(8)
e | =10|r@)+ 0 Gu,(6) O uz(8) |, (4.68)
e3(8) 0 0 0 F@©) | | us(d)

where control inputs u1, u, and u3 are given by

ui(8) u2(8) d'(8)
w@) [=| e |[+]rO
u3(3) vl (8) + vl () 0

As shown in Fig. 4.22, the nonlinear parts (point-to-point characteristics) of the
system can be written as

: o

o r@) 0 0 7 Tle w)
vif=] 0 e o e [+ | wi |, (4.69)
v;_ 0 0 I'3(8) eg w;d'

where I'1 (§) = K + B1416, I'2(8) = Kin + f2928, T'3(8) = Ky + B3g38.
If the exogenous inputs are ' =d’ =0, u; is equal to up. Moreover, since el.T =
e; —d; (i =1,2,3), the following closed-loop system equation can be given:

el di+r -G 071,
al=| & |[+|Gn 0 [ } (4.70)
el d; 0 F|L"
[dy +r -G 0 el
0 0 TIs]| 4
ol B A A T N N
A o F|L 2 i
-G 0 wTT
|
0 F wt
- 3
where d; (|d;| < y) are discretized/quantized errors.
“In the following, the transformed variables, e.g., e(8), e(z), u(8), u(z), --- will be used without

the “hat” symbol.
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For the neutral points defined in (4.57), the following expression can be given:

1 0 r;s6 [ ] [9+7| [0 o -¢7[w}
0 I —Ts3Gulley|=| d |[[0 0 Gu||w
-TWF -TI,F 1 g @ F F oo ||w
4.71)
The inverse matrix of the left side of the equation is written as
1 0 rsé 1!
0 1 _F3Gm
—IMF -1 F 1
1 1-0II3G,F - I'sGF —I'3G
= . NGy F 1+I'MI3GF  TI's3Gy,
1+ TG —T2Gp)T3F I\ F Iy F 1
Wi Wi W3
=| W Y WYy|. (4.72)
W3 W3 W33
Hereafter, in order to simplify the equation, we will use the symbols
Ai(d)=1+g¢gié, i=1,2,3. (4.73)
Thus,
a7 () A 0 0 Jle®
&= 0 A 0 2,©) |- (4.74)
e 0 0 As@) ] [ehs)

Hence, the vector-matrix expression for the control system is written by functions
of § as follows:

ETT Ay 0 0 Vi W WYys 31 47
all=]0 Ay 0|V Wy Wy d>
ng 0 0 Asz||Ws Wy W ds

—k

Aq 0 0 Vi Y Vi3 0 0
+1 0 Ay O Wy, Wy W |l|lO 0 P, ||w
F F

0 0 Az||W¥3 W3 W3 0 w;*

MYy MY MYz | | di+T
=| AW AWy AW d
AW AW AsWss ds
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MYBF AMYBF —A (Y6 —VnG,) | [
+| MW F AWz F —Ax(W21G — W0rG) | | Wy
A3W3sF A3WssF —A3(W31G — W3Gy) wf

In regard to each norm of the equation, we obtain the inequality

)

lley' [l AW AWl A [z + Il
1257102 [ S | 1A2%21] [A2Wn|  [ArWns] ld2 112
||E§TII2 [A3Ws1]  [A3Wa| [A3Wss] 312

IMWF| [AWF] A (WG — UG [0l
+ [ 1A2Wa3 Fl [AWasFl [A2(21G = WorGo)| | | 130572 | - (475)
IA3‘II33F| |A3\D33F| |A3(\II3IG - \Il32Gm)| ”w;{nz

Here, the symbol < denotes a set of inequalities for each element.

4.6 Robust Stability Condition for Multi-Nonlinearity Systems

By using the result of Lemma 4.1, the following inequality is derived:

1 =BiIMVYi3F|  —B2|A Vi3 F| —B3|A1(W11G — V12Gp)l
—B1lA2Vi3 F| 1= BolAaWosF|  —B3|A2(¥21G — Y Gyy)l
—B1lA3 W33 F| —B2| A3V F| 1 — B3|A3(V31G — V3Gpp)l

127127 [1Arenl (AWl 1Al [l + 172

||Ef||2 S | [AWor]  [A2Wan|  [AgWos] Id2ll2 - (4.76)
||Ef||2 [A3W31]  [A3Wa| [A3Was) 3|2

When the matrix of the left side of this inequality is written as

ayl app a
A=|an axn ax|, 4.77)
az|  azx  ass

all non-diagonal elements are obviously non-positive. In addition, if all diagonal
elements are positive and if all principal minors of all orders are positive, this matrix
A is called an M-matrix [5, 6, 16, 17].

Theorem 4.1 [f there exists a q; > 0 in which matrix (4.77) becomes an Os-
trowski’s M-matrix, the discretized model reference control system with sector non-
linearities (4.47), (4.50), and (4.53) is robustly stable in an £, sense, when the lin-
earized system with nominal gains K , K,,, and K y is asymptotically stable [14, 15].
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Proof From (4.77), inequality (4.76) can be written as

air arp a3 | | x1 V1 i
axi axn ax||x2|=|n|Z|»n]|. (4.78)
as; ax a3 | [ x3 V3 y3

where x; >0, y; >0, and a;; <0 fori # j (i, j =1,2,3). Here, y; are arbitrary
values that satisfy 0 < y; <y; <oo (j =1,2,3).
The equality part of (4.78) can be rewritten as follows:

Al A i
0 a a3 | [ =]3], (4.79)
0o o0 a|Lls’ 5
where xi(]) = X;, )7;-1) =y;,and ai(;) =ajj (i, j = 1,2, 3), and furthermore,
1 1 1 1
T gt Rt
s s
R
apy |93 93 ayp |93 933
and
@»_ 1 a)  ayy
P e el ]

Then, the right side of (4.79) can be written as

(n (2) (1) aéll) (0 (3) (2) ag? (2)
y] =1, yz =y2 _Wy] s y3 :y3 _ﬁyz B
ap ay)

provided aﬂ) > 0 and ag) > (0, where 0 < jzj.j) < yj(.j) (j =1,2,3). Thus, we can
see that these values are non-negative and bounded 1f each norm of the exogenous
inputs is bounded (i.e., [F|l2 < 00, [|d; |2 < 00). In addition, if ag) > 0 is satisfied,

0< xgl) < 00,0 < xél) <o00,and 0 < x%l) < 00 are obtained in reverse order. Note

that the above sweep-out procedure for inequalities is similar to the method shown
in Appendix A of Chap. 1.°
On the other hand, (4.79) can be rewritten as

H_( ~(1 1
] ) ol e[
@, M |+ 2 €]
ayy Xy =Y +10 0 —a§3) Xy . (4.80)
3),.(1) 5(3) )
433 X3 V3 0 0 0 X3

3The author proposed a method for inequalities in [10].
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Therefore, if 0 < x3 < 00, 0 < xp < 00, and 0 < x| < 00, then ag) > 0, ag) > 0,

and aﬂ) > () are obtained in reverse order.
% %) % >0, and ag) > () can be rewritten

Noted that the above conditions a,;" > 0, a

as follows:

1
agl) =A1=a;; >0
aplp  anr

Ao azy  axn
ag) =—=—>0
Ay aii

ayy ap aps

az; ay ax;

A3 asz; aszx  asz
(OBl an an|
RVAY) ajl  ap

a1 a2

The conditions say that all principal minors of matrix A are positive, which means
that the matrix becomes an M-matrix.® Thus, it can be proven that

llef|| <oo and |ei|| <oo0, i=1,2,3,

for a nominal control system with gains K, K, and K . Thus, the proof of Theo-
rem 4.1 based on the concept of bounded input-bounded output (BIBO) stability of
model reference control systems is completed. (]

Example 4.4 Consider the following continuous plant:

K,
(s +0.1)(s +0.3)(s +0.5)°

G(s) = (4.81)
where the gain constant is K1 = 0.03. The sampling period and the resolution value
are assumed to be 4 = 1.0 and y = 1.0. That is, the responses of the control sys-
tems trace on integer grid coordinates. The discretized nonlinear characteristic (dis-
cretized sigmoid, i.e., arctangent) is as shown in Fig. 4.20. The Hall diagram is
shown in Fig. 4.23. The input/output characteristic of the discretization process can
be written by, e.g., a C-language expression as follows:

el =y % (Gouble)(int)(e1/y)
v =04%e] +3.0%atan(0.6%e)) (4.82)

vl =y % (Qouble)(int)(vi/y).

The derivation of the result in general form is written in Chap. 5, and graphical representations
are presented in Appendix B of Chap. 5.
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Fig. 4.23 Modified Hall
diagram for Example 4.4

1 U
Table 4.3 Performances of
model reference control Cases G M, gm [dB] pu [deg]
system for Example 4.4
@) 16.0 2.2 7.1 28.3
(i1) 12.0 2.1 10.0 359
(iii) 8.0 2.1 14.9 37.7

When the nominal gain K = 1.0 and the threshold &; = 2.0 are considered, the
sectorial area of the point-to-point characteristic for €1 < |e1| < 40.0 can be deter-
mined as [0.5, 1.5].

The model system is chosen as

1

Gn(d)=———F——=. Kn=1.0, 4.83
m{®) 1+C8+8.082 " (83)
and the feedback compensator is chosen as
14 C18 4 8.0
F§)=———F5, Kf=1.0. 4.84
O =T Rm / (59

For the three cases in Table 4.3, the phase traces and the step responses are depicted
as shown in Figs. 4.24(a) and (b). By applying the model reference feedback struc-
ture, the control system can be sufficiently stabilized. The control performances are
obtained as shown in Table 4.3.

In order to check the robust stability of the discrete control system, the loop
characteristics and the stability margins,

|H|=[A1V13F| (4.85)

and

Ar=1-=B1IAY13F], (4.86)
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Ae

T2

-5

(a) (®)

Fig. 4.24 Phase traces and step responses for Example 4.4 ((i) C| = 16.0, (ii) C; = 12.0, (iii)
C;=38.0)

(a) (b)

Fig. 4.25 Checking of robust stability margins for Example 4.4 when B; = 0.5, > = 0.1,
p3=0.1,and C; =5.0

in (4.77) for g1 = 20.0 ~ 36.0 are calculated as shown in Fig. 4.25(a). Figure 4.25(b)
shows calculated results of the following principal minors for ¢; = 20.0, ¢g» = 5.0,
and g3 =5.0:

ajil app a3
, Asz=lay ax az|.
az| az asz

apy a2

Ay =ay, Ay=
azy axn

It is obvious from these figures that the stability margins for the discrete control
systems are satisfied. For reference, the modified Hall diagram and Nyquist curves
are shown in Fig. 4.23 when the controllers are in high resolution.
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(a) (®)

Fig. 4.26 Phase traces and step responses for Example 4.5 ((i) C; = 16.0 and L,, = 2.0,
(i) C; =12.0 and L,, = 2.0, (iii) C; = 8.0 and L,, = 2.0)

Example 4.5 1In this example, the model system is assumed to be the following
time-delay system:

1

—Lms
S L, =20. K,=10. 487
1+C1o+8052 ¢ " ” (4.87)

Gn(d) =
As for the three cases described in Example 4.4, the phase traces and the step re-
sponses are depicted as shown in Figs. 4.26(a) and (b). By using a model system
with time delay, the responses of the control system can be well stabilized.

4.7 Model Reference Control with Transmission Delay

Since the discretized model reference and quasi-PID control techniques in the pre-
vious sections are analyzed in the frequency domain, the stabilization and design
of control systems with some transmission delay can also be applied. As was de-
scribed in Sect. 4.4, the transfer function of a continuous plant with time delay can
be written as

Np(s) e~ Lps
(s =p)(s—p2)--- (s — pn)
irrespective of whether the time delay exists in the input or the output side of the
plant. Here, L, is the transmission delay (time delay) and the order of the numerator

polynomial N (s) is less than that of the denominator. With respect to time-delayed
systems, the following expression can be given:

G(s) = , (4.88)

bo+biz” bz bz
GQ) = 0 1_1 2_2 n_ -z dp
l+aiz7' +az==---+ayz™"
_bOZn +blzn*1+...+bn_lz+bn Zidp
tai? N+ tap—1z+ay .
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Fig. 4.27 Modified Hall diagram for Examples 4.6 and 4.7

Table 4.4 Performances of
model reference control
system for Example 4.6

Cases C Ly Ly M, gm [dB]  py [deg]

(i) 8.0 2.0 0.0 3.38 4.43 17.2
(ii) 8.0 2.0 2.0 5.49 2.66 114
(iii) 8.0 20 40 3.18 5.84 19.1

Example 4.6 Consider the following continuous plant with transmission delay:

KP
(s +0.1)(s +0.3)(s +0.5)

G(s) = et K,=003, L,=20. (4.89)

Here, the model system is assumed to be

1

—L,,s
— _e7lms [,=20, K,=1.0. 4.90
1+ Cy8 +8.082 " " (4.90)

Gm(d) =

The feedback compensator F'(§) is the same as (4.84). The Hall diagram and
Nyquist curves are shown in Fig. 4.27. Also in this example, the phase trace and the
step responses are well stabilized and depicted as shown in Figs. 4.28(a) and (b). Ta-
ble 4.4 shows the model and compensator parameters and the control performances.
The relationship between the step responses and the performance indices is not as
clear as it appeared in linear control systems.

Example 4.7 The model reference control technique can be applied to controlled
systems with long transmission delay. In this last example, consider the following



138 4 Model Reference Feedback and PID Control

o
i
i\

;
,

(a)

(b)

Fig. 4.28 Phase traces and step responses for Example 4.6 (C; = 8.0, (i) L,, = 0.0, (ii) L,, = 2.0,

(iii) Ly = 4.0)

<

(a)

(b)

Fig. 4.29 Phase traces and step responses for Example 4.7 (C; = 8.0, (i) L,, = 2.0, (ii) L,, =4.0,

(iii) L, = 6.0)

Table 4.5 Performances of

model reference control Cases () L, Lm My, guldB]  py ldeg]
system for Example 4.7

1) 8.0 6.0 2.0 2.1 0.20 0.29

(i1) 8.0 6.0 4.0 1.8 0.06 0.69

(iii) 80 60 60 16 378 25.6
continuous plant:

KP —L,s
G(s) . »”, K,=0.1, L,=6.0. 4.91)

T 5402)(s+04)
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Fig. 4.30 Robust / :
performance measures A / | \
(C1=8.0,L,=6.0,and / | \
Ly =6.0) 2 S ; AN
- : \
- i hN
,/”/ |H] 5 ~
1 ;
BilH| i
\ i o
< 0.
0 Al «\\\ ; ] /’ w
-1 \\ /

Figures 4.29(a) and (b) show the phase traces and the step responses when using the
model system given as

1 —Lus _

Gm(8) = 11 C13 5805 e . Km=1.0, (4.92)
where L,, = 2.0,4.0,and 6.0. Although there are some deformations in the re-
sponses, the stabilization of the control system is achieved well. However, the re-
lationship between the step responses and the performance indices is considerably
different from those in (usual) linear control systems. The relationship between the
model and compensator parameters and the control performances becomes as shown
in Table 4.5.

For reference, the robust performance measures |H| , f1|H|, and A that cor-
respond to (4.85) and (4.86) in Example 4.4 are depicted in Fig. 4.30. The mod-
ified Hall diagram and Nyquist curves for Examples 4.6 and 4.7 are as shown in
Figs. 4.27(a) and (b) when the controllers are in high resolution.

4.8 Exercises

(1) Confirm that the following equality holds in regard to (4.3) and (4.6):

lim C(8) = C(s).
Jim (8)=C(s)
(2) Determine the z-transform of the following plant with a zero-order hold:

G(s) K =1.0.

TG+ DE+2)

Assume the sampling period 2 = 0.1, and use the result of Example 4.1, i.e.,
Egs. (4.15)—(4.17).
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(3) Determine the characteristic equation F(z) = 0 for Example 4.1 (A) when a PI
controller is used (i.e., case (i), K, = 1.0, C; = 1.0, and Cp = 0.0).

(4) Show that the approximate PID control system in Fig. 4.18 is obtained from the
model reference feedback system in Fig. 4.17, when D, (-) and D (-) are K,
and K y = 1/K,,, respectively.

(5) Regarding the simultaneous (linear) inequalities,

apxiy +appx2 +apixz <y
azixy +axxy +ayxz <y
as1x1 +azxa + azzxsz < ys,

show that the following operations are valid (a similar concept to (1), (2), and
(3) in Appendix A of Chap. 1):

(1) interchanging two inequalities,
(2) multiplying each term in one inequality by a positive constant,
(3) adding a positive multiple of one inequality to another.

6) Inregard to a vector-matrix expression, Ax < y, where
g p Yy

aip ap a3 X1 Vi
A=|an ax» a3|, x=|[x2|, y=|»|,
asl azy  as;z X3 3

show that the following operations are valid (a similar concept to (a), (b), and
(c) in Appendix A of Chap. 1):

(a) interchanging two rows,
(b) multiplying each term in one row by a positive constant,
(c) adding a positive multiple of one row to another,

considering the influence on variables x; and y; (i, j =1, 2, 3).
(7) Show that the condition of the M-matrix is not influenced by the above opera-
tions (a), (b), and (c).

Appendix

In this chapter, C-language functions for polynomial and complex variable opera-
tions are provided as a reference for the reader.

A.l Polynomial Operations

/* polynomial multiplication =x/
void p_mul (na,nb,a,b,c)
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int na,nb;
double afl[20],b[20],c[20];
{
int i,ia,ib,nc;
nc=na+nb;
for(1=0;i<=nc;1i++){
c[i]1=0.0;
}
for(ia=0;ia<=na;ia++) {
for (1b=0;ib<=nb; ib++) {
cl[ia+ib]=c[ia+ibl+alial*bl[ib];
}
}
}
/* polynomial addition =/
void p_add(na,nb,a,b,c)
int na,nb;
double al[20],b[20],c[20];
{

int i,ia,ib,nc;
if (na>=nb) {

nc=na;
for (ib=nb+1;ib<=nc;ib++) {
b[ib]=0.0;
}
}
else{
nc=nb;

for (ia=na+1l;ia<=nc;ia++) {
alial=0.0;
}
}
for (i=0;i<=nc;i++) {
clil=alil+bl[il];

}
}
/* polynomial subtraction =x/
void p_sub(na,nb,a,b,c)
int na,nb;

double af[20],b[20],c[20];
{

int i,ia,ib,nc;

if (na>=nb) {

nc=na;
for (ib=nb+1;ib<=nc;ib++) {
bl[ib]=0.0;
}
}
else{
nc=nb;

for (ia=na+l;ia<=nc;ia++) {
alial=0.0;

141
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}
}
for (i=0;i<=nc;i++) {
clil=alil-b[il;
}
}

/+ derivative of ploynomial =*/
void p_der (nd, ad, cd)

int nd;
double ad[20],cd[19];
{
int i;
for (1=0;i<=nd;i++) {
cd[1]=0.0;
}

for(i=0;i<=nd-1;i++){
cd[i]=(double) (1+1)*ad[i+1];
}
}

/+ values of polynomial =*/
complex p_val (nv,av,s)
int nv;
double av[20];
complex s;
{
int 1i;
complex z,f;
f.re=av[nv];f.im=0.0;
for(i=1;i<=nv;i++){
z.re=av[nv-i]l+f.re*s.re-f.imxs.im;
z.im=f.rexs.im+f.im*s.re;
f=z;
}

return (f) ;

A.2 Complex Variable Functions

/* complex variable subroutine functions =/
#define TINY 0.000001
typedef struct{
double re;
double 1im;
}complex;
/* complex addition =/
complex cadd(a,b)
complex a,b;
{

complex Z;
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Z.re=a.re+b.re;
z.im=a.im+b.im;
return(z) ;

}

/* complex subtraction =/
complex csub(a,b)
complex a,b;

{
complex X;
xX.re=a.re-b.re;
X.im=a.im-b.im;
return (x) ;

}

/* complex multiplication =*/
complex cmul (a,b)
complex a,b;

{
complex X;
X.re=a.rexb.re-a.im*b.im;
xX.lm=a.rexb.im+a.im*b.re;
return (x) ;

}

/* complex division =*/
complex cdiv(a,b)
complex a,b;

{
complex X;
double d;
d=b.re*b.re+b.imxb.im;
if (d==0) {
printf ("\n\n divided by zero error !!!\n");
d=TINY;
}
printf ("d=%1f\n",d);
x.re=(a.rexb.re+a.im*b.1im) /d;
x.im=(a.im*b.re-a.re+b.im) /d;
return (x) ;
}

A.3 Partial Fraction Expansions

/* partial fraction expansion x/

/* Kx(s-z1)....(s-zm)/(s-pl)....(s-pn) =/
void p_pf(n,m,p,z, k,ap)

int n,m;
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double p[20],z[20],k,ap[20][31];

{
int i,3;
double pd=1.0;
double zd=1.0;
for(i=1;i<=n;i++){
pd=1.0;
for(j=1;Jj<=n;j++){
if(j!=1) pd=pdx (plil-p[]jl);
}
zd=1.0;
for(j=1;j<=m;j++){
zd=zd* (p[i]l-z[J1);
}
ap[i] [0]=k+*zd/pd;
}
}
/* partial fraction expansion-1 =x/
/* Kx(s-z1l)....(s-zm)/s(s-pl)....(s-pn) =*/
void p_pfl(n,m,p,z,k,ap)
int n,m;
double pl[20]1,z[20],k,apl[20]1[31;
{
int i,3;

double pn=1.0

double pd=1.0;

double zn=1.0

double zd=1.0;

for(i=1;i<=n;i++) {
pn=pnx* (-p[i]);

}

for (j=1;Jj<=m;Jj++){
zn=znx* (-z[Jj1);

}

apl[0][0]=k*zn/pn;

for(i=1l;i<=n;i++){
pd=pl[i];
for (3=1;Jj<=n;j++){
if(j!=1) pd=pd*(pl[il-p[3j]1);
}
zd=1.0;
for(j=1;j<=m;j++){
zd=zdx (p[i]l-z[]j]);
}
ap[1i] [0]=kxzd/pd;
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Chapter 5
Multi-Loop Feedback Systems

5.1 Introduction

In this chapter, the concepts described in Chaps. 2 and 3 are extended to multi-
variable and multi-loop feedback systems. For the input-output stability of multi-
variable systems, matrix representations and inequalities based on the norms in the
£, space will be defined. Usually, multivariable control systems are analyzed in a
state space and are designed by using quadratic forms; see, e.g., [8]. However, a
design method on the basis of vector-matrix representations (the linear quadratic,
LQ, form) is not practical, because controlled systems are accompanied by many
nonlinearities [3, 9]. Therefore, in this book, for multiple nonlinearities, inequality
conditions and Ostrowski’s M-matrix [7] are applied to the stability problem.

