Contents

Contents

1 Vector Algebra I: Scalars and Vectors

1.1
1.2
1.3
1.4
1.5
1.6
1.7

Scalars and Vectors

Addition and Subtraction of Vectors

Components and Projection of a Vector

Planning working periods and breaks.

Component Representation in Coordinate Systems

Representation of the Sum of Two Vectors in Terms of their Components
Subtraction of Vectors in Terms of their Components

2 Vector Algebra II: Scalar and Vector Products

2.1
22
23
24
2.5

The Scalar Product

The Scalar Product in Terms of the Components of the Vectors

The Vector Product; Torque

Definition of the Vector Product

Resultant of Several Torques Applied to a Body Components of the Vector Product

3 Functions

3.1
32
3.3
3.4

The mathematical concept of functions and its meaning in physics and engineering
Graphical representation of functions

Quadratic Equations

Parametric changes of functions and its graphs




Contents

3.5 Inverse Functions

3.6  Trigonometric or Circular Functions
3.7  Inverse trigonometric functions

3.8  Functions of a Function (Composition)

4 Exponential, logarithmic and hyperbolic functions
4.1  Powers, Exponential Function
4.2  Logarithm, logarithmic function
4.3  Hyperbolic functions and inverse Hyperbolic Functions

5 Differential Calculus
5.1  Sequences and Limits
5.2 Limit of a Function, Continuity
5.3  Series
5.4  Differentiation of a Function
5.5  Calculating Differential Coefficients
5.6  Differentiation of Fundamental Functions (Part 1)
5.7  Differentiation of Fundamental Functions (Part 2)
5.8  Higher Derivatives
5.9  Extreme Values and Points of Inflexion; Curve Sketching
5.10 Applications of the Differential Calculus
5.11 Further Methods for Calculating Differential Coefticients
5.12 Parametric Functions and their Derivatives
5.13  Derivatives of Parametric Functions




Contents

6 Integral Calculus
6.1  The Primitive Function Fundamental Problem of the Integral Calculus
6.2  The Area Problem: The Definite Integral Fundamental Theorem of the Differential
and Integral Calculus
6.3  Methods of Integration
6.4  Integration by Parts
6.5 Integration by Substitution
6.6  Integration by Partial Fractions
6.7  Partial Fractions: Real and Repeated Roots, Complex Roots
6.8  Rules for Solving Definite Integrals Substitution
6.9  Improper Integrals
6.10 Line Integrals

7 Applications of Integration
7.1  Areas
7.2 Lengths of curves
7.3 Surface area and volume of a solid of revolution
7.4  Applications to mechanics

8 Taylor Series and Power Series
8.1  Expansion of a Function in a Power Series
8.2  APPROXIMATE VALUES OF FUNCTIONS
8.3  Expansion of a Function f'(x) at an Arbitrary Position.
Applications of Series. Approximations




Contents

9 Complex Numbers

9.1
9.2
93
9.4

Definition and Properties of Complex Numbers
Graphical Representation of Complex Numbers
Exponential Form of the Complex Number
Complex Numbers Expressed in Polar Form

10 Differential Equations

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
10.9
10.10

Differential Equations: Concepts and Classification

Preliminary Remarks

General Solution of First- and Second-Order DEs with Constant Coefficients
Solution of the Non-Homogeneous Second-Order DE with Constant Coefficients
Solution by Substitution or by Trial

Variation of Parameters

Boundary Value Problems

Application to Problems in Physics and Engineering

General Linear First-Order DEs

Some Remarks on General First-Order DEs

11 Laplace Transforms

11.1
11.2
11.3

Laplace transform of standard functions and general theorems
Solution of linear differential equations with constant coefficients
Solving simultaneous differential equations with constant coefficients

12 Functions of Several Variables; Partial Differentiation; Total Differentiation

12.1
12.2

The Concept of Functions of Several Variables
Partial Differentiation Higher Partial Derivatives

Contents First Page | Previous View | Next View Print

Exit



Contents

12.3
12.4
12.5
12.6

Total Differential

Total Derivative

Maxima and Minima of Functions of Two or More Variables
Wave Functions

13 Multiple Integrals; Coordinate Systems

13.1
13.2
13.3
13.4
13.5
13.6

Multiple Integrals

Multiple Integrals with Constant Limits
Multiple Integrals with Variable Limits
Coordinates: Polar, Cylindrical, Spherical
Spherical Coordinates

Application: Moment of Inertia of A Solid

14 Transformation of Coordinates; Matrices

14.1
14.2
14.3
14.4
14.5
14.6
14.7
14.8

Transformation of Coordinates; Matrices
Parallel Shift of Coordinates: Translation
Rotation in a Plane

Successive Rotations

Rotation in Three-Dimensional Space
Matrix Algebra

Rotations Expressed in Matrix Form
Special Matrices

15  Sets of Linear Equations; Determinants

15.1

Gauss Elimination, Successive Elimination of Variables, Gauss-Jordan Elimination
15.2 Matrix Notation of Systems of Equations and Calculation of the Inverse Matrix

Contents First Page | Previous View | Next View

Print

Exit



Contents

15.3  Existence of Solutions
15.4 Determinants
15.5 Rank of a Determinant Applications of Determinants

16 Eigenvalues and Eigenvectors of Real Matrices
16.1 Eigenvalues and Eigenvectors

17  Vector analysis: Surface integrals, Divergence, Curl, and Potential
17.1 Flow of a vector field through a surface element
17.2  Surface integral
17.3  Special cases of surface integrals
17.4  General case of computing surface integrals
17.5 Divergence of a vector field and Gauss’s theorem
17.6  Curl of a vector field and Stoke’s theorem
17.7 Potential of a vector field

18 Fourierseries
18.1 Expansion of a Periodic Function into a Fourierseries
18.2 Examples of Fourierseries
18.3  Expansion of Functions of Period L
18.4 Fourier Spectrum

19 Fourier Integrals and Fourier Transforms
19.1 Transition from Fourier series to Fourier integral
19.2  Fourier transforms
19.2.3 Complex Representation of the Fourier Transform




Contents

19.3
19.4
19.5

Shift Theorem
Discrete Fourier transform, sampling theorem
Fourier transform of the Gaussian function

20 Probability Calculus

20.1
20.2
20.3
20.4
20.5
20.6

Introduction

Concept of Probability

General Properties of Probabilities

Probability of Compound Events Whichare Statistically Independent
Permutations and Combinations

Combinations

21  Probability Distributions

21.1
21.2
213
21.4
21.5

Discrete Probability Distributions

Continuous Probability Distributions

Mean Value

The Normal Distribution as the Limiting Value of the Binomial Distribution
Properties of the Normal Distribution

22 Theory of Errors

22.1
22.2
223
22.4
22.5

Purpose of the Theory of Errors, Mean Value, Variance

Mean Value and Variance of Continuous Distributions Errors of the Mean Value
Normal Distribution, Distribution of Random Errors

Error Propagation Law

Curve Fitting: Method of Least Squares, Regression Line




Chapter 1 Vector Algebra I: Scalars and Vectors

Chapter 1
Vector Algebra I: Scalars and Vectors

Dear reader. This study guide will help you to study efficiently with the textbook. Your study periods
will alternate between the textbook and this study guide. All you need will be explained in due time.
Now start and turn overleaf to page

——————————————————— > 2
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1.1 Scalars and Vectors

Your first task is to study in the textbook Sect. 1.1, Scalars and vectors. When you have
completed this simple and limited task carry on with this programmed study guide.

The introduction to each section in this study guide will always have the same structure. The objec-
tives are named in catchwords, so you know in advance what you will learn.

Thus, for this section:
Objective: Concepts of scalars, vectors, directed segments, line of action, free vector.

READ: 1.1 Scalars and vectors
Textbook pages 1-4

Afterwards, move on to the next frame in this study guide, i.e. go to frame 3
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After you have studied a particular section in the textbook you are asked to answer ques-
tions in the programmed study guide. Thus you test your progress. Even if you have under-
stood the text you may not always retain all of it.

You should know and remember the following concepts:

Definition of a scalar quantity:
Scalars are defined by their ............ccccceeeennee.

Definition of a vector quantity:
Vectors are defined by their ........c..ccccceeeenneenne. and .c.ooooveniiniinienene

Write down your answers in a separate sheet. The dotted lines always indicate that answers are
required. You will find the answers on the top of the next frame.
Go to frame 4.
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At this place you will always find our answers for you to check your own.

Scalars are defined by their magnitude.
Vectors are defined by their magnitude and direction.

A vector can be represented geometrically by a .........cccoceeveenennee.
A vector from the origin of a coordinate system to a point P is called .......................
A vector of magnitude 1 is called ...........cccccevueennnnee.

When learning, be strong-minded; look up our answers only after you have completed yours!
You certainly know by now that the arrow points to the number of the frame to come.
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directed line
position vector
unit vector

Of the following, which are scalars and which are vectors?

mass e
temperature e
field strength
force e
gravitational field strength L.
density s
pressure e
time e

displacement L
velocity e
acceleration L
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mass scalar
temperature scalar 6
field strength vector
force vector
gravitational field strength vector
density scalar
pressure scalar
time scalar
Displacement, velocity and acceleration are all vectors.
Now decide how you will proceed:
If everything you have done so far was correct then go to g
___________________ D

If you made a mistake and thought that pressure was a vector then go to
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Pressure is a scalar, not a vector, because it has no preferred direction; it acts in all directions.
The scalar quantity pressure and the vector quantity force are connected in this case by a
physical relationship.

Consider a gas inside a cylinder; each point in the cylinder is under the same pressure. It has no
direction. But the pressure exerts a force on the wall of the cylinder. The direction of this force is not
determined by the pressure but by the direction of the wall, and it always acts in a direction perpendic-
ular to the wall.

——————————————————— > 8




Chapter 1 Vector Algebra I: Scalars and Vectors

Vector quantities are conveniently represented by means of arrows. With the help of an arrow
WE CaN IEPreSeNt ..oovveeueeeeeeeeeraneenns and ....ccooeerieieiee of the physical quantity. 8
E‘T 2
——————————————————— > 9
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magnitude and direction

As an exercise in notation, which symbols are used to represent vectors?

—

O b O PQ
—

0 ‘PQ‘ 0 PQ

Tick the appropriate boxes!

10
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PQ
b,PQ 10

A A car travels from A to B. Can this
change in position be represented
by a vector?

O Yes

[J No

—
e

>e

------------------- > 11
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Yes
11

The diagram shows a big wheel often found in fair-
grounds. Neil is sitting in gondola A and Mary in
gondola B. The wheel rotates through an angle ¢. In-
sert the vectors AA’ and BB

Have both vectors the same direction?
] Yes
1 No

——————————————————— > 12
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12

'y

Given two vectors a and b. Shift a and b along
their respective directions and plot equivalent vec-
tors a and b.

------------------- >| 13

Y
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The line which defines the direction of

the vectors is called the line of action. 13

A

Plot equivalent vectors which are shifted parallel
toaandb.

------------------- > | 14
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Y
4 14
/ o N \
1° \
/ N\ \ .
7 '\ N x
Free vectors are considered equal if they have the same magnitude and direction.
Vectors can be shifted:
(a) along their .........ccccceeeeeeeennne
(D) e to themselves.
------------------- > 15
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(a) direction or line of action
(b) parallel

15

The reason why we wish to shift vectors is that addition and subtraction then become more convenient.

A

point coincides with that of a.

In the diagram, shift vector b so that its starting

16
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—_————,

16

Vectors can be used to indicate the instantaneous
velocity of points on a rotating disk.

In this diagram the scale is
5mm=1m/s.

Evaluate from the drawing the magnitude of the
velocity of points A and B.

Velocity of A= ....cocoeevvniiiiinnnennn.
Velocity of B = .......ccccceevvvnniinneen.

——————————————————— > | 17
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Va=2.5m/s, Vg=5m/s 7
Now decide for yourself how to proceed:
P
.
No difficulties; go to
——————————————————— > 19

Further example required

——————————————————— > | 18
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A

~

Shift ¢ and b so that all three vectors begin at the starting point of a.

=Y

18

19
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A 19
. C
\
\ a
\
.
b
>
N ~
Sa
A Draw in the lines of action of the vectors ¢; and
©2-
/
—____?L_-—-*

=Y

___________________ > | 20
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A

<y

<,

AN
=Y

20

21
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A force is applied at P; if in the drawing 1 unit = 1 newton what is the magnitude of the
force F?

YA
4}

21

22
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F=3.8N

22

A particle is moving along the positive x-axis with a velocity of 4 m/s and it is located at that
instant at x = 2. If on the drawing 1 unit = 1 m/s, draw in the velocity vector.

YA

particle
12 3 4 S5 6 7

23
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YA 23

=Y

------------------- > | 24
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1.2 Addition and Subtraction of Vectors

Objective: Concepts of geometrical addition, vector sum, resultant vector, negative vector,
vector difference.
The principle of geometrical addition and subtraction of vectors is extremely useful.

READ: 1.2 Addition of vectors
1.3 Subtraction of vectors
Textbook pages 4-7

Then move on to frame 25 in this study guide.

24

25
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Add the vectors a and b: 25

at+b=c
YA The vector ¢ is called the

=y

------------------- >| 26
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A Resultant vector, vector sum or resultant. 26

=Y

A Interchanging the order of addition does not affect
the result.

Y

------------------- > | 27
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YA Draw the vector sum

c=a-+b 27

=Y

Other names for the vector sum are:

——————————————————— > | 28
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resultant vector
resultant
The two solutions shown are equivalent:

A A

—"'

— >
x X

28

29
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Add geometrically the vectorsa,bandc:d=a+b+c¢

by

A

i J

29

30
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YA

=

*-—--

The addition of vectors consists of forming a closed chain, resulting in a polygon. To do this vectors
must be shifted. The order is of no importance.
Now decide:
Addition of vectors grasped

................... > | 33

Further explanation required
------------------- > | 31
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The addition of vectors involves two
steps:
Step 1: Formation of a continuous
chain:

(a) shift vector b so that it starts at
the tip of vector a.

(b) now shift vector ¢ so that it starts
at the tip of vector b.

Form the chain.

A

M

31

32
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Step 2: Link up the starting point
and end point of the chain.

The vector sum is then the clos-
ing vector, i.e. to the tip of vector c.

quad The procedure for the graphi-

cal addition of vectors is quite sim-
ple. We only need to form a chain
of the arrows in the sense of each
arrow. The last arrow placed on the
chain always starts at the tip of the
preceding one. The order is imma-
terial.

¥

'

=Y

32

33
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The vector sum is independent of the order in which we add the vectors.

Draw the vector polygon in the right-hand diagram. Add all vectors.
What is the resultant vector?

A a, YA

ag a,

ag a,

=Y

=Y

33

34
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34

SN
In this case the vector sum, or resultant vector, is zero.

Any different order in which we add the vectors yields
the same result.
For example, by adding

ay a,

(a1 +a4) + (a2 +as) + (a3 +ag)

we can see immediately that the resultant vanishes.

»
—
X

Now do the same for the following case:
YA YA

=Y

___________________ > 35
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=Y

35

b/

=Y

Add geometrically the three vectors a, b and c.

36
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‘We form a chain with the three vectors as shown.
The vector sum is thus uniquely defined.

YA

36

i
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Given the vector a, draw the vector —a.
YA

37

~

>

—aiscalled .........ooooviiiiinnnnnn.

___________________ > 38
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—a is called the negative of the vector a.

A

or

YA

=Y

38

39
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The concept of a negative vector is very useful because it helps us to perform vector subtrac-
tion; subtraction is thereby reduced to the addition of vectors.

YA YA

S b

feagy
o
X

=Y

Draw the vector —b Draw the vectora—b

39

40
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b7 \ YA
40

'N

=Y
=Y

Draw ¢ — d = f in the diagram.

A

=Y

------------------- > | 41
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A f=c—d
41
c+(—d)
C
a
b
>
A ¢ is a difference vector. Write down the vector
equation:
c C = e
a
b
>

——————————————————— > | 42
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c=a-b
42
You certainly know now that in many cases the decision on how to proceed with this study
guide is up to you. From now on you will just be given the options:
No mistakes
------------------- > | 48

Some mistakes, or further explanation required

------------------- > | 43
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The formation of the difference of two vectors, a —b, can be reduced to addition with the help
of a negative vector,

ie. a—b=a+(-b).

This leads to the following procedure to obtain the difference vector a — b:

Step 1: Draw the negative vector —b
Step 2: Add the negative vector to a
Step 3: Vector a plus the negative of vector b is the difference vector a —b.

Draw the difference vector a3 = a; — a,

yA YA

VA

S |
=Y

43

44
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P az=aj; —ap
7 44

=Y

An equivalent method for evaluating the difference vector a — b requires the following procedure:

¥ Step 1: Draw a and b.
A b Step 2: Connect the arrowheads of
both vectors. The connection

is the difference vector.
Step 3: Obtain the sense of the differ-
v d ence vector. To do this

rearrange the equation:
2 b d=a—-bto b+d=a
The sense of d has to satisfy

this equation.

------------------- > | 45

=Y

=Y

Draw in the sense.
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YA

a b a=b+d

-
'
X

45

One more exercise. Write down the correct equation for the vectors shown in the figure.

YA

46
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The correct equation is d=b—-a 5
y ora+d=b S B 46
a ora+d—b=0 T
d '&Q@ :l -
\{\;/U:\.k
b M
< )
| g ﬁ
A d=a-b
\/
»>
X
YA Write down the equation
a3
a d= ..,
d
~ ooossscossossossssd 47
x

Draw in the vector difference,




Chapter 1

)

YA

=Y

=y
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d=al—a2

47

48
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Further exercises will be found in the textbook.

If you have experienced no difficulty, go through those exercises — not now but after two

or three days. Then the exercises will be more effective.

48

49
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1.3 Components and Projection of a Vector
Objective: Concepts of projection, components, projecting one vector on to another.

READ: 1.4 Components and projection of a vector
Textbook pages 7-9

49

50
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=Y

Draw the projection of a on to b.

50

51
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YA

=Y

51

Answer correct

Mistakes, or further explanation required

54

52
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52

s >

The projection of vector a on to vector b is obtained in two steps.

b J

Step 1: Drop a perpendicular from the tip of a on to b.

Step 2: The projection ay, is the line segment from the starting point to the point of intersection with
the perpendicular.

Now draw the projection of b on to a. A

=Y

___________________ > 53
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Y
A 53

/ x

In this case we had to extend the line of action of a and then drop the perpendicular from the tip of b.

------------------- > | 54




Chapter 1

YA

Vector Algebra I:

Scalars and Vectors

Draw the projection of b on
to a.

<Y

54

55
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<Y

55

All correct

Further explanation required

57

56
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In this example the vectors a and b do not have the same starting point.
The projection of b on to a requires three steps:

Step 1: Extend the line of action of a.

Step 2: Drop perpendiculars from the start and the tip of vector b on to the line
of action of a.

Step 3: Draw in the projection as shown.

YA -

=Y

56

57
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Draw the projection of a on to b.

A 57

>
X

If you are still experiencing difficulty read the relevant parts of the textbook once more, and then
solve this exercise with the help of the construction given in the textbook.

___________________ > 58
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58

The difficulty in this case is that the line of action of b crosses that of a. But the principle
is still the same, namely to drop perpendiculars from the start and tip of a on to the line of action of b,
as shown in the drawing.

___________________ > 59
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Numerical calculation of the projection of a vector:
If |]a| = 3, [b| =4 and « = 60°, calculate the magnitude of the projection of a on to b.

A

59

Hint: sin60° =

___________________ > | 60
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ap = acosa
= 3c0s60°
=3%x05=1.5

Note that the magnitude of b is of no
importance.

<y

60

61
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Obtain graphically the numerical value (magnitude) of the projection of b on to a and check

it mathematically:a =3, b =4, o =? 61

In case of difficulty refer to the
textbook.

=Y

___________________ >| 62
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62
bg = bcos60°
=4x0.5
=)
»
X
YA Obtain graphically and mathematically
the numerical value of the projection of
a aontob:
a=4b=20=%
G (2 I
b
>

——————————————————— > [ 63
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YA ap = 0, because cos 7 =0 63
a
b
>
X
yA N / Obtain graphically and mathematically the projec-
N tion of ¢ on to d:
NV = ¢
¢ AN
N c=4,d=5,0=120°
/
/ d
/
1 J N
/ \
H e — >| 64
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64

I cq = ccos120°
! N =4x (—05)

8\ 4

——————————————————— > [ 65
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1.4 Planning working periods and breaks. 65

All creatures get tired, human beings included.

Occasionally we have to have a break, particularly if we are tired. Should we have a break when we
are so tired that our eyelids are drooping? Yes, of course.

But it is important to have a break before that stage is reached. Having breaks in good time can
delay a decrease in concentration and therefore in performance and achievement.

Typical findings of psychological experiments are presented on the next page.

................... > | 66
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The performance of students at study has been determined experimentally and is repre-

sented as a function of working time on the graph. 66

The broken lines indicate the trend
without a break.

Performance‘

-~ -

{71 ¢

%1020 50 100 (min)
First  Second Working time
break break

Breaks delay a loss in performance.

That means you should divide your work into well-defined working periods. In this programmed
study guide breaks are suggested. The extent of a working period depends on the difficulty of the
content and is not easy to forecast. Hence the working periods in the study guide are chosen to be short
rather than long.

The most profitable working periods for total concentration lie between 20 and 40 minutes.

------------------- > | 67
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After studying a section you should check what you have retained. It is no use reading some-
thing and immediately forgetting the most important aspects.

Before a break write down the keywords from the section just studied; this is most useful. If
you find that you have already forgotten what you have just read then read the material in the textbook
once more.

Therefore, before you start a break: Check that you have achieved the objectives of the section by
expressing them in your own words.

The next frame shows the findings of a psychological experiment, but you may leave it out.

67

Continue with the programmed study guide
------------------- > | 70

Investigation of active versus passive learning modes

——————————————————— > | 68
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Experimental design: 68

Group A: A section in a textbook is read four times.
Group B: The same section in the textbook is read twice and reproduced actively
after each reading.

The ability to recall the material is checked after certain periods of time.
Result: The diagram shows the difference in the ability to recall subject matter between the groups.

Group B (active reproduction) performs better at any time.
Conclusion: Actively acquired knowledge is easier to recall than passively acquired knowledge.

) Recall performance of group B
compared with that of group A.

25%t

\J

1h 1day 10days =~ mmmmmmmemeeeee > | 69
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To avoid failure it is important not to attempt to take ‘too big a bite’. It is better to study a
limited number of pages in the textbook at a time, and to check one’s progress at the end of
each study period.

If you can, it is useful to work with friends because you can help and check each other. Not only is
it easier to test someone else, but working with friends also helps you to express yourself orally on the
subject matter.

You should also remember that breaks form an integral part of your studies. They should be properly
organised and they should not be so long that your work is completely interrupted.

(B
5459
SR

E_ 3

69

S

___________________ > 70
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1.5 Component Representation in Coordinate Systems =0

Objective: Concepts of unit vectors, component of a vector, notation of vectors, position
vectors.

READ: 1.4 Component representation in coordinate systems
1.5.1 Position vector
1.5.2 Unit vectors
1.5.3 Component representation of a vector
Textbook pages 9-12

——————————————————— > 71
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Vectors whose magnitude is 1 are called ..........ccccovvieniiniinininiiiinicenccceeeecee

The representation of a vector in the form a = (3,

71

72
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unit vectors 7
component representation

Write down three ways of writing the unit vectors along the x-, y- and z-axes of a Cartesian coor-
dinate system:

........................................ o 73
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ij k
exv eyv €z

€1, €2, €3

73

Let px, py, pz be the components of a position vector p.

Write down the vector p in terms of its components and the unit vectors.

The abbreviated form is

74




Chapter 1 Vector Algebra I: Scalars and Vectors

P = pxi+ pyj+ p:k

74
Dx
P = (px; py, pz)orp=| py
Pz
Given the point P = (3, 2)
The position vector p has the two ............................ pxiand pyj.
Draw in the components px and py as well as p.
YA
3-
24 OP

75
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components

YA

Py

Px

><v

75

What is the component representation of p?

76
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76

In the three-dimensional coordinate system shown draw the vector a by adding the components:
a= (_27 47 2)

A

—

77
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ZA AT/ - - = = 77
/7 /7|
/ 1 /7 1
/ | a / 1
.(-__I_-—-——__——ll Ial
! 1 |
] a, | |
14 Y A B4
o
| /ax
i
1 2 3 iy
1
X,
Check with the help of the drawing that
the order does not matter.
Having difficulties?
——————————————————— > | 78
All correct?
------------------- > | 79




Chapter 1 Vector Algebra I: Scalars and Vectors

Go back to the textbook and try to transfer all statements to the two-dimensional case; you
should find it easier.

Sketch figures analogous to those in the textbook for the two-dimensional case.

78

79




Chapter 1 Vector Algebra I: Scalars and Vectors

1.6 Representation of the Sum of Two Vectors
in Terms of their Components

1.7 Subtraction of Vectors in Terms of their Components

Objective: Addition and subtraction of vectors in terms of their components.
Many physical quantities can be represented by vectors. So far we have added and subtracted these
vectors graphically. The addition and subtraction can also be carried out analytically.
This is achieved by expressing each vector as components along the axes of a coordinate system.

Then we can add and subtract components along each axis.

READ: 1.5.4 Representation of the sum of two vectors in terms of their components

1.5.5 Subtraction of vectors in terms of their components
Textbook pages 12-14

79

80
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Given two vectors in terms of their components:

Find c=a+b

80

81
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c=(5 2)

81

Here are further examples of the same type:

Aia=(-2, 1), b=(1, 3)

B: vi =(15m/s, 10m/s)
v =(2m/s, —5m/s)

82
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A ce=(-1, 4)
B: v

(s, S 82

Vectors are added analytically by adding their components. We need to assign units in the case of
vectors used to represent physical quantities.

The last example was a case in point because it concerned velocities. Therefore the components
represented velocities as well.

Let a= (4, 2)

___________________ > 83
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d=(4—-2, 2-2)=(2, 0) 83

Analytically, the subtraction of vectors is carried out by subtracting their components.
Do the following exercises:

vi=(5m/s, 5m/s); vp=(10m/s, 2m/s);

V3=V]— V2= (oo ) et )
Fi = (25N, ON); F,=(IN, 2N);
Fi+Fo= (i ) e )
Fi—F2= (o s e )

——————————————————— > | 84
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vz =(=5m/s, 3m/s) 84
F,+F, = (35N, 2N)
F,—F,= (15N, —2N)

In the last example we were dealing with velocities and forces. Velocities are measured in me-

tres/second and forces in newtons.
We shall now consider vectors in space; this means that each vector has three components:

a=(1, 2, 1)

b=(2, 1, 0)
c=at+b=(.... ) e S e )
d=b—-a=(...... S e ) eeeens )

——————————————————— > [ 85
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c=a+b=(3, 3, 1)

85
d=b-a=(1, -1, —I)

You can check the analytical result with the help of a drawing.

If you find the three-dimensional case too difficult then carry out the graphical method two-
dimensionally witha= (1, 2)andb=(2, 1).

A
z 34
1 24
r »
1 2 3y !
1
2 o 1 2 3%
3
X, e

___________________ >| 86
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86

=Y

The component method enables us to carry out addition and subtraction analytically and this
is obviously very useful.

___________________ > | 87
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A boat is crossing a river. The river has a velocity vi = (10m/s, 0).

The velocity of the boat relative to the water is vo = (0, —2m/s).

Then the absolute velocity of the boat, i.e. the velocity of the boat relative to the river bank,
is composed of the velocity of the water plus the velocity of the boat relative to the water.

vV =v] + Vp; components of V= (................ ) eeeeeneeeeeaes )
YA Vi >
V2
S
X

87

88
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v=(10m/s, —2m/s) 88

[ 4] P,

2]

.
>
X

Given two points Py and P, with position vectors p; and p3; in component representations: p; =
(P1xs  P1y)s P2=(p2x: DP2y)
We require the vector which connects Py and P5.

—
The connecting vector is the difference vector of the position vectors p; and py, i.e. P{P,. It is the
difference vector of the two position vectors py and py:

Component representation:

___________________ > 89
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PP, =
A 1F2 =PpP2 —Pp1 89
P1Py = (p2x — p1x, P2y — P1y)
P,
P P,
P2

=Y

The equation can easily be checked with the help of the above drawing and with a slight rearrangement:

—
p1+P1P> =p;

Givenp; = (1, 4)andp,=(3, 3)

___________________ > 90
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—
P1P2:P2—P1:(27 _1) 90

b7 \
=) _'1 1 % - P1 = (_2’ _2)
; | &3 P2 = (23 _2)
1 I — o )
;P -1} 2] : (a) Draw the vector P1P, which
I | links P; and P5.
P' AN 'P (b) Component representation:
1 2
—
PiPo=(irrene. s e )

——————————————————— > 91
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YA 91
-2 -1 1 2 o
1 ) ! T
| !
1 |
i Py —1 P2 |
I | P1P2 = (4, 0)
[ l
P; lPz
All correct
——————————————————— > | 95
g Errors, detailed explanation required
------------------- > | 92
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A

=

|
o

T
o
i

P

From the diagram we gather

Transforming yields

- o —— -

=y

PP, is a vector which starts at P; and
ends at P, with the arrow head at P5.
Difficulties may be due to the signs.

—
p2 =p1 +P1P>

—
PP =p2—m1

92

93
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With
' pi=(-2 -2 93
P2 = (27 _2)
th
- PP, =(2-(-2), —2-(-2))=(4, 0)
A Now try again.
- - - - - - P,
|
ﬁl | P1 (27 2)
P : P2 = (_17 1)
Y St P | 57
| PLPy = (oo R )
| pl I
| ]
i "
-1 1 2 x

——————————————————— > | 94
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—
PP, =(-3, —I) 04

Remember:
The components of the vector from a point P; to a point P, are given by the coordinates of the tip
of the arrow minus the coordinates of the start of the arrow.

Further exercises are in the textbook.

___________________ > 95
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Some remarks about working in a group and working alone. 95

Working alone is advisable if facts are to be learnt thoroughly, calculations copied, proofs
studied and texts read intensively.
Working in a group is advisable for:

— the solution of exercises and problems with the help of methods just acquired,
— the discussion of results,
— the preparation and identification of problems.

Working in a group should alternate with working alone.

Working in a group cannot replace working alone; similarly, working alone cannot replace those
benefits gained by working in a group.

Many students believe that the necessity for expressing facts during group discussions is a good
preparation for examinations. They are right, provided of course that in a group ‘nonsense’ is labelled
as ‘nonsense’. This means that if someone explains something wrongly he/she must be corrected to
ensure that wrong concepts are not passed on.

Time for a break!

——————————————————— > | 96
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1.8 Multiplication of a Vector by a Scalar. Magnitude of a Vector o6

Objective: Multiplication of a vector by a scalar, magnitude of a vector in terms of its com-
ponents, distance between two points.

READ: 1.6 Multiplication of a vector by a scalar
1.7 Magnitude of a vector
Textbook pages 14-17

................... > 97
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Let the force N]
A 97
F=(3N, 2N, ON)
be increased by a factor of 2.5;
then 2.5F = (...... ) eeeeeeeeeens s e ) 1 2 [N]
1 X >
’ y
7
1 i
F, i
2) 7
/
L 2 d
NS T T T T T
X,

___________________ > 98
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Vector Algebra I: Scalars and Vectors

2.5F

= (7.5N, 5N, ON)

98

The vector 0 = (0,

0,

0) i

99
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a null vector

Vector Algebra I: Scalars and Vectors

99

A mechanical digger is crawling along with uniform velocity from a position P; = (1m,
4m) in a time of 50 seconds.

position P, = (5m,

YA[m]

P

Im)toa

The change in position

=Y3

------------------- > | 100
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—

P1P2:(4m, 3m)
s=v16m?+9m? =5m
v=>5m/50s=0.1m/s
v=(&m/s, Zm/s)

100

If you made mistakes try once more to solve the problem with the help of the textbook.

101
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Given the vector b= (bx, by, b;)

its magnitude is D= i

Numerical example

101

102
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b= /(b2 +b3}+b2)
b =+/6=2.45 (to two decimal places)

102

Calculation of unit vectors:
A unit vector has a magnitude equal to ................eeeeeeeennee

Given the vectora= (4, 2, 4)
then its magnitude

103
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1
a=+vT6T4+16=136=6 103

The unit vector in the direction of a is denoted by e,.
The unit vector has a magnitude of 1. The direction of the unit vector in the direction a is obtained

1
by multiplying a by the scalar pt
Obtain the unit vector e, fora= (4, 2, 4).

------------------- > | 104
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(o) B
AN
[e)\E-S
~—
—
Wl
W=
Wl
~—

ea:( )

104

As a check calculate the magnitude of e, :

——————————————————— > [ 105
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105

106
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es = (0.6, 0.8)

106

In case of difficulty try to solve the problem with the help of the textbook.

107
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YA An aircraft is flying on a northerly

course. Its velocity relative to the air is 107

vi=(0, 200km/h).

Vq
V4
Calculate the velocity of the aircraft rel-
Vg ative to the ground for the following air
velocities:
V3

vy = (0, —50km/h), head wind
v3 = (50km/h, 0), cross wind
v4=(0, 50km/h), tail wind

=Y

------------------- > | 108
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With a head wind, vi +v, = (0, 150km/h)
With a cross wind, vq +v3 = (50km/h, 200km/h) 108
With a tail wind, v; +v4 = (0, 250km/h)

Calculate the magnitude of the velocity relative to the ground for each of the three cases above:

Vi+val=.oiiiiit. head wind
Vi+v3l=.coooiiiit. cross wind
Vi+vgl=.cooi tail wind

------------------- > | 109
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v + v2| = /(150km/h)2 = 150km/h
[vi +v3| = v/50% 2002 = 206.16km/h
Iv1 + va| = V2502 = 250km/h

109

Given the points Py = (4, —1) and
P, = (27 4)

------------------- > | 110
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—
‘PIPZ‘ — V29~ 539
A carriage is pulled by four men.
F, The components of the four forces Fy, F,, F3 and

F4 are

F,

200N, 150N)

/ (
:I F2 = (180N, 0)
\ F3; = (250N, —50N)
Fy F4= (270N, —200N)

Resultant force F = ..........ccoooeiiiiinnl.
and [F| = ..o

------------------- > | 111
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F = (900N, —100N)
[F| = v/9002 + 1002 = 905.5N

111

Calculation of the components of a vector, given its magnitude and its angle.
A

What is v in component form?

=Y

112
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v= (v cos ¢, v sin 0) 112

If you have mastered the exercises then it is pointless to do more of the same type; you will
not learn more.

But the same exercises may be more difficult if they appear in a different context.

The mathematical methods you have just learnt are frequently used in physics and engineering,
although you may find other notations for the same subject matter. Therefore, in the study guide, we
sometimes change notation and give exercises related to previous sections of the textbook.

Contents First Page | Previous View | Next View Print Exit
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A well-known maxim when delivering a lecture is:

Say what you are going to say.
Say it.
Say what you have said.

In other words:

— before starting a lecture give a brief explanation of what it is about;
— go through the subject matter in detail;
— at the end summarise the lecture.

By following this maxim it is easier for the audience to learn and retain the content.

The maxim ensures that important facts are repeated ...........ccceceeveereennen. times.
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three
3

The method is useful for another reason: if the essential facts are given at the beginning and repeated
at the end we have a better chance of realising which aspects are fundamental, and this means that we
have established priorities.

The maxim is thus also useful for the learner if he applies it to his own way of learning. It is just as
useful to recall the essential facts of the last lecture before starting a new one.

Write down, briefly, the essential points of the chapter on Vector Algebra I, including basic formu-
lae and symbols.

Stop working after 5 minutes.
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Your keywords may differ but the following illustrates what you could have written:

1

2

9%}

Vectors have magnitude and direction; geometrical representation: directed line segments,
e.g. arrows.

The addition of vectors is in accordance with the parallelogram or triangle law. For more than two
vectors a chain is formed.

Subtracting a vector is equivalent to adding the negative of it.

Projection of a vector a on to a vector b:

Drop perpendicular lines from the start and end of vector a on to the line of action of b.

A vector may be expressed in terms of its components. The addition of two vectors a and b would be

a+b=(ax +bx, ay +by7 az+bz)

The magnitude of a vector in terms of its components is

a=/a%+a3+a?

The unit vector e, of a vector a has magnitude unity and the direction of a.

Thus €; = —
a
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It does not matter if your brief résumé does not coincide with the one just given.
Your own may be more concise or more lengthy and it may contain other concepts, such
as free vectors, bound vectors, multiplication of a vector by a scalar, etc. What matters most

is that you are able to summarise the chapter recently studied. This is a useful general rule: before you

start something new, recall what you have learnt in the last section.

6
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2.1 The Scalar Product

Objective: Concepts of scalar product, inner product, calculation of the scalar product.
In the textbook the scalar product is derived from a mechanics example and then the rule is gener-
alised.

READ: 2.1 Scalar product
2.1.1 Application: Equation of a line and a plane
2.1.2 Special cases
2.1.3 Commutative and distributive laws
Textbook pages 23-27

Then return to the study guide.
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The inneror .........ccecceveeveenenne product of two vectors can be obtained if the ............ccccceceeeeeenne.
and the .......ccooceevieneenne. are given.
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scalar
magnitude, included angle

7

=y

State the formula for the inner product of the vec-
tors a and b.
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a-b=ab cos ¢

The scalar product of two vectors a and b Y

is equal to the product of the magnitude of vector
a and the magnitude of the
projection of .................. ()1 B

Complete the sketch in such a way that
it fits the above statement.

B

10
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The scalar product of two vectors a and YA
b is equal to the product of the magni-
tude of vector a and the magnitude of the
projection of b on a.

=Y

10

In the above example the sign of the scalar product is:

O positive

L] negative

11
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negative: cos ¢ is negative. The projection of b on a is opposite to a in direction. 1
The scalar product of the vectors a and b is also " %
equal to the product of the magnitude of b and
the magnitude of the projection of ................ on
b
o,

The vectors a and b are the same as those in the —
last example. Complete the sketch for this case. *
The scalar product of the vectors is:

[ positive

(] negative

——————————————————— > 12
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The scalar product of the vectors a and b A
is equal to the product of the magnitude
of b and the magnitude of the projection
ofaonb.
The scalar product of the vectors is negative.

12

All correct

Further explanation required, or you have made errors

16

13
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In order to evaluate the scalar product we
need to know the projection of a on b or
of b ona.

(i) Given a and b draw the projection of a on b.
ap hasa
magnitude = .........ooeeeriiiiiiiiiiinnni.
(i) Draw the projection of b on a.
b, has a
magnitude = .........ooeevriiiiiriiiiinini.

YA

/o)

YA

=Y

i

13

14
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Y,
14
- -
X x

a, =a cos 0 b, =b cos 0

The length of the projection of a vector depends on the included angle.
If the included angle is greater than 90° or /2 the projected vector is opposite to the vector on
which it is projected since the cosine is negative.

——————————————————— > [ 15




Chapter 2 Vector Algebra II: Scalar and Vector Products

Evaluation of the scalar product.

