Springer Undergraduate Texts
in Mathematics and Technology

Series Editors:

J. M. Borwein, Callaghan, NSW, Australia
H. Holden, Trondheim, Norway

V. Moll, New Orleans, LA, USA

Editorial Board:

L. Goldberg, Berkeley, CA, USA

A. Iske, Hamburg, Germany

P.E.T. Jorgensen, lowa City, IA, USA
S. M. Robinson, Madison, WI, USA

More information about this series at http://www.springer.com/series/7438






Jay S. Treiman

Calculus with Vectors

@ Springer



Jay S. Treiman

Department of Mathematics
Western Michigan University
Kalamazoo, MI, USA

Additional material to this book can be downloaded from http://extras.springer.com

ISSN 1867-5506 ISSN 1867-5514 (electronic)
ISBN 978-3-319-35424-8 ISBN 978-3-319-09438-0 (eBook)
DOI 10.1007/978-3-319-09438-0

Springer Cham Heidelberg New York Dordrecht London

Mathematics Subject Classifications (2010): 97140, 97150, 97130

© Springer International Publishing Switzerland 2014

Softcover reprint of the hardcover 1st edition 2014

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, reproduction
on microfilms or in any other physical way, and transmission or information storage and retrieval, electronic adaptation,
computer software, or by similar or dissimilar methodology now known or hereafter developed. Exempted from this
legal reservation are brief excerpts in connection with reviews or scholarly analysis or material supplied specifically
for the purpose of being entered and executed on a computer system, for exclusive use by the purchaser of the work.
Duplication of this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer. Permissions
for use may be obtained through RightsLink at the Copyright Clearance Center. Violations are liable to prosecution
under the respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective laws and
regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of publication, neither
the authors nor the editors nor the publisher can accept any legal responsibility for any errors or omissions that may be
made. The publisher makes no warranty, express or implied, with respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Preface

This book grew out of a need for a text to use in a calculus class that is intended for students
going into science, engineering, and mathematics. The course includes early vectors and early
transcendentals to help prepare students for their calculus-based physics classes. There are a
number of books that have tried to fill this need. Unfortunately, none of the books written for
this audience have made it to a second edition, even though they all need significant revisions.
In addition, some of my colleagues were lamenting the number of typographical errors in the
text we were using. Since the only book that was being updated for this type of course was a
version of a regular calculus text with a small amount of material on vectors and vector-valued
functions tacked onto a few early chapters, I felt that a new text was needed that could be
revised as appropriate.

There were a few things that I felt were important to help our students prepare for their first
physics course that are often not in a first calculus course. These include vectors, a rigorous
but not overly formal approach, examples and applications that they will see again, the early
introduction of transcendental functions and using notation that is correct, but that does not
always match what they have seen.

It has been an adventure thinking about how to approach some things so that they may
be easier for students to get some basic understanding. One of these things is a change from
the common &-0 approach to limits to a sequence approach to limits. This change is partially
motivated by the fact that the intuition given in most calculus texts coincides more closely with
the sequence definition of limits of functions as opposed to the €-6 definition of the limit of
a function. The use of sequences for limits is also meant to prepare students for the chapter
on series where everything depends on the limits of partial sums. Among the other things that
do not follow the “standard” approach are the derivation of the derivatives of sine and cosine,
leaving explicit discussion about the connection between increasing and decreasing functions
and derivatives until the mean value theorem is available, rethinking the use of “tables” of
integration and reordering the techniques of integration to allow the use of partial fractions for
trigonometric integrals.

Including the use of technology has been a challenge since I use technology, a CAS calcu-
lator or Maple, as a normal part of my teaching. Since the tools available vary and may change
rapidly, I did not want too much information that is specific to any software or hardware plat-
form. On the other hand, there are large numbers of people teaching calculus who do not want to
use technology and large numbers of people who are wedded to a specific technology. The sci-
ence and engineering students will be using technology in almost all of their later classes. Given
these facts, I do not have many examples of the specific use of technology. The major exception
is in the section on integration tables. There is an example of how different CAS systems may



vi Preface

give differing results. In the text, there are a good number of problems and examples where
technology is required and the materials do not avoid questions involving technology.

One consequence of the availability of technology is that students can easily find quantities
such as sums of vectors, dot and cross products, derivatives, integrals, tangent lines, equations of
planes, and volumes of revolution using current computer algebra systems. Since students now
have the tools to find correct answers to many of the problems in this book, including answers
to “drill” problems does not seem important. With access to the Internet, I am uncertain if there
are many problems for which one cannot find a solution to an almost identical problem on
some web site. I am fairly certain that solutions to any “new” problem in a calculus book will
appear online within a few years. Because of this access to answers and solutions for calculus
problems, I see very little need to include answers or solutions for exercises in this book.

In the United States, many of our students have gaps in the background expected for calcu-
lus. These missing pieces include a lack of familiarity with trigonometric functions and poor
algebra skills. Several sections in the first appendix are included to help with some of the pieces,
including some basic algebra review and some basic trigonometry.

A large number of proofs are not presented in the text, or are only presented in part. Many of
the results are partially justified or the proofs are done as derivations rather than formal proofs.
For many mathematics teachers and students, this is not enough. Since there are times when I
would like to include certain formal proofs but I do not feel that they will help the readability
of this book, some formal proofs are included materials that will be available online.

Some additional material for the text, including Maple worksheets with rotatable 3D graphs
that can be viewed using Maple Player from Maplesoft, can be found at http://extras.springer.
com. I will always appreciate being notified of all errata at jay.treiman @wmich.edu. As I collect
more proofs, problems, and other material, I will post them on my homepage, http://homepages.
wmich.edu/~treiman.

I wish to thank all those people who have helped me learn to teach and those who have
helped with this book. Among those who have given me examples of mathematics teaching to
strive toward are G. D. Chakerian, Virginia M. Warfield, Isaac Namioka, and R. T. Rockafellar.
My thanks go to all of them. I also wish to thank those who have helped me with this book.
They include Yuri Ledyaev, who made it clear that there are different ways to approach topics
in calculus; Daniela Hernandez, who found numerous typos and other problems in the text;
Christine Horsmon; Dennis Pence; and all of the students who have suffered through my errors.
I am also indebted to Jonathan Borwein for years of encouragement and help, including his help
getting this book published.

The reviewers made many useful suggestions and comments that have made this book better
and deserve my thanks. Ms. Elizabeth Loew has been a helpful editor and I wish to thank her.

Finally, I would like to thank my wife, Janice Selden, for her support.

Kalamazoo, USA Jay S. Treiman
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Chapter 1
Points and Vectors

Almost all physical situations involve more than one quantity that depends on time or on
position. One physical system that has been widely studied for many years is our solar system.
Consider only the sun, the earth, and Jupiter and assume the sun position is fixed. Since the
orbits of the earth and Jupiter are not in the same plane, the positions of the sun, the earth and
Jupiter cannot be put into a single plane. This means the positions of the two planets must be
considered in three dimensions. For two movable objects that gives six position variables that
depend on time. We will write these six variables as a 6-tuple of numbers (x1,xy,x3,X4,X5,X6)
and call these ordered sequences of numbers vectors. In this course vectors are used to work
with ordered lists of variables.

The purpose of this chapter is to introduce vectors, their properties, and computations with
vectors. Even though most of the calculus you will learn in the first two semesters of calculus
can be done in terms of functions with one input and one output, almost all of the applications
of calculus involve multiple variables. A simple example is giving the position of a ship on the
ocean. This requires two variables, latitude and longitude. If one wants to give the position of
a ship on a trip from Hong Kong to London in terms of time, there is one input, time, and there
are two outputs, latitude and longitude. We will call such a function a vector-valued function.
This type of function is used throughout these notes.

1.1 Points

We start with how to specify position in terms of rectangular coordinates. You should have
already seen this when you plotted points for a scatter plot of data or plotted points for the
graph of a function.

To plot a point in a plane one chooses a point, the origin and two perpendicular lines that
intersect at the origin. These lines are usually horizontal, the x-axis, and vertical, the y-axis, see
Fig. 1.1a on page 2.

We assign the coordinates (0,0) to the origin. The axes are labeled with signed distances
from the origin. The x values increase toward the right and the y values increase toward the
top. A point x in the plane is designated by its coordinates, an x value and a y value. To get to
the point (1,—2) one goes one unit in the positive x direction, right, and then two units in the

Electronic supplementary material The online version of this chapter (doi: 10.1007/978-3-319-09438-0_1)
contains supplementary material, which is available to authorized users.

© Springer International Publishing Switzerland 2014 1
J.S. Treiman, Calculus with Vectors, Springer Undergraduate Texts
in Mathematics and Technology, DOI 10.1007/978-3-319-09438-0_1



2 1 Points and Vectors

negative y direction, down. See Fig. 1.1b on page 2. We can also get to the point (1, —2) by first
going down two units and then to the right one unit.

There is another way to describe a point in the plane. We can start at the origin and move in
a given direction a given distance. For example, we could move four units in the direction 7 /6,
(or 30°), up from the x-axis, see Fig. 1.2a on page 2.

b

=N W ks U
=N Wk uv

5-4-3-2 ;] 12345 -5-4-3-2 4] l 2345
X

- 2 g _ 2 4
-31 -31
- 4 g — 4 4
— 5 L _ 5 J
Axes in the plane A point in the plane
Fig. 1.1
51 51
a 41 b 41
y q y q
: i
-5-4-3-2 ;1 12345 -5-4-3-2 ;] 1X23 45
-21 X -21 X
-3 -34
-44 -44
- 5 L — 5 J
The polar representation of a The polar and rectangular
point representations of a point
Fig. 1.2

The convention for describing points this way is to use an ordered pair of numbers (7, 0)
where r is the distance from the origin to the point and 8 is the counter clockwise angle from
the positive x-axis to the desired direction. These are called the polar coordinates of the point.
When it may be unclear that a point is specified in polar coordinates or rectangular, we will use
the notation xp to indicate the point is in polar coordinates and Xy to indicate the point is in
rectangular coordinates. Since almost all points, and vectors, will be in rectangular coordinates,
we will almost always use the notation X to denote a point or a vector in rectangular coordinates.

Using right triangle geometry, it is easy to translate from polar coordinates to rectangular
coordinates. In the Fig. 1.2b on page 2, one can see that the x distance traveled to get to the
point is x = rcos(6) and the y distance is y = rsin(0).

Example 1. The translation of the point xp = (4, —7m/3) from polar coordinates to rectangular
coordinates is given by

Xg = (4 cos(—7/3),4sin(—7/3)) = (2,—2V/3). (1.1)
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The distance r between two points (xj,y;) and (xp,y») in the plane is found using the
Pythagorean Theorem and rectangular coordinates. We use the idea from Fig. 1.3 on page 3.

Since r is the hypotenuse of the right triangle, our distance formula is

r:\/(xz—x1)2+()’2—)’1)2- (1.2)

(X3, ¥2)

Y=

(x27 y2) Xo—X|

Fig. 1.3 The distance between points in the plane

Fig. 1.4 How to visualize a right-hand system

Example 2. The distance from the point (—1,2) to the point (3,5) is

r=y/G- (1) +(5-22=VE 3= VB =5 (1.3)

Working with points in three dimensions using rectangular coordinates is similar. We use
an ordered triple of numbers to represent the three coordinates. In a manner similar to what is
done in two dimensions, we choose a point as the origin and takes three lines that meet at the
origin and make right angles with each other as axes. The origin is again labeled with O for all
coordinates, 0 = (0,0,0).

The axes are labeled to form a right-handed system. This means that if one has a flat right
hand, the fingers point in the first direction. Bending all the fingers except the index finger 90°
toward the palm of ones hand points these fingers in the second direction. Extending the thumb
out from the hand at 90° from the index finger and the other fingers gives the third direction. It is
common to label the directions of the fingers in the above positions as the positive x direction,
the positive y direction, and the positive z direction respectively, see Fig. 1.4 on page 3.
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Getting to a point is now done in the same way as getting to a point in the plane. To get to
the point (a,b,c), one goes a units along the x axis from the origin, then b units parallel to the
y axis, and finally ¢ units parallel to the z axis. As with points in the plane, the order of the
directions parallel to the axes does not matter.

Example 3. Figure 1.5 on page 4 shows how to plot the point (2,—1,3).

The distance between two points in three dimensions is found using the Pythagorean Theo-
rem. The example below gives a specific example to illustrate the reasoning. To find the distance
from (x1,y1,21) to(xa,y2,22) we first find the distance from (x1,y;,z1) to (x2,¥2,21). These two

Fig. 1.5 A point in R?

3
N 14T
3 -3
3
3V y

-34

First application of the Second application of the

Pythagorean Theorem Pythagorean Theorem

Fig. 1.6

points are in a plane parallel to the xy-plane. This means that the distance between them, since
the z coordinate does not change, is

r= \/(Xz—X1)2+(yz—y1)2. (1.4)

The line segment from (x,y2,z1) to (x2,y2,22) is perpendicular to the line segment from
(x1,¥1,21) to (x2,y2,21) and has length |z, — z; |. Since the distance from (x1,y;,z1) to (x2,y2,22)
is the length of the line segment between the points and that line segment is the hypotenuse of
the right triangle with sides (x2,y2,z1) to (x2,y2,22) and (x1,y1,21) to (x2,¥2,21 ), the distance is

= \/’2Jr (2 —z1)* = \/(xz—X1)2+ (2—y1)?+(z2—21)% (1.5)
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Example 4. Consider the distance from the origin, (0,0,0) to (2,—1,3). One could first find the
distance from (0,0,0) —1 ,0) using the Pythagorean Theorem, see Fig. 1.6b on page 4.
The distance is r = \/22 =/5.

Then one calculates the d1stance from the origin to (2, —1,3) using the Pythagorean Theorem
again, see Fig. 1.6b on page 4.

The distance is s = (\/5) +32=\Tdors=/22+ 2+32=41

There are two common generalizations of polar coordinates to three dimensions. The first
simply adds a z coordinate to the polar r and 6, this system is called cylindrical coordinates.
The second generalization of polar coordinates to three dimensions called spherical coordinates
uses two angles and a distance, radius. Many students find these, coordinate systems more
difficult to use than polar coordinates. Therefore, since they are not needed at this point, we
leave them for later.

Exercises

1. Plot the following points in the plane.

(a) (273) (C) (_57 1) (e) (_27 _1)
(b) (=3,-5) @ (3,-6)
2. Plot the following points in R>.

(a) (17273) (C) (_57_271) (e) (_27_17_3)
(b) (_37_573) (d) (37_673)

3.  Find the distances between each of the pairs of points.

(a) (2)3)’ (070) (f) (17273)’ (O)O)O)

(b) (_37_5)’ (271) (g) (_37_573)’(17072)

(© (_571)’ (073) (h) (_57_271)’ (37_271)
(d) (37_6)’ (37_5> (1) (37_673)’ (57_174)

@ (=2,-1),(-2,-1) M (=2,-1,-3),(2,1,3)

4. Which of the following are right hand systems? The notation here is that i represents the
positive x-axis, j represents the positive y-axis, and k represents the positive z-axis. Also,
—i represents the negative x-axis.

~ ~

@ ik j © ki

(b) L —k @ ki

5. You are 20 km away from a mountain with height 8,000 m. If your elevation is 3,000 m,
how far are you from the top of the mountain?

6.  Your target is 500 m north, 300 m west, and 500 m below you. Is the target within 1,000 m
of you?
7.  One car is 3 mi northeast of an intersection and a second car is 5 mi south of the same

intersection. What is the distance between the two cars?

8. Adoorthatis 2.5 ft by 7 ft starts with its bottom hinged corner at the origin, the top hinged
corner along the z-axis and its bottom free corner along the y-axis. Find the position of the
top free corner of after the door is rotated 30° toward the x-axis, see Fig. 1.7 on page 6.
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Fig. 1.7 A door rotated on its hinges

1.2 Vectors

The idea of a vector used in this class comes from the physical ideas of change in position,
velocity, and acceleration. The velocity of a car on a flat surface has two components, the
direction of travel and the speed of the car. In simple terms, the velocity has a direction and a

Fig. 1.8 Two representations of a single vector

magnitude. It does not have a position since a car can be going west at 100 km/h in New York
or in New Delhi. Our definition of a vector is an object with direction and length.

When reading this book it is important to realize that real numbers can be taken as vectors.
The magnitude of a real number x is its absolute value, |x| and its direction is its sign, sgn(x).
Since 0 has no sign and 0 length, it can have either direction. Given this approach, all of the
theorems stated with vectors also hold for scalars, real numbers.

In the plane one often specifies directions with the counter clockwise angle from the positive
x-axis. Adding a length gives a specification in polar coordinates. For example, one can move
in the direction 27t/3, (or 120°), counter clockwise from the x-axis for 5 units. If one starts
at the origin, this puts one at (—5/2,5v/3/2). If one starts at (4,—3), the vector puts one at
(4—5/2,-3+5+/3/2), see Fig. 1.8 on page 6.

When we start a vector at a point a and end it at a point b, a is called the fail of the vector
and b is called the head of the vector.

Vectors can also be represented in rectangular coordinates. We can take a vector with
direction 6 and a length r and write it as (rcos(6),rsin(6)). This is the form we will use
most often in this course since calculus is easier to do in rectangular coordinates.

Example 5. We can write the vector, in polar coordinates, xp(r, 0) = (5,37/4) as
xg = (Scos(3m/4),5sin(37/4)) = (—5v2/2,5V2/2). (1.6)

in rectangular coordinates. In this case the vector can be thought of as moving 5 units in the
direction 37 /4 counter clockwise from the x-axis. The rectangular coordinates version can be
thought of as moving 51/2/2 in the negative x direction and 5v/2/2 in the positive y direction.
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Fig. 1.9 The sum of two vectors

Remark 1. You have probably seen polar coordinates before. Recall that one translates a point
(x,y) from rectangular to polar coordinates using

r=1+/x*+y%and

6 = arctan (X) .
X

One also needs to add or subtract 7 from 6 if (x,y) is in the second or third quadrant since the
range of arctan(0) is (—7/2,/2).

Example 6. Consider the point (—4,5) in rectangular coordinates. In polar coordinates it
becomes (v/41,arctan(—5/4) + m).

The length, norm or magnitude, of a vector x = (x,y) in rectangular coordinates is defined
as ||x|| = /x4 y2. This is the distance from the tail of a vector to its tip. It is also the distance
from the origin to the point (x,y). In a similar manner we take the length of a vector x = (x,y,z)
in R3 to be the distance from (0,0,0) to (x,y,z), ||| = /*2 +y2 + 22.

Addition of vectors is now easy to define. The model we use is the idea of moving in
direction 6; a distance r| units and then moving in direction 6, a distance r, units (Fig. 1.9
on page 7).

One can view this as starting at a point, going in the direction of v; the length of vy, to the
tip of v;. Then one moves from the tip of v; in the direction of v, the length of v,. This puts
one at the tip of v,. Often this is referred to as putting the tail of the second vector at the head
of the first vector.

This sum is fairly hard to compute using angles and lengths, but it is easy to calculate using
rectangular coordinates. Consider two vectors X = (x1,y1) and y = (x,y2). By following the
first vector we move x; in the x direction and y; in the y direction. The second vector then takes
us an additional x, in the x direction and an additional y; in the y direction. The total movement
in the x direction is x; +x; and the total movement in the y direction is y; + y». This gives the
vector addition formula

(x1,31) + (x2,y2) = (x1 +2x2,y1 +y2).- (1.7
This is described as adding coordinate by coordinate.
Example 7. The sum of the vectors (2,3) and (—3,—1) is
(2,3)+(-3,-1)=(2-3,3-1)=(-1,2). (1.8)

See Fig. 1.10 on page 8
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Fig. 1.10 The sum of two vectors

Adding vectors in three dimensions is also done coordinate by coordinate,
(%1, y1,21) 4 (02,2, 22) = (1 +x2,y1 432,21 + 22).- (1.9)
Example 8. The sum of (—2,3,4) and (4,1, —5) is
(—2,3,4)+(4,1,=5)=(—2+4,3+1,4—-5)=(2,4,—1). (1.10)

As with real numbers, there is a zero element, the zero vector 0. It is the vector with all
coordinates 0, (0,0) or (0,0,0). With the definition of vector addition one hasu+0=u=0+u.

If one starts at the origin and goes 5 units in the direction of (3,4) twice, where do you finish?
Since the length of the vector (3,4) is v/3%2 4 4% = 5, the movement is given by (3,4) + (3,4) =
(6,8). Note that this is the equivalent of multiplying both components of the vector by 2. This
gives us the definition of scalar multiplication of vectors,

a(x,y) = (ax,ay) (1.11)

and
a(x,y,z) = (ax,ay,az). (1.12)

Example 9. Find 3 times the vector x = (3,1, —2).

3x=3(3,1,-2)=(3-3,3-1,3-(-2))=(9,3,-6). (1.13)
This also makes sense for negative numbers since the vector in the opposite direction of

(xay) is (_'x7 _y) =-1 ('xvy)'

Multiplication of vectors by scalars has two important properties that are the same as
multiplication properties of numbers by numbers. The first is that this multiplication distributes
over addition,

o(v+w)=ov+ow  and (a+B)v=0ov+Pv.
The order of multiplication can also be changed without changing the result,

(aB)v=0a(Bv)=p(av).

In physics and other fields people use this definition of scalar multiplication to relate the
coordinate representation of vectors to another representation. One uses the three vectors of
length one in the same directions as the positive x, y, and z axes. These unit vectors are denoted
by i =(1,0,0), /= (0,1,0), and k = (0,0, 1). Sometimes they are also written as e, €, and e;.

We can always write any vector as a sum of these vectors. The translation is easy,

u = (uy,us,u3)

= ulf—i- uzf—i- u3]AC.



1.2 Vectors 9

Fig. 1.11 The difference of two vectors

One can also write any vector u as
u = uje; +uzey + uzes.
For example, (1,1,1) =i+ ] +k.
With multiplication of vectors by scalars one can define the difference of two vectors as
vV—w=v+(—1)w.

For example (3,2) — (4,1)=(3,2)+ (—-4,—1)=(3—-4,2—-1)=(—1,1).

This definition has other uses besides simply subtracting vectors. The idea is to find the
vector that when one starts at a point A and follows the vector v one ends at point B. Treating
the points as vectors for computational purposes, one has

A+v=8.
Rewriting gives
v=B-A.
Example 10. The vector from (2,—3,1) to (6,—5,—3) is given by
(6,-5,-3)—(2,-3,1)=(6—-2,-5+3,-3—1)
= (4,-2,—4).
Geometrically we can view the difference of x; and x, by putting the head of x; at the head

of x;. The difference x| — X, is the vector from the tail of x; to the tail of x;. This is illustrated
in Fig. 1.11 on page 9 for the vectors (2,3) and (—3,—1).

For a number of reasons one may want to have a vector of length one in the same direction
as a vector X. A vector of length one is called a unit vector. Note that, for vectors with two or
three coordinates,

Jeexl| = | (evx, o3 02)]
=/ (@x)+ (@) + (@2)?

= |a| /x? +y* 42

= |otf |-

This means that, for a nonzero vector X, a unit vector in the same direction as X is

1
u=_-—2Xx
[l
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Example 11. The unit vector in the same direction as (3,4) is

1 1 34

One of the uses of vectors in physical situations is the description of forces. Since a force
has direction and magnitude, they match exactly with vectors. If we want a force in the plane
with the same direction as v = (2,—3) and magnitude 10 N, we simply take the unit vector in
the direction of v and multiply it by 10,

F=10 - N
[[v]]

=19 N
V13
One of Newton’s laws says that the sum of the forces acting on a stationary object must
be 0. For example, if you are pushing against a railroad car on a east-west track in a westerly
direction with a force of 20N and the car does not move, the frictional force in an easterly
direction must also have magnitude 20 N.

Example 12. Consider a 4 kg mass that is suspended from a ceiling by 2 and 3 m ropes whose
ends are 3 m apart. Find the force exerted on the mass by each of the two ropes (Fig. 1.12 on
page 10).

Near the surface of the earth the force from the mass is (0,4 - (—9.8)) N. If the force from
the 3 ft rope is F; and the force from the 2 ft rope is F, one has

F; +F, = (0,39.2)N.

In the Fig. 1.13a on page 11 6 = arccos(1/3) and ¢ = 2 arcsin(1/3). (This can be derived
using the fact that this is an isosceles triangle.) This tells us that the lengths of a, b, and ¢ are
7/3,2/3, and 4y/2/3, see Fig. 1.13b on page 11.

If f| and f, are the magnitudes of F; and F; respectively, this means that

-7 1
f (T) f7=0

W2 22
and fl%—+f27\/_:39.2.

4 kg

Fig. 1.12 A mass suspended using two ropes
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a

The angles for a mass suspended ~ The distances for a mass suspended
using two ropes using two ropes

Fig. 1.13

Solving these equations for f and f> gives f| ~ 13.859 and f, ~ 32.338. The vectors are then
approximately

F, ~ (—10.779,8.711) and
F, ~ (10.779,30.489).

1.2.1 Properties of Addition and Scalar Multiplication

In order to calculate with vectors using vector addition and scalar multiplication some proper-
ties of the operations are needed. These properties mirror the properties of addition and multi-
plication of real numbers. These similarities follow from the fact that the operations on vectors
are done coordinate by coordinate.

Theorem 1 (Vector computation rules). Let u, v, and w be vectors in R? or R? and let o and
B be real numbers. Then the following are always true.

(i) u+v=v+u

(i) u+(v+w)=(v+u)+w

(iii)  a(u+v)=oau+av

(iv) (o4 PB)u=ou+ fu

(v) If —uis the vector such thatu+ (—u) = 0 then (—1)u = —u.

(vi) o] = |ec] [[ull

The proofs of most of the properties are similar. Therefore only the first statement is proven.

Proof. Consider the sum u+ v in R?. Here

u+v=(ur,uz) + (vi,v2)
= (ur +vy,uz +v2)
= (vi +ug,v2 +uz)
=v+u

An example shows how these rules are used.

Example 13. To find 3(1,—2,3) —7(1,—2,3) one can calculate as follows.
3(1,-2,3)=7(1,-2,3) = (3—7) (1,-2,3)

= (_4) (17 _273)
(—4,8,—12)
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Exercises

I.

(a)
(b)

2.

and y = rsin(0). Taking the ratio of these gives

1 Points and Vectors

Translate the vector in polar coordinates to rectangular coordinates.

Xp = (3,77.'/6)
XP=(2,37[/2)

(©)
(d)

vp = (5,57/4)
vp = (—4,57/6)

(C) Wp = (27 _TE/4>

Translate the vector in rectangular coordinates to polar coordinates.
To find the r for polar coordinates note that the distance from (x,y) to the origin is \/x% + y2.
From this one has r = \/x?+y?. The angle 6 is obtained using the facts that x = rcos(0)

7 ) v = (6.-7.2)

,5,=3),s=1
,2,8), s =2
—1),s=4
,1,—4),s=-10

tan(0) =
and hence
— Y
0 = arctan (x) .

(a) XR = (17_1) © VR = (6712>
(b) XR = (_376) (d) VR = (47 _5)
3. Find the vector from A to B.

@ A=(23),B=(0,0) )
(b) = (_37_5)132 (271) (g)
(©) =(-5,1),8=(0,3) (h)
d A=(3,-6),B=(3,-5) )
(e) A =(-2,-1),B=(-2,-1) 0);
4.  Find the sum of the vectors.

(a) =(1,2),v=(0,0) ()
(b) = (47 _5>’ V= (372) (g)
(C) W:(_573)?V:(27_1) (h)
(d) =(4,-2),v=(1,7) (i)
(e) W:(_27_1)’V:(_27_1) 0)
5.  Find the difference of the vectors, w — v.

(a) = (1,2),v=(0,0) ()
(b) =(4,-5),v=(3,2) (2
() w=(-53),v=(2,-1) (h)
(d  w=(4, ),VZ(, ) (1)
(e) W= (_ , V= ( 27 ) (J)
6.  Multiply the vector w by the scalar s

(@& w=(1,2),s=2 ()
(b)) w=(4,-5),s=4 (2)
() w=(-53),s=- (h)
d w=(4,-2),5=6 (1)
(&) w=(-2,-1),s=-3 ()

1
—6,7,-2), s =2
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7. Use the vectors r = (2,3), v=(—1,2) and w = (5, 1) to compute the following.

(a) WwWHv+Hr (d r—2v+2r
(b) w—v-—r
(c) 2w+v+3r (e) —2w—v—+5r

8. As was noted in this section, adding vectors v; and v, can be geometrically represented
by putting the tail of v, at the tip of the v; and taking the sum of the vectors to be the vector
with tail at the tail of v; and tip at the tip of v,. (See Fig. 1.9 on page 7.) How can the
difference of two vectors be represented by a similar figure?

9.  Find the lengths, (norms or magnitudes), of the following vectors.

@ w=(3,0) © v=(4,-3) @ x=(0,0,-1)

(b) =(0,4) v=(17,12) G x=(3,45)

(©) X= (l _1) (g) W:(37070) (k) V:(_1747_3)

d x=(-7,6) (h)y w=(0,4,0) O v=(17,6,12)
10.  Find the unit vector in the same direction as each of the following vectors.

(@ w=(3,0) (e) v=(4,-3) (i) x=(0,0,—-1)

(b)  w=(0,4) ®  v=(17,12) ) (3 4 5)

11.  In physics a stationary object will stay stationary if the sum of the forces on the object is
the zero vector. For each of the following pairs of forces find a third force that will keep an
object stationary.

(a) Fl_(_ )’ ( 1 _1) (e) F1:(17171)’F2:(_2727_2)
(b))  Fi=(-2, l) F =(- 173) 6 Fi :(4717_3)’F2:(67_576>
(©) F, = ( ) F2:( ) ) (2 Flz(()?l?_l)?FZ:( 17170)
(d) F, = ( ) ( ) (h) F = (27_27 1)? F, = (37_376)

12.  The following vectors are given in polar coordinates. Find the unit vector in the same
direction as each of the following vectors.

(@ wp=(3,7) ©) xp=(1,71/6)
(b) Wp = (1/4,7[/6) (d) Xp = (—5,37[/4)

13.  Any two masses have a mutual attraction due to gravity. Given a mass M at a and a mass
M, at b in two or three dimensions, the force that mass M feels from the pull of mass M, is

_ GMM,
LR

Here r = a—b, the displacement vector from the center of mass M to the center of mass M.
The constant G is the gravitational constant G = 6.67384 x 10~ !'m?/ (kg s? ) It is assumed
this holds throughout the universe. The masses must be measured in kilograms, distance in
meters, and time in seconds.

Assume that the center of the earth is at the origin of a coordinate system. If the mass of
the earth is 5.9722 x 10>*kg, what is the force that the earth exerts on a mass of the given
number of kilograms at the given position in meters. (The radius of the earth is approxi-
mately 6,371km.)

(a0 M=10kgandr = (10,000,500, 1,000) km
(b) M =1,000kg and r = (8,000, 1,000, 1,000) km
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(c) M=73477x10"kgandr = (0,0,3.844 x 105) km. These are approximate numbers
for the moon.

(d) M =1.98892 x 103%kg and r = (1.047 x 10%,1.047 x 10%,0) km. These are approxi-
mate numbers for the sun.

14.  Two objects are placed with their centers at (—2,000,0) and (0,4,000) km in the xy-plane.
The objects have masses of 10° and 3 x 103 kg respectively. You are to place a 3,000 kg mass
on the plane so that the sum of the gravitational forces from the three masses acting on a
100 kg mass at the origin is 0.
(a)  On what line through the origin should you place the mass?

(b)  Where should you place the mass?

1.3 The Dot Product

One of the basic problems in elementary physics classes is finding the force acting on a mass
sitting on a frictionless incline (Fig. 1.14 on page 14). This is done with some elementary ge-
ometry in physics classes to get the equation

a=gcos(0).

Here a is the magnitude of the acceleration down the incline and 0 is the angle between the
vertical and the direction down the incline.

Fig. 1.15 The difference of two vectors

Another way of calculating this is through the dot product, inner product, of two vectors.

Definition 1 (Dot Product). The dot (or inner) product of two vectors, v and w, in R? or R3 is
defined as
v-w=v|[|lw|cos(8),
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where 0 is the angle between v and w. If either of the vectors is 0, we take the dot product to
be 0.

If the vectors are one vectors, real numbers, the dot product is simply multiplication of real
numbers. In this setting 0 is either 0 or 7.

Example 14. The angle between the vectors v = (3,0) and w = (2,2) is /4. This means that

v-w = |[[v]|[[w]| cos(m/4)

:3.2\/§.£
2
= 6.

The problem with this definition is that we must find the angle between two vectors. In
most cases this means taking the arctangent of some quantity. The following theorem gives us
a simpler way of calculating the dot product for vectors in rectangular coordinates.

Theorem 2 (Computation of the dot product). The dot product of vectors is given by
(x1,31) - (%2,¥2) =x1x2+ 12
in R? or
(x1,31,21) - (2,2, 22) = xixX2+y1y2+ 2122

in R3.
Proof. Consider the picture, Fig. 1.15 on page 14, for two vectors in R>.
By the Law of Cosines,

Vi = va|l* = [[va]]>+ [v2]* = 2[[1]| [|v2| cos().

Let vi = (x1,y1) and v5 = (x2,y2). Solving the equation above for
Vil |2l cos(6) = vy - v, we get

Vi-Vy = %( (\/(xl —x2)*+(n —y2)2>2 - ( (x1)%+ (y1)2)2
- (Veaproor))
-

=5 (—2x1x2 — 2y1y2)

=X1X2 +Y1)y2.

A similar argument also works for vectors in R3 and shows that, in R3
Vi V2 =X X2+ y1y2+21 22
With this theorem it is easy to calculate the dot product of two vectors.
Example 15. The dot product of (1,—2,3) and (2,3,0) is

(1,-2,3)-(2,3,0)=1-2+(—2)-3+3-0= —4.
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We can also use this to calculate the angle 8 between two vectors. Using the formula

u-v = [l [|v[[ cos(6),

we have
u-v
0s(0) = ———
([l vl
or
6 = arccos (L> . (1.14)
([l vl

For those who are not familiar with the arccos(x), see Sect. 4.5 for the definition and a graph of
the function.

Example 16. Consider the vectors p = (2,3,—1) and q = (0,2, —1). If 6 is the angle between
pandq,

~(2,3,-1)-(0,2,—1)
123, =102, - 1)]]
_2:0+43-24(—1)- (1)
- V143

cos(0)

ER
o

In addition

6 = arccos (

e
=)
N————

~ 0.5796
~ 33.21°.

Remark 2. If the dot product of two nonzero vectors is 0, then the cosine of the angle between
the vectors is 0. This implies the angle between the vectors is 7 /2. In this case the vectors are
called perpendicular or orthogonal.

Example 17. Consider the vectorsu = (2,—1,3),v=(1,5,1), and w = (1,5,—1). Since

u-v=(2,—-1,3)-(1,5,1)
=2-543
:07

the vectors u and v are orthogonal.
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If we consider u and w, we have
u-w=(2,-1,3)-(1,5,—-1)

—2-5-3
——6.

The vectors u and w are not orthogonal.

In order to calculate the force acting on a block on an incline we need some additional facts
about the dot product. These are contained in the following result.

Theorem 3 (Dot product and norm). Let v be a vector in R? or R3. Then

(i) V][ =+/v-v
and
(ii) v-v=_0ifand only if v=0.

Proof. This is done only for R? since R? is similar and only (i) is considered. The dot product
of v = (x,y,z) with itself is

v-v=(x,y2) (xy2)
=x*+y +2%
This means that
VYV V=V (0y,2) (x4,3,2)
_VETRTE
=1l(x,y,2)]-

We can now return to the incline problem. Assume that the incline goes from (0,0) to (3, 1).
The vector pointing down the incline is (0,0) — (3,1) = (=3, —1). This means that the magni-
tude of the acceleration down the incline is

proj u
v

Fig. 1.16 The projection and normal component of a vector

[(=3,=DII(0, —g)[[ cos(6)

1100, —¢)|| cos(6) =

(=3, =1
_ (_37_1) i (07_8)
V10
-
= \/1_0

The actual acceleration vector along the incline is the magnitude of the acceleration times a unit
vector in the direction of (—3,—1),
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g - 13, =D, —g)l[cos(8) (=3, —1)
r=

(=3, =1 (=3, =1
_ (—3,—1)'(0,—8)
- (—3 —1)- (—3,—1)(_3’_1)
& (_3-1).

10

These two quantities are used in a more general setting and are called the component of u in
the direction of v,

u-v
compyu = —,

M|

and the projection of u onto v, or the component vector of u in the direction of v,
u-v
roj,u = ——V. 1.15
projyu=— (1.15)
Another vector quantity we can calculate is the normal part of u to v. It is given by
normaly u = u — proj, u.

It is easy to check that proj, v is orthogonal to normaly u. In other words, the angle between the
vectors is /2 = 90° or their dot product is 0. We can view this as writing u as a sum of two
vectors that are at right angles to each other with the requirement that one is in the direction of
v, see Fig. 1.16 on page 17.

Remark 3. In physics the term component is sometimes used both for the vectors proj, u and
normaly u and for their lengths. In that case a bold letter a or a letter with an arrow above a is
used for the vector and the plain letter a is used for the length. It is also common in physics to
use a hat, a to designate a unit vector in the same direction as a.

Example 18. An example of this is the force a sail provides for a cart on a straight railroad
track. Assume the track is going in the direction (—2,3). Also assume the wind is blowing in
the same direction as the vector (3, 1) and produces a force of 200 N acting on the cart through
the sail. What is the force acting on the cart parallel to the track and what is the force produced
by the sail that pushes the cart across the tracks?

Call the direction of the track u and the force from the wind against the sail F. Since F is in
the direction (3, 1) with magnitude 200 N, we have

1
F — 200001 N =20v10(3,1)N

13, D)l
The force parallel to the track is
. 20v10(3,1)-(—2,3)
F= —2,3)N
Pt =) 2y Y
—60v/10

The force perpendicular to the track is
normaly F =F — proj, F
—-60v'10
=20v10(3,1) — ——— (-2,3)N

13
20110
13

(33,22)N
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There are some properties of the dot product that you should know. These are commonly
used and you should be able to use them.

Theorem 4 (Dot product computation rules). Let u, v, and w be vectors in R? or R* and let
o be a real number. Then

(i) u-v=v-u,

(i) u-(v+w)=u-v+u-w,
(iii) (ou)-v=o(u-v)=u-(av)
and

(iv) v-0=0.

Proof. Since the proofs of all of the equations are similar, this is restricted to (i). Let v =
(V17V2,V3) and w = (W17W2,W3). Then

V'W(V],V2,V3) : (W17W27W3)
= VW] + Vvawy + V3w3
=Wy +wava +w3v3

=W-W.

In elementary physics work is usually defined as force times distance. Here we use the
standard mks units: force is in Newtons (N), distance is in meters (m), and work is in Joules (J).
For example, if you move down a track with a constant force of 10N for 100 m you use 1,000J.
This is not as simple if the force being applied is not in the direction of the motion.

Consider a car on a straight east-west railroad track. If the force applied to the car by the
wind is 200N in a south-easterly direction, what is the work done moving the car 200 m along
the track? If v = (1,0) is the direction of the track and F = 100v/2(1,—1)N, then the force
along the track is

v-F
compyF = WN .

Since the cart moves 200 m along the track, the displacement of the car can be taken as w =
(200,0) = 200v m. This means the work is

w=200"F
[Ivll
— (200v)-F
=w-F

=20,000v/2J.

This idea leads to the formula that the work done moving a mass along a straight line through
a displacement of w under the influence of a constant force F is given by

W=w-F.

Example 19. Find the work done moving a mass in a straight line from (—1,2,—1)m to
(3,4,7)m with a constant force of F = (1,—1,2) N acting on the mass.

The displacement vector is v = (3,4,7)m — (—1,2,—1)m = (4,2,8) m. Calculating gives
the work as

W=F-v=(1,—1,2)N-(4,2,8)m= 18/J.
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Exercises

1. Find the dot products of the following pairs of vectors.

(a) x—(32) =45 ) @  x=(1,1,1),y=(1,2,3)

(b) ( )’y ( 9 ) (e) X_(Oala 2)’y:( O )
(©) =( =5),y=(=3,1) ®  x=(6,7,-3),y = (=2,4,-1)
2. Find the angles between the pair of vectors.

@ x=0, 2) 4,5) @ x=(1,1,1),y=(1,2,3)

b) x=(-2 ) =(-2,1) (e) x=(0,1,-2),y=(1,0,0)

() x=(4, 5), =(-3,1) " x=(6,7,-3),y=(-2,4,—1)
3. Find projection of the first vector onto the second.

(a) X_(3 2) _( 75) (d) X:(lalal)’y:(laza?’)

(b) _( ) ( ) ) (e) XZ(O,I,—Z),y:(l,O,O)

© x=(4-5).y=(-3.1) ®  x=(6,7,-3),y=(-2,4,-1)
4.  Find the part of the first vector normal to the second vector.

(@ x=(3,2).,y=(4,5) (@ x=(1,1,1),y=(1,2,3)

(b) X:(_271)’y:(_271) (e) X:(0515_2)7y:(15050)

(C) X:(47_5)’y:(_371) (f) X:(6577_3)7y:(_2747 1)

5. Find the work done in moving from point A to point B with a constant force vector F.

@ A=(21).B=3,-2). F:(L—l)

(b) A=(-3,0),B=1(0,2),F=(3,6)

() A=(-2,-2),B=(5,5),F=(—4,4)

d A=(-23),B=(7,—1),F=(0,—1)

e A=(1,2,1),B=(23,-2),F=(1,1,—1)

) A=(-1,-2,2),B=(7,-7,3),F=(2,2,—4)
(@ A=(2,1,3),B=(4,3,1),F=(1,12)

() A=(3,2,—1),B=(—1,—1,—1),F = (4,—4,1)

6.  In the following the vector T points down an incline. A M kg mass is on the incline with
an acceleration due to gravity g = (0,—9.8)m/s. Find the force pulling the mass down the

incline.
(a T=(2,-2),M=2 d T=(6,—-1),M=3
by T=(-4,-1),M=4 e) T=(-7,-1,M=5
c T=(7,-2),M=1 H T=4,-1),M=10

7. Find two units vectors orthogonal to each of the following vectors.

(a) W:(172) (©) V:(_lvl)
(b))  w=(—4,0) (d)  v=(-6,-5)

8. Find two unit vectors orthogonal to the following pairs of vectors in R>.

~

(a) W:f,Z:k (C) W= (1717 2) (

1,1,0)
®  w=(1,1,0),v=(~1,1,0) @ w=032,1)v=(-12,1

)
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9.  Show that the dot product distributes over vector addition. For vectors v, w, and z one has

v-(W+z)=v-wHv-z

10.  Find formulas for the cosines of the angles of a vector v = (v,v,v3) with each of the
coordinate axes.

11.  The following vectors are given in polar coordinates. Find the dot product of the two
vectors without translating to rectangular coordinates.

(@ wuwp=(1,71/6),vp=(3,7) () wup=(4,5n/4),vp=(3,—71/2)
(b) up=1(6,51/6),vp=(4,1/4) (d) wup=(2,51/6),vp=(-5,m/4)
12.  In each of the following a mass of M kilograms is on an incline without friction that goes

from A to B. Assume that the mass is under the influence of gravity at the surface of the
earth. Find the force acting on the mass.

(a) M=1,A=(0,0),and B=(4,3). () M=2A=(1,1),and B=(7,2).
(b)y M=5A=(0,3),and B=(1,4). (d M=1,A=(0,5),and B=(4,5).

1.4 Vectors in n Dimensions

Many times one needs to use more than two or three dependent variables to describe a phys-
ical situation. An example is describing the motion of three masses in three dimensions. It is
common to assume that one of the masses is fixed at 0. For each of the other two objects we
need both a position and a velocity. This gives a total of 2 - (3 4 3) = 12 coordinates needed for
this problem. Because of this common need, we will be using vectors with n components.

Definition 2. The space of vectors with n coordinates, R”, is the set of all ordered n-tuples of
real numbers,
R" = {(x1,%2, ..., xa)|xi €R,i=1,2,....n}.

These vectors are used the same way that vectors from R? and R? are. For example, we
define addition of two vectors in R” by

V+w= v +w,va+wa,..., v+ wy)
and we define scalar multiplication by
ow = (0w, 0wy, ..., 0twy).

The length, norm, of a vector also uses the same formula as in R3,

IVl = /343402,

Example 20. Let v = (1,2,—2,1,3,5), w = (4,—3,2,1,—3,2) and & = —3. Then
viw=(1442-3,-2421+1,3-3,5+2)=(5,-1,0,2,0,7)

and
ov=3(1,2,-2,1,3,5)=(3,6,—6,3,9,15).
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We also have

|lv|| = \/12+22+ (—2)2+12+32+53 =44,

As in R? and R?, the zero vector is 0 = (0,0,...,0) with 0+ v = v for all vectors v in R”.
The same properties of addition and scalar multiplication that we have for vectors in R? and
IR3 also hold in R".

Theorem 5 (Vector computation rules, R"). Ler u, v and w be vectors in R" and let o and 3
be real numbers. Then

(i) u+v=v+uy,

(ii) u+ (v+w)=(utv)+w,
(iii) oo(u+v)=ou+oav
and

(iv) (a+B)v=(av)+(Bv).

The proofs of these equalities are left to the reader. We do them coordinate by coordinate
where the same properties hold for real numbers.

The angle definition of the dot product we used in R? and R? is not valid in R” if n > 3 since
we do not know how to define angles in the way they were defined for R? and R3. Instead,
the dot product is defined as follows. The angle between two vectors is then defined using the
formula from the dot product definition in R? and R3.

Definition 3 (Dot product, R"). Let v = (vi,v2,...,v,) and w = (w|,wa,...,w,) be vectors in
R". The dot product of v and w is defined as

V-W=ViWw +vawa+ -+ v,w,.

This makes it easy to compute a dot production.

Example 21. The dot product of (1,2,-2,4,—1) and (2,1,2,1,5) is

(1,2,-2,4,-1)-(2,1,2,1,5)=1-242-1+(-2)-2+4-1+(—1)-5
=—1.

Using the R? and R? definition of the dot product,
v-w = [[v]|[lw]| cos(6),

as a model, the angle 0 between two vectors in R” is defined by
V-w
cos(0) = ————.
(VI {wll
Since | cos(0)| < 1, this definition requires the Cauchy-Schwarz Inequality, for any two vectors
u and vin R”,
u-v| < [Julf[}v]].

A quick proof of the Cauchy-Schwarz Inequality is given at the end of this section, Theorem 8
on page 24.
Using the example above we have that the cosine of the angle between
(1,2,-2,4,—1) and (2,1,2,1,5) is
—1

COS(G) = m
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This gives an angle 6, usually taken in [0, 7], that is approximately 1.604 rad or approximately
91.9°.

As in R? and R two vectors v and w in R” are said to be orthogonal if v-w = 0. This is the
equivalent of the vectors being at right angles.

Going from R? to R” does not change the properties of the dot product. This means that the
same theorems on the properties of the dot product hold.

Theorem 6 (Dot product and norm, R"). Let v be a vector in R". Then

(i) [Vl = V7
and
(ii) v-v=_0ifand only if v=0.

Theorem 7 (Dot product computation rules, R"). Let u, v, and w be vectors in R" and let o
be a real number. Then

(i) u-v=v-u,

(i) u-(v+w)=u-v+u-w,

(iii) (ou)-v=o(u-v)=u-(av)

and

(iv) v.-0=0.

Proof. The proofs of all of these equalities are similar. As an example, the fact thatu-v=v-u
is proven. Here
u-v=uvi+uvr+---+u,v,
=viup+vaus+ -+ vy

=V-u

As in R? and R3 we define the projection of v onto w as
. vV-Ww
[0jy, V= ——"W.
Projy Wow

Again, this is the vector z in the direction of w such that v — z is orthogonal to w. The vector
v — z is called the normal part to the projection of v onto w,

normaly v = v — proj,, v.

Example 22. Consider the vectors v = (2,6,—3,4,1) and w = (1,2,1,2,1). The component of
v in the direction of w is

(2,6,-3,4,1)-(1,2,1,2,1)
[(1,2,1,2,1)]
 2412-348+1

VIFd+T+4+1
20

-

compy, V=

The projection of v onto w is

oy (26,734 1)-(1,2,1,2,1)
PRIy = (1,2,1,2,1)-(1,2,1,2,1)
20

=2 (1,2,1,2,1).
11(7777)

(1,2,1,2,1)
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Finally, the normal to the projection of v onto w is

normaly Vv = v — proj,, v

20

=(2,6,-3,4,1) = - (1.2,1,2,1)

(226 53 4 9
i 1)

What follows is the statement and a proof of the Cauchy-Schwarz Inequality. It is optional
material.

Theorem 8 (Cauchy-Schwarz Inequality). Let u and v be any vectors in R". Then
- v| < [Julf[}v]].
Proof. Consider the quadratic polynomial in ¢,
(urt —|—v1)2 + (uyt +vz)2 + oot (unt —|—v,,)2
= (u%—l—u%—l——i—u,%) t2+2(u1v1 +upvy o Fupvy) t

+ (Vi34 v
= [Ju? +2fu-v|r + ||v|>.

Since this quadratic polynomial is always nonnegative, the discriminant of the quadratic (the
part under the square root in the quadratic formula, Eq. A.2 on page 386) must be nonpositive.
This means that

0> 4fu-v]* — 4 uf?[|v]|*.
Rewriting this inequality as
[l V][> > fu-v]?

and taking the square roots of both sides gives the Cauchy-Schwarz Inequality,

- v <l vl

Exercises

1. Find the dot products of the following pairs of vectors.

(@ x=(3,2,51),y=(4,5,1,—-4)

by x=(-2,1,1,-2),y=(-2,1,1,-2)

© x=(4,- 52,1,3),y:( 3,1,-3,4,-2)

d x= (1,1,145),y:(1 2,3,-2,2)

e) x=(0,1,-2,0,1,2),y= (100600)

® x=(6,7,-3,2,1,1),y=(-2,4,—-1,1,-2,3)
2.  Find the angles between the pair of vectors.

(a) x—(3 2,5,1),y=(4,5,1,—-4)

(b) =(-2,1,1,— 2),y (=2,1,1,-2)

(c) x:(4, 5,2,1,3),y=(-3,1,-3,4,-2)
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(d) X:(1717174 5)7 :( 2,3, 22)
() x=(0,1,-2,0,1,2),y = (100600)
® x=(6,7,-3,2,1,1),y =(-2,4,—1,1,-2,3)

3. Find projection of the first vector onto the second.

(a) x—(3251) =(4,5,1,-4)

(b) ( 271717 )’y ( 271717_2)

(C) (47 5271,3),)’:( 3717 34_2)

) x= (1,1,145),y:<1, 3,-2,2)

(e) x=(0,1,-2,0,1,2),y= (100600)

H  x=(6,7,— -3, 2,1 D,y=(-2 -2,3)
4.  Find normal to the projection of the first vector onto the second.
(a) x=(3,2,5,1),y=(4,5,1,—-4)

(b) ( 271517 )’y ( 271717_ )

() x=(4,-52,1,3),y=(-3,1,-3,4,-2)
(d) x:(l,l,l,4,5),y:(l,2,3, -2,2)

(e) x=(0,1,-2,0,1,2),y=(1, 00600)

(f) X:(6777_3727171)’y ( 213)

5. If one has two points A and B in R” one defines the distance between them as the length
of the vector v = B — A. Find the distances between the following pairs of points.

@ A=(2,1,3,5),B=(3,-2,0,1)
(b) A: (_3707271)732 (Oa2a4a_2)
© A=(-2,-2,2.3,1),B=(5,5,5,5,0)

Fig. 1.17 The function W(6)

d A=(-2,3,-7,2,1),B=(7,-1,0,—1,5)

e A=(1,2,1,—-1,-2,2),B=(2,3,-2,7,-7,3)

6 A=(2,1,3,3,2,-1),B=(4,3,1,—-1,-1,-1)

6.  Show that the dot product in R" distributes over vector addition. For vectors v, w, and z
one has

V- (W+2z)=v-W+V-Z

7.  Find formulas for the cosines of the angles of a vector v = (v,vs,...,v,) with each of
the coordinate axes in R".
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1.5 Vector-Valued Functions

Many things are described by functions that have one input and a vector quantity as the output.
This section gives some examples of such functions. They include lines and circles. Such func-
tions, f: R — R”, give what are called parametrized curves.

The first example in this section is one of the most important and one of the most common
parametrized curves.

Example 23. The circle x> +y* = 1 is the image of the function
W(6) = (cos(0),sin(0)) .

What you should have learned is that each point on the unit circle is defined by (x,y) =
(cos(0),sin(0)) where 0 is the counter clockwise angle from the positive x-axis to the line
segment from the origin to (x,y), see Fig. 1.17 on page 25.

If the distance from the origin is changed from 1 to r, the result is a circle of radius r.
Since the vector (cos(0),sin(0)) is multiplied by r, this circle can be parametrized by
(rcos(0),rsin(0)). We can also parametrize a circle centered at a point (xg,yo) with radius r.
The circle has equation (x —xg)? + (y —yo)? = 2. Setting x — xg = rcos(6) and y — yo = rsin(8)
gives a parametrization, w(0) = (xo + r cos(0),yo + r sin(6)).

Example 24. Find a parametrization of the circle of radius 5 centered at (—2,3). Using the
parametrization of the circle above we have

x(1) = (=24 5cos(t),3 + 5sin(t)).

24 X

-3 0 12%45

Fig. 1.19 The line containing x and y
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If we go in the opposite direction around the circle we have a parametrization x(¢) = (—2+
5cos(—t),3+ 5sin(—1)) = (=2 +5cos(t),3 — Ssin(r)) and if we go around the circle twice as
fast we have the parametrization x(7) = (—2 + 5cos(2¢),3 + 5sin(2r)).

The graph of a function f: R — R” can be parametrized easily.

Example 25. The graph of a function f : R — R” can be parametrized as (x,f(x)). This is true
since the graph of f is all points of the form (x,f(x)) where x is in the domain of f.

Example 26. The graph of the function W(#) = (cos(#),sin(#)) is the helix
H(t) = (,cos(z),sin(t)), see Fig. 1.18 on page 26 where the function is plotted on the interval
[—3m,37].

A straight line in R” through two points x and y can easily be parametrized.

Example 27. If x and y are two points in R” and v =y — x, then the line through the two points
can be parametrized as ¢(t) = x -+ v. This follows from the fact that v is the direction from x to
y. Since each point on the line is reached from x by going some distance in the direction from
X to y, or in the opposite direction, our equation must give a parametrization of the line, see
Fig. 1.19 on page 26.

Example 28. Find a parametrization of the line containing (1,4,—2) and (2,2,2). A direction
along the line is (1,4, —2) —(2,2,2) = (—1,2,—4). This means that the line can be parametrized
as () = (1,4,-2)+1(—-1,2,—4).

2n Sm

9 18

i 4n
18 9

N
[e]
[=
ol
SNE]
wla

E]

1

ool

x|1.{0.850{0.470]0.|—0.384]|—0.555|—0.500({—0.298 (—0.090|0.

¥/0.10.150{0.171]0.{—0.321|—0.665|—0.865|—0.810|—0.492|0.

Table 1.1 Values of x(r) = (cos(3¢) cos(r),cos(3t) sin(t))

3
E)

A sz | vz | o2 | Bro | 1 |sz| sz
9 | 18 | 3 | 18 9 |6 9 | 1

#
b

—0.090|-0.298|—-0.500{—0.555|—0.384( 0. | 0.470 | 0.850 |1.

=

y| 0.492 | 0.810 | 0.865 | 0.665 | 0.321 |0. [-0.171{-0.150|0.

Table 1.2 Values of x(r) = (cos(3t) cos(t),cos(3t) sin(z))

Example 29. The path taken by a mass with constant velocity is a line. If a mass is at a point
xo when ¢ = £y and travels with constant velocity v, its position as a function of time is x(¢) =
X0+ (1 —1t9) V.

This is a parametrization of a line. Such a parametrization always has the form /(1) =a+1v
where a is a point on the line and v is a direction along the line.
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Fig. 1.20 Some points for plotting x(z) = (cos(3¢) cos(r),cos(3t) sin(t))

When plotting vector-valued functions we often do not plot both the inputs and outputs.
Often only the outputs are plotted. We make a table of output vectors of the function and then
plot them. The plotted points are then connected in an appropriate manner, in the same order as
the order of the input points.

Example 30. Plot the curve parametrized by
x(1) = (cos(3¢) cos(t),cos(3t) sin(z)).

First make a table of values as in Tables 1.1 on page 27 and 1.2 on page 27.
Then plot the points, see Fig. 1.20 on page 28.

Finally, connect the points in order, see Fig. 1.21 on page 28.

N oY oo
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Another way of getting some idea of the shape of a parametrized curve r(z) is to use plots of
the coordinate functions that define r(r). The coordinate functions for a function r(z) : R — R”
are the functions r;(¢) such that r(¢) = (r((z),r2(t),...,ra(r)). The information obtained from
the plots of the functions r;(r) and parametrized curves r; ; = (r;(t),r;(r)) can help greatly. The
following example illustrates this for a parametrized curve in R>.

Example 31. Consider the vector valued function r(7) = (t, t2,t3). The graphs of the coordinate
functions on the interval [—2,2] are in Fig. 1.22 on page 28.

Those graphs indicate that at r = —2 the curve is at (—2,4,—8) and moves to (0,0,0) at
t = 0. Over this range x is changing at a constant speed, y is changing at a decreasing speed,
and the rate of change of z is decreasing faster than the rate of change of y is decreasing, but
the speed also goes to 0. As ¢ goes from O to 2 the speeds reverse what they did from —2 to 0
and the curve goes from (0,0,0) to (2,4,8).

We can also plot the parametrized curves given by r; ; = (r;(),rj(t)). These plots give ad-
ditional information about the parametrized curve. The graphs of these curves are given in
Fig. 1.23 on page 29.

These curves show what the parametrized curve looks like when looking at the graph from
each of the positive coordinate axes. Looking from the z-axis it is a parabola, from the y-axis it
is a cubic curve, and from the x-axisitisay = 2213 curve. (Why does the last of these graphs
take the formy = 22/39) This means that we can think of the parametrized curve in R3 as similar
to a cubic in z along the curve y = x? in xy-plane. All of this information matches the correct
parametrized curve in Fig. 1.24 on page 29.
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Fig. 1.23
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Fig. 1.24 The curve r(t) = (¢,1%,3)
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Exercises

1. Match the following vector valued functions with their images.

(a) f(r) = (cos(t),3sin(r)) d Lls)=(2s—1,s+2)

() g(t) = (%) (e) k(z) = (4cos?(z),4cos(z) sin(z))

() h(s) = (cos(s),s) () r(z) = (4sin(2z) cos(z),4sin(2z) sin(z))
2 1 4

1-\
4 -3 -2 / 2 3 4

1 X
5]
11 -4-
M (In) -
61
y 4
5]

8-6-4 L 1\2 i 6 8
—4
-6
(110 V) -8-
4-
3-/
5]
1
432 123 4

_1- X
-24
-3 -31
Iv) -4+ (VD) -4

2. Match the functions with their images.

(a) f(r) = (¢,2cos(t),4sin(r))
(b) g(t>:(t27t27t3>
(¢) h(s) = (3sin(s),3cos(s),s)
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(d  l(s)=(—s,s—1,25+1)
(e) k(z) = (4sin(z),4cos(z),4cos(z) sin(z))
(f)  r(z) = (4sin(2z) cos(z),4sin(2z) sin(z),3 cos(z))

D
I

_3: A —A;
V) (VT) 43210-1234

3. Find parametrizations R(¢) of the unit circle based on W(z) = (cos(t),sin(¢)) that do the
following things.

(a)  Goes in the opposite direction of W(¢) with R(0) = W(0).

(b)  Goes around in the same direction as W(z), takes half the time to complete a cycle,
and R(0) = W(0).

(¢)  Goes around in the same direction as W(z), takes three times the time to complete a
cycle, and R(0) = W(0).

(d)  Goes around in the same direction as W(z), takes the same time to complete a cycle,
and R(0) = W(m).

(e)  Goes around in the opposite direction as W(t), takes three times the time to complete
acycle, and R(0) = W(r/2).

(f)  Goes around in the same direction as W(z), R(0) = W(0), and R(2) = W(0).

4. A mass M starting at a point ry with an initial velocity v that has no forces acting on it
will maintain a constant velocity. Its position as a function of time is given by r(t) =ro+1v.
The speed of the mass is also constant and is given by s(¢) = ||v||. Assume that the original
position of a mass is (1, —2) and its velocity is always (2,1).

(a)  Find the position of the mass M as a function of time.

(b) A mass starts at the same position as M but goes in the opposite direction at the same
speed. Find the position of this mass as a function of time.
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(c) A mass starts at the same position as M, goes in the opposite direction as M, but goes
at speed one. Find the position of this mass as a function of time.

(d) A mass starts at the same position as M, goes in the same direction as M, but goes at
speed one. Find the position of this mass as a function of time.

A bead is restricted to travel on the path £(t) = (2r — 5,5 — 3¢,4 +¢). If the bead is at
(—1,—1,6) and a force F = (—3,5,—2) is acting on the bead, what is the force pushing the
bead along the path?

Find a parametrization of the line through (2, 1) and (—3,5). (See Example 29.)



Chapter 2
Limits and Derivatives

The idea of a limit is central to all of calculus. Throughout the rest of your calculus classes it
will be behind everything you learn. Most people do not understand this concept the first time
they see it, but they can get a feeling for the basic idea with some effort.

After looking at limits, this chapter moves on to the idea of a derivative. This idea is more
natural and many more people understand the concept of a derivative. In the context of physics
it is often used as the instantaneous rate change of position, velocity, or the instantaneous rate
of change of velocity, acceleration. Even though physical motion is where Newton originally
defined the concept of a derivative, the derivative has found uses in many other areas, including
economics and biology.

2.1 Sequences and Limits

The idea of a limit was approached for thousands of years without ever being reached. The
concept, when finally realized, helped to revolutionize mathematics.

One of the problems that leads toward the concept of a limit is what mathematicians call
Zeno’s paradox. A person is walking at a constant speed across a room. At some time the person
is half way across the room. At another time they will again have halved their distance to the
opposite wall. At a third time they will, again, have halved their distance from the opposite
wall. This process continues forever. Does the person ever reach the opposite wall?

The problem here is that the distances left to the far wall are, assuming the original distance
was 1,

1

P P ,...757...

| =
B
oo | —

If we consider only these distances, they are never zero. Does this mean that the person does
not reach the wall?

On the other hand, if the person is traveling at one distance unit per minute, what are
the times when the person has half the distance left to the far wall, 1/4 the distance left, 1/8
the distance left, etc. These times are 1/2min at 1/2 the distance left, 3/4min at 1/4 the
distance left, 7/8 min at 1/8 the distance left, etc. Does the fact that these times are less than
one make a difference?

Electronic supplementary material The online version of this chapter (doi: 10.1007/978-3-319-09438-0_2)
contains supplementary material, which is available to authorized users.
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Using the concept of a limit these questions will be answered. First the definition of a
sequence is presented. The definition may seem strange, but the examples should make the
definition fairly clear.

Definition 4 (Infinite sequence). An infinite sequence is a function a from the natural numbers
to a set, usually R or R”. The values of this function are often denoted by {a, };"_, instead of
writing a(n).

The image space of a(n) does not need to be R or R”, but those are the only sets we will use.

A finite sequence is a function a from 1,2,3,...,N to a set. They are very important, but in
calculus we deal mostly with infinite processes, so finite sequences are not used in this section
on limits.

Here are some examples of infinite sequences.

Example 32. The natural numbers are a sequence with a(n) = a, = n. This is written as {n};_,
or, being less precise, {1,2,3,...}.

Often we write down only the first few terms of a sequence to get a feeling for the pattern.
The first few terms do not, however, give a precise definition of any sequence.

Example 33. The function a(n) = a, = 1/n* defines a sequence. This is written as {1/n?}"_
or, being less precise, {1,1/4,1/9,...}.

Example 34. If we take the distances to the wall and the time traveled from Zeno’s paradox we
get a sequence of vectors {(1/2",1 —1/2")}

n=1"

The question dealt with in this section is what happens to the sequence {a,} as n heads
toward infinity. This is one of the questions raised by Zeno’s paradox. We can look at a simpler
version of the question, does a,, approach a given value, number, point or vector, as n gets large.
The following definition codifies this idea.

Definition 5 (Infinite sequence). A sequence {a, }"_, of vectors in R* converges to L if, given
any distance r > 0, there is an N, such that when n > N, a,, is within the distance r of L. If this
condition is not satisfied, the sequence diverges.

If a sequence {a, };_, converges to L we say that L is the /imit of the sequence. We use the
notation

lima, =L
n—o0

to denote that L is the limit of {a, }" .

Example 35. Consider the sequence {1 /n? } This sequence converges to 0. For example, if we
want to be within = 0.000001 of 0, we ask which n’s will make |1 /5> — 0| < 10~9? Rewriting
this inequality gives

n* > 10°.

See Fig. 2.1 on page 34 where a log scale is used on the n-axis.

1
0.81
0.61
0.41

0.21

G e,
1 5 10 50 100

Fig. 2.1 The points (n7 1/ nz)
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a 1- ............... b 1- ooooooooooooooo
0.51 0.5
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Fig. 2.2
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Fig. 2.3 The sequence {(1/2",1—1/2")}

Solving for n leads to n > 1,000. Thus an N greater than 1,000 is what we need in the definition
of a limit for a distance of 107°.

The next example shows that limits may not exist for some sequences.

Example 36. Consider the sequence a, = (—1)". See Fig.2.2a on page 35. If L is the limit of
this sequence, then either L > 0 or L < 0. Since r is arbitrary, we can fix the distance to consider
atr=1/2.1f L > 0 then, for odd n the inequality |a, —L| = |—1—L| > 1 > 1/2 holds. Similarly,
if L < 0, for even n we have |a, — L| > 1 > 1/2. See Fig. 2.2a on page 35.

This means that the sequence never stays near a given L, and the limit does not exist.

Now that the idea of a limit for sequence has been defined, the sequence in Zeno’s paradox
can be examined more closely. Recall that the sequence is {(1/2",1—1/2")}. See Fig.2.3 on
page 35.

The distance of the nth term, a(n), in the sequence from (0, 1) is

V(@) +1/(2)) = V22"

Since 2" > 2n forn > 1, we have \/5/2” < 1/n. This implies that for any fixed r, if N > 1/r and
n > N, the distance from (1/2",1 —1/2") to (0, 1) is less than r. Thus, the sequence converges
to (0,1). Does this mean that at time 1 the person has reached the opposite wall? What does
this say about Zeno’s paradox?

To effectively use this definition of the limit for a sequence, several basic rules are needed.
They are fairly simple, so they are grouped together.
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Theorem 9 (Computations with sequences). Ler {a,}, {b,}, and {c,} be sequences that
converge to K, L, and M respectively. Also, let s be a number and assume that M # 0. Then the
following hold:

(i) 1131 (a,+b,) =K+L
(ii)) lim (sa,) =sK
n—soo
(iii)  lim (a,-b,) =K-L
n—roo K

. . a,
lim 22 = =2
(W) s o M

Proof. Only the first equality is proven in the scalar case. The proofs of the other results are
similar and are left to the reader.

Fix an r > 0. Choose N and P such that if » > N and p > P then |a, — L| < r/2 and
|b, — M| < r/2.Let R be the larger of N and P. If n > R, then

(an+bn) — (L+M)| = [(an— L) + (bn — M)
< |(an_L)| + |(bn_M)|
<r/2+4r/2
<r

By our definition, {a, + b, } converges to L+ M.

We can use these rules to extend the sequences we can consider.

Example 37. Consider the sequence { (n*+n) /n*}. We have (n*+n) /n? = 14+n/n* = 1+1/n.
Since the sequence {1}, has limit 1 and {1/n};_, converges to 0, the original sequence
convergesto 1 +0 = 1.

There are more complicated ways of doing this.

Example 38. Let

_ n+ 6n3

T 42— 10n-5

Assuming that a, exists, as it does for all large n, we can divide the numerator and denominator
by 7 to the largest power of 7 in the denominator. This is 7* for this example. Using this gives

dn

5 +6

a, = —+———.
1 10 5
a—w—w

Since 1/n, 1/n%, and 1/n all go to zero, we have

liml+6:6 and 1im1+1—9—i:1.

n—seo 172 n—eo n n? n3
This means that lim,,_...a,, = 6.

The next result is used to show a sequence converges by comparing it to a convergent
sequence. The proof is not difficult, but it is a little technical. The proof is omitted.
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Theorem 10. Let {a,}; | be a sequence of vectors converging to L and let {b,};_ be a

n=1
sequence such that, for n after some N,

b, — L|| < la, — L.

Then
lim b, =L.

n—soo

A couple examples will illustrate the uses of this result.

Example 39. It has been demonstrated that the sequence {1 / nz}:zl converges to 0. Since
n?+2n—1>n*ifn> 1,

1 1
0< ——
<n2—|—2n—l<n2

ifn>1.
This means that
1 1
— 0 — -0
n>+2n—1 ’<n2 ’

when n > 1 and the sequence {1/ (n2 +2n— 1) }::1 converges to 0.
The result can also be used for vector valued sequences.

