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Preface

To improve performance, organizations need to constantly evaluate operations or
processes related to products, services, marketing, and others. Performance evalu-
ation and benchmarking are a widely used method to identify and adopt best prac-
tices as a means to improve performance and increase productivity, and are par-
ticularly valuable when no objective or engineered standard is available to define
efficient and effective performance. For this reason, benchmarking is often used in
managing service operations, because service standards (benchmarks) are more dif-
ficult to define than manufacturing standards.

Benchmarks can be established but are somewhat limited as they work with
single measurements one at a time. It is difficult to evaluate an organization’s per-
formance when there are multiple performance metrics related to a system or opera-
tion. The difficulties are further enhanced when the relationships among the perfor-
mance metrics are complex and involve unknown tradeoffs. It is critical to show
benchmarks where multiple performance metrics exist. The current book introduces
the methodology of data envelopment analysis (DEA) and its uses in performance
evaluation and benchmarking under the context of multiple performance measures.

DEA uses mathematical programming techniques and models to evaluate the
performance of peer units (e.g., bank branches, hospitals, and schools) in terms of
multiple performance metrics/measures/features. These peer units are called Deci-
sion Making Units (DMUs). The performance of DMUs is measured based upon
a set of selected performance measures/metrics. These performance metrics are
classified as “inputs” and “outputs” in DEA. However, “inputs” and “outputs” in
DEA do not necessarily represent inputs and outputs of production processes. For
example, if one benchmarks the performance of computers, it is natural to consider
different features (screen size and resolution, memory size, process speed, hard disk
size, and others). One would then have to classify these features into “inputs” and
“outputs” in order to apply a proper DEA analysis. However, these features may
not actually represent inputs and outputs at all, in the standard notion of production.
Therefore, the notion of DEA “inputs” and “outputs” is generic. DEA “inputs” and
“outputs” can be inputs and outputs of production processes, but can also be general
performance measures. In the former case, DEA yields an efficiency score, and the
latter case a composite measure.

vii



viii Preface

Because of the flexibility of DEA, researchers in a number of fields have quickly
recognized that DEA is an excellent methodology for modeling operational pro-
cesses. DEA’s empirical orientation and absence of a priori assumptions have re-
sulted in its use in a number of studies involving best-practice identification in the
nonprofit sector, in the regulated sector, and in the private sector. DEA applications
involve a wide range of contexts, such as education, health care, banking, armed
forces, auditing, market research, retail outlets, organization effectiveness, trans-
portation, public housing, and manufacturing.

The motivation for this book is three-fold. First, as DEA is being applied to a
variety of efficiency evaluation problems, managers may want to conduct perfor-
mance evaluation and analyze decision alternatives without the help of sophisticat-
ed modeling programs. For this purpose, spreadsheet modeling is a suitable vehicle.
In fact, spreadsheet modeling has been recognized as one of the most effective ways
to evaluate decision alternatives. It is easy for users to apply various DEA models in
spreadsheets. The book introduces spreadsheet modeling into DEA, and shows how
various conventional and new DEA approaches can be implemented using Micro-
soft® Excel and Solver. With the assistant of the developed DEA spreadsheets, the
user can easily develop new DEA models to deal with specific evaluation scenarios.

Second, new models for performance evaluation and benchmarking are needed
to evaluate business operations and processes under a variety of contexts. After
briefly presenting the basic DEA techniques, the current book introduces new DEA
models and approaches. For example, a context-dependent DEA measures the rela-
tive attractiveness of competitive alternatives. Sensitivity analysis techniques can
be easily applied, and used to identify critical performance measures. Two-stage
DEA models deal with multi-stage efficiency evaluation problems. DEA bench-
marking models incorporate benchmarks and standards into DEA evaluation. Cross
efficiency provides peer evaluation scores.

All these new models can be useful in benchmarking and analyzing complex op-
erational efficiency in manufacturing organizations as well as evaluating processes
in banking, retail, franchising, health care, e-business, public services, and many
other industries.

Third, although the spreadsheet modeling approach is an excellent way to build
new DEA models, an integrated easy-to-use DEA software can be helpful to man-
agers, researchers, and practitioners. Therefore the current version includes a DEA-
Frontiers software which is a DEA Add-In for Microsoft Excel and offers the user
the ability to perform a variety of DEA models and approaches—it provides a cus-
tom Excel menu which calculates various different DEA models and can solve up
to 50 DMU s, subject to the capacity of Excel Solver.

This third edition improves a number of DEA spreadsheet models. Several new
DEA models and approaches are added. For example, cross efficiency approaches,
and interval data treatment are new addition to the book. Bootstrapping in DEA
is added into the DEAFrontier software. The third edition is reorganized to better
present the traditional and new DEA models and approaches.

I would like to offer my sincere thank to my mentor, friend and collaborator,
Dr. Lawrence M. Seiford who helped and enabled me to contribute to dual areas of
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DEA methodology and applications, and I would like to acknowledge my research
collaborators, in particular, Professor Wade Cook, whose efforts made this edition
possible. I would like to dedicate this edition to the memory of Late Dr. William W.
Cooper who constantly supported my DEA research.

I would also like to thank the following individuals for pointing errors in the
manuscript: Ya Chen, Huaqing Wu, Xiaoning Xu, Baocheng Zhang, Zhixaing Zhou,
and Weiwei Zhu. However, any errors in this edition are entirely my responsibility,
and I would be grateful if anyone would bring any such errors to my attention.

2014 Massachusetts Joe Zhu
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Chapter 1
Data Envelopment Analysis

Employees who seem to work the least can often be the most
productive

1.1 Performance Evaluation and Tradeoffs

All business operations/processes involve transformation—adding values and
changes to materials and turning them into goods and services that customers want.
Managers are often interested in evaluating how efficiently various processes oper-
ate with respect to multiple performance measures (or metrics). Organizations are
interested in knowing their performance with respect to the use of resources such
labor, materials, energy, machines, and other, and the outcomes such as the quality
of finished products, services, customer satisfaction. Consider hospital operations,
for example. The performance measures or metrics include doctors, nurses, medi-
cal supplies, equipment, laboratories, beds, number of patients treated, number of
interns and residents trained, and others. In a buyer-seller supply chain, the buyer
may be interested in comparing the performance of several sellers with respect
to response time, costs, flexibility, customer service, quality, and customization.
Eliminating or improving inefficient operations decreases the cost and increases
productivity. Performance evaluation and benchmarking help business operations/
processes to become more productive and efficient.

Performance evaluation is an important continuous improvement tool for busi-
ness to stay competitive and plays an important role in the global market where
competition is intense and grows more so each day. Performance evaluation and
benchmarking positively force any business unit to constantly evolve and improve
in order to survive and prosper in a business environment facing global competi-
tion. Through performance evaluation, one can (i) reveal the strengths and weak-
nesses of business operations, activities, and processes, (ii) better prepare the busi-
ness to meet its customers’ needs and requirements, and (iii) identify opportunities
to improve current operations and processes, and create new products, services and
processes.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 1
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 1, © Springer International Publishing Switzerland 2014



2 1 Data Envelopment Analysis

Single-measure based gap analysis is often used as a fundamental method in per-
formance evaluation and benchmarking. However, as pointed out by Camp (1995),
one of the dilemmas that we face is how to show benchmarks where multiple mea-
surements exist. It is rare that one single measure can suffice for the purpose of per-
formance evaluation. The single output to input financial ratios, such as, return on
investment (ROI) and return on sales (ROS), may be used as indices to characterize
the financial performance. However, they are unsatisfactory discriminants of “best-
practice”, and are not sufficient to evaluate operating efficiency. Since a business
unit’s performance is a complex phenomenon requiring more than a single criterion
to characterize it. For example, as pointed out by Sherman (1984), a bank branch
may be profitable when profit reflects the interest and the revenues earned on funds
generated by the branch less the cost of these funds and less the costs of operating
the branch. However, this profit measure does not indicate whether the resources
used to provide customer services are being managed efficiently.

Further, the use of single measures ignores any interactions, substitutions or trad-
eoffs among various performance measures. Each business operation has specific
performance measures or metrics with tradeoffs. For example, consider the tradeoff
between total supply chain cost and supply chain response time, measured by the
amount of time between an order and its corresponding delivery. Figure 1.1 illus-
trates alternate supply chain operations S1, S2, S3, and S, and the best-practice
(efficient) frontier or tradeoff curve determined by them. A supply chain whose
performance (or strategy) is on the efficient frontier is non-dominated (efficient)
in the sense that no alternate supply chain’s performance is strictly better in both
cost and response time. Through performance evaluation, the efficient frontier that
represents the best practice is identified, and an inefficient strategy (e.g., point S)
can be improved (moved to the efficient frontier) with suggested directions for im-
provement (to S1, S2, S3 or other points along the frontier).

Optimization techniques can be used to estimate the efficient frontier if we
know the functional forms for the relationships among various performance mea-
sures. For example, stockout levels and inventory turns are two mutually depen-
dent variables with performance tradeoffs. Technological and process innovations
can shift the cost tradeoff curves by reducing the cost of achieving lower invento-
ries at a particular stockout level or the cost of achieving lower stockouts at a par-
ticular inventory level. Unfortunately, such information is usually not completely
available.

Without a priori information on the tradeoffs, the functional forms cannot be
specified. Consequently, we cannot fully characterize the business operations and
processes. Note that the objective of performance evaluation is to evaluate the cur-
rent business operation internally and to benchmark against similar business op-
erations externally to identify the best practice. Thus, such best-practices can be
empirically identified. We can empirically identify or estimate the best-practice or
efficient frontier based upon observations on one business operation/process over
time or similar business operations at a specific time period.
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Fig. 1.1 Best practice (effi- A
cient) frontier of supply chain
operations
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1.2 Data Envelopment Analysis

This book is about data envelopment analysis (DEA) and its models using spread-
sheet modeling. What is DEA? DEA is a data analysis tool for identifying best-
practices as shown in Fig. 1.1 when such a best-practice frontier is characterized
by multiple performance metrics. In DEA, performance metrics are classified as
“inputs” and “outputs”. See Sect. 1.3 for detailed discussion on DEA inputs and
outputs.

According to Cooper et al. (2011a):

DEA is a relatively new “data oriented” approach for evaluating the performance of a set
of peer entities called Decision Making Units (DMUs) which convert multiple inputs into
multiple outputs. The definition of a DMU is generic and flexible. Recent years have seen
a great variety of applications of DEA for use in evaluating the performances of many dif-
ferent kinds of entities engaged in many different activities in many different contexts in
many different countries. These DEA applications have used DMUs of various forms to
evaluate the performance of entities, such as hospitals, US Air Force wings, universities,
cities, courts, business firms, and others, including the performance of countries, regions,
etc. Because it requires very few assumptions, DEA has also opened up possibilities for
use in cases which have been resistant to other approaches because of the complex (often
unknown) nature of the relations between the multiple inputs and multiple outputs involved
in DMUs.

Throughout the book, we use decision making units (DMUs) to represent business
operations or processes. Each DMU is evaluated based upon a set of multiple per-
formance measures that are classified as “inputs” and “outputs”.

For now, suppose we have a set of observations on » DMUSs. Each observation
consists of values of performance measures related to a DMUJ. (j=1, ..., n). The
selected set of performance measures are classified as m inputs x; (i=1,2, ..., m)
and s outputs Y, (r=1,2,...,s).
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DEA uses linear programming techniques to identify the (empirical) efficient
frontier or best-practice frontier for these » observations. The following two prop-
erties ensure that we can develop a piecewise linear approximation to the efficient
frontier and the area dominated by the frontier, as shown in Fig. 1.1. ,

Property 1.1 Convexity. z:zl A, x; (i=12,...,m) and ZFI A,
(r=1,2,...,s) are possible input and output levels achievable by the DMU, where
lj (j=1, ..., n) are nonnegative scalars such that 2;'_:1 A, =1

Property 1.2 Inefficiency. The same y,; can be obtained by using X, , where

)Eij 2 x; (i.e., the same output levels can be achieved by using more inputs); The
same x,, can be used to achieve )7,1., where )A/,j <y, (ie., the same input levels can
be used to achieve less outputs).

Consider Fig. 1.1 where total supply chain cost and supply chain response time
represent two inputs. Applying Property 1.1 to S1, S2, and S3 yields the piecewise
linear approximation to the curve shown in Fig. 1.1. Applying both properties ex-
pands the line segments S1S2 and S2S3 into the area dominated by the curve.

For specific x; (i=1,2, ...,m)and y, (r=1, 2, ..., 5), we have

[ n
zﬂ’jxtj <x, i=12,.,m
Jj=1

n (1.1)
Zﬂjyrj 2y r=L2,..s

The next step is to estimate the empirical (piecewise linear) efficient frontier char-
acterized by (1.1). DEA uses linear programming to implicitly estimate the trad-
eoffs inherent in the empirical efficient frontier. DEA introduced by Charnes et al.
(1978) has been proven an effective tool in identifying such empirical frontiers and
in evaluating relative “efficiency”.

Here “efficiency” is a generic term that can represent a variety of cases depend-
ing on a particular set of DMUs and a set of associated performance measures. For
example, if performance measures are inputs and outputs of a production process,
then DEA “efficiency” is a “production efficiency”. If performance measures are
quality indicators, then DEA “efficiency” yields a composite quality measure.

In fact, in addition to be used as an estimate of “production efficiency”, DEA is
a “balanced benchmarking” (Sherman and Zhu 2013) that examines performance
in multiple criteria and helps organizations to test their assumptions about perfor-
mance, productivity, and efficiency. Under general benchmarking, the DEA score
may no longer be referred to as “production efficiency”. In this case, we may wish
to refer to the DEA score as a form of “overall performance” of an organization.
Such “overall performance” can appear in the form of composite measure that ag-
gregates individual indicators (inputs and outputs) via a DEA model. For example,



1.3 Performance Metrics Classified as Inputs and Outputs 5

composite measures (DEA scores) of quality allow senior leaders to better bench-
mark their organization’s performance against other high-performing organizations
(Shwartz et al. 2009). The DEA inputs and outputs represent more than the “inputs”
and “outputs” under the notion of production process, and DEA is more than an
efficiency measure under the notion of production process. In the next section, we
will discuss what constitute DEA inputs and outputs.

DEA was designed to measure the relative efficiency where market prices are
not available (see, e.g., Charnes et al. 1981; Johnson and Zhu 2002). However,
by its ability to model multiple-input and multiple-output relationships without a
prioriunderlying functional form assumption, DEA has also been widely applied to
other areas. See Liu et al. (2013) for a comprehensive survey on DEA applications
from 1978 to 2010. These authors identify the top five DEA applications areas as
banking, health care, agriculture and farm transportation, and education, and the
applications with the highest growth momentum recently as energy, environment,
and finance.

Such previous DEA studies provide useful managerial information on improving
the performance. In particular, DEA is an excellent tool for improving the produc-
tivity of service businesses (Sherman and Zhu 2006).

In the current book, we present various DEA approaches that can be used in iden-
tifying best-practice frontier and further in performance evaluation and benchmark-
ing. Other recommended readings include several DEA handbooks such as Cooper
et al. (2011a), Cook and Zhu (2014), and Zhu (2015).

1.3 Performance Metrics Classified as Inputs
and Outputs

DEA requires that performance measures or metrics be classified into inputs and
outputs. Whether it is the researcher, the practitioner or the student, the use of the
DEA methodology gives rise to an important question before proceeding to a DEA
analysis:

What are the outputs and inputs to be used to characterize the performance of those DMUs?

As discussed in Cook et al. (2014), in the literature, DEA is generally introduced as a
mathematical programming approach for measuring relative efficiencies of DMU,
when multiple inputs and multiple outputs are present. While the concept of inputs
and outputs is well understood, it is often the case that researchers/users take the
notion for granted, and little attention tends to be paid to insuring that the selected
measures properly reflect the “process” under study. As a case in point, the original
DEA model of Charnes et al. (1978, 1981), involving the study of school districts
in Texas, was developed in a ratio form of Outputs/Inputs, but the authors provide
little in the way of rationalization in regard to appropriate variables (inputs and
outputs) for studying student performance. This is not to imply that the variables
used were not appropriate for the problem at hand, but rather it serves to illustrate
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that the paper, like many of those that followed over the past three decades, was pri-
marily focused on methodological development. One gets the sense in much of the
literature that there is little need to spend time laboring over how a process actually
works. After all, in a production or service process, inputs and outputs are gener-
ally clearly defined. For example, the number of employees and profits are obvious
examples of an input and an output, respectively.

As pointed out by Cook et al. (2014), although DEA has a strong link to pro-
duction theory in economics, the tool here is intended for benchmarking, where
a set of measures is selected to benchmark the performance of manufacturing and
service operations. In the circumstance of benchmarking, the efficient DMUs, as
defined by DEA, may not necessarily form a “production frontier”, but rather lead
to a “best-practice frontier”. For example, if one benchmarks the performance of
computers, it is natural to consider different features (screen size and resolution,
memory size, process speed, hard disk size, and others). One would then have to
classify these features into “inputs” and “outputs” in order to apply a proper DEA
analysis. However, these features may not actually represent inputs and outputs at
all, in the standard notion of production. In fact, if one examines the benchmarking
literature, other terms, such as “indicators” and “outcomes”, are used. The issue
now becomes one of how to classify these performance measures into inputs and
outputs, for use in DEA.

One could use a different notions, e.g., “Category I”” and “Category II”” measures
for DEA “inputs” and “output”, respectively. Since “inputs” and “outputs” have
been used as the standard notions in DEA, the current book will not make such a
change of notions. The reader should, however, understand that DEA “inputs” and
“output” are just classifications of performance measures.

In general, DEA minimizes “inputs” and maximizes “outputs”; in other words,
smaller levels of the former and larger levels of the latter represent better perfor-
mance or efficiency. This can then be a rule for classifying factors under these two
headings. There are, however, exceptions to this; for example, pollutants from a
production process are outputs, yet higher levels of these indicate worse perfor-
mance. There are DEA models that deal with such undesirable outputs (see, e.g.,
Seiford and Zhu 2002; Liu et al. 2010).

In certain circumstances, a factor can play a dual role of input and output simul-
taneously. For example, when evaluating the efficiencies of a set of universities, if
one considers the numbers of Ph.D. students trained as outcomes from the educa-
tion process, then this factor can rightly be viewed as an output. At the same time,
however, Ph.D. students assist in carrying out research, and can therefore be viewed
as a resource, hence an input to the process. See Cook et al. (2006). In such cases,
the user must clearly define the purpose of benchmarking so that such performance
measures can be classified as inputs or outputs. In some situations, the DMUs may
have internal structures, e.g., a two-stage process. For example, banks generate de-
posits as an output in the first stage, and then the deposits are used as an input to
generate profit in the second stage. In this case, “deposits” is treated as both output
(from the first stage) and input (to the second stage).
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In summary, if the underlying DEA problem represents a form of “production
process”, then “inputs” and “outputs” can often be more clearly identified. The
resources used or required are usually the inputs and the outcomes are the outputs.
If, however, the DEA problem is a general benchmarking problem, then the inputs
are usually the “less-the-better” type of performance measures and the outputs are
usually the “more-the-better” type of performance measures. The latter case is par-
ticularly relevant to the situations where DEA is employed as a MCDM (multiple
criteria decision making) tool (see, e.g., Belton and Vickers 1993; Doyle and Green
1993; Stewart 1996).

Cook et al. (2014) also point out that we can also have a mixed use of ratio data,
percentage data, and raw data, as inputs and outputs. Interested reader is referred to
Cook et al. (2014) for other issues prior to choosing a DEA model.

1.4 Number of DMUs vs Number of Inputs and Outputs

It is well known that large numbers of inputs and outputs compared to the number
of DMUs may diminish the discriminatory power of DEA. A suggested “rule of
thumb” is that the number of DMUs be at least twice the number of inputs and out-
puts combined (see Golany and Roll 1989). Banker et al. (1989) on the other hand
state that the number of DMUs should be at least three times the number of inputs
and outputs combined. However, such a rule is neither imperative, nor does it have
a statistical basis, but rather is often imposed for convenience. Otherwise, it is true
that one loses discrimination power. It is not suggested, however, that such a rule is
one that must be satisfied. There are situations where a significant number of DMUs
are in fact efficient. In some cases the population size is small and does not permit
one to add actual DMUs beyond a certain point. However, if the user wishes to
reduce the number or proportion of efficient DMUSs, various DEA models can help;
for example, weight restrictions may be useful in such cases.

Cook et al. (2014) point out that while in statistical regression analysis, sample
size can be a critical issue, as it tries to estimate the average behavior of a set
of DMUs, DEA when used as a benchmarking tool, focuses on individual DMU
performance. In that sense, the size of the sample or the number of DMUs under
evaluation may be immaterial. For example, if there are only 10 firms in a particu-
lar market and if a large number of inputs and outputs have to be used if deemed
necessary by the management, then the benchmarking results obtained from DEA
can still be of value. One fact remains, namely that whatever form the production
frontier takes, it is beyond the best practice frontier. It is also true that if one adds
an additional DMU to an existing set, that DMU will be either inefficient or effi-
cient. In the former case, the best practice frontier does not shift, and nothing new
is learned about the production frontier. In the latter situation, the frontier may shift
closer to the actual (but unknown) production frontier.

In summary, DEA is not a form of regression model, but rather it is a frontier-
based linear programming-based optimization technique. It is meaningless to apply
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a sample size requirement to DEA, which should be viewed as a benchmarking
tool focusing on individual performance. It is likely that a significant portion of
DMUs will be deemed as efficient, if there are “too many” inputs and outputs given
the number of DMU . If the goal is to obtain fewer efficient DMUs, then one can
use weight restrictions or other DEA approaches to reduce the number of efficient
DMUEs. See, e.g., Allen et al. (1997), Cooper et al. (2011b), Thompson et al. (1990),
Chaps. 4-7 and 12.

1.5 Measuring and Managing Performance

If the baseball world of “moneyball” has taught us anything, it is that we cannot
always trust our eyes. An overweight pitcher with an unorthodox delivery might
provide exceptional value to a team, whereas an outfielder with a great throwing
arm and fast bat speed might be a relatively poor investment. Similarly, savvy busi-
ness managers know that their intuition can often be misleading, if not downright
incorrect. Employees who seem to work the least can often be the most productive.
Business units that boast high profitability can sometimes be the least efficient. This
precisely describes what DEA does in performance benchmarking.

In a Sloan Management Review article by Sherman and Zhu (2013), the authors
describe DEA as a “balanced benchmarking” that enables companies to benchmark
and locate best practices that are not visible through other commonly used manage-
ment methodologies. Today, DEA can be utilized by anyone with Microsoft Exce/
(the current book offers a version of DEAFrontier software—a Microsoft Excel
Add-In), but it was not always so easy.

As documented in Sherman and Zhu (2013), DEA provides managers with a
sophisticated mechanism to assess the performance of different service provid-
ers—comparing, for example, the London and Tokyo offices of a global advertising
agency—by going well beyond the crude metrics and ratios such as profitability and
account billings per employee. From the results of DEA, a company can identify
its least efficient offices or business units, and it can assess the magnitude of the
inefficiency and investigate potential paths for improvement that the analysis has
identified. Moreover, executives can study the top-performing units, identify the
best practices, and transfer that valuable knowledge throughout the organization
to enhance performance. Lastly, DEA enables companies to test their assumptions,
particularly before implementing cost-cutting initiatives that might inadvertently be
counter-productive.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 1) contains
supplementary material, which is available to authorized users.
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Chapter 2
Envelopment DEA Models

2.1 Introduction

This chapter presents some basic DEA models that are used to determine the best-
practice frontier characterized by (Sect. 1.1) in Chap. 1. These models are called
envelopment models, because the identified best-practice frontier envelops all the
observations (DMUs). The shapes of best-practice (or efficient) frontiers obtained
from these models can be associated with the concept of Returns-to-Scale (RTS)
which will be discussed in details in Chap. 13. This is because the best-practice (or
efficient) frontiers can be viewed as exhibiting of various types of RTS. However,
if the inputs and outputs are not related to a “production function”, RTS concept
cannot be applied. Under such cases, RTS is merely used to refer to different shapes
of frontiers.

Consider Fig. 2.1 where we have 5 DMUs (A, B, C, D, and E) with one input
and one output. One possible best-practice frontier consists of DMUs A, B, C, and
D. AB exhibits increasing RTS (IRS), B exhibits constant RTS (CRS), and BC and
CD exhibit decreasing RTS (DRS). As a result, this best-practice frontier is called
Variable RTS (VRS) frontier.

DMU E is not efficient (or best-practice), because it uses too much input and/
or it does not produce enough output. In fact, there are two ways to improve the
performance of E. One is to reduce its input to reach F on the frontier, and the other
to increase its output to reach C on the frontier. As a result, DEA models will have
two orientations: input-oriented and output-oriented.

Input-oriented models are used to test if a DMU under evaluation can reduce its
inputs while keeping the outputs at their current levels. Output-oriented models are
used to test if a DMU under evaluation can increase its outputs while keeping the
inputs at their current levels.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 11
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 2, © Springer International Publishing Switzerland 2014
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2.2 Variable Returns-to-Scale (VRS) Model

The following DEA model is an input-oriented model where the inputs are mini-
mized and the outputs are kept at their current levels (Banker et al. 1984)

6 =min @

subject to

n
Zﬂjxl.j <6x, i=L2,..m
j=1

" . @.1)
Z:ﬂjy,j 2y, r=12,.,s;
=

P
j=1

4,20 j=12n.

where DMU. represents one of the # DMUs under evaluation, and x, and y,_ are the
ith input and rth output for DMU , respectively.

Since 6=1 is a feasible solution to (1.2), the optimal value to (2.1), 8 <1.If
6 =1, then the current input levels cannot be reduced (proportionally), indicating
that DMU | is on the frontier. Otherwise, if 6 <1, then DMU | is dominated by the
frontier. @ represents the (input-oriented) efficiency score of DMU,.

Consider a simple numerical example shown in Table 2.1 where we have five
DMUs (supply chain operations). Within a week, each DMU generates the same
profit of $ 2,000 with a different combination of supply chain cost and response
time.
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Table 2.1 Supply chain oper- ppU

Cost ($ 100) Response time (days) Profit ($ 1,000)

ations within a week |
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Fig. 2.2 Five supply chain
operations

DMU1

DMUS

U2

DMU3 DMU4

Supply chain response time (days)
w

Total supply chain cost ($100)

Figure 2.2 presents the five DMUs and the piecewise linear frontier. DMUs 1, 2,
3, and 4 are on the frontier. If we calculate model (2.1) for DMUS,

Min 6
Subject to

1 A4, 424, +44,+ 64, +41, <46
54,424, +14, + 14, +44, <46
24,424,424, +22,+24, 22

A+, +A4+4,+4 =1

AaA A A, A 20

we obtain a set of unique optimal solutions of 6 =0.5, A; =1 and 27 =0(; #2),
indicating that DMU?2 is the benchmark for DMUS, and DMUS should reduce its
cost and response time to the amounts used by DMU2.

Now, if we calculate model (2.1) for DMU4, we obtain § =1, A, =1, and
/1; =0(j#4),indicating that DM U4 is on the frontier. However, Fig. 2.2 indicates
that DM U4 can still reduce its total supply chain cost by $ 200 to reach DMU3. This
individual input reduction is called input slack.

In fact, both input and output slack values may exist in model (2.1). Usually,

after calculating (2.1), we have
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s, = ﬂ*xiv —z}ujxﬁ i=12,...m

o (2.2)
S: = 2 Z_jyrj V0 r= 1,2,...,S

Jj=1

where s; and s; represent input and output slacks, respectively. An alternate opti-
mal solution of & =1 and A, =1 exists when we calculate model (2.1) for DMU4.
This leads to s; =2 for DMU4. However, if we obtain § =1 and A, =1 from
model (2.1), we have all zero slack values. i.e., because of possible multiple optimal
solutions, (2.2) may not yield all the non-zero slacks.

Therefore, we use the following linear programming model to determine the pos-
sible non-zero slacks after (2.1) is solved.

m 5
maxz s;+ 2 st

i=1 r=1
subject to

z/ljxl./. +5; = H*Xin i=12,...,m;

j=1

Jﬂ (2.3)
Zﬂ’jyrj_s:=ym r=1’2""’s;

=1

32, =1
j=1

/1]. >0 j=12,..,n

For example, applying (2.3) to DMU4 yields

Max s, +s, +5,

Subject to

1A +24,+44,+64,+44, +s7 =660 =6
SHHA24, +1A,+ 12, +44,+5, =6 =1
24424, 424,422,420, -5 =2
A+, +A4+4,+4 =1

A Ay Ay Ay Asy sy 085,80 20

with optimal slacks of 57" =2, s, =5 =0.

DMU  is efficient ifand only if " =1 and 5;" =5 =0 foralliand r. DMU, is
weakly efficient if 8 =1 and s, # 0 and (or) s # 0 for some i and r. In Fig. 2.2,
DMUs 1, 2, and 3 are efficient, and DMU 4 is weakly efficient.
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Definition 2.1 The slacks obtained by (2.3) are called DEA slacks. Or specifically,
slacks calculated from a second-stage DEA calculation are called DEA slacks.

In fact, models (2.1) and (2.3) represent a two-stage DEA process involved in the
following DEA model.

min6-e(Y 57 +Y,57)
i=1 r=1
subject to

Z/?’jx(i +s, =0x, i=12,..,m;

kl;l 2.4)
Zli.fyrf—Sf =V r=12,..s;

y=

i 1,=1
=1

4,20 j=12,..,n.
The presence of the non-Archimedean ¢ in the objective function of (2.4) effectively
allows the minimization over 6 to preempt the optimization involving the slacks,
s; and s, . Thus, (2.4) is calculated in a two-stage process with maximal reduction
of inputs being achieved first, via the optimal & in (2.1); then, in the second stage,
movement onto the efficient frontier is achieved via optimizing the slack variables
in (2.3). It is incorrect if one attempts to solve model (2.4) in a single model/stage
by specifying an € value in the objective function of (2.4).

In fact, the presence of weakly efficient DMUs is the cause of multiple optimal so-
lutions. Thus, if weakly efficient DMUs are not present, the second stage calculation
(2.3) is not necessary, and we can obtain the slacks using (2.2). However, priori to cal-
culation, we usually do not know whether weakly efficient DMUs are present or not.

Note that the frontier determined by model (2.1) exhibits variable returns to scale
(VRS). Therefore, model (2.1) is called input-oriented VRS envelopment model.
(see Chap. 13 for a detailed discussion on DEA and Returns-to-Scale (RTS).)

The output-oriented VRS envelopment model can be expressed as

max ¢+ 5(2 s+ Zsf)
i=1 r=1
subject to

S Ax, +s =x, i=12..,m
i 2.5)
21/1/)’;7 -5 =¢y, r=12,..,s

=

i A,=1
j=1

4,20 j=12n
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Model (2.5) is also calculated in a two-stage process. (One should never try to solve
model (2.5) in a single model by specifying an € value in the objective function of

2.5)).

First, we calculate ¢ by ignoring the slacks, namely,

max ¢

subject to

zljxij <x, i=L2,..,m
j=1

leyrj 29y, r=L2,..s8
j=1

Zﬂj =1

j=1

4,20 j=12,..,n.

Then we optimize the slacks by fixing the ¢ in the following linear programming
problem.

maxz s;+ Z st
i=1 r=1

subject to
z&j.x[j+sl.‘ =x, i=1,2,..,m

J=1

] (2.6)
zﬂ’jyrj =5/ =0y, r=L2..s

j=1

3=
j=1

4,20 j=12n.

DMU, is efficient if and only if ¢ =1 and 5, =5 =0 for all i and . DMU, is
weakly efficient if ¢" =1 and 57" # 0 and (or) s # 0 for some i and r. If weakly
efficient DMUs are not present, then we need not to calculate (2.6), and we can
obtain the slacks via

s =xl.0—z/1/.x,./. i=12,.,m

st = Z‘T,@yrj —¢y, r=12,..s
=
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Fig. 2.3 Output efficient 6
frontier

Output 2

Output 1

Figure 2.2 shows an input efficient frontier when outputs are fixed at their current
levels. Similarly, we can obtain an output efficient frontier when inputs are fixed
at their current levels. Consider the four DMUs shown in Fig. 2.3 where we have
two outputs.

In Fig. 2.3, DMUs 1, 2 and 3 are efficient. If we calculate model (2.5) for DMU4,
we have

Max ¢

Subject to

A+, +4+4,=51

64, + SA,+24,+31, 239

24+ 3.54, +54,+ 3.51, 23.5¢
L+ +4+4,=1

A Ay, Ay Ay 20

The optimal solution is ¢*=1.2, A, =8/15, and /1; =7/15. i.e., DMU4 is inef-
ficient and is compared to G in Fig. 2.3, or DMU4 should increase its two output
levels to G. In this case, if we calculate model (2.6), all slacks will be zero.

2.3 DEA Slacks

In this section, we provide two numerical examples to further show the concept of
DEA slacks calculated from the second stage DEA calculation in model (2.3) or (2.6).

Consider Fig. 2.4 with one input and one output and input-oriented VRS model.
Any DMUs in the shaded area will have an output DEA slack after it is moved onto
the VRS frontier by input reduction. For example, DMU H is moved onto G which
is a frontier point. However, we can still increase G’s output to point A.
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Fig. 2.4 DEA slack under A
input orientation B

Fig. 2.5 DEA slack under A
output orientation

DMUs I and E are inefficient under the input-oriented VRS model. Note that
DMU 1 is actually on the VRS frontier, and is a weakly efficient DMU under the
output-oriented VRS model. Because under model (2.5), the efficiency score for
DMU I is equal to one. Yet, DMU I can further reduce its input to point F.

We next consider Fig. 2.5 where we have two outputs. Under the output-oriented
VRS model, all DMUs (e.g., E and F) within the shaded areas will have (non-
zero) DEA slack values. DMUs A and | are weakly efficient. DMUs J and D are
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Fig. 2.6 CRS frontier

inefficient and do not have DEA slacks, as their outputs are proportionally increased
to J' and D', respectively.

2.4 Other Envelopment Models

The constraint on 2?_:] A, in model (2.1) actually determines the RTS type of

an efficient frontier. If we remove 2" 1’1' =1 from models (2.1) and (2.5), we
obtain CRS (Constant RTS) envelopment models where the frontier exhibits CRS
(Charnes et al. 1978). Figure 2.6 shows a CRS frontier—ray OB. Based upon this
CRS frontier, only B is efficient.

If we replace 2/_21 A, =1 with 2’;:1 4, <1, then we obtain non-increasing RTS

(NIRS) envelopment models. In Fig. 2.7, the NIRS frontier consists of DMUs B, C,
D and the origin.

If we replace ijl A, =1 with 2’;:1 A; 21, then we obtain non-decreasing RTS
(NDRS) envelopment models. In Fig. 2.8, the NDRS frontier consists of DMUs, A,
B, and the section starting with B on ray OB.

Table 2.2 summarizes the envelopment models with respect to the orientations
and frontier types. The last row presents the efficient target (DEA projection) of a
specific DMU under evaluation.

The interpretation of the envelopment model results can be summarized as

I. Ifg =1or ¢* =1, then the DMU under evaluation is a frontier point. i.e., there
is no other DMUs that are operating more efficiently than this DMU. Other-
wise, if 8" <1 or ¢ > 1, then the DMU under evaluation is inefficient. i.e., this
DMU can either increase its output levels or decrease its input levels.

II. The left-hand-side of the envelopment models is usually called the “Reference
Set”, and the right-hand-side represents a specific DMU under evaluation. The
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Fig. 2.7 NIRS frontier
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1.

non-zero optimal /1: represent the benchmarks for a specific DMU under evalu-
ation. The Reference Set provides coefficients (/1;) to define the hypothetical
efficient DMU. The Reference Set or the efficient target shows how inputs can
be decreased and outputs increased to make the DMU under evaluation efficient.
The “Efficient Target” in Table 2.2 is a result of two stage DEA calculation.
However, sometimes a DEA user may ignore the second stage slack calculation
and is only interested in the efficiency scores. In that case, 'x, or ¢y, can
be regarded as Target on the frontier.
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Table 2.2 Envelopment models
Frontier type Input-oriented Output-oriented
CRS m s m N

min0—€(2s[+2s:) max¢+8(zsl.’+zs:)

i=1 r=1 i=1 r=1

subject to subject to

lexij +s; =6x, i=12,...m; Zﬂjxij +s; =x, i=L2,.,m;

j=1 j=1

leyrj —s =y, r=12,.s Z/ijy,j -5, =0y, r=12,..,s;

J=1 J=1

/1j20 j=12,..,n. %20 j=12,..,n
VRS n

Add X, A =1
NIRS n

Add ijllj <1
NDRS n

Add Zj_:lﬂ ;21
Efficient X =6x —s i=12,..m X o=x -5 i=12,..m

target 10 10 1 10 10 1
Po=v.ts  r=12,..s Po=@ v, +s r=12,.,s

Table 2.3 Fortune global 500 companies. (Source: Fortune magazine 1995)
Company Assets Equity Employees Revenue Profit
Mitsubishi 91920.6 10950 36000 184365.2  346.2
Mitsui 68770.9 5553.9 80000 181518.7 314.8
Ttochu 65708.9 4271.1 7182 169164.6  121.2
General motors 2171234 233455 709000 168828.6  6880.7
Sumitomo 50268.9 6681 6193 167530.7  210.5
Marubeni 71439.3 5239.1 6702 161057.4  156.6
Ford motor 243283 24547 346990 137137 4139
Toyota motor 106004.2  49691.6 146855 111052 2662.4
Exxon 91296 40436 82000 110009 6470
Royal Dutch/Shell group 118011.6  58986.4 104000 109833.7  6904.6
Wal-Mart 37871 14762 675000 93627 2740
Hitachi 91620.9 29907.2 331852 84167.1 1468.8
Nippon life insurance 364762.5 2241.9 89690 83206.7 2426.6
Nippon telegraph & telephone  127077.3 42240.1 231400 81937.2 2209.1
AT&T 88884 17274 299300 79609 139

2.5 Envelopment Models in Spreadsheets

Table 2.3 presents 15 companies from the top Fortune Global 500 list in 1995. We
have three inputs: (1) number of employees, (2) assets ($ millions), and (3) equity
($ millions), and two outputs: (1) profit ($ millions), and (2) revenue ($ millions).
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A B (0] D E 7 G H | J
1 Company Assets Equity Employees Revenue Profit 2 Efficiency
2 Mitsubishi 91920.6 10950 36000 184365.2 346.2 1 1
3 Mitsui 68770.9 5553.9 80000 181518.7 314.8 0 1
4 ltochu 65708.9 42711 7182 169164.6 121.2 0 1
5 General Motors 217123.4 23345.5 709000 168828.6 6880.7 0 1
6 Sumitomo 50268.9 6681 6193 167530.7 2105 0 1
7 Marubeni 71439.3 5239.1 6702 161057.4 156.6 0 1
8 Ford Motor 243283 24547 346990 137137 4139 0 0.737556
9 Toyota Motor 106004.2 49691.6 146855 111052 2662.4 0 0.603245
10 Exxon 91296 40436 82000 110009 6470 0 1
11 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 0 1
12 \Wal-Mart 37871 14762 675000 93627 2740 0 1
13 |Hitachi 91620.9 29907.2 331852 84167.1 1468.8 0 0.557596
14 Nippon Life Insurance 364762.5 2241.9 89690 83206.7 2426.6 0 1
15 Nippon Telegraph & Telephone 127077.3 42240.1 231400 81937.2 2209.1 0 0.470611
16 AT&T 88884 17274 299300 79609 139 0 0.533544
17 Reserved to indicate
18 Reference DMU under 1  Efficiency the DMU under
19 Constraints set Evaluation I =valuation.
20 Assets 91920.6 < 91920.6
21 Equity 10950 < 10950 Efficiency; 6;
22 Employees 36000 < 36000 A changing variable cell;
23 Revenue 1843652 > 184365.2 Objective cellin Sclver
24 Profit _ 346.2 > 346.2
25 |\ 1 = 1

Fig. 2.9 Input-oriented VRS envelopment spreadsheet model

2.5.1 Input-Oriented VRS Envelopment Spreadsheet Model

The input-oriented VRS envelopment model (model 2.1) requires 15 calculations—
one for each company (DMU). We illustrate how to formulate this efficiency evalu-
ation problem in a spreadsheet, and then illustrate how Excel Solver can be used to
calculate the efficiency scores for the 15 companies.

We begin by organizing the data in Table 2.3 in a spreadsheet (see Fig. 2.9).
A spreadsheet model of an envelopment model contains the following four ma-
jor components: (1) cells for the decision variables (e.g., 4, and 6); (2) cell
for the objective function (efficiency) (e.g., 6); (3) cells containing formu-
las for computing the DEA reference set (the left-hand-side of the constraints)
(2;:1 A%, z;:lljy,j, and z;:lﬂj); and (4) cells containing formulas for com-
puting the DMU under evaluation (right-hand-sided of the constraints) (e.g., 6x,,
and y,,).

In Fig. 2.9, cells 12 through 116 represent A, (j=1, 2, ..., 15). Cell F19 repre-
sents the efficiency score 6 which is the objective function.

For the DEA reference set (left-hand-side of the envelopment model), we en-
ter the following formulas that calculate the weighted sums of inputs and outputs
across all DMUs, respectively.

Cell B20 =SUMPRODUCT(B2:B16,$1$2:$1$16)
Cell B21 =SUMPRODUCT(C2:C16,$1$2:$1$16)
Cell B22 =SUMPRODUCT(D2:D16,$1$2:$1$16)
Cell B23 =SUMPRODUCT(F2:F16,$1$2:$1$16)

Cell B24 =SUMPRODUCT(G2:G16,$1$2:$1$16)
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as | Data | Review View Developer @ -2 X
¥ Clear i E‘E - 9 Growp- “#= i&]Data Analysis
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Columns Duplicates

sort & Filter Data Tools Outline E Analysis

Fig. 2.10 Excel solver

For the DMU under evaluation (DMU: Mitsubishi), we enter the following formu-
las into cells D20:D24.

Cell D20 =$F$19*INDEX(B2:B16,E18,1)
Cell D21 =$F$19*INDEX(C2:C16,E18,1)
Cell D22 =$F$19*INDEX(D2:D16,E18,1)
Cell D23 =INDEX(F2:F16,E18,1)

Cell D24 =INDEX(G2:G16,E18,1)

Finally, we enter the formula for z::l A ;=1 into cells B25 (=SUM(I2:116)) and
D25 (=1), respectively.

Cell E18 is reserved to indicate the DMU under evaluation. The function
INDEX(array,row number,column number) returns the value in the specified row
and column of the given array. Because cell E18 contains the current value of 1,
the INDEX function in cell D23 returns the value in first row and first column of
the Revenue array F2:F16 (or the value in cell F2, the Revenue output for DMU1).
When the value in cell E18 changes from 1 to 15, the INDEX functions in cells
D20:D24 return the input and output values for a specific DMU under evaluation.
This feature becomes obvious and useful when we provide the Visual Basic for Ap-
plications (VBA) code to automate the DEA computation.

2.5.2 Using Solver

After the DEA model is set up in the spreadsheet, we can use Solver to find the
optimal solutions. First, we need to invoke Solver in Excel by using the Solver
command which is available in the Data tab as shown in Fig. 2.10.

If Solver does not exist, you need to do the followings:

. Click File tab, and then click Options.

. Click Add-Ins, and then in the Manage box, select Excel Add-ins.

. Click Go.

. In the Add-Ins available box, select the Solver Add-in check box, and then
click OK. (see Fig. 2.11)

AW =

Now, you should see the Solver Parameters dialog box shown in Fig. 2.12.
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Solver Add-in

Browse...

Fig. 2.11 Solver add-in f m‘
Add-Ins
Add-Ins available:
(] Analysis ToolPak -~ I oK I
Analysis ToolPak - VBA
["]Euro Currency Tools

|
:

Solver Add-in
Tool for optimization and equation solving

2.5.3 Setting the Objective Cell and Changing Variable Cells

Set Objective cell indicates the objective function cell in the spreadsheet, and
whether its value should be maximized or minimized. In our case, the objec-
tive cell is the DEA efficiency represented by cell F19, and its value should be
minimized, because we use the input-oriented VRS envelopment model (2.1) (see
Fig. 2.13).

Changing Variable Cells represent the decision variables in the spreadsheet. In
our case, they represent the /1]. (j=1,2, ..., 15) and 6, and should be cells 12:116 and
F19, respectively (see Fig. 2.13).

2.5.4 Adding Constraints and Selecting Solving Method

Constraints represent the constraints in the spreadsheet. In our case, they are deter-
mined by cells B20:B25 and D20:D25. For example, click the Add button shown in
Fig. 2.13, you will see the Add Constraint dialog box shown in Fig. 2.14.
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-
Solver Parameters

Set Objective:
To: © Max © Min © value Of: 0

By Changing Variable Cells:

Subject to the Constraints:

Make Unconstrained Variables Non-Negative
Select a Solving Method: GRG Nonlinear B

B
) E

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ sohe

" J

§

Fig. 2.12 Solver parameters dialog box

In the spreadsheet model shown in Fig. 2.9, we have six constraints. The “Cell
Reference” corresponds to the DEA Reference Set, and “Constraint” corresponds
to the DMU under evaluation. The first three constraints are related to the three
inputs (see Fig. 2.14) Click the Add button to add additional constraints (output
constraints and 2" A =1 ), and click the OK button when you have finished add-
ing the constraints. The set of the constraints are shown in Fig. 2.15.

Note that ijand 0 are all non-negative. This can be achieved by checking the
option of “Make Unconstrained Variables Non-Negative”. Since DEA models are
linear models, we should select “Simplex LP” in solving method option, as shown
in Fig. 2.15.
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-
Solver Parameters

Set Objective: sFs19

To: © Max © Min © value Of: 0

By Changing Variable Cells:
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Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

non-smooth.
Cove ) [ ome
i
Fig. 2.13 Setting objective cell and changing cells
Fig. 2.14 Adding constraints [ Add Conora
Cell Reference: Conpstraint:

|$8520:8522 (<= [z][=s0s20:50822

Lo ] [ [ e |

2.5.5 Solving the Model

Now, we have successfully set up the Solver Parameters dialog box, as shown in
Fig. 2.15. Click the Solve button to solve the model. When Solver finds an optimal
solution, it displays the Solver Results dialog box, as shown in Fig. 2.16.
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-
Solver Parameters

Set Objective: §F$19

To: @ Max © Min ©) Value Of: 0
By Changing Variable Cels:

$1$2:41$16,$F$19
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Make Unconstrained Variables Non-Negative
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Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ sohe

" J

§

Fig. 2.15 Solver parameters for input-oriented VRS envelopment model

2.5.6 Automating the DEA Calculation

To complete the analysis for the remaining 14 companies, one needs to manually
change the value in cell E18 to 2, 3, ..., 15 and use Solver to re-optimize the spread-
sheet model for each company and record the efficiency scores (in column J, for
instance). When the number of DMUs becomes large, the manual process is appar-
ently cumbersome. Note that exactly the same Solver settings will be used to find
the optimal solutions for the remaining DMUs. This allows us to write a simple
VBA code to carry out the process automatically.

Before we write the VBA code, we need to set a reference to Solver Add-In in
Visual Basic (VB) Editor. Otherwise, VBA will not recognize the Solver functions
and you will get a “Sub or function not defined” error message.
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r B
Solver Results u

Solver found a solution. All Constraints and optimality

conditions are satisfied. Reports
Answer
Sensitivity
Limits
QO Restore Original Values
[[] Return to Solver Parameters Dialog [ outline Reports

| OK I Cancel Save Scenario...

Solver found a solution. All Constraints and optimality conditions are
satisfied.

When the GRG engine is used, Solver has found at least a local optimal
solution. When Simplex LP is used, this means Solver has found a global
optimal solution.

. J

Fig. 2.16 Solver results dialog box

We may follow the following procedure to set the reference. Enter the VB Edi-
tor by using the Developer Tab. One must configure Excel to show the Developer
tab because it does not appear by default. To show the Developer tab, follow the
following steps.

1. On the File tab, choose the Options button

2. In the Options dialog box, choose the Customize Ribbon button
3. In the list of main tabs, select the Developer check box

4. Choose the OK button to close the Options dialog box

Open the Tools/References menu in the VB Editor. This brings up a list of refer-
ences. One of these should be Solver (Solver.xlam) (see Fig. 2.17). To add the
reference, simply check its box.

After the Solver reference is added, we should see “Reference to Solver.xlam”
under the “References” in the VBA Project Explorer window shown in Fig. 2.18.
(The file “envelopment spreadsheet.xIsm” contains the spreadsheet model.)

Next, select the Insert/Module menu item in the VB Editor (Fig. 2.19). This
action will add a Module (e.g., Modulel) into the Excel file. (You can change the
name of the inserted module in the Name property of the module.)

Now, we can insert the VBA code into the Modulel. Type “Sub DEA()” in the
code window. This generates a VBA procedure called DEA which is also the Macro
name (see Fig. 2.21). Figure 2.20 shows the VBA code for automating the DEA
calculation.
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i
References vw_

Available References:

]

Visual Basic For Applications a
Microsoft Excel 14.0 Object Library 3
OLE Automation

Microsoft Office 14.0 Object Library

Microsoft Forms 2.0 Object Libr.
@@& +
[[JRef Edit Control
["] 360SpeedTime 1.0 Type Library Priority
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Fig. 2.17 Adding reference to solver Add-In

Fig. 2.18 Reference to solver
add-in in VBA project
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The Macro statement “SolverSolve UserFinish:=True” tells the Solver to solve
the DEA problem without displaying the Solver Results dialog box. The “Offset(ro-
wOffset, columnOffset)” property takes two arguments that correspond to the rela-
tive position from the upper-left cell of the specified Range. When we evaluate the
first DMU, i.e., DMUNo=1, Range(“J1”).Offset(1,0) refers to cell J2. The state-
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Project - VBAProject | [(Generan ~] [oea
o3 g Sub DEA()
5] Sheets (output VRS) - 'Declare DMUNo as integer. This DMUNo represents the DMU under
Sheet7 (output CRS) ‘evaluation. In the example, DMUNo goes form 1 to 15
ThisWorkbook Dim DMUNo As Integer
&5 Modules E For DMUNo = 1 To 15
&3 Module1 'set the value of cell E18 equal to DMUNo (1, 2,..., 15)
&3 References pY2 Range ("E18") = DMUNo
d ) > 'Run the Solver model. The UserFinish is set to True so that
5 'the Solver Results dialog box will not be shown
Properties - Mod x =
kel x| SolverSolve UserFinish:=True
| Module1 Module | ‘Place the efficiency into column

Aphabetic | Categorized |

==

With Range("J1i")
.Offset (DMUNo, 0) = Range("F19")
End With
Next DMUNo

End Sub

Fig. 2.20 VBA Code for input-oriented VRS envelopment model

Macros

Macro Name:

=

Macros In: |VBAProject (envelopment spreadsheet.xis) v |

Step Into

t

Create

I RRRE

L

Fig. 2.21 Run “DEA” macro

ments “With Range(“J1”) and “.Offset(DMUNo, 0)=Range(“F19”) take the optimal
objective function value (efficiency score) in cell F19 and place it in cell J “DMU-

No” (that is, cell J2, J3, ..., J16).

Enter the Run Macro dialog box by pressing A/+-F§ key combination (or us-
ing the Developer/Macros tab). You should see “DEA”, as shown in Fig. 2.21. Se-
lect “DEA” and then click the Run button. This action will generate the efficiency

scores (cells J2:J16) for the 15 companies, as shown in Fig. 2.22.

Ten companies are efficient (on the VRS frontier). For the inefficient companies,
the non-zero optimal /lj indicate the benchmarks. For example, the efficiency score
for AT&T is 0.53354 and the benchmarks for AT&T are Sumitoma (4,=0.77 in cell

16) and Wal-Mart (4,,=0.23 in cell [12).
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A I B | ¢ | o JE] F | 6 [ HII J)

Company Assets  Equity| Employees Revenue  Profit X
_2 |Mitsubishi 91920.6 10950 36000 184365.2 346.2 0 1
.3 |Mitsui 687709  5553.9 80000 181518.7 3148 0 1
_4 |ltochu 65708.9 42711 7182 169164 .6 121.2 0 1
.5 |General Motors 217123.4| 233455 709000 168828.6) 6880.7 0 1
_6 |Sumitomo 50268.9 6681 6193 1675307 2105 077 1
_7_|Marubeni 714393 52391 6702 1610574/ 156.6 0 1
.8 |Ford Motor 243283 24547 346990 137137 4139 0 ' 0.737556
.9 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0 " 0.603245
10 |Exxon 91296 40436 82000 110009 6470 0 1
11 |Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7| 6904.6 0o 1
12 |Wal-Mart 37871 14762 675000 93627 2740 0237 1
13 |Hitachi 91620.9 29907.2 331852 84167.1 14688 0 " 0.557596
14 |Nippon Life Insurance 3647625 22419 89690 83206.7 24266 0 1
15 |Nippon Telegraph & Telephone =~ 127077.3  42240.1 231400 81937.2 2209.1 0 0470611
16 |AT&T 88884 17274 299300 79609 139 0 " 0.533544

17

18| Reference DMU under | 16" Efficiency
19 |Constraints set Evaluation 0.533544"
20 |Assets 47423482 < 47423482
21 |Equity 8535.6544 < 9216.4308
22 |Employees 159689.58 < 159689.58
23 |Revenue 150569.21 > 79609
24 |Profit 791.04056 > 139
25|52 ] 1 = 1

Fig. 2.22 Input-oriented VRS envelopment efficiency

The previous macro “DEA” does not record the optimal lj in the worksheet.
This can be done by the adding a VBA procedure named “DEA_1” into the existing
module.

Sub DEA 1 ()
'Declare DMUNo as integer. This DMUNo represents the DMU under
'evaluation. In the example, DMUNo goes form 1 to 15
Dim DMUNo As Integer
For DMUNo = 1 To 15
'set the value of cell E18 equal to DMUNo (1, 2,..., 15)
Range ("E18") = DMUNo
'Run the Solver model. The UserFinish is set to True so that
'the Solver Results dialog box will not be shown
SolverSolve UserFinish:=True
'Place the efficiency into column J
Range ("J" & DMUNo + 1) = Range("F19")
'Select the cells containing the optimal lambdas
Range ("I2:I16") .Select
'copy the selected lambdas and paste them to row "DMUNo+1"
'(that is row 2, 3, ..., 16) starting with column K
Selection.Copy
Range ("K" & DMUNo + 1) .Select
Selection.PasteSpecial Paste:=xlPasteValues, Transpose:=True
Next DMUNo
End Sub



32 2 Envelopment DEA Models

A B C D E B G H | J
1 Company Assets Equity Employees Revenue Profit A Efficiency
2 Mitsubishi 91920.6 10950 36000 184365.2 346.2 0 1
3 Mitsui 687709  5553.9 80000 181518.7 3148 0 1
4 Iltochu 657089 42711 7182 169164.6 121.2 0 1
5 General Motors 2171234 233455 709000 1688286 6880.7 0 1
6 Sumitomo 50268.9 6681 6193 167530.7 2105 0.7705 1
7 Marubeni 714393  5239.1 6702 161057 .4 156.6 0 1
8 Ford Motor 243283 24547 346990 137137 4139 0 0.737556
9 Toyota Motor 106004.2 49691.6 146855 111052 26624 0 0.603245
10 Exxon 91296 40436 82000 110009 6470 0 1
11 Royal Dutch/Shell Group 1180116 58986.4 104000 109833.7 6904.6 0 1
12 Wal-Mart 37871 14762] 675000 93627 2740 0.2295 1
13 Hitachi 916209 29907.2 331852 841671 14688 0 0.557596
14 Nippon Life Insurance 3647625 22419 89690 83206.7 2426.6 0 1
15 Nippon Telegraph & Telephone  127077.3 42240.1 231400 81937.2 2209.1 0 0.470611
16 AT&T 88884 17274 299300 79609 139 0 0.533544
17 Reserved to indicate
18 Reference DMU under 15 |the DMU under
- evaluation.
19 Constraints set Evaluation sl ch P~
20 Assgts 47423.482 = 47423.482 0 For o
21 Equity 9216.4308 = 9216.4308 680.7764 SIack; changing ol
22 Employees 159689.58 = 159689.58 1.75€E-09 Sladk; changing cell
23 Revenue 79609 = 79609 70960.21 P e e
4 nging
24 Profit 139 = 139 652.0406 —_—
52 pR 1 = 1 72293.02 mjecoﬁ‘" me

Fig. 2.23 Second-stage slack spreadsheet model

In the Run Macro dialog box, select “DEA 1 and then click the Run button. The
procedure “DEA 17 will record both the efficiency scores and the related optimal
values on ij (j=1,2, ..., 15) (see file “envelopment spreadsheet.xIsm”).

2.5.7 Second-Stage Slack Calculation

Based upon the efficiency scores and the optimal values on ij (=12, ..., 15), we
now calculate the slack values using model (2.3).

Figure 2.23 shows the spreadsheet model for calculating the slacks after the ef-
ficiency scores are obtained. This spreadsheet model is built upon the spreadsheet
model shown in Fig. 2.9 with efficiency scores reported in column J.

Cells F20:F24 are reserved for input and output slacks (changing cells). The for-
mulas for cells B25 and D25 remain unchanged. The formulas for Cells B20:B24
are changed to

Cell B20 =SUMPRODUCT(B2:B16,$1$2:$1$16)+F20
Cell B21 =SUMPRODUCT(C2:C16,$1$2:$1$16)+F21
Cell B22 =SUMPRODUCT(D2:D16,$1$2:$1$16)+F22
Cell B23 =SUMPRODUCT(F2:F16,$1$2:$1$16)—F23

Cell B24 =SUMPRODUCT(G2:G16,$1$2:$1$16)-F24
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f \

Solver Parameters

Set Objective: :s=szs

T @ Max © Mo © yalue Of: o |

By Changing Variable Cells:
| $182:$1$16,$F$20:$F$24

Subject to the Constraints:

$8$20:$8$22 = $D$20:$D0$22 -
$8$23:$8$24 = $D$23:$D$24
$8$25 = $D$25

Make Unconstrained Variables Non-Negative
Select a Solving Method: Simplex LP E]

Bl
[

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[

. J

§

Fig. 2.24 Solver parameters for calculating slacks

The formulas for cells D21:D24 are

Cell D20 =INDEX(J2:J16,E18,1)*INDEX(B2:B16,E18,1)
Cell D21 =INDEX(J2:J16,E18,1)*INDEX(C2:C16,E18,1)
Cell D22 =INDEX(J2:J16,E18,1)*INDEX(D2:D16,E18,1)
Cell D23 =INDEX(F2:F16,E18,1)

Cell D24 =INDEX(G2:G16,E18,1)

After the Solver parameters are set up, as shown in Fig. 2.24, the VBA procedure
“DEASIlack” is inserted into the existing module to automate the slack calculations
for the 15 companies (see file “envelopment spreadsheet.xlsm”).
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Sub DEASlack ()
'Declare DMUNo as integer. This DMUNo represents the DMU under
'evaluation. In the example, DMUNo goes form 1 to 15
Dim DMUNo As Integer
For DMUNo = 1 To 15
'set the value of cell E18 equal to DMUNo (1, 2,..., 15)
Range ("E18") = DMUNo
'Run the Slack Solver model
SolverSolve UserFinish:=True
'Select the cells containing the slacks
Range ("F20:F24") .Select
'copy the selection (slacks) and paste it to row "DMUNo+1"
'(that is, row 2,3, ...,16) starting column L
Selection.Copy
Range ("L" & DMUNo + 1) .Select
Selection.PasteSpecial Paste:=xlPasteValues, Transpose:=True
Next DMUNo
End Sub

2.5.8 Other Input-Oriented Envelopment Spreadsheet Models

Figs. 2.9 and 2.15 represent the input-oriented VRS envelopment model. By chang-
ing the constraint of ijl A; , we immediately obtain other input-oriented envelop-

ment models (Fig. 2.25).
For example, if we select $B$25 = $D$25 and click the Delete button in Fig. 2.15

(i.e., we remove z" A, =1), we obtain the Solver parameters for the input-orient-
Jj=1J

ed CRS envelopment model, as shown in Fig. 2.26.
If we click the Change button, and replace $B$25 = $D$25 with $B$25 <$D$25 (or
$B$25 > $D$25), we obtain the input-oriented NIRS (or NDRS) envelopment model.
During this process, the spreadsheet shown in Fig. 2.9 and the VBA procedures
remain unchanged. For example, if we run the Macro “DEA” for the input-oriented
CRS envelopment model, we have the CRS efficiency scores shown in Fig. 2.26.
Seven DMUs are on the CRS efficient frontier.

2.6 Output-Oriented Envelopment Spreadsheet Models

We next consider the output-oriented envelopment models. The spreadsheet model
should be similar to the one in Fig. 2.9, but with a different set of formulas for the
DMU under evaluation. Figure 2.27 shows a spreadsheet for the output-oriented
VRS envelopment model.
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- IR
Solver Parameters %
Set Objective: §F$19
To: © Max @ Min © Vvalue Of: 0
By Changing Variable Cels:

$1$2:$1$16,$F$19

Subject to the Constraints:

$8$20:$8$22 <= $D$20:$D$22 -
$B8$23:$8$24 >= $D$23:5D$24

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP [z]
Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

(s ][ om

i J

Fig. 2.25 Solver parameters for input-oriented CRS envelopment model

To make the spreadsheet more understandable, we use “range names” in the
formulas. Select a range that needs to be named, and then type the desirable range
name in the upper left “name box” in the Excel. This “name box” is just above the
column A heading (see Fig. 2.27). For example, we select cells B2:D16 containing
the inputs, and then type “InputUsed” in the “name box” (see Fig. 2.27). An alterna-
tive way is to use the Insert/Name/Define menu item. We can then refer to the inputs
by using “InputUsed” in stead of cells B2:D16.

We name the cells F2:G16 containing the outputs as “OutputProduced”. We
also name the changing cells 12:116 and F19 “Lambdas” and “Efficiency”, re-

spectively. As a result, the formulas on 2::1 A, can be expressed as Cell B25
=SUM(Lambdas), and the formulas for the DEA reference set can be expressed as
Cell B20=SUMPRODUCT(INDEX(InputUsed,0,1),Lambdas)
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A B c D E B G H | J

1 Company Assets Equity Employees Revenue Profit ) Efficiency
2 Mitsubishi 91920.6 10950 36000 184365.2  346.2 0 " 0.662832
3 Mitsui 68770.9  5553.9 80000 181518.7 314.8 0 1
4 Itochu 65708.9 42711 7182 1691646  121.2 0 1
5 General Motors 217123.4 233455 709000 168828.6 6880.7 0" 1
6 Sumitomo 50268.9 6681 6193 167530.7 210.5 0.47° 1
7 Marubeni 71439.3  5239.1 6702 161057.4  156.6 0 " 0.971967
8 Ford Motor 243283 24547 346990 137137 4139 0 " 0.737166
9 Toyota Motor 106004.2 49691.6 146855 111052 2662.4 0 " 0.524558
10 Exxon 91296 40436 82000 110009 6470 0 1
11 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 0 " 0.841424
12 Wal-Mart 37871 14762 675000 93627 2740 0.01° 1
13 Hitachi 91620.9 29907.2 331852 84167.1 1468.8 0 " 0.386057
14 Nippon Life Insurance 364762.5 2241.9 89690 83206.7 2426.6 0 1
15 Nippon Telegraph & Telephone ~ 127077.3  42240.1 231400 81937.2 2209.1 0 " 0.348578
16 AT&T 88884 17274 299300 79609 139 0 " 0.270382
17

18 Reference DMU under 15 Efficiency

19 Constraints set Evaluation 0.270382"

20 Assets 24032.613 < 24032.613

21 Equity 3338.6447 < 4670.5747

22 Employees 12922.984 < 80925.264

23 Revenue 79609 > 79609

24 Profit 139 > 139

25 |zA 0.4817465
Fig. 2.26 Input-oriented CRS envelopment efficiency

InputUsed v £ | 919206
A R W T — D [E F G H |

1 Company Assets Equity Employees Revenue Profit A

2 |Mitsubishi 91920.6 10950 36000 184365.2 1

3 Mitsui 68770.9  5553.9 80000 181518.7  314.8
4 |ltochu 65708.9  4271.1 7182 1691646  121.2
IGeneral Motors 2171234 233455 709000 168828.6 6880.7
~ 6 |Sumitomo 50268.9 6681 6193 167530.7 2105

7 Marubeni 71439.3  5239.1 6702 161057.4  156.6 0

8 |Ford Motor 243283 24547 346990 137137 4139 0
TToyota Motor 106004.2 49691.6 146855 111052 2662.4 0
E Exxon 91296 40436 82000 110009 6470 0

11 |Royal Dutch/Shell Group 118011.6  58986.4 104000 109833.7 6904.6 0

12 Wal-Mart 37871 14762 675000 93627 2740 0

13 |Hitachi 91620.9 29907.2 331852 84167.1 1468.8 0
ENippon Life Insurance 364762.5 2241.9 89690| [Reserved to indicate 0
15 |Nippon Telegraph & Telephone | 127077.3 42240.1 231400| |the DMU under 0

16 |AT&T 88884 17274  299300| |evaluation. 0

17

18 Reference DMU under 15  Efficiency

19 Constraints set Evaluation 2.298629

20 Assets 88884 < 88884 Efficiency; ¢;

21 Equity 9699.2872 < 17274 A changing variable cell;

22 Employees 71220375 < 299300 Target cell in Solver

23 Revenue 182991.59 > 182991.59

24 Profit 319.50949 Constraintgr:()‘:)fnn 9

25 I 1 |The cell is named

"SumLambda"

26

Fig. 2.27 Output-oriented VRS envelopment spreadsheet model

Cell B21=SUMPRODUCT(INDEX(InputUsed,0,2),Lambdas)
Cell B22=SUMPRODUCT(INDEX(InputUsed,0,3),Lambdas)
Cell B23=SUMPRODUCT(INDEX(OutputProduced,0,1),Lambdas)
Cell B24=SUMPRODUCT(INDEX(OutputProduced,0,2),Lambdas)
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Note that we use “0” for the “row number” in the INDEX function. This returns
the whole column in the specified array in the INDEX function. For example,
INDEX(InputUsed,0,1) returns the first input across all DMUs in cells B2:B16.

We assign a range name of “DMU” to cell E18, the cell representing the DMU
under evaluation. The formulas for the DMU under evaluation then can be ex-
pressed as

Cell D20 =INDEX(InputUsed,DMU, 1)
Cell D21 =INDEX(InputUsed,DMU,?2)
Cell D22 =INDEX(InputUsed,DMU,3)
Cell D23 =Efficiency*INDEX(OutputProduced,DMU, 1)
Cell D24 =Efficiency*INDEX(OutputProduced,DMU,2)

The cells “B20:B22”, “B23:B24”, “B25”, “D20:D22”, “D23:D24” are named as
“ReferenceSetInput”, “ReferenceSetOutput”, “SumLambda”, “DMUInput”, and
“DMUOutput”, respectively. Based upon these range names, we obtain the Solver
parameters shown in Fig. 2.28. Since it is an output-oriented envelopment model,
“Max” is selected to maximize the efficiency (¢).

We can still apply the previous Excel macros (“DEA” or “DEA_1”) to this spread-
sheet model shown in Fig. 2.27 with the Solver parameters shown in Fig. 2.28. We
next present an alternative approach to automate the DEA calculation.

First, turn on the ActiveX Controls by clicking the Developer/Insert tab. Then
click the Command Button (ActiveX Controls) icon on the Insert tab, and drag it on
to your worksheet (see Fig. 2.29).

While the command button is selected, you can change its properties by click-
ing the Properties tab. For example, setting the TakeFocusOnClick to False leaves
the worksheet selection unchanged when the button is clicked. You can change the
name of this Command Button by changing the Caption property with “Output-
oriented VRS” (see Fig. 2.30).

Double click the command button. This should launch the VB Editor and bring
up the code window for the command button’s click event. Insert the statements
shown in Fig. 2.31.

The word Private before the macro name “CommandButtonl _Click” means that
this macro will not appear in the Run Macro dialog box. The macro is only available
to the worksheet “output VRS” containing the model (see Fig. 2.31).

In the macro, we introduce three variables, NDMUs, NInputs, and NOutputs,
representing the number of DMU s, inputs and outputs, respectively. In the current
example, NDMUs=15, NInputs=3, and NOutputs=2. For a different set of DMUs,
set these variables to different values, and the macro should still work.

Close the VB Editor and click the Design Mode tab to turn off design mode. The
selection handles disappear from the command button. The macro runs when you
click the command button. Figure 2.32 shows the results (see file “envelopment
spreadsheet.xlsm”).

In a similar manner, we can set up other output-oriented envelopment spread-
sheet models. For example, if we remove “SumLambda=1" from Fig. 2.28, we ob-
tain the Solver parameters for output-oriented CRS envelopment model.
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r Ih]
Solver Parameters X

Set Objective: Effidency
To: © Max © Min © value Of: 0

By Changing Variable Cells:
Lambdas, Effidency

Subject to the Constraints:

ReferenceSetinput <= DMUInput ~
ReferenceSetOutput >= DMUQutput
SumLambda = 1

Make Unconstrained Variables Non-Negative
Select a Solving Method: ‘simplex LP [=]

fet it

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ sohe

i J

§

Fig. 2.28 Solver parameters for output-oriented VRS envelopment model

If one wants to use the macros established for the input-oriented envelopment
spreadsheet models, one can proceed as follows using the Button (Form Controls).

First, we click the Developer tab and then select the button (the first item on
the Insert tab) (see Fig. 2.29). Drag the button onto your worksheet containing the
output-oriented CRS envelopment spreadsheet and the Solver parameters. You will
immediately be asked to assign a macro to this button. Select “DEA_17. At this
point, the button is selected. You may also want to change the caption on the button
to “Output-oriented CRS’, for example (see Fig. 2.33). To run the selected macro,
you have to deselect the button by clicking anywhere else on the worksheet. You
can always assign a different macro to the button by right-clicking on the button and
selecting “Assign Macro”. Figure 2.34 shows the output-oriented CRS efficiency
scores.
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Fig. 2.29 Adding command

button Data Review View Developer

&f Properties | !

=== OflviewCode SE
Insert | Design ) Source o,
| v | Mode ¥ RunDialog } R

| Form Controls

mf~ gEme

10" Ac 8 abl B BB G | H
ActiveX Controls levenue Profit

= B CBR & 343652 1

Command Button (ActiveX Control)

Insert a command button control.

2.7 Using OpenSolver

The standard built-in Excel Solver has its limitation with respect to how many
changing cell it can have, for example. In our envelopment models, the total number
of changing cells need to be reserved in an Excel sheet is the total number of DMUs
(lambdas) plus one (efficiency score). If that number exceeds the standard Excel
capacity, one needs to upgrade the Solver product (www.solver.com).

There is an open source linear and integer optimizer for Microsoft Excel called
“OpenSolver” that can be used as an alternative to the standard Excel Solver. The
OpenSolver is freely available at “opensolver.org”. OpenSolver is an Excel VBA
add-in that extends the standard Excel Solver with Linear Programming solver.
OpenSolver is being developed by Andrew Mason in the Department of Engineer-
ing Science at the University of Auckland, and Iain Dunning.

There is no need to change the spreadsheets/models built with the standard Ex-
cel Solver. OpenSolver can use the existing Excel Solver parameters. For our DEA
models in the book, it is recommended that the user builds the DEA models using
the standard Excel Solver, and then use the OpenSolver to solve the DEA models.

We here use the input-oriented VRS model (Fig. 2.9) as an example to show how
to use OpenSolver. OpenSolver is loaded under the Data tab as shown in Fig. 2.35.

Note the DEA model is already built using Excel Solver as shown in Fig. 2.9 and
2.15 (Excel Solver Parameters). If we click the Model option in OpenSolver, we
will see that all the model parameters have been captured from the Excel Solver, as
shown in Fig. 2.36.

If we click the “Solve” option, the same efficiency score will be obtained. How-
ever, we should use the VBA to automate the DEA calculation process. To do that,
we first need to add a reference to OpenSolver in the VBA Editor, as shown in
Fig. 2.37.
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Properties "
[CommandButton1 Commandsutton ] | H ] V] J |
ofit . Efficiency Mi
1 0.662" 1
CommandButton1 43 0.306 1
1.2 0 1
False 0.7 0.032 1
Fun 05 0 16
E]_&mooooos& 6.6 K 1
Q’Wtw'm'msl 139 0 1151212 0
— 2.4 0 1361645 0
= 70 0 1
I 81800000128 6 0 12
%.5 740 0 1
384.75 8 0 1.898939
True 6.6 0 1
(None) 9.1 0 1.87856 0.
0 - fmMousePointerDefault 139 0 2298629 0

: (None)
| b 7 - fmPicturePositionAboveCenter
Pla 2
Pri j True
|| |Shadow False
TakeFocusOnClick False
Top 253.5
Visible True
{Width 135.75
WordWrap False

Fig. 2.30 Changing command button properties

Output-Oriented VRS E

Now, in the VBA code “DEA”, we need to replace

“SolverSolve UserFinish:=True” with
“RunOpenSolver False”.

See file “envelopment OpenSolver.xlsm” for other VBA codes under OpenSolver.

Interested user should visit opensolver.org for additional information on how
to use OpenSolver and its use with VBA. In the reminder of the book, we will not
show how to solve DEA models with OpenSolver. This is because once the model
is set up using Excel Solver, the user can following the above steps to execute the

same model using OpenSolver.
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PV EAP e X] [ [CommanaBationt =] [cwex
o3 g Private Sub CommandButtonl Click()
- 'NDMUs, NInputs, and NInputs represent the number of DMUs, inputs,
89\&!7(«@:(0!5) ‘and outputs, respectively.
ThisWorkbook
- (0] Modues ﬂ Dim NDMUs As Integer, NInputs As Integer, NOutputs As Integer
B-E3 References ~
& Reference to SOLVERXLAM - 'In the example, NDMUs=15, NInputs=3, and NOutputs=2
« m ] » NDMUs = 15
. NInputs = 3
Properties - Sheet6 x| Noutpucs = 2
Sheet6 Worksheet -l
Alphabetic IQWI 'This i represents the DMU under evaluation
Sheets Dim 1 As Integer
[DicplayPagetreats Faloe For 1 = 1 To NDMUs
[OisplayRightTaLeft False 'set the cell representing the DMU under evaluation equal to i
EnableAutoFiter False Range ("DMU") = i
[EncbleCalasation [True 'Run the Solver model.
JEnsbleFormatCondSonsCal True SolverSolve UserFinish:=True
[EnableOutining False 'In the example, placing the efficiency into column J
[EnablePivotTable False
ey :;wlm Range ("A1") .Offset (i, NInputs + NOutputs + 4) = Range ("Efficiency")
Soolrea ‘copy the optimal lambdas and paste the values
[StandardWidth 8.14 Range ("Lambdas®) .Copy
[Vakle =1 dSheetVuble Range ("A1") .Offset (i, NInputs + NOutputs + S).Select
Selection. al Paste:=x1P: Values, T i=True
‘calculate next DMU
Next &
End Sub
Fig. 2.31 VBA code for output-oriented VRS envelopment model
| A B © D E F G H | J
1 Company Assets Equity Employees Revenue  Profit 2 Efficiency
2 Mitsubishi 91920.6 10950 36000 184365.2 1 0.66" 1
3 Mitsui 687709  5553.9 80000 181518.7 314.8 0.31 1
4 Itochu 65708.9 42711 7182 1691646  121.2 0 1
5 General Motors 2171234 233455 709000 168828.6 6880.7 0.03 1
6 Sumitomo 50268.9 6681 6193 167530.7 210.5 0 1
7 Marubeni 71439.3  5239.1 6702 161057.4  156.6 0 1
8 Ford Motor 243283 24547 346990 137137 4139 0 1.151212
9 Toyota Motor 106004.2 49691.6 146855 111052 2662.4 0 1.361645
10 Exxon 91296 40436 82000 110009 6470 0 1
11 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 0 1
12 Wal-Mart 37871 14762 675000 93627 2740 0 1
13 Hitachi 91620.9 29907.2 331852 84167.1 1468.8 0 1.898939
14 Nippon Life Insurance 364762.5 22419 89690 83206.7 2426.6 0 1
15 Nippon Telegraph & Telephone 127077.3 42240.1 231400 81937.2 2209.1 0 1.87856
16 AT&T 88884 17274 299300 79609 139 0 2298629
17
18 Reference DMU under 15" Efficiency
19 Constraints set Evaluation 2298629
20 Assets 88884 < 88884
21 Equity 9699.2872 < 17274 Output-Oriented VRS
22 Employees 71229.375 < 299300
23 Revenue 182991.59 > 182991.59
24 Profit 319.50949 > 319.50949
25 5 1

Fig. 2.32 Output-oriented VRS envelopment efficiency
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A Mo 2 139 0 3698

Macro name:
DEA1
DEA

Edit c

Output-oriented CRS f
DEASlack £

Fig. 2.33 Adding a button with macro

A B © D E F | & H I J
1 Company Assets Equity Employees Revenue  Profit 2 Efficiency
2 Mitsubishi 91920.6 10950 36000 184365.2  346.2 0 " 1.508679
3 Mitsui 68770.9  5553.9 80000 181518.7 314.8 0 1
4 ltochu 65708.9 42711 7182 1691646  121.2 0 1
5 General Motors 2171234 233455 709000 168828.6 6880.7 0 1
6 Sumitomo 50268.9 6681 6193 167530.7  210.5 1.73 1
7 Marubeni 71439.3 52391 6702 161057.4 156.6 0 1.028842
8 Ford Motor 243283 24547 346990 137137 4139 0 1.356546
9 Toyota Motor 106004.2 49691.6 146855 111052 2662.4 0 1.906368
10 Exxon 91296 40436 82000 110009 6470 0 1
11 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 0 1.188462
12 Wal-Mart 37871 14762 675000 93627 2740 0.05 1
13 Hitachi 91620.9 29907.2 331852 84167.1 1468.8 0 2590289
14 Nippon Life Insurance 364762.5 22419 89690 83206.7 2426.6 0 1
15 Nippon Telegraph & Telephone  127077.3  42240.1 231400 81937.2 2209.1 0 2.8688
16 AT&T 88884 17274 299300 79609 139 0 3.698474
17
18 Reference DMU under 15" Efficiency
19 |Constraints set Evaluation | 3.698474 l
20 Assets 88884 < 88884
21 Equity 12347.891 < 17274 Output-oriented CRS
22 Employees 47795.324 < 299300
23 Revenue 294431.83 > 294431.83
24 Profit 514.08791 > 514.08791
25 = 1.7817269

Fig. 2.34 Output-oriented CRS envelopment efficiency

2.8 Solving DEA Using DEAFrontier Software

One can solve the envelopment DEA models using the spreadsheets and Excel
Solver (or OpenSolver) We now demonstrate how to solve the above DEA models
using a special version of DEAFrontier software supplied with the book. See www.
deafrontier.net for full the version of the DEAFrontier software. This version of
DEAFrontier is an Add-In for Microsoft® Excel and uses the Excel Solver. This
version of software requires Excel 2007-2013 and can solve up to 30 DMUs with
unlimited number of inputs and outputs (subject to the capacity of the standard
Excel Solver). To install the software, copy the file “DEAFrontier.xlam” to your
hard drive.



2.8 Solving DEA Using DEAFrontier Software 43

% Data Analysis ')‘(‘.; g K Show/Hide Model

?‘ Solver X= Quick Solve
Model Solve
. OpenSolver ~
Analysis OpenSolver

AutoModel

AutoModel & a feature of OpenSoiver that tries to automatically determine the problem you are trying to optimise by the observing
the structure of the spreadsheet. It will turn its best guess into a Solver model, which you can then edit in this window and solve
with OpenSolver or Solver. Note that you don't have to use this feature: the model can stil be buit manualy.

Please note that AutoMode! wil replace the model in this window, but won't save it to the sheet unti you cick Save Model.

Objective cell: |$F$19 J (¢ maximise (@ minimse ( target value: |u

Variable cells:  [¢16>:$1616,$F$19

Constraints:

<Add new constraint>
$B$20:$B$22 <= $D$20:$D$22 Is‘ms
$B$23:9B$24 >= $D$23:$D$24
|sos2s

Update constraint I

Delete selected constraint

[ Make unconstrained variable cels non-negative

Modffy a constraint: select, make changes, then dick "Update constraint”.
Add a constraint: select "Add new constraint”, enter the new constraint’s detais, then cick "Add Constraint"

Shadow Prices: [ List constraints and shadow prices in a table with top-lft cel: |

[ Show model after saving Options... I Save Model

Fig. 2.36 OpenSolver model

If you run the DEAFrontier and get an error message (as shown in Fig. 2.38),
this error message means that the Excel Solver is not found by the DEAFrontier
software. To correct this, please use the following steps:

Step 1: Open Excel

Step 2: Load Excel Solver so that the Excel Solver parameters dialog box
(Fig. 2.13) is displaced.



44 2 Envelopment DEA Models

m File Edit View Insert Format Debug Run Tools Add-Ins Window Help

4
o
| 2 &3 Microsoft Excel Objects
M) Sheetl (VRS) VI Visual Basic For Applications R Cancel I
' ’ Sheet2 (Slack) ¥ Microsoft Excel 14.0 Object Library @
Sheet3 (CRS) ¥ OLE Automation
~ ) Sheetd (NDRS) ¥ Microsoft Office 14.0 Object Library Browse... |
i) SheetS (NIRS) ¥ Microsoft Forms 2.0 Object Library
i) Sheet6 (output VRS) ¥ Solver LI
I ) Sheet7 (output CRS) % ODenSoN
| isworkbool ﬂwﬂ. S Pﬂonty
) Thw . [ Ref Edit Control Help I
&~ Modules [CJRisk Solver Platform 11.0 Type Library v
=-&3 References OSolver
&8 Reference to OpenSolver.dam il |7 vBAProject
. &8 Reference to SOLVER.XLAM () AccessibilityCplAdmin 1.0 Type Library 5

Fig. 2.37 Reference to OpenSolver in VBA project

Fig. 2.38 DEAFrontier error Microsoft Visual Basic ‘Z‘
message

& Compile error in hidden module: DEA

oK Hep |

Step 3: Close the Excel Solver parameters dialog box.

Step 4: Load the DEA software by opening “DEAFrontier.xlam”.

To locate the DEA Menu, select the Add-Ins tab and navigate to the DEA menu
option, as shown in Fig. 2.39

2.8.1 Data Sheet Format

The Excel sheets for storing the DEA data (inputs and outputs for DMUs) must have
the same format as shown in Figs. 2.40 and 2.41. Leave one blank column between
the input and output data. No blank columns and rows are allowed within the input
and output data.

Negative or non-numerical data are deemed as invalid data. The software checks
if the data are in valid form before the calculation. If the data sheet contains nega-
tive or non-numerical data, the software will quit and locate the invalid data (see
Fig. 2.42).
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Formulas Data Review View

Home Insert Page Layout Developer

@ premium Solver V11.0

< oea Bootstrapping

© Multiplier Model with Epsilon
[& ' cross Efficiency % |

Fig. 2.39 DEAFrontier menu

B | J L R | S | w |z
|1 |DMU Name |Input Measure Input Measure Output Measure Output Measure
2
3
4
~—Incolumn A| Starting with column B (cell
5
"6 (ellA2), | B2), enterdata for enter data for
“7 | enterthe |.
% DMU inputs, no blank columns outputs, n:: bla:k COlRUDS
9 S are allowed are allowe
0]
11
Multiple inputs are allowed, Multiple outputs are allowed,
although only two are shown although only two are shown here

Leave one blank column
between the last input measure
and the first output measure

Name the
sheet containg
the data on

DMUs as Data

Format for Data sheet

NN e N e e S | P
eSS PR SN

N
a

d

» »\Data /Sheet2 / Sheet3 / |«

. 2.40 Data sheet format

=
-

=
g

2.8.2 Envelopment Models

To run the envelopment models in Table 2.1, select the “Envelopment Model” menu
item. You will be prompted with a form for selecting the sheet storing the DEA data,
model orientation, and frontier type, as shown in Fig. 2.43.
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B @ | D E & | 6

Compan L Assets Equity  Employees Revenue Profit
_2 |Mitsubishi 91920.6 10950 36000 184365.2 346.2
3 |Mitsui 68770.9 5553.9 80000 181518.7 3148
_4 |ltochu 657089 42711 7182 169164.6 121.2
_5 |General Motors 2171234 233455 709000 1688286  6880.7
_ 6 |Sumitomo 50268.9 6681 6193 167530.7 210.5
_7 |Marubeni 71439.3 5239.1 6702 161057 4 156.6
_8 |Ford Motor 243283 24547 346990 137137 4139
9 |Totota Motor 106004.2  49691.6 146855 111052 2662.4
10 [Exxon 91296 40436 82000 110009 6470
_11 |Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7  6904.6
12 |Wal-Mart 37871 14762 675000 93627 2740
13 [Hitachi 91620.9 29907.2 331852 84167.1 14688
14 |Nippon Life Insurance 3647625 22419 89690 83206.7 2426.6
15 |Nippon Telegraph & Telephone | 127077.3  42240.1 231400 81937.2 , 2209.1
16 [AT&T ~ 88884 17274 299300 79609 139
A7 | |
% DR Inputs Outputs
20 |

|«

I« N Sheeti //Sheet2\Data /
Fig. 2.41 Example data sheet

Company Assets Equity | ] |

Mitsubishi 10950 | 36000 | | 184365.2
| 687709 | 5553 (pyrmemppes -

| ltochu | 657089 | 4271.

