
Chapter 1

Dynamics of Open Quantum Systems

Exercise 1.1 (Transformation to the Interaction Picture).
Assuming a time-independent Hamiltonian H = H0+V , show that the Schrödinger equation in the interaction
picture becomes

∣
∣
∣
˙̃Ψ(t)

〉

= −iV (t)
∣
∣
∣Ψ̃(t)

〉

,

where V (t) = e+iH0tV e−iH0t denotes the time-dependent Hamiltonian and
∣
∣
∣Ψ̃(t)

〉

= e+iH0t |Ψ(t)〉 the state

vector in the interaction picture.

Solution 1.1. We first define the state vector in the interaction picture
∣
∣
∣Ψ̃(t)

〉

= e+iH0t |Ψ(t)〉. Taking the time

derivative we obtain
∣
∣
∣
˙̃Ψ(t)

〉

= iH0

∣
∣
∣Ψ̃(t)

〉

− e+iH0ti(H0 + V ) |Ψ(t)〉 = −ie+iH0tV |Ψ(t)〉

= −ie+iH0tV e−iH0t
∣
∣
∣Ψ̃(t)

〉

,

which solves the exercise. Usually, the transformation into the interaction picture makes sense when H0 is simple
and/or V is small.

Exercise 1.2 (Temporal Dynamics of a two-level system).
Calculate the solution of Eq. (12). What is the stationary state? Show that detailed balance is satisfied.

Solution 1.2. Although the solution can be easily found with a computer algebra system by exponentiating the
matrix, we exploit here the conservation of the trace and eliminate P1 = 1− P0 leaving just one equation

Ṗ0 = −(T10 + T01)P0 + T01 .

This equation is solved by the general solution of its homogeneous version and a special solution of the inhomoge-
neous version. The latter is found by computing the stationary state

P̄0 =
T01

T10 + T01
,

such that the full solution becomes

P0(t) = Ae−(T10+T01)t +
T01

T10 + T01
,

where the constant A is fixed by the initial condition

P 0
0 = A+

T01

T10 + T01
.

Consequently, the solution becomes

1
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P0(t) = P 0
0 e

−(T10+T01)t +
[

1− e−(T10+T01)t
] T01

T10 + T01
,

P1(t) = (1− P 0
0 )e

−(T10+T01)t +
[

1− e−(T10+T01)t
] T10

T10 + T01
.

We directly see that local detailed balance is satisfied for the stationary state

T01P̄1 =
T01T10

T10 + T01
= T10P̄0

Exercise 1.3 (Reaction-Diffusion Equation).
Along a linear chain of compartments consider the master equation for two species

Ṗi = T [Pi−1(t) + Pi+1(t)− 2Pi(t)]− γPi(t) ,

ṗi = τ [pi−1(t) + pi+1(t)− 2pi(t)] + γPi(t),

where Pi(t) may denote the concentration of a molecule that irreversibly reacts with chemicals in the soluble
to an inert form characterized by pi(t). To which partial differential equation does the master equation map?

Solution 1.3. We multiply the first terms in both equations with ∆x2

∆x2 , where ∆x is the width of the compartments.
Letting the hopping rates T and τ go to infinity and the compartment size go to zero, keeping however their products

DT = lim
T→∞,∆x→0

T∆x2 , Dτ = lim
τ→∞,∆x→0

τ∆x2

finite, we obtain by using the discretization of the second derivative

f ′′(x) = lim
∆x→0

f(x+∆x) + f(x−∆x)− 2f(x)

∆x2

a reaction-diffusion equation

∂tP = DT∂
2
xP (x, t)− γP (x, t) ,

∂tp = Tτ∂
2
xp(x, t) + γp(x, t) .

Here, the diffusion terms are supplemented by a reaction which acts as a sink for species P (x, t) that is converted
into species p(x, t).

Exercise 1.4 (Cell culture growth).
Confirm the validity of Eq. (20).

Solution 1.4. One possible solution for this system of equations is by brute force: The probability P0 is obviously
stationary, such that it may be left out from further considerations. The probability P1(t) follows a simple first order
differential equation, which for the initial condition P 0

1 = 1 is readily solved by (provided K > 1) P1(t) = e−αt.
Inserting this solution into the equation for P2 yields the differential equation Ṗ2 = −2αP2 + αe−αt, which can

be solved by variation of constants P2(t) = C2(t)e
−2αt yielding P2(t) = (eαt − 1)e−2αt.

The equation of P3(t) is also a simple differential equation with time-dependent coefficients Ṗ3 = −3αP3+2α(eαt−
1)e−2αt, which is solved with the same method P3(t) = C3(t)e

−3αt. The solution becomes P3(t) = (eαt − 1)2e−3αt

and is thus similar to P2(t).
In fact, the other probabilities can be solved in a similar fashion and they become

Pℓ<K(t) = e−ℓαt(eαt − 1)ℓ−1 .

Finally, the last equation becomes ṖK = α(K − 1)e−(K−1)αt(eαt − 1)K−2, which is readily solved by

PK(t) = e−(K−1)αt(eαt − 1)K−1 .

With these solutions for the probabilities, we can directly confirm the solution of the mean occupation. We note
that the first probabilities P1, . . . , PK−1 are independent of the carrying capacity K, which implies for the means
of different carrying capacities the recursion formula
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〈ℓ〉K = 〈ℓ〉K−1 − (K − 1)e−(K−2)αt(eαt − 1)K−2 + (K − 1)e−(K−1)αt(eαt − 1)K−2

+Ke−(K−1)αt(eαt − 1)K−1

= 〈ℓ〉K−1 + e−(K−1)αt(eαt − 1)K−1 = 〈ℓ〉K−1 + (1− e−αt)K−1 .

Together with an initial value, e.g. 〈ℓ〉2 = P1 + 2P2 for K = 2, this confirms the general solution

〈ℓ〉 = e+αt
[

1−
(
1− e−αt

)K
]

.

Alternatively, this can also be obtained via computing the matrix exponential of the rate matrix with a computer
algebra system.

Exercise 1.5 (Logistic growth Equation).
Solve Eq. (21).

Solution 1.5. The logistic growth equation is best solved using separation of variables

N(t)∫

N0

dN

N
(
1− N

K

) = αt

=

N(t)∫

N0

[
1

N
− 1

n−K

]

dN = ln
N(t)

N0
− ln

N(t)−K

N0 −K
= ln

N(t)(N0 −K)

N0(N(t)−K)
.

This can be solved for N(t)

N(t) =
N0e

αt

1 + N0

K (eαt − 1)
,

and we can easily confirm the initial condition N(0) = N0 and the final state N̄ = K.

Exercise 1.6 (Superposition versus Localized States).
Calculate the density matrix for a statistical mixture in the states |0〉 and |1〉 with probability p0 = 3/4 and
p1 = 1/4. What is the density matrix for a statistical mixture of the superposition states |Ψa〉 =

√

3/4 |0〉 +
√

1/4 |1〉 and |Ψb〉 =
√

3/4 |0〉 −
√

1/4 |1〉 with probabilities pa = pb = 1/2.

Solution 1.6. Both statistical mixtures map to the density matrix (in the basis {|0〉 , |1〉})

ρ =

(
3/4 0
0 1/4

)

,

which demonstrates that these statistical mixtures cannot be distinguished. It is however, of course possible to
distinguish between the pure states by suitable measurements.

Exercise 1.7 (Preservation of density matrix properties by unitary evolution).
Show that the von-Neumann equation (29) preserves self-adjointness, trace, and positivity of the density
matrix.

Solution 1.7. The von-Neumann-equation has the formal solution

ρ(t) = U(t)ρ0U
†(t) ,

with the unitary operator U †(t) = U−1(t) defined in Eq. (5). Since the initial density matrix ρ0 must be hermitian

ρ0 = ρ†0, normalized Tr {ρ0} = 1, and positive definite 〈Ψ | ρ |Ψ〉 ≥ 0, all these properties are inherited by ρ(t). For
example, considering hermiticity and trace this is simple to show

ρ†(t) = U(t)ρ†0U
†(t) = U(t)ρ0U

†(t) = ρ(t) ,

Tr {ρ(t)} = Tr
{
U(t)ρ0U

†(t)
}
= Tr

{
U †(t)U(t)ρ0

}
= Tr {ρ0} = 1 ,

and positivity is of course also preserved since unitary transformations do not change the eigenvalues of a matrix.
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Exercise 1.8 (Preservation of density matrix properties by measurement).
Show that the measurement postulate preserves self-adjointness, trace, and positivity of the density matrix.

Solution 1.8. We consider the measurement outcome m, under which the density matrix becomes

ρ′ =
MmρM†

m

Tr
{

M†
mMmρ

} .

Most obviously, we have Tr {ρ′} = 1, and also hermiticity is preserved

(ρ)′† =
Mmρ†M†

m

Tr
{

ρ†M†
mMm

} =
MmρM†

m

Tr
{

M†
mMmρ

} = ρ′ .

To show preservation of positivity, we use that just before the measurement, ρ must be a valid density matrix and
thus have a spectral decomposition ρ =

∑

α Pα |α〉 〈α| with Pα ∈ [0, 1] and
∑

α Pα = 1. Furthermore, we use that
the normalization factor is the probability Pm = Tr

{
M†

mMmρ
}
of obtaining measurement outcome m and thus

by construction positive. As a side remark, we note that in general the basis within which the density matrix is
diagonal and the measurement basis need not coincide. Inserting this, we can write the effect of the measurement
as

〈Ψ | ρ′ |Ψ〉 =
∑

α

Pα 〈Ψ |Mm |α〉 〈α|M†
m |Ψ〉 /Pm =

∑

α

Pα/Pm|〈Ψ |Mm |α〉|2 ≥ 0 ,

which proves positivity of ρ′.

Exercise 1.9 (Tensor Products of Operators).
Let σ denote the Pauli matrices, i.e.,

σ1 =

(
0 +1
+1 0

)

σ2 =

(
0 −i
+i 0

)

σ3 =

(
+1 0
0 −1

)

Compute the trace of the operator

Σ = a1⊗ 1+

3∑

i=1

αiσ
i ⊗ 1+

3∑

j=1

βj1⊗ σj +

3∑

i,j=1

aijσ
i ⊗ σj .