Example 40. Consider the sequence b, = (1/n, sin(n)/n). The distance from b, to 0 is

(:22) a2 2)
SBEER)

1 4 sin®(n)

n

o

Since {\/5/ n} | converges to 0, the sequence of distances from b, to 0 converges to 0. This
e

means that b,, converges to 0.

We can state a slightly more general result that allows us to show convergence by “squeez-
ing” a sequence between two convergent series. For scalar sequences, Theorem 10 on page 37
can be viewed a squeezing the sequence of b,’s between the constant sequence with terms L
and a sequence with terms a, that converges to L.

Theorem 11 (Squeeze). Let {a,};_, and {by};_, be two sequences that converge to some
L. If {ck}r_ is a sequence such that c, is between a, and by for all integers n greater than
some N, then {ci}y_ converges to L.

Proof. Fix an r > 0. For some N, we have both |a, — L| < r and |b, — L| < r when n > N. Since
¢, is between a, and by, we have |c, — L| < rif n > N and the sequence {ck};"zo converges to L.
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Example 41. Consider the sequences with terms a, = 1 —1/+/n and b, = 1 + 1//n. Both of
these series converge to 1. Since sin(n)/\/n € [—1/y/n,1/+/n] for all n, Theorem 11 tells us
that the sequence ¢, = 1+ sin(n)/y/n converges to 1. This is illustrated in Fig. 2.4 on page 38.

0
0 10 20 30 40 50
X

Fig. 2.4 Squeezing a sequence to a limit

A useful fact for showing that the limit of a sequence does not exist is the following result.
The idea is that if the sequence always “moves” at least a minimum distance after every N, then
the distance of the sequence from a fixed L cannot go to 0. The proof is omitted, but an example
of its use is supplied.

Theorem 12. Let {a,};7_, be a sequence of vectors. The sequence does not converge if and only
if there is an r > 0 such that for every N, there are n,m > N with

la, —a,| > r.

Example 42. Consider the sequence a, = /n. If we can show that after any N € N there are k
and m such that |a; — a,,| = 1, this will mean that {a, } does not converge. Fix an integer N and
let i be an integer with i > v/N. Then k = i* > N and m = (i +1)3 > N. We also have

|ak—am| =143 _a(i+1)3

— VA= iy

= li—@+1)]
=1.

This means that the sequence does not converge.

A final, but very useful result for this section concerns calculating limits of vector valued
sequences. As was done with the example concerning Zeno’s paradox, we can calculate the
distance to the limit value using the vector norm. It is much easier to calculate the limits for
each component separately. This result justifies that technique. The proof is omitted.

Theorem 13 (Sequence convergence by components). Let {a, } be a sequence with a,, having
m components. Then lim,_,..a, = L if and only if each of the components of a, converges to
the corresponding component of L. Writing this out gives lim,_,..(a,); = L.
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Example 43. Consider the sequence witha, = (1/n, n* —1/n*, n* —64/(n* —1,000)). We can
calculate that

1
lim - =0,
n—eo ]

This means that
lim a, = (0, 1,0).

n—yoo

Exercises

1. Find the limits of the following sequences as n goes to infinity.

(@) ay=2 ) by=1

0 an=3% © =

© ba="2 ® =

2. Find the limits of the following sequences as n goes to infinity.

@  ap= 25 ) a, ="l

® =3 © o=
_ W2

© an= r:1+_160 6  an= 6+_nn !

3. Find the limits of the following sequences as n goes to infinity.

2 1 24
@ @ =5t @ = () ()
__ _n 3n n4n— n?
b)) a=5+ 55 e an= m + Toon=T
—10\ (4 24n—1 _10
(©) an = (r;1+6 ) (2) ® ap = * g_—nn 3;12-7-4
4.  Explain why the following sequences do not converge as n goes to infinity.
@) an= 1500 (d  bu= g/i'nf
2
b a=% © o=
3/2 _1\1,,2
© ba=17 M en="5
5. Find the limits of the following sequences as n goes to infinity.
_ (1 2
@ an=(1.7) @ b= (2.3 1)
(b) a,= (2n+17 2n+1> e 2
A © = (s1-745)

© b= (220 o

®
I

n 2n4+2n%? 4n+6

( B2 \/,;_1)
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6.  Use the fact that |sin (%)| < 1 and the squeeze theorem, Theorem 11, to show that the

sequence defined by
1. (1)
ap = —sin| —
n n

converges.
a 4
3
2
1
2 1 0 1 2 1 2
X X
flx) =22 8(x) = x|
Fig. 2.5
a 2 : b
1.5
1 T
Y 05
-2 -1 0 1 2 2 1 05 1 2
——1 =1
-1.5
h(x) = |x] y=s(x)
Fig. 2.6

2.2 Limits of Functions and Continuity

In these notes most of the material concerns functions from the real numbers to the real numbers
or functions from the real numbers to vectors of real numbers. These functions can be nice, like
f(x) = x?, see Fig. 2.5a on page 40. Some are not quite as nice, g(x) = |x|, Fig. 2.5b on page 40,
Some have jumps. The floor or greatest integer function, h(x) = |x|, is the function that
assigns to x the largest integer less than or equal to x, see Fig. 2.6a on page 40.
There are even rather ugly functions, see Fig. 2.6b on page 40,

) 1 X is rational
s(x) =
—1 xisirrational .

It is important to note that the lines at s = —1 and s = 1 in Fig. 2.6b are not solid lines. Each
has an infinite number of holes in it. These holes are offset so that each line x = ¢ hits one and
onlyoneof s =—1lands=1.
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In this section the ideas of limits of functions and continuity of functions are used to help
sort functions into reasonable and unreasonable classes of functions for calculus.

When dealing with sequences the limit was defined for a,, approaching L as n — oo. If we
have a function f(x) defined around some point a, the question is what happens to f(x) as x
approaches a? If we have a sequence a, — a, we can look at what happens to the sequence
of function values b, = f(a,). Looking at the functions above we can see that in the first two
functions, no matter what sequence {a,} converging to a = 0 that we choose, the sequence
f(ay) converges to 0. For the third function, what happens depends on the sequence {a, } chosen
that approaches 0.

Example 44. Consider f(x) = x* and any sequence a, — 0.1f 0 < |a,| < 1,then 0 < (a,)? < |a|.
Thus f(a,) — 0.

Example 45. Consider g(x) = |x| and any sequence a, — 0. Since | |an|— O| = |a,|, the sequence
glay) = 0.

Example 46. Consider h(x) = | x| and let a, = (—1)"/n. Here lim, .. a, =0, h(a,) = —1ifn
is odd and A(a,) = 0 if n is even. This means that lim,,_.. i(a,) does not exist.

Example 47. Consider the sequences a, = 1/n, b, = /n, and ¢,, = 1//n that all converge to 0.
All of the a,,’s are rational. This means that s(a,) = 1 for all n and s(a,) — 1. Similarly, all of
the by,’s are irrational and s(b,) = —1 for all n. This means that s(b,) — —1.

Consider the ¢,,’s. If n is a perfect square, n = m? for some integer m, then ¢, is rational.
Otherwise, ¢, is irrational. This means that for almost all n, ¢, = —1. But, as n goes toward
infinity, n will occasionally be a perfect square and ¢, will be 1. This means that s(c,) does not
converge since no matter how large N is, there are n,m > N such that g(c,) = 1 and g(c,) = —1.

These four examples show what we want is for the function values to approach a single
value. The problems with s(x) mean that we need to consider all sequences, not just one, or a
few, sequences. Because of this, the following is the definition of a limit used in these notes.

Definition 6 (Function limit). Let f be a function on an interval around a. The interval may
exclude a. We say that the limit as x approaches a of f(x) equals L if for all sequences a, — a,
with a, # a for all n, we have

,}5130 f(a,) =L.
A common notation for the limit is
)lcgltlz f(x) =L.

The four examples before this definition show that lim,_,o f(x) and lim,_g(x) exist
whereas lim,_,o/(x) and lim,_,os(x) do not exist. Showing that f(x) and g(x) have limits
at x = 0 was fairly difficult. Demonstrating that #(x) and s(x) do not have limits was much
easier since all that was required was finding a sequence a, — 0 where h(ay,) or s(a,) does not
converge.

Remark 4. An intuitive way of interpreting this definition is that the limit of f as x approaches
a is L, if, no matter how we approach a, the function values always go to L.
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For the function /(x) from above, if we approach 0 from the negative side, the function
values go to —1. If we approach 0 from the positive side, the values of i(x) go to 0. Since the
values of A(x) can approach —1 or 0, the limit does not exist.

The condition for a limit of a function to not exist is stated as the following theorem. The
proof is omitted.

Theorem 14. Limit does not exist by sequence Let f(x) be a function from R to R". The limit
lim,_,, f(x) does not exist if and only if there is a sequence x,, — a such that the sequence f(x,)
does not converge.

As an example to illustrate this consider the floor function.

Example 48. Take h(x) = |x| and let a, = (—1)"/n for n > 2. Then lim,,_,e.a, = 0. If n is odd
a, = —1/nis between —1 and 0. This means that —1 < a, < 0 and /(a,) = —1.
Similarly, if n is even 0 < a, < 1. This implies that A(a,) = 0. Combining the last two

conclusions we have
—1 ifnisodd
h(ay) = {

0 if nis even

This sequence cannot converge since |2(a,+1) — h(a,)| = 1 for all n. This means that lim,_,o /(x)
does not exist.

Working directly from the definition to find a limit is not easy. However, with a few rules,
many limits are easy to calculate. The rules are very similar to the rules for limits of sequences.

Theorem 15 (Function limit rules). Ler f(x) and g(x) be functions from R to R™ with limits
K and L at x = a, and let h(x) be a function from R to R with limit M at a. Then the following
hold:

() lim(f+g)x) =K+L

(i) limh(x)f(x) = MK

(i) lim(f-g)(x) = K- L
X—a f(x)

(iv) IfM+#0, then}lci_%% =K/M

Proof. All of the proofs are similar, so only (i) is considered. Let a,, be any sequence converging

to a. Then the sequences f(a,) and g(a,) converge to K and L respectively. Fix an r > 0. For

some N; and Ny, if ny > Nj and np > No, we have ||f(a,,) —K|| < r/2 and ||g(a,,) —L|| < r/2.
Assume that N = max{N;,N,} and let n > N. Then, if n > N,

1(f+g)(an) — (K+L)[| = [|(f(an) — K) + (g(an) — L)
< [[f(an) — K[| + [[g(an) — L||
<r/24+r/2=r

By the definition of convergence of sequences, (f+ g)(a,) converges to K+ L. Since the
sequence was arbitrary, this holds for all sequences, and the limit is K+ L.

It should be fairly clear that a constant function f(x) = ¢ has limit ¢ at any point a. Somewhat
harder, but not too hard, is the fact that f(x) = x has limit a at any point a. We can use this in a
simple application of Theorem 15.
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Example 49. Using the just stated facts about constant functions and f(x) = x, we can show
that lim,_,, cx*> = ca®. First, since x> = x - x, the product of f(x) with itself, we have

lim cx? = (lim ¢) (limx) (limx) = ¢-a-a = ca®.
X—a X—a X—a X—a
We also have an analog of Theorem 11 on page 37. Assume we have functions f(x), g(x),

and h(x) defined around some point x = a such that (x) is between f(x) and g(x) near a and
such that lim,_,, f(x) = lim,_,, g(x) = L. For any sequence x, — a, after some N, the values
of the sequence h(x,) are between f(x,) and g(x,). Since limy_. f(x,) = lim, e g(x,) = L,
Theorem 11 applies and the sequence of values h(x,) converges to L. This implies that
lim,_,, h(x,) = L. An illustration of this idea is in Fig.2.7a on page 43. We state this as the
following theorem.

N 7
] ./b 3
T AW 05 1
0.51 - Nox
/s ~05 \\
0 .

7

0 0.5 1 1.5 2 a .
X / -1 N
Idea of the squeeze theorem Squeezing x sin® (1/x)
Fig. 2.7

Theorem 16 (Squeeze). Assume the functions f(x), g(x), and h(x) are defined for all points
with |x—a| € (0,0) for a fixed & > 0. Also assume that h(x) is between f(x) and g(x) for all x
with |x —a| € (0,0) and assume that limy_,, f(x) = limy_, g(x) = L. Then lim,_,, h(x) = L.

A simple example illustrates how this works.

Example 50. Let h(x) = x sin® (1/x), f(x) = |x|, and g(x) = —|x|. Here, since

|sin?(y)| € [=1,1] for all y € R, we have h(x) is between f(x) and g(x) for all x # 0.
See Fig.2.7b on page 43 for a graph of the functions. This means that, since lim, ¢ |x| =
lim,_,o —|x| = 0, lim,_,0 A(x) = 0.

It is also useful to evaluate limits of compositions of functions. The next result shows how
this is done.

Theorem 17 (Limit of Composition). Assume f(x) has a limit L as x — a and assume g(y)
is defined on an interval around L and has a limit M = g(L) as y — L, then go f has a limit as
x — aand

lim(go f)(x) =M.

xX—a
Proof. Assume that x,, is any sequence such that x, — a and no x,, = a. Then the sequence
yn = f(x,) is defined after some N and y, converges to L. Thus, the sequence g(y,) = g(f(xn))
converges to M for any sequence x, — a with x,, # a for all m. This means that lim,_,(g o

£)(x) =M.

A couple examples will help understand this result.
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Example 51. Let g(y) = y*+4 and let f(x) = (x*— 1) /(x+ 1). Here lim,_,_ f(x) = —2 and
limy_,_ g(y) = 8. Using Theorem 17, we have

2 2
lim ((x l) +4>:8.
x——1 x+1

Example 52. Here the limit exists without all of the criteria being met. The assumptions of
Theorem 17 are not met at x = 0 if g(y) = cos(y) and f(x) =4m (|x] — 1/2) since lim,_,¢ f(x)
does not exist. However, since f(x) = 2m if x € [0,1) and f(x) = —2m is x € [-1,0),
cos(f(x)) =1lon[-1,1)and

lim(go f)(x)=1.

x—0
Example 53. Here the limit does not exist when the criteria of the theorem are not met. Consider
the function g(y) = (y* — 1) /(y+ 1) with lim,_,_; g(y) = —2 where g(—1) does not exist and
consider the function f(x) = —1 that has lim,_,_, f(x) = —1 for any real number a. Since
g(f(x)) does not exist anywhere, the composition g o f cannot have a limit as x — a for any a.

As you will see in a couple sections, avoiding the point a in the definition of lim,_,, f(x) =L
is necessary. However, the nice functions f(x) = x> and g(x) = |x| satisfy the property that
lim, 0 f(x) =0 = f(0) and lim,_,og(x) = 0 = g(0). This nice property is captured in the
definition of continuity.

Definition 7 (Continuous function). A function f(x) is continuous at a point a if lim,_,, f(x) =
f(a). If the function is continuous at every point of an interval, f is said to be continuous on that
interval.

A function that is not continuous at a point a is said to be discontinuous at a.

Example 54. Again consider the floor function, see Fig.2.6a on page 40. At every integer n,
lim,_,, | x| does not exist. This means that the floor is discontinuous at every integer. On the
other hand, since | x| is constant between consecutive integers, the floor function is continuous
at every point that is not an integer.

The idea that a limit of a sequence b, is taken coordinate by coordinate is used to prove the
following theorem. This theorem is used for evaluating limits of vector valued functions and
for deciding on the continuity of vector-valued functions.

Theorem 18 (Continuous vector valued functions).

Let f(x) = (f1 (x), f2(x), ..., fn(x)) be defined on an interval around a. The limit lim,_,,f(t) =L
if and only iflim,_,, f;(t) = L; fori = 1,2,... ,m. The function f(x) is continuous at a if and only
if fi(x) is continuous at a fori=1,2,...,m.

Example 55. Let f(t) = (4¢>,1,t). Then

limf(r) = <lim4t2, lim1, mm)

t—2 t—2 t—2 t—2

= (16,1,2).

Many elementary functions are continuous at every point in their domains. It is not demon-
strated now that these are continuous, but any polynomial is continuous on R, sin(x) and cos(x)
are continuous on R, ¢* is continuous on R, and In(x) is continuous on (0, ).

Using the theorem on limits above, we can prove the following result. The proof is left to
the ambitious reader.
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Theorem 19 (Continuous vector valued functions, rules). Ler f(x), g(x), r(x) and h(x) be
functions that are continuous at a. Assume that h(a) # 0. Then the following hold:

(i) £+ gis continuous at a,
(ii)  rfis continuous at a,
(iii)  f-gis continuous at a, and

(iv) 7 is continuous at a.

This theorem can be used to demonstrate that many elementary functions are continuous
on their domains. For example, the polynomials are continuous on R, any rational function
is continuous on its domain, and tan(x), sec(x), cot(x), and csc(x) are continuous on their
domains.

a b
6 61
5 5
y4 y4
3 3
2 T ™ T ) 2 - T v ]
0 1 2 3 4 0 1 2 3 4
X X
The discontinuous function The continuous function y =
y=x-4)/(x-2) x+2
Fig. 2.8

Example 56. Consider tan(x) = ::;(();))

where, tan(x) is continuous wherever cos(x) # 0. This is exactly where tan(x) is defined,
{x|x # nm/2 where n is an odd integer.}.

. Since both sin(x) and cos(x) are continuous every-

Example 57. Consider the functions f(x) = (sin(x),x?,4) and h(x) = x> + 1. Using the theorem
above we have that the function f(x)/A(x) is continuous at all x.

There are also many functions that have points where they are discontinuous.

Example 58. The function

1 X is rational
s(x) = o
—1 xisirrational .
is discontinuous everywhere. We will not prove it here, but every open interval in the real line
contains both rational and irrational numbers. This means that s(x) takes on the values —1 and
1 in every interval and the limit lim,_,, s(x) does not exist for any a.

A more common case in elementary calculus is the case where a function is not continuous
since it does not exist at a point. Sometimes we can make a function continuous at a point where
it is discontinuous by changing the value of the function or adding a value for the function at
the point. Such a discontinuity is called a removable discontinuity.
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Example 59. Consider the function f(x) = (x* —4) /(x—2). This function is discontinuous at
x =2 since f(x) is not defined at x = 2. However, if x # 2

fly = 22t

=x+2.

By adding the point (2,4) to the graph of f(x) we get a new function g(x) = x+ 2 that is
continuous at x = 2. This means the discontinuity is a removable discontinuity. See Fig.2.8 on
page 45

A discontinuity that is not removable is called an essential discontinuity. Two simple
examples of essential discontinuities are the floor function at every integer and the function
f(x)=1/xatx=0.

The following result allows us to show that many more functions are continuous.

Theorem 20 (Continuity of compositions). Ler f(x) be defined on an interval around a and
assume that f(x) is continuous at x = a. Also let g(y) be defined on an interval around f(a)
and be continuous at'y = f(a). Then the composition (go f)(x) is continuous at x = a.

Proof. Let a, be a sequence of points converging to a. After some Ny, b, = f(a,) is defined
and b, — f(a) by the definition of continuity. Since b, — f(a), ¢, = g(by) = (go f)(ay) is
defined after some N and ¢, converges to g(f(a)). Therefore, go f is continuous at a.

This is very useful when combining functions. It will be used without stating the result
throughout this chapter.

Example 60. The function f(x) = sin(2x+ 10) is continuous everywhere. This follows from
Theorem 20 since both g(y) = sin(y) and A(x) = 2x+ 10 are continuous everywhere.

There are several important applications of continuity that will be considered later. Here is
one consequence of continuity that will be used when derivatives are discussed.

Theorem 21. Let f : R — R be continuous at a and assume that f(a) > 0 (or f(a) <0). Then
there is an interval (b,c) containing a such f(x) > 0 (or f(x) <0) on (b,c).

Proof. Assume that, to the contrary, that f(x) is continuous at a, f(a) > 0, and there is a
sequence a, — a such that f(a,) < 0. Then |f(a,) — f(a)| > f(a) > 0. This means that
lim,_,, f(x) either does not exist or is not equal to f(a). Since f(x) is continuous at a, neither
of these conclusions is true and f(x) > 0 on some open interval containing a.

Example 61. Let f(x) = sin(x). Since this function is continuous and f(7/2) > 0, sin(x) > 0
on an interval containing 7r/2. We can use the interval (0, 7).

Example 62. Consider the function

1 ifx<0
f(x)_{l ifx>0’

See Fig.2.9 on page 47
This function has f(0) > 0 but is not continuous at 0. It is clear that there are points x close to
0 where f(x) = —1<0.
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1.
Y 0.51

-2 -1 12
-0.5
— ]

Fig. 2.9 y = f(x) from Example 62

This section concludes with several examples concerning numerical computation of limits
and concerning discontinuities and graphs. It is common to use a table of values to estimate
the limit of a function f(x) as x — a. This is similar to saying the limit of a sequence exists by
considering only the first few terms of a sequence of a,’s. The next two examples show that
this may give the impression that there is a limit, even when no limit exists.

First consider a sequence with no limit.

Example 63. Consider the sequence {a,}_, with a, = 1 if n < 10,000 and with a, = (—1)" if
n > 10,000. If we look only at the first 1,000 elements, the limit appears to be 1. However, the
limit does not exist since the a,,’s alternate between —1 and 1 after n = 10,000.

For functions the situation is more complex. Some sequences of function values at points
converging to the a of interest may converge when others diverge or converge to different
values.

Example 64. Consider the function f(x) = sin(r/x), Fig. 2.10 on page 47.

-3 -2 1 2 3
A X

Fig. 2.10 f(x) = sin(m/x)

If we choose any sequence of the form a,, = 1/m(n) where m(n) is an increasing sequence of
integers that goes to infinity, for example a, = 107", then f(a,) = 0 for all n. From the graph,
this does not capture the behavior of the function. In fact, if we take a, = 1/(2n+1/2), we
f(ay) =1 for all n. This is a different possible limit.

Since the sample sequences do not converge to the same value, the function does not have a
limit as x goes to 0.

The previous example shows that using only one sequence to show that a limit exists does
not work. If we know that the of a limit function exists, we can use any sequence to estimate
the limit.

Theorem 22. [flim,_,, f(x) =L, then for any sequence a, — a, we have

lim f(a,) = L.

n—soo

Here is how we can use this theorem.
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Example 65. Let f(x) = cos(mx) and consider the sequence a, = (4"~! —1)/4". We can show
that |a, — 1/4| = 1/4" and that a, — 1/4. Since f(x) is continuous everywhere, f(a,) —
f(1/4) = cos(m/4) = \/2/2. Here The values for the first 8 terms of the sequence are in
Table 2.1 on page 48. From the table we can guess that the limit is approximately 0.707. Since
this is \/§ /2 to three decimal places, it is correct.

0 3 15 63 255 1,023 4,095 16,383

X 16 64 256 1,024 4,096 16,384 65,536

f(x)[1]0.831470]0.740951{0.715731]0.709273|0.707649 0.707242|0.707 141

Table 2.1 Values of cos(7x) as x approaches 1/4

t 1/2 272 23 24 273 276 277 28

sin(r) /t 0.958851  10.989616 [0.997398 10.999349 10.999837 [0.999959(0.999990 ]0.999997

(cos(t) — 1) /t2[—0.4896698|—0.497401|—0.499349(—0.499837—0.499959|—0.5000 [—0.499990(—0.500

Table 2.2 Values of (sin(t) /¢, (cos(t) — 1) /%) as ¢ approaches 0

Example 66. Consider the case of the function r(r) = (sin(r)/, (cos(t) — 1) /t?). It is known
that both lim, o sin(¢)/¢ and lim, o (cos(t) — 1) /(¢?) exist. (These limits are considered in
Sect. 7.4.) To get an estimate for the values of the limits we can create Table 2.2 on 48.

From this table we can conclude that lim,osin(r)/r is probably 1 and that
lim, ¢ (cos(t) — 1) /¢? is probably —1/2. This means that lim, ,or(¢) is probably (1,—1/2).

Frequently we can see discontinuities and possible discontinuities from the graph of a func-
tion. The three basic things that can cause a function f(x) to be discontinuous at a are that the
function may not be defined at a, the limit of f(x) does not exist at a, and the limit exists but
does not equal f(a).

It is important to remember that graphs are only partial representations of a function. As
such, not all the features of a function may be visible. Therefore we must do more than look at
a graph to guarantee that a function is continuous at a point.

|/
S

-—

2 | 1 2 3 4
X

Fig. 2.11 The graph of a function with different types of discontinuities

Example 67. Figure 2.11 on page 48 is the graph of a function with several discontinuities.

The apparent discontinuities are at x = 0, 1,2, and 3. If we assume that the graph represents
all of the behavior of f(x) we can make some conclusions. At both x = 0 and x = 1 the limit of
f(x) does not exist. This means that f(x) is not continuous at either point.
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At both x =2 and x = 3 the limit of f(x) exists The value f(2) = 1 does not equal
lim,,, f(x) = 0. Since f(x) is not defined at x = 3, it is not continuous there. The disconti-
nuities at x = 2 and x = 3 are removable discontinuities.

Exercises

1. Find the following limits of functions.

(@ lim4 G)  lim y}+7y—2
x—3 y—=0
T
li il : 4 6
© Jm g 0 fim, "o
X
lim = L)
(©  lim 3 M lim 2
@ lim 2z y20 3-y
ol m cos(t)
(e) Zh_g 3z—-2 m 72
_ li - 1,w?
O lim 22 W O =3 w L)
z—0 5 . 2 <3 _ 2
(@ lim 10w—6 (©)  lim (" ~6y",3y—5,4y"~ 1)
w—0 ) . 6
() lim (3w +2)? @ lim (7 =" +1,-6,5y+10)
w—
(i) lim w?—3w+2 (Y =2 6y —1
- 1 A
w—r—1 (q) lim 3y Y12
2. Find the limits of the following functions.
: _ . 2 110
() )1(51} In(3x—2) (f) }2161 (" =Tt+1)

. 2
() t11_1>121 cos(” +1) (2) lir£11 (e*+2,cos(mx),In(x +2))
(c) lim tan (% — z) !

Vo 4 h li (w+1 ( ) E) 3 3)
@  lim &2 (h) lim (", sec (w +6 W+

x——1 42 i o

i 2 T i) lim | —,(F—7t+1
(e) vlvlg})sec(w +6) () lim (r—3’( +1)
3. Show that the following limits do not exist.

1 .

(a)  lim cos (—) (e  lim cot (x)

x—0 X

1

(b) lim l (H lim (—2)

x—0 X x—0 \ X
(c)  lim tan(x) (@ lim (2 +1,cot(x))

x—>% x—0

d  lim o (h) lim (l cos(x2)>

xo—1 1 —e—(2x+2) x—0 \ x2’
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4.  Estimate the following limits numerically.

. x> —4 x> =27
@ ig% xX24+x—6 @ )1(1_1)131} x2—-9
. cos(x) : sin(x)
b lim ——
(b) |2 @) }gr}r (x—n’\/)_c>
. sin(x) 3
(¢) lim . Tx\ x> —27
m X O lim (Sm(IS) —9

5. Where are the following functions continuous?

(@ f(x)=x>+3x—6
(b)  g(x) = cot(x)

© h)=52
(d) f(x)zcof()

© 8= EJ
() h(w) = (w’ —w?,sin(w) +cos(2w))

® &= (|5]mon)
® b0 = ()

6.  Are the discontinuities of the following functions at the given points removable disconti-

nuities?
_1)\3

(a) f(x)ztxj,x):zZ © g(w):(w i})—l—l’W:O

34+h)*=9
(b) g(h)z 7 ,h=0 ®) h(x):;tll’le

1
() hx)=-,x=0 X—5x+6

" o / (& h(x)= T+4 =2

@  flw)= ,w=m/2 B

= NEr .

7. Where are the following functions continuous?

2 if 0
@) x:{x 1Ix <

x ifx>0

-2 ifr<1
(b) = e

t+2 ifr>1

4 2 iflz <2
(©) = . i

—4 iflz|>2

wi—dw ifw<?2

(d)

w— ifw>2
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8. Use the squeeze theorem, Theorem 16 on page 43, to show that if

g(x) =

X if x is rational
—x if xis irrational ,

then g(x) is continuous at x = 0. How does this relate to the idea of a function being contin-
uous at x = a “if you can draw the graph of the function without taking your pencil off the
paper?”

2.3 Rates of Change and Derivatives

Differential calculus can be considered to be a study of how things change. As the first part of
this study of change in this book, the idea of instantaneous rate of change is considered. The
preliminary example here is that of a car driving along a straight east-west road. At a time, say
to, how fast is the car going?

Assume that the position of the car is know as a function of time, say r(¢). Here r is the
signed distance from a fixed point on the road, positive for east and negative for west. Consider
the distance traveled from time #y to time ¢, r(¢;) — (o). If the car is traveling at a constant
velocity, that velocity is

o M) —rlo)
I —1o
The velocity is the speed of the car with a sign to determine direction. In this case, if the car is
moving east in the positive direction, the velocity is positive, and if the car is moving west in
the negative direction, the velocity is negative.

If the car is not traveling at a constant velocity, we say that the average velocity of the car

from ¢ to #; is

r(fl)—r(fo).
1 —1t

Vave =

This is the constant velocity the car would need to travel from r(z) to r(¢;) in the same length
of time, | —#9. The graph in Fig.2.12 on page 51 illustrates this idea.

Fig. 2.12 A secant line representing average velocity

The solid curve represents the position r(¢) and the dashed line represents position with a
constant velocity that has the same distance values as r(¢) at7 = 1 and r = 2. The line including
the points (79, r(to)) and (;,7(t1)) is called the secant line to the graph of r(¢) through (19, (t0))
and (tl,r(tl)).
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The ratio used to find an average rate of change for any function
f(y) —f(x)
y—x
is called a difference quotient. It is often written in the form
f(x+h) —f(x)
h
by replacing y with x + h. This quotient is fundamental for differential calculus.

2.1

Example 68. Assume the position of a car is given by r(r) = 50t + 3cos(t/5). The average
velocity of the car from # =0 to r = 2 is given by

r(2) = r(0)
i
~50-243cos(2/5) — (50-0+3cos(0))
B 2
— 504 3cos(2) -3
2
~ 47.88.

If this is a real car, we assume that the average velocity over the interval from ¢ to #; gets
closer to the instantaneous velocity at #y as #; gets closer to #y. Assuming that this is true, we
define the instantaneous velocity of the car at £y as

— iy ) —r(00)
R A

The same definition is used for vector valued position functions to define velocity and to define
acceleration for a vector valued velocity function. Acceleration is the rate of change, derivative,
of velocity.

Example 69. Let the position function of a mass be given by r(r) = —16t> + 20t + 6. The
velocity at r = 1 is given by

() —r(1)
V(1) =lim ———
=162 420t+6 — (—16+20+6)
=lim
1—1 t—1
_ 2_ _
—lim 16(r*—1)4+20(t—1)
1—1 t—1

=lim —16(t + 1) +20
t—1

=—16(14+1)+20
=—12.
As you will see in the next section, the velocity of the mass is v(r) = —32¢ + 20. This allows
us to calculate the acceleration of the mass at# = 1, a(1):
() (1)
a(l) = jim t—1
. —32t4+20—(—32+20)
=lim
t—1 r—1
— im =32(t—1)
=1 t—1

=-32.
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We can do the same type of example with vector valued motion.

Example 70. Assuming there is no friction, the position of a projectile fired from (0,0) at an
angle 6 above horizontal with an initial speed of vm/sec in the positive x direction can be
written as

r(r) = (vicos(0),—9.8t' + visin(6)) .

The average velocity over the interval from# =0to 0+ A is

(vhcos(6),—9.8h* + vhsin(6)) — (0,0)
h
vh(cos(6),sin(0)) —9.84*(0,—1)

Vave =

N h
= v (cos(0),sin(0)) —9.8(0,—1).
Taking the limit as &7 — 0 of v, we get
v(0) = v (cos(6),sin(0)) .

This gives us that the velocity is a vector of length v, the speed, in the direction of travel,
(cos(6),sin(0)).

Following this idea for general functions we define the derivative of a vector (scalar) valued
function.

Definition 8 (Derivative). Let f: R — R” be a function that is defined on an interval (a—r,a+r)
with » > 0. If the limit exists, the derivative of f at a is defined as

f f(x) —f
A0 () F0—F(@)
dx x—a  X—a
The derivative of f at a is also denoted by
df(a)

Df(a), f'(a), and

dx
For a few functions this is easy to calculate.

Example 71. Consider any function of the form f(x) = mx + b. The derivative at any point a is
given by

b) — b
f(a) = lim (F D)~ (ma+b)

xX—a

X—da
_ fjm =)
X—a XxX—a

=m.

This is the slope of the line y = mx -+ b if m and b are scalars and it is the velocity vector that
includes speed and direction of travel if f(x) is a position function.

This gives a common interpretation of the derivative of a scalar valued function f at a. It is
the slope of the tangent line to the graph of f at (a, f(a)). This can also be seen by looking at
the “limit” of secant lines.
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Example 72. Consider the function f(x) = x* — x?>/2 — x/2 at the point xp = 1. We can show

that f/(1) = 3/2. We can look at the slopes of the secant lines for the f between the points
(1,£(1)) and (14 (1/2)", f(1+(1/2)")). The picture indicates that the lines “approach” the
tangent line to the graph of f at (1,0). Figure 2.13 on page 54 is a graph that includes that
tangent line and the first five secant lines.

A table of slopes, Table 2.3 on page 54, also indicates that the slopes of the secant lines
approach 3/2.

N = O = N W ul O N

Fig. 2.13 Secant lines with slopes decreasing to the slope of a tangent line

x+h|2.{1.50000]1.25000{1.12500|1.06250{1.03125]1.01562{1.00781|1.00391{1.00195

Slope|5.|3. 2.18750(1.82812]1.66016{1.57910]1.53931{1.51959|1.50978(1.50489

Table 2.3 Slopes of secant lines for f(x) = x> —x?/2 —x/2

The way in which the slope of the tangent line was introduced above gives an easy definition
in the case of functions from R to R.

Definition 9 (Tangent line). Assume the function f : R — R has a derivative at a. The tangent
line to the graph of f(x) at (a, f(a)) is the line through (a, f(a)) with slope f'(a).

Assume the function f: R — R” has a derivative at a. The tangent line to the curve
parametrized by f(x) at f(a) is the line through f(a) with direction f'(a).

Example 73. Consider the function r(¢) = — 16t +20t + 6 from Example 69 on page 52. The
derivative of r(z) att = 1 is #/(1) = —12. The point where the tangent line meets the graph is
(1,7(1)) = (1,10). The the equation of the tangent lineisy—10=—12(r —1) ory = —12t 4+ 22,
see Fig.2.14 on page 55.

The derivative can also be interpreted as the rate of change of a quantity with respect to a
variable. Examples of this are the rate of change of the surface of a sphere with respect to
change in the volume and the rate of change of the profit for a company with respect to the
price the company charges for a product.

An important result that is often used without statement is the relationship between deriva-
tives and continuity. If the derivative of f exists at a, then the numerator in the limit of the
definition of the derivative must go to 0 as x — a. (Why is this true?). This means that

0= lim (f(x) — f(a)) = lim (£(x)) ~ f(a).

X—a X—a
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157

101

Fig. 2.14 A tangent line to r(r) = —16t> 420t +6

We then conclude that

lim £ (x) = f(a),

X—a

and f is continuous at a. Restated, this says:

Theorem 23 (Differentiability implies continuity). If f(x) is differentiable at a, then f(x) is
continuous at a.

Example 74. Consider the function f(x) = mx+ b. Since it is differentiable everywhere, it is
continuous everywhere.

There are cases when f(x) is continuous at a point, but not differentiable at that point.

Example 75. Let f(x) = |x|. Then

lim |x| = 0.
x—0
On the other hand, if x < 0, then
M,
X
and if x > 0, then
Ky,
X

Combined, these equations mean that f’(0) does not exist.

Working with derivatives of vector-valued functions is very similar to working with limits
of vector-valued functions. It is done coordinate by coordinate.

Theorem 24 (Differentiability of vector valued functions).
Let f(x) = (f1(x), f2(x),..., fa(x)) be defined on an interval around a. The derivative of f(x)
at a exists if and only if f!(a) exist fori=1,2,...,n. In that case we have
df(x)
dx

Example 76. The derivative of f(r) = (61 +2,2 —,3) is f'(r) = (6,—1,0) since

(@) = (fi(a).f2(a),- ... fu(a)).

d(6i+2) 41

1 , T =—1, and a7 =0.
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This example is important in physical situations. Interpreting f'(z) as velocity and f(¢)
as position, we can say that an object moving with constant velocity, (6,—1,0) starting at
£(0) = (2,2,3) moves along the straight line f(z) = (67 + 2,2 —¢,3). This characterizes the
motion of a mass in the absence of any forces.

We can visualize this in a manner similar to that done for functions of one variable. Here the
secant vectors,

O 0]
xX—1
are used instead of slopes. (Why are slopes not appropriate for vector-valued functions with
more than one output?) For vector-valued functions the idea is that the secant vectors converge
to a tangent vector.

Example 77. Figure 2.15 on page 56 is the graph of W(z) = (cos(¢),sin(¢)) around W(rr/4) ~
(0.707,0.707). Recall that the tangent to a circle at a point is perpendicular to the radius of the
circle. In this case the tangent vector in the picture is v = (—+/2/2,1/2/2), a unit vector that is
showing counter clockwise motion around the circle.

The secant vectors are taken between the point W(7x/4) and the points W(x /44 (1/2)") for
n=1,2,...,5 with length

HW(n/4+(l/2)”)—W(7r/4)H |
(1/2)"

The graph in Fig. 2.15a on page 56 shows how the secant vectors approach this tangent vector.

b
3..
-~
//
2 -
-~
y ==
1
P4
//"
-1 0 1 2 3 4
-02 0 02 04 06 08 -1 X
Secant vectors going to a tan- A tangent line to r(t) =
gent vector (¢%,1)
Fig. 2.15

Example 78. Consider the function r(¢) = (¢%,¢) that has derivative r’ = (2¢,1). The value of
r(r)att =1isr(1) = (1,1) and derivative of r(¢) atr = 1 is r’(1) = (2,1). This means that a
parametrization of the tangent line to the curve parametrized by r(r) att = 1 is £(s) = (1,1) +
s(2,1), see Fig.2.15b on page 56.

Example 79. Consider the position curve of the projectile and velocity at = 0 in Example 70.
r(r) = (v cos(0),—9.8¢' + v sin(6))
v(0) = v (cos(8),sin(0)) .

In this case the velocity vector at t = 0 is tangent to the curve of motion of the projectile. Its
direction is the direction of travel of the projectile at t = 0 and its length is equal to the speed
of the projectile, see Fig.2.16 on page 57.
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Fig. 2.16 The initial velocity vector and path of motion for Example 78

Exercises

1. What is the average rate of change of the function from x = a to x = b as given below?

(@ f(x)=x*+2,a=1,b=4 e gx)= 4+x3, a=-1,b=5

(b)  flx)= (mwa—Ob—% 0 g)=2+2xva=-2,b=0

(c) f(x): La=1,b=2 (2 gkx)= 1n(x—|—1) a=0,b=3

@ flx)= pa=-3,b=-1 (h)  glx)=cos(m(x+1)/3),a=—-2,b=—1

2. Use the definition of the derivative to find the derivatives of the following functions at the
given point.

@ f(x)=0,a=3 ®  h(z)=—4z—4,a=6

b flx)=-3,a=1 (g h(@)=72+2,a=1

© glx)=x+1,a=0 (h) h(zx)=-72-4a=0

d gx)=2x—1,a=-1 1 h(z) 2z+1,a=0
(e) h(z)=3z+2,a=2 G  h(z)=22+z-3,a=-1

3. Find the average velocity of a mass whose position is given by r(¢) from a to b.

(@ r()=(3—-1),a=0,b=3

() r(t)=(In(Bt—1)),a=1,b=2

(¢) r(t)= (% cos(mt/4)),a=1,b=1

(d r(t)=0Bt,21-2t),a=—-1,b=1

(e) r(t)= (e In(t>?+1),1-2%),a=3,b=5

(f) r(r) = (sin(mt/6),cos(nt/6),t —1),a=2,b=4

4.  Use the definition of the derivative to find the derivatives of the following functions at the
given point.

(@ f(t)=(0,1,3),a=2 @ gt)=@C+1,41),a=—1

b)  f(r)=(-3,1,1),a=1 () h(s)=(3s+2,-35—2),a=2

) git)=02),a=-2 (f)  h(s)=(-s,s>+2),a=6
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5. Explain why the following functions do not have derivatives at the designated points.

@ flx)=1ix=0 (e) h(x)=x*3,x=0
b)) flx)= |x—1| x=1 ®  hx)=x"7x=0
© gk —x—|x| x=0 (@ r(t)= (3, |t+2],cos(t)), 1 =
@ gl) =" x=0 () r(t) = (tan(r),sec(r)), r = §

6.  The following functions have derivatives at the given points. Estimate the derivative to
two decimal places using a numerical technique.

@ flx)=x"P x=4

(b)  f(x)=co ()x=§

(© g(x)= n(x), x =1

(d r(t)=tan(x’—x),x=1

(e) g(Z)=e z=0

M hz)=z"7 =4

(@ h(z)=Vzt+1,x=6

(h) r(t)=("31°),r=1

(A r(r) = (sin(nr/6),t 72,2 +1),t =2

G s(r)=(exp(%),cos (r72),In(r>+ 1)), 1 =2

7.  Explain why the following functions do not have a derivative at the given point.

@ flx)=|x],x=4 € h(z)=z"'3,2z=0

b  flx)= \/x x=0 ® hz)=vVEZ-2z+1,x=1

© gx)=%x=0 (@ ()= (3"+2,cos(r),[5]). 2=
@) gl)=25b2=2 M his) = (i) s =1

8. Use the definition of the derivative and the squeeze theorem, Theorem 16 on page 43, to
show that the function

h(w) w2 if w is rational
w) =
—w? if wis irrational
has a derivative at w = 0.
9. Why does the function
w2 if w is rational
h(w) = e
—w* if wis irrational

not have a derivative at any point besides w = 0.

10.  Assume that g(y) has a derivative at y = 3.5 with g’(—3.5) = —3. Using the definition of
the derivative, explain why the function f(y) = g(y) — 10 has a derivative at y = 3.5 with

£(3.5)=-3.

11.  Assume that g(y) has a derivative at y = 3.5 with g’(—3.5) = —3. Use geometry to explain
why the function f(y) = g(y) — 10 has a derivative at y = 3.5 with f(3.5) = —3.
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2.4 Derivatives of a Few Common Functions

As you should be able to tell from the last section, only having the derivatives of polynomials
is very limiting. Even though not all of the derivatives of the functions in this section will be
derived here, having them available for the rest of this chapter allows us to consider many more
problems and applications.

The first functions we consider are sin(0) and cos(6). Recall the definition of sin(6) and
cos(0) in terms of radians. The sin(0) and cos(0) are the x and y coordinates of the point on
the unit circle centered at (0,0) obtained by going 6 units counter clockwise around the circle
from the point (1,0). This means that the function W(8) = (cos(0),sin(0)) has us traveling
counter clockwise around the circle at unit speed.

The above means that the derivative of W must be tangent to the unit circle and have length 1.
The speed is 1 since the rotation goes at one radian per time unit. The only unit vectors tangent
to the unit circle at W(60) are (—sin(6),cos(0)) and (sin(0),—cos(0)). From Fig.2.17 on
page 59, the choice should be
(—sin(0),cos(0)). It matches direction of travel around the unit circle.

1.57
w4 27 (0)
0.5
W (o)
0:5

Fig. 2.17 W(6) and DW(6) = W'(6)

In particular, this means that

d .
70 cos(0) = —sin(0)

and

d .

70 sin(0) = cos(0).
It is easy to use these formulas.

Example 80. Find the derivative of f(0) = 4cos(6).

d .. 4cos(6+h)—4cos(0)
a0 /() = i h
_ 4 lim cos(0 +h) —cos(0)
h—0 h

= —4sin(0).
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Another two functions considered in this section are the natural exponential and natural
logarithm functions. You should be familiar with the graphs of 1/x and In(x), Fig.2.18 on
page 60.

a b
41 4
Y Y
Y E——— 07—
12345 12345
X X
-2 2
4 -4
y=1/x y=In(x)
Fig. 2.18

The graph of In(x) indicates that as x goes to 0 from the right that the derivative of In(x) goes
to infinity. As x goes to infinity the derivative of In(x) goes to 0. Pictorially, 1 /x looks like the
derivative of In(x). In fact, the derivative of In(x) is 1/x.

The final function in this section is the natural exponential, exp(x) = ¢*. Plotting the slopes
of the tangent lines gives an indication of the function. Figure 2.19 on page 60 contains the
plots of ¢* and approximations of its derivative at intervals of 0.2. The approximations were
done with the difference quotient

0001 _
0.001

Given the similarity in the graphs, we can guess that the derivative of ¢* is ¢*. In fact, that
is true.

a > b 5 '
4 41 ¢
3 3 ,°
y y .
2 21 .
M RO
7'1 0 1 2 3 -1 0 1 2 3
X X
y=¢" y= (0001 _¢%) /0.001

Fig. 2.19
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Example 81. The derivative of g(x) = In(x) + ¢* is given by

¢/(a) = lim In(x) + &' — (In(a) + %)
x—a XxX—a
_ X __ a
— lim In(x) —In(a) lim E¢
x—a XxX—a x—=a xX—a
1
=—+e
a

The natural exponential function has many uses in applications.

Example 82. A common assumption for the growth of a simple population is that the rate of
change of the population, P(t), is proportional to the population. If the proportionality constant
is one, the equation describing this is

Since

every function of the form P(r) = Cé' is a solution for this mathematical model of population
growth.

Another class of functions that is frequently used is the class of polynomials. In the next
chapter you will see how the rule for finding the derivative of a polynomial is derived. For now,
the rule is simply stated.

Theorem 25 (Derivatives of polynomials). Let p(x) = ag + a1x + axx> + - + a,x" be any
polynomial of degree n. The derivative of p(x) is given by

d
Z(x_) = ay +2apx +3azx® + -+ map™ '+ na
X

This is easy to use.

Example 83. The derivative of p(x) = 3 — 2x+ 4x> 4 6x° is
Plx)=—2+42-4>"143.6x°"!
= —2+8x+18x%.

Example 84. The derivative of g(x) = x'%! is

dq(x)

ke 10121011 = 10149,
X
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Example 85. If there was no air resistance and no wind, the position of a projectile near the
surface of the earth would be

s(r) = (vxt +x0,—4.9> + vyt —|—yo) .

Here (vy, vy) is the initial velocity at 7 = 0 and (xp, yo) is the initial position. Since the only force
acting on the projectile is gravity, the horizontal velocity should be constant.
The velocity is

ds(r)
dt

d d
= (E (vxt—|—xo)) o (—4.9t2—|—vyt+yo)

= (v, —9.81+vy).

The result matches what is taught in elementary physics classes.

The section ends with a function whose derivative can be found using a little skill and the
definition of the derivative. It will be used for problems involving various differentiation rules.
There are mathematical models where it is used.

Example 86. The derivative of 1/x is given by

GVEm gz

The key to the derivation of this rule is that, if the square roots are defined, (v/a — v/b) (\/a+
Vb) =a—b.

The following is the derivation of this formula. Assuming that x and x + % are both positive,

aTh-

dx h—)O h

(VEFT— V&) (it R+ V)

0 h(v/x+h+ /%)
x+h—x

=lim —————
h=0 h(v/x+h++/x)

Exercises

1. Find the derivatives of the following functions at the given point a.

(@ fx)=x*+2,a=1 (d)  f(x) = 101x*! +55x°0 — 1,000x, a =
b)) fx)=x-3x+6x—2,a=0
© f(x)=10x+6-3x>—x,a=2



2.5 Derivatives, Graphs, and Approximations 63

(g) f(x)=sin(x),a=% &  r(t)=(>—5,In(t),sin(t)), a =2
(h)  flx)=ea=—
() r(r)=(*—2t+3,cos(t),e'),a= -2 O r()= (207", a=1

(z)
() r(t)=(*—2t+3,cos(t),e'),a=—2 (m) r(t)=(e,In(t),cos()),a =4

2. Use the same type of reasoning as was used to find the derivatives of sin(6) and cos(0)
to find the derivatives of the following functions.

(a) sin(—0) (©) cos(g)

3
(b)  cos(20) @ sin(0+%)

3. Each of the following is the velocity of an object. Find its acceleration.

(@ v(t)=(5t—6,—16t+32)
(b)  v(t) = (—cos(t),sin(t),2)
(©)  v(t)=(¢,In(t),4> —61)
(d) (1) = (5 —26r+10,—16r*+150)

2.5 Derivatives, Graphs, and Approximations

Recall that the derivative of f(x) at a, if it exists, is defined as
f(x) —fi
f'(a) = lim flx) — f(a)
x—a XxX—a
Letting & = x — a, this can be rewritten as
. fla+h)—f(a)
f'(a) = lim —————~~,
(@) = fim ——

In many cases this form of the definition of the derivative is easier to use.
Since the limit is the derivative we have that if & is close to 0, then

f(a+h)—f(a) '

! ~
f'(a) ~ -

Multiplying both sides by % and rearranging gives
f(a+h) ~f(a)+f'(a)h. (2.2)

Given a function value and a derivative at a, this enables us to approximate values of the
function near a. This idea is used throughout calculus.

Example 87. Given that f(1) =4 and f'(1) = —0.5, approximate f(1.2). Here we have h =
1.2—1=0.2. Thus

F12)~ F(1)+ £ (1)
~44(—0.5)(0.2)
~39

This can be a good approximation for points close to a. As the following example shows,
the approximation may not be good for points away from a.
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Example 88. Consider the function f(x) = cos(x) — 4x? around a = 0, see Fig. 2.20 on page 64.
Since f’(x) = —sin(x) — 8x, we have f’(0) = 0. The linear approximation is f(0+h) ~ £(h) =
1+ 0k = 1. This means that the error at 7 = —0.01 is f(—0.01) — ¢(—0.01) &~ —0.00045 and at
h=0.2 the error is £(0.2) — £(0.2) &~ —0.17993 . The error is growing very fast in comparison
with the size of h.

4.
3.
y 2]
-T . 1 m n3nTw
2 2 4
_2- X
_3-
41

Fig. 2.20 Tangent line to f(x) = cos(x) —4x> atx =0

This idea of approximation is also used in differential notation. This notation is commonly
used in the sciences. If we take Eq. (2.2) and rewrite it we get

f(a+h)—f(a) ~t'(a)h.
Setting Af = f(a+ h) — f(a) and Ax = h, this approximation becomes
Af~f(a) Ax. 2.3)

The A’s are small changes in the values of f and x.
If we take the limit in the sense of making the distances Af and Ax infinitely small, infinites-
imals, we get the equation

df =f'(x)dx. 2.4)
We can use the equation in the same way that we use Eq. (2.3).
Example 89. Assume that the position of a mass is s(t) = (> — 7,3t +5,cos(r)) when written

as a function of time. Approximate the position of the mass at = —0.1.
The derivative of s(¢) is

s'(t) = (2t — 1,3, —sin(z)),

5(0)=1(0,5,1) and 5’ (0) = (—1,3,0). Using differential notation we have dr = —0.1 —0= —0.1
and

ds=s'(0)dt
~ (—1,3,0) (—0.1)
~ (0.1,-0.3,0).

Since ds = s(—0.1) —s(0), we have

s(—0.1) ~s(0) +ds
(0,5,1)+(0.1,—0.3,0)
(0147 ).

Q

Q
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We can also plot both sides of Eq. (2.2) to get a geometric view of the derivative.
Example 90. Consider the function f(x) = ¢*. Then f'(x) = ¢* and f(0) = f’(0) = 1. This
gives us
e~1+41-x.

The plot shows that the line y = 1 +x is a good approximation to y = e¢* around the point (0, 1),
see Fig.2.21 on page 65.

Fig. 2.21 Tangent line approximation toy = ¢* atx =0

The same basic picture works for vector valued functions.

Example 91. Consider the function f(¢) = (cos(¢),sin(¢),2¢) . The derivative of this function is
f/(r) = (—sin(z),cos(r),2). At = 0 we get that
£(1) ~ £(0) +£/(0)1
~ (1,0,0)+17(0,1,2)
~ (1,1,2t).

Plotting the left and right sides of the last equation gives Fig. 2.22a on page 65. When we try to
approximate f(0.2) we get

£(0.2) ~ £(0) +£'(0) (0.2)
(1,0.2,0.4).

This is plotted in Fig. 2.22b on page 65.

The tangent line to f(r) = The tangent line approxima-
(cos(t),sin(r),21) tion to f(z) = (cos(z),sin(z),2¢)

Fig. 2.22
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Exercises
1. In each part of this problem a function value and derivative of a function are given at a
point a. Find an approximation for the function value at the given b.
(@ f(1)=2,f(1)=3,b=13
()  f(0)=0,f(0)=-2,b=-0.5
© f(-DH=2,f(-1)=1/4,b=-1.3
@ fB)=2,f03)=-2b=29
@ r(1)=(1,-2)r'(1)=(-11),b=12
®  r0)=(-1,0),r'(0)=(2,-1),b=-02
() r(—-10)=(3,2,—1),r'(—-10)=(4,-2,1),b=—-9.7
(h)  r(3)=(0,—1,1),r'(3) = (-1,2,-2),b=2.7
2. Given are a function value at a, a derivative value at a, and a b. Use this information to
approximate f(b).
@ fO)=Lf(1)=-2,b=15
b f2)=-1,f12)=-1,b=25
() f(3)=13,f(3)=025b=1.35
@ r(1)=(1,0),r'(1)=(3,1/3),b=0.95
(e) f(0)=(2,-1),f(0)=(0.3,-0.3),b =0.33
® r(5)=(-1,2,1),r'(5)=(-0.2,0.2,0),b=5.15
3. Given are a function, an a, and a b. Use this information to approximate f(b) using the
value and the derivative of the function at a.
(@& fx)=3x+3,a=2,b=25
b))  flx)= ( )+cos(x),a=m/4,b=0.9
) gw)= 4w +4,a=3,b=29
d r@) = ( —3t),a=-2,b=—-1.95
e f(r)= (sm( ), cos(t) t),a=3m/2,b=4.8
® r(s)=(s?2-52—4s+2),a=—1,b=—1.2
4.  Use differential notation to write d f for the following functions.
(@ f(x)=3x+3 (d  f(x) =cos(x)+In(x)
(b)  f(x) =sin(x) (e) f(x)=(x*—3x+4,In(x)+3)
© flx)=e€e"+2x O fw)= (6W275W10766w)
5. The surface area of a sphere with radius r is A(r) = 47 r>. Use a linear approximation for

A(r) at r = 4 to approximate the area of a sphere with radius r = 4.08. What is the error in
this approximation?

The volume of a sphere with radius r is V(r) = %nr3. Use a linear approximation for

V(r) at r = 2 to approximate the volume of a sphere with radius r = 1.94. What is the error
in this approximation?
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1.

The surface are of a right circular cylinder with height 5 cm and radius ris A(r) = 27> +
10ztrem. Use a linear approximation to A(r) at » = 3cm to approximate the volume of a
cylinder with radius 2.95cm.

The volume of a right circular cone with height sm and base diameter sm is V(s) =
%7{53 rp3. Using a linear approximation to V (s) at s = 5m, approximate the volume of a
cone with s =5.11m.

The position of a projectile is given by r(¢) = (10f,—4.9t> + 60t)m where the first
coordinate is the distance down range from the firing point and the second coordinate is
the height above the ground of the projectile. (Distances are in meters and time is measured
in seconds.) Using a linear approximation to the position function at t = 8 s, estimate when
and where the projectile lands.






Chapter 3
More on Limits

3.1 One-Sided Limits

There are several other situations where the idea of a limit is needed. This section states the
definitions for some of these situations and gives a theorem that is useful when trying to find
limits.

The first definition is that of a one-sided limit. A simple example of this is what happens to
f(x) =+y/xasx— 0, see Fig. 3.1 on page 69.
Since the domain of f(x) is [0,°), we cannot use any sequences with a,, < 0 for some n. This
leads to the following definition.

Definition 10. Let f(x) be defined on an interval (a,b), then L is the limit of f(x) as x approaches
a from the right,
lim f(x) = L,

x—at

if for all sequences a, — a with a,, > a we have

r}grolo f(a,) =L,
The left limit is defined in a similar way, a vector L is the limit of f(x) as x approaches a
from the left,
lim f(x) =L,

xX—a—

Electronic supplementary material The online version of this chapter (doi: 10.1007/978-3-319-09438-0_3)
contains supplementary material, which is available to authorized users.

© Springer International Publishing Switzerland 2014 69
J.S. Treiman, Calculus with Vectors, Springer Undergraduate Texts
in Mathematics and Technology, DOI 10.1007/978-3-319-09438-0_3
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Fig. 3.2 y = |x]

if for all sequences a,, — a with a,, < a we have

lim f(a,) = L,

n—oeo

Example 92. Consider the floor function f(x) = |x|. For a given x this is the largest integer less
than or equal to x. This means that |n] = n for any integer. If x € (n,n+ 1), then |x| = n for
any integer n, Fig. 3.2 on page 70.

If we take values in (1,2), |x] = 1. For any sequence a, — 1 with a, > 1 we have
limy, e | @] = 1. This means that lim,_,+ [x] = 1.

Similarly, we can show that lim,_,;- |x| = 0. This means that both of the one-sided limits
for | x| exist at x = 1, but the limit as x — 1 of | x| does not exist. (Why?)

Example 93. The vector valued function

rr) = (cos(r) = Lt+1,12) if <0
| (sin(r), =t 4 1,0) if >0

has right and left limits at # = O that are the same.

Since all of the coordinate functions in the definition of r(¢) are continuous everywhere, all
of their one sided limits at = 0 exist. (This is because sequences converging to ¢ = 0 from one
side are still sequences converging to ¢ = 0.) This means that

lim r(r) = (0,1,0)
t—0~

li )=(0,1,0)
t ,1,0).
[11311'( (

This is illustrated in Fig. 3.3 on page 70.

705 0 -0.5-1

Fig. 3.3 Image of r(r) for Example 93
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Note that since sequences converging to a from one side are still sequences converging to a,
if lim,_,, f(x) = L then both of the limits lim,_,,- f(x) and lim,_, .+ f(x) exist and equal L,

Example 94. Recall the definition W(6) = (cos(0),sin(6)). Since both sin(6) and cos(6)
are continuous everywhere, W(0) is continuous everywhere. In particular, limy I w(6) =

V2 : - _\2 : _ 2
Y= (1,1). This means that hme_%fW(G) =%=(1,1) and 11m9_>%+ W(0) = %5=(1,1).

The above example illustrates part of the following theorem. It relates one sided limits with
the limit. This result is used both to find limits and to show that limits do not exist.

Theorem 26. Let f(x) : R — R” be a function defined on a set (a —r,a+r) — {a}. The limit
lim,_,, f(x) exists and equals L if and only if the limits lim,_,,— f(x) and lim,_, .+ f(x) both exist
and both equal L.

Proof. The (=) part is simple. Since lim,_,, f(x) = L, all sequences a, — a with either a, > a
or a, < a satisfy lim,_,. f(a,) = L.

The (<) part is a little harder. There are three cases to consider; when, after some N, all
ay are greater that a; when, after some N, all a,, are less that a; and when after all N there are
a, < a and a, > a. The first two cases are easier and left to the reader.

Assume that the limits lim,_,,- f(x) and lim,_,,+ f(x) both exist for all such sequences and
all limits of sequences equal L. Let a, — a, a, # a be an arbitrary sequence converging to a
that can be divided into two sequences {b,,} and {c;} where a, is put into {b,,} if a, > a and
ay is putinto {c,, } if a, > a.

Since both one-sided limits are L, for any r > 0 there are M and K such that if m > M and
k > K we have

lf(bm) —L|| <r and ||f(ck)—L|| <r

If we take an N such that for n > N, a, was put into one of the sequences {b,,} and {c} as b,
with m > M or ¢, with k > K, we have

[f(an) —L| <r
for all n > N. This means that lim, .. f(a,) = L for any sequence a, — a.
The following is an example of how we can use this result.

Example 95. Let
sin(z ifr <0
8() = { " -

*Ncos(r)—1 ifr>0’

see Fig. 3.4 on page 71

Fig. 3.4 y = g(r) for Example 95
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Fig. 3.5 y = f(x) for Example 96

Since sin(z) and cos(z) — 1 are differentiable at r = 0, they are both continuous at 0. This means
that

lim g(7) = lim sin(¢)
=0~ =0~

~limsin(r
tg%sm()

=0
and

lim ¢(¢) = lim cos(t) — 1
teO*g( ) t—0* ( )

= limcos(t) — 1
t—0

=0.
Therefore lim,_,o g(z) = 0.

This theorem is also used for finding derivatives.

Example 96. Let
—x2 ifx<0
f(x) = { 2

X ifx>0’
see Fig. 3.5 on page 72.

This function is continuous at x = 0 with f(0) = 0. (This is left for the reader to prove.)
To show that f is differentiable at x = 0 we evaluate the limits lim,_,- (f(x) — £(0))/(x —0)
and lim, o+ (f(x) — f(0))/x — 0. The limits are

_ 2
i L0 -0 _ . —x=0
x—0~ x—0 x—=0- x—0
= lim —x
x—0~
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and
_ 2 _
lim f1x) — 1(0) = lim ¥ -0
x—0F x—0 =0~ x—20
= lim x
x—0—
=0.

This means that f/(0) = 0.

Among the major uses of one sided limits is finding the largest and smallest values of func-
tions on an interval [a,b] that includes its endpoints, see the section on extrema on page 137,
and the statement of the Intermediate Value Theorem, Theorem 43 on page 121. These results
depend on a function being continuous on the interval [a, b]. The idea is given in the following
definition.

Definition 11. Let [a, b] be an interval that includes its endpoints and let f be a function defined
on [a,b]. The function f is continuous at a if

lim f(x) = f(a),

x—at

and the function f is continuous at b if

lim f(x) = £(b).
x—b

The function f is continuous on [a,b] if f is continuous on (a,b) and if f is continuous at both

a and b.

To simplify our language about intervals we will use two terms. An interval .# C R is
bounded if both endpoints are finite. An interval is closed if it contains any finite endpoints.
For example, the interval [—10,101] is bounded and (—e,0] is not bounded. The intervals
[—1,101] and (—oo, 10] are closed whereas the intervals (—10,101] and (0, ) are not closed.
This means the interval [—10, 101] is closed and bounded.

Here are two examples to illustrate this idea of a function being continuous on a closed
bounded interval.

Example 97. Let f(x) = x> 4 sin(x®*). Since f is continuous at all x € R, for all real numbers a
and b we have

lim f(x)=f(a) and lim f(x) = f(b).

x—at x—b~

This means f is continuous on all closed bounded intervals [a, b].

Example 98. Let f(x) = |x]. This is not continuous on [0, 1] since

lim f(x)=0 and f(1)=1.
x—1-
The rules for calculating one-sided limits are the same as the rules for calculating limits. The
statement is the same except for the types of limits considered.

Theorem 27. Let f(x) and g(x) be functions from R to R™ with limits K and L from the right
(left) at x = a, and let h(x) be a function from R to R with right sided (left sided) limit M at a.
Then the following hold:

x—at x—a~

(i) lim (f+g)(x) =K+L (lim (f+g)(x)=K—|—L>
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2.
L]
yp\<\\
-2 - 0 1 2

Fig. 3.6 f(x) = |x] +cos(x)

(ii))  lim h(x)f(x) = MK ( lim A(x)f(x) = MK)

(iii)  lim (f-g)(x) =KL ( lim (f-g)(x) =K-L

(iv) IfM#0, then xl_i}r;l+ % =K/M <x1_lgl % = K/M)

Example 99. Consider the limits lim,_,g+ f(x) and lim,_,o- f(x) where
£(2) = Lx] +cos(x).

Recall that lim,_,g cos(x) = 1. Since |x| =0if x € (0,1), lim, o+ [x] = 0 and since |x] = —1
if x € (—1,0), lim,_,o- |x] = —1. These facts imply that

L
i 109 = Jim L)+ lim, cos(s)
=0+1
=1

and that
lim f(x) = lim |x] + lim cos(x)
x—0~ x—0~ x—0~
=—1+1
=0.

See Fig. 3.6 on page 74.

Exercises

1. Find the following one-sided limits.

(@  lim Vi @ lim ]
(b) liI%li V9 —x2 (e) xl_i)r% | —2x]
()  lim |x] ()  lim |—2x]

x—2+F x—2~



3.2 Limits Involving Infinity 75

2.  Find the left and right sided limits of the following functions at the given point. Are the
functions continuous at the point?

x|

(@ flx)=x*+2,x=1 d  flx)=52,x=0
(b)  f(x) - si&(ﬂ)_,xl =0 (© gx)=r x=-1
(© f(x) =er,X= (f) g(x) :ln(x),x=e3

3. Find the left and right sided limits of the following functions at the given point. Are the
functions continuous at the point?

@ r()= (0,1, +1),1=3

(b)  f(t) = (sin(z),cos(t),tan(r)), 1 =1/2

© r@)=(+1,P+r2++1,[1+1]),1=-3

() f(x) = (sin(1/t),r+1),t=0

4. Why do both one sided limits for a function f(x) exist at a point a where f(x) is
continuous?

5. A projectile has position r(z) = (10¢, —4.9t> + 60¢t) m. Here the first coordinate is the
position down range and the second coordinate is height above the ground. (Time is
measured in seconds.) Explain why finding the velocity when the projectile lands involves
a one-sided limit.

6.  Are the given functions continuous on the given intervals?

(@  f(x) =cos(3x) —In(x) on [1,2] (e) hiw)= ny;ll on [—1,0]

(b)  f(x) =cos(3x) —In(x) on [0,1] 0 h(w) = V:;+_11 on [0,1]
Loni—

(:) g(z) = i n [ ; A (@ r(t)= tz2+11 on (0,1)

@ glz)=zon[=3,] (h)  s(r)=tan (%) on (—1,1)

7. Explain how one can extend Definition 11 on page 73 to vector valued functions.
8.  Show that if a function f(x) is even and differentiable at x = 0, then f/(0) = 0.
9.  Ifafunction f(x) is odd and differentiable at x = 0, can f(0) = 0?

3.2 Limits Involving Infinity

There are two simple interesting situations involving limits of functions where infinity plays a
role. One is the case when x goes toward co or —eo. The other situation is when the values of
f(x) go toward eo or —ee. In fact, the definition of the limit of a sequence {a,};_, is already in
the form we need.

Recall that lim,,_,. a,, = L if for all » > O there is an N such that if n > N then ||a, —LJ|| < r.
If we take a, = f(n) for some function f: R — R”, this definition can be viewed as taking one
sequence of f(x) values as x gets infinitely large. In a manner corresponding to the definition
of the limit of a function, we only need to include the convergence of all sequences. First the
definition of a sequence going to infinity is needed.
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Definition 12 (Sequence limit is infinity). A sequence a, goes to infinity, a, — oo, if for all
M > 0 there is an N such that if n > N, then a,, > M.

A sequence b, goes to negative infinity, b, — —eoo, if for all M > 0 there is an N such that if
n> N, then b, < —M.

This concept can be illustrated using a couple simple examples.

Example 100. Let a,, = n. Then, for any M > 0, there is an integer N > M. Ilf n > N > M, we
have a,, > M. This means that a,, — .

On the other hand, let b, = —n. Then, for any M > 0, there is aninteger N > M.If n >N > M,
we have b, < —M. This means that b,, — —oo.

Example 101. Let a, = \/n. Then, for any M > 0, there is an integer N > M?.1f n > N, we have
a,=+/n>+/N> VM2 = M. This means that a,, — co.

On the other hand, let b, = —/n. Then, for any M > 0, there is an integer N > M>.If n > N,
we have b, = —/n < —/N < —+/M2? = —M. This means that b, — —os.

With this, the definition of a function f(x) converging as x — o can be stated.
Definition 13 (Function limit at infinity). The limit of a function f(x) : R — R" asx — oo is L,

lim f(x) = L,

X—roo

if for all sequences a, — oo, lim,,_,.f(a,) = L.
The limit of a function f(x) : R — R"” as x — —oois L,

lim f(x) =L,

X——oo
if for all sequences a, — —e we have lim,_,.. f(a,) = L.
This idea can be illustrated with a couple simple examples.

Example 102. Consider the function f(x) = 1/x. The claim is that

1
lim — =0.
X—oo X
and
lim - =0.
X——o0 X

Let a, be any sequence going to infinity. For a given r > 0 there is an M > 0 such that
r>1/M.Thereis an N such thatif n > N then a, > M and 1/a, —0 < 1/M < r. This means that
the arbitrary sequence has f(a,) — 0 and the function converges to 0 as x — o, see Fig. 3.7 on
page 76. In this figure the x-axis has been compressed in a way that approximates the arctangent
function, (x,y) is plotted as (c arctan(x) + b,y).

Let a,, be any sequence going to negative infinity. For a given r > 0 there is an M > 0 such
that 7 > 1 /M. There is an N such thatif n > N then |a,| > M and |1 /a, — 0| = |1 /a,| < 1/M < r.
This means that the arbitrary sequence has f(a,) — 0 and the function converges to O as
X — —oo,

y

X

Fig.3.7 f(x)=1/x
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The next example shows one way that a limit at infinity may fail to exist.