5.2 Input-Output Stability for Multi-Loop Systems

First, a multi-loop control system as shown in Fig. 5.1 is considered. Here, each
variable is given in vector form as follows:!

r(k) = (r1(k), ra(k), -, i (k)T e(k) = (e1(k), e1(k), - -, en (k)T
v(k) = (W1 (k), v2(k), -+, v DT, (k) = (g (K, uy (), -+, un (k)T
d(k) = (di(k), da(k), -, dn kDT, y(k) = 1K), y1(k), -+, ya (k)T
k=0,1,2,---.

'In this chapter, the symbol “n” is used for the number of loops regardless of the system order and
the signal resolution.

Y. Okuyama, Discrete Control Systems, 147
DOI 10.1007/978-1-4471-5667-3_5, © Springer-Verlag London 2014
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Fig. 5.1 Nonlinear
time-varying multi-loop r t S fle k) Y
feedback system -
d
L G "k
+

As is obvious from the figure, the following equations are given:

v(k)= f(e k), k=0,1,2,---
¥@)=G(@u(2) (5.1)
e(k)=rk) — yk), uk)=vk) +dk).

Here, it is assumed that the nonlinear time-varying element f (e, k) is given by the
following diagonal matrix:

f (e k) =diag{fi(e1, k), faea, k), -+, fulen, k)}, (5.2

and the linear (discrete-time) dynamical system G (z) can be written as the following
n X n matrix with z-transformed elements:

GG Gr@ ... G
G21(2) Gn(z) ... Gul(z)
G(2) = . . _ . (5.3)
Gni(z) Gua(2) ... Gnn(2)
Moreover, r; (k) and d; (k) (i = 1,2, --- , n) are exogenous inputs that exist in the £,

space. Here, in the strict sense, (5.2) should be written as

S (e, k) =diag{ fi(e1(kh), kh), f2(ea(kh), kh), -, fu(e(kh), kh)},
where 4 is the sampling period.
Definition If r;(k) € £, and d;(k) € £, (i = 1,2,---,n) lead to ¢;(k) € £, and
vitk) €€y (i =1,2,---,n), the feedback system is called bounded input-bounded
output stable (BIBO stable).

If it is valid that

o0 o
Yl <oo, D ldik)|* <o, i=1,2,-.n

k=0 k=0

lead to

00 00
YlemP <co, Y kP <oo, i=1,2--.n,
k=0 k=0
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then the nonlinear time-varying multi-loop system is input-output stable. For a norm
expression, the above conditions can be written as follows:

Iri ()|l <00 and [|ld;(k)l2 <00 = [lej(k)[2 <00 and [ly;(k)ll2 < o0, (Vi).

5.3 Stability Condition for Multi-Loop Systems

From the last equations of (5.1), the norm inequalities of these variables are given
by applying Minkowski’s inequality:

lei ()2 < lIriR) 2 + lyi (Ol i=1,2,---,n (5.4
lui(K)ll2 < llvi(D]l2 + Idi K ll2.,  i=1,2,--,n. (5.5

In this chapter, these inequalities are rewritten in vector form as follows:?

CNer®)2] [ llri®ll2 ly1 ()2

llea (k) l2 lr2 (k)2 ly2 (k)12
N e e (5.6)

Lllen (B2 | [l (B2 lyn (K)1l2

Nur 127 [ vz lld1 (k)2

lua (k) ll2 lv2 (k)2 ld2 (k)12
: = : + : (5.7)

()2 | [lva(R)l2 lldy (k)I2

In this book, Euclidean norms of these vectors, e.g.,

n 1/2
lxllz = (Z |xi|2>
i=1

are not considered, because the stability analysis of nonlinear feedback systems
using those norms may become conservative.
If each component of the nonlinear time-varying element, f (e, k), is given by

| fi(ei, k)| _

= pi <00, i=]127"'7n7 (5'8)
lei (k)| ’

2The inequality symbol < denotes that each component of the left-side vector is less than or equal
to each component of the right-side one.
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the norm of the output of the ith nonlinear element v; (k) can be expressed in vector-
matrix form as follows:

v (k)12 pr 0 ... 0| [lle(®)ll2
lv2 (k) l2 0 p2 ... 0] llez(®)ll2
llvn (k)12 0 0 ... po]Lllen®)li2

where 0 < p; <00 (i =1,2,---,n). Then, inequality (5.5) can be written as

lluy (k)2 pr 0 ... 0 ller (o) l2 ldi ()2
lua (k)2 0 p ... O lle2 (k)12 ld2 (k) 12
. = . .. . . + . (5.9
llun ()2 0 0 ... pu]|llea(®l2 lldy (k)12
On the other hand, the following relation holds for z = e/eh.
||?1(Z)||2 [sup, =1 [G11(2)]  sup = 1G2(@)] ... sup =1 [G1a(2)]
y2(2) 2 sup ;=1 [G21(2)|  sup; =1 1G2(2)| ... sup;=;|G2n(2)]
15n@l2]  Lsuppet 1Ga @] supp =y 1Gu2@)] ... sup—; [Gun(2)]
i (2)1l2]
li2(2) 12
. (5.10)
i, (2) 1l2_]
Here, |z| = 1 corresponds to w : —w/h — /h, i.e.,
sup [Gij()l = sup  |Gij(e/®M)], i j=1.2,-.n.
lz|=1 —n/h<w<m/h
By applying Parseval’s identity,? the following inequality is obtained:
Iy1 (k)2 IGuE“M] 1GE®] ... G [l @l
ly2(k) 12 1Ga1 (M| [Goa(e/M)| ... [Gau@@ M) | | lluzk)ll2
|y () Ml2 1Gu1(€7M)|  |Gua(e?M)| ... |Gua(e/®M)] llun () l2
(5.11)

3See Appendix B in Chap. 3.



5.3 Stability Condition for Multi-Loop Systems 151

Using (5.6),
llerGo)l2 llr1 ()2 IGuE™ ... 1G] [l
lle2 (k) 1l2 lr2(k)1l2 1G21(&/“M)| ... |Gap(el®M)] luz (k) l2
) = . + ) . . . .
llen ()12 7 ()12 1Gui @M .. 1G] Lllun®)ll2
(5.12)
Thus,
ller (k)2 lr1 ()1l 1G] 1GE®)] ... |G
le2®llz | _ | ir2(0)1l2 . G2/ 1G] ... G/
llea ()2 [TAGIE G (@M Gpa@®M)] ... |Gun(edM)]
pr 0 ... 0| [ller(®)2 ldi (k)2
0 p2 ... O[] lleax®)l2 lda (k)2
: L. : : + : G.13)
0 0 ... po]Llleat®l (k) 12

Rearranging inequality (5.13), we obtain:

L=pllGuE™M  —plGra@M] ... —palGra@M)] ] [Nerk) 2

—p11Gu M) 1= palGa@] ... —palGa (&M || lea(®)l2

—p1lGui (&M =pa|Ga(&/M)] . 1= pylGua (/M| |llen(®)l2

71 () ll2 G E“M] 1G1E] ... 1G] [dik)]2

l72(k) ll2 . |G21 (€M) 1G] ... |G (/M) | | ld2(k) 2

7 () 12 1Gu1 (€M) 1Gu2(e/®M)] ... [Gun(&@M)] ]| Llldn(K) 12
(5.14)

When the matrix on the left side of the above inequality is written as

arl aln Aln

a;p axp ... axy

A= , (5.15)

dpl A4up2 ... dpp
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all non-diagonal elements are obviously non-positive. In addition, if all principal
minors of (5.15) are positive,4 matrix A is called an M-matrix [6, 7].

Based on the above premise, the following theorem for multi-loop discretized
nonlinear systems is obtained.

Theorem 5.1 If |ri(k)|l2 < oo (i =1,2,---,n) and |dj(k)]2 < oo (j =
1,2,---,n),then |le;(k)| (I =1,2, - ,n)become bounded (i.e., the system is BIBO
stable) when the matrix of the left side of inequality (5.14) is Ostrowski’s M-matrix.

Proof By using matrix expression (5.15), the system inequality (5.14) can be written
as follows:

air app ... aip | [ x 3! yi
axl axp ... ay||x2 2 2
= .= , (5.16)
anl aup2 ... dpp Xn yn Yn
where elements of vectors x; and y; (i =1, 2, --- , n) are non-negative, and all non-
diagonal elements of matrix (a;;) (i, j = 1,2,---,n) on the left side of (5.16) are
non-positive (i.e., x; > 0, y; >0, and a;; <0 fori # j).
The equality part of (5.16) can be rewritten as
(D (1) (1) 1 ~(1
ap 4y e A4y X%i §2;
() (2) 5
0 ay ... ay, Xy _ Yy .17)
: 3 E
0 0o ... a,(,’,? xr(L ) y;gn)
where al.(;) =ajj, xj(.l) =xj, )71-(1) = ¥;, and furthermore,
(1) (D
A = b ol
ij =
ay) |y
(2) (2)
W=D b
ij 2
ay) @y @
(n—1) (n—1)
1 a a .
(n) —1n—1 -1 A
G = | b e GF=23000m).
Ay n—1 in—1 4 J

4As a result, all diagonal elements become positive.
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Then, the right side of (5.13) can be written as
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(D (2) (H aéll) 1 =03 (2) aé? (2)
V=YL =Y~ Y3 =Y T g
an a
(n—1)
...... ) — =) _ Gnn=1 51
> Y =W (n—1) n—1
n—1 n—1
provided aill) >0, ag) >0, ,ali'i_llzl_l > 0, where y;f) (j=1,2,---,n). Thus,
one can see that these values are non-negative and bounded if each vector y; is
bounded (i.e., y'" < o0, i =1,2,---,n). In addition, if ajy > 0 is satisfied, then
x,(zl) < 00, )cr(ll_)1 <00, --+,and xfl) < oo are obtained in reverse order. We note

here that these conditions can be rewritten as:

aﬂ) = Al =dal| > 0
ajil  ap
Ar ay axn
ag) =—= >0
A ar
apl ap aps
a1 ax a3
A3 azy asy  ass
ad = =2 = >0
3T Y
2 aiy ap
az;  ax (5.18)
al  an ain
ar  ax aon
A anpl a2 Ann
A — > 0.
A
n—1 an ain—1
an—11 an—1n—1

On the other hand, if the solution of (5.16) is calculated using some numerical

method as x; < 00, X2 < 00, ---, X, < 00, then a

e @

*s pp

¢ >0), - will be

obtained in consequence thereof. These conditions say that all principal minors of
matrix A are positive, which means that the matrix becomes an M-matrix.
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The conditions say that all principal minors of matrix A are positive.> That is,
the matrix becomes an M-matrix. Thus, we can prove that

lefll <oo and Jle;|l <oo, i=1,2,3,

when the nominal control system with gains K, K,,, and K 7 is asymptotically stable.
Based on the concept of BIBO stability, the robust stability of multi-loop discrete
control systems can be proved.

Remark As is clear from Fig. 5.26 (see Appendix B), the condition “all principal
minors of matrix A are positive” can be rewritten as: “the solution of Ax = 0 exists
in the first quadrant (x; > 0, Vi).”

5.4 Input-Output Stability for Two-Control-Input Systems

In the case of two-input and two-output systems, Fig. 5.1 is redrawn as shown
in Fig. 5.2. As is given in (5.2), cross terms of nonlinearities are not considered
here. It is assumed that the nonlinear time-varying elements are written as fj (e, k),
f2(e2, k), and

[ fi(e1, k)] - - | f2(e2, k)]

s < . 5.19
el = el =2 ©-19)

Then, the norm of the output of each nonlinear element is written in the following
vector-matrix form:

|:||U1(k)||2:| [m 0} |:||€1(k)||2:|
< . (5.20)
lv2 (k) ll2 0 p2]|llea(®)ll2
As is obvious from Fig. 5.2,
|:||M1(k)||2] [m 0} |:||€l(k)||2:| |:||d1 (k)llz]
< + ) (5.21)
luz (k) ll2 0 p2[llea(®)ll2 ld2 (k)2

On the other hand, with respect to the controlled systems the following inequality
holds for z = e/®":

151112 < supiz=1 [G11 (@) sup; = G12(2) | | @1 (D)2 e
sup|; =1 1G21(2)|  sup;=; G22(2)

y2(2)ll2 llu2(2)1l2

5The derivation of the result in general form was proved by the author; see [4].
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rn t e v
O ——{fi e k)——
+
= O —Afa(e2 I—=
+ urt d
< Y11 Gu(2) 1" < 2
Y21 Ga1(2)
Y12 Gra(2)
+ u + d
+y22 Goa(2) 2 + 1
Fig. 5.2 Nonlinear time-varying two-control-input feedback system
Here, |z| =1 corresponds to w := —n/h — 7/ h, i.e.,
iwh ..
sup [Gij(2)| = sup  |Gii(e!")|, i, j=1,2.
z]=1 —/h=w=m/h

By applying Parseval’s identity,

[nyl(k)nz} _ |:|G11(ej‘”h)| |G12(€j‘”h)|] [nul(k)uz]
< ) (5.23)

ly2 (k)12 |G21(e7“M)| |G (e/M)[ | | llua (k)2
From Fig. 5.2,
|:I|61(k)||2] |:||r1(k)llzi| |:|Gu(ejwh)| IGlz(ej“’”)li| |:|Iu1(k)llz}
< + ) ) . (5.24)
llea (k)2 22 1G21(&/°M)| 1G] | | llu2(k)]2
Thus,

|:||el(k)||2:| [r@®l2]  [1GHEh)] |G12(ej‘*’h)|:|
s +
lle2(k)l2

L@ l2 ] [1G21(e7®M)]  |Gan(e/M)
”,01 0} [ller )12 [lldy (@Ilz“
. n . (5.25)
0 p2| | llext®ll2]| | Nld2(k)l2

Rearranging inequality (5.25), the following is obtained:
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Fig. 5.3 Multi-loop
discretized PID control e
system :

[1 —p1lG11(7M)|  —p2|Gia(eM)| ] _Ilel(k)llz}
—p1lGar (/M) 1= pa|Goa(e®M)| | | lle2 (k)2

[IA

{un (k)llz} . [|Gn(efwh>| |Glz<e/w’1>|} [ndl (k)||2i|
I72(0) )2 1Ga1 /)] [Go(elM)| | | Ida(k)ll2 ]

(5.26)

Corollary 5.2 If ||rill2 < 00, 722 < 00, |ldi|l2 < 00, and ||d2 |2 < oo, then |leq |2

and ||ez||» become bounded when the following inequalities are satisfied:

1—p1- 1G] >0,

(or 1—p2-1GpEM)|>0), 0<w<ao.,

and

(1= p11G11 (MDA = p2|Ga2(e?“M)]) > 0.

Proof The above conditions are obvious from the proof of Theorem 5.1.

5.5 Multi-Loop Discretized PID Control Systems

(5.27)

(5.28)

For a multi-loop structure, the discretized nonlinear control system is drawn as
shown in Fig. 5.3. In this figure, the dynamical system G(z) is given in matrix

form as follows:

Gi1(z) Gi2(2) ... G

G(z) GnE) ... Gu(z)
G(z) = . . . .

G Gm@ . G2

(5.29)
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Jr
e e1 Nt (e)|—12
r + e v
2 ~O— z Nyz(e2) 2
+ u up T d
y1+m Y1 Gu(2) cl Ci(2) 1 ) 2

Y21 Gor(2)

Y12 Gra(2) —

1 oo +

Y
TOﬁGm(z) Uc2 C2(2) Uz CJ-‘F di

Fig. 5.4 Nonlinear two-input/two-output PID control system

Moreover, controller C(z) is a diagonal matrix that can be written as

C1(2) 0 0
0 Ca(z) ... 0
C(z) = : : . : (5.30)
0 0 .. G

When considering two-input and two-output systems (i.e., n = 2), the discretized
control system can be drawn as shown in Fig. 5.4.
In (5.30), each controller C,(z) is given by

et (2) = K i (2) + cl,-? +Cpi - 8(2) (531)

as shown in (4.4), where § is a bilinear operator written as

2 1—z1
h o 14z71

Therefore, controller matrix C(z) can also be written as

C(8) =diag{C1(8), C2(8), - - , Ca()},

Cid)=K,i |l
i(9) pl<+TH5

+ TDi5) . (5.32)

In the frequency domain,

1 1
Ci(iQQ)=K,; |1 iTp: Q) =K,; |1 i\ Tpi 2 — s
i(jS2) pz( +jT],'Q+J Dj ) pz[ +]< Di T],'Q>:|
(5.33)
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Fig. 5.5 Discretized
nonlinear PID control system

where Q = (2/h) tan(wh/2). As described in Chap. 4, if using the direct difference
method, the control algorithm is given by

k
ei (k) = K piui (k) + Cri Y u(j) + Cpi Au(k). (5.34)
j=0

The multi-loop discretized control system shown in Fig. 5.3 is redrawn as shown
in Fig. 5.5 in regard to the nominal gain of discretized nonlinearity. Here, the nomi-
nal gain matrix is given by

K 0 0
0 Ky ... O

K=| . . s (5.35)
0 0 K,

and the nonlinear part of the system is written as

g: R'"—>R"

wi=gile;) i=1,2,---,n. (5.36)
In addition, each variable is written in the following vector forms:

e=(e1(k),ex(k), -, e kN, w=(wi(k), wak), -, wu (k)"
v =l K, vy k), v DT,y = k), ya k), -,y k)T

The exogenous inputs are also written as

r=(r1(k),ra(k), -, (k)T
d = (di(k),dr(k), -, dy (k).

