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Preface

The Genesis of the Book

So it was arranged, Prof. H. Sato and Dr. T. Senba were coming from Japan to visit
me in Western Australia. Dr. Senba had been before but I never thought to see
Prof. Sato in Perth. They were arriving late on September 2, 2007 and though
staying in a hotel had agreed to stay one night at my home. This was an unex-
pected pleasure. There was something important in the air. As it turned out Prof.
Sato had come to request that I should agree to write a book with him on vibration
and machine tools. Writing a book was not something that I had contemplated but
how could I refuse as he had come so far?

It was one of those providences that arranged for me to first meet and talk with
Prof. Sato. We had both attended the CIRP Annual Assembly in Bruge, Belgium in
1982. I knew him by sight but there we were sitting opposite each other in a train
on the way to the airport. We got on well and had much in common. Over the years
we met at CIRP conferences and then when I moved to Australia we met more
often. The request was for each of us to write one half of a book on vibration and
machine tools. Professor Sato was concerned that much experience was in danger
of being lost and wished to record it for posterity. In the event the book became too
large and so my part was submitted on its own and resulted in the book before you.
Professor Sato’s book is yet to be published.

The Objective

It is very important to stress that this book is about preventing chatter from
occurring in machining processes. It is not about forced vibration that arises from
cyclic excitation but about an unstable oscillation that grows with time and that is
most unwanted. The objective is to stop chatter from starting. This means that the
vibration is not just reduced in amplitude but eliminated completely, it never starts.
Others have had an apparent goal of modelling the machining process more and
more accurately and even modelling what happens after chatter starts. This
approach does not often result in major advances in chatter avoidance as the
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models begin to be as complex as the real process and do not immediately suggest
major innovations. The alternative approach adopted in this book is to use simpler
models that, while noting their limitations, give an overview and do allow for more
frequent innovations.

So why another book on machine tool vibration, and in particular chatter? The
author combines the following attributes:

• He was a young researcher when the foundational advances relating to machine
tool vibration were made and has a particular insight into those early days.

• He applied his research expertise to industry problems and found novel
solutions.

• He is familiar with and able to be critical of the progress or otherwise that has
been made since then.

• He has many years of experience dealing with real vibration problems and has
been careful to listen to experienced workshop practitioners. There is an
immense amount of practical knowledge that is not apparently known to many
current research students.

• He is aware of solutions to machine tool vibration that appear to have been long
forgotten.

• He has made contributions to reducing machine tool chatter that cover turning,
milling, drilling and grinding. This range of applications is not common in most
texts on machine tool chatter.

• He has written many animation programs that can help with the comprehension
of what to many is a complex and difficult topic.

The book is concerned with the suppression of chatter, that is, preventing it
from starting. The objective is to present sufficiently complex models of chatter
that allow an understanding to be gained of how a particular solution works. As
already noted it is possible to develop models that are so complex that solutions
cannot be understood or even imagined. The test of the approach adopted is
whether the solutions have been found to work in practice. As this is the case, the
simplifying assumptions have been justified as a means of finding solutions.

It is hoped that those who read this book will join in the goal of stopping chatter
in machining operations with the result of improved surface finish, longer tool and
grinding wheel life and significant reductions in noise.
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Chapter 1
Basic Chatter Theory

1.1 Introduction

It is informative to present the development of chatter theory in its historical
context. Many lessons may be profitably learned from this approach. In particular,

1. Experience and experimental work are crucial.
2. Since chatter is an instability, the amplitude of vibration increases from very

small amplitudes. If chatter is to be avoided, then it is necessary to stop these
very small amplitudes increasing and a chatter model that assumes very small
amplitudes is appropriate. The fact that large amplitudes subsequently develop
and are limited by nonlinearities is a secondary matter and not relevant if
chatter can be prevented from starting at all.

3. The use of high-powered computers for dynamic simulations does not neces-
sarily result in solutions to chatter problems. The early advances were achieved
without such computers.

In many of the first (1950s) publications on chatter, the earliest reference was to
Arnold [1], who in 1945 presented a report at a meeting of the Institution of
Mechanical Engineers in London. The work reported was for a subcommittee of
the Institution that was concerned with carbide turning tools. The state of
knowledge at that time is illustrated by the following quote from the introduction
to the report.

The cutting of metals is frequently accompanied by vibration, the action of which may at
times become extremely violent. Few types of machine tool can claim immunity from this
phenomenon, yet scientific literature appears to offer little guidance on the mechanism by
which it is produced. Commonly known as ‘‘chatter’’, this type of vibration is often of a very
complex nature and its existence is almost invariably unwelcome; not only does the vibration
retard production and lead to unnecessary deterioration ofmachine components, but inmany
cases the ensuing noise causes acute discomfort to those situated in the near vicinity. This
type of vibration has become of increasing importance as a result of the increase in cutting
speeds made possible by the introduction and development of carbide tools, and in this
respect the Committee feel justified in attempting to elucidate the problem. As the subject
covers a wide field, and is one of extreme complexity, this report will be confined almost
exclusively to the vibration of carbide tools when cutting rigid steel components.

B. Stone, Chatter and Machine Tools, DOI: 10.1007/978-3-319-05236-6_1,
� Springer International Publishing Switzerland 2014
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The reference to the lack of guidance from the scientific literature is significant
as this indicates how little was known about chatter by the scientific community.
Arnold’s summary of previous research reads as follows—note new reference
numbers are added for this book,

As little published research is devoted specifically to the above phenomenon a survey of
previous work is necessarily limited. The early investigators of metal cutting, principally
Taylor [2] and Smith [3] were not unaware of tool vibration, but the effect they studied
seems unconnected with that encountered at the high speeds of modern production. Taylor
suggested that the vibration was due to the variable force created by the periodic shearing
action occurring as the metal was removed. Smith measured the periodic force at extre-
mely slow cutting speeds and found that the variation decreased and became almost
negligible at cutting speeds in excess of 15 ft. per min. Some years before, Brooks [4]
published photographs of slow-speed cutting in which the intermittent shearing action
gave place to steady flow over the tool when large top-rake angles were used.
Following this early work little attention appears to have been paid to the subject until

recent years. It is true that many short articles have appeared from time to time, describing
how vibration was eliminated in some specific cutting process, but, valuable as these may
be, they do not contribute greatly to our knowledge of the subject. The work by Doi
(Japan) [5] ascribes the vibration to resonance due to fluctuations of the cutting action
synchronizing with a natural frequency of the lathe. The same author [6] deals with
vibration experienced when turning long bars, but records the experimental results without
attempting to explain their significance.
A comprehensive work entitled ‘‘Manual on Cutting of Metals’’ published by the

American Society of Mechanical Engineers [7] devotes two pages to ‘‘chatter’’, of which it
states ‘‘its severity undoubtedly is determined by the degree of resonance between periodic
variations in the cutting force, and the natural frequencies of the work, and of the work-
and tool-supporting structures’’. More recently Schmidt [8] has published a paper sum-
marizing the present state of knowledge on the dynamics of machine tools as deduced
from German publications. The section devoted to vibration is somewhat vague, and
merely suggests the possibility of forced and self-induced vibration as a result of periodic
shearing of the chips.
The general impression gained from the above publications is that tool vibration is due

to a recurrent variation of cutting force due to shearing of the chip. Reference is also made
to resonant vibration but no satisfactory explanation it offered to account for its existence.
Statements of this kind are very misleading, and it is hoped that the present report will give
a more satisfactory interpretation of the problem.

It seems that Arnold was not aware of the vast amount of experience that could
have been found on the shop floor from experienced machinists. In fact, Arnold
devised an experimental set-up to produce chatter that was not typical of the then
current practice. This is confirmed from the very informative record of the dis-
cussion that followed the presentation of his report. To quote,

Dr. G. SCHLESINGER, M.I.Mech.E., said that the author had obviously intentionally
chosen a tool which would vibrate either by the cutting action or by forced vibration or by
a combination of both, the remarkable tool shape shown in Fig. 2a, p. 263, besides the
ordinary knife tool of Fig. 2c, had therefore been designed. Although quite unusual
(underline added), it was suitable, of course, for the object of the investigation, in con-
junction with an apparatus which was exceedingly fine and sensitive (as was shown by the
various diagrams).
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He also stated (remembering that at that time, Schlesinger was an expert in
acceptance tests for machine tools),

The author stated that the measured vibrations of his sample tool were created by the
cutting action with or without forced vibration. The tests were, of course, an interesting
investigation of intentional tool vibration in the cutting of steel, but he wondered whether
the conditions necessary to obtain a surface free of vibration marks when machining steel
on a lathe in the ordinary way were fulfilled. The acceptance tests for machine tools made
this condition compulsory, and if the author’s research work could give the rules for
correct design and workmanship of machine tools it would be a remarkable step forward.
The author had all the apparatus required and the Appendices I–V gave the theoretical
calculation of the different kinds of tool vibration and their theoretical influence on the
machine parts only. He would, however, like to know if the working conditions of the tests
corresponded to those which were demanded from a good lathe.

And later he is reported as saying,

He believed that it was not permissible to draw conclusions from a theoretical cutting test,
with unusual overhang and not very suitable shape of tool, or from forced vibration, from a
practical test on a lathe, unless the possible deficiencies of the lathe were taken into
consideration, but this point had not been mentioned in the paper.

Further comments from the discussion that are of interest include.

Mr. O. V. S. BULLEID, M.I.Mech.E. (Vice-President), said…… He could not help
feeling that some of the older turners would be rather horrified by the acceptance of
chatter, and he was reminded of the old practice of bedding tools by lapping on leather or
lead, which removed damping and furthermore, he thought, illustrated the fact that it was
not necessarily the lathe or the tool that was responsible, but probably both……………
His main criticism of the paper was that it did not tell him (he was not highly trained in the
subtleties of the subject) what to do to prevent chatter. He thought the paper should state in
very clear and precise language what should be done to avoid it.

Here, we have reference to the importance of the experience of practising
turners and that what is really required is to be told how to avoid chatter. This
latter point was expanded by,

Dr. R. F. J. Weil (Stafford) As was well known, tool vibration was the enemy of surface
finish, and when engineers knew better the ways and nature of that enemy they would be
able sooner to defeat it.

Here, we have the suggestion of one approach to defeating chatter, by gaining a
better understanding (the ways and nature) of chatter. There followed two com-
ments that showed how important experience was and that chatter had been
avoided in practice.

Mr. A. E. PARNACOTT (London) said he had been very interested, when at Liege, to see
a number of lathes in which the turning tool was in the opposite position to the normal.
Some remarkably good results were obtained, and he would like to know whether the
author thought he was right in his interpretation. When a force was put on to a piece
rotating on a film of oil, the thickness of the film of oil was varied by the pressure that was
applied. Some machining difficulties could be minimized by impressing a far bigger load
on the bearing than that due to the cut. He had obtained surprising results by not only
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loading the bearing so as to have a very thin oil film but also adding resistance to the feed
of the tool into the work…….

Here, from experience is the suggestion that the machine characteristics were
important and could be changed to advantage. The idea of changing the cutting
force direction (turning tool was in the opposite position to the normal) was also
taken up by,

Mr. ALFRED HARRISON, A.I.Mech.E., commenting on Mr. Pamacott’s remarks, said he
had found that a great improvement could be achieved by down-cutting, either by putting
the tool on the opposite side of the slide or by reversing the direction of the lathe and
inverting the tool…….

As we shall find, these practical observations of real situations were significant.
In fact, a much earlier publication from a practitioner had anticipated many of the
more significant characteristics of chatter and ways of avoiding it. The family firm
of Holtzapffel (1843–1897) produced beautiful ornamental turning lathes and
attachments for their wealthy customers; many of the individually numbered
machines exist today. Instruction to his clients was furnished in the five-volume
work Turning and Mechanical Manipulation. Intended as a Work of General
Reference and Practical Instruction, on the Lathe, and the Various Mechanical
Pursuits Followed by Amateurs. The following quotation from volume four of the
work, entitled Hand or Simple Turning: Principles and Practice [9], is startling.

…The flat and other finishing tools cut very readily upon brass and similar alloys, but their
use presents a difficulty incidental to these materials, which are readily set in vibration by
the process of turning. The vibration causes the work and the tool to ‘‘chatter’’ upon each
other, and to leave the cylinder covered by numerous irregular, but parallel, fine lines or
striae, also called ‘‘utters’’ by the brass turners; the latter term probably arising from the
sound emitted by the work when set in vibration against the tool. The formation of the
striae is still more frequent in turning the brass surface, and when they are once established
upon this or the cylinder, they incite the work to increased vibration, and deepen and
spread under the continued use of the turning tool; they can only be obliterated by
returning to the use of the roughing tool, and recommencing the entire process.
To avoid this latter inconvenience, which would probably also unduly diminish the size

of the work, the formation of striae is carefully guarded against from the commencement.
A rather narrow flat tool is chosen, and this is first employed to turn the cylinder smooth,
only a small portion at a time. The tool is held with considerable firmness, with its shaft
presented to the work at a small horizontal angle, so that in making the separate cuts only
about half the width of the cutting edge penetrates the work. So soon as the line of the
work becomes fairly straight, the separate cuts are connected by traversing the tool, during
which time it is more liable to ‘‘chatter’’; this may be avoided in some cases, by retaining
the edge during its traverse still in the same position, one corner penetrating and the other
just free of the work, when either the cutting or the disengaged corner may precede, as the
tool travels along the cylinder. Many brass turners for the same purpose prefer to tilt the
flat and finishing tools upon one corner, and not at one constant angle as in turning
hardwood, but continually moving the cutting edge up and down upon the corner on which
it rests; so as to constantly vary its angular elevation or tilt, during the entire traverse. The
impulses to vibration are then given to the work at slightly, but constantly, varying angles,
when their effects cross, and to some extent neutralize each other.
The finishing shavings, which are thinner, may be removed with a wider tool, held also

in the horizontal manner; the fingers of both hands close about the end of the tool and upon
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the rest, the degree of tilt being constantly varied as before. The diminished thickness of
the cut sets up less vibration, while the fingers, being more or less interposed between the
tool and the surface of the rest, act as a spring or cushion, and largely absorb or check the
vibrations by associating them with the elastic frame of the operator.

Entwistle [10] seems to have been the first in recent times to have found this
reference and he comments, while referring to chatter as the foe,

Here, buried in the writings directed at amateurs, is the identification of many of the
characteristics of our foe. He is unpleasantly audible and renders our surface finish
degraded; increasing the width of the cut is like opening a door to welcome the tyrant in;
given the chance he will feed upon himself and grow ever more awesome.
But, the master craftsman has learnt how to foil many of the foe’s intentions. Select a

narrow tool (get below the limiting width of cut); hold the tool firmly (stiffen the structure
and maximise damping); constantly vary the angle of tilt (impart a varying period to the
waves on the workpiece); thus causing their effect to neutralise each other when they cross
(time delayed regeneration is the cause!); the final thin cut sets up less vibration (the feed
rate plays a role); allow the fingers to act as a cushion to absorb the vibrations into the
elastic frame of the operator (provide damping or large flexibility).
So, it seems, the weapons of war effective against our foe were known more than a

century ago and probably much longer. Only in more recent times have the weapons been
analysed and explained but the deployment of the weapons remains essentially unchanged;
they have simply been mechanised. Bi-helix milling cutters now vary the pitch of the
waves automatically. Damping inserts in boring bars introduce local damping. Workpiece
speed variation foils the regeneration.

This book is directed at describing many of these solutions and how they
improve chatter performance. To this end, the model used to represent any par-
ticular solution will be kept as simple as possible in order to illustrate the benefits
of that particular approach. It is for Ph.D students to generate more complex
models that may include secondary effects and/or multiple effects. We now return
to the historical context of the development of chatter theory and consider Arnold,
or as it was categorised by Tobias and Fishwick, Type B chatter.

1.2 Arnold or Type B Chatter

It is apparent that Arnold obtained chatter by using a lathe tool with an excessive
overhang. He varied the frequency of chatter by changing the overhang, and much
of the theory he presents relates to the bending vibration of cantilever beams as
shown in Fig. 1.1. This diagram confirms that for Arnold, chatter did not involve
any regeneration as the surface coming into cut has no surface waves. When there
were surface markings, Arnold designated this as forced vibration.

A simple model of this situation is shown in Fig. 1.2.
If the cutting force is not constant but may vary with speed in the manner shown

in Fig. 1.2b, then the force reduces with increasing surface speed. To illustrate the
mechanism of Arnold chatter, a simple and approximate model of the cutting force
component in the tangential direction may be assumed to be of the form,
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F ¼ bd R� auð Þ, where b is the width of cut, d the depth of cut (hence, bd is the
area of the undeformed chip cross section), u is the instantaneous surface speed of
the work relative to the tool, and Ro and a are constants depending on numerous
factors such as work material, condition and geometry of the cutting edge.

If the tool moves up and down, there is, for realistic feeds, depths of cut and
small initial amplitudes, a negligible change in depth of cut so that if x(t) repre-
sents the displacement of the tool in the direction of the force, the tangential
cutting force is given by

F ¼ bd R� a RwX� dxðtÞ
dt

� �� �
ð1:1Þ

where Rw is the work radius and X is the rotational speed of the work (assumed
constant).

For the one degree of freedom (see Appendix A for a summary of basic
vibration theory), the equation of motion is

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ F ¼ bd R� a RwX� dxðtÞ
dt

� �� �
ð1:2Þ

The constant force term bd R� aRwXð Þ is ignored as it causes no ongoing
oscillation and the equation of motion becomes,

λ
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Fig. 1.1 Cantilever-type
vibration of a lathe tool (after
Arnold [1])

(a) (b)

kc

u m

Cutting Speed

Cutting
Force

Fig. 1.2 Model of Arnold,
Type B chatter

6 1 Basic Chatter Theory



m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ bda
dxðtÞ
dt

And rearranging

m
d2xðtÞ
dt2

þ c� bdað Þ dxðtÞ
dt

þ kxðtÞ ¼ 0 ð1:3Þ

This is unstable when the coefficient of the velocity term becomes negative (i.e.
equivalent to negative damping). Thus, unstable vibration occurs when

c� bdað Þ\0 or bda[ 0 ð1:4Þ

In this case, the model suggests that the onset of chatter depends on both the
width and depth of the cut, the original damping in the tool (c) and the factor a in
the assumed force equation.

This now raises a most important question that will be asked again and again as
we proceed. ‘‘Is the model correct?’’ Entwistle [10] has the following quote after
the cover page of his thesis, ‘‘Models are to be used, but not to be believed—Henri
Theil’’. For those interested in practical solutions to chatter, the response can be,
‘‘If the model allows us to make changes that stop chatter then the model has
served a useful purpose’’. For Arnold chatter, reducing the width of cut and/or the
depth of cut is found to be helpful. Also, simply reducing the overhang of the tool
will be found to increase the effective value of c because the machine will also
vibrate and not just the tool. The damping in machine tools is generally an order of
magnitude greater than that in a cantilever bar ‘‘fixed’’ at one end. With a small
overhang of the tool, the machine as well as the tool will vibrate and more energy
will be dissipated effectively increasing c. We will return to this idea of energy
dissipation when methods of stopping chatter using structural modifications are
considered in Chap. 4.

1.3 Regenerative Chatter

Regenerative chatter arises during turning when a small oscillation of the cutting
tool results in a wave being left on the work surface. One revolution later, this
surface has to be removed, and if the width of cut is large enough, a wave of
greater amplitude will be left on the surface. Each succeeding revolution results in
a wave of even greater amplitude, resulting in a vibration of increasing amplitude.
Hahn [11] was one of the first, if not the first, to use the term regenerative chatter.
He presented a model that included feedback from the surface wave left by
vibration of the cutting tool. This form of chatter is the more common and thus the
most serious. It is appropriate (even essential) to experience this form of chatter in
order to appreciate how bad it is. Program 1.1 presents a short movie of such
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chatter with the accompanying noise and consequent chatter marks. A second
Program 1.2 is a simulation (which is based on many assumptions) that illustrates
how regenerative chatter builds up.

The illustration in Fig. 1.3 is of a facing operation in turning as shown in
Fig. 1.4. The tool moves in a radial direction, and the feed/rev determines the
mean chip thickness.

There are several approaches to the analysis of chatter. Some methods give a
better understanding of the effect and allow solutions to be discovered. Other
methods are largely mathematical and do not normally allow solutions to chatter to
be easily discovered. In this chapter, a mathematical method and a graphical
method will be developed for the simplest model of regenerative chatter. Models
will be developed for the cutting force, the machine response and finally chatter.
As noted previously, models are approximations and the assumptions used in any
model have to be critically examined.

It appears that Tlusty [12] was the first (1954) to produce a model of regen-
erative chatter that allowed machine tools with improved chatter performance to
be produced. He founded and directed a machine tool research institute, known as
VUOSO, in Prague, Czechoslovakia. He had the great advantage of access to
numerous machine tools and was not limited to testing a single machine. (In
debates at conferences, he would often ask those who disagreed with him, ‘‘How
many machines have you tested?’’). His model of regenerative chatter included the
machine response and a simple cutting force model, and this is considered in the
next section.

feed

Fig. 1.3 Initial stages of
regenerative chatter during
facing while turning

feed

b

Fig. 1.4 Facing operation,
while turning, showing the
width of the cut (b)
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1.3.1 Cutting Force Model

The simplest model for the cutting force assumes the force (F) is proportional to
the undeformed chip cross-sectional area (see Fig. 1.5) which is equal to the width
of cut (b) multiplied by the chip thickness (d) so that

F ¼ Rbd ð1:5Þ

where R is conventionally called the cutting force coefficient and bd is the
undeformed area of the chip.

It is assumed that this force does not depend on the cutting speed and so only
vibration in the chip thickness direction is important. If the chip thickness
(d) varies, the cutting force will vary as defined by Eq. 1.5, independent of the rate
of change of the chip thickness. These assumptions will be re-examined when
other models of regenerative chatter are presented.

There is a final set of assumptions to be made, which relate to the direction of
the cutting force. The cutting force is assumed to act in a fixed direction at a
constant angle to the radial direction as shown in Fig. 1.6. It is assumed that this
direction is independent of cutting speed and does not change as the chip thickness
changes. There is of course an equal and opposite force on the work that is not
shown in Fig. 1.6.

1.3.2 Instantaneous Oscillating Force

In the early days of chatter research, computational facilities were limited and so
time-domain simulations were not possible. The approach adopted was to consider
conditions at a hypothetical, stability boundary condition. It was assumed that the
vibration was sinusoidal with constant amplitude. This is not achieved in practice,
but this condition proves to be accurate in determining the onset of chatter. Thus,

b
dFig. 1.5 Undeformed chip

cross section

Radial direction
x(t)

F

β

Fig. 1.6 Assumed direction
of cutting force
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x(t)x(t - τ)

F

dFig. 1.7 Regenerative
conditions for constant
amplitude vibration

the stability boundary conditions were/are assumed to be as shown in Fig. 1.7.
Note that x(t) is defined as positive if the tool moves out from the work and
Fig. 1.7 shows with dotted lines the mean chip thickness that would result if there
was no vibration.

It was/is common to consider the resultant force to have three components. A
constant mean force, that depends on the feed per revolution. A non-regenerative
component caused by the current motion of the tool and a regenerative component
resulting from the surface wave left on the previous revolution.

Consider first the mean force. If the feed per revolution is h, then the mean force
will be given by

Fmean ¼ Rbh ð1:6Þ

Next, consider the non-regenerative force. To do this, assume there is no wave
on the surface being cut (see Fig. 1.8 where the tool is vibrating sinusoidally). For
a tool displacement x(t), the oscillating force is given, using Eq. 1.6, by

Fnon�regenerative ¼ �RbxðtÞ ð1:7Þ

Note the negative sign, since as x(t) increases, the tool moves out of cut (see
Fig. 1.7), and hence, the force reduces. For the sinusoidal motion used in the
illustration, the oscillating force is anti-phase with the tool motion. Also note that
the cut surface has a surface wave defined by x(t).

Finally, consider the regenerative force. To do this, assume there is no vibration of
the tool but that a sinusoidal wave has been left on the surface one revolution earlier.
This surfacewave is thus definedby x(t-s),where s is the time taken for one revolution
of the work. The regenerative component of the force on the tool is given by

Fregenerative ¼ Rbxðt � sÞ ð1:8Þ
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Note that as a positive value of x(t-s) increases the chip thickness, the oscil-
lating force increases (see Fig. 1.9). For the sinusoidal motion used in the illus-
tration, the oscillating force is in phase with the surface wave.

b

Tool motion/ surface after cut
Resultant force

Fig. 1.8 Non-regenerative
force (Program 1.3)

b

Top surface before cut
Top surface if not cut
Resultant force

Fig. 1.9 Regenerative force
(Program 1.4)
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The resultant force, when all the components are included, is shown in
Fig. 1.10 for constant amplitude sinusoidal motion and is given by

F ¼ Rbd ¼ Rb h� xðtÞ þ xðt � sÞ½ � ð1:9Þ

Depending on the rotational speed and the frequency of vibration, there will be
a phase angle between the tool vibration x(t) and the surface wave x(t-s). For the
example shown in Fig. 1.10, the surface wave x(t-s) lags the tool vibration x(t) by
90�. If the phase lag is zero, i.e. the tool vibration and the surface wave are in
phase, there will be no oscillating force, as x(t) = x(t-s) and the chip thickness
(and cutting force) will remain constant at h.

For simple chatter analysis, only the oscillating component of the force is
considered as this both causes the vibration and is caused by the vibration
(regeneration). Therefore,

Foscillating ¼ �Rb xðtÞ � xðt � sÞ½ � ð1:10Þ

1.3.3 Machine Response

The machine response that is of interest is the relative deflection, x(t), between the
tool and work in the chip thickness direction due to the equal and opposite forces,
�Rb xðtÞ � xðt � sÞ½ �, in the cutting force direction. This response, G(x), is often

b

Top surface before cut
Top surface if not cut
Tool motion/ surface after cut
Resultant force

Fig. 1.10 Resultant force
(Program 1.5)
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called the chatter receptance of the machine and is a function of frequency x. Its
in-phase and out-of-phase parts can be represented as real and imaginary com-
ponents GR xð Þ and GI xð Þ so that

G xð Þ ¼ GR xð Þ þ iGI xð Þ ð1:11Þ

If the assumed steady vibration is to continue, then the oscillating cutting force
must act on the structure to produce the assumed vibration. Thus, by definition, the
response is given by

x tð Þ ¼ G xð ÞFoscillating ¼ G xð Þ Rb �x tð Þ þ x t � sð Þ½ �f g ð1:12Þ

And rearranging and substituting for G(x) from (1.11)

x tð Þ
x t � sð Þ ¼

GR xð Þ þ iGI xð Þ
1
Rb þ GR xð Þ þ iGI xð Þ ð1:13Þ

Tlusty [12] now notes that at the boundary of stability, the magnitude of
x(t) and x(t-s) will be the same so that

x tð Þj j
x t � sð Þj j ¼

GR xð Þ þ iGI xð Þ
1
Rb þ GR xð Þ þ iGI xð Þ

�����
����� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

R xð Þ þ G2
I xð Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Rb þ GR xð Þ� 	2þG2

I xð Þ
q ¼ 1 ð1:14Þ

Squaring both sides and rearranging

G2
R xð Þ ¼ 1

Rb
þ GR xð Þ

� �2

¼ 1
Rb

� �2

þ2
1
Rb

� �
GR xð Þ þ G2

R xð Þ

so that

1
Rb

¼ �2GR xð Þ

and hence, the width of cut at the stability boundary is given by

b ¼ �1
2RGR xð Þ ð1:15Þ

Further, when cutting, the width of cut is positive and so the minimum value of
b (usually defined as blim) is determined by the maximum negative value of
GRðxÞ—commonly termed the maximum negative in-phase component of the
chatter receptance, GR;maxðxÞ.

It should be noted that the chatter receptance has not been assumed to contain
only a single mode of vibration. In fact, it is possible to measure GRðxÞ for real
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machines, and if the assumptions made in the derivation are valid, a method for
finding the unconditional width of stable cut blim is thus available. It is appropriate
to restate those assumptions.

• The cutting force is proportional to the undeformed chip cross section.
• The cutting force does not depend on the surface speed.
• The oscillating cutting force acts in a fixed direction.
• The boundary of stability can be determined using linear vibration models.
• The phase between the vibration x(t) and x(t-s) one revolution previously can

be ignored.

With these assumptions in mind, there are some important conclusions to be
drawn with regard to avoiding chatter.

• There is a width of cut below which chatter will never occur, regardless of
rotational speed. This is called the unconditional width of cut, blim.

• Machines, with improved chatter performance, can be produced by reducing
GR;max xð Þ.
Nothing in the above analysis restricts its application to turning on lathes. Any

machining process that allows regeneration after a time interval s is covered. s is
simply the time since the surface was last cut. Other machining operations will be
considered in Chap. 2.

For turning, with the given assumptions, the diameter of the work does not
affect the stability boundary.

Prior to Tlusty, it was known [11] that the resonant frequencies of machines
were important but not why. Figure 1.11 shows the in-phase component of the
chatter receptance for a structure with a single mode of vibration. It is clear that in
this case, GR;max xð Þ occurs just above the undamped natural frequency, i.e. just
above resonance. Tlusty used his model of chatter with great effect and applied his
method to a wide range of machine tools [13].

It was Tlusty’s simple cutting force model that allowed him to relate chatter
performance to the chatter receptance of a machine. Independently, others were
making advances but were using more complex force models and including the
effect of the phase between x(t) and x(t-s). Their results would indicate that the
omission of phase had practical implications.

1.3.4 Graphical Approach

The development of more complex cutting force models will be considered later as
it is considered helpful to introduce each major advance in chatter modelling one
at a time. This section will introduce the effect of rotational speed that is signif-
icant when the phase between x(t) and x(t-s) is included. The method used is the
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graphical approach of Guerney [14] as this is used extensively in later chapters
when considering some methods of preventing chatter.

For this analysis, again consider the situation at the boundary of stability where
the machine vibrates sinusoidally. It will continue to do so with no increase or
decrease in the amplitude of vibration. The oscillation of the tool and the regen-
erating wave on the surface must result in an oscillating force, which acts on the
structure to produce the cutting tool oscillation. This situation was considered
previously (Fig. 1.10), and it was shown how the oscillating force arises. For a
constant amplitude oscillation, let

xðtÞ ¼ Xosin(xt � /Þ ð1:16Þ

The phase lag / has the same significance as when used in the vibration theory
developed in Appendix A.4. Thus, the response has a phase / relative to the
resultant of the exciting forces F sinxt.

Thus, substituting in Eq. 1.10 gives the oscillating force as

F ¼ �Rb Xosin xt � /ð Þ � Xosin x t � sð Þ � /ð Þ½ � ð1:17Þ

We may now plot the two components of this force on the polar locus of the
chatter receptance of the machine tool. However, before doing this, it is appro-
priate, by referring to Fig. 1.12, to recall the concept of rotating vectors (phasors)
and the response locus (chatter receptance). The response locus has the force
phasor located and fixed on the positive real axis. The displacement phasor is then
at an angle / to this.

Now, consider the two components of the force. The non-regenerative force Fn

and the regenerative force Fr are located as shown in Fig. 1.13 where from
Eq. 1.17

Fn ¼ �RbXosin xt � /ð Þ ð1:18Þ

Fr ¼ RbXosin x t � sð Þ � /ð Þ ð1:19Þ

If these force components are now plotted on the response locus, the diagram
shown in Fig. 1.14 is obtained. Following the principle of one major step at a time,
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Fig. 1.11 In-phase response
of a single-mode system
(Program 1.6)
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the chatter receptance used is that of a structure with a single mode of vibration
(see Appendix A.6) and is given by

kXo

F
¼ 1

1� x2

x2
n
þ i2n x

xn

¼
1� x2

x2
n
� i2n x

xn

1� x2

x2
n


 �2
þ 4n2 x2

x2
n

The chatter frequency is x, and the various vectors are in the directions shown.
Note that the magnitude of both the force components is RbXo so that from simple
geometry, the force F has a magnitude 2RbXocosð180� aÞ.
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Response locus

Fig. 1.12 Rotating vectors, sinusoidal excitation and the connection to the response locus
(Program 1.7)
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Fig. 1.13 Force components, regenerative Fr and non-regenerative Fn
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For the situation shown in Fig. 1.14, let S ¼ Xo=F be the response at frequency
x. Thus,

S ¼ Xo

F
¼ Xo

2RbXo cosð180� aÞ

so that by rearranging, we obtain

b ¼ blim ¼ 1
2RS cosð180� aÞ ð1:20Þ

Note that S cosð180� aÞ is the negative in-phase component of the chatter
receptance at the chatter frequency. It follows from Eq. 1.20 that the smallest
value of blim is when the chatter frequency is at the maximum negative in-phase
component of the chatter receptance GR;maxðxÞ. This is as determined by Tlusty
[12]. However, chatter does not always occur at the frequency that corresponds to
the maximum negative in-phase component of the chatter receptance. This is
because there is another condition that has to be met. The regenerative force
component Fr lags behind the non-regenerative force Fn with a phase xs as shown
in Fig. 1.15.

From the sum of the angles in a triangle,

2p� xsþ 2ðp� aÞ ¼ p

)xs ¼ 3p� 2a

Also, it should be noted that the regenerative force vector may have the same
phase relationship if we add 2np to the phase xs.

)xs ¼ 3p� 2aþ 2np ð1:21Þ
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where n is an integer. For different values of n, we get different values of s and
hence different values of rotational speed (¼60=s rev/min if s is in seconds). In
fact, for any x, we can calculate blim from Eq. 1.20, and for each value of n = 0,
1, 2, 3, 4, etc., the associated rotational speed can be calculated. A plot of blim
against rotational speed is conventionally called a stability chart, and an example
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Fig. 1.15 Phase between
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regenerative force
components
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Fig. 1.16 Stability chart (Program 1.8)
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is shown in Fig. 1.16. This example is for a lathe with a chatter receptance rep-
resented by a single mode with a stiffness k = 4.0 9 107 N/m, an undamped
natural frequency of 40 Hz and a damping ratio n = 0.05. Figure 1.16 also shows
the frequency at which chatter will occur. It should be noted that for the single
degree-of-freedom system considered, the chatter frequency is always above the
natural frequency and that it is not proportional to the speed (as would be the case
for forced vibration). For all speeds, the chatter frequency remains within a limited
band and is not proportional to the speed.

In Fig. 1.16, the integer numbers above the speed axis indicate the conditions
when an integer number of waves exist around the work circumference. When this
is the case, x(t) = x(t-s) and the chip thickness (and hence the cutting force) will
remain constant. There is then no possibility of regenerative chatter, and so the
value of blim tends to infinity. Also, it should be noted that there is a ‘‘last’’ lobe
where there is less than one wave left on the work circumference. Figure 1.17
shows such a lobe on a stability chart that has the same conditions as for Fig. 1.16
but with the maximum value of speed increased to 5,000 rev/min.

To illustrate the significance of the stability lobes, a Program 1.9 was written
that simulates turning. This program is a time simulation of the equation

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ Rb½h� xðtÞ þ xðt � sÞ� ð1:22Þ
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Fig. 1.17 Stability chart showing last lobe
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The left-hand side represents the chatter receptance of the lathe by a single
mode and the right-hand side the cutting force as described in Eq. 1.9. The sim-
ulation was written using a fourth-order Runge–Kutta approximation, and it is
possible to check whether turning is stable or not for any particular width of cut
and speed by simply clicking on the stability chart. A screenshot with the start-up
values of b = 16 mm and speed 100 rev/min, after the work has completed 21
revolutions, is shown in Fig. 1.18.
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Fig. 1.18 Stability chart showing animation of chatter (Program 1.9)
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The graphical analysis has confirmed that

• There is a width of cut below which chatter will not occur.
• Machines with improved chatter performance can be made by reducing

GR;maxðxÞ.
• Nothing in the above analysis restricts its application to turning on lathes. Any

machining process that allows regeneration after a time interval s is covered. s
is simply the time since the surface was last cut.

• For turning (with the cutting force model used), the diameter of the work does
not affect the stability boundary.

• Additionally, at certain speeds, a greatly increased value for blim may be found
by running between stability lobes or indeed beyond the last lobe.

1.3.5 Experimental Stability Charts

Now, we need to consider whether the stability charts predicted by the model are
found in practice. Tobias [15] presented one of the earliest experimental charts for
a vertical milling machine (see Fig. 1.19). We shall consider milling in the next
chapter, but for now, it is necessary to accept that the depth of cut in vertical
milling relates to the width of cut used in the above analyses. This experimental
work confirmed the existence of the stability lobes but indicated a significant
difference to those predicted by the theory that has been developed. As shown in
Fig. 1.19, the stability lobes at lower speeds have increased values of blim. Earlier
work by Tobias and Fishwick [16–18] had predicted both stability lobes and the
improvement at low speeds. They used a more complex model for the cutting force
than that used by Tlusty [12]. Many of the early researchers on chatter had focused
on the cutting force and attempted to use cutting force models alone to explain
chatter, for example Doi [19]. In later years, experimental results were obtained for
the forces arising under oscillating conditions while cutting [20–22]. The general
consensus is that the improved chatter performance at low speeds is the result of
what is known as ‘‘process damping’’ or ‘‘penetration rate damping’’.

As the purpose of this part of this book is to describe methods of avoiding
chatter, it is important to consider the source of process damping. The major cause
is agreed to be the velocity of penetration of the tool into the work and hence the
phrase ‘‘penetration rate damping’’. The source of this damping is considered to be
the result of an additional cutting force component that arises from the interference
of the tool with the cut surface as the tool vibrates. There are two plausible
mechanisms considered to be in play. Figure 1.20 shows the one that results from
the fact that the cutting edge is not sharp but has a finite nose radius and also a
wear land. It is apparent that the wear land would tend to prevent a surface being
left of the kind shown and also resists motion into the work. This is because the
short wavelength would not easily pass through the contact zone caused by the
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wear land. It is important to note that this effect arises for even small amplitudes of
vibration. The second mechanism is that shown in Fig. 1.21 where the clearance
face of the tool interferes with the cut surface. This effect is dependent on the
amplitude of the vibration and the wavelength and might not be significant for very
small amplitudes of vibration.

The model for the process damping force presented here is adapted from the
work of Wallace and Andrew [21, 22]. The process damping force fpr was
expressed as follows:

fpr ¼ kprb
ox
oz

ð1:23Þ

where kpr is a constant of proportionality and ox
oz is the instantaneous slope of the

surface being cut by the tool. For turning,

ox
oz

¼ ox
ot

1
oz
ot

� 	 ¼ dxðtÞ
dt

1
RwX

ð1:24Þ

where X is the work rotational speed (rad/s) and Rw is the radius of the work.
The substitution of Eq. 1.24 into Eq. 1.23 gives

fpr ¼ kprb
dxðtÞ
dt

1
RwX

¼ kprb
dxðtÞ
dt

2ps
Rw

ð1:25Þ

where s is the time for one revolution of the work.
As fpr acts to oppose the motion of the cutting tool, it can be subtracted from the

cutting force caused by the chip cross section so that the equation of motion
Eq. 1.22, for a machine modelled by a single mode, becomes
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Fig. 1.19 Experimental stability for milling (after Tobias [15])
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m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ b R �xðtÞ þ xðt � sÞð Þ � kpr
dxðtÞ
dt

2ps
Rw

� �

and rearranging

m
d2xðtÞ
dt2

þ cþ kpr
2ps
Rw

� �
dxðtÞ
dt

þ kxðtÞ ¼ b R �xðtÞ þ xðt � sÞð Þ½ � ð1:26Þ
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This equation indicates that the model previously developed may still be
applied, but the effective damping in the machine response increases as s increases
(speed is reduced) and the work radius is reduced. Both of these changes result in
the surface waves having shorter wavelengths.

A typical theoretical stability chart derived from Eq. 1.26 is shown in Fig. 1.22.
The improved chatter performance at low speed is similar to that measured for
vertical milling by Tobias [15]. If the program is run and the work radius reduced,
there are even greater improvements at low speed.

1.4 Conclusions

For the particular machining operation that has been modelled, i.e. turning, and for
the assumptions made, the following points are of note.

• The width of cut determines whether chatter occurs. There is a width, for any
speed, below which chatter will not occur.

• The mean chip thickness (feed rate) does not affect the onset of chatter.
• The machine characteristic that is of prime importance is the maximum neg-

ative in-phase component of the chatter receptance.
• The limiting width of cut varies with speed, and a stability chart shows stability

lobes. It is possible to avoid chatter by choosing a speed between lobes or
above the last lobe [23].

60

50

40

30

20

10

200 400 600 800 1000
Speed rev/ min

Width
(mm)
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• At low speeds, the cutting force gives rise to penetration rate damping and the
stability lobes have increased values of limiting width.

The question now arises as to whether the same effects occur in other
machining operations. This will require the assumptions made in this chapter to be
reconsidered in the next chapter.
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Chapter 2
Extension of Chatter Theory

2.1 Introduction

In the previous chapter, regenerative chatter theory was developed for turning and
in particular for a facing operation. It is appropriate to summarise the assumptions
made in the theory that was presented.

• A linear model of the process was assumed; that is, nonlinearities were ignored.
It was argued that the onset of chatter will initially involve small amplitudes of
vibration, and so, a linear model could reasonably be assumed when investi-
gating the onset of chatter.

• Both the average and oscillating components of the cutting force were assumed
to act in the same fixed direction.

• The cutting force was initially assumed to be proportional to the undeformed
chip cross-sectional area and not dependent on the cutting speed. Subsequently,
an additional force component was added that depended on the penetration rate
of the tool into the work and this resulted in process damping.

• Only vibration in the direction that affected chip thickness was considered.
• A graphical method [1] of determining the stability boundary was presented,

and the machine response used as an example had a single mode of vibration
representing a one-degree-of-freedom system.

There are therefore several questions that need to be raised. Do the assumptions
made give rise to any serious errors when solutions to chatter problems are attemp-
ted? What about real machine responses that involve multiple modes of vibration
rather than a single mode? Does the chatter theory developed in the previous chapter
apply to other machining operations? This chapter addresses these questions.

2.2 Multiple Modes of Vibration

Real machines have multiple modes of vibration. Though there may be a pre-
dominant mode, so that the machine response can be represented by the response
of a single-degree-of-freedom system, this is not always the case. To illustrate the

B. Stone, Chatter and Machine Tools, DOI: 10.1007/978-3-319-05236-6_2,
� Springer International Publishing Switzerland 2014
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effect on chatter of a machine with more than one significant mode, consider a
lathe with two modes of vibration. The conventional wisdom is to assume that the
response can be represented by the superposition of the responses of two one-
degree-of-freedom systems. Thus, the chatter receptance is given by

Xo

F
¼ 1

k1 1� x2

x2
n1
þ i2n1 x

xn1


 � þ 1

k2 1� x2

x2
n2
þ i2n2 x

xn2


 �

Figure 2.1 shows the chatter receptance for some typical values of the mode
parameters chosen to give equal values of the maximum negative in-phase com-
ponent of the chatter receptance at two frequencies.

Mode 1: k1 = 4 9 107 N/m, xn1 = 80 Hz, n1 = 0.044
Mode 2: k2 = 8 9 107 N/m, xn2 = 105 Hz, n2 = 0.04

The graphical method [1] for predicting the stability chart is readily applied to
this chatter receptance. For a facing operation, as considered in the previous
chapter, a stability chart as shown in Fig. 2.2 is obtained. This chart does not
include the process damping resulting from penetration rate effects. If these are
included, the predicted stability chart is as shown in Fig. 2.3. The process damping
has a proportionally greater effect on the mode with the higher natural frequency
as this mode produces shorter wavelength surface waves for the same rotational
speed.

Even at this stage, it is clear that chatter theory involves some complexity and it
is to be extended even further in this chapter. To avoid being overwhelmed by the
increasing complexity, we will adopt the approach initially developed by Tlusty
[2] and simply examine the maximum negative in-phase component of the chatter

Fig. 2.1 Chatter receptance for a structure with two modes of vibration, a chatter receptance and
b real part (Program 2.1)
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receptance, knowing that this yields the unconditionally stable (i.e. speed inde-
pendent) width of cut. In practice, it will be expected that there will be stability
lobes and the effects of process damping will give increased stability at lower
speeds when there are shorter wavelength surface waves. These effects need to be
borne in mind when only the unconditional stable width is calculated.

