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Preface

Super low frequency (SLF: 30-300 Hz) and extremely low frequency (ELF: below
30 Hz) are the lowest frequency ranges in the applied radio spectrum. In SLF/ELF
ranges, the wavelength is over 1,000 km, and the wave propagation in the Earth’s
space will be effected inevitably by the ground and the ionosphere. It is known that
the excitation and emission in the space between the ground and the lower bound-
ary of the ionosphere are of extreme difficulty. Meanwhile, because of the properties
of low carried frequency, narrow bandwidth, and low information capacity, the ap-
plications of SLF/ELF waves do not range widely. However, in the past century
the subject Propagation of SLF/ELF Electromagnetic Waves has been intensively
investigated because of its useful applications in communication with submarines,
geophysical prospecting and diagnostics, and seismic electromagnetic precursors
monitoring. In the pioneering works of Wait, Budden, and Galejs, analytical solu-
tions on SLF/ELF wave propagation are carried out. The subject has been investi-
gated widely and the findings have been summarized in the classic book Terrestrial
Propagation of Long Electromagnetic Waves by Galejs (1972). And some important
findings are included in the book Electromagnetic Waves in Stratified Media by Wait
(1970). In the past decades, some important progress has also been made. In the
book Resonances in the Earth—lonosphere Cavity by Nickolaenko and Hayakawa
(2002), the fundamentals of ULF/ELF wave propagation and lightning problems
are well summarized.

In this book it is investigated with an emphasis placed on the solution for
SLF/ELF wave propagating in different regions, especially including Earth—
ionosphere cavity or waveguide, anisotropic ionosphere, sea water, and layered
Earth or sea floor. It is concerned with the approximated analytical solutions of
the electromagnetic field radiated by a vertical or horizontal dipole. Usually, a sim-
plified or idealized physical model is meant for solving a practical problem. From
Maxwell’s equations, and subject to the boundary conditions, the formulas of the
electromagnetic field are always represented in the exact form of general integrals
or in terms of special functions. Obviously, it is necessary to treat these by using
mathematical techniques. The corresponding computations are also carried out, and
some new conclusions are obtained.
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In Chap. 1, the historical and technical overview is addressed for SLF/ELF
wave propagation in the past century. Chapter 2 presents the fundamental theory
of SLF/ELF wave propagation in Earth—ionosphere waveguide or cavity. Especially,
the new algorithm is addressed to ELF range and the lower end of SLF range specif-
ically. In Chap. 3, we treat the spherical harmonic series solutions for SLF/ELF field
in the non-ideal Earth—ionosphere cavity and the speed-up numerical convergence
algorithm. In Chaps. 4 and 5, we are concerned with SLF/ELF wave propagation
in the regions consisting of the Earth, air, and ionosphere. Chapter 6 deals with
SLF/ELF wave propagation along the boundary between sea water and ocean floor
and the marine controlled-source electromagnetics (MCSEM) method. Chapter 7
addresses SLF field on the sea surface generated by a space borne transmitter. In
Chap. 8, the atmosphere’s noise in SLF/ELF ranges is summarized.

The authors would like to express their gratitude to Professor Qingliang Li and
Professor Hongqi Zhang of the China Research Institute of Radiowave Propagation
(CRIRP). Many thanks are also due to Professor Kangsheng Chen, Professor Xian-
min Zhang, and Professor Erping Li of Zhejiang University for their helpful support
and encouragement. The authors are also grateful to their graduate students, espe-
cially including Huaiyun Peng, Yu Chen, Hong Lu, Yuanxin Wang, Xigian Wang,
and Xiaofei Zhao at China Research Institute of Radiowave Propagation, Yin Lin
Wang, Yun Long Lu, Peng Fei Yu, and Bing Jun Xia at Zhejiang University. Finally,
the authors would like to acknowledge the support and guidance of the editorial
staffs of Zhejiang University Press and Springer.

The authors sincerely appreciate the financial support in part of the National Sci-
ence Foundation of China under Grants 61271086 and 60971057, and the National
Key Lab of Electromagnetic Environment, China Research Institute of Radiowave
Propagation. The authors hope that the book will help stimulate new ideas and inno-
vative approaches to radio wave propagation and applications in the years to come.

Qingdao, China Weiyan Pan
Hangzhou, China Kai Li
July 2013
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Chapter 1
Historical and Technical Overview of SLF/ELF
Electromagnetic Wave Propagation

In general, very low frequency (VLF) refers to electromagnetic waves with frequen-
cies from 3 kHz to 30 kHz; ultra low frequency (ULF) refers to frequency range
between 300 Hz to 3 kHz; the frequency range of 30 Hz to 300 Hz is defined as su-
per low frequency (SLF); and the frequency below 30 Hz is referred to as extremely
low frequency (ELF). In some early studies, alternative definitions may have been
used with frequency range of 3 Hz to 3 kHz generally referred to ELF. In this book,
the emphasis is on SLF (30-300 Hz) and ELF (below 30 Hz) ranges, using the MKS
system of units and the time dependency e ",

1.1 Medium Characteristics of SLF/ELF Wave Propagation

Due to the long wavelength, SLF/ELF waves, when excited and propagated on and
near the Earth’s surface, will cover lithosphere, atmosphere and ionosphere, whose
electromagnetic characteristics differ significantly in their propagation paths. The
permeability of the atmosphere and ionosphere is approximately (¢, the permeabil-
ity in free space, as well as that of the lithosphere, except in the regions that are rich
in iron, nickel, cobalt, etc. Therefore, the permeability of the lithosphere can be also
treated as o, if neither the transmitter nor the receiver is located in mineral-rich
areas. The atmosphere is a non-conductive medium with negligible conductivity,
whose permittivity is close to ¢, the permittivity of free space. While the lithosphere
is conductive, the conductivity of sea water o, is in the range of 2.5-5.5 S/m, and
the conductivity o, of rock and soil in the range of 1072-10~* S/m. The dielec-
tric constant ¢, of the lithosphere does not have large effects on the propagation of
SLF/ELF waves.

The ionosphere is composed of partially ionized gas, which includes electrons,
ions, and electrically neutral particles, above 70 km or so from the sea level. The
electrons and ions make the ionosphere conductive, thus the majority of the energy
of the incident VLF/SLF/ELF waves will be reflected by the ionosphere. When both
the transmitter and the receiver are located in the space between the ground and the

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves, 1
Advanced Topics in Science and Technology in China,

DOI 10.1007/978-3-642-39050-0_1,
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2 1 Historical and Technical Overview of SLF/ELF Electromagnetic Wave

lower boundary of the ionosphere, the excited wave will be reflected back and forth
between the ground and the ionosphere. Due to the conductivity of the lithosphere
and that of the ionosphere, the electromagnetic waves in the VLF range and below
will have the reflection coefficients being close to 1 with low loss, the waves will
thus be guided in the space between the ground and the lower boundary of the
ionosphere, forming the Earth—ionosphere waveguide or cavity.

1.2 The VLF Waveguide Propagation Theory and Its
Applications in Submarine Communication

In a conductive medium, the attenuation rate of the electromagnetic wave is pro-
portional to the square root of its operating frequency, thus the low frequency wave
is capable of penetrating a certain depth of sea water and can be picked up by a
submerged submarine. The developments of the VLF submarine communication
and navigation system began in both the United States and the Soviet Union in
the 1950s. Driven by the defense requirements, massive effort was made and many
resources were devoted to study the theory and application of VLF wave propaga-
tion, and numerous achievements were accomplished (Sommerfeld 1949; Bremmer
1949; Budden 1961a; Wait 1957, 1960, 1962b, 1968; Wait and Spies 1965; Galejs
1964a, 1967, 1968, 1972b). Especially, the two classic books The Wave-Guide Mode
Theory of Wave Propagation (Budden 1961a) and Electromagnetic Waves in Strat-
ified Media (Wait 1962a) laid the foundation of the VLF waveguide propagation
theory.

In the works by Wait, the space between the ground and the lower boundary of
the ionosphere was modeled as a waveguide with two concentric spherical reflec-
tive walls, and the ground-based VLF antenna as VED, as shown in Fig. 1.1. For
this model, the VLF field components in the Earth—ionosphere waveguide can be
expressed in Eq. (1.1) (Wait 1962a):

E,

1 LT\ 2
Eg = Ep(7tx)?2 exp<—12>—
nHy Y
ol A,Gpr(2)
x Y | AnG(2) - (—iya) | Gn(z0) exp(—ityx), (1.1)
n=0| A,Gp(2) - (_Vn)
where
1
Yn = . o2 (1.2)
KL+ % ()5
i7dln x 103 —ikab —ika®
Eo = £ < 107 "exp( 1“1)=i300x(Pkw)%-M. (1.3)
A a(®sind)?2 a(®sinf)?2

Here E( could be understood as the electric field in mV/m on the ideal ground ra-
diated by a VDM. The angle 6 is the circle angular distance between transmitter
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[98)

Fig. 1.1 A VED in the z
Earth—ionosphere waveguide

Ionosphere : A4

i P(r,0,¢)

r=ath

Earth : Ag

r=a

Q

and receiver in rad; Pyw is the transmitting power in kW, and a is the Earth’s ra-
dius, which is 6,370 km. The parameter x in Eq. (1.1) is determined by the angular
distance 6 from the transmitting source to the receiving point. It is

1
x=(%a)‘ -6, (1.4)

Here G, is the height-gain function, and z =r — a is the height of the observation
point. #, is the nth root of the modal equation, which determines the relative phase
velocity and the attenuation rate of the nth mode. A, is the excitation factor of nth
mode in the Earth—ionosphere waveguide excited by a VED.

From Eq. (1.1), the VLF wave excited by a vertical electric dipole in the Earth—
ionosphere waveguide can be treated as the summation of each mode, which has
only the three components E,, Eg, and Hy traveling along the waveguide with the
same phase velocity and attenuation rate. The relative phase velocity and the atten-
uation rate for the nth mode are expressed by

Un —Iy
R =Re[ﬁ}, (1.5)
c 23 (ka)3
()3
o, = 8.68 x Im[f“} (dB/km), (1.6)

where A in km is the wavelength in free space.

It is noted that multiple modes exist in the Earth—ionosphere waveguide in the
VLF range and the high-order modes decay significantly as the mode number in-
creases. Thus the TM; mode is dominant in the far-field region, which is the most
important one in engineering.

In 1967, Watt reviewed the study of US researchers in VLF communication and
navigation, and published the monograph VLF Radio Engineering. The monograph
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was a summary of the contemporary accomplishments in VLF propagation research-
ing, and discussed VLF communication and navigation system design, antenna de-
sign, and atmospheric noise in the VLF range as well.

1.3 SLF Communication System and SLF/ELF Propagation
Theory

The operating frequency of SLF wave is even lower than that of VLF wave, thus
SLF waves decay slower in sea water. The loss in sea water for the wave at 100 Hz
is about 0.3 dB/m. With the development of modern submarine-detection technol-
ogy, VLF receiving depth is no longer safe for a submarine. Project Sanguine,
a plan to develop the submarine communication system in SLF range, thus started
in the 1960s (Bannister 1975; Wait 1977). At that time, the properties of SLF/ELF
wave propagation were investigated extensively. An excellent summary was given
in the monograph Terrestrial Propagation of Long Electromagnetic Waves by Galejs
(1972a).

Considering long wavelengths, no antenna can be put vertically on the ground in
SLF range. Galejs therefore concentrated on analyzing electromagnetic waves ex-
cited by a HED in the Earth-ionosphere waveguide (Galejs 1972a). In SLF range,
the wavelength in the atmosphere exceeds significantly the attitude between the
ground surface and the lower boundary of the ionosphere, thus there only exists
one propagating mode, which is a quasi-TEM mode, while all high-order modes are
evanescent. In the case that both the transmitter and the receiver are located on or
near the ground, ignoring high-order modes, SLF components radiated by an HED
can be expressed as follows (Galejs 1972a):

IdsnAgg . AeaPUU(cos(n —0))

E}*(@.0.9) = - 2ha 0s ¢/ sin vomdl (4.7
Hé‘e(aﬁ,tb):—% g‘;%ASSJZW, (1.10)

In these formulas, Ags and Ay, are the normalized impedances of the ground in the
transmitting and receiving points, respectively. vy is the eigenvalue of quasi-TEM
mode, which is determined by the modal equation. For the first-order approximation,
we have

(1.12)

vo(vg + 1) ~(ka)2[1 + M],

kh
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where A, and A; are the normalized surface impedance of the ground and that of
the ionosphere, respectively.

In the operating range of 65 to 140 Hz for SLF communication system, the con-
dition vy > 1 is satisfied, thus the Legendre function is expressed in the asymptotic
form (Galejs 1972a). It is

2\
eostr=0) > (5 ) | (w5 ) im0 - 7

1

_ 1 2 {efi[(voJr%)nf(voJr%)@]
27V sinf
n ei[(V0+3¢)ﬂ—(V0+%)‘9]}. (1.13)

When the receiving point is located neither near the source point nor its antipo-
dal point, the electromagnetic wave propagating along the path of large arc can be
neglected, and the components at the receiving point can be further approximated
as follows (Galejs 1972a):

iIdsn
E™(a,0,¢) = S Aes 039

T sin6
x (kaso)%Agexp<ikasoe +ig), (1.14)

ildsn

Ef(a.6.9)=——

———Agy Agr COS P

T siné

X (ka)%S(;jAg exp(ikaSOG +i§>, (1.15)

Idsn . 2
Ey =— Ags Agry| ———
@9,9) 2ha SINQ Ags Ag T siné

exp(ikaSot +i7 )

3
x (ka)"% Sy % A

1.16
ka sin6 ( )

Ids sin ¢

Hhe ,6, - o
6 (@.9.9) 2ha * kasindV msin®
_1 -3 . LT

x (ka) 28, 2A8 exp(lkaSo@ —i—lZ), (1.17)

Hhe(a 0.4) = 11dsA [ 2

~ 2ha "%V zsin®
_1

x (ka)? Sy % A cos¢exp<ikaS()9 +i;>, (1.18)

where Sp is sine of incident angle to the ionosphere for the quasi-TEM mode, and
vo(vo + 1) ~ (kaSp)>.
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From Eqgs. (1.14)—(1.18), it is seen that the lower conductivity (thus higher
impedance) of the ground can place a boost to the radiation efficiency of the ground-
based SLF transmitter, thus making such region a good candidate for construction
site of SLF horizontal antenna.

Wave propagation in SLF/ELF ranges has been studied widely in the 1990s and
1970s by many investigators (Schumann 1952a, 1952b; Galejs 1961, 1962, 1964b,
1965, 1972b; Bannister 1974, 1984a; Greifinger and Grifinger 1978; Behroozi-
Toosi and Booker 1980; Yuan 2011), especially including Galejs and Wait. Galejs,
who made outstanding contributions to the SLF communication engineering, passed
away at an early age of 49 in 1972. In April 1974, a special issue on ELF/SLF
propagation and communication was published by IEEE Transactions on Com-
munications, especially including papers on SLF antenna design and site locating
(Burrows 1974a, 1974b), propagation computation and measurement (Pappert and
Moler 1974; Bannister 1974), signal and noise processing (Evans and Griffiths 1974;
Ginsberg 1974), and environmental effect of a transmitting antenna (Valentino et al.
1974). In this issue, Wait wrote a mourning article “Dedication to Janis Galejs”.
Lately, the ground-based SLF communication systems were completed and put in
use in both the United States and the former Soviet Union (Russia).

In the whole ELF range, even the lower end of SLF range (below 50 Hz), the
wavelength is very long, which can be compared with the Earth’s circumference.
For instance, at f = 10 Hz, the wavelength is about 3/4 times of the Earth’s circum-
ference. It is noted that the space between the Earth’s surface and the ionosphere is
usually regarded as a cavity. In this case, it is found that the condition of vy > 1
is not satisfied for the mode eigenvalue vy in the cavity, therefore Eq. (1.13) is no
longer valid for calculating electromagnetic field in the Earth—ionosphere cavity ex-
cited by HED. In 2012, Peng et al. showed that in the lower SLF and ELF regions,
the Legendre function Py, (cos(w — 0)), the distance factor of the field, can be better
calculated by using numerical integrated algorithm (Peng et al. 2012, 2013). This
new algorithm will be addressed in Chap. 2.

In 1999, Berrick presented a spherical harmonic series expression for electro-
magnetic field in atmosphere, with the lithosphere and the ionosphere being ideal-
ized as perfect conductors, and SLF/ELF radiation source as a VED (Barrick 1999).
In the research group of Pan, the first author of this book, further works are con-
cerned with the convergence acceleration algorithm for the electromagnetic field
by HEDs and VEDs in SLF/ELF ranges, under the condition that the ground and
the ionosphere are finitely conductive (Wang et al. 2007a, 2007b, 2009b). SLF/ELF
electromagnetic field in Earth-ionosphere waveguide or cavity and the speed-up
numerical convergence algorithm will be addressed in Chap. 3.

It should be pointed out that FDTD modeling of SLF/ELF wave propagation has
greatly advanced (Simpson and Taflove 2004, 2007; Simpson 2006, 2009). How-
ever, this book mainly deals with the analytical solutions of SLF/ELF wave propa-
gation, which is not concerned with the content of the FDTD modeling.
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1.4 SLF/ELF Emission as Earthquake Precursor and Field on
and near the Ground by Underground SLF/ELF Source

Earthquake is one of the most severe natural disasters that human beings have to
face, and over 600,000 lives were lost due to earthquakes in China alone in the past
century. Earthquake prediction is one of the great world scientific problems, which
needs to be solved urgently, there being no satisfying solution till today.

In 1964, earthquake-related abnormal electromagnetic radiation in lower fre-
quency ranges was observed when Soviet scientists were analyzing the data
recorded by the “Alouette” satellite. Since 1983, the pre-earthquake electromag-
netic anomaly in the lower frequency ranges observed by satellite was reported
(Gokhberg et al. 1983; Parrot 1994; Serebryakova et al. 1992; Molchanov et al.
2004), where the cited data are from the satellites of OGO-06, INTERKOSMOS-
19, GEOS-2, and AUREOL-3.

Early in 1978, the Soviet Union started setting up the ground-based electromag-
netic radiation monitoring site. It was reported by Russian and Japanese scientists
that pre-earthquake electromagnetic radiation abnormal strengthening phenomena
in the lower frequency ranges were observed by the ground-based sites (Nikiforova
et al. 1989; Morgunov and Matveev 1990; Uyeda et al. 2002). Since 1991, Chinese
scholars also joined this researching field and some achievements had been made
(Guan and Liu 1995; Yu et al. 2010; Zhang et al. 2012; Zhima et al. 2012).

The actual causes and mechanisms of the pre-earthquake electromagnetic radia-
tion anomaly still remain in the dark by now and the controversies concerning sev-
eral hypotheses continued for a long time. But it is generally believed that the radi-
ation source is located in the seismogenic zone and further study on the earthquake-
related electromagnetic radiation may possibly lead to a new method for short-term
earthquake prediction. Thus some scientists suggested that the global monitor net-
work for seismic electromagnetic radiation with both ground- and satellite-based
monitoring sites should be built for collecting further data. In June 2004, the DEME-
TER (Detection of Electro-Magnetic Emissions Transmitted from Earthquake Re-
gions) satellite, which was dedicated to seismic electromagnetic study, was launched
in France (Parrot 2002), and many excellent works on the DEMETER satellite have
been carried out. It is reported that there are similar research programs for seismic
electromagnetism satellites in other countries including the United States, Russia,
Japan, Ukraine, Greece, and China.

In order to speculate on the possible zone where an earthquake may take place,
in the data of the electromagnetic radiation anomaly it is necessary to analyze the
SLF/ELF field distributions near the ground or low-orbited space excited by an un-
derground source. As the simplest model, the underground source can be idealized
as an electric dipole. Due to the absorption of the lithosphere, only SLF/ELF waves
may penetrate through the lithosphere and be picked up by the ground- or satellite-
based receivers.

In this research field, some new progresses were also achieved by our research
group (Zhang et al. 2009; Chen et al. 2009). In Chaps. 4 and 5, we will address
the SLF/ELF field in the ionosphere radiated by underground HED in three-layered
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planar and spherical models, while the SLF/ELF wave propagation in the anisotropic
ionosphere is treated analytically and numerically.

1.5 ELF Wave Propagation Along the Ocean Floor and the
Marine Controlled Source Electromagnetics (mCSEM)
Method

Compared with the solid seabed, the sea water has much higher conductivity. That is
to say, ELF wave decays much slower in the ocean floor than in the sea water. There-
fore, when the ELF radiator is placed on or near the bottom of the ocean, while a
receiver a distance away is also close to the ocean floor, ELF wave radiated from the
source will travel in a lateral-wave path, which is in the ocean floor along the bound-
ary, the less lossy side. Therefore the magnitude and phase of the ELF wave at the
receiver will carry the information on the conductivity of the seabed. Based on the
above principles, Chave and Cox in the early 1980s suggested the mCSEM method
for rough geologic survey of the sea floor on a large scale (Chave and Cox 1982).
In Fig. 1.2, the diagram of the mCSEM method for marine exploration is shown.
Since the mCSEM method requires the energy of the electromagnetic wave to pen-
etrate the floor as much as possible, the transmitting source is usually employed
a horizontal electric antenna closed to the sea or ocean floor. Following the above
studies, Dunn analyzed the lateral wave in a three-layered medium model with sed-
iments under the ocean floor (Dunn 1984, 1986). Pan’s theoretical work (Pan 1985)
on the lateral wave along boundary between one-dimensional anisotropic rock and
sea water explained the experimental results by Young and Cox (1981). For a more
general case, the integrated formulas were derived for the electromagnetic field in
the n-layered model of the sea or ocean floor (King et al. 1992). Additionally, many
excellent works on ELF wave propagation along the ocean floor were carried out
by some investigators (Bannister 1984a, 1984b; Edwards et al. 1985; Inan et al.
1986; Bubenik and Fraser-Smith 1978; Fraser-Smith and Bubenik 1979; Fraser-
Smith et al. 1988; Chave et al. 1990).

Starting from the late 1990s, as petroleum on land gradually depleted, several
petroleum companies began to make more efforts in exploration of marine oil and
methane clathrate. Due to the significant differences between the conductivity of
water and the conductivities of oil, gas, and methane clathrate, the mCSEM method
is capable of distinguishing the oil- or gas-rich layer apart from the layer of the
water, and estimating the oil/water ratio. The mCSEM method is being developed
towards the accurate investigations of the lithosphere’s conductivity for geological
studies of oil and gas resources. In the past decade, several companies specializing
in marine exploration have been established in succession, especially including the
British OHM, AGO of US, EMGS of Norway. Some exploration devices with the
mCSEM method have been put in use today. In Fig. 1.2, the diagram for the mCSEM
method is illustrated.
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Fig. 1.2 The diagram for the
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For practical exploration purposes, the theoretical investigations on the ELF
propagation along seabed are evolving from idealized stratified plane models to in-
homogeneous models, and some numerical methods for this problem are developed
rapidly. Furthermore, based on the measured ELF field distributions, the inversion
method for the conductivity and other parameters is also carried out. The available
numerical methods for marine exploration can be found in the references (Gribenko
and Zhdanov 2007; Plessix and van der Sman 2007; Zach et al. 2008a, 2008b).

In Chap. 6, we will attempt to address the ELF wave propagation along the
boundary between sea water and sea floor and the mCSEM method.

1.6 VLF/SLF/ELF Field on Sea Surface Excited by Space Borne
Transmitter

By now only VLF/SLF/ELF waves can be used for submarine communica-
tion. Building a ground-based VLF/SLF/ELF communication system requires the
construction of gigantic transmitters that can often cover up to several square-
kilometers, which is both expensive and vulnerable to enemy attacks, and it can-
not be rebuilt overnight once destroyed during wartime. With the development of
space technology, the US and Russia started testing to transmit VLF/SLF waves
from small satellites on low Earth orbit (LEO) (Armand et al. 1988; Bannister et
al. 1993). Additionally, VLF/SLF/ELF electromagnetic radiation can also be gener-
ated by high-frequency heating (Ferraro et al. 1984; Lunnen 1985; Barr et al. 1987,
1988).

In summer 1992, a joint experiment by NASA and Italian Space Agency (ASI)
was carried out on board space shuttle “Atlantis” to deploy a tethered satellite, which
includes a 20 km conducting tether and a 23 kg payload. The experiment ended in
failure due to a jammed tether. The second attempt was made in February 1996,
which was a partial success. Following these experiments, a new proposal made for
the VLF/SLF transmitter is installed on a satellite with two long conductive tethers,
where one tether is used as a transmitting antenna. The tether satellite missions by
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Table 1.1 Tethered Satellite Mission in the Whole World

Agency or institution Launching time Orbit Tether length

SEDS-1 (NASA) Mar. 29, 1993 LEO 20 km

SEDS-2 (NASA) Mar. 9, 1994 LEO 20 km

Oedipus-C Nov. 7, 1995 Suborbital 1 km

(NRC/NASA, CRC, CSA)

TSS-1R Feb. 22-Mar. 9, LEO 19.6 km

(STS-75)(ASI/NASA) 1996

TiPS (NRO/NRL) May 12, 1996 LEO 4 km
Jun. 20, 1996

YES Oct. 30, 1997 GTO 35 km

(ESA and Delta-Utec)

PICOSATI1.0 Jan. 27, 2000 LEO 30 m

(Aerospace Corporation)

PICOSATI1.1 Jul. 19, 2000 LEO 30 m

(Aerospace Corporation)

ProSEDS (NASA) Canceled in 2003 LEO 25 km

YES2 Sept. 14, 2007 LEO 31.7 km

(ESA and Delta-Utec SRC) Sept. 25, 2007

the US and Europe are listed in Table 1.1, and the specific materials can be found
on the website: http://science.nasa.gov/missions/tss/.

The space borne VLF/SLF transmitting experiments were also carried out in Rus-
sia, and their design featured loop antenna as a transmitter. In 1987, two sets of loop
antennas with the diameter 20 m, which were used to radiate a VLF signal, were
deployed successfully on the spacecraft “Progress-28” (Armand et al. 1988).

A space borne VLF/SLF transmitter can benefit from the satellite’s motion. As
the transmitting source is much closer to a submarine, the propagation loss can be
reduced significantly. Moreover, since the LEO satellite is within the ionosphere, so
that the refractive index 7 is much larger than 1, the electrically length of antenna
can be increased greatly without any change to antenna size, thus giving a boost to
its radiation efficiency, and allowing the signal to be still detectable in sea water with
a small transmitting power. Therefore, as a fundamental study of a new method of
submarine communication, the investigation on the space borne VLF/SLF excitation
and propagation may be useful.

In the analysis by Bannister et al. (1993), the ionosphere was treated as a ho-
mogeneous plasma with sharp boundary. Considering the effect on the refractive
index of the ionosphere by the geomagnetic field, it is concluded that the whistle
wave (VLF) and Alfvén wave (ELF) can be excited efficiently by an electric dipole
and can propagate to the ground or sea surface. Additionally, the excellent works
on the space borne VLF/SLF excitation and propagation were carried out in the
past many years (Einaudi and Wait 1971; Tripathi et al. 1982; Armand et al. 1988;
Serebryakova et al. 1992; Melnikov 1994), especially including the works by some
Russian scientists.
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Since 1995, the authors have been researching on this topic. The radiations of
VLF/SLF electric and magnetic dipoles in infinite anisotropic plasma are treated
analytically (Li and Pan 1997; Li 1998). The approximated formulas have been
derived for the electromagnetic field on the ground or sea surface excited by a VLF
source in the ionosphere (Pan 1996; Li et al. 2004). Additionally, the propagation
of VLF/SLF/ELF waves in the lower ionosphere is investigated analytically (Li and
Pan 1998, 1999; Li et al. 2011). The results obtained will be summarized in Chap. 7.

1.7 Atmospheric Noise in SLF/ELF Ranges

The seasonal, hourly, regional, and statistical distributions of the atmospheric noise
in SLF/ELF ranges are worth studying for two reasons: First, they are important pa-
rameters for designing communication and detection system that works in SLF/ELF
ranges; Second, they are also a major basis to identify whether an “electromagnetic
anomaly”, which can be an earthquake precursor, occurs or not (Ginsberg 1974;
Fraser-Smith and Turtle 1993; Lee Boyce et al. 2003).

The main source of atmospheric noise in SLF/ELF ranges is the lightening
discharge (Feldman 1972; Enge and Sawate 1988; Meloni et al. 1992; Chrissan
and Fraser-Smith 1996a). In the industrial or urban area, the variety of human
activity also creates significant local interference in SLF/ELF ranges, especially
around power stations and power transmission lines. The human-related noise de-
cays rapidly as the distance from the noise source increases, and it thus can be
prevented and controlled in engineering. The atmospheric discharge, on the other
hand, is an external background noise that all systems working in the frequency
must encounter.

In the 1960s, Watt summarized and plotted a global distribution of atmospheric
noise in VLF range and the noise data in VLF range accumulated by communication
and navigation engineering in the United Station (Watt 1967). In this book, one year
is divided into four seasons and one day into six time intervals. In the range of
1 kHz-100 kHz, the data on the spectral density of the atmospheric noise can be
speculated on readily. However, this book leaves out information in the range below
1 kHz.

From the 1980s to the 1990s, Stanford University organized the monitoring of the
atmospheric noise from 10 Hz to 32 kHz in the eight sites global wide that lasted
several years continuously (Chrissan et al. 1997; Chrissan 1998). The observation
data from four sites were published in the two reports (Chrissan and Fraser-Smith
1996a, 1996b).

Based on the observation data in the range of 10 kHz-32 kHz by Stanford Univer-
sity, the changes of the spectral density of the atmospheric noise versus the operating
frequency in SLF/ELF ranges were investigated in our research group (Wang et al.
2009a). By using the available results on the global atmospheric noise distribution
in VLF range by Watt (1967), the global distributions of atmospheric noise spec-
tral density at the frequency of 80 Hz were deduced readily. In a similar manner,
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the corresponding data on the global distributions of the atmospheric noise spectral
density at any frequency in the range from 10 Hz to 1 kHz can also be obtained
readily (Wang et al. 2009a, 2009b, 2010). These studies will be included in Chap. 8.
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Chapter 2

Excitation and Propagation of SLF/ELF
Electromagnetic Waves in the Earth—-Ionosphere
Waveguide/Cavity

In this chapter, the region of interest is a waveguide or cavity between the Earth’s
surface and an isotropic homogeneous ionosphere. The dipole (vertical electric
dipole (VED), the vertical magnetic dipole (VMD), or the horizontal electric dipole
(HED)) and the observation point are assumed to be located on or near the spherical
surface of the Earth. The approximate all formulas are obtained for the electromag-
netic field radiated by a VED and a VMD in the Earth-ionosphere waveguide or
cavity. Based on the above results, the approximate formulas are derived readily for
the electromagnetic field of an HED in the Earth—ionosphere waveguide or cavity
by using the reciprocity theorem. Analyses and computations in SLF/ELF ranges
are carried out specifically.

2.1 Introduction

The properties of the electromagnetic field generated by a VLF/ULF/SLF/ELF
dipole source in the Earth—-ionosphere waveguide or cavity have been investigated
widely in the past 60 years because of its useful applications in submarine com-
munication, navigation, geophysical prospecting and diagnostics, and earthquake
electromagnetic detection (Bouwkamp and Casimir 1954; Budden 1961; Wait 1970;
Galejs 1972a; Felsen and Marcuvitz 1973; Nickolaenko and Hayakawa 2002).
Remarkable progresses in VLF electromagnetic wave propagation in the Earth—
ionosphere waveguide were made by many researchers, especially including several
pioneers such as Budden (1961), Wait (1957, 1960, 1970), Wait and Spies (1965),
and Galejs (1964, 1968, 1970, 1972a, 1972b). In early works by Wait and Galejs, the
problem on VLF wave propagation in an Earth—ionosphere waveguide was treated
analytically. In 1992, Wait examined analytically the problem on VLF radio wave
propagation in an inhomogeneous Earth—-ionosphere waveguide Wait (1992). Ob-
viously, those works in VLF ranges were extended in the study on SLF/ELF ra-
dio wave propagation in the Earth—-ionosphere waveguide or cavity (Wait 1957,

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves, 17
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1960, 1970; Wait and Spies 1965; and Suchumann 1952a, 1952b; Galejs 1964,
1972a, 1972b). Based on the pioneering works by Budden, Wait, and Galejs, further
works were also carried out by many researchers (Bannister et al. 1973; Bannis-
ter 1984; Tripathi et al. 1982; Carroll and Ferraro 1990; Fraser-Smith and Bannis-
ter 1998; Cummer 2000; Wang et al. 2005, 2008). In recent years, SLF/ELF wave
propagation in the anisotropic Earth—ionosphere waveguide or cavity are treated an-
alytically (Rybachek and Ponomariev 2007; Kirillov and Pronin 2007; Li 2012).

In the 1970s, some works in SLF/ELF wave propagation in the Earth—ionosphere
waveguide or cavity were also carried out by Pan in China and summarized in
a recent book (Pan 2004). In what follows, we will summarize some works on
SLF/ELF wave propagation by Pan in the 1970s and some new research results
in our research groups. In this chapter, the region of interest is a space between
an electrically homogeneous Earth and a homogeneous ionosphere and both the
dipole source and the observation point are assumed on or near the Earth’s surface.
First, the approximate formulas are obtained for the electromagnetic field of VEDs
and VMDs in the Earth—-ionosphere waveguide or cavity. Based on the results ob-
tained, the approximate formulas are derived readily for the electromagnetic field
of an HED in the Earth—ionosphere waveguide or cavity by using the reciprocity
theorem. Finally, computations and analyses are carried out in SLF/ELF frequency
ranges.

2.2 SLF/ELF Field of VED in the Earth-Ionosphere
Waveguide/Cavity

In this section, we will summarize the derivations and analyses on the electromag-
netic field of a VED in the Earth—ionosphere waveguide or cavity, which were car-
ried out by Pan in the 1970s (Pan 2004). The results by Pan, in which the derivations
are different from the available results, are similar to those by Galejs (1972a).

2.2.1 Formulations of the Problem

In SLF/ELF ranges, the effective waveguide height #, which is only 60-90 km,
is less than the free-space wavelength A, and only a zero-order mode can prop-
agate. The geometry under consideration is the same as Fig. 2.1 in Chap. 1. We
assume that a VED is represented by its current density, 27 dI8(x)8(y)8(z — b),
where b = z; + a, and z; > 0 denotes the height of the dipole above the Earth’s
surface. The field components, for the TM waves radiated by a VED, are expressed
as follows:

92 5
E, = <ﬁ +k )(Ur), 2.1
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Ey :l o Ur), 2.2)
r 000r

Hy = we D ., 2.3)
r 06

H, = Hy = E¢ =0. (2.4)

Here the potential functions U satisfy the scalar Helmholtz equation,
(V2 +,*)U =0. (2.5)

It is noted that the normalized surface impedances at the boundaries can be rep-
resented as follows:

Ey Ey
= —Ag,
and’ r=a 7}1H¢ r=a+h

= A, (2.6)

where 71 is the wave impedance of the air, and A, and A; are the normalized
Earth’s surface impedance and the normalized ionospheric surface impedance, re-
spectively.

With the substitution of Egs. (2.2) and (2.3) into Eq. (2.6), the boundary condi-
tions are written as follows:

1 d
= —ikAyg, 2.7
rU dr re—a
1
Ldom  =ika. 238)
rUdr r=a+h l

In a spherical coordinate system, because of symmetry, the expanded form of
Eq. (2.5) can be written as follows:

13 (,U 1 9 U 2
P22+ sinf— | +k°U =0. (2.9)

2 9r r r2sin6 96 90

The solution of the potential function U is represented in the form
1
U=-F(r)®(0). (2.10)
r

Then, we have

1 d do () B
mde[ 97}4—\)(1)-{-1)@(9)—0, (2.11)

2
d C:“;(r) +k2[1 B V(I‘:;D}F(r) —0. 2.12)
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With the substitutions of x = cos(w —6) and 8 = t — arccos x, Eq. (2.11) can be
transformed into the standard Legendre equation. We write
d’¢ do
2 —
(1—x )@—Zxa—i-v(v—i-l)qﬁ—o. (2.13)
The two solutions of Eq. (2.13) can be expressed by P,(cos(wt — 6)) and
0, (cos(mt — 0)), respectively. It is seen that the Legendre function of the first kind
P, (cos(mt — 6)) has only one pole in the situation of the dipole source with x = —1
or & = 0. The Legendre function of the second kind has two poles at x = £1. Ob-
viously, the Legendre function of the second kind Q,(cos(mt — 6)) should not be
included in the solutions of Eq. (2.11). We take

®(9) = P,(cos(mt — 0)). (2.14)

In the space between the Earth’s surface and the lower boundary of the iono-
sphere, we have a <r <a + h, and & is very small compared with a. That is to
say, 1 — ”5{”2':21) changes very slowly in the region of a <r <a + h. Thus the WKB
approximation can be taken in this case, and the two solutions of Eq. (2.12) can be
obtained readily. We have

Fi(r) ! 'k/r p_ o+ %dt (2.15)
= ———¢X 1 _— .
1 4[] — 20ED P u k2t2 ’
k2r2
and
1
1 . r viv+1)]2
P = ————exp| =ik | |1- 2202 ar), 2.16
Y ey exP( 1 /[ e ] ) @10
k2r2

where the first solution represents the wave propagating in the direction when r
increases, while the second solution represents the wave propagating in the direction
of decreasing r.

Letting r = a + z,, z» > 0 denotes the height of the observation point above the
Earth’s surface. It is assumed that both the dipole and the observation point are on
or close to the Earth’s surface. Obviously, we have z; < a and z, < a. Then, the
following approximation can be taken as:

v(v+1)Nv(v+1)<1_2i>

kir? kba? a

(2.17)

Thus, the solution of Eq. (2.12) in the Earth—ionosphere cavity becomes

1
r 2 2
F(zr)erxp[—ik/ <C2+ —Zsz) dz}
a a
r 22 N}
+Bexp|:ik / (c2+—sz> dt], (2.18)
a a
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where the parameters C and S are defined by

§2 v(v+1)_

2 2
op cr=1-5% (2.19)

From Egs. (2.7) and (2.8), the boundary conditions are rewritten as follows:

1 d .
[m&F(z)] 0 = —lkAg, (220)
[—1 iF( )} =ikA; (2.21)
F(Z) dz Z - = i- .

With Eq. (2.20), the reflection coefficient R, of the lower boundary (Earth—air
boundary) can be obtained readily. It is

B C-A
g =—=—"F. (2.22)
A CH+A4,
Applying Eq. (2.18) into Eq. (2.21), we get
h 22 \? 2h
{1—Rgexp[2ik/ <C2+—S2) dz]}-<C2+—S2)
0 a a
" 2, 22 2%
=—A,~{1+Rgexp|:21k/ <C +—S) dz]}. (2.23)
0 a
It is noted that
1
2h 2 C'— A;
C'=(c?+=5?) ; R = L 2.24
( + P ) =T A (2.24)

where R; is the reflection coefficient of the upper boundary (air-ionosphere bound-
ary). Then, the modal equation can be obtained readily. We write

. h 2 22 2 %
R¢ R; exp| 2ik c "+ —S dz|=1. (2.25)
0 a

If C,, is the nth root, the normalized height-gain function F,(z) is expressed in

the following form:
1 Ir ZZ
—ik C24 —=852d
1+Rg[eXp< 1/0 Y Gt g Z)
) 2r ZZ
+ Rgexp 1k/ C2+ —=82dz ) |. (2.26)
0 a

Fu(zp) =
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From Eq. (2.19), we obtain
v(v + 1) =k*a?S: = k*a*(1 — C3). (2.27)

In practical wave modes in the Earth—ionosphere waveguide or cavity, the parameter
C,, is not close to 1. Considering that the Earth’s radius is very large, in SLF range,
k2a? > 1, it is seen that the parameter |v| is a large number. Then, we write

1
v=kaS, — 3 (2.28)

When the parameter |v| is very large, namely |v| >> 1, while the angle 6 is not
close to 0 and m, the Legendre function of the first kind is approximated by

2 \z 1 n
Pu(cos(n —9)) ~ <7wsin9) cos[<v+ 5)(1‘5 —0)— Z:|

1

2 B it . P i

_ <2 1. 9) e—lkaS,,TH-T.[elkasne_'_elkasy,(ZT[—@)—T]. (2.29)
7TV sin

It is noted that the asymptotic form in Eq. (2.29) is not valid in the vicinity of
the source (6§ — 0) or in the vicinity of the antipole (0 — 7). From Eq. (2.29), the
function P, (cos (1t — 6)), which varies with the angle 6, includes the wave elk#5
propagating along the short circular propagation path and the wave ¢S (27—0)— 7
propagating along the long circular propagation path, which travels over the an-
tipole. It is seen that when the observation point is not close to the antipole, the
wave propagating along the long circular propagation path can be neglected. Thus,
we write

2 . in .
P, (cos (1t — 0)) ~ ( > e KaSwmt G gikasnt (2.30)

27V sin @

Then, we get

1

P, (cos ( — 9))F,, (z) <L> 7eikas,,0

sinf

o[22 :
x 1exp | —ik C,+—S, | dt
0 a
(2 2 :
—|—Rgexp|:ik/ (Cn+—Sn> dt:|}. (23D
0 a

Obviously, each propagation mode includes the wave traveling to the Earth’s
surface with the angle 6, = arccos C,, and the corresponding reflected wave. It is
noted that the phase velocity v, is inversely proportional to the real part of S,,, and
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the attenuation rate is proportional to the imaginary part of S,,. Then, we write

Uy 1 C?
¢~ Res, e( * 2) 2.32)

2
27 ImS, 8.68 21 Im(—%)
_ X . X —=

a, = 8.68 x (dB/km). (2.33)

In SLF/ELF ranges, both A; and A, are very small. Thus, the reflection coeffi-
cients R; and R, are approximated by

R ~exp(—24;/Cp), (2.34)
R, ~exp(—244/Cp). (2.35)

The approximated solutions of the mode equation (2.25) can be obtained readily.
We write
2 .
nw nm i(Ag + 4)
Ch=— — ) - — 2.36
"=t \/<2kh> kh (2.36)

nm \2 4i(Ag + Apkh\ )2
R A==

For both A; and A, being very small, when nm > 2kh, the parameter S, is
a pure imaginary number, which represents an evanescent mode. For a typical
daytime model with the ionospheric height 4 = 70 km, when A > 2A = 140 km,
f <2.2 kHz, only the TM wave of zero order can propagate and the rest of the waves
are evanescent. Similarly, for a typical nighttime model with the ionospheric height
h =90 km, when A > 2h = 180 km, f < 1.7 kHz, only a zero-order TM mode can
propagate and the rest, the high-order modes, are evanescent. Then, we have

A, A
Co ~ e*”‘/“,/%, (2.38)

‘(A A 12
So%[l+w} . (2.39)

kh

We examine the height-gain function F),(z), which is the solution of Eq. (2.12).
At the Earth’s surface z = 0, we have

Fu0) =1 F,(0)=—ikA,. (2.40)

It is noted that, for the parameter p, its variations are regarded to be continuous.
Both the height-gain functions F;,(z) and F,(z) satisfy Eq. (2.12) and the boundary
conditions at the Earth’s surface. Then, we write

h

Fu(2)Fy(2) — Fa( F,(2)]| . (241)

h 1
/(-) Fn(Z)FM(Z)dZ=m[ .
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where

@ YA o put )

n k2a2 o k242

Evidently, when S,, — S, we have F,(z) — F;,(z). Thus, we write

(2.42)

h h
Ny / F(2)Fy(z)dz = lim / Fn(Z)Fu(Z) dz
0 su=>sn Jo

Jim. m[ﬂ; (h)Fyu(h) — Fy () F),(h)]
1
- 2k2S,

dF; (h)
ds,

— F(h)

(2.43)

[Fn(h) an(h)]

ds,

Letting
"2 2o : a 3_ 3
H= C:+—S8) dz=-—=(C." - C}), 2.44
A ( n a il) < 3S’%( n l’l) ( )
we have

4R, aC' [ 3 352 2h
Ny=—=5 _—nlc/?_ 3 nle'f1—-=)-cC
=T A a(i-7)-al)

IC,/‘,Ag 1(1 _ Z‘Th)(efﬁkH _ R§e2ikH)

203k 2kC (1 + Ry)?

(2.45)

In the case of the Earth being a perfect conducting sphere, A, ~ 0, R, ~ 1. We

obtain
aCh( .3 5 352 2h
N, ~ 3—52{0” — G+ C/,,<1 —~ 7) - Cy

n

(1 2h\ sin2kH (2.46)
a 4kC;, ' '

When C2 > Za—h, we have

352 2h 3hS?
clPoc3+ (1= ) —c, | v 222 2.47
" nt G a "1 2ac, 247)
Then, a further simplification gives
h sin2kCy,h
Ny~—=[1+—"). 2.48
8 2( * 2kCyh ) (248)

By now, the potential function U for the electromagnetic field of a VED in
the Earth—ionosphere waveguide or cavity can be represented in the following
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form:
1
U=- Z AgFy(z;)Py(cos (t — 0)). (2.49)

In the next step, it is necessary to determine the excitation coefficients A; (s =
0,1,2,...)in Eq. (2.49).

2.2.2 Determination of the Excitation Coefficients Ag

In the region of |z, — z5| < 8, where § is a finite small value, when 6 — 0, the
influences of the electromagnetic field by both the Earth and the ionosphere can be
neglected.