Step 1: Choose b as reference vector.
Step 2: Project a on the reference vector.
Step 3: The scalar product is obtained
by multiplying the reference
vector, b, by the component
of the other vector, aj, on the
reference vector.

The reference vector can also be a. Com-
plete the diagram with a as reference.

This is the solution.

‘We have the line of action of a as
reference.

1 >
YT

T >
y[

T i
Y

T »

15

16
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Different symbols are used in the literature for the scalar product. Pick out three correct nota-

tions from the following:

Oa-b

(Ja, b
O<a, b>
Oaxb
O(a, b)

16

17
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a-b
17
(a,b)
<a, b>
A body is moved a distance s by a force A
F applied to it.
Calculate the work done by the force, given:
F =6N S
s =2m ' > R
¢ = 7 /3 radians F —
— -
X
Distance is measured in metres (m), force in newtons (N).
The work doneis F-s = ........cccocociiinniiin.
——————————————————— >| 18
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T
F-s:6><2005§:6Nm 18

IfF = 6N A
s=2m
o =120°

then F-S= ....cooiiiiiiiiiniin.

-y
v

——————————————————— > | 19
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F-s=—-6Nm

All correct

Units not clear, explanation required

Concept of mechanical work not clear, explanation required

19

23

20

22
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Most quantities encountered in physics and engineering need to be given magnitudes and
units. For vectors we need direction as well. Vectors are represented by arrows and operations 20
can be performed with these arrows. Each arrow carries with it a unit, and when carrying out
calculations we have to consider the units.

Examples: A
(ST unit) |F| = 200dyne
force newton (N)
velocity m/s
displacement m 60° R
electrical field intensity  V/m s| = 400cm
X

A force applied to a body has a magnitude of 200 dyn and a displacement of 400 cm at an angle of
60° to the line of action of the force. Since cos 60° = 0.5 the work done (W) is:

——————————————————— > 21
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W =40000dyn cm = 0.004N m

In this case it was important not to forget the units!

21

Concept of mechanical work is not clear, explanation required

No difficulties

22

23
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The mechanical work done by a force is ”

— the product of that force and the component of the displacement; or
— the product of the component of the force in the direction of the displacement and the displace-
ment.

Work is considered to be positive if the displacement is in the same direction as the force and
negative if these directions are opposite.

Thus mechanical work is obtained by forming the scalar product of the force and the displacement
of the point of action. Calculate the work done F for the following cases if F = 1N, s = I m.

Y b/ b/ Y Y
302
150°
F| |s F 51300 F\Js m_’
S F F
> el > > 3
Wi= . Wi =i, W3 =i | |

___________________ > 23
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Wi=1Nm, W,=0, W;=0.87Nm, Ws;=087Nm, Ws=—0.87Nm

23

The inner or scalar product is an arithmetical operation which we have introduced by means of an

example from mechanics.

But the concept of a scalar product is not restricted to applications in mechanics.

Given Z ; 12 [0}
0 = 135° 0=0.00
Calculatea-b=.............cccceeeiii. Z (.52
7 =0.79
2 =1.05
.57

0°
30°
45°
60°
90°

cos ¢ | sin ¢
1 0
0.866 | 0.500
0.707 | 0.707
0.500 | 0.866
0 1

24
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a-b=2x1 cos 135°=2x 1(—0.707) = —1.414 24

1

Correct result
——————————————————— > | 27

Wrong result, explanation wanted
——————————————————— > 25
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The scalar product is sometimes negative since the cosine of a particular angle ¢ can be
negative. By using the unit circle you can easily determine the right sign. Let us consider an
example: The unit circle is drawn and the angle ¢ = 135° is marked.

YA

I

[] cos135°
[] cos135°

0.707
—-0.707

»
' ot
X

25

26
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cos135° = —0.707

26

Observing the sign of the cosine, try again to solve:
a=2
b=1
6 =135° cos ¢ =—0.707

27
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a-b=2x1x(—0.707) = —1.414

27

Given:a =2, b=4.

Calculate the scalar products for the following included angles.

o =45°

[0 cos ¢ | sin ¢
0=0.00 0° |1 0
£=052130°|0.87 |05
Z=0.79 |45 [ 071 |0.71
Z=105]60° | 050 | 0.87
Z=157190° |0 1

28
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o=45°a-b=4x%x2x%x0.71=5.68 28
o=%a-b=4x2x0=0
o=120°a-b=4x2x(-0.5)=—4

The following special cases are worth memorising:

— The scalar product of parallel vectors is equal to the product of their magnitudes.

— The scalar product of perpendicular vectors is zero.

It follows that:

If the scalar product of two vectors is zero, then the vectors are ........................ to each other,

unless one (or both) of the vectors are ........................

................... > 29




Chapter 2 Vector Algebra II: Scalar and Vector Products

perpendicular

Z€ero 29

The scalar product of a vector with itself implies parallelism:

Given:c =3, a=3.
Ifc-a=09, theincludedangle d = ........cccoeeeeeieeeinnnnninn
If c-a=0, the included angle ¢ = ...........oevvveumeerunennnnne
Obtain € €= ..ovvvviiiiiiiiiiiiiiiiiieeaes

——————————————————— > [ 30
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=0
¢ 30
o = 90°
cc=9
Try to prove the cosine rule by yourself:
c2 =a?+b%—2ab cos «
a C
¢4
b
Successful
——————————————————— 32
Hint required

31
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Check your result with the help of the textbook.

We express ¢ in terms of a and b 31

b=a+c
hencec=b —a.

We now form

heNnce 2 = c.vveoeeeeeeeeeeeeeeeee

——————————————————— > 32
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2.2 The Scalar Product in Terms of the Components of the Vectors 1

Objective: To calculate the scalar product of two vectors when their components are known.
In the textbook it is shown that the calculations of the scalar product can be simplified if the com-
ponents of the vectors are known.

READ: 2.1.4 Scalar product in terms of the components of the vectors
Textbook pages 27-29

................... > 33
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A The unit vectors along the Cartesian axes

are shown. Obtain: 33

k4 l’_]: ......

A /
<Y
i

------------------- > | 34
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Il
oo~

[
S = O

T e e
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Il
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e .
Il

e e e

oo
P e e

Il
— oo

Vector Algebra II: Scalar and Vector Products

34

All correct

Errors or difficulties, or more examples wanted

39

35
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YA Let us look at the problem in the x—y
plane. The unit vectors have magnitude 1
and are directed along the axes as shown.

35

—

i-iis the scalar product of the unit vector with itself; both have the same direction.
Result: i-i=1x1xcos0°=1
i-j: The vectors are perpendicular to each other; therefore their scalar product is zero.

i-j=1x1xc0s90°=0

Now try the following for yourself:

___________________ > | 36
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Vector Algebra II: Scalar and Vector Products

36

k4

Y.

Now consider again the three-dimensional case
and evaluate the scalar products of the following
unit vectors:

<Y

------------------- > | 37
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k-i= 0, the vectors are perpendicular to each other
k- j =0, also perpendicular to each other 37
k -k = 1, the vectors have the same direction
If a= (1’ 4)
b=(3, 1)
a-b= ...

___________________ > 38
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a-b=1-3+4-1=7 38

We end the explanations, but if you still have difficulties read section 2.1.4 once more and/or ask
someone for help.

___________________ > 39
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If a=(ax, ay, az) 39
c=(cx, ¢y, cz)
b T

——————————————————— > | 40
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A-C=dxCx +ayCy +azCz

Vector Algebra II: Scalar and Vector Products

40

YA

P

=Y

F=(0, —-5N)
—
s=(3m, 3m)=PP,

The displacement is given by the vector s.

Calculate the work done in a displacement
from P; to P».

——————————————————— > | 41
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W=0x3+4+(-5)x3=—15Nm Al
A 45 Given: F= (0, —5N).
Calculate the work done if:
5.
s1=(2m, —1m)
44 Sy = (Zm, Om)
<~ % s3=(0m, 2m)
3 S W] T tiietitceieistietitsisiitasien
Wa = oo,
2 W3 = oo,
1 Y
T 5 T T S EE > | 42
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W1:5Nm, W2:0,

W3 =—10Nm

42

All correct

Errors, or further examples wanted

47

43




Chapter 2

YA

P,

=Y

Vector Algebra II: Scalar and Vector Products

Consider a force F such that
F=(Fx, F))= (200N, 0)

The force is applied to a body and
moves it from Py to P,.

The displacement s has components
sx and sy.

s = (Sx, Sy)
= (2km, 2km)

43

44
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F'S = (FxSx+FySy)
= (200N x 2km+ ON x 2km)
= 400N km = 400 000N m =4 x 10°N m

44

YA

the same force.

F = (200N, 0)

P - s=(—2km, 2km)

=Y

We now consider a different displacement s for

45
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Vector Algebra II: Scalar and Vector Products

F-s= —400N Km = —400000N m = —4 x 10°N m

45

YA

—

~Y

Given: a= (-1, 2)
b=(-2, -1)
Obtain:a-b=......cccccevvrinnnnnnnnnnnnnn.

The vectors are .......cocccceeeeeeeeeennns

each other.

46
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a-b=2-2=0
46

The vectors are perpendicular to each other.

Write down the scalar product of the following vectors:

F:(va Fyv FZ)

S=(Sx, Sy, Sz)

Check your answer yourself using the textbook

——————————————————— > | 47
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Obtain the magnitude of the vector

47

48
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c=1/(324+224(-2)2=V17=4.12t0 2d.p. 48

Calculate the scalar product of the two
vectors

------------------- > | 49
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a-b=0, ¢=090°

49
The vectors are perpendicular to each other.
Check the result geometrically by completing the YA
diagram 5
a= (47 1) 44
b=(-1, 4)
3-
24
14
T35 535§ %
------------------- > | 50
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50

The scalar product vanishes for perpendicular vectors. This relation is frequently used to
check whether two vectors are perpendicular to each other. If the components of the vectors are known,
we form the scalar product to see if it vanishes.

Given: = (ax, ay)
:( ax, —ay)
ay = (—ax, ay)
a3 = (ayv _ax)
ag = (—ay, ax)

Which of the vectors are perpendicular to a? ...........ccceceeeveernnenne.

——————————————————— > | 51
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a and a3 as well as a and a4 are perpendicular. 51

LetF=(IN, —IN, 2N).
Which position vectors are perpendicular to F?

s1=(2m, 1m, 1m)

s2=(—1m, Im, 1m)
s3=(Im, 1m, —2m)
s4=3m, 1m, —Im)

Perpendicular vectors .......c...coceeceereennennee.

——————————————————— > 52
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s, and s4 are perpendicular to F. 52

All correct
------------------- > | 54

Additional explanation

The scalar product of two vectors which are perpendicular to each other is zero. We use this fact to
check whether two vectors F and s are perpendicular to each other.

LetF=(IN, —1IN, 2N).

It is required to check if s= (2m, 1m, [m) is perpendicularto F.

To check, we know that the scalar product must be zero.

Now F- s =INX2m—INXIm+2Nx 1m
= 3Nm
Are F and s perpendicular to each other?

O Yes
O No

------------------- > [ 53
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No.

Since F - s is not zero the vectors are not perpendicular to each other. If we have to check
whether two vectors are perpendicular to each other, we evaluate the scalar product. If F-s =0
then the vectors F and s are perpendicular to each other, provided F # 0 and s # 0.

53

Further exercises can be found at the end of each chapter in the textbook.

If you have difficulties working through the exercises always consult the corresponding section of the
textbook.

——————————————————— > | 54
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Here are a few comments on working independently and in a group.

Group work and working alone are not mutually exclusive methods of study. They com-
plement each other.

Independent study is appropriate when facts must be memorised, when calculations have to be
checked, when proofs must be studied and when coherent material must be worked out.

Group work is suitable:

54

— in the preparation phase, for identifying and analysing problems;
— for the discussion of results and for solving new problems with new methods;
— as a means of checking up on others.

Group work can prepare for and guide private study. Working in a group is particularly fruitful when the
work is prepared by the individuals so that all members of the group can take part in the discussion —
all being equally competent to do so. Group work cannot replace private study and, similarly, private
study cannot replace certain functions of work done in a group.

------------------- > | 55
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2.3 The Vector Product; Torque s

Objective: Concepts of vector product, outer product, torque.
It is shown in the textbook how to calculate the torque for the general case of arbitrary forces and
any points of application.

READ: 2.2.1 Torque
2.2.2 Torque as a vector
Textbook pages 30-32

——————————————————— > | 56
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P 4 A force F is applied to a body at point 56
/ P causing it to rotate about an axis
p & through A.
F In order to calculate the torque we resolve the

force into its component perpendicular to the ra-
dius vector r and its component in the direction

of r.

A
Complete the diagram by drawing the components of F.
The magnitude of the component perpendicular to r is

57
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Fp=F sin ¢ 57

The component of F in the direction of r does not
contribute to the torque; it has no turning effect on
the body. Only the component perpendicular to r
is to be considered.

Hence the magnitude of the torque C is:

................... > 58
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C =rF sin ¢ 58
y / Draw the components of r in the sketch, one per-
/ pendicular to F and one parallel to F. The magni-
/ tude of the former is:
________ A
F V1P = 60000000000000000060006660000000

___________________ > 59
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rp=r sin ¢ 59

By this construction the problem is again reduced
to the special case of force and radius being per-
pendicular to each other.

Hence the magnitude of the torque is:

___________________ > | 60
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C =rF sin ¢ 60

‘When calculating torque the vectors cannot be considered as free vectors. We can only shift them along
their line of action. A parallel shift of vectors is not permissible in this case.

Torque is

[ a scalar

[J a vector

——————————————————— > | 61
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Vector Algebra II: Scalar and Vector Products

61

vector
Determine the magnitude and direction of the torque de-
fined in the figure.
Magnitude, C = ......ccceeevvveviiiniiinnnnn.
ps® Direction of C:
(1) CiS oo, tor and F.
(2) When r is rotated towards F in accordance with the
right-hand rule, a right-handed screw moves forward
r in the direCtion .........c..ceoceeveervieneriinicnennienenne
A

——————————————————— > 62
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C =rF sin¢ (1) Perpendicular
(2) perpendicularly into the plane of the page. 62

The right-hand screw rule is perhaps a little difficult to formulate clearly; it is easier to demonstrate.
We proceed as follows:

(1) We shift r and F along their line of action to a common point.
(2) ris turned in the shortest way so that it coincides with F.
(3) The rotation takes place in the way a right-handed screw would move.

Anyone who has had occasion to use a screwdriver will have developed a feel for right-handed screw
threads; we know from experience that such a screw would move forward and we use this fact to define

the direction of C.
The torque in the new figure on the right 4 o4
C=rAF %
is perpendicular to the page of this text and points
T F

O upwards
[0 downwards

___________________ > | 63
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The vector C points upwards. 63

c@f
- = - "‘35:\

Further explanation required
------------------- > | 64

I want to go on

——————————————————— > [ 65
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LA
re
-
-
P,
L

F

oA

‘We proceed one step at a time.
Given: the shaft axis A of a body, the 64
force F and the point of application P.

Step 1: Shift r along its line of action so that r and
F meet at a common point, P.

Step 2: A right-handed screw at P operating from
below the page would rotate r towards F and the
screw would move out of the paper towards the
reader; this is the direction of the torque vector C.

___________________ > | 65
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2.4 Definition of the Vector Product 65

Objective: Concepts of outer product, vector product, null vector, calculation of the vector
product (magnitude and direction).

READ: 2.2.3 Definition of the vector product
2.2.4 Special cases
2.2.5 Anti-commutative law for vector products
Textbook pages 32-34

——————————————————— > | 66
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The need to calculate a torque leads to the need to define a new product of vectors.
We call this product ...........ccceecveveveeeennne product
[0 (OSSP O PP product
To distinguish this product from the inner or scalar product we need new symbols.
Two such symbols are:

66

67
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Vector product or outer product
If A and B are two vectors,
the vector product is written A x B or A AB.

67

<y

<y

Given: two vectors a and b in the x—y plane, and
¢ the angle between them. If ¢ is their vector prod-
uct then
¢ =aAb has the following properties:
Magnitude ¢ = ......ccccuvmemennnnnne
It is perpendicular to both a and b.
Its direction follows the right-hand rule and is:
O (G

|:|C2

___________________ > 68
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lc| =]aAb|=ab sind, ¢

68

Indicate the direction of the vector product a A b for the cases below. a and b lie in the x—y plane.

69
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¢, dy, fy 60

Insert in the sketches below the directions of the vector products. a and b lie in the x—y plane and ¢y
and ¢, in the y—z plane.

zh A 7}

C, c,

<Y

___________________ >| 70
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70
All correct: right-hand screw rule fully understood
——————————————————— > | 75
Errors, further explanation required
------------------- > 71
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The result of the vector product a Ab is a new vector c.a and b define a plane P as shown
in the figure. ¢ is perpendicular to that plane and its direction is defined by the right-handed
screw rule.

71

Steps required:

| 1: Turn the first vector, a in this case, towards the

second vector b until they coincide. Take the

shortest route. The direction of the vector prod-

| b uct ¢ = aAb is the same as the displacement of
a right-handed screw.

/ 2: To determine the sense of the vector ¢ we imag-
ine the way a right-handed corkscrew would
advance as we turn it.

——————————————————— > 72
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72

always start with the first vector, i.e. a towards b.

b Insert the direction of the vector product
ka ¢ =aAb. The order of the vectors is im-
portant. To obtain the direction of ¢ we

Thus the direction of ¢ depends on the order.

b
&“ Insert now the direction of
d=bAa
Note the change in the order.

73
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c=anb

73

d=bna

The direction of the vector product depends on the order in which we take the vectors. This is quite

different from the scalar product where
a-b=b-a

For the vector product, however,

------------------- > | 74
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aAb=-bAa

74

To obtain the direction of the vector product proceed as follows:

(1) Consider the first vector.
(2) Rotate the first vector towards the second in the shortest way.

(3) Imagine this rotation to take place as if you were turning a right-handed screw. The advance of
this screw defines the direction of the vector product.

___________________ > 75
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A The diagram shows a three-dimensional
coordinate system with the unit vectors i,
j and k on the axes.

[V T

The vector product
A =

\
<Y

75

Determine the magnitude of the vector product

76
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linjl =1
inj=k

76

. 3
<Y

Write down the vector products of the following

unit vectors:

77
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jAni=—k (opposite of i Aj)
ink=—j
jAk=i

77

Given:

78
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|aAb|=ab sin ) =4x2xsin30°=4x2x05=4

The magnitude of the vector product has a geometrical meaning; it is the area of a certain
plane surface.
Sketch the area determined by a A b.

78
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79

We had to know that [a Ab| = ab sin ¢.
We can learn it in two ways:

(1) By learning the geometrical meaning, i.e. that a A b represents the surface area of a parallelogram.
Hence with the help of a diagram we can reconstruct the formula.
(2) By memorising the formula.

The first method forces us to reason, and hence understand the problem, and is far superior to the
second one.

................... > | 80
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The vector product (or outer product) has magnitude %0

Try to derive both formulae geometrically.

——————————————————— > [ 81
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|aAb| =ab sin ¢
a-b=ab cos ¢

81

The two diagrams below also help us to calculate the scalar and vector products. For a and b, the

magnitude of the:

scalar product = a times the projection of b on to a;

vector product = a times the projection of b on to the perpendicular to a.

v
=Y

82
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a-b=ab cos ¢
|aAb|=ab sin ¢

82

Using the definitions you should be able to answer the following questions:

83
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ANa=0
alAa 23

a-a=ua

It is time to have a break!

Before the break try to recapitulate briefly what you have learned. Write down the important con-
cepts.

Now fix the duration of the break.

During the break it is important that you do something totally different.

Go and make yourself a cup of coffee or tea, do some exercises (physical ones!) or go for a short
walk. If you prefer, go and play your piano or your guitar or put a record on your stereo.

Do something different during your break! Read on for an explanation.

——————————————————— > | 84
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Psychologists have demonstrated that learning is impaired if similar subjects are studied at the
same time. For example, a foreign correspondent is studying Spanish and Italian at the same
time. She believes that the similarity between the two languages will promote the learning

84

process. Unfortunately she is mistaken; she notices that when studying Spanish, Italian words keep
coming into her mind and vice versa. This makes her feel unsure because she does not know if the
words that come to her mind belong to Spanish or Italian. This phenomenon is called interference.
Such interference obstructs the learning process, and increases the learning time and affects one’s

confidence.

Interference is prevented by doing something totally different during your break, something which

has nothing to do with mathematics. ~

So have a break now and fix its duration. %e@gg@
Cf =5
[(:' {4
—_—

it Ak Wil f ) n,

End of your break: .........c..cc..cccc..
------------------- 85
Contents First Page | Previous View | Next View Print Exit
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It is much easier to fix the duration of the break than to keep to it.
Look at your watch and compare the time that you fixed with the time now.
Are they in agreement?
If yes: splendid!
If not: it is not too serious.
Howeyver, the difference between intentions and actions should not be allowed to accumulate.

85
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2.5 Resultant of Several Torques Applied to a Body Components
of the Vector Product

The first section is intended to show you an application of the vector product.

86

The second shows the calculation of the vector product if the vectors are represented by their com-

ponents.

READ: 2.2.6 Components of the vector product
Textbook pages 34-35

Write things down for yourself as you read. If you are not familiar with determinants follow the exam-

ple in the textbook by applying equation (2.11b).

87
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With the help of the textbook or from your own notes evaluate the vector product a A b for

a=(2, 1, 1) and b=(-1, 2, 1)

87

88
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aAb=(1x1—1x2)i+ (=1 —2)j+ (4+ k= —i—3j+5k

Note: We have used equation (2.11a) of the textbook.

88

Write the answer in the shorthand way of expressing a vector, i.e.
anb= (... ) e - )

89
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aAb=(—1, -3, 5)

89

A body rotates about the x-axis with an angular velocity ® = (o, 0, 0).
Calculate the velocity of a pointP = (1, 1, 0).
Hint: the velocity v=0ATr
r is the position vector of P.

90
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90

The following are exercises on the whole chapter.
Write down the formulae for the vector product

and for the scalar product

given the magnitude of the vectors and the included angle ¢.

................... > [ 91




Chapter 2 Vector Algebra II: Scalar and Vector Products

aAb=ab sin ¢ 01
a-b=ab cos ¢
A Write down the vector products of the unit vec-
tors:
A = o
kAL i A k e O SIS
INT=
J
> >
) Y and the scalar products
1
1 = s
¥ K=
=

92
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92

93
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Vector Algebra II: Scalar and Vector Products

Say what you are going to say, say it, say what you have said.

The vector a = (2,

3,

1) has magnitude a =

93

94
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a=+14=3.74 (to two decimal places)

A body moves from Py to Py under the action of a force F = (5N,
s=(3m, O0).
Thework W = .....ocoooiiieiiiieenn.

94

0). The change in its position is

95
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W =15Nm 95

To solve such problems it is important to consider the direction in which the displacement takes place.
Extreme cases occur whenever:

(1) displacement and force have the same or opposite directions, or
(2) displacement and force are perpendicular to each other.

It is advisable to draw sketches.
Some final remarks:
Planning your work is important; it helps you to learn efficiently and to save time and energy.
You can fix times and dates and monitor them. .
A notebook and pen help! .

A
N
Foy”

Vg




Chapter 3 Functions

Chapter 3
Functions

3.1 The mathematical concept of functions and its meaning in physics
and engineering

For many readers, most parts of chapter 3 will be a mere recapitulation of well-known facts.
If, however, you are not sufficiently familiar with its content, we suggest that you carefully take notes
of all new concepts and notations.

Now start to study the textbook
READ 3.1 The mathematical concept of functions and its meaning in physics

and engineering
Textbook page 39-42

When you have finished return to this study guide frame
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After having read the textbook, answer the following questions in order to ensure )

that you have grasped the main ideas.
Very often we understand facts but we fail to memorize them.

The expression y =f{x) is called ..............
The particular parts are named as follows

Check your answers by going to framed3 51 3
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functional expression

x is the independent variable
y is the dependent variable
fx) is the defining expression

The set of all x values for which the function is defined is called ............

The set of all corresponding y-values is called ..............
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Domain of definition, or simply domain 4
range or codomain

If you are still unsure how to use these concepts and notations consult your notes or the textbook.
Click your answer

With a function we assign to a given x-value:

[] one and only one y------------------- valge 5| 5
[] one or more y------------------- valges 5| 6
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You are right. Functions assign to a given x-value one and only one y-value

Which are functions?

y=x>+2 [
y=tJx’+2 [
y=l 0
x
y=liw/; 0
X
1
= 0
xt+1

Now go to frame
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Sorry your answer is not right. Functions assign to a given x-value one and only one y-value.
Functions are unambiguous. But unfortunately during the last decades the term function changed a
bit. Thus, in engineering literature you may find the terms “two-valued” or “many valued function.”
In modern terminology these are “relationships.”

An ambiguous relation is y =+/x+3

For x =1 this results in y =12

Is the following term unambiguous?

]

[Jyes

[Jno
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2
No: y = (41 \/I] is ambiguous
X

Select and mark the functions.

Oy=x>+2

O y=x+vx’+2
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Only the following are functions 8
y= x2 +2 y= l y = 21
x x“+1

The symbol + means that there are two values. But often this symbol is omitted because everyone is
supposed to know that a square root has two solutions. You can transform the unambiguous term

y=4/x>+2 to a function if you limit yourself to using only the positive or the negative result of the
root. In this case you must denote this.

. 1 . .
Transform the expression y = T into functions.
X




Chapter 3 Functions

The equation y =x’ is a function.

Its argument is .................

Its dependent variable is ..................
Its domain of definition is ...............
Its codomain is ...............

___________________ > 10
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—oc< x < oo
0< y < too

10

Control of your knowledge using simple questions is important to eliminate errors or
misunderstanding from the beginning. Lectures cannot help you with this task.

If your answer was wrong this is not important but you must do something to eliminate the reason

for your error.

11
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3.2 Graphical representation of functions

READ 3.2. Graphical representation of functions
3.2.1 Coordinate system, position vector
3.2.2 The linear function; The straight line
Textbook page 42—44

After your study return to this study guide

11

12
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A short introductory and entertaining problem will be presented first.

A body falls from a certain height 4. The body hits the ground after a time 7. Both values are
measured.

The three graphs show the measured values and a curve to represent the result.
Which is the best curve?

td

t

12
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No, no, no

Perhaps you are curious to know what will be said here.
You chose this curve

t

A_

h

13

It is highly improbable that this curve with its irregular pattern represents the relationship between

height of fall and time of fall.

Go back and try again

14
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You chose this curve
" Y 14

+d

C

“h

This curve represents all measured values, but it would not be chosen by physicists or engineers. We
know that the accuracy of measurements depends on the used instruments and we always have errors
in measurements. In our case we assume that the time of fall increases with the height of fall. Thus,
we prefer curve B as the best fitting curve and regard the deviations from the fitting curve as errors of
measurement. In chapter 21 “Theory of errors” we will discuss this topic again.

___________________ > 15
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15

Very good. This was the right choice.
We know that all measurements are subject to measurement errors.

To construct fitting curves involves knowledge of the used instruments and insight into the physical
relationships.

In chapter 21 “Theory of errors” we will treat methods to deal with errors of measurement.

................... > 16
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Give the coordinates of point P; and P,

}?
e
-
P1 . -
2 1
]o- OH
+—t +—
. 12 3 4 X
- ﬂb
-21.
P1= ....................
P2= ...................

16

17
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Pi=(2,1 P,=(-1,3) 17
=21 2=(-1,3) 17
abscissae
ordinate
Give the equations of the three straight lines
Yy y y
b 3
3t 3 3
2r 2 -2
1r 1 -1
v X ™ v b 3 —r —r—r—X
' 123 N1 23
p b
Yi=.... »=.... y3=...
If this question is too simple for you skip itand goto 23
Answers and more exercises 18
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y1=0.5x m=2.5x y3=-2X 18

It is more difficult to give the equation if the straight line does not cross the origin of the coordinate
system.

In this case we determine first the constant b and afterwards the slope a.
Give the equations

y y y

L ] N S

................... > 119
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yi=x+3 y=x+2 y3=%x—1 19

In case of difficulties go back to the textbook and solve this task according to the text. Having done
this solve the following exercises in which you can calculate the slope by dividing the increase or

decrease of y for a given section of the abscissae. To do this you have to choose appropriate sections
of the abscissae.

Determine the slope

‘y y=ax+b

<

- X

___________________ > | 20
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20

Determine the slope a for the given straight lines.

'Y\ ul

[ S )

- N W A

T+ PP

ar=.... a)=.... as=....

21
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1 3 2
a,=—— a, == a, == 21
1 3 2 4 3 3
Give the graphical representation
x+1
¥ =01x+2 Y, =—2x-2 Vs =T
y
- , y
24 24 24
19 1\ T 14
L1234 X ".14.{254" "lv 2345 X
-2+ 1

................... > | 22
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Y | Y y
e -
+1 +1 1

IREEREBET '\.us;x VaBERRE

In case of difficulties study again section 3.3.1 in the textbook.

S

v

22

23
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In practice the calibration of the coordinate axis has to be chosen according to the problem. 23
Give the function that represents the graph.

Y

404

20+

<+

-4
[N
w 4
I'S
x

................... > | 24
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=10
PR 24
y Given y =50x+1000

Domain of x: 0<x<20
Give an appropriate calibration for the ordinate and sketch the
straight line

+ t t + - X

5 10 15 20

___________________ > | 25
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N 25
20007
15001
10004
500¢
t + x
5 10 15 20
Everything correct > | 30
Explanation wanted > | 26
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The calibration of the coordinate axis can be chosen deliberately. As a rule the axis is
calibrated to aid observation of the relevant features of a curve.
Sketch the straight lines for

yi=x 2 =10x y3=20x
)Y
401
30T
204
101
1; 2 :: 4 5 X

26

27
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27
Good observables are the functions y, = 10x and y; = 20x
y
12 3 4 5 X
Calibrate the ordinate to obtain a good representation of the function y = 0.01x
Domain: 0<x<5
------------------- > | 28
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003}y The rule is simple. The domain must have space 78
on the x-axis and the codomain must have enough
00271 space on the y-axis
001
12 3 4 5 X
y If we have to determine the function for a given
straight line we first determine the slope using
0.04t the expression
0.031 a= Yy s y 1
Xy =X
0.02¢
It makes sense to use the origin and an appropriate
0.01¢==— — point of the line.
i
- H o
1 2 3 4 X

................... > | 29
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a= % =0.005 ¥ =0.005x 29
‘y Verify for yourself that the slope does not
depend on the chosen interval. Repeat the
0.04t1 calculation of @ by choosing
x1=0and x,=1and then x, =2, x, =3,
0.034 and then x, =0, x, =3
0.02¢ R
X, =5
O. 0 1+ @1= cooocoo
ar= .......
v 4 * + et
‘ 2 3 4 x @3 co0o0o00

................... > | 30
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All slopes a are the same: a = 0.005

Calibrate the axis to represent y = 0.02x for the domain 0< x <1000

Ay

<+

30

31
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15+

r—r—r—r—r—Tr—r—r—r
200 400 600 800

1000

31

Give the equation of the given graph

32
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= = 32
200

All correct 35

Further explanation wanted 33




Chapter 3 Functions

Y We choose in the graph two points 33
X1= 0 n= 0
< X2=200 1,=3
2-
'-
- + + =X
200 400 600 According to these points we calculate the slope of y = ax
Y -
! PRI a3
31 X, — X, 200
21 Give the function of the graph to the left
14
200 400 600

------------------- > | 34




Chapter 3 Functions

y= 2 =0.005x
2¢ 400

200 400

34

To determine the function of a given graph of a straight line you must select two points.
Then you must calculate the quotient of

- the difference of the y-values

- the difference of the x-values

Of course you have to observe the calibration.

35
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In practice the notations x and y are substituted by variables with different dimensions.
Determine the function of the given graph

0.31
0.2-/
0.11

1 2 3 sec

35

36
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s=0.05" 45 +0.1em 36
s

A spring is fixed at one end and stretched at the other end. This results in a force which opposes the
displacement.
The paired values of force and displacement are tabled beneath.

displacement  force Sketch the graph and give the function
m N | F
0 0 64N
0.1 -1.2 54
0.2 2.4 -4
0.3 -3.6
0.4 4.8 3
0.5 —6.0 -21
14
T Ll L4 i
01 02 03 04 05 i
F= e
A= i,

................... > | 37
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F=a-s=—12ﬂ

Z)lm

4q a=-12—

T Y T T T

S
01 02 03 04 05 m

With practice you will gain experience in choosing appropriate calibrations.

37

38
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3.2.1 Graph plotting

Again you may find contents which you are familiar with from school. Whether you study
this section quickly or carefully depends on your level of knowledge.

READ 3.2.3 Graph plotting
Pages 44-46

Afterwards return to this study guide

38

39




Chapter 3 Functions

Find the zeros of the function

39

40
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40

1
Find the pole for y=——1
® 4 x+1

Pole: ........

41




Chapter 3

Functions

41

42
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3 zeros
asymptote

42

Given the function

1
Tt
This function has
.......... zero(s)
.......... pole(s)
.......... asymptote(s)

43
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No zeros
2 poles
1 asymptote

43

Write down in your own words:

To calculate poles ...........ooveveiiiiiiiiiiiiien.

44
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Poles are found by calculating the zeros in the denominator of a fraction. The numerator of 44
which is not zero.

Sketch the function y = %

AaY The function has
Lo .... zero(s)
1 .... pole(s)
) 12 3 4
S .... asymptote(s)
=
-2
-3

------------------- > | 45
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No zeros a pole no asymptotes 45

—_——

y= 2 is a hyperbola
X

It has two separate parts

Is y= 2iba hyperbola as well?

I, Ty ¥
S [ yes
[ no

------------------- > | 46




Chapter 3 Functions

Yes, it is shifted in the y-direction

46

Ay
3
-2
1
1 2 3
A A 4 A A A’x
=1
F =2

. 1
Sketch a representation of y =—+2
X

47
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Hopefully you sketched both parts of the

Y hyperbola, which has 47
A
[ NG e zero(s)
—————————— b2~ e as
............. ymptote(s)
M pole(s)
1 2 3
4 = z - X

------------------- > | 48
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1 zero
1 asymptote 48
1 pole

You may sketch more functions and determine zeros, poles, and asymptotes. This is up to you.
If you still feel unsure we suggest you continue with the exercises.

It is quite an annoying fact that if we have enough competence we like to do the exercises. We even
enjoy it. But in this case we do not need more training. In the following you will find more exercises.

................... > | 49




Chapter 3 Functions

Given some functions: y =x"+x+1

Sketch the graphs!

Solutions and further exercises

If you solved the exercises and characterized them as quite easy

49

50

56
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Given three functions
v 50
2
=x+x+1 1 Y
e =7 1
x +x+1
T
1 Y
y3 - xz
1
X
Sketch the graphs
1 1 3
h=—tx Yo =77 Y3=—=2
X X X
Solutions and further exercises 51

If you solved the exercises and characterized them as quite easy

56




Chapter 3 Functions

1 v . 1 \
Y =—+x 3-\\// Y, =—— 1 51
X 2F 7 X
1+ y D -
lA23¢ R
I,,-
,,/ L
// i
3 Y
Yy=—=-2 M\23¢
X S X
_4'

More exercises

................... > 52

If these exercises are simple go to

................... > | 56
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Do you remember the correct names?
The x-axis is named .........
The y-axis is named ..........

Calculate the zeros

a) y=x-2

Ze10(8): vvevinrnnnnn

b) y=x'-4
zero(s):

52

53
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bsci dinat
abscissae ordinate 53
Zeros: a)x =2 b)x;=+2
X2 = =2

— <

The plotted function has
......... zeros and ............ poles
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3 1 pol tot:
Zeros pole asymptote 54

x2

Which is the plot of y = 4‘1 e8]
X

B

The function has .... zeros .... poles ..... asymptote

................... > | 55
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Plot B

2 zeros 1 pole 1 asymptote

55

If you solved all problems correctly congratulations.

56
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3.3 Quadratic Equations

Quadratic equations should and may be known from school. But since this topic is often used
a rehearsal may be worthwhile.

Read 3.3 Quadratic Equations
Textbook page 4748

56

57
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Given
ax* +bx+c=o0
Calculate the roots.

In case of difficulties consult the textbook.

57

58
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—b+~b* —4ac

! 2a
_—b—~b’—4ac
=
2a

58

Give the roots for the equation

X+ px+g=o

59
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. _—p+pi-4q 59

' 2
TP 4
=
2

Solution > | 63

Help and hints wanted

................... > | 60
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Given 2x*+2x—-4=0

You may use the formula

_ —b++/b* —4ac

. 2a
== b++b> —4ac
2q
Write down
a=...... b=

60

61
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a=2 b=2 c

I
IS

X1=1
X2=—2

61

You may try the other formula as well.
Given 2x” +2x—4=0
Dividing by 2 gives

62
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62

63
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x1=1 X, =—2 63
Given
3x2-9x-30=0
Try to use both formulae to obtain x; and x,
Hints welcome > | 64
Soluti

omwuon > | 65
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Given 3x —9x-30=0

To apply the first formula you write down

a=.... b=... c=....

Then insert into the given formula to obtain

64




Chapter 3

Functions

65

66
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3.4 Parametric changes of functions and its graphs

READ 3.4 Parametric changes of functions and its graphs
Textbook page 49-50

Having studied

66

67
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In the following we regard the function

N =f(x)=l

X

We will limit our considerations to one part of the hyperbola

g Multiplication of the function with a
| constant, e.g. 3.
3l Sketch the graph
\ %2 =3/
\
1 \\\_
3 s "X

67

68
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¥, =3f()=>

X

68

Addition of a constant to a function:

3 : 1
Given y, = f(x)=—
\ X
3 Sketch
B v, =f(x)+3=...
\
L
PR S St tdees \evodonsd .
't 3 5 x

69
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y2=f(x)+3=l+3 69
X
y
"¥
3
\
\
1 e
e et O P
i1 3 5 =
Y
4
3y
\
\\
1] SN
ot P —p—— -
'y 3 s x

Multiplication of the argument by a constant.
Given y, = f(x) = 1

x
Multiplying the argument by 3 gives y, =..........
Sketch the modified function.

___________________ > | 70
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70

Addition of a constant to the argument
Given y, = f(x) = 1
x
3 Adding the constant 3 to the argument results in
\ y»=f(x+3)=...
3 \ Hint: We have to replace the argument by (x + 3)
\ Sketch the function y,
1t N Modification of the graph:

S~

e Soopomme= g []shift to the right
1 3 s x
[J shift to the left

................... > | 71
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1

= 71
= x+3
Shift to the left

I

In the following exercises we will modify the function by ¢ =-3
Decide for yourself
I do not need th i

o not need the exercise 5| 73

I want the exercise

................... > | 72
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Multiplication of the argument by a constant ¢ = -3

N
' . 1
! Given y, = f(x)=—
3R X
% Multiply the argument by ¢ = -3
\
1IN Yy = fX(3) Z e
e == B Sketch the function
'y 3 s x

yl 1
\ .
G ==
5 ’\\\ e =
"‘\ J’2—f(x)_3=
1+ \\
o Tmm—e e
1 3 5 x Sketch y

72

73




Chapter 3 Functions

73

Addition of a constant ¢ to the argument ¢ =3

Given y, = f(x) = 1

X
Y 4
\
\
L SN
N \1‘1--.-\—— -—
1 3 5 x
y2 =f(x_3)= ............