From the block diagram of Fig. 5.5,

vi (k) = wk) + Ke(k).
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Fig. 5.6 Nonllnear ‘ ....................................... T
multivariable subsystem ‘

In regard to the z-transform,
() = () + Ke(2).
Moreover,
5(2) =G(R)ICRAE) =CGR)C()(B' () +d ()
=G(2)C()[w(2) + Ke(z) +d(2)].
Since &(z) =F(z) — y(2),
() =#(2) — GRC @) — G(2)C()Ke() — GR)C(2)d(2).
Here, as is shown in Fig. 5.6,
W(z) =" (2) + Bgde(z).
Therefore,
¢(2) =#(2) — G()CRIW*(2) + Bgoe(x)] — G()C()Ke(z) — G(2)C(2)d(2),
and furthermore,
[+ GR)C (K + Bg8)1e(z) = (2) — GRC@DB*(2) — G()C()d(2),

where I is the identity matrix. Thus, H (8, ¢, z) can be obtained as follows:

H(B.q.2)=[1+GR)C@) (K +Bg8)] 'G()C(2). (5.37)

As was described in Chap. 2, the discretized control system shown in Fig. 5.5 is
redrawn as shown in Fig. 5.7. In the figure, ¢ is a diagonal matrix with non-negative
elements that is written as

qgq 0 ... O
0 g ... O
q=| . .. . (5.38)

0 0 ... gqn
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Fig. 5.7 Equivalent 4

multi-loop system ‘
e* w+ e*f w*
:=<Jr = g°(")
u’ + d
H o
(B,4,2) i
Moreover, 8 is also a diagonal matrix that can be written as
Br 0 ... O
0 B ... 0
=1 . .. . (5.39)
0O 0 ... PBn

From the equivalent multi-loop system as shown in Fig. 5.7, the following relations
are obtained:

w* (k) = g*[e* (0], (5.40)
e (k) =€ (k) + e* (k). (5.41)
Here,
gie* (k) 0 . 0
. - 0 83" (k))
w* (k) = g*[e" ()] = : : , N N ER5)
0 0 S Gl (3))

and, as shown in (3.25), it is assumed that the following sectors can be considered
in regard to each nonlinear part:

g [e* (k)]

T O] <pi<oo, i=1,2,---,n. (5.43)

Clearly, from Fig. 5.7,
&1 =€ @ + I +49)e),
¢(2) =) — ¥ 2.

On the other hand, the following relations hold:

Y(@)=H(B.q,2)i (2),
i'(z) =w*(2) +d (2).
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Fig. 5.8 Equivalent
small-gain system

The block diagram of the discrete control system shown in Fig. 5.7 can be trans-
formed into Fig. 5.8, where

WB.q.2)=U+q3)H (B, q,2)
=T +¢d)I + (K +Bg8)G(2)C()]'GR)C (). (544)
Thus,
() =r"x) - W(B.q.2)(w*(2) +d'(2)). (5.45)
where
r'(z2) =€(@) + I +¢5(2))r' (2).

The discrete control system shown in Fig. 5.8 corresponds to Fig. 5.1. Therefore,
inequalities (5.11) through (5.14) can be applied to this multi-loop system. That is,

the following inequality is obtained with respect to z = e/®:6
e @l Iry &) ll2 Wi @] [Wia@e/®)] ... [Win(e/*h)]
lesT &)l 75 (k) 12 . [War (/)| [Waa(e/™M)| ... [Wau(e/®h)
1€ @ 7y (k)12 (War @) [Waa (@M)W (/M)
B0 ... o7 [ueTwl ld; ()2
0 B ... O]l lldy () 2
o . ) o+ . (5.46)
0 0 Bul | llef )1l ), (k) l2
Then,

%In the following inequalities, vectors of sector parameters 8 and arbitrary non-negative parameters
g are omitted in W;; (-, -, e/“"), (i, j = 1,2,--- ,n).
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L= BIWHEM)] —BlWi@®M)] .. —BalWin (/M) ] e ol

—BiIWa1 @M 1= oW (&M —BulWau TN | | lle3T ()

—BUWa M) =B WM 1= BalWan @M | e 011

Il TIWiE“MH] [Wia@e M) Wi, /M [lld] ()2

RG] N [War (/)| [Wa(e/®M)| ... |[Wau (/)| | | Id5(K)II2

llry! (k)12 (Wa1 (/M) [Waa @M .. [ Wan(e/M)| ] Lildy ()2
(5.47)

As was described in (5.14), the matrix of the left side of (5.47) can be written as

aig aln e a]n
anq ann o e azp

A= . L - (5.48)
anpl ay2 ... dpy

Obviously, all non-diagonal elements of (5.48) are non-positive. If all principal mi-
nors of (5.48) are positive, the matrix A becomes an Ostrowski M-matrix.

Based on the above premise, we obtain the following theorem for multi-loop
discretized nonlinear systems.

Theorem 5.2 [f there exists a q; > 0, Vi in which matrix (5.48) becomes an Os-
trowski M-matrix, the discretized multi-loop control system with sector nonlineari-
ties (5.43) is robustly stable in an £ sense, when the linearized system with nominal
gains K; is asymptotically stable.

Proof By using matrix expression (5.48), the system inequality (5.47) can be written
as follows:

ail ap ... dp || X1 Vi Vi

azr axp ... Q|| X2 »2 2
=102 (5.49)

anl Ap2 ... apy | | X0 Vn Vn
where elements of vectors x; and y; (i =1, 2, --- , n) are non-negative, and all non-
diagonal elements of matrix (a;;) (i, j =1,2,---,n) on the left side of (5.49) are

non-positive (i.e., x; > 0, y; >0, and g;; <0 fori # j).
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The equality part of (5.49) can be rewritten as

(D (1) (1) (D ~(D
ardg A, -
0 ay ... ay, RO N R0 (5.50)
0 0 ... a®||xP Fom
where al.(jl) =aj, xj(.l) =xj, )71-(1) = ¥;, and furthermore,
(1) (D
o = loth b
ij 1
ay lan’ a;
(2) 2
a® = 1 ay “2£
ij T Q) a(2) )
ayy |%i2 ij
(n—=1) (n—1)
(n) 1 Ay_1n—1 -1 ..
aff = [t Tl Gi=230 .
Ay 1 n—1 in—1 ij
Then, the right side of (5.50) can be written as
(1) @ _ = aéll) 1 -6 _ -2 “é? @
Yo =YL Yy =Y T Y o Y3 =V T g2
ap dy
(n—1)
...... ~(n) _ s(n—1) _ Ay n—1 ~(n—1)
sy Yn " = Vn n—1) n—1
an—l n—1
provided afll) >0, ag) >0, ,a,(i':l,)lfl > 0, where i;‘/) (j=1,2,---,n). Thus,
these values are non-negative and bounded if each vector y; is bounded (i.e., yl.(l) <
oo, i =1,2,---,n). In addition, if a,(,',? > 0 is satisfied, then x,(,l) < 00, xfllj] <
00, ---,and x{l) < 00 are obtained in reverse order.

On the other hand, if the solution of (5.49) is calculated using some numerical
method as x| < 00, xp < 00, -+, X; < 00, then aﬁ) >0, ag) >0),---, a,(lfl) will be
obtained in consequence thereof. These conditions say that all principal minors of
matrix A are positive, meaning that the matrix becomes an M-matrix.

The conditions say that all principal minors of matrix A are positive, and this
means that the matrix becomes an M-matrix. Thus, we can prove that

lefll <oo and Jle;|l <00, i=1,2,3,

when the nominal control system with gains K, K,,, and K ¢ is asymptotically stable.
Based on the concept of BIBO stability, the robust stability of multi-loop discrete
control systems can be proved.
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Example 5.1 Consider the following 2 x 2 controlled system:

0.2 0.04
Gs) Guls) - Gals) (s +0.5)(s + 1.0) 103
S) = —
Goi(s) Goa(s) 0.04 0.2
s+0.2 (s +0.4)(s +0.8)
(5.51)

By using computerized transformation, we can obtain the following transfer func-
tions with respect to z:

0.061z + 0.037 0.036
Gi1(z) = . G = ,
1= 5"99.702 29 0% 552
Gy = 205 ) 0068210046 '
W= ""T074 TP T 2 12,4030

It is assumed that the controller is given as the following two-channel controller:

k

ue1(k) = Kpiuy (k) + Cri Yy _u1(j) + Cpi Auy (k).
=0 (5.53)
uer (k) = K poui (k) + Cra Yy _uz(j) + CpaAuz (k).
j=0

as shown in (4.11), where Au;(k) = u;(k) —u;j(k — 1) (i = 1,2). Using the z-
transform expression, the controller actions are written as

R 1 .
ie1(z) = Kprig(z) + Cpy - — ——ii @+ Cpi1(1 -z~ N (2)

{ (5.54)
ii2(2) = Kp2it2(2) + Cro - = i02(2) + Cpa(1 = 2 Hita(2).
The discrete controller C(z) is given by
Ciz) 0
C@z)= ; (5.55)
0 Cr(2)

where

Ci(@)=Kpi+Cri» T—— +Cpi(l =271, i=12

The closed-loop characteristic W(8, ¢, z) as shown in Fig. 5.8 is derived as fol-
lows:

W(,B,q,z)=|:W”(ﬂ’q’Z) le(ﬂ,qyz)]:[ljuqlg 0

i| (5.56)
WZI(ﬂaqu) sz(ﬂJl»Z) 0 1+6]25
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1 0] [Ki+pBiq1é 0 Gu Gplfc o)
~ +
0 1 0 Ky +Bog2d | |G G| 0 G
Gn Gp||C O
Gy Gxn||0 G

Wii1(B1, B2,91,92,2)  Wia(B1, B2, q1, 92, 2) I+q18 0
Wo1(B1, B2, q1.92,2)  Wa(B1, B2.q1,42,2) 0 14+ q26

Hl 0} N |:(K1 +B1918)G11C1  (Ky +ﬂ16]13)G12C2)] ]_1
0 1 (K2 + B2q28)G21C1 (K2 + B2g28)G22Cr)

G11C1 GnC (5,57
G2C1 GnCa| .

Here, we use the following symbol in (5.57):
I1;;(Bi, i, 2) = (K; + Biqi8)G;;Cj, (5.58)

in order to rewrite (5.57) as

1 14+4¢16 0 14 Iy —TI1pn

(I + M)A + o) — 210y 0 14 ¢261 —TI1r 1411
G 1€ GG
GC1 GG

Thus, each element of W is given as follows:

Wi = TES IR 1_122) T 1+ q19)[(1 + M22)G11Cy — 12621 Ci]
W= moa 1122) T
Wat = lnzz) (@I + )G~ TG Cy)
Wap = TES IR 1_122) T (14 q28)[(1 + T11)G2Cr — 21G12C2]

(5.59)
Here, we note that I1;; (i, j = 1, 2) are complex functions and 1 +¢g;6 =1+ jg; Q2
when z = e/@",
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[ nvette) B | Tndte)
E //-J
5 ;"( /f/’
e ;/j/ =7 -
f |1 5 e
=h
(a) (b)

Fig. 5.9 Discretized nonlinear characteristics for Example 5.1

The discretized nonlinear characteristics are assumed to be as shown in
Figs. 5.9(a) and (b). If using C-language expressions, they can be written for (a),

eJlr =y *x (double)(int)(e1/y)
v =03%e] +27xatan(0.7%e]) (5.60)

v| =y * (double)(int)(vi/y),
and for (b),
¢ =y * (double)(int)(er/y)
v =04%e) +2.9%atan(0.6e}) (5.61)

vl =y % (double)(int)(va/y).

First, it is assumed that the PID parameters in (5.54) are given by

Ky,1 =10, C;1=0.9, Cp;=0.0,
Kp=10, C;2=0.9, Cp,=0.0,

that is, only PI control is executed. In this case, the modified Hall diagram and
Nyquist curves are as shown in Fig. 5.10. Moreover, the step responses of each
variable are given as shown in Fig. 5.11. Here, the red and orange curves show
crossed output responses. Figure 5.12 shows A1 and A vs. w. It can be seen from
these figures that the two-input and two-output control system is stabilized.
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Fig. 5.10 Modified Hall
diagram for Example 5.1 (PI
control). N;;: Nyquist curve
for pathi — j

Next, the following PID parameters are applied:

Ky =10, C;1 =10, Cp;=0.2,
Kp2=1.0, Crp=0.8, Cpry=0.2.

The modified Hall diagram and Nyquist curves are as shown in Fig. 5.13, and the
step responses of each variable are given as shown in Fig. 5.14. As is clear from the
figure, the PID control system is well stabilized.

Fig. 5.11 Step responses for Example 5.1 (PI control)
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Fig. 5.12 A and A; curves
for Example 5.1 (PI control)

Fig. 5.13 Modified Hall
diagram for Example 5.1
(PID control). N;;: Nyquist
curve for path i — j

Example 5.2 Next, consider the case of a 2 x 2 controlled systems with transmis-
sion delay,

0.2 0.04
0.5 1.0 0.3
Gs) = (s+0.5 (s +1.0) s+ (5.62)
0.04 0.2
s+0.2 (s +0.4)(s +0.8)

In this example, there are transmission delays L; = 2.0 and L, = 3.0. Therefore,
the PID algorithm is given as

k
ue1(k) = Kprui(k—2) + Cri Yy _u1(j —2) + CprAui(k - 2),

=0 (5.63)

k
uer (k) = K poui (k= 3) + Cra Y _ua(j —3) + CparAuz(k — 3).
j=0
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-5
Fig. 5.14 Step responses for Example 5.1 (PID control)
Using the z-transform expression, the controller actions are written as
A _ A -2 . -2 _ I\ -2
ic1(z2) = Kpri1(x)z= -+ Cyq - 1_Z_1u1(z)z +Cp1(1 =z Ha(z)z™~,
- _ s -3 . -3 _ 1\ -3
uc2(z) = Kppuz(z2)z > +Cp2 - pp— u2(2)z >+ Cp2(1 —z7 Huz(2)z .
(5.64)
Thus, the PID controller matrix is given by
Ci(2) 0
C()= , 5.65
@) [ o G (5.65)
where
-2
C1@) =Kpiz * +Cne g+ Conz (1 =27,
-3
-3 2 -3 -1
Cr(2)=Kpz "+ Cra- T—1 +Cp2z (1 =27").

First, the following PID parameters are considered (i.e., PI control):
K, =10, C;1=0.5, Cp;=0.0,
Kyp =10, C;»=0.3, Cpr=0.0.

The modified Hall diagram and Nyquist curves are given as shown in Fig. 5.15. The

step responses of each variable are as shown in Fig. 5.16. Figure 5.17 shows the
robust stability measures Aj and Aj.

Next, the following PID control parameters are considered:

K,1 =10, C;1=0.5, Cp1=0.2,
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Fig. 5.15 Modified Hall
diagram for Example 5.2 (PI
control). N;;: Nyquist curve
for pathi — j

Ky =10, C;,=0.3, Cpp=0.2.

The modified Hall diagram and Nyquist curves are shown in Fig. 5.18. The step re-
sponses of each variable are as shown in Fig. 5.19. The responses are well stabilized
by the derivative action.

Figure 5.20 shows the robust stability measures Aj and Aj;. If considering a re-
stricted frequency range for the control system, A; > 0 and A, > 0 will be satisfied
in either of (5.17) and (5.20).

Fig. 5.16 Step responses for Example 5.2 (PI control)
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Fig. 5.17 Aj and A; curves
for Example 5.2 (PI control)

Fig. 5.18 Modified Hall
diagram for Example 5.2
(PID control). N;;: Nyquist
curve for path i — j

Fig. 5.19 Step responses for Example 5.2 (PID control)
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Fig. 5.20 A; and A, curves 1
for Example 5.2 (PID control)

N
AQ\\

—

0 1 w

5.6 Model Reference Multi-Loop Control Systems

As was described in Chap. 4, model reference discretized control systems are con-
sidered here. Figure 5.21 shows the model reference control system extended to a
multi-loop feedback structure. Figure 5.22 is an equivalent expression for this struc-
ture. In this figure, disturbance d’(k) = 0 is assumed for simplicity.

Here, G(z) is a controlled system (plant) matrix which is written by

Gi@ Gk ... G
G212 Gn@ ... Gu()
G@2)= . ) ) ) (5.66)
Gni(@) G2 ... Guu(2)
Furthermore, in this chapter, the following model system is considered:
Gm1(2) 0 . 0
0 G ... 0
Gn@=| . S (5.67)
0 0 coe Gun(2)
Each model is given as
G () = ———
" T T Cis + Cad?
It is assumed that the feedback compensator is also a diagonal matrix,
Fi(z) 0 ... 0
0 F(z) ... 0
F(z) = . . . , (5.68)

0 0 .. EG
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-
r 1 oe
D D, N()
= —J L
D,(")
o G(2)

Fig. 5.21 Model reference multi-loop control system

r
/ T
r o+ up Yy + e v
B G(2) » Dy (") s
T e. ; ........... v,;.,.lu,;
| Gn(z) D (') 4:': ‘
P! :
Sl Dy () = () |
\
c()
Fig. 5.22 Model reference multi-loop control system 2
where
Fi(2) 1+ Ci18 + Ciné?
i(Z) = )
l Kmi (1 +ci18 + ¢i28%)
. 2 h
5eh) = jQ(w) = j5 tan (%) . j=+—1 (5.69)

Using this expression, (5.67) and (5.68) can be written as follows:

Kmi

, 5.70
1 —CpQ2+jCihQ ( )

Gmi (€M) = Pi (jQ) =

and
1 —CpQ*+jCiiQ
Kpi(1 —cinQ% + jei )’

Fi(e/“M) = F(jQ) = (5.71)
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T i
: K \
r T e + i'UIJr ws Y
~ +Fi ¥ ]
] 79_(7.)_7 WD, () F(9)
D,(-) i ']
G (6) Dy ()
Y G(5) uy i ‘b& '
(5) +

Fig. 5.24 Approximate multi-loop PID control system

When the controllers are in high resolution (i.e., y — 0), the model reference
control system as shown in Fig. 5.23 can be transformed into Fig. 5.24. Here, d’ is
a disturbance signal generated by the discretization of controllers. Since G, and F

are diagonal matrices, C and D are also diagonals:

C((S) =diag{C1, C2, Tty Cn}
D(8) = diag{D1, D3, ---, D,},

where C; and D; are given by

1+ Ci18 + Cin8?
CI(S)Z + Cjo+ 122 ’

Ki(ci16 + ¢i26%)
Di(8) = Kmi(1+ ¢i18 + ¢i28)

14+ Ci18 + Cin8?

(5.72)
(5.73)

(5.74)

(5.75)
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Here, C; (8) can be considered to be a controller when ¢jp < c¢j1 (i =1,2,---,n).
If ¢;» — 0, the controller is approximately written as
1 Ci Ci
Ci(8)=—8"1+ L4 25, (5.76)
Ki Ki i

i Ki

where k; = K,yici1. When the sampling period is 4 — 0, § becomes the Laplace
transform variable s. Therefore, the scheme will correspond to a traditional contin-
uous PID control.

In regard to the robust stability of a model reference control system as shown in
Fig. 5.23, the following equations are obtained:

v} (k) =wi(k) + Key (k),
i(z) =7 () + F(8)ii3(2),
i13(2) = 9] (2) + G (®)it2(2).

Therefore,
i12(2) = #'(2) + F(O)(3](2) + G ()it (2)),
(I = F()Gu(3)it(z) = ¥ (2) + F(8)9] (2),
and then,
i12) = (I = F$)Gn(8)™'# () + (I — F($)Gu(8) "' F(8)b] ().
Thus, the following expressions can be given:

C®) = —F(©)Gyu(8) "F(5) (5.77)
D) = F~1(). (5.78)

With respect to the multi-loop PID control structure as shown in Fig. 5.24, we obtain
the equation

§(2) = GOICE@1(2) + Ké1() +d @)+ DOF (). (579
Since é(z) = F(2) — 3(2),]
¢(2) =7(2) — GO COb(2) + Ké(z) +d()] — GOCODEF (). (5.80)
On the other hand, from Fig. 5.6,

" ()= +qd)e(z)
W(z) =W (z) + Bgdeé(z).

TFor simplicity, the subscript 1, e.g., in e, will be omitted hereafter.
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Then,
é(2) =7(2) — GO C(S)[W* (2) + Bgde(z) + Ke(z) +d(2)] — G(B)C () D) (2),
and

I+ G()CS)(K + Bgd)]e(z) = F(z) — GS)C)W*(z) — GB)C(S)[d(2) + DB)F (2)].
(5.81)
Thus, H (B, q, 8) can be regarded as

H(B.q.8) =1+ GG)CO) (K + Bgd)] ' GB)C ).
From the system as shown in Fig. 5.7,

w* (k) = g*(e*" (k)),
T (k) = e(k) + e* (k).

Furthermore,

&) =& @) + U +¢d)é(2),
() =+() -3 (),

and

() =HPB,q,8)@" ) +d{).

The block diagram of the discrete control system shown in Fig. 5.7 can be trans-
formed into Fig. 5.8, where

W(B.q.8)=U+q8)H(B.q.5) =T +g)[I+(K+Bgs)G(5)C(5)]' G©)C(®).
(5.82)
Consequently,

&) =F"(2) - W(B, g, 8" () +d(2)), (5.83)
where
P'(z) =€) + (I 4 qd)F (z).

