Chapter 1
Dynamics of Open Quantum Systems

Exercise 1.1 (Transformation to the Interaction Picture).
Assuming a time-independent Hamiltonian H = Ho+V , show that the Schrédinger equation in the interaction
picture becomes

o)) = -iv|e)
where V (t) = etiHotye=iHot denotes the time-dependent Hamiltonian and ‘M:/(t)> = eTHot |y (1)) the state
vector in the interaction picture.

Solution 1.1. We first define the state vector in the interaction picture ‘Mcf(t)> = etiHot | (t)). Taking the time

derivative we obtain
(1)) = iHo [E(t)) — 00 Ho + V) [0(2)) = —ie 0V w(2))
(),

which solves the exercise. Usually, the transformation into the interaction picture makes sense when Hj is simple
and/or V is small.

_ 716+1H0tV€71H0t

Exercise 1.2 (Temporal Dynamics of a two-level system).
Calculate the solution of Eq. (12). What is the stationary state? Show that detailed balance is satisfied.

Solution 1.2. Although the solution can be easily found with a computer algebra system by exponentiating the
matrix, we exploit here the conservation of the trace and eliminate P; = 1 — Py leaving just one equation

Py = —(Two 4 To1) Py + To: -

This equation is solved by the general solution of its homogeneous version and a special solution of the inhomoge-
neous version. The latter is found by computing the stationary state

_ T
P0:$7
To + Tos

such that the full solution becomes

To1
Po(t) = Ae~(TotTot o _ “0L__
o(®) Tio + Ton
where the constant A is fixed by the initial condition
1o
Pl=A+_——"——.
0 Tio+Ton

Consequently, the solution becomes



_ _ To1
Po(t) = Poe (Tro+To1)t 4 |:1 —e (T10+T01)t] .
o(t) 0 Tio + To1
T
Pi(1) = (1 — PY)e(Tio+To1)t + [1 _ e—(T10+T01)t} 10 )
1( ) ( 0) TlO + T01

We directly see that local detailed balance is satisfied for the stationary state

To1Tho

Ty P = ————
M Ty + Ty

=Ty Py

Exercise 1.3 (Reaction-Diffusion Equation).
Along a linear chain of compartments consider the master equation for two species

Py =T [Pi_1(t) + Pipa(t) — 2P;(t)] — vPi(t)
Pi = T [pi—1(t) + piva(t) — 2pi(t)] + v Pi(t),

where P;(t) may denote the concentration of a molecule that irreversibly reacts with chemicals in the soluble
to an inert form characterized by p;(t). To which partial differential equation does the master equation map?

Solution 1.3. We multiply the first terms in both equations with ﬁ—;z, where Ax is the width of the compartments.
Letting the hopping rates T and 7 go to infinity and the compartment size go to zero, keeping however their products

Dy = lim TAz?, D, = lim  7Az?

T—00,Az—0 T—00,Az—0

finite, we obtain by using the discretization of the second derivative

iy = i LEHAD I~ A0 =21

a reaction-diffusion equation
P = Drd2P(z,t) — yP(x,t),
Oip = T.02p(w,t) +yp(a,t).

Here, the diffusion terms are supplemented by a reaction which acts as a sink for species P(x,t) that is converted
into species p(z, t).

Exercise 1.4 (Cell culture growth).
Confirm the validity of Fq. (20).

Solution 1.4. One possible solution for this system of equations is by brute force: The probability P, is obviously
stationary, such that it may be left out from further considerations. The probability P (¢) follows a simple first order
differential equation, which for the initial condition P = 1 is readily solved by (provided K > 1) Pi(t) = e~ *".

Inserting this solution into the equation for P yields the differential equation Py = —2aPy + ae™*t, which can
be solved by variation of constants Ps(t) = Ca(t)e 2! yielding P (t) = (e® — 1)e=2“. .
The equation of Ps(t) is also a simple differential equation with time-dependent coefficients Py = —3aP3+2a(e“t —

1)e=2%t which is solved with the same method P3(t) = C3(t)e3%!. The solution becomes P3(t) = (e®! —1)2e3
and is thus similar to Pa(t).
In fact, the other probabilities can be solved in a similar fashion and they become

Pg<K(t) _ e—éat(eat _ 1)E—1 )
Finally, the last equation becomes Pr = a(K — 1)e~(K=Dat(gat _ 1)K=2 which is readily solved by
PK(t) _ ef(Kfl)at(eat . I)Kfl )

With these solutions for the probabilities, we can directly confirm the solution of the mean occupation. We note
that the first probabilities P, ..., Px_1 are independent of the carrying capacity K, which implies for the means
of different carrying capacities the recursion formula



<€>K _ <€>K—1 o (K o 1)67(K72)at(eat _ 1)K72 + (K o 1)67(K71)at(6at o 1)K72
_|_Ke—(K—1)at(eat _ 1)K—1
=0k 1+ e_(K_l)at(eat - 1)K_1 =g+ (01— e_at)K_l .

Together with an initial value, e.g. (¢), = P1 + 2P, for K = 2, this confirms the general solution
(0 = et [1— (1- )]
Alternatively, this can also be obtained via computing the matrix exponential of the rate matrix with a computer

algebra system.

Exercise 1.5 (Logistic growth Equation).
Solve Eq. (21).

Solution 1.5. The logistic growth equation is best solved using separation of variables

N (1)
/ AN .
_av
N(1-X%
4 NE-%x)
Y ® . N@ ()N - )
1 1 N(t Nt —K . NO)(Ny— K
- - dN =1 ~1 =1 .
/{N n—K} "No  U"No—K  "Ny(N(t) - K)
No
This can be solved for N(t)
at
N(t) Noe

T 1t (et — 1)

and we can easily confirm the initial condition N(0) = Ny and the final state N = K.

Exercise 1.6 (Superposition versus Localized States).
Calculate the density matriz for a statistical mizture in the states |0) and |1) with probability po = 3/4 and
p1 = 1/4. What is the density matriz for a statistical mizture of the superposition states |W,) = \/3/4|0) +

V1/411) and |W) = /3/410) — \/1/4|1) with probabilities p, = pp = 1/2.

Solution 1.6. Both statistical mixtures map to the density matrix (in the basis {|0),[1)})

~(3/4°0
P=\ 0 1/4)"
which demonstrates that these statistical mixtures cannot be distinguished. It is however, of course possible to

distinguish between the pure states by suitable measurements.

Exercise 1.7 (Preservation of density matrix properties by unitary evolution).
Show that the von-Neumann equation (29) preserves self-adjointness, trace, and positivity of the density
matrix.

Solution 1.7. The von-Neumann-equation has the formal solution

p(t) = U(t)poU' (1),

with the unitary operator U'(¢t) = U~!(t) defined in Eq. (5). Since the initial density matrix py must be hermitian
po = pg, normalized Tr {pg} = 1, and positive definite (| p|[¥) > 0, all these properties are inherited by p(t). For
example, considering hermiticity and trace this is simple to show
pl(t) = UppUT (1) = U()poU' (1) = p(1),
Tr{p(t)} = Te{U(t)poU" (1)} = T {UN(O)U()po} = Tr {po} =1,

and positivity is of course also preserved since unitary transformations do not change the eigenvalues of a matrix.



Exercise 1.8 (Preservation of density matrix properties by measurement).
Show that the measurement postulate preserves self-adjointness, trace, and positivity of the density matrix.

Solution 1.8. We consider the measurement outcome m, under which the density matrix becomes
o= MmerJrn
TH{M%AQW}
Most obviously, we have Tr{p’} = 1, and also hermiticity is preserved

(p)/]L _ MmpTMan — M7an7Tn — pl
Te{pt MMy b T { MM )

To show preservation of positivity, we use that just before the measurement, p must be a valid density matrix and
thus have a spectral decomposition p =Y Py |) (o] with P, € [0,1] and )" P, = 1. Furthermore, we use that
the normalization factor is the probability P,, = Tr {M%Mmp} of obtaining measurement outcome m and thus
by construction positive. As a side remark, we note that in general the basis within which the density matrix is
diagonal and the measurement basis need not coincide. Inserting this, we can write the effect of the measurement
as

(0] |0) =Y P (¥ My, |a) (a| MJ, 10) /Py = ) Po/ P (¥| My |a)[* 2 0,

which proves positivity of p'.

