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Preface

Super low frequency (SLF: 30–300 Hz) and extremely low frequency (ELF: below
30 Hz) are the lowest frequency ranges in the applied radio spectrum. In SLF/ELF
ranges, the wavelength is over 1,000 km, and the wave propagation in the Earth’s
space will be effected inevitably by the ground and the ionosphere. It is known that
the excitation and emission in the space between the ground and the lower bound-
ary of the ionosphere are of extreme difficulty. Meanwhile, because of the properties
of low carried frequency, narrow bandwidth, and low information capacity, the ap-
plications of SLF/ELF waves do not range widely. However, in the past century
the subject Propagation of SLF/ELF Electromagnetic Waves has been intensively
investigated because of its useful applications in communication with submarines,
geophysical prospecting and diagnostics, and seismic electromagnetic precursors
monitoring. In the pioneering works of Wait, Budden, and Galejs, analytical solu-
tions on SLF/ELF wave propagation are carried out. The subject has been investi-
gated widely and the findings have been summarized in the classic book Terrestrial
Propagation of Long Electromagnetic Waves by Galejs (1972). And some important
findings are included in the book Electromagnetic Waves in Stratified Media by Wait
(1970). In the past decades, some important progress has also been made. In the
book Resonances in the Earth–Ionosphere Cavity by Nickolaenko and Hayakawa
(2002), the fundamentals of ULF/ELF wave propagation and lightning problems
are well summarized.

In this book it is investigated with an emphasis placed on the solution for
SLF/ELF wave propagating in different regions, especially including Earth–
ionosphere cavity or waveguide, anisotropic ionosphere, sea water, and layered
Earth or sea floor. It is concerned with the approximated analytical solutions of
the electromagnetic field radiated by a vertical or horizontal dipole. Usually, a sim-
plified or idealized physical model is meant for solving a practical problem. From
Maxwell’s equations, and subject to the boundary conditions, the formulas of the
electromagnetic field are always represented in the exact form of general integrals
or in terms of special functions. Obviously, it is necessary to treat these by using
mathematical techniques. The corresponding computations are also carried out, and
some new conclusions are obtained.

v



vi Preface

In Chap. 1, the historical and technical overview is addressed for SLF/ELF
wave propagation in the past century. Chapter 2 presents the fundamental theory
of SLF/ELF wave propagation in Earth–ionosphere waveguide or cavity. Especially,
the new algorithm is addressed to ELF range and the lower end of SLF range specif-
ically. In Chap. 3, we treat the spherical harmonic series solutions for SLF/ELF field
in the non-ideal Earth–ionosphere cavity and the speed-up numerical convergence
algorithm. In Chaps. 4 and 5, we are concerned with SLF/ELF wave propagation
in the regions consisting of the Earth, air, and ionosphere. Chapter 6 deals with
SLF/ELF wave propagation along the boundary between sea water and ocean floor
and the marine controlled-source electromagnetics (mCSEM) method. Chapter 7
addresses SLF field on the sea surface generated by a space borne transmitter. In
Chap. 8, the atmosphere’s noise in SLF/ELF ranges is summarized.

The authors would like to express their gratitude to Professor Qingliang Li and
Professor Hongqi Zhang of the China Research Institute of Radiowave Propagation
(CRIRP). Many thanks are also due to Professor Kangsheng Chen, Professor Xian-
min Zhang, and Professor Erping Li of Zhejiang University for their helpful support
and encouragement. The authors are also grateful to their graduate students, espe-
cially including Huaiyun Peng, Yu Chen, Hong Lu, Yuanxin Wang, Xiqian Wang,
and Xiaofei Zhao at China Research Institute of Radiowave Propagation, Yin Lin
Wang, Yun Long Lu, Peng Fei Yu, and Bing Jun Xia at Zhejiang University. Finally,
the authors would like to acknowledge the support and guidance of the editorial
staffs of Zhejiang University Press and Springer.