Thus, the robust stability of the model reference multi-loop control system can be
discriminated by inequalities (5.46) and (5.47), i.e.,
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let )2 Irf @l [IWiE M| [Wiae/") [Win(e/*")]
lesT &)l 17 ()1l [Wai (e [Waa(e/oh)| |Wan (e/M))|
e @l Iy Glla]  LIWar @M [Waa(e/®h))| | W (/M)

B 0 07 [leff @iz | i@l

0 B 0 [ lex ol Il (k) 2
o . . . (5.84)

0 0 Bnl | llef (k)11 i, (k) l2

and

L= BIWnE ™M =l Wia(e)| —BalWin (M) [ e Gll2
—BiIWa1 (/M) 1= Ba|Wan(e/M))| —BulWan (€M) || lle3T (k) 2
—B1IWui (7" —Ba| Wia(e/®M)] 1= BalWan €M) ] | 12T k) |1
Iry ()12 Wit e/ [Wia(e/“") (Wi (&M T lld] ()12
7Y (k) I [Wai (€M) [Wan (el |Wan (/M| | | 11d) ()]l
7 ()l W1 (/M) [ Wi (el®h)] | Won (e79M)] | LIl (k) 12
(5.85)

5.7 Exercises

(1) From Fig. 5.4, determine the 2 x 2 loop transfer matrix which corresponds to
W(B.q,z) in Fig. 5.8.

(2) Show that if all principal minors in (5.15) and (5.48) are positive, all diagonal
elements become positive.

(3) Prove that if the solution of the left side of simultaneous equations (5.16) is
calculated using some numerical method as x| < 00, x» < 00, -+, x;, < 00 (in
regard to y; >0, J =1,2,--- ,n and g;; <0, i # j), then the matrix (5.15)
becomes an M-matrix.

(4) The colored area shown in Fig. 5.26 is given by the following (vector-matrix)

inequality:
0.8 —03 —=03][x; 3.6
—0.1 08 —02||x|[=]39
—-0.1 —-03 0.6 X3 2.6

Confirm that the matrix on the left side of the above inequality is an M-matrix,
and determine that x; =X < 00, xp = X < 00, and x3 = X3 < 00.
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(5) Replace x; with x3 (x2 <> x3) and write the vector-matrix inequality that corre-
sponds to the above inequality in (4). Confirm that the matrix on the left side of
this inequality is an M-matrix.

(6) For a general vector-matrix expression, Ax < y, where

ayp a ... dip X1 Y1

a; axp ... Az X2 2
A=1| . . s o x=1 s y=| L

dpl dp2 ... dpp Xn Yn

show that the following operations are valid as described in [10] for simultane-
ous equations:

(a) interchanging two rows,
(b) multiplying each term in one row by a positive constant,
(c) adding a positive multiple of one row to another,

considering the influence on variables x; and y; (i, j =1,2,---,n).
(7) Show that the condition of the M-matrix is not influenced by the above opera-
tions (a), (b), and (c) in general. (Refer to Exercises (5) and (6) in Chap. 4.)

Appendix A: Definition of Ostrowski’s M-Matrix

An M-matrix is a real square matrix A with the following properties [1, 2, 5-7]:

(1) A=pI - P,
P: areal square matrix with non-negative elements,
p: a positive number that is larger than the absolute value of all the eigenvalues
of P.

(2) In general, with respect to a real square matrix A with non-positive off-diagonal
elements,

(i) there exists x > 0 that satisfies Ax > 0;
(ii) A is nonsingular and all the elements of A~ are non-negative;
(iii) the principal minors of A are positive.

Appendix B: Graphical Interpretation of M-Matrices

(1) For the first-order case, A1 = a1 > 0 is a trivial problem. Obviously,

_din

< (5.86)
apy al

X1

Therefore, if 0 < y; < y; < oo and x; > 0, then 0 < x| < o0 is obtained.



B Graphical Interpretation of M-Matrices 179

Fig. 5.25 A graphical
interpretation of a
two-dimensional M-matrix

(2) For the second-order case, the principal-minor condition

app a2

Ay =
ay a2

>0 (5.87)

is interpreted graphically as shown in Fig. 5.25. The colored area is enclosed by
the following two line equations:

~ (5.88)
Ly 1 axixi+anxy =3y <y

{El Dapxy +apxy =y <y
and lines x; = 0 and x» = 0 (i.e., the area given by x; > 0 and x; > 0). Here,
ai; > 0and ayy > 0, with ajp <0 and ap; < 0 from the premises of M-matrices.
In the figure, the outside and inside lines, £ and £;, become parallel when
Ar =0and y; # y,. As is obvious from (5.88),

| 1 - -
x1 =— (1 —aipx2) and x2 = —(—az1y1 +aiy2). (5.89)
ary Az

Therefore, if 0 < y; < y;, 0 < y» < y2, and A > 0, then 0 < x| < oo and
0 < x2 < oo are determined based on the premise of M-matrices (i.e., aj; > 0,
ax >0, ajp <0, and ap; < 0). That is, (5.88) has a solution (intersection) in
the first quadrant.

On the other hand, from (5.88)

anxy =y —apxy and Axx; =—axy1 +any. (5.90)

Therefore, if the solution (x1, x2) calculated by the numerical method exists in
the first quadrant (the strictly positive orthant, i.e., x; > 0 and x, > 0), and 0 <
y1 < 00, 0 < y» < 00, the principal-minor condition (5.87) must be satisfied.
That is, the corresponding matrix becomes an Ostrowski M-matrix.
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Fig. 5.26 A graphical
interpretation of a
three-dimensional M-matrix

X2

X1

(3) For the third-order case, the principal-minor condition

aj; ap a3
Az =lay1 axp ax3|>0 (5.91)
as; azyp ass

is interpreted graphically as shown in Fig. 5.26. The colored area is determined
(but not drawn in detail because of the three-dimensional expression) by the
following three plane equations:

P1 :anxi +anxy +aizxz =31 <y
Pt axixi+axnxs+anxzs =y <y (5.92)
P3 @ azix1 +aznxy +azxz =33 <y

and planes x; =0, x =0, and x3 =0 (i.e., the area given by x; >0, x2 >0,
and x3 > 0). Here, ay; > 0, ax; > 0, and az3 > 0; aj2 <0, a13 <0, a1 <0,
az3 <0, az; <0, and az; <0 from the premises of M-matrices.

In the figure, three of the edges are given from the following two plane equa-
tions that meet in a line in the positive orthant (i.e., the area determined by
x1 >0, x>0, and x3 > 0):

Pi :ajixy Fapxy +apxz=y

1 11x1 +apxy + aizx; {1 (5.93)
Po i azixy +axnxy +ax;xz =y,
P>y i arixy +anxy +axyxz=y

2 L a1X] +anxn + ax;sx; {2 (5.94)
Ps 1 azixy + aznxy + azzxz =ys,
P1 :apnxy +apxy +apzxz=y

1 @ anxy +apxy +aizxs {1 (5.95)
P3 i azixi +azxy +azzxz = ys.



References 181

From (5.92),

I
X1 =— (y1 —apx2 —ajzxs),

apy
ajl (. apas —aa;
XNN=——\ VX3,
Ay ap
Ay L
X3 = —"Yy3.
A3 Y

Thus, if 0 < y; <00, 0 <y <00, 0 < y3 <00, Ay >0, and A3 > 0, then
0<x1 <00,0=<x2 <00, and 0 <x3 < oo are determined from the premise of
M-matrices.

On the other hand, from (5.92)

ai Xy =y| —apxy —aizx;

appaz —dazials

4nuadms — andis
an

Adxy =a1 (52 — 3

A3x3 = Arys.

Therefore, if the solution (x1, x2, x3) calculated by the numerical method exists
in the strictly positive orthant (i.e., x; > 0, x2 > 0, and x3 > 0), and 0 < y; <
00, 0 < y2, 0 < ¥3, the principal-minor conditions (5.87) and (5.91) must be
satisfied. That is, the corresponding matrix becomes an Ostrowski’s M-matrix.
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Chapter 6
Interval Polynomials and Robust Performance

6.1 Introduction

In the previous chapters, control systems with discretized and nonlinear characteris-
tics have been considered. However, the problems of these nonlinear control systems
are generally difficult to analyze. Only the stability (input-output stability) problem
was discussed in the frequency domain, and the method of design from the stability
margin was presented. In this chapter, a nonlinear characteristic is treated as a set of
linear characteristics, in other words, as interval parameters.1 This concept is based
on the validity of Aizerman’s conjecture.

There are many works in the literature [1-3, 5, 7] in which the analysis and de-
sign of a control system with uncertainties and nonlinearities are discussed in the
concept of an interval system. In those studies, it is assumed that the physical pa-
rameters of controlled systems are uncertain and are accompanied by nonlinearity.
Therefore, the transfer function (and the state representation) is expressed by inter-
val parameters.

6.2 Sector Nonlinearities and Interval Systems

First, consider a multi-loop interval system, as shown in Fig. 6.1. Here, G(z) is a
multivariable dynamical system with interconnections (e.g., an interconnected plant
with some controllers), written as

Gi1(z) G ... G
G21(z) Gn(z) ... Gp(2)

G(z) = : : . . (6.1)
G (Z) GnZ(Z) .. Gy (Z)

! Basically, the concept of an interval parameter is not different from that of a sector for a nonlinear
characteristic.

Y. Okuyama, Discrete Control Systems, 183
DOI 10.1007/978-1-4471-5667-3_6, © Springer-Verlag London 2014
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Fig. 6.1 Multi-loop n
nonlinear/interval feedback LEIUEN € [K—, K] v
system B—
Yy U, u + d
G(z) C(z)
and
Ci(2) 0 . 0
0 Co(z) ... 0
C(z)= . . . 6.2)
0 0 o Cu(2)
Moreover, interval gains are written as
[K{. K1 0 .. 0
0 Ky, KS1 ... 0
K~ K= P 63)
0 0 o K7L K

Figures 6.2(a) and (b) show examples of sectors of discretized nonlinearity i.e.,
interval gains. The loop characteristics from e to y are given as

Ndle) /

(a) )

Fig. 6.2 Nonlinear characteristics and allowable sectors
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G CRIK™, K]

[K{,K{1CiG1 Ky, KS1C2Gra ... (K, K, 1C,Giy

| KT KICIG (K, K 102G . (K, K F1C,Gay 64
[K{ . K{1C1Gn (K KS1C2Gra ... (K, K,F1C,Gon

whereas the loop characteristics from u to v are given as

[K~,KT]C(2)G(2)
[K{.K{1C1G (K[ . K{1C1G2 ... [K{,K[1CiG1,

| K5 KF1C2Ga (K7, KF1C2G ... [Ky, K 1C2Goy 65)
[Kn_s K,T]CnGnl [Kn_» K;’_]C}’IG}’I2 [Kn_ﬂ K,—:_]CnGnn

Thus, the characteristic equation of this multivariable control system is given by
det{I + G(2)C)[K~,Kt]}=0 (6.6)
or
det{I +[K~, KT1C(z)G(2)} =0, (6.7)

where 1 is the identity matrix. Note that Egs. (6.6) and (6.7) are equivalent when
C(z)and K e [K~, K] are diagonal matrices with nonzero diagonal elements.

Operations of Interval Parameters For interval parameters [p,, pZ] « =
1,2, --.), the following operations can be defined:

e Addition:
(p~, pT1:=1p,, P 1+1p5, Pi1, (6.8)

where p~ = p; +p, and pT = p| + p5.
e Subtraction:

[p=.p 1:=1p7. P 1—1py. P51 (6.9)

where p~ = p; — pS and pt = p/ — p;.
e Multiplication:

[p.pt1=1[py.p{1 Py . P71, (6.10)
where p~ = p; - p; and p* = p{ - p.
e Division:
_ [py. Y]
[p~.pT]i= L1 (6.11)
[p2 ’ ]

where p~ = p, /p2 and P+_P1 /Py -
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Example 6.1 Consider a two-loop interval system having the following controlled
system (plant) and controller:

|:G11(Z) G]2(Z):| [Cl(Z) 0 :|
G(z) = , Ci)= . (6.12)
G21(z) Gn(2) 0 C1(2)

Then, the characteristic equation of the interval system is given by

1+G1@CIIK; K1 Gn@C(2)K;, K]
=0 (6.13)
G (CIDIK; K1 1+Gn@C@IK; . K]
or
1+ (K[, K1C1(2)G11()  [K[ . K{1C1(2)G12(2)
=0. (6.14)
Ky, K;1C2(2)Ga1(z)  1+[K,, K 1C2(2)G2(2)

Therefore, each of the characteristic equations (6.13) and (6.14) can be written as:

I+[K, KT]C] (@G @) +I[K,, K;]CZ(Z)GU(Z)
+[K{,K{1-[K;y, K 1C1(2)C2(2)G11(2) G2 (2)

—[K; . K1 [K; , K5 1C1(2)C2(2)G12(2) Gai (2) = 0. (6.15)
Here, [K |, K1+] K5, K;’] can be given as
(K~ KT1=[K; K;. K} KS1=[K;. K1 1Ky, K] (6.16)
from multiplication operation (6.10).

If the transfer function is expressed by the numerator and denominator polyno-
mials, G;;(z) (i, j =1, 2) can be written as:

N11(2) G _ Ni(@)

_ Nai(2) G _ Nnx(2)

G =—, = s =—0Q, = ,

11(2) D11(2) 12 Di7(2) 21(2) D71 (2) 2 Dy (2)
. Ncl(Z) _ NCZ(Z)
“@=000 9L

The characteristic equation is given by
F(2) = Dc1(2) D¢, (2) D11(2) D22(2) D12(2) D21 (2)
+[K . K{ N1 (2)N11(2) De2 D22 (2) D12(2) Do) (2)
+[K5 . Ky IN2(2)N22(2) De1 D11 (2) D12(2) D21 (2)
+[K ™, K¥IN:1(2)Nea(2) N11(2) Naa (2) D12(2) D21 (2)
—[K ™, KT INe1(2) Nea(2) N12(2) N2 (2) D11 (2) D (2) = 0. (6.17)

Equation (6.17) is a characteristic equation with interval coefficients. This type of
polynomials, F(z), is called an interval polynomial.
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Example 6.2 Consider the following interconnected plant, which was described in
Example 5.2:

0.2 0.02
1055 +1.0 106
Gis)=|© 0)(;; ) s 9 (6.18)
s+04 (s +0.4)(s +0.8)

By using computerized transformation, the following transfer functions with respect
to z are obtained:

1@ = 0.061z + 0.037 1o = 0.036
722 —0.97z+0.22° 7—0.82° 6.19)
(@) = 0.035 (@) = 0.068z + 0.046 .
z—0.74" 722 —1.12z2 4+ 0.30

The discrete controller is assumed to be of proportional-integral (PI) type and is
given as

1
Ci(@)=Kp+Cpp- T—.—1

) (6.20)
Cr(2)=Kp+Cp2 - pp—

In this example, the PI parameters are chosenas K1 =C;1 =1.0and K, = Cjp =
1.0. Therefore,

27 —1
Ci(z) =C2(2) = .
z—1

Since
Ni1(z) =0.061z +0.037, Nja(z) =0.036
Ny1(z) =0.035, N(z) =0.068z + 0.046
Di1(z) =2 — 097z +0.22, Dia(z) =z —0.82
Dy1(z) =z —0.74, Dpn(z) =z> — 1.127 +0.30,
Ne1(2) =Nea(z) =22 -1, De1(2) =De2(z)=z—1,

as shown in (6.17), the following characteristic equation with interval parameters
can be defined:

F(z) = (z — 1)*(z% = 09724 0.22)(z> — 1.122 + 0.30) (z — 0.82)(z — 0.74)

HK] L K12z = 1)(0.0612 +0.037)(z — 1)(z% — 1.12z +0.30)(z — 0.82)(z — 0.74)
+K5 L K312z — 1)(0.068z + 0.046)(z — 1)(z% — 0.97z +0.22)(z — 0.82)(z — 0.74)
+[K ™, K112z — 1)%(0.061z + 0.037)(0.068z + 0.046) (z — 0.82)(z — 0.74)

+[K ™, K112z = 1)2 x 0.036 x 0.035 x (2 — 0.97z 4+ 0.22)(z> — 1.12z + 0.30) = 0.
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Thus, we obtain the following eighth-order characteristic equation:
F(z) =78 — 16577 —0.8320 +2.992° — 1.272* — 0.987% + 1.06z% — 0.35z 4 0.04
HIK L K;100.1227 — 04425 +0.572° — 0.262* — 0.0852° +0.142% — 0.052z + 0.0067)
K5 K 100.1427 — 0.462° +0.532% — 0.17z% — 0.162% + 0.162% — 0.052z +0.0061)
K™, KT1(0.0222° — 0.03725 + 0.012z% 4 0.004z° +0.00282 — 0.0046z + 0.0011)

—0. 6.21)

Here, K~ = K| K, and Kt = K1+K2+ Note that each coefficient of (6.21) is
rounded to the nearest decimal number.

6.3 Characteristic Polynomials with Interval Parameters

In general, the transfer function and the characteristic polynomial of a discrete con-
trol system with uncertainty (and/or nonlinearity) is expressed by the following in-
terval polynomial:

F)=ao" + a1z '+ + a1z +an, (6.22)
ar €lag a1, k=0,1,2,-- ,n.
In the following, (6.22) may be written simply as
FQ)=lay.af1" +lay . af 1"+ +la,_j.af_ )z +1a,.a1=0. (6.23)

Since the interval coefficients are not always independent of each other, the interval
polynomial is written in the form (see, e.g., [1, 2])

F(z)=ao(p)Z" + - +an_1(P)z + an(P), (6.24)
ﬁ: (ﬁlﬂ ﬁZﬂ vﬁm)T’

where pg (£ =1,2,---,m) are uncertain parameters. The coefficients of this type
of polynomial can be expressed as

ar(p) =Y _ cupr, (6.25)
=0

ﬁle[pg’pg]v k=07172"”1n1 mSns

where coefficients cyj are real constants.
These polynomials can also be written affinely in the following general form:
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Foy=) (ZC@kﬁe) "7k,

k=0 \{=0
m m
=Y BeF@ =) [p; . p1Fe(2), (6.26)
(=0 =0
where polynomial F;(z) is defined as
n
Fe@) =) caz" ™" (6.27)

k=0

Note that if the argument of F;(z) is a constant when variable z traces on a contour
oI in a z-plane (or in an s-plane), four polynomials can be defined with respect to
the sufficiency of the stability. In particular, if the argument is invariant in real or
imaginary numbers, the Kharitonov rectangle can be determined with respect to the
necessary and sufficient condition.?

Interval polynomial (6.21) is based on the expression of (6.26). Of course, the
expression contains (6.22) and (6.23), where

[p,.p 1=1a; .a/]

Fi(2)=7"" cu=1,cu=0, L#k.

Segment Polynomials The discrimination of the stability based on expression
(6.26) with many uncertain parameters is a considerably complicated problem.
When variable z traces on a circular contour, e.g., dI" as shown in Fig. 6.4, the
mapping of F(z) becomes a set of rotated polytopes (parallelotopes) [4, 14]. The
robust stability of the above interval system cannot be discriminated by its vertex
polynomials (i.e., the weak Kharitonov theorem is not satisfied). Thus, as was de-
scribed in [10], the concept of a set of segment polynomials is applied here.

First, consider the following (simple) interval polynomial (i.e., a polynomial with
only one interval set coefficient):

F)=)_ piFi(2), (6.28)

=0
pnelpy.pifl. Pe=pe, €#h,
h£=0,1,2,---,m.

This type of polynomial, (6.28), is called a segment polynomial.
The segment polynomial can be written in the following form:

F(z)=AFT )+ —-0)F (2), (6.29)

2See Appendix A.
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where X is a real number, A € [0, 1]. Therefore, at both ends of (6.28), the polyno-
mials are expressed as follows:

Fr@) =) piF), (6.30)
=0

ﬁth;,rv ﬁ@zpﬁ’ t#h,
m
F (@)=Y piFi), (6.31)
=0
Ph="Dy. Pe=pe. LFh
As for the above segment polynomial, when considering the algebraic equation
F(z) =0, segments of the characteristic root locus can be drawn on the z-plane.

On the other hand, when considering mapping F(z) for contour z € 9T as shown in
Fig. 6.4, a set of line segments will be drawn on a complex F-plane.

6.4 Sectorial D-Stability

The sectorial D-stability for a continuous-time system can be discriminated by the
following radial lines on the complex s-plane:

s=(y + o, y=tang, j=+—1, (6.32)

where ¢ is an inclination angle of the imaginary axis (the angular frequency w-axis),
and parameter y is chosen as:>

y <0 when w:0— +o00
y >0 when w:—00— 0.

Since the complex roots of the algebraic equation with real coefficients are conju-
gates, it is sufficient to consider either of these cases. Thus, only the case of y <0
will be considered in this chapter.