Example 103. Consider the function f(x) = sin(x) and the limit as x — e of f(x). Define the
sequences a, = 2nmt + /2 and b, = 2nmw+ 37 /2. For all n we have f(a,) =1 and f(b,) = —1.
Since the sequences of f values converge to different L’s, the limit does not exist, see Fig. 3.8 on
page 77. As in Fig. 3.7, in this figure the x-axis has been compressed in a way that approximates
the arctangent function, (x,y) is plotted like (c arctan(x) + b, y).

A similar argument also shows that the limit of f(x) does not exist as x — —eo.

vl Y|
| N

Fig. 3.8 f(x) = sin(x)

The rules for taking limits of functions as x goes to £oo are the same as the rules for taking
limits at ordinary points. The rules are stated without proofs. The proofs follow lines similar to
the proofs from standard limits.

Theorem 28 (Rules for limits at infinity). Ler f(x) and g(x) be functions from R to R™ with
limits K and L as x goes to e (—oo), and let h(x) be a function from R to R with limit M as x
goes to oo (—eo). Then the following hold:

(i) lim(f+g)(x) = K+L (xl_iglw(f—i—g)(x):K—i-L)

X—o0

(ii) )}Ln(}oh(x)f(x) =MK ( lim A(x)f(x) :MK>

X——oo

i) Jim ()0 =KL fim (F-2)0) ~K-L)

f fi
(iv) IfM #0, then lim (_x) =K/M lim ﬂ =K/M
S h() =0 ()
This result can be used in the case of rational functions of x as x goes to £eo. Using a
technique similar to that used for limits of sequences that are rational functions of n, we can
find limits of rational functions f(x) as x goes to oe.

Example 104. Consider the rational function h(z) = (22 +z —z°)/(42° 4+ 5z + 10). The limit as
z goes to —eo of A1(z) can be computed as follows.

2 3
. . Ft+z—2
lim h(z) = lim —————
Jm, () = fim, 423 +52+10
AT -
= lim ——%—— (Dividing the numerator and denominator by )

See Fig. 3.9 on page 78.
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— " 10 20 30 40 50
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Fig. 3.9 h(z) = (2 +2-2°)/(42> + 52+ 10)

The other situation considered here is when the values of a function f(x) grow without bound
as x — a or as x — oo, In fact, this has already been defined in this section, see Definition 12.
These limits are not limits in the same sense as before since f(x) does not approach a value.
We are simply noting the fact that the function values grow without bound in either the positive
or negative direction. The following definition makes this more formal.

Definition 14 (Infinite limits). Let a be a real number or let a = £eo. The limit of f(x) as
X —> ais oo,

)lcgrng(x) =%
if for all sequences a, — a,

lim f(a,) = es.

n—yoo

Similarly, the limit of f(x) as x — a is —eo,

i ) = ==
if for all sequences a, — a,

lim f(a,) = —eco.

n—soo

There are a couple of classic examples that give some idea of what can happen as the value
of f grows without bound.

Example 105. Let f(x) = 1 /x> and consider lim,_,o f(x), see Fig.3.10 on page 78.

10y

-3 0123
X

Fig. 3.10 f(x) = 1/x
For any M and any sequence a,, — 0 we need to show that for some N, if n > N then f(a,) > M.

If M <0, replace M by 1. Thus, we can assume that M > 0. There is an N such that if n > N,
then |a,| < 1/+/M. For such an aj,,

flay) =a2 > (\/M)zzM.
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This means that f(a,) — e and that lim,_,g f(x) = ce.

Example 106. Let f(x) = 1/x and consider lim,_,o f(x). The graph Fig.3.11 on page 79 indi-
cates that no limit exists since f(x) < —1ifx € (—1,0) and f(x) > 1 ifx € (0,1).

107

e

S0 -5 5 10
X

-5

-10
Fig. 3.11 f(x)=1/x

For any M > 0 and any sequence a, — 07, there is an N such that if n > N one has 0 <
a, < 1/M. This means that as a, — 0%, f(a,) — . Similarly, for any sequence a, — 07,
f(an) — —oo. The limit cannot exist.

The rules for calculating limits involving oo are the same as for finite limiting values except
for the forms co — oo, 0o /00 and /0. These are indeterminate forms, they have no fixed value,
and are nontrivial to evaluate when taking limits. They are considered in Sect. 7.4.

Theorem 29 (Rules for infinite limits). Ler f(x) and g(x) be functions from R to R with limits
K and L as x goes to a, and let h(x) be a function from R to R with limit M as x goes to a. Here
a can be a real number or teo and K and L can be real numbers, one can be infinite or both
can be infinite with the same sign. Then the following hold:

(i) lim(f+g)(x)=K+L
(i) limh(x) f(x) = MK
(i) Tim(fg)(x) = KL
fx) _ K

(iv) IfM#0, then)lcl_rg}l@: i

The last example leads to the next definition of one sided limits equaling oo.

Definition 15. The limit as x — a* (x — a™) is infinity if for all sequences a, — a™ and all
M > 0, there is an N such thatif n > N, f(a,) > M (f(a,) > M). This is denoted by

lim f(x) = oo (Xlim f(x):oo>.

x—at —a~

The limit as x — at (x — a™) is negative infinity if for all sequences a, — a* (a, — a™)
and all M > 0, there is an N such thatif n > N, f(a,) < —M (f(a,) < —M). This is denoted by

lim f(x) = —eo (Xlim f(x):—oo).

x—at —a~

Example 106 on page 79 is a simple example of this concept.
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Definition 16 (Infinite limits at infinity). Let f : R — R. The limit as x — oo of f(x) is e (—o0),
limy—yeo f(x) = oo (limy_se0 f(x) = —o0), if for every sequence a,, — o= and every M > 0O there is
an N such that if n > N then a, > M and f(a,) > M (f(a,) < —M).

The limit as x — —oo of f(x) i8S oo (—0), limy_,_co f(x) = oo (limy_, oo f(x) = —o0), if for
every sequence a, — —eoo and every M > 0 there is an N such that if n > N then a,, < —M and
flay) > M (f(a,) < —M).

Example 107. Let f(x) = x. Then limy_,e f(x) = oo. Let a,, — oo and M > 0. by definition, after
some N, a, > M. Since f(a,) = a,, we also have f(a,) > M. This means that lim,_,e f(x) = ce.

Example 108. Let f(x) = In(x). Let a, — e and fix M > 0. Since In(2) > 0, thereis a K > 0
such that KIn(2) > M. Choose an N such that if n > N then a, > 2K 1n addition, In(a,) >
In(2X) > KIn(2) > M. This means that lim, ;.. In(x) = co.

The theorem on limits of compositions, Theorem 17, generalizes here. The next result is
used in Sect. 7.4.

Theorem 30 (Limits of compositions involving infinity).

(I)  Assume that f(x) has a limit L as x — doo and that g(y) is continuous at L. Then the
limit as x — £ of g o f(x) exists and equals g(L).

(II)  Assume that limy_,., f(x) = e and that limy_,.. g(y) = co. Then lim,_,e. g 0 f(x) = oo.
This also holds when one replaces infinity by negative infinity in any way that makes sense.

A couple examples show how Theorem 30 is used.

Example 109. Let f(x) = 1 —In(x)/x and let g(x) = ¢*. Then lim,_,e f(x) = 1 and lim,_,e g ©
flx)=e.

Example 110. Let f(x) = —x*> +x and g(y) = In(|y|). Then lim, . f(x) = —co and lim, .. go
f) ==

Exercises

1. Do the following sequences go to infinity?

(@) n = n? (e) b, = zf};‘::i‘f
(b) an:\/n+10 (f) bn:tan(%—%)
244
(©) dn = ﬁ (&) b, = tan (% + %)
3
) an= 5 (h)  by=1n(1)
2. Find the following limits, if they exist.
! 1
(a) lim sin (—) (e) limln (1 + —)
X—$oo X 7—bo0 z
b)  limsin (¥ =
®  Jimsin(<) ®  lim <
. 1+x2 e Z
©  m ey @ lim &

d lim In(z
@ @ (h)  lime 0
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3. Find the following limits, if they exist.

81

. xP—4 .
(@ lim —— (e) ;51(1) csc(z)
x—2 (x — 2)
24 ®  lim St
(b) lim—— L P
=2 (x—2)2 S e
i . w> — 9w w—
©  [limIn (1) (& Jlim, Ww3—9
d lim tan . 5
@ z=m/2 @) (h)  limese (w)

4.  Find both of the one sided limits for the following functions at the given point, if they

exist.
2 _ 4 B B
@ f)="—s.a=2 (€  h(z)=csc(z),z=0
(x—2) ®  h@— 2 dri4 ,
o x2_4 _ < _Z3—12Z2—|—32Z_64’Z_
)  f(¥)=—x=2 S
(x—2) © S(W)_w — w2+ 27w—27 s
© gx)=In(jx+1|),x=-1 g = — W=
@ gla) =tan(z), z=1/2 () s(w) = csc2(w), w=0
5. Find the one sided limits for the following functions at the given point, if they exist.
' =
® i o) © i LT
1 =1t x—1
b li 1
(b) XLI(I){ — ) lim X
=1t Vx—1

6.  Show that the piecewise defined function

v ify<0
wy) =9, .
yo ify>0
has a derivative at y = 0. You should use two one-sided limits.

7. Show that the piecewise defined function

Y4y ify<0
w(y) = 2 .
y ify>0

does not have a derivative at y = 0. You should use two one-sided limits.

3.3 Limits and the Epsilon-Delta Definition

In most calculus books limits are defined indirectly using the idea that when we want f(x) to be
“close” to L when x is “close enough” to a. We can be view this as a statement about sets in the
domain of f(x) of the form {x: |||f(x) —L|| < €}. Since many students are not well versed in the
behavior of an “inverse” of f(x) that may not be single valued, this is difficult for many students
to understand. The definition following this idea is precise and is the way that mathematicians
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Fig. 3.12

often approach the concept of a limit. It is equivalent to the definition used in this book, so there
is no loss of generality in using either definition.

Here we want to capture the idea that f(x) approaches L as x — a. The idea of being close
to L is captured by saying that ||f(x) — L|| is small. In mathematical terms, ||f(x) —L|| < € for
some € > 0. This is illustrated by Fig. 3.12a on page 82.

The idea of x being close to a is mathematically expressed as |x —a| < 0 for a 6 > 0. This
is illustrated by Fig. 3.12b on page 82.

When we combine these two pictures, the idea becomes that the portion of the graph of the
function f(x) in the “vertical” stripe must be contained in the “horizontal” stripe. This is shown
in Fig. 3.13 on page 82.

Fig. 3.13 Matched horizontal and vertical bands

In this picture, the graph of f(x) is between the horizontal lines whenever the x value is between
the vertical lines.

With that motivation we come to the €-0 definition of a limit. Again, the value of f(x) at a is
not considered.

Definition 17. Let f: R — R” be defined on an interval I = (b, ¢), excluding the point a € (b,¢).
We say that the limit as x goes to a of f(x) is L,

limf(x) =L,

X—a

if for all € > 0 there is a 6 > 0 such that if 0 < [x —a| < 6 and x € I we have
IIf(x) —L| <e.

The results on limits from earlier sections can be proven using -8 proofs that are similar
to those using the sequence based definition. The two definitions of the limit in this book are
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equivalent. This means that if a limit exists under one of the definitions, it exists under the other
definition and has the same value. The next example shows how we demonstrate that

lim f(x) = L

X—a
using the € — 0 definition. This example shows all of the work required to get a § for a specific €.

Example 111. Let f(x) = x> and consider lim, 5 f(x). Assume that this limit is 4 and let x =
2+ h. Then, if we assume that || < 4,

|f(x) =4 =(2+h)> 4]
= |4h + |
< |4h| + h?
< 8]h|.

This means that for any € > 0, if we take
€
|x—2|:|h| <6 = g

we have
|f(x)—4| <8|n| <85 =¢.

2

The conclusion is that f(x) = x~ is continuous at x = 2.

For completeness of the presentation, the equivalence of the two definitions of the limits of
functions is stated and proved.

Theorem 31. Let f(x) be a function defined on an interval I = (b,c), except possibly a point
a € (b,c). Then,
lim f(ay) = L

n—yoo

for every sequence a, — a, a, # a, if and only if for every € > 0 there is a 6 > 0 such that if
0< |x—a|l <6 then
If(x) —L| <e.

Proof. First it is shown that if a limit exists using the €-0 definition, then it exists under the
sequence definition with the same limit value. Assume that the limit as x — a of f(x) is L. Then
for every € > 0 there is a 6 > 0 such that if 0 < |x —a| <  then

If(x) —L| <e.
Let a, — a, a, # a, and fix any r > 0. Then there is a 6 > 0 such that if 0 < |x —a| < 0 then
If(x)—L| <r.

Since a,, — a, after some N > 0, |a, —a| < 6. This means that for any sequence a, — a, a, # a,
and any r > 0O there is an N > O such thatif n > N,

[f(an) —L|| <r.

This gives us that the sequence definition of convergence is fulfilled and completes half of the
equivalence.
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Now assume that the limit of f exists at @ under the sequence definition of limit and equals L.
Then for any sequence a, — a, a, # a, and any r > 0 there is an N > 0 such thatif n > N,

If(an) —L|| <r
Also assume that for some € > 0 and all § > 0, there is an x5 with 0 < |x5 —a| < § and
[£(xs) —L|| > €.

(The previous statement is a contradiction to the limit existing with the €-0 definition. If this
leads to an impossible situation, the €-6 definition must hold.) This means that for every integer
n there is an a, with 0 < |a, —a| < 0 = 1/nand ||f(a,) —L|| > €. Since a, — a, this contradicts
the assumption that f(a,) — L for every sequence a, — a, a, # a. Since the contradicts the
assumption that the sequence definition of the limit holds, the € — § definition must hold and
the proof is complete.

Exercises

1. For each of the following functions f(x), points a, values L, and € > 0 find a § > 0 such
that if [x — a| < & then

lf(x)—L| <e.
(@ f(x)=x,a=2,L=2,ande=0.1
b) f(x)=-x,a=2,L=-2,ande=0.1
© flx)=x+1,a=2,L=3,ande=0.2
d fx)=—-x+1l,a=-2,L=3,ande=0.2
) f(x)=2x,a=1L=2ande=02
O f(x)=2x—1,a=2,L=3,ande=0.1
(g f(x)=x*+1,a=0,L=1,and e =0.01
(h)  f(x)=x,a=0,L=0,and & =0.008

2. For each of the following functions f(x), points a, values L, and € > 0 find a § > 0 such
that if [x — a| < 6 then

[f(x) —L]|| < &.
(@) f(x)=(1,x),a=2,L=(1,2),ande =0.1
b)  fx)=(—x2,1),a=2,L=(-2,2,1),and € = 0.1
(¢ f(x)=(x,x),a=1,L=(1,1),and e =0.1
d) f(x)=(—x,4,x),a=—1,L=(1,4,—1),and e =0.1
(e) f(x)=(2x,x,—x),a=35,L=(10,5-5),and &€ = 0.05
®  f(x)=(x*—1,0),a=0,L=(0,—1,0),and &€ = 0.01
(g f(x)=(—x*x,—1),a=—-2,L=(-4,-2,1),and € = 0.02
(h)  f(x)= (1), a=1,L=(1,1,1),and € = 0.008

3. Use the €-0 definition of the limit to show that f(x) = |x] is not continuous at x = 0.



3.3 Limits and the Epsilon-Delta Definition 85

4. Use the &-8 definition of the limit to show that g(y) = 1/(y*> — 1) does not have a limit at
y=1.
5. Use the €-0 definition of the limit to show that

~ Jsin(L) ifz#0
h(z)_{o itz=0.

is not continuous at z = 0.






Chapter 4
Rules for Finding Derivatives

The idea of a derivative, instantaneous rate of change, is difficult to use in many settings unless
one can easily find the derivative of a function. This chapter is devoted to rules, formulas,
for finding derivatives. Examples of how these rules can be applied to functions are included
throughout the chapter.

Without these rules, it is very difficult to solve many simple problems in science and
engineering. Although derivatives are often approximated numerically, you will still need these
derivative rules to work with both known and unknown functions.

4.1 Elementary Rules

This section is devoted to some of the most basic rules, formulas, for finding derivatives. These
rules are used to show that all polynomials have derivatives everywhere and are used throughout
science and engineering.

The first two rules are for very simple functions.

Theorem 32. The derivative of any constant function, £(x) = ¢, is f'(x) = 0.

Proof. We simply calculate using the definition.

df(x) lim f(x+h) —f(x)
h

dx h—0
. c—¢
= lim ——
h—0 h

=1im0
h—0

=0.

Theorem 33. The derivative of f(x) = x is f'(x) = 1.

Proof. This is a simple computation.
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Example 112. The above results mean that the derivative of g(x) = 2 is g’(x) = 0.

Consider the positions of two cars going west on a road from New York. The distance of
car B from New York is always twice the distance of car A from New York. If the speeds of
the cars are both constant, the speed of car B must be twice the speed of car A. The following
result can be interpreted as saying that the same conclusion is true for any speeds.

Theorem 34 (Scalar Multiple). Assume that f(x) is differentiable at x = a and that s is a
constant. The derivative of g(x) = sf(x) at x = a is given by

g'(a) = st'(a).
Proof. This is a calculation using the definition of the derivative.

gla+h) —gla)

/ BT
g (a) = lim N
 lim sf(a+h) —sf(a)
h—0 h
— s lim f(a+h)—f(a)
h—0 h
=st'(a).

Example 113. Let f(x) = 6 (x,4). As we will show later, g(x) = (x,4) is differentiable at every
x with derivative g’(x) = (1,0). This means we have

f(x) =6g'(x) =6(1,0).
Example 114. Let g(t) = —32cos(z). Since cos(t) is differentiable everywhere,

dcos(t)
dt

gt)y=-32 =32sin(?).

Example 115. Consider an object going around a circle of radius 5 cm centered at the origin at
constant speed such that it takes 27 seconds to go around the circle. This means that the speed
of the object is 5 m/s. The same geometry that is used in the beginning of Sect. 2.4 holds. First,
this gives the parametrization r(¢) = 5(cos(t),sin(t)) of the circle. Second, the velocity v(t) is
in the direction (— sin(),cos(z)) when the object is at 5(cos(z),sin()). Combining these facts
tells us that v(r) = 5( —sin(r),cos(r)).

On the other had, using the scalar multiple rule, we have

=5 (% cos(t), % sin(t))
=5(—sin(t),cos(r)).

Now consider a train that is a mile long is traveling south at 20 mph and a person on the
train who is walking at 2 mph from the back of the train toward the front of the train. How far
will the person have traveled after a half hour? The back of the train will have gone 10 mi and
the person will have gone from the back to the front, a total of 11 mi. Since the speeds are all
constant, we can conclude that the speed of the person is 20 42 = 22 mph. This example may
convey the idea behind the sum rule, the rate of change of a sum of functions is the sum of their
rates of change.
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Theorem 35 (Sum Rule). Ler f(x) and g(x) be functions that have derivatives at a. Then

(f+g)'(a) =f'(a) +g'(a).
Proof. Assume that f(x) and g(x) are differentiable at a. Then

(400 )y THB)ath) = 8)(0)
dx h—0 h
o (@)~ ) + (slat )~ (@)
h—0 h
.. fla+h)—fa) .. glat+h)—gla)
= jim 3 +him h

=f'(a) +g'(a).
Example 116. Let f(x) = 4x+ 5. Then
df) _d@n)_d()

dx dx dx

d (x)
=4——=+0

dx +
=4.1=4.

The last abstract rule for this section is the product rule. It is not easy to motivate, but is
extremely important. We will use it extensively throughout the rest of the book.

Theorem 36 (Product Rule). Let f and g be functions that are differentiable at a. Then
(f8)'(a) = f'(a)g(a) + f(a)g'(a).
Proof. We only need to do a careful calculation.

fla+h)gla+h)—f(a)g(a)

(f8)'(a) = lim

h—0 h
i Lt M glath) —fla)g(ath) + fla)glath) — f(a)g(a)
h—0 h

=0 (W g(a+h)) +lim (f(a) w>

- (51 (et )
(i) (i 2500

h—0 h—0
= f'(a)g(a)+ f(a)g'(a).

We can use this to calculate the derivative of f(x) = x" is n is a positive integer. For example,
since we know that the derivative of g(x) = x is 1, then

d , d

¥ za(xx)
= (% (x)) x+x (j—x (x))
=Xx+x
=2x.

Using this reasoning we can, by induction, prove the following.
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Theorem 37 (Power Rule). Let n be a nonnegative integer. The derivative of g(x) = x" is

given by

Here 0-x~ ! is interpreted as 0 for all x.
Example 117. The derivative of g(x) = x'%! is g/(x) = 101x'%,

Example 118. Combining the sum, constant multiple, and power rules allows the following
calculation.

L B B TR A O

dz(4z 3z 4)_dz(4z)+dz( 3Z)+dz( 4)
44 gy ad 5
—4dz(z) 3dz(z)+0
=327 — 97

Using the technique in the last example and induction we can prove the following rule for
finding the derivatives of polynomials, Theorem 25 on page 61.

Theorem 38. Let p(x) = ag+ayx+ayx* + - - - +a,x" be any polynomial of degree n. The deriva-
tive of p(x) is given by

dp(x)

7 =a; +2ax+3a35° + - +mapX™ "+ -+ nax L
X

Example 119. The derivative of p(w) = —16w!? + 12w8 + 3w> — 9w? + 2w + 16 is given by

dp(w)

y =—16-10- w1+ 12.8-w¥ 1 4+3.5.w 1—9.2. 4> 142
w

= —160w° + 96w’ + 15w* — 18w+ 2.

Example 120. In elementary physics it is common to give the motion of a projectile shot from
a canon with horizontal position x(¢) = v, # m and vertical position y(t) = —4.9t2 + vyt +yo m.
In vector form this is

r(t) = (vet, —4.9t* + vyt +yo) m.
Using Theorem 38 on page 90 and Theorem 24 on page 55 we have

d d )
r' = (E(vxt), A (—4.9¢ —|—vyt—|—yo)) m/s
= (v, 9.8t +vy) m/s.

The rules for derivatives of products involving vector valued functions are similar to those
for scalar valued functions. The only real change is that the products are different. Proving
this result is almost identical to proving the product rule, Theorem 36 on page 89. The major
difference is that the computations are done coordinate by coordinate.

Theorem 39. Let £(¢), g(¢), and h(t) be functions that have derivatives at t = ty. Then
d
(1) = (F-g) (1) = £(10) - 8lt0) +£(t0) - 8'(10), and

2 508 (10) = H(0)-gl10) + (1) ()
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Example 121. Let£(t) = (t*,£2,4), g(t) = (1 —t,3 —1,¢%), and h(t) = t*. Then

%(f-g) (t) = (2¢,3t%,0) - (1 —1,3—1,%) + (*,1°,4) - (—=1,—1,21)
= (=274 97 =3+ 0) + (—12 = + 8)

= 41 + 61>+ 9t.
Also
d 2 2
E(hg) (t)=2t (1—1,3—1,17) +17 (—1,-1,21)
= (2t —3¢*,61 — 312,0).
Exercises

1. Find the derivatives of the following functions.

(@ f(x)=10 i) h(z)=1122 =27 +z-9
® g =—7 () f(x) =xsin(x)

(©)  h(z)=x+y _

@ - ® 80)= ety

(e) g(y) _ x37 (1) h(Z) =24ze

®  h(z) =157 (m)  f(x) =2x*cos(x) — xsin(x)
@ flx)=3¢ m gl = yCOS( )e

(h)  g(y) =10+5y—y*+3y’ ©)  h(z) =" sin(z) In(2)

2. Find the following derivatives, if they exist.

(@)  f(x) = (3xe",x*cos(x),3x In(x))

() g(y) = (10y*sin(y), 10+ 5y — y>e’ +3y%)
(¢)  h(z) = (10z21n(z), 6€% sin(z),cos(z) sin(z))
(d)  f(x) = (3,x*cos(x),3x° sin(x))

() g(y)=(esin(y),e"In(y))

() h(z) = (10z%¢%sin(z),zcos(z) In(z))

3. Find the derivatives of the following functions.
(@)  f(r) =1 (sin(z),cos(r)) (c)  f(z) =cos(t) (In(z),sin(z))
b r(t)=¢ (t2,3t5) @ r(r)=In{) (ze’ t“”)

4. Use the product rule to find derivatives of the following functions.

@  flx) =€ () g(x)=sin(2x)
(b)  f(x) =cos(2x) (d) g(z) =In(z%)

91
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5.  Find the slope-intercept form of the tangent line to the graph of the function at the given

x value.

(@ f(x)=xex=0 © glx)=x*sin(x),x=12

()  fx)=xIn(x),x=1 d  gx)=x—3"+2x—1,x=—1

6.  Find a parametrization for the tangent line to the image of the function at the given ¢
value.

(@) r(t) = (5t+cos(t),tsin(t),e'),t=0 (c) g(t)= (tVt,sin(t)e'),t =0

) ) = (2—2t,1In(2)), 1 =2 (d)  g(t) = (61> — 51,1 — 6,4t> + 619),

t=—1

7. In the following r(¢) is the position of an object as a function of time. Find a unit vector
in the direction of travel of the object at the given ¢.

(@) r(t) = (5t+cos(t),tsin(t),e),t =0 (c) r(t)=(5vt—t,sin(nt)e'),t=0
(b)  r(r) = (12 —2t,tIn(r?)), 1 =2 d) r()=(te, 4> —41),1 =—1

8. Ifr(1)=(3,—-1,2),x(1)=(—1,1,—1),r'(1) = (0,-2,2),and x’ = (—1,—1,0) find

atr = 1.
9. Ifr(l)=(2,-4,1),x(1)=(2,1,3),r'(1) = (-2,2,1),and x'(1) = (—1,-2,3) find

d
= (r()x()

atr=1.

10. A person is walking around an elliptical track that can be parameterized by
s(6) = (4cos(6),sin(0)) km. The person is walking counterclockwise around the track.
The person’s position and speed att =2 h are s (%) and 5 km/h. Approximate the person’s
position at ¢ = 2.05 h. (Hint: Draw a picture.)

11.  What is the derivative of the product of three scalar valued functions: f(x), g(x), and
h(x)? (Hint: Consider the product of f(x) and k(x) = g(x) - h(x).)

12.  Complete the induction proof of the power rule, Theorem 37 on page 90.
The idea of mathematical induction is to prove a statement P that depends on integers n
is true for all n > ng for a fixed ng. To prove a mathematical result by induction we must
show that the result is true for the base case ng, the first n where we want the result to be
true. We then must prove that if the result is true for an arbitrary n > ng, then the result is
true for the n + 1st case. This shows that the result is true for all n > n.

4.2 The Quotient Rule

This section is devoted to the quotient rule. It is a method commonly used to find the derivative
of the quotient of two functions. Many students find it difficult to remember the formula prop-
erly. As you will see in this section, there are multiple ways of actually taking the derivative of
a quotient of functions.
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The first thing that you need to realize is that the derivative of a function h(x) = ]% cannot
g(x

exist at a point a where g(a) = 0 since £ is not defined at a. The assumptions that are made
for the quotient are that f(x) and g(x) are differentiable at a and that g(a) # 0. Since g(a) # 0,
g(x) is not zero on some interval (a — 6,a+ 9), see Theorem 21 on page 46. This justifies the
assumption, in what follows, that g(x) is never 0 at the points we consider.

Before considering the quotient rule, the following useful result is proven.

Lemma 1. Assume that g(x) is differentiable at a and that g(a) # 0. Then

L g'(a)

gla)  (8(a))*

Proof. The proof of this result is not extremely obvious. The main part is rewriting numerator
of the difference quotient as a single fraction.

4
dx

1 1
1 . 3lath)  gla)
- — lim £
dx g(a) hll;% h

- /lllg(l) h 30 gla)gla+h)
— g
81 e(@)?

This can be used to find the derivatives of secant, cosecant and x~" for positive integers n.
Example 122. Since sec(x) = 1/cos(x), we have

d d 1
dx sec(x) = dx cos(x)

—1  dcos(x)
" (cos(x))2 dx
_sin(x)
~ (cos(x))?

= sec(x) tan(x).

Similarly,
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Example 123. Using the fact that x™" = 1 /x" we have

d o d (1L
a(x )_dx (_xn>

—1d
=— —x
x2n dx

-1
:W}’[

n

—n
T oxntl

_ —nxfnfl

On its own the proposition above is very useful. It can be used to prove the quotient rule.

Theorem 40 (Quotient Rule). Ler f(x) : R — R” and g(x) : R — R be differentiable functions
at x = a and assume that g(a) # 0. Then

d [ty _t'a)sla) —ta)g'(a)
dx( )“ @2

Proof. This uses the product rule and Proposition 1 on page 93. Assume that f(x) and g(x)
satisfy the hypotheses of the theorem. Then

% (%) (a) = % (f(x) %) (a)

This can be used to find the derivatives of tan(0) and cot(6).

(6
Example 124. The derivative of tan(6) is sec?(8) and the derivative of cot(8) is —csc?(0).
)

d d sin(0

%tan(e) d6 cos(0)
_cos(0)cos(0) +sin(0)sin(0)
- (cos(6))?

1
(cos(6))
= (sec(H))>.

and
d _d cos(0)
%COt( )= d6 sin(6)
—sin(6)sin(0) — cos(0)cos(0)
(sin(9))2

-
(sin(6))
—(cse(8))%.
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o

41
{

\ T T T T
OQ 02 04 0.6 08

-0.3
-0

—

.57

Fig. 4.1 Location and derivative vectors for h(s) as in Example 125

(cos(s),sin(s))

This rule can also be used to find the derivative of h(s) = ) . The graph of this
s
function is in Fig. 4.1. The derivative at s = —m /3 is shown in red.
L (cos(s),sin(s)) . ) )
Example 125. The derivative of h(s) = el is found by the following computation.
s

d ((COS(S%Sin(S))) ((=sin(s),cos(s)) (s* + 1) — 25 (cos(s),sin(s)))

ds 5241 (241)°
(= (s*+1) sin(s) — 25 cos(s), (s + 1) cos(s) — 2s sin(s))
a (s2+1) '
The derivative at s = —7 /3 is
i) (7 (59 (B+1)-2% (3-%))
ds 3 ((%)2_,_1)2

~ (0.651, —.174).

(See Fig.4.1.)

Exercises

1. Find the derivatives of the following functions.

x
cos()
b =— .
® &) y © f)= xsin(x)
h _ 23 X2 +4
©  hiz)= sin(z) o
@  flx)= sin(x) ) sb)= ycos(y)

e gbv)=
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2.  Find the derivatives of the following functions.

(@  f(x) =sec(x) csc(x) h(z) — sin(z)
®  80)=- o
8V =% 2+
y =
vy @ fO=T
3. Find the equations for the tangent lines to the graph of the function at the given point.
6x—2 sin
(a) f(x):matx:Z (© h(z)= \/(ZZ) atz=1
b) &)= ——aty=3 @ @)= axma
8\ N y X) = PERY atx =
4.  Find the derivatives of the following functions.
~ (cos(x),x?) h(s) — (cos(s),sin(s))
(a) f(x) = W (C) (S> 1—|—6Xp( )
(1.230) ~ (t,exp())
(b) g(t)= R @ x()= exp(t) +exp(—t)

4.3 The Chain Rule

This section is devoted to the chain rule. It is the method commonly used to find the derivative
of the composition of two functions. The idea behind this can be interpreted using a simple
example.

Consider two wheels on an axle. The first wheel has radius 1 m and the other wheel has
radius rm. If there is a belt around the wheel of radius 1 m that is traveling at s(#) m/s, a point
on the surface of the other wheel is traveling » times as fast.

The idea is that the rates of change multiply. In this section we use the notation D f to denote
the derivative of f(x). For example D(x?) = 2x. It makes many of the results easier to read.

Theorem 41 (Chain Rule). Assume that f(y) and g(x) are functions from R to R such that
g(x) is differentiable at a and f(y) is differentiable at g(a). Then
)

D(fog)(a) = (Df)(g(a)) Dg(a).

Proof. Assume that f(y) is differentiable at g(a) and g(x) is differentiable at a. There are two
cases to consider, when Dg(a) # 0 and when Dg(a) = 0. The second case is more delicate and
is omitted here.
Assume that Dg(a) # 0. Then, for i near 0, g(a+ h) # g(a). With this we can write,
a)

mfog(a+h)—fog(

D(fog)(a)=1

h—0 h

_ o flela+h))—f(g(a)) glath)—g(a)
=0  gla+h)—g(a)

o flglat )~ flg(a) | glath)—gla)
0 gla+h)—gla) h=0 h

= (Df)(g(a)) Dg(a)

since g(a+h) — g(a) as h — 0.
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a 4 b 4
31 31
y 2] y 2]
/\./\ 11
o nt 4]l mord3mn -m \m R
2 4 2 4 4 2
=27 X =21 X
_3- _3.
-4- -4
y = x sin(x) The derivative of y = x sin(x)
Fig. 4.2

This has some consequences that are fairly obvious, but they show the usefulness of the
chain rule. First, if a function is shifted s units to the right, the rate of change graph is also
shifted s units to the right.

Example 126. Assume that f(x) is differentiable, then

d B d(x—ys)

4 fixs) = D) 2
=Df(x—ys)1
=f(x=s).

This is illustrated here with the graphs of f(x) = xsin(x) in Fig.4.2 and g(x) = (x — w/4)
sin(x— 7/4) in Fig. 4.3.

In a similar way, if we multiply the input of f(x) by a constant s, the function f(sx) varies
s times as fast. The idea here is that if we pedal a bicycle twice as fast in the same gear, we go
twice as fast.

Example 127. Consider the functions f(0) = cos(6) and g(0) = cos(36). Then

£(6) = —sin(6)

m/ m 4] m nm3nm T _E\L. 1134\5
2 4 2 4 2 4 2 4
-2 X -2 X
-3 -31
-4 -4
g(x) = (x—7/4)sin(x—7/4) The derivative of

g(x)=(x—m/4)sin(x — 7w /4)

Fig. 4.3



a 37 b 3
21 21
y y
/k 11
-'“/1' of r x8zxrx -« _m O n 3%n
2 -1 4 2 4 2 -17 4 4
X X
-21 -21
-3 -3
y=cos(0) The derivative of y = cos(6)
Fig. 4.4
a 3 b
2_
y
AN/INAN 1l
-m 0 m 3m\n -n x|/ O =/ = 3=
/ 'Mr \Z\/z 4\ “2] -1 2
2] X o] X
-3 -3
y=cos(30) The derivative of
y =cos(30)
Fig. 4.5
and

g'(0)= icos(36)
d(3

0
— _sin(36) W@)
= —sin(36)3
=3/(36)

See Figs. 4.4 on page 98 and 4.5 on page 98

4 Finding Derivatives

Some additional examples will demonstrate how the chain rule is used. The first is the

exponential of a function.

u

d
Example 128. Let f(x) = e Then, since de = e,
u

df(x) o dx?

dx ¢ dx

2
=" 2x.

Next is the composition of two trigonometric functions.
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Example 129. Let g(z) = cos(sin(z)). Then, since D(cos(x)) = —sin(x),

dg(z)
dz

d sin(z)
dz
= —sin(sin(z)) cos(z).

= —sin(sin(z))

Next we have an example with a composition of three functions.

Example 130. Let h(6) = sin*(30). Then, using the fact that D(x*) = 2x and D(sin(z)) =
cos(z), we can calculate

dh(0) d(sin(360))

de de
=2sin(30)

d sin(30)
de

=2sin(30) cos(30) %

Using the fact that a* = ¢*n(@) the chain rule allows us to take the derivative of a* s

o)

= @) 5— (xIn(a))

X
=a"In(a).

Example 131. The derivative of 10* is given by

d10*
dx

=1In(10)10".

The chain rule can easily be extended to the case when the outer function is vector valued.

Theorem 42. Let f(y) be a function from R to R" that is differentiable at g(a) and let g(x) be a
continuous function from R to R that is differentiable at a. Then

D(fog)(a) = D(f)(g(a)) D(g)(a).
Proof. First note that fo g(x) = (fi(g(x)), f2(g(x)), ... fu(g(x))). Since
D(fiog)(a) = D(fi)(g(a)) D(g)(a)
for each i, differentiating coordinate by coordinate we have
D(fog)(a) = (D(fiog)(a).D(f208)(a),....D(fn08)(a))
(D(f1)(8(a)) D(g)(a),D(f2)(8(a)) D(g)(a),...,
D(fu)(g(a)) (g)(a))
)

= (D(f1)(8(a)),D(f2)(8(a)),- ... D(fa)(g(a))) D(g)(a)
= D(f)(g(a)) D(g)(a).
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Example 132. Let T(0) = (sin(0),cos(0)) and let g(r) = 3¢ + 2. Then
D(T)(6) = (cos(6),—sin(0)) and D(g)(t) = 3. Thus
D( sin(3f +2),cos(37 + 2)) =D(Tog)(r)
— (DT)(31+2) D(g) 1)

= (cos(6),—sin(0)) 3
0=31+2

=3(cos(3t+2),—sin(3t+2)).

In many cases differential notation is used. This can simplify things. For example if we
assume that f is a function of u and u is a function of x we can write

df df du
dx  du dx’

d
Example 133. Let f(u) = In(u) and let u(x) = x> + sin(x). Here we have d—i: =1/uand

d
d_z =3x? 4 cos(x).
Using the chain rule we get
d df du
< fout)= =L o
dx du U= +sin(x) dx
1
= - (3x + cos(x))
U] y=x3+sin(x)

1
T P fsin(x) (3. coste).

Exercises

1. Find the derivatives of the following functions.

@  f(x) =sin(2x) (&  flx) =cot(2x—3)

b) ()= tan(3y) (h)  g(y) =5cos(2my)

(©)  h(z)= (i) h(z) =csc(m(z—10))

(d)  f(x)=In(4x) G)  f(x) =In(e’x—2)

©  gly) = Scos(4—3y) ®  gls)=2"

(H)  h(z) = sec(5z—10) A hiw)=4"
2. Find the derivatives of the following functions.

@ fx)=(2—4x+10)" (d)  f(w) = (sin(w) +cos(w)) "
®  g)=e"® () h(z)=3""%

(©)  h(z) = e r)=3"



4.4 Implicit Differentiation 101

3.  Find the derivatives of the following functions.

@ f(x) = sec (") © g0 =In(4+e")

(b)  g(y) = esclnb)) (f)  h(z) = tan (z> +sin 2(6z+ 2))
© ) = VP eo) ® o) =cos (2711 —2ms)
(d)  f(x) =cos (¥ —2x — 24> +4)

(h) f(x) _ 2cos(37tx)
4.  Find the derivatives of the following functions using the chain rule.

(@  r(s) = (sec(mx?),csc (mx?)) © r(s)= (2S27S73S27S75s27s)
(b) f(t) = (exp(sin(3x)) ,In (Sin(3x))) (d) f(t) _ (sin (t3) .cos (t3) tan (I3))

5. Find the tangent lines to the graphs of the following functions at the given a’s.

(@)  f(x) =sin(4x) ata = 55.

)  g(y) =exp(y’) ata= 2.

() h(z)= «/sm(nx) +2xata= %

(d) (s) = (sm (’%) 7cos( 2 ) ats = 1.

(e) f(r) = (exp(In(3x)+2),In(In(3x) +2)) ata =e.

-

6.  The volume of a sphere of radius r is given by V = %nr3. If the radius of a sphere is
20 cm when the radius of the sphere is decreasing at %cm /s, how fast is the volume of the
sphere changing?

7. The volume of a sphere of radius r is given by V = 3 2 /3. If the radius of a sphere is
20 cm when the volume of the sphere is decreasing at 2cm? /s, how fast is the radius of the
sphere changing? (Hint: Use the chain rule when differentiating the volume equation. Then
solve for r/().)

4.4 Implicit Differentiation and Inverse Functions

In the previous sections a dependent variable y was always written as a function of an inde-
pendent variable x. In many cases this is not possible. A simple example where y is not always
defined as a function of x is the unit circle,

x2—|—y2:1.

Here, for each x € (—1, 1) there are two y values for each x value, y is not a function of x.
Instead of requiring that an equation in two variables defines one variable as a function of
the other, the idea is to consider equations that define one variable as a function of the other
around a point (xg,y0). As an example consider the unit circle centered at (0,0). If we take
€ (—1,1) and y > 0, there is a unique y value for each x value. See Fig. 4.6a on page 102.
If we look at any point (x,v/'1 —x?) with x € (—1,1), there is a box around that point such
that for each x there is only one y with (x,y) on the curve within the box. For example, con-
sider the point (—1/2,v/3/2) and the box with x € [~3/4,0] and y € [1/2, 1]. See Fig.4.6b on
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0.6
7041
0.2
-1 0.3 0 0.5 1
X X
The unit upper half circle A point where y is a function

of x on the unit upper half circle

Fig. 4.6

page 102. Within this box, for every x there is a unique y on the unit circle. In this case we say
that x> 4 y> = 1 implicitly defines y as a function of x around (—1/2, \/5/2)
In this special case we can solve for y as a function of x when we take y > 0. Solving for y

in terms of x gives
y(x) =1 —x2

This functions is differentiable if x € (—1,1). If we have a point (xg,yo) on the circle where
yo > 0, we can find the derivative of y with respect to x at (xg,yo). See Fig.4.6b on page 102.
For example, if we take the point (v/2/2,1/2/2), the derivative of y at x = 1/2 is

d

—X
2 V/1-x _

g VI
=—1.

V2
2

x=

Note that there are no boxes around (1,0) and (—1,0) where we have only one y for each
x. If we look at a box around (1,0), say x € (1 — 06,14 0) and y € (—®, ®), there is an xp €
(1—8,1) such that 1/ 1 — xj < ®. For this xo both of the points (xo, /1 —x3) and (xo, /1 —x3)
are in the box. This means that the portion of the unit circle in any box around (1,0) does not
define y as a function of x. (Add figure)

The above approach for finding the derivative of y with respect to x relies on explicitly
solving for y in terms of x. This is not always possible. Therefore another approach is needed
to handle cases when we cannot explicitly solve for y.

Consider the equation xcos(y) = ¢” and the point (x,y) = (1,0) that satisfies the equation.
(See Fig.4.7a on page 102.) Ignoring the lower part of the graph, it appears that we should be
able to assume that the equation defines y as a function of x near (1,0). We cannot, however,
explicitly solve this equation for y in terms of x.

a? b 2 e
’
1 y 1 ps
/
0 0 ——————
1 2 3 4 5 1 2 3 4 5
-1 X -1 X
—~2 -2
The curve defined by A tangent line to the curve
xcos(y) =¢ defined by xcos(y) = ¢’

Fig. 4.7
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If we assume that y(x) is a differentiable function of x, we can differentiate both sides of the
equation

xcos(y(x)) = '@

and maintain the equality. Using the chain rule, this gives

cos(y(x)) — xsin(y(x))y’ (x) = &'y (x).
Solving for y'(x) yields

Y =3 iojiiyrz(y)'

Substituting in x = 1 and y = 0 into the equation gives
Y(0)=1.

Plotting the tangent line given by this derivative, y = x — | and the graph of the equation together
gives credence to the conclusion that this derivative is correct. (See Fig. 4.7b on page 102.)

This process is call implicit differentiation. It is usually applied when looking for the deriva-
tive of a function y(x) when we only have an equation defining the relationship between y and x.
This means that we need to know a pair (xg,yo) satisfying the relationship.

If we look closely at this process, we find that the equation to solve for y'(x) is always linear
in y'(x), our equation is of the form A(x,y) -y'(x) 4+ g(x,y) = k(x,y) - ¥/'(x) + £(x,y) for some
functions A(x,y), g(x,y), k(x,y) and ¢(x,y). This means that, at least formally, we can always
go through the process of solving for y(x). Assuming that the equation defines y as a function
of x near (xg,yp), the only problem with the process is that we must avoid division by zero.

Division by zero in this process can mean there is a vertical tangent line. Returning to the
unit circle

2y=1,

we can show that division by zero occurs at (—1,0) and (1,0). As was noted earlier in this
section, at both of these points y is not defined as a function of x. In this case there are vertical
tangents to the unit circle at (1,0) and (—1,0).

Example 134. Consider the relationship between x and y given by x? = y? and the point (0,0)
that satisfies this relationship. (See Fig. 4.8 on page 103.)

All of the functions fi(x) =x, f2(x) = —x, f3(x) = |x|, and fa(x) = —|x| satisfy the rela-
tionship x> = y?. This means that the relationship does not uniquely define y as a function of x
around (0,0). We cannot use implicit differentiation in this case.

Fig. 4.8 The set defined by X% = y? does not define y as a function of x around (0,0)
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As the next example demonstrates, even though the computations may be messy, implicit
differentiation is usually a straight forward process.

Example 135. Assume that 3y° + 2x?y? + x’y? — 6y = 0 defines y as a function of x around
(1,1). See Fig.4.9a on page 104.
Replacing y with y(x) gives

3y(x)° + 2x%y(x)? + y(x)? — 6y(x) = 0.
Differentiating both sides yields
15y(x0)*Y (x) 4 4xy(x)* +6x°p(x)*y (x) + 327y (x) + 26 y(x)y' (x) — 6/ (x) = 0.

Solving for y'(x) gives

Axy(x)* +3x%y(x)
15y(x)* + 6x%y(x)? +2x3y(x) — 6

Y(x) =
The derivative of y at (1,1) is
!
1)=——.
y()=-1
This is illustrated in Fig. 4.9b on page 104.

We can also use implicit differentiation to find the derivatives of rational powers of x. Finding
derivatives of arbitrary powers of x involves using the natural exponential and is left for later in
this book. m

Consider the function y(x) = x where n and m are integers. Then y” = (x%) = x"". Taking

derivatives of both sides gives
my™ 1y (x) = na" L.

or, since y(x) = xi/m,

/ :E n—1 _—(m—1)
Y=o

Simplifying the exponent of x on the right side gives the desired result,
d n n n 1

—Xm = —Xxm
dx m

a: b >
15 151
y 1'\ y 1
0.51 0.5
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
X X
The set defined by 3y° + A tangent line to the set

2293 + 83y —6y =0
Fig. 4.9
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Example 136. The derivative of f(x) = x'3/10 is

13 13 13
"(x) = = xTo 1 = =
F0)=q1g% 16"

e

4.4.1 Derivatives of Inverse Functions

A very important use of implicit differentiation is finding the derivatives of inverse functions.
The idea is very simple. We differentiate the equation

fH ) =x.
This yields
(DF") (F(X)Df(x) = 1,
" !
(DY) (f(x) = STEL 4.1)

The problem of finding the derivative of an inverse function becomes rewriting the above
equation in the form

D(f ")) =s0).

Example 137. Let f(x) = ¢* and assume that, as indicated earlier, ‘l—xe" = ¢*. Putting this into
Eq. (4.1) gives

Iy 1

Replacing ¢* by y gives
1
D(f ")) = I

Since the inverse function of ¢* is In(x), This equation says the derivative of In(x) is 1 /x. This
was assumed earlier.

The same technique can be used to find the derivative of g(x) = log,(x) when a > 0. This is
the inverse function for f(x) = a* . Recall that y = log,(x) if and only if x = &”. We first find
the derivative of f(x) = a* when a > 0 using the chain rule.

Since a = €@, ¢* = (eln(”>>x = ¢""(4)_ Using the chain rule we get

d . d
priiiales exp(xIn(a))

= exp(xIn(a)) % (xIn(a))

=a" In(a).

Example 138. If h(z) = 3%, then

d . 5. d
21 z 2

23 =n(3)3% o-(22)
=2In(3)3%.

We now consider the derivative of f(x) = log,(x).
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Example 139. 1f, for a > 0, f(y) = @’ then the derivative of f(y) is f'(y) = In(a)a”. Using
Eq. (4.1) we find that

d 1
——log,(x) = 7—

dx & @ ly=10g,00
_ 1
In(a) @ y=log, (x)
1
~In(a)x’

Notice that this is consistent with the derivative of the formula log,(x) = In(x)/In(a) that is
often given in classes before calculus:
_d In(x) 1
~ dxIn(a

L 1og,(x) s

dx

~—

If we consider 2(w) = log, (tan(w)) we get

d 1
%h(w) B In(4) tan(w) dw tan(w)
_ sec?w
~ In(4) tan(w)
1

In(4) sin(w)cos(w) "
There are cases where a function has inverse functions only on restricted domains.

Example 140. Consider the function f(x) = x>. Since f(x) = f(—x) for any x, this function is
not one to one on its domain. On the other hand, if f(x) is restricted to [0, ) or (—eo,0], f(x) is
one to one. On [0, ) the inverse is f~!(x) = \/x and on (—eo,0] the inverse is f~!(x) = —/x.
This is illustrated in Fig. 4.10a, b on page 106.

b
4.
3.
2.
1_
-4 -3 -2 N1 2 3 4
-11 \\
SY.\\
,2- Py
_3-
X -4-
y = x% and its inverse on y = x% and its inverse on
[0700) (—eo7O]

Fig. 4.10

We can implicitly find the derivative of the inverse of f(x) = x> at (—1,1) Again, using
f~1(x*) = x, we have

(fol) (¥)2x=1,
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or
1
Df 1) () = —.
(DF ) () = 5
At the point (—1, 1) this gives
1
-1 _ 1
(or ) (1= 1.

(Check that this is the correct value for the derivative.)

Exercises

1. In the following the equation defines y as a function of x around the given point a. Find

d_y at a using implicit differentiation.
b

(@ x’y—y*+3x=8,a=(0,-2) ) »y —2x2y*’+x=0,a=(0,—1)

b)) ey’ +x=0,a=(0,1) ®  x2yVP—xy?420x"3=—42,a=(1,8)
(c) x=tan(y),a=(1,51/4) (@) In(xy+4)—y*+x*=-8a=(-1,3)
(d x=ycos(y),a=(0,m/2) (hy yP—x+xy=1,a=(1,1)

2. Find the derivatives of the inverses of the following functions at the given point.
(@)  f(x)=sin(2x)+ x>, x= -2 (¢) h(z)=tan(z/2),z=15%
(b) g(y) = e}'3+4}" y= 5 > (d) f(x) = Sin(\/)—c)7 X = ”TZ

3. Explain why implicit differentiation cannot be used to ﬁnd > with the following equa-
tions at the given point.

@ x*+y’=1a=(1,0)
b)) eV +y?—x*=0,a=(0,0)
() x* =442+ 2% — 4y’ +2y* +y* +4x=3,a=(1,0)

4.  Find the derivatives of the following functions.

(a) f(x) — x3/2 ) h(z) tan ( 2/3—|—x3/2)
b gl :y74/5 G)  gly)=log; (y)

(©  h(z) = (6x+10)"/? (k) h(z) = log,o(sin(3z))
(d)  f(x) = {/sin(x) O f(x)=logs (x —4x)
) gy =+vBx=2)" (m) g(y)= 10(logio () +y?)
O he) =57 ™ Ho= ol

(g flx)=70) sin(2x) |

) g0) =) (0 w(2) = sec(z)PE)

() h(r)=log, (3")
5. The following functions have inverses on intervals around the given x = a values. Find the
derivatives of f~!(y) aty = f(a).
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(@)  f(x) =x*+sin(rzx) ata = 3. d)  f(x)=In(x)+x>ata=2.
(b)  f(x) =tan(x)+sin(x) ata = §. ) fx)=vx2+3+x ata=1.
() f(x)=e¢"—e*+xata=0. ) f(x) =e +cos(x?) —xata=2.

6. Assume that y = f(x) has an inverse on an interval around x = a and that f'(a) = 0.
Why does f~'(y) not have a derivative at y = f(a)?

4.5 Inverse Trigonometric Functions

The trigonometric functions are used extensively in many areas of application. Because they
are so important, this section is devoted to the inverses of the trigonometric functions and the
derivatives of these functions. The most important fact about inverse functions here is that the
original function must be one to one on the set in the domain used to define an inverse.

This makes it clear that we must restrict the domain of all trigonometric functions to define
inverses. The “best” choices are the largest intervals around x = 0 where the trigonometric func-
tion is defined and is one-to-one. The choice for the sine function is the interval [—7/2,7/2],
see Fig.4.11a on page 108.

When this portion of the graph of sin(x) is reflected across y = x, exchanging the x and y
values for each point in the graph, we get the graph in Fig. 4.11b on page 108 for the inverse of
sin(x), arcsin(x). This function is also denoted by sin~! (x). For most computer programs and
programming languages arcsin(x) is used for the inverse of sin(x).

Example 141. Since sin (/6) = 1/2, the arcsin of 1/2 is 7/6.

Using the technique demonstrated in Sect. 4.4.1, we have

(Dsin™") (sin(x)) cos(x) = 1.

Since cos(x) = 1/ 1 — sin?(x) in the range of x values, [—1, 1], formally

L o
a 2 b 2
y 1 y
T ] T ]
8 8
r r Al mrw3rm m® m Al mom3nm
2 8{ 8 4 8 2 2 81 8 4 8 2
X X
_n _n.
2 2
y = sin(x) y = arcsin(x)
Fig. 4.11
. 1
(Dsmfl) (y) = ——-
l—y

The domain of the derivative must exclude —1 and 1 since we would be dividing by zero.
Therefore the domain of (D sin_l) is (—1,1).
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Example 142. The derivative of arcsin(x) atx = 1/2is

pasin(3) -

Example 143. The derivative of f(x) = arcsin(y/x) is

Darcsin(y/x) = mD\/}

1 1
CVT—x2Vx
1

RN

Note that the implied domain of 1/x is x > 0 and the domain of this derivative is x € (0,1).

The other inverse trigonometric functions are defined in a similar manner and their deriva-
tives are found using the same methods. Consider cos(x). In this case the common choice for
the domain of cos(x) is [0, 7], see Fig. 4.12a on page 109. The domain of the inverse of cos(x),
arccos(x) or cos~!(x), is [~1, 1] and the graph is in Fig. 4.12b on page 109. The derivative is

on (—1,1).
Example 144. Since the cos of /3 is 1/2, the arccos of 1/2is /3.

Example 145. The derivative of arccos(x) at x = 1/4 is

D arccos (1) = !
4) T e
1-(3)

a
1
y 0.51
0
n T T 7nm
'O'SJ 84 2 8 x
-1 X 8-
-1-0.50 05 1
X
y = cos(x) y = arccos(x)

Fig. 4.12
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a
4.
¥ 2 b n
y 2]
4 1 2 4
_n X
2
y = arctan(x)

y = tan(x)
Fig. 4.13

When making the choices of domain for tan(x) and csc(x) to define the inverse functions we
use the same domain as is chosen for defining sin~! (x), excluding the points where cos(x) = 0.
(Other choices can be made, but this is a common choice.) The graphs of tan(x) and arctan(x)
are in Fig.4.13 on page 110 and the graphs of csc(x) and csc™!(x) are the in Fig.4.14 on
page 111.

Their derivatives are

1

d

T arctan(x) = T2 (—o0,00) and

d —1

Ecscil(x):m on (—W,—I)U(l,w)
x2

Example 146. Since tan (71/4) = 1 and sec (7 /4) = /2, arctan(1) = /4 and csc~! (1) = /2.

Example 147. At x = 2 we have

D arctan(1) =

and

2.4 /1-%
-1
2V3

Example 148. The derivative of f(x) = x arctan(x?) can be calculated as

d d d
@ = (Ex> arctan (xz) +xa

1 d
14 (x2)° dx
2x2

1+x*

= arctan (xz) +x

= arctan (xz) +
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a
4.
Y 2 b ul
N
0 1.571 ﬁ 1 2 4
'
X Y X
B 2
= arccsc(x
_dl y (x)
y =csc(x)
Fig. 4.14
y(t

10 cm

Fig. 4.15 A triangle for Example 149

Example 149. Consider the situation of a right triangle with one of the angles, 6 that is not the
right angle, has an adjacent side of length 10 cm. The opposite side has length y(¢) = 27+ 3 cm.
What is the derivative of 8 with respect to # when t = 47 See Fig. 4.15 on page 111.

a
4.
Y 2 b
T
01 y3n
N 8
8 2 : : - - -
21 4 -2 0 2 4
X
-41 y = arccot(x)
y = cot(x)

Fig. 4.16



a
4.
y o,
L
0 t~rrrrrm )/377'5 /"’—
T T 8
8 2 T T + T :
21 -4 -2 0 2 4
X
-41 y = arcsec(x)
y = sec(x)
Fig. 4.17
Since 6 = arctan ((2¢ + 3)/10), we have
ﬁ B d—ar tan 2t+3cm
dt dt 10cm
B 1 d <2t+3)
14 (2£3)2 dr \ 10
B 1 2
- 2+3\2 10
1+ (&) 1
- 2
100+ (2t+3)2
Att =4 we have
e 2 2

dr 100+ 112 221

4 Finding Derivatives

When making the domain choices for cot(x) and sec(x) to define the inverse functions we
use the same domain as is chosen for defining cos™!(x) excluding the points of the interval
where sin(x) = 0. (Other choices can be made, but this is a common choice.) The graphs of
cot(x) and cot~!(x) are in Fig. 4.16 on page 111 and the graphs of sec(x) and sec™!(x) are in

Fig.4.17 on page 112. Their derivatives are

—1
—1 o
aCOt (.X) = 1-|——x2 (—00,00) and
1
Josec l(x)zxz — on (—oo,—1)U(1,0)

Example 150. Since cot(%”) = —1 and sec(%”) = —/2, arccot(—1)
_ 3
=3

3r

1

and sec!(v/2)
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) I
. 1
sin~ ! (x) e
-1
cos ™! (x) Wipr
B 1
tan 1()() 1_"_7)(:2
_ -1
cot~!(x) e
1
sec™!(x)
X2 /1— é
-1
esc™ ! (x)
X2 /1— ;12

Table 4.1 The derivatives of the inverse trigonometric functions

Example 151. The derivative of sec™! (exp(x)) is calculated as

Dsec™! (exp(x)) = ——=¢"

Table 4.1 on page 113 summarizes the derivatives of the inverse trigonometric functions.

Exercises

1. Evaluate the following.

(@) sin"'(—v/2/2) (e) sec”!(—2)
(b)  cos~!(1/2) (f)  arctan(1)

(€) cos'(~1/2) (g) cot™'(—V3)
d) sin '(v3/2) 0 esc'(2)

2.  Find the derivatives of the following functions.

(@)  f(x) =arccos(3x—2)
()  gly) =tan™'(3*+ /)
(¢)  f(x)=sec”!(6x)
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() g(y)=cse ! (Ty—2)
()  f(x)=arcsin (ﬁ)

B gly)=cot” ()
@ f(

() g(y) =sin~' (cos(y))
@ S

G g —see ! (4 e7)

(k) f(x) =tan""(cos(x) +sin(x))

(m) s(r)= (sin_1(4t - 7),arccos(4t)2)

3. Find the domains and ranges of the following functions.

(@)  f(x) = arccos(3x —2) (d) g(y) =arcsin(y?)
b)  gy) =tan™' () (e)  f(x) = arcese(sin(2y))
() f(x)=sec ! (6x+5) (f)  g(y) = sin(arccot(2y))

4.  Let 0 be an angle that is not a right angle in a right triangle. If the ratio of the length of
the adjacent side to the opposite side is increasing at a rate of % s~! when the lengths of the
two sides are respectively 4 and 5 ft, what is the rate of change of 6 with respect to time at
that time.

4.6 Higher Order Derivatives

There are many situations where more information is needed about how a function changes
besides the values of its derivative. Additional information can be obtained through derivatives
of derivatives, called higher order derivatives.

A simple example is the behavior of a quadratic polynomial. The derivative of a quadratic
q(x) = cox® + c1x+cg is r(x) = ¢'(x) = 2cox+ 1. At x = 0 we have ¢/(0) = ¢; and the linear
approximation at x = 0 is p;(x) = c1x+ ¢o. The derivative of r(x) is r/(x) = 2¢,. Using the fact
that ¢(0) = co this means that p(x) = g(0) +¢'(0)x+#(0)x? /2 = co + c1x + c2x2, the original
function g(x). All of the information needed to recover this polynomial is contained in ¢’ (x) and
¥ (x). This idea can be generalized to higher degree polynomials and used for approximations
of nice functions that are not polynomials.

In order to consider these approximations, the concept of higher order derivatives is
required. The second derivative of a function f(x), if it exists, is the derivative of the derivative
of f(x). This is denoted by

&> f(x)

1/ 2 2

f'0), =2 D), or ).

Example 152. Consider the function f(x) = cos(x). Its first derivative is f’(x) = —sin(x) and

the second derivative of f is f”(x) = — cos(x).
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Example 153. Consider the function f(x) = 1/(1 +x?). Its first derivative is

2x

f(x):—m

and the second derivative of f is calculated as

) (1) —x2(1 4% 2
dx? (1+x2)*
6x% —2

(1+x2)°

Example 154. Tf r(¢) is the position of an object in two or three space, the first derivative is the

velocity, v(t) = %r(t) and the derivative of the velocity, the second derivative of position, is

the acceleration, a(t) = 4 v(t) = % r(t).

If the position of an object is given by r(r) = (15cos(t) + cos(10r), 15sin(r) + cos(10¢)),
then the velocity is v(r) = (— 15sin(¢) — 10sin(10r), 15cos(r) — 10sin(10r)) and the accelera-
tionis a(r) = (— 15cos(r) — 100cos(t), —15sin(t) — 100 cos(t)).

Example 155. Consider circular motion around the origin at constant speed,
r(r) = A (cos(wr), sin(wr)).
In this case we have
v(t) = —r(t) = wA(—sin(wt), cos(wr))
and
d > .
a(t) = EV(I) = w’A(—cos(wr), —sin(or)).

For this case we have r(¢)-v(t) = 0, v(¢)-a(t) = 0 and a(t) = —®°r(t). See Fig.4.18 on
page 115 where A = 1 and w = 1. We will not demonstrate it here, but these relationships,
where r(t) is the position vector relative to the center of the circle, characterize circular motion.

The first and second derivatives can be used to approximate a function around a point y
using a quadratic polynomial as was done for ¢(x) = ax® + bx + c. The idea is to choose a
quadratic polynomial g(x) = c;x* + c1x + ¢y which matches the function value and first and
second derivatives of f(x) at z. This means that

0.5
/

r(t) = (cos(mt), sin(wr))

Fig. 4.18
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f(z) = cax® +e1x+co
f'(y) =2cox+c; and
() =2cs.

This system of equations can be solved to give the quadratic approximation

0~ @+ @ -+ D o2

The first two terms of this polynomial are simply the linear approximation to f(x) centered at z.

Example 156. Consider f(x) = cos(x) around z = 0. From Example 152, f(0) =1, f'(0) =0

and f”(0) = —1. The quadratic approximation to cos(x) around x = 0 is
1 2
cos(x) & 1+0(x—0) =5 (x=0)’ = 1 - %

The graphs in Fig. 4.19 on page 116 show that this quadratic is a good approximation for cos(x)
near 0.

1.5,

1
a
-~
| < ] ¢
—
ISEW
//
-~
2l
—— w
(g
5

d -1.5-
Fig. 4.19 y=cos(x) and y = 1 —x%/2

Higher order derivatives are defined recursively in the same way that the second derivative
is defined using the first derivative. This recurrence relation is

" f(x) _d (d"f(x)
dx"tl dx \ dxn )’
This is very simple to use.

Example 157. The first five derivatives of sin(x) are

) _ cos(),

Lo 4] i
Loin) _ dsn) _ o
Loin) 4 oy, ang

Note that the derivatives of sin(x) and cos(x) return to the original function every fourth
derivative.
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Example 158. The first four derivatives of g(x) = 1/x are
dg(x) _ 1

dx x2

o) _d ((1)_2
dx? d X2 X3

=

dglx) d (2 6

=—(=)]=-—. and
dx3 dx \ x3 @
d*g(x) d

glx) 6\ 24
dx*  dx \ ¥*) X5
The polynomial of degree n that matches the value of f(x) at a and the first n derivatives of
f(x) at a is called the Taylor polynomial of degree n for f(x) centered at a. These can be very

good approximations for the function f(x). With a little work we can show that the formula for
an nth degree Taylor polynomial for f(x) centered at a is

f9(a)
i!

1) % fla) +5 @) (=) oot T ey D (e

The next example shows how this can be used.

Example 159. Consider the function f(x) = sin(x) and let @ = 0. The first four odd numbered
Taylor polynomials are

i//\ 11 )
N
l T - \ T

= 4

y=sin(x) andy = x y=sin(x) andy = x —x* /6

1/\

L3
4

x ~oja

Fig. 4.20

o
-
] —

n r3nm  -m k3 n on3nm
-1{ 4 2 4 ~>7-17 4 2 4
X X
y=sin(x) andy =x—x3/6+ y = sin(x) and
x /120 y=x—x3/6+x/120—x" /7!
Fig. 4.21
Ti(x) = D(x) =x
3
T3(x)—T4(x)—x—€
3 5
X X
Ts(x) = Tg(x) =x— — + — and
5(x) =Te(x) =x 6+120 an
3 5 7
X X X
T (x) = Ty XX X
100 =Ts(x) ==+ 955~ 71

The graphs of the Taylor polynomials along with sin(x) are shown in Figs.4.20 on page 117
and 4.21 on page 117.
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These graphs indicate that the higher the degree of the Taylor polynomial for sin(x), the
better the approximation.

While it is often true, it is not always true that increasing the degree of the Taylor polynomial
increases the accuracy of the approximation for a function.

7/)(2 .
f<x>={g1 b

Example 160. The function

if x=0
Has derivatives of all orders at every point with

dn f
dx"

0)=0
for all integers n > 0. (This is not trivial and is not demonstrated here.) This means that all

of the Taylor polynomials for f centered at x = 0 are p,(x) = 0. These polynomials do not
approximate f'(x) very well since f(x) # 0 for all x # 0.

Exercises

1. Find the first five derivatives of each of the following functions.

(@)  f(x)=x"—6x"+4x—5

b))  g(y) =)' —6y'+10y° —y* +7y+15
© h(z)=2+ i—?

) f(x) =tan”'(x)

@  gly)=sin(y’)

() hz) ="

(2)  f(x)=cos(In(x))
() g(y)=In(y)

i) hz)=e =

() fx)=In(x*+x)
() g(y) =sin (cos’(y))
O h(z)=V32+5

(m)  f(x)=2"

)  g(y) =log; (%)

2. Find a quadratic approximation to the function centered at the given point.

(@) fx)=x—6x>+4x—5x=0

b)  g(y) =y —6y*+10y° —y* +7y+15,y=0
10

() h(z)= +—5,z—l

d  flx)=tan'(x),x=1



4.7 Derivative Practice Problems 1o
@ g(y)=sin(y’),y=/n/4
) hz) = z=0
(g) f(x) =cos(In(x)), x =
(h)  g(y) =In(y), y=1In(2)

3. Find the cubic approximations for the following functions centered at 0.

(@ flx)=x>+6x-3 (e) flx)=x*—6x>+2
(b)  g(y)=tan(x) " g0 = Sm( %)

(©  flx)=sin""(3) @ flx)= <>

(d) g(y) = arCtan(y) (h) g(y)

4.  For each of the following functions f(x) and points a and b find the first four Taylor
polynomial approximations to f(x) centered at a. (This will be polynomials of degrees
0,1,2, and 3.) Then find the error for each of the polynomials at b, f(b) — p(b).

@  f(x)=cos(x),a=0,b=F% @  fl)=eLa=—-1b=—3
(b)  f(x) =sin(x),a=0,b=—F (e) f(x)=In(x),a=1,b=1.05
(© f(x)zex,dzl,bZ% () f(x) =xcos(x),a=0,b=5

4.7 Derivative Practice Problems

This section is simply a collection of problems to practice taking derivatives. Unless stated
otherwise either take the indicated derivative or take the derivative of the given function.

1. f(x) =arcsec(x—35) 13.  f(r) =exp(t)
2. f(x) = tan (tan(x)) 14. L(W) — 4sin(w)
owr+8w+7 e°
= 15. =——
3. gw) R g(z) p——
4. h(6)=sin'*(0) 16.  f(6)=cos(0)
5. zZ(t)=2* 17.  Find the second derivative of
5 h(x) = —8x* —4x> + 36> + 9x 4 6.
6. g(z)=7z"4+3In(z) -6

18.  g(w) = —3w!'2sin(w) 4 7w

19.  Find y'(x) if y® — 9y = —3x%y? defines
y as a function of x.

7. Find y'(x) if e = ¥ x? defines
y as a function of x.

8.  f(x)=sin"! (;—C - %) 20.  Find the second derivative of
r(x) = tan(14x)
9. glw)= v 21 =1 (Y 1
tan(w) - ) =tn" (T+15
10. jl’_ (25") 22, f(x) = sin(In(3x))
23, r(s)= 10g7(1n(3s))
. L (—12+)
dx 24.  h(x) = sec(x)

(
12.  g(w) =3cos(w)sin(w) 25.  g(w)=11e"w's
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26.

27.

28.

31.

4 Finding Derivatives

g(z) = —2z° — 65in(z) 29.  Find the third derivative of
sin(3r) h(z) = arccos(2z) .
s(r) = 3—
Vxt=3x3+x
F(x) = 2P sin(3x) e* 30, () =1"

F(x) = 824 7x° —26x* +21x° — 28x> — 90x



Chapter 5
Applications of Limits and Derivatives

5.1 The Intermediate Value Theorem

The Intermediate Value Theorem (IVT) is the first application considered that uses concepts
from the last three chapters. It is often considered an “obvious” result that has some important
uses. The hypotheses in the IVT are very important and must be properly stated. The idea of the
IVT is that a continuous function f(x) on an interval [a,b] cannot skip any values between f(a)
and f(b), intermediate values. We consider one application of the IVT, the bisection method
for finding zeroes of a function.