By multiplying the function r F, (z) on both sides of Eq. (2.49), and integrating
from O to A for z, we have

h
AuN, Py (cos (t — 6)) = / rUF,(z)dz. (2.50)
0

Obviously, the excitation coefficient A, can be obtained by using the source sin-
gularity. Close to the source, the integral is written in the form

h Zs*is Zs+8
/ rUFn(z)dZ=/ rF,l(z)Udz—i-/ rF,(z2)U dz
0 0 25—8

h
—+—/ rF,(z)U dz, (2.51)
zs+8

where § is very small. When the conditions |z — z5| < § and 6 — 0 are satisfied, the
potential function U is approximated by

00, |z—z,| <8 CoelkR irdi
y 220 mal<s) Uy = 0 ~ , (2.52)
roR dntwegroR
where
1 i/ dl
R=(r2+r8 —2rrgcosf)?;  Cp= ——. (2.53)
dntweg

In the above formulas, rg = a + z; and r = a + z,-. In the intervals (0, z; — §) and
(zg + 6, h), both U and F;,(z) are continuous functions, and the integration from 0
to zg — 6 and that from z5 4 § to & in Eq. (2.51) are finite. Thus, we get

h Z5+0
/ rF,(2)Udz =roF,(zs) Updz + O(1)
0

258

= +0(). (2.54)

_iFu (g1 dl /ZWS dz
z5—0 R

dntweg
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Close to the source, we have

92

cosh~ 1 — —; R=~ro|0% + (2.55)
2 r2

(z— zs)z}é

Then, we obtain

z+d g h) 52 52 5\ o—
/ _Zmn(—+ —2—|—92>—ln( —2+92——>u>—ln92. (2.56)
- R 7o g g 70

The integral in the right side of Eq. (2.54) can be obtained readily:

0 il dIF, (zy) o2,
dntweg

h
/ rUF,(2)dz 2= (2.57)
0

When the observation point is close to the source, namely, § — 0, the Legendre
function of the first order P, (cos (w — #)) is approximated as

§—0 SinvT 2
— .

Py (cos (1t — 0)) Ino (2.58)
Thus, the result becomes
A = im ;/hrw () dz = - TYFaG)
" N, 6—0 Py(cos (t —0)) Jo " dwegN, sinvm
il dlF(zs
__ MdFG) (2.59)
2weph sinv
where the excitation factor A, is defined by
A 1 (2.60)
n= sin2kenh .
U+ S
Therefore, we have
irdl A,
U=-— > Fu(z) Fa(z) Py (cos (1 = 0)). (2.61)
2hrweg = sinvw

2.2.3 Approximated Formulas of SLF Field

With the substitution of Eq. (2.61) into Egs. (2.1)—(2.3), the formulas for the three
components E,, Eg, and Hy can be derived readily:

irdl & Apv(w+1)
E, = 3 Fa@) Fa(z) Puo(cos(n = 0),  (2.62)
n=0

B 2weghr
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9]

il din dF,(zr) Py (cos(Tt — 0))
Eg=— Y ALF , 2.63
v Z n(zs) koz sinvTof ( )
_1d ad AP, (cos(Tt — 60))
ZA Fu(z) Fu(2p) —————— (2.64)
sinvmald

In general, the parameter v has a large positive imaginary part. It follows that
1 : 1 —i(vn—%)
vakaS, — 5; Sinvm & ze 2/, (2.65)

In SLF range, when the angle 6 is not close to 0 and m, the function
Py (cos (m — 0)) is approximated as follows:

1
P, (cos (mt— 9)) ~ (ﬁ) ’ exp |:—1<v + )(n —0)+ 1—] (2.66)

Then, the complete formulas for the components E,, Ey, and Hy of the electro-
magnetic field of a VED in the Earth—ionosphere waveguide can be expressed in the
following forms:

— d%’:ﬁf ZA S2 Fy(ze) Fo(2)) k0510 2.67)
Eg = —% ni:/xn S,,% Fo(z5) Fl(z,)elk@58 (2.68)
Hy = i/CZZT; Z Ap S F(2,) Fp(zg)eieSnt. (2.69)
Letting
o= 1 il" i (V/m) = — ei:;e 300/ Pew (mV/m), (2.70)

the approximated formula for the component E, is rewritten as follows:

d/a d/ —ikd— 3/2 ikS,d
E.=E NG/ —ikd—iF A F(z)F s ikS,d 271
r sm(d/a) h/)L ’12:(:) nFn(zs) Fu(zr) Sy’ e ( )

where d = a0 is the propagation distance along the Earth’s surface, and Pyw is the
power in kW. Obviously, the approximated formulas for Eg and Hy can also be
written readily.
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2.2.4 New Algorithm for ELF Field

In the whole ELF range, even in the lower end of SLF range, the wavelength A is
very long, which can be compared with the Earth’s circumference. In other words,
the parameter ka will be small. Fromv(v+1) = k2a2S,%, we find that the eigenvalue
v no longer satisfies the condition of v >> 1. The eigenvalue v of the zero-order TM
wave is computed and shown in Fig. 2.1. It is seen that the eigenvalue does not sat-
isfy v > 1 below 50 Hz. The Legendre function of the first kind P, (cos (7t — 6))
should not be evaluated by using its asymptotic formula in Eq. (2.29). In what fol-
lows, we will attempt to outline a new algorithm for evaluating the Legendre func-
tion of the first kind P, (cos (1t — 0)) (Peng et al. 2012).

In order to analyze quantitatively the ELF field in the Earth—-ionosphere cav-
ity, it is necessary to evaluate accurately the function P,(cos (7 — 6)). Generally,
the eigenvalue v is a complex number, and the Legendre function of the first kind
Py (cos (1t — 0)) can be represented in the following form:

Sin VT 2n+1
Py(cos(n—8)) =— - Z%&“““nm+n—vw+n‘ (2.72)

Another form of the function P, (cos@) is expressed as Gradshteyn and Ryzhik
(1980)

%
R@%@:E/_ﬁﬂﬂiE&Lw' 2.73)
0

T 2(cost — cos )

Letting

¢(V, 9) =

P, (cos (m— 9)), (2.74)
sinv
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by using the following relation:

P)(z) = " [2Py(2) — Po—1(2)]. (2.75)
we write
0 v
%05(1),9)=m[aﬁ(l),@)cow—d)(l}—1,9)]. (2.76)

In practical numerical calculations, the function @ (v, ) can be expressed in the
integrated form

(v, 0) = E/H M. 1 dr 2.77)
U w )y J2lcost —cos(m —0)] '
where
Moot {Ml(v, n; 0<Im(v)<0.75, 278)
M>(v,t); Im(v) > 0.75,
and

_ cos(v+0.5)¢
Mi(v, 1) = W’ (2.79)

Mr(v,1) = —i{eXp[i<Re(v)t +Re(v)m + %)}
x exp[—Im(v)(m + 1)] + exp[ —Im(v) ( — 1) ]

x exp[—i(Re(v)t _ Re(w)m + %)} } (2.80)

Due to the singularity at + = w — 6 existing in the integral Kernel function in
Eq. (2.77), the function @ (v, 0) can be divided into two parts. We write

O, 0) =1, + b, (2.81)
where
I = / o MQ.D dr (2.82)
' 0 J2[cost —cos(mt — )] '
L= / ! MQ.D dr (2.83)
2= n—6—s /2[cost —cos(T —O)] )

It is noted that the first integral /7 can be evaluated readily by using the trape-
zoidal or Simpson’s numerical integration method. For the second integral I, with
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the change of the variable w — 6 — s =1, it follows that

S Muw,m—6-—ys)
b :/ ds. (2.84)
0 2\/sin(rc —6—3)sin(3)

M((v,t—0—s)

When § — 0, it is seen that the function : .
2/sin(nt—0—73)

is approximately a con-

stant in the interval [0, §]. Then, we have
IfTMy,n—0) M@u,mn—60-38 8 2
12%_[ .(vn )+ .(vn 5)]'/ \/jds
4| sin(m—0) sin(w — 0 — 5) o Vs

:\/?[’”.(”’““’)+M(”’“‘9‘5>}. (2.85)
2| sin(m—0) sin(mt — 0 — %)

By now, the approximated formula has been derived for the Legendre function
of the first order P, (cos (7t — #)) in the case of v < 1. In whole ELF range, even in
the lower end of SLF range, the three non-zero components E,, Eg, and Hy can be
evaluated accurately by using Eqs. (2.88)—(2.90).

Additionally, by using the Legendre polynomial expansion of P, (cos (7t — 6)),

the Legendre function P,(cos(m —6)) can also be calculated accurately. We
write

P, (cos (t —0))

P10, 6) = sin v
1 & n+1
=-—— Z P, (cos®) . (2.86)
T nn+1)—vv+1)

As shown in Fig. 2.2, the ratios of the calculated results by using the series
algorithm of Eq. (2.86) and those by using the numerical integrated algorithm of
Eq. (2.81) are carried out at n = 100, 200, and 500, respectively. It is seen that the
calculated results @1 (v, #) by using the series algorithm move closer to the corre-
sponding approximated results @ (v, #) by using the approximated algorithm pro-
posed in this section when the parameter n increases. When 7 is larger than 200, the
results by using the series algorithm are in agreement with those by the numerical
integrated algorithm. Obviously, the numerical integrated algorithm in evaluating
the Legendre function works more quickly and easily.

In earlier works for the SLF field computation, the asymptotic expansion for the
function P, (cos (mt — 0)) is usually employed by Eq. (2.29). We write

P, (cos (mt —0))

sinvm

SO S ot L P (2.87)
~ sinvrV wvsingd Y A 4| ’

Dr(v,0) =
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Compared with the other two algorithms, the numerical integrated algorithm has
the merits of high accuracy and efficiency, which is suitable for the field compu-
tations in ELF range and the lower end of SLF range, which is below 50 Hz or
so. Thus, the complete formulas for the field components in Egs. (2.67)—(2.69) are
rewritten in the following forms:

irdl &
E, = e Z [AnkaSp)? - Fu(zr) Fa(z)®@ (v, 0)], (2.88)
Al & dF,(z,)
Eo = _Zweohr .HX_(:){AnF”(ZS) dz
x L[q)(v,e)cose—m—l,@)]}, (2.89)
sin6
1dl &
¢ = 2/’1}" Z{AnFn(Zs)Fn(Zr)
V
—9[@(1},9)0059 —dv— 1,9)]}. (2.90)

Evidently, the field components for the ELF range can be evaluated accurately
by using Eqs. (2.88)—(2.90).

We assume that the Earth’s radius is taken as a = 6,370 km, the current moment
of the dipole is / d/ =1 A-m, the ground conductivity is o, = 10~* S/m, the iono-
spheric conductivity is o; = 107> S/m, and the ionospheric equivalent reflection
height is 4 = 70 km. By using Egs. (2.88)—(2.90), the magnitudes of the three com-
ponents E,, Ey, and Hy are computed at f =1 Hz, 3 Hz, 5 Hz, 10 Hz, 20 Hz, and
30 Hz, and shown in Figs. 2.3, 2.4, 2.5, respectively. From the above computations,
the discussions are carried out and conclusions are drawn as follows:
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Fig. 2.3 The magnitudes of
E, versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and

30 Hz

Fig. 2.4 The magnitudes of
Ey versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and

30 Hz

Fig. 2.5 The magnitudes of
Hy versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and

30 Hz
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e When the observation point is close to the antipole of the dipole source, the
multipath effects should be considered. The interference phenomenon is re-
sulted by the two waves traveling along the small and large circle paths. The
higher the operating frequency is, the more severely the field strength by the
interference fluctuates. The smaller the distance from the observation point to
the antipole, the more smoothing the field strength by the interference fluctu-
ates.

e With the decrease of the operating frequency, the magnitude of the compo-
nent E,, which is generated by a VED in the Earth—ionosphere cavity, be-
comes relatively “flat”. When the operating frequency is below 1 Hz, the mag-
nitude tends approximately to a constant at a distance larger than 1,000 km. In
the range below 50 Hz, only the quasi-TEM wave can propagate in the Earth—
ionosphere cavity. When v — 0, we have Py,(cos(mt —0)) — 1, ¢(v,0) — %
Namely, the magnitude becomes stable, which varies little with the propaga-
tion distance. In what follows, we will attempt to give the physical expla-
nations as follows: In the range below 50 Hz, the wavelength is compara-
ble to the Earth’s circumference, and the electromagnetic wave in the Earth—
ionosphere cavity exists in the form of “stationary wave”. Furthermore, at the
frequency range below 1 Hz, the wavelengths can be a dozen or dozens of
the Earth’s circumference. This means that the phase differences at different
propagation paths are small, and the total field is approximately equal to the
sum of the electric fields with the same phases on different propagation paths.
Therefore, the interference phenomenon is gradually disappearing and the to-
tal field becomes stable in the zones which are far away from the source
point.

e Due to the spherically symmetry, the propagation characteristics of Ey and Hy
are also similar. Moreover, the magnitudes of the field components Ey and Hy
are equal to O at the antipole of the dipole source and decrease drastically in the
zone near the antipole.

2.3 SLF/ELF Field of VMD in the Earth-Ionosphere
Waveguide/Cavity

In practical applications, it is impossible to employ a VMD to generate TE waves
in SLF/ELF ranges. In order to investigate the electromagnetic waves generated by
an HED, it is necessary to analyze the propagation characteristics for both TM and
TE waves. It is well known that a VMD is a typical excitation source for TE waves.
In this section, we will examine the electromagnetic field of VMD in the Earth—
ionosphere waveguide or cavity.

If the excitation source in the preceding section is replaced by a VMD with its
moment M = I da, and da is the area of the loop, the non-zero components Ey, H,,
and Hp, which the TE waves radiated by a VMD, are represented in the following
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forms:
Ey=— 1919 2.91)
P T e '
0 2
H == +&)vn. (2.92)
or?
gl ? Vr) (2.93)
0= Yooar :

where the potential function V satisfies the scalar Helmholtz equation,
(V2+K*)V =0. (2.94)

The solution for V is represented in the form

V= ! G(r)®(9). (2.95)

r

In the same manner as in the preceding section, we obtain readily:

®(8) = P,(cos ( — 0)), (2.96)
< 2z 12
G(r) = Aexp[—ik / <c2 + —52) dz}
0 a
< 2z 12
+ Bexp [ik / <c2 + —52) dz}, (2.97)
0 a

where the relations between both the parameters S and C and the eigenvalue v are
represented as follows:

2 v(v+ 1). 2 2
S_W’ C ' =1-85" (2.98)
From the boundary conditions
E E
A R — 0 =4, (2.99)
n1Hy r=a mHp r=a+h
we rewrite
19V ik
A (2.100)
Voor |, Ag
10V ik
107 _ " 2.101)
Voor r=a-+h Ai
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Substituting Eq. (2.95) into Egs. (2.100) and (2.101), the modal equation for TE
waves is obtained readily. It is

RIR! exp|:2ik /0 " (C,i + Z—ZS,%)l/z dz} =e?itm—hm, (2.102)
where
RE = (Co — A7) (C + 28,17, (2.103)
Rl = (C) — A7) (Cl + A7) (2.104)
C = (C,i + %S@) . ~ Cp. (2.105)

If G, (m=1,2,3,...) are the roots of the modal equation (2.102), the height-
gain functions G, (z) can be represented in the following form:

1 (s 2t ,\ V2
Gn(2) = m{exp[—ﬂc/o (Cm + ;Sm) dt]

z 2 5\?
+R? exp[ik / (c; + —s,i) dt]}. (2.106)
0 a

In SLF/ELF ranges, we find 1/A, > C;;, and 1/A; > Cy,. Then, the reflection
coefficients Ri,‘ and Rl.h can be simplified as follows:

RY ~ —exp(—=2Ci Ay). (2.107)

RI' ~ —exp(—2C Ap). (2.108)

By solving the modal equation (2.102), the roots C,,, (m =1,2,3,...) are ap-
proximated by

mT Ay + A -1
Cp~—|1+i2—""T) 2.109
" kh< L ) (2.109)

Sw=(1-C2)". (2.110)

Similar to those for TM waves, the different modes for TE waves are orthogonal
each other. Then, we obtain readily:

h
Mo = [ Gu@Gu@dz =0 whenum, @11
0
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and

h G, (WG (h) — Gp(h)G, (h)

mi /0 m@Gu(@)de = im 1282 — 52)
h
4RI, B~ 2ikC, 55
2k28,,(1+ RI)?
ik% [exp (=2ikH) — (R})? exp (2ik H)]
_ m ; when nw=m, (2112)
2k28,,(1+ RI?

where

1/2 u
H= S2 dz=——(C.> = C?). 2.113
[(@r¥s) e=sgai-an  em

After algebraic manipulation, the factor N, is written in the following form:

4R" qc! 3 352 2h
Ny=—5 —mlcro_c3pmler (12—
n= s |G- (-7 -]

2iC), A
kCp (14 Cpy Ag)*(1 + RE)?

N i(1 — 2 [exp(—2ik H) — (R!)? exp(2ik H)]

(2.114)
2kC), (1 + Ri,’)2
In SLF/ELF ranges, Rz is close to —1. Then, we have
2C, A
1+ R = 278 2.115
TR =T Cna, (2-115)
When C,,, > %, we get

3 2h __3hS,,
cP-cd+2s2|lc(1-=)-c . 2.116
m mt5om| Cm a " 2aCm ( )

Then, the factor N,, can be simplified as follows:

h _SnACuh 5 o (L sin2kC
2A2¢2 2kCinh 2kCinh

Ny =—

- 1—(cosZkC h— 1)] 2.117)
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By now, the potential function V' can be written in the form of

1 o0
V= . Z A G (2) Py(cos (1t — 6)).

m=1

Correspondingly, the component E is expressed as follows:

iop

Eyp=—
¢ r

iA G (z)iP (cos(n—@))
~ m m 89 v .
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(2.118)

(2.119)

By multiplying the factor r G, (z) dz on both sides of Eq. (2.119), and integrating

from O to A4 for z, we have

3 h
—iw,uAmNm%Pv(cos(rt -0)) =/ rEgGm(z)dz.
0

Close to the dipole source, we obtain readily:

(2.120)

f}irr%)ZTcrsé?E(ﬁ(rs, 0) = ia),uo/ H_ (rs,0)da =iwuod(r —ry)l da, (2.121)

where the moment of the dipole source is 7 da, and da is the loop area. It is noted
that Eq. (2.120) is satisfied for any angle 6. Obviously, from Eq. (2.121), we have

h .
. 1w
elg%/(; rE¢Gm(z)dz=mIdaGm(zs).

Thus, it follows that

. 1 daGm(Zs)

[, -
Ap = —11m{0£Pv(cos(n—9))} )

ZZT'IZNm 6—0

By using the following asymptotic formula in the case of 6 — 0:

28invT
Py (cos(m — 0)) ~

Inb,

we have

lim @ 0 p ( ( 9)) 28invm
im 6 — P, (cos(mt — R .
60 gg  V\CONT

Thus, the coefficient A,, can be determined readily. We write

. IdaG,(zs)

Ay = .
" 4sinveN,,

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)
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The three non-zero components Eg, H,, and Hy can be expressed in the follow-
ing forms:

_iopplda i Gm(zs)

9
_ G(z)—P, —0), (2127
¢ 4 2= Sin(umNy, n(z) g5 Po(cos(r =€), 2127)

Ida v(iv+1)
42 sin(u) Ny,
I'da Gp(zg) 0

0
Ho == 2 sntumn,, 52 0m@) g Pe(cosm =), (2.129)

H, = Gin(z25)Gp(zr) Py (COS(TC - 9))a (2.128)

For TE waves in SLF/ELF ranges, because of v(v + 1) = kzazS,%, in general
the factor S, is a purity imaginary number. Thus the parameter v + % is a complex
number with a large imaginary part. Then, in the case that the angle 6 is not close
to 0 and m, we have

P, (cos(mt — 0)) 2 . in
_— e — . kaS,60 +— |, 2.130
sin(v ) nkaS,, sino exp(l @om 4> ( )

0Py, (cos(mt — 0)) . [2kaS,, . i1
gnvieostt = 9) cexp(ikaS,0 + = ). 2.131
sin(v70)20 "V Tsing exP(’ 45mb + 4) 213D

The three non-zero components Ey, H,, and Hy for TE waves can be written as

follows:
Idak
- nV Aasm@ A G (z5) G (zr) Sy S}/ 2eikaSmO+ig , (2.132)
I dak
== s ZA Gon(20) Gn () S350 HE | (2.133)
il dak 1 ad 1/28G (Z)
Hy — — Ay G (25)ShZ 2215 gikaSnb 415 () 134
b p ,/Msinemzz1 nGm (@) Sil” — 2 ==e (2.134)

where the excitation factor A,, for TE waves is defined by

sin2kCph sin2kCph
Ap=A2C2 |1 - /2 _ A2 (14—
" ’"[ 2kCyuh sCm( 1 2kCyuh

-1
—1—(0052kC h—l)} . (2.135)

In general, in SLF/ELF ranges, the normalized surface impedance A, is very
small, so that the excitation efficiency of VMD is very low.
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Fig. 2.6 The diagram for the z
geometric relation between

the transmitting and receiving HE (HMD
antennas

VE (VM) 7

2.4 SLF/ELF Field of HED in the Earth-Ionosphere
Waveguide/Cavity

In practical applications, a SLF/ELF radiation source is usually employed a hori-
zontal linear antenna. So that it is necessary to investigate SLF/ELF electromagnetic
field of an HED in the anisotropic Earth—ionosphere waveguide or cavity. In the pre-
ceding sections, the electromagnetic field of a VED and that of VMD are addressed,
respectively. The complete formulas can be derived for the electromagnetic field of
an HED in the presence of the Earth—ionosphere cavity by the reciprocity theorem
(Wait 1970; Galejs 1972a). It is stated that the voltage V» excited in antenna 2 by
current /1 of antenna 1 is equal to the voltage V| excited in antenna 1 by an identical
current /5 in antenna 2.

The geometry for a VED with its length dI'® at z;, = z; and an HED with its
length ds™ parallel to the x-axis at zg = z, are illustrated in Fig. 2.6, where the
subscripts 7 and s refer to the observation point and dipole source, respectively. It
is known that the magnitude of the voltage V' excited in HED is maximum when
E;’)‘? is parallel to the X axis (¢ = 0 and 7). Then, we have

VP = —EY (20 = 25,20 = 2) cos p ds™, (2.136)
where the superscripts ve and he refer to the VEDs and HEDs, respectively. Simi-

larly, the magnitude of the voltage V"¢ in the VED is contributed by the field com-
ponent E?e excited by the horizontal electric dipole. We write

VY= EM(z0 = 25,2y = 2,) dI*®. (2.137)
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With ds"® = dI*¢, from Eqs. (2.136) and (2.137), it follows that
EM(zo=220=2)= —E;?(z{) = 2,20 = 2r) COS . (2.138)

Next, we consider the geometry for a VMD with its loop area da"™ parallel to
the z’-axis at z6 =z, and an HED parallel to the x-axis at zg = z,, which is shown
in Fig. 2.6. The magnitude of voltage in the HED V'® by the VMD is represented
as follows:

yhe — =Ey" (z0=25.20=2,)sing dshe, (2.139)

where the superscript vm refers to the VMD. The magnitude of voltage V'™ in

the VMD is contributed by the component the excited by the HED with the same
current. We write

VYN =iwpoH™ (20 = 25, 2y = ) da*™. (2.140)

With Ve = v¥™_ from Egs. (2.139) and (2.140), it follows that

1 , . dshe
Ey (ZO =520 = Zr) Slnqbdavm

H(zo=25,2y=2,) = (2.141)

iwpo

For spherical coordinates the z and p components are replaced by the r and 6
components, respectively. With Eq. (2.138), and considering that the sign should be
changed for 6 derivatives when interchanging the coordinates of the receiver and
source, it follows that

il dshey cos ¢

B0, 9) = ——

o0
. dFy(z5) 0Py(cos(mt —0))
ACF, . 2.142
XD A Fuen) (2.142)
Similarly, with the substitution of Eq. (2.132) into Eq. (2.141), it follows that

[ds"sing <& AP, (cos(m — 0))
HYE0r,0,0) = ——— ) Aﬁlcm@r)Gm(zs)“SmW. (2.143)
m=1

Here F,(z) and G, (z) refer to the height-gain function for TM,, wave and that for
TE,, wave, respectively. The excitation factor A¢ for TM,, wave and the excitation
factor Af’n for TE,, wave are represented by (2.60) and (2.135), respectively. We
rewrite

1
A= (2.144)
T
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in2kC,,h sin2kC,, h
Al = A2(? 1_M_A2C2 | —=—m
" g-m 2kC,h sEm{1F 2kC,h
A —1
. Qg
—1E(0052kcmh — 1)] . (2.145)

From the expanded representations of Maxwell’s equations in the spherical co-
ordinate system, the components Eg, Ey, Hg, and Hy can be expressed in terms of
E, and H,. We write

92 _ 9 02
(k2 + m)(r sinf Hy) = —1a)8£E, +sing o Hy., (2.146)

92 92 ]

K+ — |(rsin0Ey) = ——E, — iwposind — H, (2.147)
ar2 dpor 30"
92 ] 92

k> + — ) (rsin0Hy) = iweg sin0 — E, + ——H, (2.148)
or? 00 dpor
92 92 9

k*> + — )(rsin0Ey) = sind ——E, + iowpno— H,. (2.149)
ar? 00r R1)

Taking into account the following relations:

2
<% + k2>Zn(Z) = wzn(z), (2.150)

the complete formulas for the components Ege, Ege, the, and H £e can be written
in the following forms:

0Fy,(z5) 0Py (cos(m —0))

I dsPsin¢ 1
He = ASST2F,
2ha {ka Sind Xn: nSn“Fnlan) =5 sin a0
1 A Gm(zs) 3Gm(zr) 9 Pu(cos(n — 6)) } @.151)
ka ~— SZ kdz sin uma20 ' ’
Ids"®cose [ 1 dF,(z5) 82 P,(cos(mt — 0))
Hhe — o A szF n\<s v
¢ 2ha {ka ; ndn Fuzr) koz sinvTd20
1. Z Al Gy (25) 3G (2r) aP,L(.cos(n —0)) ’ 2.152)
kasing - S2 koz sin udo

2ha ka kdz kdz sinvmdH?

Ehe — _ilds™ncos¢ { kla ZAfzSn_Z 3 Fy(2) 3Fn(z5) 3* Py(cos(m — 6))
n

1 _
no Z AilnGm(Zx)Gm(Zr)Sm
m

(2.153)

5 0 Py[cos(m — 0)]
kas ’

sin uTol
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By = L g 3 a2 L) D SRt )
a sin

2ha koz koz sinvmol

(2.154)

1 N 5 3% P,(cos(m — )

- — A G (25) G (2r) S, -
ka ; mGm(@s)Gm @r)Sy sin umoZ0

In SLF/ELF ranges, the horizontal antenna is usually placed on the ground. Then,

we take 2, = 2, =0, F(0) = Gp(0) = 1, U2 | = —iA,, and 252@ | _ =

— 4. We write
8

1ds"n A, cosg 9P, (cos(m — 60))
EMa,0,¢)=—— 8 TN pe 2.155
r (@09 2ha Xn: n sinvmdo ( )
irdsPncosg [ AgsAgr 92 P, (cos(mt — 0))
Ehe , 9’ — _ _ 8 8 AeS 2
0 (@.0.9) 2ha { ka ; sin V62
1 32P -0
R ah g2 Fulcos = 0) | (2.156)
kasin @ — sin yu a6l
ildsPnsing [ AgrAgs 3P, (cos(mt — 0))
Ehe 79’ — _ 8 8 AeS72V—
9 (@.0.9) 2ha { kasing 2 S T a0
92 P, (cos(t — 0))
P U g — , 2.157
 ka Z mSm sin umdH? } ( )
ds" sing dP,(cos(m —0))
H™(a,0,¢) = AP , 2.158
r(@.6.9) h Z sin oo ( )
I dsPsin¢ A 9P, (cos(m — 6))
Hhe 0.¢) = . gs e —2 2LV COSIt —F))
0 (@.0.9) 2ha { kasing Z nen singmao
92 P, (cos(mt —6))
Al §—2 , 2.159
kaA ; mSm sin uma6?2 } ( )
IdsP®cosep [ 1Ags _,98%P, (cos(m — 0))
Hhe 9 8 AES 2 125
(@.6.9) = 2ha { ; sinvdH2
P -0
7211 2M ) (2.160)
kasinf Ag, — sin w100

From the above six formulas for the field components, it is seen that field com-
ponents consist of both TM and TE modes. It is well known that only a TM wave
can propagate while the rest of the waves are evanescent, which play roles in the
far-field regions.
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At large distance between the observation point and the dipole source, the com-
ponents in the far-field regions are simplified as follows:

1ds™nAgg cos ¢ 4 9P, (cos(mt — 0))

E;‘e(a, 0.9) =~ 2ha 0" sinvymae (2.161)
E™a,0,¢) = %Am cos ¢A8 552 92 P;?ECVZSTE;; 2 (2.162)
Hi*(a,6,9) = - ”zilhe & kcszi;life 468, apvosi(;ov:a; e ’ (2-164)

where both A,y and Ag, refer to the normalized surface impedances at the points
for the transmitting antenna and the receiving antenna, respectively. It is seen that
SLF/ELF field of an HED in the Earth—ionosphere waveguide or cavity is propor-
tional to the surface impedance at the source point. In order to improve the radiation
efficiency of the transmitting antenna, SLF/ELF antenna should be chosen to be lo-
cated at the region where the Earth’s surface has large surface impedance or low
conductivity.

At large distance between the dipole source and the observation point, and where
the observation point is not close to the antipole, for the range of f > 50 Hz, we have

P, (cos(mt — 0)) 2 . LT
~— | 0.5)60 +i—
sinvT (v 4+ 0.5)sinf exp[l(v +05) +14i|

~ —/2(mtkaS, sin0) /> exp(ikaSnQ + i;). (2.166)

Then, it follows that

daP,(cos(mt—0)) . [2kaS,
sinvTol - T siné

exp(ikasne + i;), (2.167)

9% Py(cos(m — 0)) _
sinvma2o 7sinf

(kaSn)3/26xp<ikaSn9+i%>. (2.168)

Thus, we obtain readily:

il dshenAgs cos ¢
2ha T sind

E*(a.0.¢) =

x (kaSo)? AG exp(ikasoe n i%), (2.169)
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il dshenAgs

Ege(a,e, d)) = 2ha
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T sind
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¢ 2ha ~ ¢V msing
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X (l’ca)%S0 2A§ cosd)exp(ikaSoG + 1%) (2.173)

At small distance between the dipole source and the observation point, namely,
6 « 1, we have

P -0 1
Py (cos(n — 9)) m_ng”Ker—)e] (2.174)
sinvm 2
dP,(cos(m—0)) . 1\ 1
OIVIEOSAt YD) “\H — o |, 2.175
sinvmad 1<v+ 2) ! . 2 ( )
32 P, (cos(m — 0)) i(v+ %)Hl(l)[(“"’ %)9]
. o~ . (2.176)
sin 7926 0

Then, the formulas for the components in the near-field regions are rewritten in the
following forms:

he IdshenAgS ) . o
E; (a,9,¢)=—Tcos¢~ 1]{612:A,1S,,H1 (kaS,0)|, 2.177)
n
il dshe iAgs A
EM(a,0,¢) = —- 2; 1 ¢'[1giTngAf,Sn_1H1(l)(kaSn9)

a n

— S A s D (ka0
mPm 11 aSpyt) |, (2.178)

sinf
m
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i dshe iAgy A
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2ha sin®d
+ é 3 AﬁnsmlHl‘”(kasme)], (2.179)
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2.5 Effect of Phase Velocity and Attenuation Rate by Gradual
Inhomogeneous Anisotropic Ionosphere in SLF/ELF Ranges

In the above sections, the region of interest is treated as ideal homogeneous isotropic
spherical Earth—ionosphere cavity or waveguide. Under practical propagation con-
ditions, the electron density and collision frequency in the ionosphere vary as the
height, and the ionosphere is usually regarded as a gradient plasma. Because the
wavelengths of SLF/ELF waves are very long, the radio waves can penetrate into
the ionosphere deeply, even up to F>-layer. Therefore, it is necessary to consider the
effects on the attenuation and phase velocity by the ionospheric profile in SLF/ELF
ranges. In practical computations on the attenuation rate and phase velocity, the
ionosphere should be treated as a gradient layered plasma, while the effect by the
geomagnetic field should also be considered. Obviously, the reflection characteris-
tics of actual inhomogeneous anisotropic ionosphere can be equivalent to those of
a reflection boundary at a certain reference height with an equivalent impedance
matrix.

In SLF/ELF ranges, only the TM( wave can propagate in the Earth—ionosphere
waveguide or cavity. Thus, it is only necessary to carry out the computations on the
attenuation rate and the phase velocity for the TMy wave. With second-order spher-
ical approximation, the calculation accuracy for the modal equation can be guar-
anteed. Therefore, the modal equation of SLF/ELF waves in the Earth—ionosphere
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waveguide or cavity is obtained readily. It is
[(1 + Rhe2ikH) _ C/Azz(l _ Rhe2ikH)]
x [C'(1 = Rge® ) + Ay (1 + Rye?* )]
+C' A Ao (1 + Ree™ ) (1 — Rye? ) =0, (2.183)

where A;; (i, j =1, 2) refer to the elements of the normalized surface impedance
matrix of the ionosphere, which are satisfied to the following equation. We write

E A A H,
|: 9:|=77[ 1 12:|[ 0:|. (2.184)
Ey Ay Ay || Hy

Then, the modal equation (2.183) can be rewritten in the form

(1= Rgy Ry ™) (1 = Ry L R ¥

— |RL LRy RyR M 0! =, (2.185)
where
h 2t \'/?
H :/ <c2 + —SZ) dt, (2.186)
0 a
C — A,
Ry= 7t (2.187)
- 8
C— A;‘
Ry=—"*, (2.188)
C+4g
2% 1/2
c’ <C2 + —52) ) (2.189)
a

It is noted that the relations between the reflection coefficient matrix and the nor-
malized surface impedance matrix are written as follows:

(C"=A1)(C' A — 1)+ C'ApAr

IR =— ; - , (2.190)
(C"+ A1)(C'Apn —1) = C'Ap Ay
—2C’A
|RL= = , 2.191)
(C'+A)(C'Apn —1) = C'Ap Ay
-2C'A
LRy = 12 , (2.192)
(C'+ADN(C'Apn —1) = C'Ap Ay
C'+A 14+C'A»)—C'AppA
. L_( + A1)+ C'Ap) 12421 (2.193)

C(C+AN(C A —1) = C Ap Ay
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Next, the procedures for solving the modal equation are addressed as follows:

(1) First we assume that the Earth and the ionosphere are simplified as homoge-
neous isotropic media with sharp boundaries. From Egs. (2.38) and (2.39), the
roots (Cp, Sp) of the modal equation for TMy wave can be obtained readily.
Then, we set the roots (Co, Sp) as initial approximated values.

(2) With the root Cy, the incident angle cosine C’ for the TM( wave can be obtained
readily by Eq. (2.189).

(3) With the incident angle cosine C’, and the profiles for both ionospheric electron
density and collision frequency varying with the height, the equivalent surface
impedance matrix of the ionosphere can be computed easily.

(4) Substituting the parameters of the ionospheric surface impedance matrix into
the transcendental equation (2.183), the new incident angle cosine C; = Co +
AC can be obtained by using Newton’s iteration method with the initial value
Co.

(5) The first-order approximated parameter C; for the corresponding ionospheric
incident angle cosine can be solved by using Eq. (2.105) with the parameter C;.

(6) Generally speaking, the ionospheric surface impedance matrix has little change
to the incident angle in SLF/ELF ranges, so that the iteration computation re-
peating the procedures 3 to 5 for two or three times is enough to guarantee the
accuracy.

With the roots of the modal equation, both the phase velocity and the attenuation
rate of the TM( wave can be obtained readily:

£ _Res, (2.194)

Up
o = 8.6858kIm S =0.02895wIm S (dB/1000 km). (2.195)

In SLF/ELF ranges, the ground surface impedance is much smaller than the iono-
spheric surface impedance. Evidently, the change of the ground conductivity has lit-
tle effect on the phase velocity and attenuation rate of the TM wave. In the practical
computation, the ground is usually idealized to the sea surface.

In order to compare quantitatively the effects of the phase velocity and the attenu-
ation rate by different ionosphere structure in SLF/ELF ranges, we choose the three
ionospheric models to carry out the numerical calculations. The first ionospheric
model is that of the ionosphere idealized as a homogeneous non-ideal plasma, for
which the equivalent conductivity is o = 10~ S/m. The second model is the refer-
ence structure of the lower ionosphere by the suggestions in the CCIR-895 report,
which is characterized by

N(z) = 1.43 x 107 . e 15 L F019)—H) (2.196)
v(z) = 1.816 x 10 . 70152, (2.197)

In the above formulas, N is the electron density in 1/cm?, v is the electron col-
lision frequency in s !, z is the height of the observation point in km, and H is the
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Table 2.1 The recommended values of H and § in mid-latitude regions

Summer Winter
Daytime B=03,H=170 B=03 H=72
Nighttime B =0.0077f +0.31, H=287 B =0.0077f+0.31, H=2_87

Fig. 2.7 For the international
reference ionosphere model,
the ionospheric electron
density varying as the height
in summer daytime and
winter nighttime

T T T T T T T T T T T T
0 E ——2001.07.01 12:00 Summer] §
b - - =2001.01.01 00:00 Winter

Number of electron (mJ)

100 1,000
Height (km)

ionospheric reference height in km. The recommended values of H in km and B
in 1/km for mid-latitude regions are shown in Table 2.1. Here f is the operating
frequency in kHz.

The third model is the international reference ionosphere model, in which the
electron density profiles vary with the height in summer daytime and winter night-
time as shown in Fig. 2.7 (Rawer et al. 1978). The collision frequency varying with
the height is taken as Eq. (2.197) for the exponential model.

For the above three ionosphere models, following the computational method and
process addressed in this section, the modal equation for the SLF/ELF ranges is
solved readily, and the characteristic parameters of each mode can be calculated
easily. The attenuation rate on the sea surface versus the operating frequency for
the fundamental mode (TMy mode or quasi-TEM mode) is computed for daytime
and shown in Fig. 2.8. In Fig. 2.9, the corresponding calculated results in nighttime
are given. The attenuation rates in nighttime on the sea surface versus the operating
frequency for TM; and TE| modes are computed and shown in Figs. 2.10 and 2.11,
respectively.

From the above computations, it is concluded as follows:

e In SLF/ELF ranges, the attenuation rate of the fundamental mode will increase
as the operating frequency increasing. However, the attenuation rate is very small
overall. Thus SLF/ELF waves can propagate to thousands kilometers or over ten
thousand kilometers away from the transmitter, even for any place in the Earth—
ionosphere waveguide or cavity.
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Fig. 2.8 The attenuation rate
in daytime versus the
operating frequency for the
fundamental mode

Fig. 2.9 The attenuation rate
in nighttime versus the
operating frequency for the
fundamental mode

Fig. 2.10 The attenuation
rate in nighttime versus the
operating frequency for the
TM; mode
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e The attenuation rates for the high-order modes in SLF/ELF ranges are very large,
generally several hundred dB/Mm. Thus, there only exists one propagating mode
in SLF/ELF ranges.

e For the three different ionospheric models, although the parameters for each order
modes are different from each other, the overall trends are consistent. In the case
that the observer is located on or near the Earth’s surface, it is acceptable to use a
relatively simple model in engineering.

e From the computed results, it is seen that the propagation loss of SLF/ELF waves
in daytime is larger than that in nighttime. It is resulted by the equivalent re-
flection height of the ionosphere in nighttime being higher than that in day-
time.

The attenuation rates of the fundamental mode versus the ground conductivity
are computed for the two different modes and shown in Fig. 2.12, respectively. It is
seen that the attenuation rates decrease with the Earth’s conductivity increasing, but
the changing amplitudes are not large. This is resulted by the fact that the higher the
ground conductivity is, the larger the reflections are, and the less the absorption loss
of SLF/ELF waves are.

It is noted that the effect by the geomagnetic field is not considered in the compu-
tations in Figs. 2.8-2.12. Namely, the ionosphere is regarded as a one-dimensionally
planar stratified isotropic plasma in the above computations. In lower frequency
ranges, it is necessary to consider the effects by the geomagnetic field, and the
ionosphere is regarded as an anisotropic plasma, which is characterized by using
a 3 x 3 matrix. Especially in SLF/ELF ranges, the electromagnetic waves in the
ionosphere will show significant anisotropic properties. In order to address the ef-
fects of the SLF/ELF wave propagation by the geomagnetic field, the computations
for the relative phase velocity versus the propagation direction are carried out at
f =75 Hz and shown in Fig. 2.13. Similarly, with the same operating frequency,
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Fig. 2.12 The attenuation
rate in nighttime versus the
operating frequency for the
TEM mode

Fig. 2.13 The relative phase
velocity versus the propa-
gation direction at
f=75Hz
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the computations for the attenuation rates versus the propagation direction are also
carried out and shown in Fig. 2.14. Magnitudes of the excitation factor for the funda-
mental mode versus the propagation direction are computed and shown in Fig. 2.15.
In the computations in Figs. 2.13-2.15, the ionosphere model is taken as the second
model as addressed in this section, the ionosphere reference height is H = 70 km,
the ground conductivity is taken as = 3 S/m, and the geomagnetic field is taken as

By=0.5x 107*T.

From the above computations, we conclude as follows:

e For the attenuation rate and phase velocity of the fundamental mode, there ex-
ist directional actions. Obviously, the attenuation rate propagating eastward is
smaller than that propagating westward, while the relative phase velocity propa-
gating eastward is also smaller than that propagating westward.
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e The attenuation rate and the phase velocity of the fundamental mode are affected
by the geomagnetic inclination angle £2. When the angle £2 is larger, the attenu-
ation rate becomes larger, and the relative phase velocity is reduced correspond-
ingly. Meanwhile, the effects of the attenuation rates and the phase velocity by
the propagating direction are weakened.

e The attenuation rate and the phase velocity of the fundamental mode change
slowly with the propagation direction and the geomagnetic inclination angle.
Specifically, the effect of the attenuation rate is in the range of 0.1-0.4 dB/Mm,
while the effect of the relative phase velocity is in the range of 1 %-3 %. Thus,
the effects by the geomagnetic field are generally neglected.

e For the excitation factor of the fundamental mode, the effects by the geomagnetic
field, which are usually neglected, was not significant with respect to that of the
attenuation rate.
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2.6 SLF/ELF Fields of Ground-Based Horizontal Transmitting
Antenna

2.6.1 SLF Field in Far-Field Region

For practical ground-based SLF/ELF transmitting system, the transmitting antenna
is generally an electrode antenna with both grounded ends and low-level frame.
The antenna length is usually dozens of kilometers, even over 100 km. At large dis-
tance between the observation point and the transmitting antenna over 1,000 km, the
transmitting antenna can be taken as an HED. In this case, along the whole of the
propagating paths, both the ground and the ionosphere will be no longer homoge-
neous. Thus, the whole propagating path can be divided into several short uniform
paths, of which each uniform path is a homogeneous waveguide. For each section of
the Earth—ionosphere waveguide, the root Sy can be obtained by solving the modal
equation. The electromagnetic field in the Earth—ionosphere waveguide can be ob-
tained by using the WKB solution. When the higher-order modes are neglected in
the far-field region, the field components can be expressed in the following forms:

ildinAgs | 2ka

1
E = AT So(T)So(R)]?
r ha —sing $0%¢ 0T [So(T)So(R)]
o T
xexp[i/ kaSodO—l—iZ], (2.198)
0
Ey = L0 A D] 22 cos g A2T) [So(T)So(R)]
"= Zha 2o\ Taing 3P A(DLIHT %0
0 L
xexp[i/ kaSodG—i—iZ], (2.199)
0
—1dl Ags A 3
Ey=——" 8" Singp AG(T)[So(T)So(R)]

2ha msin® /kasin
9 T
X exp[i/ kaSydo + iZ]’ (2.200)
0

Ho — —1dl 2 Aggsing Ae(T)[S TS (R)]7%
= 2ha \ 7siné Jkasing ° 03720

0
x exp[i/ kaSod6 +iﬂ, (2.201)
0
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6
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0
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where So(7') and So(R) represent the values of Sy on the source point and the ob-
servation point, respectively. AG(T) represents the excitation factor on the source
point, and both Ag, and Ag, represent the normalized surface impedance of the
ground and that of the sea surface, respectively.

We assume that the local time of the transmitting point and that of the receiving
point are in daytime and nighttime, respectively. Then, it is seen that the part of the
ionosphere of the propagating path is in daytime, while the other part is in nighttime.
The corresponding equivalent reflection height of the ionosphere in the circadian
boundaries of the day-and-night transition period, there will be an obvious mutation,
and there exists conversion between different modes. In the circadian boundaries
of the unevenly transition period, the mode conversion coefficient is expressed in
Eq. (2.203):

foni“ Fl(2)G",(z)dz
\/ o FE@Pdz - [§7 G dz

, (2.203)

Snm =

where F,f and G, represent the height-gain function for the nth-order mode of
daytime and the mth-order mode of nighttime, respectively. H is the ionospheric
reference height, Hyi, = min(Hy, H»).

With the mode conversion, in the circadian transitional period, the analytical for-
mulas for SLF field components are obtained readily. We write

i dinAg
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' 2Vha x hpa TtSln9 {X::g] 2 (TS (T)

1
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1 d T
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1 T
X Sym S (R) exp [ik(sj Ry + SLRy) + iﬂ . (2.206)
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Fig. 2.16 The radiation pattern of the horizontal magnetic field components Hy excited by an
HED in East—West direction: / =350 A, d/ =100 km, f =80 Hz, 0, (T) =0.2 x 1073 S/m, and
0o (R)=1073
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where hy4 and h;, represent the ionospheric reference height of the daytime and that
of the nighttime, respectively. Ry and R, are the propagation distance of the daytime
and that of the nighttime, respectively. N and M represent the order of the wave
modes of the daytime and that of the nighttime, respectively.

Following the above method, when the ground conductivities and all parameters
of the ionosphere in the regions of the whole propagating paths are given, the dis-
tribution of the electromagnetic field on the Earth’s surface can be determined and
computed readily.

The radiation pattern of the horizontal magnetic field components Hy and H,
excited by a horizontal line antenna, which is placed in East—West direction, are
shown in Figs. 2.16 and 2.17, respectively. In these computations, the antenna length
is d/ = 100 km, the antenna current is assumed to be I = 350 A, the operating
frequency is f = 80 Hz, and the ground conductivity of the transmitting point and
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Fig. 2.17 The radiation pattern of the horizontal magnetic field components H, excited by an
HED in East—West direction: / =350 A, d/ =100 km, f =80 Hz, 0, (T) =0.2 x 1073 S/m, and
0g(R)=1073

that of the observation point are taken as o (T) = 0.2 x 1073 S/m and 0g(R) =
1073 S/m, respectively.
From Figs. 2.16 and 2.17, we conclude as follows:

e There is obviously directionality for the SLF field components excited by a hor-
izontal line antenna. For the horizontal line antenna in the East—West direction,
the main radiation direction of the component Hy is in the East—West direction,
while that of the component H), is in the North-South direction.

e Atapproximately the same propagating distance, the magnitude of the component
Hy is much larger than that of the component H,,.

e The attenuation rate for the wave propagating eastward is smaller than that for the
wave propagating westward, and considering the effects by the uneven ground
conductivities, the field strength of the antenna east is larger than that of the west.
Obviously, the radiation contour diagram is not completely symmetrical.