As was described in the previous chapters, the contour that corresponds to (6.32)
should be considered in the z-plane as follows:

7z =elrteh (6.33)

where & is a sampling period. The discrimination of the D-stability by finite calcu-
lations cannot be achieved when a transcendental function (6.33) is used. Therefore,

3Note that the symbol y is used differently from the resolution value in Chap. 2.
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Fig. 6.3 Sectorial and pseudo-sectorial areas in the s- and z-planes

Fig. 6.4 Pseudo-sectorial
area for discrete control
system

by applying a bilinear approximation (i.e., a rational function), the following con-
tour and pseudo-sectorial area will be considered hereafter:

1+ +))0

AT ST e

(6.34)

h
where 6 = % Figures 6.3(a) and (b) show a sectorial (stable) area in the s-plane

and a pseudo-sectorial area in the z-plane. On the other hand, Fig. 6.4 shows shifted

circles (blue) and pseudo-sectorial loci (red) in the z-plane that correspond to secto-
rial lines in the s-plane.
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Lemma 6.1 The locus of complex function (6.34) of 6 is traced on the following
shifted (off-axis) circle in the z-plane:

-y =yr+1. (6.35)

Proof The real and imaginary parts of (6.34) are expressed as follows:

1—(14y>»06?
x(0) = ,
1 =290+ (1+y2)p2
20
0)= .
YO =T T a8
Thus, (6.35) is easily obtained. The proof is omitted. (]

Equation (6.34) is also expressed in the form
z=0-¢?+jy. (6.36)

where ¢ = /1 + 2 is the radius of the shifted circle and

6 —tan-! <2(1 +y20 —y(A+1+ y2)92)>
N I—(1+y2)0?

is an argument of the original circle. Moreover, (6.36) can be rewritten as

l+jv . A+Bv

, 6.37
1—jv x4 1—jv ( )

z=0-"
where

+tan~! ) )
v=tan<¢fy), A=go+jy, B=y+jo.

In these transformations, the following relation between nondimensional and dis-
torted frequencies holds as shown in Fig. 6.5:

v:0— 400, when u:0—> 400 (w:0— +00)

v:—00—0, when u:—-00—->0 (w:—00— 0).

By applying the above transformation (6.37) to (6.28), the following numerator
polynomial for the distorted frequency v can be obtained:

(1—jv)"F(z)

=Y b (Z cie(A+Bv)"~ (1 — jv)f) . (6.38)
i=1

=0
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Fig. 6.5 Distorted frequency vl
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-1 0 1 u

Since (6.38) is a polynomial with complex coefficients, it can be written in the form

d(jv) = (1 - jv)"F(z) = P(v) + jO(v), (6.39)

where
P() =apov" + -+ aon_1v + don. (6.40)
Q) =boov" + -+ +bon_1v+bop. (6.41)

The coefficients in (6.40) and (6.41) can be calculated from the expansion of
(6.73) in Appendix B.

6.5 Four Corner Polynomials

Using expression (6.29), Eq. (6.39) is rewritten as
d(jv) =1 —jv)"OFT @)+ 1 -VNF (2)
=AP )+ (1 —1)P (v)
+ji0 T+ 1 -1QO™ (v)). (6.42)
The real and imaginary parts of (6.42) can be given as follows:
P(v)=AP*(v)+ (1 -1 P (v),
0)=20" () + (1 =10 (v).

Here, the extreme polynomials are expressed as:
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Fig. 6.6 Four corner points
and rectangles

oT

+N — o+ on + +
P (v)—ao’ov +etag, vtag,,

ot (v) :bb’:ov'z N +b({n_1v +b({n, (6.43)

P~ (v) :a&ov" +~--+a&n_lv+aan,
0 (v) :b&ov" ot by, vt by, (6.44)

Thus, the following four corner points (vertices) can be given, and rectangles along
with line segments (edges) can be drawn in the ®-plane as shown in Fig. 6.6:

Vi=(P*t, 0", V=P, 0),
Vi=(P~, 0T), Vi=(PT, 07),

where the latter two points are additional ones. (In these expressions, note that poly-
nomials P and Q and coefficients ag ¢ and b, with superscript 4+ do not always
denote larger values than those with superscript —.)

Then, the following four pairs of polynomials can be defined in regard to i =
1,2,3,4:

POwy=alv" 4 +al _v+al), (6.45)
0D () =byv" +---+ by ) _v+b{). (6.46)
where
POw)=PTw), 0V =0%0).
PPw)=P ()., 0P =0 ).
PO =P @), 0¥w)=0%W).
PYw) =P, 0¥ =0 ().



6.6 Division Algorithm 195

For an expression of polynomials with complex coefficients, the following can be
given:
eV (jn)=PYW)+j0" W), (=1234). (6.47)

Note that, as for the edges in the F-plane, two additional polynomials with constant
coefficients cannot generally be determined.

6.6 Division Algorithm

A division algorithm (Sturm’s theorem) is applied in order to realize finite calcula-
tions [11, 12]. Here, the following notation is used in regard to the real and imagi-
nary parts of (6.47):

P =POw, P =0"w), (=1,234).
The division algorithm gives the following results [6, 13, 15]:

Dy =@ D ) - £ w),

A =g W) P ) = £ ), (6.48)
k=1,2,---,n.
(@) 0) o - (i) Dy D)
If fy"(v) and f"’(v) are n-th-order functions of v, then f,""(v), f5""(v), s Jon

are expressed as follows:
AW =l el )

fz(}l;)Jr1(v) = bfl';)hv”_h 4t b;i’)n_lv n b;li,)n

(6.49)
) =ald) . h=1,2,--n—1.
Here, each coefficient can be given by the following sequential operations:
@)
. a .
@) _ 3@ g—lg—-11 (i)
ag;p=by_1,p X0 Y-1.p°
g—l.g—1
, p® .
@ _ @ g—lg-11 @
bglp =y p11 O byZ1p
dq.q
(g=12,---.n, p=q.q+1,---,n=1)
(6.50)
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Thus, as for d~>( jv), the change in the argument, 2y, for polynomial F (z) be-
comes (2 — n)m by adding the change in the argument, —ns, for (1 — jv)". When
PD /W (or — QW /P is considered, the number of sign changes that cross zero
forv:—o00o— 4ooisn —2u.
If the number of sign changes that cross the zero of f, (l)(v)/ fl(i)(v) for v :
v — vy IS expressed as N (’)(vl, v7) and the number of sign changes of sequence
O(i)(v), fl(’)(v) (’) is expressed as V@ (v), the following relationship is ob-
tained:

Ny, v) = VO (1) = VO (vy). (6.51)

Since the condition is N@ (—o0, +00) =n — 2pu,
VO (—00) = VO (+o0) =n —2u (6.52)

is obtainable. The condition for (6.52) corresponds to observing whether or not the
following ratios are negative (the details were described in [10]):

(i) (@

m @y L™ (6.53)
w500 o) (10 () 1= o) £ ()
Suppose that the number of negative ratios is N and the number of positive ratios is
P. Thus, P — N =n — 2u can be obtained from (6.52). Since P+ N =n, N =
is given.

For a segment polynomial with complex coefficients (6.47), the following lemma
and theorem can be given using the result of (6.53).

Lemma 6.2 When the coefficient ratios

(@) @) @)
bOO bl,l bn 1,n—1 (654)

ORRON ’ @) ’
ajp o An,n

are calculated for an extreme polynomial ®©(v) (i =1 or 2), the number of
ratios (6.54) that will be negative, |, is equal to the number of characteristic
roots for the polynomial in the specified contour (6.34). Here, a( ) and b(l)
(g=1,2,---,n) are calculated by using the sequential operations (6 50).

Proof This lemma is a necessary and sufficient condition in regard to the existing
area of characteristic roots for the extreme polynomial. The proof is easily shown
using (6.53). O

Based on the above premise, the following condition for the D-stability of
discrete-time interval systems is given with regard to the segment polynomial (6.28):
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Theorem 6.1 When the coefficient ratios

(@) (@) @)
b0,0 bl,l bn—l,n—l (6 55)
o O T O :
ajp @p An,n

are calculated for each of the four corner polynomials ®V (v) (i =1,2,3,4), the
following condition gives a sufficiency of the D-stability of the discrete-time interval
systems in question. If the number of ratios (6.55) that will be negative, |1, is equal
to the system order, n, all the characteristic roots of the segment polynomial (6.28)
exist in the specified contour (6.34). That is, if the number of ratios (6.55) that will
be negative is not changed for the four corner polynomials, . = n, the robust D-
stability of the discrete-time control system is satisfied.

Proof This theorem is a sufficient condition in regard to the existing area of charac-
teristic roots for a segment polynomial. The proof is obvious from the zero exclusion
of the Kharitonov-like rectangle that is composed of the four corner points (6.45)
and (6.46). That is, none of the edges of the rectangle pass through the origin. As a
natural consequence, the line segment in the ®-plane (and also in the F-plane) does
not pass through the origin [4]. (]

6.7 Multiple Edges and Rectangles

Theorem 6.1 can also be applied to a discrete-time interval system with multiple
uncertainties as shown in (6.26). When a complex variable z is fixed (frozen), a
polytope (a parallelotope) is drawn on the ®-plane as shown in Fig. 6.7. For an in-
terval polynomial expressed by (6.26), the number of vertices is 2, and the number
of edges becomes m - 2~ !. Obviously, the number of additional vertices is given by
2 x m -2™~1 Thus, the number of total vertices that should be checked for interval
polynomial (6.26) is given by

N=2"4+2m- 2" '=m+1) 2" (6.56)

In other words, (m + 1) - 2"~2 sets of the following four vertices (polynomials)
should be checked:

ng) — (p(j)+’ Q(j)Jr)’ V;j) — (p(j)*, Q(j)*)’
ng) — (P(j)*’ Q(j)Jr)’ V‘(‘-/) — (P(j)+, Q(j)*)’
J=1.2 (m+1)- 2" (6.57)

By applying this concept, we have the following theorem for an interval system
with multiple uncertainties.
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Fig. 6.7 Multiple edges and al
rectangles
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Theorem 6.2 When the coefficient ratios
(@) (@) (@)
boo bii o busia (6.58)
a® ’ ol ’ ’ a® ’
1.1 2,2 n,n

are calculated for each of the (m + 1) - 2™ corner polynomials, the following con-
dition gives a sufficiency of the D-stability of discrete-time interval systems with the
multiple uncertainties in question. If the number of ratios (6.58) that will be neg-
ative, [, is equal to the system order, n, all the characteristic roots of the interval
polynomial (6.26) exist in the specified contour (6.34). That is, if the number of
ratios (6.58) that will be negative is not changed for any of the vertex polynomi-
als, ;1 = n, the robust ‘D-stability of the discrete-time control system with multiple
uncertainties is satisfied.

Proof This theorem is a sufficient condition in regard to the existing area of char-
acteristic roots for the interval polynomial. The proof is obvious from the result in
Theorem 6.1, in which none of the edges of the rectangles pass through the origin.
Consequently, as mentioned in the proof of Theorem 6.1, none of the edges of the
parallelotope (a set of line segments) in the ®-plane and in the F'-plane pass through
the origin. O

In Theorem 6.2, (m + 1) - 2"~2 sets of four vertex calculations are necessary
for the discrimination of the roots area. However, if the maximum and minimum of
the real and imaginary parts of the vertex polynomials are determined, the sufficient
condition of the robust D-stability is reduced to the following corollary.

Corollary 6.1 If the maximum and minimum of the vertex polynomials are deter-
mined as

Pt =rng1xP(-")+ and P~ = min P~
i J
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Fig. 6.8 Outline of root areas o T

the four vertices

Vi=(Pt, 0%, Va=(P7, 0"),

Vi=(P~, 0%, Va=(P*, 0" (6.59)
constitute a rectangle that covers all the (m 4 1) - 2™ vertices, as shown in Fig. 6.7.

The most simple case of this corollary will correspond to the Kharitonov and
Kharitonov-like rectangles. Note that the above discrimination method contains the
Routh-Hurwitz criterion for continuous-time systems (see Appendix B).

Example 6.3 Consider the following interval polynomial with three uncertain pa-
rameters:

F(2) =2+ a12% + aoz + a3, (6.60)
i1 € [—1.82, —1.76], a4 € [1.19, 1.25], &3 € [—0.31, —0.25].

Since m = 3, the number of total vertices to be checked for (6.60) is obtained as
N = 32 from (6.56). (Of course, the number of sets of four vertices is 8 from (6.57).)
Based on Theorem 6.2, the coefficient ratios (6.58) were calculated for each of the
32 corner polynomials. The result shows that all the characteristic roots of interval
polynomial (6.60) exist in the specified contour (6.34) when y = +0.25. That is,
=3 was obtained for any of the sequential calculations. Figure 6.8 shows the out-
line of the areas of the true roots. In this case, a series of polytopes (parallelotopes)
with 8 sets of four vertices for ® becomes as shown in Fig. 6.9(b) when y = —0.25.
The D-stability is guaranteed in the specified area as shown in Fig. 6.4. For refer-
ence, a series of parallelotopes for F is also shown in Fig. 6.9(a).

On the other hand, when y = +0.3, the D-stability is not guaranteed. The calcu-
lation result of 32 1u’s is given as follows:
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Fig. 6.9 Series of polytopes and rectangles for F- and ®-functions (y = —0.25)

3,3,3,3,3,3,3,2,3,3,3,3,3,3,3, 3,
3,3,3,3,3,3,3,3,3,3,3,3,3,3, 3, 3.

Furthermore, when y = £0.35, the calculation result becomes
3,3,3,3,3,3,3,2,3, 3,3, 3,3, 3, 3, 2,
3,3,3,3,3,3,3,3,3,3, 3,3, 3,3, 2, 3.

In this case, the series of polytopes (parallelotopes) with 8 sets of four vertices for
is as shown in Fig. 6.10(b). A series of parallelotopes for F' is shown in Fig. 6.10(a).

Example 6.4 Consider an interval polynomial expressed in the following general
form:

F(2) = Fo2) + p1 F1(2) + p2Fa(2) + p3 F3(2), (6.61)
p1 €[0.95,1.05], pr € [—0.55, —0.45], p3 €[0.1,0.2],
where
Fo(z) =0.257> 4+ 0.125z, Fi(z)=2> — 22,
P =2>—2z, P =z—1.

Theorem 6.2 can also be applied to this type of interval polynomial in Example 6.1.
The result shows that all the roots of interval polynomial (6.61) exist in the con-
tour (6.34) when y = £0.25. That is, © = 3 is obtained for any of the sequential
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Fig. 6.10 Series of polytopes and rectangles for F and ® functions (y = —0.35)

Fig. 6.11 Outline of root
areas

calculations. Figure 6.11 shows the outline of the areas of the true roots. In this ex-
ample, a series of polytopes with 8§ sets of four vertices for ® becomes as shown
in Fig. 6.12(b) when y = —0.25. The D-stability is guaranteed in the specified area
as shown in Fig. 6.4. A series of parallelotopes for F is also shown in Fig. 6.12(a).

However, when y = 0.3, the D-stability is not guaranteed. The calculation result of
32 p’sis given as

3,3,3,3,3,3,3,3,3,3,3,3,3, 3, 3,3,
3,3,3,3,3,3,3,3,3,2,3,3,3, 3, 3, 3.

Note that Corollary 6.1 cannot be applied to these examples, because the four ver-
tices (6.59) are not expressed in the four polynomials.
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Fig. 6.12 Series of polytopes and rectangles for F- and ®-functions (y = —0.3)

Fig. 6.13 Model reference

multi-loop interval system r t e (K~ K] v+ U3 y
- i I
(K, K1) F(z)
il ¥

Gu(z)|  [Kf K]

Y Gz) p—Os- . B,

The concept of the discrimination method was extended to segment polynomials
of a discrete-time control system and to the circular D-stability, which corresponds
to the sectorial D-stability for a continuous-time control system. By applying a di-
vision algorithm to a set of the four corners of segment polynomials, a sufficient
condition for the roots area, which is enclosed by a specified (circular) contour in a
unit circle on a z-plane, was given. As a result, the discrimination of the roots area
by finite calculations became possible. Although this result is only a sufficient con-
dition, the discrimination method proposed here will be useful in designing robust
control systems.

6.8 Robust Control System Design

Figure 6.13 is a model reference feedback system in which the discretized nonlinear
elements in Fig. 5.16 are replaced by interval gains. As was shown in Chap. 5,
when the model system and the feedback compensator can be considered linear (or
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Fig. 6.14 Multi-loop PID control interval system

high-resolution) systems, the model reference feedback system [9] becomes a multi-
loop proportional-integral-derivative (PID) control system as shown in Fig. 6.14.
Obviously, the stability of the interval system is the same as that shown in Fig. 6.1.
The characteristic equation of the multi-loop control system is given by

det{I + G(z)C()[K~,KT]}=0 (6.62)

and equivalently
det{I +[K~,K"1C(2)G(z)} =0. (6.63)

Therefore, the robust stabilization of model reference control systems with inter-
val gains results in the roots area discrimination problem for (6.62) (or (6.63)) as
described in this chapter.

The design of control systems containing many physical elements is not easy,
because there are uncertainties, i.e., nonlinearities, in the connected devices. There-
fore, a control system designer would like the connection of those elements (the
control system structure) to be easy to see. Thus, the traditional block diagram (or
signal flow graph [8]) becomes important in the analysis and design of control sys-
tems. Therefore, in this book, we do not treat some of the mathematically organized
methods, such as quadratic forms and optimal and H,, control design techniques.

6.9 Exercises

(1) Show the relationship between characteristic equation F (z) =0 and F (6) =0,

where
F(z)=2> —[1.3,1.21> +[0.7,0.8]z — [0.2,0.1]
and
o= % ' i + 1 '

(2) Show the relationship between pseudo-sectorial loci in the z-plane and sectorial
lines in the s-plane.
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(3) With respect to the 2 x 2 feedback system shown in Fig. 5.4, determine the
(interval) characteristic equation when Ny (e1)/e1 and Ng»(e2)/en are replaced
with interval gains [K ", K ]+ land [K,, K;’ ], respectively.

(4) Show that the characteristic equations (6.6) and (6.7) are equivalent when C(z)
and K € [K~, K] are diagonal matrices with nonzero diagonal elements.

(5) Prove Lemma 6.2 using (6.53).

(6) Show that if and only if four (corner) polynomials

FD(s) =ag’s3 +a1"s2 +a,s+ay
F(z)(s) =a0_s3 —i—a{"s2 —i—a;'s +ay
F(3)(s) =a8Ls3 —i—afs2 +a,s —|—a;r
F®(s) =cz()7s3 —i—afs2 —i—a;s +a;r

are stable, the interval polynomial
F(s)=lag.ag1s’ +1a; ,af1s’ +[a; , askls +[a; , ai ]

is stable.
(7) Show that the Routh series and Hurwitz determinant can be derived directly
from

F(s)=aos" +a1s" '+ +ay_15s +ay
by applying the division algorithm to

fo(s) = aps" +ars" 2 4 -

fi)=ars" ' +azs" 34

Appendix A: Kharitonov Rectangles

With respect to continuous-time systems, consider the following characteristic poly-
nomials [7]:

F(s)=ados"+a1s" '+ +an_1s + a, (6.64)

arelag a1, k=0,1,2,--- ,n.
Considering the imaginary axis, i.e., s = jw, Eq. (6.64) can be given as
F(jo) =[P~ (), PT(@)]+ jlQ™ (), 0" (0)]. (6.65)
When 7 is odd,
P (w)=a, — a:lr_2a)2 +- 4 (—1)("7])/241;%0"*1

Pr(w) =af —a, o+ + (=)D 2q 0!



A Kharitonov Rectangles

0 (W) =a, ,w—a’ ;0 + - — ()" 2q "

0t (w)=a jo-— an:3a)3 + = (—l)("_l)/zao_w”.

On the other hand, when 7 is even,

P (w)=a,

_an+_2w2 4= (_1)11/2a(4)rwn

PH(w)=al — anf_zw2 4= (—1)"/2a5a)”

0 () =a, w—a' ;0 +-+(=1)"af "

Ot =a" jw—a 0>+ -+ (=D"a;0" .

For a third-order system, (6.65) can be written directly as follows:

13(s) =a,, aa']s3 +la, ., a{"]s2 + [az_,a;]s + [a;,a;].

Therefore,

F(jw) = las, a3+] - [af,af]w2 + j{[a;,a;]w — [aa,aar]w3}.

When considering w > 0, the following vertices are obtained:

P (w)=a; — ai"a)2

P (w) = a;' — al_a)2
0 (w)=a,w— aaLa)3

+ _ o+ -3
0" (w) =a, w—ayw .

Of course, when w < 0, the following vertices are obtained:

P (w)=a; — ai"cu2

+ _ o+ -2
P (w)=a3 —ajw

(o) — ot — 3
O (w=a,w—ayw

Q+(w) =a2_w—a§w3

although they are conjugated with each other.
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(6.66)

Example 6.5 Consider the following (monic) interval polynomial (the highest co-

efficient ag = 1):

F(s)=s> +[1.6,2.4]s> +[1.6,2.4]s +[0.8,1.2].

