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Preface

In 1946, Electronic Numerical Integrator and Calculator (ENIAC) was the first
general-purpose, totally electronic computer constructed by John Mauchly and
J. Presper Eckert. It contained 18,000 vacuum tubes and was 10 feet high by 100
feet long with 30 tons weight. John von Neumann offered that the program and the
data should be stored in memory. Based on von Neumann’s ideas, in 1950 at the
University of Pennsylvania the first electronic computer that was called EDVAC
was constructed. Electronic computers made after 1950 actually follow von
Neumann’s ideas and vacuum tubes were replaced by the integrated circuit which
was transistors, wiring, and other components on a single chip.

In 1959, Richard Feynman (Feynman 1961) gave a visionary talk describing the
possibility of building computers which were ‘‘sub-microscopic.’’ In 1994, with
Adleman’s seminal work (Adleman 1994) the possibility of computing directly
with molecules is explored. Since then significant theoretical and experimental
results have been reported regularly for the field of molecular computing. Several
famous books (Amos 2005; Calude and Paun 2001; Paun et al. 1998) have
introduced various paradigms of molecular computing.

A bit which is either 0 or 1 is the smallest unit of data to solve any problem with
the input of n bits and 2n combination states of n bits are all of the possible
solutions for that problem. Molecular algorithms are to make use of bit operations
to simultaneously operate 2n combination states and to obtain the required
answer(s). The purpose of the book is to teach a reader to how to design various
molecular algorithms to construct various kinds of digital arithmetical and logical
circuits. Here is an outline of the chapters:

Chapter 1 explains the behaviors of a digital computer and molecular com-
puting. Simultaneously, a concise description to a digital computer and molecular
computing based on the von Neumann Architecture is also given.

Chapter 2 introduces a bit pattern which is a uniform representation of data and
is also the most efficient solution to how to handle all of the data types.
A hexadecimal system with its base that is 16 and an octal system with its base that
is eight are concisely illustrated, and an introduction for the conversion between a
hexadecimal number or an octal number and a binary number is also given.
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Chapter 3 illustrates how eight molecular operations work and use them to
develop a parity counter of n bits, the parity generator of error-detection codes on
digital communication, and the parity checker of error-detection codes on digital
communication.

Chapter 4 describes the conversion between a decimal number and a binary
number and develops molecular algorithms to construct the range of the value for
an unsigned integer of n bits, a sign-and-magnitude integer of n bits, a one’s
complement integer of n bits, a two’s complement integer of n bits, a floating-point
number of n bits in form of single precision format based on Excess_127, and a
floating-point number of n bits in the form of double precision format based on
Excess_1023.

Chapter 5 develops molecular algorithms to implement a parallel adder of one
bit and a parallel adder of n Bits to unsigned integers, and a parallel subtractor of
one bit and a parallel subtractor of n Bits for unsigned integers.

Chapter 6 develops molecular algorithms to construct the parallel NOT oper-
ation of a bit and n bits, the parallel OR operation of a bit and n bits, the parallel
AND operation of a bit and n bits, the parallel NOR operation of a bit and n bits,
the parallel NAND operation of a bit and n bits, the parallel XOR operation of a
bit and n bits, and the parallel XNOR operation of a bit and n bits.

Chapter 7 develops molecular algorithms to complete parallel comparators of a
bit and n bits, a parallel left shifter of n bits, a parallel right shifter of n bits, the
parallel operation of increase with n bits, the parallel operation of decrease with
n bits, and finding the maximum and minimum numbers of one from 2n combi-
nations of n bits.

The book consists of extensive exercises at the end of each chapter. Solutions of
exercises from Chap. 1 through Chap. 7 can easily be completed by readers if they
fully understand the contents of each chapter. Instructors, researchers, and students
can find the solutions of all the exercises on http://extras.springer.com/.

Power point presentations have been developed for this text as an invaluable
tool for learning. Instructors, researchers, and students can find the Power point
presentations of all chapters on http://extras.springer.com/.

October 2013 Weng-Long Chang
Athanasios V. Vasilakos
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Chapter 1
Introduction to Digital Computers
and Bio-molecular Computer

Today the term ‘‘Computer Science’’ has a very broad meaning. From the view-
point of computing characteristic, ‘‘Computer Science’’ actually contains a digital
computer (Turing 1936, von Neumann 1956), bio-molecular computer (Adleman
1994) and quantum computing (Deutsch 1985). Because the discussion for
quantum computing exceeds the scope of this book, thus, we do not introduce
‘‘quantum computing’’. For the purpose of this book, the phrase ‘‘bio-molecular
computer’’ describes the in vitro (therefore outside living cell) manipulation of
bio-molecules. Those manipulations may be applied to finish various kinds of
computations. In this introductory chapter, we try to explain the behaviors of a
digital computer and bio-molecular computer.

1.1 The Behaviors of a Digital Computer

If you are not concerned with the internal mechanism of a digital computer, you
can simply denote it as a black box. However, you still need to denote the tasks
finished by a digital computer for distinguishing it from other types of black boxes.
We offer computational model of a digital computer. Figure 1.1 is used to rep-
resent computational model of a digital computer.

A digital program

Input Data                                              Output DataA digital computer

Fig. 1.1 Computational
model of a digital computer

W.-L. Chang and A. V. Vasilakos, Molecular Computing, Studies in Big Data 4,
DOI: 10.1007/978-3-319-05122-2_1, � Springer International Publishing Switzerland 2014
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From Fig. 1.1, a digital computer can be thought of as a data processor. A
digital program also can be thought of as a set of instructions written in a digital
computer language that indicates the data processor what to do with the input data.
The output data depend on the combination of two factors: the input data and the
digital program. With the same digital program, you can produce different outputs
if you change the input. Similarly, with the same input data, you can generate
different outputs if you change the digital program.

1.2 The Behaviors of Bio-molecular Computer

For bio-molecular computer, if you are not concerned with the internal mecha-
nism, it can simply be defined as another black box. The black box for bio-
molecular computer is shown in Fig. 1.2. In Fig. 1.2, all operations with test tubes
have to be carried out by the user. A more advanced model is depicted in Fig. 1.3,
where some robotics or electronic computing is used to carry out automatically the
majority of the operations with the test tubes without the intervention of the user.

From Figs. 1.2, 1.3, input data can be encoded in test tubes. Each encoded data
in test tubes can be thought of a data processor. A bio-molecular program also can
be thought of as a set of biological operations written in a high-level natural
language that tells each data processor what to do. The output data also are based
on the combination of two factors: the input data and the bio-molecular program.
With the same bio-molecular program, you can produce different outputs if you
change the input. Similarly, with the same input data, you can generate different

A bio-molecular program         Output data in a tube 

Input data in a tube

…          

Fig. 1.2 The user in a simple computational model of bio-molecular computer carries out all
operations with the test tubes
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outputs if you change the bio-molecular program. Finally, if the input data and the
bio-molecular program remain the same, the output should be the same. Let us
look at those cases.

In Fig. 1.4, a bio-molecular program is used to find the smallest element for

different data in different test tubes. The first tube contains two natural numbers:
001 and 010. The second tube also includes two different natural numbers: 011 and
111. When the first tube is regarded as an input tube of the bio-molecular program,
after each bio-molecular operation in the bio-molecular program is performed, the

A bio-molecular program                       

Input data in a tube 

Output data in a tube       

…

Fig. 1.3 Some robotics or electronic computing in an advanced computational model of bio-
molecular computer carries out automatically the majority of the operations with the test tubes
without the intervention of the user

A bio-molecular program                                 The third tube

The first tube    …

The fourth tube

The second tube

Find the smallest value

001

010

001

011

111

011

Fig. 1.4 The outputs are generated from the same program with different data
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output data in the third tube is 001. Similarly, while the second tube is regarded as
an input tube of the bio-molecular program, after each bio-molecular operation in
the bio-molecular program is finished, the output data in the fourth tube is 011.

In Fig. 1.5, for the data in the first tube the first bio-molecular program is used
to find the smallest element and the second bio-molecular program is applied to
find the biggest element. The data in the first tube are 100 and 110. When the first
tube is regarded as an input tube of the first bio-molecular program, after each bio-
molecular operation in the first bio-molecular program is finished, the output data
in the second tube is 100. Similarly, while the first tube is also regarded as an input
tube of the second bio-molecular program, after each bio-molecular operation in
the second bio-molecular program is performed, the output data in the third tube is
110.

1.3 Introduction for a Digital Computer of the von
Neumann Architecture

The so-called von Neumann architecture is a model for a computing machine that
uses a single storage structure to hold both the set of instructions on how to
perform the computation and the data required or generated by the computation.
Today, each digital computer based on the von Neumann architecture contains
four subsystems: memory, arithmetic logic unit, control unit and input/output
devices.

A digital computer system of the von Neumann architecture is shown in
Fig. 1.6. From Fig. 1.6, the input subsystem accepts input data and the digital
program from outside the digital computer and the output subsystem sends the
result of processing to the outside. Memory is the main storage area in the inside of
the digital computer system. It is used to store data and digital programs during

The first bio-molecular program          The second bio-molecular program

The second tube 

The first tube           …

The third tube

Find the 

smallest value

100

110

100

110

Find the 

biggest value

Fig. 1.5 The outputs are generated by the different programs with the same data
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processing. This implies that both the data and programs should have the same
format because they are stored in memory. They are, in fact, stored as binary
patterns (a sequence of 0s and 1s) in memory. The arithmetic logic unit is the core
of the digital computer system and is applied to perform calculation and logical
operations. The control unit is employed to control the operations of the memory,
ALU, and the input/output subsystem.

A digital program in the von Neumann architecture is made of a finite number
of instructions. In the architecture, the control unit fetches one instruction from
memory, interprets it, and then excutes it. In other words, the instructions in the
digital program are executed one after another. Of course, one instructions may
request the control unit to jump to some previous or following one instruction, but
this does not mean that the instructions are not executed sequentially.

1.4 The von Neumann Architecture for Bio-molecular
Computer

In bio-molecular computer, data also are represented as binary patterns (a
sequence of 0s and 1s). Those binary patterns are encoded by sequences of bio-
molecules and are stored in a tube. This is to say that a tube is the only storage area
in bio-molecular computer and is also the memory and the input/output subsystem
of the von Neumann architecture. Bio-molecular programs are made of a set of
bio-molecular operations and are used to perform calculation and logical opera-
tions. So, bio-molecular programs can be regarded as the arithmetic logic unit of
the von Neumann architecture. A robot is used to automatically control the
operations of a tube (the memory and the input/output subsystem) and bio-

A Digital Program 

Input Data                                   Output Data  

Input/Output

Arithmetic Logic

Unit

Control

Unit

Memory

Fig. 1.6 A digital computer
system of the von Neumann
architecture has four
subsystems
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molecular programs (the ALU). This implies that the robot can be regarded as the
control unit of the von Neumann architecture.

In Fig. 1.7, bio-molecular computer of the von Neumann architecture is shown.
From Fig. 1.7, a robot fetches one bio-molecular operation from a bio-molecular
program (the ALU), and then carries out the bio-molecular operation for those data

stored in the tube (the memory). In other words, the bio-molecular operations are
executed one after another. Certainly, one bio-molecular operation perhaps requests
the robot to perform some previous or following bio-molecular operations.

1.5 Summary

In this chapter, computational models of ‘‘Computer Science’’ were categorized as
a digital computer, bio-molecular computer, quantum computing. The abstract
behaviors and the von Neumann architecture of a digital computer were concisely
described here. Our attention mainly focused on explaining how the abstract
behaviors and the von Neumann architecture of bio-molecular computer worked.
An introduction of quantum computing exceeds the scope of this book, so if a
general reader is interested in the field of quantum computing, then please refer to
a textbook that was written by Imre and Balazs.

1.6 Bibliographical Notes

A popular textbook on foundations of a digital computer is (Forouzan and Mo-
sharraf 2008) in which all areas of the digital computer were covered in breadth.
For an excellent introduction to Turing machines and the von Neumann

(Control Unit)

Bio-molecular

Programs

(Arithmetic Logic Unit)

A Tube

(Memory and

Input/Output

Subsystem)

Fig. 1.7 The bio-molecular
computer of the von
Neumann architecture
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architecture, see Turing (1936) and Neumann (1956). The first article of bio-
molecular computer was (Adleman 1994), which solved an instance of the directed
Hamiltonian path problem in a graph with seven vertices by means of bio-mole-
cules and biological operations. Practical aspects of constructing a biological
computer were introduced in (Adleman 1996; Adleman 1998).

1.7 Exercises

1.1 Explain how a digital computer based on computational model of a black box
works.

1.2 Explain how bio-molecular computer based on computational model of
another black box works.

1.3 What are respectively a digital program and a bio-molecular program between
a digital computer and bio-molecular computer?

1.4 What are subsequently a memory subsystem and a tube between a digital
computer and bio-molecular computer?

1.5 What are respectively an input/output subsystem and a tube between a digital
computer and bio-molecular computer?

1.6 What are bit 0 and bit 1 to a digital computer and bio-molecular computer?
1.7 Explain how a digital computer based on the von Neumann architecture

works.
1.8 Explain how bio-molecular computer based on the von Neumann architecture

works.
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Chapter 2
Data Representation on Bio-molecular
Computer

The two terms ‘‘information’’ and ‘‘data’’ are alternatively used in this chapter. As
discussed in Chap. 1, computing characteristic for bio-molecular computer satis-
fies the von Neumann architecture. Therefore, bio-molecular computer is an
information processing machine. Before we can talk about how to deal with data,
you need to fully understand the nature of data. In this chapter, we introduce the
different information and how they are stored in tubes in bio-molecular computer.

2.1 Introduction to Data Types

Today information can be represented in different forms of data such as audio,
image, video, text, number and so on. Figure 2.1 is used to explain that infor-
mation is made of five different types of data. From Fig. 2.1, music can be rep-
resented in the form of audio data and your voice also can be represented in the
form of audio data. Similarly, photos can be regarded as image data and movies
can also be regarded as video data. Documents can be generally regarded as text
data, and integers that are made of digits are regarded as number data. The term
‘‘multimedia’’ is applied to denote information that includes audio, image, video,
text, and number.

Information

Audio

Data 

(Music)

Image

Data

(Photo)

Video

Data

(Movie)

Text

Data

(Document)

Number

Data

(Integer)

Fig. 2.1 Information is made of five different types of data
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2.2 Data Representation for Bio-molecular Computer

The interesting question is to how to handle all these data types in Fig. 2.1. Of
course, the most efficient solution for the interesting question is to use a uniform
representation of data. All data types from outside bio-molecular computer are
transformed into this uniform representation when they are stored in tubes in bio-
molecular computer, and then transformed back when leaving tubes in bio-
molecular computer. This universal format is called a bit pattern.

Before further discussion of bit patterns, we must define a bit. A bit (binary
digit) is the smallest unit of data that can be stored in tubes in bio-molecular
computer; it is either 0 or 1. For a bit in tubes in bio-molecular computer, different
sequences of bio-molecules can be used to represent its two states (either 0 or 1).
For example, two different sequences of bio-molecules can be regarded as the on
state and the off state of a switch in a digital computer. The convention is to
represent the on state as 1 and the off state as 0. Therefore, it is very clear that two
different sequences of bio-molecules can be applied to represent a bit. In other
words, two different sequences of bio-molecules can be employed to store one bit
of information. Today, data can be represented different sequences of bio-mole-
cules and also stored in tubes in bio-molecular computer.

A single bit cannot possibly solve the data representation problem. Hence, a bit
pattern or a string of bits is used to solve the problem. A bit pattern made of 16 bits
is shown in Fig. 2.2. It is a combination of 0s and 1s. This is to say that if a bit
pattern made of 16 bits can be stored in a tube in bio-molecular computer, then 32
different sequences of bio-molecules are needed.

A tube in bio-molecular computer is just used to store the data as bit patterns. It
does not know what type of data a stored bit pattern represents. The designer for a
bit pattern is responsible for interpreting a bit pattern as number, text or some other

1010101001010101

Fig. 2.2 A bit pattern is made of 16 bits

Number Number

Text Text

Audio Audio

Image Image

Video                                            Video

Encoding

Tube

Decoding

Fig. 2.3 Examples of bit patterns
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type of data. In other words, data are encoded when they are stored in a tube and
decoded when they are presented to the designer (Fig. 2.3). By tradition, a bit
pattern of length 8 is called a byte. This term is used to measure the size of data
stored in a tube in bio-molecular computer. For example, generally speaking, a
tube in bio-molecular computer that can be applied to store 1015 bits of infor-
mation is said to have 1.25 9 1014 bytes of information.

2.3 Hexadecimal Notation

The bit pattern is designed to represent data when they are stored in tubes in bio-
molecular computer. However, to manipulate bit patterns is found to be difficulty
for people. Using a long stream of 0s and 1s is tedious and prone to error.
Hexadecimal notation is applied to improve this situation. Hexadecimal notation is
based on 16 (hexadec is Greek for 16). This implies that 16 symbols (hexadecimal
digits): 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, and F. Each hexadecimal digit can
be represented by four bits, and four bits also can be represented by a hexadecimal
digit. The relationship between a bit pattern and a hexadecimal digit is shown in
Table 2.1.

Converting from a bit pattern to hexadecimal is done by organizing the pattern
into groups of four and finding the hexadecimal value for each group of 4 bits. For
hexadecimal to bit pattern conversion, convert each hexadecimal digit to its 4-bit
equivalent (Fig. 2.4). Generally speaking, hexadecimal notation is written in two
formats. In the first format, a lowercase (or uppercase) x is added before the digits
to show that the representation is in hexadecimal. For example, xCFD8 is applied
to represent a hexadecimal value in this convention. In another format, the base of
the number (16) is indicated as the subscript after the notation. For example,
(CFD8)16 shows the same value in the second convention. In this book, we use
both conventions.

Table 2.1 The
corresponding table has the
relation among hexadecimal
digits and binary digits

Bit pattern Hexadecimal digit Bit pattern Hexadecimal digit

0000 0 1000 8
0001 1 1001 9
0010 2 1010 A
0011 3 1011 B
0100 4 1100 C
0101 5 1101 D
0110 6 1110 E
0111 7 1111 F
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2.4 Octal Notation

Another notation used to group bit patterns together is octal notation. Octal
notation is based on 8 (oct is Greek for 8). This implies that there are eight
symbols (octal digits): 0, 1, 2, 3, 4, 5, 6, and 7. An octal digit can represent three
bits, and three bits can be represented by an octal digit. The relationship between a
bit pattern and an octal digit is shown in Table 2.2. From Table 2.2, the first bit
pattern 000 corresponds to the first octal digit 0, the second bit pattern 001 cor-
responds to the second octal digit 1, and so on with that the last bit pattern 111
corresponds to the last octal digit 7.

Converting from a bit pattern to octal is performed through organizing the
pattern into groups of three and finding the octal value for each group of three bits.
For octal to bit pattern conversion, convert each octal digit to its 3-bit equivalent
(Fig. 2.5). Generally speaking, octal notation is written in two formats. In the first
format, a 0 (zero) is added before the digits to show that the representation is in
octal. For example, the value, 04756, is applied to represent an octal value in this
convention. In another format, the base of the number (8) is indicated as the
subscript after the notation. For example, (4756)8 shows the same value in the
second convention. In this book, we use both conventions.

1 0 0 1 1 1 1 0 1 1 1 0

4              7             5              6     

Fig. 2.5 Binary to octal and
octal to binary transformation

1 1 0 0 1 1 1 1 1 1 0 1 1 0 0 0

C              F             D              8     

Fig. 2.4 Binary to
hexadecimal and
hexadecimal to binary
transformation

Table 2.2 The
corresponding table has the
relation among octal digits
and binary digits

Bit pattern Octal digit Bit pattern Octal digit

000 0 100 4
001 1 101 5
010 2 101 6
011 3 111 7
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2.5 Summary

In this chapter, an introduction to data representation of bio-molecular computer
was provided. We described information that was made of different types of data
and used a bit pattern as a uniform representation of data. We then introduced a bit
that is the smallest unit of data that can be stored in tubes in bio-molecular
computer, and used different sequences of bio-molecules to encode its two states
(either 0 or 1). We also introduced a designer to a bit pattern that was responsible
for interpreting a bit pattern. We then described a hexadecimal system in which its
base is 16 and we used sixteen symbols to represent numbers. Simultaneously, we
also introduced conversion from a binary system to a hexadecimal system and
from a hexadecimal system to a binary system. We then described an octal system
in which its base is 8 and we used eight symbols to represent numbers. Similarly,
we also introduced conversion from a binary system to an octal system and from
an octal system to a binary system.

2.6 Bibliographical Notes

In this chapter for more details about data types in a digital computer, the rec-
ommended books are Forouzan and Mosharraf (2008); Koren (2001); Marques and
Silva (2012); Miano (1999). For a more detailed introduction to data representa-
tion in bio-molecular, the recommended books are Amos (2005); Ehrenfeucht
et al. (2004); Paun et al. (1998). For more details about the subjects of a number
system discussed in a digital computer, the recommended books are Forouzan and
Mosharraf (2008); Mano (1979); Reed (2008); Shiva (2008).

2.7 Exercises

2.1. For a digital computer and bio-molecular computer, a bit is the smallest unit
of data in which its vale either 1 or 0. Answer the following questions about
how to encoding a bit:

a. How are to a bit its values 0 and 1 encoded in a digital computer?
b. How are to a bit its values 0 and 1 encoded in bio-molecular computer?

2.2. A bit pattern is a uniform representation of information. Answer the following
questions about how to encoding a bit pattern:

a. How is a bit pattern encoded in a digital computer?
b. How is a bit pattern encoded in bio-molecular computer?

2.3 Write a program of a digital computer to convert a hexadecimal number to its
corresponding binary number.
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2.4 Write a program of a digital computer to convert a binary number to its
corresponding hexadecimal number.

2.5 Write a program of a digital computer to convert an octal number to its
corresponding binary number.

2.6 Write a program of a digital computer to convert a binary number to its
corresponding octal number.
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Chapter 3
Introduction for Bio-molecular
Operations on Bio-molecular Computer

In this chapter, we first introduce how eight bio-molecular operations are used to
perform representation of bit patterns for data stored in tubes in bio-molecular
computer. Then, we describe how eight bio-molecular operations are applied to
deal with various problems.

3.1 Introduction to Bio-molecular Operations

A set P is equal to {xn … x1| each xk is a binary value for 1 B k B n, where
n C 0}. This means that if n is not equal to zero, then the set P is not an empty set.
Otherwise, it is an empty set. A tube is a storage device for bio-molecular com-
puter. Data represented by bit patterns are stored in the tube. Therefore, a set P can
be regarded as a tube T and an element in the set P can also be regarded as one data
stored in the tube T. This is to say that for the kth bit of a data stored in a tube T, xk,
two distinct sequences of bio-molecules are designed to represent its two states
(either 0 0r 1). One represents the value ‘‘0’’ for xk and the other represents the
value ‘‘1’’ for xk. For convenience, xk

1 is applied to denote the value of xk to be 1
and xk

0 is used to define the value of xk to be 0.
The corresponding bio-molecular programs perform computational tasks for

any data in a tube. We define that any bio-molecular program must be made of a
combination of only these three constructs: sequence, decision (selection), and
repetition (Fig. 3.1). The first construct in Fig. 3.1 is called the sequence construct.
Any bio-molecular program eventually is a sequence of bio-molecular operations,
which can be a bio-molecular operation or either of the other two constructs. Some
questions can be solved with testing some different conditions. Therefore, if the
result of a tested condition is true, then a bio-molecular program follows a
sequence of bio-molecular operations. Otherwise, a bio-molecular program fol-
lows a different sequence of bio-molecular operations. This is called the decision
(selection) construct and it is shown in Fig. 3.1. For solving some other problems,
the same sequence of bio-molecular operations must be repeated. The repetition
construct shown in Fig. 3.1 is applied to handle this.

W.-L. Chang and A. V. Vasilakos, Molecular Computing, Studies in Big Data 4,
DOI: 10.1007/978-3-319-05122-2_3, � Springer International Publishing Switzerland 2014
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A flowchart is a pictorial representation of a bio-molecular program. It hides all
of the details of a bio-molecular program in an attempt to give the big picture; it
shows how the bio-molecular program flows from beginning to end. The three
constructs in Fig. 3.1 are represented in flowcharts (Fig. 3.2).

3.2 Introduction to the Append Operation

Eight bio-molecular operations are used to deal with each data in a tube T. Each
bio-molecular program is made of eight bio-molecular operations. The first
operation is the append operation. Definition 3-1 is applied to describe how the
append operation deals with data in a tube.

Execute the first bio-molecular operation.

…

Execute the nth bio-molecular operation.

I

(a)

(c)(b)

f (a true is returned from one

bio-molecular operation)

Execute a series of operations.

Else

Execute another series of 

operations.

EndIf

Loop (a true is returned from 

one bio-molecular operation)

Execute the first bio-molecular 

operation.

…

Execute the nth bio-molecular 

operation.

EndLoop

Sequence                          

Decision Repetition

Fig. 3.1 Three constructs of a bio-molecular program

False            True               
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• T

Sequence (a) (b) (c)Decision Repetition

The first Operation

The nth operation

Test

Another sequence

of operations
A sequence of 

operations

Test a 

condition

A sequence of 

operations

Fig. 3.2 Flowcharts for three constructs of a bio-molecular program
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Definition 3-1: Given a tube T and a binary digit xj, the operation, ‘‘Append’’, will
append xj onto the end of every data stored in the tube T. The formal representation
for the operation is written as ‘‘Append(T, xj)’’.

Any tube is initialized to be an empty tube, so there is no data stored in it. If we
want the bit pattern, xn … x1, to be stored in a tube T, then the append operation
can be applied to perform the task. Therefore, in light of three constructs in
Fig. 3.1, the following simple bio-molecular program can be applied to construct
the bit pattern, xn … x1, to be stored in a tube T.

Algorithm 3.1: ConstructBitPattern(T, n) 

(1) For k = n downto 1

(1a) Append(T, xk).

EndFor 

EndAlgorithm 

A tube T is an empty tube and is regarded as the input tube for the algorithm,
ConstructBitPattern(T, n). For the second parameter n in Algorithm 3.1, it is
used to denote the number of bit for a bit pattern. Step (1) in Algorithm 3.1 is
applied to represent the repetition construct in Fig. 3.1 and to denote the number of
execution for Step (1a). Step (1a) in Algorithm 3.1 is used to represent the
sequence construct in Fig. 3.1 and is made of the append operation denoted in
Definition 3-1. After the first execution of Step (1a) is performed, the bit xn is
stored in the tube T. Next, after the second execution of Step (1a) is implemented,
the two bits xn xn - 1 is stored in the tube T. After repeating to execute n times for
Step (1a), the result for the tube T is shown in Table 3.1.

Lemma 3-1: The algorithm, ConstructBitPattern(T, n), can be used to construct
the bit pattern, xn … x1, to be stored in a tube T.

Proof The algorithm, ConstructBitPattern(T, n), is implemented by means of
the append operation. Each execution of Step (1a) is used to append the value ‘‘1’’
for xk or the value ‘‘0’’ for xk onto the end of xn … xk + 1 in tube T. This implies that
the kth bit in the bit pattern, xn xn - 1… x1, is stored in the tube T. Therefore, it is
inferred that the algorithm, ConstructBitPattern(T, n), can be used to construct
the bit pattern, xn … x1, to be stored in a tube T. j

Table 3.1 The result for the
tube T is generated by
Algorithm 3.1

Tube The result is generated by Algorithm 3.1

T {xn xn - 1… x1}
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3.3 Introduction to the Amplify Operation

The second bio-molecular operation is the amplify operation. It is used to perform
the copy of data stored in any a tube. Definition 3-2 is applied to describe how the
amplify operation manipulates data stored in any a tube.

Definition 3-2: Given a tube T, the operation ‘‘Amplify(T, T1, T2)’’ will produce
two new tubes T1 and T2 so that T1 and T2 are totally a copy of T (T1 and T2 are
now identical) and T becomes an empty tube.

If we want to generate the same two bit patterns, xn … x1, then the following
bio-molecular program can be used to perform our requirement. Three tubes T, T1,
and T2 are empty tubes and are regarded as input tubes of Algorithm 3.2. For n, it
is denoted as the number of bits for xn … x1 and is regarded as the fourth parameter
of Algorithm 3.2.

Algorithm 3.2: CopyBitPattern(T, T1, T2, n) 

(1) ConstructBitPattern(T, n).

(2) Amplify(T, T1, T2).

EndAlgorithm 

Step (1) in Algorithm 3.2 is employed to call Algorithm 3.1 for producing a bit
pattern xn … x1 stored in the tube T. Then, on the execution of Step (2), the amplify
operation is used to generate two new tubes T1 and T2 containing the same bit
pattern xn … x1 and the tube T becomes an empty tube. The result is shown in
Table 3.2 after each operation in Algorithm 3.2 is performed.

Lemma 3-2: The algorithm, CopyBitPattern(T, T1, T2, n), can be applied to
generate the same two bit patterns, xn … x1.

Proof Refer to Lemma 3-1.

3.4 Introduction to the Merge Operation

The third bio-molecular operation is the merge operation. It is employed to per-
form the merge of data stored in any n tubes. Definition 3-3 is used to describe
how the merge operation pours data stored in any n tubes into one tube.

Table 3.2 Algorithm 3.2
generates the result

Tube The result is produced by Algorithm 3.2

T [

T1 {xn xn - 1… x1}
T2 {xn xn - 1… x1}
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Definition 3-3: Given n tubes T1 … Tn, the merge operation is to pour data stored
in any n tubes into one tube, without any change in the individual data. The formal
representation for the merge operation is written as ‘‘[(T1, …, Tn)’’, where [(T1,
…, Tn) = T1 [ … [ Tn.

The value of each bit in a bit pattern xn … x1 is either 0 or 1. Because each bit
has two states, n bits can be used to generate 2n combinational states. The fol-
lowing bio-molecular program can be employed to produce 2n combinational
states. A tube T0 is an empty tube and is regarded as the input tube of Algorithm
3.3. For the second parameter n in Algorithm 3.3, it is applied to represent the
number of bits.

Algorithm 3.3: CombinationalStates(T0, n) 

(0a) Append(T1, xn
1).

(0b) Append(T2, xn
0).

(0c) T0 = (T1, T2).

(1) For k = n 1 downto 1

(1a) Amplify(T0, T1, T2).

(1b) Append(T1, xk
 1).

(1c) Append(T2, xk
 0).

(1d) T0 = (T1, T2).

EndFor 

EndAlgorithm 

Consider that eight states for a bit pattern, x3 x2 x1, are, respectively, 000, 001,
010, 011, 100, 101, 110 and 111. Tube T0 is an empty tube and is regarded as an
input tube of Algorithm 3.3. Because the value for n is three, when the execution
of Step (0a) and the execution of Step (0b) are finished, tube T1 = {x3

1} and tube
T2 = {x3

0}. Then, on the execution of Step (0c), it uses the merge operation to pour
tubes T1 and T2 into tube T0. This implies that T0 = {x3

1, x3
0}, tube T1 = [, and

tube = [. Since Step (1) is the only loop and the value for n is three, Steps (1a)
through (1d) will be run two times.

After the first execution of Step (1a) is finished, tube T0 = [, tube T1 = {x3
1,

x3
0} and tube T2 = {x3

1, x3
0}. Next, after the first execution for Step (1b) and Step

(1c) is performed, tube T1 = {x3
1 x2

1, x3
0 x2

1} and tube T2 = {x3
1 x2

0, x3
0 x2

0}. After the
first execution of Step (1d) is implemented, tube T0 = {x3

1 x2
1, x3

0 x2
1, x3

1 x2
0, x3

0 x2
0},

tube T1 = [ and tube T2 = [.
Then, after the second execution of Step (1a) is finished, tube T0 = [, tube

T1 = {x3
1 x2

1, x3
0 x2

1, x3
1 x2

0, x3
0 x2

0} and tube T2 = {x3
1 x2

1, x3
0 x2

1, x3
1 x2

0, x3
0 x2

0}. After the
rest of operations are performed, the result is shown in Table 3.3. Lemma 3-3 is
applied to demonstrate correction of Algorithm 3.3.
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Lemma 3-3: Algorithm 3.3 can be applied to construct 2 ncombinational states
of n bits.

Proof Algorithm 3.3 is implemented by means of the amplify, append and merge
operations. Each execution of Step (0a) and each execution of Step (0b), respectively,
append the value ‘‘1’’ for xn as the first bit of every data stored in tube T1 and the value
‘‘0’’ for xn as the first bit of every data stored in tube T2. Next, each execution of Step
(0c) is to pour tubes T1 and T2 into tube T0. This implies that tube T0 contains all of the
data that have xn = 1 and xn = 0 and tubes T1 and T2 become empty tubes.

Each execution of Step (1a) is used to amplify tube T0 and to generate two new
tubes, T1 and T2, which are copies of T0. Tube T0 then becomes empty. Then, each
execution of Step (1b) appends the value ‘‘1’’ for xk onto the end of xn … xk + 1 in
every data stored in tube T1. Similarly, each execution of Step (1c) also appends
the value ‘‘0’’ for xk onto the end of xn … xk + 1 in every data stored in tube T2.
Next, each execution of Step (1d) pours tubes T1 and T2 into tube T0. This indicates
that data stored in tube T0 include xk = 1 and xk = 0. After repeating Steps (1a)
through (1d), tube T0 consists of 2

n combinational states of n bits. j

3.5 Introduction to the Rest of Bio-molecular Operations

The rest of bio-molecular operations are, subsequently, the extract operation, the
detect operation, the discard operation, the append-head operation and the read
operation. Definitions 3-4 through 3-8 are employed to describe how the rest of
bio-molecular operations deal with data stored in any a tube.

Definition 3-4: Given a tube T and a binary digit xk, the extract operation will
produce two tubes +(T, xk) and -(T, xk), where +(T, xk) is all of the data in T which
contain xk and -(T, xk) is all of the data in T which do not contain xk.

Definition 3-5: Given a tube T, the detect operation is used to check whether any
a data is included in T or not. If at least one data is included in T we have ‘‘yes’’,
and if no data is included in T we have ‘‘no’’. The formal representation for the
operation is written as ‘‘Detect(T)’’.

Definition 3-6: Given a tube T, the discard operation will discard T. The formal
representation for the operation is written as ‘‘Discard(T)’’or ‘‘T = [’’.

Definition 3-7: Given a tube T and a binary digit xj, the operation, ‘‘Append-
head’’, will append xj onto the head of every data stored in the tube T. The formal
representation for the operation is written as ‘‘Append-head(T, xj)’’.

Table 3.3 The result for
tube T0 is generated by
Algorithm 3.3

Tube The result is generated by Algorithm 3.3

T0 {x3
1 x2

1 x1
1, x3

1 x2
1 x1

0, x3
1 x2

0 x1
1, x3

1 x2
0 x1

0,
x3
0 x2

1 x1
1, x3

0 x2
1 x1

0, x3
0 x2

0 x1
1, x3

0 x2
0 x1

0}
T1 [

T2 [
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Definition 3-8: Given a tube T, the read operation is used to describe any a data,
which is contained in T. Even if T contains many different data, the operation can
give an explicit description of exactly one of them. The formal representation for
the operation is written as ‘‘read(T)’’.

A one-bit parity counter is to count whether the number of 1’s for two input bits
is odd or even or not. It includes two inputs and one output. The first input bit is
used to represent the current bit to be checked whether the number of 1’s is odd or
even or not. The second input is used to represent the parity from the previous
lower significant position. The first output gives the current value of the parity. The
truth table of a one-bit parity counter is shown in Table 3.4.

One one-bit binary number yg is used to represent the first input of a one-bit
parity counter for 1 B g B n, and two one-bit binary numbers, zg and zg - 1, are
applied to represent the first output and the second input of a one-bit parity
counter, respectively. For convenience, zg

1, z g
0, zg - 1

1 , zg - 1
0 , yg

1 and yg
0, subse-

quently, contain the value ‘‘1’’ of zg, the value ‘‘0’’ of zg, the value ‘‘1’’ of zg - 1,
the value ‘‘0’’ of zg - 1, the value ‘‘1’’ of yg, and the value ‘‘0’’ of yg. The following
bio-molecular program can be used to construct a parity counter.

Algorithm 3.4: OneBitParityCounter(T0, g) 

(1) T1 = +(T0, yg
1) and T2 = (T0, yg

1).

(2) T3 = +(T1, zg  1
1) and T4 = (T1, zg  1

1).

(3) T5 = +(T2, zg  1
1) and T6 = (T2, zg  1

1).

(4) If (Detect(T3) = “yes”) then

(4a) Append-head(T3, zg
0).

EndIf 

(5) If (Detect(T4) = “yes”) then

(5a) Append-head(T4, zg
1).

EndIf 

(6) If (Detect(T5) = “yes”) then

(6a) Append-head(T5, zg
1).

EndIf 

(7) If (Detect(T6) = “yes”) then

(7a) Append-head(T6, zg
0).

EndIf 

(8) T0 = (T3, T4, T5, T6).

EndAlgorithm 

Table 3.4 The truth table of
a one-bit parity counter is
shown

The first input The second input The first output

0 0 0
0 1 1
1 0 1
1 1 0
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Lemma 3-4: Algorithm 3.4 can be used to perform the function of a one-bit
parity counter.

Proof Algorithm 3.4 is implemented by means of the extract, append-head,
detect and merge operations. Each execution for Steps (1) through (3) employs the
extract operations to form some different tubes. This implies that tube T3 includes
all of data that have yg = 1 and zg - 1 = 1, tube T4 contains all of data that have
yg = 1 and zg - 1 = 0, tube T5 consists of all of data that have yg = 0 and zg -

1 = 1, tube T6 includes all of data that have yg = 0 and zg - 1 = 0, tube T0 = [,
tube T1 = [, and tube T2 = [.

Next, Steps (4), (5), (6) and (7) are, respectively, used to check whether con-
tains any a data for tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is returned for
those steps, then the corresponding append-head operations will be run. On each
execution of Steps (4a), (5a), (6a) and (7a), the append-head operations are
employed to respectively pour four different outputs of a one-bit parity counter in
Table 3.4 into tubes T3 through T6. Finally, each execution of Step (8) applies the
merge operation to pour tubes T3 through T6 into tube T0. Tube T0 contains all of
the data finishing the function of a one-bit parity counter. j

3.6 The Construction of a Parity Counter of N Bits

The one-bit parity counter introduced in Sect. 3.5 is to count whether the number
of 1’s for two input bits is odd or even or not. A parity counter of n bits can be used
to count whether the number of 1’s for 2n combinational states is odd or even by
means of n times of this one-bit parity counter. The following algorithm is pro-
posed to finish the function of a parity counter of n bits. A tube T0 is an empty tube
and is regarded as the input tube of Algorithm 3.5. For the second parameter n in
Algorithm 3.5, it is applied to represent the number of bits.

Algorithm 3.5: ParityCounter(T0, n)

(0a) Append-head(T1, y1
1).

(0b) Append-head(T2, y1
0).

(0c) T0 = (T1, T2).

(1) For g = 2 to n

(1a) Amplify(T0, T1, T2).

(1b) Append-head(T1, yg
1).

(1c) Append-head(T2, yg
0).

(1d) T0 = (T1, T2).

EndFor

(2) Append-head(T0, z0
0).

(3) For g = 1 to n

(3a) OneBitParityCounter(T0, g)

EndFor

EndAlgorithm
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Lemma 3-5: Algorithm 3.5 can be applied to finish the function of a parity
counter of n bits.

Proof Algorithm 3.5 is implemented by means of the extract, append-head,
detect, amplify, and merge operations. Each execution of Step (0a) and each
execution of Step (0b), respectively, append the value ‘‘1’’ for y1 as the first bit of
every data stored in tube T1 and the value ‘‘0’’ for y1 as the first bit of every data
stored in tube T2. Next, each execution of Step (0c) is to pour tubes T1 and T2 into
tube T0. This implies that tube T0 contains all of the data that have y1 = 1 and
y1 = 0 and tubes T1 and T2 become empty tubes.

Step (1) is the first loop and is mainly applied to generate 2n combinational
states. Each execution of Step (1a) is used to amplify tube T0 and to generate two
new tubes, T1 and T2, which are copies of T0. Tube T0 then becomes empty. Then,
each execution of Step (1b) appends the value ‘‘1’’ for yg onto the head of yg - 1 …
y1 in every data stored in tube T1. Similarly, each execution of Step (1c) also
appends the value ‘‘0’’ for yg onto the head of yg - 1 … y1 in every data stored in
tube T2. Next, each execution of Step (1d) pours tubes T1 and T2 into tube T0. This
indicates that data stored in tube T0 include yg = 1 and yg = 0. After repeating
Steps (1a) through (1d), tube T0 consists of 2

n combinational states of n bits.
Because a one-bit parity counter deals with the parity of y1, the second input

must be zero. Therefore, each execution of Step (2) uses the append-head oper-
ation to append the value ‘‘0’’ of z0 into the head of each bit pattern in 2n com-
binational states. Step (3) is the second loop and is mainly used to finish the
function of a parity counter of n bits. On each execution of Step (3a), it calls
Algorithm 3.4 to perform the function of a one-bit parity counter. Repeat to
execute Step (3a) until the nth bit, yn, in each bit pattern is processed. This is to say
that tube T0 contains 2n combinational states in which each combinational state
performs the function of a parity counter of n bits. j

3.7 The Power for a Parity Counter of N Bits

Consider that four states for a bit pattern, y2 y1, are, respectively, 00, 01, 10 and 11.
Tube T0 is an empty tube and is regarded as an input tube of Algorithm 3.5. After
the first execution of Step (0a) and the first execution of Step (0b) are performed,
tube T1 = {y1

1} and tube T2 = {y1
0}. Next, the first execution of Step (0c) is fin-

ished, tube T0 = {y1
1, y1

0}, tube T1 = [ and tube T2 = [.
Because the value for n is two, Steps (1a) through (1d) will be run one time.

After the first execution of Step (1a) is implemented, tube T0 = [, tube T1 = {y1
1,

y1
0} and tube T2 = {y1

1, y1
0}. Next, after the first execution for Step (1b) and Step

(1c) is performed, tube T1 = {y2
1 y1

1, y2
1 y1

0} and tube T2 = {y2
0 y1

1, y2
0 y1

0}. After the
first execution of Step (1d) is implemented, tube T0 = {y2

1 y1
1, y2

1 y1
0, y2

0 y1
1, y2

0 y1
0},

tube T1 = [ and tube T2 = [. Then, after each execution of Step (2) is per-
formed, tube T0 = {z0

0 y2
1 y1

1, z0
0 y2

1 y1
0, z0

0 y2
0 y1

1, z0
0 y2

0 y1
0}. Because the value of the
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upper bound in Step (3) is two, Algorithm 3.4, OneBitParityCounter(T0, g), in
Step (3a) will be invoked two times.

When the first time for Algorithm 3.4 in Sect. 3.5 is invoked by Algorithm 3.5
in Sect. 3.6, tube T0 = {z0

0 y2
1 y1

1, z0
0 y2

1 y1
0, z0

0 y2
0 y1

1, z0
0 y2

0 y1
0} and it is regarded as an

input tube to Algorithm 3.4. The value for g is one and it is regarded as the second
parameter in Algorithm 3.4. After the first execution of Step (1) in Algorithm 3.4
is implemented, tube T1 = {z0

0 y2
1 y1

1, z0
0 y2

0 y1
1}, tube T2 = {z0

0 y2
1 y1

0, z0
0 y2

0 y1
0}, and

tube T0 = [. Next, after the first execution for Steps (2) and (3) is performed, tube
T3 = [, tube T5 = [, tube T4 = {z0

0 y2
1 y1

1, z0
0 y2

0 y1
1}, and tube T6 = {z0

0 y2
1 y1

0, z0
0 y2

0

y1
0}. After a ‘‘no’’ from the first execution of Step (4) is returned, so the first
execution of Step (4a) is not run. Then, after a ‘‘yes’’ from the first execution of
Step (5) is returned, so the first execution of Step (5a) is implemented and tube
T4 = {z1

1 z0
0 y2

1 y1
1, z1

1 z0
0 y2

0 y1
1}. After a ‘‘no’’ from the first execution of Step (6) is

returned, so the first execution of Step (6a) is not run. Then, after a ‘‘yes’’ from the
first execution of Step (7) is returned, so the first execution of Step (7a) is
implemented and tube T6 = {z1

0 z0
0 y2

1 y1
0, z1

0 z0
0 y2

0 y1
0}. Finally, after the first

execution of Step (8) is finished, the result is shown in Table 3.5 and the first
execution of Algorithm 3.4 is terminated. Then, when the second execution for
Step (3a) in Algorithm 3.5 is implemented, the final result is shown in Table 3.6
and Algorithm 3.5 is terminated.

3.8 Introduction for the Parity Generator of Error-
Detection Codes on Digital Communication

On digital computer systems, binary information may be transmitted through some
form of communication medium such as radio waves or wires. A physical com-
munication medium changes bit values either from 1 to 0 or from 0 to 1 if it is
disturbed from any external noise. An error-detection code can be applied to detect
errors during transmission. The detected error cannot be corrected, but its present
is pointed out.

For digital computer systems, during transfer of information from one location
to another location, in sending end a ‘‘parity-generation’’ is used to generate the
corresponding parity bit for it and in receiving end a ‘‘parity-checker’’ is applied to

Table 3.5 Algorithm 3.4
generates the result

Tube Algorithm 3.4 generates the result

T0 {z1
1 z0

0 y2
1 y1

1, z1
1 z0

0 y2
0 y1

1, z1
0 z0

0 y2
1 y1

0, z1
0 z0

0 y2
0 y1

0}

Table 3.6 Algorithm 3.5
generates the result

Tube Algorithm 3.5 generates the result

T0 {z2
0 z1

1 z0
0 y2

1 y1
1, z2

1 z1
1 z0

0 y2
0 y1

1, z2
1 z1

0 z0
0 y2

1 y1
0, z2

0 z1
0 z0

0 y2
0 y1

0}
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check the proper parity adopted. An error is detected if the checked parity does not
correspond to the adopted one. The parity method can be employed to detect the
presence of one, three, or any odd combination of errors. However, even combi-
nation of errors is undetectable.

From Algorithm 3.5, it is clearly determined whether the number of 1’s for 2n

combinational states is even or odd. We use the amplify operation, ‘‘Amplify(T0,
T0
S, T0

R)’’, to generate two new tubes T0
S and T0

R so that T0
S and T0

R are totally a copy of
T0, where tube T0 is generated from Algorithm 3.5. Tubes T0

S and T0
R are, respec-

tively, put in the sending end and in receiving end. Algorithm 3.6 can be applied to
replace logic circuits of a ‘‘parity-generator’’ in sending end. Tube T0

S is regarded as
an input tube of Algorithm 3.6. The second parameter, n, in Algorithm 3.6 is the
number of bits for transmitted messages. In Algorithm 3.6, the third parameter,
tube TInput

S, is applied to store any message transmitted. Similarly, in Algorithm
3.6, the fourth parameter, tube TOutput

S, is used to store those transmitted messages,
in which each transmitted message contains the corresponding parity bit.

Algorithm 3.6: ParityGeneration(T0
S, n, TInput

S, TOutput
S) 

(1) For g = 1 to n

(1a) T1
ON = +(T0

S, yg
1) and T1

OFF = (T0
S, yg

1).

(1b) T2
ON = +(TInput

S, yg
1) and T2

OFF = (TInput
S, yg

1).

(1c) If (Detect(T2
ON) = “yes”) then

(1d) T0
S = (T0

S, T1
ON) and T3 = (T3, T1

OFF).

Else

(1e) T0
S = (T0

S, T1
OFF) and T3 = (T3, T1

ON).

EndIf

(1f) TInput
S = (T2

ON, T2
OFF).

EndFor 

(2) T4
ON = +(T0

S, zn
1) and T4

OFF = (T0
S, zn

1).

(3) TOutput
S = (TOutput

S, TInput
S).

(4) If (Detect(T4
ON) = “yes”) then

(4a) Append-head(Toutput
S, zn

1).

Else

(4b) Append-head(Toutput
S, zn

0).

EndIf

(5) T0
S = (T3, T4

ON, T4
OFF).

EndAlgorithm 

Consider that a bit pattern, 10(y2
1 y1

0), is transmitted from one location to another
location. Tubes T0

S with the result shown in Table 3.6, TInput
S = {y2

1 y1
0} and

TOutput
S = [, and they are regarded as input tubes of Algorithm 3.6. Because the

value for n is two, Steps (1a) through (1f) will be run two times. After the first
execution of Steps (1a) and (1b) is implemented, tube T0

S = [, tube T1
ON = {z2

0 z1
1

z0
0 y2

1 y1
1, z2

1 z1
1 z0

0 y2
0 y1

1}, tube T1
OFF = {z2

1 z1
0 z0

0 y2
1 y1

0, z2
0 z1

0 z0
0 y2

0 y1
0}, tube TInput

S = [,
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tube T2
ON = [ and T2

OFF = {y2
1 y1

0}. Next, because a ‘‘no’’ from the first execution
of Step (1c) is returned, after the first execution of Step (1e) is performed, tube
T0
S = {z2

1 z1
0 z0

0 y2
1 y1

0, z2
0 z1

0 z0
0 y2

0 y1
0}, tube T1

OFF = [, tube T3 = {z2
0 z1

1 z0
0 y2

1 y1
1, z2

1 z1
1

z0
0 y2

0 y1
1} and tube T1

ON = [. After the rest of operations in Step (1) are run, tube
TInput

S = {y2
1 y1

0}, tube T0
S = {z2

1 z1
0 z0

0 y2
1 y1

0}, tube T3 = {z2
0 z1

1 z0
0 y2

1 y1
1, z2

1 z1
1 z0

0 y2
0 y1

1,
z2
0 z1

0 z0
0 y2

0 y1
0}, tube T1

ON = [, tube T1
OFF = [, tube T2

ON = [ and tube T2
OFF = [.