2.3 Vibration Direction

Thus far, only vibration in the direction that affects chip thickness has been
considered. However, in practice, the vibration, resulting from an oscillating
cutting force, may occur in a different direction. If the facing operation is
reconsidered, then vibration could occur having components in each of the three
directions shown in Fig. 2.4 (x, y, z).

Regenerative chatter occurs when a vibration causes a surface wave to be left
that one revolution later causes a variation in the cutting force that in turn
maintains the vibration or causes it to increase in amplitude. If the vibration is in
the x direction as shown in Fig. 2.5a (and as considered in the previous chapter),
then such a surface wave is left. However, suppose the vibration was in the
z direction, the direction that would change the width of cut as shown in Fig. 2.5b.
Any surface wave left on the faced surface will not regenerate one revolution later
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Fig. 2.2 Stability chart with no process damping (Program 2.2)
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as the tool has moved in the x direction. However, even if such a wave did
regenerate, because the width of cut b will normally be much greater than the
depth of cut d, the variation in chip cross-sectional area would be an order of
magnitude less than for vibration in the x direction with the same amplitude of
vibration. For vibration in the x direction, we have shown that the cutting force F is
given by

F ¼ Rbd ¼ Rb h� xðtÞ þ xðt � sÞ½ � with an oscillating component Rb �xðtÞþ½
xðt � sÞ�
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For vibration in the z direction, the equivalent equation would be

F ¼ Rbd ¼ Rd bmean � zðtÞ þ zðt � sÞ½ � with an oscillating component Rd �zðtÞ½
þzðt � sÞ�

For identical amplitudes of vibration, i.e. xðtÞ ¼ zðtÞ, the ratio of the oscillating
forces is

Fxvibration

Fzvibration
¼ Rb �xðtÞ þ xðt � sÞ½ �

Rd �zðtÞ þ zðt � sÞ½ � ¼
b

d

So that vibration in the z direction causes a far smaller variation in the force,
and hence, the prospect of regeneration occurring is greatly reduced.

Now, consider vibration in the y direction (the direction that would cause a
change in the cutting speed). This may cause Arnold type B chatter under some
circumstances but for the model presented thus far, not regenerative chatter. The
amplitude of the wave left on the machined surface is extremely small compared to
the amplitude of vibration. For example, if the cutting tool moves down a distance
y, then the cutting radius (R) increases to (R + dR) and the depth of cut (see
Fig. 2.6) is decreased by an amount dR given by

Rþ dRð Þ2 ¼ R2 þ y2 so that R2 þ 2RdRþ dR2 ¼ R2 þ y2

And since dR2 is negligible dR ¼ y2
�
2R ¼ y � y=2R and as y/2R is very small,

dR is much smaller than y. Hence, the regenerating wave resulting from a vibration
in the y direction has a very small amplitude compared to the vibration amplitude,
and therefore, the prospect of regeneration occurring is very unlikely.

In practice, any mode of vibration of a machine tool has an associated mode
shape and this defines the direction in which the vibration will occur. It is thus

R

R+dR

O

y

Fig. 2.6 Change in cutting radius for displacement in the y direction
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possible for the mode direction to be, for example, in the x–y plane of Fig. 2.4 and at
some angle to the x direction. The effect of the mode direction needs to be con-
sidered as it has significant practical application for improving chatter performance.

2.4 Mode Direction

Consider the facing operation with the structural response represented by a single
mode that has a mode direction inclined at an angle c to the horizontal x-axis as
shown in Fig. 2.7. Note that X represents the component of the relative dis-
placement between the work and cutting edge, and though F is shown only applied
to the cutting edge, there is an equal and opposite force on the work.

The direction of the cutting force F relative to the x direction is b. Let the mode
have a direct response (i.e. displacement and force in the mode direction) defined
by stiffness k, modal mass m and viscous damping c. The direct response, where
both force and displacement are in the mode direction, as shown in Appendix A.6,
is given by

Xdirect

Fdirect

¼ 1
k � mx2 þ ixc

ð2:1Þ

The chatter receptance is the response in the x direction divided by the force
(F) in the cutting force direction. The component of F in the mode direction is
Fdirect ¼ F cosðc� bÞ. The response in the x direction is Xdirect ¼ X=cos c.
Substituting in Eq. 2.1 gives

Xdirect

Fdirect

¼ X

cos cF cos c� bð Þ ¼
1

k � mx2 þ ixc
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Fig. 2.7 Inclination of mode direction
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so that the chatter receptance is given by

X

F
¼ cos c cos c� bð Þ

k � mx2 þ ixc
ð2:2Þ

If either cos c or cosðc� bÞ is zero, the chatter receptance becomes zero and
regenerative chatter will not occur. This is the case when the mode direction is
perpendicular to either the x direction (the chip thickness direction) or the cutting
force direction.

In practice, the machine response involves several modes, and each has its
associated mode direction. In general, when the x direction or cutting force
direction is perpendicular to one mode, it will not be so for all the other modes.
Thus, the resultant chatter receptance will not be zero. As an example, consider a
machine response that has two modes, each of which can be represented by the
response of a single-degree-of-freedom system with stiffness k, undamped natural
frequency xn and damping ratio n. Figure 2.8 shows the chatter receptance for a
machine with two modes with the following characteristics:

Mode 1: k1 = 4 9 107 N/m, xn1 = 100 Hz, n1 = 0.05, mode direction c = 20o

Mode 2: k2 = 6 9 107 N/m, xn2 = 120 Hz, n2 = 0.02, mode direction c = 120o

The cutting force direction (b) was assumed to be at 60� to the horizontal
x direction. Thus, neither of the modes is perpendicular to the x or F directions and
both contribute to the chatter receptance.

The stability chart has stability lobes, but when considering improvements to
chatter performance, the unconditional width of cut serves as a suitable indicator.
In this example, using a cutting force coefficient of R = 4.0 9 108 N/m2, the
unconditional width of cut is 12 mm for the chatter receptance shown.

If on resolving X and F into any mode direction they lie in opposite directions,
then the effective mode stiffness (k) is negative. Figure 2.8 illustrates this
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Fig. 2.8 Chatter receptance for a machine with two inclined modes (Program 2.4)
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significant feature—it is possible for the chatter receptance to include such a
negative mode. This is more clearly seen if the real part of the chatter receptance is
plotted against frequency (see Fig. 2.9) and the modal contributions examined. If
Mode 2 in Fig. 2.9 was the only mode present, the mean cutting force would cause
the tool to move into the work.

Tlusty [2] used negative modes to cancel positive ones and investigated changing
the circumferential position of the tool relative to the work for a turning operation.
For the mode characteristics and directions used for Fig. 2.8, the tool position may
be changed and the unconditional width found. Figure 2.10 shows the variation of
the unconditional width of cut with tool position. For the example shown, the
conventional tool position has an unconditional width of cut of 12 mm. However,
this width would be increased to 45 mm if the tool were positioned at an angle 34�
above the horizontal. In the worst position (almost vertically under or over the
work), the width is 9 mm. Tlusty [2] measured similar variations experimentally.

Changing the tool position to advantage was noted in the previous chapter.
During the discussion of Arnold’s [3] paper

Mr. Alfred Harrison, A.I.Mech.E., commenting on Mr. Pamacott’s remarks, said he had
found that a great improvement could be achieved by down-cutting, either by putting the
tool on the opposite side of the slide or by reversing the direction of the lathe and inverting
the tool.

It can be shown that inverting the tool and reversing the rotation may also be
advantageous confirming what was known experimentally in 1946. Figure 2.11
shows the variation of unconditional width of cut with position for both an inverted
tool and the standard configuration. The mode characteristics listed below have
been chosen to show this:

Mode 1: k1 = 4 9 107 N/m, xn1 = 100 Hz, n1 = 0.05, mode direction c = 20o

Mode 2: k2 = 6 9 107 N/m, xn2 = 140 Hz, n2 = 0.02, mode direction c = 100o

The cutting force direction (b) was again assumed to be at 60� to the x direction.
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Fig. 2.9 Real part of the chatter receptance showing a negative mode (Program 2.5)
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For the inverted tool in the conventional location (with reverse rotation), the
unconditional width is 30 mm, whereas for the not inverted, the width is 13 mm.
The total variation of unconditional width with tool position varies between 9 and
45 mm as before.

2.5 Turning, Boring, Drilling and Milling

Thus far, only the specific turning operation of facing has been considered. It is
necessary to consider other turning operations and also different machining
operations such as boring, drilling and milling. Grinding will be examined in
Chap. 5.

For facing on a lathe, the onset of chatter was governed by the width of cut.
This width was the length of the cutting edge in contact with the work, and it was
perpendicular to the direction that most affected the chip thickness, i.e. the feed
direction, see Fig. 2.12a. The question to be answered is does this apply to all
machining operations?
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Fig. 2.10 Variation of unconditional width with circumferential position of the tool (Program
2.6)
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Fig. 2.11 Variation of unconditional width with circumferential position for inverted and
conventional tool mounting (Program 2.6)
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2.5.1 Turning

If the case of parallel turning is considered, see Fig. 2.12b, the chip cross section is
as shown. For the chatter model that has been developed, the variation in oscil-
lating force depends in the first place on the varying area of this chip. The width of
the chip is still the contact length of the cutting edge with the work. However, the
direction (x) that most affects the chip thickness is not the feed direction. It is,
however, perpendicular to the cutting edge and the cut surface. Thus, facing and
parting off, which have the chip thickness direction the same as the feed direction,
do not represent all machining operations. Also, for facing, the cutting force was
considered to act in a plane that was perpendicular to the cutting edge. The
direction was assumed to be at an angle b to the chip thickness direction. For
parallel turning, the direction of the cutting force is assumed to be subject to the
same rules. Thus, to begin to generalise,

1. The width of cut is the length of the cutting edge in contact with the work.
2. The chip thickness direction (x) is perpendicular to the cutting edge and the cut

surface.

Fig. 2.12 The width of cut for various turning operations
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3. The cutting force is taken to act on an angle b to the chip thickness direction
and in a plane perpendicular to the cutting edge.

4. The chatter receptance is the ratio of the response in the x direction to a force in
the cutting force direction.

For parallel turning, it is important to note that the mode(s) of vibration that
cause chatter are usually in a plane perpendicular to the spindle axis. As noted in
Sect. 2.3, if the mode direction is perpendicular to either the x direction or force
direction, the likelihood of chatter is greatly reduced. With the appropriate tool, it
is possible in parallel turning to make the x direction perpendicular to the spindle
axis, see Fig. 2.12c, with the expectation of improved chatter performance. This is
found experimentally to be the case. However, if the tool has a sharp corner as
shown, a spiral ‘‘thread’’ will be left on the cut surface. This may be overcome by
using a tool shaped as in Fig. 2.12d. However, if the dimension d is too large, then
vibration (and chatter) may occur in a direction perpendicular to the spindle axis.

2.5.2 Boring

Boring has great similarities to parallel turning. Figure 2.13a shows the width of
cut and chip cross section for a typical operation. The width of the chip is the
contact length of the cutting edge with the work, and the direction (x) that most
affects the chip thickness is perpendicular to the cutting edge. Thus, boring may be
considered as internal turning.

In practice, it is found that chatter is very common with long boring bars. This
is because they have very little damping and easily vibrate in a transverse direc-
tion, i.e. perpendicular to their axes. Thus, it can be helpful to ensure that the chip
width is perpendicular to the preferred vibration direction as shown in Fig. 2.13b.
Methods of increasing the damping of boring bars will be considered further in
Chap. 4.

feed feed

bb
(a)

(b)

Fig. 2.13 The width of cut for boring
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At this stage, it is possible to show the x direction and the force direction for
any turning or boring operation, see Fig. 2.14. The x and F directions do not
depend on the feed direction.

The cutting edge has so far been considered only to feed in a straight line,
whether radial or axially. It is now necessary to consider what happens when the
cutting edge is rotating as in drilling.

2.5.3 Drilling

For turning and boring, the cutting edge moved, but its orientation did not change,
and the cutting edge did not rotate. In drilling, the complexity of chatter theory is
now increased as there are two cutting edges and they are rotating and inclined to
each other. Figure 2.15 shows, for each cutting edge, the chip cross sections. The
x and F directions for each chip are also shown using the information from
Fig. 2.14. The combination of the two forces produces a resultant force that acts
along the axis of the drill. The question to be answered is ‘‘What is the direction of
vibration that will most likely cause chatter by producing a variation in the chip
thickness?’’ Transverse vibration of the drill (perpendicular to the feed) may be a
problem on entry, but once drilling is in process, it is not normally a problem. An
axial vibration will cause a variation of the same amount in both chips. It follows
that chatter may occur in the axial direction of the drill. In this case, the effective
total width, perpendicular to the direction affecting the chip thickness, is the
diameter of the drill, see Fig. 2.16a.

The governing chatter receptance for drilling is thus the axial response resulting
from an axial force. It is appropriate to restate that this receptance is that resulting
from equal and opposite forces on drill and work and the response is the relative axial
displacement between drill and work. Some of the earliest work on regenerative
chatter was on radial arm drilling machines [4]. The theory developed previously is

b

X

β

Fig. 2.14 Force and
displacement directions for
turning or boring
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applicable with the value of b representing the diameter of the drill, but with one
major change. For turning and boring, the time before a surface wave is cut again (s)
was the time for one revolution of the work. For drilling, it is the time between the
two cutting edges. This is half the time for one revolution of the drill (s/2). As a
result, Eq. 1.21 expressing the phase between the regenerative and non-regenerative
components of the force in turning/boring is modified for drilling to

xs=2 ¼ 3p� 2aþ 2np ð2:3Þ

Hence, if the chatter receptance was the same, the stability lobes will occur at
half the speed compared to turning/boring. However, the unconditional width of
cut (i.e. drill diameter) is not affected—only the location of the stability lobes
along the speed axis.

2.5.3.1 Enlarging Holes/Spot Facing

It is often the case when drilling that a hole is being enlarged (see Fig. 2.16b). In
this case, the total width of cut b is the difference between the diameters of the drill
and the existing hole.

Spot facing is very similar to drilling but with the angle h in Fig. 2.15 zero.
However, spot facing cutters often have four teeth resulting in a total width of cut
b that is four times the width of cut for one tooth. Also the time between teeth is
one quarter of the time for one revolution. Thus, Eq. 2.3 becomes

feed
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X1 X2
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A1
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β
Section
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cutting edges
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Fig. 2.15 Chip cross sections and forces for drilling
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xs=4 ¼ 3p� 2aþ 2np ð2:4Þ

As a result, the stability lobes occur at one quarter of the speed compared to
turning/boring. In summary, the speed at which a stability lobe resides is inversely
proportional to the number of cutting edges on the rotating tool.

2.5.3.2 Torsional Vibration

It was noted above that the resultant force in drilling acted along the axis of the
drill. However, the forces acting on the two cutting edges also produce a torque.
The question therefore arises as to whether it is possible to have torsional chatter in
drilling? For chatter to involve torsional vibration, some form of regeneration must
occur. For purely torsional vibration, without axial vibration, there would be no
force variation unless the cutting force depends on speed. While any torsional
vibration would cause a variation in speed, it would cause no variation in force and
hence no chatter.

The practical situation is far more complicated. The cutting force is more
complex than the model that simply relates force to the chip cross-sectional area.
Also it is possible for torsional vibration and the axial vibration to be coupled by a
structural mode. Even when not so coupled, an axial vibration causes both an

Fig. 2.16 The effective width of cut for drilling
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oscillating force and an oscillating torque that will excite torsional vibration.
Historically, torsional vibration has been ignored for drilling. The model that
assumes only axial vibration has been found to be useful in solving chatter
problems in drilling. Nevertheless, when chatter occurs, there may be associated
and large torsional vibrations.

2.5.4 Milling

For turning, boring and drilling, the cutting edge was straight. However, for
milling, the cutting edge is often part of a helix. As a result, the direction that
affects chip thickness varies along the length of the cutting edge. Figure 2.17a
shows the chip cross section for a typical helical tooth. If this chip is considered as
a series of small-width chips, then the directions that affect chip thickness vary
along the chip, as shown in Fig. 2.17a, and moreover, the cutting force direction
also varies along the chip. For simple models of chatter in milling, it is conven-
tional to use an average chip thickness direction, as shown in Fig. 2.17b, that
bisects the arc of contact and passes through the axis of rotation, O, of the cutter.
There is also an implicit assumption that the effective displacement and force
direction are in a plane perpendicular to the axis of rotation of the cutter. However,
the helix angle causes both the displacement and force to have components along
the axis of rotation. Nevertheless, when looking for solutions to chatter in milling,
these conventional assumptions have produced practical solutions.

In passing, it is important to note why a helix angle is employed on milling
cutters. The width of contact with the work is often large, and a straight tooth
would engage the full width at the same instant. This would give rise to large
impacts on engagement and, when leaving the cut, exciting significant forced
vibration in the drive train. The helix angle allows each tooth to gradually come
into engagement and gradually leave the cut.

Returning to chatter, it is necessary to determine not only the effective dis-
placement and force directions but also the effective width of cut. For practical
reasons, the width of the work in contact with the cutter is defined as b, see
Fig. 2.18. However, in the equations developed previously, b has been the length
of the cutting edge in contact with the work. From Fig. 2.18, it may be seen that as
the cutter rotates each cutting edge comes in contact with the arc of cut in such a
way that the length in contact increases from zero to a maximum and then reduces
to zero. For the example shown, the maximum length of contact remains constant
for a short time. Also at any instant, more than one cutting edge may be in contact
with the work. To use the theory developed previously, it is necessary to estimate
an average length in contact. An approximation may be obtained by determining
the average number of teeth in contact via the angle, h, subtended by the arc of cut.
From Fig. 2.18 cos h ¼ R�d

R , where R is the radius of the cutter and d the depth of
cut.
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If there are N teeth on the cutter, the average number of teeth, zc, in contact with
the arc of cut will be zc ¼ Nh

2p, where h is in radians.
Thus, the average effective width in contact is zcb and substituting in Eq. 1.15

gives zcb ¼ �1
2RGR xð Þ so that at the stability boundary blim ¼ �1

2Rzc GR xð Þ :
And similarly substituting in Eq. 1.20 gives

blim ¼ 1
2RzcS cosð180� aÞ ð2:5Þ

Thus, the limiting work width, blim, above which chatter may occur is modified by
the reciprocal of zc. Provided all of the assumptions made are reasonable, this
means that blim is reduced by having a larger number of teeth on the cutter. zc is
also increased when the depth of cut is increased. However, the effect on the stable
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Fig. 2.17 Variation of displacement and force directions along a helical tooth
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width is then not immediately clear as changing the depth of cut will change the
average directions of the displacement X and the force F. This in turn means that
the mode directions are significant, as will be shown below. Milling operations
may involve climb or conventional milling (as depicted in Figs. 2.19, 2.20, 2.21,
2.22) with consequential changes in the displacement and force directions, and this
may have a significant effect on chatter.

Consider first a milling machine with one significant mode as shown in
Fig. 2.19. The mode has k = 4 9 107 N/m, xn = 100 Hz, n = 0.05 and with the
mode direction c = 20� to the horizontal. A two-tooth cutter was chosen to sim-
plify the diagrams with a depth of cut d = 20 mm and a cutter radius of 30 mm.
Four machining configurations are possible, and the chatter receptance for each is
shown. The displacement direction, X, is normal to the arc of cut and the force at
60� to the displacement. For each configuration, the unconditional width of the
work is shown for a cutting force coefficient R = 4.0 9 108 N/m2. Recall that
there would be stability lobes on the associated stability charts. It is important to
note that this simulation predicts a large improvement to be obtained by using the
best configuration blim = 357 mm when climb milling feed left to right, compared
to the worst, blim = 36 mm when conventional milling feed left to right.

The predicted variation in performance changes with the depth of cut.
Figure 2.20 shows the variation when the depth of cut is increased to 50 mm, with
all of the other variables remaining unchanged. Note that not only do the dis-
placement and force directions change, but the average number of teeth in contact
increases. For this case, the best configuration gives blim = 74 mm while climb
milling feed right to left, and the worst gives blim = 20 mm while conventional
milling feed right to left.

Mode 1Mode 1

Mode 1 Mode 1

FF

FF

XX

XX

blim = 36mm blim = 105mm 

blim = 357mm blim = 130mm 

1.0 10  m/Nfeed

feed

feed

feed

Chatter receptance

-7

Fig. 2.19 Change in chatter receptance with machining configuration for a single mode, cutting
depth 20 mm (Program 2.7)
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When there are several vibration modes with different directions, the situation is
more involved. Figure 2.21 shows the comparative performance for a chatter re-
ceptance consisting of two modes with the following characteristics:

Mode 1: k1 = 4 9 107 N/m, xn1 = 100 Hz, n1 = 0.05, mode direction c = 20o

Mode 2: k2 = 6 9 107 N/m, xn2 = 120 Hz, n2 = 0.05, mode direction c = 50o

The other parameters are the same as those used to generate Fig. 2.19. For this
situation, the best configuration gives blim = 227 mm while climb milling feed
right to left and the worst gives blim = 41 mm while conventional milling feed left
to right.

Mode 1 Mode 1

Mode 1 Mode 1

F F

FF

X X

XX

feed

feed

feed

feed

Chatter receptance

1.0 10  m/N-7

b     = 20mm limb     = 25mm lim

b     = 74mm limb     = 32mm lim

Fig. 2.20 Change in chatter receptance with machining configuration for a single mode, cutting
depth 50 mm (Program 2.7)
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b     = 102mm lim b     = 227mm lim

Fig. 2.21 Change in chatter receptance with machining configuration for two modes, cutting
depth 20 mm (Program 2.8)
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Figure 2.22 shows the result when the depth of cut is increased to 50 mm. For
this situation, the best configuration gives blim = 54 mm while climb milling feed
right to left and the worst gives blim = 22 mm while climb milling feed left to
right.

For all of the examples given, it is important to note that when the number of
teeth on the cutter is doubled to four, the predicted values of blim are halved.

It is concluded, and found to be the case in practice, that to improve chatter
performance in milling, cutters should have the fewest teeth possible and choosing
the best machining configuration (by experimenting) can lead to significant
improvements.

It is appropriate to consider a stability chart including the stability lobes. For
turning and boring, it was noted that the time before a surface wave is cut again (s)
was the time for one revolution of the work. For drilling, it was the time between
the two cutting edges. For milling, the time before a surface wave is cut again is s/
N where N is the number of teeth and so, in general, the phase condition equation
becomes

xs=N ¼ 3p� 2aþ 2np ð2:6Þ

Thus, the number of teeth on a cutter affects the unconditional stable width and
also the location of the stability lobes along the speed axis of the stability chart. An
example of a stability chart (without penetration rate damping) is shown in
Fig. 2.23. The same parameter values were used as for Fig. 2.19 but for a cutter
with four teeth. It is important to note that as the number of teeth is increased the
last lobe occurs at a lower speed. This is significant for high-speed milling where
machining may occur close to or above the last lobe.

The milling operation used for the examples given applies to slab milling or
milling with an end mill. The operation known as face milling has some differences.
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Mode 2 Mode 2

Mode 2

Mode 1 Mode 1

Mode 1 Mode 1

F F
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b     = 22mm lim b     = 54mm lim

Fig. 2.22 Change in chatter receptance with machining configuration for two modes, cutting
depth 50 mm (Program 2.8)
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2.5.5 Face Milling

Figure 2.24 shows a typical face milling cutter. It is conventional for this appli-
cation to determine the depth of cut (d) at the stability boundary. This depth is
directly related to the width of the contact with each cutting edge, which is
normally an insert. The motion of the inserts is directly analogous to that of the
teeth during slab milling and end milling. Thus, there is an arc of cut and the
average displacement direction and force direction are determined in the same
way. The depth of cut, d, shown in Fig. 2.24, is here equivalent to the work width
used above for slab milling.

If the width of the work while face milling is smaller than the cutter diameter as
shown in Fig. 2.25, then there is the possibility of changing the directions of the
average force and displacement relative to the mode directions of the machine.
Figure 2.25 shows three possible machining configurations and the associated
displacement and force directions. These three configurations show two extreme
locations (a) and (c), where the cutter just overlaps the work. The configuration (b)
is when the cutter is central to the work. Depending on the mode/s causing chatter
and the mode directions, the three configurations may have significantly different
stable depths of cut.
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Fig. 2.23 Stability chart for milling with one significant mode (Program 2.9)
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2.6 Mode-Coupling Chatter

Now that multiple modes with associated mode directions have been considered, it
is possible to describe another form of chatter. This is called mode-coupling
chatter and occurs without any regeneration. For the machining operations con-
sidered thus far, the wave left by a cutting edge was subsequently cut by the same
cutting edge or another tooth on the same tool. When turning a thread or turning
with a large feed, any surface wave left by the cutting edge is not machined one
revolution later, and so, there is no regeneration. Figure 2.26 shows this form of
chatter when using a boring bar with a feed equal to the contact length of the tool.
The feed/rev is the contact length b, and the depth of cut d.

Typically, boring bars have cross sections with different principal second
moments of area that result in two vibration modes with mode directions at right
angles. These modes may each be modelled as single-degree-of-freedom systems
to illustrate this type of chatter. Figure 2.27 shows the orientation of the two
modes relative to cutting edge.

For the simplified analysis that follows, it is assumed that the effective cutting
speed of the work does not affect the force. Hence, the force is the cutting force

Fig. 2.24 Typical face
milling cutter
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coefficient (R) times the undeformed chip cross section (bd), i.e. Rbd. Let the
cutting force act at an angle b from the horizontal as shown in Fig. 2.27.

Now, let Mode 1 be at an angle a from the horizontal. Then, for ‘‘thread
cutting’’ with no overlap, i.e. no regeneration, for Mode 1, the equation of motion
is

m1
d2x1ðtÞ
dt2

þ c1
dx1ðtÞ
dt

þ k1x1ðtÞ ¼ �Rb x1ðtÞ cos aþ x2ðtÞ sin að Þ cosðb� aÞ;
ð2:7Þ

and for Mode 2,

m2
d2x2ðtÞ
dt2

þ c2
dx2ðtÞ
dt

þ k2x2ðtÞ ¼ Rb x1ðtÞ cos aþ x2ðtÞ sin að Þ sinðb� aÞ ð2:8Þ

Assume solutions of the form x1ðtÞ ¼ A1eðrþixÞt and x2ðtÞ ¼ A2eðrtþi½xt�/�Þ so
that the motion is sinusoidal and growing exponentially. Substituting in Eqs. 2.7
and 2.8,
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Fig. 2.25 Effect of position
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m1ðrþ ixÞ2A1eðrþixÞt þ c1ðrþ ixÞA1eðrþixÞt þ k1A1eðrþixÞt

¼ �Rb A1eðrþixÞt cos aþ A2eðrtþi½xt�/�Þ sin a
� 	

cosðb� aÞ

m2ðrþ ixÞ2A2eðrtþi½xt�/�Þ þ c2ðrþ ixÞA2eðrtþi½xt�/�Þ þ k2A2eðrtþi½xt�/�Þ

¼ Rb A1eðrþixÞt cos aþ A2eðrtþi½xt�/�Þ sin a
� 	

sinðb� aÞ

feed

d

b
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Fig. 2.26 Boring with no
overlap

Fig. 2.27 Orientation of
modes relative to the cutting
position
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Expanding and dividing throughout by A2, putting A1=A2 ¼ p and multiplying
the second equation throughout by ei/ gives

m1ðrþ ixÞ2pþ c1ðrþ ixÞpþ k1p ¼ �Rb p cos aþ e�i/ sin a
� 	

cosðb� aÞ
m2ðrþ ixÞ2 þ c2ðrþ ixÞ þ k2 ¼ Rb pei/ cos aþ sin a

� 	
sinðb� aÞ

Collecting real and imaginary parts of each equation,

m1ðr2 � x2Þpþ c1rpþ k1p ¼ �Rb p cos aþ cos/ sin að Þ cosðb� aÞ
m12rxpþ c1xp ¼ Rb sin/ sin a cosðb� aÞ

m2ðr2 � x2Þ þ c2rþ k2 ¼ Rb p cos/ cos aþ sin að Þ sinðb� aÞ
m22rxþ c2x ¼ Rbp sin/ cos a sinðb� aÞ

These represent four equations with four unknowns r, x, p and /. To find the
stability boundary, put r = 0 with b as an unknown. Then,

k1 � m1x
2

� 	
p ¼ �Rb p cos aþ cos/ sin að Þ cosðb� aÞ ð2:9Þ

c1xp ¼ Rb sin/ sin a cosðb� aÞ ð2:10Þ

k2 � m2x
2

� 	 ¼ Rb p cos/ cos aþ sin að Þ sinðb� aÞ ð2:11Þ

c2x ¼ Rbp sin/ cos a sinðb� aÞ ð2:12Þ

Dividing Eq. 2.10 by Eq. 2.12 gives

sin a cosðb� aÞ
p cos a sinðb� aÞ ¼

c1xp
c2x

and rearranging gives

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 sin a cosðb� aÞ
c1 cos a sinðb� aÞ

s
ð2:13Þ

Divide Eq. 2.11 by Eq. 2.9

p cos/ cos aþ sin að Þ sinðb� aÞ
� p cos aþ cos/ sin að Þ cosðb� aÞ ¼

k2 � m2x2ð Þ
k1 � m1x2ð Þp
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and rearranging to find cos /

cos/ ¼ � k1 � m1x2ð Þp sin a sinðb� aÞ þ k2 � m2x2ð Þp cos a cosðb� aÞ
k1 � m1x2ð Þp2 cos a sinðb� aÞ þ k2 � m2x2ð Þ sin a cosðb� aÞð Þ

ð2:14Þ

Thus, we have p from Eq. 2.13 and for a given x, we have / from Eq. 2.14.
From Eqs. 2.10 and 2.11, we can obtain two independent equations for b

b ¼ c1xp
R sin/ sin a cosðb� aÞ

b ¼ k2 � m2x2ð Þ
R p cos/ cos aþ sin að Þ sinðb� aÞ

With a computer program, it is possible to search for value(s) of x that give the
same values of b from both equations. Figure 2.28 shows results for b against a for
a boring bar with the following characteristics, K1 = 1.0 9 107 N/m,
xn1 = 95 Hz, n = 0.01, cutting force direction b = 60o.

The different curves are for different values of the second natural frequency
xn2. It is assumed that the effective mass for each mode is the same as a boring bar

is being considered. Thus, xn1 ¼
ffiffiffi
k1
m

q
and xn2 ¼

ffiffiffi
k2
m

q
so that eliminating m gives

k2 ¼ x2
n2

x2
n1
k1:

The viscous damping ratio is considered to be the same for each mode so that
c1 ¼ 2n

ffiffiffiffiffiffiffiffi
mk1

p
and c2 ¼ 2n

ffiffiffiffiffiffiffiffi
mk2

p
:

It is found that mode-coupling chatter may only occur when the direction of the
lower-frequency mode lies between the displacement and force directions. As
shown in Fig. 2.28, there are, for any particular value of a in the required range,
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Fig. 2.28 Stability boundary
for mode-coupling chatter
(Program 2.10)
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normally two solutions for b. Instability occurs for values of b between these two
values. Note that the solutions are independent of the rotational speed of the work.

The question arises as to how the limiting widths for mode-coupling chatter
compare with those for regenerative chatter with the same structural model.
Figure 2.29 shows a comparison for k1 = 1.0 9 107 N/m, xn1 = 95 Hz,
xn2 = 100 Hz, n = 0.01 and the cutting force direction b = 60o. The limiting
width of cut for regenerative chatter is always significantly less than for mode-
coupling chatter. For the model presented, mode-coupling chatter does not depend
on speed. The boundary for regenerative chatter shown in Fig. 2.29 is the
unconditional width.

Any particular machining operation can be much more complex than those
chosen above to illustrate a single major effect. For example, in some machining
operations, e.g. grinding (see Chap. 5), part of the surface wave regenerates but
not the full width. Mode directions will not always be at right angles, as for the
boring bar example above. Process damping will also have an effect when the
surface waves have a short wavelength.

To illustrate the fact that mode-coupling chatter has a lower and upper stability
boundary, a program (Program 2.12) was written that simulates boring. It is a time
simulation of Eqs. 2.7 and 2.8. The simulation was written using a fourth-order
Runge–Kutta approximation, and it is possible to vary the parameters and confirm
that under certain conditions an increase in the width of cut will stop mode-
coupling chatter. Using this animation, it will be found that when mode-coupling
chatter occurs, the cutting edge moves anticlockwise around an ellipse. The
consequence of this is that energy is input to the system and causes chatter.

2.7 Conclusions

The theory of regenerative chatter has been extended to a variety of machining
operations, and several significant effects have been noted. In each case,
assumptions were made so that the effect to be illustrated was highlighted. It is
important to restate the assumptions that have been made and assess them.
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Fig. 2.29 Stability boundary
for mode-coupling and
regenerative chatter (Program
2.11)
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• Regenerative chatter has been investigated assuming a constant-amplitude
sinusoidal motion at the boundary of stability. In practice, no such state is
normally achieved. However, experiments confirm that models of chatter based
on this assumption reveal the major parameters governing chatter.

• The cutting force has been assumed to act in a fixed direction relative to the
chip thickness direction. Many researchers have shown that the cutting force is
more complex than this. However, again models of chatter based on the simple
assumption do reveal the major parameters governing chatter.

• For milling cutters, the total length of all cutting edges in contact with the work
varies with time as teeth enter and exit the arc of cut. Average values have
therefore been assumed for both the displacement and the force directions. This
assumption needs to be continuously borne in mind when considering solutions
for chatter in milling.

This chapter has illustrated several methods that may usefully be employed to
prevent chatter in addition to those presented in Chap. 1. Thus, the following
solutions may be usefully employed.

• The total length of the cutting edge(s) in contact with the work should be
reduced. For milling, this can be achieved by reducing the number of teeth on
the cutter.

• The machining configuration should be chosen so that either the displacement
or force direction is close to being perpendicular to the direction of the most
significant mode.

• Machining between stability lobes may be possible. This is especially the case
for high-speed milling when operating at a speed close to or above the last
stability lobe.

• Process damping can be beneficial if the wavelength of chatter marks is small.
This may be achieved by reducing the surface cutting speed.

• For mode-coupling chatter with a boring bar, chatter may be eliminated by
ensuring that the direction of the lower-frequency mode does not lie between
the displacement and force directions.

There is a considerable amount of literature on the topics covered in this
chapter, a sample of which is given in the bibliography below. Many of these
publications contain far more complex models of chatter, but it is found that the
major parameters illustrated in this chapter remain the major ones affecting chatter.

Thus far, chatter theory has been developed to the stage where improvements
can be made quite simply and experimentally. There are other ways of stopping
chatter. In the next chapter, a range of chatter-resistant multi-tooth cutters will be
presented and their performance assessed.
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Chapter 3
Chatter-Resistant Multi-Tooth Cutters

3.1 Introduction

It has been shown that for multi-tooth cutters, regenerative chatter arises when a
small oscillation of a cutting edge results in a wave being left on the cut surface.
The following tooth has to remove this wave and, depending on the width of the
work, leaves a wave of smaller or greater amplitude. When the latter is the case,
each succeeding tooth leaves a wave of greater amplitude, resulting in a vibration
of large amplitude. The situation shown in Fig. 3.1 is a simplified representation
with the circular motion of each tooth represented by a linear motion. Figure 3.1
shows the conditions existing at the boundary of stability when each tooth leaves a
wave of the same amplitude. Any increase in the width of the work would result in
the vibration amplitude increasing. It must be stressed again that though this
neutrally stable situation would not normally be obtained in practice, it never-
theless predicts the stability boundary quite accurately.

In this chapter, various means of improving chatter performance by reducing
the regenerative force will be considered. These methods involve modification of
standard multi-tooth cutters. Clearly, if the regenerative force was reduced to zero,
then regenerative chatter would not be possible. In order to indicate the order of
magnitude of the improvement in chatter performance, a greatly simplified model
of the cutting process will be used with a reference set of conditions. The chatter
receptance will be represented by a single mode of vibration with the following
characteristics.

k ¼ 4:0 � 107 N=m; xn ¼ 120Hz; n ¼ 0:05;

For any particular machine, the chatter receptance will be more complex than
the single mode used here, but the improvements indicated by using a single mode
will also indicate the order of magnitude likely to be achieved on a real machine.
As shown in Chap. 2, the chatter receptance depends on the directions of the
cutting force and the displacement direction (that affects the chip thickness). In
milling, these directions change with the depth of cut, etc. However, in this

B. Stone, Chatter and Machine Tools, DOI: 10.1007/978-3-319-05236-6_3,
� Springer International Publishing Switzerland 2014
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chapter, such changes will be ignored as the purpose is to investigate each type of
cutter by fixing as many parameters as possible while varying just the one under
investigation. Also, the effects of process damping will not be included though it
must always be remembered that, for short wavelength chatter marks, process
damping may be significant.

The cutting force coefficient will be assumed to be a constantR = 4 9 108 N/m2.
This simplifiedmodel will indicate the order of magnitude likely to be achieved with
the actual (more complex) forces present. The reference cutter has four teeth, a
diameter of 60.0 mm and the depth of cut, d, is 20 mm as shown in Fig. 3.2.

Using the model of chatter developed in Chaps. 1 and 2, the stability chart for
this reference cutter is as shown in Fig. 3.3.

Chatter-resistant cutters fall into four main types each of which reduce the
resultant regenerative force and hence improve chatter performance. The first
varies the pitch spacing of the teeth around the circumference and hence is called
an alternating pitch cutter. The operating principle is to attempt to have the
regenerative force on one tooth cancelled by the regenerative force on the next.

3.2 Alternating Pitch Cutters

The earliest suggestion of varying the pitch to prevent chatter appears to have been
made by Hahn [1]. This was before models of regenerative chatter were more fully
developed and later Slavicek [2] and Opitz et al. [3] presented models involving
chatter theory. The significant parameter for these cutters is the amount by which
the pitch of alternate teeth varies from the average pitch p. The pitch of one will be
increased by an amount s and the next decreased by s. For any particular
machining operation, s will be a proportion of the wavelength, k, of the chatter
marks left on the surface, see Fig. 3.4. To determine a quantitative measure of the
improvement, it is helpful to add the regenerative components of chip variation on
two adjacent teeth to obtain

Xo

X   - wave amplitudeo

λ

λ - wavelength
Fig. 3.1 Simplified stability
boundary conditions for
conventional milling
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Fig. 3.2 Reference machining conditions for comparison of cutters
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Fig. 3.3 Stability chart for the reference machining operation
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� Xo sinx t � pþ sð Þ
p

s

� �
� Xo sinx t � p� sð Þ

p
s

� �

¼ �2Xo sinx t � sð Þ cosx s

p
s

where s is the time between teeth if constant and the teeth equi-pitched.
The total regenerative force on the two teeth for a work width of b will be

Fr ¼ �2RbXo sinx t � sð Þ cosx s

p
s

For two teeth of a conventional cutter, the regenerative force component is
�2RbXo sinxðt � sÞ. The ratio (B) of the regenerative components of the alter-
nating pitch cutter to a conventional cutter is thus given by B ¼ cosx s

p s. The

wavelength of the chatter marks is k ¼ Xzp=x where X is the rotational speed in
rad/s, z the number of teeth on the cutter, and therefore, B ¼ cosð2ps=kÞ. The
variation of B with s=k is shown in Fig. 3.5.

When s=k is 0.25, 0.75, etc., the regenerative component becomes zero indi-
cating that alternating pitch cutters could greatly improve chatter performance. For
example, when s=k ¼ 0:25, one pitch is reduced by one-quarter of a chatter
wavelength and the next increased by the same amount. The difference in the
pitches is then half a wavelength, and the regenerative force on one tooth is
opposite to that on the other. However, for this to happen, it is necessary for the
chatter frequency to not change when the alternating pitch cutter is used instead of
its regular pitch counterpart. It is possible that chatter could occur at a different
frequency. To investigate whether this is the case a stability chart needs to be

Xo

λ

p p

s

X   - wave amplitude s - pitch changeo

λ - wavelength p - mean pitch

Fig. 3.4 Alternating pitch cutter
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derived to determine whether such cutters are effective over a wide speed range.
The graphical method (described in Chap. 1) is very helpful in achieving this.
Figure 3.6 shows the single-mode chatter receptance and the oscillating forces
when the average number of teeth in contact is zc. The non-regenerative force will
be �RbzcXo sinxt. In the analysis above, the sum of the regenerative force on two
teeth has been found. When the regenerative forces on the two teeth are adjusted to
accommodate the fact that the average number of teeth in contact is zc, their
magnitudes both become RbzcXo=2 but their phases are different. To improve the
clarity of Fig. 3.6, these phases are not drawn to scale.

The computer program used to find the variation of the limiting stable width of
cut with rotational speed of the cutter used the following steps.

First: the amount of alternating pitch was chosen and represented by defining s/p.
Second: values of xs were stepped through to construct the chart. For each xs,

the value of b was found using the geometry of Fig. 3.6 from

tan b ¼
RbzcXo

2 sin
ðp�sÞ
p xs� p


 �
þ RbzcXo

2 sin
ðpþsÞ
p xs� p


 �
RbzcXo þ RbzcXo

2 cos
ðp�sÞ
p xs� p


 �
þ RbzcXo

2 cos
ðpþsÞ
p xs� p


 �

) tan b ¼
sin 1� s

p

h i
xs� p


 �
þ sin 1þ s

p

h i
xs� p


 �
2þ cos 1� s

p

h i
xs� p


 �
þ cos 1þ s

p

h i
xs� p


 �

Third: for the value of b obtained, the frequency x, at which chatter must be
occurring for the vector A to have the location shown in Fig. 3.6, is found from the
phase angle equation for a single-mode system.

B

0.8

1.0

0.6

0.4

0.2

0.25 0.5 0.75 1.0 1.250
s/λ

Fig. 3.5 Regenerative force
ratio as a function of s/k
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tan/ ¼ �2nx=xn

1� x2

x2
n


 � SeeAppendixA:4ð Þ where/ ¼ b� p

Rearranging this equation,

tan /
x2

x2
n

� 2n
x
xn

� tan/ ¼ 0

and therefore,

x
xn

¼ 2n�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2 þ 4 tan2 /

p
2 tan/

¼ n
tan/

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ n2

tan2 /

s

Only the positive root will give a positive value for x. Now, the response for a
single-mode system is, from Appendix A.4,

kX

F
¼ 1

1� x2

x2
n


 �
þ 4n2 x2

x2
n


 �1=2

A

Rbz  X o
c

F

F

χ=−ϕ

ωτ(p+s)
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ωτ(p-s)
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ωτ(p+s)
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β
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oRbz  X  /2  c
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Fig. 3.6 Graphical solution of stability boundary at a chatter frequency x
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In the present case, X = Xo, and from the geometry of Fig. 3.6, the resultant
force magnitude is

F ¼ RbzcXo

2
2þ cos

ðp� sÞ
p

xs� p

� �
þ cos

ðpþ sÞ
p

xs� p

� �
 ��
cos b

Then,

Xo

F
¼ 1

k 1� x2

x2
n


 �
þ 4n2 x2

x2
n


 �1=2
¼ Xo cos b

RbzcXo

2 2þ cos
ðp�sÞ
p xs� p


 �
þ cos

ðpþsÞ
p xs� p


 �h i

Solving for the width blim at the stability boundary gives

blim ¼
k 1� x2

x2
n


 �2
þ4n2 x2

x2
n

� �1=2

2 cos b

Rzc 2þ cos
ðp�sÞ
p xs� p


 �
þ cos

ðpþsÞ
p xs� p


 �h i

As examples of the improvements in chatter performance that may be made,
consider the reference set of conditions with s/p = 5 %. The corresponding sta-
bility chart is shown in Fig. 3.7 with the results for a standard cutter presented
shaded for comparison.

At low speed, the lobes are very close together and so only their lower envelope
has been shown (dotted). For the three lobes shown at the higher speeds, there are
sometimes two solutions for blim at a given speed. In practice, chatter would occur
above the lower width and hence the dotted vertical line shows the effective
stability lobe. Note that there are ranges of speed where the performance is greatly
improved. These correspond to the conditions where the regenerative force will be
small because s/k is 0.25, 0.75, etc., where k is the wavelength of the chatter marks
that would have been left by a standard equal-pitch cutter while vibrating at the
frequency of the maximum negative real part of the chatter receptance. For dif-
ferent values of s/p, the ranges of speed where the performance is greatly improved
are different. For example, Fig. 3.8 shows the stability chart when s/p = 2.5 %.