General Motors  217123.4 | 23345,

Sumitomo | 502689 | 6681

Marubeni | 714393 | 5239
‘ 243283 | 24547
106004.2 | 49691,

Fig. 2.42 Invalid data

The software performs a two-stage DEA calculation. First, the efficiency scores
are calculated, and the efficiency scores and benchmarks (ﬂ;) are reported in the
“Efficiency” sheet. At the same time, a “Slack” sheet and a “Target” sheet are gener-
ated based upon the efficiency scores and the ﬂ; .

Then you will be asked whether you want to perform the second-stage calcula-
tion, i.e., fixing the efficiency scores and calculating the DEA slacks (see Fig. 2.44).
If Yes, then the slack and target sheets will be replaced by new ones which report the
DEA slacks and the efficient targets defined in Table 2.1.

For example, Fig. 2.45 reports the efficiency results for the input-oriented CRS
envelopment model. Column A reports the DMU No. Column B reports the DMU
names. Column C reports the efficiency scores (it also indicates the type of DEA
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Fig. 2.43 Envelopment
models

r PEE—
Envelopment Models ;J

Please select the sheet that has the data (DMUs, inputs,
outputs), Model Orientation, and Frontier Type:

[ Target

B Shaene
O

DataSheet

Cancel |

" Output-Oriented

Frontier Type - Returns to Scale

® (RS C RS

C NIRS © NDRS

Developed by Joe Zhu I

Fig. 2.44 Second stage DEA
slack calculation
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A B C D E E G H | J
1 [lnputs | Outputs The data sheet selected

2 Assets Revenue DataSheet

3 Equity Profit

4 Employees

5

6 Input-Oriented

7 CRS

il DMU No. DMU Name Efficiency A RTS  Benchmarks

9 1 Mitsubishi 0.66283|1.102 Decreasing 0.184 Itochu’ 0.017
10 2 Mitsui 1.00000{1.000  Constant 1.000 Mitsui'

11 3 ltochu 1.00000{1.000  Constant 1.000 Itochu’

12 4 General Motors 1.00000{1.000  Constant 1.000 General Motors'

13 5 Sumitomo 1.00000{1.000  Constant 1.000 Sumitomo’

14 6 Marubeni 0.97197/0.956 Increasing 0.547 ltochu’ 0.408
15 7 Ford Motor 0.73717/0.998 Increasing 0.253 Itochu’ 0.305
16 8 Totota Motor 0.52456/0.819 Increasing 0.382 Sumitomo’ 0.371
17 9 Exxon 1.00000{1.000  Constant 1.000 Exxon'

18 10 Royal Dutch/Shell Group 0.84142|1.067 Decreasing 1.067 Exxon

19 11 Wal-Mart 1.00000{1.000  Constant 1.000 Wal-Mart

20 12 Hitachi 0.38606|0.627 Increasing 0.312 Sumitomo’ 0.145
21 13 Nippon Life Insurance 1.00000{1.000  Constant 1.000 Nippon Life Insurance’

22 14 Nippon Telegraph & Telephone 0.34858/0.619 Increasing 0.012 General Motors 0.247
23 15 AT&T 0.27038/0.482 Increasing 0.467 Sumitomo’ 0.015
24

14 v ¥i[ Target /Sack | Efficiency //Datasheet /&3 0Kl

Fig. 2.45 CRS DEA results

models used). Column D reports the optimal z&t which is used to identify the
RTS classifications reported in column E (see Chap. 16) for discussions on RTS).
Sheet “Efficiency” also reports the benchmark DMUs along with the optimal /1; .
The data sheet selected is reported in cell G2.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 2) contains
supplementary material, which is available to authorized users.
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Chapter 3
Multiplier DEA Model

3.1 Multiplier Models in Spreadsheets

The dual linear programming problems to the envelopment models are called mul-
tiplier models as shown in Table 3.1.
The dual variables v, and y,_ are called multipliers. A DMU is on the frontier if

and only if 2":1 wy, +u=1 (or 2’_:1 VX, +v= 1) in optimality. The ¢ in the
envelopment model essentially requires that v, and x4, are positive in the multipli-
er models. The constraint 221 vx, =1 (or Zi:] My, =1)is known as a nor-
malization constraint. In DEA, the weighted input and output of Zlm:l vx, and
2;1 4,y,; are called virtual input and virtual output, respectively. See Seiford and

Thrall (1990) for a detailed discussion on these models.

Note that U,V 2 €. This set of constraints ensures that a DMU with an ef-
ficiency score of one must be efficient. If a DMU’s efficiency score equals one
with non-zero slacks in an envelopment model, then this DMU must have a score
less than one in the above related multiplier model (with ¢). That is, if we impose
4., v, > ¢ in the multiplier models, the two-stage process in the envelopment mod-
els is automatically carried out in the calculation. However, note that ¢ is a very
small positive value and usually is set equal to 10°%, and such choice does not al-
ways work. It is also possible that the multiplier model can be infeasible because
the ¢ is not correctly selected.

Figure 3.1 presents the input-oriented CRS multiplier spreadsheet model. We
name the cells C2:E16 containing the inputs as “InputUsed” and the cells G2:H16
containing the outputs as “OutputProduced”. Cells C19:E19 and G19:H19 are re-
served for the decision variables—input and output multipliers, and are named
“InputMultiplier” and “OutputMultiplier”, respectively. Cells A2:A16 are reserved
for DMU numbers which are used in the formulas in cells 12:116

Cell 12 contains the formula “= SUMPRODUCT(OutputMultiplier, INDEX
(OutputProduced,A2,0))-SUMPRODUCT (InputMultiplier,INDEX  (InputUsed,A2,0))”
which represents the difference between weighted output and weighted input for
DMUIL. This value will be set as non-negative in the Solver parameters.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 49
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 3, © Springer International Publishing Switzerland 2014
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Table 3.1 Multiplier models

3 Multiplier DEA Model

Frontier type Input-oriented Output-oriented
s m
max Y (,y,, + i min Y v.x, +Vv
r=1 i=1
subject to subject to
s m m s
Dy = 2 Vi S0 IREEDWAPRIELY
=1 i=1 i=1 r=1
m S
v, =1 DM, =1
i=1 =1
u.,v, 20(e) u,.,v, 20(€)
CRS where =0 where v=0
VRS where u free where v free
NIRS where <0 where v>0
NDRS where 4>0 where v<0
A B (0] D E F G H | J
1 DMU Company Assets Equity Employees Revenue Profit Constraints Efficiency
2 1 Mitsubishi 91920.6 10950 36000 1843652  346.2 45840.8
3 2 Mitsui 687709  5553.9 80000 181518.7 3148 27508.7
4 3 Itochu 65708.9 42711 7182 1691646  121.2 92123.8
5 4 General Motors 2171234 233455 709000 168828.6 6880.7 -773759.6
6 5 Sumitomo 50268.9 6681 6193 167530.7 2105 104598.3
7 6 Marubeni 71439.3  5239.1 6702 1610574  156.6 77833.6
8 7 Ford Motor 243283 24547 346990 137137 4139 -473544
9 8 Toyota Motor 106004.2 49691.6 146855 111062 26624 -188836.4
10 9 Exxon 91296 40436 82000 110009 6470 -97253
11 10 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 -164259.7
12 11 Wal-Mart 37871 14762 675000 93627 2740 -631266
13 12 Hitachi 91620.9 29907.2 331852 84167.1 1468.8 -367744.2
14 13 Nippon Life Insurance 3647625 22419 89690 83206.7 24266 -371061.1
15 14 Nippon Telegraph & Telephone ~ 127077.3 422401 231400 81937.2 2209.1 -316571.1
16 15 AT&T 88884 [Input multipliers 79609 139 -325710
17 changing cells 1 138870.6
T e A e
19 Multipliers 1 1 1 1 - .
20 DMU under evaluation 1 :v,::_f:?:e:"puts i
21 Efficiency 184744~ Output multipliers evaluation |
22 efficiency reserved to indi changing cells
23 weighted output the DMU under
24 Objective cell | evaluation

Fig. 3.1 Input-oriented CRS Multiplier spreadsheet model

The function INDEX(array,row number,0) returns the entire row in the array.
For example, the value for cell A2 is one, therefore INDEX(OutputProduced,A2,0)

returns all the outputs for DMUI, i.e., cells G2:H2.

The formula in cell 12 is then copied into cells 13:116. Cells 12:116 are named

“ConstraintDMU;j”.

The formula for cell 117 is “= SUMPRODUCT (InputMultiplier, INDEX
(InputUsed,DMU,0))”, where DMU is a range name for cell C20, indicating the
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-
Solver Parameters X

Set Objective: Effidency

To: @ Max © Min © value Of: 0

By Changing Variable Cells:
InputiMultiplier, Outputivultiplier

Subject to the Constraints:

ConstraintDMUj <=0 -
DMUWeightedInput = 1

Make Unconstrained Variables Non-Negative
Select a Solving Method: Simplex LP [z]

) ]

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ s

i J

—
e
=

Fig. 3.2 Solver parameters for input-oriented CRS multiplier model

DMU under evaluation. The value of cell 117 will be set equal to one in the Solver
parameters. Cell [17 is named “DMUWeightedInput”.

The objective cell is C21 which represents the efficiency—weighted output for
the DMU under evaluation. The cell C21 is named “Efficiency”. Its formula is “=
SUMPRODUCT(OutputMultiplier,INDEX(OutputProduced, DMU,0))”.

Note that initial values of one are entered into the cells for the multipliers. As a
result, some of the constraints are violated, and the value in cell C21 (efficiency) is
greater than one. However, once the Solver solves, these values will be replaced by
optimal solutions.

Figure 3.2 shows the Solver parameters for the spreadsheet model in Fig. 3.1.

Figure 3.3 shows the optimal solutions for DMU1 with an efficiency of 0.66283.
To calculate the CRS efficiencies for the remaining DMUs, we insert a VBA pro-
cedure “MultiplierCRS” to automate the computation, as shown in Fig. 3.4. Note
that the name of the module is changed to “MultiplierDEA”. This VBA procedure
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‘ Efficiency i - £ | =SUMPRODUCT(OutputMultiplier, INDEX(OutputProduced,DMU,0))
A B [ D E F G H I J

1 DMU Company Assets Equity Employees Revenue Profit Constraints Efficiency
2 1 Mitsubishi 91920.6 10950 36000 184365.2 346.2 -0.4069718 0.66283
3 2 Mitsui 68770.9 5553.9 80000 181518.7 3148 -0.1572998 1
4 3 Itochu 65708.9 42711 7182 1691646  121.2 -0.1720259 1
5 4 General Motors 2171234 233455 709000 168828.6 6880.7 -1.5931016 1
6 5 Sumitomo 50268.9 6681 6193 167530.7 210.5 0 1
7 6 Marubeni 714393  5239.1 6702 161057.4 156.6 -0.2619527 0.97197
817 Ford Motor 243283 24547 346990 137137 4139 -2.1077375 0.73717
9 8 Toyota Motor 106004.2 49691.6 146855 111052 2662.4 -0.7118903 0.52456
10 9 Exxon 91296 40436 82000 110009 6470 -0.3901587 1
11 10 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 -0.6730777 0.84142
12 11 Wal-Mart 37871 14762 675000 93627 2740 0 1
13 12 Hitachi 916209 29907.2 331852 84167.1 1468.8 -0.6894804 0.38606
14 13 Nippon Life Insurance 3647625 22419 89690 83206.7 2426.6 -3.7255062 1
15 14 Nippon Telegraph & Telephone  127077.3 42240.1 231400 81937.2 2209.1 -1.064743 0.34858
16 (15 AT&T 88884 17274 299300 79609 139 -0.7296182 0.27038
17 1.03416363
18
19 Multipliers 1.125E-05" 0 0 3.32E-06  4E-05

20 DMU under evaluation 1

El Efficiency 06271918

Fig. 3.3 Input-oriented CRS multiplier efficiency

Sub MultiplierCRS()
Dim NDMUs As Integer, NInputs As Integer, NOutputs As Integer
NDMUs = 15
Nlnputs = 3
NOutputs = 2
Dim i As Integer
Fori=1To NDMUs
Range("DMU") =i
SolverSolve UserFinish:=True
'record the efficiency scores
Range("A1").Offset(i, NInputs + NOutputs + 4) = Range("Efficiency")
'record the optimal multipliers
Range("InputMultiplier").Copy
Range("A1").Offset(i, NInputs + NOutputs + 5).Select
Selection.PasteSpecial Paste:=xIPasteValues
Range("OutputMultiplier").Copy
Range("A1").Offset(i, 2 * NInputs + NOutputs + 6).Select
Selection.PasteSpecial Paste:=xIPasteValues

Next i
End Sub

Fig. 3.4 VBA code for input-oriented CRS multiplier model
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A B (0] D B F G H | J

1 DMU Company Assets Equity Employees Revenue Profit Constraints Efficiency
2 1 Mitsubishi 91920.6 10950 36000 184365.2 346.2 -0.4469263

3 |2 Mitsui 687709  5553.9 80000 181518.7  314.8 -0.2104174

4 3 Itochu 65708.9 42711 7182 169164.6 1212 -0.1636977

5 4 General Motors 2171234 233455 709000 168828.6 6880.7 -1.9048865

6 5 Sumitomo 50268.9 6681 6193 167530.7 210.5 -1.11E-16

7 6 Marubeni 71439.3 5239.1 6702 161057.4 156.6 -0.2242861

8 7 Ford Motor 243283 24547 346990 137137 4139 -2.1108427

9 8 Toyota Motor 106004.2 49691.6 146855 111052 26624 -0.6178272

10 9 Exxon 91296 40436 82000 110009 6470 -0.4493419

11 10 Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 -0.7365683

12 11 Wal-Mart 37871 14762 675000 93627 2740 0

13 12 Hitachi 91620.9 29907.2 331852 84167.1 1468.8 -0.5018292

14 13 Nippon Life Insurance 3647625 2241.9 89690 83206.7 24266 -3.3467539

15 14 Nippon Telegraph & Telephone  127077.3 42240.1 231400 81937.2 2209.1 -0.8575795

16 15 AT&T 88884 17274 299300 79609 139 -0.4664565

17 0.9804698"

18 free variable  0.53354
19 Multipliers 1.059E-05 " 0 1.963E-07 0 ) 0 0.53354352 0
20 DMU under evaluation 1
21 Efficiency 0.5335435"

Fig. 3.5 Input-oriented VRS multiplier spreadsheet model

works for other sets of DMUs when setting the “NDMUs”, “NInputs”, and “NOut-
puts” equal to proper values. In the current example, this VBA procedure takes
the efficiency in cell C21 and places it into cells J2:J16, and also takes the optimal
multipliers and places them into cells K2:M16 and O2:P16 for 15 DMUs. Select
and run the macro “MultiplierCRS” in the Run Macro dialog box will generate the
efficiency results. You may also create a button in Forms toolbar and assign macro
“MultiplierCRS” to the button (see file “multiplier.xIsm”).

Spreadsheets for other multiplier models can be set up in a similar manner. For
example, Fig. 3.5 shows a spreadsheet model for the input-oriented VRS multiplier
model.

Because we have a decision variable that is free in sign, we need to introduce
two variables in cells 119 and J19. The free variable in the VRS multiplier model
is represented by cell J18 with a formula of “=I19-J19”. In the Solver parameters,
cells 119 and J19 (not cell J18) along with cells C19:E19 and G19:H19 are chang-
ing cells.

The formula for cell 12 is

Cell 12 =SUMPRODUCT(G2:H2,8G$19:$H$19)- SUMPRODUCT(C2:E2,
$C$19:3E$19)+$1$19-8J$19

Cells for the multipliers and free variables are used as absolute references indicated
by the dollar sign. This allows us to copy the formula in cell 12 to cells 13:116. Fig-
ure 3.6 shows the Solver parameters for the input-oriented VRS multiplier spread-
sheet model.

Insert the VBA procedure “MultiplierVRS” shown in Fig. 3.7 into the existing
module “MultiplierDEA”. The macro records the efficiency score in cells J2:J16,
optimal free variable in cells K2:K16, and optimal multipliers in cells L2:N16 and
P2:Q16 for 15 DMUs (see file “multiplier.xIsm”).
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Solver Parameters )
Set Objective: $Cs21
To: © Max © Min © value Of: 0
By Changing Variable Cells:

$C$19:$E$19,8G$19:$H$19,81$19: 1819

Subject to the Constraints:

$1$17 =1 -
$1$2:81$16 <=0

Make Unconstrained Variables Non-Negative
Select a Solving Method: ‘S'mplex LP E]

23

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ s

" J

—
——
=

Fig. 3.6 Solver parameters for input-oriented CRS multiplier model

3.2 Weight Restrictions in Multiplier Models

In the DEA literature, a number of approaches have been proposed to introduce ad-
ditional restrictions on the values that the multipliers can assume.

Some of the techniques for enforcing these additional restrictions include impos-
ing bounds on ratios of multipliers (Thompson et al. 1990), appending multiplier
inequalities (Wong and Beasley 1990), and requiring multipliers to belong to given
closed cones (Charnes et al. 1989), among others.

We here present the assurance region (AR) approach of Thompson et al. (1990).
To illustrate the AR approach, suppose we wish to incorporate additional inequal-
ity constraints of the following form into the multiplier DEA models as given in
Table 2.1:
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M) sheet1 (CRS) Sub MultiplierVRS()
) Sheet2 (VRS) 'Declare i as integer. This i represents the DMU under
W) Sheet3 (Sheet3) 'evaluation. In the example, i goes form 1 to 15
4) Thisworkbook Dim i As Integer
= &5 Modules For i = 1 To 15
¥ MultiplierDEA 'set the value of cell C20 equal to i (1, 2,..., 15)
= 5 References
&8 Reference to SOLVER.XLAM Range ("C20") = i

'Run the Solver model. The UserFinish is set to True so that
'the Solver Results dialog box will not be shown

SolverSolve UserFinish:=True
'Place the efficiency in cell C20 into column J

Range ("J" & i + 1) = Range("C21")
'Select the cells containing the optimal multipliers

Range ("C19:H19") .Select
'copy the selected multipliers and paste them to row "i+1"
'(that is row 2, 3, ..., 16) starting with column L

Selection.Copy
Range ("L" & i + 1).Select
Selection.PasteSpecial Paste:=xlPasteValues
'copy the value of free variable in cell J18 into column K

Range ("K" & i + 1) = Range("J18")
Next
End Sub

Fig. 3.7 VBA Code for the input-oriented VRS multiplier model

o, sisﬂ“ i=1,...m

v, (AR)
5rS'u’S7/r, r=1,..,s

M,

Here, v, and 4, represent multipliers which serve as “numeraires” in estab-
lishing the upper and lower bounds represented here by a, £, and by J , y_ for
the multipliers associated with inputs i=1, ..., m and outputs r=1, ..., s where
o =[5 =9 =y =1.The above constraints are called Assurance Region (AR)
constraints as in Tl{ompson et al. (1990).

Uses of such bounds are not restricted to prices. For example, Zhu (1996) uses
an assurance region approach to establish bounds on the weights obtained from uses
of Analytic Hierarchy Processes in Chinese textile manufacturing in order to reflect

how the local government in measuring the textile manufacturing performance.
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For example, we can include the following AR constraints

Vi lovee
IS Employe SZS

VAssets

V Ve
15 < Employee < 3
VEqu[[y

3 < /uMm'kerValue < 4

/u Revenue

The first AR constraint indicates that Employee input should be at most 2.5 times as
important as the Assets input, but at least as important as the Assets input.

It is noted that the AR constraints in the above form are non-linear, however, they
can be converted into linear restrictions, namely

oy, sv,<fv,, i=1...,m

Sl Su <YM, r=ls

or

oy, <v, i=1,...m
v, <pv,, i=1..m
ou, S, r=l..s
syp ., r=l..s

Y mplovee . e .
We next incorporate 1< 22 <25 into the CRS multiplier model shown in
v

Assets

Fig. 3.3. The following two additional constraints are needed

<2.5v

Assets

and v

<v Employee

IV Employee

Assets

Cells G22:G23 contains the left-hand-side of the above two constraints and cells
122:123 contains the right-hand-side of the above two constraints, as shown in
Fig. 3.8. In the Solver parameters, we need to add these two additional constraints,

as shown in Fig. 3.9.
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0NN WN =

A ] B [ © D
DMU Company Assets Equity
1 Mitsubishi 91920.6 10950
2 Mitsui 68770.9 5553.9
3 Itochu 65708.9 42711
4 General Motors 2171234 233455
5 Sumitomo 50268.9 6681
6 Marubeni 714393  5239.1
7 Ford Motor 243283 24547
8 Toyota Motor 106004.2 49691.6
9 Exxon 91296 40436
10 Royal Dutch/Shell Group 118011.6 58986.4
1 Wal-Mart 37871 14762
12 Hitachi 91620.9 29907.2
13 Nippon Life Insurance 3647625 22419
14 Nippon Telegraph & Telephone ~ 127077.3  42240.1
15 AT&T 88884 17274

Multipliers 1.172E-06" 3.2E-05
DMU under evaluation 15
Efficiency

CRS AR

Fig. 3.8 CRS AR multiplier model

E
Employees
36000
80000
7182
709000
6193
6702
346990
146855
82000
104000
675000
331852
89690
231400
299300

1.172E-06

AR
1st
2nd

57
G H | J
Revenue Profit Constraints Efficiency
1843652 3462 -0.210733 0.60413
181518.7 314.8 -0.0746789 0.82717
1691646 1212 -2.248E-15 1
168828.6 6880.7 -0.1888734 0.90829
167530.7 210.5 -0.0400331 1
1610574 156.6 -0.0386433 0.88263
137137 4139 -0.4430373 0.69786
111052 2662.4 -1.1801741 0.37262
110009 6470 0 1
109833.7 6904.6 -0.551944 0.83648
93627 2740 -0.6204026 0.52316
841671 1468.8 -1.0360741 0.28055
83206.7 2426.6 5.6621E-15 1
819372 22091 -1.197011 0.31726
79609 139 -0.8792355 0.12076
T
1.15E-06 " 0.0002
1.17E-06 <= 1.1715E-06
1.17E-06 <= 2.9288E-06

\

-
Solver Parameters

Set Objective: Efficency
To: © Max © Min © Value Of:

By Changing Variable Cells:
InputMultiplier, Outputivultiplier

Subject to the Constraints:

$G$22:§G$23 <= §1§22:$1$23
ConstraintDMUj <=0
DMUWeightedInput = 1

[¥] Make Unconstrained Variables Non-Negative
Select a Solving Method: | Simplex LP

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

non-smooth.

—

Fig. 3.9 Solver parameters for CRS AR model
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Multiplier Models with Epsilon

3 Multiplier DEA Model

LX)

rientation, and Epsion:

Please select a sheet that has the data (DMUs, inputs, & outputs), Frontier Type, Model

DataSheet

®© CRS ®
C NIRS ®

— Specify an Epsilon Value

Epsilon I 0

[~ Frontier Type - Returns to Scale

Cancel

Model Orientation

= @ Input-Oriented

NDRS " Qutput-Oriented

Envelopment Model Results
® No
" Yes ® No

 Yes

Developed by Joe Zhu I

Fig. 3.10 Multiplier model

3.3 Solving Multiplier Models Using DEAFrontier

To run the multiplier models, select the “Multiplier Model with Epsilon” menu item.
You will be prompted with a form for selecting the models presented in Table 3.1.

As shown in Fig. 3.10, the defaul

t e value=0. The user can specify its own non-zero

&. The results are reported in a sheet named “Efficiency Report”.
To run the AR model, we need to set up the sheet “Multiplier” which contains the

ARs. For example, if we want to

include the following ARs

v e
1< <05
vAssets

Y
1.5 Ll <3
VEquity

3 < ﬂMarketValue < 4

lu Revenue
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Fig. 3.11 Restrictions (AR)
on multipliers

9§ AR model

A B c D =
1 11  Employee Assets 25
2 1.5 Employee Equity 3
S 3 Market Value Revenue 4
4
i 4 » >\ data ymultiplier

Restricted Multipliers/Assurance Regions

Once the data (DMUs, inputs, & outputs) are entered in a worksheet, and the ratio multiplier
constraints are entered in a sheet, please select:

The shest that store the DMU datz ‘

The sheet that stores the ratio ‘

multiplier constraints
D Targst D Targst
O sk O sk
D Efficiency D Efficiency OK
O e
=
0O <= O <=t Cancel |

Model Orientation

& Input-Oriented

" Output-Oriented

Frontier Type - Returns to Scale

& RS C YRS

C NIRS " NDRS

Developad by Joz Zhu I

Fig. 3.12 Restricted multiplier model

then the data in the “Multiplier” sheet should be entered as shown in the following
Fig. 3.11.

To avoid any errors, we suggest copying and pasting the input and output names
from the “data” sheet when you enter the information into the “Multiplier” sheet.
If the input (output) names in the two sheets do not match, the program will stop.

Once the sheets for the DMU data and multiplier restrictions are set up, select
the “Restricted Multipliers” menu item and you will be prompted to choose a data
sheet, an AR sheet, and DEA model, as shown in Fig. 3.12. Figure 3.13 shows the
results of the input-oriented CRS multiplier model with the above ARs.

Note that you can also add ARs that link the input and output multipliers for the
“Restricted Multipliers”. Note also that if the ARs are not properly specified, then
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L4 AT B © D T E T F T 6T H T 1
1 |Inputs | Outputs The data sheet selected
2 Assets Revenue data3
3 Equity Profit
4 Employees
5
6 Input-Oriented
7 CRS Optimal Multipliers
8 U DMU Name Efficiency Assets Equity Employees Revenue Profit
9 1 Mitsubishi 0.49699 0.00001 0.00000 0.00001 0.00000 0.00001
10 2 Mitsui 0.43370 0.00001 0.00000 0.00001 0.00000 0.00001
11 3 Itochu 0.85381 0.00001 0.00002 0.00003 0.00001 0.00002
12 4 General Motors 0.07544 0.00000 0.00000 0.00000 0.00000 0.00000
13 5 Sumitomo 1.00000 0.00001 0.00001 0.00004 0.00001 0.00002
14 6 Marubeni 0.76195 0.00001 0.00002 0.00003 0.00000 0.00001
15 7 Ford Motor 0.09166 0.00000 0.00000 0.00000 0.00000 0.00000
16 8 Totota Motor 0.15745 0.00000 0.00000 0.00000 0.00000 0.00001
17 9 Exxon 0.25360 0.00001 0.00000 0.00001 0.00000 0.00001
18 10 Royal Dutch/Shell Group 0.19825 0.00000 0.00000 0.00000 0.00000 0.00001
19 1 Wal-Mart 0.05236 0.00000 0.00000 0.00000 0.00000 0.00000
20 12 Hitachi 0.07347 0.00000 0.00000 0.00000 0.00000 0.00000
21 13 Nippon Life Insurance 0.07373 0.00000 0.00000 0.00000 0.00000 0.00000
22 14 Nippon Telegraph & Telephone  0.08494 0.00000 0.00000 0.00000 0.00000 0.00000
23 15 AT&T 0.07256 0.00000 0.00000 0.00000 0.00000 0.00000
24
16 < v o data3 Efficiency Report /AR _Sheet3  ¥J Ml

Fig. 3.13 Restricted multiplier model results

the related DEA model may be infeasible. If that happens, the program will return a
value “—9999” for the efficiency score.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 3) contains
supplementary material, which is available to authorized users.
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Chapter 4
DEA Cross Efficiency

4.1 Introduction

While DEA has been proven an effective approach in identifying the best practice
frontiers, its flexibility in weighting multiple inputs and outputs and its nature of
self-evaluation have been criticized. The cross efficiency method is developed as a
DEA extension to rank DMUs (Sexton et al. 1986) with the main idea being to use
DEA to do peer evaluation, rather than in pure self-evaluation mode. Cross efficien-
cy has been further investigated by Doyle and Green (1994). There are mainly two
advantages for cross-evaluation method. It provides an ordering among DMUs and
it eliminates unrealistic weight schemes without requiring the elicitation of weight
restrictions from application area experts (e.g., Anderson et al. 2002).

Cross efficiency evaluation has been used in various applications, e.g., efficiency
evaluations of nursing homes (Sexton et al. 1986), R&D project selection (Oral
et al. 1991), preference voting (Green et al. 1996), and others. However, as noted in
Doyle and Green (1994), the non-uniqueness of the DEA optimal weights/multipli-
ers possibly reduces the usefulness of cross efficiency. Specifically, cross efficiency
scores obtained from the original DEA are generally not unique, and depend on
which of the alternate optimal solutions to the DEA linear programs is used. Sexton
et al. (1986) and Doyle and Green (1994) propose to use a secondary goal to deal
with the non-unique DEA solutions. They developed aggressive (benevolent) model
formulations to identify optimal weights that not only maximize the efficiency of
a particular DMU under evaluation, but also minimize (maximize) the average ef-
ficiency of other DMUs

In the current chapter, we will present the standard DEA cross efficiency method.
We then discuss several approaches that are developed to address the non-unique-
ness of the cross efficiency. They include the game cross efficiency by Liang et al.
(2008) and maximum cross efficiency (Cook and Zhu 2014) based upon a set of
log-linear DEA models. We will also show how to use the DEAFrontier software on
these different cross efficiency approaches.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 61
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 4, © Springer International Publishing Switzerland 2014
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4.2 Cross Efficiency

Suppose we have a set of » DMUs and each DMU ; have s different outputs and m
different inputs. We denote the ith input and rth output of DMU ,(j =1,2,...,n) as
x;(i=1....,m)and y,(r=1,...,s), respectively. Cross efficiency is often calculated
as a two-phase process. The first phase is calculated using the CRS DEA model of
Charnes et al. (1978).

Suppose DMU, is under evaluation by the CRS model (Charnes et al. 1978).
Then its efficiency score is determined by the following DEA model

s
zurdyrd
_ r=1
Max E,, =-—=——

S u,, .1)

where v,, and u,, represent ith input and rth output weights for DMU ,.
The cross efficiency of DMU,, using the weights that DMU, has chosen in
model (4.1), is then:

E, ="' d,j=12,.,n (4.2)

- m
.
2V
i=1

where (*) denotes optimal values in model (4.1). For DMUj (j=1,2,...,n), an aver-
age of all Ed/. da=1,2,...,n),

— 1 &
E,=—YE,, (4.3)

n =

referred to as the cross efficiency score for DMU,

We should point out that each individual £, is called cross efficiency and the
average defined in (4.3) is also called cross efficiency in the DEA literature. In
general, “cross efficiency” refers to the average defined in (4.3), not the individual
scores defined in (4.2).



4.2 Cross Efficiency 63

Rated DMU
Averaged
Rating DMU 1 2 3 4 5 6 | appraisal of peers
1 En Epn Eis Ei4 Eis Eie Ay
2 Eay Ex Ex Ex4 Eas Eas Ay
3 Es; Es; Es3 Es4 Ess Ese Az
4 E4 Es E43 E44 Es Es6 Ay
5 Esi Es; Es3 Es4 Ess Ese As
6 Ee1 J275) Es3 Ee4 Ess Ess Asg
E1 E> E3 Es4 Es Es

Averaged appraisal by peers (peer appraisal)
Fig. 4.1 Cross Efficiency Matrix (Doyle and Green 1994)

DEA model (4.1) is a DEA model in efficiency ratio form and is equivalent to the
input-oriented CRS multiplier model

s
max £, = 2 Uy Vra

r=1

Subject to

zvidxid =1 (44)
i=1

5 m
Zurdy,j—z‘vidxij <0 j=L..,n
r=1 i=1

Upy>Vig 20

Due to the fact that the above cross efficiency is based upon input-oriented models,
cross efficiency scores are not greater than one.

We here briefly illustrate the concept of cross efficiency by adopting the cross
efficiency matrix from Doyle and Green (1994). In Fig. 4.1, we have six DMUs. £,
is the (cross) efficiency of DMU ; based upon a set of DEA weights calculated for
DMU . This set of DMU weights gives the best efficiency score for DMU , under
evaluation by a DEA model, and £, (in the leading diagonal) is the DEA efficiency
for DMU ,. The cross efficiency for a given DMU , is defined as the arithmetic aver-
age down column j, given by £ . (We point out that in Doyle and Green (1994), the
efficiency score for DMU £ is not included as part of the average.)

Obviously, £, (d#j) and E ; are not unique due to multiple optimal DEA weights/
multipliers. As a result of this non uniqueness, the cross efficiency concept has been
criticized as unreliable.

Note that the above discussion is based upon input-orientation. Similarly, we can
use output-oriented models to calculate cross efficiency. In this case, £, in (4.2)
based upon output-oriented DEA model becomes
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m
.
2
_ =l
- 5
.
Z Urg Yy
r=1

E,

i

(4.5)

where v;, and u,, are optimal values in the following output-oriented model when
DMU , is under evaluation

m

ViaXia
minE,, = =——
Zurdyrd
r=1
m
zvidxi/_ (4.6)
st. E,=-2 >1,j=12,.,n
Uy,

r=1
v, 20,i=1,..,m

u,20,r=1,.,s.

The above model (4.6) is equivalent to the output-oriented CRS multiplier model:

m
Mznz VigXig

r=1

subject to

Zvidxij —Zurdy,j 20,j=12,..,n 4.7)
i=1 r=1

2 UV =1
i=1

v, 20,i=1..,m

u,=20,r=1,..,s

Note that under output-oriented case, like the output-oriented CRS score, all cross
efficiency scores are not less than one. The output-oriented DEA cross efficiency
score can be defined in a similar manner as in (4.3).

Finally, the above discussion is based upon CRS. Similar developments can be
obtained under VRS, NIRS, and NIRS. We, however, point out that negative cross
efficiency scores can be obtained under non-CRS conditions.
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A B [ L M N o) P Q
1 [DMU Company Assets Equity Employees Revenue Profit
2 1 Mitsubishi 555E-06 4.38E-05 2.83E-07 3.07E-06 0.000277
3 2 Mitsui 9.26E-06 6.54E-05 0 5.06E-06 0.000257
4 3 Iltochu 1.09E-05 6.6E-05 0 5.91E-06 0
5 4 General Motors 7.14E-07 2.06E-05 5.13E-07 0 0.000145
6 5 Sumitomo 1.99E-05 0 0 5.97E-06 0
I 6 Marubeni 0 8.61E-05 8.19E-05 4.58E-06 0.001498
8 7 Ford Motor 8.96E-07 2.3E-05 6.25E-07 8.48E-07 0.00015
9 8 Toyota Motor 9.15E-06 0 2.06E-07 2.64E-06 8.67E-05
10 9 Exxon 7.59E-07 2.19E-05 5.46E-07 0 0.000155
11 10 Royal Dutch/Shell Group 0 0 9.62E-06 0 0.000122
12 11 Wal-Mart 6.3E-06 4.38E-05 1.7E-07 0 0.000365
13 12 Hitachi 1.01E-05 0 2.27E-07 2.92E-06 9.57E-05
14 13 Nippon Life Insurance 2.02E-06 5.84E-05 1.46E-06 0 0.000412
15 14 Nippon Telegraph & Telephone 2.34E-06 1.58E-05 1.49E-07 1.2E-06 0.000113
16 15 AT&T 1.13E-05 0 0 3.32E-06 4.19E-05

Fig. 4.2 Optimal multipliers

A B © D E F [ 6 | H | J K
20 bMmu Company 1 2 3 4 5 6 7 8 9
211 Mitsubishi 0.662832 0.996737 1 1 1 0.857933 0.622139 0.384642 0.926578
222 Mitsui 0.652396 1 1 0.740936 1 0.852272 0.455342 0.294387 0.635435
233 Itochu 0.630959 0.959659 1 0.255003 1 0.845149 0.189457 0.147906 0.177351
24 4 General Motors 0.162465 0.22362 0.127097 1 0.173128 0.140163 0.701457 0.329368 1
255 Sumitomo 0.601826 0.791994 0.772485 0.233316 1 067647 0.169141 0.314346 0.361561
26 6 Marubeni 0.350136  0.18522 1 01844 1 0.971967 0.223603 0.275786 1
21|7 Ford Motor 0.583677 0.840123 1 1 0.856905 0.848077 0.737166 0.370936 1
28 8 Toyota Motor 0.609941 0.78561 0.759576 0.489288 1 0670854 0.314145 0.524568 1
29 9 Exxon 0.162465 0.22362 0.127097 1 0.173128 0.140163 0.701457 0.329368 1
30 10 Royal Dutch/Shell Group 0.12188 0.049872 0.213878 0.122997 0.430785 0.29614 0.151178 0.22977 1
31|11 Wal-Mart 0.118627 0.166455 0.073434 1 0.125829 0.083949 0.566335 0.33849 1
32 12 Hitachi 0.609941 0.78561 0.759576 0.489288 1 0670854 0.314145 0.524558 1
33|13 Nippon Life Insurance 0.162465 0.22362 0.127097 1 0.173128 0.140163 0.701457 0.329368 1
34 14 Nippon Telegraph & Telephone  0.659905 0.969928 0.971875 1 1 0.838291 06281 0.411703 1
35|15 AT&T 0.606472 0.796695 0.767302 0.347831 1 0.674081 0.229933 0.403083 0.620149
36
7 cross efficiency 0.599918 0.646628 0.657537 0.72886 0.580435 0.447004 0.347218

Fig. 4.3 Cross efficiency calculation

4.3 Cross Efficiency in Spreadsheets

The cross efficiency can actually be calculated directly from the spreadsheet for
multiplier CRS model, as shown in Fig. 4.3, where the efficiency scores and related
optimal multipliers have been calculated, as shown in Fig. 4.2. In Fig. 4.2, optimal
multipliers obtained from model (4.4) (input-oriented CRS multiplier model) are
reported in columns L to N and columns P and Q. Using these multipliers and (4.2),
we can calculate cross efficiency scores for these 15 companies. In this case, we do
not need to modify and/or build any new Solver parameters.

Figure 4.3 shows a partial cross efficiency matrix. The user is recommended to
refer to the Excel file “cross efficiency.xlsm” for detailed information, including the
formulas used. For example,
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A B © D E F G H [ 1
Inputs Outputs The data sheet selected
Assets Revenue Sheet1
Equity Profit
Employees

Input-Oriented
CRS Cross Efficiency Matrix

DMU Name Cross Efficiency DMU1 DMU2 DMU3 DMU4 DMU5 DMU6
Mitsubishi 0.43830 0.66283 0.99674 1.00000 1.00000 1.00000 0.8579:
Mitsui 0.60879 0.61749 1.00000 1.00000 1.00000 0.91361 0.84444
Itochu 0.65913 0.53796 0.95649 1.00000 1.00000 0.77072 0.82021
General Motors 0.77559 0.10899 0.18251 0.08705 1.00000 0.11031 0.0942
Sumitomo 0.70363 0.66177 0.96928 1.00000 1.00000 1.00000 0.8600:
Marubeni 0.58743 0.35014 0.18522 1.00000 0.18440 1.00000)0.9719
Ford Motor 0.50713 0.58368 0.84012 1.00000 1.00000 0.85691 0.8480Y
Totota Motor 0.35214 0.60994 0.78561 0.75958 0.48929 1.00000 0.6708!
Exxon 0.89972 0.16247 0.22362 0.12710 1.00000 0.17313 0.14016

S ©®NO A WN =

=

®|~N(o|o| s |wN

Royal Dutch/Shell Group 0.68892 0.12188 0.04987 0.21388 0.12300 0.43079 0.29614)
Wal-Mart 0.75217 0.11863 0.16646 0.07343 1.00000 0.12583 0.0839!
Hitachi 0.27370 0.60994 0.78561 0.75958 0.48929 1.00000 0.6708!
Nippon Life Insurance 0.56134 0.16247 0.22362 0.12710 1.00000 0.17313 0.14014
Nippon Telegraph & Telephone 0.27684 0.65990 0.96993 0.97188 1.00000 1.00000 0.83829
AT&T 0.13677 0.60647 0.79670 0.76730 0.34783 1.00000 0.67408

0 0 1 ) Y I N Y | N B
uN—iOkOm\IQUI‘bb)N

Fig. 4.4 Cross efficiency

Cell C21
=SUMPRODUCT(INDEX($G$2:$H$16,C20,0),INDEX($P$2:3QS16,
$A$21,0))/SUMPRODUCT(INDEX($C$2:$E$16,C20,0),INDEX($L$2:$N$16,
$A$21,0)) and is copied into Cells D21:Q21.

Cell C22 has a slightly different formula
=SUMPRODUCT(INDEX($G$2:$H$16,C20,0),INDEX($P$2:$Q$16,
$A$22,0))/SUMPRODUCT(INDEX($C$2:$E$16,C20,0),INDEX($L$2:5N$16,
$A$22,0)), and is copied into Cells D21:Q21.

In Fig. 4.3, the leading diagonal shows the original CRS efficiency scores. Cells
C37:Q37 calculate cross efficiency scores based upon (4.3). In this particular case,
DMU9 (Exxon) has the highest cross efficiency score of 0.848, followed by DMUS5
(Suitomo).

To obtain the cross efficiency scores using DEAFrontier software, the user se-
lects the “Cross Efficiency” menu item. This function will generate the cross ef-
ficiency scores (“Cross Efficiency Report”, as shown in Fig. 4.4) along with results
generated by the associated DEA multiplier model.

4.4 Game Cross Efficiency

As we can see from Fig. 4.3 and Fig. 4.4, the standard DEA cross efficiency scores
are not unique. In this section, we present the Game Cross Efficiency developed by
Liang et al. (2008) to address the non-uniqueness issue.
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As pointed out by Liang et al. (2008), in many DEA applications, some form
of direct or indirect competition may exist among the DMUs under evaluation.
Certainly any setting where DMUs compete for scarce funds, competition is pres-
ent by definition. R&D project proposals submitted by different departments in
an organization can be viewed as DMUSs, and subjected to a DEA analysis. These
proposals are clearly competing for available funds. Candidates in a preferential
election setting can be looked upon as DMUs, and competition is obviously present.
An academic applying for research grants is in competition with other academics.
Participants in organized sporting events such as the Olympic games, constitute
competitive DMUs. When DMU s are viewed as players in a game, cross efficiency
scores may be viewed as payoffs, and each DMU may choose to take a non-cooper-
ative game stance to the extent that it will attempt to maximize its (worst possible)
payoff.

The idea of game cross efficiency can be presented as follows. For each compet-
ing DMU ;, a multiplier bundle is determined that optimizes the efficiency score for
7, with the additional constraint that the resulting score for DMU d should be at or
above DMU d’s estimated best performance, in a cross-efficiency sense. In game
cross efficiency case, rather than using the ideal score for DMU,,, we strive to use
a score which will actually be representative of its final measure of performance.
The problem, of course, arises that we will not know this best performance score
for d until the best performances of all other DMUs are known as well. To combat
this “chicken and egg” phenomenon, Liang et al. (2008) adopt an iterative approach
that leads to an equilibrium.

4.4.1 Input-oriented Game Cross Efficiency

To make these ideas more concrete, suppose that in a game sense, one player DMU,,
is given an efficiency score &, and that another player DMU , then tries to maxi-
mize its own efficiency, subject to the condition that ¢, cannot be decreased. We
define the game cross efficiency for DMU , relative to DMU,, as

s
d
Zu,jy,j
_ r=1

- m
d
Z Vij Xij
i=1

a, L d=1,2,...,n (4.8)

where uZ and v,ff. are optimal weights in the following model (4.9). The subscript
dj is intended to indicate that DMU , is permitted only to choose weights that will
not deteriorate the currently estimated efficiency of DMU ,. The difference between
(4.2) and (4.8) is that weights in (4.8) are not necessarily optimal, but rather are a
feasible solution to the CRS multiplier model (4.4). Such a definition allows DMUs
to choose (negotiate) a set of weights, (hence a form of cross efficiency scores), that
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are best for all of the DMUs. So, in this sense, we adopt a non-cooperative game
approach.

To calculate the game d-cross efficiency defined in (4.8), we consider the follow-
ing model for each DMU ,

s
d
M“xz. ur,/’yrj
r=1

subject to

Z vix, iu;yr,20,1=1,2,...,n
r=1
Evux =1 (4.9)

5
d
%XZ VX = DUy <0
r=1

vl./. >20,i=1,..,m

d _
Uy, >20,r=1..,s

where ¢, <1 is a parameter. This model (4.9) is very similar to the CRS multipli-

er model (4.4), except for the additional constraint of &, X 2 VX 2”:1[ Y. <0
i=1 p=
which ensures that the (cross) efficiency score of DMU, cannot be less than «,.

This ¢, initially takes the value given by the average original cross efficiency of
DMU ,. When the algorithm converges, this ¢, becomes the best (average) game-
cross efficiency score. Model (4.9) is referred to as the DEA game d-cross efficiency
model. Note that model (4.9) maximizes the efficiency of DMU ,, under the condi-
tion that the efficiency of a given DMU ,, is not less than a given value (¢, ). Thus,
the efficiency of DMU , is further constrained by the requirement that the ratio ef-
ficiency of DMU , is not less than its original average cross efﬁc1ency

For each DMU ;, model (4.9) is solved n times, once for each d=1, ...., n. Note

that for each d, at optimality, Zvl.‘f x; = 1 holds for DMU; (j=1, 2, ..., n). There-
i=1

fore, for each DMU , the optimal value to model (4.9) actually represents a game
cross efficiency with respect to DMU,(d-game cross efficiency), as defined in
(4.8). We have

Definition 4.1 Let ”Z () be an optimal solution to model (4.9). For each DMU ,,

o, = —Z 2 u;j (e, )y, is called the input-oriented (average) game cross efficiency
d=1 r=1

for DMU .

Note that the average game cross efficiency no longer represents a regular DEA
cross efficiency value. Liang et al. (2008) show that optimal game cross efficiency
scores constitute a Nash Equilibrium point.
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Table 4.1 Game cross efficiency example

X, X, X Y, Y, CRS efficiency Game cross efficiency®
DMU, 7 7 7 4 4 0.6857 0.63813
DMU, 5 9 7 7 7 1 0.97638
DMU, 4 6 5 5 7 1 1
DMU, 5 9 8 6 2 0.8571 0.79833
DMU 6 8 5 3 6 0.8571 0.66659

5

* In the algorithm, we set §=0.001

We now present the procedure for determining the best average input-oriented
game-cross efficiency for DMU ;» as described in Liang et al. (2008).

Algorithm Step 1: Solve model (4.4) and obtain a set of or1g1na1 DEA cross effi-
ciency scores E defined in (4.3). Let# =1 and o, = &7, = Ed

Step 2: Solve model (4.9). Let a2 Z Zurj () »,; or in a general format,

N 4=1 r=1

zzu (@), (4.10)

=1 r=1

where ufj*(aj) represents optimal value of u,‘j in model (4.9) when ¢, = o).

Step 3: If | "' — ] |> & for some j, where ¢ is a specified small positive value,
then let &, = @, and go to Step 2. If | @ — e |< & for all j, then stop. & is

the best average game-cross efficiency given to DMU.,. (In calculation, we can set
0 =0.001, for example.)

In Step 1, the E_d represent traditional (average) cross efficiency scores for
DMU,,d =1,2,...,n, and are the initial values for ¢, (denoted as 0{1,) in model
(4.9). Although the cross efficiency scores may not be unique, Liang et al. (2008)
show that any initial values for ¢, (or any traditional cross efficiency scores),
will lead to unique game-cross efficiency scores. When the algorithm stops, since

I & g .
ZMU (@})y,, is the optimal value to model (4.9), ¢t} = z Zu;j (a))y,,t=1is
r=1 ng=1 =1
unique. Also, the notation &, = &, ¢ > 1, given in Step 2, means that in model (4.9)

a, is replaced with ¢/,. Step 3 is used to indicate when to terminate the process of

executing model (4.9).

To illustrate the game efficiency model using spreadsheets, we consider the nu-
merical example in Liang et al. (2008) where we have five DMUs, with three inputs
X, X,, X, and two outputs Y, Y,. Table 4.1 presents the data along with the results.

In the algorithm, we use the regular cross efficiency as the starting point for our
game cross efficiency scores. Table 4.2 shows a cross efficiency matrix along with
cross efficiency scores shown in column 2.
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Table 4.2 Input-oriented cross efficiency matrix

CRS Cross efficiency matrix

DMU Cross efficiency  DMUI DMU2 DMU3 DMU4 DMUS
DMU1 0.54531 0.68571 0.93333 1.00000 0.80000 0.45000
DMU2  0.86286 0.57143 1.00000 1.00000 0.85714 0.42857
DMU3 1.00000 0.48980 0.66667 1.00000 0.19048 0.64286
DMU4  0.57667 0.57143 1.00000 1.00000 0.85714 0.42857
DMUS 0.56143 0.40816 0.71429 1.00000 0.17857 0.85714
L A A B c D E F G H 1 J K L M N

1 : X, X, X; Y, Y, Constraints average ot

2 DMU;, 7 7 7 4 4 -0.828571429 0.54531 0.666922643

3 DMU, 5 9 75 7 7 -0.4 0.86286 1

4 DMU; 4 6 S 5 7 0 1.00000 1

5 DMU, 5 9 8 6 2 -1.314285714 0.57667 0.839005363

6 DMU; 6 8 5 3 6 -0.142857143 0.56143 0.751371429

7

8 Multiplier 0 0 0.2 0 0.142857 1

9

10

11 DMUj under evaluation 5 DMud 5]

12

13 Game Cross Efficiency

14 Cross Efficiency (Max) 0.857143 0.641142857

15 0.723428571

16 cross efficiency -0.29571 0.857142857

17 constraint on o 0.678

18 0.857142857

19 average  0.751371429

Fig. 4.5 Input-oriented game cross efficiency model

These DEA cross efficiency scores are then used to calculate model (4.9) in the
initial step. Figure 4.5 shows the spreadsheet model for model (4.9). Column L
stores cross efficiency scores that are used as &, = E,. Column J contains formu-
las for the regular CRS multiplier model constraints. For example, Cell J2 has the
formula

=SUMPRODUCT(F2:G2,$F$8:$G$8)-SUMPRODUCT(B2:D2,$B$8:$D$8)

Cell C11 is reserved to represent DMUj and cell G11 is reserved to represent
DMUd. Cell B14 represents the objective function of model (4.9) with the follow-
ing formula

=SUMPRODUCT(INDEX(F2:G6,C11,0),F8:G8)

ij id

Cell B16 represents the constraint of ¢, X Zv.‘{ X, —Zu;’ ¥4 < 0 with the fol-
lowing formula =1 P

=INDEX(L2:L6,G11,1)*SUMPRODUCT(INDEX(B2:D6,G11,0),B8:D8)-
SUMPRODUCT(INDEX(F2:G6,G11,0),F8:G8)
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Solver Parameters J

Set Objective:

To: © Max © win ©) value Of: 0

By Changing Variable Cells:
|$B58:5D$8,$F$8:5G$8

Subject to the Constraints:

$B$16 <=0 I
$1$2:$1$6 <=0

$)$8 =1

Delete

t All

Ed &

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP E] Options
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are th nonlinear. Select the LP Simplex engine
for linear Solver Problems, and select the Evolutionary engine for Solver probl: that are non th

[osoe [ [ ome

Fig. 4.6 Input-oriented game cross efficiency solver parameters

Cell J8 is used to represent z vg x; which in Solver parameters will be set equal
i=1

to one. This cell J8 contains the following formula
=SUMPRODUCT(INDEX(B2:D6,C11,0),B8:D8)

For each DMU , cells J14:J18 store the optimal values to model (4.9) when
DMU, goes from 1 to 5. The (average) game cross efficiency score for DMUj
is then stored in cell J19 with the formula =AVERAGE(J14:J18). Each (average)
game cross efficiency score defined in (4.10) is then stored in column N.

The Solver parameters are shown in Fig. 4.6.

In file “gamecross.xIsm”, the following VBA code is used to generate the results
shown in Fig. 4.5.
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Sub GameCrossEfficiency()
Dim j As Integer, d As Integer
Forj=1 To 5 'for each DMUj
Range("C11") =]
Ford=1 To 5 'for each DMUd, we cacluate the game cross efficiency

Range("G11")=d
SolverSolve UserFinish:=True

'record the cross efficiency scores
Range("J13").Offset(d, 0) = Range("B14")

Next d
Range("N1").Offset(j, 0) = Range("J19") 'record the average game cross efficiency score for DMUj

Next j
End Sub

However, the scores shown in column N are not the (final) game cross efficiency
score. To carry out the iterations, we use the model shown in Fig. 4.7. Figure 4.7 only
shows part of the model (spreadsheet). In column P, we add the absolute difference of
|/ — o} |. For example, cell P2 has the formula “~ABS(L2-N2)”. Cell P8 reports

the maximum of all | "' — &/ |, which enables us to easily test for | /" — ! [> £.

After 10 iterations, the algorithm finds the game cross efficiency scores for the
five DMUs, as shown in column N. The following VBA code is used.

Sub GameCrossEfficiency Iteration()
Dim j As Integer, d As Integer, t As Integer

For t=1 To 1000 'set an upper limit of 1000, for example
If Range("P8") < 0.001 Then
Range("Q1") =t

End

Else

Range("L2") = Range("N2")
Range("L3") = Range("N3")
Range("L4") = Range("N4")
Range("L5") = Range("N5")
Range("L6") = Range("N6")
End If

Forj=1 To 5 'for each DMUj
Range("C11") =]
Ford=1 To 5 'for each DMUd, we cacluate the game cross efficiency

Range("G11")=d
SolverSolve UserFinish:=True

'record the cross efficiency scores
Range("J13").Offset(d, 0) = Range("B14")
Next d
Range("N1").Offset(j, 0) = Range("J19") 'record the average game cross efficiency score for DMUj

Next j
Next t
End Sub
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Fig. 4.7 Input-oriented game cross efficiency iteration

4.4.2 Output-oriented Game Cross Efficiency

| 4] L M N 0 P Q
| i | o average ot ABS difference
2 | 0.63861 0.638133849 0.0004744
| & | 0.97681 0.976379606 0.00043385
4 1 1 0
5 | 0.79908 0.7983332958 0.00074414
z 0.66747 0.666592983 0.00087223
7
8 | maximum  0.00087223

R S

S

10

report the value of t
iteration

In a similar manner, we can develop an output-oriented game cross efficiency ap-
proach. In this case, we rely on the output-oriented CRS model. First, &, game

cross efficiency for DMU | relative to DMU ,, is defined as

m

d
Zv[j Xij

i=1
@ = d=1,2,..n
d

Z”m

r=1

(4.11)

Similar to model (4.9), we have the following output-oriented model when DMU

is under evaluation
m
. d
M ’”2 Vip X
i=1

subject to

m s
d d _
Z"yxu —Zu,].yrl >0,/=12,....n
i=1 r=I1
s
d _
2y, =1
r=1

m 5

d d
Zvijx[d -, X E Uy, <0
i=1

r=1

d .
v 2 0,i=1,...m

d _
u; 2 0,r=1,..,s

(4.12)
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where ¢, =21 is a parameter. This model (4.6) is very similar to the output-
orlented CRS multlpher model (4.7), except for the additional constraint of

2 ViXia — O xZurjyr . <0 which ensures that the (cross) efficiency score of

DM U, cannot be greater than ¢,. Note that under output-oriented model, a larger
score indicates worse performance.

This ¢, initially takes the value given by the (average) original output-oriented
cross efficiency of DMU . When the algorithm converges, this &, becomes the best
(average) game-cross efficiency score. Model (4.12) is referred to as the output-
oriented DEA game d-cross efficiency model.

For each DMU ;, model (4.12) is solved n times, once for each d=1, ..., n

Note that for each d, at optimality, 21{5 v, =1 holds for DMU ; G=1,2,...,n).

i=1
Therefore, for each DMU ,, the optimal value to model (4.12) actually represents a
game cross efficiency with respect to DMU , (d-game cross efficiency), as defined
in (4.11). We have

Definltlon 4 2: Let v "(,) be an optimal solution to model (4.12). For each DM U,

a; = —z Z vy (e, )x, 1s called the output-oriented (average) game cross efficiency
TonidS
for DMU .
We now present the procedure for determining the best average output-oriented
game-cross efficiency for DMU ,

Algorithm Step 1: Solve model (4.7) and obtain a set of original DEA cross effi-
ciency scores E, defined in (4.3). Letz=1land o, = &, = E, .

Step 2: Solve model (4.12). Let a_f = —EZV (o, )x; or in a general format,

=y i=1

ZZVU (ad)xt/’

nd]zl

where v/ *(0/ ) represents optimal value of vf in model (4.12) when ¢, = o,.

Step 3: If | 0('“ o[> 6 for some j, where € is a specified small positive value,
then let o, = " and go to Step 2. If | /)" — ) |< & for all j, then stop. &' is the
best output- orlented (average) game-cross efﬁc1ency given to DMU (In calcula—
tion, we can set § = 0.001, for example.)

We use the regular output-oriented cross efficiency as the starting point for our
game cross efficiency scores. Table 4.3 shows a cross efficiency matrix along with
cross efficiency scores shown in column 2.

These DEA cross efficiency scores are then used to calculate model (4.12) in the
initial step. Figure 4.8 shows the spread sheet model for model (4.12). This model
is very similar to the input-oriented model shown in Fig. 4.5. Column L stores
cross efficiency scores that are used as ¢, = E,. Column J contains formulas for
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Table 4.3 Output-oriented Cross Efficiency Matrix

CRS Cross efficiency matrix
DMU Cross efficiency  DMUI DMU2 DMU3 DMU4 DMUS5
DMU1 1.89000 1.45833 1.07143 1.00000 1.25000 2.22222
DMU2 1.19429 1.75000 1.00000 1.00000 1.16667 2.33333
DMU3 1.00000 2.04167 1.50000 1.00000 5.25000 1.55556
DMU4 2.88667 1.75000 1.00000 1.00000 1.16667 2.33333
DMUS5 1.92222 2.45000 1.40000 1.00000 5.60000 1.16667
A [ c D [E] F G H | J K L ™ N

1 X, X, X; Y, Y, Constraints average ot

2 DMU, 7 7 7 4 4 0.966666667 1.89000 1.4898333

3 DMU, 5 9 7 7 Z 0.466666667 1.19429 1

4 DMU; 4 6 5 5 7 0 1.00000 1

5 DMU, 5 9 8 6 2 1.533333333 2.88667 1.1872222

6 DMU; 6 8 5 3 6 0.166666667 1.92222 1.2904972

7

8 Multiplier 0 0 0233333 0 0.166667 1T

9

10

11 DMUj under evaluation 5 pmMud | ‘5‘1

12

13 Game Cross Efficiency

14 Cross Efficiency (Min)  1.166667 15

15 1.33974359

16 cross efficiency -0.75556 1.166666667

17 constraint on o 1.279409049

18 1.166666667

19 average 1.290497194

Fig. 4.8 Output-oriented CRS game cross efficiency model

the regular output-oriented CRS multiplier model constraints. For example, Cell J2
has the formula

=SUMPRODUCT(B2:D2,$B$8:$D$8)-SUMPRODUCT(F2:G2,$F$8:3G$8)

Cell C11 is reserved to represent DMUj and cell G11 is reserved to represent
DMUd. Cell B14 represents the objective function of model (4.12) with the follow-
ing formula

—SUMPRODUCT(INDEX(B2:D6,C11,0),B8:D8)
Cell B16 represents the constraint of » vix,, —a, x > uly,, <0 with the fol-

i vid
lowing formula =1 P

=SUMPRODUCT(INDEX(B2:D6,G11,0),B8:D8)-INDEX(L2:L6,G11,1)*SU

MPRODUCT(INDEX(F2:G6,G11,0),F8:G8)

Cell J8 is used to represent Eufi »,; which in Solver parameters will be set equal
i=1

to one. This cell J§ contains the following formula

~SUMPRODUCT(INDEX(F2:G6,C11,0),F8:G8)



76 4 DEA Cross Efficiency

Set Objective: $Bs14|

To: ©) Max @ Min ©) value Of: i‘J

By Changing Variable Cells:
$B$8:5D$8,5F$8:5GS8

Subject to the Constraints:

$B$16 <=0 -
$1$2:8156 >=0
$158 =1

te

t All

Make Unconstrained Variables Non-Negative

# || [#]

Select a Solving Method: WSimplex LP E Options

Solving Method

Select the GRG Nonlinear engine for Solver Probls that are . Select the LP Simplex engine
for linear Solver Problems, and select the Evolutionary engine for Solver probl that are non th

o

s ) [ om

Fig. 4.9 Output-oriented game cross efficiency solver parameters

For each DMU , cells J14:J18 store the optimal values to model (4.12) when DMU,,
goes from 1 to 5. The (average) game cross efficiency score for DMU]J is then stored
in cell J19 with the formula =AVERAGE(J14:J18). Each (average) game cross ef-
ficiency score is then stored in column N.

The Solver parameters are shown in Fig. 4.9. (see also file “gamecross.xlsm”.)

The same VBA code/Macro “GameCrossEfficiency” can be used to generate the
initial results shown in in Fig. 4.8 (column N).

However, the scores shown in column N are not the (final) game cross efficiency
score. To carry out the iterations, we use a model similar to Fig. 4.7. Figure 4.8
only shows part of the model (spreadsheet). In column P, we add the absolute dif-
ference of | @)" — ] |. For example, cell P2 has the formula “=ABS(L2-N2)”.
Cell P8 reports the maximum of all | /"' — &} |, which enables us to easily test for
o —o 2 6.

We are now ready to run the Macro “GameCrossEfficiency Iteration” to obtain
the output-oriented game cross efficiency scores. After 27 iterations, we obtain the
final game cross efficiency scores as shown in column N in Fig. 4.10.
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. —

A L ™ N o P Q

il o average ot ABS difference 2;
2 DMU, 888 1.5880901 0.00072773

3 DMU, 01319 1.0130415 0.00014725

4 DMU; 00000 1 7.7716E-16

5 [ DMU, 878 1.2283306 0.00044958

6 DMU; 606 1.605328 0.00089138

7

8 Multiplier maximum  0.00089138

Fig. 4.10 Output-oriented CRS game cross efficiency iteration

4.4.3 Output-oriented VRS Game Cross Efficiency

The above discussion is based upon CRS. We can also develop game cross effi-
ciency under the condition of VRS. However, due to the fact that the input-oriented
VRS model can yield negative cross efficiency, we here only present the game cross
efficiency based upon the output-oriented VRS model where cross efficiency scores
are always positive.

The output-oriented VRS game cross efficiency DMU , relative to DMU,, is
given by

m

d d
Z%xu v
=1

i

oy = d=12,...n 4.13)
HyY,
1

r=

Based upon the output-oriented VRS multiplier model and model (4.12), we have
the following VRS model for obtaining the output-oriented VRS game cross ef-
ficiency score.

m

Minz v;x,.j +v!
i=1

subject to

;v;xﬂ _qu:ljy” +v'20,/=1,2,..,n
2y, =1 (.14)
r=1

m S

d d d
E VX, — 0 X E Uy, +v- <0
i=1

r=1

d .

v >20,i=1,...m
u'>0,r=1,.,s
= ERRRE]

V! firee
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A 8 c D E F G H ] J [ & L M| N
1 Xy X, X; Y, Y, Constraints a average o t
2 DMU, 7 7 7 4 4 0.966666667 1.4231185
3 DMU, 5 9 7 7 7 0.466666667 1
4 DMU, 4 6 5 5 7 -4.44089E-16 1
5 DMU; 5 9 8 6 2 1.533333333 1.179167
6 DMU; 6 8 5 3 6 0.166666667 1.231873
7
N
8 Multiplier 0 0 0233333 0 0.166666667 1
9 free variable 0 0
10
11 DMU)j under evaluation 5 omud |
12
13 Game Cross Efficiency
14 Cross Efficiency (Min)  1.166667 1.370475965
15 1.166666667
16  cross efficiency -0.77777 1.166666667
17 constraint on o 1.288888889
18 1.166666667
19 average 1.231872971

Fig. 4.11 Output-oriented VRS Game Cross Efficiency model

m S
where Y vix, —a, x Y uly, +v' <0 ensures that the game cross efficiency
=1

r=l1

score of DMU,, cannot be greater than ¢,. Note that under output-oriented model, a
larger score indicates worse performance.

The algorithm presented in the previous section can be used to obtain the VRS
game cross efficiency. We demonstrate this with the spreadsheet model shown in
Fig. 4.11. Figure 4.11 is very similar to Fig. 4.8. The differences are the additional
free variable (v*) and the formulas in cells J2:J6, B14 and B16. We note that the
Excel Solver seems to have the ability to just treat the free variable as unconstrained
in sign. We however still use two non-negative decision variables (two cells H9 and
19) to treat the free variable (v'), namely, we express v/ as the difference of two
non-negative decision variables.

Now, cell J2 contains the following formulas (with two added cells representing
the free variable)

=SUMPRODUCT(B2:D2,$B$8:$D$8)-SUMPRODUCT(F2:G2,$F$8:3G$8)
+$H$9-$1$9

The objective function cell B14 contains the following formula

=SUMPRODUCT(INDEX(B2:D6,C11,0),B8:D8)+H9-19

Cell B16 representing Y vix, —a, x Y uly,, +v’ contains the following for-
mula i=l r=l1

=SUMPRODUCT(INDEX(B2:D6,G11,0),B8:D8)-INDEX(L2:L6,G11,1)
*SUMPRODUCT(INDEX(F2:G6,G11,0),F8:G8)+H9-19
Cell J8 has the following formula

=SUMPRODUCT(INDEX(F2:G6,C11,0),F8:G8) which is set equal to one in
the Solve parameters.
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Table 4.4 Output-oriented VRS cross efficiency matrix

VRS Cross efficiency matrix
DMU Cross efficiency  DMUI DMU2 DMU3 DMU4 DMUS5
DMU1L 1.63167 1.41667 1.00000 1.00000 1.16667 2.11111
DMU2 1.09429 1.41667 1.00000 1.00000 1.16667 2.11111
DMU3 1.00000 1.45833 1.07143 1.00000 1.25000 222222
DMU4 2.07000 1.41667 1.00000 1.00000 1.16667 2.11111
DMUS 1.94444 2.45000 1.40000 1.00000 5.60000 1.16667
\ A | « L M N o P Q
L | A}
il o average o t ABS difference 11
2 DMU; 1.4510194 0.00016119
3 DMU, 1 0
« b, 1 :
5 DMU, 1.2426518 0.00064181
6 DMU; 1.4681311 0.00064354

Fig. 4.12 Output-oriented VRS Game Cross Efficiency Iteration

We use the regular output-oriented VRS cross efficiency as the starting point for
our game cross efficiency scores. Table 4.4 shows a VRS cross efficiency matrix
along with cross efficiency scores shown in column 2. These scores are stored in
column L.

Once the model is set up, we need to add the two non-negative decision variables
(cells H9 and 19) as changing cells in the Solver parameters shown in Fig. 4.9. We
then use the Macro “GameCrossEfficiency” to store the initial results in column N.

At this stage, the scores shown in column N are not the (final) game cross ef-
ficiency scores. To carry out the iterations, we use the same approach associated
with the output-oriented CRS game cross efficiency. The Macro “GameCrossEffi-
ciency_Iteration” can be used obtain the output-oriented VRS game cross efficiency
scores. After 11 iterations, we obtain the final output-oriented VRS game cross ef-
ficiency scores as shown in column N in Fig. 4.12.

To obtain the game cross efficiency scores using DEAFrontier software, the user
selects the “Game Cross Efficiency” menu item. The user then selects a sheet stor-
ing the data, the frontier type (CRS vs VRS) and the model orientation (input vs
output), as shown in Fig. 4.13. The Game Cross Efficiency function will generate
(1) regular DEA efficiency scores with a set of optimal multipliers, as shown in
Fig. 2.13, for example, (ii) cross efficiency scores in sheet “Cross Efficiency Re-
port”, as shown in Table 4.2, (iii)) Game Cross Efficiency Matrix in sheet “Game
Cross Efficiency”, as shown in Fig. 4.14, and (iv) a set of optimal multiplier (in
sheet “Game Multipliers”) when the last DMU is under evaluation when DMU,,
varies from 1 to n, as shown Fig. 4.15. Note that during the last iteration, we have
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Fig 413 dameeoss oo oy B

efficiency
Please select a sheet that has the data (DMUs, inputs, & outputs), Frontier Type, Model
rientation, and precision value (deita) for termination:
Cancel
. ~ Model Orientation
[~ Frontier Type - Returns to Scale
@ Input-Oriented
® CRS C RS
€ Output-Oriented
Specify a precision value
pewa | 0001 Developed by Joe Zhu|
[ A 8 © D E F G H I J K
Outputs Precision § The data sheet selected No. of Iterations
2 X1 Y1 0.001 data 10
3 X2 Y2
4 X3
5
6 Input-Oriented Game Cross
7 CRS Efficiency Matrix
il DMU No. DMU Name Game Cross Efficiency DMU1 DMU2 DMU3 DMU4 DMUS
9 1 DMU1 0.63813 0.68571 0.95686 1.00000 0.82017 0.49637
10 2 DMU2 0.97638 0.60493 1.00000 1.00000 0.85714 0.62087
11 3 DMU3 1.00000 0.68571 1.00000 1.00000 0.85714 0.85714
12 4 DMU4 0.79833 0.68571 1.00000 1.00000 0.85714 0.50145
13 5 DMUS 0.66659 0.52859 0.92504 1.00000 0.60008 0.85714

Fig. 4.14 Game cross efficiency matrix

A B (¢ D E F G H
1 |Inputs Outputs Precision § The data sheet selects
2 X1 i 0.001 data
3 X2 Y2
4 X3
D
6
7/ CRS Game Multipliers‘
8 DMU No. DMU Name Input-Oriented X1 X2 X3 Y1 Y2
9 ;i DMU1 0.00000 0.12500 0.00000 0.11393 0.02576
10 2 DMU2 0.00000 0.00000 0.20000 0.18377 0.01159
11 2 DMU3 0.00000 0.00000 0.20000 0.00000 0.14286
12 4 DMU4 0.04106 0.04106 0.08502 0.16715 0.00000
13 5 DMUS 0.00000 0.00000 0.20000 0.00000 0.14286

Fig. 4.15 Game cross efficiency matrix
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nxn sets of optimal multipliers, namely one for each DMU ; under DMU . DEAF-
rontier only reports optimal multipliers associated with DMU  in the last iteration.

4.5 Maximum Log Cross Efficiency

Let us re-visit Fig. 4.1. To address the non-uniqueness in cross efficiency, the idea
of secondary goals was introduced, with the original proposal being to maximize or
minimize the average appraisal of peers as indicated by 4, in Fig. 4.1. Specifically,
A, is the arithmetic average across the row k. However, due to the DEA model (CRS

2 My Yy

multiplier model) used, £, = 2—, where y,, (r =1, 2, ..., 5) are outputs and
’ Vi Xy
x;, (i=1,2, ..., m) are inputs for DMU ,, and u,, v, are corresponding output and

input weights chosen by DMU, .

Thus, 4, = ZE,V. appears in the form of a non-linear fractional problem that
cannot be converted into linear format. To remedy this, Sexton et al. (1986), and
Doyle and Green (1994) suggested the use of linear surrogates for the secondary
goal in form of the numerators in £, minus the sum of the denominators, and modi-
fied ratios that can be converted into linear relations. However, due to the fact that
these surrogates are not equivalent to the optimal values of 4,, the resulting cross
efficiency scores are, at best, approximations of these optimal values.

Cook and Zhu (2014), on the other hand, propose to use multiplicative DEA
models developed in Charnes et al. (1982) and Charnes et al. (1983) to obtain maxi-
mum (and unique) cross efficiency scores under the condition that each DMU’s
DEA efficiency score remains unchanged. To introduce Cook and Zhu (2014) ap-
proach, we need first to present the multiplicative DEA models.

4.5.1 Multiplicative DEA Model

Charnes et al. (1982) introduce the following multiplicative DEA model when
DMU , is under evaluation

5
i,
| I Yo
r=1

max

(4.15)

s.t.
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Taking logarithms (to any base), model (4.15) becomes

s m
max z fllrym - z Vi‘xia
r=1 i=1

subject to (4.16)

m

Ny, ->vi <0
r=1

i=1

Il'lr’v[21

where (") denotes logarithms.
The dual to model (4.16) can be written as

m 5
maXZ s, + 2 st

i=1 r=1
subject to

Zﬂ,ffcﬁ+s,.’ =X, i=12,...,m; 4.17)
j=1

It can be seen that model (4.17) is actually the CRS slack-based model discussed in
Chap. 5. We therefore call model (4.15) CRS multiplicative DEA model.
Further, to calculate model (4.15), we can follow the following steps:

1. Take logarithms (e.g., natural logarithms) of the inputs and outputs,
2. Calculate slack-based model (4.17) o
Yoy s

3. The efficiency score in model (4.15) is then equal to e

Model (4.15) or (4.16) yields the best efficiency score for DMU, with a set of
“weights” chosen by DMU,. Denote an optimal set of weights by v, and the

ro? "io®

efficiency score from (4.15) as .. Then the cross efficiency of DMU ; using the
weights that DMU  has chosen is given by

S *
A
[T
— =1
- m N
Vio
[1
i=l1

The efficiency score for DMU, obtained from model (4.15)is E, = 6.

E (4.18)

o
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Please select the sheet that has the data (DMUs, inputs,
outputs), and Frontier Type:

Fig. 4.16 Multiplicative
DEA model

[J Sheet1

0 Shees
Cancel I

@ crs C RS

Developed by Joe Zhul

Then we define the following geometric average peer appraisal cross efficiency
score as the CRS multiplicative cross efficiency score

1/n

E =) =|[]5— (®.19)

The user can also use the DEAFrontier to perform the calculation for multiplica-
tive DEA model. After the user selects the “Multiplicative Model”, the user needs
to specify the frontier type, as shown Fig. 4.16. The results are reported in sheet
“Multiplicative Efficiency”, as shown in Fig. 4.17. DEAFrontier also reports cross
efficiency information in sheet “Multiplicative Cross Efficiency” based upon the
multiplicative model selected (see Fig. 4.18).

Charnes et al. (1983) introduce the following multiplicative DEA model when
DMU , is under evaluation

S
77|| Hy
e yrk
r=1
m
B
i=1
S
n Hy
€ Hyrj
r=1
m
e§| Ix,jv
i=1

77:520’ ﬂr’vi 21

max

(4.20)

S.t.
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C Equity Employ e Profit N Benchmarks
9 1 0.15262 1.00000 1.00000 1.00000 162271 1.65321 Sumitomo  Exxon
10 2 1.00000 551573 895075 1.00000 10.24965 4.49693 Mitsui " ltochu Sumitomo
11| 3 Itochu 1.00000 1.00000 2.10469 1.00000 2.72201 1.00000 Itochu " Sumitomo”
12 4 General Motors 1.00000 9.29665 11.74513 1.00000 5.94305 19.72630 General Motors™  Exxon Wal-Mart
3] 5 Sumitomo 1.00000 1.00000 1.00000 1.00000 191321 1.00000 N Sumitomo
14| 6 Marubeni 0.72483 1.00000 2.10469 1.00000 2.72201 1.00000 Itochu " Sumitomo’
15 7 Ford Motor 0.11063 1.00000 1.30017 1.00000 1.76457 1.82840 Sumitomo " Exxon " Nippon Life Inst
16 8 Totota Motor 0.09155 1.00000 1.00000 1.00000 162271 1.65321 Sumitomo " Exxon
a7 o Exion 1.00000 1.00000 1.00000 1.00000 1.62271 165321 Sumitomo " Exxon
18 10 Royal Dutch/Shell Group 0.49042 1.00000 1.00000 1.00000 1.00000 247700 R Exxon
19 1 Wal-Mart 1.00000 464318 1.00000 1.00000 4.46392 263673 Sumitomo Exxon Wal-Mart
20 12 Hitachi 0.01858 1.00000 1.00000 1.00000 162271 1.65321 Sumitomo " Exxon
21 13 Nippon Life Insurance 1.00000 1.00000 1.30017 1.00000 1.76457 1.82840 Sumitomo " Exxon " Nippon Life Inst
22 14 Nippon Telegraph & Telephone 0.02557 1.00000 1.00000 1.00000 162271 1.65321 Sumitomo Exxon
2315 ATST 0.00072 1.00000 1.00000 1.00000 1.91321 1.00000 Sumitomo
24
2
26
27
28
29
30
31
32
3
34
35
K 4> W[  Mukpicatie Cross Efficency ipli Efficiency /DataSheet %3 Kl
Fig. 4.17 Multiplicative efficiency
A B © D E F

1 Inputs | Outputs

2 Assets Revenue

3 Equity Profit

4 Employees

Multiplicative Cross
CRS Efficiency Matrix

DMU Name Multiplicative Cross Efficiency DMU1 DMU2 DMU3
Mitsubishi 0.00643 0.15262 0.15081 0.42084
Mitsui 0.01992 0.00184 1.00000 1.00000
Itochu 0.02126 0.07098 0.15530 1.00000
General Motors 0.05487 0.00000 0.00000 0.00000
Sumitomo 0.07488 0.11338 0.11868 0.60527
Marubeni 0.02192 0.07098 0.15530 1.00000
Ford Motor 0.00935 0.14553 0.17301 0.43756
Totota Motor 0.00329 0.15262 0.15081 0.42084
Exxon 0.18874 0.15262 0.15081 0.42084
Royal Dutch/Shell Group 0.04197 0.00992 0.00915 0.01215
Wal-Mart 0.07987 0.03625 0.08983 0.09473
Hitachi 0.00051 0.15262 0.15081 0.42084
Nippon Life Insurance 0.25354 0.14553 0.17301 0.43756
Nippon Telegraph & Telephone 0.00051 0.15262 0.15081 0.42084
AT&T 0.00000 0.11338 0.11868 0.60527

Fig. 4.18 Multiplicative cross efficiency

Taking logarithms (to any base), model (4.20) becomes

max 77_ §+ Z/urj}m - Z Vi‘)’eia
r=1 i=1

subject to

S R m R (4.21)
n_§+zﬂ}’yr/ _Z Vi, <0

r=1 i=1
17,620
/’lr ’ Vl 2 1
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where (") denotes logarithms.
The dual to model (4.19) is

m 5
maxz s;+ 2 st

i=1 r=1
subject to

Z;tjfcl.j+sl.’ =x, i=12,..,m
= (4.22)

-t
As,8 20

Obviously, model (4.22) is the VRS slack-based model discussed in Chap. 5. We
therefore call model (4.20) VRS multiplicative DEA model. The VRS multiplica-
tive cross efficiency score can be defined in a similar manner as in (4.18) and (4.19).
Specifically, for a DMU, under evaluation of model (4.20), we have

K .
U Ao
€ Hyr:/'
— r=1
_—5 ~ -
4
e I Ixif‘k
i=1

E

ki

(4.23)

as cross efficiency of DMU using the weights that DMU, has chosen, where
n.& 5 I, v, are optimal solutions from model (4.20).

Then we define the following geometric average peer appraisal VRS multiplica-
tive cross efficiency score

1/n

(4.24)

s p
77; Aok
n n € Hij
_ H r=I1
m *
k=1 k=1 ef“’Hx.V.“
u
i=1

where E, is the optimal value to model (4.20).

The above two multiplicative DEA models identify Cobb-Douglas production
functions directly from observations (see Charnes et al. (1982, 1983) for more dis-
cussions.)
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4.5.2 Maximum Log Cross Efficiency

We next present the approach developed in Cook and Zhu (2014). We use model
(4.15) as an example.

Note that the multiplicative cross efficiency defined in (4.19) and (4.24) is not
unique due to multiple optimal solutions. However, Cook and Zhu (2014) point out
that one can maximize the average cross efficiency score Ei subject to the condi-
tion that £, = @, for all k =1,...,n. Specifically, for DMU , associated with (4.19).
Namely, we have

1/n

max

st. Z=—<1, j=L.,nk=1.n (4.25)

i=1

Ho,v, 21, k=1L.mi-1...mr=1,.s

Making logarithmic transformations in (4.25), we arrive at the following linear pro-
gram

1 A A
mod (S35, ~T T,
kor ki
st. Z,Lzmj/rj—z V,k’eij <0, jk=1,.,n (4.26)
r=1 i=1 .

Suy,->v i, =In@6), k=1.n,
r=1 i=1
MooV, 21, k=1 .mi-1..mr=1,.,s
where “*” denotes data in logarithmic form. Since logarithms are used in the pro-

cess, we call this type of cross efficiency (the optimal value to model (4.26)) “Maxi-
mum Log Cross Efficiency”.
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Cook and Zhu (2014) point out that the attractive feature of the proposed multi-
plicative approach is that the resulting cross efficiency score (the objective function
in model (4.26)) is uniquely determined; this is not the case for any of the other ap-
proaches taken up to now. Note that while there may as well be alternate optimal so-
lutions g, , v, yielding this unique optimal value in (4.26), this fact in and of itself
is immaterial. It is the uniqueness of the cross efficiency score, not the multipliers
that lead to it, that matters.

The above development is based upon CRS. If we use model (4.20) to calculate
the maximum log cross efficiency, we have the following VRS maximum log cross
efficiency model

1/n

st. —=L <1 j=lL..mk=1l.n 4.27)

— r=1 — —
Ey=—"" =@ k=1,..n
él V:/(
€ Hxik
i=1

520, w,,v, 21, k=lL.mi=1...mr=1..s

Making logarithmic transformations in (4.27), we arrive at the following linear pro-
gram

1 S 2 X
max; ( E n,+ E E MYy, — fk _szkaffo]
k k r k k i

s.t. 77/( +;#,¢j}'ﬁ_§k —z V,/‘)efl' SO; j)k:l,...,n (428)

i=1
M+ DM Ty —& =2V X, =In(6,), k=1,..n,
r=1 i=1

n,5 20, w,,v, 21, k=lL.mi=1...mr=1..s

where “” denotes data in logarithmic form.
To demonstrate the above approach, we apply it to the numerical example in

Table 4.2. Table 4.5 reports the results from models (4.15) and (4.26) under CRS.
Table 4.6 reports the maximum Log cross efficiency matrix under CRS.
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Table 4.5 CRS multiplicative results®

X, X, X, Y, Y, Efficiency standard cross  Maximum Log

model (4.15) efficiency cross efficiency
(4.19) (4.26)
DMU, 7 7 7 4 4 0.1348 0.0543 0.0563
DMU, 5 9 7 7 7 1 0.6704 0.7603

DMU, 4 6 5 5 7 1 1 1

bDMU, 5 9 8 6 2 0.1314 0.0841 0.1013
DMU. 6 8 5 3 6 0.2332 0.0763 0.0763

5
2 This is calculated using DEAFrontier

Table 4.6 Maximum log cross efficiency matrix under CRS

Rated DMU

Rating DMU 1 2 3 4 5

1 0.1348 0.6900 1 0.1314 0.1740
2 0.0021 1 1 0.0910 0.0016
3 0.1348 1 1 0.1314 0.23323
4 0.1348 0.6901 1 0.1314 0.1739
5 0.1122 0.5334 1 0.0517 0.2332
E, (maximum)  0.0563 0.7603 1 0.1013 0.0763

We next demonstrate how to build Excel spreadsheets for the VRS case, namely
model (4.28). The reader can easily obtain the spreadsheet models for the CRS as
case, by setting 77, = 0 and &, = 0 for all k (=1,...,n). Note that under VRS, we have
the following variables need to be reserved as changing variable cells in Excel (see
Fig. 4.19).