Solution 1.9. We use that the Pauli matrices are traceless Tr
{
σ1
}
= Tr

{
σ2
}
= Tr

{
σ3
}
= 0 and that the trace

of a simple tensor product can be represented by the product of traces within the subspaces only Tr {A⊗B} =
TrA{A}TrB{B}. Furthermore, the trace of a 2× 2 identity matrix is Tr {1} = 2. Then, the task becomes trivial

Tr {Σ} = aTr {1}2 = 4a .

Exercise 1.10 (Partial Trace).
Compute the partial trace ρA = TrB {ρAB} of a pure density matrix ρAB = |Ψ〉 〈Ψ | in the bipartite state

|Ψ〉 = 1√
2
(|01〉+ |10〉) ≡ 1√

2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉) .

Show that ρA is no longer pure.

Solution 1.10. The full density matrix is given by

ρAB =
1

2
[|01〉 〈01|+ |01〉 〈10|+ |10〉 〈01|+ |10〉 〈10|]

=
1

2







0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0







,
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where in the matrix representation we have assumed the basis {|00〉 , |01〉 , |10〉 , |11〉}. The partial trace over sub-
system B is now defined as

ρA = TrB{ρAB} = 〈0|B ρAB |0〉B + 〈1|B ρAB |1〉B
=

1

2
[|0〉A 〈0|A + |1〉A 〈1|A] =

1

2

(
1 0
0 1

)

,

where we have used the basis {|0〉A , |1〉A}. This – since ρ2A 6= ρA – is obviously a mixed (not pure) state.

Exercise 1.11 (Trace and Hermiticity preservation by Lindblad forms).
Show that the Lindblad form master equation preserves trace and hermiticity of the density matrix.

Solution 1.11. We want to show that the evolution equation

ρ̇ = −i [H, ρ] +

N2−1∑

α,β=1

γαβ

(

AαρA
†
β − 1

2

{

A†
βAα, ρ

})

,

preserves initial hermiticity and trace of ρ0. Hermiticity is obviously preserved if

ρ̇† = +i(ρH −Hρ) +

N2−1∑

α,β=1

γ∗
αβ

(

AβρA
†
α − 1

2

{
A†

αAβ , ρ
}
)

= −i [H, ρ] +

N2−1∑

α,β=1

γβα

(

AβρA
†
α − 1

2

{
A†

αAβ , ρ
}
)

= −i [H, ρ] +
N2−1∑

α,β=1

γαβ

(

AαρA
†
β − 1

2

{

A†
βAα, ρ

})

= ρ̇

holds. Here, we have used hermiticity of ρ = ρ† and H = H† and γ∗
βα = γαβ . In the last equation, we have simply

renamed α ↔ β. It is also straightforward to show that the trace is conserved

Tr {ρ̇} = −iTr {Hρ− ρH}+
N2−1∑

α,β=1

γαβTr

{

AαρA
†
β − 1

2

{

A†
βAα, ρ

}}

= 0 ,

where one only has to use Tr {AB} = Tr {BA}.

Exercise 1.12 (Shift invariance).
Show the invariance of the diagonal representation of a Lindblad form master equation (46) with respect to
the transformation (47).

Solution 1.12. To show that the simplest form of a Lindblad equation

ρ̇ = −i [H, ρ] +
∑

α

(

LαρL
†
α − 1

2

{
L†
αLα, ρ

}
)

.

is invariant with respect to the transformation

Lα → L′
α = Lα + aα1

H → H ′ = H +
1

2i

∑

α

(
a∗αLα − aαL

†
α

)
+ b1 ,

we simply insert these
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ρ̇ = −i

[

H +
1

2i

∑

α

(
a∗αLα − aαL

†
α

)
+ b, ρ

]

+
∑

α

(

[Lα + aα] ρ
[
L†
α + a∗α

]
− 1

2

{[
L†
α + a∗α

]
[Lα + aα] , ρ

}
)

= −i [H, ρ] +
∑

α

(

LαρL
†
α − 1

2

{
L†
αLα, ρ

}
)

−1

2

∑

α

(
a∗αLα − aαL

†
α

)
ρ+

1

2
ρ
∑

α

(
a∗αLα − aαL

†
α

)
+
∑

α

[
aα
2
ρL†

α +
a∗α
2
Lαρ−

aα
2
L†
αρ−

a∗α
2
ρLα

]

= −i [H, ρ] +
∑

α

(

LαρL
†
α − 1

2

{
L†
αLα, ρ

}
)

.

This invariance enables one to gauge the energy of the Hamiltonian b and to choose e.g. traceless Lindblad operators
Lα. for all systems. Such transformations will not affect the solution to the Lindblad equation.

Exercise 1.13 (Hermiticity of effective Hamiltonian).
Show that the effective Hamiltonian Heff (t) = iU̇(t)U †(t) is hermitian.

Solution 1.13. To show this we only need the unitarity of U . Taking the time derivative of U(t)U †(t) = 1 we
obtain the relation

U̇(t)U †(t) + U(t)U̇ †(t) = 0 .

This can be exploited to obtain for the effective Hamiltonian

Heff
†(t) = −iU(t)U̇ †(t) = +iU̇(t)U †(t) = Heff (t) .

Its hermiticity and occurrence in the commutator with the density matrix motivates the terminology effective
Hamiltonian.

Exercise 1.14 (Moments).
Calculate the expectation value of the number operator n = a†a and its square n2 = a†aa†a in the stationary
state of the master equation (56).

Solution 1.14. We use that the stationary solution of Eq. (56) is just the thermal state ρ̄ = e−βHTr
{
e−βH

}
with

H = Ωa†a. First, we calculate the proper normalization of the stationary density matrix in the Fock state basis of
the harmonic oscillator eigenstates

Z = Tr
{

e−βΩa†a
}

=

∞∑

n=0

e−βΩn =
1

1− e−βΩ
,

where we have used the geometric series. To calculate the expectation value of n, we have to evaluate

〈n〉 =
∞∑

n=0

n
e−βΩn

Z
= − 1

Z

∞∑

n=0

∂

∂(βΩ)
e−βΩn = −

(
1− e−βΩ

) ∂

∂(βΩ)

1

1− e−βΩ
=

1

eβΩ − 1
.

This is nothing but the Bose distribution at frequencyΩ with the reservoir temperature β, i.e., the system occupation
equilibrates with the reservoir. Similarly, we evaluate the expectation value of n2

〈
n2
〉
=

∞∑

n=0

n2 e
−βΩn

Z
=

1

Z

∞∑

n=0

∂2

∂(βΩ)2
e−βΩn =

(
1− e−βΩ

) ∂2

∂(βΩ)2
1

1− e−βΩ
=

eβΩ + 1

(eβΩ − 1)
2 .

Exercise 1.15 (Coherent state).
Using the driven cavity master equation, show that the stationary expectation value of the cavity occupation
fulfils

lim
t→∞

〈
a†a
〉
=

|P |2
γ2 + 4(Ω − ω)2
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Solution 1.15. We first map the driven cavity master equation (in the comoving frame) to a set of equations for

operator expectation values by using
〈

Ȧ
〉

= Tr {Aρ̇} = Tr {ALρ}. Starting with
〈
a†a
〉
we see that it couples to

two further operators a and a†, for which we also seek to find the dynamics. Altogether, the dynamics is closes with
just three operators

d

dt

〈
a†a
〉
= +i

P

2
〈a〉 − i

P ∗

2

〈
a†
〉
− γ

〈
a†a
〉
,

d

dt
〈a〉 =

[γ

2
− i(Ω − ω)

]

〈a〉 − i
P ∗

2
,

d

dt

〈
a†
〉
=
[γ

2
+ i(Ω − ω)

] 〈
a†
〉
+

P

2
.

The stationary state of this equation is given by

lim
t→∞

〈
a†a
〉
=

|P |2
γ2 + 4(Ω − ω)2

,

which is independent on the frame.

Exercise 1.16 (Preservation of Positivity).
Show that the super-operator in Eq. (70) preserves positivity of the density matrix provided that initial posi-

tivity (−1/4 ≤
∣
∣ρ0ge

∣
∣
2 − ρ0ggρ

0
ee ≤ 0) is given.

Solution 1.16. Due to its simple structure, we may readily obtain the solution of Eq. (70)

ρgg = ρ0gg + ρ0ee
(
1− e−γt

)
, ρee = e−γtρ0ee

ρge = e(−γ/2+2iΩ)tρ0ge , ρeg = e(−γ/2−2iΩ)tρ0eg ,

where we have to keep in mind that the initial density matrix must be hermitian (ρ0eg = (ρ0ge)
∗ and ρgg, ρee ∈ R),

normalized (ρ0ee + ρ0gg = 1) and positive. The last condition implies that both eigenvalues

λ± =
1

2

(

ρee + ρgg ±
√

4ρegρge + (ρee − ρgg)2
)

of the initial density matrix must be positive. In particular, this requires that the argument of the root

A = 4|ρeg|2 + (ρee − ρgg)
2 = 1 + 4|ρeg|2 − 4ρeeρgg

must be positive and upper-bounded by one. In particular, this implies the hint given in the exercise. To preserve
positivity at all times, it is required that the above eigenvalues must be positive throughout. Inserting the solutions
we obtain

A(t) = 4|ρeg|2 + (ρee − ρgg)
2 = e−γt4

∣
∣ρ0eg

∣
∣
2
+
[
ρ0ee − ρ0gg − 2ρ0ee

(
1− e−γt

)]2

=
(
e−γt − 1

)
4
∣
∣ρ0eg

∣
∣
2
+ 4
∣
∣ρ0eg

∣
∣
2
+
(
ρ0ee − ρ0gg

)2 − 4
(
ρ0ee − ρ0gg

)
ρ0ee
(
1− e−γt

)
+ 4(ρ0ee)

2
(
1− e−γt

)2

= A(0)− 4
∣
∣ρ0eg

∣
∣
2 (

1− e−γt
)
+ 4

(
1− e−γt

) (
ρ0eeρ

0
gg − e−γt(ρ0ee)

2
)

≤ A(0)− 4
∣
∣ρ0eg

∣
∣
2 (

1− e−γt
)
+ 4

(
1− e−γt

)
ρ0eeρ

0
gg = A(0) + 4

(
1− e−γt

) (

−
∣
∣ρ0eg

∣
∣
2
+ ρ0eeρ

0
gg

)

≤ A(0) ≤ 1 .

The first line obviously shows that A(t) is positive, and its upper bound follows from the upper bound of the
initial condition. Therefore, despite the seemingly unrelated evolution of populations and coherences the parameters
entering these equations ensure that the solution density matrix is positive.