74
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= 74
x-=3

S~

w
(%]
!

Multiplication of the function by a constant.

e-g: ¢c=-3
1
yl_— y2:cy1:
x
Yy
\
[\
3\
L\
\
1] S
1 3 5 X

Sketch the new function y,

................... > | 75
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-
bl R e

75

76
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3.5

Inverse Functions

The concept of the inverse function is often used and it helps in obtaining new functions

READ

3.5. Inverse functions
Textbook page 50-51

76

77
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To obtain an inverse function we proceed in two steps:

77

78
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1. Interchange x and y to obtain a new function

2. Solve the new function for y 78
Obtain the inverse function y™' for
y=1 L
X
Choose the correct solution
o 1
Ox")y=— e > 179
I-y
------------------- > | 81

= 1
0y @)=
1—x
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Sorry, this is the wrong choice.

We suggest you study again section 3.4 “inverse functions” in the textbook. Consulting the
textbook obtain the inverse functions of

hW=—7" PX) = e

y,=e” PO f =,

79

80
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y ) =11
X

. 1
¥;'(@)=7Inx

80

Try again to get the inverse function of

81
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Yy (x)= % is the correct solution

81

Obtain the inverse function of

82
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34x

Y ===

82

3

The inverse function is a new function. You obtain the inverse function in two steps

Step L: oo,
Step 2: oo
l Y Given the graph of a function. Sketch the graph of the
inverse function.
If you feel unsure, please consult the textbook again
7 - X

83
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83

84
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The graph of the inverse function is obtained by reflecting the line f{x) in the line y=x ’4
which bisects the first and third quadrant.

Or any different wording with the same meaning

Obtain the inverse functions

1 o
= X)=.iiiun.
=17 (%)

¥, =5x+1 V(X)) =il

Sketch the graph of the inverse function for the plotted
function.

................... > | 85
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85

You certainly know by now that in case of difficulties you should always consult the textbook first.

Successful students eliminate with this technique misunderstandings.

................... > | 86
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3.6 Trigonometric or Circular Functions

An important prerequisite to understanding trigonometric functions is that you know to express
angles in radians.

READ 3.6.1 Unit circle
Textbook page 52

Then go to

86

87
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Complete the table

Degrees radians

180° = s rad
= 27z rad

57° = ....rad

87

88
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180° = 7z rad 88
360° =27 rad

57° =1 rad
115° =2 rad

Angles in clockwise direction are

[J positive

[J negative (p

Convert in radians

1°~.. rad
45° = . rad

___________________ >| 89
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Negative 89
1° =0.017 rad

45° = 0.78 rad

Hint: the notation of angles may vary slightly in different books.

I'am not familiar with these conversions and want more exercises > 90

I am familiar with the conversion of angles > | 95
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In practice you should regard carefully how angles are denoted. It is very useful indeed 90
to be familiar with the conversion of degrees into radians and vice versa.
Convert:
1°~... rad
90° = ... rad
180° =.... rad
360° =.... rad

___________________ > | 91
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0 _
1 ~(1.[017 rad 91
90° =7 rad =1.57 rad

180° =7 rad = 3.14 rad
360° =27 rad =6.28 rad

It is useful to always remember the following relationship:
The angle around four quadrants of a circle is 27 radians or 360° .

In other words:
An angle of 360° has in radians the value of the circumference of the circle namely 27 .

A positive angle is

[ clockwise
[] anticlockwise

In case of remaining difficulties and errors go back to the textbook and solve the exercises once again

................... > | 92
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Anticlockwise. 9
Hint: The definition of the sign of the angle is a convention.

Convert the angles. Calculate the values approximately. It matters only that you gain a certain
familiarity with these conversions. Later on you will use your calculator

radians degrees

3.14 = coocossoan
1 =
0.1 =
1.79 =

................... > | 93
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radians degrees
3.14 ~ 180°

1 ~ 57°

0.1 ~ 5,7°
1.79 ~ 102°

93

If we denote the angles in degrees ¢ and radians in ¢ then you can write down the conversion
formulae:

Hint: always remember 2mad = 360°

94
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94

We repeated many times: You should be familiar with these relationships because conversions are

often used and it helps you if you can do it from the beginning.

y v%'
e “*)g/.s‘

)).

1]
N «

N

e

95
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3.6.1 Sine function 95

The following section is more extensive. Probably you will know some content from school.
Please take notes of all new definitions and rules. If you are tired during your study you may have
short breaks.

READ 3.6.2 Sine function
Pages 53-58

................... > | 96
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We assume you remember the geometrical definition of the sine.
But the definition of the sine — function regarding the unit circle may be new to you.

The sine function is called a ...... function. It is defined for angles or in other words
its domain is

0 0<¢p<2r
J 0<@p<e
[ —co< @< oo

96

97
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Trigonometric function
Domain of the sine function
—0 S Q< Hoo

97

The value of y=sinx never surpasses the value ymax= ....
The value of y=sinx never is less the ymin=....

The codomain of sinx isgivenby ............. <sinx <.

98
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—1<sinx <+l

98

We can denote this result
lsinx| <1
Give some zeros of y = sinx

Xzero = .-

99
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X0 = 0,£7,2272,237 and so on.

99

Give two different notations for the argument

y =sin....
y=sin....

The sine function has the period

100
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y=sing, y =sinx or similar notations
The period is 27

100

Given the function
y = Asinx
Aisthe ............

The plot represents  y=.................

101
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Amplitude
y = 3sinx 101

Sketch by free hand the two functions

y, =2sinx
y, =0.5sinx

Accuracy does not matter. The plots must be fundamentally correct.

3 Y

2 4

................... > 1102
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Functions

All correct

In case of errors

102

105

103




Chapter 3 Functions

Read again in the textbook the section “amplitude.” The amplitude can be negative.
Sketch by free hand

y=-2sinx
Y
12
1
o 2n X
+
P
—_— s
7
= “"‘IL\ ~ P ¢
—
—

103

104
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& 104
] -
1 2 3 4 x
L
In case of remaining difficulties you may do the following exercise.
Sketch the function y=sinx on a separate sheet of paper.
Then construct the plot of
y=(-2)-sinx
All values must be multiplied by the factor —2.
Thus, you will obtain the solution shown above.
------------------- > 105
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The sine function is a periodic function with a period of 27 .
If we add to the argument the value 27 we obtain the same value.
Thus, sinx =sin(x + 27)

Given y = sin(bx). Which value must you add to the argument x to obtain the same value

of the function again?

sin(b[ x+x,,,, |)=sin(bx)

X period =

105

106
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2z 106
b

The function y=sinbx has the period 2%

Correct answer > | 109

You need help or further explanation > 1107
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y = sinx has the following zeros: x =0.t 7.+ 27x........

107
The period equals twice the distance between zeros.
The function y =sinbx haszerosat bx=0.z7z.+27...........
The distance between zeros is 2
Lo 2
Thus, the period is 7”
y
a 14
/ _ . /o
2 n n X n 2n In 4w X
Analyze the graphs and give the function and the period:
7 S aossooososo 3 = ooso o000
DEriod Y iy = coeevennnnnn TEIIEE W ser = oo asnonon
------------------- > (108
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¥, =sin(2x) Yy = sin% 108

period, : 1 period, :4n

Here is the detailed solution for the first exercise.

AANY AN
BRIV

The general formula of the sine functions is y = (b x)

The period of the plotted functionis  x,,,,, =7
Thus bX s =27
We insert x,,,,, and obtain: b-m=2r
Thus: b=2
Finally, the solution is: ¥y, =sin2x

------------------- > | 109
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Calculate the periods of the following sine functions

¥, =5sin(2x) Tl o
y, =0.5sin(2x) Tl o
y; = 0.5sin(27x) X period = +++-

109

110
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xl period =7
x2 period =7
'x3 period = l

110

Try to reconstruct the period of the function y = A4 -sin(bx)

X

period =

Hint: A period is completed if the argument of the sine function increases by 27 . In case of doubt go

back to the textbook.

111
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2r
xperiod = 7 ]' 1 1
This results from b-x ., =27
Given the plotted function
y
AN ANYANYA
X
4 s
RVAVARV

Period=......

Function: y=......
------------------- > 1112
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Period =2
Function: y = sin(zx)

112

Sketch free-handed y = sin(% X)

y
i,

113
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Sketch of y = sin(% ﬂx)

Y
|

AN
[T

X

113

Plot the function y =sin(x + )

114
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Hint: With y =sin(x +7) the argument of the sine has its first zero if x =—7x .

At this point starts the normal sine function.
The curve is shifted by the constant 7 to the left.

114

115
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Sketch the function y =sin(z + x)

115

116
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y
/\rr /\ 116
+ + ag v x

Hint: given: y =sin(7 +x). The term in brackets has its zero for x = - . At this point starts loosely
speaking the curve if we start with sin(o). The sine-curve is shifted by the distance 7 to the left.

------------------- > 1117
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You should measure your competence and your vocabulary by answering some

test questions.
Give the function which is plotted beneath

117

118
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y=2sinx

118

Given y = Asin @ . Write down the names

119
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@ is the argument or independent variable
A is the amplitude

119

The functions of the curve beneath are y, =.................. v, =

120
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. 1.
¥, =2sinx ¥, == sinx 120

2sil
2 nx
- ' ———
S . -7 S~o X
- + + S
\A\\*_-z - \\7/ 7~~-05sinx

The function y, =2sin p has the period p = cas00050000005000

period

The function y, = 4sinbx has the period x

period = 600000000000000

................... > 121
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¢period =7
2r

y2=xeriod =
’ b

121

Sketch free-handed the function y =sin(27x). Your plot must not be perfect. It only matters that it is

basically correct.

iy

A

122
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honon

wvvvv

122

Sketch free-handed the function y = sin[ﬂ:x + %}

x

123
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123

N, AN
AVAAVARVE

It is important to be familiar with the effect of 5 and ¢ in the function
y = Asin(bx + ¢)
b determines the period. Positive c shifts the graph to the left.

In case of remaining difficulties we suggest you repeat the section “sine function” in the textbook and
solve the exercises in this study guide once more.

------------------- > 1124
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3.6.2 Cosine Function

Relationships between the sine and the cosine function.
Divide your study and have breaks.

READ 3.6.3 Cosine Function

3.6.4 Relationships between the sine and cosine function
Textbook pages 58—60

Having done

124

125
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Sketch the cosine of the angle ¢ into the plots: 125

................... > 126
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Go ahead to

126

127
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The sketch beneath shows y = sinx

127

128
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NN

VYRV

128

The sketch below shows y = sinx.

%4

ANYA —

Plot in the given sketch the function y =sin(x + %)

You know the function you plotted this time. It is the ..........

129
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cosine function
129
/fk\
1
2NI4

We consider the transition from the sine function to the cosine function.
To obtain the function y=sinx from y=cosx you shift the cosine function to the right.
Written down this looks like this
cos(x....) = sinx
To obtain y=cosx from y=sinx you shift the sine function to the left.
sin(x....) = cos x

------------------- > 1130
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130

V3 .
cos(x — E) =sinx

T
X+-—=cCcosx
( 2 j

The sine function and the cosine function are to some extent similar functions.

If they are shifted by the phase % they happen to coincide. Thus, both functions may be used to

represent mechanical or electrical oscillations.

131
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There is no error or contradiction if in one textbook you read:
The oscillation of a pendulum is represented by s = s, cos(at)

131

And in another textbook you read the oscillation of a pendulum is represented by
A =Aosin(@t)
The representations only differ in two points:
- the amplitude is denoted differently. This is of no importance.
- The position of the pendulum for # = o. For ¢ = o the function s has its maximum while 4

has its zero.

It is obvious that this does not change the basic characteristics of the oscillation.

132
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The relationship between sine function and cosine function results from an analysis using the
unit circle and the theorem of Pythagoras
o % 2
sin“@+cos“ @=......... A]
sin@=.........
2
COS" P=......... ’),z _
k !
___________________ >

132
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sin’ @+cos’ @=1
sin® ¢ =cos’ @
cos’ @ =sin’ @

It is easy to memorize: sin” @+cos’ @ =1
Often you will find the following notation

sin@=/1-cos’ @
cos@=+/1—sin’ ¢

In this case the sign of the root must not be forgotten
cos @ is positive in the ..... and ..... quadrant.

Thus, in this case you must write cos” @ =....4/1—sin’ ¢

cos’ @ is negative in the .... and .... quadrant.
Thus, in this case you must write sin¢ = .../l —cos’ @

133
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cos @ is positive in the first and fourth quadrant. In this case you must write.
cos@ = +4/1—-sin’ @

cos@ is negative in the second and third quadrant. In this case you must write

cos @ =—/1—sin’ ¢

134
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3.6.3 Tangent and Cotangent

3.6.4 Addition formulae

With this section two new functions are presented. They are combinations of the trigonometric
functions which you are now familiar with.

READ 3.6.5 Tangent and Cotangent
3.6.6 Addition formulae
Textbook pages 61-64

Go to

135
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sin

¢ isnamed .........
cosQ

Give the definition:

The quotient

cotp=...........

136
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137

. . sin . . .
You can obtain the important features of tan@ = sme by analyzing nominator and denominator of
cos @

the fraction.

Regarding the domainof ¢ 0< @ <27
The tangent function has

zeros for op=............

poles for p=.............
If tanp=1 ¢=....

Regarding the domain 0 < ¢ <
The tangent function has
zeros for ¢p=..... ...

poles for p=..... .....

If tanp =1 Q=...

138
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Domain of ¢: 138

0<¢p<2m
Zeros ¢ =0,7,27
kY4

poles ¢)—£ —
272

tang =1 for ¢ = ,%ﬂ'

NG

Domain of p:0< @ <o
zeros ¢ =0,727x 37 ,4x.....

poles ¢ =

B

|

V4
tanl for ¢ =—,
? 4

In case of difficulties consult the textbook and analyze the drawings. Let ¢ start with ¢ =0 and let it
increase up to 27z

___________________ > {139
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Express the sine by the cosine and vice versa. There are some solutions.
Find at least two.

sin@=.........
sin@=..........
COSP=ee ..

COSP=..........

139
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. V4 T
=] —_— )= + —
sin ¢ = cos(@ > ) =—cos(p 2 )
sing =+/1-cos’ ¢
cos @ = sin(p + %) = —sin(¢p— %)

cos@=4/1-sin ¢

140

Simplify using the table in the textbook
sin(@, + w,) +sin(w, — w,)

cos(@, + w, )+ cos(w, — w,)
b) cos(45° +8) +cos(45° - J)
cos’ @
sin2¢

c)

141
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2sin @, - cos ,
2.¢os @, cos @,
b) 2c0s45°cosd =+/2 -cosd

2
sin2¢cos¢ 2

= tan @,

141

Hint: Having solved the exercises you may solve them as well with a computer program if you are

familiar with it.

142
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Substitution of variables often helps to understand equations. 142
In physics we use different variables

¢t =time v = velocity

p = density g = gravitational acceleration

h = height p = pressure

E = electrical field a = acceleration

The equation for pressure as a function of depth reads p=p-g-h
If we substitute pressure p by y, depth 4 by x and the product of constants p-g by a we obtain a
well-known equation

y=...

------------------- > (143
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y=a-x

143

This equation is easily understood because we are familiar with it.
To understand relationships in physics or engineering we must understand the mathematical
relationship.

Our understanding is often more easily reached if we substitute unfamiliar notations with familiar
ones like x, y, z, or substitute complex terms with simpler ones.

This procedure is performed in three steps.

Step 1: Substitution of unfamiliar symbols with familiar ones.

Step 2: Work, calculate and discuss the relationship

Step 3: Resubstitute the variables

------------------- > 144
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3.7 Inverse trigonometric functions

Here we use the concept of inverse functions to obtain a new type of function

READ 3.7 Inverse trigonometric functions
Textbook pages 64—66

144
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The expression arc sinl = y means

yisthe .... whose .... has the value ...

Try to solve for y: .......
y = arc cosl

y=....

145
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y is the angle whose value is |
y=o0 or y=0°

No difficulties go to

For more explanation

146

148
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P

In the unit circle is marked the angle y in radians and
its sine.
In this case we may say y is the angle in radians

X Y  whose sine has the value x.
This is the meaning of the expression

1 y = arc sinx

Difficulties may arise if you do not discern between
sin(x) and sinx in the equation above. sin(x) is the sine
of the angle x.
In the equation above sinx means x is the value of the
sine whose angle is required.

o

147

------------------- > | 148
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Let us reiterate.

In the equation
y = arc sin x the term “sin x” means.
The sine has the value x

In the equation
y = arc cos x the term “cos x”” means

The .... has the value ....

148
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The cosine has the value x

This notation is new, unfamiliar, and more difficult than the underlying mathematics.
Try to formulate the question in your mind before solving the exercises

@ =arccos0.5=... « cosa sina

y=arc sinl=... v cos @ sin @

a=arcsin0.5=.... 0=0,00 0° 1 0
g =052 30° 0,87 0,5
£=078 45° 0,71 0,71
£-105 60° 050 | 087
£=156 90° 0 1

149
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(p=§nmd or ¢ =060’
y=%rad or y=90°

a=%md or y=30°

4

150

Plotted are two periods of the sine function

sketch the inverse.

151
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| The sketched inverse is a 151
& [ function
v .
’s [J relation
% a Mark the values of the inverse for
‘n‘ X = 05
31%.
‘1
2 2
»
1 ."
/\_ﬂ; T 2n
= T 2 %4 5 6 X
=i
‘
1
,
.
A )
c
Ay
\
12
L
¢
’
e "
¢

................... >|152
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YR Relation 152
1 Hint: For x = 0.5
I we have four values sketched but
4 more exist.
pt ‘l Now mark the main values for
T which the inverse may be regarded
v as a function.
1 2,
/—\_n ./\n l ” -
B 2 1 T 2 B3\4 5 6 X
71
;
4
\“.4 :
]
‘\
{1
1,T

------------------- > 153
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153

A 2
™

. cos o sina

a) y, =arccos0,71 y, =.... ¢ cos @ sin @

0=0,00 0 1 0
g -0,52 30° 0,87 0,5
b) y,arcsin0.87 y =.. £=078 45° 0,71 0,71
£=105 60° 0,50 0,87

£ =156 90° 0 1

------------------- > 154
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» =%rad or y =45’

y, = —%md or y, =-60°

154

If we denote angles by ¢ or ¢, you may solve the same questions
y, =arcsin0.5 O =...
@, = arcsin—0.5 @, =.....

a = arccos—0.71 a=...

155
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7 0
o, —grad or ¢ =30 155
o = —%rad or ¢ =-30°
a= 37” or a=135°

At last a question regarding the arc tan relation

y=arctan 1

y=...
@ =arctano p=...
o = arctan—1 a=

------------------- > | 156
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o, =%rad0r y=45° 156

¢ =orad or ¢ =0°

o= %md or a=-45°

Hint: tan% =tan45° =1

We use arc relations if we know certain values of sin, cos, or tan and want to know the related angles.

------------------- > | 157
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3.8 Functions of a Function (Composition)
Often the concept of composition explained in the textbook helps to simplify equations
READ 3.8. Function of a Function (Composition)

Textbook pages 66—67

Having completed your study go to

157
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A function of a f}mction or in other words a composition is a special form of substitution. 158
Given two equations:
y=f(u)
u=g(x)

In this case u substitutes g(x)
Then y = /(u)= f[g(x)]

flu)iscalled .........

g(x)iscalled ........

................... > | 159
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f(u) is called outer function
2(x) is called inner function

159

Let us solve a function of a function

Given
y=u"-1
u=x"+1

Y=o

160
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y=x*+2x"

160

Given:

y =sin(u + )

4
Uu=—x

2
x=1

Calculate y = f [u(x)] forx =1
yx=1)=.....

161
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161

Solution correct

Further explanations wanted

165
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Given:
y =sin(u + ) 162

V3
U=—x
2

x=1

For x =1 we obtain u =%

Inserting u into the given function results in

. T .3
= —+T) = —T)=.....
y =sin( 5 ) = sin( 5 )

------------------- > 163
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y=-1 163

------------------- > | 164
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y=2

If you are unsure go back to frame 165 and try again

164
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You have reached the end of this chapter

If all subject matter has been new to you, it will have taken you quite some time.
But you have finished it and made an important step forward.

o @J\ﬁ Em @ of Chapter 3
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Chapter 4 Exponential, logarithmic and hyperbolic functions

4.1 Powers, Exponential Function 1

First you will study a section in the textbook. For many users this section will be known from school.
But if the material covered is not a mere repetition of well-known facts, carefully take notes and copy
the important rules into your notebook.

Study in the Textbook 4.1.1 Powers; Exponential Function
4.1.2 Laws of Indices or Exponents
Textbook pages 69—71

When done, proceedto >| 2
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Expand the following expressions
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Now, let us repeat the vocabulary
The term 6™ iscalled ...................

biscalledthe ............................

miscalled ...... (o) S
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b" is called power 4
b is named base

m is named exponent or index

Hint: These names should be known by heart

The definition of powers to a negative exponent is derived by looking at the results of consecutively
dividing a given power by its base.
Express the following power as a fraction.
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Let us reiterate. The expression

10" iscalled ..............

10iscalled ...............

xiscalled....or.........
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Power
Base 6
Exponent or index

Write down the power for:

a) base: x
Exponent: 3 .............
Power: ..................

b) base 4
Exponentx .............
Power: ................
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a) x°
b) o 7

It will be very useful if you understand the origin of the rules. In the following we will deliberately
change the notations. The relationships remain unchanged. Transform the following terms:

Product: a*-a’=.... A AR =
) b" S”
uotient: =..e S
Q b" s"
Power: x")" =... (') =...
Root: Uxb =..... Va’ =....
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Product: a* A*) 8
Quotient: b"" s
Power: x"" a™’
b y
Root: x4 ar

In case of difficulties consult the textbook and solve the exercise again. Do not be disturbed by the

different notations.

In practice notations change in accordance with the given problems.
Now solve

a) 27° =i b) 3)’ =,

©) (2°) =, d) U=

g
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a) 1 b) 1 9
¢) 64 d1

Next, compute the values or simplify the expressions respectively.

a) 337 =,

c) b =

d) e =
1

e) 42 = e

................... > 10
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10

If you had difficulties with the previous exercises, solve them consulting the textbook. You should
gain a certain familiarity with these transformations.

If the tasks so far were easy go straight to

------------------- > 17

If, however, you want to improve your efficiency, you are invited to go to

___________________ > 11
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Solve

a) VA=,
) ) =,
e) 10°-107 -10% =.................

11

12
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a) A* b)3 12
c) y6 d)1
4 1
e) 10 H —
o
Further exercises wanted 13

No difficulties so far

16
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Solve

a) 270 = b) 27 =

¢) e =, d) 37'=..
2

€) & = o, ) Y =

13

14
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1
o1 d) =
& — H Q)
(97

Transform following this example x" - x" = x"""

a) b"b" = ..., b) (") = oo,
An
c 2 000000000 d)VC" =

................... > 15
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a) bn+m b) An—m 1 5

)y dCcr

Last exercise:

1

a) 42 b) (3°)?
) 3*.37 d)10°-107* 10"
e) e’

We do not give the answers this time. In case of doubt ask a fellow student or consult the textbook
again.

___________________ > 16




Chapter 4 Exponential, logarithmic and hyperbolic functions

4.1.1 Exponential function
The exponential function is a basic requisite for further studies.

Study in the textbook

4.1.3 Binomial theorem

4.1.4 Exponential function
Pages 71-73

Having done this

16

17
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The function y =10 iscalled ......................

Which of the following functions increases most rapidly for x — o< ?
Insert values for

x=10,x=100, x = 1000

17

18
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Exponential function 18

Y, =107

Hint: For x = 1000 we obtain for y, :(1000)'” =10** and for y, :10'*
y, exceeds y, significantly

If we substitute the familiar notations x and y by other notations the mathematical relationships
do not change.

Complex equations often seem difficult if unfamiliar notations are used.

In these cases it often helps to substitute the given notations by x and y and to solve the seemingly
easier equations and then resubstitute.

u ‘ Sketch the function u = 2"
304
1
204
J
104
- r Y Y —
1 2 3 4 s V

................... > 119
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u
[} 19
30 1
20 S
IOJ
T T Y T T
1 2 3 4 5 v

Sketch the exponential function
y=2“ with a=2

Y

30 1

20 1

___________________ > 20
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10 4y 20

20 A

10 1

Y Solve the following task.

In case of difficulties consult the textbook.
The plot represents the general exponential
function

10 1

t
y=A-e"
Determine 4 and ¢, (¢, = half life value)
Use the given points.

___________________ > 21
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t
y=10-22

21

All correct

Explanation wanted

f—~—

24

22
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In the textbook this exponential function is 2
explained. ¢ is the time. The initial value for = o is
From the plot you may read that the curve decreases
to half of its initial value at ¢, =...........
Hint:
t
At t=0 theterm A-e”" =A4-¢"=.....
Thus, the functionis y=..................
------------------- > [ 23
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t
y=10-22

Hint: The values have been taken from the graph.

! t

Since 4 =10 and ¢, =2 we insertinto y = 4-e " and obtain y=10-27

23

24
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'} 13 Sketch the exponential function given below 24

F=e"" e=2.72

In case you are not familiar with this notation you
may substitute ' by y and ¢ by x
2 Perhaps the equation will be more familiar to you

___________________ > | 25
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5—
I 25

r

-
~n
w

We suggest a break. You may work with fairly good concentration for 20 minutes up to 60 minutes.
There are great differences in optimal individual working periods.

If you are interested in your work these periods may be longer.

Find out how long you may work with concentration. It is important to divide your tasks and to have
a short break - and to end the short break in due time..

................... > | 26
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Short breaks have a duration of 5-15 minutes. With longer breaks the difficulties of warm up
rise again.
It is of some importance what you do during the break. Mark appropriate activities

[J Water your flowers, have a cup of tea, prepare a coffee, do some physical exercise

[] solve mathematical problems, read a different chapter in your textbook.

26

27
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Appropriate activities are to water flowers, prepare tea or coffee, do some physical exercise. 27

Learning and memorizing a certain matter will be prevented if you concentrate during your break on
a similar matter. Solving other mathematical problems is very similar to your learning. It has a
negative effect on your learning. This phenomenon is well known in psychology and is named

interference.
Another suggestion. Write down on a separate sheet of paper the planned end of your break.

Now enjoy your break.

................... > | 28
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Short break

Having ended your break go to

28

29
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Before continuing compare the actual time with the time you planned. There may be a
difference. Breaks tend to increase. This does not matter. But in the long run these differences

29

between planned lengths of breaks and the real lengths should not increase too much.

30
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4.2 Logarithm, logarithmic function

Logarithms are quite difficult when learned for the first time; however if you are familiar
with this matter you will proceed quickly.

READ 4.2.1 Logarithm
Textbook pages 76—77

Then go to

30
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Taking logarithms is a new operation. To take logarithms is to solve the equation y =a”*

for x. This means given: .............. and ...............
wanted .............

31

32
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y=a
given: g and y

wanted: x

32

In another notation the task of taking logarithms can be expressed as well:

The equation a” = x is to be solved for y.
Up to now we are unable to find a solution.
Thus, we must create a new operation. In mathematics this new operation is called “Taking

logarithms.”

33
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Let us take the equation a” = x
In the textbook you found the following definition:

33

The logarithm of a given number x to abase a isthe exponent of the power to which this base

must be raised to equal this number x.

For this exponent we use the symbol
log, x

In other words: The term “log, x ” is a power or an exponent.

glosa®)

34
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(log, x) _
a =y 34

You must memorize:
For a given base
the logarithm of a certain number is the exponent to equal this number.

The definition and the meaning of logarithms are important and you must be familiar with them. The
logarithms for base 10 are called ............ and abbreviated ...................

................... > | 35
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common logarithm abbreviation: 1g

35

Let us regard common logarithms.

Calculate:

36
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10'¢° =5
10" =20
10834 =3 14

36

Logarithms with base 2 are called dyadic logarithms or logarithms to the base of 2 and abbreviated

37
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Logarithms to the base of 2 are abbreviated 1d
id4 37
24" =4
zld 100 =1 00
21a'b — b
Logarithms with base e are called .............. and abbreviated ...................
Calculate:
M=
M=
elnlO .............

................... > | 38
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Natural Logarithms In 38

With logarithms the base has always to be defined. Give the names of the logarithms with the
following base.

base2: ...,
basee: ..ol

base 10: ..................

___________________ > | 39
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base 2: dyadic logarithms or logarithms to the base of 2
base e: natural logarithms
base 10: common logarithms

39

If you want to take logarithms you have three options

1. You use your pocket calculator or your computer. This is convenient and precise.
2. You use a plot of the logarithmic function. This is convenient but not precise.

3. You use a table. This is precise but inconvenient.

For some values you can calculate the logarithms without help

40
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d2=1 since 2' =2
Ine® =x since e* =e”
1g100 =3 since 10° =100

40

An operation used later on is to take logarithms of equations. In this case the operation is to be
applied to both sides of the equation.
By this operation equations sometimes simplify.

Example: given e’ =e“

The base is (and must be) the same for both sides. In this case the exponents on both sides must be

equal:

y=ax

Thus, we have just taken the logarithm of the equation since Ine” = y =Ine® =ax
Take the logarithms

41
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a=b+c

41

Take the logarithm of the equation

10" =10™

Using common logarithms we get

1g10” =1g10™

Thus y =bx

Take logarithms of the following equations
27 =2 y=

e’ = eﬂ)(t+t0)

42
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y=cx a=a(t+t,) y)

To take logarithms of an equation means to regard exponents if the bases are equal.
Example: 27 =2

We take the logarithms: 1d2’ =1d2*"
T=x+1
x=6

Calculate 1047 =10*
Y= e,

................... > | 43
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y=2G-4)

43

In the foregoing examples we had on both sides of the equation exponents of the same base. This is

not always the case.

Example y =e . Can you take the logarithm? You may think this is impossible. But in this case a

trick helps.

Write down y as a power of e.

y= eln ¥

Thus, we have on both sides the same base
Iny _ -—ax

e =e

Now you can take the logarithm of the equation:

44
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Iny=—ax 44

If you have difficulties taking logarithms of an equation you often may use this trick. Try in an
intermediary step to write both sides as powers of the same base.

Given y =e*

Intermediate step

e = ot

Result: Iny =a

Given: y=e"™

------------------- > | 45
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Iny=a+x

45

Take logarithms of the following equations

PB@  ccoooccssooad Shnoonannonconannnns
y=2" U
y=10" e

Choose appropriate bases

46
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1ny=l 46
x

ldy=a-x

lgy=-x+5

We give some more exercises.
Hint: if exercises seem easy you do not need more of them. If exercises seem difficult you need more
of them

— larh) _

------------------- > | 47
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Iny=ax+f
In(by) = (a+c)x or Iny=(a+c)x—Inb
lg(ay)=0.1x or lgy=0.1x—1g"

Iny=Inx—Ina

47

It may be time to have a short break. The reader sketched will have a short break. What is he doing?

Have a guess.............

48
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Perhaps he recapitulates the new concepts of the preceding section. Perhaps he writes

down the time for the end of his break.

48

49




Chapter 4 Exponential, logarithmic and hyperbolic functions

4.2.1 Operations with logarithms

The basic reasoning of operations with logarithms is quite simple. All operations have to be
done with logarithms instead of with the original values.
Thus a product of two values will be the sum of its logarithms.

READ 4.2.2 Operations with logarithms
Textbook pages 78-79

49
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Can you write down

a) In(@a-b)=..ccoeevennnnn.

50

51
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a) In(a-b)=Ina+Inb
b) ImZ=Ina-Inb
b
¢) lg(4-B)=logA+logB

) lgl=lgx-lgy
X

51

In case of difficulties calculate the examples consulting the textbook.

52
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In the next examples we deliberately use different notations. The objective is to obtain 52
a certain familiarity with using different notations.

................... > | 53
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lgxy=Igx+Igy

IdN, - N, =1dN, ++ldN,

lgA—D=1gA+lgB—1gC
c

lna"g';’ =lha+Inf+Iny—Inod

53

Calculate

54
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In5* =xIn5 54

lgx® =2lgx

E
lga? =—Ilga
ga 2g

Transform:

a) In2" =i

b)  lgVx =,
c) lgi/_= ...............

d) ld(4-16)=...............

................... > | 55
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a)  In2"=xIn2 b) lg«/_=%lgx 55

c) 1gi/—=§1gx d) Id(4-16)=1d4+1d16=6

Can you give the rules for the general care base a
Multiplication: ............
Division: ........c.coeunis
Power: ...............l

Root: ..o

------------------- > | 56
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Multiplication: log, AB=1log, A +log, B 56
o A
Division: log,, e log, A—log, B
Power: log, A" =mlog, A
" 1

Root: log, 4/A = - log, A
Want to proceed

progee® e 58

Want more exercises

57




Chapter 4 Exponential, logarithmic and hyperbolic functions

Transform

©) 1d2:32= ..

57

58




Chapter 4

a) InC+ LnD
b) 2lgy

c)6

Exponential, logarithmic and hyperbolic functions

58

Transform

59
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2) Lldx 59
2

b) 7x

c)—x

Calculate by taking logarithms

Cc=10*" 52 2 0000000000000000000000
A=e ! = aoooncosos0cosoososoos
16 =2 72 2 0000000000000000000000

___________________ > | 60
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x=§(lgC—1) 60
In A4
t=——
r
x=2

If you encounter difficulties calculating exercises there is a golden rule. Write down the given
exercises on a separate sheet and go back to the textbook.

Try to solve the problem with reference to the textbook and exercise at the same time.

You must not divide your attention by turning over pages many times.

You memorize the operations with logarithms much easier if you understand the relations with the
laws of exponents treated earlier

................... > | 61
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Can you express the basic reasoning of the operations with logarithms in your own words? 61
Perhaps you may explain this for a fellow student.

This is the advantage of working in a team of fellow students. You often need to explain something to
others. It is not enough to understand subject matter. You must be able to express it in your own
words. At the end you will need this competence during your examinations.

................... > | 62
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4.2.2 Logarithmic function

READ 4.2.3 Logarithmic function
Textbook pages 79-80

Having done

62

63
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At what point intersect all logarithmic functions?

63

Has the logarithmic function a pole?
[Jyes

U no

Has the logarithmic function an asymptote
[Iyes

[ no

------------------- > | 64
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Exponential, logarithmic and hyperbolic functions

Intersection of all logarithmic functionsatx=1 y=0 64
Poleatx=0
No asymptote
VY
2 Sketch the graph of
15 4 y=lgx
) y=Inx
0.5

65
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——— X

flz 4 6 8 10 12 14 16 18 20

------------------- > | 66
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The logarithmic function is the inverse of the exponential function.
Is the exponential function the inverse of the logarithmic function?

Uyes -

Jdno >

66

68

67
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Sorry you are wrong. We obtain the inverse of a function by reflecting it in the line y=x 67
which bisects the first quadrant and vive versa. Go back to section 3.4 “inverse functions”

and read it again. The relation is symmetrical.

................... > | 68
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Yes, you are right. The exponential function is the inverse function of the
logarithmic function.

We remember that we get the inverse function by reflecting the original function
in the line y = x which bisects the first quadrant.

68

Not every function has an inverse function.
If possible give the inverse function for

N =3* W~ = coooooo0000000

Yy =4x 3 S cooonoacooos

Hint:
Remember the definition of a function.

___________________ > | 69
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. 1 .
N : =§10g3 69

. Lo . - 1 .
y, has no inverse function since the expression y, = iE\/x does not represent a function because

it is ambiguous.

y‘_ On the other side the sine curve is plotted.
You may reflect it in the line y=x
which bisects the first quadrant.

& Sketch the reflected curve. Is the reflected
3 curve a function?

M EES] T2 a7 t o >
-1

------------------- > 70
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YA 0
. 5 The reflected curve is ambiguous. It is a 7
! relation not a function. We can get a
‘.‘4 function if we restrict the domain and the
ﬁ',l codomain.
20y Tyt
g 2 2

HZ = (2 3\_5}/ "X You know this function already:
y =arcsin x and you know its meaning.

Complete:
g yistheangle .....................

___________________ > | 71
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v is the angle whose sine is x.

71

72
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4.3 Hyperbolic functions and inverse Hyperbolic Functions

Since these functions are used in advanced mathematics chapters you may skip this section
for the time being. Especially if you found it difficult to master the preceding two introductory
chapters.

In this case you may return to this section later.

But if all of the preceding material was known you should study this section now.

I want to skip section 4.3

................... >
I want to study the section on hyperbolic functions
READ 4.3. Hyperbolic functions and inverse hyperbolic functions
Textbook pages 80—84
Havingdone b

72

88

73
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Give the definition of

73

------------------- > | 74




Chapter 4 Exponential, logarithmic and hyperbolic functions

sinhx =< "¢ 74

A
Sketch y, sinh 2x with a dashed line

and y, sinh% with a dotted line

R

................... > | 75
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Exponential, logarithmic and hyperbolic functions

yA y, =sinh2x

Y, = sin >
2

75

Give the definition of cosh x =

76
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x =3E

e
coshx =

76

Sketch y, = cosh2x with a dashed line

and y, = cosh% with a dotted line

A

-3 -2 -1

1 2 3 4

|
)

=Y

77
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A » 7cosh 2x Y, = cosh% 77
\ 3 /
\ / ;
. V7
A
.,.1‘.'/_:.-'
-3 -2 -i 1 2 3 4 ]
~14
—24
-3¢

................... > | 78
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(cosh2x)’ —(sinh2x)* =1

78

Give the definition of tanh x . Try first to answer without consulting the textbook

79
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canh 2 SADY _ et e l-e 79
coshx e'+e™ 1+e™
Try to sketch b/}
», = tanh 2x with a dashed line and 3
Y, = tanhg with a dotted line 21
14
-3 -2 -1 3 4 ]
._1..
—2¢
_3.
------------------- > | 80
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Y
T 80
3

2
- — y, = tanh %x
L Ty, anh >
I 577 N S B B S
-
-2
-3

A

. . 3

Try to sketch y, = coth x with a dashed line

2

and y, = coth% with a dotted line X

-3 -2 -1 1 2 3 4 %

~1

-2

-3

___________________ > | 81
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A,
i:_ y2=coth§ 81
341
|
2l \\";_.
¥, =coth2x \\_ -
0= = 1 ¢ 3§ 4 3
S R
-
2t
2

In the textbook we give the definition of the inverse hyperbolic functions.

If you wish to derive one of them T > | 82

If you want to skip derivation of sinhx™'

------------------- > | 87
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Given the hyperbolic sine: f(x) =sinhx = %(e" = e"‘)

We may write it y = %(ex —e_x)

To obtain the inverse function we change y and x

82

83
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x=%(ey —e"y)

2x = (ey —e” )
Multiplying by e’ gives

2x-€’ =i,

83

84
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2xe” = (> -1)
Substituting e” =a

gives

84

85
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2xa=a’ -1

Thus, we get a quadratic function for a.
We already know to solve it:

a=x+Vx*+1

Since a = e’ we obtain

e’ =x++x’+1

To obtain the inverse function y we take the logarithm and obtain y=.................