1. n (=5) n,, one for each DMU, . (cells P7:P11 — these cells are named as “Eta”),

2. n(=5) &, one for each DMU, , (cells Q7:Q11 — these cells are named as “Ksi”),

3. mxn (3 x5=15) input multipliers,V, , one for each input i and each DMU,_ (cells
17:K11 — these cells are named as “InputMultiplier”),

4. sxn (2x5=10) output multipliers, u,, one for each output r and each DMU,.
(cells M7:N11 — these cells are named as “OutputMultiplier”).

We take the natural logarithms of the inputs and outputs, and store the data in cells
B7:D11 and cells F7:G11, as shown in Fig. 4.20. There are nxn (5x5=25) con-
straints of

s m
.+ Z/u,,kj’yj - §k - 2 V,k)eij
r=1 i=1

and are formulated in cells B15:F19 which are named as “MaxLogCE_ConSet”.
For example, cell B16 has the following formula
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4 A T T | L ™M N P [ a |
1 |Max Log Cross Efficiency
2
Z DMU under evaluation
4
z Input multipliers Output Multipliers nx Ex
6 |DMU Name
T DMU1 1l il ik 4l 1 1.232144
"8 DMU2 1 1 il 2.868233 1 (1] 1.774662
I DMU3 il 1 1 dl 1 1.232144
10 DMU4 1 il il 2.868233 dl (1] 1.774662
11 pMUS il 1 1 1 i 1.232144
Fig. 4.19 Maximum log cross efficiency variables
4 A [ 8 | ¢ | o | E F H ]
1 Max Log Cross Efficiency exp| 0.135369
2
Z DMU under evaluation E
543
.5 | Inputs Outputs Input n
. 6 |DMU Name X1 X2 X3 Y1
7 bmMu1 1.94591 1.94591 1.94591 1.386294
8 DMU2 1.609438 2.197225 1.94591 1.94591
9 DMU3 1.386294 1.791759 1.609438 1.609438
.10 DMU4 1.609438 2.197225 2.079442 1.791759
/11 DMU5 1.791759 2.079442 1.609438 1.098612
12|
13 |Log Constraint
14 Average of a row
15 -1.833  -2.24988 -2.24988 -1.833 -1.99975
116 | -0.62861 0 0 -0.62861 -0.37717
17 -2.2E-16 0 0 6.66E-16 8.88E-17
18 -2.16905 -1.82843 -2.16905 -1.82843 -2.16905 -2.03281
119 -1.35812 -2.31246 -1.35812 -2.31246 -1.35812 -1.73986
20|
| 721
22 | Constraints on Efficiency=In(theta)
23 -1.833 = -1.833
24| 0= 0
[25] 0= 0
26 | -1.82843 = -1.82843
27| -1.35812 = -1.35812
Fig. 4.20 Maximum log cross efficiency model

=SUMPRODUCT($M$7:8N$7,8F$8:3G$8)-SUMPRODUCT($1$7:SK$7,SB$

8:3D$8)+$PS7-$Q87

Note that cells B15, C16, D17, E 18, and F19 are the left-hand-side of constraints

M+ DM =& =2V X, =In6,), k=1.n
r=1 i=1
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Solver Parameters X

Set Objective: |sos1]

To: @ Mex © min © yalue Of: [0

By Changing Variable Cells:
[ InputMultiplier,OutputMultiplier, Eta,Ksi

Subject to the Constraints:

MaxLogCE_ConSet <=0 -~
DMU_K_LEFT = DMU_K_LOG_THETA

InputMultiplier >= 1

OutputMultiplier >= 1 nge

All

[¥] Make L d Variables Non-Negati

Uil
(&)

Select a Solving Method: lSimplex LP E

Fig. 4.21 Solver parameters maximum log cross efficiency

The right-hand-side of the above constraints are stored in cellsD23:D27 which are
anmed as “DMU_K LOG THETA”.

Cells B23:B27 are set equal to cells B15, C16, D17, E 18, and F19, respectively,
and are named as “DMU K LEFT”.

Now, the average of each row in cells B15:F19 is exactly the objective function,
representing the log cross efficiency. These averages are recorded in cells H15:H19.

The objective function is in cell D1 (=INDEX(H15:H19,B3,1)) and the actual
maximum Log cross efficiency score is calculated in cell F1 (=EXP(D1)). The
Solver parameters are shown in Fig. 4.21.

The reader is referred to file “MaxLog.xlsm” for the above model along with
results calculated by using DEAFrontier. To use DEAFrontier, the user selects the
menu item “’Maximum Log Cross Efficiency”.

The use can also use the DEAFrontier software to obtain the maximum log cross
efficiency. The user select the “Maximum Log-Cross Efficiency” (Fig. 4.22). The
results are reported in several sheets as followings (Fig. 4.23):

1. “MaxLog CE Matrix” reports the maximum log cross efficiency;

2. “MaxLog Report” reports the multipliers;

3. “Multiplicative Cross Efficiency” reports the regular multiplicative cross
efficiency;

4. “Multiplicative Efficiency” reports the multiplicative efficiency.
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Fig. 4.22 Maximum " -
log cross efficiency in Maximum Log-Cross Efficiency g

DEAFrontier
Please select the sheet that has the data (DMUs, inputs,
outputs), and Frontier Type:
— Frontier Type - Returns to Scale
® CRS C RS
De\'eloged by Joe Zhu I
A B © D E F G H I

1 |Inputs Outputs The data sheet selected
2 X1 Y1 data
3 X2 Y2

Input-Oriented
CRS Maximum Log Cross Efficiency Matrix
DMU Name MaxLog Efficiency DMU1 DMU2 DMU3 DMU4 DMUS
DMU1 0.05629 0.13482 0.00206 0.13482 0.13482 0.11221
DMU2 0.76024 0.69003 1.00000 1.00000 0.69003 0.53333
DMU3 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
DMU4 0.10131 0.13140 0.09097 0.13140 0.13140 0.05170
DMUS5 0.07633 0.17391 0.00157 0.23323 0.17391 0.23323

22 2 - . . .
M < » ¥ Maxlog Report | MaxLog CE Matrix Mutiplicative Cross Effidtency ~ Mukiplicative Efficency data Sheet2 Sheet

Fig. 4.23 Maximum log cross efficiency
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Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 4) contains
supplementary material, which is available to authorized users.
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Chapter 5
Slack-Based DEA Models

5.1 Slack-Based Models

The input-oriented DEA models consider the possible (proportional) input reduc-
tions while maintaining the current levels of outputs. The output-oriented DEA
models consider the possible (proportional) output augmentations while keeping
the current levels of inputs. Charnes et al. (1985) develop an additive DEA model
which considers possible input decreases as well as output increases simultane-
ously. The additive model is based upon input and output slacks. For example,

m 5
maxz s+ z st
i=1 r=1

subject to

Zﬂjx,.j+s; =x, i=L2..m (5.1)
P

ZAjy,j—s::ym r=12,...s;
j=1

-
A,,57,8 20

Note that model (5.1) assumes equal marginal worth for the nonzero input and out-
put slacks. Therefore, caution should be excised in selecting the units for different
input and output measures. Some a priori information may be required to prevent
an inappropriate summation of non-commensurable measures. Previous manage-
ment experience and expert opinion, which prove important in productivity analy-
sis, may be used (see, e.g., Seiford and Zhu (1998)).

Model (5.1) therefore is modified to a weighted CRS slack-based model as fol-
lows (Ali et al. 1995).

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 93
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 5, © Springer International Publishing Switzerland 2014
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Table 5.1 Slack-based

Frontier type Slack-based DEA Model
models CRS " ;
maxz ws; + Z wist
i=1 r=1
subject to

n
Zﬂjxij+si =x, i=12,...m;
j=1

z/ijyyj—s: =y, r=12,..s
j=1

-+
A,87,8. 20

VRS Add X, A =1
NIRS Add ijlij <1
NDRS Add 2./:1/1/ =1

m S
max » wys; + > w's
i=1 r=1

subject to

zﬂjxij+sl._ =x, i=12,.,m (5.2)

j=1
n

+ .
z&j.yrj—sr =y, r=L2,..s
j=1

-
A,8,8 20

where w_ and w’ are user-specified weights obtained through value judgment. The
DMU, under evaluation will be termed efficient if and only if the optimal value
to (5.2) is equal to zero. Otherwise, the nonzero optimal s;  identifies an excess
utilization of the ith input, and the non-zero optimal s identifies a deficit in the rth
output. Thus, the solution of (5.2) yields the information on possible adjustments
to individual outputs and inputs of each DMU. Obviously, model (5.2) is useful for
setting targets for inefficient DMUs with a priori information on the adjustments of
outputs and inputs.

One should note that model (5.2) does not necessarily yield results that are dif-
ferent from those obtained from the model (5.1). In particular, it will not change the
classification from efficient to inefficient (or vice versa) for any DMU.

Model (5.1) identifies a CRS frontier, and therefore is called CRS slack-based
model. Table 5.1 summarizes the slack-based models in terms of the frontier types.



5.2 Slack-Based Models in Spreadsheets 95

A I B | ¢ | o Je|ll F | & | H| I

1 |Company Assets Equity  Employees Revenue Profit A
.2 |Mitsubishi 91920.6 10950 36000 1843652  346.2 0
.3 |Mitsui 687709 55539 80000 1815187 3148 0
4 |ltochu 657089 42711 7182 169164.6 121.2 0.2901
5 |General Motors 2171234 233455 709000 168828.6 6880.7 0
6 |Sumitomo 50268.9 6681 6193 167530.7 210.5 1.4476
7 |Marubeni 714393 52391 6702 161057 .4 156.6 0
.8 |Ford Motor 243283 24547 346990 137137 4139 0
.9 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0
10 |Exxon 91296 40436 82000 110009 6470 0.001
11 |Royal Dutch/Shell Group 1180116 589864 104000 109833.7 6904.6 0
12 |wal-Mart 37871 14762 675000 93627 2740 0
13 |Hitachi 91620.9 29907.2 331852 84167.1 1468.8 0
14 [Nippon Life Insurance 3647625 22419 89690 83206.7 24266 0
15 |Nippon Telegraph & Telephone = 127077.3  42240.1 231400 81937.2 2209.1 0
16 |AT&T 88884 17274 299300 79609 139 0

17
18 Reference DMU under | 1
19 | Constraints set Evaluation Slack  Weights
120 | Assets 919206 = 919206 0 1
121 |Equity 10950 = 10950 0 1
22 |Employees 36000 = 36000 2487142 1
123 |Revenue 184365.2 = 184365.2 107334.9 1

24 | Profit 3462 = 346.2 0 1

| 132206.4'

Fig. 5.1 CRS Slack-based DEA spreadsheet model

We should point out that the slack-based models here are usually called “addi-
tive DEA models”. Tone (2011) develops several different versions of slacks-based
measure of efficiency.

5.2 Slack-Based Models in Spreadsheets

Figure 5.1 shows a spreadsheet model for the CRS slack-based model when DMU1
is under evaluation. Cells 12:116 are reserved for 4,. Cells F20:F24 are reserved
for input and output slacks. The weights on slacks are entered into Cells G20:G24.
Currently, the weights are all equal to one.

Cells B20:B24 contain the following formulas

Cell B20 = SUMPRODUCT(B2:B16,$1$2:$1$16)+F20
Cell B21 = SUMPRODUCT(C2:C16,$1$2:$1$16)+F21
Cell B22 = SUMPRODUCT(D2:D16,$1$2:$1$16)+F22
Cell B23 = SUMPRODUCT(F2:F16,$1$2:$1$16)-F23

Cell B24 = SUMPRODUCT(G2:G16,51$2:$1$16)-F24

The input and output values of the DMU under evaluation are placed into cells
D20:D24 via the following formulas
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-
Solver Parameters s

Set Objective: :stzs
Tor @ Max © Mo © yalue Of: o |
By Changing Variable Cells:

$1$2:$1$16,$F$20:$F 524

Subject to the Constraints:
$B$20:$8$24 = $D$20:$D$24 -

Make Unconstrained Variables Non-Negative

Select a Solving Method: _S'lnplexLP E] | Options
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ oo

\ J

%

Fig. 5.2 Solver parameters for CRS Slack-based model

Cell D20 = INDEX(B2:B16,E18,1)
Cell D21 = INDEX(C2:C16,E18,1)
Cell D22 = INDEX(D2:D16,E18,1)
Cell D23 = INDEX(F2:F16,E18,1)

Cell D24 = INDEX(G2:G16,E18,1)

Cell F25 is the objective cell which represents the weighted slack. The formula for
cell F25 is

Cell F25 = SUMPRODUCT(F20:F24,G20:G24)
Figure 5.2 shows the Solver parameters. Figure 5.3 shows the optimal slack values

when DMUT is under evaluation. Next, we insert a VBA procedure “CRSSlack™ to
calculate the optimal slacks for the remaining DMUs.
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J [ v [ L | M | N [For
.1 |Company Assets Equity Employees Revenue Profit
_ 2 |Mitsubishi 0 0 24871.423 1073349 0
.3 |Mitsui 0 0 -3.988E-10 0 0
.4 |ltochu 3.69E-11 0 0 -86E-14 1.75E-13
.5 |General Motors 0 0 -1.649E-10 0 0
6 |Sumitomo 0 227€E-12 1.99E-13 -2.1E-13 -7.1E-14
7 |Marubeni 12794.2 0 0 5857.514 0.812974
8 |Ford Motor 0 0 26722926 112833 0
9 |Toyota Motor 0 25289.03 108011.55 171436.8 0
10 |Exxon 0 849E-12 2.118E-11 5.85E-11 0
|11 |Royal Dutch/Shell Group 0 13499.36 14957.88 78912.18 0
12 |wal-Mart 0 0 0 0 0
13 |Hitachi 0 12685.39 307952.81 186551.3 0
14 |Nippon Life Insurance -1E-10 0 0 -1.9E-10 0
15 |Nippon Telegraph & Telephone 0 17554.49 196254.33 288061.8 0
16 |AT&T 0 5460.851 288349.72 216613.9 233.1999
7
18
19}
20
21
303

Fig. 5.3 CRS slacks

Sub CRSSlack ()
Dim i1 As Integer
For 1 = 1 To 15
'set the value of cell E18 equal to i (=1, 2,..., 15)
Range ("E18") = i
'Run the Slack Solver model
SolverSolve UserFinish:=True
'Select the cells containing the slacks
Range ("F20:F24") .Select
'record optimal slacks in cells K2:016
Selection.Copy
Range ("K" & 1 + 1).Select
Selection.PasteSpecial Paste:=xlPasteValues, Transpose:=True
Next
End Sub

By adding an additional constraint on Zj:l A, we can obtain spreadsheet mod-

els for other slack-based models (see Excel file slack-based.xlsm). For example,
Fig. 5.4 shows a spreadsheet model for the VRS slack-based DEA model.

Range names are used in Fig. 2.13. Cells B2:D16 are named “InputUsed” and
cells F2:G16 are named “OutputProduced”. We also name cells 12:116 “Lambdas”,
cells F20:F24 “Slacks”, G20:G24 “Weights”, and cell E18 “DMU”. Accordingly,
we have formulas
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A = S 3 [ o Sl =) S ) [ c - I

.1 |Company Assets Equity Employees Revenue Profit A

.2 |Mitsubishi 919206 10950 36000 1843652  346.2 1

.3 |Mitsui 687709  5553.9 80000 181518.7 3148 0

4 |ltochu 657089 42711 7182 1691646  121.2 0

.5 |General Motors 2171234 233455 709000 1688286 6880.7 0

6 |Sumitomo 50268.9 6681 6193 167530.7 2105 0

7 |Marubeni 71439.3| 52391 6702 1610574 1566 0

.8 |Ford Motor 243283 24547 346990 137137 4139 0

9 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0

10 |Exxon 91296 40436 82000 110008 6470 0

11 |Royal Dutch/Shell Group 1180116, 58986.4 104000 109833.7 6904.6 0

12 |Wal-Mart 37871 14762 675000 93627 2740 0

|13 |Hitachi 91620.9 29907.2 331852 84167.1 14688 0

14 |Nippon Life Insurance 3647625 22419 89690 83206.7 24266 0

15 |Nippon Telegraph & Telephone = 127077.3)  42240.1 231400 81937.2 22091 0

16 |AT&T 88884 17274 299300 79609 139 0

17

E Reference DMU under | 1

19 |Constraints set Evaluation Slack Weights

120 | Assets 91920.6 = 91920.6 0 1

121 |Equity 10950 = 10950 0 1

122 |Employees 36000 = 36000 i) 1

123 |Revenue 1843652 = 184365.2 0 1

124 |Profit 3462 = 346.2 i) 1

25|22 1| = 1 )

Fig. 5.4 VRS Slack-based spreadsheet model

Cell B20=SUMPRODUCT(INDEX(InputUsed,0,1),Lambdas)+Slacks

Cell B21=SUMPRODUCT(INDEX(InputUsed,0,2),Lambdas)+Slacks

Cell B22=SUMPRODUCT(INDEX(InputUsed,0,3),Lambdas)+Slacks

Cell B23=SUMPRODUCT(INDEX(OutputProduced,0,1),Lambdas)-Slacks
Cell B24=SUMPRODUCT(INDEX(OutputProduced,0,2),Lambdas)-Slacks
Cell B25=SUM(Lambdas)

Cell F25=SUMPRODUCT(Slacks, Weights)

We then name cells B20:B24 “ReferenceSet”, cells D20:D24 “DMUEvaluation”,
B25 “SumLambda”, and cell F25 “SumSlack”. Figure 5.5 shows the Solver param-
eters for the VRS slack-based model.

Since range names are used in the Solver model, we can modify “CRSSlack”
into a VBA procedure that can be applied to other data sets. The modified VBA
procedure is called “Slack”.
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f Solver Parameters |i
Set Objective: sumSlack
T @Mx  OMa O yaueOf: 0 |
By Changing Variable Cells:
Lambdas, Slacks
Subject to the Constraints:
ReferenceSet = DMUEvaluation R | add I
SumLambda = 1

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method: Smplex LP [=] [ ootons
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ sobe  J [ o

\

Fig. 5.5 Solver parameters for VRS Slack-based model

Sub Slack ()
Dim NDMUs As Integer, NInputs As Integer, NOutputs As Integer
NDMUs = 15
NInputs = 3
NOutputs = 2
Dim i1 As Integer
For 1 = 1 To NDMUs
Range ("DMU") = i
SolverSolve UserFinish:=True
Range ("Slacks") .Copy
Range ("Al") .Offset (i, NInputs + NOutputs + 5).Select
Selection.PasteSpecial Paste:=xlPasteValues, Transpose:=True
Next
End Sub
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Fig. 5.6 Undesirable mea-
sure models

Slack-based Model @l

rkese select a data sheet, Frontier Type:

[ox |
am.dl

Frontier Type - Returns to Scale

© (RS C RS
© NIRS © NDRS
Weights on Slacks?
’((‘ Yes * No

Daval v Joa Zhu

Fig. 5.7 Weights on slacks Please specifiy the weights on slacks: X

5.3 Solving Slack-Based DEA Model Using DEAFrontier
Software

To run the slack-based models, select the “Slack-based Model” menu item. You will
be prompted with a form for selecting the models presented in Table 5.1, as shown
in Fig. 5.6.

If you select “Yes” under the “Weights on Slacks”, you will be asked to provide
the weights, as shown in Fig. 5.7. If you select “No”, then all the weights are set
equal to one.

The results are reported in a sheet named “Slack Report” along with a sheet
named “Efficient Target”.
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Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 5) contains
supplementary material, which is available to authorized users.
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Chapter 6
Measure-Specific DEA Models

6.1 Measure-Specific Models

Although DEA does not need a priori information on the underlying functional
forms and weights among various input and output measures, it assumes propor-
tional improvements of inputs or outputs. This assumption becomes invalid when a
preference structure over the improvement of different inputs (outputs) is present in
evaluating (inefficient) DMUs (see also Chap. 7). We need models where a particu-
lar set of performance measures is given pre-emptive priority to improve.

Let/c {1,2, ..., m} and O c {1,2, ...,s} represent the sets of specific inputs
and outputs of interest, respectively. Based upon the envelopment models, we can
obtain a set of measure-specific models where only the inputs associated with 7 or
the outputs associated with O are optimized (see Table 6.1).

The measure-specific models can be used to model uncontrollable inputs and
outputs (see Banker and Morey 1986). The controllable measures are related to set
IorsetO.

A DMU is efficient under envelopment models if and only if it is efficient under
measure-specific models. i.e., both the measure-specific models and the envelop-
ment models yield the same frontier. However, for inefficient DMUs, envelopment
and measure-specific models yield different efficient targets.

Consider Fig. 6.1. If the total supply chain cost input is of interest, then the mea-
sure-specific model yields the efficient target of S1 for inefficient S. If the response
time input is of interest, S3 will be the target for S. The envelopment model projects
S to S2 by reducing the two inputs proportionally.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 103
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 6, © Springer International Publishing Switzerland 2014
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Table 6.1 Measure-specific models

6 Measure-Specific DEA Models

Frontier  Input-oriented Output-oriented
type
minﬁ—s(Zsi+2s:) max¢+€(25i+25:]
i=1 r=1 i=1 r=1
subject to subject to
z/ijxﬁ+si’ =0x, iel,; lexij+slf =x, i=12,.,m
j=1 j=1
CRS 2/1jxij+si’ =X, igl, Zﬂjyrj—s: =gy, reo0;
J=1 Jj=1
+ — . ot — .
z/ljyrj—sr =y, r=L2,..s; Zﬂjyrj sT=y, re0,
Jj=1 Jj=1
4,20 j=12,..,n. 4,20 j=1L2,..,n.
VRS Add X, it =1
NIRS Add 2,4 <1
Q>
NDRS Add 2 =1 4,21
Efficient ~ " o, A _x .
target Xip = o Xip =S, L€ I Xig = Xig —5; i=12,...m
Aio = X _S; igl );ro = ¢*ym + S:* reo
-);m ym+s:—* r=1’27 ’S .)’>ro=ym+s:-* reO
Fig. 6.1 Projections to A
frontier _
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< e 0 |

Company Assets Equity Employees Revenue Profit A Efficiency
.2 |Mitsubishi 91920.6 10950 36000 184365.2) 346.2 0 1
3 |Mitsui 68770.9  5553.9 80000 181518.7 3148 0 1
4 |ltochu 65708.9 42711 7182 1691646/ 121.2 0 1
.5 |General Motors 2171234 233455 709000 168828.6) 6880.7 0 1
| 6 |Sumitomo 50268.9 6681 6193 167530.7) 2105 056 1
7 |Marubeni 71439.3 52381 6702 161057 .4 156.6 0 1
.8 |Ford Motor 243283 24547 346990 137137 4139 0 7 0.377606
.9 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0 0578288
110 |Exxon 91296 40436 82000 110009 6470 0 1
11 |Royal Dutch/Shell Group 118011.6  58986.4 104000 109833.7| 6904.6 0 1
12 |wal-Mart 37871 14762 675000 93627 2740 044" 1
13 |Hitachi 916209 29907.2 331852 84167.1| 1468.8 0 0484837
14 |Nippon Life Insurance 3647625 22419 89690 83206.7 24266 0] 1
15 |Nippon Telegraph & Telephone | 127077.3  42240.1 231400 81937.2| 2209.1 0 7 042684
16 |AT&T 88884 17274 299300 79609 139 0 0504427
17
18] Reference DMU under | 15 | Efficiency
|19 |Constraints set Evaluation | 0.504427"
120 |Assets 44835477 < 44835477
121 |Equity 10222.526 < 17274
122 |Employees 299300 < 299300
128 |Revenue 135142.15 > 79609
24 |Profit 1319.0622 > 139
25|z ] 1| = 1

Fig. 6.2 Input-oriented VRS measure-specific spreadsheet model

6.2 Measure-Specific Models in Spreadsheets

Since the measure-specific models are closely related to the envelopment models,
the spreadsheet models can be modified from the envelopment spreadsheet models.
Figure 6.2 shows an input-oriented VRS measure-specific spreadsheet model
where the Assets input is of interest. We only need to change the formulas in cells
D21:D22 (representing Equity and Employee for the DMU under evaluation) in the
input-oriented VRS envelopment spreadsheet model, as shown in Fig. 2.9 to

Cell D21 =INDEX(C2:C16,E18,1)
Cell D22 =INDEX(D2:D16,E18,1)

The Solver parameters remain the same, as shown in Fig. 2.15. All the VBA pro-
cedures developed for the envelopment models can be used. In Fig. 6.2, the VBA
procedure “DEA_1” is assigned to the button “Measure-Specific”.

If we apply the same formula changes in the Second-stage Slack Spreadsheet
Model shown in Fig. 2.23, with the same Solver parameters shown in Fig. 2.24 and
with the macro “DEASlack”, we can optimize the slacks for the spreadsheet model
shown in Fig. 6.2 after we obtain the efficiency scores. Figure 6.3 shows the results
(see Excel file measure-specific.xlsm).
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| | e | e | A | e | VT O | P
| il | Revenue  Profit A Efficiency Assets Equity EmployeesRevenue Profit
| 2| 1843652 3462 0 1 0 0 0 0 0
| & | 1815187, 3148 0 1 0 0 0 0 0
L4 | 1691646 121.2 0 1 0 0 0 0 0
| 9 | 168828.6  6880.7 0 1 0 0 0 0 0
| & | 167530.7 2105 0.7705 1 0 0 0 0 0
| 7| 1610574 156.6 0 1 0 0 0 0 0
| & 137137 4139 0 0.737556 75728.26 0/ 2202775 0 0
ol 111052, 26624 0 0603245 0| 30247.6 582654 29763.39 0
10| 110009 6470 0 1 0 0 0 0 0
Bl 109833.7 6904.6 0 1 0 0 0 0 0
| 174] 93627 2740 0.2295 1 0 0 0 0 0
13 84167.1 1468.8 0 0.557596 0 17865.99 146812.7 58813.12 0
4 83206.7 24266 0 1 0 0 0 0 0
15 81937.2  2209.1 0 0.470611 0 25465.33 122500.6  60995.79 0
16 79609 139 0 0.533544 0 8738.346 139610.4 70960.21 652.0406
17
18] 187
9] Slack
20 0
[21] 8738.346)
[22] 139610.4)
[23] 70960.21]
24 652.0406)
[z
Fig. 6.3 Second-stage slacks for input-oriented VRS measure-specific model
Employees Market Value
Assets Revenues Total Retum to
Profitability Marketability LLLLL
Stockholders' Eamings Per
Ju_ily_’ Share

)
—
!

!

Fig. 6.4 Input-output system for Fortune 500 companies

6.3 Performance Evaluation of Fortune S00 Companies

Fortune magazine analyzes the financial performance of companies by eight mea-
sures: revenue, profit, assets, number of employees (employees), stockholders’
equity (equity), market value (MV), earnings per share (EPS) and total return to
investors (TRI).

In order to obtain an overall performance index, Zhu (2000) employs DEA to
reconcile these eight measures via a two-stage transformation process described in
Fig. 6.4. Each stage is defined by a group of “inputs (x)”” and “outputs (y)”.
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Fig. 6.5 Profitability VRS 100 +
efficiency distribution
90 +
80 +
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60 +
50 +

40 +

Numberof DMUs
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0 -

02 03 04 05 16 07 08 09 1
VRS Efficiency in Stage-1

The performance in the first stage (stage-1) may be viewed as profitability, i.e.,
a company’s ability to generate the revenue and profit in terms of its current labor,
assets and capital stock. The performance in the second stage (stage-2) may be
viewed as (stock) marketability, i.e., a company’s performance in stock market by
its revenue and profit generated.

The data of 1995 is used. The DMU numbers correspond to the ranks by the
magnitude of revenues. Because some data on MV, profit and equity are not avail-
able for some companies, we exclude these companies, and analyze the perfor-
mance of the 364 companies.

6.3.1 Identification of Best Practice Frontier

Because the Fortune 500 list consists of a variety of companies representing differ-
ent industries, we assume that the best-practice frontier exhibits VRS. We use the
input-oriented VRS envelopment model to identify the best-practice.

Figures 6.5 and 6.6 show the distributions of VRS efficiency scores. 30 and
16 DMUs are VRS-efficient in profitability (stage-1) and marketability (stage-2),
respectively. In stage-1, most VRS scores are distributed over [0.27, 0.51]. In
stage-2, the VRS scores are almost evenly distributed over [0.16, 1]. Only four
companies, namely, General Electric (DMU7), Coca-Cola (DMU48), Nash Finch
(DMU437), and CompUSA (DMU451) are on the best-practice frontiers of
stage-1 and stage-2.
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Fig. 6.6 Marketability VRS 70 +
efficiency distribution

Numberof DMUs
w IS w o
o o o =
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o
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02 03 04 05 06 07 08 09 1
VRS Efficiency in Stage-2

6.3.2 Measure-Specific Performance’

Proportional reductions of all inputs are used to determine the best practice frontier
for the Fortune 500 companies. However, in an evaluation of inefficient DMUs,
non-proportional input (output) improvement may be more appropriate. Therefore,
we seek an alternative way to further characterize the performance of inefficient
companies by measure-specific models.

Because we have already obtained the VRS best-practice frontier and the mea-
sure-specific models yield the same frontier, we modify the VRS measure-specific
models for a particular inefficient DMU ,

0, =ming, deN

subject to

N Alx, =6x, kefl.m}

JjeE

Y Alx, <x, ik

JeE 6.1

z&;’y,ijm r=1..s

JjeE

IE

Jj€E

A1 20, jeE.

! The material in this section is adapted from European Journal of Operational Research, Vol 123,
Zhu, J., Multi-factor Performance Measure Model with An Application to Fortune 500 Companies,
105-124, 2000, with permission from Elsevier Science.
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¢ =max ¢! deN
subject to

Zﬂ’quj =¢qud qE{l,...,S}

JjeE

Aly. >y, r#q
; J d (6.2)

Zﬂjxlj_x, i=1..,m

JjeE

d _
24 =
JjeE

A0 20, jeE.

where E and N represent the index sets for the efficient and inefficient companies,
respectively, identified by the VRS envelopment DEA model.

Models (6.1) and (6.2) determine the maximum potential decrease of an input
and increase of an output while keeping other inputs and outputs at current levels.

Tables 6.2 and 6.3 report the results for the top-20 companies. Recall that rev-
enue and profit are two factors served as the two outputs in stage-1 and the two
inputs in stage-2. Therefore, we have two measure-specific efficiency scores for
each revenue and each profit.

We may use the average measure-specific efficiency scores (optimal values to
(6.1) or (6.2)) within each industry to characterize the measure-specific industry
efficiency. However, different companies with different sizes may exist in each in-
dustry. Therefore arithmetic averages may not be a good way to characterize the
industry efficiency. Usually, one expects large input and output levels, e.g., assets
and revenue, form relatively big companies.

Thus, we define weighted measure-specific scores within each industry by con-
sidering the sizes of the companies.

(size-adjusted) kth input-specific industry efficiency measure for industry F

Z X

6" —dsF (6.3)
dze‘; 2 Xia 2 Xia
deF deF

(size-adjusted) qth output-specific industry efficiency measure for industry F

F Z * yqd ;j}qd
0, =20 < =% 6.4
R ! Z Yaa 2 Vaa ©4)

deF deF
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where X, (= Hs*xkd) and f/qd (= ¢§*yqd) are, respectively, the projected (potentially
efficient) levels for kth input and gth output of DMU , de F.

The weights in (6.3) YW deF | and (6.4) yL, deF | are normalized,

z Xkd Vad

deF deF
therefore a specific industry F achieves 100% efficiency, i.e., I; =1, and OqF =1if
and only if, all of its companies are located on the best-practice frontier.

Tables 6.4 and 6.5 report the industry efficiency scores for the 30 selected indus-
tries where the number in parenthesis represents the corresponding arithmetic mean
of measure-specific efficiency scores.

A relatively large discrepancy between weighted and arithmetic average scores
is detected for six industries—General Merchandiser, Health Care, Motor Vehicles
& Parts, Petroleum Refining, Pipelines, and Telecommunications. Since (6.3) and
(6.4) determine the industry efficiency by considering the size of each company,
this may imply that efficiency may highly correlate with size in these industries.

6.3.3 Benchmark Share

Non-zero /1; indicates that DMU;, is used as a benchmark. As an efficient com-
pany, the role it plays in evaluating inefficiency companies is to be of interest. One
wants to know the importance of each efficient DMU in measuring the inefficien-
cies of inefficient DMUs. Based upon the non-zero /1;, we develop benchmark-
share measures for each efficient company via (6.1) and (6.2).

We define the kth input-specific benchmark-share for each efficient DMU, j €E,

> AT 1-6;)x,

Al = 4N _ (6.5)
! 2 (I- 0:; Wi
deN

where A" and ¢ are optimal values in (6.1).
We define the gth output-specific benchmark-share for each efficient DMU,

ek, .
/ DI ERCES 6o
Hq — deN . .
! Y @ -y,

deN

where lf* and ¢ are optimal values in (6.2).
The benchmark-share Ai (or T1%) depends on the values of ﬂj* and 6" (or l;j*

and ¢/"). Note that (l -0, )xk . and (¢d"* - 1) Y, characterize the potential decrease
on kth input and increase on gth output, respectively.
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6.3 Performance Evaluation of Fortune 500 Companies
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A’; and I} are weighted ﬂ; across all inefficient DMUs. The weights,

(1-6)x, ) (4 - DYa . i
2 (- es*)xkd in (6.5) and z ( ¢;*—l)yqd in (6.6) are normalized. Therefore,
deN deN
we have D Af=1and ) 7 =1.(Note that ¥ A? =1 in (6.1) and (6.2).)
JjeE JjeE JjeE

It is very clear form (6.5) and (6.6) that an efficient company which does not
act as a referent DMU for any inefficient DMU will have zero benchmark-share.
The bigger the benchmark-share, the more important an efficient company is in
benchmarking.

Table 6.6 reports the benchmark-shares for 12 selected VRS-efficient compa-
nies. The benchmark-shares for the remaining VRS-efficient companies are less
than 0.01 %. Of the total 60 benchmark-shares, 12 are greater than 10 %. Particular-
ly, DMU48 (Coca-Cola), DMU156 (General Mills) and DMU281 (Bindley West-
ern) have the biggest benchmark-share with respect to employees, equity and profit,
respectively. This means that, e.g., General Mills plays a leading role in setting a
benchmark with respect to equity input given the current levels of employees and
assets. Note that General Mills had the highest returns on equity in 1995.

In Table 6.7, DMU226 (Continental Airlines) and DMU292 (Berkshire Hatha-
way) are two important companies in TRI and EPS benchmarking, respectively.
(Note that Continental Airlines and Berkshire Hathaway had the highest TRI and
EPS in 1995.) Although Berkshire Hathaway was ranked 18 in terms of MV lev-
els by the Fortune magazine, the benchmark-share of 39.99 % indicates that it had
an outstanding performance in terms of MV given other measures at their current
levels. This indicates that single financial performance alone is not sufficient to
characterize a company’s performance.

Finally, note that, e.g., DMU292 and DMU474 both acted as a referent DMU
in 63 % of the inefficient DMUs when measuring the revenue-specific efficiency.
However, the benchmark-share indicates that DMU474 is more important.

We here explore the multidimensional financial performance of the Fortune 500
companies. Revenue-top-ranked companies do not necessarily have top-ranked
performance in terms of profitability and (stock) marketability. Most companies
exhibited serious inefficiencies. The measure-specific models enable us to study
the performance based upon a specific measure while keeping the current levels of
other measures. See Zhu (2000) for more discussion on measuring the performance
of Fortune 500 companies.
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models Measure-specific Model @

rlease select Frontier Type, Model Orientation, and specific factors:

Frontier Type - Returns to Scale 1

* RS C RS (e

Please select the specific
 NIRS  NDRS measure(s). Hold Ctrl if you
| want to make more than
one selection

Model Orientation

O Equity
¢ Input-Oriented { Output-Oriented E

Devalopad by Joz Zhu

6.4 Solving Measure-Specific Models Using DEAFrontier
Software

To run the measure-specific models, select the “Measure Specific Model” menu
item. You will be prompted with a form for selecting the data sheet and a form for
selecting models presented in Table 6.1, as shown in Fig. 6.7.

Select the measures that are of interest. If you select all the input or all the output
measures, then you have the envelopment models.

The results are reported in the “Efficiency”, “Slack™ and “Target” sheets.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 6) contains
supplementary material, which is available to authorized users.
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Chapter 7
Non-radial DEA Models and DEA

with Preference

7.1 Non-radial DEA Models

We can call the envelopment DEA models as radial efficiency measures, because
these models optimize all inputs or outputs of a DMU at a certain proportion. Fére
and Lovell (1978) introduce a non-radial measure which allows non-proportional
reductions in positive inputs or augmentations in positive outputs. Table 7.1 sum-
marizes the non-radial DEA models with respect to the model orientation and fron-
tier type.

The slacks in the non-radial DEA models are optimized in a second-stage model
where g or ¢ are fixed. For example, under CRS we have

Input Slacks for Output-oriented Non-radial DEA Model

max Z st
r=1
subject to

i"Vio

n
Z/%-x,-,- =0x i=12,..,m;
j=1

n

+ .
leyrj -s =y, r=L2,..s
j=1

4,20 j=12n.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 121
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 7, © Springer International Publishing Switzerland 2014
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Table 7.1 Non-radial DEA Models

Frontier  Input-Oriented Output-Oriented
type
. 1 m S . 1 5 S .
mln(—z 6, - 82 s)) max(72¢, + 82 s7)
m i r=1 K p—
subject to subject to
Ax,=0x, i=12,...m Ax,+s =x, i=12,.,m;
CRS ; A ; 7y
Z/ljy,/—s: =y, r=L2,.,s Zﬂ,yd =@y, r=L2,..s;
j=1 ‘a
6 <1 i=12,..,m; g1 r=12,..,s;
4,20 j=12,.,n. 4,20 j=12,.,n.
VRS Add X, A =1
NIRS Add X4 <1
NDRS Add X4, 21
Efficient X =6x i=12,...m X o=x —s i=12,..m
target 10 1 10 10 10 1
V=V ts, r=12,.s P,=0y,  r=L2.,s

Output Slacks for Input-oriented Non-radial DEA Model

max 2 s;
i=l1
subject to

n
Z/ljxi]. +s; =x, i=12,..,m
Jj=1

zﬂ,ij. =¢:yw r=12,..,s;
j=1

4,20 j=12n.

Note that input slacks do not exist in the input-oriented non-radial DEA models,
and output slacks do not exist in the output-oriented non-radial DEA models.

Because 6 <1 (¢;>1), +>" /<1 and £3." 6 =1 if and only if § =1 for
alli (£Y" g'>1and LY ¢'=1 if and only if ¢;=1 for all ). Thus, e
(%2;1@* ) can be used as an efficiency index.

Both the envelopment models and the non-radial DEA models yield the same

frontier, but may yield different efficient targets (even when the envelopment mod-
els do not have non-zero slacks). For example, if we change the second input from
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Fig. 7.1 Efficient targets
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4 to 3 for DMUS in Table 2.1 (Chap. 2), the input-oriented CRS envelopment model
yields the efficient target of x/ =2.4 and x2=1.8 (with 4, =0.8, A, =0.2, and all
zero slacks). Whereas the input-oriented CRS non-radial DEA model yields DMU2
as the efficient target for DMUS (see Fig. 7.1). Note that both models yield the same
target of DMU3 for DMUA4.

7.2 DEA with Preference Structure and Cost/Revenue
Efficiency

Both the envelopment models and the non-radial DEA models yield efficient targets
for inefficient DMUs. However, these targets may not be preferred by the manage-
ment or achievable under the current management and other external conditions.
Therefore, some other targets along the efficient frontier should be considered as
preferred ones. This can be done by constructing preference structures over the
proportions by which the corresponding current input levels (output levels) can be
changed. Zhu (1996) develops a set of weighted non-radial DEA models where
various efficient targets along with the frontier can be obtained.

Let 4 (i=1,2,...,m)and B, (r=1,2,...,s) be user-specified preference weights
which reflect the relative degree of desirability of the adjustments of the current in-
put and output levels, respectively. Then we can have a set of weighted non-radial
DEA models based upon Table 7.1 by changing the objective functions —2 6
and 13 g to 3" 46/%" 4 and Y’ B@/Y " B, respectively.

Further, if we remove the constraint § <1 (¢, 21), we obtain the DEA/prefer-
ence structure (DEA/PS) models shown in Table 7.2 (Zhu 1996).

If some 4, =0 (B, =0), then set the corresponding 6 =1 (¢, =1). But at least
one of such weights should be positive. Note that for example, the bigger the weight
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Table 7.2 DEA/Preference structure models

Frontier type  Input-Oriented Output-Oriented
D46, B9
min(=——-¢Ys)) max(= +eYs7)
ZA,' r=1 ZB, r=1
i=1 r=1
subject to subject to
CRS } ;
z/llxi, =0x, i=12,.,m 2/7,/.x,./.+sf =x, i=12,..,m
j=1 j=1
Z/liy,j -s =y, r=12,.s; leyrj =@y, r=12,.s;
j=1 j=1
4,20 j=L2,...,n. 4,20 j=L2,...n.
VRS Add X, A =1
NIRS Add ijl/lj <1
NDRS Add X4, 21

Efficient target [, - . N e
€ {xio =6 x, i=12,...m {xio =x,—-s, i=12,..m

)A}m =V +S: r=L2,..s )A}m = ¢ryro r=12,..s

4, , the higher the priority DMU, is allowed to adjust its ith input amount to a
lower level. i.e., when inefficiency occurs, the more one wants to adjust an input or
an output, the bigger the weight should be attached to 8 or ¢, . If we can rank the
inputs or outputs according to their relative importance, then we can obtain a set of
ordinal weights. One may use Delphi-like techniques, or Analytic Hierarchy Pro-
cess (AHP) to obtain the weights. However, caution should be paid when we con-
vert the ordinal weights into preference weights. For example, if an input (output) is
relatively more important and the DMU does not wish to adjust it with a higher rate,
we should take the reciprocal of the corresponding ordinal weight as the preference
weight. Otherwise, if the DMU does want to adjust the input (output) with a higher
rate, we can take the ordinal weight as the preference weight. Also, one may use
the principal component analysis to derive the information on weights (Zhu 1998).

Note that in the DEA/PS models, some 9: (¢:) may be greater (less) than one
under certain weight combinations. i.e., the DEA/PS models are nof restricted to
the case where 100 % efficiency is maintained through the input decreases or output
increases.

Now, in order to further investigate the property of DEA/PS models, we consider
the dual program to the input-oriented CRS DEA/PS model.
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s
max Y u,y,,

r=1

subject to

z,uryrj =Yvx, <0 j=l..n
r=1 i=1

VX, = A4 /24,47 i=1,..,m;
i=1
Il'lr’vi 2 O

125

(7.1)

We see that the normalization condition 221 v,x,, =1 is also satisfied in (7.1). The

DEA/PS model is actually a DEA model with fixed input multipliers.

Let p? denote the ith input price for DMU, and X, represents the ith input that
minimizes the cost. Consider the following DEA model for calculating the “mini-

mum cost”.
m
. o~
min z pi xi()
i=1
subject to

n
2/1jxij <X, i=L.,m
=

2/1/)’4 2y, r=L..s
j=1

A.,%,20

j?Vio
The dual program to (7.2) is

S
maX 2 u}"yl‘O

r=1

subject to
Sy, > vx, <0 j=l..m
r=1 i=1

0<sv, <p; i=1..,m
M, v, 20

(7.2)

(7.3)

By the complementary slackness condition of linear programming, we have that if
%, >0then p’ =1 . Thus, v can be interpreted as p’. Consequently, the input

prices can be used to develop the preference weights.
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In the DEA literature, we have a concept called “cost efficiency” which is de-
fined as

3

o ~*
bi Xy
i=1

> pix,
i=1

3

The following development shows that the related DEA/PS model can be used to
obtain exact the cost efficiency scores. Because the actual cost —Z P, » 1S a
constant for a specific DMU , , cost efficiency can be directly calculated by the fol-
lowing modified (7.2).

Z P,

min-——

m

Zp, X,

subJect to

Zﬂx <x, i=L2,..m;

Z‘ﬂjy,j 2y, r=12,.,s;
-

. (7.4)
4,20 j=12,..,n.
Let %, = 6x, . Then (7.4) is equivalent to the input-oriented CRS DEA/PS mod-
el with 4, = p’x, . This indicates that if one imposes a proper set of preference
weights for each DMU under consideration, then the DEA/PS model yields cost
efficiency measure. (see Seiford and Zhu (2002) for an empirical investigation of
DEA efficiency and cost efficiency.)
Similarly, the output-oriented DEA/PS model can be used to obtain the “revenue
efficiency” which is defined as

Z a5,
2 4y,
r=1

where ¢? indicates output price for DMU, and j = represents the rth output that
maximizes the revenue in the following linear programming problem.
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s
0~
max z ,qr Vo
r=1

subject to

Zix <x, i=12,...,m

z;ijylj 2y, r=12,...,s
=

2,.5,20 (7.5)

Let 3 =¢.y, and B =gy, in the output-oriented DEA/PS model. We have

Zq P

max ———
>
9. Ve
r=1

subject to

ZIx <x, i=L2,.,m;

z&»/,y,j >y, r=L2,.,s;
i=1

4,20 j=120n.

which calculates the revenue efficiency.

7.3 DEA/Preference Structure Models in Spreadsheets

Figure 7.2 shows an input-oriented VRS DEA/PS spreadsheet model. Cells 12:116
are reserved for 4, . Cells F20:F22 are reserved for 6, . These are the changing cells
in the Solver parameters shown in Fig. 7.3.

The target cell is cell F19 which contains the following formula

Cell F19 =SUMPRODUCT(F20:F22,G20:G22)/SUM(G20:G22)

where cells G20:G22 are reserved for the input weights.

The formulas for cells B20:B25 are
Cell B20 =SUMPRODUCT(B2:B16,$1$2:$1$16)

Cell B21

=SUMPRODUCT(C2:C16,31$2:$1$16)

Cell B22 =SUMPRODUCT(D2:D16,81$2:$1$16)
Cell B23 =SUMPRODUCT(F2:F16,3182:$1$16)
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A | B c | o JE|l F | 6 |H|] 1|
1 |Company Assets Equity Employees Revenue  Profit A
_ 2 |Mitsubishi 91920.6 10850 36000 1843652 346.2 1
_3 |Mitsui 687709  5553.9 80000 181518.7 3148 0
_4 |ltochu 657089 42711 7182 169164.6 121.2 0
_5 |General Motors 2171234 233455 709000 168828.6 6880.7 0
_6 |Sumitomo 50268.9 6681 6193 167530.7 2105 0
_ 7 |Marubeni 71439.3 52391 6702 1610574  156.6 0
_8 |Ford Motor 243283 24547 346990 137137 4139 0
9 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0
10 |Exxon 91296 40436 82000 110009 6470 0
11 |Royal Dutch/Shell Group 118011.6 58986.4 104000 109833.7 6904.6 0
12 |wal-Mart 37871 14762 675000 93627 2740 0
13 |Hitachi 916209 290072 Ll 8 ficiency; ] 0
744 |Nippon Life Insurance BB4TO25| T cats 8aweighted sum of 0
15 |Nippon Telegraph & Telephone =~ 127077.3  4]evaluation. g individual 6i 0
16 |AT&T 88884 T7Z7% 299300 1 0
17
18| Reference DMU under | 1 ' Efficiency
_19 |Constraints set Evaluation 3 Weights
20 |Assets 91920.6 = 91920.6 1
21 |Equity 10950 = 10950 1
.22 |Employees 36000 = 36000 1
23 |Revenue 184365.2 > 184365.2 [Changing cells;
124 |Profit 3462 > 346.2 ndivicuat ol
25|z 1

Fig. 7.2 Input-oriented VRS DEA/PS spreadsheet model

Cell B24 =SUMPRODUCT(G2:G16,1$2:$1$16)
Cell B25 =SUM(12:116)

The formulas for cells D20:D24 are

Cell D20 =F20*INDEX(B2:B16,E18,1)

Cell D21 =F21*INDEX(C2:C16,E18,1)

Cell D22 =F22*INDEX(D2:D16,E18,1)

Cell D23 =INDEX(F2:F16,E18,1)

Cell D24 =INDEX(G2:G16,E18,1)

Figure 7.4 shows the results and the VBA procedure “DEAPS” which automates
the calculation.

Note that the 6, (i=1, 2, 3) are not restricted in Fig. 7.3. If we add 9 <1
($F$20:$F$F22 <=1), then we obtain the results shown in Fig. 7.5.

7.4 DEA and Multiple Objective Linear Programming

Charnes et al. (1985) describe the relationship between DEA frontier and Pareto-
Koopmans efficient empirical production frontier. This work points out the relation
of efficiency in DEA and pareto optimality in multiple criteria decision making
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p
Solver Parameters —

Set Objective: §FS19
To: ©) Max @ Min ©) value Of: | 0

By Changing Variable Cells:
| $1$2:51$16,$F$20:5F S22

Subject to the Constraints:

$8$20:$8$22 = $D$20:$D$22 -
$B$23:$8524 >= $D$23:$D$24
$8825 =1

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method: §$implexLP E]
Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[sve ][ om

\ J

Fig. 7.3 Solver parameters for Input-oriented VRS DEA/PS model

(MCDM) or Multiple Objective Linear Programming (MOLP). The relationship
between DEA and MOLP is again raised by Belton and Vickers (1993), Doyle and
Green (1993) and Stewart (1994) in their discussion of DEA and MCDM. Joro et al.
(1998) provide a structure comparison of DEA and MOLP.

In fact, as shown in Chen (2005), the DEA/PS models have a strong relationship
with MOLP. To demonstrate this, we use vector presentation of X, = (x;;,...,X,,)

and y; = (V5005 0y) -

7.4.1 OQOutput-oriented DEA

Consider the following MOLP model



130 7 Non-radial DEA Models and DEA with Preference
B | ¢ | o JeE| F | 6 JH U] v | ® | | ™M |
1|  Assets  Equity Employees Revenue  Profit A Efficiency  Assets Equity Zmployees
_2 93 Sub DEAPS () 1 1 1 1
3| ® 1 1 1] 1
4| 65 Dim i As Integer 1 1 1 1]
5| 217 For i =1 To 15 1 1 1 1
6] 50 Range("E18") = i o | 1 1 1 1
7l n Solversolve UserFinish:=True 1 0.948271 0.83411 0.9975806 1.013122
B2 “iice tie inatvitusl titas tnte solimns Kt | pmio| CHAOGE|_1GOSSS L 025567
1 lvidu 1 um: Ly | |
1;90 106 Range ("K" & i + 1) = Range ("F20") 0.42357? 0.6258? 0.40053? 0.24437f
— Range ("L" & i + 1) = Range("F21") t
AL 118 Range("™M" & i + 1) = Range("F22") 1 a ! 1
A2 Next 1 1 1) 1
13| 91| End sub 0.384513 0.638678 0.4502766 0.064583
14| 3647625 22418 89690 83206.7 24266 1 1 1 1|
15| 127077.3 422401 231400 81937.2) 22091 1 0.347781 0498661 04133195 0.131363
16 | 88884 17274 299300 79609 139 0.324338 0.565556 0.3867662 0.020692
17
18 | Reference DMU under | 15 Efficiency | |
19| set | Evaluation 0.324338  Weights |
20| 502689 = 50268.9 1 I —
21 6681 = 6681 1
2|  e193 = 6193 1 DEAPS
23| 1675307 > 79609
24| 2105 > 139 Il
Fig. 7.4 Efficiency result for Input-oriented VRS DEA/PS model
~@ Fal Sotver Parameters =)
= A B c D E[ F O A ) 3
1 Company Assets  Equity Employees Revenue  Profit 5. Effciency
2 Mitsubishi 919206 10950 36000 1843652 3462 0 1 Set Objectve: F519 @
3 Mitsui 687709 55539 80000 1815187 3148 0 1
4 Rochy 657089 42711 7182 1691646 1212 0 1 To: O Max ©® Mo © yalue OF: u
5 General Motors 2171234 233455 709000 1688286 6880.7 0 1
6 Sumitomo 50268. 6681 6193 1675307 2105 1 1 By Changing Variable Cels:
7 Marubeni 714393 52391 6702 1610574 1566 0 1 SI52: 81816, 5F$20:6F522
8 Ford Motor 243283 24547 346990 137137 4139 0 0597152
9 |Toyota Motor 1060042 496916 146855 111052 26624 0 0423575 Sbject 1 the Constraints:
1 RoyalOuchsiGowp | T10TTS S04 o0 o7 woss o 1| [SEmemses z P
e L B mE i mamee | oo
15 Nopon Tegopn & Tophons 1200775 422001 2outa | o1o372 me1 o oserm
:? ATAT 88884 17274 299300 79609 139 0 0324338
18 Reference DMU under 15" Efficienc
g Equy :?:; = rgg; : DEAPS (V] Make Unconstrained Variables Non-Negative
s 175307 > 79609 tiscts S Mebod SR =]
25‘ ;’:oﬂ 2105 2 139 Soving Method
% o Serlex
Fig. 7.5 Efficiency result for Input-oriented VRS non-radial DEA model
n n n
max DAY= XA DAYy
7=l j=1 =1
subject to
n
z&j.xij <x, i=L..,m
j=1
A, 20, j=L..n. (7.6)

where x, =(x,,,...,x,,) represents the input vector of DMU, among others.
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If all DMUs produce only one output, i.e., ¥, is a scalar rather than a vector,
then (7.6) is a single objective linear programming problem

I%?X(gﬂjij

subject to

zﬂx <x, i=Ll..,m
ﬂj >0, j=1,..,n. (7.7)
Let 4,y;, = A7, then (7.7) turns into

max 3 4]
=1
subject to
Zﬂ'x' <x, i=l.,m;

ﬂ,’. 20, (7.8)
where x; =x,/y, and x/, =x,/y,.
As shown in Charnes et al. (1978), model (7.8) is equivalent to the output-orient-
ed CRS envelopment model
max z,

subject to

zﬂjyj 2 Zoya
j=1

n
NAx,<x, i=l..m
=

2,20, j=1,

ey L.

Next, if y, is a vector with s components, then we define

Z}%yrj =07, (7.9)
<
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As aresult, (7.6) becomes
Max(0, ;- 0, ¥,,)

subject to

n
2/1ij =0y, r=1L..s
=1

z&j.xl.j <x,, i=1,..,m;

J=1

2,20, j=1.n. (7.10)
Let W={w|weR",w, 20 and Z:ZIW,. =1} be the set of nonnegative weights.

The weighting problem associated with (7.10) is defined for some we W as

s
max 2 Wr O-r y ro
4,0, oy

subject to

n
Zﬂ,jy,]. =0y, r=L.,s;
j=I1

z]‘ljxij <x, i=L.,m
J=
2,20 j=1.n. (7.11)

Furthermore, let W, =w, y, forall ¥=1, ..., s, then (7.11) is equivalent to the fol-
lowing linear programming problem

S
max 2 w0,
)

40,

subject to

z/ijy,]. =0y, r=L.,s;

J=1

Zij[j <x, i=1,..,m;

J=1

4,20 j=1..,n. (7.12)
Model (7.12) is exactly the output-oriented CRS DEA/preference model. However,

if we wish output level cannot be decreased to reach the efficient frontier, we spec-
ify (7.13) instead of (7.9).
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y _ - 1
z{ﬂujyrj =0,y suchthat o, 21 forall r=1,...,s. (7.13)
J=

We see that for a specific DMU, , i: =1 and ﬂ,: =0 (j # 0) is an optimal solution
to (7.12), when ¢ =1 for all r=1,..., 5. Note that if some o #1,then 4 =0 is
an optimal solution to (7.12). Therefore, (7.6) can be interpreted as follows: when
X, =(x,,...,X,,) is regarded as resource, if the resource x, can be used among
other DMUs (associated with /1: # 0 ), then more desirable or preferred output level
y  is produced and y is not a pareto solution to (7.6).

It can be seen that weighted non-radial DEA model (7.12) is equivalent to an
MOLP problem. If we impose an additional on z A, in (7.6), then we obtain
other output-oriented DEA models.

7.4.2  Input-oriented DEA

Similar to (7.6), we write the following MOLP model.

rr}llzn(z‘f ﬂ/.x‘j] = (zl Ax,; ,...,Zl ﬂfxmj)
J= J= J=

subject to
z&j.y,]. <y, r=1..,s;
J=1
P 7.14
ﬂ,j >0, j=1..,n ( )

where y, = ( Vigr-eos »,,) represents the output vector of DMU, . If all DMUs use
only one input, i.e., X, is a scalar, then (7.14) is a single objectwe linear program-
ming problem and is equlvalent to the input-oriented CRS envelopment model with
single input.

Let G={g|geR",g,20 and ZLgi =1} be the set of nonnegative
weights. Then model (7.14) can be transformed into the following linear program-
ming problem.

m
min .7,
L
subject to

2/1 X, =Tx,  i=L.,m

z/ljyrj >y r=1..,s;
j=1

4,20 j=Lon. (7.15)
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where g, = g,x, foralli=1,...,m, and z, is defined in (7.16) or (7.17).

Z‘ Ax, =1x, (7.16)

A,x, =1.x, suchthatz, <1 foralli= 1,...,m. (7.17)

J

Model (7.15) is a weighted non-radial DEA model incorporated with preference
over the adjustment of input levels. If we use (7.16), then there is no restrictions on

7, and model (7.15) is the input-oriented CRS DEA/PS model.

Note that for a spec1ﬁc DMU , /1 =1 and /1 =0 (j#0) isan optlmal solu-
tion to (7.15), when 7z, =1 for all i=1 , m. Note also that if some 7, # 1, then
A, =0 is an optimal solution to (7. 15) If we impose an additional on z A in
(7.15), then we obtain other input-oriented DEA models.

7.4.3 Non-Orientation DEA

Consider the following MOLP model.
X (2}4 4, ) = (2{ AiP1jseees 214 e J
IAVE j= J=
H}in (Z X, ) = (2} A5 214 A%, )
7 \= J= J=

subject to

. (7.18)
ﬂ,j >0 j=1,..,n

We have the following equivalent linear programming model

©
3

subject to

Zﬂ Xy =T, i=1,..,m

ZJ,ij.:o;ym, r=1,..,s;
j=1

7, <1, i=1,..,m
o 21, r=1..,s;
/1/. >0, j=1..,n (7.19)
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Note that o, 21 and 7, <1 in (7.19). Therefore, we have 7.x, =x, —s, and
0,y,, =¥, +s’ ,where s, s" >0 .Then, (7.19) becomes

s m m s

+ - — —

maX+ E w.s, + E 85 — E gi+ 2 w,
i=1 i=1 r=1

T —

subject to

n
Z/ijx,.j +5; =X, i=1..,m,
J=1

n

+ .
z%y,y.—s,, =y, r=1..,s;
J=!

-+
s;,8 .4, 20.

which is a weighted slack-based DEA model (see Chap. 3 and Seiford and Zhu
(1999)).

7.5 Using DEAFrontier Software

7.5.1 Non-radial Models

To run the non-radial models, select the “Non-radial Model” menu item. You
will be prompted with a form as shown in Fig. 7.6 for selecting the models pre-
sented in Table 7.1. The Results are reported in “Efficiency”, “Slack”, and “Target”
sheets.

7.5.2  Preference-Structure Models

To run the preference structure models, select the “Preference Structure Model”
menu item. Figure 7.6 shows the form for specifying the models.

If “Yes” is selected under “Restrict Input/Output Change?”, then we have
weighted non-radial models. If “No” is selected, then we have the DEA/PS models
presented in Table 7.2. The software will then ask you to specify the weights for the
inputs or outputs, depending on the model orientation. The Results are reported in
“Efficiency”, “Slack”, and “Target” sheets (Fig. 7.7).
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Fig. 7.6 Non-radial models

7 Non-radial DEA Models and DEA with Preference

“Non-radial Mod . ﬁ

Please select the sheet that has the data (DMUs, inputs,
outputs), Model Orientation, and Frontier Type:

[0 Sheetl
[0 Sheet2

[0 Sheet3

Model Orientation

" Output-Oriented

Frontier Type - Returns to Scale

® CRS C RS

C NIRS C NDRS

Developed by Joe Zhu l

Preference Structure Model g\

Please make the selections:

’mmmmmmum‘

Model Orientation E

_ Gancel |

(" Output-Oriented

© RS

C NIRS

Frontier Type - Returns to Scale

Restrict Input/Output Changes? —
C RS
« Yes  No

C NDRS

Daval y Joo Zho

Fig. 7.7 Preference structure models
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‘ Doctor Nurse

A 120 151 1100 190
| B 19 131 1150 150
| C 25 160 160 55
|D 27 168 180 72
E 22 158 94 66
F 55 255 230 90
|G 33 235 220 88
| H 31 206 1152 180
| 130 244 1190 1100
K 150 1268 , 1250 1100
K 53 306 260 147
L 38 284 250 120
Fig. 7.8 Hospital data
Fig. 7.9 Input prices [ ] B | ® | D | E |
Hospital _|Doctor ~ Nurse

2 | A 500 100

B3N B 350 80

4N C 450 90

B58| D 600 120

N6H| E 300 70

B F 450 80

(816G 500 100

9| H 450 85

10| | 380 76

1] J 410 75

(12| K 440 80

N3N L 400 70

7.5.3 Cost Efficiency, Revenue Efficiency and Profit Efficiency

These models need information on the input and output prices. Consider the Hos-
pital example in Cooper et al. (2000). The input and output data are reported in the
“Data” sheet (Fig. 7.8), input price are reported in the “Input Price” sheet (Fig. 7.9)
and the output price are reported in the “Output Price” sheet (Fig. 7.10).

The cost efficiency and revenue efficiency are discussed in Sect. 7.2. Table 7.3
summarizes the related models.
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A 550 2010
B 400 1800
| C 480 2200
D 600 3500
E 400 3050
F 430 3900
G 540 3300
| H 420 3500
| 350 2900
K 410 2600
K 540 2450
i L 295 3000

Fig. 7.10 Output price

Table 7.3 Cost efficiency and revenue efficiency models

Frontier type  Cost Revenue
m 5
min z X, max z q'y.,
i=1 r=1
subject to subject to
CRS lexij <%, i=L2,..m Z/ljxl.j <x, i=12,..m
j=1 j=1
DAV 2y, r=El2s S Ay, 25, r=12..s
J=1 Jj=1
ﬂl,waO ﬂ’j’ym_o
VRS Add X, A =1
NIRS Add X, A <1
NDRS Add X, A 21

In Table 7.3, p;? and ¢ are unit price of the input / and unit price of the output »
of DMU, , respectively. These price data may vary from one DMU to another. The
cost efficiency and revenue efficiency of DMU, is defined as
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Table 7.4 Profit efficiency

Frontier type
models =
maxzq:j}m _Zp;iio
r=1 i=1
subject to
zﬂ,ixii <x, i=12,..m
CRS j=1
zﬂ,iyr]. =2y, r=L2,..s
e
)‘Eio S xio’j}m 2 yro
lj >0
VRS Add Y, A, =1
NIRS Add Y, A, <1
NDRS Add Y, 4,21

m s
o~* o

z pz xio 2 qr yro

i=1 and r=1

m

o

pi X,

i=l1

>

5

, a7,

r=1

Note that the revenue efficiency is defined as the reciprocal of the one defined in
Sect. 7.2. As a result, the cost and revenue efficiency scores are within the range of
0and 1.

The efficiency scores are reported in the “Cost Efficiency” (“Revenue Efficien-
cy”) sheet. The optimal inputs (outputs) are reported in the “OptimalData Cost Ef-
ficiency” (“OptimalData Revenue Efficiency”) sheet.

Table 7.4 presents the models used to calculate the profit efficiency defined as

S m
0 o
quyro _Zpl xio
r=1 i=1
s m
0 ~F o ~%
quyro _zpl xio
r=1 i=1

The results are reported in the “Profit Efficiency” and “OptimalData Profit Effi-
ciency” sheets.
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Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 7) contains
supplementary material, which is available to authorized users.
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Chapter 8
Modeling Undesirable Measures

8.1 Introduction

Both desirable (good) and undesirable (bad) outputs and inputs may be present.
For example, the number of defective products is an undesirable output. One wants
to reduce the number of defects to improve the performance. If inefficiency exists
in production processes where final products are manufactured with a production
of wastes and pollutants, the outputs of wastes and pollutants are undesirable and
should be reduced to improve the performance.

Note that in the conventional DEA models, e.g., the VRS envelopment models,
it is assumed that outputs should be increased and the inputs should be decreased
to improve the performance or to reach the best-practice frontier. If one treats the
undesirable outputs as inputs so that the bad outputs can be reduced, the resulting
DEA model does not reflect the true production process.

Situations when some inputs need to be increased to improve the performance
are also likely to occur. For example, in order to improve the performance of a waste
treatment process, the amount of waste (undesirable input) to be treated should be
increased rather than decreased as assumed in the conventional DEA models.

Seiford and Zhu (2002) develop an approach to treat undesirable input/outputs
in the VRS envelopment models. The key to their approach is the use of DEA clas-
sification invariance under which classifications of efficiencies and inefficiencies
are invariant to the data transformation.

8.2 Efficiency Invariance

Suppose that the inputs and outputs are transformed to X, = x,, +u,and y,, =y, +v,,
where u, and v, are nonnegative. Then the input-oriented and the output-oriented
VRS envelopment models become

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 141
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 8, © Springer International Publishing Switzerland 2014
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m S
min 60— E[Z s, + Zs:’]
i=l r=l1
subject to

le +s5; = i=12,..,m;
Zﬁirj—sr*=?m r=12,..,s

34, =1
=1

A;20 j=12.n (8.1)

max ¢+ 8[

Ms
12}
|
+
‘ =)
A
~r
N—

i=1
subject to

n
Zﬂjxij+si =X, i=12,...m;
=

A1.20 i=12,.n. (8.2)

Ali and Seiford (1990) show that DMU, is efficient under (2.4) or (2.5) (in Chap. 2)
if and only if DMU, is efficient under (8.1) or (8.2). This conclusion is due to the
presence of the convexity constraint ZZ:I A, = 1. This property also enables us to
treat possible negative inputs and outputs before applying the VRS model (see Ap-
pendix of this chapter.)

In general, there are three cases of invariance under data transformation in DEA.
The first case is restricted to the “classification invariance” where the classifications
of efficiencies and inefficiencies are invariant to the data transformation. The sec-
ond case is the “ordering invariance” of the inefficient DMUs. The last case is the
“solution invariance” in which the new DEA model (after data translation) must be
equivalent to the old one, i.c., both mathematical programming problems must have
exactly the same solution. The method of Seiford and Zhu (2002) is concerned only
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with the first level of invariance—classification invariance. See Pastor (1996) and
Lovell and Pastor (1995) for discussions in invariance property in DEA.

8.3 Undesirable Outputs

Let y? and y denote the desirable (good) and undesirable (bad) outputs, respec-
tively. ObV1ously, we wish to increase y;; and to decrease y to improve the per-
formance However, in the output- orlented VRS envelopment model, both y; and
y,, are supposed to increase to improve the performance. In order to increase the
desirable outputs and to decrease the undesirable outputs, we proceed as follows.

First, we multiply each undesirable output by “—1” and then ﬁnd a proper value
v_to let all negative undesirable outputs be positive. That is, yr] =- yf/. +v. >0.
ThlS can be achieved by v, = max{ Yy } +1, for example.

Based upon (8.2), we have °

max h

subject to

n
z //Ljyg' 2 hyy,
j=1

n
—b o 1=b
2 /?’jyrj 2 hy,,

j=1

n
z ljxij <x,
=1

n
24 =
=1

A;20, j=1,n (8.3)

Note that (8.3) increases desirable outputs and decreases undesirable outputs. The
following theorem ensures that the optimized undesirable output of y* (= v, —=h'y")
cannot be negative.

Theorem 8.1 Given a translation vector v, suppose %" is the optimal value to (8.3),
we have 73" <v,.

[Proof] Note that all outputs now are non- negatlve Let ﬂ» be an optimal so-
lution associated with 4" Since 2 =1, ny <7, where v 1s composed
from (translated) maximum values among all bad outputs. Note that 3~ = -y +v ,
where y” is composed from (original) minimum values among all bad outputs. Thus,
Kyl <v,.
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AGood output (g)
C D D’
— — — — \C,
G / N
B N
E \
\
A ) v

A A

F
>
Bad output (b)

Fig. 8.1 Treatment of bad output

We may treat the undesirable outputs as inputs. However, this does not reflect
the true production process. We may also apply a monotone decreasing transforma-
tion (e.g., 1/ yfj) to the undesirable outputs and then to use the adapted variables as
outputs. The current method, in fact, applies a linear monotone decreasing transfor-
mation. Since the use of linear transformation preserves the convexity, it is a good
choice for a DEA model.

Figure 8.1 illustrates the method. The five DMUs A, B, C, D and E use an equal
input to produce one desirable output (g) and one undesirable output (b). GCDEF
is the (output) frontier. If we treat the undesirable output as an input, then ABCD
becomes the VRS frontier. Model (8.2) rotates the output frontier at EF and obtains
the symmetrical frontier. In this case, DMUs A’, B’ and C’, which are the adapted
points of A, B and C, respectively, are efficient.

The efficient target for DMU | is

A %
Xio = Xip —S;

rg 7% g 4
yro_h yro+Sr

b *—p 4k
Yio = Vr _(h Yro Sy )

We conclude this section by applying the method to the six vendors studied in We-
ber and Desai (1996). Table 8.1 presents the data. The input is price per unit, and
the outputs are percentage of late deliveries and percentage of rejected units. (See
Weber and Desai (1996) for detailed discussion on the input and the two outputs.)

Obviously, the two outputs are bad outputs. We use an translation vector of
(3.3%, 8%). (Or one could use (100 %, 100 %) as in Chap. 7.) Figure 8.2 shows the
translated data and the spreadsheet model. This is actually a spreadsheet model for
the output-oriented VRS envelopment model. Figure 8.3 shows the Solver param-
eters. Column G in Fig. 8.2 reports the efficiency scores. (see also file “badoutput.
xlsm™.)
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Table 8.1 Vendors. (Source:

- Vendors Price ($/unit) % Rejects % Late deliveries
Weber and Desai 1996)

1 0.1958 1.2 5

2 0.1881 0.8 7

3 0.2204 0 0

4 0.2081 2.1 0

5 0.2118 2.3 3

6 0.2096 1.2 4

el Bl e ol E | B e
B Price %Rejects % Late deliveries A Efficiency
[ 2 |Vendor 1| 0.1958 2.1 3 0 1.08921
[ 8 |Vendor2 | 0.1881 25 1 0.327059 1
[ 4 |Vendor3 | 0.2204 33 8 0.653754 1
[ 5 |Vendor4 | 0.2081 1.2 8 0.019187 1
|6 |Vendor5 | 0.2118 1 5 0 16
| 7 |Vendor 6 | 0.2096 2.1 4 0 1.427647
8

| © || Reference DMU unde 6 YEfficiency
|10 |Constrain  set Evaluation
[ 11 |price 0.2096 < 0.2096
112 |Rejects | 2.998059 > | 2.998059 Run
|13 |Late delive 5.710589 > | 5.710589
P ) 1 = 1

Fig. 8.2 Bad outputs spreadsheet model

If we do not translate the bad outputs and calculate the regular output-oriented
VRS envelopment model, vendor 5 is classified as efficient, and vendor 3 is classi-
fied as inefficient. (see Fig. 8.4 where 0.0001 is used to replace 0.) The same Solver
parameters shown in Fig. 8.3 are used.

If we treat the two bad outputs as inputs and use the input-oriented VRS envelop-
ment model, we obtain the efficiency scores shown in Fig. 8.5 (Fig. 8.6 shows the
Solver parameters). In this case, we do not have outputs.

8.4 Undesirable Inputs

The above discussion can also be applied to situations when some inputs need to be
increased rather than decreased to improve the performance. In this case, we denote
xij'. and xi][.’ the inputs that need to be increased and decreased, respectively.
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-
Solver Parameters

Set Objective: |$F$10

To: © Max © Min © Value Of: 0

By Changing Variable Cells:
|§F$2:6767,57$10

Subject to the Constraints:

$B$11 <= $DS11 - Add
$8$14 = $DS14
Load/Save

$8$12:98513 >= $D$12:$D$13

[#] Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP (=] Options
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[

L. J

—

| dose

Fig. 8.3 Solver parameters for bad outputs spreadsheet model

%Rejects Efficiency

0.1958 1.2 5 0 1.075329

0.1881 0.8 7 0.518519 1

0.2204 0.0001 0.0001 0 23000

0.2081 2.1 0 0 1

0.2118 23 3 0.481481 1

0.2096 1.2 4 0 1.268519

Reference DMU unde 6 Efficiency

Constrain  set Evaluation
price 0.199511] < 0.2096
' |Rejects 1522222, > 1.522222
 |Late delive 5.074074| > | 5.074074
ZX 1 = 1

Fig. 8.4 Efficiency scores when bad outputs are not translated
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A B C D E F G

1 Price %Rejects % Late deliveries A Efficiency
2 |Vendor 1 | 0.1958 1.2 5 0 0.990548
3 |[Vendor 2 | 0.1881 0.8 7 0.541904 1
4 |Vendor 3 = 0.2204 0 0 0.122632 1
5 |Vendor4 | 0.2081 2.1 0 0.335464 1
6 |Vendor5 | 0.2118 23 3 0 0.944315
7 |Vendor 6 | 0.2096 1.2 4 0 0.948332
8
9 Reference DU unde 6 Efficiency
10 |Constrain  set Evaluation
11 |price 0.19877 < 0.19877
12 |Rejects 1.137998 < 1.137998 RUN |
13 |Late delive 3.793326 < | 3.793326 |
14 [EX 1 = 1

Fig.

8.5 Efficiency scores when bad outputs are treated as inputs

.

Solver Parameters

Set Objective: $Fs10

To: © Max @ Min © value Of: 0 |

By Changing Variable Cells:
|§FS2:87$7,57$10

Subject to the Constraints:

$B8$11:6B$13 <= $D$11:$D$13 -
$8$14 = $D$14

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP |Z| Options

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

= =

"

Fig. 8.6 Solver parameters when bad outputs are treated as inputs
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We next multiply x; by “~1” and then find a proper , to let X, =—x, +u, >0.
Based upon model (8.1), we have '

min 7
subject to

n
z/ijxi]p <7x))
j=1

n

=1 o =1

lejxy- < 71X,
j=1

n
z ﬂjyrj 2 Yro
j=1

n
YA, =1

j=1
A,20 j=1L..,n (8.4)

J

I - - D - .
where x; is increased and x;; is decreased for a DMU to improve the performance.

The efficient target for DMU , 1s
~D _ * I %

Xip =T Xjp = 5;

AT w J %
Xip =t —(T X, —5; )

A 4k
Yro _yro+sr

8.5 Solving DEA Using DEAFrontier Software

To run the models for treating undesirable measures, select the Undesirable-Mea-
sure Model menu item. You will be prompted with a form for selecting the DMU
data sheet and then a form for specifying the models, as shown in Fig. 8.7. The
results are reported in “Efficiency”, “Slack”, and “Target” sheets.

8.6 Negative Data

So far, we have assumed that all inputs and outputs are either positive or zero. How-
ever, we have cases where some inputs and (or) outputs are negative. For example,
when a company experiences a loss, its profit is negative. Similarly, returns on some
stocks can be negative. This can be easily solved by way of the translation invari-
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Fig. 8.7 Undesirable mea- )
sure models Undesirable Measure Model @

| Please make the selections:

Model Orientation Please specify the
undesirable measure(s).
Hold Ctrl if you want to
make more than one
selection

" Input-Oriented

O Y%rejection
O %]ate deliver

Developad by Jo2 Zhu

ance property of the VRS models (Ali and Seiford 1990). Specifically, the VRS
frontier remains the same if x; and y, is replaced to X, and y, , respectively.

Consider the example given in the following Table where we have 10 DMUs'.
We have two inputs x, =Standard Deviation and x,=PropNeg (proportion of nega-
tive monthly returns during the year), and three outputs y, =Return (average month-
ly return), y,=Skewness and y,=Min (minimum return).

Note that some values for return, skewness and Min are negative. In the table the
average monthly return, skewness and minimum return are displaced by 3.7, 2, and
26 %, respectively so that all the output values are positive across all the DMUs.
The translation values can be chosen randomly as long as the negative values be-
come positive (Table 8.2).

Since negative data are present only in the outputs, we thus use the input-oriented
VRS model. When DMUI is under evaluation, we have 49; = (.75, indicating this
DMU is inefficient, and A; = 0.51and A, = 0.49, indicating DMU3 and DMU#4 are
the benchmarks.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 8) contains
supplementary material, which is available to authorized users.

! These DMUs are called commodity trading advisors (CTAs) in Wilkens and Zhu (2001).
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Chapter 9
Context-dependent Data Envelopment Analysis

9.1 Introduction

Adding or deleting an inefficient DMU or a set of inefficient DMUs does not alter
the efficiencies of the existing DMUs and the best-practice frontier. The inefficien-
cy scores change only if the best-practice frontier is altered. i.e., the performance of
DMUs depends only on the identified best-practice frontier. In contrast, researchers
of the consumer choice theory point out that consumer choice is often influenced by
the context. e.g., a circle appears large when surrounded by small circles and small
when surrounded by larger ones. Similarly a product may appear attractive against
a background of less attractive alternatives and unattractive when compared to more
attractive alternatives (Simonson and Tversky 1992).

Considering this influence within the framework of DEA, one could ask “what
is the relative attractiveness of a particular DMU when compared to others?” As in
Tversky and Simonson (1993), one agrees that the relative attractiveness of DMU
compared to DMU  depends on the presence or absence of a third option, say
DMU _ (or a group of DMUs). Relative attractiveness depends on the evaluation
context constructed from alternative options (or DMUs). In the original DEA meth-
odology, each DMU is evaluated against a set of frontier DMUSs. That is, the origi-
nal DEA methodology can rank the performance of inefficient DMUs with respect
to the best-practice frontier. However, when DMU, and DMU, are members of
best-practice frontier, DEA cannot identify which of DMU_and DMU | is a bet-
ter option with respect to DMU_ (or a set of inefficient DMUSs). Because both
DMU, and DMU, have an efficiency score of one. Although one may use the
super-efficiency DEA models (see Chap. 10) to rank the performance of efficient
DMUs, the evaluation context or third option (the reference set) changes in each
evaluation. i.e., DMU,_ and DMU, are not evaluated against the same third option
by the super-efficiency concept.

From the above discussion, we see that DEA provides performance measures
that are absolute in the sense that all DMUs are evaluated against the best-practice
frontier. In order to obtain the relative attractiveness within DEA, Seiford and Zhu

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 153
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 9, © Springer International Publishing Switzerland 2014
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(2003) modify the original DEA methodology to a situation where the relative per-
formance is defined with respect to a particular best-practice context (evaluation
context).

In order to obtain the evaluation contexts, an algorithm is developed to remove
the (original) best-practice frontier to allow the remaining (inefficient) DMUs to
form a new second-level best-practice frontier. If we remove this new second-level
best-practice frontier, a third-level best-practice frontier is formed, and so on, until
no DMU is left. In this manner, we partition the set of DMUSs into several levels of
best-practice frontiers.

Note that each best-practice frontier provides an evaluation context for measur-
ing the relative attractiveness. e.g., the second-level best-practice frontier serves
as the evaluation context for measuring the relative attractiveness of the DMUs
located on the first-level (original) best-practice frontier. It can be seen that the pres-
ence or absence (or the shape) of the second-level best-practice frontier affects the
relative attractiveness of DMUs on the first-level best-practice frontier. A relative
attractiveness measure is obtained when DMUs having worse performance are cho-
sen as the evaluation context. When DMUs in a specific level are viewed as having
equal performance, the attractiveness measure allows us to differentiate the “equal
performance” based upon the same specific evaluation context (or third option).

On the other hand, we can measure the performance of DMUSs on the third-level
best-practice frontier with respect to the first or second level best-practice frontier.
We define this type of measure as a progress measure where DMUSs having better
performance are chosen as the evaluation context. i.e., we measure the progress
of DMUs with respect to best-practice frontiers at advanced levels. Note that the
original DEA method provides a projection function to improve the performance
of inefficient DMUs. However, it is likely that a particular inefficient DMU is un-
able to immediately improve its performance onto the first-level best-practice fron-
tier because of such restrictions as management expertise, available resources, etc.
Therefore intermediate (and more easily achievable) targets may be desirable for
an inefficient DMU. By focusing on different levels of best-practice frontiers, the
progress measure provides incremental improvements for a DMU’s performance.
i.e., we move the DMU step by step onto an attainable best-practice frontier. The
resulting intermediate targets are /local targets, whereas the targets on the first-level
(original) best-practice frontier are global targets.

9.2 Stratification DEA Method

Define J' = {DMU )= L,...,n} (the set of all # DMUs) and interactively define
J*' =3 —E' where E' ={DMU, €J'| 6 (I,k)=1}, and 6 (/,k) is the optimal
value to the following input-oriented CRS envelopment model when DMU, is
under evaluation
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6 (Lk)y= min 6(,k)
2;.6(1.k)

subject to

N, A <6 kx,
JjeF(h) 9.1)
z ﬂjyzj 2 Yk
)

jeF!

2,20 jeFJ".

where je F(J') means DMU, € J',i.e., F(¢) represents the correspondence from
a DMU set to the corresponding subscript index set.

When /=1, model (9.1) becomes the original input-oriented CRS envelopment
model, and E' consists of all the frontier DMUs. These DMUs in set E' define the
first-level best-practice frontier. When /=2, model (9.1) gives the second-level best-
practice frontier after the exclusion of the first-level frontier DMUs. And so on. In
this manner, we identify several levels of best-practice frontiers. We call E' the /th-
level best practice frontier. The following algorithm accomplishes the identification
of these best-practice frontiers by model (9.1).

Step 1: Set /=1. Evaluate the entire set of DMUs, J', by model (9.1) to obtain
the first-level frontier DMUs, set E' (the first-level best-practice frontier).

Step 2: Exclude the frontier DMUs from future DEA runs. J'*' =J' —E'. (If
J""' =@ then stop.)

Step 3: Evaluate the new subset of “inefficient” DMUs, J'*', by model (9.1) to
obtain a new set of efficient DMUs E'*' (the new best-practice frontier).

Step 4: Let /=/+ 1. Go to step 2.

Stopping rule: J'*' = @, the algorithm stops.

Thus, model (9.1) yields a stratification of the whole set of DMUs. From the algo-
rithm, we know that / goes from 1 to L, where L is determined by the stopping rule.
Consider Fig. 1.2 in Chap. 1. DMUs 1, 2, 3 and 4 form the first-level CRS frontier
and DMUS forms the second-level CRS frontier (L=2).

It is easy to show that these sets of DMUs have the following properties

1. J'=UL E and E'NE" =@ for [ 21’;

2. The DMUs in E” are dominated by the DMUs in E' if /">

3. Each DMU in set E' is efficient with respect to the DMUs in set E"* for all
0</’<I-L.

We next use a data set from the DEA Dataset Repository at http://java.emp.pdx.edu/
etm/dea/dataset/ to illustrate the algorithm. Table 9.1 presents the data. The data
set contains 24 flexible manufacturing systems (FMS). Each FMS has five inputs
(1) total cost (TC) ($millions), (2) work in process (WIP) (units), (3) throughput
(TT) (hours/unit), (4) employees (EMP) (persons), and (5) space requirements (SR)
(thousands of square feet), and three outputs (1) volume flexibility (VF) (average
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Table 9.1 Data for the flexible manufacturing systems

FMS Inputs Outputs
TC WIP TT EMP SR VF PF RF

1 1.19 98 12.33 5 5.30 619 88 2
2 4.91 297 34.84 14 1.10 841 14 4
3 4.60 418 16.68 12 6.30 555 39 1
4 3.69 147 40.83 10 3.80 778 31 2
5 1.31 377 20.82 3 9.80 628 51 6
6 3.04 173 38.87 4 1.60 266 13 5
7 1.83 202 49.67 13 4.30 46 60 4
8 2.07 533 30.07 14 8.80 226 21 4
9 3.06 898 27.67 2 3.90 354 86 5
10 1.44 423 6.02 10 5.40 694 20 3
11 2.47 470 4.00 13 5.30 513 40 5
12 2.85 87 43.09 8 2.40 884 17 7
13 4.85 915 54.79 5 2.40 439 58 4
14 1.31 852 86.87 3 0.50 401 18 4
15 4.18 924 54.46 4 6.00 491 27 4
16 1.99 273 91.08 3 2.50 937 6 3
17 1.60 983 37.93 13 8.80 709 39 2
18 4.04 106 23.39 11 2.90 615 91 3
19 3.76 955 54.98 1 9.40 499 46 3
20 4.76 416 1.55 9 1.50 58 2 6
21 3.60 660 3.98 6 3.90 592 29 4
22 3.24 771 52.26 8 1.60 535 61 1
23 3.05 318 35.09 4 9.20 124 25 2
24 1.60 849 62.83 15 7.30 923 60 3

range of production capacity per product type), (2) production mix flexibility (PF)
(product types), and (3) routing flexibility (RF) (average number of operations per
machining center).