Using Program 3.1, the effect of varying the value of s/p may be investigated. In
this program, the chatter receptance is not changed when the cutter diameter and
depth of cut are changed (as it would in a comprehensive model) as it is the
intention to isolate the alternating pitch effect. However, the effect of having more
teeth in contact with increasing depth of cut is modelled in the program. It is clear
that greatly improved stability can be achieved over a range of speeds. However,
the stability charts shown in Figs. 3.7 and 3.8 are for a machine with a chatter
receptance that can be represented by a single mode. In practice, machines have
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Fig. 3.7 Stability chart for an alternating pitch cutter with s/p = 5 % (Program 3.1)
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Fig. 3.8 Stability chart for an alternating pitch cutter with s/p = 2.5 % (Program 3.1)
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many modes with different natural frequencies. Thus, though chatter close to one
of the mode’s natural frequencies may be avoided, it is not certain that another
mode will have been improved at the desired rotational speed.

There is also the practical difficulty of producing the alternating pitch cutter. If
a standard cutter is modified by removing material from the rake face of the cutter,
then the radius of the cutting edge, from the centre of the cutter, is reduced because
of the clearance angle. For all teeth to be cutting, additional material has to be
removed from the clearance face of the teeth that are not ground back.

It is evident that it would be desirable to have a cutter with improved perfor-
mance over the whole speed range and be effective for a machine with multiple
modes. Such a cutter is the Strasman cutter.

3.3 Strasman (Ripping or Roughing) Cutters

Strasman cutters are named after their inventor but in different parts of the world
are known as ripping or roughing cutters. An example of such a cutter is shown in
Fig. 3.9. These cutters have what appears to be a thread machined around their
periphery. The thread has a sinusoidal form. In fact, the profile is more complex
than a simple thread cut around the periphery. This is because each cutting edge
has to have a clearance angle. Considering the additional cost of manufacturing
such a cutter, it is appropriate to ask why such a cutter would have been developed.
As there is no record of aiming to improving chatter performance, the most likely
objective was to break up the chip into many smaller widths rather than have one
very wide chip that is difficult to handle. It was claimed and known [4] that these
cutters required less power to remove metal than conventional cutters. It was only
when making experimental comparisons of the chatter performance of multi-tooth
cutters that it was observed that Strasman cutters gave significant chatter
improvements. These improvements can be understood by considering the
instantaneous chip thickness on one of the teeth. First, it is necessary to define
some major parameters of these cutters. Figure 3.10 shows the amplitude and
wavelength (L) of the sinusoidal form of the thread.

For the reference machining operation (a single mode of vibration with
k = 4.0 9 107 N/m; xn = 120 Hz; n = 0.05; R = 4 9 108 N/m2, cutter with
four teeth, diameter 60.0 mm and depth of cut 20 mm), the instantaneous chip
cross section, as the cutting edge exits the cut, is shown in Fig. 3.11 for a Strasman
cutter with a wavelength of 6 mm, an amplitude of 2 mm and a feed of 2 mm/rev.
Due to the profile left by previous cutting teeth, the width in cut on each tooth is
0.36L. Also, the surface of the chip being cut was machined in part by the tooth in
cut one revolution previously (i.e. -4s previously), partly by the previous tooth
(i.e. -s previously) and partly by the tooth which is in fact the tooth behind the
tooth in cut (i.e. -3s previously). The widths of these three surfaces are 0.11L for
teeth -1 and -3 and 0.14L for the tooth in cut one revolution earlier (tooth -4).
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It is apparent that there are two main reasons why these cutters have improved
chatter performance. First, the total width in cut is greatly reduced compared to the
apparent width of cut. Second, the varying time delays, for the three parts of the
surface profile, may have similar effects to those of the alternating pitch cutters.

Consider the regenerative force on one tooth for the conditions described. This
is formed by three components with different time lags depending on which tooth
last machined the surface. Thus, the regenerative force is

Fig. 3.9 Strasman (or roughing/ripping) cutter showing the sinusoidal form of the cutting edge

x
Amplitude

L

Fig. 3.10 Major parameters of a Strasman cutter
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Fig. 3.11 Instantaneous chip cross section for a Strasman cutter with feed of 2 mm/rev
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Fr ¼ RbXo 0:11 sinxðt � sÞ þ 0:14 sinxðt � 4sÞ þ 0:11 sinxðt � 3sÞ½ �

where s is the time between teeth.
Expanding,

Fr ¼ RbXo
sinxsð0:11 cos xsþ 0:14 cos 4xsþ 0:11 cos 3xsÞ
� cos xsð0:11 sin xsþ 0:14 sin 4xsþ 0:11 sin 3xsÞ
� �

so that the magnitude of this regenerative force is

Fr ¼ RbXo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:11 cosxsþ 0:14 cos 4xsþ 0:11 cos 3xsÞ2
þð0:11 sinxsþ 0:14 sin 4xsþ 0:11 sin 3xsÞ2

s

For a conventional cutter with four teeth, the regenerative force on one tooth is
RbXo sinxðt � sÞ and this has an amplitude RbXo. Thus, the ratio (B) of the
regenerative force amplitude of the Strasman cutter to a conventional cutter is
given by

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:11 cosxsþ 0:14 cos 4xsþ 0:11 cos 3xsð Þ2

þ 0:11 sinxsþ 0:14 sin 4xsþ 0:11 sin 3xsð Þ2
s

The variation of B with xs is shown in Fig. 3.12.
It is important to note that Fig. 3.12 is a specific case showing the reduction in

the regenerative force for a particular Strasman cutter at the exit of cut with a
particular depth of cut. As the cutting edge moves around the arc of cut, the
proportions of the surface that were cut by the previous teeth vary. For the example
above, this variation is shown in Fig. 3.13 where the cutting edge exits the arc of
cut when h just exceeds 70�.

The cutting forces at the exit condition are drawn on the response locus (see
Fig. 3.14). The same graphical method of solution was adopted as was used for the
alternating pitch cutters. The average number of teeth in contact was taken to be zc.
A value of xs was chosen and the value of b found using the geometry of
Fig. 3.14,

tan b ¼ 0:11 sin xs� pð Þ þ 0:14 sin 4xs� pð Þ þ 0:11 sin 3xs� pð Þ
1þ 0:11 cos xs� pð Þ þ 0:14 cos 4xs� pð Þ þ 0:11 cos 3xs� pð Þ

As for the alternating pitch cutter,

tan/ ¼ �2nx=xn

1� x2

x2
n


 � ; where/ ¼ b� p and
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Fig. 3.13 Variation of chip cross section with rotation
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Only the positive root will give a positive value for x, and response is
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Noting that X = Xo and that from the geometry of Fig. 3.14, the force

F ¼ RbzcXo

cos b
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Fig. 3.14 Graphical solution of stability boundary at a chatter frequency x

3.3 Strasman (Ripping or Roughing) Cutters 69



Then,
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Solving for the width b at the stability boundary gives
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As examples of the improvements in chatter performance that may be made,
consider the reference set of conditions with the Strasman geometry described
above. The stability chart is shown in Fig. 3.15 with the results for a standard cutter
presented for comparison. It should be noted that the chip geometry at exit has been
used. As would be expected, with the effective width of cut 36 % of the width of the
work, the unconditional stable width has increased by a factor of 1/0.36 = 2.78.
Also, the effect of the varying time delays for different portions of the surface wave
has resulted in each stability lobe being subdivided.

If Program 3.2 is run and the feed and number of teeth varied, it will be found
that the chip cross section can become far more complex than the ones presented
above. This is because the surface wave that is being machined may have portions
left by more than three teeth. The program does not calculate for this situation, and
no solution will be displayed.

The actual machining conditions are far more complex than those assumed
above. The chip cross section varies around the arc of cut, as does the chatter
receptance. The cutting forces also include penetration rate effects. However, the
simplified model that has been presented indicates the major improvements that
may be expected when using Strasman cutters. As predicted, in practice, these
cutters do give greatly improved chatter performance and also have reduced power
consumption [4].

A possible drawback to the use of Strasman cutters is that the tools have to be
ground on the rake face when being re-sharpened. The major disadvantage from
the use of these cutters is the quality of the surface finish that is far from flat
because of the sinusoidal form on the cutting edge. Consequently, the profile of the
cutting edge was changed by some manufacturers in an attempt to produce an
improved surface finish. Such cutters are called trapezoidal cutters because of their
tooth profile.
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3.4 Trapezoidal Cutters

An example of a trapezoidal cutter is shown in Fig. 3.16. This is similar to a
Strasman cutter but with a significantly different form given to the profile of the
cutting edge. As with the Strasman cutters, it is necessary to define some major
parameters of these cutters. Figure 3.17 defines the amplitude and length (L) of
the form of the thread. A significant parameter is e, which in part determines
the percentage of the profile that is not cutting. The angle h defines the angle of the
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Fig. 3.15 Stability chart for a Strasman cutter (Program 3.2)

Fig. 3.16 Trapezoidal cutter showing the form of the cutting edge
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trapezoid’s flanks. Most available trapezoidal cutters have a small value for e.
Figure 3.17 shows a case when e = 0.25 and h = 22.5�.

Adopting the same approach as used for the Strasman cutter, an example cutter
is chosen having an amplitude of 4 mm, L = 12 mm, e = 0.25 and h = 22.5� to
investigate the standard conditions. The instantaneous chip cross section, as the
cutting edge exits the cut, is shown in Fig. 3.18. Due to the profile remaining from
previous teeth, the width in cut on each tooth is 0.592L. As for the Strasman cutter,
the surface of the chip being cut was machined in part by the tooth in cut one
revolution previously (i.e. -4s previously), partly by the previous tooth (i.e. -s
previously) and partly by the tooth behind the tooth in cut (i.e. -3s previously).
The widths of these three surfaces are 0.342L for tooth -1, 0.158L for tooth -3
and 0.092L for the tooth in cut one revolution earlier (tooth -4).

The regenerative force is

Fr ¼ RbXo 0:342 sin xðt � sÞ þ 0:158 sin xðt � 4sÞ þ 0:092 sin xðt � 3sÞ½ �

This is very similar to a Strasman cutter but with different coefficients for each
sine term. Therefore, following the same approach, the ratio (B) of the regenerative
force amplitude of the trapezoidal cutter to that of a conventional cutter is given by

Amplitudeθ θ

εL

L

Fig. 3.17 Major parameters of a trapezoidal cutter

0.092L
0.158L 0.342L

-1 -2 -3-3 -4

Fig. 3.18 Instantaneous chip cross section for a trapezoidal cutter with e = 0.25 and a feed of
2 mm/rev
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B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:342 cos xsþ 0:158 cos 4xsþ 0:092 cos 3xsÞ2
þð0:342 sin xsþ 0:158 sin 4xsþ 0:092 sin 3xsÞ2

s

The variation of B with xs is shown in Fig. 3.19. It is clear that the reduction in
the regenerative force is far less than for a Strasman cutter.

Using the same assumptions and method as for the Strasman chart shown in
Fig. 3.15, a stability chart for the trapezoidal cutter may be calculated and is
shown in Fig. 3.20. As expected, the unconditional width of cut has been increased
by a factor of 1/0.592 = 1.69 because of the reduced length of the cutting edge in
contact with the work.

Reconsidering the chip cross section of Fig. 3.18, it is apparent the width of cut
may be reduced considerably by increasing e. There is a practical limit to this
reduction as the total width of the work must be machined by the cutter requiring
each trapezoidal form to overlap the others. Figure 3.21 shows a trapezoidal cutter
with the same parameter values as used previously but with e = 0.65. The three
values for the regenerating surface are now 0.0684L for teeth -1 and -3 and
0.1816L for the tooth in cut one revolution earlier (tooth -4). The total width of
cut is now 0.318L compared to L for a conventional cutter. As the same amount of
material is removed with e = 0.25 and e = 0.65, the maximum chip thickness is
necessarily greater for e = 0.65.

The ratio (B) of the regenerative force amplitude of this cutter to that of a
conventional cutter is given by

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0684 cos xsþ 0:1816 cos 4xsþ 0:0684 cos 3xsð Þ2

þ 0:0684 sin xsþ 0:1816 sin 4xsþ 0:0684 sin 3xsð Þ2
s

The variation ofBwithxs is shown in Fig. 3.22. It is clear that a further reduction
in regenerative force has been achieved. It is therefore to be expected that the
stability chart will show similar improvements and this is confirmed by Fig. 3.23.
The unconditional stable width has been increased by a factor of 1/0.318 = 3.14.
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Fig. 3.19 Regenerative force
ratio as a function of xs, for a
Strasman cutter with
e = 0.25
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There is little in the literature about the chatter performance of trapezoidal
cutters. They appear to have been first discussed by Pye and Stone [5], and it seems
that most cutters of this type have not been optimised for chatter performance as
the values of e are normally small.
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Fig. 3.20 Stability chart for a trapezoidal cutter with e = 0.25 (Program 3.3)
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Fig. 3.21 Instantaneous chip cross section for a trapezoidal cutter with e = 0.25
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The cutters used to explore the benefits of Strasman and trapezoidal cutters
have had four teeth. In practice, such cutters may be found with more teeth and
more than one ‘‘thread’’ is used around the periphery. If there are two threads, they
are started on opposite sides of the cutter. They may be analysed in the same way
as applied to the cutters that have been described with four teeth and one start on
the thread.
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Fig. 3.22 Regenerative force ratio as a function of xs, for a Strasman cutter with e = 0.65
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Fig. 3.23 Stability chart for a trapezoidal cutter with e = 0.65 (Program 3.4)
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3.5 Bi-helix Cutters

Another high-performance cutter employs different helix angles on adjacent teeth.
These bi-helix cutters appear to have been suggested first by Vanherk [6] as an
extension of the concept behind alternating pitch cutters. He analysed bi-helix
cutters by considering them as a stack of small width adjacent cutters, each with a
different amount of alternating pitch (see Fig. 3.24). It was expected that the
limitation of an alternating pitch cutter to improvements at particular speeds could
thus be overcome. Each of the small width cutters was expected to be effective for
different speeds, and the overall result could be a cutter with application over a
wider range of speeds. Stone [7] used a different analytical approach that was
presented in a restricted publication [8]. The complete analysis is presented here as
it shows that bi-helix cutters can deliver a greater improvement than that suggested
by Vanherk’s model that used a stack of alternating pitch cutters.

Consider a small width of the cutter dy, a distance y from the constant pitch line
as shown in Fig. 3.25. Also, let the helix angles be h1 and h2 and also define
m1 = tan h1 and m2 = tan h2.

For simplicity, it will again be assumed that the cutting force is directly pro-
portional to the cross-sectional area of the undeformed chip. If the width of cut
coinciding with the boundary of stability is investigated, then a constant amplitude
sinusoidal motion may be assumed. Considering the oscillating forces acting on
the element of width dy of tooth 2, the variation with time is

dF ¼ �R Xo sin xt � Xo sin x t � s
z

ðm1 � m2Þyþ s

s

� �� �
 �
dy ð3:1Þ

where
s is the time for one revolution of the cutter
z is the number of teeth on the cutter
s is the pitch on the element with constant pitch.

The distance in the direction of the tooth motion between the element dy on tooth
2 and the corresponding element on tooth 1 (i.e. the pitch) is (m1 - m2)y + s. Thus,
the time interval between the element dy on tooth 2 and the equivalent element on
tooth 1 is given by

s
z

ðm1 � m2Þyþ s

s

� �

and the total oscillating force on tooth 2 resulting from a chip width b normal to
the direction of motion of the tooth is given by
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Fig. 3.24 Developed plan view of a bi-helix cutter and its representation by a series of
alternating pitch cutters
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Fig. 3.25 Two teeth of a bi-
helix cutter (developed)
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F ¼
Zb=2

�b=2

�R Xo sin xt � Xo sin x t � s
z

ðm1 � m2Þyþ s

s

� �� �
 �
dy

)F ¼ �RbXo sin xt þ RXo

Zb=2
�b=2

sin x t � s
z

ðm1 � m2Þyþ s

s

� �� �
dy

ð3:2Þ

Considering the remaining integral in isolation, this becomes

RXo

Rb=2
�b=2

sin xt cos x s
z

ðm1�m2Þyþs
s


 �
 �
dy

� Rb=2
�b=2

cos xt sin x s
z

ðm1�m2Þyþs
s


 �
 �
dy

666666664

777777775

¼ RXosz

xsðm1 � m2Þ
sin xt sin x s

z
ðm1�m2Þyþs

s


 �
 �h ib=2
�b=2

þ cos xt cos x s
z

ðm1�m2Þyþs
s


 �
 �h ib=2
�b=2

2
664

3
775

¼ RXosz

xsðm1 � m2Þ sin xtðsin A� sin BÞ þ cos xtðcos A� cos BÞ½ �

where

A ¼ xs
z

ðm1 � m2Þb=2þ s

s

� �
and B ¼ xs

z

�ðm1 � m2Þb=2þ s

s

� �

Now,

RXosz

xsðm1 � m2Þ sin xtðsin A� sin BÞ þ cos xtðcos A� cos BÞ½ �

¼ RXosz

xsðm1 � m2Þ ½cosðxt � AÞ � cosðxt � BÞ�

¼ RXosz

xsðm1 � m2Þ 2 sin
2xt � ðAþ BÞ

2


 �
sin

ðA� BÞ
2


 �

Since ðAþBÞ
2 ¼ xs

z and ðA�BÞ
2 ¼ xs

z
ðm1�m2Þb

2s , the total oscillating force acting on one
tooth is, from Eq. 3.2,

F ¼ �Rb Xo sin xt � 2Xosz

xsðm1 � m2Þb sin xt � xs
z

� �
sin

xs
z

ðm1 � m2Þb
2s

� �
 �
ð3:3Þ
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For a conventional cutter, m2 = m1 and hence, the regenerative term becomes

2sz
xsðm1 � m2Þb sin

xs
z

ðm1 � m2Þb
2s

� �
¼ 1

so that Eq. 3.3 reduces to the standard form for a milling operation

F ¼ �RbXo sin xt � sin xt � xs
zc

� �� �
ð3:4Þ

Note that for the previous cutters in this chapter, s was the time between teeth.
Here, it is the time for one revolution of the cutter because the time between teeth
varies along the cutting edge. It is clear that varying the helix angle of successive
teeth modifies only the second term of Eq. 3.3, i.e. the regenerative force. At the
boundary of stability, the ratio (B) of the regenerative force with varying helix
angle to the regenerative force for a conventional cutter with equal helix angles is

B ¼ 2sz
xsðm1 � m2Þb sin

xs
z

ðm1 � m2Þb
2s

� �
ð3:5Þ

As would be expected as m1 ? m2, the ratio tends to unity.
The ratio of the regenerative forces, B, may be expressed in terms of the number

of waves (k) crossed by the second tooth. Consider tooth 1 leaving chatter marks
as shown in Fig. 3.26.

Tooth 2 will cross some number k of these over its length PQ. From the
parallel-line intercept theorem, the number crossed on PQ is the same as the
number crossed on QR. The length of QR = b(m1 - m2) so that the length of one
wave in the direction QR ¼ 2psz

xs :

Therefore, the number of waves crossed k ¼ bðm1�m2Þxs
2psz and substituting in

Eq. 3.5 gives a regenerative force ratio of sinðpkÞ
pk :

The variation of this ratio (B) with the number of waves crossed is shown in
Fig. 3.27 where it is seen that when an exact number of waves is crossed, the
amplitude of the regenerative force becomes zero.

It is noted that by varying the helix angle of successive teeth and provided at least
onewave is crossed, a reduction in the regenerative force by a factor of approximately
five is assured. To illustrate this effect, the mechanism of the development of the
regenerative force will be considered for both standard cutters and bi-helix cutters.

With constant helix angle cutting, the wave left by the preceding tooth will be
parallel to the tooth in cut as may be seen in Fig. 3.28. The variation of the cross-
sectional area of the chip as the tooth removes a complete wave may be deter-
mined by considering the tooth in each of the positions numbered 1–9. In the
position drawn (i.e. position 1), the cross section of the chip is shown shaded and is
the mean chip cross section. The chip cross sections at the positions 1–9 are shown
in Fig. 3.28 where the area over or under the mean is shown shaded with 100
indicating the maximum variation from the mean. This is the important parameter
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Fig. 3.27 Variation of amplitude of the generative force with number of waves crossed
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as it is the oscillating forces that determine whether chatter occurs. If the force is
proportional to the area of the cross section, an oscillating force of amplitude
proportional to 100 acts on the tooth.

For the different-angle case, the removal of a wave of the same amplitude will
be considered and, for comparison, the units of area will be the same. The dif-
ference in approach angle between sequential teeth results in the waves left by the
preceding tooth being at an angle to the tooth in cut (Fig. 3.29). The tooth in cut
will cross the waves left by the preceding tooth obliquely and may span more than
one wave. As an example, consider a difference in angle that results in the tooth in
cut crossing one and two-third waves. This condition is shown in Fig. 3.29 with
the chip cross section shaded for the tooth position 1. The variation of the chip
cross section as the tooth moves through positions 1–9 may be determined and is
shown with the area over or under the mean shown shaded. It may be seen that at
each position considered, the areas above and below the mean line are nearly
equal. The residual area above or below the mean is greatly reduced compared
with the constant helix case, and so the amplitude of the regenerative force has
been greatly reduced.

Unlike the cutters considered previously, the bi-helix cutter poses several extra
difficulties when attempting to see the effect on a stability chart. The main diffi-
culty may be observed by considering the two cases shown in Fig. 3.30. If the
work width is narrow and the arc of contact is long, then a situation similar to
broaching exists as shown in Fig. 3.30a. However, if the reverse is true, then for a
small arc of cut and a wide work piece, the cutting edges will appear to move
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Fig. 3.28 Variation of chip cross section for constant helix cutting
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across the width of the work. This situation will be termed milling and is shown in
Fig. 3.30b. A stability chart will be derived for both cases. Following the practice
of examining effects in isolation, the effective chatter receptance for each case will
be considered to be the same even though in practice this is unlikely.

3.5.1 Theoretical Stability Chart for Broaching

The same graphical approach will be used as for the other cutters already analysed.
Also, as far as possible, the same standard conditions will be used. Figure 3.31
shows the chatter receptance locus and the force components when the average
number of teeth in contact is zc.

From Eq. 3.3, including the number of teeth in contact, the non-regenerative
force is �zcRbXo sin xt and the regenerative force is

zcRb
2Xosz

xs m1 � m2ð Þb sin xt � xs
z

� �
sin

xs
z

m1 � m2ð Þb
2s

� �
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Fig. 3.29 Variation of chip cross section for bi-helix cutting
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From the geometry of Fig. 3.31,

zcRbXo sin b
zcR2Xosz

xs m1 � m2ð Þ sin
xs
z

m1 � m2ð Þb
2s

� �
sin

xs
z
� b

� �
¼ 0

and dividing by zcRbXo,
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Fig. 3.30 Arc of cut and work width for a broaching and b milling
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Fig. 3.31 Graphical solution of stability boundary at a chatter frequency x
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sin bþ 2s
ðm1 � m2Þb

z

xs
sin

xs
z

m1 � m2ð Þb
2s

� �
sin

xs
z
� b

� �
¼ 0 ð3:6Þ

Now, consider the response A at frequency x. This by definition is

A ¼ Xo

F
¼ Xo

zcRbXo cos b� zcR2Xosz
xsðm1�m2Þ sin

xs
z

ðm1�m2Þb
2s


 �
cos xs

z � b

 �

so that

A ¼ 1

zcRb cos b� 2s
ðm1�m2Þb

z
xs sin

xs
z

ðm1�m2Þb
2s


 �
cos xs

z � b

 �h i ð3:7Þ

From Eq. 3.6,

2s
ðm1 � m2Þb

z

xs
sin

xs
z

ðm1 � m2Þb
2s

� �
¼ � sin b

sin xs
z � b


 �

and substituting in Eq. 3.7,

b ¼ 1

zcRA cos bþ sin b cot xs
z � b


 �h i ð3:8Þ

Substituting a ¼ ðm1�m2Þ
2s in Eq. 3.6,

sin bþ 1
ab

z

xs
sin

xs
z
ab

� �
sin

xs
z
� b

� �
¼ 0 ð3:9Þ

The solution method to be adopted has to be different to that used for the
previous cutters as there is not an explicit equation for b. For any two helix angles,
cutter diameter and number of teeth, the values of m1, m2 and s are known so that a
may be calculated. Next, for any rotational speed of the cutter, the value of s, the
time for one revolution, is known. Then, a value of x is selected and this together
with the structural characteristics gives

tan / ¼ �2nx=xn

1� x2

x2
n


 � and hence b ¼ /þ p and

A ¼ X

F
¼ 1

k 1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2
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The relevant values are substituted in Eq. 3.6, and the value of b is determined.
This trial value and the values of the other parameters are then inserted into the
left-hand side of Eq. 3.7. This process is repeated for different values of x until
Eq. 3.7 is satisfied. The value for speed is then incremented and the search
algorithm repeated.

A typical stability chart for the reference conditions defined previously and
using helix angles of 25� and 35� is shown in Fig. 3.32. It is evident that at low
speed, chatter is eliminated. Also where chatter does occur, it is possible to
increase the width of the work in cut and restore stability. This is because the
regenerative force is reduced as the number of waves crossed (see Fig. 3.27) is
increased. The wavelengths are shorter at low speeds, and so many waves are
crossed. At higher speeds, fewer waves are crossed, reducing stability, but this
may be mitigated by an increase in width of cut that leads to more waves being
crossed.

It is interesting to observe the bi-helix effect in broaching for a smaller dif-
ference in helix angles. Figure 3.33 shows the stability chart when the helix angles
are 27.5� and 32.5�.

The explanation for the shape of this stability chart is that due to the small
difference in helix angle, insufficient waves are crossed to achieve stability unless
lower speeds and/or increased widths of cut are employed.
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Fig. 3.32 Stability chart for broaching, helix angles 25� and 35� (Program 3.5)
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It is clear from the two stability charts that there is not much improvement at
high speeds as the wavelengths will be sufficiently large so that not even one
wavelength will be crossed.

At this point, it is very important to review some of the assumptions made and
consider their validity. For broaching, the arc of cut is assumed to be much greater
than the width. However, in both Figs. 3.32 and 3.33, the length of arc of cut for
the reference machining conditions is of the same order of magnitude as the lower
unstable widths. As the width is not significantly smaller than the arc, the model
that needs to be investigated further is what was called milling in Fig. 3.30b when
the width is greater than the arc.

3.5.2 Theoretical Stability Chart for Milling

If reference is made to Fig. 3.30b, it is seen that for a small arc of cut and a
relatively large width of the work, the effective width of the work in cut on any
single tooth is constant and equal to the arc of cut. Increasing the width of the work
will increase the average number of teeth (zc) in contact with the work. From
Fig. 3.30b, the effective width of cut is the arc of cut. Because for the chatter model
that is being used, it is the width of cut perpendicular to the vibration direction
that is of importance, it is more appropriate to consider the chord of the arc.
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Fig. 3.33 Stability chart for broaching, helix angles 27.5� and 32.5� (Program 3.5)
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This allows the analysis to be applied to much greater depths of cut. From
Fig. 2.17, the chord length, which is the effective width b, is given by

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ R2 � ðR� d2Þ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ R2 � R2 þ 2RD� d2

p
¼

ffiffiffiffiffiffiffiffiffi
2RD

p

The equation for the force Eq. 3.3 needs to be adjusted for zc teeth so that

F ¼ �Rbzc Xo sin xt � 2Xosz

xsðm1 � m2Þb sin xt � xs
z

� �
sin

xs
z

ðm1 � m2Þb
2s

� �� �
ð3:10Þ

However, because the effective direction of motion of the teeth is across the
width of the work,

s ¼ 2pR=z tan hm where hm ¼ h1 þ h2ð Þ=2 is themean helix angle

m1 ¼ tan p=2� h1ð Þ and m2 ¼ tan p=2� h2ð Þ

The graphical solution for chatter is the same as for broaching (see Fig. 3.31)
but with different parameter values. The major difference is that b is known and it
is zc, the average number of teeth in contact that needs to be found. The same
method may be employed as was used for the other cutters.

Hence,

tan / ¼ �2nx=xn

1� x2

x2
n


 � where/ ¼ b� p and

kX

F
¼ 1

1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2

Noting that X = X0 and that from the geometry of Fig. 3.31, the force

F ¼ zcRbXo cos b� zcR2Xosz

xsðm1 � m2Þ sin
xs
z

ðm1 � m2Þb
2s

� �
cos

xs
z
� b

� �

Then,

Xo

F
¼ 1

k 1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2

¼ Xo

zcRbXo cos b� zcR2Xosz
xsðm1�m2Þ sin

xs
z

ðm1�m2Þb
2s


 �
cos xs

z � b

 �
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And solving for zc at the stability boundary gives

zc ¼
k 1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2

Rb cos b� z
xs

2s
ðm1�m2Þb sin

xs
z

ðm1�m2Þb
2s


 �
cos xs

z � b

 �
 � ð3:11Þ

All that remains is to find the width of the work blim that results in an average of
zc teeth being in cut. For there to be an average of one tooth in cut, blim = s where
s is as defined for this milling case, i.e. the pitch on the constant pitch line shown
in Fig. 3.30b. Thus, when there are zc teeth in cut, blim=zcs.

Figure 3.34 shows a stability chart for helix angles of 27.5� and 32.5� with the
reference conditions used. As with broaching, there are significant improvements
at lower speeds when the short wavelengths ensure that more than one wave is
crossed. At higher speeds, the improvement is not as great. Increasing the dif-
ference in the helix angles improves performance. Figure 3.35 shows a stability
chart for helix angles of 25� and 35� and for a higher speed range.

3.5.2.1 Effect of One Tooth with a Zero Helix Angle

The mean helix angle was also found to be significant, especially as the helix angle
on one tooth approached zero. When this is the case, it was found that the process
becomes unconditionally stable. The reason for this may be understood from the
diagram in Fig. 3.36. It is seen that, except for entry and exit from the arc of cut,
the non-zero helix tooth ‘‘sees’’ a constant chip cross section. As a result, there is
no regeneration on this tooth. However, the real situation is complex and involves
many different effects. One that is not immediately apparent is the different
effective cutting speeds on each tooth as considered in Sect. 3.5.2.2.

In practice, however, the effect of having a tooth with zero helix angle would
result in the tooth instantaneously taking up the cut over the full width of the work
and producing large intermittent forces. However, it may be possible to have one
tooth with a suitably small helix angle. Figure 3.37 indicates the improvement
obtained when the angles are changed from 27.5� and 32.5� (Fig. 3.34) to 7.5� and
12.5�. Note that the speed range in Fig. 3.37 has been increased.

3.5.2.2 Effect of Each Tooth Having a Different Speed

The milling situation shown in Fig. 3.30b has a constant width b and the teeth
move across the width of the work. However, since the peripheral speed of the
teeth is constant (XR), the speed across the work (shown by arrows) for tooth 1 is
XR=tan h1 ¼ XR=m1 and for tooth 2 XR=tan h2 ¼ XR=m2. The consequence is
that the effective mean pitch is continually changing. If one of the helix angles is
zero, the effective speed across the work is infinite. This is another reason why a
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Fig. 3.34 Stability chart for milling, helix angles 27.5� and 32.5� (Program 3.6)
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Fig. 3.35 Stability chart for milling, helix angles 25� and 35� (Program 3.6)
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Fig. 3.36 Chip cross section
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Fig. 3.37 Stability chart for milling, helix angles 7.5� and 12.5� (Program 3.6)
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zero angle helix in a bi-helix cutter would be beneficial. The analysis presented
above has considered only the effect of crossing waves, and the continuously
varying mean pitch effect has been ignored. For small depths of cut, however, this
latter effect is the most significant as only a small portion of a wave is crossed and,
as will be shown below, the improved performance obtained in practice is far in
excess of that anticipated from consideration merely of the number of waves
crossed.

3.5.3 Tunable Alternating Pitch Effect

For both broaching and milling, there is one final effect that is beneficial for chatter
performance. It is possible to impose a mean alternating pitch by moving the cutter
laterally relative to the work so that the constant pitch line is no longer on the
centre line of the work. This effect is tunable. As was found for alternating pitch
cutters, for a particular speed and frequency combination, only certain pitch
variations will produce large improvements. Thus, if chatter does occur, these
optimum pitch variations may be found by changing the position of the cutter as
shown in Fig. 3.38. The mean pitch difference between teeth increases continu-
ously with lateral movement of the work relative to the cutter. For milling with
small depths of cut, the situation is slightly more complicated as the pitch is
varying continuously. However, lateral movement of the cutter produces different
minimum and maximum pitches.

3.5.4 Experimental Results

There seems to be very little experimental work in the published literature relating
to the types of cutter discussed in this chapter. As a consequence, the results
published by Stone [7, 8] for milling will be considered here. Slab mills having six
teeth were made with alternating helix angles. The helix angles were chosen about
a mean of 30� and, to allow for the investigation of the effect of the magnitude of
the difference in helix angles, cutters were made with differences in helix angle of
1.5�, 3.0�, 5.0� and 10.0�. The latter cutter had alternating helix angles of 25� and
35� and is shown in Fig. 3.39.

The performance of these cutters was compared with that of a constant 30�
helix angle cutter with six teeth. All the cutters were manufactured from the same
bar stock with nominally identical rake and clearance angles and each received the
same heat treatment. The cutters were 4 in diameter, 4 in long, manufactured from
18/4/1 high-speed steel and heat treated to C62–C63 Rockwell.

Cutting tests were conducted on tapered mild-steel workpieces (see Fig. 3.40)
manufactured so that the width of cut increased linearly from 0.25 into 4.0 in. The
required speed, feed and depth of cut were set and then the workpiece machined
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Fig. 3.38 Alternating pitch effect resulting from lateral movement of work relative to cutter

Fig. 3.39 Bi-helix slab mill with alternating 25� and 35� helices
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(conventional milling) until chatter commenced. The mean width of cut at which
chatter commenced was then measured. Three cutter rotational speeds were used
(72, 94 and 122 rev/min), four depths of cut (0.1, 0.2, 0.3 and 0.4 in) and the feed
per tooth was kept constant at 0.0055 in. The results obtained for each speed and
the five cutters (standard, 1.5�, 3.0�, 5.0� and 10.0� difference) are given in
Figs. 3.41, 3.42, and 3.43.

These results indicate that the major effect is due to the magnitude of the
difference in helix angle; for the larger differences, an improvement in perfor-
mance of a factor of four was generally achieved. It is of interest to note that the
improvement in performance does not vary linearly with the difference in helix
angles so that smaller differences in helix angles may be used under certain
conditions with only a small adverse effect on performance. This is useful in that
for wide cutters, there is a limit to the allowable helix angle difference before the
minimum pitch between teeth becomes too small.

Fig. 3.40 Tapered
workpiece cutting test
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The effect of depth of cut is less significant than that of difference in helix angle
but over the range 0.1–0.4 in, up to 50 % variations in performance occurred for
particular combinations of speed and difference in helix angle. At the larger depths
of cut, it was observed from the chatter marks left on the arc of cut that at least one
wave was being crossed; however, at the smallest depth of cut, 0.1 in, only a small
part of a wave was crossed. It is notable that, in general, the improvement in
performance was of the same order for depths of cut of both 0.1 and 0.4 in. This
indicates that the non-constant speed effect is likely to be the major effect for
milling. An alternating helix angle slab mill with helix angles of zero and 10.0�
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was manufactured to extend the non-constant speed effect to its limit. With this
cutter, the machine did not chatter but, as previously discussed, machining suffered
from the presence of severe forced vibrations resulting from the zero helix teeth
taking up the full width of cut instantaneously.

All the tests described so far were conducted with the workpiece symmetrically
positioned about the constant pitch plane of the cutters, i.e. the mean pitch was
kept constant. To investigate the effect of varying the mean pitch a previous set-up
(for an alternating helix cutter that had resulted in a small width of cut at the
chatter boundary) was used to investigate varying pitch. The cutter with a 1.5�
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difference in helix angles was tested at 72 rev/min and 0.1 in depth of cut. Initially,
the mean pitch was constant and when chatter occurred, the width was noted. The
cutter was then moved laterally 0.25 in, and this resulted in some alternating pitch.
The test was then resumed until chatter occurred again and the procedure repeated.
The results obtained are shown in Fig. 3.44 and show a continuous improvement
with increasing alternating pitch.

In the early 1970s, many end mills and shell end mills were manufactured with
bi-helix teeth and improvements of varying magnitudes were obtained. In par-
ticular, Marwin Cutting Tools manufactured a range of milling cutters with
inserted helical carbide blades. Furby [9] reported on the results. As reference [9]
is hard to find, an extended quote is in order.

At about the same time Marwin had developed a process for producing, with great
accuracy, helical tungsten-carbide blades which, when brazed in position, formed the
helical cutting edges of milling cutters. As a consequence of discussions helical carbide-
tipped end mills 2 in diameter and 4 in length on cut were manufactured.
Results were very encouraging. Using a depth of cut of 0.2 in and a length of cut of 3.5

in with a feed rate of 19 in per minute, a surface finish of 32 CLA was produced when
machining 11 mild steel. These results have to be compared with a feed rate as low as 3 in
per minute using conventional equi-spaced cutters to achieve the same surface finish.
Another finding was that it was possible to ‘‘tune’’ the cutter to give minimum chatter by
repositioning the cutter along its axis so that the point of equi-spacing of the tips is moved
across the material being cut. This allows the cutter to be ‘‘tuned’’ to be sympathetic with
the machine set-up.
These results were essentially ‘‘laboratory results’’ and it was agreed that a full-scale

trial under workshop conditions was required to confirm the benefits suggested. Happily a
very suitable long-running component machining operation was commenced, at the Derby
factory of Rolls-Royce (1971). This component was the RB211 engine exhaust casing
manufactured, in JETHETE material. Rolls-Royce themselves were very interested in the
principles and potential of bi-helical cutters and after discussions with Marwin, agreed to a
full-scale trial of bi-helical cutters on this component.
Two sets of cutters were manufactured, for this trial. The cutters, which were respec-

tively 3.25 in and 6.5 in long and 4 in diameter, were mounted in pairs on the vertical arbor
of a Staveley n.c. milling machine. The helix angles on each cutter were respectively 25�
and 35� with the point of equi-spacing of the tips being midway along the length of the
cutter. Also each pair was staggered on the arbor to reduce induced harmonic vibrations.
Each cutter had 6 cutting edges 3 at 25� and alternately 3 at 35�.
Trials were carried out at Derby over an extended period and the results were so

satisfactory that production quantities of these test cutters were ordered and used by Rolls-
Royce for machining this component. During this testing, feeds and speeds were altered
constantly to get the highest metal-removal rates consistent with acceptable surface finish
on the components. Also meticulous attention to such details as coolant flow, steady
bearing lubrication, position of the cutter on the arbor, depth of cut etc. enabled com-
ponents’ machining time to be halved—i.e. from 560 min to 270 min,
Further testing was carried out to compare the component machining times when using

HSS bi-helical cutters with bi-helical TC tipped cutters in the Coventry factory of Rolls-
Royce. The components were front flanges, milled two at a time—stacked one on top of
the other—and the important parameters were machining time and surface finish.
The final result, after much testing, was that on the centre-band roughing operation the

machining time was reduced from 454 min to 316 min, and on the finish profiling oper-
ation from 304 min to 129 min.
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3.6 Conclusions

Four high-performance cutters have been described, and their advantages were
analysed using many assumptions and a reference set of conditions. It is important
to remember that any particular machining operation will involve a far more
complex set of conditions than those used in these analyses. However, the major
benefit that may be obtained by using such cutters is evident.

When chatter occurs on a milling machine, the simplest solution is to investi-
gate implementing the methods described at the end of Chap. 2. If chatter is still a
problem, then the high-performance cutters described in this chapter should be
considered. The alternating pitch cutter gives improvements over a restricted speed
range that depends on the particular machine and speed. As a result, it is only used
when it is worth the effort to find the appropriate cutter with the required pitch
variation. The other cutters have a wider range of application.

The Strasman or ripping cutter has the best performance overall, except for the
poor surface finish. However, it could be used for a roughing cut and finishing
completed with a different cutter. The trapezoidal cutters overcome the surface
finish problem but almost without exception those commercially available have a
small gap in the profile. Manufacturers do not seem to be aware of the benefits, for
chatter performance, of using larger gaps in the profile.

In the 1970s, bi-helix cutters were used for difficult machining operations with
some success. In fact, Rolls Royce (1971) acquired the patent from MTIRA and
this seems to have limited their use by other tool manufacturers. In recent years,
there has been some discussion in the literature of alternating pitch and bi-helix
cutters [10–14] but the earlier work described above appears to have been largely
unknown to these researchers. Their modelling techniques generally follow the
method of representing the cutter by a stack of alternating pitch cutters.

The question that now needs to be considered is why machine tools cannot be
designed so that chatter would not be a problem in the first place. The next chapter
considers structural modifications as a means of preventing chatter.
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Chapter 4
Structural Modifications

4.1 Introduction

In the previous three chapters, regenerative chatter theory has been developed with
the objective of finding solutions to chatter problems. This has involved the use of
simplified models that have allowed the most significant parameters to be deter-
mined. It has been shown that any existing machining operation may be improved
by reducing the width of cut, changing speed and selecting a machining config-
uration that best utilises the mode directions. A range of high-performance multi-
tooth cutters were investigated and the reasons for their improvement determined.
In this chapter, we turn our attention to the machine itself. Can machine tools be
designed that have improved performance, and/or can existing machines be
modified so that their performance is improved?

From the theory developed thus far, it has been shown that the most important
machine characteristic is the maximum negative in-phase component of the chatter
receptance. It might be considered that it should be possible for machine designers,
with current computing power, to predict this characteristic and optimise their
designs. In practice, there is a limitation to such predictions. It is possible to
predict with some accuracy both the stiffness and mode frequencies of any par-
ticular design, but it is not possible to predict the damping as accurately. Most
modelling of machine tools involves assuming a damping ratio (or Q factor—see
Appendix A.8) for each mode and then superposing the modal responses as
described in Chap. 2. The values of the Q factors are largely based on experience
with existing machines.

In practice, the Q factors vary, even for very similar structures. Also the modes
of vibration of machine tools may not just be superposed as they may be coupled
through the damping. This is mainly because the damping in machine tools is not
spread uniformly throughout the structure but is located at discrete positions such
as bearings and metal-to-metal joints. The damping measured in machine tools is
significantly higher than that which is available from the material of the structural
elements.

B. Stone, Chatter and Machine Tools, DOI: 10.1007/978-3-319-05236-6_4,
� Springer International Publishing Switzerland 2014
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To illustrate these issues with damping, the prediction of the chatter receptance
of machine tool spindle systems will be described. It is often found that spindle
characteristics are the most significant contributor, in the form of flexibility, to the
chatter receptance of the complete machine.

4.2 Spindle Design

To predict the chatter receptance of a spindle system, the following characteristics
are required:

1. The geometry and material properties of the shaft,
2. The location of the bearings, and
3. The stiffness and damping characteristics of the bearings.

Once these are known, the method of calculating the chatter receptance needs to
be chosen. The systems approach to modelling complex systems (see Appendix C)
is used here as it allows a combination of measured bearing characteristics and
predicted shaft stiffnesses and inertias. As in the previous chapters, some simpli-
fying assumptions will be made so that principal effects can be highlighted.

Consider the typical spindle system shown in cross section in Fig. 4.1a. The
major assumption is that the bearings are connected to an immovable frame; that
is, the rest of the machine structure is relatively rigid. The spindle may be sepa-
rated into various subsystems, e.g. shaft elements and bearings, that can subse-
quently be rejoined to form the complete spindle. These components (tubes and
bearings) are chosen because they constitute the basic building blocks of any
spindle system. The further assumption that will be made is that the spindle
flexural (transverse) vibration is in one plane. The subsystems chosen are as shown
in Fig. 4.1b. Their addition involves enforcing equilibrium and compatibility
conditions at the joins as described in Appendix C. Figure 4.2 shows, in block
diagram form, the seven subsystems that make up the complete spindle. Subsys-
tems 1, 3, 4, 6 and 7 are shaft elements, and subsystems 2 and 5 are bearings. There
are two coupling connections between each subsystem as, for the transverse
bending vibration of shafts, both the displacement and slope due to bending must
be compatible at the coupled ends of each subsystem. Before developing a method
for adding the subsystems, the receptances of each subsystem are required.