Exercise 1.9 (Tensor Products of Operators).
Let o denote the Pauli matrices, i.e.,

a0+ 2 (0 i s (t10
“\+10 “\4io0 0 —1

Compute the trace of the operator

3 3 3
S=al®@l+) oo’ @1+ Blee + Y a0’ @0
i=1 j=1 ij=1

Solution 1.9. We use that the Pauli matrices are traceless Tr {o'} = Tr {o?} = Tr {0} = 0 and that the trace
of a simple tensor product can be represented by the product of traces within the subspaces only Tr {A ® B} =
Tra{A}Trp{B}. Furthermore, the trace of a 2 x 2 identity matrix is Tr {1} = 2. Then, the task becomes trivial

r{¥Y} = aTr{l}2 = 4a.

Exercise 1.10 (Partial Trace).
Compute the partial trace pa = Trg {pap} of a pure density matriz pap = |¥) (¥| in the bipartite state

1) = = (101) +110)) = == (0} & 1)+ 1) @ [0))

S
S

2
Show that pa is mo longer pure.

Solution 1.10. The full density matrix is given by

1
pan = 3 [101) 01] +01) (10] + [10) (01| + [10) (10]
0000
_1fo110
9210110 ("

0000
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where in the matrix representation we have assumed the basis {|00),|01),|10),|11)}. The partial trace over sub-
system B is now defined as

pa = Trg{pap} = (0|g pap|0)g + (1l pan|l)g

=500 0L+ Ll =3 (51)

where we have used the basis {|0) 4, |1) ,}. This — since p% # pa — is obviously a mixed (not pure) state.

Exercise 1.11 (Trace and Hermiticity preservation by Lindblad forms).
Show that the Lindblad form master equation preserves trace and hermiticity of the density matrix.

Solution 1.11. We want to show that the evolution equation

N?—1
p=—i [H, P] + Z Yap (Aosz;r} - % {AT@AOHP}) ’
a,B=1

preserves initial hermiticity and trace of py. Hermiticity is obviously preserved if

NZ2-1
) . N 1
pl=+i(pH — Hp)+ > vis <A5PAL -3 {ALAﬁ,p})
a,B=1
N?-1 1
SILT R SR VIS VIR

a,f=1

N2-1

-1 [H’ p] + Z Yaps (AaPA; — % {A};Aa,p}> = p
«a,f=1

holds. Here, we have used hermiticity of p = pf and H = HT and Y5 = Yap- In the last equation, we have simply
renamed « <> (3. It is also straightforward to show that the trace is conserved

NZ2-1
. . 1
Tr{p} = —iTr{Hp— pH} + Y YapTr {AapAL -3 {AEAa,p}} =0,
a,f=1

where one only has to use Tr {AB} = Tr {BA}.

Exercise 1.12 (Shift invariance).
Show the invariance of the diagonal representation of a Lindblad form master equation (46) with respect to
the transformation (47).

Solution 1.12. To show that the simplest form of a Lindblad equation
1
)= —i[H LopLt — = {LL, :
p=—il 7p]+§a < pLy — 5 {Ls ,p}>

is invariant with respect to the transformation
Lo — L, =Ly +aal
1 *
H—>H’:H+%za:(aaLa—aaLL) +b1,

we simply insert these



-
Il

1 *
—i H+£Z(aaL —aoLl)+0b,p

1
+Z< o+ aalp [LL+a:;]2{[Lg+ag][La+aa],p})
—i[H, p] + Ea: (LapLL -3 {LLLa,p})
1 1
_52((1;[/&—&@[/:&)/)—1— ipZ(a;L aaLT +Z|: o LT‘F*&Lap

. 1
—i[H,p]+ ) <LQPLL -3 {LLLa,p}) :

ALT Qq L.,
S~ ol

This invariance enables one to gauge the energy of the Hamiltonian b and to choose e.g. traceless Lindblad operators
L,,. for all systems. Such transformations will not affect the solution to the Lindblad equation.

Exercise 1.13 (Hermiticity of effective Hamiltonian).
Show that the effective Hamiltonian Heg (t) = iU (t)UT(t) is hermitian.

Solution 1.13. To show this we only need the unitarity of U. Taking the time derivative of U(t)UT(t) = 1 we
obtain the relation

UU )+ UUT(t) =0
This can be exploited to obtain for the effective Hamiltonian
Heg'(t) = —iU (U (t) = HU (U (1) = Hee (1)

Its hermiticity and occurrence in the commutator with the density matrix motivates the terminology effective
Hamiltonian.

Exercise 1.14 (Moments).
Calculate the expectation value of the number operator n = a'a and its square n?> = ataa’a in the stationary
state of the master equation (56).

Solution 1.14. We use that the stationary solution of Eq. (56) is just the thermal state p = e #H Tr {e‘BH} with
H = a'a. First, we calculate the proper normalization of the stationary density matrix in the Fock state basis of
the harmonic oscillator eigenstates

(oo}
t 1
_ —BRa'a | __ —B02n __
Z—Tr{e }—Ze =1
n=0
where we have used the geometric series. To calculate the expectation value of n, we have to evaluate
Z n

This is nothing but the Bose distribution at frequency {2 with the reservoir temperature (3, i.e., the system occupation
equilibrates with the reservoir. Similarly, we evaluate the expectation value of n?

—B80n oo
son g Z 0o _ (om0 R
o(p2 A(BN2)1—e P2 P21

— e fen - 0? 1 e’ 41
2 - BN _ (1 _ B0 _
<n > - n§::0n Z z:: (]' e ) 8(69)2 1— e—ﬂQ (GBQ o 1)2 :

Exercise 1.15 (Coherent state).
Using the driven cavity master equation, show that the stationary expectation value of the cavity occupation

Sulfils

lim <aTa> — i
t—00 Y2 +4(02 —w)?
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Solution 1.15. We first map the driven cavity master equation (in the comoving frame) to a set of equations for
operator expectation values by using <A> = Tr{Ap} = Tr{ALp}. Starting with (a’a) we see that it couples to

two further operators a and af, for which we also seek to find the dynamics. Altogether, the dynamics is closes with
just three operators

35 (010) = 55 () =15 (a1) = (a0
d : Ll
) = [%fl(rsz)} a) —i%,

&ty = [L+i2-w)] (') + 5

The stationary state of this equation is given by
P|?
li ty = IPIE
tiglo@ a) 2402 —w)?’
which is independent on the frame.
Exercise 1.16 (Preservation of Positivity).
Show that the super-operator in Eq. (70) preserves positivity of the density matriz provided that initial posi-
tivity (—1/4 < |pge’2 — pY,p2 < 0) is given.
Solution 1.16. Due to its simple structure, we may readily obtain the solution of Eq. (70)
—~t 0

Pgg = pgq + p(e)e (1 - e_’Yt) 5 Pee = € Pee

Pge — (= “//2+21.Q)tpge’ Peg = e(—/2— 2ln)tpgg,

where we have to keep in mind that the initial density matrix must be hermitian (peg (pge)* and pgg, pec € R),
normalized (pQ, + p), = 1) and positive. The last condition implies that both eigenvalues

1
Ay = 5 (pee + Pgg + \/4pegpge + (pee - ng)2>
of the initial density matrix must be positive. In particular, this requires that the argument of the root

2 2
A= 4|peg| + (pee — ng)2 =1+ 4‘p6g| —4dpeepgg

must be positive and upper-bounded by one. In particular, this implies the hint given in the exercise. To preserve
positivity at all times, it is required that the above eigenvalues must be positive throughout. Inserting the solutions
we obtain

A(E) = Alpeg| + (pee = pgg)® = €77 4]l |* + [0 = p)y — 200 (1= 7))
= (7 = 1) 4ol "+ 4l "+ (0B = p3)° = 4 (02 — 5,) P2 (1= €7) +4(pl0)? (1 — )
= A(0) = 4[pl, [ (1= e +4 (1= e™) (pLphy — € " (ple)?)
< A(0) 4|peg| (1= e +4(1=e") by = A©) +4 (1= e7) (=08, " + plerl )

< A(0) <

The first line obviously shows that A(t) is positive, and its upper bound follows from the upper bound of the
initial condition. Therefore, despite the seemingly unrelated evolution of populations and coherences the parameters
entering these equations ensure that the solution density matrix is positive.