2.6.2 SLF Field in the Near-Field Region

In practice, the SLF/ELF transmitting antenna is fairly large in size. At small dis-
tances between the observation point and the transmitting antenna, especially the
distance being comparable to the actual antenna length, it is unsuitable that the
antenna is idealized as an HED. In this case, the transmitting antenna is usually
divided into many small segments, of which each segment is regarded as an HED,
and the total field can be understood as the superposition of the fields excited by
all these HEDs. The radiation pattern of the horizontal magnetic field components
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Fig. 2.18 The radiation pattern of the horizontal magnetic field components Hy excited by an
HED in South-North direction: / = 62.5 A, dl =80 km, f =91 Hz, 0,(T) =0.2 x 1073 S/m,
and 04 (R) = 1073 S/m
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Fig. 2.19 The radiation pattern of the horizontal magnetic field components H), excited by an
HED in South-North direction: 1 = 62.5 A, dl =80 km, f =91 Hz, 04,(T) = 0.2 x 1073 S/m,
and 4 (R) =107 S/m

Hy and H, excited by a horizontal line antenna with its length 80 km in South—
North direction are shown in Figs. 2.18 and 2.19, respectively. In these computa-
tions, we take / =62.5 A, dl =80 km, f =91 Hz, 0,(T) =0.2 x 1073 S/m, and
0g(R) = 1073 S/m. From Figs. 2.16-2.19, it is seen that the radiation pattern in the
near-field region is significantly different from that in the far-field region.



58 2 Excitation and Propagation of SLF/ELF Waves

2.6.3 The Field in ELF Range and the Lower End of SLF Range

In the whole ELF range as well as the lower end of SLF range, the wavelength can be
compared with, even exceeds, the Earth’s circumference. At this time, for the eigen-
value v of the zero-order TM wave, the condition of v 3> 1 is no longer satisfied.
Thus the Legendre function of the first kind P, (cos ( — 6)) should not be evaluated
by using the traditional asymptotic formula in Eq. (2.29). In Sect. 2.2.4, the numer-
ical integrated algorithm is proposed for evaluating the function Py, (cos (1w — 9)).
Then, the field in ELF range and the lower end of SLF range generated by an HED
in the Earth—ionosphere cavity can be computed by using the new proposed algo-
rithm (Peng et al. 2013).

In the case of an HED, the analytical formulas for the electromagnetic field in
the Earth—ionosphere cavity have been obtained in Sect. 2.4. In these formulas, all
P"(Coasg(n_e)) and asz(cosz(n—a)). In order to

. 3
components are expressed in terms of

evaluate accurately these components, it is necessary to give the new algorithm for
d Py (cos (t—0)) and BZP,, (cos (t—6))

evaluating the functions

962
As mentioned in Sect. 2.4, we denote
o, 0) = — P, (cos(m — 0)), (2.209)
sinvT
and
0 1 9
—¢p(v,0) = —P, —0
894)(1) )= sinv 96 (COS(T[ ))
= ,—[qb(v,@)cos@—q)(v— 1,6)]. (2.210)
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From the above equations, we obtain readily:

a—2¢( 0) = - [( 26’—1)45( 0)cost —2(v — 1) costp (v —1,0)
592 v, =7 v COS v, 0) cos v cos v ,

+ =W —2,0] 2.211)

With the substitutions of Egs. (2.209)—(2.211) into Egs. (2.155)—(2.160), we
readily derive the following. We write

IdlnA L3P, (cos(m —6))
= et 2212
" X(:) sin(v,, )00 ( )
il dln A2 N A8 9%P,, (cos(t — 6))
Eg = T Z _2 : 2
2ha ka Sz sin(v, )00
i Ay 3Py, (cos(mt —6)) 221%)
ka sin 6 S2 sin(iy, )00 ’ '
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£, = _ildin sing A? i AL 0Py, (cos( —6))
2ha kasin0 = S2  sin(v,m)d0
1 & 32P -0
Py _;n i (COS(T i AN (2.214)
ka — Sa sin(f,, )06
1dl 2 9P, (cos(mt — 6))
H = — sing - AR i , 2.215
IS g S® mz_l " Sin(m )00 (2.215)
_irdl Ag A§ 0P, (cos(mt —0))
= " ha sing - {ka sin 6 Z S,% sin(v, )90
1 Al 2P -0
+ 3 An O Py (Cosm =) 1 (2.216)
kads = S2 sin(u, )62
irdl Ag A¢ 32 P, (cos(Tt — 0))
=" ok 50 :k Z 452 sinu,m)06°
oo
hyp -6
Z jun (COS(T — ) | (2.217)
kaAg sinf ot sin(y, )06

9P, (cos(m—0)) 82Pﬂ(cos(n—9))

002

In these equations, the functions 2 and
by using Egs. (2.77), (2.210), and (2.211).

We assume that the unit HED is placed at 6 = 0° in the direction of ¢7 = 0° and
the operating frequency is taken as f = 10 Hz. As shown in Figs. 2.20 and 2.21,
with the orientation of the observation point ¢ = 0°, the magnitudes of the com-
ponents Eg and Hy are computed by using the numerical integrated algorithm pro-
posed in this chapter and the traditional method (Bannister 1984), respectively. With
the orientation of the observation point ¢ = 90°, similar computations are carried
out for the components E4 and Hy and also plotted in Figs. 2.20 and 2.21, respec-
tively.

From Figs. 2.20 and 2.21, it is seen that the computed results by using the two
methods are significantly different from each other in ELF range and the lower
end of SLF range (below 50 Hz). The traditional method by Bannister (1984) is
based on the assumption of v > 0, so that it is only suitable for the SLF range.
Correspondingly, the results by using the traditional method is uncorrect for the
range below 50 Hz. In ELF range and the lower end of SLF range, the distributions
of the electromagnetic field on the ground can be evaluated accurately by using the
numerical integrated method proposed in this chapter.

We assume that the current moment of the transmitting antenna, which is placed
horizontally in the X direction, is taken as 1 A-m, the ionospheric reference height
is 70 km, and the conductivities of the ground and the ionosphere are assumed as
0y = 1073 S/m and o; = 1075 S/m, respectively. The contour diagram of the tan-

can be computed
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Fig. 2.20 The magnitudes of
the components Ey in
dB-V/mat ¢ =90° and Ey in
dB-V/m at ¢ = 0° versus the
propagation distance:
f=10Hz, ¢7 =0°

Fig. 2.21 The magnitudes of
the components Hy in
dB-A/mat ¢ =0° and Hyp in
dB-A/m at ¢ = 90° versus the
propagation distance:
f=10Hz, ¢7 =0°
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gential electric field and that of the tangential magnetic field at f = 1 Hz are shown
in Figs. 2.22 and 2.23, respectively. It is noted that all numbers in the above contour
diagrams indicate the field strength in dB. For the electric field, 1 V/m is corre-
sponded to 0 dB. For the magnetic field, 1 A/m is corresponded to 0 dB.

At the operating frequency below 2 Hz, the wavelength is much larger than the
Earth’s circumference, and the space between the Earth’s surface and the lower
boundary of the ionosphere is actually a concentric spherical shell. Obviously, the
eigenvalue v is smaller than 1. With Eq. (836.7) in the mathematics handbook by
Gradshteyn and Ryzhik (1980), we write

=2Insin <€> .
v=0 2

dP,(cos(m —0))

2.218
™ ( )
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Fig. 2.22 The contour
diagram of the tangential
electric field at f =1 Hz

Fig. 2.23 The contour
diagram of the tangential
magnetic field at f =1 Hz

When v < 1, we have
. (0 2
Py(cos(m —0)) =1+ 2vInsin 3 +0(v). (2.219)

If a first-order approximation is taken, we obtain readily:

1 9P, (cos(t—0)) asz(cos(n —0))

2.220
sin6 26 262 ( )

Thus, at the operating frequency below 2 Hz, in the far-field region, the higher
modes attenuate rapidly, and the electromagnetic field excited by an HED essentially
satisfies the following conditions:

Ey Ey Hy Hy

cos¢  sing’ sing  cos¢’

(2.221)
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Then, the horizontal field components are expressed in the following forms:

E¢ = Eg(Hcosp — psing) = EgR, (2.222)
H; = Hy(Osing + ¢ cos¢) = Hpy. (2.223)

Evidently, the horizontal electric field is essentially in the X direction, while the
horizontal magnetic field is essentially in the y direction. Furthermore, it is seen that
both the horizontal electric field and the horizontal magnetic field will not change
with the azimuth angle ¢.

From Figs. 2.22 and 2.23, we conclude as follows:

e At the operating frequency below 2 Hz, except for the multimode region, which
the transmitting antenna is surrounded nearby, all curves in the contour diagrams
are approximately concentric circles. Namely, at the same distance away from the
transmitting antenna, the tangential components of the electromagnetic field are
essentially equal.

e At the operating frequency below 2 Hz, the direction of the tangential electric
field component is essentially the same as that of the current moment, while the
direction of the tangential magnetic field component is essentially perpendicular
to that of the current moment.

When the operating frequency increases, the condition of v <« 1 is no longer
satisfied. For example, at f = 10 Hz, the parameter v is comparable to 1, v ~ 1.
The direction of the tangential electric field component is not completely the same
as that of the current moment, while the direction of the tangential magnetic field
component is not completely perpendicular to that of the current moment.
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Chapter 3

Spherical Harmonic Series Solution
for SLF/ELF Field in the Earth—Ionosphere
Waveguide/Cavity

The spherical harmonic series solutions are obtained for the SLF/ELF electromag-
netic fields of VEDs and HEDs in the non-ideal Earth—ionosphere waveguide or
cavity. Especially, the speed-up numerical convergence algorithm is used to improve
the convergence speed for the spherical harmonic series solutions.

3.1 Introduction

In the past century, SLF/ELF electromagnetic wave propagation in the Earth-
ionosphere waveguide or cavity was intensively investigated (Wait 1962; Johler and
Berry 1962; Galejs 1971, 1972; Bannister 1974, 1979; Chang and Wait 1974; Chu
1974; Carroll and Ferraro 1990; Fraser-Smith and Bannister 1998; Cummer 2000).
In preceding chapter, this problem has been addressed specifically. It is noted that
the great progress on the FDTD modeling of SLF/ELF wave propagation in Earth-
ionosphere waveguide has been made in the past decade (Simpson and Taflove 2004,
2007; Simpson 2009; Yang and Pasko 2005, 2006). In what follows, we will at-
tempt to outline a new spherical harmonic series algorithm, which is proposed for
SLF/ELE field radiated by a VED in the ideal Earth-ionosphere waveguide or cav-
ity (Barrick 1999). Unfortunately, this algorithm was not extended to the non-ideal
case, and the changes of SLF/ELF field with the height and operating frequencies
were not addressed specifically. With extensions of the work by Barrick, a spherical
harmonic series solutions are obtained for SLF/ELF electromagnetic field radiated
by VEDs and HEDs in the non-ideal Earth—ionosphere waveguide or cavity (Wang
et al. 2007a, 2007b, 2008). In those works by Wang et al., the speed-up numeri-
cal convergence algorithm is proposed for improving the convergence speed of the
spherical harmonic series solutions.

In this chapter, we will attempt to summarize the spherical harmonic series so-
lutions for SLF/ELF electromagnetic field in the presence of a non-ideal Earth—
ionosphere waveguide or cavity and the speed-up numerical convergence algorithm.
The results obtained are in agreement with available results (Pan 2004).

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves, 65
Advanced Topics in Science and Technology in China,

DOI 10.1007/978-3-642-39050-0_3,

© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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Fig. 3.1 VED at (0,0, r) in AZ
the Earth—ionosphere

. . I h
waveguide or cavity onosphere

1d/

3.2 SLF/ELF Fields of VED in the Earth-Ionosphere
Waveguide/Cavity

In this section, we will treat SLF/ELF electromagnetic field of a VED in the Earth—
ionosphere waveguide or cavity in detail.

3.2.1 Spherical Harmonic Series Solution for SLF/ELF Field
of VED in the Earth—-Ionosphere Cavity

The Earth—ionosphere geometry and spherical coordinate system are shown in
Fig. 3.1. The two reflection walls, the ground and the ionosphere, are character-
ized by the normalized surface impedances A, and A;, respectively. Assuming
that a VED is represented by its current density z/dl§(x)8(y)8(z — rp), where
rp =rq+2s, rq 18 the Earth’s radius, and z; denotes the height of the dipole above the
ground. r. =r, + h, where h denotes the height of the lower boundary of the iono-
sphere. Then, the electromagnetic field in the Earth—ionosphere waveguide or cavity
can be represented in terms of two potential functions U and V (Barrick 1999):

| A L
E, = — — +k°|U, 3.D
—iwe \ 9r2
1 32
H = — — 4+ k%), (3.2)
—iwp \ 9r?
-1 3V 1 82U
Fgp=———4 — —| 3.3)
rsinf d¢  —iwer draf
18U 1 3%V
H=-——4+———, 3.4
rsinf d¢p  —iwur arod
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19V 1 92U
p=—— (3.5
r 00  —iwersinf drdg
—19U 1 92V
= (3.6)

APEFY’) + —iwpursing 9rog’

where the two potential functions U and V satisfy the following equations (Barrick
1999):

(V2 + kz)% =0, 3.7
(V2 + k2)¥ =0. (3.8)

When the effects by the ground and the ionosphere are not considered, the poten-
tial functions for the primary field radiated by VED can be represented as follows:

ikl di

UyRR = =2, (3.9)
dmvy

Vo' EP =o0. (3.10)

In the above equation, Tp is written in the form

oo
> Qn o+ DHy () Jn () Pu(cosf): v < vy,
To=1{""" 3.11)
> @+ 1) Jy () Hy () Pu(cos6): v > v,
n=0

vyhere v = kr and v, = krp. P, is the Legendre function of order n. The function
J, (v) can be eAxpressed in terms of half-order Bessel function of the first kind, while
the function H,(v) is its corresponding outgoing first-kind Hankel function. They

are defined as follows:
A [Tty
J,(v) = 7]n+%(v), (3.12)

Ay0) = [ S, ). (3.13)

It is noted that the functions fn (v) and ﬁn (v) should satisfy the following differen-
tial equation:

A

Due to the reflection of the air—Earth boundary and that of the air-ionosphere
boundary, the secondary disturbance field in the cavity will be produced. The po-

2
[d _ 7”(”“)}3”(1)):0. (3.14)
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tential functions of the secondary disturbance field is represented in terms of the
spherical harmonic functions. We write

ikl dl & . .
Y= —— Z @n + D[byJy(v) + ¢y Hy (V)| Py (cos ), (3.15)
4y o
VP =0. (3.16)

Thus, the total potential functions should be represented as follows:

VED VED VED
U = U 0 + Up

o
Z(Zn +1)P,(cos0)
n=0
ikIdl X {[ﬁn(‘jb) "l‘bn]jn(‘}) +CnI:In(V)}; v <Vp,
== (3.17)
Ay 00
Z(Zn +1)P,(cos0)
n=0
X {bnjn(‘}) + [:In(v)[cn + fn(W))]}? V> Vp,
VVED = PP 4 v YEP = 0. (3.18)

On the Earth’s surface, r = r,, the field components satisfy the impedance
boundary conditions. We have

Eg=—AgnHyli—r;  Ep= AgnHgli—r,. (3.19)
At the lower boundary of the ionosphere, r = r., we have
Eg = AinHylr=r.; Ey =—AinHpl=r,. (3.20)

In the above equations, 7 is the wave impedance in the air.

Substituting Egs. (3.17) and (3.18) into Egs. (3.1)—(3.6), the six field components
in the Earth—ionosphere waveguide or cavity can be represented in the following
forms:

Zn(n +1)(2n + 1) P, (cos 0)
n=0
Cperar | ) + 0] @) e By} v <,
_ e 3.21
47:\)2\)2 S ( )
Zn(n +1)(2n + 1) P, (cos 0)
n=0

X bpdu ) + HyW)[en + Jap)]}: v > wp,
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H, =0, (3.22)

> @n+1)P)(cost)
n=0

p2rdr | % A ) +ba ] 0) + eaHy 0 v < w,

= 4nv§v 00 (3.23)
Z(Zn +1)P)(cos )
n=0
X b dy () + [Jaup) + ea|Hy (D )5 v > g,
Hy =0, (3.24)
Ey =0, (3.25)
o0
> @n+1)P)(cost)
n=0
ik21dl X {[ﬁn(‘}b)'i‘bn]jn(‘))+CnI:In(V)}; vV <Vp,
p = (3.26)

B 47:1)}%\) o
> @n+1)P)(cos0)
n=0

X Abpdu ) + [Ja ) + e Ha ) }; v > vp.

Considering Eqgs. (3.19) and (3.20) of the impedance boundary conditions at r =
rq and r = r., we readily have

[I:In (vp) + bn]jy/l(va) + Cnl:lp/,(va)

= —iAg{[Hn(vp) + b |Jn(Va + cn Ha(va) }. (3.27)
bud)(ve) + [Jn(0p) + ca | H (ve)
= 1A {budn (ve) + [Jn(0p) + cn | Hu(v0) ). (3.28)

Then, from the above two equations, the coefficients b, and ¢, may be written as
follows:

| —H, () [ H; (00) = i14; Hy (v [14 Sy (00) + J; (va)]
_ - [iAan(Va) + H,/, )14 Hy (ve) — H,/l(vc)]Jn(Vb)

b — . — - , (3.29)
[ [iA; J, (VC)A_ Jr/l (Vc)l[lAg Hngva) + Hy:("'aZ] }
+ 14 Jn(a) + J; W)l (v) = iA; Hy (v0)]
{ Jnp)IA; Hy(v) = Hy 0]l Ag Ju (va) + T (va)]
- [iAiJn(Vc) - Jy/l(vc)][Jr/L(v(l) + iAan(Va)]Hn(Vb)
)= (3.30)

{ (147 (ve) = T 01 Ag Hy (va) + H, (va)] |
+ [iAan(Va) + Jy:(va)][Hy,,(Vc) —14;H, (ve)]
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So far, the spherical harmonic series solutions have been derived for SLF/ELF
electromagnetic field radiated by a VED in the Earth—ionosphere waveguide or cav-
ity. In fact, in order to calculate the numerical summation accurately, it is required
to calculate a prohibitively large number terms, even through the series remain ab-
solutely convergent. It is known that the high-frequency asymptotic approximation
based on the Watson transform of the series is not appropriate in ELF range and the
lower end of SLF range (Barrick 1999). Obviously, in the next step, the main task
is to seek a method for improving the convergence speed of the spherical harmonic
series.

3.2.2 Speed-up Numerical Convergence Algorithm

In this subsection, a speed-up numerical convergence algorithm, which is an asymp-
totic extraction technique, is employed to improve the calculation efficiency.

3.2.2.1 Speed-up Numerical Convergence Algorithm for the Component E,

The electric field component E, is written in the following form:

oo o0
Er =Y (Epn— Epn) Pa(cos0) + Y Epy Py(cosh). (3.31)
n=0 n=0

The latter series term in Eq. (3.31) can be expressed in analytical form, which can be
calculated readily. Since the term (E,, — Em) reduces rapidly with the increase of
n, the first series in Eq. (3.31) will converge rapidly. As a result, the field component
can be calculated efficiently with better accuracy. Next, the main task is to find an
efficient analytical solution of the latter series in Eq. (3.31).

When v < vy, the series 1n Eq. (3.21) consist of two terms: (2n + 1)J,, (v)H (vp)
and 2n + 1)[b, J v) + c,,H (v)]. When v « n, from the series expression of the
circular cylinder function near the zero point, we readily have

n+1
@n + 1) 4, () H, (vp) = —iu,,(vlb) . (3.32)

For mathematical convenience, it is necessary to examine the results at the ideal
condition of Ag = A; = 0. At this time, the coefficients b, and ¢, can be simplified
as follows:

p0 — I B W) B ve) = 5 o) v0) Hy (v)) 3.33)
J/(Va)H/(Vc) - J/(VC)H (va)

O — ) Ty p) H ve) — T )y (ve) Ha () (3.34)

J/(Va)H/ (ve) — ]/(VL)H/(UQ)
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By using Eqgs. (3.33) and (3.34), we readily have

T, = @n+D[B2J,0) +cH,(1)]

nxy _—iva (n+ 1?p" ()" +n(n + 1)p~ D20+l (Layn

nn+1) 1 — g2n+l
n(n+ 1)pn12n+1(%)(n+1) +n2pf(n+l)t2n+l(%)(n+l)
1 — r2n+l
—iv, 2 afva)" —(+1)_2n+1( Va "
= —— |+ D" —) +n(r+Dp T —
n(n+1) v v
v\ D
+ n(n + 1)pnr2n+l <_>
Va

(n+1)q 00
4 n2p— D 2n+l<i>n ] mQ2n+1)
n°p T E T
Va

m=0

_i +12”v_an+ +1)"L(n+l)
= antD (n )p<v> n(n p(yg)

(n+1) n 00
+n2p—(n+1)(i) +n(n+ 1)(”_a> p—(n+l):| Z LmCn+1)
V, 1%

a

m=1
) n
+(n+ 1)%”(—“) } (3.35)
V
where
PYSRL . —Y (3.36)
rp Vp Ve

In the last term in Eq. (3.35), it is assumed that mpax = 20, the result becomes

. n (n+1)
—1V, 2 n Vg n Vv
T, ~ ——— 1 — 1 —
" n(n+l){|:(n+ )p(v) +nm+p (Va>

2 —m+D[ Y (D
+np —

Va

n 20
Va _
1 (n+1) mQ2n+1)
+n(n+ )<_\)> PO E T

m=1

t i+ 1)%”(%“) } (3.37)
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From Egs. (3.32) and (3.37), we have

@n 4 1)J, (V) Hy (vp) + T,

—iy,

a 1) “<v>n+] (n+1)2 ”(”” '
s M) T 7)
Va n . (n+1)
+[(n+1)2p”<7) +n(n+1)p”(v )

2 (2" va\" )
+np v tn+D{T) P
a

20
x Z _L,m(2n+l) } )
m=1

(3.38)

Letting

—nk?1dl A . .
EO = S+ 1)@+ D{[Hup) + b2]5,0) + CH, (0}, (3.39)
4mviv?

it is seen that E,., is the asymptotic approximation of E?n We write

0 -
E"n n—00 = Ern.

(3.40)
By using Eqgs. (3.38)—(3.40), it follows that

po_ inkldl

rn

T Anyp?2
v n+1 v n
X n(n+1)/0_1<—> +(n+1)2p”<—”>
Vp V
v n v (n+1)
+ [(n + 1)%”(—“) +n(n + 1)p"( )
v Va

2 (2" va\" 1)
+np v tn+D{T) P
a

20
x Yy rm@"“)}. (3.41)

m=1
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With Eq. (3.41), we readily have

ink?1dl
4rvpv?

o0 v n+1 v
X Z nn+1)p~! (—) +(n+ 1)2,0"(—“)
=0 Vp V

2o (2 ' a2\
Jo ” +nmn+1p

Va

o0
Z E,, P,(cosf) =
n=0

n

n
Fn+ 1)(”7“) p= D

2 —m+[ Y o+
+n7p —
Va

20

x Z 7m@ntD) } P, (cos0). (3.42)

m=1

Considering the following relations:

D T Py(x) = L > " Py(x) = L;T) (3.43)
n=0 8 n=0 8

2214173

00 2
T T—
E n2t" Py (x) = (x+x xs

n=0 8

(3.44)

where

X =cos6; g=+v1—-2xt+12, (3.45)

we readily have

ink>1dl {|:‘L'1 (x +x27) —xt} =211+ 77)

[e%9)
Epp Py (cos) =
Z rn n( ) 4TEUb\)2 gls

n=0
2t1(x — 1T 1
Lo _]
gl 81
v [rz(x +x20y —xrzz -2 +Tz3)
N 5
82

+ ’2("—;’2)} + M}, (3.46)
8>

Va
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where
20 2 2 3
B w3+ X3 —x1y =213+ 13)  203(x — 13) 1
M= Z T { 5 + 3 + g_
m=1 83 83 3
v |:t4(x +x2ty — xtf — 214+ rf) N T4(x — m)}
Va I g
v T5(x + x275 —xr52 — 215+ 153)
PVa gg
l[rﬁ(x+xzr6—xrg—216+rg) N rﬁ(x—rg)“ (3.47)
p g 8 ’
and
=2 g1 =1/1—2x7) + 2, (3.48)
vV
n==; gr=+/1=2x1s + 72, (3.49)
Vp 2
D,
R S P (3.50)
vV
Ty = E'1:2’”; ga=+/1 —2x1:4+1:42, (3.51)
Va
r5=——12;  gs=/1—2x7s5+ 12, (3.52)
PVa
V,
T6 = p‘l‘)ﬁm, g6 =1/1—2x76 + 72 (3.53)

With a similar procedure, when v > vj,, the asymptotic approximation of E,, can
be derived readily:

_ink?Idl
" Aop? p

e (2) vt () o (z)
V Vv Vv

(n+1) (n+1)
v v
+n(n+ l)pn(v_> +n2p—(n+1) (_)

a Va

n 20
fnn+ 1)<ﬁ> p—<"+”} Y pm@nth } (3.54)
v

m=1
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Then, it follows that

© s1.2 2 2 3
- ink=1dl T(x+x°ty —xt7 =211+ 1))
ZEMP,,(COSQ)Z 1 5P 51 1
= TRV 8
Tix—1 1
gl 81
1 |:t2(x +x2n —xt22 —2772+T23)
o I
nkx—1
+2(732)} +K}, (3.55)
8
where
K =M, X =cosf, (3.56)

= p:“; g1 =4/1—2x7 + 12, (3.57)
n=2. g =1/1—2x1,+ 2. (3.58)
V

By using the above method, the approximated formulas for Em P,(cos®) are
derived readily. It is noted that Em is obtained from the formulas for E,, in the
case of n > v under the ideal condition of A, = A; = 0. Obviously, the formulas
for > E .y Py (cos) can be calculated easily. In general, compared with calculating
directly the series Y E,, P,(cosf), the convergence speed for calculating the se-
ries Y (Eyn — E"m) P, (cos ) is improved greatly. The proposed algorithm has been
demonstrated by practical numerical calculation.

3.2.2.2 Speed-up Numerical Convergence Algorithm for the Component Ej

The electric field component Ey is written in the following form:

o0 o0
Eg = Z (Egn — Egn) P (cos0) + Z EgnPl(cos0). (3.59)
n=0 n=0

The latter series term in Eq. (3.59) can be solved analytically. The term (Ey, —
Egy) is reduced rapidly with the increase of n, and the first series in Eq. (3.59) will
converge rapidly. As a result, the field component Eg can be calculated efficiently
with better accuracy.

When v < vy, the series in Eq. (3.23) consist of two terms: (2n + l)JA,’l(v)I:In(vb)
and (2n + 1)[b, JA,; W) +cn I:I,’l (v)]. When v <« n, from the series expression of the
circular cylinder function near the zero point, we derive readily:

@n 4+ 13 () A (vp) = —i(n + 1)(1)1}7) . (3.60)
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In order to obtain the asymptotic expression of (2n+1)[b,, JA,; W) +cn I-AI,’Z )], we
take the ideal condition of Ay = A; = 0. At this time, the coefficients b, and ¢, are
reduced to Egs. (3.33) and (3.34), respectively.

When n > v, we get

Ty = Cn+ DT v) + L H,(v)]

: 1 n n . 1 n
o v <&> p" + [—i(n + 1)<i> p" + ot Dva (U—”) "
v v Ve v v

n . n o
—in<1> p—(n+1) + @(&) p—(n+1)] Z m@n+l) (3.61)
v v v

a m=1
If the last term in Eq. (3.61) is cut at mpax = 20, the result becomes

o O (Y [ (2 T D)

v v B v v
20

n . n
_in<1> ) 1V (V_) p—<n+n}zrm<2n+1>. (3.62)
Va v v

m=1

From Egs. (3.60) and (3.62), we readily have

n
@n+1)J ) () + Ty = —i(n + 1)(])1) T, (3.63)
b
Letting
K*Idl . .
Egy = Lﬁ(zn + D{[Hu () + B0 ) + QR (1), (3.64)
b

it is seen that Eg, is the asymptotic approximation of Eg,. Namely,
E,,lnso0 = Egn. (3.65)

From Egs. (3.63)—(3.65), we write

N K2Idi[ . v\"
Egn =12 [—l(n + 1)(-) + T} (3.66)
4T[Vb Vp
Thus, we have
00 2 00 n
5 k21dl
> Egu P, (cost) = 1 > Z[—i(n+ 1)<1> +T,,]P,}(cos9). (3.67)
=0 47cvbv — Vp

Considering the following relations:

oo 2

3 —
S et Bl () = 25 4 2T (3.68)
0 8 8
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o0 2
2 3 -
=0 § 8

(3.69)

where
X =cosb; y=+v1—xZ g=+v1—2xt+12, (3.70)

it follows that

00 2 2
~ Krda( 2 3yr2(x — 1
3" Eon P, (cost) = T {—i[ AL 1(x5 1)}+N}, 3.71)
s 4m}bv 8 8
where

B iﬁ[BJr 3y122(x—12)]

N =
vig &

20 2
2 3yt —T
+ r”‘{—i[ s ml 3)]
m=1

< 8

v, [ 2yt 3yu(x — T iyt 3yt2(x — T
~|——“[y4+ yTa( 4):|__|:ﬁ+ V75 ( 5)]

v g} g rlL g g3
iv, T 3yt2(x — 16)
n _a[y_f MEAGCELON Y (3.72)
PV L &g 86
and
V
T =—; g1 =11 —2x7) 472, (3.73)
Vb
5 =21, gr=1/1—2x1y + 72, (3.74)
%
r=22m g 12T+, (3.75)
Va
= Pra com, ga=1/1—2xT4+ 17, (3.76)
%
75 = —— 12", =J1-2
5= A gs = X5+ 15, 3.77)
PVa
T6 = La pom, 86 =1/1—2x76 + 72 (3.78)
oV

When v > vy, the series in Eq. (3.23) consist of two terms: (2n + l)f,, (vb)ﬁ,é(v)
and (2n + 1)[b2 f,i v) + cg [‘AI,;(U)]. When v < n, from the series expression of the



78 3 Spherical Harmonic Series Solution for SLF/ELF Field
circular cylinder function near the zero point, we readily have
" n+1
2n + I)Jn(vb)H,;(v) :>1n<—> . (3.79)
v

From Egs. (3.62) and (3.79), we have

@n+ 13, H () + T, = in(%)nﬂ T, (3.80)
Considering
Eon = ”’:jz‘f @+ DT W)+ [F ) + O]}, B8
b
Ey ln—soo = Eon, (3.82)

and by using (3.80)—(3.82), we readily have

. nk21AIT. (v \" !
Ep, = —|in| — +7,|, (3.83)
4y v

00 2 00 n+l
~ nk=1dl AT
> EgnP,)(cost) = ——— [m(7> +Tn:|Pnl(cosd9). (3.84)

=0 dmvgv =0

Considering the following relations:

0 2
3 _
S et Pl = 25 4 DTED) (3.85)
g g
n=0
o0 2
IR _
S+ DR = 2 M (3.86)
P g

n=0
where
X =cos6; yzm; gzm, (3.87)
it follows that

oo 2 : 2
) K21 dl 3y —
3" Eou P, (cos0) = Z {ﬁ[y—” + M] + N’}, (3.88)

2 3 5
n=0 TV, v 81 81

where

N’ =N: q:‘;—b; g1 =1/1—2x7) +12. (3.89)

So far, E@n has b;en obtained analytically in both cases of v > v, and v < vp,
while the series Y Eg, Pn1 (cos0) can be expressed in analytical form. As a result,
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it is seen that the calculation efficiency for the field component can be improved
greatly by using the proposed algorithm.

3.2.3 Evaluations for jn(v), ﬁ,, (v), P,(v), and P,}(v)

In order to compute the first series terms in Egs. (3.31) and (3.59), it is necessary
to evaluate the functions J, (v), I:I,l(v) P,(v), and P (v) firstly. It is noted that, for
sufficiently large n, the function Jn (V) becomes exceedingly small, and the function
H,(v) becomes exceedingly large, but their product I (v) x H, (v) remains well
within machine bounds. Next, we will consider the lower-order and higher-order
cases, respectively.

For lower-order n, beginning directly with the lowest-order terms, which are
known functions:

1\70(1)) = —CosV; Nl (v) = _osv sinv, (3.90)
v
o . o sinv
Jo(v) = sinv; Ji(v) = —— —cosv, (3.91)
v

the nth terms can be obtained by the following recurrence relations:

~ 2 1 A

N1 ) = 22800 = B0, (3.92)
R 2n+1

Jr ) = 22,00 = ), (3.93)
Hy(v) = Jy(v) +iN, (v), (3.94)
Jw) = dy_i(v) — ffn(vx (3.95)
Ay = Fa ) = 2,0 (3.96)

For higher-order n, the products of Bessel functions (or their derivatives) can be
obtained by using the following formulas (Gradshteyn and Ryzhik 1980):

3
S By PICIV R PTGV B
Jn(v1) Hy (v2) ‘{2\/;+16[S (w)] K
5 fn(‘)l)

—4—( +2> [Sn(vl)} g }

{ fu) [fn(w)}
S, (v2) Sn(v2)

7
2

i fn(v2) ap(v1)—au(v2)
+24(”+2) [snwz)} "2 } e
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5 Su(2)
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where

v
fav) = F; Sp()=/1— f2(v), (3.101)

2
1
a,(v) = <n + 5) {Sn(v) —arctan k[ S, ()]} (3.102)

The Legendre functions P, (x) and associated Legendre functions Pn1 (x) can be
obtained by the following recurrence relations:

2n +1 n

Ppy1(x) = p— xPn(X)——nJrl n—1(x), (3.103)
2n +1 n—+1

Pl (x)= - xPl(x) - TP,,Ll(x). (3.104)

For n =0, 1, 2, the lowest-order terms for the Legendre function P, (x) and associ-
ated Legendre function Pn1 (x) are well known, and they can be written as follows:

1 2
Po(x) =1; Pi(x) = x; Pry(x) = E(3x —-1), (3.105)
Pi(x)=0;  Pl(x)=y;  Py(x)=3xy, (3.106)

where x = cosd, y = sin6.

3.2.4 Computations and Discussions

In this section, the computations are carried out for SLF/ELF field components
due to the unit VED in the presence of a non-ideal Earth—ionosphere waveguide
or cavity. The radius of the Earth is taken to be a = 6,370 km, so that the Earth’s
circumference is about 40,000 km or so. That is to say, the propagation distance
between the dipole source and its antipole is about 20,000 km or so. Assuming
that both the dipole source and the observation point are located on the Earth’s
surface, magnitudes of the field components |E,| and |Eg| versus the propagation
distance between the dipole source and its antipole are computed at f = 100 Hz
by using the speed-up numerical convergence algorithm and plotted in Figs. 3.2
and 3.3, respectively. In order to verify the correctness of this algorithm, with the
same parameters, the computations are also carried out by using the second-order
spherical approximation algorithm, this traditional algorithm in SLF range is ad-
dressed in the preceding chapter, and plotted in the same figures. From these re-
sults, it is seen that the numerical results by the speed-up numerical convergence
algorithm are in agreement with those by the second-order spherical approximation
algorithm except for the nearby of the antipole. Obviously, there exists mutual in-
terference between the two waves along the short-arc path and large-arc path in the
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Fig. 3.2 The electric field E, -160 T T T
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zone near the antipole of the dipole source. In the asymptotic approximation of the
radial propagation factor P, (cos(wt — 6)) in the waveguide or cavity for the tradi-
tional algorithm, only the short-arc path is considered, which the long circular path
is neglected. So that the mutual interference does not appear in the numerical results
by using the second-order spherical approximation algorithm. With the same param-
eters in Figs. 3.2 and 3.3, the magnitudes of the components |E,| and |Eg| versus
the height of the observation point are computed and plotted in Figs. 3.4 and 3.5,
respectively.
From these results in Figs. 3.3-3.5, it is concluded as follows:

e The numerical results in SLF range by using the above two algorithm are in agree-
ment with each other. And the correctness of the traditional algorithm using the
second spherical approximation has been verified by the available experimental
results in USA and Russia.

e When the observation point is located in the zone near the antipole of the dipole
source, it is unsuitable to neglect the electromagnetic wave along the large-arc
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Fig. 3.4 The electric field E, -200 T T T T T T T
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path. Therefore, the speed-up numerical convergence algorithm has the advantage
to deal with the problem in case of the observation point being in the zone near
the antipole of the dipole source.

e For the numerical convergence algorithm, the operating frequency is not limited
in the derivation process, so that this algorithm is permitted to use in the lower
frequency range, especially in ELF range.

The magnitudes of the components E, and Ey are computed at f = 100 Hz,
60 Hz, 30 Hz, and 10 Hz as shown in Figs. 3.6 and 3.7, respectively. It is seen that,
with decreasing frequency, the wavelength is gradually close to or even exceeds the
Earth’s circumference, and the electromagnetic wave in the waveguide is a “standing
wave”, of which the peaks and troughs appear clearly. In Fig. 3.8, magnitudes of the
field component E, versus the operating frequency are shown at 6 = 7, %, 7, and
3, respectively. It is found that a maximum of the field intensity appears at the
nearby values of f = 8.8 Hz, 16.5 Hz, and 22.5 Hz.
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Fig. 3.6 The electric field E,
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Table 3.1 The first four

resonant frequencies Number n 1 2 3 4

Ideal lossless cavity  10.6 Hz 183 Hz 259Hz 33.5Hz
Non-ideal cavity 7.6 Hz 13.6Hz 194Hz 254Hz

In the 1950s, Schumann predicted that there exists a resonant phenomenon in
the space between the ground and the lower boundary of the ionosphere. In his
pioneering work (Schumann 1957), from the waveguide wave propagation theory,
the resonant frequency of the Schumann resonance on the Earth—ionosphere cavity
was obtained readily. It is estimated that

7.5 x /n(n+1)

, 3.107
Re S ( )

In ™
where n refers to the nth resonant frequency, and S refers to the ratio between the
wave number of the main propagation mode and that of free space. According to
this theory, the four resonant frequencies are given in Table 3.1.

From atmospheric noise spectrum in ELF range, the measured resonant frequen-
cies are 7.5 Hz, 14.5 Hz, 20 Hz, and 27.5 Hz, respectively (Larsen and Egeland
1968). These measured results are also broadly consistent with the calculated re-
sults by using the speed-up numerical convergence algorithm.

3.3 SLF/ELF Fields of HED in the Earth—Ionosphere
Waveguide/Cavity

In this section, we will treat the SLF/ELF electromagnetic field of an HED in the
Earth—ionosphere waveguide or cavity in detail.

3.3.1 Spherical Harmonic Series Solution for SLF/ELF Fields
of HED in the Earth—Ionosphere Waveguide/Cavity

In SLF/ELF ranges, the wavelength is very long, and the height of a vertical an-
tenna is very short compared with its wavelength. So that in practical applications,
it is impossible to employ a vertical antenna to generate TM waves in SLF/ELF
ranges. In general, a SLF/ELF radiation source is usually designed as a horizontal
linear antenna. So it is necessary to investigate SLF/ELF electromagnetic field of
an HED in the presence of the Earth—ionosphere waveguide or cavity. In Sect. 3.2,
the electromagnetic field of a VED in the Earth—ionosphere cavity is treated by us-
ing the speed-up numerical series algorithm. In this subsection, we will attempt to
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obtain a spherical harmonic series solution for SLF/ELF fields of an HED in the
Earth—ionosphere waveguide or cavity.

The two reflection walls, the ground and the ionosphere, are characterized by
the normalized surface impedances A, and A;, respectively. We assume that an
HED is represented by its current moment x 7 dI8(x)8(y)8(z — rp), where rp, = 1y +
Zs, g 18 the radius of the Earth, and z; denotes the height of the dipole above the
Earth’s surface. r. = r, + h, where i denotes the height of the lower boundary of
the ionosphere. Then, the electromagnetic field of an HED in the Earth—ionosphere
waveguide or cavity can be represented in terms of the two potential functions U
and V (Barrick 1999):

1 [
E, = — — +k7)U, (3.108)
—iwe \ dr
1 ?
H, = — — +k7)V, (3.109)
—iwu \ or
-1 av 1 d%*U
g = ——— — - —_—, (3.110)
rsinf d¢p  —iwer drob
1 U 1 3%V
)= ——— — + — - (3.111)
rsinf d¢  —iwur arod
Ey = 18V+ ! ’U (3.112)
?Tr 00 " —iwersing orog’ '
—19U 1 9*v
p=—— 4+ — . , (3.113)
r 060  —iwursing drog
where the two potential functions U and V satisfy the following equations:
U
(V2 +k*)— =0, (3.114)
r
1%
(V2 + k%) — =0. (3.115)

r

When the effects by the ground and the ionosphere are not considered, the
potential functions for the primary field radiated by an HED are written in the
forms:

wpp kI dl

Uy = o cos¢ - Ty, (3.116)
ikl dl

VIED = 2 ing . T8, (3.117)

41y
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where
oo (2n+ ) / ~ 1 .
X_:n(——i—l)H"(vh)Jn(v)P” (cosB); v <vp,

Ty = N (3.118)
i @nt D) Jp) Hy (V)P (cos0); v >y
L+ ’
Z%H (vh)J,,(v)P (cosB); v <vp,

n(n

T = "= (3.119)
ad 2n+ IR
Z Jn(vb)H (v)P (cosB); v >vp,

where v = kr and v, = krp. Pn1 (x) is the associated Legendre function. The func-
tion J,(v) can be expressed in terms of cylindrical half-order Bessel function of
the first kind, while the function H,(v) is its corresponding outgoing first-kind
Hankel function. The above two functions are defined by Egs. (3.12) and (3.13),
respectively. It is noted that the functions Jo(v) and H,(v) satisfy the following
differential equation:

+1-

d? n(n+l)
[@ . }B (1) =0. (3.120)

Considering the reflection of the air—ground boundary and that of the air-
ionosphere boundary, the secondary disturbance field in the cavity will be produced.
The potential functions of the secondary disturbance field can be represented in
terms of the spherical harmonic functions. We have

nep ikl dl
r N 41vp COS¢
o
Cn+1) . =« .
X ; m[bnﬁ,(v) + ¢y Hy ()] P, (cos6), (3.121)
Vp N 47 b ln¢

N Qn+1) - .
: ; m[d””(”) +enH, ()] Pl (cosh).  (3.122)

Thus, the total potential functions can be written in the following forms:
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HED HED HED
U =U, " +U,

x {[H, (p) + ba | Ja() + ca Ha (W)} v < vy,
X (3.123)
. 2n+1)

1
ni ) ————P (cos6)

=
—_

X Abpdu) + HyW)[en + I 0p)]}: v > wp,

HED HED HED
Vv =V, "+,

inkldl .
= sin¢
47y,
o
2 1
Mpnl (cos )
nn—+1)
n=1
X {[I:In(vb) "l‘dn]jn(v) +enI:In(V)}; V <Vp,
X (3.124)
o
2n+1) ;4
—P 0
PSR (cos0)

=1

S

X {dn-in(v) + I:In(v)[en + jn (Vb)]}; V> Vp.