4.2.1 Receptances of Shafts, Including Shear
and Rotary Inertia

Most researchers who use the systems approach model the shaft elements using
receptances determined from a Bernoulli–Euler model of the shaft so that shear
and rotary inertia effects are not included. These latter effects become significant
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when the length-to-diameter ratio of the shaft is less than five. An indication that
the model has become inaccurate is when the predicted static stiffness (that
includes shear effects) differs from the low-frequency (quasi-static) prediction of
the vibration model. The receptances of shafts including shear and rotary inertia
effects were derived by Potter and Stone [1], Stone [2]. However, the equations
presented in the publication that is generally available [2] contain some typo-
graphical errors. The correct equations are presented here but without the method
used to derive them, which can be found in [1, 2].

The notation used in Fig. 4.3 is that of Bishop and Johnson [3]. They presented
the receptances for the Bernoulli–Euler shaft model. As an example of the nota-
tion, the receptance

axL0 ¼ transverse displacement at x
moment applied at x ¼ L

A subscript without a prime indicates either a displacement or a force, whereas
a prime indicates a slope due to bending or a moment. It is found that receptances
that include shear and rotary inertia effects have different forms depending on the
frequency.

(a)

(b)

Fig. 4.1 a Typical spindle
b and subsystem components

System 3System 1 System 4 System 6 System 7

System 2 System 5

Fig. 4.2 Addition of shaft and bearing subsystems
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4.2.1.1 Receptances for Low Frequencies, i.e. When x2\ kGA
qI

In the equations that follow, q is the material density, E is Young’s modulus, G is
the shear modulus, A is the cross-sectional area, I is the second moment of area and
k is the shear factor for the cross section. Defining
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4.2.1.2 Receptances for High Frequencies, i.e. When x2 [ kGA
qI

In the equations that follow, the variables are changed so that now
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F4 ¼ sin nL cos gL; F5 ¼ cos nL sin gL; F6 ¼ cos nL� cos gL;

D ¼ 2� 2 cos nL cos gL� rg2

sn2
þ sn2

rg2

� �
sin nL sin gL

� �

¼ qx2A 2� 2F0
2 �

rg2

sn2
þ sn2

rg2

� �
F0
1

� �

The tip receptances are

aoo ¼ aLL ¼
F5

rg2

sn � g

 �

þ F4
sn2

rg � n

 �

D

aLo ¼ aLo ¼
sin gL rg2

sn � g

 �

þ sin nL sn2

rg � n

 �

D

aLL0 ¼ aL0L0 ¼ �ao0o ¼ aoo0 ¼
F1

sn2

g þ rg2

n


 �
þ F3 snþ rgð Þ
D

ao0L ¼ aLo0 ¼ �aoL0 ¼ aL0o ¼ F6 rg� snð Þ
D

ao0o0 ¼ aL0L0 ¼
F4 srg� r2g2

n


 �
þ F5 rsn� s2n2

g


 �
D

ao0L0 ¼ aL0o0 ¼
sinh gL rsn� s2n2

g


 �
þ sin nL srg r2g2

n


 �
D

and for some position x along the shaft

axo ¼

n rg2

sn2
F5 � F4


 �
cos nxþ n rg2

sn2
F1 þ F3


 �
sin nx

þg sn2

rg2 F4 � F5


 �
cos gxþ g sn2

rg2 F1 þ F3


 �
sin gx

2
4

3
5

D
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axo0 ¼

�n sn
g F1 þ rg

n F3


 �
cos nxþ n sn

g F5 � rg
n F5


 �
sin nx

�g rg
n F1 þ sn

g F3


 �
cos gxþ g rg

n F4 � sn
g F5


 �
sin gx

6664
7775

D

axL ¼

n rg2

sn2
sin gL� sin nL


 �
cos nxþ nF6 sin nx

�g sin gL� sn2

rg2 sin nL

 �

cos gx� gF6 sin gx

2
4

3
5

D

axL0 ¼

�rgF6 cos nx� rg sin nL� sn2

rg2 sin gL

 �

sin nx

þsnF6 cos gxþ sn rg2

sn2
sin nL� sin gL


 �
sin gx

6664
7775

D

The above equations allow all the shaft element receptances to be calculated for
any excitation frequency x. The remaining receptances required to predict the
response of a spindle are those of the bearings.

4.2.2 Radial and Tilt Characteristics of Bearings

It is always surprising to find how little is known about the stiffness and damping
of bearings under oscillating conditions. Bearings are used so widely that it might
be expected that all the characteristics required for machine tool spindle design
would be well documented. However, a search of the literature will find very little
experimental data relating to the stiffness and damping of bearings under working
conditions. For some time, it was falsely assumed that the damping of rolling
element bearings would be low and could be ignored. It was reasoned that only the
stiffness was required, and most manufacturers give only stiffness values. In
practice, even the stiffness values are often theoretical values and not confirmed
experimentally. The main reason for the lack of experimental data is the difficulty
encountered in making the necessary measurements. It might be thought that
measurements on a complete spindle would allow the bearing characteristics to be
a determined. However, the simplest spindle has two bearings and these will have
both radial and tilt (resisting bending) stiffnesses and associated damping. Thus,
for a two-bearing spindle system, there will be, at any one excitation frequency,
eight unknowns relating to the bearings (for each bearing the radial stiffness, radial
damping, tilt stiffness and tilt damping). These bearing characteristics would have
to be calculated by modelling the isolated shaft and removing its contribution from
the total system response.

In a well-cited paper [4], the state of the art in measuring bearing characteristics
was reviewed. This paper was published in 1982, and not many experimental
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papers on the topic have been published since, though there are some [5–10]. The
major drawback with much of the experimental work is that the characteristics are
only determined for the resonant frequency of the research rig. For machine tool
spindle design, any variation of stiffness and damping with the vibration frequency
may be important. The speed of rotation and the preload on the bearing(s) may also
affect the characteristics. Some early work, published in a restricted circulation
[11], was made more widely known [12–14]. This showed that the damping in
rolling element bearings was not negligible and that there was also damping in the
necessary interface between the outer race of the bearing and its housing. It is
appropriate to describe the method used for the measurements as they were
achieved in a reasonably direct manner. The initial work was that of Walford [15],
Walford and Stone [16–18] and extended by Lambert et al. [12–14].

The experimental rig used is shown in Fig. 4.4 and has a short, rigid shaft
mounted in two bearings that could be preloaded against each other. Matching and
large inertias were mounted on the ends of the shaft. The housing was suspended
on a vertical cable so that it could be excited horizontally. The shaft was driven by
a motor connected through a very flexible connection. Assuming the housing and
shaft plus inertias to be rigid bodies, a schematic diagram of the test rig is as
shown in Fig. 4.5 where the value of KT is the total stiffness of the pair of bearings
that will each have stiffness and damping components. The results were measured
as the amplitude and phase of the bearing stiffness as shown in Fig. 4.6 and as used
below KT ¼ Kreal þ iKimaginary.

The value of KT is given by the force on the bearings ð�ms€xsÞ divided by the
displacement across them ðxrÞ. Thus,

KT ¼ �ms€xs=xr where xr ¼ xs � xh:

For steady-state sinusoidal excitation, €xr ¼ �x2xr; thus, €xs ¼ €xh � x2xr, and
hence,

KT ¼ �msð€xh � x2xrÞ
xr

so that

KT ¼ ms x2 � €xh
xr

� �

It was a simple matter to measure the acceleration of the housing (€xh), and the
displacement across the bearings (xr) was measured using a proximity probe.
These two signals were not in phase, and thus, KT was described by both amplitude
and phase. The final model of the bearing developed by Lambert as an extension of
Walford’s is shown in Fig. 4.7. Walford showed that there was significant
damping originating from the entry region to the hydrodynamic zone. However,
the stiffness contribution from this zone was not significant. The stiffness and
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Fig. 4.4 Experimental bearing test rig (after Lambert et al. [12])
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damping of the hydrodynamic film were very high and in series with the smaller
Hertzian contact stiffness, so that the latter governed the deflection in the contact
zone. The stiffness and damping of the joints (between outer race and housing and
inner race and shaft) were found to be high, but nevertheless low enough to make a
contribution to the overall stiffness of the bearing plus necessary joints.

Walford [15], Walford and Stone [16] also showed that the value of xr increased
as ms was increased. In order to ensure that xr is large enough to be measurable, ms

must be large, and this was why provision was made to add masses to the shaft.
However, if the mass ms is too large, the msx2 term becomes too great with respect
to the measured parameter �ms€xh=xr, and large corrections have to be applied.
Thus, some care had to be exercised when selecting the value of ms. The appro-
priate value was selected for each pair of bearings and the frequency range being
investigated.

The extensive results obtained cover angular contact bearings (Walford [15],
Walford and Stone [16–18]) and taper roller bearings (Lambert et al. [11–14]).
Theoretical modelling was also undertaken and many of the major and somewhat
unexpected experimental results predicted. As examples of what was found con-
sider Figs. 4.8, 4.9 and 4.10.

Summarising the major findings of Walford and Lambert,

1. The level of damping in rolling element bearings is not negligible in the context
of the chatter response of machine tool spindles.

m

m
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s

Shaft
inertia
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x
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Fig. 4.5 Schematic of test
rig (after Lambert et al. [12])
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θ

Fig. 4.6 Stiffness and
damping notation
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2. Walford found that for angular contact bearings the measured stiffness was far
less than that provided by the manufacturer. This was found to be due to the
result of the flexibility of the housing to outer race joint.

3. Walford found that every time he dismantled his rig and reassembled it the
bearing stiffness was reduced.
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Fig. 4.7 Stiffness and
damping contributions to the
stiffness and damping of
roller bearings (after Lambert
et al. [12])
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4. As might be expected, bearing stiffness increased with preload, but the
damping also increased.

5. Lambert predicted that the damping would not vary with oil viscosity for
typical bearing lubricants, and this was confirmed experimentally.

6. The necessary joints employed when fitting bearings may have a considerable
effect on flexibility and, more importantly, on damping.

7. Both Walford and Lambert found that during warm-up, differential expansions
occur which changed the preload and hence the characteristics. For repeatable
results, it was essential to attain a uniform steady temperature.

It is appropriate to review the limitations of the rig used. The main limitation is
that the pair of bearings was used in a back-to-back configuration and all the
rolling elements were under similar load. There was no external radial load
applied, as would be the case when machining, and this would cause each of the
rolling elements to carry a different load—some would have an increased load and
others a reduced load compared to the test situation. As preload (and hence contact
forces) was found to be very significant, the inability to apply an external radial
load was a significant restriction. However, the results obtained allow reasonable
values for bearing stiffnesses to be used in the prediction of spindle responses.

The other restriction imposed by the rig was that only the radial characteristics
could be measured. In practice, the shaft will tilt in the bearings and experience an
applied moment. There has been some discussion of the relative importance of the
radial and tilt characteristics. Elsermans et al. [19] measured tilt characteristics and
stated: ‘‘It is assumed, in this study, that the experimentally determined over-all
damping of spindles is almost entirely due to clamping (i.e. tilt) damping occurring
in the taper-roller bearings. The radial damping may usually be neglected in this
respect. Indeed, due to the usually very high radial static stiffness of the bearing,
no significant radial deformation and consequently no measurable damping
effect is to be expected from this mode of deformation’’. This statement will be
reexamined when predictions are made of the spindle response.

4.2.3 Subsystem Addition

This section describes the method employed for adding subsystems to form the
complete spindle. This method was the basis for a computer program that allowed
the response to be predicted for various locations and excitations along the spindle.

Figure 4.11 shows the notation used for the addition of two subsystems. The
receptances of a complex built-up system will be found by multiple applications of
the equations that will be derived below. For the reader who is not familiar with
the systems approach to vibration, Appendix C contains an introduction to the
topic. The coordinates P, Q, R and S are necessary if all the cross-receptances of
the final system are required. Two coupling coordinates are required for transverse
vibration.
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The systems B and C are separated at the location of coordinates 3 and 4 but are
constrained in such a way that they will vibrate in the same manner as when
joined. This requires forces and moments to be applied at the joining coordinates
so that the separate subsystems have the forces shown in Fig. 4.12.

Note that F may represent a force or a moment. Also U may represent a
displacement or a slope. Using conventional (see Appendix C) receptance
notation,

For system B,

U1

U2


 �
¼ b11 b12

b12 b22


 �
F1

F2


 �
þ b13 b14

b23 b24


 �
Fb3

Fb4


 �
ð4:1Þ

Ub3

Ub4


 �
¼ b13 b23

b14 b24


 �
F1

F2


 �
þ b33 b34

b34 b44


 �
Fb3

Fb4


 �
ð4:2Þ

For system C,

Uc3

Uc4


 �
¼ c33 c34

c34 c44


 �
Fc3

Fc4


 �
þ c3r c3s

c4r c4s


 �
Fr

Fs


 �
ð4:3Þ

Up

Uq


 �
¼ c3p c4p

c3q c4q


 �
Fc3

Fc4

� �
þ cpr cps

cqr cqs


 �
Fr

Fs

� �
ð4:4Þ

At the join, for compatibility,

U3

U4


 �
¼ Ub3

Ub4


 �
¼ Uc3

Uc4


 �
ð4:5Þ

At the boundary, for force equivalence,

Fb3

Fb4


 �
þ Fc3

Fc4


 �
¼ F3

F4


 �
ð4:6Þ

Substituting in Eq. 4.5 from Eqs. 4.2 and 4.3,

F3

Fs

U3

U4

F4

33

4

F1
U1

U2

F2

1

24
System C System B

S

Fr

R

Uq

Q

Up

P

Fig. 4.11 Addition of two
subsystems
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b13 b23
b14 b24


 �
F1

F2


 �
þ b33 b34

b34 b44


 �
Fb3

Fb4


 �

¼ c33 c34
c34 c44


 �
Fc3

Fc4


 �
þ c3r c3s

c4r c4s


 �
Fr

Fs


 �
ð4:7Þ

Substituting for
Fc3

Fc4


 �
from Eq. 4.6 in Eq. 4.7,

b13 b23
b14 b24

� �
F1

F2

� �
þ b33 b34

b34 b44

� �
Fb3

Fb4

� �

¼ c33 c34
c34 c44

� �
F3

F4

� �
� c33 c34

c34 c44

� �
Fb3

Fb4

� �
þ c3r c3s

c3r c4s

� �
Fr

Fs

� �

and rearranging

b33 þ c33 b34 þ c34
b34 þ c34 b44 þ c44

� �
Fb3

Fb4

� �

¼ � b13 b23
b14 b24

� �
F1

F2

� �
þ c33 c34

c34 c44

� �
F3

F4

� �
þ c3r c3s

c4r c4s

� �
Fr

Fs

� �

so that

Fb3

Fb4

����
���� ¼ �D�1 b13 b23

b14 b24

����
���� F1

F2

����
����þ D�1 c33 c34

c34 c44

����
���� F3

F4

����
����þ D�1 c3r c3s

c4r c4s

����
���� Fr

Fs

����
����
ð4:8Þ

where

D ¼ b33 þ c33 b34 þ c34
b34 þ c34 b44 þ c44


 �
ð4:9Þ

We need all the receptances and cross-receptances of the combined system.
Substituting Eq. 4.8 in Eq. 4.1 gives

Fc3

Fs

Uc3=U  =3

=U  =4Uc4

Fc4

3

4

F1
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U2

F2

1
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Fb4

3

4
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P

Fig. 4.12 Separated
subsystems, with associated
forces and displacements
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U1

U2

����
���� ¼ b11 b12

b12 b22

����
���� F1

F2

����
����� b13 b14

b23 b24

����
����D�1 b13 b23

b14 b24

����
���� F1

F2

����
����

þ b13 b14
b23 b24

����
����D�1 c33 c34

c34 c44

����
���� F3

F4

����
����þ b13 b14

b23 b24

����
����D�1 c3r c3s

c4r c4s

����
���� Fr

Fs

����
����;

and to find
a11 a12
a12 a22


 �
, we put

F3

F4


 �
¼ 0 and

Fr

Fs


 �
¼ 0 so that

U1

U2

����
���� ¼ b11 b12

b12 b22

����
���� F1

F2

����
����� b13 b14

b23 b24

����
����D�1 b13 b23

b14 b24

����
���� F1

F2

����
����

) U1

U2

����
���� 1

F1

1
F2

�� �� ¼ b11 b12
b12 b22

����
���� F1

F2

����
���� 1

F1

1
F2

�� ��
� b13 b14

b23 b24

����
����D�1 b13 b23

b14 b24

����
���� F1

F2

����
���� 1

F1

1
F2

�� ��;
and hence,

U1
F1

U1
F2

U2
F1

U2
F2

�����
����� ¼ a11 a12

a21 a22

����
���� ¼ b11 b12

b12 b22

����
����� b13 b14

b23 b24

����
����D�1 b13 b23

b14 b24

����
���� ð4:10Þ

Similarly, to find
a13 a14
a23 a24


 �
, we put

F1

F2


 �
¼ 0 and

Fr

Fs


 �
¼ 0 so that

U1

U2

����
���� ¼ b13 b14

b23 b24

����
����D�1 c33 c34

c34 c44

����
���� F3

F4

����
����;

and hence,

a13 a14
a23 a24

����
���� ¼ b13 b14

b23 b24

����
����D�1 c33 c34

c34 c44

����
����; ð4:11Þ

and to find
a1r a1s
a2r a2s


 �
, we just put

F1

F2


 �
¼ 0 and

F3

F4


 �
¼ 0 so that

U1

U2

����
���� ¼ b13 b14

b23 b24

����
����D�1 c3r c3s

c4r c4s

����
���� Fr

Fs

����
����;

and hence,

a1r a1s
a2r a2s

����
���� ¼ b13 b14

b23 b24

����
����D�1 c3r c3s

c4r c4s

����
����

����
���� ð4:12Þ
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Now, substituting Eq. 4.8 in Eq. 4.2 and using a similar approach to that used
above, it can be shown that

a33 a34
a34 a44

����
���� ¼ b33 b34

b34 b44

����
����D�1 c33 c34

c34 c44

����
���� ð4:13Þ

a3r a3s
a4r a4s

����
���� ¼ b33 b34

b34 b44

����
����D�1 c3r c3s

c4r c4s

����
����

����
���� ð4:14Þ

Finally, we substitute Eq. 4.8 in Eq. 4.4 and find that

apr aps
aqr aqs

����
���� ¼ cpr cps

cqr cqs

����
����� c3p c4p

c3q c4q

����
����D�1 c3r c3s

c4r c4s

����
���� ð4:15Þ

We now have all the required receptances. For the program mentioned, matrix
methods were used in the solutions.

For a bearing taking the position of subsystem B in Fig. 4.12 with a complex
stiffness, kð1þ igÞ, where g is the hysteretic damping ratio (see Appendix A.9),
and also assuming no cross-coupling between displacement and slope,

b33 ¼
1� igr

krð1þ g2r Þ
; b34 ¼ 0; b43 ¼ 0; b44 ¼

1� igt
ktð1þ g2t Þ

These are the only receptances required as a bearing is added in parallel (see
Fig. 4.2). The notation uses odd numbers to refer to forces and displacements and
even numbers to refer to slopes and moments. A complete spindle system with as
many bearings as required may now be assembled by successively adding the
subsystems using Eqs. 4.10–4.15.

To find the deflected shape at any particular frequency and for excitation at any
shaft joint, we can find the displacement and slope at each end of every shaft
element. Then, using the shaft subsection receptances, it is possible to determine
the forces and moments at each end required to produce those end responses.
Finally, the displacements, at any position x, caused by these moments and forces
can be calculated by superposition. As the system has damping, all the displace-
ments, slopes, moments and forces will be complex numbers. A series of programs
have been written so that the effect of significant parameters on the spindle
response may be demonstrated.

4.2.4 Predicted Responses and Q Factors

Lambert et al. [14] used a reference spindle for comparison of spindles incorpo-
rating the various bearings tested using their rig previously described. These
involved angular contact, sliding fit taper roller and press-fitted taper roller
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bearings. All the bearings tested had a 60 mm diameter bore, and the spindle
system shown in Fig. 4.13 was used as a reference. The main shaft was kept as
simple as possible, and a pair of bearings was located at the workpiece end so that
the significance of the effects of tilt could be investigated. Two axially separated
bearings allowed both radial and tilt stiffness to be varied. From the experimental
results, it was known that typical values of stiffness and phase, for the bearing
combinations tested, were for a single bearing,

Stiffness KT N/m Phase (degrees)

Angular contact 4.85 9 107 6.2
Taper roller—with joint 7.5 9 108 6.5
Taper roller—no joint 2.55 9 109 1.0

The response at the cutting point for each type of bearing was calculated. The
left-hand end bearing was the same for all the spindles and, as is usual practice,
was a sliding fit in its housing. Its stiffness and phase were therefore assumed to be
the same as for a single angular contact bearing. The three steady-state frequency
responses are shown in Fig. 4.14.

For each of the spindles, it was possible to find the first resonant frequency, the
associated peak response and Q factor (see Appendix A.8).

Frequency (Hz) Peak response (m/N) Q factor

Angular contact 298 6.18 9 10-7 12.6
Taper roller—with joint 486 4.06 9 10-7 17.3
Taper roller—no joint 584 5.0 9 10-7 31.6

60

60

60

60 180

30
10

300

60 40

All dimensions mm

Fig. 4.13 Typical spindle and subsystems
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Figure 4.14 shows that the (quasi) static stiffness of each of the spindles
increased significantly as the stiffness of the front bearing increased. However, the
peak response does not vary by the same amount and the stiffest pair of bearings
(with the small phase) does not have the smallest peak. To cater for the wide range
of values, Fig. 4.14 uses a logarithmic scale for the response. If the real part of the
response is plotted (Fig. 4.15) for the same conditions, the maximum negative real
part (the chatter sensitivity) follows the same trend as the peak response.

The effect of the axial location of the middle bearing was investigated to find an
optimum in terms of peak response. For the three bearing types considered, the
optimum location relative to the left-hand end, along with the first resonant fre-
quency, the associated peak response and Q factor is shown in the table below.

Position (mm) Frequency (Hz) Peak response (m/N) Q factor

Angular contact 13 246 6.02 9 10-7 10.2
Taper roller—with joint 30 581 2.53 9 10-7 14.5
Taper roller—no joint 34.8 638 4.73 9 10-7 34.9

The point of some practical application is that for the same bearings, but with a
different spatial arrangement, the Q factor changes. This is because the damping is
localised. Much modern modelling ignores this fact and assumes a Q factor for a
spindle mode that is independent of the bearing locations. Programs 4.1 and 4.2
allow the position of the exciting force and the response to be changed simply by
clicking on the diagram. It will be found that for any particular spindle the
response changes significantly with the force and displacement positions, but not
the resonant frequencies nor the Q factors for the resonant peaks.

An examination of the deflected shape that results from the excitation aids in
understanding the results. As the shaft receptances include the contributions from
all the modes, the predicted deflected shapes are those that would be measured
experimentally for a single-frequency excitation. Most modern modelling presents
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Fig. 4.14 Responses of three
spindle systems (Program
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separate modal responses and superimposes them to find the total response. Fig-
ure 4.16 shows the deflected shape for the first mode of each arrangement by
depicting the extreme positions half a cycle apart. These plots are scaled to have
the same amplitude at the workpiece end. The modes may be animated using
Program 4.3. It appears that there are nodes, but this is not entirely true, especially
for the arrangement with the angular contact front bearings. When the animation
Program 4.3 is run, it is apparent that the point where the deflected shape crosses
the axis moves back and forth along the axis. When mode shapes are measured
experimentally using a constant excitation frequency, it is not always possible to
find a node with zero amplitude for any selected mode.

A general conclusion may be made from the above discussion of spindles. The
magnitude of the response peak is governed by the energy dissipation that is
occurring. This requires not only a damping source but also motion where the
damping is located. Energy dissipation depends on the product of the damping
coefficient and the motion. It is possible for a highly damped bearing to have little
energy dissipation because there is little motion at its location. It is for this reason
that the angular contact bearings, which are relatively flexible, produce peak shaft
responses of similar magnitude to the much stiffer bearings. An examination of
Fig. 4.16a shows how large the vibration amplitude is at the front pair of bearings.

This concept of energy dissipation explains the earlier comments about the
significance of tilt as opposed to radial characteristics. With a single stiff bearing at
the front of the spindle, there would be little radial amplitude and little energy
dissipation. The tilt across the bearing may then be providing the largest source of
energy dissipation.

The complexity of predicting the response of even one component of a machine
tool (e.g. the spindle) has indicated how much more difficult it would be to predict
the response of a complete machine with several joints. The levels of damping are
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difficult to predict, and nominally identical machines have been found to have
different damping. As a result, it is important to consider ways of adding damping
once a machine has been manufactured.

4.3 Vibration Absorbers

The basic concept behind vibration absorbers is well known, and a search of the
literature using keywords ‘‘vibration’’ and ‘‘absorber’’ in the title will produce
numerous papers. Appendix B.6 includes the analysis of a typical vibration
absorber added to a single degree of freedom system. Appendix C.6 gives the
example of a vibration absorber added at the end of an undamped cantilever bar. It
is important to consider the optimisation of such vibration absorbers with the
object of improving chatter performance.

(a)

(b)

(c)

Fig. 4.16 Deflected shapes for a angular contact, b taper roller with joint and c taper roller
without joint (Program 4.3)
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4.3.1 Classical Absorber

Consider the classic case shown in Fig. 4.17 (see Appendix B.6), where the ori-
ginal structure is represented by a single mode consisting of a spring, mass and
viscous damper with an absorber as an additional system. It is helpful to use the
systems approach to find the response as this may also be applied to more complex
structures. The analysis can be made by examining two subsystems as illustrated in
Fig. 4.17b and adding them in the manner described in Appendix C.3.

The receptance of the main system is

b11 ¼
1

k1 � m1x2 þ ixc1

and of the absorber with viscous damping

X1

F1
¼ c11 ¼

1
k2 þ ixc2

� 1
m2x2

When the two subsystems are joined

F sinωt

m

k c11

1

11

m

k c22

2

m

k c22

2

X

Main
structure

Absorber

F

m

k c11

1

1 1X

SYSTEM C
Absorber

SYSTEM B
Main
structure

(a) (b)
Fig. 4.17 Classical vibration
absorber added to a structure
with a single mode
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1
a11

¼ 1
b11

þ 1
c11

1
a11

¼ k1 � m1x
2 þ ixc1 þ 1

1
k2þixc2 �

1
m2x2

ð4:16Þ

This equation is best solved using a computer program. In Appendix B.6, the
absorber is optimised to minimise the peak response of the main mass, whereas
here, it is designed to give the best chatter performance by optimising the maxi-
mum negative in-phase component of the response by making it as small as
possible. Figure 4.18 shows the optimum in-phase response for a particular main
system and absorber mass.

An absorber optimised to minimise the peak response may be quite different
from the optimum for chatter performance. Figure 4.19 shows the in-phase
response when the peak response is minimised for the same main system as
Fig. 4.18.

4.3.2 Clamped/Free Bar with an Absorber

Appendix C.6 contains an example of an absorber attached to a cantilever bar as
shown in Fig. 4.20. The model is a reasonable approximation of a boring bar with
a large length-to-diameter ratio. The only difference from the analysis of the
classical absorber is that the main system receptance is given by

30 60 90 120 150 180 210 240 270 300

3

2

1

0

-1

-2

Inphase
Response
10   m/N-5

-5k  = 2.10   N/m 1
ω   = 150 Hz

n1
ξ  = 0.05

1
m  = 0.05 kg 2

Optimum values for peak response
Absorber stiffness = 509 N/m
Absorber damper = 0.975 Ns/m

Frequency (Hz)

Fig. 4.18 In-phase response for absorber optimised for chatter performance (Program 4.4)

4.3 Vibration Absorbers 121



b11 ¼ �ðcos kL sinh kL� sin kL cosh kLÞ
EIk3ðcos kL coshkL + 1Þ where k4 ¼ qAx2

EI

This is a beam tip receptance from Bishop and Johnson [3] that does not include
shear and rotary inertia effects. For large length-to-diameter ratios, it is adequate.
The receptance at the free end of the bar with the absorber added is changed from
that of Eq. 4.16 to

1
a11

¼ � EIk3ðcos kL cosh kLþ 1Þ
ðcos kL sinh kL� sin kL cosh kLÞ þ

1
1

k2þih2 �
1

m2x2

ð4:17Þ

The absorber damping is assumed to be hysteretic (see Appendix A.9) as this is
a better model of the damping in the rubber-like materials used in many absorbers.
A computer program is required to optimise the absorber for any given bar. For a
bar of length L = 0.3 m, diameter D = 0.02 m and an absorber mass of 0.05 kg,
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Fig. 4.19 In-phase response for absorber optimised for minimal peak response (Program 4.5)
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the optimum response is shown in Fig. 4.21. The goal of the optimisation was to
minimise the peak response.

As the model used is for an undamped bar, it has an infinite response at
resonance. In practice, such bars have little damping so that the improvement that
may be achieved by using an absorber is significant. To optimise for chatter
performance, we need to optimise the maximum negative in-phase component of
the response. Figure 4.22 shows the result for the same bar.

In practice, it is not always possible to obtain the required optimal hysteretic
damping ratio. For a particular damping material, the damping ratio will be fixed
and the optimisation involves adjusting the value of stiffness. There is also a
further practical complication for boring bars. The absorber cannot be mounted
external to the bar but has to be included within the bar. There can be some
difficulty in mounting the absorber mass securely, and the use of a second bar to
act in the same manner as an absorber mass can be a feasible solution.

4.3.3 A Second Bar as an Absorber

Figure 4.23 shows a typical free-end receptance of a clamped-free bar and of a
rigid mass. It is apparent that above the first natural frequency of the bar, the
receptance of the bar behaves somewhat like that of a rigid mass. The conventional
absorber mass may therefore be replaced by a second bar of suitable dimensions.
This arrangement for a boring bar is as shown in Fig. 4.24.

The receptance at the end of the internal bar is a modification of Eq. 4.17 where
the subscript 2 indicates the free tip of the internal bar. Thus,
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Fig. 4.21 Bar response with and without absorber optimised for peak response (Program 4.6)
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�ðcos k2L2 sinh k2L2 � sin k2L2 cosh k2L2Þ
EI2k

3
2ðcos k2L2 cosh k2L2 þ 1Þ where k42 ¼

qA2x2

EI2
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Fig. 4.22 Bar response with and without absorber optimised for chatter performance (Program
4.7)

2.0

1.5

1.0

0.5

0

-0.5

-1.0

-1.5

-2.0

-2.5

50 100 150 200

In
ph

as
e 

R
es

po
ns

e 
10

   
m

/N

Frequency (Hz)-6

Mass

Bar

Bar

Fig. 4.23 Comparison of the
receptances of a clamped/free
bar and a mass

124 4 Structural Modifications



replaces the receptance of the conventional absorber mass, i.e. �1=m2x2. The
receptance at the cutting point, a11, is thus given by

1
a11

¼ �ðcos k1L1 sinh k1L1 � sin k1L1 cosh k1L1Þ
EI1k

3
1ðcos k1L1 cosh k1L1 þ 1Þ

þ 1

1
k2 þ ih2

� EI2k
3
2ðcos k2L2 cosh k2L2 þ 1Þ

ðcos k2L2 sinh k2L2 � sin k2L2 cosh k2L2Þ

ð4:18Þ

The subscript 1 refers to the outer tube. A program was written to optimise for
chatter performance assuming a 1-mm annular clearance with the tube. A typical
output is shown in Fig. 4.25.
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Fig. 4.24 Boring bar with internal bar replacing an absorber mass
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The diameter of the internal bar was fixed for the in-phase response shown
Fig. 4.25. Only the stiffness and hysteretic damping ratio of the damping material
were variables in the optimisation process.

The main reason absorbers are effective is that they dissipate energy. To do so
requires that they have both a damping source and a vibration across that source. It
is possible to utilise the same principle in very different contexts to those above.

4.3.4 An Absorber for a Spindle

Spindle systems, as discussed above, have bearings that have damping. The question
arises as to whether it is possible to increase energy dissipation by better utilising the
existing damping source in a bearing, in particular the amplitude of vibration at the
back bearing. One possible approach is to attach an inertia at the back of the shaft as
shown in Fig. 4.26. This could in practice be the drive pulley. A programwas written
that allowed the size of such an inertia to be optimised for each of the three spindle
arrangements considered in Sect. 4.2.4. The inertia was chosen to have a diameter of
180 mm, and the axial length L1 was optimised for each of the spindle arrangements.
Figure 4.27 shows the in-phase response that was achieved. It is noticeable that,
since the back bearing is the same for each arrangement, the inertia/back bearing
combination is ‘‘tuned’’ to the first natural frequency of the existing spindle. Thus,
the higher the natural frequency, the smaller the inertia that is required. Improve-
ments of around 100 % are predicted for each optimised arrangement.

4.3.5 Practical Examples

The examples of absorbers given previously do not take into account the fact that
boring bars are not connected to a truly rigid abutment and spindle bearings are not in
truly fixed housings. In practice, there is also the difficulty of not knowing the exact
properties of the damping material. In order to achieve the optimum response, it is
useful to have an absorber thatmay be tuned in situ. Figure 4.28 shows an example of
a tunable absorber for a boring bar. The damping material should be chosen to have
significant damping, butyl rubber being a good example [20]. Such rubbers have
stiffness and damping values that increase with area of contact and preload. If the
absorber mass is supported on ‘‘O’’ rings made of the damping material, the stiffness
may be tuned by increasing the contact area and/or preload. The example in Fig. 4.28

180

All dimensions mmL1

Fig. 4.26 Spindle with
inertia added at end
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shows how this may be done in practice for an absorber mass enclosed at the cutting
end of a boring bar. The pressure disc moves as the end screw is advanced towards it,
and the ‘‘O’’ rings are compressed, increasing the area of contact and preload. It is
possible that the ‘‘O’’ rings may be too stiff, even on initial contact. The ‘‘O’’ rings
should bemade of a rubber that has significant damping and is also suitably ‘‘soft’’. A
similar tuning arrangement is possible for the second bar absorber described in
Sect. 4.3.3 by again compressing an ‘‘O’’ ring.

All of the examples above have an absorber that is tuned to the frequency of a
single mode. It is possible to have an absorber that damps two modes by designing
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it appropriately. An example is given by Stone and Andrew [20] where a two-
direction absorber was added to the overarm of a milling machine as shown in
Fig. 4.29. Cylindrical rubber pads were used as the combined stiffness and
damping material. The number of pads and the preload were used to change the
absorber stiffness and damping. There were two modes of vibration that were
significant for chatter performance of the milling machine. It was possible to tune
the absorber in the vertical direction to damp one mode and in the horizontal
direction to damp the other.

Initially, a one-direction (vertical) absorber was optimised, and subsequently,
the two directions (horizontal and vertical) were optimised. The chatter recep-
tances before and after optimising the absorber receptances are shown in Fig. 4.30.

Stone and Andrew [20] measured the machine receptances and used the systems
approach to theoretically optimise the absorber. Note that a milling machine
requires the absorber to be added remote from the cutting position. The most
appropriate location for the absorber is determined by physical constraints and the
requirement that the cross-receptance, between the cutting position and the
absorber location, allows the chatter receptance to be improved. For the milling
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Fig. 4.28 Tunable vibration
absorber for a boring bar
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machine, the chosen location was on the end of the overarm where there were
significant amplitudes for both of the two main modes.

Cutting tests on tapered workpieces confirmed a factor of seven improvements
in the width of cut when the two-direction absorber was in place.

When a two-direction absorber is tuned experimentally, it must be borne in mind
that the tuning in one direction affects the other direction tuning, since the modes of
vibration will not necessarily be in the same two directions as the absorber.

4.4 Flexible Tools

There is another and not-so-well-known way of improving the chatter receptance
by means of a structural modification. This does not directly involve increasing the
energy dissipation of the machine.
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A machining operation that is prone to chatter is that of parting off or facing on
a lathe. As a single cutting edge is employed, the solutions that multi-tooth cutters
offer cannot be applied. The mode of vibration that causes chatter involves the
transverse vibration of the spindle, and it is not practical to attempt to mount a
conventional vibration absorber in the rotating spindle, though the added inertia
described in the previous section may be helpful. There is a solution that is not
well understood and involves flexible tools. Swan-neck tools (see Fig. 4.31) have
been used since the early 1900s. It appears they were developed to prevent a tool
from ‘‘digging in’’ when thread cutting. It was possible with a conventional tool to
find that the cutting force made the tool move towards the work, which in turn
increased the force and could lead to the tool continuing to move into cut. The
brilliant solution was the swan-neck tool that resulted in the cutting force causing
the cutting edge to move away from the work.

Subsequently (it does not appear to be known when and by whom), it was
discovered that swan-neck tools were less likely to chatter when parting off. A
greatly simplified explanation of the improved chatter performance may be gained
by considering Fig. 4.32. This represents the existing machine as system C. If a
flexible spring is inserted between the machine and the cutting edge, the new
chatter receptance is given by

a11 ¼ 1
k þ c22 as shown in Appendix C.4, where k is the stiffness of the flexible

tool.
As may be seen from Fig. 4.32, the result of adding the flexibility is to move the

response locus of the tool/machine to the right by 1/k. If k is chosen correctly, the
locus is moved sufficiently to ensure there is no negative in-phase component, and
thus, regenerative chatter will not be possible.

However, a real flexible tool will have mass and damping in addition to the
flexibility. Considering a simplified model of the flexible tool and machine, the
model shown in Fig. 4.33 is appropriate. The machine is represented by a single
mode and the flexible tool by a spring/mass system with damping inserted between
the cutting edge and the structure. We need to determine the response at the cutting
edge, i.e. on the mass m2.

Using the systems approach (Appendix C), divide the system into two sub-
systems for which the receptances are known.

Fig. 4.31 Typical swan-neck tool
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The relevant receptance for subsystem C, the existing structure, is

c22 ¼
1

k1 � m1x2 þ ixc1

Chatter receptance
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Fig. 4.32 Model of machine with a flexible tool represented by a spring
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The required receptances for subsystem B, the flexible tool, are

b11 ¼ b12 ¼ � 1
m2x2

and b22 ¼
1

k2ixc2
� 1
m2x2

As shown in Appendix C.3, the addition of two subsystems in series gives

a11 ¼ b11 �
b212

b22 þ k22
ðC:16Þ

so that substituting the relevant receptances gives

a11 ¼ � 1
m2x2

�
� 1

m2x2


 �2
1

k2þixc2
� 1

m2x2 þ 1
k1�m1x2þixc1

ð4:19Þ

A computer program allows the improvement in response to be predicted. A
typical result is shown in Fig. 4.34, and the original in-phase response has been
moved in the positive real direction so that chatter will not occur at the machine-
mode frequency as it did originally. However, there is a new negative peak
introduced in the in-phase response at a high frequency. This negative peak may be
reduced by adding damping to the flexible tool by inserting rubber at the top of the
neck. Also it should be remembered that penetration rate damping is present at
high frequencies. If the new negative peak is at a very high frequency, chatter will
not occur at that frequency.
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It is important that any flexibility be introduced close to the cutting edge so that
the mass between the flexibility and the cutting edge is minimised and the new in-
phase peak occurs at a high frequency. It is also important that this peak occurs at a
resonant frequency above any already present so that the existing negative peak(s)
will be moved in the positive in-phase direction.

Inevitably, the quasi-static stiffness is reduced and could affect dimensional
accuracy. However, in parting off, this is not an issue. Also it is possible to include
the flexibility in the direction that affects chip thickness, but not necessarily the
finished geometry, e.g. in facing cuts.

The use of flexible tools does not appear to have received much attention.
However, flexible grinding wheels have been used with great benefit, and so their
use to prevent chatter in grinding will be considered in the next chapter.

4.5 Conclusions

The major emphasis in this chapter has been a consideration of structural modi-
fications that improve chatter performance. The design of a spindle system
including the associated bearings showed how difficult it is to predict the levels of
damping accurately. Thus, methods of increasing damping in structures have been
considered. The main danger is to think that just increasing damping will always
be beneficial. Rather, it is increasing energy dissipation that is required and this
involves damping and motion.

The use of vibration absorbers was explored, and it was found that optimum
levels of absorber stiffness and damping were required to maximise chatter per-
formance. Increasing the damping above the optimum level would reduce per-
formance because, though the damping increases, the amplitude across the damper
would be reduced so that the net energy dissipation falls.

Finally, flexible tools were considered and the requirements for their successful
implementation established.
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Chapter 5
Grinding

5.1 Introduction

In order to determine the significant parameters that affect chatter in metal cutting,
it was necessary to make major assumptions. When chatter in grinding is con-
sidered, the process is far more complex than metal cutting. To determine which
parameters are significant, it is necessary to make similar but even more
assumptions than were necessary for metal cutting. Consider the three types of
grinding shown in Fig. 5.1.

When pendulum grinding the main cause of chatter is the regeneration effect
that comes from waves being formed on the grinding wheel. Unlike metal cutting,
the ‘‘wear’’ of the tool (the grinding wheel) is significant. If the surface left on the
work does not cause any regeneration, then this is akin to turning, but where the
work ‘‘machines’’ the wheel. However, the wheel is not the same as a metal work-
piece in that it is composed of grits embedded in a non-rigid bond material. In
addition, there is not a line contact between the ‘‘tool’’ and the work as there is a
contact area zone. Grinding is clearly more complex than metal cutting.

For plunge grinding, it is still possible to have surface waves on the wheel, but
in addition, waves can be left on the work. This is called double regeneration and
adds complexity since the rotational speeds of the work and wheel are different.
This type of grinding also includes the complexity of the contact zone.

For roll (or cylindrical) grinding, the wheel traverses the work and the extent of
regeneration from waves on the work depends on the overlap factor (the traverse
feed as a proportion of the wheel width). Another modelling complexity arises on
the returning traverse where any waves left on the work will then be ground by the
wheel. Like plunge grinding, waves may again be generated on the wheel and
there remains the question of the contact zone.

There are other grinding operations, but these three will suffice to illustrate the
complexity of chatter in grinding quite apart from the complexity of the machine
dynamics. This extra complexity, compared to metal cutting, was the main reason
why the development of the theory of grinding chatter lagged behind that of metal
cutting. This is still the case and presents a major problem as grinding is the

B. Stone, Chatter and Machine Tools, DOI: 10.1007/978-3-319-05236-6_5,
� Springer International Publishing Switzerland 2014
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preferred and often only machining process available to the manufacturer for the
attainment of tight tolerances coupled with fine surface finishes. The presence of
vibrations limits the production rate, reduces surface finish quality, and results in
the time between dressings of the wheel being shortened.

The major modelling problem that was encountered was that of determining an
appropriate grinding contact force model. Any chatter theory for grinding is
completely reliant on the force model adopted. The steady-state grinding forces,
which can be measured without too much difficulty, are inadequate for a chatter
model, where the forces under oscillating conditions are needed. While such force
models were developed for single-point tools, the same was not the case for
grinding. Currently, force models for steady-state grinding exist, but none has
sufficiently wide applicability to be universally used. The development of dynamic
force models for grinding presents an even greater challenge and has received little
attention. As a consequence, grinding chatter theories all suffered from the lack of
accurate input information in the form of the dynamic grinding force model. The
following historical review is based largely on that of Entwistle [1].

While in general, the development of chatter theories for grinding lagged those
for other machining processes, one of the earliest contributions was made by Hahn
[2], which followed shortly after his work on turning [3]. He considered regen-
eration on the work and assumed that the grinding wheel did not wear. In addition,
the contact between the work and the wheel was considered to be a line contact.
Thus, in principle, the analysis method adopted was equally applicable to turning
and the application to grinding may have been arbitrarily chosen. As has been
common since, Hahn adopted a single-degree-of-freedom model for the vibratory
response of the machine tool excited at the cutting zone and constructed a second-
order differential–difference equation model. The regeneration was delayed by the
constant rotational period of the work. The cutting force was modelled as a linear
stiffness that related the force to the cross section of the chip.