Exercise 1.17 (Expectation values from superoperators).
Show that for a Liouwvillian super-operator connecting N populations (diagonal entries) with M coherences
(off-diagonal entries) acting on the density matriz p(t) = (P1,...,Pyn,C1,...,Cyn)T, the trace in the expec-
tation value of an operator can be mapped to the matriz element



(A(t)) = (1,...,1,0,...,0) - A p(t),
——

N x M x
where the matriz A is the super-operator corresponding to multiplication with A from the left.

Solution 1.17. The expectation value of an operator is simply given by

(4) = Tr{p(t)A} = Tr {Ap()} .

Since the trace is just the sum over the diagonal entries of a matrix, in superoperator notation this corresponds
to a sum of the entries corresponding to populations. When Ap=Ap, these are obtained by multiplying with the
described row vector.

Similarly, one could define the superoperator corresponding to multiplication from the right via Ap=pA, and —
despite in general A # A the trace formula would be the same

(A(t)) = (1,...,1,0,...,0) - A-p(t) = (1,...,1,0,...,0) - A- p(t).
—— ——

N x M x N X M x



Chapter 2
Microscopic Derivation

Exercise 2.1 (Jordan-Wigner transform).
Show that for fermions distributed on N sites, the decomposition

G=0"®...00°QR0 ®1®...01
~— —— N———
1—1 N—1i

preserves the fermionic anti-commutation relations
{ci,cj}zoz{cj,c;} , {ci,c}}zdijl.

Show also that the fermionic Fock space basis czci [n1,....,nN) = ni|ni,...,nN) obeys of|ni,...,nN) =
(=)™t ng,. .. ny).

Solution 2.1. Without loss of generality (we have {c;, c;} = {c;,¢;} and ¢? = 0 is trivially fulfilled due to (¢7)? = 0)
we consider the case i < j

{eiyej} =(07)?®...0(0°) R0 0°R0"®..00°R®0 ®1®...01
e~ e—— N— ——

. =~
(i—1)x v (i+1)...(7—1) J (N=j)x
+(0°)?®...®(0°)? R0 ®0*®..00° R0 ®1®...®1
where we have used (0%)? =1 and 0~ 0% = —0“0~. From the adjoint equation we automatically have {cj7 c;} =0.

To show the last commutation relation we consider first ¢ < j (¢ > j need not be considered due to the symmetry)

{ci,c}}:(az)2®...®(oz)2®a*az®az®...®az® Tt ®1®..91
N~ e/ N —/ —
(i—1)x i (i+1)...(—1) J (N—j)x
+(0°)?®...®((0°)? R0 ®0F®..00° Q0T ®1®...®1
=0

due to the same reasons as before. For i = j we have

{ci,cj} =(0*)2®..9(0*) o " ®l®...01

(i—1)x g (N—i)x
+ () ®..00) s ®1l®...01
(i—1)x ( (N—i)x
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which proves in combination that {¢;, C}L} = 14;;. The second part can be answered via the mapping c;rci [n1,...,nN) =
5[ +07]|n1,....,nn) =n;|n1,...,ny), which can be solved for
ofng,...,nn) = (2n; — 1) |ng,...,nn) = (=)™ ng, ... nN)

since n; can only take values 0 and 1.

Exercise 2.2 (Transforming the coupling operators).
Given an interaction Hamiltonian H; = Za Ay ® B, where (B,) # 0, show that there exists a simple
transformation By — B, and Hs — Mg which obeys (B),) = 0. Find B, and Hg.

Solution 2.2. We note that the total Hamiltonian is invariant when we simultaneously transform

By — Bl = Ba+gal, Hs—Hs=Hs—> gada,

such that Hs + >, Ao ® Bo = Hg+ ), Aa ® B}, holds. To obtain vanishing lineary expectation values of the bath
coupling operators (B.) = 0, we therefore set g, = — (B,), such that the new reservoir coupling operators and
system Hamiltonian read

B, = B, — (B,) 1, Hg:HS+Z<Ba>Aa.

Hermiticity of the interaction Hamiltonian implies that also Hg will be hermitian. This transformation has the
interesting consequence that the interaction may change the pointer-basis from the eigenbasis of Hg to the eigenbasis
of H.

Exercise 2.3 (Properties of Correlation functions).
Show that when [Hg,ps] = 0 (which is e.g. the case in thermal equilibrium), the correlation functions in
Eq. (86) only depend on the difference of their time arguments

Cop(ti, ta) = Coplti —t2,0).

Solution 2.3. We use the definition of the correlation function and the fact that the thermal equilibrium state
commutes with the reservoir Hamiltonian

Cop(ti,t2) = Trp {e+iHBtlBae—iHBt1e+iHBthﬁe—iHBtgﬁB} — Trg {e+iHBt1Bae—iHB(tl—tz)BﬁﬁBe—iHBtz}

= Trp {eJriHB(tl7t2)Ba€7iHB(t17t2)BﬁﬁB} = Cop(ty — t2,0) = Cop(ty — t2) .

In practice, this dependence on a single variable enables one to compute Fourier transforms of the reservoir corre-
lation functions easily.

Exercise 2.4 (KMS condition).
Show the validity of the KMS condition for a thermal bath with pg =

e~ BHB
Tr{e*ﬁHB} :

Solution 2.4. For a thermal state the bath correlation functions (single time argument) read

. . e—,B’HB
Cop(r) =Tr {e+1HBTBae_1HBTBg } ,
Zp

where Zp = Tr {6*57{5} simply provides a normalization and where we have also assumed that B, and Bg are
coupling operators belonging to the same bath. We find

. . . . e~ BHB

Ca(—7 —iB) = Tr {e_IHB(T+"8)Bge’HB(T+‘B)Ba }
Zp
. ) —fHe .
= Tr {GIHB (7‘+1B)Ba € ZB elHB(TJrlB)Bﬁ}
. . eizﬂHB

=Tr{ s B, e 57 By Z = Cop(T).
B
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This also further transforms to a corresponding symmetry of the Fourier transforms of the reservoir correlation
functions.






Chapter 3
Exactly solvable Models

Exercise 3.1 (Interaction Picture).
Show that Eq. (139) arises in the interaction picture.

Solution 3.1. In the interaction picture, all operators transform according to O(t) = eti(Hs+Hn)tQe—i(Hs+Hn)t,
Since [Hs,Hp] = 0 by construction, one can separate the exponentials e.g. e!(HstHs)t — oiMsteifnt gych that
system and bath operators can be separately transformed. Furthermore, since [Hg,0?] = 0, the system coupling
operator remains invariant

o.z (t) — e+i?—[sto,z67i7{st — O,Z .
This is different for the bosonic operators. We first compute their time derivative

%bk (t) = ¢titst (+iHBbk — lkaB) e Mt — ie+lHBt[HB, bk](EilHBt = 7iwk6+lHBtbk671HBt = —iwpbg (t) .

This differential operator equation is readily solvable, and by hermitian conjugation we can directly conclude the
interaction picture evolution of both operators

br(t) = e “rthy . bl(t) = etirtpl
Inserting these solutions into the interaction Hamiltonian yields Eq. (139).

Exercise 3.2 (BCH formula).
Show the generalization from Eq. (141) to Eq. (142).