Then, the first execution of Steps (2) and (3) is performed, tube T4
ON = {z2

1 z1
0 z0

0

y2
1 y1

0}, tube T4
OFF = [, tube T0

S = [, tube TOutput
S = {y2

1 y1
0} and tube

TInput
S = [. Because a ‘‘yes’’ from the first execution of Step (4) is returned, after

the first execution of Step (4a) is implemented, tube TOutput
S = {z2

1 y2
1 y1

0}. Next,
the first execution of Step (5) is performed, tube T0

S = {z2
0 z1

1 z0
0 y2

1 y1
1, z2

1 z1
1 z0

0 y2
0 y1

1,
z2
1 z1

0 z0
0 y2

1 y1
0, z2

0 z1
0 z0

0 y2
0 y1

0}, tube T3 = [, tube T4
ON = [ and tube T4

OFF = [.
Therefore, the result is shown in Table 3.7. Lemma 3-6 is applied to prove cor-
rection of Algorithm 3.6.

Lemma 3-6: Algorithm 3.6 can be applied to finish the function of a parity
generatorof n bits.

Proof Refer to Lemma 3-5.

3.9 Introduction for the Parity Checker of Error-Detection
Codes on Digital Communication

Algorithm 3.7 can be applied to replace logic circuits of a ‘‘parity-checker’’ in
receiving end. One one-bit binary number, c1, is used to represent a parity-error
bit. The value ‘‘0’’ for c1 is applied to represent occurrence of no error during
transmitted period to any received message. On the other hand, the value ‘‘1’’ of c1
is used to represent occurrence of errors during transmitted period to any received
message. Tube T0

R is regarded as an input tube of Algorithm 3.7. The second
parameter, n, in Algorithm 3.7 is the number of bits for received messages. In
Algorithm 3.7, the third parameter, tube TInput

R, is applied to store any message
received. Similarly, in Algorithm 3.7, the fourth parameter, tube TOutput

R, is
employed to store those received messages, in which each message includes the
corresponding parity-error bit that indicates occurrence of no error for it. The fifth
parameter, tube TBad

R, is used to store those received messages with the corre-
sponding parity-error bit that indicates occurrence of errors for them.

Table 3.7 Algorithm 3.6 generates the result

Tube Algorithm 3.6 generates the result

T0
S {z2

0 z1
1 z0

0 y2
1 y1

1, z2
1 z1

1 z0
0 y2

0 y1
1, z2

1 z1
0 z0

0 y2
1 y1

0, z2
0 z1

0 z0
0 y2

0 y1
0}

TOutput
S {z2

1 y2
1 y1

0}
TInput

S [
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Algorithm 3.7: ParityChecker(V0
T, p, VKprwv

T, VQwvrwv
T, VDcf

T) 

(1) For i = 1 to p

(1a) V1
QP = +(V0

T, {i
1) and V1

QHH = (V0
T, {i

1).

(1b) V2
QP = +(VKprwv

T, {i
1) and V2

QHH = (VKprwv
T, {i

1).

(1c) If (Detect(V2
QP) = “yes”) then

(1d) V0
T = (V0

T, V1
QP) and V3 = (V3, V1

QHH).

Else

(1e) V0
T = (V0

T, V1
QHH) and V3 = (V3, V1

QP).

EndIf

(1f) VKprwv
T = (V2

QP, V2
QHH).

EndFor 

(2) V4
QP = +(V0

T, |p
1) and V4

OFF = (V0
T, |p

1).

(3) V2
QP = +(VKprwv

T, |p
1) and V2

QHH = (VKprwv
T, |p

1).

(4) If (Detect(V2
QP) = “yes”) then

(4a) If (Detect(V4
QP) = “yes”) then

(4b) VQwvrwv
T = (VQwvrwv

T, V2
QP).

(4c) Append-head(VQwvrwv
T, e1

0).

Else

(4d) VDcf
T = (VDcf

T, V2
QP).

(4e) Append-head(VDcf
T, e1

1).

EndIf

Else

(4f) If (Detect(V4
QP) = “yes”) then

(4g) VDcf
T = (VDcf

T, V2
QHH).

(4h) Append-head(VDcf
T, e1

1).

Else

(4i) VQwvrwv
T = (VQwvrwv

T, V2
QHH).

(4j) Append-head(VQwvrwv
T, e1

0).

EndIf

EndIf

(5) If (Detect(VDcf
T) = “yes”) then

(5a) Read(VDcf
T).

EndIf 

EndAlgorithm 

Consider that in receiving end a bit pattern, 11(y2
1 y1

1), and the corresponding
parity bit, z2

1, are received. Tubes T0
R with the result shown in Table 3.6, TIn-

put
R = {z2

1 y2
1 y1

1}, TOutput
R = [, and TBad

R = [, and they are regarded as input
tubes of Algorithm 3.7. Step (1) is the only loop and is mainly applied to find the
corresponding parity bit for the received message. At the end of Step (1), tube
TInput

R = {z2
1 y2

1 y1
1}, tube T0

R = {z2
0 z1

1 z0
0 y2

1 y1
1}, tube T3 = {z2

1 z1
1 z0

0 y2
0 y1

1, z2
1 z1

0 z0
0 y2

1

y1
0, z2

0 z1
0 z0

0 y2
0 y1

0}, tube T1
ON = [, tube T1

OFF = [, tube T2
ON = [ and tube

T2
OFF = [. Then, after each execution for Steps (2) through (4j) is implemented,
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the result is shown in Table 3.8. After the execution for Steps (5) and (5a) is
performed, it is indicated that there is occurrence of errors for the received mes-
sage during transmitted period. Lemma 3-7 is used to demonstrate correction of
Algorithm 3.7.

Lemma 3-7: Algorithm 3.7 can be applied to perform the function of a parity
checker of n bits.

Proof Refer to Lemma 3-5.j

3.10 Summary

In this chapter an introduction to how eight bio-molecular operations were applied
to complete representation of bit patterns for data stored in tubes and to deal with
various problems was provided. We described a set P with {xn … x1| each xk was a
binary value for 1 B k B n, where n C 0} and a tube that was a storage device in
which data represented by bit patterns were stored. We then introduced that a set
P could be regarded as a tube T and an element in the set P could also be regarded
as one data stored in the tube T. We used Definition 3-1 to show the function of the
append operation, and we also applied Algorithm 3.1 and its proof to explain how
the append operation constructed one bit pattern, xn … x1, that was stored in a tube
T. We then applied Definition 3-2 to reveal the function of the amplify operation,
and we also used Algorithm 3.2 and its proof to demonstrate how the amplify
operation generated the same two bit patterns, xn … x1.

The function of the merge operation was introduced from Definition 3-3, and
Algorithm 3.3 and its proof were applied to show how the merge operation and
other two operations constructed 2n combinational states of n bits. Next, the
function of the extract operation, the detect operation, the discard operation, the
append-head operation and the read operation was described from Definitions 3-4
through 3-8. A one-bit parity counter is to count whether the number of 1’s for two
input bits is odd or even or not. Algorithm 3.4 and its proof were used to explain
how the function of a one-bit parity counter was implemented by means of eight
bio-molecular operations above.

A parity counter of n bits is to count whether the number of 1’s for 2n com-
binational states is odd or even by means of n times of this one-bit parity counter.

Table 3.8 Algorithm 3.7 generates the result

Tube Algorithm 3.7 generates the result

T0
R {z2

0 z1
1 z0

0 y2
1 y1

1, z2
1 z1

1 z0
0 y2

0 y1
1, z2

1 z1
0 z0

0 y2
1 y1

0, z2
0 z1

0 z0
0 y2

0 y1
0}

TOutput
R [

TBad
R {c1

1 z2
1 y2

1 y1
1}

TInput
R [
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Algorithm 3.5 and its proof were applied to reveal how the function of a parity
counter of n bits was implemented by means of eight bio-molecular operations.
For digital computer systems, during transfer of information from one location to
another location, in sending end a ‘‘parity-generation’’ is used to generate the
corresponding parity bit for it and in receiving end a ‘‘parity-checker’’ is applied to
check the proper parity adopted. Algorithm 3.6 and its proof were applied to show
how logic circuits of a ‘‘parity-generator’’ in sending end were implemented by
means of eight bio-molecular operations, and Algorithm 3.7 and its proof were
employed to demonstrate how logic circuits of a ‘‘parity-checker’’ in receiving end
were implemented by means of eight bio-molecular operations.

3.11 Bibliographical Notes

In this chapter, for a more detailed introduction to three constructs and flowcharts of
sequence, decision and repetition, the recommended book are Bjorner (2006);
Forouzan and Mosharraf (2008); James and Witold (2000); Reed (2008). The first
chapter and the second chapter of the book by Paun et al. (Paun et al. 1998) is a
concise introduction to physical implementation of bio-molecular operations. The
book by Amos (Amos 2005) is a more detailed description to physical imple-
mentation of bio-molecular operations. The book by Drlica (Drlica 1992) is a good
introduction for molecular biology and genetic engineering for a general reader
without biochemistry and biology. The book by Mano (Mano 1979) is a beautiful
introduction to digital logic circuits. The two articles in Nakano et al. (2012);
Nakano et al. (2013) are very good introduction to engineered biological nanom-
achines to communicate with biological systems at the molecular level. The article
in Felicetti et al. (2014) is a good illustration for a communication protocol between
biological nanomachines built upon molecular communications. The article in
Nakano et al. (2014) is a good introduction for applying the layered architectural
approach, traditionally used in computer networks, to the design and development
of molecular communication systems of biological nanomachines.

3.12 Exercises

3.1 The truth table of a logical operation NOT with one input and one output is
shown in Table 3.9. Based on Table 3.9, write a bio-molecular program to
implement the function of the logical operation NOT.

Table 3.9 The truth table of
a logical operation NOT is
shown

The first input The first output

0 1
1 0
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3.2 The truth table of a logical operation AND with two inputs and one output is
shown in Table 3.10. Based on Table 3.10, write a bio-molecular program to
implement the function of the logical operation AND.

3.3 The truth table of a logical operation OR with two inputs and one output is
shown in Table 3.11. Based on Table 3.11, write a bio-molecular program to
implement the function of the logical operation OR.

3.4 The truth table of a logical operation BUFFER with one input and one
output is shown in Table 3.12. Based on Table 3.12, write a bio-molecular
program to implement the function of the logical operation BUFFER.

3.5 The truth table of a logical operation NAND with two inputs and one output
is shown in Table 3.13. Based on Table 3.13, write a bio-molecular program
to implement the function of the logical operation NAND.

Table 3.10 The truth table
of a logical operation AND is
shown

The first input The second input The first output

0 0 0
0 1 0
1 0 0
1 1 1

Table 3.11 The truth table
of a logical operation OR is
shown

The first input The second input The first output

0 0 0
0 1 1
1 0 1
1 1 1

Table 3.12 The truth table
of a logical operation
BUFFER is shown

The first input The first output

0 0
1 1

Table 3.13 The truth table
of a logical operation NAND
is shown

The first input The second input The first output

0 0 1
0 1 1
1 0 1
1 1 0
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3.6 The truth table of a logical operation NOR with two inputs and one output is
shown in Table 3.14. Based on Table 3.14, write a bio-molecular program to
implement the function of the logical operation NOR.

3.7 The truth table of a logical operation Exclusive-OR with two inputs and one
output is shown in Table 3.15. Based on Table 3.15, write a bio-molecular
program to implement the function of the logical operation Exclusive-OR.

3.8 The truth table of a logical operation Exclusive-NOR with two inputs and
one output is shown in Table 3.16. Based on Table 3.16, write a bio-
molecular program to implement the function of the logical operation
Exclusive-NOR.

3.9 The truth table of a logical operation NULL with two inputs and one output
is shown in 3.17. Based on Table 3.17, write a bio-molecular program to
implement the function of the logical operation NULL.

Table 3.14 The truth table
of a logical operation NOR is
shown

The first input The second input The first output

0 0 1
0 1 0
1 0 0
1 1 0

Table 3.15 The truth table
of a logical operation
Exclusive-OR is shown

The first input The second input The first output

0 0 0
0 1 1
1 0 1
1 1 0

Table 3.16 The truth table
of a logical operation
Exclusive-NOR is shown

The first input The second input The first output

0 0 1
0 1 0
1 0 0
1 1 1
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3.10 The truth table of a logical operation IDENTITY with two inputs and one
output is shown in Table 3.18. Based on Table 3.18, write a bio-molecular
program to implement the function of the logical operation IDENTITY.
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Table 3.17 The truth table
of a logical operation NULL
is shown

The first input The second input The first output

0 0 0
0 1 0
1 0 0
1 1 0

Table 3.18 The truth table
of a logical operation
IDENTITY is shown

The first input The second input The first output

0 0 1
0 1 1
1 0 1
1 1 1
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Chapter 4
Introduction for Number Representation
on Bio-molecular Computer

In this chapter we first introduce two numbering systems: the decimal system the
binary system. Next we describe how to convert a number from the decimal
system to the binary system vice versa. Finally we introduce how numbers in the
form of bit patterns are stored inside a tube in bio-molecular computer.

4.1 Introduction to Decimal and Binary

Today, the decimal system and the binary system are the most popular two
numbering systems. The world currently uses the decimal system to numbers
developed by Arabian mathematicians in the eighth century. The first people for
using a decimal numbering system were the ancient Egyptians. The Babylonians
enhanced on the Egyptian system by making the positions in the decimal num-
bering system meaningful.

The base of the decimal system is 10. For the decimal system, the first position
is 10 raised to the power 0, the second position is 10 raised to the power 1 and the
nth position is 10 raised to the power n. The relationship between the powers and
the number 128 is shown in Fig. 4.1.

102 101 100

100

(a)

(b)

10 1

Decimal Positions

1 2 8

1 * 100 + 2 * 10 + 8 * 1

Decimal Representation

Fig. 4.1 Decimal system

W.-L. Chang and A. V. Vasilakos, Molecular Computing, Studies in Big Data 4,
DOI: 10.1007/978-3-319-05122-2_4, � Springer International Publishing Switzerland 2014
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Whereas the decimal system is based on 10, the binary system is based on 2.
There are only two digits in the binary system, 0 and 1. The positional weights for
a binary system and the value 128 in binary are shown in Fig. 4.2. In the position
table, each position is double the previous position. Again, this is because the base
of the system is 2.

4.2 Conversion for Between Decimal and Binary

We begin by converting a number from the binary system to the decimal system.
Start with the binary number and multiply each binary digit by its weight. Because
each binary bit can be only 0 or 1, the result will be either 0 or the value of the
weight. After multiplying all the digits, add the results. Binary to decimal con-
version is shown in Fig. 4.3.

We use repetitive division for converting from decimal to binary. The original
number, 33, in the example is divided by 2. The remainder, 1, becomes the first
binary digit, and the second digit is determined by dividing the quotient, 16, by 2.
Again, the remainder 0 becomes the binary digit, and 2 to determine the next
position divides the quotient. This process continues until the quotient is 0.
Decimal to binary conversion is shown in Fig. 4.4.

27 26 25 24 23 22 21 20

128 64

(b)

(a)

32 16 8 4 2 1

10000000

1 * 128              

Binary Positions

Binary Representation

Fig. 4.2 Binary system

0 1 0 0 0 0 1 binary number

64 32 16 8 4 2 1 position values

0 + 32 + 0 + 0 + 0 + 0 + 1 results

33                   decimal number

(a) Binary Representation

Fig. 4.3 Binary to decimal
conversion
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4.3 Integer Representation on Bio-molecular Computer

Integers are whole numbers (i.e., numbers without a fraction). For example, 33 is
an integer, but 33.33 is not. As another example, -33 is an integer, but -33.33 is
not. An integer can be positive or negative. A negative integer ranges from neg-
ative infinity to 0; a positive integer ranges from 0 to positive infinity (Fig. 4.5).
All the integers in this range are represented with an infinity number of bits. This
implies no bio-molecular computer with infinite storage capability.

On a traditional computer, in order to use memory more efficiently, two broad
categories of integer representation have been developed: unsigned integers and
signed integers. Signed integers may also be represented in three different ways
(Fig. 4.6). Because those ways for representing integers are broadly used, on bio-
molecular computer the same ways are applied to represent integers. Note that
today two’s complement is the most commonly used representation of integers.
However, the other representations are simpler and serve as a good foundation for
two’s complement, so they are first discussed in next subsections.

0 1 2 4 8 16 33

Quotient
Stop when the quotient is 0

1 0 0 0 0 1

Remainder in binary

Fig. 4.4 Decimal to binary conversion

0

−∞ +∞
Fig. 4.5 Range of integers
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4.3.1 Introduction for Unsigned Integer Format

An unsigned integer is an integer without a sign. Its range is between 0 and
positive infinity. However, on a traditional computer, no memory enough can be
applied to represent all the integers in this range. Therefore, a constant defined on a
traditional computer is called the maximum unsigned integer. An unsigned integer
ranges between 0 and this constant. The maximum unsigned integer depends on
the number of bits the traditional computer allocates to store an unsigned integer.
From the statements above, in bio-molecular computer, the following definition
defines the range of an unsigned integer.

Definition 4-1: Suppose that an n-bit binary number, xn … x1 is used to represent
an unsigned integer of n bits, where the value of each bit xk is either 1 or 0 for
1 B k B n. The bits xn and x1 is applied to represent, respectively, the most sig-
nificant bit and the least significant bit for an unsigned integer of n bits. An
unsigned integer of n bits ranges between 0 and 2n-1.

Algorithm 4.1 is employed to construct the range of the value for an unsigned
integer of n bits. Tube T0 is an empty tube, and it is regarded as one input tube of
Algorithm 4.1. The second parameter in Algorithm 4.1, n, is applied to represent
the number of bits for an unsigned integer.

Integer Representation

Unsigned Signed

Sign-and-Magnitude One's Complement Two's Complement

Fig. 4.6 Representation formats of integers
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Consider that eight values for an unsigned integer of three bits are, respectively,
000(010), 001(110), 010(210), 011(310), 100(410), 101(510), 110(610) and 111(710).
Tube T0 is an empty tube and is regarded as an input tube of Algorithm 4.1. The
second parameter, n, in Algorithm 4.1 is the number of bits for representing an
unsigned integer and its value is three. After the first execution for Step (0a) and
the first execution for Step (0b) are performed, tube T1 = {x1

1} and tube T2 = {x1
0}.

Then, after the first execution of Step (0c) is implemented, tube T0 = {x1
1, x1

0}, tube
T1 = [ and tube T2 = [.

Step (1) is the main loop and the lower bound and the upper bound are,
respectively, two and three, so Steps (1a) through (1d) will be run two times. After
the first execution of Step (1a) is finished, tube T0 = [, tube T1 = {x1

1, x1
0} and tube

T2 = {x1
1, x1

0}. Next, after the first execution for Step (1b) and Step (1c) is per-
formed, tube T1 = {x2

1 x1
1, x2

1 x1
0} and tube T2 = {x2

0 x1
1, x2

0 x1
0}. After the first

execution of Step (1d) is implemented, tube T0={x2
1 x1

1, x2
1 x1

0, x2
0 x1

1, x2
0 x1

0}, tube
T1 = [ and tube T2 = [.

Then, after the second execution of Step (1a) is finished, tube T0 =[, tube T1 = {x2
1

x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}. After the rest of

operations are performed, tube T1 =[, tube T2 =[ and the result for tube T0 is shown
in Table 4.1. Lemma 4-1 is applied to demonstrate correction of Algorithm 4.1.

Lemma 4-1: Algorithm 4.1 can be used to construct the range of the value for an
unsigned integer of n bits.

Proof An unsigned integer of n bits, xn … x1, ranges between 0 and 2n - 1. This
implies that the domain of the value is a combination of 2n binary states and is
actually equal to the Cartesian production of each bit, {xn … x1| xk [ {0, 1} for
1 B k B n}. Algorithm 4.1 is implemented by means of the extract, append-head,
amplify, and merge operations. Each execution of Step (0a) and each execution of
Step (0b), respectively, append the value ‘‘1’’ for x1 as the first bit of every data
stored in tube T1 and the value ‘‘0’’ for x1 as the first bit of every data stored in tube
T2. Next, each execution of Step (0c) is to pour tubes T1 and T2 into tube T0. This
implies that tube T0 contains all of the data that have x1 = 1 and x1 = 0 and tubes T1
and T2 become empty tubes.

Step (1) is the only loop and is mainly used to perform the Cartesian production
of each bit. On the first execution of Step (1a), it is used to amplify tube T0 and to
generate two new tubes, T1 and T2, which are copies of T0. Tube T0 then becomes
empty. Then, the first execution of Step (1b) is applied to append the value ‘‘1’’ for
x2 onto tube T1. This is to say that those unsigned integers containing the value
‘‘1’’ to the second bit appear in tube T1. On the first execution of Step (1c), it is

Table 4.1 The result for
tube T0 is generated by
Algorithm 4.1

Tube The result is generated by Algorithm 4.1

T0 {x3
1 x2

1 x1
1, x3

1 x2
1 x1

0, x3
1 x2

0 x1
1, x3

1 x2
0 x1

0,
x3
0 x2

1 x1
1, x3

0 x2
1 x1

0, x3
0 x2

0 x1
1, x3

0 x2
0 x1

0}
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also employed to append the value ‘‘0’’ for x2 onto tube T2. That implies that these
unsigned integers containing the value ‘‘0’’ to the second bit appear in tube T2.
Next, the first execution of Step (1d) is used to pour tubes T1 and T2 into tube T0.
This implies that the Cartesian production to the second bit is generated and stored
in tube T0. Repeat to execute Steps (1a) through (1d) until the nth bit is processed.
The Cartesian production of n bits is generated and stored in tube T0. Therefore, it
is inferred that Algorithm 4.1 can be used to construct the range of the value for
an unsigned integer of n bits. j

4.3.2 Introduction for Sign-and-Magnitude Integer Format

In the sign-and magnitude format, storing an integer requires a bit to represent the
sign. Generally speaking, 0 is applied to represent the positive and 1 is employed
to represent the negative. This implies that in n-bit allocation, only (n-1) bits can
be applied to represent the absolute value of the number (number without the sign).
Hence, the maximum positive value is one half the unsigned value. From the
statements above, in bio-molecular computer, the following definition defines the
range of a sign-and-magnitude integer.

Definition 4-2: Suppose that an n-bit binary number, xn … x1 is used to represent
a sign-and-magnitude integer of n bits, where the value of each bit xk is either 1 or
0 for 1 B k B n. The bit xn is used to represent the sign, and the bits xn - 1 and x1
is applied to represent, respectively, the most significant bit and the least signifi-
cant bit for a sign-and-magnitude integer of n bits. A sign-and-magnitude integer
of n bits ranges between -(2n-1 - 1) and +(2n-1 - 1).

From Definition 4-2, it is very clear that there are two 0s in sign-and-magnitude
representation: positive and negative. For example, in an 8-bit allocation:
‘‘00000000’’ is applied to represent ‘‘+0’’ and ‘‘10000000’’ is used to represent ‘‘-
0’’. Algorithm 4.2 is applied to construct the range of the value for a sign-and-
magnitude integer of n bits. Tube T0 is an empty tube, and it is regarded as one
input tube of Algorithm 4.2. The second parameter in Algorithm 4.2, n, is applied
to represent the number of bits for a sign-and-magnitude integer.
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Consider that eight values for a sign-and-magnitude integer of three bits are,
respectively, 000(+010), 001(+110), 010(+210), 011(+310), 100(-010), 101(-110),
110(-210) and 111(-310). Tube T0 is an empty tube and is regarded as an input
tube of Algorithm 4.2. The second parameter, n, in Algorithm 4.2 is the number
of bits for representing a sign-and-magnitude integer and its value is three. After
the first execution of Step (0a) and the first execution of Step (0b) are performed,
tube T1 = {x1

1} and tube T2 = {x1
0}. Then, after the first execution of Step (0c) is

implemented, tube T0 = {x1
1, x1

0}, tube T1 = [ and tube T2 = [.
Step (1) is the main loop and the lower bound and the upper bound are, sub-

sequently, are two and three, so Steps (1a) through (1d) will be run two times.
After the first execution of Step (1a) is finished, tube T0 =[, tube T1 = {x1

1, x1
0} and

tube T2 = {x1
1, x1

0}. Next, after the first execution for Step (1b) and Step (1c) is
performed, tube T1 = {x2

1 x1
1, x2

1 x1
0} and tube T2 = {x2

0 x1
1, x2

0 x1
0}. After the first

execution of Step (1d) is implemented, tube T0 = {x2
1 x1

1, x2
1 x1

0, x2
0 x1

1, x2
0 x1

0}, tube
T1 = [ and tube T2 = [.

Then, after the second execution of Step (1a) is finished, tube T0 = [, tube T1 =
{x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}. After the rest

of operations are performed, tube T1 = [, tube T2= [ and the result for tube T0 is
shown in Table 4.2. Lemma 4-2 is applied to prove correction of Algorithm 4.2.

Lemma 4-2: Algorithm 4.2 can be used to construct the range of the value for a
sign-and-magnitude integer of n bits.

Proof Refer to Lemma 4-1.

4.3.3 Introduction for One’s Complement Integer Format

In the one’s complement format, a different convention is adopted. Representing a
positive number uses the convention adopted for an unsigned integer. To represent
a negative number complements the positive number. In other words, +15 is
represented just like an unsigned integer, and -15 is represented as the comple-
ment of +15. In one’s complement, the complement of a number is obtained by
means of changing all 1s to 0s and all 0s to 1s. From the statements above, in bio-
molecular computer, the following definition defines the range of a one’s com-
plement integer.

Table 4.2 The result for tube T0 is generated by Algorithm 4.2

Tube The result is generated by Algorithm 4.2

T0 {x3
1 x2

1 x1
1, x3

1 x2
1 x1

0, x3
1 x2

0 x1
1, x3

1 x2
0 x1

0,
x3
0 x2

1 x1
1, x3

0 x2
1 x1

0, x3
0 x2

0 x1
1, x3

0 x2
0 x1

0}
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Definition 4-3: Suppose that an n-bit binary number, xn … x1 is used to represent
a one’s complement integer of n bits, where the value of each bit xk is either 1 or 0
for 1 B k B n. A one’s complement integer of n bits ranges between -(2n-1-1)
and +(2n-1-1).

From Definition 4-3, it is indicated that there are two 0s in one’s complement
representation: positive and negative. For example, in an 8-bit allocation:
‘‘00000000’’ is applied to represent ‘‘+0’’ and ‘‘11111111’’ is used to represent ‘‘-
0’’. Algorithm 4.3 is applied to construct the range of the value for a one’s
complement integer of n bits. Tube T0 is an empty tube, and it is regarded as one
input tube of Algorithm 4.3. The second parameter in Algorithm 4.3, n, is applied
to represent the number of bits for a one’s complement integer.

Consider that eight values for a one’s complement integer of three bits are,
respectively, 000(+010), 001(+110), 010(+210), 011(+310), 100(-310), 101(-210),
110(-110) and 111(-010). Tube T0 is an empty tube and is regarded as an input
tube of Algorithm 4.3. The second parameter, n, in Algorithm 4.3 is the number
of bits for representing a one’s complement integer and its value is three. After the
first execution of Step (0a) and the first execution of Step (0b) are performed, tube
T1 = {x1

1} and tube T2 = {x1
0}. Then, after the first execution of Step (0c) is

implemented, tube T0 = {x1
1, x1

0}, tube T1 = [ and tube T2 = [.
Step (1) is the main loop and the lower bound and the upper bound are,

respectively, two and three, so Steps (1a) through (1d) will be run two times. After
the first execution of Step (1a) is finished, tube T0 = [, tube T1 = {x1

1, x1
0} and tube

T2 = {x1
1, x1

0}. Next, after the first execution for Step (1b) and Step (1c) is
performed, tube T1 ={x2

1 x1
1, x2

1 x1
0} and tube T2 = {x2

0 x1
1, x2

0 x1
0}. After the first

execution of Step (1d) is implemented, tube T0 = {x2
1 x1

1, x2
1 x1

0, x2
0 x1

1, x2
0 x1

0}, tube
T1 = [ and tube T2 = [.

Then, after the second execution of Step (1a) is finished, tube T0 = [, tube T1 =
{x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}. After the rest

of operations are performed, tube T1 = [, tube T2 = [ and the result for tube T0 is
shown in Table 4.3. Lemma 4-3 is applied to prove correction of Algorithm 4.3.
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Lemma 4-3: Algorithm 4.3 can be used to construct the range of the value for a
one’s complement integer of n bits.

Proof Refer to Lemma 4-1.

4.3.4 Introduction for Two’s Complement Integer Format

Because previously mentioned in Sect. 4.3.3, two 0s (+0 and -0) are represented
in one’s complement. This can yield some confusion in computations. For
example, if you add a number and its complement (+3 and -3) in one’s com-
plement, you obtain negative -0 instead of +0. Two’s complement representation
can be applied to solve all those problems.

In two’s complement representation, representing a positive number uses the
convention adopted for a sign-and-magnitude integer. To represent a negative
number is to take the two’s complement of the positive number, including its sign
bit. This is to say that the first step is to obtain the one’s complement of the
positive number by means of changing all 1s to 0s and all 0s to 1s and then the
second step is to add one to the one’s complement of the positive number. For
example, +3 is represented as 011 in three bits, and -3 is represented as 101 in
three bits in two’s complement. From the statements above, in bio-molecular
computer, the following definition is applied to define the range of a two’s com-
plement integer.

Definition 4-4: Suppose that an n-bit binary number, xn … x1 is used to represent
a two’s complement integer of n bits, where the value of each bit xk is either 1 or 0
for 1 B k B n. A two’s complement integer of n bits ranges between -(2n-1) and
+(2n-1-1).

From Definition 4-4, it is pointed out that there is only one 0 in two’s com-
plement representation. For example, in an 8-bit allocation: ‘‘00000000’’ is used to
represent ‘‘0’’. Algorithm 4.4 is employed to construct the range of the value for a
two’s complement integer of n bits. Tube T0 is an empty tube, and it is regarded as
one input tube of Algorithm 4.4. The second parameter in Algorithm 4.4, n, is
employed to represent the number of bits for a two’s complement integer.

Table 4.3 The result for
tube T0 is generated by
Algorithm 4.3

Tube The result is generated by Algorithm 4.3

T0 {x3
1 x2

1 x1
1, x3

1 x2
1 x1

0, x3
1 x2

0 x1
1, x3

1 x2
0 x1

0,
x3
0 x2

1 x1
1, x3

0 x2
1 x1

0, x3
0 x2

0 x1
1, x3

0 x2
0 x1

0}
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Consider that eight values for a two’s complement integer of three bits are,
respectively, 000(+010), 001(+110), 010(+210), 011(+310), 100(-410), 101(-310),
110(-210) and 111(-110). Tube T0 is an empty tube and is regarded as an input
tube of Algorithm 4.4. The second parameter in Algorithm 4.4, n, is employed to
represent the number of bits for a two’s complement integer and its value is three.
After the first execution for Step (0a) and Step (0b) is implemented, tube T1 = {x1

1}
and tube T2 = {x1

0}. Next, after the first execution of Step (0c) is implemented, tube
T0 = {x1

1, x1
0}, tube T1 = [ and tube T2 = [.

Step (1) is the main loop and its lower and upper bounds are, respectively, two
and three, so Steps (1a) through (1d) will be run two times. After the first execution
of Step (1a) is performed, tube T0 = [, tube T1 = {x1

1, x1
0} and tube T2 = {x1

1, x1
0}.

Next, after the first execution for Step (1b) and Step (1c) is implemented, tube T1 =
{x2

1 x1
1, x2

1 x1
0} and tube T2 = {x2

0 x1
1, x2

0 x1
0}. After the first execution of Step (1d) is

implemented, tube T0 = {x2
1 x1

1, x2
1 x1

0, x2
0 x1

1, x2
0 x1

0}, tube T1 =[ and tube T2 =[.
Then, after the second execution of Step (1a) is performed, tube T0 = [, tube T1 =
{x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}. After the

rest of operations are performed, tube T1 = [, tube T2 = [ and the result for tube
T0 is shown in Table 4.4. Lemma 4-4 is used to show correction of Algorithm 4.4.

Lemma 4-4: Algorithm 4.4 can be applied to construct the range of the value for
a two’s complement integer of n bits.

Proof Refer to Lemma 4-1.

Table 4.4 The result for
tube T0 is generated by
Algorithm 4.4

Tube The result is generated by Algorithm 4.4

T0 {x3
1 x2

1 x1
1, x3

1 x2
1 x1

0, x3
1 x2

0 x1
1, x3

1 x2
0 x1

0,
x3
0 x2

1 x1
1, x3

0 x2
1 x1

0, x3
0 x2

0 x1
1, x3

0 x2
0 x1

0}
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4.4 Introduction for Floating-Point Representation

To represent a floating-point number (a number including an integer and a frac-
tion), the number is divided into two parts. The first part is the integer and the
second part is the fraction. For example, for a floating-point number (1.110), its
integer part and fraction part are, respectively, 110 and 0.110. To convert a floating-
point number to a binary number contains three steps. The first step is to convert
the integer part to binary. Next, the second step is to convert the fraction part to
binary. The third step is to put a decimal point between the two parts. The pro-
cedure for finishing the first step is the same as that proposed in Sect. 4.2. For the
second step, repetitive multiplication is applied to perform the task. For example,
to convert 1.5 to binary, 2 multiply the fraction (0.5), and the result is 1.0. The
integer part of the result (1) is extracted and becomes the leftmost binary digit.
Because the fraction part of the result becomes ‘‘0’’, the converting task is per-
formed. Figure 4.7 is employed to explain the process.

After a floating-point number is normalized, three pieces of information about
the floating-point number are stored. They are, respectively, sign, exponent, and
mantissa (the bits of the right of the decimal point). For example, +10.12 in
Table 4.5 becomes +21 9 1.01 after it is normalized. For +21 9 1.01, the sign is
‘‘+’’, the exponent is ‘‘1’’, and the mantissa is ‘‘01’’. Note that the 1 for the left of
the decimal point is not stored and it is easily understood. One bit (0 or 1) can be

1.

1.0

Stop when the result is 0

1

The fraction is represented in binary

0.5 0.0

Fig. 4.7 Fraction to binary conversion

Table 4.5 Examples of normalization

An original floating-point number Move Normalized

+10.12 1 (the left moving) +21 9 1.01
-0.1012 1 (the right moving) -2-1 9 1.01
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applied to denote the sign, where 0 is used to represent the positive number and 1
is employed to represent the negative number. The exponent (power of 2) is
applied to denote the movement of the decimal point. The mantissa is the binary
number to the right of the decimal point. It is used to define the precision of a
floating-point number. The mantissa is stored as an unsigned integer. The Institute
of Electrical and Electronics Engineers (IEEE) had defined single precision and
double precision for storing floating-point numbers. These formats will be
described in the following subsections.

4.4.1 Introduction for Single Precision of Floating-Point
Numbers

In Turing’s machine, the system for storing the exponential value of a floating-
point number is called the Excess system. In this system, to transform a floating-
point number from decimal to binary or from binary to decimal is easy. In an
Excess system, a positive number, called the magic number, is applied in the
conversion process. The magic number is normally (2n-1-1) or (2n-1), where n is
the bit allocation. For example, if n is 8, the magic number is 127 or 128. The first
case, 127, is called the representation Excess_127, and the second case, 128, is
called the representation Excess_128. Similarly, if n is 11, the magic number is
1023 or 1024. The first case, 1023, is called the representation Excess_1023, and
the second case, 1024, is called the representation Excess_1024.

In IEEE standards, single precision representation of a floating-point number
contains three fields: the sign, the exponent (power of 2) and the mantissa. Fig-
ure 4.8 is employed to show the format. From Fig. 4.8 it is indicated that the

number inside the boxes is the number of bits for each field. This implies that three
lengths for the sign, the exponent and the mantissa are, respectively, one bit, eight
bits and twenty-three bits. The procedure, that is applied to store a normalized
floating-point number by means of single precision format, contains three main
steps. The first main step is to store the sign as 0 (positive) or 1 (negative). Next,
the second main step is to store the exponent (power of 2) as Excess_127. The
third step is to store the mantissa as an unsigned integer. From the statements

Sign Exponent Mantissa

8 231

Excess_127
Fig. 4.8 Single precision
representation of a floating-
point number
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above, in bio-molecular computer, the following definition is used to define the
range for single precision format of a floating-point number.

Definition 4-5: Suppose that a 32-bit binary number, x32 … x1 is used to represent
a floating-point number of 32 bits in form of single precision format based on
Excess_127, where the value of each bit xk is either 1 or 0 for 1 B k B 32. A
floating-point number of 32 bits in form of single precision format based on
Excess_127 ranges between -(2128 9 1.11111111111111111111111) and
+(2128 9 1.11111111111111111111111).

Algorithm 4.5 is used to construct the range of the value for a floating-point
number of n bits in form of single precision format based on Excess_127. Tube T0
is an empty tube, and it is regarded as one input tube of Algorithm 4.5. The second
parameter in Algorithm 4.5, n, is employed to represent the number of bits for a
floating-point number in form of single precision format based on Excess_127.

Consider that a floating-point number of 32 bits in form of single precision format
based on Excess_127 ranges between -(2128 9 1.11111111111111111111111) and
+(2128 9 1.11111111111111111111111). Tube T0 is an empty tube and is regarded as
an input tube of Algorithm 4.5. The value for n is 32 and is regarded as the second
parameter in Algorithm 4.5. After the first execution for Step (0a) and Step (0b) is
performed, tubeT1 = {x1

1} and tubeT2 = {x1
0}.Then, after the first execution of Step (0c)

is implemented, tube T0 = {x1
1, x1

0}, tube T1 =[ and tube T2 =[.
Step (1) is the main loop and its lower bound and the upper bound are,

respectively, two and thirty-two, so Steps (1a) through (1d) will be run 31 times.
After the first execution of Step (1a) is finished, tube T0 =[, tube T1 = {x1

1, x1
0} and

tube T2 = {x1
1, x1

0}. Next, after the first execution for Step (1b) and Step (1c) is
performed, tube T1 = {x2

1 x1
1, x2

1 x1
0} and tube T2 = {x2

0 x1
1, x2

0 x1
0}. After the first

execution of Step (1d) is implemented, tube T0 = {x2
1 x1

1, x2
1 x1

0, x2
0 x1

1, x2
0 x1

0},
tube T1 = [ and tube T2 = [.

Then, after the second execution of Step (1a) is performed, tube T0 =[, tube T1
= {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}. After the

rest of operations are finished, tube T1 = [, tube T2 = [ and the result for tube T0
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is shown in Table 4.6. In Table 4.6, for this bit pattern, ‘‘x32
1 x31

1 x30
1 x29

1 x28
1 x27

1 x26
1

x25
1 x24

1 x23
1 x22

1 x21
1 x20

1 x19
1 x18

1 x17
1 x16

1 x15
1 x14

1 x13
1 x12

1 x11
1 x10

1 x9
1 x8

1 x7
1 x6

1 x5
1 x4

1 x3
1 x2

1 x1
1’’,

the leftmost bit is the sign (-). The next 8 bits, ‘‘x31
1 x30

1 x29
1 x28

1 x27
1 x26

1 x25
1 x24

1 ’’, that
subtract 12710 is the exponent (12810). The next 23 bits are the mantissa. So, this
bit pattern is applied to represent -(2128 9 1.11111111111111111111111).
Similarly, in Table 4.6, for that bit pattern, ‘‘x32

0 x31
1 x30

1 x29
1 x28

1 x27
1 x26

1 x25
1 x24

1 x23
1

x22
1 x21

1 x20
1 x19

1 x18
1 x17

1 x16
1 x15

1 x14
1 x13

1 x12
1 x11

1 x10
1 x9

1 x8
1 x7

1 x6
1 x5

1 x4
1 x3

1 x2
1 x1

1’’, it is also
applied to represent +(2128 9 1.11111111111111111111111). Lemma 4-5 is
applied to prove correction of Algorithm 4.5.

Lemma 4-5: Algorithm 4.5 can be applied to construct the range of the value for
a floating-point number of n bits in form of single precision format based on
Excess_127.

Proof Refer to Lemma 4-1.

4.4.2 Introduction for Double Precision of Floating-Point
Numbers

In IEEE standards, double precision representation of a floating-point number
contains three fields: the sign, the exponent (power of 2) and the mantissa. Fig-
ure 4.9 is used to show the format. From Fig. 4.9, the number inside the boxes is
the number of bits for each field. This is to say that three lengths for the sign, the
exponent and the mantissa are, respectively, one bit, eleven bits and fifty-two bits.
The procedure, that is used to store a normalized floating-point number by means
of double precision format, contains three steps. The first step is to store the sign as
0 (positive) or 1 (negative). Next, the second step is to store the exponent (power
of 2) as Excess_1023. The third step is to store the mantissa as an unsigned integer.
From the statements above, in bio-molecular computer, the following definition is
applied to define the range for double precision format of a floating-point number.

Table 4.6 The result for tube T0 is generated by Algorithm 4.5

Tube The result is generated by Algorithm 4.5

T0 {x32
1 x31

1 x30
1 x29

1 x28
1 x27

1 x26
1 x25

1 x24
1 x23

1 x22
1 x21

1 x20
1 x19

1 x18
1 x17

1 x16
1 x15

1 x14
1 x13

1 x12
1 x11

1 x10
1 x9

1 x8
1 x7

1

x6
1 x5

1 x4
1 x3

1 x2
1 x1

1

…
x32
0 x31

1 x30
1 x29

1 x28
1 x27

1 x26
1 x25

1 x24
1 x23

1 x22
1 x21

1 x20
1 x19

1 x18
1 x17

1 x16
1 x15

1 x14
1 x13

1 x12
1 x11

1 x10
1 x9

1 x8
1 x7

1

x6
1 x5

1 x4
1 x3

1 x2
1 x1

1}

46 4 Introduction for Number Representation on Bio-molecular Computer



Definition 4-6: Suppose that a 64-bit binary number, x64… x1 is applied to represent
a floating-point number of 64 bits in form of double precision format based on
Excess_1023,where the value of each bit xk is either 1 or 0 for 1 B k B 64. A floating-
point number of 64 bits in form of double precision format based on Excess_1023
ranges between -(21024 9 1.1111111111111111111111111111111111111111111
111111111) and +(21024 9 1.11111111111111111111111111111111111111111111
11111111).

Algorithm 4.6 is employed to construct the range of the value for a floating-
point number of n bits in form of double precision format based on Excess_1023.
Tube T0 is an empty tube, and it is regarded as one input tube of Algorithm 4.6.
The second parameter in Algorithm 4.6, n, is employed to represent the number of
bits for a floating-point number in form of double precision format based on
Excess_1023.

Consider that a floating-point number of 64 bits in form of double precision format
based on Excess_1023 ranges between -(21024 9 1.1111111111111111
111111111111111111111111111111111111) and +(21024 9 1.11111111111111
11111111111111111111111111111111111111). Tube T0 is an empty tube and is
regarded as an input tube ofAlgorithm 4.6. The value for n is 64 and is regarded as the
second parameter in Algorithm 4.6. After the first execution for Step (0a) and Step
(0b) is finished, tubeT1 = {x1

1} and tubeT2 = {x1
0}. Next, after the first execution of Step

(0c) is implemented, tube T0 = {x1
1, x1

0}, tube T1 =[ and tube T2 =[.
Step (1) is the main loop and its lower and upper bounds are, respectively, two

and sixty-four, so Steps (1a) through (1d) will be run 63 times. After the first

Sign Exponent Mantissa

11 521

Excess_1023
Fig. 4.9 Double precision
representation of a floating-
point number
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execution of Step (1a) is implemented, tube T0 = [, tube T1 = {x1
1, x1

0} and tube T2
= {x1

1, x1
0}. Next, after the first execution for Step (1b) and Step (1c) is finished,

tube T1 = {x2
1 x1

1, x2
1 x1

0} and tube T2 = {x2
0 x1

1, x2
0 x1

0}. After the first execution of
Step (1d) is implemented, tube T0 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}, tube T1 = [ and

tube T2 = [. Then, after the second execution of Step (1a) is performed, tube T0 =
[, tube T1 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}.

After the rest of operations are performed, tube T1 = [, tube T2 = [ and the result
for tube T0 is shown in Table 4.7.

In Table 4.7, for this bit pattern, ‘‘x64
1 x63

1 x62
1 x61

1 x60
1 x59

1 x58
1 x57

1 x56
1 x55

1 x54
1 x53

1 x52
1

x51
1 x50

1 x49
1 x48

1 x47
1 x46

1 x45
1 x44

1 x43
1 x42

1 x41
1 x40

1 x39
1 x38

1 x37
1 x36

1 x35
1 x34

1 x33
1 x32

1 x31
1 x30

1 x29
1

x28
1 x27

1 x26
1 x25

1 x24
1 x23

1 x22
1 x21

1 x20
1 x19

1 x18
1 x17

1 x16
1 x15

1 x14
1 x13

1 x12
1 x11

1 x10
1 x9

1 x8
1 x7

1 x6
1 x5

1

x4
1 x3

1 x2
1 x1

1’’, the leftmost bit is the sign (-). The next 11 bits that subtract 102310 is
the exponent (102410). The next 52 bits are the mantissa. So, this bit pattern is
applied to represent -(21024 9 1.11111111111111111111111111111111111111
11111111111111). Similarly, in Table 4.7, for that bit pattern, ‘‘x64

0 x63
1 x62

1 x61
1 x60

1

x59
1 x58

1 x57
1 x56

1 x55
1 x54

1 x53
1 x52

1 x51
1 x50

1 x49
1 x48

1 x47
1 x46

1 x45
1 x44

1 x43
1 x42

1 x41
1 x40

1 x39
1 x38

1 x37
1

x36
1 x35

1 x34
1 x33

1 x32
1 x31

1 x30
1 x29

1 x28
1 x27

1 x26
1 x25

1 x24
1 x23

1 x22
1 x21

1 x20
1 x19

1 x18
1 x17

1 x16
1 x15

1 x14
1

x13
1 x12

1 x11
1 x10

1 x9
1 x8

1 x7
1 x6

1 x5
1 x4

1 x3
1 x2

1 x1
1’’, it is also used to represent

+(21024 9 1.1111111111111111111111111111111111111111111111111111).
Lemma 4-6 is applied to prove correction of Algorithm 4.6.

Lemma 4-6: Algorithm 4.6 can be applied to construct the range of the value for
a floating-point number of n bits in form of double precision format based on
Excess_1023.

Proof Refer to Lemma 4-1.

4.5 Summary

In this chapter an introduction to the decimal system and the binary system was
provided, and a description for how numbers between the decimal system and the
binary system were converted and how numbers in the form of bit patterns were

Table 4.7 The result for tube T0 is generated by Algorithm 4.6

Tube The result is generated by Algorithm 4.6

T0 {x64
1 x63

1 x62
1 x61

1 x60
1 x59

1 x58
1 x57

1 x56
1 x55

1 x54
1 x53

1 x52
1 x51

1 x50
1 x49

1 x48
1 x47

1 x46
1 x45

1 x44
1 x43

1 x42
1 x41

1 x40
1

x39
1 x38

1 x37
1 x36

1 x35
1 x34

1 x33
1 x32

1 x31
1 x30

1 x29
1 x28

1 x27
1 x26

1 x25
1 x24

1 x23
1 x22

1 x21
1 x20

1 x19
1 x18

1 x17
1 x16

1

x15
1 x14

1 x13
1 x12

1 x11
1 x10

1 x9
1 x8

1 x7
1 x6

1 x5
1 x4

1 x3
1 x2

1 x1
1

…
x64
0 x63

1 x62
1 x61

1 x60
1 x59

1 x58
1 x57

1 x56
1 x55

1 x54
1 x53

1 x52
1 x51

1 x50
1 x49

1 x48
1 x47

1 x46
1 x45

1 x44
1 x43

1 x42
1 x41

1 x40
1

x39
1 x38

1 x37
1 x36

1 x35
1 x34

1 x33
1 x32

1 x31
1 x30

1 x29
1 x28

1 x27
1 x26

1 x25
1 x24

1 x23
1 x22

1 x21
1 x20

1 x19
1 x18

1 x17
1 x16

1

x15
1 x14

1 x13
1 x12

1 x11
1 x10

1 x9
1 x8

1 x7
1 x6

1 x5
1 x4

1 x3
1 x2

1 x1
1}
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stored inside a tube in bio-molecular computer was also provided. We first
introduced the decimal system and the binary number. We then described con-
version of numbers between the decimal system and the binary number. We also
introduced unsigned integers, sign-and-magnitude integers, one’s complement
integers and two’s complement integers. We then described Algorithm 4.1 and its
proof to explain how the range of the value for an unsigned integer of n bits was
constructed. We also introduced Algorithm 4.2 and its proof to show how the
range of the value for a sign-and-magnitude integer of n bits was constructed. We
then described Algorithm 4.3 and its proof to reveal how the range of the value for
a one’s complement integer of n bits was constructed. We also introduced Algo-
rithm 4.4 and its proof to demonstrate how the range of the value for a two’s
complement integer of n bits was constructed. We then described representation of
floating-point numbers based on that the Institute of Electrical and Electronics
Engineers (IEEE) had defined single precision and double precision for storing
floating-point numbers. We also introduced Algorithm 4.5 and its proof to explain
how the range of the value for a floating-point number of n bits in form of single
precision format based on Excess_127 was constructed. We then described
Algorithm 4.6 and its proof to show how the range of the value for a floating-point
number of n bits in form of double precision format based on Excess_1023 was
constructed.

4.6 Bibliographical Notes

In this chapter, for a more detailed description to unsigned integers, sign-and-
magnitude integers, one’s complement integers and two’s complement integers,
the recommended books are Brown and Vranesic (2007), Forouzan and Mosharraf
(2008), Mano (1979), Mano (1993), Null and Lobur (2010), Reed (2008), Shiva
(2008), Stalling (2000). The books which were written by the authors in Brown
and Vranesic (2007), Forouzan and Mosharraf (2008), Mano (1979), Mano (1993),
Null and Lobur (2010), Reed (2008), Shiva (2008), Stalling (2000) are good
introduction to representation of floating-point numbers.