Exercise 1.17 (Expectation values from superoperators).
Show that for a Liouvillian super-operator connecting N populations (diagonal entries) with M coherences
(off-diagonal entries) acting on the density matrix ρ(t) = (P1, . . . , PN , C1, . . . , CM )T , the trace in the expec-
tation value of an operator can be mapped to the matrix element
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〈A(t)〉 = (1, . . . , 1
︸ ︷︷ ︸

N×

, 0, . . . , 0
︸ ︷︷ ︸

M×

) · A · ρ(t) ,

where the matrix A is the super-operator corresponding to multiplication with A from the left.

Solution 1.17. The expectation value of an operator is simply given by

〈A〉 = Tr {ρ(t)A} = Tr {Aρ(t)} .

Since the trace is just the sum over the diagonal entries of a matrix, in superoperator notation this corresponds
to a sum of the entries corresponding to populations. When Aρ=̂Aρ, these are obtained by multiplying with the
described row vector.

Similarly, one could define the superoperator corresponding to multiplication from the right via Āρ=̂ρA, and –
despite in general Ā 6= A the trace formula would be the same

〈A(t)〉 = (1, . . . , 1
︸ ︷︷ ︸

N×

, 0, . . . , 0
︸ ︷︷ ︸

M×

) · A · ρ(t) = (1, . . . , 1
︸ ︷︷ ︸

N×

, 0, . . . , 0
︸ ︷︷ ︸

M×

) · Ā · ρ(t) .



Chapter 2

Microscopic Derivation

Exercise 2.1 (Jordan-Wigner transform).
Show that for fermions distributed on N sites, the decomposition

ci = σz ⊗ . . .⊗ σz

︸ ︷︷ ︸

i−1

⊗σ− ⊗ 1⊗ . . .⊗ 1
︸ ︷︷ ︸

N−i

preserves the fermionic anti-commutation relations

{ci, cj} = 0 =
{

c†i , c
†
j

}

,
{

ci, c
†
j

}

= δij1 .

Show also that the fermionic Fock space basis c†i ci |n1, . . . , nN 〉 = ni |n1, . . . , nN 〉 obeys σz
i |n1, . . . , nN 〉 =

(−1)ni+1 |n1, . . . , nN 〉.

Solution 2.1. Without loss of generality (we have {ci, cj} = {cj , ci} and c2i = 0 is trivially fulfilled due to (σ−)2 = 0)
we consider the case i < j

{ci, cj} = (σz)2 ⊗ . . .⊗ (σz)2
︸ ︷︷ ︸

(i−1)×

⊗σ−σz
︸ ︷︷ ︸

i

⊗σz ⊗ . . .⊗ σz

︸ ︷︷ ︸

(i+1)...(j−1)

⊗ σ−
︸︷︷︸

j

⊗1⊗ . . .⊗ 1
︸ ︷︷ ︸

(N−j)×

+(σz)2 ⊗ . . .⊗ (σz)2 ⊗ σzσ− ⊗ σz ⊗ . . .⊗ σz ⊗ σ− ⊗ 1⊗ . . .⊗ 1

= 0 ,

where we have used (σz)2 = 1 and σ−σz = −σzσ−. From the adjoint equation we automatically have {c†i , c
†
j} = 0.

To show the last commutation relation we consider first i < j (i > j need not be considered due to the symmetry)

{

ci, c
†
j

}

= (σz)2 ⊗ . . .⊗ (σz)2
︸ ︷︷ ︸

(i−1)×

⊗σ−σz
︸ ︷︷ ︸

i

⊗σz ⊗ . . .⊗ σz

︸ ︷︷ ︸

(i+1)...(j−1)

⊗ σ+
︸︷︷︸

j

⊗1⊗ . . .⊗ 1
︸ ︷︷ ︸

(N−j)×

+(σz)2 ⊗ . . .⊗ (σz)2 ⊗ σzσ− ⊗ σz ⊗ . . .⊗ σz ⊗ σ+ ⊗ 1⊗ . . .⊗ 1

= 0

due to the same reasons as before. For i = j we have

{

ci, c
†
i

}

= (σz)2 ⊗ . . .⊗ (σz)2
︸ ︷︷ ︸

(i−1)×

⊗σ−σ+
︸ ︷︷ ︸

i

⊗1⊗ . . .⊗ 1
︸ ︷︷ ︸

(N−i)×

+(σz)2 ⊗ . . .⊗ (σz)2
︸ ︷︷ ︸

(i−1)×

⊗σ+σ−
︸ ︷︷ ︸

i

⊗1⊗ . . .⊗ 1
︸ ︷︷ ︸

(N−i)×

= 1⊗ . . .⊗ 1
︸ ︷︷ ︸

(i−1)×

⊗
[
1

2
(1− σz) +

1

2
(1+ σz)

]

⊗ 1⊗ . . .⊗ 1
︸ ︷︷ ︸

(N−i)×

= 1 ,

9
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which proves in combination that {ci, c†j} = 1δij . The second part can be answered via the mapping c†i ci |n1, . . . , nN 〉 =
1
2 [1+ σz

i ] |n1, . . . , nN 〉 = ni |n1, . . . , nN 〉, which can be solved for

σz
i |n1, . . . , nN 〉 = (2ni − 1) |n1, . . . , nN 〉 = (−1)ni+1 |n1, . . . , nN 〉 ,

since ni can only take values 0 and 1.

Exercise 2.2 (Transforming the coupling operators).
Given an interaction Hamiltonian HI =

∑

α Aα ⊗ Bα where 〈Bα〉 6= 0, show that there exists a simple
transformation Bα → B′

α and HS → H′
S which obeys 〈B′

α〉 = 0. Find B′
α and H′

S.

Solution 2.2. We note that the total Hamiltonian is invariant when we simultaneously transform

Bα → B′
α = Bα + gα1 , HS → H′

S = HS −
∑

α

gαAα ,

such that HS+
∑

α Aα⊗Bα = H′
S+
∑

α Aα⊗B′
α holds. To obtain vanishing lineary expectation values of the bath

coupling operators 〈B′
α〉 = 0, we therefore set gα = −〈Bα〉, such that the new reservoir coupling operators and

system Hamiltonian read

B′
α = Bα − 〈Bα〉1 , H′

S = HS +
∑

α

〈Bα〉Aα .

Hermiticity of the interaction Hamiltonian implies that also H′
S will be hermitian. This transformation has the

interesting consequence that the interaction may change the pointer-basis from the eigenbasis of HS to the eigenbasis
of H′

S.

Exercise 2.3 (Properties of Correlation functions).
Show that when [HB, ρ̄B] = 0 (which is e.g. the case in thermal equilibrium), the correlation functions in
Eq. (86) only depend on the difference of their time arguments

Cαβ(t1, t2) = Cαβ(t1 − t2, 0) .

Solution 2.3. We use the definition of the correlation function and the fact that the thermal equilibrium state
commutes with the reservoir Hamiltonian

Cαβ(t1, t2) = TrB
{
e+iHBt1Bαe

−iHBt1e+iHBt2Bβe
−iHBt2 ρ̄B

}
= TrB

{

e+iHBt1Bαe
−iHB(t1−t2)Bβ ρ̄Be

−iHBt2
}

= TrB

{

e+iHB(t1−t2)Bαe
−iHB(t1−t2)Bβ ρ̄B

}

= Cαβ(t1 − t2, 0) ≡ Cαβ(t1 − t2) .

In practice, this dependence on a single variable enables one to compute Fourier transforms of the reservoir corre-
lation functions easily.

Exercise 2.4 (KMS condition).

Show the validity of the KMS condition for a thermal bath with ρ̄B = e−βHB

Tr{e−βHB} .

Solution 2.4. For a thermal state the bath correlation functions (single time argument) read

Cαβ(τ) = Tr

{

e+iHBτBαe
−iHBτBβ

e−βHB

ZB

}

,

where ZB = Tr
{
e−βHB

}
simply provides a normalization and where we have also assumed that Bα and Bβ are

coupling operators belonging to the same bath. We find

Cβα(−τ − iβ) = Tr

{

e−iHB(τ+iβ)Bβe
iHB(τ+iβ)Bα

e−βHB

ZB

}

= Tr

{

eiHB(τ+iβ)Bα
e−βHB

ZB
e−iHB(τ+iβ)Bβ

}

= Tr

{

eiHBτBαe
−iHBτBβ

ei
2βHB

ZB

}

= Cαβ(τ) .
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This also further transforms to a corresponding symmetry of the Fourier transforms of the reservoir correlation
functions.





Chapter 3

Exactly solvable Models

Exercise 3.1 (Interaction Picture).
Show that Eq. (139) arises in the interaction picture.

Solution 3.1. In the interaction picture, all operators transform according to O(t) = e+i(HS+HB)tOe−i(HS+HB)t.
Since [HS,HB] = 0 by construction, one can separate the exponentials e.g. ei(HS+HB)t = eiHSteiHBt, such that
system and bath operators can be separately transformed. Furthermore, since [HS, σ

z] = 0, the system coupling
operator remains invariant

σ
z(t) = e+iHStσze−iHSt = σz .

This is different for the bosonic operators. We first compute their time derivative

d

dt
bk(t) = e+iHBt (+iHBbk − ibkHB) e

−iHBt = ie+iHBt[HB, bk]e
−iHBt = −iωke

+iHBtbke
−iHBt = −iωkbk(t) .

This differential operator equation is readily solvable, and by hermitian conjugation we can directly conclude the
interaction picture evolution of both operators

bk(t) = e−iωktbk , b
†
k(t) = e+iωktb†k .

Inserting these solutions into the interaction Hamiltonian yields Eq. (139).

Exercise 3.2 (BCH formula).
Show the generalization from Eq. (141) to Eq. (142).

Solution 3.2. We sucessively use Eq. (141) to separate one operator at a time and furthermore exploit that the
exponential of the commutator commutes with all other operators

eA1+...+An = eA1+...+An−1eAne−[A1+...+An−1,An]/2

= eA1+...+An−2eAn−1eAne−[A1+...+An−2,An−1]/2e−[A1+...+An−1,An]/2

...

= eA1 × . . .× eAne−[A1,A2]/2e−[A1+A2,A3]/2 × . . .× e−[A1+...+An−2,An−1]/2e−[A1+...+An−1,An]/2 .