Solution 3.2. We sucessively use Eq. (141) to separate one operator at a time and furthermore exploit that the
exponential of the commutator commutes with all other operators

eA1+~-<+An _ 6A1+~-'+An—1 eAne—[A1+m+An717An]/2

_ €A1+~~~+An—2eAnfleAn67[Al+~~+An721An71]/267[A1+~w“l’Anfl:An]/z
— eAl X ... X eA"6_[A17A2]/2€_[A1+A27A3]/2 X ... X e_[Al+---+An—27An—1]/26_[A1+~--+An—17An]/2 .
Then, we use that the commutator terms in the exponentials do all mutually commute, such that they can be
combined into a single exponential operator

€A1+~~+An _ eAl N eA’rLei[Al}AZ]/27[A1+A27A3]/27"'7[A1+"'+A’!L727A’!L71]/27[A1+"'+A’!L717A7L]/2

= e x ... x efAneXic[AiAsl/2

Exercise 3.3 (Matrix Exponentials).
Show that for a unit vector |n| =1 and a vector of Pauli matrices o = (0%,0¥,0%) one has

e84 — 1 @ cosh(A) 4 (n - o) @ sinh(A) .

Solution 3.3. We first show that — using well-known properties of the Pauli matrices

13
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(n-o) = (nma +nyo? +n.o )2:(n —|—n +n2) 1+ nyny{o”, 0¥} + nyn.{o*, 0"} + nyn.{co", 0}

This implies for even and odd powers

2k

m-o)* =1, (o™=
These can be separately written in the exponential
(o'} k k o'} 2k 2k oS} 2k+1 2k+1
. A . A : A
e(nu‘)@A:Z(n o) ® :Z(n o) ® +Z(n o) ®
k! (2k)! (2k + 1)!
k=0 k=0 k=0
oo A2k Sl A2k+1
=1® kZ:O @i " (n-o) @ 1 ® cosh(A) + (n - o) sinh(A)

Exercise 3.4 (Weak Coupling Limit).
Show that Eq. (177) reduces in the weak-coupling limit to Eq. (178 by using a representation of the Dirac-Delta
distribution

1 €
0(z) = lg(l) Ta2 4 e’

Solution 3.4. In the wide-band limit I, (w) — I, the stationary occupation of the central dot can be written as

(F:ZaFa)

/2
=X [ wrt) g = S O et e
%Z /f(,, wfe)wzz%fa(e),

[e3

where we have assumed that while I' — 0, the ration I, /I" remains finite. For two terminals o € {L, R}, this
directly corresponds to Eq. (178). In any case one can see that the occupation of the dot is a convex combination of
the lead occupations at the dot energy e: For coupling only to a single lead, the dot occupation equilibrates perfectly
in the weak-coupling limit.

Exercise 3.5 (Weak-Coupling Limit).
Show that Eq. (186) follows from Eq. (185) when I" — 0.

Solution 3.5. Similar to the previous exercise we may employ a representation of the Dirac-Delta function. As-
suming that while I' = I'y, + I'r — 0, the prefactor I'LI'r/(I'r, + I'r) remains finite, we use

, r/2
=9 = I o7+ (122

which directly converts Eq. (185) to Eq. (186).



Chapter 4
Technical Tools

Exercise 4.1 (Single Resonant Level).
Calculate the matrix exponential of the Liouvillian super-operator for a single resonant level tunnel-coupled
to a single junction

e ()

when the dot level is much lower than the Fermi edge (f — 1) and when it is much larger than the Fermi
edge f — 0.

Solution 4.1. Though it is straightforward to exponentiate the Liouvillian £ also for finite f, we consider for
brevity only the special cases f — 0 and f — 1, where the Liovillian becomes

(041 o (-10
£0F<0_1), £1F<+10)’

and we can directly confirm the relations £2 = —I'Ly and £3 = —I'L;, which by induction generalize to
LoZh = (-1)""Lo, Ly = (1)L,
which can be inserted in the matrix exponential

Loj1 — 0/1 _ 0/1 .
¢ L Z n! L I n! I

n=1 n=1

1 1—eT el 0
ﬁo — El J—
‘ (0 e’ ) ‘ <1—e—F 1)

We note here that I" = ¢ must be dimensionless. In the large-time limit I' — oo, these propagators simply map
any initial state to the empty or filled state, respectively.

and in particular we obtain

Exercise 4.2 (EOM for the harmonic oscillator).
Calculate the expectation value of a + a' for a cavity in a vacuum bath

p=—i[H,p] +apa’ — % {a%a,p} .

Solution 4.2. The vaccuum master equation reads explicitly

1 1
p=-—i [QaTa,p] + v |apa’ — §atap - ipaTa

15
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It is straightforward to use Eq. (190) to calculate the equations of motion for the displacement x = 4/ #Q(a +al)

2m

and momentum p = —vm&2i(a — a') of the harmonic oscillator. Fortunately, these already form a closed set

Lt ay = -1 (a+at) - 2(i (- a'))

%(i(a—aw=9<a+at>_%<i(a_gt>>'

However, it is even simpler to calculate the evolution of expectation values of the creation and annihilation operators

Zlat) = (-3 -i2) @), 2 (1) = (-5 +i2) (a'®) .
From the evident solution of these equation, we may also construct the evolution of the displacement
{a(t) +a'(t)) = e " ? cos(2t) {a + al) — e7 "/ ?sin(21) (i(a — al)) ,

i.e., position expectation values are simply damped to the minimum, as one would expect for a vacuum reservoir.
This also holds for the momentum.

Exercise 4.3 (Order of the RK scheme).
Acting with the Liouville super-operator performs the time-derivative of the density matrixz. Show that the
presented scheme (199) is of fourth order in At, i.e., that

At? At3 Att

Pn+1 = |:1 + LA + £27 + EB? + £44':| Pn + O{At}5 .

Solution 4.3. We may recursively plug in the recipe of the Runge-Kutta scheme

1 1 1 1
Prn+1 = Pn + ggn,l + gon,Q + gUn,:s + EUHA

1 1 1 1 1 1
= pn + 6Atﬁpn + gAtﬁ (pn + 2Atﬁpn> + gAtﬁ {pn + §Atﬁ (pn + QAtﬁpnﬂ
1 1 1
+6At£ {pn + AL [pn + EAtﬁ <pn + 2At£pn)] }

(A0 15, (A1)
6 £ 24

At)?
— {1+(At)£+( 2) L2+ 54} Pn s

which corresponds to the fourth order expansion of p(t + At) around ¢, since the k-th derivative of p(¢) at time ¢ is
numerically approximated by £¥p(t).

Exercise 4.4 (Norm for continuous evolution).
Calculate the norm of the state vector (U (t)|¥(t)) from Eq. (202).

Solution 4.4. The state vector for nonlinear evolution
efth |WO>

(Wy| etiMTte—iMt |%>1/2

(1) =

with M = H — %Za Yo Lt Ly is obviously normalized, which follows from
(efth)T — Mt

Therefore, we have (¥(t)|¥(t)) = 1. Any loss in the norm of the state vector would result in false jump probabilities
in the stochastic Schrodinger equation, since these are determined from (¥ (t)| L L, |¥(t)).

Exercise 4.5 (additivity of rates).

Show that for an interaction Hamiltonian of the form Hy =3, Aa @ Ba =Y, >, Aaw ® Bq, where v labels
the reservoir and where (B,,) = 0 holds, different reservoirs do not interfere, such that the rates can be
calculated additively
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Caﬁ(T) = Calabu(T) = (Bav(7)Byy) 5#1/

Solution 4.5. This claim of course only holds for reservoirs that remain independent, i.e., where the reservoir
density matrix can be written as a tensor product

=&

and where py ) denotes the density matrix of reservoir v. Since these must be separately normalized Tru{p )} =1,
the trace in the reservoir correlation functions can be simplified to

Cop(r) = Trg {Ba(7)Bgpp} = Trp { 7) By ®P }

:ﬂhwwm£WMHM@}w¢u
Tr,{Baw(7)Bowpy'}  iv=p
= <Bau (T)Bbll> 5uu s

where we have used that (B,,) = 0 (which can always be achieved by suitable transformations of both system and
interaction Hamiltonians).

Exercise 4.6 (Logarithmic Sum Inequality).
Show that for non-negative a; and b;

Zazln >aln5

with a =), a;, and b=, b;.