On the Earth’s surface, r = r,, the field components satisfy the impedance
boundary conditions. We have

Ey=—AgnHglrery;  Ep= AgnHgly—r,. (3.125)
At the lower boundary of the ionosphere, r = r., we have
Eg = AinHglr=r.: Ey =—AinHp, |,=r,. (3.126)

With the substitutions of Eqgs. (3.125) and (3.126) into Egs. (3.108)—(3.113), the
field components in the Earth—ionosphere waveguide or cavity can be expressed as
follows:
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o0
> @n+1)P)(cost)
n=1
k2Tl < {[Hy ) + bu]Ju(v) + ca Hy (1) }: v < vy,
E, = — cos¢ (3.127)
4mtvpv 00
> @n+1)P)(cost)
n=1
X {budu ) + HyW)[en + )]} v> vy,
o0
Z(Zn +1)P)(cos)
n=1
_K21dl < {[Hu(0p) + dn]Ju(v) + en Hy (1) }: v < vy,
= ———sing (3.128)
4oy v? 00
> @n+1)P)(cost)
n=1

X {dnjn(v) + I:In(v) [en + fn(vb)]}; V> Vp,

_ nk*Idl . @2n+1) )
9= — pr— cos nX:; m[n(rz + 1) P, (cos@) —cotO P, (cos@)]
{ {[I:Ié(vb) + bn]jn )+ CnI:Iy/Z(V)}
X ~ A A
{budy () + B, (0)[ea + I ()]}
ink21dl L 2n+1)
" dmsingov, n; w1y Ln (€089
{{[FIM)+dn]fn(v>+enﬁn(v>}; V<,
X . . . (3.129)
{dndn) + Hy0)[en + Jn(p) ]} v > vy,
CRIdL . @+ ) .
0= =gy S0 2:; m[n(n + 1) Py (cos ) — cotd P, (cos )]
{{[Hnm) +dy I, ) + en B (0)}
X ~ ~ ~
{dn-]y/l(‘)) + Hy/l(‘))[en + Jn(”b)]}
ik’rdl . Q@+l
 4msin@uv, 1 ’; nn+1) Py (cos0)
{{[I:Iy/,(vb)+bn]jn(v)+cn1:1n(v)}; Vv <Vp,
X . . . (3.130)
{budn ) + HyW)[cn + 1 (0p)]}: v > s,
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ink?1 dl > 2n+1
al sin Z(n+)

E =
¢ 4oy — nn+1)

[n(n + 1) Py(cos @) — cotd P, (cos 6)]

% {{[I:In (vp) + dn]-in(v) + enI:In(V)}
{dnfn () + I:I,,(v)[en + fn(vb)]}

nk?1dl 2n + 1)
n Z

yppn— P, (cos0)
T sinfvyy, nn+1)""
{{[ﬁ,’,m)+bn]f,;<v>+cnﬁ,;(v)}; v <,
X o o N (3.131)
{ondy (V) + H,(W)[cn + T 0p)]}; v > vp,
—ik?1 dr — .
Hy = 41':\)1) 2 (n + 1) P, (cos6) — cotO P, (cos 9)]
{{[ 1, () + b ] Jn (V) + ¢ Hy (1)}
X ~ A A
{b Ju(v) + Hn(v)[cn + in(‘)b)]}
kK21dl S Q2nt1)
 4msinfvv, * gn(n+1) Py (cos6)
{{[I:In(vb)+dn]fy/,(v)+enl:\]y/l(‘))}; v <Vp,
X o N N (3.132)
{dndy0) + Hy W) [en + Jnp)]}; v > s

With Egs. (3.125) and (3.126) of the impedance boundary conditions, it follows
that

[ Jn(va) = iAgJ; (va)] + en[ Hn(va) — iAg Hy (va)]

= —H, (vp)[Ju(va) — 14T, (va)], (3.133)
du[ (o) +14:J) ()] + en[ Ha(ve) +14: B (ve) ]

= —Jy(p)[Ha(ve) +i4;: Hy (v0)]. (3.134)
ba[J)(va) +18gJy (va) ] + ca Hyy(va) +i4g Hy(va)]

= —H,(p)[J}(va) +1AgJn(va)]. (3.135)
ba[ Ty (ve) =141 Ty (ve)] + eu[ Hy (ve) —1Ai Hy(ve)]

= —J (p)[H)(ve) —i4; Hy(v0)]. (3.136)
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The coefficients b, c¢,, d,, and e,,, can be obtained readily by solving the above
four equations. We write

{ [H] (ve) — iA; Hy(v)1(J, (p) [ H (vg) +1Ag Hy (v0)]

by = = AU 00) 14 (va)) . (3.137)

[ [ (va) +1Ag Ju Wa)LH, (ve) = iA; Hy(ve)] |
~ [Hy(va) +14g Hy 00)]Ln (00) =141 ] (0)]

{ [ (v) + 14 Ju OOV H, (p) [ () = 143 T (0)]
¢, = ,\_ Jn(Vb?[HnA(Vc) - I%iHn(Vc).]) _ ’ (3.138)
[ [ (va) +iAg Jn V)N H, (ve) =14 Hy (v0)] |
|

— [Hy(va) — iAg H, (va)1[Jn (ve) +14: T (ve)

{ T W) [Hy (ve) 414 H 0 Hy (va) — 1Ag H) (v5)]

d, = _AI_In(Vb)[",n(VaA) - 1Ag{n(va)][1iln(vc,\) + lAiHn(Vc)] . (3.139)
{ [Jn(va) — lAg-]y/,(Va)][Hn(Vc) + lAiH,/l(Vc)] }

— [Hy (va) — 1A H (v)1[Jn (ve) +14: I (ve)]

{ Hy 09) [ (va) = 140, 01 (ve) +141J; (v6)]
— Ju(Wp)[Hp (ve) + iAiHlé(Vc)][Jn(Va) - iAgJé(Va)]
{ [ (va) =14/, )l Hy (ve) +14; Hy (0)] |
—[Hy(vg) — iAgH;;(Va)][Jn(VC) + iAiJ,/,(Vc)]

. (3.140)

e, =

In this subsection, the spherical harmonic series solutions have been derived for
SLF/ELF electromagnetic field radiated by an HED in the Earth—-ionosphere waveg-
uide or cavity.

3.3.2 Speed-up Numerical Convergence Algorithm

In this subsection, we will attempt to treat the speed-up numerical convergence al-
gorithm for SLF/ELF fields due to an HED in the Earth—-ionosphere waveguide or
cavity.

3.3.2.1 Speed-up Numerical Convergence Algorithm for the Component EN

The electric field component El‘e can be written in the following form:

oo oo
E* =Y (E}X—E)P)(cost) + Y ENSP,)(cosh). (3.141)

n=1 n=1
The latter series term in Eq. (3.141) can be summed up analytically. Since the term
(EM® — EP) reduces rapidly with the increase of n, the first series in Eq. (3.141)
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will converge rapidly. As a result, the field component is calculated efficiently with
better accuracy. With similar procedures as addressed in Sect. 3.2.2.1, an efficient
analytical solution of the latter term in Eq. (3.141) can be obtained easily.

When v < v, the asymptotic approximation for the series Y E;‘; Pn1 (cos0) is
expressed by

T ~he o1 —ink?1 dl Sl
’;E,SP,I (cosh) = WCOS¢ZPn (cosB)

n=1

n+1 n n
Q)L () e (1))
Vp % v

n+19 20
—nt"(p" — pn+1)<l> ] Z fm(2"+1>}. (3.142)
V,
m=0

c

Correspondingly, the analytical formula for the series E?ﬁ is expressed in the fol-
lowing form:

5, P(cost) —ink?1dl 5
COS = — 5 — COS
men 47vp0?

WK

1

n

20p
X{L[Y_Tqi”fl(xs Tl)]+L}, (3.143)

v | g I
where
20 2 2
2y, 3yti(x —12) 2yt 3yri(x —13)
L= Tm{p[ 3 T 5 Tt 5
. L[y_m e f4>]
vel g3 £
2
v[yts 3Byts(x —1s)
+pf[—3+575 , (3.144)
Vel &5 85
and
7 = vib; g1 =1/1—2x7) + 72, (3.145)

V,
rz=p7“12'"; g@=/1-2xu+ 1}, (3.146)

g3 =1/1—2x13 + 12, (3.147)

)
|
<|$
a
[
3
+
i

t=—— 2 g = 1 —xmy 72, (3.148)
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5= p—t2H s = /1 —2xrs+ 12, (3.149)
V

c

When v > vy, the asymptotic approximation for the series Y E" P! (cos6) is
also obtained readily. We write

k21dl
177— ¢ZP (cosB)

n=1

n+l1
X !—(n +1) <&>
v
e 2 )
Vv %

Z Em Pl(cos6) =

20
<y rm(2”+‘>}. (3.150)

m=0

The corresponding analytical formula for the series > EheP (cos @) is written
in the form

nk2Idl 2 3y12(x —
ZErnP (cos@)—izcosqb[— 2 (x5 tl)JFL/}, (3.151)
o TEU;,I) gl gl
where

/ . Vb 2
L' =1L; Tl:;’ g1 =4/ 1—=2x7 +1y. (3.152)

3.3.2.2 Speed-up Numerical Convergence Algorithm for the Component E;e
The electric field component £ f;e is written in the form

oo
Ejf =) (El —El)+ ZE (3.153)

n=1

Obviously, the latter series term in Eq. (3.153) can be expressed in an analytical
form, while the first series term in Eqs. (3.153) will converge rapidly. With similar
researching line as above, an analytical solution of the latter term in Eq. (3.153) can
be obtained readily.
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When v < vy, the asymptotic approximation for the series Y Eg‘; can be written
in the form

~ ink-1dl .
Epy = ——— sin
X_: o 47 sin@vv% ¢

v n+1 20
X Z(Zn + 1):( > —p" (f) + Z 7mQ@n+1)
m=1

n=1

n+l n+l1 2
k=Idl
X [(ﬁ) _ p”<v_a) :HPH1 (cosf) — 0 sin¢
v v 4ty
o) v n+1 n
x> @n+ 1){—(—) + p”“( ) + Z 7t
Vb
n=1
" " k21 di
X |:,o"'H (&) _ <v—b> i|}Pn(c059) + il sin ¢ cotf
v v 4ty
1 20
» i @2n+1) s va\" (v " i Z LM+
o n(n—+1) v Vp —

% [pn+1<‘;_“) - <‘;—b> ”P,}(cose). (3.154)

The corresponding analytical formula can also be obtained readily. We write

k21dl 3 6 -
Z o in 2Sin¢'” y3fl+ yfl(x Tl)i|

4Tcsm9vvb 8 g1
3 6yt (x — T
—v—“[ o Ont 2)i|+S}+P, (3.155)
82 82
where
20 vy [ 3yt 6yt (x — 13) ve [ 3y 6yT2(x —14)
S:Zrm{—b[ MENERLAL R ]——“[ T 2 ]},(3.156)
m—1 VL & 83 VL g 8,
k*1dl 1— 1} 1—1?
P:—n4 sin ¢ p( 32—1)—1( 31—1>
TV g2 Vp gl
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k21di 1 -1 1 2—1
—i—77 sin ¢ cotf p<x12+ + 2 )—L(ﬂ—k L )
47y yno Y1282 Vp yT1 Y1181
20 2 2
xu+1 -1 x3+1 15 —1
+sz[p< 1T )—( T 43 )} , (3.157)
— VT4 VTag4 VT3 V1383
and
0= i; p— =2 Lo g —plaam (3158)
vV
=,/1-2x7 + 1% =/1-2x1+ 13, (3.159)
=,/1-2x3+ 1% =/1—-2x7y + 2. (3.160)

When v > v, the asymptotic approximation for the series ) Ehe n 18 also obtained
readily. We write

00
> E
n=1

ink?1di

47 s1n«9vvb

S sing Z(Zn +1)

n=1

() =r(2)"
x1l—=) =p" =
v v
20 Vb n+1 v n+1
+ Z rm(2"+l)|:<—> — p”(—a) ]}Pnl (cos9)
v v
m=1

nk21 dl
41y

nqbZ(Zn—l—l)

n=1

+1
)
Vp v
20 v n U n
i Z _L,m(2n+1)|:pn+1 (70) _ <7”> ”Pn(cose)

m=1
2n+1)
s1 ¢ Otezn(n—i—l)

n+1 U_a _ l)_b
o) - ()

20 NN
+Z_L,m(2n+1)|:pn+l<§> _ ({) j”Pnl(COS@).

m=1

nk2

(3.161)
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The corresponding analytical formula is derived readily. We write

ink*rdi . vp [ 3y7g 6yT2(x —11)
Z ¢n = ————— sin¢g- ol s + 1 5

4T[Sln91)1)b 8] 8]
3 6yT2(x — T
_”_a[ A 2)}+s’}+P’, (3.162)
8> 82
where
/ / b
§'=s.  P'=P;  n=-— fz—p— (3.163)

=,/1—2x7 + 1% =\/1-2xm + 2. (3.164)

3.3.2.3 Speed-up Numerical Convergence Algorithm for the Component E ;‘e

The electric field component £ ge is expressed by

e¢]

o
Ep* =Y (Ep:— Efe)+ > Eps. (3.165)

n=1 n=1

It is seen that the latter series term in Eq. (3.165) can be solved analytically. The
first series term in Eq. (3.165) will converge rapidly, and the field component can be
calculated efficiently with better accuracy. With similar steps to the above, the latter
term in Eq. (3.165) can be solved analytically.

When v < vp, the asymptotic approximation for the series y | ngl can be derived
readily. We write

00 . 10 00

_ K21 di
S Egw = —— " cos¢ Y n(n+DQn+1)
=1

47 sinHvv?
b n=1

n n+1

v n( Va
QG ()
20 Cntl) " n+l v n+l1

m(2n+ _b _ a P 0
e[ (2)7 - () o

ink?1dl
L

4nvvb

cos ¢ cotd Z(Zn +1)

n=1

JOMICE
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20 " n+1 . n+1
+ me(z”“)[(T) —p”(f’) ”Pnl(cos@)
m=1

nk21dl . 2n+1)
——¢os Z —_—
47 sinfv - n(n—+1)

n
n n+1
V Vv
% pn+1 Ja N
Vv Vp
20

i Zrm(2n+l)|:pn+l(‘;_“> _ <1;—b> ”Pn‘ (cosf). (3.166)

m=1

Correspondingly, the analytical formula can also be obtained easily. It is

1r;k21 di
z = cos

4rwvb

3ri(x+x31 —xt2 =211+ 1 —
y [2W1+ 1( 1 i 1 1)+n(x3r1)}
gl 81
3n(x+x2m—xt2—2m+1 —
—v—a[2W2 2(x + X217 — x75 2 2)+r2(x3 rz)}
gz 8>

3t3(x + x213 —x12 — 213 + T3
+Z Vb 2Ws + 3( 3 3 3+ 13)
V g3

ix—1 v, 3t4(x +x21y — xt? 21’4+‘E3)
e : 3))__a<2W4 4 4
83 g4

n M)” +0. (3.167)
8a

In the above formulas, Wy, W, W3, W4, and Q are expressed in the following forms:

71 (x + 2x211 — 3xr12 — 41 + 41’13)

g1
Srl x—1)(x +x27 —xtl —211 + 1:13) (3.168)
gl ’
rg(x+2x rz—er —4'C2+4'L’2)
Wy =
gz
51:2 x — 1) +x20 — xt2 21 + 123) (3.169)

82
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13(x +2x213 — 3x1} — 413+ 473)

3=

g
512(x — 13) (x + x213 — x72 = 21 + 73
5 ( 3)( 3 3 3 ) (3.170)
g3
T4(x +2x27y — 3xT} — 414 + 477)
Wy = 3
81
5t —T +xlty —xt2 241
10— 1) (x +x%1y — X7} 4 4) 3.171)
84
ink?1dl
0= 3 cos ¢ cotf
4oy

3yr; 6yTi(x —11) v 3y 6yT2(x — 1)
X[y31+y15 1}__“[y%2+y2 2]
8] 8] 82 g2

vy (3y13 6yr3 (x —13)
+ Z m|: ( +
m=1

g3 83
B v_a(3yt4 N 6yT7(x — T4)>}
v\ g} g
nk>Idl
—F CoS ¢
47sinfv

x1)+1 122—1 v|[xt+1 r12—1
Xqp| —+ - — +
yu Y1282 Vb YT yTi81
2

xtq+1 Ty —1
_I_Zm|:(4 _|_4 )

VT4 YT484

1 2—1
_ (ﬁﬁ- 3 >i| , (3.172)
Y13 Y1383

where

7 =—; g1 =/1—2x7 + 72, (3.173)
Vb

rg:p%“; g =/1—2x1y+ 12, (3.174)

o= L, g3 =41 —2x73 + 12, (3.175)
v
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T=pto?m = J1—2xty+ 12 (3.176)
Vv

When v > v, the asymptotic approximation for the series ) Egz is written in
the form

00 )
i k21 di

Y Eow = ———— cosh - E:n(n+1)(2n+l)

=1

47 svavb o

)"
X — —Po\—
Vv v
20 " n+1 v\t
_’_Ztm(2n+l)|:(_) _pn(_"> ”Pn(cose)
v vV
m=1

me dl
4dyvv? v,

cosqbcot@ Z(2n + 1)

n=1

b n+1 v n+1
G - ()
V V
20 " n+1 v n+1
+ Z 72t |:(—) —p" (—a> :|}Pn1 (cos0)
vV \%
m=1

nk21dl > 2n+1)
———¢os Z —_—
47 sinfv - n(n—+1)

-

20 n n
+Zf’"(2"+”[/)”“<v—f> - <‘;_”> ”P,}(cose). (3.177)

m=1

Thus, the corresponding analytical formula is obtained readily. The result be-
comes

ink?1di
Z On — — P OS¢

dmvvy

n=1

3ni(x 4+ x21 —xt2 =211+ 1 —
" V_h[zwl (x4 x%7) — X 1+ 1) +r1(x : rl)i|
gl 8]

3n(x +x21 —xT2 =21 + T —
_U_a|:2W2+ 2( 2 3 2+ 135) +f2(x . Tz)]
82 8>
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3r3(x +x213 —x7t2 — 213+ T3
+Z |: <2W3 3( 3—x73 — 203+ 13)
g3

3(x — 13) Vg 3t4(x + x21y — xr4 214 + rf)
+ - —|2Ws+
83 84
ux —t
+ 4(734)”} +0 (3.178)
84

where

/ : Vb 2
Q=0 =" g1=4/1—2x7 + 17, (3.179)

T (x +2x°%7) — 3x112 — 47 + 4113)
5
81

1=

51’12(x — 1) (x +x37; —xrl 271 + 7,'1)
g]

(3.180)

3.3.3 Evaluations for J,(v), H,(v), P,(v), and P}(v)

The computations for the functions fn(v), I:In(v), P,(v), and Pnl (v) can be treated
with same method as used in Sect. 3.2.3 in this book.

3.3.4 Numerical Results and Discussions

The computations are carried out for the SLF/ELF field components with the unit
HED in the non-ideal Earth—ionosphere waveguide or cavity. With /d/ =1 A-m,
a=6,370 km, h =70 km, 6, = 10~* S/m, 0; = 10> S/m, and ¢ = ¥, the magni-
tudes of the field components |E,|, |Eg|, and | Eg| versus the propagation distance
are computed at f = 100 Hz, 60 Hz, and 30 Hz by using the speed-up numerical
convergence algorithm and they are plotted in Figs. 3.9, 3.10, 3.11, respectively.
From these results, it is seen that in the case of the propagation distance being over
10,000 km there exists mutual interference between the two waves along the short
and long circular paths.

Assuming that the dipole source is located at the height of z; = 10 m, the obser-
vation point is located on the Earth’s surface, z, = 0 m, and the angular distance is
taken as 6 = “ , the magnitudes of the field components |E,|, |[Eg|, and | Ey| versus
the operating frequency are computed and shown in Fig. 3.12, respectively. From
Fig. 3.12, for the components |E,|, |Eg|, and |Eg|, the resonant frequency is ap-
proximated as f = 8.8 Hz, 16.8 Hz, and 22.8 Hz, respectively. Meanwhile, with the
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Fig. 3.9 The electric field E, 210 T T T T T T T
in dB-V/m due to unit HED ! AR
versus the propagation -220 E A 2
distance: /dl =1 A-m, R
a=6,370 km, h = 80 km, -230
0y =2x107* S/m, g
—_ 105 . _ > =240
o; =10 S/m,andd)_% %
:L -250
=%
-260 |- I'.
=270 -
-280 n 1 n 1 n 1 n
0 5,000 10,000 15,000 20,000
Distance (km)
Fig. 3.10 The electric field =250 T T T
Ep in dB-V/m due to the unit A
HED versus the propagation ! /- 60Hz
distance: /dl =1 A-m, 20
a =6,370 km, h = 80 km,
0g=2x107*S/m, T e
0; =107 S/m,and ¢ = % z
=
;a -280
=290 - e
-300 L L L
0 5,000 10,000 15,000 20,000
Distance (km)
Fig. 3.11 The electric field -280 T T T _
E4 in dB-V/m due to the unit /=100 Hz
HED versus the propagation
distance: Idl =1 A-m, 0
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Fig. 3.12 The components 220 7 T i T i T i ]
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absorption loss, the resonance curve is relatively “flat”. With the same parameters
as in Fig. 3.12, a two-dimensional diagram for the magnitude of the component E,
versus the propagation distance is shown in Fig. 3.13.
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Chapter 4
SLF/ELF Field in Air and Ionosphere
Generated by Earthquake Radiation Source

In this chapter, we treat analytically SLF/ELF field in air and ionosphere radiated
by an HED in the Earth. The region of interest consists of the lithosphere, air, and
ionosphere. For the planar model, the analytical solution for SLF/ELF field in the
air and ionosphere generated by an underground HED is obtained readily. Then,
comparison and analyses are treated for both planar and spherical models. Finally,
computations are carried out and discussions are presented.

4.1 Introduction

It is well known that a series of geophysical and disturbance effects may appear
in the atmosphere and the Earth’s crust near the earthquake seismogenic zone. In
the past two decades, it has been found that before an earthquake, there exist low-
frequency electromagnetic radiation anomalies in a very wide spectrum around the
earthquake source. After continuous observational studies in the past decades, it
is identified that the observations on low-frequency electromagnetic precursor may
become an important manner for short-term and imminent earthquake prediction.
In recent ten years, the earthquake electromagnetic satellites have been launched
for receiving the low-frequency electromagnetic signals from the earthquake source
by several countries, especially including Russia, France, and the United States. It
was reported that the low-frequency electromagnetic radiation anomalies were in-
deed observed before some typical earthquakes (Gokhberg et al. 1983; Parrot 1994;
Serebryakova et al. 1992; Molchanov et al. 2004). Even now, the mechanism and
spectrum properties for the electromagnetic radiation by earthquake are still in the
dark. Because of the attenuation properties of the strata, only the components below
the VLF range can penetrate the strata and can be observed on the Earth’s sur-
face. Due to the good reflective properties for both the ground and the ionosphere,
VLF/SLF/ELF waves can propagate for a long distance in Earth—ionosphere wave-
guide or cavity. With the development of VLF/SLF communication and navigation
systems, for addressing the characteristics of the electromagnetic waves radiated by
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VLF/SLF transmitter along the Earth’s surface, mature theoretical and experimental
results have been obtained. It is noted that the problem of the electromagnetic field
radiated by an electric dipole in a three-layered or multi-layered region was visited
by many investigators and some ideas can be borrowed (Wait 1953, 1954, 1956,
1970, 1998; Dunn 1986; King 1991, 1993; King and Sandler 1994a, 1994b, 1998;
Hoh et al. 1999; Tsang et al. 2000; Collin 2004a, 2004b; Zhang and Pan 2002; Li
2009). However, in the previous research, a unified physical model for an Earth—air—
ionosphere region was not employed to treat quantitatively the electromagnetic field
radiated by underground radiation source. Meanwhile, the case for the observation
point being located on the Earth’s surface was investigated widely, and the case for
the observation point located in the ionosphere was seldom considered (Nikiforova
et al. 1989; Morgunov and Matveev 1990; Uyeda et al. 2002).

In view of the seismic source being generally situated in the Earth with the depth
of a few kilometers to several tens of kilometers, the main radiation spectrum for
earthquake should be concentrated in SLF/ELF regions. Comparing with the wave-
length of SLF/ELF waves, the geometric scale of the seismogenic zone is very small.
Thus, the radiation source can be idealized as an electric dipole. Moreover, for the
observation point on or near the Earth’s surface, the radiation efficiency of VED
below Earth’s surface is much lower than that of the HED. Obviously, a radiation
source in the Earth is usually idealized as an HED.

In this chapter, we will address SLF/ELF field in the ionosphere radiated by an
underground HED in three-layered planar and spherical models, while SLF/ELF
wave propagation in the anisotropic ionosphere is treated analytically (Zhang et al.
2009).

4.2 Formulation of Problem

When the propagation distance between the observation point and the dipole source
is not too large, the effect of the Earth’s curvature can be neglected. As a simple
flat model, the three-layered region of interest consists of Earth, air, and ionosphere
above. The relevant geometry and Cartesian coordinate system are illustrated in
Fig. 4.1, where an HED in the X direction is located at (0, 0, —d). Region 0 ((z >
h)) is the ionosphere, characterized by the permeability pg, permittivity &;, and
conductivity o;; Region 1 (0 < z < h) is the air, characterized by the permeability
1o and permittivity &,; and Region 2 (z < 0) is the Earth, characterized by the
permeability 110, permittivity g, and conductivity oy.
Maxwell’s equations in the three-layered region are represented by

VXE.,'Zia)Bj, 4.1)
VXBj:[L()(—ia)éjEj +xJy), “4.2)
where j =1i,a, g, and

T = 1dI§(x)8(»)8(z + d). 4.3)
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Fig. 4.1 The physical model z

Region 0 ( k;, &;,0; ) Ionosphere
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Region 1 ( ky, &, ,14,) Air

— >

o
d
Region2 (k, 4,0, ) Eartth g

The Fourier transform of the form

1 [e’s) oo . 1
Ex.y.2)=1— / / E (ky, ky, 2)e®* 00 dk dky,
—00 J —00

(4.4)

and similar transforms for B(x, y, z) and J, (x, y, z) are applied to Maxwell’s equa-

tions. Thus,

To(ky,ky,z) = 1dI8(z +d).

(4.5)

The transformed Maxwell equations in Cartesian coordinate system are written

as follows:
kB — LB, =B,
yLjz 3z Jy JXx>
iEN' — ik E;. = iwB;
9z Jjx xEjz Jy»
ikyEjy —ikyEjx = iwBj,
2
kB _ig =_iﬁ}§- + ol dis(z +d)
yDjz 9z Jy w Jx ’
e 5 i3
jx —ikeBjz = ——"Ejy,
. : ik? .
lka]y—ikyB]x=_jEjz

In these equations,

k]:a) /1,0(8]4-10']/0)), J:l,a,g

(4.6)

4.7)

(4.8)

(4.9)

(4.10)

.11

(4.12)
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Equations (4.6)—(4.11) can be used to solve Ey, EZ, éy, and f?z in terms of E,
and By. The results for the three regions can be expressed in the following forms:

N 1 - 9 -

= ———|\ —kekyE;x +iw—Biy |, 4.13
Jy k?—k)%( Xy =X 8z JX> ( )
R Y (LT 4.14
jz_k?—k)%lxaz +Krywbjy |, (4.14)
. 1 ika. 9 - .

Bjy = e (—;anx —kxkyBjx), (4.15)

2

R S5 e L 4.16
jz—m _7 jx“l‘lx& jx J- (4.16)

With the substitutions of Egs. (it.lS)—(4.~l6) into (4.6) and (4.9), the following
ordinary differential equations for E;, and B, can be obtained readily. They are

e ) - wpol dI(k} — k3)
(d_Z2+yj)ij:ﬂc—28(z+d), @17)
J
d? 5\ 5
(G 77) 0. o
where
yjzzk?—kf—ki; j=ia,g. (4.19)

In a similar manner as in Chap. 15 of the book by King et al. (1992), and con-
sidering that the transforms of tangential electric field components and those of the
tangential magnetic field components are continuous on the interfaces z = 0 and
z = h, the Fourier transforms of the tangential components in Region 2 (Earth) can
be derived readily. They are

Eo = _MH}/ K2+ gkz} (eiyg|z+d| _ eiyg|z—d|)
¢ 2202 —y) L7y
2 k§ 2 | Livelz—d|
+ | 7g(Q2 + Dky — = (P3 — Dky [e7%* . (4.20)
Ve
. keky I dl k2N .
Eqy = —%{()@ - _é’)(elyglz+d| — elral—dl)
g( g - )/g) Vg
k2 .
+ |:Vg(Q2 + 1)+ 2P — 1)} -e%Z—d}, 4.21)
Ve
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- pokeky I dl i
Bgy = o——r Ps)e7eli=dl, 4.22
gx 2(k§ — ng) (Q2+ P3)e ( )
Bey = S 2(k2 — y2) {_(kg - yg)(elyglz+ el ‘)
8
+ [(Q2+ Dk — (P3 — D Jelrsl==l}. (4.23)

In these formulas, the factors (Q2 + 1) and (P3 — 1) are represented in the following
forms:

2V K2y
Ve iz 11.2 tan y,h)

8 )= 4.24
) (Q2+ 1= kgyl gyu 2 Wg ) (4.24)
Ve T —i( ) tan yq/
k2 ) kz(”—‘? —itanyah) 425,
20 N Ya¥g 72 n )

g Ya+ =5 —1(yg + J5) tany,

In Region 1 (air), the total field consists of the upward and downward waves.
The transforms of the tangential components Eax and Bax can be written in the
following forms:

Egpy = A1e7e® 4 Age 0%, (4.26)

Bax = B1e'"e® + Bye Vel (4.27)

In Region 0 (ionosphere), only the upward wave exists. The transforms of the
tangential components E;, and B;, are obtained readily. They are

E;, = Cieiz, (4.28)
Biy = Creli%, (4.29)

By using the boundary conditions, the coefficients A, Ay, By, B2, C1, and C3
can be determined easily. They are

wuol dle're? [ , k2 ) wpol dlel?e?
| =Yg (02 + DK — 2 (Py— D2 |+
42k —y2) "¢ Ty Y1 Ak2ya (k2 —v2)
x [=(Q2 + Dkyg + (Py = Digkg +2(k; — ;) (ki = &3)], (4.30)
wuol dlel?e? [ , ki ) wpol dlel?e?
1= | Y (Q2 + Dk = 2 (P = Dk | = —5—————
42k —y) "¢ Ty Y1 Ak2ya (k2 —v2)

x [=(Q2 + Dy + (Ps — Dk +2(k; — v7) (ki — k7). “.31)
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wokyky I dlei?sd wokyky I dlei?sd
B =4xkzy—2(Q2+P3)+4kzxyT
2 k§ 2
X | vg(Q2 + Dk + y—(Ps = Dy; | (4.32)
8
wokyky I dlei?sd wokyky I dlei?sd
B2 = 4xk2y 2 (Q2 + P3) - 4k2x yk2 2
2 ké 2
X | vg(Q2 + Dk + y—(P3 = Dy; | (4.33)
8
wpol dlelvsde=ivih {|:)/g 2 —1 2| (aiyah —iyah
Cy=- 502+ Dk; — v, " (P3— Dk |(e7" +e7
4(k§ — ng) kf, X g y ( )
1
— Dk2y2 4+ (Py — DEk2
kaya[ (Q2+ Dkyy, + (P3 — Dkjky
+2(k; — vg) (ks — k)] x (e — el } (4.34)
pokyky I dlei?sde ”"h{ o h . —ivh 1
Cr= (Q2+ P3) (e +e ) +
=7 ( =
2 kzg 2 iyah —iyqh
x| ¥5(Qa+ D + 22 (Py =y | (e — el 1. (4.35)
8

With Eqgs. (4.30)—(4.35), and the Fourier integrals like Eq. (4.4), the integrated
formulas for the field components in Regions 0 and 1 can be derived readily.
In Region 1, it follows that

ax_‘””“oldl/ dk/ dk{ |:J/g(Q2+1)k2——(P —1)k2]

1612

(1)/111_'_67]]/112)_'_

[—(Q2+ Dkjy; + (Ps — Dk,

kaya
. . elved gilhxx+kyy)
+z<k§—y;><k3—kz>]<ew—em}ﬁ, (436)
(kg —v¢)
2
wuoldl/‘x’ /Oo {1|: kg
Eay =~— dke | dky i 5| ve(Q2+ D+ £ (Py— 1)
@ 602 )R Ve
x (ee? 4 e7ivat)
(kg —v) 7, .
|:ya(Q2+1)+ya 1(P3_1)+k71|( IVaZ_elyaz)}
a aJ/a
kxk ,elyg el(kxx+kyy)
- (4.37)

=y
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Idl . .
Ry e

1672
k2 1)( —iYaz _ ei}/az) }kxeiygdei(kxerkyy)’ (4.38)
nol dl /oo /‘OO . . 1
= dk dk P3)(e7e% eVt
ax 1672 . X . y (O2+ 3)( + ) + kf,]/a

k2 ] '

Vg
kxkyeiygdei(kxx"l‘ky y)
@

(4.39)

_ ol dl
Y 16m2

X (eiVaZ +e*iVaZ)

/ dk, / dk, { [(Ps — Dk} — (@2 + Dk} +2(k; — ;)]

V
k2[(P3_1) k2= (02 +1) ka gkz]
Ve
» ) eiygdei(k)(/\’+kyy)
x (ea? — e%z)}w’ (4.40)
Idl [ 0 i i
Ba. = —pi‘; . / dkx/ dky{yg*‘(& — D(e7? +e7 %) +y NP+ 1)
T —00 —0oQ
% (efiyaz _ eiVaZ)}kyeiygdei(kxx‘i‘kyy)' (4.41)

In Region 0, it follows that

wpol dl 5 § 5
Ei = f dky f dk{ [yg<Q2+1>k - (Pg—l)ky]
8

1672

ivah + —iyqh +
( € ) kgya

x [=(Q2 + Dy, + (Py — Dkjk;

20 =) (2 — ) e |

elVi(@=h) gived gilkex+kyy)
2 _ 42
(kg —vg)

X

, (4.42)



112 4 SLF/ELF Field by Earthquake Radiation Source

E;, = “’“Oldl/wdk /oodk L +1)+k§(1) 1)
iy = 1672 ) o x - y ké Vg2 Ve 3

% (eiyah +e—iyuh)

|: (O +1D+y, (P3 -+ (ki_yyg)} ( e~ ivalt _eiyah)}

a/sa

ky ky ei)/i (z—h) eiygdei(kxerky y)

) ’ (4.43)
Idi [ o0 . )
Eir = a)fg) 2 / de/ dky{ka_z(Q2 — 1)(e 4 e7iral)
2 J s o
—iyah — eiyah)
k2 ( }
X kyel?i G elred githaxtlyy) (4.44)
pol dl /o" /"o h i
Bi, = dk dk Py) (e i7a
X 1672 . X . y (02 + 3)(6 +e ) + kg,ya
k? : .
X [Vg(Qz + k2 + y—g(P3 - 1);/{12} (e71rah — ewah)}
4
kykyelVi G gived gitkex+kyy)
- 2 2 ) (4.45)
(kg - yg)
wol dl [ 0 5 ) ) 5
Biy = Tex2 /_ e f_ Ay [P = DI = (@2 D+ 2(k5 = )]
. . 1 K2y, K2
x (el el 4 o [<p3 — 1)L — (0 + DS kﬂ
kg Ve Ya
. ) iyi (z—h) aiygd ailkex+kyy)
x (el — et } : 62 : 2 ; (4.46)
(kg —vg)
poldl [ > _ . B
Biz = — 1 3 / dkx/ dk}{yg 1(P3 _ 1)(e1}/ah +e 1)/ah)
67° J_oo S
+ya (P 1)(e_iyah - eiyah)}kyeiyi (@=h) gived gitkex+kyy) (4.47)

With the relations
X = pCos ¢; y = psing; ky =Acos¢’; ky =Asing’, (4.48)

we find

yjz\/kf—kg—kgz\/k}—ﬂ; j=ia,g (4.49)
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kex +kyy =21pcos(p —¢'); dk, dky = A d¢" da. (4.50)

In cylindrical coordinates, we have
E,=E,cos¢ + Eysing; Ey=—E,sing + Eycos¢. 4.51)

Thus, the integrated formulas for the field components can be represented in the
following forms:

_ wpoldl

Eqp=—jc—coso- (F) +F2D + FD), (4.52)
L LAy (FO+ F2 4+ F®) (4.53)
ap = 167 ap agp ap )’ .
iwuol dl
4z = g —— 0S¢ (FD + ED), (4.54)
poldl .
= "0 sing - (G + G2 +GE). (4.55)
ol dl W, @, B
Bup = —g—cos¢- (Gug +Gap +Gup) (4.56)
inol dl .
Byy = ——¢—sing - (G2 +G2). 4.57)

In these formulas, the terms with the superscript (1) designate the terms of the
electric-type field, also known as the transverse magnetic (TM) field. The terms with
the superscript (2) designate the terms of the magnetic-type field, also known as the
transverse electric (TE) field. The terms with the superscript (3) designate the terms
of the direct and reflected waves. We write

oo -
FO = _/ Yo o Ya) vz Yo Ya) vz 1
ap o L k2 + k2 ¢ + k2 k2 € (Q2 + )

8 a g a |
x [Jo(rp) — J2(Ap)]es I da, (4.58)
or -
 _ / (J/g Va ) —iy,z (Vg Va > ivaz
F, =- =+ 5 Je +| 55— e [(Q2+ D)
aé o L\K2 k2 k2 k2 ]
x [Jo(p) + J2(rp)]e?edndn, (4.59)
1 * 2 Ve i 2 Ve i
F) = K24 L8 Jerat g (g2 — 25 et 1
s [) [( o+ kéya>e +( . kgya)e }(Q2+ )
x Ji(Ap)e'e?)2 da, (4.60)
©(keVa+kave o . keYa—kive |
G = —/ (757 2 Clehar g S 202 2 . e‘V“Z>(Q2 +1)
0 gVa g)/a

x [Jo(rp) + J2(Ap)]e= 2 da, 4.61)



114 4 SLF/ELF Field by Earthquake Radiation Source

% (I2y, + k> . K2y, — K2y, .
G = _/ (7«?“’2 a¥8 emiaz 4 Z5¥0 —Ta¥e eW><Q2 +1)
0 kgVa kg)/a
x [Jo(rp) — J2(Ap)]e= I da, (4.62)
[e%) . .
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0 Ve Ve
x [Jo(up) + J2(rp)]e?edadx, (4.66)
Oo . .
G = fo [ "+ va e + (v, =y )P — 1)
x Ji(Ap)e"ed)2 dn, (4.67)

o
F) =2 /0 {y;l [Jo(o0) + 1(kp)] + g[Jo(xp) - Jz(?»p)]}
a
x (e77e% — eva)elved ) (4.68)

Fyy =2 /0 {y;l [40:0) = S23p)] + T3 [ oo + Jz(xm]}

X (e7F — et ady, (4.69)
o0
Fy) =—2k;” / J1(up) (0% 4 e71ra)elVs )2 dp (4.70)
0
G =Gy =4 / Johp) (€74 4 e 74%)ei7e ), da, @71
0
m . . .
G‘(li‘;) = 2/ ya—l Ji (Ap)(e_ly“z _ el}/aZ)el}/gd)\lz di. 4.72)
0

In Region 0, the integrated formulas for the field components can be represented
in the following forms:

wpol dl
Eip = 8

cosg - (F) + FY + FY), 4.73)
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w Idl .
iwpol dl 1 3
B= Y oy (4 D),
/,L()I d/

: (D (2 3)
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I 2 3
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0 gya .

x (Q + Del?sdeliG=m) gy,

Fy) = /0 [vg ' cos(yah) =iy, " sin(yah) [ Jo(hp) + 2 ()]

x (P3 — 1)el7edeli@=y gy

PO _

x (P3 — 1)el7edeli@=my qp

o = fo [vs " cos(yah) — iy, " sin(val)][Jo(p) — J2(10)]
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(4.74)

(4.75)

(4.76)

4.77)

(4.78)

(4.79)

(4.80)

4.81)

(4.82)

(4.83)

(4.84)

(4.85)
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Gy = fo " costramy =122 singyaty | [Jo20) — 20:0)]
L 8 .

x (P3 — 1)el7sdeiG=my gy (4.86)

. _
63 = [ costrut —iLesingruy |1 + 12i0)]
L 8 n

x (P3 — 1)el7edeli@=M) gy, (4.87)
@ _ [T, o
G, = 0 [Vg cos(yah) — 1y, Sm()/ah)]fl(kp)

x (P — 1)el7sdelvi@=m;2 gy (4.88)
3) i Ya
F, =-2 /O {y; [Jo(xp>+fz(xp>]+k—2[fo(xp>—Jz(xm]}

x isin(y h)eVedeVi @My d) (4.89)

FQ =-2 /O {ya‘ [Jo(p) — 2(h0)] + Z—;‘[Jo(xp) + Jz()»p)]}

a

X isin(yah)eiygdei)/i @=h)) dx, (4.90)
o . .
F =2k / cos(yah) Ji (hp)eede )2y, (4.91)
0
3 3 o0 o
G;) =G =4 / cos(yah) Jo(kp)eede” Gy dj (4.92)
0
o0
G = —zf iy, ! sin(yah) Jy (hp)eVs e @12 dx (4.93)
0

4.3 Analytical Formulas of the Field Components

In Sect. 4.2, the integrated formulas for the field components have been obtained. In
this section, we will attempt to evaluate these Sommerfeld integrals.

4.3.1 Evaluation for the Electric-Type Field

By examining these Sommerfeld integrals, it is seen that all integrands including
Bessel functions J;(Ap) (j =0, 1,2) are highly oscillatory and the Sommerfeld
integrals converge very slowly.
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Taking into account that y;, y,, and y, are even functions of A, and with the
following relations between Bessel function and Hankel function:

Jn(hp) = [H“(xp) +H,? ()], (4.94)
H" (=ip) = (=1)"T HP (), (4.95)
it follows that

o [ + e 7% + (7 — e (s —ifs tan yoh)

M k K
FO =
a [oo q)
x [H" (ko) — HV () ]e"e?idn, (4.96)
" oo [+ 8)e™7 + (35 — 9105 — if tanyah)
FO— d
a@ oo o)
x [HY (ho) + H‘“(xp)] e”ed ) da, (4.97)
" (k32 + e 4 (kg = ) <15 — ifs anyah)
FD = i e
a /—oo q ()
x H" (1p)e7ed32 dx, (4.98)
G = _ /OO [(kgva + kave)e ™ + (kzya — kayg)e'e?]
an kﬁVaCI(?»)
x (- - 1— tan yah> [HD (o) + HP (p)]e7e 5 da, (4.99)
G _ / [(kzya +kgye)e Ve - (kgya — kgye)e”e]
Cas oo k2Yaq (M)
x (Z—‘z 7 tan yah>[H(§”(,\p) — H ()]s n dx, (4.100)
1
M _ 00 COS(Vah) _1 Sm()/ah)](_ - lya tan y,h)
F}
/oo q(A)
x [Hy" (1) — H(l)(kp)]eiygdeiyi(z_h)k da, (4.101)
0 00 [kz cos(yqh) —1 Sln(Vah)]( y" tan)/ah)
F\ =—
0 oo o)

x [HY ) + HV (20) e M (*4.102)
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ik2y, . o

oo [cos(yah) — T sin(yam)] (L —i% tan y,h)
F(l) — k—Z/ gVa ki a
1z 1

oo q)
« Hl(l)(kp)eiygdeiyi(z_h))\z da, (4.103)

K2y, . _
o [cos(yah) — T8 sin(yah)] (5 — i tanyah)
G =— / ik KL

i —00 q)

x [Hy" (ho) + HyP (1) |esde” G dx, (4.104)

iktgyg : Vi +Ya
e sm(yah)](kf2 —i tan y,h)
RS 90

< [H () — HV (1) e G (4105

oo [cos(yah) —

where

2

Vg Vi [ Va ka YiVg

q(k)=—2+—2—1<—2+ 3 )tanyah. (4.106)
ke Kk ko kgkiva

In order to evaluate the above integrals for the electric-type (TM) waves, it is

necessary to examine the poles and the branch points of all integrands. The pole

equation for the electric-type (TM) waves can be represented as follows:

ki k2kiva

2
Ye Vi .(Ya  kiviv
q<x>=k—§+—l—1<“ a¥iVs
8

7 ) tan yh = 0. (4.107)
l

In SLF/ELF ranges, for the TEM waves, the pole 1* should satisfy the condition
of |yah| < 1 (y4 = {/k2 — A*2). Then, we have

2 2
Ye Vi (Vah kthVgh>
LE- R AR + =0. (4.108)
k2o k2 k2 kgk,?

Taking into account kg >> k, and k; > k,, for zero-order approximations, we
take y, ~ k, and y; ~ k;. Thus, it follows that

Ll kg—x2+ K\ Zo (4.109)
1 = U. .
K2 kek;

The solution of Eq. (4.109) can be obtained readily. We write

. 1/2
M] . (4.110)

)‘*Zka|:1+AlAg+l kol

With the substitution of Eq. (4.110), as an initial approximation, into Eq. (4.107),
the pole for the TEM waves can be determined accurately by using Newton’s itera-
tion method.
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In general, for the electric-type (TM) waves, Eq. (4.107) is simplified as follows:

11 (va K
SRR (] tan y,h = 0. 4111
ko k 1<k3 * ekiva ) e @110

For n-order TM wave, we have y,h = nw + §,, where |§,| < m, and n is an
integer. Then, it follows that

_ nm+ 68,

Ya P 4.112)
tan y,h = tanég,. (4.113)
Substituting Eqs. (4.112) and (4.113) into Eq. (4.111), it follows that
11 8 k2h
—+——i[””j " a ]tanc?n:O. (4.114)
kg ki kih kgki(n + 8,)
Considering the condition of /5 >> 1, we readily find
1 1 nw
—+ — —i——tand, =0. 4.115
kg + k; lkgh an oy ( )
Then we have
ikgh(A; + A ikyh(A; + A
anman—l[—l” (4 + g)]m_l“ (4; + g). (4.116)
nw nw

The solution of Eq. (4.111) can be obtained readily. We write

5.\271/2
A*:[kj—("“; ”) } . 4.117)

Substituting Eq. (4.117), as an initial approximation, into Eq. (4.107), the pole
for the electric-type (TM,,) waves can be determined accurately by using Newton’s
iteration method.

By examining the above Sommerfeld’s integrals, it is seen that the three root
functions y,, g, and y; are included in the integrands. Obviously, for the above
Sommerfeld’s integrals, besides the poles, there are three branch points at A = k&,
A =kg, and A = k;. As the Earth and ionosphere are lossy media, the wave numbers
kg and k; have large imaginary parts. When the distance between the observation
point and the dipole source is not too small, the integrations along the branch points
A =kg and A = k; can be neglected. Since the integrands are even functions to y,,
A =k, is a removable singularity. Therefore, for the field components, the term
contributed by the residues of poles should be included, while the term contributed
by the integrations along the branch lines may be neglected. Those properties can be
explained in a physical sense as follows: Considering the high loss characteristics
of the Earth, SLF/ELF waves will travel upward vertically form the transmitting
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dipole source to the Earth’s surface, then propagate radially in the Earth—ionosphere
waveguide or cavity, and finally enter vertically into the ionosphere to the receiving
point. It is noted that the attenuation rate and wave number of each propagation
mode are determined by the pole equation.