Obviously, when o > 0,

P (w) =0.8 — 240
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Fig. 6.15 Kharitonov rectangles and roots area

PH(w)=12—1.60>

0 (w) =1.60—°

0t (w) =240 — 0.
And, when w < 0,

P () =0.8 — 240

PH(w)=12—1.60>

0 (w) =240 — &’

0t (w) =1.60— .
Figure 6.15(a) shows the trace of Kharitonov rectangles when o : — @, — ..
From the figure, one can see that the stability of the interval system is determined
by only the four vertices of the rectangular array. The robust stability condition is

necessary and sufficient for interval (uncertain) systems. In this example, a view of
the root areas is shown in Fig. 6.15(b).

Appendix B: Roots of Polynomials and Sturm’s Theorem

The basic concept of Sturm’s theorem is given as follows [6, 13]. Let f(x) be a
“real” polynomial.* Denote it by fo(x) and its derivative f’(x) by fi(x). Applying

4First, it is assumed that variable x and the value of f (.e., coefficients a; of the polynomial) are
real.
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Euclid’s division algorithm, the following sequence is obtained:

fox) =q1(x) fi(x) — fa(x),
f1(x) = q2(x) fa(x) — f3(x),

: (6.67)
Jn—2(x) =gn—1(x) fa—1(x) — fu(x),
fo1(x) = gn(x) fu,

where f;(x) is of degree lower than that of f;_j(x) for 1 <i < n. The signs of
the remainders are negated from those in the algorithm. Note that the divisor fi
that yields a zero remainder is the greatest common divisor of f(x) and f”(x). The
sequence fo, f1,---, f is called a Sturm sequence for the polynomial f.

Sturm’s Theorem The number of distinct (simple) zeros of a polynomial f(x) in
x € (x1, x2) is equal to the excess of the number of changes of sign in the sequence
fo(x1), -+, fa—1(x1), fu(x1) over the number of changes of sign in the sequence
fo(x2), -+, fa1(x2), fu(x2).

In other expressions, if the number of sign changes that cross the zero of
Jo(x)/f1(x) for x : x1 — x2 is defined as N (x1, x2) and the number of sign changes
of sequence fo(x2), -+, fa—1(x2), fu(x2) is defined as V (x), we obtain the rela-
tionship

N(x1,x2) =V (x1) = V(x2). (6.68)

Here, f(x) can be multiplied by a positive constant or a factor involving x provided
that the factor remains positive in x € (x1, x2). Moreover, there is no common divisor
between fo(x) and f1(x), because the zeros of f(x) are distinct.

Example 6.6 (Real Roots) Consider the following polynomial to apply Sturm’s
theorem [16]:

fx)=x>—1.5x>—0.16x — 0.24.

The first step polynomials f and f; are given as:
folx)=x> —1.5x2 —0.16x — 0.24,
f1(x) =3x% 4+ 3x — 0.16.

Therefore, the results of the division algorithm are obtained as follows:

f2(x) =0.607x +0.213,
fa(x) =0.844.

Table 6.1 lists the signs of each Sturm sequence, and the number of sign changes is
given in Table 6.2. From these tables, we obtain, for example,
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Table 6.1 Sign changes of
sequence f; (i =1,2,3,4)

Table 6.2 The number of
sign changes N (x1, x2)

Interval Polynomials and Robust Performance

6

-2 —1 1 2 00

fo - + + + +

S + - + + +
12 - - + + +
13 + + + + +
—00 -2 0 1 2 00

folfi 1 1 1 0 0 0 0
filk 1 1 0 1 0 0 0
£lf 1 1 1 0 0 0 0
V(x;) 3 3 2 1 0 0 0

N(=2,2)=V(=2) - V(2) =3,
N(=1,2)=V(=1) = V() =2,

NO,H)=VO) -Vd) =1

This result is clear from Fig. 6.16.

Complex Roots Problem The Sturm sequence can be extended to a complex roots
problem. Consider the following circle as a closed contour in the complex plane:

z=0e'? +x0+ jyo, (¢p:—7 — ),

(6.69)

e

!

I

Fig. 6.16 Cubic curve and Sturm sequences ( f(x) = X34+ 1.5x2 —0.16x —0.24)
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|

1 0 1 0 1
(a) (b)

Fig. 6.17 Circular contours (f(z) =z24+z+ 1, xo = —0.5, (a) yo = 0.1, 0 = 1.5, (b) yo = 0.866,
0=0.3)

where o, (x0, yo), and ¢ are the radius, the center, and the angle of rotation of a
specified circle, respectively. The problem of a sectorial area in the complex plane
can be considered in a large circle 9T, as shown in Fig. 6.3(a).”

Figures 6.17(a), (b) show examples of the circular contour in a complex plane.
The circular contour (6.36) can also be written as the following rational function:

I+ jv . A+ Bv
—+xo+ Jjyo=—"—,
1—jv I —jv

v =tan (2)
2

and A and B are complex constants written as A = o + xo + jyo and B = yo +
Jj (0 — xp). Clearly, the relationship between variables ¢ and v is

z=0- (6.70)

where

¢=—-m; v=—00,
¢=0;, v=0,
¢=+m; v=+o0.

Consider the following characteristic polynomial in general:

F@) =a'+a12" ' 4+ an_12+ an. 6.71)

5The discrimination of the number of roots in a specified area is equivalent to the Routh-Hurwitz
criterion.
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If (6.69) is substituted into (6.71), a numerator polynomial with complex coeffi-
cients is obtained:

Q(jv) = (1~ jv)"F(jv)=P@)+jO(v). (6.72)
Here, polynomials P (v) and Q(v) can be written as

P(v) =apov" + - +aon-1v +aon,
Q) =bo,ov" + -+ +bop—1v+bo . (6.73)
Therefore, argument change 2um for polynomial F(z) becomes (2u — n)m for
@ (jv) by adding change —n in the argument of (1 — jv)". When P/Q (or —Q/P)
is considered, the number of sign changes that cross zero for v : —oo — +o00 is
n—2u.
The coefficients in (6.73) are calculated by

®(jv) =) ar(A+Bv)" (1 - ju)f (6.74)
k=0

from (6.69). This equation is expanded as

n n—m

Z Z Z ax <n ﬁ;’k_ l) (?) (_j)lAm—k-HBn—m—lvn—m’

m=0k=0I=k—m

and thus we can obtain

n

n—m
. n—k k . _ S
Clo’m—|—.]b0’m:2 Z ay <n_m_l) <l>(_.])lAm k+an m lvn m7

k=01=k—m
k
()-c
denotes a combination symbol.
By setting fo(v) = P(v) and f1(v) = Q(v), the following division algorithm can
be executed:

where

Srae—2(0) = g2e—1(V) fae—1(V) — for (v), (6.75)

k=1,2,--- n.

If fo(v) and fi(v) are of the n-th order for v, then f>(v), f3(v),---, fon are ex-
pressed as:

L@ =a v+ dar,
HO) =bi v by,
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(6.76)
f2n72(v) =dp—1p-1V+ayn—1n
Joan—1(v) = bn—],n—l v+ bn—l,n
Jon = dp.n-
Here, each coefficient can be given by the following sequential operations:
ao,0
ayp = bO,p <_) —ao,p,
bo.o
bo,0
blvp =a1717+1 (—) _bO,p,
ai,
(p=12,---,n) (6.77)

ag—1,q—1
_ q—lq _
ag.p =bg-1.p < ) ag—1,p;

bg—1.4-1
bg—1,4-1
_ q—1.9
bq.p = aq.p+1 (—a —bg-1.p,
q.9
(p =4, -, n)
Ap—1,n—1
an.n :bn—l,n —an—1,n,
bnfl,nfl

(aq,n+1 =0).

If the number of sign changes which cross the zero of fo(v)/f1(v) for v :
v — v2 is expressed as N (vi, v2) and the number of sign changes of sequence
fo(v), fiw),---, fa, is expressed as V (v), the following relationship is obtained:

N(vi,v2) = V(v1) — V(v2). (6.78)
Since the condition is N(—o0, +00) =n —2u,
V(—00) = V(+00)=n—2u (6.79)

is obtainable.
On the other hand, the following expressions are derived from (6.76):

Jow) aoo
im =
v=>=00 f1(v)  boo
fiv)  boo

im = ,
v—>—00 |v] fo(v) aip, i



212 6 Interval Polynomials and Robust Performance

Son—1(v) _ _bnfl,nfl
v—>—00 |v| f2, (V) an.n

b

Jo(w) aoo
im =,
v—>+too fi(v)  boo

fi() boo
im =
v—>+oo [u| (V) ap

(6.80)

onfl(v) _ bnfl,nfl
v—>+00 [v] f2,, (V) An.n

’

The condition of (6.78) corresponds to observing whether the following ratios (ra-
tios to the polynomial of different orders) are negative or not:

fi) bo,o
im =—,
v=>+too [u] fo(v)  ar
f3(v) bi1
im =—,
v—+too [v] fy(v)  azpn
(6.81)
onfl(v) . bnfl,nfl
V—>+00 |v|f2n (v) Aan,n '
because ratios to the polynomial of same order (i.e., Zg—’g, Z:—‘i, ...) are canceled

based on (6.79). Suppose that the number of negative ratios is N and the number
of positive ratios is P. Thus, P — N =n — 2u can be obtained from (6.79). Since
P+ N =n, N =puis given.

Example 6.7 (Quadratic Equation) As a simple example, consider the following
quadratic polynomial:

FQ)=z>4z+1. (6.82)

First, a specified circle is assumed to be xo = —0.5, yop = 0.1, and o = 1.5, as shown
in Fig. 6.17(a). Then, numerator polynomials P (v) and Q(v) written as

D(jv) = (1— ju)lF(jv) = P(v) + jOv)
are given as

P(v) = fo(v) = —2.99v% +2.99,
Q) = fi(v) =0.3v> +3.02v — 0.3.
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Fig. 6.18 Mapping f(jv) and ®(jv) for the specified circle

By setting fo(v) = P(v), fi(v) = Q(v), the following results are obtained
from (6.76):

fov) = —2.99v2 +2.99,
f1(v) =0.30v + 3.02v — 0.30,

() =—=30.1v — 5.98, (6.83)
f3(v) = —2.96v — 0.30,
fa=2.93.

Since the sequence of fractions, (6.81), is given as

boo _ 030 _ by _ =296

- - <

ai; =301 7 apn, 293

3

the number of roots in the specified circle is u = 2.

The discriminating procedure given above can be interpreted as follows. The
specified contour encircles two roots of the quadratic equation. As a result, the map-
ping curve is as shown in Fig. 6.18(a). Thus, the argument change of ®(jv) be-
comes 47 — 27 = 27 by adding a change of —27 to the argument of (1 — jv)?.
Figure 6.18(b) shows the & curve for this case.

On the other hand, when a circle is chosen as xg = —0.5, yo = 0.8, and o = 0.4,
as shown in Fig. 6.17(b), numerator polynomials P (v) and Q(v) are given by

P(v) = fo(v) = —0.27v> +0.27,
Q) = fi(v) = 0.64v% + 0.10v + 0.64.
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The Sturm sequence is given as

fo(v) = —0.27v> +0.27,
f1(v) = 0.64v> +0.10v — 0.30,

fr2(v) =—0.04v — 0.54, (6.84)
f3(v) =8.09v — 0.64,
fa=0.54.
Since the sequence of fractions, (6.81), is given as
bo.o 0.64 b1 8.09
—=—<0, —— =—>0,
ar,; —0.04 arp  0.54

the number of roots in the specified circle is u© = 1.

Example 6.8 (Cubic Equation) Consider the following cubic polynomial:
F(2)=2"+22+2z+ 1. (6.85)

A specified circle is chosen as xop = —0.5, yo = 0.1, and ¢ = 1.5. Then, numerator
polynomials P(v) and Q(v) written as

D(jv) = (1 — jv)*F(jv) = P) +jO(v)
are given as

P(v) = —0.599v% — 9.03v% — 0.303v + 5.95,

0(v) = —2.96v> + 0.603v* + 9.06v + 0.899.

By setting fo(v) = P(v), fi(v) = Q(v), the following results are obtained
from (6.76):

fo(v) = —0.599v% — 9.03v> — 0.303v + 5.95,
f1(v) = =2.96v° + 0.603v> + 9.06v + 0.899,

fr(v) =9.1520% +2.1364v — 5,7681, (6.86)
f3(v) = —1.294v% — 7.1945v — 0.899,

f1(v) = 48.749v + 12.127, (6.87)
f5(v) = 6.8726v + 0.899,

fo =—5.7497.

Since the sequence of fractions, (6.81), is given as
bo.o B —2.96 0 b1 . —1.294 0 b 6.8726

= <0, = <0, =<
a1 9.152 azn 48.749 as 3 —5.7497

’

the number of roots in the specified circle is u = 3.
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Routh-Hurwitz Criterion Finally, the relationship between the above results
based on Sturm’s theorem and the classical Routh-Hurwitz criterion is presented.
In general, a characteristic equation for continuous-time systems is written as

F(s)=aos" +ais" '+ +an_15s+a,=0, (6.88)

where s is the Laplace transform variable and a; (i = 1,2, ---,n) are real coef-
ficients. The stability of a control system having characteristic equation (6.88) is
discriminated by a contour on the imaginary axis and a large half-contour in the
right half-plane (RHP) or left half-plane (LHP) and its mapping in the F-plane.

On the imaginary axis s = jw (v : —00 — 00),

F(jow)=P(w)+ jQ(w). (6.89)
The real and imaginary parts of (6.89) are given as follows.
(1) Whenn=1,5,9,---,
5

PO(w)=a10" ' —a30" 3 +ase" > — -,

0V () =apw" — aye" 7 +ase" ™ — -

(2) Whenn =2,6, 10, ---,

PP (0) = —ago" + ayo"* —as0" 4|

Q(Z)(w) zala)n—l _a3wn—3 +a5wn—5 .

(3) Whenn=3,7,11,---,

5

POw)=—-a10" ' +az0" 3 —ase" 7 + -+,

0% (w) = —apw" + " > —as 4 |
(4) Whenn=4,8,12,---,
PP () = apo” — ar0" > + age ™ — -

n—3

0Y(w) = —a10" '+ a30" 3 — a5 + -

If the following polynomials are considered:

folw) = ape” — are" % + ag" ™+ — ...

filw)=aj0" " — ;" +as" T — - (6.90)
the four cases of polynomials obviously become

PYw) = filw), 0V ()= fo(w)
PP(w)=—fow), 0P ()= fi(w)
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PO(w) =—fi(w), 0% () =—fo(w)
PP () = folw), 0 ()=~ fi(w).

Based on the above premise, the following division algorithm is executed:

Jk=1(@) = qr(0) fr(®) = fit1(w), (6.91)
k=1,2,---,n.
Then, f>(w), f3(w),---, f, are obtained as follows:

fo(w) = ap o0 + ap 20" +ag 40" 4 + - --

n—>5

fiw)=ar 10" +ar 30" 3 Far 50" -

Hrw) =a 0" Fay g0 -

”—5+...

f3(@) =a330" " + a3 50
(6.92)
fn =dann-
For an easier understanding, polynomials fo(w) and f](w) are also written in (6.92).

Here, ap.0 = ao, ap2 = —az, ap.4a = as, --- and ay 1 = ajy, a1 3 = —az, a1 5 = as,
---. Moreover, each coefficient can be given by the following sequential operations:

ao,o
az.p =4ai,p+1 E —ao,p

(p = 27 4” o )
(6.93)
ag-2.q-2
Aq,p = Aq—1,p+1 (;7[]) —Adgq-2,p
q—1.9—1

(g=3,4,---, p=q,q+2,---)

ap—2.n-2
Appn=Aap—1n+1 | —— ) —an—2.n-
an—1,n—1

In regard to the four cases, the following Sturm sequences are obtained.

(1) In this case, fo(w)/fi(@) = QW (w)/PV (w) should be calculated (when
considering a large contour in the RHP). Since apo = ao, ap2 = —az,
ap4 =a4, -+, ay,| =aj, ay3 = —as, dy s =as, - -, the following coefficients
(Routh’s series) are obtained:
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ao aop
ap=—a3\ — | +a, as=as|— | —a4,
ai aj
ai a
a33=axa| — |+a3, azs=axe| — | —as,
a2 az o

an
44 =035\ — | —d24
33

(2) In this case, fo(w)/f1(w) = —PP(w)/Q? () is assumed to be calculated

S

(when considering a large contour in the RHP). Since ap o = —aop, ap.2 = a2,
ap.4 = —as, -+, dy,] =ai, aj3 = —as, a5 =das, - - -, the following series are
obtained:

agp ao
ap=—a3\ — |+ax, aa=as|— |—a4,

ai aj

ai aj
a33z=aa| — |+a3, azs=are|— | —as,

a arp»

a2
agga=azs|\ — | —az4
as;3

In either case (1) or (2), the top of Routh’s series can be written as

ay=a
ap as
a = a
220 4 Jay
a a a
Loaas) oy
a3=|ay ax a4|/
ap az
0 a a3
a a a a
Cll 613 CZS Cl7 a a3 as
0 a as ag
ara =1, S lao ax as
a, a3 as 0 a a

0 ay ar ag
(6.94)

anpn =ay, (because a, =0 for m > n).

Each term of (6.94) corresponds to a Hurwitz determinant and its principal mi-
nors.

However, in regard to the remaining two cases, the following Sturm’s se-
quences are calculated.
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(3) In this case, if fo(w)/fi1(w) = Q(3) (a))/P(3) (w) is calculated as above for (1),
the following series are obtained:

aop aop
ap=a3|\ — | —a, aa=—as|— |+aa,
ay ai
ai aj
a3 =—ax4 (—) —as, azs=-—a6 (—> + as,
ao az,n
azn
assa=a3s5| — | —ax4
as;3

(4) In this case, if fo(w)/f1(w) = —P ™ (w)/ Q@ (w) is calculated as above for (2),
the following series are obtained:

aop aop
wmr=a3\—|)—a, aas=-—as|—)+a,
aj aj
ai ai
azz = —az4 (—) —as, azs=-—axe (—) + as,
a o a2
azp
asgs=azs|\ — | —azx4
as ;s

In either case (3) or (4), the top of Routh’s series can be written as

ay,1 =—ai
ap as
a = — a
2,2 Qo  a Ja
a a a
1Ay as|
a3=—\|ay ax a4|/
ay ap
0 a a3
a a a a
Cll a3 CZS Cl7 a as s
0 ax a4 ag
ara=-1, /a0 ax a4
ay asz as 0 a a3

0 ay a a4
(6.95)

anp = —ap.
Each term of (6.95) corresponds to a Hurwitz determinant and its principal minors.

Although it is different from (6.94) in sign, the number of sign changes is invariant
(i.e., zero).
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Chapter 7
Relation to Discrete Event Systems

7.1 Introduction

In the final chapter, the relationship between feedback control systems and finite
state (more simply, finite value) control systems is described. The event-driven types
of discrete systems are particularly important. There are many of those types of sys-
tems, e.g., manufacturing systems, industrial robots, computer networks, etc. How-
ever, the analysis and design of these discrete control systems have not been estab-
lished, because the systems have severe nonlinear characteristics and do not respond
continuously in time. In this chapter, the dynamics and stability of finite state and
discrete event systems will be clarified.

Some authors have attempted to perform stability analyses of finite state and dis-
crete event systems [6, 8]. However, many of them only discuss and define the sta-
bility (e.g., asymptotic, exponential, and Lyapunov stability) for specified discrete
event systems. Thus, at the end of this chapter, a general description of the stability
problem of finite state and discrete event systems will be proposed in connection
with that of continuous feedback systems.

7.2 Finite State and Event-Driven Systems

As was described in Chap. 1, finite state systems can be written as [2, 3]:!

x(tk+1)= f(x(k),u(k)) (7.1)
y(k) =gxk+1)) (7.2)
xkyeZ", uk)yez™, yk ez, f:72"'x7"->7", g:7"—7",

where Z is the set of (finite) integer numbers. In this expression, time-driven types

'In this chapter, variables u and y are generalized in multivariables z and y.

Y. Okuyama, Discrete Control Systems, 221
DOI 10.1007/978-1-4471-5667-3_7, © Springer-Verlag London 2014
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Fig. 7.1 State trajectory of a y
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of discrete systems are considered in principle, although input sequence u(k) can
correspond to an event-sequence vector. It is assumed that the state (or each value)
of a control system continually changes as time changes. Even if the state is finite,
those types of systems are regarded as being “time-driven.” That is, k € Z, (=N) is
considered to be an independent variable that corresponds to an elapsed time 7.