The authors sincerely appreciate the financial support in part of the National Sci-
ence Foundation of China under Grants 61271086 and 60971057, and the National
Key Lab of Electromagnetic Environment, China Research Institute of Radiowave
Propagation. The authors hope that the book will help stimulate new ideas and inno-
vative approaches to radio wave propagation and applications in the years to come.
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Kai Li

Qingdao, China
Hangzhou, China
July 2013
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Chapter 1
Historical and Technical Overview of SLF/ELF
Electromagnetic Wave Propagation

In general, very low frequency (VLF) refers to electromagnetic waves with frequen-
cies from 3 kHz to 30 kHz; ultra low frequency (ULF) refers to frequency range
between 300 Hz to 3 kHz; the frequency range of 30 Hz to 300 Hz is defined as su-
per low frequency (SLF); and the frequency below 30 Hz is referred to as extremely
low frequency (ELF). In some early studies, alternative definitions may have been
used with frequency range of 3 Hz to 3 kHz generally referred to ELF. In this book,
the emphasis is on SLF (30–300 Hz) and ELF (below 30 Hz) ranges, using the MKS
system of units and the time dependency e−iωt .

1.1 Medium Characteristics of SLF/ELF Wave Propagation

Due to the long wavelength, SLF/ELF waves, when excited and propagated on and
near the Earth’s surface, will cover lithosphere, atmosphere and ionosphere, whose
electromagnetic characteristics differ significantly in their propagation paths. The
permeability of the atmosphere and ionosphere is approximately μ0, the permeabil-
ity in free space, as well as that of the lithosphere, except in the regions that are rich
in iron, nickel, cobalt, etc. Therefore, the permeability of the lithosphere can be also
treated as μ0, if neither the transmitter nor the receiver is located in mineral-rich
areas. The atmosphere is a non-conductive medium with negligible conductivity,
whose permittivity is close to ε0, the permittivity of free space. While the lithosphere
is conductive, the conductivity of sea water σsea is in the range of 2.5–5.5 S/m, and
the conductivity σg of rock and soil in the range of 10−2–10−4 S/m. The dielec-
tric constant εr of the lithosphere does not have large effects on the propagation of
SLF/ELF waves.

The ionosphere is composed of partially ionized gas, which includes electrons,
ions, and electrically neutral particles, above 70 km or so from the sea level. The
electrons and ions make the ionosphere conductive, thus the majority of the energy
of the incident VLF/SLF/ELF waves will be reflected by the ionosphere. When both
the transmitter and the receiver are located in the space between the ground and the

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_1,
© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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2 1 Historical and Technical Overview of SLF/ELF Electromagnetic Wave

lower boundary of the ionosphere, the excited wave will be reflected back and forth
between the ground and the ionosphere. Due to the conductivity of the lithosphere
and that of the ionosphere, the electromagnetic waves in the VLF range and below
will have the reflection coefficients being close to 1 with low loss, the waves will
thus be guided in the space between the ground and the lower boundary of the
ionosphere, forming the Earth–ionosphere waveguide or cavity.

1.2 The VLF Waveguide Propagation Theory and Its
Applications in Submarine Communication

In a conductive medium, the attenuation rate of the electromagnetic wave is pro-
portional to the square root of its operating frequency, thus the low frequency wave
is capable of penetrating a certain depth of sea water and can be picked up by a
submerged submarine. The developments of the VLF submarine communication
and navigation system began in both the United States and the Soviet Union in
the 1950s. Driven by the defense requirements, massive effort was made and many
resources were devoted to study the theory and application of VLF wave propaga-
tion, and numerous achievements were accomplished (Sommerfeld 1949; Bremmer
1949; Budden 1961a; Wait 1957, 1960, 1962b, 1968; Wait and Spies 1965; Galejs
1964a, 1967, 1968, 1972b). Especially, the two classic books The Wave-Guide Mode
Theory of Wave Propagation (Budden 1961a) and Electromagnetic Waves in Strat-
ified Media (Wait 1962a) laid the foundation of the VLF waveguide propagation
theory.