85

86
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y=1n(x+Vx2+1) 86

Well done.

If you worked through this rather rough matter you will use hyperbolic functions later on in advanced
mathematics.

................... > | 87
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87

RN

gt

You have reached the end of chapter 4
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Differential Calculus




Chapter 5 Differential Calculus

5.1 Sequences and Limits

Objective: Concepts of sequences of numbers, limit of a sequence of numbers, convergent
sequence of numbers, divergent sequence of numbers.

Depending on your previous knowledge, now choose:
Concepts are known, go to

Concepts are not known, or revision is needed:

READ: 5.1.1 The concept of sequence
5.1.2 Limit of a sequence
Textbook pages 87-90

18
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The expression

ai,az,...,4n,dn+1,---
iscalled ......ccoeeveevuveeennens
Ap iSthe oo,
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a sequence of numbers
general term

State the first five terms of the sequence of numbers, given that




Chapter 5 Differential Calculus

1 1

25710017267

1

The above sequence of numbers is a
O convergent sequence

[ divergent sequence
Has the sequence a limiting value?
O Yes

1 No

If yes, which one? .............




Chapter 5 Differential Calculus

convergent sequence 6

Yes: lim EDE =0

n—oo 1+n2

If the general term of a sequence of numbers tends to a fixed value as n grows beyond all bounds
(n — o) this value is called ........cccoeueueeeircninencnne.
Calculate




Chapter 5 Differential Calculus

the limiting value 7
0

If you are experiencing difficulties with the concepts, then you are advised to study the textbook again.
When doing this, write down the concepts on a separate sheet of paper with short explanations.
With the help of keywords try to reproduce the definitions aloud.

——————————————————— > 8
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Calculate




Chapter 5 Differential Calculus

lim — =0
n—oo

limz+3:3

n—oo N

Calculate the following three limits:

10




Chapter 5 Differential Calculus

0
3 10
0
-
No errors
——————————————————— 14

Errors, or further explanation on calculating limits required

11




Chapter 5 Differential Calculus

One method that is successful in many cases for the determination of limits is as follows:

We try to transform the numerator and denominator of the expression so that we obtain
integral powers of %

The reason is clear; we know that for % the limit vanishes because the denominator grows larger
and larger. All the terms disappear in the limit. The limiting value of the expression follows from the
remainder.

11

Example: T L

By a simple transformation we have

Try the following for yourself:

——————————————————— > 12
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Let us calculate step by step:

li =
nl_r)r°1° 3+n

We transform the expression in order to obtain terms involving %; thus:

. n . n 1 . 1
lim = lim | — x 5 — lim 5 =
n—oe34p n—eo \ 1 ﬁ+1 n—>e<>ﬁ_|_1

What is lim "+i e,

n—>oon_|_

12

13
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13

Another sequence of numbers whose limiting value is 0 is:

1

an:2—n

Here the denominator grows beyond all bounds as n — oo, and the term vanishes.

Generally:
,}E)I; ci” =0, if c¢>1
Calculate the limiting value of
' n
,}E)r; 2 353 = soonmsenasssasaoanoons

------------------- > | 14
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2
14
Determine
i 3n?2-2
im
n—e 21 +n2
The resultis .........ccoeennnnee
——————————————————— > [ 17
I need further help
——————————————————— > 15
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. . 3n%2-2
The exercise was lim 5
n—e2n +n

15

We try to transform the numerator and denominator so that we obtain integral powers of
%. We factorise out the highest power of n; here it is n2, so that we have

Fill in the brackets!

——————————————————— > 16
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2
2(3_ = 16
”(3-%)

If you have had difficulties, convince yourself of the correctness of the expression by carrying out the
multiplications.
The expression now becomes:

Further hint: Determine the limiting values for the numerator and denominator separately. You should
be able to do this!

——————————————————— >| 17
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17

The principle behind the determination of limiting values is often as has just been described. The
expression is transformed so that we obtain terms which we know to disappear in the passage to the
limit.

Terms such as

1
, —, and more
2n

can be treated in this way.

You will find more exercises in the textbook. You should do the exercises until you have no difficulty
with their solution.

——————————————————— >| 18
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Test yourself!

The expression aj,as,...,dn,ap+1 is called ......ccoocveeeenieiineieiinne.
Ap ISThe oo
" n?+2n+1 _
M = ceeemeeeemecosmncasaancsssons
1 p—
T

Which sequence is divergent?

="
D =

Ob,=n(n—1)"

18

19
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a sequence of numbers
an = the general term

[Ny

ay : convergent sequence of numbers
by, : divergent sequence of numbers

19

If you still have doubts, try the appropriate exercises at the end of Chapter 5 of the textbook.

20
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5.2 Limit of a Function, Continuity

Objective: Concepts of limit of a function, continuity.

Concepts are known

Concepts are new:

READ: 5.1.3 Limit of a function
5.1.4 Examples for the practical determination of limits
5.2 Continuity
Textbook pages 91-93

20

34

21
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The concept of the limit of a sequence of numbers can be extended to functions.
We consider limits of functions for x — eo.

We also consider limits for x — x.
This means that the limits are calculated for a fixed value of x, e.g. xg = 0.

We indicate this under the lim sign as follows: lim
X—X0

21

22
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1
Given that f(x) = 2

it is required to calculate the limiting value

. 1
lim = —
x—2 X

O
D=

|
A=

22

23

24

25

26
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Wrong, unfortunately! ”3

The limiting value of the function as x —2 was required; this means the value of the function at xo = 2.
Your error was probably that you calculated the limiting value for x — oo.
From now on we have to be very careful and be certain of the value of x¢ the limit is required for.
This is clearly stated under the lim sign.
Calculate again:

x—2 x2
Ol
e — > | 24
Ol
e > | 25
Mo

——————————————————— > | 26
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There is an error.
24
. . .1
It is possible that you have calculated the value of hm2 ot
X—.
1
But the given function is f(x) = —.
x
Calculate again:
1
lim — =
xl—% x2
go
——————————————————— > 23
0=
------------------- > | 25
[Joo
——————————————————— > | 26
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Correct!

We must always pay attention to the value of xo for which the limit of f (x) is required.

25

27
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Wrong, unfortunately!

This result can only be obtained when calculating the limit for x — 0. But the required limit
was for x — 2; this means that we wish to calculate the value of the function at xo = 2.

Try again

lim X =
x—>2;2-

0o

O
I

O
N

26

23

24

25




Chapter 5 Differential Calculus

Calculate the following limit: .
x2 +6x _
m—— =
~=—<’:@£§
- —’dﬁ_~ k‘—\s‘ .
Solution found
——————————————————— > | 29

Help is required

——————————————————— > | 28
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2
X<+ 6x
Wanted: lim ———
x—o 2Xx 28
In this expression both the numerator and the denominator approach the value zero as

x — 0.

This gives the indeterminate expression 0

We have to try to transform the expression in order to obtain another expression which has a de-
terminate form. One way, in this case, is to factorise out x from the numerator and denominator. The
remainder will then be determinate.

. x%Z+46x
Im ———= ...
x—0 2x

___________________ > 29
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lim
x—0 2x

246
X2+6x

All correct

Detailed explanation required

29

31

30
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It was required to obtain

x2 4+ 6x
im
x—0 2x

In this expression both the numerator and denominator approach zero as x —0, resulting in
an indeterminate form. We therefore factorise out x so that the expression becomes

x2—|—6x_x(x+6)_x+6_x+3
2 2x 2 2

We know that lim X 0,
x—0 2

2

~=lim (5+3) =3

consequently lin%)
X—

30

31
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Differential Calculus

Which of the following functions are not continuous at x = 2?

A

A

o m—— ;

SNS—1N0 v 7

: N = | — |

- ! [ e S |
% 3 % %

Oa s Oc (o

31

32
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A This function is discontinuous where

x=2. 32

At a point of discontinuity the function ‘jumps’. The limit of the function when approached from the
left is, in the given case, different from the limit when approached from the right.
Is it allowable for a continuous function to possess a sharp point or cusp?

O Yes
1 No

................... > 33
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33

Yes
Continuous function Discontinuous function
Y,

YA

=Y
<
:

TN~

S




Chapter 5 Differential Calculus

‘We now have a short test to see if you have understood the subject of limits. 34

___________________ > | 35
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S W N=

35

‘Which functions are continuous?

A YA YA YA
.'\\
| —T
> K d =
Oa s D Lio
___________________ > | 36
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Continuous functions: 36

B D

b YA

AN

X 3

Have you made errors or experienced difficulties?

No difficulties, answers correct
------------------- > | 37

Yes, I experienced difficulties. In this case it is advisable to consult the textbook.

READ: 5.1.3 Limit of a function
5.1.4 Examples for the practical determition of limits
5.2 Continuity
Textbook pages 91-93

Then try the exercises in this study guide again.
——————————————————— > 21
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As you progress through this programmed text there are two important aspects concerning

working periods and breaks: 37

(i) fixing the end of the break, and
) R
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observing the end of the break
In general, the start of a break accords with one’s inclination.
The end of a break does not always accord with one’s inclination.

38

39
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Success in learning depends very much on attentiveness and concentration on the subject
matter.

Concentration depends on many factors:

Tiredness in which case a break or sleep is needed.

Interest in the subject.

Attitude towards study.

Timing of working periods.

Disturbances (noise, interruptions).

Physical and psychological state.

39

The influence of these factors on concentration is obvious and can be demonstrated experimentally,
but we can modify their effects within certain limits.
Therefore, let us examine these effects.

——————————————————— > | 40
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Tiredness can be counteracted by a limited break after a defined working period.

Interest in the subject normally increases with progress but decreases with failure. Thus
giving correct answers tends to increase your interest.

Timing: For one working period, limit your target; e.g. one section in the textbook. Do not try to
take too big a bite at a time.

Do not always regard a disturbance as a welcome distraction. The learner who is concentrating on
a piece of work has the right to scare off intruders in a friendly but determined way.

40

——————————————————— > | 41
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From the foregoing it follows that:
Absorbing, digesting and memorising subject matter are very much dependent on attention
and concentration.

41

If you have problems with your concentration, then you must first trace the disturbances which
affect your learning process and result in weakness in concentration, then try to discover the causes of
them and take action accordingly.

Often a change in the working plan is beneficial.

——————————————————— > | 42
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Now a break is advisable!

42

43
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5.3 Series
43

Objective: Concepts of series, geometric series, finite series, summation sign.

READ: 5.3 Series
5.3.1 Geometric series
Textbook pages 94-96

——————————————————— > | 44
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The infinite series: 1 +4+9+16+........ is abbreviated to ..........coeeeeennnnen.

Example of 8 ZEOMELIIC SETICS: ...eeuverrrerreerieerieeierieeiieteeeeereesaeeaensesseeneesseeeesseennes

44

45
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E n? or, using a different variable, by ¥ j?

n=1 j=1 45

atag+ag+...+aq "'or

l+x+x2+x3+.. . +x"

Given the sequence of odd numbers:
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1+3+5+7+...+19

46

Let the sum of this series be s;, then
Sp=14+34+54+74+...419

Express this series using the summation sign!

Instead of n we could take v, for example, as the variable.

We have to learn to manage expressions with different symbols.

47
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9 10
sr= Y (2u+1)=Y (2v-1) 47
v=0 v=1

Completely correct
——————————————————— > [ 51

Error in specifying the bounds
——————————————————— > | 49

Error in obtaining an expression for the general term 43
___________________ D
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First let us consider the general term of a very simple sequence, the sequence of positive even

numbers:
2,4,6,8,...,20

The factor of the general term of this sequence is
a=2
If we use the same variable n as in the textbook we obtain

ay =2n

48

49
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The given series was 1 +3+5+74...419
The series should be expressed using the summation sign. Let us take v as the variable. 49
(1) Solution: The general term is a,, = 2v — 1.
Proof: forv=1, a;=1
forv=2, ap;=3
forv =10, aj0=19
10
In this case the bounds are v =1 to v = 10, hence s, = Y, (2v—1)
v=1
(ii) Alternative solution: The general term is @, = 2v + 1.
Proof: forv =1, a;=1
forv=2, ap=3
forv = 10, alo = 19
9
In this case the bounds are v =0 to v = 9, hence s, = z (2u+1)
v=0  mmmmmmmmsmo-o--o--- > [ 50
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Write with the summation sign:

A) 3+7+11+...431=
B) 545%2+53 ... 451 =

The solution is given below this time:

4v—1) or

v

8
A) 2 (
1
B) Y 5
v=1

50

51
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Given the following series:

1 1 1
sr:5x§+5x—+5x§+...

4

)6

Such a series is called: .........ccoeeevvevviveriiieinnnen.

| 4

51

52
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a geometric series

With the aid of the textbook calculate the sum of the series

52

53
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Did you obtain this result?
O Yes

1 No

53

55

54
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You need some assistance. Here it is.
The infinite series >4
ataq+ag*+...= Y aq"
v=0
converges for |g| < 1. It then has the value
1
=d —
1—¢q
In our example the series is
1 12
545(= 50 = ..
+5(3)+5(3) +
It follows that a = 5 and ¢ = % by comparison. The series converges to the limit
1
S =5x T =5x2=10
-3
——————————————————— > | 55
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In the programmed study guide, we often mention ‘concepts’ and ‘operations’ which we have
previously studied in the relevant sections in the textbook.

Do you find that after reading a particular section with the impression of understanding the
subject you are sometimes unable to completely recall the concepts afterwards?

] Yes

1 No

55

57

56
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You are remarkably talented!

56

Nevertheless, read on!

___________________ > 57
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Some remarks on reading skills:

Intensive reading

No one is able to retain all that he reads. For an average person the rate at which information
is perceived is 10 to 20 times greater than the rate at which it is stored in the memory. In other words,
we are able to perceive, to read, to hear and to grasp and to understand much more than we memorise.
For instance, try to reproduce a lecture which you have understood on a subject of great interest to
you!

Everyone is always surprised how little has been retained.

57

It is the aim of many reading techniques to enable you to ........c..ccccceeeeuene more of the subject.

——————————————————— > | 58




Chapter 5 Differential Calculus

It is the aim of many reading techniques to enable you to memorise more of the subject. 58

You may have discovered that there is a particular pattern in this programmed study guide. Questions
about new concepts are asked and are followed by exercises. The pattern is:

— A new concept is presented.
— This new concept is then written down by you from memory.

The reason for this: What we write down is memorised better.

___________________ > 59
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What we write down is memorised better than what we merely read.

Understanding is all-important in mathematics. We understand things better if we know
the concepts used in a test or in a lecture. Mathematics, physics and engineering are coherent
subjects which require a special technique for their study. What ‘coherent’ means is best illustrated by
an example.

In section 5.1.4 we calculated the following limit:

59

. sinx
lim ——
x—0 X

You can follow the chain of reasoning only if you know the concepts of limit and of sine and cosine.
The concept of trigonometric functions can only be understood if you know what a function is. And a
function can only be understood if you know, at least, the fundamental operations of arithmetic.

Such a sequence can be extended and the meaning should be immediately clear. We can only under-
stand facts if certain prerequisites are known. Subjects in which there exist many relations with very
long chains of prerequisites are called .................... subjects.

___________________ > | 60
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coherent
60

A person who wants to know where Tokyo is located does not need to know where Paris is, or a
person who wants to learn where Tunis is does not need to know how long the River Nile is. These
geographical data are not coherent.

The degree of coherence of a subject has an influence on the most appropriate method of study. With
a coherent subject we need to study intensively. (At school the teacher took care of these things, but
when you study by yourself you have to take over this role to some extent.) Mathematics and physics
are coherent subjects.

To learn intensively means, follow the subject matter actively:

(i)  you should not accept anything that you have not understood;
(il) yourecognise, sum up, extract and repeat fundamental concepts and rules.

This last point is explained in the next frame.
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In the textbook new concepts are often written in italics. Definitions and rules are set out.

What then is the best way to learn new concepts and definitions?

[ By careful reading

0] By reading again and again until you know them by heart

U] By extracting (taking notes) and repeating

61
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Reading with care is good but it may lead to self-deception. In order to ensure that a new
concept has been mastered we need checks.

62

In this study guide such checks are given and you are required to carry them out. Further
on we shall talk about a method of study which will help you to carry out these checks yourself.

Here is a hint: mutual questioning and solving problems with fellow students is helpful in carrying

out these checks.

Reading with care is not sufficient.
How do we learn new concepts and definitions?

0] By reading again and again until we know the subject by heart

63

[0 By extracting (taking notes) and repeating
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Reading a definition or an explanation of a new concept again and again until you know it
word for word is a bit dull. The danger is that you learn the words but not the meaning.
An effective procedure is to extract new concepts and definitions. Extracting (taking notes)

63

means writing down key words. The most important part of the text is taken out. By doing so we
have to think and digest the content. The notes only need to be such that we can later reconstruct the
meaning.
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Chapter 5 Differential Calculus

Yes, good. In fact, extracting is the most effective method of memorizing something new.
Extracting means to take out of the text the most salient parts. These are mostly new concepts,
rules and definitions as well as short explanations. These extracts only need to be so detailed
that we can later reconstruct the meaning.

64
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Active learning is more effective than passive learning.
On the next page we describe a psychological experiment to illustrate the effect of active

learning.

65

___________________ > | 66

If you are not interested in the experiment and its results, proceed to
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Two groups of students A and B write at time #; a dictation of foreign words.

Group A is given back the dictation with the errors underlined in red. They then have to
look up the words they got wrong in order to carry out the corrections. If they have made
mistakes in the punctuation they have to look up the rules.

Group B is given back the corrected dictation where the correct way of writing and punctuation has
been inserted.

After four weeks (time #, ) they are both given a second dictation. The results are shown in the figure

66

below.
100%m S Ordinate: relative number of total errors.
AN At time #1 it is the same for both groups.

70 N\ \\ < The decrease in the relative number of errors
NN in group A is attributed to the more active way of

50 N \\ “B learning.

N\
30 S A
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‘We not only have to know new concepts and rules, we also need to know how to apply them.

By taking notes we learn

[ to apply the subject matter

[J to memorize the subject matter

67
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This is not entirely correct.

By means of extracts it is easier to memorise new concepts. With notes we have the possi-
bility of reproducing the subject matter later on. In doing so we do not necessarily learn how
to apply these new concepts.

68

We can only apply those concepts and rules that we know. For the time being then we only deal
with the first step, i.e. getting to know.

___________________ > 69
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Extracting makes it easier to memorise and retain. 69

If you want to apply new concepts, definitions and rules in a different context then you must have
them firmly fixed in your memory.

For this purpose extracts are helpful. The method of making extracts is not difficult and like all
important methods it is very simple.

Extracting information is an active form of learning.

Now, as an exercise, extract the most salient aspects of section 5.3 in the textbook.

------------------- > | 70
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Have you written down the salient aspects?

[ No, I did not have a piece of paper handy
[ No, I already know the salient aspects

O Yes

70
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No comments

Differential Calculus
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Well, if you already know the salient aspects of the work the exercise is pointless. You should
start to make extracts as soon as new subject matter is presented to you. Please do it!

72
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You could have written down: 7

Relation between sequence and series;
leading term, last term;

infinite sequence/finite sequence;
geometric series.

We shall use this technique frequently.
From now on you should make a short extract from each text studied intensively.
These extracts can be collected in some kind of order and kept in a binder, folder or filing cabinet.
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5.4 Differentiation of a Function 24

Objective: Concepts of slope of a curve, difference quotient, differential quotient, derivative,
differential.

When learning from the textbook use a scribbling pad to perform calculations. Check the transfor-

mations.
A chain of reasoning is better understood and retained if an active part is taken, e.g. if you take
notes. It may be tiresome but it is well worth while.

READ: 5.4 Differentiation of a function
Textbook pages 96-102

................... > | 75
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Have you made an extract of section 5.4 and taken notes?

O Yes

1 No

75
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Splendid. You have applied one of the important techniques of study.

What are the following symbols called? 76

——————————————————— > | 77
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A
é = difference quotient

A
lim 2y differential coefficient
Ax—0 Ax

%: differential coefficient

dx = differential of the independent variable
dy = differential of the dependent variable
f'(x) = derivative of the function f (x)

With the aid of your notes it should have been possible to write down the concepts.

77
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It is a pity that you did not make extracts. But if you already knew the content of the section
very well then you were right not to do so.
We make extracts if we want to learn new facts. This method of working is highly recom-

mended.
Now try, from memory, to name the following symbols:

g )
1 e
AxH—I>10 Ax

78
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A
A_fc = difference quotient

A
lim 2y differential coefficient
Ax—0 Ax

j—y = differential coefficient
X

dx = differential of the independent variable
dy = differential of the dependent variable
f'(x) = derivative of the function f (x)

79

All correct

Errors

81
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While taking notes you memorise new concepts more easily. At the same time you are forced
to distinguish between the essential and the non-essential. Finally, you will have in your notes
all the important keywords.

80

If you take notes and collect them together they will help you to recall the subject matter more

quickly before an examination.

READ again and take notes 5.4 Differentiation of a function
Textbook pages 96-102

81




Chapter 5 Differential Calculus

A
P, y(x)

YoI= = —

»
ot
X

The derivative of a function y(x) at the
point xo has a geometrical significance.
Pick out the wrong sentence!

81

(a) The derivative y’(xo) indicates the slope of the secant through Py(xo, yo) and an arbitrary point
P; on the curve y(x)

82

o)

83
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You are right
82

The slope of a secant through the point Py and a point P; is not given by the derivative but by the
difference quotient

A Ay _y1—Yo
i Ax X1 — X0

=y

___________________ >| 86
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‘Wrong, unfortunately %3

You have not yet entirely understood the geometrical meaning of the derivative of a function.
Have a look again at sections 5.4.2 and 5.4.3 in the textbook and clarify the following statements:

1. The derivative f’(x) of a function indicates the slope of:

(a) the chord
(b) the tangent

A
2. The expression é is represented by the slope of:

(a) the chord
(b) the tangent

------------------- > | 84
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f'(x) = slope of the tangent

Ay
— =gl f the chord
Ax sopeo € chor

84

If you have still made mistakes, then here is some advice.

Have a look at the following sketches.

On the right are drawn the secant and the tangent.

The angles o and B are the measures of the corresponding slopes.

secant
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‘Wrong, unfortunately g5

The question asked for the wrong statement about the geometrical significance of the derivative
f/(x) of a function at a point x¢. You picked out the right answer: the derivative does indeed indicate
the slope of the curve at the point Pg(xg, o).

Try again; go back to

——————————————————— > | 81
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In the textbook we describe the concept of instantaneous velocity.

We have to distinguish very clearly between instantaneous velocity and average velocity. 86
In daily life we often distinguish between them very poorly.

The reading on the speedometer of a car shows the .........c..cccceoeenienenen. velocity.

When we speak of average travelling speed we mean the ..........ccocceverienennnne. velocity, as a rule.

87
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Speedometer reading: instantaneous velocity

Average travelling speed: average velocity 87

As an aside, let us mention that Newton discovered the differential calculus when investigating
velocities and motions (1665—1676, theory of fluxions). At about the same time Leibniz developed the
same calculus when investigating mathematical problems (1673-1676).

For derivatives with respect to time Newton used the dot above the variable:

dr

The passage to the limit d# — O is one of the fundamental mathematical abstractions in science. We are
not able to measure arbitrarily small times. This abstraction is, however, confirmed by the conclusions.

___________________ > 88
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A car is being driven along a straight main road with many traffic lights. The position of the
car is measured at intervals of 10 s and plotted on a graph. The abscissa represents the time 88
and the ordinate the distance covered.

s(m) A
10001 .
900 )
800+ o o0 0

7004
6004 °
5001
4004 .
300 .
2004 o 0o 0 0

1009 e

10 | 30 ] 50 [ 70 | % (10| o] 1301 )
The car has stopped [J once 20 100 120 140 160

O twice
[] three times

] four times

The duration of each stop at the traffic lightsis............... seconds.

___________________ > 89
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twice

about 30 seconds 89

s(m) A When the car is at a stop time elapses but its po-
10001 . sition remains constant. The corresponding points
900+ ® lie on a horizontal line.
8001 o o 0 o
7004
600 °
5004
400+ (]
3004 .
2004 e o o o
1001 e
10]30]50]70]9 [1i0]130]150] (s)
20 40 60 80 100 120 140 160
Draw a curve through the points on the distance—time graph.
The average speed of the car in the time interval from 60 to 70s after the start of the journey is

___________________ > 90
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Average speed = % =10m/s 90
Newton found that the concept of the difference quotient was not sufficient in order to
describe the instantaneous velocity, i.e. the velocity at any given instant ¢. In order to overcome
this problem he was led to the concept of the differential coefficient.
The average speed is obtained by dividing the distance covered by the time taken. It is geometrically
identical to the determination of the slope of a secant of a curve. The determination of the instantaneous
velocity is geometrically identical to the determination of the slope of the tangent to a curve.

Gl The difference quotient indicates the slope of the
800
600 The differential coefficient indicates the slope of
the...............
400
I
I
200 L
!
e e e
[ 720 40 60 80 100 120 s)

——————————————————— > [ 91
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secant

tangent 91

Above all it is important for you to have understood the fundamental idea which led to the solution
of the tangent problem discussed in section 5.4.

I have understood the fundamental idea
——————————————————— > | 96

I have not understood everything, I need additional explanation
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The solution of the tangent problem is now explained in a different way.
Problem: The slope of a curve at a point is to be determined.
Coordinates of the point P = (xg, yo)

Alternatively: P = (xq, f(x0))
The y value is calculated in accordance with the functional relation.

A

y =f(x)

Yo =~

)

X

92

93




Chapter 5 Differential Calculus

We draw a secant by joining P to some other point Q.
Q has coordinates Q = (x1,y1) 93
Alternatively: Q = (x1, f(x1))

We call Ax the difference in the x-values, i.e. Ax = x; — Xg.
Are you now able to express the coordinates of the point Q in terms of xo and Ax?

Yo~ —

Mh co oo oo

=y

——————————————————— > | 94
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Q = (xo +Ax, f (xo +Ax)) o4

We are now in a position to state the slope of the secant.
Ay is yet to be defined:
Ay = f(xo+Ax) — f(xo0)

A Ax) —
Then the slope of the secant is tan o = A_))c} = f(Xo+A4x) — f(x0)

This is a fundamental equation. The numerator ex;ér)ecsses the difference between the functional
values. The denominator expresses the difference in the independent variable.

As Ax —0 Q is moved closer and closer to P, A
and we go from the slope of the secant to that of
the tangent.

=Y

On the graph draw the tangent to the curve at P.

___________________ > 95




Chapter 5 Differential Calculus

95

Now we want to move from the slope of the secant to that of the tangent.

We have to carry out the move to the limit. This is the reason why we discussed the problem of
finding limits at the beginning of this chapter. The problem in essence consists of transforming the
expression for the slope of the secant in such a way that the limit can be seen to exist. This is done in
the textbook for a simple case, namely f(x) = x2.

For many functions the fundamental idea of the proof is always the same; we evaluate the expression
f (x+ Ax) and subtract from it the expression f'(x) and obtain Ay. According to the problem, we have
to undertake transformations that will enable us to move to the limit. We shall explain this process in
greater detail further on. The important thing now is to understand that the tangent problem requires

the determination of the limit as Ax — 0.

——————————————————— > | 96
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The differential dy of the function y = f(x) is defined as

96
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dy = f'(x)dx 97

The slope of the tangent is considered as the ratio of small differentials. If the slope of the
tangent is determined it is possible to choose a dx to obtain a corresponding dy for the tangent by the
equation

dy = f'(x)dx

=y

___________________ > 98
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. . . d
The differential coefficient f/(x) = % measures the slope of the tangent to the curve at P. 08

d
The quotient % is independent of the value assigned to dx.

If we assign a value to dx and the slope of the tangent f’ is known then we can calculate
the value of the differential dy. These differentials are always measured to the tangent. The larger the
assigned value of dx the larger the difference between the tangent and the curve.

YA

=Y

___________________ > 99
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Lety =x2; then y'=2x

99

Express dy in terms of y’ and dx:

------------------- > | 100
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dy
2 /
= = — = 2
y)=x%, yl=o =2 100
dy = y'dx
dy =2xdx
Does your result agree with the one above?
Yes
——————————————————— 103

No, or further explanation required

101
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Let us work out another example:
y= 3x*

We form the difference quotient Ay = f (x +Ax) — f(x)

Ay = 3(x +Ax)* —3x*
or Ay = 3(4x3Ax 4 6x2(Ax)? + 4x(Ax)3 + (Ax)*)
Dividing by Ax gives

A
é = 3(4x3 + 6x2Ax + 4x(Ax)? + (Ax)?)
As Ax — 0 all the terms vanish except for the first one.

Hence

Ay _dy ., 3 — 1043
A;TOAx_dx_lzx and dy = 12x7°dx

101
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Further example: y = 2x2 + 2
We form the difference quotient

Ay _ fx+Ax) - f(x)

102

Ax Ax
_ 2(x+Ax)2+2—(2x2+2)
N Ax
4xAx +2(Ax)?
_ A 2A0E oax
Ax

As Ax — 0 it follows that

lim (4x +2Ax) =4x
Ax—0

In order to obtain the difference Ay in the value of the function we have to calculate f for
the position x and the position x + Ax and form the difference. To obtain the difference quotient we
have to divide Ay by Ax. Subsequently we carry out the limiting process.

As Ax approaches zero some terms are usually negligible compared with other terms.

------------------- > | 103
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Try to obtain the differential coefficient of the function y = x3. Follow the procedure shown
in the previous examples.
Note that if Ax —0, then (Ax)? and (Ax)> — 0 also.

dy
IR RRRRRRR——

103
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dy
If y = x3 then —= = 3x2
y=x endx X

Now it is time to have a BREAK

. and we know how to do it properly.

104
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5.5 Calculating Differential Coefficients 105

Objective: Application of the rules of differentiation, forming the derivatives of simple func-

tions.
Mastery of the rules of differentiation is an important tool for the scientist and the engineer.

Read on for a further hint.

——————————————————— > [ 106
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Learning technique: intensive reading, extracting (taking notes).
If we study a text intensively we must do so actively, e.g. by writing down proofs.
New concepts, definitions and symbols should be extracted.
It is recommended that you collect these extracts and keep them in a ring binder or suitable folder.
Later we can use them as a basis for recalling the relevant subject matter.

106

A first recall should take place before each ............ccccoveiiiiniee.

------------------- > | 107
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break
107

Abstracts and summaries are not exercises in calligraphy but they have to be readable.

A further hint: in order to write extracts clearly (take notes) it is recommended that you write
concepts on the left and underline them. Place explanations on the right, using keywords.

Thus you can use your notes more efficiently as a learning aid, to memorise concepts and symbols
and to test your knowledge.

First run through:  Cover concepts and symbols.
From your explanation you should be able to recall the concepts.
Second run through:  Cover explanations.
You should be able to recall the explanations by heart according to the concepts.

It is a sensible alternative idea to write down the concepts on the front side of a card and the expla-
nations in keywords on the back. That way we build up a useful system for learning and revising.

------------------- > | 108
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READ (and take notes): 5.5 Calculating differential coefficients
5.5.1 Derivatives of power functions; constant factors
5.5.2 Rules for differentiation
Textbook pages 102-108

108
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In sections 5.5.1 and 5.5.2 the following rules are dealt with:

Differentiation of

109
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Differentiation of

. power function

. constant factor

. sum (sum rule)

. product (product rule)

. quotient (quotient rule)

function of a function (chain rule)
inverse function

N AW —

110

Did you recall all the rules?
You should have been able to do so with the help of your notes.

111
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The technique of differentiation requires practice.
For this we need:

(a) knowledge of the general rules for differentiation;
(b) knowledge of the derivatives of simple functions.

O S

For the time being we shall consider power functions.
Differentiate the following power functions:

y=5 Y =

y=x" Y =
— 1 !

y—x—n W' = acooo00000000000000000000000

y=+x Y =

Yy=x"3 Y= i,

111

112




Chapter 5 Differential Calculus

1. yY=0
}v':nx"—l 112
_ n
3.y =(-n)x (”“):—an
1
4 ' =Lly1/2__~
=2 2/x
-5
5 yl_ _5 X 8/3 _
(=3) 3V/x8
O All correct
——————————————————— 116
[ Error in exercise 1
——————————————————— 113

[ Errors in exercises 2—5

114
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The derivative of a constant is zero.
We have to distinguish between an additive constant and a constant in a product. 113

Examples:
y=a y'=0
y =ax "=a
y =cx? y' =
y=c+x? y' =

Check your answers with the help of the textbook.

Errors in exercises 2—5
------------------- > | 114

Exercises 2-5 carried out correctly
——————————————————— > (116
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114

All the exercises were concerned with differentiating a power function

You should know this rule by heart.

Calculate the derivatives of:

IR
y=x"2 P =
——————————————————— > [ 115
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y' =2x
1
/ 1.,.-2/3 _
y =3X Y
3V/x2
2
l__2 —3___
y X 3

0

115

Write down the general expression for the derivative of

y=x" Y =

Check your answer with the help of the textbook.

116
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‘We now go a step further and differentiate functions composed of power functions.

Using your extracts:
If y=3x2+2x+4
find y' = oo

116
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I _
y =6x+2 117

‘We used: sum rule

Differentiate

——————————————————— > [ 119

Further help required
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To differentiate
y=2(x>+1)Vx

We note that it is the product of two functions, namely 2(x2 4 1) and /x. We apply the
product rule.

You may substitute

2(x%2 1) = u(x)

118
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y =d4xy/x+2(x2+1)

We used: product rule, sum rule

119

Differentiate

120
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o L= 120
y _(x2—|—1)2

‘We used: quotient rule

When differentiating, be patient, concentrate and take it steadily; this way you will make fewer mis-

(x+ V%
1)

takes in lengthy exercises.

------------------- > | 121




Chapter 5 Differential Calculus

(x= 1) [VE+(x+1) 5L

3 ] (x+1vx 121
(x—1)

“‘u

y' =

Rearranging yields:
, x2—dx—1

C2vx(x—1)2

We now apply the chain rule.
Let us differentiate the function
y=(x2+2)°
We could multiply out the expression and apply the rule for power functions y = x”. The chain rule
makes the work easier. Substitute x2 +2 = g(x) so that

y=(x*+2)"=(g(x))?

then y' =
------------------- > | 123

If you require assistance
------------------- > | 122
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This example is just like the one in the textbook in the section concerning the chain rule.

Look at the textbook, study the example and substitute so that:

y = (x?+2)° and with g = (x> +2)

y=g
dy
then —— = ....cccoviiieinniieenns
en dg
dg
d—==g' = i,
and = =g
By the chain rule
dy _dydg
Ay dgdy e

122
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- 2 4n . 2 4
Y =5(x"+2)"2x = 10x(x* +2) 123

Derivative of the inverse function.
Given: a function f'(x)
y=4x+3

First obtain the inverse function f~!(x):
Write it down in two ways.

In case of difficulty consult your textbook, Chapter 1, section 1.4.
The concept of inverse functions is fundamental for the next exercises.

——————————————————— > | 124
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x:4y+33 124
X — _
y==—=1"()

Given: f(x) =4x+3
Obtain the derivative of the inverse function f~!(x).

Use the rule given in the textbook and check the result by direct computation; differentiating a linear
function is easy.

The inverse function reads

——————————————————— > [ 125
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. i dy 1 1
Applying the rule: i dx =1
dy

. L . . . d 1
Direct differentiation of the inverse function gives % =1 too.

Given: f(x) =y = x>

The inverse function FH(x)reads X = oo,

Find the derivative:

dx
Step 1: Obtain — = ...................
ep ain O

d d
Step 2: Express d_x as a function of x; d_x = 0000000000000000000

d 1
Step 3: Insert into the formula é = =— = qo0000000000000000

125
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Chapter 5
x=y3 y=¥x; dx=32 126
b b dy b
dx 3 dy 1
3, = 3Vx)F =3V = T
You can obtain the derivative of inverse functions as follows. Follow these steps with f(x) =y =
x24+2  (x>0)
Step 1: Write down the inverse function in both forms
d
X = i, Y = i, Obtain the derivative — = ...............
dy
.o dx .
Step 2: Express the derivative 5 as a function of x
dr _
dy
Step 3: Insert into the f 1 _ !
ep 3: Insert info the formula == = =
dy
dy
G s
——————————————————— > | 127
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Step 1: x=y2+2 y=vx-—2

d 127
Step 2: £ =2y =2vx—-2
dy 1
Step 3: — =
g dx  2y/x-2

The derivative of the inverse function is a subtle concept, but following the given steps is quite simple.
The necessity of this concept will become clearer later on when the derivatives of, for example,
trigonometric and exponential functions are known. We suggest you reread the arguments given in the
textbook carefully and try to understand fully the geometrical reasoning. It may prove to be wise to
return to this section in the textbook where the derivatives of specific inverse functions are discussed.

——————————————————— > [ 128




Chapter 5 Differential Calculus

5.6 Differentiation of Fundamental Functions (Part 1)

Objective: Differentiation of trigonometric functions and inverse trigonometric functions.

READ (and take notes):  5.5.3 Differentiation of fundamental functions:
1. Trigonometric functions
2. Inverse trigonometric functions
Textbook pages 108—114

128
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First let us practise differentiating trigonometric functions.
Differentiate:

y =3sinx
Y = e
y =2co0s x
Y = i,

129
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y' =3cos x
y' = —2sin x

130

Obtain the derivative of the tangent function using the quotient rule.

Remember that sin® x 4 cos?x = 1.

131
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g
YV = o x 131
As a help, if needed, here is the detailed working:
_sinx
V= Cosx
, _cosxcosx—sinx(—sinx) cos’x+sin?x 1
N cos? x ~ cos?x ~ cos?x
Another way to represent y’ is:
y' =1+tan’x
Did you obtain the correct result?
O Yes
——————————————————— > [ 134
0 No
——————————————————— > [ 132
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Given: y= sin x yl —COS X

y=cosx y =-—sinx

Obtain the derivative of the cotangent function by using the quotient rule.

cos x .
(Hint: sin?x +cos®>x = 1)

sin x

132
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= —— = —1—cot’x
y Sin 2 133
The detailed working was:
cos X
sin x
, —sinxsinx —cos xcos x sin? x 4 cos? x
y = . =- .
sin? x sin? x
1
sin? x
Another way of representing y' is:
y' = —cot?x—1

——————————————————— > | 134
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Differentiation of trigonometric functions requires knowing that: 134

y =sin(ax)  y'=acos(ax)

y =cos(ax) y' = —asin(ax)

We should also understand the geometrical meaning. Hence, referring to the figure which shows the
function sin x, we draw the slope at four points.