Figure 9.1 shows the spreadsheet model for identifying the first level of CRS
frontier. The target cell is F28, and the changing cells are K2:K25 and F28. The
formulas for cells B29:B36 are

Cell B29=SUMPRODUCT(B2:B25,K2:K25)
Cell B30=SUMPRODUCT(C2:C25,K2:K25)
Cell B31=SUMPRODUCT(D2:D25,K2:K25)
Cell B32=SUMPRODUCT(E2:E25,K2:K25)
Cell B33=SUMPRODUCT(F2:F25,K2:K25)
Cell B34=SUMPRODUCT(H2:H25,K2:K25)
Cell B35=SUMPRODUCT(12:125,K2:K25)
Cell B36=SUMPRODUCT(J2:J25,K2:K25)

The formulas for cell D29:D36 are

Cell D29=F28*INDEX(B2:B25,E27,1)
Cell D30=F28*INDEX(C2:C25,E27,1)
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A B G D E|F |G| H Ll J] K L M N (9] P Q

1 FMS TC WP T EMP SR VF PF RF 1 Efiiciency

21 1.19 98 12.33 5 53 619 8 2 0 1

23|22 3.24 771 5226 8 16 53 61 1 0 1

24|23 3.06 318 35.09 4 92 124 25 2 0 0.376236

2524 16 849 6283 15 73 923 60 3 1 1

26 7 N
27 Reference DMU under 24 " Efficienc: Solver Parameters g
EConsuaints set Evaluation d

29 |TC 16 < 16

30 WP 849 < 849 TREIEE s
31T 6283 < 62.83 CRS Level-1

32 EMP 15 < 15 To: © Max © Min © value Of: 0

33 SR 73 < 73

34 |VF 923 > 923 By Changing Variable Cells:

35 PF 60 > 60 K82:5K$25,57$28
36 RF 3 > 3

37 Subject to the Constraints:

38 $B$29:$8$33 <= $D$29:$D$33 R w
39 $8534:$8536 >= $D$34:5D$36 &

40

P Change

42

3 Delete

Fig. 9.1 First level CRS frontier

Cell D31=F28*INDEX(D2:D25,E27,1)
Cell D32=F28*INDEX(E2:E25,E27,1)
Cell D33=F28*INDEX(F2:F25,E27,1)

Cell D34=INDEX(H2:H25,E27,1)

Cell D35=INDEX(12:125,E27,1)

Cell D36=INDEX(J2:J25,E27,1)

The button “CRS Level-1" is linked to the VBA procedure “Levell” which records
the CRS efficiency scores in column L.

Sub Levell ()
Dim i As Integer
For 1 = 1 To 24
'set the value of cell E27 equal to i (1, 2,..., 24)
Range ("E27") = i
SolverSolve UserFinish:=True
'Place the efficiency into column L
Range ("L" & 1 + 1) = Range ("F28")
Next i
End Sub

Sixteen FMSs are on the first level CRS frontier. They are DMUs 1, 2, 5, 6, 9, 10,
11,12, 14, 16, 18, 19, 20, 21, 22, and 24.

Next, we remove those FMSs with efficiency score of one. Because no absolute
references are used in the formulas in the spreadsheet shown in Fig. 9.1, the Solver
automatically adjusts the parameters as we remove the rows related to the FMSs
with efficiency score of one. Figure 9.2 shows the new spreadsheet.

Seven FMSs are on the second level CRS frontier. Because only one FMS,
namely DMU 23, is left, this DMU forms the third level CRS frontier (L=3).
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| 1 [Fms TC WIP |TT EMP |SR VF PF |RF A Efficiency
3 4.6 418 |16.68 12 163 555 39 1 0 1

[ 3 |4 3.69 147 140.83 10 38 778 31 |2 0 1

| 7 1.83 202 14967 13 143 46 60 |4 0.201 1

] 18 2.07 533 130.07 14 88 226 21 4 0 1

| 13 4.85 915 54.79 5 24 439 58 |4 0.157 1

| 115 4.18 924 |54.46 4 6 491 27 4 0.142 1

817 1.6 983 137.93 13 88 709 39 |2 0 1

! 23 3.05 318 135.09 4 9.2 124 25 |2 0 0.991748

|

l, | Reference DMU under 8 ‘Efficiency

], Constraints  set Evaluation

[ 13[TC 1.722457| < 3.024832

| |WIP 315.3759| < 315.3759

| T 26.31838| < 34.80044 | ¢

]7 EMP 3.966992| < 3.966992

| SR 2.093367 < | 9.124083

| 18 |VF 147.8423 > 124

| 19 |PF 25 > 25

| 20 |RF 2| > 2

Fig. 9.2 Second level CRS frontier

9.3 Input-oriented Context-dependent DEA

The DEA stratification model (9.1) partitions the set of DMUs into different frontier
levels characterized by E'(I= 1, ..., L). We present the input-oriented context-
dependent DEA based upon the evaluation context E’. The context-dependent DEA
is characterized by an attractiveness measure and a progress measure.

9.3.1 Attractiveness

Consider a specific DMU, = (x,,y,) from a specific level E*, I, € {1,..., L-1}.
We have the following model to characterize the attractiveness.

H,(d)=min H,(d) d=1,.,L-1,

subject to

Y A <H, (d)x,

JEF(ElH) 9.2)

DIREBIESS
)

JjeF(El*

. l,+d
4,20 jeFE-"™)
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Lemma 9.1 For a specific DMU,, € E' [ e {1,..., L—1}, model (9.2) is equiva-
lent to the following linear programming problem

H (d)= min H,/(d) d=1,.L-I
lHq(d

subject to

Y A <H,(d)x,

jEF(JI"+d)

> A2y,

jEF(JI"Hi

. I,+d
A;20 jeFI"*)

9.3)

L1,
[Proof]: Note that J*™ = \UE"". Therefore, (9.3) can be rewritten as

I=a

H(d)= in  H (d d=1,.,L—1
q()ﬂ?flﬁnq(d) ,(d) s L1,

7270

subject to

Z M;x; + 2 ﬂ,jxj SI:Iq(d)xq 9.4)

jGF(EIOHi) jEF(Jl”+d _E10+d)

2 Hiy;t Z A2y,

J-EF(EI,,-HI) _/'GF(J[”'H] 7E1”+d)

U A; 20

Obviously, 4, =0 forall je F(J"** —E"*")= F(u_y, E" +’) in any optimal so-
lutions to (9.4). Otherw1se ifsome A, # 0, then E A ERTY) = D (A con-
tradiction). Therefore, €2 (d ) =Q (d ) and (9.2) is equivalent to (9.3).m

Theorem 9.1 For a specific DMU, e E*, [, €{l,..., L~1}, we have
1. H (d)>1 foreach g =1,...,[,—1.
2 H(d+1)> H (d).

[Proof]:

1. Suppose H,(d) <1.

If H,(d)=1, then DMU, € E**’. This means that E*** NE" # . A contradic-
tion.

If H,(d)<1, then DMU, is dominated by E"*’. However, E** is dominated
by E". Thus, DMU, is dominated by E". This means that DMU, ¢ E". A con-
tradiction. Therefore Hq (d)>1.
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2. H,(d+1) is obtained by solving the following problem

Hy(d+1)= min H,(d+])

. H, (d+1)
subject to
2 A SH, (d+1)x,
JEF(EL ) 9.5)

A;20 jeF(E"")

H,(d) is obtained by solving the following problem

H'(d)= min H (d
,(d) ,in ()

subject to

Y, wx; <H,/(d)x,
JEF(El*)

DI BYESE
JeF(El* )

#; 20 jeFE")

which is, by Lemma 9.1, equivalent to the following linear programming problem

Hy(d)=  min = H,(d)

7277

subject to

Z Hix;+ | Z lj-xj < Hq(d)xq 9.6)

JeF(ElH ) JeF(E +d+1)

HjsA; 20

It can be seen that any optimal solution to (9.5) is a feasible solution to (9.6). There-
fore H, (d+1)= H, (d). However, if H,(d+1)=H_(d), then E""* NE""""' 2 .
Thus, H d+1)> H ,(d)m

Definition 9.1 H (d) is called (input-oriented) d-degree attractiveness of DMU,
from a specific level E".
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A =3V VT SR A VTS o A ) T T S T |
| 1 |[FMS (Levell) TC WIP TT | EMP | SR VF PF | RF Attractiveness
2 1 119 98 1233 | 5 513 16 ] 619 | 88 2 | 5257398
| 3 | 2 491 297 | 3484 14 1.1 841 14 4 | 3.883129
| 4 | 5 1.31 377 | 2082 | 3 9.8 Score 628 | 51 6 | 3.942397
| 5 | B 5 | 3.222047
| 6 | 5 | 3.706897
| 7 | 10 3 | 5347855
| 8 | 1 5 | 10.45603
| 9 | 12 7 | 4625919
| 10 | 14 4 48
| 11 | 16 3 | 3.334894
12 | 18 3 | 3.528959
| 13 | 19 3 | 4845534
| 14 | 20 B 29.1
| 15 | 21 4 9.24551
| 16 | 22 1 | 1.789802
| 17 | 24 3 | 1593583
| 18 [DMU under evaluation 3
19
EEvaluation background 2.8497 1227.1 57.687 18.73 1163
| 21 [FMS(Level2) TC WIP TT |EMP| SR VF | PF | RF 3
22 | 3 48 418 | 1688 @ 12 6.3 585 | 39 1 0
23 | 4/ 389 147 | 4083 | 10 38 778 | A 2 |0.082849
| 24 | 7 183 | 202 | 4967 | 13 | 43 48 60 4 0177585
| 25 | 8 2.07 | 533 | 3007 14 8.8 226 | 21 4 0
| 26 | 13 485 | 915 | 5479 | 5§ 24 439 | 58 4 0
| 27 | 15| 418 | 924 | 5446 | 4 3 491 | 27 4 0
28 17, 18 983 | 3793 | 13 8.8 709 | 39 2 1.1994

Fig. 9.3 First degree attractiveness spreadsheet model

Suppose, e.g., each DMU in the first-level best practice frontier represents an
option, or product. Customers may compare a specific DMU in E" with other alter-
natives that are currently in the same level as well as with relevant alternatives that
serve as evaluation contexts. The relevant alternatives are those DMU, say, in the
second or third level best-practice frontier, etc. Given the alternatives (evaluation
contexts), model (9.2) enables us to select the best option—the most attractive one.

In model (9.2), each best-practice frontier of E“*™ represents an evaluation con-
text for measuring the relative attractiveness of DMUs in E". The larger the value
of H ; (d), the more attractive the DMU, is. Because this DMU, makes itself more
distinctive from the evaluation context E“*“. We are able to rank the DMUs in E"
based upon their attractiveness scores and identify the best one.

Figure 9.3 shows a spreadsheet model for the attractiveness measure—model
(9.2). Cells A1:J17 and A21:J28 store the DMUs in the first and second levels, re-
spectively. This spreadsheet model measures the first-degree attractiveness. Cell G2
is reserved to indicate the DMU under evaluation. Cell G5 represents the attractive-
ness score, and is the target cell and a changing cell. Cells K22:K28 are reserved for
changing cells of 4,.

Cells B20:F20, and cells H20:J20 contain formulas for the reference set (DMUs
in the second level CRS frontier). The formula for cell B20 is “=SUMPRODUCT
(B22:B28,$K$22:$K$28)” and is copied into cells C20:F20 and cells H20:J20.
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-
Solver Parameters J

Set Objective: $GS5

To: ©) Max @ Min © Value Of: 0

By Changing Variable Cells:
$K$22:8K$28,$GS5

Subject to the Constraints:

$B$20:$F$20 <= $BS18:F$18 -
$H$20:81$20 >= $H$18:$1$18

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP |E| Options

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[obe  J[ o ]

. J

Fig. 9.4 Solver parameters for first degree attractiveness

Cells B18:F18, and cells H18:J18 contain formulas for the DMU under
evaluation (DMUs in the first level CRS frontier). The formula for cell B18 is
“=$G$5*INDEX(B2:B17,$G$2,1)” and is copied into cells C18:F18. The formula
for cell H18 is “=INDEX(H2:H17,8$G$2,1)” and is copied into cells 118:J18.

Figure 9.4 shows the Solver parameters. After solve the model for the first DMU,
we use the VBA procedure “Attractiveness” to obtain the attractiveness scores for
the remaining DMU .
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A = e e o o S R (e B e |

1 |FMS (Levell) TC WIP TT | EMP| SR VF PF | RF |Aftractiveness
[z 1 1.19 98 12.33 5 5.3 16 | B19 a8 2 16.19832
| & | 2] 49 297 | 3484 14 1.1 841 14 4 | BB.72434
4 | 5 1.31 377 20.82 3 98 |Score| 628 51 6 11.79143
| & | 6| 3.04 173 | 3887 4 266 13 5 14.375
| & | 9 306 898 27 67 2 354 86 5 | 8.114872
| T 10 144 423 6.02 10 694 | 20 3 | 32.62306
| & | 11| 247 470 4 13 513 40 5 | 36.29268
| & | 12 285 87 43.09 g . 884 17 7 | 27.32796
0] 14| 1.31 852 86.87 3 0.5 401 18 4 | 5950323
AT 16/ 1.99 273 | 91.08 4| 25 937 6 3 | 27.80774
| il 18| 4.04 106 23.38 1 29 615 91 3 15.73415
13 19| 3.76 955 | 54.98 1 94 488 | 46 3 | 16.08677
14 20 476 416 1.55 9 15 58 2 6 | 6791613
15 21] 386 660 398 B 39 592 | 29 4 | 42.09207
16 22 324 771 52.26 8 16 535 61 1 2480847
[l 24 186 849 | 6283 15 I 923 | 60 3 | 14.18926
|18 |DMU under evaluation |2 3 891.51 2128 1036 BpE  E)
18] Iv Iv Iv v | v AL AL Al
.20 |Evaluation background 22703 2367 261.19 29.77 6848
21 |FMS(Level3) TC WIP TT |EMP| SR VF EEN|RER A
o 23 305 318 35.09 4 92 124 25 2 | 7443548
Fig. 9.5 Second degree attractiveness spreadsheet model

Sub Attractiveness ()

Dim i As Integer

For i = 1 To 16
'set the value of cell G2 equal to i (1, 2,..., 16)

=1

Range ("G2")
SolverSolve UserFinish:=True

'Place the attractiveness score in cell G5 into column K

Range ("K" & i + 1)
Next

End Sub

Range ("G5")

If we change the evaluation background to the third level CRS frontier (DMU23),
we obtain the spreadsheet model for measuring the second degree attractiveness
(see Fig. 9.5). This spreadsheet can be obtained via replacing the second level CRS

frontier by the DMU23 in Fig. 9.3.

Based upon the attractiveness scores shown in Fig. 9.3, DMU20 and DMU11 are
ranked as the top two most attractive systems. However, if we change the evalua-
tion context to the third level CRS frontier, DMUI11 is ranked fifth, and DMU14
becomes the second most attractiveness system. This example illustrates that under
a different evaluation context, the attractiveness of DMUs on the same level may be
different. Therefore, the context-dependent DEA can differentiate the performance
of efficient DMUs, or DMUs on the same performance level.
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9.3.2 Progress

Consider the following linear programming problem for determining the progress
measure for DMU, €E", I, € {2,..., L}.

G (g)= min G =1,.,1 —1
(&) ,min (&) g=L..1l,

2G4 (g)

subject to

2 /7’.1'x./' S Gq (g)xq
JEF(E"™#) 9.7)

2 A2y,

jeF(EI”_g)

A;20 jeF(E"™®)

Lemma 9.2 For a specific DMU, € E' | e {2, ..., L}, model (9.7) is equivalent
to the following linear programming problem

Gy(g)= min_G,(g)
J> g

subject to

z Aix; < Gq(g)xq
jeF(Jlo8) 9.8)

D Az,
JeF(Jo8)

2,20 jeFJ"™®)

[Proof]: Note that J* ¢ = E* ¢ U J"¢* since all DMUs in J“ "¢ are dominated by
the frontiers constructed by the DMUs in E"~%. Therefore, by the nature of DEA
method, we know that 4, =0 (j & FF (E"%)) in any optimal solutions to (9.8). Thus,
G.(g)=G,(g) and (9.7) is equivalent to (9.8).m

Theorem 9.2 For a specific DMU, € E", | €{2,..., L}, we have
3. G;(g)<1 foreach g=1,...,/ —1.
4. G (g+1) <G (9)

[Proof]: The proof is similar to that of Theorem 9.1 by using Lemma 9.2 and there-
fore is omitted.m

Definition 9.2 M (g)=1/G,(g) is called (input-oriented) g-degree progress of
DMU,, from a specific level E*.



9.3 Input-oriented Context-dependent DEA 165

Obviously M, ,(&)>1. For a larger M, ,(g), more progress is expected. Each
best-practice front1er E" "%, contains a poss1ble target for a specific DMU in E" to
improve its performance. The progress here is a level-by-level improvement.

Now consider the following linear programming problem

max |[|ST(Q [ +[S (), g=L..0,-1

subject to
S (@=G, (@, ~ Y, Ax
JEF(E"™¢)
JEF(E"™¢)

S™(2),S(g)20
2,20 jeF(E"®)

where IIS™ ()]l and 1S~ (2) || represent L ,-norms for
S7(g) = (5/(2)5,(2)) and  §7(g) = (5, (g),-5,(g)), respectively, ie.,
IS* @) +1IS™ (@) lh= 257 ()+ X 57 (2):

Definition 9.3 (Global Efficient Target and Local Efficient Target). The following
point

3, =G, (2)y, +S7(2)

X,=x,-5(g)

is the global efficient target for DMU, € E', [ e {2,..., L} if g=1 —1; Other-
wise, if g <[ —1, it represents a local eff cient targel Where G (g) is the optimal
value to (9. 7) and S*(g) and S™'(g) represent the optimal Values in (9.9).

It can be seen that if the first-level best-practice frontier is chosen as the evalua-
tion context (g =/ —1), then we obtain the global efficient target, i.e., the original
DEA efficient target. The local efficient targets are obtained when other best-prac-
tice frontiers are selected. Although the local efficient targets are not non-dominated
points compared to the DMUs in E', they may represent a better alternative and
an attainable target for a specific inefficient DMU. That is, in the presence of pos-
sible external or internal restrictions, a DMU may be unable to move itself onto the
first-level best-practice frontier (global efficient target). Thus, our progress measure
extends the original DEA projection function and enables an inefficient DMU to
improve its performance at a reasonable and desirable scale.

Figure 9.6 shows a spreadsheet for the progress measure where the evalua-
tion background is the second level DMUs and the DMU under evaluation is the
DMU23.



—_
(=
[o)}

9 Context-dependent Data Envelopment Analysis

A FEEB @ Db fElE e T g &
1 |FMS(Level3) S WIP T EMP | SR VF PF | RF |Progress
2 23 3.05 318 | 35.09 4 9.2 11 124 | 25 2 10.991748
3
| 4 [DMU under evaluation 3 9.124 Gl s
| 5 | v % v v v Al AL AL
_ 6 |Evaluation background 1.7225 315.38 26.318 3.97 2.093
1 |FMS(Level2) TC WIP T | EMP| SR VF PF | RF A
| & | 3 46 418 | 16.68 @ 12 6.3 555 | 39 1 0
L9 4| 3.69 147 | 4083 | 10 3.8 778 | 31 2 0
Blo 7183 202 | 4967 | 13 4.3 46 60 4 10.201125
| 11 | 8 207 533 | 3007 | 14 8.8 226 | 21 4 0
| 12 13| 4.85 915 | 54.79 5 24 439 | 58 4 1 0.156867
| 18 15| 4.18 924 | 54.46 4 6 491 27 4 10.142008
L 17/ 16 983 | 3793 | 13 8.8 709 | 39 2 0

Fig. 9.6 First degree progress spreadsheet model

The formula for cell B4 is “=§K$2*INDEX(B2,$G$2,1)”, where cell K2 is the
target cell (its reciprocal represents the first-degree progress). This formula is cop-
ied into cells C4:F4.

The formula for H4 is “=INDEX(H2,$G$2,1)” and is copied into cells 14:]J4

The formula for cell B6 is “=SUMPRODUCT(B8:B14,$K$8:3K$14)” and is
copied into cells C6:F6, and cells H6:J6.

Figure 9.7 shows the Solver parameters for the spreadsheet model shown in
Fig.9.6. InFig. 9.6, the first degree progress score for DMU23 is 1/0.99175=1.0083.
The optimal values in cells B6:F6 and cells H6:J6 represent the local target for
DMU23.

If we replace the second-level DMUs with the first-level DMUs, we obtain the
second-degree progress measure for DMU23. Figure 9.8 shows the spreadsheet.

This spreadsheet model is actually the input-oriented CRS envelopment mod-
el when DMU?23 is under evaluation. Figure 9.9 shows the Solver parameters for
the model shown in Fig. 9.8. The second degree progress score for DMU23 is
1/0.37624=2.6579, and the optimal values in cells B6:F6 and H6:J6 represent the
global target for DMU23

9.4 Output-oriented Context-dependent DEA

Similar to the discussion on the input-oriented context-dependent DEA, for a spe-
cific DMUq = (xq,yq) from a specific level E", [ e {1, e L—l}, we have the
following model to characterize the output-oriented attractiveness
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f Solver Parameters I P I‘
Set Objective: [ $Ks2
To: © Max @ Min ©) value Of: 0 I

” By Changing Variable Cells:

|$K$B:8K$14,5€$2
Subject to the Constraints:

$BS6:$F$6 <= $BS4:SFS4 - Add
$H$6:8186 >= $H$4:8184 &

Reset All
:

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP |Z| Options

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

sve | [ ome
Fig. 9.7 Solver parameters for first degree progress
Q' (d)= max Q (d =1,.,L-1
J= max 0@ :
subject to
Ay 2Q (d
PIRATELHCI (9.10)

JEF(El™)
x. <
Ax; <x,
JeF(El™)

. L+d
A;20 jeFE:)

Similar to Theorem 9.1, we have
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A [ Bl c I b JE]TF Il lHITITTJU] kK |
| 1 |FMS(Level3) TC WIP T | EMP | SR VF PF | RF Progress
12 | 23 305 | 318 | 3509 | 4 | 92 7 124 | 25 | 2 |0.376236

3

| 4 |DMU under evaluation $ 124 25 Z
1 5| Iv Iv v v Iv Al AL Al
| 6 |Evaluation background 0.5355 119.64 7.7206 15 3434 [2586 25 2 |
| 7 |FMS(Level1) TC | WP | TT |EMP| SR VF | PF | RF A
| 8 | 10119 | 98 | 1233 | 5 | 53 619 | 88 | 2 [0.117385
| 9 | 20 491 | 297 | 3484 14 | 11 841 | 14 | 4 0
110 | 5 131 | 377 | 2082 3 | 98 628 | 51 | 6 |0.285026
111 ] 6 3.04 | 173 3887 4 | 16 266 | 13 | 5 0
112 | 9 306 | 898 | 2767 2 | 39 354 | 86 | 5 0
113 | 10/ 144 | 423 | 602 | 10 @ 54 694 | 20 | 3 0
114 | 11 247 | 470 | 4 13 | 53 513 | 40 | 5 0
115 | 12 285 | 87 4309 | 8 | 24 884 | 17 | 7 |0.007867
116 | 14 131 | 852 8687 | 3 | 05 401 | 18 | 4 0
117 | 16/ 199 | 273 | 9108 | 3 | 25 937 | 6 | 3 0
|18 | 18/ 404 | 106 | 2339 | 11 | 29 615 | 91 | 3 0
119 | 19/ 376 | 955 5498 1 | 94 499 | 46 | 3 0
120 200 476 | 416 | 155 | 9 | 15 58 | 2 | 6 0
|21 21) 36 | 660 | 398 | 6 | 39 592 | 29 | 4 0
122 | 220 324 | 771 | 5226 8 | 16 535 | 61 | 1 0
| 23| 24) 16 | 849 | 6283 | 15 | 7.3 923 | 60 | 3 0

Fig. 9.8 Second degree progress spreadsheet model

Theorem 9.3 For a specific DMU, e E, [, €{l,..., L—1}, we have

5. Q (d)<1 foreach d =1,...,L -1,
6. Q' (d+1)<Q(d).

Definition 9.4 A’ ,d)=1/ Q* (d) is called the (output-oriented) d-degree attrac-
tiveness of DMU from a spemﬁc level E".

Note that A’ (d) is the remprocal of the optimal value to (9.10), therefore
A ,(d)>1.The larger the value of A’ ,(d), the more attractive the DMU, is. Be-
cause this DMU,, makes itself more distinctive from the evaluation context E-**.
We are able to rank the DMUs in based upon their attractiveness scores and identify
the best one.

Next, consider the following linear programming problem for determining the
progress measure for DMU, € E*, [, €{2,..., L}.

P (g)= max P (g) g=1..1,-1

g

subject to

Z A,y; 2P (g)y,
JEFEDE) 9.11)

2 l]x <x,

JEF(E"™®)
2,20 jeFE"®)
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p _
Solver Parameters E

Set Objective: §K$2 ﬁ
To: © Max @ Min © value Of: 0 ]
By Changing Variable Cells:

$K$8:$K$23,$K$2 5
Subject to the Constraints:

$BS6:8F$6 <= $BS4:$FS4 - Add
$H$6:8186 >= $HS4:8184 =

Load/Save

1

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP |E| Options

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ Solve ] [ Close

" J

Fig. 9.9 Solver parameters for second degree progress

Similar to Theorem 9.2, we have
Theorem 9.4 For a specific DMU, € E", [, €{2,..., L}, we have

7. Pq*(g)>1 for*each g=1 .., -1
8. F(g+D)>F, (g).

Definition 9.5 The optimal value to (9.11), i.e., Pq* (g) , is called the (output-ori-
ented) g-degree progress of DMU,, from a specific level E".

For a larger Pq* (g) , more progress is expected for DMU,, . Thus, a smaller value
of Pq (g) is preferred. To obtain the efficient target, we consider
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max [[ST() [l +[IS7(@lh  g=1...L, -1

o

subject to
SH= D, Ay —FB (),
JEF(E"™®)
_ 9.12
S(g)=x,— Z A;x; 012

JEF(E"™8)
S™(g),S (2)=20
. 1,-
;20 jeF(E"™®)

Definition 9.6 (Global Efficient Target and Local Efficient Target) The following
point

P, =Py, +5 ()

X, =x,-5"(g)

is the global efficient target for DMU, € E", | e {2,..., L} i*f g =1 -1; other-
wise, if g <1, —1, it represents a local efficient target, where F, (g) is the optimal
value to (9.11), and S™(g) and S~"(g) represent the optimal values in (9.12).

The relationship between the input-oriented and output-oriented context-depen-
dent DEA can be summarized in the following Theorem.

Theorem 9.5

H (d)=1/Q,(d), and G,(g)=1/P/(g).

Theorem 9.5 indicates that the output-oriented attractiveness and progress mea-
sures can be obtained from the input-oriented context-dependent DEA. However,
Theorem 9.5 is not necessarily true when the frontiers do not exhibit CRS.

Figure 9.10 shows the output-oriented spreadsheet for the first-degree attractive-
ness for DMUs in the first-level CRS frontier. This spreadsheet is similar to the one
shown in Fig. 9.3. The formula for cell B18 is changed to

Cell B18 =INDEX(B2:B17,3G$2,1)

and is copied into cells C18:F18.
The formula for cell H18 is changed to

Cell H18 =$G$5*INDEX(H2:H17,$G$2,1)

where cell G5 represents the output-oriented attractiveness measure. This formula
is then copied into cells 118:J18.
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A BT K | L |
| 1 |FMS (Levell) PF | RF Attractiveness input-oriented
L 2] 88 2 | 0.190208157| 5.257398084
| 3 | 14 4 | 0.257524313 3.88312851
| 4 | 51 6 | 0253652805 3.942396767
| 5 | 13 5 |0.310361728| 3.222046761
| 6 | 86 5 | 0269767442 3.706896552
L 10 20 3 | 0.186997849  5.347655092
| 8 | 1 40 5 | 0.095638588  10.45603059
1 9 | 12 17 7 | 0216173255 462591916
110 | 14 18 4 | 0.208333333 48
|11 | 16 6 3 | 0.299859601| 3.334894047
112 | 18 91 3 | 0283369716/ 3.528958618
1 13 | 19 46 3 0.20637561| 4.845533835
| 14 | 20 2 6 | 0.034364261 29.1
| 15 | 21 29 4 | 0.108160605 9.245510401
| 16 | 22 61 1 | 0.558720872 1.789802475
17} 24 60 3 | 0627516581 1.593583388
| 18 [DMU under evaluation [579.2 3785 188 | ’

19 Al AL | AL | Aftractiveness
| 20 |Evaluation background 1.8 770 36206 1175 7.3 ]

| 21 [FMS(Level2) TC WIP TT |EMP| SR VF | PF | RF A

22 | 3 46 418 | 1668 | 12 6.3 555 | 39 1 0

23 | 4| 389 147 | 4083 | 10 3.8 78 3 2 | 0.0519893

| 24 | 7183 202 | 4967 | 13 43 46 60 4 0.111437381

| 25 | 8 207 533 | 3007 | 14 8.8 226 | 21 4 0

| 26 | 13| 485 915 | 5479 | 5 24 439 | 58 4 0

| 27 | 15 4.18 924 | 5446 4 6 491 | 27 4 0

|28 | 17, 16 983 | 3793 | 13 8.8 709 | 39 2 |0.752643173

Fig. 9.10 Output-oriented first degree attractiveness spreadsheet model

To obtain the Solver parameters for the model shown in Fig. 9.10, we change the
“Min” to “Max” in Fig. 9.4, as shown in Fig. 9.11. The results are reported in cells
K2:K17. Cells L2:L17 report the input-oriented attractiveness scores. It can be seen
that Theorem 9.5 is true.

Finally, the discussion in this chapter is based upon CRS frontier. Similar discus-
sion can be obtained for other RTS frontiers. However, the related context-depen-
dent DEA may be infeasible. See Chaps. 7 and 10 for the discussion on infeasibil-
ity of DEA-type models. The DEAFrontier software allows you to calculate the
context-dependent DEA under non-CRS assumptions.

9.5 Solving DEA Using DEAFrontier Software

The context-dependent DEA consists of three functions: (i) Obtain levels, (ii) Cal-
culate context-depend DEA models, and (iii) Unprotect the sheets containing the
levels (see Fig. 9.12).
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r ™
Solver Parameters I

(=

Set Objective: $GS5

To: @ Max © Min © Value Of: 0

By Changing Variable Cells:
$K$22:8K$28,8GS5

Subject to the Constraints:

$8$20:$F$20 <= $B$18:$F$18 -
$H$20:$1$20 >= $H$18:$1$18

- Load/Save

IE HEE
[

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP |z| Options

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

[ Solve ] [ Close

. J

Fig. 9.11 Solver parameters for output-oriented first degree attractiveness

Fig. 9.12 Context-dependent [ EED et 60 cown Loves

DEA men
enu (51 variable-Benchmark Model | Context-dependent DEA
ﬁ Fixed-Benchmark Model Unprotect Level sheets

The first function is the stratification model (9.1). It generates all the efficient
frontiers—levels (Fig. 9.13). This function will first delete any sheet with a name
starting with “Level” and then generate a set of new sheets named as “Leveli( Fron-
tier)” where i indicates the level and Frontier represents the frontier type. For ex-
ample, Level(CRS) means the first level CRS frontier. The “level” sheets are pro-
tected for use in the context-dependent DEA. However, they can be unprotected by
using the “Unprotect the sheets” menu item. The format of these level sheets must
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Fig. 9.13 Obtain levels
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Get Levels for Context-dependent DEA u

Please select the sheet that has the data (DMUs, inputs,
outputs), Model Orientation, and Frontier Type:

[] DataSheet

[_ox_|
Cancel |

Model Orientation

" Output-Oriented

Frontier Type - Returns to Scale
® CRS C RS W

C NIRS C NDRS

De\ eloped by Joe Zhu

not be modified. Otherwise, the context-dependent DEA will not run properly and

accurately.

Once the efficient frontiers are obtained, the context-dependent DEA can be cal-
culated using the “Context-dependent DEA” submenu item (Fig. 9.14).
The results are reported in the “Context Dependent Result” sheet. In this sheet,
the context-dependent scores are the optimal values to model (9.2) (or model (9.7),
model (9.10), model (9.11)). To obtain the attractiveness or progress scores, one has
to adjust the context-dependent scores based upon Definitions 9.1, 9.2, 9.4, and 9.5.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 9) contains
supplementary material, which is available to authorized users.
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Context-Dependent DEA E

Based upon the Levels, the froner type is IERS
the orientation is IInput-Oriented

Select the Level to be
evaluated against the

Select the evaluation

background (context) e

O Level(CRS) O Level4(CRS)
O Level3(CRS) O Level3(CRS)
O Level2(CRS) O Level2(CRS)
O  Levell(CRS) O Level1(CRS)

TS A T

— Model Orientation —
® Input-Oriented

 Qutput-Oriented Cancel

Developed by Joe Zhu I

Fig. 9.14 Context-dependent DEA
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Chapter 10
Super Efficiency

10.1 Super-Efficiency DEA Models

When a DMU under evaluation is not included in the reference set of the envelop-
ment models, the resulting DEA models are called super-efficiency DEA models.
Charnes et al. (1992) use a super-efficiency model to study the sensitivity of the ef-
ficiency classifications. Zhu (1996) and Seiford and Zhu (1998) develop a number
of new super-efficiency models to determine the efficiency stability regions (see
Chap. 11). Andersen and Petersen (1993) propose using the CRS super-efficiency
model in ranking the efficient DMUs. Also, the super-efficiency DEA models can
be used in detecting influential observations (Wilson 1995) and in identifying the
extreme efficient DMUs (Thrall 1996). Seiford and Zhu (1999) study the infeasi-
bility of various super-efficiency models developed from the envelopment models
in Table 11.2. Chapter 11 presents other super-efficiency models that are used in
sensitivity analysis.

Table 10.1 presents the basic super-efficiency DEA models based upon the en-
velopment DEA models. Based upon Table 10.1, we see that the difference between
the super-efficiency and the envelopment models is that the DMU, under evaluation
is excluded from the reference set in the super-efficiency models. i.e., the super-
efficiency DEA models are based on a reference technology constructed from all
other DMUs.

Consider the example in Table 10.1. If we measure the (CRS) super efficiency
of DMU2, then DMU?2 is evaluated against point A on the new facet determined
by DMUs 1 and 3 (see Fig. 10.1). To calculate the (CRS) super efficiency score for
DMU?2, we use the spreadsheet model shown in Fig. 10.2.

Cell E9 indicates the DMU under evaluation which is excluded from the refer-
ence set. Cells F2:F6 are reserved for /1]‘ (j=1, 2, 3, 4, 5),and cell F10 is reserved
for the super-efficiency score (6™"").

Cells B11:B13 contain the following formulas

Cell B11=SUMPRODUCT(B2:B6,F2:F6)
Cell B12=SUMPRODUCT(C2:C6,F2:F6)
Cell B13=SUMPRODUCT(E2:E6,F2:F6)

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 175
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 10, © Springer International Publishing Switzerland 2014
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Table 10.1 Super-efficiency DEA models

Frontier type  Input-oriented Output-oriented
min & max @™
subject to subject to
Zﬂ/.xij <O™x, i=12,..m; Zﬂjxﬁ <x, i=1,2,...,m;
CRS o y
YAy, 2y, r=12,..,s; S Ay, 26"y, r=12..s
Jeo Jeo
4,20 j#o. 4,20 j#o.
VRS Add ZW 4, =1
NIRS Add X, 4, <1
NDRS Add 2,421

Fig. 10.1 Super-efficiency

Supply chain response time (days)
w

0 1 2 3 4 5 6 7
Total supply chain cost ($100)

Note that in the above formulas, the DMU under evaluation is included in the
reference set. In order to exclude the DMU under evaluation from the reference set,
we introduce the following formula into cell B14

Cell B14=INDEX(F2:F6,E9,1)

which returns the 4, for the DMU;, under evaluation. In the Solver parameters
shown in Fig. 10.3, we set cell B14 equal to zero.
Cells D11:D13 contain the following formulas

Cell D11=$F$10*INDEX(B2:B6,E9,1)
Cell D12=$F$10*INDEX(C2:C6,E9,1)
Cell D13=INDEX(E2:E6,E9,1)

Based upon Figs. 10.2 and 10.3, the super-efficiency score for DMU2 is 1.357, and
the non-zero A, in cells F2 and F4 indicate that DMU1 and DMU3 form a new ef-
ficient facet.
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A e e e e
1 |DMU Cost Time Profit A
2 |1 1 ) 2 0.428571
B 2 2 2 2 0
4 |3 4 1 2 0.571429
5 |4 6 1 2 0
6 (5 4 4 2 0
7 Reserved to indicate
— the DMU under
8 evaluation. Super
9 Reference DMU under 2 Efficiency S E—
10 |Constraints set Evaluation 1.357143 3:33;5‘“‘:'9"“'
11 |Cost 2.7142857 < 2.7142857 A chan:qing cell;
12 |Time 2.7142857 < 2.7142857 Target cell in Solver
13 | Profit 2 > 2 ———
14 | Xo 0 = 0
_1 5 Represent the DMU
16 | |under evaluation;
17 Set this A = 0in the
“"‘“1 8 Solver parameters

Fig. 10.2 Input-oriented CRS super-efficiency spreadsheet model

DMUS3 is evaluated against B on the new facet determined by DMUs 2 and 4. If
we change the value of cell E9 to 3, we obtain the super-efficiency score for DMU3
using the Solver parameters shown in Fig. 10.3. The score is 1.25 (see cell G4 in
Fig. 10.4).

If we remove DMU4 or DMU 5 from the reference set, the frontier remains the
same. Therefore,the super-efficiency score for DMU4 (DMUS) equals to the input-
oriented CRS efficiency score (see Fig. 10.4).

If we measure the super-efficiency of DMU1, DMUI is evaluated against C on
the frontier extended from DMU2 (see Fig. 10.5). It can be seen that C is a weakly
efficient DMU in the remaining four DMUs 2, 3, 4 and 5. In fact, we may want
to adjust such a super-efficiency score (see Zhu (2001) and Chen and Sherman
(2004)).

Although the super-efficiency models can differentiate the performance of the
efficient DMUS, the efficient DMUs are not compared to the same “standard”. Be-
cause the frontier constructed from the remaining DMUs changes for each efficient
DMU under evaluation. In fact, the super-efficiency should be regarded as the po-
tential input savings or output surpluses (see Chen 2004, 2005).

10.2 Infeasibility of Super-efficiency DEA Models

Consider the input-oriented VRS super-efficiency model shown in Fig. 10.6. In fact,
this is the spreadsheet model for the input-oriented VRS envelopment model except
that we introduce the formula “=INDEX(12:116, E18,1)” into cell B26. This formula
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Super Efficiency

Solver Parameters

L= )]

Set Objective: 7510
To: © Max @ Min © value Of: 0 l
By Changing Variable Cells:
| $F$2:785, 57510
Subject to the Constraints:

$B$11:$8812 <= $D$11:6D812 R | add I
$8$13 >= $D$13

$8$14=0

ResetAl

%J

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method:

Smplex P

2] [ ootes ]

Solving Method

non-smooth.

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

Solve

\

Fig. 10.3 Solver parameters for input-oriented CRS super-efficiency

Super Efﬁciency

mi
1 5 2 5.55E-17 2
2 2 2 1 1.357142857
4 1 2 0 1.25
6 1 2 0 1
4 4 2 0 0.5
Super
Reference DMU under 5 Efficiency
set Evaluation
2l < 2 |
2 ? choswerefiens|
2 > 2
0 = 0

Fig. 10.4 Super-efficiency scores
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Fig. 10.5 Super-efficiency 11 -
and slacks
10 4 r C
9 I’ The line segment

between C and DMU2
represents slack on cost

Supply chain response time (days)

0 T T T T T T 1
0 1 2 3 4 5 6 7
Total supply chain cost ($100)

: A | B L © ] D = TF T © ] J |
| 1 |Company Assets Equity Employees Revenue Profit A | Super efficiency
| 2 |Mitsubishi 919206 10850 36000 1843652 3462 0 Infeasible
| 8 |Mitsui 687708 55539 80000 1815187 3148 0 7 1751885253
|4 |ttochu 657089 42711 7182 1691646 1212 0 ° 1608521649
| 5 |General Motors 2171234 233455 709000 1688286 6880.7 0 " Infeasible
| 6 |Sumitomo 50268.9 6681 6193 167530.7 2105 077" 1.320957592
| 7 |Marubeni 714393 52391 6702 1610574 156.6 0 1009347188
| 8 |Ford Motor 243283 24547 346990 137137 4139 0 | 0.737555958
| 8 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0 " 0603245345
110 |Exxon 91296 40436 82000 110008 8470 0 1344368672
| 11 |Royal Dutch/Shell Group 1180116 589864 104000 109833.7 6904.6 0 Infeasible
|12 |Wal-Mart 37871 14762 675000 93627 2740 0237 1.765155063
|13 |Hitachi 916209 28907.2 331852 841671 14688 0 ° 0557595838
| 14 |Nippon Life Insurance 3647625 22419 89690 83206.7| 24266 0 " 4806917693
ﬁNipponTeIegraph & Telephone 127077.3 422401 231400 81937.2| 2209.1 0 ' 0470810997
| 16 |AT&T 88884 17274 299300 79609 139 0 " 0533543522

17
E Reference DOMU under
| 19 |Constraints set Evaluation
| 20 |Assets 47423482 < 474234824
|21 |Equity 8535.6544 < 9216.4308
| 22 |Employees 159689.58 < 159689.576
|23 |Revenue 150569.21 > 79609
|24 |Profit 791.04056 > 139
25 |zA ) 1 = 1
28] 1 0 = 0 |

Fig. 10.6 Input-oriented VRS super-efficiency spreadsheet model
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is used to exclude the DMU under evaluation from the reference set. That is, one
needs to add an additional constraint of “$B$26=0" into the Solver parameters for
the input-oriented VRS envelopment spreadsheet model, as shown in Fig. 10.7.

Once we set up the Solver parameters, the calculation is performed by the VBA
procedure “SuperEfficiency”.

Sub SuperEfficiency ()
Dim i As Integer
For i = 1 To 15

Range ("E18") = i

SolverSolve UserFinish:=True

If SolverSolve (UserFinish:=True) = 5 Then
Range ("J" & 1 + 1) = "Infeasible"

Else

Range ("J" & 1 + 1) = Range ("F19")

End If

Next

End Sub

It can be seen that the input-oriented VRS super-efficiency model is infeasible for
three VRS efficient companies (Mitsubishi, General Motors, and Royal Dutch/Shell
Group). Note that in the VBA procedure “SuperEfficiency”, a VBA statement on
infeasibility check is added.

If we consider the output-oriented VRS super-efficiency model, we have the
spreadsheet shown in Fig. 10.8. Figure 10.8 is based upon the output-oriented VRS
envelopment with an additional formula in cell B26 “<=INDEX (12:116,E18,1)”. To
calculate the output-oriented super-efficiency scores, we need to change the “Min”
to “Max” in the Solver parameters shown in Fig. 10.7.

Based upon Fig. 10.8, the output-oriented VRS super-efficiency model is infea-
sible for five output-oriented VRS efficient companies (Itochu, Sumitomo, Maru-
beni, Wal-Mart, and Nippon Life Insurance).

Thrall (1996) shows that the super-efficiency CRS model can be infeasible.
However, Thrall (1996) fails to recognize that the output-oriented CRS super-ef-
ficiency model is always feasible for the trivial solution which has all variables
set equal to zero. Moreover, Zhu (1996) shows that the input-oriented CRS super-
efficiency model is infeasible if and only if a certain pattern of zero data occurs in
the inputs and outputs.

Figure 10.9 illustrates how the VRS super-efficiency model works and the in-
feasibility for the case of a single output and a single input case. We have three
VRS frontier DMUs, A, B and C. AB exhibits IRS and BC exhibits DRS. The VRS
super-efficiency model evaluates point B by reference to B’ and B” on section AC
through output-reduction and input-increment, respectively. In an input-oriented
VRS super-efficiency model, point A is evaluated against A’. However, there is no
referent DMU for point C for input variations. Therefore, the input-oriented VRS
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-
Solver Parameters

Set Objective: $F$19
To: ©) Max ©® Min © value Of: 0

By Changing Variable Cells:
$1$2:$1$16,$F$19

Subject to the Constraints:

$B8$20:$8822 <= $D$20:5D$22 -
$8$23:$8$24 >= $D$23:$D$24

$88§25=1

$8$26 =0

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method: 'Simplex LP E]
Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

oo

- J

g

Fig. 10.7 Solver parameters for input-oriented VRS super-efficiency

super-efficiency model is infeasible at point C. Similarly, in an output-oriented VRS
super-efficiency model, point C is evaluated against C'. However, there is no ref-
erent DMU for point A for output variations. Therefore, the output-oriented VRS
super-efficiency model is infeasible at point A. Note that point A is the left most end
point and point CB is the right most end point on this frontier.

As in Charnes et al. (1991), the DMUs can be partitioned into four classes E, E’,
F and N described as follows. First, E is the set of extreme efficient DMUSs. Second,
E’ is the set of efficient DMUs that are not extreme points. The DMUs in set E’
can be expressed as linear combinations of the DMUs in set E. Third, F is the set
of frontier points (DMUs) with non-zero slack(s). The DMUs in set F are usually
called weakly efficient. Fourth, N is the set of inefficient DMUs.

For example, DMUs 1, 2, and 3 in Fig. 10.1 are extreme efficient (in set E),
DMU4 is in set F, and DMUS is in set N.
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A | T | I | I | T =0 | - | B G I | N T | T J |

| 1 |Company Assets Equity Employees Revenue  Profit A Super efficiency

| 2 |Mitsubishi 919206 10850 36000 184365.2] 3462 0869 0936120353

| 3 |Mitsui 687708 55539 80000 181518.7 3148 0.1317 0937264375

| 4 |itochu 657088  4271.1 7182 1691646 1212 0 " Infeasible

| 5 |General Motors 2171234 233455 709000 168828.6 6880.7 0 Y 0647119111

| 6 |Sumitomo 50268.9 6681 6193 167530.7] 2105 0 " Infeasible

| 7 |Marubeni 714393 52391 6702 1610574 1566 0 " Infeasible

| 8 |Ford Motor 243283 24547 346990 137137 4139 0 " 1158414974

| 9 |Toyota Motor 106004.2 4969156 146855 111052 26624 0 " 1371588284

| 10 |Exxon 91296/ 40436 82000 110003 8470 0 ° 0673147631

| 11 |Royal Dutch/Shell Group 1180116 589864 104000 109833.7 69046 0 " 0939143546

| 12 |Wal-Mart 37871 14762 675000 93627 2740 0 " Infeasible

| 13 |Hitachi 916209 299072 331852 84167.1 14688 0 7 1898938938

| 14 |Nippon Life Insurance 3647625 22418 89680 83206.7 24266 0 7 Infeasible

| 15 |Nippon Telegraph & Telephone =~ 127077.3  42240.1 231400 81937.2| 2208.1 0 ° 1892916538

| 16 |AT&T 88884 17274 299300 79609 139 0 " 2311193684

17 Super

18| Reference DMU under 15" Efficiency

| 19 |Constraints set Evaluation 123111837

| 20 |Assets 88884 < 88684

| 21 |Equity 10242.181 < 17274 Output-oriented

| 22 |Employees 41771.582 < 299300 VRS Super-efficiency

| 23 |Revenue 183991.82 > 183991.818

| 24 |Profit 34208118 > 321.255922

25 |2 3 1 = 1

26 |0 1 0 = 0

mo=m

Fig. 10.8 Output-oriented VRS super-efficiency spreadsheet model

Output

Infeasibility
—

e

right-end point

Infeasibility

Left-end point

Input

Fig. 10.9 Infeasibility of super-efficiency model
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Thrall (1996) shows that if the CRS super-efficiency model is infeasible, or if
the super-efficiency score is greater than one for input-oriented model (less than
one for output-oriented model), then DMU | € E. This result can also be applied to
other super-efficiency models. i.e., the extreme efficient DMUs can be identified by
the super-efficiency models. This finding is important in empirical applications. For
example, in the slack-based congestion measures discussed in Chap. 9, if we can
know that the data set consists of only extreme efficient DMUs, then the congestion
slacks are equal to the DEA slacks.

Note that if a specific DMU, € E', F or N and is not included in the reference set,
then the efficient frontiers (constructed by the DMUs in set E) remain unchanged.
As a result, the super-efficiency DEA models are always feasible and equivalent to
the original DEA models when DMU, € E', F or N. Thus we only need to consider
the infeasibility when DMU, € E.

We next study the infeasibility of the VRS, NIRS and NDRS super-efficiency
models, where we assume that all data are positive.

From the convexity constraint ( 2 . A, = 1) on the intensity lambda variables,
. . j#o
we immediately have

Proposition 10.1 DMU, € E under the VRS model if and only if DMU, €E
under the NIRS model or NDRS model.

Thus in the discussion to follow, we limit our consideration to DMU, € E under
the VRS model. We have

Proposition 10.2 Let 6™ and ¢™*™" denote, respectively, optimal values to the
input-oriented and output-oriented super-efficiency DEA models when evaluating
an extreme efficient DMU, , then

(i) Either @™ >1 or the specific input-oriented super-efficiency DEA model
is infeasible.

(i) Either ¢*™" <1 or the specific output-oriented super-efficiency DEA model
is infeasible.

Based upon Seiford and Zhu (1999), we next (i) present the necessary and suf-
ficient conditions for the infeasibility of various super-efficiency DEA models in a
multiple inputs and multiple outputs situation, and (ii) reveal the relationship be-
tween infeasibility and RTS classification. (Note that, in Fig. 10.9, point A is associ-
ated with IRS and point C is associated with DRS.)

10.2.1 Output-Oriented VRS Super-Efficiency Model

Suppose each DMU (j =1,2,...,n) consumes a vector of inputs, x;, to produce a
vector of outputs, y;. We have

Theorem 10.1 For a specific extreme efficient DMU, = (x,,y,), the output-ori-
ented VRS super-efficiency model is infeasible if and only if (x, , dy, ) is efficient
under the VRS envelopment model for any 0< 6 < 1.
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[Proof]: Suppose that the output-oriented VRS super-efficiency model is infea-
sible and that (x,,0"y,) is inefficient, where 0 < §” <1. Then

super* __ super
¢0 - maX ¢0
subject to

2 Ax, <x,

- (10.1)
DAY 28" y,)

=1

i A, =1
Jj=1

has a solution of /1; (j#0), A, =0, g™ >1. Since A, =0, we have that model
(10.1) is equivalent to an output-oriented VRS super-efficiency model and thus the
output-oriented VRS super-efficiency model is feasible. A contradiction. This com-
pletes the proof of the only if part.

To establish the if part, we note that if the output-oriented VRS super-efficiency
model is feasible, then ¢**" <1 is the maximum radial reduction of all outputs
preserving the efficiency of DMU, . Therefore, 6 cannot be less than @™ . Other-
wise, DMU , will be inefficient under the output-oriented VRS envelopment mod-
el. Thus, the output-oriented VRS super-efficiency model is infeasible.m

Theorem 10.2 The output-oriented VRS super-efficiency model is infeasible if and
only if h", where " >1 is the optimal value to (10.2).

h"=min %
subject to

2 A.x; <hx,

j:l

o (10.2)
2 4;=1

Jj=1

J#o

A,20,j#0

[Proof]: We note that for any A,(j#0) with X _ A =1, the constraint

J#TT]

Z#O Ay, 2¢*™"y, always holds. Thus the output-oriented super-efficiency-
VRS is infeasible if and only if there exists no 4,(;j # o) with X, 4, =1 such that

J#E0TT]
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A Bl |le ol e E e H I I

1 |Company Assets|  Equity Employees A h  Super efficiency

_2 |Mitsubishi 91920.6 10950 36000 0 057426 0936120353

3 |Mitsui 687709  5553.9 80000 0 " 08919 0.937264375

_4 |ltochu 657089 42711 7182 0 " 1.20984 Infeasible

5 |General Motors 2171234 233455 709000 0 1025382 0.647119111

6 |Sumitomo 50268.9 6681 6193 0.77 1.30639 Infeasible

7 |Marubeni 714393 52391 6702 0 " 1.00935 Infeasible

_8 |Ford Motor 243283 24547 346990 0 1023236 1.158414974

_9 |Toyota Motor 106004.2 49691.6 146855 0 | 04634 1371588284

10 |Exxon 91296 40436 82000 0 (054283 0.673147631

11 |Royal Dutch/Shell Group 118011.6  58986.4 104000 0 1042008 0.939143546

12 |wal-Mart 37871 14762 675000 0.23" 1.32737 Infeasible

13 Hitachi 916209 29907.2 331852 0 1051532 1898938938

14 |Nippon Life Insurance 3647625 22419 89690 0 1.90513 Infeasible

15 |Nippon Telegraph & Telephone =~ 127077.3 422401 231400 0 038353 1.892916538

16 |AT&T 88884 17274 299300 0 (053354 2311193684

17

18| Reference DMU under | 167 h

19 | Constraints set Evaluation | 0533544

.20 |Assets 47423.482 < 47423482

(21 |Equity 8535.6544 < | 9216.4308 Infeasibilty

.22 |Employees 159689.58 < 159689.58

23|52 ] N 1

24 %o 0 = 0 I

Fig. 10.10 Spreadsheet for infeasibility test (Output-oriented VRS super-efficiency)

Z#O A ;X; <x, holds. This means that the optimal value to (10.2) is greater than
one,i.e., i >1.m

Figure 10.10 shows the spreadsheet model for model (10.2) where the output-
oriented VRS super-efficiency scores are reported in cells 12:116.

The spreadsheet shown in Fig. 10.10 is obtained by removing the output con-
straints from the spreadsheet shown in Fig. 10.6. Figure 10.11 shows the Solver
parameters. It can be seen that 7" >1 if and only if model (10.2) is infeasible for a
company.

Further, note that the DMU, is also CRS efficient if and only if CRS prevail.
Therefore, if IRS or DRS prevail, then DMU, must be CRS inefficient. Thus, in
this situation, the CRS super-efficiency model is identical to the CRS envelopment
model. Based upon Chap. 13, IRS or DRS on DMU, can be determined by

Lemma 10.1 The RTS for DMU  can be identified as IRS if and only if 2 20 /1; <1

in all optima for the CRS super-efficiency model and DRS if and only if 2#0 /1; in
all optima for the CRS super-efficiencymodel.

Lemma 10.2 If DMU, exhibits DRS, then the output-oriented VRS super-effi-
ciency model is feasible and @™ <1, where ¢ is the optimal value to the
output-oriented VRS super-efficiency model.
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f Solver Parameters |L|‘
Set Objective: 819
To  Omx  @Mo O yaeof: 0 |
By Changing Variable Cells:
|$652:86$16,$F$19
Subject to the Constraints:
$8$20:$8$22 <= $D$20:$D$22 - | Add
$8823=1
-

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method: ‘Simplex LP [~] | Options
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

mh;umm,mmuemwmmmmhtn
non-smooth.

[ sobe  J [ o

\ y,

Fig. 10.11 Solver parameters for infeasibility test (Output-oriented)

[Proof]: The output-oriented VRS super-efficiency model is as follows
¢super* = max ¢super

subject to

n
2 A% <x,
=

Jj#o

21, Ay, 2¢"y, (10.3)
<

Jj#0

iﬂj =1
=1

Jj#0

§A, 20, %0
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Let 6=1/¢™. Multiplying all constraints in (10.3) by @ yields

min &
subject to

2 A S0,
j=1

Jj#o

A2, (10.4)
J0
n ~ 1
2 ﬂ'/' =0= super
j=1 ¢
720

5™0.1,20,) %0

where /ij =01, (j#0).
Since DMU, exhibits DRS, then by Lemma 10.1, z - /1; >1 in all optima to
the following CRS super-efficiency model !

mln esupcr

n

< [super
2 Ax, SO,
Jj=1

J#o

’ (10.5)
2 A,y;2,
j=1

Jj#0

2,20,

Let 2 _A>=6. Obviously 8> 6" is a feasible solution to (10.5). This in turn
j#=0 7

indicates that ﬂ: (j#0) and @ is a feasible solution to (10.4). Therefore, (10.3) is
feasible. Furthermore by Proposition 10.2, we have that ¢**" <1, where ¢ is
the optimal value to (10.3).

Theorem 10.3 If the output-oriented VRS super-efficiency model is infeasible,
then DMU, exhibits IRS or CRS.

[Proof]: Suppose that DM U, exhibits DRS. By Lemma 10.2, the output-oriented
VRS super-efficiency modelis feasible. A contradiction.m

Theorems 10.1 and 10.2 indicate that if the output-oriented VRS super-efficiency
model is infeasible, then DMU, is one of the endpoints. Moreover, if IRS prevail,
then DMU, is a left endpoint (see Fig. 10.9).
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10.2.2 Other Output-oriented Super-efficiency Models

Now, consider the output-oriented NIRS and NDRS super-efficiency models. Obvi-
ously, we have a feasible solution of 4, =0 (j#0) and ¢*™ =0 in the output-
oriented NIRS super-efficiency model. Therefore, we have

Theorem 10.4 The output-oriented NIRS super-efficiency model is always feasible.

Lemma 10.3 The output-oriented NDRS super-efficiency model is infeasible if
and only if the output-oriented VRS super-efficiency model is infeasible.

[Proof]: The only if part is obvious and hence is omitted. To establish the if
part, we suppose that the output-oriented NDRS super-efficiency model is feasible.

i.e., we have a feasible solution with z o 4, 21 for the output-oriented NDRS
super-efficiency model. If Z _ A, =1, then this solution is also feasible for the
Jj#o

output-oriented VRS super-efficiency. If 2#0 A, >1, let zm A, =d>1. Then
zjnil.xj < zm;tjx < x,, where Z}. =A,/d(j#0) and z#oﬂ,‘, =1. There-

fore /Nlj (j # o) is a feasible solution to the output-oriented VRS super-efficiency
model. Both possible cases lead to a contradiction. Thus, the output-oriented NDRS
super-efficiency model is infeasible if the output-oriented VRS super-efficiency
model is infeasible.

On the basis of Lemma 10.3, we have

Theorem 10.5 For a specific extreme efficient DMU, = (x,,y,), we have

(i) The output-oriented NDRS super-efficiency model is infeasible if and only if
(x,,0y,) is efficient under the VRS envelopment model for any 0 < < 1.

(i1) The output-oriented NDRS super-efficiency model is infeasible if and only if
h" > 1, where %’ is the optimal value to (10.2).

If DMU, € E for the NDRS model, then DMU , exhibits IRS or CRS. By Prop-
osition 10.1, DMU, also lies on the VRS frontier that satisfies IRS or CRS. i.e., the
VRS and NDRS envelopment models are identical for DMU,. Thus, (x,,dy,) is
also efficient under the NDRS envelopment model for any 0 <d < 1.

10.2.3 Input-Oriented VRS Super-Efficiency Model

Theorem 10.6 For a specific extreme efficient DMU, = (x,,y,) , the input-ori-
ented VRS super-efficiency model is infeasible if and only if (yx,,y,) is efficient
under the VRS envelopment model for any 1< y < 4oo.

[Proof]: Suppose the input-oriented VRS super-efficiency model is infeasible
and assume that (y°x,,y,) is inefficient, where 1< y” < +eo . Then
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super® __ 3 super
"™ =min 6,

subject to

i /lij < qu’jer()(”xo)
=

Z 4,y;2Y,

=1

2": A, =1

=1

(10.6)

has a solution of /”L; (j#0), A, =0, 8. Since A, =0, model (10.6) is equivalent
to the input-oriented VRS super-efficiency model. Thus, the input-oriented VRS
super-efficiency model is feasible. This completes the proof of only if part.

To establish the if part, we note that if the input-oriented VRS super-efficiency
model is feasible, then 6" >1 is the maximum radial increase of all inputs pre-
serving the efficiency of DMU, . Therefore, y cannot be bigger than 6" . Other-
wise, DMU , will be inefficient under the input-oriented VRS envelopment model.
Thus, the input-oriented VRS super-efficiency model is infeasible.m

Theorem 10.7 The input-oriented super-efficiency-VRS model is infeasible if and
only if g <1, where g  is the optimal value to (10.7).

g =max g
subject to

;%%Ewo (10.7)

Jj#o

P
=1

j#o

A,20,j#0

[Proof]: We note that for any 4,(j#o0) with Z 4, =1, the constraint

Z A,x, < 6" x, always holds. Thus the input-oriented VRS super-efficiency mod-
el is 1nfea51ble if and only if Z Ay, 2y, does not hold for any A4, (j# 0) with

Z _ A, =1.This means that the optlmal value to (10.7) is less than one, i.e., g* <1.m
J#o

Figure 10.12 shows the spreadsheet model for model (10.7) where the input-ori-
ented VRS super-efficiency scores are reported in cells 12:116. This spreadsheet is
obtained from the output-oriented VRS super-efficiency model shown in Fig. 10.8.
Figure 10.13 shows the Solver parameters. It can be seen that g* <1 if and only if
model (10.7) is infeasible for a company.
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A | B | e | o JeE| F | 6| H| I |

| 1 |Company Revenue Profit A g Super efficiency

| 2 |Mitsubishi 184365.2 346.2 1 ) 0.9843 Infeasible

| 3 |Mitsui 181518.7 314.8 0 A 1.0157  1.751885253

| 4 |ltochu 169164.6 121.2 0 ] 1.0899  1.606521649

| 5 |General Motors 1688286  6880.7 0 ] 0.7623 Infeasible

| 6 |Sumitomo 167530.7 2105 0 ] 1.1005  1.320957592

| 7 |Marubeni 161057.4 156.6 0 ] 1.1447  1.009347188

| 8 |Ford Motor 137137 4139 0 ] 1.26  0.737555958

| 9 |Toyota Motor 111052 26624 0 ) 15777  0.603245345

| 10 |Exxon 110009 6470 0 A 1.0667  1.344368672

| 11 |Royal Dutch/Shell Group 109833.7 69046 0 ] 0.9965 Infeasible

| 12 |Wal-Mart 93627 2740 0 ) 1.8493  1.765155063

| 13 |Hitachi 84167.1 1468.8 0 ] 21126 0.557595838

| 14 |Nippon Life Insurance 83206.7 24266 0 1 2.0813 4.806917693

| 15 |Nippon Telegraph & Telephone 819372 22091 0 ) 2124 0470610997

| 16 |AT&T 79609 139 0 ) 2.3159  0.533543522

.17 | Super

| 18 | Reference DMU under | 16 " Efficiency

| 19 |Constraints set Evaluation 2.315884

| 20 |Revenue 184365.2 > 184365.2

| 21 |Profit 3462 > 321.90786 Infeasibility |

22|52 ] 1| = 1

[ 23 |20 ) 0o = 0 |

Fig. 10.12 Spreadsheet for infeasibility test (Input-oriented VRS super-efticiency)

Lemma 10.4 If DMU  exhibits IRS, then the input-oriented VRS super-efficiency
model is feasible and ™™ >1, where 6™ is the optimal value to the input-
oriented VRS super-efficiency model.

[Proof]: Let ¢#=1/6*"", then the input-oriented VRS super-efficiency model

becomes

where ﬂA,j =94, (j#0).

max ¢}
subject to

o>

%) S X5

[
W M:
S -

>

vV
3

jyj ya;

-

~
ol
o=

1

J esupcr >

o>
%

M=

~~
1ol
o=

. 0.0 20,

(10.8)

Since DMU, exhibits IRS, then by Lemma 10.1, E _ Ol:. <1 in all optima to
J#*
the following output-oriented CRS super-efficiency model
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f Solver Parameters |L“
Set Objective: sFs19
T @ux  OMo O yskeof [0 J
By Changing Variable Cells:
$D$2:$D$16,57519
Subject to the Constraints:
$B$20:$8$21 >= $D$20:$D$21 - | Add
$8822=1
e

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP [=] | Ogiions
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

mh;numms,wm&vamymwawmmtxe
non-smooth.

(s [ o

\ y,

Fig. 10.13 Solver parameters for infeasibility test (Input-oriented)

super

max

; A,x; <x,

jeo (10.9)
Zﬂ’jyj 2 ¢Superyo

j=1

Jj#0

¢super’ ﬂl 2 0‘

Let z A; =v<1.Since DMU, is CRS inefficient, therefore ¢** > 1 and hence

o > 19 is a feasible solution to (10.9). This in turn indicates that ¢ and /1 (j#o0)
with z ﬂ ¢ is a feasible solution to (10.8). Therefore, the input- orlented
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VRS super-efficiency model is feasible. Furthermore, by Proposition 10.2, we have
that ¢**" > 1, where ¢ is the optimal value to the input-oriented VRS super-
efficiency model.m

Theorem 10.8 If the input-oriented VRS super-efficiency model is infeasible, then
DMU , exhibits DRS or CRS.

[Proof]: If DMU, exhibits IRS, then by Lemma 10.4, the input-oriented VRS
super-efficiency model is feasible. A contradiction.m

Theorems 10.6 and 10.7 indicate that if the input-oriented VRS super-efficiency
model is infeasible, then DMU  is one of the endpoints. Furthermore, if DRS pre-
vail, then DMU  is an right endpoint (see Fig. 10.9).

o

10.2.4 Other Input-oriented Super-efficiency Models

Now, consider the input-oriented NIRS and NDRS super-efficiency models.

Theorem 10.9 The input-oriented NDRS super-efficiency model is always feasible.
[Proof]: Since z /1‘ >1 in the input-oriented DNRS super-efficiency model,

there must exist some /1 with 2 l > 1 such that 2 A ¥, 2, holds. Note

that z /Ijx < 6™ x, can always be satisfied by a proper §**. Thus, the input-

oriented NDRS super-efficiency model is always feasible.m

Lemma 10.5 The input-oriented NIRS super-efficiency model is infeasible if and

only if the input-oriented VRS super-efficiency model is infeasible.

[Proof]: The only if part is obvious and hence is omitted. To establish the if part,
we suppose that the input-oriented NIRS super-efficiency model is feasible. i.e.,

we have a feasible solution with zmﬂ ; <1 for the input-oriented NIRS super-
efficiency model. If 2#0 A, =1, then this solution is also feasible for the output-
oriented VRS super-efficiency model. If 2#0 A, <1, let z#a A, =e<]1. Then

zm} V2 zm} v, 2y, where 4, =4 /e(j#o0) and zl_iaﬂjzl. There-

fore /1] (J # 0) is a feasible solution to the output-oriented VRS super-efficiency
model. Both possible cases lead to a contradiction. Thus, the output-oriented NIRS
super-efficiency model is infeasible if the output-oriented VRS super-efficiency
model is infeasible.m

On the basis of this Lemma 10.5, we have

Theorem 10.10 For a specific extreme efficient DMU, = (x,,y,), we have
(i) The input-oriented NIRS super-efficiency model is infeasible if' and only if
(xx,,y,) is efficient under the VRS envelopment model for any 1< y < +oo.

(i1) The input-oriented NIRS super-efficiency model is feasible if and only if
g <1, where g" is the optimal value to (10.7).
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Table 10.2 Super-efficiency DEA models and infeasibility

Super-efficiency models Infeasibility RTS
Output-oriented VRS Theorem 10.2 (Model (10.2)) DRS
NIRS Always feasible Always feasible
Input-oriented NDRS Lemma 10.3, Theorem 10.2 Corollary 10.1 (i)
VRS Theorem 10.7 (Model (10.7)) IRS
NIRS Lemma 10.5, Theorem 7 Always feasible
NDRS Always feasible Corollary 10.1 (ii)

If DMU, € E under the NIRS model, then DMU, exhibits DRS or CRS. By
Proposition 10.1, the DMU, also lies on the VRS frontier that satisfies DRS or
CRS. i.e., the VRS and NIRS envelopment models are identical for DMU,. Thus
(xx,,y,) is also efficient under the NIRS envelopment model for any 1< y < +oo.

Furthermore, Theorems 10.3 and 10.8 demonstrate that the possible infeasibility
of the output-oriented and input-oriented VRS super-efficiency models can only
occur at those extreme efficient DMUs exhibiting IRS (or CRS) and DRS (or CRYS),
respectively. Note that IRS and DRS are not allowed in the NIRS and NDRS mod-
els, respectively. Therefore, we have the following corollary.

Corollary 10.1 (i) If DMU € E exhibits DRS, then all output-oriented super-
efficiency DEA models are feasible.

(i) If DMU, € E exhibits IRS, then all input-oriented super-efficiency DEA
models are feasible.

By Theorems 10.1 and 10.6, we know that infeasibility indicates that the inputs
of an extreme efficient DMU, can be proportionally increased without limit or that
the outputs can be decreased in any positive proportion, while preserving the effi-
ciency of DMU . This indicates that the efficiency of DMU  is always stable under
the proportional data changes.

Models (10.2) and (10.7) are useful in the determination of infeasibility while
Theorems 10.1 and 10.6 are useful in the sensitivity analysis of efficiency clas-
sifications. Table 10.2 summarizes the relationship between infeasibility and the
super-efficiency DEA models.

Finally, we note that the super-efficiency VRS models can also be used to esti-
mate RTS. This is a possible new usage of the super-efficiency DEA models.

10.3 Models for Dealing with Infeasibility

A number of studies have tried to solve the problem of VRS super-efficiency mod-
el’s infeasibility. Lovell and Rouse (2003) suggest using a user-defined scaling fac-
tor to make the VRS super-efficiency model feasible. Yet, as indicated in Cook et
al. (2009), it is possible that Lovell and Rouse’s (Lovell and Rouse 2003) approach
assigns the user-defined scaling factor as the super-efficiency score for all DMUs
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having infeasible solutions. Cook et al. (2009) develop a modified VRS super-effi-
ciency model for efficient DMUs that are infeasible under the standard VRS super-
efficiency model. Cook et al. (2009) further define a super-efficiency score with
respect to both input and output super-efficiencies.

In fact, as pointed out by Chen (2005), one needs to use both input- and output-
oriented super-efficiency models to fully characterize the super-efficiency when in-
feasibility occurs. Chen (2005) further suggests that one should integrate the input
and output super-efficiency scores by solving both the input- and output-oriented
VRS super-efficiency models.

Lee et al. (2011) develop a two-stage super-efficiency calculation. Similar to
Seiford and Zhu (1998), Lee et al. (2011) point out that the infeasibility of input-
oriented super-efficiency occurs when the outputs of the evaluated DMU is outside
the production possibility set spanned by the outputs of the remaining DMUs and
the infeasibility of output-oriented super-efficiency occurs when the inputs of the
evaluated DMU is outside the production possibility set spanned by the inputs of
the remaining DMUs. As indicated in Seiford and Zhu (1999) and Chen (2005),
infeasibility in the input-oriented super-efficiency can indicate that a particular effi-
cient DMU under evaluation exhibits super-efficiency performance only in outputs.
Infeasibility in the output-oriented super-efficiency can indicate that a particular ef-
ficient DMU under evaluation exhibits super-efficiency performance only in inputs.
Chen (2005) points out that super-efficiency can be regarded as input saving/output
surplus achieved by an efficient DMU.

In this section, we present the two-stage procedure developed by Lee etal. (2011).
In their first stage, one seeks to simultaneously test whether a VRS super-efficiency
model is infeasible, and detect output surpluses (input savings) when infeasibility
occurs in the input-oriented (output-oriented) VRS super-efficiency model. Then,
in a second stage calculation, a modified VRS super-efficiency model is proposed
to calculate the super-efficiency for all the efficient DMUs.

If super-efficiency only exists in inputs (or outputs), Lee, Chu and Zhu’s (2011)
output-oriented (or input-oriented) super-efficiency model may actually indicate
inefficient performance. In other words, infeasibility may imply inefficient perfor-
mance. This is consistent with the findings in Chen (2005) and Cook et al. (2009).

Like the approach in Cook et al. (2009), when infeasibility occurs, Lee, Chu
and Zhu’s (Lee et al. 2011) approach may require that (i) both inputs and outputs
be decreased to reach the frontier formed by the remaining DMUs under the input-
orientation and (ii) both inputs and outputs be increased to reach the frontier formed
by the remaining DMUs under the output-orientation.

Note that Lee, Chu and Zhu’s (2011) model provides VRS super-efficiency
scores that are equivalent to those arising from the VRS super-efficiency model
when feasibility is present. When the VRS super-efficiency model is infeasible,
their model determines a referent (benchmark) DMU formed by the remaining
DMUs and yields a score that characterizes the super-efficiency in inputs and out-
puts.

In the first stage, Lee et al. (2011) propose to calculate the following model for
an efficient DMU
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s
min z S,
r=1

s.t. Z/ijyyj+syyrk2yyk r=12,...,s

j=1

j#zk
. (10.10)
Z% =1
Jj=1
J#k
A,20,j#k

s, 20,r=1L2,...,s

This model seeks to determine potential surpluses in individual outputs. We note
that model (10.10k is similar to the Seiford and Zhu’s (1999) model for testing for
infeasibility. Lee et al. (2011) show the following theorem.

Theorem 10.11 Let (s;,...,s,) denote a set of optimal solution in (10.10). Then
the input-oriented VRS super efficiency model is feasible if and only if s. = 0 for
r=1,...,s.

Theorem 10.11 indicates that the input-oriented VRS super-efficiency model is
infeasible if and only if there exists some s, > 0. Note that these sy, are not the
output slacks in the standard DEA approach, but represent the output surpluses in
DMU, compared to the frontier formed by the rest of DMUs.

Lee et al. (2011) then establish the following modified VRS super-efficiency
model which is always feasible

min 6
s.t. z/ijxl./.Séxik i=12,....m
Jek
z&j,y,j+s:yrk2yrk r=12,...,s (10.11)

J=1
j#k

S, =1
j=1

Jjzk

A4,20,j#k

where (s, ,...,s. ) are optimal solutions in model (10.10).

Let & be the optimal solution of (10.11) and § be the optimal value to the
standard (input-oriented) VRS super-efficiency model. Obviously § = 6" when
the standard VRS super-efficiency model is feasible, indicating that model (10.11)
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Fig. 10.14 Numerical Outout A
example for super-efficiency utpu

>
>

Input

yields the identical super-efficiency score when the standard VRS super-efficiency
model is feasible.

We would expect that for efficient DMUES, their input-oriented super-efficiency
scores should be greater than one. Such expectation is realistic for the CRS assump-
tion. Under VRS assumption, because of the possible infeasibility, such expectation
may not be met due to the fact that an efficient DMU needs to decrease both its
inputs and outputs to reach the frontier formed by the rest of DMUs. To further il-
lustrate this point, we consider a simple numerical example from Lee et al. (2011),
as shown in Fig. 10.14 where we have three efficient DMUs, A(1,1), B(2,3) and
C4,4).

For DMU C we have infeasibility in the standard VRS super-efficiency model,
s*=1/4 inmodel (10.10) and & = 0.5(< 1) in model (10.11). This is because DMU
B is identified as its benchmark. To reach DMU B, it has to decrease its both input
and output.

In a similar manner, we can develop output-oriented VRS super-efficiency mod-
el that is always feasible. We first solve the following linear programming problem
which seeks to determine potential input savings (£, x, ) in the efficient DMU, com-
pared to the frontier formed by the rest of DMUs:

m
minE t;
i=1
n
s.t. z&j.xij —tx, <x, i=12,...,m
j=1
j#k

i A;=1
=1

J#k
A4,20,j#k
t,20,i=1,2,...,m

(10.12)
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Let 7, be a set of optimal solution in model (10.12). The standard output-oriented
VRS super-efficiency model is feasible if and only if 7, =0 for i=1,...,m. We
then establish the following output-oriented VRS super-efficiency model which is
always feasible.

maxﬁ

n
s.t. Zﬂjxi’ —-txf <xf i=12,...,m
J=1

J#k

DAY 2By r=12s (10.13)
Tk

Y 2,=1

j=1

J#k

A,20,j#k

It is likely that when infeasibility occurs, the output-oriented super-efficiency score
from model (10.13) is greater than one, indicating that output super-efficiency
does not exist. Consider DMU A in Fig. 10.14. The standard output oriented super-
efficiency model is infeasible for DMU A. We have t =1 in model (10.12) and
/S =3(>1) in model (10.13). This is because DMU A is projected onto DMU B,
and DMU A has to increase both its input and output to reach DMU B. In other
words, DMU A has super efficiency in input, but not output. Interested reader is re-
ferred to Lee et al. (2011) for two illustrative applications to US cities and Japanese
companies of the above approach.

10.4 Zero Data and Infeasibility

In the above discussion, it is assumed that all input and output data are positive. In
fact, as discovered in Lee and Zhu (2012), zero data in inputs/outputs can lead to
infeasibility in both VRS and CRS situations. In fact, Thrall (1996) and Zhu (1996)
point out that the CRS super-efficiency model can also be infeasible when an effi-
cient DMU has zero input values. To address such issue, Lee and Zhu (2012) extend
the work of Lee et al. (2011), so that the revised model is feasible when zero data
exist in inputs. We should point out that zero output data will not lead to infeasibil-
ity of the output-oriented super-efficiency models developed in Lee et al. (2011),
Chen and Liang (2011), and Cook et al. (2009). This is because the output side of
the constraints can always be satisfied. Therefore, the work of Lee and Zhu (2012)
only assumes that some inputs are zero for some efficient DMU .
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Fig. 10.15 Numerical X2
example for zero data and 4
super-efficiency .
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Consider a simple numerical example in Lee and Zhu (2012) as shown in
Fig. 10.15 where all DMUs have the same output. DMU D is infeasible under input-
oriented VRS super-efficiency model. Because all DMUs have the same output in
Fig. 10.15. Figure 10.15 can be applied to both CRS and VRS situations, namely,
the VRS super-efficiency model is equivalent to the CRS super-efficiency model.
Therefore, DMU D is infeasible under both the CRS and VRS super-efficiency
models.

Now, let us consider the new super-efficiency DEA model (10.11) developed by
Lee etal. (2011) or the equivalent “one model” approach by Chen and Liang (2011).

min 1+M*2ﬂ,

r=1

st Y Ax, <(+7)x, i=12,....m

J=1
Jj#k

YAy, z2U-B)y, r=12..s (10.14)
j=1

J#k

i A, =1
j=1

J#k

A,20,j#kpB 20

where M is a user-defined large positive number, and in Cook et al. (2009), M is set
equal to 10°. The (modified) super-efficiency score is definedas 1+ 7" + |% z #
where R is the set of ﬂ: > 0, defined in Lee et al. (2011). < '
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Due to the zero input in D, D is still infeasible under model (10.14). To address

this issue, Lee and Zhu (2012) denote x™ = nialx{x,.k} and consider the following
modified version of model (10.14) B

min T+M*(iﬁr +zm:tl)
r=1 i=1

n
s.t. lexij —tx™ <(+7x, i=L2,....m
j=1

jzk

YAy, z2(1=-B)y, r=12..s (10.15)
j=1

Jj#k

P
j=1

j#k

ﬂj 20,j#k,[B.,t 20,7 is unrestricted

The only difference between (10.14) and (10.15) is the added #,x™ in input con-
straints. Infeasibility occurs when (some of) input constraints of (10.14) are violated
when the evaluated DMU has zero inputs. The DMU D in Fig. 10.15 is such an
example. To remedy such situation, we deduct the term 7,.x™ from the left hand
side of the input constraints so that these constraints will not be violated when zero
input occurs. The amount to be deducted in Fig. 10.15 for DMU D is 1, the vertical
distance from D to horizontal dashed line above D. The reasons for expressing the
deducted amount in terms of #,x™ are two folds. The first is unit invariant, whose
rationale is as follows. Assume the ith input is scaled by a factor b. The first con-
straint of model (10.15) becomes

N Abx, —tbx™ <b(+17)x, i=12,....m

J=1
Jj#k

which is equivalent to the original constraint. Therefore, the optimal solution 7,
remains the same, which means the optimal solution of model (10.15) is unit invari-

max

ant.The second reason for using #,x™ is that £x™ will not be zero when x! is
zero. If we replace 7.x™ with ¢ x, the amount deducted 7,x* will be zero when x;
is zero. In Fig. 10.15, £,x; =1 for DMU D, where £, = 0.25,x]™ = 4. Note that
the output constraints in (10.14) hold even when some outputs has zero. Therefore,
the output constraints remain unchanged. This is also the reason why the output-
oriented super-efficiency models developed in Lee et al. (2011), Chen and Liang
(2011), and Cook et al. (2009) are always feasible if outputs have zero data.

Denote R ={r|f >0} and I = {i|#, > 0}. Lee and Zhu (2012) then define the
following indexes
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Input savings index:

0 if I=¢

. 1+¢,

1= !
2( : ) 10
7 ES

7]

Output surplus index:

0 if R=¢

1

0=

5(is) e

|R|

Then, the super-efficiency score can be defined as

O=1+7 +o+i

For D, model (10.15) yields 1+7 =0.666667,¢ =0,t, =0.25, =0, and the

super-efficiency score is 1.916667. Model (10.15) projects D to A in Fig. 10.15.
The efficiency measure @ consists of three parts: the radial efficiency 1+ 7°, the

output surplus index o, and the input saving index ;. The input saving index is defined

l+1 max e
; B )

(1+zf )
to be a\ 1) when {i| ¢, } is not empty, where ‘< =X d

! 1] 1]
reflects how far the DMU k is below the dashed horizontal efficient boundary (see
the dashed line through A in Fig. 10.15). When a DMU falls below the dashed
horizontal line in Fig. 10.15, like DMU D, its efficiency of the original VRS is 1
which implies that its supper efficiency should be no less than 1, which is guaran-
teed by our input saving index. For example, for DMU D in Fig. 10.15, its radial
efficiency, output surplus index and input saving index are 0.666667, 0 and 1.25
respectively,which means that to get to the projection A, DMU D should scale down
its input by 0.666667 and then move upward by 1 (¢, x™ =1). In the original VRS
model, DMU D is efficient, which implies that DMU D should have super effi-
ciency not less than 1. The super efficiency of D is 1.91667 because its input saving
index is 1.25, which means that DMU D uses less input than its projection A. Note
that input saving index is greater than 1 if input saving exits.
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1
e -

The output surplus index #reﬂects how far the DMU k is above
the dashed efficient boundary (see the dashed line in Fig. 10.14). For DMU C in
Fig. 10.14, its radial efficiency, input saving index and output surplus index are 0.5,
0 and 4/3 respectively. Since C is efficient in the original VRS model, the super ef-
ficiency should be no less than 1. The super efficiency of C is 11/6, which is greater
than 1 because of its output surplus index.

10.5 Slack-Based Super Efficiency

Under the radial DEA models, super-efficiency DEA models are obtained simply
by removing the DMU under evaluation from the reference set. However, the above
procedure cannot be applied directly to non-radial DEA models (e.g., the slack-
based models discussed in Chap. 5) to yield the super-efficiency versions. As dem-
onstrated in Tone (2002), for non-radial or slacks-based DEA models, one needs to
identify the efficient DMUs first and then modify the DEA model.