The equation was recognised as being similar to those studied by Minorsky [4]
and also Ansoff [5]. The solution method of Minorsky [4] was adopted by Hahn
and the Nyquist criterion invoked to find positive roots. Using system damping as
the adjustable quantity, Hahn described the conditions under which the system was

Wheel Wheel

Wheel

Work

Work

Work

(a) (b) (c)

Fig. 5.1 Three examples of grinding: a pendulum grinding; b plunge grinding and c roll
grinding
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‘‘unconditionally stable’’ for all work speeds and ‘‘conditionally stable’’ for some
combinations of damping and work speed. The result was a

theory capable of explaining the frequently observed phenomenon of chatter. Furthermore,
the theory predicts a spectrum of values of cycles of vibration per revolution of work for
which stability should exist.

At this early stage in the development of the theory, correspondent Hunter
believed that hard spots and non-uniformities were primary causes of chatter rather
than regeneration.

Landberg [6] attempted to better understand the factors influencing chatter in
grinding. The waviness of the grinding wheel after grinding compared to that after
dressing was documented and the vibration frequencies correlated with the
wavelength of the waves on both the work and the wheel. A number of plots
showing vibration amplitude against grinding time were given. These revealed the
exponential nature of the amplitude growth. It was stated that

… the design is attached to the spindle and the properties of the wheel itself are very
important to the behaviour of the wheel in the grinding process. That is the reason that the
researches of the laboratory go in the direction of finding the natural frequencies of parts of
the machine especially the spindles, of the work and of the wheel itself. The problem is
further whether forced or self-induced vibrations play a part. But it is too early to give
results of these experiments: as yet they are not conclusive and must be continued before it
is possible to give justified explanations of the observed phenomena.

The state of understanding at the time was given here. The dynamic response of
the machine structure and spindle was now understood to be central. The link
between the vibrations and the machined surface topology of the work and the
wheel was established.

Four papers published towards the end of the 1950s show that the research
community was still attempting to gain a clearer understanding of the sources of
vibration in grinding. Doi [7] experimentally studied various types and sources of
vibration but did not specifically mention regenerative chatter. Lurie [8] reports
some observations of trends in grinding chatter, but no theory or possible expla-
nations were presented. Hahn [9] undertook a study of the fundamental mechanics
of a flexible internal grinding spindle by setting up the equations of motion and
showed that the tangential and radial motions of the grinding wheel were coupled.
He concluded that a disturbance was sufficient to cause uneven wheel wear and/or
wheel loading that could lead subsequently to regeneration. Puzanov [10] also
undertook an experimental survey with some interesting measurements of work
torsional vibrations.

The algebraic solution method of Sweeney and Tobias [11] was applied to
grinding by Sweeney [12] in his doctoral thesis. The algebraic theory assumes a
constant and nonzero vibration amplitude. This research appears to be the first
comprehensive study of grinding instability from both theoretical and experi-
mental viewpoints. In addition, the study developed a ‘‘transient theory’’, which
considers self-excited vibrations as a transient process commencing with zero
amplitude. The cutting force constants required for the algebraic solution method
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were evaluated and experimentally determined. The experimental stability study
showed ‘‘partial agreement’’ with the theory developed. The common practice of
assuming the cutting force to be proportional to the chip thickness was followed.
As a consequence, the incremental cutting forces were assumed to be in the same
direction as the mean force. The wear of the grinding wheel was generally ignored
and hence only work regeneration was considered in detail. Sweeney concluded
that all grinding instability was regenerative but that the parameters are time
dependent. Thus, phenomena such as grinding wheel loading play a significant
role. The major contribution of this work was the measurement of the dynamic
grinding force coefficients.

Gurney [13] extended his graphical method [14] to cover grinding wheel regen-
erative chatter, which he terms ‘‘surface wave instability’’. This is one of the earliest
analyses of grinding wheel regenerative chatter, and it was concluded that the

self-excited vibration…is not due to inhomogeneities in the wheel.

He showed that grinding wheel regenerative chatter was independent of the
work speed and observed that the lobes slowly precessed around the grinding
wheel in time. The conclusion was that the vibration was due primarily to the
machine work characteristics.

The fact that some of the assumptions made to this point in analysing grinding
chatter were in many cases over simplifications manifested itself in the deviations
of experience from the predictions. Snoeys and Vanherck [15] observed from
experiments that

• No ‘‘limit of stability’’ can be found implying that all grinding was unstable
• The number of lobes on the grinding wheel altered with vibration amplitude
• No correlation between chatter frequency and some system parameter, such as

wheel hardness, had been found.
• The amplitude of the horizontal vibration (between work and wheel) could be

twice the amplitude of the grinding wheel lobes and larger than the chip
thickness.

Snoeys and Vanherck sought to explain these observations in relation to
grinding wheel regenerative chatter by setting up a feedback system (similar to
Merritt [16]) that included the machine dynamic transfer function and the effect of
the contact deformation between the work and the wheel. This was taken to be
nonlinear as per the Hertzian model. The system was modelled on an analogue
computer. The results of the simulation showed that the

necessary elements to explain the practical chatter phenomenon (had been included).

They further concluded that

the evolution (of amplitude growth during unstable conditions) in the instability is chiefly
due to the non-linear characteristics of the grinding wheel contact.

This paper correctly identified the contact zone deformations as having a
determining role in the development of regenerative chatter in grinding.
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Snoeys and Brown [17] greatly expanded this work into a paper now recognised
as being pivotal in the development of chatter theories in grinding. It achieved the
following:

• Developed a block diagram for the grinding process (and hence the charac-
teristic equation) that included both work and wheel regenerative paths,
machine dynamic transfer function, contact stiffness and wave filtering—all of
which are now considered to be of fundamental importance to grinding chatter.

• The stability boundary was determined by the location of the most negative real
part of the machine response locus, the same as developed for metal cutting by
Tlusty [18].

• A detailed discussion was provided concerning the important system parame-
ters: cutting stiffness, wheel wear resistance, contact stiffness, machine stiff-
ness, contact length filtering. It was shown that, …the finite length of contact is
one of the most important features of the proposed model leading to a sig-
nificant reduction of the upcome of instability in low workspeed grinding work.

• Suggestions were offered for the reduction or prevention of the onset of chatter.
• Provided test results which showed both wheel and work regeneration.
• Tabulated machine stiffnesses and cutting stiffnesses for various materials.
• The range of numerical values of the important stability parameters was

tabulated.

From the comprehensive nature of the model and the detailed tabulation of
measurements of the parameters involved, Snoeys and Brown were able to show
that most grinding appeared to take place under unstable conditions and hence the
growth rate became important.

…a great deal of grinding work is performed under unstable work conditions because most
grinding wheel widths are larger than the 5 mm critical wheel width.

Precession of the wheel lobes was noted (0.1–0.2 rpm).
The cutting force model that was utilised was very simple, viz. the cutting force

was taken to be proportional to the instantaneous depth of cut. It is also noted that the
rotational speeds of the work and the wheel were assumed constant. This work was
expanded a little further in Brown’s doctoral thesis [19] and which claimed it was

the most comprehensive approach to self-excited and forced chatter in the grinding
process.

A detailed study of the growth rate was added by solving for the complex roots
of the characteristic equation via a computer algorithm. One addition to Snoeys’
approach was the addition of an ‘‘overlap factor’’ in the model that provided for
the partial work regeneration, that occurs when roll grinding.

By about the year 1970, the fundamental parameters causing and influencing
work and wheel regenerative chatter had been identified and adequate analysis
techniques had been devised to model the essential dynamics of the system. Over
the following decades, many further developments were achieved, but none dis-
credited the fundamental understandings that had been achieved. This is confirmed
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if more recent publications on grinding chatter are examined. Inasaki et al. [20]
reviewed the current state of research into chatter in grinding for the CIRP annual
assembly in 2001. They have 129 references that include some of those noted
above and the fundamental parameters were apparently considered not to have
changed.

In order to find solutions to chatter in grinding in this book, the same approach
will be used as when looking for solutions to chatter in metal cutting; that is, the
simplest model that allows real solutions to be anticipated will be used. As far as
possible, each significant parameter will be investigated in isolation. It is
acknowledged that the real situation will involve all the parameters and be far
more complex. However, if the solutions predicted from these simple models work
in practice, then a good result has been achieved. As noted above, the grinding
force model is crucial and will be considered first.

5.2 Grinding Force

As already noted, most of the early research on chatter in grinding used a force
model that was essentially the same as for metal cutting. The force was assumed to
be proportional to the chip thickness. However, in time, it was found [21] from
steady-state tests that the mean force could be more accurately represented by the
following equation

Pt ¼ uchVwdwb
Vg

and Pn ¼ k1Pt ð5:1Þ

where referring to Fig. 5.2
Pt is the tangential component of force,
uch is called the specific chip formation energy,
Vw is the surface speed of the work,
dw is the undeformed chip thickness of the work,
b the width of cut is the width of the contact between wheel and work,
Vg is the grinding wheel surface speed,
Pn is the normal/radial component of force and
k1 is a constant.

To be used in a model of chatter, it needs to be assumed that the oscillating
force would act in the same direction as the mean force, i.e. kl applies to the
oscillating case and Pn ¼ klPt. Also if the equation applies to the time-varying
situation, it may be differentiated to give,
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dPt

dt
¼ uchb

Vw

Vg

ddw
dt

þ dw
Vg

dVw

dt
� dwVw

V2
g

dVg

dt

 !
ð5:2Þ

Very little work has been published on the measurement of data to confirm
Eq. 5.2. However, as a result of developing a torsional vibrator [22], Drew and
Stone were able to collaborate with Ong and Mannan to experimentally determine
uch for the dVw term. Initially, it was hoped to use in-process measurement of the
ground surface [23] using lasers. However, because of the small amplitudes and
the sensitivity of the signals to the reflectivity of the surface that was continuously
changing, this was found to be not possible. As a result, an involved process
requiring steady-state torsional excitation of the work and its subsequent sudden
removal from cut for profile measurement was adopted. The results are presented
in [24], and it was found that for the conditions tested uch was 1.63 9 1010 N/m2.
It is of interest to note that the value obtained when there was no oscillation
present was 3.91 9 1010 N/m2.

The same authors also investigated oscillating the chip thickness on the work by
using an out-of-balance mass on the grinding wheel as shown in Fig. 5.3. The
detailed results have not been published, but it was found [25] that the average
value of uch was 1.7 9 1010 N/m2. This compares with the average value of
1.63 9 1010 N/m2 found when the work speed was varied [24]. Apparently no
attempt has been made to investigate the effect of the variation of oscillating forces
with oscillating wheel speed.

Thus, the force model for grinding under oscillating conditions is uncertain.
The current state of knowledge suggests that to use more complex force models
than described by Eq. 5.2 is difficult to justify. The experimental data that are
available suggest that Eq. 5.2 may be used but with reservations. Chatter in
grinding will be analysed with this force model, starting from the simplest model
possible and then adding more realistic effects.

Grinding
wheel

Workpiece

Pt

Pn

g

x

Ω

wΩ

Fig. 5.2 Grinding force
terminology
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5.3 Chatter Models

The aim of this book is to describe methods of improving chatter performance by
adopting the simplest model and mathematical approach available. For metal
cutting, the graphical approach of finding the stability boundary was used because
of its simplicity and the aid it gives in both suggesting and understanding solu-
tions. When chatter in grinding is considered, the graphical approach is not always
possible. The method to be adopted now will involve assuming any vibration will
have the form AeðrþixÞt. This implies a chatter frequency of x and an exponential
growth rate of the vibration controlled by r. If r[ 0, then instability occurs as the
vibration grows in amplitude, whereas if r\ 0, the grinding is stable. In most
cases, the stability boundary condition (neutral stability) will be investigated, i.e.
when r = 0 and the vibration will then be of the form AeðixtÞ.

To allow some simple conclusions to be drawn for grinding chatter, it is
instructive to consider the controlling equation for metal cutting using a solution of
the form AeðixtÞ. For a machine represented by a single mode, the equation of
motion with regenerative chatter was shown in Chap. 1 to be

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt2

þ kxðtÞ ¼ Rb h� xðtÞ þ xðt � sÞ½ � ð1:22Þ

If only the oscillating contributions are considered and xðtÞ ¼ AeðiwtÞ the
equation becomes,

�mx2Aeixt þ ixcAeixt þ kAeixt ¼ Rb½�Aeixt þ Aeixðt�sÞ�

Fig. 5.3 Test rig for
measuring oscillating forces
and chip thickness
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which reduces to

k � mx2 þ ixc ¼ �Rb 1� eixs
� 	 ð5:3Þ

It will be found useful to compare the results in the following sections with this
metal cutting equation, for which a great deal is now known.

5.3.1 The Simplest Grinding Model

The dynamic characteristics of machines are complex and involve many modes.
The use of a single mode to represent the machine allows a simplified model to be
developed. This in turn can give an insight into the situation where there are
multiple modes. The machine response will be represented by a spring/mass
system with viscous damping that vibrates in the direction affecting chip thickness
as shown in Fig. 5.4. For plunge grinding, the response will be taken to be the ratio
of displacement in the chip thickness direction to a force in the grinding force
direction. The grinding wheel is shown supported on the spring/mass model in
Fig. 5.4. However, it would be found that the following equations would not
change if the work instead of the wheel was considered to be mounted on the
spring/mass system. This is because it is the relative deflection between the wheel
and work that is important.

Now if Eq. 5.2 is expanded and the work and wheel speeds assumed to be
constant so that Vw and Vg are constants

dPt

dt
¼ uchb

Vw

Vg

ddw
dt
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Fig. 5.4 Machine model for
simplest case
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and hence,

dPn

dt
¼ k1uchb

Vw

Vg

ddw
dt

¼ Rb
ddw
dt

ð5:4Þ

The force variation in the mode direction is proportional to the chip thickness
variation. This equation needs to be compared with the simplest force equation
used for the cutting force models FðtÞ ¼ RbxðtÞ. Noting the change in notation,
Eq. 5.4 is the same as the cutting force model, but with R ¼ kluchVw=Vg. The
equation of motion is the same as Eq. 5.3, but with a modified value of R.

k � mx2 þ ixc ¼ k1uchVw

Vg

b 1� eixs
� 	 ð5:5Þ

For plunge grinding and with no regeneration on the wheel, chatter in grinding
is equivalent to chatter in turning, as s in Eq. 5.5 becomes sw, the time for one
revolution of the work. The cutting force coefficient R is kluchVw=Vg and a typical
stability chart is shown in Fig. 5.5. If the wheel speed is constant, the cutting force
coefficient increases linearly with the work surface speed. As reported by Snoeys
and Brown [17], it also follows that the structural characteristic that determines the
unconditional stability boundary is the most negative real part of the machine
response locus (as was found for metal cutting). Thus, all the solutions that were
proposed for single-point metal cutting and presented in the previous chapters are
applicable. These include optimising spindle design, adding vibration absorbers
and the use of flexible tools. Flexible grinding wheels are considered in Sect. 5.3.4.
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Fig. 5.5 Stability chart against work speed, for the simplest case (Program 5.1)
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There are some important differences from metal cutting that are predicted by
this simple model. The limiting width increases as the work diameter is reduced
and also as the work speed is reduced. As R ¼ kluchVw=Vg, increasing the wheel
speed reduces R and the limiting width will increase. Finally, this model predicts
the mean chip thickness (in-feed) to have no effect as it does not affect R.

The model in this section can also be applied to plunge grinding when only
regeneration on the wheel is significant and the work is regarded as a cutting tool
machining the wheel. In Sect. 5.3.3, where contact stiffness is discussed, this
assumption will be shown to include a significant error. However, some investi-
gators have made this error and it is necessary to show the consequences. With this
erroneous model, the difficulty arises in determining the depth of cut on the wheel.
The grinding force will be the same on the wheel as on the work but opposite in
direction. It is possible to make an estimate of the effective cutting force coefficient
for the wheel as follows. We have shown that for the work R ¼ kluchVw=Vg. If we
assume that the grinding ratio is the same for oscillating conditions as for steady
state, then the grinding ratio G is

G ¼ Volume removed fromwork
Volume removed fromwheel

¼ bdwVw

bdgVg

¼ dwVw

dgVg

Thus, the ‘‘chip thickness’’ on the wheel is given by

dg ¼ Vw

VgG
dw

and Eq. 5.4 becomes, for constant wheel and work speeds,

dPn

dt
¼ k1uchb

Vw

Vg

ddg
dt

VgG

Vw

¼ k1uchbG
ddg
dt

ð5:6Þ

The effective value of R is k1uchG if the grinding ratio G is the same for all
speeds and radii. A stability chart for regeneration on the wheel alone is shown in
Fig. 5.6. The limiting width of cut is very small for realistic G values. For super-
abrasive wheels when G may exceed 1,000, the width is extremely small. This
model may explain why many of the early workers considered that grinding was
never stable but is now known to be possible. The presence of very low growth
rates was used to explain why acceptable grinding could be conducted for a time. It
is therefore important to consider the growth rates of chatter in grinding.

5.3.2 Growth Rates

The equation of motion for the simple case of work regeneration alone is as for
metal cutting,
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m
d2xðtÞ
dt2

þ c
dxðtÞ
dt2

þ kxðtÞ ¼ �Rb xðtÞ � xðt � swÞð Þ ð5:7Þ

but for grinding, R ¼ k1uch
Vw

Vg

Assuming a solution of the form xðtÞ ¼ AeðrþixÞt implies that the motion is
oscillatory with frequency x and growing exponentially if r is positive. Substi-
tuting in Eq. 5.5 gives,

mðrþ ixÞ2AeðrþixÞt þ cðrþ ixÞAeðrþixÞt þ kAeðrþixÞt

¼ �Rb AeðrþixÞt � AeðrþixÞðt�swÞ

 �

The term AeðrþixÞt cancels leaving,

mðrþ ixÞ2 þ cðrþ ixÞ þ k ¼ �Rb 1� eðrþixÞð�swÞ

 �

Expanding

mðr2 þ 2irx� x2Þ þ cðrþ ixÞ þ k

¼ �Rb 1� e�rswðcosðxswÞ � i sinðxswÞÞð Þ
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Fig. 5.6 Stability chart against wheel speed, for regeneration on the wheel alone, the work
represented by a metal cutting tool (Program 5.2)
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Grouping real and imaginary terms yields two equations,

mðr2 � x2Þ þ crþ k ¼ �Rb 1� e�rswðcosxswÞð Þ ð5:8Þ

m2rxþ cx ¼ �Rbe�rsw sinðxswÞ ð5:9Þ

To solve for particular values of m, k, c, R and sw, choose a value of r and then
search for the value of x that gives the same value of b from Eqs. 5.8 and 5.9, so
that

b ¼ mðr2 � x2Þ þ crþ k

�R 1� e�rsw cosxswð Þ ¼
m2rxþ cx

�Re�rsw sinxsw
ð5:10Þ

If a solution exists, then both the width of cut (b) and the growth rate (r) are
known. If r is negative, then any vibration will decay. However, if r is positive,
the vibration will grow exponentially and chatter will occur. It is useful to non-
dimensionalise Eq. 5.10 using the conventional vibration parameters,

xn ¼
ffiffiffiffi
k

m

r
and n ¼ c

2
ffiffiffiffiffiffi
mk

p

Dividing Eq. 5.10 throughout by k and rearranging to have all the terms non-
dimensional:

Rb

k
¼

r
xn


 �2
� x

xn


 �2
þ2n r

xn
þ 1

� 1� e�
r
xn
xnsw cos x

xn
xnsw


 �
 � ¼
2 r
xn

x
xn

þ 2n x
xn

�e�
r
xn
xnsw sin x

xn
xnsw


 � ð5:11Þ

As an example, Fig. 5.7 shows the variation of the two values of Rb/k against
x/xn for n = 0.03, r/xn = 0.002 and xnsw = 48.5. Over the frequency range
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Fig. 5.7 Graph of Rb/
k against x/xn for two
conditions to be satisfied

5.3 Chatter Models 147



plotted, there are four solutions that satisfy Eqs. 5.11. It is clear that the functions
are complicated and are not easily interpreted. Some of the solutions predict
negative values of Rb/k and so great care is needed to avoid spurious solutions.

The significant variables contained in Eqs. 5.11 are found by plotting solutions
of r/xn against Rb/k. This requires choosing a value for r/xn and then searching
to find a value of x/xn that satisfies Eqs. 5.11. It is found that in general, there
are multiple values of x/xn for any value of r/xn. Thus, there are many values of
Rb/k for a given r/xn. Some typical solutions are shown in Fig. 5.8. Each of
the curves corresponds to a particular stability lobe and the intersection with the
Rb/k axis indicates the stability boundary value of Rb/k as the growth rate is zero.
Below this value of Rb/k, any vibration decays as r/xn is negative. Above the
stability boundary, the vibration grows in amplitude. It is noticeable that there is a
maximum growth rate for each curve and if the width is increased well beyond the
stability boundary, the growth rate becomes smaller. This is of some significance
when regeneration is only on the wheel. In this case, the value of Rb/k can be very
large as R = k1uchG. Figure 5.9 shows a sample curve with the number of waves
on the wheel close to four. When the width greatly exceeds the stability boundary,
the growth rate becomes very small.

Figure 5.9 also shows the chatter frequency as a function of the non-dimen-
sional width. The frequency is close to that which would produce an integer
number of waves on the wheel. As a consequence, the graph shows the difference
in chatter frequency to that which would produce an integer number of waves.
When the stability boundary is greatly exceeded, the difference is very small and
this would result in the waves on the wheel circumference changing position very
slowly. As has been found experimentally, the waves would precess around the
circumference quite slowly.

The simple model presented in this section and the previous one has predicted
many of the effects observed in experiments. However, the model is very simple
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and some major effects can only be found by increasing the complexity of the
model. The next section introduces a model that includes the stiffness of the
contact zone.

5.3.3 Contact Stiffness

Thus far, we have treated the grinding wheel as a cutting edge with a line contact.
Grinding wheels are composed of grits mounted in a bond material. They are not
rigidly held but displace under load resulting in distortion of the contact zone. It is
possible to model the contact zone as in Sect. 5.3.1, but including a contact spring
so that the effective cutting edge is mounted on a spring whose stiffness increases
with the width of cut and may be represented as kcb.

It has been shown for metal cutting (Sect. 4.4) that a flexible tool can greatly
improve the chatter receptance and that is also the case for grinding. To allow just
the one parameter to be investigated, consider the simplest case again (the mode
direction is on the line between centres) with the contact stiffness included as
shown in Fig. 5.10.

To minimise the mathematics, only the envelope of the stability lobes will be
considered, i.e. the unconditional stability boundary. It is appropriate to use the
metal cutting stability criterion that has been developed as the model for grinding
is equivalent to metal cutting but with a non-constant cutting force coefficient. The
unconditional stability boundary for single-point cutting is given by
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blim ¼ �1
2RGR;maxðxÞ

ð1:15Þ

where GR,max(x) is the most negative in-phase component of the structure’s
response. In Appendix A.10, it is shown that the maximum negative in-phase
component of the response of a single-mode system is given by
�m= c 2

ffiffiffiffiffiffi
mk

p þ c
� 	� �

, and in Appendix C.4, it is shown that a spring (k) in series
with a structure results in 1/k being added to the real part of the response. The
maximum negative in-phase component for the single mode is reduced when there
is a contact stiffness so that

GR;maxðxÞ ¼ 1
kcb

� m

c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

If regeneration on the work alone is considered, the effective cutting force
coefficient is R ¼ k1uuchVw=Vg. Thus, substituting in Eq. 1.15,

b ¼ �Vg

2k1uchVw
1
kcb

� m
c 2

ffiffiffiffi
mk

p þcð Þ
� �

and expanding and rearranging

blim ¼ c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

m

1
kc

þ Vg

2k1uchVw

� �
ð5:12Þ

Figure 5.11 shows the envelope for some typical values, and for comparison,
the envelope with no contact stiffness is also shown. Clearly, there are possible
benefits if grinding wheels with lower contact stiffness are used. The analysis
above was for regeneration only on the work. If only regeneration on the wheel is
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considered, the effective cutting force coefficient is R ¼ k1uchG so that the
unconditional stability boundary is given by

) b ¼ �1

2k1uchG 1
kcb

� m
c 2

ffiffiffiffi
mk

p þcð Þ
� �

and rearranging

blim ¼ c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

m

1
kc

þ 1
2k1uchG

� �
ð5:13Þ

Equation 5.13 indicates that the unconditional stability boundary is independent
of the diameters of the wheel and work and also their rotational speeds. This is
because it has been assumed that the grinding ratio G does not depend on these
variables. In Sect. 5.3.1, it was found that without a contact stiffness and grinding
with regeneration on the wheel alone, the unconditional width could be very small.
This is particularly true for super-abrasive wheels that provide large values of G. If
the contact stiffness in Eq. 5.13 is made infinite, then

b ¼ c 2
ffiffiffiffiffiffi
mk

p þ c
� 	
2mk1uchG

ð5:14Þ
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When the contact stiffness is included, the unconditional width increases (as for
work regeneration—Eq. 5.13) by an amount

c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

mkc

Again, the benefits of reducing the contact stiffness are apparent. However, for
super-abrasive wheels with high grinding ratios, the contact stiffness required has
practical limitations. For example, the cost of CBN grits requires a strong-bond
material so that they are not easily detached. This militates against using a low
contact stiffness. However, there is a solution, the use of so-called flexible grinding
wheels. Before considering such wheels, there is another source of effective
flexibility to investigate.

A significant contact stiffness was omitted in Sect. 5.3.1 when considering
regeneration on the wheel alone. It was assumed that the wheel was machined by
the work, as if the work was a non-wearing metal cutting tool. However, the work
is not such a metal cutting tool but is wearing at a significant rate. The relationship
between the normal force and the ‘‘wear’’ on the work is given by,

Pn ¼ k1uchVwdwb
Vg

so that
Pn

dw
¼ k1uchVwb

Vg

This is significant because the work (representing a cutting tool) is not in the
position assumed in Sect. 5.3.1. It has moved out of cut because of the effective
contact stiffness for a width b of Pn

dw
¼ k1uchVwb

Vg
so that the contact stiffness (stiffness/

unit width) is

kc ¼ Pn

dwb
¼ k1uchVw

Vg

Equation 5.13 may thus be modified to become

b ¼ c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

m

Vg

k1uchVw

þ 1
2k1uchG

� �

The second term in the square brackets was the one that predicted very small
values of b, but the contact stiffness effect from the wear of the work has a larger
effect. If that term alone is considered,

b ¼ c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

m

Vg

k1uchVw

As this value of b is usually much greater than that found from assuming a
metal cutting model, great care must be taken to ensure that it is always included.
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The contribution from the work is significant even when there is no regeneration
on it.

A similar analysis for the wheel, when it is considered to be machining
the work, as in Sect. 5.3.1 yields an effective contact stiffness of kc ¼
Pn=dg ¼ k1uchGb, and this is much greater than that caused by the work. It is thus
of less significance for practical values of G.

5.3.4 Flexible Grinding Wheels

The improvements possible from the effect of contact stiffness suggest that the use
of a flexible grinding wheel would be useful. Such a wheel is designed to include
additional flexibility close to the contact zone without introducing additional local
mass. Sexton et al. [28, 29] describe such wheels, and their experimental results
will be reviewed in Sect. 5.4. As in the previous section, the simplest structural
model will be used and the effect of both a flexible wheel and a contact stiffness
will be modelled as shown in Fig. 5.12. The unconditional stability boundary will
again be found.

The flexible wheel provides an additional and fixed stiffness in series with the
contact stiffness so that the effective flexibility at the contact point is

1
kf
þ 1
kcb

The analysis of the previous section may be repeated replacing

1
kcb

with
1
kf
þ 1
kcb

k b
c

k 
f
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The maximum negative in-phase component of the response becomes

GR;maxðxÞ ¼ 1
kf
þ 1
kcb

� m

c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

and substituting in Eq. 1.15 as above with R ¼ k1uchVw=Vg, for regeneration on
the work alone, gives

b ¼ �Vg

2k1uchVw
1
kf
þ 1

kcb
� m

c 2
ffiffiffiffi
mk

p þcð Þ
� �

which upon rearranging yields

blim ¼
1
kc
þ Vg

2k1uchVw

m
c 2

ffiffiffiffi
mk

p þcð Þ �
1
kf

� � ð5:15Þ

Figure 5.13 shows the envelope for some typical values and for comparison, the
envelopes with and without contact stiffness and wheel flexibility (compare
Fig. 5.11) are also shown. There are possible benefits if flexible grinding wheels can
be realised and used. The analysis above was for regeneration only on the work.
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If only regeneration on the wheel is considered, the effective cutting force
coefficient is R ¼ k1uchG, so that the unconditional stability boundary is given by

blim ¼
1
kc
þ 1

2k1uchG

m
c 2

ffiffiffiffi
mk

p þcð Þ� 1
kf

� � ð5:16Þ

The value of the unconditional blim as in the previous section is independent of
the diameters of the wheel and work and also their rotational speeds. Also
Eqs. 5.15 and 5.16 predict that there will be no chatter, i.e. no positive values of
blim if

m

c 2
ffiffiffiffiffiffi
mk

p þ c
� 	� 1

kf
i.e. when

1
kf

[
m

c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

This is the condition when the chatter receptance no longer has a negative in-
phase component. Whether this can be achieved practically is discussed in
Sect. 5.4.

Thus far, the structural response has been kept as simple as possible, a single
mode with the direction along the line joining the centres of the wheel and work.
In practice, the mode direction will normally be at some inclination.

5.3.5 Inclined Mode

The next stage in the development of the chatter model is to incline the mode of
vibration at some angle / to the line joining the centres of the wheel and the work
as shown in Fig. 5.14. In keeping with the approach of examining one parameter at
a time, the model does not include the contact stiffness or a flexible wheel. The
equation of motion is

m
d2uðtÞ
dt2

þ c
duðtÞ
dt

þ kuðtÞ ¼ �Pn cos/� Pt sin/ ð5:17Þ

where Pt ¼ uchVwdwb
Vg

and Pn ¼ k1Pt

so that substituting

m
d2uðtÞ
2

þ c
duðtÞ
dt

þ kuðtÞ

¼ � uchVwdwb
Vg

k1 cos/þ sin/ð Þ ¼ � uchVwdwb
Vg

e
ð5:18Þ
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where

e ¼ k1 cos/þ sin/ ð5:19Þ

When an oscillation in the u direction occurs, the surface speeds of the work
and wheel will be affected. Making the assumption that it is possible to operate at
the stability boundary with no growth or decay, we may assume

dwðtÞ ¼ �dw þ dwe
ixtVwðtÞ ¼ �Vw þ Vwe

ixtVgðtÞ ¼ �Vg þ Vge
ixt

The over-bars represent the mean values, and for the chip thickness, �dw is the
feed per revolution of the wheel into the work.

It is assumed that all three variables will be vibrating in-phase, as the oscillation
in each case (in this section) will come from the same source, i.e. the oscillation of
the mass. Considering only vibration about the mean values

d
Vwdw
Vg

� �
¼

�Vw

�Vg

ddw þ
�dw
�Vg

dVw �
�dw �Vw

�V2
g

dVg ð5:20Þ

The varying components of the three parameters are dVw ¼ Vweixt; dVg ¼
Vgeixt and for regeneration only on the work ddw ¼ dweixt � dweix t�swð Þ, so that
substituting in Eq. 5.20

d
Vwdw
Vg

� �
¼

�Vw

�Vg

dwe
ixt þ

�dw
�Vg

Vwe
ixt �

�dw �Vw

�V2
g

Vge
ixt

For the model shown in Fig. 5.14 from geometry, dwðtÞ ¼ uðtÞ cos/. For small
oscillations about the mean uðtÞ ¼ Ueixt so that dweixt ¼ Ueixt cos/ and hence,
dw ¼ U cos/. Finally, substituting all the above in Eq. 5.18
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m
d2 Ueixt
� 	
dt2

þ c
d Ueixt
� 	
dt

þ k Ueixt
� 	

¼ �uchbe
�Vw

�Vg

U eixt � eix t�swð Þ

 �

cos/þ
�d
�Vg

Vwe
ixt �

�d�Vw

�V2
g

Vge
ixt

 !

so that

� mx2U þ ixcU þ kU

¼ �uchbe
�Vw

�Vg

U cos/ 1� e�ixsw
� 	þ �d

�Vg

Vw �
�d�Vw

�V2
g

Vg

 !
ð5:21Þ

At this stage, it is helpful to remember that U, Vw and Vg are, respectively, the
amplitudes of the vibration of the mass, the work surface speed and the wheel
speed. The variables �d;Vw and Vg are, respectively, the in-feed of the wheel into
the work per revolution, the mean work surface speed and the mean wheel speed.

For the particular example that is being considered in this section, i.e. a single
inclined mode, there is a connection between U, Vw and Vg as they are not
independent. The vibration Ueixt produces a velocity of the mass of ixUeixt, and
this results in an increase in the amplitude of the speed of approach of the work of
ixU sin/. If the small effect of the change in the wheel speed caused by the
vibration of the mass is ignored, the wheel speed may be considered constant,
Eq. 5.21 becomes

k � mx2 þ ixc
� 	

U ¼ �uchbe
�Vw

�Vg

U cos/ 1� e�ixsw
� 	þ ixU sin/

�d
�Vg

� �

and rearranging

k � mx2 þ ix cþ uchbe
�d
�Vg

sin/

� �� �
¼ � cos/ 1� e�ixsw

� 	
uchbe

�Vw

�Vg

ð5:22Þ

If the mode direction is along the line, joining the centres of the work and wheel
/ is zero and Eq. 5.22 becomes,

k � mx2 þ ixc
� 	 ¼ 1� e�ixsw

� 	
uchbe

�Vw

�Vg

¼ �Rbe 1� e�ixsw
� 	 ð5:23Þ

This is the same equation derived for the simplest case considered in
Sect. 5.3.1. If Eq. 5.22 is compared with Eq. 5.23, it is clear that the effective
structural damping has been increased and the regenerative term has been
decreased in magnitude. The effective damping is now cþ uchbe sin/d=�Vg and the
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effective cutting force coefficient is now uche cos/�Vw=�Vg. Both of these changes
will result in an increase in stability.

The solution of Eq. 5.22 is not as straight forward as for the simple case
because the width of cut (b) occurs on the left-hand side as well as the right.
However, it is important to note that the damping is increased when the width of
cut is increased and when the feed per revolution is increased. It is decreased when
the grinding wheel speed is increased.

A solution to Eq. 5.22 may be found using the same method as that used for
growth rate in Sect. 5.3.2. Two equations for b can be found utilising the real and
imaginary components of Eq. 5.22. A computer program is then required to search
for solutions that satisfy both equations. As with the contact stiffness, we can
examine the unconditional stability boundary, i.e. not consider stability lobes but
just their envelope.

The condition for unconditional stability is

blim ¼ �1
2RGR;maxðxÞ ð1:15Þ

As used for the previous two sections and as shown in Appendix A.10, the
maximum negative in-phase component of the response of a single-mode system is
given by �m=c 2

ffiffiffiffiffiffi
mk

p þ c
� 	� �

. For the inclined mode, the effective damping is

cþ uchb e sin/�d=�Vg ¼ cþ a b where a ¼ uche sin/�d=�Vg. Thus, substituting in
Eq. 1.15,

b ¼ cþ a bð Þ 2
ffiffiffiffiffiffi
mk

p þ cþ a b
� 	

2Rm

Rearranging to solve for b,

a2b2 þ 2b a½cþ
ffiffiffiffiffiffi
mk

p
� � Rm


 �
þ c 2

ffiffiffiffiffiffi
mk

p
þ c


 �
¼ 0 ð5:24Þ

noting that for the inclined mode R ¼ uche cos/�Vw=�Vg

Figure 5.15 shows the envelope for some values of the parameters chosen to
illustrate some significant effects. For comparison purposes, three cases are shown,
the simple case, i.e. with no inclination, the inclined case without the extra
damping and then with the extra damping. As might be expected from the
importance of the mode direction in metal cutting (Sect. 2.3), it is also important
in grinding. If the mode is perpendicular to either the force or the chip thickness
direction, the process is very stable.

The extra damping has little effect even when a is increased by making / as
large as 75� and increasing �d and decreasing �Vg. However, the extra damping term
may become important if there is a significant torsional mode of the work and its
drive system. This can cause large variations in the work surface speed, and this is
discussed in the next section.
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In passing, it should be noted that if / is negative, any ‘‘extra’’ damping is
negative. This is considered further in Sect. 5.3.8.3. Also the mode direction may
be so inclined so as to produce a negative mode, and the analysis above needs to be
repeated to find the new most negative in-phase component of the negative mode
response (Program 5.5 includes this effect).

The above analysis assumed no regeneration on the wheel. If no regeneration
occurs on the work but rather on the wheel, a similar analysis may be conducted
with similar effects.

5.3.6 Torsional Effects

The simplest model that allows the possible effects of torsional vibration to be
considered is shown in Fig. 5.16. The drive for the work is assumed to have a
single torsional mode with a torsional stiffness kw, torsional natural frequency xnw

and a torsional viscous damping ratio nw. These parameters will then define the
inertia of the torsional mode Iw and the viscous damping coefficient cw. The
equation of motion for the torsional mode is therefore

With no
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Fig. 5.15 Unconditional stability boundary with an inclined mode (Program 5.5)
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Iw
d2hwðtÞ
dt2

þ cw
dhwðtÞ
dt

þ kwhwðtÞ ¼ �PtRw ð5:25Þ

As for the simplest case (Sect. 5.3.1), the structural mode is governed by the
equation

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ �Pn ð5:26Þ

If conditions at the stability boundary are considered, then the oscillating
components of x and hw are Xeixt and Hweixt. These may be phase-shifted
meaning that if X is defined as real, then Hw may be complex.

The force variation, for regeneration only on the work when dw = x, and
assuming the mean wheel speed is constant, is given by

Pt ¼ blimuch
�Vw

�Vg

Xeixt � Xeixðt�swÞ

 �

þ
�dw
�Vg

VWe
ixt

� �
and Pn ¼ k1Pt

Now the variation in the work surface speed will be caused by the torsional
vibration so that Vweixt ¼ RwHweixt. Substituting in Eqs. 5.25 and 5.26 and
dividing throughout by eixt,

�Iwx
2Hw þ ixcwHw þ kwHw

¼ �uchblimRw

�Vw

�Vg

X 1� e�ixsw
� 	þ �dw

�Vg

RwHw

� � ð5:27Þ

�mx2X þ ixcX þ kX ¼ �k1uchblim
�Vw
�Vg

X 1� e�ixsw
� 	þ �dw

�Vg

RwHw

� �
ð5:28Þ
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From Eq. 5.27,

Hw �Iwx
2 þ ixcw þ kw þ uchblimR

2
w
�dw=�Vg

� 	 ¼ �uchblimRwX�Vw 1� e�ixsw
� 	

�Vg

and rearranging

Hw ¼
�uchblimRw

�Vw
�Vg
Xð1� e�ixswÞ

kw � Iwx2 þ ixcw þ uchblimR2
w
�dw=�Vg

� 	X
where as noted above Hw may be complex if X is real. We may now substitute for
Hw in Eq. 5.28 to obtain, after some simplification,

k � mx2 þ ixc
� 	
¼ �k1uchblim

�Vw

�Vg

1� e�ixsw
� 	

1� uchblimR2
w
�dw=�Vg

kw � Iwx2 þ uchblimR2
w
�dw=�Vg þ ixcw

� 	
 !

ð5:29Þ

It should be noted that X has cancelled. This is to be expected since the chatter
boundary is independent of the amplitude for the linear case.

The solution of Eq. 5.29 is taxing as there is no simple way of finding an

envelope. First make some substitutions. Let A ¼ uch
�dw
�Vg
R2
w and B ¼ k1uch

�Vw
�Vg

so

that Eq. 5.29 becomes

ðk � mx2 þ ixcÞ ¼ �Bblimð1� e�ixswÞ 1� Ablim
kw � Iwx2 þ ixcw þ Ablimð Þ

� �

Now multiply throughout by kw � Iwx2 þ Ablim þ ixcwð Þ to obtain

k � mx2 þ ixc
� 	

kw � Iwx
2 þ Ablim þ ixcw

� 	
¼ �Bblim 1� e�ixsw

� 	
kw � Iwx

2 þ ixcw
� 	

Now substitute e�ixsw ¼ cosxsw � i sinxsw, expand and group real and
imaginary terms

k � mx2
� 	

kw � Iwx
2

� 	� ccwx
2 þ i xcðkw � Iwx

2Þ þ xcwðk � mx2Þ� �
¼ �blimAðk � mx2Þ � blim B ðkw � Iwx

2Þð1� cosxswÞ � xcw sinxsw
� �� 	

� iblim xcAþ B xcwð1� cosxswÞ þ sinxswðkw � Iwx
2Þ� �� 	

Equating the real parts gives,
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blim ¼ k � mx2ð Þ kw � Iwx2ð Þ � ccwx2

�A k � mx2ð Þ � B kw � Iwx2ð Þ 1� cosxswð Þ � xcw sinxswð Þ ð5:30Þ

and the imaginary parts give,

blim ¼ xc kw � Iwx2ð Þ þ xcw k � mx2ð Þ
�Axc� B xcwð1� cosxswÞ þ sinxsw kw � Iwx2ð Þð Þ ð5:31Þ

A solution may be found in the same manner as described in Sect. 5.3.2 for
growth rates. For given values of all the parameters, blim is plotted against x for
both Eqs. 5.30 and 5.31. The intercepts give solutions for both x and blim. The
curves are similar to those shown in Fig. 5.7, and care has to be taken not to
include spurious solutions. If a stability chart is plotted, it is found that several
parameters are significant when it comes to improving stability. Figure 5.17 shows
that stability can be improved by the torsional characteristics of the work and its
drive. The example shows that the improvement is greater at low work speeds. If
the torsional stiffness is decreased while keeping constant the natural frequency
and damping ratio for torsion, even greater improvements are achieved. If the
torsional natural frequency approaches the transverse natural frequency, chatter is
often eliminated. However, if the torsional natural frequency is less than the
transverse natural frequency, the stability may be decreased by the torsional
effects.

A final important point is to note that if the direction of the work speed was
reversed the effect of torsion would be different. The grinding force direction
would still be determined by the rotation of the wheel, but the torque on the work
would be in the opposite sense to that considered above.
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Fig. 5.17 Stability chart with torsion of the work included (Program 5.6)
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It is not possible to summarise all the interactions in a simple manner. However,
the conclusion is clear and torsional effects can be significant.

At this stage, as we investigate one major effect at a time, it is apparent that
chatter in grinding is very complex to model, and there is still the outstanding
question of what happens when regeneration occurs on both the wheel and the work.

5.3.7 Double Regeneration

The simplest model that includes double regeneration is shown in Fig. 5.18. When
regeneration was considered to be only on the wheel or work, the displacement of
the structure was the same as that of the surface with the regeneration on it. For
double regeneration, we need to define the parameters carefully.

x1ðtÞ is the relative displacement of the centres of the wheel and work.
x2ðtÞ is the increase in radius of the wheel.
x3ðtÞ is the increase in radius of the work.

It follows that the relative motion of the wheel and work centres, x1ðtÞ, causes a
reduction in both the radii of the wheel and work so that

x1ðtÞ ¼ �x2ðtÞ � x3ðtÞ ð5:32Þ

In order to model chatter, we will only investigate the variation from the mean
values. Thus, the oscillating chip thickness on the work is

dw ¼ lx3ðt � swÞ � x3ðtÞ
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Fig. 5.18 Machine model and parameters for double regeneration
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where l may represent the attenuation of the surface wave caused by the effect of
the contact zone or alternatively it may represent the overlap factor when roll
grinding. For plunge grinding, the overlap is complete so that l = 1. The chip
thickness on the wheel is

dg ¼ x2ðt � sgÞ � x2ðtÞ

It is necessary to introduce the grinding ratio G to connect the two chip
thicknesses.