Y

\/

]
| 7l
I:II;I
Py
RN
[ I B
I

------------------- > | 135
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y = sinx

Differential Calculus

\i\— p—
\

Y
1
I
I
N
1

Notice that we obtain the cosine function 135

y' =cos x

‘l
e—

2]

In a similar way we consider the slope of the func-
tion y = sin (2x). The tangents are steeper. In fact
all slopes are doubled. This geometrical approach
shows clearly that

y' =2cos(2x)

Differentiate:
y = Tsin(cx) = L cos (6x)
Y = Y = e,
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y' =7ccos(cx)

5 136
!/ — Qi 6
y 5 sin (6x)
All correct
——————————————————— > | 139
If you made some mistakes differentiate the following:
y1 = 3sin (3x)
y2 = 4cos(2x)
with the aid of the textbook.
Then go to
——————————————————— > [ 137
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y} =cos (3x) 137

!
1
y5 = —8sin(2x)

You might still have some difficulties.

If we continue now without overcoming them we will not save time, but create more difficulties for
you in the future. We must, therefore, isolate them before going any further.

Obtain the derivatives of the following functions:

(1) power rule y = 4x3 Y = e

. 1 /
(2) poweror quotientrule y = o V=
(3) power rule y=3x"12 4512 y— ...
(4) chain rule y =T7sin(ax) Y =

——————————————————— > [ 138
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(1) y' =3(4x?)
1

[— P —

@ y=-73

3) yl — _%x—3/2+ %X—I/Z

4) y' =7Tacos(ax)

138

You will find further exercises in the textbook, at the end of each chapter.
You know by now that exercises are useful if they seem difficult to you!

139
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An alternating current is given by the expression

I = Ipsin (ot + )

Iy, ® and ¢ are constants.
Obtain the derivative with respect to the time ¢

139

140
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dr = Ipmcos
a °

All correct

I need further explanation

(ot +0)

140

142

141
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You were asked to differentiate with respect to time #: 141
I = Ipsin (ot + )
Let us first rename the variables and constants so that:
r=x ow=a
I=y ¢=c
Io = yo
Hence y = ygsin (ax +¢)
Now we apply the chain rule g = (ax + ¢):
Y =Yosing
dy dg
dg =Yocosg -=a
d dyd
% = %% = yocos(ax +c)a
It follows that with the original notation:
d7
— = wlgcos (0 + )
i > | 142
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Differentiation of the inverse trigonometric functions.

y=AsinTH(x) Y =
y=cos 1(@ax) ¥ =
y=tan" (ax) Y = e

142

143
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/

y

/

y

/

y

A
V11— x2

—a
V1 —a2x2

a
 14a2x2

The proof is analogous to that in the textbook.
Use it to obtain the derivative of the inverse tangent function.

y=tan'(x) )=

You found the solution

You need help

143

146
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To differentiate
y= tan_l ( x) 144
Step 1: x =tany i ]
hence & =1 +tan®
dy cos?y Hlanty
Step 2: Express — as a function of x
dx _
dy
1
Step 3: Apply the formula — = I
dy
€ _
G e
------------------- > | 146

------------------- > | 145
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d 1
We know that < = —— =1+tan’y
dy cos®y
Since x =tany

x>+ 1=tan’y+1
Inserting into the formula % = —— yield
nserting into the formula =+ = - yields

dy
dy 1

dx  1+4x2

145

146
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Differential Calculus

d
_x:H:— 146

Now for a general revision.

In the following examples the more usual notations have been changed; all of them are simple
exercises. If you have any doubts replace the unfamiliar symbols by the known ones, i.e. x and y.

U=V?2
m
Ekin:Evz
8.2
=2¢
=3
p=ph

A = Agsin (o1)

S = Agcos(mt)

147
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r_

Y 2 147
d

5(&“) =mv

ds

a

dp

dh

% = Aomcos (wr)

% = —Apwsin (wr)

------------------- > | 148
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5.7 Differentiation of Fundamental Functions (Part 2) 148

Objective: Differentiation of the exponential function, the logarithmic function and the hy-
perbolic functions.

READ: 5.5.3 Differentiation of fundamental functions
Exponential and logarithmic functions
Hyperbolic functions
Textbook pages 108-114

——————————————————— > | 149
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Obtain the derivatives:

y =3e*
y ZCZx
y =2Inx

y =In(3x)

149

150
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I __ X ! 2X
y' =3e y' =2e 150
y/:% y/:i:l
X 3x X

The charge of a capacitor is given by

ot
Q = Qoe” RC
where R = resistance
C = capacitance
Q = charge
The current is given by — = 0
do

------------------- > | 151
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g = —& e_']ti’
dr RC

Obtain the derivatives of the hyperbolic functions

y=Acosh(ax) y =i
y=3tanh(2x) y = .

151
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y’ = Aasinh (ax)
y" = 6(1 — tanh? 2x)

152

Obtain the derivative of the hyperbolic cosine function:

153
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y' =21(e*—e™*) =sinhx 153

The derivatives of the inverse hyperbolic functions have a special significance in the integral calculus.
We shall not, however, derive them here. But for the reader who has a particular interest we shall prove
how to obtain the derivative of the inverse hyperbolic tangent.

Do you wish to omit the proof?
------------------- > | 157

Would you like to go through the proof?

------------------- > | 154
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The proof follows exactly that of the example in the textbook.
To differentiate:

y= tanh~! x
Step 1: Obtain

154

155




Chapter 5

Differential Calculus

d
x =tanhy £ =1—tanh?y

Step 2: Substitute for tanh? y.

Can you carry on?
Here is a little more help:

dx

dy 1
dx  dx
dy
dy_
G oo

155
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Since dy 1
&
dy
and d_x: _x2
dy
dy 1

the result is:

156

157
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Now you should be able to solve the exercises in the textbook without too much difficulty.
It is important to be able to apply the product rule, the quotient rule and the chain rule with
confidence.

157

Decide for yourself how many exercises you want to do. You may wish to solve the odd-numbered
ones first; if you do not experience any difficulty you may assume that you have understood the subject
matter.

——————————————————— > [ 158
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5.8 Higher Derivatives

Objective: Generalisation of the concept of differentiation, second derivative, formation of
higher derivatives.

READ: 5.6 Higher derivatives
Textbook pages 114-115

158
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In the following examples we have changed the notation. In one of them the second derivative

is required; in the last the fourth derivative is required. 159
g(0) :asm¢+tan¢ (D) = o
v(u) =u? V/(U) = oo
f(x)=1Inx S (%) = e
h(x) = x> +2x2 B3 () = o,

------------------- > | 160




Chapter 5 Differential Calculus

1
£(0) =acos+ — 160
v (u) = e¥ (2u +u?)
" 1
o)==

All correct

------------------- > | 163

Errors or difficulties

——————————————————— > | 161
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Higher derivatives are calculated as follows:

Consider the function y = Inx 161

1
The first derivative y’ = —

The second derivative is obtained by differentiating once more the first derivative with respect to x.

d 1y -1
" _ Y Y
Y= 2r@=(1) =2
Similarly for higher derivatives. They are obtained by differentiating successively. Thus the fourth
derivative of

Hence

——————————————————— > [ 162
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Proficiency in differentiating requires practice. If you are still experiencing difficulties in solv-
ing the exercises it is a sign that you have not yet mastered the subject matter. It is therefore
necessary for you to practise with more exercises.

You will find them at the end of the chapter in the textbook.

162

------------------- > | 163
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There now follows a short recapitulation.
Differentiate the function of a function:

To do this we apply the chain rule.
Recall it, please!

163
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df dg df
47 dg &S
Y=g & dgg(X)

To differentiate y(x) = v2x3 +5
let g(x) =2x3+5
so that f'(g) = /g

Obtain the derivative

164

165
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3x2

yix) = V2x3+5

All correct

Different result, or difficulties

165

167

166
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The function y = f(g(x)) = v2x3 + 5 is made up of 166
g(x)=2x3+5
fle)=ve
. . ; df . i dg
To use the chain rule we have to multiply f'(g) = e (‘outer derivative’) with g’(x) = ax
(‘inner derivative’).
Consequently we obtain the following derivatives:
dg d
/ =5 =107 3 — 2
g'(x) T dx( X +5)=6x
af d 1
!/
g = — = — g = —_—
r6= =g VP17
dfd
The chain rule gives: y’ = % ﬁ
Substituting leads to y'(x) = 1 6x2— &
2,8 V2x345 e > 167
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Obtain the following derivatives:

y = (3x*+2)? y'
y =asin(bx+c) y'
y= e2x3—4 y

167

168
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Differential Calculus

y' =12x(3x%2+2)
y' =abcos(bx +c)

168

169
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You will frequently have to use the 169

— product rule
— quotient rule
— chain rule

Now do the exercises in the textbook corresponding to section 5.6.
For the solutions of the exercises use the table of derivatives at the end of chapter 5 in the textbook.

------------------- > | 170
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There are two ways of plotting a curve defined by f'(x): 170

(1) We tabulate many values of the function. This was explained in Chapter 1. The procedure
is laborious and time consuming.

(2) We look for particular features of the curve in order to obtain a picture of the quantitive nature of
the graph.

The second method is most important; it enables us to get a quick picture of the general character
of the function. It is usually referred to as curve sketching.
Section 5.7 of the text book deals with the determination of these particular features.

------------------- > | 171
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5.9 Extreme Values and Points of Inflexion; Curve Sketching

READ: 5.7.1 Maximum and minimum values of a function
5.7.2 Further remarks on points of inflexion (contraflexure)
5.7.3 Curve sketching
Textbook pages 115-123

171
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(1) What do we call the points of intersection of a function y(x) with the x-axis? ...........

(2) What do we call the position xq for which in the neighborhood of x¢ the following inequal-
ity is valid?

S (x) > f(x0)

172
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(1) Zeros
(2) Local minimum

173

The graph in the figure shows a fairly complicated curve.

L e o o o =

3{-—_

ZETOS .evvvveeeeeeeeeeeeirnreeeeeeeinnnns

174
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Zeros: X3, X5, Xo
Local maxima: xg,

X8

Differential Calculus

Local minima: x1, x4, X7
Pole: x5

All correct

Zeros wrong

Extreme values wrong

Pole wrong

174

180

175

177

179
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Read once more the definition concerning zero positions in the textbook. Then state the posi-
tion of all the zero values of the cosine function in the interval O to 4.

y =cos X Y

175

176
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3 ?7 T 176

T2 2

(SIS

Finding the positions where the function is zero is easy: they occur at the points of intersection of the
curve with the x-axis.

All correct
——————————————————— > | 180

Extreme values wrong
——————————————————— > | 177

Pole wrong

——————————————————— > [ 179
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Identify the local maxima of the graph shown below.

A local maximum occurs at a point where the curve has a peak.

Similarly a local minimum occurs where the curve has a frough like the bottom of a valley.

We call certain maxima and minima local because it is possible that at other points there are maxima
(or minima) having greater (or smaller) values. A maximum is not absolute unless it is the highest
compared with all other maxima. Similarly for an absolute minimum.

177

A

|

]

Identify the: |

. T ~—— ] |

Local maxima............... 1 ] 1 |
+ H : } >
X X 2 X 3 X4 Xs X

Local minima ...............

Absolute maximum...............

Absolute minimum ...............

------------------- > {178
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Local maxima: x1, x3, X5

Local minima: x5, x4 178
Absolute maximum: x5
Absolute minimum: x4
All correct

——————————————————— 180
Pole wrong

179
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A pole occurs at a position where the function tends to plus or minus infinity. The function
under consideration had one pole position. The function shown here has three pole positions.
At one position the function tends to plus infinity from both sides, at a second position it

179

tends to plus infinity on one side and minus infinity on the other side, while at the third position it tends

to minus infinity from both sides.

A

3

180




Chapter 5 Differential Calculus

One of the advantages of the differential calculus is that it aids us in finding maxima and
minima.

The function shown below has one maximum. Draw the tangents to the curve at A, B
and C.

Then plot the value of the slope of the tangent A
at each point.
This is the function y’(x).

)

14

— — — — — bt — > —
—_— e = e | = W — — — —

180
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Leaving aside the question of the scale of
the diagram, we observe that the values
of the slope on the left of B are positive
while those on the right are negative.

Plotted in the lower diagram is the curve repre-
senting y’.

A
i A B C
i T T ?
yA
p -
N
N
\
N
1 S >
N ~
~
T

181
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Let us now carry out the same procedure
in the case of a minimum.

Draw on the curve the tangents at A,
B and C and hence sketch the curve of y'.

YA
| !
| |
A B
t t t >
| | |
YA | | |
I I I
| 1 |
| | |
| | !
A B ¢ >
= ’
X

182
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Drawing tangents is not difficult.

Estimating the values of the slopes can

only be approximate. What is important

is that they are negative to the left of B and posi-
tive to the right of B.

We also notice that the slope of the curve for
y' is different in this case.
The values of y’ increase from left to right.
Recall that for a maximum, y’ decreases in value
from left to right.

=y

183
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‘We now know the conditions required to determine the location xo of a maximum or a mini-

mum.
In both cases, the tangent is horizontal.
Mathematically this means: y’(X0) = «oveoveverierenieieneaieens

184

185
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"Xo=0
i 185

For a maximum: the value of the derivative
decreases from left to right.
Mathematically this means: y”(xg) < 0

For a minimum: the value of the derivative
increases form left to right.
Mathematically this means: y”(x¢) > 0 (] )

min = pos

If you have not yet understood everything
——————————————————— > [ 186

Otherwise
------------------- > | 190
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‘We repeat once more the chain of reasoning: y 186

|
|
|
|
!
X

| a 0 b ?

(1) At the point xq the tangent to the curve y(x) is horizontal, i.e. the slope is zero. This is expressed

mathematically by y’ =0
(2) In the interval (a,xg) the slope of the curve y(x) is positive. Thus in this interval y’ > 0, but the

slope of the tangent decreases from left to right.
(3) In the interval (xg,b) the slope of the curve y(x) is negative. Thus in this interval y’ < 0, and the

slope of the tangent decreases from left to right.

Sketch the curve for y’(x) in the vA
neighbourhood of a minimum x; . \_/

yA

------------------- > | 187
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" 187
]
ixl x>
YA !
|
|
I -
‘/XI B
Look at the neighbourhood of x; in the diagram above.
Which of the following is true?
Oy’ (x) <0
Oy"(x)>0
——————————————————— > | 188
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/I>0
y 188

To determine whether a curve has a maximum or a minimum we need to remember two things:

(1) The slope at an extreme value is zero: y' = 0.

(2) Whether there is a maximum or a minimum can be determined by investigating the nature of the
slope.

You should remember that for a maximum the slope is positive before and negative after the point
where the maximum occurs.

This implies that the slope is getting smaller,

ie. y” <0. A
For a minimum the reverse is true.
The figure shows the slope y’ of a curve. /
3
The curve y has a /
[J minimum
[J maximum

------------------- > | 189
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minimum
189

Remember: the mouth represents the curve, the smiling expression represents the positive value of y”.

___________________ > | 190
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To determine characteristic points of a curve the following conditions apply: 190

(1) Zero values: y=0
(2) Local maxima: y'=0, y’"<0
(3) Local minima: y'=0, y»">0

2

For what value xg has the function y = x* an extreme value?

The curve is a parabola.
To obtain the required value:

(1) Find the derivative

(2) Solve the equation

------------------- > | 191
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y' =2x
0=2x
hence xg =0

191

Is there a maximum or a minimum at that point?

] Minimum
[ Maximum

192
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y'=2>0
Minimum

For what values of x in the
range 0 < x < 27 is the sine
function y = sin x zero?

Obtain the derivative.

For what values of x in the
interval 0 < x < 27 has the
function

y =sinx

MAXIMA ..veeeeivreeeeiieeeeneneen.
MINIMA ..vveeeevieeeeiieee e,

A

192
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In the interval 0 < x < 2m:
y=0 atx =0

and at x =21

Maximum at x = 5

w

Minimum at x = =t

193

The steps required to obtain the position of a maximum or minimum are:

Step 1: y' = cos x
Step2: ' =0 for x =% and 37”
Step3: " =—1 for x =7, hence a maximum

y'=+1 for x= 37”, hence a minimum

194
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It is often important to determine the extreme values of a function.

Whether there is a minimum or a maximum often follows from the nature of the problem,
and for this we do not need to apply the second condition.

The steps are:

— obtain the derivative

— set the derivative = 0, and solve the equation y’ = 0.

Here is an example for you.

Extreme values occur at

If you require help

194

196
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Given: y = x3 + x?
Required: extreme values
For the extreme values: y’(xg) =0

195

Step 1: Derive y’
y' =3x24+2x
Step2: y' =0
0 =3x2+2x
Solve this equation for the values of x.

We can factorise out x to obtain
0=x(3x+2)
You should be able to solve this equation for x.

___________________ > | 196
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=0
L , 196
XE2 = —3
Obtain the value of x for which the function is zero and where there is an extreme value:
y=—x>+2x
ZEIO v,
Extreme values ...........cooeevvveivneeinnnnnn.
——————————————————— > | 200
If you need help with the zero
------------------- > | 197
If you need help with the extreme values
——————————————————— > [ 198
You have found the solution
------------------- > | 200
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To obtain the values of x for which the function is zero we set y = 0.
Hence if y = —x2 +2x 197
then y =0 leadsto
0=—x242x or x*>-2x=0
x(x—=2)=0
hence x; =0
Xp = 2
Now calculate the extreme values of the function
y=—x>+2x
Extreme values ..........ccocoeeeveeiiiiiiiiiinnnnees
——————————————————— > [ 200
If you need help
------------------- > | 198
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Given: y = —x2 +2x

Required: Extreme values xg 198

!

Step 1: Obtam the derivative. That is the slope of a tangent, y’ : .........ccccceiieieennnn.
Step 2: Set ¥/ = ooiiiiieeee =0

and solve for x.

IVING XE = weevveveiiiiiiiiiiiiiiieiiiiieieeeeees

------------------- > | 199
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xE:I

199

Now obtain the extreme values of the function

y =2x%+4x
Obtain the derivative y’.
Set y' = 0.
Show that the function has an extreme value at
XE = —1

Check your solution by yourself.

200
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The function y = —x2 +2x 5
is zero at x; = 0 and xp = 2; 00
it has an extreme value at xg = 1
As the last example of this sequence, sketch the function
2
&) = T
First establish a few salient points!

Solution found

------------------- > [ 203
Hints on zeros, poles and asymptotes

------------------- > | 201
Hints on extreme values and points of inflexion

——————————————————— > [ 202
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Zeros: y(x;) =0
The numerator does not vanish (and the denominator is always positive). Thus there are no
ZEeros.
Poles: The denominator does not vanish. Thus there are no poles.
Asymptotes: We examine the behaviour of the function as
X — +o and x — —oo

. . 2
A pler) = Hu e — =2

Thus the asymptote for x — oo is y =2.
The other asymptote is found in the same way: for x — —eo the asymptote is y = 0.

Full solution established

Hints on extreme values and points of inflexion

201

203
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Extreme values: y'(xg) =0
2e—(*+1) 202

/ _
y (x) o (e—(x+1)+ 1)2

The numerator never vanishes. Thus the function has no extreme values.
Points of inflexion: y”(x;) =0

" B _2e—(x+1)(e—(x+1) + 1)+4e—(x+1)e—(x+1)
y (x) _ (e—(x+1)+1)3

After rearranging we get

26—(x+1)[ze—(x+1) _ e—(x+1) _ 1]
(e—(x+1) +1)3

y'(x) =

The bracket in the numerator must be zero for

y'(xi) =0
0=¢ (ith) _1
Since e~ %it1) =1 =¢0
Thus the function has a point of inflexion at x; = —1

------------------- > | 203
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There are no zeros and no poles.
As _ 203
ymptotes X — oo y= 2
Point of inflexion x; = —1 X ——oo y=0
A
24 Asymptote

=y

Asymptote -2 -1 12

If you have mastered the subject you do not need more exercises at the moment. If you had difficulties
some more exercises should be useful to get more practice. In any case, have a look at some exercises
in one or two weeks’ time. As you already know, further exercises are given in the textbook at the end
of Chapter 5.

------------------- > | 204
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5.10 Applications of the Differential Calculus 204

Section 5.8 in the textbook is intended to give you an impression of possible applications. As
there are many applications for the physicist and engineer, it is impossible to present an exhaustive
summary. Some of the examples might be studied intensively in later periods when you are facing
advanced problems. In any case this section may be useful when you want to review the concept of
curvature and the I’Hopital’s rule.

READ: 5.8 Applications of differential calculus
5.8.1 Extreme values
5.8.2 Increments
5.8.3 Curvature
5.8.4 Determination of limits by differentiation: I’Hopital’s rule
Textbook pages 123-129

------------------- > | 205
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We start with a maximum problem in electricity. Consider a battery or an amplifier. Its voltage

is Vy, its internal resistance is R;. 205

The problem is to find the value for R at which the electrical power consumed by R is a maximum.

Want to solve the problem without help
------------------- > [ 210

‘Want hints
------------------- > | 206
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The circuit is shown again:
206

The box on the left represents the battery or amplifier. If there is a current / the voltage applied to R
is Vp diminished by the voltage applied to R;. Thus the voltage applied to R is

Ve =Vo—IR;
The electrical power consumed by R is then
L=VgIl

Now we want the maximum of L depending on R.

Want to solve the problem on my own
——————————————————— > [ 210

More help is needed
------------------- > | 207
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The voltage applied to R is Vg = Vo — R [ P T

The power consumed by R is L = Vgl 207

The current / is given by Ohm’s law: [ =

Ri+R
We express L in terms of R:

L=Vo—RI)I
. Vo Vo
lRi-l-R Ri+ R

I

L=<%—R

r—F—————— ===

|
|
1
[

RV

L=——""—
(Ri—i-R)z

We look for the maximum of L with respect to the variable R.

Want to solve the problem on my own
------------------- > | 210

‘Want further hints
——————————————————— > | 208
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Wanted: the maximum of L

I — RV02
(Ri + R)2

Let us change the variables:
L=y

R=x
V@ x

r= (Ri~|—x)2

The necessary condition for y being maximal is y’ = 0.

I can solve the problem now

Further hints wanted

208

210

209
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The given equation reads
209

V@x
Y= T2
(Ri+x)?

We differentiate:
s _ V& (Ri+x)> = Vox2(Ri +x) > Ri—x

(Ri+x)* O (R +x)3

An extreme value is given if y’ = 0.

Ri—x

0= Ritxp

i.e.x = R;

Since we substituted R = x we now have the solution:

R=R;

------------------- > | 210
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R=R;
210

From the context it is obvious that this is a maximum and not a minimum. But you may prove
it for yourself by determining the second derivative.

The maximum electrical power that can be supplied by a battery is therefore reached if the
resistance in the external circuit is the same as the internal resistance. In this case half of the electric
power is consumed within the battery or amplifier.

Note also that the result is independent of V.
------------------- > | 211
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Now let us tackle a problem on errors.

To measure the depth of a well we drop a stone. Since we can hear it hitting the water we
measure the time of the fall.

The time is 2+0.25s.

What is the corresponding error in the depth?

What is the relative error?

(The time of travel of the acoustic signal may be neglected; the approximate value of g =9.81 m/s.)

211

I want to solve the problem on my own
------------------- > | 213

Further hints

------------------- > | 212
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The time of fall is 2 4+ 0.2 s. Thus the relative error in measurement is 10%.

The depth is 212
9.81
s = %tz = Tm/sz(Zs)2
s =19.62m
The error
ds
As = — At = gtAt
a "¢
AS = oo
and the relative error
As —
PR

------------------- > | 213
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The error As = +gtAt ~ +4m
t 213

The relative error ﬁ = 27 ~20%
K

Now we turn to an example on curvature.

Let us calculate the radius of curvature of a circle. The result is already known. The radius of
curvature of a circle is the radius of the circle. Nevertheless this problem is an interesting one because
it provides a check for the formula derived in the textbook.

Equation of a circle: x% + y? = R}
y=1/R3—x2

First write down the formula for the radius of curvature. In case of doubt use the textbook.

——————————————————— > | 214
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o L0022

Calculate R with

‘Want further hints

214

217

215
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Given:
R =]
y =
First find the derivatives
y/
yl/

Derivatives found

Further hints wanted

(14022

yl/

2_ 2
Ry —x

215

217

216
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, x
y ==
R3 —x2
[
(R2 —x2)3/2

216

These derivatives are to be inserted into the formula

1= )2

R= y//

217
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R=—Ry

The sign indicates that the curve is concave downwards.
The radius of a circle is the radius of curvature.
R is a constant in this case.

217

What is the radius of curvature of the parabola y = x2?

218
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( 144 x2) 3/2
2
In this case R is not a constant. The radius R of curvature grows with increasing magnitude of

R =

x. For x =0 we have R = % The curvature R decreases with increasing magnitude of x.

218

219
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5.11 Further Methods for Calculating Differential Coefficients 510

This section covers slightly more advanced methods. They are useful if you have to deal with
complicated functions. For the first pass through the textbook you may skip this section but you should
return to it before having completed differential equations (Chapter 10).

READ: 5.9 Further methods for calculating differential coefficients
Textbook pages 129-130

................... > | 220
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Given: 2x2 +3y3 =27.
This is an implicit function.
Calculate y’ using one of the methods shown in the textbook.

Hints wanted

220

223

221
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We want the derivative y’ of the implicit function 1

2x% +3y3 =27

We may use the method for differentiating implicit functions or we may use logarithmic differentiation.
We start with the first method:

2
il )
o) =2
d 3 2dy
dx %) = dx
dy _
G s
------------------- > | 223
Further hints wanted
——————————————————— > | 222
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Given: 2x2 +3y3 =27

d
We differentiate all terms with respect to x and solve for é:

d d d
—(2x21)+—(3y3) =—(2
—(2621)+ —(3%) = —(27)
dy
4x+9y2—=0
X+ 9y dx
Now solve for d_y:
dx
dy
G e

222

223
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dy —4x

dx 92

223

Now try logarithmic differentiation for the same function. It is more complicated in this case.

2x2 4+ 3y3 =27

2x2 =27-3y3

225

Hints needed

224
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Given: 2x? =27 —3y3
We take logarithms:
In2+2Inx = In(27 — 3y3)

We differentiate with respect to x
2 —3x3y*dy
x  27-3y3 dx

Inserting 2x2 for (27 — 3y3) from the first equation yields
2 —9y*dy

x  2x2 dx

224

225
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dy = 4x

dx 92

Given the function:
y=(x+ 1)3(x~|—2)

225

There are several different methods for solving this problem, but it is easiest to use logarithmic differ-

entiation.

Explanation wanted

228

226
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y= (x+1)3(x+2)

We take logs on both sides:
Iny =3In(x+1)+In(x +2)

. . . d
Now we differentiate with respect to x and solve for d_y
by

Then we substitute back (x +1)3(x +2) =y

Detailed calculation

226

228

227
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y=(x+ 1)3(x+2)

Taking logarithms
Iny =3In(x+1)+In(x +2)

Differentiating with respect to x yields:

[EIE R
ydx x+1 x+2

dy
Solving for ——
olving Ordx

dy _ 3(x+2)+(x+1)
x0T (x+D)(x+2)

Substituting back y yields
dy

dx

227

228
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r_ 2
Y =@x+7)(x+1) 228

This should have been easy. You can check the answer by applying the rule for differentiating a product.
Here is a very different function:

------------------- > | 229
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V= e2*(2x2 4+ 5x+3) 229
(x+3)3

Correct
——————————————————— > | 231

Wrong, detailed solution

___________________ > | 230
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2x

xe
(x+3)2 230
Step 1: Take logs on both sides: Iny = Inx + 2x — 2In(x + 3)
Step 2: Differentiate with respect to x, remembering that

The function to differentiate is y =

d dy
—1 =
ax T d( V)
d 1, 1 )
T yy_x xX+3

, xe?* (1 2
Step 3: Multiply through by y so that y’ = 132 (; F2= x_~|—3>

Step 4: Simplify by placing the terms in the brackets under a common denominator x(x -+ 3) and
obtain

2x

------------------- > | 231
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5.12 Parametric Functions and their Derivatives

In the first part of this section the concept of a parametric function will be explained using
well-known examples from physics. This concept is very powerful.
In the second part of the section we shall deal with the derivatives of parametric functions.

READ: 5.10 Parametric functions and their derivatives
5.10.1 Parametric form of an equation
Textbook pages 131-136

231

232
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A Give the parametric form of the straight
line in the figure. Denote the parameter 232
\ by A:
1 38 = 500000000000000050006050000000600000000
Y T e

=Y

------------------- > | 233
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x=A
y=1-21

233

Eliminate the parameter and get back to the usual form of the equation of this straight line.

234
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y=1—x

234

Correct

Explanation wanted

236

235
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We start with the parametric form
x=2A
y=1-24

We want to eliminate the parameter in order to obtain one single equation. In this case this is
quite easy.
First express A in terms of x:

A=x

Second, insert A in the second equation:

y=1-A=1—x

235

236
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A A point moves on the circle.

ol Give the parametric equation of the 236
curve.
Denote the parameter by ¢.

24—

1 y=

—

o

w
=Y

------------------- > | 237
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x=2+1.5cos0
y=2+1.5sin¢

237

Correct

Explanation wanted

239

238
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The example is similar to one given in the textbook.
The difference is that the center of the circle has the coordinates (2, 2).
The equations are obtained by adding the coordinates of the center to those of the circle
centered at the origin.
x=2+1.5cos¢

y=2+15sin¢

238

239
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YA Give parametric equations of the straight
line in the diagram. 239
Ha Denote the parameter by ¢.
X D et
{10 Y ettt
y ; -
=20 -1 10 20 *
—-10
1-20
K3O

------------------- > | 240
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x=—10410¢
y =—30¢

240

Other equations are possible. The following equations are also valid:

x =5t
y=-30—15¢

In case of doubt or difficulty consult the textbook.

The vector a can be chosen arbitrarily; thus different equations may result. But all give the same
equation in the usual form if one eliminates the parameter. Eliminate the parameter in both pairs of
equations above and show that in both cases the result is

y=-—3x-30

------------------- > | 241
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5.13 Derivatives of Parametric Functions

Try to calculate the examples in the second part of this section without using the textbook.

READ: 5.10.2 Derivatives of parametric functions
Textbook pages 136-142

241

242
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A point moves on a straight line. Its movement is given by the equations

x =—10cm+ 10 (cm/s)t
y = —=30(cm/s)t

Give the magnitude of the velocity:

Hint: Obtain the components of the velocity first.

242

243
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v=31.6cm/s =100+ 900cm/s

A point moves on a helix. The position vector is given by
t
r(z) = (Rcos®t, Rsinwt, —
(t) = (Rcos sin 2;1)
Evaluate the

velocity V(1) = ..coooveviiiiiiiicice
acceleration a(f) = .....coocevveievienieniieniienns

243

244
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1
v(t) = (—Rwsin @, Rwmcos o, E)

a(t) = (—Rw’>coswt, —Rw’sinwt, 0)

244

Now give the magnitude of velocity and acceleration.

245
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2

1\2
o=\ Rot+ (5 25

a = Ro?

This chapter has turned out to be rather lengthy. The reason is that the differential calculus is of
fundamental importance for many areas of applied mathematics.

But before you have your break, which you do deserve now without doubt, do recapitulate the most
salient points of Chapter 5.
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Chapter 6 Integral Calculus

Preliminary note: The integral calculus can be approached in two different ways:

(i) Analytically: in this approach integration is formally defined as the inverse of
differentiation.
(ii) The calculation of an area under a given curve leads to the integral calculus.

These approaches are shown to be equivalent and are discussed in sections 6.1 and 6.2 of the textbook.

——————————————————— >| 3
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6.1 The Primitive Function Fundamental Problem
of the Integral Calculus

Objective: Concepts of primitive function, boundary conditions, integration.

READ: 6.1 The primitive function
6.1.1 Fundamental problem of the integral calculus
Textbook pages 147-149
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Let the function be denoted by f (x).
We require a primitive function F(x).
What relationship exists between these two functions?
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Integration is the inverse of differentiation.

This means that if we differentiate a given function and integrate the new function we get back the
original function except for an additive constant.

Differentiate and integrate successively the function

Differentiating: y" = ....ccovevviveiiieriieiieeieeiens

Integrating: Y e
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I 2
y' =3x 6

y=x3+C

Let us have a look at another example.
Primitive functions, or simply primitives, are usually written with capital letters. Remember the
constant added to the primitive!

Differentiating: F'(x)= f(x) =y = oo

Integrating: FX)=y =i
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If we differentiate and integrate successively a given function then we get back the original function
except for an additive constant.
Let’s follow these operations with the help of the next example.
We start with the function
y =sin(2mx)

Differentiating, we obtain
F'(x) = f(x) =2mcos(27x)

Integrating, we find
F(x) =sin(2xx)+C

Can you name the primitive of f(x) = cosx?
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If f(x)=cosx
F(x)=sinx+C

If your result does not agree, satisfy yourself of the correctness of the solution by differentiating F (x).
You should obtain f(x).

Difficulties may occur because of the notation. We have to memorise: the primitive is denoted by
F(x) and its derivative by f(x). We always use this notation in the textbook; it is very common.
Integrating means trying to find the ............................ of a function.

The given function is the derivative of the .............................
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primitive
primitive

In the following you will find additional explanations of the graphical representation and the link
between the integral and differential calculus.

——————————————————— > | 10
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Given the function F(x):

Sketch the graph of the function
F'(x)

i.e. of the derivative in the interval 0 < x < 6

In other words, differentiate the given curve.

F(x)A
24
].

3 3 i 3§ § %
F'(x)
2
1

Y »

| 1 2 3 4 5 x

10

11
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To sketch the curve we have three refer-
ence points: At x = 0, F(x) has a hori-
zontal tangent, which means

F'(x)=0

At x = 3, the slope of F (x) has its great-
est value, about 1.

F'(x),

i

2

3

k"

(V.

4

For x >> 3 the curve approaches a horizontal asymptote its slope tends to zero.

11

Sketch two functions F(x) using the informa-
tion given above for the derivative F’(x). This
operation corresponds to integration. One curve
should pass through the origin and a second curve
through the point (0, 1).

F(x)J
34

24

14

A

e

o

w4

=Y

4 5

12
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The actual details of the graphs are not Feh
important but the trend should be correct. 34 12
24

Check the horizontal tangent at x = 0 and
for x > 3. >

T T I S
Which of the curves F(x) shown are also solutions of the curve F’(x) described in the previous

frame?
Fx) A LA
3 -LI®e
2-/ ﬂ )

~{Jp
1 /
0 : . —

X

——————————————————— > 13
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All curves are integral curves of the same
derivative. They only differ by an addi-
tive constant. Name boundary conditions
for the four curves A, B, Cand D at x = 0:

A, F

, F

(
B, F(
C, F(0
D, F(

, F

13

14
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Curve A,
Curve B,
Curve C,
Curve D,

S =N

N T
P e R
PG
S N N
| T
I

i

14

15
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Obtain the derivative of

Y=x345 Y = e,
Obtain the primitive of
F'(x)= f(x)=3x%, F(X)= oo,
Obtain the derivative of
Y=3x+2, ¥ = e
Obtain the primitive of
F'(X)=f(x)=3, F(X)= oooorrereerreeranen.

15

16
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After finding the primitive function a constant C must always be added.

In the examples above the first part contained the solution.

Now obtain the primitive of the following functions:

fi(x)=2x Fr(x) = o,
fr(x) = x? Fo(X) = e

Now change the notation; instead of f use g and instead of x use 7.

g(t)y=1t+1 G(1) = oo

16

17
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Fi(x) =x*>+C 17
F(x) = %x3 +C Don’t Forget the Constant!

Calculation of the constant from a given boundary condition:
Let f(x)=x+1
The primitive function is
F(X) = oo

Boundary condition: the primitive should pass through the point (0, 0).

Of the infinite number of solutions, called integral curves, only one curve will pass through that
point; its equation is:

——————————————————— >| 18
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P
F(X) = 7 +X+C 18
P
F(x)= > + x, C=0
Both correct
——————————————————— 20

Further explanation required

19
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The value of the constant to satisfy
a given boundary condition:
Consider the primitive function

f/ 19

X2

F(x)= 5 +x+C
This represents a family of parabo-
las.

If the boundary condition calls
for F(x) to pass through the point
(0, 0), i.e. the origin, we can
obtain the constant as follows:

(«

When x =0,y =F(0)=0

Step 1: Insert x = 0 and y = 0 in the primitive and obtain 0 =0+ 0+ C.
Step 2: Solve for the constant. In this case C = 0.

——————————————————— > 20
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Let the derivative be y’ = x.
The primitive function y = ........ccccceeeeeeennnnnnns
Boundary condition: the primitive should pass through the point P = (1
Calculate the constant of integration:

. 2).

20

21
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X
y(x)=—>+C 21
3
C==
2
2
x 3
yx)=—>+3
Correct solution
——————————————————— > 25
Still having difficulties, want further explanation
——————————————————— > | 22
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Given y’ = x. We require that the primitive should pass though the point P = (1, 2). ”

Step 1: Obtain the primitive of y’ = x.
)
The primitive is y = > +C

C is not known numerically at this stage.

Step 2: Obtain the value of the constant.

2
The primitive y = a + C is required to pass through the point whose coordinates are x =1, y = 2.

We need to substitute these values in the equation, thus:

1
2==x12+C
2T

and solving for C, C = 3.
The solution is: y(x) =

1.2
PR

[\S][o%

___________________ > 23
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Given "xX)=—-2x
y'(x) 3 23

Obtain the primitive function y (x) which goes through the point P(1, —3).

Step 1: Obtain the primitive

——————————————————— > | 24
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—

yx)=-1x*+c, c=-1 24

You will find further problems in the textbook.

Before the next short break read some hints on the study technique of selective reading.

First case for the application of selective reading:

Let’s assume you are familiar with most of the content of a certain chapter. In such a case intensive
reading is not necessary. You know the facts already. Here, something else is important. You must read
the text through with a view to finding the new material which is introduced, defined or deduced there.
It is a question of quickly picking out any new points from a large number of familiar or known ones.

——————————————————— > [ 25
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Second case for the application of selective reading:

Suppose you are looking for a specific piece of information in a long text. There is a danger
that you will be distracted from your aim, by finding some piece of interesting but irrelevant
information which you consequently begin to read. Who can honestly say he hasn’t been distracted
in this way? Perhaps, for example, you once looked up the headword SYNERGETICS and read the
entries for SOLIPSISM and SYNAGOGUE as well. Deviation from target-directed searching is known
as the ‘encyclopaedia effect’.

Selective reading as a time-saving study technique demands the separation of information which is
currently relevant from that which is currently irrelevant. One should not even be aware of the exis-
tence of the irrelevant material.

25

Now practise selective reading:

Look for the numerical value of Euler’s number e.
If necessary use the index.

The numerical value of € 1S ........cevvveveeiiiieeiiinnns.

................... >| 26
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e=2.71828........... 26

The technique used in selective reading is exactly the opposite of that used in intensive reading. Dif-
ferent aims are pursued.

In the case of selective reading, the text is glanced over carefully, your attention being directed
exclusively towards the particular information being sought after.

If you come across a part of the text which you already know, try to read it selectively. However, if
it’s new to you then you must change your reading mode and read intensively.