Then, we use that the commutator terms in the exponentials do all mutually commute, such that they can be
combined into a single exponential operator

eA1+...+An = eA1 × . . .× eAne−[A1,A2]/2−[A1+A2,A3]/2−...−[A1+...+An−2,An−1]/2−[A1+...+An−1,An]/2

= eA1 × . . .× eAne
∑

i<j [Ai,Aj ]/2 .

Exercise 3.3 (Matrix Exponentials).
Show that for a unit vector |n| = 1 and a vector of Pauli matrices σ = (σx, σy, σz) one has

e(n·σ)⊗A = 1⊗ cosh(A) + (n · σ)⊗ sinh(A) .

Solution 3.3. We first show that – using well-known properties of the Pauli matrices

13
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(n · σ)2 = (nxσ
x + nyσ

y + nzσ
z)

2
=
(
n2
x + n2

y + n2
z

)
1+ nxny{σx, σy}+ nxnz{σx, σz}+ nynz{σy, σz}

= 1 .

This implies for even and odd powers

(n · σ)2k = 1 , (n · σ)2k+1
= (n · σ) .

These can be separately written in the exponential

e(n·σ)⊗A =

∞∑

k=0

(n · σ)k ⊗Ak

k!
=

∞∑

k=0

(n · σ)2k ⊗A2k

(2k)!
+

∞∑

k=0

(n · σ)2k+1 ⊗A2k+1

(2k + 1)!

= 1⊗
∞∑

k=0

A2k

(2k)!
+ (n · σ)

∞∑

k=0

A2k+1

(2k + 1)!
= 1⊗ cosh(A) + (n · σ) sinh(A) .

Exercise 3.4 (Weak Coupling Limit).
Show that Eq. (177) reduces in the weak-coupling limit to Eq. (178 by using a representation of the Dirac-Delta
distribution

δ(x) = lim
ǫ→0

1

π

ǫ

x2 + ǫ2
.

Solution 3.4. In the wide-band limit Γα(ω) → Γα, the stationary occupation of the central dot can be written as
(Γ =

∑

α Γα)

n̄ =
∑

α

∫

dωΓαfα(ω)
2

π

1

Γ 2 + 4(ω − ǫ)2
=
∑

α

Γα

Γ

∫

fα(ω)
1

π

Γ/2

(Γ/2)2 + (ω − ǫ)2
dω

→
∑

α

Γα

Γ

∫

fα(ω)δ(ω − ǫ)dω =
∑

α

Γα

Γ
fα(ǫ) ,

where we have assumed that while Γ → 0, the ration Γα/Γ remains finite. For two terminals α ∈ {L,R}, this
directly corresponds to Eq. (178). In any case one can see that the occupation of the dot is a convex combination of
the lead occupations at the dot energy ǫ: For coupling only to a single lead, the dot occupation equilibrates perfectly
in the weak-coupling limit.

Exercise 3.5 (Weak-Coupling Limit).
Show that Eq. (186) follows from Eq. (185) when Γ → 0.

Solution 3.5. Similar to the previous exercise we may employ a representation of the Dirac-Delta function. As-
suming that while Γ = ΓL + ΓR → 0, the prefactor ΓLΓR/(ΓL + ΓR) remains finite, we use

δ(ω − ǫ) = lim
Γ→0

Γ/2

(ω − ǫ)2 + (Γ/2)2
,

which directly converts Eq. (185) to Eq. (186).



Chapter 4

Technical Tools

Exercise 4.1 (Single Resonant Level).
Calculate the matrix exponential of the Liouvillian super-operator for a single resonant level tunnel-coupled
to a single junction

L =

(
−Γf +Γ (1− f)
+Γf −Γ (1− f)

)

when the dot level is much lower than the Fermi edge (f → 1) and when it is much larger than the Fermi
edge f → 0.

Solution 4.1. Though it is straightforward to exponentiate the Liouvillian L also for finite f , we consider for
brevity only the special cases f → 0 and f → 1, where the Liovillian becomes

L0 = Γ

(
0 +1
0 −1

)

, L1 = Γ

(
−1 0
+1 0

)

,

and we can directly confirm the relations L2
0 = −ΓL0 and L2

1 = −ΓL1, which by induction generalize to

Ln≥1
0 = (−1)n−1L0 , Ln≥1

1 = (−1)n−1L1 ,

which can be inserted in the matrix exponential

eL0/1 = 1+
∞∑

n=1

Ln
0/1

n!
= 1+

L0/1

−Γ

∞∑

n=1

(−Γ )n

n!
= 1− L0/1

Γ

(
e−Γ − 1

)
,

and in particular we obtain

eL0 =

(
1 1− e−Γ

0 e−Γ

)

, eL1 =

(
e−Γ 0

1− e−Γ 1

)

.

We note here that Γ = γt must be dimensionless. In the large-time limit Γ → ∞, these propagators simply map
any initial state to the empty or filled state, respectively.

Exercise 4.2 (EOM for the harmonic oscillator).
Calculate the expectation value of a+ a† for a cavity in a vacuum bath

ρ̇ = −i [H, ρ] + aρa† − 1

2

{
a†a, ρ

}
.

Solution 4.2. The vaccuum master equation reads explicitly

ρ̇ = −i
[
Ωa†a, ρ

]
+ γ

[

aρa† − 1

2
a†aρ− 1

2
ρa†a

]

.

15
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It is straightforward to use Eq. (190) to calculate the equations of motion for the displacement x =
√

1
2mΩ (a+ a†)

and momentum p = −
√
mΩi(a− a†) of the harmonic oscillator. Fortunately, these already form a closed set

d

dt

〈
a+ a†

〉
= −γ

2

〈
a+ a†

〉
−Ω

〈
i
(
a− a†

)〉

d

dt

〈
i(a− a†)

〉
= Ω

〈
a+ a†

〉
− γ

2

〈
i
(
a− a†

)〉
.

However, it is even simpler to calculate the evolution of expectation values of the creation and annihilation operators

d

dt
〈a(t)〉 =

(

−γ

2
− iΩ

)

〈a(t)〉 , d

dt

〈
a†(t)

〉
=
(

−γ

2
+ iΩ

) 〈
a†(t)

〉
.

From the evident solution of these equation, we may also construct the evolution of the displacement

〈
a(t) + a†(t)

〉
= e−γt/2 cos(Ωt)

〈
a+ a†

〉
− e−γt/2 sin(Ωt)

〈
i(a− a†)

〉
,

i.e., position expectation values are simply damped to the minimum, as one would expect for a vacuum reservoir.
This also holds for the momentum.

Exercise 4.3 (Order of the RK scheme).
Acting with the Liouville super-operator performs the time-derivative of the density matrix. Show that the
presented scheme (199) is of fourth order in ∆t, i.e., that

ρn+1 =

[

1+ L∆t+ L2∆t2

2!
+ L3∆t3

3!
+ L4∆t4

4!

]

ρn +O{∆t}5 .

Solution 4.3. We may recursively plug in the recipe of the Runge-Kutta scheme

ρn+1 = ρn +
1

6
σn,1 +

1

3
σn,2 +

1

3
σn,3 +

1

6
σn,4

= ρn +
1

6
∆tLρn +

1

3
∆tL

(

ρn +
1

2
∆tLρn

)

+
1

3
∆tL

[

ρn +
1

2
∆tL

(

ρn +
1

2
∆tLρn

)]

+
1

6
∆tL

{

ρn +∆tL
[

ρn +
1

2
∆tL

(

ρn +
1

2
∆tLρn

)]}

=

[

1+ (∆t)L+
(∆t)2

2
L2 +

(∆t)3

6
L3 +

(∆t)4

24
L4

]

ρn ,

which corresponds to the fourth order expansion of ρ(t+∆t) around t, since the k-th derivative of ρ(t) at time t is
numerically approximated by Lkρ(t).

Exercise 4.4 (Norm for continuous evolution).
Calculate the norm of the state vector 〈Ψ(t)|Ψ(t)〉 from Eq. (202).

Solution 4.4. The state vector for nonlinear evolution

|Ψ(t)〉 = e−iMt |Ψ0〉
〈Ψ0| e+iM†te−iMt |Ψ0〉1/2

with M = H − i
2

∑

α γαL
†
αLα is obviously normalized, which follows from

(
e−iMt

)†
= e+iM†t .

Therefore, we have 〈Ψ(t)|Ψ(t)〉 = 1. Any loss in the norm of the state vector would result in false jump probabilities
in the stochastic Schrödinger equation, since these are determined from 〈Ψ(t)|L†

αLα |Ψ(t)〉.

Exercise 4.5 (additivity of rates).
Show that for an interaction Hamiltonian of the form HI =

∑

α Aα ⊗Bα =
∑

a

∑

ν Aaν ⊗Baν where ν labels
the reservoir and where 〈Baν〉 = 0 holds, different reservoirs do not interfere, such that the rates can be
calculated additively
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Cαβ(τ) = Caν,bµ(τ) = 〈Baν(τ)Bbν〉 δµν .

Solution 4.5. This claim of course only holds for reservoirs that remain independent, i.e., where the reservoir
density matrix can be written as a tensor product

ρ̄B =
⊗

ν

ρ̄
(ν)
B ,

and where ρ̄
(ν)
B denotes the density matrix of reservoir ν. Since these must be separately normalized Trν{ρ̄(ν)B } = 1,

the trace in the reservoir correlation functions can be simplified to

Cαβ(τ) = TrB {Bα(τ)Bβ ρ̄B} = TrB

{

Baν(τ)Bbµ

⊗

σ

ρ̄
(σ)
B

}

=

{

Trν{Baν(τ)ρ̄
(ν)
B }Trµ{Bbµρ̄

(µ)
B } : ν 6= µ

Trν{Baν(τ)Bbν ρ̄
(ν)
B } : ν = µ

= 〈Baν(τ)Bbν〉 δµν ,

where we have used that 〈Baν〉 = 0 (which can always be achieved by suitable transformations of both system and
interaction Hamiltonians).

Exercise 4.6 (Logarithmic Sum Inequality).
Show that for non-negative ai and bi

n∑

i=1

ai ln
ai
bi

≥ a ln
a

b

with a =
∑

i ai and b =
∑

i bi.