Theorem 43 (Intermediate Value Theorem). Let f : [a,b] — R be continuous on [a,b]. Then,
for every s between f(a) and f(b) there is a point ¢ € (a,b) such that f(c) = s.

Proof. This is an outline to give an idea of what is happening. It is not rigorous.

Assume that s = 0 and that f(a) >0 > f(b). There is a largest ¢ € (a,b) such that f(c) > 0.
This implies that f(x) < 0 if x € (¢,b). If f(c) > 0, then, because f(x) is continuous at c,
f(x) >0on (¢c—08,c+ 8) for some & > 0. This contradicts the assumption that f(x) < O if
x € (¢,b]. Thus f(c) =0.

Example 161. Let f(x) = cos(x) —x. Since cos(x) and x are continuous, so is f(x). The values
of f(x) atx=0and x = 7 are 1 and — Z. The Intermediate Value Theorem says that for each of

the valuesy = —1,— %,0,% thereis a c € (0,%) such that f(c) = y. See Fig.5.1a on page 122.

It is necessary that f(x) be continuous for the Intermediate Value Theorem to hold. The next
example shows that if f(x) is not continuous f(x) may or may not attain certain values on an
interval.

Example 162. Consider the function f(x) = x4 [x] on [0,2] where the |x] is the floor function,
Example 92 on page 70 as in Fig. 5.1b on page 122. This function is not continuous on [0, 2]
When one considers the values y = %, 1, %,27 % one finds that f(x) takes on the values y = %,2, %
and skips the valuesy =1, %

Remark 5. The graph in the last example shows the gap in the graph of the function. Most
calculators and many computer programs graph a function by generating points (x, f(x)) and
connecting those points. They often do not test to see if the function is actually continuous. Take
care by not assuming that a computer generated graph of a function demonstrates continuity.

Electronic supplementary material The online version of this chapter (doi: 10.1007/978-3-319-09438-0_5)
contains supplementary material, which is available to authorized users.

© Springer International Publishing Switzerland 2014 121
J.S. Treiman, Calculus with Vectors, Springer Undergraduate Texts
in Mathematics and Technology, DOI 10.1007/978-3-319-09438-0_5
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f(x) = cos(x) — x for Example 161 f(x) = x+ [x]| for Example 162

Fig. 5.1

The intermediate value theorem does not say anything about possible function values not
between f(a) and f(b). The following example illustrates this.
Example 163. Let f(x) = sin(x) on the interval I = [—Z, 2Z]. The IVT tells one that sin(x)

takes on every value in [— \/757 ‘/75] on /. One the other hand sin (£) = 1 and sin (3f) = —1.
These values are outside the interval for the IVT, see Fig. 5.2 on page 122.

From a computational point of view the problem with the Intermediate Value Theorem is
that it only says that a point exists. The IVT does not say how to find an appropriate point. In
many cases, as in solving cos(x) — x = 0, one cannot explicitly solve for x. Because the IVT
says, in a loose sense, where a root of a function must be, it can be used to narrow the interval
where a zero must lie.

Consider the continuous function f(x) = 2cos(10x) — x on the interval [0, £ /2], see Fig. 5.3a
on page 123. Since f(0) > 0 and f(7/2) < 0, there must be a point ¢ in [0,7/2] where f(x)
is zero. If one takes a guess for ¢ and f(c) is not 0, one has a smaller interval that contains
a root of f(x). The common choice for the guess at ¢ is “zi” In this case the point is § and
f(m/4) = —Z, see Fig. 5.3b on page 123. The fact that £(0) - f (%) < 0 tells us that f(c) =0
for some ¢ € (0, %) If we keep repeating this procedure we get the bisection or interval halving
method.

The bisection, interval halving, method is used for finding roots of a function. One starts the
method with a continuous function f(x) on a closed interval [a,b] such that f(a) f(b) < 0 and
an € > 0 that tells how close the point returned by the algorithm should be to a root of f(x).
The assumption that f(a) f(b) < 0 guarantees that f(x) has opposite signs at @ and b. Since 0
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a, b ,] |
|
NAEAN. SIA!
0 ) R R 0 —— |
b b T 4 b T
-11 16 8 4 8 2| -17 16 8 4 8 %
y -2 } y -2 ! |
| |
-3 [ =31 ! [
-4 -4-
f(x) = 2cos(10x) — x on [O‘ %) The midpoint approximation

for a root of f(x) =2cos(10x) — x

Fig. 5.3

is an intermediate value, this means that there is a root of f(x) in (a,b). The goal is to find a
point x such that x is within € of a zero of f(x).
At each step on has an interval [a;,b;] such that f(a;) f(b;) < 0. One takes the midpoint of

that interval, ¢ = %b", as an approximation to a root of the function. After n steps of doing

this, the interval containing a root of the function has length 2¢. This means that the midpoint

of that interval is at most é’n;ff away from a root of the function. This is used to give the number

of steps taken in the following algorithm. Note that x| is the smallest integer greater than or
equal to x.

b—
1. Setn= [logz( 8(1)—‘.
2. Repeat the following n — 1 times.

(a) Setc= 4L,
(b)  If f(c) = 0, return ¢ and stop. A zero of f(x) has been found.
() If f(a) f(c) > 0 then replace a with ¢. Otherwise, replace b with c.

3.  Return “zi”

This algorithm either returns an exact zero of f(x) or it returns the midpoint of an interval
with length é’n_, 4 Since the midpoint of the interval with length Z=4 is less than bz_,,“ away from

any point inside the interval, this point is within € of a zero of f(x).

Example 164. Again consider the function f(x) =2cos(10x) — x on the interval [0,2]. Table 5.1
gives the iterations of the bisection method to find a root of f(x) to within 0.001. Since % <
0.001, a total of 10 iterations are completed.

The final approximation for a zero of f(x) is x = 0.74707. A plot of f(x) on [0.746,0.7481]
indicates there is a root in this interval. (See Fig. 5.4 on page 124)
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Iteration| a f(a) b f(D) c fle)
0 0 1 2 —1.1838 1 —2.67814
1 0. 2. 1.0000 | —2.6781 |0.50000( 0.067324
2 10.50000{0.067324| 1.0000 | —2.6781 [0.75000|—0.056729
3 0.50000{0.0673240.75000|—0.056729(0.62500| 1.3739
4 10.62500| 1.3739 |0.75000(—0.056729|0.68750| 0.97236
5 10.68750] 0.97236 [0.75000|—0.056729(0.71875| 0.51770
6 |0.71875] 0.51770 |0.75000|—0.056729(0.73438| 0.24238
7 10.73438] 0.24238 [0.75000|—0.056729(0.74219| 0.095382
8 0.74219(0.095382(0.75000|—0.056729(0.74609| 0.019911
9 10.74609]0.019911{0.75000|—0.056729(0.74805|—0.018270
10 ]0.74609|0.019911]0.74805[—0.018270|0.74707

Table 5.1 Ten steps of the bisection method for f(x) = 2cos(10x)

0.021

0.011

-0.011
-0.021

Fig. 5.4 A closeup view of the root of f(x) = 2cos(10x) —

0.74

—X

Do the following functions take on the given value in the given interval? Explain why the

Exercises
1.
IVT applies or why it does not apply.

(a) f(x):6x2—10 f(e)=2,10,2] (e)
(b)  g(y) =sin(y) +2y, g(c) =4, [1,4] ()
(©) h(z)z 2z+ €, h(c) =3.5,[0,3] (2
(d)  f(x) =tan(x), f(c) = 1.4, [0, %] (h)
2.

g(y) =€ —y,g(c)=0,[-1,2]
h(z) =2z+ |z, h(c) =3.5 [O 3]
f(X)=2 [x], f(c) =2.5,0,3]
g(y) =€ —6y,8(c) =0, [ 2]

Use the interval halving method to approximate a point where the function takes on the

given value within the given interval. Do at least 5 steps.

(a)
(b)

(©)

(d)
(e)

fx)=x>+x>+4x—5, f(c) =0, [0,2]

g(y) =)0 —6y* +10y° —y* + 7y + 15, g(c) =
h(z) =2 — i—?, h(c)=2,[1,2]
f(x) =tan"!(x), f(c) = 1.4, ]0,10]

18, [0,1]
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a b
- 20.

151

X =57
The graph of f(x) = x> —2x+ The root of a tangent line ap-
1 for Example 165 proximating the root of a func-
tion

Fig. 5.5

) h(z) = k() =6,0,1]
(@ f(x)=cos(x) —x*+x, f(c) =0,[0,2]
(h) g(y)=secy+y—1,¢g(c)=1,[0,1]

3. Explain why the hypotheses of the bisection algorithm do not apply for finding a zero of
the given function over the given interval. Each of these functions does have a zero in the
given interval.

(@) f(x)=x>+2x+1,[a,b] =[-2,0] ©  fx)=|x]+x—3,[a,b]=[0,2]
(b)  g(y) =sec(y) — 1, [a,b] = [-2,1] (d)  g(y) =tan(y) —y, [a,b] = [1,6]

5.2 Newton’s Method

In the last section the bisection method was introduced as a way of finding zeros of a function.
The advantages of the bisection method are that, once it is started, it is always possible to get as
close to a zero as desired. The biggest problem with bisection is that it may be difficult to find
an interval where f(x) changes sign. A simple example shows that a function can have a root
without changing sign.

Example 165. Let f(x) = x> — 2x+ 1. This function has a zero at x = 1, as in Fig.5.5a on
page 125. However, since f(x) = (x — 1)?, the function is always nonnegative.

A different method based on using tangent line approximations to functions is Newton’s
method. The idea behind this method is very simple, find an approximation to the zero of a
function by finding the zero of a tangent line approximation to f(x). As Fig. 5.5b on page 125
shows, if the point where one is taking the tangent line approximation is close to the actual zero
of the function, the new approximation is often much closer to the root. Hopefully, repeating
this process will get one closer and closer to a zero of the function.

Before writing out the algorithm we need to find the zero of the tangent line to f(x). The
equation of a tangent line to the graph of f(x) at xo is y = f(xo) + f'(x0) (x —xo). Setting y =0,
giving a zero of this line, and solving for x gives

f(xo)
f'(xo0)

X=Xxp— 5.1
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a 10 b 10
y 5 y 5
0 0
1 2 3 4 1 2 3 4
X X
-5 -5
-10- -10-
The graph of f(x) for Exam- A first Newton step for Ex-
ple 166 ample 166
Fig. 5.6

Example 166. Consider the function f(x) = x> — 3x> 4 5x — 10 in Fig. 5.6a on page 126 From
the graph there is a zero between 0 and 2. Taking x = 2 as an initial guess for the root of this
function, one can find a better approximation using Eq. (5.1).

Since f'(x) = 5x* — 9x? + 5, our new approximation is

£(2)
2 L=/
. 72)
8
- o
~ 1.837

This is shown in Fig. 5.6b on page 126
The actual value of the root is x = 1.785585 to six decimal places.

As with the bisection method, this procedure is repeated until the x value is close to the
zero of the function. This is often judged by taking two consecutive values of x to be within
some € > 0 of each other or by taking the value of f(x) to be within some 6 > 0 of 0. Since a
sequence of points generated by Newton’s method may fail to converge to a root of the function,
the maximum number of iterations allowed is often set to some N > 0.

Assume that one has an initial point xo, a differentiable function f(x), the derivative f’(x)
of f(x), a maximum number of iteration N, and two tolerances €,0 > 0. The algorithm is
expressed below.

(1)  Start with an initial x( for the sequence to be constructed.

2) Set
) f(xo)

and setn = 1.
(3)  Repeat the following until |x, —x,—1| < &, | f(x,)] < J,0rn > N.

(A)  Set
S (xn)

Xppl =Xp — o —~

" (xn)
B) Setn=n+1.
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(4)  Return x,,.

Here are a few steps of the Newton’s method for f(x) = x°> — 3x* 4 5x — 10.

Example 167. Let f(x) = x> —3x> +5x — 10 and xo = 2. Using 10 digit arithmetic one gets the
values in Table 5.2 on page 127.

n x [
0 2 8

—

1.83673694 | 1.49861258

2{1.789225066( 0.09930111

3[1.785604969| 0.00053822

4]1.785585133| 0.00000002

5]1.785585132(—0.00000001
Table 5.2 A table of five Newton steps for Example 167

Figure 5.7 on page 127 gives a graphical representation of the first two steps of Newton’s
method.

104

0 ; S
180 190 2 2.05
X

Fig. 5.7 The first two Newton steps for Example 167

As one can see in the previous example, Newton’s method can converge very quickly. The
following result, stated without proof, tells one how fast Newton’s method converges.

Theorem 44. Let f(x) be a function that has continuous first and second derivatives. Also
assume that f(a) = 0 and f'(a) # 0. Given an xo, define a sequence by

_ ()
I (xn)”

If xg is close enough to a, then |x, 1 —a| < c|x, — a|* for some ¢ > 0.

Xn+1 = Xn

To get an idea what this means, assume that this holds for a sequence {x,}"_, witha ¢ = 1.
If |x; —a| < 0.01, then |x;+; —a| < 0.0001. The basic conclusion is that one doubles the number
of digits of accuracy with each step of Newton’s method when the derivative of f(x) is not zero
at the zero of f(x) and one is close enough to the zero.

When comparing Newton’s method and bisection there are several things to consider. If one
has a function and its derivative, starting Newton’s method only requires choosing a point.
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X

)

0.5

0.35

—_

0.8500000000

0.1225000000

1.258333333

0.1667361109

0.9356182792

0.1041450060

1.744427087

0.6541716879

1.305047798

0.1930541591

0.9886151596

0.1001296146

~N [N | R W

5.386112630

19.33798400

(o]

3.181656699

4.859625952

9

2.067909987

1.240431740

5 Applications

10] 1.487134568 10.3373000873

Table 5.3 Ten Newton’ steps for Example 168. The x values bounce around the local minimum

Choosing a good point may be a problem, but starting Newton’s method is rather simple. Start-
ing bisection is more difficult. To start bisection we must have an interval where the function
changes sign. If the values of the function are predominantly of one sign and the region where
the function takes on the other sign is very small, finding a starting interval can be quite difficult.

Once we have an interval where the function changes sign, bisection is guaranteed to con-
verge. Unfortunately this convergence is quite slow. It take approximately 10 steps to bisection
to gain three decimal digits of accuracy. On the other hand, as was noted earlier, if Newton’s
method is converging to a root ¢ of the function and the derivative of the function is not zero
at ¢, Newton’s will converge very quickly. Newton’s method is often chosen since it is easy to
start and often converges very quickly.

Other behavior is possible for Newton’s method. The points in the sequence can go off to
infinity or bounce around. The following two examples show two ways that this can happen.

Example 168. This example show how Newton’s method can bounce around a point that is
almost a zero of a function. Let f(x) = (x—1)?+0.01 and take xo = 0.5. The first ten elements
of the sequence generated by Newton’s method are in Table 5.3 on page 128.

The Fig. 5.8 on page 129 shows how one moves from one side of the minimum to the other
side. This is repeated until one goes toward another zero of the function or the derivative at x,
is zero, causing an error. It may simple go back and forth around a point forever.

The initial point of the sequence generated by Newton’s method may affect the convergence
of Newton’s method.

Example 169. Let f(x) = arctan(x). If one chooses an initial point near 0, the sequence con-
verges to 0, the only zero of f(x). The sequence for xo = 1 is in Table 5.4 on page 129.
Figure 5.9a on page 129 shows the first two steps.

If one starts at xo = 1.5, the size of the x,,’s goes to infinity. Part of the sequence for xy = 1.5
is in Table 5.5 on page 130.

The first few steps are illustrated in Fig. 5.9b on page 129.

Although Newton’s method is very powerful when it works, one must be careful. To avoid
the problems of the sequence going off toward infinity or cycling around a point, one often
limits the number of iterations of the method. There can also be problems with calculating
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0.6
0.5
0.41
0.37 :
0.21 i \

0.1 | \
03—

sxl K2
060810121416
X

Fig. 5.8 Moving across a minimum with Newton’s method as in Example 168

n x fx)

0 1. 0.7853981634
1| —0.570796327 | —0.5186693694
2] 0.1168599041 | 0.1163322652
3|—0.0010610221| —0.001061021702
4| 7.97107'°  [7.970000000 1010

Table 5.4 Four Newton steps for arctan(x) starting at x = 1

a 0381 “ b 2]
0.6 s
e :
041 - : y 1.7
: AT
021 : LI
_x1 7 X0 x3 " xl/ xO:/’:xZ .
1 s 6:i-4 -2 0 -2 4 6
) X iy X
041 : A1
-0.61
-0.84 -2-
Newton’s method converging Newton’s method diverging
to O for arctan(x) for arctan(x)
Fig. 5.9

function values and values of the derivative. Because of this, Newton’s method is often halted
if the step size is very small, the function values are small, or the function values are large.

Exercises
1. Find a zero of the given function to 5 decimal digits starting at the given point.
(@)  f(x)=6x>—10,x0=2 (d)  f(x)=tan(x) —x, xo=4.7
(b)  g(y) =sin(y) =2y+ 1,5 =2 @ gb)=€—4y.5%=0
©) h(z)=2z4¢—2,20=3 ) h(z)=2—62+9,z=1
2. Explain the behavior of Newton’s method for the following functions starting at the given

point.
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n X

)

0 1.5

0.9827937232

—

—1.694079600

—1.037546359

2.321126960

1.164002042

—5.114087826

—1.377694528

1.539842327

2
3
4| 32.29568375
5|—1575.316935

—1.570161534

5 Applications

Table 5.5 Four Newton steps for arctan(x) starting at x = 1.5

107
81
6

y
41

24

-4 -2 O 2 4
X

Fig. 5.10 Graph of A(x) for Problem 3

@ f)=2-2x+Lx=5 @  f(x)=09—¢ ", x=14
2 —
b®)  gy)=y"—19+Ly =5 @ g(y)=09—e y=11

2
_ 7 _
© h(z)=09-e,2=16 ) h(z) =cos(5z) —z+3,20 = 0.2
3. Consider the function

(100x +1)%(100x — 1)?
10,000 (1 4+ x2)

h(x) =

with graph as in Fig. 5.10.

(a)  Explain what happens when Newton’s method is started at z = 1.
(b)  Explain what happens when Newton’s method is started at z = —1.

(c)  Explain why it is hard to start the interval halving method for this function.

5.3 Related Rates

There are many situations where there are two quantities that are related and where the rate of
change of one of the quantities is known. What we often want to know is how the second quan-
tity is changing. A simple example is the relationship between the radius and circumference of
a circle. If C is the circumference and R is the radius their relationship is

C =2nR.
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Assuming that both C and R are functions of r we have

C(t) =27R(1).
Using the following proposition, we can differentiate both sides and maintain the equality.

Theorem 45 (Uniqueness of the derivative). If f and g are functions on some open interval
I CRsuchthatf(t) =g(t) forallt € % andf is differentiable at ty € .7, then g is differentiable
at to and g/(l‘o) = f/(t()).

Proof. Simply note that the difference quotients for f and g centered at 7y are the same for any
h with o+ h € .#. Since the limit of the difference quotients exists for f as & — 0, the limit of
the difference quotients for g must also exist and equal the limit for f.

Returning to the relationship between the radius and circumference of a circle, Proposi-

tion 45 on page 131 tells us that
dC(r) dR(1)
a2 ar

This tells us that if the radius of a circle is changing at 2 in/min, then the circumference of the
circle is change at 47 in/min .

There are simple examples where more derivatives involved. The following is one such
example.

Example 170. A north-south highway and an east-west highway intersect at the origin (0,0).
Assume that at time # = 0 a woman starts 2 km south of the origin and walks north at 4 km/h
Also at time # = 0 a man starts 3 km east of the origin and walks west at 3 km/h. What is the
rate of change of the distance between the two people at r = 4? See Fig. 5.11 on page 132.

In order to illustrate the ideas here, the solution is given using general functions for the
positions and the specific functions are put in at the end. Assume that the position of the woman
is (0,y(¢)) m and the position of the man is (x(¢),0) m. The distance function is

s(t) = 4/x(t)2 +y(r)%

Using the chain rule we get

x(0) X' () +y() Y (1)
OO

s(t) =

Since the walking speeds are constantx’(t) = —3 km/h and y’(t) = 4 km/h and the positions are
(0,y(4)) =(0,—2+44-4)=(0,14) and (x(4),0) = (3—3-4,0) = (—9,0), atr =4,

—9-(-3)+14-4

V92 +142
83
= ——km/h.
V277 /

s'(4)

Another example often used in calculus texts is that of a ladder with one end on the ground
and the other end sliding down a wall.
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-4 -3 -2 1 2 3 4

Fig. 5.11 Directions of travel of a woman and a man

Example 171. Consider a ladder that is 7m long. One end is sliding away from a wall and the
other end is against the wall. If the bottom of the ladder is moving away from the wall at 1/2 m/s
when the bottom is 2 m from the wall, how fast is the top of the ladder moving at that time? See
Fig.5.12 on page 133.

If the top of the ladder is at (0,y(¢)) and the bottom is at (x(¢),0), we have

7 =/x(t)>+y(1)>.

Taking the derivative of both sides with respect to ¢ yields

2y(1)y' (1) +2x(2) ¥ (1)
2/x(1)2+y()?

0=

Solving for y/(¢) and noting that if x = 2 then y = /45 gives

(o) = =50,
or
(1) = —=m/s
RV

There are many other situations where related rates are used. In fact, the technique is a staple
in science and engineering.

Example 172. Consider a conical tank with its point toward the ground. This tank is 10 m high
and its radius at the top is 5 m. See Fig. 5.13a on page 133. Water is being pumped into the tank
at 1/2 m3/min. The problem is to find how fast the water is rising when the height of the water
is 6m.

The volume of a right circular cone with height & and radius r is V = 77> /3. In this case
we always have r = h/2 using similar triangles as in the side on view of the tank in Fig. 5.13b
on page 133.

The relationship between V and & is now

1
V=—nh.
n”
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Fig. 5.12 A ladder sliding down a wall

Differentiating both sides with respect to time, ¢, gives
dv 1 _,dh
— =-nh" —.
dt 4 dt

Substituting in the given values yields

1 1 _,dh

273
This gives

dh_ 9 m/min

dt 2

Fig. 5.13 A conical tank partially filled with water

As a final application of related rates the rate of change of the angle between the direction
of travel of one object and the direction from that object to another object is considered. This
might be the angle between the forward direction of one airplane and the direction to another
airplane. If the position of the first object is given by r(7) and the position of the second object
is given by s(7), the angle under consideration is given by

T (s() —r(r)
6 =cos <||r'<t>| |s<r>—r<r>||>'

(See Eq. 1.14.)
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To make the computations simpler set f = r’(r) - (s(f) — r(r)) and
g=|Ir'(t)|| I|s(z) —x(¢)||- Taking derivatives with respect to ¢ we have

£ =1 (0)- (s0) (1) 1 (0)- (5'(6) - (1)
nd "(0)-r(0) (5'(6) (1)) - () — x(1)
;') r'(r) s'(t) —x'(t))- (s(t) — (¢
$= e MO O T )

Differentiating the equation for 8 with respect to ¢ gives

40 d | (f
2t ()

To show how this works, an example that simplifies the computations is considered. Assume
that the motion of the first object is circular in the xy-plane,

r(t) = (cos(t),sin(z),0)
and that the motion of the second object is linear
s(1)

This means that |[x'(r)|| = 1,x/'(¢) -v'(z) = 1, v”(¢) -x(t) = —1, and r'(¢) - v(r) = 0. The deriva-
tives for f and g now reduce to

(t—1,1—2¢t,—1).

and

R ORO]
Att =0 we have r(0) = (1,0,0), r’(0) = ( 1,0), r”(0) = (—1,0,0),s(0) = (—1,1,0) and
s’(0) = (1,—2,—1). From this we have s(0) —r(0) = (—2,1,0), f(0) = (0,1,0)- (—2,1,0) =1,

and g(0) = |(0, 170)” H(_27 170)” = \/_

This means that
f’(O) =(-1,0,0)-(-1,1,0)+(0,1,0) - (1,-2,—1)=—1

and

o (1-221) = (0,1,0)-(-2,1,0) _ =5 _
0= 250 RS

Finally

deo 1
& = agarT (D V-1 (VB)

=0.
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Another similar problem is finding the rate of change of the distance between two objects.
It would seem easy to simply write the distance between the objects as a function of time and
then take the derivative. It turns out that this is very simple using what has been presented about
vector valued functions.

Example 173. If two masses have positions r(¢) = (cos(nt),3sin(xt)) and
w(t) = (t*+1,2¢ — 3), how fast is the distance between the objects changing when t = 1/2? In
vector notation the distance between the objects is

(1) =/ (x(0) = w() - (x(1) — w(1)).

Taking the derivative of this expression with respect to ¢ gives

(5.2)

Calculating gives
z(t) =r(t) — w(t) = (cos(mt) —t* — 1, 3sin(mt) — 2t +3)

and
z'(t) = (—rmsin(mt) — 2¢, 37 cos(mt) —2).

Att = 1/2 this gives
and

Plugging these into the expression for s'(¢) yields

s (l) _ (_AST’ 6) (=m—1,-2)
EARRVICENONCE NS

_ 5m—43

_EL

Exercises

1. Water is draining from a right cylindrical tank at 5 I/s. The tank has a radius of 4 m and is
15 m tall. How fast is the height of the water changing when the height of the water in the
tank is 7m?

2. A man, who is 2m tall, is walking away from a lamppost with a lamp that is 7m above
the ground. If the man is walking at 0.5 m/s, how fast is the length of his shadow changing
when he is 10 m from the lamppost?

3. A man, who is 2 m tall, is walking along a path that, at its closest point, is 8§ m away from
a lamppost with a lamp that is 7m above the ground. If the man is walking at 0.5 m/s and
moving away from the lamppost, how fast is the length of his shadow changing when he is
10 m from the closest point on the path to the lamppost?
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4. One person is driving north on a north-south highway at 50 mph and another person is
traveling east on an east-west highway at 70 mph. How fast is the distance between the
people changing when the first person is 20 mi north of the intersection of the highways
and the second person is 40 mi west of the intersection of the highways?

5. A hot air balloon passes over a person on the ground at a height of 400 ft. The balloon is
traveling at 10 mph. The person is tracking the balloon with their camera. How fast is the
angle between the lens of the camera and the ground changing 10 min after the balloon has
passed over the person on the ground?

6. A point moves along the curve y = x> — x. All distances are measured in meters. Assume
the rate of change of the x-coordinate of the point is 3 m/s. How fast is the distance from
the point to (4, —2) m changing when the point is at (2,6) m?

7. Sand is being dumped onto the top of a pile of sand. The pile of sand is a conical pile
whose height is always equal to the diameter of the base. If the sand is falling at a rate of
3 m3/min, how fast is the height of the pile increasing when the height of the pile is 7 m?

8. A balloon has the shape of a right circular cylinder topped by a hemisphere. The height
of the cylinder is 1.6 times the diameter of the base. If air is being pumped in at 1 m3/min,
how fast is the diameter of the cylinder increasing when the diameter is 4 m?

9.  Apulsaris 10,000 light-years from earth and rotates 650 times per second. How fast does
the beam of photons from this pulsar travel across the surface of the earth? (Set this up as
a related rates problem. This is an approximation for the pulsar PSR B1937+21.) Compare
this speed with the speed of light.

10. A drawbridge has two spans that are 25 m long that rotate up (Fig.5.14 on page 136).
If the angle that the spans make with level is increasing at 1 /4 rad/min when the spans are
Z radians from level, how fast is the distance between the ends of the spans increasing?

J¥

Fig. 5.14 A sketch of a draw bridge

11.  If a spherical drop of water is picking up water at a rate proportional to its surface area,
show that the radius is changing at a constant rate.

12.  Consider the triangular trough with a triangular cross section in Fig.5.15 on page 136.
The lengths of the sides of the triangular cross section are 2, 2, and 3 ft. The trough is 8 ft
long. If water is being pumped into the tank at 5 ft3/min, how fast is the water rising when
the depth of the water is 1 ft?

2

Fig. 5.15 The trough for Problem 12

13. A boat is being pulled into a dock from the top of the dock using a rope. The rope is
being pulled in at a rate of 16 ft/min and the top of the dock is 10ft above where the rope
attaches to the boat. How fast is the distance from the boat to the dock changing when the
boat is 20 ft from the dock?
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14. At =ty an object is at (0,0,1) with velocity (1,2,—1) and at the same time a second
object is at (1,1,0) with velocity (3,—1,2). What is the rate of change of the distance
between the two objects at r =#?

15. A crane has a 200 ft boom that is set at an angle of 60° from horizontal. The crane is
raising a beam at 10 ft/s. How fast is the distance from the base of the crane to the beam
changing when the beam is 40 ft above the ground?

16. A crane has a 200ft boom that is set at an angle of 60° from horizontal. The crane is
raising a beam at 10 ft/s. How fast is the angle between the boom of the crane and the line
from the base of the crane to the beam changing when the beam is 40 ft above the ground?

17. A new species of animal was introduced into a circular area. The region inhabited by
the animals remains circular. Assume that the density of animals remains constant. If the
population of animals increases at 10 % per year, how fast is the radius of the inhabited
region increasing when the radius of the region is 10 mi? (Think about the relationship
between the area and the population.)

18. A 100 m long incline has its west edge fixed and its east edge is being raised at 1 m/min.
If a 10 kg mass is on the incline, what is the rate of change of the force due to gravity that is
pushing the mass down the incline when the east edge of the incline is 4 m above the west
edge of the incline? (Remember that force is a vector quantity.)

a s b 25
0 . . .
0.5 1 1.5 2
y 1.57
-0.5
y 1
-1
-1 05 0 05 1
~1.5° X
The graph of f(x) = x? —2x The graph of g(x) = 2 — x?

Fig. 5.16 Graphs for Example 174

5.4 Extreme Values of Functions

A major area of application of calculus is finding the largest or smallest value of a function.
The examples in this course are the first steps in learning about this. In physics a major concept
is that things will happen in a way that uses the least energy possible. As an example, this idea
is used to find the best shapes for ships and planes. Applications such as these are well beyond
this course.

This section works only with the simplest case, minimizing or maximizing nice functions
from R to R. In order to do this we start with some basic definitions.

Definition 18. Let ¢ be a subset of the real numbers. A function f : € — R has a local max-
imum (or minimum) at ¢ € € if for some r > 0, we have f(x) < f(c) (or f(x) > f(c)) for all
xe(c—rc+r)NE.
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Let ¥ be a subset of the real numbers. A function f : 4 — R has a global maximum (or
minimum) at ¢ € € if forall x € €, f(x) < f(c) (or f(x) > f(c)).

A point where a function has a global or local maximum or minimum is called an extreme
point.

A few examples will make this definition clearer. The first is a simple example with simple
quadratic functions.

Example 174. The function f(x) = x> — 2x has a local minimum at x = 1 and g(x) = 2 — x> has
a local maximum at x = 0. See Fig. 5.16 on page 137.
These are also global extreme points.

The following example shows that a function may have many maxima and minima.

Example 175. The function cos(6) has local maxima at the points 8 = 2nm, n=0,£1,£2,...
and local minima at the points 6 = (2n+ 1), n=0,£1,£2,.... At these points cos(0) = +1.
See Fig.5.17a on page 138. In fact, all of the local maxima and minima are global maxima and
minima.

Next is an example where the function has its maximum and minimum at the endpoints of
its domain.

Example 176. The function arcsin(x) has a global maximum at x = 1 and a global minimum at
x = —1. See Fig.5.17b on page 138

Here is an example where a function only has a local minimum and a local maximum.
a 2] b
-4 -n0| \n[2nBA4n
X
/14

_24

=a r~a

A graph of cos(6) for Example 175 A graph of arcsin(x) for Example 176

Fig. 5.17

Example 177. Consider the function f(x) = x* — 3x. From the graph in Fig. 5.18 on page 139
we can see that f(x) has a local maximum at x &~ —1 with f(—1) = 2 and a local minimum at
x =~ 1 with f(1) = —2. Since limy_,_ f(x) = —oo and limy_;.. f(x) = oo, these are not global
extreme points.

If we want to find the maxima and minima of a function the first problem is finding the
extreme points of the function. In order to accomplish this task we often use the following
result.

Theorem 46 (First order optimality condition). Assume that f(x) is a function that has an
extreme point c and that f(x) is defined on an interval (a,b) that contains c. If f'(c) exists, then

f'(c)=0.



5.4 Extrema
101
y 5
-3 - -1 0 2 3
X
-5
-10-

Fig. 5.18 The graph of f(x) = x> — 3x for Example 177

139

Proof. The two possibilities, a local maximum and a local minimum, are almost identical.
Because of this, it is assumed that f(x) has a local maximum at ¢. We have, since ¢ is a local

maximum, for any x < ¢ in (a,b)
W@,

xX—c -

Since f(x) is differentiable at c,

1) tim LI

x—c~ X—cC

Similarly, if x > ¢ and x € (a,b)

Fig. 5.19 The graph of f(x) = x2/* for Example 179

f0-f) _,

x—c
Since f(x) is differentiable at c,
f'(c) = lim fx) ~flo) <0.
x—ct X—c

The only possible value for f(c) is 0 and the result is true.

In some cases this is easy to apply.

>0.
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Example 178. Consider, again, f(x) = x> — 3x. This function has derivative f'(x) = 3(x*> — 1).
Since the derivative is 0 at x = *1, the candidates for maxima and minima are x = 1. The
graph in Fig. 5.18 on page 139 indicates that x = —1 is a local maximum and that x =1 is a
local minimum.

There are, however, cases where a function has an extreme point where it does not have a
derivative.

Example 179. Consider the function f(x) = x2/3, see Fig.5.19 on page 139. This function has
a global minimum at x = 0 since f(x) > 0 for all x. However, it does not have a derivative at
x=0.

It is necessary to use the following result in the rest of this section. The conclusion of this
theorem is that a continuous function on a closed bounded interval [a,b] must attain both a
maximum and a minimum value on the interval. It is an extremely important result whose
proof is beyond this class. Because of that, the proof is omitted.

Theorem 47 (Maximum-Minimum Theorem). Assume that f(x) is a continuous function on
a closed bounded interval |a,b]. Then there are points ¢ and d in |a,b] such that f(c) > f(x)
Sorallx € [a,b] and f(d) < f(x) for all x € [a,b]. These are global extrema for f(x) on [a,b].

This result leads to a basic general procedure for finding the extreme points of a continuous
function on a closed bounded interval .# C R with endpoints a and b. First we find the points
where f'(x) = 0 and where f’(x) does not exist (DNE). These are the crifical points of f(x).
We then add the endpoints of the interval to this set of points. The extreme points can be found
by comparing the values of f(x) at the set of points we have found.

If the endpoints of the interval are not included in the interval, we must consider the limits
lim,_,,+ f(x) and lim,_, ;- f(x) to determine if there are any global extrema for the function.

a b 14 .
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801 | |

0.6 | |
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—r————— oH—F—
-2 -1 0 1 2 3 4 5 0 1 2 3 4 5

X X
The graph of f(x) = x> — 3x The graph of f(x) =
for Example 180 x/(1+x%) for Example 181
Fig. 5.20

Example 180. Returning to f(x) = x> — 3x with a restricted domain of .# = [—2,5]. The critical
points are x = +1 and the endpoints are —2 and 5. Calculating the values of f(x) at [-2,—1,1,5]
gives the values [—2,2,—2,110]. The conclusion is that the maximum value of f(x) on .7 is
110 at x = 5 and the minimum value of f(x) is —2 at x = —2 and at x = 1. See Fig. 5.20a on
page 140.

Here is another example of finding the extrema of a function on a closed bounded interval.
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Fig. 5.21 A rectangle inscribed in a unit circle

Example 181. Find the minimum and maximum of f(x) = x/(1 4 x?) on [1/4,4], see Fig. 5.20b
on page 140.
The derivative of f(x) is

1—x?
(1+22)%
Since this is 0 at x = +1, the three points where the optima can be are x = 1/4,1, and 4. Since
the values of f(x) at the points are f(1/4) =4/17, f(1) =1/2,and f(4) =4/17. The maximum
value is 1/2 at x = 1 and the minimum value is 4/17 at both x = 1/4 and x = 4.

fx) =

There are some geometric examples that show how finding extrema can be useful.

Example 182. A rectangle is to be inscribed in a circle of radius ». The objective is to find the
dimensions of the largest rectangle that can be inscribed in the circle. We can assume that the
circle is centered at the origin, two sides are parallel to the x-axis, two sides are parallel to the y-
axis, and all four corners are on the circle. (Why can we make these assumptions?) Figure 5.21
on page 141 illustrates this with r = 1.

Fig. 5.22 A right circular cone as in Example 183

The corners of the rectangle are now at the points, going counter clockwise from the first
quadrant: (x, Vr? —xz), (—x, Vr? —xz), (—x, —\/r? —xz), and (x, —\/r? —x2> . Since the
lengths of the sides of the rectangle are 2x and 2v/r% — x2, the area of the rectangle as a function
of x is

A(x) =4x/r2 —x2.

The domain of this function is [0, r]. (Why?)
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Differentiating A (x) with respect to x gives

This is zero only when x*> = 12 /2 or x = /2r/2.
In this case the y coordinate of the corner in the first quadrant is y = \/§r/ 2 and the figure
is a square with area 2r2.

This section concludes with another geometric example.

Example 183. The volume of a right circular cone is given by V = mhr? /3 where £ is the height
of the cone and r is the radius of the base. (See Fig. 5.22 on page 141.) If the sum of  and & is
10, what dimensions will give the largest volume?

Since i = 10 — r, the volume can be written as

1
V(r)= 3 (10 —r)r?.
Both r and 4 must be non-negative. Hence, the domain of V (r) is [0, 10].
Differentiating V (r) gives
dv(r)
dr

1
=3 m(20r —3r%).
To find the critical points set d‘;—gr) equal to 0. This gives
1 3
0= 3 w(20r —3r7).

The critical points are r = 0 and r = 44/20/3. Since —/20/3 is outside of the domain of
V(r), the points to check are r = 0,4/20/3, and 10. The function values at these points are 0,

207 /9 (10 . /20/3) and 0. This means that the maximum volume is 207 (10 . /20/3) /9

when r = /20/3 and h = 10 — ,/20/3.

Exercises

1. Find all critical points for the following functions.

@ flx)=x"—4x+6 g =In(y)—y*+3y
(b)  g(y) =3y +3y* — 12y +4 (&) flx)=12x+2+9x* -3
1
© flx)=x+- 2
. i (h) g0 =1n(y2+y)—y§—y
d gl
;‘yz Q) h(w) = |w?—5w+6]

© S0 =17 0 gl =]y —12y
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2. Find all local and global maxima and minima for the following functions on the given

intervals.
(@ f(x) =x*—4x+60n [1,4] §3) g(y)zln(y)—y2+3y on [1,4]
b)) =343’ —12y+don[-44] (4)  f(x) = 120423 +92 —3on [-2,2]
1 1
() f(x)=x+—-on [—,4} 2 1
@ yx 2 )  g(y) =1n(y2+y)—y5—y on [573]

d g = on [—4,3]

L+y? @) h(w)=|w?—5w+6|on [4,3]

X

(©  f()=qpa on[-2.3] () &ly) =y’ —12y[ on [-2,4]

3. A rectangle is to be inscribed in a half circle of radius 1 ft. If the rectangle is as in the
Fig.5.23a on page 143, what dimensions will give the largest area?

4. A cylinder with caps on both ends has a volume of 1. What dimensions will minimize the
area of the cylinder? See Fig. 5.23b on page 143.

5. If the position of a mass is given by r(¢) = (cos(t),4sin(z)) m and time is in seconds, find
the time(s) when the speed of the mass is greatest.

5.5 The Mean Value Theorem

The Mean Value Theorem, like the results on linear approximations, relates the values of a
function with the derivative of the function. In this case we are comparing the slope of the
secant line between (a, f(a)) and (b, f(b)) with the derivative of f(x) in (a,b). Many uses of
the Mean Value Theorem are beyond this class. Most of the applications involve estimating
values of functions.

A rectangle inscribed in a half A cylinder with caps on both
circle of radius 1 ft ends

Fig. 5.23

Before stating the Mean Value Theorem, a special case called Rolle’s theorem is considered.
In this case the slope of the secant line is assumed to be 0.

Theorem 48 (Rolle’s Theorem). Ler f(x) be a function that is continuous on |a,b| and differ-
entiable on (a,b). Assume that f(a) = f(b) = 0. Then there is a ¢ € (a,b) such that f'(c) = 0.

Proof. There are three cases to consider: when f(x) = 0 on [a,b], when f(x) > 0 for some
x € (a,b), and when f(x) < 0 for some x € (a,b). The last two cases are almost identical, hence
only the first of them will be considered.

First assume that f(x) = 0 on [a, b]. The result holds since f'(c) =0= (f(b) — f(a))/(b—a)
forall ¢ € (a,b).
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1.2
1.01
0.81

y 0.61
0.41
0.21

0
_0.2-

05 1 15 V¥
X

Fig. 5.24 A point where a function has a horizontal tangent as in Rolle’s Theorem

Now assume that f(x) > 0 for some x € (a,b). See Fig.5.24 on page 144.

There is a point ¢ € (a,b) such that f(x) < f(c) for all x € [a,c], since f(x) attains a max-
imum on the closed bounded interval. (Recall Theorem 47 on page 140.) Since f(x) is differ-
entiable at ¢, by Theorem 46 on page 138, f'(c) = 0. This proves the result if there is a point
where f(x) > 0.

The reasoning if there is a point where f(x) < 0 is similar and is left to the reader.

Remark 6. The hypothesis that f(a) = f(b) = 0 can be replaced by the assumption that f(a

f(b). If f(a) = f(b) # 0 we can replace f(x) by g(x) = f(x) — f(a) where g(a) = g(b) :6
and g'(x) = f'(x) for all x € (a,b).

We can now state and prove the Mean Value Theorem.
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Fig. 5.25 A secant line and tangent line as in the Mean Value Theorem

Theorem 49 (Mean Value Theorem). Let [a,b] be a closed interval in R and let f(x) be a
function that is continuous on [a,b] and differentiable on (a,b). Then there is a point ¢ € (a,b)
such that

or, equivalently,

f(b)=fla)+f'(c)(b—a).

The graph in Fig.5.25 on page 144 illustrates that the tangent line to the graph, the dashed
line, is parallel to the secant line, the line of dots.
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Proof. The proof is an application of Rolle’s Theorem to the function f(x) minus the secant
line for f(x) between (a, f(a)) and (b, f(b)). Writing out the secant line gives the function

g(x) = fla)+ (f(b) — f(a))/(b—a) (x—a). Subtracting g from f gives

f(b) - f(a)

R (x—a).

We have h(a) = h(b) = 0 and hence, by Rolle’s Theorem, Theorem 48 on page 143, there is a
¢ € (a,b) such that
f(b) —f(a)

H(c)=0=f"(c)—
(©)=0=fe) - F2—2
Rewriting this equation gives the two forms of the Mean Value Theorem.

The remainder of this section is devoted to two applications of the Mean Value Theorem.
The first involves the behavior of functions on intervals and the second illustrates how the Mean
Value Theorem can be used for estimation.

Consider a function %(x) that is defined and differentiable on an interval .#. The Mean Value
Theorem tells us that for any x and y in .# where y > x we have

h(y) = h(x)+H (c) (y — ).

If 1'(c) > 0, we get that ~(y) > h(x). The following puts this in a concise form. The definition
gives common terminology used for functions that increase or decrease on an interval.

Definition 19 (Increasing and decreasing functions). A function f(x) is increasing (or de-
creasing) on an interval . if for all x and y with y > x we have f(y) > f(x) (or f(y) < f(x)).
A function f(x) is strictly increasing (or strictly decreasing) on an interval .# if for all x and

y with y > x we have f(y) > f(x) (or f(y) < f(x)).

5.
4_
3.
y
\\\\\i
-2 -1 0 1 2

Fig. 5.26 A graph of f(x) = ¢* — x for Example 186

Theorem 50 (Derivatives and increasing or decreasing functions). Let f(x) be a function
that is differentiable on an interval . If the derivative of f(x) is nonnegative (or positive) on
S, then f(x) is increasing (or strictly increasing) on 7.

Let f(x) be a function that is differentiable on an interval 7. If the derivative of f(x) is
nonpositive (or negative) on .7, then f(x) is decreasing (or strictly decreasing) on .%.
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There are many uses for this result.

Example 184. The function f(x) = ¢* is strictly increasing on R. Since f/(x) = ¢* > 0 for all
x € R the above theorem says that f(x) is strictly increasing on R.

Example 185. Consider f(x) = x>. This function is strictly increasing on R, but the theorem
above cannot be applied directly since f’(x) = 3x? is 0 at x = 0. We must divide the proof into
three cases: when x <y <0, when 0 < x <y, and when x < 0 < y. Note that f’(c) =3c2>0if
c#0.

In the first and second cases we have f(y) = f(x)+ f'(c) (y —x) > f(x) since f’(c) > 0 and
y—x > 0. In the third case we have, for some ¢ € (x,0) and some ¢; € (0,y),

)= (x) = f() = f(0) + f(0) = f(x)
=f'(e2) (y=0)+ f(c1) (0—x)

> 0.

This shows that f(x) = 3 is strictly increasing on R.

This can also help when looking at critical points to find maxima and minima.

Assume that f(x) is a function that is continuous on (a,b) and is differentiable on the inter-
vals (a,c) and (c,b). If f'(x) < 0 on (a,c), then for all x € (a,c) we have f(x) > f(c). If, in
addition, f"(x) > 0 on (c,b), then for all x € (c,b) we have f(x) > f(c). Combining these facts
shows that f(x) has a local minimum at c.

This can be stated, in the case when f (x) is a continuous function, as the following.

Lemma 2. Assume that f(x) has a continuous derivative on (a,b) with f'(c) = 0 for some
c € (a,b). If f'(x) changes from negative to positive at c, then f(x) has a local minimum at c.
If f'(x) changes from positive to negative at c, then f(x) has a local maximum at c.

Example 186. Let f(x) = ¢ —x. Then f’(x) = ¢ — 1, which is 0 at x = 0. In addition, if x < 0
we have ¢* — 1 < 1—1=0and if x > 0 we have ¢* — 1 > 1 — 1 = 0. Thus f(x) has a local
minimum at x = 0. In fact, it is a global minimum. (Why?) See Fig. 5.26 on page 145.

1 05 0 05 1
X

Fig. 5.27 A graph of f(x) = x*/ for Example 187

Remark 7. In Proposition 2 the assumption, for a maximum, that f’(x) is continuous on (a,b)
can be replaced with the assumptions that f(x) is continuous on (a,b), ¢ is a critical point of
f(x), f'(x) exists and is greater than 0 on (a,c), and f’(x) exists and is less than 0 on (c,b).
Similar changes can be made to the assumptions for a minimum.

Example 187. Let f(x) = x*/3. Then f’(x) = 2x~'/3/3 and x = 0 is the only critical point of
f(x). Since f'(x) < 0if x <0 and f'(x) > 0 if x > 0, the point x = 0 is a local minimizer for
f(x). See Fig.5.27 on page 146.
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A simple but useful consequence of the Mean Value Theorem is the following result.
Students are asked to prove the result in Exercise 9 on page 148.

Theorem 51. Assume that a function f(x) is continuous on an interval [a,b] and that f'(x) =0
on (a,b). Then f(x) is constant on [a,b).

The converse of this statement, a constant function is continuous and has a zero derivative,
is also true and is easily proven.

Example 188. If a function h(z) is continuous on [1,3], 4(2) =4 and #’(x) = 0 on (1,3), then
h(z) =4 forall z € [1,3].

The Mean Value Theorem can also be used for estimations. Consider a function f(x) that
is differentiable on an interval [a,b]. If f’(x) is between £ and u on [a,b] then the Mean Value
Theorem tells us that

fla)+L(b—a) < f(b) < fla)+u(b—a).
This follows directly from MVT, for some ¢; and ¢; in (a,b),
f)=fla)+f'(c1) (b—a) > £(b—a),

and

f(b)=f(a)+f'(c2) (b—a) <u(b—a).

Example 189. Let f(x) = sin(x) and let « = 0 and b € (0,7/3]. Since the derivative of sin(x),
cos(x), is between 1/2 and 1 on [0, /3], we have

)2—6 <sin(x) <x

for x € [0,7/3]. See Fig. 5.28 on page 147.

1 s
s
s
0.8 s
7
0.6 //
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0
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Fig. 5.28 The range of values allowed by the Mean Value Theorem in Example 189
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Exercises

1. Find where each of the following functions is increasing and where it is decreasing.

(@)  f(x)=x>—3x+7 ()  f(x) =cos(2x)

(b)) gkx)= 2x +3x> —36x— 18 ()  g(x) =secx

© FO) =y +3"+3y-3 (@ f(y)=e "3+

(d  g(y) =tan(y) (h) gy = tan~! (yz _ 1)

2. In each part of this problem a value for a function f(x) at a is given, a range for the
derivative of f(x) on (a,b) is given, and a possible value for f(b) is given. Assuming that
f(a) is correct and the range for f’(x) is correct, can f(b) be correct?

@ f(1)=2,f'(x) e[-1,1], f(5) =0 © f(=1)=5f"(x) €[-2,0] f(5)=6
®)  fO)=-Lf(x)e02.f4)=-2 @ fle)=2f(x)€0,1],f(r)=23

3. Can the Mean Value Theorem be applied to the following functions on the given inter-
vals? Justify your answer.

(@)  f(x) =|x|on[—1,1]. (d)  h(z) =z —34z2+2z—3on [-2,10].
(b)  f(x)=|x| on[0,5]. (e) r(w)=w’cos(w)on [~m,27].
() g(x)=|x|on[2,6]. ) s(t)=rt*t|on[~1,1].

4.  Does a change of sign of the derivative show that the critical points of the following
functions are local maxima or local minima?

(@ f(x)=x>on[-1,1]. (d)  h(z) =cos(z) +zon[-10,10].
(b)  f(x)=x*on[~1,1]. (e) r(w)=sin(w)— % on [—2m,27].
(©  glx)=x"—4x on[-3,3]. 6 s(t)=|t|on[1,1].

5. Show that the point ¢ between a and b guaranteed by the Mean Value Theorem is always
“+b for any a, b, and any quadratic function.

6. A car enters a toll road segment going at the speed limit of 70 mph through a “pay pass”
toll station and then leaves the 70 mi segment going 70 mph through a “pay pass” toll station
1 h later. What can you say about the speed of the car over the hour?

7. A car stops at a toll booth and enters a toll road segment that is 70 mi long. The car exits
the segment of the road 1 h later by stopping at a second toll booth. What can you say about
the speed of the car over the hour?

8.  The Mean Value Theorem does not hold for vector valued functions. Consider r(r) =
(t2,%) on the interval [—1, 1]. Show that there is only one point ¢ where the first component
function ry (t) = x? satisfies 7 (1) —r(—1) = 4 (c1) (1— (—1)) and show that there are two
points ¢; where (1) — ro(—1) = r5(c2) (1 — (—1)) with r,(r) = . Note that these three
points are distinct to conclude that the Mean Value Theorem does not hold for vector valued
functions.

9. Use the Mean Value Theorem to prove that if /(z) is continuous on a closed interval [a, D]
with //(z) = 0 for all z € (a,b), then h(x) = h(y) for any x,y € [a,b]. Use this to conclude
that Theorem 51 on page 147 is true.

10.  Use Theorem 51 on page 147 and Eq.5.2 in Example 173 on page 135 to show that the
following is true. If the position vector of motion for an object r(¢) is always perpendicular
to the velocity of the object, then the motion of the object is restricted to a circle in R? or
to a sphere in R3 centered at the origin.
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11.  Assume that f(z) is continuous on [a,b] and differentiable on (a,b) with b > a. Explain
how and why the critical points of

o=@

h(z) = f(z) = fla) - py—p

in (a,b) are related to the points guaranteed to exist for f(z) by the Mean Value Theorem.

5.6 Concavity and Extrema

The previous sections in this book have been concerned with how a function changes as
described by the derivative. The ideas of functions increasing or decreasing on an interval and
critical points have been demonstrated to be useful. However, these concepts only give us a
very rough idea about the shape of the graph of a function. The following two examples give
a better idea of how different the graphs of two functions can be with the same derivative sign
information

Example 190. Let f(x) = ¢*. Since f’(x) = ", the derivative is always increasing and the graph
shows f(x) increasing at an increasing rate. See Fig. 5.29a on page 149.

The next example is a function that is also always increasing on its domain It is, however,
quite different.

Example 191. Let h(x) = (x> —1)/x%. Since I'(x) = 2/x°, the derivative is always positive
if x> 0 and the graph shows f(x) is increasing toward the horizontal asymptote y = 1. See
Fig.5.29a on page 149.

The derivative of f’(x) from Example 190 is f(x) = ¢* > 0. This means that the slopes of
tangent lines are increasing. See Fig. 5.30a on page 150.

On the other hand, the derivative of /(x) from Example 191 is 4" (x) = —6/x* < 0 on (0, ).
Here the slopes of the tangent lines are decreasing, See Fig. 5.30b on page 150.

Using the functions as above examples leads to the following definition.

Definition 20. A function f(x) is concave up (or concave down) on an interval (a,b) if f”'(x) >
0 (or f”(x) <0) on (a,b).

Remark 8. This is not the only definition used for the concepts of concave up, also known as
convex, and concave down, also known simply as concave. The other definitions are beyond
this course and will not be considered.

a 61 b 2
51 0 - r T . Y
n 051 15 2 25 3
,2- X
3
-4
5] y
/ N
; : T T -8

X -10-
f(x)=e" and f'(x) = " are h(x) = (x> — 1) /% is increasing
both increasing ing and /' (x) = 2/x3 is decreasing

Fig. 5.29
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a 20 b >y | -
/ S
15 ] O e ——
-—17"1 2 3
X
y 10] =51/
5] y -101
J
] -151 ’I
-3-°7 -1 O h
X -20-"
f"(x) =¢€* > 0 and the slopes B"(x) = —6/x* < 0 and the
of the tangent lines are increas- slopes of the tangent lines are de-
ing creasing

Fig. 5.30

Example 192. The function f(x) = x> — x is concave down on (—oe,0) and concave up on (0, ).
See in Fig.5.31a on page 151. Since f”(x) = 6x, we have f”(x) < 0 if x < 0 and f”(x) <0
if x > 0.

A point (x,y) where a function changes concavity is called an inflection point. In this book
we assume that the curve g(¢) = (7, f(¢)) must have a tangent line at # = x in order for (x, f(x))
to be an inflection point.

Example 193. Consider the function f(x) = v/x in Fig. 5.31b on page 151. This curve can be
parameterized either as g(¢) = (¢, v/7) or as h(¢) = (¢3,¢). Since the second parametrization has
a nonzero derivative everywhere, the curve has a tangent line at (0,0).

d*f(x)
dx?
concave up if x < 0. Since the graph of f(x) has a tangent line at (0,0), (0,0) is an inflection

point.

In addition,

=-2/ (9x5/ 3). This means that f(x) is concave down if x > 0 and

One of the main uses of concavity is for second order optimality conditions. What was

d
shown earlier in Sect. 5.4 is that d—f(c) = 0 is required (necessary) when f(x) is differentiable
X

and has a local extreme point at ¢. Assume that, in addition to f'(c) =0, f”(x) < 0 around c.
This means that f(x) is concave down around ¢ and f’(x) changes from positive to negative
at c¢. The plots in Fig.5.32 on page 151 illustrates this situation. The conclusion is that f(x)
increase up to ¢ and the decreases after c. Because of this, f(x) has a local maximum at ¢. With
a little more work we can prove the following result.

Theorem 52 (Second order optimality conditions). Assume that f(x) is differentiable on
(a,b), f'(c) =0 for some c € (a,b), and f"(c) exists.

(i) If f"(c) >0, then f(x) has a local minimum at c.
(i) If f"(c) <O, then f(x) has a local maximum at c.

Proof. The proofs of the two cases are almost identical. Because of this, only the first case is
considered.
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a 104

— 10.
The inflection point for The inflection point for
fx)=x—xatx=0 Fx)=x"3atx=0
Fig. 5.31
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A concave down f(x) with a The derivative of f(x) with a The second derivative of f(x)
maximum at x = 1 zeroatx =1 is negative around x = 1

Fig. 5.32

If f'(c) =0 and f”(c) > 0, then, from the definition of the second derivative at c, there is
an a; € (a,c) such that f'(x) <0 on (aj,c). There is also a b; € (c,b) such that f'(x) >0
on (c,by). By the Mean Value Theorem we have f(x) > f(c) on both (aj,c) and (c¢,b;). This
means that f(x) has a local minimum at c.

Example 194. Consider the function f(x) = x/(1 +x?) (Fig.5.33 on page 151).

y 0.5-/\
64 20 2 4 6
X

-1-
Fig. 5.33 A plot of f(x) =x/(1+x?) for Example 194
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a
167
141
121
101
y 81
61 1 2
4.
2 4
2 -1 0 1 2
y=ax*
Fig. 5.34
This function has first derivative
1+x2—x 2x 1—x2
f(x) =
(14x2)? (1 +x2)?
and second derivative 5
2x (x =3
f// ()C) — ( ; 3) .
(1+x?)
The first derivative has zeros at x = —1 and x = 1. The second derivative has zeros at x = —/3,
x=0,and x = V3.
Since f”(—1)=1/2and f”(x) is continuous at x = —1, f(x) has a local minimum atx = —1.
Similarly, since f”(1) = —1/2, f(x) has a local maximum at x = 1.
The function f”(x) is a continuous function with zeros at x = —+/3, x = 0, and x = /3.

Since f”(x) is continuous it has constant sign on (—eo, —/3), (—/3,0), (0,1/3), and (v/3, ).
Because f”(—2) = —4/125, f"(x) < 0 on (—eo,—/3) and f(x) is concave down on
(—o0,—+/3). Similarly f(x) is concave up on (—+/3,0) and (v/3,0) and f(x) is concave down

on (0,1/3). The points (—\/3, —\/5/4), (0,0), and (\/5, \/3/4) are inflection points of f(x).

Example 195. The case when f’(a) =0 and f” = 0 is not covered in Theorem 52 since we
can have a local maximum, a local minimum or a point that is neither at such a point. The
functions f(x) = x*, g(x) = —x* and h(x) = x> all have first and second derivatives equal to 0 at
x = 0. However, f(x) has a minimum at x = 0, g(x) has a maximum at x = 0 and h(x) is always
increasing and has neither a maximum nor a minimum at x = 0. The graphs of these functions
are in Fig. 5.34 on page 152.

Exercises

1. Find where each of the following functions is concave up and where it is concave down.
Where are the inflection points of the functions?

(@) f(x)=x>—3x+7 (e)  f(x) =cos(2x)

(b)) gkx)= 2x +3x% —36x— 18 ()  g(x) =secx

© fO)=y+3y"+3y-3 @  fly) =t

@  g(y) =tan(y) (h) gly) = tan~! (y2 _ 1)
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. X1 3

O flx)= 2+3x—10 & flx)= (ﬁ)

. - ¥ —x—6 1
0 sk = P —32+4 (1)  h(w)=tan (sin(w) - E)

2. Use the second derivative test to classify the critical points of the following functions, if
possible.

— 9,3 2 _ 2 6
(@ gx) 2: —|—3)2c 36x—18 @  f) = y§_3§2+4
b =y +3y>+3y—3
®)  fO) =y +3y +3y © gl =203
© gr)=—r—1 (H)  f(y) =cos(2y)

- ot
A lo (@ hw)= [Jwl] —w?

3. Assume that a function f(x) is defined around x = ¢ and that f'(c) = 0, f”(c) = 0, and

B (c) #0. If £f3)(c) is continuous around x = ¢, explain why f(x) has neither a local

maximum nor a local minimum at x = ¢. (Hint: Look at /(x) = x* around x = 0.)

5.7 Calculus and Graphs of Functions

Using the information from the first and second derivatives it is easier to understand the graph
of a function that has two (continuous) derivatives. The first derivative tells us where a function
is increasing and where it is decreasing. From the second derivative we can tell where a function
is concave up or concave down, It also gives inflection points. Given this information, we can
get a good picture of the behavior of a function.

Each piece of information we obtain gives us a better idea of the appearance of the graph. The
process of sketching the graph of a function is a step by step process of obtaining information.
Typically, we start with the basic information about a function obtained without using calculus.
The information that we find may includes the zeroes of the function, the values of the function
at several points, and whether the function is odd or even.

Example 196. Consider the familiar function f(x) = x* — x. This function has zeroes at x =

—1,0, and 1. In addition, this is an odd function. We can also get the values of f at several
points as in Table 5.6 on page 153. With this information we can plot the points and get a
possible graph by connecting the points with line segments. See Fig. 5.35a on page 154.

The first derivative gives intervals where a function is increasing or decreasing and the criti-
cal points. This is used to refine the graph.

x |=2[=3/2|-1]-1/2]0| 1/2 |1]3/2 |2

fx)|-6|15/8] 0 | 3/8 |o|-3/8]0|15/8|6

Table 5.6 Some function values for f(x) = x> —x.
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a 6 /. b 6 /.
/ /
4 / 41 /
fx) // fx) //
/ /
# = P = r # =2 e 7
-2 1 0 1 2 -2 1 0 1 2
¥ - ¥ -
/ 2 X / 2
/] /
/ -41 / -4
/ /
d -6 d -6
A possible graph for f(x) = A possible graph for f(x) =
x3 — x from a few points x3 — x from a few points with the
critical points added
Fig. 5.35

x |-2|-3/2|-1|-1/v3|-1/2|0] 1/2 | 1/v/3 |1]|3/2 ]2

Fx)|-6|15/8| 0 [2/9v3| 3/8 |0|—3/8|-2/9v/3|0|15/8|6

Table 5.7 The points for plotting f(x) = x* — x with the critical points added

Example 197. Continuing with the function f(x) = x* —x, we have f’(x) = 3x*> — 1. Since

this is continuous everywhere and is zero at x = 4 1/+/3, we can calculate that f’(x) > 0 on
(—eo,—1/+/3) and (1/1/3,0). Also, f'(x) < 0on (—1/v/3,1/+/3). From this information we
can conclude that f(x) is increasing on (—oo,—l/\/g) and (1/\/5, o). and it is decreasing
on (—1/v/3,1/V/3). This means that f(x) has a local maximum at x = —1//3 and a local
minimum at x = 1/1/3.

Adding the two critical point to the list of points used from plotting gives Table 5.7 on
page 154. See Fig. 5.35b on page 154.

The information from the first derivative excludes the graph in the Fig.5.36a on page 155
since there are only two critical point.

It does not, however, exclude the shape in Fig.5.36b on page 155. In this graph there are
only two critical points and the regions where f(x) is increasing and decreasing match the first
derivative information.

Now we can add information obtained from the second derivative.

Example 198. Continuing with the function f(x) = x*> —x, we have f”(x) = 6x. Since this is

continuous everywhere and is zero at x = 0, we can calculate that f”(x) < 0 if x < 0 and
f”(x) > 0 if x > 0. From this information we can conclude that f(x) is concave down on
(—e0,0) and concave up on (0,c). There is also an inflection point at x = 0.

This information leads us to Fig. 5.37 on page 155.

The main thing that is missing from the pictures here are asymptotes. There are two types of
asymptotes that are commonly used for graphing, horizontal and vertical asymptotes. Horizon-
tal asymptotes tell us about the behavior of functions f(x) as x — =eo.

Definition 21. Let f(x) be a function from R to R.
(I) A horizontal line y = a is a horizontal asymptote for f(x) if

lim f(x)=a or lim f(x) =a.

X——oo X—roo
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a b
Not a possible graph for A possible graph for f(x) =
f(x) = x> —xsince it has 4 criti- 13 — x without concavity infor-
cal points mation
Fig. 5.36
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Fig. 5.37 The graph of f(x) = x® — x using full information

(I) A vertical line x = b is a vertical asymptote for f(x) if

lim f(x) = too or lim f(x) = too.

x—b~ x—bt

The next example gives the ideas of these definitions.

Example 199. Consider the function g(x) = x?/(x> —4). It has a horizontal asymptote y = 1

since

. x? .
lim — = lim 1%
X—poo X4 — X—roo —
Wz
=1

The limit as x — —oois also 1.

The function also has vertical asymptotes at x = —2 and x = 2 since there are infinite limits
for f(x) as x approaches £2 from either side. First note that f > 0 if x € (—eo,—2) U (2,00) and
f(x) <0ifx e (—2,2). Since

limx>=4  and lim x> —4=0,
x—2t x—2t
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- 10 J
Fig. 5.38 The graph of g(x) = x*/(x* —4) with asymptotes

we have
lim f(x) = eo.

x—2+F

Using similar reasoning we can show that

lim f(x) =—co, lim f(x)=—e0 and lim f(x)=oco.

x—2- x——2+ x——2-
See Fig. 5.38 on page 156.

Remark 9. Rational functions have asymptotes where there is a zero of the denominator of the
reduced form of the rational function. For example

_x2—1

flo) =

x—1

does not have an asymptote at x = 1 since it is the same as g(x) =x+ 1 if x # L.
On the other hand, the function

x+1
fx) = -1
has an asymptote at x = 1 since it is the same as k(x) = 1/(x— 1) except at x = — 1.

Combining all of the basic information we get using the above examples and definitions, we
can get a good understanding of the graph of a function. The following set of steps can be used
to understand the graphs of functions. Often not all of the steps are necessary, or even useful.

Steps for Understanding Graphs of Functions.

(I)  Find all zeroes and y intercepts for the function.
(II)  Find all asymptotes.
(IIT) ~ Find the first derivative.

(i)  Find the zeroes of the derivative and all other critical points.

(i)  Find all regions where the function is increasing and decreasing.
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x |—8.]—6.|—4.11|=2.1-.500].500| 1.50 |2. 3.50 | 5. | 7. | 9.

f(x)].926(.914( .899 |.889| .926 |1.29|—.200|0.|—1.69(2.25|1.39|1.22

Table 5.8 All of the points to plot

(IV)  Find the second derivative and all points where the second derivative is 0.

(i)  Find the regions where the function is concave up and concave down.

(i)  Find all inflection points.

(V)  Classify all critical points.
Another example will illustrate the whole process.

Example 200. Let f(x) = (x> —4x+4)/(x> — 5x+4). Using the quotient rule gives a deriva-
tive of )
ey x-—4
PO == @ serar

This means that f(x) has two critical points, x = +2.

Since f(x) is a rational function that is not defined at x = 1 and x = 4, f’(x) can only
change signs at x = —2, 1,2, and 4. Checking one value of the derivative in each of the intervals
(—e0,—2), (=2,1), (1,2), (2,4), and (4,0) will indicate where f(x) is increasing and decreas-
ing. The values of f'(x) at x = —3,0,3/2,3, and 5 are —5/784,1/4,28/25,—5/4,—21/16.
This means that f(x) is increasing on (—2,1) and (1,2) and f(x) is decreasing on (—eo, —2),
(2,4) and (4,e). This gives basic shape information and tells us that f(x) has a local minimum
atx = —2 and a local maximum at x = 1

The second derivative of f(x) is

d>f(x)  2(x*—12x+20)

dx* (2 —5x+4)3

This has a single root at xo = —2*3 —2%/3_Since f”(0) = 5/8, this means that f”(x) is negative
if x < xo and f”(x) is positive if x > xo. From this we conclude that f(x) is concave down on
(—e0,x0), f(x) is concave up on (xg,1), and f(x) has an inflection point at xg ~ 4.10724. In
addition, since f”(2) = —8/(2%) = —1 < 0, f(x) is concave down on (1,4). And f"f(5) =
17/800 > 0 means that f(x) is concave up on (5,).

There is a horizontal asymptote at y = 1 since limy_,e f(x) = lim,_,_o f(x) = 1. Also, there
is a vertical asymptote at x = 1 since for the numerator of f(x), we have lim,_,, x> —dx+4=1
and for the denominator of f(x) on has lim,_,; x> — 5x+4 = 0. In a similar manner, f(x) also
has a vertical asymptote at x = 4.

We also want to plot the points corresponding to the inflection and critical points. In addition,
plotting the function at some other points will help. The Table 5.8 on page 157 gives the points
to plot accurate to three decimal places.

All of the information is confirmed by the graph of f(x) on [—5,5], Fig.5.39 on page 158.



158 5 Applications

Fig. 5.39 The graph of f(x) = (x> —4x+4)/(x> — 5x+4) as plotted using calculus

Exercises

1. Find all of the relevant information and sketch the graph of each function by hand.

(@) flx)=x>—3x+7 X —1
®) e
(b)  g(x) =2x43x> —36x—18 ke x22+ 3x—10
©  fO0) =y +32+3y—3 O gl = %2‘64
@  g(y) = tan(y) o
©  f(x) = cos(2v) 0=y
© g((xi - Sifi} > m g =y"+2° -7y —8y+12
(@ f)=e¢" >
(h) gO)=tan'(y*—1) ©  flx)=x"+ 14 x2
. X 1 16
i fx)= 2_4 P glx)= )7 1+x2
. 2 @ ?
0 s =5 D S)=exp ()
® gk = (l +x )

2. Consider the function f(x) = (x* —x)- (1 - M))CW) . (1 + ﬁ). Collect the information

using algebra and calculus that you would use to graph this function. (You will need to find
numerical approximations for many of the points of interest.) Explain why trying to plot a
graph of this function that illustrates all of the information you have cannot be done on a
1920 by 1080 pixel screen.