On the other hand, in “event-driven” systems, it is only the occurrence of an asyn-
chronously generated discrete “event” that forces instantaneous state transitions [1].
A typical state trajectory for such a system is shown in Fig. 7.1. The state transitions
that are called events may be labeled with alphabetical elements in the graph. These
labels usually indicate the physical phenomena that caused the change in state. For
example, in a manufacturing system, events of interest are “part accepted”, “ma-

CEINT3

chine finished processing”, “machine deadlocked”; in a communication protocol,
typical events are “packet received”, “packet sent”, “time out” [8]. As shown in the
figure, these events do not always occur at equal intervals of time.

In previous chapters, sampling at equal intervals was assumed in the feedback
control systems. Moreover, the analysis and design of controlled systems (plants)
was devoted to (Laplace or z) transformed variables. In other words, the character-
istic of the frequency responses was considered in the analysis and design of some
kinds of (discrete) control systems. However, a frequency response analysis cannot
be applied to systems of unequal time intervals as shown in Fig. 7.1, even if the
system is time-driven.

7.3 State and Event Trajectories

In this section, the concepts of “state trajectories” and “event trajectories” will be
defined. The many areas in which discrete event systems arise and the different as-
pects of behavior relevant to each area have led to a variety of discrete event system
models. For example, a common simplifying assumption is to ignore the times of
occurrence of the events and consider only the order in which they occur. This leads
to “logical” discrete event system models. In these models, a system trajectory is
specified simply by listing (in order) the events that occur along the original sample
path. In a logical model, the trajectory shown in Fig. 7.1 is reduce to the string of
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events {abcdb - - - } (the event trajectory). However, in some applications the timing
information is essential and must be included in the model. This leads to a “timed”
discrete event system model. In general, discrete event systems can be accurately
modeled as

G=(X.E, fe.9. Ey), (7.3)
where A’ is the set of states
xeX: = {xo,xl,xz, cee}
and & is the set of events
eeé’::{el,ez,e?’,-u}.
State transitions are defined by the operators
for X > X. (7.4)
An event e may only occur if it is in the set defined by the enable function,

p: X = PE) -0, (7.5)

where P (€) denotes the power set of £.
A state trajectory is written as any sequence

{xr}e &N (7.6)

such that

Xrr1 = fo.(xp), (7.7

forallk e N:={0,1,2,---, N}. Although (7.7) corresponds to (7.1), the subscripts
k of x; and e of f, denote a “logical” time determined by an event occurring and an
event-driven function, respectively. In (7.6), XN is the set of state sequences, e.g.,

A= (a0 ot )
On the other hand, an event trajectory is any sequence
fex} e & (7.8)

such that there exists a state trajectory, {xx} € X N where for every k e N, e, €
¢(xy). Here, EN is the set of event sequences, €.g.,

EN= (e, el e}, (2, %), - ).

The set of all such event trajectories is denoted by E C £V, In the model of discrete
event systems (7.3), E, C E represents the set of “valid” event trajectories that are
physically possible in G. When the initial state is xo € X, it is written as E,(xg).
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Fig. 7.2 Vending machine

Furthermore, E, C E, denotes the set of “allowed” event trajectories [6]. Note
that there can be only one state trajectory corresponding to a given event trajectory.
However, an event trajectory that produces a given state trajectory is not unique in
general.

In the following subsection, some examples of discrete event systems are pro-
vided.

7.3.1 Vending Machine

The first example is a simple vending machine. The set of states is defined as
X =0 2% =10,1,2),

where x = 0, 1, 2 denote the stored amount in the machine by coins (e.g., a 1 or 2
euro coin). The set of events is given by

E=1{e', .

Here e!(e?) denotes a 1 (2) euro coin being inserted into the coin slot. The state
transition graph is as shown in Fig. 7.2. When three euros are stored in this machine,
the item (e.g., ticket) is obtained as an output. The sets of event trajectories are given
as

() {e', e, e?), {e2, e2).

:a) fel el e}, fe!, e}, {e?, e},

Here, in case (2), one euro will be returned as change. Thus, the sets of state trajec-
tories become the following three cases:

0t 22 60, 0 x X0, (0 X2, X0

Note that the case of xo # {x"} = @ should not be considered in this example.
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Fig. 7.3 Machine with a
single buffer

Arriving parts

Buffer

Machine

Parts output

7.3.2 Buffer Machine

The second example is that of a single buffer machine. As shown in Fig. 7.3, the
machine processes only one part at a time. The set of states can be assigned as

X =% %% 1=10,1,2,3,---}. (7.9)

Suppose that the event set is given by £ = {e', €2, ¢*}, where
1

e ¢ = “apart arrives”

e ¢? = “the machine has finished processing a part”

e 3 = “the machine has finished processing a part and a part arrives at the same
time”.

The state transition function is defined by

Xkl = [ (xp) =xp + 1
Xyt = for () = xp — 1
Xit+1 = for (xk) = xx.
Here, the enable function is defined by
o) = (e e, &%)
if the buffer is not empty (i.e., x > 0), and
o) = fe', &%)

if the buffer is empty (i.e., x = 0).
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Fig. 7.4 State transition of
the buffer machine

Fig. 7.5 Two-computer load
balancing system

Buffer 1 Buffer 2
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A graphical representation of the machine is shown in Fig. 7.4. The circles rep-
resent the states and the events are labeled the arrows which represent the state
transition. If a set of valid event trajectories is given by

r 1 2 2 1 1 2 2
{87676’67656 , € 765'..}CEU5

the sets of state trajectories are obtained as

0 1 2 1 0 1 2 1 2 .3 2 1 2 .3
{(x7x, x%,x,x, x 0, x, e or {x,xT X7, x %, x0T, X7, )

If a set of event trajectories is given by

2 2 1 1 2 2
{em,e e’ e e e, -},

the set of state trajectories is obtained, for instance, when the initial state x¢ > x2=
2,

(2 0wt 22 6 a0

However, when x¢ < x2 =2, the set of trajectories is not obtained because of a
deadlock.

7.3.3 Load Balancing System

The next example concerns a load balancing network by two computers, each of
which has the task of processing identical jobs (i.e., parallel processing). As shown
in Fig. 7.5, the jobs are stored in buffers; each computer can sense the other com-
puter’s buffer level and can pass jobs to the other computer. There is a load balancing
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mechanism on each computer that seeks to balance (equalize) the load between the
two computers.

In this example, the set of states is defined as X = N? (i.e., two-dimensional vec-
tors of natural numbers), e.g., x = [x1 , xz]T =1, 5]7. This means that Computer 1
has one job and Computer 2 has five jobs. The set of the event is given by

E={el,, e4,e%, teN, (7.10)

where

° e‘fz = “pass £ jobs from Computer 1 to Computer 2”
e ¢}, = “pass £ jobs from Computer 2 to Computer 1”
e ¥ = “pass no jobs” (null event).

The enable function is written as
x2|
2|

12 R E | 2 1.1
{e1p, €10 o sepp} if X7 >x% and €= 3[x" —
p(x) = {eél,egl,n- ,egl} if x2>x! and ¢= %|x1 —X
(€%} otherwise.
This means that if the difference of the number of jobs for each computer is “even,”

then £ jobs are passed from one computer to another.
The state transition function is given by

1] 1
Xk+1 et
_x]g+]_ felz( k) |: ]?+Z:|
1] I
X + ¢
l;“ erI(xk)=|: ]E ]
| Yh+1 xp =t
1] 1
X X
K = fo(ep) = [ ’;}
| Yke+1 Xk

7.4 Petri Nets

In this section, Petri net systems are introduced. A Petri net is a special case of
discrete event system. It is constructed by the following sets:

P ={p1, p2,---}; afinite set of places (represented with circles)

T ={t1, 12, - - - }; a finite set of transitions (represented with line segments)

F C (P xT)U(T x P);aset of arcs (represented with arrows)

W F — {1,2,3,---}; a weight function (represented with numbers labeling
arcs)
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Fig. 7.6 Petri net systems

e M; : P — N; a marking at time k (represented with dark dots, i.e., tokens, in
places).

The marking (in other words, state) of a Petri net is written as
M = [Mi(p1), Mi(p2), -1, (7.11)

where My (p;) denotes the marking (i.e., the number of tokens) at place p; € P.
A transition t; € T is said to be enabled if

Mi(pi) =2 W(pi,tj), 1, j=12,- (7.12)

for all p; € P such that (p;, t;) € F. If a transition 7; is enabled (fires) at time &,
the next marking is given by

Mir1(pi) = Mi(pi) + W(zj. pi) = W(pi,tj), i,j=12,-- (7.13)

where (t;, p;) € F and (p;, ;) € F.

7.4.1 Simple Petri Net and Graph

Graphical representations of Petri nets are, e.g., as shown in Figs. 7.6(a), (b), and (c).
Figure 7.6(a) is a basic element of the graph that is composed of three places, one
token, and one transition. If the initial situation is as shown in the graph, the marking
is expressed as

Mo = [Mo(p1). Mo(p2), Mo(p3)I" =10, 1,0]",
and the weighting functions are given as follows:

W(pr,t1)) =1, W(pr,t1)=1, W(r1, p3) =1, other combinations = 0.
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Since Mo(p2) = W(p», t1), the transition t; fires. Thus, the next marking will be
given as

M, =[0,0,1]7.

Next, consider an example of recurrent types of Petri nets as shown in Fig. 7.6(b),
(c). In this case, the initial marking is expressed as

Mo = [Mo(p1). Mo(p2), Mo(p)I" =[2,2,01",
and the weighting functions are:
Wi(pt,t) =1, W(p2, 1) =2, W(z1, p3) =1,
Since the following hold:
Mo(p1) =W(p1,71) and Mo(p2) = W(p2, 1),
the transition 77 fires. Thus, the next marking will be given by
M, =[1,0,11"

as shown in Fig. 7.6(c).
Furthermore, when considering the next step (75 fires), the marking becomes

Mo =11,1,0]".

7.4.2 Production Network

Consider a production network that consists of two groups of machines, two buffers,
and an inspection test unit, as shown in Fig. 7.7.

M(p1) is the number of parts waiting to be processed by a machine in Group 1,
M(p>) is the number of parts being processed by some machine in Group 1,
M((p3) is the number of parts in Buffer 1,

M(p4) is a part counter for Buffer 1,

and so on in regard to Group 2 and Buffer 2,
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e M(pg) and M(Pjg) are used to store parts and to limit the number of parts in
the inspection unit, respectively.

In order to study how the production network behaves, we will consider an example.
The initial marking is given as

Mo =1(2,0,0,1,2,0,0,1,1,01"
in the production network as shown in Fig. 7.7. Since

Mo(p1) = W(p1, 1),

71 fires, and then in Group 1,

Mi(p1) = Mo(p1) +W(r1, p1) = W(p1, 1)) =2+0—-1=1
Mi(p2) = Mo(p2) + W(t1, p2) = W(p2,11) =0+1-0=1.

Thus, the marking of the Petri net is given as
M =[1,1,0,1,2,0,0,1,1,0].
Furthermore, if 7 fires, the next marking is given as follows:

M =1[2,0,1,0,2,0,0,1,1,0].

7.4.3 Network Computers

Consider a network of computers arranged in a “ring.” This type of network is rep-
resented by the extended Petri net as shown in Fig. 7.8. Each place p; € P indicates
a computer node in the network, and the state of the computer is given by M (p;).
Communications between the nodes are represented with transitions (e.g., transi-
tions 71 and 7, represent different ways to communicate to node 2). The transition
711 simply represents a null event, where if there are no tokens in any place it will
fire.

If the marking is given as shown in Fig. 7.8, the 12, 74, 76, 73, and 719 fire, in se-
quence. However, if 77 fired first, then only 14, 76, 73, 710, and 12, - - - will fire. If the
odd-numbered transitions fire for a nonzero initial marking, the network will even-
tually settle into a pattern where the even-numbered transitions fire in sequence an
infinite number of times (the odd-numbered transitions drain the network of tokens).

7.5 Feedback/Supervisory Control and Stability Concepts

The relationship between continuous feedback control for time-driven systems and
supervisory control for event-driven systems is described in this section [10]. The
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discrete event system as described so far is simply a spontaneous generator of event
strings without a means of external control. In order to model the control of discrete
event systems, the set of events is partitioned into controllable and uncontrollable
events: £ = &, U &, [8]. Control of a discrete event system G consists of switch-
ing the control input through a sequence of elements u1, uz, - - -, in response to the
observed string of previously generated events. This type of controller is called a
supervisor S, as shown in Fig. 7.9. In introducing the concept of a supervisor, it
will be necessary to distinguish between the “plant” (the object to be controlled) in
control theory and the controlling agent in discrete event (or automata) theory.

Here, the difference between time-driven and event-driven systems is discussed
from a viewpoint of stability [6, 7]. The motion (dynamic behavior) of a discrete
event system G which begins at x is defined as

Xr = X(xq, E¢, k), (7.14)

where Ej denotes the sequence of events eg, e, €2, - - - , ex—1. Based on this expres-
sion for dynamic behavior, some of the stability concepts will now be described.

Stability in the Sense of Lyapunov A closed invariant set &;,, C X of G is called
stable in the sense of Lyapunov if for any € > 0 it is possible to find some § > 0
such that

plxo, X)) <6 = plxp, X)) <€, VEr={ep,e1,e2,---,ex—1}. (7.15)
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Here, p(x, y) denotes a metric.”> Although the expression of definition (7.15) may
be mathematically strict, it is not always easy to analyze the stability of discrete
event systems. Thus, definitions of stability based on the Lyapunov function are
presented.

The motions of G are uniformly bounded with respect to a set of allowed event
trajectories, if the following condition is satisfied:

Vi(p(x, Xn)) = V(x) < ¥2(p(x, L)), (7.16)

where V (x) is a nonincreasing function for xo € S(X;;,; r), and V1, ¥ are strictly
increasing functions that satisfy ; : [0, 00) — R*(i = 1,2). Here, V(x) corre-
sponds to a Lyapunov function for a continuous-time system, and S(&,; r) is the
r-neighborhood of an arbitrary set X}, C X3

Asymptotic Stability If the following limit exists as k — 00:
p Xk, Xm) — 0, (7.17)

then the closed invariant set &}, is called asymptotically stable with respect to a set
of allowed event trajectories.
By using a Lyapunov function, the following condition can be given:

V(xit1) = Vxr) = =¥3(p(xk), Xm), Vxo € S(Xnir), VE, (7.18)
where 3 : [0, 00) — RT.
Exponential Stability Moreover, if the metric can be written as
Pk Xn) < S p(xo, Xp), 0<¢ <00, a>0, (7.19)

the closed invariant set A&}, is called exponentially stable with respect to a set of
allowed event trajectories.

By using a Lyapunov function V (x) and three positive constants (¢, ¢2, and ¢3),
the conditions can be given as follows. Corresponding to (7.16) and (7.18), we have

cr(p(x, Xn)) = V(x) <calp(x, X)), (7.20)
and
V(xp+1) = V(xg) < —c3(p(xp), ), Vx0€ S(Xy;7), VEE, (7.21)

where ¢3 < ¢;. The relationship between the above conditions and (7.19) is shown
below.

2See Appendix A and compare it with the norms in Appendix A of Chap. 2.
3See also Appendix A.
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Since (1/c2)V (xx) < p(xk, X)),
V(xk+1) — V(xp) < —(c3/c2) V(xk).
Therefore,
3
Vxgg) <[ 1——) V(xw).
o)

The recurrent operations give the following result:
e\
Vix) < <1 — —‘> V(x0).
2
From (7.20),

k
Cc3
c1-p(xo, Xy) < (1 - C_z) V(xp).

On the other hand,
V(xp) <cz2-p(xo, Xnm).

Therefore, we have the following inequality:

k
2 c3
P Xk, Xpm) < o (1 - c—2> p(x0, Xm). (7.22)

From (7.22) parameters « and ¢ in (7.19) can be determined for k — oo, because
the following is valid:
k %
e = lim (1 - “—) .
V—00 v

That is, ¢ = ca/c1 and @ = (c2v)/(c3k) can be assigned for any k,v =1,2,---.
Hence, the system is exponentially stable.

7.6 Multiple Metrics and Stability

The metric (or Lyapunov function) that has so far been considered in this chapter
is a scalar number. However, those metrics do not always have clear physical and
practical meanings. Although metrics p; and p;, and norms, i.e.,

n
Pl(x,y)ZZIXi — il

i=1

" 12
pa(x,y) = (Z lxi — )’i|2)

i=1
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or

n
Il =) Ixi]
i=1
n 172
2
lx 2 = (Z i | )
i=1

may be meaningful, the inequality assumption becomes too severe. The stability
condition that is derived based on these metrics will be a weak one. Therefore, in
this last section, a vector of metrics (or norms) and a norm of time sequence (state
trajectory) are considered. Their notation is given in Appendix B.
If the elapsed time #; is explicitly considered as shown in Fig. 7.1, a state trajec-
tory of the discrete event system in (7.1) and (7.7) can be written as:
X (tk41) = fo(x (1) = f (x (1), e(tr)), (7.23)
fe:Z'"—=7", f:7"x7"—>17",
by corresponding e = u € Z™. Moreover, assume that the nominal system is the
following linear time-dependent discrete system with transition matrix ®:
X (tk41) = P41, 10X (1) + f (x (1), €(t)), (71.24)
®cz7V", f:7"x7" =7
k=0,1,2,---,00.

Here, the following vectors of ¢; norms that are defined for each element of state
vector x are defined:

||xi(tk)||1=Z|xi(tk)|a i=12,---,n (7.25)
k=0
and
llx1 (f) 1l
ll2c2 () 111
lx () lle, = : . (7.26)
[l (t) 11

From the recurrence equation (7.24),

k
x (1) = Bk, 10)x (10) + ) Bt 1) f (x(t1-1), e(t1-1)), (7.27)
1=1

k=0,1,2,---, 00,

where transition matrix ®(, ;) is assumed to be



7.6 Multiple Metrics and Stability

(1) @@, 1)@, 1) = Pty 11)
Q) o u)=1.

With respect to f(-, -) in (7.27), the following matrix can be considered:

Vi) v ... Yia(k)

Yor(t)  Yoa(te) ... Yon(te)
W (1)) = : : . : ,
Y1) Yn2(t) oo Y ()
where
o Jij e (), e(tr)
1/fl] () = X; () .

Therefore, (7.27) is rewritten as

k
x (1) = (1, 10)x (o) + »_ (e, 1) W (11X (11-1),
=1

where the following equality is defined:
n
fixe(t), ew) =) fij (x (1), e(t)
j=1
for f(-,)=1[f1, f>,---, fu] [4]. Note that a special case of (7.31) is

fij(x(t), e(t)), for j=i

Ji(x (), e(tx)) =i .
0, for j#i

and thus (7.28) and (7.29) are written as a diagonal matrix as follows:

Y1 (t) 0 . 0
0 Yot) ... 0
)= . N
0 0 o wnn (tk)
where
o fE@).e)
wu (tk) = X; (tk) .

235

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

If the upper bound of the absolute value of each element in (7.28) is given by

[ fij (x (), e(t)] -

= vij,
|x; (t)] <V

(Vi ()| =

(7.35)
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the following matrix with non-negative elements can be defined:

1@11 @12 . *@m
_ Yor Y2 ... Yoy

Qpnl 1ﬁnZ cee lpnn

Here, when (7.33) and (7.34) are applied, (7.35) and (7.36) should be rewritten as
follows:

|fi (x (@), e(r))| _ -

i = R < 7.37
[Yii (t)| )| < (7.37)
and
Vi o ... 0
_ 0 Y ... 0
W= | . ) . (7.38)
0 0 ...

On the other hand, by using (7.25) and (7.26) the following inequalities are ob-
tained from (7.30):

k
(@l < 190k 0@ + | Y2 @ ¥ @-nx@-n)|,
I=1 !

k
= (1@ (8 o) lle, X (t0)] + (Z | ® (k. tz)l) Ve fx (@)l (7.39)

=1
where < denotes the inequality symbol for each element of a vector. Then,
k —_
[1 - (Z |<I>(tk,tz)|) ‘I’] lx @) lle, = 19k, 10) lle, |x (7o) (7.40)
=1

Since the first term on the right side of (7.27) is a (nominal) linear discrete system,
the norm ®(#;, 19)x (f9) can be assumed to be bounded. Thus, if the matrix

k
A=1— <Z|<I>(tk,tl)|>1/_f (7.41)
=1

is Ostrowski’s M-matrix for k — oo, all the elements of [x(#)l|l¢, become
bounded [4, 5]. Hence, we can say that the discrete system is stable.
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7.7 Exercises

(1) Draw the state transition graph for a vending machine with four states and three
events. Show the event and state trajectories.