Solution 4.6. Defining the function f(x) = x ln(x) we can write

n∑

i=1

ai ln
ai
bi

=
∑

i

bif

(
ai
bi

)

= b
∑

i

bi
b
f

(
ai
bi

)

,

and we note that f(x) is a convex function. This implies that we can apply Jensen’s inequality (we have
∑

i bi/b = 1
and bi/b ≥ 0): For a convex function f(x), a convex combination of the functions values at a set of points fi = f(xi)
is larger than the function value when evaluated at the convex combination built from the set of points x̄ =

∑

i αixi.
This yields

n∑

i=1

ai ln
ai
bi

≥ bf

(
∑

i

ai
b

)

= bf
(a

b

)

= a ln
(a

b

)

.

Exercise 4.7 (SET Onsager relations).
Confirm the validity of Eq. (237).

Solution 4.7. The matter current from source to drain through the SET reads

IM =
ΓSΓD

ΓS + ΓD
[fS(ǫ)− fD(ǫ)] ,

where fα(ω) denotes the Fermi function. The heat current from source to drain is in linear response simply given
by Q̇ = (ǫ− µ)IM . To obtain an expression valid for the linear response regime, we expand the Fermi functions

fS(ǫ) =
1

e(β−
∆β
2 )[ǫ−(µ+∆µ

2 )] + 1
, fD(ǫ) =

1

e(β+
∆β
2 )[ǫ−(µ−∆µ

2 )] + 1

for small ∆β and small ∆µ
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fS(ǫ)− fD(ǫ) ≈ ∆β(ǫ− µ)
eβ(ǫ−µ)

(eβǫ + eβµ)
2 + β∆µ

eβ(ǫ−µ)

(eβǫ + eβµ)
2 = f(1− f) .

Therefore, we deduce for the matter current and the heat current in linear response

IM ≈ ΓSΓD

ΓS + ΓD
f(1− f) [(ǫ− µ)∆β + β∆µ] ,

Q̇ ≈ ΓSΓD

ΓS + ΓD
f(1− f)

[
(ǫ− µ)2∆β + (ǫ− µ)β∆µ

]
,

which when written in matrix form directly corresponds to Eq. (237).

Exercise 4.8 (Cumulant-generating function).
Calculate the long-term cumulant-generating function for current through the SET

L(χ) =
(

−ΓLfL − ΓRfR +ΓL(1− fL) + ΓR(1− fR)e
+iχ

+ΓLfL + ΓRfRe
−iχ −ΓL(1− fL)− ΓR(1− fR)

)

.

What are the first two cumulants for the current, i.e., current I = d
dt 〈〈n〉〉 and noise S = d

dt

〈〈
n2
〉〉

=
d
dt

(〈
n2
〉
− 〈n〉2

)

?

Solution 4.8. The two eigenvalues of the Liouvillian become

λ±(χ) =
1

2

(

−ΓL − ΓR ±
√

Γ 2
L + Γ 2

R + 2(1− 2fL)(1− 2fR)ΓLΓR + 4ΓLΓRfL(1− fR)e+iχ + 4ΓLΓR(1− fL)fRe−iχ

)

,

and we note that λ−(0) = −ΓL − ΓR and λ+(0) = 0. Therefore, the long-term CGF is given by C(χ, t) = λ+(χ)t.
The first cumulant is obtained by performing the derivative with respect to the counting field, which after some
algebra yields

I = (−i)∂χλ+(χ)
∣
∣
χ=0

=
ΓLΓR

ΓL + ΓR
(fL − fR) .

We note that when fL > fR, the current is always positive, which simply expresses the fact that the current normally
flows from the lead with large chemical potential towards the lead with low chemical potential. Similarly, the noise
becomes

S = (−i)2∂2
χλ+(χ)

∣
∣
χ=0

=
ΓLΓR

(ΓL + ΓR)
3

[
(fL + fR − 2fLfR)

(
Γ 2
L + Γ 2

R

)
+ 2ΓLΓR (fL(1− fL) + fR(1− fR))

]
,

which we note is positive throughout: The tunneling rates are positive by construction Γα > 0, and since the Fermi
functions obey fα ∈ (0, 1), we conclude fα(1−fα) > 0 and fL+fR−2fLfR > f2

L+f2
R−2fLfR = (fL−fR)

2 ≥ 0. Since
they originate from the same cumulant-generating function, current and noise are not unrelated. A popular symmetry
is the Johnson-Nyquist relation, which holds for equal temperatures β = βL = βR left and right S

∣
∣
V=0

= 2
β

dI
dV

∣
∣
V=0

.

Exercise 4.9 (Fluctuation Theorem).
Find the fluctuation theorem, i.e., a symmetry in the cumulant-generating function, for the SET

L(χ) =
(

−ΓLfL − ΓRfR +ΓL(1− fL) + ΓR(1− fR)e
+iχ

+ΓLfL + ΓRfRe
−iχ −ΓL(1− fL)− ΓR(1− fR)

)

.

Solution 4.9. We can either deduce this symmetry of the cumulant-generating function from the characteristic
polynomial of the Liouvillian

D(χ) = |L(χ)− λ1| = λ2 + λ(ΓL + ΓR) + (fL + fR − 2fLfR)ΓLΓR − ΓLΓRfL(1− fR)e
+iχ − ΓLΓR(1− fL)fRe

−iχ

or directly from the dominating eigenvalue
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λ(χ) =
1

2

(

−ΓL − ΓR +
√

Γ 2
L + Γ 2

R + 2(1− 2fL)(1− 2fR)ΓLΓR + 4ΓLΓRfL(1− fR)e+iχ + 4ΓLΓR(1− fL)fRe−iχ

)

.

In both expressions we note that the counting-field-dependence is completely contained in the function

f(χ) = ΓLΓR

[
fL(1− fR)e

+iχ + (1− fL)fRe
−iχ
]
,

from which we can deduce that the tunneling rates will not enter the symmetry, if existent. We therefore just have
to find a symmetry of f(χ), which is straightforward to see

f(−χ) = f

(

+χ+ i ln
fL(1− fR)

(1− fL)fR

)

.

For the counting statistics of transferred particles this maps for the probabilities Pn(t) of transferring n particles
from left to right after time t to the fluctuation theorem

lim
t→∞

P+n(t)

P−n(t)
= e

n ln
fL(1−fR)

(1−fL)fR = en[(βR−βL)ǫ+βLµL−βRµR] ,

which further simplifies e.g. for equal temperatures.





Chapter 5

Composite Non-Equilibrium Environments

Exercise 5.1 (DQD bath correlation functions).
Calculate the Fourier transforms (293) of the bath correlation functions for the double quantum dot.

Solution 5.1. The bath correlation functions can easily be linked to their Fourier transforms by introducing the

tunneling rates Γα(ω) = 2π
∑

k |tkα|
2
δ(ω − ǫkα), such that we have with

〈

c†kαck′α

〉

= δkk′fα(ǫkα) and
〈

ckαc
†
k′α

〉

=

δkk′ [1− fα(ǫkα)]

C12(τ) =
∑

kk′

tkLt
∗
k′Le

+iǫkLτ
〈

c†kLckL

〉

=
∑

k

|tkL|2e+iǫkLτfL(ǫkL) =
1

2π

∫

ΓL(ω)fL(ω)e
+iωτdω

=
1

2π

∫

ΓL(−ω)fL(−ω)e−iωτdω .

Similar calculations are performed for C21(τ)

C21(τ) =
∑

k

|tkL|2e−iǫkLτ [1− fL(ǫkL)] =
1

2π

∫

ΓL(ω) [1− fL(ω)] e
−iωτdω .

We may therefore directly read off the Fourier transforms (C34(τ) and C43(τ) follow by replacing L → R)

γ12(ω) = ΓL(−ω)fL(−ω) , γ21(ω) = ΓL(ω) [1− fL(ω)] ,

γ34(ω) = ΓR(−ω)fR(−ω) , γ43(ω) = ΓR(ω) [1− fR(ω)] .

We note that for Lorentzian tunneling rates Γα(ω) = Γα
δ2α

ω2+δ2α
it is also possible to represent the bath correlation

functions explicitly in terms of hypergeometric functions, the above way of obtaining their Fourier transforms is
however usually much more convenient.

Exercise 5.2 (Stationary Current).
Calculate the stationary currents corresponding to rate matrices Eq. (303) and Eq. (304).

Solution 5.2. In the Coulomb-blockade and high-bias limit of Eq. (303), it is implicitly assumed that the bias
– though very large – does not allow to populate both dots simultaneously, such that we have P̄2 = 0. Its is
straightforward to insert the corresponding counting fields for all jumps crossing the right terminal

L(χ) = 1

2





−2ΓL ΓRe
+iχ ΓRe

+iχ

ΓL −ΓR 0
ΓL 0 −ΓR



 ,

and we note that transport is unidirectional from left to right (as should be the case in high bias limits). The
stationary probabilities read

P̄0 =
ΓR

2ΓL + ΓR
, P̄− =

ΓL

2ΓL + ΓR
, P̄+ =

ΓL

2ΓL + ΓR
,

and can be used to evaluate the current via

21
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I = (−i)Tr {L′(0)ρ̄} =
ΓLΓR

2ΓL + ΓR
.

In contrast to the infinite bias current through the SET, we note that the above expression is no longer symmet-
ric under exchanging L ↔ R. This is a consequence of the level hybridization: The energy eigenstates are not
symmetrically coupled to left and right leads.

In the infinite bias limit, we can no longer neglect the population of the highest level. Inserting the counting
fields, we obtain the Liouvillian

L(χ) = 1

2







−2ΓL ΓRe
+iχ ΓRe

+iχ 0
ΓL −ΓL − ΓR 0 ΓRe

+iχ

ΓL 0 −ΓL − ΓR ΓRe
+iχ

0 ΓL ΓL −2ΓR







,

which again corresponds to unidirectional transport. The stationary occupations become

P0 =
Γ 2
R

(ΓL + ΓR)2
, P− =

ΓLΓR

(ΓL + ΓR)2
, P+ =

ΓLΓR

(ΓL + ΓR)2
, P2 =

Γ 2
L

(ΓL + ΓR)2
,

and can be used to calculate the current

I =
ΓLΓR

ΓL + ΓR
,

which is the same as the infinite bias current through a normal SET.

Exercise 5.3 (Nonequilibrium Stationary State).
Show that the stationary state of Eq. (303) cannot be written as a grand-canonical equilibrium state by
disproving the equations ρ̄−−/ρ̄00 = e−β(E−−E0−µ), ρ̄++/ρ̄00 = e−β(E+−E0−µ) and ρ̄++/ρ̄−− = e−β(E+−E−)

Solution 5.3. A thermal equilibrium stationary state would fulfill (compare the solution of the last exercise)

P̄−

P̄0
= e−β(E−−E0−µ) =

ΓL

ΓR
,

P̄+

P̄0
= e−β(E+−E0−µ) =

ΓL

ΓR
,

P̄+

P̄−
= e−β(E+−E−) = 1 .