4.7 Exercises

4.1 Concisely explain what a decimal system and a binary system are.
4.2 Convert two decimal numbers 128 and 33 to their corresponding binary

numbers with eight bits.
4.3 Convert two binary numbers 10000000 and 00100001 to their corresponding

decimal numbers.
4.4 Write a digital program to convert a decimal number to a binary number.
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4.5 Write a digital program to convert a binary number to a decimal number.
4.6 It is assumed that an n-bit binary number, xn … x1 is used to represent an

unsigned integer of n bits, where the value of each bit xk is either 1 or 0 for
1 B k B n. The bits xn and x1 is applied to represent, respectively, the most
significant bit and the least significant bit for an unsigned integer of n bits.
An unsigned integer of n bits ranges between 0 and 2n - 1. Write a bio-
molecular program to construct the range of the value for an unsigned integer
of three bits.

4.7 It is assumed that an n-bit binary number, xn … x1 is used to represent a sign-
and-magnitude integer of n bits, where the value of each bit xk is either 1 or 0
for 1 B k B n. The bit xn is used to represent the sign, and the bits xn - 1 and
x1 is applied to represent, respectively, the most significant bit and the least
significant bit for a sign-and-magnitude integer of n bits. A sign-and-mag-
nitude integer of n bits ranges between -(2n-1 - 1) and +(2n-1 - 1). Write a
bio-molecular program to construct the range of the value for a sign-and-
magnitude integer of three bits.

4.8 It is supposed that an n-bit binary number, xn … x1 is used to represent a
one’s complement integer of n bits, where the value of each bit xk is either 1
or 0 for 1 B k B n. A one’s complement integer of n bits ranges between -

(2n-1 - 1) and +(2n-1 - 1)Write a bio-molecular program to construct the
range of the value for a one’s complement integer of three bits.

4.9 It is assumed that an n-bit binary number, xn … x1 is used to represent a two’s
complement integer of n bits, where the value of each bit xk is either 1 or 0
for 1 B k B n. A two’s complement integer of n bits ranges between -(2n-1

- 1) and +(2n-1 - 1). Write a bio-molecular program to construct the range
of the value for a two’s complement integer of three bits.

4.10 It is supposed that a 32-bit binary number, x32 … x1 is used to represent a
floating-point number of 32 bits in form of single precision format based on
Excess_127, where the value of each bit xk is either 1 or 0 for 1 B k B 32. A
floating-point number of 32 bits in form of single precision format based on
Excess_127 ranges between -(2128 9 1.11111111111111111111111) and
+(2128 9 1.11111111111111111111111). Write a bio-molecular program to
construct the range of the value for a floating-point number of 32 bits in form
of single precision format based on Excess_127.

4.11 It is assumed that a 64-bit binary number, x64 … x1 is applied to represent a
floating-point number of 64 bits in form of double precision format based on
Excess_1023, where the value of each bit xk is either 1 or 0 for 1 B k B 64.
A floating-point number of 64 bits in form of double precision format based
on Excess_1023 ranges between -(21024 91.1111111111111111111111
111111111111111111111111111111) and +(21024 9 1.11111111111111
11111111111111111111111111111111111111). Write a bio-molecular pro-
gram to construct the range of the value for a floating-point number of 64 bits
in form of double precision format based on Excess_1023.
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Chapter 5
Introduction to Arithmetic Operations
on Bits on Bio-molecular Computer

In previous chapters, we showed how to represent and to store different types of
data in a bio-molecular computer. In this chapter and Chap. 6, we show how to
operate on bits in a bio-molecular computer. Operations on bits in a bio-molecular
computer can be classified as two main computations: arithmetic operations and
logical operations. Figure 5.1 is applied to explain two broad categories for
operations of bits.

Operations on Bits

Arithmetic

Operations

Logical

Operations

Fig. 5.1 Operations on bits
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(a) (b)

Tape         

Finite state control Finite state control
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The last bio-molecular deterministic

deterministic one-tape Turing machine.  
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one-tape Turing machine.

Fig. 5.2 Schematic representation of a bio-molecular parallel deterministic one-tape Turing
machine (abbreviated BMPDTM)
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In order to clearly explain how operations on bits perform arithmetic compu-
tations and logical computations, we will need to fix a particular model for
arithmetic computations and logical computations. The model we choose is the
bio-molecular parallel deterministic one-tape Turing machine (abbreviated
BMPDTM), which is pictured schematically in Fig. 5.2. This machine includes
n bio-molecular deterministic one-tape Turing machines. Each bio-molecular
deterministic one-tape Turing machine (abbreviated BMDTM) contains a finite
state control, a read-write head, and a tape made up of a two-way infinite sequence
of tape squares (shown in Fig. 5.2).

Each bit pattern encoded in a tube in a bio-molecular computer can be regarded
as a tape in a bio-molecular deterministic one-tape Turing machine. For each tape
in a BMPDTM, each biological operation can be applied to simultaneously per-
form the function of the corresponding finite state control and read-write head.
This is to say that n bio-molecular deterministic one-tape Turing machines
simultaneously are run in parallel model. Definition 5.1 is used to denote the
function for each BMDTM in a BMPDTM, and Definition 5.2 is applied to
describe the execution environment of a BMPDTM.

Definition 5.1 A biological program made up biological operations for each
BMDTM in a BMPDTM is applied to specify the following information.

(1) A finite set S of tape symbols contains a subset S1 , S of input symbols and
a distinguished blank symbol h [ S - S1.

(2) A finite set Qk of states for the kth BMDTM to 1 B k B n consists of a
distinguished start-state qk0 and two distinguished halt-states qkyes and qkno.

(3) For the kth BMDTM, a transition function dk : ðQk � qkyes; q
k
no

n o
Þ

�S1 ! Qk � S1 � f�1; þ1g.
Definition 5.2 A biological program made up biological operations for a
BMPDTM is employed to specify the following information: (1) a tube is
regarded as the execution environment of a BMPDTM, and (2) a bit pattern in the
tube and biological operations on it can be applied to perform the function of a
BMDTM in a BMPDTM.

A biological program can be applied to solve any a problem. The first step to
solve the problem is that a solution space of the problem is constructed from
biological operations and is stored in a tube. Each bit pattern, xn … x1, in the
solution space in the tube can be regarded as a tape in each BMDTM in a
BMPDTM, where each xk is a binary value for 1 B k B n. A bit xk in a bit pattern
in a tube can also be regarded as the content of the kth tape square for a tape in a
BMDTM in a BMPDTM. This is to say that each input, xn … x1, for each
BMDTM in a BMPDTM is placed in the corresponding tape squares 1 through n.

The biological program starts to simultaneously run its biological operation in
the start-state qk0 of each BMDTM in a BMPDTM, with the read-write head of
each BMDTM in a BMPDTM scanning the content of the corresponding tape.
Then, all of the operations for the biological program are run in a step-by-step
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manner in each BMDTM in a BMPDTM. Each operation in the biological pro-
gram is simultaneously run in each BMDTM in a BMPDTM. If for the kth
BMDTM in a BMPDTM the current state qkj 2 Qk and is either qkyes or q

k
no, then

the operation has ended, with the answer that is ‘‘yes’’ if qkj ¼ qkyes and ‘‘no’’ if

qkj ¼ qkno. Otherwise for the kth BMDTM in a BMPDTM the current state

qkj 2 Qk � qkyes; q
k
no

n o
, some tape symbol s [ S in the tape square being scanned,

and the value of dk qkj ; s
� �

is denoted as ‘‘ðqka; s1;DÞ’’. If D = 1, the read-write

head writes s1 in the right new tape square and the position of the read-write head
is moved the right new tape square. If D = -1, the read-write head writes s1 in the
left new tape square and the position of the read-write head is moved the left new
tape square. At the same time, the finite state control changes its state from qkj to

qka. This implies that one step of the computation for the operation is completed. If
there are still new operations in the biological program, then the next operation
will be continued to proceed in each BMDTM in a BMPDTM.

5.1 Introduction to Arithmetic Operations
on Bio-molecular Computer

Arithmetic operations contain adding, subtracting, multiplying, dividing, and so
on. These operations can be employed to deal with integers and floating-point
numbers. However, we mainly focus only on addition and subtraction on integers.
An extended discussion of multiplication and division is beyond the scope of this
book, and if a reader is interested in an extended discussion of multiplication and
division, then please refer to (Chang et al. 2005; Ho 2005). The following sections
will be used to describe how to perform addition and subtraction on integers.

5.2 Introduction to Addition on Unsigned Integers on Bio-
molecular Computer

A one-bit adder is a Boolean function that forms the arithmetic sum of three input
bits. It includes three inputs and two outputs. Two of the input bits represent
augend and addend bits to be added, respectively. The third input represents the
carry from the previous lower significant position. The first output gives the value
of the sum for augend and addend bits to be added. The second output gives
the value of the carry to augend and addend bits to be added. The truth table of the
one-bit adder is as follows:
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The one-bit adder figures out the sum and the carry of two bits and a previous
carry. The first operand of n-bits and the second operand of n-bits each can be
added by means of performing this one-bit adder of n times. This is to say that a
parallel adder of n-bits is also a Boolean function that performs the arithmetic sum
for the first operand of n-bits and the second operand of n-bits. The following
subsections will be applied to describe how to finish a one-bit adder and a parallel
adder of n-bits.

5.2.1 The Construction of a Parallel One-bit Adder
on Unsigned Integers on Bio-molecular Computer

Suppose that two one-bit binary numbers, xk and yk, are used to represent the first
input of a one-bit adder, and the first output of a one-bit adder for 1 B k B n,
respectively, a one-bit binary number, pk, is applied to represent the second input
of a one-bit adder, and two one-bit binary numbers, zk and zk - 1, are employed to
represent the second output and the third input of a one-bit adder, respectively. For
the sake of convenience, assume that zk

1 contains the value of zk to be 1 and zk
0

contains the value of zk to be 0. Similarly, also suppose that zk - 1
1 contains the

value of zk - 1 to be 1 and zk - 1
0 contains the value of zk - 1 to be 0. Assume that

pk
1 denotes the value of pk to be 1 and pk

0 defines the value of pk to be 0. Similarly,
also suppose that yk

1 denotes the value of yk to be 1 and yk
0 defines the value of yk

to be 0. Assume that xk
1 denotes the value of xk to be 1 and xk

0 defines the value of
xk to be 0. The following algorithm is proposed to perform the Boolean function of
a parallel one-bit adder.

Table 5.1 The truth table of
a one-bit adder

Augend bit Addend bit Previous carry bit Sum bit Carry bit

0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1
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Lemma 5-1: The algorithm, ParallelOneBitAdder(T0, k), can be used to finish
the Boolean function of a parallel one-bit adder.

Proof The algorithm ParallelOneBitAdder(T0, k) is implemented via the extract,
append-head, detect and merge operations. Steps (1) through (7) employ the
extract operations to form some different test tubes including different inputs (T1 to
T14). That is, T1 includes all of the inputs that have xk = 1, T2 contains all of the
inputs that have xk = 0, T3 consists of those that have xk = 1 and pk = 1, T4
includes those that have xk = 1 and pk = 0, T5 contains those that have xk = 0 and
pk = 1, T6 consists of those that have xk = 0 and pk = 0, T7 includes those that
have xk = 1, pk = 1 and zk - 1 = 1, T8 contains those that have xk = 1, pk = 1
and zk - 1 = 0, T9 consists of those that have xk = 1, pk = 0 and zk - 1 = 1, T10
consists of those that have xk = 1, pk = 0 and zk - 1 = 0, T11 includes those that
have yk = 0, pk = 1 and zk - 1 = 1, T12 contains those that have xk = 0, pk = 1
and zk - 1 = 0, T13 consists of those that have xk = 0, pk = 0 and zk - 1 = 1, and
finally, T14 consists of those that have xk = 0, pk = 0 and zk - 1 = 0. Having
performed Steps (1) through (7), this implies that eight different inputs of a one-bit
adder as shown in Table 5.1 were poured into tubes T7 through T14, respectively.

Steps (8a) (9a) (10a) (11a) (12a) (13a) (14a) and (15a) are, respectively, used to
check whether contains any input for tubes T7, T8, T9, T10, T11, T12, T13 and T14 or
not. If any a ‘‘yes’’ is returned for those steps, then the corresponding append-head
operations will be run. Next, Steps (8) through (15) use the append-head opera-
tions to append yk

1 or yk
0, and zk

1 or zk
0 onto the head of every input in the corre-

sponding test tubes. After performing Steps (8) through (15), we can say that eight
different outputs of a one-bit adder in Table 5.1 are appended into tubes T7 through
T14. Finally, the execution of Step (16) applies the merge operation to pour tubes
T7 through T14 into tube T0. Tube T0 contains the result performing the addition of
a bit. j

5.2.2 The Construction for a Parallel Adder of N Bits
on Unsigned Integers on Bio-molecular Computer

The parallel one-bit adder introduced in Sect. 5.2.1 is used to compute the sum and
the carry of two bits and a previous carry. It directly uses the truth table (Table 5.1
in Sect. 5.2.1) to perform addition of a bit. The main difference between one-bit
adder on bio-molecular computer and a full adder of one-bit on Turing’s machines
is that the Karnaugh map and basic logic gates on Turing’s machines are not
applied to implement addition of a bit on bio-molecular computer. Similarly, a
parallel adder of n-bits is also directly to perform the arithmetic sum for the first
operand of n-bits and the second operand of n-bits by means of performing this
one-bit adder of n times. The following algorithm is proposed to perform the
arithmetic sum for a parallel adder of n-bits.
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Lemma 5-2: The algorithm, BinaryParallelAdder(T0, n), can be applied to
perform the Boolean function to a binary parallel adder of n bits.

Proof Steps (0a) through (1d) are used to construct 2n combinations of n bits.
After they are performed, tube T0 includes those inputs encoding 2n unsigned
integers of n bits (the range of values for them is from 0 to 2n - 1). Step (2) is the
first loop and is used to construct addend bits for an adder of n bits. On each
execution of Step (2a), it applies the ‘‘Append-head’’ operation to append the value
‘‘0’’ or ‘‘1’’ for the kth bit of an addend into the head of each bit pattern in tube T0.

When the operation for an adder of n bits, the least significant position for the
augend and the addend is added, the previous carry bit must be 0. On the
execution of Step (2b), it uses the ‘‘Append-head’’ operation to append the value
0 of the previous carry bit, z0, onto the head of every bit pattern in T0. Next, Step
(3) is the main loop and is mainly used to perform the Boolean function of a
binary parallel adder of n bits. Each execution of Step (3a) calls the procedure,
ParallelOneBitAdder(T0, k), in Sect. 5.2.1 to figure out the arithmetic sum of
one bit for the augend and the addend. Repeat execution of Step (3a) until the
most significant bit for the augend and the addend is processed. Tube T0 contains
the result performing the arithmetic sum for the first operand of n-bits and the
second operand of n-bits. j
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5.2.3 The Power for a Parallel Adder of N Bits on Unsigned
Integers on Bio-molecular Computer

Consider that eight values for an unsigned integer of three bits are, respectively,
000(010) (x3

0 x2
0 x1

0), 001(110) (x3
0 x2

0 x1
1), 010(210) (x3

0 x2
1 x1

0), 011(310) (x3
0 x2

1 x1
1),

100(410) (x3
1 x2

0 x1
0), 101(510) (x3

1 x2
0 x1

1), 110(610) (x3
1 x2

1 x1
0) and 111(710) (x3

1 x2
1 x1

1).
We want to simultaneously add 001(110) (p3

0 p2
0 p1

1) to those eight values.
Algorithm 5.2, BinaryParallelAdder (T0, n), can be applied to perform the task.
Tube T0 is an empty tube and is regarded as an input tube of Algorithm 5.2. The
value for the second parameter, n, is three because the number of bits for repre-
senting those eight values is three. From Definition 5.2, the input tube T0 can be
regarded as the execution environment of a BMPDTM. Steps (0a) through (1d)
are applied to construct a BMPDTM with eight bio-molecular deterministic one-
tape Turing machines.

First, after the first execution for Step (0a) and Step (0b) is implemented, tube
T1 = {x1

1} and tube T2 = {x1
0}. This is to say that a BMDTM in the second

BMPDTM (tube T1) and in the third BMPDTM (tube T2) is constructed. Fig-
ure 5.3 is employed to show the current status of the execution environment to the
second BMPDTM and the third BMPDTM. From Fig. 5.3, the content of the first
tape square for the tape in the first BMDTM in the second BMPDTM is written
by its corresponding read-write head and is 1 (x1 = 1), and the content of the first
tape square for the tape in the first BMDTM in the third BMPDTM is written by
its corresponding read-write head and is 0 (x1 = 0). Simultaneously, the position
of each read-write head is moved to the left new tape square and the status of each
finite state control is, respectively, changed as ‘‘x1 = 1’’ and ‘‘x1 = 0’’.

Next, after the first execution for Step (0c) is performed, tube T0 = {x1
1, x1

0},
tube T1 = [ and tube T2 = [. This implies that the execution environment for the
first BMDTM in the second BMPDTM and the first BMDTM in the third
BMPDTM becomes the first BMPDTM. Figure 5.4 is applied to illustrate the
current status of the execution environment to the first BMPDTM. From Fig. 5.4,
the contents to the two tapes in the execution environment of the first BMPDTM
are not changed. Simultaneously, the position and the status for each read-write
head are also not changed.
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Because Step (1) is the main loop and its lower and upper bounds are,
respectively, two and three. Therefore, Steps (1a) through (1d) will be run two
times. Then, after the first execution of Step (1a) is finished, tube T0 = [, tube
T1 = {x1

1, x1
0} and tube T2 = {x1

1, x1
0}. This is to say that the first BMDTM and the

second BMDTM in the execution environment of the first BMPDTM are both
copied into the second BMPDTM and the third BMPDTM. Figure 5.5 is applied
to show the current status of the execution environment to the second BMPDTM
and the third BMPDTM. From Fig. 5.5, the contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (x1 = 1) and 0 (x1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (x1 = 0) and 1 (x1 = 1).

Tape

Tape

Read-write head

1
1

Read-write head

(a)

(b)

1
0x

x

Finite state control

Finite state control

The first BMDTM in the second BMPDTM.

The first BMDTM in the third BMPDTM. 

Fig. 5.3 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

Tape

Tape

Read-write head

x1
1

Read-write head

(b)

(a)

x1
0

Finite state control

Finite state control

The first BMDTM in the first BMPDTM.

The second BMDTM in the first BMPDTM.

Fig. 5.4 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution for Step (1b) and Step (1c) is performed, tube
T1 = {x2

1 x1
1, x2

1 x1
0} and tube T2 = {x2

0 x1
1, x2

0 x1
0}. This implies that the content of

the second tape square for the tape in the first BMDTM in the second BMPDTM
is written by its corresponding read-write head and is 1 (x2 = 1), and the content
of the second tape square for the tape in the second BMDTM in the second
BMPDTM is written by its corresponding read-write head and is also 1 (x2 = 1).
Similarly, the content of the second tape square for the tape in the first BMDTM in
the third BMPDTM is written by its corresponding read-write head and is 0
(x2 = 0), and the content of the second tape square for the tape in the second
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is also 0 (x2 = 0). Figure 5.6 is used to show the current status of the exe-
cution environment to the second BMPDTM and the third BMPDTM.

Tape

Tape

Tape

Tape

Read-write head

x1
1

Finite state control

Read-write head

(a)

(b)

x1
0

Finite state control

Read-write head
x1

0 Finite state control

Read-write head

x1
1

Finite state control

The first BMDTM and the second BMDTM in the second BMPDTM.

The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 5.5 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Next, after the first execution for Step (1d) is finished, tube T0 = {x2
1 x1

1, x2
1 x1

0,
x2
0 x1

1, x2
0 x1

0}, tube T1 = [ and tube T2 = [. This is to say that the execution
environment for those four bio-molecular deterministic one-tape Turing machines
in the second BMPDTM and in the third BMPDTM becomes the first BMPDTM.
Figure 5.7 is used to show the current status of the execution environment to the
first BMPDTM. From Fig. 5.7, the contents to the four tapes in the execution
environment of the first BMPDTM are not changed, the position of each read-
write head and the status of each finite state control are also not changed.

Tape     

Tape

Tape

Tape

Read-write head

(a)

(b)

x2
1 x1

1

Read-write head

Finite state control

Finite state control

Read-write head Finite state control

Read-write head
Finite state control

x2
1 x1

0

x2
0 x1

0

x2
0 x1

1

The first BMDTM and the second BMDTM in the second BMPDTM.

The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 5.6 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Then, after the second execution of Step (1a) is implemented, tube T0 = [,
tube T1 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0} and tube T2 = {x2

1 x1
1, x2

1 x1
0, x2

0 x1
1, x2

0 x1
0}. This

is to say that the four bio-molecular deterministic one-tape Turing machines in the
execution environment of the first BMPDTM are all copied into the second
BMPDTM and the third BMPDTM. Figures 5.8 and 5.9 are used to show the
current status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 5.8, the contents of four tapes in the execution environment
of the second BMPDTM are, respectively, 11 (x2

1 x1
1), 10 (x2

1 x1
0), 01 (x2

0 x1
1) and 00

(x2
0 x1

0). Similarly, from Fig. 5.9, the contents of the four tapes in the execution
environment of the third BMPDTM are also, respectively, 11 (x2

1 x1
1), 10 (x2

1 x1
0), 01

(x2
0 x1

1) and 00 (x2
0 x1

0). Simultaneously, from Figs. 5.8 and 5.9, the position and the
status for each read-write head and each finite state control are reserved.
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The four BMDTMs in the first BMPDTM.

Fig. 5.7 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Fig. 5.8 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Fig. 5.9 Schematic representation of the current status of the execution environment to the third
BMPDTM
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Next, after the second execution for Step (1b) and Step (1c) is finished, tube
T1 = {x3

1 x2
1 x1

1, x3
1 x2

1 x1
0, x3

1 x2
0 x1

1, x3
1 x2

0 x1
0} and tube T2 = {x3

0 x2
1 x1

1, x3
0 x2

1 x1
0, x3

0 x2
0

x1
1, x3

0 x2
0 x1

0}. This is to say that the content of the third tape square for each tape in
the second BMPDTM is written by its corresponding read-write head and is 1
(x3 = 1), and the content of the third tape square for each tape in the third
BMPDTM is written by its corresponding read-write head and is 0 (x3 = 0).
Figures 5.10 and 5.11 are employed to show the current status of the execution
environment to the second BMPDTM and the third BMPDTM. From Figs. 5.10
and 5.11, the position of each write head is moved to the left new tape square, the
status of each finite state control in Fig. 5.10 is changed as ‘‘x3 = 1’’, and the
status of each finite state control in Fig. 5.11 is changed as ‘‘x3 = 0’’.

Next, after the second execution for Step (1d) is performed, tube T0 = {x3
1 x2

1 x1
1,

x3
1 x2

1 x1
0, x3

1 x2
0 x1

1, x3
1 x2

0 x1
0, x3

0 x2
1 x1

1, x3
0 x2

1 x1
0, x3

0 x2
0 x1

1, x3
0 x2

0 x1
0}, tube T1 = [ and tube

T2 = [. This implies that the execution environment for those bio-molecular
deterministic one-tape Turing machines in the second BMPDTM and in the third
BMPDTM becomes the first BMPDTM. Figure 5.12 is employed to show the
current status of the execution environment to the first BMPDTM. From Fig. 5.12,
the contents to the eight tapes in the execution environment of the first BMPDTM
are not changed. Simultaneously, the position and the status for each read-write
head and each finite state control are also not changed.
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Fig. 5.10 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Then, because Step (2) is the second loop and it’s the lower and upper bounds
for Step (2) are, respectively, two and three, Step (2a) will be executed two times.
From the first execution, the second execution and the third execution of Step (2a),
p1
1, p2

0, and p3
0 are, respectively, appended into the head of each bit pattern in tube

T0. This implies that the contents of the fourth tape square, the fifth tape square and
the sixth tape square for the eight tapes of the eight bio-molecular deterministic
one-tape Turing machines in the first BMPDTM are written by the corresponding
read-write head and are, subsequently, p1

1, p2
0, and p3

0. Next, after the execution of
Step (2b) is implemented, from each read-write head, z0

0 is written into each tape.
Figure 5.13 is used to show the current status of the execution environment to the
first BMPDTM. From Fig. 5.13, the position of each read-write head is moved to
the left new tape square, and the status of each finite state control is changed as
‘‘z0 = 0’’.
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Fig. 5.11 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Step (3) is the third loop and is used to perform an adder of n bits. When the
first execution of Step (3a) is implemented, it invokes Algorithm 5.1 that is used
to perform an adder of one bit, ParallelOneBitAdder(T0, k), in Sect. 5.2.1. The
first parameter, tube T0, is current the execution environment of the first
BMPDTM and contains eight bio-molecular deterministic one-tape Turing
machines (Fig. 5.13). It is regarded as an input tube of Algorithm 5.1. The value
for the second parameter, k, is one and is also regarded as an input value of
Algorithm 5.1.

When Algorithm 5.1 is first called, seventeen tubes are all regarded as inde-
pendent environments of seventeen bio-molecular parallel deterministic one-tape
Turing machines. Tube T0 is regarded as the first BMPDTM and tube Tk is
regarded as the (k ? 1)th BMPDTM. After the first execution of Step (1) in
Algorithm 5.1 is implemented, tube T0 = [, tube T1 = {z0
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Fig. 5.12 Schematic representation of the current status of the execution environment to the first
BMPDTM
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the new execution environments for four bio-molecular deterministic one-tape
Turing machines with the content of tape square, ‘‘x1

1’’, and other bio-molecular
deterministic one-tape Turing machines with the content of tape square, ‘‘x1

0’’ are,
respectively, the second BMPDTM and the third BMPDTM. Figures 5.14 and
5.15 are applied to show the results. From Figs. 5.14 and 5.15, the position of each
read-write head is reserved, and the status of each finite state control is reserved.
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Fig. 5.13 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Fig. 5.14 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Fig. 5.15 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Next, after the first execution of Step (2) in Algorithm 5.1 is implemented, tube
T1 = [, tube T3 = {z0

0 p3
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0 p1
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0 p2

0 p1
1 x3

0 x2
0 x1

1}and tube T4 = [. This is to say that the new execution envi-
ronment for four bio-molecular deterministic one-tape Turing machines with the
content of tape square, ‘‘p1

1’’ is the fourth BMPDTM. Figure 5.16 is applied to
show the execution environment for the fourth BMPDTM. From Fig. 5.16, the
position of each read-write head is reserved, and the status of each finite state
control is reserved.

Next, after the first execution of Step (3) in Algorithm 5.1 is implemented, tube
T2 = [, tube T5 = {z0
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0}and tube T6 = [. Figure 5.17 is applied to show the execution
environment for the sixth BMPDTM. From Fig. 5.17, the position of each read-
write head is reserved, and the status of each finite state control is reserved.
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Fig. 5.16 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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After the first execution for Steps (4) through (7) is performed, tube T8 = {z0
0 p3

0
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0p1
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1}, tube
T12 = {z0
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x1
0}, tube T7 = [, tube T9 = [, tube T10 = [, tube T11 = [, tube T13 = [, and
tube T14 = [. Figures 5.18 and 5.19 are, respectively, used to show the results.
From Figs. 5.18 and 5.19, the position of each read-write head is reserved, and the
status of each finite state control is reserved.

Next, after the first execution for Steps (8a) (9a) (10a) (11a) (12a) (13a) (14a)
and (15a) is performed, the returned result from Steps (9a) and (13a) is ‘‘yes’’, and
other returned result is ‘‘no’’. Therefore, after the first execution for Steps (9) and
(13) is finished, tube T8 = {z1
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Fig. 5.17 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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after the first execution for Step (16) is performed, tube T0 = {z1
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0} and other tubes become all empty tubes. Figures 5.20, 5.21 and 5.22

are used to show the result. From Figs. 5.20 and 5.21, the position of each read-
write head is moved to the left new tape square, from Fig. 5.20, the status of each
finite state control is changed as ‘‘z1 = 1’’, and from Fig. 5.21, the status of each
finite state control is changed as ‘‘z1 = 0’’.

After the execution of the first time for each operation in Algorithm 5.1 is
performed, the addition for the first bit for each augend and its corresponding
addend is also finished. Then, when the second execution of Step (3a) is imple-
mented, it again invokes Algorithm 5.1. The first parameter, tube T0, is current the
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Fig. 5.18 Schematic representation of the current status of the execution environment to the
ninth BMPDTM
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execution environment of the first BMPDTM and contains eight bio-molecular
deterministic one-tape Turing machines (Fig. 5.22). It is regarded as an input tube
of Algorithm 5.1. The value for the second parameter, k, is two and is also
regarded as an input value of Algorithm 5.1. After the execution of the second
time for each operation in Algorithm 5.1 is performed, tube T0 = {z2
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all empty tubes. Figure 5.23 is used to show the result.
After the execution of the second time for each operation in Algorithm 5.1 is

performed, the addition for the second bit for each augend and its corresponding
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Fig. 5.19 Schematic representation of the current status of the execution environment to the 13th
BMPDTM
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addend is also finished. Next, when the third execution of Step (3a) is imple-
mented, it again invokes Algorithm 5.1. The first parameter, tube T0, is current the
execution environment of the first BMPDTM and contains eight bio-molecular
deterministic one-tape Turing machines (Fig. 5.23). It is regarded as an input tube
of Algorithm 5.1. The value for the second parameter, k, is three and is also
regarded as an input value of Algorithm 5.1. After the execution of the third time
for each operation in Algorithm 5.1 is performed, tube T0 = {z3
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0} and other tubes become all empty tubes. Figure 5.24 is used to show the
result.
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Fig. 5.20 Schematic representation of the current status of the execution environment to the
ninth BMPDTM
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Fig. 5.21 Schematic representation of the current status of the execution environment to the 13th
BMPDTM
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Fig. 5.22 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Fig. 5.23 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Fig. 5.24 Schematic representation of the current status of the execution environment to the first
BMPDTM
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5.3 Introduction to Subtraction on Unsigned Integers
on Bio-molecular Computer

A one-bit subtractor is to perform the arithmetic subtraction of three input bits. It
contains three inputs and two outputs. Two of the input bits represent minuend and
subtrahend bits to be subtracted. The third input represents the borrow bit from the
previous lower significant position. The first output gives the value of the differ-
ence for minuend and subtrahend bits to be subtracted. The second output gives the
value of the borrow bit to minuend and subtrahend bits to be subtracted. The truth
table of the one-bit subtractor is as follows:

The one-bit subtractor just described calculates the difference bit and the bor-
row bit for two input bits and a previous borrow. The first operand of n-bits and the
second operand of n-bits each can be subtracted by means of finishing this one-bit
subtractor of n times. This is to say that a parallel subtractor of n-bits is also a
Boolean function that performs the arithmetic difference for the first operand of
n-bits and the second operand of n-bits. The following subsections will be applied
to describe how to perform a one-bit subtractor and a parallel subtractor of n-bits.

5.3.1 The Construction of a Parallel One-bit Subtractor
on Unsigned Integers on Bio-molecular Computer

Suppose that two one-bit binary numbers, mk and dk, are employed to represent the
first input of a one-bit subtractor, and the first output of a one-bit subtractor for
1 B k B n, respectively, a one-bit binary number, sk, is used to represent the
second input of a one-bit subtractor, and two one-bit binary numbers, bk and
bk - 1, are applied to represent the second output and the third input of a one-bit
subtractor, respectively. For the sake of convenience, assume that mk

1 contains the
value of mk to be 1 and mk

0 contains the value of mk to be 0. Similarly, also suppose

Table 5.2 The truth table of
a one-bit subtractor is shown

Minuend
bit

Subtrahend
bit

Previous
borrow bit

Difference
bit

Borrow
bit

0 0 0 0 0
0 0 1 1 1
0 1 0 1 1
0 1 1 0 1
1 0 0 1 0
1 0 1 0 0
1 1 0 0 0
1 1 1 1 1
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that dk
1 contains the value of dk to be 1 and dk

0 contains the value of dk to be 0.
Assume that sk

1 denotes the value of sk to be 1 and sk
0 defines the value of sk to be

0. Similarly, also suppose that bk
1 denotes the value of bk to be 1 and bk

0 defines
the value of bk to be 0. Assume that bk - 1

1 contains the value of bk - 1 to be 1 and
bk - 1
0 contains the value of bk - 1 to be 0. The following algorithm is proposed to

perform the Boolean function of a parallel one-bit subtractor.

Lemma 5-3: The algorithm, ParallelOneBitSubtractor(T0, k), can be applied to
finish the function of a parallel one-bit subtractor.
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Proof The algorithm, ParallelOneBitSubtractor(T0, k), is implemented by
means of the extract, append-head and merge operations. Steps (1) through (7)
employ the extract operations to form some different test tubes including different
inputs (T1 to T14). That is, T1 includes all of the inputs that have mk = 1, T2
includes all of the inputs that have mk = 0, T3 includes those that have mk = 1 and
sk = 1, T4 includes those that have mk = 1 and sk = 0, T5 includes those that have
mk = 0 and sk = 1, T6 includes those that have mk = 0 and sk = 0, T7 includes
those that have mk = 1, sk = 1 and bk - 1 = 1, T8 includes those that have
mk = 1, sk = 1 and bk - 1 = 0, T9 includes those that have mk = 1, sk = 0 and
bk - 1 = 1, T10 consists of those that have mk = 1, sk = 0 and bk - 1 = 0, T11
includes those that have mk = 0, sk = 1 and bk - 1 = 1, T12 includes those that
have mk = 0, sk = 1 and bk - 1 = 0, T13 includes those that have mk = 0, sk = 0
and bk - 1 = 1, and finally, T14 consists of those that have mk = 0, sk = 0 and
bk - 1 = 0. Having finished Steps (1) through (7), this implies that eight different
inputs of a one-bit subtractor as shown in Table 5.2 were poured into tubes T7
through T14, respectively.

Next, Steps (8a) (9a) (10a) (11a) (12a) (13a) (14a) and (15a) are used to detect
whether there are inputs from tubes T7 through T14. If a ‘‘yes’’ is returned from
each operation, then the corresponding steps (8a1) through (15a1) use the append-
head operations to append dk

1 or dk
0, and bk

1 or bk
0 onto the head of every input in the

corresponding test tubes. After finishing Steps (8a1) through (15a1), we can say
that eight different outputs of a one-bit subtractor in Table 5.2 are appended into
tubes T7 through T14. Finally, the execution of Step (16) applies the merge
operation to pour tubes T7 through T14 into tube T0. Tube T0 contains the result
finishing the subtraction of a bit. j

5.3.2 The Construction of a Parallel N-bits Subtractor
on Unsigned Integers on Bio-molecular Computer

The parallel one-bit subtractor described in Sect. 5.3.1 is applied to figure out the
difference and borrow for two input bits and a previous borrow. It directly employs
the truth table (Table 5.2 in Sect. 5.3.1) to finish subtraction of a bit. The main
distinction between one-bit subtractor on bio-molecular computer and a full sub-
tractor of one-bit on Turing’s machines is that the Karnaugh map and basic logic
gates on Turing’s machines are not used to implement subtraction of a bit on
bio-molecular computer. Similarly, a parallel subtractor of n-bits is also directly to
perform the arithmetic difference for the first operand of n-bits and the second
operand of n-bits by means of finishing this one-bit subtractor of n times. The
following algorithm is offered to perform the arithmetic difference for a parallel
subtractor of n-bits.
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EndAlgorithm

Lemma 5-4: The algorithm, BinaryParallelSubtractor(T0), can be used to finish
the Boolean function to a binary parallel subtractor of n bits.

Proof Steps (1) through (4d) are mainly used to construct solution space of 2n

unsigned integers (the range of values for them is from 0 to 2n - 1). After they are
finished, tube T0 includes those inputs encoding 2n unsigned integers. Step (5) is
the second loop and is applied to generate subtrahend bits for a subtractor of n bits.
On each execution of Step (5a), it applies the ‘‘Append-head’’ operation to append
the value ‘‘0’’ or ‘‘1’’ for the kth bit of a subtrahend into the head of each bit pattern
in tube T0. When the operation for a subtractor of n bits, the least significant
position for the minuend and the subtrahend is subtracted, the previous borrow bit
must be 0. On the execution of Step (6), it uses the ‘‘Append-head’’ operation to
append the value 0 of the previous borrow bit, b0, onto the end of every bit pattern
in T0.

Next, Step (7) is the main loop and is mainly used to perform the Boolean
function of a binary parallel subtractor of n bits. Each execution of Step (7a) calls
ParallelOneBitSubtractor(T0, k) in Sect. 5.3.1 to compute the arithmetic differ-
ence of one bit for the minuend and the subtrahend. Repeat execution of Step (7a)
until the most significant bit for the minuend and the subtrahend is processed. Tube
T0 contains the result performing the arithmetic difference for the first operand of
n-bits and the second operand of n-bits. j
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5.3.3 The Power for a Parallel N-bits Subtractor
on Unsigned Integers on Bio-molecular Computer

Consider that eight values for an unsigned integer of three bits are, subsequently,
000(010) (m3

0 m2
0 m1

0), 001(110) (m3
0 m2

0 m1
1), 010(210) (m3

0 m2
1 m1

0), 011(310) (m3
0 m2

1

m1
1), 100(410) (m3

1 m2
0 m1

0), 101(510) (m3
1 m2

0 m1
1), 110(610) (m3

1 m2
1 m1

0) and 111(710)
(m3

1 m2
1 m1

1). We want to simultaneously subtract 001(110) (s3
0 s2

0 s1
1) from those

eight values. Algorithm 5.4, BinaryParallelSubtractor(T0), can be used to
implement the task. Tube T0 is an empty tube and is regarded as an input tube of
Algorithm 5.4. From Definition 5.2, the input tube T0 is regarded as the execution
environment of the first BMPDTM. Similarly, tubes T1 and T2 used in Algorithm
5.4 also are regarded, respectively, as the execution environment of the second
BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 5.4 are used to construct a BMPDTM with
eight bio-molecular deterministic one-tape Turing machines. After the execution
for Step (1) and Step (2) of Algorithm 5.4 is finished, tube T1 = {m1

1} and tube
T2 = {m1

0}. This is to say that a BMDTM in the second BMPDTM and in the
third BMPDTM is constructed. Figure 5.25 is applied to explain the current status
of the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 5.25, the content of the first tape square for the tape in the first
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is 1 (m1 = 1), and the content of the first tape square for the tape in the first
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is 0 (m1 = 0).

Next, after the execution for Step (3) of Algorithm 5.4 is implemented, tube
T0 = {m1

1, m1
0}, tube T1 = [ and tube T2 = [. This implies that the execution

environment for the first BMDTM in the second BMPDTM and the first

TapeRead-write head

m1
1

Finite state control

Tape

(a)

(b)

Read-write head m1
0 Finite state control

The first BMDTM in the third BMPDTM.

The first BMDTM in the second BMPDTM.

Fig. 5.25 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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BMDTM in the third BMPDTM becomes the first BMPDTM. Figure 5.26 is
used to show the current status of the execution environment to the first
BMPDTM. From Fig. 5.26, the contents to the two tapes in the execution envi-
ronment of the first BMPDTM are not changed, and the position of each read-
write head and the status of each finite state control are also not changed.

Step (4) is the first loop in Algorithm 5.4, the upper bound (n) is three because
the number of bits for representing those eight values is three. Therefore, after the
first execution of Step (4a) is performed, tube T0 = [, tube T1 = {m1

1, m1
0} and

tube T2 = {m1
1, m1

0}. This is to say that the first BMDTM and the second BMDTM
in the execution environment of the first BMPDTM are both copied into the
second BMPDTM and the third BMPDTM. Figure 5.27 is employed to explain
the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 5.27, the contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (m1 = 1) and 0 (m1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (m1 = 0) and 1 (m1 = 1). From Fig. 5.27, it is pointed out that four bio-
molecular deterministic one-tape Turing machines are generated.

Tape

Tape

Read -write head

m1
1

Read -write head m1
0

Finite state control

Finite state control

The first BMDTM in the first BMPDTM.

The second BMDTM in the first BMPDTM.

(a)

(b)

Fig. 5.26 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution for Step (4b) and Step (4c) of Algorithm 5.4 is
implemented, tube T1 = {m2

1 m1
1, m2

1 m1
0} and tube T2 = {m2

0 m1
1, m2

0 m1
0}. This

implies that the content of the second tape square for the tape in the first BMDTM
in the second BMPDTM is written by its corresponding read-write head and is 1
(m2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (m2 = 1). Similarly, the content of the second tape square for the tape
in the first BMDTM in the third BMPDTM is written by its corresponding read-
write head and is 0 (m2 = 0), and the content of the second tape square for the tape
in the second BMDTM in the third BMPDTM is written by its corresponding
read-write head and is also 0 (m2 = 0). Figure 5.28 is used to show the current
status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 5.28, the position of each read-write head is moved to the
left new tape square, and the status of each finite state control is changed as
‘‘m2 = 1’’ and ‘‘m2 = 0’’.

Tape

Tape

Tape

Tape

Read-write head

m 1
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m 1
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Finite state control
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The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 5.27 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Next, after the first execution for Step (4d) of Algorithm 5.4 is implemented,
tube T0 = {m2

1 m1
1, m2

1 m1
0, m2

0 m1
1, m2

0 m1
0}, tube T1 = [ and tube T2 = [. This is

to say that the execution environment for those bio-molecular deterministic one-
tape Turing machines in the second BMPDTM and in the third BMPDTM
becomes the first BMPDTM. Figure 5.29 is applied to explain the current status of
the execution environment to the first BMPDTM. From Fig. 5.29, the contents to
the four tapes in the execution environment of the first BMPDTM are not chan-
ged, and the position of each read-write head and the status of each finite state
control are also not changed.

Then, after the second execution of Step (4a) is implemented, tube T0 = [,
tube T1 = {m2

1 m1
1, m2

1 m1
0, m2

0 m1
1, m2

0 m1
0} and tube T2 = {m2

1 m1
1, m2

1 m1
0, m2

0 m1
1, m2

0

m1
0}. This is to say that the four bio-molecular deterministic one-tape Turing

machines in the execution environment of the first BMPDTM are all copied into
the second BMPDTM and the third BMPDTM. Figures 5.30 and 5.31 are used to
show the current status of the execution environment to the second BMPDTM and
the third BMPDTM. From Fig. 5.30, the contents of four tapes in the execution
environment of the second BMPDTM are, respectively, 11 (m2

1 m1
1), 10 (m2

1 m1
0),

01 (m2
0 m1

1) and 00 (m2
0 m1

0). Similarly, from Fig. 5.31, the contents of the four tapes
in the execution environment of the third BMPDTM are also, respectively, 11
(m2

1 m1
1), 10 (m2

1 m1
0), 01 (m2

0 m1
1) and 00 (m2

0 m1
0).
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Fig. 5.28 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Fig. 5.29 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Fig. 5.30 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Next, after the second execution for Step (4b) and Step (4c) of Algorithm 5.4 is
performed, tube T1 = {m3

1 m2
1 m1

1, m3
1 m2

1 m1
0, m3

1 m2
0 m1

1, m3
1 m2

0 m1
0} and tube

T2 = {m3
0 m2

1 m1
1, m3

0 m2
1 m1

0, m3
0 m2

0 m1
1, m3

0 m2
0 m1

0}. This is to say that the content of
the third tape square for each tape in the second BMPDTM is written by its
corresponding read-write head and is 1 (m3 = 1), and the content of the third tape
square for each tape in the third BMPDTM is written by its corresponding read-
write head and is 0 (m3 = 0). Figures 5.32 and 5.33 are employed to show the
current status of the execution environment to the second BMPDTM and the third
BMPDTM. From Figs. 5.32 and 5.33, the position of each read-write head is
moved to the left new tape square, and the status of each finite state control is
changed as ‘‘m3 = 1’’ and ‘‘m3 = 0’’.
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Fig. 5.31 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Fig. 5.33 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Fig. 5.32 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Next, after the second execution for Step (4d) of Algorithm 5.4 is finished, tube
T0 = {m3

1 m2
1 m1

1, m3
1 m2

1 m1
0, m3

1 m2
0 m1

1, m3
1 m2

0 m1
0, m3

0 m2
1 m1

1, m3
0 m2

1 m1
0, m3

0 m2
0 m1

1,
m3
0 m2

0 m1
0}, tube T1 = [ and tube T2 = [. This implies that the execution

environment for those bio-molecular deterministic one-tape Turing machines in
the second BMPDTM and in the third BMPDTM becomes the first BMPDTM.
Figure 5.34 is employed to show the current status of the execution environment to
the first BMPDTM. From Fig. 5.34, the contents to the eight tapes in the exe-
cution environment of the first BMPDTM are not changed, the position of each
read-write head and the status of each finite state control are also not changed.
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Fig. 5.34 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Then, because Step (5) of Algorithm 5.4 is the second loop and the upper
bound for Step (5) of Algorithm 5.4 is three, Step (5a) will be executed three
times. From the first execution, the second execution and the third execution of
Step (5a) in Algorithm 5.4, s1

1, s2
0, and s3

0 are, respectively, appended into the head
of each bit pattern in tube T0. This implies that the contents of the fourth tape
square, the fifth tape square and the sixth tape square for the eight tapes of the
eight bio-molecular deterministic one-tape Turing machines in the first BMPDTM
are written by the corresponding read-write head and are, subsequently, s1

1, s2
0, and

s3
0. Next, after the execution of Step (6) in Algorithm 5.4 is implemented, from
each read-write head, b0

0 is written into each tape. Figure 5.35 is applied to explain
the current status of the execution environment to the first BMPDTM. From
Fig. 5.35, the position of each read-write head is moved to the left new tape
square, and the status of each finite state control is changed as ‘‘b0 = 0’’.

Step (7) in Algorithm 5.4 is a loop and is applied to perform a subtractor of
n bits. When the first execution of Step (7a) is performed, it invokes Algorithm
5.3 that is employed to finish an subtractor of one bit, ParallelOneBitSubtrac-
tor(T0, k), in Sect. 5.3.1. The first parameter, tube T0, is current the execution
environment of the first BMPDTM and contains eight bio-molecular deterministic
one-tape Turing machines (Fig. 5.35). It is regarded as an input tube of Algorithm
5.3. The value for the second parameter, k, is one and is also regarded as an input
value of Algorithm 5.3.

When Algorithm 5.3 is first called, seventeen tubes are all regarded as inde-
pendent environments of seventeen bio-molecular parallel deterministic one-tape
Turing machines. Tube T0 is regarded as the first BMPDTM and tube Tk is
regarded as the (k ? 1)th BMPDTM. After the first execution of Step (1) in
Algorithm 5.3 is run, tube T0 = [, tube T1 = {b0
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1 m3
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0}. This

implies that the new execution environments for four bio-molecular deterministic
one-tape Turing machines with the content of tape square, ‘‘m1

1’’, and other
bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘m1

0’’ are, respectively, the second BMPDTM and the third BMPDTM.
Figures 5.36 and 5.37 are applied to show the results.
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Next, after the first execution of Step (2) in Algorithm 5.3 is finished, tube
T1 = [, tube T3 = {b0
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1}and tube T4 = [. This is to say that the new execution

environment for four bio-molecular deterministic one-tape Turing machines with
the content of tape square, ‘‘s1

1’’ is the fourth BMPDTM. Figure 5.38 is applied to
show the execution environment for the fourth BMPDTM.

Next, after the first execution of Step (3) in Algorithm 5.3 is implemented, tube
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Fig. 5.35 Schematic representation of the current status of the execution environment to the first
BMPDTM
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1 m3
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0}and tube T6 = [. Figure 5.39 is applied to show the exe-

cution environment for the sixth BMPDTM. After the first execution for Steps (4)
through (7) is performed, tube T8 = {b0
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0}, tube T7 = [, tube
T9 = [, tube T10 = [, tube T11 = [, tube T13 = [, and tube T14 = [.
Figures 5.40 and 5.41 are, respectively, used to show the results.

Next, after the first execution for Steps (8a) (9a) (10a) (11a) (12a) (13a) (14a)
and (15a) is performed, the returned result from Steps (9a) and (13a) is ‘‘yes’’, and
other returned result is ‘‘no’’. Therefore, after the first execution for Steps (9) and
(13) is finished, tube T8 = {b1
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0} and other tubes become all empty tubes.
Figures 5.42, 5.43 and 5.44 are applied to show the result.

After the execution of the first time for each operation in Algorithm 5.3 is
finished, the subtraction for the first bit for each minuend and its corresponding
subtrahend is also performed. Then, when the second execution of Step (7a) is
implemented, it again invokes Algorithm 5.3. The first parameter, tube T0, is
current the execution environment of the first BMPDTM and contains eight bio-
molecular deterministic one-tape Turing machines (Fig. 5.44). It is regarded as an
input tube of Algorithm 5.3. The value for the second parameter, k, is two and is
also regarded as an input value of Algorithm 5.3. After the execution of the
second time for each operation in Algorithm 5.3 is performed, tube T0 = {b2
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and other tubes become all empty tubes. Figure 5.45 is used to show the result.

After the execution of the second time for each operation in Algorithm 5.3 is
performed, the subtraction for the second bit for each minuend and its corre-
sponding subtrahend is also finished. Next, when the third execution of Step (7a) is
implemented, it again invokes Algorithm 5.3. The first parameter, tube T0, is
current the execution environment of the first BMPDTM and contains eight bio-
molecular deterministic one-tape Turing machines (Fig. 5.45). It is regarded as an
input tube of Algorithm 5.3. The value for the second parameter, k, is three and is
also regarded as an input value of Algorithm 5.3. After the execution of the third
time for each operation in Algorithm 5.3 is performed, tube T0 = {b3
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Figure 5.46 is used to show the result and Algorithm 5.4 is terminated.
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Fig. 5.36 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Fig. 5.37 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Fig. 5.38 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Fig. 5.39 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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Fig. 5.40 Schematic representation of the current status of the execution environment to the
ninth BMPDTM
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Fig. 5.41 Schematic representation of the current status of the execution environment to the 13th
BMPDTM
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Fig. 5.42 Schematic representation of the current status of the execution environment to the
ninth BMPDTM
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Fig. 5.43 Schematic representation of the current status of the execution environment to the 13th
BMPDTM
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Fig. 5.44 The current status of the execution environment to the first BMPDTM
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Fig. 5.45 Schematic representation of the current status of the execution environment to the first
BMPDTM
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5.4 Summary

In this chapter an introduction to how arithmetic operations on bits were imple-
mented by means of bio-molecular operations was provided. We introduced that
the bio-molecular parallel deterministic one-tape Turing machine (abbreviated
BMPDTM) was pictured schematically in Fig. 5.2 and this machine includes
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Fig. 5.46 Schematic representation of the current status of the execution environment to the first
BMPDTM
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n bio-molecular deterministic one-tape Turing machines. We then described that
each bio-molecular deterministic one-tape Turing machine (abbreviated
BMDTM) contained a finite state control, a read-write head, and a tape made up of
a two-way infinite sequence of tape squares (shown in Fig. 5.2). We also intro-
duced that each bit pattern encoded in a tube in a bio-molecular computer was
regarded as a tape in a bio-molecular deterministic one-tape Turing machine and
that for each tape in a BMPDTM, each biological operation was applied to
simultaneously perform the function of the corresponding finite state control and
read-write head.