In the works by Wait, the space between the ground and the lower boundary of
the ionosphere was modeled as a waveguide with two concentric spherical reflec-
tive walls, and the ground-based VLF antenna as VED, as shown in Fig. 1.1. For
this model, the VLF field components in the Earth–ionosphere waveguide can be
expressed in Eq. (1.1) (Wait 1962a):⎡⎣Er

Eθ

ηHφ

⎤⎦= E0(πx)
1
2 exp

(
−i

π

4

)
2

y0

×
∞∑

n=0

⎡⎣ΛnGn(z)

ΛnG
′
n(z) · (−iγn)

ΛnGn(z) · (−γn)

⎤⎦Gn(z0) exp(−itnx), (1.1)

where

γn = 1

k[1 + tn
2 ( 2

ka
)

2
3 ]

, (1.2)

E0 = iIdlη × 103

λ
· exp(−ikaθ)

a(θ sin θ)
1
2

= i300 × (PkW)
1
2 · exp(−ikaθ)

a(θ sin θ)
1
2

. (1.3)

Here E0 could be understood as the electric field in mV/m on the ideal ground ra-
diated by a VDM. The angle θ is the circle angular distance between transmitter
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Fig. 1.1 A VED in the
Earth–ionosphere waveguide

and receiver in rad; PkW is the transmitting power in kW, and a is the Earth’s ra-
dius, which is 6,370 km. The parameter x in Eq. (1.1) is determined by the angular
distance θ from the transmitting source to the receiving point. It is

x =
(

ka

2

) 1
3 · θ. (1.4)

Here Gn is the height-gain function, and z = r − a is the height of the observation
point. tn is the nth root of the modal equation, which determines the relative phase
velocity and the attenuation rate of the nth mode. Λn is the excitation factor of nth
mode in the Earth–ionosphere waveguide excited by a VED.

From Eq. (1.1), the VLF wave excited by a vertical electric dipole in the Earth–
ionosphere waveguide can be treated as the summation of each mode, which has
only the three components Er , Eθ , and Hφ traveling along the waveguide with the
same phase velocity and attenuation rate. The relative phase velocity and the atten-
uation rate for the nth mode are expressed by

vn

c
− 1 = Re

[ −tn

2
1
3 (ka)

2
3

]
, (1.5)

αn = 8.68 × Im

[
tnπ( 2

ka
)

2
3

λ

]
(dB/km), (1.6)

where λ in km is the wavelength in free space.
It is noted that multiple modes exist in the Earth–ionosphere waveguide in the

VLF range and the high-order modes decay significantly as the mode number in-
creases. Thus the TM1 mode is dominant in the far-field region, which is the most
important one in engineering.

In 1967, Watt reviewed the study of US researchers in VLF communication and
navigation, and published the monograph VLF Radio Engineering. The monograph
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was a summary of the contemporary accomplishments in VLF propagation research-
ing, and discussed VLF communication and navigation system design, antenna de-
sign, and atmospheric noise in the VLF range as well.

1.3 SLF Communication System and SLF/ELF Propagation
Theory

The operating frequency of SLF wave is even lower than that of VLF wave, thus
SLF waves decay slower in sea water. The loss in sea water for the wave at 100 Hz
is about 0.3 dB/m. With the development of modern submarine-detection technol-
ogy, VLF receiving depth is no longer safe for a submarine. Project Sanguine,
a plan to develop the submarine communication system in SLF range, thus started
in the 1960s (Bannister 1975; Wait 1977). At that time, the properties of SLF/ELF
wave propagation were investigated extensively. An excellent summary was given
in the monograph Terrestrial Propagation of Long Electromagnetic Waves by Galejs
(1972a).