The last equation would e.g. require β = 0, which is in clear conflict with the first two equations. Therefore, the
stationary state is clearly a nonequilibrium one (unless in some specific cases, e.g. ΓL = ΓR).

Exercise 5.4 (Transition Rates).
Derive the Fourier transforms of the reservoir correlation functions and confirm the rates in the Liouvil-
lian (311).

Solution 5.4. In the interaction Hamiltonian, we can identify 8 reservoir coupling operators

B1 =
∑

k

tkLAc
†
kLA , B2 = B†

1 ,

B3 =
∑

k

tkLBc
†
kLB , B4 = B†

3 ,

B5 =
∑

k

tkRAc
†
kRA , B6 = B†

5 ,

B7 =
∑

k

tkRBc
†
kRB , B8 = B†

7 ,

and the non-vanishing correlation functions can be straightforwardly derived. We just perform the explicit calcula-
tion for the first two
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C12(τ) =
∑

kk′

tkLAt
∗
k′LA

〈

c†kLAck′LA

〉

e+iǫkLAt =
∑

k

|tkLA|2fLA(ǫkLA)e
+iǫkLAt =

1

2π

∫

ΓLA(ω)fLA(ω)e
+iωtdω

=
1

2π

∫

ΓLA(−ω)fLA(−ω)e−iωtdω ,

C21(τ) =
∑

kk′

t∗kLAtk′LA

〈

ckLAc
†
k′LA

〉

e−iǫkLAt =
∑

k

|tkLA|2[1− fLA(ǫkLA)]e
−iǫkLAt

=
1

2π

∫

ΓLA(ω)[1− fLA(ω)]e
−iωtdω ,

where we can directly infer the Fourier transforms of the reservoir correlation functions. The remaining correlation
functions can be calculated in an absolutely similar fashion, and we obtain

γ12(ω) = ΓLA(−ω)fLA(−ω) , γ21(ω) = ΓLA(+ω)[1− fLA(+ω)] ,

γ34(ω) = ΓLB(−ω)fLB(−ω) , γ43(ω) = ΓLB(+ω)[1− fLB(+ω)] ,

γ56(ω) = ΓRA(−ω)fRA(−ω) , γ65(ω) = ΓRA(+ω)[1− fRA(+ω)] ,

γ78(ω) = ΓRB(−ω)fRB(−ω) , γ87(ω) = ΓRB(+ω)[1− fRB(+ω)] .

According to Eq. (118), these Fourier transforms enter the transition rates from energy eigenstate b to eigenstate a
via

γab = γab,ab =
∑

αβ

γαβ(Eb − Ea) 〈a|Aβ |b〉 〈a|A†
α |b〉∗

= γ12(Eb − Ea)|〈a|A2 〈b||2 + γ21(Eb − Ea)|〈a|A1 |b〉|2

+γ34(Eb − Ea)|〈a|A4 〈b||2 + γ43(Eb − Ea)|〈a|A3 |b〉|2

+γ56(Eb − Ea)|〈a|A6 〈b||2 + γ65(Eb − Ea)|〈a|A5 |b〉|2

+γ78(Eb − Ea)|〈a|A8 〈b||2 + γ87(Eb − Ea)|〈a|A7 |b〉|2 ,

where we have exploited that e.g. A2 = A†
1. Noting that the system coupling operators are given by

A1 = dA , A2 = d†A , A3 = dB , A4 = d†B ,

A5 = dA , A6 = d†A , A7 = dB , A8 = d†B ,

we can immediately conclude that only single particle transition rates are non-vanishing. For jumps out of the
system these become

γ00,01 = γ43(ǫB) + γ87(ǫB) = ΓLB(ǫB)[1− fLB(ǫB)] + ΓRB(ǫB)[1− fRB(ǫB)] ,

γ00,10 = γ21(ǫA) + γ65(ǫA) = ΓLA(ǫA)[1− fLA(ǫA)] + ΓRA(ǫA)[1− fRA(ǫA)] ,

γ01,11 = γ21(ǫA + U) + γ65(ǫA + U) = ΓLA(ǫA + U)[1− fLA(ǫA + U)] + ΓRA(ǫA + U)[1− fRA(ǫA + U)] ,

γ10,11 = γ43(ǫB + U) + γ87(ǫB + U) = ΓLB(ǫB + U)[1− fLB(ǫB + U)] + ΓRB(ǫB + U)[1− fRB(ǫB + U)] ,

and for jumps into the system the rates read

γ01,00 = γ34(−ǫB) + γ78(−ǫB) = ΓLB(ǫB)fLB(ǫB) + ΓRB(ǫB)fRB(ǫB) ,

γ10,00 = γ12(−ǫA) + γ56(−ǫA) = ΓLA(ǫA)fLA(ǫA) + ΓRA(ǫA)fRA(ǫA) ,

γ11,01 = γ12(−ǫA − U) + γ56(−ǫA − U) = ΓLA(ǫA + U)fLA(ǫA + U) + ΓRA(ǫA + U)fRA(ǫA + U) ,

γ11,10 = γ34(−ǫB − U) + γ78(−ǫB − U) = ΓLB(ǫB + U)fLB(ǫB + U) + ΓRB(ǫB + U)fRB(ǫB + U) .

One can immediately see that local detailed balance is satisfied and that these exactly correspond to the rates in
Eq. (311).

Exercise 5.5 (reduced affinity).
Confirm the validity of the reduced affinity in Eq. (323).

Solution 5.5. In principle, any two by two rate matrix will obey a fluctuation theorem. We had the effective
Liouvillian
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L(χ) =
(

−L(L)
10 − L(R)

10 +L(L)
01 + L(R)

01 e+iχ

+L(L)
10 + L(R)

10 e−iχ −L(L)
01 − L(R)

01

)

,

which no longer obeys local detailed balance. The characteristic polynomial becomes

D(χ) =
(

λ+ L(L)
01 + L(R)

01

)(

λ+ L(L)
10 + L(R)

10

)

− L(L)
01 L(L)

10 − L(R)
01 L(R)

10

−L(L)
10 L(R)

01 e+iχ − L(L)
01 L(R)

10 e−iχ ,

and we see that the counting-field dependence is only encoded in the last two terms f(χ) = L(L)
10 L(R)

01 e+iχ +

L(L)
01 L(R)

10 e−iχ (a similar result also holds for the eigenvalues). For any function g(χ) = ae+iχ+ be−iχ we can directly
confirm the symmetry g(−χ) = g(+χ+ i ln(a/b)), such that we obtain the symmetry

f(−χ) = f

(

+χ+ i ln
L(L)
10 L(R)

01

L(L)
01 L(R)

10

)

.

This transfers to the characteristic polynomial and all eigenvalues, and thereby also to the long-term cumulant-
generating function. The corresponding affinity is thus the one of Eq. (323) and also shows up in the corresponding
fluctuation theorem of channel A – provided the time-scale separation limit is well approached. This affinity is
therefore also a measurable quantity.

Exercise 5.6 (Correlation functions for the QPC).
Show the validity of Eqs. (333).

Solution 5.6 (Correlation functions for the QPC). The second bath correlation function reads

C21(τ) =
∑

kk′ℓℓ′

t∗kk′tℓℓ′e
+i(εkL−εk′R)τ

〈

γk′Rγ
†
kLγℓLγ

†
ℓ′R

〉

=
∑

kk′

|tkk′ |2e+i(εkL−εk′R)τfL(εkL)[1− fR(εk′R)]

=
1

2π

∫

dω

∫

dω′T (ω, ω′)e+i(ω−ω′)τfL(ω)[1− fR(ω
′)] ,

such that its Fourier transform reads

γ21(Ω) =

∫

C21(τ)e
+iΩτdτ

=

∫

dω

∫

dω′T (ω, ω′)δ(Ω + ω − ω′)fL(ω)[1− fR(ω
′)]

= T0

∫

dωfL(ω)[1− fR(ω +Ω)] ,

where we have assumed the wideband limit T (ω, ω′) ≈ T0. We note that this limit should at least hold in the region
where fL(ω)[1− fR(ω +Ω)] > 0.

Exercise 5.7 (Normalization terms).
Compute the remaining rates

∑

m

γ(0,m)(0,m),(0,n)(0,n) , and
∑

m

γ(1,m)(1,m),(1,n)(1,n)

explicitly.

Solution 5.7. The structure of the coupling operators A1 = (1+ τ̃ d†d)⊗B† and A2 = (1+ τ̃∗d†d)⊗B demonstrates
that in the summation only the terms with m = n± 1 remain (we omit the identical double indices for brevity)
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∑

m

γ(0m),(0n) = γ(0,n−1),(0n) + γ(0,n+1),(0n)

= γ12(0) 〈0, n− 1|A2 |0, n〉 〈0, n− 1|A†
1 |0, n〉

∗

+γ21(0) 〈0, n+ 1|A1 |0, n〉 〈0, n+ 1|A†
2 |0, n〉

∗

= γ12(0) + γ21(0) .

Analogously, we obtain for the occupied state

∑

m

γ(1m),(1n) = γ(1,n−1),(1n) + γ(1,n+1),(1n)

= γ12(0) 〈1, n− 1|A2 |1, n〉 〈1, n− 1|A†
1 |1, n〉

∗

+γ21(0) 〈1, n+ 1|A1 |1, n〉 〈1, n+ 1|A†
2 |1, n〉

∗

= [γ12(0) + γ21(0)] |1 + τ̃ |2 .

Exercise 5.8 (QPC current).
Show that the stationary state of the SET is unaffected by the additional QPC dissipator and calculate the
stationary current through the QPC for Liouvillian (347).

Solution 5.8. The stationary state of the Liouvillian is found by L(0, 0)ρ̄ = 0, and since L(0, 0) = LSET(0), it is
simply given by the stationary state of the SET Liouvillian

ρ̄0 = (1− f̄) , ρ̄1 = f̄

with the average Fermi function f̄ = (ΓLfL + ΓRfR)/(ΓL + ΓR). The current through the SET is therefore not
influenced by the QPC. This is different for the stationary QPC current, which can be calculated via

I = (−i)Tr
{
L′
QPC(0)ρ̄

}

= (−i)i (γ21 − γ12) (1, 1)

(
1 0

0 |1 + τ̃ |2
)(

1− f̄
f̄

)

= (γ21 − γ12)
[

1− f̄ + |1 + τ |2f̄
]

= I0(1− f̄) + I1f̄ .