Thus, with the residue theorem, Eq. (4.79) can be written in the form

) Ve N —iy* ) Ye iyt
(kg =+ @iz)e Va4 (k= — pis)ele’]
§Va §Va

FD=2mi)"

*
F q'(})
Vi Ya iy
x (k—'2 —ik%tan yjh)Hf“ (Mrp)niPeled, (4.118)
i a
where
A A 1 k2 (vive Vi
/ . a Lrg 8 !
qg ) =———— —— —iitany, h|:— + ( — — )
Ky, 2y, U kve R\ V] viva ¥eva
M k2y;
+i2 sec? yah(y—;+ “”’zyg>, (4.119)
Va ku kgki Ya

Vo =\[ki =2 m=a,ig. (4.120)

In the above formulas, the value kj is the jth root of the pole equation (4.107).
With similar procedures, the remaining terms can be derived readily. We write

yE Ly v K % .
1) . [(é + J/:_':Z,)e Vet + (é - J,:—'é)e]yaz](% — 17];—“gtan)/;h)
Fi) =—amiy " e
J J
1 / cox
x Hy (1) e, 4.121)
v SN v SN * .y
) 4mi [(é + )1:_2)6 a4 (é - )1:_2)3”/“2](],:—2 - 1)];—2 tany h)
F _ a a n g
a¢ / *
p j q ()\j)
x H{ (3 p)e, (4.122)
G(l) _ 4mi Z [(kg)/a* +k§y;)e—iya*z + (kgya* _ kgy;)eiy;z]
ap =, 2 *
P K2y (%)
* * L,
X (’;—2 - i’;—gtany;h> H{V (Vip)es, (4.123)
[ a
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[kZys + k2y)e™ i + (yy — Kayelis]

M
G,, =—4m
ag Z kél’;q/()\j)
Y Ya D’ iy
x (k—lz —1k—‘§tan *h)Hl( Y (Wrp)azelre, (4.124)

[Zﬁ cos(y, h) — 1 sm(ya h)](— — 1— tany, h)

m_ 4
Fl.p = 47(12

i *
I q'(%})
x H{V' (35 p)selrs dein =, (4.125)
O _ 4w [kz cos(y,h) — 1—2 sin(y; h)](— —l—tan Yal)
i — *
p 5 q'(})
% Hl(l)()\;,o) ivgd iy (e~ h) (4.126)
ik3vs
1 feos(y; 1) — T2 sin(y )1 — %% tanyh)
Fg'=2mi) BT
7 k,-q ()‘j)
x H{D (5 p) el e, @.127)
i 9080 — T sin 1 — i an )
P q'(j
x HD (15p) i 4 ), (4128)
kg * *
| [eos(y;h) = g sin(y; I — %% tany;h)
Gy = —4mi) O
, q'})
J
x V' (1 p)ayel e D, (4.129)

In this subsection, all terms for the electric-type (TM) field are obtained readily.

4.3.2 Evaluation for the Magnetic-Type Field

The integrals for the magnetic-type (TE) field can be treated in a similar manner to
those for the electric-type (TM) field. Then, Egs. (4.63) and (4.64) can be rewritten
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as follows:

Fi /oo [, + 70077 + (5 = e ] (2 —itanyah)
FO T PG
x [HY (ko) £ HV (p) e 0 di. (4.130)
The poles of the integrands in Eq. (4.130) satisfy the pole equation for the
magnetic-type (TE) field. We write

2
p(,\):ﬁ+ﬁ—i<1+ Ya )tanyahzo, (4.131)
Ve Vi YgVi

where

vi=\k =32 m=aig. (4.132)

For zero-order approximations, the pole equation in Eq. (4.131) can be simplified
as follows:

kg . 7/112 _
Ya|1+ =) —il kg + == | tany,h =0, (4.133)
ki ki
For m-order TE wave, we have y,h = mm + §,,, where |5,,| < 7, and m is an
integer. Then, it follows that

)
yo =120 (4.134)
h
tany,h =tanég,,. (4.135)
Substituting Eqs. (4.134) and (4.135) into Eq. (4.133), we readily find
m + 8, kg . m + 8, 2
—— 1+ =) —ilk —— | — |tang,, =0. 4.136
A ( + ki 1| kg + P 2 an d,, ( )
Because of §,, < m, it follows that
. k
iZE(1 4+ %)
S A —tan”! hi(m’;z (4.137)
ke + n
The solution of Eq. (4.133) is obtained readily. We write
5o\ 2712
A= [kg - <m“hg) } . (4.138)

Substituting Eq. (4.138), as an initial approximation, into Eq. (4.131), the pole
for the magnetic-type (TE,,) waves can be determined accurately by using Newton’s
iteration method.
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Similar to those for the electric-type (TM) field, it is found that, for the magnetic-
type (TE) field, the integrands are also even functions to y,, and A = k, is a remov-
able cut. Thus, for the components of the magnetic-type (TE) field, the term of the
resides of poles exists, while the term of the integrations along the branch lines can
be neglected. With the residue theorem, the integrals for the magnetic-type (TE)
field can be derived readily. We write

Ty e 4 (T =y heln

47i (v,
2 8
F;p) — _ 2

70y %
P ; p ()Lj)
Y 1 iy*
X (— —itany, h>H( )(A* )e el7ed, (4.139)
v
[( *—1+ )6 1ynz+( x—1 *—l)eiy;z]
F;(z;_ A Z Vg )/a *V —Ya
(A7)
Ya 1 iyE
X (— —itany, h)H( ) ()\*p))»je”’gd, (4.140)
i

(v +y)e s + (7 — ya*)ei%fﬂ(;a —itany;h)

G(z) = —4mi Z

Ve p' (A7)
x H;U (Arp)arelre, (4.141)
62— 4ty (77 + ¥)e ™% 4 (g = y)ei1(% — itanyh)
“o e~ vep' ()
x H" (35 p)el"e, (4.142)
G2 = _ox Z [ v De Wt 4 (g~ =y el
Py
Ya 1 iy
x (— —1tany*h>H( Y(Wip)arZelred, (4.143)
v
s Ari Z [y;‘ cos(ya h) —iy;~ lsm(ya h)](Va itany h)
v 5 Po;)
J
x H" (Ajp) eledelr @) (4.144)
o * lcos(ya h) —iy;~ lsm(ya h)](y" itany h)
Fl¢ = —43112 -
P27

x BV (335 p)aselriden e (4.145)
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[cos(yF h)—1 sm(y h)](y” —itanyh)

G =—amiy

r p'G})
% Hl(l)/()»* ))\* elvedely G=h) (4.146)
G® — 47i [cos(y, h) — 1—* sin(y, h)](y—“ —itany,h)
6T o - PG
o H1(1>(k§ p)elrideini @i, (4.147)
G(2> _ _zmz Ve~ Leos(y ) — iyt~ Vsin(y) h)](y" —itany;h)
p'(A})
R @.149)
where

, 1 1 A1 1 CAtanygh
p()»):)»)/a F+—3 - —+— —1—.
2 ;

Vi Ya \ Vg Vi YgVi
2 2 2
A
x (y—z e ) +i= sec? yah<l + V—) (4.149)
Vi Ve Ya VeVi
vi=JkE =A% m=a,i,g. (4.150)

In the above formulas, the value A% is the jth root of the pole equation (4.131) for
the magnetic-type (TE) field. In this subsection, all terms for the magnetic-type (TE)
field are obtained readily.

4.3.3 Final Formulas for SLF/ELF Fields in Air and Ionosphere

By now, all terms for both the electric-type (TM) and the magnetic-type (TE) fields

have been evaluated. At small distance between the observation point and the dipole

source, the direct wave and reflected wave can be neglected. Then, the final formulas

of the components for SLF/ELF fields in air and ionosphere can be written readily.
In Region 0 (ionosphere), we write

iwpol di aGTM<z)
Ei, = —%COSQY |: ik, ZZATM

; Hl(l)/()‘jfp)

7=

iy;d iy*(z—h) TE ~TE
xe's e +— AG(2)
0 Z i i

z=h
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3 Hf"(x;fp>eiy;dewﬁ(z—h>], (@.151)

. ™
Eip= iopol dl . Z AT™ 9G;7@)
4 k2 8z

i el ) 3 ATEGTE ()
J =

a5

X Hl(l)/()»jfp))»;‘-eiygdei”i*(zh)i|, (4.152)

wpol dl
Ei, =— e cos¢ - ZA;MG}M(Z)
i j =

(1)
H, (Ajp)kj
h
« i ) (4.153)

imol dl . 1
B, =— 1 sing - |:Z ZA}MG;M(Z)

th”(kf}fP)XF_l

j =

TE
i iyt IZ TEaG (2)

z=h

« B (1)l e h>} (4.154)

inol dl 1y
Big =~ s [Z AP 05)
J =

. . GTE z
x elVedelyi"@=h) _ Z ATE_L ( )

z=h
nol dl

Bi; =~ —sing - ZA}EG}E(Z) _
J

o) 2
H, ()»7;0))»7
h
x elVedeiv @=h (4.156)
In Region 1 (air), we write

aG}M(z)

0 )

i 1dl
ST IO 9
J

1 iy*
; ;ZA}EG,T.E@HI(”(k}‘-p)e‘ygd], (4.157)
J
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. . ™
iwpol dl i G " (2) _ d
=y [ T
a
’ iv*d
© S ATEGTE Y (1)t } (4.158)
J
wpol dl iy*d
£uum ooy DAPGPOH GO wi)
a .
ol dl
Bap :_l,bLO4 Sin(ﬁ’[ ZATMGTM(Z)H(U(}\.* ))\* 1 1J/gd
GTE(Z)
_IZ ATEZ ](1) (k )A* iy, d], (4.160)
IMOIdl ™ ~TM (D (4% \aivid
Bap = ————cos¢- Do AMG M@ H (1 p)e
J
9G TE(Z)
—I—Z AT L gD (3% p)es "], (4.161)
B — Moldl . ATEGTE () gD (3% o) 37 2eived 4.162
az_‘T“”"Z j G @H " (3jp)rj e . (4.162)

J
In these formulas, the excitation factors A;M and A]TE, and the normalized height-

gain functions G]T-M (z) and G]TE (z) are represented as follows:

(y—"* —1 tan Vo h)

K2
A™ _ & , (4.163)
! q(kjf)
( —1tany*h)
AJTE _ —*, (4.164)
p'(x7)
[y +K2yDe i + (yy — k2y)eis)
GM () = —sa T %% e S NCRTY)
ka* J
g/a
GTF@ = [~ v e (7 =y )] tso)

4.4 Comparison and Analysis for Planar and Spherical Models

The physical problem addressed in this section is similar to some extent to that in
Sect. 2.4. The differences between them are as follows: (a) the excitation source in
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Sect. 2.4 is located on the ground surface or in the air, while it is buried in the Earth
and closed to the ground surface in this section; (b) the spherical model is adopted
in Sect. 2.4 and the planar model in this section. Therefore, it can be predicted that
the field distributions are basically similar for the planar and spherical models, but
there are also some there are differences.

In this section, the analytical formula for the vertical electric field E,, can be
written in the following form:

wpol dl
TS

cosg- Y AMG™M)HD (1ip)akesd. (4.167)
j

Correspondingly, the formula for the radial electric field E, is represented as
follows:

Ids-n-cosg-Ag . AP, (cos(m — 0))
E.(r,0,¢)=— o ZA;F,,(@”SHWT. (4.168)

From Eqgs. (4.167) and (4.168), it is seen that the variations with the azimuth
angle of both the vertical electric component E, for the planar model and the radial
electric component E, for the spherical model are described by the function cos ¢.
It is noted that the vertical electric components E, and E,, which only exist in
TM modes, can be expressed by the superposition of all propagation modes. The
changes of the components E, and E, as the height are described by the height-
gain functions G}M(z) and F;,(z), respectively. Additionally, the changes of E, and

g Pu(cos(n—0))
sinvw-00

E, as p and 6 can be described by the functions Hl(l)();p) . Ajf an
respectively.
In what follows, we will examine the wave numbers of all propagation modes.
For the plane model, the characterized modes should satisfy the modal equation
(4.107). As addressed Sect. 4.3.1, with Eq. (4.110) being an initial approximation,
the modal equation can be solved accurately by using Newton’s iteration method.
We rewrite Eq. (4.110)

) 1/2
[ (Ai+ A0 Ag)] . (4.169)

x3=ka[1+A,-Ag+1 o

With the substitution of Eq. (4.110), as an initial approximation, into Eq. (4.107),
the pole for the quasi-TEM waves can be determined accurately by using Newton’s
iteration method.

From Eqgs. (4.110) and (4.117), we have

An _ nm |: ik,h

Co=rom Z(A,'—}-Ag)} n=1,2,3,... (4.170)

(nm)

For the spherical model, we take the first-order approximation

. 12
L At Ag) +Ag)] _ 4.171)

So~ |1
0[ kh
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In lower frequency ranges, the normalized surface impedance A, for the ground
and A; for the ionosphere are much less than 1. It is seen that there is no substantial
difference between Eqgs. (4.110) and (4.171). For high-order modes of the spherical
model, it follows that

2 ,
c, == +\/<”n) _ g+ 40 4.172)

= 2kh 2kh kh

In SLF/ELF ranges, kh < 1. Then, Eq. (4.172) can be simplified to

i(A, + ADkoh
c,~ L [1 - W—l)“] (4.173)

" kah (nm)?

It is seen that Eq. (4.173) is exactly the same as Eq. (4.170). That is to say, in
SLF/ELF ranges, the wave numbers for spherical model are in agreement with those
for plane model.

Obviously, it is necessary to examine the height-gain functions GIM(z) for the
plane model and F;(z) for the spherical model. We rewrite

1 k2 * . k2 * .
GM(z) = E[(l + k;:ﬂ)ww + <1 — k‘;:i>e%1], (4.174)
gra g’a

1 I I U
Fu(z) = TR, | P —ik A Cn—l—;Sndt
g
o [* 2t
+ R, exp 1kf C2+ —S2dr ) |. (4.175)
0 a

In general, the conditions of kg > k2 and k? >> k2 are satisfied in SLF/ELF
ranges. Letting Ag = kq/kj and y,; = kCy, with Eq. (4.174), it follows that

1 . .
™ —ikC, kCy
G M (z) = ﬁ(e HCnz 1 R,elhCnt), (4.176)
where
C,—A
Ry=—"—"%. (4.177)
Cp+ Ag

Considering the condition of z/a < 1 in the atmosphere, it is found that there
is no substantial difference between Eqgs. (4.175) and (4.176). Concisely stated, in
SLF/ELF ranges, the height-gain functions for the spherical model are in agreement
with those for the plane model.

For the planar model, the change in the propagation direction (o direction) is
described by the function Hl(l)(kj p) - Aj. Letting kj =k - Sj, and considering
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kg - Sj - p > 1, the Hankel function can be approximated by

2 B 3n 1
1 L, 3T
H{D (Vip) -2t~ /me“kﬂsw .87 k. (4.178)

For the spherical model, the change in the propagation direction (6 direction or

W. In SLF range, the condition

of v(v + 1) =k2a®S2 > 1 is satisfied. Thus, the Legendre function can be approxi-
mated as

p direction) is described by the function

1

1 2. _
Pv (COS(T[ _ 0)) ~ <—> e—lkaSnTE-l—lzelkuSne. (4179)
2mvsinf
Considering that, in general, S, has a large imaginary part, we have
efikaS,, b1
Sinvm = — (4.180)
i

Then, it follows that

PV(CO.S(T[ - 9)) ~ 2 i . eikasne—i%’ (4181)
sinvT nkgasS, - sin@
_ x 1.
9P, (cos(x —9)) 23 pasielasit, (4.182)
sinvT - 00 wkga - sin@

Comparing Eq. (4.182) with (4.178), it is seen that there is only a difference of a
negative sign, and the factor p in Eq. (4.182) is replaced by the factor a sinf.

In a similar manner, by ignoring some high-order values, it is found that the ex-
citation factors for the planar model and the spherical model are also consistent.
Comparing Eq. (4.167) with Eq. (4.168), it is found that there is an attenuation
factor €7¢? for all modes in Eq. (4.167) for planar case. The greater the vertical dis-
tance d below the Earth’s surface is, the more the factor attenuates significantly. It
is well known that the wave, which is generated by a horizontal source in the Earth,
travels from the transmitting source a vertical distance d to the Earth’s surface, then
radially propagates in the air of the Earth-ionosphere waveguide, in which some
modes are excited, and finally in the ionosphere to the receiving point. Consider-
ing the strata of the Earth to be a lossy medium, the wave in the strata attenuates
as €% in the vertical direction, thus comparing those for a radiation source be-
ing located on the Earth’s surface, the formulas for the field components in the
Earth—ionosphere radiated by an underground radiation source should include an
attenuation factor ¢z ¢,

Following the above analyses, it is seen that the expressions of the analytical so-
lutions for the plane model are entirely consistent with those for the spherical model.

and
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At large distance between the radiation source and observation point, for example
1,000 km or beyond, the effects by the Earth’s curvature should be considered, and
it is more suitable to treat the problem by employing the spherical model. From the
above analyses and discussions, the formulas of the electromagnetic field in the air
of the Earth—ionosphere waveguide generated by an underground HED are obtained
readily. We write

nAglds B OP,(cos(mt —0)) %4
E, =— A F, () ————— e 4.183
g 2ha COS¢; nFn(@ sinvod e ( )
1nIds 2aF (z) 32 Py (cos(t —0)) 5y
Eg = AYS, Vg
“~ 2ha { Z sinvdH? ©
_p 0P, (cos(mt —0)) ;x4
Al G (2) 8 — el 4.184
~ kasin® Z m(@) sin uTo0 ( )
nlds . Ag 0 0F,(2) 0Py(cos(m —60)) ;4
Ey = ACS e
*~ Dha Smd){kasinez O Tz sinvmdd -
32 P, 0 -
_ _ZAh Gm( ) 2 (COS(T[ )) .elygd , (4185)
sin uman?
AP, (cos(mt—6)) %y
H. = Ah R el 4.186
r sm¢Z Gn@)— g (4.186)
Ids . iA dP,(cos(m —0)) ;%4
Hp=—— EN AL P Fy(2) —————— e
*~ 2ha o {kasm@ Z (@) sinvwol e
_ aG (z) 32 Pu(cos(m—0))  ,ug
_ AhS 2 Wed 1 4.187
+ Z sin umwdH?2 © ( )
1ds —iA, ) 32 P, (cos(m — 0)) iyid
H¢:ﬂcos { ZA,, Q) el
Z hS_zaGm(Z) 9 Pylcos(z — 6)] eed (4.188)
ka sinf sin udl

In the above formulas, the excitation factors, the height-gain functions, and the
modal equations are defined as in Chap. 2.

4.5 Computations and Conclusions

With Newton’s iteration method and the initial value of the modal equation, the
poles, which correspond to the propagation modes, can be identified. Furthermore,
the attenuation rate and the normalized horizontal wave number, which correspond
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Fig. 4.2 The attenuation rate
and normalized horizontal
wave number versus the
operating frequency for TEM
mode: h =75 km,

0 =103 S/m, and

0, =107 S/m

Fig. 4.3 The attenuation rate
and normalized horizontal
wave number versus the
operating frequency for TM;
mode: 4 =75 km,

oy = 1073 S/m, and

0, =107 S/m

Fig. 4.4 The attenuation rate
and normalized horizontal
wave number versus the
operating frequency for TM»
mode: h =75 km,

0, =103 S/m, and

0, =107 S/m
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to each mode, are obtained readily. Graphs of the attenuation rate and the normalized
wave number versus the operating frequency for TEM-, TM1-, and TM>-modes in
SLF/ELF ranges are shown in Figs. 4.2, 4.3, 4.4, respectively. It is noted that the at-
tenuation rate and the normalized wave number are represented by 20 loglo(eIm}\}f )
in dB/Mm and (Rekj) /kq, respectively. )Lj is the jth root of the pole Eq. (4.107).
In these computations, the ionospheric height is assumed to be 2 = 75 km, and the
conductivity of the Earth and that of the ionosphere are taken to be oy = 1073 S/m,
and o, = 107> S/m, respectively.

Comparing to available corresponding results in SLF range (Casey 2002), it is
found that the numerical results obtained for the attenuation rate and the normalized
horizontal wavenumber are in agreement with those by Casey (2002). This indicates
that the calculated results in this chapter are correct.

Assuming that the unit HED is buried below the Earth’s surface with a depth of
d = 1 km, and the observation point is on the Earth’s surface, z = 0, and with ¢ =0,
the magnitudes of the vertical electric field E,, are computed at several different
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frequencies and shown in Fig. 4.5. With the same parameters in Fig. 4.5, in the case
that the unit HED is buried below the Earth’s surface with a depth of d = 10 km, the
corresponding results are shown in Fig. 4.6. From these results, it is seen that the
deeper the buried depth of the dipole source, the higher the operating frequency, the
larger the absorption loss is.
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Chapter 5
Propagation of SLF/ELF Waves in Anisotropic
Ionosphere

In this chapter, the propagation of SLF/ELF electromagnetic waves in the anisotropic
ionosphere is treated analytically and numerically. Because of the fact that the lower
ionosphere varies greatly with height, the lower ionosphere can be regarded as a hor-
izontally stratified anisotropic plasma for SLF/ELF electromagnetic waves. Finally,
some new numerical results and discussions are also given.

5.1 Introduction

Because of the existence of the geomagnetic field, the ionosphere behaves as re-
markably anisotropic properties in LF/VLF/ELF ranges. In the past 60 years, the
propagation of LF/VLF/ELF waves in a homogeneous ionosphere has been investi-
gated widely, while the investigation on LF/VLF/ELF wave propagation in an inho-
mogeneous ionosphere is seldom reported.

In the past two decades, few attempts of making the experiments on the direct
excitation of VLF/SLF waves in ionosphere were undertaken (Armand et al. 1988;
Bannister et al. 1993). It is known that the new programmes of the active VLF/SLF
wave experiments with the use of large loop antenna or line antenna onboard a
spacecraft are carried out (Bannister et al. 1993). Also, the programmes in which
the space borne VLF/SLF receiving experiments are used to study earthquake are
carried out (Serebryakova et al. 1992). In the past two decades, the relations be-
tween the ionospheric propagation of VLF/SLF/ELF waves and earthquake have
been treated widely by many investigators (Serebryakova et al. 1992; Ozaki et al.
2004). It is seen that VLF/SLF/ELF wave propagation will penetrate the lower iono-
sphere from the ionospheric F>-layer to Earth’s surface or from the Earth’s surface
to the ionospheric F>-layer. Therefore, it is necessary to carry out VLF/SLF/ELF
wave propagation in the lower ionosphere analytically.

In the past century, the theory and experiment of SLF/ELF wave propagation
have been treated by many investigators and the findings are well summarized by
Wait (1970) and Galejs (1972). In the available paper by Xia and Chen (2000), by

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves, 135
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using the matrix-exponent formulations, the wave radiation and propagation in a
stratified anisotropic plasma are analyzed and computed numerically. In the works
by Li et al. (Li and Pan 1999; Li et al. 2011), the solution of the propagation of
VLF/ELF electromagnetic waves penetrating the lower ionosphere is carried out,
and analytical formulas are obtained for the electromagnetic field components on
the sea surface generated by a space borne loop antenna. In the technical report
by Chen et al. (2009), considering the case of oblique incidence, the reflection and
transmission of SLF/ELF waves by the inhomogeneous ionosphere is investigated
analytically and numerically by using matrix-exponent formulations.

Considering that the main parameters of the ionosphere, including electron and
ion densities, and electron and ion collision frequencies, changed significantly with
the height above the Earth’s surface, and their changes along the horizontal direction
are relatively slowly, the ionosphere is regarded as a horizontal stratified anisotropic
plasma. In this chapter, based on the technical report (Chen et al. 2009), the reflec-
tion and transmission of SLF/ELF waves by the ionosphere are treated by using the
matrix method and numerically. Some new numerical results and discussions are
also presented.

5.2 Propagation of SLF/ELF Waves in Homogeneous
Anisotropic Ionosphere

In this section, we will attempt to treat analytically SLF/ELF wave propagation in a
homogeneous anisotropic ionosphere.

5.2.1 SLF/ELF Wave Propagation in Homogeneous Anisotropic
Ionosphere

Considering the effect of the geomagnetic field, the ionosphere is regarded as an
anisotropic plasma, which is characterized by the tensor permittivity &. Let /, m, and
n be the direction cosines of the geomagnetic field By in the X, y, and Z directions,
then the tensor permittivity & can be written in the 3 x 3 matrix form. It is

8 = o[l + M] (5.1)

where ¢ is the free-space permittivity; I is 3 x 3 unit matrix; and M is the suscep-
tibility of the ionosphere, which is given by

M=M, + M;, (5.2)

where
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In the above formulas, w is the operating angular frequency; M, and M; are the
susceptibility matrix for electrons and heavy ions respectively. wg, is the angular
plasma frequency for electrons, and N, is the electron density. wy; is the angular

plasma frequency for heavy ions, and N; is the number density of heavy ions. a)g)

and a)(}? are the gyro-frequency for electrons and heavy ions, respectively.

If N; is the same order as N,, it is clear that X; is negligibly small compared
with X,. Namely, in the case of N; ~ N,, the effect of heavy ions can be neglected
entirely. Only in the case of N; >> N, will the effect by X; of the heavy ions be im-
portant. From the available monograph by Budden (1961), it is seen that for all but
the very lowest frequency Y; is very small compared with unity. That is to say, the
anisotropic characteristics affected by heavy ions may be considered in ELF range,
even to the lower end of SLF range. According to the analysis in the technical report
by Chen et al. (2009), it is seen that when both the transmitting source and the re-
ceiving point are located under the lower boundary of the ionosphere, the effects by
the heavy ions can still be neglected in SLF/ELF ranges. When the electromagnetic
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Fig. 5.1 The physical model Az
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waves penetrate the ionosphere, the anisotropic characteristics affected by the heavy
ions should be considered in ELF range or the lower end of SLF range.

As shown in Fig. 5.1, we take the vertical direction as z axis in a Cartesian co-
ordinate system, and assume that the propagation direction in the horizontal plane
is on x direction. For the simplicity of the analysis, the ionosphere is idealized as a
homogeneous anisotropic plasma, and the sharp air-ionosphere boundary is located
in the plane of z = z¢.

According to the waveguide propagation theory addressed in the preceding chap-
ters, the SLF/ELF field in the Earth—ionosphere waveguide or cavity can be regarded
as a superposition of multiple propagation modes and each mode includes the inci-
dent wave and its reflected wave with a certain incident angle. For the quasi-TEM
mode, the sine of the incident angle can be expressed in the form

i(Ag + 407"
So~ |14+ —F| . 5.10
0 [ A— } (5.10)
Correspondingly, for the n-order TM mode, we have
nm ikh(A; + Ay)
Sp=y1-C2% Cy~—|1-———5-%. 5.11
n n n kh |: (nn)2 i| ( )

As shown in Fig. 5.1, the changes of all propagation modes in the air and iono-
sphere along the horizontal directions should meet the following relations:

d
8—=iij; j=0,1,2,...,n, (5.12)
X

—=0. 5.13
oy (5.13)
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From the Maxwell equation of V x H = —iwé E, we have

il .
—5 = —iweo[(1 + Myx)Ex + MyyEy + M E.]

9 . .
P ikS;H, = —iweo[Myx Ex + (1 + Myy)Ey + My E.]
ikS;Hy = —iweo[ Moy Ex + Moy Ey + (1 + M) E]

Similarly, from the Maxwell equation of V x E =iwuoH, we have
0 .
— 3_2 Ey =iwpoHy

0
&Ey —ikS; E; =iwuoH,

ikS;Ey =iwpuoH,
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(5.14)

(5.15)

With the simultaneous equations (5.14) and (5.15), and eliminating the vertical

components £, and H,, we readily obtain

2
1 dE, . —SjszE SjMZy Cj+MZZh
ik dz 14+ My, © 1+M; Y 1+ My,
1 dEy
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(5.16)
where
C2=1-82 h=nH= [Py (5.17)
J J €0
If the column vector e is represented in the form of
¢=[E, —E, hy hy", (5.18)
and the matrix T is written as
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0 0 1 0 (5.19)
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Equation (5.16) can be rewritten as follows:

de .
— =1ikTe. (5.20)
dz

In this section, the ionosphere is a regarded as homogeneous anisotropic plasma
with a sharp boundary, it is seen that all elements in the matrix T in Eq. (5.19)
are constants, which do not vary with in spatial position. Therefore, for the matrix
equation (5.19), there should be four eigenvalues and the corresponding four eigen-
vectors. We write

T-é;=Djé;; j=1,23,4 (5.21)

Obviously, they correspond to the four characteristic waves in the ionosphere,
which the propagation spatial variation is described by an exponential function. We
write

&) =&y, - eKPiET20), (5.22)

The eigenvalues D; (j = 1,2, 3, 4) represents the normalized wave numbers and
the attenuation rates of the characteristic waves in the ionosphere. The eigenvalues
D; of the matrix T are determined by the following equation:

det[T — D;[1]] =0, (5.23)

where [I] is the 4 x 4 unit matrix and “det” represents the determinant of the matrix.

Assuming that the geomagnetic field has an angular £2 with the Z direction, and
its projection in the horizontal plane has an angular ¢ with the X direction, the di-
rectional cosines of the geomagnetic field in the Cartesian coordinate system are ex-
pressed as sin £2 cos ¢, sin §2 sin ¢, and cos £2, respectively. In the following deriva-
tions and analyses, we will neglect the contribution to the permittivity tensor by the
ions in the ionosphere. We denote

5 :
w, 1+i1Z

x=2e,  z-Y o Tz _re (5.24)
W 10} X w
Y .

hzf; hy =hcos £2; hr = hsin $2, (5.25)

then, the elements in the matrix M, which represents the susceptibility of the iono-
sphere, are denoted as follows:

212 .2 2 o .
t* — h7 cos” ¢ h% singcosg +ihpt
My =———1——; My =-L . (526
o 1(12 — h2) * 1(12 — h2) (5.26)
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M, = ; M, = , 5.27
e t(t2 — h2) 7 1(t2 — h?) (5-27)
212 2 . .
t* — h7 sin” ¢ hpht sing 4 ih7t cos ¢
Myy=——-T"_". M, = , (5.28
> 1(t2 — h?) e 1(12 — h2) (5-28)
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hpht cos¢ +ihrt sing hphrsing —ihrt cos¢
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2 2
2—h
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Substituting Egs. (5.26)—(5.30) into Eq. (5.23), we obtain the following Booker
quartic equation:

baD* + b3D3 + by D* + b1 D + by =0, (5.31)
where
by =1(t*> — h*) — 1>+ h3, (5.32)
by =2Scosphrhr, (5.33)
by =2t{(1 = 8*)h* — (t = D[(1 - %)t — 1]}
—h3(1 = §%cos* ¢) — h7 (2 — §?), (5.34)
by = —2(1 — $?)ScosphLhr, (5.35)

bo = (t — D{[(1 = 8%)t = 1]* = (1 = §?)h3 cos® ¢
— (1= 8?)[(1 = %)t — 1](hF sin* ¢ + h}). (5.36)

From the complex coefficient algebraic quartic equation (5.31), it is seen that
this equation has four roots, where the two roots in the first quadrant represent
the upward characteristic waves, and the other two in the third quadrant represent
the downward characteristic waves. When the waves from below penetrate into the
ionosphere, considering that the ionosphere is a homogeneous anisotropic plasma,
the waves will not encounter the reflections by the uneven surface, and there are
only upward waves in the ionosphere.

Obviously, this algebraic equation can be solved readily by the traditional
method. It can also be solved by the numerical method which is used to solve a
transcendental equation.

When the eigenvalues of the matrix T are solved, the corresponding eigenvectors
are obtained easily. Thus, the wave polarizations are determined uniquely. If we
take the component E, as a reference, the ratios of the rest component to Ey, can be
obtained readily. We write

P =

~

_ 1 [hih7sin?¢ + hircos®§ @ 12 — h% sin® ¢
M 12(t> — h?)? (1> — h?)

2 2
(_e_ M
(1 S z(ﬂ—h%)}’ (5.37)
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In Egs. (5.37)-(5.41), corresponding to the two different characteristic waves, the
normalized characteristic wave numbers D are different from each other. In general,
the two characteristic waves are distinguished as the ordinary wave (O-wave) and
extraordinary wave (E-wave). Then, the two upward waves in the ionosphere are
expressed as follows:

on = Po
Eoy =1
Eo; =0 ikDy(z—z0) a1k Sx
nHyy = —D, [ ¢ ™ (5:43)
77pr =T,
nHoz -
and
Eex = Pe
Eey =1
E.; = Qe ik Do (z—20) aikSx
nHo = —D, [ ¢ et (5.44)
nHey =T,
nHez =S

For SLF/ELF waves in the space between the Earth’s surface and the lower
boundary of the ionosphere, the main propagating mode may be understood as a
vertically polarized TM(y mode. This mode may be regarded as the superposition of
the incident wave and its reflected wave with the sine of the incident angle Sp. If we
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take the component nHy as a reference, the components of the incident wave are
expressed in the following forms:

Eyi C . .
Ez[ — _S elkC(Z—Z())elkSX. (545)
nHyi 1

Correspondingly, a reflected wave will be produced in the air—ionosphere inter-
face. The propagating properties of the reflected wave should be consistent with
those of the incident wave in the X direction, while the properties are opposite in the
Z direction. Thus, it follows that

Ezr — _S ”R”eflkC(Z*ZO)elka’ (546)
nHy, 1

where | R represents the reflection coefficient, and the subscript || indicates that
the polarization of the incident wave and that of the reflected wave are in the same
incident plane.

Considering the effects by the geomagnetic field, the ionosphere is regarded as
an anisotropic plasma. Generally, the propagating wave in the ionosphere has six
components. Besides the original polarized TM mode, the new polarized TE mode is
generated. Thus, another reflected wave appears, which is expressed in the following
form:

Ey, 1 . .
NHy, | =| C | Rpe *CET0ehkSy, (5.47)
nH;, S

where the subscript L in the reflection coefficient || R | indicates that the polarization
plane of the reflected wave is perpendicular to the incident plane.
From the boundary condition in the air—ionosphere interface, we have

C— R)=A,P,+ AP,
1RL=A4,+ A,

C\RL=—-D,A, — DA, (5.48)
1+ ||R|| =T,A, + T, A,
By solving the above equations, it follows that
W —2C(C + D)
"7 (C+Dy)(Pe+CT,) — (C+ D)(Py + CT,)
A= 2C(C + D,)
(C+ Dp)(Pe + CT,) — (C + D.)(Py + CT)) (5.49)
(C+ De)(P, — CT,) — (C + Dy)(P. — CT)
R = €T DY) (Pe + CT2) — (C + Do)(Po 4 CTy)
2C(Dy — De)
IR = CE Do) (P £ CTo) = (C + Do) (P, + CT)
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It is noted that Eq. (5.31) will be reduced to a quasi-quadratic equation, which
can be solved easily, in the following three special cases:

e Case 1: hy =0, i.e. the geomagnetic field is horizontal, which is applied to the
case near the geomagnetic equator.

e Case 2: hr =0, i.e. the geomagnetic field is perpendicular to the Earth’s surface,
which is corresponded to the case near the two geomagnetic poles.

e Case 3: ¢ =90° or ¢ =270°, i.e. the propagation direction is eastward or west-
ward.

The solutions of the quasi-quadratic equation are written in the forms

—by + /b3 — 4bob , —ba— /b3 — 4bobs

D? = : D? = . 5.50
o 2by ¢ 2by ( )

In the case of iy =0, the polarization factors are simplified as follows:

1 [ h%cos?¢ 2 — h%sin® ¢
M

(t2 _ h2)2 o t(tz _ h2)

x<1—s2— — )} (5.51)
12— h?

t h%cos¢sing  ihcos¢ ihsing
M=(1-5*- - SD+ ——— ), (5.52
( 12—h2> t(t2 — h?) t2—h2( +t2—h2> (5.52)

Q:i{[l—sz—Dz— t2—h2sin2¢}(SD+ ihsin¢>

[I—SZ—Dz—

M t(t2 — h?) t2 — h?
ih3 cos? g sin¢ }

Ty (5.53)

In the case of ¢ = 90° or ¢ = 270°, both the molecules and the denominator in
Egs. (5.51) and (5.53) are simultaneously 0. Thus, this case need to be treated in an
additional manner.

When both the conditions 27 = 0 and ¢ = 90° or ¢ = 270° are satisfied, the
solutions of the quasi-quadratic equation are obtained readily. We write

1 r—1
2 _ 2 . 2_ 2
DO—C _;, De—C _m. (5.54)
Correspondingly, the two characteristic waves are expressed in the forms
Eyo=0
Ey=1
E,=0 ik Dy (2-20) ok Sx
nHyo = —D, Ape et (5.55)
nHyo =0

nH;, =S
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xe —
nHy, = D, — SL
nHze =0
where
SD,(t* — h?) +ihsing 557
o t=CX12—h?) 5.57)
With boundary condition equations, it is solved readily:
R C(SL—-D,)+1
= cSL =Dy —1
A, =R . =0 . (5.58)
2C
Apm
C(SL—-D,)—1

5.2.2 Computations and Discussions

With £2 = 45° and ¢ = 45°, the real and imaginary parts of the normalized wave
numbers Dg and D, are computed in the ranges from 3 Hz to 300 Hz and shown
in Figs. 5.2, 5.3, 5.4, 5.5. In the above computations, we assume that the electron
plasma angular frequency is taken as wg, = 6.67 x 107 rad/s, the geomagnetic field
strength is By =0.5 x 107* T.
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From these computations for SLF/ELF ranges, it is concluded as follows:

e The real and imaginary parts of Dg are positive, while the real part is much
smaller than the imaginary part. That is to say, when the ordinary wave propa-
gation is upward in the ionosphere, the amplitude attenuates quickly, while the
phase change is very small. Thus, the ordinary wave is a rapid evanescent wave.

e The real and imaginary parts of D, are also positive, but the real part is much
larger than the imaginary part. Then, it is seen that the extraordinary wave can
propagate in the ionosphere with little attenuation.

e The imaginary part of D, is decreased with the decrease of the collision frequency
v, the attenuation of the extraordinary wave mainly results by the collision absorp-
tion. In the ionosphere, the electron collision frequency v will decrease with the
increase of the height z above the Earth’s surface. Therefore, the ionosphere at-
tenuation occurs mainly in the lower ionosphere, for which the ionosphere height
is in the range of 70—100 km. Above the lower ionosphere, the collision frequency
v becomes small, and the attenuation of the extraordinary wave will be small, too.

e The real and imaginary parts of D, and those of D, will decrease with the in-
crease of the operating frequency.

We assume that the angular plasma frequency is wg, = 6.67 x 107 rad/s, the
electron collision frequency is v = 10> s~!, the operating frequencies are taken as
f =30Hz and 300 Hz, and the angle £2 are taken as 75°, 45°, and 15°, respectively.
In the case of the incident wave being TEM wave, the real and imaginary parts of
D, versus the angle ¢ are computed and shown in Figs. 5.6, 5.7, 5.8, 5.9. From the
above calculated results, we conclude as follows:

e The real and imaginary parts of D, to the azimuth are symmetrical. The minima
of the real and imaginary parts are at ¢ = 0 or 360°, while the maxima at ¢ =
180°.

e The real and imaginary parts of D, at lower latitudes are larger than those at the
higher latitudes, and the directional effect is more significant.
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e The higher the operating frequency is, the smaller the real and imaginary parts of
D, are.

Assuming that the angular plasma frequency is wp, = 6.67 x 107 rad/s, the ge-
omagnetic inclination angle is £2 = 45°, and the electron collision frequency is
v = 103 s7!, the reflection coefficients IRy and R, and the transmission coef-
ficients A, and A, versus the operating frequency are computed and shown in
Figs. 5.10-5.13. From Figs. 5.10 and 5.11, it is seen that the amplitudes of | R
and | R are close to 1 and 0, respectively. It is indicated that, if the incident wave
is vertically polarized, the reflected wave is primarily the vertically polarized wave,
and the horizontally polarized wave is very small. From Figs. 5.12 and 5.13, it is
seen that both the amplitudes of A, and A, are very small, and their phase differ-
ence is 90°.

With the same parameters as above except for the plasma angular frequency be-
ing taken as wg, = 3.33 x 10° rad/s, the reflection coefficients | R and | R are
computed and shown in Figs. 5.14 and 5.15, respectively. Comparing Fig. 5.14 with
Fig. 5.10, it is found that the lower the angular plasma frequency is, the smaller the
reflection coefficient | R is.

With f =30 Hz, By=0.5 x 107* T, wg. = 6.67 x 107 rad/s, 2 =45°, and v =
103 s~1, the reflection coefficients IRy and | R, and the transmission coefficients
A, and A, versus the angle ¢ are computed and shown in Figs. 5.16, 5.17, 5.18,
5.19, respectively.

We assume that the angular plasma frequency is wg, = 6.67 x 107 rad/s, the
electron collision frequency is v = 10 s~!, the operating frequencies are taken as
f =30Hz, and the angle £2 is taken as 75°, 45°, and 15°, respectively. In the case of
the incident wave being a TEM wave, the magnitudes of the reflection coefficients
| Ry and | R versus the angle ¢ are computed and shown in Figs. 5.20-5.21. From
the above calculated results, it is concluded as follows:

e The minimum for the magnitude of the reflection coefficient || R is at ¢ = 90°,
while the maximum at ¢ =270°.

e The minimum for the magnitude of the reflection coefficient || R is at ¢p = 180°,
while the maximum at ¢ = 0° or 360°.

e The magnitudes of the reflection coefficients | R at lower latitudes are larger than
those at the higher latitudes, and the directional effect is more significant.

5.3 Propagation of SLF/ELF Waves in Inhomogeneous
Anisotropic Ionosphere

In this section, the inhomogeneous ionosphere is idealized as a horizontal stratified
anisotropic plasma. In what follows, we will attempt to treat analytically SLF/ELF
wave propagation for a horizontal stratified anisotropic ionosphere.
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Fig. 5.10 The magnitudes
and phases of the reflection
coefficient || R versus the
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By=0.5x107%T,

wge = 6.67 x 107 rad/s,
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Fig. 5.11 The magnitudes
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operating frequency:
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wge = 6.67 x 107 rads,
R=¢p=45°,v=10>s"!

Fig. 5.12 The magnitudes
and phases of the
transmission coefficient A,
versus the operating
frequency: By =0.5 x 1074
T, woe = 6.67 x 107 rad/s,
QR=¢p=45°,v=10s"!
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Fig. 5.13 The magnitudes
and phases of the
transmission coefficient A,
versus the operating
frequency:
Byp=0.5x107*T,

e = 6.67 x 107 rad/s,
Q=¢=45,v=103s""!
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coefficient || R versus the
operating frequency:
By=0.5x107*T,

wge = 3.33 x 100 rad/s,
R=¢p=45°,v=10s"!

Fig. 5.15 The magnitudes
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Bp=05x107*T,
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5.3.1 SLF/ELF Wave Propagation in Stratified Anisotropic
Ionosphere

As shown in Fig. 5.22, the lower ionosphere is divided into N layers; each interface
between two layers is parallel to the plane of the ground; and each layer is regarded
as a homogeneous anisotropic plasma. Above the height z;,, the region is regarded as
a homogeneous anisotropic plasma with a sharp boundary. Each layered plasma can
be characterized by the tensor permittivity &;, which is determined by the parameters
including the electron and ion densities, the collision frequencies of the electron and
ion, the geomagnetic field strength, and so on.

Considering the ionosphere is a stratified anisotropic plasma, the wave will en-
counter reflection in the interface between two layers in the ionosphere. As ad-
dressed in Sect. 5.2, it is seen that there exist two upward waves and the other two
downward waves. Note that the downward waves can be understood as the reflected
wave caused by the interface between two layers of the ionosphere. As for the two
upward waves, the first one is a rapidly evanescent wave, and the other one is a wave
which can propagate. It is similar for the two downward waves. The characteristics
for the two downward waves are also similar.
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For convenience in the description of the electromagnetic field in each layer, we
denote a column vector, which represents the four horizontal components in the ith

layer. We write

- T
ei=lexi ey hy hyl .

(5.59)

We assume that &, &7, &;, and & indicate the four eigenvectors in the ith layer,

which correspond to the four characteristic waves. Here é} and éiz represent the two
upward waves, while é? and é? represent the two downward waves. The correspond-
ing eigenvalues are expressed as Dl.1 ) Diz, Dl?’, and D;L, respectively. Then, the field
components in the ith of the ionosphere are expressed as follows:

~ ~ ikD! (z—z; ~ ikD2(z—z;
é =Al-1e,-1 . elkD; (z=zi-1) +Al-231-2-elkDi (z=zi-1)

~3 ik D3(7—7: ~4 ikD*(7—7:
+ A3e] kD GmzinD) 4 AtgleikDiGmzie), (5.60)

In the above formula, the first and second terms represent the two upward waves,
while the third and fourth terms represent the two downward waves. It is noted that
the reference plane is taken as the lower boundary z; 1 of the ith layer.
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We denote that the 4 x 4 matrix [e;] is in the form of

lei]=[e! & & & (5.61)
the matrix D; is a diagonal matrix,
kDl (i) 0 0 0
kD2 (z—z:
(D] = 8 ek D; ((z) Zi—1) eikD?((z)iziil) g : (5.62)
0 0 0 ek D i=zi-1)
and A is a column vector, which is written in the form of
Ai=[Al a2 A A" (5.63)
Then, Eq. (5.60) can be rewritten in the following form:
e, =le;]-[Di]-A;. (5.64)
With the boundary condition at z = z;, it is follows that
Gitlimzy = &l . (5.65)
It can be rewritten as follows:
leiv1]-Aiv1 =[e]- [Df] - A, (5.66)
where [Dl.*] represents the value of Eq. (5.62) at z = z;. Itis
ekDidz g 0 0
kD2 Az
[Df]= g elkD(; - it D% i g : (5.67)
0 0 0 ok D} Az

where Az; is the thickness of the ith layer of the ionosphere.

It is known that the four column vectors in the matrix [e;] represent the normal-
ized polarization factors of the four characteristic waves, and the four column vec-
tors are linearly independent. Thus, for the matrix [e;], there exists a corresponding
inverse matrix, and the recurrence relations are obtained readily. We write

-1 _ .
A =[Df]" el U lei1]-Aiy; i=1,2,...,N, (5.68)
where
efikD[,lAzi 0 0 0
N2
w1 _ 0 e kD Asi 0 0
(i =], 0 eiwnian (5.69)

0 0 0 e—ikD?AZi
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If the procedure in Eq. (5.68) is continued, it follows that
—1 _ —1 _
A =[D{]" -lei]™" [eal - [D3] 7 -[eal ™" - [e3] -
-1 _
D3] lenT" - leniil- Anyr. (5.70)
If the matrix [P] is denoted by

[P]= [Dﬂ_l el - [ea] - [D;Tl ea]™" - [83]...[07\,]—1 TenT" - Ten1].
(5.71)
Equation (5.70) can be rewritten in the form

A =[P]-An4i1. (5.72)

In the Nth layer, there does not exist an uneven surface. Thus, the wave will not
encounter the reflection, and there are only the upward waves in the Nth layer of
the ionosphere. We write

Avii=[Ah, AL, 0 o] (5.73)

When the incident TM wave is below the z = z¢ plane, the components of the
incident wave are expressed in the matrix form. We write

Ey c
E; |=| -8 |ekCEoehkss, (5.74)
nHyi 1

The horizontally and vertically polarized reflection waves are generated. They
are

Exr _C . .
Ey |=| =S | |Rje KCGETm0)gikSx (5.75)
nHy, 1
and
E)”’ 1 . .
NHy | =| C || Ryie KCET0eiksy, (5.76)
nHz N

In the air below the plane z = zg, assuming that the horizontal magnetic field
component of the incident wave is normalized to 1, the four components can be
expressed in the following form:

E, C(— Ry
_ | Ey _ IRL

€0li—z = i, = & | (5.77)
nHy L+ Ry

=20
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With the boundary conditions at the interface z = zo, it is seen that the field compo-
nents should be continuous. We have

€0l—zg =€1l;=zo =le1]-Ar =[er1] - [P]- Anqr. (5.78)

In Eq. (5.71), each element of the matrix [P] depends on the properties of the
ionosphere, the geomagnetic direction, and the incident angle, and it is independent
of the amplitude and polarization of the incident wave. When the matrix [P] is
solved, for Eq. (5.78), there are only four unknown parameters: | R, R, A 11\, e
and A%, 41- Itis noted that || R and | R represent the reflection coefficients, while
A}V 41 and A%V 41 represent the transmission coefficients.