3. Give an example showing that a function can be concave up on its entire domain and yet
never achieve a minimum value.

5.8 Applied Optimization

This section is devoted to uses of the derivative for finding maximum and minimum values
of functions from applications. This is often called optimization. In order to use calculus in
a situation where we want to find the best of something, the optimal value, we first model
the situation using a function that represents the thing to be optimized. This function should
have as its domain the variable we can control. The output is the quantity to be maximized or
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minimized. We can, if the situation is nice, use calculus to find the optimal point. The ideas in
Sect. 5.4 are used to find maxima and minima for applied problems.
Recall Theorem 47 on page 140.

Theorem 53. Assume that f(x) is a continuous function on a closed bounded interval [a,b).
Then there are points ¢ and d in |a,b] such that f(c) > f(x) for all x € [a,b] and f(d) < f(x)
forall x € [a,b).

What was shown before was that if a function f(x) is defined on an interval, ¢ is a point
inside the interval, and f(x) has a local maximum or minimum at ¢, then c is a critical point
of f(x). Combining this with the theorem above gives the following result. There are many
situations where we have limits on the resources available. The mathematical translation is that
the collection of possible inputs to a function to be optimized is bounded and, often, closed.

Theorem 54 (Extreme point theorem). Let f(x) be a continuous function on a closed bounded
interval [a,b]. The maximizing and minimizing points for f(x) on [a,b] are either critical points
or endpoints of the interval.

Proof. The proof is very simple given the information we have. First, there is a point ¢ where
f(x) takes on its maximum (minimum) value. If this point is not an endpoint of the interval, it
must be a local maximum (minimum). This means it is a critical point.

Theoretically, it is easy to use this theorem. We should simply find the critical points of the
function on (a,b), compute the values of f(x) at the critical points and the endpoints of the
interval, and chose the maximum and minimum. The examples from Sect. 5.4 illustrate how
this works.

An example of an application of optimization is the problem of enclosing an area inside a
perimeter with a fixed length. This will be seen in a number of different problems. The follow-
ing is one of the simplest examples.

Example 201. Find the dimensions the largest rectangular area that can be enclosed in a perime-
ter of length 30 cm, see Fig. 5.40 on page 160.

Let the length of the region be denoted by & and denote the width of the region by w. Since
the length of the perimeter is 30 cm, the relationship between the width and the length is 30 =
2h+2w. Note that w and & must both be nonnegative and neither can be larger than 15 cm. This
means that both 2 and w must be in the interval [0, 15].

The area of the region is A = Aw. Since all of our results on finding optimal points require a
function of one variable, either the 4 or the w must be eliminated from the area function.

Solving for 4 in terms of w gives & = 15 — w. Substituting this into the area expression gives

A(w) = 15w — w2,

The derivative of A(w) is A’(w) = 15 — 2w. The critical point is where A’(w) = 0. Solving gives
x=7.5.Since A(0) = A(15) = 0, the maximum area is at the critical point. This means w = 7.5
and h = 15 —7.5=7.5. The largest area is when the region is a square.

Another common example is finding the dimensions of a box that maximize the volume.

Example 202. Assume that a box without a top is to be made from a sheet of cardboard that
measures 75 cm by 60 cm. This box is to be made by cutting and folding the cardboard. What
are the dimensions of the box that will maximize the volume of the box? See Fig.5.41 on
page 160.
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To make the problem easier it is assumed that the cardboard does not have any thickness. It is
also assumed that the folds will be parallel to the sides of the cardboard. (Can you explain why
this assumption is appropriate?) It is also assumed that four folds are made, all the same distance
away from an edge of the sheet of cardboard. (Again, can you explain why this assumption is
appropriate?) Often this problem is stated so that the squares at each corner are removed. In the
manufacture of many boxes these squares are used as gluing tabs, so here they remain attached.

If x is the distance of the fold lines from the edges, the length and width of the base of the
box are £ =75 — 2x and w = 60 — 2x. For the rest of the problem units will be omitted from
the expressions, except for the final answers. The height of the box is # = x. The volume of the
box is

V(x) = x(75 — 2x) (60 — 2x) = 4x> — 270x% 4 4,500x.

To find the critical points we set

dV(x)

= 12x% — 540x+ 4,500 = 0.
dx

This gives
11.

45+5v21 45 -51/21
xX= ~ 34, ~
2 2
The choice of x = M is physically impossible, so x = %. (Why is x = (45 + 5v/21)
/2 cm physically impossible?). The dimensions of the box are ¢ = 30 +5v21cm, w = 15+
5v21cm, and h = (45 —5v21)/2cm.

The plot of V(x) in Fig.5.42 on page 161 shows that this is a reasonable x value for maxi-
mizing V.

Remark 10. This working of the problem is a common way for students to approach the prob-
lem. It is better if we first use the information from the problem to find the restrictions on the
variables x, [, and w. All of these variables are nonnegative and these variables must satisfy

0<2x4+w<60 and 0<2x+1<75.

In particular, these conditions imply that 0 < x < 30. Thus we should maximize the function
V(x) = x(75—2x) (60 — 2x) on [0, 30].
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Optimization problems arise in a large number of applications. One of those areas is eco-
nomics. A common goal in economics is to try and make the largest profit possible. Businesses
often keep track of their income and their costs. What we often try to maximize the is profit,
the income minus the costs.

In economics the rate of change of income with respect to the amount produced is called the
marginal income (marginal revenue) and the rate of change of cost is called the margin cost.
Assume a company is producing a product, p. If the income as a function of the amount of
product produced is I(p) and the cost of production as a function of the amount of product pro-
duced is C(p), the profit as a function of the amount of product produced is P(p) = I(p) — C(p).
Assuming that the functions are all differentiable, the maximum profit occurs when

_dP(p) _dI(p) dC(p)
dp dp dp

0

This says that the maximum is when

dp dp
or when the marginal cost equals the marginal income.

Example 203. Assume that the selling price of a product is given by 100 — p if p units are sold.
This gives an income of I(p) = p (100 — p) if p units of the product are produced. Assume
that the cost of producing the product is p 4+ 100/p per unit of p produced when p units are
produced. This gives a total cost C(p) = p (p + 100/ p) for producing p units of the product.
To find the amount of the product that maximizes profit we set the marginal cost equal to the
marginal income,
100 —2p =2p.

This means that the maximum profit is when p = 25 units. The profit at that point is
P(25) =1(25)—C(25)
=25-75-25-(25+4)
=900.

The next example is another common example. For many people the answer we get goes
against their intuition.
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Example 204. Consider the problem of building a pipeline from an oil port along a canal to a
refinery 10 mi away. It is assumed that the port and the refinery are on opposite sides of the
canal that is 1/2mi wide. The pipeline can be laid along the edge of the canal or under the
water. The pipeline will run along a straight line under the canal and then along the straight
edge of the canal of the refinery, see Fig. 5.43 on page 162. If it costs 1 % times as much to run
the pipeline under the water as on land, where should the pipeline come out of the canal?

Solution: Assume the cost of the pipeline on land is 1 unit per mile. Let x be the distance
down the canal from the oil port where the pipeline comes out of the water. The cost of building
the pipeline is

C(x)=(10—x)+1.54/(1/2)> +x2.
The derivative of this function is

dc(x):—1+1.5 X

& NOEE

Since this is differentiable everywhere and we want x € [0, 10] (Why?), we only need to check
for any critical points where x € (0, 10) and the endpoints of the interval, x = 0, and x = 10.
Setting the derivative equal to zero and doing a little simplification gives

(1/2)2+x% = 37x

Squaring both sides and collecting all x> terms on one side yields

5x2 1
4 4

Since x is nonnegative we get the critical point

X =

V3
5

Plugging the x values into C(x) gives

c0) =103,

4
c (?) = 10— /55+ %5 ~10.56, and

3 /401
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From this it is clear that the pipeline should come out of the water v/5 /5 mi down from the oil
port.

We can also find the minimum distance between two people who are moving.

Example 205. Two roads meet at the origin. One is north-south and the other is east-west.
A woman starts walking north at # = 0 from 2 km south of the origin going north at 2 km/h
and a man starts walking east at = 0 from 5 km west of the origin going east at 3 km/h. What
is the smallest distance between the two people and when are they that distance apart?

A frequent, but incorrect, assumption is that the minimum distance occurs when one of the
people is at the origin. Here is what happens when we make that assumption. If the position of
the woman is given by w(#) = (0,y(¢)) and the position of the man is given by m(z) = (x(¢),0)
the distance between them is given by

s(t) =/ x(1)* + (1)
Taking the derivative with respect to time yields

ds _ x(0)x'(1) +y(1)y'(t)
di OESIOLE.

(5.3)

If, for example, y(f9) = 0 and the distance between the people is at a minimum, we must have
x(to) = 0,x'(tg) =0, or \/x(1)?> + y(r)> = 0. These are the only conditions that make 7, a critical
point for s(¢). Since, in our case, none of the three conditions are satisfied when y(ty) = 0, the
distance is not minimized when the woman is at the origin.

Now for the correct solution. In this situation y(r) = —2 + 2r and x(¢) = —5 + 3¢. Plugging
these into Eq. (5.3) gives

ds  3(3t—5)+2(2t—-2)

dt — \JBr—572+ (21— 2)
13— 19

V131238429

Since the distance between the people s(¢) = v/13t2 — 38 + 29 is never 0, the only critical point
occurs when 137 — 19 =0 or when 7 = 19/13. The distance at this time is s (19/13) =4+/13/13.

The last problem is an easier specific case of a more general problem, finding the minimum
distance between two objects that are moving along different paths. This distance problem was
considered in Example 173 in the section on related rates. We can use the derivative from
that example to find an optimality condition for the problem of finding the minimum distance
between two objects with positions x; (¢) and x»(r), where x;(z) is differentiable. Let r(x) be
the position of x, with respect to x;, r(¢) = x2(t) — x; (¢).

The distance between the objects is s(¢) = /r(¢) - r(¢). The derivative of this function is

S/(t) _ I'([) 'I'/(t)
r(1) ()

This means that, in order for the distance to be minimized, we must have r(r) -r’(¢) =0, or the
velocity of x, with respect to x; is perpendicular to the radius vector from x; to x;. The idea is
illustrated in Fig. 5.44 on page 164.

As the next example shows, using basic calculus we can sometimes handle much more
complex problems. In this situation we must divide the problem up into different phases to use
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basic calculus, Here there are two input variables x and y. We can find the optimal y for a fixed
x in terms of x. We can then use that information to create a function that only depends on x to
optimize. Although contrived, this example should give the flavor of these problems.

Example 206. A farmer is on a north-south road that intersects with an east-west road 3 km
south of where the farmer has run out of fuel. The farmer’s barn is 2 km west of the north-south
road on the east-west road. The farmer must walk to the barn and wants to do it as quickly as
possible. The farmer can walk at 5 km/h on the north-south road, 5 km/h on the east-west road
and 3 km/h across the field. The farmer will only walk along straight lines. What route should
the farmer take? See Fig. 5.45a on page 164.

First consider the case where the farmer is x miles north of the intersection and will first
head across the field to the east-west road and then go to the barn. After finding the fastest way
to do this for a fixed x, the time to get to x km north of the intersection is added to this quantity
to get the time as a function of x. Minimizing this function gives the minimum time required.
See Fig. 5.45b on page 164.

The time required to get from x km north of the intersection across the field to a point ykm
west of the intersection and then down the east-west road to the barn is

2oy RS

Ci(y) 5 3
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The derivative of this function is

dGi(y) _ 1 y

A first simplification gives
25y°
2yt = bt
Remembering that y € [0,2] and solving for y gives

i

YT

when x € [0,8/3]. This is the minimum for these x values. The minimum is at y = 2 when
x€[8/3,3].
From this we get that the best time for a given x value is

8 —3x S_x 3—x

CW=—"2+1+7
15
when x € [0, %] and
3-x VATR
C) =5+

when x € [8/3,3] as illustrated in Fig. 5.46.

Since the derivatives of both parts of the C(x) function are positive and C(x) is continuous, the
minimum of C(x) occurs when x = 0 and the minimum time is 1 h.

Exercises

1. You are to make a box without a lid from a 100 cm by 35 cm piece of cardboard. The box
is to be made in the same manner as Example 202 from this section, Sect. 5.4. What are the
dimensions that will maximize the volume? What is the maximum volume?
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Fig. 5.47 A rectangle inscribed in a half circle

i

Fig. 5.48 The cylinder for Exercise 3

2.

A rectangle is to be inscribed in a half circle of radius 1 ft. If the rectangle is as in
Fig. 5.47 what dimensions will give the largest area?

A cylindrical container with caps on both ends and a volume of 11cm? is to be made
from material that costs $ 0.02cm™2. What is the minimum cost to make the container?
See Fig.5.48 on page 166.

A cylindrical container with caps on both ends and a volume of 11cm? is to be made from
material that costs $ 0.02cm ™2 for the cylinder and $ 0.03 cm~? for the top and bottom.
What is the minimum cost to make the container? See Fig. 5.48 on page 166.

Redo the previous problem assuming that the disks for the caps are cut from squares and
that one must pay for all of the material in the squares.

There is a 6 km long canal that is 1 km wide. At one end on the south shore there is an
oil terminal. At the other end of the canal on the north side there is a refinery. The objective
is to build a pipeline from the oil terminal to the refinery that has the smallest cost. The
pipeline will go on a straight line from the oil terminal across the canal and then along the
straight north shore of the canal to the refinery. It costs twice as much to put pipe under the
water as to lay pipe on land. What path should the pipeline take? See Fig. 5.49 on page 166.

Fig. 5.49 The canal from Exercise 6

7.

A 1,000kg mass is between two masses of 350,000 and 600,000kg whose centers are
100,000 m apart. At what distance from the center of the 600,000 kg mass will the sum of
the norms of the gravitational forces from the 350,000 and 600,000 kg masses acting on the
1,000 kg mass be minimized? See Fig. 5.50 on page 167.

A holder is needed for a cylindrical glass lamp shade. The holder will consist of two wire
rings, for the top and the bottom, and five equally spaced vertical wires connecting the two
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Fig. 5.50 The mass arrangement for Exercise 7
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Fig. 5.51 Lamp shade holder for Exercise 8
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Fig. 5.52 The wire between poles for Exercise 9

rings. If there is 2 m of wire, what is the largest volume that can be enclosed by the frame?
See Fig.5.51 on page 167.

9. A wire is to run from the top of a 10ft pole to the ground and then to the top of a 20 ft
pole that is 30 ft from the first pole. Assuming that the wire is stretched tight so that the
lengths are straight lines, what is the minimum amount of wire required? See Fig.5.52 on
page 167.

10.  According to Fermat’s principle a beam of light travels along the path that minimizes the
time it takes to go from A to B. Light is traveling from a source A to a point B by reflecting
off a mirror. Assume that A is 15in. from the mirror, B is 10in. from the mirror, and the
closest points on the mirror to A and B are 10in. apart. What path does the light take from
A to B. (Hint: Draw a picture.)

11. A poster is needed that has 100in.? of printed area with 3 in. margins on the top and
bottom and 2.0 in margins on the left and right. What dimensions will minimize the total
area of the poster?

12. A trough is to be made by bending a 2 m by 4 m sheet of metal. The two bends will be
parallel to the long sides and %m from the long sides. What angle 6 will give the trough
with the largest volume? See Fig. 5.53a on page 168.

13. A trough is to be made by bending a 2 m by 4 m sheet of metal. The two bends will be
parallel to the long sides and the same distance from the long sides. if the bending angle is £
what distance from the long sides will give the largest volume? See Fig. 5.53b on page 168.
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14.  The intensity of light from a light source is proportional to the intensity of the light

15.

16.

source divided by the square of the distance from the source. There are two light sources on
an east-west line that are 10 m apart. If the intensity of the western light source is four times
the intensity of the eastern light source, where on the line between the two light sources is
the light intensity weakest?

A company wants to design a tin without a top and with a volume of 21. This is to be a
rectangular tin with a square bottom. If the material for the bottom of the tin costs twice as
much as the material for the sides of the tin, what dimensions for the tin will minimize the
cost of materials for the tin?

You are to cut a beam from a log with an elliptical cross section. The length of the semi-
major axis is 1 m and the length of the semi-minor axis is 3/4 m. If the stiffness of a beam
is proportional to the breadth of the beam times the cube of the depth of the beam, what are
dimensions of the stiffest beam you can cut from the log?



Chapter 6
Integration

6.1 Antiderivatives and Differential Equations

The first chapters of this text are devoted to the derivative. This is one of two fundamental
concepts in calculus, the other is the antiderivative or integral. Many models of phenomena in
the world are written in terms of the relationship between a function and its derivatives. The
most basic and earliest use of this type of models is simple Newtonian mechanics.

Newtonian mechanics rests on the relationships between position, velocity, and acceleration.
The first two relationships are that velocity is the derivative of position with respect to time,

dr(t)
— =v(t),
and that acceleration is the derivative of velocity with respect to time,
dv(r)
—2~ =a(r),
o (r)

The third relationship considered here is Newton’s third law, the total force acting on a mass is
the mass of the object times the acceleration,

F = ma.
This last relationship can be rewritten, using the fact that acceleration is the derivative of the
derivative of position as
d’r(t)

F:
"

These relationships are differential equations.

Definition 22. A differential equation is an equation that involves an independent variable,
say x; a function of the variable, say y(x); and derivatives of the function with respect to the
independent variable, say y’(x),y” (x),...,y " (x). A common form for writing a differential
equation when y is a function of x is

(.Y (0,50, y () = o0.
Given a differential equation

f(x,y,y/(x)7y”(x)7...,y(">(x)> —0.
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a function g(x) is a solution to the differential equation if
f(x,80).8/(x),8"(@),...8" () =0

on some interval (a,b).
Example 207. Consider the differential equation

dy(t)

— =ky(t

praiadal0)

and the function g(¢) = CeX" where C is an arbitrary constant. Since g’(¢) = kCe" = kg(t) for
all 7, g(r) is a solution to the differential equation.

Returning to the basic Newtonian mechanics system we have the differential equation
relating velocity and position,
dr(r)
=v(7).
This is a very special type of differential equation. One is looking for a function whose deriva-
tive is v(¢). Such a function r(¢) is called an antiderivative of v(¢) if r'(¢) = v(z).

Definition 23. The antiderivative (family) of a function f(x) defined on an open interval (a,b)
is the collection of all functions F(x) such that F'(x) = f(x). The antiderivative of f(x) is
denoted by

F(x) = /f(x)dx.

Example 208. The antiderivative family of f(x) = x is the collection of all functions F(x) =

2
x?/2 4+ C where C is an arbitrary constant. This is true since dflx/ 2 — xand % =0.

Example 209. Since the derivative of r(¢) = (£2,3t,sin(4t)) is v(t) = (2t,3,4cos(4t)) an an-
tiderivative of v(t) = (2t,3,4cos(4t)) is r(t) = (t*,3t,sin(4¢)). Because

%(Cl,C2,C3) = (0,0,0), all of the functions F(z) = (t> + c1,3t 4 ¢3,sin(4t) + ¢3) are also an-
tiderivatives of r(z). In fact, they are all of the antiderivatives of v(z),

/(2t,3,4c0s(4t))dt = (> +¢1,3t + ca,sin(41) + c3) = (12,31, sin(41)) +c.

We must be careful about the domain of a function when we consider which functions are
antiderivatives. If we extend the definition to allow functions whose domains are collections of
disjoint intervals, we can choose different constants on each interval.

Example 210. Consider the function f(x) = 1/x. This function’s domain is the union of two
disjoint open intervals. The antiderivative of 1/x is often written as

1
/—dx:1n|x|+C
x

_JIn(—x)+C x<0
@) +C x>0

In fact, the function

~ JIn(=x)+7 x<O0
h(x)_{ln(x)—lo x>0

has derivative f(x) = 1/x if x # 0 and is an antiderivative of f(x) = 1/x.
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We can reverse the process of taking derivatives for all of the elementary functions you have
seen before. This gives some functions to work with throughout this chapter.

Example 211. Since sin(x) = — < cos(x), the antiderivative family of sin(x) is

/sin(x) dx = —cos(x) +C.

Here C is an arbitrary real number.

Example 212. Since
dtan”'(x) 1
dx  14x2

the antiderivative family of 1/(1+x?) is

1

dx=tan ' (x)+C.
/ 1+x2 (x)

The following are basic results for finding antiderivatives of functions. They are simply
differentiation rules rewritten in term of antiderivatives.

Theorem 55. Assume that f(x) and g(x) are functions with antiderivatives and that ¢ is a
constant. Then

(i) /(f(x)+g(x))dx=/f(x)dx+/g(x)dx, and
(ii) /cf(x)dxzc/f(x)dx.

Proof. Only the first result is proven. Assume that f(x) and g(x) have antiderivatives F(x)
and G(x). Then

(F() + G () = SR + 4Gy

=f(x) +g(x).

The second result is the power rule. It will be used for an example involving acceleration,
velocity, and position. Instead of multiplying by the old power and subtracting 1 from the
exponent as in the power rule for derivatives, here we add one to the exponent and then divide
x to the new exponent by the new exponent.

d
dx

Theorem 56 (Integral Power Rule). Let g be a real number not equal to —1. Then

1
/quxz Mt
g+1
Proof. Using the power rule for derivatives we have

d 1 1
q+1 Cc)| = 1 (g+1)—-1 0
e (—q+1x + ) q+1(q+ )x +

=x1.

These results can be used to find the antiderivatives of polynomials.
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Example 213. The antiderivative of p(x) = 4x> — 3x+2 is given by

[pax= [ (48 ~3x+2) dx
=4/x5dx—3/xdx+/2dx

5+1 1+1
X X
511 Sagn T ere
4 3
= 6x6—§x2—|—2x+C.

6 Integration

This can be applied to a standard problem in elementary physics, projectile motion. A shell
of mass M kilograms is shot with an initial velocity vo = (v,vy). It is assumed that the only
force acting on the mass is gravity. It is also assumed that the mass starts at a position (xg, o)

and the second coordinate is the altitude above the ground.
The acceleration is the constant gravitational acceleration,

dv

— =)= (0,—9.8)m/s”.

The velocity is an antiderivative of (0,—9.8), or

v(t) = [(0,—9.8)dt = (0,—9.8¢) + c.

The condition that v(0) is (vy,vy) is called an initial condition . Using this gives

v(0) = (vy,vy) = (0,—9.8-0) +¢o.
From this we conclude that ¢y = (vx, vy) and hence that
V(1) = (ve, —9.814vy).
Taking the antiderivative again gives
r() = /V(t)dt

= / (vy, —9.81 4 vy) dt

2
t
= (et =9.8% +vy1) +er.

Since r(0) was assumed to be (xo,yo),

r(0) = (x0,0) = (10, —4.9-0? +v,0) +-¢; = ¢;.

We finally get that
v (1) = (vet +x0, —4.97% +- vyt +yp).

(6.1)

Example 214. Assume a shell is fired at 60° above horizontal with an initial speed of 50 m/s
from a gun barrel that is 7 m above ground level. Where and when does the shell hit the ground?
The initial position can be set to ro = (0,7) and the initial velocity vo = 50 (1/2,v/3/2).

Plugging this into Eq. (6.1) gives the position of the shell as a function of time,

r(r) = (zs;, —4.972 +25V31 + 7) :

(6.2)
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The shell lands when the second component is zero,
~4.924+100V31+7=0.
The roots of this quadratic are

25v/34++/1875+ 137.2
= 08 .

Since the only time of interest is when ¢ > 0, we gett ~ 9 s. Putting this time back into Eq. 6.2
shows that shell lands approximately 450 m from where it started.

Exercises

1. Find the antiderivatives of the following functions.

(@  f(x) = cos(x) () flx)=3"
(b)  g(x) = —sin(x) @ glx)=¢"
©  fly)=sec(y) _ 1
(d)  g(y) =tan(y)sec(y) © W=y +lx2
©  flx)=—cs?(x) O glx)=
() g(x) = —cot(x)csc(x) vl _icz
_! m) () =——
® fO)=3 32 ﬂ
() g(y) =2y m gy)=1
2.  Find the antiderivatives of the following functions.
(@  f(x) = cos(x)+sin(x) () gl =e"+x
(b)  g(x) =3x" —sin(x) © )= ——
©  f0)=1-sec*() e
(d) g(y) = till’l(y) Sec()’) _|_e}' (1) g(X) = COS()C) — ﬁ
) 1
@ fo)=5-ech) m) )= ——=+5
(f)  g(x) =2x— cot(x)csc(x) Y=
@ fO) =Ly m g =1-y"+y" +12y
Y 0 flx)=xr+6+1
(h) g0y = % +3 (P glx)=4x"" —36x*+7x

)
@ fO)=3"+4"-2y+5
)

i) flx) =32 +sin(x) M) gly) =63y —41y"0+3y®

3. Assume a shell is fired at 30° above horizontal with an initial speed of 60 m/s from
a gun barrel that is 3 m above ground level. Where and when does the shell hit the ground?

4. Assume a shell is fired at 70° above horizontal with an initial speed of 100 m/s from a
gun barrel that is 2 m above ground level. Where and when does the shell hit the ground?
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5. Assume a shell is fired at 65° above horizontal with an initial speed of 85 m/s from a gun
barrel that is 3 m above ground level. Where and when does the shell hit the ground?

6.  Show that the following functions are solutions to the associated differential equations.

(@) P(t) =Ce", ‘2—1: —4p

2
(b)  y(x) =Cjcos(2t) + Cysin(2t), d );(x) +4y(x) =0

() z(x) =tan(x), % =1+z(x)?

(d  w(t) = (In(4r),exp(21)), dv;it) = (%,Zexp(ZI))

7. Match the function with the graph of its antiderivative.
(@)  f(x) = xarccot(x) (©)  h(x)=Va
(b)  glx) = —x"+x (d)

a c
30
20
y
10
4 -2 0 2 4
b X d

6.2 Area and Riemann Sums

In Sect. 6.4 of this chapter the derivative will be related to what is called the definite integral.
The definite integral is defined in this section and the next section without the benefit of the
derivative. This is done through approximating the area “under” the graph of a function of one
variable. Although many of the technical details of this process are difficult, some of them are
presented without proofs.

The process used to find areas is by approximation with rectangular areas. Assuming that
a function f(x) is nonnegative and continuous on an interval [a,b], the value of f(x) will be
almost constant over a very small interval [x;,x; 4 & contained in [a,b]. This means that the
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a b
1 11 T
/_\ |
0.8 /////// 0.8
0.6 0.6
0.4 0.4
0.2 0.21
0 T v v Y o+——
0 02 04 06 08 1 0 02 04 06 08 1
Fig. 6.1
a b
15 1 4
0.8 0.8
0.6 0.6
0.41 0.4
0.2 0.2
0 —— 0 ¥+——————
0 02 04 06 08 1 0 02 04 06 08 1
X
Fig. 6.2

area under the graph of f(x) over [x;,x; + h] is approximately f(&;)h for any &; in [x;,x; + h],
see Fig. 6.1a on page 175.

Summing the areas of a collection of these rectangles from a to b should approximate the
area under the graph of the function from a to b, see Fig. 6.1b on page 175.

Example 215. Consider the function f(x) = x on the interval [0, 1]. The area under the graph is
% since the area is a triangle with base and height 1, see Fig. 6.2a on page 175.
Dividing the interval into ten equal subintervals and using the left-hand endpoints for

evaluating the function give

Areazoi—i-iL—i—ii—i—ii-i-iL
10 1010 1010 1010 1010

5 1 6 1 7 1 8 1 9 1

t1010 1010 1010 1070 1010

This is a fairly good approximation as illustrated in Fig. 6.2b on page 175.
If we take the right endpoints of the subintervals we get
1 2 1 31 4 1 51 6 1

Area~ 15107 1010 " 1010 T1010 T 1010 T 10 10
+7 1+8 1+9 1+101
1010 1010 1010 1010

~ 0.55.
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0.81 a
0.61
0.41

0.2

0
0 02 04 06 08 1
Fig. 6.3

Again, as illustrated in Fig. 6.3 on page 176, this is a fairly good approximation.

Remark 11. Using this scheme with function values times the widths of the rectangles we say
that the area between the function y(x) = —x and the x-axis on the interval [0, 1], using a sum
with evaluation at right endpoints, is approximately
A -tr1r 21 31 -41 =51
Y1010 71010 T 1010 101010 10
-61 -71 =81 -91 -101
10101010 1010 1010 10 10
~ —0.55.

This is shown in Fig. 6.4 on page 176.
For this and other reasons the area between a curve below the x-axis and the x-axis is taken
to be negative.

0

-0.21
-0.41
_0.6_

-0.81 >

0 02 04 06 08 1
Fig. 6.4

It should be clear from the long sums in the above examples that better notation is needed
for sums. The notation used here is called summation notation. Let ay,as,...,a, be a sequence
of n numbers or expressions. We write the sum of these n terms as

n

a1+a2+~-~+an=2a,~.
i=1

We will use this to simplify the notation of this section.
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Example 216. To find the sum of the first 11 positive integers we can write

11
Ni=1+2+---+11
i=1

= 66.

There are a few general formulas for sums that will be used in this section. They are used
to illustrate the theoretical process for finding areas under curves. The proofs of these formulas
involve mathematical induction. Since this is not a course on proofs, the proof that is given is
not essential.

Lemma 3. Assume that n is a positive integer, then the following hold.

w o Y=ttt
i=1

(ii) Zizz—n(n+l>6(2n+l>, and
i=1

n 2 2
3 n (n+1)
(iii) Z{l =—7

Proof. Only the first formula is considered. The idea behind mathematical induction is that if
a statement is true for a fixed integer m and if we can show that when the statement is true for
some n, it is also true for n + 1, the statement is true for all » > m. In this case the statement for
n=1Iis

I(1+1)

:1:
l ) y

M-

—_

a true statement.
Now assume that for some n > 1

Then

Since this is the desired formula for n + 1, the formula is true for all n > 1.

Now that the notation and formulas are available, it is time to return to the sums representing
areas “under” curves. Let f(x) be a function on an interval [a,b]. A division of an interval [a, b]
into n subintervals [ag,a1], [a1,a2],. .., [an—1,a,] With ag = a, a, = b and a; < a;11 is called a
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partition of [a,b], & = ap,a1,az,...,a, with a; < aiy1. The idea is that as the “size” of the
partitions gets smaller, goes to 0, the area corresponding to the partitions goes to a number, the
definite integral of f(x) over [a,b].

To be consistent we need to insist that a number of technical conditions are satisfied.
These include that the points where the functions are evaluated in each subinterval must be
arbitrary. We also must insist that the endpoints of the partition intervals can be arbitrary
with the mesh, max;—;._, (a; —a;_1), becoming arbitrarily small. For our purposes, it is also
assumed that the function f(x) is piecewise continuous, continuous on a finite set of subinter-
vals of [a,b], {[co,c1],[c1,¢a],- .., [cm—1,cm] }, the limits lim,_, + f(x) exist and are finite for
j=0,1....,m—1 and the limits lim__, - f(x) exist and are ﬁnijte for j =1,2....,m. For the

rest of the section it is assumed that the technical conditions are satisfied except when examples
are given where the conditions do not hold. It is important to note that all of the technicalities
are satisfied if the function is continuous on the closed bounded interval [a, b]

The following definition puts it all together. What we will actually use are the results after
the definition.

Definition 24. Assume that f(x) is a function from [a,b] into R. If the limit, taken over all
partitions #, a = ay < a; < --- < a, = b, of [a,b] and arbitrary & € [a;—1,ai],

lim 0 i{f(éi)(di—aiﬁ =A

max(ai—a,-,l)—>

exists, then the area between the graph of f(x) and the x-axis is A.
The sums

if(&i)(ai_ai—l)

are called Riemann sums.

The next result is not proven here as the proof is well beyond the level of this class. It is,
however, essential to the rest of this calculus class.

Theorem 57. Assume that f(x) is continuous on |a,b), then the limit over all partitions & of
[a,b],
n
lim )(ai—a;—
max(a;j—a;_1)—0 Z{ f(gl)( ! ' 1)

exists.

Finally comes the result actually used in this section for approximating areas. It allows us
to choose a sequence of partitions for approximating the limit much as knowing that the limit

lim,_,, f(x) exists implies that we can use any sequence to approximate the limit value. Again,
the proof is omitted.

Theorem 58. Assume that the limit

lim . if(éi)(ai —ai_1) (6.3)
=

max(ai—ai,l )—)

exists. Then for any sequence of partitions P, with max (a; —a;—1) — 0, a; and a;— are in
and any points &; € [a;_1,a;], the limit as k — oo of the sums (6.3) exists and is the area under
the graph of the function.

Using these results we can approximate the areas under the graphs of several functions.
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Example 217. Let f(x) = x on the interval [0, 1]. As was noted above, the area under this curve
is % Since f(x) is continuous the limit

max(ai—a,-,l)—>

lim 0 if(éJ(CIL — a,-,l)
i=1

exits. Because of this, we can choose partitions that have n+ 1 equally spaced points, 0,1/n, ...,

(n—1)/n,1 and choose the left endpoints of the intervals given by the partitions. The lengths

of the intervals are all (a; —a;—1) = 1/n and the function value for the ith interval is (i — 1) /n.
With these choices the Riemann sums become

Li—11
%

non
Using Lemma 3, we can rewrite the sums as

Li—11 1 nn-1)

Y - =

“~ n n n? 2
i=1
B 1 nt—n
T2 6
The area under the curve is
A i 1 n2—n
= lim =
n—e 2 n2
1
=5

We can do a similar approximation and limit process with f(x) = x°.
Example 218. Let f(x) = x> and let the interval under consideration be [0,2]. An appropriate
choice is equal interval lengths of 2/n and appropriate points are the right endpoints of the
intervals. The points for function evaluation are 2/n,4/n,...,(2n—2)/n,2. (See Fig.6.5 on
page 179.)
The Riemann sum in this case is
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Rearranging and simplifying using Lemma 3 gives

8

n3 6
4 203 +3n% +n
3 n3 ’
Taking the limit as n — oo yields an area

4 3 1
A=Tlim= (2424 —
8

3
The area under f(x) = x* from 0 to 2 is 8/3.

There are many functions for which we can only approximate the area under the curve.
Unlike the functions in the rest of this chapter, they do not have antiderivatives that are common
simple functions. In these cases, we can use Riemann sums for approximating the area under the
curve. However, Riemann sums are a poor method for finding approximations. The following
example illustrates this.

Example 219. Let f(x) = ¢* and consider the area under this curve from x = 1 to x = 3, see
Fig. 6.6 on page 180.

201
159
107

51

0t— r v . .
1 1.5 2 25 3
Fig. 6.6

The Riemann sums are done with 2 equal intervals and right endpoints. This gives the largest
possible error for these partitions. Figure 6.7 on page 181 shows the graph and the rectangles
for 4 equal intervals.

Table 6.1 on page 181 is a table of the values of the Riemann sums for a number of different
partitions of [1,3]. The error is the actual value minus the approximation from the Riemann
sum.

The size of the error decreases by approximately a factor of 2 for each doubling of the
number of intervals. This is what theory, derived in numerical analysis classes, tells us how
the errors should behave. This means that to get one more digit of accuracy, we must use
approximately ten times as many intervals. There are methods that do much better than this.
Several better techniques are discussed in second semester calculus courses.
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10
8.
64
4.
2
—1
0
1 1.5 2 2.5 3
Fig. 6.7
Intervals| Sum value Error
4 10.75000000|—2.083333333
8 9.687500000(—1.020833333
16 19.171875000(—0.505208333
32 18.917968750|—0.251302083
64 18.791992194|—0.125325527
128 18.729248048|—0.062581381

181

Table 6.1 Riemann sum values for different numbers of intervals

Exercises

1. Evaluate the following sums exactly.

2. Approximate the following sums to five decimal places.

10
@ Y vn
n=1

(b)

15
k
2o

k=1

5
(c) Zm!
m=1
LS|
(d) Z,lk—z
35
=
©  2s5rm
19 2
@ Ypg

3. Find expressions for the Riemann sums for the following functions on the given intervals

with the given number of equal intervals.
fx)=5—-x1[1,3,n=2
gx)=x>—x, [-1,1],n=4

(a)
(b)

(©)  f(y)=sin(y), [0,5],n=3
d gy)=tan"'(y), [~1,1],n=4
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4. Use a calculator or computer to compute the left and right endpoint Riemann sums for
the given function over the given interval with the specified number of equal intervals.

(@ f(x)=x+1, [ 2,3],n=25 (&)  f(x) =cos(x)+sin(x), [0,7],n =20
(b) g(x)—x —x%, [1,4],n=24 (f)  g(x) =3x*—sin(x), [1,11],n =50
() fly)=sin(y),[0,5],n=15 e f)= l—tan (), [0,1.3], n =30
@) g =tan”' (). [-1,1],n=15 ) g =e " [=21)n=14

5. Use Riemann sums and limits to find the area under the given function on the given
interval.

@ flx)=x+1,[0,2] @ () =y"+y[2,4]
)  glx) =x*+1,[0,2] (e) ﬂﬂ—3Uﬂ
© fO)=y.[1,2] O gx)=x—x1,3]

6.  Use Riemann sums and limits to find the area under the given function on the given
interval.

@  f(x)=x,[0,b] @  g(y)=»1[a,0]
b)  g(x)=x, [a,0] e flx)=x[0,b]
©  fv)=y%10,0] )  glx)=x[a,0]

6.3 The Definite Integral

In the last section on Riemann sums the idea of defining areas under curves using limits of sums
of rectangular approximations was defined. We use this to define the definite integral. Through-
out this section, unless stated otherwise, it is assume that the limits of Riemann sums exits for
the functions under consideration. The main emphasis of this section is on the properties of the
definite integral.

Definition 25. The definite integral, integral, of f(x) from a to b,

/ahf(x)dx

is the limit, taken over all partitions a = ag < a; < -+ < a, = b of [a,b] and arbitrary & €
lai-1,ai,

lim Zf (&i)(ai—ai—1).

max (a;j—a;_1)

A function that has an integral on [a, b] is said to be integrable on [a,b].

The notation in this definition uses the same notation as was used in approximations using
the derivative in Eq. 2.4, using g for the function,

dg=g¢'(a)dx .

As in that case, the dx represents an infinitely small length. In this setting the integral can be
interpreted as the sum of an infinite number of “areas” with height f(x) and with width dx. This
is frequently used when setting up integrals in applications.
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-2 -1 0 1 2 3
Fig. 6.8

We can also view dx as a “small” length and then we have, as in differential notation, a
small area f(x)Ax = f(x)dx. Either interpretation is reasonable. Use the one with which you
feel comfortable.

As was noted in Theorem 57 on page 178, all continuous functions on an interval [a, b] are
integrable on [a,b]. The next two results tells us somewhat more about integrability. The proof
of the first is omitted and an idea of the proof of the second is provided.

Theorem 59. Assume that f(x) is integrable on [a,b] and that [c,d] C [a,b]. Then f(x) is inte-
grable on [c,d].

Theorem 60. Assume that f(x) is integrable on [a,c| and [c,b]. Then f(x) is integrable on [a, b]
and

/ahf(x)dxz/acf(x)dx—F/be(x)dx.

Idea of this result is an illustrated in Fig. 6.8 on page 183. It is the graph of a function of x.
The area under the curve from —1.5 to 2.5 is the sum of the areas under the curve from —1.5
to ¢ and from c to 2.5.

Proof. (Idea only for the case when ¢ € (a,b).) Let a = ap,a; < --+ < a; = ¢ be a partition of
[a,c] and let c = by < by < -+ < by, = b be a partition of [c, b]. Since the limits

k
lim zf(gi)(ai —aj-1)

max (a;—a;—1)—0 =

and
m

lim 2 f(uy)(bj—bj-1)

max (bj*hj,l)ﬁo j:1
both exist, the limit

k
lim (2]‘(&)(%’ —aj-1)

max (a;—a;—1)—0, max (bj—b;_1)=0 \ =

S )by —b,_1>>

i=1

exists. This limit is the definite integral of f(x) on [a,b].
The justification of the last statement is omitted. It is very technical and beyond the scope of
this class. However, the idea is contained in the work above.
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Remark 12. This result tells us that a piecewise continuous function on [a, b] with a finite num-
ber of pieces is integrable on [a,b]. Simple examples of this are that |x] is integrable on any
[a,b] and the signum function,

-1 ifx<O0
sgn(x)=<0 ifx=0,
1 ifx>0

is integrable on any [a, b]

The same basic properties, Theorem 55 on page 171, of antiderivatives hold for the definite
integral.

Theorem 61. Assume that f(x) and g(x) are integrable on [a,b] and that ¢ is a real number.
Then

(i) /ahf(x)—kg(x)dx:/ahf(x)dx—k/ahg(x)dx, and
b b
(ii) /a cf(x)dx:c'/a f(x)dx.

Proof. Only the second result is proven.
Leta=ap < a; <--- < a,=b be apartition of [a,b] with corresponding points &;. Then

icf(éi)(ai —aji-1)=c éf@i)(di —aj-1).

Hence

n

/abcf(x)dxz lim N e f(&)(ai—ai-1)

max (a;j—a;-1)—0 =

—c lim . if(&)(ai —aj_1)
i=1

max (a;—a;—1)—
b
=c / f(x)dx.

There are also some properties that are defined to make the definite integral consistent. The
first definition can be viewed as saying that a rectangle with no width has no area. The second
definition can be viewed in terms of accumulation distance traveled in terms of time.

If we integrate velocity forward in time from ¢t = a to t = b, we add that displacement to
the position at r = a to get the position at t = b. On the other hand, if we integrate the velocity
backward in time from ¢ = b to t = a, we should be able to add this to the position at = b to get
the position at t = a. This is the negative of the displacement from # = a to t = b. The integral
from ¢ = b to t = a should be the negative of the integral from¢ =a tot = b.

Definition 26. Assume that f(x) is defined at a. Then

/aaf(x)dxzo.

Definition 27. Assume that f(x) is integrable on [a,b]. Then

/baf(x)dx= —/abf(x)dx.
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Some simple examples give an idea of how to evaluate definite integrals. The starting exam-
ple is constant functions.

Theorem 62. Any constant function f(x) = c is integrable on any [a,b] and

/ahcdxzc(b—a).

b
/ 0dx—=0.

The next result gives a way to compare or estimate definite integrals.

In particular

Theorem 63. Assume that f(x) and g(x) are integrable on [a,b] with f(x) > g(x) for all x €
[a,b], then

/ubf(x)dxz /abg(x)dx.

In particular, if f(x) is an integrable function on [a,b] with f(x) > 0 for all x € [a,b] and b > a,
then

/ahf(x)dx>0.

Proof. The only case considered here is showing that if (x) > 0 on [a,b] then

/ahh(x)dx >0.

The main result follows immediately from this inequality by letting (x) = f(x) — g(x) and
noting that

b

/{;bfw_g(xmx:./;bf(X)dx_/ g(x)dx.

Let ap < aj < --- < a, be any partition of [a,b] and let & be corresponding points. Since
h(&) > 0foralli,

n

/’l(&,‘) (a,' —ai_l) > 0.
i=1

In the limit in definition of the definite integral all of the sums are nonnegative, thus the limit
must be nonnegative. Therefore

b
/ h(x)dx > 0.

The final result in this section is a version of the Mean Value Theorem, Theorem 49 on page
144. This time it is for integrals. It is a geometrically interesting result and is also used in the
proof of the Fundamental Theorem of Calculus, Theorem 65 on page 189.

Theorem 64 (Mean Value Theorem for Integrals). Assume that f(x) is continuous on [a,b].
Then there is a ¢ € |a,b] such that

[ re9as= 1) (o-a)
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-2 -1 0 1 2 3
Fig. 6.9

Proof. Since f(x) is continuous on [a,b] it attains a maximum value M at z; € [a,b] and it
attains a minimum value m at 7, € [a,b]. See Fig. 6.9 on page 186 The Riemann sum for any
partition a = ag < a; < -++ < a, = b and points &; in the intervals satisfies

z (gl a; —a— 1

= =

a;—a;— 1

—a).

IM:

\ \/

Similarly

z (ét a;p—da;— 1

i=

a;—da;— 1

HM:

M(b a).

This implies that the limit of the Riemann sums, [ : f(x)dx, must be between m (b — a) and
M (b —a). The value is r(b — a) for some r € [m,M]. By the Intermediate Value Theorem,
Theorem 43 on page 121, there is a ¢ € [a,b] such that f(c) = r. This proves the result.

An important use of the definite integral is finding the area between two curves. As Fig. 6.10
on page 187 shows. The area between the graphs of two functions can be approximated by a
sum of areas of rectangles with heights f(&;) — g(&;) and widths Ax;, assuming f(x) > g(x) on
the interval of interest, [a,b]. Writing this as a Riemann sum gives

n

Area ~ Z( (&) —&(Gi) Ax;

i=1

=

zz (&) Ax; — zg (&) Ax;.

Taking the limit of the right side of the last equation as the maximum of Ax; goes to zero
and assuming that both f(x) and g(x) are integrable on [a, b] gives

Area:/abf(x)dx—/ahg(x)dx
= [0 - gy
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51 g
74
47
3.
y
2.
1.
0 "v’z‘

Fig. 6.10
2 4
11
AN =Y ® ox 3
2 8 8 8 2
Fig. 6.11
As an example, consider the area between the curves f(x) = x*> and g(x) = — cos(x) on the

interval [—m/2, /2], see Fig. 6.11 on page 187. By the formula above we have

s

Area = / zﬂ (% +cos(x)) dx

3 :
2 2 2

:/ X dx+ ”cos(x)dx.
-2 3

In Sect. 6.4 of this chapter you will learn how to find the values of the preceding integrals. The
values are

I 3 T
/zn X dx = 7;—2 and /zn cos(x)dx =2.

2 - 2
This means that the area between the curves is 2 + 3/12.

Exercises

1. Use information from the problems in the last section to evaluate the following.

@) /abldx © /abxzdx
b

(b) /a xdx (d) /ab X dx
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2.

(a)

(b)

(©)

(d)

(e)

3.

6 Integration

Use the results from the first problem in this section to evaluate the following.

2 1
/_1(x+2)dx ) A (€ —x) dx
3 =7
'/0 x> —2dx (2) /77 (F +x+1) dx
4 1
/ (x* —x) dx (h) / (4327 — 2x) dx
1 _
/72 (4— 3x2—2x) dx . 32 3 )
L ©) /_10 (4 —2x°+3) dx
/ X —2dx ) 6
3 () , 5 —xdx

Assume that f(x) is a odd function that is integrable on [—a,a] where a > 0. Why is

[ rtax=

for any b € (0,qa]?

Assume that f(x) is an even function that is integrable on [—a,a] where a > 0, Why is

/if(x)dsz'/O.bf(x)dx

forany b € (0,a]?

Why is

a+2m
/ cos(x)dx =0
a

for any a € R?

*

Why is

a+2m
/ sin(x)dx =0
a

for any a € R?

=~

*®

10.
1.

12.
13.

L | |
If m > n, how does / —— dy relate to /
o L+y" o 1

tm
If [} f(x)dx=3and [; f(x)dx = —1, whatis [ f(x)dx?
If [, f(x)dx =3 and [; f(x)dx = —1, whatis [*, f(x)dx?

If [~ 5f(x)dx_3and fo f(x)dx =61, whatis [’ 5f(x)dx?
Iff g(t)dt =6 and fs g(x)dx = —1, what is f3 gw)dw?
g(w

If f3 g(t)dt = 4, what is f5 )dw?
If [2,5(r)dr = —3, whatis [, >g(w)dw?
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b

-2 -1 0 1 2 3 -2 -1 0 1 2 B
The integral of f from a to x The integral of f from a to
x+Ax
Fig. 6.12

6.4 The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus is the capstone of the first semester of calculus. It
ties the integral (antiderivative) and the derivative together and shows how they can be used
together.

The idea is illustrated by considering a continuous function f(x) and the definite integral of
that function, F(x), see Fig. 6.12a on page 189,

Flx) = / " f(r)dr.

The difference
F(x+Ax)—F(x)

can be rewritten, using the Mean Value Theorem for Integrals, Theorem 64 on page 185 as
xX+Ax X
F(x—i—Ax)—F(x)z/ f(x)dx—/ F(x)dx
a a

X+Ax
= /x f(x)dx
= f(c) Ax

for some ¢ between x and x + Ax. Thus the area under f(x) from x to x+ Ax is f(c) Ax. (See
Fig. 6.12b on page 189.)
Since ¢ is between x and x + Ax and limy o c = x,

F(x+Ax) —F(x)

F(x) = Al)iglo Ax
B fle)Ax
a0 Ax
= f(x).

This is the first half of the Fundamental Theorem of Calculus.

Theorem 65 (Fundamental Theorem of Calculus). Ler f(x) be continuous on an interval
[a,b] and assume that y € [a,b] and x € (a,b). Then

g / " fr)de = £,
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Assume that f(x) is integrable on |a,b] and that F(x) is an antiderivative of f(x) on [a,b].
Then

/ahf(x)dx: F(b)—F(a).

Proof. The first part was derived before the theorem was stated. Thus only the second statement
is considered.
Let

Glx) = / " f(r)dr

and let F(x) be any antiderivative of f(x). Then F(x) = G(x) + C and G(a) = 0. Combining
these statements gives

This is the desired result.

Remark 13. Since antiderivatives of vector valued functions are done coordinate by coordinate,
the Fundamental Theorem of Calculus also holds for vector valued functions.

Remark 14. In the rest of this book the following notation is used for evaluating definite inte-
grals. Here F(x) is usually an antiderivative of some function.

F(x)|,_ =F(b)—F(a).

X=a

If we know the antiderivative of a function the Fundamental Theorem of Calculus, FTC, is
easy to use.

Example 220. Since an antiderivative of f(x) = x is F(x) = x?/2 we have

Example 221. Consider the acceleration of an object given by a(¢) = (r,1/¢,—1). The change
in velocity of the object from ¢t = 1 to r = 3 is given by

v(3)—v(0):/13
:/13( ,1/t,—1)dt

2
= (%,ln|x|,—x)

a(r)dr
t

3

1
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Fig. 6.13 Equal areas for a symmetric and an even function

- (;,111(3),—3) - (1;,111(1),—1)

= (4,In(3),-2).

The FTC also makes it easy to find the area under the graph of some functions.

Example 222. The area under the curve f(x) = 1 +x? from x = —2 to x = 2, see Fig.6.13 on
page 191, is given by

2
A= / 1+ x%dx.
J-2

Since f(x) is an even function, the integrals from x = —2 to x = 0 and from x =0 t x = 2 are
the same. This means that

2
A:Z/ X+ 1dx
Jo

3
(3
3 x=0
23 0’
=2 (= +2-(=+0
(G2 (5))
28
=3

2

Example 223. The question here is what is the are between the curves f(x) = x and f(x) = x°
for x between —1 and 1. See Fig. 6.14 on page 192. Here x> > x if x € [~1,0] and x > x? if
x € [0, 1]. Note that the areas between the curves fromx = —1tox =0 and fromx=0tox =1
are the same by symmetry. This implies that the area is

1
Area = 2/ (x—x%)dx
0
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-1.5 -1 05 1 1.5

-1.5°

Fig. 6.14 The area between y = x and y = x°

6 Integration

Exercises
1. Find the derivatives of the following.
x -3
(@ flx)= /2 tan(y) dy © fi)= /y (x* —6x+2) dx
b))  gx) = /x sin(27)dt @ zgly)= /y tan~!(z)dz
-1 —-10
2. Evaluate the following definite integrals.
(a) /22dx () /2x3 —xdx
0 0
‘10 0
(b) . 0dx (2) /_3 (x3 +x2) dx
5 7
(© /2 —ldx (h) /0 cos(0)d6
2
) /72 sin(3x) dx 0 /O sinow) dw
1
(e) (¥*+2) dx . o
/_1 0 /0 1+172
3. Find the following functions.
(a) /x cos(t)dt (d) /X (t4 +74 1) dt
0 —X
0 0
(b) cos(t)dt (e) sin(z) dt
i f
2 6
© /; vy ® /n sec(7)tan(7)dt
~%
4.  Find the area between the given functions on the given interval.
(@  f(x) =x—4, g(x) =cos(x) and [, 7]
(b)  h(y)=—y.g(y) =yand [-2,2]
(¢)  f(8)=cos(B),s(6) =sin(6) and [——7 —}
@ h(y) =3 r(y) =3 and [1,2]
©  f(x) =2 g(x) =" and [-1,1]



6.5 Integration by Substitution 193

5. Explain why the area between the curves in Example 223 is not given by

1
/ x— x> dx.
—1

6.  Consider the function

I x>0
f(z)z{_l x<0’
(a)  Show that
G e
and
8(z) =1z

are both antiderivatives of f(z).

(b)  Does the second statement in the Fundamental Theorem of Calculus hold for either /(z)
or g(z)?

(c)  Explain why this does or does not contradict the Fundamental Theorem of Calculus.

6.5 Integration by Substitution

The idea of the simple antiderivatives is to reverse the operation of differentiation. The first
method beyond simple integration in these notes is the substitution method. It is basically
reversing the chain rule, Theorem 41 on page 96,

%(fog)(x) :f/(g(x)) g/(x)'

Reversing this says that if an integral can be framed as

[ £(s)g ) ax
the integral is then
[ £ g ) dr=(fog)x)+C. 64
Example 224. Consider the integral
/2cos(2x+ 1)dx.

If we set f(y) = sin(y) and g(x) = 2x+ 1, we have

f'(y)=cos(y) and  g'(x)=2.
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The integral now has the form in Eq. (6.4) on page 193 and we get

/2cos(2x+ 1)dx= /f’(g(x))g’(x) dx

=flglx)+C
=sin(2x+1)+C.

This method is rather convoluted and is seldom used. The technique that is used does the
same thing, but with easier notation. It is called substitution. Instead of using the functions f(y)
and g(x) where we use the functions f’(x) and g’(x). We often set g(x) = u.

The idea of the technique is to rewrite the integral as

/f’(u) du

where f’(u) has a simple antiderivative f(u)+ C. The function g(x) then replaces u to get the
integral of the original function. The next example repeats Example 224 using this technique.

Example 225. Consider, again, the integral
/2cos(2x+ 1)dx.

Setting u = 2x + 1 and taking the differentials of both sides gives
du =2dx.

The integral now becomes, changing from x to u,

/200s(2x—|— 1)dx = /cos(2x—|— 1)2dx
/cos(u)du.

Since the integral of cos(u) is sin(u) 4+ C we get
/ cos(u)du = sin(u) +C.
Substituting 2x + 1 back in for u gives the final result
/2cos(2x—|— 1)dx=sin(2x+1)+C.

Remark 15. 1t is relatively easy to check if the integral we get is correct by differentiating the
result. For Example 225 we have

d d
= (sin(2x+1)+C) =cos(2x+ 1) T (2x+1)+0
=2sin(2x+1).
This verifies that the integral obtained in Example 225 is correct.

This technique can get very complicated, so a couple more examples are in order here.
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Example 226. Consider
/(2y—|— 1)62”2”}'75 dy.

+y=5

Since the only composition in the integral that is obvious is ¢” , the substitution to try is

w=2y"4+2y—5.
We have
dw=(4y+2)dy=2 (2y+1)dy.
We can rewrite this as
dw

5 = @y+1)dy

and use this to replace the expression (2y+ 1) dy.
Applying this substitution yields

/ (2y+1)e2 25 gy = / e ‘%W

Remark 16. In Example 226 we could also rewrite the integral as
210y 1 210y
/(2y—|— 1)62}2+2}75 dy = 3 /(4y—|—2)62’2+2} 3 dy.
This is multiplying by 2/2 = 1. We can then use
dw = (4y+2)dy
directly. This is equivalent to what is done in Example 226.

There are cases where the choice of the u function is not as clear.

Example 227. Consider the integral

/ sin(x) cos(x) dx.

If we take u = sin(x) and du = cos(x) dx we get

/sin(x)cos(x)dxz /udu

u2

=—+C
2+

_ (sinéx))2 ic

We could also use # = cos(x). (Check and see what you get.)
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In either case we can interpret the original integral as

/ (sin(x))" cos(x) dx.
to see the composition that is being used.

A case where there is a substitution that does not use any of the functions directly in the
integrand is the antiderivative of sec(x).

Example 228. Consider
/ sec(x) dx.

A clever way of evaluating this integral is to multiply sec(x) by (sec(x)+tan(x))/
(sec(x)+tan(x)) and use the fact that

% (sec(x) +tan(x)) = sec(x) tan(x) + sec?(x)

in the substitution u# = sec(x) + tan(x).
The integral is easy to do with the multiplication and substitution above.

[ sec(x) (sec(x) + tan(x))
/ sec(x)dx = / sec(x) 4 tan(x) dx

_ /secz(x)+sec(x) tan(x) x

sec(x) + tan(x)

du

u
=Inlu|+C
= In|sec(x) + tan(x)| + C.
Using substitution for definite integrals in a little bit more complicated. The difficulty arises

in the limits of integration. If the limits of integration do not change with the variable, we will
usually have the wrong value somewhere in the problem.

Example 229. Consider the integral

Vi
/ sin(2x) dx.
0

Since F(x) = —cos(2x)/2 is an antiderivative of sin(2x),

cos(2x) |*

3
/ sin(2x)dx = —
0 2 0

_ cos(227'c) B (_ g)
=0.

This is the correct answer since sin(x) goes through a half cycle of positive and negative values
fromx=0tox=r.
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If we use the substitution u = 2x and du/2 = dx we have

/ sin(2x) dx = Sinz(“) du.

If the limits of integration are not changed we get

Tsin(u)  cos(u) "
/0 2 =,
_ cos(m)  cos(0)
T2 2

=1

This is not the correct answer.
If we note that when x = 0 and x = 7w we get u = 0 and u = 27, the limits for u are different
from the limits for x. Using these limits yields

/‘2” sin(u) 4 cos(u) |**
u=—
Jo 2 2
_ cos(2m) N cos(0)
B 2 2

=0.
This is the correct answer.

There are three basic ways to do a substitution for a definite integral. The first is to find
an antiderivative for the function and then evaluate it between the limits. The second way is
equivalent. It is to carry the limits in terms of the original variable through the substitution
and reversion to the original variables. The last method is to change the limits of integration to
limits in terms of the new variable. Since the first two are equivalent, only the second is done.
The next example shows how to do both of the last two techniques.

Example 230. In this example it is demonstrated how we can evaluate definite integrals when
using substitution,

4 xIn (x* 4+ 1

/ WLIGES )N
1 x2+1

A substitution that works for this integral is

2x

dx.
x2+1 x

u:ln(xz—i—l) with du=

First the substitution is done with a change of limits. Note that if x = —1 then u = In(2) and
if x =4 then u = In(17). Evaluating the integral gives

4 yln(2+1 In(17)
/ de:/ w,
1

1 xX2+1 n(3) 2
B W2 In(17)
4 L=
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Fig. 6.15 The integral of sin(x) and sin(«), u = 2x

If we leave the limits in terms of x we get

4 xIn (x2—|— 1) x=4 o
i Y Y
/71 X241 * /x:712 .
u2 x=4

4

In (x? + 1)2

4 x=—1
(In(17))* - (In(2))*
1 .

x=—1
x=4

To finish this section a couple examples are provided that help illustrate the geometry of
integration by substitution. The first example is very simple and the second is slightly more
complex.

Example 231. Consider the integral

/2
/ sin(2x) dx.
0

The substitution used is u = 2x with limits ¥ = 0 when x = 0 and u = @ when x = /2. The
graphs of the two functions sin(2x) and sin(u) over the appropriate intervals are in Fig. 6.15 on
page 198.

This transformation takes any interval [x,x + /] in x to the interval [2x,2x + 2A] in u. It doubles
the length of each interval and hence doubles the area. See Fig. 6.16 on page 199. In terms of
Riemann sums, a sum approximating the integral in terms of x, and h; = a; — a;_1,

Sx = z Sin(2€,‘) h,’
i=1

becomes, multiplying all partition points by 2,

n
Su= Y sin(2&) 2h; = 28,.

i=1
Since this is true for any Riemann sum, the area is doubled.
The simple transformation in the previous example does not give a very complete picture
of the geometry. The next example gives a case where the lengths of the u intervals are not

simply multiples of the lengths of the x intervals. In order to keep the example simple, u is a
differentiable, strictly increasing function of x.
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a b
14 = 14
0.81 0.81
0.61 0.61
0.41 0.41
0.21 0.21
0 0
0 n n 3n n 0 n n 3n n
4 2 4 4 2 4
y = sin(2x) y = sin(u)
Fig. 6.16
a b
14 7
12 6
10 5
y 8 y 4
6 3
4 2
2 1
o+——r1rtr 1 o+ . T 1
1 12 14 16 18 2 1 1.5 2
X X
Partition in terms of z Corresponding partition in
terms of u
Fig. 6.17

Example 232. Consider the integral

2
/ zezz/2 dz.
1

The substitution used here is u = 7> /2 and du = zdz. Consider a partition of [1,2] into 10 equal
intervals, zo = 1,21 = 1.1,20 = 1.2,...,z10 = 2 using left endpoints as illustrated in Fig. 6.17a
on page 199. In terms of u these points are uy = 1,u; = (1.1)%,uy = (1.2)%,...,u190 = 4. See
Fig. 6.17b on page 199
Writing out the Riemann sums in the first case with # = 1/10 gives
10
Ar Y (14 (i— 1) k)02
i=1

In the second case we get

10 N2 . 2
o N (=102 (I+ih)” (A+(G-1)h)
A1 lg{e ( 3 3

10 ,(14+(i—1)h)?/2
~ zef (14 (i—1)h)h—h?)
i=1

Since A2 is “very small” and does not contribute to the limit as 4 goes to Zero, we can write
y g

10
Ay Y D2 (1 (i~ 1)h)h.
i=1
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Since the approximate areas are the same for a given number of intervals, the definite inte-
grals are the same.

Substitution can also be used when we have the composition of a vector valued function,
r(w) and a scalar valued function s(¢), ro s(z). If the integral under consideration is of the form

[r'sens @ar,

then each of the component integrals is of the form

This means that

Example 233. Consider the function
— ¢ [ sin(2 2y 1
r(t) =2t | sin(¢t"),cos(t”), )
Setting r'(w) = (sin(w),cos(w), 1), s(f) =+ and s'(t) = 2t we have

/r/(s(t))s’(t)dt = (—cos (tz) ,sin (tz) ,In (tz)) +C.

Exercises

1. Evaluate the following indefinite integrals.
4y 1
) [4e¥d /
® / o © ™
(b) / 2sin(27)dt
© / 6cos(6x+3) dx

@ [aea @ [ cot(0)ds

€3] /csc(@)d@

2. Evaluate the following indefinite integrals.

(a) /4zezzz_3 dz (©) /(4z -3) X3y,

(b) / 6x% sin(2x° 4 3) dx (d) /(6)62 +1)sec? (2 +-x+ 1) dx
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©o4z+1 sin(x)

3. Evaluate the following indefinite integrals.
(a) / cos(z) "M@ dz (©) / Mdz

(b) / o sin(e") dx

(d) / sin(x) sec? (cos(x)) dx
4.  Evaluate the following definite integrals.
1 3
(a) / 4¢% dy (f) / (2z—2)e" 2+ gy
Jo )
St
b / sin(7x) dx 4
®) J-1 (x) () / we™ dw
5 —4
(©) / e 2dz
2 2w+l
'S (h) —_dw
(d) / sin(y) cos(y) dy 0 Vw?+2w+3
J—T
0 5 4
3d i / d
(e) '/72x X+ 3dx ) e Z

5.  Show that Definition 27 on page 184 is consistent with what we get when using the
substitution u = b + a — x in the integral

/ahf(x)dx.






Chapter 7
The Cross Product and L’Hopital’s Rule

7.1 Determinants and the Cross Product

The cross product is a product defined on two vectors in three dimensions. Two applications of
the cross product in science and engineering involve rotational motion and the magnetic field
generated by current through a wire. Because of this, the cross product is important. The uses
of the cross product when working with planes and the volume of a parallelepiped are more
mathematical, but are also quite useful.

The cross product can be defined geometrically, just as the dot product can be defined geo-
metrically. The cross product is only defined in R3. We can define the cross product in R? by
adding a zero third coordinate to all vectors. The following definition is the geometric definition
of the cross product.

Definition 28. The cross product of two vectors a and b in R is the unique vector v such that v
is orthogonal to both a and b, such that a, b, and v form a right hand system, and such that the
length of v is ||a]| ||b|| sin(6) where 0 is the angle between a and b. (See Fig. 7.1 on page 204.)

The cross product is used for finding torque, the equivalent to force in rotational motion, for
finding normals to planes, for finding volumes, and for finding a vector perpendicular to a pair
of vectors. It is also used in relating current to magnetic fields.

It is nontrivial to calculate the cross product from first principles. We can do this by solving
the system of linear equations x-a = 0 and x-b = 0. Since this system of equations is two linear
equations in 3 unknowns, it either has one solution 0 or an infinite number of solutions. The
correct choice gives the cross product.

In these notes the cross product will be computed using determinants of matrices. The
determinant of a 2 x 2 array, matrix, is defined by

det abl |ab
cd| |cd

‘:ad—bc.

This is easy to compute.

Electronic supplementary material The online version of this chapter (doi: 10.1007/978-3-319-09438-0_7)
contains supplementary material, which is available to authorized users.

© Springer International Publishing Switzerland 2014 203
J.S. Treiman, Calculus with Vectors, Springer Undergraduate Texts
in Mathematics and Technology, DOI 10.1007/978-3-319-09438-0_7
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Fig. 7.1 The vector v is the cross product of the vectors a and b

Remark 17. The notation here can be a problem. A matrix can be denoted by either of the

following:
12 12
47)° 471"

Straight vertical bars denote the determinant,

12
47"
Since parentheses can be hard to distinguish from vertical bars, in this book a matrix is always
written using square brackets.

Example 234. The determinant of B ﬂ is

21
34

‘:24—13:5

Example 235. The determinant of [C.OS(6> B sm(@)] is

sin(@) cos(0)

cos(0) —sin(0)
sin(0) cos(0)

‘ =cos(0)-cos(6) — (—sin(0)) - sin(O)
=1.

With the determinant of a 2 x 2 matrix we can define the cross product of two vectors in the
xy-plane. It is a vector in R3,

a) ap
by by

= (0,0,(11[)2 — azbl).

axb= (0,0,

or, if we want to stay in R?, the cross product can be considered a scalar quantity since it is
always a multiple of (0,0,1),

ap az
by by

= a1b2 — azbl.

axb=
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To calculate the cross product in R? we can use the determinant of a 3 x 3 matrix. The
determinant of a 3 x 3 matrix can be calculated using the expressions

a a as ay az az
det [ by by b3 | = |by by b3
Cl C2 C3 Cl C2 C3

by b3 by b3 by by

C2 C3 c1 3 c1 2

= a1bycy —aibzcy — arbicz + arbycy + azbicr — azbocy.

130
Example 236. The determinantof | 2 4 —2| is given by
—-15 6
130
4 —1 2 -2 2 4
2 4-2 _1‘ ‘ 3’ ‘4—0’ ’
15 6 56 -1 6 -15
=1(24+5)—-3(12—-2)+0(10+4)
=29-30+0
=-1.

Letting { = (1,0,0), / = (0,1,0), and k = (0,0, 1) the cross product of a = (ay,as,a3) and
b = (by,bs,b3) is given by

~ PR

1 k
axb= ay az ajz
b1 by b3
_|@a| _slaraz| g |ara
b2 bg J b] b3 +k b] b2
lA(azb3 —a3b2) (a1b3 —a3b1)+1%(a1b2—a2b1)
= (a2b3 — asby, asby — arbs, a\by — azby). (7.1)

This is the formula we get for the cross product no matter how we define it. It is reasonable to
simply memorize one of the expressions on the right side in the above list to calculate the cross
product.

Example 237. Consider the three vectors 7, /, and k. All of the vectors are at right angles to each
other and in the given order they form a right hand system. This means that 1% j must be in the
positive k direction with length ||7]| ||| sin(7/2) = 1. In other words, i x j = k.

If we calculate this using the matrix format we get

ixj=1{100
010

AOO '\00 7 10

- 00‘_1’00‘“‘ 01’

~ ~ A ~

In a similar manner we have [ x k=7and k x i = J. Also [ x i = —k.
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Example 238. The cross product of u = (2,3, 1) and v(—2,1,—1) is

i j ok
uxv=|2 3 1
—-21 -1

31 A2 1
-2 -1

=i

11/
= —4i+0;]+8k
= (—4,0,8).

21

‘+/€

2]

Before continuing with the geometry of the cross product, we take some time to look at some
rules used for computing with cross products. These rules are basically the same as those for
the dot product, except that the cross product is not commutative.

Theorem 66. Ler a, b, and ¢ be vectors in R3 and the o be a constant. Then the following hold:

(1) axb=-bxa
(2) ax(b+c)=axb+axc and (a+b)xc=axct+bxc
(3) a(axb)=(aa)xb=ax(ab)

d d d
(4) = (a(r) xb(r)) = (E a(t)) xb(t)+ax (E b(t))
Proof. All of these results can be done by calculating from the definitions. Because of this,
we only consider the first formula. We use the explicit formula for the cross product, Eq. 7.1 on
page 205. Through a short sequence of equations we transform the left side of (1) in Theorem 66
to the right side of the equation.
axb= (a2b3 —cl3b2, Cl3b1 —a1b3, a1b2 — azbl)
= —(baaz — b3ay, bsay — bas, biay — bray)

=—-bxa.