We then described Algorithm 5.1 and its proof to show how the Boolean
function of a parallel one-bit adder was implemented by means of biological
operations. We also introduced Algorithm 5.2 and its proof to explain how the
arithmetic sum for a parallel adder of n-bits was computed by means of molecular
operations. We then gave one example to reveal the power of a parallel adder of n-
bits. We also introduced Algorithm 5.3 and its proof to demonstrate how the
Boolean function of a parallel one-bit subtractor was implemented by means of
biological operations. We also described Algorithm 5.4 and its proof to show how
the arithmetic difference for a parallel subtractor of n-bits was implemented by
means of molecular operations. We then gave one example to explain the power of
a parallel subtractor of n-bits.

5.5 Bibliographical Notes

The textbook by Hopcroft et al. (Hopcroft et al. 2006) is a good introduction to
automata theory. The book by Hofstadter (Hofstadter 1980) is a good introduction
to theory of computation on discussing the Godel number and its application. The
books that were written by Hennie (Hennie 1977), Kfoury (Kfoury 1982), Minsky
(Minsky 1967) and Sipser (Sipser 2005) are good introduction to the complexity of
problems. The books which were written by the authors in Brown and Vranesic
(2007), Mano (1979, 1993), Null and Lobur (2010), Shiva (2008), Stalling (2000)
are good introduction to digital arithmetic and logical circuits.

5.6 Exercises

5.1 The binary operator _ defines logical operation OR. The truth table to a
logical operation, x _ 0, is shown in Table 5.3, where x is a Boolean variable
that is the first input and 0 is the second input. Based on Table 5.3, write a
bio-molecular program to implement the function of the logical operation,
x _ 0.
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5.2 The binary operator ^ defines logical operation AND. The truth table to a
logical operation, x ^ 1, is shown in Table 5.4, where x is a Boolean variable
that is the first input and 1 is the second input. Based on Table 5.4, write a
bio-molecular program to implement the function of the logical operation,
x ^ 1.

5.3 The binary operator _ defines logical operation OR, and the unary operator 0

defines logical operation NOT. The truth table to a logical operation, x _ x0,
is shown in Table 5.5, where x is a Boolean variable that is the first input and
x0 is its negation that is the second input. Based on Table 5.5, write a bio-
molecular program to implement the function of the logical operation, x _ x0.

5.4 The binary operator ^ defines logical operation AND, and the unary operator
0 defines logical operation NOT. The truth table to a logical operation, x ^ x0,
is shown in Table 5.6, where x is a Boolean variable that is the first input and
x0 is its negation that is the second input. Based on Table 5.6, write a bio-
molecular program to implement the function of the logical operation, x ^ x0.

Table 5.3 The truth table to
a logical operation, x _ 0, is
shown

The first input (x) The second input x _ 0

0 0 0
1 0 1

Table 5.4 The truth table to
a logical operation, x ^ 1, is
shown

The first input (x) The second input x ^ 1

0 1 0
1 1 1

Table 5.5 The truth table to
a logical operation, x _ x0, is
shown

The first input (x) The second input (x0) x _ x0

0 1 1
1 0 1

Table 5.6 The truth table to
a logical operation, x ^ x0, is
shown

The first input (x) The second input (x0) x ^ x0

0 1 0
1 0 0

104 5 Introduction to Arithmetic Operations



5.5 The binary operator _ defines logical operation OR. The truth table to a
logical operation, x _ x, is shown in Table 5.7, where x is a Boolean variable
that is the first input and the second input. Based on Table 5.7, write a bio-
molecular program to implement the function of the logical operation, x _ x.

5.6 The binary operator ^ defines logical operation AND. The truth table to a
logical operation, x ^ x, is shown in Table 5.8, where x is a Boolean variable
that is the first input and the second input. Based on Table 5.8, write a bio-
molecular program to implement the function of the logical operation, x ^ x.

5.7 The binary operator _ defines logical operation OR. The truth table to a
logical operation, x _ 1, is shown in Table 5.9, where x is a Boolean variable
that is the first input and 1 is the second input. Based on Table 5.9, write a
bio-molecular program to implement the function of the logical operation,
x _ 1.

5.8 The binary operator ^ defines logical operation AND. The truth table to a
logical operation, x ^ 0, is shown in Table 5.10, where x is a Boolean var-
iable that is the first input and 0 is the second input. Based on Table 5.10,
write a bio-molecular program to implement the function of the logical
operation, x ^ 0.

Table 5.7 The truth table to
a logical operation, x _ x, is
shown

The first input (x) The second input (x) x _ x

0 0 0
1 1 1

Table 5.8 The truth table to
a logical operation, x ^ x, is
shown

The first input (x) The second input (x) x ^ x

0 0 0
1 1 1

Table 5.9 The truth table to
a logical operation, x _ 1, is
shown

The first input (x) The second input x _ 1

0 1 1
1 1 1

Table 5.10 The truth table
to a logical operation, x ^ 0,
is shown

The first input (x) The second input x ^ 0

0 0 0
1 0 0
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5.9 The unary operator 0 defines logical operation NOT. The truth table to a
logical operation (x0)0, is shown in Table 5.11, where x is a Boolean variable
that is the first input. Based on Table 5.11, write a bio-molecular program to
implement the function of the logical operation (x0)0.

5.10 The binary operator ^ defines logical operation AND, and the unary operator
0 defines logical operation NOT. The truth table to a logical operation, x ^ y

0
,

is shown in Table 5.12, where x and y are two Boolean variables that are
respectively the first input and the second input. Based on Table 5.12, write a
bio-molecular program to implement the function of the logical operation,
x ^ y

0
.
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Chapter 6
Introduction to Logic Operations on Bits
on Bio-molecular Computer

In Chap. 5, we showed how to perform arithmetic operations on bits in a
bio-molecular computer. In this chapter, we show how to finish logic operations on
bits in a bio-molecular computer. Those logic operations on bits are NOT, OR,
AND, NOR, NAND, Exclusive-OR (XOR) and Exclusive-NOR (XNOR), and
are shown in Fig. 6.1. The bio-molecular parallel deterministic one-tape Turing
machine (abbreviated BMPDTM) denoted in Chap. 5 is chosen as our model for
the purpose of clearly explaining how those logic operations on bits are performed.

6.1 Introduction to NOT Operation on Bio-molecular
Computer

The NOT operation of a bit inverts or provides the one’s complement for the bit.
This operation takes a single input and generates one output. The NOT operation
of a bit offers the following result:

NOT 1 ¼ 0

NOT 0 ¼ 1

Hence, NOT of a Boolean variable R, written as �R is 1 if and only if R is 0.
Similarly, �R is 0 if and only if R is 1. This definition may also be specified in the
form of a truth table:

Logic Operations on Bits

NOT OR AND NOR NAND XOR XNOR

Fig. 6.1 Logic operations on bits

W.-L. Chang and A. V. Vasilakos, Molecular Computing, Studies in Big Data 4,
DOI: 10.1007/978-3-319-05122-2_6, � Springer International Publishing Switzerland 2014

109



The NOT operation of a bit inverts the one’s complement for the only input.
The NOT operation of n-bits provides the corresponding one’s complement for
each input in n inputs by means of performing the NOT operation of a bit of
n times. The following subsections will be applied to describe how to finish the
NOT operation of a bit and the NOT operation of n-bits.

6.1.1 The Construction for the Parallel NOT Operation
of a Bit on Bio-molecular Computer

Suppose that a one-bit binary number, Rk, is applied to represent the input for the
NOT operation of a bit for 1 B k B n. Also suppose that a one-bit binary number
�Rk for 1 B k B n is used to represent the corresponding one’s complement for the
input Rk. For the sake of convenience, assume that Rk

1 denotes the fact that the
value of Rk is 1 and Rk

0 denotes the fact that the value of Rk is 0. Similarly, suppose
that �R1

k denotes the fact that the value of �Rk is 1 and �R0
k denotes the fact that the

value of �Rk is 0. The following algorithm is proposed to perform the parallel NOT
operation of a bit.

Algorithm 6.1: ParallelNOT(T0, k)

(1) T1 = +(T0, Rk
1) and T2 = −(T0, Rk

1).

(2a) If (Detect(T1) = = “yes”) then

(2) Append-head(T1,
0

kR ).

EndIf

(3a) If (Detect(T2) = = “yes”) then

(3) Append-head(T2,
1
kR ).

EndIf

(4) T0 = (T1, T2).

EndAlgorithm

∪

Lemma 6-1: The algorithm, ParallelNOT(T0, k), parallel NOT operation of a
bit.

Table 6.1 The truth table for
the NOT operation of a bit
for a Boolean variable R

Input Output
R �R

0 1
1 0
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Proof The algorithm, ParallelNOT(T0, k), is implemented by means of the
extract, detect, append-head and merge operations. Step (1) uses the extract
operations to form some different tubes (T1 and T2) including different inputs. That
is, T1 includes all of the inputs that have Rk = 1 and T2 consists of all of the inputs
that have Rk = 0. Having performed Step (1), this implies that two different inputs
for the NOT operation of a bit as shown in Table 6.1 were poured into tubes T1
through T2, respectively.

Steps (2a) and (3a) are, respectively, used to test whether contains any input for
tubes T1 and T2 or not. If any a ‘‘yes’’ is returned for those steps, then the
corresponding append-head operations will be run. Next, Steps (2) through (3) use
the append-head operations to append �R0

k and �R1
k onto the head of every input in

the corresponding tubes. After performing Steps (2) through (3), we can say that
two different outputs to the NOT operation of a bit as shown in Table 6.1 are
appended into tubes T1 through T2. Finally, the execution of Step (4) applies the
merge operation to pour tubes T1 through T2 into tube T0. Tube T0 contains the
result performing the NOT operation of a bit as shown in Table 6.1. j

6.1.2 The Construction for the Parallel NOT Operation
of N Bits on Bio-molecular Computer

The parallel NOT operation of n bits simultaneously inverts the corresponding
one’s complement for 2n combinations of n bits. The following algorithm is
offered to perform the parallel NOT operation of n bits. Notations in Algorithm
6.2 are denoted in Sect. 6.1.1.

Algorithm 6.2: N-Bits-ParallelNOT(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 = ∪(T1, T2).

(4) For k = 2 to n
(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 = ∪(T1, T2).

EndFor

(5) For k = 1 to n

(5a) ParallelNOT(T0, k).

EndFor

EndAlgorithm
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Lemma 6-2: The algorithm, N-Bits-ParallelNOT(T0), can be applied to perform
the parallel NOT operation of n bits.

Proof Steps (1) through (4d) are mainly applied to construct solution space of 2n

unsigned integers (the range of values for them is from 0 to 2n - 1). After they are
performed, tube T0 includes those inputs encoding 2n unsigned integers. Next, Step
(5) is the main loop and is mainly used to perform the parallel NOT operation of
n bits. Each execution of Step (5a) calls ParallelNOT(T0, k) in Sect. 6.1.1 to
invert the one’s complement for the kth bit of each input in 2n inputs. Repeat
execution of Step (5a) until the nth bit of each input in 2n inputs is processed. Tube
T0 contains the result performing the parallel NOT operation of n bits. j

6.1.3 The Power for the Parallel NOT Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) R0

2R
0
1

� �
, 01(110) R0

2R
1
1

� �
, 10(210) R1

2R
0
1

� �
and 11(310) R1

2R
1
1

� �
. We want to

simultaneously invert the corresponding one’s complement for those four values.
Algorithm 6.2, N-Bits-ParallelNOT(T0), can be applied to run the task. Tube T0
is an empty tube and is regarded as an input tube of Algorithm 6.2. In light of
Definition 5–2, the input tube T0 is regarded as the execution environment of the
first BMPDTM. Similarly, tubes T1 and T2 used in Algorithm 6.2 also are
regarded, subsequently, as the execution environment of the second BMPDTM
and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.2 are applied to generate a BMPDTM
with four bio-molecular deterministic one-tape Turing machines. After the exe-
cution for Step (1) and Step (2) of Algorithm 6.2 is implemented, tube T1 ¼ R1

1

� �
and tube T2 ¼ R0

1

� �
. This is to say that a BMDTM in the second BMPDTM and

in the third BMPDTM is generated. Figure 6.2 is used to explain the current status
of the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 6.2, the content of the first tape square for the tape in the first BMDTM
in the second BMDTM is written by its corresponding read-write head and is 1
(R1 = 1), and the content of the first tape square for the tape in the first BMDTM
in the third BMPDTM is written by its corresponding read-write head and is 0
(R1 = 0). For the first BMDTM in the second BMPDTM, the position of the read-
write head is moved to the left new tape square, and the state of the finite state
control is changed as ‘‘R1 = 1’’. Similarly, for the first BMDTM in the third
BMPDTM, the position of the read-write head is moved to the left new tape
square, and the state of the finite state control is changed as ‘‘R1 = 0’’.
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Next, after the execution for Step (3) of Algorithm 6.2 is performed, tube
T0 ¼ R1

1;R
0
1

� �
, tube T1 = [ and tube T2 = [. This is to say that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.3 is applied to illustrate the current status of the
execution environment to the first BMPDTM. From Fig. 6.3, the contents to the
two tapes in the execution environment of the first BMPDTM are not changed.

Step (4) is the first loop in Algorithm 6.2, the upper bound (n) is two because
the number of bits for representing those four values is two. Hence, after the first
execution of Step (4a) is finished, tube T0 = [, tube T1 ¼ R1

1;R
0
1

� �
and tube

T2 ¼ R1
1;R

0
1

� �
. This implies that the first BMDTM and the second BMDTM in

the execution environment of the first BMPDTM are both copied into the second
BMPDTM and the third BMPDTM. Figure 6.4 is used to show the current status

Tape

Tape

Read-write head

R1
1

Read-write head R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 6.2 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

Tape

Tape

Read-write head

R1
1

Read-write head R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 6.3 Schematic representation of the current status of the execution environment to the first
BMPDTM
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of the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 6.4, the contents of the first tape square for the corresponding tape of the
first BMDTM and the corresponding tape of the second BMDTM in the execution
environment of the second BMPDTM are, respectively, 1 (R1 = 1) and 0
(R1 = 0). The contents of the first tape square for the corresponding tape of the
first BMDTM and the corresponding tape of the second BMDTM in the execution
environment of the third BMPDTM are also, respectively, 0 (R1 = 0) and 1
(R1 = 1). From Fig. 6.4, four bio-molecular deterministic one-tape Turing
machines are constructed. For the four bio-molecular deterministic one-tape
Turing machines, the position of the corresponding read-write head and the state of
the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) of Algorithm 6.2 is
implemented, tube T1 ¼ R1

2R
1
1;R

1
2R

0
1

� �
and tube T2 ¼ R0

2R
1
1;R

0
2R

0
1

� �
. This indi-

cates that the content of the second tape square for the tape in the first BMDTM in
the second BMPDTM is written by its corresponding read-write head and is 1
(R2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (R2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the corre-
sponding finite state control is both changed as ‘‘R2 = 1’’. Similarly, the content of
the second tape square for the tape in the first BMDTM in the third BMPDTM is
written by its corresponding read-write head and is 0 (R2 = 0), and the content of
the second tape square for the tape in the second BMDTM in the third BMPDTM

Tape

Tape

Tape

Tape

Read-write head

R1
1

Read-write head

R1
0

Finite state control

Finite state control

Read-write head

R1
0

Finite state control

Read-write head

R1
1

Finite state control

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.4 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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is written by its corresponding read-write head and is also 0 (R2 = 0). Simulta-
neously, the position of the corresponding read-write head is both moved to the left
new tape square and the state of the corresponding finite state control is both
changed as ‘‘R2 = 0’’. Figure 6.5 is applied to explain the current status of the
execution environment to the second BMPDTM and the third BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 6.2 is performed, tube
T0 ¼ R1

2R
1
1;R

1
2R

0
1;R

0
2R

1
1;R

0
2R

0
1

� �
, tube T1 = [ and tube T2 = [. This implies that

the execution environment for those bio-molecular deterministic one-tape Turing
machines in the second BMPDTM and in the third BMPDTM becomes the first
BMPDTM. Figure 6.6 is employed to illustrate the current status of the execution
environment to the first BMPDTM. From Fig. 6.6, the contents to the four tapes in
the execution environment of the first BMPDTM are not changed, and the position
of the corresponding read-write head and the state of the corresponding finite state
control are reserved.

Step (5) in Algorithm 6.2 is a loop and is used to perform the parallel NOT
operation of n bits. When the first execution of Step (5a) is implemented, it
invokes Algorithm 6.1 that is employed to finish the parallel NOT operation of
one bit, ParallelNOT(T0, k), in Sect. 6.1.1. The first parameter, tube T0, is current
the execution environment of the first BMPDTM and contains four bio-molecular
deterministic one-tape Turing machines (Fig. 6.6). It is regarded as an input tube
of Algorithm 6.1. The value for the second parameter, k, is one and is also
regarded as an input value of Algorithm 6.1.

Tape

Tape

Tape

Tape

Read-write head

R2
1 R1

1

Read-write head

Finite state control

Finite state control
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0
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1

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.5 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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When Algorithm 6.1 is first called, three tubes are all regarded as independent
environments of three bio-molecular parallel deterministic one-tape Turingmachines.
Tube T0 is regarded as the first BMPDTM and tube Tk is regarded as the (k ? 1)th
BMPDTM. After the first execution of Step (1) in Algorithm 6.1 is implemented,
tube T0 = [, tube T1 ¼ R1

2R
1
1;R

0
2R

1
1

� �
and tube T2 ¼ R1

2R
0
1;R

0
2R

0
1

� �
. This indicates

that the new execution environments for two bio-molecular deterministic one-tape
Turingmachineswith the content of tape square, ‘‘R1

1’’, and other two bio-smolecular
deterministic one-tape Turing machines with the content of tape square, ‘‘R0

1’’ are,
respectively, the second BMPDTM and the third BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state control
are reserved. Figures 6.7 and 6.8 are applied to show the results.

Tape

Tape

Tape

Tape

Read-write head

R2
1 R1

1

Read-write head

Finite state control

Finite state control

Read-write head
Finite state control

Read-write head Finite state control
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1 R1

0

R2
0 R1

0

R2
0 R1

1

The four BMDTMs in the first BMPDTM.(a)  

Fig. 6.6 Schematic representation of the current status of the execution environment to the first
BMPDTM
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1

The two BMDTMs in the second BMPDTM.(a)

Fig. 6.7 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Next, after the first execution for Steps (2a) and (3a) is implemented, the
returned result from Steps (2a) and (3a) is ‘‘yes’’. Therefore, after the first exe-
cution for Steps (2) and (3) is performed, tube T1 ¼ �R0

1 R
1
2 R

1
1; �R0

1 R
0
2 R

1
1

� �
and

tube T2 ¼ �R1
1 R

1
2 R

0
1; �R1

1 R
0
2 R

0
1

� �
. Figures 6.9 and 6.10 are applied to respectively

illustrate the current status of the execution environment to the second BMPDTM
and the third BMPDTM. From Figs. 6.9 and 6.10, the content of the third tape
square for the tape in the first BMDTM and the second BMDTM in the second
BMPDTM is both written by the corresponding read-write head and is 0 �R1 ¼ 0ð Þ,
and the content of the third tape square for the tape in the first BMDTM and the
second BMDTM in the third BMPDTM is both written by the corresponding
read-write head and is 1 �R1 ¼ 1ð Þ.
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Read-write head
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(a)  The two BMDTMs in the third BMPDTM.

Fig. 6.8 Schematic representation of the current status of the execution environment to the third
BMPDTM
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.9 Schematic representation of the current status of the execution environment to the
second BMPDTM
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For the twoBMDTMs in the secondBMPDTM, the position of the corresponding
read-write head is both moved to the left new tape square, and the state of the corre-
sponding finite state control is both changed as ‘‘�R3 ¼ 0’’. Similarly, for the other two
BMDTMs in the thirdBMPDTM, the position of the corresponding read-write head
is both moved to the left new tape square, and the state of the corresponding finite
state control is both changed as ‘‘�R3 ¼ 1’’. Finally, after the first execution for
Step (4) is finished, tube T1 ¼ �R0

1 R
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1
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�R0
1 R

0
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�R1
1 R

1
2R

0
1;

�R1
1 R

0
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0
1

� �
, tube

T1 = [ and tube T2 = [. This implies that the execution environment for the first
and second bio-molecular deterministic one-tape Turing machines in the second
BMPDTM and the first and second bio-molecular deterministic one-tape Turing
machines in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state control
are all reserved. Figure 6.11 is applied to show the result.
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(a)  The two BMDTMs in the third BMPDTM.

Fig. 6.10 Schematic representation of the current status of the execution environment to the
third BMPDTM
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.11 Schematic representation of the current status of the execution environment to the first
BMPDTM
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After the execution of the first time for each operation in Algorithm 6.1 is
performed, the parallel NOT operation to the first bit of the four inputs is also
finished. Then, when the second execution of Step (5a) in Algorithm 6.2 is
implemented, it again invokes Algorithm 6.1. The first parameter, tube T0, is
current the execution environment of the first BMPDTM and contains four bio-
molecular deterministic one-tape Turing machines (Fig. 6.11). It is regarded as an
input tube of Algorithm 6.1. The value for the second parameter, k, is two and is
also regarded as an input value of Algorithm 6.1. After the execution of the
second time for each operation in Algorithm 6.1 is performed, tube T0 ¼
�R0
2
�R0
1 R

1
2 R

1
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0
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� �
and other tubes become all

empty tubes. This indicates that the content of the fourth tape square for the four
BMDTMs is written by the corresponding read-write head and is, respectively, �R0

2;
�R1
2;

�R0
2 and �R1

2: Figure 6.12 is used to explain the result and Algorithm 6.2 is
terminated.

6.2 Introduction to OR Operation on Bio-molecular
Computer

The OR operation of a bit for two Boolean variables R and S produces a result of 1
if R or S, or both, are 1. However, if both R and S are zero, then the result is 0.
A plus sign ? (logical sum) or _ symbol is normally applied to represent OR.
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(a)   The four BMDTMs in the first BMPDTM.

Fig. 6.12 Schematic representation of the current status of the execution environment to the first
BMPDTM
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The four possible combinations for the OR operation of a bit to two Boolean
variables R and S are

0 _ 0 ¼ 0

0 _ 1 ¼ 1

1 _ 0 ¼ 1

1 _ 1 ¼ 1

A truth table is usually employed with logic operation to represent all possible
combinations of inputs and the corresponding outputs. The truth table for the OR
operation is shown in Table 6.2.

6.2.1 The Construction for the Parallel OR Operation
of a Bit on Bio-molecular Computer

Assume that two one-bit binary numbers, Rk and Sk, for 1 B k B n are applied
to, respectively, represent the first input and the second input for the OR
operation of a bit. Also assume that a one-bit binary number, Ck, for
1 B k B n is used to represent the output for the OR operation of a bit. For the
sake of convenience, suppose that R1

k denotes the fact that the value of Rk is 1 and
R0
k denotes the fact that the value of Rk is 0. Similarly, assume that S1k denotes the

fact that the value of Sk is 1 and S0k denotes the fact that the value of Sk is 0.
Suppose that C1

k denotes the fact that the value of Ck is 1 and C0
k denotes the fact

that the value of Ck is 0. The following algorithm is proposed to perform the
parallel OR operation of a bit.

Table 6.2 The truth table for
the OR operation of a bit for
two Boolean variables R and S

Input Output

R S C = R _ S

0 0 0
0 1 1
1 0 1
1 1 1
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Algorithm 6.3: ParallelOR(T0, k)

(1) T1 = +(T0, Rk
1) and T2 = −(T0, Rk

1).

(2) T3 = +(T1, Sk
1) and T4 = −(T1, Sk

1).

(3) T5 = +(T2, Sk
1) and T6 = −(T2, Sk

1).

(4a) If (Detect(T3) = = “yes”) then

(4) Append-head(T3, Ck
1).

EndIf

(5a) If (Detect(T4) = = “yes”) then

(5) Append-head(T4, Ck
1).

EndIf

(6a) If (Detect(T5) = = “yes”) then

(6) Append-head(T5, Ck
1).

EndIf

(7a) If (Detect(T6) = = “yes”) then

(7) Append-head(T6, Ck
0).

EndIf

(8) T0 = ∪(T3, T4, T5, T6).

EndAlgorithm

Lemma 6-3: The algorithm, ParallelOR(T0, k), can be used to finish the parallel
OR operation of a bit.

Proof The algorithm, ParallelOR(T0, k), is implemented by means of the extract,
detect, append-head and merge operations. Steps (1) through (3) employ the
extract operations to form some different test tubes including different inputs (T1 to
T6). That is, T1 includes all of the inputs that have Rk = 1, T2 includes all of the
inputs that have Rk = 0, T3 includes those that have Rk = 1 and Sk = 1, T4
includes those that have Rk = 1 and Sk = 0, T5 includes those that have Rk = 0
and Sk = 1, and finally, T6 includes those that have Rk = 0 and Sk = 0. Having
performed Steps (1) through (3), this implies that four different inputs for the OR
operation of a bit as shown in Table 6.2 were poured into tubes T3 through T6,
respectively.

Steps (4a) and (7a) are, respectively, used to test whether contains any input for
tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is returned for those steps, then the
corresponding append-head operations will be run. Next, Steps (4) through (7) use
the append-head operations to append Ck

1 and Ck
0 onto the head of every input in

the corresponding tubes. After performing Steps (4) through (7), we can say that
four different outputs to the OR operation of a bit as shown in Table 6.2 are
appended into tubes T3 through T6. Finally, the execution of Step (8) applies the
merge operation to pour tubes T3 through T6 into tube T0. Tube T0 contains the
result performing the OR operation of a bit as shown in Table 6.2. j
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6.2.2 The Construction for the Parallel OR Operation
of N Bits on Bio-molecular Computer

The parallel OR operation of n bits simultaneously generates the corresponding
outputs for 2n combinations of n bits. The following algorithm is proposed to
perform the parallel OR operation of n bits. Notations in Algorithm 6.4 are
denoted in Sect. 6.2.1.

Algorithm 6.4: N-Bits-ParallelOR(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 = ∪(T1, T2).

(4) For k = 2 to n

(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 = ∪(T1, T2).

EndFor

(5) For k = 1 to n

(5a) Append-head(T0, Sk).

EndFor

(6) For k = 1 to n

(6a) ParallelOR(T0, k).

EndFor

EndAlgorithm

Lemma 6-4: The algorithm, N-Bits-ParallelOR(T0), can be applied to perform
the parallel OR operation of n bits

Proof Steps (1) through (4d) are mainly applied to construct solution space of 2n

unsigned integers for the first input (the range of values for them is from 0 to 2n-1).
After they are performed, tube T0 includes those inputs encoding 2n unsigned
integers. Next, Steps (5) through (5a) are used to append the value ‘‘0’’ or ‘‘1’’ for
Sk onto the head of solution space of 2n unsigned integers in tube T0. Step (6) is the
main loop and is mainly used to perform the parallel OR operation of n bits. Each
execution of Step (6a) calls ParallelOR(T0, k) in Sect. 6.2.1 to perform the OR
operation for the kth bit of each input in 2n inputs. Repeat execution of Step (6a)
until the nth bit of each input in 2n inputs is processed. Tube T0 contains the result
performing the parallel OR operation of n bits. j
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6.2.3 The Power for the Parallel OR Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) (R2

0 R1
0), 01(110) (R2

0 R1
1), 10(210) (R2

1 R1
0) and 11(310) (R2

1 R1
1). We want to

simultaneously perform the parallel OR operation for 11(310) (S2
1 S1

1) and those
four values. Algorithm 6.4, N-Bits-ParallelOR(T0), can be used to implement the
task. Tube T0 is an empty tube and is regarded as an input tube of Algorithm 6.4.
According to Definition 5-2, the input tube T0 is regarded as the execution
environment of the first BMPDTM. Similarly, tubes T1 and T2 used in Algorithm
6.4 also are regarded, subsequently, as the execution environment of the second
BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.4 are employed to yield a BMPDTM
with four bio-molecular deterministic one-tape Turing machines. After the exe-
cution for Step (1) and Step (2) of Algorithm 6.4 is implemented, tube T1 ¼ R1

1

� �
and tube T2 ¼ R0

1

� �
. This is to say that a BMDTM in the second BMPDTM and

in the third BMPDTM is produced. Figure 6.13 is applied to show the current
status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 6.13, the content of the first tape square for the tape in the
first BMDTM in the second BMPDTM is written by its corresponding read-write
head and is 1 (R1 = 1), and the content of the first tape square for the tape in
the first BMDTM in the third BMPDTM is written by its corresponding read-
write head and is 0 (R1 = 0). For the first BMDTM in the second BMPDTM, the
position of the read-write head is moved to the left new tape square, and the state
of the finite state control is changed as ‘‘R1 = 1’’. Similarly, for the first BMDTM
in the third BMPDTM, the position of the read-write head is moved to the left new
tape square, and the state of the finite state control is changed as ‘‘R1 = 0’’.

Next, after the execution for Step (3) of Algorithm 6.4 is performed, tube
T0 ¼ R1

1;R
0
1

� �
, tube T1 = [ and tube T2 = [. This is to say that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.14 is used to illustrate the current status of the
execution environment to the first BMPDTM. From Fig. 6.14, it is indicated that
the contents to the two tapes in the execution environment of the first BMPDTM
are not changed.
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Step (4) is the first loop in Algorithm 6.4, the upper bound (n) is two because
the number of bits for representing those four values is two. Thus, after the first
execution of Step (4a) is finished, tube T0 = [, tube T1 ¼ R1

1;R
0
1

� �
and tube

T2 ¼ R1
1;R

0
1

� �
. This implies that the first BMDTM and the second BMDTM in

the execution environment of the first BMPDTM are both copied into the second
BMPDTM and the third BMPDTM. Figure 6.15 is used to show the current status
of the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 6.15, the contents of the first tape square for the corresponding tape of
the first BMDTM and the corresponding tape of the second BMDTM in the
execution environment of the second BMPDTM are, respectively, 1 (R1 = 1) and
0 (R1 = 0). The contents of the first tape square for the corresponding tape of the
first BMDTM and the corresponding tape of the second BMDTM in the execution
environment of the third BMPDTM are also, respectively, 0 (R1 = 0) and 1
(R1 = 1). From Fig. 6.15, four bio-molecular deterministic one-tape Turing
machines are constructed. For the four bio-molecular deterministic one-tape
Turing machines, the position of the corresponding read-write head and the state of
the corresponding finite state control are reserved.

Tape
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Read-write head
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1

Read-write head R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 6.14 Schematic representation of the current status of the execution environment to the first
BMPDTM

Tape

Tape

Read-write head

R1
1

Read-write head R1
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(b)  The first BMDTM in the third BMPDTM.

(a)  The first BMDTM in the second BMPDTM.

Fig. 6.13 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Next, after the first execution for Step (4b) and Step (4c) of Algorithm 6.4 is
implemented, tube T1 ¼ R1

2R
1
1;R

1
2R

0
1

� �
and tube T2 ¼ R0

2R
1
1;R

0
2R

0
1

� �
. This indi-

cates that the content of the second tape square for the tape in the first in the
second BMPDTM is written by its corresponding read-write head and is 1
(R2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (R2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the corre-
sponding finite state control is both changed as ‘‘R2 = 1’’. Similarly, the content of
the second tape square for the tape in the first BMDTM in the third BMPDTM is
written by its corresponding read-write head and is 0 (R2 = 0), and the content of
the second tape square for the tape in the second BMDTM in the third BMPDTM
is written by its corresponding read-write head and is also 0 (R2 = 0). Simulta-
neously, the position of the corresponding read-write head is both moved to the left
new tape square and the state of the corresponding finite state control is both
changed as ‘‘R2 = 0’’. Figure 6.16 is applied to explain the current status of the
execution environment to the second BMPDTM and the third BMPDTM.
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.15 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

6.2 Introduction to OR Operation on Bio-molecular Computer 125



Next, after the first execution for Step (4d) of Algorithm 6.4 is performed, tube
T0 ¼ R1

2R
1
1;R

1
2R

0
1;R

0
2R

1
1;R

0
2R

0
1

� �
, tube T1 = [ and tube T2 = [. This implies that

the execution environment for those bio-molecular deterministic one-tape Turing
machines in the second BMPDTM and in the third BMPDTM becomes the first
BMPDTM. Figure 6.17 is employed to illustrate the current status of the execu-
tion environment to the first BMPDTM. From Fig. 6.17, the contents to the four
tapes in the execution environment of the first BMPDTM are not changed, and the
position of the corresponding read-write head and the state of the corresponding
finite state control are reserved.
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.16 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Fig. 6.17 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Then, because Step (5) of Algorithm 6.4 is the second loop and the upper
bound for Step (5) of Algorithm 6.4 is two, Step (5a) will be executed two times.
From the first execution and the second execution of Step (5a) in Algorithm 6.4,
S11 and S12 are, respectively, appended into the head of each bit pattern in tube T0.
This is to say that the contents of the third tape square and the fourth tape square
for each tape of the four bio-molecular deterministic one-tape Turing machines in
the first BMPDTM are written by the corresponding read-write head and are,
subsequently, S11 and S12. Simultaneously, for the four bio-molecular deterministic
one-tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is all moved to the left new tape square, the state of the corre-
sponding finite state control is all changed as ‘‘S2 = 1’’ and tube
T0 ¼ S12S

1
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. Figure 6.18 is used to illustrate

the current status of the execution environment to the first BMPDTM.

Step (6) in Algorithm 6.4 is a loop and is applied to perform the parallel OR
operation of n bits. When the first execution of Step (6a) is implemented, it
invokes Algorithm 6.3 that is used to finish the parallel OR operation of one bit,
ParallelOR(T0, k), in Sect. 6.2.1. The first parameter, tube T0, is current the
execution environment of the first BMPDTM and contains four bio-molecular
deterministic one-tape Turing machines (Fig. 6.18). It is regarded as an input tube
of Algorithm 6.3. The value for the second parameter, k, is one and is also
regarded as an input value of Algorithm 6.3.

When Algorithm 6.3 is first called, seven tubes are all regarded as independent
environments of seven bio-molecular parallel deterministic one-tape Turing
machines. Tube T0 is regarded as the first BMPDTM and tube Tk is regarded as the
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.18 Schematic representation of the current status of the execution environment to the first
BMPDTM
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k þ 1ð Þth BMPDTM. After the first execution of Step (1) in Algorithm 6.3
is performed, tube T0 = [, tube T1 ¼ S12S

1
1R

1
2R

1
1; S

1
2S

1
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0
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1
1

� �
and tube T2 ¼

S12S
1
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0
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1
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0
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0
1

� �
. This implies that the new execution environments for two

bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R1

1’’, and other two bio-molecular deterministic one-tape Turing machines
with the content of tape square, ‘‘R0

1’’ are, respectively, the second BMPDTM and
the third BMPDTM. The position of the corresponding read-write head and the
state of the corresponding finite state control are reserved. Figures 6.19 and 6.20
are used to explain the result.

Then, after the first execution of Steps (2) and (3) in Algorithm 6.3 is
implemented, tube T1 = [, tube T2 = [, tube T4 = [, tube T6 = [, tube T3 ¼
S12 S
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and tube T5 ¼ S12 S
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. This is to say

that the new execution environments for two bio-molecular deterministic one-tape
Turing machines with the contents of tape square, ‘‘R1

1’’ and ‘‘S11’’, and other two
bio-molecular deterministic one-tape Turing machines with the content of tape
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.19 Schematic representation of the current status of the execution environment to the
second BMPDTM
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(a)  The two BMDTMs in the third BMPDTM.

Fig. 6.20 Schematic representation of the current status of the execution environment to the
third BMPDTM
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square, ‘‘R0
1’’ and ‘‘S11’’ are, respectively, the fourth BMPDTM and the sixth

BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are reserved. Figures 6.21 and 6.22 are applied to
illustrate the result.

Next, after the first execution for Steps (4a), (5a), (6a) and (7a) is performed,
the returned result from Steps (4a) and (6a) is ‘‘yes’’. Therefore, after the first
execution for Steps (4) and (6) is implemented, tube T3 ¼ C1
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1g and tube T5 ¼ C1
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. This indicates that

the content of the fifth tape square for each tape in the two BMDTMs of the fourth
BMPDTM and the two BMDTMs of the sixth BMPDTM is all written by the
corresponding read-write head and is 1 (C1 = 1). Simultaneously, for the two
BMDTMs of the fourth BMPDTM and the two BMDTMs of the sixth
BMPDTM, the state of each finite state control is changed as ‘‘C1 = 1’’ and the
position of each read-write head is moved to the left new tape square of the cor-
responding tape. Figures 6.23 and 6.24 are used to respectively illustrate the
current status of the execution environment to the fourth BMPDTM and the sixth
BMPDTM.
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(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 6.21 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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(a)  The two BMDTMs in the sixth BMPDTM.

Fig. 6.22 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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Finally, after the first execution for Step (8) is performed, tube T0 ¼
C1
1 S

1
2 S

1
1 R

1
2 R

1
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1
1 R

0
2 R

0
1

� �
, tube T1 = [, tube

T2 = [, T3 = [, T4 = [, T5 = [ and tube T6 = [. This is to say that the
execution environment for the first and second bio-molecular deterministic one-
tape Turing machines in the fourth BMPDTM and the first and second bio-
molecular deterministic one-tape Turing machines in the sixth BMPDTM
becomes the first BMPDTM. The position of the corresponding read-write head
and the state of the corresponding finite state control are all reserved. Figure 6.25
is used to explain the result.
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(a)  The two BMDTMs in the sixth BMPDTM.

Fig. 6.24 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 6.23 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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After the execution of the first time for each operation in Algorithm 6.3 is
implemented, the parallel OR operation to the first bit of the two inputs is also
performed. Next, when the second execution of Step (6a) in Algorithm 6.4 is
finished, it again invokes Algorithm 6.3. The first parameter, tube T0, is current
the execution environment of the first BMPDTM and contains four bio-molecular
deterministic one-tape Turing machines (Fig. 6.25). It is regarded as an input tube
of Algorithm 6.3. The value for the second parameter, k, is two and is also
regarded as an input value of Algorithm 6.3. After the execution of the second
time for each operation in Algorithm 6.3 is performed, tube T0 ¼
C1
2 C
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1 S
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1
1 R

0
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� �
and

other tubes become all empty tubes. This implies that the content of the sixth tape
square for each BMDTM is written by the corresponding read-write head and is
C1
2. Simultaneously, the state of each finite state control is changed as ‘‘C2 = 1’’

and the position of each read-write head is moved to the left new tape square of the
corresponding tape. Figure 6.26 is used to show the result and Algorithm 6.4 is
terminated.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.25 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.3 Introduction to AND Operation on Bio-molecular
Computer

The AND operation of a bit for two Boolean variables R and S generates a result of
1 if both R and S are 1. However, if either R or S, or both, are zero, then the result
is 0. The dot � and ^ symbol are both used to represent the AND operation. The
four possible combinations for the AND operation of a bit to two Boolean vari-
ables R and S are

0 ^ 0 ¼ 0

0 ^ 1 ¼ 0

1 ^ 0 ¼ 0

1 ^ 1 ¼ 1

A truth table is usually applied with logic operation to represent all possible
combinations of inputs and the corresponding outputs. The truth table for the AND
operation is shown in Table 6.3.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.26 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.3.1 The Construction for the Parallel AND Operation
of a Bit on Bio-molecular Computer

Assume that two one-bit binary numbers, Rk and Sk, for 1 B k B n are employed
to, respectively, represent the first input and the second input for the AND oper-
ation of a bit. Also assume that a one-bit binary number, Ck, for 1 B k B n is
applied to represent the output for the AND operation of a bit. For the sake of
convenience, suppose that R1

k denotes the fact that the value of Rk is 1 and R0
k

denotes the fact that the value of Rk is 0. Similarly, assume that S1k denotes the fact
that the value of Sk is 1 and S0k denotes the fact that the value of Sk is 0. Suppose
that C1

k denotes the fact that the value of Ck is 1 and C0
k denotes the fact that the

value of Ck is 0. The following algorithm is offered to perform the parallel AND
operation of a bit.

(1) T1 = +(T0, Rk
1) and T2 = −(T0, Rk

(2) T3 = +(T1, Sk
1) and T4 = −(T1, Sk

1

(3) T5 = +(T2, Sk
1) and T6 = − (T2, Sk

1

(4a) If (Detect(T3) = = “yes”) then

(4) Append-head(T3, Ck
1).

EndIf

(5a) If (Detect(T4) = = “yes”) then

(5) Append-head(T4, Ck
0).

EndIf

(6a) If (Detect(T5) = = “yes”) then

(6) Append-head(T5, Ck
0).

EndIf

(7a) If (Detect(T6) = = “yes”) then

(7) Append-head(T6, Ck
0).

EndIf

(8) T0 = ∪(T3, T4, T5, T6).

EndAlgorithm

Lemma 6-5: The algorithm, ParallelAND(T0, k), can be used to perform the
parallel AND operation of a bit.

Table 6.3 The truth table for
the AND operation of a bit
for two Boolean variables
R and S

Input Output

R S C = R ^ S

0 0 0
0 1 0
1 0 0
1 1 1
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Proof The algorithm, ParallelAND(T0, k), is implemented by means of the
extract, detect, append-head and merge operations. Steps (1) through (3) employ
the extract operations to form some different test tubes including different inputs
(T1 to T6). That is, T1 includes all of the inputs that have Rk = 1, T2 includes all of
the inputs that have Rk = 0, T3 includes those that have Rk = 1 and Sk = 1, T4
includes those that have Rk = 1 and Sk = 0, T5 includes those that have Rk = 0 and
Sk = 1, and finally, T6 includes those that have Rk = 0 and Sk = 0. Having finished
Steps (1) through (3), this implies that four different inputs for the AND operation
of a bit as shown in Table 6.3 were poured into tubes T3 through T6, respectively.

Steps (4a) and (7a) are, respectively, used to test whether contains any input for
tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is returned for those steps, then the
corresponding append-head operations will be run. Next, Steps (4) through (7) use
the append-head operations to append C1

k and C0
k onto the head of every input in

the corresponding tubes. After performing Steps (4) through (7), we can say that
four different outputs to the AND operation of a bit as shown in Table 6.3 are
appended into tubes T3 through T6. Finally, the execution of Step (8) applies
the merge operation to pour tubes T3 through T6 into tube T0. Tube T0 contains the
result performing the AND operation of a bit as shown in Table 6.3. j

6.3.2 The Construction for the Parallel AND Operation
of N Bits on Bio-molecular Computer

The parallel AND operation of n bits simultaneously generates the corresponding
outputs for 2n combinations of n bits. The following algorithm is offered to finish
the parallel AND operation of n bits. Notations in Algorithm 6.6 are denoted in
Sect. 6.3.1.

Algorithm 6.6: N-Bits-ParallelAND(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 = ∪(T1, T2).

(4) For k = 2 to n

(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 = ∪(T1, T2).

EndFor

(5) For k = 1 to n

(5a) Append-head(T0, Sk).

EndFor

(6) For k = 1 to n

(6a) ParallelAND(T0, k).

EndFor

EndAlgorithm
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Lemma 6-6: The algorithm, N-Bits-ParallelAND(T0), can be employed to per-
form the parallel AND operation of n bits.

Proof Steps (1) through (4d) are mainly used to construct solution space of 2n

unsigned integers for the first input (the range of values for them is from 0 to
2n-1). After they are performed, tube T0 includes those inputs encoding 2n

unsigned integers. Next, Steps (5) through (5a) are used to append the value ‘‘0’’ or
‘‘1’’ for Sk onto the head of solution space of 2n unsigned integers in tube T0. Step
(6) is the main loop and is mainly used to perform the parallel AND operation of
n bits. Each execution of Step (6a) calls ParallelAND(T0, k) in Sect. 6.3.1 to
perform the AND operation for the kth bit of each input in 2n inputs. Repeat
execution of Step (6a) until the nth bit of each input in 2n inputs is processed. Tube
T0 contains the result performing the parallel AND operation of n bits. j

6.3.3 The Power for the Parallel AND Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) R0

2R
0
1

� �
, 01(110) R0

2R
1
1

� �
, 10(210) R1

2R
0
1

� �
and 11(310) R1

2R
1
1

� �
. We want to

simultaneously perform the parallel AND operation for 00(010) S02S
0
1

� �
and those

four values. Algorithm 6.6, N-Bits-ParallelAND(T0), can be applied to perform
the task. Tube T0 is an empty tube and is regarded as an input tube of Algorithm
6.6. Due to Definition 5-2, the input tube T0 is regarded as the execution envi-
ronment of the first BMPDTM. Similarly, tubes T1 and T2 used in Algorithm 6.6
also are regarded, subsequently, as the execution environment of the second
BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.6 are used to construct a BMPDTM with
four bio-molecular deterministic one-tape Turing machines. After the execution
for Step (1) and Step (2) of Algorithm 6.6 is finished, tube T1 ¼ R1

1

� �
and tube

T2 ¼ R0
1

� �
. This implies that a BMDTM in the second BMPDTM and in the third

BMPDTM is generated. Figure 6.27 is employed to illustrate the current status of
the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 6.27, the content of the first tape square for the tape in the first
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is 1 (R1 = 1), and the content of the first tape square for the tape in the first
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is 0 (R1 = 0). For the first BMDTM in the second BMPDTM, the position of
the read-write head is moved to the left new tape square, and the state of the finite
state control is changed as ‘‘R1 = 1’’. Similarly, for the first BMDTM in the third
BMPDTM, the position of the read-write head is also moved to the left new tape
square, and the state of the finite state control is changed as ‘‘R1 = 0’’.
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Next, after the execution for Step (3) of Algorithm 6.6 is implemented, tube
T0 ¼ R1

1;R
0
1

� �
, tube T1 = [ and tube T2 = [. This indicates that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.28 is applied to show the current status of the
execution environment to the first BMPDTM. From Fig. 6.28, it is indicated that
the contents to the two tapes in the execution environment of the first BMPDTM
are not changed.

Step (4) is the first loop in Algorithm 6.6, the upper bound (n) is two because
the number of bits for representing those four values is two. Therefore, after the
first execution of Step (4a) is performed, tube T0 = [, tube T1 ¼ R1

1;R
0
1

� �
and

tube T2 ¼ R1
1;R

0
1

� �
. This is to say that the first BMDTM and the second BMDTM
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Read-write head

R1
1

Read-write head R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 6.27 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Tape

Read-write head
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1

Read-write head R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 6.28 Schematic representation of the current status of the execution environment to the first
BMPDTM
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in the execution environment of the first BMPDTM are both copied into the
second BMPDTM and the third BMPDTM. Figure 6.29 is employed to explain
the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 6.29, the contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (R1 = 1) and 0 (R1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (R1 = 0) and 1 (R1 = 1). From Fig. 6.29, four BMDTMs are produced.
For the four BMDTMs, the position of the corresponding read-write head and the
state of the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) in Algorithm 6.6 is
performed, tube T1 ¼ R1

2R
1
1;R

1
2R

0
1

� �
and tube T2 ¼ R0

2R
1
1;R

0
2R

0
1

� �
. This implies

that the content of the second tape square for the tape in the first BMDTM in the
second BMPDTM is written by its corresponding read-write head and is 1
(R2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (R2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the corre-
sponding finite state control is both changed as ‘‘R2 = 1’’. Similarly, the content of
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Tape

Read-write head
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Read-write head
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0

Finite state control

Finite state control

Read-write head
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0

Finite state control

Read-write head
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1

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.29 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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the second tape square for the tape in the first BMDTM in the third BMPDTM is
written by its corresponding read-write head and is 0 (R2 = 0), and the content of
the second tape square for the tape in the second BMDTM in the third BMPDTM
is written by its corresponding read-write head and is also 0 (R2 = 0). Simulta-
neously, the position of the corresponding read-write head is both moved to the left
new tape square and the state of the corresponding finite state control is both
changed as ‘‘R2 = 0’’. Figure 6.30 is used to show the current status of the exe-
cution environment to the second BMPDTM and the third BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 6.6 is implemented,
tube T0 ¼ R1

2R
1
1;R

1
2R

0
1;R

0
2R

1
1;R

0
2R

0
1

� �
, tube T1 = [ and tube T2 = [. This is to

say that the execution environment for those bio-molecular deterministic one-tape
Turing machines in the second BMPDTM and in the third BMPDTM becomes
the first BMPDTM. Figure 6.31 is used to explain the current status of the exe-
cution environment to the first BMPDTM. From Fig. 6.31, the contents to the four
tapes in the execution environment of the first BMPDTM are not changed, and the
position of the corresponding read-write head and the state of the corresponding
finite state control are reserved.