Considering long wavelengths, no antenna can be put vertically on the ground in
SLF range. Galejs therefore concentrated on analyzing electromagnetic waves ex-
cited by a HED in the Earth–ionosphere waveguide (Galejs 1972a). In SLF range,
the wavelength in the atmosphere exceeds significantly the attitude between the
ground surface and the lower boundary of the ionosphere, thus there only exists
one propagating mode, which is a quasi-TEM mode, while all high-order modes are
evanescent. In the case that both the transmitter and the receiver are located on or
near the ground, ignoring high-order modes, SLF components radiated by an HED
can be expressed as follows (Galejs 1972a):

Ehe
r (a, θ,φ) = −IdsηΔgs

2ha
cosφΛe

0
∂Pν0(cos(π − θ))

sinν0π∂θ
, (1.7)

Ehe
θ (a, θ,φ) = iIdsηΔgs

2ha
Δgr cosφ

Λe
0

ka
S−2

0
∂2Pν0(cos(π − θ))

sinν0π∂2θ
, (1.8)

Ehe
φ (a, θ,φ) = − iIdsη

2ha
sinφΔgrΔgs
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0
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S−2

0
∂Pν0(cos(π − θ))

sinν0π∂θ
, (1.9)

H he
θ (a, θ,φ) = − iIds

2ha
Δgs

sinφ

ka sin θ
Λe

0S
−2
0

∂Pν0(cos(π − θ))

sinν0π∂θ
, (1.10)

H he
φ (a, θ,φ) = − iIds

2ha
Δgs

cosφ

ka
Λe

0S
−2
0

∂2Pν0(cos(π − θ))

sinν0π∂2θ
. (1.11)

In these formulas, Δgs and Δgr are the normalized impedances of the ground in the
transmitting and receiving points, respectively. ν0 is the eigenvalue of quasi-TEM
mode, which is determined by the modal equation. For the first-order approximation,
we have

ν0(ν0 + 1) ≈ (ka)2
[

1 + i(Δi + Δg)

kh

]
, (1.12)
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where Δg and Δi are the normalized surface impedance of the ground and that of
the ionosphere, respectively.

In the operating range of 65 to 140 Hz for SLF communication system, the con-
dition ν0 � 1 is satisfied, thus the Legendre function is expressed in the asymptotic
form (Galejs 1972a). It is

Pν

(
cos(π − θ)

)≈ ( 2

πν0 sin θ

) 1
2

cos

[(
ν0 + 1

2

)
(π − θ) − π

4

]

=
(

1

2πν0 sin θ

) 1
2 {

e−i[(ν0+ 1
4 )π−(ν0+ 1

2 )θ]

+ ei[(ν0+ 1
4 )π−(ν0+ 1

2 )θ]}. (1.13)

When the receiving point is located neither near the source point nor its antipo-
dal point, the electromagnetic wave propagating along the path of large arc can be
neglected, and the components at the receiving point can be further approximated
as follows (Galejs 1972a):

Ehe
r (a, θ,φ) = iIdsη

2ha
Δgs cosφ

√
2

π sin θ

× (kaS0)
1
2 Λe

0 exp

(
ikaS0θ + i

π

4

)
, (1.14)

Ehe
θ (a, θ,φ) = iIdsη

2ha
ΔgsΔgr cosφ

√
2

π sin θ

× (ka)
1
2 S

− 1
2

0 Λe
0 exp

(
ikaS0θ + i

π

4

)
, (1.15)

Ehe
φ (a, θ,φ) = −Idsη

2ha
sinφΔgsΔgr

√
2

π sin θ

×(ka)−
1
2 S

− 3
2

0 Λe
0

exp(ikaS0θ + iπ
4 )

ka sin θ
, (1.16)

H he
θ (a, θ,φ) = − Ids

2ha
Δgs

sinφ

ka sin θ

√
2

π sin θ

× (ka)−
1
2 S

− 3
2

0 Λe
0 exp

(
ikaS0θ + i

π

4

)
, (1.17)

H he
φ (a, θ,φ) = − iIds

2ha
Δgs

√
2

π sin θ

× (ka)
1
2 S

− 1
2

0 Λe
0 cosφ exp

(
ikaS0θ + i

π

4

)
, (1.18)

where S0 is sine of incident angle to the ionosphere for the quasi-TEM mode, and
ν0(ν0 + 1) ≈ (kaS0)

2.
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From Eqs. (1.14)–(1.18), it is seen that the lower conductivity (thus higher
impedance) of the ground can place a boost to the radiation efficiency of the ground-
based SLF transmitter, thus making such region a good candidate for construction
site of SLF horizontal antenna.