The following are examples of how the results work.

Example 239. Letv = (1,2,—1) and w = (3,1, 1), then

2 -1 1—1] |12
VXW:(’l l’a_‘3 11’ 31’):(3747_5)
and
11 31 31
w><v:<‘2_1 7—‘1_17 12‘):(—3,—475).

Example 240. Let a(t) = (1,1%,1%), let b(r) = (cos(nt),sin(7t),4t) and let r(r) = a(t) x b(2).
Then a’(r) = (1,2¢,3t?) and b/(r) = (—msin(nt), wcos(nt),4). At t = 1 we have a(l) =
(1,1,1),a’(1) = (1,2,3), b(1) = (—1,0,4) and b’ (1) = (0, 7, 4).

Combining the information above gives

< (ale) xb(0)],_, =a'(1) x b(1) +a(1) xb'(1)
=(1,2,3) x (=1,0,4)+ (1,1,1) x (0,,4)
=(8,-7,2)+(4—m,—4,7)

(12— 7, —11,2+ 7).
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Fig. 7.2 The parallelogram spanned by u and v

Fig. 7.3 The parallelogram spanned by u and v

One way of viewing the length of the cross product is as the area of the parallelogram
spanned by two vectors. The Fig. 7.2 on age 207 shows the parallelogram spanned by u and v.
The length of the base of the parallelogram ||u|| and the height is ||w| = ||v|| sin(6).

Now consider the cross product of two vectors in the xy-plane, u = (u,u,,0) and v =
(v1,v2,0). The cross productis (0,0, u1v, — uyvy). To support the definition of the cross product
as a vector with length |Ju|| ||v|| sin(6) we should have that ||ul| ||v]| sin(0) = |ujvs — upvy|.
See Fig. 7.3 on page 207. The square of the area of the parallelogram is given by

Area® = |[ul* (||v|| sin(6))

2 1vl12 2
= [af[7v]]" = (v-u)
= (viuy — voup)?
= [luxv|>
Taking the square root of both sides gives the desired result.

Example 241. The area of the parallelogram spanned by the vectors u = (1,—3,5) and v =
(—2,0,3) is ||lu x v||. This is
||u><VH :H 7_137_6>”

(-9
=V 286.
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X

Fig. 7.4 A prism with base in the xy-plane spanned by the two vectors and with height &

Exercises

1. Find the cross products of the following pairs of vectors.

(a (2,0,—1)and (2,—1,4) (e) (3,-2,6)and (—3,2,—-6)

(b)  (0,1,2) and (0,4, —2) (f  (6,3,-2)and (—1,2,0)

© (1,7,3)and (1,3,-1) (2) (2,—1)and (3,1)

(d (4,—2,1)and (1,-5,1) () (4,1)and (1,-3)

2.  Find the area of the parallelogram spanned by the following pairs of vectors.

(& (2,0,—1)and (2,—1,4) (e) (3,-2,6)and (—3,2,-6)

(b)  (0,1,2) and (0,4,-2) ("  (6,3,—2) and (—1,2,0)

(¢) (1,7,3)and (1,3,—-1) (e (2,—1)and (3,1)

(d (4,—2,1)and (1,-5,1) ()  (4,1)and (1,-3)

3. Use the cross product to find the sine of the angle between the following pairs of vectors.

(a (2,0,—1)and (2,—1,4) (e) (3,-2,6)and (-3,2,-6)

() (0,1,2) and (0,4,-2) ®  (6,3,—2)and (—1,2,0)

(¢ (1,7,3)and (1,3,-1) ( (2,—1)and (3,1)

(@ (4,-2,1)and (1,-5,1) (h) (4,1)and (1,-3)

4.  Find the areas of the triangles with the following triples of vertices using the cross
product.

(@ (0,0,0), (2,1,3),and (4,1,1). (© (-1,-1,-1),(2,1,3),and (4,1,1).

() (0,0,0), (—1,5,—4),and (1,-3,2). (@) (2,4,-2),(5,3,1),and (5,—1,2).

5.  Find the volume of the prism with base in the xy-plane spanned by the two vectors and
with height h. See Fig. 7.4 on page 208.

(@ (1,1,0), (0,2,0),and h = 3. () (-2,-4,0),(—1,2,0),and h =6.

(b) (-1,2,0),(3,2,0),and h = 2. (d (1,2,0),(—3,0,0),and h =17.
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Fig. 7.5 The parallelepiped spanned by u, v, and w

6.  Find the determinants of the following matrices.

209

2 3 100
@ 42| ® |23 1].

o 1 |1 —11]
® 1 —2} (12 47

30 (8) 00 O {|.
O PE 45 —4]
d [sin(t) cos(t) 51 =2
@ [cos(r) —sin(t) |’ (h) 4 -5 2
© |21 2

40 -2

7. Show that the cross product of any two vectors a and b calculated using the formulas is
orthogonal to both a and b.

7.2 Volume and Torque

This section covers two applications of the cross product, finding volumes of parallelepipeds
and calculating torque. The volume of a parallelepiped is used to approximate volumes of vari-
ous other figures. In rotational mechanics the concept of torque is equivalent to the idea of force
in mechanics. Both of these are calculated using the cross product.

A parallelepiped is a six sided volume in three dimensions such that opposite sides are
parallel parallelograms. It can also be described as the span of three vectors u, v, and w, see
Fig.7.5 on page 209.

The area of the base of this parallelepiped is the parallelogram spanned by u and w, see
Fig.7.6a on page 210. The height vector is the projection of v onto the cross product of u
and w, see Fig. 7.6b on page 210. This means that the volume is given by

Volume = |lu x w|| ||h]|.

= [lusxwll[|v]||cos(¢)|
where ¢ is the angle between u X w and v. This is the absolute value of v- (u x w).

Example 242. Find the volume of the parallelepiped spanned by u = (1,-2,3), v=(—1,1,0)
and w=(0,1,—1).
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a b
v
u
u
Fig. 7.6
The cross product of u and v is
i jk
uxv=|1 =23
-1 10
=(-3,-3,—1).

The volume of the parallelepiped is

Volume = |(0,1,—1) - (=3,-3,—1)]
=2.

The expression u - (v x w) is called the triple product of the vectors u, v, and w. This can be
calculated directly using the determinant,

uyp uz ujz
U'(VXW)Z Vi V2 V3.
wi w2 w3

Using this expression it is easy to calculate the volume of a parallelepiped.

Example 243. The volume of the parallelepiped spanned by (—2,-2,1), (3,1,2), and
(—1,2,5) is

-2 -21
Volume=||3 1 2
-1 25
12 32 31
-[2hal+2 5]
=|-2+34+7|

=309.

The concept of torque is very useful in the physical sciences and engineering. It is the equiv-
alent of force in rotational motion. We can get an idea of how torque works by considering
levers. Consider a lever with a 1kg block 1 m from the fulcrum and a point at which to push
down 2m from the fulcrum on the other side from the block. If we press down with 4.9 N, the
weight of a 1/2 kg mass, the 1 kg mass stays where it is. What this indicates is that the rotational
force is directly proportional to the distance from the axis of rotation. See Fig. 7.7 on page 211.
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lkg

1/2kg

Fig. 7.7 Balancing masses

Fig. 7.8

The torque exerted by a force F is defined at a point x around an axis of rotation a+tv is
T=rxF.

Here r is the vector from the closest point on the axis of rotation to the point x, see Fig. 7.8 on
page 211.

Example 244. Assume that a plate in the xy-plane can rotate around the z-axis. If a force
F = (2,—1,0) is applied to the plate at (1,1,0), what is the torque on the plate?
Here the torque is

T= (17 170) X (2,—1,0)
11
-0 )
=(0,0,-3).

Remark 18. Here it is assumed that the force vector is perpendicular to the axis of rotation. If it
is not perpendicular to the axis of rotation, two things happen. First, part of the force pushes
against the axis of rotation. Second, assuming that the axis of rotation is fixed, the torque is the
projection of the cross product onto the axis of rotation.

As with rectilinear forces, the total torque is the sum of the torques applied.

Example 245. Consider three forces F; = (2,3,0), F, = (1,—1,0), and F3 = (3,-2,0)
applied at (1,1,0), (2,3,0) and (—1,—2,0) to a plate in the xy-plane that rotates around the
linex =1 and y = —1, see Fig. 7.9a on page 212. The torques are

Ty =F; x ((1,1,0) = (1,—1,0)) = (2,3,0) x (0,2,0) = (0,0,4),

Ty =F x ((2,3,0) = (1,—1,0)) = (1,—1,0) x (1,4,0) = (0,0,5),
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and
T; =F; x ((—1,—2,0)— (1,—1,0)) =(3,-2,0) x (-2,—1,0) = (0,0,—7).

This means the total torque is

T=T;+T,+T;=(0,0,4)+(0,0,5)+(0,0,—7) = (0,0,2).

Fig. 7.9

We can also find the magnitude of a force given enough other information.

Example 246. We want to find the force in the direction of (1,1,0) applied at (3,1,0) to a
plate in the xy-plane that is to rotate around the point (—1,0,0) when the torque on the plate
is T = (0,0,—20). See, Fig.7.9b on page 212. The force must have the form F = o/ (1,1,0)
and the radial vector from the point of application of the force to the point of rotation is
r=(3,1,0)—(—1,0,0) = (4,1,0).

The torque from the force is

Tr = (4,1,0) x a(1,1,0)

41
11

=3ak.

~

= k

This means that (0,0, —20) = (0,0,3a), or o = —20/3. The desired force is F = —20(1,1,0)/3.

Exercises

1. Find the volume of the parallelepiped spanned by the three vectors. Assume all distances
are in meters.

@  (2,0,—1),(1,1,0) and (2,—1,4) @ (2,5,1),(1,1,3) and (—1,4,—1)
() (0,1,2), (4,-3,2) and (0,4,-2) () (6,1,1),(1,6,1) and (1,1,6)
() (1,7,3),(3,0,3) and (1,3,-1) (g (2,0,0),(0,0,3) and (0,1,0)
@ (4-20. @15 ad (1L,=51) gy (0,1,3),(3,0,1) and (4,0,0)
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2. Find the torque generated by a force of 50N on a plate in the xy-plane if the force is in
the same direction as the given v at the point p, in meters. Assume the plate rotates around
the origin.

(@ v=(2,-3)andp=(1,1) (e) v=(3,1)andp=(1,1)
(b) v=(2,-3)andp=(-1,-1) () v=(6,—7)andp=(—1,2)
() v=(-2,1)andp=(3,0) (g v=(-1,5)andp=(0,2)
(d v=(5-10)andp =(-2,2) )  v=(3,0)andp=(1,0)

3. In the following you are given a point of rotation p in the xy-plane, a point a in the
xy-plane where a force in the direction of v is applied, and a torque T that the force yields
for rotation around the point p. Find the force in the same direction as v that yields the
torque. Use standard mks units.

(@ p=1(0,0,0),a=(1,0,0),v=(0,-1,0), 7 =(0,0,—4)
() p=1(0,0,0),a=(1,1,0),v=(— 11,0),T:(00\/—)
() p=1(0,0,0),a=(1,v/3,0),v=(0,1,0), T =(0,0,3)
(d p=(1,1,0),a=(0,0,0),v=(0,1,0), T = (0,0,—1)

4. A force F in the xy-plane is applied to a plate in the xy-plane at a point p. Show that the
same force applied at any point on the line ¢(a) = p + oF gives the same torque. The line
£(a) is call the line of action of F.

5. A parallelepiped has one vertex at the origin and is spanned by the vectorsa = (1,0,1) m
b= (—1,0,1)m,and ¢ = (0,1,1) m. If ¢ is moving in the direction (—1,1,1) at ; m/s, how
fast is the volume of the parallelepiped changing?

7.3 Planes

The cross product, along with the dot product, is important for working with planes in three di-
mensions. Before taking calculus students may have seen two different views of planes. Hope-
fully students are familiar with the general form of an equation for a plane in R3,

Ax+By+Cz=D

for constants A, B, C, and D and for coordinates x, y, and z. It is usually stated in some class
before high school that three points in R* define a plane. Unfortunately, students frequently do
not understand how we get a plane from the three points or how the three point characterization
of a plane relates to the equation of a plane.

We first consider the three point characterization of a plane. Assume that three distinct non-
collinear points in a plane are a, b, and ¢, See Fig. 7.10a on page 214. We can parametrize the
lines through a and b and through a and ¢ as

ti(r)=a+r(b—a) and  fr(s) =a+s(c—a).
The second line can be replaced by any line of the form /(s) = a; + s(c —a) where
a; =a+1y (b —a) is a point on the first line for a given #y. See Fig.7.10b on page 214.

One way of viewing this is that we are running the second line ¢, (s) along the first line ¢, (¢).
The result is a plane whose points are of the form

x(s,t) =a+s(b—a)+r(c—a) (7.2)
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[V)
o

oN ok O ®
oN B O ®

> 4 -2 =
4-20 2 4 4 4-20 2 4 4

Three points in R? form a tri- Three points in R> define 2 Running one line along an-
angle lines other line builds a plane

Fig. 7.10

where ¢ and s vary over all of R. This process is illustrated in Fig.7.10c on page 214. This
representation is called a parametrization of a plane.

Example 247. To find a parametrization of the plane containing the points a = (2,—5,6),
b = (1,6,—2), and ¢ = (6,3,7) we find two distinct directions in the plane, say b —a =
(—1,11,—8) and ¢ —a = (4,—8,1). We can then write every point in the plane as

x=(2,-5,6)+s(—1,11,—8) +1(4,—8,1).

Rewriting Eq. 7.2 in terms of the vectors v =b —a and w = ¢ — a we have the general form
for a parametrization of a plane

X =a-+SW-+1v.

This says that a plane is defined by a single point in the plane and two distinct nonzero directions
that are in the plane.

Example 248. The plane containing the point (2,—5,1) and the directions v = (0,1,2) and
w = (—2,1,0) has a parametrization

x=(2,-5,1)4+s(0,1,2) +¢(-2,1,0).
The relationship between the general equation of a plane, Ax+ By+Cz = D and a parametriza-
tion of a plane is fairly simple. If we have a plane parametrized by
x=a-+sb+1c,
and a nonzero vector n that is orthogonal to both b and ¢, then, for any x in the plane,

n-x=n-(a+sb+rzc)
=n-a+s(n-b)+7(n-c)

=n-a.

Any such n is called a normal to the plane. Letting n = (A, B,C) and n-a = D means that for
every X = (x,y,z) in the plane we have

Ax+By+Cz=D.

Example 249. Consider the plane parametrized by
x=(2,-5,1)+s(0,1,2) +7(-2,1,0).
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a \Vj/ b c
Two curves that intersect in R®> ~ The tangents to the curves The plane through the inter-

give a normal to both curves section with normal that is nor-

mal to both curves is tangent to
both curves

Fig. 7.11

A vector perpendicular to both (0, 1,2) and (—2,1,0) is
(0,1,2) x (=2,1,0) = (—2,-4,2).
This means that an equation for the plane is
(—2,—4,2)- (x,y,2) = (—2,-4,2)- (2,-5,1)

or
—2x—4y+2z=18.

Example 250. We say that a curve r(t) from R to R? is tangent to a plane at a point f if r(to)
is in the plane and r’(ty) is a direction in the plane. The curves r(¢) = (£,2t +2,1> — 2t + 1)
and s(w) = (e",4cos(w),w?) meet at the point A = (1,4,0) with r(1) = A and s(0) = A as in
Fig.7.11a on page 215.

Since the derivatives of the functions r(7) and s(w),

(1) = (2,2,20-2)| _
=(2,2,0),

1

and

s'(0) = (", —4sin(w)2w) |
=(1,0,0),

=0

are not in the same direction at A, their cross product must be normal to the plane tangent to
both curves at A. (Why does such a plane exist?) See Fig. 7.11b on page 215.
The normal to the plane is

n=(2,2,0) % (1,0,0)
=(0,0,-2).

The equation of the plane is
(0707 _2) . (-xvy?Z) = (0707 _2) ' (17470)7

or
z=0.

This is illustrated in Fig. 7.11c on page 215.
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Another concept that is useful is the idea of a curve being perpendicular, normal, to a plane.
This is used when looking at fluid flow and other topics in engineering and science.

Example 251. A curve r(¢) is said to be perpendicular to a plane Ax 4+ By+Cz = D at a point
r(to) in the plane if r’(t) is a normal to the plane. Consider the curve r(t) = (£2,2t +2,¢> —
2t +1) at 7y = 1. The point in the plane is r(1) = (1,4,0) and the normal vectorisn=r’(1) =
(2,2,0). Thus the normal plane is

2x+2y=10.

See Fig.7.12 on page 216.

Fig. 7.12 A plane tangent to a curve

Exercises

1. Find a parametrization of the plane containing the three points a, b, and c.

(a) =(2,1,1),b=(0,0,1), and ¢ = (1,2, 1).

(b) =(2,2,1),b=(2,—1,1),and ¢ = (2,3,-3).

© a=(1,1,1),b=(2,1,2),andc = (-2,1,2).

@ a=(3,-1,2),b=(1,42),andc=(—3,3,1).

(e) =(4,1,2),b=(-5,-6,—-2),and ¢ = (—2,1,-2).
® a=(3,25).b=(1,4,1),andc=(2,2,3).

2. Find an equation of the plane containing the three points a, b, and c.

@@ a=(2,1,1),b=(0,0,1),andc = (1,2,1).

(b) a=(2,2,1),b=(2,—1,1),and c = (2,3,-3).

(c) a:(l,l,l) =(2,1,2),and ¢ = (—2,1,2).

@ a=(3,—1,2),b=(1,4,2),and c=(—3,3,1).

€ a=(4,1,2),b=(-5-6,—2),andc=(-2,1,-2).

H a=(3,2,5),b=(1,4,1),and c = (2,3,3).

3. Find the plane perpendicular to the given curve at the given fy.

@ r(r)=(r,r,%) attg=1 (f)  v(t) = (tan(r),cot(r),sec(r)) atty = %

(b)  r(t) = (sin(t),cos(t),t) atto = § 5 . s

© s(t)= (e 6+2) atty =0 (g) v()= (tan (t),cot” " (t),t ) atto=1
@) s(t)= (4,2 =151 +5)atto==2 " (h) v(r) = (cos(3t),sin(r>/m),sin(2r)) at
()  v(t)=(In(r),z,¢') atty =1 h="1%
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4.  Find an equation for the plane tangent to the two curves at the given point.

(@ r(t)= (2,1,1%), s(u) = (cos(u),e",2u+1),a=(1,1,1)
b)  r(r) = (cos(r),sin(t),1), s(w) = (e(w_1)7w2 - 1,1n(w)), a=(1,0,0)
(©)  x(t) = (cos(2t),In (%) 1), y(s) = (sin(ms),2s — 1,47s*), a = (1,0,7)

7.4 1’Hopital’s Rule

In this section we consider a tool used to find limits where the techniques we have used before
do not work very well. The material in this section can be used in Chaps. 8 and 10. We consider
limits that involve indeterminate forms, i.e. forms that do not have well defined values. A simple
example of an indeterminate form is the limit

2
x“—6x+38
lim ———. 7.3
22 _5x16 (7.3)
Here the limits of both the numerator and the denominator are O at x = 2. This means that the
form we get when trying to evaluate the limit as a quotient of limits is 0/0. The form 0/0 does
not have a fixed meaning since, for any number q,

. ax
lim —
x—0 X
a L5
l_
y
0.5 b
T %/‘l—vj
T n n3nm e — T
"2 051 8 4 8 2 o 0 n3nm
0 2 8 8 4 8 2
-1 0
-1.54 The function y = sin(6)/6
The functions y = sin(0) and
y=06
Fig. 7.13

has the form 0/0 at x = 0 but has limit a. This means that we can get any number a out of the
form 0/0.

To take the limit in Eq.7.3 we simply cancel the factor x — 2 from the numerator and the
denominator to get a form that is not 0/0.
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P —6x+8 . (x—2)(x—4)
i = lim
=2 x2—=5x+6 12 (x—2)(x—3)
i x—4
_x;n%x—3
=2.

The problem is that we cannot simply factor all functions that lead to an indeterminate form.
A simple example is the limit

lim sin(0)

-0 0
where, if 8 = 0, both the numerator and denominator are 0, yielding an indeterminate form.
See Fig.7.13 on page 217.

In the case of f(6) = sin(0)/60 both the numerator and the denominator have continuous

derivatives at O = 0 with the derivative of the denominator equaling 1. This means that we can
write, using the Mean Value Theorem 49,

_ sin(0)
(o) ="
_ sin(0) + cos(&g) (6 —0)
0
=cos(&yp)

for some &g between 6 and 0. Since limg_,ocos(0) = 1 and &g is closer to 0 than 6,
limg_,gcos(Eg) = 1. This gives us

lim sin(0)

=1.
6—0 6

The proof of the following theorem is somewhat more complicated than the reasoning above
and is left for later courses. This theorem gives us one case when the ideas above can be used.

Theorem 67 (I’Hopital’s Rule I). Let f and g be functions that have first derivatives on an
open interval containing a with f(a) = g(a) = 0. Assume that

fx)
)lcglzlz g/(x) =L
then
. f)
I gy =+

Remark 19. In the justification of this result a two sided limit was used. In fact, the same argu-
ment works if we take a one-sided limit. In this case with the indeterminate form 0/0 we have,
for example, if

£

x—at g’(x)

then

[ _

x—at g(x)

In the versions of L”Hopital’s rule below, the same comment holds when a is finite.
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We proceed with two examples to show how this works.
Example 252. Consider the function i(z) = In(z) /(z> — 1) and the limit

limh(z).

z—1
If we take f(z) = In(z) and g(x) = z> — 1 then f(1) = g(1) = 0 and both f(z) and g(z) have
continuous derivatives at z = 1. The limit of the ratio of the derivatives is
1
- 1 1
IR S |
Mo =Mz =y
Since the conditions for Theorem 67 are satisfied we have

. In(z) 1
1 = —.
ZE}} 2—-1 2

Remark 20. The notation and logic used in the last example is rather cumbersome. For this
reason many people will use the following, or similar, notation for applying L’Hopital’s rule in
the example above.

. In(z) @ .. %

iglzz—l_lgl}Z_Z
_1
=5

Note how @ is used to indicate both that L’Hopital’s rule is being used and that the right side

of the equation may not exist.
To simplify our notation, we adopt this convention.

Example 253. We must be careful to check that we have an indeterminate form before applying
L’Hopital’s rule . Consider the limit

x+1
m ———.
x——1 cos(7x)

a b,
4.
8.
y
2.
6.
0 g 4
—os—1 15 2
X 21
_2-
0
41 0 05 1 15 2
Two nice functions that are The ratio of the two nice
zero at x = 1 functions

Fig. 7.14
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Since the numerator is 0 at x = —1 and the denominator is —1 at x = —1, L’Hopital’s rule does
not apply. The limit evaluates as lim,,_; (x+ 1)/cos(zmx) =0/—1=0.

If we were to apply L’Hopital’s rule to this limit by taking the limit of the quotient of the
derivatives of the numerator and the denominator we would get the limit

. 1
lim ———,
x——1 —msin(7x)
which does not exist.

L’Hopital’s rule can be used multiple times to find limits.

Example 254. Consider the limit as # — 0 of (1 —cos?(¢))/t>. This has the form 0/0 at t = 0
and the ratio of the derivatives, (sin(¢) cos(r))/2t, also has the form 0/0 at # = 0. We can apply
L’Hopital’s rule twice to find the limit.

1 —cos(1) ( )y sin(t) cos(t)

lim —— &
50 12 50 2t
® i cos? (1) — sin?(r)
1—0 2
1
=3

We can also justify L’Hdpital’s rule for the form 0/0 using Taylor polynomials in a simple
case. If we use Taylor polynomials to approximate functions f(x) and g(x) around a zero, c, of
both functions where both functions have non-zero derivatives at ¢ we can write

(x—c)?
2

(x—c¢)
2

and

fE)=Ff(c)(x=c)+ (&)

2

g(x) =g'(c) (x— ) +¢"(&)

for some &; between ¢ and x. (This includes an error term that we will not justify here. It depends
on the existence of a continuous second derivative in our setting.) See Fig. 7.14 on page 219 for
an illustration.

Using this we can write

[S]

f(x) B f/(C) (x_c)+f//(€1)(x—zc)

8% g(c)(x— ) +g"(&)

Taking the limit as x — ¢ we get

[S]

£() F1(e) + f(&)

lim —= = lim -
x—c g(x) x—c g’(c) +g”(§2) (x;c)
G
g'(c)

We can apply L’Hopital’s rule to other indeterminate forms and we can apply
L’Hopital’s rule when we get an indeterminate form as x goes to =eo. Each of these cases is
slightly different, but all of them can be justified by rewriting the functions under consideration.
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First we consider the case of the indeterminate form +eo/4-co for a function f(x)/g(x) as

x — a. In this case we must have limy_,, f(x) = 4eo and lim,_,, g(x) = =ec. This means that
the function, which is a simple rewrite of the original function,

1

8

L

()

o9

~

has the form 0/0. By L'Hopital’s rule the limit of this function exists if the ratio of the deriva-
tives has a limit and then the limits are the same.

If we assume that lim,_,, f(x)/g(x) = Ly and lim,_,, f'(x)/g’(x) = L, both exist, both are
non zero, and both are finite then,

lim fx) = lim g(lx)
x—a g(x) x—a yiE)
W,
(L) ;. g*(x
=
2%

= lim
x—a f'(x) g (x)
This implies that L; = L% /Ly or Ly = L,. This type of argument can be made rigorous and it

can made to work if the limit is O or teo. This gives our second version of L’Hopital’s rule.

Theorem 68 (L’Hopital’s Rule IT). Assume that f(x) and g(x) are defined on an open interval
around a, possibly excluding a. Also assume thatlim,_, f(x) = d-eo and that lim,_,, g(x) = eo.

If

)
)%grzl/z g (x) =L,
then
- flx)
IE}I}I @ N L'

Remark 21. As with the first version of L’Hopital’s rule, Theorem 67, this also applies to one-
sided limits.

This has some interesting uses.

Example 255. Consider the limit lim,_,¢+ xIn(x). This can be rewritten as

1 oo
lim xIn(x) = lim ngx), (Form—)
x—0+ x—0t T o0
1
Y oim =
=0t —
X
= lim —x
x—0t
=0.

Remark 22. Notice that in the preceding example the limit was not set equal to the form eo/co.
This was not done since the form eo/eo has no fixed value and therefore does not exist. However,
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it was noted as a check that the form of the limit is indeterminate by explicitly stating the form
of the limit. This can be very useful to make certain that L’Hopital’s rule applies to the limit we
are evaluating.

L’Hopital’s rule also applies when we consider limits with x — oo,

Theorem 69 (L’Hopital Rule III). Assume that f(x) and g(x) are defined and differentiable
on an interval (a,eo) or (—oe,b). Also assume that f(x)/g(x) has one of the indeterminate forms
0/0 or oo/ +eo as x — Foo. If
!
lim £ )
x=e g'(x)

:l‘7

then

f)

e b

on, if

I

then

This form of L’Hopital’s rule can be used to compare growth rates of functions as x — co.

Example 256. The function f(x) = exp(x) grows faster than any polynomial as x — oo. This
is true if limy_,e. €xp(x) /X" = oo for any integer n > 0. We show this using induction. First we
consider the case of a polynomial of degree 0, p(x) = 1, a constant function. Here

lim — = lim ¢* = oo,
x—oo | X—oo0

Now we assume that lim,_,. ¢*/x" = oo and show that limy_,.. " /x’”rl = oo. In this case,
noting that lim,_,.. X" = oo and lim,_,c. € = oo,

. &L .. e’
lim = lim ————
x—veo x L xsee (n4- 1) a7

1 e
= lim —

n+1 x—eo x

— oo,

By the induction hypothesis, lim,_;.. * /x" = oo for all nonnegative integers n and exp(x) grows
faster than x" for any n. It is left to the reader to justify that this implies that exp(x) grows faster
than every polynomial.

Some other indeterminate forms can be changed to a form where L’Hopital’s rule can be
used. The basic method for dealing with the form 0 - e was illustrated in Example 255 on page
221. Here, if lim,_,, f(x) = deo we have lim,_,, 1 /f(x) = 0 and if lim,_,, f(x) = 0 we may
have limy_,, 1/ f(x) = eo. Using these we can translate the form to 0/0 or co/eo.

Example 257. If we rewrite the limit lim,_,. x sin (1/x), the form 0 - e, as

(1
o S0 (3)

X300

==
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we get the form 0/0 and can apply L’Hopital’s rule .

Ll
lim x sin (l) = lim Sln(]‘)

X—roo X x—eo L
X
1\ =1
W )
M

We could also have used the substitution y = 1/x and the fact that as x — oo, 1 /x goes to 0
from the positive side. This translation gives us

. 1 .
sin { -
tim S0 ) i, 500

X—poo T y=0+t Yy

This limit was considered before Theorem 67 on page 218.

Somewhat more difficult is applying L’ Hopital’s rule to the forms 0%, =, and 1*°. In these
cases the form arises from a limit of the form lim, ., f(x)$®). Using the fact that exp(y) is
continuous for all y, we can apply Theorem 20 on page 46 to the limit

limexp (g(x) In(f(x))).

X—a

This requires the application of L”Hopital’s rule to

lim (g(x) In(f(x))). (7.4)

X—a
A few examples illustrate how this is done.

Example 258. The limit lim,—, .. (1+ 1/x)" has the form 1. Taking the natural log of this
function and taking the limit gives

X
lim ln<(1—|—l) )z lim xln(l—!—l)
X—r—oo X X—r—o0 X

1
= lim ln(1+x)
X——o0 <

—1
@ .. 214l
= lim :
X—y—o0

This means that
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Example 259. A limit that has the form 0° is

lim x*()
x—0+t

Rewriting this in the form of Eq. 7.4 we obtain the limit

lim In(x) sin(x).

x—0*t

This is of the form (—e<) 0, which we change into

lim 0
x—0F

sin(x)

Now we have the form —oo /eo,

Applying L’Hopital’s rule to this last limit gives

lim In(x) sin(x) = lim 29

x—0+ a0t —L
sin(x)
© fim —=
0+ —cos(x)
sin® (x)
= lim (sin(x) ! sm(x))
x—=0 cos(x) «x
=0.

The last equality is true since lim,_,q+ sin(x) = 0, lim,_,o+ —1/cos(x)
lim,_, o+ sin(x) /x = 1. We now have

—1, and

lim xsin(x) _ 0
x—0F

=1.
Example 260. The limit

lim x(3).

X—yoo

has the form o°. Again, we take the limit in Eq. 7.4,

This means that

This will be used for the root test for convergence of series, Sect. 10.5.

The form oo — e is also indeterminate. For example, if we take f(x) = x+c and g(x) =
x for any number c, then lim,_.. (f(x)—g(x)) has the form co—eo. In this case limy_.. (f(x
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—g(x))=c, an arbitrary real number. On the other hand, if we take (y) = y* and s(y) =y, we
again have the form es — oo, In this case we get limy_,o. (h(y) — 5(y)) = o and limy_,.. (s(y) —
h(y)) = —ee. Clearly we can get any value from the form eo — oo,

In order to evaluate this indeterminate form using L’Hopital’s rule we need to change this
form into either the form 0/0 or the form eo/co. This can be difficult and is often done using
methods that are specific to the limit under consideration.

Example 261. Consider the function h(y) = y —In(y) as y goes to infinity. We can factor y
out of this expression to get h(y) =y (1 —In(y)/y). Since limy_,..In(y)/y = 0, this can be
done using L’Hépital’s rule, we have h(y) > 1/2y if y > M for some positive M. This means
limy e (y — In(y)) = oo.

When the form eo — oo comes from the difference of functions f(x) and g(x) we can rewrite
the difference as

o U080 )+ 50)
F0 =80 =6 e
W2
f)+gx)

The denominator of this expression goes to co. If the numerator is bounded, the limit is zero.
Otherwise we can attempt to use L'Hopital’s rule to find this limit.

Example 262. Consider the function /(x) = v/x* — 2x2 + 2 —x? and lim,_.. 2(x). We can rewrite
h(x) as
(V=275 2-2) (V=275 2+2)
Vot —2x2 42+ x?
—2x% 42
Vaxt —2x24+2+x2
-2+3

/ 2 2 '
l—;z-i-g-i-l

Taking the limit of this expression as x — oo gives us

h(x) =

_2_|_l
lim h(x) = — lim ———t
X—oo0 X—oo0 /1_)%4_)(2_44_1
=1

7.4.1 Slant Asymptotes

A horizontal asymptote for a function f(x) is a line y = ¢ such that lim,_,.. f(x) = ¢ or
limy—,_.. f(x) = c. These two limits can be rewritten as limy_,.. (f(x) —¢) = 0 or lim,—, _o ( f(x) —
¢) = 0. We use the same basic idea to define a slant asymptote.

Definition 29 (Slant asymptote). Let f be a function that is defined on (c,o0) or on (—eo,c)
for some real number c. A line y = ax+ b, with a # 0, is a slant asymptote for f(x) if either
limy o (f(x) — (ax+b)) = 0 or limy, .. (f(x) — (ax+ b)) = 0, see Fig. 7.15 on page 226.



226 7 Cross Product

Fig. 7.15

A simple example illustrates how this works.

Example 263. The function f(x) = (x*> 4 2x — 1)/x has slant asymptote y = x + 2 as x goes to
either plus infinity or minus infinity, see Fig. 7.16 on page 226. Since we can write

P +2x—1 1

f(x) =x—|—2—;,

the difference between f(x) and x + 2 is simply 1/x if x # 0. Because 1/x goes to 0 as x goes
to plus or minus infinity, the line y = x + 2 is a slant asymptote for f(x).

If a function f(x) has a slant asymptote y = ax + b as x goes to infinity then, since
limy e f(x) —ax— b =0 and limy_,e. b /x = 0,

0= fim ) —ax—b
X—>oo0 X
—gim I (7.4.1)
X—oo X

Fig. 7.16 f(x) = (> +2x—1)/x

This means that, if a slant asymptote exists, the slope of the slant asymptote is

a= lim ]Lx)

x—teo X

In the case when we have an a from Eq.7.4.1 the constant b can be calculated as the limit

b= lim f(x) — ax.

X300
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Even if an a exists, the function may not have a slant asymptote. Only if both the a and b exist,
does the function have a slant asymptote.

Example 264. The function h(y) = 1/y? — 4y + 8 has two slant asymptotes, one as y — —oo and
one as y — oo. The a values are

h
alzlim—(y)
yeo Y
V2 —4y+8
i WS
y—roo y
4 8
= lim 1——"1‘—2
Yoo y oy
and
h
a, = lim _(y)
yor—eo Y
2_4y+8
— fim VIO
y—r—oo y
4 8
= lim — l——+=
Yoo y oy
=—1.

The first b value is

by =limh(y)—y

yoee

. H 2 _ _
—}gg y-—4y+8—y

(V=2 58-y) (V2 =4y +8+)

= lim
yree VP —4y+8+y
—4y+8
— lim f“L -
y—roe _ 4
y(Vl y+>7+1)
—4+8
= lim - ’8
y—ree _ 4 K
(\/ >‘+y2+1)
= 2.

A similar computation shows that b, = 2.
This gives us two slant asymptotes, z =y — 2 and z = —y+ 2. Figure 7.17 on page 228
illustrates the function and the slant asymptotes.
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-15-10 -5 Of g 10 15
A
51 Y

7/ -154

Fig. 7.17 h(y) = \/y> —4y+38

Example 265. Consider the function g(z) = v/z> + 1 + cos(z). For this function we have

VZTT
tim £& — jim (—Z ha +—°°S(Z)>
i 7 T 4 4
I
= lim (— 1+—2+°°S(Z)>
Z——oo Z 4
=140
1.

This gives an a of —1.
However,

lim (g(z) —(—2z)) = ZEIPW ( 22+ 1+cos(z) —i—z)

oo
=l 1 1 !
= zHHPW z — —+ Z_2 —|—COS(Z) .

Using L’Hbpital’s rule we can show that

lim z(l—\/H—l/zz) =0.
7> —oo

lim (g(z) —(—2))

Tr—oo

Therefore

does not exist. This function does not have a slant asymptote. Figure 7.18 on page 229 is a

graph of this function.
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-20 -15 -10 -5 0 5
z

Fig. 7.18 g(z) = Vz2+1+cos(z)

Exercises

1. Evaluate the following limits using L’Hopital’s rule when possible.

. cos(0) 24y

1 im —

@ 5y © I om

(b) (%IE}) O cot(0) 2

. lm ——

© lim sn;(rcx) ® 210 310z
=1 x—1

1= 5w

d) )1(51(1) x2—1 ©® JICIL% 67

2. Evaluate the following limits using L’Hopital’s rule when possible.

. cos(B) .o 2
(a) elgrblo -1 (e) }1g£1°y (l—cos (;))
2

(b)  lim T () lim (3w?+6w+1) exp(—w)

X—yoo DX W—soo

1

li in( — im ——

(c) lim x sin (x) (2) )}1_1& ()
1

d 1 (@) (h)  lim e

i Z X—roo

3. Evaluate the following limits using L'Hopital’s rule when possible.

lim x* . 7 ¥
(a) Jim (e) }113(1) (e +y)’
4\ in(0)
b 1 1 - . S
(b) gg( +Z) (H  Jim (tan(6))

©  lim x"9 (@ lim (1n(6) —sec(6))
X—boo e

d  limxs (h)  lim ( 42 —9— Zx)

X—ro0 X—>o0

229
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4. Do the following functions have slant asymptotes? If they do, what are the equations of
the slant asymptotes?

3x%—2x-3
@ fx) ==

(b)  g(y)=+v4y*—2y+3

=724+ 14x—5
(C) f(x)_ x2_4x+5

(d)  h(y)=/27y3 —T74y2+10

e) r(z)= 6/27 Pcos(z) — 74722+ 10

5. Show that f(x) = In(x) does not have a slant asymptote.



Chapter 8
More Techniques of Integration

8.1 A Review of Substitution

Given that integration by substitution is in Sect. 6.5, a short review of substitution for integration
is probably appropriate. Some of the substitutions here will be less obvious than those consid-
ered in the first semester of calculus. In addition, it is shown how the notation used for separable
differential equations follows from integration by substitution.

Recall that integration by substitution is equivalent to reversing the chain rule,

o o) =1(5(1) ¢/(x).

Rewriting this in terms of integrals we have
d
[ gwac= [ (4 e ) as

=fog(x)+C.

This means that we are trying to find the functions f'(y), g’(x), and g(x) in the form
f'(g(x)) g'(x). If we have f'(ax+ b), we do not need the g’(x) since it is a constant that can
be obtained using multiplication by a/a. Otherwise, we need to have g’(x) up to a constant
multiple.

Example 266. This shows how we can work with the form f'(g(x)) g’(x). Consider
/ (cos(4x),sin(4x)) dx.

Here we take f'(y) = (cos(y),sin(y)) and g(x) = 4x. This gives g’(x) = 4 and the integral
becomes

/(cos(4x),sin(4x))dx: % /(cos(4x),sin(4x))4dx
=1 [Fletnga
= (g0 +C

= 4_11 (sin(4x), —cos(4x)) +C.

© Springer International Publishing Switzerland 2014 231
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Frequently people use u to denote g(x), combined with differential notation as in Eq. 2.4 on
page 64, in order to simplify the notation.

Example 267. Consider the first component of the Example 266,

/cos(4x) dx.

Here we can take f’(y) = cos(y) and u = 4x. This gives du = 4dx or dx = du/4. The integral
now becomes

/cos(4x) dx = /cos(u) C{TM

sin(u)
=——+4+C
2+
sin(4x)
=——7=+4C.
1 +
The above example shows how substituting u for g(x) simplifies the notation. This can work

for more complicated integrals.
Example 268. Consider
sin (In(6x+ 1
/ (In(6x+1)) i
6x+1

The substitution v = In(6x + 1) works in this case since

dv 6 1

— = =6 .
dx 6x+1 6x+1

Then

and the integral becomes

sin (In(6x+1)) o dy

/@c—ﬂdx:,/ sm(v)z

_cos(v)

= ———+C

_ _cos(ln(6x+ 1)) L
— — TC

Example 269. Consider the integral

2 ) 2
/we_w tan (e W ) sec? (e W ) dw.

. . . . 2 .
An appropriate substitution here is u = tan (e‘w ) since

d 2 2 2
— tan (e*”’ ) = 2we " sec? (e’w ) .
dw
(There is another appropriate substitution. What is it?) This last equation can be rewritten as

d :
—’; —we ™ sec? (e_wz) dw.
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Using this substitution the original integral can be evaluated:

/we*W2 tan <e7W2> sec? dw /— —du

———4C
4+

We can use similar substitutions for vector valued functions.

Example 270. Consider the function r(r) = (t*cos(r*+1),%sin (> +1)). Substituting
u=13+1and t>dt = du/3 we have

/r(t)dt:/(cos (£ +1),sin (£ + 1)) dr
/ cos(u),sin(u)) du

(sin(u),—cos(u)) +C

L»I»—(.»JI»—(.»JI

(sin (£ +1),—cos (© +1)) +C.

A problem that many people have is using correct limits for definite integrals when doing
integration using a substitution. It is required to always have equal quantities. The least confus-
ing way of doing this is to find an antiderivative of the integrand and then do a definite integral
with the antiderivative. The other notational ways of dealing with substitutions are to change
the limits of integration to match the substitution and to always note that the limits are in terms
of the original variable. The following two examples show we can work with the limits using
the last two options.

Example 271. Consider

/2
/ 7 cos (zz) dz.
0

We can use the substitution u = z2 and zdz = du/2. In this case, if z =0 then u = 0 and if
z=+/m/2 then u = 1 /2. This means that

2
_ sin(u) /2
=,
~_sin(%)  sin(0)
T2 2
1
=3

Example 272. Consider
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We can use the substitution u = z* and zdz = du/2. This means that

/2 z=1/T/2
/ zcos (%) dz = / cos(u) du
0 .

J7=0 2
~sin(u) [ /2
2 z=0
B sin (Z2) /2

2 0
_sin(%) sin(0)
2 2
_ 1
=3

The important thing to notice is that if we do not pay attention to the limits we often get
quantities that are not equal. For example, if we did not change the limits in the two preceding
examples we would write that the quantities

/2
/0 zcos () dz

and

u

/\/ /2 cos(u)

d
0 2
are equal. However, the quantities are not equal. The first is equal to 1/2 and the second expres-
sion equals sin (\/n / 2) /2 2 0.4750. In order to maintain the value of the integral, we must
pay attention to the limits of integration.

8.1.1 Substitution and Separable Differential Equations

Recall that differential equations were discussed in Sect. 6.1. The definition of a differential
equation, Definition 22, and the definition of a solution to a differential equation are in that
section.

There is an often encountered situation when studying differential equations where a substi-
tution is used without mention. It is in the solution of separable differential equations. A differ-
ential equation is separable if it can be written in the form

2% =f(x)g()-

Assuming that g(y) is not zero, we can rewrite this as

Ldy
g(y) dx )

or, in integral form when integrating against x,

/%%dx:/f(x)dx.
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Using the substitution w = y(x) and dw = i% dx we have

/ﬁdWZ/f(x)dx.

This is usually written, using the original symbol for the dependent variable, as

/ﬁdy:/f(x)dx.

Example 273. Consider the separable differential equation

dP(t) P(t)

dt 100

where P(0) = 1,000. (This is an initial condition.) Using the substitution trick above we get
1 1
—dP = [ —dt.
7= [ i

t
1n(|P|) = m +C.

Integrating both sides yields

Solving for |P| gives
13 13
|P| = em"'c = Cl em
where C is an unknown constant and C; is an unknown positive constant.

Since |P| is £P, using C to represent an unknown nonzero constant, the last equation be-
comes

P=Cew.
Because P(r) = 0 is a solution to the original solution differential equation, all functions of the
form

P=Cetw.
should be solutions to the differential equation. (Check that they are solutions.)

In this example it is assumed that P(0) = 1,000. Using the solutions from the last equation
we have

1,000 = CeT0
=C.
The solution to the differential equation with its initial condition is
P(t) = 1,000¢T0.

The solution of the differential equation in Example 273 is called exponential growth, i.e.
the function is an exponential function that grows as the independent variable goes to infinity
if the initial value of the function is positive. Any differential equation of the form

dx

= 8.1

has the same behavior if o¢ > 0.
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Example 274. Consider the differential equation

d
d—fzo.zsx with  x(0) = 1,000.

To solve the differential equation we separate the variable as
d "
/ ax_ / 0.25dr
x .

In|x| =0.25¢+C.

or, by integration,

Solving for x and including the solution x(7) = 0 yields
x(t) = Ce™ P,

Att =0, we have
1,000 = Ce®

or C = 1,000. This means the solution to the differential equation is
x(1) = 1,000£°2",

See Fig. 8.1 on page 236.

140000
1200001
1000001

800007

60000
400001

20000

0 5 10 15 20
t

Fig. 8.1 The solution to the differential equation in Example 274 on page 236

8 Integration Techniques

On the other hand, if the constant in Eq. 8.1 is negative the solution always goes to 0 as
t — oo, This is used to model, for example, the decay of radioactive isotopes. The following

example examines this situation.

Example 275. The Carbon isotope '“C has radioactive with a half-life of approximately
1172 = 5,730 years. (The error is +40 years.) The half-life is the time it takes for half of the
atoms of the isotope to decay. For the decay of radioactive isotopes we assume that the quantity

of the isotope present follows the differential equation

dA

— =—kA
dt
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where A is the amount of the isotope and k is a positive constant. This is simply saying that a
certain proportion of the atoms decay over a given time period, no matter when the period starts
or how many atoms are present in the sample.

Rewriting the differential equation as

dA
/K‘/_k‘”

In|A| = —kt+C.

and integrating we get

Solving for A and assuming that A(0) = A gives us
A(t) = Age ™.
To find k£ we use the fact that half-life is 5,730 years,

A _
20 _ pge k5730

2
or
1
>= o—k5.730.
Solving for k gives
In(2
)
5,730

and

(Note that the constant k is always In(2) /¢, ».)
Finally, if we start with 1 ug, the amount of '*C after 500 years is

A(500) ~ 1 exp (—%)

~0.941 ug

See Fig. 8.2 on page 237.

0 10000 20000
t

Fig. 8.2 The amount of “C as a function of time for example 275 on page 236
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This method is used, with corrections, for dating in archeology. Corrections are required
since the amount of Carbon 14 produced on earth is not constant. This means that using tree
ring dating and other methods can give better dating. This other information can then be used

8 Integration Techniques

to establish more accurate carbon ratios for dating when only '“C is available.

Evaluate the following definite integrals. (Give exact answers for all problems.)

@ | 31 w2 (" 42) gy

(h) / Ctan () sec? (5)

(i) A TR e2) gy

() AS(H—cos(x)) Fx+sin(x) dx
0 [ ()

/0 sin(w) cos(w) dw
—2 1 +sin®(w)

Exercises
1. Find antiderivatives of the following functions.
(@  f(x)=2x+1)Vx>+x+5
_ sin(2y)
b g = T+ cos(2y)
(©)  h(w) =wsin (w?*)exp (cos (w?))
2x
d =
__exp(2y)
@ gb)= o) 4
_exp(w)
M hlw) = 1+ 10exp(w)
~ xcos (x?) sin (x?)
(@ flo)= oo () 14
yexp(y’ +2)
h =
(h)  g(y) 0712 4
(i) h(w)= (3w + 2w) tan (w* +w?) sec® (W +w?)
() f(x) =2xtan (x*) sec ()
2.
2
@) /O (2x+ DVA2 + x4 5dx
1
(b) / sin(2x)4/ 1 — sin?(2x) dx
-1
1 1N ot
(c) /0 tan (§> sec (§> dt
2 2
5 sin(mx)
© / Va4 0052
t
1
(f) /0 tan(2>sec (2> dt )]
3. Evaluate the following definite integrals.

(a)

1
/ e (cos(H—e’) ,sin (1+¢') ,\/1+e’) dt
Jo
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0
) / o1 (cos (ezm),m (etm)’ e +e,2+1> i

-2

(©) /On sin(r) (cos(l +cos(t)) ,exp (1 +cos(r)), M) d
(d) /Z‘r cos(0) (sin2(6)7exp(sin(6)) , m) 46

_n
Py

4. Solve the following differential equations.

dy 2 dx _ —1—-%
(a) =X (c) i sec(x)re .
dy dx X2 +1
b _ = _y. d —_ = .
(b) =7 =xe @ % t
5. Solve the following differential equations with the given initial conditions.
d d 141
(a) d_z :xzy andy(]): 1. (c) d—)tc: T+ andx(O):2.
dy . —y . dx 2 .
(b) o e and y(0) = 0. (d) priats trandx(2) = 1.

6. Newton’s law of cooling states that under ideal conditions the rate of change of an object
in a constant temperature medium is proportional to the difference between the temperature
of the object 7'(r) and the temperature Ty of the medium, the ambient temperature,

dT (1)
dt

— K(T() - Th). (82)

(a)  Solve the differential equation (8.2) using the substitution U (t) = T'(t) — Tj.
(b)  Find the solution to the differential equation if 7(0) = 100, Ty = 22, and T'(3) = 35.
(c)  Find the solution to the differential equation if 7(0) = 100, Ty = 22, and 7'(0) = —40.

7. The half-life of Helium 6, °He, is 806.7 ms. If you start with a sample of 7 g, how much
®He will you have after 1 min?

8.  The half-life of Tin 123, 23S, is 129.2 days. If you have 2 ng after 1 year, how much did
you have initially?

9. You start with a mixture of two isotopes of Californium, Californium 241 with a half
life of 3.78 min and Californium 244 with a half-life of 19.4 min. If the ratio of Cali-
fornium 241 atoms to Californium 244 atoms is initially 10 to 1, when will the ratio of
Californium 241 atoms to Californium 244 atoms be 1 to 1?

1 0
10.  Show that / x(l1=x)dx= —/ u (1 — u) du using the substitution u = 1 — x.
0 1

8.2 Integration by Parts

The second technique of integration presented is integration by parts. It can be viewed as the
inverse operation of the product rule. If we take the product rule

(f-8)(x) = f'(x)- g(x) + f(x)-&'(x)
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and integrate both sides with respect to x we get

(r- 9 = [ (-8
= [ 7)-gdx+ [ 100-¢

Rearranging gives the integration by parts formula:

[U-8)@ax= (790~ [ (7-8) ax

This is sometimes rewritten by replacing f by u and g by v, and using differentials to get the

form
/udv=uv—/vdu.

It is unclear how integration by parts can be used from the formula. There are two very
important cases when it can be used. The first is the case where f(x) is a polynomial of degree
n and g(x) is a transcendental function that is easily integrated at least n+ 1 times. In this case,
applying integration by parts n times will yield a formula for the antiderivative.

/xexdx.

Here f(x) = x is a polynomial of degree 1 and g’(x) = ¢* is infinitely integrable. In this case we
can use g(x) =" and f'(x) = 1 to get

/xexdx:xex—/lexdx

=xe*—e" +C.

Example 276. Consider the integral

It is simple to check this formula using differentiation.

Remark 23. In the above example the single function g(x) = ¢* was used for the antiderivative.
No matter which antiderivative of g(x) we use, we always get the same answer. This is relatively
easy to show and is left as an exercise.

This technique also works with higher degree polynomials using the integration by parts
formula multiple times.

Example 277. Consider the integral

/13 cos(3z)dz.

Here we can take u = z° and dv = cos(3z) dz. Then we have du = 37> dz and v = sin(3z)/3.
The integral now takes the form

/z3 cos(3z)dz = Zzﬂ —/ % sin(3z) dz.

The last term on the right can be integrated using parts with u; = 72, dv| = sin(3z) dz, du; =
2zdz, and vi = —cos(3z)/3 to get
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3 o 2 2
/13 cos(3z)dz = < 812(32) — (—Z CO;(3Z) +/§zcos(3z) dz)

3 . 2
_z sn;(?)z) z C035(3Z) _% zcos(3z)dz.

Applying integration by parts to the last term on the right with uy = z, dv, = cos(3z)dz,
duy = 1, and v, = sin(3z) /3 gives

. 3 2 2 .
/13 cos(3z)dz = < SI§(3Z) < CO;(3Z) -3 /zcos(3z) dz
2 sin(3z) i Zcos(3z) 2 (zsin(3z) / sin(3z) d
T3 3 ANE 3
2 sin(3z) |z’ cos(3z) 2zsin(3z)  2cos(32)

+C.

3 3 9 27

The other main situation where integration by parts is used is when f(x) and g’(x) have the
nth derivative of f(x) as a multiple of f(x) and the nth antiderivative of g’(x) is a multiple of
g (x). Applying integration by parts n times to [ f(x)-g'(x)dx will yield a term of the form
k- [ f(x)- g (x)dx on the right side of the integrals where k # 1. This term can be taken to the
other side to get an equation that can be solved for [ f(x) - g’(x) dx. The next example illustrates
this technique.

Example 278. The integral
/ cos(w)e" dw

can be evaluated using integration by parts. Let u = ¢" and let dv = cos(w) dw. Then du = " dw
and v = sin(w). This gives

/cos(w) ¥ dw = sin(w)e" — /sin(w) evdw.

Integrating by parts again with u; = ¢” and dv; = sin(w)dw gives du; = " dw,
v; = —cos(w), and

/cos(w) ¥ dw = sin(w)e"” — (— cos(w)e” + /cos(w) e’ dw)
= sin(w) " + cos(w) e" — /cos(w) eV dw.

Adding [ cos(w)e" dw to both sides of the equation, dividing by 2, and adding the constant
of integration gives

1 w w
/cos(w)ewdw: sin(w) e 42—cos(w)e ic

Remark 24. An important thing to remember about integration by parts is that if we integrate a
function f(x) in the first step, we need to keep integrating the integrals of f(x). We should never
need to differentiate an integral of f(x). Remember when we differentiate the antiderivative of
a function, we get the original function back.

If we take the integral from the last example with u = ", dv = cos(w) dw, du = " dw and
v = sin(w) we get

/cos(w) e¥dw = sin(w)e" — /sin(w) evdw.
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Taking u; = sin(w), dvi = €" dw, du; = cos(w)dw, and v = €" gives
/cos(w) e¥dw =sin(w)e"” — (Sin(w) e — /cos(w) e" dw)

—/cos Ye' dw.

This has not changed the original integral at all and is not helpful.

There is one other common situation where integration by parts is useful, when we integrate
a polynomial in x multiplied by the natural logarithm of x, In(x). In this case differentiating the
natural logarithm of x turns the integral into the integral of a sum of powers of x.

/ In(x)dx

We can take f(x) = In(x) and g’(x) = 1. Differentiating and integrating gives f’(x) = 1/x and
g(x) = x. The integral now becomes

/ln dx = x1In(x) — / dx
:xln(x)—/ldx
=xIn(x) —x+C.

Example 279. Consider the integral

This section ends with a final example that shows how a substitution can change an integral
that looks very difficult into a simple integration by parts.

2.
/x*exdx
0

can be changed into a simple integration by parts using the substitution w = x>, dw = 2xdx,
w(0) =0, and w(2) = 4. The integral is transformed to an integral in terms of w:

232 2 2
/xexdx—/xe xdx
0

—/we—

The integral in terms of w can be integrated by parts using u = w, dv = €" dw, du = dw, and
v=e".

Example 280. The integral

4

4
—/ eV dw
0 0
4
=4t — |
0

=3¢t +1.
2 2
/ X dx =3¢ +1.
0

4 L dw w
/0 we” 5 =we

The final result is
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Exercises

I.

Find antiderivatives of the following functions.

(@  f(x) =xsin(5x)

( X
(b)  flx) =x> cos(5x?)
) =y

© gy)=yexp(5y—2)

(d)  h(w)=w?In(w)

)  f(x)=x"exp(x’)

(H)  g(y) =cos(2y)sin(y)

@  h(w) = @ sin(w)

(h)  f(x) = cos(3x)sin(5x)

(i) g(y)=cos (6 + g) sin(0)

() h(w) = arcsin(w)
(

(k) f(x) = arctan(x)

2. Evaluate the following definite integrals. (Give exact answers for all problems.)
2 3
(a) / xe*dx () / sin (77) e dt
0 1
0 ) 5 6
(b) / xsin (x*) dx (g) / eV cos(2w)dw
- 2
. \/i 5
(c) / Y tsin (%) cos (¢*) dt (h) / X 1In(x) dx
Jo 1
2 T t
(d) / e sin(e") dw (1) / 12 cos (—) dt
2 0 2
1
202 2 : 0
(e) / (x* +x) e dx ) / (w+1) exp(—w)dw
J—1 o
3. A 1kg mass starts at rest at the origin and is constrained to move along the x-axis. The
position of the mass given by x(z). If the force acting on the mass is the exponentially
decaying function
F(t)= 10e(~%) cos(t)N,
find the position of the mass as a function of time.
4. The one dimensional motion of a mass on a spring can be modeled by the equation
X (1) = Ae ™ sin(wr + ¢).
IfA=1 k= le’ o = 7 and ¢ = {5, find the distance traveled by the mass from 7 = 0 to
t=10
5. Explain why if f(x) is a vector valued function and g(x) is a real valued function, the

integration by parts formula

is valid.
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6.  Use the equation from Exercise 5 to evaluate the following.

@ / x(¢%,sin(x)) dx. © / ¢ (cos(26),sin(8)) d.

®) / 0 (cos(6),sin(8)) d6. (d) /e*" (cos(6)7sin(26)7%> de.

7. Solve the following differential equations.

(a) ‘%:(H#) In(r), w(l)=0 (©) ‘;—V::(Hw)tz In(z), w(1)=0
dy  xexp(x) B dy _ cos(x) exp(x) B

8.3 Integration by Partial Fractions

Partial fractions is a method used to integrate rational functions. It relies on two important facts.
The first allows us to write a general rational function as a sum of simple rational functions. This
is called a partial fractions decomposition . Some examples of partial fractions decompositions
will illustrate the idea.

Example 281. Each of the following equalities shows how we can rewrite a rational function as
a sum of simpler rational function. Later in this section you should learn how to do this. For
now the equalities can be verified by multiplying both sides of each equality by the denominator
of the left side of the equation.

6x+4 6 16
2= + 2
(x=2)" *¥=2 (x-2)
3x+5 1 n 8
(x+2)(x—1) 3(x+2) 3(x—1)
X —29x—39  4x+3 3
(2 +4x+8)(x—5) x>+4x+8 x—5
4+ 8x% +4x—3 3 2 2x+1

d - - .
an (x—1)2(x2+2x+2) )c—l+(x—1)2 X2 +2x+2

Finding the partial fractions decomposition is the hard part of this technique. As you will
see, it is theoretically possible to find a partial fractions decomposition of any rational function.
The biggest problem is completely factoring the denominator of the rational function.

The second fact is that once we have a partial fractions decomposition, integrating the sim-
pler rational functions is always possible. Each of the terms on the right sides of the equations
in the example above can be integrated with the information you already have. Terms of the
types

6 16
and 5
x—2 (x—2)

have antiderivatives
16
6In(x—2 d ——.
n(x—2) an T3
In a similar way we can integrate any rational function of the form A/(x — b)" for a positive
integer n.
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The terms similar to (4x+3)/(x* +4x -+ 8) are not hard to integrate if we can complete the
square. In this case we can rewrite x> +4x + 8 as (x +2)2 +22 by completing the square. Using
this we can rewrite this rational function as

dx+3 4x+2) 5
W2 4+4x+8  (x+2)2422  (x+2)2+2%

The first term on the right of this equation can be integrated using the substitution u = x>+4x+8
and du = 2(x+2)dx to get

(x+2) /
dx=2 d
/x2—|—4x—|—8 "
=21Inu|+C

=2In|x*+4x+8|+C

The second term on the right can be integrated using the substitution v = (x+2)/2 and
dv=dx/2:

Combining all of the above we have

/ x? —29x—39 dx:/ 4x+3 dx—/idx
(x2 +4x+8)(x—5) X2 +4x+8 x—35
_ 4(x+2) 5 B / 1 dx
(x+2)2+2%2  (x+2)2+22 x—5
x+2

5
:21n|x2+4x+8|—§tan_l< )—3ln|x—5|+C.

There are three results that allow us to rewrite a rational function as a partial fractions de-
composition. The first result is a consequence to the division algorithm for polynomials.

Lemma 4. Let r(x) = p(x)/q(x) be a rational function. Then r(x) can be written as

h(x)

() = )+ 75

)

where f(x) and h(x) are polynomials with the degree of h(x) less than the degree of q(x).
An example makes this easier to understand.

Example 282. Let

X 4+4axr—3x+5

rx) = X24+x-2
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Then

3 2

x’ +4x-—3x+5 —4dx+11
= = 3 A =
r(x) xX24x-2 o +x2—|—x—2

This can be done by long division of polynomials
x +3.

x2+x—2) X442 —3x +5
—x3 —x242x

3x2 —x +5
—3x2—3x +6
—4x+11

The second fact allows us to factor the denominator of the rational function. The proof is
beyond this class and is omitted.

Theorem 70. If ¢(x) is a polynomial in x with real coefficients, then q(x) can be factored as

gx)=h(x+a1) - (x+az) - (x+ay)
(P +bix+cy)- (P +bax+ca) - (X +bpx+cp)

where h, the a;’s, b;’s, and cy’s are real numbers and each of the quadratics X2+b X+ cj has
no real roots, each is irreducible.

Note that the x — a;’s and the x> + b X+ c;’s may repeat. This means that we may write
q(x) =d (x+a)" - (x+ )2 (x+an) (8.3)
P+ bix4c) (P bax ) (P4 bpx )™ (8.4)

where the ¢;” are all distinct and all of the (b}, c;) pairs are distinct.
Assuming that g(x) can be factored as in Eq. 8.3, we can theoretically write

k k k
p(x) LAy L Ay % Apg
B2l )+ Ly D Y
S RREAURD M rorwn ) Y e 2 Gray
d By +Cyix & Byi+Cyix & Bt Cix

+ : gy T T
i:zi(x2+171X+61)‘ i:zi(x2+bzX+Cz)‘ ;(x2+bmx+cm)l

Here f(x) is a polynomial. The terms of the forms A/(x+a), (B+ Cx)(x> +bx+c), and
(C (2x+b))(x> + bx + )" can be integrated as above.

The problem facing us now is how to find the A’s, B’s, and C’s. At this point it is assumed
that the degree of p(x) is less than the degree of g(x). A procedure that “always” works is to
set the rational function equal to the desired partial fractions decomposition and multiply both
sides of the equation by the denominator of the rational function. This gives two polynomials
that must be equal. We then need to find A’s, B’s, and C’s that make the coefficients on both
sides of the equation equal.

For example, consider

x—3 A B

(x+1)(x+2) x+1 + x+2°
Multiplying both sides of the equation by (x+ 1) (x+2) gives

x—3=A(x+2)+B(x+1)=(A+B)x+ (2A+B).
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Since the polynomials are equal, their coefficients for each power of x must be equal,

x=(A+B)x, and
—3=2A+8B.

For the example this gives two linear equations in two unknowns

1=A+B, and
—3=2A+B.

which can be solved giving A = —4 and B =5.
Using the values of A and B we have

x—3 4 5

(x+1)(x+2) x+1 +x—|—2'

The terms on the right can easily be integrated.
In the general case, by setting the coefficients for each power of x equal, we get a system of
n linear equations in n unknowns that can be solved. Here n is the degree of the denominator of
the rational function. Although this technique always works, in many cases it can be simplified
by using the roots of the denominator of the rational function.
Again consider
x—=3 A B

(x+1)(x+2) x+1 +x+2'
Multiplying both sides of the equation by (x+ 1) (x+2) gives

x—3=A(x+2)+B(x+1).

Since this equation holds at all points besides x = —1 and x = —2 and both sides are continuous
functions, the equation must also hold at x = —1 and x = —2. Plugging x = —1 and x = —2 into
the equation gives

—4=A and
—5=-B8B,

orA=—4and B=>5.

This leaves us at the point of having seen all of the pieces necessary to do integration by
partial fractions. What is left is to see some examples of how this works. The next three exam-
ples are restricted to cubic denominators, but the techniques are usable for much more general
denominators.

First, the example of

/ X3
(x+1)(x+2)
is completed.

Example 283. As was shown above

x—=3 4 5

(x+1)(x+2) x+1 +x—|—2'
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This means that

[t [ e
(x—|—1)(x—|—2 +1 +2
=—4Inlx+1|+5Injx+2|+C
(x+2)°
=1 C.
n(x+1)4+

The second example shows that there are cases when we cannot use only the roots of factors
of the denominator. Here the root is a double root.

/ 3x—1 d

————dx.

x> —6x+9

The first thing to do is factor the denominator, x> — 6x 49 = (x — 3)?. The partial fractions

decomposition of the integrand has the form

3x—1 A n B
—6x+9 x—3 (x—3)2

Example 284. Consider the integral

Multiplying both sides of this equation by (x — 3)? gives the equality
3x—1=A(x—3)+B. (8.5)

We can match the x coefficients to get A = 3 and we can substitute x = 3 into the equation to
get B =8.
With this information we can integrate the rational function,

3x—1
—————dx= dx
/ 2—6xt9" / * /
=3In|x—3| ——3—|—C
To avoid confusion we note that substituting x = 3 into Eq. 8.5 only gives a value for B,
not a value for A. Only knowing B does not give enough information to integrate the rational
function.

When we deal with a denominator that has an irreducible quadratic factor and another fac-
tor, it is always necessary to solve a system of equations for unknown coefficients. The next
example shows how this can be done in the simplest case.

Example 285. The integral
57 —z+4
/ B2 Tz+15°°
can be integrated using partial fractions. To do this we need to factor the denominator, z°> —

7> —Tz+15as (z+3) (> — 4z+5) and complete the square for z> —4z+5to get 72 —4z+5 =
(z—2)?+ 1. This gives a partial fractions decomposition form

522-z+4 A B(z—2)+C
B—2-Tz+15 z4+3  (z—2)2+1°

(Why can the writing the numerator of the second term as B(z — 2) + C be helpful?)
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Multiplying both sides of the equation by (z+ 3) (z2 — 4z+5) and expanding the right side
of the equation gives
572 —z+4=A((z-2+1)+(z+3)(Bz—2) +C)
= (A+B)2>+ (—4A+B+C)z+ (5A— 6B +3C).

Setting the coefficients on both sides of the equation equal produces three equations in three
unknowns.

5=A+B
—1=—-4A+B+C
4=5A—-6B+3C.
Adding four times the first equation to the second equation and subtracting five times the first
equation from the third equation eliminates A from the equations.
19=5B+C
—21=—-11B+3C

Then C can be eliminated by subtracting three times 19 = 5B+ C from —21 = —11B+3C to get
—78 = —26B

or B=3.

The value of C is obtained by setting B = 3 in 19 = 5B 4 C. We find that C = 4. Substi-
tuting B =3 into 5 = A+ B gives A = 2. These values of A, B, and C give a partial fractions
decomposition

52—z+4 2 3(z—2)+4
P—22-T7z+15 z+3  (z—-2)2+1°

The partial fractions decomposition can be integrated using the substitutions w = z> —4z+5,
dw/2 = (z—2)dz, u=z—2, and du = dz as follows.

/ 572 —z+4 dz—/ 2 N 3(z—2) N 4 iz
P—2-Tz+15" ) z43  2—4z+5 (z-2)2+1

2 3 1 S |
= [ daz+> [ —dw+4 [ ——a
/z+3 Z+2/w W ./u2—|—1 "

3
=2In|z+3|+ zln(w) +4tan ' (u) +C

3
=2In|z+ 3| +§ln(z2 —4z4+5)+4tan ' (z+2)+C

The basic method used here can be extended to any rational function, even though this can be
quite difficult for many rational functions. As will be demonstrated in the next section, partial
fractions can also be used to evaluate integrals involving trigonometric functions.

8.3.1 The Logistic Equation

One application of partial fractions integration is solving the logistic differential equation. This
differential equation is used for modeling population growth when there are limits on the size
of a population. As the next example shows, exponential growth without limits is not a good
model of reality.
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Example 286. A well know type of bacteria is E. coli, Escherichia coli, that grows in mammals.
It can cause disease and is used in experiments. Some varieties reproduce very quickly. Assume
that a variety of E. coli has a mass per cell of approximately 1 x 10~!3 kg and has a doubling
time of 20 h. Assuming its reproduction follows the exponential growth model, see Sect. 8.1.1,
the mass of bacteria at a given time follows the results of Example 273 on 235.

The solution of the differential equation with a doubling time of 20h is

P =Py (M2,

where ¢ is time measured in hours. If we measure the mass in kg and assumes we start with a
single bacterium, the total mass of the bacteria as a function of time is

-15 In(2)1
M(t)=10 exp( 20 )
If growth is unlimited, after 1 week there would be approximately 3.38 x 10~ 3 kg of E. coli,
after 1 month there would be approximately 6.87 x 107> kg of E. coli, after 3 months there
would be approximately 7.45 x 10'7 kg of E. coli, and after 6 months there would be approxi-
mately 9.31 x 10°"kg of E. coli. The mass of the earth is approximately 5.97 x 10?*kg, and an
informed estimate for the amount of mass in the visible universe is 1.54 x 10°% kg. From this it
should be clear that the exponential growth model has limits on its range of usefulness.