(2) Consider a machine with two buffers that can only process one part of one type
at a time.

(i) Define the set of states and events.
(i) Draw the state transition graph for the buffer machine.

(3) Produce a Petri net model of the single buffer machine that is modeled in
Sect. 7.3.2.

(4) Describe a candidate for a Lyapunov (nonincreasing and non-negative) function
in Sect. 7.6.

(5) Describe the difference between sectors (7.35) and (7.37).

(6) Show that the matrix condition (7.41) is invariant, when considering (7.39) in
the ¢ space, i.e.,

llxi (7)) [l oo = sup |x; (7)
keZ
and

llx1 (@) oo
llx2 (7 [l oo

lx () lle =
[l (2 o

(7) Show that the vector-matrix expression with non-negative elements as shown in
Appendix B can also be defined for multiple metrics or Lyapunov functions.

Appendix A: Metric Space and Invariant Set

{X'; p} is a metric space [9] if

e p(x,y)=p(y,x) forall x, y € X (i.e., the metrics are commutative) and

e p(x,2) < p(x,y)+ p(y,z) for all x,y,z € X (i.e., the triangle inequality is
satisfied).

Ifx: [xlv ’xn]T ERn andy:[yla 9yn]T

given as

€ R”, the examples of metrics are

n
J m(x,y)zzm — il

i=1

n 1/p
o ;(x,y)= (Z |xi — Yi|p)

i=1
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® Poo(¥,y) =suplx; — yil.

1

The concept of a metric can be extended to the distance from point x to an arbitrary
set Xy C X as follows:

o(x, X)) :=inf{p(x,x") 1 x" € X;}.
Moreover, the r-neighborhood of subset X is defined as
SXy;r)i={x:0<px, X)) <r},
where r > 0.
A set is called invariant with respect to the model G, if all motions originating
in the set remain in the set. Mathematically, the set X, C X is an invariant set with

respectto G, if xo € X, implies x := X (x9, Ex, k) € X, forall k € N and all event
sequences Ej. (That is, all invariant sets are closed with respect to {X'; p}.)

Appendix B: Absolute Value of Each Element of Vector-Matrix

In order to simplify the expression, the notation of a matrix that is composed of the
absolute value of each element is defined as follows:*

W@ 1Y@l - (Y@l

W21 1Y@l o (Yo ()]
wl=] T

|¢nl(tk)| |¢n2(tk)| cee |wnn (1)1

For a vector of the absolute value of each element, the following notation is defined:

T
lx (@) | =[x (@), 2@l -+ 5 Ixa(@Ol1”
Note that each non-negative element can be replaced by some metric or norm in

Euclidean space. Furthermore, each non-negative element can be replaced by some
norm in a function space, e.g., (7.25), generally,

00 1/p
Ixi () e, = (Z |x; (rk>|">
k=0

4In mathematics, since vectors, norms, quadratic forms, and function spaces are regarded as im-
portant, these definitions may be despised.
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and

1 () le,

X2z |le,,
llx@)le, .

a5 e,

in a vector representation. Regarding matrices, for example, we can define the fol-
lowing norm:

STl Y @)l o Y W)l
ko:oo ko:OO ko:oO
|21 (1) Va2t .. (Y2 (1)
19 ) e, = ,; é é
D@l Y W@l Y Y ()]
k=0 k=0 k=0 .

These expressions can be defined for continuous systems as follows:

00 1/p
i (0L, = ( / Ix,'(t)lpdr>
k=0

X1,
lx2(tllL,

and

ol
[ENGSIT

For a matrix expression, for example, in an L space,

/ [Yr11(7)lde f [Yi2(T)ldT ... / [¥1n(0)IdT
k k=0 k

=0 =0

d dr ... L(0)]d
”‘I,(.L.)”Ll _ /k20|w21(f)| T /];:0|w22(f)| T /k:OWZ (r)|dt

/ [¥n1(T)ldT / [Yn2(T)ldT ... / [Yn (T)|dT
LJk=0 k=0 k=0 .
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ERRATUM

Errata and Comments

The following ‘red’ letters are errata that should be corrected (or inserted).

Chapter 1: Mathematical Descriptions and Models
1. Page 5: Eq. (1.10),

y(k+n) +"'+an—1y(k+ 1) +any(k)
=bou(k +n)+ -+ byp_u(k + 1) + byu(k)

2. Page 6: Eq. (1.18),

x1 (k)
x2 (k)
y(k)=[bn —anby byt —an_1hy ... bi—aibo] .|+ boudk).

Xn (k)

bt

Fig. 1.5: Time sequences of the solution for Example 1.6

4. Below Fig. 1.5: Note that the response is delayed by one step as shown in
Fig. 1.5 if y(k + 1) = x1(k) (i.e., y(k) = x1(k — 1)) is applied to the com-
puter program for (1.55). This response corresponds to the result of Exer-
cise (7).

5. Page 7: Eq. (1.21),

x(k) = Ax(k — 1)+ Bu(k — 1),

The online version of the original chapters can be found under doi:10.1007/978-1-4471-5667-3.

Y. Okuyama, Discrete Control Systems, El
DOI 10.1007/978-1-4471-5667-3_8, © Springer-Verlag London 2014



E2

10.

11.

12.

Errata and Comments

. Page 13: Eq. (1.35),

yk+n)+---+ap—1ytk +1) +a,yk)
=boutk+n)+---+by,_qulk+ 1)+ byu(k).

. Page 13:

Z{yk+n)}=2"3) — (y(0)" + -+ y(n — 1)z)

Zlap-1y(k + 1)} = ap—1(z9(2) — y(0)2)
Zlany(k)} = a,3(2).

. Page 13: For simplicity, the initial conditions are assumed to be zero (i.e.,

y(0)=y(1)=---=y(n — 1) =0 and also u(0) = u(1) = --- = u(n — 1) = 0).

Comments:

There would be no contradiction, because y(«x) and u(x) in (1.35) defined for
k =k +n (k = n). However, in a computer simulation, backward expressions
(1.19), (1.21), and (1.40) should be used.

. Page 13: Eq. (1.36),

@ +ar?" e Fan124a0) (@) = (b + b1 b1z 4+b)i(2).
Page 14: Eq. (1.38), The z-transform with respect to k = k + 2 is given as

(22 =24 0.5)9(2) — y(0)2° — y(1)z + y(0)z = (z + Dii(z) — u(0)z.

and
A +1
(z2 —z+0.5)y(z) — y(O)z2 —y(DHz+y0)z= Z(Zz_il) —u(0)z
Page 18:
22 +2) N 24z
3 —-22241.52—-0.5 3 —27224+15z-05
Page 18:
xi(k+1) —a; 1| x1(k) by
= + u(k),
xo(k+1) —ap 0 x2 (k) by
y(k) =x1(k), wherea; =—1, a,=0.5, and by =by =1
Tips:

The z-transforms of the above equations are given as:

z—1 —=1]|x® B u(z)
0.5 z |20 |ak)
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x1(2) _ 1 z 1 z/(z—1)
2@ | 2-2z40505 z—1||z/z-D |

24z _ 24z
() —z405)(z—1) z3—-222+415z—-0.5"

Then,

Thus,

y(@)=X1(x) =

13. Page 19: The caption in Fig. 1.6,
Fig. 1.6 Block diagram for Example 1.6, where a; = 1, ap = —0.5, and
bi=by=1
14. Page 23: Eq. (1.68),
Ko K1 K,

G1@) = ZIG1) = T + Tt T

15. Page 24: In Table 1.2, The fourth line in ‘Discrete time’,
el = khePh

16. Page 25: Eq. (1.76),

2.52

O(r):=e" =1+ AT + 5

=]

17. Page 26: Egs. (1.78), (1.79), and (1.80),
My first manuscript was written as follows:

+...’

where

{x(k +1) = ®(h)x (k) + T(hu(k), T(h) =[] ®()Bdr
y(k) = Cx (k).

{ch(z) =®x(z) + Ti(2)
3(z) = Cx(2).

$(z)=C[I — &z '17'Tz 7 ta(z).
These expressions might be preferable to (1.78), (1.79), and (1.80).
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Jw
l[a™ (Gw)l
"""""""""" 2770
1} o
—2wg
0
(@) (b)
Fig. 1.23 Frequency shifting and spectrum
Chapter 2: Discretized Feedback Systems
1. Page 50: Eq. (2.7),
—pe’ < gle)e < pe’.
2. Page 56: In Eq. (2.25),
) =

3. Page 69: Eq. (2.62),

N N

Yo k@PYOP=2 Y x(Ry®)] - xOyd)]

k=1,k£l ke =1,k
N
= Y xky®) —xDy®)P,
=1kl

4. Page 71: In the last line
---and the inequality problem is proved.

Chapter 3: Robust Stability Analysis
1. Page 75: Eq. (3.8),

le®) 2 = lIr(k)ll2 + sup [G(2)I(p - lletk) 2+ ld (k) [I2).

lzI=1



Chapter 4: Model Reference Feedback and PID Control E5
2. Page 94: Eq. (3.46) in Theorem 3.3,
1(4o, wo) —maxmin (g, @)

3. Page 94: The verification of robust stability using the above modified Hall dia-
gram (off-axis M-circles) is based on the following theorem.

Chapter 4: Model Reference Feedback and PID Control

1. Page 114: In Egs. (4.16), (4.17), (4.20), and (4.21),
Gis) = Gi(s)
Giz) = Gi).
2. Page 117: In Eq. (4.22),
f@ = F@.

3. Page 117: In the first line under Fig. 12,
-+ -, characteristic equation of the nominal feedback system is given as
4. Page 132:
a?® oD a?
§§3) _ ~§2) _ %%2)’ N &353) =;§1) - ?_Il);fl) _ ?_g)yéz),
a2 a a4y
5. Page 140: In Exercise (3), determine the characteristic equation of the nominal
system, F(z) =0, for Example 4.1 (A) --- .
6. Page 140: (4) Show that the approximate PID control system in Fig. 4.18 is
obtained from the model-reference feedback system in Fig. 4.17, when D, (-)
and Dy (-), are in high resolution.

Chapter 5: Multi-Loop Feedback Systems

1. Page 153:
gD
~(n) _ z(n—1) _ n,n—1 (n—1)
n = Yn (n—1) Yn—1
n—1,n—1
(1) @) (n—=1)
S D B M 7P e 1 B (L
n = n -1 2)72 (=1 n-1
ay Ay Ay—1n-1
. () =) ()
2. Page 153: ---, where yi©o= ---, where 0 <y;j" =y,
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3. Page 153: ---all principal minors of matrix A = ---all principal minors of
matrix (5.15)
4. Page 163:
a(n—l)
5 ~(n—1 =l (n—1)
an—],n—l
P 1 P 2) a(nfli |
- - ~(1 2 =2 =1 ~(n—
ayy dp .
5. Page 163: ---, where y;j) = ---,where 0 <§§.j) < y;.j)
6. Page 163: - - -all principal minors of matrix 4 = - --all principal minors of
matrix (5.48)
7. Page 177:

.VJEO, J=1727""nandaij507 i#j
= y;20,j=12,---,nanda;; <0, i #j

Chapter 6: Interval Polynomials and Robust Performance

1. Page 186: Equation (6.17) should be written as follows:

F(2) = Dc1(2) De2(2) D11(2) D22(2) D12(2) D21 (2)
+[K . K{FINe1 (2)N11(2) De2 (2) D22(2) D12(2) D21 (2)
+[K5 . K3 IN2(2)N22(2) De1 (2) D11(2) D12(2) D21 (2)
K™, KT INe1 (2)Ne2 (2) N11 (2) N22(2) D12(2) D21 (2)
—[K ™, K¥IN1(2) N2 (2)N12(2) N1 (2) D11 (z) D2 (2) = 0.
2. Page 191: Fig. 6.3 - - - for discrete control system = Fig. 6.3 --- for discrete

control systems
3. Page 192:

6 — tan”! (—V +2(1+yH0 —y(1 + V2)02>
B 1—(1+y?)6?

The proof of Lemma 6.1 is given as follows:

=4y P+ -y +20(1+y?) — y (1 + y 2P
N [1—2y6 + (1+y2)62]?

YD+ A +y28* =202 + 401+ y2)0% + 2 (1L + D)0t —dyo —dy (1 + 263 + 29267
[1—2y6 + (14 y2)62]

-y
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C U4y +4p202 + A+ D0 —4y0 —dy (L +yH)0° +2(1 +yH)6%]
B [1—2y60 + (1 +y2)62)2 -

Thus, Lemma 6.1 has been proved.
4. Page 204:

F(s) = [ao_,ag']s3 + [al_,czl“L]s2 + [a, , a;]s +[as, a;']

Chapter 7: Relation to Discrete Event Systems

1. Page 228: Fig. 7.6 Petri net systems = Fig. 7.6 Petri net systems
(In the following figures, transitions t; are written in t;)
2. Page 232:1In (7.21),

Vx0€ S(Xp;r) = Vxo€S(Xy;r)

3. Page 234: Their notation is --- = The notations are - - -
4. Page 234:

i (@)1, =Y |xi (8]
k=0

and

llx1 @) lle,
llx2 ()l e
lx () lle, = )
[l Cti) e,
5. Page 235: In (7.28) and (7.33),

V() = W)

6. Page 236:
k ) k )
I- (Z@(rk,nn)w = I- (Z|<I>(tk,n)|)w
=1 I=1
7. Page 237: --- and three events. = --- and two events.
8. Page 239:
Ix1(t)le,

Ix2(t) e,
lx @) lle, = .

1 (t) |l e,

1+y

E7

2

O
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9. Page 239: The equations for continuous-time systems should be corrected as

follows:
o0 1/p
||x,-<r)||L,,=(/0 |xi<r)|ﬂdf) .
and
Ix1(Dlz,
x2(z,
lx(lz,= : ,
X, (Tl
furthermore,
/oll/fu(f)ldf A [Y2(D)|dT ... A [0 (T)|dT
d d n d
o< |, @i [ [
f (V1 (T)|dT / [Vua(D)|dT ... / [Vrun (T)1dT
LJo 0 0 _
Index

1. Page 242: Four discrete-type equation => Forward discrete-time equation



Index

A

Aizerman conjecture, 85, 95, 96, 98, 99, 183
Asymptotic stability, 232

Asymptotically stable, 90

Automata theory, 4

Automated digital system, 27

Autonomous system stability, 89

B

Backward difference, 54, 57, 58, 111, 126, 128

Backward difference equation, 8

Backward discrete-time equation, 7

Bilinear approximation, 112, 113, 191

Bilinear operator, 88, 110, 157

Bilinear transformation, 54, 82, 104, 121

Binary arithmetic, 31

Bounded-inputs and bounded-outputs stable,
73,717,133, 148, 152, 154, 163

Buffer machine, 225

C

C-language, 140

Canonical form, 6

Cascade connected system, 15

Cauchy residue theorem, 16

Characteristic equation, 37

Characteristic polynomials with interval
parameter, 188

Circle criterion, 74, 76

Complementary sensitivity function, 97

Complex roots, 208

Complex variable function, 142

Computerized digital system, 27

Continuous saddle point, 95, 97

Continuous value, 3

Continuous-time, 3

Continuous-time systems, 77

Y. Okuyama, Discrete Control Systems,

Controllable canonical form, 6
Controller algorithm, 112

D

D-stability, 190, 196, 199, 201
Derivative time, 110

Determinant, 36

Diagonal matrix, 36

Difference equation, 7

Direct difference method, 111, 113
Discrete equation, 4

Discrete event system, 222

Discrete model, 121

Discrete-time, 3

Discrete-time system, 27
Discrete-value, 3

Discrete-value system, 27
Discretization process, 26, 28, 46
Discretized nonlinear characteristic, 124
Discretized nonlinear control system, 79
Discretized PID control, 109
Discretized PID control system, 156
Discretized sigmoid, 133

Distorted frequency, 82, 94,97, 111, 122, 192
Division algorithm, 17, 195

Dynamic system, 2

E

Eigenvalue, 37

Eigenvector, 37

Euclidean norm, 39

Event sequence, 223, 224, 238
Event trajectory, 223
Event-driven system, 221
Event-driven type, 4
Exogenous, 5, 55, 73

241
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Exponential stability, 232
Exponentially stable, 90

F

Feedback compensator, 120
Feedback connection, 15, 28
Feedback system, 15

Final value theorem, 12
Finite state system, 4, 221
Finite word length, 31

Forced term, 14

Forward difference, 8

Four corner points, 194

Four corner polynomials, 193
Four discrete-type equation, 4
Fourier Transform, 100
Fourier-Plancherel Transform, 99
Function space, 37

G
Gain margin, 93, 97, 98, 114
Gain-crossover point, 96

H

Holder inequality, 70

Hall diagram, 93, 104

Hardy space, 40

High resolution, 63

Holding circuit, 23, 118
Homogeneous equation, 5, 9
Homogeneous solution, 13
Hurwitz determinant, 204, 217

1

Ideal sampler, 22

Identity matrix, 36

Initial condition, 5, 13

Initial value theorem, 12
Inner product, 59, 68, 127
Input-output stability, 73, 147, 154
Input side discretization, 48
Integer grid coordinates, 28
Integral time, 110

Interval parameter, 185
Interval polynomial, 188
Interval system, 183

Inverse matrix, 36

Inverse transformation, 16, 40

J

Jordan curve, 16, 40

K
Kharitonov rectangle, 189, 204

Index

L

£, space, 38, 68

L, space, 38, 68

{,-stable, 74

L,-stable, 77

Laplace transform, 21

Load balancing system, 226
Logarithmic quantizer, 47
Lyapunov function, 232

M

M -circle, 92

M-matrix, 131, 152, 163, 177

Mealy machine, 4

Metric, 38, 232, 237

Microprocessor, 31

Minkowski inequality, 70, 71

Model reference control system, 129, 172
Model-reference feedback control, 119
Modified Hall diagram, 92

Modified Nichols diagram, 96

Moore machine, 4

M,,93

Multi-loop system, 149
Multi-nonlinearity, 131

Multiple edges, 197

N

Network computer, 230
Neutral point, 53

Nichols diagram, 96, 106
Nominal gain, 50

Nonlinear function, 2
Nonlinear operator, 2
Nonlinear time-varying system, 88
Nonminimum phase system, 85
Nonsingular matrix, 37

Norm, 38, 68

Norm inequality, 57

Normed space, 38

(0]

Observable canonical form, 6
Off-axis M-circles, 94
Operator §, 54, 110

Output side discretization, 49

P

Parallelotope, 189, 197

Parseval identity, 75, 101, 150
Partial fraction expansion, 24, 143
Passivity theorem, 88

Peak value, 95

Petri nets, 227
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Phase margin, 93, 96, 114 Shannon sampling theorem, 43
Phase trace, 57, 114, 134 Shifting theorem, 13
Phase-crossover point, 95 Sigmoid function, 29, 48, 121
PI controller, 116, 140 Simultaneous linear equations, 35
PID control, 109 Small gain theorem, 74, 81
PID controller, 110 Space discretization, 26
Plancherel theorem, 101 State, 3
Polynomial operation, 140 State sequence, 223
Polynomial with complex coefficients, 193 State transition function, 225
Polytope, 189, 197 State transition graph, 224
Popov criterion, 61, 87 State-space representation, 18, 25, 34
Popov stability, 61 Static system, 2
Production network, 229 Sturm sequence, 207, 214

Sturm theorem, 195, 206
Q Sum of trapezoidal areas, 59, 127
Quadratic form, 37 Supervisor, 231

System, 1
R
Real roots, 207 T

Rectangular pulse, 21
Regular matrix, 37
Residue, 16
Resolution, 27
Resolution value, 26, 46, 133

t control system design, 202 ..
Robust con ro” sysiem design Transmission delay, 43, 136
Robust stability, 81 T idal 50 127
Round-down discretization, 46, 58 rgpezm a area.ls, ’

. Triangular matrix, 36
Rounding, 32 ;
Routh series, 204 Truncated input, 78

Routh-Hurwitz criterion, 199, 215 Truncation, 32, 78

Time delay, 118

Time invariance, 2
Time-driven type, 4
Transfer function, 15
Transition matrix, 25, 234

S U

Sampled-data control system, 45 Uncertain parameter, 188
Sampling and holding process, 20 Unit impulse function, 22
Sampling period, 20, 26 Unity matrix, 36
Sampling theorem, 42

Schwarz inequality, 69 v

Second-order lag system, 121 Vending machine, 224
Second-order model, 122

Sector parameter, 50 Z

Sectorial D-stability, 190 z-transform, 11, 12, 40

Segment polynomial, 189 Zero-order hold, 20, 45, 114
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