Wave propagation in SLF/ELF ranges has been studied widely in the 1990s and
1970s by many investigators (Schumann 1952a, 1952b; Galejs 1961, 1962, 1964b,
1965, 1972b; Bannister 1974, 1984a; Greifinger and Grifinger 1978; Behroozi-
Toosi and Booker 1980; Yuan 2011), especially including Galejs and Wait. Galejs,
who made outstanding contributions to the SLF communication engineering, passed
away at an early age of 49 in 1972. In April 1974, a special issue on ELF/SLF
propagation and communication was published by IEEE Transactions on Com-
munications, especially including papers on SLF antenna design and site locating
(Burrows 1974a, 1974b), propagation computation and measurement (Pappert and
Moler 1974; Bannister 1974), signal and noise processing (Evans and Griffiths 1974;
Ginsberg 1974), and environmental effect of a transmitting antenna (Valentino et al.
1974). In this issue, Wait wrote a mourning article “Dedication to Janis Galejs”.
Lately, the ground-based SLF communication systems were completed and put in
use in both the United States and the former Soviet Union (Russia).

In the whole ELF range, even the lower end of SLF range (below 50 Hz), the
wavelength is very long, which can be compared with the Earth’s circumference.
For instance, at f = 10 Hz, the wavelength is about 3/4 times of the Earth’s circum-
ference. It is noted that the space between the Earth’s surface and the ionosphere is
usually regarded as a cavity. In this case, it is found that the condition of ν0 � 1
is not satisfied for the mode eigenvalue ν0 in the cavity, therefore Eq. (1.13) is no
longer valid for calculating electromagnetic field in the Earth–ionosphere cavity ex-
cited by HED. In 2012, Peng et al. showed that in the lower SLF and ELF regions,
the Legendre function Pν(cos(π − θ)), the distance factor of the field, can be better
calculated by using numerical integrated algorithm (Peng et al. 2012, 2013). This
new algorithm will be addressed in Chap. 2.

In 1999, Berrick presented a spherical harmonic series expression for electro-
magnetic field in atmosphere, with the lithosphere and the ionosphere being ideal-
ized as perfect conductors, and SLF/ELF radiation source as a VED (Barrick 1999).
In the research group of Pan, the first author of this book, further works are con-
cerned with the convergence acceleration algorithm for the electromagnetic field
by HEDs and VEDs in SLF/ELF ranges, under the condition that the ground and
the ionosphere are finitely conductive (Wang et al. 2007a, 2007b, 2009b). SLF/ELF
electromagnetic field in Earth–ionosphere waveguide or cavity and the speed-up
numerical convergence algorithm will be addressed in Chap. 3.

It should be pointed out that FDTD modeling of SLF/ELF wave propagation has
greatly advanced (Simpson and Taflove 2004, 2007; Simpson 2006, 2009). How-
ever, this book mainly deals with the analytical solutions of SLF/ELF wave propa-
gation, which is not concerned with the content of the FDTD modeling.
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1.4 SLF/ELF Emission as Earthquake Precursor and Field on
and near the Ground by Underground SLF/ELF Source

Earthquake is one of the most severe natural disasters that human beings have to
face, and over 600,000 lives were lost due to earthquakes in China alone in the past
century. Earthquake prediction is one of the great world scientific problems, which
needs to be solved urgently, there being no satisfying solution till today.

In 1964, earthquake-related abnormal electromagnetic radiation in lower fre-
quency ranges was observed when Soviet scientists were analyzing the data
recorded by the “Alouette” satellite. Since 1983, the pre-earthquake electromag-
netic anomaly in the lower frequency ranges observed by satellite was reported
(Gokhberg et al. 1983; Parrot 1994; Serebryakova et al. 1992; Molchanov et al.
2004), where the cited data are from the satellites of OGO-06, INTERKOSMOS-
19, GEOS-2, and AUREOL-3.