Solution 4.6. Defining the function f(z) = zIn(z) we can write

Zalln be( ):bZZf(Z)

and we note that f(x) is a convex function. This implies that we can apply Jensen’s inequality (we have ). b;/b =1
and b; /b > 0): For a convex function f(x), a convex combination of the functions values at a set of points f; = f(z;)
is larger than the function value when evaluated at the convex combination built from the set of points Z = ), a;z;.
This yields

" a; a; a a
&>y i)y (7):1(7).
Exercise 4.7 (SET Onsager relations).
Confirm the validity of Eq. (237).
Solution 4.7. The matter current from source to drain through the SET reads

I = f“[ﬁm fo(e)] .

where f, (w) denotes the Fermi function. The heat current from source to drain is in linear response simply given
by Q = (e — u)Ips. To obtain an expression valid for the linear response regime, we expand the Fermi functions

for small A8 and small Ap
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eBle—p) eBle—n)

m+ Ap——rg =f(1-f).

J5(6) = fole) = AB(e — p) G

Therefore, we deduce for the matter current and the heat current in linear response

I'sI’
It~ o pe T = D) (= AR + B4
o~ %fﬂ =) [(e=m?AB+ (e = mBAy] ,

which when written in matrix form directly corresponds to Eq. (237).

Exercise 4.8 (Cumulant-generating function).
Calculate the long-term cumulant-generating function for current through the SET

£( ):< —I'nfr —I'rfr +FL(1_fL)+FR(1—fR)€+iX>
X +Ipfr + IT'rfre™™  —I't(1— fr)—I'r(1— fr) '

What are the first two cumulants for the current, i.e., current I = % ((n)) and noise S = % ((n?)) =

& ((n?) - m)*) 7

Solution 4.8. The two eigenvalues of the Liouvillian become

1 : -
)‘:E(X) = 5 (—FL —I'r £ \/I% -+ F]% + 2(1 . QfL)(]. — 2fR)FLFR -+ 4FLFRfL(]- — fR)GJHX + 4FLFR(]. — fL)fReIX> R
and we note that A_(0) = —I'y, — I'g and A\ (0) = 0. Therefore, the long-term CGF is given by C(x,t) = A+ (x)t.
The first cumulant is obtained by performing the derivative with respect to the counting field, which after some
algebra yields

Ihlg

1= (00| o= 7

(fL — fr)-

We note that when f;, > fgr, the current is always positive, which simply expresses the fact that the current normally
flows from the lead with large chemical potential towards the lead with low chemical potential. Similarly, the noise
becomes

S = (i)2020: (V)] _q

- (rpﬁf [(fr+ fr = 2fefm) (TE + T) + 200 Tr (f (U= fr) + fa(l = fr)] |
L R

which we note is positive throughout: The tunneling rates are positive by construction I, > 0, and since the Fermi
functions obey f, € (0,1), we conclude fo(1—fo) > 0and fr+fr—2frfr > fi+f2—2fLfr = (fL—fr)* > 0. Since
they originate from the same cumulant-generating function, current and noise are not unrelated. A popular symmetry

is the Johnson-Nyquist relation, which holds for equal temperatures 8 = 8y, = Bg left and right S |V:O = %% Vo

Exercise 4.9 (Fluctuation Theorem).
Find the fluctuation theorem, i.e., a symmetry in the cumulant-generating function, for the SET

L) = ( ~I'rfr —Irfr  +Ip(1— fr)+ Ip(l— fR)e-HX)
+Ipfr+T'rfre™™ —It(1— fr)—TI'r(1— fr) '

Solution 4.9. We can either deduce this symmetry of the cumulant-generating function from the characteristic
polynomial of the Liouvillian

D(x) = |L(x) = AL = N2+ AL+ ITR) + (fr + fr—2fefr) LR — TLTrfL(1 — fr)e™ — I TR(1 — fr)fre X

or directly from the dominating eigenvalue
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Ax) = % (—FL —Ir+ \/Ff + T3 +201 —=2fL) 1 —2fp) [ ITr + 4L TRfL(1 — frR)eTX + AT TR(1 — fL)fRe—ix> .

In both expressions we note that the counting-field-dependence is completely contained in the function

FO) = TTr [fo(l = fr)e™ + (1= fr)fre™] |

from which we can deduce that the tunneling rates will not enter the symmetry, if existent. We therefore just have
to find a symmetry of f(x), which is straightforward to see

ool = fr)
f(=x)=f (+X+1ln )
(I—=fu)fr
For the counting statistics of transferred particles this maps for the probabilities P, () of transferring n particles
from left to right after time ¢ to the fluctuation theorem

‘m P+7l(t) _ enln {f‘f};{ﬁ; _ 6n[(ﬁRfﬁL)e+ﬁL,uLfﬁRuR]
t—o00 an(t) ’

which further simplifies e.g. for equal temperatures.






Chapter 5
Composite Non-Equilibrium Environments

Exercise 5.1 (DQD bath correlation functions).
Calculate the Fourier transforms (293) of the bath correlation functions for the double quantum dot.

Solution 5.1. The bath correlation functions can easily be linked to their Fourier transforms by introducing the
tunneling rates I'n(w) =27, \t;m|26(w — €ka ), sSuch that we have with <c£ack/a> = Ok fo(€ka) and <c;mcL,a> =
Ok [1 = fal€ra)l
. . 1 .
CIQ(T) = %tkLt;;/LeJﬂekLT <C£LCkL> = zk: ‘tkL|2€+IEkLTfL(€kL) = %/FL(w)fL(w)e""mdw
1

= o [ M=) f(-w)e o

Similar calculations are performed for Cy (7)

Co (1) = Z ‘tkL|2€—i€kLT [1— fr(exr)] = %/FL((J) [1— fr(w)] e “dw.
k

We may therefore directly read off the Fourier transforms (Cs4(7) and Cy3(7) follow by replacing L — R)

Y12(w) = I'L(—w) fr.(—w), Yo1(w) = I'L(w) [1 = fr(w)] ,
Y34(w) = I'r(~w) fr(~w), Ya3(w) = I'r(w) [1 = fr(W)] .

2
We note that for Lorentzian tunneling rates I',(w) = Faw,fﬁ it is also possible to represent the bath correlation

functions explicitly in terms of hypergeometric functions, the above way of obtaining their Fourier transforms is
however usually much more convenient.

Exercise 5.2 (Stationary Current).
Calculate the stationary currents corresponding to rate matrices Eq. (303) and Eq. (304).

Solution 5.2. In the Coulomb-blockade and high-bias limit of Eq. (303), it is implicitly assumed that the bias
— though very large — does not allow to populate both dots simultaneously, such that we have P, = 0. Its is
straightforward to insert the corresponding counting fields for all jumps crossing the right terminal

1 —2FL FRB—HX FR€+iX
L(x) = 3 I, —Igr 0 ;
17y, 0 —I'p

and we note that transport is unidirectional from left to right (as should be the case in high bias limits). The
stationary probabilities read

JER— [ — j—
0_2['[,—|—FR7 7_2FL—|—FR’ +_2FL+FR7

and can be used to evaluate the current via

21
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. I'l'r
I=(-)Tr{L(0)p} = —""—.
()L O} = 5
In contrast to the infinite bias current through the SET, we note that the above expression is no longer symmet-
ric under exchanging L <> R. This is a consequence of the level hybridization: The energy eigenstates are not
symmetrically coupled to left and right leads.

In the infinite bias limit, we can no longer neglect the population of the highest level. Inserting the counting
fields, we obtain the Liouvillian

—2I, FReJrix FReJriX 0
71 FL —FL—FR 0 FRG—HX
=31 0 —Ip—TIg Iretix |
0 Iy Iy —2I'p

which again corresponds to unidirectional transport. The stationary occupations become

I Ir,r r.r I?
P0= R P - LL R LL R L

) = T =—— Pp=—=——
(I, + I'r)? (I'L + Ir)? T I+ IR)? *T (I +In)?
and can be used to calculate the current

,_ Dilw
I+ TR’

which is the same as the infinite bias current through a normal SET.