The logistic equation is a variant of the exponential growth differential equation that includes
an extra term on the right that limits growth. This extra term can be justified in a couple different
ways. A simple way to justify the extra term is to assume that interactions between members of
the population under consideration have a negative effect on reproduction. This could take the
form of the death of an individual or increasing the stress on an individual, thereby lowering
the reproductive rate for that individual. If we assume that the number of interactions between
members of the population is proportional to the square of the population, this can be justified
using probability, we get the differential equation

di 2
—_ — QP P 8.6
It = B ( )

=k P (kr—P). (8.7)

In the second form of the equation, which is used here to find the solution, k; =  and k, = ot/ 3.
It is assumed that o, 3, k; and k;, are all positive.

Some of the properties of P(¢) are easy to discern immediately from the differential equation.
Since P(t) is supposed to be a population, P(z) > 0 for all 7. If the population starts at O or k5,
the population will stay at that value since dP/dt = 0 for all time. (These are called equilibrium
populations.) If P € (0,k,), dP/dt > 0 and the population is increasing. On the other hand,
if P > ky, then dP/dt < 0 and the population is decreasing. This indicates that a population
modeled with the logistic growth differential equation will not display unbounded growth.

Noting that this is a separable differential equation, see Sect.8.1.1, we can solve it using
partial fractions integration. First we rewrite the differential equation as

/Fé§5=/“”
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The left side integration is as follows:

./%Z%/(%%l_p) P

2
1
2

-0 (In(P) —In(ky — P)) +C

1 P
:—1 .
5 n(kz—P>+C

Since the integral of the right side of the separated equation is

10000+
80001
6000 1

P
4000

2000/

0 20 40 60 80 100
t

Fig. 8.3

/kldt=k1t+C,

we get the equation

P
1 =
n(kz—P) kikyt +C

to solve for P.
Taking the natural exponential of both sides of the equation and multiplying by k, — P gives

P = Cexp(klkzt) (k2 —P).

Adding C exp(kikat) P to both sides, dividing by 1+ C exp(kik, 1) and setting o = kk gives
the desired expression

P ky C exp(kika t)
l—l—CeXp(klkzl)
n Ci eXp(—klkzl) +1
~ Crexp(—at)+1°

Example 287. Let ky = 1073 and k, = 10* in Eq. 8.7 and let # be in hours. If the initial popula-
tion is 2,000 individuals, the solution of the logistic equation is

10*

Pie) = 1+4exp (1_—0’) ’
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It should be fairly easy to see that as time goes toward infinity the population tends toward the
equilibrium population of Pz = 10*. This is shown in Fig. 8.3 on page 251.

For illustrative purposes, assume that instead of the k; = 2 x 107 in Example 287, we take
ky = 10*. The solution of the differential equation is then

1
P() = O,OOOI .
1+Ce 5

The solution curves for different initial conditions are shown in Fig. 8.4 on page 252. From
the figure it appears that if we start with any population greater than zero, the solution to the
logistic equation tends to the positive equilibrium population. This is in fact true, but showing
it is true involves the existence and uniqueness theorem for solutions of differential equations.
Since that is beyond this course, it is left for further reading or for later classes.

16000 \
14000
12000

10000
P(t) 8000
6000
4000
200

Fig. 8.4

Exercises

1. Evaluate the following integrals.

'5x—18 1942+ 331 — 42
=4 ; DT oor—as
® / 2 — % 2x ® / I
y+ 2
b — - = 4 . 16y-+3y—124
® /<y—4><y+2> ’ 0 /m‘”
' 3z+5 2
220 g 222 +33z— 124
(© / -2 (+9) (k) /mﬁ
© 8445
d S s 1952 —27x+2
@ / 15016 0 /(jiz)% x
61—53
(e) /(tt_g)zdf 592 —-32y—51
x+12 m /(y—7)(y+2)(y—9) Y
() /mdx 21z22—10z—359
oy 28 m /(Z+5)(z—7)(z+3) :
(&) /( +3)2dy ©) / 16w? +57w — 289
y © w—5)(w+6)(w+7)

+7
(h) ‘/Ef———gdz ./* 2/2-9t—19 gt
(

+5) LR R Y P
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()

(r)

(s)

®

(a)
(b)
()
(d)
(e)
)

(&)
(h)

@

(a)

(b)

()

(a)

(b)

/‘ 2x+9 dx
xX2+6x+13
- y—2
/y2—8y+17dy
z+2
/z2+2z+10dZ
/‘ 2w+3 dw
w24+2w+5
Evaluate the following integrals.
" 13x+56
/x2+9x+14 *
14y* —52y+16
/y3—16y—3y2+48 Y
6x>—11x+13
/x3—3x2+7x—5 *

/‘ 24275
B 4+32-15z-5

/ 4z+31 J
24127436
10t — 21
— = dr
/t2—5t+6

/- 10x2 — 185 —x

dx

x3—25x—2x2+50

/l2w—24dw
w2 —3w

412 -25t475
/t3—9t2+33t—25

dz

dt

Evaluate the following definite integrals.
2 x—9
/0 x2—3x—4 dx
0 2y+21
/—1 Y2 4+y—=6 Y
4 3z+4
/2 21649

(u)

v)

(W)

(x)

0
(k)
0]
(m)
(n)
(0)
()

(@

(d)

(e)

®

Solve the following differential equations.

dy 100x — x?
dx 10

dy 10x — 30x?
dx 10

(©)
(d)
(e)

253

/ 21— 101415 ot
(12 —61+10)(r—2)
4x% —25x+49
/ dx
(x2—8x+25)(x—3)
/ 4y —19y+30
(2 —6y+10)(y—1)
622 +35z+50
/(zz+6z+10)(z+2) ¢

dy

19w? 437w —36
/m
2022 43z7—231
/ 2 —377—84

8y—4 J
/y2—2y—|—1 Y

15x% —28x— 64
/x3—16x—2x2+32 *

/—W3+W dw
w4 2uw2 41
13y® — 98y

/y4—15y2+56 Y

6x> — 16x

X+ —8x2+420
5t+3

/t2—2t—|—1dt
572-237+36

/z3—822+301—36 <

dz

dx

-2 3w47
/75 w2 42w+ 1 W

4 3% 4+ 10x+ 10
/0 X3 4+3x2+4x+2 *

5 7y2 — 18x — 30y -+ 89
/2 -5 02—6x+13)"

dy P x>
dx 37
P
‘2_t —0.05P—0.00001 P2.
AP

~— =0.2P-0.005P>
dt
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5. A population follows the logistic growth model, Eqgs. 8.6 and 8.7. Given the following
information, find the population P as a function of time.
(@ a=0.01,B=3x10"*and P(0) = 200.
(b)  a=0.05B=2x1073and P(0) = 150.
(¢) o=0.05PB=2x1073and P(0) = 3,500.
(d)  k; =10% ky =3 x 10° and P(0) = 200.
(e) ki =2x10% ky =4 x 10? and P(0) = 250.
(f) ki =2x 10 ky =4 x 10° and P(0) = 4,000.

6.  What happens to the solutions when the differential equation (8.6) is changed to

dP )
— —aP+pP*?
o oP+p

Recall that o and 3 are both positive. Is this a more realistic model than exponential growth?
7. A population P(¢) might following either the exponential growth model P'(t) = kP(t) or
the logistic model P'(r) = kP(t) (1 - @). Here k is the same constant. If P(0) = 20 and
P'(0) = 10, what is the difference in the predicted populations when ¢ = 10?

0o

8.4 Trigonometric Integrals

Many models for physical phenomena involve periodic or almost periodic functions. A large
number of the functions in these models can be approximated by sums of trigonometric func-
tions or functions built with trigonometric functions. For this reason it is important to be able
to evaluate some integrals involving trigonometric functions exactly. In this section it is shown
how to do some of these integrals.

In the section on integration by parts some integrals involving trigonometric functions were
done. In this section the list of types of integrals involving trigonometric integrals that can be
integrated is increased. The basic idea is to rewrite the integrals through trigonometric identi-
ties and substitutions into a form that has already been considered. Although all rational func-
tions of trigonometric functions can be reduced to integrals involving rational functions, the
ideas considered here are somewhat limited.

The easiest forms to work with are those with an integrand of the form
f(x) = cos™(x)sin”(x) or g(x) = cos*(x) sin™(x) where m = 2n+ 1 is an odd positive integer
and o is a real number. For the form f(x) = cos™(x) sin*(x) we can write

cos™ (x) sin® (x) = cos(x) (cos?(x))" sin* (x)

= cos(x) (1 —sin®(x))" sin®(x).
Since cos(x) = j—x sin(x), using the substitution u = sin(x), this gives
/cos’” (x)sin®*(x)dx = / (1 — sin®(x))" sin® (x) cos(x) dx

= / (1 —u*)"u® du.
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The last integral is simply a sum of constants times powers of u and can be integrated. Using
the same method where one exchanges the roles of sin(x) and cos(x) can be used to integrate
functions of form g(x) = cos*(x) sin” (x). A couple examples illustrate this adequately.

Example 288. Consider the integral
/ cos? (x) sin®(x) dx.
Rewriting cos?(x) and using the substitution u = sin(x) allows us to evaluate the integral.
/ cos® (x) sin®(x)dx = / (1 —sin®(x)) sin®(x) cos (x) dx
= / (1 — u2) u® du

= /u2 —utdu
w3 5

u
=—_—_4C
351

-3 .5
sin’(x)  sin’(x)
= - C.
3 5

The next example shows how this works when ¢ is not an integer and when there are more
terms.

Example 289. The integral

, 1 '
/ (T(Z)_F cos(z)) sin®(z) dz

can be evaluated by rewriting the sin’(z) term and using the substitution w = cos(z).

Il
SR NN S — S~

S
+
W] o
=

2 2
sin%(z) + s sin%(z) -3 sin%(z) -2 sin%(z) +C.

This idea can also be used to deal with integrals of the forms f(x) = cos”(x)sin"(x) and
g(x) = cos™(x) sin™ (x) where m is an odd negative integer and n is an integer. We simply multi-
ply the numerator or denominator by cos(x) or sin(x) and use the Pythagorean Theorem to get
a form that can be changed into a rational function. The next example show this works.
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/sec(e)de :/@de

has a odd power of cos(6) in the denominator. Multiplying the numerator and denominator by
cos(0), applying the Pythagorean Theorem, and using the substitution u = sin(0) we get

/ B / cos(
cos( cos2
o / cos
1 —sin®
- / 1—u? du

The last integral can be done using partial fractions with

Example 290. The integral

1 1 1 1
2 (U+0(—u 20+ 20=u)

(Check that this is correct.) The integral now becomes

/cos 2/ 1+u 1— )du

(ln|1—|—u|—ln|1—u|)

14u
I—u
n‘ 1+ sin(0)

1 —sin(0)

ln‘ +C

_1
S 2
1
= C.
; +

The common form for this integral is
/sec(@)d@ =In|sec(0)+tan(6)|+C.

Everyone should show that the two forms are equivalent.

The last examples show how we can deal with an odd power of sin(x) or cos(x). Dealing with
an expression that only has positive even powers of both sin(x) and cos(x) is more complicated,
but doable. We reduce the even powers of sin(x) and cos(x) using the half angle formulas

1 2

cos’ (x) = —rooszy) CZS( ) and
1- 2

sin?(x) = %(x).

These formulas can be used until we only have odd powers of cos(2nx) for various n’s. The only
case considered here is positive powers of sin(x) and cos(x). A fairly simple example illustrates
this technique.

Example 291. The integral
/sinz(e) cos?(0)d6
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can be rewritten using the double angle formulas.

/ﬁﬁ@ﬂm%@d@z/(Lw?@w)(LH?Qm>d6

"1 cos?(20)
=i a9
[ 1 1+4cos(40)
_/4 g “°
6 sin(40)
=3 ;¢

There are also forms involving tan(0), sec(8), cot(0), and csc(0) that can be simplified
using the Pythagorean theorem. The two identities used here are

sec’(0) = 1+ tan*(6)
and csc?(0) = 1 +cot?(9).
Using these identities combined with the facts that sec’(6) = tan(6) sec(8), tan’(6) = sec*(8),

csc’(0) = —cot(8) csc(0), and cot'(8) = —csc?(0) allows us to convert some integrals to
integrals of polynomials and rational functions.

Example 292. Consider the integral
/ tan*(0)d@.

Here we change the tan?(8) factors to sec?(8) — 1 factors one at a time.

/tan4(6)d6 = /tanz(e) (sec?(6) —1) d6
—/ (tan?(0) sec?(0) — tan*(6)) dO
—/ (tan®(0) sec?(0) — (sec*(0) — 1)) O

_/ (tan?(6) sec?(0) —sec?(0)) d9—|—/1d9.
Substituting u = tan(6) and du = sec?(0)d0 gives

/tan4(6)d6 = / (u* —1) du+(6+C)

u3
= ?—u+(9—|—C)

3
= tan3(9) —tan(0)+0+C.

We can also reduce other problems to rational integrals.

Example 293. Consider the integral

/ tan
3— tan2
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The idea is to rewrite the rational function in terms of tan(x) to one in terms of u = sec(x) where
the numerator contains du = sec(x) tan(x) dx.

tan(x sec(x) tan(x)
/3 — tan2 / sec(x ) (4 —sec?(x)) dx
By

=/(—m+ﬁ—m)“

:——ln|u+2|+ ln|u|——ln|u—2|—|—C

u2

c
il

secz(x)
sec?(x) —4

1
8
1
—1In
8

-+

If we want to do this integral in a different way we can multiply the numerator and denomi-
nator of

tan(x)
3 — tan?(x)

by cos?(x) and use the substitution v = cos(x) with dv = —sin(x)dx. We still get a partial
fractions integral to evaluate.
Exercises

1. Evaluate the following integrals.

' 1
(a) /cos3( )dx (k) /— dz
cos(z) sin(z)
(b) sin’ cos dy 1 / —1 d
@ cos3(z) sin(z) ¢
© s(22)sin’ (z) dz (m) / +/sin(x) cos(x) dx
(d)

0 [Ain0) cos'(s)dy

(e)

(0) o0s(2z)tan(2z) dz

cos(2x) s1n x)dx

®

\\\\\

/
®
® [ 1+Cf~isz @ |/
(h) / 2tan’(2)dz © / _ L e
W feos' ®
» / o |




8.5 Trigonometric Subs 259

2. Evaluate the following definite integrals.

2

(©) /ET csct(0)cot(0)d0

pi)
3. Solve the following differential equations.

ﬂ - 2 ﬁ ) -2
(a) 7, =X cos (2y). (b) 7 = tan” () sin”(0).

8.5 Integration Using Trigonometric Substitution

The substitution technique presented in this section is a little different. Most of the substitutions
in the previous sections have involved replacing a function of x with a variable u. In this section
the variable x is replaced with a function of u.

The substitution is accomplished by setting x equal to a trigonometric function of, for
example, 6. A simple example is setting x = sin(0) in the expression v/ 1 — x2 to get

\/1——x2: \/1—sin®(0)

=cos(0),

if 6 € [—m/2,7/2]. This type of substitution is used to get rational trigonometric functions
that can be integrated with the techniques from the previous sections. A simple example will
illustrate how this works.

Example 294. Consider the integral

/ 1 —x%dx

Applying the substitution x = sin(6) and dx = cos(6)d6 and using cos(0) = /1 —sin*(8)
gives

/ﬂdx:/cosz(e)de.

Using the trigonometric identities cos?>(8) = (1 +co0s(26))/2 and sin(20) = 2sin(6)cos(0)
yields

/ l—xzdx:/cosz(e)de

1 2
:/ +C(;S( G)de

6 sin(20)
=5t +C




260 8 Integration Techniques

0  sin(0)cos(0)

= — —_— C
2—|— 7 +
.1 5
sin” - (x xvV1—x

= 2( >+ 7 +C.

By the definition x = sin(6), we have 6 = sin~! (x).

The substitutions in this section are restricted to those involving three forms of the
Pythagorean Theorem:
cos?(0) = 1 —sin*(6),
sec?(8) = 1 +tan*(6), and
tan?(0) = sec?(6) — 1.
These can be used to remove a square root around the corresponding expressions:
V1 —2x2,v/1+x2, and v/x2 — 1. This has already been demonstrated for the form v/1 — x2. The

next two examples show how the other two substitutions can be used. One of these integrals
does not include a square root.

Example 295. Consider the integral

H—zzdZ

(You should know what this is from Calculus I, Example 212.) This has the form 1 + 72 which
corresponds to the identity sec?(6) = 14 tan®(0)
Setting z = tan(0) and dz = sec?(6) d6 makes the integral simple.

1 1 >
/mdz—/mm (6)d6

—64cC
=tan !(z)+C
(Since z = tan(0), 6 = tan~'(z).)
Example 296. The integral
1
———dw
/ Vw2 —1

contains a term that corresponds to tan®(u) = sec?(ut) — 1 with w = sec(u). Noting that dw =
sec(u)tan(u)du allows us to integrate the expression.

/\/_ /tanl(u sec(u)tan(u)du

o1
- / cos(u) H

/ cos(u
1 —sin®
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Replacing sin(u) with u gives

/ ! dw—/ ! du
vwi—1 ) 1—-u?

T2 1—|—u+1—u
(In[14u|—In|1—u|)+C

du

l—i—sin(u)‘
1 —sin(u)

In order to return to a function of w we must translate sin(ut) into a function of w. Recall-
ing that w = sec(t) and that in right triangle geometry the sec(u) is the hypotenuse over the
adjacent, we can set sec(it) = w/1 and use Fig. 8.5 on page 261.

w2—1

Fig. 8.5

From the figure we can see that sin(¢t) = (v/w? — 1) /w and hence

L+sin(u) 1+ ”Wz L
l—sin(u)_l_ le
w
_w-i-m
Cw—VWi—1

<W+ Vw2 — 1)2.

The final formula we get for the integral is
dw ln’w+\/w2 ‘—l—C
/ Vw?—

Using methods similar to the sec (u) substitution above we can integrate some expressions

involving 14 w? and 1 —w? using the substitutions w = tan(@) and w = sin(8). The next two

examples show these substitutions can be applied.

Example 297. The integral

o] l
[
J-1vV/14+w?
can be evaluated using the substitution w = tan(0). This gives 1 +w? = 1 +tan?(8) = sec?(0)
and dw = sec?(0)d0. The integral is now

1 1
sec?
/0 \/1+w / \/sec2

= /K sec(0)do
Jo
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Bl

=In|sec(6) +tan(0)]

=1n(\/§+1)—1n(1)
:1n(\/§—|— 1).

0

If we use the substitution w = tan(6) and we get an expression involving trigonometric
functions, the triangle in Fig. 8.6 on page 262 can be used to change the result into functions
of w.

V14+w?

Fig. 8.6

In this figure tan(0) = w, cos(0) = 1/v/1+w?, and sin(6) = w/v/1 +w?. This gives all of the
required trigonometric functions for a w = tan(0) substitution.
All that is left for this section is to demonstrate a w = sin(8) substitution for the form 1 —w?.

Example 298. To evaluate the integral

1
—_——dw
/W\/l —w?

we can use the substitution w = sin(6). This gives, assuming appropriate domains and ranges,
V1—w?=/cos?(0) = cos(8) and dw = cos(0) d6.
The integral now becomes

: 1 [ cos(0)
/ Yy / Sin(0) cos(@) ©°
= /csc(@)d@
[ esc?(8) +csc(0) cot(0)
_/ csc(6) +cot(0) d0.

In the last integral the numerator is the negative of the derivative of the denominator. This

means that
1
———=dw = —In|csc(0) +cot(0)| +C.
v el )+ o)

Using Fig. 8.7 on page 263 we can change the result into a function of w.
From the figure we get that csc(0) = 1/w and cot(68) = v/ 1 —w?/w. Replacing csc(6) and
cot(0) gives a final expression for the integral,

—1In +C.

1+vV1—w?
w

g 1
— — aw=
/ wv 1 —w?
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Fig. 8.7

Exercises

1.
(a)

(b)
(©)

(d)

(e)
®)

(2)

(h)

(b)

(©)

(a)

(b)

Evaluate the following integrals.

/\/4—x2dx
/\/4+y2dy
X
——dx
/\/l—x2
2
[
V—1+x2
S )
./—1—|—Jc2 *
/de
V9 +4u?
/;dx
V—1+x2

(z—3)°

——dz
V-5-22+6z

Evaluate the following definite integrals.

1
/\/4—x2dx

—1

4 2
/ L dz
Jo VZ2+9

.5 1
[
J3 Vwr+4w+3

@
k)

M

(p)

(d)

(e)

®)

Solve the following differential equations.

dz_zz—i-l
dt  12+4

dy =sin(x)/y2 —4

dx

(©)

(d)

(w—2)
V10+w2 42w

/ X2 —4dx

(w—2)°
10+w2+2w
VI—?
/ 5 dx

x

9)
Vyr—1
/ y2 dy
VT
/ 5 dw

w
/\/y2—4y+8dy
/z3\/z2—4dy

dw

-2
/_4 V—y?—4ydy

—1 2 25
/ yrr= ;— dx
-3 X

SVWE—4w+5
/W—Wrdw
3

(w—2)?

dw
o =e' (W +4w+5)

d—yz(t2+e’) V1—4y?

dt

263
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8.6 Integration Using Tables and Computer Algebra Systems

There are cases when we do not recognize the form of an integral or when we simply do not
know how to find an antiderivative. In these cases we can use a table of integrals or a computer
algebra system to help find an antiderivative. The main skills required for using a table of
integrals are the ability to recognize which form is similar to the integrand we have and the
ability to use substitutions to transform the integrand into a form in a table.

This is a skill that is no longer required in many cases. However, it can still be useful when
we need to reduce an integral to a “nicer” form for numerical integration. We have already
used this skill for integration using trigonometric substitutions. As an example we consider an
integral that can be done using a trigonometric substitution.

Example 299. Consider the integral
/ /A2 + 1dx. (8.8)

This integral can be evaluated using the substitution 2x = tan(0). That is a long process.
However, in a table of integrals we can usually find the form
2

4
/uzx/ u? +a’du= (u2+a2)3/2 - %u\/ u?+a?— % In (u—i— u2+a2) ) (8.9)
Setting u = 2x, dx = du/2 and a = 1, then substituting into Eq. 8.8, we get

/x2\/4x2—|—1dx= %/uzvuz—kldu.

Applying the form in Eq. 8.9 we have

4
/x2\/4x2—|—1dx= % (% (u2—|—1)3/2—éu\/uz—kl—%ln(u—k \/u2—|—1)> +C

_ %(’ﬁ (22 +1)"7 - ;—C (2x)2+ 1

u
4

2
1
—gln (2x+ (2x)2+1) ) +C

Note that the forms in a table of integrals normally do not contain a constant of integration.

The biggest problem in using a table of integrals is recognizing if there is a form matching
the integral you are attempting. Tables of integrals can be very large, containing hundreds of
forms. It may be difficult to find an extensive table of integrals on the internet. Table 8.1 is a
small portion of one table that we will use in the examples and exercises. These are not standard
integrals, but some of the less common integrals.

To use this table we must translate an integral into one of these forms.

Example 300. We consider the integral

/ysin (m <y2:4>) dy.




8.6 Integral Tables 265

1 / 1 d 2cx+b n 2c / 1 d
x= x
(ex? +bx + a)2 (cx? +bx+a) (4ac—b?)  dac—b* ) cx*+bx+a

o1 1 (c+x)3 1 1 2x—c
2 w—=dx=—1 t
/ 3+x3 * 6c2 " ( A3+ * C\/§ an C\/§

1 1 a+vVx2+a?
3 /70_1/{:,,1“ —_—
xVa?+a? a X
1 1 1 Va2 —x2
4/ sdx= +—1n atva —x°
x( az_x2> aVa?—-x* a x
5 / ! d arcs'n(x_a)
——  dx=arcsin| 2—%
V2ax —x? |al
1 —
6 / - dx = -
(2ax —x2)? a*\2ax —x?
W= a2
7 / (arccos (ax))? dx = x (arccos(ax))* — 2x — VIO arecos (ax)
a

X

8 /sin(ln(x))dx = 2 (sin(In(x)) —cos(In(x)

2 (84 — 12abx + 15b*x%) /(a+ bx)?
1056

9 /xz\/ax—&-hdx:

/ x? 4 2 (8a* —4abx+3b?)
Jarib 1567

Table 8.1 A small table of integrals

10 vVa+bx

This is similar to the eighth integral in the table, except for the fact that there is (y*> +4)/5
inside the natural logarithm function. Using the substitution u = (y* 44)/5, and ydy = 5du/2
we get the integral

/)’sin <1n <y2;—4>) dy = %/sin(ln(u))du

= ; (g (sin(In(u)) — cos(ln(u)))) +C

o 25) (25

One of the main reasons that tables of integrals are not used very much is that calculators and
computers with computer algebra systems can do most integrals. These programs are usually
better and more accurate than humans. For illustration purposes we will see how a TI-Nspire
CAS calculator and the computer algebra system Maple can be used to evaluate integrals. There
are other choices, but two examples should be enough since the patterns of use are usually
similar.

Example 301. If we want to find the integral of

"W —5w+4

—_——dw
J VwWE2w+2
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*Unsaved <

k! k!
w’-5 w+d w5 w+d
—_— dw —_—— dw
‘u Jw2+2- w+2 J Jw2+2- w+2
|
&
1/99
Fig. 8.8

using Maple we enter the command int((w”3-5*w+4)/sqrt(w"2+2*w+2),w), . The output is

1 5 23 19
ngx/w2+2w—|—2—EW\/WZ+2W—|—2—€\/W2—|—ZW—|—2—|— 7arcsinh(w+1).

When we try this integral with a TI-Nspire CAS we get no result. The calculator cannot do this
integral see Fig. 8.8 on page 266. It is important to realize that there is nothing wrong with the
calculator. Typically calculators do not contain the full algorithms used for integration. This
means that there are more integrals that they cannot do than a full CAS, e.g. Mathematica or
Maple, cannot do.

Example 302. If we try to evaluate the integral

1
—d
/ cos(y) Y
with a TI-Nspire CAS we get the result in Fig. 8.9 on page 266.

*Unsaved <

{ -|cos{x]|

I

l. sinfx)-1

coslx)

™
1/99

Fig. 8.9

We get
In (sec(y) +tan(y))

from Maple. This is almost the common form that we see in most calculus classes. (What is
different?)
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Exercises

1. Translate each of the following into one of the forms in the integral Table 8.1 on page
265. Then find the integral.

' 3
@) / x3 —3x2—|—3x—|—3dx
7
b ——d
®) /\/81—4—22 ‘
2
() /sin(4y) <arccos (2005(4y)—|—2)> dy

w
d d
@ /(4w4+10w2+3)2 "
@ / ' sin (1n (4s3 ~2)) ds

Sll’l COS

® \/4sm
(€9) / x—(Sl—x4)3/2d
: 3
h d
" / (y+1)Vy*+2y+4 Y

(i) /(t2+4t+4) V2 + 104t

. " w
0 [

2. Use a computer algebra to evaluate the each of the following integrals and then compare
that result with the result for the integral from Exercise 1.

3
@ /x3—3x2+3x+3dx

b —d
®) / V87 —4—72 ¢
(c) / sin(4y) (arccos (2cos(4y) + 2))2 dy

w
d d
@ /(4w4+10w2+3)2 "
@ / 2sin (In (45° - 2)) ds

" sin’(x) cos(x)
—=d
® / 4sin(x) + 1 !
2
(2) / x—(Sl—x4)3/2 dx
' 3
h d
" / v+ 1)Vy*+2y+4 Y
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Q) / (12 +41+4) V2r+ 10ds

5
w
) / ——dw
G Vaw? +7
3. Inthis exercise you will see how one can get a TI CAS calculator to integrate

w? —5w+4

Vw2 +2w+2

See Example 301 on page 265 for more information.

dw.

(a)  Evaluate

'
/ —_dw
Vw? +2w+2
on your calculator for n =0, 1,2 and 3.

(b)  Take an appropriate sum of the integrals from part (a) to evaluate the integral and com-
pare the answer to what one gets from Maple, Mathematica or another CAS on a computer.

8.7 Improper Integrals

In some situations we may want to find the integral of a function when our definition of an
integral using Riemann sums, Sect. 6.2, does not work. This can occur when the interval of
integration is infinite. Two examples of this are escape velocity, the speed an object must have
to escape the gravity well of a planet, and the probability that a light bulb will last longer than
5 years. Another situation that we consider in this section is when a function is unbounded.
This happens when a function has an asymptote.

Recall that in the definition of the integral of f(x) from a to b using Riemann sums it is
required that the function f(x) is bounded and that a and b are both finite. Improper integrals
are used when we wish to weaken these conditions on the integral. Examples of improper
integrals are the area between the x axis and y = sin(x) on the interval [0,), the area under
g(x) = 1/(1+x?) from —oo to oo, the area under f(x) = 1/x on [—1,1], and the area under
h(x) = 1/x*/3 from 0 to 1/2. See Figs. 8.10 and 8.11 on pages 268 and 269.

y 1
s fo] 19 |0
0.3
40.5.
10 -5 0 5 10
-1- X

Fig. 8.10

There are some basic problems when trying to use Riemann sums with these functions on
the given intervals. The first problem is that we cannot divide an infinite interval into a finite
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401

0 . - ———
0 0.1 02 03 04 0.5
X

y=1/x y=1/x*/3

Fig. 8.11

number of intervals with finite length. We cannot even write a Riemann sum for an integral over
an unbounded interval.

The second problem is with unbounded function values near an asymptote. In this case,
assume an interval [x;_,x;] used for a Riemann sum contains an asymptote at a where
limy_,, f(x) = oo. The term f(&;) (x; — x;—1) in the Riemann sum can be as large as we want by
simply taking the value of f(&;) to be very large. See Fig. 8.12 on page 269. For these reasons,
we cannot simply use Riemann sums to find the “area” abutting an asymptote. As is demon-
strated later in this section, some of the areas under the graphs of functions around asymptotes
are finite.

There are several cases that must be considered. In all of the cases the idea is to define the
integral as the limit of integrals that can be found through the original definition of the Riemann
integral. The first case considered is when the interval of integration is unbounded.

Definition 30. Assume that a € R and that forall b > a

Ib:/abf(x)dx

307 M
201

101

Fig. 8.12

exists. If lim,_,.. [, = L, then the integral of f(x) on [a, ) exists and equals L. In this case we
write

'/;f(x)dx:L.
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Similarly, assume that b € R. If [ f(x)dx exists for all @ < b and the limit as @ — —eo of
these integrals exist, we define

b b
/ flx)dx = Jim fx)dx.

If j: f(x)dx exists for all a and b with b > a and for some ¢ in R we have [€_ f(x)dx =L
and [~ f(x)dx = M, then

/_Zf(X)dxz/_;f(x)dx—k/cmf(x)dx
= lim /acf(x)dx—klim/chf(x)dx

a—r—oo b—reo

=L+M.

In any of the above cases, if the limit(s) does not exit, we say the integral does not exist or
does not converge. The value of the integral can be 4o in any of these cases if we need to add
oo and —oo.

Remark 25. Since the functions in these notes are only defined on the real numbers, the expres-
sions F(—eo) and F(eo) are meaningless. The improper integrals in this section are only done
through limits.

The first two integrals presented at the beginning of the section can now be evaluated.
Example 303. Consider
/ sin(x) dx.
0

Rewriting this as a limit gives

o b
/ sin(x)dx = lim [ sin(x)dx
0

b—eo J)
b
= lim —cos(x)
b—yoo 0
= lim (1 — b)).
bfl,( cos(b))

Since the limit as b goes to o of cos(b) does not exist, the integral does not converge.

Example 304. Unlike the first example,

< 1]
d
/_w 1 +x2 .

exists. Since f(x) = 1/(1+x?) is a positive even function the limits

0 1 b
lim ——dx and lim
a——oJg 14 x2 b—eoJo 1+x

2dx

have the same value if one of them exists.
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Looking on the interval [0, ) we have

. < 1 b
lim —Q dx = lim —Q
b—eoJo 1+x b—eoJo 1+x
b
= lim arctan(x)
b—reo =0

= lim (arctan(b) — arctan(0))
b—yoo

This means that

/ / Y
oo1—|—x 1+ o 14x2
T n
=372

=T

The next example shows that the above definition removes some ambiguity. Here the prob-
lem is that infinite values can be approached in many different ways.

Example 305. When we try to integrate 4(z) = 2z/(1 4 z°), see Fig.8.13 on page 272, from
negative infinity to positive infinity without following the above definition carefully, we can get
different answers. If we follow the definition using the substitution u = 1 +z> we get

oo b 2
/ dz= lim dz—|— lim / <
. a——oo 1 b—es Jo 1472

= lim du+ lim du

r—yoo S—ro0
N
= lim ln|u| —|—hm In|u|
e u=r u=1

= rlgrolo —In(r) —|—}1Hr£1°1n(s).

Since the first term goes to negative infinity and the second term goes to positive infinity, this
integral does not exist.

On the other hand, if we take the limit of the integral

R 27
dz,
/—R 1+ 22

see Fig. 8.14 on page 272, as R goes to infinity we get

R R
lim 5 dz= hm ln(1+z)
R—o0 Rl—|— —~ R
5 2\ 2
—Iggll(ln(l%-R )—In(1+R ))

=0.

This does not match what was obtained using the definition.
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5 10 15

Fig. 8.13 y =2z/(1+7%)

5 10R 15

Fig. 8.14 The area under y = 2z/(1 4 z%) from —R to R

In fact, by choosing limits appropriately, we can get any value for j: 2z/(1 4+ z%)dz as both
a and b go to infinity. Only the case of positive values is considered. See Fig. 8.15 on page 273.
Let o > 0 and assume R > 0. Since

b
lim
b Jp 1472

b(R) 27 4
/R 1+ 22 s

Then, since A(z) is an odd function,

b(R) 2 R 9 b(R) 2
lim [ —=—dz=lim / o dzt / —szz)
R /g 142 R—eo \ J-R1+2 R 1+z

dzzcx)7

there is a b(R) > R such that

b(R) D
= lim < dz
R—eo JR 1+22
= .

Since there is not a unique value that we get out of these different ways of evaluating the limit,
it is reasonable to say the integral does not exist.

The second case is when the values of the integrand are unbounded on a bounded interval.
For simplicity it is assumed that there is a single point inside of the interval of integration or at
an endpoint of the interval of integration where f(x) is not defined.
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b(R)

10R 20

Fig. 8.15 The area under y = 2z/(1+z%) from —R to b(R)

Definition 31. Assume that f is defined on an interval [a,b] except at one point ¢ € [a,b].
In addition assume that for any r and s in [a, b] such that ¢ ¢ [r,s] the integral

Ls= /rsf(x)dx

exists.
If c =aand lim,_,,+ frh f(x)dx = L, then the integral of f(x) on [a,b] exists and equals L.
In this case we write

/abf(x)dx:L.

Similarly, if ¢ = b and lim,_, ;- [ f(x)dx = M, then the integral of f(x) on [a,b] exists and
equals L. In this case we write

/abf(x)dx:M.

If ¢ € (a,b) and both lim,_, .+ frbf(x) dx =L and lim_,— [ f(x)dx = M exist with finite
values, then the integral fub f(x)dx exists and

/ ’ Fiydx= tim | f(x)dx+ lim ’ f(x)dx

s—c Ja r—c r

=L+M.

In any of the above cases, if a limit(s) does not exit, we say the integral does not exist. The
value of the integral can be 4-co in any of these cases if we do not need to add co and —ece.

With this definition we can evaluate the third and fourth integrals at the beginning of this
section.

Example 306. Let h(x) = x~2/3 and consider the integral

1

/.§x72/3dx.
JO

The function A(x) has a asymptote at x = 0 and is continuous on [a,1/2] if a € (0,1/2). This

means that
1

/j x 2B ax

exists for all a € (0,1/2).
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By the definition,

1 1

/zx_2/3dx: lim z)c_2/3d)c
0

Il Il
w i,_
S 8
N =+
~—
- w
=
w/—\
: |
~~_
=
w
o)
IS
=
(9%}
~~

The next example is a situation where the integral does not exist.

|
/ —dx.
11X

Since 1/x has a single asymptote at x = O on the interval [—1, 1], the definition says that we
should evaluate the two limits

Example 307. Consider the integral

a ] n|
lim —dx and lim —dx
a—0"J-1X b—0tJp X
and add the results if we get a unique quantity.
The first limit evaluates to
a

a1
lim —dx= lim In x|
a—0"J-1X a—0~

-1
= lim (In]a| —1In|—1])
a—0~

The second integral yields
11 1
lim [ —dx= lim In|x|
b—0bJb X b—0*
= lim (In|1|—1In|b
lim (In]1] ~1n[b)

The fact that the sum of these to quantities is not well defined means the integral does not exist.

]
/ —dx
J1 x“%

will be important when discussing series in Chap. 10. Even if you do not work Exercises 4 and 5
in this section, you should know the results stated in these exercises.

The integrals

Remark 26. Many students forget to look for asymptotes when evaluating integrals over finite
intervals. A few seconds checking for asymptotes can save many points on an exam.
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Exercises
1. Evaluate the following integrals with infinite limits.
oo | -3
(a) /1 ;dx (k) / In(—z)dz
e °° 4
(b) / ex cos(y)d 1 / -
|, exp0y) cos(y)dy O arae®™
o % 4
(©) / exp(—z) cos(y)dz / - d
0 S m ). V+6y+8?
oo l °°5
d dt z+1
@ /_2x+3 (n) /2z2—le
h ~1 2
(e) / t—2dt / 3w—1+2w
/-2 © v s rae— 2™
<X
d < 3t
® A 1422 x (p) medf
< 4
d < 3
(g) /41+y2 ’ @ [ ot
< 2
h d =
W [ O [ g
) 2 oo 3
1) / —dt S / —dz
EY O |m=
0 = 4
0] / yexp(1—y*)dy ® / yay—L
- ()
2. Evaluate the following integrals.
'Ly Ly
@ /0 T2 ® /2 Y ily+10?
(b) /1 o h B
Jor a2 ®) / \/z2—2z+1 ¢
3 1
(C) / —dZ (1) /
J-12 \/ 22 —21+1
d ’ 2 —————dx
@ ) 2 T
© 3x
©) / \/ K / S
@ 2 xX24x—2 *
~1
(f) / i~ aw 0 / sec?(w) dw
J =3 w -3
3. Find a solution to the differential equation
d
d—iz and y(0) =1.

275

Does this solution differ from solutions to differential equations that you have previously
found?
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4. If a <1 show that the integral

_
/ —dx
J1 x¢
diverges to infinity.
5. If o > 1 show that the integral
_
/ —dx
J1 x¢
is finite.
6.  If we have a finite number of asymptotes for f(x), x = ¢y,¢2,...,¢k, in (a,b) we can

simply break the integral of f(x) from x = a to x = b into 2k integrals. Taking d; between
c1 and ¢;y| we define the integral as a sum of improper integrals,

| /u-b f(x)dx = /:1 F)dx+ / ld' Fx)dx+ /d TZ Flx)dx

_|_..._|_/d:klf(x)dx+/:f(x)dx.

This integral exists if the sum makes sense.
Evaluate the following integrals.

2 x 5 x

(a) /_2 \Vﬁ dx (C) [5 \/ﬁ dx
2 2

(b) / L i d) /O tan(2) dz

_3x2—1

8.8 Practice for Integration

When we need to find a closed form integral of a function without a computer algebra system,
the obvious question is “What technique should we use?” This is not a simple question to
answer. No matter what rules someone gives you, there are exceptions and cases that do not
follow any of the patterns you have learned. Given those restrictions, here is a suggested order
of techniques to try. It is certainly not the only reasonable order that you can use.

() Does the function have a simple antiderivative? This includes such things as [ e*dx,
[1/(1+2%)dz, [24z> +7—10dz, [1/ (t\/t2 — 1) dt,and [ 1/x%dx. In this case, simply
use the antiderivative.

(II)  Is there a substitution that turns the integrand into a function with a simple antideriva-
tive, Sect.6.5? Integrals that fall into this category include such things as

Jcos(200+1)d0, fxe)‘2 dx and [2/(x*+ 4x + 8)dx, through completing the square.

(III)  Can we do the integral using integration by parts, Sect. 8.2? This can be used for
integrals where we have a polynomials times a transcendental, [ Z” sin(z) dz, the product
of two transcendentals, [ e sin(x) dx, or a polynomial times In(x), [ (4x* +x) In(x) dx.

(IV)  Isthe function a rational function, e.g. f(x) = (x* 4+ 3x?> — 10)(x* + 3x — 36)? In these
cases, try using partial fractions, Sect. 8.3.
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(V)  Does the integrand only involve powers of sin(x) and cos(x) or can it be turned into a
function that only contains powers of sin(x) and cos(x) ? If so, we have a trigonometric
integral, Sect. 8.4.

(VI)  Does the integrand involve square roots of one of the forms x> — 1, 1 4+ x> or 1 —x??
If so, we can try using a trigonometric substitution, Sect. 8.5.

The rest of this section is a collection of integrals where all of the techniques to get closed
form integrals that you have seen in this chapter are used. It is suggested that you do a variety
of these problems. This is important, if you want to be proficient at integrating functions, since
integration is about pattern recognition.

. 2 3
/ ( x*+8x+33 7. /cos (2x) I

24 6x+18) (x+3) Sin™®(2x)
2. /sin(le) sin(5x) dx 18, / wiow+56
(W2 +16) (w—4)
3 / v dw cos?(x)
' V 19.
9+w? ? / sin(x) dx
-1
4. dz x> —9x+11
10-5 20. /—d
) —d) (—12
5 /';dx X
) /216 21. / dy
y3 y2_1
. yz
6. /—dy. 3z—1
) 16—y 2 S
' 214
T
7 / 3w2—wdw 23. /Sin(6x) sin(7x) dx
x2
. [ 2. [ V1009
(x2 —25)3/?
' 3
9, / sec(20 —2)tan(20 — 2)d6 25. / cos® (x) dx
14x—|—14 26 / sm
10, [T .
0 /x2+2x—24dx
11. /tan3(w)d(o 27.
28. / 2 (2x) sin® (2x) dx
2. [—
/100+64x2dx
13, /xz 81— 16:2dx 29. / cos(5x)d
14. /s2 cos(4s)ds 30. / —3z—7)"dzifn# —1
: — 1022+ 7x+8
15. o 31. /%dx
J x2—12x+37 X3 —x2—2x

Tw+9
16. /sec2(4e)de 32. /WJ{W_I)GIW
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

/e’ sec? (¢') dt
/ sec?(x) tan’ (x) dx
/xln(z)dz
[ are=e
———dx
J xB3Vxr-1
2x—3
/x—2—|—9 dx
2
z7+1
—d
/(z+l)3 <
/2 9 —4x2dx
/ew e—ew-&-7 dw

4
/ (x2+1) (x+1) dx

/cos(y) cos(sin(y))dy
I4+x
—d
/x2—6x+13 *
) 1
[
J-9 /x+4

" 1
—d
/ 91452

esc?(x) dx

—

—1
x' cos (2x8) dx
-7

sin (W) 85 cos(w)+1 dw

—

5 14
/ X+ dx

xX24+2x—8

/cos(@)d@.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.
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/4 (x—3)%9dx

-2

1
d
/3z—2 .

/ sin(x) sec? (4 cos(x) —2) dx

/ sec(z)tan(z)dz
/secz(3x) dx
/(az)”dz ifn—1

1
—dy.
o{‘/iy

1
/—dx
0 X
V]

/2” cos(2x)dx

3

9
/ zdz
5

/ (14x—5) sin® (74 — 5x) dx

/wzegwdw.
x—1
—d
/(x—2)2 *
/ 62+ 22+ 32
2422+9.118%°

/—3x2+3x—2

—d
x3—=2x2+x .

/sin3 (w)dw
/x2 cos(x)dx.

/3x2 —2x—1
———dx
(x+1)x2

/ _4s*sin (5s5) ds
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n 1 .
7. e —— 88. /sm 6w)d
Ertl (6w)dw
78. /—cos(6w) sin(7w)dw 89, /‘”6 sec?(40)d0
0
7. / xsin(4x) dx 90. / 231 — 642 dx
Iz
6
80. / cos(z)dz 1 / 10x—15
Iz R o e
81. /cos(@)cos(4sin(9) —6)do.
9. / cot® (w) dw
82. /cos(6x) cos(3x)dx
93. / e*sec? (3¢ + 1) dx.
B Lax.
4 X 94, / cos(6x) dx
In(10)
84. / exp(—3x — 8)dx
JIn(2) 95. / sec? (2x) tan®(2x) dx
|
5. / i
J P Vx— 64 96. /4i4du
3 u

86. / xsin(x) dx

97. (14z—1) cos® (7% —z) dz

—

87. /zlsdz 1

98. arccos?(y)dy

S—

8.9 Numerical Approximations of Integrals

There are many cases when we cannot get an exact value for an integral. The reasons for
this include the facts than many functions do not have simple antiderivatives and we may
only have data, function values, at a limited number of points. Because of this, we want to
be able to get accurate approximations for definite integrals without using the Fundamental
Theorem of Calculus, Theorem 65. It is important to realize that the techniques in this section
are among the simplest techniques. There are many techniques that are more sophisticated and
more accurate. We should look, if possible, to those techniques when we are actually doing
numerical integration.

In Sect. 6.2 the idea of approximating the area under a curve with a sum representing areas
was introduced. The three types of Riemann sums commonly used for approximations are the
left and right endpoint rules and the midpoint rule. These rules are easy to understand. The
left and right endpoint rules have problems with accuracy. The results do not improve quickly
as the number of intervals increases. The midpoint rule is somewhat more accurate but has the
problem that we usually cannot use previously calculated function values when increasing the
number of intervals to improve accuracy.

Example 308. The left, right and midpoint sums for f(x) = cosh(x) on [2,8] with 10 equal
subintervals are
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a b ~C
14001 14001 14001
12001 1200 12001
1000+ 1000+ 10007
8001 . 8001
y y 800 y
6001 6001 6001
4001 4001 4001
2001 2001 200+
0 0 R 0-
2 3 4 5 6 7 8 2 3 4 5 6 7 8 2 3 4 5 6 7 8
X X X
Left endpoint sum Right endpoint sum Midpoint sum
Fig. 8.16

6 9
Ll() = — Z f(2—|—06n)
10 =

~ 1,085.177

6 10
Rio=— Z f(240.6n)
10 n=1

~ 1,977.207

9

6
Ml() = — Z f(23 + 06}1)
10 =

~ 1,464.781.

Figure 8.16 on page 280 shows the sums with the right endpoints in Fig. 8.16a, the left endpoints
in Fig. 8.16b and the midpoints in Fig. 8.16c. The exact value is

8
/ cosh(x) dx = sinh(8) — sinh(2) ~ 1,486.852.
2

The theory of the errors for these approximations predicts that the midpoint rule should give a
better estimate than either endpoint estimate. This is exactly what happens here.

The expressions used to give upper estimates on the errors for numerical integration tech-
niques are usually not easy to derive. The derivation of the error formula for the left endpoint
rule does, however, give the flavor of these derivations and is fairly simple. Assume that the
integral of a function f(x) with a continuous first derivative over an interval from a to a + h is
to be approximated with [“™" f(x)dx = f(a) h. The absolute value of the error, using the Mean

a

Value Theorem (Sect. 5.5), is

'(Aa““+xﬁh)—fWV4= Ah0u0+f%u@»x—fw»dx

h
—| [ 7 () wax
0
h

M/ xdx
0

Mh?
>

IN

<

Here M is any number greater than | f'(x)| on [a,a + h].
If the distance from a to b is divided into n equal intervals of length 7 = (b —a)/n and M is
any number greater than |f’(x)| on [a, b], the expression for the error becomes
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a b

Fig. 8.17 A single trapezoid area approximation

Mh*>  M(b—a)h

2 2

'(Lbf(X)dx) _htz(;f(a+ih) <n

In a similar manner we can show that the formula of the error estimate for the right endpoint
rule is the same as for the left endpoint rule. The most important feature of these estimates is
that if you divide the length of the intervals by 2, double the number of equal intervals, the error
estimate is halved.

Using the first degree Taylor polynomial as an estimate for the midpoint rule we can show
that the error E), for the midpoint rule using equal intervals of length 4 satisfies

M2/’l2 (b — (1)

Eyl <
|Em| < 2

Here M, is any upper bound on the absolute value of the second derivative of f(x) on [a,b].
In this case if we double the number of intervals, the error estimate is divided by 4.

The two numerical integration techniques introduced in this section are the trapezoid method
and Simpson’s method. If we consider a Riemann sum as integrating a piecewise constant
function that approximates the integrand f(x), the trapezoid method can be considered as inte-
grating a piecewise linear approximation to f(x) and Simpson’s method can be view as integrat-
ing a piecewise quadratic approximation for f(x). We integrate these more accurate polynomial
approximations for f(x) to get more accurate approximations for | f f(x)dx

The trapezoid method uses a secant line approximation for f(x). For an interval from a to
b we use the linear approximation f(a+h) ~ g(h) = f(a) + h(f(b) — f(a))(b—a). We have
g(0) = f(a) and g(b—a) = f(b). See Fig.8.17 on page 281.

The area under the linear function is a trapezoid with area A <“)J2rf (b) (b —a). You can find the
area either by the geometry of a trapezoid or by integration.

As with Riemann sums, we usually get a better approximation by using more intervals,
each with a trapezoid approximating the area under the curve on the subinterval. See Fig. 8.18
on page 282 where there is a comparison of one trapezoid and five trapezoids for the same
function.

Using the formula for the area of a trapezoid and dividing the interval [a,b] with a partition
of n intervals and corresponding points a = xp < x; < xp < -+ < X,—1 < X, = b we have

/ ) XO);f(xl)( )+f(x1>;f(xz> (x2 — x1)
+"‘+M(xn_xn—l)

2
(f(xO)hl + f(x1) (h1 +h2) + f(x2) (ha + h3)

~
~

N =
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a b a b
Area approximation with one Area approximation with five
trapezoid trapezoids

Fig. 8.18

b ) O ) o) )

To simplify the expression, /; is used to denote x; — x;_1. If the subintervals all have the same
length, the partition points are equally spaced, the trapezoid rule becomes

/abf(x)dm g <f(a)+2f(a+h)+2f(a+2h)+---+2f(b—h)+f(b)>.

or

b h n—1
/ fx)den 5 (f(a)—l— F(b)+2 f(a+ih)> .
a i—1

1

The error for the trapezoid method with subintervals of equal length is

M2h2 (b—a)
Erl < ———~.
|Er| < B

Here M, is a number at least as large as the maximum of | /" (x)| on [a, b].

Example 309. Let f(x) = xsin (x*) and consider

4
/ xsin (xz) dx.
0

See Fig. 8.19 on page 282.

N W s

Ll

1 3
i v
-2

Fig. 8.19 The function f(x) = x sin(x)
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If we divide the interval into n equal subintervals, then the trapezoid method has the formula

/04xsin () dx~ % (f(O) +£(4) +2:§f (k%))

Taking n = 2,4,8,16,32, and 64 we get the following approximations with errors in the
Table 8.2 on page 283. In the table T}, is the trapezoid approximation and E, = Value — T,

n T, E,
2 |-4.1788 | 5.1576
4 1-0.0115| .9903
810.05369 | .92506
16| .80547 | .17344
321 .93790 |0.04086

64| 96850 [0.01012
Table 8.2

is the error.
Using the fact that 4 = b — a/n, the theoretical error term M, h*> (b —a)/12 can be rewritten

in terms of the number of equal subintervals n as

Mz (b — a)3
12n2

If this is true, doubling the number of intervals should approximately quarter the error of the
approximation. The last four estimates in the Table 8.2 on page 283 follow this pattern.

A nice feature of the trapezoid method is that when we have unequally spaced points, the
formula is the same as the original formula,

/ £00) Xo);rf( )(xl_xOHf(xl);f(xz) (61— 1)
by f—(x"_1)2+ f ) (X0 — Xn—1)
~ 5 (1) 1600 a2 = 20) 4 102 02 =)

+ - "+f(xn71) (xn _xn72> +f(xn) (xn _xnl)) .

Example 310. Assume that we want to integrate a function from x = 0 to x = 3 when we only
have the information in Table 8.3.

x |0] 02 [ 05 | 07 [09] 1.3 14 | 1.7 19 2
£ (x)[1.] =392 | —.942 | -.065 |.562|-.022 |-.102 |.098 | -.078 |-.303

Table 8.3
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Applying the formula for the trapezoid rule gives

/bf(x) dx ~ % (1(0.2) —0.392(0.5) — 0.924 (0.5) + - — 0.078 (0.3) — 0.303 (.1))
~ 0.158.

For Simpson’s method we use a quadratic to approximate the function of interest using three
points (x_y, f(x_1)), (x0,f(x0)), and (x1,f(x1)). This can be done in a number of ways, but
the calculations are omitted here in favor of illustrative graphs. In Fig. 8.20 on page 284 are the
graph of a function and then the graph with the quadratic function that matches the function at
x=1,x=1.5and x = 2.

If we have three points (x — &, f_1), (x, fo), and (x+ A, 1), there is a unique quadratic g(y)
through the three points. When we integrate this quadratic from x — i to x + h, we get

x+h h
|, a0rdy=3 (Fa+4ho+ 1), (8.10)

Since each quadratic covers two intervals, it is standard to assume that the interval [a,b] is
divided into an even number of subintervals. Dividing [a, b] into 2n equal intervals with partition
points a = xg < x1 < -+ < X251 < X2, = b we can use formula (8.10) on pairs of intervals to
get

[ sax =5 () + 47000 4709 ) + 5 (7 + 4700+ 110
et g (f(x2n—2) —|—4f(X2n—1) +f(x2n)>
= g (f(xo) +4f(x1)+2f(x2) +4f(x3)

4.4 2f(xzn,2) + 4f(X2n71> + f(x2n>) :

Assuming that the integrand f(x) has four continuous derivatives on [a,b], that My is an upper
bound for | f*) (x)| on [a, b], and that [a, b] is divided into 2 equal intervals of length /, a bound
on the error Eg for Simpson’s method is

M4 (b—cl)s - M4(b—a)

Eg| < = nt.
[Es| < 180 (2n)* 180
a b
3 3
y 21 y 21
1 11

1 1.2 14 16 1.8 2 1 1.2 14 16 1.8 2
X X

The area under a function The area under a quadratic
approximation to the function

Fig. 8.20
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a b

y 0.5

|
-1 0 1 2
X
- 0_ S 4
1! -1
The area under The Simpson’s approxima-
f(x) = cos (x?) tion to the area under
f(x) = cos (x?)

Fig. 8.21

Example 311. Consider the integral of f(x) = cos(x*) from —1 to 2. This integral is to be
approximated using Simpson’s method using six equal intervals. Figure 8.21 on page 285 shows
the function and the three quadratic approximations with areas.

The approximation to the integral is

2
/ cos (¥*) dx =~ é (cos(—l) +4cos (—i) +2cos(0) +4cos (i)

J-1
9
+2cos(1)+4cos (Z) —|—cos(4)>
~ 1.3676447 .

To estimate the error we need a bound on |f *) |. Since the fourth derivative of cos (xz) is
16x* cos(x?) +48x? sin(x?) — 12 cos(x?), we can find bounds on the absolute value of each term
and add those bounds to get a bound for the fourth derivative. The absolute value of the first term
is less than 16-2%- 1 = 256 since x* < 2% and |cos (x*)| < 1 on the interval [—1,2]. Similarly,
|48x%sin(x?)| < 192 and |12cos(x?)| < 12 on [—1,2]. This means that My = 256 +192 4 12 =
460 is an upper bound for |f*) (x)| on [~1,2] and the error must satisfy

14
|Es| < % = % =0.15972.

An approximation to the integral exact to 10 digits is 1.365985700. The absolute value of
the difference between the Simpson’s approximation and this value is less than 0.00166. As is
often the case, the actual error is much smaller than the calculated error bound. In this case the
smallest My value is around 305. A better M4 value would not greatly improve the error bound
from the formula.

Example 312. When we calculate the errors for Simpson’s method approximation to

3
/ cosh(x) dx
2 1+x2
with 2,4,8,16,32.64,128,256,512, and 1,024 intervals we get Table 8.4 on page 286.
Figure 8.22a on page 286 is a plot of the function.
The last column of the table is the ratio of the nth error to the n — 1st error. The ratios are
approaching 0.0625 = 1/16. The formula for the error bound on Simpson’s method is of the
form

|E,| < Kh*.

The h’s used here are shrinking by a factor of 2. Plugging this into the error estimate we have
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n S, E, ratio,,

2. ]5.4449670452599 | —0.50141 10-!

4. |5.4468108129080 | —0.51984 10-! 1.0368

8. |5.4037071669079 | —0.88807 102 .17083
16. |5.3950003230246 | -0.17386 10-3 | 0.19578 10!

32. [5.3948292382800 | —0.27782 10~ | 0.15979 10-!
64. [5.3948266320541 | —1.7193 10-7 | 0.61885 10-!
128. |5.3948264708767 | —1.0748 10-8 | 0.62516 10!
256. |5.3948264608005 | —6.7179 10-10 | 0.62504 10-!
512. |5.3948264601707 | —4.1988 10-!1 | 0.62501 10!
1024. | 5.3948264601313 | —2.6242 10-12 | 0.62500 10-!

Table 8.4

=
Enfl

The calculated values match the theoretical rate of decrease in the error.

In order to see the difference between the trapezoid method and Simpson’s method we
should calculate the values of both for a single function with the same number of intervals.
This is equivalent to using the same number of function evaluations.

Example 313. Let f(x) = (5w?+8sin(w)) /(w* +2w?+ 1) and approximate [, f(x)dx. The
value of this integral is approximately 1.646323100, see Fig.8.22b on page 286. The table
in Table 8.5 on page 286 contains the approximations and errors for the trapezoid rule and
Simpson’s method using 10, 20, 30, and 40 intervals.

a 2] b 5
1.5] N
\_/ 1]
0.5 .
2 1
2 0 1z 3 ]

The graph of The graph of f(x) =
f(x) = cosh(x)/(1+x%) (5w? +8sin(w)) / (w* +2w? + 1)
Fig. 8.22

The errors follow the expected pattern in that the errors for Simpson’s method are much
smaller than those for the trapezoid rule.

n Tn ET,n Sn ES,n

10]1.6298407311 | 0.164823610-! | 1.6489280774 | —0.260497710-2
20|1.6422460174 | 0.407708210-2|1.6463811128 | —0.580125910-4
30(1.6445147110 | 0.180838910-2|1.6463347360 | —0.116358510-4
40(1.6453066014 | 0.101649810-2|1.6463267961 | —0.369593810->

Table 8.5
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Exercises

1. Use the trapezoid method to approximate the following integrals using n equal intervals.

2 4 2
(a) /0 cos®(x)dx,n =5 63) /o cos (%) dx,n =20
0
(b) / sin’ () cosz(y) dy,n="1 2 sin(
J ) —
(c) /2 exp(—2)dz,n=4
2 (h) /3 2 sec (E) dz,n=16
(d) / e —tdt,n==6 2 4
-2
1 10
(e) / \ arccot’ (v/=1) dt,n=8 Q) / cos? (3 Vi2— 1) dt,n=13
J- 4

2. In each of the following a table of data is given for a function over a given interval. Use

the trapezoid method to approximate the following integral of the function over [a, b].

(a)  [a,b] =[0,1], using Table 8.6.

x| 0 |1/2] 3/4 1
7(x)[0.5500[1.209]0.5036]—0.2068

Table 8.6 The values for Exercise 2(a)

(b)  [a,b] =[—1,2], using Table 8.7.

x | —1.1-0.4545(-0.1818]0.6364|1.455| 2.
f(x)[1.756] 1.669 | 1.564 |1.838 [1.802(1.093

Table 8.7 The values for Exercise 2(b)

(¢) [a,b] =]0.5,4.1], using Table 8.8.

x 0.5000( 1.100 [1.700{2.300|2.600| 2.900 | 3.200 | 4.100
f(x)]0.4188(0.8199(1.244{1.244]1.041|0.8199(0.6161|—0.1223

Table 8.8 The values for Exercise 2(c)

(d  [a,b] =[-1.1,3.3], using Table 8.9.

x |—1.10]—0.4714(—0.05238|0.3667|0.5762(1.205(1.624|1.833|2.462|3.09| 3.30
f(x)]2.062| 0.876 1.654 [3.107|3.042[2.317( 2.90 |3.468(4.210|3.06|2.668

Table 8.9 The values for Exercise 2(d)
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3. Use Simpson’s method to approximate the following integrals using n equal intervals.

2 4 2
(a) /o cos’ (x)dx, n =4 ) / cos (%) dx,n=20
0
© [ n0)eo)ann=6 > siny)
. ’ sin(y B
© [ o=

4
() /2 exp(—zz) dz,n=328

3 5 z
2 h Ndzn=16

) /e’—tzdt,n:6 ®) /_zz Se°(4) o

J=2

- 10
(e) /_4 arccot’ (v/=1) dt, n =10 (i) A cos2 (3 2] l) dion—18

4. Use the trapezoid method to approximate each of the following integrals with 4,8,16,32,
and 64 equal intervals. Do the errors follow the expected pattern?

2 0
(a) / 1 (P +e ) dx (©) / i 14)-Cx2 dx

T 5
(b) /o sin®(z) cos?(z) dz (d) /1 x%dx

5. Use Simpson’s method to approximate each of the following integrals with 4,8,16,32,
and 64 equal intervals. Do the errors follow the expected pattern?

%) 0
(a) '/71 (x2 +e ) dx (c) /2 = j.cx2 dx

"t 51
(b) / sin?(z) cos?(z) dz (d) / —dx
Jo Xt
6.  In this problem one derives the approximation used in Simpson’s method. The function

x(x—nh x+h)(x—h x(x+nh
9=t D) | sl

is a quadratic function. It is the Lagrange form of the quadratic function whose graph goes
through (—h,a), (0,b) and (h,¢).

(a)  Show that the quadratic function g(x)goes through the three points (—#,a), (0,b) and
(h,c).
(b)  Find the integral of ¢(x) fromx = —h tox = h.

7. Use the error term for Simpson’s method to show that it gives exact answers for any cubic
function over any interval when using equally spaced points.



Chapter 9
Applications of Integration

9.1 Work

Work can be defined as the change of energy in a system. In an elementary physics class it is
often calculated as force times distance for the movement of a mass along a straight line under
the application of a constant force. For example, if a 2 kg mass is moved up 2 m from the surface
of the earth we can approximate the force on the mass as F' = 9.8 -2 = 19.6 N. Since the mass
is moved 2m, the energy involved in moving the mass is E = 19.6 -2 = 39.2]. This section
begins with a review of the ideas in Sect. 1.3 on page 19.

There are two points of view on work: it is the amount of energy put into a system or it is
the amount of energy taken out of a system. Each of these points of view is used in some fields
of study. In these notes work will be the amount of energy taken out of the system. In the case
of the mass being moved up 2 m, the work will be negative since the increase of the potential
energy of the mass is 39.2J. The work is —39.2J. (See Fig.9.1 on page 290.)

If we consider the mass moving up from the surface of the earth in terms of vectors, the
change in position can be taken as r = (0,2) m and the force can be written as F =2 (0,—9.8) N.
Since the displacement vector r and the force vector F are in opposite directions, their dot
product is —39.2J, the work. In fact, if we move a mass along a straight line from a to b with a
constant force F, the work is (b —a) - F. (See Sect. 1.3 and Fig. 9.2 on page 290.)

To understand this, we can consider a car constrained to a straight track that goes in a
direction r with ||r|| = 1. If a force F is applied to the car and there is no friction, the force that
moves the car down the track is the projection of F onto r, proj.F, see Eq. 1.15. This means
that the work moving the car a displacement of w = sr with a constant force F is given by

W = scomp, F
F-r
= 5—
]
=F-(sr)

=F-w.

(See Fig.9.3 on page 290.)

Electronic supplementary material The online version of this chapter (doi: 10.1007/978-3-319-09438-0_9)
contains supplementary material, which is available to authorized users.
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Fig. 9.1 A mass raised 2m

d
' IJ

Fig. 9.2 The force F and displacement d of the mass

F1

Fig. 9.3 Projection of a force onto the direction of travel

Example 314. A mass is moved along the line segment from (1,0,—3) to (2,2,5) with a con-
stant force of (—3,2, —1) N acting on the mass. The work done in moving the mass is

W =((2,2,5) - (1,0,-3)) - (=3,2,—1)
=(1,2,8)-(=3,2,—1)
- 71

Example 315. Assume that a 5 kg mass is moved 15 m west and 2 m up. If we assume that the
acceleration due to gravity is constant and the surface of the earth is flat for 15 m, the work
done is

W =5(0,-9.8)-(—15,2)
=-98.0J.
We can consider the generalizations of this definition of work to the cases of linear motion

in a non-constant force field and to the case of nonlinear motion in a non-constant force field.
In the case of spacecraft and planetary systems, the forces are not constant and the motion of
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Fig. 9.4 Force of gravity from a sun on a planet always points toward the sun

objects is clearly nonlinear. This is easy to see since the force from a star acting on a planet
orbiting the star always points toward the star. (See Fig. 9.4 on page 291.)

Keeping things simple, the case of linear motion in a non-constant force field is considered
first. Assume that a mass is moving along a straight line segment from a to b parametrized
by {(s) =a-+sw with w=Db —a and s € [0, 1]. Also assume that the force field is continuous
along the line segment, F(¢(s)) is continuous. This implies that the dot product of F with w is
continuous on the given line segment.

If0=s9 <s1 <--- <s, =1, we can approximate the work from ¢(s;_;) to £(s;) by

Wi = F(0(&)) - ((si) —L(si-1))
~F&)) ((si—si1)w)
~ (si—si-1) F(0(&)) - w.

Here &; is any number between s; | and s;. Adding these approximate values for work over
each of the intervals [s;_,s;] gives

n

~ ZF(E(&,)) W (s;—Si—1)-
i=1
This expression is a Riemann sum for the integral of F(¢(s)) - w for s € [0, 1]. Taking a “limit”
as the maximum of the s; — s;_|’s goes to zero yields the expression

W= /OIF(E(s)) -wds. ©.1)

Remark 27. 1t is important to note that this formula holds for any parametrization r(¢) of the
line segment from a to b where r'(¢) = o(r)w with a(r) > 0. With a substitution, change of
variable, we can rewrite Eq.9.1 as

W= ! F(r(¢)) -r'(t)dt.

fo
Herer(rp) =aandr(f;) =b.

Example 316. Assume that a 1,000kg mass is moved from the surface of the earth to a height
of 350 km above the earth along a straight line perpendicular to the surface of the earth. What
is the work required?

First note that the gravitational constant times the mass of the earth is 4 = G Mg = 3.98600 x
103km?/ s” and the earth’s radius is approximately Rg = 6,371 km. Then the force of gravity
acting on a mass m at a point X when the origin is the center of the earth is

GMEm GMEm X

Fg:=— X=— —.
11 Ix[I> x|

This is the usual inverse square law in vector form.
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Without loss of generality we can take the initial point at the surface of the earth as
(Rg,0,0) km and the final point as (Rg + 350,0,0) km. The line segment can be parametrized
as £(r) = (Rg +r,0,0) km for r € [0,350]. In terms of » we have

GMEm
Fi=————"—=(R 0,0).
O TRy FERO0)
Since £ '(r) = (1,0,0), the work done is
350 GMEm
= R 0,0)-(1,0,0)d
W= [ ity Retr0.0)-(1,0.0)dr
350 GMEm
—/ 5 dr
RE—|—F
 GMpm 350

1 1
—GMgm [ —
gm (RE+350 RE>

~ —3.0662 x 10*17.

The last formula for work in this section is meant for finding the work when an object is
moved through a force field along a nonlinear path. The justification for this formula is similar
to the formula for linear motion and is omitted. If the path can be parametrized as a vector
valued function r(¢) on an interval [a,b] and the force at a point x is F (x), the formula for the
work done is

W= / "R () ') dr. 9.2)

This reduces to the formula for movement along a straight line since if r(f) = wt +c¢,r'(t) =w
for all # € [a,b]. This can be fairly easy to use.

Example 317. Find the work done when a mass is moved along the curve r(¢) = (¢,2¢,1>) m
from t = 0 to ¢t = 2 through a force field F(x,y,z) = (x —y,y — z,z — x) N. Here F(r(7)) =
(—t,2t —t>,t> —t)Nand r'(¢) = (1,2,2t) m/s. The work is

2
w =/ (—1,2t —1%,6% —1)-(1,2,2t)dt
0

2
:/ 3t — 42 4203 dr

3t2 4t3+t4 2
2 3 2
32
=6——+8
3 +

0
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Exercises

1.

Find the work done in moving a mass along a straight line from point A to point B under
the influence of a constant force F.

@ A=(-23),B=(,-2),mdF = (1,-2)

(b) A:(l,—z 3),B=(—1,3,-2),and F = (—2,1,-2)
© A=(0,0,0),B=(51,5),and F = (1,-2,3)

@ A=(-1,2,—4),B=(0,1,—1),and F = (4,—4,6)
e A=(1,1),B=(3,3),and F = (3,-1)

() A=(41),B=(-4,—1)andF = (~1,-2)

Find the work done in moving a mass along a straight line from point A to point B under
the influence of a nonconstant force F(x).

@@ A=(-23),B=(3,-2),and F(x,y) = (x,~y)

(b) A=(1,1),B=(4,-2),and F(x,y) = (x*,)?)