Then, because Step (5) of Algorithm 6.6 is the second loop and the upper
bound for Step (5) of Algorithm 6.6 is two, Step (5a) will be executed two times.
From the first execution and the second execution of Step (5a) in Algorithm 6.6,
S1
0 and S2

0 are, respectively, appended into the head of each bit pattern in tube T0.
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(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

Fig. 6.30 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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This indicates that the contents of the third tape square and the fourth tape square
for each tape of the four bio-molecular deterministic one-tape Turing machines in
the first BMPDTM are written by the corresponding read-write head and are,
subsequently, S1

0 and S2
0. Simultaneously, for the four bio-molecular deterministic

one-tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is all moved to the left new tape square, the state of the corre-
sponding finite state control is all changed as ‘‘S2 = 0’’ and tube
T0 ¼ S02S

0
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1
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0
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0
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0
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0
1

� �
. Figure 6.32 is applied to show

the current status of the execution environment to the first BMPDTM.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.31 Schematic representation of the current status of the execution environment to the first
BMPDTM
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.32 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Step (6) in Algorithm 6.6 is a third loop and is used to finish the parallel AND
operation of n bits. When the first execution of Step (6a) is performed, it calls
Algorithm 6.5 that is applied to run the parallel AND operation of one bit,
ParallelAND(T0, k), in Sect. 6.3.1. The first parameter, tube T0, is current the
execution environment of the first BMPDTM and contains four bio-molecular
deterministic one-tape Turing machines (Fig. 6.32). It is regarded as an input tube
of Algorithm 6.5. The value for the second parameter, k, is one and is also
regarded as an input value of Algorithm 6.5.

When Algorithm 6.5 is first invoked, seven tubes are all regarded as inde-
pendent environments of seven bio-molecular parallel deterministic one-tape
Turing machines. Tube T0 is regarded as the first BMPDTM and tube Tk is
regarded as the (k ? 1)th BMPDTM. After the first execution of Step (1) in
Algorithm 6.5 is finished, tube T0 = [, tube T1 ¼ S02S

0
1R

1
2R

1
1; S

0
2S

0
1R

0
2R

1
1

� �
and

tube T2 ¼ S02S
0
1R

1
2R

0
1; S

0
2S

0
1R

0
2R

0
1

� �
. This is to say that the new execution environ-

ments for two bio-molecular deterministic one-tape Turing machines with the
content of tape square, ‘‘R1

1’’, and other two bio-molecular deterministic one-tape
Turing machines with the content of tape square, ‘‘R0

1’’ are, respectively, the
second BMPDTM and the third BMPDTM. The position of the corresponding
read-write head and the state of the corresponding finite state control are reserved.
Figures 6.33 and 6.34 are applied to illustrate the result.
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.33 Schematic representation of the current status of the execution environment to the
second BMPDTM
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(a)  The two BMDTMs in the third BMPDTM.

Fig. 6.34 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Then, after the first execution of Steps (2) and (3) in Algorithm 6.5 is per-
formed, tube T1 = [, tube T2 = [, tube T3 = [, tube T5 = [, tube T4 ¼
S02S

0
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1
1; S

0
2S

0
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1

� �
and tube T6 ¼ S02S
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0
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0
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� �
. This implies that

the new execution environments for two bio-molecular deterministic one-tape
Turing machines with the contents of tape square, ‘‘R1

1’’ and ‘‘S01’’, and other two
bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R0

1’’ and ‘‘S01’’ are, respectively, the fifth BMPDTM and the seventh
BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are reserved. Figures 6.35 and 6.36 are used to
show the result.

Next, after the first execution for Steps (4a), (5a), (6a) and (7a) is finished, the
returned result from Steps (5a) and (7a) is ‘‘yes’’. Therefore, after the first exe-
cution for Steps (5) and (7) is performed, tube T4 ¼ C0
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. This is to say that the content of the

fifth tape square for each tape in the two BMDTMs of the fifth BMPDTM and the
two BMDTMs of the seventh BMPDTM is all written by the corresponding
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 6.35 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The two BMDTMs in the seventh BMPDTM.

Fig. 6.36 Schematic representation of the current status of the execution environment to the
seventh BMPDTM
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read-write head and is 0 (C1 = 0). Simultaneously, for the two BMDTMs of the
fifth BMPDTM and the two BMDTMs of the seventh BMPDTM, the state of
each finite state control is changed as ‘‘C1 = 0’’ and the position of each read-
write head is moved to the left new tape square of the corresponding tape. Fig-
ures 6.37 and 6.38 are applied to subsequently explain the current status of the
execution environment to the fifth BMPDTM and the seventh BMPDTM.

Finally, after the first execution for Step (8) is finished, tube T0 ¼
C0
1S
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� �
, tube T1 =[, tube T2 =[,

T3 = [, T4 = [, T5 = [ and tube T6 = [. This indicates that the execution
environment for the first and second bio-molecular deterministic one-tape Turing
machines in the fifth BMPDTM and the first and second bio-molecular deter-
ministic one-tape Turing machines in the seventh BMPDTM becomes the first
BMPDTM. The position of the corresponding read-write head and the state of
the corresponding finite state control are all reserved. Figure 6.39 is used to explain
the result.
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 6.37 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The two BMDTMs in the seventh BMPDTM.

Fig. 6.38 Schematic representation of the current status of the execution environment to the
seventh BMPDTM
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After the execution of the first time for each operation in Algorithm 6.5 is
performed, the parallel AND operation to the first bit of the two inputs is also
finished. Next, when the second execution of Step (6a) in Algorithm 6.6 is
implemented, it again invokes Algorithm 6.5. The first parameter, tube T0, is
current the execution environment of the first BMPDTM and contains four
bio-molecular deterministic one-tape Turing machines (Fig. 6.39). It is regarded as
an input tube of Algorithm 6.5. The value for the second parameter, k, is two and
is also regarded as an input value of Algorithm 6.5. After the execution of
the second time for each operation in Algorithm 6.5 is implemented, tube T0 ¼
C0
2C
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� �
and other tubes

become all empty tubes. This is to say that the content of the sixth tape square for
each BMDTM is written by the corresponding read-write head and is 1 (C2 = 1).
Simultaneously, the state of each finite state control is changed as ‘‘C2 = 1’’ and
the position of each read-write head is moved to the left new tape square of the
corresponding tape. Figure 6.40 is employed to illustrate the result and Algorithm
6.6 is terminated.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.39 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.4 Introduction for NOR Operation on Bio-molecular
Computer

The NOR operation of a bit for two Boolean variables R and S generates a result of
1 if both R and S are 0. However, if either R or S, or both, are 1, then the result is 0.
The four possible combinations for the NOR operation of a bit to two Boolean
variables R and S are

0 _ 0 ¼ 1

0 _ 1 ¼ 0

1 _ 0 ¼ 0

1 _ 1 ¼ 0

A truth table is usually applied with logic operation to represent all possible
combinations of inputs and the corresponding outputs. The truth table for the NOR
operation is shown in Table 6.4.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.40 Schematic representation of the current status of the execution environment to the first
BMPDTM

Table 6.4 The truth table for
the NOR operation of a bit
for two Boolean variables
R and S

Input Output

R S C = R _ S

0 0 1
0 1 0
1 0 0
1 1 0
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6.4.1 The Construction for the Parallel NOR Operation
of a Bit on Bio-molecular Computer

Suppose that two one-bit binary numbers, Rk and Sk, for 1 B k B n are employed
to, respectively, represent the first input and the second input for the NOR
operation of a bit. Also assume that a one-bit binary number, Ck, for 1 B k B n is
applied to represent the output for the NOR operation of a bit. For the sake of
convenience, suppose that R1

k denotes the fact that the value of Rk is 1 and R0
k

denotes the fact that the value of Rk is 0. Similarly, assume that S1k denotes the fact
that the value of Sk is 1 and S0k denotes the fact that the value of Sk is 0. Suppose
that C1

k denotes the fact that the value of Ck is 1 and C0
k denotes the fact that the

value of Ck is 0. The following algorithm is offered to perform the parallel NOR
operation of a bit.

Algorithm 6.7: ParallelNOR(T0, k)

(1) T1 = +(T0, Rk
1) and T2 = −(T0, Rk

1).

(2) T3 = +(T1, Sk
1) and T4 = −(T1, Sk

1).

(3) T5 = +(T2, Sk
1) and T6 = −(T2, Sk

1).

(4a) If (Detect(T3) = = “yes”) then

(4) Append-head(T3, Ck
0).

EndIf

(5a) If (Detect(T4) = = “yes”) then

(5) Append-head(T4, Ck
0).

EndIf

(6a) If (Detect(T5) = = “yes”) then

(6) Append-head(T5, Ck
0).

EndIf

(7a) If (Detect(T6) = = “yes”) then

(7) Append-head(T6, Ck
1).

EndIf

(8) T0 =∪ (T3, T4, T5, T6).

EndAlgorithm

Lemma 6-7: The algorithm, ParallelNOR(T0, k), can be used to finish the par-
allel NOR operation of a bit.

Proof The algorithm, ParallelNOR(T0, k), is implemented by means of the
extract, detect, append-head and merge operations. Steps (1) through (3) employ
the extract operations to form some different tubes containing different inputs (T1
to T6). That is, T1 consists of all of the inputs that have Rk = 1, T2 includes all of
the inputs that have Rk = 0, T3 contains those that have Rk = 1 and Sk = 1, T4
consists of those that have Rk = 1 and Sk = 0, T5 includes those that have Rk = 0
and Sk = 1, and finally, T6 contains those that have Rk = 0 and Sk = 0. Having
performed Steps (1) through (3), this is to say that four different inputs for the
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NOR operation of a bit as shown in Table 6.4 were poured into tubes T3 through
T6, respectively.

Steps (4a) and (7a) are, respectively, used to test whether contains any input for
tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is returned for those steps, then the
corresponding append-head operations will be run. Because tubes T3, T4, T5 and
T6, subsequently, contains the input for the fourth row, the third row, the second
row and the first row in Table 6.4, Steps (4) through (7) apply the append-head
operations to append Ck

0 or Ck
1 onto the head of every input in the corresponding

tubes. After performing Steps (4) through (7), we can say that four different
outputs to the NOR operation of a bit as shown in Table 6.4 are appended into
tubes T3 through T6. Finally, the execution of Step (8) uses the merge operation to
pour tubes T3 through T6 into tube T0. Tube T0 contains the result finishing the
NOR operation of a bit as shown in Table6.4. j

6.4.2 The Construction for the Parallel NOR Operation
of N Bits on Bio-molecular Computer

The parallel NOR operation of n bits simultaneously yields the corresponding
outputs for 2n combinations of n bits. The following algorithm is proposed to
perform the parallel NOR operation of n bits. Notations in Algorithm 6.8 are
denoted in Sect. 6.4.1.

Algorithm 6.8: N-Bits-ParallelNOR(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 =∪ (T1, T2).

(4) For k = 2 to n

(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 =∪ (T1, T2).

EndFor

(5) For k = 1 to n

(5a) Append-head(T0, Sk).

EndFor

(6) For k = 1 to n

(6a) ParallelNOR(T0, k).

EndFor

EndAlgorithm

Lemma 6-8: The algorithm, N-Bits-ParallelNOR(T0), can be used to finish the
parallel NOR operation of n bits.
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Proof Steps (1) through (4d) are mainly applied to construct solution space of 2n

unsigned integers for the first input (the range of values for them is from 0 to 2n-1).
After they are finished, tube T0 contains those inputs encoding 2

n unsigned integers.
Next, Steps (5) through (5a) are used to append the value ‘‘0’’ or ‘‘1’’ for Sk (the
second input) to the head of solution space of 2n unsigned integers in tube T0. Step
(6) is the main loop and is mainly applied to finish the parallel NOR operation of
n bits. Each execution of Step (6a) calls ParallelNOR(T0, k) in Sect. 6.4.1 to finish
the NOR operation for the kth bit of each input in 2n inputs. Repeat execution of
Step (6a) until the nth bit of each input in 2n inputs is processed. Tube T0 contains
the result performing the parallel NOR operation of n bits. j

6.4.3 The Power for the Parallel NOR Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) R0

2R
0
1

� �
, 01(110) R0

2R
1
1

� �
, 10(210) R1

2R
0
1

� �
and 11(310) R1

2R
1
1

� �
. We want to

simultaneously perform the parallel NOR operation for 11(310) S12S
1
1

� �
and those

four values. Algorithm 6.8, N-Bits-ParallelNOR(T0), can be employed to finish
the task. Tube T0 is an empty tube and is regarded as an input tube of Algorithm
6.8. From Definition 5-2, the input tube T0 is regarded as the execution envi-
ronment of the first BMPDTM. Similarly, tubes T1 and T2 used in Algorithm 6.8
also are regarded, subsequently, as the execution environment of the second
BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.8 are applied to yield a BMPDTM with
four bio-molecular deterministic one-tape Turing machines. After the execution
for Step (1) and Step (2) of Algorithm 6.8 is performed, tube T1 ¼ R1

1

� �
and tube

T2 ¼ R0
1

� �
. This is to say that a BMDTM in the second BMPDTM and in the

third BMPDTM is constructed. Figure 6.41 is used to show the current status of
the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 6.41, the content of the first tape square for the tape in the first
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is 1 (R1 = 1), and the content of the first tape square for the tape in the first
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is 0 (R1 = 0). For the first BMDTM in the second BMPDTM, the position of
the read-write head is moved to the left new tape square, and the state of the finite
state control is changed as ‘‘R1 = 1’’. Similarly, for the first BMDTM in the third
BMPDTM, the position of the read-write head is also moved to the left new tape
square, and the state of the finite state control is changed as ‘‘R1 = 0’’.

Next, after the execution for Step (3) of Algorithm 6.8 is implemented, tube
T0 ¼ R1

1;R
0
1

� �
, tube T1 = [ and tube T2 = [. This implies that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
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machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.42 is employed to explain the current status of
the execution environment to the first BMPDTM. From Fig. 6.42, it is pointed out
that the contents to the two tapes in the execution environment of the first
BMPDTM are not changed.

Step (4) is the first loop in Algorithm 6.8, the upper bound (n) is two because
the number of bits for representing those four values is two. Hence, after the first
execution of Step (4a) is implemented, tube T0 = [, tube T1 ¼ R1

1;R
0
1

� �
and tube

T2 ¼ R1
1;R

0
1

� �
. This indicates that the first BMDTM and the second BMDTM in

the execution environment of the first BMPDTM are both copied into the second

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

TapeRead-write head

R1
1

Finite state control

TapeRead-write head

R1
0

Finite state control

Fig. 6.41 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

TapeRead-write head

R1
1

Finite state control

Tape
Read-write head

R1
0

Finite state control

Fig. 6.42 Schematic representation of the current status of the execution environment to the first
BMPDTM
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BMPDTM and the third BMPDTM. Figure 6.43 is used to illustrate the current
status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 6.43, the contents of the first tape square for the corre-
sponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (R1 = 1) and 0 (R1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (R1 = 0) and 1 (R1 = 1). From Fig. 6.43, four bio-molecular determin-
istic one-tape Turing machines are generated. For the four bio-molecular
deterministic one-tape Turing machines, the position of the corresponding read-
write head and the state of the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) in Algorithm 6.8 is

implemented, tube T1 ¼ R1
2R

1
1;R

1
2R

0
1

� �
and tube T2 ¼ R0

2R
1
1;R

0
2R

0
1

� �
. This is to say

that the content of the second tape square for the tape in the first BMDTM in the
second BMPDTM is written by its corresponding read-write head and is 1
(R2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (R2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the

Tape
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Finite state control
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Finite state control

Tape

Tape
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.43 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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corresponding finite state control is both changed as ‘‘R2 = 1’’. Similarly, the
content of the second tape square for the tape in the first BMDTM in the third
BMPDTM is written by its corresponding read-write head and is 0 (R2 = 0), and
the content of the second tape square for the tape in the second BMDTM in the
third BMPDTM is written by its corresponding read-write head and is also 0
(R2 = 0). Simultaneously, the position of the corresponding read-write head is
both moved to the left new tape square and the state of the corresponding finite
state control is both changed as ‘‘R2 = 0’’. Figure 6.44 is applied to explain the
current status of the execution environment to the second BMPDTM and the third
BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 6.8 is implemented,
tube T0 ¼ R1

2R
1
1;R

1
2R

0
1;R

0
2R

1
1;R

0
2R

0
1

� �
, tube T1 = [ and tube T2 = [. This implies

that the execution environment for those bio-molecular deterministic one-tape
Turing machines in the second BMPDTM and in the third BMPDTM becomes
the first BMPDTM. Figure 6.45 is employed to illustrate the current status of the
execution environment to the first BMPDTM. From Fig. 6.45, the contents to the
four tapes in the execution environment of the first BMPDTM are not changed,
and the position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved.

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.
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Fig. 6.44 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Then, because Step (5) of Algorithm 6.8 is the second loop and the upper
bound for Step (5) of Algorithm 6.8 is two, Step (5a) will be executed two times.
From the first execution and the second execution of Step (5a) in Algorithm 6.8,
S11 and S12 are, respectively, appended into the head of each bit pattern in tube T0.
This is to say that the contents of the third tape square and the fourth tape square
for each tape of the four bio-molecular deterministic one-tape Turing machines in
the first BMPDTM are written by the corresponding read-write head and are,
subsequently, S1

1 and S2
1. Simultaneously, for the four bio-molecular deterministic

one-tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is all moved to the left new tape square, the state of the corre-
sponding finite state control is all changed as ‘‘S2 = 1’’ and tube
T0 ¼ S12S

1
1R

1
2R

1
1; S

1
2S

1
1R

1
2R

0
1; S

1
2S

1
1R

0
2R

1
1; S

1
2S

1
1R

0
2R

0
1

� �
. Figure 6.46 is used to illustrate

the current status of the execution environment to the first BMPDTM.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.45 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Step (6) in Algorithm 6.8 is a third loop and is applied to carry out the parallel
NOR operation of n bits. When the first execution of Step (6a) is implemented, it
invokes Algorithm 6.7 that is used to perform the parallel NOR operation of one
bit, ParallelNOR(T0, k), in Sect. 6.4.1. The first parameter, tube T0, is current the
execution environment of the first BMPDTM and contains four bio-molecular
deterministic one-tape Turing machines (Fig. 6.46). It is regarded as an input tube
of Algorithm 6.7. The value for the second parameter, k, is one and is also
regarded as an input value of Algorithm 6.7.

When Algorithm 6.7 is first called, seven tubes are all regarded as independent
environments of seven bio-molecular parallel deterministic one-tape Turing
machines. Tube T0 is regarded as the first BMPDTM and tube Tk is regarded as the
(k ? 1)th BMPDTM. After the first execution of Step (1) in Algorithm 6.7 is
performed, tube T0 = [, tube T1 ¼ S12S

1
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and tube T2 ¼

S12S
1
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0
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1
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1
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0
2R

0
1

� �
. This implies that the new execution environments for two

bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R1

1’’, and other two bio-molecular deterministic one-tape Turing machines
with the content of tape square, ‘‘R0

1’’ are, respectively, the second BMPDTM and
the third BMPDTM. The position of the corresponding read-write head and the
state of the corresponding finite state control are reserved. Figures 6.47 and 6.48
are used to show the result.

Then, after the first execution of Steps (2) and (3) in Algorithm 6.7
is implemented, tube T1 = [, tube T2 = [, tube T4 = [, tube T6 = [, tube T3 ¼
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(a)  The four BMPDTMs in the first BMPDTM.

Fig. 6.46 Schematic representation of the current status of the execution environment to the first
BMPDTM
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the new execution environments for two bio-molecular deterministic one-tape
Turing machines with the contents of tape square, ‘‘R1

1’’ and ‘‘S11’’, and other two
bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R0

1’’ and ‘‘S11’’ are, respectively, the fourth BMPDTM and the sixth
BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are reserved. Figures 6.49 and 6.50 are applied to
explain the result.
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.47 Schematic representation of the current status of the execution environment to the
second BMPDTM
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(a)  The two BMDTMs in the third BMPDTM.

Fig. 6.48 Schematic representation of the current status of the execution environment to the
third BMPDTM
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(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 6.49 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Next, after the first execution for Steps (4a), (5a), (6a) and (7a) is performed,
the returned result from Steps (4a) and (6a) is ‘‘yes’’. Hence, after the first exe-
cution for Steps (4) and (6) is finished, tube T3 ¼ C0

1S
1
2S

1
1R

1
2R

1
1;C

0
1S

1
2S

1
1R

0
2R

1
1

� �
and

tube T5 ¼ C0
1S

1
2S

1
1R

1
2R

0
1;C

0
1S

1
2S

1
1R

0
2R

0
1

� �
. This indicates that the content of the fifth

tape square for each tape in the two BMDTMs of the fourth BMPDTM and the
two BMDTMs of the sixth BMPDTM is all written by the corresponding read-
write head and is 0 (C1 = 0). Simultaneously, for the two BMDTMs of the fourth
BMPDTM and the two BMDTMs of the sixth BMPDTM, the state of each finite
state control is changed as ‘‘C1 = 0’’ and the position of each read-write head is
moved to the left new tape square of the corresponding tape. Figures 6.51 and 6.52
are used to subsequently show the current status of the execution environment to
the fourth BMPDTM and the sixth BMPDTM.
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Read-write head Finite state control
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(a)  The two BMDTMs in the sixth BMPDTM.

Fig. 6.50 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 6.51 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Finally, after the first execution for Step (8) is implemented, tube
T0 ¼ C0
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0
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0
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� �
, tube T1 = [, tube

T2 = [, T3 = [, T4 = [, T5 = [ and tube T6 = [. This implies that the exe-
cution environment for the first and second bio-molecular deterministic one-tape
Turing machines in the fourth BMPDTM and the first and second bio-molecular
deterministic one-tape Turing machines in the sixth BMPDTM becomes the first
BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are all reserved. Figure 6.53 is applied to illus-
trate the result.

Tape

Tape

Tape

Tape

Read-write head Finite state control

Read-write head

C1
0 S2

1 S1
1   R2

1 R1
1

C1
0 S2

1 S1
1   R2

0 R1
1

Finite state control

Read-write head
Finite state control

Read-write head

C1
0 S2

1 S1
1   R2

1 R1
0

C1
0 S2

1 S1
1   R2

0 R1
0

Finite state control

(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.53 Schematic representation of the current status of the execution environment to the first
BMPDTM
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(a)  The two BMDTMs in the sixth BMPDTM.

Fig. 6.52 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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After the execution of the first time for each operation in Algorithm 6.7 is
implemented, the parallel NOR operation to the first bit of the two inputs is also
performed. Next, when the second execution of Step (6a) in Algorithm 6.8 is
finished, it again calls Algorithm 6.7. The first parameter, tube T0, is current the
execution environment of the first BMPDTM and includes four bio-molecular
deterministic one-tape Turing machines (Fig. 6.53). It is regarded as an input tube
of Algorithm 6.7. The value for the second parameter, k, is two and is also
regarded as an input value of Algorithm 6.7. After the execution of the second
time for each operation in Algorithm 6.7 is performed, tube T0 ¼
C0
2C

0
1S

1
2S

1
1R

1
2R

1
1;C

0
2C

0
1S

1
2S

1
1R

0
2R

1
1;C

0
2C

0
1S

1
2S

1
1R

1
2R

0
1;C

0
2C

0
1S

1
2S

1
1R

0
2R

0
1

� �
and other tubes

become all empty tubes. This indicates that the content of the sixth tape square for
each BMDTM is written by the corresponding read-write head and is 0 (C2 = 0).
Simultaneously, the state of each finite state control is changed as ‘‘C2 = 0’’ and
the position of each read-write head is moved to the left new tape square of the
corresponding tape. Figure 6.54 is used to explain the result and Algorithm 6.8 is
terminated.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.54 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.5 Introduction for NAND Operation on Bio-molecular
Computer

The NAND operation of a bit for two Boolean variables R and S yields a result of 0
if both R and S are 1. However, if either R or S, or both, are 0, then the result is 1.
The four possible combinations for the NAND operation of a bit to two Boolean
variables R and S are

0 ^ 0 ¼ 1

0 ^ 1 ¼ 1

1 ^ 0 ¼ 1

1 ^ 1 ¼ 0

A truth table is usually employed with logic operation to represent all possible
combinations of inputs and the corresponding outputs. The truth table for the
NAND operation is shown in Table 6.5.

6.5.1 The Construction for the Parallel NAND Operation
of a Bit on Bio-molecular Computer

Suppose that two one-bit binary numbers, Rk and Sk, for 1 B k B n are employed
to, respectively, represent the first input and the second input for the NAND
operation of a bit. Also assume that a one-bit binary number, Ck, for 1 B k B n is
applied to represent the output for the NAND operation of a bit. For the sake of
convenience, suppose that Rk

1 denotes the fact that the value of Rk is 1 and Rk
0

denotes the fact that the value of Rk is 0. Similarly, assume that Sk
1 denotes the fact

that the value of Sk is 1 and Sk
0 denotes the fact that the value of Sk is 0. Suppose

that Ck
1 denotes the fact that the value of Ck is 1 and Ck

0 denotes the fact that the
value of Ck is 0. The following algorithm is offered to perform the parallel NAND
operation of a bit.

Table 6.5 The truth table for
the NAND operation of a bit
for two Boolean variables
R and S

Input Output

R S C = R ^ S

0 0 1
0 1 1
1 0 1
1 1 0
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Algorithm 6.9: ParallelNAND(T0, k)

(1) T1 = +(T0, Rk
1) and T2 =− (T0, Rk

1).

(2) T3 = +(T1, Sk
1) and T4 =− (T1, Sk

1).

(3) T5 = +(T2, Sk
1) and T6 =− (T2, Sk

1).

(4a) If (Detect(T3) = = “yes”) then

(4) Append-head(T3, Ck
0).

EndIf

(5a) If (Detect(T4) = = “yes”) then

(5) Append-head(T4, Ck
1).

EndIf

(6a) If (Detect(T5) = = “yes”) then

(6) Append-head(T5, Ck
1).

EndIf

(7a) If (Detect(T6) = = “yes”) then

(7) Append-head(T6, Ck
1).

EndIf

(8) T0 =∪ (T3, T4, T5, T6).

EndAlgorithm

Lemma 6-9: The algorithm, ParallelNAND(T0, k), can be applied to perform the
parallel NAND operation of a bit.

Proof The algorithm, ParallelNAND(T0, k), is implemented by means of the
extract, detect, append-head andmerge operations. Steps (1) through (3) employ the
extract operations to generate different tubes including different inputs (T1 to T6).
This indicates, T1 contains all of the inputs that have Rk = 1, T2 consists of all of the
inputs that have Rk = 0, T3 includes those that have Rk = 1 and Sk = 1, T4 contains
those that have Rk = 1 and Sk = 0, T5 consists of those that have Rk = 0 and Sk = 1,
and finally, T6 includes those that have Rk = 0 and Sk = 0. Having finished Steps (1)
through (3), this implies that four different inputs for theNAND operation of a bit as
shown in Table 6.5 were poured into tubes T3 through T6, respectively.

Steps (4a) and (7a) are, respectively, applied to check whether includes any
input for tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is returned for those steps,
then the corresponding append-head operations will be run. Because tubes T3, T4,
T5 and T6, subsequently, consists of the input for the fourth row, the third row, the
second row and the first row in Table 6.5, C0

k from Step (4) is appended onto the
head of every input in tube T3 and C1

k from Steps (5) through (7) is, subsequently,
appended onto the head of every input in tubes T4, T5, and T6. After finishing Steps
(4) through (7), four different outputs to the NAND operation of a bit as shown in
Table 6.5 are appended into tubes T3 through T6. Finally, the execution of Step (8)
applies the merge operation to pour tubes T3 through T6 into tube T0. Tube T0
contains the result performing the NAND operation of a bit as shown in
Table 6.5. j
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6.5.2 The Construction for the Parallel NAND Operation
of N Bits on Bio-molecular Computer

The parallel NAND operation of n bits simultaneously produces the corresponding
outputs for 2n combinations of n bits. The following algorithm is presented to
finish the parallel NAND operation of n bits. Notations in Algorithm 6.10 are
denoted in Sect. 6.5.1.

Algorithm 6.10: N-Bits-ParallelNAND(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 =∪ (T1, T2).

(4) For k = 2 to n

(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 =∪ (T1, T2).

EndFor

(5) For k = 1 to n

(5a) Append-head(T0, Sk).

EndFor

(6) For k = 1 to n

(6a) ParallelNAND(T0, k).

EndFor

EndAlgorithm

Lemma 6-10: The algorithm, N-Bits-ParallelNAND(T0), can be employed to
perform the parallel NAND operation of n bits.

Proof From Steps (1) through (4d), those steps are mainly used to generate
solution space of 2n combinations for the first input. After they are performed, tube
T0 includes those inputs encoding 2n states. Next, from Steps (5) through (5a), the
‘‘append-head’’ operations are applied to append the value ‘‘0’’ or ‘‘1’’ for Sk (the
second input) to the head of solution space of 2n combinations in tube T0.

Step (6) is the main loop and is mainly used to perform the parallel NAND
operation of n bits. Each execution of Step (6a) calls ParallelNAND(T0, k) in
Sect. 6.5.1 to perform the NAND operation for the kth bit of each input in 2n

inputs. Repeat execution of Step (6a) until the nth bit of each input in 2n inputs is
processed. Tube T0 contains the result finishing the parallel NAND operation of
n bits. j
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6.5.3 The Power for the Parallel NAND Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, respectively,
00(010) R0

2R
0
1

� �
, 01(110) R0

2R
1
1

� �
, 10(210) R1

2R
0
1

� �
and 11(310) R1

2R
1
1

� �
. We want to

simultaneously carry out the parallel NAND operation for 00(010) S02S
0
1

� �
and

those four values. Algorithm 6.10, N-Bits-ParallelNAND(T0), can be applied to
perform the task. Tube T0 is an empty tube and is regarded as an input tube of
Algorithm 6.10. In light of Definition 5–2, the input tube T0 is regarded as the
execution environment of the first BMPDTM. Similarly, tubes T1 and T2 used in
Algorithm 6.10 also are regarded, subsequently, as the execution environment of
the second BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.10 are employed to construct a
BMPDTM with four bio-molecular deterministic one-tape Turing machines. After
the execution for Step (1) and Step (2) of Algorithm 6.10 is finished, tube
T1 = {R1

1} and tube T1 = {R1
0}. This implies that a BMDTM in the second

BMPDTM and in the third BMPDTM is generated. Figure 6.55 is employed to
illustrate the current status of the execution environment to the second BMPDTM
and the third BMPDTM. From Fig. 6.55, the content of the first tape square for the
tape in the first BMDTM in the second BMPDTM is written by its corresponding
read-write head and is 1 (R1 = 1), and the content of the first tape square for the
tape in the first BMDTM in the third BMPDTM is written by its corresponding
read-write head and is 0 (R1 = 0). For the first BMDTM in the second
BMPDTM, the position of the read-write head is moved to the left new tape
square, and the state of the finite state control is changed as ‘‘R1 = 1’’. Similarly,
for the first BMDTM in the third BMPDTM, the position of the read-write head is
also moved to the left new tape square, and the state of the finite state control is
changed as ‘‘R1 = 0’’.

Next, after the execution for Step (3) of Algorithm 6.10 is implemented, tube
T0 ¼ R1

1;R
0
1

� �
, tube T1 = [ and tube T2 = [. This is to say that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.56 is applied to show the current status of the
execution environment to the first BMPDTM. From Fig. 6.56, it is indicated that
the contents to the two tapes in the execution environment of the first BMPDTM
are not changed.
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Step (4) is the first loop in Algorithm 6.10, since the number of bits for
representing those four values is two, the upper bound (n) is two. Thus, after the
first execution of Step (4a) is implemented, tube T0 = [, tube T1 ¼ R1

1;R
0
1

� �
and

tube T2 ¼ R1
1;R

0
1

� �
. This implies that the first BMDTM and the second BMDTM

in the execution environment of the first BMPDTM are both copied into the
second BMPDTM and the third BMPDTM. Figure 6.57 is employed to explain
the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 6.57, the contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (R1 = 1) and 0 (R1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (R1 = 0) and 1 (R1 = 1). From Fig. 6.57, four bio-molecular determin-
istic one-tape Turing machines are produced. For the four bio-molecular
deterministic one-tape Turing machines, the position of the corresponding read-
write head and the state of the corresponding finite state control are reserved.

TapeRead-write head

R1
1

Finite state control

TapeRead-write head

R1
0

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 6.56 Schematic representation of the current status of the execution environment to the first
BMPDTM

Tape

Tape

Read-write head

R1
1

Read-write head

R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 6.55 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

6.5 Introduction for NAND Operation on Bio-molecular Computer 161



Next, after the first execution for Step (4b) and Step (4c) in Algorithm 6.10 is
performed, tube T1 ¼ R1

2R
1
1;R

1
2R

0
1

� �
and tube T2 ¼ R0

2R
1
1;R

0
2R

0
1

� �
. This indicates

that the content of the second tape square for the tape in the first BMDTM in the
second BMPDTM is written by its corresponding read-write head and is 1
(R2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (R2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the corre-
sponding finite state control is both changed as ‘‘R2 = 1’’. Similarly, the content of
the second tape square for the tape in the first BMDTM in the third BMPDTM is
written by its corresponding read-write head and is 0 (R2 = 0), and the content of
the second tape square for the tape in the second BMDTM in the third BMPDTM
is written by its corresponding read-write head and is also 0 (R2 = 0). Simulta-
neously, the position of the corresponding read-write head is both moved to the left
new tape square and the state of the corresponding finite state control is both
changed as ‘‘R2 = 0’’. Figure 6.58 is employed to illustrate the current status of
the execution environment to the second BMPDTM and the third BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 6.10 is implemented,
tube T0 ¼ R1

2R
1
1;R

1
2R

0
1;R

0
2R

1
1;R

0
2R

0
1

� �
, tube T1 = [ and tube T2 = [. This is to

say that the execution environment for those bio-molecular deterministic one-tape
Turing machines in the second BMPDTM and in the third BMPDTM becomes

Tape
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Read-write head

R1
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Finite state control
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R1
0

Finite state control

Tape

Tape

Read-write head
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0
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1
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.57 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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the first BMPDTM. Figure 6.59 is used to show the current status of the execution
environment to the first BMPDTM. From Fig. 6.59, the contents to the four tapes
in the execution environment of the first BMPDTM are not changed, and the
position of the corresponding read-write head and the state of the corresponding
finite state control are reserved.
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1 R1

1

Finite state control
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Read-write head Finite state control

Read-write head Finite state control

R2
1 R1

0

R2
0 R1

0

R2
0 R1

1

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 6.58 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.59 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Then, because Step (5) of Algorithm 6.10 is the second loop and the upper
bound for Step (5) of Algorithm 6.10 is two, Step (5a) will be executed two times.
From the first execution and the second execution of Step (5a) in Algorithm 6.10,
S01 and S02 are, respectively, appended into the head of each bit pattern in tube T0.
This implies that the contents of the third tape square and the fourth tape square for
each tape of the four bio-molecular deterministic one-tape Turing machines in the
first BMPDTM are written by the corresponding read-write head and are, sub-
sequently, S01 and S

0
2. Simultaneously, for the four bio-molecular deterministic one-

tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is all moved to the left new tape square, the state of the corre-
sponding finite state control is all changed as ‘‘S2 = 0’’ and tube T0 ¼ S02S

0
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0
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0
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0
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0
1g. Figure 6.60 is applied to explain the current

status of the execution environment to the first BMPDTM.

Step (6) in Algorithm 6.10 is a third loop and is employed to perform the
parallel NAND operation of n bits. When the first execution of Step (6a) is
implemented, it calls Algorithm 6.9 that is applied to finish the parallel NAND
operation of one bit, ParallelNAND(T0, k), in Sect. 6.5.1. The first parameter, tube
T0, is current the execution environment of the first BMPDTM and consists of four
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(a)  The four BMPDTMs in the first BMPDTM.

Fig. 6.60 Schematic representation of the current status of the execution environment to the first
BMPDTM

164 6 Introduction to Logic Operations on Bits on Bio-molecular Computer



bio-molecular deterministic one-tape Turing machines (Fig. 6.60). It is regarded as
an input tube of Algorithm 6.9. The value for the second parameter, k, is one and
is also regarded as an input value of Algorithm 6.9.

When Algorithm 6.9 is first invoked, seven tubes are all regarded as inde-
pendent environments of seven bio-molecular parallel deterministic one-tape
Turing machines. Tube T0 is regarded as the first BMPDTM and tube Tk is
regarded as the (k ? 1)th BMPDTM. After the first execution of Step (1) in
Algorithm 6.9 is finished, tube T0 = [, tube T1 ¼ S02S

0
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1
1; S

0
2S

0
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0
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1
1

� �
and

tube T2 ¼ S02S
0
1R

1
2R

0
1; S

0
2S

0
1R

0
2R

0
1

� �
. This is to say that the new execution environ-

ments for two bio-molecular deterministic one-tape Turing machines with the
content of tape square, ‘‘R1

1’’, and other two bio-molecular deterministic one-tape
Turing machines with the content of tape square, ‘‘R0

1’’ are, respectively, the
second BMPDTM and the third BMPDTM. The position of the corresponding
read-write head and the state of the corresponding finite state control are reserved.
Figures 6.61 and 6.62 are employed to illustrate the result.
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(a)  The two BMDTMs in the third BMPDTM.

Fig. 6.62 Schematic representation of the current status of the execution environment to the
third BMPDTM
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.61 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Then, after the first execution of Steps (2) and (3) in Algorithm 6.9 is per-
formed, tube T1 = [, tube T2 = [, tube T3 = [, tube T5 = [, tube T4 ¼
S02S

0
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2R

1
1; S

0
2S

0
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1
1

� �
and tube T6 ¼ S02S
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0
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0
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0
2R

0
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� �
. This is to say that

the new execution environments for two bio-molecular deterministic one-tape
Turing machines with the contents of tape square, ‘‘R1

1’’ and ‘‘S01’’, and other two
bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R0

1’’ and ‘‘S01’’ are, respectively, the fifth BMPDTM and the seventh
BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are reserved. Figures 6.63 and 6.64 are used to
show the result.
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 6.63 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The two BMDTMs in the seventh BMPDTM.

Fig. 6.64 Schematic representation of the current status of the execution environment to the
seventh BMPDTM
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Next, after the first execution for Steps (4a), (5a), (6a) and (7a) is implemented,
the returned result from Steps (5a) and (7a) is ‘‘yes’’. Therefore, after the first
execution for Steps (5) and (7) is implemented, tube T4 ¼ C1

1S
0
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0
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�
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� �
. This is to say that the

content of the fifth tape square for each tape in the two BMDTMs of the fifth
BMPDTM and the two BMDTMs of the seventh BMPDTM is all written by the
corresponding read-write head and is 1 (C1 = 1). Simultaneously, for the two
BMDTMs of the fifth BMPDTM and the two BMDTMs of the seventh
BMPDTM, the state of each finite state control is changed as ‘‘C1 = 1’’ and the
position of each read-write head is moved to the left new tape square of
the corresponding tape. Figures 6.65 and 6.66 are applied to respectively explain
the current status of the execution environment to the fifth BMPDTM and the
seventh BMPDTM.

Finally, after the first execution for Step (8) is performed, tube T0 ¼
C1
1S

0
2S

0
1R

1
2R

1
1;C

1
1S

0
2S

0
1R

0
2R

1
1;C

1
1S

0
2S

0
1R

1
2R

0
1;C

1
1S

0
2S

0
1R

0
2R

0
1

� �
, tube T1=[, tube T2 =[,

T3 = [, T4 = [, T5 = [ and tube T6 = [. This indicates that the execution
environment for the first and second bio-molecular deterministic one-tape Turing
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 6.65 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The two BMDTMs in the seventh BMPDTM. 

Fig. 6.66 Schematic representation of the current status of the execution environment to the
seventh BMPDTM
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machines in the fifth BMPDTM and the first and second bio-molecular deter-
ministic one-tape Turing machines in the seventh BMPDTM becomes the first
BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are all reserved. Figure 6.67 is applied to illustrate
the result.

After the execution of the first time for each operation in Algorithm 6.9 is
implemented, the parallel NAND operation to the first bit of the two inputs is also
finished. Next, when the second execution of Step (6a) in Algorithm 6.10 is
performed, it again invokes Algorithm 6.9. The first parameter, tube T0, is current
the execution environment of the first BMPDTM and includes four bio-molecular
deterministic one-tape Turing machines (Fig. 6.67). It is regarded as an input tube
of Algorithm 6.9. The value for the second parameter, k, is two and is also
regarded as an input value of Algorithm 6.9. After the execution of the second
time for each operation in Algorithm 6.9 is implemented, tube T0 ¼
C1
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and other tubes

become all empty tubes. This implies that the content of the sixth tape square for
each BMDTM is written by the corresponding read-write head and is 1 (C2 = 1).
Simultaneously, the state of each finite state control is changed as ‘‘C2 = 1’’ and
the position of each read-write head is moved to the left new tape square of the
corresponding tape. Figure 6.68 is used to explain the result and Algorithm 6.10 is
terminated.
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(a)  The four BMDTMs in the first BMPDTM. 

Fig. 6.67 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.6 Introduction for Exclusive-OR Operation on Bio-
molecular Computer

The Exclusive-OR (XOR) operation of a bit for two Boolean variables R and
S generates an output of 1 if both R and S are different values and 0 if they are the
same values. The � symbol is applied to represent the XOR operation. The four
possible combinations for the XOR operation of a bit to two Boolean variables
R and S are

0� 0 ¼ 0

0� 1 ¼ 1

1� 0 ¼ 1

1� 1 ¼ 0

A truth table is usually used with logic operation to represent all possible
combinations of inputs and the corresponding outputs. The truth table for the XOR
operation is shown in Table 6.6.
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(a)  The four BMDTMs in the first BMPDTM. 

Fig. 6.68 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.6.1 The Construction for the Parallel XOR Operation
of a Bit on Bio-molecular Computer

Assume that two one-bit binary numbers, Rk and Sk, for 1 B k B n are used to,
respectively, represent the first input and the second input for the XOR operation
of a bit. Also suppose that a one-bit binary number, Ck, for 1 B k B n is employed
to represent the output for the XOR operation of a bit. For the sake of conve-
nience, assume that R1

k denotes the fact that the value of Rk is 1 and R0
k denotes the

fact that the value of Rk is 0. Similarly, suppose that S1k denotes the fact that the
value of Sk is 1 and S0k denotes the fact that the value of Sk is 0. Assume that C1

k

denotes the fact that the value of Ck is 1 and C0
k denotes the fact that the value of

Ck is 0. The following algorithm is proposed to perform the parallel XOR oper-
ation of a bit.

(1) T1 = +(T0, Rk
1) and T2 =− (T0, Rk

1).

(2) T3 = +(T1, Sk
1) and T4 =− (T1, Sk

1).

(3) T5 = +(T2, Sk
1) and T6 =− (T2, Sk

1).

(4a) If (Detect(T3) = = “yes”) then

(4) Append-head(T3, Ck
0).

EndIf

(5a) If (Detect(T4) = = “yes”) then

(5) Append-head(T4, Ck
1).

EndIf

(6a) If (Detect(T5) = = “yes”) then

(6) Append-head(T5, Ck
1).

EndIf

(7a) If (Detect(T6) = = “yes”) then

(7) Append-head(T6, Ck
0).

EndIf

(8) T0 =∪ (T3, T4, T5, T6).

EndAlgorithm

Algorithm 6.11: ParallelXOR(T0, k)

Table 6.6 The truth table for
the XOR operation of a bit
for two Boolean variables
R and S

Input Output

R S C = R � S

0 0 0
0 1 1
1 0 1
1 1 0

170 6 Introduction to Logic Operations on Bits on Bio-molecular Computer



Lemma 6-11: The algorithm, ParallelXOR(T0, k), can be employed to finish the
parallel XOR operation of a bit.

Proof The algorithm, ParallelXOR(T0, k), is implemented by means of the
extract, detect, append-head and merge operations. Steps (1) through (3) employ
the extract operations to yield different tubes consisting of different inputs (T1 to
T6). This implies, T1 includes all of the inputs that have Rk = 1, T2 contains all of
the inputs that have Rk = 0, T3 includes those inputs that have Rk = 1 and Sk = 1,
T4 contains those inputs that have Rk = 1 and Sk = 0, T5 consists of those inputs
that have Rk = 0 and Sk = 1, and finally, T6 includes those that have Rk = 0 and
Sk = 0. Having performed Steps (1) through (3), this is to say that four different
inputs for the XOR operation of a bit as shown in Table 6.6 were poured into tubes
T3 through T6, respectively.

From Steps (4a) and (7a), those steps are, respectively, applied to examine
whether contains any input for tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is
returned from those steps, then the corresponding append-head operations will be
run. Because tubes T3, T4, T5 and T6, subsequently, contains the input for the fourth
row, the third row, the second row and the first row in Table 6.6.1, Ck

0 from Step
(4) and Step (7) is appended onto the head of every input in tubes T3 and T6 and Ck

1

from Steps (5) and (6) is, subsequently, appended onto the head of every input in
tubes T4 and T5. After performing Steps (4) through (7), four different outputs to
the XOR operation of a bit as shown in Table 6.6 are appended into tubes T3
through T6. Finally, the execution of Step (8) uses the merge operation to pour
tubes T3 through T6 into tube T0. Tube T0 contains the result finishing the XOR
operation of a bit as shown in Table 6.6. j

6.6.2 The Construction for the Parallel XOR Operation
of N Bits on Bio-molecular Computer

The parallel XOR operation of n bits simultaneously generates the corresponding
outputs for 2n combinations of n bits. The following algorithm is offered to per-
form the parallel XOR operation of n bits. Notations in Algorithm 6.12 are
denoted in Sect. 6.6.1.
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Algorithm 6.12: N-Bits-ParallelXOR(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 =∪ (T1, T2).

(4) For k = 2 to n

(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 =∪ (T1, T2).

EndFor

(5) For k = 1 to n

(5a) Append-head(T0, Sk).

EndFor

(6) For k = 1 to n

(6a) ParallelXOR(T0, k).

EndFor

EndAlgorithm
Lemma 6-12: The algorithm, N-Bits-ParallelXOR(T0), can be used to finish the
parallel XOR operation of n bits.

Proof Solution space of 2n combinations for the first input is generated from Steps
(1) through (4d). After they are run, tube T0 contains those inputs encoding 2n

states. Next, from Steps (5) through (5a), the ‘‘append-head’’ operations are
applied to append the value ‘‘0’’ or ‘‘1’’ for Sk (the second input) to the head of
solution space of 2n combinations in tube T0.

Step (6) is the main loop and is mainly applied to run the parallel XOR
operation of n bits. Each execution of Step (6a) calls ParallelXOR(T0, k) in
Sect. 6.6.1 to finish the XOR operation for the kth bit of each input in 2n inputs.
Repeat execution of Step (6a) until the nth bit of each input in 2n inputs is
processed. Tube T0 includes the result performing the parallel XOR operation of
n bits. j

6.6.3 The Power for the Parallel XOR Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, respectively,
00(010) (R2

0 R1
0), 01(110) (R2

0 R1
1), 10(210) (R2

1 R1
0) and 11(310) (R2

1 R1
1). We want to

simultaneously perform the parallel XOR operation for 10(210) (S2
1 S1

0) and those
four values. Algorithm 6.12, N-Bits-ParallelXOR(T0), can be used to carry out
the task. Tube T0 is an empty tube and is regarded as an input tube of Algorithm
6.12. From Definition 5-2, the input tube T0 is regarded as the execution envi-
ronment of the first BMPDTM. Similarly, tubes T1 and T2 used in Algorithm 6.12
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also are regarded, subsequently, as the execution environment of the second
BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.12 are used to generate a BMPDTM
with four bio-molecular deterministic one-tape Turing machines. After the exe-
cution for Step (1) and Step (2) of Algorithm 6.12 is implemented, tube
T1 = {R1

1} and tube T2 = {R1
0}. This indicates that a BMDTM in the second

BMPDTM and in the third BMPDTM is constructed. Figure 6.69 is applied to
show the current status of the execution environment to the second BMPDTM and
the third BMPDTM. From Fig. 6.69, the content of the first tape square for the
tape in the first BMDTM in the second BMPDTM is written by its corresponding
read-write head and is 1 (R1 = 1), and the content of the first tape square for the
tape in the first BMDTM in the third BMPDTM is written by its corresponding
read-write head and is 0 (R1 = 0). For the first BMDTM in the second
BMPDTM, the position of the read-write head is moved to the left new tape
square, and the state of the finite state control is changed as ‘‘R1 = 1’’. Similarly,
for the first BMDTM in the third BMPDTM, the position of the read-write head is
also moved to the left new tape square, and the state of the finite state control is
changed as ‘‘R1 = 0’’.

Next, after the execution for Step (3) of Algorithm 6.12 is performed, tube
T0 = {R1

1, R1
0}, tube T1 = [ and tube T2 = [. This implies that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.70 is employed to illustrate the current status of
the execution environment to the first BMPDTM. From Fig. 6.70, it is pointed out
that the contents to the two tapes in the execution environment of the first
BMPDTM are not changed.

Tape

Tape

Read-write head

R1
1

Read-write head

R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM. 

(b)  The first BMDTM in the third BMPDTM.

Fig. 6.69 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Step (4) is the first loop in Algorithm 6.12, because the number of bits for
representing those four values is two, the upper bound (n) is two. Therefore,
after the first execution of Step (4a) is finished, tube T0 = [, tube T1 = {R1

1, R1
0}

and tube T2 = {R1
1, R1

0}. This is to say that the first BMDTM and the second
BMDTM in the execution environment of the first BMPDTM are both copied
into the second BMPDTM and the third BMPDTM. Figure 6.71 is used to show
the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 6.71, the contents of the first tape square for
the corresponding tape of the first BMDTM and the corresponding tape of the
second BMDTM in the execution environment of the second BMPDTM are,
respectively, 1 (R1 = 1) and 0 (R1 = 0). The contents of the first tape square for
the corresponding tape of the first BMDTM and the corresponding tape of the
second BMDTM in the execution environment of the third BMPDTM are also,
respectively, 0 (R1 = 0) and 1 (R1 = 1). From Fig. 6.71, four bio-molecular
deterministic one-tape Turing machines are generated. For the four bio-molec-
ular deterministic one-tape Turing machines, the position of the corresponding
read-write head and the state of the corresponding finite state control are
reserved.

TapeRead-write head

R1
1

Finite state control

TapeRead-write head

R1
0

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM. 