Let

On Qr 013 Qu
021 O 03 0Oxn

[O1=[e1]-[P1= 031 Oxn 033 0O |’ (5.79)
O41 QOa 043 Qu
then the following equations are obtained readily:
C(L—R)=CnAyy + QuAyy
IRL= 021441 + 0nAY (5:50)
CIRL= 0314y + CnAY
L+ Ry = QaiAy,, + QnAy,,
Thus, the solutions are expressed as follows:
R — (CO21 — 031)(CQ42 — 012) — (CO2 — O3)(CQ41 — O11)
= (€02 = 03)(C 0+ 012) — (CO2 — 032)(COu + O11)
R, — 2C(02103 — 02031)
1 T (€021 = 03)(C 0w + 012) — (€02 — 032)(C Q41 + O11)
Al —2C(C Q2 — 03)
NHT (€021 — 031)(CQa + Q12) — (CO2m — 032)(C Qa1 + O11)
A2 2C(C Q21 — 031)
N (C 021 = Q31)(CQar + Q12) — (CO2: — 032)(C Qa1 + O11) an

5.3.2 Computations and Discussions

In general, the changes of the ionosphere’s electrical parameters with the ionosphere
height are dependent on the geographic latitude, season, and local time. According



158 5 Propagation of SLF/ELF Waves in Anisotropic Ionosphere

to the data in Tables 1.2 and 1.3 in the book Blaunstein and Plohotniuc (2008), the
profiles for the ionospheric electron density and the electron collision frequency for
daytime and nighttime can be obtained readily.

By using the method addressed in Sect. 5.3.1, the following computations are
carried out. We assume that the ionospheric parameters are taken as those for night-
time model as shown in Table 2.1 in Chap. 2, the geomagnetic field strength is
Byp=0.5x 1074 T, and the angles £2 and ¢ are taken as §2 = ¢ = 45°, the reflec-
tion coefficients || R and R and the transmission coefficients A }v and A%V versus
the incident angle 6 are computed at f = 30 Hz and f = 300 Hz, and shown in
Figs. 5.23 and 5.24, respectively. From the above calculated results, we conclude as
follows:

e The magnitudes of the reflection coefficient | R are close to 1, and it indicates
that the ionosphere has good reflection characteristics in the SLF/ELF ranges.

e The magnitudes of the reflection coefficient | R are not close to 0, and they are
smaller than those of | R). This indicates that, for SLF/ELF incident waves, the
polarized coupling and conversion, which are resulted by the anisotropic proper-
ties of the ionosphere, are generated and should not be neglected.

e Despite that the magnitudes of the transmission coefficients A 11\, and A%V are rela-
tively smaller, they should not be neglected. It is shown that for SLF/ELF waves
there is still a small part that can penetrate the ionosphere to reach outer space.
It is well known that for SLF/ELF waves the ordinary wave in the ionosphere
attenuates faster than the extraordinary wave. This corresponds to that the trans-
mission coefficient of the ordinary wave is smaller than that of the extraordinary
wave.

e When the operating frequency increases from 30 Hz to 300 Hz, the characteristic
value for the extraordinary wave decreases. That is to say, with the operating fre-
quency increasing, the ionospheric refractive index in SLF/ELF regions reduces.
Thus, the difference between the ionospheric and atmospheric refractive index
becomes smaller. Correspondingly, at the air—ionosphere boundary, the reflection
coefficient reduces, while the operating frequency increases.

e Because the electron density and collision frequency in daytime are larger than
those in nighttime, the transmission coefficient in daytime is smaller than that in
nighttime. That is to say, it is more difficult to penetrate into the ionosphere in
daytime.

e The changes of the reflection and transmission coefficients as the incident angle
are more complicated than those for the homogeneous ionosphere with uniform
sharp boundary. It is resulted by the internal reflection, the conversion, and the
coupling in the stratified ionosphere.

In this chapter, the propagation of SLF/ELF electromagnetic waves in the pla-
nar stratified anisotropic ionosphere is treated analytically and some new numerical
results and discussions are presented specifically.
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Chapter 6

ELF Wave Propagation Along Sea-Rock
Boundary and mCSEM Method

In this chapter, ELF wave propagation along the surface of the ocean floor or layered
ocean floor is treated analytically and some computations are carried out carefully.
Finally, the mCSEM method is addressed specifically.

6.1 Introduction

Over a century ago, the first analysis of the field excited by an HED near or on
the boundary between two different half-spaces was treated in the dissertation of
von Horschelmann (1911), a student of Sommerfeld. As with the VED addressed
by Sommerfeld (1909), the field is expressed in terms of the derivatives of gen-
eral integrals, and those kinds of the integrals including Bessel function are defined
as Sommerfeld’s integrals. It is well known that for the Sommerfeld integrals it is
difficult to obtain the analytical solutions. Lately, the subsequent developments on
this problem were carried out by many investigators (Van der Pol and Niessen 1930;
1935; Norton 1937; Bafios 1966; Wait 1953, 1956, 1961, 1970). Since the 1980s, the
properties of lateral waves excited by an HED on the planar boundary between two
different media have been treated extensively (King et al. 1980, 1984, 1986, 1989;
King and Brown 1984; King 1989; Pan 1985; Wu and King 1987). The details are
addressed in an excellent monograph by King et al. (1992). With the extension of
the two-layered case, the electromagnetic field of an HED in three- or multi-layered
region has been investigated widely (Wait 1970; Dunn 1984, 1986; Hoh et al. 1999;
King 1991, 1993; Li et al. 1998, 2004; Collin 2004a, 2004b; Li and Lu 2005; Zhang
et al. 2005), and the new developments on this problem were summarized in a recent
book (Li 2009).

In the early 1980s, a new plan was proposed for detecting the subbottom struc-
ture by measuring the seabed conductivity with ELF wave propagation along the
boundary between the sea water and the ocean floor (Chave and Cox 1982). With
the great progress over 30 years, the mCSEM method has been developed as a use-
ful method in geophysical prospecting and diagnostics with low cost and high effi-
ciency.

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves, 161
Advanced Topics in Science and Technology in China,

DOI 10.1007/978-3-642-39050-0_6,
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Fig. 6.1 The physical model z
for an HED on the surface of Y (x,,2)
the ocean floor Region 1 (sea water)
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1d/ | ry
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X
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Region 2 (Rock)
(1o, €2, 07)

In this chapter, we will treat analytically ELF wave propagation along the bound-
ary between sea water and ocean floor or layered ocean floor and address the mC-
SEM method specifically.

6.2 ELF Field of HED on the Boundary Between Sea Water and
Ocean Floor

In this section, we will treat analytically the ELF electromagnetic field radiated by
an HED on or near the boundary between the sea water and ocean floor.

6.2.1 The Integrated Formulas of the Field in Sea Water and
Ocean Floor

The geometry under consideration is shown in Fig. 6.1, where the HED in the x
direction is located at (0, 0, d). Region 1 (z > 0) is the space occupied by the sea
water characterized by the permeability ¢, relative permittivity &,1, and conduc-
tivity o1. Region 2 (z < 0) is the ocean floor characterized by the permeability 110,
relative permittivity &7, and conductivity o73.

In the monograph by King et al. (1992), the integrated formulas and approxi-
mated formulas are obtained for the electromagnetic field radiated by an HED on or
near the boundary between the sea wave and the ocean floor. The integrated formu-
las in Region 1 (sea water) are written in the following forms:

wpol dl
Eip=— 3 cos ¢
4mky

00 2
X </ {k%JO(KP) - %[Jo()»p) - Jz()»p)]}yl_lei”llz‘”)\d)\
0
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In Egs. (6.3)—(6.5), the signs “#£” are included, where the upper sign “+” and the
lower sign “—"" correspond to z > d and 0 < z < d in Region 1, respectively.
The integrated formulas in Region 2 (ocean floor) are expressed as follows:

Eyy=— in cos ¢

x ( / {M-l [JoGo) + 200)] + 22 [ o) - Jz(?»p)]}
x elr1d=—nz)y dA),

wuol dl .
Ery = I sin ¢

(6.10)

x ( fo {M_I[Jo(/\p) — 160)] + L2 [Joo) + Jz(xp)]}

o elnd—n2); dA),

(6.11)
iwpmol dI o i
Ep; = —lw% cos ¢ / %Jl ()1 4772922 da, (6.12)
T 0
Idl |
By, = 'u(é)hr sin ¢
0 2
72 kyyi
y ( /O {M[Jo(?»p) — D2p)] + E o) + 1204))]}
< ei(Vld—VZZ))Ld)L), (6.13)
1dl
Byy = Ho cos ¢
“[r kin
« /O 2 0G0) + G0)] + 22 [Johp) = 122p)]
x ei()/ld—)/ZZ))\' dk), (6.14)
ol di o i
= 1“; sing / M I (hp)el V19712232 ) (6.15)
T 0

In the monograph by King et al. (1992), the complete approximated formulas are
obtained. We write

Ei(p.d.2) wpol dl cos
) b 7)) =—
Lpip 2nk%
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3
In the above formulas, r| = /p2 + (z —d)?, 1y =/ p%> + (z +d)?, p. = ];27';),
1
and the Fresnel integral F(p,) is defined by

1
F(pe) = S+ 1) — C2(pe) —182(pe), (6.25)

where

ell

Pe
Co(pe) +152(pe) = ——dr.
2(pe) +182(pe) /0 a1

(6.26)

In Egs. (6.16)—(6.21), the second term including the propagation factor e*1”1 and
the third term including el%22 stand for the direct wave and the ideal reflected wave,
respectively. The first term including e'¥1 Gt4)eik2# stands for the lateral wave. The
lateral wave travels downward from the transmitting dipole a distance d in Region 1
(sea water) to the boundary, then radially along the boundary in Region 2 (ocean
floor) a distance p, and finally vertically upward a distance z in Region 1 (sea water)
to the receiving dipole.

At large distance from the transmitting dipole to the receiving point, we have
p>d, p>z,r ~ p,and r; ~ p. Because the attenuation in the ocean floor is
much smaller than that in the sea water, namely, Im(k,) < Im(ky), the two terms
of the directed wave and ideal reflected wave are much smaller than the term of the
lateral wave. In this case, there are only the terms of lateral wave in Egs. (6.16)—
(6.21). We write
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Similarly, the complete approximated formulas for the electromagnetic field in
Region 2 (ocean floor) are obtained readily (King et al. 1992). We write

wpol dl
an%

E2p(ﬂ,¢,z)=_ OS¢
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6.2.2 Computations and Discussions

In order to verify the accuracy of the approximated formulas, for the actual propaga-
tion conditions, the computations by the approximated formulas and the directional
numerical calculations on the integrated formula are carried out, respectively. It is
noted that three waves, the directed wave, the ideal reflected wave, and the lateral
wave, are included in the approximated formulas in Egs. (6.16)-(6.21), while only
the lateral wave is included in the approximated formulas in Egs. (6.27)—(6.32).

We assume that the operating frequency is f = 1 Hz, the sea water is char-
acterized by the permeability o, relative permittivity &1 = 80, and conductivity
o1 =4 S/m, and the rock is characterized by the permeability ¢, relative permit-
tivity €, = 10, and conductivity oo = 0.01 S/m. With d =30 m and z = 1 m, the
magnitudes of the three electric field components, which are radiated by an HED in
sea water, are computed and shown in Figs. 6.2, 6.3, 6.4, respectively.

From these computations, it is seen that the results by using the directional nu-
merical calculation method are in agreement with those by using the approximated
formulas and those by using only the lateral-wave term at the regions of p > 600 m,
and the differences between the three computed results are within 0.7 dB. At the
regions of p < 100 m, the differences are enlarged over 5 dB.

We assume that the transmitting source is located at the height of d = 30 m, and z
is taken as —1 km, —2 km, and —3 km, respectively. The components E>,(p, 0, z'),
Ez(p, %,z/), and E;,(p,0,z) in the ocean floor are computed and shown in
Figs. 6.5, 6.6, 6.7, respectively. It is noted that the computations are obtained by
the directional numerical calculation method. And the differences of the computed
results by using the approximated formulas and those by the directional numerical
calculation method are similar to those of the field components in the sea water.

From Figs. 6.5-6.7, it is seen that at p < 1 km, the deeper the depth of the receiv-
ing point, the smaller the field strength. This is resulted by the fact that the deeper
the depth of the receiving point, the larger the distance from the transmitting source
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and the receiving point, and correspondingly the greater the propagation loss. At
considerable large distance between the transmitting source and the receiving point,
when the depth of the receiving point increases, the total propagation distance does
not increase significantly. Meanwhile, the directions of the energy flow in the ocean
floor, which are not completely in the vertical and horizontal directions, show a
complex trajectory. Therefore, at a large distance of p > 5-10 km, when the depth
of the receiving point is deeper, the field strength may be stronger. We assume that
the distance p is taken as 1 km, 5 km, and 10 km, respectively. The magnitudes of
the field components versus the depth z’ are shown in Figs. 6.8, 6.9, 6.10, respec-
tively.

6.2.3 Poynting Vector and Its Trajectory in Ocean Floor

The ELF wave, which is radiated by an HED near the boundary between the sea wa-
ter and ocean floor, propagates mainly in the lateral-wave form. In order to illustrate
the penetrating depth of the lateral wave, it is necessary to analyze the direction and
the trajectory of Poynting vector in the ocean floor. By classic electromagnetic the-
ory, it is well known that the energy-flow direction in a medium is mainly described
by the Poynting vector. The electromagnetic field radiated by an HED in the ocean
floor can be divided into the electric-type (TM) components and magnetic-type (TE)
components, where the orientation changes of the electric-type components E, and
those of the magnetic-type components are described by using the functions cos ¢
and sin¢, respectively. The Poynting vector of the electric-type components and
that of the magnetic-type components are defined, respectively, as follows:
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(6.42)

(6.43)

Evidently, there exists the é component of the Poynting vector in the ocean floor,

i.e.

¢ " .
S2eM = %(Ezszp — E3,By,).

(6.44)

The 43 component, which is in the azimuth direction, does not play a role for
the outward diffusion and the downward penetration of the wave energy. Thus, it
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is not focused on the analyses. It is well known that the direction of the Poynting
vector represents the direction of the energy flow of the electromagnetic wave. In
the stratified media, the direction of the Poynting vector will be changed with the
propagation path, so that its trajectory is certainly not a straight line. The slope of
the trajectory of the wave vector should be expressed as follows:

dz . dz’ _ Re(S2;)

— =——= . (6.45)
dp dp  Re(S2p)
For the electric-type (TM) wave, it is written in the form of
d dz’ Re(E2,B5y)
T e g (6.46)

dp~ dp  Re(ExBj,)’
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For the magnetic-type (TE) wave, it is written in the form of

d d7  Re(EyB3)
_Zz__zz_id’z*p_ (6.47)
dp dp Re(E4 B5.)

In the ocean floor, the components of the electromagnetic can be expressed by
Egs. (6.33)-(6.38). Considering the distances between the transmitting source and
the receiving point are generally in the range of 20-30 km in practical applications
of mCSEM method, it is seen that the parameter P* in Eq. (6.39) is actually close to
0, and the term of Fresnel integral in Eqgs. (6.33)—(6.38) can be neglected. In order
to obtain the analytical formula for the energy-flow trajectory in the region near the
transmitting source, only the most fundamental-mode term of the formulas of the
electromagnetic field is retained, while the rest terms are neglected. Thus, we write

Eyp ~ — 2 ik —— ) (=4 2 )i, 6.48
20 2‘J'l7k1 © COS¢ rg ro + k1 ¢ ( )
wpoka I dl 4 4 . Z . i ik
By | k3 L \eikaro, 6.49
20 ks e 1“sin¢ I +1z kzrg e ( )
Ey. ~ Meikld cos ¢ L _i eikaro (6.50)
¢ Q,Tlikl ro r2 ’ '
0
ko1 dl oo
By, ~ _poral & sin ¢e‘k‘delk2r°

27k

2p% — 72 i 3koz 2i
X[( 72 )(k 3)‘(1” )(k 3)} 03D
0 zro 170 2}’0
. i .
By A — ———_)eikero, 6.52
2 2k cos¢( k2r8>e (6.52)

kol dl . 3 i i\ .
By, & _Melkld sin¢<—§> (;3) (Z _ l_)elkzro_ (6.53)
2mky ry karg ki

For the electric-type (TM) wave, with the substitutions of Egs. (6.48)—(6.53) into
Eq. (6.46), the dip angle of Poynting vector is expressed in Eq. (6.54):

g RelGy+ 26!

dp Re[Z(—1)]
0

(6.54)

where

k
ro = /(p2+zz); k_?: Z_?:(S’ (6.55)

ki = Bi +i; =e'T Jomgor; i=1,2. (6.56)
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Thus, Eq. (6.54) can be rewritten in the form

T (R PR G )|
— =Re
dp B P2p
)
RPN ) (6.57)
p p o
With the change of variable, 7’ = —z = sp, we have

& _ 4, (6.58)
—_— = —_—. .
dp 'Od,o

With the substitution of Eq. (6.57) into Eq. (6.58), it follows that

ds

— =-3. 6.59
pdp (6.59)

The solution of the above differential equation can be expressed as follows:

5= —51n(ﬁ>. (6.60)
0
Then, we write
J=—8p ln<ﬁ>. (6.61)
0

It is noted that when p =0, z’ ~ 0, and when p = pg, 7’ = 0.
When p is in the interval from O to pp, the maximum z’ = g, is reached at
0 = pm. We write

7, =2 (6.62)

When p = p,, and 7’ = z),,, there only exist the horizontal components for the
Poynting vector. Evidently, there exists the outward diffusion rather than the down-
ward penetration.

In Fig. 6.11, a schematic diagram of the trajectory of Poynting vector for the
electric-type (TM) wave in the ocean floor is shown. In the computations, the oper-
ating frequency f = 0.5 Hz, and the conductivity o7 is 4 S/m, while the conductivity
07 is taken as 0.001 S/m and 0.0001 S/m, respectively.

From this figure, it is seen that the farther the receiving point from the trans-

mitting source, the deeper the wave penetrates in the ocean floor. The maximum of
o,

the penetration depth is approximated as z),, = o

20, where py is the horizontal

distance between the receiving point and the transmitting source. In this section, in
order to obtain the simplified analytical solution of the flow trajectory, we take the

2
two assumptions of kpr < 1 and P* = % < 1.
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For instance, f = 0.5 Hz, oo = 0.001 S/m, if ro > 10 km, then kpro > 0.628.
Obviously, in practical cases, the above two assumptions are not strictly satisfied,
so that the energy-flow trajectory in the actual ocean floor is more complex than
that in Fig. 6.11. However, the direction of the energy flow still can be described
qualitatively by the trajectory in Fig. 6.11.

For the magnetic-type (TE) wave, with the substitutions of Eqgs. (6.48)—(6.53)
into Eq. (6.47), the dip angle of Poynting vector is expressed in Eq. (6.63):

2 2
Re(25E — 3hz
dr __RebogBiy R~ ) (6.63)

Ao Re(EnBy)  RelCD+ il
0

With k; = ioppoi, Eq. (6.63) is simplified as

d 252 _ 2 2 202 — 72
_Z=_2|:u_3 <1+Z_2>}~_z(u_5), (6.64)
dp 3pz 0 3pz

where § = /g—f is a small constant. For mathematical convenience, the small con-

stant § is temporarily omitted. With the change of variable, 7/ = —z = sp, we have
dz’ ds
— = — ). 6.65
=" +p ( d,o) (6.65)

It follows that

ds 4452
P == .

6.66
dp 3s ( )
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Then, we rewrite

2sd o 2d
L — '0 (6.67)
s24+4 3p
Integrating the two sides in Eq. (6.67), we have
3
In(s> +4) =1n <ﬂ> : (6.68)
P

where p; is the integration constant. With Eq. (6.68), the solution is obtained readily.
We have
;203 2,1
7 =p3(p] —4p3)>. (6.69)
Here, we denote that pg is the distance from the energy-flow trajectory to the

boundary of the sea water and the ocean floor. When p = pg, 7/ = 0, we obtain
2

,ol = 4,00 or ,0] —43 po- Thus, Eq. (6.69) can be rewritten as follows:

' 3 ()3
Z=2p3(pg —p

Wi
D=

(6.70)

)2.

From Eq. (6.70), it can be resolved that the depth of the energy-flow trajectory
penetrating into the ocean floor is maximum at p = p,,,. We write

3

2\ 2
Pm = (§> po ~ 0.544 o, (6.71)
2 =~2pn ~0.77 0. (6.72)
Comparing Egs. (6.72) with (6.62), it is seen that the energy-flow trajectory for
the magnetic-type (TE) wave penetrates into the sea floor deeper than that of the
electric-type (TM) wave.
In the above analyses and derivations, the small constant 6 is omitted in

Eq. (6.65), and when the constant § is added, the maximum of the penetration depth
should be satisfied to the following equation:

202 — 7% —3pnzl8 =0. (6.73)
Considering that generally § is significantly small, we readily obtain

~ (V2 = 1.58) p, (6.74)

= 3 1 ATl 6.75
:Om—|:§< +§>i| £0- (6.75)

where

[SI[%)
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In Fig. 6.12, the schematic diagram of the trajectory of Poynting vector for the
magnetic-type (TE) wave in the ocean floor is shown. In the computations, the op-
erating frequency is f = 0.5 Hz, and the conductivity o1 and o, are taken as 4 S/m
and 0.001 S/m, respectively.

In the process of the derivations of Egs. (6.69) and (6.70), in order to obtain
conveniently the analytical formulas of the energy-flow trajectory, the field compo-
nents in the ocean floor are expressed in the simplified forms. Therefore, the plotted
trajectory indicates approximately the propagation direction of the energy flow.

6.3 ELF Wave Excited by HED in the Three-Layered Region

The three-layered region of interest consists of sea water, sedimentary rock layer,
and seabed rock. It is well known that the sea water and rock are media with high
losses. In this case, the electromagnetic field radiated by an HED in the three-layered
region has been treated analytically in the work by Dunn (1986). In this section,
based on the work by Dunn, we will attempt to give the corresponding numerical
calculated results in ELF range.

In another case, the intermeddle layer is lossless or with small loss, the trapped
surface wave can be excited efficiently by a dipole source in the presence of the
three-layered region. This problem has been treated analytically by several investi-
gators (King 1991, 1993; Collin 2004a, 2004b; Li and Lu 2005; Zhang et al. 2005)
and summarized in the book (Li 2009). It should be pointed out that the above theory
and computations are not suitable to the case in this section.
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Fig. 6.13 The physical z
model for the electromagnetic
field radiated by an HED in 14 e Region | (sea water)
the presence of three-layered I (ki o )

region Lo Ho p

Region 2 (settle layer)
-l (k, o, )

Region 3 (Basement)
(ks, 03,110 )

6.3.1 Analytical Formulas for EM Field in the Three-Layered
Region

The relevant geometry and Cartesian coordinate system are shown in Fig. 6.13,
where an HED in the X direction is located at (0,0, d) in Region 1 (sea water).
Region 1 (z > 0) is occupied by the sea water characterized by the permeability
1o and relative permittivity €,1, and conductivity o. Region 2 (- < z <0) is the
sedimentary layer characterized by the permeability uo, relative permittivity &7,
and conductivity 0. Region 3 (z < —/) is occupied by the bedrock characterized
by the permeability wg, relative permittivity ¢,3, and conductivity o3. It is noted
that the condition of o >> 07 >> o3 should be satisfied. The wave numbers in the
three-layered region are

ki = oy moteosr; +ioj /o) j=1,2.3, (6.76)

From Maxwell’s equations, and with the boundary conditions, the integrated for-
mulas for the six components in the three-layered region can be obtained readily.
In this section, we will not repeat the derivation process. In cylindrical coordinate
system, the integrated formulas for the field components at (p, ¢, z) in Region 1 are
expressed in the following forms (Dunn 1986; King et al. 1992):

wiol dl

Ei,=—
r T[kl2

oS ¢

{szoup) - —[Jo@p) Jz()»p)]}ylleiyl'z_d'kdx

(.
ne

> =[Jo(p) = L2 (1p)]

k*Ps 4
— 21;/ [Jo(,\p)+Jz(xp)]}elyl<z+d>xdx>, (6.77)
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Eyp = wé’:-(zlifdl sin ¢
( {szoup) - —[Jow)) + Jz(/\p)]} e dn
+ / { 12Q3 [Jo(hp) + J2(p) ]
j: [Jo(p) — J20p)] }e}ﬂ @), d)\), (6.78)
E.= % os¢|: /0 h (el 0zeMEHD) i (ap)n? dk], (6.79)
By, = —“Z;dl sin¢>(:|:/000 JoGhp)e =415 da
+ /0 w{%[fo(xm + 100 = 24000 - 12(?»/))]}
x el71@td)y d,\), (6.80)
By = _ ol dl c:os¢<:|:/0oo Jo(rp)e il dx
+/0 { Q; [Jo(hp) — 2(Ap)] — %[Jo()»/)) + Jz(lp)]}
x elV1@tdy dk), (6.81)
B = Zidl sin¢[ /O - (1=l — pyeiniH)) =1 (3,p)2 dx}, (6.82)

where

y3 =y —i(y2 — BE)tanyl
i+ %)tanyzl’

(6.83)

2
v3ki — yik3 —lm — k3 B tan ol
Q3= . (6.84)
)/3k +)/1k —1()/2 +k27”/’)tanyzl

When [ = 0, namely, the thickness of the sedimentary layer is 0, Pz represented
by Eq. (6.83) and Q3 by Eq. (6.84) are reduced to
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Y3 — Vi, vkt —vikg

Py = ; 3= .
V3t )/3k% + 71k§

(6.85)

If the parameters k3 and y3 in this section are replaced by k; and y» in Sect. 6.2, it
is seen that the formulas in Eq. (6.85) are completely the same as the corresponding
formulas in Eq. (6.18).

When [ — oo, namely, the thickness of the sedimentary layer is infinite. Because
the sedimentary layer is a high-loss medium, k> has a positive imaginary part. When
| — oo, we have tan y»/ — 1. Then, Egs. (6.83) and (6.84) are reduced to

2= V1, ks — k3yi

Py = ; 3=
2+ Ky, +k3y

(6.86)

Obviously, they are completely the same as the corresponding formulas for the two-
layered case.

When the condition of o1 3> 02 > 03 is satisfied, the complete analytical for-
mulas have been obtained for the electromagnetic field in the three-layered region
(Dunn 1986). We write

Erplp..9) = S5 cos- {Ak3ei"1<z+‘“e“‘3pg(v, p.ks)

1

- <k—§ + %) et 4 <Z +d> (m—i - ig)eiklrz
i p p= 20

1[ z —d)2<ik12 3k 3i)eik1"
2 ri r oo
2,12 .
+ <Z +d) <lk—1 EL 2>ei""2]}, (6.87)
Eig(p.$.2) = —2% sing - {Akzeik'(”d)eik”’h(v, 0, k3)
Tkq
4= elklrz 1k2 o & o 2 ikiry lkl o k_l o L
2 2 2o rnoorrog
2 2 i i
+ ikyry Z+d (ﬁ_&_ 51)
r o 202 8p3
_eikl”z(z—"_d) (ﬁ_&_ﬂﬂ (6.88)
r rnor2 o))
WHO k2 ik (z+d) ik
Ei(p,¢,2) = —5cos¢ - ATV f (v, p, k3)
27k ki



6.3 ELF Wave of HED in Three-Layered Region 183
. =12
i i 3 ik; i
—é' IVZ(E — W)] + k_ZTZ(k2l’ e' 1,0)
1
_ l|:eik1r1 (ﬁ) (Z _d> (ﬁ _ 3k 2)
2 ri ri noorfoon
: d\ (iki 3k 3i
+elk1f2(ﬁ)(” )(—1— —21——§>”, (6.89)
r r r ry r;

Bip(p, ¢, 2) = —om sin¢>~{Aei’“(”d)ei"”ksh(v,p,k3>
ZTIZkl
Lotk T (z4d)\ ik Sk 12
02 2p3 s s 72 3
2 2
1.2
! eikir c—d\ (ki ki
2 r rnooord
, d\ (ik? Kk
+e1k1r2(—Z * )(—1 = —é)“ (6.90)
r2 r2 }“2
Big(p,¢,2) = —2“ Z cos ¢ - {Aeik“”d)ei“pkgg(v, p.k3)
K]

+eik1rz|:i+ 3i +<z+d><k_1+2_ 3 >:|
P> 2kip* r ry s kird
! eikir z—d ﬁ_lﬂ
2 r r r12
, d\ (ik? Kk
+ e‘k‘“(—z - )(1—1 - %)] } 6.91)
) ooy
k

2 .
_ Po . ik) (z-+d) ik3p 3(1 3i 3 )
Bi(p,¢,z) = —sing - { A1 DeBP = — 4~ —
1P §.2) = 20 sing { e

_ eik1r2(£> [% TN
rn)Lry  kiry  kiry
z+d\*(ikk 6 15
+ 27 3
r r ry  kry
l ik1r1 P ikl l ik1r2 1% lkl 1
) R AT R P A ey i |
1 2




184 6 ELF Wave Propagation Along Sea-Rock Boundary and mCSEM Method

where
iks 1 i of T 2 ko2 (k3 pv?
g(U,p,k3)=———2—_%—Uk3(_> e 2 F( )a
p o pe k3p k3p 2
(6.93)
h, po k) = = 4+ 2 +in3< T >% ——ik3§'V2F<k3pv2> (6.94)
V,0,K3) = — ) -\ € ’ .
p?  k3pd  p \ksp 2
iky -
A = |coskyl — o sinkal , (6.95)
1
ik3 1 Sf T : ik3 012 kg,ov2
f,p,k3) = ——— —vk <—> e 2 F( - ) (6.96)
ppr  \ksp 2
ok
kb 1 —i(31) tan kol
v b= (6.97)
ky 1—i(%) tan kol
2
r=y[2+ c—d2: =[P+ Gc+d)?] (6.98)
The Fesnel integral F (k3gv2) is defined by
k3 pv? 1 . k3 pv? .. (kapv?
F =—(1 — — 6.
< 2 2( +1)—Cy > 15 > , (6.99)
where
k3 pv? k3 pv? ky’;}z el!
Cz( 3P )—i—iSz( 3P ):[ - dr
2 2 0 (2mt)2
2 t 2 t
=/ Cosldt—i—i/ .
0 27tt)2 0 2mir)2
(6.100)

In the analytical formulas in Egs. (6.87)—(6.92), the first term including the factor
elk1@td)eiksp represents the lateral wave, which travels from the transmitting source
in Region 1 (sea water), and across Region 2 (sedimentary layer) and to Region 3
(seabed rock), then radially along the boundary in Region 3 a distance p, and finally
vertically across Region 2 and to Region 1 to the receiving point. In the case of
0 > |z| and p > d, the total field is determined primarily by the lateral wave. The
term including the factor elk1”1 can be understood as the directed wave, while the
term including the factor 172 can be understood as the ideal reflected wave. Due to
the large loss in the sea water, the actual contributions to the total field by the term
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of the directed wave and that of the ideal reflected wave are not large in the case of
p > |z and p > d.

6.3.2 Computations and Discussions

When there exists an intermediate sedimentary layer, the factor A in Eqgs. (6.90)—
(6.95) appears in the approximated formulas of the field component in the sea wa-
ter, which is determined mainly by the conductivity o, and the thickness [ of the
intermediate sedimentary layer. It is indicated that the factor A represents the prop-
agation loss of the electromagnetic wave, which penetrates the intermediate layer.

With f=1Hz, Id=1Am, d=30m, z=1m, /] =100 m, o1 =
4 S/m, 0o = 0.1 S/m, and o3 = 0.004 S/m, the computations for the components
Ei,(p,0,1), E14(p, %, 1), Hi,(p, %, 1), and Hig(p,0,1) are carried out and
shown in Figs. 6.14, 6.15, 6.16, 6.17, respectively.

From Figs. 6.14-6.17, it is seen that the results by using the numerical integration
method are in agreement with those by using the approximated formulas, and those
by the lateral-wave term at p > 600 km. It is noted that the differences between the
results by using the numerical integration method and those by using the approxi-
mated formula are within 0.7 dB at p > 600 m, while the differences are enlarged
over 5 dB at p < 100 m.

The components Ej,(0,0,1) and E14(p, %, 1), in the sea water for two- and
three-layered models are computed and shown in Figs. 6.18-6.21. In the compu-
tations, the parameters are taken as f =1 Hz, d =30 m, z =1, o1 =4 S/m for
the three-layered model, while 02 = 0.1 S/m, 03 = 0.004 S/m for the two-layered
model. In Figs. 6.18 and 6.19, [ = 100 m, while / = 2,000 m in Figs. 6.20 and 6.21.

From Figs. 6.18 and 6.19, it is seen that the calculated results for the two-layered
model with oo = 0.004 S/m are in agreement with those for the three-layered model
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Fig. 6.15 The magnitudes of
the component E14(p, 5, 1)
versus the distance p

Fig. 6.16 The magnitudes of
the component Hy,(p, 7, 1)
versus the distance p
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[ =100 m, o =0.1 S/m, and o3 = 0.004 S/m. It is concluded that the contributions
of the total field by the intermediate sedimentary layer with / = 100 m and o =
0.1 S/m are very small. This is resulted by the fact that ELF wave propagates mainly
in Region 3 (seabed rock) in the lateral-wave form. For the two-layered model, the
attenuations with oo = 0.1 S/m are obviously larger than those with 03 = 0.004 S/m.
From Figs. 6.20 and 6.21, it is seen that there exists a difference between the two-
and three-layered models. Obviously, the effects of the total field by the intermediate
sedimentary layer with / = 2,000 m should be considered.
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Fig. 6.17 The magnitudes of -30 T T T

the component H ) (p,0,1) N —— Numerical integration solution
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6.4 ELF Wave Propagation Along the Boundary Between Sea
Water and One-Dimensionally Anisotropic Rock

Anisotropy in conductivity is found in some stratified rock which consists of al-
ternating layers of dense rock and less dense rock. It is seen that the conductivity
transverse to the bedding surfaces is always smaller than the conductivity parallel
to the surfaces (Parkhomenko 1967). The problem for the ELF wave propagation
along the boundary between sea water and one-dimensionally anisotropic rock was
first investigated by Pan in the mid-1980s. Based on Pan’s work (Pan 1985), the
results on this problem are outlined specifically.
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Fig. 6.19 The component T T T T T T r T
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6.4.1 Formulations of the Problem

The geometry and coordinate system are shown in Fig. 6.22, where the HED in the
X direction is located at (0,0, d). Region 1 (z > 0) is the upper half-space filled
with the sea water characterized by the permeability o, permittivity €1, and con-
ductivity 0. Region 2 (z < 0) is the ocean floor characterized by the permeability
Mo, permittivity €2, = &2y and &2, and conductivity o2, = 02y and o2,. Then, the
complex permittivities £; and &; are represented as follows:

~ .01
=& +1—, (6.101)
w
Sr—i% 0 0
&)= 0 eT — i% 0 . (6.102)
0 0 SL—iG—L
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Fig. 6.21 The component =180 T T T T T T T
E1¢(p, %’ 1) versus the —— Three-layer case
: : I — - = Two-layer case, ,=0.1 S/m
propagation distance for two- 2
and three-layered models: 20k N L Two-layer case, 7,=0.004 S/m |
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E
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Fig. 6.22 The physical
model for an HED on the
boundary between sea water
and one-dimensionally
anisotropic rock
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Maxwell’s equations in the two half-spaces are expressed by

V x E; =ioB;, (6.103)
V x Bj = po(—iwgEj+£Jf), (6.104)

where j =1, 2, and
JE=1dI8(x)8()8(z — d). (6.105)

The Fourier transform is in the form of
1 +0o0 +00 . -
E(x,y,2) = = / dg / dne'©TMEE 3,2),  (6.106)
(2m)° J oo —00

and the similar transform for B(x, y, z) and J¢ are applied to Maxwell’s equation.
Then, we have

J¢=1d18(z —d). (6.107)

With Maxwell’s equations, and after considerable algebraic manipulation, the
transforms of the components Ey, E,, By, and B, can be expressed in terms of the
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transforms of the components EX and Ex:

- ~ J ~
—EnEy, +io—By, ). 6.108
1y k% Sz( 577 l)c'i‘la)aZ 1x> ( )
E\. = ! ie 0 E B 6.109
1z = k% _52 léa_z 1x +0)77 1x > ( . )
B ! Ko E\.—&nB (6.110)
, = —1—— - ) .
1y klz—f;:z C() az 1x nbix
B ! i Eiy + i€ iy 6.111)
= _— 1& — .
1z k%— ) wn Lx 9z 1x )
and
- 1 ~ .0 -
E2y k% > —&nEny +1wa_ZBZx , (6.112)
i ' (ie2 iy 4 oni (6.113)
1§ — w s .
2z kIZ‘ _%_2 9z 2x nbox
B ! 0 E B 6.114
2y k% —52 _1;3_2 2w —EnBoy |, (6. )
. 1 K o9 o
By, 5 |~ nEu +i§—Ba | (6.115)
k3. — w 0z
where
k?:a},mg.,; j=1,L, T. (6.116)

In Region 1, the following differential equations are obtained readily:

2

32 - 3
5Bt yiBiy =0, (6.117)
82 5 5 2 _ %-2
— Ei+ ¥ Ele = —1dI§(z — d), (6.118)
0z 1weq
where
1
vi= (k3 —&*—n?)7; Imy; > 0. (6.119)

In Region 2, the equations for ng and ng are obtained readily. We write

L P (1=
k%—§23_22 o+ _k%—éz 2x
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ien 1 1 9 -
i _< - gz)a_zEz" —0, (6.120)
k% 8% . 2 772 -
—FE ki\1l——— |E
é_28 2 2x+ ( k%—$2> 2x
1 1 0 ~
+1a)§n( 52 52)_32)‘ =0. (6.121)

With the Sommerfeld radiation condition for z — o0, the solutions of Egs. (6.117)
and (6.118) for By, and E, can be obtained readily. We write

Bi, = uoclew; 2>0, (6.122)
- . 52
Eix=Crem*— L2 1dle"¥sinyz; 0<z<d, (6.123)
1a)81)/1
5 k2 _ %-2 )
Ei = <c2 -1 Ja siny]d)eW; 2>d, (6.124)
1we1 Y1

where C; and C, are constants of intggration.~
We assume that the solutions for By, and E», are expressed in the forms

Boy = poAe 7% Ep, = Be 172, (6.125)
Substituting these expressions into Egs. (6.120) and (6.121), the algebraic equations

are obtained as follows:

2 2 1 1
(1— r 7 2) A+§ﬂ< — > 2)B:o,
'i: kL_E w kT_";: kL_é

(6.126)

k2 2 k2 2
r’ L8 )B:O.

1 1 ’
—wény< >qu+ <k - -
52 K2 — g2 r k2 —£2 k3 —&2
(6.127)
With the above two equations, it follows that
vk + v [k +h3) (8% +n7) — 2kik7]
+k3 (ki —&* =) (k3 — &2 —n*) =0. (6.128)
The nonzero solutions are
yr =Jk3 — 22, (6.129)
k2 k k

_ T, — k—T K2 -2, (6.130)
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where
A2 =g24n% (6.131)

The imaginary parts of yr and y, should be positive when A is real. The coefficients
A and B in Egs. (6.126) and (6.127) should satisfy the equations

B B
A_T __Hoon, Be _ _Mocgé’ye_ (6.132)
T EVT Ae an
It yields
Boy = po(Are 7% + Ae 7, 2<0, (6.133)
~ . YV .
By = 1090 ppemivrs  WOEVe y omiv, o <, (6.134)
§yr kzn

Then, the remaining four components in Region 2 are obtained readily. They are

By = Mo(?AreiV“ - %Aeeim); z<0, (6.135)

- 22 .

By, = B0 ppeivrz, 7 <0, (6.136)
yr

3 Ar A .

Eyy = wuo(y—TTe_W” + /:—fe—W); 2 <0, (6.137)

T

- A2 .

By = 2% p e, 7 <0. (6.138)
kLr;

With the boundary conditions f?ly = Ezy, Elz = Bzz, Ely = Ezy, and k%ElZ =
k% Ezz at z = 0, the coefficients Cy, C2, A7, and A, can be obtained readily. We
write

Ldignemd 22y,
Cr=Sopr . Kvrve=kpyi): (6.139)
[ dlopgelrd
Cr=——myr N+ E[n(vrye—kp) =27 ]} (6.140)
§yr A
Ap=——YT _ (£1C1 + wbinCy), 6.141
T Az(kf—f;?)(éyl 1 1nC2) ( )
k? Ci—&yC ;
A, = 1772<60/1«07721 34! 2 %ely1d>7 (6.142)
WA k7 — &2 we|

where

kr
Mr =y +yr, Ne=k%m+k%ye=g(kLkTyl+k%n). (6.143)
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With Eqgs. (6.139)—(6.142), and the Fourier integrals like Eq. (6.106), the six

components of the electromagnetic field in Region 1 in the range 0 < z < d can be
expressed as follows:

1dl
i(Ex+ny)
Ei, = (2 )2/ dE/ dnel X+ny
eiyld

X <{k2Ne +Ez[y1 (vrye — k%) — Azye]} TR siny1z), (6.144)

Idi [t
Ely (2 )2/ dg/ dr)é‘r]el(sx‘HW)
a)MOeIVI(Z+d) eind
[W(kﬂ/l + 12 Ye — VlVTVe) + P siny;z|, (6.145)
e
rdi WO Ve el)/l (z+d) eiyld
E dnelEx+my) _ ’
Iz = Q2n )2/ 5/ ne & N, o Cos 12
(6.146)
pol dl i1 (z+d)
By = 2 )2/ dg/ dnel(éx+ny)§ﬂA2M N, (k%yrye kTyl) (6.147)
Idl
Biy =— lg;)n)Z/ dg/ delEx+m)
enGtd) Y L »
e
(6.148)
M()Idl/ / ei)/l(Z+d) ieiyld '
? dg | dpetem — = _sinyiz|. (6.149)
oo (2m)? : ! 1 My 4! 7

With the relations
X = pcos; y = psing; £=MX\cos¢’; n=~Arsing’, (6.150)
and the integral representation of the Bessel functions of the first kind, viz.,
i .
Ju(hp) = — / gitrcosteing qg. (6.151)
27 0
the final formulas of the six components in cylindrical coordinates p, ¢, z in Re-

gion 1 can be expressed as follows:

wowl dl
E P, 7)) =— cos

00 ) )LZ ei)/l |z—d|
X (/ {kll()()»,o) — 7[10()\,0) - JZ()WO)]} A da
0 Vi
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0o ) k2PT
+/ 71 Qe [JO()‘«)O) _ ]2(&0)] _ []0()»,0) + 12()\,0)]
0 2 2y
x el71@tdy dk), (6.152)
/,Loa)l dl .
E o, — sin
to(p. #:2) = = 7 sing

o 52 eivilz—d|
X (/ {lioO»p) - T[JoO»p) + Jz(kp)]} Ada
0 14!

2

0 . k% P
+/0 {VIQ [Jo()»p)+]2()\,0)]_ é T[JO(Ap)—Jz(Ap)]}

2 71
x el1@td)y dk), (6.153)
iwpol dl . .
Ero(p.§.2) = = cos / [ 1 0, e D1y (1p)A i,
dmk; 0
(6.154)
wol dl
Bip(p,¢.2) = — sin ¢
0o .
x <i / Jo(hp)e1 =4l da
0
oo
0 Pr
+ fo {{[Jo(xm +100)] = 5 [Jo(o) = 12(?»/))]}
« a1+ m), (6.155)
1dl
Biyp(p, 9, 2) = —MOT[ cos ¢
00 .
X (j: / Jo(Ohp)erlz=dly da
0
o
0 P
+ 4 [hoo) — )] = = [JoGhp) + 2Gip)]
0 2 2
x elV1@td)y dk), (6.156)
ipol di 0 .
Bi(p.§.2) = = 2 sin¢ f [l — Pre @]y L ()22 da,
T 0

(6.157)
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where

_kye—kgn _ kiye —kikryr p, YN

Qe = = : =
‘ Klye +k3y  Kiyo +kikry yr + 71

(6.158)

In Egs. (6.152)—(6.157), the lower sign applies to the range 0 < z < d, while the
upper sign indicates the range z > d. By now, the integrated formulas for the six
components of the electromagnetic field have been obtained readily.

6.4.2 Approximated Formulas for the Field Components

In practical computations in engineering, it is difficult to evaluate the integrals in
Egs. (6.152)—(6.157). In the next step, we will attempt to evaluate these integrals
and obtain useful physical insights. With the available work by Pan (1985), the
approximated formulas are obtained for the six components of the electromagnetic
field in Region 1. They can be expressed as follows:

I dlowg
ZJrkl2

(et fame ke Ly _851 [T k)
o) p2 kl kLp

i ik’rp} ik1r1<k1 ] ))
— e —e =+ =), (6.159)
o3 p*  p?