Suppose that DMU , is an efficient DMU, and the slacks-based super-efficiency
of DMU, is defined as the optimal value &, to the following problem (Tone 2002).

l24')_("1‘0/)6&)
m i
| .
72y)'<)/yro
Sr:l
stX, 2 2 Ax,i=1,2,..,m
J=1.j#o (10.16)
¥, < z A yr=1,2,.s

j=1,j#o

* .
0,=minJ, =

fio Zx,-u,l'=1,2,...,m
-)_/m Syma’”:l,z,...,s
2,,9,,20,j=1,2,.,n,j#0,r=1,2,..,s

In Tone’s (2002) super-efficiency model (10.16), a fractional objective function is
used, and additional constraints of ¥, >x, and y, <y, are introduced. Due to
the objective function, the model also requires positive input and output data for
efficient DMUs, i.e. x; >0 and y,; > 0. Using the Charnes-Cooper transformation,
model (10.16) can be transformed into a linear program.
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Du et al. (2010) show that we can also build super efficiency models based upon
the additive DEA model (Charnes et al. 1982) or slack-based models discussed
in Chap. 5. To facilitate the development, we consider the following slack-based
model

m

mastm + ZS,G
s.t. Zl X8, =x,,0=1,2,...m (10.17)

n

.
2/1ij —-sr =y, ,r=1,2,.,s
=

Ar8,,8,20,j=1,2,.,n,i=1,2,..mr=1,2,.,s

io >"ro

where s, and s, are input and output slacks.
Suppose DMU  is efficient. To obtain the super-efficiency of DMU, under mod-

el (10.17), we cannot simply modify model (10.17) by removing DMU, from the

reference set. If we do that, the resulting model may not have a feasible solution.
For an efficient DMU, under the additive DEA model (10.17), we have the fol-

lowing super-efficiency model:

m s
L . _ — +
a{) =min a’) - Ztio + Ztm
i=1 r=1

Y Ax,<x,+t,i=1,2,..m (10.18)

Jj=1j#o

Z ﬂ’jyrjzym m,}’_l 2

j=1,j#o

At 00 20,j=1,2,..,n,j#0,i=1,2,....mr=1,2,...,s

j? Vio m

After DMU  is removed from the reference set of model (10.17), we need to modify
the constraints and objective of model (10.18) to get the super-efficiency model.
The constraints should be modified because we need to increase the inputs and
decrease the outputs for DMU, to reach the frontier constructed by the remaining
DMUs. We change the objective from maximization to minimization so that the
resulting model is bounded.

We can also use a different objective function for model (10.18) so that the re-
sulting model is unit invariant, for example,
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. l m -
=minf3 = =+ )
ﬂ: ﬂo m+S(;xl ;ym)
stox, i, = > Ax,i=1,2,..m (10.19)
Jj=1,j#o0

< z ﬂ‘fy,j,rz 1,2,...,s

Jj=Lj#o

ﬂ " 20,j=1,2,..,n,j#0,i=1,2,...mr=1,2,..,s

ZLzo >"ro

Now, if we let{a:;ﬂ:(a),j=1,2,...,n,j¢o~t’*(a) i=1,2, ..,m;t;*(a),r=1,2,...,s}

and {ﬁ;;/l;’(ﬁ),jz1,2,...,n,j¢o;t,;*(,3) i=1,2,..,m;t) (,B),r=1,2,...,s} be an
optimal solution to models (10.18) and (10.19), respectlvely. Then we can define

= (10.20)
:l(ym (@),
and
. ;2(% +1,(B)/x,
o, (A= (1021)
2 (= (D)

which are in the exact format of the objective function used in model (10.16). Note
that 8, (@)=1 and &, ()=1. Thus we can use &, () and &, (/) as the super-
efficiency scores for model (10.18) and (10.19), respectively.
Note that the models are developed under the CRS assumption. If we add

2 A, =1 into the models, we obtain slacks-based super-efficiency models for
Jj=1,j#o0
VRS. Du et al. (2010) show that the slacks-based super-efficiency models are al-
ways feasible under CRS or VRS assumption.

10.6 Solving Super-Efficiency Using DEA Frontier

To run the super-efficiency models presented in Table 10.1, select the “Super-effi-
ciency” menu item. You will be prompted a form shown in Fig. 10.16 for specifying
the super-efficiency models. The results are reported in the “Super-efficiency” sheet.
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Fig. 10.16 Super efficiency ’—E‘

Please select the sheet that has the data (DMUs, inputs,
outputs), Model Orientation, and Frontier Type:

[0 Super-efficiency

Cancel I

Model Orientation

(¢ d|  Output-Oriented

Frontier Type - Returns to Scale

® CRS C RS

C NIRS C NDRS

Developed by Joe Zhul

To run the slack-based super efficiency, the user selects the slack-based super
efficiency menu item. The user needs to select a frontier type. There are two options
for the objective function, as shown in Fig. 10.17. The efficiency scores defined in
(10.20) and (10.21) are reported in sheet “Slack Super”. This sheet also reports the
individual slacks.

Note that results for inefficient DMUs are not reported, as they are the same if
the standard slacks-based model (Chap. 5) is used.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 10) contains
supplementary material, which is available to authorized users.
Caption of the data object (Excelfiles.zip 711 kb)
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Fig. 10.17 Slack-base super '—"'"“"—"‘“““"_E
effciency model Siackased uperficensy

|Please select a data sheet, Frontier Type, Objective Function

[ Super-efficiency
] Sheetl

Frontier Type - Returns to Scale

C RS
C NDRS

Objective Function

" Unit Invariant

® Additive
Developed by Joe Zhu
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Chapter 11
Sensitivity Analysis

11.1 DEA Sensitivity Analysis

One important issue in DEA which has been studied by many DEA researchers is
the efficiency sensitivity to perturbations in the data. Some DEA sensitivity studies
focus on the sensitivity of DEA results to the variable and model selection, e.g.,
Ahn and Seiford (1993). Most of the DEA sensitivity analysis studies focus on
the misspecification of efficiency classification of a test DMU. However, note that
DEA is an extremal method in the sense that all extreme points are characterized as
efficient. If data entry errors occur for various DMUSs, the resulting isoquant may
vary substantially. We say that the calculated frontiers of DEA models are stable
if the frontier DMUs that determine the DEA frontier remain on the frontier after
particular data perturbations are made.

By updating the inverse of the basis matrix associated with a specific efficient
DMU in a DEA linear programming problem, Charnes et al. (1985a) study the sen-
sitivity of DEA model to a single output change. This is followed by a series of
sensitivity analysis articles by Charnes and Neralic in which sufficient conditions
preserving efficiency are determined (see, e.g. Charnes and Neralic (1990)).

Another type of DEA sensitivity analysis is based on super-efficiency DEA mod-
els. Charnes et al. (1992), Rousseau and Semple (1995) and Charnes et al. (1996)
develop a super-efficiency DEA sensitivity analysis technique for the situation
where simultaneous proportional change is assumed in all inputs and outputs for a
specific DMU under consideration. This data variation condition is relaxed in Zhu
(1996) and Seiford and Zhu (1998a) to a situation where inputs or outputs can be
changed individually and the entire (largest) stability region which encompasses
that of Charnes et al. (1992) is obtained. As a result, the condition for preserving
efficiency of a test DMU is necessary and sufficient.

The DEA sensitivity analysis methods we have just reviewed are all developed
for the situation where data variations are only applied to the test efficient DMU and
the data for the remaining DMUs are assumed fixed. Obviously, this assumption
may not be realistic, since possible data errors may occur in each DMU. Seiford and
Zhu (1998b) generalize the technique in Zhu (1996) and Seiford and Zhu (1998a) to
the worst-case scenario where the efficiency of the test DMU is deteriorating while

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 207
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 11, © Springer International Publishing Switzerland 2014



208 11 Sensitivity Analysis

the efficiencies of the other DMUs are improving. In their method, same maximum
percentage data change of a test DMU and the remaining DMUs is assumed and
sufficient conditions for preserving an extreme efficient DMU’s efficiency are de-
termined. Note that Thompson et al. (1994) use the SCSC (strong complementary
slackness condition) multipliers to analyze the stability of the CRS model when
the data for all efficient and all inefficient DMUs are simultaneously changed in
opposite directions and in same percentages. Although the data variation condi-
tion is more restrictive in Seiford and Zhu (1998b) than that in Thompson et al.
(1994), the super-efficiency based approach generates a larger stability region than
the SCSC method. Also, the SCSC method is dependent upon a particular SCSC
solution, among others, and therefore the resulting analysis may vary (see Cooper
etal. 2001).

Seiford and Zhu (1999) (Chap. 10) develop the necessary and sufficient condi-
tions for infeasibility of various super-efficiency DEA models. Although the super-
efficiency DEA models employed in Charnes et al. (1992) and Charnes et al. (1996)
do not encounter the infeasibility problem, the models used in Seiford and Zhu
(1998a) do. Seiford and Zhu (1998a) discover the relationship between infeasibil-
ity and stability of efficiency classification. That is, infeasibility means that the
efficiency of the test DMU remains stable to data changes in the test DMU. Fur-
thermore, Seiford and Zhu (1998b) show that this relationship is also true for the
simultaneous data change case and other DEA models, such as the VRS model and
the additive model of Charnes et al. (1985b). This finding is critical since super-
efficiency DEA models in Seiford and Zhu (1998b) are frequently infeasible for
real-world data sets, indicating efficiency stability with respective to data variations
in inputs/outputs associated with infeasibility.

Zhu (2001) extends the results in Seiford and Zhu (1998a, b) to a situation when
different data variations are applied to the test DMU and the remaining DMUs,
respectively.

In this chapter, we focus on the DEA sensitivity analysis methods based upon
super-efficiency DEA models that are developed by Zhu (1996, 2001) and Seiford
and Zhu (1998a, b). For the DEA sensitivity analysis based upon the inverse of basis
matrix, the reader is referred to Neralic (1994).

Since an increase of any output or a decrease of any input cannot worsen the
efficiency of DMU,, we restrict our attention to decreases in outputs and increases
in inputs for DMU,. We consider proportional increases of inputs or proportional
decreases of outputs of the form

io

X, =fx, B=2Li=1..m (11.1)

Vo =0,¥, 0<a <Lr=L..s (11.2)

where x, (i= 1, 2,...,m)and y_(r= 1,..., s) are respectively, the inputs and out-

io

puts for a specific extreme efficient DMU, = DMU, among n DMUs.
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Zhu (1996) provides a super-efficiency model to compute a stability region
in which DMU | remains efficient. Specifically, for an increase in inputs of form
(11.1), this model is given by

min 3 foreachk=1,..,m

subject to

Z /1/ xk/' < ﬂzxk()

J=1

Jj#o

Zﬂ,jxij <x, i#k (11.3)
j=1

j#o

n
Z/ljyrj 2y, r=1,.,s
j=1
Jj#o

2,520

where x; and y,; are the ith input and rth output of DMU ,(j =1,...,n), respectively.
It can be seen that model (11.3) is developed from the input-oriented measure-
specific model—CRS kth input-specific model.

Zhu’s (1996) approach requires two assumptions: (i) the hyperplane constructed
by the m hypothetical observations obtained from model (11.3) is not dominated
by other DMUs and (ii) model (11.3) is feasible. However, in real word situations,
these two assumptions may not be satisfied.

Note that any increase of input or any decrease of output will cause the DMUs
in set E’ (efficient but not extreme efficient) to become inefficient. For those DMUs
in set F (weakly efficient with non-zero slacks), the amount of inputs (or outputs)
which have non-zero slacks can be increased (or decreased) without limit, and these
DMUs will remain in the set F. However, for inputs and outputs which have no
slack, any input increase of (11.1) or any output decrease of (11.2) will cause these
DMUs to become inefficient. Therefore, the sensitivity issue of DMUs in set E’ or F
is straightforward if not trivial. Thus, we first focus on the efficiency of the DMUs
in set E, 1.e., the extreme efficient DMUs.

11.2  Stability Region'
11.2.1 Input Stability Region

For DMU, € E, we first suppose that (11.3) is feasible for each input and consider
input changes of form (11.1). As shown in Zhu (1996), the optimal value to (11.3),

! Part of the material in this section is adapted from European Journal of Operational Research,
Vol 108, Seiford, L.M. and Zhu, J., Stability regions for Maintaining Efficiency in DEA, 127-139,
1998, with permission from Elsevier Science.
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B, gives the maximum possible increase for each individual input which allows
DMU , to remain efficient with the other inputs and all outputs held constant. Also,
(11.3) provides m hypothetical frontier points (efficient DMUs) when DMU , is ex-
cluded from the reference set. The kth point is generated by increasing the kth input
from x,, to 8 x,, and holding all other inputs and outputs constant. We denote these
k hypothetical observations by

DMU(B )= (Xyyseeis B Xy reeerXys Vigoeeos Vo) (11.4)

Consider the following linear programming problem

m
min z o
i=1

subject to

n
0 .
Z/ijxi/. <p'x, i=1,...,m
J=1

o (11.5)
Z/ljyr/_ym 7":1, ’S

J=1

Jj#o

pl21L,A.20

This model determines the smallest summation of the proportions to move DMU,,
to the boundary of the convex hull of the other DMUs.

Lemma 11.1 Denote the optimal solution for (11.5) by p"(i= 1, 2,...,m). For
i=1,2,...,m,wehave B~ > p” >1.
[Proof]: Suppose for some i, [ f< pl.‘;*, then Ziioﬂjxij < :BZ*X,;)D < plf:*xl.ao.

Therefore, any optimal solution to (11.3) is a feasible solution to (11.5). Thus,
m —1+ﬁz* > zln;lpf >m —1+ﬁz*. A contradiction. m

Associated with p!" (i = 1, 2,...,m), m additional points (or DMUs) can be gen-
erated as

DMU D] )= (X1 s s P X3 X s Vg s Vig) (11.6)

Theorem 11.1 For DMU, =(x,,,...,X,,, Y ,---»V,,)» denote an increase of
inputs of form (11.1) by DMU,(B,....[3,) = (BX,s---s B, %0 Vigs--+»V,,) and
define Q°={(B,...8)|1<B <p’i=1...m}. If (B,....B,)eQ’, then
DMU,(f,,...,[3,) remains efficient.

m
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[Proof]: Suppose (3,...,3,) € Q° and DMU, with inputs of Bx, (I = 1,...,m)is
inefficient. In fact, (11.5) is equi~valent to thg following line~ar programming prob-
lem where p/x, = x, + 6" (and Bx, = x, + &, in which 0< 8, < &)

minZ@”
i=1

subject to

n

2/1/_)5,./. -8 <x, i=l..,m
J=1

Jj#o

n

leyrj 2y, r=1..s
j=1

j#o

&, 20.

i

2 o is 2,-:16: at optimality when 2,-:1/)7 =2l_:1plf’, and there exist
+
2

i=1 1
A, (j#0), s, 0 that satisfy

r

n
z&f.xﬁ—i-sl. =x,+0, i=1..m
Jj=1

Jj#o
n
+ —_— —_—
Zﬂjy,y. -s =y, r=1..s
j=1
j#o
. .
/1].,51. 50 20 j=1,.,n

violating the optimality of Y . &°". Thus, DMU (S,..., with inputs of
~ =1 i o 1 m

i=1
Bx, (= 1,...,m)is efficient. m

Definition 11.1 A region of allowable input increases is called an Input Stability
Region if'and only if DMU | remains efficient after such increases occur.

The input stability region (ISR) determines by how much all of DMU ’s inputs
can be increased before DMU  is within the convex hull of the other DMUs. From
Lemma 11.1 and Theorem 11.1 we know that (i) Q° is only a subset of ISR and
(i) the sets {3 | 1< B < Vi = 1,...,m, form part of the boundary of ISR.

If the input hyperplane constructed by the m points, DMU ("), associated with
the optimal values to (11.3), is not dominated by other DMUs except DMU ., i.e.,
that input hyperplane is a new efficient facet when excluding DMU , then the fol-

lowing set T is precisely the ISR (Zhu 1996)

I’ ={B,.B)1<B<B",i=1..,m and B/f +..+B.B, <1}
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where B/, ..., B, are parameters determined by the following system of equations

BB+ B +.+ B =1
Bl +B B +.+ B =1

B'+ B) +.+B B =1

m

Zhu (1996) shows the following result

Theorem 11.2 In the case of input increases of form (11.1), for any extreme effi-
cient DMU , if the m points, DMU (B7"), which are associated with the optimal j3
values to (11.3), determine an efficient input hyperplane, then DMU  remains effi-
cient if and only if (B,,...,5,) € T’

Next, suppose that the hyperplane constructed by the m points in (11.4) is domi-
nated by some other DMUs which are inefficient when including DMU,. In this
case, the ISR is no longer the set of I'°. Thus, we develop the following procedure.

Initiation (t=0) Solve model (11.3) for each k, k =1,..., m. If the input hyper-
plane, which is determined by the m points of DMU (] ")in (11.4), is not dominated
by other DMUs, then we obtain the ISR defined by I'°. Otherwise solve model
(11.5). Associated with the optimal solutions to (11.5), p/ *, we obtain m new points,
DMU(p")(i= 1, 2,...,m) as given in (11.6) and Q°.

Iteration t=1, 2,..., T At iteration t, for each point of iteration t-1, say point p,
which is associated with the optimal p values to (11.5), we solve model (11.3) at
each new kth input, k=1, 2,..., m and apply the Stopping Rule. (a) If the rule is
satisfied for a particular point p, then we have a similar set I'), determined by the
optimal B values, say 3", k=1,..., m. We continue for the remaining points. (b)
Otherwise solve model (11.5) for point p to obtain m new points and a similar set
Q’p determined by the optimal p values, say p”". Apply iteration t+ 1 to each of these
m new points.

Stopping Rule If the input hyperplane determined by them points that are associ-
ated with the m optimal £ values is not dominated by other DMUs, then iteration
stops.

From the above procedure, we see that if a I'-like set is obtained, then the it-
eration stops at a specific point. i.e., the I'-like set indicates the termination of the
iteration.

Theorem 11.3 The input stability region is a union of Q2 and some Q' and some
.
P
[Proof]: Obviously, DMU  remains efficient when its input increases (3,....,5,)
belong to Q°or any of the Q' or 1"’,). Conversely, from the iterations we know that the
ISR is connected. Since the input increases occurred in Q-like sets, DMU  is first
moved to a particular point p which is used to construct a I'-like set. By Theorem
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11.2, we know that the sets of F’p are the boundary sets of the ISR. This means that
if further input increases are not in this kind of set, then DMU_ will become inef-
ficient. Therefore, if DMU  remains efficient, then the input increase of form (11.1)
must be in Q° or any of the Q) or I'',. m

11.2.2  Qutput Stability Region

Similarly, Seiford and Zhu (1998a) develop a sensitivity analysis procedure for out-
put decreases of (11.2). For a specific extreme efficient DMU , we consider the
following linear program (Zhu 1996)

min o foreachk=1,.,s

subject to

Zl/yk/ 2 Zyro

j=1

Jj#o

z A2V, r#k
j=1

:j;to

n
2 A;x; < x, l
j=1

j#o

(11.7)

Il
3

0
A,0020

Model (11.7) is a super-efficiency model based upon the CRS kth output specific
model. The optimal values to (11.7), &', k=1,..., s, give s hypothetical frontier
points (or DMUs) and a set A’ defined as follows

DMU(O{,‘:*) = (xlo,...,xm,ylo,...,,Ot,f*yko,...yw)
and
AN ={(ey,,)| & <a <lr=1,..s and 4’0 +..+ Ac, > 1}

in which the parameters of 4’ are determined by the following system of equations

A+ A+t A =1
A o4 +.+ A =1

A+ A +.+al A =1
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Here, we rewrite the result of Zhu (1996) as the following theorem

Theorem 11.4 In the case of output decreases of form (11.2), for any extreme effi-
cient DMU , if the s points, DMU (O(Z*), which are associated with the optimal
a values to (11.7), determine an efficient output hyperplane, then DMU, remains
efficient if and only if (¢,,..., ) € A°.

Definition 11.2 A region of allowable output decreases is called an Output Stabil-
ity Region if'and only if DMU, remains efficient after such decreases occur.

Now, suppose that the output hyperplane constructed by the s points, DMU (&),
is dominated by some other DMUs which are originally inefficient, then the output
stability region (OSR) is not the set A’. We consider the following linear program-
ming problem

max Z o’
r=1
subject to

Ay, 2@y, r=1..s
;‘ I (11.8)
Jj#o

z/lfxﬁ <x, i=1,...m

Pl

Jj#o

A,20,97 <1.

Similar to Theorem 11.1, we have

Theorem 11.5 For a decrease in outputs of form (11.2), if

(,...0) eV ={(a,...a,)| ¢~ <a <lr=1,..,s}

> m

then DMU, remains efficient.
We also have the following s new points that associated with the optimal solu-
tions, ¢, of (11.8)

DMU(q)Z*): ('xloﬁ""xmo’yl()"'"’q)](:*ykn"“yso)

To obtain the output stability region, we apply model (11.7) and model (11.8) at
each iteration in the procedure for input stability region until no A-like sets can be
obtained. Similarly, we have

Theorem 11.6 The output stability region is a union of A-like sets and W-like sets.
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Input 2: X2

I | l i Input 1: X1

Fig. 11.1 Geometrical presentation of input stability region

11.2.3 Geometrical Presentation of Input Stability Region

We now illustrate the sensitivity analysis procedure geometrically for the following
five DMUs with a single output and two inputs. For convenience, we suppose the
five DMUs produce an equal amount of output and thus omit the output quantities
in the following discussion. With the help of Fig. 11.1, we will see how to keep track
of newly generated points (DMUs) by the procedure.

It is obvious that DMUs 1, 2, and 3 are extreme efficient, and DMUs 4 and 5 are
inefficient. Let DMU_ = DMU?2(x,, = 2,x,, = 2), 1.e., we consider the robustness of
the efficiency of DMU2 when the two inputs increase.

Initiation (t=0) First we solve model (11.3) for DMU, (point X,), that is
B =min 3’
subject to

54+ /13+%ﬂ4+%/15s2ﬁf

11
PRy Iy JLLY YO
247G

A+ A+ A+ A,21
ApApn Ay, As, B =0



216 11 Sensitivity Analysis

A | B | ¢ | o | E | F |
1 DMUs inputl | input2 output A
2 1 5 1 1 0.333333
3 2 2 2 1 0
4 3 1 5 1 0
S 4 212 212 1 0.666667
6 5 2 1/4 2 3/4 1 0
7 DMU under
8 consideration 2 B
9 |Constraints 1243
10 |input1 3.333333 < 313 N—
11 |input2 2 < 2 [ IBotA |
12 |output 1 > 1
13 |DMUo 0 = 0

Fig. 11.2 Spreadsheet for input stability region (Input 1)

Figure 11.2 shows the spreadsheet model. Cell D8 is reserved to indicate the
DMU under consideration, and is equal to 2 now, indicating DMU2. Cells F2:F6
are reserved to indicate A;. Cell E9 represents f3,. This spreadsheet model is devel-
oped from the spreadsheet model for measure-specific models. The formulas for the
spreadsheet shown in Fig. 11.2 are

Cell B10=SUMPRODUCT(B2:B6,F2:F6)
Cell B11=SUMPRODUCT(C2:C6,F2:F6)
Cell B12=SUMPRODUCT(E2:E6,F2:F6)
Cell B13=INDEX(F2:F6,D8,1)

Cell D10=E9*INDEX(B2:B6,D8,1)

Cell D11=INDEX(C2:C6,D8,1)

Cell D12=INDEX(E2:E6,D8,1)

Cell D13=0

Figure 11.3 shows the Solver parameters for the spreadsheet shown in Fig. 11.2. We
have 3”° = 5/3 (see cell E9 in Fig. 11.2). For k=2, we have the spreadsheet model
shown in Fig. 11.4. The formulas for cells B10:B13 and cells D12:D13 remain the
same. We need to change the formulas in cells D10:D11 to

Cell D10=INDEX(B2:B6,D8,1)
Cell D11=E9*INDEX(C2:C6,D8,1)

Using the Solver parameters shown in Fig. 11.3, we obtain 3, =8/5 (see cell E9 in
Fig. 11.4). Furthermore, we have the following two newly generated points associ-
ated with the optimal f values (cells D10:D11 in Figs. 11.2 and 11.4)

» 10
A= (ﬂl X195 xzo) = (?,2)

" 16
B= (x109 2 xzo) = (25?)
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ISolver Parameters [ |

Set Target Cell: $E49

217

Y
|%

%

Equal To: CMax @ Mn C Valueof: l

i

~By Changing Cells:

~Subject to the Constraints:

[sF52:5786, 589 A guess |

$B$12 >= $D$12

$8$10:$B$11 <= $D$10:$D$11 =] Add I
Delete
| o |

Fig. 11.3 Solver parameters for input stability region

i

Reset All

Help

i

Fig. 11.4 Spreadsheet for input stability region (Input 2)

A | B | ¢ | b | E | F
1| DMUs |inputl |input2 output A
| 2 | 1 3 1 1 0
| 3 | 2 2 2 1 0
4 | 3 1 5 1 0.2
ESH| 4 212 212 1 0
L6 | 5 2 1/4 2 3/4 1 0.8
| o DMU under
L8| consideration 2 )i
_ 9 |Constraints 13/5
10 |input1 2 < 2
11 |input2 32 < 315 Ipointa |
12 |output 1 > 1
_13 |DMUo 0 = 0

Obviously, the input hyperplane (line segment AB) constructed by A and B is domi-
nated by DMU4 and DMUS. Thus, we solve model (11.5) for DMU , that is

min py’ + 5

subject to
5 9 .
54+ A+=A,+=A, < 2p;
2 4
5 11
A +513+E/14+Z/15 <2p;7

A+ A+ A+ A,=21
A A Ay A5 20,07, p5 21
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A | B | ¢ | b | E | F | e |
1| DMUs inputl |input2 output A
2] 1 5 1 1 0
Bl 2 2 2 1 0
4| 3 1 5 1 0
5| a4 212 | 211 1 1
L6 | 5 2 1/4 2 3/4 1 0
53
.8 | consideration 2 pl p2
_9 |Constraints 11/4 11/4 2172
10 |input1 25 < 2112
11 |input2 25 < 212
12 |output 1 > 1
113 |[DMUo 0 - 0

Fig. 11.5 Spreadsheet for input stability region (Model (11.5))

Figure 11.5 shows the spreadsheet model for model (11.5). Cell E9 and Cell F9 rep-
resent p, and p,, respectively. The target cell G9 (=E9+F9) represents the objective
function of model (11.5). We change the formulas of cells D10:D11 to

Cell D10=E9*INDEX(B2:B6,D8,1)
Cell DI11=F9*INDEX(C2:C6,D8,1)

Figure 11.6 shows the Solver parameters formodel (11.5). We obtain gf" = g =5/4.
Moreover, we have Q° = {(ﬂl, B 1S B<5/4,1< B < 5/4}as showninFig. 11.1
and obtain the following two additional points associated with optimal p values

{C: (P20, Xp9) = (X5, X5) = (5/2, 2)
D= (x,, p;*xzo) = (x{f)axzz) = (2, 5/2)

Iteration: t=1 For the first point C, we solve model (11.3)

min 3

subject to
5 9 5
S+ A, +El4 +Z/15 < BExS :E’B‘C
11
A +52, +§l4 +715 <x$, =2

A+ A+ A+ A 21
AAy, A A B 20
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Solver Parameters i

Set Target Cell: $G$9
EqualTo: CMax G Mn C Vaeof: | s
By Changing Cells:
JsF52:5756,5£69:5759 A s |

-Subject to the Constraints:

$B$10:$8$11 <= $D$10:$D$11 _._] Add |

$B$12 >= $D$12

$B$13 = $D§13 Change |
| _ Dok |

i
aIs
X

Reset All

Help

il

Fig. 11.6 Solver parameters for model (11.5)

We have B =4/3. Similarly, ;" =5/4. The two corresponding new points
are as follows

. 10
4 = (5 x§)7x;)):(?’ 2)

. 55
X, =(x, x5 =(=, =
4 ( 10 2 20) (2 2)

The input hyperplane constructed by these two points (line segment AX,) is not
dominated by other DMUs, therefore the iteration for point C stops and we have the
following results.

Let %, = ¢,x5 = ¢,8”x,, and %, = ¢,x5, = ¢,X,,. By Zhu (1996), we have

I ={(c,c,)| 1<¢, BT k=1,2 and Bfc,+Byc, <1}
where B and BY are determined as follows

4 ¢ c_ c_
{Blc IC*+B2C:1 EBI +B, =1 B =

s
Bi+B Sy =1 |pe Spe_y |poo
4

Hence,

o o . ot ot " . 3 1 - o
Flc={(clp1 o) pl <epl <p ﬂlc =p"1<¢, Sﬂzc , and gpl C1+Ep1 os<pl}
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Let B =c¢p and B =c, Then T.={(8.,8,)]5/4<B <5/3,1<p,<5/4,

3B +50, <10}

Next, for the second point D, solving model (11.3) when k=1 and k=2 yields
B" =5/4and B =32/25, respectively. Associated with these two optimal /3 val-
ues, we have two new points

. 5 5
X =(B" D’ Dy _ 22
4 (131 Xio xzo) (2 2)

. 16
B= (xg, B x0) = (2, r

The input hyperplane determined by these two points (X, and B) is dominated by
DMUS, therefore we compute model (11.5) for point D,

minp” + py
subject to

SA+ A, +%z4 +%/15 < pPxl = 2P

5 11 5
il+5/13+5/14+1/15Sp2Dx2% ZzpzD
A+ A+ A+ A=21
Al AinAs 20,00, p) 21

We have p" =9/8 and p)” =11/10. Next we compute Q).
First, let %, =d,x" =d,x,, and x,, =d,xh =d, % x,,. By Theorem 11.1, we
have

QL =1{(d,d)|1<d, < p k=12
and
Q= {(d A d) 154, S 70 < L, < A

and further Q) = {(B,3)[1< B <9/8,5/4< B, <11/8}.

Associated with the two optimal values of g and g, we now have the follow-
ing two points

. 95
E= (PnD x1l())»x§)) = (xﬁnszo): (Z’E)

. 11
F=(x, p; xz%):(xlfwx;o):(za?)
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Iteration t=2 For the point E generated from the point D in the first iteration, we
obtain, by solving model (11.3), £ =10/9, A =11/10, and two corresponding
points

55

—(,BE x]O’XZO) (2 2)

« 9 11

X =(xE, E 2 11
s = (x5 ﬂzExzo (4 4)

The input hyperplane constructed by the two points of X, and X, is not dominated
by other DMU s, therefore the iteration stops.

~ _ E _ % D _ % ~ _ E _ D _ * . .
Let %, =ex), = ¢, p x) = p x,, and %,, = e,x1 = e,x1 = e, f x,,. Similar to
I, we have I'; ={(e,.e,)|1<e, < B, k=1,2 and B¢, + Bje, <1} in which Bf

and B} are determined by

10 9
. —B"+B; =1 Bf =—
BF B +Br =1 ! 2 !
JEﬂf Nk - 20
B1 +Bzﬂ; =1 BE EBE—I BE:l
10 P2
Thus, T} ={(ep &) <ep” <p "B =p . p <e,py < B p, and
(920007 e, +(1/2) pP" e, < pf)*pg*}={(ﬁl,ﬁ2)|9/83 B <5/4,5/4< B, <
11/8,18 3 +2 3, <45}, where § = ¢, p" and f3, = e, p,
For the point F, we have 7 =9/8 and & = 64/55, and two corresponding
points

11

—(ﬁv xloﬂxzo) (4 4)

B =(x %) = (2, —)

The input hyperplane constructed by these two points of X, and B is not dominated
by other DMUs, therefore the iteration stops.

Let X, = fix\y = fix,, and %,, = foxh = f, 00 xh = £, 92 P x,, . Similar to T,
we have I} ={(f,, f,)|1< f, < B ,k=1,2 and B/ f,+ B} f, <1} in which B, and
By are the solutions to the following system of equations

9 r F _ F_9

AR N R ST
B 4B B =1 | 64 | S5
B +—Bl =1 (Bl ===

55 136
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Table 11.1 DMU s for illustration of input stability region

DMU (X)) 2(X5) 3(X) 4(Xy) 5(X)
input 1 x, 5 2 1 5/2 9/4
input 2 x, 1 2 5 5/2 11/4

Thus, T ={(B,8,)| 1<5<9/8, 11/8<f,<8/5 9B +56,<17}. Finally,
we obtain the following input stability region for DMU2 (point X,) as shown in
Fig. 11.1.

ISR =Q°UQ, UTLUr:yr:

11.3 Infeasibility and Stability

The previous sensitivity analysis procedure is developed under the assumption that
model (11.3) (or model (11.7)) is feasible. However, this may not be always the
case. For example, if we calculate (11.3) for DMU3 in Table 11.1, then we have
[ =2 for the first input but infeasibility for the second input. If we calculate (11.3)
for DMUI, then we have infeasibility for the first input. Figure 11.7 presents the
results for the three efficient DMUs 1, 2, and 3. The calculation is performed by a
VBA procedure “InputStabilityRegion”.

Sub InputStabilityRegion ()
Dim i As Integer
For i = 1 To 3

Range ("D8") = i

SolverSolve UserFinish:=True

If SolverSolve (UserFinish:=True) = 5 Then
Range ("G" & i + 1) = "Infeasible"

Else

Range ("G" & i + 1) = Range("E9")

End If

Next

End Sub

Note that, in fact, we can increase infinitely the amount of DMU3’s second input
(DMUT1’s first input) while maintaining the efficiency of DMU3.

Theorem 11.7 For an efficient DMU , an increase of the kth input only, model
(11.3) is infeasible, if and only if, the amount of kth input of DMU  can be increased
without limitation while maintaining the efficiency of DMU,.
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A | B | ¢ || E | F | ¢
1| DMUs inputl input2 output A ISR
L2 1 5 1 1 0 Infeasible
| & 2 2 2 1 1 12/3
_4 | 3 1 5 1 0 2
L5 4 212 212 1 0
6| 5 2 1/4 2 3/4 1 0
| 7
8 3 B
_9 |Constraints 2
10 |input1 2 < 2

11 |input2 2 < 5
12 |output 1 > 1 Input1 l
13 |DMUo 0 = 0

A [ B | ¢ [p] E | F [ 6 |
1 inputl  |input 2 output A ISR
2] 1 5 1 1 0 2
| & 2 2 2 1 0.5 13/5
4 3 1 5 1 0 Infeasible
| 5 | 4 212 212 1 0
L6 | 5 2 1/4 2 3/4 1 0
7]
8| 3 B
_ 9 |Constraints 1/5
10 |input1 1 < 1
11 Jinput2 1 < 1 Input2 |
12 |output 0.5 > 1
13 |DMUo 0 = 0

Fig. 11.7 Optimal

[Proof]: The if part is obvious from the fact that if (11.3) is feasible, then the
optimal value to (11.3) gives the maximum increase proportion of the kth input.
Therefore, the amount of kth input cannot be infinitely increased.

To establish the only if part we suppose that the kth input is increased by M >1
and DMU , is inefficient. By substituting DMU, into CRS envelopment model,
we obtain an optimal solution " <1, A’ =0, /1; (j #0), in which 8 <1 implies
DMU € F. Therefore,

n
* o

2 Ax, <60 Mx,
J=1
Jj#o

n
Y Ax,<6x,<x, i#k
j=1

j#o
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This means that 1/(j #0),, = 6'M is a feasible solution to (11.3) and leads to
a contradiction. Since M is arbitrary, the amount of the kth input can be infinitely
increased while maintaining DMU s efficiency. m

As the Theorem 11.7 indicates, if (11.3) is infeasible, then ,B;’ = +oo, Thus, in
this situation, we must modify the sensitivity analysis procedure. Because we are
unable to express the new frontier point associated with ﬂ;’* = +oo, and further, to
apply the stopping rule. Note that if we here assume that all data are positive, then
model (11.5) is always feasible. But in the case of infeasibility, (11.5) does not per-
form well. For example, if we apply (11.5) to DMU3, we obtain p; =2 and p, = 1.
ie., p” =1relative to the unbounded input i. Consequently, we are unable to deter-
mine the stability region. Thus, from a computational point of view, in this situation,
we apply model (11.5) with p/ =8, (i =1,...,m). That is,

min 6,

subject to

Z/ljx,.j <0x, i=1,..m
Tz (11.9)

n
ley,j 2y, r=1,...s
j=1
Jj#o

4,20 j=1..,n

At each point, in each iteration, we first apply (11.9) when (11.3) is infeasible, and
then, for the newly generated points, we apply (11.3). If (11.3) is feasible, we use
the procedure suggested previously. If (11.3) is still infeasible, then apply (11.9)
again (go to next iteration). We can, in fact, regard infeasibility as the rejection of
the stopping rule, and then we calculate model (11.9) instead of (11.5) to generate
new frontier DMUs for the next iteration. In this situation, the set Q° obtained from
(11.9) corresponds to the e — norm in Charnes et al. (1992).
This general procedure for the infeasibility case is stated below

Step 1: Solve model (11.9).
Step 2: Solve (11.3) for the newly generated points by (11.9):

DMU(6))= (X, 500y 0. X, s evs X5 Vi reves Voo )s k= 1yosim,

a. If (11.3) is feasible, then go to the procedure given in Sect. 11.2.1;
b. If (11.3) is infeasible, then go to step 1.

Note that infeasibility often occurs in real world situations. In theory, one can al-
ways use this general procedure to determine the ISR. However, in practice one may
use this procedure to approximate the ISR due to the fact that some inputs’ amount
can be infinitely increased. For example, it is obvious that the IRS for DMU3 in
Table 11.1 is
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ISRZ{(ﬂl,ﬂz)\ IS,B1 <2, 1Sﬂ2<+oo} (11.10)

which is the shaded region shown in Fig. 11.1. Furthermore, we have

Theorem 11.8 For the two-input case, one of the two optimal  values in
(11.3) is equal to the corresponding optimal value to (11.9), if and only if,
ISR={(B, B,)| 1< B < f,i=1,2}, where one of the " is finite and the other
iS +oo.

[Proof]:Without loss of generality, assume that 4" is finite and /8" = +oo.

s

Suppose that ISR={(B.5,)|1< B <B", 1<f, <+e}. Let S =p", then
DMU  with (5"x,,, 8 x,,) is a frontier point. Therefore &, = /. This completes
the proof of the if part.

Suppose 8, = . Obviously, if DMU, with inputs of (Bx,,, B,x,,) is in set E,
then (B,8,) € ISR={(B.B,)|1<B < =6, 1<, <+oo}. Next, note that the
original DMU,, belongs to set E, therefore 6, >1. By 6, and 3", we obtain two
frontier points A= (6 x,,, &.x,,)and B=(8"x,,, x,,) = (6.x,,, x,,). Thus,

8 =3 = A e F with nonzero slack on the second input = (8"'x,,, B,x,,) € F,
where 1< B, <+o0 = (Bx,,, B,x,,) € B, where 1< < 1< B, < oo

Therefore, if (B3, 5,) € ISR, then DMU, preserves its efficiency. This completes
the only if part. m

By the proof of Theorem 11.8 and the result of Theorem 11.7, we can easily
obtain

Corollary 11.1 For the two-input case, if one of the two optimal 3 values in (11.3)
is equal to the corresponding optimal value to (11.9), then (11.3) is infeasible for
the other input.

Note that equality is not held in the right hand side of the inequalities in (11.10)
of f. Otherwise, DMU, will be in set F. For instance, if £ =2 in (11.10), then
DMU3 (X3) is moved into set F. However, if we only consider weak efficiency, then
the equality can be imposed. Because the efficiency ratings are equal to one for the
DMUs in set F.

Finally, the above discussion and development holds for the output case when
(11.7) is infeasible. That is,

Theorem 11.9 For an efficient DMU , an increase of the kth output only, model
(11.7) is infeasible, if and only if, the amount of kth output of DMU, can be increased
without limitation while maintaining the efficiency of DMU,.

Theorems 11.7 and 11.9 indicate that if model (11.3) or (11.7) is infeasible, then
the test DMU remains efficient when data variations are applied to the specific input
or output. This conclusion is also true when the data variations are applied to both
the test DMU and the remaining DMU .
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11.4 Simultaneous Data Change?

Zhu (2001) shows that a particular super-efficiency score can be decomposed into
two data perturbation components of a particular test DMU and the remaining
DMUs. Also, necessary and sufficient conditions for preserving a DMU’s efficiency
classification are developed when various data changes are applied to all DMUs. As
a result, DEA sensitivity analysis can be easily applied if we employ various super-
efficiency DEA models.

We rewrite the input-oriented CRS envelopment model and its dual as

« .
Ofrs = min g

subject to

zﬂ/‘xu +S: = HZRSxin i= 1’2""’m;
= (11.11)

n
§ + .

;i’jyrf_sr =ym 7"=1,2,...,S,
j=l

"
Olps» ;58758 20.

5
max 2 u,y,,

r=1

subject to

ZM,_yU.—ZVixﬁ <0, j=L..,n (11.12)
r=1 i=1

u,,v, 20.

We also present the input-oriented and output-oriented CRS super-efficiency models

6;uper* — min ezupcr

subject to

n

zﬂjxij <8"x, i=12,...m

J=1

j#o (11.13)
z&/.y”. 2y, r=12,..s
Jj=1

Jj#o

67", A,(j #0)2 0.

2 Part of the material in this section is adapted from European Journal of Operational Research,
Vol 129, Zhu, J., Super-efficiency and DEA Sensitivity Analysis, 443-455, 2001, with permission
from Elsevier Science.
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¢Zupcr* —max Zupcr

subject to

Zlﬂ(f'yrj 2 ¢2“pe" Yro er,...,S
- (11.14)

n
2/1‘/. x; <X, i=l,...,m
j=1
Jj#o

0

#r, A, (j#0)> 0.

In order to simultaneously consider the data changes for other DMUs, we suppose
increased output and decreased input for all other DMUs. i.e., our discussion is
based on a worst-case scenario in which efficiency of DMU, declines and the ef-
ficiencies of all other DMU ,(j # o) improve.

Let I and O denote respectively the input and output subsets in which we are in-
terested. i.e., we consider the data changes in set I and set O. Then the simultaneous
data perturbations in input/output of all DMU ,(j # 0) and DMU , can be written as

Percentage data perturbation (variation)

ym:ym reo

)Ein = é‘ixio é‘z 2 1’ ZEI .)’}ro = Tryro 0< Tr < 1’ rr GO
N . and
X, =X igl

£=x16 621 iel $,=v,1% 0<% <l re0
! and { .
Yo = Vi re0

where (") represents adjusted data. Note that the data perturbations represented by
o0, and J, (or 7, and 7,) can be different for each i I (or r € O).

Lemma 11.2 Suppose DMU, € set F with non-zero input/output slack values asso-
ciated with set I/set O. Then DMU, with inputs of x,, and outputs of p, as defined

above still belongs to set F when other DMUs are fixed.
[Proof]: Applying the complementary slackness theorem for models (11.10) and

"#0 for iel and s #0 for r €O,
we have v, =0 for i€l and u, =0 for r € O. Therefore, v, and u, is a feasible
solution to (11.11) for DMU, with inputs of x, and outputs of p, . Note that
> w3, =Y  u,= . uy,=1indicating that the maximum value of 1
is achieved. Therefore, DMU , still belongs to set F. m

(11.11), we have s;"v =s'u. =0. Since s

i
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11.4.1 Sensitivity Analysis Under CRS

We first modify models (11.12) and (11.13) to the following two super-efficiency
DEA models that are based upon the measure-specific models

6" =min )
subject to

n
z/ijxﬁ <éx, iel

J=1
Jj#o

Y Ax, <x, iel (11.15)
Jj=1

Jj#o

Z‘;ﬂjy,j >y, r=12,..s
=

Jj#o

6, 2,(j#0)20.

and

0¥ __ 0
¢, =max ¢,

subject to

:E: ’1/ J}y' 22 ¢i; J/ro re ()
Jj=1

Jj#o

. (11.16)
Z‘ﬂjy,j >y, re0
=

Jj#o

n
2/1/ x; <X, i=l,...,m
j=1

Jj#o

b, A,(j#0)2 0.

If 1= {k}, ke{l, ..., m} and O = {/}, le{l, ..., s}, then optimal values of
6" =0 (k= 1,...,m)and ¢ = (¢ )= 1,...,s) are the optimal values to models
(11.3) and (11.7), respectively.

Models (11.14) and (11.15) measure the maximum increase rate of inputs
associated with I and the maximum decrease rate of outputs associated with O,
respectively, required for DMU,, to reach the frontier of DMU ,(j # 0) when other
inputs and outputs are kept at their current levels. For example, consider B in
Table 11.2 (Fig. 11.8) and model (11.14). If I = {1}, 6{’?: =14/9 indicates that B
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Table 11.2 Sample DMUs

DMU y X, X, o = 9,”:“'2} 0,”;,‘ 1 0,":‘”
A 1 2 5 15/13 5/4 7/5
B 1 3 3 26/21 14/9 17/12
C 1 6 2 32 infeasible 32
D 1 2 7 1 1 5/7
increase to any amount
x, 8-

—_—

Fig. 11.8 Super-efficiency and sensitivity analysis

reaches B, by changing its x, to (14/9)x3=14/3. If I = {2}, 65 =17/12 indi-
cates that B reaches B, by changing its x, to (17/12)x3=17/14. If I = {1, 2},
6, = 6;°"" =26/21 gives the input increase rate for B in order to reach B'.

Associated with the optimal values in models (11.12), (11.13), (11.14) and
(11.15), we have

Lemma 11.3
1. If@" =1, then & <1.
2. If ¢*°" =1, then ¢, >1.

[Proof]: The proof is obvious from the fact that & =1 is a feasible solution to
(11.4) and ¢ =1 is a feasible solution to (11.5). m

Lemma 11.4
1. If " =1and 8 <1, then DMU, € F.
2. If " =1and ¢ >1,then DMU, € F.
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[Proof]: (i) & =1 indicates that DMU, € E'UF. 6" <1 further indicates that
there are non-zero slack values in x,, for i € I. Thus, DMU € F.
(i1) The proof is similar to that of (i). m

Theorem 11.10 _

1. If 8 =1and 6 <1, then for any &, 21 and &, 21 (i e I), DMU, remains in
set F.

2. If " =1 and @) >1, then for any 0< 7, <land 0< 7, <1 (r € 0), DMU,
remains in set F.

[Proof]: (i) From Lemma 11.4, we know that DMU, € F with non-zero slack values
in x,, for i € I. Based upon Lemma 11.2 and the proof of Lemma 11.2, we know that
forany &, > 1 and &, > 1, with an objective function value of 1, v, and u, is a feasible
solution to (11.11) in which inputs are replaced by X, fori € I and x, for i ¢ I. Thus,
DMU | remains in set F after input data changes set I in all DMUS.

(i1) The proof is similar to that of (i). m

In fact, Lemma 11.2 and Theorem 11.10 indicate that the classification of DMUs
in set F is stable under any data perturbations in all DMUs occurred in inputs (out-
puts) which have non-zero slack values in DMU,. For example, if I = {2}, then
model (11.14) yields 9{D2} =5/7 <1 for D indicating that D has non-zero slack value
in its second input. From Fig. 11.8, it is clear that D can increase its x, to any amount
and still belongs to set F while other DMUs, A, B and C decrease their amount of x,.
This finding is very useful for the sensitivity analysis of the DMUs in set F.

Theorem 11.10 gives the sufficient condition for DMU, € set F to preserve its
efficiency classification. By Lemma 11.3, we immediately have

Corollary 11.2

1. If for any 6, > 1 and (NSI 21 (i el), DMU, remains in set F, then (a) €™ =1and
8 <l,or(b) &™ =land g =1.

2. If for any 0<7, <1 and 0<7 <1 (r€0), DMU, remains in set F, then
(@) ¢ =1and g3 >1,0r(b) g =1and ¢} =1.

Corollary 11.2 implies that for DMU, € set F, some inputs without slack values
may also be increased while preserving the efficiency of DMU . For example, con-
sider two DMUs: DMU, = (y, x,, x,, x;) and DMU, = (y, x, x,, mx,), where t > 1, a
constant. Obviously, DMU, € set E and DMU, € set F with non-zero slack value on
the third input. Now, let I = {2, 3}. We have that DMU, with (y, x,, dx,, omx,) (6 > 1)
remains in set F while DMU, is changed to (y, x,, x, /5, X, /5‘) € set E (5>1).
In this situation, 6, =1in (11.14).

From Lemma 11.3, we know that ;" or ¢("; may also be equal to one. Obviously,
in this situation, DMU, € set E' or set F and our approach indicates that no data
variations are allowed in DMU_ and other DMUs. In fact, any data perturbation
defined above will change the efficiency classification of DMUs in set E'. Note also
that 0{[1’; =1 for D in Table 11.2. Thus, any data variation in the first input will let D
become non-frontier point (see Fig. 11.8).

Furthermore, from Lemma 11.3, we have



11.4 Simultaneous Data Change 231

Corollary 11.3 Infeasibility of model (11.14) or model (11.15) can only be associ-
ated with extreme efficient DMUs in set E.

[Proof]: Lemma 11.3 implies that models (11.14) and (11.15) are always feasible
for DMUs in set E or set F. Also, models (11.14) and (11.15) are always feasible
for non-frontier DMUs. Therefore, infeasibility of models (11.14) and (11.15) may
only occur for extreme efficient DMUs in set E. m

Seiford and Zhu (1998b) show that infeasibility of a super-efficiency DEA model
means stability of the efficiency classification of DMU_ with respect to the changes
of corresponding inputs and (or) outputs in all DMUs. We summarize Seiford and
Zhu’s (1998b) finding as the following theorem.

Theorem 11.11

1. If a specific super-efficiency DEA model associated with set I is infeasible, if
and only if for any §, 21 and &, 21 (i € I), DMU, remains extreme efficient.

2. If a specific super-efficiency DEA model associated with set O is infeasible, if
and only if for any 0<7, <1 and 0< 7, <1 (r € 0), DMU, remains extreme
efficient.

Theorem 11.11 indicates that, for example, if mode (11.14) is infeasible, then DMU
will still be extreme efficient no matter how much its inputs associated with set I are
increased while the corresponding inputs of other DMUs are decreased. Consider C
in Table 11.2. If I = {1}, then model (11.14) is infeasible. (Note that model (11.12)
is feasible for C.) From Fig. 11.8, it is clear that C will remain extreme efficient if
its first input is increased to any amount while DMUs A, C, and D decrease their
amount of x,.

In the discussion to follow, we assume that super-efficiency DEA models (11.14)
and (11.15) are feasible. Otherwise, the efficiency classification of DMU  is stable
to data perturbations in all DMUs by Theorem 11.11.

Lemma 11.5
1. If model (11.14) is feasible and & > 1 then & > 1.
2. If model (11.15) is feasible and ¢**" < 1 then g5 <1.

[Proof]: (i) Suppose & < 1. Then the input constraints of (11.14) turn into

n
0* .

YAx, <& 'x,<x, iel
J=l
Jj#o

n
2 Ax; <x, igl
j=l

Jj#o

which indicates that 8 =1 is a feasible solution to (11.12). Therefore, & < 1.
A contradiction. Thus, 8" > 1.
(i1) The proof is similar to that of (i). m
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Lemma 11.5 indicates that if DMU,_ € set E and model (11.14) (or model

o

(11.15)) is feasible, then & must be greater than one (or ¢g* must be less than
one). We next study the efficiency stability of extreme efficient DMUs and we relax
the assumption that same percentage change holds for data variation of DMU and
DMU (j # o) and generalize the results in Seiford and Zhu (1998b).

Theorem 11.12 Suppose & >1and ¢’ <1, then

1. If 1< 8,6 < @ for i e, then DMU, remains extreme efficient. Furthermore,
if equality holds for 8,5, = 6", i.e., 1< 6,6, < 6", then DMU, remains on the
frontier, where " is the optimal value to (11.14).

2. If ¢ < 7.7, <1 for r € O, then DMU, remains extreme efficient. Furthermore,
if equality holds for 7,7 = ¢, i.c., ¢) < 7,7, <1, then DMU, remains on the
frontier, where ¢ is the optimal value to (11.15).

[Proof]: (i) Note that from Lemma 11.5, & > 1. Now suppose 1< &/ 5" ", and
DMU, is not extreme efficient when %, = 8'x,, and X, = x, / 5.0 Then, there
exist 4, (j#0)=0and 6" <1 in (11.12) such that

2/1 i <9°“*’”*5.” iel

i m

]#0

z/lx<9“‘f’”* <x, igl

io

]¢0

Z/’Ljy,_j >y, r=12,..,s.
j=1

Jj#o

This means that 4,(j #0) >0 and 6" 8 5:” is a feasible solution to (11.14). But
G < 69 < @ violating the optimality of 6. Thus, if 1< 876" < 6
then DMU, remains extreme efficient.

Next, if 07 5" 6", then we assume DMU, is not a frontier when %, = &'x,,
and xsz =X /é‘i", iel. Thus, we have #"“ <1 in (11.12). Now we have
9{5)“‘)”*5[”5‘,.“ <@ g" < @ violating the optimality of 8", Thus, if 1< &7 31" <g,
then DMU, remains on the frontier.

(i1) The proof is similar to (i), but is based upon (11.13) and (11.15). m

Theorem 11.12 indicates that the optimal value to a super-efficiency DEA model
can actually be decomposed into a data perturbation component (¢) for DMU  and

o

a data perturbation component (€) for the remaining DMUs, DMU , (j # o). Define

Q{,_{e;’* if e=5 and =6
T

gy ife=7 and é=7
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Fig. 11.9 Input variations

Fig. 11.10 Output variations

Then, the data perturbation can be expressed in a quadratic function,
ee=Q° (11.17)

Function (11.16) gives an upper boundary for input changes and a lower boundary
for output changes. Figures 11.9 and 11.10 illustrate the admissible regions for e
and é. For example, in Fig. 11.9, since 6 >1 and 6, > 1, only part of the function
08 =@ forms the upper boundary of a admissible region for § and J. Any data
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variations fall below MN and above lines §=1 and & =1 will preserve the frontier
status of DMU,. The bigger the & (or the smaller the (z)(”)*), the larger the input
(output) variation regions will be. In fact, the function given by (11.16) defines the
maximum percentage change rates for DMU,, and DMU , (j # o).

Theorem 11.12 gives sufficient conditions for preserving efficiency. The follow-
ing theorem implies necessary conditions for preserving efficiency of an extreme
efficient DMU .

Theorem 11.13 Suppose & >1and ¢ <1, then

1. If 8,8, > 8" for i € 1, then DMU, will not be extreme efficient, where &/ is the
opt1mal value to (11.14).

2. If 7.7, < ¢, for r € O, then DMU, will not be extreme efficient, where ¢, is the
optimal value to (11.15).

[Proof]: (i) We assume that DMU  remains extreme efficient after the data changes
in all DMUs with &, 5 > Cons1der the input constraints associated with set I in
(11.14),

3 5” <OSx, . ie (11.18)

where 91” is the objective function in (11.14).
Equation (11.17) is equivalent to

Zﬂ x, <G86x,,ic

/io

Let & be the optimal value. Obviously, 8" = 6" / 5.6, < 1 where &" is the optimal

value to (11.14). On the basis of Lemma 11.5 (i), &I’* must be greater than one in
(11.14) with input constraints of (11.17). A contradiction.

(i1) The proof is similar to (i), but is based upon (11.17). m

Theorem 11.13 indicates that input (output) data perturbations in all DMUs be-
yond the variation regions prescribed by function (11.16) will change the efficiency
classification of extreme efficient DMUs.

Note that J, 5 8" (or 7,7, = ¢ ) may or may not keep the efficiency classifica-
tion of an extreme efficient DMU, . For example, in Fig. 11.8, A remains extreme
efficient if &, 5 HA =7/5. (In th1s situation, A coincides D and both become
extreme efficient.) However if we consider C and if C’s second input is increased
to HC 1%, =(3/2)x2=3, then C becomes a member of set F along the ray BB, in
Fig. 11 8. (In this situation, we assume J, = Gg} =3/2 for C and 5 =1 for the re-
maining DMUs of A, B and D.)
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Turning to point A again. If we are only interested in whether a DMU remains
on the frontier, rather than in its original efficiency classification, then we may
still increase A’s second input after A coincides D. We can find this “extra” data
perturbation by applying a very small data perturbation to the changed DMU and
then applying model (11.14) or (11.15). For example, we apply a data perturbation
of € to x,, which is the new input value when 5232 =63, =7/5.If we use models
(11.12) and (11.14), then we know that this changed DMU A with it second input
equal to X, , + £ is now in set F, and therefore A can still increase it x, to any amount
larger than 7 and remains on the frontier. Note that, in this case, A may no longer be
extreme efficient. In fact, 0,0, = (9{‘4;; =7/5 prescribes a point on line segment AB
including A and B. If 8,8, > 7/5, then A and D switch their positions. Namely, A
becomes a weakly efficient DMU and D becomes an extreme efficient DMU.

Above developments consider the input changes or output changes in all DMU .
Next we consider the following modified DEA model for simultaneous variations
of inputs and outputs

I =minT

subject to

szxij <(1+D)x, iel
Jeo

> Ax,<x, iel
j=1

(11.19)

j#o

2’11' Vrj
Jj=1

Jj#o

Z/ijyrj >y, reO
Jzo

A;(j#0)20, T unrestricted

\Y

1-Dyy, reO

If1={1, 2,..., m} and O={1, 2,..., s}, then (11.18) is identical to the model of
Charnes et al. (1996) when variations in the data are only applied to DMU,. Note
that if DMU  is a frontier point, then I" > 0.

Theorem 11.14 Suppose DMU, is a frontier point. If 1< 515‘, <1+T" and
1-T" <77, <1, then DMU, remains as a frontier point, where I"" is the optimal
value to (11.18). ~

[Proof]: Equivalently we prove that if 8,6, =1+T" and 7,7, =1-T", then
DMU , still remains on the frontier. We assume that after the data changes, DMU
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is a nonfrontier point, and therefore can be enveloped by the adjusted DMU,
(j #0). Thus,

n X..
Zz‘ffs(zxw iel
o

n

> Ax,<x, iel
oo

n

Zﬂj% 2ry, re0
o7

2’1,-)’4 2y, reQO
j=1

Jj#o

That is
lex,.jS(l+F)xio iel
Jao
z Ax, <x, iegl
Jj=1

J#o

szyrj >(1-T)y, re0O
p

j#o

zﬁ’jyrj 2yra I”EO
j=1

Jj#o

This means that the adjusted DMU, with (1+T )x, (iel), x, (iel), 1-T")y,
(r€0) and y,, (r ¢ O) can be enveloped by the original DMU ;(j # o). However,
by Charnes et al. (1996), we know that proportional changes to inputs and outputs
respectively within the computed values of (1+T") and (1-T") cannot change the
efficiency of DMU, when the remaining DMU , (j # o) are fixed. Therefore, this
leads to a contradiction and completes the proof. m

The result in Theorem 11.14 generalizes the finding of Charnes et al. (1996) to
the situation where variations in the data are applied to all DMUs. Similar to Theo-
rem 11.13, for an extreme efficient DMU , if 6,6, >1+T" and 7,7, <1-T", then
DMU,, will not remain extreme efficient.
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11.4.2  Sensitivity Analysis Under VRS

It is obvious that the results in the previous section hold for the VRS frontier DMUs
if we add the additional constraint of z 4, =1 into models (11.12), (11.13),
(11.14) and (11.15), respectively.

Because of the translation invariance property resulted from the convex con-
straint of Z#o lj =1 in the VRS models, we are able to discuss the simultaneous
absolute data changes in all DMUs. That is,

Absolute Data Perturbations (Variations)

For DMU ,

>

>

io x +ai aAZO’ZEI d .)’}rn:ym—ﬂr ﬂrzo,reo
and <",
X, igl Vio = Vso re 0

io

For DMU, (j # 0)

{Azﬁf :xij_&i @, 20, iEIand {)A’r, :yrj+B/‘ ﬁr 20,70
X, =X, igl j}yj:yyj reO

where (") represents adjusted data. Note that the data changes defined above are
not only applied to all DMUs, but also different in various inputs and outputs. In

this case the sensitivity analysis results are also suitable to the slack-based models.
We modify model (11.18) to the following linear programming problem

y =min y
subject to

Zﬂx <x, +y iel

/#0

2 A% <x, iel

j#o

XAy, 2y,—y re0 (11.20)
Jeo

Z;i’jylj 2 yro reo

i=1

j#o

2/1‘,:1

Jj#o

¥, A,(j#0)20.



238 11 Sensitivity Analysis

IfI={1,2,...,m} and O= {1, 2,..., s}, then model (11.19) is used by Charnes et al.
(1992) to study the sensitivity of efficiency classifications in the additive model via
L_ norm when variations in the data are only applied to DMU .

Theorem 11.15 Suppose DMU, is a frontier point. If 0< &, +a; < Yy (iel),
0< B +B <y (re0), then DMU, remains as a frontier point, where 3" is the
optimal value to (11.19).

[Proof]: The proofis similar to that of Theorem 11.13 by noting that 2 o A,=1lm

If O =, then (11.19) only considers absolute changes in inputs. If I = &, then
(10) only considers absolute changes in output. For different choices of subsets I
and O, we can determine the sensitivity of DMU, to the absolute changes of dif-
ferent sets of inputs or (and) outputs when DMU s efficiency is deteriorating and
DMU s (j # o) efficiencies are improving.

We may change the objective function of (11.19) to “minimize 2 ol T 2 o v
and obtain the following super-efficiency DEA model

min Y ¥+ !

iel reO

subject to

n
Zﬂjxijgxio+7/i’ iel
j=1

Jj#o

n
Z A.x; <x, igl
Jj=1
Jj#o

p ) (11.21)
Z;ﬂjyyj Zyro_yr reo
j=

Jj#o

Zl‘ﬂjy,j 2y, reQO
=

Jj#o

>4, =1
=1

Jj#o

ViV A(j#0)20

We then obtain a generalized model under L, norm. The results in Charnes et al.
(1992) are generalized to the situation of data changes in all DMUSs by the follow-
ing Theorem.

Theorem 11.16 Suppose DMU, is a frontier point. If 0< o, +& <y, (i€l),
0< B +pB <y~ (re0),then DMU, remains as a frontier point, where y, (el
and y'" (r € O) are optimal values in (11.20).
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Table 11.3 Measure-specific super-efficiency DEA models

Frontier type  Input-Oriented Output-Oriented
CRS 6" =min @ ¢ = max ¢,
subject to subject to
Y Ax, <6x, iel Ay, =6y, reO
o Jeo
2 A% <x, igl A8, 2, re0
j=1 =1
j*” §¢n
YAy, 2y, r=12,..s N2, x, <x, i=l,...,m
J=1 j=1
J#o Jj#o
0, 2,(j#0)=0. P, 4;(j#0)= 0.
VRS Add 2,4 =1
NIRS Add 2,4 <1
NDRS Add 2,4 21

[Proof]: The proof is similar to that of Theorem 11.13 and is omitted. m
Similar to Theorem 11.13, for an extreme efficient DMU,, if o, + &, > 7, and
B.+B. > 7" then DMU, will not remain extreme efficient.

11.4.3 Spreadsheet Models for Sensitivity Analysis

The current chapter presents a new approach for the sensitivity analysis of DEA
models by using various super-efficiency DEA models. The sensitivity analysis ap-
proach simultaneously considers the data perturbations in all DMUs, namely, the
change of the test DMU and the changes of the remaining DMUs. The data pertur-
bations in the test DMU and the remaining DMUs can be different when all remain-
ing DMUs work at improving their efficiencies against the deteriorating of the ef-
ficiency of the test efficient DMU. It is obvious that larger (smaller) optimal values
to the input-oriented (output-oriented) super-efficiency DEA models presented in
the current study correspond to greater stability of the test DMU in preserving ef-
ficiency when the inputs and outputs of all DMUs are changed simultaneously and
unequally.

By using super-efficiency DEA models based upon the measure-specific mod-
els, the sensitivity analysis of DEA efficiency classification can be easily achieved.
Since the approach uses optimal values to various super-efficiency DEA models, the
results are stable and unique. By the additional constraint on 2#0 4, the approach
can easily be modified to study the sensitivity of other DEA models. Table 11.3
presents the measure-specific super-efficiency DEA models.
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A N5 | = | = = | 0 1 O e

.1 |Company Assets Equity. Employees Revenue  Profit A Stability

| 2 |Mitsubishi 919206 10950 36000 1843652 3462 0 Infeasible

3 |Mitsui 687709 55539 80000 1815187 3148 0 ) 175189

.4 |ltochu 657089 42711 7182 1691646 1212 0 Infeasible

5 |General Motors 2171234 233455 709000 1688286 6880.7 0 Infeasible

| 6 |Sumitomo 502689 6681 6193 1675307 2105 0.71 " Infeasible

7 |Marubeni 714393 52391 6702 1610574 1566 0 Infeasible

| 8 |Ford Motor 243283 24547 346990 137137 4139 0 ) 070463

9 |Toyota Motor 106004.2 496916 146855 111052 26624 0 1 076929

110/ Exxon 91296 40436 82000 110009 6470 0 Infeasible

11 |Royal Dutch/Shell Group 1180116 589864 104000 109833.7 69046 0 Infeasible

12 |Wal-Mart 37871 14762 675000 93627 2740 0297 176516

| 13 | Hitachi 916209 29907.2) 331852 841671 146838 0 ) 048484

14 |Nippon Life Insurance 3647625 22419 89690 83206.7 24266 0 Infeasible

15 |Nippon Telegraph & Telephone  127077.3 42240.1 231400 81937.2] 2209.1 0 Infeasible

16| AT&T 88884 17274 299300 79609 139 0 " 052449

17

18] Reference DMU under | 16" Stability

19  Constraints set Evaluation 10524492°

20| Assets 46618.92 < 46618922

121 |Equity 906007 < 9060.07

122 |Employees 2030917 < 299300 Input I

|23 |Revenue 1457732 > 79609

|24 | Profit 955.1922| > 139

12552 1

261r0 0

Fig. 11.11 Input sensitivity analysis spreadsheet model

The stability measure is actually the optimal value to a specific measure-
specific super-efficiency DEA model. Thus, the sensitivity analysis can be per-
formed based upon the spreadsheets for related measure-specific models discussed

in Chap. 3.

Figure 11.11 shows an input-oriented VRS measure-specific super-efficiency
model where 1= {Assets, Equity}. i.e., we are interested in the sensitivity of VRS
efficiency to the (proportional) data changes in Assets and Equity.

In Fig. 11.11, cell F19 represents 6. The formulas for this spreadsheet are

Cell B20 =SUMPRODUCT(B2:B16,31$2:31$16)
Cell B21 =SUMPRODUCT(C2:C16,8182:$1$16)
Cell B22 =SUMPRODUCT(D2:D16,$1$2:$I$16)
Cell B23 =SUMPRODUCT(F2:F16,31$2:$1$16)

Cell B24 =SUMPRODUCT(G2:G16,$1$2:$I$16)

Cell B25 =SUM(12:116)

Cell B26 =INDEX(12:116,E18,1)

Cell D20 =$F$19*INDEX(B2:B16,E18,1)
Cell D21 =$F$19*INDEX(C2:C16,E18,1)
Cell D22 =INDEX(D2:D16,E18,1)
Cell D23 =INDEX(F2:F16,E18,1)

Cell D24 =INDEX(G2:G16,E18,1)
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Fig 112 Sohver ponters 21
for input sensitivity analysis
P VANYSS et ragetcal; s
EqualTo: C Max ©Mn ¢ Valueof: l Close |
By Changing Cells:

[s152:51516,57519 A ges |

Subject to the Constraints:

$B$20:$8$22 <= $D$20:$D$22 =] Add I

$B$23:4B$24 >= $D$23:$D$24

_optons_ |
fotos - 0 _|Q\ange eall |
_teb |

$B$26 =0 Rese

ﬂ&l

: A | B | ¢ | D | E| F | 6 [H] 1|
| 1 |Company Assets Equity Employees Revenue  Profit A | Stability
| 2 |Mitsubishi 919206 10950 36000 184365.2 1 087 094407
| 3 |Mitsui 687709 55539 80000 1815187 3148 0.19 = 0.93499
| 4 |itochu 657089 42711 7182 1691646 121.2 0 Infeasible
| 5 |General Motors 2171234| 233455 709000 1688286 6880.7 0.01 Infeasible
| 6 |Sumitomo 50268.9 6681 6193 1675307 2105 0 Infeasible
| 7 |Marubeni 714393 52391 6702 1610574 1566 0 Infeasible
| 8 |Ford Motor 243283 24547 346990 137137 4139 0 1.20986
| 9 | Toyota Motor 106004.2 496916 146855 111052 26624 0 1.46561
| 10 | Exxon 91296 40436 82000 110009 6470 0 Infeasible
| 11 | Royal Dutch/Shell Group 1180116 589864 104000 109833.7 69046 0 Infeasible
| 12 |Wal-Mart 37871 14762 675000 93627 2740 0 Infeasible
| 13| Hitachi 916209 299072 331852 841671 146838 0 2.11056
| 14| Nippon Life Insurance 3647625 22419 89690 83206.7 24266 0 |Infeasible
| 15 |Nippon Telegraph & Telephone  127077.3| 42240.1 231400 81937.2 2209.1 0 2.16259
| 16 |AT&T 88884 17274 299300 79609 139 0 2.30681
17
118 Reference DMU under
| 19 | Constraints set Evaluation
| 20 | Assets 88884 < 88884
| 21| Equity 1005263 < 17274
| 22 |Employees 52057 < 299300
| 23 |Revenue 1836426 > 18364258
| 24 | Profit 139 > 139
125 |z2 1
126 |r0 0

Fig. 11.13 Output sensitivity analysis spreadsheet model

Figure 11.12 shows the Solver parameters for the spreadsheet shown in Fig. 11.11.
If the optimal value in cell F19 is less than one, then this means that the associated
company is VRS inefficient. The infeasibility in cells J2, J4:J7,J10:J11, and J14:J15
indicates that the corresponding companies remain VRS efficient to any simultane-
ous data changes in Assets and Equity across all DMUs. For DMU2 (Mitsui), we
have the super-efficiency score of 1.75, indicating this DMU remains VRS efficient
as long as the data variations satisfying ee =1.75.

Next, we consider output changes. Figure 11.13 shows the spreadsheet for out-
put-oriented VRS measure-specific super-efficiency model where O= {Revenue}.
In this spreadsheet, range names are used. They are, cells B2:D16—“InputUsed”,
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cells F2:G16—“OutputProduced”, cells 12:116—“Lambdas”, cells B20:B22—
“ReferenceSetlnput”, cells B23:B24—“ReferenceeSetOutput”, cell B25—
“SumLambdas”, cell B26—“DMUo”, cells D20:D22—“DMUInput”, cells
D23:D24—“DMUOutput”, cell E1I8—“DMU”, and cell F19—*“SuperEfficiency”.

Based upon these range names, we have the following formulas for the spread-
sheet shown in Fig. 11.13.

Cell B20 =SUMPRODUCT(INDEX(InputUsed,0,1),Lambdas)

Cell B21 =SUMPRODUCT(INDEX(InputUsed,0,2),Lambdas)

Cell B22 =SUMPRODUCT(INDEX(InputUsed,0,3),Lambdas)

Cell B23 =SUMPRODUCT(INDEX(OutputProduced,0,1),Lambdas)
Cell B24 =SUMPRODUCT(INDEX(OutputProduced, 0,2),Lambdas)
Cell B25 =SUM(Lambdas)

Cell B26 =INDEX(Lambdas,DMU, 1)

Cell D20 =INDEX(InputUsed,DMU, 1)

Cell D21 =INDEX(InputUsed,DMU,2)

Cell D22 =INDEX(InputUsed,DMU,3)

Cell D23 =SuperEfficiency*INDEX(OutputProduced,DMU, 1)
Cell D24 =INDEX(OutputProduced,DMU,2)

Figure 11.14 shows the Solver parameters for the spreadsheet shown in Fig. 11.13.
The calculation is performed by the following VBA procedure that can be applied
to other data sets once the proper range names are defined.

Sub SensitivityGeneral ()

Dim NDMUs As Integer, NInputs As Integer, NOutputs As Integer
NDMUs = 15

NInputs = 3

NOutputs = 2

Dim i As Integer

For i = 1 To NDMUs

Range ("DMU") = i

SolverSolve UserFinish:=True

If SolverSolve (UserFinish:=True) = 5 Then

Range ("A1l") .0Offset (i, NInputs + NOutputs + 4) = "Infeasible"
Else

Range ("A1") .0Offset (i, NInputs+NOutputs+4)=Range ("SuperEfficienc
y")

End If

Next i

End Sub
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11.5 Sensitivity Analysis Using DEAFrontier

To perform the sensitivity analysis, select the “Perform Sensitivity Analysis” menu
item. You will be prompted a form shown in Fig. 11.15. (You will select a mod-
el from Table 11.3.) The measures that are selected will be studied for sensitivity
analysis. For example, in Fig. 11.5, Assets and Employees are selected (for input-
oriented CRS model). The resulting super-efficiency score measures the efficiency
stability with respect to changes in both Assets and Employees.

The results are reported in the “Sensitivity Report” sheet which records the opti-
mal values to the related measure-specific super-efficiency model.

Based upon the discussion in this chapter, we can convert these super-efficiency
scores into measures for efficiency stability.
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Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 11) contains
supplementary material, which is available to authorized users.
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Chapter 12
Benchmarking Models

12.1 Introduction

Benchmarking is a process of defining valid measures of performance compari-
son among peer DMUs, using them to determine the relative positions of the peer
DMUs and, ultimately, establishing a standard of excellence. In that sense, DEA can
be regarded as a benchmarking tool, because the frontier identified can be regarded
as an empirical standard of excellence.

Once the frontier is established, we may compare a set of new DMUS to the fron-
tier. However, when a new DMU outperforms the identified frontier, a new frontier
is generated by DEA. As a result, we do not have the same benchmark (frontier) for
other (new) DMU .

In the current chapter, we present a number of DEA-based benchmarking models
where each (new) DMU is evaluated against a set of given benchmarks (standards).

12.2 Variable-benchmark Model

Cook et al. (2004) develop a set of variable-benchmark model. Let E” represent the
set of benchmarks or the best-practice identified by the DEA. Based upon the input-
oriented CRS envelopment model, we have

min 5%
subject to

2 A,x, <5
! (12.1)

Z Ay, 2y

JEE*

A,20,jek

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 245
International Series in Operations Research & Management Science 213,
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new

where a new observation is represented by DM with inputs x" (i=1,...,m)
and outputs y""* (r =1,...,s). The superscript of CRS indicates that the benchmark
frontier composed by benchmark DMUs in set £~ exhibits CRS.

Model (12.1) measures the performance of DMU"™" with respect to benchmark
DMUs in set E* when outputs are fixed at their current levels. Similarly, based upon
the output-oriented CRS envelopment model, we can have a model that measures
the performance of DMU"™" in terms of outputs when inputs are fixed at their cur-
rent levels.

max TCRS

subject to

Z ljxij <x
JEE* (122)

CRS _ new
2 Ay, 2ty

JEE*

A,20,jekE

Theorem 12.1 5" =1/7", where 6“**" is the optimal value to model (12.1)
and 7" is the optimal value to model (12.2).

[Proof]: Suppose A, (;j € E") is an optimal solution associated with 6" in mod-
el (12.1). Now, let 77" =1/ 8", and A= /1:52 ®" Then 7°*" and A’ are optimal
in model (12.2). Thus, 5" =1/7"". m

Model (12.1) or (12.2) yields a benchmark for DMU™" . The ith input and the
rth output for the benchmark can be expressed as

zﬂ;x[j (ith  input)

JjeE*

Zl;yij (rth  output)

JEE*

(12.3)

Note also that although the DMUs associated with set E” are given, the result-
ing benchmark may be different for each new DMU under evaluation. Because for
each new DMU under evaluation, (12.3) may represent a different combination of
DMUs associated with set E£”. Thus, models (12.1) and (12.2) represent a variable-
benchmark scenario.

Theorem 12.2

1. 5" <1 or 7" > 1 indicates that the performance of DMU"" is dominated by
the benchmark in (12.3).

2. 6" =1 0r " =1indicates that DMU"" achieve the same performance level
of the benchmark in (12.3).
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X2

X1

Fig. 12.1 Variable-benchmark model

3. 6™ >1 or " <1 indicates that input savings or output surpluses exist in
DMU*" when compared to the benchmark in (12.3).

[Proof]: (i) and (ii) are obvious results in terms of DEA efficiency concept.

Now, 5" > 1 indicates that DMU"™" can increase its inputs to reach the bench-
mark. This in turn indicates that §"-1 measures the input saving achieved by
DMU™”. Similarly, 7" <1 indicates that DMU"" can decrease its outputs to
reach the benchmark. This in turn indicates that 1-7“*" measures the output surplus
achieved by DMU™". m

Figure 12.1 illustrates the three cases described in Theorem 12.2. ABC (A'B'C’)
represents the input (output) benchmark frontier. D, H and G (or D', H’, and G’)
represent the new DMUs to be benchmarked against ABC (or A'B'C’). We have
6" > 1 for DMU D (75°" <1 for DMU D') indicating that DMU D can increase
its input values by &5 while producing the same amount of outputs generated
by the benchmark (DMU D' can decrease its output levels while using the same
amount of input levels consumed by the benchmark). Thus, 55" > 1 is a measure
of input savings achieved by DMU D and 75"°" < 1 is a measure of output surpluses
achieved by DMU D".

For DMU G and DMU G, we have 85" =1 and 75°" =1 indicating that they
achieve the same performance level of the benchmark and no input savings or out-
put surpluses exist. For DMU H and DMU H', we have ;" <1 and 73, > 1 indi-
cating that inefficiency exists in the performance of these two DMUs.

Note that for example, in Fig. 12.1, a convex combination of DMU A and DMU
B is used as the benchmark for DMU D while a convex combination of DMU B and
DMU C is used as the benchmark for DMU G. Thus, models (12.1) and (12.2) are
called variable-benchmark models.
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From Theorem 12.2, we can define §"-1 or 1-7®" as the performance gap

between DMU"™" and the benchmark. Based upon 8 or 7°**", a ranking of the
benchmarking performance can be obtained.

It is likely that scale inefficiency may be allowed in the benchmarking. We there-
fore modify models (12.1) and (12.2) to incorporate scale inefficiency by assuming
VRS.

min 6"
subject to

VRS __new
2 Ax, <87x]

JEE*

S Ay, = (12.4)

JEE*
2’1/:1
jEE*

A,20,j€E

max TVRS

subject to

new
Z Ax; < x;

JEE*

Y Ay, =Ty (12.5)

jeE*
2 4;=1
JEE*

4,20,jekE

Similar to Theorem 12.2, we have

Theorem 12.3

4. 8" <1 or 7" > 1 indicates that the performance of DMU"" is dominated by
the benchmark in (12.3).

5. 8" =1or ™" =1 indicates that DMU"" achieve the same performance level
of the benchmark in (12.3).

6. 6™ >1 or 7" <1 indicates that input savings or output surpluses exist in
DMU™" when compared to the benchmark in (12.3).

Note that model (12.2) is always feasible, and model (12.1) is infeasible only if cer-
tain patterns of zero data are present (Zhu 1996). Thus, if we assume that all the data
are positive, (12.1) is always feasible. However, unlike models (12.1) and (12.2),
models (12.4) and (12.5) may be infeasible.
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Fig. 12.2 Infeasibility of VRS variable-benchmark model

Theorem 12.4

1. If model (12.4) is infeasible, then the output vector of DMU"™" dominates the
output vector of the benchmark in (12.3).

2. If model (12.5) is infeasible, then the input vector of DMU"™" dominates the
input vector of the benchmark in (12.3).

[Proof]: The proof follows directly from the necessary and sufficient conditions for
infeasibility in super-efficiency DEA model provided in Seiford and Zhu (1999). m

The implication of the infeasibility associated with models (12.4) and (12.5)
needs to be carefully examined. Consider Fig. 12.2 where ABC represents the
benchmark frontier. Models (12.4) and (12.5) yield finite optimal values for any
DMU"™" located below EC and to the right of EA. Model (12.4) is infeasible for
DMU™" located above ray E”C and model (12.5) is infeasible for DMU"" located
to the left of ray E'E.

Both models (12.4) and (12.5) are infeasible for DMU ™" located above E"E and
to the left of ray EF. Note that if DMU"" is located above E"C, its output value is
greater than the output value of any convex combinations of A, B and C.

Note also that if DMU"™" is located to the left of E'F, its input value is less than
the input value of any convex combinations of A, B and C.

Based upon Theorem 12.4 and Fig. 12.2, we have four cases:

Casel  When both models (12.4) and (12.5) are infeasible, this indicates that
DMU™" has the smallest input level and the largest output level compared
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to the benchmark. Thus, both input savings and output surpluses exist in
DMU™™.

Case I When model (12.4) is infeasible and model (12.5) is feasible, the infea-
sibility of model (12.4) is caused by the fact that DMU ™" has the largest
output level compared to the benchmark. Thus, we use model (12.5) to
characterize the output surpluses.

Case Il When model (12.5) is infeasible and model (12.4) is feasible, the infeasi-
bility of model (12.5) is caused by the fact that DMU™" has the smallest
input level compared to the benchmark. Thus, we use model (12.4) to
characterize the input savings.

Case IV When both models (12.4) and (12.5) are feasible, we use both of them to
determine whether input savings and output surpluses exist.

If we change the constraint 2 A, =1to 2 A, <land 2 4, 21, then we obtain the

NIRS and NDRS variable-benchmark models, respectively. Infeasibility may be as-
sociated with these two types of RTS frontiers, and we should apply the four cases
discussed above. Table 12.1 summarizes the variable-benchmark models.

We next use 22 internet companies to illustrate the variable-benchmark models.
Table 12.2 presents the data. We have four inputs: (1) number of website visitors
(thousand), (2) number of employees (person), (3) marketing expenditure ($ mil-
lion), and (4) development expenditure ($ million), and two outputs: (1) number of
customers, and (2) revenue ($ million).

Suppose we select the first seven companies (Barnes & Noble, Amazon.com,
CDnow, eBay, 1-800-Flowers, Buy.com, and FTD.com) as the benchmarks. If we
apply the output-oriented CRS envelopment model to the seven companies, the top
three companies (Barnes & Noble, Amazon.com, and CDnow) are not on the best-
practice frontier, and therefore can be excluded. However, if we include them in the
benchmark set, the benchmarking results will not be affected. Because /1; related to
the three companies must be equal to zero. ‘

The spreadsheet model of the variable-benchmark models is very similar to the
context-dependent DEA spreadsheet model. In fact, the evaluation background now
is the selected benchmarks. Figure 12.3 shows the spreadsheet model for the output-
oriented CRS variable-benchmark model where the benchmarks (evaluation back-
ground) are entered in rows 2-8.

Cell F2 is reserved to indicate the DMU under benchmarking. Cell F4 is the tar-
get cell which represent the 77 in model (12.2). Cells 12:18 represent the 4, for the
benchmarks. Cell B9 contains the formula “=SUMPRODUCT (B2:B8,$1$2:$1$8)”.
This formula is then copied into cells C9:E9. Cell G9 contains the formula
“=SUMPRODUCT(G2:G8,$1$2:$1$8)”. This formula is then copied into cell H9.