Exercise 5.3 (Nonequilibrium Stationary State).
Show that the stationary state of Eq. (303) cannot be wrilten as a grand-canonical equilibrium state by

disproving the equations p__ [pog = e PE-=Fo=1) 5. /pog = e BE+=Eo=1) gnd p, | /p__ = e PE+—E-)

Solution 5.3. A thermal equilibrium stationary state would fulfill (compare the solution of the last exercise)

P = ei’B(E’iEoip‘) = FL

B Ig’
& — ¢ BE+—Eo—n) — Q
Py I'r ’
Py

Tr _ B(Bs-E) _

The last equation would e.g. require § = 0, which is in clear conflict with the first two equations. Therefore, the
stationary state is clearly a nonequilibrium one (unless in some specific cases, e.g. I', = I'g).

Exercise 5.4 (Transition Rates).

Deriwve the Fourier transforms of the reservoir correlation functions and confirm the rates in the Liouwvil-
lian (311).

Solution 5.4. In the interaction Hamiltonian, we can identify 8 reservoir coupling operators
B, = ZtkLACLLA’ By = B!,
k
Bs :ZtkLBC;];LB7 By = B},
k
Bs :ZthACERA; Bs = Bl
k

Br =) trpclpz.  Bs=Bl,
k

and the non-vanishing correlation functions can be straightforwardly derived. We just perform the explicit calcula-
tion for the first two
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t t __
Cha(T E thratiipa <C£LACk’LA> Hiernat — E ltiral® fra(enpa)etionra
k!

217r /FLA(w)fLA(W)eJriwtdw

7/FLA W) fra(—w)e “dw,

Cor (1) = ZtkLAtk/LA <CkLAC};/LA> eiekrAl = Z lteral*[1 — fra(expa)le et
k! %

%/FLA((JJ)[I — fLA(w)]e_i“’tdw,

where we can directly infer the Fourier transforms of the reservoir correlation functions. The remaining correlation
functions can be calculated in an absolutely similar fashion, and we obtain

Y2(w) = Ipa(~w)fra(-w), Yo1(w) = I'pa(+w)[1 — fra(4+w)],
Y3a(w) = Iip(—w)frp(-w),  yas(w)=Trp(+w)[l— frp(+w)],
Y56(w) = I'ra(—w) fra(—w), Yo5(w) = I'ra(+w)[1 = fra(+w)],
yr8(w) = I'rp(—w) frB(—W), v87(w) = I'pp(+w)[1 — fre(+w)]

According to Eq. (118), these Fourier transforms enter the transition rates from energy eigenstate b to eigenstate a
via

= Yabab = Z’Yaﬁ (Ey — Ea) (al Ag |b) (a| AL, |b)"

= m2(Ey — Ea)l{al Az (b]]* + v21(Ey — Ea)|{al A1 [b)?
+734(By — Ea)|(a] Ag (0] + v13(Ey — Eq)|(al As |b)]?
+56(Eb — Eq)|(al Ag (b]]* + 765 (Ey — Ea)|(al As |b)]?
+y7s (B — Eq)|(al As (0] + ~s7(Ey — Eq)|{al A7 [b)]*

where we have exploited that e.g. A = AJ{. Noting that the system coupling operators are given by

Ay=ds, As=dy, Ay=dp, Ai=dy,
As =da, Ag=dly, A7 =dp, Ag =dly,

we can immediately conclude that only single particle transition rates are non-vanishing. For jumps out of the
system these become

Y00,01 = Va3(€B) + e7(eB) = I'p(es)[l — frp(ep)] + I'rp(er)[l — frB(EB)],
Y00,10 = Y21(€4) +Y65(€a) = I'pa(ea)[l — fra(ea)] + I'ra(ea)[l — fra(ea)],
Yo1,11 = V21(€a +U) +v65(€a +U) = I'pa(ea + U)[L — fralea +U)] 4+ I'ra(ea + U)[1 — fra(ea +U)],
Y1011 = Ya3(eB +U) +vs7(ep +U) = I'Lp(ep + U)[1 — frplep +U)| + I'rp(ep + U)[1 — fre(ep +U)],

and for jumps into the system the rates read

(—eB) +78(—eB) = I'Lplep) fL(es) + I'rp(eB) frRB(B),

10,00 = Y12(— 6,4) + vs6(—€a) = I'nalea)fra(ea) + I'ralea)fralea),

1,01 = Y12(—€a —U) +v56(—€a —U) = I'pa(ea +U) fralea +U) + I'ra(ea +U) fralea +U),
(—ep —U) +v8(—ep —U) =I'p(ep + U)frple +U) + I'rp(ep + U) frp(ep + U) .

701,00 = V34

V11,10 = V34

One can immediately see that local detailed balance is satisfied and that these exactly correspond to the rates in
Eq. (311).

Exercise 5.5 (reduced affinity).

Confirm the validity of the reduced affinity in Eq. (323).

Solution 5.5. In principle, any two by two rate matrix will obey a fluctuation theorem. We had the effective
Liouvillian
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L) R L R) i
ato= (et " Sh ™)
which no longer obeys local detailed balance. The characteristic polynomial becomes
D) = (A+ £ +£57) (+£88 + Lgf?) Lty — il
—L55 L et - Li L1 e

and we see that the counting-field dependence is only encoded in the last two terms f(x) = C(L)E(?)GHX +

E((ﬁ)ﬁglg)e_ix (a similar result also holds for the eigenvalues). For any function g(x) = ae™X 4+ be X we can directly
confirm the symmetry g(—x) = g(+x +iln(a/b)), such that we obtain the symmetry

,C(L),C(R)
f=x)=f (JFX +1iln 7@) (()11%)
£01 Elo

This transfers to the characteristic polynomial and all eigenvalues, and thereby also to the long-term cumulant-
generating function. The corresponding affinity is thus the one of Eq. (323) and also shows up in the corresponding
fluctuation theorem of channel A — provided the time-scale separation limit is well approached. This affinity is
therefore also a measurable quantity.

Exercise 5.6 (Correlation functions for the QPC).
Show the validity of Eqs. (333).

Solution 5.6 (Correlation functions for the QPC). The second bath correlation function reads

Cor(r) = Y thptewetiEremewn)T <'7k’R'YliL'7ZL'YZ/R>
kk'ee
= Z [ta[Pe LR f ()1~ Fr(ewn)]
kk’

=5 dw/dw’T w,w')eti @ @7 fy (W)[1 = fr(W)],

such that its Fourier transform reads

Y21(£2) = /Czl(r)e+iQTdT
- / o / Ao/ T, )5(2 + w — ') fu (@)1 — fa(w)]
= To/dwa(w)[l — fR((.d + Q)} s

where we have assumed the wideband limit T'(w,w’) = Tj. We note that this limit should at least hold in the region
where fr(w)[l — fr(w+ £2)] >0

Exercise 5.7 (Normalization terms).
Compute the remaining rates

Z Y(0,m)(0,m),(0,n)(0,n) 5 and Z Ya,m)(1,m),(1,n)(1,n)

explicitly.

Solution 5.7. The structure of the coupling operators A; = (1+7d'd)® B and Ay = (1+7*d'd)® B demonstrates
that in the summation only the terms with m = n £ 1 remain (we omit the identical double indices for brevity)



25
Z’Y(Om),(om = Y(0,n—1),(0n) T Y(0,n+1),(0n)

= 712(0) (0,n — 1| A2 [0,n) (0,n — 1] AT |0,n)*
+721(0) (0,n + 1| A1 |0,7) (0,n + 1] AS |0, 7)*
= 712(0) + 21 (0) .

Analogously, we obtain for the occupied state
ZVum),(m) = Y(1,n—1),(1n) T Y(1,n+1),(1n)

= 712(0) (1,n — 1] A2 |1,n) (1,n — 1| A} [1,n)"
921 (0) (1,m + 1| Ay [1,n) (1,n + 1| AL |1, n)*
= [112(0) + 21 (0)] |1 + 7[>

Exercise 5.8 (QPC current).
Show that the stationary state of the SET is unaffected by the additional QPC dissipator and calculate the
stationary current through the QPC for Liouvillian (347).