Eyp= 3 sin ¢
Bl

Ep=-—

oS ¢

2

k
,  Tkr  ik2K2 kLo 2o
% <elk1(z+d) {elkLP |:_T + Aie 2 F(pe):|

207 2k ()
. kr i co (K ki
+elkrp<_+_)} +elk1r2(_1____
202 p3 20 p2 p?
. 2 .
_ L eik1r2)<lk_1 _ "_12 _ %)) (6.160)
4 p P p¥))
. il dlowg

E,=———cos
1= e %0

1

) —ikp L
X <kLkT {eikl(z+d)eikLp[k—L + L‘FlkaL Le lkLPZklz F(Pe)i|
ki p Pt ki kLp
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k
_ : 12r2 } _ l(z_deikm + Z+deik1r2>
P 2\ »p

X<k12+3ik1 3))
o p* p3))

(6.161)
ITdlpg .
=" 27tk sin¢
x2
) _
" eik1(z+d) 1kLp kr +1kLkT T N lkLpZIst( )
02 kip \kep Pe
kr 2 o (KT 2k 2
+ 1kTp< +_>}+elk1r2(_1____
p? P popp
1 —d 1k|r| z+d 1k ><1k2 2i 3 ))
L + 2% ki + =), (6.162)
2( P P p P kipt
Idlpg
Big=—
16 ks cos ¢
2
: v, o[ ikikr  kr  KPKE —ikep
« [ eik1Gtd) ] gikep ‘L_T__g_ Ly | T 2"2F( )
0 P ki Vkpp
B i3 lkrp}+ lelkm(Z n 3i )
0 2 k1,0
1 d d ik? k
+§<z gl 2+ 1k1r2)<_1 _ _12>) (6.163)
0 P pp
—irdl . "
= sin
Iz anf
.0 . 7.2 :
y |:eik1(z+d)eikrp<1k_T _ 3k 2) _ cikir (1]‘_1 _ 3k i)
2 PERPY 02 p3 Pt
1. ) k3 1k2
+ 5(elklrl _ e1k1r2)<;1 4 p_2l)i| (6.164)
In these formulas, 1 = /p2 + (z —d)?, rn =/ p%2 + (2 + d)?, p. = kL,O(zkz)
and the Fresnel integral F(p,) are defined by
1 ) .
F(pe) = 3(1+1) = Ca(pe) —iSa(pe), (6.165)

where

] Pe eit
Ca(pe) +182(pe) = /(; W dr. (6.166)
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In Egs. (6.159)—(6.164), the four factors e'1”, elk172_ eik1(c+d)gikip and ik z+d)y
e!*7? are included. The preceding two terms including the factor e*” and e**2” rep-
resent the directed wave and the ideal reflected wave, which the two terms can be
neglected in the case of p > z and p > d. The latter two terms represent the lateral
wave, which travels from the transmitting source a distance d in Region 1 (sea water)
to the boundary, then radially along the boundary in Region 2 (rock) a distance p,
and finally a distance z in Region 2 to the receiving point. Because of the anisotropy
of the conductivity of the rock, the lateral wave can be divided into electric-type and
magnetic-type terms, which propagate outwardly with the wave numbers k;, and k7,
respectively. The wave number ky, of the electric-type (TM) wave is determined pri-
marily by the conductivity o7, in longitudinal direction, while the wave number k7
of the magnetic-type (TE) wave is determined by the conductivity o7 in transverse
direction. When the conditions of p > z and p > d are satisfied, Eqgs. (6.159)—
(6.164) are simplified as

EL = - cospeX1GHD
b 27k? ?
w ik 1 kkr [=m —ikwk—%z —
X {e‘ ”’[— - /¢ l F(pe):| - —3e‘ Tp},
PP ki Y krp krp
(6.167)
wpokrIdl . i (2ed
gL — @RokT LAl L ki td)
19 an% ¢
1 ikpk ik p oL
. —IKL P —5
x {e‘kw[—2+‘ LT e Zk%F(m}
P kip N krp
, 1 2i
ikrp [
e <p2 * krp3>}’ (6.16%)
. 2 i oM
E{} _ w,bLOkLkgl dl cos¢eik‘(z+d)¢eikw(lk—l‘ B iz_kLkT Le 1kL02k]2 F(Pe)>,
‘ 2mky PP ki VkrLp
(6.169)
BL = —k—lEL (6.170)
1p ® 1¢° .
L ki L
By = —Ei,, (6.171)
2 .
BL = poky L dl sinqje“‘l<Z+d>e“‘”>(i c A3 ) (6.172)
E 2mk? p*  krpd  kZpt

. . . . k2 .
In the near and intermediate distances with |kz o - ﬁ| < 1, the Fresnel-integral

terms have a negligible effect on the nature of the field. With them, the components
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of the field can be expressed in the following simplified forms:

Ef‘p ~ _wgol d/ COS¢eik1(z+d)|:(ikLkT _ k_T>eikLp _ %eikrpi|’ (6.173)
PE

nk? P p?

Idl . ok . k i
EL, ~ PEET Gin et ) [elkw—T +el"T0<—T +— )} (6.174)
T

k% 2p2 202 ?
Lo fomoldl itk KLKT (k_L + L), (6.175)
© ok ki \p = p?
wol dl 0 okt . kr 21
BL — _ ik (z4d) | Jikpp "L + ikrp [ 2L + =1/, 6.176
1p 21k singe Tt [ (©170)
BL = _ ol dl cosqﬁeik‘(””l)[(M — k—T>e”‘Lp — Leik”’}, (6.177)
¢~ " 2nky p P P’
. 2 -
L _imld Sin¢eik1(z+d)eikrp<lk_T _ 3k 3), (6.178)
‘ 2k} pr Pt

6.4.3 Computations and Discussions

In order to verify the accuracy of the approximated formulas, for typical conditions,
we will attempt to carry out the computations by using the approximated formulas
and the directional numerical calculations on the integrated formula. With f = 1 Hz,
Idl=1A-m, oy =4 S/m, or =0.004 S/m, o, =0.002 S/m, d =30 m, and z =
1 m, the graphs of |Ej,| as a function of the radial distance p at ¢ =0 is shown
in Fig. 6.23. The dash lines are for the computations by the approximated formula,
the solid lines are for the numerical calculations on the integrated formula, and the
dotted lines are for the computations of the lateral-wave term. The corresponding
curves for |E1y| at ¢ = 7 are shown in Fig. 6.24.

From the above computations, it is shown that the results by using the approxi-
mated formula, the directional numerical calculation method, and the lateral-wave
term are very close together, and the differences between the three computed results
are within 0.7 dB for p < 600 m. For p > 100 m, the differences are enlarged over
5dB.

6.4.4 Comparisons with Measurements

An interesting experiment for detecting the subbed conductivity by the measure-
ments of the ELF electric field on the ocean floor radiated by a horizontal antenna
also on the ocean floor has been reported (Young and Cox 1981). A diagram of the
experimental set and the measured data are shown in Fig. 6.25. In the experiment,
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Fig. 6.23 The magnitudes of F T T T ]
L o . .
Elp(P, 0, z) due to an HED RETY % Numerl_ca] mtegratl(_)n solution | |
in sea water over N — - - Approximated solution
: i N, | Lateral wave
one-dimensionally _150
anisotropic rock 2
> -180 b
=
2
T3 2210
N
-240 |-
-270 |-
-300
p (km)
Fig. 6.24 The magnitudes of r T T T
E1¢(p, %, z) due to an HED _120 ;;_. Numeﬁ?al integratioln solution | |
in sea water over = T ﬁ;’;ﬁg;‘x‘:d solution
one-dimensionally 150 | i
anisotropic rock — AN
g S
£ N
> -180 S 4
= s
2
— 200 4
o
~240 | 4
-270 | 4
-300 |- Il Il Il
0.1 1 10

p (km)

the radial distance between the transmitting and receiving antennas is p = 18.9 km,
and the operating frequency is in the range of 0.25-2.5 Hz. The actually mea-
sured components Ex and Ey can be expressed in the terms of the components
E1p(p,¢,2) and E14(p, ¢, z) of the field excited by the transmitter. We write

Ex =Ei,(p,¢,2)siny + E14(p, ¢, 2) cosy, (6.179)
Ey =—Ei1,(p,¢,2)cos¥ + Eig(p, ¢, z) sinypr. (6.180)

In the available reference (Young and Cox 1981), the angles v and ¢ are not
given, but they can be estimated from the diagram in Fig. 6.25. Thus, we take
Y =5° and ¢ = 60°. Since ¥ is small, it is obtained for Ex ~ E14(p, ¢, z) and
Ey ~—Ei,(p, ¢, z). The components Ex and Ey as the functions of the operating
frequency are computed and shown in Fig. 6.26. The solid and dot-dashed lines rep-
resent the one-dimensionally anisotropic rock, where the solid lines are for o7 < o7
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Fig. 6.25 Diagram of the experimental set and the measured data

and the dot-dashed lines for the physically unavailable but theoretical assumption
o1 > or. The dashed and dotted lines represent isotropic rock, where the dashed
lines are for the rock with lower conductivity and the dotted lines for the rock with
high conductivity.

From Fig. 6.26, it is seen that for both Ex and Ey only the solid lines are well
in agreement with the measured data. For Ey, the solid and dot-dashed lines are
nearly close together and both of them agree well with the measured data. It is
found that E'x is not sensitive to the interchange of the two anisotropic models with
o <or and o > or. This is resulted by Ex being approximately equal to Ejg in
the case of ¥ ~ 0, and meanwhile the magnitudes of the terms including ekLe gre
approximately equal to those of the terms including ¢!*7# at small radial distance
(p =18.9 km).

Following the above computations and analyses, it may be reasonably concluded
that the measured data are well represented as the one-dimensionally anisotropic
model and the reasonable values are with o7 ~ 0.002 to 0.0025 S/m and o7 ~
0.004 to 0.005 S/m.
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Fig. 6.26 The comparison of computations and ocean floor measurements by Young and Cox
(1981)

6.5 The Electromagnetic Field Generated by HED for n-Layered
Subbed

In the preceding sections, the analyses and computations are concerned with the
electromagnetic field radiated by an HED on the boundary between the sea water
and the sea floor. The actual oceanic crust is always composed of several layers
with different conductivities. The multi-layered model is usually employed by geo-
physicists in the study of the ocean crust. Specifically, the measurements by Young
and Cox (1981) described in Chaps. 8 and 9 in the book (King et al. 1992) are in-
terpreted by using multi-layered model. Therefore, it is necessary to analyze the
electromagnetic field excited by a horizontal transmitting antenna on the surface of
multi-layered region.

In this section, the speeding numerical convergence algorithm will be used to
compute the field components of the electromagnetic field radiated by an HED in
the multi-layered region.

6.5.1 The Integrated Formulas for the Electromagnetic Field
Generated by HED for n-Layered Subbed

The geometry under consideration and cylinder coordinate system are shown in
Fig. 6.27, where an HED in the direction of ¢ = 0 is located at (0, 0, d). Region
0 (z > 0) is the upper half-space occupied by sea water, the lower half-space is
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Fig. 6.27 Geometry of an
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composed of a succession of n horizontally layers, each with arbitrary thickness /;
(j=1,2,...,n), and arbitrary wave number k.

In Chap. 11 of the book by King et al. (1992), the integrated formulas for the field
component radiated by an HED in the sea water above the horizontally n-layered
seabed were derived readily. They are

wpol dl
Eop =— py kz cos¢

2
< {kofo(lp)—L[Jo(kp) J2()~p)]} etk g

/ {VOQ" [JoGp) — a(3p)]

k2 P,
;’y [Jo(kp)+J2(Ap)]} %(”d),\d,\), (6.181)
wuol dl .
Eop = sin
%= iz Y
oo )\2
X <f0 {kofo()»,o)—7[100»,0)—!—]2()\/))]} Cleol=dly gy
Y
+ / {y02 " [Jo(u0) + 2 ()]
0
k3P, .
- SVO" [Jo(ho) — Jz()\p)]}e%(”d),\ dx), (6.182)
1dl , .
Eo; = % s¢[ / (el 1 0, EFD) gy (1p)a? d,\},
0

(6.183)
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R ( )Z 0(0) — Y,
0, = wll«() S P, =— Y0 - wﬂOy.sO(gi ' (6.187)
Yo+ (2)Z,0(0) Yo+ @pto¥sol

In the above equations, Z;0(0) and Y;0(0) represent the surface impedance for the
electric-type (TM) wave and the surface admittance for the magnetic-type (TE)
wave, respectively. They are expressed in the following forms:

k
Z,0(0) = LHO0 tanh{t nh~ [(” g>tanh[—1y111
ko yoki

k?
+ tanh™! |:< Y2 ]2 ) tanh [—1)/212
)8! k2
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7/2 3

|
(25
G-I e

Y0(0) = —tanh tanh™ |:< )tanh[—l;/]h

+ tanh™! |:< ) tanh|:—1y2lz

1

+ tanh™
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When [y =1, =--- =1, =0, the space z < 0 is uniform half-space with the
parameters 0,41 and k, 4. For n = 0, they are reduced to

OUOYn+1 wroY1

Zo(0) = ——— = : (6.190)
kn-H k%
Yyo(0) = Lt = ML (6.191)
wpo @

Correspondingly, the factors Q,, and P, are reduced to

kgl =y kvt —kivo

— = , (6.192)
" -0 kg V1 +k,%+1)/0 Ky +kivo
p Yl =V _ V= Y0 (6.193)
n=0 " VYn+1Y0 Y1Y0

Obviously, when n = 0, all formulas are the same as those for the uniform half-
space.

In another special case of /; — oo, namely, the thickness of the first layer is very
large. Thus the remaining layers below have negligible effects on the nature of the
field in the sea water, and this case should be like the uniform half-spaces. When
[} — o0, it follows that

tanh(—iyify +--) —> 1. (6.194)
1

— 00
With the substitution of Eq. (6.94) into Egs. (6.188) and (6.189), it yields

Z(0) — RO y(0) — =21 (6.195)

=00 k% Li—oo Wl

Obviously, the factors 9, and P, are reduced to Eqgs. (6.192) and (6.193).

6.5.2 Speeding Numerical Convergence Algorithm

When n > 3, there have no available approximated formulas in engineering compu-
tations so far. By using the approximated formulas for the uniform half-space model



6.5 The Electromagnetic Field Generated by HED for n-Layered Subbed 205

Fig. 6.28 The magnitudes of — T T T ———

the factors P, and (P, — P) 04 - Re(?) M
as the functions of ‘k)‘—‘ L - - - Im(,)
! 02k  e==<_ T Re(P,-P) | |
—-=- Im(P,-P)

o
o

Magnitude
S
S

|
1
IS

-0.6

-0.8

2.0 2.5 3.0

A1 1k)

and those for the three-layered model, which are available, the speed-up numerical
convergence algorithm can be used to calculate numerically the integrated formulas
for the n-layered model. In what follows, as an example for the electric field com-
ponent Ey,, we will attempt to address the main ideas for the speeding numerical
convergence algorithm.

We assume that Ej (0. ¢, 2) is the electric field component in the 0 direction
radiated by an HED in the sea water on or near the boundary between the sea water
and the homogeneous ocean floor. From Sect. 6.2 in this chapter, the component
E(’)‘p (p, ¢, z) is expressed as follows:

wpol dl

Eg,(p,¢,2) = Tl
0

oS ¢

o 2
x (/0 {k(%lo()»,o) - %[-’0(}»,0) — Jz()\p)]}yo—leiyokdudk
+/0 {%[Jo()\p) A

k2P .
— 20—[10@,0) + J2(hp) ] }e”’(’(”d)k dA). (6.196)
Y0

Here Q and P represent the reflection coefficient of the electric-type (TM) wave
and that of the magnetic-type (TE) wave for the half-space model, respectively. It is
noted that £ o (p, @, z) is expressed in the approximated analytical form, which can
be computed accurately and easily (King et al. 1992).

With Eqgs. (6.181) and (6.196), the integrated formulas for the component E,, of
the electromagnetic field radiated by an HED in the sea water above the horizontally
n-layered seabed can be rewritten in the following form:
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It is seen that the factors (Q, — Q) and (P, — P) converge much more rapidly
than the factors Q, and P, in the case of A — oo or A being large enough. As a
result, the field component Eq, in Eq. (6.197) can be calculated efficiently with bet-
ter accuracy. Similarly, the other five components can also be calculated efficiently
with better accuracy by using the speed-up numerical convergence algorithm.

We take that the four-layered model and the operating frequency is f = 1 Hz.
The upper space is occupied by sea water with o) =4 S/m, and both the transmitting
antenna and the receiving antenna are located in Region 0 (sea water) with d =30 m
and z = 1 m. The lower space is composed of three layers with o1 =1 S/m, 09 =
0.01 S/m, 03 =0.001 S/m, [; = 100 m, and /5 = 1,000 m. The half-space model
is characterized by op =4 S/m and o1 = 1 S/m. The magnitudes and phases of the
factors Q,, P, (Q, — Q), and (P, — P) as functions of \k)\T are shown in Figs. 6.28
and 6.29, respectively. It is seen that the factors (Q, — Q) and (P, — P) attenuate
rapidly. As a result, the calculated efficiency is improved significantly with better
accuracy.
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6.5.3 Computations and Discussions on the Normalized Surface
Impedance

The fundamental principle of the traditional passive electromagnetic sounding
method (MT) can be summarized as follows: By receiving the electric component
and magnetic component in ELF range meanwhile generated by the natural atmo-
spheric noise and solar electromagnetic pulse on the Earth’s surface, the surface
impedance, which is defined as the ratio of the magnitude of the electric component
and that of the magnetic component, as a function of the operating frequency can be
concluded readily, and the conductivity distribution of the layered structure under
the receiving point can be concluded.

Because the natural ELF radiation source is generally far away from the receiving
point, the normalized surface impedance as a function of the operating frequency
is only concerned with the conductivity structure under the receiving point, and
has nothing to do with the location and intensity of the radiation source. When
an artificial transmitting antenna is employed as the radiation source, the signal-
to-noise ratio at the receiving point is improved significantly, while the measured
time can be reduced greatly with better accuracy. On the other hand, the distance
between the transmitting source and the receiving point is not too large. It is well
known that the normalized surface impedance at the receiving point is not only
concerned with the formation of the conductivity structure, but also is to do with the
distance between the transmitting source and the receiving point. Thus, they should
be considered in signal process and analyses.

In this section, it is estimated quantitatively how far the offset distance is between
the transmitting source and the receiving point, the normalized surface impedance
is not relevant to the offset distance.

Consider the four-layered region as shown in Fig. 6.30, where the HED is located
at (0,0, d) in the x. Region 0 (z > 0) is the upper space occupied by the sea water
with the permeability ¢, relative permittivity &9, and conductivity op; Region 1
(=1 <z <0)is the sedimentary layer with the permeability 11(, relative permittivity
&r1, and conductivity o1; Region 2 (—(I1 + Ip) < z < —Iy) is the high-impedance
layer with the permeability 110, relative permittivity €2, and conductivity op; and
Region 3 is the rest of the space (z <z — (I; + [2)) occupied by the rock with the
permeability 1o, relative permittivity &,3, and conductivity o3.
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Under the four-layered model, the integrated formulas can be given in
Egs. (6.181)—(6.186) by taking n = 4. With ¢, = 80, &1 = 20 = &3 = 10,
090 =3.3S/m, o9 =1S/m, 0o =0.01 S/m, 03 =1S/m, d =10 m, and z =0 m,
at different depths and thicknesses of the high-impedance layer, the normalized sur-
face impedance A = nf[—: as the function of the operating frequency is computed

and shown in Figs. 6.31, 6.32, 6.33, 6.34, 6.35, respectively.

From these curves in Figs. 6.31-6.34, it is seen that the normalized surface
impedance as a function of the operating frequency is sensitive to the offset dis-
tance at small offset distance with p < 1 km. When the offset distance is larger than
1 km, the normalized impedance, for which the change is only within 1-2 dB, is not
sensitive to the offset distance, while it changes significantly with the operating fre-
quency. Considering ELF range, the efficiency of the magnetic field sensor is very
low, and the sensitivity of the magnetic field sensor is much smaller than that of the
electric field sensor. Therefore, in practical applications of the mCSEM method in
geophysical prospecting and diagnostics, the electric component is only measured
in the far distance, while both electric and magnetic components must be measured
meanwhile in the near region.

6.6 The mCSEM Method and Its Applications

Since the early 1980s, the mCSEM method has been investigated widely because of
its useful applications in geophysical prospecting and diagnostics. The fundamental
principle of the mCSEM method is summarized as follows: Because the conduc-
tivity of sea water is much higher than that of the ocean floor, the attenuation of
the electromagnetic wave in sea water is much larger than that in the ocean floor.
If both ELF transmitter and receiver are placed on or near the surface of the ocean
floor with a certain distance, it is well known that the lateral electromagnetic waves
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can propagate along the boundary in the ocean floor. Based on the magnitudes and
phases of ELF wave in the receiving point, the conductivity distribution of the sub-
bottom structure can be concluded and inversed. Generally, the transmitting antenna
is utilized a horizontal dual-electrode antenna, which is idealized as an HED.

In 2010, the analyses and computations were carried out for the changes of the
measured anomaly of the electric field as the operating frequency, the offset dis-
tance, the target depth, the target thickness, and the conductivity (Lu et al. 2010).
Then, the detecting ability of the mCSEM method can be evaluated. In this section,
we will summarize the recent results by Pan’s research group.
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6.6.1 The Electric Field Relative Anomaly Versus the Target’s

Depth

It is well known that the conductivity of the high-impedance layer is generally much
lower than that of the surrounding rock. In the following computations, the four-
layered model and the speed-up numerical convergence algorithm are employed.
With &,0 =80, &,1 = &2 =63 =10, 09 =3.3 S/m, og =1 S/m, 0, = 0.01 S/m,
03 =158/m,d =10m, z =0 m, and /; = 100 m, the electric component Eq,(p, 0, 0)
as a function of the propagation distance p is computed at f = 0.25 Hz and 0.5 Hz
as shown in Figs. 6.35 and 6.36, respectively.
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In order to illustrate the effect of the measurements on the undersea electric field
by the target layer, the relative anomaly of the electric field AEy, is defined by

Eop(p,0,0)

) (6.198)
E;,(p.0,0)

AEq, =201g‘

It is noted that the electric component Eg o (p,0,0) is for the case when the target
layer does not exist or the ocean floor is homogeneous with the conductivity oy.
Corresponding to Figs. 6.35 and 6.36, the relative anomaly of the electric field as a
function of the offset distance at f = 0.25 Hz and 0.5 Hz are shown in Figs. 6.37
and 6.38, respectively.

From these computations, we conclude as follows:

e With the increase of the offset distance, the relative anomaly of the electric field
is enlarged. Namely, with the same error of the measured equipment, the increase
of the measured offset distance will follow that the “anomaly” is found more
effectively.

e The deeper the target layer is, the smaller the relative anomaly of the electric field
is under same conditions. Namely, in order to find the deep anomaly, the measured
offset distance should be enlarged with the same error of the measured equipment.
The principle is consistent with the analyses on the Poynting vector trajectory
addressed in Sect. 6.2.3. It is indicated that the larger the distance between the
transmitting and receiving points is, more likely the Poynting vector trajectory
will penetrate into the deeper seabed, and the larger the maximum of the detecting
depth.

e With the increases of the measured offset distance, the field amplitude decreases.
Due to the limitations of the capacities of the transmitting and receiving systems,
the measured offset distance will be limited by the equipment capacity, and the
detecting depth will also be limited. With the mCSEM detection equipment used
currently, the maximum of the detection distance is about 10 km, and the probing
depth is about 3—4 km.



212 6 ELF Wave Propagation Along Sea-Rock Boundary and mCSEM Method

Fig. 6.37 The relative T T T T T T T T
anomaly of the electric field Depth of the high-resistance layer=200 m
AEOp as a function of the 40 H = = = Depth ofthe h?gh-res?stance layer=400 m . “
. R N Depth of the high-resistance layer=600 m P
propagation distance p at —-—" Depth of the high-resistance layer=800 m L]
different depths of the Py i Depth of the high-resistance layer=1,000 m L ' ,/'/
high-impedance layer: _ i R
f=025Hz,1, =100 m g
g ]
1 2 3 4 5 6 7 8 9 10
p (km)
Fig. 6.38 The relative LA L . B B B B B B
anomaly of the electric field Depth of the h%gh-res%stance layer=200 m
AEOp as a function of the o~ 7" Depth of the hgh-resgstance layer=400 m 4
. P [ BRI Depth of the high-resistance layer=600 m e
propagation distance p at || —-—- Depth of the high-resistance layer=800 m A
different depths of the =--==- Depth of the high-resistance layer=1,000 m e /' : "/-
high-impedance layer: _ P
f=0.5Hz, I, =100 m =) i
s
E .
L4
1 2 3 4 5 6 7 8 9 10

6.6.2 The Relative Anomaly of Electric Field Versus Target
Thickness, Conductivity, and Operating Frequency

The curves in Figs. 6.39 and 6.40 are for the relative anomaly of the electric field
versus the propagation distance p at different thicknesses of the high-impedance
layer. All parameters are taken as those in Sect. 6.6.1. It is seen that at the same
buried depth, the larger the thickness of the high-impedance layer, the more obvious
is the relative anomaly of the electric field, and the more easily the target can be
detected.

In Figs. 6.41 and 6.42, the curves are for the relative anomaly of the horizontal
electric field as a function of the offset distance at different conductivities of the tar-
get layer (higher-impedance layer). It is seen that the greater the difference between
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the conductivity of the more easily the target layer and that of the sedimentary layer,
the greater the difference of the field strength is, and the more easily the target layer
may be distinguished.

We assume that the depth and thickness of the target layer are taken as 1000 m
and 100 m, respectively. The electric field E, as a function of the offset distance in
the sea water is computed at different operating frequencies and shown in Fig. 6.43.
With the same parameters as in Fig. 6.43, the curves in Fig. 6.44 are for the relative
anomaly of the electric field AEy, as a function of the offset distance at different
operating frequencies.

From Figs. 6.43 and 6.44, it is concluded as follows: With the decreasing op-
erating frequency, the received field strength will increase, and the signal will be
received more easily. The lower the operating frequency, the more significantly the
relative anomaly of the electric field will reduce, and the detection resolution will
decrease. Therefore, with the chosen operating frequency both effects should be
considered.
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6.6.3 The Effect of Air Waves

When the mCSEM method is used to detect the subbottom structure by measuring
the electromagnetic field components on the seabed, in order to detect the struc-
ture of the deep seabed, we always hope that the distance between the transmitting
and receiving points is as large as possible. When the sea water is not too deep,
while the distance between the transmitting and receiving points increases, except
for the wave traveling on the ocean floor along the boundary between the sea water
and ocean floor, there exists another wave, which travels upwardly to the air, and
then along the sea surface, and finally vertically downward to the receiving antenna.
When the sea water is very shallow, and the distance between the transmitting and
receiving points is very large, the magnitude of the wave in the air may be larger
than that of the wave on the ocean floor. Thus, it is necessary to analyze and discuss
the effect of the air wave and the compensated method. In order to analyze the prob-
lem on the effect by the air, the five-layered model and Cartesian coordinate system
is shown in Fig. 6.45, where the HED is located at (0, 0, d). It is noted that Region 0
with its thickness of /j is occupied by sea water, and the transmitting and receiving
antennas are located in this region.

Under this five-layered model, with a series of complicated derivations, the in-
tegrated formulas are derived readily for the electromagnetic field in the sea water.
They are written in the following forms:

oo
Eoy = _wuoi dl cos ¢ f yg [el=dl 4 pTEGin: | QTEein(h=2)]
P 0

x J1(Ap) dA
Idicos¢p [

dnwey Jo

x [AJo(p) — p~ 1 (hp)] d, (6.199)

yo[ell/o\z—d\ — pT™™ginz _ QTMCIVO(ZIO—Z)]
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I dlsin © . . .
Hop = — - ¢ f [:tely(ﬂz—dl 4 pTEginz _ QTEelyO(Zlo—Z)]
—0o0

x [AJo(e) = p~ 1 (ko) ] d2
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Idlcos¢p [*° : . .
—d TE TE 2ly—
Hog = _W [ieIVO\Z \ + PTEeinz _ e Z)]]l (Ap) dr
—0o0

_ Idicos¢ / " [l _ pTMGinT 4 oTMeino-]
47 —oo
x [AJo(p) — p~ 1 (hp) ] dA, (6.202)

where the sign “+” represents the region of z > d, while the sign “—" represents
the region of 0 < z < d. In Egs. (6.199)—(6.202), P™ QTM, PTE and QTE are
expressed as follows:

™\ pTM
(1 - RPHRI

p™ _
- T™ pTM
- RO+ Ry

e irod (6.203)
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™\ pT™M
(= Ry IRy}

elr0(@=2h) (6.204)
™ pTM ?
1= RO+ Ry

QTM —

1+ RIHRSE
pre = L Ro R (;;) e e, (6.205)
- R0+R0—

TE\ pTE
_ UFROIRGY 210
— 0= 0k, , (6.206)
1— RJFRE

TE

where Rg}:’[ and Rgﬁ/[ represent the reflection coefficients of the electric-type (TM)
wave on the boundaries, while RgE and RgE represent those of the magnetic-type
(TE) wave on the boundaries. It is noted that the sign “+”” corresponds to the bound-
ary between the air and the sea water, while the sign “—" corresponds to the bound-
ary between the sea water and the sedimentary layer. They are

22
RIM — Yok Vakg - ei2nllo—d), (6.207)
yokg + vak
—1 i
™ _ 1T €
Ry = "y MM el o ) (6.208)
0t Y Teman©
RTE = JJ:E J—r Za - ei2nllo—d) (6.209)
a
—1 i
ei2nd 4 w - My - e2vod+yil)
™ M|+M2 .3127/2[2
Ry = » My M, 22011 o ) (6.210)
0t g Teman©
where
2 2
= YR vk o vt v (6211
i = ’ L * :
yiki2+l - Vi+1ki2 Yi — Vi+1

In the above equations, y; (i =0, 1, 2) represents the wave number in the vertical di-
rection of the ith layer, while y,, represents the wave number in the vertical direction
in the air.

In order to analyze the effect of the thickness of the sea water layer in detecting
the ocean floor by using the mCSEM method, the following computations are car-
ried out. We note that Eq,(p, 0, z), which is computed by Eq. (6.199), represents the
field component excited by unit HED in the sea water in the shallow-sea case with
the depth being 300 m, while Eg (0 0, z), which is computed by Eq. (6.181) with
n = 4, represents the field component in the sea water for the four-layered model in
the deep-sea case.

In Fig. 6.46, graphs are for the components Eo,(p, 0, z) and Egp (p, 0, 7) as func-
tions of the offset distance p. In the computations, the parameters for all layers are
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as follows: &, = 1, 6,0 =80, &1 = &2 =63 =10, 09 =3.3 S/m, 0y =1 S/m,
02 = 0.01 S/m, and o3 = 1 S/m, the operating frequency is f = 0.5 Hz, and the
height of the transmitting antenna and that of the receiving antenna are taken as
d =10 m and z = 0 m, respectively. It is seen that when the offset distance is less
than 4 km, the response of the electric field for the shallow sea is basically consistent
with that for the deep sea. When the offset distance is greater than 6 km, the electric
component E, in the shallow sea is enlarged significantly compared with that in
the deep sea. Furthermore, with the increase in the offset distance, the difference is
growing. It is shown that for the shallow-sea prospecting in the far zone, the impacts
by the air wave will be more and more extensive.
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Fig. 6.48 In both the T T T T
shallow-sea and the deep-sea 120 Deep sea
cases, the relative anomaly of
the electric field versus the
offset distance is computed at
f=20Hz

— — — Shallow sea

(dB)

AE

With the depth and thickness of the target being 1,000 m and 100 m, respectively,
and the conductivity oo = 0.01 S/m, the relative anomaly of the electric field versus
the offset distance is computed at f = 0.5 Hz and 2 Hz and shown in Figs. 6.47
and 6.48, respectively. From these computations, it is seen that when the offset dis-
tance is less than 3 km, the relative anomaly of the electric field for the shallow sea
is consistent with that for the deep sea. When the offset distance is larger than 3 km,
the relative abnormality of the electric field for the shallow sea is reduced signifi-
cantly, and it is unable to distinguish whether the high resistivity layer exists or not.
This is resulted by the electric field, which is determined mainly by the air wave in
the shallow-sea case. It is seen that in the shallow-sea case, it is necessary to carry
out further works on the mCSEM method, otherwise both the probing depth and the
resolving power will be limited.

6.7 Summary

In this chapter, under the half-space model, three- and multi-layered models, the
ELF field in sea water radiated by an HED on the boundary between sea water
and sea floor is investigated analytically and some computations are carried out
carefully. As the applications of the electromagnetic field excited by an HED in
layered region, the mCSEM method is addressed specifically.
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Chapter 7

Radiation and Propagation of SLF/ELF
Electromagnetic Waves of Space Borne
Transmitter

A space borne SLF/ELF transmitter for the communication with submarines can be
a line antenna or loop antenna in the ionosphere at a heights of 300—450 km. In this
chapter, the line antenna is idealized as an electric dipole, the ionosphere is idealized
as homogeneous anisotropic plasma. The radiation of a SLF/ELF electric dipole in
an infinite anisotropic plasma is treated analytically, while the electromagnetic field
on the sea surface generated by a space borne SLF/ELF line antenna is analyzed.
Some numerical results are also calculated.

7.1 Introduction

It is well known that SLF/ELF electromagnetic waves can be used for subma-
rine communication. The available submarine communication systems require us
to build huge ground-based transmitting stations with large investment and wartime
sensitivity. Once damaged, they are difficult to repair. With the development of space
technology and the decrease of satellite launching costs, it is possible to develop a
space borne SLF/ELF transmitting system to use for submarine communication.
Additionally, the ionosphere high-frequency heating can also be used to generate
SLF/ELF waves. It is known that the programmes of the active SLF experiments
with the use of a large loop antenna (with diameter 300 m) or line antenna onboard
the spacecraft have been presented in Russia and the United States (Armand et al.
1988; Koshelev and Melnikov 1998; Bannister et al. 1993).

SLF/ELF waves in the ionosphere and the magnetosphere have been a subject
of investigations already for more than 60 years. The theoretical and experimen-
tal works on SLF/ELF wave propagation have been treated by many investigators
and the findings are well summarized by Wait (1962) and Galejs (1972). In the pa-
per by Xia and Chen (2000), by using the matrix-exponent formulations, SLF/ELF
wave radiation and propagation in anisotropic stratified ionosphere are analyzed and
computed numerically. In the previous work by Li, the solution of the propagation
of VLF/SLF/ELF electromagnetic waves penetrating the lower ionosphere is carried
out (Li and Pan 1999; Li et al. 2011).

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves, 223
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In this chapter, we will summarize our recent work on the radiation of an
SLF/ELF electric dipole in an infinite anisotropic plasma and the electromagnetic
field on the sea surface generated by the space borne SLF/ELF transmitter. Some
new computations and conclusions are also presented.

7.2 Radiation of an SLF/ELF Electric Dipole in an Infinite
Homogeneous Anisotropic Plasma

In this section, we will attempt to address the radiation of a SLF/ELF electric dipole
in an infinite anisotropic plasma.

7.2.1 Radiation of a SLF/ELF Electric Dipole in an Infinite
Homogeneous Anisotropic Plasma

In an infinite, homogeneous, anisotropic plasma, with the Z-axis of the coordinate
system along the geomagnetic field, the electromagnetic properties of the plasma
can be characterized by the tensor permittivity & and the scalar relative magnetic
permeability , = 1. When the Z-axis is parallel to the direction of the geomagnetic
field, the tensor permittivity £ is expressed in the following form:

B g —iey O
g=g¢gp | ien &1 01, (7.1)
0 0 €3
where
X.U, X;U;
er=1-— — , 7.2
XeYe XiYi
&) = , 7.3
Uez . Yez Uiz _ Yiz ( )
Xe Xi
g=1-—-— (7.4)
Ue Ui
. Ve Y
U,=1+1—; U=141i—, (7.5)
w w
2 2
w, [Ore
Xe=—%:  Xi=—3, (7.6)
w w
(e) @)
w w
Y,=—1L; Y, = 1. (7.7)
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2 __ Neez
Oe = gome
quency of electron and of ion, respectively. The electron gyro-frequency a)(e) and
(@)

are the angular plasma fre-

()2
In the above equations, w, %

2
and Wy =

ions gyro-frequency w;; are expressed as a)(e) |EB° | and a)(’) |ez’ Bo |, respec-
tively. It is noted that w is the operating angular frequency, Ve is the effective colli-
sion frequency of the electron, N, is the electron density, m, the electron mass, v;
is the effective collision frequency of the ions, N; is the ion density, By is the geo-
magnetic field strength in Wb/m?2, and Zi, the order of the ions with positive charge,
which is usually taken as 1 or 2, is determined by the ions’ composition.

Maxwell’s equations can be expressed in the following forms:

V x E =iouoH, (7.8)
V x H = J§(r) —iwsyeE, (7.9)

where J is an unit electric dipole in the origin point. Introducing the 3D Fourier
transforms, we have

) = 1 ///Oo E (k) exp(—ik - r) &k, (7.10)
(2m) —00
H(r) = L// - H (k) exp(—ik - r) &k, (7.11)
(2m) —00
_ 1 - ~ 3
)_E///iooexp(—lk-r)d k. (7.12)

Substituting Eqgs. (7.10)—(7.12) into Egs. (7.8) and (7.9), it follows that

—ikyE; + ik, Ey = iwpo Hy
—ik Ey +iky E; = iopoH,
—ikyEy + ik Ey = iouoH.

R ° L (7.13)
—iky H, + ik, Hy = —iweo(e1 Ex — ie2Ey) + Jy

—ik, Hy + ik, H; = —iweg(ie2Ex + &1 Ey) + Jy

—iky Hy +iky Hy = —iweoes E; + J;

Letting k, = ksin6y cos ¢y, ky = ksinbsingy, k; = kcos6, we readily de-
rive

(7.14)

WSS

E
A Ey = —iwug
E
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In the above equation, the 3 x 3 matrix is written in the form

- Al A Ap
A=Ay Axn Axn|, (7.15)

Azl Az A3

where

Ay = k§er — k*(cos® O + sin® 0 sin® ¢ ). (7.16)
Ax = Ikier — k? (cos2 O + sin’ 6y cos’ or), (7.17)
Asz = kje3 — k? sin® 6, (7.18)
App = k2 sin® Ok sin ¢y cos ¢ + ik(z)ez, (7.19)
Ar = k> sin® Ok sin ¢y cos ¢y — ik(z)ez, (7.20)
A3 = Az; =k sin 6 cos 0 cos ¢y, (7.21)
Ar3 = A3y =k sin 6 cos by sin ¢ (7.22)

The solution of Eq. (7.14) can be expressed in the following form:

~ F(k, 6,
Bk = —ioopg &0 2 (7.23)

detA

where
det; = k% (81 sin? Ok + &3 cos® Qk) (k2 — k%) (k2 — k%) (7.24)
2
ko= s : [8]83(1 +cos? ) + (e — &3) sin 6y
= 2(eq sin® Oy + &3 cos2 6y)

+ \/(8% —&5— & 83)2 sin* 0 + 43632 cos? Qk]. (7.25)
The vector F(k, 0, ¢y ) is written as follows:
F(k,O, ¢p) =XF +3Fy +ZF;. (7.26)

In the case of the unit electric dipole being parallel to the direction of the geo-
magnetic field, J = ZJ, namely, J, = vy =0and J; = 1, the three components Fy,
Fy, and F; can be expressed as follows:

F, = sin 6 cos [k4 cos ¢ — k*k3 (ie2 sin ¢y + &1 cos o], (7.27)
Fy = sin 6 cos O [k4 sin ¢y — k*k3 (e1 sin ¢y — ie2 cos o], (7.28)
F, = k* cos® 0y — K’k e (1+ cos’ 6r) + kg (812 - s%) (7.29)
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In the case of the unit electric dipole being vertical to the direction of the geo-
magnetic field, and letting the electric dipole be in the X direction, we have J = X J,
Jy =1, and J, = J; = 0. With similar steps, the three elements F, Fy, and F;, can
be expressed as follows:

Fy =kjeres — kékz[el sin” O + €3 (0032 O + sin’ 6y cos’ or)]

+ k* sin” 6 cos? ¢y, (7.30)
Fy = —ikgeres — k3k* (3 sin” O sin ¢y cos ¢y — iea sin’ Ok)
+ k* sin” 6y sin ¢y cos ¢y, (7.31)

F, = —k(z)kz(sl COS ¢y — 1€7 sin ¢y ) sin Oy cos O + k* sin O cosOr cospr.  (7.32)

Thus, in the above two cases, the electromagnetic field can be expressed in the
integrated forms:

2 F(k,6

= 1a)u(; / f / Fk, O o) exp{—ikr[(cos 6 cos b;
2m) detA

+ sinf sin 6y cos(¢ — o) | }k sin 6y déy, dgy, dk. (7.33)

With the extended representation,

exp{ —ikr [(cos 6 cos O + sin b sin O cos(¢p — ¢k)] }

[ — -
= %2(2n+1)(—1) Juy 1 (kr)

X P, [cos 0 cos 6y + sin 6 sin Gy cos(¢p — ¢k)], (7.34)

and substituting Eq. (7.34) into Eq. (7.33), we obtain readily

: T 2n
_ lopo 1 N
Em_aﬁ/ylw%;ifmm(o

X Py[cos 0 cos b + sin sin 6 cos(¢p — ¢dx) | e

0o k=2 1 (kr)F(k, 6, dp)k? sin 6
/, s dk.  (7.35)
0 ki(e sin? 0y + &3 cos2 O) (k2 — k?) (k2 — k3)
We denote the latter integral in Eq. (7.35) as follows:
0o K2,y (kr)F (K, O, )k
S, = 7.36
! fo kg (k2 — kD) (k2 — k3) (730

By examining the integral in Egs. (7.35) and (7.36), it is seen that, when both
Or and ¢y change to ™ — 6¢ and 1 + ¢, the integrand F(k, 0k, ¢) in S, is not
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changeable. In the same case, it is seen that the Legendre function P, is an odd
function of x when n is odd, while it is an even function of x when n is even.
Obviously, when n is odd, the integration over the ranges for 6; from O to m and
¢k from O to 27t will be zero. There only exists the contribution by the integration
when 7 is even. Then, Eq. (7.35) is rewritten as follows:

; o0 b1 27
= oto J T —1y
E(r)_(znp\/;r;)/o dek/O (4n+1)(=1)

X Pyp[cos 6 cos O + sin6 sin Oy cos(¢p — ¢r) | depy

dk. (7.37)
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Considering the relations
1
M _2rg® @
J2n+l(kr) = [H2n+l(kr)+H2n+%(kr)], (7.38)
iHy) ) (k)= HyD | k), (7.39)

and noting that both the function F and the integrand in Eq. (7.37) are even functions
of the variable &, then it follows that

0ok~ 12n+%(kr)F(k, Ok, Pr)k>
S
2n /0 kg (k> — k) (k> — k3)
D ) 2
oo kKT2H ' | (kr)F (k, 6, ¢r)k
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== dk. 7.40
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With the residue theorem, we obtain readily

i

Sop=———
U~ 1)

1
(k3 F (k2. 60 ) H,) . (kar)
2

1
2 1
— ki F k1, 0, g0 H,, ) ()]
=S}’l(r’0kv¢k)' (741)
Then, the electric field can be expressed in the following form:
[ 2 (dn + D(=1)" S, (r, Ok,
_ lwu(; Z/ sin 0, do, / (4n + .)(2 )" 82n (r, O, Pr)
Qm)3\V 2r g1 sin” Oy + €3 cos2 Oy

X Pap[cos 6 cos O + sin 6 sin by cos(¢ — ) | depi. (7.42)
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If Y,,, is the ny-order scalar spherical harmonic function of 6, and ¢y, i.e.

n
Yy, Ok, b)) = ag Py, (cosby) + Z (am cosmaoy + by, sinmd)k)P,f'l’ (cosBy), (7.43)

m=1

and considering the orthogonality of spherical harmonic functions, it follows that
b 2n
/ sin 6y dOy, / Y, (k, i) Py [cos@ cos O + sind sin O cos(¢p — ¢>k)] dox
0 0

(7.44)

s Ya(0.6); n=n.

_{0; n#ni,

Thus, the integrand function can be expanded in terms of the scalar spherical har-
monic functions. We write

o0

Szn(rs 6](7 ¢k) _ Z
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0 0 &18in” 6 + &3cos? 6
) 2n1+ 1 (ny —m)!
a r)=
2,m1.m 2n (np +m)!
2n T 85, (7, Ok, o) P (cos 6
x/ d¢k/ i : PO Fn (SO b cosmay dor. (7.47)
0 0  &1sin” 6 + £3cos? b
2n1+ 1 (ny —m)!
b2n,n1,m (r) =

21t (np +m)!

2n T 80, (7, O, Pr) P (cos 6,
x/ dqbk/ 2"(, k PO Py (COSO) o sinmebe dBr. (7.48)
0 0  &1sin“ 0 + &3cos2 6

It is noted that in Eqgs. (7.46)—(7.48), n1 should be 2n. If is not equal to 27, the above
three coefficients should be zero.
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Substituting Eq. (7.45) into Eq. (7.42), with Eq. (7.44), it yields
TOJ I >
E(r)=-553 nX_(j)(atn)(—l)" {azn,zn,o(r)Pzn (cos6)

n
+Z[az,lln,m(r)cosmcp+b2n,2,,,,,,(r)sinm¢]P;;(cos9) . (7.49)

m=1

By using the following relations, the representations in spherical and cylindrical
coordinates can be obtained, respectively:

E, [ cos¢ sing O E,

Ey | =|—sing cos¢ O Ey |, (7.50)
| E; | | 0 0 1 E.
[ E,7] [sinOcos¢ sinfsing cosd E,

Ey | =|cosfcos¢p cosOsing —sin6 Ey |. (7.51)
| Ep | | —sing cos ¢ 0 E,

It is noted that because the function S, and its denominator in Eqgs. (7.46)—
(7.48) are only concerned with cos? 6y, the expanded coefficients are non-zero only
when n; refers to the even term. In the case of the electric dipole being parallel
to the direction of the geomagnetic field, F, and F, are proportional to the factors
sin ¢y and cos ¢, while F; is not involved in ¢y. Therefore, for Fy and F), there is
only one non-zero term with m = 1, while for F_, there is only one non-zero term
with m = 0. In the case of the unit electric dipole being vertical to the direction
of the geomagnetic field, the functions Fy and F), include only the terms with the
factors sin2¢; and cos2¢y and the terms which are not concerned with ¢, while
the function F; is proportional to the factor sin ¢y and cos ¢y . Therefore, for Fy and
Fy, there are two non-zero terms with m = 0 and m = 2, while for F, there is only
one non-zero term with m = 1.