G ¼ Volume removed fromwork
Volume removed fromwheel

¼ bdw�Vw

bdg�Vg

¼
�Vw½x3ðtÞ � lx3ðt � swÞ
�Vg½x2ðtÞ � x2ðt � sgÞ� : ð5:33Þ

For the conditions at the stability boundary, assuming sinusoidal vibration with
a constant amplitude x1ðtÞ ¼ X1eixt; x2ðtÞ ¼ X3eixt and x3ðtÞ ¼ X3eixt. As all three
will not be in-phase, X2 and X3 may be complex if X1 is defined as real. Also if the
mean speed of both work and wheel are assumed constant, the oscillating grinding
force of interest is

Pn ¼ �k1uchblim
�Vw

�Vg

x3ðtÞ � lx3ðt � swÞ½ �

The equation of motion for the vibration is therefore,

m
d2x1ðtÞ
dt2

þ c
dx1ðtÞ
dt

þ kx1ðtÞ ¼ �Pn ¼ k1uchblim
�Vw

�Vg

x3ðtÞ � lx3ðt � swÞ½ �

And substituting

x1ðtÞ ¼ X1e
ixt; x2ðtÞ ¼ X3e

ixt and x3ðtÞ ¼ X3e
ixt;

�mx2X1e
ixt þ ixcX1e

ixt þ kX1e
ixt ¼ k1uchblim

�Vw

�Vg

X3e
ixt � lX3e

ixte�ixsw
� �

which simplifies to

X1ðk � mx2 þ ixcÞ ¼ �k1uchblim
�Vw

�Vg

X3 1� le�ixsw
� � ð5:34Þ

From Eq. 5.32,

X1e
ixt ¼ �X2e

ixt � X3e
ixt so that X1 ¼ �X2 � X3 ð5:35Þ
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and the grinding ratio, Eq. 5.33, becomes

G ¼
�Vw x3ðtÞ � lx3ðt � swÞ½ �
�Vg x2ðtÞ � x2ðt � sgÞ
� � ¼

�VwX3 1� le�ixsw
� �

�VgX2 1� e�ixsg½ � ð5:36Þ

To solve Eqs. 5.34–5.36, first rearrange Eq. 5.34

X1 ¼
k1uchblim

�Vw
�Vg

1� le�ixsw
� �

k � mx2 þ ixcð Þ X3 ð5:37Þ

And from Eq. 5.36,

X2 ¼
�Vw 1� le�ixsw
� 	

G�Vg 1� e�ixsgð Þ X3 ð5:38Þ

Now substitute Eqs. 5.37 and 5.38 in Eq. 5.35,

k1uchblim
�Vw
�Vg

1� le�ixsw
� 	

k � mx2 þ ixcð Þ X3 ¼ �
�Vw 1� le�ixsw
� 	

G�Vg 1� e�ixsgð Þ X3 � X3

Rearranging

�k1uchblim
�Vw
�Vg

1� le�ixsw
� 	

k � mx2 þ ixcð Þ ¼
�Vw 1� le�ixsw
� 	þ G�Vg 1� e�ixsg

� 	
G�Vg 1� e�ixsgð Þ ð5:39Þ

Note that X3 cancels.
Now substitute e�ixsw ¼ cosxsw � i sinxsw and

e�ixsg ¼ cosxsg � i sinxsg;

�k1uchblim
�Vw
�Vg

1� l cosxsw þ ilsinxswð Þ
k � mx2 þ ixcð Þ

¼
�Vw 1� l cosxsw þ ilsinxswð Þ þ G�Vg 1� cosxsg þ i sinxsg

� 	
G�Vg 1� cosxsg þ i sinxsg

� 	
And rearrange to get an explicit equation for b

blim ¼
�Vw

½ð1� l cosxswÞ þ il sinxsw�
þG�V ½ð1� cosxsgÞ þ i sinxsg�

� �
ðk � mx2Þ þ ixc½ �

�k1uchG�Vw½ð1� cosxsgÞ þ i sinxsg�½ð1� l cosxswÞ þ il sinxsw�
ð5:40Þ
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The method of solution is to note that blim is real. So if the imaginary part of the
right-hand side of Eq. 5.40 is equated to zero, it is possible to search for values of
x that satisfy the equation. If these values are substituted in Eq. 5.40, real solu-
tions for blim may be obtained. This may seem trivial, but it takes much compu-
tation, especially to find the solutions that involve a near-integer number of waves
on the wheel. The latter are often termed ‘‘wheel chatter’’ and the other solutions
‘‘work chatter’’.

It will be found that there may be complex interactions between waves on the
wheel and the work. To avoid these, for reasons of clarity, some specific condi-
tions have been chosen that result in relatively ‘‘clean’’ results. Figure 5.19 shows
the stability chart for work speed for the parameter values shown on the graph. The
overlap factor is 0.5 and some lobes for ‘‘work chatter’’ are shown. The envelope
of these lobes should be compared with the simplest case result that was calculated
for the same parameters but with only work regeneration while plunge grinding
(l = 1.0). As might be expected, because the regenerative effect has been reduced
(l = 0.5), the stability boundary has increased.

There are several envelopes for wheel chatter that correspond to different
numbers of waves around the periphery of the wheel. These solutions are difficult
to find when searching for the values of x that give real solutions to Eq. 5.40. As
noted previously in Sect. 5.3.2, the waves precess around the wheel circumference
and the value of x is just less than that required for an integer number of waves.
For the results shown in Fig. 5.19, the search frequency step required was 10-8

times the natural frequency. When searching for solutions for ‘‘work chatter’’, the
frequency step was 0.0005 times the natural frequency. It is therefore not possible
to have an online program that can be used for both wheel and work chatter, rather
two programs are provided. If the programs are used, it will be found that they run
slowly and not all results are found.

A stability chart against wheel speed is shown in Fig. 5.20. For clarity, the
envelopes for work chatter are not shown in this figure but in a separate one,
Fig. 5.21. Figure 5.20 presents results for overlap factors of 1.0 (plunge grinding)
and zero (e.g. roll grinding). It is important to note, that for realistic wheel speeds,
the stability boundary is much higher than that predicted from the simple model
where the wheel was ‘‘machined’’ by a metal cutting tool (Sect. 5.3.1 and
Fig. 5.6). This is because the work is not a metal cutting tool and provides a
contact stiffness (Sect. 5.3.3).

Figure 5.21 shows a stability chart against wheel speed but with only the
envelopes for work chatter shown. These envelopes all tend to zero for low (and
unrealistic) wheel speeds. This is because the cutting force model is inversely
proportional to the surface speed of the wheel.

For the purposes of eliminating chatter, it is important to note that all the
stability envelopes are crucially dependent on the maximum negative in-phase
component of the machine response. The question arises as to whether this is
generally true, and therefore, it is necessary to re-examine the assumptions made
in the models used. However, before considering the assumptions, it is important
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to discuss a possible source of chatter that appears not to have received much
attention. Entwistle and Stone [33] have suggested that non-regenerative chatter
may occur in grinding.

5.3.8 Non-regenerative Chatter?

In his doctoral thesis, Entwistle [1] obtained some solutions to his equations that
were unexpected. These he labelled ‘‘Arnold Chatter’’ (i.e. non-regenerative
chatter) and to quote, In all cases the stability boundary is formed by a chatter
mode which occurs at the torsional natural frequency of the grinding wheel degree
of freedom. The type of chatter involved is that described by Arnold, labelled
‘Type B’ by Tobias and Fishwick. He drew this conclusion because the frequency
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was not that expected from regeneration. Also he found that the predicted growth
rate increased continuously with width and did not reach a maximum as for the
regenerative chatter case considered in Sect. 5.3.2. Most importantly, he noted that
the mechanism of Arnold chatter in metal cutting, described in Sect. 1.2, depends
on a force variation with speed that has a negative slope. The force model he used
and that has been described in Sect. 5.2 has such a negative slope when force is
plotted against wheel speed. Entwistle was not able to pursue any practical
investigation of this form of chatter. However, over the years at conferences,
questions have been raised about a so-called high-frequency chatter.

An invitation to write a paper [33] on chatter in grinding raising fundamental
issues yet to be resolved led to a reconsideration of the possibility of non-regen-
erative chatter in grinding. Three possible types of non-regenerative chatter were
considered [33], involving, respectively, torsion of the wheel, torsion of the work
and transverse vibration with an inclined mode. Torsion of the wheel is the more
likely in practice and needs to be considered.
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5.3.8.1 Wheel Torsion

Following the practice of previous sections just one effect will be considered.
Torsional vibration of the wheel alone will be assumed to occur, and it will also be
assumed that the work speed remains constant, there is no transverse vibration, and
there are no waves left on either the work or wheel surfaces. The equation of
motion for the wheel torsional mode is then, since only VgðtÞ and hgðtÞ are varying,
given by,

Ig
d2hgðtÞ
dt2

þ cg
dhgðtÞ
dt

þ kghgðtÞ ¼ �PtRg ¼ � uch �Vw
�dwbRg

VgðtÞ ð5:41Þ

where VgðtÞ ¼ �Vg þ dhgðtÞ
dt Rg ¼ �Vg 1þ dhgðtÞ

dt
Rg

�Vg


 �
and hence,

Ig
d2hgðtÞ
dt2

þ cg
dhgðtÞ
dt

þ kghgðtÞ ¼ � uch �Vw
�dwbRg

�Vg

1þ dhgðtÞ
dt

Rg

�Vg

� ��1
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Using the binomial series expansion and ignoring higher-order terms,

Ig
d2hgðtÞ
dt2

þ cg
dhgðtÞ
dt

þ kghgðtÞ ¼ � uch �Vw
�dwbRg

�Vg

1� dhgðtÞ
dt

Rg

�Vg

� �
ð5:42Þ

Rearranging and substituting �Vg ¼ �XgRg

Ig
d2hgðtÞ
dt2

þ cg � uch �Vw
�dwb

�X2
g

 !
dhgðtÞ
dt

þ kghgðtÞ ¼ � uch �Vw
�dwb

�Xg

ð5:43Þ

This is unstable when there is effectively negative damping, i.e. when

cg � uch �Vw
�dwb

�X2
g

\0 so that the boundary of stability is given by

blim ¼ cg �X
2
g

uch�Vw
�dw

ð5:44Þ

As torsional damping in rotating systems is commonly very small, it is possible
that the limiting width may also be small and thus non-regenerative chatter
resulting from grinding wheel torsion is possible. It is informative to consider the
growth rates for this form of chatter and the associated frequency. Consider only
the varying components of Eq. 5.43 and substitute hgðtÞ ¼ HgeðrþixÞt to obtain

Igðrþ ixÞ2 þ cg � uch �Vw
�dwb

�X2
g

 !
ðrþ ixÞ þ kg ¼ 0

Grouping real and imaginary terms yields two equations

Igðr2 þ xÞ2 þ cg � uch �Vw
�dwb

�X2
g

 !
rþ kg ¼ 0 ð5:45Þ

Ig2rxþ cg � uch �Vw
�dwb

�X2
g

 !
x ¼ 0 so that r ¼ � cg � uch �Vw

�dwb
�X2
g

 !
=2Ig ð5:46Þ

Thus, the growth rate becomes positive when the limiting width is exceeded and
increases linearly with increasing width. At the stability boundary, the frequency
of the vibration is from Eq. 5.45 with r = 0 given by, x ¼ ffiffiffiffiffiffiffiffiffiffi

kg=Ig
p

which is the
undamped natural frequency of torsional vibration of the wheel. With increasing
width, the growth rate rises linearly as shown in Eq. 5.46 and the frequency of
vibration reduces. Substituting Eq. 5.46 in Eq. 5.45 gives the frequency of
vibration as,
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x2 ¼ kg
Ig

� 1
4I2g

cg � uch �Vw
�dwb

�X2
g

 !2

ð5:47Þ

It is interesting to note that for the assumptions made above the frequency of
any torsional vibration of the wheel will be either at the undamped natural fre-
quency (at the stability boundary) or at a lower frequency.

5.3.8.2 Work Torsion

Entwistle [33] also considered the possibility of non-regenerative chatter arising
from torsion of the work. In Sect. 5.3.6, concerning torsional vibration of the
work, it was shown that this may improve chatter performance by effectively
adding damping. It was concluded that if the direction of the work speed was
reversed, the effect of torsion would be different. In fact, Entwistle [33] has shown
that reversing the direction of the work to be opposite to that of the wheel may lead
to non-regenerative chatter as it effectively introduces negative damping. The
simplest illustration of this occurs by assuming torsional vibration of the work
alone with constant wheel speed. There is no transverse vibration and there are no
waves left on either the work or wheel surfaces. Equation 5.25 then becomes,

Iw
d2hwðtÞ
dt2

þ cw
dhwðtÞ
dt

þ kwhwðtÞ ¼ PtRw ð5:48Þ

Note that the sign of the applied torque has been reversed to be positive.
Substituting for Pt from Eq. 5.1

Iw
d2hwðtÞ
dt2

þ cw
dhwðtÞ
dt

þ kwhwðtÞ ¼ uchVwRw
�dwb

�Vg

and the work surface speed is given by

Vw ¼ �Vw þ hwRw ¼ �Vw þ dhwðtÞ
dt

so that

Iw
d2hwðtÞ
dt2

þ cw
dhwðtÞ
dt

þ kwhwðtÞ ¼ uchRw
�dwb

�Vg

�Vw þ dhwðtÞ
dt

Rw

� �

and rearranging

Iw
d2hwðtÞ
dt2

þ cw � uchR2
w
�dwb

�Vg

� �
dhwðtÞ
dt

þ kwhwðtÞ ¼ uch �VwRw
�dwb

�Vg
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The right-hand side controls the mean values. The left-hand side indicates that
negative damping and instability will occur when

cw � uchR2
w
�dwb

�Vg

¼ 0

and rearranging and substituting from the previous definitions

blim ¼ cw �Vg

uchR2
w
�dw

ð5:49Þ

As with the wheel torsion case, the frequency at the stability boundary will be
the torsional natural frequency. The level of damping may be very small as this is
often the case for torsion and so non-regenerative chatter may occur for small
widths. However, there is a simple solution: reverse the direction of rotation of the
work.

5.3.8.3 Transverse Vibration

The final possibility considered by Entwistle [33] was of non-regenerative chatter
arising from transverse vibration of an inclined mode. The effects of an inclined
mode have been discussed in Sect. 5.3.5, where the example of plunge grinding
was investigated. Entwistle found that when roll grinding with no overlap, it was
theoretically possible for non-regenerative chatter to arise. Regeneration on the
wheel was not included in the model. As with the non-regenerative examples
above, the growth rate rose linearly with width of cut. However, for realistic
parameter values, the limiting width was large and so in practice, such chatter
would be unlikely. It was also found that when even a small overlap was included,
regeneration on the wheel predominated. This is why there was no evidence of
non-regenerative chatter when the inclined mode was considered previously.

5.3.9 Review of Assumptions

The assumptions made in developing the simplified physical model are the same as
those of Entwistle [1] and his comments are reproduced here with some
modifications.

In general, attention is focused on the conditions at the stability boundary
(neutral stability) where it is assumed that an increase in the width of the cutting
zone will lead to unstable amplitude growth and a decrease will lead to the decay
in amplitude of any existing oscillations.
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Given that the force that excites the degrees of freedom is itself a function of
any resulting motions (Eq. 5.2), the differential equations forming the model will
be nonlinear. Furthermore, due to such phenomena as wear and grinding wheel
metallic loading, the system will be time variant. It was assumed that the time
variation in parameters is slow and can therefore be approximated by steady-state
values. In relation to nonlinearities, Liapounov has shown [4, 26, 27] that in a
small enough neighbourhood to critical (or equilibrium) points, the phase portraits
of the nonlinear and linearised differential equations will be qualitatively similar.
Hence, in this chapter, the solutions to the equations have been assumed to be
complex exponentials as though the equations were linear.

In all cases, the amplitudes of vibration were considered to be small and
variations were linearised about their operating point.

Though the torsional vibration of the work will cause changes in the surface
speed of the work, it was implicitly assumed that the amplitudes were sufficiently
small to not significantly affect the rotational period of the work.

The geometry of the contact zone is complex as the work and the wheel both
possess local compliance and some mutual conformity exists. It was assumed that
the contact zone could be considered to be a line contact. The effects of the
geometry in the cutting zone are implicit in any grinding force model, and hence,
this simplification is unlikely to affect the essential dynamic behaviour of the
modelled system.

It was assumed that the compliance of the contact zone could be represented by
a contact stiffness proportional to the width of cut.

The response of the machine structure was assumed to be that of a single mode.
In reality, such systems will have multiple degrees of freedom. However, it is not
unusual for one mode to have a larger dynamic response than others. Similarly, the
torsional response of the work and wheel was also assumed to be that of a single
mode.

It was assumed that the waves left on both the work and the wheel were not
attenuated by any form of interference or deformations. Such attenuation is a
function of amplitude and may not be active at the very small amplitudes present at
the onset of chatter. It should be noted that the overlap factor has essentially the
same effect as wave attenuation on the work and so could be studied if thought
necessary.

With so many assumptions involving approximations, it might be considered
that the real situation would be very different to the simplified models used in this
chapter. However, most of the major effects that have been modelled are found to
exist in practice.

5.4 Experimental Results

There are numerous papers with results from experiments involving chatter in
grinding, and some of these are reviewed by Inasaki [2]. However, there is a
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problem in making use of many of the results of previous research outside the
specific operating conditions under which they were measured. Not all researchers
seem to be aware of all of the significant parameters of principal significance
considered in this chapter (and there may well be other additional parameters).
Some parameters were therefore not measured and are not reported. As an
example, it is hard to find a publication where the presence of torsional vibration
was investigated. Also the condition of the wheel is continuously changing and its
state is never exactly known. Added to this is the uncertainty about the machine
response under working conditions which may change with time, as for example
when traversing in roll grinding.

A search of the literature will find that structural improvements that reduce the
maximum negative in-phase component of the chatter receptance are always
effective. In general, the conclusions from the simple model of Sect. 5.3.1 are
found to apply: reduce the chip thickness and/or the work speed and increase the
wheel speed. Grinding wheels with reduced hardness are also found to be less
likely to chatter because of the contact stiffness effect. However, the contact
stiffness increases with the width of cut. The solution proposed in Sect. 5.3.4 was
the use of flexible grinding wheels with a stiffness that does not depend on the
width of cut. These wheels were predicted to improve the chatter receptance for
the whole machine, work and wheel system. Thus, these prevent regenerative
chatter even when the regeneration is caused by waves on the work.

5.4.1 Flexible Grinding Wheels

Great improvements to chatter performance have been reported when using flex-
ible grinding wheels. In Sect. 5.3.4, the predicted improvements from using
flexible grinding wheels were considered. The initial experimental work was done
by Sexton [28, 29], and further work is reported by Bzymek [30]. It needs to be
stressed that the theoretical background to using flexible tools (see Sect. 4.4) is
important. It is not simply a question of introducing a flexibility, but also of not
adding a new low-frequency mode. If a grinding wheel is mounted on a flexible
hub, it will not be effective in stopping chatter, but is likely to make it worse. The
mass between the cutting/grinding contact and the flexibility must be as small as
possible. Thus, so that chatter is less likely to occur, any additional mode of
vibration that is the result of the introduced flexibility should have a high natural
frequency.

The tests described by Sexton [28, 29] relate to CBN wheels. For such a wheel,
there is usually only a thin layer containing the abrasive grits and this is of the
order of 3 mm thickness. Initially, [28] the design used an abrasive rim mounted
on a rigid hub via a flexible coupling. The rim was then able to vibrate relative to
the hub and since the mass of the rim was low, a high natural frequency was
maintained. The flexibility and damping could have been provided in several ways.
The one chosen was to mount the CBN rim on neoprene rubber pads used in shear
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since it was found that their damping was much higher in shear than in
compression.

The final flexible wheel design is shown in Fig. 5.22. The neoprene pads were
circular in cross section and the flexibility could be adjusted simply by changing
the number of the pads. The rim was manufactured from a conventional wheel and
as such, the ‘‘T’’ section was of Bakelite. From the measured mass of the rim and
the stiffness and damping characteristics of the neoprene pads, it was predicted that
a natural frequency, involving the rim on the rubber, of 550 Hz could be achieved
with forty pads and that the damping ratio would be approximately 0.2. The
flexibility provided by the pads would then be 2 9 10-7 m/N and this, for most
grinding machines, would give a significant shift of the chatter receptance in the
positive in-phase direction. On mounting the wheel hub ‘‘rigidly’’ and exciting the
rim with conventional excitation equipment, it was found that the wheel frequency
was 526 Hz, the damping ratio 0.2, but the static flexibility was 6 9 10-7 m/N.
The additional flexibility arose from the rim not behaving as a rigid body and there
was also some local deflection of the wheel in the zone where the force was
applied. The net effect was that the wheel, when mounted on a machine, exhibited
a flexibility greater than that supplied by the neoprene pads but having a natural
frequency commensurate with the lower flexibility of the pads, rather than the
higher flexibility of the total system.

Since, ultimately, the performance of the flexible CBN wheel was to be com-
pared with a conventional CBN wheel, it was necessary to ensure, as far as
possible, that the wheels were identical in all respects other than the modified
flexibility. Thus, two nominally identical wheels were used, one of which was later
modified to increase its radial flexibility. The wheels were resin bond with Bakelite
hubs and contained De Beers ABN 360, a cubic boron nitride grit, nickel clad to
60 % by weight for use with resin bonds. The grit size was 120/140 US mesh, and

T-section rim

A

A

Aluminium hub

Aluminium hub

Abrasive layer
Neoprene pad

Section through AA

Fig. 5.22 Flexible wheel
design, after Sexton [28]

5.4 Experimental Results 175



the concentration was 75 (75 concentration = 18.75 % by volume). The overall
dimensions of the wheels were 300 mm diameter by 30 mm wide with the resin
bond matrix, containing the abrasive, 3 mm deep.

Before modifying one of the wheels, both were used to grind a hardened EN31
work-piece, and it was found that there was no significant difference with respect
to the surface finish, vibration levels or development of lobes on the wheel
periphery. It was concluded that both wheels were nominally identical and, should
any improvement in performance be found with the modified wheel, the
improvement would result from the modification and would not be due to any
inherent difference between the original wheels. The flexible wheel characteristics
(with hub held ‘‘rigidly’’) were measured as xn = 526 Hz, k = 1.7 9 106 N/m
and n = 0.2. The unmodified wheel characteristics were measured as
xn = 1,850 Hz, k = 15 9 106 N/m and n = 0.1.

The grinding trials were carried out on a Churchill OX cylindrical grinder. The
work was a 300-mm-long tube of hardened EN31 of external diameter 135 mm
and wall thickness 15 mm. The vibration characteristics of the grinding machine,
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work and wheel were measured, and the chatter receptances (including the
machine response) obtained for both the conventional and the flexible wheel are
shown in Fig. 5.23. It is evident that the likely chatter frequency with the con-
ventional wheel is around 280 Hz and the maximum negative in-phase component
is -6.0 9 10-7 m/N. For the modified wheel, the desired effect on the total
machine response has been achieved and the machine mode has been moved to
give a maximum negative in-phase component of -1.0 9 10-7 m/N again at
around 280 Hz. The wheel mode shows a significant loop in the response but is
unlikely to cause chatter because of the high frequency, i.e. 530 Hz. For the roll
grinding tests, the wheel speed was 1,510 rev/min, the work speed 67 rev/min, the
traverse rate 670 mm/min, and the in-feed was 2.5 lm at each end of the work.

After approximately 30 min, it was evident that the conventional wheel was
chattering. This was initially indicated by the very distinctive sound of chatter and
confirmed by the vibration and force signals. The test was stopped and a circularity
of the wheel measured with the wheel in situ. It was found that definite lobes,
eleven in number, had formed around the wheel periphery, the crest to valley
height of the lobes being approximately 5 lm. The grinding test was then con-
tinued under the same grinding conditions. After a further hour, the chatter
vibration had reached such a level as to render further grinding impossible and was
stopped. When the flexible wheel was used in this test, it showed no tendency to
chatter at all after grinding under the same conditions and for the same length of
time.

It was concluded that flexible grinding wheels could be used to prevent chatter
from starting, although the experimental design was not suitable for mass pro-
duction. There was also a concern about the long-term stability of the neoprene
pad material. The next design described by Sexton [29] used a hub material that is
not as dense as used for conventional wheels. The material that was chosen was
‘‘Retimet’’ manufactured by Dunlop Aviation who had been promoting its use in
the aerospace industry for some years. Retimet, a flexible, porous, nickel material,
had the appearance of aerated plastic (foam). The increased flexibility, compared
to the non-aerated version, arose from the cellular structure. The material was
available in a number of grades, based on its porosity, and it had both high
damping and a high thermal conductivity. While there was no information on its
stiffness properties, it was considered a likely candidate material, allowing a
certain amount of rim deflection and thus promoting stable grinding. A resin bond
CBN wheel was manufactured using Retimet as the hub material. It was 175 mm
in diameter, 9 mm wide and contained 100/120 US mesh CBN at 100 concen-
tration. The radial static stiffness of the wheel was measured to be approximately
1.4 9 104 N/m per mm width. Thus, the stiffness for the full 9 mm width was
1.26 9 107 N/m. Apart from the choice of hub material, the wheel was of con-
ventional construction, with both its natural frequency and damping being high.

The performance of this wheel was compared with a conventional CBN wheel
whose parameters were identical to the Retimet wheel excepting that its hub was
of Bakelite. The radial stiffness of this wheel was approximately 4.2 9 106 N/m
per mm width. Thus, the stiffness for the full 9 mm width was 3.78 9 107 N/m.
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While Sexton did not report the effective flexibility of the wheel (that in the
analyses above is in series with the contact stiffness), following the notation of
Sect. 5.3.4, we have for this conventional wheel,

1
kcb

¼ 1
3:78� 107

N=m ð5:50Þ

and assuming the same contact stiffness for the flexible wheel, we have

1
kf

þ 1
kcb

¼ 1
1:26� 107

N=m ð5:51Þ

Thus subtracting Eq. 5.50 from Eq. 5.51,

1
kf

¼ 1
1:26� 107

� 1
3:78� 107

m=N so that kf ¼ 1:89� 107 N=m

Grinding tests were performed using the conventional CBN wheel. After
grinding M2 high-speed steel for six hours on a Jones and Shipman 540 surface
grinder with a wheel speed of 35 m/s and a cross-feed of 1.7 mm, chatter was
clearly present. This performance was then compared to the Retimet wheel. It
ground under identical conditions for 12 hours with no evidence of chatter.

It might be thought that, by employing a wheel with high radial flexibility, it
would not be possible to produce geometrically accurate work-pieces and that the
wheel would require substantially longer to spark-out. In fact, there was no
problem with the geometric accuracy of the work and the spark-out of the flexible
wheel was, in fact, quicker than that of a conventional wheel.

To further prove the effectiveness of reducing the radial flexibility of a wheel
and the suitability of using Retimet for the hub material, a second larger wheel was
manufactured using Retimet. This wheel was 250 mm in diameter and 12 mm
wide and trials with it confirmed that it was equally as successful as the smaller
Retimet wheel.

In order to illustrate further how low the flexibilities of the two Retimet wheels
were in comparison with conventional ultra-hard wheels, the radial stiffnesses of a
large number of wheels were measured. The radial stiffness of wheels with con-
ventional hub materials, such as phenolic aluminium and Bakelite, fell in the range
of 4–10 9 106 N/m per mm wheel width.

It should not be thought that Retimet is the only hub material that, by reason of
its low flexibility, promotes stable grinding. In fact, Sexton [29] also manufactured
a CBN wheel with a chipboard (glue-bonded timber-particle board) hub and this,
although not a conventional engineering material, proved very successful because
of its high flexibility and damping.

The question must be asked as to why such flexible wheels are not more widely
used. The suspicion is that the need for high natural frequencies has not been
rightly understood and wheels mounted on flexible hubs, but with low natural
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frequencies, make matters worse. Also Retimet may not have been the best
material for the mass production of such wheels.

5.4.2 Torsional Flexibility

This is perhaps the area of most contention. Torsional effects in metal cutting were
the matter of much debate in the 60s and 70s but were generally agreed to be not
significant. The suspicion is that it has been assumed that the same would apply to
grinding. However, as described in Sect. 5.3.6, there is in theory the possibility of
a significant effect arising from torsion of the work and its drive. It appears that
Entwistle [1, 31, 32] alone has conducted research on this matter. For his doctoral
thesis, he went to great lengths to have several grinding set-ups, where the only
difference was the torsional characteristic of the work/drive system. He was also
able to change the torsional natural frequency while not changing the transverse
response. His tests involved plunge grinding and measuring the transverse and
torsional spectra after grinding for 1,000 s with a feed rate of approximately
7.5 lm/rev. The grinding wheel speed was 3,870 rev/min.

Figures 5.24 and 5.25 show some of his results. For each combination of work
torsional natural frequency and work speed, a symbol is plotted, the size of which
is proportional to the approximate dB magnitude of the vibration. Figure 5.24
shows the amplitudes of transverse vibration and Fig. 5.25 the amplitudes of
torsional vibration. A different symbol is used to represent each of the three chatter
frequencies that were found to be present. Now if the torsional characteristics of
the work have no effect, it would be expected that for each of the three work
speeds (y axis), the results would not change with the torsional natural frequency
(x axis). However, it is clear that they do and the greatest change is at the lowest
torsional frequency (40 Hz) and the lower work speeds. The simplified model used
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to investigate work torsion (Sect. 5.3.6) indicated that those would be the signif-
icant parameters.

The theoretical model also predicted that any torsional effect would depend on
the in-feed. The value used was high (7.5 lm/rev), and thus, the effects may have
been magnified compared to normal practice. In his conclusions, Entwistle [1, 32]
states, Recapitulating, the aim of the experimental programme was to determine
whether the presence of workpiece torsional compliance influenced the chatter
characteristics of a plunge grinding system operating beyond the limit of stability.
The results summarised in this paper/thesis show that the torsional compliance
does alter the chatter performance of the system and, in a small sub-set of cases
tested, suppressed chatter growth completely. This is an observation which has not
been previously reported in the literature.

It seems that torsional vibration of the work could suppress chatter but more
work needs to be done to confirm this and the particular conditions that might
achieve this.

5.5 Centreless Grinding

In contrast to the grinding operations considered above, centreless grinding has
received relatively little attention, particularly with respect to chatter [34–37].
Figure 5.26 shows a representation of a typical centreless plunge grinding set-up.
One of the main advantages of the process is that round work-pieces may be
achieved from initially non-round stock. The major difference, compared to con-
ventional grinding, is that the work is effectively supported at three contacts and it
is possible to have regeneration effects at each of these contacts. Most of the early
work on instability in centreless grinding focused on what is termed ‘‘geometric
instability’’ where lobes (i.e. surface waves) were produced on the work. These
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lobes were often at a frequency much less than any natural frequencies of the
structure. However, there were also examples of higher-frequency instability and
this was often called chatter and regarded as distinct from geometric instability. An
excellent literature review is given in the paper by Li [38].

In some recent papers, Pearce [39, 40] has shown that chatter and geometric
instability are governed by the same equations and seamlessly merge. Also it was
shown that flexible grinding wheels could make the process more unstable. As this
is the first example of such wheels making matters worse, it is necessary to
consider why. The structural model used by Pearce follows the philosophy in this
book wherein the simplest model, that allows significant parameters to be inves-
tigated, should be used. Thus, the dynamic characteristics were represented by a
single mode with both a flexible wheel and contact stiffness as shown in Fig. 5.27.

The method of modelling was the same as for growth rates, Sect. 5.3.2. The rate
of decay of any initial out-of-roundness of the work [41] is as important in cen-
treless grinding as any instability. As there are three contacts with the work, the
model is very complex particularly as the normal to each contact is in a different
direction. After a great deal of mathematics, Pearce [39] showed that it was
possible to produce a stability chart of the type found for conventional grinding.
An example is shown in Fig. 5.28. The axes are in non-dimensional terms but are
effectively the width at the boundary of stability against work speed. Each of the
curves relates to a number of waves on the work. It was found, for the conditions

rw
rp rr

β β
α

Grinding
wheel

Workpiece

Regulating
wheel

O

rg

Support
plate

C

Ω

Ωw

g

θ

θg

w
γ

Fig. 5.26 Model of centreless grinding

mk

feed f

x
x

k
k

c

bc

f

c

P

φ

Fig. 5.27 Dynamic model of
structure and grinding wheel
(after Pearce [39])

5.5 Centreless Grinding 181



used to generate Fig. 5.28, that only odd number stability lobes extended to low
speeds (geometric instability). However, under different conditions, it was only the
even number that did so. This is because of the phasing introduced by the dis-
tribution of the contact points around the periphery of the work. It should also be
noted that the stability lobes are in some respects similar to those for conventional
grinding. The smallest unstable widths are controlled by the dynamic response of
the system. However, the maximum negative in-phase component is not neces-
sarily the determining factor for the smallest unstable width.

Pearce [39, 40] investigated the significance of the many parameters that
influence the process. The graphical approach of Gurney [14] gave many insights
into why each parameter was significant. This was particularly true of the effect on
chatter when using a flexible wheel. At the boundary of stability, there was
assumed to be a constant-amplitude wave on the surface of the work. As for
conventional grinding, this wave causes a regeneration effect at the contact with
the wheel. However, the surface wave also causes the centre of the work to move
when it contacts the support plate and also the regulating wheel. As the work
centre is moved, the chip thickness varies and there are regeneration effects caused
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by the two extra contacts. These regeneration effects have different phases and
magnitudes depending on the location and angles of the support plate and also of
the regulating wheel.

If a response locus is drawn with the associated force vectors, the effect of
wheel flexibility can be understood. Figure 5.29a shows the response locus without
wheel flexibility. Figure 5.29b shows the response locus shifted to the right as a
result of the wheel flexibility. There are four force vectors on each diagram: the
non-regenerative force (number 1), and the three regenerative forces caused by
each of the three contacts; the contact with the wheel (number 2); the contact with
the support plate (number 3); the contact with the regulating wheel (number 4). It
is apparent that chatter is not restricted to negative in-phase values of the response.
This is a major departure from all the regenerative chatter theories developed
previously. In the case of centreless grinding, moving the response locus in the
positive real direction (by using a flexible wheel) does not necessarily improve
matters but may make the process more unstable.

5.6 Conclusions

Simplified models have been used to illustrate many of the major effects in
grinding chatter. If all the effects investigated are included in a single model and
along with torsion of the wheel and multiple modes in different directions, then the
number of parameters becomes overwhelming. Also it is possible to have more
complex models of the grinding force [20, 42] and these add further to the number
of parameters.

The possibility of torsional vibration of the wheel was considered by Entwistle
[1] and Hesterman [43] included the torsional flexibility of a flexible wheel itself.
As the models get more complex, it becomes increasingly difficult to determine the
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major effects. However, it is possible to state with some certainty that chatter in
grinding depends on the following parameters, and by changing them, chatter may
be prevented.

1. The width of the grinding wheel in contact with the work: chatter may be
prevented by reducing this width.

2. The work surface speed: chatter may be prevented by reducing this speed.
3. The wheel surface speed: chatter may be prevented by increasing this speed.
4. The chip thickness: increasing the chip thickness may improve chatter

performance
5. The structural characteristics: as for metal cutting, if the structural response can

be improved, chatter may be prevented.
6. Mode direction: as for metal cutting, there are preferred directions for the

grinding force and chip thickness direction. These may often be changed with
advantage.

7. The hardness of the wheel: softer wheels are less likely to chatter because of
reduced contact stiffness.

8. Flexible wheels: except for centreless grinding, these can be used to prevent
chatter.
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Chapter 6
Conclusions

6.1 Introduction

The objective in the previous chapters was to determine methods of preventing
chatter by using simple models to determine the most significant parameters. The
methods used were all analytical. Also all of the methods proposed to stop chatter
can be termed passive as the solution, once determined, did not change with time
and had no external energy source. There are methods of both investigating and
preventing chatter that are not analytical and do involve non-passive solutions.
Before final conclusions can be drawn, it is necessary to describe three such
approaches,

• Time-domain modelling
• Varying speed
• Active control.

Each of these topics is extensive, but a brief description will have to suffice.

6.2 Time-Domain Modelling

Time-domain modelling does not assume a steady sinusoidal motion with an
exponential growth rate. It therefore has the advantage that any transient effects are
predicted. Some typical publications concerned with the simulation of chatter are
listed in the references [1–3]. Earlier references were cited for examples of time-
domain programs. In Sect. 1.3.4, a time-domain model of chatter in turning was
described and Fig. 1.18 was an illustration from the simulation program. This
program allowed an animation of chatter to be observed for a selected width and
work speed that were selected from a stability chart. This simulation confirmed the
accuracy of the stability boundary and allowed some interesting observations on
the build-up of chatter to be made. The simulation included the effect of loss of
contact when the tool vibration was excessive. Also in Sect. 2.5, a time-domain
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program was referenced that simulated mode-coupled chatter. It needs to be
stressed that such simulations are no substitute for experimental measurements.
Some authors use their time-domain solutions as confirmation of the analytical
analysis. This is valid, in so far as the equations governing both are the same.
However, this ‘‘numerical validation’’ does not guarantee that the models are
accurate representations of the real-machining process.

One of the advantages of the simulation of Chap. 1 is that it allows various
ideas to be investigated. The simulation runs at a much lower speed than a real
machine and is thus very visual. It is possible to see what happens if the work
speed is suddenly changed. This is because the program parameters are not reset
when the speed is changed but the existing work surface is maintained. Why
change the speed? From the understanding gained in the previous chapters, a
varying speed effect was noted in Sect. 3.5.2.2. It will be found that suddenly
changing the speed will quite frequently stop chatter. This is because chatter
occurs when regeneration of the surface wave excites the structure at the same
frequency that was present when the surface wave was created. If the speed is
changed, the surface wave excites the structure at a different frequency. This
causes the existing vibration to decay and a new vibration to start to grow. If the
speed is changed frequently and by a sufficient amount, chatter is suppressed.

It is therefore necessary to see whether varying the speed is effective on a real
machine. Clearly the speed cannot be changed instantly.

6.3 Varying Speed

There have been several papers that report investigations of varying speed in both
metal cutting and grinding [4–14]. When applied to metal cutting, the main
problem has been the need to change the speed more rapidly than is possible
practically. There are also several other drawbacks:

• There can be large amplitude transients before the process becomes stable.
• The surface finish varies with speed, and when turning a cylinder, the effect of

the speed variation can be observed along the axis as a change in the surface
finish in the feed direction.

• Cutting forces are not completely independent of speed and so the mean force
varies with speed and causes the machine deflection to vary and this shows up
on the work’s dimensions.

The situation with grinding is more promising, especially if chatter is governed
by waves on the wheel. In this case, the vibration growth rates are much slower
and so the rate of change of speed is not a problem. The problem of varying
surface finish remains an issue.

While investigating flexible grinding wheels, Sexton [15] found another
potential means of suppressing chatter by causing changes with time. It was ini-
tially difficult to obtain chatter while roll grinding. In the event, this was found to
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be the result of the roll being supported very differently at each end. The chatter
receptance at each end of the roll resulted in chatter at different frequencies when
plunge grinding. When traversing, the surface waves on the wheel that commenced
to grow while at one end were subsequently removed at the other end and vice
versa.

Changing machine response in time is worth investigating further as a means of
suppressing chatter.

6.4 Active Control

Researchers with a control background have investigated using active control to
prevent chatter. Initially this was called ‘‘adaptive control’’ but subsequently
changed to ‘‘active control’’. If the onset of chatter can be measured, it is possible
in theory to use the measurement as a control feedback to apply a stabilising force
or motion. This approach has been applied with some success [16–21]. However, it
does seem that a small threshold amplitude is required to ensure the feedback
operates. Also the examples appear to be machine/operation-specific and not
applicable to a wide range of machines and machining operations. They also
involve more cost than the passive methods and devices described in this book.
Also as active devices have an energy source, there is always the danger that they
may cause an instability, albeit at a different frequency.

6.5 Final Conclusions

From the author’s experience of solving chatter problems, it has been interesting to
observe that the blame for the problem is either laid at the door of the manufacturer
or the user. Users will blame the machine and its manufacturer. Manufacturers will
often say that the problem is the result of the incorrect use of the machine.

First, it is important to remember that machine tool manufacturers aim to
produce machines that will produce geometrically accurate components with good
surface finish. This requires that the machines have good static stiffness (for
geometrical accuracy) and thermal expansion affects are minimised. The machines
must also have good dynamic characteristics. If this is not the case, accuracy may
be affected and also surface finish. The most serious problem arising from poor
dynamic characteristics is that of chatter which causes the surface finish to be
unacceptable and has other serious consequences—tool wear and noise amongst
the most important. This book has addressed the problem of chatter. The major
parameters that affect chatter have been discussed and many solutions to chatter
have been investigated. What is therefore to be done to stop chatter?

For machine designers, the strategy is to make the machine as stiff as possible
but to remember that the dynamic characteristics require energy dissipation to
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reduce resonance effects. As shown in Chap. 4 (for a spindle), it is possible to have
a high damping source but with little amplitude at that source and hence minimal
energy dissipation. The major damping sources in machine tools are in metal--
to-metal joints with oil present in the interface. Also bearings were shown in
Chap. 4 to have more damping than is often appreciated. It is a design decision to
balance stiffness at the damping locations with energy dissipation. Some very stiff
machines have been found to have very severe resonant problems.

It is always possible to consider adding the energy dissipation after the machine
has been designed and built and its dynamic characteristics measured. Vibration
absorbers were once included in mass-produced machines. Cincinnati Dynapoise
was an absorber in the over-arm of a horizontal milling machine and was used as a
selling point. Vibration absorbers and their tuning have been described at length in
Chap. 4. The use of absorbers is more often limited to boring bars with large
length to diameter ratios. There is scope for their wider use.

This book has also described many methods of stopping chatter, not all of
which appear to be well known. Thus, the selection of an appropriate high-per-
formance milling cutter, flexible tool or grinding wheel can produce significant
improvements in chatter performance.

Finally, there is no substitute for experience and experimental confirmation of
models.
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Appendix A
Basic Vibration Theory

This appendix and those following are a summary of the vibration theory that is
needed to understand the chatter theory described in this book. These appendices
are not a substitute for a complete text book on vibration.

A system may vibrate when it is possible for energy to be converted from one
form to another and back again. In mechanical systems, this is usually from the
kinetic energy of motion to the stored energy in for example a spring. A simple
vibrating system, that illustrates many of the fundamental concepts of vibration,
consists of a rigid mass attached by a massless spring to a fixed abutment, see
Fig. A.1. For one-degree-of-freedom vibration, the mass is constrained to move in
one direction, so that one coordinate uniquely defines the position of the system. If
there is an energy dissipation source, such as a viscous damper, then unless the
system has a continuing excitation, the vibration will gradually decay as energy is
converted to heat. Vibration is thus often considered as ‘‘transient’’ or ‘‘forced’’
vibration. A transient vibration is one that dies away with time due to energy
dissipation. Usually, there is some initial disturbance and following this the system
vibrates without any further input. This is called transient vibration. A forced
vibration is usually defined as being one that is kept going by an external
excitation.

A.1 Transient Vibration: Undamped

Consider the motion of the undamped spring/mass system, shown in Fig. A.1,
when it is initially disturbed and then allowed to vibrate freely. The displacement
of the mass with time, x(t), is measured from the static equilibrium position, i.e.
the rest position.

If at some time t, the mass is displaced an amount x(t) in the positive direction
shown, then for a linear spring, there will be a force on the mass from the spring of
-kx(t).

Thus from Newton’s second law of motion using a free-body diagram as shown
in Fig. A.1,
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m
d2xðtÞ
dt2

¼ �kxðtÞ ðA:1Þ

Equation A.1 is called the equation of motion. The equation is unchanged if
gravity effects are included and x(t) is still defined relative to the static equilibrium
position. Rearranging and dividing by m gives,

d2xðtÞ
dt2

þ x2
nxðtÞ ¼ 0 where xn ¼

ffiffiffiffi
k

m

r

The solution will be of the form,

xðtÞ ¼ Aea1t þ Bea2t

where the values of A, B, a1 and a2 may be found from the initial conditions x(0)
and dx(0)/dt. Thus, substituting xðtÞ ¼ Aeatgives,

Aeatða2 þ x2
nÞ ¼ 0 ) a2 þ x2

n ¼ 0

And hence, a2 ¼ �x2
n so that a1 ¼ þixn and a2 ¼ �ixn where i ¼ ffiffiffiffiffiffiffi�1

p
Thus,

xðtÞ ¼ Aeþixnt þ Be�ixnt

Rearranging gives,

xðtÞ ¼ ðAþ BÞ
2

eþixnt þ e�ixnt
� 	þ ðA� BÞ

2
eþixnt � e�ixnt
� 	

So that xðtÞ ¼ C cos xnt þ D sin xnt. . . (a)
where C = A + B and D = (A - B)/i = -i(A - B).