Solution 5.8. The stationary state of the Liouvillian is found by £(0,0)p = 0, and since £(0,0) = Lggr(0), it is
simply given by the stationary state of the SET Liouvillian

po=@1-1F), p=f

with the average Fermi function f = (I't fr + I'rfr)/(I'L + I'r). The current through the SET is therefore not
influenced by the QPC. This is different for the stationary QPC current, which can be calculated via

I = (=)Tr {LGpc(0)p} _
= (=1)i(y21 = 712) (1,1) <(1) 1 f?|2> <1 }f)

= (721 — M2) [1 - f+ |1+T|2f]
=I(1—-f)+Lf.
The QPC current is therefore just the weighted average current for empty (Ip) or occupied (I;) SET dot, respectively.

Exercise 5.9 (Independent Fluctation Theorems).
Confirm the validity of Eq. (352).

Solution 5.9. We may consider the characteristic polynomial of the full Liouvillian

L(x,€) = (FLfL — I'rfr+g(8) AT (1= f1) + Tr(l — fr)etix )
; +Ipf + Trfge™™ —Ip(1— fr) — Tr(1— fr) + |1+ 7g(€) )

where
9(€) = +y21 (e = 1) +yi2 (7 - 1)
which becomes
D(x:€) = A+ Tofu+ Tnfa = 9(€)) (A + Tl = fu) + Tr(l = fr) = 1+ 79(6))
I3 fr(1= f1) = Tfr(1 = fr) = TTrf ()
with the function f(x) being defined as
OO = (0= fr)e™ + (1= fu) fre ™.

These functions obey the symmetries
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g(~¢) = (+g+nnzj;>, f<—x>=f(+x+nn{L< fL{J’j;),

which transfer to the characteristic polynomial D(x, ) and thereby to the eigenvalues of the Liouvillian and thus
eventually to the cumulant-generating function. The separate fluctuation theorems therefore generally read

SET _ QPC

+n nln ijl /) +n nln 22L
lim =e A-F)fr lim =e = M2
t—o00 PSET ’ t— o0 PQPC

When the SET leads are characterized by inverse temparature Ssgr and the QPC leads by inverse temperature
Bqpc, these fluctuation theorems simplify further

1 —
fL( fR) _) ,3 (U%ET ,LL%ET) _ /BSETVSET7 In 721 — ﬁQpc‘/QPC ,
(1 — fL)f Y12

and do thus correspond to Eq. (352).

Exercise 5.10 (Diagonalization of a single-qubit Hamiltonian).
Calculate eigenvalues and eigenvectors of the system Hamiltonian.

Solution 5.10. The matrix to be diagonalized reads
e+A T
Hs = < T ¢— A) ’
Eigenvalues can be obtained from the roots of the characteristic polynomial

Hs — M| =(e+A-N)(e—A-N)-T*=0

and are given by Ay = e+ A? + T2, Furthermore, it is straightforward to prove the eigenvalue equations Hg |4) =
Ax |£) when

_ 1 (A + VA2 + T2 )
JT2+ (A VAZTF T2 T
Note that normalization and orthogonality of the eigenvectors are also clearly visible.

Exercise 5.11 (Qubit Dissipation).
Show the validity of Eqs. (367).

Solution 5.11. The coupling operator was given as

e+ gy (740
A—2(1+J)+2(1 O—)_<07:B).

Therefore, we first calculate its matrix element in the energy eigenbasis (compare previous solution)

(| AJ4) = ! _ ! _ x
VT2 4+ (A+ VA 1127 T2 + (A VA2 T7)

it 2 2
x(Af A2+T2,T) <T(;‘%O ) <A+\/A +T )
B

1
 VATT 1 4A2T2

This evidently implies for the dissipative rate constants

Vbt = V(+2V A2+ T7) fa—75),

A2 + T2)
2

T L2
iz 7 A )

[Fa(=T%) + 75T7] =

Vi = Y(=2V A% +T7)
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as stated in Egs. (367).

Exercise 5.12 (Strongly monitored qubit).
Calculate the stationary qubit state for the QPC held at infinite bias V — +oo.

Solution 5.12. Due to trace conservation, the stationary state of the qubit is completely defined by the ratio

Pt _ Y(=2VA2+1T7)

P——  A(+2VA2+T?)

with the Fourier transform of the bath correlation function being given as

N+V -V
WD = 1= oy + e

Asymptotically, this function behaves for large voltages as
v HY0+v, w2V BTV,
which implies for the stationary state

. P+ . V —2VAZ + T2 1 .
lm —= lim ——— = —, lim = = lim =—.
V—+oo p__ Votoo V 4+ 2V A2 + T2 2 V——co p__ Vo—oco -V 4+ 2/ A2 + T2 2

Thus, for large voltages, the qubit decoheres into a balanced statistical mixture of the two energy eigenstates with
p=31-) =+ 51+ (+]

Exercise 5.13 (Correlation function at infinite bias).

Confirm the validity of Eq. (387) in the infinite bias limit of the SET.

Solution 5.13. At infinite bias, the shift x reduces to

pro_ . VoA ITE

K — 1 " 4 —iRes— &
21 ) (e —w)? +n?/4 (e —w)2 + n? /4 lw=c+in/2
_ L
nL+ng’

where we have closed the integral contour in the upper complex half plane and used the residue theorem.
Similarly, the Fourier transform of the correlation function becomes

NLMR dw
CRE (e =2+ n2/A][(e —w = Q2+ P /4]

where 1 = 1 + nr. The remaining integral can be solved analytically, for example using the theorem of residues.
The poles are situated at w1y = € +1n/2 and way = € — 2 £ in/2. Then, we obtain e.g. by closing the integral in
the upper half plane

. 1 1
28) = s RS RS T AT 5= T 7 )

_NMLnr 2 LR 2

n 22+n2  np+nr (L +nr)2+ 0227

Exercise 5.14 (Polaron transformation).
Show the validity of Eqs. (423).

Solution 5.14. We use the nested-commutator expansion for operators X and Y

— 1
+Xy . —X _
e Ye t = E — (X,Y],,

m=0

with [X,Y] = [X, [X,Y]
by induction that

m—l] and [X,Y], =Y. For the particular transformation, it is straightforward to show
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[dTdA,d], = (—A)"d.

This implies

t _ _+dtdA ; —dtdA _ — 1 i S L —A
UdUut = et 44 e _mzom [didA,d] dmz::om' =de .

By hermitian conjugation we also conclude that
Ud'ut = dlet.

For the remaining transformations we use the nested-commutator expansion again

anUT - edeAaqe—deA _ Z % [deA’a‘I]m ;

m=0

where we now need to specify A = Z ( i aT h‘; aq) From
h: h
[d'dA,aq] = d'd—2 [a,ay] = —dTd—2
Wq Wq

we conclude that all higher commutators vanish, such that only the two lowest terms m € {0,1} have to be kept
h*
Ua,UV = a, — —Ld'd.
Wq

By hermitian conjugation we also obtain

h
UalU" = af — —2d'd.
Wy

Exercise 5.15 (KMS condition).
Show that the phonon correlation function (442) obeys the KMS condition C(1) = C(—7 —iBpn)
Solution 5.15. The phonon correlation function is given by
C(7) :exp{z [eii“’“ 1+n%)+e Hiwgr n% (1—|—2n3)]}
q
with the bosonic occupation (we abbreviate Sy, = ()

1
q _
nBieﬁwq—l'

With the relation

q
p _ efﬁwq
1+n%

one obtains

(=7 —if) = exp {Z [T (1 4 ) + e Bt — (14 2n%)] }

q

= exp {Z [ HweT 4 <+ e~ iwqT (1+ an) —(1+ Qn%)]} =C(+7).

q

This symmetry relation also implies for the Fourier transform
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w) = /C(T)€+indT

a relation of the form

Exercise 5.16 (KMS condition).
Show the validity of relation (448).