Fig. 6.70 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution for Step (4b) and Step (4c) in Algorithm 6.12 is
implemented, tube T1 ¼ R1

2R
1
1;R

1
2R

0
1

� �
and tube T2 ¼ R0

2R
1
1;R

0
2R

0
1

� �
. This implies

that the content of the second tape square for the tape in the first BMDTM in the
second BMPDTM is written by its corresponding read-write head and is 1
(R2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (R2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the corre-
sponding finite state control is both changed as ‘‘R2 = 1’’. Similarly, the content of
the second tape square for the tape in the first BMDTM in the third BMPDTM is
written by its corresponding read-write head and is 0 (R2 = 0), and the content of
the second tape square for the tape in the second BMDTM in the third BMPDTM
is written by its corresponding read-write head and is also 0 (R2 = 0). Simulta-
neously, the position of the corresponding read-write head is both moved to the left
new tape square and the state of the corresponding finite state control is both
changed as ‘‘R2 = 0’’. Figure 6.72 is used to explain the current status of the
execution environment to the second BMPDTM and the third BMPDTM.
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM. 

(b)  The first BMDTM and the second BMDTM in the third BMPDTM. 

Fig. 6.71 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Next, after the first execution for Step (4d) of Algorithm 6.12 is finished, tube
T0 ¼ R1

2R
1
1;R

1
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0
1;R

0
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1
1;R

0
2R

0
1

� �
, tube T1 = [ and tube T2 = [. This indicates

that the execution environment for those bio-molecular deterministic one-tape
Turing machines in the second BMPDTM and in the third BMPDTM becomes
the first BMPDTM. Figure 6.73 is employed to illustrate the current status of the
execution environment to the first BMPDTM. From Fig. 6.73, the contents to the
four tapes in the execution environment of the first BMPDTM are not changed,
and the position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved.
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM. 

(b)  The first BMDTM and the second BMDTM in the third BMPDTM. 

Fig. 6.72 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Then, because Step (5) of Algorithm 6.12 is the second loop and the upper
bound for Step (5) of Algorithm 6.12 is two, Step (5a) will be executed two
times. From the first execution and the second execution of Step (5a) in Algo-
rithm 6.12, S1

0 and S2
1 are, respectively, appended into the head of each bit pattern

in tube T0. This is to say that the contents of the third tape square and the fourth
tape square for each tape of the four bio-molecular deterministic one-tape Turing
machines in the first BMPDTM are written by the corresponding read-write head
and are, subsequently, S1

0 and S2
1. Simultaneously, for the four bio-molecular

deterministic one-tape Turing machines in the first BMPDTM, the position of the
corresponding read-write head is all moved to the left new tape square, the state of
the corresponding finite state control is all changed as ‘‘S2 = 1’’ and tube
T0 ¼ S12S
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. Figure 6.74 is employed to

show the current status of the execution environment to the first BMPDTM.
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(a)  The four BMDTMs in the first BMPDTM. 

Fig. 6.73 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Step (6) in Algorithm 6.12 is a third loop and is used to carry out the parallel
XOR operation of n bits. When the first execution of Step (6a) is performed, it
calls Algorithm 6.11 that is used to perform the parallel XOR operation of one bit,
ParallelXOR(T0, k), in Sect. 6.6.1. The first parameter, tube T0, is current the
execution environment of the first BMPDTM and contains four bio-molecular
deterministic one-tape Turing machines (Fig. 6.74). It is regarded as an input tube
of Algorithm 6.11. The value for the second parameter, k, is one and is also
regarded as an input value of Algorithm 6.11.

When Algorithm 6.11 is first called, seven tubes are all regarded as indepen-
dent environments of seven bio-molecular parallel deterministic one-tape Turing
machines. Tube T0 is regarded as the first BMPDTM and tube Tk is regarded as the
(k ? 1)th BMPDTM. After the first execution of Step (1) in Algorithm 6.11 is
performed, tube T0 = [, tube T1 ¼ S12S
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and tube T2 ¼

S12S
0
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�
S12S

0
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0
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0
1g. This implies that the new execution environments for two

bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R1

1’’, and other two bio-molecular deterministic one-tape Turing machines
with the content of tape square, ‘‘R1

0’’ are, respectively, the second BMPDTM and
the third BMPDTM. The position of the corresponding read-write head and the
state of the corresponding finite state control are reserved. Figures 6.75 and 6.76
are used to show the result.
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(a)  The four BMPDTMs in the first BMPDTM. 

Fig. 6.74 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Then, after the first execution of Steps (2) and (3) in Algorithm 6.11 is
implemented, tube T1 = [, tube T2 = [, tube T3 = [, tube T5 = [, tube T4 ¼
S12S

0
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and tube T6 ¼ S12S
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. This indicates that

the new execution environments for two bio-molecular deterministic one-tape
Turing machines with the contents of tape square, ‘‘R1

1’’ and ‘‘S01’’, and other two
bio-molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘R0

1’’ and ‘‘S01’’ are, respectively, the fifth BMPDTM and the seventh
BMPDTM. The position of the corresponding read-write head and the state of the
corresponding finite state control are reserved. Figures 6.77 and 6.78 are employed
to illustrate the result.
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(a)  The two BMDTMs in the third BMPDTM. 

Fig. 6.76 Schematic representation of the current status of the execution environment to the
third BMPDTM
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(a)  The two BMDTMs in the second BMPDTM. 

Fig. 6.75 Schematic representation of the current status of the execution environment to the
second BMPDTM
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Next, after the first execution for Steps (4a), (5a), (6a) and (7a) is performed,
the returned result from Steps (5a) and (7a) is ‘‘yes’’. Thus, after the first execution
for Steps (5) and (7) is finished, tube T4 ¼ C1

1S
0
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1
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and tube
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0
1

� �
. This is to say that the content of the fifth tape

square for each tape in the two BMDTMs of the fifth BMPDTM is written by the
corresponding read-write head and is 1 (C1 = 1). Simultaneously, the content of
the fifth tape square for each tape in the two BMDTMs of the seventh BMPDTM
is written by the corresponding read-write head and is 0 (C1 = 0). For the two
BMDTMs of the fifth BMPDTM and the two BMDTMs of the seventh
BMPDTM, the state of each finite state control is, subsequently, changed as
‘‘C1 = 1’’ and ‘‘C1 = 0’’ and the position of each read-write head is moved to the
left new tape square of the corresponding tape. Figures 6.79 and 6.80 are used to
respectively show the current status of the execution environment to the fifth
BMPDTM and the seventh BMPDTM.
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(a)  The two BMDTMs in the fifth BMPDTM. 

Fig. 6.77 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The two BMDTMs in the seventh BMPDTM.

Fig. 6.78 Schematic representation of the current status of the execution environment to the
seventh BMPDTM
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Finally, after the first execution for Step (8) is implemented, tube
T0 ¼ C1
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, tube T1 = [, tube

T2 = [, T3 = [, T4 = [, T5 = [ and tube T6 = [. This is to say that the
execution environment for the first and second bio-molecular deterministic
one-tape Turing machines in the fifth BMPDTM and the first and second
bio-molecular deterministic one-tape Turing machines in the seventh BMPDTM
becomes the first BMPDTM. The position of the corresponding read-write head
and the state of the corresponding finite state control are all reserved. Figure 6.81
is employed to explain the result.
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(a)  The two BMDTMs in the fifth BMPDTM. 

Fig. 6.79 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The two BMDTMs in the seventh BMPDTM. 

Fig. 6.80 Schematic representation of the current status of the execution environment to the
seventh BMPDTM
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After the execution of the first time for each operation in Algorithm 6.11 is
implemented, the parallel XOR operation to the first bit of the two inputs is also
performed. Next, when the second execution of Step (6a) in Algorithm 6.12 is
finished, it again invokes Algorithm 6.11. The first parameter, tube T0, is current
the execution environment of the first BMPDTM and includes four bio-molecular
deterministic one-tape Turing machines (Fig. 6.81). It is regarded as an input tube
of Algorithm 6.11. The value for the second parameter, k, is two and is also
regarded as an input value of Algorithm 6.11. After the execution of the second
time for each operation in Algorithm 6.11 is implemented, tube T0 ¼
C1
2C
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and other tubes

become all empty tubes. This indicates that the content of the sixth tape square for
each BMDTM is written by the corresponding read-write head and is, subse-
quently, 1 (C2 = 1), 0 (C2 = 0), 1 (C2 = 1) and 0 (C2 = 0). Simultaneously, the
state of each finite state control is, respectively, changed as ‘‘C2 = 1’’, ‘‘C2 = 0’’,
‘‘C2 = 1’’ and ‘‘C2 = 0’’ and the position of each read-write head is moved to the
left new tape square of the corresponding tape. Figure 6.82 is used to explain the
result and Algorithm 6.12 is terminated.

6.7 Introduction for Exclusive-NOR Operation on Bio-
molecular Computer

The one’s complement of the Exclusive-OR (XOR) operation of a bit for two
Boolean variables R and S is known as the Exclusive-NOR (XNOR) operation.
The Exclusive-NOR (XNOR) operation of a bit for two Boolean variables R and S
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(a)  The four BMDTMs in the first BMPDTM. 

Fig. 6.81 Schematic representation of the current status of the execution environment to the first
BMPDTM
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generates an output of 1 if both R and S are the same values and 0 if they are
different values. The four possible combinations for the XNOR operation of a bit
to two Boolean variables R and S are

0� 0 ¼ 1

0� 1 ¼ 0

1� 0 ¼ 0

1� 1 ¼ 1

A truth table is usually employed with logic operation to represent all possible
combinations of inputs and the corresponding outputs. The truth table for the
XNOR operation is shown in Table 6.7.

Table 6.7 The truth table for
the XNOR operation of a bit
for two Boolean variables
R and S

Input Output

R S C = R� S

0 0 1
0 1 0
1 0 0
1 1 1
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(a)  The four BMDTMs in the first BMPDTM. 

Fig. 6.82 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.7.1 The Construction for the Parallel XNOR Operation
of a Bit on Bio-molecular Computer

Suppose that two one-bit binary numbers, Rk and Sk, for 1 B k B n are applied to,
subsequently, represent the first input and the second input for the XNOR oper-
ation of a bit. Also assume that a one-bit binary number, Ck, for 1 B k B n is used
to represent the output for the XNOR operation of a bit. For the sake of conve-
nience, suppose that Rk

1 denotes the fact that the value of Rk is 1 and Rk
0 denotes the

fact that the value of Rk is 0. Similarly, assume that Sk
1 denotes the fact that the

value of Sk is 1 and Sk
0 denotes the fact that the value of Sk is 0. Suppose that Ck

1

denotes the fact that the value of Ck is 1 and Ck
0 denotes the fact that the value of Ck

is 0. The following algorithm is offered to run the parallel XNOR operation of
a bit.

Algorithm 6.13: ParallelXNOR(T0, k)

(1) T1 = +(T0, Rk
1) and T2 = −(T0, Rk

1).

(2) T3 = +(T1, Sk
1) and T4 = −(T1, Sk

1).

(3) T5 = +(T2, Sk
1) and T6 = −(T2, Sk

1).

(4a) If (Detect(T3) = = “yes”) then

(4) Append-head(T3, Ck
1).

EndIf

(5a) If (Detect(T4) = = “yes”) then

(5) Append-head(T4, Ck
0).

EndIf

(6a) If (Detect(T5) = = “yes”) then

(6) Append-head(T5, Ck
0).

EndIf

(7a) If (Detect(T6) = = “yes”) then

(7) Append-head(T6, Ck
1).

EndIf

(8) T0 =∪ (T3, T4, T5, T6).

EndAlgorithm

Lemma 6-13: The algorithm, ParallelXNOR(T0, k), can be used to perform the
parallel XNOR operation of a bit.

Proof The algorithm, ParallelXNOR(T0, k), is implemented by means of the
extract, detect, append-head and merge operations. Steps (1) through (3) employ
the extract operations to produce different tubes including different inputs (T1 to
T6). This is to say that T1 contains all of the inputs that have Rk = 1, T2 consists of
all of the inputs that have Rk = 0, T3 includes those inputs that have Rk = 1 and
Sk = 1, T4 contains those inputs that have Rk = 1 and Sk = 0, T5 consists of those
inputs that have Rk = 0 and Sk = 1, and finally, T6 includes those that have Rk = 0
and Sk = 0. Having finished Steps (1) through (3), this implies that four different
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inputs for the XNOR operation of a bit as shown in Table 6.7 were poured into
tubes T3 through T6, respectively.

From Steps (4a) and (7a), those steps are, subsequently, used to test whether
includes any input for tubes T3, T4, T5, and T6 or not. If any a ‘‘yes’’ is returned
from those steps, then the corresponding append-head operations will be run.
Because tubes T3, T4, T5 and T6, subsequently, consists of the input for the fourth
row, the third row, the second row and the first row in Table 6.7, Ck

1 from Step (4)
and Step (7) is appended onto the head of every input in tubes T3 and T6 and Ck

0

from Steps (5) and (6) is, subsequently, appended onto the head of every input in
tubes T4 and T5. After performing Steps (4) through (7), four different outputs to
the XNOR operation of a bit as shown in Table 6.7 are appended into tubes T3
through T6. Finally, the execution of Step (8) applies the merge operation to pour
tubes T3 through T6 into tube T0. Tube T0 contains the result finishing the XNOR
operation of a bit as shown in Table 6.7. j

6.7.2 The Construction for the Parallel XNOR Operation
of N Bits on Bio-molecular Computer

The parallel XNOR operation of n bits simultaneously produces the corresponding
outputs for 2n combinations of n bits. The following algorithm is proposed to finish
the parallel XNOR operation of n bits. Notations in Algorithm 6.14 are denoted in
Sect. 6.7.1.

Algorithm 6.14: N-Bits-ParallelXNOR(T0)

(1) Append-head(T1, R1
1).

(2) Append-head(T2, R1
0).

(3) T0 =∪ (T1, T2).

(4) For k = 2 to n

(4a) Amplify(T0, T1, T2).

(4b) Append-head(T1, Rk
1).

(4c) Append-head(T2, Rk
0).

(4d) T0 =∪ (T1, T2).

EndFor

(5) For k = 1 to n

(5a) Append-head(T0, Sk).

EndFor

(6) For k = 1 to n

(6a) ParallelXNOR(T0, k).
EndFor

EndAlgorithm
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Lemma 6-14: The algorithm, N-Bits-ParallelXNOR(T0), can be applied to
perform the parallel XNOR operation of n bits.

Proof Steps (1) through (4d) are mainly used to yield solution space of 2n com-
binations for the first input. After they are performed, tube T0 contains those inputs
encoding 2n states. Next, Steps (5) through (5a) use the ‘‘append-head’’ operations
to append the value ‘‘0’’ or ‘‘1’’ for Sk (the second input) to the head of solution
space of 2n combinations in tube T0.

Step (6) is the main loop and is mainly employed to finish the parallel XNOR
operation of n bits. Each execution of Step (6a) calls ParallelXNOR(T0, k) in
Sect. 6.7.1 to perform the XNOR operation for the kth bit of each input in 2n

inputs. Repeat execution of Step (6a) until the nth bit of each input in 2n inputs is
processed. Tube T0 includes the result finishing the parallel XNOR operation of
n bits. j

6.7.3 The Power for the Parallel XNOR Operation of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, respectively,
00(010) (R2

0 R1
0), 01(110) (R2

0 R1
1), 10(210) (R2

1 R1
0) and 11(310) (R2

1 R1
1). We want to

simultaneously carry out the parallel XNOR operation for 01(110) (S2
0 S1

1) and
those four values. Algorithm 6.14, N-Bits-ParallelXNOR(T0), can be applied to
perform the task. Tube T0 is an empty tube and is regarded as an input tube of
Algorithm 6.14. According to Definition 5–2, the input tube T0 is regarded as the
execution environment of the first BMPDTM. Similarly, tubes T1 and T2 used in
Algorithm 6.14 also are regarded, subsequently, as the execution environment of
the second BMPDTM and the execution environment of the third BMPDTM.

Steps (1) through (4d) in Algorithm 6.14 are used to construct a BMPDTM
with four bio-molecular deterministic one-tape Turing machines. After the exe-
cution for Step (1) and Step (2) of Algorithm 6.14 is performed, tube T1 = {R1

1}
and tube T2 = {R1

0}. This implies that a BMDTM in the second BMPDTM and in
the third BMPDTM is generated. Figure 6.83 is used to explain the current status
of the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 6.83, the content of the first tape square for the tape in the first
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is 1 (R1 = 1), and the content of the first tape square for the tape in the first
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is 0 (R1 = 0). For the first BMDTM in the second BMPDTM, the position of
the read-write head is moved to the left new tape square, and the state of the finite
state control is changed as ‘‘R1 = 1’’. Similarly, for the first BMDTM in the third
BMPDTM, the position of the read-write head is also moved to the left new tape
square, and the state of the finite state control is changed as ‘‘R1 = 0’’.
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Next, after the execution for Step (3) of Algorithm 6.14 is finished, tube
T0 ¼ R1

1;R
0
1

� �
, tube T1 = [ and tube T2 = [. This indicates that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 6.84 is used to show the current status of the
execution environment to the first BMPDTM. From Fig. 6.84, it is indicated that
the contents to the two tapes in the execution environment of the first BMPDTM
are not changed.
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Read-write head

R1
1

Read-write head

R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM. 

(b)  The first BMDTM in the third BMPDTM.

Fig. 6.83 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Read-write head

R1
1

Read-write head

R1
0

Finite state control

Finite state control

(a)  The first BMDTM in the first BMPDTM. 

(b)  The second BMDTM in the first BMPDTM.

Fig. 6.84 Schematic representation of the current status of the execution environment to the first
BMPDTM

6.7 Introduction for Exclusive-NOR Operation on Bio-molecular Computer 187



Step (4) is the first loop in Algorithm 6.14, since the number of bits for
representing those four values is two, the upper bound (n) is two. Hence, after the
first execution of Step (4a) is performed, tube T0 = [, tube T1 ¼ R1

1;R
0
1

� �
and

tube T2 ¼ R1
1;R

0
1

� �
. This is to say that the first BMDTM and the second BMDTM

in the execution environment of the first BMPDTM are both copied into the
second BMPDTM and the third BMPDTM. Figure 6.85 is applied to illustrate the
current status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 6.85, the contents of the first tape square for the corre-
sponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (R1 = 1) and 0 (R1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (R1 = 0) and 1 (R1 = 1). From Fig. 6.85, four bio-molecular determin-
istic one-tape Turing machines are produced. For the four bio-molecular
deterministic one-tape Turing machines, the position of the corresponding read-
write head and the state of the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) in Algorithm 6.14 is
performed, tube T1 ¼ R1
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1
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and tube T2 ¼ R0
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1
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. This indicates

that the content of the second tape square for the tape in the first BMDTM in the
secondBMPDTM is written by its corresponding read-write head and is 1 (R2 = 1),
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Read-write head

R1
0

Finite state control

Read-write head

R1
1

Finite state control

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

Fig. 6.85 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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and the content of the second tape square for the tape in the second BMDTM in the
second BMPDTM is written by its corresponding read-write head and is also 1
(R2 = 1). Simultaneously, the position of the corresponding read-write head is both
moved to the left new tape square and the state of the corresponding finite state
control is both changed as ‘‘R2 = 1’’. Similarly, the content of the second tape
square for the tape in the first BMDTM in the third BMPDTM is written by its
corresponding read-write head and is 0 (R2 = 0), and the content of the second tape
square for the tape in the second BMDTM in the third BMPDTM is written by its
corresponding read-write head and is also 0 (R2 = 0). Simultaneously, the position
of the corresponding read-write head is both moved to the left new tape square and
the state of the corresponding finite state control is both changed as ‘‘R2 = 0’’.
Figure 6.86 is applied to show the current status of the execution environment to the
second BMPDTM and the third BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 6.14 is implemented,
tube T0 ¼ R1
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, tube T1 = [ and tube T2 = [. This is to

say that the execution environment for those bio-molecular deterministic one-tape
Turing machines in the second BMPDTM and in the third BMPDTM becomes
the first BMPDTM. Figure 6.87 is used to explain the current status of the exe-
cution environment to the first BMPDTM. From Fig. 6.87, the contents to the four
tapes in the execution environment of the first BMPDTM are not changed, and the
position of the corresponding read-write head and the state of the corresponding
finite state control are reserved.
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Fig. 6.86 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Then, because Step (5) of Algorithm 6.14 is the second loop and the upper
bound for Step (5) of Algorithm 6.14 is two, Step (5a) will be executed two times.
From the first execution and the second execution of Step (5a) in Algorithm 6.14,
S1
1 and S2

0 are, respectively, appended into the head of each bit pattern in tube T0.

This implies that the contents of the third tape square and the fourth tape square for
each tape of the four bio-molecular deterministic one-tape Turing machines in the
first BMPDTM are written by the corresponding read-write head and are, sub-
sequently, S1

1 and S2
0. Simultaneously, for the four bio-molecular deterministic one-

tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is all moved to the left new tape square, the state of the corre-
sponding finite state control is all changed as ‘‘S2 = 0’’ and tube T0 ¼ S02S
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1g. Figure 6.88 is applied to illustrate the current

status of the execution environment to the first BMPDTM.
Step (6) in Algorithm 6.14 is a third loop and is employed to perform the

parallel XNOR operation of n bits. When the first execution of Step (6a) is
finished, it calls Algorithm 6.13 that is applied to carry out the parallel XNOR
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Fig. 6.87 Schematic representation of the current status of the execution environment to the first
BMPDTM
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operation of one bit, ParallelXNOR(T0, k), in Sect. 6.7.1. The first parameter,
tube T0, is current the execution environment of the first BMPDTM and includes
four bio-molecular deterministic one-tape Turing machines (Fig. 6.88). It is
regarded as an input tube of Algorithm 6.13. The value for the second parameter,
k, is one and is also regarded as an input value of Algorithm 6.13.

When Algorithm 6.13 is first invoked, seven tubes are all regarded as inde-
pendent environments of seven bio-molecular parallel deterministic one-tape
Turing machines. Tube T0 is regarded as the first BMPDTM and tube Tk is
regarded as the (k ? 1)th BMPDTM. After the first execution of Step (1) in
Algorithm 6.13 is performed, tube T0 = [, tube T1 ¼ S02S
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and

tube T2 ¼ S02S
1
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0
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. This is to say that the new execution environ-

ments for two bio-molecular deterministic one-tape Turing machines with the
content of tape square, ‘‘R1

1’’, and other two bio-molecular deterministic one-tape
Turing machines with the content of tape square, ‘‘R0

1’’ are, respectively, the
second BMPDTM and the third BMPDTM. The position of the corresponding
read-write head and the state of the corresponding finite state control are reserved.
Figures 6.89 and 6.90 are applied to explain the result.

Tape

Tape

Tape 

Tape

(a)  The four BMPDTMs in the first BMPDTM.

Read-write head
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0 S1
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Fig. 6.88 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Then, after the first execution of Steps (2) and (3) in Algorithm 6.13 is finished,
tube T1 = [, tube T2 = [, tube T4 = [, tube T6 = [, tube T3 ¼ S02S

1
1R

1
2R

1
1;

�
S02S

1
1R

0
2R

1
1g and tube T5 ¼ S02S

1
1R

1
2R

0
1; S

0
2S

1
1R

0
2R

0
1

� �
. This indicates that the new

execution environments for two bio-molecular deterministic one-tape Turing
machines with the contents of tape square, ‘‘R1

1’’ and ‘‘S1
1’’, and other two bio-

molecular deterministic one-tape Turing machines with the content of tape square,
‘‘R1

0’’ and ‘‘S1
1’’ are, respectively, the fourth BMPDTM and the sixth BMPDTM.

The position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved. Figures 6.91 and 6.92 are used to show
the result.
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Read-write head Finite state control

Read-write head
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1
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1 R2
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(a)  The two BMDTMs in the second BMPDTM.

Fig. 6.89 Schematic representation of the current status of the execution environment to the
second BMPDTM
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(a)  The two BMDTMs in the third BMPDTM.
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Fig. 6.90 Schematic representation of the current status of the execution environment to the
third BMPDTM
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Next, after the first execution for Steps (4a), (5a), (6a) and (7a) is implemented,
the returned result from Steps (4a) and (6a) is ‘‘yes’’. Therefore, after the first
execution for Steps (4) and (6) is performed, tube T3 ¼ C1

1S
0
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1
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�
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1

� �
. This indicates that the

content of the fifth tape square for each tape in the two BMDTMs of the fourth
BMPDTM is written by the corresponding read-write head and is 1 (C1 = 1).
Simultaneously, the content of the fifth tape square for each tape in the two
BMDTMs of the sixth BMPDTM is written by the corresponding read-write head
and is 0 (C1 = 0). For the two BMDTMs of the fourth BMPDTM and the two
BMDTMs of the sixth BMPDTM, the state of each finite state control is, sub-
sequently, changed as ‘‘C1 = 1’’ and ‘‘C1 = 0’’ and the position of each read-write
head is moved to the left new tape square of the corresponding tape. Figures 6.93
and 6.94 are employed to respectively illustrate the current status of the execution
environment to the fourth BMPDTM and the sixth BMPDTM.
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(a)  The two BMDTMs in the sixth BMPDTM.
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Fig. 6.92 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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Fig. 6.91 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Finally, after the first execution for Step (8) is implemented, tube T0 ¼
C1
1S
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1
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� �
, tube T1=[, tube T2 =[,

T3 = [, T4 = [, T5 = [ and tube T6 = [. This implies that the execution
environment for the first and second bio-molecular deterministic one-tape Turing
machines in the fourth BMPDTM and the first and second bio-molecular deter-
ministic one-tape Turing machines in the sixth BMPDTM becomes the first
BMPDTM. The position of the corresponding read-write head and the state of
the corresponding finite state control are all reserved. Figure 6.95 is applied to show
the result.
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(a)  The two BMDTMs in the fourth BMPDTM.
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Read-write head
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Fig. 6.93 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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(a)  The two BMDTMs in the sixth BMPDTM.
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Fig. 6.94 Schematic representation of the current status of the execution environment to the
sixth BMPDTM
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After the execution of the first time for each operation in Algorithm 6.13 is
performed, the parallel XNOR operation to the first bit of the two inputs is also
carried out. Next, when the second execution of Step (6a) in Algorithm 6.14 is
finished, it again invokes Algorithm 6.13. The first parameter, tube T0, is current
the execution environment of the first BMPDTM and includes four bio-molecular
deterministic one-tape Turing machines (Fig. 6.95). It is regarded as an input tube
of Algorithm 6.13. The value for the second parameter, k, is two and is also
regarded as an input value of Algorithm 6.13. After the execution of the second
time for each operation in Algorithm 6.13 is performed, tube T0 ¼
C0
2C
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� �
and other tubes

become all empty tubes. This indicates that the content of the sixth tape square for
each BMDTM is written by the corresponding read-write head and is, subse-
quently, 0 (C2 = 0), 1 (C2 = 1), 0 (C2 = 0) and 1 (C2 = 1). Simultaneously, the
state of each finite state control is, respectively, changed as ‘‘C2 = 0’’, ‘‘C2 = 1’’,
‘‘C2 = 0’’ and ‘‘C2 = 1’’ and the position of each read-write head is moved to the
left new tape square of the corresponding tape. Figure 6.96 is applied to illustrate
the result and Algorithm 6.14 is terminated.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 6.95 Schematic representation of the current status of the execution environment to the first
BMPDTM
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6.8 Summary

In this chapter we provided an introduction to how logic operations including
NOT, OR, AND, NOR, NAND, Exclusive-OR (XOR) and Exclusive-NOR
(XNOR) on bits were implemented by means of bio-molecular operations. We
described Algorithm 6.1 and Algorithm 6.2 and their proof to explain how the
parallel NOT operation of a bit and the parallel NOT operation of n bit were
constructed by means of biological operations. We also gave one example to show
the power to the parallel NOT operation of n bit.

We then illustrated Algorithm 6.3 and Algorithm 6.4 and their proof to reveal
how the parallel OR operation of a bit and the parallel OR operation of n bit were
completed by means of molecular operations. We also gave one example to
explain the power to the parallel OR operation of n bit. We then introduced
Algorithm 6.5 and Algorithm 6.6 and their proof to demonstrate how the parallel
AND operation of a bit and the parallel AND operation of n bit were implemented
by means of biological operations. We also gave one example to reveal the power
to the parallel AND operation of n bit.
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(a)  The four BMDTMs in the first BMPDTM

Fig. 6.96 Schematic representation of the current status of the execution environment to the first
BMPDTM
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We then described Algorithm 6.7 and Algorithm 6.8 and their proof to show
how the parallel NOR operation of a bit and the parallel NOR operation of n bit
were constructed by means of molecular operations. We also gave one example to
explain the power to the parallel NOR operation of n bit. We then illustrated
Algorithm 6.9 and Algorithm 6.10 and their proof to reveal how the parallel
NAND operation of a bit and the parallel NAND operation of n bit were completed
by means of biological operations. We also gave one example to show the power
to the parallel NAND operation of n bit.

We then introduced Algorithm 6.11 and Algorithm 6.12 and their proof to
demonstrate how the parallel XOR operation of a bit and the parallel XOR
operation of n bit were implemented by means of molecular operations. We also
gave one example to explain the power to the parallel XOR operation of n bit. We
then described Algorithm 6.13 and Algorithm 6.14 and their proof to show how
the parallel XNOR operation of a bit and the parallel XNOR operation of n bit
were constructed by means of biological operations. We also gave one example to
reveal the power to the parallel XNOR operation of n bit.

6.9 Bibliographical Notes

The textbook by Mano (1979) is a good introduction to logic operations containing
NOT, OR, AND, NOR, NAND, Exclusive-OR (XOR) and Exclusive-NOR
(XNOR) on bits. The textbook by Hopcroft et al. (2006) is a good introduction to
languages, complexity of computation and automata theory. A good description to
Boolean functions discussed in exercises in Sect. 6.10 is Brown and Vranesic
(2007), Mano (1979).

6.10 Exercises

6.1 The binary operator _ defines logical operation OR, and the binary operator ^
defines logical operationAND. The truth table to a logical operation, x_ (x^ y),
is shown in Table 6.8, where x and y are Boolean variables that are respectively
the first input and the second input. Based on Table 6.8, write a bio-molecular
program to implement the function of the logical operation, x _ (x ^ y).

Table 6.8 The truth table to a
logical operation, x _ (x ^ y),
is shown

The first input (x) The second input (y) x _ (x ^ y)

0 0 0
0 1 0
1 0 1
1 1 1
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6.2 The binary operator _ defines logical operation OR, and the binary operator ^
defines logical operationAND. The truth table to a logical operation, x^ (x_ y),
is shown in Table 6.9, where x and y are Boolean variables that are subsequently
the first input and the second input. Based on Table 6.9, write a bio-molecular
program to implement the function of the logical operation, x ^ (x _ y).

6.3 The binary operator _ defines logical operation OR, and the binary operator ^
defines logical operationAND. The truth table to a logical operation, y_ (y^ x),
is shown inTable 6.10,where x and y areBoolean variables that are subsequently
the first input and the second input. Based on Table 6.10, write a bio-molecular
program to implement the function of the logical operation, y _ (y ^ x).

6.4 The binary operator _ defines logical operation OR, and the binary operator ^
defines logical operationAND. The truth table to a logical operation, y^ (y_ x),
is shown in Table 6.11, where x and y are Boolean variables that are respectively
the first input and the second input. Based on Table 6.11, write a bio-molecular
program to implement the function of the logical operation, y ^ (y _ x).

Table 6.9 The truth table to a
logical operation, x ^ (x _ y),
is shown

The first input (x) The second input (y) x ^ (x _ y)

0 0 0
0 1 0
1 0 1
1 1 1

Table 6.10 The truth table
to a logical operation, y _
(y ^ x), is shown

The first input (x) The second input (y) y _ (y ^ x)

0 0 0
0 1 1
1 0 0
1 1 1

Table 6.11 The truth table
to a logical operation, y ^
(y _ x), is shown

The first input (x) The second input (y) y ^ (y _ x)

0 0 0
0 1 1
1 0 0
1 1 1
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6.5 The unary operator 0 defines logical operation NOT, and the binary operator ^
defines logical operation AND. The truth table to a logical operation, x0 ^ y, is
shown in Table 6.12, where x and y are Boolean variables that are subsequently
the first input and the second input. Based on Table 6.12, write a bio-molecular
program to implement the function of the logical operation, x0 ^ y.

6.6 The unary operator 0 defines logical operation NOT, the binary operator _
defines logical operation OR, and the binary operator ^ defines logical
operation AND. The truth table to a logical operation, (x ^ y) _ (x0 ^ y0), is
shown in Table 6.13, where x and y are Boolean variables that are respectively
the first input and the second input. Based on Table 6.13, write a bio-molecular
program to implement the function of the logical operation, (x ^ y) _ (x0 ^ y0).

6.7 The unary operator 0 defines logical operation NOT. The truth table to a logical
operation, y

0
, is shown in Table 6.14, where x and y are Boolean variables that

are subsequently the first input and the second input. Based on Table 6.14, write
a bio-molecular program to implement the function of the logical operation, y0.

Table 6.12 The truth table
to a logical operation, x0 ^ y,
is shown

The first input (x) The second input (y) x’0 ^ y

0 0 0
0 1 1
1 0 0
1 1 0

Table 6.13 The truth table to
a logical operation, (x ^ y) _
(x0 ^ y0), is shown

The first input (x) The second input (y) (x ^ y) _ (x0 ^ y0)

0 0 1
0 1 0
1 0 0
1 1 1

Table 6.14 The truth table
to a logical operation, y0, is
shown

The first input (x) The second input (y) y0

0 0 1
0 1 0
1 0 1
1 1 0
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6.8 The unary operator 0 defines logical operation NOT. The truth table to a logical
operation, x

0
, is shown in Table 6.15, where x and y are Boolean variables that

are respectively the first input and the second input. Based on Table 6.15, write
a bio-molecular program to implement the function of the logical operation, x0.

6.9 The unary operator 0 defines logical operation NOT, and the binary operator _
defines logical operation OR. The truth table to a logical operation, x _ y0, is
shown in Table 6.16, where x and y are Boolean variables that are subsequently
the first input and the second input. Based on Table 6.16, write a bio-molecular
program to implement the function of the logical operation, x _ y0.

6.10 The unary operator 0 defines logical operation NOT, and the binary operator _
defines logical operation OR. The truth table to a logical operation, x0 _ y, is
shown in Table 6.17, where x and y are Boolean variables that are respectively
the first input and the second input. Based on Table 6.17, write a bio-molec-
ular program to implement the function of the logical operation, x

0 _ y

Table 6.15 The truth table
to a logical operation, x0, is
shown

The first input (x) The second input (y) x0

0 0 1
0 1 1
1 0 0
1 1 0

Table 6.16 The truth table
to a logical operation, x _ y0,
is shown

The first input (x) The second input (y) x _ y
0

0 0 1
0 1 0
1 0 1
1 1 1

Table 6.17 The truth table
to a logical operation, x0 _ y,
is shown

The first input (x) The second input (y) x0 _ y

0 0 1
0 1 1
1 0 0
1 1 1
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Chapter 7
Introduction to Comparators
and Shifters and Increase and Decrease
and Two Specific Operations on Bits
on Bio-molecular Computer

In previous chapter, we proved how to carry out logic operations on bits in a
bio-molecular computer. In this chapter, we will show how to perform compara-
tors, shifters, increase, decrease, two specific operations on bits in a bio-molecular
computer. Two specific operations on bits are to find the maximum number of ‘‘1’’
and to find the minimum number of ‘‘1’’. Comparators on bits are, subsequently,
‘‘[’’, ‘‘=’’, ‘‘\’’, ‘‘C’’, ‘‘B’’ and ‘‘=’’. Shifters on bits contain ‘‘�’’ (a left shifter)
and ‘‘�’’ (a right shifter). The symbol ‘‘++’’ is used to represent to increase for
bits, and the symbol ‘‘–’’ is applied to represent to decrease for bits. Those
operations on bits are shown in Fig. 7.1. The bio-molecular parallel deterministic
one-tape Turing machine (abbreviated BMPDTM) denoted in Chap. 5 is chosen
as our model for the purpose of clearly explaining how those operations on bits are
finished.

Comparators

> = < ≥ ≤ ≠

Shifters

<< >>

Increase and

Decrease

++

Two specific operations

Find the maximum number of 1 Find the minimum number of 1

−−

Fig. 7.1 Comparators, shifters, increase, decrease and two specific operations

W.-L. Chang and A. V. Vasilakos, Molecular Computing, Studies in Big Data 4,
DOI: 10.1007/978-3-319-05122-2_7, � Springer International Publishing Switzerland 2014
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7.1 Introduction to Comparators on Bio-molecular
Computer

Comparators of a bit for two inputs of a bit, U and V, is used to determine the
relationship between U and V by comparing U and V to judge if their values are
greater than (‘‘[’’), equal to (‘‘=’’), less than (‘‘\’’), greater than or equal to (‘‘C’’),
less than or equal to (‘‘B’’) and unequal to (‘‘=’’) each other. The four possible
combinations for a comparator ‘‘[’’ of a bit to U and V are: (1) 0[ 0 = 0, (2)
0[ 1 = 0, (3) 1[ 0 = 1 and (4) 1[ 1 = 0. Similarly, for a comparator ‘‘=’’ of a
bit to U and V, the four possible combinations include: (1) 0 = 0 = 1, (2)
0 = 1 = 0, (3) 1 = 0 = 0 and (4) 1 = 1 = 1. Next, for a comparator ‘‘\’’ of a bit
to U and V, the four possible combinations contain: (1) 0\ 0 = 0, (2) 0\ 1 = 1,
(3) 1\ 0 = 0 and (4) 1\ 1 = 0. Similarly, the four possible combinations for a
comparator ‘‘C’’ of a bit to U and V are: (1) 0 C 0 = 1, (2) 0 C 1 = 0, (3)
1 C 0 = 1 and (4) 1 C 1 = 1. Then, for a comparator ‘‘B’’ of a bit to U and V, the
four possible combinations include: (1) 0 B 0 = 1, (2) 0 B 1 = 1, (3) 1 B 0 = 0
and (4) 1 B 1 = 1. Finally, for a comparator ‘‘=’’ of a bit to U and V, the four
possible combinations contain: (1) 0 = 0 = 0, (2) 0 = 1 = 1, (3) 1 = 0 = 1
and (4) 1 = 1 = 0.

Six truth tables are usually used with comparators of a bit to represent all
possible combinations of inputs and the corresponding outputs. The six truth tables
for ‘‘[’’, ‘‘=’’, ‘‘\’’, ‘‘C’’, ‘‘B’’ and ‘‘=’’ are, subsequently, shown in Tables 7.1,
7.2, 7.3, 7.4, 7.5 and 7.6.

Table 7.1 The truth table for
‘‘[’’ of a bit for two inputs of
a bit, U and V

Input Output

U V U[V

0 0 0
0 1 0
1 0 1
1 1 0

Table 7.2 The truth table for
‘‘=’’ of a bit for two inputs of
a bit, U and V

Input Output

U V U = V

0 0 1
0 1 0
1 0 0
1 1 1
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7.1.1 The Construction for the Parallel Comparator of a Bit
on Bio-molecular Computer

Suppose that two one-bit binary numbers, Uk and Vk, for 1 B k B n are used to,
subsequently, represent the first input and the second input for the comparator of a
bit. For the sake of convenience, assume that Uk

1 denotes the fact that the value of
Uk is 1 and Uk

0 denotes the fact that the value of Uk is 0. Similarly, suppose that
Vk

1 denotes the fact that the value of Vk is 1 and Vk
0 denotes the fact that the value

of Vk is 0. The following algorithm is proposed to perform the parallel comparator
of a bit.

Table 7.3 The truth table for
‘‘\’’ of a bit for two inputs of
a bit, U and V

Input Output

U V U\V

0 0 0
0 1 1
1 0 0
1 1 0

Table 7.4 The truth table for
‘‘C’’ of a bit for two inputs of
a bit, U and V

Input Output

U V U C V

0 0 1
0 1 0
1 0 1
1 1 1

Table 7.5 The truth table for
‘‘B’’ of a bit for two inputs of
a bit, U and V

Input Output

U V U B V

0 0 1
0 1 1
1 0 0
1 1 1

Table 7.6 The truth table for
‘‘=’’ of a bit for two inputs of
a bit, U and V

Input Output

U V U = V

0 0 0
0 1 1
1 0 1
1 1 0
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Lemma 7-1: The algorithm, One-Bit-ParallelComparator(T0, T3, T0
[, T0

=, T0
\,

k), can be applied to carry out the parallel comparator of a bit.

Proof The algorithm, One-Bit-ParallelComparator(T0, T3, T0
[, T0

=, T0
\, k), is

implemented by means of the extract, detect and merge operations. Steps (1) and
Step (2) use the extract operations to form some different test tubes including
different inputs. That is, T2

ON contains all of the inputs that have Uk = 1, T2
OFF

includes all of the inputs that have Uk = 0, T3
ON consists of those that have

Vk = 1, and T3
OFF includes those that have Vk = 0.

Step (3) is applied to check whether contains any input for tube T3
ON or not. If

any a ‘‘yes’’ is returned from Step (3), then the value of the kth bit for the second
input is one. Because the value of the kth bit for the first input in tube T2

ON is one
and the value of the kth bit for the first input in tube T2

OFF is zero, from Step (3a),
the merge operation is applied to pour tube T2

ON into tube T0
= and also to pour

tube T2
OFF into tube T0

\. If any a ‘‘no’’ is returned from Step (3), then the value of
the kth bit for the second input is zero. Because the value of the kth bit for the first
input in tube T2

ON is one and the value of the kth bit for the first input in tube T2
OFF

is zero, from Step (3a), the merge operation is applied to pour tube T2
ON into tube

T0
[ and also to pour tube T2

OFF into tube T0
=.

Next, on the execution of Step (4), it is employed to pour tubes T3
ON and T3

OFF

into tube T3. This implies that the second input for the comparator of a bit is
reserved in tube T3. Simultaneously, for the comparison of between the kth bit of
the first input and the kth bit of the second input, tubes T0

[, T0
= and T0

\ subse-
quently contains the comparative result of ‘‘[’’, the comparative result of ‘‘=’’, and
the comparative result of ‘‘\’’. Furthermore, truth Tables 7.1, 7.2 and 7.3 are
performed. j

7.1.2 The Construction for the Parallel Comparator of N Bits
on Bio-molecular Computer

The parallel comparator of n bits simultaneously produces the corresponding
relationships by means of judging if for 2n combinations of n bits their values are
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greater than (‘‘[’’), equal to (‘‘=’’), less than (‘‘\’’), greater than or equal to (‘‘C’’),
less than or equal to (‘‘B’’) and unequal to (‘‘=’’) each other. The following
algorithm is presented to perform the parallel comparator of n bits. Notations in
Algorithm 7.2 are denoted in Sect. 7.1.1.

Lemma 7-2: The algorithm, N-Bits-ParallelComparator(T0), can be used to
carry out the parallel comparator of n bits.

Proof From Steps (1) through (4d), they are mainly employed to generate solution
space of 2n unsigned integers for the first input (the range of values for them is
from 0 to 2n - 1). After they are finished, tube T0 contains 2n combinations of
n bits. Next, Step (5) is the second loop and each execution of Step (5a) is applied
to append the value ‘‘0’’ or ‘‘1’’ for Vk (the kth bit of the second input) onto the
head of the bit pattern, Vk - 1, …, V1, in tube T3. Step (6) is the third loop and is
mainly applied to carry out the parallel comparator of n bits. Each execution of
Step (6a) calls One-Bit-ParallelComparator(T0, T3, T0

[, T0
=, T0

\, k) in
Sect. 7.1.1 to perform the comparison for the kth bit of 2n input pairs (Un, …, U1,
Vn, …, V1). On each execution of Step (6b), it uses the detect operation to test if
there is any an input in tube T0

=. If a ‘‘yes’’ is returned, then from Step (6c) in tube
T0

= those inputs (Un, …, U1) which comparative result of the kth bit is equal to
(‘‘=’’) are poured into tube T0. Otherwise, from Step (6d), the execution of the loop
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is terminated. Repeat execution of Step (6a) until the comparison for the nth bit of
2n input pairs is finished. Tube T0

[ includes those inputs (Un, …, U1) which
comparative result is greater than (‘‘[’’), tube T0

= contains those inputs (Un,…, U1)
which comparative result is equal to (‘‘=’’), and tube T0

\ consists of those inputs
(Un, …, U1) which comparative result is less than (‘‘\’’). j

7.1.3 The Power for the Parallel Comparator of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) (U2

0 U1
0), 01(110) (U2

0 U1
1), 10(210) (U2

1 U1
0) and 11(310) (U2

1 U1
1). For

any given value 01(110) (V2
0 V1

1), we want to simultaneously find various rela-
tionships among 01(110) (V2

0 V1
1) and those four values each other. Algorithm

7.2, N-Bits-ParallelComparator(T0), can be employed to perform the task. Tube
T0 is an empty tube and is regarded as an input tube of Algorithm 7.2. From
Definition 5-2, the input tube T0 is regarded as the execution environment of the
first BMPDTM. Similarly, tubes T1, T2 and T3 used in Algorithm 7.2 also are
regarded, subsequently, as the execution environment of the second BMPDTM,
the execution environment of the third BMPDTM and the execution environment
of the fourth BMPDTM.

Steps (1) through (4d) in Algorithm 7.2 are used to generate a BMPDTM with
four bio-molecular deterministic one-tape Turing machines. After the execution
for Step (1) and Step (2) of Algorithm 7.2 is finished, tube T1 = {U1

1} and tube
T2 = {U1

0}. This is to say that a BMDTM in the second BMPDTM and in the
third BMPDTM is constructed. Figure 7.2 is used to reveal the current status of
the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 7.2, the content of the first tape square for the tape in the first BMDTM
in the second BMPDTM is written by its corresponding read-write head and is 1
(U1 = 1), and the content of the first tape square for the tape in the first BMDTM
in the third BMPDTM is written by its corresponding read-write head and is 0
(U1 = 0). For the first BMDTM in the second BMPDTM, the position of the
read-write head is moved to the left new tape square, and the state of the finite state
control is changed as ‘‘U1 = 1’’. Similarly, for the first BMDTM in the third
BMPDTM, the position of the read-write head is moved to the left new tape
square, and the state of the finite state control is changed as ‘‘U1 = 0’’.

Next, after the execution for Step (3) of Algorithm 7.2 is performed, tube
T0 = {U1

1, U1
0}, tube T1 = [ and tube T2 = [. This is to say that the execution

environment for the first bio-molecular deterministic one-tape Turing machine in
the second BMPDTM and the first bio-molecular deterministic one-tape Turing
machine in the third BMPDTM becomes the first BMPDTM. The position of the
corresponding read-write head and the state of the corresponding finite state
control are both reserved. Figure 7.3 is applied to show the current status of the
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execution environment to the first BMPDTM. From Fig. 7.3, it is pointed out that
the contents to the two tapes in the execution environment of the first BMPDTM
are not changed.

Step (4) is the first loop in Algorithm 7.2, since the number of bits for rep-
resenting those four values is two, the upper bound (n) is two. Therefore, after the
first execution of Step (4a) is implemented, tube T0 = [, tube T1 = {U1

1, U1
0}

and tube T2 = {U1
1, U1

0}. This indicates that the first BMDTM and the second
BMDTM in the execution environment of the first BMPDTM are both copied into
the second BMPDTM and the third BMPDTM. Figure 7.4 is applied to explain

Tape Read-write head

U1
1

Finite state control

Tape 

Read-write head U1
0 Finite state control

(a)  The first BMDTM in the second BMPDTM . 

(b)  The first BMDTM in the third BMPDTM . 

Fig. 7.2 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

Tape Read-write head

U1
1

Finite state control

Tape 

Read-write head U1
0 Finite state control

(a)  The first BMDTM in the first BMPDTM . 

(b)  The second BMDTM in the first BMPDTM . 

Fig. 7.3 Schematic representation of the current status of the execution environment to the first
BMPDTM
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the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 7.4, the contents of the first tape square for the cor-
responding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (U1 = 1) and 0 (U1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (U1 = 0) and 1 (U1 = 1). From Fig. 7.4, four bio-molecular deterministic
one-tape Turing machines are generated. For the four bio-molecular deterministic

one-tape Turing machines, the position of the corresponding read-write head and
the state of the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) of Algorithm 7.2 is
finished, tube T1 = {U2

1 U1
1, U2

1 U1
0} and tube T2 = {U2

0 U1
1, U2

0 U1
0}. This is

to say that the content of the second tape square for the tape in the first BMDTM
in the second BMPDTM is written by its corresponding read-write head and is 1
(U2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (U2 = 1). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the
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Tape 

Read-write head

U1
1

Finite state control

Read-write head

U1
0

Finite state control

Tape 

Tape 

Read-write head

U1
1

Finite state control

Read-write head

U1
0

Finite state control

Tape 

Tape 

Read-write head

U1
0

Finite state control

Read-write head

U1
1

Finite state control

Tape 

Tape 

Read-write head

U1
0

Finite state control

Read-write head

U1
1

Finite state control

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM. 

Fig. 7.4 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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corresponding finite state control is both changed as ‘‘U2 = 1’’. Similarly, the
content of the second tape square for the tape in the first BMDTM in the third
BMPDTM is written by its corresponding read-write head and is 0 (U2 = 0), and
the content of the second tape square for the tape in the second BMDTM in the
third BMPDTM is written by its corresponding read-write head and is also 0
(U2 = 0). Simultaneously, the position of the corresponding read-write head is
both moved to the left new tape square and the state of the corresponding finite
state control is both changed as ‘‘U2 = 0’’. Figure 7.5 is used to reveal the current
status of the execution environment to the second BMPDTM and the third
BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 7.2 is implemented,
tube T0 = {U2

1 U1
1, U2

1 U1
0, U2

0 U1
1, U2

0 U1
0}, tube T1 = [ and tube T2 = [.

This indicates that the execution environment for those bio-molecular determin-
istic one-tape Turing machines in the second BMPDTM and in the third
BMPDTM becomes the first BMPDTM. Figure 7.6 is used to illustrate the cur-
rent status of the execution environment to the first BMPDTM. From Fig. 7.6, the
contents to the four tapes in the execution environment of the first BMPDTM are
not changed, and the position of the corresponding read-write head and the state of
the corresponding finite state control are reserved.