When t = 0 x(t) = x(0), so that substituting in (a) gives x(0) = C

F = kx(t)

k
k

F = kx(t)
x(t)

m

m
Equilibrium
position

Fig. A.1 Spring/mass system
and free-body diagram
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Also when t = 0 dx(t)/dt = dx(0)/dt, so that differentiating (a) and substituting
gives dxðtÞ=dt ¼ xnD

So that finally we have,

xðtÞ ¼ xð0Þ cos xnt þ
dxð0Þ
dt
xn

sin xnt ðA:2Þ

For example with an initial displacement x(0) but with no initial velocity, so
that dx(0)/dt = 0, the motion is a non-decaying sinusoidal vibration of amplitude
x(0) and a frequency xn (Fig. A.2).

xðtÞ ¼ xð0Þ cos xnt
If the time between successive peaks of the waveform is T (s), then the

frequency is xn ¼ 1=T cycles/s (normally called Hertz—abbreviated to Hz). The
frequency xn is conventionally termed the undamped natural frequency where as
defined above,

xn ¼
ffiffiffiffi
k

m

r
ðA:3Þ

If k is in N/m and m is in kg, then the units of xn are in rad/s and since there are
2p radians in a cycle, to convert to Hz, we need to divide by 2p.

Note that the value of the undamped natural frequency does not depend on the
initial conditions or the amplitude of the motion, but is a fixed property of the
system.

A.2 Transient Vibration: Damped

Now let us add a viscous damper having a damping coefficient c to the spring/mass
system previously considered, see Fig. A.3. This form of damping provides a force
proportional to velocity and opposing the motion.

Time

x(t)

Xo

Fig. A.2 Transient vibration
with no damping (Program
A.1)
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Drawing a free-body diagram and applying Newton’s second law of motion
gives,

m
d2xðtÞ
dt2

¼ �kxðtÞ � c
dxðtÞ
dt

ðA:4Þ

and hence,

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ 0 ðA:5Þ

A.2.1 Laplace Transform Solution

Laplace transforms are used here, as this will be helpful when the transients arising
at the start of forced vibration are considered. Taking Laplace transforms of
Eq. A.5 yields,

m � dxð0Þ
dt

� sxð0Þ þ s2XðsÞ
� �

þ c½�xð0Þ þ sXðsÞ� þ kXðsÞ ¼ 0

Rearranging this gives

XðsÞ ¼
m dxð0Þ

dt þ sxð0Þ

 �

þ cxð0Þ
ms2 þ csþ k

ðA:6Þ

k
k

F = kx(t) P = c dx(t)

x(t)

m

m

Equilibrium
position

dt

F = kx(t) P = c dx(t)
dt

c
c

Fig. A.3 Free-body diagram
of system with damping
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For no damping (c = 0), we can check that the result is the same as that
obtained previously—Eq. A.2. Thus, when c = 0 Eq. A.6 becomes,

XðsÞ ¼
m dxð0Þ

dt þ sxð0Þ

 �

ms2 þ k
¼ sxð0Þ

s2 þ k=m
þ

dxð0Þ
dt

s2 þ k=m

Now taking Inverse Laplace Transforms and substituting xn ¼
ffiffiffi
k
m

q
as before

gives Eq. A.2 again,

xðtÞ ¼ xð0Þ cos xnt þ
dxð0Þ
dt
xn

sin xnt ðA:2Þ

A.2.2 Equations in Non-dimensional Form

It is common to write the basic equation of motion in terms of xn and another
parameter n, called the viscous damping ratio, which is defined as,

n ¼ c
2
ffiffiffiffi
km

p (The significance of n will become apparent later).

Thus, if Eq. A.5 is divided throughout by m, we obtain,

d2xðtÞ
dt2

þ 2nxn

dxðtÞ
dt

þ x2
nxðtÞ ¼ 0 ðA:7Þ

If Laplace transforms are taken, we obtain

XðsÞ ¼
dxð0Þ
dt þ 2nxnxð0Þ

s2 þ 2nxnsþ x2
n

þ sxð0Þ
s2 þ 2nxnsþ x2

n

ðA:8Þ

Now the form of the solution depends on the value of n so that different
solutions are obtained depending on whether n\ 1, n = 1 or n[ 1. We have
already considered the case where c and hence n is zero. The solution was a non-
decaying oscillation of frequency xn.

xðtÞ ¼ xð0Þ cos xnt þ
dxð0Þ
dt
xn

sin xnt ðA:2Þ

A.2.3 Case When n < 1

When n\ 1 the Inverse Laplace Transform of Eq. A.8 gives,
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xðtÞ ¼ e�nxnt xð0Þ cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ

dxð0Þ
dt þ nxnxð0Þ

h i
sinxn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
2
64

3
75

ðA:9Þ
This is an exponentially decaying oscillation. If again, the specific example of

an initial displacement and no initial velocity is taken, i.e. x(0) = X0 and dx(0)/
dt = 0, then

xðtÞ ¼ X0e
�nxnt cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ

n sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� n2Þ
q

2
64

3
75 ðA:10Þ

And the damped natural frequency is

xD ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
ðA:11Þ

A typical variation of x(t) with t is shown in Fig. A.4.
The greater the value of n, the more rapid will be the decay of the oscillation.

As n ? 1, then the solution tends to have no oscillation. In fact, n = 1 is the
smallest value of n that does not give any oscillation and this is thus termed the
critical damping ratio. From the definition of n (¼ c=2

ffiffiffiffiffiffi
km

p
), it is clear that when

n = 1 the critical value of cc ¼ 2
ffiffiffiffiffiffi
km

p
, so that n = c/cc.

A.2.4 Case When n = 1

When n = 1, the Inverse Laplace Transform of Eq. A.8 gives,

xðtÞ ¼ xð0Þe�xnt þ dxð0Þ
dt

þ xnxð0Þ
� �

te�xnt ðA:12Þ

This is a non-oscillatory motion and for the case considered previously, i.e.
x(0) = X0 and dx(0)/dt = 0; then,

xðtÞ ¼ xð0Þ 1þ xntð Þe�xnt ðA:13Þ

Time

x(t)

Xo

ξ = 0.05

Fig. A.4 Transient vibration
with n\ 1 (Program A.2)
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The variation of x(t) with t is shown in Fig. A.5. If the value of n exceeds 1.0,
then another mathematical solution is obtained.

A.2.5 Case When n > 1

When n[ 1, the Inverse Laplace Transform of Eq. A.8 gives,

xðtÞ ¼ e�nxnt xð0Þ cosh xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn2 � 1Þ

q
t þ

dxð0Þ
dt þ nxnxð0Þ

h i
sinh xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn2 � 1Þ

q
t

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn2 � 1Þ

q
2
64

3
75

ðA:14Þ
This is a non-oscillatory decaying motion and for the case considered

previously, i.e. x(0) = X0 and dx(0)/dt = 0; then,

xðtÞ ¼ X0e
�nxnt cosh xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn2 � 1Þ

q
t þ

n sinh xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn2 � 1Þ

q
tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn2 � 1Þ
q

2
64

3
75 ðA:15Þ

Typical variations of x(t) with t for various values of n are shown in Fig. A.6.
For real engineering structures, it would be extremely unusual for n to exceed

unity, and thus, any transient vibration is normally oscillatory and decaying. It is
possible if n\ 1, to calculate n from measured transients. This approach uses the
logarithmic decrement.

Time

x(t)

Xo

ξ = 1.0

Fig. A.5 Transient vibration
with n = 1 (Program A.3)

Time

x(t)

Xo

ξ = 1.0 ξ = 2.01.5

Fig. A.6 Transient vibration
with n[ 1 (Program A.4)
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A.3 Logarithmic Decrement

For n\ 1 and free motion, i.e. no exciting force, the solution was shown to be

xðtÞ ¼ e�nxnt xð0Þ cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ

dxð0Þ
dt þ nxnxð0Þ

h i
sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
2
64

3
75 ðA:9Þ

And this may be written as

xðtÞ ¼ e�nxnt A cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ B sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t

� �
ðA:16Þ

where

A ¼ X0 and B ¼
dxð0Þ
dt

þnxnX0

xn

ffiffiffiffiffiffiffiffiffiffi
ð1�n2Þ

p
Thus for arbitrary initial conditions, a solution of the form given in Eq. A.16

will apply. Now Eq. A.16 may be manipulated as follows.

xðtÞ ¼ e�nxnt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2 � B2Þ

q
Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðA2 � B2Þ
q cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t

þ Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2 � B2Þ

q sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t

2
666664

3
777775

¼ e�nxnt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2 � B2Þ

q
sin / cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ cos / sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t


 �

¼ Ce�nxnt sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /


 �
ðA:17Þ

where tan/ = A/B and C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
Equation A.17 represents a decaying oscillation of frequency xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
, the

damped natural frequency.
Now consider successive maximum amplitudes in the vibration as shown in

Fig. A.7.

At a maximum, dxðtÞdt ¼ 0. Differentiating Eq. A.17,

dxðtÞ
dt

¼ C
�nxne�nxnt sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /

� �

þxn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
e�nxnt cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /

� �
666664

777775
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This is zero when

�nxn sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /

� �
þ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
cos xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /

� �
¼ 0

that is when tan xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /

� �
¼

ffiffiffiffiffiffiffiffiffiffi
ð1�n2Þ

p
n

Which is when

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ / ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
n

2
4

3
5þ np

This represents alternate maxima and minima. Consider any two successive
maxima or minima. Then,

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tm þ / ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
n

2
4

3
5þ 2mp ðaÞ

And

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tmþ1 þ / ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
n

2
4

3
5þ 2ðmþ 1Þp ðbÞ

(b)–(a) gives the ‘period’ of the damped oscillation (the time between
successive zero crossings)

tmþ1 � tm ¼ 2p

xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q ðcÞ

Now

xðtmÞ ¼ Ce�nxntm sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tm þ /

� �

Time

x(t)

tm tm+1

x(t   )m x(t      )m+1

Fig. A.7 Transient vibration
with n\ 1
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And

xðtmþ1Þ ¼ Ce�nxntmþ1 sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tmþ1 þ /

� �

) xðtmÞ
xðtmþ1Þ ¼

e�nxntm sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tm þ /

� �

e�nxntmþ1 sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tmþ1 þ /

� �

But since tan xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
t þ /

� �
¼

ffiffiffiffiffiffiffiffiffiffi
ð1�n2Þ

p
n for t ¼ tm and tmþ1

sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tmþ1 þ /

� �
¼ sin xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
tm þ /

� �

) xðtmÞ
xðtmþ1Þ ¼

e�nxntm

e�nxntmþ1
¼ enxn tmþ1�tmð Þ

And substituting for tmþ1 � tm from (c),

xðtmÞ
xðtmþ1Þ ¼ e



2pnffiffiffiffiffiffiffiffi
ð1�n2Þ

p
�

The log decrement d is defined as

d ¼ loge
xðtmÞ
xðtmþ1Þ
� �

¼
 

2pnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
!

ðA:18Þ

If d is measured experimentally, we may determine n in terms of d as

d ¼
 

2pnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� n2Þ

q
!

) d2 ¼ 4p2n2

1� n2

) d2 � n2d2 ¼ 4p2n2

) n2ð4p2 þ d2Þ ¼ d2

And hence,

n ¼ dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4p2 þ d2Þ

q ðA:19Þ

Thus, it is possible from a measured decay trace to determine d and calculate
the damping ratio n.
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A.4 Forced Vibration: External Force

If the mass is subjected to a force F(t) acting in the positive x(t) direction as shown
in Fig. A.8, then the equation of motion, Eq. A.5, becomes,

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ FðtÞ ðA:20Þ

Taking Laplace Transforms

m � dxð0Þ
dt

� sxð0Þ þ s2XðsÞ
� �

þ c½�xð0Þ þ sXðsÞ� þ kXðsÞ ¼ LFðtÞ

XðsÞ ¼ LFðtÞ
ms2 þ csþ k

þ
m dxð0Þ

dt þ sxð0Þ

 �

þ cxð0Þ
ms2 þ csþ k

ðA:21Þ

The latter term is identical to that already examined—Eq. A.6, i.e. there is a
transient component of the response which is dependent on the initial conditions.

The solution of x(t) is thus the superposition of a decaying vibration (n\ 1)
arising from the initial conditions plus a solution arising from the applied force.
We shall now examine this component of the solution.

XðsÞ ¼ LFðtÞ
ms2 þ csþ k

Frequently F(t) is cyclic in nature. Thus, the solution when F(t) = F sin xt is
commonly examined. This is also relevant since many excitation forces may be
separated into sinusoidal components via Fourier series.

Now LFðtÞ ¼ LF sin xt ¼ F
s2þx2

Therefore,

XðsÞ ¼ F

ðs2 þ x2Þðms2 þ csþ kÞ ðA:22Þ

Expanding via partial fractions

XðsÞ ¼ Asþ B
ðs2 þ x2Þ þ

Csþ D
ðms2 þ csþ kÞ ðA:23Þ

where the second term will yield an exponential decaying motion of the kind
already encountered in Eq. A.6. This is a transient motion arising from the fact that
taking the one-sided Laplace Transform implies that the forcing function is zero
when t\ 0. Thus, the sinusoidal excitation commences at t = 0, and there is a
transient, associated with the ‘start-up’ of the excitation, that decays with time. A
typical start-up transient is shown in Fig. A.9, which has the initial conditions
zero, i.e. the system is at rest in the equilibrium position when t = 0. In some real
applications, these transients can be very significant, e.g. with pneumatic drills and
rotating machinery.

Appendix A: Basic Vibration Theory 203



When considering sinusoidal excitation, we are normally interested in the
steady-state motion that results after the transients have died away and this is given
by the first term in Eq. A.23. Thus, we are interested in A and B. From Eq. A.22
and Eq. A.23, if the coefficients of s3, s2, s and the constant term are compared, it
is possible to show that

A ¼ �xcF

ðk � mx2Þ2 þ x2c2

B ¼ xðk � mx2ÞF
ðk � mx2Þ2 þ x2c2

The steady-state component of x(t) is given by taking the Inverse Laplace
Transform of,

XðsÞ ¼ Asþ B
ðs2 þ x2Þ

Thus, XðtÞ ¼ A cos xt þ B
x sin xt

And substituting for A and B gives

xðtÞ ¼ F �xc cos xt þ ðk � mx2Þ sin xtð Þ
ðk � mx2Þ2 þ x2c2

So that after some manipulation,

k

x(t) F(t)

m
Equilibrium
position

c

Fig. A.8 Forced excitation

t = 0
t

Force F(t )
Displacement x(t )

Fig. A.9 Forced vibration
showing initial transient
(Program A.5)
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xðtÞ ¼ F sin ðxt þ /Þ
ðk � mx2Þ2 þ x2c2

 �1=2 ðA:24Þ

where

tan/ ¼ �xc
ðk � mx2Þ ðA:25Þ

It is conventional to represent x(t) as X sin(xt + /), where X is the amplitude
of the response and / the phase angle. Figure A.10 shows a typical trace of force
and displacement against time. The excitation force is F sin xt and the resulting
displacement has a phase / of -80o, i.e. a phase lag of 80o. The phase between
two successive peaks is defined as 360o and is thus not dependent on frequency.

Thus from Eq. A.24,

X ¼ F

ðk � mx2Þ2 þ x2c2

 �1=2

and this may be non-dimensionalised by multiplying throughout by k and dividing
by F. Thus,

kX

F
¼ 1

1� x2

x2
n


 �2
þ4n2 x2

x2
n

� �1=2
and tan/ ¼ �2nx=xn

1� x2

x2
n


 � ðA:26Þ

The variation of kX/F and / as functions of x/xn is shown in Fig. A.11 for
n = 0.1.

The main points to note are as follows:

1. kX
F ! 1 as x

xn
! 0 this is generally known as the quasi-static condition as X

F ! 1
k.

2. kX
F ! 0 as x

xn
! 1.

3. Resonance occurs, i.e. kX/F is a maximum, when d(kX/F)/dx is zero. This can
be shown to be when,

360

-80

o

o

Force F(t )
Displacement x(t )

Time

Fig. A.10 Definition of
phase (Program A.6)
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xr ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 2n2Þ

q
However, note that there is no real solution for xr when n[ 1=

ffiffiffi
2

p
, i.e. the

amplitude of the response continuously falls with an increase of excitation
frequency.

4. The final point of interest is the response amplitude at resonance, i.e. when

x ¼ xr ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 2n2Þ

q

kX

F
¼ 1

1� 1� 2n2
� 	� 	2þ 4n2 1� 2n2

� 	
 �1=2
kX

F
¼ 1

4n4 þ 4n2 � 8n4
� 	1=2 ¼ 1

4n2 � 4n4
� 	1=2 ¼ 1

2n 1� n2
� 	1=2

which for small values of n is equal to 1/2n.
The method of approach thus far has been to use Laplace Transforms. However,

when only the steady-state response is required, it is possible to obtain this more
directly using complex numbers and using Feixt to represent the exciting force and
a consequential steady-state response of Xeixt. This method does not provide the
transient solutions due to the initial conditions at the commencement of the
excitation. If the reader is familiar with the complex number representation, then
the next section is not relevant.

0

-45

-90

-135

-180

0.50 1.0 1.5 2.0 2.5 3.0

5

4

3

2

1

0

kX
F

n

φ

ω
ω

Fig. A.11 Steady-state
response and phase for
external force excitation
(Program A.7)
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A.5 Complex Number Representation of Vibration

There are advantages in using complex numbers for the analysis of vibration,
particularly when steady-state sinusoidal vibration is considered. The complex
variable i (some texts use j rather than i) is defined as

ffiffiffiffiffiffiffi�1
p

. A space interpretation
of i may be useful, consider Fig. A.12.

A phasor r is shown in Fig. A.12. Now let multiplication by i cause ir to rotate
90� anticlockwise relative to r. Multiply by i again and the result is a further
rotation anticlockwise of 90�. Thus, i2r is opposite to r. It therefore follows that

i2r ¼ �r

) i2 ¼ �1 and hence, i ¼ ffiffiffiffiffiffiffi�1
p

Thus, multiplication by the complex variable i can be used to represent an
anticlockwise rotation of the phasor by 90�.

Referring to Fig. A.12 again, the phasor r is defined as being in the real
direction (in-phase) and ir is in the complex direction (sometimes called the
imaginary direction or the quadrature direction).

Now consider a general phasor and its components in the real (in-phase) and
imaginary (90� leading) directions as shown in Fig. A.13.

The phasor r may then be represented by a component in the real direction and
a component in the imaginary direction indicated by i, thus

r ¼ r cos hþ ir sin h

) r ¼ rðcos hþ i sin hÞ and hence r ¼ reih

r

i r

i  r

90
o

90
o

90
o

90
o

2

i  r3

Imaginary

Real

Fig. A.12 Space representa-
tion of complex variable i
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It is possible to represent a sinusoidally varying force F sin xt, using complex
numbers. Thus, for example, if we define the force variation with time as Feixt,
then using the equations already derived,

Feixt ¼ F cos xt þ iF sin xt

The imaginary component of Feixt is thus a sinusoidal variation with time. This
is shown graphically in Fig. A.14.

At this stage, it may not be clear where the advantage of using the complex
variable arises. This will become apparent as we consider a sinusoidal excitation
force and the sinusoidal response. In general, the response will lag behind the
excitation. If the force is F sin xt, then for a linear system, the response will be of
the form X sin ðxt þ /Þ where / is given by Eq. A.25. However, both the
excitation and the response may be represented by rotating phasors. This is
illustrated in Fig. A.15, with the force being represented by Feixt and the response
by Xeiðxtþ/Þ. Note that positive angles are anticlockwise, but as / from Eq. A.25
will be negative, it is shown negative in Fig. A.15.

We are normally interested in the ratio of the response to the excitation. Thus, if
we take F as the phase reference, we have,

Xeiðxtþ/Þ

Feixt
¼ Xei/eixt

Feixt
¼ Xei/

F

In this form, the force is the phase reference and we may draw F along the real
axis and the response as a phasor lagging by some phase angle. At any instant, this
is the same as freezing the rotating vectors of Fig. A.15 and then rotating them so
that the force vector lies along the real axis as shown in Fig. A.16.

Real

Imaginary

r
rsinθ

θ
rcosθ0

Fig. A.13 Real and imagi-
nary components of a vector

Imaginary

Real
ωt

Time

Force

F

Fig. A.14 Sinusoidal varia-
tion derived from imaginary
component
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To illustrate the benefits of using complex numbers for vibration analysis, we
shall return to the forced excitation of the spring/mass system with damping.

A.6 Forced Vibration: Complex Representation

Consider again the equation of motion, Eq. A.19, this becomes

m
d2xðtÞ
dt2

þ c
dxðtÞ
dt

þ kxðtÞ ¼ Feixt ðA:27Þ

Substituting xðtÞ ¼ Xeixt gives

�mx2Xeixt þ ixcXeixt þ kXeixt ¼ Feixt

And thus,

X

F
¼ 1

k � mx2 þ ixc

This is a complex expression, the amplitude of which is the response amplitude
and the phase of which indicates the phase between displacement and force. If the
equation is non-dimensionalised by multiplying throughout by k, we obtain,

φ

φ

Imaginary

Real
ωt

Force

Force
Displacement

F eiωt

X eiωt

2π

Fig. A.15 Representation of
force and displacement by
rotating vectors (Program
A.8)

φ

Imaginary

Real
F 

X e-iφ

Fig. A.16 Response with
excitation force F in the ref-
erence (real) direction
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kX

F
¼ 1

1� x2

x2
n
þ i2n x

xn

¼
1� x2

x2
n
� i2n x

xn

1� x2

x2
n


 �2
þ4n2 x2

x2
n

This has the same response amplitude and phase lag as before,

kX

F
¼ 1

1� x2

x2
n


 �2
þ4n2 x2

x2
n

� �1=2
and tan/ ¼ �2nx=xn

1� x2

x2
n


 � ðA:26Þ

It is clear that this method allows the steady-state response to be obtained far
more simply than using the method of Sect. A.4, and thus, it is the preferred
method for steady-state analysis. Of great interest for chatter theory is the concept
of a response locus.

A.6.1 Response Locus

For some applications, the response is presented as a polar frequency response plot
that combines the response amplitude and phase in one diagram. This is illustrated
in Fig. A.17. At each frequency of excitation, the response amplitude and the
phase are plotted with phase angles positive anticlockwise from the kX/F axis.
Each point on the locus represents, for the associated frequency, the amplitude
(radius) and phase (angle) of the response.

For the particular case of chatter in machine tools, the in-phase (i.e. the real
component of the response) is of great interest. This is shown in Fig. A.18. It will
be found that for chatter, the maximum negative in-phase component determines
whether machining will be unconditionally stable or not.

Imaginary

Real

φ

φ

kX
F

kX
F

0.5 1.0 1.5 2.0 2.5 3.0 n
ω
ω
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3
2
1
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0
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-180

n
ω
ω = 1.06= 0.06ξ

Fig. A.17 Response as amplitude and phase and also response locus (Program A.9)
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A.7 Forced Vibration: Abutment Excitation

Sinusoidal excitation by the abutment is shown in the Fig. A.19. Applying
Newton’s second law of motion gives,

m
d2xðtÞ
dt2

¼ k x0ðtÞ � xðtÞð Þ þ c
dx0ðtÞ
dt

� dxðtÞ
dt

� �
ðA:28Þ

If a Laplace Transform solution was completed, it would be found that there is
an initial ‘start-up’ transient as for the excitation by a sinusoidal force.

For this example, it is much simpler to find the steady-state response by taking
the input excitation to be xo = Xoe

ixt and the response to be x(t) = Xeixt. On
substituting in Eq. A.25, this gives,

kX
F

0.5 1.0 1.5 2.0 2.5 3.0
n

ω
ω

5
4
3
2
1

-1
-2
-3
-4
-5

0

n
ω
ω = 1.06= 0.06ξ

Real
Fig. 18 In-phase component
of the response (Program
A.10)

k

x(t)

X sinωt

m
Equilibrium
position

co

Fig. A.19 Abutment
excitation
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ðk � mx2 þ ixcÞXeixt ¼ ðk þ ixcÞX0e
ixt

Rearranging,

X

X0
¼ ðk þ ixcÞ

ðk � mx2 þ ixcÞ
The phase relationship is very complicated but normally we would be interested

in the amplitude of the response and this may be determined by finding the
amplitude of the numerator and denominator functions. If the result is also non-
dimensionalised by dividing throughout by k, the following result is obtained,

X

X0
¼

1þ 4n2 x2

x2
n


 �1=2
1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2
ðA:29Þ

and the phase is given by,

tan/ ¼
�2n x3

x3
n

1� x2

x2
n


 �
þ 4n2 x2

x2
n

Typical response and phase curves are shown in Fig. A.20.
The main points to note are as follows:

1. X
X0

! 1 as x
xn

! 0, i.e. almost no deflection across the spring.

2. X
X0

¼ 1 when x
xn

¼ ffiffiffi
2

p
and is independent of the value of n.

3. X
X0

! 0 as x
xn

! 1, when vibration isolation occurs.
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Fig. A.20 Steady-state
response and phase for abut-
ment excitation (Program
A.11)

212 Appendix A: Basic Vibration Theory



4. Resonance occurs, i.e. X/X0 is a maximum, when d(X/X0)/dx is zero. This can
be shown to be when

xr ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8n2

p
4n2

s

Note that this resonance occurs for all values of n.

A.8 Dynamic Magnification Factor (Q)

One of the areas of confusion in the vibration area is the multiplicity of methods of
expressing quantities of damping. So far we have encountered the following:

1. c the viscous damping coefficient.
2. n the viscous damping ratio defined as n = c/2Hkm
3. d the logarithmic decrement, defined as d = 2p/H(1-n2)

Another common measure of damping is the dynamic magnification factor
Q. The ratio of the amplitude at resonance to the quasi-static (low-frequency)
amplitude when excited by an oscillating force is termed the dynamic
magnification factor Q. For lightly damped structures, Q may be shown to equal
to 1/2n. This is a particularly useful measure as it may be determined from the
steady-state response curve using the bandwidth of the resonance peak as shown
below.

Figure A.21 shows a typical resonance curve and at the frequencies x1 and x2

the response is e times the response at resonance. x2–x1 is called the bandwidth
(Dx) and may be used to determine Q. As has been shown previously,

kX

F
¼ 1

1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2
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Fig. A.21 Typical response
curve
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And at resonance, this is 1/2n. Thus, to find x1 and x2 when the response is e
times that at resonance, we need the condition that

e
2n

¼ 1

1� x2

x2
n


 �2
þ 4n2 x2

x2
n

� �1=2

Rearranging gives

1� x2

x2
n

� �2

þ 4n2
x2

x2
n

¼ 4n2

e2

If we put q = x/xn, then

q4 þ q2ð4n2 � 2Þ þ 1� 4n2

e2
¼ 0

) q2 ¼
�ð4n2 � 2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4n2 � 2Þ2 � 4 1� 4n2

e2


 �r
2

and

q2 ¼ 1� 2n2 � 2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1þ 1

e2

r

Now if n is small and e is not too near unity,

) q2 ¼ 1� 2n

ffiffiffiffiffiffiffiffiffiffiffiffi
1
e2

� 1

r

Thus,

x2
1

x2
n

¼ 1� 2n

ffiffiffiffiffiffiffiffiffiffiffiffi
1
e2

� 1

r
ðA:30Þ

and

x2
2

x2
n

¼ 1þ 2n

ffiffiffiffiffiffiffiffiffiffiffiffi
1
e2

� 1

r
ðA:31Þ

Now

x2 � x1

xn

¼ x2
2 � x2

1

xnðx2 þ x1Þ
And x2 + x1 is approximately equal to 2xn, therefore taking Eqs. A.31–

Eq. A.30 gives,
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Dx
xn

¼ x2 � x1

xn

¼ x2
2 � x2

1

2x2
n

¼
1þ 2n

ffiffiffiffiffiffiffiffiffiffiffi
1
e2 � 1

q
 �
� 1� 2n

ffiffiffiffiffiffiffiffiffiffiffi
1
e2 � 1

q
 �
2

¼ 2n

ffiffiffiffiffiffiffiffiffiffiffiffi
1
e2

� 1

r

It is common to measure Dx when e ¼ 1=
ffiffiffi
2

p
(this is called the 3-dB point as

20log(1/H2) = -3) and also to approximate xr = xn so that

Dx
xr

¼ 2n ðA:32Þ

This is a very useful measure of damping as it may be applied to a response
with several resonances and will give the equivalent damping ratio for each
resonance.

A.9 Hysteretic Damping

Thus far damping has been assumed to be viscous in nature; that is, there is a
retarding force that depends on velocity. Under steady-state vibration conditions
with a displacement Xeixt, the viscous damping force is therefore ixcXeixt. This
has an increasing magnitude (xc) as the vibration frequency increases. However,
in many structures and materials, the damping is not found to increase with
frequency. It is therefore common to replace xc with h so that the damping force
does not depend on frequency but only on the amplitude of the vibration. This
form of damping is referred to as hysteretic and the symbol used to represent it is
shown in Fig. A.22.

The hysteretic damping model is only used for steady-state vibration and is not
used for transients. Where hysteretic damping is used, it is a simple matter to
replace xc with h. There is also the equivalent of the viscous damping ratio

hk

m

Fig. A.22 Representation of
hysteretic damping
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n ¼ c=2
ffiffiffiffiffiffi
km

p
; the hysteretic damping ratio is defined as a ¼ h=k. Thus, a spring

and hysteretic damper are often represented for steady-state vibration as,

k þ ih ¼ k 1þ ih=kð Þ ¼ k 1þ iað Þ

A.10 Maximum Negative In-Phase Response

For use in chatter predictions, it is important to know the maximum negative in-
phase component of the response. Now

X

F
¼ 1

k � mx2 þ ixc
¼ k � mx2 � ixc

k � mx2ð Þ2þ x2c2

So that the in-phase (real) part is

X

F

� �
Real

¼ k � mx2

k � mx2ð Þ2þ x2c2
¼ k � mx2
� 	

k � mx2
� 	2þ x2c2

 ��1

To find the maximum negative (or positive) or value, differentiate with respect
to time and equate to zero, so that

d
dx

X

F

� �
Real

¼ �2mx k � mx2
� 	2þx2c2

 ��1

� k � mx2
� 	

k � mx2
� 	2þx2c2

 ��2

2 k � mx2
� 	 �2mxð Þ þ 2xc2

� 	

¼
�2mx k � mx2ð Þ2þx2c2


 �
� k � mx2ð Þ 2 k � mx2ð Þ �2mxð Þ þ 2xc2ð Þ

k � mx2ð Þ2þx2c2

 �2

This is zero when the numerator is zero, i.e. when

�2mx k � mx2
� 	2þ x2c2

 �

� k � mx2
� 	

2 k � mx2
� 	 �2mxð Þ þ 2xc2

� 	 ¼ 0

Expanding

� 2m k2 � 2mkx2 þ m2x4 þ x2c2
� 	þ 4m k2 � 2mkx2 þ m2x4

� 	
� 2c2 k � mx2

� 	 ¼ 0

Grouping terms

m3x4 � 2m2kx2 þ mk2 � c2k ¼ 0

Therefore,

x2 ¼ m2k � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4k2 � m3 mk2 � c2kð Þp

m3
¼ k � ffiffiffiffiffiffiffiffiffiffiffiffiffi

c2k=m
p
m
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Using non-dimensional terms,

x2 ¼ k

m
�

ffiffiffiffiffiffiffiffiffiffi
k

m

c2

m2

r
¼ x2

n �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2x4

n

q
¼ x2

n 1� 2nð Þ

Since the maximum negative in-phase response is above xn,

x ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2n

p
The value of the maximum negative in-phase response is

X

F

� �
Real

¼ k � mx2
n 1þ 2nð Þ

k � mx2
n 1þ 2nð Þ� 	2þc2x2

n 1þ 2nð Þ
¼ �2n

k 4n2 þ 4n2 1þ 2nð Þ� 	 ¼ �1
4kn 1þ nð Þ ¼

�m

c 2
ffiffiffiffiffiffi
mk

p þ c
� 	

For machine tool chatter, it is possible to have a negative mode (see Sect. 2.3)
and it will then be necessary to find the maximum positive in-phase response.

x ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n

p
gives the maximum positive in-phase response.

And the value of the maximum positive in-phase response is

X

F

� �
Real

¼ k � mx2
n 1� 2nð Þ

k � mx2
n 1� 2nð Þ� 	2þ c2x2

n 1� 2nð Þ
¼ 2n

k 4n2 þ 4n2 1� 2nð Þ� 	 ¼ 1
4kn 1� nð Þ ¼

m

c 2
ffiffiffiffiffiffi
mk

p � c
� 	

A.11 Conclusions

It has been shown that vibration may occur because of some initial conditions/
disturbances and also because of excitation by cyclic forces. In general, cures for
unwanted vibration may be achieved by,

(a) Removing the initial conditions/disturbance that cause the transient vibration.
(b) Removing the cyclic excitation.
(c) Increasing the damping to reduce the response at resonance.
(d) Avoiding resonant conditions by either changing the resonant frequency or the

frequency of excitation.
(e) Employing vibration isolation, i.e. making the resonant frequency much less

than the excitation frequency. Also note that for abutment excitation,
increasing damping is not good for vibration isolation.

(f) For chatter performance, the situation is more complex (See Chaps. 1 and 2).
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Appendix B
Two-Degrees-of-Freedom Vibration

The spring/mass system considered in Appendix A was constrained to move in a
single axial direction. It followed that the system had one degree of freedom, as it
is possible to uniquely define the position of the system by one coordinate, i.e. x,
most vibratory systems have many degrees of freedom and therefore more
complex models are required to model their vibration behaviour. It is useful to
consider a two-degrees-of-freedom system, as this may give an understanding that
may helpfully be extrapolated to systems with many degrees of freedom. Initially,
we will consider systems without damping because,

1. The mathematics is easier.
2. In practice, the damping is often small.
3. The main results are not too dependent on damping.
4. Damping may be considered later, either quantitatively or qualitatively.

The approach to be adopted initially will not be mathematically rigorous, but
gives natural frequencies very simply, and a more rigorous method will be adopted
subsequently.

B.1 Natural Frequency Calculation

The simplified approach will be first applied to the single-degree-of-freedom
system already considered and shown in Fig. B.1.

B.1.1 One Degree of Freedom

Since there is no damping, the system will vibrate, if disturbed, at its natural
frequency and this vibration will be non-decaying. The motion may therefore be
assumed to be of the form x(t) = X sin xt. The equation of motion with no
external excitation is,

B. Stone, Chatter and Machine Tools, DOI: 10.1007/978-3-319-05236-6,
� Springer International Publishing Switzerland 2014
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m
d2xðtÞ
dt2

þ kxðtÞ ¼ 0

which is known to be the differential equation describing simple harmonic motion.
Substituting the assumed form of x(t) gives

�mx2X sin xt þ kX sin xt ¼ 0

As sin xt is not zero for all t

Xðk � mx2Þ ¼ 0

Now either X = 0 and then there is no motion, i.e. the system is at rest, or
X exists and there is a non-decaying vibration X sin xt if

ðk � mx2Þ ¼ 0

i.e. when x ¼ xn ¼
ffiffiffi
k
m

q
, the undamped natural frequency as found in Appendix A.

Thus, we have determined the natural frequency by assuming sinusoidal motion
under free (i.e. not forced) vibration conditions and then finding, in this case, the
single frequency at which this is possible. This definition is the undamped natural
frequency.

k

x(t)

m
Equilibrium
position

Fig. B.1 Undamped one-
degree-of-freedom system
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B.1.2 Two Degrees of Freedom

The same approach may be applied to a two-degree-of-freedom system, once the
equations of motion are known. Consider the two-degree-of-freedom system
shown in Fig. B.2. The two coordinates x1 and x2 uniquely define the position of
the system, if it is constrained to move axially.

Consider the deflected position at some time t. From the free-body diagram of
the mass m1 and applying Newton’s second law, we obtain the equation of motion
of the mass m1 as,

m1
d2x1
dt2

¼ �k1x1 þ k2ðx2 � x1Þ ðB:1Þ

and similarly, the equation of motion of the mass m2 is

m2
d2x2
dt2

¼ �k2ðx2 � x1Þ ðB:2Þ

k

x (t)

m

Equilibrium
position

1

1

1

k

x (t)

m

Equilibrium
position

2

2

2

k1

1 1 1

k2

m1

m2

F  = k  x (t)

1 1 1F  = k  x (t)

2 1 1F  = k  [x (t)-x (t)]2

2 1 1F  = k  [x (t)-x (t)]2

Fig. B.2 Axial two-degrees-
of-freedom system and free-
body diagrams
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We will now assume sinusoidal motion such that x1 ¼ X1 sin xt and x2 ¼
X2 sin xt so that

�m1x
2X1 sin xt ¼ �k1X1 sin xt � k2X1 sin xt þ k2X2 sin xt

And

�m2x
2X2 sin xt ¼ k2X1 sin xt � k2X2 sin xt

The sin xt terms cancel and rearranging gives

ðk1 þ k2 � m1x
2ÞX1 � k2X2 ¼ 0 ðB:3Þ

�k2X1 þ ðk2 � m2x
2ÞX2 ¼ 0 ðB:4Þ

From Eq. B.3,

X2 ¼ ðk1 þ k2 � m1x2Þ
k2

X1 ðB:5Þ

Substituting in Eq. B.4,

�k2X1 þ ðk2 � m2x
2Þ ðk1 þ k2 � m1x2Þ

k2
X1 ¼ 0

)X1
m1m2x4 � ðm2k1 þ m2k2 þ m1k2Þx2 þ k1k2

k2

� �
¼ 0

It follows that either X1 = 0, and no motion exists, or motion of the assumed
form may occur if,

m1m2x
4 � ðm2k1 þ m2k2 þ m1k2Þx2 þ k1k2 ¼ 0 ðB:6Þ

This is a quadratic equation in x2 and thus gives two frequencies, at which
sinusoidal and non-decaying motion at a single frequency may occur without being
forced. That is, there are two natural frequencies xn1 and xn2. As a particular
example take the situation where m1 = m2 = m and k1 = k2 = k. Then Eq. B.6
becomes,

m2x4 � 3mkx2 þ k2 ¼ 0 ðB:7Þ
Solving this equation gives the two natural frequencies as,

xn1 ¼ 0:618

ffiffiffiffi
k

m

r
and xn2 ¼ 1:618

ffiffiffiffi
k

m

r

(It must be noted that the recurrence of the particular sequence of numbers
‘‘618’’ in this example is not to be taken as indicating that this will normally be the
case, rather it is the result of the particular example being investigated).
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For each frequency, there is an associated ratio of X1/X2. Rearranging Eq. (B.5)
with m1 = m2 = m and k1 = k2 = k,

X1

X2
¼ k

ð2k � mx2Þ

For xn1 ¼ 0:618

ffiffiffiffi
k

m

r
X1

X2
¼ k

ð2k � 0:382kÞ ¼ 0:618

And for xn2 ¼ 1:618

ffiffiffiffi
k

m

r
X1

X2
¼ k

ð2k � 2:618kÞ ¼ �1:618

These ratios are called mode shapes, or Eigen vectors. (Again it must be
stressed that the recurrence of the particular sequence of numbers ‘‘618’’ in this
example is not to be taken as indicating that this will normally be the case).

Mode plots are shown in Fig. B.3. In this figure, the axial motion amplitude at
each position is shown perpendicular to the axis of vibration for clarity. It is
informative to observe the motion and the animation program will allow this.

Thus, there are two modes of vibration with natural frequencies xn1 and xn2

and having associated mode shapes. It should also be noted that the natural
frequencies are not dependent on the amplitude of vibration though the ratio of
amplitudes (the mode shape) is fixed for a particular natural frequency.

0.618

1.01.0

-1.618

   Axial
vibration

   Axial
vibration

Fig. B.3 Mode shapes—deflection shown perpendicular to the real direction (Program B.1)
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B.2 Laplace Transform Solution of Free Vibration

The previous sections have used a simplified approach that minimises the
mathematics. It is appropriate to use a more rigorous approach to confirm and
extend the main findings.

Consider again the initial axial system (Fig. B.2) with the particular values
considered previously m1 = m2 = m and k1 = k2 = k. The equations of motion
were found to be,

m1
d2x1
dt2

¼ �k1x1 � k2ðx1 � x2Þ ðB:1Þ

m2
d2x2
dt2

¼ k2ðx1 � x2Þ ðB:2Þ

which thus become,

m
d2x1
dt2

þ 2kx1 � kx2 ¼ 0 and m
d2x2
dt2

þ kx2 � kx1 ¼ 0

Taking Laplace Transforms

m � dx1ð0Þ
dt

� sx1ð0Þ þ s2X1ðsÞ
� �

þ 2kX1ðsÞ � kX2ðsÞ ¼ 0

m � dx2ð0Þ
dt

� sx2ð0Þ þ s2X2ðsÞ
� �

þ kX2ðsÞ � kX1ðsÞ ¼ 0

If as an example, the initial conditions are taken to be

dx2ð0Þ
dt

¼ x2ð0Þ ¼ dx1ð0Þ
dt

¼ 0 and x1ð0Þ ¼ X0

Then

X1ðsÞðms2 þ 2kÞ þ X2ðsÞð�kÞ ¼ msX0 ðB:8Þ
And

X1ðsÞð�kÞ þ X2ðsÞðms2 þ kÞ ¼ 0 ðB:9Þ
From Eq. B.9,

X2ðsÞ ¼ k

ms2 þ k
X1ðsÞ

Substituting in Eq. B.8,

X1ðsÞðms2 þ 2kÞ � k2

ms2 þ k
X1ðsÞ ¼ msX0
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)X1ðsÞ ¼ ðms2 þ kÞms
ðms2 þ 2kÞðms2 þ kÞ � k2

X0

)X1ðsÞ ¼ m2s3 þ kms

m2s4 þ 3kms2 þ k2
X0

After a great deal of mathematics, this becomes,

X1ðsÞ ¼ 0:276X0s

s2 þ 0:618
ffiffiffi
k
m

q
 �2 þ 0:724X0s

s2 þ 1:618
ffiffiffi
k
m

q
 �2
Taking Inverse Laplace Transforms,

x1 ¼ 0:276X0 cos 0:618

ffiffiffiffi
k

m

r
t

 !
þ 0:724X0 cos 1:618

ffiffiffiffi
k

m

r
t

 !

It was shown in Sect. B.1.2 that xn1 ¼ 0:618
ffiffiffi
k
m

q
and

xn2 ¼ 1:618
ffiffiffi
k
m

q
are the two natural frequencies of the system, so that

x1 ¼ 0:276X0 cos xn1tð Þ þ 0:724X0 cos xn2tð Þ
The motion is thus the superposition of vibration at the two natural frequencies.

If a similar analysis is done to derive x2, then the following equation is obtained,

x2 ¼ 0:447X0 cos xn1tð Þ � 0:447X0 cos xn2tð Þ
Again the motion is the superposition of vibration at the two natural

frequencies. In addition, the ratio x1/x2 of the components at the frequency xn1

is 0.276Xo/0.447Xo = 0.618, the first mode shape, and at the frequency xn2, the
ratio x1/x2 is 0.724Xo/(-0.447Xo) = -1.618, the second mode shape. Thus, both
natural frequencies are superposed and each is vibrating in its mode shape. The
variation of both x1 and x2 with xnt (xn = Hk/m) is shown in Fig. B.4.

Program B.3 allows the mode contributions and their superposition to be
observed. This superposition of modes may be generalised and we may conclude
that the free vibration of undamped systems will normally involve the
superposition of all the natural frequencies vibrating in their mode shapes. The
particular motion will depend on the initial conditions and the resulting amplitude
weighting taken on by each mode.