The QPC current is therefore just the weighted average current for empty (I0) or occupied (I1) SET dot, respectively.

Exercise 5.9 (Independent Fluctation Theorems).
Confirm the validity of Eq. (352).

Solution 5.9. We may consider the characteristic polynomial of the full Liouvillian

L(χ, ξ) =
(−ΓLfL − ΓRfR + g(ξ) +ΓL(1− fL) + ΓR(1− fR)e

+iχ

+ΓLfL + ΓRfRe
−iχ −ΓL(1− fL)− ΓR(1− fR) + |1 + τ̃ |2g(ξ)

)

,

where

g(ξ) = +γ21
(
e+iξ − 1

)
+ γ12

(
e−iξ − 1

)

which becomes

D(χ, ξ) = (λ+ ΓLfL + ΓRfR − g(ξ))
(

λ+ ΓL(1− fL) + ΓR(1− fR)− |1 + τ̃ |2g(ξ)
)

−Γ 2
LfL(1− fL)− Γ 2

RfR(1− fR)− ΓLΓRf(χ)

with the function f(χ) being defined as

f(χ) = fL(1− fR)e
+iχ + (1− fL)fRe

−iχ .

These functions obey the symmetries
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g(−ξ) = g

(

+ξ + i ln
γ21
γ12

)

, f(−χ) = f

(

+χ+ i ln
fL(1− fR)

(1− fL)fR

)

,

which transfer to the characteristic polynomial D(χ, ξ) and thereby to the eigenvalues of the Liouvillian and thus
eventually to the cumulant-generating function. The separate fluctuation theorems therefore generally read

lim
t→∞

P SET
+n

P SET
−n

= e
n ln

fL(1−fR)

(1−fL)fR , lim
t→∞

PQPC
+n

PQPC
−n

= en ln
γ21
γ12 .

When the SET leads are characterized by inverse temparature βSET and the QPC leads by inverse temperature
βQPC, these fluctuation theorems simplify further

ln
fL(1− fR)

(1− fL)fR
→ βSET(µ

SET
L − µSET

R ) = βSETVSET , ln
γ21
γ12

→ βQPCVQPC ,

and do thus correspond to Eq. (352).

Exercise 5.10 (Diagonalization of a single-qubit Hamiltonian).
Calculate eigenvalues and eigenvectors of the system Hamiltonian.

Solution 5.10. The matrix to be diagonalized reads

HS =

(
ǫ+∆ T
T ǫ−∆

)

.

Eigenvalues can be obtained from the roots of the characteristic polynomial

|HS − λ1| = (ǫ+∆− λ)(ǫ−∆− λ)− T 2 = 0

and are given by λ± = ǫ±
√
∆2 + T 2. Furthermore, it is straightforward to prove the eigenvalue equations HS |±〉 =

λ± |±〉 when

|±〉 = 1
√

T 2 +
(
∆±

√
∆2 + T 2

)2

(

∆±
√
∆2 + T 2

T

)

Note that normalization and orthogonality of the eigenvectors are also clearly visible.

Exercise 5.11 (Qubit Dissipation).
Show the validity of Eqs. (367).

Solution 5.11. The coupling operator was given as

A =
τ̃A
2

(1+ σz) +
τ̃B
2

(1− σz) =

(
τ̃A 0
0 τ̃B

)

.

Therefore, we first calculate its matrix element in the energy eigenbasis (compare previous solution)

〈−|A |+〉 = 1
√

T 2 +
(
∆+

√
∆2 + T 2

)2

1
√

T 2 +
(
∆−

√
∆2 + T 2

)2
×

×
(

∆−
√

∆2 + T 2, T
)( τ̃A 0

0 τ̃B

)(

∆+
√
∆2 + T 2

T

)

=
1√

4T 4 + 4∆2T 2

[
τ̃A(−T 2) + τ̃BT

2
]
=

(τ̃B − τ̃A)T

2
√
∆2 + T 2

.

This evidently implies for the dissipative rate constants

γ−+,−+ = γ(+2
√

∆2 + T 2)
T 2

4(∆2 + T 2)
(τ̃A − τ̃B)

2
,

γ+−,+− = γ(−2
√

∆2 + T 2)
T 2

4(∆2 + T 2)
(τ̃A − τ̃B)

2
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as stated in Eqs. (367).

Exercise 5.12 (Strongly monitored qubit).
Calculate the stationary qubit state for the QPC held at infinite bias V → ±∞.

Solution 5.12. Due to trace conservation, the stationary state of the qubit is completely defined by the ratio

ρ̄++

ρ̄−−
=

γ(−2
√
∆2 + T 2)

γ(+2
√
∆2 + T 2)

,

with the Fourier transform of the bath correlation function being given as

γ(Ω) =
Ω + V

1− e−β(Ω+V )
+

Ω − V

1− e−β(Ω−V )
.

Asymptotically, this function behaves for large voltages as

γ(Ω)
V→+∞→ Ω + V , γ(Ω)

V→−∞→ Ω − V ,

which implies for the stationary state

lim
V→+∞

ρ̄++

ρ̄−−
= lim

V→+∞

V − 2
√
∆2 + T 2

V + 2
√
∆2 + T 2

=
1

2
, lim

V→−∞

ρ̄++

ρ̄−−
= lim

V→−∞

−V − 2
√
∆2 + T 2

−V + 2
√
∆2 + T 2

=
1

2
.

Thus, for large voltages, the qubit decoheres into a balanced statistical mixture of the two energy eigenstates with
ρ̄ = 1

2 |−〉 〈−|+ 1
2 |+〉 〈+|.

Exercise 5.13 (Correlation function at infinite bias).
Confirm the validity of Eq. (387) in the infinite bias limit of the SET.

Solution 5.13. At infinite bias, the shift κ reduces to

κ =
1

2π

∫
ηL

(ǫ− ω)2 + η2/4
dω = iRes

ηL
(ǫ− ω)2 + η2/4

∣
∣
∣
ω=ǫ+iη/2

=
ηL

ηL + ηR
,

where we have closed the integral contour in the upper complex half plane and used the residue theorem.
Similarly, the Fourier transform of the correlation function becomes

γ(Ω) → ηLηR
2π

∫
dω

[(ǫ− ω)2 + η2/4] [(ǫ− ω −Ω)2 + η2/4]
,

where η = ηL + ηR. The remaining integral can be solved analytically, for example using the theorem of residues.
The poles are situated at ω1± = ǫ ± iη/2 and ω2± = ǫ − Ω ± iη/2. Then, we obtain e.g. by closing the integral in
the upper half plane

γ(Ω) = ηLηRi

[

Res
1

[(ǫ− ω)2 + η2/4] [(ǫ− ω −Ω)2 + η2/4]

∣
∣
∣
ω=ω1p

+Res
1

[(ǫ− ω)2 + η2/4] [(ǫ− ω −Ω)2 + η2/4]

∣
∣
∣
ω=ω2p

]

=
ηLηR
η

2

Ω2 + η2
=

ηLηR
ηL + ηR

2

(ηL + ηR)2 +Ω2
.

Exercise 5.14 (Polaron transformation).
Show the validity of Eqs. (423).

Solution 5.14. We use the nested-commutator expansion for operators X and Y

e+XY e−X =
∞∑

m=0

1

m!
[X,Y ]m

with [X,Y ]m =
[
X, [X,Y ]m−1

]
and [X,Y ]0 = Y . For the particular transformation, it is straightforward to show

by induction that
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[d†dA, d]n = (−A)nd .

This implies

UdU † = e+d†dAde−d†dA =
∞∑

m=0

1

m!

[
d†dA, d

]

m
= d

∞∑

m=0

1

m!
(−A)m = de−A .

By hermitian conjugation we also conclude that

Ud†U † = d†e+A .

For the remaining transformations we use the nested-commutator expansion again

UaqU
† = ed

†dAaqe
−d†dA =

∞∑

m=0

1

m!

[
d†dA, aq

]

m
,

where we now need to specify A =
∑

q

(
h∗
q

ωq
a†q −

hq

ωq
aq

)

From

[
d†dA, aq

]
= d†d

h∗
q

ωq

[
a†q, aq

]
= −d†d

h∗
q

ωq

we conclude that all higher commutators vanish, such that only the two lowest terms m ∈ {0, 1} have to be kept

UaqU
† = aq −

h∗
q

ωq
d†d .

By hermitian conjugation we also obtain

Ua†qU
† = a†q −

hq

ωq
d†d .

Exercise 5.15 (KMS condition).
Show that the phonon correlation function (442) obeys the KMS condition C(τ) = C(−τ − iβph)

Solution 5.15. The phonon correlation function is given by

C(τ) = exp

{
∑

q

[
e−iωqτ (1 + nq

B) + e+iωqτnq
B − (1 + 2nq

B)
]

}

with the bosonic occupation (we abbreviate βph = β)

nq
B =

1

eβωq − 1
.

With the relation

nq
B

1 + nq
B

= e−βωq

one obtains

C(−τ − iβ) = exp

{
∑

q

[
e+iωqτe−βωq (1 + nq

B) + e−iωqτe+βωqnq
B − (1 + 2nq

B)
]

}

= exp

{
∑

q

[
e+iωqτnq

B + e−iωqτ (1 + nq
B)− (1 + 2nq

B)
]

}

= C(+τ) .

This symmetry relation also implies for the Fourier transform
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γ(ω) =

∫

C(τ)e+iωτdτ

a relation of the form

γ(−ω) = γ(+ω)e−βω .

Exercise 5.16 (KMS condition).
Show the validity of relation (448).

Solution 5.16. The Fourier transform of the correlation function could – when specified on nα phonons created –
be written as a product of electronic and phononic contributions

γα
12,+nα

(ω) = γα
12,el(ω − nα · ω)Cnα

ph , γα
21,+nα

(ω) = γα
21,el(ω − nα · ω)Cnα

ph ,

where the electronic and phononic contributions, respectively, read

γα
12,el(ω) = Γα(−ω)fα(−ω) , γα

21,el(ω) = Γα(+ω)[1− fα(+ω)] ,

Cnα
ph =

Q
∏

q=1

[

e
−

|hq|2

ω2
q

(1+2nq
B)
(
1 + nq

B

nq
B

)nq
2

Jnq

(

2
|hq|2
ω2
q

√

nq
B(1 + nq

B)

)]

.