——————————————————— > | 27
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6.2 The Area Problem: The Definite Integral Fundamental Theorem

of the Differential and Integral Calculus 27

Objective: Concepts of definite integrals, integrand, limits of integration.
Operations: evaluation of simple definite integrals, inserting limits.

The next section is longer than usual. Divide your work into two parts. After the first part — say after
having completed section 6.3 — have a break and check that you have understood the new concepts
by reproducing them in your own words. If you do not succeed, do not go any further but go back to
that particular part.

READ: 6.2 The area problem: the definite integral
6.3 Fundamental theorem of the differential and integral calculus
6.4 The definite integral
Textbook pages 149-161

------------------- > | 28
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The expression / S(x)dxiscalled ......coooooiiiiiiiiiiiiiii

a is called the a ................................................................................
Discalled the ..........ooeeiiiiiiiiiiee e
F(x) s called the ..eoveiiiiiiiiiiiiiieicc e
dx (known from Chapter 5)iscalled .............cccce

28

29
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b
f (x)dx = definite integral

—

29

a = lower limit of integration
b = upper limit of integration
f(x) = integrand

dx = differential

You have to know these concepts. Make sure that you can assign the right meaning to each one!

___________________ > | 30
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The shaded area is bounded by f(x).
The area function F(x) gives the area
under the curve f (x) between 0 and xg.

Which of the graphs represents the area
function:

F(x)

B

I
F(x)

[

=Y

=Y

30

31

32

33
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Wrong, unfortunately. FoA N

The area function F(x) must pass
through the origin.

gration coincide, then the area under the curve
shrinks to a line and consequently the magnitude
of the area is zero, i.e. F(0) =0

But here F(0) =a.

Now decide once more what the area function should look like:

Flok

|
|
|
|
If the left- and right-hand side limits of inte- a I
|
|
}
X

F(x),

___________________ >| 32

sl /

FOA

___________________ > 33

b

=y
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Correct!

Itis true: F(0) = 0, and in addition the functional values of F (x) increase as x increases. 32

Skip a frame; go to

------------------- > | 34
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Unfortunately not entirely correct!

It is true that F (x) goes though zero. Furthermore the function F(x) has to be monotoni- 33
cally increasing, which means that it grows as x increases, since the area under the curve f (x)
increases if the limit is moved to the right. However, the function F (x) chosen by you is constant from
position a onwards.

FeA

Q- — — =

B

Xo

The correct graph is

Foop

B = =
=]
=

——————————————————— > | 34
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Sketch the area function for f(x): ¥
f(xl)é
T —
2 4 6 8
F(x)h
14
2 4 6 8
If you have found the solution
——————————————————— > | 37

If you require help

___________________ > 35
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Here is a hint. Given the function f(x), what is the area function F(x)? (We have to pay
particular attention to the fact that the area below the x-axis is, by definition, negative.) To
obtain the area function we divide the graph into a number of intervals of arbitrary length.

foh
1 -

35

The area function is zero at x = 0. The area up to the first interval is about 0.7. The area of the
second interval is about 0.3, and therefore the area of the first and the second intervals is about 1. The
area of the third interval is negative and has to be deducted.

Complete the area curve for yourself by taking a number of intervals.

F(x)
1T

+4---0

N~ - -9

F
N
ool

|

___________________ >| 36
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The area function is obtained by drawing a curve through the points:

Foh

11 .

—14 .

36

37
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. 37

|
=

S
[SE

4

.

o

[

=y

We started with the cosine function, the equation being f'(x) = cos(......).
The area functionis a ...............ceeeeeeeeee.
Its equationis F(X) = ....cccocovvieviniinennn.
(Note the period: the value of the argument after one complete period must be equal to 27.)

................... > 38
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f(x)=cos <%) 38

sine function

——————————————————— > | 43

I require a graphical explanation of the relationship between the area function and the integral function

___________________ > 39
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A peninsula is bounded on one side by a straight coastline, the x-axis, and on the other side
by a curved coastline. We call it f(x).

[l B
»
x
—~. _~— T
—_—~— iy
—_~ P ~— ~ —~ —_—— TN —_——

39

The peninsula has to be cleared of weeds and shrubs. The workers divide the work by lines perpendic-
ular to the x-axis and separated by equal amounts Ax; and clear the area bounded by two perpendicular
lines each day. The area cleared during a day can be approximately calculated by multiplying Ax; by
f (x), the width of the peninsula at the position the work was stopped in the evening. This area is
plotted on a chart by a very officious administrative officer every day. This chart is called the curve of

reclaimed land.

40
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What is the shape of this curve?
The coastline is reproduced below: 40

y(m)
300

200
100

1
|
|
]
! ' >
| 100 300 500 700 900 x(m)

Complete the diagram showing the area of land reclaimed:

A(km?) A
151
101
.os-_r_J_
L4 L] A v T Ll L] T v ’
100 300 500 700 900 x(m)

------------------- > | 41
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A (km?
( '“); 41
.10
.05
100 300  s00 700 900 :(m)

The area cleared every day f (x; )Ax; is added on the chart. Thus the amount of land reclaimed
grows each day. After the nth day the total area of land reclaimed is given by

L= if(x,-)Axi
i=1

The smaller the intervals the more accurate the computation. This means that if the workers report the
area cleared two or three times a day the actual area cleared will be computed more accurately. If the
process were carried further the chart representing the area of land reclaimed would become a smooth

curve, i.e. the integral curve.
A (km?)

Now sketch the 15

integral curve: 10
05

100 ~ 300  s00 700 900 x(m)

——————————————————— > | 42




Chapter 6 Integral Calculus

A(km?)
oS

1
.05

T \J v v ¥ T T T v Y

>
100 300 500 700 900 x(m)
The passage from a discontinuous curve to a continuous integral curve is obtained by means
of a limiting process.
Mathematically this is

lim 3 f (xi)Ax; :/xf(x)dx
1 0

Axi—>0i:

4

43
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You should be able to solve the following problem by inspection if you have understood the
relation between the differential and integral calculus.

If F(x)= /Ox (3x% +2)dx

I have found the solution

I am not absolutely sure

43

45
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Here is a hint: According to the fundamental theorem of the differential and integral calculus,

if the area function is

F(x) = /O " e

d

then F'(x)= -

| e = s

We carry out successively two operations which cancel out.

Differentiation: —
o)

X
Integration: / ()dx
0

Our problem was
X
Given: F(x) :/ (3x% +2)dx
0

d d [~
Required: —F(x) = F'(x) = — / (3x2 +2)dx
dx x Jo

44
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X
F’@):%/ (3x2+2)dx =3x2+2 45
0

Differentiation and integration are called inverse operations, i.e. they neutralise each other when carried
out in succession.
As another example of inverse mathematical operations consider the problem of squaring a number
and then taking the square root:
Va2 =a

Similarly, % /Ox f(x)dx = f(x)

——————————————————— > | 46
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Given the function f(x) = x*. Calculate the area 4, shown shaded.
How would you proceed? 46
A . Split the interval into small equidistant points, i.e.
20- fx) =x
X1 = 1, X2, X3, ..., Xp =)
and obtaining the area A as a limiting value
n
A= li i JAX;
ﬁ%;fm)m
——————————————————— > | 47
Look for a primitive function F(x) of f(x);

the area A is then given by

A=F(@2)-F(1)

——————————————————— > | 48
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You are quite right. It is possible to calculate the area that way, but this method is cumbersome.
We use this method if the function cannot be integrated in a simple manner. It is much easier
to look for the primitive of f(x) = x* and then calculate the area A.

47
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Correct. 5
We can calculate the area A = / f (x)dx by finding the primitive function F (x) of f (x).
1
Then

48

A= /lzf(x)dx = F(2)- F(1) = [F(x)]

Now complete the problem: calculate the area A:
Primitive function  F(X) = .cccoovevviniiiniennnnne
Area A=F(2)—F(1)

——————————————————— > | 49
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F(x)=1ix’+C
A=F(Q2)-F(1)=($2°+C)-(3+C) =62

49

Calculate the area under the function y = x in the
two intervals (0, 2)and (1, 2).

___________________ > | 50
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2 0
2 1 ,]? 1
= | — 2 = —_—_ =
/lxdx—[zx]l 2 7 1.5

Calculate the absolute value of the area bounded by the sine function for the intervals shown:

A
14

Y

() 0<x<m/2

Area = ...coooiiiiiiiiiiiel
2 0<x<m Area= .......ccooeeiiiiiieiiiienenn.
3) 0<x<2m Area =

> [ 51
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/2 2

(1) Area:/ sin xdx = [—cosx]z/ =0—(—1)=1 51
071/2 b4

(2) Area:/ sinxdx = [—cosx] =1—-(-1)=2
0 0

For the third problem we have to subdivide the interval into two sections, as the absolute value of the
area is required; hence
2w
/ sinx dx
4

(3) Area=

4
/ sin x dx
0

4 =2|+|-2|=4

___________________ > 52
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A vehicle has a uniform acceleration a = 2m/ s? from rest. What is the magnitude of the
velocity v (its speed) after 5 seconds?

N £
7 %

52
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v(5) = [at}z; v(5) = 10m/s = 36km/h 53

at?

s(S):/Osvdt:/Osat dr = [T]Z; s(5)=25m

Calculate absolute areas corresponding to the following integrals:

(1) f(x)=3cosx

/2 /2 E14
@[ e ®) [ rmar @ [ e
@ f(x)=x-2

@[ e ®f rwe @ f e

)
4
@ [ rx

‘Watch the limits!

——————————————————— > | 54
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1 (@3 (b)6 (c)6=[3[+]-3| 34
@ (a) -6 (b) [-2[ (c)4=]-2[+[2] (d)2

The areas below the x-axis would be assigned a negative value. In such cases we take the
absolute value.

You will find more problems in the textbook.

___________________ > 55
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Now it is time for a break. At the end of a working period do we simply close the book and
start the break?

O  Yes
0 No

55
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No! Of course not!
Before starting a break you should check that you know all the concepts and rules of that
part of the work you have just completed. Use your own notes or extracts.

56
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Chapter 6 Integral Calculus

6.3 Methods of Integration <

Objective: Concepts of indefinite integrals, principle of verification, standard integrals, prim-
itive functions.
Operations: integrating.

READ: 6.5 Methods of integration
6.5.1 Principle of verification
6.5.2 Standard integrals
6.5.3 Constant factor and the sum of functions
Textbook pages 161-163

___________________ > 58
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The primitive of the function f'(x) is called ..........coccerueen
The symbol for it is .......cceeeeeeeeennnnns

58
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an indefinite integral

/f(x)dx

59

There are a number of standard integrals that you should know by heart.

Can you complete the following list?

Function Standard integral

60
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1
n n+1
= —— —1
/x dx . lx +C, n#
/sinxdx———cosx+C
/exdx——ex~|—C

1
/;dx:1n|x|+C, x#0

60

Evaluate the following integrals; the notation has been changed:

61
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/tzdt:%ﬁ—l—c 61
/cos¢d¢:sin¢+C

/e”du =e*+C

Many integrals can be solved with little effort using tables of standard integrals. You will find such a
table at the end of Chapter 6 of the textbook, and this should be sufficient in many cases. It is important
that you learn how to use such tables.

Using the table, evaluate:

/ﬁdx: ..................................

——————————————————— > 62
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1
/;dx:— +C

62

You may have solved the last integral by yourself without using the table.

But here is a hard one, for which you will probably need the table:

1
[
1+ sinx
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1 X
/1+sinxdx_tan<5_2)+c 63

In case you have had difficulties here are some hints:

(1) In the table of standard integrals the constant has been omitted.

(2) The integrand is on the left-hand side and the integral on the right-hand side.

(3) When using the table look for the function first so that you get used to the list.
On the top left in the table at the end of chapter 6 you find:

SO f(x)dx = cx It means:

c ox /cdx:cx

——————————————————— > | 64
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When using the table you should be selective.
Selective reading is a special form of ‘quick reading’.
Quick reading is useful when looking for a particular piece of information or to obtain
a general overview of the text.

Hints on ‘quick reading’ wanted

I wish to skip the hints

64

65
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The normal reading speed is about 130-150 words per minute. The eyes pass over the lines in
jerks and during a normal line of 80-90 letters stop 4—6 times. During a stop a small number
of words is perceived simultaneously. With practice it is possible to reduce the number of

65

stops and to increase the number of words perceived simultaneously. Thus closely spaced lines are
easier to read.

With training it is possible to increase the reading speed to 250—400 words per minute. ‘Quick
reading’ and ‘intensive reading’ are opposite techniques; mathematical knowledge is acquired by the
latter. Knowing different reading techniques enables you to increase your own speed by choosing the
correct reading technique to meet your objective.

------------------- > | 66
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Evaluate the following integrals using the table of integrals.

1
/ dX =,
X—a

66

1
AX = o
/cosz—x .

a
/mdx: ................................

/ SINZOAO = oo,

/atdt 53 00000000000006A00000BABE0O0000G

------------------- > | 67
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In|x —a|+C
| | 7

tanx + C

tan~1 (i) +C
a

%(q) —sindcos0) + C

t
=@
Ina

Further problems for you to solve

I have found the solution
——————————————————— > | 69

I am still having difficulty with the different notations

___________________ > 68
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In physics and engineering one uses notations which are best suited to the particular problem.
Therefore, there are many different notations: ¢, z, u, ... You can overcome this difficulty if
you substitute the following scheme for the notation you are familiar with:

@) substitution: replace ¢, z, u, ... by x.
(i)  execute the mathematical operation.
(iii)) replace x by ¢, z, u .....

Now evaluate

68
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4
@) T +C 69
) tanz+C

2
u
3)) —+C
@ S+
In the table we find
/tanxdx = —In|cosx]

Verify the relationship!
Complete:

d
a(—lncosx) T

——————————————————— > | 70
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In this way we can verify all integrals in the table.

70
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6.4 Integration by Parts 1

Some of the standard integrals shown in the table at the end of Chapter 6 are obtained by using
the method of integration by parts.

There is one efficient way of achieving understanding that is quite simple. Work through the exam-
ples in the textbook. And after that try to do the same examples without the help of the textbook. If
you did not know this technique try it with some examples.

READ: 6.5.4 Integration by parts: product of two functions
Textbook page 163-166

——————————————————— > 72
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Chapter 6

72

Write down the formula for integration by parts

/uv'dx

73

___________________D

.
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/uv'dx:uv—/vu'dx 73

This is the basic formula. To execute it we have to interpret the original integral skillfully. In the

/ xer dx

In this case we set x = u and e* = v’. The reason should be clear; we produce an integral we can solve
on the right-hand side.
Evaluate the integral for yourself without looking at the textbook.

textbook the first example we looked at was:

------------------- > | 74
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/xexdxzxex—ex+C:ex(x—1)+C

I want to carry on

I am not absolutely sure of the underlying rule

74

77

75




Chapter 6 Integral Calculus

Additional explanation of the method of integration by parts:

Integration by parts is a skillful exploitation of the rule for differentiating a product. 75
Example: f(x)=xsinx
Let U=x
v =sinx

The function can be written as

The product rule for differentiation is

d
af(x) = a(uv) = qoonaoooaposapocoEGOEAGINAGIBAEECEE0E

___________________ >| 76
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d
a(uv) =u'v+u

Now we reverse the process and integrate both sides giving

/%(uv)dxz/u’vdx%—/uv’dx

Differentiation followed by integration neutralise each other. Thus we get:

uv:/u'vdx+/uv'dx

76

So far we have achieved nothing, but the real trick is to transform the equation so that we have an
integral on the left-hand side, i.e. the integral we wish to evaluate, and an integral which we can

evaluate on the right-hand side.
The transformation yields

77
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Formula for integration by parts:

/uv'dxzuv—/vu'dx

It is useful to know this formula by heart.

Evaluate the following using the technique of integration by parts:

Hints wanted

Solution found

77
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The formula is /uv'dx :uv—/vu'dx

Hint: Set u=Inx
v =1 and hence v = x

Now evaluate the integral

78
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/lnxdx:xlnx—x~|—C

If your answer is correct

Further explanation required

79
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/uv'dx :uv—/vu'dx

with u=Inx, u' =—
x

Hence we have

/lnxldx = (Inx)x —x (%) dx:xlnx—/dx

=xlnx—x+C

80
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Using integration by parts, evaluate

In case of difficulties consult the worked example in the textbook.

81
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. 4 _ 1 -3 3. 3
/sm xdx——4cosxs1n X SSIHXCOSX+8X+C 82

Correct solution
——————————————————— > [ 85

Further help required

___________________ > | 83
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/sin4 X D et Setu = sin3 x u' = 3sin? x cos x 23
v/ =sinx U= —CoSX
Substituting, we find [sin* xdx = —cosxsin® x +3 [ sin?x cos? x dx

2

2 x=1-—sin*x.

Since sin? x + cos? x = 1, then cos
Substituting in the right-hand integral gives

/sin4xdx :—cosxsin3x~|—3/sin2xdx—3/sin4xdx

1 . 3 /.
Rearranging yields / sin*xdx = ~1 cosx sin’x + 1 / sin?x dx

We have already evaluated / sin®x dx in the textbook: [ sin?xdx = —% cosxsinx + %x +C
4 1 .3 3 . 3
Hence [ sin“xdx = ——cosxsin’x — s cosxsinx + x+C
4 8 8 > 84
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Some comments on the solution:

The integral to evaluate is reduced from / sin* xdx to / sin? x dx. The same technique 84

would enable us to evaluate / sin® x dx, for instance, reducing it to / sin® xdx, and by re-

peated application down to / sin? x dx. In the textbook the corresponding reduction formula is stated.

Let us recapitulate:
Integration by parts is based on the formula

/uv'dx:uv—/vu'dx

To apply it successfully we have to factorise the integral into © and v/ in such a way that the right-hand
integral can be solved (either directly or by further reduction).

___________________ > | 85
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Now you should take a break.

A period of 20 to 60 minutes of concentrated study is about right if you are to make
good progress. The length of the appropriate study period varies with different people. But
remember that short breaks are beneficial.

The optimum time in your case is for you to decide; you are the best judge in the end. It is important
that you should organise your work, and the number and duration of breaks.

What do you think the duration of this break should be?

85

0 5 minutes

0 15 minutes

[J 30 minutes

................... >| 86
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Before carrying on with your studies, check the time. How does it compare with the time you
fixed before starting the break? There may be a difference between the two times; it is not
serious if it is small.

86

As a rule you should keep to the time you decided on, unless there is a good reason why the break
was longer. Under normal circumstances you must not allow the duration of the breaks to increase.

« [
C.;;;.ob%

Cr S o]
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6.5 Integration by Substitution o7

Objective: Evaluation of integrals by means of a substitution.

The basic idea is developed in the beginning of the section. Substitution is quite a simple technique.
Generally speaking, integration is harder in many cases than differentiation.

READ: 6.5.5 Integration by substitution
6.5.6 Substitution in particular cases
Textbook pages 166-172

___________________ > 88
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With the help of a substitution evaluate

/sin(ax +b)dx =

I have done it!

I could do with some help!

88
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Go back to the textbook, and go through the examples once more. If you still have difficulties
with the concept of composition of functions read section 2.3 of Chapter 2 of the textbook
again.

Having done this evaluate

/sin(ax +b)dx = i

89
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/sin(ax +b)dx = —écos(ax +b)+C 90

Integration by substitution requires the following steps:

Example: To solve / sin (47 x)dx

Step 1: Choose a substitution u=4mrx
Step 2: Substitute
(2) in the function sin(4mx) = sindu
. . du 1
(b) for the differential — =4ndx=-—du
dx 4

1 1
Step 3: Integrate with respect to — / sinudy = ——cosu+C
. 4 4
the new variable

1
Step 4: Substitute the original / sin(4mx)dx = ——cos(4rx)+ C
. . . 4
variable in the solution

——————————————————— > [ 91
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The aim of the method of integration by substitution is to find a suitable substitution to reduce
a complicated integral to a standard one. It is only with practice that you will be able to find
suitable substitutions.

91

In the textbook we have grouped together certain types of integrals which can be evaluated by
substitution and considered as standard types. What are they?

------------------- > 92
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(a)/f(ax+b)dx (b)/f 92

(c)/f(g(x))g’(x) dx d)/R(smx cosx, tanx)dx

Consider integrals of the type: / f(ax+b)dx

Solve: /(2 —3x)7dxX = oo,

What substitution would you choose to evaluate the integral?
Substitute ¥ = .......cocccuriieeneennn.

I have found u
——————————————————— > | 94

I am not sure

___________________ > 93
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Hint:
The aim of the substitution is to reduce a complicated integral to a standard one. Look again
carefully at the example:

/(2 —3x)7dx

It looks very much like / u” du which is a standard integral.

Now what is your choice for u?

93
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u=2-—3x

Solve the integral / (2—3x)7dx =

94
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/(2—3x)7dx =-L(2-3x)®+C

Correct

Detailed solution required

95
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To evaluate / (2—3x)"dx 96

letu =2 —3x.
du
dx

The relation between du and dx follows naturally from the equation relating x and u. With the substi-
tution the integral becomes

= —3, therefore dx = —% du

1 1
/(2—3x)7dx=—§/u7du=—ﬂu8+c

Finally we express the solution in terms of the original variable x.
The solution is

/(2—3x)7dx = —%(2—3x)8+c

___________________ > 97
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Evaluate / e2%% dx =

97
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98

/CZax dx = LCZax +C
2a

Evaluate [ cos® xdx

This is an important integral we frequently encounter.
It can be solved in many ways: Transform cos® x using the addition formula, or use the method

shown in the textbook for / sin? x dx, or use the relation cos? x = 1 — sin? x and use the known result
of

/sin2 xdx =1(x—1sin2x)+C

------------------- > | 99
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/0052 xdx =3 (x+Lsin2x)+C

Correct

Detailed solution using the substitution method

99

101

100




Chapter 6 Integral Calculus

‘We know that

2

cos“x = —(1+cos 2x)

N —

Therefore . 1 ]
/coszxdx = 5/(1+0052x)dx = E/dx—l—z/costdx

1
For the second integral let u = 2x, dx = 5 du. The integral now becomes

1 1
2 — - —
/cos xdx = 2/dx~|—4/cosudu

1 1 .
—Ex—i-zsm2x+C

100
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Now let us look at integrals of the type

101
!
/ ) 4
f(x)
The numerator is the differential coefficient of the denominator.
Substitute U = oo
AU = oo,
and evaluate the integral
!/
/ Sx) AX = o,
f(x)

S

.

1

------------------- > | 102
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d
u=f(x), du=f0dy, =/ 102
f'(x) /du
dx= [ — =Inu|+C =Ih|f(x)|+C

e - — Inu| 1£)l
Evaluate
(a) /cotxdx = 00000000000000000GE0G000EIETC00E00G

2+x
b ————dX =
®) /x2+4x o
I have evaluated the integrals
——————————————————— 103

I need help

104
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(a) /cotxdx =ln|sinx|+C 103
2+x 1 2
(b) /mdx=§1n|x +4x|+C
Correct
------------------- 106

Detailed solution required

104
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(a) /cotxdx = / c.osx dx 104
sin x
. du
Let u = sinx, — =CoS X
dx
du

Therefore dx =

COsS X

Substituting in the original integral, we have

d .
/C?sxdxz/—u:ln|u|+C:1n|s1nx|+C
sinx u

Alternatively, we could have used the formula

F0) 4
/f(x) dx =In| £ (x)|+C

Try it as an exercise!
——————————————————— > | 105
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24+x
(b)/x2_|_4xdx 5 105
Letu = x2 + 4x, £:2x+4:2(x+2)
d
Therefore dx = 2(x—j—2)

Substituting in the integral we find

/ 2+x /2+x du l/du
= [22X @ _ 2 [2
x2+4x u 2(x+2) 2J u

=2Infu|+C = JIn|x*+4x|+C

------------------- > | 106
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Whenever you have to evaluate an integral whose integrand is a fraction you should always
check whether the numerator is the differential coefficient of the denominator or can be mod-
ified to become the differential coefficient of the denominator.

Now to integrals of the type / f(g(x))g'(x)dx.

The integrand is a product, one factor being the differential coefficient of the inner function.

To obtain the general solution
Let U= o

Therefore dx = ...cooovviieiiieiieeein.

Hence / F(UN)E (E) A = werroreerrerssssreermmeeeessessssseerreee

106
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u=g(x)

du ’

ax (x)
du

dle—

g'(x)
[ #s6eng/ @ax = [ rnau

If your result is not correct, consult the textbook and go through the derivation.

107
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Evaluate

sinh x dx

/ cosh® x — 3cosh? x — 7
cosh* x
First look for a suitable substitution

and then evaluate the integral .............cccooeeiiiiieieeinnnni.

108
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Let u = cosh x

The solution of the integral is 109
1 3 7
Z cosh?
p oS + coshx - 3cosh? x
Correct
——————————————————— 111
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Let = .
u = coshx 5 110
U sinh x, dx = — “
sinh x
Substituting in the integral we have
h> x —3cosh®x — 7 SHy
/COS i c:)s al sinh xdx = / wow 1: du
cosh™ x u
= / ( ) du
3 7
= — C
2 + == EWE +
1 3 7
=_ h2
2 coshrx coshx + 3cosh3 x

------------------- > {111
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‘We now consider integrals of the type: 11

/R(sinx, cosx, tanx, cotx)dx

where the integrand is a rational function of the trigonometric functions. What substitution would you
make in this case? Consult the textbook.

——————————————————— > [ 112
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U = tan —

| =

With this substitution the integral becomes

/Rl(u)du

where R; is a rational function of u.

In the textbook we expressed sinx, cos x, tanx, cotx in terms of this new function.

Evaluate

/d_x_
1+COSX & 500000000000000000000000000000
X

using the substitution ¥ = tan X

112
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/ dx —tanx—i-C
14+cosx 2 113

If you have had some difficulties consult the textbook. There a similar integral is evaluated; go through
its solution carefully.

Exercises are a kind of self-assessment, showing if we are able to apply the methods we have just
learnt.

Unfortunately we tend to forget; repeating the methods helps to overcome forgetfulness. Hence
exercises are particularly valuable when they are done the following day, a week later and a month
later, say.

You will find a number of exercises in the textbook.

------------------- > | 114
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Now you may have a break. But before starting the break you ought to do two things:

(1) oo eee e ee et e et e e

114
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(1) Recall what you have just learnt, making sure you have understood the subject matter.

(2) Fix the duration of the break or the time when you intend to resume work. 15

These two things must become a habit, not only now but whenever you are studying a subject
using texts.

(1) Give in your own words a résumé of what you have just learnt.
(2) Write down the time when you will continue working.

End of the break ...

------------------- >| 116
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Let us now carry on. Check the time against the one you fixed at the start of the break.

116
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6.6 Integration by Partial Fractions 17

Objective: Understanding the principle of partial fractions. Concept of partial fractions,
proper and improper fractions.

The general procedures may seem cumbersome, but you will understand the procedures with the ex-
amples.

READ: 6.5.7 Integration by partial fractions
Real and unequal roots
Textbook pages 172-177

------------------- > | 118
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It is important that you should understand the principle of decomposition into partial fractions.
Express the following in partial fractions:

If you require a detailed explanation

118
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Step 1: Find the roots of the denominator and then express it as the product of factors of the 119
lowest possible degree:

1-x2=0

The roots are x1 =1, xp = —1.
The denominator can be expressed thus:

1—x>)=Q1+x)(1-x)
Step 2: Express as partial fractions:

1 A B

1—x2:1+x+1—x

Step 3: Clear the fractions:
I A(l—x)+B(l+x)
1-x2° (1+x2)  (1—-x2)
I1=A(1—-x)+B(1+x)

To calculate the values of A and B substitute the values of the roots x;, x» successively; this
yields

——————————————————— > [ 120
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The fraction becomes: - =

120
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I 1 n 1 121

1-x2 2(1+x) 2(1—x)

Here is another problem (in case of difficulty try to solve the problem by using the textbook and
following the steps described).

dx
Evaluate / T Somrar <P OO OO PO PO UOOPPRS
x(2x+3) > | 123
Explanation required
——————————————————— > | 122
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Step 1: Express the integrand as partial fractions. 122
The integrand is already expressed in factors. Thus the roots of the denominator are

X1 :O,XZZ_E-

Step 2: Rewrite the integrand as the sum of partial fractions

1 A B A(2x+3) Bx

¥@x+3) % 2243 x(2%+3)  x(2r+3)

Step 3: Calculate the values of the constants by inserting successively the roots

Now evaluate the integral

/ dx
T T G gg) ———
___________________ > | 123
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1 1
A

:5 —
[sees /dx /
2x+3 3 3 (2x+3)

= 1ln|x| - $In|2x + 3|+ C

In case of difficulties try to solve the example using the textbook.

123

124




Chapter 6 Integral Calculus

‘We now discuss an example where the integrand is an improper fractional rational function.
You will recall that we have to transform the integrand into the sum of a polynomial and a

proper fractional rational function.

I would like to do the example

I know the work and would like to skip the example

124

125
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The example is:
125

3

x° —1

[l
x(x+1)

The integrand is an improper fraction. We must divide the numerator by the denominator to ensure that

the numerator is of lower degree than the denominator before we can express the integrand as partial

fractions.
x3—1 x—1
—- = x-1 + —
x24x ~—— x(x+1)
integral —
rational  Proper fractional

rational function

function

——————————————————— > [ 126
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Now we can solve the integral

x3—1 x—1
/x2+x /de /dx+/ x+1

The last integral can be solved by establishing partial fractions

126

x—1 _A+ B
x(x+1) x  x+1

Evaluate A and B, solve the integral and check your result:

x-1 x?
——=——x—1 21 1|+ C
/x(x+1) > % n|x|+2In|x+ 1]+

Decomposition into partial fractions is carried out step by step as shown in the textbook.

------------------- > | 127
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6.7 Partial Fractions: Real and Repeated Roots, Complex Roots 17

The next two sections in the textbook show cases of partial fractions. The basic procedure is
the same. Complex numbers are dealt with in Chapter 9. If you are not familiar with complex numbers
skip that part of section 6.5.6 and return to it later.

READ: 6.5.6 Real and repeated roots
Complex roots
Textbook page 168-172

——————————————————— > [ 128
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Evaluate / dx
x3(x+1) 128
To express the integrand in partial fractions we need the roots of the denominator. They are
X = e s XD T e s
X3 = iiiiiiiieaiaete it alelene 5 X4 = coiiieieaeceiaiaiaaaaaeene
The roots of the denominator are ........................ but three are ................o..ooe.e. , therefore we have
1 p—
TR T) e e

129
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x1=x2=x3=0, x4=-1 129

The roots are real but three are equal (or repeated). Hence we must set up

1 N(x) - A] A2 A3 B

Pl ) 22 s ai

Explanation:
The roots x; = x, = x3 = 0 in the denominator are repeated. If we set up

N (x) é+£+£+ E
T x  ox  ox  x+1

we see that after clearing the fractions on the right the common denominator does not agree with N (x).
Agreement will occur only if we set up the fractions shown above.

I found the solution
——————————————————— > | 134

I require further explanation
------------------- > | 130
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Clearing the fractions

L _ A4
xX3(x+1) x3  x2

130
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1= Ag(x+ 1)+ Apx(x + 1)+ A3x*(x + 1) + Bx?

Since this identity is true for all values of x we can substitute successively

x=x1=0 hence 1= ......ccccoeeiinnnn.
xX=x4=-—1 l= i,
x=1 l= i,
x=2 l= i,

We can choose the values of x conveniently.

131
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For x =x1 =0 we have 1 = 4;
xX=x4=-—1 1=-—B 132
x=1 1=2A4,+2A,+2A3+ B
x=2 1=34,4+6A,+ 1243+ 8B

From the first two equations we find

------------------- > (133
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A1 =1, Ay=—1
As=1, B=-1

133

With these values we can evaluate the integral, hence

[sem-I5-/5+ 1515
WB3x+1) S 3 x2 x x+1

134
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dx 1 1
Y ifx|-In|x+1]+C 134
/xz(x—i-l) 2x2+x+n|x| il

The following example uses complex numbers, which are dealt with in Chapter 9. If you are not
familiar with these skip the example and go to

------------------- > | 138

Otherwise

------------------- > | 135
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7x? —10x +37
(x+1)(x2—4x+13)

Proceed as before; first obtain the roots of the denominator.
The roots are

Evaluate / dx using partial fractions.

The partial fractions are

7x2 —10x +37
(x+1)(x2—4x+13)

135
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x1=—1, x2=243j, x3=2-3j 136

We express the integrand by

7x2—10x+37 A Px+Q
(x+1)(x2—4x+13) x+1 x2—4x+13

Now calculate the constants A, P and Q in the same way as before and then evaluate the integral.

——————————————————— > | 137
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137

and using the table of integrals

/ 7x%2 —10x +37 dx—3/ dx +/ 4x —2 i
(x+1)(x2—4x+13) ~ ) 14x x2—4x+13

-2
:3ln|1—i—x|-|-21n|)¢2—4x~|—13|4—2tan_1 <XT) +C

If your solution does not agree, follow the worked example in section 6.5.6 in the textbook. It is similar
to the one above and you should then be able to obtain the correct solution.

------------------- > | 138
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Integration by partial fractions follows a definite pattern. First make sure that the numerator

is of lower degree than the denominator. 138

Step 1:  Find the roots of the denominator of the integrand.

Step 2:  Rewrite the original integrand as a sum of the partial fractions.

Step 3:  Finally, calculate the values of the constants which appear with each partial fraction. Now
you can evaluate the corresponding integrals, and hence the original integral.

Now it is time for a break.

------------------- > | 139
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6.8 Rules for Solving Definite Integrals Substitution

Objective: Practice of different methods of evaluating definite integrals.

READ: 6.6 Rules for solving definite integrals
6.7 Mean value theorem
Textbook pages 177-180

139
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1.76 2
Evaluate / x3dx + X3 A = o,
0 1.76 140

------------------- > | 141
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1.76 2 2 1 .12
/ x3dx+ x3dx = / x3dx = [—x4] =4
0 1.76 0 4 |,

The following generally holds true

/ac N e

c

141
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/abf(x)dx
/Ox (%-l-bxz%—c) AX = o

142

143
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4 3
ax bx
a o 2r 14
T + 3 +cx 3
If F(x) =¢e*
then F'(x) = f(x) =¢*
Evaluate .
/ € AX = e
0
e¥+C
------------------- > | 144
e—1
------------------- > | 145
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Wrong; you are not paying attention. 144

A definite integral / f (x)dx with fixed limits a and b is equal to the difference F (b) —

a
F(a) if F(x) is a primitive function of f (x); i.e.

The given function was f (x) = e*; its primitive function is F (x) = e*. In order to calculate the value
of the integral you have to insert the limits. Hence

/1 e*dx = F(1) = F(0)
0

but F(1) =e' =e
and F(0)=¢e% =1
Therefore the value of the integral is ...................

------------------- > | 145
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e — 1 is correct

If f(x)= x2, then the indefinite integral (general solution) is
2 L 3
x“dx = 3 x +2

This resultis [ correct

] wrong

145

147
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You are right!
The indefinite integral defines a family of primitive functions which differ from each other
by arbitrary constants. Hence we should write:

/xzdx: %x3+c

or generally

Skip the next frame

146
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The arbitrary constant has been given the value 2. It is not the general solution.

1
§x3 + 2 is only one possible primitive function of f (x) = x2.

The indefinite integral defines a family of primitive functions; hence we must write
2 1 3
x“dx = 3% +C

where C depends on a boundary condition.
Generally

/ f(X)dx = F(x)+C

147

148
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2
Evaluate the integral [ (3x —4)?dx by means of the substitution r = 3x — 4. 148

In the textbook we used the letter u for the substitution but we can obviously use whatever
letter we care to choose. A change in notation should not cause you any problems.
In terms of the new variable ¢ the integral and its /imits are given by:

2 2
/ (3x —4)%dx :/ t2de
1 T > | 149
21
= [ =2
13 e > | 150
21,
= —t=dt
a3 > | 153
I want a detailed explanation of the solution 151
___________________ D




Chapter 6 Integral Calculus

You made a mistake, you forgot to substitute for dx.

Sincet =3x —4 149

dr

dx
You also have to change the limits of integration. The new limits are calculated by substituting in the
equation for ¢ as a function of x.

3, therefore dx = %dl

------------------- > | 150

S > | 153

Detailed explanation

------------------- > | 151
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The limits of integration are wrong.
The new limits are obtained as follows:
since t = 3x — 4, then
when x; =1 wehave 11 =3x1—-4=-1
when x, =2 wehave 1, =3x2—-4=2
The integral becomes

I want to go on

I want a detailed explanation of the method of substitution

150

154
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To help you understand the method we will consider a different example and go through the
solution step by step. As you follow the steps complete the right-hand side, which was the

original problem.

Step

(1) Select a substitution

(2) Differentiation with
respect to the origi-
nal variable

(3) Find the value of dx
(4) Calculate thenew

limits

(5) The new integral is:

Example

2
/ (2x+3)dx
0
t=2x+3
dt
- =9
dx

|
dx = = dr
*=3

1 =2%x0+3=3
th=2x2+3=7

(all
~tdt
L

Exercise

2
/‘@x—Q%h
1
t=3x—4

151

152




Chapter 6

Integral Calculus

2
We were required to evaluate / (3x —4)%dx
1

(1) Substitution:
(2) Differentiation:

(3) Differential:
(4) New limits:

(5) New integral:

t=3x—4

dt

= 3

dx

dx = 1dt
3

f1=3x1—4=-1
th=3x2—4=2

- t=dt =
3/_1

152
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Correct!
153

The value of the integral is:

2 12 1,1 8 1
3x —4)%d :-/ 2= =3 =-+-=1
/1 (3x —4)dx S 9 |14 5759

Note that we could have evaluated the same integral without a substitution:

2] 2]
/ (3x —4)%dx = / (9x% — 24x + 16)dx

1 1

)

- [3x3 —12x2 4 16x]1
—(24—48+32)—(3—12+16)=8—-7=1

------------------- > | 154
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Evaluate the following definite integrals:

154
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I want to carry on

The notations are troubling me

155

158
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As we have said before, physical quantities are denoted by certain convenient letters, e.g. time
t, mass m, force F, velocity v, frequency ®, modulus of elasticity E, pressure p, density p,
volume V, etc ... The list is as long as you like.
If you are not familiar with the notation of a variable it is advisable to replace it by a familiar one.
Replace the variable of integration by x and evaluate the integrals:

156

and /(3 SINOL+ COSOL) dOL = oo,

------------------- > | 157
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1

1 1 1
/Ecosq)dq)—» 5/cosxdx = Esinx-l-C — Esinq)—i-C 157

/(3sinoc+cosoc)da — /(3sinx+cosx)dx = —3cosx +sinx +C

— —3coso+sina+ C

The procedure should be clear. It often helps to facilitate the integration.

Step 1:  Replace the unfamiliar variable by a familiar one, e.g. x.
Step 2: Integrate, use the table of integrals.
Step 3:  Replace the familiar variable by the original one.

——————————————————— > | 158
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You will find more exercises in the textbook. Remember that doing a lot of examples imme-
diately following the learning of a particular aspect of the work is not too helpful. It is more
beneficial if you do some the following day, a week later or a month later, or even a year later!