B.3 Laplace Transform Solution of Forced Vibration

Consider again the axial system with the particular values considered previously
(m1 = m2 = m and k1 = k2 = k) and with a sinusoidal input on the abutment
given by xo = Xo sin xt, as shown in Fig. B.5.
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The equations of motion are

m
d2x1
dt2

¼ kðxo � x1Þ � kðx2 � x1Þ

m
d2x2
dt2

¼ �kðx2 � x1Þ

Rearranging and substituting for xo

m
d2x1
dt2

þ 2kx1 � kx2 ¼ kXo sin xt

m
d2x2
dt2

þ kx2 � kx1 ¼ 0

0

0

t

t

1x (t)

2x (t)
Xo

Xo

Fig. B.4 Transient motion of two-degrees-of-freedom system (Program B.2)

k

x (t)

m

1

1

1

X sin(ωt)
o

k

x (t)

m

2

2

2

Fig. B.5 Abutment
excitation
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If we take Laplace transforms with all initial conditions zero (otherwise, a
solution of the form derived in the previous section will be superposed, resulting
from the initial conditions exciting the natural frequencies) we obtain,

m½s2X1ðsÞ� þ 2kX1ðsÞ � kX2ðsÞ ¼ kX0
x

s2 þ x2
ðB:10Þ

m½s2X2ðsÞ� þ kX2ðsÞ � kX1ðsÞ ¼ 0 ðB:11Þ

From Eq. B.11, X2ðsÞ ¼ kX1ðsÞ
ms2þk

And substituting in Eq. B.10,

m½s2X1ðsÞ� þ 2kX1ðsÞ � k2

ms2 þ k
X1ðsÞ ¼ kX0

x
s2 þ x2

)X1ðsÞ ¼ ðms2 þ kÞkX0x
ðs2 þ x2Þðm2s4 þ 3kms2 þ k2Þ

Taking partial fractions

X1ðsÞ ¼ Asþ B
ðs2 þ x2Þ þ

Cs3 þ Ds2 þ Esþ F
ðm2s4 þ 3kms2 þ k2Þ

The second term produces vibration at the two natural frequencies xn1 ¼
0:618

ffiffiffi
k
m

q
and xn2 ¼ 1:618

ffiffiffi
k
m

q
. This is caused by the abrupt start-up of the

abutment motion. The steady-state solution comes from the first term and if the
values of A and B are determined, then

A ¼ 0 and B ¼ xðk � mx2ÞkX0

ðm2x4 þ 3kmx2 þ k2Þ
And the steady-state solution is obtained from

X1ðsÞ ¼ xðk � mx2ÞkX0

ðs2 þ x2Þðm2x4 þ 3kmx2 þ k2Þ
Taking Inverse Laplace Transforms

x1 ¼ ðk � mx2ÞkX0 sin xt
ðm2x4 þ 3kmx2 þ k2Þ

If we make x1 = X1 sin xt after a great deal of mathematics it may be shown
that

X1

X0
¼ 0:724

1� x2

x2
n1


 �þ 0:276

1� x2

x2
n2


 � ðB:12Þ
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Now it has already been shown that the response of a single-degree-of-freedom
system to abutment excitation is (see Appendix A.7),

X

X0
¼

1þ 4n2 x2

x2
n


 �1=2
1� x2

x2
n


 �2
þ4n2 x2

x2
n

� �1=2
ðA:29Þ

If the system is undamped (n = 0) this becomes,

X

X0
¼ 1

1� x2

x2
n


 �
Thus, Eq. B.12 represents the superposition of the response of two single-

degree-of-freedom systems having natural frequencies xn1 and xn2, respectively.
The response of the components and the superposition is shown in Fig. B.6 plotted
against x/xn (xn = Hk/m).

Now if the response of the mass m2 had been found the following result would
have been obtained as the steady-state response,

X2

X0
¼ 1:17

1� x2

x2
n1


 �� 0:17

1� x2

x2
n2


 � ðB:13Þ

3

2

1

0

-1

-2

-3

1 2 3 4 5

Total

Mode 1

Mode 2

X
Xo

1
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ω
ω

Fig. B.6 Steady-state response with modal components (Program B.4)
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Again the motion is the superposition of the response of two single-degree-of-
freedom systems. The individual responses and the superposition are shown in
Fig. B.7.

In addition, the ratio of the first mode terms from Eqs. B.12 and B.13 gives X1/
X2 as 0.724/1.17, i.e. 0.618, the first mode shape, and the ratio of the second mode
terms gives X1/X2 as 0.276/-0.17, i.e. -1.618, the second mode shape.

B.4 Direct Derivation of Steady-State Response

Consider the previous example again, but let the excitation be represented by
x0 ¼ X0eixt. The equations of motion are

m
d2x1
dt2

þ 2kx1 � kx2 ¼ kX0e
ixt

m
d2x2
dt2

þ kx2 � kx1 ¼ 0

In the steady-state, x1 ¼ X1eixt and x2 ¼ X2eixt so that

�mx2X1e
ixt þ 2kX1e

ixt � kX2e
ixt ¼ kX0e

ixt

�mx2X2e
ixt þ kX2e

ixt � kX1e
ixt ¼ 0

3

2

1

0

-1

-2

-3

1 2 3 4 5

Total

Mode 1

Mode 2

X
Xo

2

n1
ω
ω

Fig. B.7 Steady-state response with modal components (Program B.4)

Appendix B: Two-Degrees-of-Freedom Vibration 229



And hence,

ð2k � mx2ÞX1 � kX2 ¼ kX0 ðB:14Þ
�kX1 þ ðk � mx2ÞX2 ¼ 0 ðB:15Þ

From Eq. B.15,

X2 ¼ kX1

k � mx2

Substituting in Eq. B.14,

ð2k � mx2ÞX1 � k2X1

k � mx2
¼ kX0

And therefore,

X1

X0
¼ ðk � mx2Þk

m2x4 þ 3kmx2 þ k2
ðB:16Þ

which is the same result as obtained previously. However, the mathematics has
been greatly reduced compared to using Laplace Transforms.

B.5 The Effects of Damping

Consider the system of Fig. B.2 but with viscous damping added as shown in
Fig. B.8.

The equations of motion without any excitation are,

k

x (t)

Equilibrium
position

1

1

k

x (t)

Equilibrium
position

2

2

c1

c2

m1

m2

Fig. B.8 Two-degrees-of-
freedom system with viscous
damping
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m1
d2x1
dt2

¼ �k1x1 þ k2ðx2 � x1Þ � c1
dx1
dt

þ c2
dx2
dt

� dx1
dt

� �

m2
d2x2
dt2

¼ �k2ðx2 � x1Þ � c2
dx2
dt

� dx1
dt

� �

These equations are difficult to solve without a computer. An animation
program allows the motion to be observed for a range of initial conditions and
system parameters. Except for particular values of the damping coefficients, it is
not possible to separate the motion into modes that may be superimposed. A
typical transient is shown in Fig. B.9.

B.5.1 Abutment Excitation

When a sinusoidal abutment excitation is applied (see Fig. B.10), the equations of
motion become,

m1
d2x1
dt2

¼ �k1ðx1 � xoÞ þ k2ðx2 � x1Þ � c1
dx1
dt

� dxo
dt

� �
þ c2

dx2
dt

� dx1
dt

� �

and

m2
d2x2
dt2

¼ �k2ðx2 � x1Þ � c2
dx2
dt

� dx1
dt

� �

and xo ¼ Xo sin xt:
The mathematics is complex, but it is found that there is an initial transient

before steady-state motion is achieved. An example is shown in Fig. B.11.
The steady-state solution to forced vibration is somewhat easier to obtain, as

using an excitation and solution involving eixt will give terms of the form icxeixt

for each of the viscous damping terms. As there is normally a spring and viscous
damper in parallel, these will produce terms of the form (k + icx)eixt. Thus,

t

x (t)
2

x (t)
1

Fig. B.9 Damped transient response (Program B.5)
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compared to the undamped case, it is only necessary to replace k with (k + icx) in
the final solution. Consider the system of Fig. B.8 with the particular values
considered previously m1 = m2 = m and k1 = k2 = k and also with viscous
dampers c in parallel with each of the springs. If an abutment excitation Xoe

ixt is
again considered, the steady-state solution is obtained from Eq. B.16 by
substituting k = (k + icx). Thus,

X1

X0
¼ ðk þ ixc� mx2Þk

m2x4 þ 3ðk þ ixcÞmx2 þ ðk þ ixcÞ2 ðB:17Þ

This represents a complex response. If the magnitude alone is examined, it will
be found to have two resonant peaks and for small values of c, these would be
found to occur very close to the two undamped natural frequencies
xn1 = 0.618Hk/m and xn2 = 1.618Hk/m. Figure B.12 shows such a response
for some particular numerical examples.

B.5.2 External Force

If the excitation is a sinusoidally varying force, as shown in Fig. B.13, similar
results are obtained. Consider such a force applied to the mass m1 as shown. The
equations of motion are

m1
d2x1
dt2

¼ �k1x1 þ k2ðx2 � x1Þ � c1
dx1
dt

þ c2
dx2
dt

� dx1
dt

� �
þ F sin xt

k

x (t)

1

1

k

x (t)

2

2

c1

c2

m1

m2

X sinωto

Fig. B.10 Abutment
excitation
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x (t)
1X sin(ωt)

o

Fig. B.11 Start-up transients with sinusoidal excitation (Program B.6)
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Fig. B.12 Response of damped two-degrees-of-freedom system (Program B.7)
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Fig. B.13 Forced excitation
of a two-degrees-of-freedom
system

Appendix B: Two-Degrees-of-Freedom Vibration 233



And

m2
d2x2
dt2

¼ �k2ðx2 � x1Þ � c2
dx2
dt

� dx1
dt

� �
There are start-up transients, and the steady-state solution can be shown to be

found by using Feixt and a response for the mass m1 as X1e
ixt and mass m2 as

X2e
ixt. Thus, the equations of motion yield,

�m1x
2X1 ¼ �k1X1 þ k2ðX2 � X1Þ � ixc1X1 þ ixc2ðX2 � X1Þ þ F

�m2x
2X2 ¼ �k2ðX2 � X1Þ � ixc2ðX2 � X1Þ

Eliminating X2 from these equations gives,

X1

F
¼ k2 � m2x2 þ ixc2

k1 þ k2 � m1x2 þ ixc1 þ ixc2½ � k2 � m2x2 þ ixc2½ � � k2 þ ixc2½ �2 ðB:18Þ

The response has an amplitude and phase, and using a computer program, these
may be obtained. An example is shown in Fig. B.14.

If Program B.8 is used, it will be found that two resonant peaks occur unless the
damping is very high. There is usually approximately an 180o phase change across
a resonance.
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Fig. B.14 Amplitude and phase of forced response (Program B.8)
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B.6 Vibration Absorbers

The steady-state responses shown in Figs. B.12 and B.14 have two resonant peaks
of different magnitudes. It is possible, by varying the values of the parameters, to
make the two resonant peaks equal in magnitude by reducing one while increasing
the other. In practice, one mode of an existing structure can be considered to be
represented by the top spring/mass/damper (k1 m1 c1) in Fig. B.13 and these
parameter values are fixed. The lower spring/mass/damper (k2 m2 c2) is called a
vibration absorber, and the values may be changed.

When optimising the response of an existing system by adding a vibration
absorber, it is conventional to minimise the maximum response. This involves
choosing the optimum values for the absorber mass m2, stiffness k2 and damping
c2. It is found that the larger the absorber mass, the smaller the maximum response
that may be achieved. Before computers, optimum values were found for the case
with c1 = 0, i.e. the system to which the absorber was added had no damping. For
this case, the optimum values are given by

k2
k1

¼ m2=m1

1þ m2=m1½ �2 and n2 ¼
2c2ffiffiffiffiffiffiffiffiffiffi
m2k2

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3m2=m1

8 1þ m2=m1½ �3
s

With the advent of computers, it is possible to find the optimum values for the
general case including damping in the main system. For the system shown in
Fig. B.13, the optimum response, for particular values of m1, k1, c1 and m2, is
shown in Fig. B.15.
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Absorber damper
0.01437 Ns/m

Fig. B.15 Response with optimised absorber (Program B.9)
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B.7 Conclusions

It has been shown that a two-degree-of-freedom system has two natural
frequencies and associated mode shapes. For undamped systems, it was further
shown that the motion of a two-degree-of-freedom system may be considered as
the superposition of the motion of two one-degree-of-freedom systems. This
applies to both transient and forced vibrations and also applies to more complex
systems. These may be considered to behave as the superposition of several modes
of vibration each of which behaves in a similar manner to a single-degree-of-
freedom system.

The effects of damping have been shown to damp transients and reduce the
amplitudes of vibration at resonance. Damping also can couple modes of vibration
so that superposition is inaccurate.

Also it has been shown how the response to forced vibration may be improved
by the use of vibration absorbers as the maximum response may be reduced. It is
important to note that vibration absorbers used to stop chatter have to be optimised
for that purpose (See Sect. 4.3).
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Appendix C
A Systems Approach Using Receptances

As engineering systems have become more and more complex, so have the
methods that have been developed for their analysis. This has resulted in the
availability of mathematical models that may very accurately represent the real
system. These allow engineers to examine possible problems at the drawing board
stage or even existing problems with a working system. However, because the
modelling is so complex, it is as difficult to comprehend the model as the original
problem. Various parameters may be varied and the effect on the whole system
determined but with so many parameters, which often interact, the task becomes
daunting. When models were simpler, there was at least the advantage that the
major parameters were isolated and it was easier to find possible ways of solving
problems. Nevertheless, the disadvantage with the simple model was always the
concern about the accuracy with which the real system was modelled. It therefore
appears that an insuperable problem exists. Either the model is too simple but may
be comprehensible, or the model accurately represents the system but is
incomprehensible as far as finding a solution to a problem.

In many branches of engineering, the way forward has been to adopt a systems
approach. Thus, a complex system is broken down into a number of subsystems
that may be modelled separately. The problem then becomes one of the
interactions between the subsystems. The effects of modifications to a single
subsystem on the total system are more easily comprehended. Such a method may
be developed for the general area of vibration. It is intended to introduce the
relevant concepts that allow even complex problems to be amenable to solution
using the systems approach. The concepts will be illustrated by simple examples.

C.1 Definition of Receptance

The systems approach uses receptances—the receptance a12 is defined as,

a12 ¼ X1eixt

F2eixt
¼ X1

F2
ðC:1Þ
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where X1 is the steady-state response of a system at a position and in a direction
defined by the subscript 1 and is often a complex number that indicates a phase
with respect to the steady exciting force F2eixt that is applied to the system at a
position and direction defined by the subscript 2. a12 is termed the cross-
receptance, whereas a11 is called a direct receptance as then the force and
displacement are at the same position and in the same direction. It is useful to
consider some simple systems and derive their receptances. These receptances can
then be used to build more complex systems.

C.1.1 Rigid Mass

Fig. C.1 shows the excitation of a rigid mass by an oscillating force. Let the force
be applied through the centre of mass. Then, from Newton’s second law,

F1e
ixt ¼ m

d2x1
dt2

Since x1 ¼ X1eixt, we obtain F1eixt ¼ �mx2X1eixt

Therefore,

a11 ¼ X1

F1
¼ � 1

mx2
ðC:2Þ

C.1.2 Spring and Viscous Damper in Parallel

Figure C.2 shows the excitation of a spring and viscous damper. From Newton’s
second law,

F1e
ixt ¼ kx1 þ c

dx1
dt

Substituting x1 ¼ X1eixt,

a11 ¼ X1

F1
¼ 1

k þ ixc
ðC:3Þ

F  eiωt
m

1

X  eiωt
1

Fig. C.1 Excitation and
response of a rigid mass
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C.1.3 Spring/Mass System with Viscous Damping

Figure C.3 shows the excitation of a spring/mass system with viscous damping.
From Newton’s second law,

F1e
ixt ¼ kx1 þ c

dx1
dt

þ m
d2x1
dt2

Substituting x1 ¼ X1eixt gives

F1e
ixt ¼ kX1e

ixt þ ixcX1e
ixt � mx2X1e

ixt

) a11 ¼ X1

F1
¼ 1

k � mx2 þ ixc
ðC:4Þ

The main point to note is that the receptances vary with frequency and also are
complex numbers, which indicates a phase angle difference between X1 and F1.

Thus in general, a11 ¼ aþ ib ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2ð Þp

eih where tan h = b/a.
The main use of receptances is in predicting the response of complex systems

by adding together simpler subsystems.

C.2 Addition of Two Systems

Consider the addition of two subsystems as shown in Fig. C.4. Let the original
system be B in Fig. C.4 and let the additional system C be added at co-ordinate 1.
Note the line joining the coordinates 1 on systems B and C is drawn for clarity
here and in subsequent analyses. In practice, this line has zero length as the two

F  e
iωt

1

X  e
iωt

1

k

c

Fig. C.2 Excitation of a spring and viscous damper in parallel

F  eiωt
m

1

X  eiωt
1

k

c

Fig. C.3 Excitation of a spring/mass with viscous damping
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systems are joined at the common coordinate 1. Now, for this first example, let the
excitation and response be measured at coordinate 1 so that it will be necessary to
find the direct receptance a11 of the combined system A in terms of the direct
receptances of the two subsystems, b11 and c11.

The procedure is to separate the combined system A into its component
systems, i.e. subsystems B and C and introduce forces at the coordinate 1 on each
subsystem so that the separate systems are behaving in an identical manner to that
when they are joined. This separation is shown in Fig. C.4.

It is helpful to introduce an additional subscript (i.e. b or c) to indicate which
subsystem is being considered.

Consider system B by definition

b11 ¼
Xb1

Fb1
ðC:5Þ

and for system C by definition

c11 ¼
Xc1

Fc1
ðC:6Þ

For the separate systems to behave as when joined, all of the displacements are
identical,

Xb1 ¼ Xc1 ¼ X1 ðC:7Þ
and the sum of the forces on the subsystems at the join is equal to the force applied
to the combined system at the join,

Fb1 þ Fc1 ¼ F1 ðC:8Þ
i.e. the force F1 is shared between the two subsystems.

It remains to determine X1/F1, i.e. a11, from Eqs. C.5–C.8
From Eq. C.5, Fb1 ¼ Xb1

b11
and substituting from Eq. C.7, Fb1 ¼ X1

b11

F  eiωt
1

X  eiωt
1

System

System A

1

1 1

1

B
System

C
F    e iωt

b1

X    eiωt
b1

F    eiωt
c1

X    eiωt
c1

System
B

System
C

Fig. C.4 The addition of two subsystems
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From Eq. C.6, Fc1 ¼ Xc1
c11

and substituting from Eq. C.7, Fc1 ¼ X1
c11

Substituting in the force equation, Eq. C.8, gives

X1

b11
þ X1

c11
¼ F1

) F1

X1
¼ 1

a11
¼ 1

b11
þ 1
c11

ðC:9Þ

This result appears very simple, but it is important to remember that b11, c11 and
a11 may be complex quantities because of phase and that for conventional systems,
they will all be functions of frequency.

As a simple example of the addition of two systems, consider the simple spring/
mass system with damping which was examined previously. This may be
considered as the addition of a mass to a spring and dashpot as shown in Fig. C.3.

Since the mass is rigid, the force has the same effect whether it is applied at the
join or on the free side of the mass. The receptances of the subsystems have been
derived previously (Fig C.5).

Thus, for the mass

c11 ¼ � 1
mx2

and for the spring and damper

b11 ¼
1

k þ ixc

The receptance of the combined system is therefore given by

System A

System B System C

1

F  eiωt
m

1

X  eiωt
1

k

c

k

c

m

Fig. C.5 Separation of system into known components
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1
a11

¼ 1
b11

þ 1
c11

¼ k þ ixc� mx2

so that

a11 ¼ 1
k � mx2 þ ixc

which is the response of a spring/mass system with viscous damping that was
found previously.

C.3 Addition of Two Systems in Series

It is possible to derive further receptance addition formulae which allow more
complex systems to be built. Consider a system C to which is added a system B at
coordinate 2 as shown in Fig. C.6. To find the receptance of the combined system
A at coordinate 1, the combined system is divided into its component subsystems
and forces are introduced at the join so that the vibration remains unchanged
compared to its assembled state.

Thus, for system C by definition

Xc2 ¼ c22Fc2 ðC:10Þ
For system B since two forces are applied, the displacement at any co-ordinate

will be the sum of the displacements caused by each force; that is, superposition is
assumed to be possible. Thus,

Xb2 ¼ b22Fb2 þ b21F1 ðC:11Þ
and

X1 ¼ b11F1 þ b12Fb2 ðC:12Þ

System A

123

F  eiωt
1

X  eiωt
1

System
B

System
C

System
B

System
C

1223

F  eiωt
1

X  eiωt
1

F    e iωt
c2

X    eiωt
c2

F    e iωt
b2

X    eiωt
b2

Fig. C.6 Addition of systems in series
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Now for the systems to be identical when separated as when joined

Xb2 ¼ Xc2 ðC:13Þ
and since there is no external force applied at 2,

Fb2 þ Fc2 ¼ 0 ðC:14Þ
Substitute Fc2 ¼ �Fb2 from Eq. C.14, for Xb2 from Eq. C.11 and Xc2 from

Eq. C.10 in equation Eq. C.13. Thus,

b22Fb2 þ b21F1 ¼ �c22Fb2

)Fb2 ¼ �b21F1

b22 þ c22
ðC:15Þ

and substituting for Fb2 in Eq. C.12 gives X1 ¼ b11F1 � b12b21F1

b22þc22
For linear conservative systems, Maxwell’s reciprocal theorem holds and

b12 ¼ b21

) X1

F1
¼ a11 ¼ b11 �

b212
b22 þ c22

ðC:16Þ

It is also possible to find other receptances of the combined system. Thus, from
Eq. C.11,

X2 ¼ Xb2 ¼ b22Fb2 þ b21F1 ¼ � b21b22F1

b22 þ c22
þ b21F1

) X2

F1
¼ a21 ¼ b21 �

b21b22
b22 þ c22

ðC:17Þ

Also for system C,

X3 ¼ Xc3 ¼ c32Fc2 ¼ �c32Fb2 ¼ b21c32F1

b22 þ c22

) X3

F1
¼ a31 ¼ b21c32

b22 þ c22
ðC:18Þ

C.4 Building Complex Systems

Consider the axial system shown in Fig. C.7 that has five degrees of freedom. We
could write down the 5 equations of motion and after a considerable amount of
maths determine the steady-state receptance X/F. Alternatively, we can apply the
series addition of two systems, described in the previous section and shown in
Fig. C.6. We can in fact do this four times in the following manner. The first
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subsystem (system C) is as shown in Fig. C.8, and we have found the receptance
for such a system to be

c11 ¼
1

k � mx2 þ ixc
ðC:4Þ

Now we need to determine the receptances of the next subsystem that is shown
in Fig. C.9a.

We need to find b11; b12; b22. Consider first an oscillating force applied at
coordinate 1 (Fig. C.9b). The spring and damper are considered to be massless so
that this is the same as just the excitation of a mass. Thus, using Eq. B.2,

b11 ¼
X1

F1
¼ � 1

mx2

Also since there is no force on the massless spring/damper, there is no
deflection across them and X2 ¼ X1 so that

b21 ¼
X2

F1
¼ X1

F1
¼ � 1

mx2

Fig. C.7 Axial system with five degrees of freedom

F  e
iωt

1

X  e
iωt

1
Fig. C.8 First subsystem

F  eiωt
1

X  eiωt
1

X  eiωt
1

System
B

1

12

12

212

X  eiωt
1

F  eiωt
1

X  eiωt
1

(a)

(b)

(c)

Fig. C.9 Second subsystem
to be added
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Now consider an exciting force at coordinate 2 (Fig. C.9c). The spring/damper
is massless so that there can be no resultant force on it. Thus, the force F2eixt also
acts on the mass (so as to give an equal and opposite force on the spring/ damper).
Thus,

b12 ¼
X1

F2
¼ � 1

mx2
and note b12 ¼ b21

Now consider the deflection across the spring/damper

F2e
ixt ¼ kðx2 � x1Þ þ c

dx2
dt

� dx1
dt

� �

And substituting x1 ¼ X1eixt and x2 ¼ X2eixt gives,

F2e
ixt ¼ kðX2 � X1Þeixt þ ixcðX2 � X1Þeixt

So that X2�X1
F2

¼ 1
kþixc

) X2

F2
¼ 1

k þ ixc
þ X1

F2

System C

System C System B

System C System B

System C System B

System B

System A

System A

System A

System A

Step 1

Step 2

Step 3

Step 4

Fig. C.10 Successive series additions
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And hence,

X2

F2
¼ b22 ¼

1
k þ ixc

� 1
mx2

We are now in a position to consider the system of Fig. C.7 that may be
constructed by a succession of series additions as shown in Fig. C.10. Step 1
involves a series addition of subsystem C and subsystem B to form a new system
A. This system now becomes the new subsystem C for the next series addition in
step 2. This is repeated until the complete system is constructed. Finally, we
achieve the complete system and have the receptance at the right-hand end. The
response of such a 5-degrees-of-freedom system is shown in Fig. C.11.

It is possible to determine the response of any mass resulting from excitation
applied to any mass. This is achieved in the same way as finding the ‘‘mode’’ or
deflected shapes.

C.5 Prediction of the System ‘‘Mode’’ Shapes

The mode shape should really be called the deflected shape when exciting at a
particular frequency. Every point on an undamped vibrating structure will be either
in-phase or out of phase with any other point. However, when the system is
damped, the mode shapes will exhibit phase variations through the structure. In
practice, it is not generally possible to excite a single mode. We may therefore be
interested in the actual response and deflected shape at any frequency and that will
include contributions from all of the modes.

The method we will use will be to give the last subsystem added an arbitrary
unit displacement at the end. Consider a typical system made up of several

0 0.5 1.0 1.5 2.0

1000

100

10

1

0.1

0.01

X
F

m/N

Frequency Hz

Fig. C.11 Receptance of system shown in Fig. C.7 (Program C.1)
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subsystems (as shown in Fig. C.12). For the sake of this example, let us assume
that there is an external force (F2) applied at coordinate 2.

We set the amplitude at coordinate 5 on subsystem D to 1.0, i.e. Xd5 = 1.0.
Now since we know all the receptances for each subsystem, it follows that we
would know the cross-receptance for the whole system that connects 2 and 5, i.e.
b25 is known. We would thus be able to calculate F2 necessary to give Xd5 = 1.0,
since

b25 ¼
Xd5

F2

For subsystem D, we note the equation,

Xd5 ¼ d45Fd4 ðC:19Þ
There is no term involving F5 because this is a free end and so F5 = 0. As we

know Xd5 and d45, we may easily determine Fd4. We may also calculate Xd4 from

Xd4 ¼ d44Fd4 ðC:20Þ
Now consider subsystem C, Fc4 ¼ �Fd4 as there is no external force and from

compatibility at the join Xc4 ¼ Xd4. Thus,

Xc4 ¼ ðXd4Þ ¼ c34Fc3 þ c44Fc4 ðC:21Þ
In Eq. C.21, the only unknown is Fc3, so this may be determined. Also

Xc3 ¼ c33Fc3 þ c34Fc4 ðC:22Þ
and so Xc3 is now known.

Now consider subsystem B, Fb3 ¼ �Fc3 as there is no external force and Xb3 ¼
Xc3 from compatibility at the join. Thus,

Xb3 ¼ Xc3 ¼ b23Fb2 þ b33Fb3 ðC:23Þ
In Eq. C.23, the only unknown is Fb2, so this may be determined. Also

Xb2 ¼ b23Fb2 þ b33Fb3 ðC:24Þ
so that Xb2 may be calculated.

Now consider subsystem A, Fa2 ¼ F2 � Fb2 as there is an external force F2

(that has been found above) and from compatibility at the join Xa2 ¼ Xb2. Thus,

Xa2 ¼ Xb2 ¼ a12Fa1 þ a22Fa2 ðC:25Þ

System
    A

System
    B

System
    C

System
    D

1 2 3 4 5

Fig. C.12 A complex system comprising four subsystems
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In Eq. C.25, the only unknown is Fa1, so this may be determined, also as there
is no force F1 (it is a free end).

Xa1 ¼ a12Fa2 ðC:26Þ
and so Xa1 is now known.

This method lends itself to programming on a computer as the process is largely
repetitive. At the end of the process, the forces at each end of every subsystem are
known. Thus, if the internal receptances are known, it is possible to calculate any
intermediate displacement that is required. This was the basis of the axial
multidegrees-of-freedom Program C.1.

If at the start of the process, only the direct receptance at the point of excitation
is known for the whole system, it is then appropriate to make the displacement
unity at the excitation point and work out (one direction at a time) from that point.
The procedure is identical to that described above.

C.6 Vibration Absorbers: Damping a Clamped/Free Bar

The basic concept behind vibration absorbers is well known and is described in
Appendix B. A clamped/free bar is an approximate representation of many real
engineering structures that are susceptible to transverse vibration. For example, a
boring bar may be approximated by a clamped/free bar and often have little
damping and hence a large resonant response. It is shown in Appendix B that a
vibration absorber is a useful way of reducing resonant amplitudes.

Consider a uniform circular clamped/free bar as shown in Fig. C.13. The
vibration absorber consists of a spring, mass and hysteretic damper.

For this example, the receptance at the end with the absorber added is given by,

1
a11

¼ 1
b11

þ 1
c11

and ignoring shear and rotary inertia effects, b11 the tip receptance of the bar, is
given by [1],

b11 ¼ �ðcos kLsinh kL� sin kL cosh kL)

EIk3ðcos kL cosh kLþ 1Þ where k4 ¼ qAx2

EI

And the absorber receptance is given by,

c11 ¼
1

kð1þ iaÞ �
1

mx2

A computer program is required to optimise the absorber for any given bar. In
practice, the spring and damping are supplied by a rubber element and alpha is
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nearly constant over the frequency range of interest. Thus for a given absorber
mass (the larger the better), there is only the parameter k to optimise. For a large
boring bar of length L = 1.2 m, diameter D = 0.15 m using rubber with a = 0.25
and an absorber mass of 2 kg, the optimum response (i.e. the peak response is
minimised) is shown in Fig. C.14.

It should be noted that the bar without absorber has an infinite response at
resonance as no damping has been included when determining the transverse
receptances of bars. In practice, such bars have little damping so that the
improvement that may be achieved by using an absorber is significant.

X F

L

D

hh k

k
m

α =

Fig. C.13 Clamped/free bar with a vibration absorber added
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F   Receptance
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Fig. C.14 Bar response with and without absorber (Program C.2)
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C.7 Conclusions

The systems approach using receptances has been described. This method has the
advantage of generating complex systems by the addition of much simpler known
systems. As a result, it may be used to advantage when considering the effects of
changes to one part of a complex system.
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List of Computer Programs Included
in extras.springer.com

Programs By Chapter

1. Basic chatter theory

Program 1.1: Example of chatter on a lathe—noise as measured.
Program 1.2: Simulation of chatter in turning.
Program 1.3: Non-regenerative force.
Program 1.4: Regenerative force.
Program 1.5: Resultant force.
Program 1.6: In phase response.
Program 1.7: Force vectors and response.
Program 1.8: Stability chart.
Program 1.9: Animation with stability chart.
Program 1.10: Stability chart with process damping.

2. Extension of chatter theory

Program 2.1: Effect of having two modes.
Program 2.2: Stability chart when two modes.
Program 2.3: Stability chart when two modes and process damping.
Program 2.4: Effect of the direction of the modes on the chatter receptance.
Program 2.5: Effect of the direction of the modes on the real part of the chatter
receptance.
Program 2.6: Variation of blim with circumferential position of the tool.
Program 2.7: Effect of a single mode direction on different milling
configurations.
Program 2.8: Effect of two mode directions on different milling configurations.
Program 2.9: Stability chart for milling when one significant mode.
Program 2.10: Boundary of stability for mode coupling chatter.
Program 2.11: Comparison of mode coupling and regenerative chatter.
Program 2.12: Animation of mode coupling chatter.
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3. High performance cutters

Program 3.1: Stability chart for an alternating pitch cutter.
Program 3.2: Stability chart for a Strasman cutter.
Program 3.3: Stability chart for trapezidal cutter, e = 25 %.
Program 3.4: Stability chart for trapezidal cutter, e = 65 %.
Program 3.5: Stability chart for broaching.
Program 3.6: Stability chart for milling.

4. Structural modifications

Program 4.1: Response of spindle.
Program 4.2: In-phase response of spindle.
Program 4.3: Animation of spindle vibration.
Program 4.4: Optimised in-phase response with an absorber.
Program 4.5: In-phase response when absorber optimised for peak response.
Program 4.6: Optimised peak response of bar with absorber.
Program 4.7: Optimised in-phase response of bar with absorber.
Program 4.8: Optimised in-phase response of double bar.
Program 4.9: In-phase response of a spindle with added inertia.
Program 4.10: In-phase response with a flexible tool.

5. Grinding

Program 5.1: The simplest case—regeneration on the work.
Program 5.2: The simplest case—regeneration on the wheel.
Program 5.3: The effect of contact stiffness.
Program 5.4: Flexible wheel.
Program 5.5: Inclined mode.
Program 5.6: Torsion of the work and its drive.
Program 5.7: Double regeneration—‘work chatter’ against work speed.
Program 5.8: Double regeneration—‘wheel chatter’ against work speed.
Program 5.9: Double regeneration—‘wheel chatter’ against wheel speed.
Program 5.10: Double regeneration—‘work chatter’ against wheel speed.

Appendix A: Basic vibration theory

Program A.1: Undamped vibration of a spring/mass system without damping.
Program A.2: Damped vibration of a spring/mass system with viscous damping.
Program A.3: Critically damped vibration of a spring/mass system with viscous
damping.
Program A.4: Over-damped vibration of a spring/mass system with viscous
damping.
Program A.5: Sinusoidal forced vibration of a one degree of freedom system.
Program A.6: Definition of phase.
Program A.7: Forced response of a one degree of freedom system.
Program A.8: The connection between rotating vectors, sinusoidal motion and
phase.

254 List of Computer Programs Included in extras.springer.com



Program A.9: Construction of the response locus of damped system.
Program A.10: Construction of the in-phase response of damped system.
Program A.11: Forced abutment response of a one degree of freedom system.

Appendix B: Two degree of freedom vibration

Program B.1: Natural frequencies and mode shapes of a two degree of freedom
system.
Program B.2: Transient vibration of a two degree of freedom system without
damping.
Program B.3: Modal contributions to the transient vibration of a two degree of
freedom system.
Program B.4: Forced responses of a two degree of freedom system and the modal
components.
Program B.5: Transient vibration of a damped two degree of freedom system.
Program B.6: Sinusoidal abutment vibration of a two degree of freedom system.
Program B.7: Magnitude and phase of the forced abutment response of a two
degree of freedom system.
Program B.8: Forced response of a two degree of freedom system.
Program B.9: Forced response with an optimised vibration absorber.

Appendix C: Systems approach to vibration

Program C.1: Axial vibration of 5 degree-of-freedom system.
Program C.2: Transverse response of bar, with and without absorber.
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A
Abutment excitation, 211, 212, 217, 226, 228,

231, 232
Active control, 187, 189
Alternating pitch cutters, 58, 60, 64–67, 76,

91, 97
Angular contact bearings, 108, 109, 116, 118
Arc of cut, 42–44, 47, 54, 67, 70, 81, 83, 86,

88, 94
Average number of teeth in cut, 42, 44, 61, 67,

82, 86, 87

B
Bearings

damping, 105, 106, 108, 109, 111, 126, 190
stiffness, 105, 106, 111, 115, 118

Bernoulli-Euler, 100, 101
Bi-helix cutters, 76, 79, 94, 95, 97
Bond material, 135, 149, 152
Boring bar, 5, 38, 48, 52–54, 123, 125, 126,

128, 190
Boundary of stability, 13, 14, 15, 54, 57, 76,

79, 170, 181, 182
Broaching, 81–83, 85–88, 91

C
Centreless grinding, 180-184
Chatter, 1–9, 12, 14–17, 19–21, 24, 27–29,

31–35, 37–39, 41–44, 46–48, 52–54,
57, 60–63, 65, 69, 74, 79, 81, 85–87,
91, 93–97, 108, 117, 119, 121–125,
130, 132, 135–142, 144, 147–149, 155,
161–163, 166–174, 177–184, 187–190

Chatter receptance, 13–17, 19, 20, 24, 28, 29,
32–34, 38–40, 44–46, 57, 61, 63, 70,
82, 99, 100, 128–130, 149, 155,
174–177, 189

Chatter theory

basic, 1–25
grinding, 133, 135–142, 144, 145, 163,

167, 168, 173, 177, 183, 184
history, 1, 5
mode coupling, 48, 52–54
non-regenerative, 167, 168, 170–172
regenerative, 7–9, 19, 27, 29, 33, 39, 53,

54, 57, 58, 99, 130, 137–139, 142, 174,
183

Complex variable i ¼ ffiffiffiffiffiffiffi�1
p

, 207
Contact stiffness, 108, 139, 145, 149–155, 166,

174, 178, 181, 194, 254
Contact zone, 108, 139, 145, 149–155, 158,

166, 173, 174, 178, 181, 184
Critical viscous damping coefficient, 118, 159
Cross-coupling, 115
Cross-receptance, 113
Cutting force coefficient, 9, 33, 44, 49, 58, 144,

145, 149–151, 155, 158
Cutting tests, 3, 91, 129

D
Damping

hysteretic, 115, 122, 123, 125
viscous, 32, 52, 120, 143, 159
log decrement, 20
ratio, 19, 33, 52, 99, 115, 123, 125, 159,

162, 175
Deflected shape, 115, 117–119
Degree of freedom

definition, 6, 19
one degree of freedom, 28
two degrees of freedom, 28

Depth of cut, 6, 7, 21, 30, 31, 42–44, 46–48,
57, 58, 63, 65, 67, 91, 94, 96, 139, 145

Double regeneration, 135, 163, 167–169
Down milling, 35
Drilling, 35, 39–42, 46
Dynamic magnification factor, 213
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F
Facing, 8, 27–29, 32, 35, 37, 40, 130, 133
Flexibility, 5, 100, 109, 111, 130, 133,

152–154, 174, 175, 177–179, 183
Flexible cutting tools, 96
Flexible grinding wheels, 144, 152–154, 174,

177, 181, 188
Force

Cutting force, 2, 4–6, 8, 9, 12–14, 19–21,
22, 25, 27, 29, 30, 32–34, 37, 38, 41,
42, 49, 52–54, 57, 67, 70, 76, 130,
136–139, 144, 166, 188

Grinding force, 136, 138, 140, 141, 143,
145, 162, 164, 173, 183, 184

Forced vibration, 2, 3, 5, 19, 42, 95

G
Geometric instability, 180–182
Grinding

centreless, 180–184
grits, 135, 149, 152, 154
pendulum, 135, 136
plunge, 135, 136, 143–145, 164, 166, 172,

179, 180, 189
roll, 135, 136, 139, 164, 166, 172, 174,

177, 188
Grinding ratio, 145, 151, 152, 164, 165
Growth rate, 139, 142, 145, 147–149, 158,

162, 168, 170, 172, 181, 187, 188

H
Helical cutters, 96
Helix angle, 42, 76, 79, 84, 85, 88–91, 93, 94,

96
High performance cutters, 76, 97
Hysteretic damping, 115, 123, 125

I
Inclination of modes, 32

J
Joints, 99, 108, 110, 111, 118, 190

L
Laplace transform, 196–199, 203, 206, 211,

224, 225, 227, 230
Log decrement, 202

M
Maxwell’s reciprocal theorem, 243
Milling, 5, 21, 22, 24, 35, 42, 44–48, 54, 57,

79, 82, 86, 88–94, 96, 97, 128, 190
Modes of vibration, 27, 28, 99, 128, 129
Mode coupling chatter, 48
Moment, 48, 101, 102, 111, 112, 115
Muti-tooth cutters, 54, 99, 130

N
Natural frequency, 2, 14, 19, 28, 33, 52, 123,

126, 159, 162, 166, 167, 170–175, 177,
179

Non-regenerative, 10, 11, 15–18, 40, 61, 82,
167, 168, 170–172, 183

O
Overlap factor, 135, 139, 164, 166, 173

P
Pendulum grinding, 135, 136
Penetration rate damping, 21, 24, 25, 46, 132
Phase angle, 12, 61
Plunge grinding, 135, 136, 143–145, 164, 166,

172, 179, 180, 189
Preload, 106, 109–111, 126
Precession, 139
Process damping, 21, 22, 27–30, 53, 54, 58

Q
Q factor, 99, 115–117

R
Radial stiffness, 105, 177, 178
Receptances

definition, 13, 14, 17, 28, 33
of beams, 122
of mass, 32, 108, 123
of spring/mass system, 130, 131, 143

Regeneration, 5, 12, 14, 21, 31, 41, 48, 49, 88,
135–139, 144–148, 150–156, 159, 160,
163, 166, 168, 172, 174, 180, 182, 183,
188

Regenerative chatter
in drilling, 39–41
in grinding, 135–139, 144–146, 150, 163,

166, 167, 172, 173, 182
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in milling, 42, 46, 54, 57
in spot facing, 40
in turning, 4, 8, 40, 144, 187

Regulating wheel, 182, 183
Resonance, 2, 14, 123, 190
Response, 7, 8, 12, 13, 15, 17, 24, 27, 32, 33,

38, 39, 62, 69, 84, 99, 105, 108, 111,
115–127, 130, 132, 136, 137, 143, 150,
154, 155, 158, 159, 166, 173, 174, 177,
179, 182–184, 189

Response locus, 15–17, 67, 130, 139, 144, 183
Roughing/ripping cutters, 65, 66, 97
Rubber characteristics, 122, 127, 132, 248

S
Self-excited vibration, 137, 138
Shear and rotary inertia, 100, 101, 122
Shear factor, 102
Specific chip formation energy, 140
Spindle, 38, 100, 101, 105, 108, 115–118, 126,

130, 133, 137, 190
Spindle design, 100, 105, 106, 144
Spot facing, 40
Stability, 1, 9, 10, 13, 14, 18–30, 33, 40, 41,

43, 44, 46, 47, 51–54, 57–64, 69–75,
81–83, 85, 86, 88–90, 137–139, 142,
144, 145, 146, 148, 149, 151, 153–160,
162, 164, 166–172, 177, 180–182, 187

Stability boundary, 9, 10, 13, 14, 21, 27, 43,
47, 51–53, 57, 58, 62, 63, 69, 70, 83,
88, 139, 142, 144, 148, 149, 151, 153,
154–156, 158–160, 164, 166, 167,
170–172, 187

Stabilty chart, 18–21, 24, 28–30, 33, 44, 46,
47, 144–146, 162, 167–169, 181, 182,
58–60, 63, 64, 70, 71, 73–75, 81, 82,
85, 86, 88–90, 166, 187

Steady state, 106, 116, 136, 140, 141, 145, 173
Strasman cutters, 65–67, 70–75
Support plate, 182, 183
Swan-neck tools, 130
Sytems approach, 100, 111, 120, 128, 130
System addition

parallel, 115
series, 108, 115, 243, 245, 246

T
Taper roller bearings, 108, 116
Tilt, 4, 5, 105, 111, 116, 118
Time domain modelling, 187

Torsional vibration, 41, 42, 137, 159, 160,
169–171, 173, 174, 179, 180, 183

Torque, 41, 42, 162, 171
Trapezoidal cutters, 70–75, 97
Traverse, 4, 135, 177
Tunable alternating pitch, 91
Turning, 1–4, 7, 8, 14, 19–22, 24, 37, 34, 35,

37–42, 46, 48, 135, 136, 144, 187, 188
Two-degrees-of-freedom system

forced vibration, 2, 3, 5, 19, 95, 203, 204,
209, 225

mode shapes, 118, 223, 225, 229, 246
mode superposition, 28, 115, 203, 225, 242
natural frequencies, 19, 28, 52, 75, 126,

137, 162, 166, 172, 174, 179, 181, 219
transient vibration of, 193, 198, 199, 201

U
Unconditional stability, 144, 149, 151,

153–155, 158, 159
Undamped, 123, 170, 171
Undeformed chip thickness, 6, 49
Up milling, 35

V
Varying pitch cutters, 58, 60, 65, 97
Varying speed, 187, 188
Vibration

absorber, 119, 120, 122, 128, 130, 133,
144, 190

damped, 246
forced, 2, 3, 5, 19, 42, 95, 137
growth rate, 142
self-excited, 138
systems approach to, 111
transient, 137
undamped, 171

Viscosity, 109–111

W
Wavelength, 21, 22, 24, 28, 29, 53, 54, 58, 60,

63, 65, 85, 86, 88, 137
Wheel chatter, 166–168
Wheel hardness, 138
Wheel wear, 137, 139
Wheel torsion, 169, 170, 172
Width of cut, 5–9, 13, 14, 20, 21, 24, 29, 30,

33, 34–38, 40–43, 53, 61, 66, 70, 73,
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76, 85, 86, 91, 93, 95, 99, 129, 140,
145, 147, 149, 158, 172–174

Work chatter, 166, 167, 169
Work torsion, 137, 171, 179, 180

Z
Zone (contact), 21, 138, 149, 153, 164, 173
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