The Fermi function obey

fα(+ω) = e−βα(ω−µα)[1− fα(+ω)] ,

which implies for the electronic contributions

γα
12,el(−ω) = γα

21,el(+ω)e−βα(ω−µα) .

Furthermore, it is easy to see that

C−nα
ph =

Q
∏

q=1

[

e
−

|hq|2

ω2
q

(1+2nq
B)
(
1 + nq

B

nq
B

)−
nq
2

J−nq

(

2
|hq|2
ω2
q

√

nq
B(1 + nq

B)

)]

=

Q
∏

q=1

[

e
−

|hq|2

ω2
q

(1+2nq
B)
(

nq
B

1 + nq
B

)nq
2

J+nq

(

2
|hq|2
ω2
q

√

nq
B(1 + nq

B)

)]

=

Q
∏

q=1



e
−

|hq|2

ω2
q

(1+2nq
B)
(
e−βphωq (1 + nq

B)

e+βphωqnq
B

)nq
2

J+nq

(

2
|hq|2
ω2
q

√

nq
B(1 + nq

B)

)



=

Q
∏

q=1

[

e
−

|hq|2

ω2
q

(1+2nq
B)
e−βphnqωq

(
1 + nq

B

nq
B

)nq
2

J+nq

(

2
|hq|2
ω2
q

√

nq
B(1 + nq

B)

)]

= e−βphnα·ωC+nα
ph .

Altogether, one obtains

γα
12,+nα

(−ω) = γα
12,el(−ω − nα · ω)Cnα

ph

= γα
21,el(+ω + nα · ω)e−βα(ω+nα·ω−µα)e+βphnα·ωC−nα

ph

= e−βα(ω+nα·ω−µα)e+βphnα·ωγα
21,−nα

(+ω) ,

which exactly corresponds to Eq. (448).





Chapter 7

Controlled Systems

Exercise 7.1 (Cumulants).
Show that the cumulants of the probability distribution Pn(t) are given by

〈〈
nk
〉〉

=
[
γ + (−1)kγ̄

]
t ,

and can thus be understood as two counter-propagating Poissonian distributions.

Solution 7.1. The moment-generating function is given by M(χ, t) = exp
{[
γ(e+iχ − 1) + γ̄(e−iχ − 1)

]
t
}
. The

cumulant-generating function is given by its its logarithm

C(χ, t) =
[
γ(e+iχ − 1) + γ̄(e−iχ − 1)

]
t ,

such that for our simple example it is always (not only in the long-term limit) linear in the time t. This implies for
the cumulants

〈〈
nk
〉〉

= (−i)k∂k
χ C(χ, t)|χ=0 = (−i)k(+i)kγt+ (−i)k(−i)kγ̄t

= γt+ (−1)kγ̄t ,

which should be shown. It is already visible at the cumulant-generating function that it is the sum of two Poissonian
cumulant-generating functions. Generally, cumulants of independent stochastic processes are additive, which can
therefore be seen already at this level.

Exercise 7.2 (Poissonian limit).
Show that a Poissonian distribution arises in the unidirectional transport limit.

Solution 7.2. Taking the direct limit of the Bessel functions is tedious, therefore we start from the moment-
generating function in the unidirectional transport limit (γ̄ = 0)

P (χ, t) = exp
{
γt(e+iχ − 1)

}
=
∑

n

Pn(t)e
+inχ,

which is also the Fourier transform of the probability distribution Pn(t). The inverse Fourier transform yields

Pn(t) =
1

2π

+π∫

−π

eγt(e
+iχ−1)e−inχdχ = e−γt

∞∑

a=0

(γt)a

a!

1

2π

+π∫

−π

e+iaχe−inχdχ

=

{

e−γt (γt)
n

n! : n ≥ 0
0 : else

,

which is the sought-after Poissonian limit.

Exercise 7.3 (Probability conservation).
Show that the above introduced propagator W(∆t)preserves the sum of all probabilities, i.e., that

∑

n ρn(t +
∆t) =

∑

n ρn(t).

31
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Solution 7.3. The conservation of the total probability results from the normalization of the Poisson distribution
in the propagator

Wnm(∆t) =

{

e−γ∆t (γ∆t)n−m

(n−m)! : n ≥ m

0 : else

which can easily be extended to feedback-dependent protocols. This leads to

∑

n

ρn(t+∆t) =
∑

n

∑

m

Wnm(∆t)ρm(t) =
∑

m

[
∑

n

Wnm(∆t)

]

ρm(t) =
∑

m

ρm(t) ,

which is also valid for the feedback-dependent propagator, where we simply have γ → γm.

Exercise 7.4 (Effective Feedback Propagator).
Show the validity of Eq. (503).

Solution 7.4. The matrix elements of the effective propagator read

(

W(n)(t,∆t)P(n)
)

ab
=
∑

i

W(n)
ai (t,∆t)P(n)

ib =
∑

i

W(n)
ai (t,∆t)δi,nδb,n = W(n)

a,n(t,∆t)δb,n ,

which shows that the n-th column of the propagator has to be conditioned on on result n.

Exercise 7.5 (Variance evolution without feedback).
Show that without feedback γm(t) = γ, the variance during the iteration will for arbitrary distributions always

increase as
(〈

n2
〉

t+∆t
− 〈n〉2t+∆t

)

−
(〈

n2
〉

t
− 〈n〉2t

)

= γ∆t.

Solution 7.5. We had for the evolution of the variance C2(t) =
〈
n2
〉

t
− 〈n〉2t the expression

C2(t+∆t)− C2(t) = ∆t2
[〈
γ2
n

〉

t
− 〈γn〉2t

]

+∆t [〈γn〉t + 2 〈nγn〉t − 2 〈n〉t 〈γn〉t] .

Without feedback, we simply have 〈γα
n 〉 = γα and 〈nγn〉 = γ 〈n〉, such that we obtain

C2(t+∆t)− C2(t) = γ∆t ,

which is always positive.

Exercise 7.6 (Variance evolution of a localized distribution).
Show that for arbitrary feedback, the variance of a localized distribution ρm(t) = δmm̄ will always increase
unless γm̄ = 0.

Solution 7.6. For a localized distribution ρm(t) = δm,m̄, the expressions in the variance evolution do collapse

C2(t+∆t)− C2(t) = ∆t2
[
γ2
m̄ − γ2

m̄

]
+∆t [γm̄ + 2m̄γm̄ − 2m̄γm̄] = γm̄∆t .

Therefore, the variance will in this case always increase, and shortly after the distribution will no longer be localized.

Exercise 7.7 (Second Cumulant for joint distributions).
Show the validity of equation (527).

Solution 7.7. Since the separate distributions were independent (no feedback), we had for the probabilities of
counting n particles during a pump cycle (of length T )

Pn(T ) =
∑

n1,n2

δn,n1+n2
Pn1

(T/2)Pn2
(T/2) ,

where Pn1
(T/2) denoted the probability to have n1 particles tunneled to the right junction in the first half cycle and

Pn2
(T/2) the probability to have n2 particles tunneled in the second half cycle, respectively. The second moment

can be evaluated as (omitting the cycle time arguments)
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〈
n2
〉
=
∑

n

n2Pn =
∑

n

∑

n1,n2

n2δn,n1+n2
Pn1

Pn2
=
∑

n1,n2

(n1 + n2)
2
Pn1

Pn2

=
〈
n2
1

〉
+ 2 〈n1〉 〈n2〉+

〈
n2
2

〉
.

For the second cumulant this implies (with 〈n〉 = 〈n1〉+ 〈n2〉)
〈〈
n2
〉〉

=
〈
n2
〉
− 〈n〉2 =

〈
n2
1

〉
+ 2 〈n1〉 〈n2〉+

〈
n2
2

〉
− 〈n1〉2 − 2 〈n1〉 〈n2〉 − 〈n2〉2

=
〈
n2
1

〉
− 〈n1〉2 +

〈
n2
2

〉
− 〈n2〉2 ,

where we find that the cumulants of independent processes are additive.

Exercise 7.8 (Measurement superoperators).
Show the correspondence between Mi and Mi in the above equations.

Solution 7.8. In matrix representation, the (in our case hermitian) measurement operators read

M1 =
1

2

(
1 1
1 1

)

, M2 =
1

2

(
1 −1
−1 1

)

.

Hence, their action on an arbitrary density matrix yields

M1ρM
†
1 =

1

4

(
1 1
1 1

)(
ρ00 ρ01
ρ10 ρ11

)(
1 1
1 1

)

=
ρ00 + ρ11 + ρ01 + ρ10

4

(
1 1
1 1

)

,

M2ρM
†
2 =

1

4

(
1 −1
−1 1

)(
ρ00 ρ01
ρ10 ρ11

)(
1 −1
−1 1

)

=
ρ00 + ρ11 − ρ01 − ρ10

4

(
1 −1
−1 1

)

,

which enables one to conclude the action of the corresponding superoperators in the basis {ρ00, ρ11, ρ01, ρ10} as

P1 =
1

4







1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1







,

P2 =
1

4







1 1 −1 −1
1 1 −1 −1
−1 −1 1 1
−1 −1 1 1







.

Exercise 7.9 (Repeated measurements).
Show the validity of the above equation.

Solution 7.9. It is helpful to note first the block structure of the effective propagator without feedback (α = 0)
leading to a decoupling of populations and coherences. Without decoherence (γ0 = 0), we have

eLA∆t (P1 + P2) =
1

2







1 1 0 0
1 1 0 0
0 0 e−iΩ∆t e−iΩ∆t

0 0 e+iΩ∆t e+iΩ∆t







,

such that we can treat each block separately. The upper two-by-two block corresponds to a projector, such that we
immediately find

[
1

2

(
1 1
1 1

)]n

=
1

2

(
1 1
1 1

)

.
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For the lower two-by-two block

M(Ω∆t) =
1

2

(
e−iΩ∆t e−iΩ∆t

e+iΩ∆t e+iΩ∆t

)

we obtain for two applications

M2(Ω∆t) =
1

4

(
1 + e−2iΩ∆t 1 + e−2iΩ∆t

1 + e+2iΩ∆t 1 + e+2iΩ∆t

)

= cos(Ω∆t)M(Ω∆t) ,

such that we can easily generalize Mn(Ω∆t) = cosn−1(Ω∆t)M(Ω∆t).
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