___________________ > | 159

158
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6.9 Improper Integrals 159

Objective: Concept of improper integrals.
Task: Evaluation of convergent improper integrals

The concept of the definite integral is extended to include cases in which the limits of integration are
infinite. One such integral with an infinite limit frequently encountered is:

< dx
X0 x2

Example: The work done while projecting a body outside the gravitational field of the Earth.

READ: 6.8 Improper integrals
Textbook pages 181-183

------------------- > | 160
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An integral in which at least one limit of integration tends to infinity is called an improper
integral.
Can such an integral have a finite value?

] Yes

[0 No

160

162

161
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You are wrong. An improper integral may have a finite value.

161

Perhaps you are getting tired. There was a lot of material to cover; a break might be a good thing.
The last section dealt with improper integrals and it was shown that such integrals can have finite
values even if one of the limits tends to infinity. This does not hold true for all such integrals. An

improper integral with a finite value is said to be convergent.

162
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You are right. Improper integrals may have finite values!

. < dx . s ..
The integral / — Is of special interest to physicists.
a X

What is its value?
< dx _

a x2

162

163
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. . = dx . . . . .
The improper integral / — occurs frequently in physics, for instance in the calculation of
a X

the energy required to:

(i) take a body ‘outside’ the gravitational field of the Earth (i.e. to infinity),
(ii) remove an electron from an atom.

The name improper integral should not disturb you! It is only a special case of the definite
integral and simply means that one of the limits tends to infinity.

163
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What is the value of the improper integral

I have found the solution

I want further explanation

164
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Further explanation:
165
Step 1:  We start with a definite integral and evaluate it:
b1 b
/ —dx = [lnx] , a and b positive
a X a
Step 2:  We insert the limits and carry out the limiting process b — oo:
=1 . b1 .
/ —dx=1lm [ —dx = lim(Inb—Ina)
a X b—soo a X b—o0
Does the term including b converge towards a finite value?
0O Yes
——————————————————— > | 166
O No
——————————————————— > | 167
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No! It does not, for the simple reason that as b — o the value of In b grows beyond all
bounds, i.e. In b — oo. This improper integral is not convergent.

Hence/ d_x = [lnx]m s
a X a

166

167
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All clear

Detailed solution

167

168

165
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If you need a little more practice try the following problems. They are similar to those we
have discussed already.

< ds
1 — = e,
(D 52
< dx
2) s
10 X

= dx
(3) ‘/1 m T ececeiiiiiiiiieiens

@) /lm‘;—Zz ....................

168

169
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1 1 1
M7 @ B3 @3 169

There are more problems in the textbook!
You should now know whether you can solve the problems easily, in which case you need not do
any more, or whether you do not find the solutions easily, in which case more exercises are needed.

------------------- > | 170
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In previous chapters we have discussed three study techniques; what are they?
Write them down, using keywords:

170
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(1) Balance between periods of study and breaks, keeping to an established timetable.

(2) Intensive reading:
Taking notes of new concepts, definitions and rules; inthe case of mathematical deriva-
tions, doing them yourself.

(3) Selective reading:
Searching quickly for new information; glancing over large sections of text looking for particular
material.

171

Presumably you wrote these down in your own words. You should know these techniques by now.
Remember that it is not sufficient to know them; the problem is to apply them!

------------------- > | 172
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6.10 Line Integrals
172

This section may be of more interest to the physicist than to the engineer.
The basic concept of the line integral is quite easy to understand, even if the notation of some
expressions may seem cumbersome.

READ: 6.9 Line integrals
Textbook pages 183-186

------------------- > | 173
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The figure shows a capacitor. An electri-
TE = cal charge ¢ is moved from point
Py = (x1, y1) to point
P, = (x2, y2). The force acting on the charge
is
Pl F = Eq

173

We want to evaluate the work done.
Write the general expression for the line inte-
gral

------------------- > | 174
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Py Py 174
W = F-dr= Eg -dr
P P
= —>ep . We can approximate the line integral by a sum.
TE Ar/y/' : The work done could be calculated for each path

element. Analytically the line integral can be
7 solved if we succeed in transforming it into known
/' and solvable integrals.

------------------- > | 175
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YA To calculate:
175

P>
W =gq E.dr
Py

We assume a homogeneous electrical field in the
y-direction:

E=(0, E).
= The path element is dr = (dx, dy)
Thus
Py
W =q /E dr=¢q [ ...
Py

------------------- > | 176
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Integral Calculus

Py ¥2
W =q E-dr:q/ Edy 176
Py Y1

Only the movement in the y-direction contributes
to the work W.
Inserting the limits yields

------------------- > | 177
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)
Edy = E(y2— 1) 177

1

A satellite moves in a circular orbit. The work
done during one rotation around the Earth is given
by the line integral

W = F.rdr
circle

For the direction of F and dr you can give the
value of this line integral:

W= F-dr=...............

circle

——————————————————— > [ 178
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178

W:/F~dr:0

Explanation: since F and dr are perpendicular the scalar product vanishes.

The figure shows the Earth and the path of another satellite. The satellite starts at Py. It reaches its orbit
at Pp.
Can you give the work to be done against the
gravitational forces?
r1 = radius of the Earth
r, = radius of the orbit
mM r

F=y2
r2 r

r. . . .
Remember that — is a unit vector with a radial
r

direction.
W=
——————————————————— > | 183
Explanation
——————————————————— > | 179
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We ask for the work to be done against the gravitational forces. We do not consider the work
done to accelerate the satellite. 179
The work is given by the line integral

Py
W = F-dr
Py

Now remember that the gravitational field is a conservative field. Thus for given points P; and P, the
work

0 depends on the geometric form of the path

0 does not depend on the geometric form of the path

------------------- > | 180
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The work does not depend on the geo-
metric form of the path. It depends only
on the coordinates of Py and P5.

180

In this case you may find a path for which the

line integral is easy to evaluate.
Sketch it on the drawing.

180
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The path is composed of two elements.
First, a path in radial direction from P
to P’; second, an arc of a circle from P’ to

P5.

mM r
F=y——
r2 r
P/
Wy = Fdr=........ocoocooeiin.
Py
Py
W2= Fdr=.....................
PI

181
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11
Wi=ymM [ ———
1 =ym (r1 r,) 182

W, = 0 since dr is perpendicular to F.

___________________ > | 183




Chapter 6 Integral Calculus

1 1
o=mit (;:-7)

If you want a detailed explanation

Now you deserve a break! But remember:
It is important to recapitulate before you have a break.

7 \-{ﬁ‘

183

179
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Chapter 7 Aplications of Integration

This chapter demonstrates in detail the use of integral calculus to solve special problems in 1
physics and mechanics. It may be skipped for the time being and can be used later on as a
reference when problems are encountered.
Thus this study guide will be divided in separate units for each topic discussed.
Choose the topic you want to study:
Areas ___________:__'___ )
Lengths of

engths of carves . 30
Surface area and volume of a solid of revolution . 33
Applicati hani

pplications to mechantes ... > 41
The Theorems of Pappus . 60
Moment of inertia, second moment of area

For the time being I choose to proceed with chapter 8,
“Taylor series and power” series and will skip this study guide  proceed to chapter 8
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7.1 Areas )

The integral calculus has been introduced in chapter 6 by solving the area problem. Thus the first
following example will be easy to read. In the second example the notation is changed, so you have

to read quite carefully.

READ 7.1 Areas
Textbook pages 191-194
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Given a function f(x)= < . 3
x

Calculate the area between x =1 and x=15. First give the formal solution in form of a
........... integral. Let Cbe C=2
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definite integral 4
A=C[Inx}

Using your calculator evaluate
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A=2-[Inx] =2(In5-1n1)=2-1n5 5

=2-1.6094 =3.2189

The figure below shows the well known parabola
y=x".
The area shaded is named ............ .

di
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Complementary area

Calculate the complementary area for y, =1 and y, =3.

Solution found

Help wanted
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V2
To solve 4. = Ix dy Given y=x"

N

First we must find x = g(y)

In this case

X= 605000000000000

Now solve
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p) 372 3
A, =jﬁdy =§{y2:| =§{22 —1} =§1.828 =1.219
1 1

If you had difficulties solving the example in the textbook regarding
thermodynamics we suggest to calculate the example substituting p by y and V by x.
Then try again to calculate the example following the text given in the textbook.

¥ e > 9
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7.1.1 Areas for parametric functions 9

This section reguires knowledge of parametric functions which have been introduced in

chapter 5 section 5.10.

It may be helpful to rehearse this section before proceeding.

In case of difficulties go back to section 5.10. The cycloid which is discussed in the following has

been introduced at the end of section 5.10

Now study 7.1.1 Areas of parametric functions
Textbook pages 194-195

................. > 10
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Following the text given, calculate the area of a half circle. The circle of radius R is given in
parametric form by

x=R-cos@

y=R-sing

A=

Solution >
Help >

10

13

11
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The parameter is ¢ . 11

Note: In the text the parameter is t.
The text shows that

()
d
A= [glp)=dp
(2] d¢

Given y = Rsing@ x=Rcos¢@

Remember that we start integrating at x =0 which corresponds to ¢, = 5 and proceedto x=R

coresponding to ¢, =0

Thusweget A= .....ccoviviiiiininnnnn.

Solution b 13

Further help wanted > |12
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Given 4= J‘g(q))-ﬂdq) 12

Since y=Rsingp and x=Rcos¢

ﬂ=—Rsin(p
do

Boundaries: We integrate from x=0 and ¢ =§ to x=R and ¢=0
Thus we get

0 3
A= IRsin(p(—Rsin(o)d(p = RZJ‘Sin2 pdgp

4 0

2

A =R2%[(p—sin(p~cos¢]g = s

................. > 13
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A result well known for a quarter of a circle.

In case of difficulties try again to solve the last exercise on your own

13

14




Chapter 7 Aplications of Integration

7.1.2  Areas in polar coordinates

Polar coordinates have not been introduced yet. They will be introduced in chapter 13, section

14

13.4. They are quite easy to understand. If you want to study the following section, you have to study

section 13.4 before. It is a short section without greater difficulties.
Having done read

7.1.2 Areas in polar coordinates
Textbook pages 195-196

15
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Given a spiral

r=(1+0.5¢)

Calculate the area 0 < @ <27

Solution found

Hint wanted

15

17

16
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It is fundamental to understand the formula. Go back to the textbook and read once more the

(23
derivation of the formula 4 = % jrzd(o
o

Given r = (1+0.5¢)
The boundaries are ¢, =0 ¢, =2«

Now insert 7 into the integral which is easy to solve.

16

17
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1°f : 12”( 1 ) [ ¢ 1 " 2 1 5 17
A== [1+0.5¢) dp==||1+p+—¢° |[dp=—| p+—+— =g+ -7
2];( o) do 2{ AL [aeareid] 3

Calculate the total area bounded by the curve » =1+ cos¢ and the x = axis
First try to sketch the curve

A

Solution found 20

Hint needed 18
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18

The area consists of two parts whose areas are equal.

Since the total area is asked for, you may calculate the first part and double the result.
Or you calculate both parts using the appropriate boundaries.
For the first part you get
A = %j(l +cos@) dp= %I(l +2cos @+ cos’ (0)d¢ = s
0

0
V4

A, =%l:¢+2sin¢+%(¢+sin¢-cos(p)}

0

................. > 19
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1 1
A =—r+-7m= 37[
2 4 4
Thus the total areais A=.......

Now try the other way. The result must be the same.

19

20




Chapter 7

Aplications of Integration

20

21
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7.1.3 Areas of closed curves

This section will be easy to understand since no new concepts are involved.

READ 7.1.3 Areas of closed curves
Textbook pages 197-198

21

22
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Calculate the area bounded by the following curves:

y*=4x and x’ =6y

This is an intriguing question at first sight.

@ : # Solution found
-~ =Sy
= 22— = 5\

— !

Hints wanted

22

29

23
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Given y] =4x and x* =6y,

First we transform these equations into a form we can integrate:

Vi = e Vi = oo

23

24
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2

Wi =2vx and Y2 =%

These forms can be integrated because they are standard.

Thus we get the expressions

24

25
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4= zyldx - 21«/?@ - Bxi}x}

25

2
Now the boundaries x, and x, have to be determined. Given y, = 2+/x and y, = %

The first intersection point is x, =0.
For the second intersection point the y-values must coincide. This gives y, = y,
and therefore the equation

26
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2 == 26
Thus we get the second limit

B

Soluton 28
Further hine 27
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2

Given 2,/x, =% Wanted x,

We transform

Next transformation:

122 =x," =144

27

28
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x, =4/144

Now we can insert x, =0 and x, =3/144 into the results obtained before (see frame 25)

3 g 3 M
4 = ix2 and 4, = =
37, 3.6,

28

29
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A=38 29

Again it is up to you to study further sections of applications of integral calculus or to skip these for
the time being and to return later on when this material may be needed.

Thus choose

7.2. Lengths of

engths ot curves > 30
7.3  Surface area and volume of a solid of revolution > |33
4  Applications t hani
7 pplicauons to mechames > 41
4.1 The Th it 12
7 ¢ theorems ot Ffappus > 50
7.4.2 Moment of inertia, second moments ofarea > | 60
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7.2 Lengths of curves 30

This section needs careful reading. Try to follow the transformations, executing them on a separate
sheet. Basically we apply the theorem of Pythagoras to a small triangle.

READ 7.2. Lengths of curves
Textbook pages 198-202

................. > | 31
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Try to solve the first example given in the textbook again, this time on your own without 31

using the book.
Calculate the length of a circle of radius R.

----------------- > | 32
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L =27R
32
Now again it is up to you to choose:
7.3 Surface area and volume of a solid of revolution ...~~~ b 33
7.4  Applications t hani
pplications to mechanics > | 41
7.4.3 The Th fP
e Theorems of Pappus o 50
7.4.4 Moment of inertia, second moment ofarea o 60
If you want to skip all sections for the time being Proceed to chapter 8
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7.3 Surface area and volume of a solid of revolution 33

This section requires knowledge of the preceeding section i.e. lengths of curves.
It is of interest mainly to engineers and consists of worked out examples. It is worthwhile to follow
the examples given in the textbook calculating on a separate sheet.

READ 7.3 Surface Area and Volume of a solid of Revolution
Textbook pages 202-208

----------------- > | 34
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Given a straight line yA 34
y=1+x 41

3t

24

1
It is rotated about the x-axis. ) / — e
Calculate the area of the surface thus generated 3 -2-10 1 2 3 4 'z
between the boundaries x, =a and x, =b. =iq

—24

A= :

Solution found > | 38

— Hint ted
mts wanted > 35
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Given y=1+x A 35
Look into the textbook and repeat the formula 44
for the surface generated:
34
A= ol
]
4: : A %’ + >
-3-2-10 1 2 3 4 x
- 1 -+
—24

................. > | 36
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1
b 2\
A=2ﬁ'[y[l+[%j J dx

Given y=1+x

Inserting you get

36

37
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A=27tj(l+x)-(2;de 37

Now it is quite easy to solve the integral

S XA W o a8
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2

b 2 2
A =2_\/§”[x+x7} =2\/§7r{b+%—a—%}

38

Given the same straight line
y=1+x

It is rotated about the x-axis.
Give the volume of the solid generated. The

boundaries are x, =a, x,=b

Solution found

Hint wanted

40

39
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Proceed as calculating the exercises before.

Look into the textbook for the formula, insert and integrate the standard integrals.

39

40
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37 3 3
V=nr x+x2+x— =7 b+b2+b——a—a2—a—
31, 3 3

The integrals in the last example have been standard. But as a rule these integrals are quite
cumbersome. Nowadays they are solved in pratice with the help of computer programs like
EULER/MAXIMA or Mathematica or Mathlab.

40

41
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7.4 Applications to mechanics

The basic physics concepts of the next sections will be known from physics lessons.
However, the calculation of examples may be new.

READ 7.4.1 Basic concepts of mechanics
7.4.2 Center of mass and centroid
Textbook pages 208-211

41

42
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Given a straight line y=1+x

It will be rotated about the x-axis between
x,=a and x, =b, thus generating a solid.
Calculate the solid’s center of mass which
may also be called centroid.

Solution found

Hints wanted

42

44

43
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The center of mass or centroid is given by two values: x.and y. .

43

For the given solid it follows from symmetry that y. =0, since the solid is generated by rotating

y =1 + x around the x-axis.
There remains the task of calculating X,..

Write down the formula 7.11a.

Insert y=1+x and solve the definite standard integrals regarding the boundaries.

The calculation of the area A is standard.
In case of further doubts study the textbook again.
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b 2 3 2 3
Xc =%I(l+x)xdx=%[b—+b——a——a—}

b b 2 2
A is given by A=Jydx=f(1+x)dx=[b+%—a—7

a

5

44

A circular plate is cut into a circular sector of r= 1m
and included angle of 20 . Find the position of the
centroid or X along the axis of symmetry

Solution found

Hint wanted

YA

49

45
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This problem is related to the example treated in the textbook.
A thin strip was bent into a circular arc. The arc subtended an
angle at the center. The position of the center of mass has been
calculated to be
_ _rsin®
Xo =

(C]

Referring to the figure the circular sector
is now given by the area ABO

First let us calculate its area A:

A= ..
Soluton > 47
Hint > | 46
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We want to calculate the area of the circular sector ABC.
Using polar coordinates we get

46

47




Chapter 7 Aplications of Integration

A=R©

The first moment of the circular sector is A-X,..
This must equal the sum of moments of all circular
strips of width dr.
A strip has the first moment
rsin©
(C] ad,

X =

The area A4, ofastripis A4, =............

Hint: The length of the stripis  7-20
Its width is dr.

47
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A, =r-20-Ar or dA, =r-20dr

Now we sum up the moments of all strips from
r=0to r=R
This mustequal A4-Xx:

7sin ©®
r
(S]

R
A-x=j
0

48

49
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2R’

Ax = -sin ©®

Since we calculated A in frame 47 to be 4 = R*®

We finally get
o 2 g.Sin (C]
3 (C]

49

50
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7.4.1 The Theorems of Pappus

The Theorems of Pappus show that knowledge of the center of mass often helps to solve
problems.

READ 7.4.3 The Theorems of Pappus
Textbook pages 211-213

50

51
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Given a straight line 51

y=1-x
We regard the domain 0<x<1
Rotating the line around the x-axis generates

a cone.
Calculate the surface of the cone.

Solution found b 54

Hint welcome b 59
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You need the length L of the curve, which in our case is

52

53
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~
I

NG

<

i
2

Now you apply the first theorem of Pappus to obtain the surface S of the cone

53

54
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S=r2 54
Now let us calculate the volume of the cone
generated using the second theorem of Pappus.
Given y=1-x , domain 0 <x<1
Vo=
Solution fouynd ... 57

Help wanted

55
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From the textbook we know that 55

Hint: In case of doubts try to understand the derivation of this formula reading the section in the
textbook again.

_________________ > | 56
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b
V=2ry A=x[ydx

Givenis y=1-x and a=0 and b=1

It is quite easy to insert the given values and to solve the integral.

56

57
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=" 57
3

Find the center of mass of a half circle of radius R.

P S s

Solution fouynd ... 60

Help welcome

58
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Wanted is the center of mass of a half circle. Rotating y 59
about the x-axis it generates a full sphere. +
Pappus’ second theorems states
24
V=2ry A
1+
t + t g
-2 - 1 R x
—1 -

4
The volume V of a sphere is known to be V' = 5” R’ and the area A of a half circle is known to be

A=1R2ﬂ'.
2

Thus we insert and solve for y

................. > | 59
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f=%~R 59
f,:k\
TR
\
C\} \/ [
i €5

_________________ > | 60
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7.4.2 Moment of inertia; second moment of area 60

The basic concepts introduced in this section will be known from physics lectures. In case you

are not familiar with these concepts take notes of all new concepts and theorems. You will use your
notes while working with the exercises and examples.

Since the section is a bit extended, study the first four pages including perpendicular and parallel axis
theorems.

If you have difficulties with the first example, you will be given hints in the study guide later on.

READ 7.4.4 Moment of inertia, second moment of area
Moment of inertia
Perpendicular and parallel axis theorems
Textbook pages 213-218

................. > 61
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In the textbook the first example demonstrated the calculation of the moment of inertia of a
disc.

Difficulties may have been due to the solution of the integral which is indeed tricky do solve

cos? @sin> OdO = =
16

O o | Ny

I know how to solve the integral

Detailed solution wanted

61

65

62
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To solve:

I, =4pR*h- |cos’ @sin’ OdO

x

S =[N

We remember the addition theorem. See appendix of chapter 3:

sin20 =2sin® - cos ®

Inserting into the integral gives

62
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T, >
I, =4pR*n| (Sm;@j de
0

Now we substitute 20 =¢  2dO =d¢

New upper boundary: 7

do

Tsin’ @
I, =4pR*h|—=
{ 4 2

You know how to solve this integral:

63

64
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s

1o . 4, 1
I, =4pR*h-—| = —sing-cosp| =4pR*h—
x =D 8[2 2 ¢l P 3

_PRh-7 64

_________________ > 65
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Given a rod of length 2m and p = O.Sk—g.
m

Calculate its moment of inertia if rotated about the
a) center of gravity
b) oneend

centerof gravity —

Ly = o

end

Solution found

Help welcome

65

69

66
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The total mass of therod is M = pL =1lkg .

Remember how to calculate the moment of inertia about an axis denoting by x
the distance of a mass element dm from the axis.

66

67
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1 =Ix2dm

67

Since dm = pdx you can now calculate

+1
— 2
1 onterof graviy = I P-Xdx =
-1

68
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+1 37+
2-p 1
I = 2dx = p| = 2
] p_flx p[J .

-1

68

For a rotation about one end you follow same reasoning. But this time the axis of rotation is shifted

to x =0.

The boundaries of the integral have to be changed.

Ly = e,

end
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1
a) I centerof gravity = g kg m ? 69

8 4
b) Iend =§p=§kgm2

Let us now calculate the moment of inertia of the rod using the parallel axis theorem (Steiner’s
Theorem).
. . ki
Given the same rod of length 2m whose mass per meter is p = 0.5 %
m

We just calculated its moment of inertia for an axis through its center of gravity tobe 7, = Ekgm2

Calculate its moment of inertia if it is rotated around an end.

................. > | 70
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4
Iend = gkgmz

It is the same result calculated before.

70

Now proceed to the second part of section 7.4.4 which will be of interest to civil engineers.

READ 7.4.4 Moments of inertia; second moment of inertia
Radius of gyration
Second moment of inertia
Center of pressure
Textbook pages 218-223

71
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3’* 71

2-.
lc———"—‘b—"l-r
] Bl @
$ } + l: =3
-3 =/l 1C_13 4 x

Given a rectangle ABCD with sides a =2 and b =4 and mass p = 0.1kg per square unit.
Determine the moment of inertia about the z-axis.

Solution found 75

Hints welcome. The problems seems intriguingtome b 7
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The given problem can be solved using the perpendicular axis theorem.
Determining the moments of inertia about the x-axis and the y-axis is quite easy.

I, =i

x

Solution found

Detailed solution

72

75

73




Chapter 7 Aplications of Integration

A

ol
dy
— $ $ + +—>»
-3 -1 0] 1 SEENAI
—2-.

Regarding a strip parallel to the x-axis
dm=p-4-dy
dl = y* -dm = y*4pdy
+1 y3 +1
1. =4 Ay =4p| | =,
. p_jly y p{ 5 }

-1

73

Now determine the moments of inertia about the x-axis following the same reasoning regarding a

strip parallel to the y-axis

74
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8
I == 4
« =3P 7
dm=p-2-dy

32
Iy =?p

We remember the perpendicular axis theorem

I=1+1,

Thus regarding our results we obtain

................. > 75
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I ="
c=3P

75

Now try to solve the example given on page 220 (fig. 7.26) in the textbook.
In case of difficulties look at the detailed calculation given there.

76
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The exercise 22 at the end of this chapter reads as follows:

76

Water level

A rectangular plate of base 5Sm and

height 8m is immersed in a lake. Calculate the total
pressure on the plate and the depth of the centre of
pressure if the plate is vertical.

Density of water = 1000 kg/m’

S S

Try to answer the first question. We denote the depth x and the width of the gate a
Total pressure on the gate

Solution found

_________________ > | 78

Hints wanted

_________________ > | 77




Chapter 7 Aplications of Integration

We regard a horizontal strip of width a = 5m and height dx in the depth x:
The force on the strip is:

dF =p-g-x-dx-a

The total force on the gate:

7.5
F=p-gjxdx~a
5}

Now solve the integral, insert the boundaries and calculate the result:

77

78
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F = 230kN

78

Now solve the second question. Calculate the position x. of the center of pressure.

We regard a horizontal strip of width a = Sm and height dx in the depth x: Its moment regarding the

line of the water level is
dF -x=a-dx-p-gx’ = apgx’dx

Thus

WD
F-x.= apgj.xzdx
5

79
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3 7.5
F-xc=apg|:x?} = 1456kNm 7

5

Using this result we obtain
X =6.33m

By now you have reached the end of this chapter which posed some tricky calculations.
But after all you mastered the stuff successfully: Congratulation!

7.
" of chapter 7
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Chapter 8 Taylor Series and Power Series

8.1 Expansion of a Function in a Power Series

Objective: Concepts of power series, factorials, Maclaurin’s series, Taylor’s series, interval
of convergence.

READ: 8.1 Introduction
8.2 Expansion of a function in a power series
8.3 Interval of convergence of power series
Textbook pages 229-235
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Name at least three concepts which were newly introduced in this section:




Chapter 8 Taylor Series and Power Series

(1) Power series
(2) Maclaurin’s series
(3) Interval of convergence

Give three reasons for expanding a function in a power series:




Chapter 8 Taylor Series and Power Series

(1) The first terms of a power series are often suitable for obtaining an approximate value of
the function.

(2) Power series can be differentiated and integrated term by term.

(3) We can use power series to calculate the values of many functions.

The expressionn!isreadas ..................
The expressionn! means ..................
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factorial n

n=1x2x3x..x(n—1)n 6

Work out the following, simplifying where possible:

5! =
7!
5] T oeessessesscace
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5! =120 7
7! 1x2x3x4x5x6x7
31 T Ixaxaxdxs 0T =#

1) 1x2 1
(n+): X2 x3x ><n><(n—|-):n_|_1

n! 1x2x3x...xn

9! _ 1x2%x3x..x9 1
11! T 1x2x3x...x10x11 110

You can sometimes simplify an expression involving factorials by cancelling factors common to both
numerator and denominator.

Did you make some mistakes?
Yes

No

——————————————————— > 11
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The symbol n! (read as factorial n) is an abbreviation for the product of the first n natural
numbers

n'=1x2x3x...xn

What is (n —2)!?
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(n=2)1=1%x2x3%x...x(n—3)(n—2) 9

Here are some more examples for you! Remember to simplify if you can.

n!
(1) mz .....................

315!
(2) T I

100!

(3) W T ittt it ree et

——————————————————— > 10
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n! Ix2x3x..x(n=2)(n—1)n
1 = — —1
S [X2%3%...x (n—2) (n=1)n
(Z)E _1><2><3><1><2><3><4><5_1><2><3_
6! o Ix2x3x4x5%x6 6

3) 100! _ Ix2x3x...x100 1

101! T Ix2x3x...x100x 101 101

In case of difficulties consult the textbook.

10

11
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Write down the general form of Maclaurin’s series for a function f'(x). You may have to look
at the textbook again. If you do, don’t just look at it, write it down! This will help you to fix
it in your mind.

11

——————————————————— > 12




Chapter 8 Taylor Series and Power Series

y3

3!+... 12

X )C2
fx)=FO)+ 1O+ 0) 5+ f(0)

Use the series to expand cosx up to the term n = 4 in accordance with the steps below.

Step 1:  Obtain derivatives /7, /", /", f4).
Step 2:  Calculate the values of the function and its derivatives at x = 0.
Step 3:  Substitute the values of f(0), f£/(0), ..., f*)(0) in Maclaurin’s series.

——————————————————— > 13
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x2 x4

cosx%l—i-i-ﬂ 13

Correct
——————————————————— > 15

Wrong, further explanation required

——————————————————— >| 14
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To express cos x in a power series according to Maclaurin’s expansion we have to proceed as
. 14
follows:
Step 1:  Obtain the derivatives f(x) =cosx
fl(x) = —sinx
f"(x) = —cos x
f"(x) =sin x
F®(x) = cos x
Step 2:  Obtain the values of the derivatives at x = 0
[0 =1
f(0) =0
1) =1
£1(0) =0
f®0) =1
Step 3:  Substitute the values of f”(0),..., £4)(0) in Maclaurin’s series
/ X n x? " X3 4 £ ¢
fE) = O+ £ O+ "0+ "0+ 37+ PO+
1, 1,
cosx~1—2—!x +4—!x
------------------- > | 15
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Use Maclaurin’s series to expand f'(x) = W up to the third term, i.e. n = 3. 15

What steps should you follow?




Chapter 8

Taylor Series and Power Series

Step 1:  Obtain the derivatives f’(x), f”(x), f"'((x)).

Step 2:  Obtain the values of the function and its derivatives at x = 0.

Step 3:  Substitute these values in Maclaurin’s series.

16

n=3 r(n)
foy~ Y L0 n'(o)x”
n=0 :
Now execute the steps 1
)= T3
Step 1:
flx)= .
)= o
FX) =

17
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1'6) = oy i
16 = e
770 = s
Comest 23
Wrong

18
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Where did you go wrong? We must try to analyse your error, but we can only do this if we
know the reason for your difficulties.

Never let errors rest; they have to be eliminated, because they cannot go away by them-
selves!

Even errors due to carelessness should not be allowed to increase.

Error found

Explanation of calculation

18

23

19
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1
Your error may have occurred during differentiation of f (x) = m
To differentiate this function we can use the quotient rule (look it up again if you have
forgotten it), or we can write the function as f(x) = (1+x)~2 and use the function of a

function rule. The latter form is much easier to apply in this instance.

f@=(+x)2=u2u=1+x
fl(x)= 47 22 —2u3x1=—-2u"3

©du C dx
= 2(1+x)3= 2
(1+x)3
Similarly f"(x) =+6(1+x)"*= 6
(1+x)4
" -5 24
and f"'(x)=—-24(1+x) :_(1+x)5

19

20
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If you used the quotient rule you should have obtained the same result.

b Ox(I+x)2=2x(1+x) =2
A (x)_ (1_|_x)4 - (1+x)3
vy Ox(14x)3—(=2)x3x(1+x)2 6
o= (+x)0 = T
m _OX(1+X)4—6X4><(1+x)3_ —24
f (x)— (1+x)8 - <1+x)5

The differentiation is clear

Still having difficulties in differentiating

20

24

21
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The nth term in Maclaurin’s series is )1

A

ay =
n!

£™(0) is the value of the nth derivative of the function at x = 0.
Hence to obtain the series for f'(x) we need the higher derivatives

£, £ (X)) ().

Since you are experiencing difficulties with the process of differentiating you should interrupt this
section of the work for the time being.

Read section 5.6 in the textbook to revise the concept of higher derivatives, and read again the
section regarding the quotient rule and the derivative of a function of a function (chain rule).

................... > 22
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The function in our case is a quotient; to differentiate it we can, on the one hand, apply the
quotient rule. On the other hand, since the function can be written

fx)=(14x)2=u

we can also use the function of a function rule.

22

You need some practice in differentiating! Try to apply both rules to obtain the first four derivatives

of the function

1
F&) =Ty
flX) =
Sl(x) = o
SMx) =
FOX) =

23
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ff =7 11)3 23
7"6) = 7y

1) = T

796) = e

In case of further difficulties you should revise the calculation of derivatives using the study guide for
chapter 5.

——————————————————— > | 24
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The first three derivatives of the function f(x) =

T+x)2 °° 24

/ _ —2 " _ " _
f(x)_mv f (x)_(1+x)47 f (x)_(1+x)5

Thus step 1 is completed.

Step 2: Substituting x = 0 in each yields
fO)=1 f0)=-2 f"0)=6 f"(0)=-24

Step 3: Inserting these values in Maclaurin’s expansion we find

——————————————————— >| 25
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1 6 24
(1+x)2z1—2x+5x2—§x3upton:3 25

~1—2x+3x2—4x3

Note: In many cases it is sufficient to determine the first three or four terms of Maclaurin’s series in
order to infer the form of the complete series. In our case we will have

1
=1-2x+3x%2—4x3+5x*—6x>+7x0— ...

(1+x)2

——————————————————— > | 26
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1
Consider the series — = 14x+x2+x3+...
1—x 26
If we replace x by —x we find
1
— {4 (— N2, (03
= (%) +(=x)+(—x)"+(—x)"+
Thus we find the series for
;:l—x—i-xz—xs—i-...
14+x

Now consider the power series for e*.
2 .3

X =
X _ _
e —1~|—x~|—2!+3!+..._ E

X

Obtain the series for e~
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2 .3 .4 . n
x x= x> x B X
1_x+2'_3!+4!_“'_n2_0< Rl

Express the function In (1 + x) as a Maclaurin’s series up to n = 3.

What steps should you follow?
S 1 4 T SRR
SEED 2t ettt bttt b et sae e saes
S Bt e ettt et sh e et sae e

27

28




Chapter 8 Taylor Series and Power Series

Step 1: Obtain the derivatives
f1(x), f1(x), f"(x) 28

Step 2: Obtain the values of the function and its derivatives at x = 0, i.e.
£(0), £'(0), £"(0), £"(0)

Step 3: Substitute in Maclaurin’s series

Fo— r s O 1O 5 110)

1! 2! 3! e
Now execute the steps:
Step 1: Step 2:
f(x) =In(1+x) F(0) =i
SI(X) = S0) = i
S (X) = o S"(0) = oo
S7(X) = o S"(0) = oo

——————————————————— > 29
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f(x) :ln(11+x) f(0)=0 29
1) =13 10 =1
£ (x) = (1_;3()2 f"(O) —1
W= o) =2
ln(l—l—x)%x—%—l—%—...
Correct
——————————————————— 34

Errors; explanation required
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Step 1: The first derivative of the function In(1 + x) can be obtained by the chain rule. 30

f(x)=In(l14+x)=Ing whereg=1+x

1
th =—g'=—— i "=1
en f (x) gg e
The next derivatives are obtained in the same way or by using the quotient rule;
hence " (x) = ! .
(14x)?
S (%) = oo

——————————————————— > [ 31
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31

SO ==
" 1 _
FO=—er ="
" _ 2 _
Fr0)= (140)3 =2

Step 3: Substitute these values in Maclaurin’s series. (In case of difficulties return to the textbook to
check the formula.)

—1 2
f(x):ln(1+x):0+1xx+?x2+§x3+...
I S
= R

——————————————————— > 32




Chapter 8 Taylor Series and Power Series

A quite powerful expansion is the binomial expansion.
You know from the textbook: 32

n(n— l)a”‘2x2+n(n_ 1)(n_2)a”_3x3+...

n__ _n n—1
(a+x)" =a" +na" "x+ 2 3l

The exponent # may be a fraction.
Obtain the following expansions by applying this formula:

Solutions found
------------------- > | 34

Hints and detailed explanation required

___________________ > 33
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Each one of the given problems can be solved by applying the general form of the binomial

series.
We compare the given problem with the general formula for (¢ + 5)" in order to find the

actual substitutions for a, b and n.
1
Problem (1):v/1+x = (1+x)Y2yieldsa=1,b=x,n= >

1
Problem (2): /14 x :(1~|—x2)1’2yieldsa:1,b:xz,nzz
1 1
roblem (3): =(1+x3""2yieldsa=1,b=x3n=—=
Problem (3) s = (14x%) V2 yieldsa =1, b= x?
V1+x 2

33

Now try again:

34
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1 1 1\ 1 1 1 3 1
) Viex=ldoxt=(—=)on?4=-(=2])(-2) =x3+..
(1) +x +2x+2< 2>2!x 4= ( 2)( 2) Thal 34
_1+x_x2+x3_
2 8 16
> xz  x* x°
(2) VI1+x =1+7—?+1—6—...

o e () () (o
<

i (‘D

Note: By this method many functions can be reduced to a binomial series.

If f(u) = sinu then the general form of this function as a series is

___________________ > 35
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b (n) 0)u”
fay=y L0 (,) 35
oo n!
_ ud ud
Sin =u — 3 —1-5

A power series (such as Maclaurin’s) does not always converge for all values of the variable. The
interval of convergence can be determined in a way similar to that shown by the examples in the
textbook.

Important series such as the exponential functions e*, e™* and the trigonometric functions sin x,
cosx are convergent for all values of x.

We will now consider the solution of an example on convergence in detail. You may skip it if you
wish.
Example on convergence

................... > | 36

I will skip it

___________________ > 38
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Determine the interval of convergence for the following series

2 3 4 n

X X X

ln(l+x):x——+———+...:|:7...

2 3 4

This series converges for all values of x if and only if

X < R=1lim
n—eeldp41
Obtain
an _
An+1

36
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a n+1 1
| =——=1+- 37
an+1 n n
Now obtain the radius of convergence
. . 1
R = lim =lm[1+—|=...............
Nn—oo an+1 Nn—o0 n

The answeris: R =1

Hence the series for In(1+ x) will converge for —1 < x < 1. The end points are not included, of
course. (In(0) is not even defined.)

................... > 38
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8.2 APPROXIMATE VALUES OF FUNCTIONS

Objectives: Concepts of approximate polynomials, remainder.

READ: 8.4 Approximate values of functions
Textbook pages 235-237

38
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Let the expansion of a function into a power series be broken off after n terms.
What are the names of the two parts of this power series?

fxX)=ao+aix+asxx*+...4apx"+an 1 X"+

39

40
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approximate polynomial P, (x) of the nth degree
remainder: Ry (x)

‘We shall now deal with the approximate polynomial.
Given the series

2 x3 x4 x5

e* —1+x+—+—+ +——|—...

3! 51
Write down the first four approximate polynomials:

40
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Pi(x)=1+x . Al
Py (x )—1+x+7
B B
P5(x )—1+x+7+?
FON
Py(x )—1+x+—+ 3 +—
y% e* The figure shows the graph of the function
3 y=¢e

Draw on the diagram the first approximation

Pi(x)=14x

i J

——————————————————— > | 42
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YA

Py(x)

_

-2 A 1 2

=Y

The approximation P;(x) = 1+ x is a straight line which is tangential to the curve of y =e* at x =0.
At x = 0 the slopes of the function and of the polynomial are the same.

The coefficient a; of the approximate polynomial Py (x) = ag+a1x = 1+ x was chosen to satisfy
the first derivative of the function e*. A better approximation to the function in the neighbourhood of
x=0is
e
Py(x)=1+x+ £l

The graph of this function is @ .....c...cccceeceereencennne.
------------------- > | 43
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parabola
YA o
3.
Py(x)
24
/ Draw on the diagram the approximation
-2 1 1 2 3

44
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L S 44
3<
Py(x)
24
1
= - —
—2/4 1 2 X

The parabola is a better approximation to e*. It has the same slope at x = 0 as well as the same
curvature, i.e. the second derivatives of the function and the polynomial are the same at x = 0.