Early in 1978, the Soviet Union started setting up the ground-based electromag-
netic radiation monitoring site. It was reported by Russian and Japanese scientists
that pre-earthquake electromagnetic radiation abnormal strengthening phenomena
in the lower frequency ranges were observed by the ground-based sites (Nikiforova
et al. 1989; Morgunov and Matveev 1990; Uyeda et al. 2002). Since 1991, Chinese
scholars also joined this researching field and some achievements had been made
(Guan and Liu 1995; Yu et al. 2010; Zhang et al. 2012; Zhima et al. 2012).

The actual causes and mechanisms of the pre-earthquake electromagnetic radia-
tion anomaly still remain in the dark by now and the controversies concerning sev-
eral hypotheses continued for a long time. But it is generally believed that the radi-
ation source is located in the seismogenic zone and further study on the earthquake-
related electromagnetic radiation may possibly lead to a new method for short-term
earthquake prediction. Thus some scientists suggested that the global monitor net-
work for seismic electromagnetic radiation with both ground- and satellite-based
monitoring sites should be built for collecting further data. In June 2004, the DEME-
TER (Detection of Electro-Magnetic Emissions Transmitted from Earthquake Re-
gions) satellite, which was dedicated to seismic electromagnetic study, was launched
in France (Parrot 2002), and many excellent works on the DEMETER satellite have
been carried out. It is reported that there are similar research programs for seismic
electromagnetism satellites in other countries including the United States, Russia,
Japan, Ukraine, Greece, and China.

In order to speculate on the possible zone where an earthquake may take place,
in the data of the electromagnetic radiation anomaly it is necessary to analyze the
SLF/ELF field distributions near the ground or low-orbited space excited by an un-
derground source. As the simplest model, the underground source can be idealized
as an electric dipole. Due to the absorption of the lithosphere, only SLF/ELF waves
may penetrate through the lithosphere and be picked up by the ground- or satellite-
based receivers.

In this research field, some new progresses were also achieved by our research
group (Zhang et al. 2009; Chen et al. 2009). In Chaps. 4 and 5, we will address
the SLF/ELF field in the ionosphere radiated by underground HED in three-layered
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planar and spherical models, while the SLF/ELF wave propagation in the anisotropic
ionosphere is treated analytically and numerically.

1.5 ELF Wave Propagation Along the Ocean Floor and the
Marine Controlled Source Electromagnetics (mCSEM)
Method

Compared with the solid seabed, the sea water has much higher conductivity. That is
to say, ELF wave decays much slower in the ocean floor than in the sea water. There-
fore, when the ELF radiator is placed on or near the bottom of the ocean, while a
receiver a distance away is also close to the ocean floor, ELF wave radiated from the
source will travel in a lateral-wave path, which is in the ocean floor along the bound-
ary, the less lossy side. Therefore the magnitude and phase of the ELF wave at the
receiver will carry the information on the conductivity of the seabed. Based on the
above principles, Chave and Cox in the early 1980s suggested the mCSEM method
for rough geologic survey of the sea floor on a large scale (Chave and Cox 1982).
In Fig. 1.2, the diagram of the mCSEM method for marine exploration is shown.
Since the mCSEM method requires the energy of the electromagnetic wave to pen-
etrate the floor as much as possible, the transmitting source is usually employed
a horizontal electric antenna closed to the sea or ocean floor. Following the above
studies, Dunn analyzed the lateral wave in a three-layered medium model with sed-
iments under the ocean floor (Dunn 1984, 1986). Pan’s theoretical work (Pan 1985)
on the lateral wave along boundary between one-dimensional anisotropic rock and
sea water explained the experimental results by Young and Cox (1981). For a more
general case, the integrated formulas were derived for the electromagnetic field in
the n-layered model of the sea or ocean floor (King et al. 1992). Additionally, many
excellent works on ELF wave propagation along the ocean floor were carried out
by some investigators (Bannister 1984a, 1984b; Edwards et al. 1985; Inan et al.
1986; Bubenik and Fraser-Smith 1978; Fraser-Smith and Bubenik 1979; Fraser-
Smith et al. 1988; Chave et al. 1990).