Cells B11:E11, and Cells G11:H11 contain the formulas for the DMU un-
der benchmarking—the right-hand-side of model (12.2). The formula for B11 is
“=INDEX(B12:B26,$F$2,1)”, and is copied into cells C11:E11. The formula for
cell G11 is “=$F$4*INDEX(G12:G26,$F$2,1)”, and is copied into cell H11.
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Table 12.1 Variable-benchmark models
Frontier type Input-oriented Output-oriented
CRS min §Frener max e

subject to subject to

Z Ax, < S e Z Ax; <X

JeE* JeE*

z /1/)}0' > y:ew z ﬂ/yr/ > TF»‘ontwry:ww

JeE* JjeE*

A,20,jeE A,20,jeE
VRS Add D4, =1
NIRS Add Y4, <1
NDRS Add 4,21
Table 12.2 Data for the internet companies
Company Visitors Employee Marketing Develop-  Customers Revenue

ment

Barnes&Noble 64,812 1,237 111.55 21.01 4,700,000  202.57
Amazon.com 177,744 7,600 413.2 159.7 16,900,000 1640
CDnow 79,848 502 89.73 23.42 3,260,000  147.19
eBay 168,384 300 95.96 23.79 10,010,000 224.7
1-800-Flowers 11,940 2,100 92.15 8.07 7,800,000  52.89
Buy.com 27,372 255 71.3 7.84 1,950,000 596.9
FTD.com 11,856 75 29.93 5.29 1,800,000 62.6
Autobytel.com 12,000 225 44.18 14.26 2,065,000 40.3
Beyond.com 17,076 250 81.35 12.39 2,000,000 117.28
eToys 13,896 940 120.46 43.43 1,900,000 151.04
E*Trade 29,532 2,400 301.7 78.5 1,551,000 621.4
Garden.com 16,344 290 16 4.8 1,070,000 8.2
Drugstore.com 19,092 408 61.5 14.9 695,000 34.8
Outpost.com 7,716 164 41.67 7 627,000 188.6
iPrint 42,132 225 8.13 3.54 380,000 3.26
Furniture.com 10,668 213 33.949 6.685 260,000 12.904
PlanetRX.com 17,124 390 55.18 12.95 254,000 8.99
NextCard 46,836 365 24.65 22.05 220,000 26.56
PetsMart.com 18,564 72 33.47 243 180,000 12.45
Peapod 2,076 1,020 7.17 3.54 111,900 73.13
Webvan 1,680 1,000 11.75 15.24 47,000 13.31
CarsDirect.com 15,612 702 33.43 2.14 12,885 98.56
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A | B I ¢ [ o ] E | F [ 6 [ H T 1 |
| 1 |Company Visitors Employee  Marketing Development Customers Revenue A
| 2 |Barnes&Noble 64812 1237 111.56 21.01 15 4700000 20257 0
| 3 |Amazon.com 177744 7600 4132 159.7 Score 16900000 1640 0
|4 |Cdnow 79848 502 8973 2342 I 3250000 147.18 0
| 5 |eBay 168384 300 95.96 23.79 10010000 224.7 0
| B |1-800-Flowers 11940 2100 92.15 8.07 7800000 52.89 0
7 |Buy.com 27372 255 73 784 1950000 596.9 0272959184
_T;‘FTD,com 11856 75 29.93 5.29 1800000 62 0
| 8 |Benchmarks 7 19 9 214 0l 6
|10 | 1A 1A 1A 1A v v Benchmarking
| 11 |DMU under evaluation 15612 702 3343 214 21300.167 162929337  Score
| 12 |Autobytel.com 12000 225 44.18 14.26 2065000 40.3 1.085779422
13 |Beyond.com 17076 250 81.35 10.38 2000000 117.28 1.327240986
14 |eToys 13896 940 12046 4343 Variable 1800000 151.04 1.600761668
| 15 |E*Trade 29532 2400 301.7 785 Benchmark 1551000 6214 1.036374356
| 16 |Garden.com 16344 290 16 48 1070000 8.2 142713759
| 17 | Drugstore.com 19092 408 615 1489 695000 348 4852307242
| 18 |Outpost.com 7718 164 4167 7 627000 1886 0.890769639
|19 |iPrint 42132 225 8.13 354 380000 3.26 2.231776947
| 20 |Furniture.com 10668 213 33043 6685 260000  10.904 7.369719683
| 21 |PlanetRX.com 17124 390 55.18 1295 254000 899 1293451824
| 22 |NextCard 46836 365 2485 22.05 220000 26.56 5.917828607
| 23 |PetsMart.com 18564 72 3347 243 180000 1045 5549892175
| 24 |Peapod 2076 1020 717 354 111900 73.13 0619051561
| 25 |Webvan 1680 1000 11.75 15.24 47000 1331 2.732844609
| 26 |CarsDirect.com 15612 702 3343 214 12885 98.56 1653097978 _

Fig. 12.3 Output-oriented CRS variable-benchmark spreadsheet model

Figure 12.4 shows the Solver parameters for the spreadsheet model shown in
Fig. 12.3. AVBA procedure “VariableBenchmark™ is used to record the benchmark-
ing scores into cells 112:126.

Sub VariableBenchmark ()

Dim i As Integer

For 1 = 1 To 15

Range ("F2") = i

SolverSolve UserFinish:=True
Range ("I" & i + 11) = Range ("F4")
Next

End Sub

Because the model in Fig. 12.3 is an output-oriented model, a smaller score (7°")

indicates a better performance. Thus, Peapod is the best company with respective to
the specified benchmarks. The non-zero optimal /1";. indicates the actual benchmark
for a company under benchmarking. For example, Buy.com is used as the actual
benchmark for CarsDirect.com (see cell I7 in Fig. 12.3).

If we use the input-oriented CRS variable-benchmark model, we need change
the formula for cell B11 in Fig. 12.3 to “=$§F$4*INDEX (B12:B26,$F$2,1)”. This
formula is then copied into cells CI11:E11. The formula for cell G11 is changed to
“=INDEX(G12:G26,8F$2,1)” and is copied into cell H11. All the other formulas in
Fig. 12.3 remain unchanged.
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-
Solver Parameters

Set Objective: §F$4
To: @ Max © Min © value Of: 0

By Changing Variable Cells:
$1$2:81$8,5F$4

Subject to the Constraints:

$B$9:$E$9 <= $BS11:$E$11 -
$G$9:$HS9 >= $GS11:6HS11

[¥] Make Unconstrained Variables Non-Negative
Select a Solving Method: ‘Simplex LP [=]

] | [

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

oo

. J

g

Fig. 12.4 Solver parameters for output-oriented CRS variable-benchmark model

We also need to change the Solver parameters shown in Fig. 12.4 by selecting
“Min”, as shown in Fig. 12.5. Figure 12.6 shows the spreadsheet model for the
input-oriented CRS variable-benchmark model and the benchmarking scores. It can
be seen that Theorem 12.1 is true.

We now consider the input-oriented VRS variable-benchmark model. We need
to add a cell representing 2/1 ; in the spreadsheet shown in Fig. 12.6. We select
cell 19, and enter the formula “=SUM(I2:18)”. We also need to add an additional
constraint on Z A, =1in the Solver parameters shown in Fig. 12.5. This constraint
is “$1$9=17, as shown in Fig. 12.7.

Figure 12.8 shows the spreadsheet for the input-oriented VRS variable-bench-
mark model and the benchmarking scores in cells 112:126. The button “VRS Vari-
able Benchmark” is linked to the VBA procedure “VRSVariableBenchmark”.
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Solver Parameters

Set Objective: LstAy
To: @ Max © Mo © yalue Of: C

By Changing Variable Cells:
|$152:8188, 754

Subject to the Constraints:

$B$9:$E$9 <= $BS11:$ES11 -
$G$9:$H$9 >= $G$11:$HS11

B || [E ‘;

Make Unconstrained Variables Non-Negative

Select a Solving Method: Smplex LP [=] [ ootons
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

enhehvrul&hu?mdumumdakdﬂnEwhﬂmayauhzﬁr&*nrwd*nsﬁntxe
non-smooth.

T

\ /

Fig. 12.5 Solver parameters for input-oriented CRS variable-benchmark model

Sub VRSVariableBenchmark ()
Dim i1 As Integer

For 1 = 1 To 15

Range ("F2") = 1

SolverSolve UserFinish:=True

If SolverSolve (UserFinish:=True) = 5 Then
Range ("I" & 1 + 11) = "Infeasible"

Else

Range ("I" & 1 + 11) = Range ("F4")

End If

Next

End Sub
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, A e T ¢ [T o [ & [ F [ 6 [ A [ = ]
1 |Company Visitors Employ ing D pment Customers Revenue A
2 |Bames&Noble 64812 1237 11155 21.01 15 4700000 202.57 0
.3 |Amazon.com 177744 7600 4132 169.7 Score 16900000 1640 0
14 |Cdnow 79848 502 8973 2342 I 3250000 147.19 0
.5 |eBay 168384 300 9596 23.79 10010000 224.7 0
B |1-800-Flowers 11940 2100 92.15 8.07 7800000 52.89 0

7 |Buy.com 27372 255 713 784 1950000 596.9 0.165119786
I‘FTD.com 11856 1800000 626 0
9 |Benchmarks 45 input-oriented
10| 1A 1A 1A 1A v v Benchmarking
11 |DMU under evaluation  9444.086318 424657225 2022264 1.284538119 12885 98.56 Score
112 |Autobytel.com 12000 225 44.18 14.26 2065000 403 09125982425
13 |Beyond.com 17076 250 8135 10.39 2000000 11728 0.753442676
14 |eToys 13896 940 12046 4343 = 1900000 151.04 0624702615
15 |E*Trade 29532 2400 301.7 785 1551000 6214 0.9649023
18 |Garden.com 16344 290 16 48 1070000 8.2 0.700703287
17 |Drugstore.com 19092 408 615 149 695000 348 0.206087527
18 |Outpost.com 7718 164 4187 7 627000 188.6 1.122624702
1189 |iPrint 42132 225 8.13 354 380000 3.26 0448073452
120 |Furniture com 10668 213 33.949 6.685 260000 10.904 0.135690371
|21 |PlanetRX.com 17124 390 55.18 12.85 254000 8.99 0.077312505
122 |NextCard 46836 365 2485 2205 220000 26.56 0.168980899
128 |PetsMart com 18564 72 3347 243 180000 1045 0.180183681
124 |Peapod 2076 1020 717 3.54 111900 73.13 1615374328
125 |Webvan 1680 1000 11.75 15.24 47000 13.31 0.365919085
126 |CarsDirect com 15612 702 3343 2.14 12885 98.56 0.604924822

Fig. 12.6 Input-oriented CRS variable-benchmark spreadsheet model

Because of the VRS frontier, the model may be infeasible. The SolverSolve func-
tion returns an integer value that indicates Solver’s “success”. If this value is 5,
it means that there are no feasible solutions. This is represented by the statement
“SolverSolve(UserFinish:=True) = 5”. In the procedure, if the Solver returns a val-
ue of 5, then the procedure records “infeasible”. Otherwise, the procedure records
the optimal value in cell F4 of Fig. 12.8.

12.3 Fixed-benchmark Model

Although the benchmark frontier is given in the variable-benchmark models, a
DMU"™" under benchmarking has the freedom to choose a subset of benchmarks so
that the performance of DMU™" can be characterized in the most favorable light.
Situations when the same benchmark should be fixed are likely to occur. For exam-
ple, the management may indicate that DMUs A and B in Fig. 12.1 should be used
as the fixed benchmark. i.e., DMU C in Fig. 12.1 may not be used in constructing
the benchmark.

To couple with this situation, Cook et al. (2004) turn to the multiplier models.
For example, the input-oriented CRS multiplier model determines a set of referent
best-practice DMUSs represented by a set of binding constraints in optimality. Let set
B ={DMU :j €1,} be the selected subset of benchmark set E'.ie., I, c E". Based
upon the input-oriented CRS multiplier model, we have
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12 Benchmarking Models

-
Solver Parameters

Set Objective:

To: O Max © Mo © yalue Of: C

By Changing Variable Cells:

(§Fs4

|$152:8188, 754

Subject to the Constraints:

$B$9:$E$9 <= $BS11:§E$11
$G$9:$HS9 >= §GS11:8HS11
§I$9=1

Make Unconstrained Variables Non-Negative

Select a Solving Method:

Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

non-smooth.

Simplex LP El | Options

—

[ sive || cme

\

Fig. 12.7 Solver parameters for Input-oriented VRS variable-benchmark model

s
~ *
O_CRS = max Zﬂry:ew

r=1

subject to

z:uryrj _zvixij =0 jEIB
(12.6)

z,uryrj—ZVixijSO jely
=1 i=1

m

new __
Z v =1
i=1

Il'lr’vi 20'

By applying equalities in the constraints associated with benchmark DMUs, model
(12.6) measures DMU""’s performance against the benchmark constructed by
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: A B ¢ | Db | E | F |6 | H [ I
1 |Company Visitors Employee  Marketing Development Customers Revenue A
2 |Bames&Noble 64812 1237 111.55 21.01 15 4700000 202.57 0
.3 |Amazon.com 177744 7600 4132 159.7 Score 16900000 1640 0
14 |Cdnow 79848 502 8973 2342 [ 3250000 147.19 0
5 |eBay 168384 300 95.96 23.79 10010000 2247 0
B |1-800-Flowers 11840 2100 92.15 8.07 7800000 52.89 0

7 |Buy.com 27372 255 713 784 1950000 5969 0.067303013
jFTD.com 118! 75 29 529 1800000 6286 0.932696987
| 8 |Benchmarks 2 5 3 546 18100955 98.56 1 )
0, In 1A In 1A vi vl
11 /DMU under evaluation 3984432393 179161641 8531871 5461622684 12885 98.56 Score
112 |Autobytel.com 12000 225 44.18 14.26 2065000 403 0.988309167
113 |Beyond.com 17076 250 81.35 10.33 2000000 (117.28 0.787957227
14 |eToys 13896 940 12046 4343 v 1900000 (151.04 1.038346917
15 |E*Trade 28532 2400 301.7 785 1551000 6214 085011279
118 |Garden.com 16344 290 16 48 - 1070000 8.2 Infeasible
17 |Drugstore.com 19092 408 615 149 695000 348 Infeasible
118 |Outpost.com 7716 164 4167 7 627000 1886 Infeasible
118 |iPrint 42132 225 8.13 354 380000 3.26 Infeasible
120 |Furniture com 10668 213 33.949 6.685 260000 10.904 Infeasible
|21 |PlanetRX com 17124 390 55.18 12.95 254000 899 Infeasible
122 |NextCard 46836 365 2485 2205 220000 2656 Infeasible
|23 |PetsMart.com 18564 72 3347 243 180000 1045 Infeasible
124 |Peapod 2076 1020 717 354 111900 7313 5.858280241
125 |Webvan 1680 1000 11.75 15.24 47000 13.31 Infeasible
A CarsDirect.com 15612 702 3343 2.14 12885 98.56 2552160133

Fig. 12.8 Input-oriented VRS variable-benchmark spreadsheet model

set B. At optimality, some DMU, j ¢ I, may join the fixed-benchmark set if the
associated constraints are binding.

Note that model (12.6) may be infeasible. For example, the DMUs in set B may not
be fit into the same facet when they number greater than m+s— 1, where m is the num-
ber of inputs and s is the number of outputs. In this case, we need to adjust the set B.

Three possible cases are associated with model (12.6). 6" > 1 indicating that
DMU"™" outperforms the benchmark. 6" =1 indicating that DMU"" achieves
the same performance level of the benchmark. 6®" < indicating that the bench-
mark outperforms DMU"™".

By applying RTS frontier type and model orientation, we obtain the fixed bench-
mark models in Table 12.3

DMU™ is not included in the constraints of Zi:] My, — ZZI v, +u<0(jel,)
( :":1 VX, - Z‘:Zl,uryrj +v20(je IB)). However, other peer DMUs (jg1,) are

included.

Figure 12.9 shows the output-oriented CRS fixed-benchmark spreadsheet model
where 1-800-Flowers and Buy.com are two fixed benchmarks. Cells B5:E5 and
G5:HS5 are reserved for input and output multipliers, respectively. They are the
changing cells in the Solver parameters.

Cell C7 is the target cell and contains the formula “=SUMPRODUCT
(BS:ES,INDEX(B10:E24,C6,0))”, where cell C6 indicates the DMU under evalua-
tion—Autobytel.com.

Cell C8 contains the formula representing Zizl oy
Cell C8=SUMPRODUCT(GS5:HS,INDEX (G10:H24,C6,0))

The formula for cell 12 is “=SUMPRODUCT(B2:E2,$BS$5:$E$5)-
SUMPRODUCT(G2:H2,$G$5:$H$5)”, and is copied into cells I3 and 110:124.
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Table 12.3 Fixed-benchmark models

12 Benchmarking Models

Frontier type Input-oriented Output-oriented

max Z ny 4+ min z v+ v

= i=l

subject to subject to

Zﬂryrf_zl/ixif+/'[:0 Jjelg ZHX(/—Zﬂ,yrf+V=O Jjelg

r=1 i=1 i=1 r=l

Zluyyy]_z,vixi]'l'/’lgo jEIB zvixi/_zﬂryrj-'_vzo jeIB

r=1 =1 =1 r=1

v =1 duy=1

i=1 r=1

u,,v,20 4.5, 20
CRS where 4=0 where v=0
VRS where u free where v free
NIRS where <0 where v>0
NDRS where 4>0 where v<0

A 1 o i i = S (& o Y | | i |
| 1 |Company Visitors Employee Marketing Development Customers Revenue Constraints
| 2 |1-800-Flowers 11340 2100 9215 807 78000000 5289 4.885E-15
3 [Buy.com 27372 255 713 784 19500000 5969 4.5519E-15
4
| 5 |Multipliers 34E-06 0.001483 0006619 O 4.843E-07 0 |constraint
| B |DMU under evaluation 1 ¥:9°’.“$|'“"“‘
| 7 |Score 0.668082 |pire
| 8 |Weighted output 1 T"[Weighted Gutput
9 =1

EAutobytelAcom 12000 225 44.18 14.26 2065000 403 -0.3319178
[11[Beyond.com 17076 250 8135 1038 2000000 = 42-25 354791
12 |eToys 13896 940 12046 4343 1900000 for other 32382744
| 13 |E*Trade 29532 2400 301.7 785 155100({PMUs 81842618
| 14 |Garden.com 16344 290 16 48 1070000 8.2 0.07489194
| 15 |Drugstore.com 18082 408 615 149 695000 34.8 0.74265895
| 16 |Outpost.com 7716 164 4167 7 627000 188.6 0.24250252
| 17 |iPrint 42132 225 8.13 3.54 380000 3.26| 0.34747683
| 18 |Furniture.com 10668 213 33949 6685 260000 10.904 045207709
| 19 |PlanetRX.com 17124 390 55.18 12.95 254000 8.99 0.88092163
| 20 [NextCard 46836 365 24 .85 22.05 220000 26.56 0.75869065
| 21 |PetsMart.com 18564 (72 3347 243 180000 1045 0.30443706
| 22 |Peapod 2076 1020 717 3.54 111900 73.13 1.51906364
| 23 |Webvan 1680 1000 11.75 15.24 47000 1331 1.54968667
| 24 |CarsDirect.com 15612 702 3343 214 12885 98.56 1.31316454

Fig. 12.9 Output-oriented CRS fixed-benchmark spreadsheet model

Figure 12.10 shows the Solver parameters for Autobytel.com. Note that we have
“$1$2:$1$3=0" for the two benchmarks. Note also that “$1$11:$1$24 >=0" does not
include the DMU under evaluation, Autobytel.com.

To solve the remaining DMUs, we need to set up different Solver parameters.
Because constraints change for each DMU under evaluation. For example, if we
change the value of cell C6 to 15, i.e., we benchmark CarsDirect.com, we obtain a
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-
Solver Parameters

Set Objective: $Cs7
To: ©) Max ©® Min © value Of: 0

By Changing Variable Cells:
$B$5:$E$5,8G85:$HSS

Subject to the Constraints:

$Cs8=1 -
$1$11:61$24 >=0
$1$2:61$3=0

[¥] Make Unconstrained Variables Non-Negative

Select a Salving Method: 'Simplex LP [=]
Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

oo

. J

g

Fig. 12.10 Solver parameters for output-oriented CRS fixed-benchmark model

set of new Solver parameters by removing “$1$24>=0" from the Solver parameters
shown in Fig. 12.10 and then adding “$1$10>=0", as shown in Fig. 12.11.

Because different Solver parameters are used for different DMUs under bench-
marking, a set of sophisticated VBA codes is required to automate the calculation.
We here do not discuss it, and suggest using the “DEAFrontier” software described
in the current chapter to obtain the scores (see cells J10:J24 in Fig. 12.11).

12.4 Fixed-benchmark Model and Efficiency Ratio

A commonly used measure of efficiency is the ratio of output to input. For example,
profit per employee measures the labor productivity. When multiple inputs and out-
puts are present, we may define the following efficiency ratio
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| A B [ ¢ ] b E F G H 1 J
1 | Company Visitors i D C G

2 1-800-Flowers 11940 2100 92.15 8.07 7800000 52.89 0
3 Buy.com 27372 255 73 784 1950000 596.9 0
4

5 Multipliers 0 0 0 1.004370042 9.71199€-07 0.010019

6 DMU under evaluation 15

7 _|Score -

8 Weighted output 1

9 -

10 com | SolverP. ﬂ

11 Beyond.com

12 eToys

13 E'Trade Objective: =

14 Garden.com Set : cs7

15 Drugstore.com

16 | Outpostcom To: © Max © Mg © value Of: 0

17 iPrint

18 Furniture.com By Changing Variable Cells:

19 PlanetRX.com =

20 |NextCard $BS5:$ES5,$G85:$HSS

21 PetsMart.com

22 Peapod Subject to the Constraints:

23 Webvan $C8=1 B add

24 CarsDirect.com $1$10:81$23 >= 0

25 $182:6183 =0

2

27

28 Delete

Fig. 12.11 Output-oriented CRS fixed-benchmark scores for internet companies

s
z uryra
r=1
m
Zvixio
i=1

where v, and u, represent the input and output weights, respectively.

DEA calculate the ratio efficiency without the information on the weights. In

fact, the multiplier DEA models can be transformed into linear fractional program-
ming problems. For example, if we define v, = v, and y, = tu,, where t =1/ 2 VX,
the input-oriented CRS multiplier model can be transformed into

s
2 urym
r=1
m
z vixio
i=1

subject to

5
2,
r=1 <

max

- <1 j=12,..,n
vaxg-

i=1
u,v, 20 Yr,i

(12.7)
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The objective function in (12.7) represents the efficiency ratio of a DMU under
evaluation. Because of the constraints in (12.7), the (maximum) efficiency cannot
exceed one. Consequently, a DMU with an efficiency score of one is on the frontier.
It can be seen that no additional information on the weights or tradeoffs are incor-
porated into the model (12.7).

If we apply the input-oriented CRS fixed-benchmark model to (12.7), we obtain

subject to

DUy,

== jel,

Yo, (12.8)
i=1

Z”ryrj

=< jel,
Zving
i=1

u,,v, 20 Vr,i

It can be seen from (12.8) that the fixed benchmarks incorporate implicit tradeoff
information into the efficiency evaluation. i.e., the constraints associated with I,
can be viewed as incorporation of tradeoffs or weight restrictions in DEA. Model
(12.8) yields the (maximum) efficiency under the implicit tradeoff information rep-
resented by the benchmarks.

As more DMUs are selected as fixed benchmarks, more complete information
on the weights becomes available. For example, if we add FTD.com to the fixed-
benchmark set, the benchmarking score for Autobytel.com becomes 1.1395, as
shown in Fig. 12.12. As expected, the performance of those internet companies
becomes worse when the set of fixed benchmarks expands.

Similarly, the output-oriented CRS fixed-benchmark model is equivalent to

m

new
Z ViXi
min-=——

s
new
douy
r=1

subject to

m
Z ViXi
i=1

Lo jel,

s
Z“ryr/
r=1
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4] A B c D | E | F G H 1 L J ]
1 |Company Visitors ploy D C C

2 1-800-Flowers 11940 2100 92.15 8.07 7800000 5289 6.66134E-15
3 Buy.com 27372 255 713 7.84 1950000 596.9 0
4 FTD.com 11856 75 29.93 529 1800000 626 1.44329E-15
5

6 :Multipllels 7.1E-05 0.001284 0 0 4.38047E-07 0.002368

7 DMU under evaluation 1

8 |Score -

9 Weighted output 1

10

1 com Solver P. -

12 Beyond.com - —

13 eToys

14 E*Trade :

15 | Garden.com Set Objective: $Cs8

16 Drugstore.com

17 Outpostcom To: ® @ @) Value Of: 0

18 iPrint © Max © Min O ¥ |

19 |Furniture.com Chinck ;abi .

20 |PlanetRX.com i ¥ e

21 |NextCard $B96:$E$6,$G$6:$HS6

22 PetsMart.com

23 Peapod Sybject to the Constraints:

24 \Webvan w9 =1 =

25 | CarsDirect.com S1612:41625 >=0 Add

2] $12:$184 = 0

28 4

2. Delete

Fig. 12.12 Spreadsheet model and solver parameters for fixed-benchmark model

Note that we may define an ideal benchmark whose rth output y
output value across all DMUs, and ith input x;

Vr,i

el is the maximum

ideal the minimum input value across

all DMUs. If we replace the fixed-benchmark set by the ideal benchmark, we have

N
new
douy
r=1

m
new
Z Viki
i=1

subject to

s

ideal
>ouy
r=1

=L

m
ideal
2 ViXi
i=1

Z”ryrj
R |

max

(12.9)
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Because the ideal benchmark dominates all DMUs (unless DMU], is one of the ide-
al benchmark), the optimal value to (12.9) must not be greater than one. Further,
Zur V! Zvl.xij <1 are redundant, and model (12.9) can be simplified as

s

new
z uryr
r=1

max = ——
m
new
Z ViXi
i=1

subject to (12.10)

s
ideal
z uy,
r=1

=

m
ideal

Z Vii

i=1

u,v, 20 Vr,i

Model (12.10) is equivalent to the following linear programming problem

s
new
max 2 /’lr yr

r=1

subject to

iﬂ,‘yideal _ivix;deul :0 (1211)
r=1 i=1

m

new __
2 =1
i=1

M5V, 2 0.

Model (12.10) or (12.11) calculate the maximum efficiency of a specific DMU un-
der evaluation given that the efficiency of the ideal benchmark is set equal to one. If
we introduce RTS frontier type and model orientation into (12.10), we obtain other
ideal-benchmark models, as shown in Table 12.4.

12.5 Minimum Efficiency Model

Note that the fixed-benchmark models yield the maximum efficiency scores when
the tradeoffs are implicitly defined by the benchmarks. If we change the objective
function of model (12.8) into minimization, we have
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Table 12.4 Ideal-benchmark models

Frontier type Input-oriented Output-oriented
max 2 UV +u min i VX' +v
subj e’c:t1 to subj e;::lt to
2#,)’£deal _ 2 Vix[idml +u=0 2 Vix;'deal _ iluyyideat +v=0
r=1 i=1 i=l =1

n s

new new
z:vz‘xi =1 z,/’lryr =1
= =1

4,,v,20. u,,v, 20
CRS where =0 where v=0
VRS where u free where v free
NIRS where 4<0 where v=0
NDRS where 1=0 where v<0

s
new
2y
r=l1

min =——
m
new
Z ViXi
i=1

subject to

25,
=L o1 el (12.12)

m
Zvixij
i=1

s
Zu,y,j

=<1 jel,
Zvixff
i=1

u,,v, 20 Yr,i

We refer to (12.12) as the input-oriented CRS minimum efficiency model. Although
the benchmarks implicitly define the tradeoffs amongst inputs and outputs, the ex-
act tradeoffs are still unavailable to us. Thus, the optimal value to (12.12) gives the
lower efficiency bound for DMU™". The optimal value to (12.8) yields the upper
efficiency bound. The true efficiency of DMU™" lies in-between the bounds.

In fact, model (12.12) describes the worst efficiency scenario whereas model
(12.8) describe the best efficiency scenario. The minimum efficiency for the origi-
nal input-oriented DEA models (e.g., model (12.7)) is zero, and for the original
output-oriented DEA models is infinite.
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Table 12.5 Minimum efficiency models

Frontier type Input-oriented Output-oriented

min z ny' 4+ max Z v+
r=1 i=1

subject to subject to
Zturyr,_zvixu"':u:o Jely Zvi'x[/‘_zﬂry»j-'—vzo Jely
= i=1 i=1 =1
SNy, =Y vx,+u<0 jel, Novx, =Yy, +vz0 jelg
=1 i=1 i=1 =1
v =1 Dy =1
i=1 r=1
MV, 20 4.5, 20

CRS where u=0 where v=0

VRS where u free where v free

NIRS where #<0 where v=0

NDRS where u>0 where v<0

Similarly, we can obtain the output-oriented CRS minimum efficiency model,

r=1

subject to
(12.13)

Z Vi

=—=1 jel,
2,
r=1

u,,v, 20 Vr,i

m
i=

Recall that a smaller score indicates a better performance in the output-oriented
DEA models. Therefore, the output-oriented CRS minimum efficiency score (opti-
mal value to model (12.13) is greater than or equal to the efficiency score obtained
from the output-oriented CRS fixed-benchmark model.

The linear program equivalents to (12.12) and (12.13) are presented in Table 12.5
which summarizes the minimum efficiency models.

The spreadsheet models for the minimum efficiency models are similar to the
fixed-benchmark spreadsheet models. We only need to change the “Max” to “Min”
in the Solver parameters for the input-oriented models, and change the “Min” to
“Max” for the output-oriented models. For example, consider the output-oriented
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A B | ¢ ] D E F G H 1 J
1 Company Visitors ploy i D C R C
2 1-800-Flowers 11940 2100 92.15 8.07 7800000 52.89 0
3 Buy.com 27372 255 713 7.84 1950000 596.9 0
4
5 Multipliers 0 0 0 0.416872546 4.03105€-07 0.004159
6 DMU under evaluation 1
_7 _|Score [ 5.944503 |
8 Weighted output 1

score

10 com | soiverp : |3 Jos 50448
11 Beyond.com 9 3.34742
12 eToys 1 129876
13 E'Trade : = 9 122771
14 Garden.com Sef Gbjective: scs7 2 856729
15 Drugstore.com 3 146194
16 Outpostcom To: © Max © Min ©) value Of: 0 4 281387
17 iPrint 57.4527
18 Fumiture.com Changing Variable Cells: 1 185598
19 PlanetRX.com B X e 7 386231
20 NextCard $BS5:$ES5, $GS5:$HSS 45,1602
21 PetsMartcom | 25.7365
22 Peapod Subject to the Constraints: 1 33.3607
23 | Webvan - = 6 114477
24 CarsDirectcom ;csszs,gsl_-;.o add 5 212409
25 $1$11:63624 >=0
5
27
2 Delete

Fig. 12.13 Output-oriented CRS minimum efficiency spreadsheet model

CRS fixed-benchmark model shown in Fig. 12.9. Figure 12.13 shows the corre-
sponding minimum efficiency spreadsheet model.

Under the tradeoffs characterized by the two benchmarks, the true efficiency
of Autobytel.com lies in [0.6681, 5.9446]. Cells J10:J24 report the “minimum ef-
ficiency” for the 15 internet companies. The scores are calculated by the DEAFron-
tier software.

If we introduce the ideal benchmark into the minimum efficiency models, we
obtain, for example, the input-oriented VRS ideal-benchmark minimum efficiency
model

miniﬂ,y;’”” + U

r=1

subject to

Z#ryideal _ 2 V[x[-ideal +/Ll =0 (1214)
r=1 i=1

m

new __
DV =1
i=1

M.,v, 20 and u free in sign

Table 12.6 presents the ideal-benchmark minimum efficiency models.
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Table 12.6 Ideal-benchmark minimum efficiency models

Frontier type Input-oriented Output-oriented
min Y 4,y + max Y VX" + v
r=l i=1
subject to subject to
z m y:im/ _ z v x;’dml +u=0 z v x;’deal _ z “ yidml +y=0
r=1 i=1 i=1 r=1
S =1 Yy =1
i=1 r=1
4,,v; 0. u,,v; 20
CRS where 4=0 where v=0
VRS where u free where v free
NIRS where #<0 where v=0
NDRS where =0 where v<0

12.6 Buyer-seller Efficiency Model

As pointed out by Wise and Morrison (2000), one of the major flaws in the current
business-to-business (B2B) model is that it focuses on price-driven transactions
between buyers and sellers, and fails to recognize other important vendor attributes
such as response time, quality and customization. In fact, a number of efficiency-
based negotiation models have been developed to deal with multiple attributes—in-
puts and outputs. For example, DEA is used by Weber and Desai (1996) to develop
models for vendor evaluation and negotiation. The fixed-benchmark models and the
minimum efficiency models can better help the vendor in evaluating and selecting
the vendors.

Talluri (2002) proposes a buyer-seller game model that evaluates the efficiency
of alternative bids with respect to the ideal target set by the buyer. Zhu (2004) shows
that this buyer-seller game model is closely related to DEA and can be simplified as
the models presented in Tables 12.4 and 12.6.

We next use the data in Table 5.1 to demonstrate the use of DEA benchmark-
ing models. A Fortune 500 pharmaceutical company was involved in the imple-
mentation of a Just-in-Time manufacturing system. Therefore, price, delivery per-
formance, and quality were considered to be the three most important criteria in
evaluating and selecting vendors. In Weber and Desai (1996), the price criterion is
measured by the total purchase price based on a per unit contract delivered price, the
delivery criterion is measured by the percentage of late deliveries, and the quality
criterion is measured by the percentage of units rejected. Obviously, the measures
for delivery and quality are bad outputs. Therefore, we re-define the delivery and
quality by percentage on-time deliveries and percentage of accepted units, respec-
tively. (Otherwise, we should use the method described in Chap. 5.)
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Table 12.7 Data for the six vendors

Vendor Price ($/unit) % accepted units % on-time deliveries
1 0.1958 98.8 95

2 0.1881 99.2 93

3 0.2204 100 100

4 0.2081 97.9 100

5 0.2118 97.7 97

6 0.2096 98.8 96

Table 12.8 Input-oriented CRS efficiency and efficient target for vendors

Vendor Efficiency Price ($/units) % acceptance % on-time
deliveries

1 0.981 0.192145 101.3333 95

2 1 0.1881 99.2 93

3 0.918 0.202258 106.6667 100

4 0.972 0.202258 106.6667 100

5 0.926 0.19619 103.4667 97

6 0.926 0.194168 102.4 96

The results are based upon the input-oriented CRS envelopment model

Table 12.7 presents the data for six vendors that are obtained from the data pre-
sented in Table 5.1. The second column reports the input, and the third and forth
columns report the two outputs. We next need to determine the frontier type. Be-
cause the outputs are measured in percentages, we assume the vendors form a VRS
frontier. Otherwise, unreasonable results may be obtained if we assume CRS fron-
tier. For example, Table 12.8 reports the input-oriented CRS efficiency scores (sec-
ond column) with the efficient targets. It can be seen that the efficient targets on
percentage of accepted units are impossible to achieve.

If we use the input-oriented VRS envelopment model, vendors 2, 3, and 4 are
efficient, and can be selected. However, if we specify an ideal benchmark by the
minimum input value and the maximum output values, as shown in Fig. 12.14, we
can further characterize the six vendors.

Figure 12.14 shows the spreadsheet for the input-oriented VRS ideal-benchmark
model. Cell B4 and cells D4:E4 are reserved for the input and output multipliers.
The free variable is represented by cell G3 which contains the formula “=F4-G4”.
Cells F4:G4 are specified as changing cells in the Solver parameters (see Fig. 12.15).

Cell F2 contains the formula for the ideal benchmark, that is

Cell F2=SUMPRODUCT(D2:E2,D4:E4)-B2*B4+G3

Cell C5 is reserved to indicate the vendor under evaluation. The (maximum)
efficiency is presented in cell C6 which contains the formula

Cell C6=SUMPRODUCT(D4:E4,INDEX(D9:E14,C5,0))+G3

Cell C7 is the weighted input and contains the formula

Cell C7=B4*INDEX(B9:B14,C5,1)
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A EEBEE e e e e e nE]
Price % accepted % on-time free variable=
L4l {$/units) units deliveries constraint [F4-G4
| 2 |ldealtarget | 0.1881 100 100 0
LS | free variable| 0.897424
| 4 |multipliers 4.770992 0 0 0.8974237 0
| 5 |DMU under evaluation 6
| 6 [Score " 0.8974
| 7 |Weighted input 1 Maximum
| 8 | Efficiency
| 9 |Vendor 1 0.1958 98.8 95 0.9606742
| 10 | Vendor 2 0.1881 99.2 93 1
| 11 | Vendor 3 0.2204 100 100 0.8534483 Max
| 12 | Vendor 4 0.2081 97.9 100 0.9038924
| 13 |Vendor 5 0.2118 97.7 97 0.888102
| 14 | Vendor 6 0.2096 98.8 96 0.8974237

Fig. 12.14 Input-oriented VRS Ideal-benchmark spreadsheet model

The Solver parameters shown in Fig. 12.15 remain the same for all the vendors,
and the calculation is performed by the VBA procedure “IdealBenchmark”.

Sub IdealBenchmark ()
Dim i As Integer
For 1 1 To 6

Range ("C5")
SolverSolve UserFinish:=True
Range ("F" & i + 8) Range ("C6")
Next

End Sub

=1

Based upon the scores in cells F9:F14 in Fig. 12.14, vendor 2 has the best perfor-
mance.

Next, we turn to the ideal-benchmark minimum efficiency model (12.14). The
spreadsheet is the same as the one shown in Fig. 12.14. However, we need to change
“Max” to “Min” in the Solver parameters shown in Fig. 12.15. Figure 12.16 shows
the result. Figure 12.17 shows the minimum efficiency scores in cells F9:F14. The
minimum efficiency model also indicates that vendor 2 is the best one.
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-
Solver Parameters

Set Objective: $C$6
To: @ Max © Min © value Of: 0

By Changing Variable Cells:
$8$4,8D$4:9Gs4

Subject to the Constraints:

$Cs7=1 -
§F$2=0

[¥] Make Unconstrained Variables Non-Negative

Select a Solving Method: 'Simplex LP E]
Solving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

(s [ o

- J

Fig. 12.15 Solver parameters for input-oriented VRS ideal-benchmark model

12.7 Acceptance System Decision

Troutt et al. (1996) propose the use of DEA in case or example based decision sys-
tems. Their discussion is based upon three assumptions: (1) conditional monotonic-
ity of all variables; (2) convexity of the acceptable set; and (3) the cases contain no
Type II errors. Their use of a DEA/acceptability frontier is as follows. First, some
example acceptable cases are decided by one or more experts. Second, the DEA
frontier of these sample cases is determined. Finally, a DEA fractional program-
ming problem is established for a new case (with this new case included in the frac-
tional restrictions). Some rules are proposed for determining whether a new case is
acceptable. However, the decision of acceptance/rejection is actually determined
by a linear programming model with an arbitrary objective function. If the linear
programming problem is feasible, the case is accepted, and otherwise it is rejected.
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Close
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Fig. 12.16 Solver parameters for VRS ideal-benchmark minimum efficiency model

{$/units) deliveries constraint
Ideal target 0.1881 100 100 -1.11E-16
free variable 0
multipliers 4.770992 0 0.008974 0 0
| DMU under evaluation 6
Score 0.8615
Weighted input 1 Minimum
Efficiency
9 |Vendor 1 0.1958 98.8 95 0.9126404
10 | Vendor 2 0.1881 99.2 93 0.93
Vendor 3 0.2204 100 100 0.8534483 —
12 | Vendor 4 0.2081 97.9 100 0.8849106
3 |Vendor 5 0.2118 97.7 97 0.8614589
4 |Vendor 6 0.2096 98.8 96 0.8615267

Fig. 12.17 Minimum efficiency scores for the six vendors
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Seiford and Zhu (1998) show that their linear programming problem, in fact,
can be obtained directly from their assumptions. Seiford and Zhu (1998) further
provide a DEA type linear programming problem so that a new case can be identi-
fied whether it is located within, above, or below the sample frontier. Seiford and
Zhu’s (1998) model determines not only whether a new case is accepted, but also
the location of the new case with respect to the samples previously determined. In
fact, this type of model is closely related to the benchmarking models discussed in
the current chapter. A reader will see that the acceptance decision model in Troutt
et al. (1996) and Seiford and Zhu (1998) can be regarded as the basic model of our
benchmarking models. To further illustrate this, we suppose x. € E are the data vec-
tors of acceptable cases which have previously been decided. (This can be regarded
as the benchmarks.) On the basis of the convexity assumption, the following case
must be acceptable:

Z ﬂjx,j
J

X= Zﬂ,jxj = Z/ljxij
J J

Z AXoy
]

where le =1and lj >0.
j

Let x™¥ be a new case. Then by the conditional monotonicity assumption we
have that x™" is also acceptable if

i

X =2 Ax; <x7 forallij,x; € £ and 3\ 4, =1.4,20.  (12.15)
J J

Obviously, whether (12.15) holds depends on whether we can find a solution of
A, One possible way is that, as developed in Troutt et al. (1996), we check for a
feasible solution to the following linear programming problem with an arbitrary
objective L(A):

max L(A)

s.t.z Ax; <x7, foralli, j, x; € £

> A

J
T (12.16)
J

A; 20 for all j.
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Table 12.9 Hypothetical cases

Case 1 2 3 4 5 6 7 8 9
x1 2 2 3 6 3
X2 6 4 2 1 2.5 5 2 2 0

Thus, if (12.16) is feasible, then (12.15) has a solution A,. Furthermore, if (12.16) is
feasible then the new case is accepted, and otherwise it is rejected.

In order to fully incorporate DEA into a decision rule for the acceptance/rejec-
tion of credit risks, Seiford and Zhu (1998) provide the following DEA type linear
programming model on the basis of x; € £ g

L* =min L

S.I.z Ax; S LT, foralli, j, x;; € E

J
Y =1
j

A; 20 forall j, and L is free

(12.17)

The major difference between (12.16) and (12.17) lies in the fact that the objective
function is no longer arbitrary in (12.17).

Obviously, model (12.17) is a (VRS) variable-benchmark model with an output
value of unity. Seiford and Zhu (1998) provide the following theorem for (12.17):

Theorem 12.5 For a new casex™V¥, we have:

1. L*>1 or (12.17) is infeasible if and only if the new case alters E;

2. L*=1 if and only if the new case lies within E";

3. L*<1 if and only if the new case lies above the frontier determined by the cases
inE".

The above theorem identifies the location of the new case, X"V, with respect to the

acceptable sample cases in E.
Furthermore, Seiford and Zhu (1998) show:

Theorem 12.6 A new casex"®V is acceptable if and only if L* <1, where L* is the
optimal value to (12.17).

After the acceptable cases of E” have been determined by expert opinion, one
solves (12.17) for a new case x"". If L*<1, then the case is accepted, and otherwise
it is rejected.

Consider the following nine-case example with two variables x; and x,
(Table 12.9). By the CRS DEA model (with an output value of one), we find that
cases 1, 2, 3, and 4 are on DEA frontier. i.e., E* = {case 1, case 2, case 3, case 4}.
The frontier determined by the cases in E” is thus ABCD (Fig. 12.18).
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Fig. 12.18 Acceptance system

Next, four new cases, namely, cases 6, 7, 8, and 9, are presented. Solving (12.17)
for each of the four new cases yields:

case 6: L¥=1, A, =1 (with slack);

case 7:L*:9/11,/1; =7/11, ﬂ: =4/11;

case 8: L*=4/3, /1: =1/3, ﬂ»; =2/3;

case 9: infeasible.
Therefore, cases 6 and 7 are acceptable and cases 8 and 9 are not. In fact, from
Fig. 12.18, we see that case 6 lies on the frontier ABCD and case 7 lies above the
frontier. Cases 8 and 9 lies below the frontier, and will alter £” if they are included
as acceptable cases.

12.8 Solving Benchmarking Models Using DEAFrontier

12.8.1 Variable-Benchmark Models

To run the variable-benchmark models presented in Table 12.1, we need set up the
data sheets. Store the benchmarks in a sheet named “Benchmarks” and the DMUs
under evaluation in a sheet named “DMUs”. The format for these two sheets is the
same as that shown in Fig. 12.3. Then select the Variable Benchmark Model menu
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Fig. 12.19 Variable bench-
mark models

ariable Benchmark Model

1%

the data (DMUs, Inputs, & outputs) are entered in the
"Benchmarks" and 'DMUs", please specify:

~ Model Orientation

o nfed C Output-Oriented

— Frontier Type - Returns to Scal —

G RS C s o |
CNIRS ~ C NDRS =

Developed by Joe Zhu |

item. You will be prompted a form for selecting the model orientation and the fron-
tier type as shown in Fig. 12.19. Note that if you select a frontier type other than
CRS, the results may be infeasible. The benchmarking results are reported in the
sheet “Benchmarking Results”.

12.8.2 Fixed-Benchmark Models

To run the fixed-benchmark models presented in Table 12.3, we store the bench-
marks in a sheet named “Benchmarks” and the DMUs under evaluation in a sheet
named “DMUs”. Then select the Fixed-Benchmark Model menu item. You will be
prompted a form for selecting the model orientation and the frontier type. The re-
sults are reported in the “Efficiency Report” sheet. If the benchmarks are not prop-
erly selected, you will have infeasible results and need to adjust the benchmarks.

The Ideal-benchmark Models in Table 12.4 should be calculated using the Fixed-
Benchmark Model menu item. The data for the ideal benchmark is stored in the
“Benchmarks” sheet.

12.8.3 Minimum Efficiency Models

To run the minimum efficiency models presented in Table 12.5, we store the bench-
marks in a sheet named “Benchmarks” and the DMUs under evaluation in a sheet
named “DMUs”. Then select the Minimum Efficiency Model menu item. You will
be prompted a form for selecting the model orientation and the frontier type. The
results are reported in the “Minimum Efficiency” sheet.
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The Ideal-benchmark Minimum Efficiency Models in Table 12.6 should be cal-
culated using the Minimum Efficiency menu item. The data for the ideal benchmark
is stored in the “Benchmarks” sheet.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 12) contains
supplementary material, which is available to authorized users.
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Chapter 13
Returns-to-Scale

13.1 Introduction

As demonstrated in Fig. 2.3, the VRS envelopment model identifies the VRS fron-
tier with DMUs exhibiting IRS (increasing returns to scale), CRS (constant returns
to scale), and DRS (decreasing returns to scale). In fact, the economic concept of
RTS (returns to scale) has been widely studied within the framework of DEA. RTS
have typically been defined only for single output situations. DEA generalizes the
notion of RTS to the multiple-output case. This, in turn, further extended the ap-
plicability of DEA.

Seiford and Zhu (1999a) demonstrate that there are at least three equivalent basic
methods of testing a DMU’s RTS nature which have appeared in the DEA literature.
Based upon the VRS multiplier models, the sign of the optimal free variable (u”
or v") indicates the RTS (Banker et al. 1984). Based upon the CRS envelopment
models, the magnitude of optimal z A, indicates the RTS (Banker 1984). These
two methods may fail when DEA models have alternate optimal solutions. The
third method is based upon the scale efficiency index (Fare et al. 1994). The scale
efficiency index method does not require information on u* or v or Z A, , and is
robust even when there exist multiple optima. However, the scale efﬁc1ency index
method requires the calculation of three DEA models.

Seiford and Zhu (1999b) and Seiford and Zhu (2005) study the sensitivity of
RTS classification. Seiford and Zhu (1999c¢) provide a use of RTS sensitivity analy-
sis in improving performance of a two-stage process.

13.2 RTS Regions

It is meaningful to discuss RTS for DMUs located on the VRS frontier. We dis-
cuss the RTS for non-frontier DMUs by their VRS efficient targets as indicated
in Table 2.2. Because a VRS envelopment model can be either input-oriented or
output-oriented, we may obtain different efficient targets and RTS classifications
for a specific non-frontier DMU.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 277
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 13, © Springer International Publishing Switzerland 2014
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Fig. 13.1 RTS and VRS Output
efficient target

O Input

Suppose we have five DMUs, A, B, C, D, and H as shown in Fig. 13.1. Ray
OBC is the CRS frontier. AB, BC and CD constitute the VRS frontier, and exhibit
IRS, CRS and DRS, respectively. B and C exhibit CRS. On the line segment AB,
IRS prevail to the left of B. On the line segment CD, DRS prevail to the right of C.

Consider non-frontier DMU H. If the input-oriented VRS envelopment model is
used, then H' is the efficient target, and the RTS classification for H is IRS. If the
output-oriented VRS envelopment model is used, then H” is the efficient target, and
the RTS classification for H is DRS.

However some IRS, CRS and DRS regions are uniquely determined no mat-
ter which VRS model is employed. They are region ‘I’—IRS, region ‘II’—CRS,
and region ‘[II’—DRS. In fact, we have six RTS regions as shown in Fig. 13.2.
Two RTS classifications will be assigned into the remaining regions IV, V and V1.
Region ‘IV’is of IRS (input-oriented) and of CRS (output-oriented). Region ‘V’ is
of CRS (input-oriented) and of DRS (output-oriented). Region ‘VI” is of IRS (input-
oriented) and of DRS (output-oriented).

The RTS regions can provide a DMU classification. See also Gregoriou and Zhu
(2005).

13.3 RTS Estimation

13.3.1 VRS and CRS RTS Methods

Let 4 represent the optimal value of 4 in the input-oriented VRS multiplier model,
and v the optimal value of v in the output-oriented VRS multiplier model, then we
have the VRS RTS method.
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-
Output Region ‘I’ — IRS
Region ‘II” — CRS
Region ‘III’ — DRS;
Region ‘IV’ is IRS (input-oriented) and CRS (output-oriented)
Region ‘V’ is CRS (input-oriented) and DRS (output-oriented)
Region “VI” is IRS (input-oriented) and DRS (output-oriented)

I

v VI

Input

Fig. 13.2 RTS region

Theorem 13.1:

1. If 44 =0 (or v’ = 0) in any alternate optima, then CRS prevail on DMU,.
2. If 44 >0 (orv" <0)in all alternate optima, then IRS prevail on DM U, .
3. If 4 <0(or v > 0)in all alternate optima, then DRS prevail on DMU, .

Note that the VRS frontier can be expressed as Zr:lﬂryrj = 2,-:1 ViXy =
,u(orz;l,ury,j = Z,m:l VX, + V). Thus, geometrically, in the case of single out-

put, —4 (or V) represents the y-intercept on the output axis. Consider Fig. 13.1.
The intercept is positive for line segment CD so 4 <0(orv' >0) and RTS is de-
creasing for any DMU on CD (excluding C), whereas the intercept is negative
for line segment AB so 4 >0(orv" <0) and RTS is increasing for any DMU on
AB (excluding B). The intercept for line OBC is zero so & =0 (orv' =0) and
RTS is constant. However, in computation, we may not obtain the unique optimal
solution (the frontier), and we may obtain supporting hyperplanes at VRS fron-
tier DMUs. Consequently, we have to check all optimal solutions as indicated in
Theorem 13.1.

Table 13.1 presents five VRS frontier DMUs with two inputs and one output.
The last column indicates the RTS classification
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Table 13.1 DMUs for RTS DMU  Inputl (x1) Input2(x2) Output(y) RTS

estimation 1 2 3 2 CRS
2 2 2 1 CRS
3 4 1 1 CRS
4 2 1 12 IRS
5 6 5 5/2 DRS
Table 13.2 Optimal values for RTS estimation
DMU weluw.u] 4
o 6
1 -7,1] p) =1;2H/1*, =1
. 6
2 [0, 1] solution 1: 4, = 1;2,:1;{; =1
. * * ) 6 _
solution 2: A, =1/3,4;=1/3;), A, =2/3
* 6
3 [-5/3,1] p s =1;2F1/7; =1
6 *
4 [1/2,1] osﬂj31/12,/1;:1/4—31{,2’;=1/4—/T{5/122_/:]/1/.51/2
5 [-o0,—3/37] 4 =35/48-1,/3,0< 4 <35/16, 1, :25/24—1;/385/482;1’/ <15/6

The second column of Table 13.2 reports the optimal £'. 4 can take all the op-
timal values in the interval [ y7aN7a ] -4 =0 is found in DMUs 1, 2, and 3, therefore

the three DMUs exhibit CRS. All 4 are positive and negative in DMU5 and DMUG6,
respectively, therefore IRS and DRS prevail on DMUS and DMUS6, respectively.

The above RTS method uses the VRS multiplier models. In fact, we can use CRS
envelopment models to estimate the RTS classification (Zhu 2000a). Let /1*/ be the
optimal values in CRS envelopment models. We have

Theorem 13.2:
4. If 2’: /T; =1 in any alternate optima, then CRS prevail on DMU, .
5. If zn A. <1 for all alternate optima, then IRS prevail on DMU .
Jj 7 0
6. If zn A. > 1 for all alternate optima, then DRS prevail on DMU .
Jj o/ o
From Table 13.2, we see that DMU2 has alternate optimal /7; Nevertheless, there
exists an optimal solution such that Zj /T; =1 indicating CRS. DMU4 exhibits IRS

because Zj Z; <1 in all optima, and DMUS exhibits DRS because Zj /1] >1in
all optima.

13.3.2 Improved RTS Method

In real world applications, the examination of alternative optima is a laborious task,
and one may attempt to use a single set of resulting optimal solutions in the applica-
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tion of the RTS methods. However, this may yield erroneous results. For instance, if
we obtain 4 = 4, =1/3,0r 4 =1 for DMU2, then DMU2 may erroneously be clas-
sified as having IRS because 2 l <lor g >0 in one particular alternate solution.

A number of methods have been developed to deal with multiple optimal solu-
tions in the VRS multiplier models and the CRS envelopment models. Seiford and
Zhu (1999a) show the following results with respect to the relationship amongst
envelopment and multiplier models, respectively.

Theorem 13.3:

1. The CRS efficiency score is equal to the VRS efficiency score if and only if there
exists an optimal solution such that Zj /T: = 1. If The CRS efficiency score is not
equal to the VRS efficiency score, then

2. The VRS efficiency score is greater than the NIRS efficiency score if and only if
z /1 <1 in all optimal solutions of the CRS envelopment model.

3. The VRS efficiency score is equal to the NIRS efficiency score if and only if
zj /7; > 1 in all optimal solutions of the CRS envelopment model.

Theorem 13.4:

1. The CRS efficiency score is equal to the VRS efficiency score if and only if there
exists an optimal solution 4 = 0(orv" = 0). If The CRS efficiency score is not
equal to the VRS efficiency score, then

2. The VRS efficiency score is greater than the NIRS efficiency score if and only if
4 >0 (orv" <0) in all optimal solutions.

3. The VRS efficiency score is equal to the NIRS efficiency score if and only if
4 <0 (orv" > 0) in all optimal solutions.

Based upon Theorems 13.3 and 13.4, we have

Theorem 13.5:

1. If DMU  exhibits IRS, thean /’f; <1 for all alternate optima.
2. If DMU  exhibits DRS, then Zj /T; > 1 for all alternate optima.

The significance of Theorem 13.5 lies in the fact that the possible alternate optimal
/1 obtained from the CRS envelopment models only affect the estimation of RTS
for those DMUs that truly exhibit CRS, and have nothing to do with the RTS esti-
mation on those DMUs that truly exhibit IRS or DRS. That is, if a DMU exhibits
IRS (or DRS), then z'; /1j must be less (or greater) than one, no matter whether
there exist alternate optima of 4.

Further, we can have a very simple approach to eliminate the need for examining
all alternate optima.

Theorem 13.6:

1. The CRS efficiency score is equal to the VRS efficiency score if and only if CRS
prevail on DMU . Otherwise,
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A [ B | ¢ | o Je|l & | e [H] 1] J |k |

_1 |Company Assets  Equity Employees Revenue Profit A |CRS Efficiency ZA

_2_|Mitsubishi 91920.6 10950 36000 184365.2  346.2 0 0662831738 |1.101942

3 |Mitsui 68770.9 5553.9 80000 1815187 3148 o1 1

_4 |ltochu 65708.9 42711 7182 1691646  121.2 (IRE 1

5 |General Motors 2171234 233455 709000 168828.6 6880.7 o™ 1

_6 |Sumitomo 50268.9 6681 6193 167530.7 2105 0471 1

7 |Marubeni 71439.3 5239.1 6702 1610574  156.6 0 10.971966637 0956252

8 |Ford Motor 243283 24547 346990 137137 4139 0 10.737166307 0.99751

9 |Toyota Motor 106004.2 49691.6 146855 111052 26624 0 10524557613 |0.819264

10 |Exxon 91296 40436 82000 110009 6470 o 1

11 |Royal Dutch/Shell Group 118011.6  58986.4 104000 109833.7 6904.6 0 0.841423731 |1.067172

12 |Wal-Mart 37871 14762 675000 93627 2740 0.0171 1)

13 |Hitachi 91620.9| 29907.2 331852 84167.1 14688 0 0386057261 |0.62692

_14 |Nippon Life Insurance 3647625 22419 89690 83206.7 24266 [IRE 1

15 |Nippon Telegraph & Telephone = 127077.3  42240.1 231400 81937.2 2209.1 0 10.348577853 0.619252

16 |AT&T 88884 17274 299300 79609 138 0 70.270381772 0481746
17

E Reference DMU under | 16 Efficiency

19 |Constraints set Evaluation 102703827

20 |Assets 2403261 < 24032613

21 |Equity 3333645 < | 46705747 Input-oriented

122 |Employees 1292298 < | 80925264 CRS (RTS

23 |Revenue 79609 > 79609

24 |Profit 139 > 139

25|z 0481746

Fig. 13.3 Input-oriented RTS classification spreadsheet model

2. 2: ﬂ; <1 ifand only if IRS prevail on DMU .
3. 2; A, > 1 if and only if DRS prevail on DMU,.

Thus, in empirical applications, we can explore RTS in two steps. First, select all the
DMUs that have the same CRS and VRS efficiency scores regardless of the value
of Zj A,. These DMUs are in the CRS region. Next, use the value of 2: A, (in any
CRS envelopment model outcome) to determine the RTS for the remaining DMUs.
We observe that in this process we can safely ignore possible multiple optimal solu-
tions of 4.

Similarly, based upon VRS multiplier models, we have

Theorem 13.7:

1. The CRS efficiency score is equal to the VRS efficiency score if and only if CRS
prevail on DMU, . Otherwise,

2. f >0(orv <0)ifand only if IRS prevail on DMU,.

3. 4 <0(orv >0) if and only if DRS prevail on DMU,,.

13.3.3 Spreadsheets for RTS Estimation

We here develop spreadsheet models for RTS estimation based upon Theorem 13.6.
The RTS spreadsheet model uses VRS and CRS envelopment spreadsheets.
Figure 13.3 shows a spreadsheet for the input-oriented CRS envelopment model
where CRS efficiency scores and the optimal Zj /1: are recorded in columns J and
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M2 v A =IF(J2=L2,"CRS" IF(AND(J2<>L2,K2<1),"IRS",IF(AND(J2<>L2,K2>1),"DRS")))
o I I N [ o T P ]
1 |CRS Efficiency ZA VRS Efficiency RTS Company
0662831738 1.101942 1 [DRS]Mitsubishi
| < I 1 1 CRS Mitsui
7T 1 1 CRS Itochu
| & I 1 1 CRS General Motors
68| 1 1 1 CRS Sumitomo
7 10.971966637 0.956252 1 IRS Marubeni
|8 10.737166307 0.99751 0.737555958 |IRS Ford Motor
19 ]0.524557613  0.819264 0.603245345 | IRS Toyota Motor
101 1 1 CRS Exxon
1110841423731 1.067172 1 DRS Royal Dutch/Shell Group
f121 1 1 CRS Wal-Mart
1 13]0.386057261 0.62692 0.557595838 | IRS Hitachi
1411 1 1 CRS Nippon Life Insurance
11510.348577853  0.619252 0.470610997 IRS Nippon Telegraph & Telephone
116]0.270381772 0481746 0.533543522 |IRS AT&T

Fig. 13.4 Input-oriented RTS classification

K, respectively. The button “Input-oriented CRS (RTS)” is linked to a VBA proce-
dure “RTS”.

Sub RTS ()
Dim i As Integer
For 1 = 1 To 15
'set the value of cell E18 equal to i (1, 2,..., 15)
Range ("E18") = i
'Run the Solver model. The UserFinish is set to True so that
'the Solver Results dialog box will not be shown
SolverSolve UserFinish:=True
'Place the efficiency into column J
Range ("J" & i + 1) = Range("F19")
'Place the sum of lambdas into column K
Range ("K" & 1 + 1) = Range("B25")
Next 1
End Sub

In order to obtain the RTS classification, we need also to calculate the input-orient-
ed VRS envelopment model. This can be achieved by using the spreadsheet model
shown in Fig. 1.8 (Chap. 1). We then copy the VRS efficiency scores into column L,
as shown in Fig. 13.4. Cells M2:M16 contain formulas based upon Theorem 13.6.
The formula for cell M2 which is copied into cells M3:M16 is

=IF(J2=L2,"CRS",JF(AND(J2<>L2,K2<1),"IRS",IF(AND(J2<>L2,K2>1),"D
RS"))

To obtain the output-oriented RTS classification, we use the spreadsheet for output-
oriented CRS envelopment model. Figure 13.5 shows the spreadsheet, and Fig. 13.6
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A B ¢ | o JeE[ F [ & [H[ 1] J K

| 1 _|Company Assets Equity Employees Revenue Profit A CRS Efficiency A

| 2 |Mitsubishi 919206 10950 36000 184365.2 1 0 58488945 1.74138

|3 |Mitsui 687709 55539 80000 181518.7 3148 0 1

| 4 |ltochu 657089 42711 7182 1691646 1212 0 1

| 5 |General Motors 2171234 233455 709000 168828.6 6880.7 0 1

| 6 |Sumitomo 50268.9 6681 6193 167530.7 2105 173 1

| 7_|Marubeni 714393 52391 6702 1610574 1566 0 1.028841898 0.983832

| 8 |Ford Motor 243283 24547 346990 137137 4139 0 1.356545993 1.353168

|9 | Toyota Motor 106004.2 49691.6 146855 111052 26624 0 1.906368292 1.561819

|10 |Exxon 91296 40436 82000 110009 6470 01 1

| 11 |Royal Dutch/Shell Group 118011.6  58986.4 104000 109833.7 6904.6 0 1.188461846 1.268293

| 12 |wal-Mart 37871 14762 675000 93627 2740 0.05 1 1

| 13 |Hitachi 91620.9 29907.2 331852 841671 14688 0 2590289318 1.623905

| 14 |Nippon Life Insurance 3647625  224|Reserved toindicate 83206.7 24266 0 1 1

|15 | Nippon Telegraph & Telephone | 127077.3 | 4224{ihe o under 819372 2209.1 0 2868799584 | 1.77651

| 16 |AT&T 88884 172 79609 139 0 3.698474165 1.781727
17

| 18 | Reference DMU under | 16 | Efficiency

| 19 | Constraints set Evaluation 3608474

| 20 |Assets 88884 < 88884

|21 | Equity 12347.89 < 17274 Output-oriented CRS

| 22 |Employees 4779532 < 299300 RTS

|23 |Revenue  [HThecel®s 2944318/ > 294431.83

| 24 |Profit named 51368798 > 514.08791

125 |ZA "Sumtambda™ 1.781727

Fig. 13.5 Output-oriented RTS classification spreadsheet model

shows the Solver parameters. Note that range names are used in the spreadsheet
shown in Fig. 13.5 as in the spreadsheet for output-oriented VRS envelopment
model shown in Fig. 1.27. For example, cell E18 is named as “DMU”, cell F19
is named as “Efficiency”, and cell B25 is named as “SumLambda”. The button
“Output-oriented CRS” is linked to a VBA procedure “GeneralRTS” which auto-
mates the calculation, and records the efficiency score and Zj /1; into columns J

and K, respectively.

Sub GeneralRTS ()

Dim NDMUs As Integer,

NDMUs = 15

NInputs = 3

NOutputs = 2
Dim i As Integer
For i =

Range ("DMU") = i

1 To NDMUs

NInputs As Integer,

SolverSolve UserFinish:=True

Range ("Al") .Offset (i, NInputs+NOutputs+4)

Range ("A1l") .Offset (i,
Next
End Sub

NInputs+NOutputs+5)

NOutputs As Integer

Range ("Efficiency")

Range ("SumLambda")
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-
Solver Parameters | =

Set Objective: (Efficency
To: @ pax ® Mo © value OF: o |

By Changing Variable Cells:
Lambdas, Effidency

Subject to the Constraints:

ReferenceSetinput <= DMUInput ~
ReferenceSetOutput >= DMUOutput

[¥] Make Unconstrained Variables Non-Negative
Select a Solving Method: _S'mplele B

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

oo

\ J

g

Fig. 13.6 Solver parameters for output-oriented CRS envelopment model

Note that we can assign “RTS” to the button “Output-oriented CRS (RTS)”. In
fact, when the range names are used, Range(“DMU”), Range(“Efficiency”),
and Range(“SumLambda”) are equivalent to Range(“E18”), Range(“F19”), and
Range(“B25”), respectively. The procedure “GeneralRTS” can be applied to other
data sets with the range names.

With the output-oriented VRS efficiency scores and Theorem 13.6, we can ob-
tain the output-oriented RTS classification shown in Fig. 13.7.

Based upon Figs. 13.4 and 13.7, we obtain the RTS regions (see column O in
Fig. 13.7).
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M2 =IF({J2=L2,"CRS" IF(AND(J2<>L2,K2<1),"IRS",IF(AND(J2<>L2,K2>1),"DRS"}))
J L N | o | P
1 |CRS Efficiency ZA VRS Efficiency RTS  Company RTS Region

1.58488045 | 1.74138 |1 [CorRS ]Mmitsubishi Region Ill
2351 1 1 CRS  Mitsui Region ||
4 1 1 CRS |ltochu Region ||
2551 1 1 CRS  General Motors Region ||
2651 1 1 CRS | Sumitomo Region ||
L7 |1.028841898 | 0.983832 1 IRS  |Marubeni Region |
8 |1.356545993 1.353168 |1.158414974 DRS  Ford Motor Region VI
19 11.906368292 1.561819 |1.371588284 DRS  Toyota Motor Region VI
101 1 1 CRS |Exxon Region ||
1 111.188461846 1.268293 |1 DRS  Royal Dutch/Shell Group Region Il
241 1 1 CRS Wal-Mart Region Il
1132590289318 1.623905 | 1.898938938 DRS  Hitachi Region VI
1411 1 1 CRS Nippon Life Insurance Region ||
15 |2.868799584 1.77651 1.892916538 DRS Nippon Telegraph & Telephone Region VI
16 |3.698474165 1.781727/2.311193684 DRS |AT&T Region VI

Fig. 13.7 Output-oriented RTS classification

13.4 Scale Efficient Targets

By using the most productive scale size (MPSS) concept (Banker 1984), we can
develop linear programming problems to set unique scale efficient target. Consider
the following linear program when the input-oriented CRS envelopment model is
solved (Zhu 2000b).

n (13.1)
minle
j=1

subject to

n
Z/'tjx,.j <Ox, i=L2,...m

Jj=1
z/ijyerym r=12,...s;
Jj=1

4,20. j=12,..,n

where g is the input-oriented CRS efficiency score.

Based upon the optimal values from (13.1) (i.e., 2/1; ), the MPSS concept
yields the following scale-efficient target for DMU, corresponding to the largest
MPSS

MPSS, 4% " 0, /34, (13.2)

T =V DA,

where (~) represents the target value.
If we change the objective of (13.1) to maximization,
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A 8 c o €] F G [Hl 1 J K

1 Company Assets Equty Employees  Revenue Proft  J. CRSEficiency m. | Sover Parameters . N —— —— ,“
2 Mitsubishi 919206 10950 36000 1843652 3462 0 0662831738 1.101942
3 Mitsui 687709 65639 80000 1815187 3148 0 1 1 =
4 [ochu 657089 4271.1 7182 1691646 1212 0 1 1 EStOtchins L @
5 GeneralMotors 2171234 233455 709000 1638286 68807 0 1 1
6 Sumitomo 502689 6681 6193 1675307 2105 047 1 1 Toc tax o vg Yalue Of: 0
7 Marubeni 714393 62391 6702 1610574 1566 O 0971966637 0.956262
8 | Ford Motor 243283 24547 346990 137137 4139 0 0737166307 0.99751 By Chiwciog Narible ol
9 ToyotaMotor 1060042 496916 146855 111052 26624 0 0524557613 0819264 sisz1s16 =
10 Exxon 91296 40436 82000 110009 6470 0 1 1
11 Royal Dutch/Shell 1180116 589864 104000 1098337 69046 0 0841423731 1.067172 Subject to the Constrants:
12| WalMart 37671 14762 675000 93627 2740 0011 1 [so820:40522 <= 0520:50822 Sl
13 Hitachi 916209 299072 331852  B4167.1 14688 0 0.386057261 0.62692 $8523:48524 >= $0§23:40824 J
14 Nippon Life Insurar 3647625 92410 __g0cen 832067 24266 0 1 1
15 Nippon Telegraph ¢ 127077.3 4 819372 22091 0 0348577853 0619262 Gupe |
16 AT&T 83834 |evauation. 79609 139 0 0270381772 0.481746
17 [
18 Reference DMU under 15 Efficiency m-:w =
19 Constraints set Evaluation 0: 1t contains an INDEX BesetAl |
20 Assets 2003261 < 24032613 Gttt e . 2
21 Equity 3338645 < 46705747 MPSS (CRS cfficiency in d rreeTe——
22 Employees 1292298 < 80925264 (column ).
23 Revenue [Fomereat) 79609 > 79609 7] Make Unconstrained Varisbies Non-Negative
;‘; Proft % > 139 Salect a Sohing Method: it B (oo

5. J

Fig. 13.8 Largest MPSS spreadsheet model

min Z /:L/.
=
subject to

n
Zﬂjxl.j <Ox, i=L2,...m;
j=1

(13.3)
Z{/iij.Zym r=12,....s;
=
4,20. j=12,...,n.
then we have the scale efficient target corresponding to the smallest MPSS.
5,=0x,13
MPSSmin : v w Z / (134)

P =yl DA

Note that models (13.1) and (13.3) are based upon the input-oriented CRS envelop-
ment model. However, by using the relationship between the input-oriented and
output-oriented CRS envelopment models (see Lemma 13.2), it is trivial to show
that MPSS _ (MPSS . ) remains the same under both orientations. Consequently,
MPSS_ and MPSS . are uniquely determined by ¢" and » A’ (Z ij)

We can select the largest or the smallest MPSS target for a particular DMU under
consideration based upon the RTS preference over performance improvement. For
example, one may select the smallest MPSS for an IRS DMU and the largest MPSS
for a DRS DMU. Further, if the CRS envelopment models yield the unique optimal
solutions, then the MPSS _and MPSS . are the same.

The spreadsheet model for calculating the scale efficient target involves (i) cal-
culating CRS envelopment model, and (ii) calculating model (13.1). We demon-
strate (ii) using the input-oriented CRS envelopment model shown in Fig. 13.3.

In Fig. 13.8, the target cell is B25, and contains the formula “=SUM(12:116)”,
representing the z/lj . Cell F19 is no longer a changing cell, and contains the
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Returns-to-Scale » @ RrTS Estimation ||
Context-Dependent DEA »

Fig. 13.9 Returns-to-scale .
menu

£ | Perform Sensitivity Analysis

Malmquist

formula “=INDEX(J2:J16,E18,1)”. This formula returns the CRS efficiency score
of a DMU under evaluation from column J.

The changing cells are 12:116. The constraints in the Solver parameters for the
input-oriented CRS envelopment model shown in Fig. 1.24 remain the same. Fig-
ure 13.8 also shows the Solver parameters for calculating the model (13.1). Select
“Max” if model (13.3) is used.

To automate the computation, we remove the statement Range(“J”&
i+1)=Range(“F19”) from the procedure “RTS”, and name the new procedure
“MPSS”.

Sub MPSS ()
Dim i As Integer
For 1 = 1 To 15
'set the value of cell E18 equal to i (1, 2,..., 15)
Range ("E18") = i
'Run the Solver model. The UserFinish is set to True so that
'the Solver Results dialog box will not be shown
SolverSolve UserFinish:=True
'Place the sum of lambdas into column K
Range ("K" & 1 + 1) = Range("B25")
Next i
End Sub

It can be seen that the maximum z /1; is the same as that obtained from the input-
oriented CRS envelopment model shown in Fig. 13.3. This is due to the fact that we
have unique optimal solutions on ;. Asaresult, minimumz A= maximumE A

. We can apply (13.2) or (13.4) to obtain the scale efficient targets for the 15 DMUs.

13.5 Solving DEA Using DEAFrontier Software

RTS Estimation can be found at the Returns-to-Scale menu item, as shown in
Fig. 13.9.

The RTS Estimation menu will provide (i) the RTS classifications, and (ii) RTS
regions as shown in Fig. 13.2 (see Fig. 13.10).
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Fig. 13.10 RTS estimation
Returns-to-Scale Estimation 74

riease select the data sheet:

oo
&%

Cancel

RTS Classification

" RTS Region
" Output-Oriented

Developed by

If RTS Region is selected, the software will run both the input-oriented and out-
put-oriented envelopment models. The results are reported in the “RTS Region”
sheet.

If Input-Oriented is selected, then the software will generate the RTS classifica-
tion based upon the input-oriented envelopment models and report the results in the
sheet “RTS Report”. If Output-Oriented is selected, then the software will generate
the RTS classification based upon the output-oriented envelopment models.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 13) contains
supplementary material, which is available to authorized users.
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Chapter 14
DEA Models for Two-Stage Network Processes

14.1 Introduction

While the definition of a DMU is generic and DMUs can be in various forms such
as hospitals, products, universities, cities, courts, business firms, and others, DMUs
can have a two-stage structure in many cases. For example, banks use labor and
assets to generate deposits which are in turn used to generate load incomes. Seiford
and Zhu (1999) use a two-stage process to measure the profitability and market-
ability of US commercial banks. In their study, profitability is measured using labor
and assets as inputs, and the outputs are profits and revenue. In the second stage
for marketability, the profits and revenue are then used as inputs, while market
value, returns and earnings per share are used as outputs. Chilingerian and Sher-
man (2004) describe another two-stage process in measuring physician care. Their
first stage is a manager-controlled process with inputs including registered nurses,
medical supplies, and capital and fixed costs. These inputs generate the outputs or
intermediate measures (inputs to the second stage), including patient days, quality
of treatment, drug dispensed, among others. The outputs of the second (physician
controlled) stage include research grants, quality of patients, and quantity of indi-
viduals trained, by specialty.

In these settings, a DMU represents a two-stage process and intermediate mea-
sures exist in-between the two stages. The first stage uses inputs to generate outputs
which become the inputs to the second stage. The first stage outputs are therefore
called intermediate measures. The second stage then uses these intermediate mea-
sures to produce outputs. A key feature here is that the first stage’s outputs are the
only inputs to the second stage. i.e., in addition to the intermediate measures, the
first stage does not have its own outputs and the second stage does not have its own
inputs.

These two-stage processes are different from the supply chains discussed in
Chap. 15 where the second stage also has its own independent inputs. An usual
attempt to deal with such two-stage processes is to apply the standard DEA model
to each stage (see, e.g., Seiford and Zhu 1999). However, as noted in Chap. 8 and
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Chen and Zhu (2004), such an approach may conclude that two inefficient stages
lead to an overall efficient DMU with the inputs of the first stage and outputs of the
second stage. Consequently, improvement to the DEA frontier can be distorted. i.e.,
the performance improvement of one stage affects the efficiency status of the other,
because of the presence of intermediate measures.

Based upon the variable returns to scale (VRS) envelopment model, Chen and
Zhu (2004) develop a linear DEA type model where each stage’s efficiency is de-
fined on its own production possibility set. The two production possibility sets are
linked with the intermediate measures which are set as decision variables for each
DMU under evaluation. Chen and Zhu’s (2004) model guarantees an overall ef-
ficient two-stage process when each stage is efficient. For inefficient DMUs, Chen
and Zhu’s (2004) model provides a DEA projection with a set of optimal intermedi-
ate measures.

Kao and Hwang (2008), on the other hand, modify the standard DEA model
by taking into account the series relationship of the two stages within the whole
process. Under their framework, the efficiency of the whole process can be de-
composed into the product of the efficiencies of the two sub-processes. Yet, their
approach cannot be directly applied to the VRS assumption.

Chen et al. (2009) develop an equivalence between Chen and Zhu (2004) and
Kao and Hwang (2008) under the condition of constant returns to scale (CRS).

The current chapter presents the models of Chen and Zhu (2004) and Kao and
Hwang (2008) and their relations.

14.2 VRS Two-Stage Model

Chen and Zhu (2004) consider the indirect impact of information technology (IT) on
firm performance where IT directly impacts certain intermediate measures which in
turn are transformed to realize firm performance. Figure 14.1 describes the indirect
impact of IT on firm performance where the first stage uses inputs x,(i =1,...,m)
to produce outputs z,(d =1,..., D), and then these z, are used as inputs in the sec-
ond stage to produce outputs y (r=1,...,s). It can be seen that z, (intermediate
measures) are outputs in stage 1 and inputs in stage 2. The first stage is viewed as
an [T-related value-added activity where deposit is generated and then used as the
input to the second stage where revenue is generated.

Based upon the VRS envelopment model, Chen and Zhu (2004) develop the
following model
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Stage 1 Intermediate \| Stage 2

measures (%)

Inputs (x:)

Outputs (V)

Profit
Fixed assets ¢ Loan recovered
Employees

IT investment

¢ Deposit

Fig. 14.1 IT Impact on firm performance

min_wo—w,f
a.B.A;H; 2

subject to
(stage 1)

n
Z%xu S ax, i=1..m
Jj=1

n
lezdj 2z, d=1,..D
Jj=1

Z% =1
j=1
4,20, j=1,..,n

as<l
(Stage2)

n
oz, <z, d=1,..D
J=1

(14.1)

zlujyrj =By, r=1,.,s
=1

;=1

J=1

U, 2 0, j=1,..,n
£=>1

where w, and w, are user-specified weights reflecting the preference over the two
stages’ performance, and symbol “~” represents unknown decision variables.

The rationale of model (14.1) is as follows: (i) when we evaluate the impact of
IT investment on the intermediate measures, we want to minimize the input usage
given the intermediate measures. For example, given the deposits generated, our
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A T B T e[ o [T E JTFE[ 6 [ H [T 9T KT € 7]
.1 |Supply Chain = Shipping costs | Labor Revenue Profit A s a B Optimal Reverwe
12 A 7 9 4 16 014925 0 1 14375 4
L2318 9 4 6 14 085075 0 1 1.6429 6
l4c 11 6 3 23 0 1079104 1 3
5
0o T
[ 3 7« [
1.8 | Constraints 079104 1 |HENESE
9 |Shipping costs  8.701492537 < 8.70149
10 | Labor 4746268657 = 474627
{11 |Reveruel 5701492537 > 3 ——
12 |Revenue 3 < 3 Run
13| Profit 23 > 23
[14]sr 1 = 1
15 |zu 1 = 1

Fig. 14.2 Spreadsheet model for model (14.1)

objective is to examine whether a bank can reduce its input consumption (including
IT investment) compared to the best practice, and (ii) when we evaluate the firm
performance as a result of the intermediate measures, we want to maximize the
performance given the intermediate measures. For example, given the deposits it
generated, our objective is to examine whether a bank can increase its profit. Model
(14.1) characterizes the indirect impact of IT on firm performance in a single linear
programming problem.

If o = f8" =1, the two-stage achieves efficient performance when the two-stage
process is viewed as a whole.

If =1 and £ >1(orcd <land  =1), then model (14.1) indicates that one
of the stages can achieve 100 % efficiency given a set of optimal intermediate mea-
sures.

A DMU must be a frontier point in both stages with respect to
ax; (i=1,...,m),z, (d=1,..,D),and By, (r=1,..,5), where (*) represents op-
timal value in model (14.1).

In model (14.1), the intermediate measures for a specific DMU_ under evaluation
are set as unknown decision variables, Z Py As aresult, additional constraints can be
imposed on the intermediate measures. This can further help in correctly character-
izing the indirect impact of IT on firm performance.

To illustrate model (14.1), Fig. 14.2 shows the spreadsheet model of (14.1) with
the data in Table 8.1 (Chap. 8). Since the intermediate measures are set as decision
variables, cell E6 is reserved to represent the Revenue variable. Cell D7 indicates
the DMU under evaluation. Cells E8 and F8 represent a and S, respectively. Cell G8
is the objective function and contains the formula “=E8-F8”.

The changing cells are cells H2:H4, cells 12:14, cells E8:F8,,and cell E6. The
formulas for cells B9:B15 are

Cell B9 =SUMPRODUCT(B2:B4,H2:H4)
Cell B10 =SUMPRODUCT(C2:C4,H2:H4)
Cell B11 =SUMPRODUCT(E2:E4,H2:H4)
Cell B12 =SUMPRODUCT(E2:E4,12:14)
Cell B13 =SUMPRODUCT(G2:G4,12:14)
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o
Solver Parameters

Set Objective: ~S(SSS
To: © Max © Min

By Changing Variable Cells:
|$ESB:6F S8, $HS2:H84,S182:8184, 6

© Value Of:

Subject to the Constraints:

$8$11 >= $DS11

$B8$12 <= $D$12

$8$13 >= $D$13
$8$14:48815=1
$8$9:$8$10 <= $D$9:$0$10
$ES8 <=1

§FE8>=1

Make Unconstrained Variables Non-Negative

Select a Solving Method: Simplex LP

Solving Method

non-smooth.

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

sove | | cose

\

Fig. 14.3 Solver parameters for model (14.1)

Cell B14 =SUM(H2:H4)
Cell B15 =SUM(12:14)

The formulas for cells D9:D13 are

Cell D9 =E8*INDEX(B2:B4,D7,1)

Cell D10 =E8*INDEX(C2:C4,D7,1)

Cell D11 =E6
Cell D12 =E6

Cell D13 =F8*INDEX(G2:G4,D7,1)

Figure 14.3 shows the Solver parameters for the spreadsheet model shown in
Fig. 14.2. We have “$E$8 <=1" and “$F$8 >=1" in the Constraints, representing

o<1 and f>1, respectively.
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I A B [ ¢ T o E] F | 6 [H] 1 J [ K L [ m [ N ]
1_|OMU Flxed assets IT budget # of employees  Deposits Profit load recovere( 7. ® o g
2|1 0.713 0.15 133 14.478 0232 0986 02322 0 1 1
13 ]2 1.071 0.17 169 19.502 034 0986 0 0 094516 1
(4|3 1.224 0235 24 20952 0363 0986 0 071632 0.71639 1
| 514 0.363 0.211 156 13.902 0211 0982 0 0 1/ 1.00388
[13]12 0.874 0.05 131 14.342 0.177 0985 (] 0 1, 1.00007
[ 1413 6918 0.37 125 32401 0648 0045 0.3808 0.03800 1 1
15|14 4432 0.44 419 47.653 0639 0979 0 0 0.60513 1
16 |15 4504 0.431 41.1 5263 0.741 0981 ] 0 0.71259 1
17
18] 46.7158"
19| 157 « B
| 20 |Constraints 071259 | 1 |-0.2874]

21 |Fixed assets | 3.2095005 3.2095005
22 |IT budget 0.20174686 0.3071258

| 23 |# of employees29 2874047 29.287405
24 0 T

25 |Deposits 46.7158495 46.71585

1A 1A 1A

1A Iv

26 |Deposits 46.7158495 46.71585
27

28 |Profit 0.741 2 0.741
29 |load recovered0.981 2 0.981
30 |Th 1 = 1
31|z 1 = 1

Fig. 14.4 1T Spreadsheet model

In Fig. 14.2, cells J2:K4 record the efficiency scores. Cells L2:1.4 report the
optimal values on Revenue. Since optimal Revenue values are equal to the original
values, o" and f"must be equal to the 6" and ¢" of the VRS envelopment models,
respectively. In this case, multiple optimal solutions on Revenue exist. (Click the
“Run” button several time, you may get a set of different optimal values on Rev-
enue.)

We next apply model (14.1) to 15 DMUEs in a data set used by Wang, Gopal and
Zionts (1997) which consists observations on 22 firms in the banking industry in
the years 1987-1989'. The data can be found in the file “two stage spreadsheet.xls”.
The inputs, intermediate measure and outputs are given in the Fig. 14.1.

Figure 14.4 shows the spreadsheet. Range names are used in the spreadsheet
shown in Fig. 14.4. Cells B2:D16 are named as “StagelInputs”. Cells F2:F16 are
named as “Intermediate”. Cells [2:J16 are named as “Stage2Outputs”. These cells
represent the performance measures for the 15 banks.

Cells K2:K16 are named as “Lambdas” and cells L2:L16 are named as “Mus”.
These cells are changing cells in the Solver parameters. Other changing cells in-
clude cell F18—“Deposits”, representing the decision variables for the intermediate
measures, cell F20—“Efficiencyl”, and cell G20—“Efficiency2”, representing o
and £ in model (14.1).

Cell 120 is the objective function of model (14.1). It contains the formula “=Effi-
ciencyl-Efficiency2”, i.e., “=F20-G20”. Cell 120 is named as “Efficiency”.