Tape 

Tape 

Read-write head
U2

1 U1
1 Finite state control

Read-write head Finite state control
U2

1 U1
0

Tape 

Tape 

Read-write head
Finite state control

Read-write head
Finite state control

U2
0 U1

0

U2
0 U1

1

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.5 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Then, because Step (5) of Algorithm 7.2 is the second loop and the upper bound
for Step (5) of Algorithm 7.2 is two, Step (5a) will be executed two times. From
the first execution and the second execution of Step (5a) in Algorithm 7.2, V1

1 and
V2

0 are, subsequently, appended into the head of each bit pattern in tube T3. This
implies that the contents of the first tape square and the second tape square for the
tape of the first bio-molecular deterministic one-tape Turing machine in the fourth
BMPDTM are written by the corresponding read-write head and are, subsequently,
V1

1 and V2
0. Simultaneously, for the first bio-molecular deterministic one-tape

Turing machine in the fourth BMPDTM, the position of the corresponding
read-write head is moved to the left new tape square, the state of the corresponding
finite state control is changed as ‘‘V2 = 0’’ and tube T3 = {V2

0 V1
1}. Figure 7.7 is

employed to show the current status of the execution environment to the fourth
BMPDTM.

Step (6) in Algorithm 7.2 is a loop and is employed to perform the parallel
comparator of n bits. When the first execution of Step (6a) is finished, it calls
Algorithm 7.1 that is applied to carry out the parallel comparator of one bit, One-
Bit-ParallelComparator (T0, T3, T0

[, T0
=, T0

\, k), in Sect. 7.1.1. The first
parameter, tube T0, is current the execution environment of the first BMPDTM
and includes four bio-molecular deterministic one-tape Turing machines
(Fig. 7.6). It is regarded as an input tube of Algorithm 7.1. The second parameter,
tube T3, is current the execution environment of the fourth BMPDTM and
includes one bio-molecular deterministic one-tape Turing machine (Fig. 7.7). It is
regarded as an input tube of Algorithm 7.1. Tubes T0

[, T0
= and T0

\ are empty
tubes and are regarded as input tubes of Algorithm 7.1. The value for the six
parameter, k, is two and is also regarded as an input value of Algorithm 7.1.

Tape Read-write head
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1 U1

1

Finite state control

Tape 
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Finite state control
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1 U1

0

Tape 
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Finite state control
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0 U1

0

Tape 

Read-write head

Finite state control

U2
0 U1

1

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.6 Schematic representation of the current status of the execution environment to the first
BMPDTM
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When Algorithm 7.1 is first invoked, nine tubes are all regarded as indepen-
dent environments of nine bio-molecular parallel deterministic one-tape Turing
machines. Tube T0 is regarded as the first BMPDTM and tubes T3, T2

ON, T2
OFF,

T3
ON, T3

OFF, T0
[, T2

= and T2
\ are, subsequently, the fourth BMPDTM, the fifth

BMPDTM, the sixth BMPDTM, the seventh BMPDTM, the eighth BMPDTM,
the nineth BMPDTM, the tenth BMPDTM and the eleventh BMPDTM. After
the first execution of Step (1) in Algorithm 7.1 is implemented, tube T0 = [,
tube T2

ON = {U2
1 U1

1, U2
0 U1

1} and tube T2
OFF = {U2

1 U1
0, U2

0 U1
0}. This is to

say that the new execution environments for two bio-molecular deterministic one-
tape Turing machines with the content of tape square, ‘‘U1

1’’, and other two bio-
molecular deterministic one-tape Turing machines with the content of tape
square, ‘‘U1

0’’ are, respectively, the fifth BMPDTM and the sixth BMPDTM.
The position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved. Figures 7.8 and 7.9 are applied to reveal
the result.

Tape 

Read-write head Finite state control

V2
0   V1

1

(a)  The first BMDTM in the fourth BMPDTM.

Fig. 7.7 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Read-write head Finite state control

Read-write head
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1 U1

1
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0 U1

1

Finite state control

(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.8 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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Then, after the first execution of Step (2) in Algorithm 7.1 is performed, tube
T3 = [, tube T3

ON = [, and tube T3
OFF = {V2

0 V1
1}. This implies that the new

execution environment for the bio-molecular deterministic one-tape Turing
machine with the contents of tape square, ‘‘V2

0’’, is the eighth BMPDTM. The
position of the corresponding read-write head and the state of the corresponding
finite state control are reserved. Figure 7.10 is employed to reveal the result.

Next, after the first execution for Step (3) is finished, the returned result from
Step (3) is ‘‘no’’. Therefore, after the first execution for Step (3b) is implemented,
tube T2

ON = [, tube T2
OFF = [, tube T0

= = {U2
0 U1

1, U2
0 U1

0} and tube
T0

[= {U2
1 U1

1, U2
1 U1

0}. This is to say that the execution environments for the
four bio-molecular deterministic one-tape Turing machines, respectively, become
the tenth BMPDTM and the nineth BMPDTM. The position of the corresponding
read-write head and the state of the corresponding finite state control are all
reserved. Figures 7.11 and 7.12 are employed to respectively illustrate the result.

Finally, after the first execution for Step (4) is implemented, tube T3 = {V2
0V1

1},
tube T3

ON = [ and tube T3
OFF = [. This indicates that the execution environment

for the bio-molecular deterministic one-tape Turing machine in the eighth
BMPDTM becomes the fourth BMPDTM. The position of the corresponding read-
write head and the state of the corresponding finite state control are all reserved.
Figure 7.13 is employed to show the result.
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Read-write head
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0

U2
0 U1
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(a)  The two BMDTMs in the sixth BMPDTM.

Fig. 7.9 Schematic representation of the current status of the execution environment to the sixth
BMPDTM
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Finite state control

(a)  The BMDTM in the eighth BMPDTM.

Fig. 7.10 Schematic representation of the current status of the execution environment to the
eighth BMPDTM
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After the execution of the first time for each operation in Algorithm 7.1 is
performed, the parallel comparator to the first bit of those inputs is also performed.
Next, after the first execution of Step (6b) is performed, because tube T0

= = {U2
0

U1
1, U2

0 U1
0}, a ‘‘yes’’ is returned. Therefore, then, after the first execution of Step

(6c) is performed, tube T0
= = [ and T0 = {U2

0 U1
1, U2

0 U1
0}. This is to say that
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Read-write head Finite state control
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1
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0
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(a)  The two BMDTMs in the tenth BMPDTM.

Fig. 7.11 Schematic representation of the current status of the execution environment to the
tenth BMPDTM
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(a)  The two BMDTMs in the ninth BMPDTM.

Fig. 7.12 Schematic representation of the current status of the execution environment to the
nineth BMPDTM
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(a)  The first BMDTM in the fourth BMPDTM.

Fig. 7.13 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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the execution environment for the two BMDTMs in the tenth BMPDTM becomes
the first BMPDTM. The position of the corresponding read-write head and the
state of the corresponding finite state control are all reserved. Figure 7.14 is
applied to explain the result.

Next, when the second execution of Step (6a) in Algorithm 7.2 is implemented,
it again calls Algorithm 7.1. The first parameter, tube T0, is current the execution

environment of the first BMPDTM and consists of two bio-molecular determin-
istic one-tape Turing machines (Fig. 7.14). It is regarded as an input tube of
Algorithm 7.1. The second parameter, tube T3, is current the execution environ-
ment of the fourth BMPDTM and includes one bio-molecular deterministic one-
tape Turing machine (Fig. 7.13). It is also regarded as an input tube of Algorithm
7.1. The third parameter, tube T0

[, is current the execution environment of the
nineth BMPDTM and contains two bio-molecular deterministic one-tape Turing
machine (Fig. 7.12). Tubes T0

= and T0
\ are empty tubes and are regarded as input

tubes of Algorithm 7.1. The value for the six parameter, k, is one and is also
regarded as an input value of Algorithm 7.1.

After the execution of the second time for each operation in Algorithm 7.1 is
finished, tube T0 = [, tube T3 = {V2

0 V1
1}, tube T0

[= {U2
1 U1

1, U2
1 U1

0}, tube
T0

= = {U2
0 U1

1} and tube T0
\= {U2

0 U1
0} and other tubes become all empty

tubes. Figure 7.15 is used to illustrate the result and Algorithm 7.2 is terminated.
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(a)  The two BMDTMs in the first BMPDTM.

Fig. 7.14 Schematic representation of the current status of the execution environment to the first
BMPDTM
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7.2 Introduction to Left Shifters on Bio-molecular
Computer

The left shifter is applied to compute A 9 2B, where A and B are unsigned integers
of n bits and B is used to represent the number of bits for left shift. A symbol ‘‘�’’
is used to represent the operation of left shift, and the expression A 9 2B can be
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(a)  The first BMDTM in the fourth BMPDTM.

(b)  The two BMDTMs in the ninth BMPDTM.

(c)  The first BMDTM in the tenth BMPDTM.

(d)  The first BMDTM in the eleventh BMPDTM.

Fig. 7.15 Schematic representation of the current status of the execution environment to the
fourth BMPDTM, the nineth BMPDTM, the tenth BMPDTM and the eleventh BMPDTM
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rewritten as another expression: A � B. Consider how to perform the computa-
tional task of 001 9 22. The expression 001 9 22 can be rewritten as 001 � 2.
This implies that the number of bits for left shift is two. When the first execution of
left shift for 001 9 22 is implemented, the third bit, ‘‘0’’, is shifted out and is
discarded, the second bit, ‘‘0’’ is shifted into the position of the third bit, the first
bit, ‘‘1’’ is shifted into the position of the second bit, and a new bit, ‘‘0’’ is
automatically put into the position of the first bit. Therefore, the intermediate result
for the first left shift is 010. Next, when the second execution of left shift is
implemented, the third bit, ‘‘0’’, is shifted out and is discarded, the second bit, ‘‘1’’
is shifted into the position of the third bit, the first bit, ‘‘0’’ is shifted into the
position of the second bit, and a new bit, ‘‘0’’ is automatically put into the position
of the first bit. Therefore, the final result for the second left shift is 100. This is to
say that the result for 001 9 22 is equal to 100.

Assume that A can be represented as Ad, n, Ad, n - 1, …, Ad, 1 for 0 B d B B,
where the value for each Ad, k for 1 B k B n is 1 or 0. In the processing of
performing A 9 2B, suppose that the original value for A is represented as A0, n,
A0, n - 1, …, A0, 1, the intermediate value of the first left shift for A is represented
as A1, n, A1, n - 1, …, A1, 1, the intermediate value of the dth left shift for A is
represented as Ad, n, Ad, n - 1, …, Ad, 1, and the final value of the last left shift for
A is represented as AB, n, AB, n - 1, …, AB, 1. One truth table is usually applied with
a left shifter to represent all possible combinations of inputs and the corresponding
outputs. The truth table for ‘‘�’’ (a left shifter) is shown in Table 7.7. Because the
bit Ad - 1, n is shifted out and is discarded, it is not contained in an input column in
Table 7.7. Similarly, the bit Ad, 1 is filled with a bit ‘‘0’’, so it is also not included
in an output column in Table 7.7.

7.2.1 The Construction for the Parallel Left Shifter on Bio-
molecular Computer

For the sake of convenience, assume that Ad,k
1 for 0 B d B B and

1 B k B n denotes the fact that the value of Ad, k is 1 and Ad, k
0 for 0 B d B B and

1 B k B n denotes the fact that the value of Ad, k is 0. The following algorithm is
offered to carry out the parallel left shifter. Some notations in Algorithm 7.3 are
denoted in Sects. 7.2 and 7.2.1.

Table 7.7 The truth table for
the dth left shift to A 9 2B

Input Output
Ad - 1, k Ad, k + 1

0 0
1 1
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Lemma 7-3: The algorithm, Parallel-Left-Shifter(T0), can be used to perform the
parallel left shifter.

Proof The algorithm, Parallel-Left-Shifter(T0), is implemented by means of the
extract, detect, append-head and merge operations. From Steps (1) through (4d),
they are mainly used to construct solution space of 2n unsigned integers of n bits
for the only input (the range of values for them is from 0 to 2n - 1). After they are
performed, tube T0 contains 2

n combinations of n bits.
Step (5) is a nested loop and is employed to perform the parallel left shift of

B times for 2n combinations of n bits in tube T0. On each execution of Step (5a), it
uses the append-head operation to put the value ‘‘0’’ into the position of the first bit
to each left shift. Step (6) is the inner loop and is mainly applied to perform the left
shift of one time. Each execution of Step (6a) applies the extract operation to form
two different tubes including different inputs. That is, T3 contains all of the inputs
that have Ad - 1, k = 1 and T4 includes all of the inputs that have Ad - 1, k = 0. Next,
on each execution of Step (6b) and Step (6d), the detect operations are applied to
test if contains any input for tubes T3 and T4. If a ‘‘yes’’ is returned from Step (6b),
then each execution of Step (6c) employs the append-head operation to put the
value ‘‘1’’ into the position of the (k ? 1)th bit (Ad, k + 1 = 1) in tube T3 for the left
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shift of the dth time. Similarly, if a ‘‘yes’’ is returned from Step (6d), then each
execution of Step (6e) uses the append-head operation to put the value ‘‘0’’ into the
position of the (k ? 1)th bit (Ad, k + 1 = 0) in tube T4 for the left shift of the dth
time. Then, on each execution of Step (6f), it uses the merge operation to pour tubes
T3 and T4 into tube T0. Repeat execution of each operation is the nested loop until
left shift of the last time is performed. Each input in tube T0 performs its value
by 2B. j

7.2.2 The Power for the Parallel Left Shifters of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) (A0, 2

0 A0, 1
0), 01(110) (A0, 2

0 A0, 1
1), 10(210) (A0, 2

1 A0, 1
0) and 11(310) (A0,

2
1 A0, 1

1). For any given value 21, we want to simultaneously perform (A0, 2
0 A0,

1
0) 9 21, (A0, 2

0 A0, 1
1) 9 21 (A0, 2

1 A0, 1
0) 9 21, and (A0, 2

1 A0, 1
1) 9 21. Algo-

rithm 7.3, Parallel-Left-Shifter(T0), can be applied to carry out the computa-
tional task. Tube T0 is an empty tube and is regarded as an input tube of Algorithm
7.3. According to Definition 5-2, the input tube T0 is regarded as the execution
environment of the first BMPDTM. Similarly, tubes T1, T2, T3 and T4 used in
Algorithm 7.3 also are regarded, subsequently, as the execution environment of
the second BMPDTM, the execution environment of the third BMPDTM, the
execution environment of the fourth BMPDTM, and the execution environment of
the fifth BMPDTM.

Steps (1) through (4d) in Algorithm 7.3 are applied to construct a BMPDTM
with four bio-molecular deterministic one-tape Turing machines. After the exe-
cution for Step (1) and Step (2) of Algorithm 7.3 is performed, tube T1 = {A0, 1

1}
and tube T2 = {A0, 1

0}. This implies that a BMDTM in the second BMPDTM and
in the third BMPDTM is constructed. Figure 7.16 is employed to illustrate the
current status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 7.16, the content of the first tape square for the tape in the
first BMDTM in the second BMPDTM is written by its corresponding read-write
head and is 1 (A0, 1 = 1), and the content of the first tape square for the tape in the
first BMDTM in the third BMPDTM is written by its corresponding read-write
head and is 0 (A0, 1 = 0). For the first BMDTM in the second BMPDTM, the
position of the read-write head is moved to the left new tape square, and the state
of the finite state control is changed as ‘‘A0, 1 = 1’’. Similarly, for the first
BMDTM in the third BMPDTM, the position of the read-write head is moved to
the left new tape square, and the state of the finite state control is changed as ‘‘A0,

1 = 0’’.
Next, after the execution for Step (3) of Algorithm 7.3 is implemented, tube

T0 = {A0, 1
1, A0, 1

0}, tube T1 = [ and tube T2 = [. This indicates that the
execution environment for the first bio-molecular deterministic one-tape Turing
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machine in the second BMPDTM and the first bio-molecular deterministic one-
tape Turing machine in the third BMPDTM becomes the first BMPDTM. The
position of the corresponding read-write head and the state of the corresponding
finite state control are both reserved. Figure 7.17 is used to reveal the current status
of the execution environment to the first BMPDTM. From Fig. 7.17, it is indicated
that the contents to the two tapes in the execution environment of the first
BMPDTM are not changed.

Step (4) is the first loop in Algorithm 7.3, because the number of bits for
representing those four values is two, the upper bound (n) is two. Thus, after the
first execution of Step (4a) is finished, tube T0 = [, tube T1 = {A0, 1

1, A0, 1
0} and

tube T2 = {A0, 1
1, A0, 1

0}. This is to say that the first BMDTM and the second

Tape Read-write head

A0, 1
1

Finite state control

Tape 

Read-write head A0, 1
0

Finite state control

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 7.16 Schematic representation of the current status of the execution environment to the
secondBMPDTM and the third BMPDTM

Tape Read-write head

A0, 1
1

Finite state control

Tape 

Read-write head A0, 1
0 Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 7.17 Schematic representation of the current status of the execution environment to the first
BMPDTM
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BMDTM in the execution environment of the first BMPDTM are both copied into
the second BMPDTM and the third BMPDTM. Figure 7.18 is used to show the
current status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 7.18, the contents of the first tape square for the corre-
sponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (A0, 1 = 1) and 0 (A0, 1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (A0, 1 = 0) and 1 (A0, 1 = 1). From Fig. 7.18, four bio-molecular
deterministic one-tape Turing machines are produced. For the four bio-molecular
deterministic one-tape Turing machines, the position of the corresponding read-
write head and the state of the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) of Algorithm 7.3 is
implemented, tube T1 = {A0, 2

1 A0, 1
1, A0, 2

1 A0, 1
0} and tube T2 = {A0, 2

0 A0, 1
1,

A0, 2
0 A0, 1

0}. This implies that the content of the second tape square for the tape in
the first BMDTM in the second BMPDTM is written by its corresponding read-

Tape 

Tape 

Read-write head

A0, 1
1

Finite state control

Read-write head

A0, 1
0

Finite state control

Tape 

Tape 

Read-write head

A0, 1
0

Finite state control

Read-write head

A0, 1
Az

Finite state control

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.18 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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write head and is 1 (A0, 2 = 1), and the content of the second tape square for the
tape in the second BMDTM in the second BMPDTM is written by its corre-
sponding read-write head and is also 1 (A0, 2 = 1). Simultaneously, the position of
the corresponding read-write head is both moved to the left new tape square and
the state of the corresponding finite state control is both changed as ‘‘A0, 2 = 1’’.
Similarly, the content of the second tape square for the tape in the first BMDTM in
the third BMPDTM is written by its corresponding read-write head and is 0
(A0, 2 = 0), and the content of the second tape square for the tape in the second
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is also 0 (A0, 2 = 0). Simultaneously, the position of the corresponding read-
write head is both moved to the left new tape square and the state of the corre-
sponding finite state control is both changed as ‘‘A0, 2 = 0’’. Figure 7.19 is
employed to explain the current status of the execution environment to the second
BMPDTM and the third BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 7.3 is performed, tube
T0 = {A0, 2

1 A0, 1
1, A0, 2

1 A0, 1
0, A0, 2

0 A0, 1
1, A0, 2

0 A0, 1
0}, tube T1 = [ and tube

T2 = [. This is to say that the execution environment for those bio-molecular
deterministic one-tape Turing machines in the second BMPDTM and in the third
BMPDTM becomes the first BMPDTM. Figure 7.20 is applied to show the
current status of the execution environment to the first BMPDTM. From Fig. 7.20,

Tape 

Tape 

Tape 

Tape 

Read-write head
A0, 2

1 A0, 1
1

Read-write head

Finite state control

Finite state control

Read-write head Finite state control

Read-write head
Finite state control

A0, 2
1 A0, 1

0

A0, 2
0 A0, 1

0

A0, 2
0 A0, 1

1

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.19 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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the contents to the four tapes in the execution environment of the first BMPDTM
are not changed, and the position of the corresponding read-write head and the
state of the corresponding finite state control are reserved.

Then, since Step (5) of Algorithm 7.3 is the nested loop and the upper bound
for the outer loop in Step (5) of Algorithm 7.3 is 1, Step (5a) will be executed one
time. From the first execution of Step (5a) in Algorithm 7.3, A1, 1

0 is appended
into the head of each bit pattern in tube T0. This indicates that the content of the
third tape square for each tape of the four bio-molecular deterministic one-tape
Turing machines in the first BMPDTM is written by the corresponding read-write
head and is 0 (A1, 1 = 0). Simultaneously, for the four bio-molecular deterministic
one-tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is moved to the left new tape square, the state of the corresponding
finite state control is changed as ‘‘A1, 1 = 0’’ and tube T0 = {A1, 1

0 A0, 2
1 A0, 1

1, A1,

1
0 A0, 2

1 A0, 1
0, A1, 1

0 A0, 2
0 A0, 1

1, A1, 1
0 A0, 2

0 A0, 1
0}. Figure 7.21 is used to reveal

the current status of the execution environment to the first BMPDTM.

 Tape Read-write head

A0, 2
1 A0, 1

1

Finite state control

Tape
Read-write head Finite state control

A0, 2
1 A0, 1

0

Tape Read-write head Finite state control

A0, 2
0 A0, 1

0

Tape Read-write head
Finite state control

A0, 2
0 A0, 1

1

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.20 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Step (6) in Algorithm 7.3 is the inner loop, its upper bound is one, and is
applied to carry out the parallel left shifter of one time. So, Steps (6a) through (6f)
will be executed one time. After the first execution of Step (6a) is implemented,
tube T0 = [, tube T3 = {A1, 1

0 A0, 2
1 A0, 1

1, A1, 1
0 A0, 2

0 A0, 1
1}, and tube

T4 = {A1, 1
0 A0, 2

1 A0, 1
0, A1, 1

0 A0, 2
0 A0, 1

0}. This is to say that the new execution
environments for two bio-molecular deterministic one-tape Turing machines with
the content of tape square, ‘‘A0, 1

1’’, and other two bio-molecular deterministic
one-tape Turing machines with the content of tape square, ‘‘A0, 1

0’’ are, respec-
tively, the fourth BMPDTM and the fifth BMPDTM. The position of the corre-
sponding read-write head and the state of the corresponding finite state control are
reserved. Figures 7.22 and 7.23 are employed to explain the result.
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0 A0, 2

0 A0, 1
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Read-write head

Tape 
Finite state control

A1, 1
0 A0, 2

0 A0, 1
1

Read-write head

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.21 Schematic representation of the current status of the execution environment to the first
BMPDTM
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1 A0, 1
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Tape Read-write head
Finite state control
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0 A0, 2
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(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 7.22 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Then, after the first execution of Step (6b) and the first execution of Step (6d)
are finished, each operation returns a ‘‘yes’’ because the contents of those tubes are
not empty. Therefore, from the first execution of Step (6c) and the first execution
of Step (6e), A1, 2

1 and A1, 2
0 are, subsequently, appended into the head of each bit

pattern in tube T3 and the head of each bit pattern in tube T4. This implies that the
content of the fourth tape square for each tape of the two bio-molecular deter-
ministic one-tape Turing machines in the fourth BMPDTM is written by the
corresponding read-write head and is 1 (A1, 2 = 1), and the content of the fourth
tape square for each tape of the two bio-molecular deterministic one-tape Turing
machines in the fifth BMPDTM is written by the corresponding read-write head
and is 0 (A1, 2 = 0). Simultaneously, the position of the corresponding read-write
head is moved to the left new tape square, the state of the corresponding finite state
control is changed as ‘‘A1, 2 = 1’’ and ‘‘A1, 2 = 0’’ and tube T3 = {A1, 2

1 A1, 1
0 A0,

2
1 A0, 1

1, A1, 2
1 A1, 1

0 A0, 2
0 A0, 1

1} and tube T4 = {A1, 2
0 A1, 1

0 A0, 2
1 A0, 1

0, A1, 2
0

A1, 1
0 A0, 2

0 A0, 1
0}. Figures 7.24 and 7.25 are employed to illustrate the result.
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.23 Schematic representation of the current status of the execution environment to the fifth
BMPDTM

Tape 

Tape 

Read-write head Finite state control

Read-write head Finite state control

A1, 2
1   A1, 1

0 A0, 2
1 A0, 1

1

A1, 2
1 A1, 1

0 A0, 2
0 A0, 1

1

(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 7.24 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Then, after the first execution of Step (6f) is finished, tube T0 = {A1, 2
1 A1, 1

0 A0,

2
1 A0, 1

1, A1, 2
1 A1, 1

0 A0, 2
0 A0, 1

1, A1, 2
0 A1, 1

0 A0, 2
1 A0, 1

0, A1, 2
0 A1, 1

0 A0, 2
0 A0, 1

0},
tube T3 = [ and tube T4 = [. This is to say that the execution environment for the
two bio-molecular deterministic one-tape Turing machines in the fourth BMPDTM
and the two bio-molecular deterministic one-tape Turing machines in the fifth
BMPDTM becomes the first BMPDTM. The position of the corresponding read-
write head and the state of the corresponding finite state control are both reserved.
Figure 7.26 is applied to explain the current status of the execution environment to
the first BMPDTM. From Fig. 7.26, it is indicated that the contents to the four tapes
in the execution environment of the first BMPDTM are not changed. Simulta-
neously, Algorithm 7.3 is terminated.
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.25 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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(a)  The four BMDTMs in the first BMPDTM.

Fig.7.26 Schematic representation of the current status of the execution environment to the first
BMPDTM
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7.3 Introduction to Right Shifters on Bio-molecular
Computer

The right shifter is used to perform A 7 2B, where A and B are unsigned integers
of n bits and B is employed to represent the number of bits for right shift. A symbol
‘‘�’’ is applied to represent the operation of right shift, and the expression A 7 2B

can be rewritten as another expression: A � B. Consider how to carry out the
computational task of 100 7 22. The expression 100 7 22 can be rewritten as
100 � 2. This is to say that the number of bits for right shift is two. When the first
execution of right shift for 1007 22 is finished, the first bit, ‘‘0’’, is shifted out and
is discarded, the second bit, ‘‘0’’ is shifted into the position of the first bit, the third
bit, ‘‘1’’ is shifted into the position of the second bit, and a new bit, ‘‘0’’ is
automatically put into the position of the third bit. Therefore, the intermediate
result for the first right shift is 010. Next, when the second execution of left shift is
implemented, the first bit, ‘‘0’’, is shifted out and is discarded, the second bit, ‘‘1’’
is shifted into the position of the first bit, the third bit, ‘‘0’’ is shifted into the
position of the second bit, and a new bit, ‘‘0’’ is automatically put into the position
of the third bit. Hence, the final result for the second right shift is 001. This is to
say that the result for 100 7 22 is equal to 001.

In the processing of carrying out A 7 2B, the original value for A is still
represented as A0, n, A0, n - 1, …, A0, 1 (denoted in Sect. 7.2), the intermediate
value of the first right shift for A is still represented as A1, n, A1, n - 1, …, A1, 1

(denoted in Sect. 7.2), the intermediate value of the dth right shift for A is still
represented as Ad, n, Ad, n - 1, …, Ad, 1 (denoted in Sect. 7.2), and the final value of
the last right shift for A is still represented as AB, n, AB, n - 1, …, AB, 1 (denoted in
Sect. 7.2). One truth table is usually used with a right shifter to represent all
possible combinations of inputs and the corresponding outputs. The truth table for
‘‘�’’ (a right shifter) is shown in Table 7.8. Because the bit Ad - 1, 1 is shifted out
and is discarded, it is not contained in an input column in Table 7.8. Similarly, the
bit Ad, n is filled with a bit ‘‘0’’, so it is also not included in an output column in
Table 7.8.

Table 7.8 The truth table for
the dth right shift to A 7 2B

Input
Ad - 1, k

Output
Ad, k - 1

0 0
1 1
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7.3.1 The Construction for the Parallel Right Shifter on Bio-
molecular Computer

For the sake of convenience, Ad, k
1 (denoted in Sect. 7.2.1) for 0 B d B B and

1 B k B n is that the value of Ad, k is 1 and Ad, k
0 (denoted in Sect. 7.2.1) for

0 B d B B and 1 B k B n is that the value of Ad, k is 0. The following algorithm is
proposed to perform the parallel right shifter. Some notations in Algorithm 7.4 are
denoted in Sects. 7.2 and 7.2.1.

Lemma 7-4: The algorithm, Parallel-Right-Shifter(T0), can be employed to carry
out the parallel right shifter.

Proof The algorithm, Parallel-Right-Shifter(T0), is implemented by means of the
extract, detect, append and merge operations. On the execution for Steps (1)
through (4d), they are mainly applied to generate solution space of 2n unsigned
integers of n bits for the only input (the range of values for them is from 0 to 2n- 1).
After those operations are carried out, 2n combinations of n bits are included in
tube T0.
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Step (5) is a nested loop and is used to finish the parallel right shift of B times for
2n combinations of n bits in tube T0. Each execution of Step (5a) applies the append
operation to put the value ‘‘0’’ into the position of the nth bit to each right shift. Step
(6) is the inner loop and is mainly used to perform the right shift of one time. From
each execution of Step (6a), it uses the extract operation to generate two different
tubes containing different inputs. This implies T3 includes all of the inputs that have
Ad - 1, k = 1 and T4 contains all of the inputs that have Ad - 1, k = 0. Next, each
execution of Step (6b) and each execution of Step (6d) applies the detect operations
to check whether consists of any input for tubes T3 and T4 or not. If a ‘‘yes’’ is
returned from Step (6b), then each execution of Step (6c) uses the append operation
to put the value ‘‘1’’ into the position of the (k- 1)th bit (Ad, k - 1 = 1) in tube T3 for
the right shift of the dth time. Similarly, if a ‘‘yes’’ is returned from Step (6d), then
each execution of Step (6e) applies the append operation to put the value ‘‘0’’ into the
position of the (k- 1)th bit (Ad, k - 1 = 0) in tube T4 for the right shift of the dth time.
Then, each execution of Step (6f) uses the merge operation to pour tubes T3 and T4
into tube T0. Repeat execution of each operation is the nested loop until right shift the
last time is performed. Each input in tube T0 performs its value 7 2B. j

7.3.2 The Power for the Parallel Right Shifters of N Bits
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) (A0, 2

0 A0, 1
0), 01(110) (A0, 2

0 A0, 1
1), 10(210) (A0, 2

1 A0, 1
0) and 11(310) (A0, 2

1

A0, 1
1). For any given value 21, we want to simultaneously perform (A0, 2

0 A0, 1
0)7

21, (A0, 2
0 A0, 1

1)7 21, (A0, 2
1 A0, 1

0)7 21, and (A0, 2
1 A0, 1

1)7 21. Algorithm 7.4,
Parallel-Right-Shifter(T0), can be used to perform the computational task. Tube T0
is an empty tube and is regarded as an input tube of Algorithm 7.4. In light of
Definition 5-2, the input tube T0 is regarded as the execution environment of the
first BMPDTM. Similarly, tubes T1, T2, T3 and T4 used in Algorithm 7.4 also are
regarded, subsequently, as the execution environment of the second BMPDTM, the
execution environment of the third BMPDTM, the execution environment of the
fourth BMPDTM, and the execution environment of the fifth BMPDTM.

Steps (1) through (4d) in Algorithm 7.4 are used to generate a BMPDTM with
four bio-molecular deterministic one-tape Turing machines. After the execution
for Step (1) and Step (2) of Algorithm 7.4 is implemented, since the number of
bits for representing those four values is two, tube T1 = {A0, 2

1} and tube
T2 = {A0, 2

0}. This indicates that a BMDTM in the second BMPDTM and in the
third BMPDTM is generated. Figure 7.27 is applied to show the current status of
the execution environment to the second BMPDTM and the third BMPDTM.
From Fig. 7.27, the content of the first tape square for the tape in the first
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is 1 (A0, 2 = 1), and the content of the first tape square for the tape in the first
BMDTM in the third BMPDTM is written by its corresponding read-write head
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and is 0 (A0, 2 = 0). For the first BMDTM in the second BMPDTM, the position
of the read-write head is moved to the right new tape square, and the state of the
finite state control is changed as ‘‘A0, 2 = 1’’. Similarly, for the first BMDTM in
the third BMPDTM, the position of the read-write head is moved to the right new
tape square, and the state of the finite state control is changed as ‘‘A0, 2 = 0’’.

Next, after the execution for Step (3) of Algorithm 7.4 is performed, tube
T0 = {A0, 2

1, A0, 2
0}, tube T1 = [ and tube T2 = [. This is to say that the

execution environment for the first bio-molecular deterministic one-tape Turing
machine in the second BMPDTM and the first bio-molecular deterministic one-
tape Turing machine in the third BMPDTM becomes the first BMPDTM. The
position of the corresponding read-write head and the state of the corresponding
finite state control are both reserved. Figure 7.28 is employed to explain the
current status of the execution environment to the first BMPDTM. From Fig. 7.28,
it is pointed out that the contents to the two tapes in the execution environment of
the first BMPDTM are not changed.

Step (4) is the first loop in Algorithm 7.4, since the number of bits for rep-
resenting those four values is two, the lower bound (n - 1) is one. Therefore, after
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Tape 

Finite state control A0, 2
0

Read-write head

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 7.27 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Finite state control A0, 2
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(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 7.28 Schematic representation of the current status of the execution environment to the first
BMPDTM
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the first execution of Step (4a) is performed, tube T0 = [, tube T1 = {A0, 2
1, A0,

2
0} and tube T2 = {A0, 2

1, A0, 2
0}. This implies that the first BMDTM and the

second BMDTM in the execution environment of the first BMPDTM are both
copied into the second BMPDTM and the third BMPDTM. Figure 7.29 is applied
to reveal the current status of the execution environment to the second BMPDTM
and the third BMPDTM. From Fig. 7.29, the contents of the first tape square for
the corresponding tape of the first BMDTM and the corresponding tape of the
second BMDTM in the execution environment of the second BMPDTM are,
subsequently, 1 (A0, 2 = 1) and 0 (A0, 2 = 0). The contents of the first tape square
for the corresponding tape of the first BMDTM and the corresponding tape of the
second BMDTM in the execution environment of the third BMPDTM are also,
respectively, 0 (A0, 2 = 0) and 1 (A0, 2 = 1). From Fig. 7.29, four bio-molecular
deterministic one-tape Turing machines are produced. For the four bio-molecular
deterministic one-tape Turing machines, the position of the corresponding read-
write head and the state of the corresponding finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) of Algorithm 7.4 is
performed, tube T1 = {A0, 2

1 A0, 1
1, A0, 2

0 A0, 1
1} and tube T2 = {A0, 2

0 A0, 1
0, A0,

2
1 A0, 1

0}. This indicates that the content of the second tape square for the tape in
the first BMDTM in the second BMPDTM is written by its corresponding read-
write head and is 1 (A0, 1 = 1), and the content of the second tape square for the
tape in the second BMDTM in the second BMPDTM is written by its corre-
sponding read-write head and is also 1 (A0, 1 = 1). Simultaneously, the position of
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.29 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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the corresponding read-write head is both moved to the right new tape square and
the state of the corresponding finite state control is both changed as ‘‘A0, 1 = 1’’.
Similarly, the content of the second tape square for the tape in the first BMDTM in
the third BMPDTM is written by its corresponding read-write head and is 0
(A0, 1 = 0), and the content of the second tape square for the tape in the second
BMDTM in the third BMPDTM is written by its corresponding read-write head
and is also 0 (A0, 1 = 0). Simultaneously, the position of the corresponding read-
write head is both moved to the right new tape square and the state of the cor-
responding finite state control is both changed as ‘‘A0, 1 = 0’’. Figure 7.30 is used
to illustrate the current status of the execution environment to the second
BMPDTM and the third BMPDTM.

Next, after the first execution for Step (4d) of Algorithm 7.4 is implemented,
tube T0 = {A0, 2

1 A0, 1
1, A0, 2

1 A0, 1
0, A0, 2

0 A0, 1
1, A0, 2

0 A0, 1
0}, tube T1 = [ and

tube T2 = [. This implies that the execution environment for those bio-molecular
deterministic one-tape Turing machines in the second BMPDTM and in the third
BMPDTM becomes the first BMPDTM. Figure 7.31 is employed to reveal the
current status of the execution environment to the first BMPDTM. From Fig. 7.31,
the contents to the four tapes in the execution environment of the first BMPDTM
are not changed, and the position of the corresponding read-write head and the
state of the corresponding finite state control are reserved.

Next, because Step (5) of Algorithm 7.4 is the nested loop and the upper bound
for the outer loop in Step (5) of Algorithm 7.4 is 1, Step (5a) will be executed one

Tape Finite state control Read-write head

Tape 

A0, 2
1 A0, 1

1

Finite state control
Read-write head

A0, 2
0 A0, 1

1

Tape 

Tape 

Finite state control Read-write head

Finite state control Read-write head

A0, 2
0 A0, 1

0

A0, 2
1 A0, 1

0

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.30 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

7.3 Introduction to Right Shifters on Bio-molecular Computer 233



time. From the first execution of Step (5a) in Algorithm 7.4, A1, 2
0 is appended

into the tail of each bit pattern in tube T0. This indicates that the content of the
third tape square for each tape of the four bio-molecular deterministic one-tape
Turing machines in the first BMPDTM is written by the corresponding read-write
head and is 0 (A1, 2 = 0). Simultaneously, for the four bio-molecular deterministic
one-tape Turing machines in the first BMPDTM, the position of the corresponding
read-write head is moved to the right new tape square, the state of the corre-
sponding finite state control is changed as ‘‘A1, 2 = 0’’ and tube T0 = {A0, 2

1 A0, 1
1

A1, 2
0, A0, 2

1 A0, 1
0 A1, 2

0, A0, 2
0 A0, 1

1 A1, 2
0, A0, 2

0 A0, 1
0 A1, 2

0}. Figure 7.32 is used
to reveal the current status of the execution environment to the first BMPDTM.
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Finite state control

Read-write head

Read-write head

Finite state control Read-write head

A0, 2
1 A0, 1

0

Tape 
Finite state control Read-write head

A0, 2
0 A0, 1

0

A0, 2
0 A0, 1

1

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.31 Schematic representation of the current status of the execution environment to the first
BMPDTM
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1 A0, 1

0 A1, 2
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0 A1, 2
0

A0, 2
0 A0, 1

1 A1, 2
0

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.32 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Step (6) in Algorithm 7.3 is the inner loop, its lower bound and upper bound
are two, and is employed to perform the parallel right shifter of one time. So, Steps
(6a) through (6f) will be executed one time. After the first execution of Step (6a) is
implemented, tube T0 = [, tube T3 = {A0, 2

1 A0, 1
1 A1, 2

0, A0, 2
1 A0, 1

0 A1, 2
0}, and

tube T4 = {A0, 2
0 A0, 1

1 A1, 2
0, A0, 2

0 A0, 1
0 A1, 2

0}. This indicates that the new
execution environments for two bio-molecular deterministic one-tape Turing
machines with the content of tape square, ‘‘A0, 2

1’’, and other two bio-molecular
deterministic one-tape Turing machines with the content of tape square, ‘‘A0, 2

0’’
are, respectively, the fourth BMPDTM and the fifth BMPDTM. The position of
the corresponding read-write head and the state of the corresponding finite state
control are reserved. Figures 7.33 and 7.34 are used to illustrate the result.

Then, after the first execution of Step (6b) and the first execution Step (6d) are
carried out, each operation returns a ‘‘yes’’ because the contents of those tubes are
not empty. Thus, from the first execution of Step (6c) and the first execution of
Step (6e), A1, 1

1 and A1, 1
0 are, subsequently, appended into the tail of each bit

pattern in tube T3 and the tail of each bit pattern in tube T4. This is to say that the
content of the fourth tape square for each tape of the two bio-molecular deter-
ministic one-tape Turing machines in the fourth BMPDTM is written by the

Tape 

Tape 

Finite state control Read-write head

Finite state control Read-write head

A0, 2
1 A0, 1

1 A1, 2
0

A0, 2
1 A0, 1

0 A1, 2
0

(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 7.33 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Finite state control Read-write head
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1 A1, 2
0
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0

(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.34 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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corresponding read-write head and is 1 (A1, 1 = 1), and the content of the fourth
tape square for each tape of the two bio-molecular deterministic one-tape Turing
machines in the fifth BMPDTM is written by the corresponding read-write head
and is 0 (A1, 1 = 0). Simultaneously, the position of the corresponding read-write
head is moved to the right new tape square, the state of the corresponding finite
state control is changed as ‘‘A1, 1 = 1’’ and ‘‘A1, 1 = 0’’ and tube T3 = {A0, 2

1 A0,

1
1 A1, 2

0 A1, 1
1, A0, 2

1 A0, 1
0 A1, 2

0 A1, 1
1} and tube T4 = {A0, 2

0 A0, 1
1 A1, 2

0 A1, 1
0,

A0, 2
0 A0, 1

0 A1, 2
0 A1, 1

0}. Figures 7.35 and 7.36 are used to reveal the result.

Then, after the first execution of Step (6f) is finished, tube T0 = {A0, 2
1 A0, 1

1 A1,

2
0 A1, 1

1, A0, 2
1 A0, 1

0 A1, 2
0 A1, 1

1, A0, 2
0 A0, 1

1 A1, 2
0 A1, 1

0, A0, 2
0 A0, 1

0 A1, 2
0 A1, 1

0},
tube T3 = [ and tube T4 = [. This implies that the execution environment for the
two bio-molecular deterministic one-tape Turing machines in the fourth
BMPDTM and the two bio-molecular deterministic one-tape Turing machines in
the fifth BMPDTM becomes the first BMPDTM. The position of the corre-
sponding read-write head and the state of the corresponding finite state control are
both reserved. Figure 7.37 is applied to explain the current status of the execution
environment to the first BMPDTM. From Fig. 7.37, it is indicated that the contents
to the four tapes in the execution environment of the first BMPDTM are not
changed. Simultaneously, Algorithm 7.4 is terminated.
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1  

(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 7.35 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.36 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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7.4 Introduction to the Increase Operation on Bio-
molecular Computer

The increase operation is applied to carry out ‘‘I = I ? 1’’, where I is unsigned
integers of n bits. A symbol ‘‘++’’ is used to represent the operation of increase,
and the expression, I = I ? 1, can be rewritten as another expression: I ++. An
unsigned integer of n bits, I, is regarded as the augend and the sum in the
expression I ++. The value ‘‘1’’ is also regarded as the addend in the expression
I ++. Suppose that I can be represented as Ie, n, Ie, n - 1, …, Ie 1 for 0 B e B 1,
where the value for each Ie, k for 1 B k B n is 1 or 0. Also assume that two binary
numbers, Gk and Gk - 1 for 1 B k B n, are applied to respectively represent the
carry of the augend bit and the addend bit and the previous carry.

In the processing of performing I ++, suppose that the original value for I is
represented as I0, n, I0, n - 1, …, I0, 1, and the sum to I ++ is represented as I1, n,
I1, n - 1, …, I1, 1. Table 7.9 is regarded as the truth table of a one-bit adder for I0, 1,
G0, I1, 1 and G1, and Table 7.10 is also regarded as the truth table of a one-bit
adder for I0, k, Gk - 1, I1, k, and Gk for 2 B k B n.
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Finite state control
Read-write head
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0
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0 A1, 2
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.37 Schematic representation of the current status of the execution environment to the first
BMPDTM

Table 7.9 The truth table of
a one-bit adder for I0, 1, G0,
I1, 1 and G1

I0, 1 The first bit of the addend G0 I1, 1 G1

0 1 0 1 0
1 1 0 0 1

Table 7.10 The truth table
of a one-bit adder for I0, k,
Gk - 1, I1, k, and Gk for
2 B k B n

I0, k The kth bit of the addend Gk - 1 I1, k Gk

0 0 0 0 0
0 0 1 1 0
1 0 0 1 0
1 0 1 0 1
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7.4.1 The Construction for the Parallel Operation
of Increase on Bio-molecular Computer

For the sake of convenience, Ie, k
1 for 0 B e B 1 and 1 B k B n denotes the fact

that the value of Ie, k is 1, Ie, k
0 for 0 B e B 1 and 1 B k B n denotes the fact that

the value of Ie, k is 0, Gk
1 and Gk - 1

1 denote the fact that the value of Gk is one and
the value of Gk - 1 is also one, and Gk

0 and Gk - 1
0 denote the fact that the value of

Gk is zero and the value of Gk - 1 is also zero. The following algorithm is offered
to carry out the parallel operation of increase.
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Lemma 7-5: The algorithm, ParallelIncrease(T0), can be used to perform the
parallel operation of increase.

Proof The algorithm, ParallelIncrease(T0), is implemented by means of the
extract, amplify, detect, append-head andmerge operations. From each execution for
Steps (1) through (4d), solution space of 2n unsigned integers of n bits (the range of
values for them is from 0 to 2n - 1) is generated. After those operations are per-
formed, 2n combinations of nbits are contained in tubeT0. Because the previous carry
for addition of the first bit to each augend and addend is zero, from the execution of
Step (5), the value ‘‘0’’ ofG0 is appended into the head of each bit pattern in tube T0.

From each execution of Step (6), tube T3 contains all of the inputs that have I0,
1 = 1, representing the first column of the second row in Table 7.9, and tube T4
consists of all of the inputs that have I0, 1 = 0, representing the first column of the
first row in Table 7.9. Since the contents for tubes T3 and T4 are not empty, a
‘‘yes’’ is returned from Step (7) and Step (8). Therefore, from each execution of
Step (7a), the value ‘‘0’’ of I1, 1 and the value ‘‘1’’ of G1 are appended into the head
of each bit pattern in tube T3, and from each execution of Step (8a), the value ‘‘1’’
of I1, 1 and the value ‘‘0’’ of G1 are appended into the head of each bit pattern in
tube T4. This implies that Table 7.9 is performed. Next, each execution of Step (9)
applies the merge operation to pour tubes T3 through T4 into tube T0. Tube T0
contains the result performing Table 7.9.

Step (10) is the second loop and is used to finish the parallel one-bit adder of
(n - 1) times. From each execution for Steps (10a) through (10c), T5 includes all
of the inputs that have I0, k = 1, T6 contains all of the inputs that have I0, k = 0, T7
consists of all of the inputs that have I0, k = 1 and Gk = 1, T8 includes all of the
inputs that have I0, k = 1 and Gk = 0, T9 consists of all of the inputs that have I0,
k = 0 and Gk = 1, and T10 includes all of the inputs that have I0, k = 0 and
Gk = 0. Having performed Steps (10a) through (10c), this is to say that four
different inputs of a one-bit adder as shown in Table 7.10 were poured into tubes
T7 through T10, respectively.

From each execution for Steps (10d), (10f), (10h) and (10j), because the con-
tents for tubes T7, T8, T9 and T10 are all not empty, therefore, a ‘‘yes’’ is returned
from each step. Next, on each execution for Steps (10e), (10g), (10i) and (10k), the
append-head operations are applied to append I1, k

1 or I1, k
0, and Gk

1 or Gk
0 onto

the head of every bit pattern in the corresponding tubes. After performing Steps
(10a) through (10k), we can say that four different outputs of a one-bit adder in
Table 7.10 are appended into tubes T7 through T10. Next, each execution of Step
(10l) applies the merge operation to pour tubes T7 through T10 into tube T0. Tube
T0 contains the result performing Table 7.10. Repeat execution of Steps (10a)
through (10l) until the most significant bit for the augend and the addend is
processed. Tube T0 obtains the result performing the parallel operation of increase
for 2n unsigned integers of n bits. j
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7.4.2 The Power for the Parallel Operation of Increase
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, respectively,
00(010) (I0, 2

0 I0, 1
0), 01(110) (I0, 2

0 I0, 1
1), 10(210) (I0, 2

1 I0, 1
0), and 11(310) (I0, 2

1 I0, 1
1).

We want to simultaneously increase each value of the four values. Algorithm 7.5,
ParallelIncrease(T0), can be used to perform the computational task. Tube T0 is an
empty tube and is regarded as an input tube ofAlgorithm7.5. Due toDefinition 5-2,
the input tube T0 can be regarded as the execution environment of the first
BMPDTM. Similarly, each tube Tk in Algorithm 7.5 for 1 B k B 10 can be also
regarded as the execution environment of the (k ? 1)th BMPDTM.

Steps (1) through (4d) in Algorithm 7.5 are applied to construct a BMPDTM
with four bio-molecular deterministic one-tape Turing machines. After the first
execution for Step (1) and Step (2) is performed, tube T1 = {I0, 1

1} and tube
T2 = {I0, 1

0}. This implies that a BMDTM in the second BMPDTM and in the
third BMPDTM is generated. Figure 7.38 is employed to illustrate the current
status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 7.38, the content of the first tape square for the tape in the
first BMDTM in the second BMPDTM is written by its corresponding read-write
head and is 1 (I0, 1 = 1), and the content of the first tape square for the tape in the
first BMDTM in the third BMPDTM is written by its corresponding read-write
head and is 0 (I0, 1 = 0). Simultaneously, for the two BMDTMs, the position of
the corresponding read-write head is moved to the left new tape square, and the
status of the corresponding finite state control is, respectively, ‘‘I0, 1 = 1’’ and ‘‘I0,
1 = 0’’.

Next, after the execution for Step (3) is finished, tube T0 = {I0, 1
1, I0, 1

0}, tube
T1 = [ and tube T2 = [. This indicates that the execution environment for the

Tape 

Tape 

Read-write head

I0, 1
1

Read-write head I0, 1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 7.38 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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first bio-molecular deterministic one-tape Turing machine in the second
BMPDTM and the first BMDTM in the third BMPDTM becomes the first
BMPDTM. From Fig. 7.39, the contents to the two tapes in the execution envi-
ronment of the first BMPDTM are not changed, and the position of each read-
write head and the status of each finite state control are reserved.

Step (4) is the first loop and the upper bound (n) is two because the number of
bits for representing those four values is two. Therefore, after the first execution of
Step (4a) is implemented, tube T0 = [, tube T1 = {I0, 1

1, I0, 1
0} and tube

T2 = {I0, 1
1, I0, 1

0}. This implies that the first BMDTM and the second BMDTM
in the execution environment of the first BMPDTM are both copied into the
second BMPDTM and the third BMPDTM. Figure 7.40 is used to reveal the
current status of the execution environment to the second BMPDTM and the third
BMPDTM. From Fig. 7.40, the contents of the first tape square for the corre-
sponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the second BMPDTM are, respec-
tively, 1 (I0, 1 = 1) and 0 (I0, 1 = 0). The contents of the first tape square for the
corresponding tape of the first BMDTM and the corresponding tape of the second
BMDTM in the execution environment of the third BMPDTM are also, respec-
tively, 0 (I0, 1 = 0) and 1 (I0, 1 = 1). From Fig. 7.40, it is indicated that four bio-
molecular deterministic one-tape Turing machines are generated.