) A=(1,1,1),B=(4,-2,2),and F(x,y,2) = (x,y,2)

(d) A:(2,7,—6),B:(5,1, 3), and F (x,y, ):( -y)

(e) A=(0,3,7),B=(7,-2,1),and F(x,y,z) = (¢*,y," %)

f) A=(0,1,—1),B=(0, —2,2) and F(x,y, ):( (x +3?) x+yz-y)
(& A=(7,-1,2),B=(3,-5,-6),and F(x,y,z) = (cos(mx),sin(47y),1 — 2%)

Find the work done in moving a mass along the given curve r() from point A to point B,
or from #; to 7, under the influence of a nonconstant force F(x).

(@ A=(1,0,0), B=(1,0,27), r(t) = (cos(z),sin(t),), and F(x) = —(x,y,2).
(b) A=(-1,1,0),B=(2,4,3),r(t) = (t,t>,1> = 1), and F(x) = (z,x +y,2 — x).
) A=(lel),B=(V10,e'°10),r(t) = (/(t),exp(t),t), and

F(x) = (&, —y,—2°).
d n=-mnty=mrr(t)=_sin(r),4,cos(t)),and F(x) = (z— 1,x,y— 1).
(€ A=(0,0),B=(1,1),r(r) = (1,r*), and F(x) = (x*,°).

Let x be the position of a mass on a spring relative to the equilibrium position of the mass.
Assume that the force that the spring exerts on a mass is equal to F (x) = —kx. This means
that the spring pulls or pushes a mass towards its equilibrium position. Assuming that k = 2,
what is the work done in moving the mass from x = —1 to x = 2? See Fig. 9.5 on page 293.

o

Fig. 9.5 A mass on a spring

5.

Let x be the position of a mass on a spring relative to the equilibrium position of the mass.
Assume that the force that the spring exerts on a 1kg mass is equal to F(x) = —kx. This
means that the spring pulls or pushes a mass towards its equilibrium position. Assuming
that £k = 2 and the mass is released at the point x = 3, how fast is the mass moving when is
passes the point x = 0?
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6.  Find the work done when moving a 2 m long chain that is flat on a table onto the arc of a
circle of radius 2 m that is above and tangent to the table. One end of the chain will still be
on the table. The density of the chain is 1 kg/m. See Fig. 9.6 on page 294.

9.2 Work 2

In the previous section the work required to move a point object through a force field was
considered. In this section the work required to move a mass that is not a point object is consid-
ered. Examples of this include the work required to take the water out of a tank or the amount
of energy required to take a chain on the ground and hang it from a hook above the ground.
In each of these cases, we can approximate the work done by considering the work done when
moving thin layers of the water or small pieces of the chain from their original positions to their
final positions.

Fig. 9.6 Moving a chain onto a circle

- |

Fig. 9.7 Positions of a cable on a table and hung above the table

Consider the problem of taking a 1 m cable that has mass density of p = 1/4kg/m that is
lying on the ground and is moved so that one end of the cable is 1 m above the ground and the
other end is touching the ground. See Fig. 9.7 on page 294.

Let x be the height above the ground where a point on the cable is after it has been moved.
A short length of the cable, from x to x+ Ax, has mass pAx and has been moved approximately
xm off the ground. This means, assuming the acceleration due to gravity is constant, that the
work done moving the piece of cable is approximately —gp x Ax. If the cable is divided into n
pieces with lengths Ax; the total work done is approximately

n
W = Z —gp&iAx;,
-1

where &; is a point in the i the interval. The right hand side of this equation is a Riemann sum

for the integral
1
/ —gpxdx.
0
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This means that the work is given by

9.8
- J

We can also calculate work done in other situations. Two of these are done here.

Consider the amount of work it takes to empty a right circular cylinder of water by pumping
the water over the top edge of the cylinder. See Fig. 9.8 on page 295. Let p represent the density
of water in the system of measurement used. If the radius of the cylinder is 7, the work required
to lift a section of water with thickness Ay; a height A; is

AW, =~ —gp nrszihi.

If the height of the tank is H and the tank is initially filled to a height of Hy < H, where y is the

Fig. 9.8 A cylinder partially full of a liquid

height above the base, we have h(y) = H —y where y goes from 0 to Hy. Writing out a Riemann
sum for the work we get

W= Z AW;
=1
~ 2 gp 77:r (H —yi)Ayi.
Taking the limit as Ay; goes to zero gives an integral for the total work.

H )
W=/0 —gpmr (H—y)dy

— 2 (H—y)? h
—gpmr |
H—H)*—H?
_gpmrll ;) ). 9.3)

Example 318. Consider a cylindrical tank with height 2m and diameter 1/2 m. If the tank is
half full of water, how much work does it take to empty the tank by pumping the water over the
top rim of the tank?
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The density of water is p = lg/cm3 = 1,000kg/m3. Plugging into Eq. 9.3 we have

N 1 (-1
W=9.8-1000-7- -~

=-918.75m.

Now consider the problem of a cable that was resting partially on a table with a length
¢; m hanging over the edge and a length ¢, m on the table. Assume that there is no friction
between the cable and the table top and the cable has density p kg/m. See Fig. 9.9 on page 296.
A question in this setting is, what is the speed of the cable when it leaves the table?

This can be done by calculating the kinetic energy of the cable when it leaves the table. We
can consider the cable in two pieces, the portion initially on the table and the portion initially
hanging over the edge. First consider the portion of the cable that is initially hanging over
the edge of the table. Each piece of length A¢ of this portion of the cable has moved down a
distance of ¢, when the cable leaves the table. This means that the work done for this piece of
the cable is

B

Fig. 9.9 A cable hanging over the edge of a table

!
/ '9.8p0rdl = 9.8 0, ().
0

A section of the cable on the table that is x away from the edge ends up ¢, — x below the table
top. This means that the work done getting the length of cable on the table off the table is

v
/ "9.8p (£, —x)dx—4.9p 3, J.
JO

Combining the two energies and using E = mv? /2 gives

p(L1+£)v?
2

196064988
v=}| ——= .
b1+ 4,

=9.8pl 1l +4.9p(3].

Solving for v gives

Exercises

1. A 6 m cable with constant density is taken from a flat surface and hung from a point 3m
above the surface. Explain why the work done is the same as taking a 3 m cable with the
same constant density and hanging it from a point 3 m above the surface.
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2.

A 3 m cable with constant density is taken from a flat surface and hung from a point 3 m
above the surface. If the density is 0.2 kg/m and the acceleration due to gravity is 9.8 m/ S
how much work is done moving the cable?

A 3m cable has density p(x) = (3 — g—‘) kg/m, where x is the distance from end A of the
cable. The cable starts on a table at the surface of the earth. It is then moved so that the
cable is hanging from end A of the cable with end A of the cable 4 m above the table. What
is the work that has been done?

A conical tank is to be emptied by taking water over the top of the tank. The tank is 10 m
tall, has its point at the bottom and the top is a circle with radius 5 m. The density of water
is 1 g per milliliter. If the tank is half full, how much work must be done to empty the tank?
See Fig.9.10.

-4

2 0 2 4
X

Fig. 9.10 An upside down right circular cone partially filled with fluid

5.

A conical tank is to be emptied by taking water out through the bottom of the tank.
The tank is 10m tall, has its point at the bottom and the top is a circle with radius 5m.
The density of water is 1 g per milliliter. If the tank is half full, how much work must be
done to empty the tank? See Fig. 9.10.

A hemispherical tank is emptied by draining a liquid with density 1.8 g/ cm’ out through
a hole in the bottom of the tank. The tank has a radius of 0.4 m and is oriented with its flat
circular side as the top of the tank. How much work is done in emptying the tank? Assume
that the tank is on the surface of the Earth.

A 3 m length of cable with uniform mass density is partially hanging off of a platform.
Assume that the surface of the platform has no friction. If 1 m of the cable is hanging over
the edge of the platform when the cable is not moving, how fast will the cable be moving
when the cable leaves platform. (Use g = 9.8m/ s2.)

A 3m length of cable with uniform mass density 0.2kg/m and is partially hanging off
of a platform. There is a 2kg mass on the end of the cable off the platform. Assume that
the surface of the platform has no friction. If 1 m of the cable is hanging over the edge of
the platform when the cable is not moving, how fast will the cable be moving when the
cable leaves platform. (Use g = 9.8m/s°.)

A 3m length of cable with uniform mass density 0.2kg/m is partially hanging off of a
platform. There is a 2 kg mass on the end of the cable on the platform. Assume that the
surface of the platform has no friction. If 1 m of the cable is hanging over the edge of
the platform when the cable is not moving, how fast will the cable be moving when the
cable leaves platform. (Use g = 9.8 m/ sz.)
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10. A 2m cable is partially on incline and partially hanging over the top of the incline, see
Fig.9.11. Assume there is no friction between the cable and the incline. If the incline is 30°
from horizontal and 1 m of the cable is hanging off the top of the incline, how much work
will have been done when the end of the cable leaves the incline?

11. A 2m cable is partially on incline and partially hanging over the top of the incline, see
Fig.9.11. Assume there is no friction between the cable and the incline. If the incline is 30°
from horizontal and 1 m of the cable is hanging off the top of the incline, how fast will the
cable be traveling when the cable leaves the incline?

Fig. 9.11 A cable hanging over the top of an incline

12. A company is planning on building a space elevator from a point on the equator of the
surface of the earth to a station in geosynchronous orbit 42,164 km from the center of
the earth. Assume the radius of the earth is 6,378 km. If the density of the “cable” used
is 1,000 kg/m for the full length of the “cable,” how much work is done in moving the
components of the “cable” from the surface of the earth to their positions on the space
elevator?

13. A company is planning on building a space elevator from a point on the equator of the
surface of the earth to a station in geosynchronous orbit 42,164 km from the center of the
earth. Assume the radius of the earth is 6,378 km. If the density of the “cable” used is
1,000 kg/m at the bottom of the cable and decreases linearly to a density of 250kg/m at the
top of the “cable,” how much work is done in moving the components of the “cable” from
the surface of the earth to their positions on the space elevator?

9.3 Volumes by Slices

Integration can be used to find the volumes of many objects. In this text two methods are
presented, volumes by slices and volumes by shells. The technique in this section, volumes by
slices, assumes that we can describe a three dimensional object as the union of figures in the
planesx =t (ory =t orz=t) ast varies between a and b. (See Fig. 9.12a on page 299.) We will
assume that each function A(r) is integrable over the interval [a, b].

In the case of the volume between the cone z = 2 — /x2 + y2 and the xy-plane, the intersec-
tion of the figure with a plane z =1 is a circle when 7 € [0,2]. See Fig.9.12b on page 299. We
can approximate the volume between the planes z = and z =t At as a tablet with constant area
A(t) = nr(t)? = m(2 —t)? parallel to the xy-plane and height Az. (See Fig. 9.13a on page 299.)
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Stacking a series of these tablets together gives an approximation for the volume. (See
Fig. 9.13b on page 299.) The sum of the volume of these tablets is

n
VY n2-1) A
i=1

This is a Riemann sum for the area function A(¢) = (2 — ) as ¢ goes from 0 to 2. Taking the
limit as the mesh of the partition goes to 0 gives an integral for the volume

b 2
1.5
1
0.5
-2
-2 -1 o 1 2 0
Multiple horizontal planes in- A single horizontal planes in-
tersecting a cone tersecting a cone
Fig. 9.12
a b
2 2
1.5 1.5
1 1
0.5 0.5
B 0172 -2 1 -1°2
-1 o 1 21 0 1 21 0
A tablet approximating part A stack of tablets approxi-
of the volume of the cone mating the volume of the whole
cone
Fig. 9.13
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We can use the same basic formula,

V= /abA(t)dt,

to find the volume of other figures. As an example consider the volume in 3 dimensions that is
inside the cylinder x? +y? < 1, above the xy-plane, and below the plane z = x. See Fig.9.14a
on page 300.

If we take slices in the planes perpendicular to the x-axis, x = c, the areas are rectangles. See
Fig. 9.14b on page 300. These rectangles have height z = x and length going fromy = —v/1 — x2
to y = v/ 1 — x2. Putting these facts together leads to the volume,

[V

—

~
; e t
V1o Ul =

|
o}

—

1
0 os1Ls y 0050
y X
X

The volume inside x> 4 y*> = A slice of the figure parallel
1, above the xy-plane and below to the yz-plane
Z=x
Fig. 9.14

1
Vz/ 2xv/ 1 —x2dx
0

2 (3/2) |1
E) (1 _xz) |o

For many people the biggest problem with this technique is visualizing the object and the
finding appropriate slices with which to build the volume.

9.3.1 Volumes of Cones

A special case is when the volume is a cone. A cone is generated by connecting every point in a
plane figure, the base, with a single point, the vertex, outside the plane. The idea here is build a
cone by stacking areas similar to the base together and thereby generate the cone. See Fig. 9.15
on page 301. Let the area of the base of the cone be Ap,;. and let & the distance from the plane
to the vertex. If we intersect the cone with a plane parallel to the plane with the figure that is
a distance x from the plane, x € [0, %], the area of the intersection is A(x) = Apase (h — x)?/h>.
(This formula must include the (h —x)?/h? since we are dealing with areas, not the length of
segments.) Integrating these areas as x goes from O to & gives the volume,

1
Vol:/ A(x)dx
JO
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A 1
= Btm/ (h—x)zdx

W Jo
_ ABuse _(h _x)3 h
h? 3 =0
1
- § ABase h.

-1-050 05 1

A pyramid with a square base A side view of the pyramid
and a slice of the pyramid parallel
to the base

Fig. 9.16

This is rather abstract, but the idea can be illustrated using the case of a pyramid that has a
square base where the lengths of the sides of the base are 2 m and height is 3 m. See Fig. 9.16a
on page 301. From a side view this looks like Fig. 9.16b on page 301.

By similar triangles, the length of a side of the square at a distance x above the xy-plane
is £(x) =2(h—x)/h=2(3 —x)/3. This means that the area of a slice of the pyramid that is x
units above the xy-plane is A(x) = 4 (3 — x)?/9. By the method of slices, the volume is

34 ,

Vol:/ —(3—x)"dx
0o 9

4 5

-t

=4.

x=0

Since the area of the base is 4 and the height is 3, the formula for the volume of a cone
1
Vol = 3 ABase h

gives a volume of 4. This confirms that the formula is correct in this case.
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Fig. 9.19 The volume for Exercise 3

Exercises

1. Use slices to find the volume of the region in three dimensions bounded by y = 4 — z2,
y=2z>—4,x=—2,and x = 2. See Fig. 9.17 on page 302.

2. Use slices to find the volume of the region in three dimensions bounded by y = 4 — 72,
y=2z>—4,x=7z>—4,and x =4 — 7%. See Fig.9.18 on page 302.

3. A volume touches the xy-plane along the curve y = x* such that each slice by a plane
x = cis acircle of radius r = % Find the volume of this figure for x € [—1, 1]. See Fig.9.19
on page 302.

Fig. 9.20 The volume for Exercise 4
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Fig. 9.22 The volume for Exercise 6

4. Find the volume of the region bounded by the hyperbolas y*> — z2 = 1 and x*> — z> = 1 for
z € [—1,2]. See Fig. 9.20 on page 302.

5. Find the volume of the section of the ball of radius 2 centered at the origin between the
planes z= —1 and z = 1. See Fig. 9.21 on page 303.

6. A volume is made of triangles with one vertex at (x,0,0), a second vertex at (x,0,x) and
the third vertex at (x,x*,0). Find the volume of this figure if x € [0,2]. See Fig.9.22 on
page 303.

7. Find the volume of the region inside 4 = x> 4y + % using slices parallel to the xy-plane.

The area rotated to fill a A disk formed by rotating a
sphere line segment around the x-axis
Fig. 9.23

8.  Find the volume in the first octant with z > 9 — x? — yz, z<10,x<3andy <3
9.  Find the volume in the first octant with z <9 — x> —y*, x <3 and y <3

9.4 Volumes of Revolution: Washers

The idea here is to build volumes by stacking areas, slices as in Sect. 9.3, generated by rotating
line segments perpendicular to an axis of rotation around that axis. If these line segments depend
nicely on a parameter along the axis of rotation, the integral of the areas will give a volume.
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Consider the case of the volume of a sphere. We can generate a sphere by rotating a half disk,
say x € [—r,r] and y € [0,V r?> — x?|, around an axis, the x-axis. See Fig. 9.23a on page 303.
Since the half disk is made up of the line segments from (x,0) to (x,v/r2 — x2), the sphere is
made up of the disks generated by rotating these line segments around the x-axis. See Fig. 9.23b
on page 303. The area of each of these disks as a function of x is A(x) = 7t (r> —x?). The volume
is then
p
Vol= | A(x)dx
rr
= [ n(?—x)dr

—r

3
_ 2 A
_n(xr 3)

4
:?n:}"3

r

x=—r

This is the correct formula for the volume of a sphere.

This idea is divided into two parts. The first is rotating line segments perpendicular to the
axis of rotation starting at the axis of rotation, say the x-axis, and extending out to a distance
r(x) from the x-axis around the x-axis. This is called the method of disks. Since each of the
areas, a disk with radius r(x), has area 7£7%(x), the volume formula is

b
Volume = / mr(x)? dx.
a

a
N\_
1.
0.81
Y 061
0.41
0.21
—(I).3 —6. ' Orl 0:2
Y -0.21
The area to be rotated around Disks formed by rotating a
the y-axis line segments
Fig. 9.24

Fig. 9.25 A washer formed by removing a disk from inside another disk
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Example 319. What is the volume generated by rotating the region in the first quadrant bounded
by the y-axis and x = y> — y around the y-axis? See Fig. 9.24a on page 304.
Here y goes from O to 1 and each line segments parallel to the x-axis goes from a point (0,y)

to (y—»?,y). This means r(y) =y —y* and the areas of the slices are A(y) =7 (y —yz)z. See
Fig. 9.24b on page 304.
The volume is

The second part of this general method is rotating line segments perpendicular to the axis
of rotation that start at a distance r, the inner radius, away from the axis and extend out to a
distance R, the outer radius, from the axis of rotation. The areas we get are washers and the
method is called the method of washers. This is illustrated in Fig. 9.25 on page 304.

/

Fig. 9.26 The area and volume for Example 320 on page 305

The area of this washer is the area of a disk of radius R minus the area of a disk of radius r,
A=rm (R2 — r2). If the axis of rotation is the x-axis, the inner and outer radii are functions of x,
and if x varies from a to b we get a volume formula

b
Vol = / T (R2 (x)—r? (x)) dx.
a
This formula may be difficult to remember, but geometrically it is very simple. This integral

can be view as taking the volume obtained by rotating R(w) around an axis, say the w-axis, and
the removing the volume obtained by rotating r(w) around the w-axis,

b b
Vol:/ nRz(w)dw—/ i (w)dw
a a
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Example 320. What is the volume of the region in 3 dimensions obtained by rotating the region
bounded by the y-axis, y = 2 and y = 2x in the xy-plane around the x-axis? The lines y = 2 and
y = 2x meet at (1,2). This gives the region in Fig. 9.26a on page 305.

The outer radius is R = 2 and the inner radius is r = 2x. This means the volume is

If we look at the region, see Fig. 9.26b on page 305, we can see that it is a cylinder of radius
2 and height 1 with a right circular cone of radius 2 and height 1 removed. Since the volume
of the cylinder is Vol; = mr?h = 47 and the volume of the cone is Vol, = wr?h/3 = 47/3, the
volume of the solid of revolution is 87/3, the answer obtained through the integral.

In the previous examples in this section the axis of rotation was always one of the coordinate
axes. This is not a requirement. If the axis of rotation is parallel to one of the coordinate axes,
finding the volume of a volume of revolution follows the same procedure as above.

1 R
K_ T
0 12
X
-1
Fig. 9.27

Example 321. What is the volume of the solid generated by rotating the region bounded by
the y-axis, y =2 —x, and y = 0 around the line x = 3. The region in the plane is illustrated in
Fig. 9.27a on page 306. The volume of revolution is shown in Fig. 9.27b on page 306.

If we use y as the variable of integration, the inner radius is r(y) = 1 4y and the outer radius
is always R(y) = 3. (How do we get the inner radius?) We also have the limits on y at y =0 and
y = 2. The volume is then calculated as

Volz/ozn (3° = (1+y)?) dy

2
zn/ (8—2y—y2) dy
0

¥\ [
:7r<8y—y2—?>

y=0
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Exercises

1. Find the volume of the region generated by rotating the area in the first quadrant between
the x-axis and the curve y = 3 4 2x — x? around the x-axis. See Fig. 9.28 on page 307.

Fig. 9.28 The area and volume for Exercise 1

2.  Find the volume of the region generated by rotating the area in the second quadrant be-
tween the x-axis and the curve y = 3 +2x — x? around the x-axis. See Fig. 9.29 on page 307.

-1

Fig. 9.29 The area and volume for Exercise 2

3.  Find the volume of the region generated by rotating the area in the first quadrant be-
tween the x-axis and the curve y = sin(x) with x € [0, 7] around the x-axis. See Fig. 9.30 on
page 308.

4.  Find the volume of the region generated by rotating the area in the first quadrant between
the line y = x and the curve y = 4 + 2x — x* with x € [0, 7] around the x-axis. See Fig.9.31
on page 308.
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Fig. 9.30 The area and volume for Exercise 3
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Fig. 9.31 The area and volume for Exercise 4

5.  Find the volume of the region generated by rotating the area in the first quadrant between
the line y = x and the curve y = 4 + 2x — x> with x € [0, 7] around the line y = —2. See
Fig. 9.32 on page 308.

9

1234 0
i —x 0245 y
X

Fig. 9.32 The area and volume for Exercise 5

6.  The region between the curves y = x> and y = x in the xy-plane is rotated around the
x-axis. Find the resulting volume.

7. The region between the curves y = x> and y = x in the xy-plane is rotated around the
y-axis. Find the resulting volume.

8.  The region between the curves y = x> and y = x in the xy-plane is rotated around the line
y = —1. Find the resulting volume.

9.  The region between the curves y = x> and y = x in the xy-plane is rotated around the line
x = 2. Find the resulting volume.
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9.5 Volumes of Revolution: Shells

The idea here is to build volumes by stacking areas generated by rotating line segments parallel
to an axis or rotation around that axis. The objects generated are called shells. If these line
segments depend nicely on a parameter perpendicular to the axis of rotation, the integral of the
areas will give a volume.

To write the volume as the limit of Riemann sums we need the volume obtained from rotating
a thin strip parallel to the axis of rotation. See Figs. 9.33a on page 309 and 9.33b on page 309.
This is the volume between two shells, both with height £, the inner with radius r; and the
outside with radius r; + Ar;. Since this is the difference in the volumes of two cylinders, the
volume is

AVi=n(ri+Ar)*h—nrih
= w2rhAri+ 1 (Ari)? h.

Consider using the shells to approximate the volume obtained by rotating an area bounded
byx=a,x=>b(b>a>0),¢(x)and u(x) with u(x) > ¢(x) around the y-axis. The interval [a, b]
can be partitioned into a =rg < r; < rp < --- < r, = b and, with Ar; —r;_1, the total volume
can be approximated by

Vol ~ i ((aniAri + E(Ari)z) (”(éi) - é(&))).

=3 (w2nan(utd) - @) ) + 3 (x 42 (50— 6)).

a
b
h h
.
Ar+r
A rectangle to rotate around The volume generated by ro-
an axis tating a rectangle around an axis
parallel to a side of the rectangle

Fig. 9.33

When we assume u(x) — £(x) < M for all x € [a,b] and Ar; < K for all i the second term is
always between 0 and KM (b — a). Noting that we can take K = max; Ar; — 0, the second
sum goes to zero as we take maxAr; going to zero. Since the second term goes to zero as
max; Ar; — 0, and the first term is a Riemann sum, in the limit we should have

Vol = '/a.b 27x (u(x) — £(x)) dx.

In fact, this is the correct formula.
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A region to rotate around an The volume generated by ro-
axis tating the region around an axis

Fig. 9.34

Example 322. Let A be the region in the xy-plane bounded by x =2, x =4, y = 6 —x, and
y=x—06, see Fig. 9.34a on page 310. The problem is to find the volume of the region generated
by rotating this plane figure around the y-axis, Fig. 9.34b on page 310.

The volume can be approximated by approximating the plane region with strips, see
Fig.9.35a on page 310. Those strips can be rotated to get an approximate volume for the
3-dimensional figure, see Fig. 9.35b on page 310.

a b
Y o
-10] 1

-2

-4 -3-2_
The region approximately The approximation to the
filled with rectangles volume generated by rotating the

rectangles around the axis

Fig. 9.35

Finding the volumes of these approximations and taking the limit as the widths go to zero
will give the volume,

Vol = /24 27x((6 —x) — (x—6))dx

4
= 27t/ 12x — 2x%dx
2

203 |
:m(éxz_i)

3 x=2
_ 208
3

This volume can be described as a cylinder of radius 4 and height 4 that has had a cylinder
of radius 2 and height 4 removed form the center. Then two additional volumes obtained by
rotating the triangles bounded by the lines y =4,x =4, and y=6 —x, and by y = —4, x =4,
and y = x — 6 around the y-axis. Since these two volumes of revolution have the same volume
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8

Fig. 9.36 The area and volume for Example 323 on page 311

and that volume can be calculated using washers, the volume can easily be calculated without
using shells. (Draw a picture to see the triangles.)

Example 323. Consider the volume generated by rotating the plane region in the first quadrant
bounded by y = cos(x), the y-axis and the x-axis around the line x = —1, see Fig.9.36 on
page 311.

If we try to use washers to find the volume of this region we need to integrate against y with
an outer radius of R(y) = 1 + arccos(y) and an inner radius of r(y) = 1. When simplified, the
integral for the volume using washers is the rather unpleasant

1
Volume = 7 / 2arccos(y) + arccos’ (v)dy.
0

If we use cylinders, the radius is r(x) = 1 +x and the height is A(x) = cos(x) with x in
[0,7/2]. This gives the much simpler integral

T

3
Volume = 27 / cos(x) +x cos(x) dx.
0

We can use integration by parts to get

T

Volume = 27 / : cos(x) 4 x cos(x) dx
0

.
2

=2z ((sin(x)+xsin(x)) x:O_/O sin(x) dx)

=2 (1 + g + (cos(x) j()) )

= 7'52.

This is a illustration of the fact that finding the volume of a volume of revolution is often
much easier when using one of the two techniques given here rather than the other. If one of
the methods is too difficult, try the other.

9.5.1 Moment of Inertia

Moment of inertia plays the same role in rotational mechanics that mass does in the motion of
a point mass in mechanics. For example, the angular momentum of an object rotating around
an axis with moment of inertia / and angular velocity (in radians/s) @ is /. This corresponds
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2/ 2 a direct

to the momentum formula mv. The kinetic energy of the rotation is given by 1/®
correspondence to the energy formula E = my?/2.

If a point mass with mass m is a distance » from the axis of rotation of a mechanical system,
the moment of inertia of that mass is mr>. See Fig. 9.37 on page 312.

When we consider a thin shell around an axis or rotation the total mass of the shell is at a
fixed radius from the axis of rotation. This means that the moment of inertia of this shell of
mass m should be I = mr?. If it has thickness Ar, height 4 and density p, the moment of inertia

can be approximated by Al ~ p wr> hAr. See Fig.9.38 on page 312.
If we has a solid with constant density p that is obtained by rotating a plane region around

an axis in the plane, we can use the approximation for the moment of inertia for thin shells to
get the approximation

Axis

Fig. 9.37 I = mr?

Fig. 9.38 A shell used to calculate a moment of inertial

I~ p2mr h(ri)Ar.
i=1

The left hand side of this equation is almost the Riemann sum for the volume using shells.
Taking the limit of this sum as the maximum of the Ar;’s goes to 0 gives the following equation.

b
I:/ 2 p r h(r)dr.

The errors in this derivation are constants times the forms Ap Ar and (Ar)?. These terms will
disappear when we take the limit.

Example 324. Consider a solid cylinder with constant density and mass m that is rotating around
it’s axis of symmetry. Assume the cylinder has radius r and height /. The density of the cylinder
isp=m/ (nrzh) , the mass divided by the volume. We can calculate the moment of inertia:

r m 3
I—[) 27‘me hdx
2m

b
=— x> dx
r 0
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2m x*|"

Fig. 9.39 The area and volume for Exercise 1

Exercises

1.

10.

Find the volume of the region generated by rotating the area in the first quadrant between
the x-axis and the curve y = 3 + 2x — x? around the y-axis. See Fig. 9.39 on page 313.

Find the volume of the region generated by rotating the area in the second quadrant be-
tween the x-axis and the curve y = 3 4 2x — x? around the y-axis. See Fig. 9.40 on page 314.

Find the volume of the region generated by rotating the area in the first quadrant be-
tween the x-axis and the curve y = sin(x) with x € [0, 7] around the y-axis. See Fig. 9.41 on
page 314.

Find the volume of the region generated by rotating the bounded area in the first quadrant
between the line y = x and the curve y = 4 + 2x — x* around the y-axis.

Find the volume of the region generated by rotating the area in the first quadrant between
the line y = x and the curve y = 4 + 2x — x? around the line x = —2.

The region between the curves y = x> and y = x in the xy-plane is rotated around the
x-axis. Find the resulting volume.

The region between the curves y = x> and y = x in the xy-plane is rotated around the
y-axis. Find the resulting volume.

The region between the curves y = x> and y = x in the xy-plane is rotated around the line
y = —1. Find the resulting volume.
The region between the curves y = x> and y = x in the xy-plane is rotated around the line

x = 2. Find the resulting volume.

Find the moment of inertia of a ball of radius r with uniform density that has mass m
around a line running through the center of the ball.
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Fig. 9.40 The area and volume for Exercise 2
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Fig. 9.41 The area and volume for Exercise 3

11.  Arightcircular cone has height 2 m, base radius % m and mass 9 kg. Find the moment of
inertia of the cone around the line running through the tip of the cone and the center of its
base.

12. A three dimensional object is generated by rotating a figure in the xy-plane around the
y-axis. The region in the xy-plane is bounded by the x-axis, the line x = b > 0 and the curve
y = h(x) with h(x) > 0. Assuming that the mass density in the object is a function p of the
distance from the y-axis, explain why the moment of inertia of the object is given by

I= /()h27tp(x)h(x)x3dx.

9.6 Arc Length and Areas of Revolution

An important question in applications is given a position r(¢) of an object as a function of time,
how far has the object traveled from t = a to t = b? Since we have already seen that the speed
of the of the object is given by ||r’(¢)|| and since the distance traveled is the integral of speed,
the distance traveled is

L= [ )]

This can be illustrated with a simple example.
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Example 325. Let the position of an object be given by r(¢) = (3cos(t), 3sin(t), ). The veloc-
ity of the object is r'(r) = (—3sin(r),3cos(t),1) and the speed is

(t) = || (= 3sin(z),3cos(z),1) |

— \/9 (cos?(t) +sin®(r)) + 1
—10.

This means that the length of the helix froms =0to ¢ =2m is

2
L= Vv 10dt

0

=27mv10.

Note the contrast with the distance from the initial point to the final point,

d = r2m) -r(0)]
||(1,0,27) — (1,0,0)||
=27.

The object here is to define the length for curves, arc length, when the function may or may
not represent motion. In this case, the formula is exactly the same. If x(¢) for ¢ € [a,b] defines
a reasonable curve as its image, then the length of the curve is given by

L= [

The idea of a reasonable curve will be discussed in later courses. At this point it is suffi-
cient to assume that x(#) is continuous and is continuously differentiable on a finite number of
segments [f;_1,%;] fori=1,2,3,...,n withfo =a and t, = b.

If we go back and look at the length of a curve through Riemann sums we should get the
same formula. The approximation we use for a time interval from ¢; to t; +- At for the length is

AL; ~ (i + At) —x(t)|,

see Fig. 9.42a on page 316. Adding these approximations for a partition of [a,b], see Fig. 9.42b
on page 316, we get an approximation for the whole length of a curve

n
L~ 2 et +At) —x(t)||
i=1

~ZH

If the approximations are good enough, taking the limit as the largest size of At; goes to zero
and lima,, o (r(t; + At;) —x(t;)) /At; =1/ (1;) gives

tl-l-At, ||A

I‘(t,' + At,') — I'(t,')

L= 1
im AL

mux|At,~|~>0 i=1

b
:/a ' (1) .

The reasons why the approximations work are left for later courses.

’ At;
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Example 326. The length of the graph of the function f(x) =x*4+x—1 fromx = —2tox =3
is found by finding the length of the curve given by r(¢) = (¢, f(r)). We get the general form of
the length integral when y = f(x) (orx = f(y)),

L:/ab\/l—i—(f’(t))zdt.

In this case the integral is

A secant line from r() to Secant lines from r(f;) to
r(tis1) r(tiy1)

Fig. 9.42

Fig. 9.43 The intersection of z = x> +y? and z = x +y+7/2

3 2
L:/ 1+ (32— 1)2dx
)

~ 32.85678.

As is often the case, the indefinite integral does not have a simple closed form.
This form works for all nice graphs of functions.

Example 327. What is the length of the intersection of the paraboloid z = x> 4 y? and the plane
z=x-+y+7/2? This is illustrated in Fig.9.43 on page 316. In this case the points in the
intersection of the two surfaces satisfy x? +y?> = x+y+7/2 or x> —x+y? —y = 7/2. Completing

the square yields
2 2
1 1
- = —= ) =4
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This is a circle of radius 2 centered at (1/2,1/2) in the xy-plane that can be parametrized as
r(t) = (1/2+2cos(t), 1/2+2sin(t)).

The z coordinate as a function of 7 is z(r) = 9/2+ 2(cos(r) + sin(z)) and a parametriza-
tion of the curve is s(r) = (1/242cos(t), 1/2+2sin(r),9/2 +2(cos(t) +sin(r)) ). Taking the
derivative of s(t) gives

s'(t) = (— 2sin(t),2cos(r),2(cos(r) — sin(z)).

The integral for the length of the curve is

05 1
x
-0.5
-11
A half circle to rotate around The sphere obtained from ro-
the x-axis tating a half circle around the x-
axis

Fig. 9.44
a

Y 05

-0.5
14
A piecewise linear approxi- The approximation to a
mation to a half circle sphere obtained from rotating a

the piecewise linear approxima-
tion to the half circle around the
X-axis

Fig. 9.45

L= /Ozn \/} (—2sin(r),2cos(t),2(cos(t) — sin(r) )| dt
- /Ozn /8 —sin(20)dt

~ 17.4755.

Again, this integral does not evaluate to a simple form.
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We can use the ideas from the first part of this section to find the area of a surface of revolu-
tion. A surface of revolution is obtained by rotating a plane curve around a line in the same plane
in three dimensions. A simple example is that a sphere of radius 1 can be generated by rotating
the graph of f(x) = /1 — x2 in the xy-plain around the x-axis. See Fig.9.44 on page 317.

If we approximate the curve by a sequence of secant lines and then rotate those secant lines
around the x-axis we get a surface whose area approximates the area of the sphere, see Fig. 9.45
on page 317 for an example.

The thing we are missing at this point is the area of the surface obtained by rotating a line
segment in the same plane as the axis of rotation. To motivate the formula for this area consider
the area obtained by rotating a line segment from (xg,yo) to (xo + Ax,yo + Ay) around the
x-axis. See Fig. 9.46 on page 318 for an illustration.

a 1.0
0.8

0.6
0.4

0.2

00.1 03 0.5
-0.2 X

A line segment to rotate The area obtained by rotating
around the x-axis a line segment around the x-axis

Fig. 9.46

At each point (xp + tAx,yo +tAy) along the line from (xg,yo) to (xg + Ax,yo + Ay) a circle
of circumference 27 (yo +tAy) is generated by the rotation. Since the length of the line segment
being rotated is s = 1/ (Ax)? + (Ay)? and since the circumference of the circle depends linearly
on the distance from an endpoint of the segment being rotated, the area can be put on a plane
as a trapezoid with height s, with top length 27y, and with bottom length 27 (yy + Ay). (See
Fig.9.47 on page 318.)

2y

2rn(Ay+Yy)

Fig. 9.47 The trapezoid representing area of the figure in Fig. 9.46b on page 318

The area of the trapezoid is

(27'L'y0) +27(yo+Ay)

A:
s 2

= s(2myo+ mAy).

This is also the area of the revolution generated by rotating the line segment around the x-axis.

Now we return to the area of a surface of revolution. Assuming that y = y(x) is a differen-
tiable function of x, the area obtained by rotating one curve segment for x € [x;, x; + Ax;] around
the x axis is approximated using a secant line as
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¢* used in Example 328
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Fig. 9.48

Xi

Ai~ (2my(x;) + my' (W) Axi) {1+ (2%) Ax;

~ (2my(x) + my (W) Axi) \/ 1+ V(&) Axi.

Here y; and &; are points guaranteed to exist by the Mean Value Theorem. The Riemann sum
for this is

AA;

@m&# (8 A+ () W@Wmmﬁ

@a@)1+W@Wm0+;(ww»1+W@Wmmﬁ.

=
|
M=

—_

%
™=

—_

Q
M=

Il
—_

Consider the second term in last line. It can be bounded in absolute value as

i (ny (i) (yl(éi))z (Axi)z) <m maX A-xl (ZM\/ 1+M Axl)
< m |max(Ax;)| M M2 (b—a),

where M is the maximum of the absolute value of y' and [a,b] is the interval on the axis of
rotation associated with the figure. This term goes to zero as max(Ax;) goes to zero. This
means that only the first term is important and the limit of that Riemann gives the area of the
surface of rotation. From this we conclude that formula for the area of the surface of revolution
generated by rotating the curve y = y(x) for x € [a,b] around the x-axis is

A= /2m +(/(x))2 dx.

Example 328. The objective is to find the area of the surface generated by rotating the curve
y =exp(x) from x = 0 to x = 2 around the x-axis. See Fig. 9.48 on page 319 for an illustration.
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We can compute the surface area using the formula, the substitutions exp(x) = tan(0) and

u = sin(0), and partial fractions:

a 12 b

Nk O ®

-0.5 0 0.5 1 15

X Z X
The area for Example 329 The surface and volume for
Example 329

Fig. 9.49

2
A= 277:/ exp(x) /1 4+ exp(2x)dx
0

) tan~! (exp(2)) 1 46
o /n /4 cos3(0)

exp(2)

Cop (Vw1
V2/2 (1—142)2

1 1+u 1 u
—on (-1 .
”(4 n(l—u) 2u2—1>

In (—exp(Z) +/exp(4) + 1) In (2 - \/Z)

exp(2)

\/14exp(4)
2

T 4 R

. In (exp(Z) ++/exp(4) + l) - In (2+ \/5)

4 4
exp(2) exp(4) +1 V2
+ 2 2

~27.7500

This formula can be combined with improper integrals to get an interesting example con-

cerning volumes and areas.

Example 329. Find the surface area and volume of the region generated by rotating the region
in the first quadrant of the xy-plane that is bounded by y = 1/x, y = 1 and x = 1. See Fig.9.49

on page 320 for an illustration.

We first calculate the volume by disks with integration against y. The radius of the disk of
intersection of the volume with the plane y = yg is r = 1 /yo. The integral for the volume is

¥
Volume = / —dy
1y

=lim [ =dy
b—e J1 Yy
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The region in three dimensions has a finite volume.
We now calculate the surface area of the region. The base of the volume is a disk of radius 1
and has area 7. The area of the other surface of the volume is given by

- 1 _1\2
Area:/ 2w —/ 1+ (—2) dy.
J1 y y

This is integrable in closed form, however, it is easier to show the integral is infinite by not-

ing that
1 —1\*_ 1
“\1+(=) >-
y y y
when y # 0.
This means that we can compute
o ]
Area > / 2n —dy
J1 y
b 1
>2x lim [ —dy
b—ee J1 Y
> 27 lim (In(b) — In(1))
b—reo
> oo.

The surface area of the region is infinite.
This is an example of a region with a finite volume and an infinite surface area.

Exercises

1. Find the length of the curve r(¢) = (¢,£%) fort € [—1,2]

2. Find the length of the curve r(¢) = (¢3,1%) fort € [-2,3]

3. Find the length of the curve y = cosh(x) for x € [—1n(2),In(3)].
: (2+2)3/?

4. Find the length of the curve r(z) = (T,t) forr € [—-1,0].

5. Find the length of the curve r(z) = (r*,?) for ¢ € [1,4].

6.  Find the length of the curve r(z) = (In(2¢),?) forz € [1,4].

7. Find the length of the curve r(¢) = (t4, %) forr e [—1,3].

8. Use Simpson’s method with 16 equal intervals to approximate the length of the curve
y=x fromx=—2tox=1.
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9.  Use Simpson’s method with 30 equal intervals to approximate the length of the curve
s(w) = (w?,w) fromw=—1tow=2.

10.  Use Simpson’s method with 26 equal intervals to approximate the length of the curve
s(t) = (sin(t),4cos(t)) fromt =0tot = Z.

11.  Find the area of the surface obtained by rotating the curve y = 2x+ 1 from x € [0,2]
around the x-axis.

12.  Find the area of the surface obtained by rotating the curve y = x*> + 1 from x € [0,2]
around the x-axis.

13.  Find the area of the surface obtained by rotating the curve y = x> from x € [—4, —1]
around the x-axis.

14.  Find the area of the surface obtained by rotating the hyperbola y> = x> + 1 with y > 0
and x € [0,2] around the x-axis.

15.  Find the area of the surface generated by rotating the curve y = /x for x € [2,4] around
the x-axis.

16.  Find the area of the surface generated by rotating the curve y = /x for x € [0,4] around
the x-axis.

17.  Find the area of the surface generated by rotating the curve y = cosh(x) forx € [—1,1]
around the x-axis.

18.  Find the area of the surface generated by rotating the curve y = ¢ for x € [1, ] around
the x-axis.

19.  Use Simpson’s method with 32 equal intervals to approximate the area obtained by ro-
tating the curve y = sinh(x) with x € [0,5] around the x-axis.

9.7 Differential Equations

We have already seen differential equations a number of times in this text. Differential equa-
tions were introduced in Sect. 6.1, solving separable differential equations was discussed in
Sect. 8.1, and the logistic equation was introduced in Sect. 8.3.1. In this section we look at the
geometry of solutions of differential equations and we look at a simplistic numerical method
for approximating solutions to differential equations.

Recall that in our context a differential equation is an equation that relates a function of a
real variable, the real variable and the first n derivatives of the function,

F(r,x(6),x'(1),x"(1),...,x"(1)) = 0.
For example, the equation relating force to acceleration is

x" = A%F(t,x(t),x’(t))

where F is the force. The case where F(z,x(r),x’(r)) is a constant was discussed in Sect. 6.1.
If we consider a differential equation of the form

X(t) = f(t,x(t)),
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Fig. 9.50 The slope field and solution for Example 330

the graph of a solution can be parametrized as r — (¢,x(¢)). This means that the vector (1,x'(f))
is tangent to the graph of x(r) at (¢o,x(fo)). We start with the following separable differential
equation.

Example 330. Consider the differential equation
X =x(1—1)

with initial condition x(0) = 1. Using separation of variables we can write

/%:/(I—I)dt

(1-1)
2

x(t):Cexp<(1_2t)2>

Since x(0) =1, C =exp(—1/2) and

or

In|x| = +C.

Solving for x gives

Plotting this curve along with the tangent vectors to solutions of the differential equation at
points in the plane gives Fig. 9.50 on page 323.

A plot of short line segments centered at (7,x) whose slopes are the slopes of the solutions
to the differential equation, i.e. the slope is f(¢,x) is called a slope field. This is what is plotted
in Fig. 9.50 on page 323.

We can get a crude approximation to the solution of a differential equation of the form
x' = f(t,x) in the tx-plane by plotting a slope field on a grid and then sketching a curve or
curves that are tangent to the segments in the slope field plot.

Example 331. We plot the slope field and approximate solution curves satisfying y(0) = 1,
y(1) =1/2, and y(0) = —1 for the differential equation

dy  x
dx Y2 +1
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We need the slopes of some line segments for the slope field. For example at (1,1) the slope of

the line segmentis 1/(1'+1) = 1/2 and the slope at (0, —1) is —1/(0+ 1) = —1. The plots in

Fig.9.51 on page 324 show the slope field and the slope field with the solution curves added.
Slope fields can also give information about how solutions behave over long periods of time.

Example 332. The logistic equation, see page 8.3.1, is an autonomous differential equation, one
where the f(¢,P) does not depend on 7. Because of this, looking at the slope field over a finite
time interval can give information about solutions to the differential equation over long periods
of time. The slope field in Fig. 9.52 on page 324 for the logistic equation P'(t) = P (1 — P) gives
some very useful information even if we do not know the exact solutions.

The slope field shows three basic things: if P > 1 then P'(r) <0, if P < 0 then P'(¢) < 0, and
if P € (0,1) then P'(¢) > 0. This means that if P(¢) € (0, 1) for some ¢, then P(z) is increase. In
this case, P(t) tends to P =1 as t — oo. Also, if P(r) > 1, then P(¢) is decreasing. In fact, P(r)
tends to P = 1 as t — oo. This means that any solution to the differential equation that starts
near P = 1 stays near P = 1 as t — oo. In this case the steady state solution P(t) = 1 to the
differential equation is a stable equilibrium for the differential equation.

On the other hand, if a solution to the differential equation Pj (¢) is close but not equal to the
solution P(¢) = 0, then P (r) moves away from the solution P(z) = 0. This means that P(¢) =0
is an unstable equilibrium for the differential equation.

We next consider a simple method, Euler’s method, for numerically approximating the so-
lution to a differential equation with a given an initial condition. This method is close to calcu-
lating a Riemann sum using left endpoints.

Consider the differential equation

9.4)

The slope field for Example The slope field and some so-
331 lutions for Example 331

Fig. 9.51

Loigl

Fig. 9.52 The slope field for the logistic equation, Example 332
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Fig. 9.53 One tangent line approximation for Euler’s method

with initial condition x(a) = x¢. Fix a step size & > 0. Using the linear approximation

x(a+h) =~ x(a)+x(a)h
~ X0 +f(a7x0)h

we get an approximation for x(a + ). This is illustrated in Fig. 9.53 on page 325.
To find x(a+ k h) we simply repeat this tangent line approximation k times using the iteration

X & X1+ (a+ (m—1)h)h
~ X1+ f(a+ (m—1)h,x,_1) h.

Note that there are two different approximations being put into the tangent line approximation,
the approximation for x(a + (m — 1) 1) and the approximation for x’'(a + (m — 1)h) h. Because
of this, the error estimates for Euler’s method in this form are not easy to derive and are left for
later courses.

If we have a differential equation of the form x'(¢) = f(¢), at a given ¢ value we are not
approximating x'(¢). We have the exact value since f does not depend on x. In this case the

formula for the mth x; is
m—1

Xm=x0+ D, f(t+ih)h.
i=0
The sum Y™ (¢ +ih)h is the left endpoint Riemann sum for £(t) on the interval from a to
a+mh.

Example 333. Consider the differential equation x'(t) = f(t) = cos (/) with x(1) = —1.
We take 10 steps of Euler’s method to approximate x(4). This means that h = (4 —1)/10=0.3.
In Table 9.1 on page 325 are the x;’s from Eq.9.7 fori =0, 1,2,...,10. The x;’s are rounded to
three decimal places.

t|1 1.3 1.6 1.9 22 2.5 2.8 3.1 3.4 3.7 4.0
x| —1]—0.838|—0.713]—0.622|—-0.565|—0.539|—0.542|—0.573(—0.629(—-0.710| -0.814

Table 9.1 Euler’s approximations for ¥’ (t) = f(t) = cos (v/f) with x(1) = —1

Figure 9.54 on page 326 shows how these values approximate the solution of the differential
equation. In the figure the dots are the approximations and the solid line is the actual solution.

A basic format for the algorithm for Euler’s method is contained in the following sequence
of steps. Assume that we have a differential equation as in Eq. 9.4, an initial point 7y, an initial
value xo = x(fp), a final point #; where we want to approximate x(# ), and a number of equal
subintervals 7 to use.
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Fig. 9.54 The Euler’s approximation and solution for Example 333

1. Seth = (t; —t9)/n and set (7y,xo) to be the initial point for the sequence to be con-
structed. Also seti = 1.

2. Repeat the following untili =n+1.

(a) Set
Xi=xi—1+hftioi,xi—1).

(b)  Set
ti=ti_1+h
and record the point (#;,x;)

(c) Seti=i+1.

3. Return (f,,x,).

A couple examples will give a feel for how this works.

Example 334. This example shows how the Euler’s method approximation can slowly drift
away from an exact solution. Consider the differential equation

Y and y(1)=-2.

dx \/x
This is a separable differential equation with solution y(x) = —2exp (2 (y/x—1)).
If we approximate y(3) using 10 steps of Euler’s method, we use 2 = 1/5 and get the ap-
proximations and the exact values in Table 9.2 on page 326. This is plotted in Fig.9.55 on
page 327.

x [1] 12 ] 14 ] 16| 1.8 2 22 | 24 | 26 | 2.8 3
Yo |—2|—2.40(—2.84|-3.32(-3.84|—-4.42(-5.04|-5.72(-6.46|—7.26(—-8.13
y(x)|—2|—2.42{—2.89|—3.40(—3.96|—4.58|—5.26[—6.00| —6.81|—7.69|—8.65

Table 9.2 Euler’s approximations for dy/dx =y//x with y(1) = =2
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X

Fig. 9.55 The solution and Euler’s approximation for Example 334

ni 2 4 8 16 32
X, | 4. [5.063]|5.960( 6.583 | 6.959
E,|3.389|2.327|1.429(0.8058(0.4304

Table 9.3 Euler approximations for x(2) with n equal steps

Under certain conditions, the approximations from Euler’s method will converge to the exact
values of the solution of a differential equation as the number of equal intervals goes to infinity
(reference?). The next example shows how the values from Euler’s method can get better as n
gets larger.

Example 335. We use the simple differential equation

dx
priabd and x(0)=1

as our example. We look at the approximations obtained for x(2) = e? forn=2,4,8,16, and 32
intervals. The graph in Fig. 9.56 on page 328 shows these Euler approximations. The points are
the values and the connecting lines are to emphasize which points are for each n. The the values
from Euler’s method at t = 2, x,, and the errors at r = 2, E,, = x(2) — x,,, are in Table 9.3 on page
327. The errors are decreasing and the ratio between the errors is getting close to 1/2. This is
the expected rate of decrease for the errors.

While it is true that Euler’s method does converge to the solution, under fairly mild con-
ditions over a region where the solution to the differential equation exists, it is also true that
Euler’s method has trouble in certain situations. We illustrate what can happen with Euler’s
method when a solution has an asymptote.

Example 336. To illustrate what happens when Euler’s method is applied to a differential equa-
tion whose solutions have asymptotes we use the differential equation and initial condition

d
d—i =xy* and y(1)=1.
This is a separable differential equation with solution
2
W=

(Check that this is the correct solution.) This solution has an asymptote at x = /3.

When we apply Euler’s method to the differential equation on [1,1.875] with 7 equal steps
of size h = 1/8, we get the table of values in Table 9.4 on page 328 and the graph in Fig.9.57
on page 328.

As usually happens, Euler’s method goes through the asymptote without any problem and
gives unacceptable values after the asymptote.
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Fig. 9.56 Graphs of Euler’s approximation for different numbers of points with the exact solution, Example 335

n|0f 1 2 3 4 5 6 7
X, [1]1.125] 1.25 [1.375[ 1.5 |1.625| 1.75 |1.875
v, [1.]1.125|1.303[1.568(1.991|2.734{4.253|8.209

Table 9.4 The values of the Euler approximation for Example 336

|
|
|
|
|
201 |
|
|
|
|

1
1.1 13 1.5 1.8
X

Fig. 9.57 The graph of the exact solution and the Euler approximation for Example 336. The Euler approxima-
tion goes through the asymptote

n |0|1 2 |3 4 5 6 7 8 9 10
X1 |1{1.3]1.64(2.022(2.4476(2.9179|3.4333|3.993414.5968|5.24115.9223
X,2|2(2.1]2.18(2.234]2.2552(2.236 |2.1678|2.0412|1.864 |1.5709(1.2039

Table 9.5 Euler approximation values for x'(t) = (xy(t) +x2(t), x2(t) —x (¢))

An important thing to remember is that Euler’s method does not converge quickly to the
solution of a differential equation. For most situations we should not use Euler’s method to ap-
proximate the solution to a differential equation, we should use other methods. Most numerical
computation programs use good routines for approximating solutions to differential equations.
Use one of these rather than Euler’s method.

Euler’s method and its analysis are the same for vector valued functions. This is not the case
for most numerical methods for solving differential equations. Most algorithms for numerically
solving vector valued differential equations must be analyzed carefully. The following is an
example of Euler’s method applied to a simple vector valued differential equation.

Example 337. Consider the differential equation X'(¢) = (x; (f) +x2(t), x2(¢) —x1(r)) with the
initial condition x(0) = (1,2). This differential equation has solution

x(t) = (e’ (2sin(r) +cos(r)), —e'(sin () —2 cos (t))) :

(You should check that it really is the solution.)
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The recursive formula for Euler’s method is

Xit1 =X +h (xi,l +Xi2, Xi2 —xi,l)
= ((1 —I—h)xi,l —|—hx,‘,2, —hx,‘yl + (1 —|—h)x,‘,2) .

329

Using a step size of 7 = 0.1 and ten steps gives us the approximations in Table 9.5 on page 328.

Exercises
1.
tion.
(a)  x(r) =4cos(2t)
(b)
4 /
© zt)=r+ PR (1) +
2.
following graphs.

— 3sin(2r),

d’x(t)
dr?

+4x(1) =0

y(x) =2xe" +4e +2, Yy -2y +y=2
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Show that each of the following functions is a solution to the associated differential equa-

Sketch several solutions to the differential equation that has the slope field in each of the
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e e

Use Euler’s method with n equal steps on each of the following initial value problems

to approximate x(b). Evaluate the accuracy of your answer using a calculator or computer
algebra system.

(a)
(b)
(c)

(d)

(e)
)

4,

X=x+t,x(0)=1,b=1,n=35
¥=xx(1)=—-1,b=3,n=7
¥=xx(1)=2,b=3,n=7

. ox—12

¥ = x(1,000 —x), x(0) = 10, b = 20, n = 60

Use Euler’s method with n equal steps on each of the following initial value problems to

approximate the function value at b. Evaluate the accuracy of your answer using a calculator
or computer algebra system.

()
(b)
(©

(d)

5.

= (x1x2, X1 —|—x2), x(0)=(1,0),b=1,n=5
(=y2, yi+cos(r)), y(1) = (—=1,1),b=3,n=7
= (sin(x2) + 1, 2sin(x) — 1), x(1) = (0,2), b=3,n=12

X/
y/
X/
(2 1 N=1.b=2.n=15
y = y—z,y1+)’2— s xX(=1)=1,b=2,n=

Consider the differential equation x’(r) = x(r) with initial condition x(0) = 1. Show that

the approximation to x(1) obtained through Euler’s method with n equal steps going from
t=0tot=11is

1 n

In Sect. 7.4 you learned how to show that this value converges to e.

9.8 Ln(x) and Exp(x)

One of the things that the fundamental theorem of Calculus allows us to do is to formally define
the natural logarithm and natural exponential functions. This is of theoretical interest and shows
an interesting application of calculus.
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We start with the natural logarithm. To define the natural logarithm we use the integral

*1

In(x) = 7 dt 9.5)
and then show that this function has all of the properties of a logarithm function. Since 1/7 is
continuous on (0, ), the function In(x) is a well defined differentiable function on (0, ). There
are a number of properties that follow from this definition. When considering these properties
the graphs in Fig. 9.58 on page 331 may help. Figure 9.58a shows the area for In(a) when a > 1
and Fig. 9.58b shows the area for In(a) when a € (0,1). The area in Fig. 9.58b is negative since
we are integrating from right to left.

a b
107 101
8 81
6 61
y y
4 4
21 2
0 - : ; 3 0 . . : 3
1 2. a 3 4 a 1 2 3 4
X X
The positive area under y = The negative area under y =
1/x for 1/x for
a>1 a<l
Fig. 9.58

Some of the properties of In(x) are stated in the following result.

Theorem 71 (Properties of the natural logarithm function). Ler In(x) be defined as in
Eq. 9.5 on page 331. Then the following properties are true.

(i)  The domain of In(x) is (0,00).
(ii)) In(1)=0
(iii)  In(x) is an increasing function that is concave down.

(iv)  The image of In(x) is (—eo, o).
To prove the last result in this theorem we will use the following proposition.

Lemma 5. Let In(x) be defined as above. Then, for any b > 1,

In(b) = —In (%) .

Proof. We use the change of variables u = 1/x and du = —1/x*>dx where x = 1 implies u = 1
and x = b implies u = 1/b to change the integral.

1 51
In(-)=/ -
n(b) /1 udu
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Proof. (Of Theorem 71.)

(i)  The domain of In(x) is (0,e0).
Since 1/¢ is continuous on both [1,5] and [1/b,0] for any b > 1, the integral in Eq. 9.5 is well
defined. Thus In(x) is defined for all x > 0.

(i) In(1)=0
In this case [} 1/7dt is defined as 0.

(iii)  In(x) is an increasing function that is concave down.
The derivative of In(x) is, by the Fundamental Theorem of Calculus 65, 1/x > 0 for all x > 0.
This means that In(x) is increasing. Taking the second derivative we get In”(x) = —1/x%, a
function that is negative for x > 0. This means that In(x) is concave down on (0, o).

(iv)  The image of In(x) is (—eo,e0).
We show that limj, ., In(b) = . To show this we simply note that, for every n > 0 and every
t € [2771,2"], 1/t > 27". This means that

2" 2" 1
/ —dt > / —dt
Jon—=1 ¢ on—1 n

From this we find that lim,, .. In (2") = lim, e >} _; 1/2 = lim, .. n/n = . Since In(x) is
an increasing continuous function, limy_e In(x) = eo.

Since In(1/b) = —In(b), we also have lim,_,¢In(x) = —oe. The continuity of In(x) implies
that its image is (—oo, o).

We now proceed to show that the basic properties used for computing logarithms hold for
the function In(x).

Theorem 72 (Rules of logarithms). Let In(x) be defined by Eq. 9.5, then

(i) In(xy) =In(x)+1In(y) and
(ii) In(x)=ylIn(x).

Proof. We only prove the first statement. Consider the integral for In(xy),

-_X:y 1
ln(xy):/ ;dt

J1
"X Xy 1
- / dr+ / ~dr.
J1 t x I
Using the substitution ¢ = xu and dt = xdu for the second integral gives us
* 1 v
ln(xy)z/ —dt—|—/ —dt
1 1 X t
*1 V1
_ / Sdi+ / ~du
17 J1 U
=In(x) +1In(y).

To prove the second statement we can use the substitution t = #¥ and df = yu’~' du in a
similar manner.
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We now define the function Exp(x) as the inverse of the function In(x). Since the In(x)
function is strictly increasing with image (—oo,00), it has an inverse function that has domain
(—oo,0). The derivative of the function Exp(x), using the derivatives of inverse functions from
Sect. 4.4.1, is calculated as

The basic properties of the natural exponential function follow directly from the properties
of the natural exponential function.

Theorem 73. The function Exp(x) is a continuous increasing function that is convex up on its
domain.

Proof. Since the domain of In(x) is (0,e0), the range of Exp(x) is (0,ec). Given that the first
and second derivatives of Exp(x) are Exp(x) > 0, we see that the function is increasing and
convex up.

We only need to prove the next theorem to have all of the basic properties of the natural
exponential function.

Theorem 74 (Rules of exponents). Ler x and y be any two real numbers. Then

() Exp(x-+y) = Exp(x) Exp(y) and
(ii)) Exp(x)’ = Exp(xy).

Proof. Let a and b be numbers such that x = In(a) and y = In(b). Then we have
Exp(x-+) = Exp(In(a) + In(b))
= Exp(In(ab))
=ab
= Exp(x) Exp(y).

This proves the first statement.
To prove the second statement simply note that

In(Exp(x)") = y In(Exp(x))
=yxX.

Since In(x) is one-to-one, this shows that Exp(x)¥ = Exp(xy).

If we let e = Exp(1) then Exp(x) = Exp(1-x) = Exp(1)* = ¢*. This is why we can use the
notation exp(x) = ¢* where e is Euler’s number, Exp(1).
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Exercises

1. Use Lemma 5 on page 331 and Theorem 72 on page 332, to show that, if a,b > 0,
In (;-)’) — In(a) — In(b).

2. Show that a function of the form In(|x|) + C is not an antiderivative of ﬁ

3. Show that

_JIn(—x)+5 ifx<0
f(x>_{ln(x)—2 ifx>0

is an antiderivative of )lc Use this example to help explain why the functions A (x) = In(|x|) +
C are not the only antiderivatives of )l—c

4. Use the material in this section to show that, if x,y > 0, then

In (f) =1In(x) —In(y) .

y
5. Use the material in this section to show that, if x,y > 0, then

exp(x)
exp(y) |

exp(x —y) =



Chapter 10
Series

10.1 Review of Sequences

An important part of working with infinite series is understanding sequences and understanding
the difference between series and sequences. Because of this, we start our study of series with
a review of sequences. The material in this section follows the ideas in Sect. 2.1.

The definition is the same.

Definition 32. An infinite sequence is a function a from the natural numbers to a set. The values
of this function are often denoted by {a, };;_, instead of writing a(n).

There are many examples of sequences in Sect. 2.1. We present a few example as a refresher.

Example 338. Let a, = exp(—n) + % forn=1,2,3,.... The first five terms of this sequence
are a; = %+3,a2: elz+2,a3: 8%4—%,614: e%+%,anda5: 6%4—%

Example 339. This sequence is defined by a recursive formula. Let a; = (2,—1) and
ay = (—1,—3). Then set
ap = a1 — 2.

The first five terms of this sequence are a; = (2,—1), ap = (—1,-3), a3 = (—3,-2),
as = (—2,1),and as = (1,3).

The definition of an infinite sequence converging is the same as in Sect. 2.1.

Definition 33. A sequence {an};"=1 converges to L if, given any distance r > 0, there is an N,
such that when n > N, a,, is within the distance r of L. If this condition is not satisfied, the
sequence diverges.

As areminder, here are two examples.

Example 340. The sequence b, = (n*+ 1)/(n*> +4n+55) converges to L = 1. Dividing the
numerator and denomination of each element in the sequence by n?, this sequence can be
rewritten as

1+

=" __ (10.1)
4 55
1+ Lt s

n

Since ¢/n and ¢/n” go to zero as n goes to o for any constant ¢, the numerator and denominator
in Eq. 10.1 both go to 1 as n goes to co. The limit is now easily seen to be L = 1.

© Springer International Publishing Switzerland 2014 335
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in Mathematics and Technology, DOI 10.1007/978-3-319-09438-0_10
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Example 341. The sequence ¢, = cos(nm) does not converge. We can use Theorem 12 on page
38 since ¢y — cup1| = |cos(n) — cos ((n+1)m)| =2 > 0 for all n > 1. The theorem immedi-
ately tells us that the sequence diverges.

It is important to remember that there are sequences where the differences between the
consecutive terms go to 0, but the sequence diverges.

Example 342. Consider the sequence a, defined by a,+; = a,+ 1/ 2K with a; = 1. Here
k(n) = m when n € [2,2™F1). All n’s must satisfy this condition for some m and if n; > 2"
then 1/2K") < 1/2™. Since 1/2™ goes to 0 as m goes to o, |a, 41 — a,| < 1/2K") goes to 0 as n
goes to oo

However, there are 2™ values of n in [2",2"+1), so

2m 1
i=1 2_m

=1.

Aym+1_1 — dym =

This means that, using Theorem 12 on page 38, the sequence diverges.
We will see similar examples when we talk about series.

The basic rules saying that term wise sums and scalar multiples of sequences converge to
the desired quantities when the limits exist. This is Theorem 9 on page 36.

Theorem 75. (Theorem 9) Let {a, }, {b,}, and {c,} be sequences that converge to K, L, and
M respectively. Also, let s be a number and assume that M # 0. Then the following hold.:

(i) lim(a,+b,) =K+L
n—soo
(ii) lim sa, = sK
n—yoo
(iii) lima,-b,=K-L
n—yoo K
. .y
lim — = —
() ngrolo e M
Another important result states that a sequence of vectors converges if and only if each of the
component sequences converges. This is Theorem 13 on page 38. The following is one example
of this.

Example 343. Consider the sequence

a, = (%,exp(—n),sin (%)) .

Since sin(m(4k+1)/2) =1 for all positive integers k and sin (7w (4m—1)/2) = —1 for all
positive integers m, the sequence with terms sin (71n/2) does not converge. Therefore the se-
quence with terms a,, does not converge.

There is a method for finding the limits of sequences that relies on limits of functions. In this
case we rely on the limit of a function f(x) as x goes to oo to find the limit of a sequence. The
following theorem gives us the setting.

Theorem 76. Ler {a,}_, be a sequence and let f(x) be a function defined on some interval
(m,e0) such that £f(n) = a, after some N. If the limit limy_,o. f(x) =L, then the limit lim,_. a,
exists and equals L.
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Proof. By definition, since lim,_,.. f(x) = L, for all sequences b, — e we have lim,_.. f(b,)
= L. Setting b,, = n gives us that

lim f(n) = lim a, =L.

n—yo0 n—soo

Example 344. Consider the sequence b, = arctan(n). Since lim,_,.. arctan(x) = /2, we have
im0 by = /2.
Using functions as in Theorem 76, we can apply L"Hopital’s rule to find the limits of

sequences.

Example 345. Consider the sequence a, = n” exp(—n). This sequence is the values of the
function f(x) = x¢ exp(x) at the integers. To take the limit of the function we use L"Hopital’s
rule.

. X2 (L) .. 2x
lim = lim
R exp(r) e exp(x)
(: ) li 2
e exp()
=0.

This means that the sequence converges to 0.

It is not true that if a sequence with a, = f(n) converges that the limit of f(x) as x goes
to infinity exists. Consider the function f(x) = cos(2mx). Here f(n) = 1 for all integers n, but
lim,_,.. cos(27x) does not exist.

Exercises

1. Do the following sequences converge? If a sequence converges, what is the limit? Justify
your answers.

n+1 4n
(a) tn = n—?2 (D Cn = n3 + 37
- m’ 41 (2)  ry=In(In(n)) forn =8,9,10,...
m—2m? |
k— i3 ) sy =
© = 73100 i
12
(=1)"(n+1) G wp= #
R V2
3m ) - e — 3n

2. Do the following sequences converge? If they converge, find the limit. If they do not
converge, explain why they do not converge.

1 2n
(a) ap = (;7 m)

(b) by = (27", cos(mm))

o = (sn(2) ()
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1 2+t
d = -
() r; ([’[—l2>

(e) a, =

(D bm =

(
(
(@) a,— <sin(7m), (1 n %)2 exp (Zi;))
(h) ¢ = (tan (%) , arctan(k), ﬁ)
(

2 2420 e+l
t—12 3 401/27 145

. s $3 1
G) my= (;, 0T () cos (ns+ ;))

O =

10 Series

3. Use the squeeze theorem, Theorem 11, to show that the following sequences converge.

(=D"

@  ap=3+-— d)
n
_ 2D
®)  bn= T (e)
_ _LK]
© a=pig (®)
4.  Evaluate the following limits of sequences.
@ = 2”—n (d)
(b) by= (H—l) (e)
m
1\*
) = (1 + ﬁ) )

10.2 Definitions of Series and Convergence

. cos(k)
k:
Vik
m+1
b= ——
m*+4
L =
n_;+ n?

. eplm)
m — \/ﬁ
0 — cos(x)
x

An infinite series, is the “sum of an infinite sequence” taken in the order of the indices. For ex-
ample, if we add the terms of the sequence defined by a, = 1/n we write

S| =

)3
n=1

It is not clear what is meant by this infinite sum. The following definition is what is meant by

an infinite series.

Definition 34 (Infinite series). The sum of an infinite sequence, an infinite series, is defined as

oo N
Z a, = 131330 Z a,.
n=1 n=1



10.2 Definition of Series 339

This definition holds even if the limit on the right does not exist. The sum of the sequence can
start at any value to get an infinite series, for example,

For a concrete example we can return to Zeno’s paradox from Sect.2.1. In that example
a person was walking across a room where the distance traveled in the nth time interval was
a, = 1/2". Since we had an infinite number of time intervals, the total distance traveled is, as
calculated in Sect. 2.1,

We now state the formal definition of convergence of a series.
Definition 35 (Series convergence). Let {a, },_,, be a sequence of vectors. The infinite series
> an
n=m
is defined by the limit

o N
ng;nan = 131330 Y a,.

n=m
If the limit exists, the series is said to converge. When the limit does not exist, the series
diverges.

Instead of working directly with the definition we will often work with partial sums as
sequences. The Nth partial sum of the series Y, a, is the sum of the first N terms of the
series,

N
Sy = Z ;.
i=1

Example 346. Consider the series
- 1
’Z‘l n(n+1)
By partial fractions decomposition we have

1 1 1

nin+1) n n+1

This means that the partial sums are

N
R rEa

n=1
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(-3 (e () e

Calculating the limit of the Sy’s gives

- 1
Z =lim(l-——)=1
= n—|—1 N—soo N+1

The equivalence between the converge of the series and the convergence of the partial sums
is important and is stated as a theorem.

Theorem 77 (Convergence and partial sums). A series Y-, a; converges if and only if the
sequence of partial sums Sy = Z’HN a; converges.

The next example is the case of geometric series. This is a case where we can always get an
exact value for the sum of a series, if the series converges.

Exa