L0 T T E

——————————————————— > | 45
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"0)=e"=1, PJ(x)=1
£7(0) 2 (x) 45

2 3
The third approximation to e* is given by P3(x) =1+ x+ % + %

It is a polynomial of the third degree, which is even better than the two previous ones.

The diagram shows the graph of the function
fx)=¢*
with the four approximations
P1(x), Pr(x), P3(x) and Ps(x).

It demonstrates quite clearly that the higher the
degree of the approximate polynomial the more
closely the approximations fit the graph.

------------------- > | 46




Chapter 8 Taylor Series and Power Series

We cut off the series for e* after n = 4 so that

2 x3 )C4

X ~ _ P -

There is an error whose value can be estimated by the expression

_ f(n+1)<,)xn+1
T (n1)!
Itis called ..................

In our case f(x) =¢*

46
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The remainder (or Lagrange’s form of the remainder) 47

&5
R4:%,0<§<x

You should remember that when you cut off a series after n terms you automatically create an error.
This error can be estimated. It will be as small as you like since you can yourself fix the order of the
approximation in a practical situation.

If you would like to do an example on evaluating the error, one is coming up!

I would rather carry on
——————————————————— > | 52

I would like to do the example

——————————————————— > | 48
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The series for cosx is

x2  x* X

cosle—E—i-H—a—i-...
If we wish to compute the value of the cosine function at x = 1 (i.e. 1 radian = 57.3 degrees)

then

RPN S
COoS 1 = —E-i-z—a-i-

=1-0.5+0.0417—-0.0014+...
If we take n = 2 as a first approximation then

cosl=1—0.5+Ry(1) =0.5+ Ry(1)

Now we evaluate the error.
Since the general form of the remainder is

_ L)

Rn(x) (n+1)!

it follows that with n = 2 we have

48
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fBE) sing
Ry(1) = 5= 0<t<l1 49

We do not know the exact value of &, but we can be certain that the error will not exceed the value of
R, (1) with & = 1, since the sine function is monotonically increasing in the interval (0, 1).
Hence the error will not be greater than

|R>(1)| = ~0.14

sin§ |
—|=

sin(1)|  0.842
6 | 6

Our approximation gave cos 1 = 0.5
The exact value is 0.5403
What is the actual error E?

___________________ > | 50
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E =0.5403 - 0.5=0.0403 50

Note: This is less than 0.14, which we predicted as the largest possible value.

The approximation for cos 1 can be improved if we take n = 4.

x2 x4
cosx%1—2—!+4—!

1 1
coslzI—E—I-E:1—0.5+0.0417:O.5417

‘What is the actual error £ now?

——————————————————— > | 51
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E =0.5403 -0.5417= —0.0014

Note: The error is estimated to be less than

|Ra(1)| =

&)

5!

sin(§)

120

<

0.842
T2~ 0.0070

51
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Some remarks on human memory will follow. Do you want to skip them?.

During an oral exam the examiner asks a student:

52

57

Explain to me the relationship between differentiation and integration and write down the symbol

for the indefinite integral.

The student hesitates, and hesitates ...

Finally the examiner states, ‘Integration is the inverse operation to differentiation. The general so-
lution of the integration is the indefinite integral. Here are two alternatives. How should it be written?’

A / f(x)dx = F(x)
B/f(x)dsz(X)—i—C

The student replies: ‘Yes, solution B is the correct one. I understood that well at the time.” To this the

examiner says: ‘But you didn’t know when I asked you just now.’
Who is right?

53
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Both are right; things are a bit more complicated.

The student had understood the matter at the time of studying it. He quickly recognised the
correct solution again.

The examiner emphasised, and rightly so, that the question wasn’t answered without considerable
help. The student was neither in a position to describe the relationship nor to write down the symbol
actively.

53

Conclusion:

Recognition is easier than reproduction. But reproduction and application are the objectives of our
learning.

Anyone who believes that, a year from now, he will be able to reproduce everything he now under-
stands, is greatly mistaken.

——————————————————— > | 54
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In an experiment A. Miles (1960) gave 60 people 10 syllables each to learn. This learning
material was studied three times in succession. At two different intervals each person was
examined according to two different methods.

54

(1) Unaided recall: number of syllables reproduced without aid.
(2) Recognition: number of learned syllables which could be recognised from an extensive list.

They were tested immediately after this learning period and then 1 hour, 6 hours, 1 day, 4 days and 14
days later.

The diagram shows the results

Number“
of 101
syllables
84
] b—\_\\
Al g - Recognition
Se-e-e. v
2 .
“eUnaided recall _

Th ' lday 4 14

___________________ > 55
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Similar dependencies are also found in the case of meaningful subject matter. Free reproduc-
tion is more difficult than recognition.
In exam situations facts concerning specific questions must be actively reproduced. Inci-

55

dentally, this also goes for a large number of situations in which learned material has to be applied. As

in the experiment with meaningless syllables, with meaningful subject matter too the difference be-

tween the skill shown in unaided recall and that shown in recognition is still great. Here there exists the

possibility that we subjectively deceive ourselves: we often mistake those facts that we once studied,

but thereafter only recognise, for facts which have been well memorised.
This is often self-deception.

------------------- >| 56
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Let us assume that, through intensive reading, you have understood a fact. That is to say that
the terms can be actively reproduced and the operations which were learned can be carried
out. A well-known safeguard against forgetting things is revision — a process you are now
familiar with. At the end of every work section it is recommended that you go over the contents again
and try to write down all the keywords from memory before you stop for a break.

The second phase of revision is to check, after an interval of perhaps a week, whether you can
actively reproduce the most important contents of the previous lesson.

56

If you have difficulty here it is important that you repeat the lesson once more.
In order not to forget this, put a slip of paper into the textbook saying ‘Lesson must be repeated’.

___________________ > | 57
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8.3 Expansion of a Function f(x) at an Arbitrary Position. Applications
of Series. Approximations

Objective: Evaluation of the first terms of a Taylor’s series at xo # 0, application of series.

READ: 8.5 Expansion of a function f(x) at an arbitrary position
8.6 Applications of series
8.6.1 Polynomials as approximations
Textbook pages 237-241

57
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Having read the relevant section in the textbook write down the formula for Taylor’s series: 58

___________________ > 59
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) (.
f(x):f(x0)+f'(x—xo)+—(x—xo)2+...+—f ns .

A "z(j“’) (x—x0)" +... 59

Suppose you needed to calculate sin 47° and you did not have tables or a scientific calculator at hand.
You must expand the sine function at an appropriate position.
Which a (or xq) will be suitable?

——————————————————— > [ 60
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g = 45°, i.e. xg = %, is a good choice because sin 45° is known from a simple triangle,
i.e. sin 45° = Lz’ and the values of the derivatives are known too. The differences (& — ),

or (x — xp), will be small.

60

What steps are needed to obtain the first four terms of the expansion?

0 4 T P
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Step 1:  Obtain the derivatives f”(x), f”(x), f"(x), etc... 61
Step 2:  Calculate the values of the function and its derivatives at x = xg.
Step 3:  Substitute the values f’(xo), /" (x0), etc. in the Taylor’s series.

Now proceed to compute the first four terms of the expansion for sin 47°. Remember that you must
T

express the angles in radians: x = a@

——————————————————— > 62
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sin47°z%+%<2%)—%(2%)2—%\/5@%)3 upton =3 62

Correct
——————————————————— > | 64

Error; detailed solution required

___________________ > 63
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Here is the solution in detail.

63
Step 1:  The derivatives are
f(x) =sinx f"(x)=—sinx
f!(x) = cosx f"(x) = —cosx
Step 2:  The values of the function and its derivatives at xog = 45%
f(x0) = f"(x0) =
S D N
Noxn) = — M) — -
J"(xo) 7 J"(xo) 7

Step 3:  Substitute these values in Taylor’s series:

£() = £ (o) + (o) —x0) + L0 e g ¢ L0 g
1

sin47° ~ %—FE (2%) —% (2%)2—%\5 (2%())3 upton =3

——————————————————— > | 64
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We assume you have a simple (non-scientific) calculator. Calculate, as an approximation,
the value of sin 47° to five decimal places taking (a) the first two terms of the expansion and
(b) the first three terms of the expansion.

What are the errors in each case, knowing that the exact value (to five decimal places) of sin 47° =
0.73135?

64

(@) sind7°= ............. ErTor = .............
(b) sin47°= ............. error = .............

——————————————————— > [ 65
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(a) 0.73179 error 0.00044

(b) 0.73136 error 0.00001 05

Now we give an example which is of special interest to mechanical engineers; other readers may skip
it and go to

___________________ >| 76

IPCAS

\\‘\%
neC
oy

The figure shows the slider crank mechanism as used in the
petrol and diesel engine as well as in reciprocating pumps and
/77.  compressors. There are hundreds of millions of such mecha-

slider nisms throughout the world. As it is a very important device
= X ~ we propose to examine its kinematics.
Using simple geometry express the displacement x of the
slider (or piston) as a function of R, L, the crank angle 0 and the connecting rod angle ¢, as shown.

\

................... >| 66
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x =R cos 0+ L cos ¢ 66

It is more convenient in practice to express x as a function of R, L and 6 only. Eliminate ¢ and obtain

Solution
——————————————————— > | 68

Hints and explanation

——————————————————— > | 67
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Given: x = R cos 6+ L cos @ 67

To eliminate ¢ use the fact that
L sin ¢ = R sin 6.
Remembering that
cos? @+sin® @ = 1, thus
we have

cosd = 1/ 1 —sin?¢ ¢

Hence

X=Rcos O+ L cos Q= .....cccoeeeeerrcnn.

___________________ > | 68
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R\ 2
x=Rcos O+ L 1—<z> sin%0 68

If your result does not agree with the one above go back to
——————————————————— > | 67

R 1 1
Th io — i 11 11 —or —.
e ratio 7 is small, usually about 3 or 1

Use the binomial expansion to obtain an approximate value for the square root term. (The first three
terms will be sufficient.) Then complete the expression for the displacement x of the slider.

X=RcosO+L .............

] % Solution
A > | 70
( ’ Hints and further explanations
of &>y coossosscoscoossod > | 69
()
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R\ 2
We are asked to evaluate the first three terms of the binomial expansion of /1 — (Z) sin® 0

Step 1:  The first three terms of the binomial expansion are

nn—1) ,
T

(1+x)"=1+4nx+

R\? R\?
Step 2: 1—(z> sin“ 0 = (1—<z> sin“ 0

1 2
hence n:E, x:—<—> sin® 0

1/2

Step 3:  Substitute in the binomial expansion and obtain

1/2 2 1/, 1 4
R\? LR\ 50, 3(=3) (R\" 4
(1 = (Z) Sin 9) =1— 5 <Z) Sin e+ 2 <Z) Sin e

Step 4: The complete expression for the displacement x of the slider is

x=Rcos O+L(.......ooooiiiin )

69
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1/R\? ,. 1/R\* . ,
x—Rcose+L<1—§<z> sin 9—§<z> sin™ ©...

70

If your result is wrong

69

Note: in practice only the first two terms of the expansion are significant, except for very high perfor-

mance engines.

Use the first two terms of the expansion to obtain an expression for the acceleration X of the slider.
Notation: ¥ = d?x/dt? where ¢ is the time. Remember that 8 is also a function of time but 8 is

supposed to be constant.

Solution found

Hints and detailed solution

73
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With the first two terms of the expansion we have -

L (R\?
x=RcosG+L—E(Z) sin?@

We differentiate x twice to obtain the acceleration.
.. X .
Obtain x = — first, remembering that

d d d
I sin?@ = (@ sin? 9) d_? (function of a function rule):

——————————————————— > 72




Chapter 8 Taylor Series and Power Series

. (. R |
X =—RO (smei s1n29) 72

A detailed explanation of this differentiation is given below. Skip it if you obtained this result.

. x dxdo
We require w o ddda
d L /R\*d
Now —;:—Rsin9+0—5<z> d—e(sinze)
but die (sin?@) = 2sinBcosO = sin20
therefore Xx=—R0 <sin9 + % sin 29)

Now differentiate once more, remembering that

------------------- >| 73
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dx dxdo . R .
X A0 dr RO (cosG-l-Lcos 6)6

= —R92 (cos6+ % 00526)

73

In case of difficulties go through the explanation again, beginning with frame 68.

74
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With the help of Maclaurin’s and Taylor’s series, as well as the binomial expansion, we can
derive approximate expressions for some functions. This is particularly helpful when dealing 74
with complicated expressions but we have to ensure that the error involved is kept within
limits which are acceptable in practice, e.g. 1%, 5% or 10%. It depends very much on the nature of the
problem and therefore no general rule can be given.

The table of approximations for typical functions at the end of section 8.6.3 in the textbook contains
the errors for the first and second approximations.

Give the first and second approximations for cos x using this table.

First approximation:  COSX Ro.....ccccovevuerurenenne

Second approximation: CoOSX R........ccceeerueeuenne

——————————————————— > [ 75




Chapter 8 Taylor Series and Power Series

2
. L X
First approximation: cosx ~ 1 — a7 75
2 4
L X
Second approximation: cosx ~ 1 — 57 + ar

For small angles, i.e. small x, the first approximation for the cosine is

x2 YA
cosx ~1——
2!

Let us consider the error made by using this ap-
proximation for x = 0.5 (radians).

co0s0.5 = 0.8776(exact value) Py(x) = 1- f‘zi
N
0.5% A
P2(0.5) = 1- == 08750 T S

The difference is cos(0.5) — P»(0.5) = 0.0026
thus the error is smaller than 3%.

Now compute the error, using the same approximation, when x = 0.75 radians.
c0s0.75=0.7317 E =c050.75— P3(0.75) = .cccvvevieriiriiacene

------------------- > | 76
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E =0.7317—-0.7188 = 0.0129 76

The function f (x) =+/1+ x is to be replaced by an approximate expression in the range 0 < x < 0.5

with an error not greater than 1%. Which is the simplest approximation that can be used?
Use the table of approximations for typical functions given in the textbook.

O First approximation

------------------- > | 77

0 Second approximation
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‘Wron
& 77

U2is1+4 %x; it has an error not exceeding 1% in the range

The first approximation for (1 + x)
0<x<0.32
The second approximation 1+ %x = %xz has an error not exceeding 1% in the range

0<x<0.66

which more than meets the requirement. Hence only the second approximation is acceptable.
Look back at the table of approximations for typical functions in the textbook to check this statement.

------------------- > | 78
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Correct
78

Approximations are frequently used to compute particular values of the exponential, logarithmic and
trigonometrical functions when tables or scientific calculators are not available. To illustrate this point
suppose that in a particular problem the value of €% is required, i.e. the value of X0 where xo = 0.2:

2 x3

e* —1+x+—+3' TF oo

As a first approximation we have
e~ l4+x=14+02=12

As a second approximation we have

X
ex0z1+xo+%2: .......................................

___________________ > 79
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1.22
79

Fractions whose denominator does not differ greatly from unity can easily be calculated by means of
an approximation.

Example:
I 1
0.94 1-0.06
Using the expansion for we have
1 1 N
1 — x L R R R R P 1 — 0'06 ..............................
What is the percentage error E? Use the table!
O E<1%
O E <10%

——————————————————— > | 80
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1 1
— =1 i ———~ 1.
xS X106~ 106 80

E < 1% for all x in the range 0 < x < 0.1

1

. Vv1—-0.4
In the table you will find the approximation for the function

1
Approximate: =

1

V1+x

You can use this expansion if you substitute x by —x. Thus

——————————————————— > | 81




Chapter 8 Taylor Series and Power Series

L g2yl
1+ (—x) 208 i
Now calculate 1
1 — 0'4 = ,00000000000009000000000806

[ The error is less than 1%
[ The error is less than 10%
[ The error exceeds 10%

Use the table in the textbook!

——————————————————— > | 82
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1
————= =~ 1.26; truevalue = 1.291 82
1-0.4
The error is less than 10%, but more than 1%.
Calculate v/ 1.4 using an approximation with an error less than 1%.
Solution
——————————————————— 84

Hints and detailed solution

83




Chapter 8 Taylor Series and Power Series

‘We wish to compute v/1.4.
We transform the number under the square root sign in order to obtain an expression which
is included in the table of approximations.

VvV14=+1+0.4
In the table we find

Vi+x~1+ ;; for x = 0.4 the error exceeds 1%

2
VIi+x= 1+;— %; for x = 0.4 the error exceeds 1%

Now calculate

83
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0.4 0.42

Have a break!

You should by now be able to decide for yourself when to have a break and how long it should last.
Furthermore, you should stick to the duration you have fixed for it.
Remember to do something quite different during a break; you must give your brain a rest!

After your break

................... > | 85
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INTEGRATION BY MEANS OF SERIES

READ: 8.6.2 Integration of functions when expressed as power series
8.6.3 Expansion in a series by integrating
Textbook pages 242-244

85
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If an integral cannot be solved by any of the well-known methods, and provided that the series
is convergent, it is useful to expand a function in a series and to integrate the series.

0.53
Calculate the value of / AVI14HX3dX = oo,
0

Solution

Hints and further explanation wanted

86
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0.53
To solve / v/ 1+ x3dx proceed as follows:

0
We expand the integrand in a series. To do this we can use the binomial expansion which
was derived in section 8.2 of the textbook.
Hence the series for (1 4+ x3)1/2 is

(IT+x3)Y2 = e, x| <1

Now we integrate term by term

87
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1 1 1
(1+x3)1/2 :1_|__x3__x6_|_ 9

3 3 T6* mx”%—... provided |x| < 1 88
x ¥4 7 10 5,13 '
/0 (1+x3)1’2dx=x+?—%+160—@+... provided |x| < 1

At this stage we introduce the limits for x, i.e. x = 0 and x = 0.53 so that

0.53
[ a2
0

___________________ > 89
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0.534 B 0.537

3 56 +...~0.5398 89

0.53
/ (1+x%)2dx = 0.53 +
0

Calculate the value of the integral

0.4
y :/ sinxy/ 1+ x3dx
0

to four decimal places.
It cannot be solved by a well-known method. Thus it is useful to express the integrand as a power
series and to integrate term by term:

0.4
y:/ sinx V14 x3dx = oo
0

Solution found
------------------- > | 91

Further explantion wanted
------------------- > | 90
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The integrand is a product. Both factors are series which you have encountered already: %
7
sinx(1+x3)Y2 = (x — BT J)(l +3x3 1%x6 +. ';)
Series forsinx which Binomial series for
you can look up V14x3=(14x3V2
These series are both convergent for |x| < 1. We now multiply the two series and obtain a new series:
3 4 5
nx(lexV2— X * X
sinx(1+x°) X—— + 2 —1-120

We integrate term by term, giving

0.4 x3 X4 x5 2 1 " 1 5 1 6 0.4
y= [ (et e [T
_1 2 1 4 1 5 1 6
= (047 = 2 (0.4 4+ (0.4 + 2 (04 .

——————————————————— > [ 91
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=0.080
Y 91

‘We conclude this section by using an integral to obtain the expansion in a series for a given function.
We use an example which has been solved previously in a different way:
Obtain a power series for In(1 + x), knowing that

1

d
1+x .

In(1+x) :/

Solution found
——————————————————— > | 93

Hints and detailed solution

——————————————————— > 92
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The required series is obtained by expanding the integrand in a series using the binomial
expansion. We have
1 4

m=(l+X)_1=1—X+x2—x3—x —...

Hence

92

93
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2 3 45
n(l4+x)=x— 4" 2 4% provided—1<x <1
n(l+x)=x 3 + 3 1 + = provided <x< 93

Finally, a few comments on how to plan your work. In an experiment school children were
presented with a subject to study on their own. The children were divided into two groups.
Experimental group: A work plan was given to the pupils according to which the written
subject matter had to be worked out.
Control group: These pupils were given the material with only general instructions.
Immediately after the lesson, as well as 10 days later, the children were tested to determine to what
extent the subject matter could be reproduced:

Reproduction With plan | Without plan
after the lesson 65% 61%
10 days later 46% 26%

——————————————————— > | 94
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The children who had learned in accordance with the plan had learned more efficiently. The
results lend themselves to generalisation. Study planning is

(a) situation analysis(how much time is available, what is your own personal capacity?);

94

(b) analysis of aim (what must be learned, how well must it be learned, which are the priorities and

where do they lie?).

By means of a study plan, which is basically a time schedule and an analysis of objectives, a com-

plex task can be divided up, and priorities can be established.

Such a form of work planning can already be made with the help of a simple pocket calendar.

This study guide aids you to plan and divide up your work. That is why it is so effective. In the
long term, however, you should attempt to take on this job yourself. There are not always study guides

around!

Elﬂ( of Chapter 8
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Chapter 9 Complex Numbers

First, a little revision of the previous chapter!




Chapter 9 Complex Numbers

(1) A function f(x) can be expanded as a power series of the form ag +a1x +azx? + ... 3
(or equivalent).
(2) The coefficients of the power series can be obtained if we know the derivatives of f (x):
(n)
an = f
n!

(3) Power series enable us to derive approximations for many functions; this is helpful in calcula-
tions.




Chapter 9 Complex Numbers

9.1 Definition and Properties of Complex Numbers

Objective: Concepts of imaginary numbers, complex numbers, real part, imaginary part;
addition, subtraction, multiplication and division of complex numbers.

Complex numbers are helpful in the solution of differential equations, particularly in connection with
problems involving oscillations. If you already know about complex numbers then read in the textbook
those parts of the topic which are new to you.

READ: 9.1 Definition and properties of complex numbers
Textbook pages 249-252
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Which of the following numbers are imaginary?

O j?

O 4

O 444
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Wrong! j is imaginary but j% = —1 is real. 6
Try again; which of the following numbers is imaginary?
O 4

——————————————————— > 8
O 444

——————————————————— > 7
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Almost correct, but not quite: 4+ 4j is a complex number because it consists of a non-zero
real part and a non-zero imaginary part.
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Correct!

Now simplify j*

Solution found

Explanation wanted

10
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j?> = —1, by definition
Hence j* =22 = (—1)(-1) =1

Now try
12 _

10
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10

To simplify powers of j we always use the following procedure: We split the given power of j into a
number of factors, each factor being j> = —1.

=G %3)(§%x]j).c.. = (=1)(=1)... ; possibly one factor j remains unmatched.

Aside: Such a method leads inevitably to the solution of the problem. It is referred to as an ‘algo-
rithm’. If we can find an algorithm then the solution of a particular problem is in our pocket.

Compute j°

——————————————————— > 12

Explanation required

——————————————————— > 11
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Let us apply the algorithm:

We split the powers of j into a number of factors, each factor being j>

Bxample: 7 = (% ) )i % )i = (~1)(~1)(~1) =~

=—1.

11

12
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Calculate /—9 = ...cooiiiiiiiiein,

Explanation required

12

14

13
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Here is the sequence of operations for v/—16:
V=16 = /16(—1) = V16v/—1 = 4j

Now try again

13

14
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V=9=3j

Extracting the root of a negative number always follows the same algorithm.

V—a2 =y/a?(~1) = Va2 /=1 = aj

Evaluate

14

15
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Complex Numbers

bi 15
3j+5]=28j
Simplify
V=18+V-=50=...cccooiiiiiiann

16
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8v/2j

Correct

Error: follow the solution below:

V=184++/=50= /(=1 x 9x 2)++/(—1)25 x 2

=3v2j+5V2]
=8V2j

16

17

17
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Simplify these expressions

@ V=2V=8= oo,
=3
(b) W = J——
1
(c) (—j)3 == 400000000000000000A000000A0000

17

18
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(g —4
(b) V2 -
© —j
Correct
___________________ > [ 20

Errors; detailed solution required

___________________ > 19
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(a) V=2V-8=v2(-1)y2 x4(-1) 1
=V2j x V2 x2j
=2x2>=—-4
b —6 3x2(—1 3x2, .
(b) V=6 _3x2(-1) V i V3
V3 V3 V3
[ | 1
© =)? % —1(=))
1]
= === —J
I 1X])
Alternatively,
1 (=) .1 4 .
5 =g = ()" =-ix1
(=2 (=)= (1)
If you still have problems go back to the textbook or ask one of your fellow students.
——————————————————— > 20
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The general form of a complex number is
z=x+jy

xiscalled: ..ooveieeieiieieeeee
yiscalled: ..ooovierieieierieeeeeeee

20

21
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x is called the real part

y is called the imaginary part 21

Given the complex number

what is the complex conjugate of z?

——————————————————— > 22
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2t =3—4j

The complex conjugate is obtained by replacing j with —j.

22

23
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Compute the sum of the following complex numbers:

z1=1+4j
V4 :—3—j
Z1F 22 = i

23

24
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-2
Here is how the solution is arrived at:
To obtain a sum of complex numbers we add the real parts and the imaginary parts

24

separately:
z1=1+j
Z3=-3—]
zZ1+z2=(1-3)+(1-1)j=-2
Now try z3=T+3j

Z4=—9—3j

——————————————————— > [ 25
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Subtract z = 1 —j from z; =3+

Solution found

Detailed explanation

25

27

26




Chapter 9 Complex Numbers

The problem was:
ifz1 =34]j

andzp; =1—]

then z; — zp = difference of real parts + difference of imaginary parts

26

=03-1) +(+i— (=)
=242j
Now try again
z3 =544j
Z4 = 3~|—2j
A3 = ), = 6000000000000000000000

——————————————————— > | 27
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2+2j
Multiplication of complex numbers.
Given:
z1 =345j
zp =2+4j

Solution

Explanation wanted

27

29

28
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The multiplication of two complex numbers is carried out in a very similar way to the multi-
plication of two binomial expressions. We must keep in mind that j% = —1.
Look at this new example:
z1 = 2+ j)
zp = (1-2)

St
Z1%2 = J -
S A

Follow the arrows, first the top ones and then the bottom ones, and obtain

2122:2—4j—|—j—|—2

=4-3j
Now try the original problem again:

z1 =345j

zp =244

28

29
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—14 4 22j
Now for this problem:
given
71 =1+]
z3 =2+3j
z3 = 1-— 4_]

obtain the product 212223 = ..ccoeeeeeeieiiieeeeeeeee.

29

30
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z12223 =1949j

Correct

Wrong, or explanation wanted

30

32

31
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Since we have more than two factors we multiply in stages:
212223 = (1+))(2+3j)(1 - 4j)
= (2+3j+2i+3%)(1 — 4j)
= (=1+5)(1-4j)
= —1+4j+5j— 20
=19+9j

S

¥

31

32
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Obtain the product z; 21",
given z; = 4+ 2j.
z*iscalled ......oooovveveennenennn.

32

33
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z* is called the complex conjugate of z 33
¥ =4-2j
2121 =20
Note: The product of a complex number and its complex conjugate is always a real number.
Correct
——————————————————— > | 35

Wrong; explanation required

——————————————————— > | 34
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Follow the solution:
Required: z1z7; given: z1 = 4+ 2j.
First we need z] = 4 — 2j, the complex conjugate.
The next step should be easy:

34

212y = (4+2j)(4 - 2j)
= 16— 8j+ 8j +4j>
=16—4(—1)=16+4=20

A real number!

Remember that the product of a complex number and its conjugate is real.

___________________ > 35
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Multiply (2 — 3j) by a suitable factor in order to obtain a real number.

(2=3) (ceeereereeneeee )) = coseacsssseasasasone a real number. 35

Hint: From the previous frames you should know that the product of conjugate complex num-
bers yields a real number. Hence the complex conjugate of (2 — 3j) is (2 + 3j); the rest is straightfor-
ward. You have done it before.

——————————————————— > | 36
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(2-3))(2+3j) =13

Given: z; =27+ \/§j and z, = 33
What is z; divided by z,?
z1
Z2

36

37
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n_2+vy_ 3\/_+— 37

2 33

Correct
——————————————————— > | 38

Wrong? Here is the solution:

27+V3 27 +\/__] 9 1,
33 33 33 VB

9
\3/_ ]—3\/_~|-—J

The result is obtained by dividing the real part and the imaginary part by the real number, separately.

___________________ > 38




Chapter 9 Complex Numbers

Have a look at this:

Solution found

Detailed solution wanted

38

40

39
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We transform the fraction to get a real denominator:

4-V3j _4-V3jj
3 2]
4-V3P2 _4+V3

39

40
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1 .
—5V3-2j 40
Given: z1 =8+ 7jand z, =3+ 4j
Obtain:
Z1 _
o, s
Solution
——————————————————— > | 42
Explanation
——————————————————— > | 41
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To divide two complex numbers we first convert the denominator to a real number. This is
achieved by multiplying the denominator by its conjugate, and of course the numerator is
multiplied by the number also.

41

‘We then have
21 _zixzy  (847) 3—4j) _ 8+7)(3—4j)
2 zaxzy  (3+4) 3—4)  9+16
2428 —32j+21j
B 25

------------------- > | 42
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2.08 —0.44j

Now it is time for a short break.

42

43
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9.2 Graphical Representation of Complex Numbers 2

Objective: Concepts of the Argand diagram, modulus and argument of a complex number,
polar form of a complex number.

READ: 9.2 Graphical representation of complex numbers
Textbook page 252-255

------------------- > | 44
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A Indicate on the diagram the position of | 44
the point P(z) which belongs to the com-

plex number

z=1-2j

=y

—21

——————————————————— > | 45
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A 45
11
- T B
1 !
|
—2{---4p(2) = (1, -2)
zy!‘ Indicate on the diagram the following complex
numbers
14 .
z1=1+4j
-3 -2 i I S 2 Zy =—2+]j
—14 Z3 = _2_]
—24

——————————————————— > | 46
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Y
o 46
P(Zz).__ = = =jidb = ..P(zl)
: |
— ; »
-2 -1 1 2 X
= ‘l.
“2%P(zy)
;A_ _ What are the real part x and the imaginary part y
-T of the complex number z shown in the diagram?
{o
I A
I
2 -1 1 X
— 14
_.2-

——————————————————— > | 47
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Complex Numbers

z =142

47

Obtain the sum of z; =5+ 2j and z, = —3 — 3j
graphically. Remember the rules of geometric ad-
dition and subtraction of vectors. What is the new
complex number z?

------------------- > | 48
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Y,
3 48
44
3-
: =2-]
-5
Correct
——————————————————— 50

Wrong, I have difficulties

49
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A Given: z; = 5+ 2j

7 Zp = —3 3 49
4 What is z = z; + z, graphically?

3 The solution is obtained by the following steps:

We regard the complex numbers as vectors. We
obtain a sum by adding z; and z, geometrically.
Note that the addition of vectors means adding
the components. Now the x-components are the
real parts and the y-components are the imaginary
parts.

Note: We could have obtained the same result by shifting vector z; instead of z,. Check it for
yourself!

——————————————————— > [ 50
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Zy

Obtain graphically the difference

72=171—1p
given that
z1 =4+3j
and
Z; =5—12j
Hencez=......cooooviiinin.

50

51
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Complex Numbers

B
.

e —— ==

51

Correct

Wrong

53

54
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You might find it useful to revise basic facts on vectors in a plane.
Read Chapter 3 of the textbook again, especially section 3.3.

52

53
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A P(z) Given the complex number z = x +jy as | 53
! shown.
: The point P(z) can also be fixed using polar
1y coordinates r and ¢.
1
1
1

x

NS ]

Fill in r and ¢.

——————————————————— > | 54
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yf 54

P(z)

i

1
]
|
ly
ll
|
[ [ B
;} X

Let z be given in the forms (a) z = x +jy
and (b) z = r(cos¢ +jsind)
What are the relationships between x and y, and r and ¢?

Can you answer from memory?

O Yes

------------------- > | 56

[J No
------------------- > | 55
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Look it up in the textbook in section 9.2.2 or in the table of formulae.

Now express x and y in terms of r and ¢.

55

56
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Complex Numbers

X =rcosd 56
y =rsind
yA Express r and ¢ in terms of x and y.
P(z) [P = 600000000000000000000000060600
0= e
/ y
) ~
0 x x

57
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r=vx2+y2 o=tan"! <X>

X

Given the complex number
z=a’+(b+c)j

a, b and c are real. Express z in polar form:

57

58
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r=ja*+(b+c)? 58
1 (b+c b+c
_ 1 _
¢ = tan < 2 )ortanq)— 2
Correct
——————————————————— 60

Wrong; detailed explanation

59
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Given: z = a? + (b +c)j
Compare with the standard form:

z=x+jy
It follows that x =a? and y =b+c;
therefore r=+v/x2+y2=4/a*+(b+c)?
and _ —1<)’ o1 (b+c
=t ) =t
¢ =tan X am (az
b+c
or t —
and >

59

60
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Given: z = 1+j
Express z in the polar form r(cos ¢+ jsin¢) 60
0 Can you do it straight away?
——————————————————— > | 64

0 Do you need help?

——————————————————— > | 61
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We want the expression z = r(cos® + jsind)
Since z =1+

thenx =1and y =1

Hencer = /x2+y2=V12+12=+/2

1
andtanq):%:T:l

5
tan ¢ = 1 occurs for values of ¢ = % and er

We must determine to which quadrant our complex number belongs.

61

62
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b4
=7 62
Correct?
Good; write down the complex number in polar form, knowing that
r=vZ =7
4
S
——————————————————— > | 64

Wrong, explanation wanted

___________________ > | 63
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To determine the correct value for the angle you should refer to the position of z in the com-
plex plane. In our example, since z = 1 + 1j, i.e. x = +1 and y = +1, it follows that it lies in
the first quadrant.

Therefore 0 < ¢ < %; in our case ¢ = %

63

Fid T
Hence z = \/E(cos — +jsin—)
4 & > | 64
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Complex Numbers

V4

V2(cos % +jsin %)

64

65
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You have just converted a complex number from its algebraic form x + jy into its polar form
r(cos¢+jsind). We now try to formulate an algorithm for this conversion.
Conversion of a complex number of the form z = x +jy into the form z = r (cos$+jsin¢):

Step 1:  Conversion relationships:

NS

y
t: =
an @

Insert the given values into these equations.
Step 2:  Obtain the possible values of ¢ using tables or a calculator.

65

Step 3:  Select the value of ¢ which corresponds to the given complex number by considering its

position in the complex plane.
Step 4:  Substitute the values of r and ¢ in the equation:

z =r(cosh+jsind)

66
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A further example:
Put
z = —1 +jin the form
z =r(cosd+jsind)
P = e
O = it
U

66

67
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3
r=v2, 6= e 67
3 .. 3
z =V2(cos > +jsin > 1)
4 4
Correct
------------------- 69

Wrong, detailed solution

68
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z=—14j

Given: x =—1,y =1
Required: r and ¢

Step 1:

Step 2:
Step 3:

Step 4:

r=yx2+y2=2
tan ¢ = —1

3 7
¢=Znorzn

P(z) lies in the second quadrant, i.e. ¢

lies between % and 7, therefore ¢ =
3

ZT[.

3 3
z =+/2(cos i +jsin Zn)

il - — = -

68

69
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The conversion of a complex number z from the form x + jy into the form r(cosd + jsin¢)

(and the converse) is not difficult; the only subtlety is the correct determination of the angle ¢. 69

Now some advice on study techniques for effective revision of study material and some basic results
of experiments on memory.

Shortcut
——————————————————— > | 75

Experiments on memory were first carried out by Ebbinghaus a hundred years ago. First some
material is given to be memorised (meaningless syllables, poems, series of numbers, terms, definitions
or mathematical statements).

After a certain period of time the degree of retention of the material is investigated. There are
different methods:

Unaided recall: The experimental subject must recall what he has remembered without assistance.

Recognition: Here we measure the percentage of the original material that is recognised.

——————————————————— > | 70
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Results of experiments on memory (meaningless syllables)
100%
80%
60%

70

40% «— Recognition

20% < Unaided recall

0 1 2 3 4 5 6 Time (weeks)

The diagram shows the so-called ‘retention curves’ which express as a percentage the temporal
decrease of the original memory content.

Curves result which are roughly exponentially decreasing. Most facts that one recognises while
reading cannot be actively reproduced. Recognition of facts gives one the false impression of pos-
sessing a higher degree of knowledge. This can be seen in all situations in which you are required to
present facts without any help, and to apply your knowledge. This was mentioned previously in the
study guide for Chapter 8.

------------------- > 71
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The availability of memory content depends on the structuring of the subject content. Material
that is well learned, and understood in its context, remains at your disposal for a longer time.

The diagram shows retention curves for different subject matter which has been learned
thoroughly. It is clear that it is advantageous always to think of the learned material in its context.

71

100%
<« Principles. Mathematical laws
80%1
60%1 < Poems
40% <« Prose
o
o < Meaningless syllables
o

12 3 45 éTime(weeks)

——————————————————— > 72
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Effect on retention of one’s attitude towards learning:
Lewin (1963) reports the following experiment:
A student was asked to read mnemonic material to his fellow students until they were able

72

to reproduce it. Afterwards, the student who had presented the material was invited to present the text
unaided. Unlike the other students, he remembered almost nothing.

Thus, while studying, it is always advantageous to decide what is worth retaining in order to extract
or at least to underline it.

___________________ > 73
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Revision within the framework of the course:
We have already mentioned revision at the end of a chapter before a break, and revision
after a week before starting a new chapter.

73

These forms of revision should be supplemented by additional systematic revisions after a longer
time interval. Therefore you should make out a plan for your revision. This plan may imply that while
you are busy working through an advanced chapter you are also revising a chapter you worked on four

weeks previously.

74
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Each revision should be done in stages: 74

Step 1:  You write down, from memory, terms introduced in the chapter. Compare this list
with your notes or the textbook and expand it.

Step 2:  You try to recall the meaning of the terms without help. Check these against the text and
your notes. Incorrectly reproduced meanings, as well as those terms which in the beginning
are not remembered, must be learned again.

Step 3:  You work out the exercises of the chapter.

These revision techniques are useful — but only for those who apply them.
Now it is time for a break.

------------------- > | 75
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9.3 Exponential Form of the Complex Number

Objective: Concepts of Euler’s formula, exponential form of cosine and sine functions.

READ: 9.3 Exponential form of complex numbers
Textbook pages 256-263

75
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Express the complex number z in exponential form:

76

77




Chapter 9 Complex Numbers

_ jou
z=re 77

There exists a mathematical relationship between the exponential function e/* and the cosine and sine
functions. Can you name it?
Can you give the formula?

——————————————————— > 78
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Euler’s formula

e/ = cosa+jsino 78

The expressions for cos ¢ and sin o in exponential form are

___________________ > 79
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(e~ 3%

— 1 /.jo —jo.
cosa = 5 (eI +e7 %)
|
sinat = 5

What is the complex conjugate number of z = rei®?

79
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z¥ =re ¢

Correct

The complex conjugate is obtained, very simply, replacing j by —j. You saw this before; it
definition of the complex conjugate.

80

81

is the

81
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Have a look at the expression

W(t) _ e(()'t+j(ot)

= e (cos ot + jsinot)

‘What do the graphs of the real part look like when

(a)o >0?
and (b) 6 < 0?
WA WA
—r
(a)o>0 b)o<0

81
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The real part is €' cos ot

When ¢ > 0 the graph represents an os-
cillation whose amplitude is increasing
with time.

When 6 < 0 the graph represents a damped oscil-
lation.

WA

WA

82
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Given: two complex