7.2.2 The Approximation of the Far Field

At large distance between the observation point and dipole source, namely kjr > 1
and kor > 1, Eq. (7.41) is approximated by

T

Son = ————a
TR —k3)

1 . .
V 3 CDLF 0, g™ = Flka, 01, g0 ] (7.52)
With the substitution of Eq. (7.52) into Eq. (7.42), it follows that

o 1 /hd(bk/“i S5, (. Ok, i) sinby  (4n+ 1)
0 0

@m3 k2 2r ey sin’ 6 + £3 cos2 b (k] — k)

E(r) =

X Pap[cos 6 cos O + sin 6 sin Oy cos(¢ — ¢y) |doy, (7.53)
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where
S5 (r, 0k, px) = F (k1, 0k, pr)e " — F (ka, Oy, pr)e’?". (7.54)

The integrand in Eq. (7.53) can be expanded in scalar spherical harmonic func-
tions (Abamowitz and Stegun 1972; Gradshteyn and Ryzhik 1980). Let

SZn] (rv Gkv ¢k)
(k? — k3) (&1 sin® Ok + &3 cos? O

e} 2ny
= Z {aznl(r)Pan(cosék) + Z[aznl’m(r)cos may,

n1=0 m=1

+ b2, (1) sinmqb]Pz”;” (cos@k)}, (7.55)

then it is seen that the coefficients must be similar to those in Eqgs. (7.46)—(7.48).
Considering the orthogonality of spherical harmonic functions, we obtain readily

0]

iopg @ 1 | 1
E(r) = [W%f}ﬁ > {azn](r)Pzn](Cose)

ni=1

2ny
+Z[azm,m(r)cosmqsk+b2nl,m(r)sinm¢]P,;’}(cos9) . (1.56)

m=1

Comparing Egs. (7.55) and (7.56) yields

iouy 1 S(r,0,¢)
E(r)= (; 2 ) 2012 _ 12 ; (7.57)
(2m)° 8kir (e1sin” 6 4 €3 cos? 0) (ki — k3)lg,—o
where
S(r,0,¢) = F(ki,0,$)e"" — F(ka, 0, ¢)e"". (7.58)

So far, the approximated formulas of the electric field in the far-field region radiated
by unit electric dipole in an infinite anisotropic plasma are derived readily.

If the unit electric dipole is parallel to the direction of the geomagnetic field,
namely, J = Z, then we have

F(k;j(0).0) = #[k}©) — 2k3@)kZer + kg (e — €3)] coso
+ é[k?(@)k%sl —kg(e? — 8%)] sin®

+ pikgk; (O)ersinfcosO;  j=1,2. (7.59)
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If the unit electric dipole is vertical to the direction of the geomagnetic field, and
the electric dipole is in the X direction, namely, J = X, then we have

F(kj(0),0,¢)=FF, +0F) +Fy; j=1,2, (7.60)
where
= [kjf cos¢ — k%k?(sl cos ¢ + ien sin ¢ + €3 cos )
+ kg (1 cos ¢ + ey sing)e3] sind), (7.61)
Fy = [—k%k?&g cos¢ + kg (g1 cos ¢ + ey sin P)e3]cost, (7.62)
Fy = kéka-[(sl sin¢ — &2 coS @) sin @ + &3 cos” 0 sin ¢]
— ké(sl sin¢g — gy cos ¢)es. (7.63)

In Eq. (7.57), k1 and k; refer to the wave numbers of the ordinary and extraordi-
nary waves, respectively. The wave numbers k| and k> are determined by Eq. (7.25)
and the Sommerfeld radiation condition, namely, Im(k;) > 0 and Re(k;) > 0.

When the three components of the electric field are obtained, the three compo-
nents of the magnetic field can be derived readily by using the following relations:

H, b1 ( 0E,) — 9Es (7.64)
= sin .
"7 iwug rsind ¢ 8¢
1 1] 1 0E 0
Hp= | L OB 0 ). (7.65)
iwug r | sin@ d¢p  dr
1 1[0 E,
Hy = —| —(rEp) — . 7.66
¢ iopo r |:8r (rEo) 20 :| (7.66)

7.2.3 Analyses, Discussions, and Computations

From Eqgs. (7.57) and (7.58), it is seen that the electromagnetic wave, which is radi-
ated by an electric dipole in an infinite anisotropic plasma, can be expressed in the
sum of the two waves with the wave numbers k| and k». The wave numbers k; and
ky are determined by the operating frequency, the ionospheric parameters €1, &2, and
€3, and the angle 6 between the propagating direction and that of the geomagnetic
field. We write

2
Ko _ !
kg 2(e1 sin® 0 + 3 cos? 6)

[8183(1 + cos? 9) + (8% — 8%) sin% 6

+ \/ - 82 - 5183) sin 6 + 48283 cos? 9]. (7.67)
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With the substitutions of Egs. (7.2)—(7.7) into Eq. (7.67), the complex refractive
index n can be expressed as follows:

k? X
ng=—2=1- , (7.68)

v vy 2
U-soo \so—x7 T1L

where Y7 = Y cosf represents the component parallel to the direction of the geo-
magnetic field (longitudinal direction), while Y7 = Y sin 6 represents that vertical to
the direction of the geomagnetic field. Equation (7.68) is the well-known Appleton—
Hartee Equation in the ionospheric wave propagation.

In SLF/ELF ranges, it is known that X > Y2 >> 1. From Eq. (7.68), it is seen
that nlz) is close to a large negative real number, and 7, has a positive imaginary part.

. T Y .
That is to say, the wave of elk1” i an evanescent wave. When Y, > 2(U—IX)’ ng is

close to a large positive real number, and 7, is a positive real number. That is to say,
the wave of e/*2” is a propagating wave.

When the propagating direction is vertical to the direction of the geomagnetic
field, namely, 0 = %, both n% and n? are close to a negative real number. Namely, in
this case, both the o0 and e waves are evanescent. The critical angle 64 exists. When
6 < 5 —04 or > 3 464, the extraordinary wave is a propagating wave, while the
ordinary wave is evanescent. When % — 04 <0 < % + 04, both the extraordinary
and the ordinary waves are evanescent. From Eq. (7.68), the critical angle 64 is
approximated by

i

1+

Y2

When the observation point is far away from the dipole source, there only exists
the extraordinary wave. Then, the electric field can be simplified as follows:

04 A sin”~ (7.69)

iwpokol dl F(ks, 0, ) eikar
E(r)= 3 3 202002 12
647 (e1sin° 0 + 3 cos? O)k§ (k5 — k7)lg,—o Kor
ikinldl elker
= -Gk, 0, ) - i 7.70
P (k2, 0, ¢) ko (7.70)
where
F(ky,0,

Gk, 6,¢) =— (k2,6.9) 7.71)

ké\/(sf — &5 —£163)2 sin* 0 + 4ey63 cos2 6

In the far-field region, we have nkor > 1, and a spherical wave excited by a
dipole source can be approximated as a plane wave. In this case, the spatial changes
in the wave front, which is perpendicular to the propagation direction, can be ne-

glected. Then, we have g—‘; ~—i, H ~0, Hy = —%E¢, and Hy = %Eg.
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The radiated field of an electric dipole in an infinite anisotropic ionosphere can
be easily calculated. In this section, the parameters are taken as Bg = 0.5 x 107* T,
woe = 6.67 x 107 arc/s, wo; = 3.575 x 10° arc/s, 0 = 8.8 x 10° arc/s, ') =
2.532 x 102 arc/s, and v, = v; = 10 s~!, which are the same as in the available
reference (Bannister et al. 1993). The refractive indices n, and n, are computed at
f =30Hz, 50 Hz, 100 Hz, and 200 Hz and shown in Figs. 7.1 and 7.2, respectively.
It is found that in the direction near 8 = 90°, the changes of the refractive index are
more complicated.

From the computations on Im(n,), it is seen that the imaginary part of n, is very
large. Namely, the ordinary wave is an evanescent wave. From the computations on
Im(n,), it is seen that the imaginary part of n, is the minimum in the direction of
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6 = 0°, i.e., the propagation loss along the magnetic field line is minimum. When
0 is close to 90°, Im(n,) increases rapidly. Furthermore, Im(#n,) is sensitive to the
value of % When the collision is neglected, Im(,) is very small. When the collision
is considered, Im(n,) increases as the operating frequency decreases.

In ELF range, because the ion collision frequency and ion gyro-frequency can
be comparable to the operating frequency, the effect by the ions should not be ne-
glected. With the same parameters as in Figs. 7.1 and 7.2, the real and imaginary
parts of n, and n, versus the angle 6 are computed for f = 10 Hz, and 30 Hz and
shown in Figs. 7.3 and 7.4. It is seen that the effects on the real part of n, and the
imaginary part of n, are very large, while the effects on the real part of n, and the
imaginary part of n,, are very small. In ELF range, the ion effect must be considered.
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With the same parameters as in Fig. 7.1-7.4, as shown in Fig. 7.5, the function
of the electric field component |E,| of the angle 8 is computed at » = 10 km and
20 km, respectively. It is noted that the component |E, | is radiated by a unit electric
dipole which is parallel to the direction of the geomagnetic field. From Fig. 7.5,
it is seen that in the SLF range, the magnitude of the field component shows little
changes when the angle 6 is not close to 0°, 180°, or 90°. When 6 is close to 90°,
the field components decrease rapidly. The larger the distance, and the higher the
operating frequency is, the more extensive the component decays is.

In the above computations, a unit dipole source is employed. Namely, it is taken
as /dl =1 A-m. If the moment of an electric dipole is assumed to be 100 A x
1 km = 103 A-m, the propagating distance is » = 100 km, the angle @ is taken as
any angular degree except for 0°, 90°, and 180°, and the rest of the parameters are
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assumed as above, the electric and magnetic components can be calculated readily.
The evaluated ranges for the components |Eg| and |Hp| at r = 100 km are listed in
Table 7.1.

7.3 Electromagnetic Field on Sea Surface Generated by Space
Borne SLF Transmitter

In this section, the ionosphere is regarded as a homogeneous anisotropic plasma
with sharp boundary, we will treat analytically the electromagnetic field on the sea
surface generated by the space borne SLF transmitting antenna.
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Fig. 7.5 The magnitude of |E,| versus the angle 6 at f =30 Hz: r = 10 km and 20 km

Table 7.1 The evaluated

ranges for | E»| and | Hy| at Frequency Component

different frequencies |Eg| dB-V/m |Hg| dB-A/m
f=30Hz [—368, —346] [—361, —333]
f =100 Hz [—354, —325] [—349, —321]
f =300Hz [—340, —313] [—332, =311]

7.3.1 The Representations of the Field Components in the
Ionosphere

The geometry and notation of consideration are shown in Fig. 7.6. The geomag-
netic field B, which has the angle 6, with the z-direction, is in the x—z plane. The
ionosphere is regarded as a homogeneous anisotropic plasma with sharp boundary,
which is characterized by the tensor permittivity & (Budden 1961).

Letting /, m, and n be the direction cosines of the geomagnetic field By in the *,
v, and Z directions, we have

lp =sin0Op; mp =0; np = cos . (7.72)

In VLF range and the higher end of SLF range, the effect of the ions can be
neglected. Then, the tensor permittivity & of the ionosphere can be written in the
3 x 3 matrix form. It is

& =¢go[l + M], (7.73)
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Fig. 7.6 The physical model B, z
for the space borne SLF .
transmitting antenna y g Tonosphere
z=d
y
Air
0 X
Sea water

where g is the free-space permittivity, I is 3 x 3 unit matrix, and M is the suscep-
tibility of the ionosphere. We write

U?—12Y? i, YU  —lpnpY?
—inpYU U? iLYu |, (7.74)
—lpynpY?  —il,YU U?-niY?

M -X
T UW?-Y?)

where
U=1+iZ, (1.75)
w
2 2
,

x=20 Q=== (7.76)

w eom

B
y=22. oy=|20 (1.77)

w m

In the above formulas, w is the operating angular frequency; M is the susceptibility
matrix for electrons, respectively; wy is the angular plasma frequency for electrons;
and N is the electron density; wp is the electron gyro-frequency; /, and nj, are the
directional cosine of the geomagnetic field in the x and z direction, respectively.

In the ionosphere, the electromagnetic field should satisfy Maxwell’s equations.
We write

V x Ej=iowH;, (7.78)
V x H; =—iwé; E + 21 dI8(x)5(y)8(z — 20), (7.79)

where the subscript j =i, a. It is noted that i and « indicate the ionosphere and the
air, respectively.
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We introduce the Fourier transformations of the electromagnetic field,
1 00 0O "
ei(k,z)= —/ / E;(r)e” " fdxdy, (7.80)
J 47[2 oo d—oo J
n 00 0O )
hjk,z) = — / / H j(r)e *r dx dy. (7.81)
An” ) )0
The corresponding inverse transformations are written in the forms
SRS .
E;(r)= / f ej(k, z)e P dk, dky, (7.82)
—00 J =00

1 [l e ] .
H(r)= - f / hj(k, 2)e*? dk, dky, (7.83)
NJ—coJ—00

where 7 is the wave impedance of free space, k = Xk, + Jk,, and p = Xx 4 Jy.
Substituting Eqgs. (7.82) and (7.83) into the Maxwell equations in the ionosphere,

and eliminating the vertical components e, and /4, the following matrix equation is
obtained readily:

dw )

E:—lko-T-W+f68(z—zo), (7.834)
where k¢ is the wave number in free space. The column vectors W and f, are
represented as follows:

w=[e e ni ni], (7.85)
Idl -n k. ky T
fe=mEaTag e B Me o] . 089
The 4 x 4 matrix T is written as
™ ke Mo, kx My _ kxky k)% 1]
ko(I+Mz)  ko(14+M2) K2(1+M2) K(1+M:2)
key My My k3 kky
T = | oo(+Mzr)  ko(1+Mc) K (1+M.2) K2(1+M.2) (7.87)
T T ky My, ke My, ’
31 32 ko (1+ M) T k(M)
kvMXZ kxsz
L T Tan T Ro(+M-.) ko(+M.)
where
My My, kiky My M., k>
T3 = My, — == ; Typ=14+M,, — = X (7.88)
M K YU+ M, K
2
szsz kv szsz kxky
Ty =—1—M,, + ———— + —; Tap=—Myy + ——— — . (7.89)
UM K VUM K
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In this section, the ionosphere is idealized as a homogeneous anisotropic plasma
with uniformly sharp boundary, it is seen that all elements in the matrix T, which
do not vary with the changes in spatial position, are determined by the parameters
including electron density, collision frequency, and the operating frequency. For the
matrix equation (7.87), it is seen that there are four eigenvalues and the correspond-
ing four eigenvectors. Generally, considering that the ionosphere is a loss medium
with v # 0, the four eigenvalues are complex numbers, where the two in the lower
half plane with ImX < O are denoted A; and A, and the other two in the upper
lower half plane with Im A > 0 are denoted A3 and A4. Obviously, the eigenvalues
A1 and Aj correspond to the downward characteristic waves, while A3 and A4 cor-
respond to the upward characteristic waves. We assume that W) represents the
eigenvector, which corresponds to the eigenvalue A ;. Then, the transformations of
the electromagnetic field components, which is generated by an electric dipole, can
be expressed as follows:

VNV — [Cleikoll(szo)W(l) + Czeikolz(Z*ZO)WQ)] -U(zo —2)
+ [Caethms WO 4yl GO WB] . Uz — z9).  (7.90)

It is noted that the Heaviside step function U (x) in Eq. (7.90) is defined as fol-
lows:

1; x>0
Ux)=1" - 791
*x) 0; x<0O. ( )

With the substitution of Eq. (7.90) into Eq. (7.84), we obtain readily
—C WO — W L W WP = f . (7.92)

When all eigenvalues and eigenvectors of the matrix T are obtained, the excita-
tion coefficients C; (j =1, 2, 3,4) can be solved by the following equation:

[Ci G G G]=G'-f,, (7.93)

where the matrix G is expressed in the form of

(7.94)

Considering the path that the waves propagate along from the ionosphere to
the air until the sea surface, the waves will encounter the reflections by the air—
ionosphere interface. Thus, the transformations of the electromagnetic field compo-
nents can be expressed as follows:

W = RiWPeihors@=d) | p yyWeikoralz=d) 4 (7.95)
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When d < z < 79, we write

W = le(3)eik0)»3(z—d) 4 sz(4)eikok4(z—d)
+C w D gikor1(z—z0) + CzW(Z)eikokz(Z*ZO). (7.96)

7.3.2 The Representations of the Field Components in the Air

Similarly, with the substitutions of Eqs. (7.80) and (7.81) into the Maxwell equa-
tions in the air, the components eg, eg, hg, and hg can be expressed in terms of
the components ¢? and 1?. The components €? and 1? should satisfy the following
differential equations. We write

82

8 0 2,0
En —V 4y =0, —h0 420 =0, (7.97)

32
where y = k(z) - k)% - ki. Obviously, the general solution of Eq. (7.97) can be repre-

sented in the form of e=¥%,
On the sea surface, z = 0, the field components should satisfy the impedance
condition, which is expressed in the form of

= Agea, (7~98)

where Age, is the normalized surface impedance, Ageq = +/1w€(0/0sea- In SLF/ELF
ranges, Agea can be approximately taken as 0. Thus, the Fourier transformations eg

and 1Y are expressed as follows:
eg = Ty sin(yz); hg = Trcos(yz2). (7.99)

At the air—ionosphere interface, z = d, the tangential components in the air are
written readily. They are

e2|Z: ;= Tisin(yd), (7.100)

0] 21;1(;/41)( kyky T — ikoy T2), (7.101)
h| _, = Ticos(yd), (7.102)
1| _ eSUd T — kky Ty). (7.103)

== G-
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With boundary conditions at the air—ionosphere interface, z = d, the following
four equations are obtained readily. We write

Rl W1(3) 4 R2 W](4) 4 Cl Wl(l)eiko)»l(dfzo) + C2 Wl(z)eiko)»z(dfzo)
= Ty sin(yd), (7.104)
Ry W2(3) - R W2(4) + Cy Wz(l)eikokl(d_m) +C; Wz(z)eiko)‘Z(d_ZO)

__sin(yd)
kG — k2

(=kykyT1 —ikoy T7), (7.105)

Rl W3(3) 4 R2 W3(4) + Cl Wz(l)eik())ul(d—zo) + C2 W3(2)eikOA2(d_ZO)
= Thcos(yd), (7.106)
R] W4(,3) + sz4(4) + C] Wil)eikokl(d—zo) + C2 W4(2)eik0)»2(d—20)

B cos(yd)
Kkt — k2

(—keky T> — ikoy Th). (7.107)

In Egs. (7.104)—(7.107), there are four unknown coefficients 77, 7>, R, and R5.
When the excitation coefficients C| and C; are obtained, 77 and 75 are determined
readily. The Fourier transformations of the field components ¢ and /9 can be ob-
tained easily by Eq. (7.99). The transformations of the remaining four components

0 ,0 ;0 0 : :
€y, ez, h ¥ and &7 are also obtained readily.

7.4 The Quasi-Longitudinal Approximation

In what follows, we will attempt to treat the case of the quasi-longitudinal approxi-
mation. When the horizontal wave numbers k, and k, are given, the eigenvalues and
eigenvectors of the matrix T may be easily obtained by using the numerical method.
For SLF/ELF waves traveling downward from the ionosphere into the air, due to the
relative refractive index in the ionosphere being much larger than 1, SLF/ELF waves
propagate mainly along the vertical direction. Thus we may only consider the case
which is near the normal of the boundary, namely, kK, — 0 and k, — 0. Additionally,
because of m, < m;, generally, the condition of ¥; < Y is satisfied. Thus, when the
angle 6, does not approach 7, by ignoring some small quantities, the matrix T is
simplified as follows:

Ipky

ko 0 0 -1
Ipky
ko 0 1 0
T= i ¥ 0 0 (7.108)
npy niyz
X iX Ipky Ik,

— _ _
nyy? npy npko  npko
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The characteristic equation of the matrix T is written in the form

21,2
4 Uvke 5 < 2X i >,\2 Upks X

npko n2y?  nik} npko n2y?
X2 x> X UGk
- -

(7.109)

— +
2 4 2 2.2
”by2 npy ”bYZ npkg

By solving the above characteristic equation, the eigenvalues of the matrix T can be
obtained readily. They are

X2 \: 2 Ux\7?

m=l7t =) Tt 225 (7.110)

dny  npY 2ny,  npY

T/ x2\? 2 Ux\12
xzz_l[(iﬁ ) 2) —(1+—b2+ / 2)} AT

dny  npY 2ny,  nyY

A3 = —A1, (7.112)
ha = —ha. (7.113)

W =[-P iPsign(ny) isign(np) 1]T, (7.114)
W(z) _ [_ . R T
=|—iP Psign(nyp) isign(np) 1] , (7.115)
W® =[P —iPsign(ny) isign(ny) 1], (7.116)
W® =[iP —Psign(ny) —isign(np) 1], (7.117)
where P = % sign(np) is the sign function.

By now, the eigenvalues and eigenvectors are derived analytically for the quasi-
longitudinal approximation of the electromagnetic field in the lower ionosphere.

From the above analyses, it is seen that the extraordinary wave, which corre-
sponds with the eigenvalue A1, may travel efficiently downward into the air. The
ordinary wave, which corresponds with the eigenvalue A,, is an attenuated wave. It
is well known that the attenuation is caused by the electric collision, which can be
described by the imaginary part of the eigenvalue A;.
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7.4.1 SLF Field on the Sea Surface

Substituting the eigenvectors into Eq. (7.93), the excitation coefficients C; and C»
can be determined readily:

LdInM,; +isign(p)My.] 1 dinlblns + Senn) |
1672(1 4+ M) 1672n2

1~ . (7.118)

c I dinlp[ny — —Signy("b)] (7.119)
2 16022 ‘

With the boundary conditions, the coefficients 77 and 7> are obtained readily:

T = 2PC1 Gitona—o), (7.120)
sin(yd)
2PC sign(nb)(k(2) - k)%) +ikyky | o (d—z0)
=— el o, (7.121)
sin(yd) koy

With Egs. (7.120) and (7.121), and by using the inverse Fourier transform, the
transforms of the magnetic field components on the sea surface generated by a VED
in the ionosphere can be expressed in the following forms:

: 212y _:
A p— 2PCy [sign(np) (kg — ki) — ikcky
* 1z=0 sin(yd) koy

_2PC i(kg —k2) — kyky sign(np)
=07 sin(yd) koy

i|eiko)»l(d10)’ (7.122)

hz}i}ir|

} kor1@=20) (7.123)

In cylindrical coordinates, we have

2PCqsign(np)

hair - _ k2€i sign(np)¢ kZei sign(np)¢’
£ 12=0 koy sin(yd) [ 0 0
x cos(¢p — ¢') Jeior1@=0), (7.124)
. 2PCysign(np) .. 5 s . /
BT o= — ik elslgn(nb)qb sien k2e151gn(n;,)¢
¢ lz=0 7]{0)/ sin(yd) [ 0 + sign(np)kg
x sin(¢p — ') Jeor1@=<0), (7.125)

With the substitution of Eqgs. (7.124) and (7.125) into Eqgs. (7.82) and (7.83), it
follows that

I dl[M,; +isign(np)M,;]P
€
8kom (1 + M;;)

isign(np) qikor1(d—z0)

Hp|z:0 = sign(np)

o y2Hy" (kp) + £ H{ (kp)
x/ kdk, (7.126)

o0 ysinyd
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il dI[M,; +isign(ny) My, | P
Bkom (1 + M)
2 () k ()
y /OO k()H() (kp) — ;Hl (kp)
0 y sinyd

Hpl,—0 = el sign(np)@ sikor1(d—z0)

k dk. (7.127)

In the above two formulas, there exist poles at yd = /k(% —ka. =jn (j =
1,2, 3,...) for the integrand function. We denote

_ - (4 k=L,
kj= _ (7.128)
(2 =1 ko< i
Considering that y = 0 is a removable pole for the integrand function, Egs. (7.126)
and (7.127) can be written as follows:

i dI[ M, + isign(ny)M,;]

Hp(p: §)|em = =2 o P peltnmbliohi 4
XZ( 1)1[< >H(l)(kj,o)+ H(l)(kjp)i| (7.129)
Ho(p $)leg = — - dl“‘f;) Z ‘f}g‘z(z’;’;)M”] peisien(o gikor ()
XZ( 1)/[k0H(1)(k]p) jH(l)(k],o):| (7.130)
j=0

When the observation point is located on the sea surface near the bottom of the
transmitting antenna, the series in Eqs. (7.129) and (7 130) converge very slowly. In
this case, the expanded expression of the factor Smypa can be obtained readily. We
write

1 > o
— _2 l)/d 1(2]d))/ — _2 1y(2]+1)d. 7131
sinyd ie ]Z_(:)e 1;6 ( )

Then, the magnetic field component on the sea surface is expressed in the following
forms:

il dI[M,, +isign(ny)M,,]
2kome (1 + M,;)

Z kR [ 2ikg  (2j + 1)%d? ( 3ikg k2>:|
X e ——— | =" =1
= R} R} R? R} R R

Pelsign(np) tikori(d—z0)

Hp(,O, ¢) =

sign(np)

(7.132)
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IdI[M,; +isign(ny)M,y,]

Hy(p, - _ Pelsign(p)é qikori (d—z0)
# (0. ) 2kon(l + M) ¢ ¢
2
k R lk() kO
xZelO ( G R2+R—j>, (7.133)

where r = [(2j + 1)2d* + ,02]%.
By now, in the case of the quasi-longitudinal approximation, the approximated
formulas have been obtained for the magnetic field components on the sea surface.

7.4.2 SLF Field on the Sea Surface for Several Special Cases

When the geomagnetic field is in the vertical direction, 6y = 0° or 180°. For the
susceptibility matrix, we have My, = M, = 0. Itis found that the downward wave
excited by a VED is very small. In this case, the excitation coefficient of the down-
ward wave is represented as follows:

I dinlky +isign(np)ky]

Ci ~
" T len2(1 + My,) Po

(7.134)

With the substitution of Eq. (7.134) into Egs. (7.124) and (7.125), with a similar
procedure as in Sect. 7.4.1, the approximated formulas are derived readily for the
magnetic field component on the sea surface. We write

ikoA1(d—z0) S ikoR; :
Ho(po)omg = — LT f§pet U3 Sk o
P 107 Z 0 2 3 2 R 0
2m(1 + M)k} o R OLRS j
2j+D3%d%/ 15 15ik
+%(——2+ 0+ 6k2 —ik)R )}
R? R R
IoelkoR 1 iko
+ k31 + sign(np) Z 3 _F+R, , (7.135)
j=0
il dieikor1d=20) 2 1 ko) ;
Hy(p. )= ——— N 2 elkoR; 7.136
»(0, P)lz=0 (L M) R,( R2 RJ) ( )

j=0

When the geomagnetic field is in the horizontal direction, i.e., n, = cosfy = 0,
then we have My = Myz = Myx = M,x = 0. In SLF range, the eigenvalues of the
matrix T can be derived easily. We write

JXkk, Y? k2
A2=—X+iY%+—<1——y>. (7.137)
0

2 k?
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Because of X > Y2, all the eigenvalues will have large imaginary parts, and the
wave cannot travel downward into the air. When the dipole is on the equator of the
geomagnetic field, the wave cannot go down directly.

When the electric dipole is located in the ionosphere with an arbitrary direction,
Eq. (7.79) can be rewritten as follows:

V x Hj = —iwé E + [lo% + m.$ + n 211 dIs(x)8 ()8 (z — 20), (7.138)

where [,, m,, and n, are the directional cosines of the electric dipole. Thus,
Eq. (7.84) is written in the form

dw .
d—zz—lkoT-W+fe~8(z—z()), (7.139)
where
I dl’7 neky ”ekv neMy; neMy T
fe= 472 [ko<11+Mzz) R Me~ Thr, let 1+M;;]
(7.140)
Then, the excitation coefficient C| is approximated as follows:
1dln neMsy, L neM,y,
C| ~ I - 7.141
1 16n2|:e+1+MZZ+ISIgn(”b) me T+ M. ( )

In the above derivation, replacing the excitation coefficient C; by the excitation
coefficient C{, the components of the electromagnetic field on the sea surface may
be obtained readily.

7.5 Computations and Discussions

Following the above derivations and analyses, some numerical calculations will be
carried out.

In the middle-latitude regions (10° < 6 < 80° or 100° < 6 < 170°), the geo-
magnetic field has a vertical component and nin > 1, and the quasi-longitudinal
approximation can be used. In this case, the downward waves include two eigen-
waves. The first one, with small attenuation, is defined as the extraordinary wave,
while the second one, which is an evanescent wave, is defined as the ordinary
wave. In the computations, the parameters are taken as follows: By = 0.5 x 107* T,
N =1.4x 102 m=3, and v = 10% s~!. Then, we have wo = 6.67 x 107 arc/s and
wy = 8.8 x 10° arc/s. The magnitudes of the components H, and Hy on the sea
surface radiated by a unit electric dipole at the height of 350 km are computed at
different angles 6 and shown in Figs. 7.7 and 7.8, respectively. Similar calculations
are carried out at several different frequencies and shown in Figs. 7.9 and 7.10,
respectively.
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Fig. 7.7 The magnitudes of 1072 T T T T T
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From Figs. 7.7 and 7.8, it is seen that when the angle 6 varies from 30° to 75°,
the attenuation of the downward extraordinary wave will decrease. Correspondingly,
the magnetic field component strength on the sea surface will be enhanced. From
Figs. 7.9 and 7.10, it is seen that when the operating frequency increases, the at-
tenuation of the downward extraordinary wave will increase. Correspondingly, the
magnetic field component strength on the sea surface will decrease. The exciting
efficiency of the downward wave is affected by the change of the ionosphere sus-
ceptibility parameters with the angular 6. In the region of 50—100 km on the Earth’s
surface, there exists a minimum value for the magnitude of the component H,,. It
is explained that this is caused by the interference of the reflections of the elec-
tromagnetic wave in the space between the ground and the lower boundary of the
ionosphere.

In the neighborhood of the equator of the geomagnetic field, both of the down-
going ordinary and extraordinary waves have a large attenuation rate, thus the SLF
wave cannot go down into the air directly.
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Fig. 7.9 The magnitudes of 107 —— T T T . . . . ; .
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When the direction of the geomagnetic field is perpendicular to the ground, the
excitation efficiency of the downward wave by a VED is reduced extensively. In
order to obtain a significant field strength on the sea surface, the transmitting antenna
must be placed with a tilt angle to the vertical direction.
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Chapter 8
Atmospheric Noises in SLF/ELF Ranges

In this chapter, we will attempt to treat the atmospheric noise monitoring, data anal-
ysis, and forecasting distribution of atmospheric noise in SLF/ELF ranges.

8.1 Introduction

The performance evaluation of the radio communication system and the received
minimum acceptable signal level are dependent on the study of the statistical char-
acteristics of both signal and noise. Especially, the signal-to-noise ratio (SNR) is
an important parameter for system design. The radio noise can be classified into
internal and external noises. The internal noise is generated by the thermal noise
of the receiving system. The external noise includes the background noise and dis-
turbances which originate from the universe, Earth’s atmosphere, ground, and man-
made industrial system. Generally, the external noise is of non-Gaussian type and
has pulse characteristics.

In SLF/ELF ranges, the external noise is mainly from lightning and man-made
industrial disturbances, and the atmosphere noise is dominant on the sea surface
(Feldman 1972; Enge and Sawate 1988; Meloni et al. 1992; Chrissan and Fraser-
Smith 1996a, 1996b). The atmospheric noise with a statistical distribution has sig-
nificant and complex changes in time domain, geographical domain, and frequency
domain (Fraser-Smith and Bowen 1992; Fraser-Smith and Turtle 1993; Chrissan
1998; Fu et al. 2010). So far, not only are there no organizations to do work on
SLF/ELF atmospheric noise analysis, but also no independent systematic measured
data in China. From the 1970s, with the demands of SLF/ELF submarine commu-
nication, a lot of works on the experimental measurements have been carried out in
the USA (Feldman 1972; Evans and Griffiths 1974; Ginsberg 1974), and most of
measured results have not been published.

In this chapter, based on available materials, including public literature and non-
public AD reports, and our recent work, synthesized summaries are carried out. By
using the observation data in HF and VLF ranges, the global atmospheric noise
distributions in SLF/ELF ranges can be speculated on readily.
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8.2 The Distribution of SLF/ELF Noise Sources and Its
Statistical Properties

In SLF ranges, the dominant noise source is from lightning discharges. Within the
Earth’s surface area, which is approximately 500 million square kilometers, no mat-
ter what the time is, there is always lightning happening somewhere (Price and
Rind 1992). On the whole of Earth’s surface, there are about 30 thunderstorms per
minute. According to statistical data, more than 100 times per second a lightning
occurs in the world. It is seen that the lightning is very frequent. However, the geo-
graphical distribution of lightning is very uneven. In some places there are dozens,
even over 100 of thunderstorm days a year, while it is extremely rare in some other
places. The equatorial regions and tropics are the most active thunderstorm areas in
the world, where the thunderstorm appears mostly and each thunderstorm lasts the
longest time.

In general, the number of thunderstorms decreases from the equator to the Arctic
and Antarctic circles in one year. There are about 75 to 100 thunderstorm days in
one year in the regions near the equator, and 20 to 50 thunderstorm days in middle-
altitude regions, and only a few thunderstorm days near the Arctic and Antarctic
circles. North of 82° north-altitude and south of the 65° south-latitude, there occur
thunderstorms. In summary, the distribution of thunderstorm in the northern hemi-
sphere is much wider than that in the southern hemisphere.

There are several world-wide thunderstorm centers, which are located in the
equatorial and tropical regions. For example, there are about 140 thunderstorm days
in Southeast Asia each year, about 180 thunderstorm days in Central Africa, and
about 200 thunderstorm days in central Brazil. In Chino fabric, a city on the island
of Java in Indonesia, there are 332 days of thunderstorm in average in one year.

In the tropical region, there are thunderstorms throughout the whole year. Gen-
erally, a thunderstorm usually occurs on afternoon, and also often occurs at night.
In mid-latitude regions of the northern hemisphere, the thunderstorms concentrate
mostly in the period from June to July, while the thunderstorms are rare in winter.
But there are thunderstorms in winter in Iceland, Norway, and the UK. On a global
scale, the thunderstorms usually occur in 16 : 00-18 : 00 (local time), while seldom
in 6: 00—10 : 00 (local time). In continental interior regions a thunderstorm usually
occurs in afternoon, while often at night in the coastal region or on an island.

It is well known that there exist complex convective activities in the atmosphere.
A thundercloud with a separation of positive and negative charges is the result,
while a voltage difference between cloud and cloud or between cloud and ground is
caused. When positive and negative charges in the cloud have accumulated enough,
and the electric field strength between cloud and cloud or between cloud and ground
exceeds the breakdown strength, a discharge current between cloud and cloud or
cloud and ground, named a lightning, is generated.

For a lightning, the peak of the discharge current is approximately in the range
from thousands of amperes to several hundreds of thousands of amperes, and some-
times over one million amperes. The main discharge duration is about 50-100 mi-
croseconds. Since it is a short-term transient pulse, a lightning current has a very
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Table 8.1 The divisions of season in one year and intervals in one day in CCIR 322-3

Months in one year Season Intervals in one day
Northern Southern
hemisphere hemisphere
12, 1,2 Winter Summer 00 : 00-04 : 00, 04 : 00—
3,4,5 Spring Autumn 08 :00, 08 : 00-12 : 00,
6,7,8 Summer Winter 12 : 00-06 : 00, 16 : 00—
9,10, 11 Autumn Spring 20:00, 20 : 00-24 : 00

wide spectrum. From the excellent monograph (Galejs 1972), it is known that the
main spectrum of the lightning flow is in VLF/SLF ranges.

The lightning current between the ground and the cloud is a radiation source
with a very broad spectrum. The high-frequency components decay rapidly, while
the propagation losses of SLF/ELF components are very small. As addressed in
the monograph by Galejs (1972), it is known from the statistical results that the
lightning region is the largest in the interval of 12 : 00-20 : 00 UT. In practice, thun-
derstorms occur at any time in the whole world, and the exact location, time, and in-
tensity of a thunderstorm are unpredictable. Essentially, the atmosphere noise in the
receiving point is contributed totally by the lightning radiated field. Therefore, the
atmosphere noise in SLF range has complex variances in time domain, geographic
domain, and frequency domain, while there is some statistical regularity. The inves-
tigation on the statistical distribution of the SLF atmosphere noises is important and
useful for the overall design of SLF engineering.

8.3 Atmospheric Noise Data in HF and VLF Ranges

In HF/MF ranges, the long-term measurements in the 27 sites world-wide are carried
out for the atmosphere noise data, which organized by URSI. The obtained data
are summarized in CCIR Rept-322-2 (1983), CCIR Rept-322-3 (1988), and ITU-
RP327-7 (2001), which are important and useful in radio engineering designs in
HF/MF ranges. In the two reports, in order to address the distributions of atmosphere
noises in different seasons and different time intervals, one year and one day are
divided into four seasons and six time intervals. The specific divisions are shown in
Table 8.1. It is noted that the distribution in the spectral density of the atmospheric
noises may be available in the above two reports. But they are only suitable for the
range of 10 kHz-30 MHz. For the SLF/ELF regions, they cannot be obtained from
the predicted data.

Based on the accumulations by the communication and navigation engineering in
the United Station, the famous monograph VLF Radio Engineering was published
(Watt 1967), and the global distribution of atmospheric noise in VLF range was in-
cluded. The inquiry methods for the atmospheric noise in VLF range in Watt’s book
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Table 8.2 The measured

data of the atmospheric noise Year or season Measured data (10 kHz)

at f = 10 kHz for given Values Time interval Location
location
Year —91.8 (Max) Summer California
20:00-24:00
—110.2 (Min) Summer The Antarctic
04 : 00-08 : 00
Winter —94 (Max) 00:00-04:00 New Zealand
—108 (Min) 12:00-16:00  The Antarctic
Spring —98 (Max) 20:00-24:00  California
—110 Min)  12:00-16:00  The Antarctic
Summer —91.8 (Max) 20:00-24:00  California
—110.2 (Min) 04:00-08:00  The Antarctic
Autumn —98.2 (Max) 16:00-20:00  New Zealand

—109.5 (Min) 08:00-12:00  The Antarctic

Table 8.3 The measured data

of the atmospheric noise at Year or season Measured data (80 Hz)

f = 80 Hz for given location Values Time interval Location
Year —128.04 (Max) Summer California
20:00-24:00
—142.90 (Min) Autumn The Antarctic
04 : 00-08 : 00
Winter —133.97 (Max) 08:00-12:00 New Zealand
—142.30 (Min) 00:00-04:00 The Antarctic
Spring —134.38 (Max) 20:00-24:00 California
—141.90 (Min) 00:00-04:00 The Antarctic
Summer —128.04 (Max) 20:00-24:00 California
—142.51 (Min) 00:00-04:00 The Antarctic
Autumn —132.41 (Max) 20:00-24:00 California

—142.90 (Min) 00:00-04:00 The Antarctic

are similar to those in the CCIR-322 report (1998). It is known that one year is di-
vided into four seasons and one day into six time intervals. The global distribution
for the root-mean-square (RMS) values of the atmospheric noise spectral density
can then be known at given season and time. For the frequency range of 1 kHz—
100 kHz, the data can be estimated by extrapolation according to the relation curve
of the atmospheric noise spectral density to the operating frequency, with the spec-
tral density at 10 kHz known. However, this book leaves no information in the range
below 1 kHz.
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Table 8.4 The speculated data of the atmospheric noise at f = 10 kHz

Year or season Speculated data (10 kHz)
Values Time interval Location
Year —86 (Max) Summer Caribbean Sea
16 : 00-20: 00
—110 (Min) Autumn Near the Antarctic
08 :00-12:00
Winter —86 (Max) 08:00-12:00 Southeast of
Africa
North of Australia
—108 (Min) 04 :00-8: 00 Near the Antarctic
Spring —90 (Max) 12:00-16: 00 Central of Africa
Gulf of Guinea
—110 (Min) 12:00-16: 00 Near the Antarctic
Summer —86 (Max) 16 : 00-20: 00 Caribbean Sea
—110 (Min) 08 :00-12:00 Near the Antarctic
Autumn —86 (Max) 16 : 00-20: 00 Central of Africa
Brazil
—108 (Min) All time intervals Near the Antarctic

8.4 Speculation of Global Atmospheric Noise Distributions in
SLF/ELF Ranges

As a global communications system, the service of SLF/ELF radio communication
system will cover almost the entire Earth’s surface. Therefore, it is not enough just
to know the distributions of the atmospheric noise spectral density in the individ-
ual observation points. Meanwhile, the distributions of the atmospheric noise will
change significantly with the seasons and time intervals. In the view of the engi-
neering construction, it is urgent to search for a method which is similar to that used
in HF/VLF ranges (Watt 1967), to speculate on the distribution of the atmospheric
noise in SLF/ELF ranges.

From the 1980s to the 1990s, the monitoring of the atmospheric noise from 10 Hz
to 32 kHz in the eight ground-based sites was carried out by Stanford University.
With monitoring for several years, some observation data of the four sites and anal-
yses were summarized in the two reports (Chrissan and Fraser-Smith 1996a; Chris-
san 1998). Stanford University announced that the four sites were located at Arrival
Heights (77.80°S, 193.30°W) in the South Pole, Dunedin (45.80°S, 189.50°W) in
New Zealand, the Sondrestromford (67.00°N, 50.10°W) in Greenland, and Stanford
(37.40°N, 122.20°W) in California.

In practical engineering design, it is necessary to obtain the materials in the range
of the atmospheric noise spectrum density and its maximum and minimum values, as
well as those on the seasonal, hourly, and regional distributions of the atmospheric
noise. The actual measured data on the four stations were given by the scientists
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Table 8.5 The speculated data of the atmospheric noise at f = 80 Hz

Year or season Speculated data (80 Hz)
Values Time interval Location
Year —124 (Max) Summer Europe
12:00-16: 00
—144 (Min) Spring Near the Antarctic
08 :00-12:00
Winter —127 (Max) 20:00-24:00 North of Southern America
—144 (Min) 04 :00-08 : 00 Near the Antarctic
Spring —127 (Max) 16 : 00-20 : 00 Central of Africa
—144 (Min) 08 : 00-12:00 Near the Antarctic
Summer —124 (Max) 12:00-16:00 Europe
—143 (Min) 16 : 00-20: 00 Near the Antarctic
Autumn —125 (Max) 20:00-24: 00 Central of Africa
North of Southern America
—143 (Min) 20:00-24:00 Near the Antarctic
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in Stanford University (Chrissan and Fraser-Smith 1996a, 1996b) are listed in Ta-
bles 8.2 and 8.3. Specifically, the maximum and minimum values of the atmospheric
noise spectrum density at 10 kHz and 80 Hz and the corresponding seasons and time
intervals are given. The data for the electric field strength of the atmospheric noise
in dB-V/m +/Hz are given in Table 8.2, while the data for the magnetic field strength
in dB-A/m are given in Table 8.3. The phase difference by calculating the spectral
density of the electric field strength and that of the magnetic field strength is in the
range of 51-52 dB.

The global distributions of the atmospheric noise spectrum density at 10 kHz are
given by Watt (1967) and listed in Table 8.4. Correspondingly, the global distribu-



8.4 Speculation of Global Atmospheric Noise Distributions in SLF/ELF Ranges 259
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tions of the atmospheric noise spectral density at 80 Hz were deduced and listed in
Table 8.5. In Tables 8.4 and 8.5, the maximum and minimum values of the atmo-
spheric noise spectrum density at 10 kHz and 80 Hz and the corresponding seasons,
time intervals, and regions are listed, respectively. Similarly, the data for the electric
field strength of the atmospheric noise in dB-V/m +/Hz are given for 10 kHz, while
the data for the magnetic field strength in dB-A/m are given for 80 Hz.

Based on the available results on the global atmospheric noise distribution in
VLF range by Watt (1967), by using the curves for the changes between the at-
mospheric noise spectrum density and the operating frequency in VLF/SLF/ELF
ranges, as shown in Figs. 8.1 and 8.2, the global distributions of the atmospheric
noise spectral density in SLF/ELF ranges can be deduced readily (Wang et al. 2009).
It is noted that the hourly distributions of the atmospheric noise spectral density at
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Fig. 8.4 The global contour
map for the RMS values of
the atmospheric noise spectral
density at f =80 Hz in

16 : 00-20: 00 in summer

Fig. 8.5 The global
distribution of the RMS
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noise spectral density at

f =90 Hz in 00 : 00-04 : 00
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f =80 Hz are shown in Figs. 8.3-8.4. The global distributions of the RMS values
of the atmospheric noise spectral density at f =90 Hz in 00 : 00-04 : 00 in winter
are deduced readily and shown in Fig. 8.5.

8.5 Statistical Distributions of Atmospheric Noise in SLF/ELF

Ranges

Besides the atmospheric noise RMS values, the statistical distributions of the atmo-
spheric noise level are also necessary in engineering applications. It is known that
the statistical distributions in SLF/ELF ranges are different from Gaussian distribu-
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tions. In available works (Ginsberg 1974), the distributions of the atmospheric noise
spectrum density are measured at Malta in f = 33 Hz, 41 Hz, 83 Hz, and 180 Hz,
respectively. It is noted that the data are measured in autumn and spring, where the
atmospheric noise level in autumn is significantly larger than that in spring. The dis-
tribution of the atmospheric spectrum density was measured at Guam in f = 33 Hz,
41 Hz, 83 Hz, and 158 Hz, respectively (Ginsberg 1974). From the data measured in
Guam, it is seen that the observed phenomenon is the same as that in Malta. Namely,
the atmospheric noise level in autumn was significantly larger than that in spring.
Generally, the distributions of the atmospheric noise spectrum density in SLF range
are close to log-normal distributions.
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