Based upon these range names and the related cells, we have the formulas for
the constraints

! There are 36 observations in Wang et al. (1997). The data on IT budgets are obtained from the
annual survey by Computer World on top 100 effective users of information systems. The data on
the percentage of loans recovered and the dollar value of deposits are generated from Standard and
Poor’s Industry Surveys. The remaining data are obtained from the Compustat database.
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Cell B21 =SUMPRODUCT (Lambdas,INDEX(StagelInputs,0,1))
Cell B22 =SUMPRODUCT (Lambdas,INDEX(StagelInputs,0,2))
Cell B23 =SUMPRODUCT (Lambdas,INDEX(StagelInputs,0,3))

Cell B25 =SUMPRODUCT(Lambdas,INDEX(Intermediate,0,1))
Cell B26 =SUMPRODUCT(Mus,INDEX(Intermediate,0,1))

Cell B28 =SUMPRODUCT(Mus,INDEX(Stage2Outputs,0,1))
Cell B29 =SUMPRODUCT(Mus,INDEX(Stage2Outputs,0,2))
Cell B30 =SUM(Lambdas)

Cell B31 =SUM(Mus)

Cell D21 =Efficiency | *INDEX(Stage Inputs,E19,1)
Cell D22 =Efficiency | *INDEX(Stage Inputs,E19,2)
Cell D23 =Efficiency | *INDEX(Stage  Inputs,E19,3)

Cell D25 =Deposits
Cell D26 =Deposits

Cell D28 =Efficiency2*INDEX(Stage2Outputs,E19,1)
Cell D29 =Efficiency2*INDEX(Stage2Outputs,E19,2)

We then apply the following range names to the constraints

Cells B21:B23 — ReferenceSetInput
Cells B25 — ReferenceSetInterl

Cells B26 — ReferenceSetInter2

Cells B28:B29 — ReferenceSetOutput
Cell B30 — SumLambda

Cell B31 — SumMu

Cells D21:D23 — DMUInput

Cells D25 — DMUlInter1

Cells D26 — DMUlInter2

Cells D28:D29 — DMUOutput

Figure 14.5 shows the Solver Parameters. The calculation is performed by the fol-
lowing VBA procedure

Sub IT()

Dim i As Integer

For i = 1 To 15

Range ("E19") = i

SolverSolve UserFinish:=True

'Place the efficiency into column J and column K
Range ("M" & 1 + 1) = Range ("Efficiencyl")

Range ("N" & 1 + 1) = Range ("Efficiency2")

Next 1

End Sub
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 Solver Parameters )
Set Objective: |Efficency
To: O Max @My O yaleOf: 0 |
By Changing Variable Cells:
| Efficiency 1,Efficency2,Lambdas, Mus, Deposits
Subject to the Constraints:
Effidencyl <=1 ~ |
Effidency2 >=1 Add
ReferenceSetInput <= DMUInput
Refeencasetinr: - O
ReferenceSetinter2 <= DMUInter2
ReferenceSetOutput >= DMUOQutput
Suntanba =
SumMu = 1

Make Unconstrained Variables Non-Negative

Select a Solving Method: ‘simplexLP [=] | Ogiions
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

mfor;nudeaPmblms,wsdedﬂ\eEvobmymwadvewmumxe
non-smooth.

[ sove  J [ ome

\ J

Fig. 14.5 Solver parameters for IT spreadsheet

14.3 CRS Two-Stage Model: Centralized Model

Based upon the CRS DEA model, the efficiency scores of the two-stage process and
the two individual stages can be expressed as
I (14.2)

s
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= 1 2

r=1 ’gi=d1 and€j=r
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where v,, w,, w,, and u, are unknown non-negative weights. Note that w, can be
equal to w,.

Note that the intermediate measures of Z . do not appear in 6 Kao and Hwang
(2008) and Liang et al. (2008) assume that w, =w,. As a result for a specific

s
uyr/'

DMU .6, 6 becomes =i "™ which is the overall efficiency defined in the

m

Z Vi xif(»

i=1

Kao and Hwang (2008) model:

2 ’yr]o

1 2 r=
Max 6,6’ ==———

m

Z Vit (14.3)
s.t. 19/1 <land 4912 <1 forall j

w, =w, foralld

Model (14.3) indicates an efficiency decomposition. That is, efficiency of the whole
process can be decomposed into the product of the efficiencies of the two sub-
processes

Note that model (14.3) is an input-oriented model. It can be converted into the
following linear program

s
centralized __
e = MaxZ uwy,

r=1

stZu Yy = dezd/ <0,=12,.

d=1

ZWdzdf—ZleU <0,=12,. (14.4)
d=1 i=

m
Zvixm =1
i=1

w,20,d=12,....D;v, 2,i=12,....omyu, 2,r=1,2,...,s

In Liang et al. (2008), the above model is called centralized model. Model (14.4)
gives the overall efficiency of the two-stage process. Assume the above model
(14.4) yields a unique solution. We then obtain the efficiencies for the first and
second stages, namely
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s
.
2 Wd Zao z u.y,

D
el,(,'emral[zed — — z and 62 Centralized - ’D:l— (145)
d=

0
*
2 vi xio 2 Wd Zdo
i=1 d=1

centralized

If we denote the optimal value to model (14.4) as e

centralized ___1,Centralized

¢ ! o @2zl Note that optimal multlphers from model (14.4)
may not be unique, meaning that e>“""**/ and e>“""“"** may not be unique. Liang
et al. (2008) develop a procedure for testing for the uniqueness. They first determine

the maximum achievable value of " “"“** via

, then we have

D
= Maxz W, Zy

d=1
s
__centralized
s't'z uryra - e()
D m
ZW(,Z@. —Z\/,.xi/. <0j=12,...n
d=1 i=1

s D (14.6)
Zu,_yr,. —dezdf <0j=12,..,n
r=1 d=1

3

vx =1

i"Vio
i1

,20,d=12,..,D;v, 20,i=1,2,...,m;u, 20,r =1,2,...,s

centralized

2,Centralized 0

It then follows that the minimum of e’ is given by €.~ = ——

o

2,Centralized

manner similar to the above and the mlnlmum of "™ is then calculated as
1- 2

model (14 4).1f e # e or e #e’*, then presumably some flexibility exists in

cooperative games, once the optimal value for the centralized score is determined,

The maximum of e’ , which we denote by e’*, can be calculated in a
centralized 2+ 2— 2+ 3

e = eo /e Note that ¢ =¢!" if and only of ¢>” =€ " . Note also that if
e =e" or el =e’, then e 1 Conratized and e> """ are uniquely determined via
setting values for el ‘e”””l’”‘d and e Convatzd . A legitimate reason for taking advan-
tage of such ﬂex1b111ty is one of cooperation and fairness. That is, in the spirit of
it is reasonable to search for a decomposition that is as fair as possible to both
parties.
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The equivalent output-oriented model can be expressed as

m

ViX,
Min-=——
z uryrfa
r=l 14.7)
s.t. 9} <land 0/2 <1 for all j
w, =w, foralld
Model (14.7) is equivalent to the following linear program
Minz VX,
i=1
s D
s.t.Zury,y. —dezd/. <0j=L2,...,n
r=1 d=1
D m
dezdf—z‘vixﬁ <0,=12,...,n (14.8)
d=1 i=1

K

2”"ij0 =1

r=1

w,d=12,...D;v,i=12,...mu ,r=12,...,5=20
The above model is an output-oriented version of Kao and Hwang’s (2008) and
Liang et al.’s (2008) model.
14.4 CRS Two-Stage Model: Equivalence

We next present the Chen and Zhu (2004) model under the CRS assumption by
removing the convexity constraints of z A = 2 4; =1 in (14.1). We have
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14
min o —
AP A; o E ﬂ

subject to

(stage 1)

a<l
(Stage 2)

n

DMzy S5y,

Jj=1

Z My, 2Py,
j=1

lLlj207
B>1

DEA Models for Two-Stage Network Processes

(14.9)

r=1,...,s

j=1..,n

Chen et al. (2009) show (i) that model (14.9) is equivalent to the model (14.8), and
(ii) at optimality & =1 and S is the optimal value to model (14.8), representing

the overall efficiency.
To establish the equivalence between models (14.8) and (14.9), Chen et al.

(2009) first consider the following linear program

min o—
a.BA; . ﬂ

subject to

n
<
Z Ax; < ax,
=

Z 1,2 By,
=

(14.10)

(A, -u)z,; 20 d=12,..D
Jj=1

Al 20,

a<Lp>1
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Chen et al. (2009) then show that model (14.10)’s optimal solutions are optimal in
model (14.9).

A .
Let A, =—-, u, :&, and o= f/ «, then model (14.10) becomes
T at o

Max o(o-1)
s.t. 2 /1;.x,.j <y,

LKy ov, (14.11)

N (A =)z, 20
Anu;20,0<l,a0>1
Next, consider the following model

Max o(oc-1)

s.t. 2/1;.)6,] <x,
DMy, 20y, (14.12)

DA =)z, 20

A i 20, a<l,o021
The only difference between models (14.11) and (14.12) is that model (14.12) sets
oa=1 in the constraint of ao=>1 in model (14.11). We have model (14.12) optimal
solutions are optimal in model (14.11) (see Chen et al. 2009.)
Note that <1 does not appear in other constraints of model (14.12). Therefore,
at optimality, @ =1 and model (14.12) is equivalent to the following linear program

Max o

s.t.z/ijxij <x, i=L2,....m

YUy, 0y, T =2 .m (14.13)

YA, -p)z,20 d =12 ...D

ﬂj,,u/. >0, o>1
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Model (14.13) is actually the dual to the model (14.8). Therefore, we have that at
optimality & =1 and B° =o', where o and * are optimal values of & and /8 in
model (14.9) and ¢" is the optimal value of ¢ in model (14.13).

This further indicates that the optimal " and £ in model (14.9) do not represent
the efficiency scores of individual stages under the CRS condition. In fact, a" is al-
ways equal to unity and 8" represents the overall efficiency of the two-stage process.
i.e., model (14.7) can be used to measure the overall efficiency of the two-stage
process under the CRS condition.

We finally note that under the VRS condition &, *@; no longer equals to
z u.y Jo
’i‘ , because of the free variable in the related DEA model. As a result, the

2V,

i=1
VRS version of Kao and Hwang’s and Liang et al.’s (2008) model cannot be mod-
elled as in model (14.3). The proven equivalence between the two approaches sheds

lights on possible ways to developing the VRS version of the centralized model.

14.5 Frontier Projection

As indicated in Chen et al. (2010), the centralized model does not provide informa-
tion on DEA projection. Chen et al. (2010) develop models for determining the
DEA projection for inefficient DMUs.

The input-oriented projection model is

min &

8L z ﬂfxff < exio 1= 1,-..,m
=1
zﬂ/yl'/zyro r=1,...,S
Jj=1
2/1.1'24/' 2 Zda d= 1,...,D
Jj=1

p (14.14)
S uz, <z, d=1,..D
j=1

Z, 20, d=1,...D
é 20, j=L..,n
/1/.20, j=1..,n

o<1
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The output-oriented projection model is
max ¢

n
st Y Ax, <x, i=1,...m
Jj=1

zﬂjyrjz&ym 7:1,...,5
J=1

n

Y Az, 2z, d=1,..D
- (14.15)
Y ouz, <z, d=1,..D
Jj=1
z, >0, d=1,...,D
4 20, j=1...,n
ILlj - b J:17"'7n

The key to obtain the correct projections lie in the fact that the intermediate mea-
sures need to be optimized. The centralized models do not provide an optimized
intermediate measures.

14.6 CRS Two-Stage Model: Leader-Follower Model

This approach is described in Liang et al. (2008). Under the input-orientation, when
the first stage is selected as the leader, the first stage’s DEA efficiency is determined
first in the following CRS model

D
% _
e, = Max dezdo
d=1

m

D
S.t. dezdj—Zvix,.j <0 j=L2,..,n
d=1 i=1

ZVixm =1
i=1
w,20,d=12,.,D;v, 20,i=1,2,....m.
Once we obtain the efficiency for the first stage, the second stage will only consider

those variables w, that maintain e, = e} . The efficiency model for the second stage
(now, the follower) is
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s
2% 1
€ = Max(zurym ) / ¢,

r=1

s D
s.t. Zuyyrj —dezdj <0 j=12,..,n
r=1 d=1
D m
dezdj —zvl.xij <0 j=12,..n
d=1 i=1
m
ZVixio =1
i=1
D
— o
dezdo =e,
d=1

w,20,d=12,.,D;v,20,i=12,...,mu, 20,r=1,2,...,s

In a similar manner, if we assume the second stage as the leader, we then calculate
the regular DEA efficiency (e ) for the second stage first using the CRS model

s
& = MaxYu,y,

r=1

s D
s.t. ZMI_yrj —ZWdZd/. <0j=12,....n
r=1 d=1

D
2 WdZdo = 1
d=1

w,20,=12,....,D;u 20,r=12,...,s
The efficiency for the first stage (the follower) is then calculated via

1 m
— =Min E V.X,
lu 1710
eO

D m
s.t. dezd/. —Zvl.x,./. <0 j=L2,..,n
d=1 i=1

i=1

s D
Zuryrf _ZWd24; <0 j=12,..,n
r=1 d=1

D

dezda =1

d=1

s

o
z u.y., =e,
r=1

w,20,d=12,.,D;v,20,i=12,...mu, 20,r=12,..,s

The output-oriented results are the reversal of their corresponding input-oriented
results.
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A | B [ ¢ ] D [ e T F T 6 [ H ] | |
| 1 |DMU Fixed asse IT budget # of employees Deposits Profit load recovered
12 |1 0.713 0.15 13.3 14.478 0.232 0.986
13 |2 1.071 0.17 16.9 19.502 0.34 0.986
1 4 |3 1.224 0.235 24 20.952 0.363 0.986
1 5 |4 0.363 0.211 15.6 13.902 0.211 0.982
16 |5 0.409 0.133 18.485 15.206 0.237 0.984
| 716 5.846 0.497 56.42 81.186 1.103 0.955
| 8 |7 0918 0.06 56.42 81.186 1.103 0.986
19 |8 1.235 0.071 12 11.441 0.199 0.985
110 |9 18.12 1.5 89.51 124.072 1.858 0.972
111 )10 1.821 0.12 19.8 17.425 0.274 0.983

Fig. 14.6 Data sheet format for two-stage

Fig. 14.7 Two-stage network

process J Centralized Model

Frontier Projection

Leader-Follower Model
VRS Model

A b b

14.7 Solving Two-Stage Network Process Using
DEAFrontier

Since intermediate measures are present, the DMUs in the data sheet are set in a
format shown in Fig. 14.6. The inputs are entered first and followed by a blank col-
umn, and then the intermediate measures are entered followed by a blank column
and the outputs.

There are four approaches under this two-stage network DEA model, as shown
in Fig. 14.7.

Select the “VRS Model” menu item to calculate the model (14.1). The results are
reported in the “Efficiencyl” (for stage 1), “Efficiency2” (for stage 2) and “Inter-
mediate” (for optimal intermediate measures) sheets.

By selecting the “Centralized Model” option (namely, models 14.3 and 14.4),
the user is required to select a sheet that stores the two-stage process data, and
the model orientation (see Fig. 14.8). Note that the centralized model is developed
under the assumption of CRS. Therefore, the frontier type is assumed to be CRS.

The results are reported in sheet “centralized report” where the overall efficiency
scores (under heading “centralized efficiency”) are reported along with the effi-
ciency decomposition. This sheet also reports a set of optimal multipliers for the
above model.
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Fig. 14.8 Two-stage network .
process: centralized model Centralized Model

elect the sheet that has the data (DMUs, inputs,
ntermediate measures, outputs), and Model Orientation:

o = i

D Shest1

0 o
cancel |

Model Orientation

Deavelopad by Joa Zhu

The results for frontier projection are reported in sheets “Overall Efficiency”
and “Optimallntermediate”. The “Optimallntemediate” sheet reports a set of opti-
mal intermediate measures. The “Overall Efficiency” sheets reports the centralized
efficiency scores.

If input-orientation is selected, then the frontier point consists of overall effi-
ciency score * input levels, optimal intermediate measures, and current output lev-
els (Fig. 14.9).

The results for leader-follower model are reported in sheet “LF Report”. A set
of optimal multipliers from the follower’s model is also reported. If the user wants
to get detailed information on the leader stage, please use the related CRS envelop-
ment or multiplier model.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 14) contains
supplementary material, which is available to authorized users.
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Fig. 14.9 Two-stage network
process: leader-follower Leader-Follower Model @

model
elect the sheet that has the data (DMUs, inputs,
ntermediate measures, outputs), Model Orientation and the
eader Stage:
OO Shestt
O s
[ shests
Cancel
Model Orientation
@ [rput-Oriented| " Output-Oriented
Leader Stage
¢ Stage 1 (" Stage 2
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Chapter 15
Models for Evaluating Supply Chains
and Network Structures

15.1 Supply Chain Efficiency

So far, the value-added processes or systems have been treated as a “black-box”.
We examine the resources available to the processes or systems and monitor the
“conversions” of these resources (inputs) into the desired outputs. However, each
process or system can include many subprocesses. For example, if the process is
to make a car, then important subprocesses include assembling and painting. If we
evaluate the efficiency of a supply chain system, then we need to measure the per-
formance of each individual supply chain components, including suppliers, manu-
facturers, retailers, and customers.

While there are studies on supply chain performance using DEA, the research
has been focused on a single member of the supply chain.

Within the context of DEA, there are a number of methods that have the poten-
tial to be used in supply chain efficiency evaluation. Seiford and Zhu (1999a) and
Chen and Zhu (2004) provide two approaches in modeling efficiency as a two-stage
process. Fiare and Grosskopf (2000) develop the network DEA approach to model
general multi-stage processes with intermediate inputs and outputs. Golany, Hack-
man and Passy (2006) provide an efficiency measurement framework for systems
composed of two subsystems arranged in series that simultaneously compute the
efficiency of the aggregate system and each subsystem.

Note that an effective management of the supply chain requires knowing the per-
formance of the overall chain rather than simply the performance of the individual
supply chain members. Each supply chain member has its own strategy to achieve
efficiency; however, what is best for one member may not work in favor of another
member. Sometimes, because of the possible conflicts between supply chain mem-
bers, one member’s inefficiency may be caused by another’s efficient operations.
For example, the supplier may increase its raw material price to enhance its revenue
and to achieve an efficient performance. This increased revenue means increased
cost to the manufacturer. Consequently, the manufacturer may become inefficient
unless it adjusts its current operating policy. Measuring supply chain performance
becomes a difficult and challenging task because of the need to deal with the mul-

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 311
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 15, © Springer International Publishing Switzerland 2014
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Table 15.1 Simple supplier-manufacturer example

Manufacturer
Supplier
Supply Shipping Labor  Revenue Profit Supplier Manufacturer ~ Overall
chain costs material efficiency efficiency efficiency
costs

A 7 9 4 16 1 0.75 1

B 9 4 6 14 1 0.5 1

C 11 6 3 23 0.791 1 1

tiple performance measures related to the supply chain members, and to integrate
and coordinate the performance of those members.

Two hurdles are present in measuring the performance of value chains. One is
the existence of multiple measures that characterize the performance of each mem-
ber in a supply chain. The other is the existence of conflicts between supply chain
members with respect to specific measures.

Consider three supplier-manufacturer supply chains presented in Table 15.1
where the supplier has two inputs (shipping cost and labor) and one output (revenue
from selling the raw materials to the manufacturer), and the manufacture has one
input (raw material cost which is the supplier’s revenue) and one output (profit).

Applying the input-oriented VRS envelopment model to the suppliers and the
manufacturers indicate that the suppliers in supply chains A and B, and the manu-
facturer in supply chain C are efficient. Now, if we ignore the intermediate mea-
sure of revenue (raw material cost) and apply the input-oriented VRS envelopment
model, the last column of Table 15.1 indicates that all supply chains are efficient.

This simple numerical example indicates that the conventional DEA fails to cor-
rectly characterize the performance of supply chain. Since an overall DEA efficient
performance does not necessarily indicate efficient performance in individual com-
ponents in the supply chain. Consequently, improvement to the best-practice can be
distorted. i.e., the performance improvement of one member affects the efficiency
status of the other, because of the presence of intermediate measures. Seiford and
Zhu (1999a) develop a procedure for value chain performance improvement by
using returns to scale (RTS) sensitivity analysis (Seiford and Zhu 1999b). In this
chapter, we present models that can directly evaluate the performance of supply
chains or value chains that have more than one members/components.

15.2 Supply Chain Efficiency

Supply chain management has been proven a very effective tool to provide prompt
and reliable delivery of high-quality products and services at the least cost. To
achieve this, performance evaluation of entire supply chain is extremely important,
since it means utilizing the combined resources of the entire supply chain in the
most efficient way possible to provide market-wining and cost-effective products
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and services. However, a lack of appropriate performance measurement systems
has been a major obstacle to an effective supply chain management (Lee and Bil-
lington 1992).

This is due to the fact that the concept of supply chain management requires
the performance of overall supply chain rather than only the performance of the
individual supply chain members. Each supply chain member has its own strategy
to achieve 100% efficiency. One supply chain member’s 100% efficiency does
not necessarily mean another’s 100% efficiency. Sometimes, because of the pos-
sible conflicts between supply chain members, one member’s inefficiency may be
caused by another’s efficient operations. For example, the supplier may increase its
raw material price to increase its revenue and to achieve an efficient performance.
This increased revenue means increased cost to the manufacturer. Consequently,
the manufacturer may become inefficient unless the manufacturer adjusts its current
operating policy.

As demonstrated in Table 15.1, some measures linked to related supply chain
members cannot be simply classified as “outputs” or “inputs” of the supply chain.
For example, the supplier’s revenue is not only an output of the supplier (the sup-
plier wishes to maximize it), but also an input to the manufacturer (the manufacturer
wishes to minimize it). Simply minimizing the total supply chain cost or maximiz-
ing the total supply chain revenue (profit) does not model and solve the conflicts.
Therefore, the meaning of supply chain efficiency needs to be carefully defined and
studied, and we need models that can both define and measure the efficiency of sup-
ply chain as well as supply chain members.

Methods have been developed to estimate the exact performance of supply chain
members based upon single performance measures (e.g., Cheung and Hansman
2000). However, no attempts have been made to identify the best practice of the
supply chain. No solid mathematical models have been developed to simultane-
ously (i) define and measure the whole supply chain performance with possible
conflicts on specific measures, (ii) evaluate the performance of supply chain mem-
bers, and (iii) identify the best practice and provide directions to achieve the supply
chain best practice.

The new DEA model measures the efficiency of supply chain system as a whole
as well as each supply chain member, and provides directions for supply chain
improvement to reach the best practice. This eliminates the needs for unrealistic
assumptions in typical supply chain optimization models and probabilistic models,
e.g., a typical EOQ model assumes constant and known demand rate and lead-time
for delivery.

15.2.1 Supply Chain as an Input-Output System

A typical supply chain can be presented in Fig. 15.1 with four echelons—suppliers,
manufacturers, distributors, and retailers. The traditional objective of supply chain
management is to minimize the total supply chain cost to meet the customer needs
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Fig. 15.1 Supply chain

through coordination efforts among supply chain members. To achieve this objec-
tive, timely and accurate assessment of the supply chain system and individual
member performance is of extreme importance. Because an effective performance
evaluation system (i) provides the basis to understand the supply chain operations,
(i1) monitors and manages supply chain performance through identifying the best-
practice supply chain operations, and (iii) provides directions for further supply
chain improvement.

Supply chain systems can be viewed as an integrated input-output system where
each supply chain member uses inputs to produce. Consequently, we may clas-
sify supply chain member’s performance measures into inputs and outputs. Caution
should be paid when we classify the performance measures into inputs and outputs
based upon specific supply chain members, since incorrect classification may lead
to false conclusion on the efficiency of supply chain members as well as supply
chain. The classification can be based upon the material and information flows in a
supply chain system.

Let /% and R* represent the input and output subscript sets for a supply chain
member A , respectively. We denote x*(i € [*) and y”*(r € R") the inputs and out-
puts associated with each supply chain member, respectively. Now, let X, and y,
be the vectors consisting of x*(i e [*) and y*(r € R"), respectively. The following
Pareto-Koopmans efficiency is used to define an efficient supply chain member.

Definition 15.1 (Efficient Supply Chain Member): A supply chain member A
is efficient if (X,, y,) is not dominated.
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Some measures are associated with a specific supply chain member only. We call
these measures the “direct” inputs and outputs. For example, labor and manufac-
turing lead time are two direct inputs to the manufacturer. These direct inputs and
outputs of supply chain members can be viewed as the inputs and outputs of the
supply chain.

We also have “intermediate” inputs/outputs associated with two supply chain
members. For example, the number of finished products shipped from the manufac-
turer to the retailer and the distributor represent outputs of the manufacturer. These
outputs then become inputs to the distributor and the retailer (see Fig. 15.1). These
intermediate measures cannot be simply treated as inputs or outputs of the supply
chain, although they are inputs/outputs of specific supply chain members.

In supply chain management, it is believed that values of intermediate measures
should be determined through coordination among related supply chain members
(Parlar and Weng 1997; Thomas and Griffin 1996). Because such intermediate mea-
sures are usually cost to one supply chain member and benefit to the other. Simply
minimizing the total supply chain cost or maximizing the supply chain revenue does
not model situations with intermediate measures. This poses a challenge to defining
and measuring the supply chain efficiency.

To facilitate our discussion, let D/* and DR* represent the direct input and di-
rect output subscript sets for a supply chain member A , respectively. We then use the
following notions to represent intermediate inputs and outputs, x* (ig DI* < I*)
and y®(r ¢ DR c R"),

N

2>~ = tth intermediate output from the supplier to manufacturer, #=1,..., T;

25 = mth intermediate output from the manufacturer to the supplier, m=1,..., M;

m

M

zy P = fth intermediate output from the manufacturer to the distributor, /=1,..., F;

25 M = gth intermediate output from the distributor to the manufacturer, g=1,..., G;

ZIM “® = Jth intermediate output from the manufacturer to the retailer, /=1,..., L;

z,~" = gth intermediate output from the retailer to the manufacturer, ¢g=1...., Q;

zP™* = eth intermediate output from the distributor to the retailer, e=1,..., E;

28" = nth intermediate output from the retailer to the distributor, n=1,..., N.

Note that only intermediate outputs are defined, since each such output also repre-
sents an input to an associated supply chain member. For example, z* ™" (output of
the supplier) also represents an input to the manufacturer.



316 15 Models for Evaluating Supply Chains and Network Structures

15.2.2  Supply Chain Efficiency Model

Suppose we have J observations associated with each supply chain member. i.e., we
have observed input and output values of x$ (iel*) and y,(r€R"), where j=1, ..,
J. The efficiency of supply chain member A can be measured by the following DEA
model—input-oriented CRS envelopment model

6" =min & (15.1)
0.6
subject to

J
A_A A - A
<
2. 9% <O iel
=

J

29575 2y, rek’
=1

¢ 20,j=1,.,J

If 6 =1, then a supply chain member A is efficient (including weakly efficient).
Also, for inefficient performance, model (15.1) provides projection paths onto the
efficient frontier via the optimal values of 2?:1 ¢7x; and ijl o7 vy

Because of the possible conflicts represented by the intermediate measures be-
tween associated supply chain members, the supply chain’s performance cannot be
simply defined and characterized by non-dominancy through using model (15.1).
Let w, be the user-specified weights reflecting the preference over supply chain
member’s performance (operation). We establish the following liner programming
problem for the supply chain

4
2 wQ (15.2)
Q= mn L
Q. 4;.5;.6;.7;.2
2w
i=1
subject to
(supplier)

J

z /l_x_s.upplier < le.s.upplier ie Dlsupplier
Jy Yo

J=1

z )Vysupplier > ysupplier re DRsupplier

j 1,

J
SM S zS-M _
Zﬂ%fztf =2z, t=1,..T
Jj=1
J
M-S _ M-S _
2 Az, <Z, m=1,....M
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(retailer)

J
2 7// xretaller < Q retaller l e DIretailer

y

retailer retailer retailer
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Additional constraints can be added into model (15.2). For example, if 27713 rep-

resents the number of product f shipped from the manufacturer to the distributor,
and if the capacity of this manufacturer in producing product fis C,, then we may
add ZM P< C,.

Obv10usly, 1f Q =1, then there must exists an optimal solution such that
/7:;- = ﬁ, = 5 = }’J =1, where (*) represents optimal value in model (15.2). Fur-
ther, if Q" = 1 then g =1, where @ is the optimal value to model (15.1). i.e.,
when Q" =1, all supply chain members are efficient.

If Q" #1, then we immediately have the following result

All supply chain members are efficient with respect to €, xsuppl‘“ (i € DI,
Q* x.rfzamfaclunr (l e Dlmamtfacturer) Q* dtstuburor( Dldtsmbutor ) Q* ye[a,ler (l c Dlretaller)

27, 3 ij, s 4 ij,
supplier supplier manufacturer manufacturer distributor distributor
v (re DR vy (r€ DR ) vy (re DR )

o > i, s

Y (r € DR | (=1, .., 1), 2 (m= 1, M),
(=1 L), B (g=1, ..., G), MU= 1 . D),
EQ:M* (@=1, ..., 0), 27" (e= 1, ..., E), where (*) represents optimal value in
model (15.2).

Definition 15.2 (Efficient Supply Chain): A supply chain is efficient if Q" =1,
where Q" is the optimal value to model (15.2).

6" measures the efficiency of supply chain member A under the context of
supply chain member best practice. Q; can actually be used as a new efficiency
measure for a specific supply chain member under the context of supply chain best
practice. We have
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Definition 15.3: Q; is called supply-chain-best-practice-dependent efficiency
score for a specific supply chain member.

Note that Q" can be viewed as an index for input or cost savings for
(inefficient) supply chains. The smaller the Q°, more savings could be
achieved to reach the best practice. The same observation can also be ap-
plied to & in the context of supply chain member best practice. Let

lier* P * P % iler* 4 .
(Wl asupp ier + W2 Hmanu acturer + W3 edlsmbutor + W49reta1 er ) / z ~ W,- represent the lndex
i=

for input savings achievable by all supply chain members combined. The following
Theorem indicates that supply chain as a whole has potential to achieve more input
savings and a better performance

* ier® * istri * iler*® 4
Theorem 15.1: Q < (Wlasuppller + W2 emanufacturer + W3 edusmbutor + W40retaller ) / z ~ m
i=

15.2.3 An example

We establish a spreadsheet model for a numerical example constructed as follows.
For the supplier, we use labor and operating cost as two direct inputs, and rev-
enue as the intermediate output. This revenue becomes an intermediate input of the
manufacturer.

For the manufacturer, we use manufacturing cost and manufacturing lead time
as two direct inputs, in addition to the intermediate input—supplier’s revenue. We
also have three intermediate manufacturer outputs: number of products shipped to
the distributor, number of products shipped to the retailer, and distributor’s fill rate.
These outputs then become inputs to the distributor and the retailer. Note that the
distributor’s fill rate is actually a cost measure to the distributor, since the fill rate
is associated with inventory holding cost and the amount of products required from
the manufacturer. The distributor’s fill rate implies benefit to the manufacturer,
since more products are needed from the manufacturer (meaning more revenue to
the manufacturer) if the distributor wishes to maintain a higher fill rate. Thus, the
distributor’s fill rate is treated as an output from the manufacturer and an input to
the distributor. From a distributor’s point of view, the distributor always tries to
meet the needs of its customer while maintaining a fill rate as low as possible, be-
cause unnecessary high fill rate incurs additional cost to the distributor.

For the distributor, we use customer response time and distribution cost as two
direct inputs in addition to the above intermediate inputs linked with the manufac-
turer. Two intermediate outputs from the distributor are the number of products
shipped from the distributor to the retailer, and the percentage of on-time delivery.

For the retailer, in addition to the intermediate inputs from the manufacturer and
the distributor, we have one direct input of retailer cost, and one direct output of
profit. Figure 15.2 presents the data with ten observations, i.e., J=10.

In Fig. 15.2, cells D18:M21 represents A, [, 6, and 7,. Cell B25 indi-
cates the observation under evaluation. Cells D23:D26 represents Q, (i=1, 2, 3,
4). Cell C25 is the objective function of model (15.2), and contains the formula
“=(D23+D24+D25+D26)/4”.
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A ~
L1
2| 130 165
| 3| 65 170
4 Supplier-revenue 20 21 23 24 27 24 30 28 25
15| mfg cost 125 120 10 150 “e 1 105 100 1B 120
| 6 | mfg time 3 2 3 4 2 3 2 2 4 3
| 7| DC cost 90 100 80 70 8 77 78 %0 78 68
| 8 | custorner res time | 3 3 2 4 2 2 1 3 2 1
19 | fill rate 70% 90% 78% 88% 73% 9574 89% 874 94 |90%
110 | product DC-retailer 1800 2000 2400 2300 2500 2500 2000 2000 (2500 2300
1| on-time 9%6% 95% 974 89% 997 89% 93% 88% 99% (834
|12 | product mfg-retaile 2000 2100 2500 1300 2600 2300 2200 2300 2500 2500
| 13 | product mfg-DC 500 300 450 200 300 250 350 450 300 400
|4 Retailer cost 00 10 130 125 140 135 125 155 135 130
15 | Retailer revenue 310 220 300 230 320 (240 350 370 325 355
6
A
|18 | A 0 0 0 0 0 0 0.884 0 0 0
119 | 8 0 101 0 0 0 0 0 0 0 0
1 20 | 8 0 0 007784 0 0 0 0 0 0833 0
| 21 | ¥ 1 0 0 0 0 0 0 0 0 3E-12
| 22
23 0.92
24 | 0.97 Supply Chain
1725 | 0.932955109 0.84
| 26 | 1 Efficienc supplier mfg oC Retailer
| 27 |Supplier-labor ~ "150 | S-labor 138 137.733 " 137.05
| 28 | Supplier-cost 130 | S-cost 119 119.368 7 119.37
| 29 | Supplier-revenue 20 S-revenue 212 Y 21221 Y212
| 30 | mfg cost 125 | mfg cost 121 121263 Y121
731 | mfg time 7 mfgtime 291 291032 202
| 32 |DC cost 50 | DC cost 75.9 75.9147 7 591
| 33 |customer restime 3 customer restime 253 253049 7 1943
| 34 |fill rate 0.7 [fill rate 091 7 091 7 0.309
| 35 | product DC-retailer1800 | product DC-retailer 2420 Y 2420 Y 1800
| 36 |on-time ’0.96 |on-time 0.96 7 0.9 7 09 7 0%
| 37 |product mfg-retaile 2000 product mfg-retaile 2122 2122 2000
| 38 |product mfg-DC 500 |product mfg-DC 303 303 3031
| 39 |Retailer cost 100  Retailer cost 100 100 100
40 |Retailer revenue 310 | Retailer revenue 310

Fig. 15.2 Supply chain efficiency spreadsheet model

Cells B27:B40 record the performance measures for a specific observation under
evaluation. Cell B27 contains the formula “=INDEX (D2:M2,1,$B$25) which is
copied into cell B28:B40.

Cells D27:D39 are used to represent the decision variables. The formulas used in
the rest of the spreadsheet model shown in Fig. 15.2 are

Cell F27=$D$23*B27

Cell F28=$D$23*B28

Cell F30=$D$24*B30

Cell F31=$D$24*B31

Cell F32=$D$25*B32

Cell F33=$D$25*B33

Cell F39=$D$26*B39

Cell G27=SUMPRODUCT($D$18:$M$18,D2:M2)
Cell G28=SUMPRODUCT($D$18:$M$18,D3:M3)
Cell G29=SUMPRODUCT($D$18:$M$18,D4:M4)
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Cell 129=SUMPRODUCT($D$19:$M§$19,D4:M4)
Cell I30=SUMPRODUCT($D$19:$M§$19,D5:M5)
Cell I31=SUMPRODUCT($D$19:$M$19,D6:M6)
Cell 134=SUMPRODUCT($D$19:$M$19,D9:M9)
Cell 136=SUMPRODUCT($D$19:$M$19,D11:M11)
Cell 137=SUMPRODUCT($D$19:$M$19,D12:M12)
Cell 138=SUMPRODUCT($D$19:$M$19,D13:M13)

Cell K32=SUMPRODUCT($D$20:$M$20,D7:M7)
Cell K33=SUMPRODUCT($D$20:$M$20,D8:M8)
Cell K34=SUMPRODUCT($D$20:$M$20,D9:M9)
Cell K35=SUMPRODUCT($D$20:$M$20,D10:M10)
Cell K36=SUMPRODUCT($D$20:$M$20,D11:M11)
Cell K38=SUMPRODUCT($D$20:$M$20,D13:M13)

Cell M35=SUMPRODUCT($D$21:$M$21,D10:M10)
Cell M36=SUMPRODUCT($D$21:$M$21,D11:M11)
Cell M37=SUMPRODUCT($D$21:$M$21,D12:M12)
Cell M39=SUMPRODUCT($D$21:$M$21,D14:M14)
Cell M40=SUMPRODUCT($D$21:3M$21,D15:M15)

Figure 15.3 shows the Solver parameters for the spreadsheet shown in Fig. 15.2
where cells D18:M21 and cells D23:D39 are changing cells. In this case, two ad-
ditional constraints are added into model (15.2). One is “fill rate <100%”, and the
other “percentage of on-time delivery <100 %”. The constraints include

$D$23:$D$26<=1

$D$34<=1

$DS$36<=1
$F$27:$F$28=$D$27:3D$28
$F$30:$F$33=$D$30:$D$33
$F$39=$D$39
$G$27:3G$28<=$D$27:$D$28
$G$29>=$D$29
$1$29:$1$31<=$D$29:$D$31
$1$34>=$D$34
$1$36:$1$38>=$D$36:$D$38
$K$32:$K$34<=$D$32:$D$34
$K$35:3K$36>=$D$35:$D$36
$K$38<=$D$38
$M$35:$M$37<=$D$35:$D$37
$M$39<=$D$39
$M$40>=$B$40

Table 15.2 reports the efficiency scores, optimal values to models (15.1) and (15.2)
with w=1(G=1, ..., 4).
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Fig. 15.3 Solver parameters for supply chain efficiency

Columns 2—5 characterize the performance of supply chain members based upon
model (15.1). The sixth column reports the average efficiency score of the supply
chain members. The supply chain performance is reported in the seventh column
with Q' reported in the last four columns.

Although a number of observations on supply chain members are efficient, only
one supply chain performance (observation 7) is efficient. i.e., the observation 7
represents the best practice of the supply chain system. Note that in this case, all
supply chain members are efficient.

We observe that the average supply chain member efficiency score (column 6)
is greater than the supply chain efficiency score (Q"). For example, consider ob-
servation 5 where two supply chain members (manufacturer and distributor) are
efficiently operating. The average supply chain member efficiency score is 0.79456
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and the supply chain efficiency score is 0.79456, indicating that the supply chain
system could achieve more input savings.

Model (15.2) yields optimal values on the performance measures for (an inef-
ficient) supply chain to reach the best practice. Consider observation 1 in Fig. 15.8
where a set of optimal solutions is shown in cells D27:D39. Since Q] =1 indicat-
ing the retailer is efficient, no adjustments for measures related to the retailer are
required. However, in order to reach the best practice, the supplier, the manufacturer
and the distributor should reduce their “direct inputs” based upon Q (i= 1, 2, 3).
In addition, the supplier and the manufacturer should reach an agreement on the
selling price of raw materials to increase the supplier’s revenue by 6 %. The dis-
tributor’s fill rate should be increased to 90.95% (from the current rate of 70 %).
The products shipped from the manufacturer to the distributor should be reduced
by 39%. This solution indicates that based upon the best practice, the distributor
should be able to maintain the fill rate of 90.95% while the manufacturer reduces
its shipment to the distributor.

Additio*nal managerial information is available from the optimal values of /1;, ﬁj,
éj., and 7;, since they provide information on which observations of supply chain
members are used as benchmarks. For example, when the observation 1 is under
evaluation by model (15.2), we have (i) 1 = 0.884, indicating that the supplier in
observation 7 is used as the benchmark; (ii) 4, = 1.011, indicating that the manu-
facturer in observation 2 is used as the benchmark; (iii) &, = 0.08 and &, = 0.893,
indicating that the distributor in observations 3 and 9 is used as the benchmark; and
(iv) 7 =1, indicating that the retailer in observation 1 is efficient and itself is used
as the benchmark.

Some supply chains may choose to operate with high cost and high availability
while others are lean with lower levels of service. The notion of DEA efficiency
(1) provides an approach for characterizing and measuring the efficiency of sup-
ply chain as well as supply chain members, and (ii) makes it clear that two sup-
ply chains may have different input-output mix yet both may be efficient. Model
(15.2) enables supply chain members to collectively improve the supply chain per-
formance. Through the use of model (15.2), any supply chains can find ways to
achieve best-practice performance and to gain a competitive edge. The approach
also provides information on which supply chain members are used as a benchmark
when a specific supply chain observation is under evaluation.

15.3 Cooperative and Non-Cooperative Approaches

In this section, we present several models due to Liang, Feng, Cook and Zhu (2006)
that directly evaluate the performance of the supply chain as well as its members,
while considering the relationship between the buyer and the seller. The modeling
processes are based upon the concept of non-cooperative and cooperative games
(see, e.g., Simaan and Cruz 1973; Li et al. 1995; Huang 2000).
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Fig. 15.4 Seller-buyer sup-

hai o -
ply chain ——| Seller Buyer [

XBI"

Suppose there are N similar supply chains or N observations on one supply chain.
Consider a buyer-seller supply chain as described in Fig. 15.4, where for j=1,...,
N, XA=(x;, i=1,..., 1) is the input vector of the seller, and YA=(y; ,r=1,...,R) is
the seller’s output vector. Y is also an input vector of the buyer. The buyer also has
an input vector X,=( x? »s=1,..., §) and the output vector for the buyer is ¥, (= y,Bj,

t=1,...,T).

15.3.1 The Non-Cooperative Model

We propose the seller-buyer interaction be viewed as a two-stage non-cooperative
game with the seller as the leader and the buyer as the follower. First, we use the
CRS (ratio) model to evaluate the efficiency of the seller as the leader:

DINS
,Zlur er

Maximize E,, = —/———
z[ viAx/;O
i=1
subject to
WD | (153)
Y <1 j=1 ..,N

1
A_4
Zi:lvi xij

u:’,vl.AZO r=1, ....Rji=1 ..., 1

This model is equivalent to the following standard CRS multiplier model:

.. R

MaximizeF ,, 22'_:1;1,”.1 yfo
subject to

1 R .
Zizlaﬁx?j_zrzl'ufyfj 20 J= LN

(15.4)

z[ af:xf():l

i=1
i al =0 r=1, ..,R,i=1 ..., 1
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Suppose we have an optimal solution of model (15.4) u", ",
E, (r=1, ..,R,i= 1, ...,I), and denote the seller’s efficiency as E’,,. We then
use the following model to evaluate the buyer’s efficiency:

T
2
R s
DX, v+ Y X

Maximize E , =

subject to

<l j=1 ..,N

DXZlelufyf/’ +Zf:1\/fxf/.
211:[[:‘)’/:0 :E:A
DRI Y R B ER Y

S wlxl =1

i=1 1

,af,w‘f,uf,vf,DZO

r=1, ....R, t=1, ....,T, i=1, ...,I,s=1,....,8

(15.5)

Note that in model (15.5), we try to determine the buyer’s efficiency given that the
seller’s efficiency remains at E’,,. Model (15.5) is equivalent to the following non-
linear model:

. . T
MaximizeE ,; = 2,:1 wy?
subject to

R N T .
dxzr:l,ufy’:j+zszlafxfj— tzlﬂfy[BjZO j=1 .., N
dxY oyl + Y o X =1

Y Ky =E, (15.6)
Yo olxl =X 20 j=1 .. N

> ol =1

wowl i), al,d=0

r=1, ...,R, t=1, ....,T,i=1, ....I, s=1,....,8

Note that dxz,f:l:‘[fyfo+2jzlafxfo =1 and Z,il/ufyfo =E,,.

Thus, we have 0<d <1/ Zil 'yt =1/ E,,. ie, we have the upper and lower

bounds on d. Therefore, d can be treated as a parameter, and model (15.6) can be
solved as a parametric linear program.
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In computation, we set the initial  value as the upper bound, namely, d,=1/E,
and solve the resulting linear program. We then start to decrease d accordlng to
d, =1/E,, —&xt for each step 1, where € is a small positive number!. We solve
each linear program of model (15.6) corresponding to d, and denote the optimal
objective value as £, ,(d,).

Let E,, = MaxE,,(d,). Then we obtain a best heuristic search solution
t

E,, tomodel (15.6)%. This £, represents the buyer’s efficiency when the seller
is given the pre-emptive priority to achieve its best performance. The efficiency of
the supply chain can then be defined as

€= E(E;A +E,:B)

Similarly, one can develop a procedure for the situation when the buyer is the leader
and the seller the follower. For example, in the October 6, 2003 issue of the Busi-
ness Week, its cover story reports that Walmart dominates its suppliers and not only
dictates delivery schedules and inventory levels, but also heavily influences product
specifications.

We first evaluate the efficiency of the buyer using the standard CRS ratio model:

Zflufyg (15.7)
2;1 ry,o 2\1 Vs 50

Maximize E, =

subject to
>,
R SBBSI j=1 ., N
DI TIED WS
u' u’ v =0
=1, ...,R, t=1, ...,T,s=1,...S

! In the current study, we set &= 0.01. If we use a smaller & the difference only shows in the
fourth decimal place in the current study.

2 The obtained solution can be regarded as the global solution using a heuristic technique, as it
searches through the entire feasible region of d when d is decreased from its upper bound to lower
bound of zero. It is likely that estimation error exists. The smaller the decreased step, the better the
heuristic search solution will be.
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Model (15.7) is equivalent to the following standard CRS multiplier model:

.. T B
Maximize E,, = Zt:] @yl

subject to

R4 4 S B T B B .
Zr:l'ury’f+zs:1afxw_2,:1:u/ ylj 20 J= 1;

R S
Z,Zlﬂfyfo +2‘\,:1 o xfy =
Ml 20
r=1, ...,R, t=1, ....T ,s=1,....,S

,N

(15.8)

Let 1", (", of ", E,, (r=1,...,R, t=1,..., T s=1,..., §) be an optimal solution from
model (15.8), where E, represents the buyer’s efficiency score. To obtain the

seller’s efficiency given that the buyer’s efficiency is equal to £’
following model:

szrRl,uAy/:o
> v

Maximize E,, =

subject to

UxY 4y
Zl 1"1‘Ax?1

N iyh=E,,

<1 j=L ..., N

Sy Y et =S 20 =1

R s
zrzllll:‘y/:O +z‘\,:1wfx580 =1
VA),l[: 9/[[tBsa)569U20

r=1, ..,R, t=1, ...,T,i=1, ...,1, s=1,....,S

Model (15.9) is equivalent to the following non-linear program:

Max1m1zeEBA—u><2 ﬂ Y

subject to
R .
- Axfj—uxzr:l,ufyszo j=L .., N
21 o'xy =
ST oivh=

BB’

we solve the

(15.9)

(15.10)
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N .
o’ x? —Z, 1,u,y,/_O j=1 .., N

s=1

y YA+ 2 o’ x5 =1
o' 1t 1’ ol u>0
r=1, ..,R, t=1, ....T,i=1, ...,I, s=1,....,8
This model (15.10) is similar to model (15.6) and can be treated as a linear program
with y as the parameter. We next show how to select the initial value of this pa-

rameter.
We first solve the following model:

#yr,+

U zrlﬂAyro
pIES

Maximize EF,, =

subject to
UxY iyl
PRV
i=1 ! L

vl.A,UZOiZ 1, ... 1

(15.11)
<lj=1, ..,N

where ' (r=1,..., R) is an optimal solution from model (15.8).
Model (15.11) is equivalent to the following linear program:

r0

Maximize EF,, = ux zrkzl,uf*y”’
subject to

1 4.4 R gx 4 .
izlwfx[/—uxzrzl,u, y,;20 =1 .., N (15.12)

I 4 4
W x;, =1

i=1 !

@' u=0 i=1, ..,1

Let @' ,u",EF,, (i=1,..., I) be an optimal solution from model (15.12). Note
that the optlmal value to model (15.12), EF,,, may not be the maximum val-
ue for the seller because of possible multiple optima in model (15.8). We have

”XZR ,UA)”:O EEF;A. Further, based upon ZR: ,Llfyf0+21 a)fxfo =1, we

havez ,UA Vo <1, Therefore, > EF . We then utilize EF as the lower

bound for the parameter ¥ when solving for seller’s efficiency using model (15.10).
However, this lower bound can be converted into an upper bound as follows.
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Table 15.3 Numerical example

DMU X/ X ! 3 x’ y*
1 8 50 20% 10 8 100
2 10 18 10% 15 10 70
3 15 30 10% 20 8 95
4 8 25 20% 25 10 80
5 10 40 15% 20 15 85

Let ux ' =c', g=1/u, then model (15.10) is equivalent to the following
model:

S _ R 4.4
Maximize E,, = ZF:ICV V5o
subject to
I 4.4 R4 4 .
zi:lwi x5 —zr:lcr y,;20 j=1 ...,N
4 4.4 _
Zi:lwi Xio =

T
t:llutBytlf) =Ep (15.13)

= s T .
gzyzlcfyfj +zszla)fxfl. —ztzl,ufyfj >0 j=1, ...,N

1 R4 4 S BB

_2,«:107” yr0+zs=1ws x50=1

g

o', 1 ol g >0

r=1, .., R, t=1, ....,T,i=1, ....I,s=1,....,§

where 0 < g <1/EF,, can be treated as a parameter.

We solve model (15.13) for the seller’s efficiency. The computational procedure
is similar to the one used in model (15.6). Denote the heuristic search solution to
(15.13) as E,,. Then the efficiency of the supply chain can be defined as

1 * *
€4 = E(EBA +Eg)

We now illustrate the above DEA procedures with five supply chain operations
(DMUs) given in Table 15.3. The seller has two inputs, x;" (labor) and x;' (cost) and
two outputs, y (buyer’s fill rate) and y;' (number of product shipped). The buyer
has another input x* (labor) and one output: y*.

Table 15.4 reports the efficiency scores obtained from the supply chain effi-
ciency models.
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Table 15.4 Leader-follower results

DMU Model Model €, Model (15.8) Model e,
(15.4) Seller (15.6) Buyer Buyer (15.13) Seller

1 1 1 1 1 1 1

2 0.833 0.56 0.697 0.875 0.766 0.821

3 0.667 0.95 0.808 1 0.546 0.773

4 1 0.653 0.827 0.653 1 0.827

5 0.64 0.453 0.547 0.756 0.621 0.688

Fig. 15.5 Solving non-coop- 4 .

erative model for DMU2 Optimal value
0.7 to Model (6)
0.6
0.6
0.6
0.6 t
0.6

20 40 60 80 100 120

When the seller is treated as the leader, two seller operations in DMUs 1| and 4
are efficient with only one efficient buyer operation in DMU1. This indicates that
only DMUI is the efficient supply chain.

When the buyer is treated as the leader, model (15.8) shows that three buyer op-
erations are inefficient and model (15.13) shows that only two seller operations are
efficient. This also implies that only DMUT is efficient.

Figure 15.5 shows how the best heuristic search is obtained when solving model
(15.6) for DMU2. We set d, =1/ E,, —0.01x¢t, where E, =0.833 and r=0,...,
120. Note that when =120, the parameter d=0, the lower bound, and the opti-
mal value to model (15.6) is 0.650. Therefore, we have completed the search over
the entire feasible region of d and the best solution is obtained at #=0, that is
E,, = 0.697.

15.3.2 The Cooperative Model

In game theory, when the buyer-seller relation was treated as leader-follower, the
buyer does not have control over the seller, and the seller determines the optimal
strategy (optimal weights for the intermediate measures). Recent studies however
have demonstrated that many retailers (buyers) have increased their bargaining
power relative to the manufactures’ (sellers) bargaining power (Porter 1974; Li
et al. 1996). The shift of power from manufacturers to retailers is one of the most
significant phenomena in manufacturing and retailing. Walmart is an extreme case
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where the manufacturer becomes a “follower”. Therefore, it is in the best interest of
the supply chain to encourage cooperation. This section considers the case where
both the seller and buyer have the same degree of power to influence the supply
chain system. Our new DEA model seeks to maximize both the seller’s and buyer’s
efficiency, subject to a condition that the weights on the intermediate measures must

be equal:
Zflryro+ z,ltyzo

2111 zflryro-i-zvls sO

1
Max1m1ze —

subject to

L Al _
2 v (15.14)

R N <1
A B B
zy:lcryrj+zs lvs xxj

cuvv>0

r oY%

r=1, ..,R, t=1, ....,T,i=1, ....I,s=1,....,8

We call model (15.14) the cooperative efficiency evaluation model, because it max-
imizes the joint efficiency of the buyer and seller, and forces the two players to
agree on a common set of weights on the intermediate measures®.

We apply the following Charnes-Cooper transformation to model (15.14):

1 1
t, = =

2 R
2111 z,]ryl() 2713 50
o =ty ¢ =tc, /utB =tu;
— B B _
a)SB =tv, ¢, =1L,

r=1...,Rt=1...,T,i=1..,I,s=1...,S

Note that in the above transformation, ¢ =#c, and ¢” =t,c, imply a linear rela-

tionship between ¢ and c¢”. Therefore, we can assume ¢’ =k xc/, k>0. Then
model (15.14) can be changed into:

1
Maximize E[ZLC:‘)’/:O + ,T:,/U,Byt%]

subject to
1 R .

DINCE TR I ryrj—O J=L LN (155)
R B4 S .

zrzlcry”.-i- O _2, l,uty,/ =20 j=1, ....,N

3 In cooperative game theory, the joint profit of seller and buyer is maximized.
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z,{lafx?o=1

z, lcl yi0+2 a)Bxy()
cf =kxc!

rA C’ ’IUB (l/1 af9k20

r=1...,Rt=1..T,i=1,..,I,s=1,...,S

Model (15.15) is a non-linear programming problem, and can be converted into the
following model:

o1
Maximize E[Zilcﬁqy/:o + ,Tzlﬂfyx%]

subject to
2 o —2,.r yi20  j=1 ..,N
r BB .
zy:lkXc yr/+z o’ x LMy 200 j=1 N
Zj:lwiAxiozl (15.16)

R N
r=1k><c v+ - 1a) xi =1

ol ol k=0
r=1, .., R, t=1, ....,T,i=1, ....I,s=1,....,8

R R s
Note that ,_:lkxc yr0+z waso 2 lchfOSI z a)fx530>0 in

model (15.15). We have k=(1-3." ! )/2 ey <l 3 ety Note

also that the optimal Zf:l "yt in model (15.15) will not be less than E;, in
model (15.10). Thus, we have 0 < k < I/EZA. That is, model (15.15) can be treated

as a parametric linear program, and we can obtain a heuristic search solution using
the procedure developed for models (15.6) and (15.13).

At the optima, let &, = ZR lcf’* y?4, and g, = ZTI (" y? represent the effi-
r=1 7 r t=

ciency scores for the seller and buyer respectively. The following two remarks show
that in general, the supply chain efficiency under the assumption of cooperation will
not be less than the efficiency under the assumption of non-cooperation.

Remark 15.1: If we set ZR_IC:‘);:‘O = E:A as a constraint in model (15.15), then

the feasible region of model (15.15) is the same as that of model (15.6). Therefore,
V*

> =e

AB.

Remark 15.2: If we set 2, l,t[BytO Eyp as a constraint in model (15.15), then
the feasible region of model (15.15) is the same as that of model (15.13). Therefore,

*

Vp = ez
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Table 15.5 Cooperative

structure results DMU H; 9; Supply chain

1 1 1 1

2 0.766 0.875 0.821

3 0.667 0.95 0.808

4 1 0.653 0.827

5 0.621 0.756 0.688
Table 15.6 Cpmparison of DMU €. e Model (15)
npn-cooperatlve and coopera- 1 " 1 1
tive results

2 0.697 0.821 0.821

3 0.808 0.773 0.808

4 0.827 0.827 0.827

5 0.547 0.688 0.688

We consider again the numerical example in Table 15.3. Table 15.6 reports the
results from model (15.15), where columns 2 and 3 report the efficiency scores for
the seller and buyer respectively, and the last column reports the optimal value to
model (15.15), the supply chain efficiency (Table 15.5).

Table 15.6 compares the efficiency scores for the cooperative and non-coopera-
tive assumptions. In this numerical example, for all DMUSs, one of the two leader-
follower models achieves efficiency under the cooperative assumption. This indi-
cates that no better solution can be found to yield a higher efficiency in the coopera-
tive assumption. However, in other examples, the supply chain is likely to show a
better performance when assuming cooperative operation.

15.4 Additive Efficiency Decomposition to Network
Structures

While the approaches discussed in Chap. 14 (namely, the approach of Kao and
Hwang (2008), Liang, Cook and Zhu (2008), and Chen et al. (2009)) can be ex-
tended to DMUs that have more than two stages, such an extension requires that
the multi-stage processes share the unique feature that all outputs from any stage
represent the only inputs to the next stage. In other words, except for the first stage,
all other stages do not have their own independent inputs (and/or outputs), that
enter (exit) the process at that point. While these closed systems do exist, the more
prevalent case is that where each stage is open, that is it has its own inputs (and/or
outputs) in addition to the intermediate measures.

Such open multistage structures are relatively common, particularly in process-
ing industries. Consider, for example, the situation in which a coal mining company
wishes to evaluate the efficiency of a set of collieries (mining operations) in a large
coal field. Typically, the process of delivering finished products to the customer is
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multistage in nature. In crude terms, Stage 1 would involve the extraction of the raw
or run-of-mine (ROM) coal from underground or open pit coal reserves. At the mine
site, the ROM is generally put through a process where screens separate the product
into different size categories; e.g. a ‘more than one inch in diameter’ category, and
a ‘less than one inch’ category. The resulting ‘size grades’, representing the outputs
from this first stage, are then transported to an on-site washing facility, which might
be deemed Stage 2. The washing process filters out any material below a certain
specific gravity; this portion is unsuitable for sale and is discarded. A portion of the
remaining usable coal (outputs from Stage 2) is sold to the open market as a finished
product, and at management’s discretion (based on estimates of the demand), the re-
maining product is sent to Stage 3, the crusher. The crushing process also produces
waste or discard, with the remaining material, sometimes referred to as ‘middlings’,
being sold or blended with other materials to make such products as briquettes. This
latter process might be thought of as Stage 4.

Numerous such examples from processing industries exist. In many cases a por-
tion of the outputs from one stage may be in ‘finished’ form and go to the consumer
market, with the remainder being reprocessed at the next stage to get a more pure
form of the product. The petrochemical industry, perfume manufacturing and so on,
are examples.

It is important to note that the models of Kao and Hwang (2008), Liang, Cook
and Zhu (2008), and Chen et al. (2009) concentrate specifically on pure serial pro-
cesses. Cook et al. (2010) develop linear models for DMUs that have multiple stag-
es, with each stage being open, having its own inputs and outputs. They also obtain
an additive efficiency decomposition of the overall efficiency score. The advantage
of additive efficiency decomposition is that we can also study performance under
assumptions of both constant returns to scale (CRS) and variable returns to scale
(VRS). They adopt a radial efficiency framework, as compared to the slacks-based
framework of Tone and Tsutsui (2009). The current section presents the approach
of Cook et al. (2010).

15.4.1 DEA Model for General Multi-Stage Serial Processes

Consider the P-stage process pictured in Fig. 15.6. We denote the input vector to
stage 1 by z,. The output vectors from stage p (p=1,..., P) take two forms, namely
Z; and z,z) . Here, z; represents that output that leaves the process at this stage and
is not passed on as input to the next stage. The vector z,z) represents the amount of
output that becomes input to the next (p+ 1) stage. These types of intermediate mea-
sures are called /inks in Tone and Tsutsui (2009). In addition, there is the provision
for new inputs z; to enter the process at the beginning of stage p+ 1. Specifically,
when p=2.3,..., we define

l. z;i the rth component (7 =1,...R) of the R -dimensional output vector for
DMU j flowing from stage p, that /eaves the process at that stage, and is not
passed on as an input to stage p+1.
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3
Zy 223

z, — | Stage 1 Stage 2 Stage3 |—— oo

7,1 7!

Fig. 15.6 Serial multi-stage DMU

2. lel,f the kth component (k=1,...S)) of the S, -dimensional output vector for
DMU j flowing from stage p, and is passed on as a portion of the inputs to stage
ptlL

3. z;f the ith component (i =1,.../ ) of the /, -dimensional input vector for DMU j
at the stage p+1, that enters the process at the beginning of that stage.

jl

5> as they leave the

Note that in the last stage P, all the outputs are viewed as z
process.

We denote the multipliers (weights) for the above factors as

. .. jl .
1. u,, is the multiplier for the output component z;, flowing from stage p.

2. 1, is the multiplier for the output component Z;,f at stage p, and is as well the
multiplier for that same component as it becomes an input to stage p+1.

3. Vi 18 the multiplier for the input component z,; entering the process at the begin-
ning of stage p+1.

Thus, when p=2, 3,..., the efficiency ratio for DMU j (for a given set of multipliers)
would be expressed as:

R, S, Sy 1,
— J1 Jj2 J2 j3
011 - zuprzﬁr + z 77]71fZl’k z np—lkzp—lk + z vp—liZﬂ—li
r=1 k=1 k=1 =1

i

Note that there are no outputs flowing into stage 1. The efficiency measure for stage
1 of the process (namely, p=1), for DMU ; becomes

Iy

R Sy

— J1 J2 J

6 = zulrzlr + z i 21k z VoiZoi
r=l1 k=1

i=1

where z/ are the (only) inputs to the first stage represented by the input vector z .
0i Yy) mp ge rep M p Y
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We claim that the overall efficiency measure of the multistage process can rea-
sonably be represented as a convex linear combination of the P (stage-level) mea-
sures, namely

P P
6= w,6, where Y w =1.

p=l1 p=1

Note that the weights w, are intended to represent the relative importance or con-

tribution of the performances of individual stages p to the overall performance of

the entire process. One reasonable choice for weights w, is the proportion of total

resources for the process that are devoted to stage p, and reﬂecting the relative size
[U

-1
of that stage. To be more specific, z zl+ Z(z n, 1,[zp " +z V, .z fh} rep-

i=1
resents the total size of or total amount of resources consumed by the entire process,
and we define the w, to be the proportion of the total input used at the pth stage.
We then have

IU . [U
W =2Vm~2&-/{2 Zof"'Z(XUp Wl 1k+2 Vp-1iZp- 1:]}
i=1 i=1

p=2\_ k=1

w _[an lkZp 1k+2 VpiZ,- uJ/{ZVOIZOx"'Z[Zﬂp 1/ch lk+z VoiiZp- 1)}: p>1

p=2\_k=1

Thus, we can write the overall efficiency € in the form

1y Sp-i

) . P . Ip .
0= Z(zum pl z npkzllﬂi] {2 VOI'ZOIi + 2[2 npflkzzlilk +2 VplizfliJ ’
i=1 p=2\_ k=1 i=1

p=1

We then set out to optimize the overall efficiency g of the multistage process, subject
to the restrictions that the individual measures €, must not exceed unity, or in the lin-
ear programming format, after making the usual Charnes and Cooper transformation,

p (R

02

maxz zuwz 2 pk pk
p=1\ r=1

subject to
1o
{2 ZOz +2(2 np lkZp 1k 2 p 11 - ]z} 1
i1 p=2k=1 (15.17)
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Note that we should impose the restriction that the overall efficiency scores for each
j should not exceed unity, but since these are redundant, this is unnecessary.

Note again that the w,, as defined above, are variables related to the inputs and
the intermediate measures. By virtue of the optimization process, it can turn out that
some w, =0 at optimality. To overcome this problem, one can impose bounding re-
strictions w, > 3, where f is a selected constant. This is illustrated in the examples

P =
of Section 4.

15.4.2 General Multistage Processes

In the process discussed in the previous section it is assumed that the components
of a DMU are arranged in series as depicted in Fig. 15.6. There, at each stage p, the
inputs took one of two forms, namely (1) those that are outputs from the previous
stage p—1, and (2) new inputs that enter the process at the start of stage p. On the
output side, those (outputs) emanating from stage p take two forms as well, namely
(1) those that leave the system as finished ‘products’, and (2) those that are passed
on as inputs to the immediate next stage p+ 1.

The model presented to handle such strict serial processes is easily adapted to
more general network structures. Specifically, the efficiency ratio for an overall pro-
cess can be expressed as the weighted average of the efficiencies of the individual
components. The efficiency of any given component is the ratio of the total output
to the total input corresponding to that component. Again, the weight w, to be ap-
plied to any component p is expressed as

w, = (component p input) / (total input across all components).

There is no convenient way to represent a network structure that would lend itself to
a generic mathematical representation analogous to model (4) above. The sequenc-
ing of activities and the source of inputs and outputs for any given component will
differ from one type of process to another. However, as a simple illustration, con-
sider the following two examples of network structures:

Parallel Processes Consider the process depicted in Fig. 15.7. Here, an initial input
vector z enters component 1. Three output vectors exit this component, that is z|
leaves the process, z; is passed on as an input to component 2, and z as an input
to component 3. Additional inputs z*and z] enter components 2 and 3 respectively,
from outside the process. Components 2 and 3 have z)and z}, respectively as out-
put vectors which are passed on as inputs to component 4, where a final output

vector z,is the result.
Component Efficiencies Component 1 efficiencyratio: 6 = (u1 2+ 1z + 1z )/ vz,
Component 2 efficiency ratio: @, = 7z} / ( 1z + vz )

Component 3 efficiency ratio: 6, = 74z, /(72 + 1,27 )
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Fig. 15.7 Multi-stage DMU
with parallel processes

4
Z)

Component 4 efficiency ratio: 6, = u,z} / ( Tz, + ﬁizé)

Component Weights Note that the total (weighted) input across all components is
given by the sum of the denominators of g, through 6,, namely

2 4 3 5 1_1 1_1
I=vz + 771221 + vz, + 77132l +V,z, + 1,2, + 11525
Now express the w, as:

w=vz /I

w, =(1fz, + viz})/ 1
w, =(7i213+ szf)/[
w, =(Tizz;+7iiz;)/l

With this, the overall network efficiency ratio is given by
4
1 2_2 3.3 1_1 1_1 1
0= w,0, =(uz +nz +mz + mzy+ mzy+u,z) /1,
p=1

And one then proceeds, as in (15.17) above, to derive the efficiency of each DMU
and its components.

Non-Immediate Successor Flows In the previous example all flows of outputs
from a stage or component either leave the process entirely or enter as an input to
an immediate successor stage. In Fig. 15.6, stage p outputs flow to stage p+1. In
Fig. 15.7, the same is true except that there is more than one immediate successor
of stage 1.

Consider Fig. 15.8. Here, the inputs to stage 3 are of three types, namely outputs
from stage 2, inputs coming from outside the process, and outputs from a previ-
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Fig. 15.8 Non-immediate
successor flows

—_ 1 > 2 > 3

Table 15.7 Data set
labor Operat- Ship-  Product Product Product labor Sales Profits

ing cost ping A B C
cost
DMU  z, Zp oz oz oz oz @ g
1 9 50 1 20 10 5 8 100 25
2 10 18 10 10 15 7 10 70 20
3 9 30 3 8 20 2 8 96 30
4 8 25 1 20 20 10 10 80 20
5 10 40 5 15 20 5 15 85 15
6 7 35 2 35 10 5 5 90 35
7 7 30 3 10 25 8 10 100 30
8 12 40 4 20 25 4 8 120 10
9 9 25 2 10 10 5 15 110 15
10 10 50 1 20 15 9 10 80 20

ous, but not immediately previous stage. Again the above rationale for deriving
weights w, can be applied and a model equivalent to (15.17) solved to determine the
decomposition of an overall efficiency score into scores for each of the components
in the process.

15.4.3 An Illustrative Application

We here re-visit the supply chain data set used in Liang et al. (2006) , as shown in
Table 15.7 This data set consists of a two-stage process, or a seller-buyer supply
chain. The inputs to the first stage (seller) are labor (z/,), operating cost (z/,) and
shipping cost (z/,). The outputs from the first stage are number of product A shipped
(z/}), number of product B shipped (z/;) and number of product C shipped (z/;).
This data set assumes that all outputs from the first stage become inputs to the sec-
ond stage, i.e., there is no z/ . There is one input to the second stage (buyer), labor
(z/}), and two outputs from the second stage, sales (zJ) and profits (zJ)). Table 15.7
provides the data set.
In this case, we have, for DMU,
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Table 15.8 Results

Our results (Model (5)) Liang et al. (2006)
DMU Overall w, w, 0, 0, 0, 0,

score
1 0.92495  0.30843  0.69157  0.75666 1 1 0.89394
2 0.86486  0.51974  0.48026  0.92403  0.80082  0.92403  0.80082
3 0.85898  0.34817  0.65183  0.59497 1 0.69106 1
4 0.77381 0.5 0.5 1 0.54762 1 0.62786
5 0.62073  0.46194  0.53806  0.67595  0.57332  0.67595  0.57332
6 1 0.27992  0.72008 1 1 1 1
7 0.90405 0.5 0.5 1 0.80811 1 0.81888
8 0.92886  0.21477  0.78523  0.66875 1 0.74667 1
9 0.78091  0.43817  0.56183 0.5 1 0.5 1
10 0.75444  0.54281  0.45719  0.84226  0.65018 1 0.59596

3
03
2 Voi Zo; (2 VoiZo; +2 mkzlk + Wiz )’
i=1 i=1
3
02 03 o 02 03
2 Mz + iz, 2 VoiZoi +z ez + Va2
k=1 i=1 k=1
Maxz ThiZ; +Z”2r

subject to

Mw

i=1

L4 1M-

ZVZZr

‘
Il

where efficiency scores for DMU, in stages 1 and 2 can be expressed as

k=1

3

Jj2 3o _
z mezie iz .J =1

k=1

VoiZo; +2 mkzlk + VuZu =1

3
j Joo —
Tz S 2 VoiZoisJ = L,

, 10 (for stage 1)

6 = znlkzlk/E VoiZor

3
ol 02 03
9 zqu ,/(2 e +V11211]
k=1

(15.18)

.,10 (for stage 2)

Table 15.8 reports the results from model (15.18) where the last two columns display
the efficiency scores derived from the cooperative model of Liang et al. (2006). Note
that the differences between the two approaches are not significant. For example, the
two approaches yield identical efficiency scores for the two stages for DMUs, 2, 5,
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Table 15.9 Results with 3 = 0.5, 5, =0.5

DMU Overall score W, W, 6, 6,

1 0.86323 0.5 0.5 0.72645 1

2 0.85303 0.5 0.5 0.9222 0.78386
3 0.83629 0.5 0.5 0.67258 1

4 0.77381 0.5 0.5 1 0.54762
5 0.61749 0.5 0.5 0.67595 0.55903
6 0.99678 0.5 0.5 0.99357 1

7 0.90405 0.5 0.5 1 0.80811
8 0.81756 0.5 0.5 0.72772 0.9074
9 0.75 0.5 0.5 0.5 1

10 0.75435 0.5 0.5 0.85137 0.65732

6, and 9. The Liang et al.’s (2006) approach is based upon a non-linear program and
its solution is obtained by using heuristic search. While the current approach uses a
linear program and guarantees a global optimal solution.

Note that the average of the two stages’ efficiency scores is used as the objec-
tive function in Liang et al.’s (2006) non-linear model, namely, the weights for the
two individual efficiency scores are equal, w, =w,. The current approach yields
w, =w, = 0.5 for DMUs 4 and 7. Yet, our results are different from those obtained
from Liang et al. (2006). For example, in DMU 7, the efficiency score for the sec-
ond stage is 0.54762 compared to 0.81888 from Liang et al. (2006). This is due to
the fact that our choice of weights actually introduces some sort of value judgment
into the DEA model, and restricts the multiplier values in model (5). This is why
Liang et al.’s (2006) score is larger than ours when w, = w, = 0.5 in optimality.

Note that weights w, (p=1, 2,..., P) defined in our paper are actually variables
related to the multiplier decision variables. We next, therefore, impose additional
restrictions on w, and w, in model (5) via

3 3 3

_ o o 02 03

w = zvol'zol'/(z VOiZOi+Zn1kZlk + V2, ) >4

i-1 i=1 k=1

3 3 3

_ 02 03 o 02 03
w, = ankzlk +ViZy 2V0i20i+z771kzlk vz (25
k=1 izl k=1

where /3 and f, are user-specified parameters. In this way, we can perform sensi-
tivity analysis on w, and w,.

We first impose f = f, and change £ and f, 0.1 to 0.5 with a 0.1 increment
each time. Note that when 3 = 8, = 0.5, we explicitly require that w, = w, =0.5
asin Liang et al. (2006). Table 15.9 reports the results when £ = £, = 0.5 . Both our
approach and Liang et al.’s (2006) yield identical efficiency scores for DMU9. Ex-
cept for DMUT, Liang et al.’s (2006) score is larger than ours when w, = w, = 0.5 in
optimality. For DMUI, the definition of our weights and restrictions on our weights
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Table 15.10 Results with ﬁl = ﬁz =0.1(0.2,0.3,0.4)

DMU Overall score w, 6 6,

2 0.86486 0.51974 0.48026 0.92403 0.80082
4 0.77381 0.5 0.5 1 0.54762
5 0.62073 0.46194 0.53806 0.67595 0.57332
6 1 0.31591 0.68409 1 1

7 0.90405 0.5 0.5 1 0.80811
9 0.78091 0.43817 0.56183 0.5 1

10 0.75444 0.54281 0.45719 0.84226 0.65018

Table 15.11 Results for DMUs 1, 3, and 8

DMU  Overall W, w, 6 0,
score
1 0.92495 0.30843 0.69157 0.75666 I B=5=01,0203
1 0.90182 0.4 0.6 0.75455 I B=p=04
3 0.85898 0.34817 0.65183 0.59497 I f=4=01,0203
3 0.85186 0.4 0.6 0.62966 I g=p=04
8 0.92886 0.21477 0.78523 0.66875 I g=p4=0102
8 0.91627 0.3 0.7 0.72091 I g=4=03
8 0.89238 0.4 0.6 0.73095 I pg=p=04

turn the efficient stage 1 under Liang et al.’s (2006) approach into an inefficient
stage, and the inefficient stage 2 under Liang et al.’s (2006) approach into efficient.

Table 15.10 reports the results for DMUs 2, 4, 5, 6, 7, 9 and 10 whose efficiency
scores along with the optimized weights remain unchanged when g = g =0.1,
0.2, 0.3 and 0.4, respectively.

Table 15.11 reports the results for DMUs 1, 3 and 8 whose efficiency scores
changed when f and f, are changed (see the last column of Table 15.11). For
DMUs 1 and 3, change in the efficiency scores does not occur until g = 5, = 0.4.
For DMU 8, a change in the efficiency score for the first stage is observed when
B = =03and 0.4.

Itcanbe seenthatupto f = £, = 0.3, most of the DMUs have the same weights
and efficiency scores with respect to different values of 3 and J,. As expected,
when f = f, =0.4, some of the resulting weights are different from the previous
cases. However, we note that the efficiency scores do not change significantly. We
also note that the efficiency scores for the second stage do not change when f and
p, are increased from 0.1 to 0.4.

We also performed calculations when £ is fixed at 0.2 and f, is changed from
0.3 to 0.8 with an increment of 0.1 each time (results are not reported here). In over-
all, the efficiency scores do not change significantly.

The above sensitivity analysis indicates that efficiency scores obtained based
upon our approach are robust with respect to our choice of weights.
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Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 15) contains
supplementary material, which is available to authorized users.
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Chapter 16
Congestion

16.1 Congestion Measure

Congestion, as used in economics, refers to situations where reductions in one or
more inputs generate an increase in one or more outputs. Examples can be found in
underground mining and agriculture. For example, too much fertilizer applied to a
given plot could reduce the overall output. We here adopt the following definition
of congestion from Cooper et al. (1996).

Definition 16.1 (Congestion) Evidence of congestion is present when reductions
in one or more inputs can be associated with increases in one or more outputs—or,
proceeding in reverse, when increases in one or more inputs can be associated with
decreases in one or more outputs—without worsening any other input or output.
Fére and Grosskopf (1983) apply this concept to DEA using strong and weak
input disposabilities. The envelopment DEA models discussed in Chap. | are strong
input/output disposability models. We re-write the VRS envelopment models as

6 =miné

subject to

Z/l/.xlj <6x, i=12,...m

J=1

Zﬂ.fy»;fzym r=12,...s;
j=1

i A,=1
j=1

1,20 j=1,...,n. (16.1)

J
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¢ =max ¢

subject to

n
N Ax, <x,i=12,...m;
=

n
z Ay, 2 ¢y, r=12,..s;
=

> A=1

Jj=1

A4 20j=1,..n (16.2)
If we assume weak disposability of inputs and outputs in models (16.1) and (16.2),

respectively, we obtain

¢ =min 6
subject to

N Ax,=6x, i=12,...,m;
Jj=1
Y Ay, 2y, r=12..s
j=1

Zﬂ/ =1
j=1
A,20j=1,...n (16.3)

¢" =max ¢

subject to

Zﬂjx,j <x, i=12,..,m
j=1
Zﬂ'jyij = ¢yrg r= 172)"'9S;
j=1

> =1
j=1

2,20 j=1,...n. (16.4)

Note that, for example, the difference between models (16.1) and (16.3) is that in-
put inequalities are changed into input equalities. If we apply weak disposability to
other envelopment models, we obtain the weak disposability DEA models shown
in Table 16.1.
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Table 16.1 Weak disposability DEA models

Frontier type Weak input disposability Weak output disposability
min @ max ¢
subject to subject to
Zﬂjxij=t~9xio i=12,...,m zﬂ/xi/Sxio i=12,...,m;
j=1 j=1
CRS ley,_/.Zym r=12,...,s; Z/'Ljyr_/zhym r=12,...,s;
Jj=1 j=1
420 j=L2,...,n 4,20 j=L2,...,n
VRS " —
Add Y, A =1
NIRS "
Add Y, 4 <1
NDRS "
Add Y 41

The input and output congestion measures are then defined as C(4, 29*) =4/4,

and C(¢', @*) =¢/ @*, respectively. Note that we must have § < @ because the
latter is associated with equalities. As shown by Fére et al. (1994), we can use

C(6,6)(or C(¢',¢")) as a measure of congestion with the following properties.
If C(6,d)=1(C(¢",$")=1), then input (output) is not congested; alternatively, if
C(6',6")<1(C(¢",4") > 1), then input (output) congestion is present.

Byrnes et al. (1984) study the congestion of 15 Illinois coal mines. Figure 16.1
presents the 15 mines with one output (thousands tons) and five inputs, namely,
labor (thousand miner-days), dragline capacity (K1) (cubic yards), power-shovel
capacity (K2) (cubic yards), thickness of first-seam mined (T1) (feet), and recipro-
cal of depth to first-seam mined (1/D1) (D1 in feet).

In Fig. 16.1, cells B20:B26 contain the formulas

Cell B20=SUMPRODUCT(B2:B16,51$2:$1$16)
Cell B21 =SUMPRODUCT(C2:C16,31$2:$1$16)
Cell B22=SUMPRODUCT(D2:D16,$1$2:$1$16)
Cell B23=SUMPRODUCT(E2:E16,81$2:$I$16)
Cell B24=SUMPRODUCT(F2:F16,81$2:$1$16)

Cell B25=SUMPRODUCT(H2:H16,$1$2:S1$16)
Cell B26=SUM(I2:116)

where cells 12:116 represent the changing cells, /lj gG=1, ..., 15).
Cells D20:D25 contain the formulas

D20=$F$19*INDEX($BS$2:$F$16,5E$18,1)
D21=$F$19*INDEX($BS$2:$F$16,E$18,2)
D22=$F$19*INDEX($BS$2:$F$16,5E$18,3)
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A |EECEE| B CEE| D [EEE] F [ECH[EEE| | | ==y

1 [Mines Labor | K1 K2 T 1/D1 Output A Weak

| | 98.5 142 245 6 0.016 3264 0 1

£3r2 96.5 30 215 6 0.016 3065 0 1

gai3 576 18 105 58 0.026 2275 0 1

L84 59.2 160 0 58 0.025 1978 0 1

65 578 200 0 8 0.022 1833 0 1

| [ 498 27 85 45 0.019 1218 0 1

817 535 143 65 6 0.01 928 0 1

1918 34 70 65 6 0.02 918 0 1

108 396 675 40 65 0.013 777 0 1

1410 513 0 145 32 0.019 745 0 1

21 74.2 110 65 21 0.014 742 0 1

1312 24 25 65 44 0.012 488 0 1

1413 26.5 58 0 3 0.014 407 0 1

1514 431 70 0 B5 0.012 402 0 1

1615 207 236 0 57 0.01 396 1 1

17

18 Reference DMU under 15 " Efficiency

19 |Constraints  set Evaluation 1 3]

120 |Labor 207 = 207

121 K1 236 = 236

122 |K2 0 = 0 Weak

123[M 57 = 57 T

124 11/D1 001 = 0.01

125 |output 396 > 396

26 |=2 ) 1l = 1

Fig. 16.1 VRS weak input disposability spreadsheet model

D23=$F$19*INDEX($B$2:$F$16,SES$18,4)
D24=$F$19*INDEX($B$2:$F$16,SE$18,5)
D25=INDEX(H2:H16,$ES18,1)

where F19 is the target cell (), and cell E18 indicates the DMU under evaluation.
Figure 16.2 shows the Solver parameters for model (16.3) shown in Fig. 16.1.
The optimal value to model (16.3) in this case is equal to one across all DMUs.
i.e., each mine is on the frontier. To obtain the congestion measure, we also need
to calculate model (16.1). Figure 16.3 shows the results. Figure 16.3 is the input-
oriented VRS envelopment model where the inputs are strongly disposable. The
related Solver parameters can be obtained by changing the equalities to inequalities
in Fig. 16.2, as shown in Fig. 16.4. The efficiency scores are reported in cells J2:J16.
The efficiency scores for weak input disposability are reported in cells K2:K16. It
can be seen that congestion is present at DMUs 6 and 8.
When input congestion is present, we need to identify sources and amounts of
congestion. Fire et al. (1994) suggest a procedure for identifying input measure
responsible for the input congestion.
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\

Solver Parameters

By Changing Variable Cells:

$Fs19

© Min © Value Of: 0

§152:41516,5F$19

Subject to the Constraints:

$B$20:$8$24 = $D$20:$D$24

Select a Solving Method:

[¥] Make Unconstrained Variables Non-Negative

i,

|Smplex LP E|| Options

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

[ sove

J L oo |

Fig. 16.2 Solver parameters for VRS weak input disposability model

& =min o

subject to
2 A, = o,
Jj=1

n
Zﬂjxij Sox, ieA;
J=1

[
8
nN\.
>

Z%y,ijm r=1,...,s;
e

>4 -1
j=1

/1j20 j=1,...,n.

(16.5)
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A nEEcEErE | F B ETEE T R

.1 |Mines | Labor K1 K2 T 1/D1 Output A Strong | Weak

21 985 142 245 B 0.016 3264 0 1 1

EaR(2 96.5 30 215/ B 0.016 3065 0 1 1

a3 57.6 18 105 56 0.026 2275 0 1 1

154 592 160 0 58 0.025 1978 0 1 1

LB |5 576 200 0 8 0.022 1833 0 1 1

Laie 499 27 85 45 0.019 1218 0 097128 1

a7 535 143 65 6 0.01 928 0 1 1

[as 34 70 65 6 0.02 918 0 0.93747 1

1o|s 396 675 40, 65 0.013 77 0 1 1

11410 513 0 145 32 0.018 745 0 1 1

12111 742 110 65 21 0.014 742 0 1 1

1312 24 25 65 44 0.012 488 0 1 1

114113 265 58 0 3 0.014 407 0 1 1

115114 431 70 0 65 0.012 402 0 1 1

1615 207 236 0 57 0.01 396 1 1 1

17

E Reference DMU under| 15 Efficiency

18 |Constr  set Evaluation 1 3

(20| Labor 207 < 20.7

21| K1 236 = 236

22| K2 0 = 0 Strong

23| T 57 < 57

124 | 1/D1 001 < 0.01

125 |output, 396 > 396

126|=2 1| = 1

Fig. 16.3 Congestion measure For 15 mines

where A {1, 2,---,m} and A is the complement. Using d and o for each
Ac{l,2,...m} if C(#,6)<]1,and § = ¢, as obtained from (16.1) and (16.5),
the components of the subvectors associated with A(={i|i & A}) then identify
sources and amounts of congestion. Similar models can be established for different
RTS frontier and orientation assumptions. For example, if we remove Z /1J =1,we
obtain the model under VRS.

The suggested route requires additional computation which can be onerous be-
cause it involves obtaining solutions over all possible partitions of A. In fact, the route
followed by Fire et al. (1994) emphasizes efficiency measurements with identifica-
tion of sources and amounts of inefficiencies to be undertaken as an additional job.

16.2 Congestion and Slacks

We first provide the following definition.