Solution 5.16. The Fourier transform of the correlation function could — when specified on n, phonons created —
be written as a product of electronic and phononic contributions

n n
W?2,+na (w) = ’Yféz,cl(w —Na - ‘-'-’)Cpha ) ’731,+na (w) = 731;;1(“’ —Na - ‘-'-’)Cpha )

where the electronic and phononic contributions, respectively, read

Mo,e1(W) = To(—w) fa(—w), V21,01 (W) = T (+w)[l = fa(+w)],

Q |h4‘ =
- (1+2n%) (14 n |h |
Cgla — H le i B (qB) Tn, (2 :2 an(1+an)>] .

g=1 "p q

The Fermi function obey
fa(+w) = e Palwmpa) [1— fa(+w)],
which implies for the electronic contributions

Vel (—w) = 78 o (Fw)e Pl el

Furthermore, it is easy to see that

Q hql2
Conr =11 oy
ph -

Q
—

g, \7 Ihy?
1+E:ﬂ) Ttn, (2 S\/nB(L+nf)

B

_lnaf? (14+2n%)
e “i £

I
o

1404\ "7 Iyl
an ) j*”q (2 {jg an(1+an)

<
I
—

\hql (1+2n%, )<66phwq(1+n%)>z

I
o

e+ﬁphwq an

<
Il
—

- ng

|’111‘ q pl
142n 1+n
e w2 ( B) —Bpungwq ( ; B) \7+nq
TLB

Il
o

<
Il
—_

e BonNa-W N
° Cth

Altogether, one obtains

o _ L« Na
712,+na(_w) = ’Y12,e1(_w —Na - W)Cph
—Ba(wt+N g W—pia Mo W =T

= 18 et (Fw + Mg - w)e Pl ThaW=ra) gt Con

— efﬁ& (wJFna'w*lla)eJFBphna w’yal —ng, (+w)

which exactly corresponds to Eq. (448).






Chapter 7
Controlled Systems

Exercise 7.1 (Cumulants).
Show that the cumulants of the probability distribution P, (t) are given by

() = [y+ (=",
and can thus be understood as two counter-propagating Poissonian distributions.

Solution 7.1. The moment-generating function is given by M(x,t) = exp {[y(e™™* — 1) +7(e~X —1)] t}. The
cumulant-generating function is given by its its logarithm

Clx.t) = [y(et™ = 1) +3(e7 X = 1)] ¢,

such that for our simple example it is always (not only in the long-term limit) linear in the time ¢. This implies for
the cumulants

((n*)) = (=1)F 0% Clx, 1), —g = (—0)* () "yt + (—0)* (=) "4t
=t + (-1)*5t,

which should be shown. It is already visible at the cumulant-generating function that it is the sum of two Poissonian
cumulant-generating functions. Generally, cumulants of independent stochastic processes are additive, which can
therefore be seen already at this level.

Exercise 7.2 (Poissonian limit).
Show that a Poissonian distribution arises in the unidirectional transport limit.

Solution 7.2. Taking the direct limit of the Bessel functions is tedious, therefore we start from the moment-
generating function in the unidirectional transport limit (§ = 0)

P(x,t) =exp {'yt(eﬁx - 1)} = ZP,L(t)eH”X,

which is also the Fourier transform of the probability distribution P, (t). The inverse Fourier transform yields

+m tm
1 ix , — (7)1 S
Pn(t) _ = /e'yt(e+ —1)67171de — et Z (’7 ) /eJrlaXemedX
a=0

2 al 2w

—T —T

)

_ e_"ﬁ—("ﬁ?n :n >0
0 . else

which is the sought-after Poissonian limit.

Exercise 7.3 (Probability conservation).
Show that the above introduced propagator W(At)preserves the sum of all probabilities, i.e., that )" pn(t +

At) = Zn pn(t)'

31
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Solution 7.3. The conservation of the total probability results from the normalization of the Poisson distribution
in the propagator

At (yAY"T™
Wan(At) =4 €7 Gz 12 m
0 : else

which can easily be extended to feedback-dependent protocols. This leads to

an(t"‘ At) = ZZan(At)pm(t) = Z [Z Wam (At) 1 pm(t me )

m n

which is also valid for the feedback-dependent propagator, where we simply have v — v,,.

Exercise 7.4 (Effective Feedback Propagator).
Show the validity of Eq. (503).

Solution 7.4. The matrix elements of the effective propagator read

(w (t, At)P ) ZW(") t, AP = ZW M) (£, )3 0 = W (E, ALY

which shows that the n-th column of the propagator has to be conditioned on on result n.

Exercise 7.5 (Variance evolution without feedback).
Show that without feedback v, (t) = =y, the variance during the iteration will for arbitrary distributions always

increase as (<n2>t+At - (n)irm) - (<n2>t - <n>f) =y At

Solution 7.5. We had for the evolution of the variance Cy(t) = <n2>t - <n>f the expression

Colt + At) = Calt) = A [(37), = (vl | + At [(), +2 (n3a), = 2{m), ()]
Without feedback, we simply have (72) = v and (nvy,) = v (n), such that we obtain
Ca(t + At) — Ca(t) = vAt,
which is always positive.

Exercise 7.6 (Variance evolution of a localized distribution).
Show that for arbitrary feedback, the variance of a localized distribution pp,(t) = dmm will always increase
unless v = 0.

Solution 7.6. For a localized distribution py,(t) = 0., s, the expressions in the variance evolution do collapse
Co(t + At) — Ca(t) = A [77, — 73] + At [yim + 2y — 2mym] = ym At .
Therefore, the variance will in this case always increase, and shortly after the distribution will no longer be localized.

Exercise 7.7 (Second Cumulant for joint distributions).
Show the validity of equation (527).

Solution 7.7. Since the separate distributions were independent (no feedback), we had for the probabilities of
counting n particles during a pump cycle (of length T)

Pn(T) = Z 6n7n1+n2P711 (T/2)P712 (T/Q) ’

ni,n2

where P, (T'/2) denoted the probability to have n; particles tunneled to the right junction in the first half cycle and
P,,(T/2) the probability to have ny particles tunneled in the second half cycle, respectively. The second moment
can be evaluated as (omitting the cycle time arguments)
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(n?) = Z”QP" - Z Z 1201y 1y Py Py = Z (1 + 12)° Py, P,

n o mni,n2 mn1,n2

= <n%> +2(n1) (na) + <n§> .
For the second cumulant this implies (with (n) = (ny) + (ns))
((n?)) = (n?) = (n)* = (n3) + 2 (m) (na) + (n3) — (n1)” — 2(n1) (na) — (no)”
= (n7) = (n1)” + (n3) — (n2)” .
where we find that the cumulants of independent processes are additive.

Exercise 7.8 (Measurement superoperators).
Show the correspondence between M; and M; in the above equations.

Solution 7.8. In matrix representation, the (in our case hermitian) measurement operators read

1/11 1 1 -1
Mﬁ_2<11)’ M”‘2<—11)'
Hence, their action on an arbitrary density matrix yields
1 /11 P00 Po1 11
MypM{ = =
1P 4<11) (Pmpn 11

poo + p11+por+po (11
4 11)°

1 1 -1 1 -1
T+ P00 Po1
MQpM2_4<—1 1 )(Pwﬁn)(—l 1 >

_ poo + P11 — pPo1 — P10 < 1 —1>

4 -11

which enables one to conclude the action of the corresponding superoperators in the basis {poo, p11, po1, P10} as

1111
111111
Pl_z 1111
1111
1 1 —-1-1
11 1 -1-1
Pa=7l 111 1

-1-11 1

Exercise 7.9 (Repeated measurements).
Show the wvalidity of the above equation.

Solution 7.9. It is helpful to note first the block structure of the effective propagator without feedback (« = 0)
leading to a decoupling of populations and coherences. Without decoherence (o = 0), we have

11 0 0

1111 0 0
eCARt (P + Py) = 5 | 00e-ivat —ieat |

00 e+iQAt e—‘,—iQAt

such that we can treat each block separately. The upper two-by-two block corresponds to a projector, such that we

immediately find
1/11\]" _1/11
2\11 T2\11)°
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For the lower two-by-two block

1 [ e-iRAt —iQAt
M(RAt) = 3 <e+iQAt e+iQAt>

we obtain for two applications

1 (1 +e—2iQAt 1 +e—2iQAt

w2020 = 1 (1] G 1 oo ) = cos(@A0 (0240,

such that we can easily generalize M"(2At) = cos™~H(2At) M (2 At).
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