Tape 

Read-write head I0, 1
0 Finite state control

Tape Read-write head

I0, 1
1

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 7.39 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution for Step (4b) and Step (4c) is performed, tube
T1 = {I0, 2

1 I0, 1
1, I0, 2

1 I0, 1
0} and tube T2 = {I0, 2

0 I0, 1
1, I0, 2

0 I0, 1
0}. This is to say

that the content of the second tape square for the tape in the first BMDTM in the
second BMPDTM is written by its corresponding read-write head and is 1
(I0, 2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (I0, 2 = 1). Similarly, the content of the second tape square for the
tape in the first BMDTM in the third BMPDTM is written by its corresponding
read-write head and is 0 (I0, 2 = 0), and the content of the second tape square for
the tape in the second BMDTM in the third BMPDTM is written by its corre-
sponding read-write head and is also 0 (I0, 2 = 0). Figure 7.41 is used to illustrate
the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 7.41, the position of each read-write head is moved to
the left new tape square, and the status of each finite state control is changed as ‘‘I0,
2
1’’ or ‘‘I0, 2

0’’.
Next, after the first execution for Step (4d) is implemented, tube T0 = {I0, 2

1 I0,
1
1, I0, 2

1 I0, 1
0, I0, 2

0 I0, 1
1, I0, 2

0 I0, 1
0}, tube T1 = [ and tube T2 = [. This implies

that the execution environment for those bio-molecular deterministic one-tape
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1

Finite state control

Tape 

Tape 

Tape 

Read-write head

I0, 1
1

Read-write head
I0, 1

0

Finite state control

Finite state control

Read-write head

I0, 1
0 Finite state control

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.40 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Turing machines in the second BMPDTM and in the third BMPDTM becomes
the first BMPDTM. Figure 7.42 is employed to reveal the current status of the
execution environment to the first BMPDTM. From Fig. 7.42, the contents to the
four tapes in the execution environment of the first BMPDTM are not changed,
and the position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved.

Tape 

Tape 

Tape 

Read-write head

I0, 2
1 I0, 1

1

Read-write head

Finite state control

Finite state control
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(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.41 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.42 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution of Step (5) is implemented, from each read-write
head, G0

0 is written into each tape. Therefore, tube T0 = {G0
0 I0, 2

1 I0, 1
1, G0

0 I0, 2
1

I0, 1
0, G0

0 I0, 2
0 I0, 1

1, G0
0 I0, 2

0 I0, 1
0}. This is to say that for the four BMDTMs in

the first BMPDTM the position of each read-write head is moved to the left new
tape square and the status of each finite state control is changed as ‘‘G0 = 0’’.
Figure 7.43 is used to illustrate the current status of the execution environment to
the first BMPDTM. From Fig. 7.43, the position of each read-write head is moved
to the left new tape square, and the position of each finite state control is changed
as ‘‘G0 = 0’’.

Next, after the first execution of Step (6) is implemented, tube T0 = [, tube
T3 = {G0

0 I0, 2
1 I0, 1

1, G0
0 I0, 2

0 I0, 1
1}and tube T4 = {G0

0 I0, 2
1 I0, 1

0, G0
0 I0, 2

0 I0,
1
0}. This indicates that the new execution environments for two bio-molecular
deterministic one-tape Turing machines with the content of tape square, ‘‘I0, 1

1’’,
and other two bio-molecular deterministic one-tape Turing machines with the
content of tape square, ‘‘I0, 1

0’’ are, respectively, the fourth BMPDTM and the
fifth BMPDTM. The position of the corresponding read-write head and the state
of the corresponding finite state control are reserved. Figures 7.44 and 7.45 are
applied to illustrate the result.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.43 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Because tube T3 = [ and tube T4 = [, from the first execution of Step (7)
and the first execution of Step (8), the conditions are true. Therefore, after the first
execution for Steps (7a) and (8a) is performed, tube T3 = {G1

1 I1, 1
0 G0

0 I0, 2
1 I0,

1
1, G1

1 I1, 1
0 G0

0 I0, 2
0 I0, 1

1}, tube T4 = {G1
0 I1, 1

1 G0
0 I0, 2

1 I0, 1
0, G1

0 I1, 1
1 G0

0 I0,
2
0 I0, 1

0}. This is to say that the contents of the fifth tape square and the fourth tape
square in each tape in the fourth BMPDTM are written by the corresponding read-
write head and are, respectively, G1

1 and I1, 1
0, and the contents of the fifth tape

square and the fourth tape square in each tape in the fifth BMPDTM are written by
the corresponding read-write head and are, respectively, G1

0 and I1, 1
1. Simulta-

neously, the position of each read-write head is moved to the left new tape square,
and the status of each finite state control is changed as ‘‘G1 = 1’’ or ‘‘G1 = 0’’.

Then, after the first execution of Step (9) is finished, tube T3 = [, tube
T4 = [, tube T0 = {G1

1 I1, 1
0 G0

0 I0, 2
1 I0, 1

1, G1
1 I1, 1

0 G0
0 I0, 2

0 I0, 1
1, G1

0 I1, 1
1

G0
0 I0, 2

1 I0, 1
0, G1

0 I1, 1
1 G0

0 I0, 2
0 I0, 1

0}. This implies that the execution
environment for the two BMDTMs in the fourth BMPDTM and the two
BMDTMs in the fifth BMPDTM becomes the first BMPDTM. Simultaneously,

Tape 

Tape 

Read-write head

G0
0 I0, 2

1 I0, 1
1

Finite state control

Read-write head Finite state controlG0
0 I0, 2

0 I0, 1
1

(a)  The two BMDTMs in the fourth BMPDTM.

Fig. 7.44 Schematic representation of the current status of the execution environment to the
fourth BMPDTM

Tape 

Tape 

Read-write head Finite state control

Read-write head Finite state control

G0
0 I0, 2

0 I0, 1
0

G0
0 I0, 2

1 I0, 1
0

(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.45 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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the position of each read-write head and the status of each finite state control are
reserved.

Step (10) is the second loop and the lower bound and the upper bound are both
two. After the first execution for Steps (10a), (10b) and (10c) is performed, tube
T5 = [, tube T6 = [, tube T0 = [, tube T7 = {G1

1 I1, 1
0 G0

0 I0, 2
1 I0, 1

1}, tube
T8 = {G1

0 I1, 1
1 G0

0 I0, 2
1 I0, 1

0}, tube T9 = {G1
1 I1, 1

0 G0
0 I0, 2

0 I0, 1
1} and tube

T10 = {G1
0 I1, 1

1 G0
0 I0, 2

0 I0, 1
0}. Next, after the first execution for Steps (10d),

(10f), (10h) and (10j) is finished, each step returns a ‘‘yes’’. Thus, after the first
execution for Steps (10e), (10g), (10i) and (10k) is implemented, tube T7 = {G2

1

I1, 2
0 G1

1 I1, 1
0 G0

0 I0, 2
1 I0, 1

1}, tube T8 = {G2
0 I1, 2

1 G1
0 I1, 1

1 G0
0 I0, 2

1 I0, 1
0},

tube T9 = {G2
0 I1, 2

1 G1
1 I1, 1

0 G0
0 I0, 2

0 I0, 1
1} and tube T10 = {G2

0 I1, 2
0 G1

0 I1, 1
1

G0
0 I0, 2

0 I0, 1
0}. Then, after the first execution for Step (10l) is performed, tube

T0 = {G2
1 I1, 2

0 G1
1 I1, 1

0 G0
0 I0, 2

1 I0, 1
1, G2

0 I1, 2
1 G1

0 I1, 1
1 G0

0 I0, 2
1 I0, 1

0, G2
0 I1,

2
1 G1

1 I1, 1
0 G0

0 I0, 2
0 I0, 1

1, G2
0 I1, 2

0 G1
0 I1, 1

1 G0
0 I0, 2

0 I0, 1
0} and other tubes

become all empty tubes. Figure 7.46 is applied to show the result and Algorithm
7.5 is terminated.
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Read-write head Finite state control
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1 I0, 1
1
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Tape                                  
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Finite state control
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0 I1, 2
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0 I1, 1

1 G0
0 I0, 2

1 I0, 1
0
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0 I1, 2
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0 I0, 1
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Read-write head Finite state control
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Read-write head Finite state control

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.46 Schematic representation of the current status of the execution environment to the first
BMPDTM
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7.5 Introduction to the Decrease Operation on Bio-
molecular Computer

The decrease operation is employed to perform ‘‘D = D- 1’’, where D is unsigned
integers of n bits. A symbol ‘‘-’’ is applied to represent the operation of decrease,
and the expression, D = D - 1, can be rewritten as another expression: D -. An
unsigned integer of n bits, D, is regarded as the minuend and the difference in the
expression D –. The value ‘‘1’’ is also regarded as the subtrahend in the expression
D –. Suppose that D can be represented as De, n, De, n - 1, …, De, 1 for 0 B e B 1,
where the value for each De, k for 1 B k B n is 1 or 0. Also assume that two binary
numbers, Hk and Hk - 1 for 1 B k B n, are employed to respectively represent the
borrow for the minuend bit and the subtrahend bit and the previous borrow.

In the processing of computing D –, assume that the original value for D is
represented as D0, n, D0, n - 1, …, D0, 1, and the difference to D ++ is represented
as D 1, n, D1, n - 1, …, D1, 1. Table 7.11 is regarded as the truth table of a one-bit
subtractor for D0, 1, H0, D1, 1 and H1, and Table 7.12 is also regarded as the truth
table of a one-bit subtractor for D0, k, Hk - 1, D1, k, and Hk for 2 B k B n.

7.5.1 The Construction for the Parallel Operation
of Decrease on Bio-molecular Computer

For the purpose of convenience, De, k
1 for 0 B e B 1 and 1 B k B n denotes the

fact that the value of De, k is 1, De, k
0 for 0 B e B 1 and 1 B k B n denotes the fact

that the value of De, k is 0, Hk
1 and Hk - 1

1 denote the fact that the value of Hk is
one and the value of Hk - 1 is also one, and Hk

0 and Hk - 1
0 denote the fact that the

value of Hk is zero and the value of Hk - 1 is also zero. The following algorithm is
proposed to perform the parallel operation of decrease.

Table 7.11 The truth table
of a one-bit subtractor for D0,

1, H0, D1, 1 and H1

D0, 1 The first bit of the subtrahend H0 D1, 1 H1

0 1 0 1 1
1 1 0 0 0

Table 7.12 The truth table
of a one-bit subtractor for D0,

k, Hk - 1, D1, k, and Hk for
2 B k B n

D0, k The kth bit of the subtrahend Hk - 1 D1, k Hk

0 0 0 0 0
0 0 1 1 1
1 0 0 1 0
1 0 1 0 0
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Lemma 7-6: The algorithm, ParallelDecrease(T0), can be applied to carry out
the parallel operation of decrease.
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Proof The algorithm, ParallelDecrease(T0), is implemented by means of the
extract, amplify, detect, append-head and merge operations. Solution space of 2n

unsigned integers of n bits (the range of values for them is from 0 to 2n - 1) is
constructed from each execution for Steps (1) through (4d). After those operations
are finished, 2n combinations of n bits are included in tube T0. Since the previous
borrow for subtraction of the first bit to each minuend and subtrahend is zero, from
the execution of Step (5), the value ‘‘0’’ of H0 is appended into the head of each bit
pattern in tube T0.

From each execution of Step (6), tube T3 inludes all of the inputs that have D0,

1 = 1, representing the first column of the second row in Table 7.11, and tube T4
contains of all of the inputs that have D0, 1 = 0, representing the first column of
the first row in Table 7.11. Because the contents for tubes T3 and T4 are not empty,
a ‘‘yes’’ is returned from Step (7) and Step (8). Hence, from each execution of Step
(7a), the value ‘‘0’’ of D1, 1 and the value ‘‘0’’ of H1 are appended into the head of
each bit pattern in tube T3, and from each execution of Step (8a), the value ‘‘1’’ of
D1, 1 and the value ‘‘1’’ of H1 are appended into the head of each bit pattern in tube
T4. This indicates that Table 7.11 is finished. Next, each execution of Step (9) uses
the merge operation to pour tubes T3 through T4 into tube T0. Tube T0 consists of
the result performing Table 7.11.

Step (10) is the second loop and is employed to carry out the parallel one-bit
subtractor of (n - 1) times. From each execution for Steps (10a) through (10c), T5
contains all of the inputs that have D0, k = 1, T6 includes all of the inputs that have
D0, k = 0, T7 consists of all of the inputs that have D0, k = 1 and Hk = 1, T8
contains all of the inputs that have D0, k = 1 and Hk = 0, T9 includes all of the
inputs that have D0, k = 0 and Hk = 1, and T10 includes all of the inputs that have
D0, k = 0 and Hk = 0. Having performed Steps (10a) through (10c), this indicates
that four different inputs of a one-bit subtractor as shown in Table 7.12 were
poured into tubes T7 through T10, respectively.

From each execution for Steps (10d), (10f), (10h) and (10j), since the contents
for tubes T7, T8, T9 and T10 are all not empty, therefore, a ‘‘yes’’ is returned from
each step. Next, on each execution for Steps (10e), (10g), (10i) and (10k), the
append-head operations are applied to append D1, k

1 or D1, k
0, and Hk

1 or Hk
0 onto

the head of every bit pattern in the corresponding tubes. After finishing Steps (10a)
through (10k), this implies that four different outputs of a one-bit subtractor in
Table 7.12 are appended into tubes T7 through T10. Next, each execution of Step
(10l) uses the merge operation to pour tubes T7 through T10 into tube T0. Tube T0
contains the result performing Table 7.12. Repeat execution of Steps (10a) through
(10l) until the most significant bit for the minuend and the subtrahend is processed.
Tube T0 obtains the result carrying out the parallel operation of decrease for 2n

unsigned integers of n bits. j
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7.5.2 The Power for the Parallel Operation of Decrease
on Bio-molecular Computer

Consider that four values for an unsigned integer of two bits are, subsequently,
00(010) (D0, 2

0 D0, 1
0), 01(110) (D0, 2

0 D0, 1
1), 10(210) (D0, 2

1 D0, 1
0), and 11(310)

(D0, 2
1 D0, 1

1). We want to simultaneously decrease each value of the four values.
Algorithm 7.6, ParallelDecrease(T0), can be applied to finish the computational
task. Tube T0 is an empty tube and is regarded as an input tube of Algorithm 7.6.
From Definition 5-2, the input tube T0 can be regarded as the execution envi-
ronment of the first BMPDTM. Similarly, each tube Tk in Algorithm 7.6 for
1 B k B 10 can be also regarded as the execution environment of the (k ? 1)th
BMPDTM.

A BMPDTM with four bio-molecular deterministic one-tape Turing machines
from Steps (1) through (4d) in Algorithm 7.6 is constructed. After the first exe-
cution for Step (1) and Step (2) is implemented, tube T1 = {D0, 1

1} and tube
T2 = {D0, 1

0}. This is to say that a BMDTM in the second BMPDTM and in the
third BMPDTM is produced. Figure 7.47 is used to show the current status of the
execution environment to the second BMPDTM and the third BMPDTM. From
Fig. 7.47, the content of the first tape square for the tape in the first BMDTM in the
second BMPDTM is written by its corresponding read-write head and is 1
(D0, 1 = 1), and the content of the first tape square for the tape in the first BMDTM
in the third BMPDTM is written by its corresponding read-write head and is 0
(D0, 1 = 0). Simultaneously, for the two BMDTMs, the position of the corre-
sponding read-write head is moved to the left new tape square, and the status of the
corresponding finite state control is, respectively, ‘‘D0, 1 = 1’’ and ‘‘D0, 1 = 0’’.

Tape 

Tape 

Read-write head

D0, 1
1

Read-write head D0, 1
0

Finite state control

Finite state control

(a)  The first BMDTM in the second BMPDTM.

(b)  The first BMDTM in the third BMPDTM.

Fig. 7.47 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Next, after the execution for Step (3) is finished, tube T0 = {D0, 1
1, D0, 1

0}, tube
T1 = [ and tube T2 = [. This implies that the execution environment for the first
BMDTM in the second BMPDTM and the first BMDTM in the third BMPDTM
becomes the first BMPDTM. From Fig. 7.48, the contents to the two tapes in the
execution environment of the first BMPDTM are not changed, and the position of
each read-write head and the status of each finite state control are reserved.

Step (4) is the first loop and the upper bound (n) is two since the number of bits for
representing those four values is two. Thus, after the first execution of Step (4a) is
performed, tube T0 = [, tube T1 = {D0, 1

1, D0, 1
0} and tube T2 = {D0, 1

1, D0, 1
0}.

This indicates that the first BMDTM and the second BMDTM in the execution
environment of the first BMPDTM are both copied into the second BMPDTM
and the third BMPDTM. Figure 7.49 is employed to illustrate the current status of
the execution environment to the secondBMPDTM and the thirdBMPDTM. From
Fig. 7.49, the contents of the first tape square for the corresponding tape of the first
BMDTM and the corresponding tape of the second BMDTM in the execution
environment of the second BMPDTM are, respectively, 1 (D0, 1 = 1) and 0
(D0, 1 = 0). The contents of the first tape square for the corresponding tape of the
first BMDTM and the corresponding tape of the second BMDTM in the execution
environment of the third BMPDTM are also, respectively, 0 (D0, 1 = 0) and 1
(D0, 1 = 1). From Fig. 7.49, it is pointed out that four bio-molecular deterministic
one-tape Turing machines are constructed.

Tape 

Tape 

Read-write head

D0, 1
1

Read-write head D0, 1
0

Finite state control

Finite state control

(a)  The first BMDTM in the first BMPDTM.

(b)  The second BMDTM in the first BMPDTM.

Fig. 7.48 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution for Step (4b) and Step (4c) is finished, tube
T1 = {D0, 2

1 D0, 1
1, D0, 2

1 D0, 1
0} and tube T2 = {D0, 2

0 D0, 1
1, D0, 2

0 D0, 1
0}. This

implies that the content of the second tape square for the tape in the first BMDTM
in the second BMPDTM is written by its corresponding read-write head and is 1
(D0, 2 = 1), and the content of the second tape square for the tape in the second
BMDTM in the second BMPDTM is written by its corresponding read-write head
and is also 1 (D0, 2 = 1). Similarly, the content of the second tape square for the
tape in the first BMDTM in the third BMPDTM is written by its corresponding
read-write head and is 0 (D0, 2 = 0), and the content of the second tape square for
the tape in the second BMDTM in the third BMPDTM is written by its corre-
sponding read-write head and is also 0 (D0, 2 = 0). Figure 7.50 is applied to reveal
the current status of the execution environment to the second BMPDTM and the
third BMPDTM. From Fig. 7.50, the position of each read-write head is moved to
the left new tape square, and the status of each finite state control is changed as
‘‘D0, 2 = 1’’ and ‘‘D0, 2 = 0’’.

Next, after the first execution for Step (4d) is performed, tube T0 = {D0, 2
1 D0,

1
1, D0, 2

1 D0, 1
0, D0, 2

0 D0, 1
1, D0, 2

0 D0, 1
0}, tube T1 = [ and tube T2 = [. This is

to say that the execution environment for those bio-molecular deterministic one-
tape Turing machines in the second BMPDTM and in the third BMPDTM

Tape 

Tape 

Tape 

Tape 

Read-write head

D0, 1
1

Read-write head

D0, 1
0

Finite state control

Finite state control

Read-write head D0, 1
0 Finite state control

Read-write head

D0, 1
1

Finite state control

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.49 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM

252 7 Introduction to Comparators and Shifters



becomes the first BM-PDTM. Figure 7.51 is used to show the current status of the
execution environment to the first BMPDTM. From Fig. 7.51, the contents to the
four tapes in the execution environment of the first BMPDTM are not changed,
and the position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved.

Tape 

Tape 

Tape 

Tape 

Read-write head

D0, 2
1 D0, 1

1

Read-write head

Finite state control

Finite state control

Read-write head
Finite state control

Read-write head Finite state control

D0, 2
1 D0, 1

0

D0, 2
0 D0, 1

0

D0, 2
0 D0, 1

1

(a)  The first BMDTM and the second BMDTM in the second BMPDTM.

(b)  The first BMDTM and the second BMDTM in the third BMPDTM.

Fig. 7.50 Schematic representation of the current status of the execution environment to the
second BMPDTM and the third BMPDTM
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Read-write head
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1 D0, 1

1

Read-write head

Finite state control

Finite state control

Read-write head
Finite state control

Read-write head Finite state control

D0, 2
1 D0, 1

0

D0, 2
0 D0, 1

0

D0, 2
0 D0, 1

1

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.51 Schematic representation of the current status of the execution environment to the first
BMPDTM
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Next, after the first execution of Step (5) is finished, from each read-write head,
H0

0 is written into each tape. Therefore, tube T0 = {H0
0 D0, 2

1 D0, 1
1, H0

0 D0, 2
1

D0, 1
0, H0

0 D0, 2
0 D0, 1

1, H0
0 D0, 2

0 D0, 1
0}. This indicates that for the four

BMDTMs in the first BMPDTM the position of each read-write head is moved to
the left new tape square and the status of each finite state control is changed as
‘‘H0 = 0’’. Figure 7.52 is employed to reveal the current status of the execution
environment to the first BMPDTM.

Next, after the first execution of Step (6) is implemented, tube T0 = [, tube
T3 = {H0

0 D0, 2
1 D0, 1

1, H0
0 D0, 2

0 D0, 1
1}and tube T4 = {H0

0 D, 2
1 D0, 1

0, H0
0 D0,

2
0 D0, 1

0}. This is to say that the new execution environments for two bio-
molecular deterministic one-tape Turing machines with the content of tape square,
‘‘D0, 1

1’’, and other two bio-molecular deterministic one-tape Turing machines
with the content of tape square, ‘‘D0, 1

0’’ are, respectively, the fourth BMPDTM
and the fifth BMPDTM. The position of the corresponding read-write head and
the state of the corresponding finite state control are reserved. Figures 7.53 and
7.54 are used to explain the result.

Tape 

Tape

Read-write head

H0
0 D0, 2

1 D0, 1
1

Finite state control

Read-write head
Finite state control

H0
0 D0, 2

1 D0, 1
0

Tape 

Tape 

Read-write head Finite state control

Read-write head
Finite state control

H0
0 D0, 2

0 D0, 1
0

H0
0 D0, 2

0 D0, 1
1

(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.52 Schematic representation of the current status of the execution environment to the first
BMPDTM

 Tape 

Tape 

Read-write head

H0
0 D0, 2

1 D0, 1
1

Finite state control

Read-write head
Finite state control

H0
0   D0, 2

1 D0, 1
0

 (a)  The two BMDTMs in the fourth BMPDTM.

Fig. 7.53 Schematic representation of the current status of the execution environment to the
fourth BMPDTM
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Because tube T3 = [ and tube T4 = [, from the first execution of Step (7)
and the first execution of Step (8), the conditions are true. Hence, after the first
execution for Steps (7a) and (8a) is finished, tube T3 = {H1

0 D1, 1
0 H0

0 D0, 2
1 D0,

1
1, H1

0 D1, 1
0 H0

0 D0, 2
0 D0, 1

1}, tube T4 = {H1
1 D1, 1

1 H0
0 D0, 2

1 D0, 1
0, H1

1 D1, 1
1

H0
0 D0, 2

0 D0, 1
0}. This implies that the contents of the fifth tape square and the

fourth tape square in each tape in the fourth BMPDTM are written by the cor-
responding read-write head and are, respectively, H1

0 and D1, 1
0, and the contents

of the fifth tape square and the fourth tape square in each tape in the fifth
BMPDTM are written by the corresponding read-write head and are, respectively,
H1

1 and D1, 1
1. Simultaneously, the position of each read-write head is moved to

the left new tape square, and the status of each finite state control is changed as
‘‘H1 = 1’’ or ‘‘H1 = 0’’.

Then, after the first execution of Step (9) is finished, tube T3 = [, tube
T4 = [, tube T0 = {H1

0 D1, 1
0 H0

0 D0, 2
1 D0, 1

1, H1
0 D1, 1

0 H0
0 D0, 2

0 D0, 1
1, H1

1

D1, 1
1 H0

0 D0, 2
1 D0, 1

0, H1
1 D1, 1

1 H0
0 D0, 2

0 D0, 1
0}. This is to say that the

execution environment for the two BMDTMs in the fourth BMPDTM and the two
BMDTMs in the fifth BMPDTM becomes the first BMPDTM. Simultaneously,
the position of each read-write head and the status of each finite state control are
reserved.

Step (10) is the second loop and the lower bound and the upper bound are both
two. After the first execution for Steps (10a), (10b) and (10c) is finished, tube
T5 = [, tube T6 = [, tube T0 = [, tube T7 = {H1

1 D1, 1
1 H0

0 D0, 2
1 D0, 1

0}, tube
T8 = {H1

0 D1, 1
0 H0

0 D0, 2
1 D0, 1

1}, tube T9 = {H1
1 D1, 1

1 H0
0 D0, 2

0 D0, 1
0} and

tube T10 = {H1
0 D1, 1

0 H0
0 D0, 2

0 D0, 1
1}. Next, after the first execution for Steps

(10d), (10f), (10h) and (10j) is finished, each step returns a ‘‘yes’’. Thus, after the
first execution for Steps (10e), (10g), (10i) and (10k) is performed, tube T7 = {H2

0

D1, 2
0 H1

1 D1, 1
1 H0

0 D0, 2
1 D0, 1

0}, tube T8 = {H2
0 D1, 2

1 H1
0 D1, 1

0 H0
0 D0, 2

1 D0,

1
1}, tube T9 = {H2

1 D1, 2
1 H1

1 D1, 1
1 H0

0 D0, 2
0 D0, 1

0} and tube T10 = {H2
0 D1, 2

0

H1
0 D1, 1

0 H0
0 D0, 2

0 D0, 1
1}. Then, after the first execution for Step (10l) is

performed, tube T0 = {H2
0 D1, 2

0 H1
1 D1, 1

1 H0
0 D0, 2

1 D0, 1
0, H2

0 D1, 2
1 H1
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0

Tape Read-write head Finite state control
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H0
0 D0, 2

0 D0, 1
0

H0
0 D0, 2

0 D0, 1
1

(a)  The two BMDTMs in the fifth BMPDTM.

Fig. 7.54 Schematic representation of the current status of the execution environment to the fifth
BMPDTM
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H0
0 D0, 2

1 D0, 1
1, H2

1 D1, 2
1 H1

1 D1, 1
1 H0

0 D0, 2
0 D0, 1

0, H2
0 D1, 2

0 H1
0 D1, 1

0 H0
0

D0, 2
0 D0, 1

1} and other tubes become all empty tubes. Figure 7.55 is employed to
illustrate the result and Algorithm 7.6 is terminated.

7.6 Introduction for Finding the Maximum and Minimum
Numbers of One on Bio-molecular Computer

Consider that four combinations of two bits that are, subsequently, 00(010),
01(110), 10(210), and 11(310). One interesting question is how the four combina-
tions are classified from the number of one in their combinations. Because the
numbers of one for 11(310), 10(210), 01(110) and 00(010) are, subsequently, two,
one, one and zero, 11(310) and 00(010) are two different classification and 10(210)
and 01(110) are the same classification. Similarly, we can extend the interesting
question that is how the 2n combinations of n bits are classified from the number of
one in their combinations. This is to say that those combinations have k ones for
0 B k B n.
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(a)  The four BMDTMs in the first BMPDTM.

Fig. 7.55 Schematic representation of the current status of the execution environment to the first
BMPDTM

256 7 Introduction to Comparators and Shifters



7.6.1 The Construction for Finding the Maximum
and Minimum Numbers of One on Bio-molecular
Computer

Assume that a binary number of n bits, Pn, Pn - 1,…, P2, P1 can be applied to form 2n

combinations, where the value for eachPk is one or zero for 1 B k B n. For the sake of
convenience, Pk

1 for 1 B k B n denotes the fact that the value of Pk is one and Pk
0

denotes the fact that the value of Pk is zero for 1 B k B n. The following algorithm is
proposed to find the maximum and minimum numbers of one from 2n combinations.

Lemma 7-7: The algorithm, ParallelFind(T0), can be used to find the maximum
and minimum numbers of one from 2n combinations of n bits.
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Proof The algorithm, ParallelFind(T0), is implemented by means of the extract,
amplify, append-head and merge operations. Solution space of 2n states of n bits is
generated from each execution for Steps (1) through (4d). After those operations
are performed, 2n combinations of n bits are contained in tube T0.

Step (5) and Step (6) are, respectively, the outer loop and the inner loop of the
nested loop. Because the loop index variable k is from 0 to n - 1, Step (5) and Step
(6) are mainly employed to figure out the influence of Pk + 1 for the number of one
in tubes T0 through Tj + 1 for that the value of j is from k through 0. On each
execution of Step (6a), it uses the extract operation from tube Tj to form two
different tubes: Tj + 1

ON and Tj. This implies that tube Tj + 1
ON contains those

combinations that have Pk + 1 = 1 and tube Tj includes those combinations that
have Pk + 1 = 0. Because those combinations in tube Tj have j ones, those com-
binations in Tj + 1

ON have (j ? 1) ones. Next, each execution of Step (6b) applies
the merge operation to pour tube Tj + 1

ON into tube Tj + 1. This is to say that those
combinations in tube Tj + 1 have (j ? 1) ones. Repeat to execute (6a) and (6b) until
the influence of Pn for the number of one in tubes T0 through Tn is processed. This
implies that those combinations in tube Tk for 0 B k B n have k ones. j

7.6.2 The Power for Finding the Maximum and Minimum
Numbers of One on Bio-molecular Computer

Consider that four states of two bits are, respectively, 00(010) (P2
0 P1

0), 01(110)
(P2

0 P1
1), 10(210) (P2

1 P1
0), and 11(310) (P2

1 P1
1). We want to find the maximum

number of one and the minimum number of one from the four states of two bits.
Algorithm 7.7, ParallelFind(T0), can be employed to carry out the searching task.
Tube T0 is an empty tube and is regarded as an input tube of Algorithm 7.7. From
Definition 5-2, the input tube T0 and other tubes can be regarded as different
BMPDTMs.

A BMPDTM with four bio-molecular deterministic one-tape Turing machines
from Steps (1) through (4d) in Algorithm 7.7 is generated. After the first execution
for Step (1) and Step (2) is performed, tube T1 = {P1

1} and tube T2 = {P1
0}. This

implies that a BMDTM in tube T1 and in tube T2 is constructed. Figure 7.56 is
applied to illustrate the result. From Fig. 7.56, the content of the first tape square
for the tape in the first BMDTM in tube T1 is written by its corresponding read-
write head and is 1 (P1 = 1), and the content of the first tape square for the tape in
the first BMDTM in tube T2 is written by its corresponding read-write head and is
0 (P1 = 0). Simultaneously, for the two BMDTMs, the position of the corre-
sponding read-write head is moved to the left new tape square, and the status of the
corresponding finite state control is, respectively, ‘‘P1 = 1’’ and ‘‘P1 = 0’’.
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Next, after the execution for Step (3) is implemented, tube T0 = {P1
1, P1

0},
tube T1 = [ and tube T2 = [. This is to say that the execution environment for
the first BMDTM in tube T1 and the first BMDTM in tube T2 becomes tube T0.
From Fig. 7.57, the contents to the two tapes in tube T0 are not changed, and the
position of each read-write head and the status of each finite state control are
reserved.

Step (4) is the first loop and the upper bound (n) is two since the number of bits
for representing those four combinations is two. Therefore, after the first execution
of Step (4a) is implemented, tube T0 = [, tube T1 = {P1

1, P1
0} and tube

T2 = {P1
1, P1

0}. This implies that the first BMDTM and the second BMDTM in
tube T0 are both copied into tube T1 and tube T2. Figure 7.58 is used to reveal the
result. From Fig. 7.58, the contents of the first tape square for the corresponding
tape of the first BMDTM and the corresponding tape of the second BMDTM in

Tape 

Tape 

Read-write head

P1
1

Read-write head

Finite state control

Finite state control
P1

0

(b)  The second BMDTM in tube T0.

(a)  The first BMDTM in tube T0.

Fig. 7.57 Schematic representation of the current status of the execution environment to tube T0
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Tape 
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1

Read-write head P1
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Finite state control

Finite state control

(b)  The first BMDTM in tube T2.

(a)  The first BMDTM in tube T1.

Fig. 7.56 Schematic representation of the current status of the execution environment to tube T1
and tube T2
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tube T1 are, respectively, 1 (P1 = 1) and 0 (P1 = 0). The contents of the first tape
square for the corresponding tape of the first BMDTM and the corresponding tape
of the second BMDTM in tube T2 are also, respectively, 0 (P1 = 0) and 1
(P1 = 1). From Fig. 7.58, four bio-molecular deterministic one-tape Turing
machines are constructed and the position of each read-write head and the status of
each finite state control are reserved.

Next, after the first execution for Step (4b) and Step (4c) is performed, tube
T1 = {P2

1 P1
1, P2

1 P1
0} and tube T2 = {P2

0 P1
1, P2

0 P 1
0}. This is to say that the

content of the second tape square for the tape in the first BMDTM in tube T1 is
written by its corresponding read-write head and is 1 (P2 = 1), and the content of
the second tape square for the tape in the second BMDTM in tube T1 is written by
its corresponding read-write head and is also 1 (P2 = 1). Similarly, the content of
the second tape square for the tape in the first BMDTM in tube T2 is written by its
corresponding read-write head and is 0 (P2 = 0), and the content of the second
tape square for the tape in the second BMDTM in tube T2 is written by its
corresponding read-write head and is also 0 (P2 = 0). From Fig. 7.59 is employed
to explain the result, the position of each read-write head is moved to the left new
tape square and the status of each finite state control is changed as ‘‘P2 = 1’’ and
‘‘P2 = 0’’.

Next, after the first execution for Step (4d) is implemented, tube T0 = {P2
1 P1

1,
P2

1 P1
0, P2

0 P1
1, P2

0 P1
0}, tube T1 = [ and tube T2 = [. This indicates that the
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Finite state control
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(b)  The first BMDTM and the second BMDTM in tube T2.

(a)  The first BMDTM and the second BMDTM in tube T1.

Fig. 7.58 Schematic representation of the current status of the execution environment to tube T1
and tube T2
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execution environment for those bio-molecular deterministic one-tape Turing
machines in tube T1 and tube T2 becomes tube T0. Figure 7.60 is applied to show
the result. From Fig. 7.60, the contents to the four tapes in tube T0 are not changed,
and the position of the corresponding read-write head and the state of the corre-
sponding finite state control are reserved.
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(b)  The first BMDTM and the second BMDTM in tube T2.

(a)  The first BMDTM and the second BMDTM in tube T1.

Fig. 7.59 Schematic representation of the current status of the execution environment to tube T1
and tube T2

Tape 

Tape 

Tape 

Tape 

Read-write head

P2
1 P1

1

Read-write head

Finite state control

Finite state control

Read-write head
Finite state control

Read-write head Finite state control

P2
1 P1

0

P2
0 P 1

0

P2
0 P1

1

(a)  The four BMDTMs in tube T0.

Fig. 7.60 Schematic representation of the current status of the execution environment to tube T0
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Next, after the first execution of Step (6a) is implemented, tube T0 = {P2
1 P1

0,
P2

0 P1
0}, and tube T1

ON = {P2
1 P1

1, P2
0 P1

1}. This implies that two bio-molecular
deterministic one-tape Turing machines with the content of tape square, ‘‘P1

1’’,
and other two bio-molecular deterministic one-tape Turing machines with the
content of tape square, ‘‘P1

0’’ are, respectively, put into tube T0 and tube T1
ON. The

position of the corresponding read-write head and the state of the corresponding
finite state control are reserved. Figures 7.61 and 7.62 are employed to illustrate
the result.

Next, after the first execution of Step (6b) is performed, tube T1 = {P2
1 P1

1,
P2

0 P1
1}, and tube T1

ON = [. Simultaneously, the position of the corresponding
read-write head and the state of the corresponding finite state control are reserved.
Figure 7.63 is applied to explain the result. Then, after the second execution for
Step (6a) and (6b) are finished, tube T2 = {P2

1 P1
1}, tube T1 = {P2

0 P1
1}, and

tube T2
ON = [. Finally, after the third execution for Step (6a) and (6b) are per-

formed, tube T1 = {P2
0 P1

1, P2
1 P1

0}, tube T0 = {P2
0 P1

0}, and tube T1
ON = [.

Figure 7.64 is used to reveal the final result and Algorithm 7.7 is terminated.
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(a)  The two BMDTMs in tube T1.

Fig. 7.61 Schematic representation of the current status of the execution environment to tube
T1
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(a)  The two BMDTMs in tube T0.

Fig. 7.62 Schematic representation of the current status of the execution environment to tube T0
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7.7 Summary

In this chapter we provided an introduction to how comparators, shifters, increase,
and decrease were constructed by means of molecular operations, and we also
provided a description to how two specific operations which are to find the
maximum number of ‘‘1’’ and to find the minimum number of ‘‘1’’ were imple-
mented by means of biological operations. We illustrated Algorithm 7.1 and
Algorithm 7.2 and their proof to reveal how the parallel comparator of a bit and
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(a)  The two BMDTMs in tube T1.

Fig. 7.63 Schematic representation of the current status of the execution environment to tube T1
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Fig. 7.64 Schematic representation of the current status of the execution environment to tube T2,
tube T1 and tube T0
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the parallel comparator of n bit were implemented by means of biological oper-
ations. We also gave one example to show the power to the parallel comparator of
n bit.

We then introduced Algorithm 7.3 and its proof to show how the parallel left
shifter of n bit was completed by means of molecular operations. We also gave one
example to explain the power to the parallel left shifter of n bit. We then described
Algorithm 7.4 and its proof to reveal how the parallel right shifter of n bit was
constructed by means of biological operations. We also gave one example to
demonstrate the power to the parallel right shifter of n bit. We then illustrated
Algorithm 7.5 and its proof to explain how the parallel operation of increase with
n bits was completed by means of biological operations. We also gave one
example to explain the power to the parallel operation of increase with n bit.

We then described Algorithm 7.6 and its proof to show how the parallel
operation of decrease with n bit was implemented by means of molecular opera-
tions. We also gave one example to show the power to the parallel operation of
decrease with n bit. We then introduced Algorithm 7.7 and its proof to show how
finding the maximum and minimum numbers of one from 2n combinations of n bit
was constructed by means of biological operations. We also gave one example to
explain the power to find the maximum and minimum numbers of one from 2n

combinations of n bit.

7.8 Bibliographical Notes

The textbooks that were written by the authors in Brown and Vranesic (2007),
Mano (1979), Mano (1993), Null and Lobur (2010), Shiva (2008), Stalling (2000)
are good introduction for digital circuits of comparators, shifters, adders and
subtractors. A good introduction to automata theory and complexity of problems is
the textbook that was written by Hopcroft et al. [Hopcroft et al. 2006]. A good
illustration to basic theorems and properties of Boolean algebra discussed in
exercises in Sect. 7.9 is Brown and Vranesic (2007), Mano (1979).

7.9 Exercises

7.1 The binary operator _ defines logical operation OR. The truth table to a
logical operation, x _ 1, is shown in Table 7.13, where x is a Boolean variable
that is the first input and 1 is the second input. Based on Table 7.13, write a
bio-molecular program to show x _ 1 = 1.

Table 7.13 The truth table
to a logical operation, x _ 1,
is shown

The first input (x) The second input x _ 1

0 1 1
1 1 1
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7.2 The binary operator ^ defines logical operation AND. The truth table to a
logical operation, x ^ 0, is shown in Table 7.14, where x is a Boolean variable
that is the first input and 0 is the second input. Based on Table 7.14, write a
bio-molecular program to demonstrate x ^ 0 = 0.

7.3 The binary operator _ defines logical operation OR. The truth table to logical
operations, x _ 0 and x, is shown in Table 7.15, where for x _ 0 x is a Boolean
variable that is the first input and 0 is the second input. Based on Table 7.15,
write a bio-molecular program to prove x _ 0 = x.

7.4 The binary operator ^ defines logical operation AND. The truth table to
logical operations, x ^ 1 and x, is shown in Table 7.16, where for x ^ 1 x is a
Boolean variable that is the first input and 1 is the second input. Based on
Table 7.16, write a bio-molecular program to demonstrate x ^ 1 = x.

7.5 The binary operator _ defines logical operation OR, and the unary operator 0

defines logical operation NOT. The truth table to a logical operation, x _ x0, is
shown in Table 7.17, where x is a Boolean variable that is the first input and
its negation is the second input. Based on Table 7.17, write a bio-molecular
program to show x _ x0 = 1.

Table 7.14 The truth table
to a logical operation, x ^ 0,
is shown

The first input (x) The second input x ^ 0

0 0 0
1 0 0

Table 7.15 The truth table
to logical operations, x _ 0
and x, is shown

The first input (x) The second input x _ 0 x

0 0 0 0
1 0 1 1

Table 7.16 The truth table
to logical operations, x ^ 1
and x, is shown

The first input (x) The second input x ^ 1 x

0 1 0 0
1 1 1 1

Table 7.17 The truth table
to a logical operation, x _ x0,
is shown

The first input (x) The second input (x0) x _ x0

0 1 1
1 0 1
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7.6 The binary operator ^ defines logical operation AND, and the unary operator 0

defines logical operation NOT. The truth table to a logical operation, x ^ x0, is
shown in Table 7.18, where x is a Boolean variable that is the first input and
its negation is the second input. Based on Table 7.18, write a bio-molecular
program to prove x ^ x0 = 0.

7.7 The binary operator ^ defines logical operation AND. The truth table to a
logical operation, x ^ x, is shown in Table 7.19, where x is a Boolean variable
that is the first input and the second input. Based on Table 7.19, write a bio-
molecular program to show x ^ x = x.

7.8 The binary operator _ defines logical operation OR. The truth table to a
logical operation, x _ x, is shown in Table 7.20, where x is a Boolean variable
that is the first input and the second input. Based on Table 7.20, write a bio-
molecular program to demonstrate x _ x = x.

7.9 The binary operator _ defines logical operation OR. The truth table to logical
operations, x _ y and y _ x, is shown in Table 7.21, where x and y are Boolean
variables that are respectively the first input and the second input. Based on
Table 7.21, write a bio-molecular program to prove x _ y = y _ x that satisfies
the commutative law.

Table 7.18 The truth table
to a logical operation, x ^ x0,
is shown

The first input (x) The second input (x0) x ^ x0

0 1 0
1 0 0

Table 7.19 The truth table
to a logical operation, x ^ x,
is shown

The first input (x) The second input (x) x ^ x

0 0 0
1 1 1

Table 7.20 The truth table
to a logical operation, x _ x,
is shown

The first input (x) The second input (x) x _ x

0 0 0
1 1 1

Table 7.21 The truth table
to logical operations, x _
y and y _ x, is shown

The first input (x) The second input (y) x _ y y _ x

0 0 0 0
0 1 1 1
1 0 1 1
1 1 1 1
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7.10 The binary operator ^ defines logical operation AND. The truth table to
logical operations, x ^ y and y ^ x, is shown in Table 7.22, where x and y are
Boolean variables that are respectively the first input and the second input.
Based on Table 7.22, write a bio-molecular program to show x ^ y = y ^ x
that satisfies the commutative law.

References

J. Hopcroft, R. Motwani, J. Ullman: Introduction to Automata Theory, Languages, and
Computation. (Addison Wesley, Lebanon,, 2006). ISBN: 81-7808-347-7

L. Null, J. Lobur, Essentials of Computer Organization and Architecture. (Sudbury, Jones and
Bartlett Learning, 2010). ISBN: 978-1449600068

M.M. Mano, Digital Logic and Computer Design. (Prentice-Hall, New Jersy, 1979). ISBN: 0-13-
214510-3

M.M. Mano, Computer System Architecture. (Prentice Hall, New Jersy, 1993). ISBN: 978-
0131755635

S. Brown, Z. Vranesic, Fundamentals of Digital Logic with Verilog Design. (McGraw-Hill, New
York, 2007). ISBN: 978-0077211646

S.G. Shiva, Computer Organization, Design, and Architecture. (CRC Press, Boca Raton, 2008).
ISBN: 9780849304163

W. Stalling: Computer Organization and Architecture. (Prentice Hall, New Jersy, 2000). ISBN:
978-0132936330

Table 7.22 The truth table
to logical operations, x ^
y and y ^ x, is shown

The first input (x) The second input (y) x ^ y y ^ x

0 0 0 0
0 1 0 0
1 0 0 0
1 1 1 1

7.9 Exercises 267



.



Index

A
Arithmetic logic unit, 4–6

B
Behavior

a digital computer, 1–2
bio-molecular computer, 2–4

Bio-molecular operations
the append operation, 16–17, 28
the amplify operation, 18, 25, 28
the merge operation, 18–19, 28
the extract operation, 20, 28
the detect operation, 20, 28
the discard operation, 20, 28
the Append-head, 20, 22, 23
the read operation, 20, 28

Binary number system, 34–49
Bio-molecular program, 2–6
Bit, 10
Bit pattern, 10–13
Black box, 1–2
BMDTM, 54–55
BMPDTM, 53–55

C
Control unit, 4–6

D
Data type

audio data, 9
image data, 9
video data, 9
text data, 9
number data, 9

Data processor, 2
Decimal number system, 33–34
Digital program, 1–2, 4–5

E
Error-detection codes

parity generator, 24–25, 29
parity checker, 24, 26–27, 29

Excess system
magic number, 44
Excess_127, 44–46, 49–50
Excess_128, 44
Excess_1023, 44, 46–50
Excess_1024, 44

F
Finding the maximum

number of one
n bits, 256, 258
one example, 258–263

Finite state control, 53–55
Floating-point number

sign, 43–44, 46
exponent, 43–44, 46
mantissa, 43–44, 46
normalized, 43
single precision, 44–46, 49–50
double precision, 46–50

Flowcharts
sequence, 16, 29
decision, 16, 29
repetition, 16, 29

H
Hexadecimal

number system, 11–14

I
Information, 9–11, 13
Input/output device, 4–7

W.-L. Chang and A. V. Vasilakos, Molecular Computing, Studies in Big Data 4,
DOI: 10.1007/978-3-319-05122-2, � Springer International Publishing Switzerland 2014

269



M
Memory, 4–7

O
Octal number system, 12–14
One’s complement integer, 39–41, 49–50

P
Parallel adder

one bit, 56–58
n bits, 58–59
one example, 60–79

Parallel AND operation
one bit, 133
n bits, 134–135
one example, 135–144

Parallel comparator
one bit, 205–206
n bits, 206–208
one example, 208–217

Parallel left shifter
n bits, 218–220
one example, 220–227

Parallel NAND operation
One bit, 157–158
n bits, 159–160
one example, 160–169

Parallel NOR operation
one bit, 145–146
n bits, 146–147
one example, 147–156

Parallel NOT operation
one bit, 110–111
n bits, 111–112
one example, 112–119

Parallel operation of decrease
n bits, 247–249
one example, 250–256

Parallel operation of increase
n bits, 238–239
one example, 240–246

Parallel OR operation
one bit, 120–121
n bits, 122
one example, 123–132

Parallel right shifter
n bits, 229–230
one example, 230–237

Parallel subtractor
one bit, 80–82
n bits, 82–83
one example, 84–102

Parallel XNOR operation
one bit, 184–185
n bits, 185–186
one example, 186–196

Parallel XOR operation
one bit, 170–171
n bits, 171–172
one example, 172–183

Parity counter
one bit, 21–23
n bits, 22–24

R
Read-write head, 53–55
Robotics, 2–3

S
Set, 15, 28
Sign-and-magnitude integer, 38–39, 41, 49–50

T
Tape, 53–55
The von Neumann architecture

a digital computer, 4–5
bio-molecular computer, 5–6

Three constructs
sequence, 15–16
decision, 15–16
repetition, 15–16

Transition function, 54
Truth table

a logical operation BUFFER, 30
a logical operation IDENTITY, 32
a logical operation NULL, 31–32
a one-bit adder, 56
a one-bit adder for increase, 237
a one-bit parity counter, 21
a one-bit subtractor, 80
a one-bit subtractor for decrease, 247
the AND operation of a bit, 133
the dth left shift, 218
the dth right shift, 228
the NAND operation of a bit, 157
the NOR operation of a bit, 144
the NOT operation of a bit, 110
the OR operation of a bit, 120
the XNOR operation of a bit, 183
the XOR operation of a bit, 170
‘‘[’’ of a bit, 204
‘‘=’’ of a bit, 204
‘‘\’’ of a bit, 205

270 Index



‘‘C’’ of a bit, 205
‘‘B’’ of a bit, 205
‘‘=’’ of a bit, 205
x _ 0, 104
x ^ 1, 104
x _ x0, 104
x ^ x0, 104
x _ x, 105
x ^ x, 105
x _ 1, 105
x ^ 0, 105
(x0)0, 106
x ^ y0, 106
x _ (x ^ y), 197
x ^ (x _ y), 198
y _ (y ^ x), 198
y ^ (y _ x), 198
x0 ^ y, 199
(x ^ y) _ (x0 ^ y0), 199
y0, 199

x0, 200
x _ y0, 200
x0 _ y, 200
x _ 1 = 1, 264
x ^ 0 = 0, 265
x _ 0 = x, 265
x ^ 1 = x, 265
x _ x0 = 1, 265
x ^ x0 = 0, 266
x ^ x = x, 266
x _ x = x, 266
x _ y = y _ x, 266
x ^ y = y ^ x, 267

Tube, 2–6
Two’s complement integer, 41–42, 49–50

U
Unsigned integer, 36–38

Index 271



.



.



.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


		2016-08-05T15:19:36+0530
	Preflight Ticket Signature