Definition 16.2 (DEA Slacks) An optimal value of s and s’ in (2.3) (or (2.6),
which we represent by 57" and s, are respectively called DEA input and output
slack values. i.e., we refer to the slacks obtained in the second stage of DEA calcula-
tion as DEA slacks.
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-
Solver Parameters

Set Objective: $F$19

To: ©) Max ©® Min © value Of: 0
By Changing Variable Cells:

$162:41$16,4F$19

Subject to the Constraints:

$B8$20:$8524 <= $D$20:5D$24 -
$8$25 >= $D$25
$8$26 = $D$26

[¥] Make Unconstrained Variables Non-Negative
Select a Solving Method: 'Simplex LP E]

L & |

Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

oo

- J

)

Close

Fig. 16.4 Solver parameters for input-oriented VRS strong input disposability model

To illustrate the nature of congestion. Figures 16.5 and 16.6 plot an input iso-
quant. The input isoquant bends at point A in Fig. 16.5 because of the weak input
disposability. As a result, AC is part the frontier, and for C, the optimal value to
model (16.3) is one. However, for C, the optimal value to model (16.1) is less than
one. Thus, input congestion is presented at C in Fig. 16.5.

In Fig. 16.6, the isoquant bends at point D. Because of the existence of D, the
optimal values to models (16.1) and (16.3) are equal. Thus, input congestion is
absent at C in Fig. 16.6.

Furthermore, note that if the efficient reference set consists of A, point C will
have a positive DEA slack value for the second input x2. Because of the presence
of the weakly efficient point D (a frontier point with non-zero DEA slacks), if the
efficient reference set consists of points A and D, point C will not have slack values.
(The (input) slacks do not necessarily represent DEA slack values.)
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Fig. 16.5 Congestion at
point C

Fig. 16.6 No congestion at
point C

However, if all frontier DMUs are extreme efficient, e.g., A and B, in Fig. 16.5,
then the input slacks are the same as the DEA slack values. In Fig. 16.6, because C
can be compared to a convex combination of D (weakly efficient) and A, no input
slack is detected.

Theorem 16.1 Input congestion as defined by C(4, g) is not present in the per-
formance of DMU. if and only if an optimal solution is associated with referent
frontier DMUs such that non-zero input slack values are not detected in model
(16.1).

[Proof]: Recall that the only difference between (16.1) and (16.3) is that the input
inequalities are changed to equalities. The referent frontier DMUs are those in the
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basis when calculating the strong disposability model (16.1). If we have some refer-
ent DMUs such that no non-zero input slack values are detected for DMU , then we
have, at optimality,

Y Ax,=6x, for i=1..m

JjeB

where B represents the set of referent DMUs, B ={] | /I; > 0}. Obviously, /f; and
¢ are also optimal for (16.3). Therefore § = . Thus, no input congestion oceurs.
This completes the if part.

To establish the only if part, we note that if no input congestion is identified when
an optimum is associated with a basis B’ such that z e Z;xij =fx,=6x,, then
this same optimum provides referent DMUs such that the input constraints are bind-
ing in (16.1). Therefore no non-zero input slack values are detected by reference to
those DMUs in B

It is well know that in the single input and the single output situation, no input
or output slack will occur for CRS envelopment models, whereas non-zero slack
values may occur for VRS models. That is to say, in the single input and the single
output situation, congestion will never occur with CRS but can possibly happen
with VRS.

Based upon Theorem 16.1, we have

Corollary 16.1 If the observed values on the efficient frontier are composed only
of extreme efficient DMUSs, then congestion can occur if and only if non-zero DEA
slack values are detected. Furthermore, the sources of congestion can then only be
found in these non-zero DEA slack values.

Corollary 16.1 can be important in real world applications, since the frontiers in
most real world data sets contain only the extreme efficient DMUs. Consequently,
the congestion and its amount can simply be represented by the DEA slacks (see
Ray et al. 1998).

The discussion here is based upon the VRS envelopment model and input con-
gestion measure. The discussion for output congestion measures is the same.

16.3 Slack-Based Congestion Measure

The previous section indicates that there is a strong relationship between (input)
slacks and the measure of (input) congestion. In fact, Brockett et al. (1998) develop
a new slack-based approach to capture input congestion and identify its sources
and amounts. Cooper et al. (2000) study the relationship between these two DEA
congestion approaches, and show that the work of Brockett et al. (1998) improves
upon the work of Fére et al. (1994) in that it not only (i) detects congestion but also
(i1) determines the amount of congestion, and simultaneously, (iii) identifies factors
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responsible for congestion and distinguishes congestion amounts from other com-
ponents of inefficiency.

The following model is employed by Brockett et al. (1998) after solving the
input-oriented VRS envelopment model

m
max 2 o
i=1

subject to

i

n
s _* A .

NAx, -6 =6x,-s =%, i=12,..m
=1
n

—_— +*_A —_— .
Elfyrl‘_ym-i_sr _yro r_lszy"'ysa
=)

i A;,=1
j=1

A,20, 57268 (16.6)

where ¢ is obtained from (16.1) while 57" and s*" are obtained from (2.3). The
amount of congestion in each input can then be determined by the difference be-
tween each pair of s and &, where &~ are optimal values in (16.6). That is,

=5 =8",i=12,...m (16.7)

Definition 16.3 (Congestion Slacks) s’ defined in (16.7) are called input conges-
tion slacks.
Similarly, we can calculate the output congestion slacks by

S
max 2 o
r=1

subject to

where ¢ is obtained from (16.2) while s;" and s are obtained from (2.6).
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To establish the relationship between model (16.6) and C(4, 6, we proceed as
follows. Let X ( ) be an input subvector in which its ith component corresponds to
st #0,1.e,X ( ) is a congesting subvector. Next, let X€ be the set of all congesting
subvectors obtained via (16.5). We have

Theorem 16.2 x (Sf) € X, Furthermore, if (16.6) yields a unique optimal solution,

then X© —{ (sf)}
[Proof]: Let 4= { |5 = 0} and 4= {i |s) # 0}. Then the constraints of (16.6)
become

D Ax,=0x, e

=1

2/1)6 _gx A;

Jj=1

214’1/)’»:/=ym+5: r=12,...,s;

=

2/1,/‘:1

Jj=1

A20s 2 (16.8)

where ¢ is the optimal value to (16.1). This implies that & is a feasible solution
to (16.5). Thus, o < @ , where ¢ is the optimal value to (16.5) associated with 4
and A . On the other hand, any optimal solution to (16.5) is a feasible solution (1),
therefore of > 6. Thus, 6 = ¢ indicating that the input subvector associated with
A x( s ), is a source of congestion. Therefore, x( )e X€.

Moreover, if (16.6) yields a unique optimal solution, then the solution in (16.8)
is also unique. This means that 6 = ¢ does not hold for other input subvectors.
Thus, X© =

Theorem 16.2 indicates that under the condition of uniqueness, congestion will
occur in the Brockett et al. (1998) approach if and only if it appears in Fére et al.
(1994) approach. However, the Brockett et al. (1998) approach identifies techni-
cal or mix inefficiencies and distinguishes these from congestion components via
(16.7).

We observe that the use of (16.5) may result in different congestion factors be-
cause of possible multiple optimal solutions. Theorem 16.2 indicates that the results
from (16.6) then yield one of the congesting subvectors obtained from (16.5). As a
result, the procedure by Fire et al. (1994) for detecting the factors responsible for
the congestion may be replaced by model (16.6) and one can more easily find and
identify congestion and its sources without having to conduct a series of solutions
as required for (16.5).
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. A [ B[Cc] O JTE[ F 6 H [ J KL L [M[N[O]P] @
1 [Mines Labor | K1 K2 T 1/D1 Output A Strong Labor K1 K2 T1 1/D1  Output
B2 985 142 245 6 0016 384 0 1 0.0000.000 0.000 0.000 0.000 0.000
312 96.5 30 215 6 0016 3065 0 1 0.000 0.000 0.000 0.000 0.000 0.000
43 576/ 18 105 56 0026 2275 0 1 0.0000.000 0.000 0.000 0.000 0.000
B584 59.2| 160 0 58 0025 1978 0 1 0.0000.000 0.000 0.000 0.000 0.000
B85 57.6/ 200 0 8 0022 1833 1E-15 1 0.0000.000 0.000 0.000 0.000 0.000
gals 499 27 85 45 0018 1218 0 087128 5.384 0.0000.000 0.000 0.000 0.000
ae7 535 143 65 6 001 928 0 1 0.0000.000 0.000 0.000 0.000 0.000
198 4 70 85 6 0.02 918 0 083747 0.0000.000 0.000 0.693 0.004 0.000
0|8 396/ 675 40 65 0013 7 0 1 0.0000.000 0.000 0.000 0.000 0.000
)10 513 0 145 32 0018 745 0 1 0.0000.000 0.000 0.000 0.000 0.000
2in 742 110 65 21 0014 742 0 1 0.0000.000 0.000 0.000 0.000 0.000
1312 24 25 65 44 0012 488 0 1 0.0000.000 0.000 0.000 0.000 0.000
14113 265 58 0 3 0014 407 0 1 0.000 0.000 0.000 0.000 0.000 0.000
15114 431 70 0 65 0012 402 0 1 0.000 0.000 0.000 0.000 0.000 0.000
1815 20.7| 236 0 57 001 386 1 1 0.000 0.000 0.000 0.000 0.000 0.000

17

E Reference DMU under 15 “Sum of Slacks
|19 Constraints  set Evaluation . 00000 °
(20| Labor 207 = 207 0.0000
21 K1 23 = 236 0.0000
22| K2 0 = 0 0.0000
23 T 57 = 5.7 0.0000
24| o1 001 = 001 0.0000
25| output 396 = 396 0.0000
2| = 1| = 1

Fig. 16.7 DEA slacks for 15 mines

Consider the mine example again. Before we solve model (16.6), we need to de-
termine the DEA slacks for the spreadsheet shown in Fig. 16.3. i.e., we need to per-
form the second stage calculation for the input-oriented VRS envelopment model.

Figure 16.7 shows the spreadsheet for calculating the DEA slacks. Cells F20:F25
and F26 represent the input slacks and output slack, respectively. Cell F19 represent
the sum of slacks and is the target cell in the Solver parameters shown in Fig. 16.8.

The formulas for cells B20:B25 are

Cell B20=SUMPRODUCT(B2:B16,$1$2:$1$16)+F20
Cell B21=SUMPRODUCT(C2:C16,$1$2:$1$16)+F21
Cell B22=SUMPRODUCT(D2:D16,$1$2:$1$16)+F22
Cell B23=SUMPRODUCT(E2:E16,$1$2:$1$16)+F23
Cell B24=SUMPRODUCT(F2:F16,$1$2:$1$16)+F24
Cell B25=SUMPRODUCT(H2:H16,$1$2:$1$16)-F25

Cell F26 represents the sum of /Ij (=SUM(I2:116)). Cells D20:D25 contains

D20=INDEX(J2:]16,E18,1)*INDEX($B$2:$F$16,SES$18,1)
D21=INDEX(J2:]116,E18,1)*INDEX($B$2:$F$16,SES$18.2)
D22=INDEX(J2:]16,E18,1)*INDEX($B$2:$F$16,SES$18.3)
D23=INDEX(J2:]116,E18,1)*INDEX($B$2:$F$16,SE$18.4)
D24=INDEX(J2:]16,E18,1)*INDEX($B$2:$F$16,SES$18.5)
D25=INDEX(H2:H16,SE$18,1)
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-
Solver Parameters

Set Objective: §F$19

To: © Max © M © Vvalue Of: 0

By Changing Variable Cells:
|$F$20:57$25,$182:1516

Subject to the Constraints:
$B$20:$8$26 = $D$20:$D$26 -

B || [E ‘;

Make Unconstrained Variables Non-Negative

Select a Solving Method: Smplex LP [=] [ ootons
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

euhehqrur&hu?mdmmumdakdﬂnEwhumayauhz&rsmnrwdknsﬁntxe
non-smooth.

[ s ][ ome

\ y,

Fig. 16.8 Solver parameters for calculating DEA slacks for 15 mines

The DEA slack calculation is performed by the VBA procedure “DEASlack”

Sub DEASlack ()

Dim i As Integer

For 1 = 1 To 15

Range ("E18") = i

SolverSolve UserFinish:=True

Range ("F20:F25") .Copy

Range ("L" & 1 + 1).Select

Selection.PasteSpecial Paste:=x1PasteValues, Transpose:=True
Next i

End Sub
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AN [eN|FcH[E o [TET] F el w W Ty ke M| N[O P @
|1 |Mines Labor = Ki K2 T 1/D1 Output x Strong Labor K1 K2 Ti 1/D1 | Output
8281 985 142 245 6 0018 3264 0 1 0.0000.000/0.000 0.000 0.0000.000
13112 965 30 215 6 0018 3085 0 1 0.0000.000/0.000 0.000 0.0000.000
(4|3 578 18 105 586 0.026 2275 | 0.2522751 1 0.000 0.000 0.000 0.000 0.000 0.000
(5 |4 592 160 0 58 0025 1978 0 1 0.0000.000 0.000 0.000 0.000 0.000
[ 615 576 200 0 8 0022 1833 79E-17 1 0.000/0.000 0.000 0.000 0.000 0.000
[ 716 499 27 85 45 0019 1218 0 097129 5.384 0,000 0.000 0.000 0.000 0.000
(817 535 143 85 ] 001 928 0 1 0.0000.000/0.000 0.000 0.0000.000
198 34 70 85 6 0.02 918 0 093747 0.0000.000/0.000 0.693 0.004 0.000
(1019 396 675 40 B85 0.013 77 0 1 0.0000.000 0.000 0.000 0.0000.000
(1110 513 0 145 32 0018 745 1] 1 0.000 0.000 0.000 0.000 0.000 0.000
(1211 742/ 110 85 21 0014 742 0 1 0.0000.000 0.000 0.000 0.000 0.000
(1312 24 25 85 44 0012 488  0.5299453 1 0.000/0.000 0.000 0.000 0.000 0.000
(1413 265 58 0 3 0014 407 | 0.0200163 1 0.000/0.000 0.000 0.000 0.000 0.000
(1514 431 70 0 65 0012 402 0 1 0.000/0.000 0.000 0.000 0.000 0.000
(1615 207 236 0 57 001 396  0.1977633 1 0.000/0.000 0.000 0.000 0.000 0.000

17
18| Reference DMUunder 8  Sum of i DEA Congestion
19 Constraints  set Evaluation - 0.0000 Slacks ~ Slacks
(20| Labor 318733 = | 31873864 00000 < © 0.0000
[21] K1 656227 = | 65622662 00000 < O 0.0000
[22] K2 609353 = | 60835329 00000 < O 0.0000
(23] T 49318 = 49317994 00000 < 0693 06930
(24| 1/D1 00152 = | 0.0151764 00000 < 0004 00036
(25|  output 919 = 819.000
261 =x 1 = 1

Fig. 16.9 Congestion slack spreadsheet model

We next calculate model (16.6) for DMUs 6 and 8. Based upon the DEA slacks in
cells L2:Q16, Fig. 16.9 shows the spreadsheet for calculating the congestion slacks.

Cells F20:F24 now represent ¢&'. Cell F19 contains the formula “=SUM
(F20:F25)”, and is the target cell. We change the formulas for cells B20:B25 and
D20:D25 to

Cell B20=SUMPRODUCT(B2:B16,81$2:$1$16)-F20

Cell B21=SUMPRODUCT(C2:C16,$1$2:$1$16)-F21

Cell B22=SUMPRODUCT(D2:D16,$1$2:$1$16)-F22

Cell B23=SUMPRODUCT(E2:E16,$1$2:$1$16)-F23

Cell B24=SUMPRODUCT(F2:F16,$1$2:$1$16)-F24

Cell B25=SUMPRODUCT(H2:H16,$1$2:$I$16)
D20=INDEX(J2:J16,E18,1)*INDEX($B$2:$F$16,$E$18,1)-INDEX(L2:L16,E18,1)
D21=INDEX(J2:J16,E18,1)*INDEX($B$2:$F$16,SE$18,2)-INDEX(M2:M16,E18,1)
D22=INDEX(J2:]16,E18,1)*INDEX($B$2:$F$16,$E$18,3)-INDEX(N2:N16,E18,1)
D23=INDEX(J2:]16,E18,1)*INDEX($B$2:$F$16,$E$18,4)-INDEX(02:016,E18,1)
D24=INDEX(J2:J16,E18,1)*INDEX($B$2:$F$16,$E$18,5)-INDEX(P2:P16,E18,1)
D25=INDEX(H2:H16,$E$18,1)+INDEX(Q2:Q16,E18,1)

Cells H20:H24 represent the DEA slacks for a DMU under evaluation and return the
DEA slacks reported in cells L2:Q16. The formulas are

Cells H20 =INDEX(L2:L16,E18,1)
Cells H21 =INDEX(M2:M16,E18,1)
Cells H22 =INDEX(N2:N16,E18,1)
Cells H23 =INDEX(02:016,E18,1)
Cells H24 =INDEX(P2:P16,E18,1)
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Solver Parameters

Set Objective: (&F$19
To: @ Max © min ©) value Of: 0

By Changing Variable Cells:
|$F$20:67$24,8182:41516

Subject to the Constraints:

$B8$20:$8526 = $D$20:$D$26 -
$H$20:$HS24 >= §F$20:$F$24

£ g
CI )

Make Unconstrained Variables Non-Negative

Select a Solving Method: | Simplex LP EI l Options
Solving Method
Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex

engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

oo

\ y,

g

Fig. 16.10 Solver parameters for calculating congestion slacks

Figure 16.10 shows the Solver parameters for calculating the congestion slacks.
The congestion slacks are reported in cells 120:124. In this example, the congestion
slacks are equal to the DEA slacks for DMUs 6 and 8, because ¢ =0 in optimal-
ity. For example, for DMU 6, the congestion factor is labor with a congestion slack
of 5.384.

16.4 Solving Congestion Using DEAFrontier

To run the weak disposability models presented in Table 16.1, select the “Weak
Disposability” menu item. The results are reported in the “Efficiency” sheet.
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A Target sheet and a Slack sheet are
found. Based upon these two sheets,
we have

[on Input-Oriented VRS Model

you want to calculate the congestion
lacks based upon the above model and the
isting Target and Slack sheets?

e

Developed by Joe Zhul

To calculate the congestion slacks, select the “Congestion” menu item. The
Congestion will use the Slack and Target sheets. If there exist a slack sheet and a tar-
get sheet that are generated by the same envelopment model, you will be prompted
a form shown in Fig. 16.11.

If you choose Yes, then the software will calculate the congestion slacks based
upon the information stored in the “Slack”, “Target” and “Data” sheets.

If you choose No, then the software will ask you to select an envelopment mod-
el. Then, the software will calculate the specified envelopment model, generate
the “Slack” and “Target” sheets, and report the congestion slacks in “Congestion
Slacks” sheet. The same procedure will be applied if there do not exist the “Slack”
sheet and the “Target” sheet, or the “Slack™ and “Target” sheets are generated by
different envelopment models.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 16) contains
supplementary material, which is available to authorized users.
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Chapter 17
Identifying Critical Measures in DEA

17.1 Introduction

Since each DMU has its own inherent tradeoffs among the multiple measures that
significantly influence the performance, it is extremely important for the manage-
ment to know the critical measures. The current chapter introduces the approach of
Chen and Zhu (2003) for identifying the critical measures to DMUs’ performance.
Note that once the DEA evaluation is done, the management needs to either (i)
maintain the best practice for the efficient DMUs or (ii) achieve the best practice
for the inefficient DMUs. Thus, when a set of multiple performance measures is
determined, measures that are influential to maintaining and achieving the best
practice should be regarded as critical to the performance of DMUs. Also, it is be-
lieved that a critical measure is signaled by whether changes in its value affect the
performance, not by whether inclusion or exclusion of the measure affects the per-
formance. Under the framework of DEA sensitivity analysis, Chen and Zhu (2003)
develop an alternative approach, which is independent of identifying DEA weights
or DEA multipliers, to identify such critical measures.

17.2 Performance Evaluation and DEA

Regression-based methods can be used in evaluating performance of a set of DMU .
However, they are limited to only one dependent variable. For example,

y=ﬂo+ ﬁi'xi+€
2{ (17.1)

where f3; are estimated coefficients which can be used to determine whether an in-
dependent variable has a positive effect on the dependent variable or makes an im-
portant contribution. i.e., by estimating the coefficients, we may identify the critical
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performance measures under the context of average behavior. Also, the estimated
regression line can be served as the benchmark in performance evaluation.

In fact, formula (17.1) can be viewed as a performance frontier or tradeoff curve
where x; are inputs and y is the output. However, we are very likely to have multiple
outputs y.(r=1, ..., s) . We may rewrite (17.1) as (Wilkens and Zhu 2001)

s m
zuryr =0+ Zvixi
r=1 i=1

(17.2)

where u_and v, are unknown weights representing the relative importance or trad-
eoffs among y, and x,.
Suppose we can estimate u,_and v,, then for each DMU, we can define

a+y vx,

_ =1
hy =~
u .
Z{ gL (17.3)

as a performance index, where X; (i=1, 2, ..., m) are multiple inputs, Y, (r=1, 2,
..., 8) are multiple outputs for DMUJ. (G=1.2,...,n).

In order to estimate #_and v, and further evaluate the performance ofj th DMU,
(denoted as DMU ) by (17.2), DEA uses the following linear fractional program-
ming problem

m

a+y vx,

o

Suy,

r=1
subject to

m

a+y v,
i=1
5
2y,
r=1

u.,v; >0 Vr,i (174)

where, x, and y,_ are respectively the ith input and rth output for DMU  under
evaluation.

When h::l, DMU  is efficient or on the performance frontier. Otherwise, if
i, >1, then DMU  is inefficient. All the efficient DMUs constitute the performance
frontier.

Note that when % =1, we have

m

> * _ * *
zurym = +2Vl. Xio
r=1 i=1

(17.5)
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where (*) represents optimal values in model (17.4). That is, DEA estimates the
“coefficients” in (17.2). It can be seen that while (17.1) estimates one set of coef-
ficients, DEA model (17.4) estimates one set of coefficients for each DMU, result-
ing a piecewise linear tradeoff curve represented by several (17.5)-like equations
associated with efficient DMUs. Equation (17.5) is theoretically available, but very
difficult to obtain empirically.

Obviously, u. and v, represent the tradeoffs among various outputs and inputs.
If we can obtain the exact information on ¢ and v, , the critical performance mea-
sures can be easily identified. However, the exact information on ¢~ and v, cannot
be obtained because of multiple optimal solutions in the multiplier models.

However, in order to solve model (17.4), the following transformation is used

t= L0, =V, 0, =ta, 1, =tU,

s
Z uy,
r=1

Based upon (17.6), model (17.4) is solved in the following equivalent linear pro-
gramming problem (VRS multiplier model, see Chap. 3)

(17.6)

m
min o, + Z w,x,,
@04, =

subject to

z/’lryr]' _zwi‘x[j _a)o < O v]

r=1 i=1

Dy, =1

r=1

Mo @, 20 Vi (17.7)

or the dual to model (17.7) (VRS envelopment model, see Chap. 2)

¢O = maX ¢0

subject to

n
z%xiijia i=12,...,m;
j=1
n
2 Ay, 20,5, =125
j=1

> 21
j=1

4,20 j=1...,n. (17.8)
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Fig. 17.1 Critical measures and tradeoffs

Based upon (17.6), we have GV ogng e 2t Thus, 4 and @, are not the
@,V Hy Uy

exact weights representing the tradeoffs in model (4). In addition, for efficient

DMUs, model (17.7) often ylelds multiple optimal solutions on multipliers u and

o,. Also, z i Yy~ 2 o . x; — @, =0 may only represent supporting hyperplanes

rather than the performance frontier in empirical studies. This further leads to an
incomplete tradeoff information. Because of possible multiple optimal solutions in
(17.7) and the transformation in (17.6), it is very difficult to back out the tradeoffs
represented by u, and v, in model (17.4), i.e., the performance frontier expressed
by (17.5) is very difficult to obtain in empirical applications. Chen and Zhu (2003)
therefore develop an alternative approach to identifying the critical measures.

Suppose that we obtain the performance frontier. In this case, for example v, > v;
indicates that the kth input measure is more influential in order for DMU. to achieve
the best-practice. i.e., the kth input is more important to DMU s performance which
is characterized by the efficiency score (/). Note also that the DEA model (17.4)
always tries to assign larger v, and u_to smaller x, and larger y _respectively in or-
der to achieve the optimality. This indicates that when a set of multiple performance
measures (inputs and outputs) is determined, the relative importance or tradeoffs is
determined by the magnitudes of the inputs and outputs.

It can be seen from model (17.4) that for a specific DMU under evaluation, when
a specific input increases, the associated input weight will not increase and when a
specific output decreases, the associated output weight will not increase. Consider
the frontier represented by ABC in Fig. 17.1 with two inputs and a single output. In
Fig. 17.1, v, > v, remains true for facet AB if DMU A’s x, (uncritical one) changes
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its value, and v, >v, remains true for facet BC if DMU C’s x, (uncritical one)
changes its value. Meanwhile, DMUs A and C remain efficient when the uncritical
inputs changes their value, respectively'. However, if we increase the x, of DMU A
or x, of DMU C to a certain level, DMU A or DMU C becomes inefficient.

The example in Fig. 17.2 indicates that (a) for efficient DMUSs, the performance
is determined and characterized by the best-practice status, and (b) for inefficient
DMUs, the performance is determined and characterized by the distance to the fron-
tier. Thus, a measure that is critical to the performance should be characterized
by whether the measure is critical to (i) maintaining the best-practice for efficient
DMUs and (ii) achieving the best-practice for inefficient DMUSs.

Because a set of multiple performance measures is given prior to the evaluation,
a critical measure is signaled by whether changes in its value affect the performance,
not by whether inclusion or exclusion of the measure affects the performance.

Definition 17.1 When a set of multiple performance measures is given, a specific
measure is said to be critical if changes in its value may alter the efficiency status
of a specific DMU.

For efficient DMUs, the performance is determined and characterized by the best
practice status. For inefficient DMUSs, the performance is determined and charac-
terized by the distance to the frontier. Thus, a measure that is critical to the perfor-
mance should be characterized by whether the measure is critical to (i) maintaining
the best practice for efficient DMUSs and (ii) achieving the best practice for inef-
ficient DMUs.

! Note that for example, if the second input of DMU A decreases its current level to 3, the level
used by DMU B, then we no longer have the efficient facet AB. Since DMU B becomes inefficient.
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17.3 Identifying Critical Output Measures

Consider the following super-efficiency model where the dth output is given the
pre-emptive priority to change

max o,

subject to

z /?’/yd] 2 O-dydo
Jj=1

Jj#o

Zl,/ljy,ijm r#d
=

Jj#o

n
Zﬂfxlj <x, i=1,...m
j=1

Jj#o

>4 -1
j=1

J2o (17.9)

Four possible cases are associated with (17.9): (i) o, >1, (i) o, =1, (iii) o, <1
and (iv) model (17.9) is infeasible. When o, > 1, DMU  has inefficiency in its dth
output, since potential output increase can be achieved by DMU . Cases (ii), (iii)
and (iv) indicate that no inefficiency exists in dth output.

Now, we consider the efficient DMUs and assume that DMU, is efficient.
Based upon model (17.6) the set of s outputs can be grouped into two subsets: set
0= {d 10, < 1} and set O = {d :model (17.9) is infeasible for dth output} .

We have when model (17.9) is infeasible, the magnitude of the dth output across
all DMUs has nothing to do with the efficiency status of DMU .

This indicates that the outputs in set O are not critical to the efficency status of
DMU , since changes in the outputs in set O do not change the efficiency classi-
fication of DMU. . The efficiency classification of DMU  is stable to any changes
in the dth output across all DMUs when d belongs to set O.

However, decreases in outputs in set O to certain magnitudes result in a change
of efficiency status (performance) of DMU . For example, when the dth out-
put of DMU  is decreased from the current level y, to a level which is less than
0, v, (0, <1), then DMU, becomes inefficient. This in turn indicates that the out-
puts in set O are critical to the performance of DMU .

Now, let P,, = max{of;} for the outputs in set O. From the above discussion,
we conclude that the d*th output is the most critical output measure to the effi-
ciency of DMU . Because, DMU s efficiency status is most sensitive to changes
in the d*th output.

Next, we consider inefficient DMUs and assume that DMU  is inefficient. For
inefficient DMUSs, the issue is how to improve the inefficiency to achieve the best
practice. Since the focus here is how each individual output measure contributes
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to the performance of DMU,, we solve model (17.9) for each d and obtain
0, >1(d = 1,...,d) where ¢, measures how far DMU, is from the frontier in terms
of dth output.

As a matter of fact, model (17.9) provides an alternative way to characterize the
inefficiency of DMU,. Each ¢, indicates possible inefficiency existing in each as-
sociated output when other outputs and inputs are fixed at their current levels. We
then can rank the inefficiency by each optimal o, . Let G,, = min {0'; } That is, the
d*th output indicates the least inefficiency. If the DMU  is to improve its perfor-
mance through single output improvement, the d*th output will yield the most ef-
fective way. Because G,, represents the shortest path onto the best practice frontier
when each output is given the pre-emptive priority to improve. We therefore define
that the d*th output is the most critical output to reach the performance frontier and
to DMU s performance.

In summary, the critical output is identified as the output associated with max
{O'd} for efficient DMUs and min {O’d} for inefficient DMUs.

17.4 Identifying Critical Input Measures

Consider the following super-efficiency model when the kth input measure is of
interest.

min 7,
subject to
n
2 A%y < 5,
j=1
Jj#o
n
z Ax; <x, i#k
=l
Jj#o
n
Zﬂ,jyrj 2y, r=1,.,s
j=1

Jj#o

>4 -1
j=1

Jao (17.10)

Based upon model (17.10), we have (i) 7, <1, (ii) 7, =1, (ili) 7, >1, and (iv)
(17.10) is infeasible. Case (i) indicates that inefficiency exists in DMU ’s kth in-
put, since DMU, needs to decrease its kth input to 7,x, in order to reach the per-
formance frontier. Cases (ii), (iii) and (iv) indicate that no inefficiency exists in
DMU s kth input.
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Table 17.1 Critical measures

* *

for the numerical example DMU 4 2
A 32 Infeasible
B 14/9 17/12
C Infeasible 2
D 2/3 3/5

Now, suppose DMU  is efficient. Based upon model (17.10), the set
of m inputs can be grouped into two subsets: set = {k T, > 1} and set
I= {k : model (17.10) is infeasible for kth input} .

We have when model (17.10) is infeasible, the magnitude of the kth input across
all DMUs has nothing to do with the efficiency status of DMU .

This indicates that the inputs in set / are not critical to the efficiency status of
DMU , since changes in the inputs in set I do not change the efficiency classifica-
tion of DMU . Let T,. = min { T, } for inputs in set . We conclude that the £"th input
is the most critical input measure to the efficiency of DMU . Because, DMU s ef-
ficiency status is most sensitive to changes in the k"th input.

Next, suppose DMU. is inefficient. We solve model (17.10) for each & and obtain
7, <1(k=1,..., m), where 7, measures how far DMU  is from the frontier in terms
of kth input. Each 7, indicates possible inefficiency existing in each associated in-
put when other inputs and outputs are fixed at their current levels. We then can rank
the inefficiency by each optimal 7. Let H,. = max{r,t } Similar to the discussion
on identifying the critical output measure, we say that the k*th input is the most criti-
cal input to reach the performance frontier and to DMU ’s performance, since the
k"th input indicates the least inefficiency.

In summary, the critical input is identified as the input associated with min {TZ}
for efficient DMUs and max {z’,’:} for inefficient DMUs.

17.5 Numerical Example and Extension

To further illustrate the rationale of the approach, consider again the four DMUs
shown in Fig. 17.1. Table 17.1 reports the optimal value to model (17.10). It can
be seen that for DMU D, the first input is the critical measure since DMU D’s ef-
ficiency can be easily improved if the first input is given the pre-emptive priority
to change. For DMU A, the infeasibility associated with the second input indicates
that the first input is the critical measure. Note that the efficient facet AB shows that
the first input is more important than the second one, since v, > v,. Our approach
also indicates that the second input is the critical measure to DMU C’s performance.
This finding is confirmed by the fact that v, > v, in BC. As for DMU B, since it
is located at the intersect of AB and BC, it is very difficult to determine which
input is the critical factor by looking at the coefficients of efficient facets. Our ap-
proach indicates that the second input is the critical one for DMU B, since 7, < 7;
(17/12<14/9).
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The above discussion assumes that DMUs are able to adjust each input and each
output while other inputs and outputs are fixed. Situations when some measures are
strongly related with each other may occur. In that case, a set of inputs or outputs
has to be adjusted simultaneously and we need to consider the measures in groups.
We use the following models.

minT,,

s.t. Zﬂx <Tyx, (€M
J:to
Z/lxljﬁx ieM
j:to

Z/ify’f <V r=1,..,s
=1

Jj#o

2 A =1

Jj=1

Jj#o (17.11)

and
max QQ

n
s.. Z Ay, 2Qpy,, 1€Q

J=1

i/qyyrjz)ﬁo reQ

=1

2/1x <x, i=1,...m
z/‘tj:l

Jeo (17.12)

where inputs represented by set M and outputs represented by set Q are of interest.

Similar to the previous discussions, when DMU  is inefficient, we use max { T
and min {Q } to identify the most critical input and output measures, respectlvely
When DMU  is efficient, infeasibility associated with (17.11) and (17.12) indicates
the non-critical inputs and outputs.
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The above discussion is based upon the assumption that the DEA frontier ex-
hibits VRS. The development can be applied to other DEA models with non-VRS
frontiers discussed in Chap. 11.

17.6 Application to Fortune E-Companies

To capture the Internet’s effect on the economy, at the end of year 1999, Fortune
magazine launched the Fortune e-50 index which consists of 50 corporations who
integrate the Internet, computers and enterprise softwares to do the business. As
stated in the 1999 December Fortune issue, each of the e-50 is or has the potential
to be a major player in the Internet economy. The list of e-corporation is decided by
that a company must have been public for at least 6 months and must have a market
capital value that exceeds $100 million. Table 17.2 provides the list of the e-50.

Market capital, profit, revenue and number of employees are provided by the
Fortune as the four standard measures to fully characterize the performance of the
e-50 corporations. We therefore use them as a set of multiple performance mea-
sures. The data on profit, employee and market capital are not available for Ariba
(DMU26), and therefore Ariba is excluded from the following analysis.

Because we are interested in the contribution of revenue, profit and employee
to the market value, we select the market capital as the DEA output and the other
measures as the DEA inputs. Output-oriented DEA model is used, because higher
market values are desirable given the current levels of revenue, profit and the num-
ber of employees.

The third column of Table 17.3 reports the optimal value to the output-oriented
VRS envelopment model. Ten e-corporations are on the performance frontier.

Next, we apply the newly developed method to identify the critical input mea-
sures to the market capital under the context of best-practice. Columns 3, 4 and 5 of
Table 17.4 report the results from model (17.10).

We use the DEAFrontier software to do the calculation. Once the data are en-
tered into the “data” sheet, we select “Perform Sensitivity Analysis” and then select
the input as shown in Fig. 17.2. The results are reported in the “Sensitivity Report”
sheet. We can select one input at a time.

For example, consider MCI WorldCom (DMU48), model (17.10) is infeasible
when revenue and employee are under consideration (selected) respectively and
model (17.10) yields the optimal value of 96.98 when profit is under consideration.
This indicates that once the three input measures are determined, the magnitudes of
revenue and employee do not affect the efficiency status of MCI WorldCom. How-
ever, the value of profit affects MCI WorldCom’s efficiency status given the current
levels of market value, revenue and employee. Thus, profit is the critical factor to
MCI WorldCom'’s performance.
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Table 17.3 Performance evaluation of Fortune’s e-corporations

DMU no. Name VRS

1 America Online 1.00000
2 Charles Schwab 3.83409
3 Amazon.com 1.05723
4 E*Trade Group 531514
5 Knight/Trimark Group 7.15192
6 Yahoo 1.00000
7 Ameritrade Holding 11.63487
8 EarthLink Network 25.09020
9 Priceline.com 1.00000
10 CMGI 2.39677
11 Lycos 430319
12 Excite@Home 1.00000
13 eBay 1.00000
14 DoubleClick 3.71566
15 RealNetworks 2.26509
16 CNet 5.64226
17 Healtheon 7.23136
18 eToys 2.32675
19 VerticalNet 1.00000
20 Microsoft 1.00000
21 Oracle 2.31196
22 Intuit 10.30718
23 Network Associates 13.81890
24 Cambridge Tech. Partners 72.12135
25 TMP Worldwide 16.68021
27 Citrix Systems 5.50414
28 Macromedia 10.83562
29 Network Solutions 5.34769
30 Concentric Network 19.73886
31 Exodus Communications 2.90959
32 BroadVision 2.74452
33 Inktomi 2.77061
34 Security First Technologies 11.79142
35 Razorfish 7.90885
36 IBM 2.79636
37 Lucent Technologies 1.72137
38 Intel 1.59834
39 Dell Computer 2.03503
40 Cisco Systems 1.00000
41 Sun Microsystems 2.24478
42 EMC 1.94255
43 Qualcomm 2.22318
44 Network Appliance 1.93360
45 Broadcom 7.47555
46 Juniper Networks 1.00000
47 AT&T 2.64384
48 MCI WorldCom 1.00000
49 Qwest Communications 2.61124
50 Global Crossing 2.18328
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Consider Charles Schwab (DMU?2) which is an inefficient unit. The optimal val-
ues to model (17.10) indicate that the profit measure is the critical one for Charles
Schwab to achieve the performance frontier.

The sixth column of Table 17.4 reports the critical measure identified on the basis
of model (17.10). However, for efficient DMUs, it is likely that model (17.10) is in-
feasible for each input measure. Samples can be found in America Online (DMU1),
Yahoo (DMUG6) and Microsoft (DMU20). This may imply that some measures must
be considered in groups. We therefore employ model (17.11) for all possible combi-
nations of the three input measures. The last column of Table 17.4 reports the results
based upon model (17.11). Note that model (17.11) is not applied to the inefficient
DMUs.

For Yahoo and Microsoft, model (17.11) is feasible (has optimal solutions) when
only all three inputs are in set M. For America Online, model (17.7) is feasible (has
optimal solutions) when profit and revenue are in set M.

Model (17.11) is also applied to the remaining 7 efficient e-corporations, namely,
Excite@Home (DMU12), Vertical Net (DMU19), Cisco System (DMU40), Juni-
per Networks (DMU46) and MCI WorldCom (DMU48). Model (17.10) is feasible
when profit and revenue are in set M.

Except for America Online, Yahoo, eBay, Vertical Net, Microsoft, IBM, Juniper
Networks, AT&T and Global Crossing, all the e-corporations indicate profit as their
critical measure. This confirms that for the majority of the e-corporations that are
rely on the Internet for business, revenue does not necessarily mean profit. In fact,
about 40 % of the e-corporations had negative profit in year 1999. (The negative
values are treated by the translation invariance property in DEA. See Chap. 8.)

A closer look at Table 17.4 indicates that America Online, Yahoo and Microsoft
have distinguished themselves from the e-corporations, because the results from
model (17.11) imply that their high revenue means profit. Note that among the inef-
ficient units, employee is identified as the critical measure for eBay and AT&T, and
revenue is identified as the critical measure for IBM.

The e-corporations actually represent the twenty-first century new economy
where the electronic and information technologies are heavily used. To further il-
lustrate the approach, we next apply models (17.10) and (17.11) to the Fortune 1000
companies in 1995 who represent old economy where the companies design, build
and deliver physical, molecular-based products to customer. The purpose is to see
whether the new economy e-corporations behave differently compared to the old
economy companies in terms of the critical measures.

Since the e-corporations belong to computer and telecommunication industries,
we exclude all those Fortune’s 1000 companies who are in the computer and tele-
communication industries from the analysis. We also exclude those Fortune 1000
companies who do not have complete data on the four performance measures. As
a result, we have 51 industries with 760 companies which are different from the e-
corporations (see the first column in Table 17.5).

Table 17.5 summarizes the results from the new approach. The second column
reports the number of companies in each industry. The third, fourth and fifth col-
umns report how many companies indicate revenue, profit and employee as their
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critical measures respectively. For example, the second row in Table 17.5 indicates
that (i) there are 4 companies in the advertising and marketing industry, and (ii)
revenue is identified as the critical measure for all companies. In the motor vehicle
industry, only two companies (General Motor and Ford) (9.52%; two out of 21)
indicate that profit is the critical measure while other 19 companies indicate that
revenue is the critical measure.

Our approach indicates that revenue is the critical factor to 95 % of the 760 com-
panies in the Fortune’s top 1000 list. In fact, these “old-economy” companies sever
relatively mature market or command a lead in markets where they compete. Our
finding is consistent with the belief that revenue means a stable proportion of the
profit for the old economy companies. Also, our approach does indicate that the e-
corporations and the Fortune’s 1000 companies behave differently.

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 17) contains
supplementary material, which is available to authorized users.
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Chapter 18
Interval and Ordinal Data in DEA

18.1 Introduction

So far, all previous chapters have assumed that data in DEA are known exactly. In
the DEA literature, there are models for dealing with rank data and interval data.
For example, some outputs and inputs may be only known as in forms of bounded
or interval data, ordinal data, and ratio bounded data. Cook et al. (1993, 1996) were
the first who developed a modified DEA structure where the inputs and outputs are
represented as rank positions in an ordinal, rather than numerical sense.

If we incorporate such imprecise data information directly into the standard lin-
ear DEA model, the resulting DEA model is a non-linear and non-convex program.
Such a DEA model is called imprecise DEA (IDEA) in Cooper et al. (1999) who
discuss how to deal with bounded data and weak ordinal data and provide a unified
IDEA model when weight restrictions are also present'. In a similar work, Kim et al.
(1999) discuss how to deal with bounded data, (strong and weak) ordinal data, and
ratio bounded data.

As shown in Cook and Zhu (2006), the IDEA approach of Kim et al. (1999) and
Cooper et al. (1999) approach is actually a direct result of Cook et al. (1993, 1996)
with respect to the use of variable alternations.

Zhu (2003a, 2004) on the other hand shows that the non-linear IDEA can be
solved in the standard linear DEA model via identifying a set of exact data from the
imprecise input and output data. This approach allows us to use all existing DEA
techniques to analyze the performance of DMUSs and additional evaluation informa-
tion (e.g., performance benchmarks, paths for efficiency improvement, and returns
to scale (RTS) classification) can be obtained.

Part of the materials is based upon Chen, Y. and Zhu, J., Interval and ordinal data, in Modeling
Data Irregularities and Structural Complexities in Data Envelopment Analysis, Chapter 3, 35-62,
eds J. Zhu and W.D. Cook, Springer, Boston, 2007.

! Zhu (2003a) shows that such weight restrictions are redundant when ordinal and ratio bounded
data are present. This can substantially reduce the computation burden.

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 383
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 18, © Springer International Publishing Switzerland 2014
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Chen (2007) calls the existing IDEA approaches multiplier IDEA (MIDEA) be-
cause these approaches are based upon the DEA multiplier models. Chen (2007)
also shows that IDEA models can be built on the envelopment DEA models. That
is, the interval data and ordinal data can be introduced directly into the envelopment
DEA model. We call the resulting DEA approach as envelopment IDEA (EIDEA).
It is shown that EIDEA yields the worst scores whereas the MIDEA yields the best
efficiency scores. Using the techniques developed in Zhu (2003a, 2004), the EIDEA
can also be converted into linear DEA models.

Despotis and Smirlis (2002) also develop a general structure to convert interval
data in dealing with the imprecise data in DEA. Kao and Liu (2000) treat the inter-
val data as fuzzy DEA approach.

The current chapter will only focus on the approach Zhu (2003a, b, 2004) and
Chen (2007) where identification of a set of exact data allows us to use the existing
standard DEA codes. For other approaches to interval data and ordinal data, the
interested reader is referred to Cook and Zhu (2006).

The remainder of this chapter is organized as follows. The next section presents
the multiplier and primal DEA models with some specific forms of imprecise data.
We then present the Multiplier IDEA (MIDEA) approach. We show how to convert
the MIDEA model into linear programs. We then present the Envelopment IDEA
(EIDEA) approach described in Chen (2007)>. Conclusions are given in the last
section.

18.2 Imprecise Data

Suppose we have a set of » peer DMUs, {DMUj: j=1,2, ..., n}, which produce
multiple outputs Y, (r=1,2, ..., s), by utilizing multiple inputs X (i=1,2, ..., m).
When a DMU, is under evaluation by the CRS multiplier model, we have

5
Maximize 7, = Z uy,,

r=1

subject to

zﬂ;yn zwixl/_ov]

r=1 i=1

m (18.1)
wx, =1

2 In Chen (2007), envelopment IDEA (EIDEA) is called primal IDEA (PIDEA).
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The dual program to (18.1)—the envelopment DEA model can be written as

ok .
6, =minf,

subject to

n
Zﬂjxlj <Ox, i=L12,...,m

- (18.2)
zﬂ’_/‘yrjzym r=12,...,s;

Jj=1

4,20 j=L2,....,n

J

In the discussion to follow, we suppose the imprecise data take the forms of bound-
ed data, ordinal data, and ratio bounded data as follows:

Interval or Bounded data

Y, Sy, Sy, and x; <x, <X, forre BO,i€ Bl (18.3)

where y, and x; are the lower bounds and y,, and X are the upper bounds, and
BO and BI represent the associated sets for bounded outputs and bounded inputs
respectively.

Weak Ordinal Data

Y, Sy, and x; <x, for j#k,reDO,ie DI

or to simplify the presentation,

Yi<y,<...<y,<...<y (reDO) (18.4)

,<..<x,<..<x,(ieDI) (18.5)

where DO and DI represent the associated sets for weak ordinal outputs and inputs
respectively.

Strong Ordinal Data
yr1<yr2"'<yrk“'<ym (I”ESO) (186)
Xy <Xy Xy...x, (ieSI) (18.7)

where DO and DI represent the associated sets for strong ordinal outputs and inputs
respectively.
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Ratio Bounded Data
Vi L
L,jS+SUU(]¢]()) (r € RO) (18.8)

o

y

'xi‘ . . .
G.._x—jSHij(j;ﬁ]O) (ieRI) (18.9)

o

where L and G, represent the lower bounds, and U, and H, represent the upper
bounds. RO and RI represent the associated sets for ratio bounded outputs and
inputs respectively.

If we incorporate (18.3—18.9) into model (18.1), we have the multiplier IDEA
(MIDEA) model

S
maxﬂ-o :Zﬂrym

r=1

s.t.i Wy, = i ®,x,; < 0

r=1 i=1
iwixio ~1 (18.10)
i=1

(x,)€6;
(v,)€0;
M0 =0

where (x,)€©; and (y,) € O represent any of or all of (18.3—18.9).

If we incorporate (18.3—18.9) into model (18.2), we then have the envelopment
IDEA (EIDEA) model. Obviously, model (18.10) is non-linear and non-convex,
because some of the outputs and inputs become unknown decision variables. We
will discuss how to solve these two non-linear IDEA models.

Cooper et al. (1999) and Kim et al. (1999) show that model (18.10) can be con-
verted into the following linear programming problem when scale transformations
and variable alternations are applied:

max ZYrO

subject tor

ZYW.—ZX”. <0vj

Y X, =1 (18.11)
(IXl.j)eHl.‘ Vi

(¥, eH Vr
X.,Y.>0 Vir

i
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where X, = %,@,Y, =y, i, ©, = @ max {x;}, 4, = p,-max {y,}, X, = x; /max;
(6,3, 3, =y, [max {y,}, X] =X @,Y;] =y, 4., % = max {%, }, and J;, = max {J,}.

Also, ©F and ©; are transformed into H' and H;.
Obviously, the standard (linear) CRS DEA model cannot be used and a set of
special computation codes is needed for each evaluation, since a different objective

function (2 Y, D) and a new constraint (z X io) are present in model (18.11) for
each DMU under evaluation. Note also that the number of new variables (Yrj and

X_) increases substantially as the number of DMUs increases.
Zhu (2003a) provides an improvement by only using variable alternations. That

is, define X, = x,@,, ¥, =y, 4, in model (18.1) when imprecise data are present,
and the scale transformation is not needed. This simple approach is actually used in
Cook et al. (1993). The interested reader is referred to Cook and Zhu (2006) for the

detailed discussion and a general framework for dealing with ordinal data.

18.3 Multiplier IDEA (MIDEA): Standard DEA Model
Approach

The following theorem provides the theoretical foundation to the approach devel-
oped in Zhu (2003a, 2004) when the standard multiplier CRS model (18.1) is used
to solve the IDEA model (18.10).

Theorem 1 Suppose ©; and O; are given by (3), then for DMU, the optimal
value to (10) can be achieved at y =7y and x, = x, for DMU and y, =y, and
x; = X; for DMU, (j # o).

[Proof] See Zhu (2003a)

Theorem 1 is true due to that fact that increases on output values (decreases on
input values) for DMU_ under evaluation or (and) decreases on output values (in-
creases on input values) for other DMUs will not deteriorate the efficiency of DMU,
under evaluation by the multiplier DEA model.

18.3.1 Converting the Bounded Data into a Set of Exact Data

Theorem 1 shows that when DMU | is under evaluation, we can have a set of exact
data via setting y, =y, and x, =yx, for DMU, and y, =y, and x; = x,; for
DMU; (/ # o) while model (18.10) maintains the efficiency rating for DMU . Note
that in this case, model (18.10) is no longer a non-linear program, but a (linear)

multiplier CRS model
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7, = Maximize ), 4,5,,+ >, 4,7,

reBO reBO

subject to

ZMZU# Sy, - 05> ox, <0V jto

reBO réBO ieBI

2 ll'lr.)_}rn + z MY = Z T

igBl

(18.12)

2 wx, <0

reBO

reBO ieBl igBI

z . x;, + z 0x, =1

i€eBO

igBO

U, 0,20V r, i

i

where y, (r € BO), and x, (i ¢ BI) are exact data.
We can also use the obtained exact data and apply them to the envelopment

model (18.2), namely

6, =ming,

subject to
Z/ljfij-i_ﬂ’oziaseagin ZEBI’
j#o

Y Ax,<6,x, i¢BI,
= (18.13)
Z/’l/‘yrj—‘rﬂo_m Zym VEBO;
Jj#o T

2 A,z ré BO;
Jj=1

4,20 j=12...n.

18.3.2 Converting the Weak Ordinal Data into a Set

of Exact Data

Consider DMU,. Suppose we solve model (18.10) when ©; and ©; are in forms of

(18.4) and (18.5), and obtain a set of optimal solutions y; and x,j with the optimal
value 7, . We have

ViSVe SS9, Sy Sy S Sy, (re DO) (18.14)

Xy SX, SSX,  Sx S

Pkt S

<x. (ie DI (18.15)
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Note that p y:j (re DO) and px;. (i € DI) are also optimal for DMU, where p is a
positive constant, because of the units invariant property. Therefore, we can always
set y,, = x, =1. Then, we have a set of optimal solutions on weak ordinal outputs
and inputs such that (18.14) and (18.15) can be expressed as?

* *

0<y,<y,<..<y Sy, (=D<y , <...<y, <M (reDO) (18.16)

rl —

0<x,<x,<..<x, <x,(=D)<x,,<..<x, <M (ieDIl) (18.17)

where M is very close to +oo.
Now, for the outputs and inputs in weak ordinal relations, we set up the follow-
ing intervals,

»,; €[0,1]and x; €[0,1] for DMU,(j =1,....k—1) (18.18)

v, €[l,M]and x; e[l,M]for DMU,(j =k+1,...,n) (18.19)

Based upon Theorem 1, we know that for » € DO and i € DI, 7, remains the same
and (18.18) and (18.19) are satisfied if y , = x,, = 1 for DMU, and V= 0 (lower
bound, y, ), xij:1 (upper bound, X, ) for DMUJ. (=1, ..., k—1) and yrj:l (lower
bound, y, ), x; = M (upper bound, X;) for DMU, (=k+1,...,n).

18.3.3 Numerical Illustration

Consider the numerical example in Table 18.1. Suppose we have one input with
exact value (input-1) and one input with interval values (input-2). Output-1 has
exact value and output-2 is in ordinal relations. Based on Theorem 1, we use the
lower bound of input-2 as the exact input value for each DMU under evaluation
and the upper bounds as the exact input values for all other DMUs. For example,
for DMU2, we use x,,=0.4 (lower bound) and, x,,=0.8, x,,=0.9, x,,=0.6, (upper
bounds) for DMUs 1, 3, 4, 5 and 6. In addition to the efficiency scores, Table 18.2
presents the slacks and referent DMUs based upon model (18.13).

Note that it is very difficult to retrieve the optimal values on the bounded in-
put (output) if one uses the variable-alternation algorithm. However, based upon

3 This procedure appears to be unworkable when weight restrictions are present. However, we
will see in Theorem 2, such weight restrictions are redundant and should be removed before the
analysis. As a result, the current procedure is not affected.

4 In computation, M does not have to be set equal to a very large number. In the application section
in this chapter, M is set equal to 33.

5 See Chen (2007) for detailed discussion and alternative ways of setting the exact data when weak
ordinal relations are present.
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Table 1 8.1 Exactand Outputs Inputs
imprecise data Exact Ordinal® Exact Bound
Output-1 Output-2 Input-1 Input-2
o) 07y ) (x,)
DMU1 1000 3 200 1
DMU2 3000 4 400 [0.4,0.7]
DMU3 2500 1 250 [0.6,0.8]
DMU4 1300 2 300 [0.7,0.9]
DMUS5 900 5 150 1
DMUG6 1500 6 250 [0.5,0.6]

2 a rank of “1” indicates a DMU has the lowest rank

Table 18.2 MIDEA results Efficiency slack Referent DMU
when bounded data are
DMU score
present o Judgment ﬂ;
1 0.5 0.18 =04
,=0.
2 1 0 =1
o=
3 1 0 =1
L=
4 05095 0 2, =0.2284, A, =0.2459
5 0.6 0.312 A.=0.36
,=0.
6 0.7565 0 2, =03913, A =0.1304

Model (18.13) is used with two inputs of cost and judgment and
one output of revenue. The ordinal output of satisfaction is not
included in calculations

Theorem 1 and the recent development on sensitivity analysis by Zhu (2001), we
can determine the range of multiple optimal solutions on bounded data for DMUo
(and other DMUs). That is, we calculate the following linear program (Zhu 2001).

6 =min6,
subject to

Z/lj?c,jseg. i € BI,

J#o

z /11.x,.,. <x, i & BI (exact data),
o (18.20)
2 A,V 2, r € BO;

2 A2V, r & BO (exact data);

A.20 j#o
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Table 18.3 Alternative optimal solutions

DMU under evaluation

DMUI DMU2 DMU3 DMU4 DMUS5 DMU6
DMU2 [04,0.7)  [04,07]  [04,07] 0.7 [04,0.7] 0.7
DMUS3 [0.6,0.8]  [0.6,08]  [0.608 08 [0.60.8] 0.8
DMU4 [0.7,09]  [0.7,09] [0.7,09] 0.7 [0.7,0.9]  [0.7,0.9]
DMUG6 [0.50.6]  [0.506]  [050.6]  [0506]  [0.506] 0.5

Consider DMU?2 in Table 18.1, we have (assuming that we only have two inputs and
one output of output-1)

min 92

subject to

2004, +250, +3001, +1504 +2504, <400 (Input-1)
14, +10.84, +0.94, +14, +0.61, <0.46, (Input-2)
10004, + 25004, +13004, +9004 +15004, > 3000 (Output-1)

A,20,/=13,4,5,6.

Now, suppose the lower bound of input-2 for DMU2 can be increased by &, and
the upper bounds of input-2 for other DMUs can be decreased by o ’. Based on
Zhu (2001), if ¢ 0’ = 6’; =24, then DMU2 remains efficient (71';‘ = 91* =1).
Thus, the efficiency stability region for input-2 is larger than the range of [0.4, 0.7]
for DMU2. When DMU2 is under evaluation, any DMU2’s input-2 value within
the range of [0.4, 0.7] is an optimal solution such that 7, = =1 remains true.
Table 18.3 reports the optimal values of input-2 by using model (18.20). As a re-
sult, the (multiple) optimal solutions on the bounded input can be retrieved for the
variable-alternation algorithm.

We next convert the ordinal data into a set of exact data using three DMUs,
namely, DMU1, DMU3, and DMUBG, in Table 18.1. We have (i) DMU3 has the low-
est rank. We use “1” as the output-2 value for all DMUs; (i) DMUG6 has the highest
rank. We use “1” for the output-2 value for DMUG6 and use 0 for other DMUs; and
(iii)) DMUL is ranked third. We use “1” for the output-2 value for DMUs 1, 2, 5, and
6 and use “0” for other DMUs.

Table 18.4 reports the set of exact data for the satisfaction output across all five
DMUs when a specific DMU is under evaluation. Table 18.5 reports the results
from model (18.13) when we use the exact data from Table 18.4. It can be seen that
both MIDEA approaches yield the identical efficiency scores. The standard DEA
approach indicates that DMUs 1 and 4 have non-zero slack values.
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Table 18.4 Converting
ordinal data into exact data

DMU under evaluation
Satisfaction DMU1 DMU2 DMU3 DMU4 DMUS5 DMU6

Yy 1 0 1 1 0 0
Y 1 1 1 1 0 0
Vs 0 0 1 0 0 0
Yo 0 0 1 1 0 0
s 1 1 1 I I 0
Vo 1 1 1 1 1 1
Table 18.5 MIDEA results Efficiency score  Slack Referent DMU
DMU 4, Revenue Cost Y
1 0.8889 66.6667 0 1 =0.7222
5 T M. >
A, =0.2778
2 1 0 0 =1
=
3 1 0 0 *
A, =1
4 0.8571 200 71429 oy
=
5 1 0 0 .
A, =1
6 1 0 0 »
Ay =1

18.3.4 Converting the Strong Ordinal Data and Ratio Bounded
Data into a Set of Exact Data

Recall that y, —y,, >y and x,—x,, , = y arenot valid forms to represent strict
rankings under model (18.10). We propose the following correct and valid modifi-
cations when DMU is under evaluation

Ve 2 XV, (., >Dand ;2nx (7, >1) (18.21)

Since (18.21) is units invariant, it allows scale transformations. y,,., 2 7,7, , and
2y Y, and X, 27X, in(18.11)
respectively, if the scale-transformation and variable-alternation based approach is
used. Note that (18.21) may allow all data equal to zero. However, the proposed
method of finding exact data does not allow such cases to occur.

Based upon the discussion on converting weak ordinal data into a set of exact
data (see also Zhu 2003b), we can set y,, =1 and x, =1, and further we have®

X, 2 1%, in(18.10) are equivalent to Y,

Jk+1 k-1

¢ We can easily select a set of exact data for Y, (=1, ..., k)and Yy (j=k+1, ..., n). For example,
we can set these y,; very close to zero and meanwhile (18.22) is satisfied.
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— ik P =
yyj_)(; Jor DMU, (j=k+1,...,n)
xl.].=77,.”k Jor DMU,(j=1,....,k=1)

when y, and 7, are given.

Furthermore, parts of (18.8) and (18.9) actually represent strong ordinal relations
when L, =y, or ), =1.

In Kim et al. (1999), L, =1.07 for the forth output and L, =8.04 for the fifth
output. Thus, if only strong ordinal relations are assumed, we have

Vigar 2Ly, o1 TN L (r=4.5) (18.22)

r.k

When DMU, is under evaluation, we let y, =1 and we have a set of exact data
consisting of (i) y, =L "(r=4,5;j=k+1,...,n) and (ii) y, =€, =0 such that
Vi 2Ly, (j=1,...,k=1). The fourth and fifth column of Table 18.2 present a
set of exact data on y, and y, when DMU29 is under evaluation and strong ordinal
relations in (18.22) are imposed.

Moreover, note that if we assume strong ordinal relations as in (18.22), too much
flexibility may stillbeallowedin y, = £, =0 (j =1,...,k —1). Therefore, we introduce

Viw SUY, 4y 07 Yri < U (r=4,5) (18.23)

Yrka1

to further restrict the values on Y, G=1,....,k—1).

Ratio bounded data (18.22) and (18.23) can also be converted into a set of exact
data via the following two steps.

Step 1: Set y, =1and x, =1

Step 2: We have bounded data for other DMUs: [ <y <U, and
G, <x; <H_, (j# j,) which can further be converted into exact data.

Step 1 is valid is because there are no other constraints on y, and X, .
However, if y, and Xx; can take values within certain ranges as given in (18.3),
we have two cases associated with step 1. (Case 1) If DMU |, is under evaluation,
weset y, =Yy, and x, =x, .(Case2)If DMU, isnotunder evaluation, we set
Y, =Y, and X, =X, .

18.4 Treatment of Weight Restrictions

The above discussion and the proposed method assume that weight restrictions
related to imprecise data in forms (18.4—18.9) are not present. The following theo-
rem shows that adding weight restrictions related to imprecise outputs and inputs
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in forms (18.4-18.9) does not change the efficiency ratings. Thus, these particular
weight restrictions are redundant and can be removed before solving the model
(18.10). As a result, the standard DEA model based approach can be used.

Theorem 2 Suppose the fth input and the dth output are imprecise data given by
(18.4-18.9), and 7, is the optimal value to (18.10), then 7, remains unchanged if
the following weight restrictions related to the fth input and dth output are added
into model (18.10)

< fu. ,r ¢ DONRO)

a, < <B, (feDOorRO) (18.24)
My

4, < @AEDIORD e pror R (18.25)
[0}

d

where f{®) is a function on x, (w)) related to exact outputs (inputs).

[Proof]: See Zhu (2003a).’

Theorem 2 indicates that the optimal value to model (18.10) is equal to the
optimal value to the following model (model (18.10) with weight restrictions
(18.24) and (18.25))

5
maX 7[0 = zﬂryro

r=1

5 m
S.I.Z My, — 2 ®x; <0
r=1 i=1

m
z w.x, =1
i=1

(x;)€0; (18.26)
(v,)€0;

DONR
afo('u”re on O)S,Bf fe€DO or RO
. 4

i¢ DINRI

4, <L @PEDIORD by pr o R

a)d

M, =20 Vri

In other words, the same efficiency ratings can be obtained by either solving model
(18.10) or model (18.25). If one obtains the efficiency ratings under model (18.10),
the same efficiency ratings are obtained for model (18.26). The method developed
in the previous sections can be applied to solve model (18.10) without affecting the
efficiency ratings. As a result, model (18.26) is solved indirectly.

7 This theorem is true because (18.4—18.9) are units invariant.
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;1?:‘;/}3;%52222:41}5 and Output (¥) Input 1 (x,) Input2 (x,) MIDEA score
DMUI 1 [2.4] 4 1
DMU2 | 3,5] 3 1
DMU3 1 7 2 1
DMU4 1 [1,3] 6 1
DMUS5 1 [6,8] 7 0.6316

Although we cannot set exact data for partial data in model (18.26), Theorem 2
provides an alternative where the efficiency ratings under (18.26) are obtained via
setting exact data in model (18.10) and solving model (18.10). i.e., the proposed
approach is not affected by the presence of weight restrictions, since solving model
(18.10) with proposed approach is equivalent to solving model (18.26) directly®.
To obtain the efficiency ratings under model (18.26), we only need to solve model
(18.10) via setting exact data in model (18.10), because the weight restrictions rep-
resented by (18.24) and (18.25) are redundant.

18.5 Envelopment IDEA (EIDEA)

Chen (2007) points out that when the IDEA is developed based upon the envelop-
ment DEA model, e.g., model (18.2), we get different efficiency results. When we
assume that all output and input values are exact, models (18.1) and (18.2) yield the
same efficiency score for a specific DMU under evaluation. However, the presence
of imprecise data invalidates the linear duality between models (18.1) and (18.2) and
consequently, model (18.1) is not equivalent to model (18.2). The EIDEA yields the
worst efficiency scores. The invalidation of linear duality leads to an efficiency gap.

Consider five DMUs as shown in Table 18.6 with two inputs and a single output
of unity. Only DMU3 has exact data on the first input. The last column shows the
efficiency scores based upon MIDEA.

Figure 18.1 plots the five DMUs. Because of the bounded data, DMU1, DMU?2,
and DMU4 are represented by AA’, BB, and DD’ respectively®. The (imprecise)
efficient frontier is represented by the area bounded by DD’, D'A’, A'B’, B'C, CB,
BA, and AD.

When DMUS is under evaluation by the MIDEA, DMUS is replaced by point E
and D'A'B’C is used as the exact efficient frontier. For DMUS5, A’ and D’ are refer-
ent DMUs which can be achieved via setting x,,=4 (upper bound) for DMUI and

8 Note that the following two cases are different. Case I: Setting the variables by exact data in
model (18.10) and then finding the efficiency ratings. (This provides the same efficiency ratings
as those obtained from solving model (18.26) directly.) Case II: Setting the variables by a set of
exact data in model (18.26) and finding the efficiency scores under model (18.26) (This leads to a
different problem.) Case I represents the objective of the current study or the objective of solving
model (18.26).

® DMUS is represented by a line segment.
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Fig. 18.1 DEA frontier with
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x,,=3 (upper bound) for DMU4 and then using the convex combination of A" and
D' with A4 =0.7895, 1, = 0.2105.

When DMUS is under evaluation by the EIDEA, DMUS is evaluated against
DABC rather than D’ABC. Consequently, the efficiency of DMUS decreases. Up-
per bound on the first input of DMUS5 and lower bounds on the first input of other
DMUs are used as the exact data when we evaluate DMUS using EIDEA.

Theorem 3 Suppose for DMU @, is the optimal value to (18.2) when (some) out-
puts and inputs are only known to be within specific bounds given by (18.3). This
@, can be achieved with

I. X;=X; for DMUJ. (j#0);
IL. y, =y, for DMU, (j # 0);
Il y =y for DMU ;

IV. x, =X, for DMU,.

[Proof] See Chen (2007).

Theorem 3 is true due to the fact that input decreases/output increases in DMU,
or (and) input decreases/output increases in other DMUs will deteriorate the ef-
ficiency of DMU..

Theorem 4 indicating that EIDEA can be executed by setting the lower output
bounds and upper input bounds as the exact output and input values for DMU, and
by setting upper output bounds and lower input bounds as the exact output and input
values for the remaining DMUs.
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Recall that in MIDEA, ordinal data and ratio bound data are converted into a
set of exact data via the bounded data. By the same fashion, ordinal data and ratio
bound data can be converted into a set of exact data under EIDEA.

18.6 Conclusions

The current chapter presents how the standard linear DEA models can be used to
deal with interval or bounded data or ordinal data. Although the current chapter
discusses specific forms of imprecise data'?, the results are true for any types of
imprecise data (see Theorem 1 in Zhu 2004).

The IDEA approach using the standard DEA model indicates that one has to
decide whether the multiplier or envelopment DEA model will be used to deal with
the imprecise data. The multiplier IDEA (MIDEA) yields the best efficiency scores
whereas the envelopment IDEA (EIDEA) yields the worst efficiency scores. We
should note that the MIDEA can also yield the same worst EIDEA efficiency scores
if we set the exact data in a reversed direction.

The current chapter discusses IDEA procedure based upon the CRS model. Simi-
lar discussion can be developed based upon other DEA models.

We finally provide the following theorem to show that for inefficient DMUs,
their multiplier DEA efficiency is always achieved at the bounds for interval data.

Theorem 4 For DMU , if 7, < 1 in (18.1), then the optimality must be achieved
at x, =x,, and y =7y forDMU .

[Proof] Note that by defining @, =tv,, 4 =tu,,and t= (Z VX, )71 , model (18.1) is

DUV, DUy,

equivalent to 77, = max-=—— subject to = <1 Vjandu,,v, >¢

m m

2 vixf() 2 lelj
i=1 i=1
Next, suppose the optimality is achieved at u_, v,, y,, (r€ BO)and x, (i € BI)

ouy,+ > uy,

with 7, = =8 ———%——<land y, <y, <7, (r€ BO) and
Z Vi ‘xio + z Vi xio
ieBI igBI

x, <x, <X, (ieBI).

Obviously, when x, =x, and y, =7y, , wehave

10"We should note that the specific forms of imprecise data are probably the only imprecise data
types that will occur in real application.
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Sy, + Y uy, Duy,+duy,

7 = reBo reBO < reBo reBO A contradiction'!. This shows
0 * % * * * .
zvixio + Zvixio Zviiio +Zvixio
ieBI igBI ieBI igBI

0

that the optimality must be achieved at x,, = x,, and y =7y for DMU .

Electronic Supplementary Material

The online version of this chapter (doi:10.1007/978-3-319-06647-9 18) contains
supplementary material, which is available to authorized users.
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Duy, duy,

WIf,rebo  reb0  _j -1 we can always redefine the weights by dividing each u, by h,
vi Eio vi xio s
ieBl igBl z u}‘yv
. As a result, the new optimal value is equal to one, and all =—— decrease and are not greater

Z Vi
i=1

than one. This will still give a contradiction. Thus, the theorem is true.



Chapter 19
DEAFrontier Software

19.1 Introduction

Previous chapters include how to use DEAFrontier software to solve DEA mod-
els discussed. This version of DEAFrontier software requires Excel 2007-2013 9
(under Windows) and can solve up to 50 DMUs with unlimited number of inputs
and outputs (subject to the capacity of the standard Excel Solver). To install the
software, copy the file “DEAFrontier.xlam” to your hard drive. Please visit www.
deafrontier.net for software support.

Open the file “DEAFrontier.xlam” to load DEAFrontier. To locate the DEA
Menu, the user must select the Add-Ins tab and navigate to the DEA menu option
as shown in Fig. 19.1

In this chapter, we present how to use DEAFrotnier to solve DEA models that
are not discussed in the previous chapters. They include DEA bootstrapping, free
disposal hull (FDH), and Malmquist approach.

We finally present a list DEAFrontier models along with the chapters that dis-
cuss the related DEA models.

19.2 DEA Bootstrapping

The data sheet format should follow the standard DEA’s format described in Chap. 2.
The approach is based upon the standard DEA envelopment/multiplier model.
There are two DEA bootstrapping approaches. The SW-algorithm is based upon
Simar and Wilson (1998). The LT-algorithm is based upon Lothgren and Tambour
(1999) (see Fig. 19.2)
The results are reported in sheet “Bootstrapping Results” as shown in Fig. 19.3.
“Bootstrapping_Results” reports the original DEA efficiency scores in col-
umn C. Column D reports the Bias that is calculated based upon the original DEA

J. Zhu, Quantitative Models for Performance Evaluation and Benchmarking, 399
International Series in Operations Research & Management Science 213,
DOI 10.1007/978-3-319-06647-9 19, © Springer International Publishing Switzerland 2014
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Home  Insert  Pagelayout  Formulas  Data  Review  View  Developer | Add-Ins

@ Premium Solver V11.0

DEA ~

¢ oea Bootstrapping

@  Multiplier Model with Epsilon
(& ' cross Efficiency | ﬁl

Fig. 19.1 DEAFrontier menu

Fig. 19.2 DEA bootstrapping

Please select the sheet that has the data (DMUs, inputs, &
outputs), Frontier Type, and the bootstrapping algorithm:

I ® SW-algorithm " LT-algorithm

[ Bootstrapping_Results
[ Efficiency
B DatoSheet |

LB

Frontier Type - Returns to Scale

® VRS C CRS

Bootstrap Iteration SW bandwidth parameter h

100 | 0.014

Developed by Joe Zhu

efficiency scores and the scores from the bootstrapping runs. The confidence inter-
val can be transformed into a bias-correct interval by subtracting 2*Bias from the
interval bounds.

19.3 Free Disposal Hull (FDH)

The free disposal hull (FDH) models are first formulated by Deprins et al. (1984).
The input-oriented FDH model can be written as
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[ .y 8 c D E F (] H 1 J K L M N ()

1 Outputs | Data sheet Bootstrapping aigorithm:

2 Assets Revenue Data Simar & Wilson (1998), Management Science, Vol. 44, No. 1
3 Equity Profit

4 |Employees

5 VRS _

o [T  cicncy Gios ST Bosconededrienl gy = RS RS
7 1 Mitsubishi 1 0231149 3 ) 4 7 1.07921  1.05.
8 = Mitsui 1 0.197753 8 1.07974

9 3 Itochu 1 0.199472 4 1 1.0i

10 4 General Motors 1 0.480249 1.76781

il s Sumitomo 1 0.149099 510 4 1.109;

12 6 Marubeni 1 0.139867

13 7 Ford Motor 0.737556 0.079905

14 8 Totota Motor 0603245 0.06102

15 9 Exxon 1 0.196554

16, 10 Royal Dutch/Shell Group 1 0.484923

17, 1 Wal-Mart 1 022511

18 12 Hitachi 0.557596 0.048535

19 13 Nippon Life Insurance 1 0405343

20 14 Nippon Telegraph & Telephone 0.470611 0.041547

2115 AT&T 0533544 0.055099

Fig. 19.3 DEA bootstrapping results

min 877

subject to

io

n
Z/’tjxij <Oy i=1,2,...m;
J=1

Zﬂjyrj 2y, r=12,..s;
j=1

z;/ij =1 A, binary
=

The output oriented FDH model can be written as

max ¢™"

subject to

j=1

z e > r=12,..,s;
= "

le =1 A, binary
j=1

To run the above two FDH models, select the FDH menu item. You will be asked to
select the model orientation (see Fig. 19.4). The results are reported in the “FDH”
sheet.
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Fig. 19.4 FDH models

19.4 Mamquist Approach

Malmquist (1953) first suggests comparing the input of a firm at two different points
in time in terms of the maximum factor by which the input in one period could be
decreased such that the firm could still produce the same output level of the other
time period. This idea lead to the Malmquist input index. Caves et al. (1982) extend
the Malmquist input index to define a Malmquist productivity index. Fire et al.
(1994) develop DEA-based Malmquist productivity measures.

Suppose each DMU,(j=1,2,....,n) produces a vector of outputs y' = ( VijoeeosVy )
by using a vector of inputs x; = (xltj,. . .,x;j) at each time period #, 1=1, ..., 7. From
tto t+1, DMU s efficiency may change or (and) the frontier may shift. Malmquist
productivity index is calculated via

I. Comparing x' to the frontier at time 7, i.e., calculating 6, (xf,, y,ﬁ) in the follow-
ing input-oriented CRS envelopment model
6,(x,,y,) = min6,

subject to

n
t t
z&l.xj <0x
j=1

DAY 2,
=1

2,20,j=1,.,n (19.1)

where x) = (xl'o,. . .,xfm,) and y! = ( Viseens y;,) are the input and output vectors of

DMU among others.

II. Comparing x'"' to the frontier at time #+1, i.., calculating 6'*'(x'", y'*")

o
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t+l, 1+l +1N .
0 (0 5yo )_mlneo

o

subject to

Zl/leﬂ ) xt+l

+1 1+1
YAy
j=1
A,20,j=1,.,n (19.2)

III. Comparing x! to the frontier at time 7+1, i.e., calculating 0" (xf), yf,) via the
following linear program

;" (x),y)) = min#,

subject to

Zﬂ’ xt+1 <

Z /1,-)/}“ 2 y(z)

Jj=1
A4;20,j=1,.,n (19.3)

IV. Comparing x'*' to the frontier at time 7, i.e., calculating §'(x!"', y'*") via the
following linear program

6,(x;”",y,") = miné,

subject to

2/1)6 <oy

0”0

n
t +1
Z A:y; 2,
=1

A,20,j=1.n (19.4)

The Malmquist productivity index is defined as:

ef(xt yt) 9f+l(xt yf) %
Mo = [eatgx;ﬁ , y:r:+l) eot-:)l(xt-:: y(t)+l )]

o >0
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M measures the productivity change between periods ¢ and 7+ 1. Productivity de-
clines if M >1, remains unchanged if M =1 and improves if M <1.

The following modification of M makes it possible to measure the change of
technical efficiency and the movement of the frontier in terms of a specific DMU ..

¢ t t t+1 1+1 1+1 t+1 t t %
eo(xo’yo) 00 ('xo ’yo )90 (xo’ya)
R bl I C AR A W e

0

The first term on the right hand side measures the magnitude of technical efficiency
to bt <
%:l indicating that
[ o 7o
technical efficiency improves, remains or declines. The second term measures the
shift in the EPF between periods # and 7+ 1.

Similarly, we can develop the Malmquist index based upon the output-oriented
DEA models.

To calculate the Malmquist, we can use the envelopment models and the vari-
able benchmarking models. (This allows us to calculate the Malmquist index under
non-CRS conditions with an additional constraint on z;:l ﬂj (=L<1l,or>1) even
if models (19.3) and (19.4) may be infeasible.

The DEA Excel Solver provides a menu item that calculate the Malmquist index
based upon models (19.1)—(19.4).

The data for DMUs in each period should be placed in a sheet with a name start-
ing with “Period”. For example, “Period1”, Period-1”, or “Period A”. The software
will first look for the Period sheets once you select the Malmquist menu item. Select
two periods to perform the Malmquist calculation (see Fig. 19.5)

The results are reported in the “Malmquist Index” sheet reporting M , along with
four worksheets related to the results from models (19.1) to (19.4). The names of
these four worksheets depend on the periods selected. Suppose “Period A” and “Pe-
riod2” are selected. Then the name for the four worksheets are (i) “M Period A”
(model 19.1); (ii) “M Period2” (model 19.2); (iii) “M Period2-Period A” (model
19.3); and (iv) “M Period A-Period2” (model 19.4). For the latter two, the left side
of the name after “M” represents the reference set and the right side the period under
evaluation.

change between periods 7 and 7+ 1. Obviously,

19.5 DEAFrontier Models

Figure 19.6 shows various DEA models included in the DEAFroniter. The follow-
ing list shows where each DEA model/approach is discussed.

DEA Bootstrapping: Chapter 19
Multiplier Model with Epsilon: Chapter 3
Restricted Multiplier: Chapter 3
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Fig. 19.5 Malmquist (Malmquist Index) Select Two Periods

Cross Efficiency: Chapter 4

Game Cross Efficiency: Chapter 4
Maximum Log-Cross Efficiency: Chapter 4
Multiplicative Model: Chapter 4
Envelopment Model: Chapter 2
Slack-based Model: Chapter 5

Measure Specific Model: Chapter 6
Returns-to-Scale Estimation: Chapter 13
Non-Radial Model: Chapter 7
Preference-Structure Model: Chapter 7
Undesirable Measure Model: Chapter 8
Context-dependent DEA: Chapter 9
Variable-benchmark Model: Chapter 12
Fixed-benchmark Model: Chapter 12
Minimum Efficiency Model: Chapter 12
Two stage Network includes a series models: Chapter 14
Congestion: Chapter 16

Weak Disposability: Chapter 16
Super-efficiency: Chapter 10

Slack-based super efficiency: Chapter 10
Perform Sensitivity Analysis: Chapter 11
FDH: Chapter 19

Malmquist: Chapter 19

Cost Efficiency, Revenue Efficiency, and Profit Efficiency: Chapter 7
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Fig. 19.6 DEAFrontier
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Licensing and Warranty Agreement

READ THIS: Do not install the software until you have read and agreed to this
agreement. By opening the accompanying software, you acknowledge that you
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Fontier for backup or archival purposes, or (ii) transfer the DEAFontier to a single
hard disk, provided that you keep the original for backup or archival purposes. You
may not (i) rent or lease the DEAFontier, (ii) copy or reproduce the DEAFontier
through a LAN or other network system or through any computer subscriber sys-
tem, or (iii) modify, adapt, or create derivative works based upon the DEAFontier.
You may be held legally responsible for any copying or copyright infringement
which is caused by your failure to abide by the above terms and conditions.

Limited Warranty: The Publisher and the author provide no other warranties,
expressed or implied, including without limitation implied warranties of merchant-
ability and fitness for a particular purpose, and shall not be liable for any damages,
including direct, special, indirect, incidental, consequential, or otherwise. The Pub-
lisher does not warrant that the functions contained in the DEAFontier will meet
your requirements or that the operation of the DEAFontier will be error-free.
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Linear model, 25, 335

Linear programming problem, 16, 49, 126,
131, 132, 133, 159, 160, 164, 165,
168, 196, 207, 210, 211, 214, 237,
263,270,272, 286, 294, 333

Local Efficient Target, 165, 170

M
Manufacturers, 311, 313, 315, 318, 319, 324,
331
Marketability, 107, 291
benchmark-share for, 116
Market value (MV), 106, 291
Measure-specific models, 103
in spreadsheets, 105
Minimum efficiency models, 275
Most productive scale size (MPSS), 286
largest MPSS, 286, 287
spreadsheet model, 288
smallest MPSS, 287
Multiple criteria decision making (MCDM),
7,129
Multiple Objective Linear Programming
(MOLP), 129
Multiplier models
in spreadsheets, 49, 50, 51, 53
solving using DEAFrontier, 58, 59
weight restrictions in, 54, 55, 56

N

NDRS envelopment models, 188

NIRS envelopment models, 193

Non-negative, 25, 49, 78, 79, 143, 299

Non-radial DEA models, 121, 122, 123, 133,
134,201

Normalization, 49, 125

(0]

Objective function, 15, 16, 22, 24, 30, 70, 75,
87,90, 123, 201, 202, 203, 204,
218, 230, 238, 261, 270, 273

Order invariance, 142

Ordinal, 124, 383, 384, 385, 387, 389, 391,
392, 393, 397

Output price, 126, 137
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P
Performance evaluation

and tradeoffs, 1, 2

of Fortune 500 companies, 106, 107
Piecewise linear, 4, 13
Preference structureSee DEA/preference

structure (DEA/PS) models, 103

Priority, 103, 124, 327
Productivity, 1, 4, 93, 259, 404
Profitability, 8, 107

VRS efficiency distribution, 107
Profit efficiency, 139
Progress, 154, 158, 164, 165, 166

R
Radial efficiency, 121, 200, 335
Range names, 35, 37, 97, 98, 241, 242, 284,
285,296
Rank, 61, 124, 153, 161, 168, 383, 391
Reference Set, 19, 22, 25, 35, 153, 161, 175,
176, 177, 180, 183, 201, 202, 210,
351
Relative efficiency, 5
Returns-to-Scale (RTS)
classification, 48, 183, 277, 278, 279, 280,
283,288
input-oriented, 285
output-oriented, 285
estimation, 288
improved RTS method, 281, 282
spreadsheet for, 282, 283, 285
VRS and CRT RTS methods, 278, 279,
280
regions, 277, 278, 285, 288
Revenue Efficiency, 123, 124, 125, 126, 137,
138, 139
Run Macro, 30, 32, 37, 53

S
Scale efficiency index, 277
Sensitivity analysis, 175, 193, 213, 215, 224,
226
DEA, 207, 208, 209
spreadsheet models for, 239, 240, 241, 242
under CRS, 228, 229
under VRS, 237, 238, 239
using DEAFrontier, 243
Slack-based DEA model, 97, 135
solving using DEAFrontier software, 100
Solution invariance, 142
Solver Add-In, 23, 27
Solver Parameters
dialog box, 23
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for calculating congestion slacks, 359
for calculating slacks, 33
for CRS slack-based model, 96
for first degree progress, 166
for Input-oriented CRS multiplier model,
51
for Input-oriented VRS envelopment
model, 26
for CRS AR model, 56
for IT spreadsheet, 297
for output-oriented CRS envelopment
model, 37
for second degree progress, 166
for supply chain efficiency, 321
for VRS weak input disposability model,
348
Solver reference, 28
Solver Results
dialog box, 26, 29
Stability region
input stability region, 209, 210, 211, 212,
213
output stability region, 213, 214
Stratification DEA Method, 154, 155, 156, 157
Super-efficiency
DEA models, 175, 176, 177
infeasibility of, 177, 180, 181, 183
input oriented VRS model, 189
output oriented VRS model, 183, 184, 185,
187, 188
solving using DEAFrontier, 203, 204
Suppliers, 311, 312, 313, 327
Supply chain, 291, 324, 325
as an input-output system, 313, 314, 315
efficiency, 311, 312
efficiency model, 316, 318

T
Total return to investors (TRI), 106, 116
Tradeoffs, 2, 4, 261, 263, 266
Transformation, 1, 106, 141, 142, 144, 386,
392
Charnes-Cooper, 201, 332, 337
logarithmic, 86, 87

U

Undesirable, 6
inputs, 145
measure models, 100, 148
outputs, 143, 144

US commercial banks, 291
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\%
Visual Basic for Applications (VBA), 23, 27,
28,31, 33, 34, 39, 53,76, 98, 105,
128, 180, 242, 253, 259, 269, 283,
297,357
VRS envelopment models, 141, 296, 345
VRS multiplier spreadsheet model
input-oriented, 53
VRS RTS method, 278
VRS slack-based model, 85
Solver parameter for VRS slack-based
model, 98

w
Weak disposability
DEA models, 346, 359
Weakly efficient DMU, 14, 15, 16, 18, 177,
181, 209, 235
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