Starting from the late 1990s, as petroleum on land gradually depleted, several
petroleum companies began to make more efforts in exploration of marine oil and
methane clathrate. Due to the significant differences between the conductivity of
water and the conductivities of oil, gas, and methane clathrate, the mCSEM method
is capable of distinguishing the oil- or gas-rich layer apart from the layer of the
water, and estimating the oil/water ratio. The mCSEM method is being developed
towards the accurate investigations of the lithosphere’s conductivity for geological
studies of oil and gas resources. In the past decade, several companies specializing
in marine exploration have been established in succession, especially including the
British OHM, AGO of US, EMGS of Norway. Some exploration devices with the
mCSEM method have been put in use today. In Fig. 1.2, the diagram for the mCSEM
method is illustrated.
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Fig. 1.2 The diagram for the
mCSEM method

For practical exploration purposes, the theoretical investigations on the ELF
propagation along seabed are evolving from idealized stratified plane models to in-
homogeneous models, and some numerical methods for this problem are developed
rapidly. Furthermore, based on the measured ELF field distributions, the inversion
method for the conductivity and other parameters is also carried out. The available
numerical methods for marine exploration can be found in the references (Gribenko
and Zhdanov 2007; Plessix and van der Sman 2007; Zach et al. 2008a, 2008b).

In Chap. 6, we will attempt to address the ELF wave propagation along the
boundary between sea water and sea floor and the mCSEM method.

1.6 VLF/SLF/ELF Field on Sea Surface Excited by Space Borne
Transmitter

By now only VLF/SLF/ELF waves can be used for submarine communica-
tion. Building a ground-based VLF/SLF/ELF communication system requires the
construction of gigantic transmitters that can often cover up to several square-
kilometers, which is both expensive and vulnerable to enemy attacks, and it can-
not be rebuilt overnight once destroyed during wartime. With the development of
space technology, the US and Russia started testing to transmit VLF/SLF waves
from small satellites on low Earth orbit (LEO) (Armand et al. 1988; Bannister et
al. 1993). Additionally, VLF/SLF/ELF electromagnetic radiation can also be gener-
ated by high-frequency heating (Ferraro et al. 1984; Lunnen 1985; Barr et al. 1987,
1988).

In summer 1992, a joint experiment by NASA and Italian Space Agency (ASI)
was carried out on board space shuttle “Atlantis” to deploy a tethered satellite, which
includes a 20 km conducting tether and a 23 kg payload. The experiment ended in
failure due to a jammed tether. The second attempt was made in February 1996,
which was a partial success. Following these experiments, a new proposal made for
the VLF/SLF transmitter is installed on a satellite with two long conductive tethers,
where one tether is used as a transmitting antenna. The tether satellite missions by
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Table 1.1 Tethered Satellite Mission in the Whole World

Agency or institution Launching time Orbit Tether length

SEDS-1 (NASA) Mar. 29, 1993 LEO 20 km

SEDS-2 (NASA) Mar. 9, 1994 LEO 20 km

Oedipus-C
(NRC/NASA, CRC, CSA)

Nov. 7, 1995 Suborbital 1 km

TSS-1R
(STS-75)(ASI/NASA)

Feb. 22–Mar. 9,
1996

LEO 19.6 km

TiPS (NRO/NRL) May 12, 1996
Jun. 20, 1996

LEO 4 km

YES
(ESA and Delta-Utec)

Oct. 30, 1997 GTO 35 km

PICOSAT1.0
(Aerospace Corporation)

Jan. 27, 2000 LEO 30 m

PICOSAT1.1
(Aerospace Corporation)

Jul. 19, 2000 LEO 30 m

ProSEDS (NASA) Canceled in 2003 LEO 25 km

YES2
(ESA and Delta-Utec SRC)

Sept. 14, 2007
Sept. 25, 2007

LEO 31.7 km

the US and Europe are listed in Table 1.1, and the specific materials can be found
on the website: http://science.nasa.gov/missions/tss/.

The space borne VLF/SLF transmitting experiments were also carried out in Rus-
sia, and their design featured loop antenna as a transmitter. In 1987, two sets of loop
antennas with the diameter 20 m, which were used to radiate a VLF signal, were
deployed successfully on the spacecraft “Progress-28” (Armand et al. 1988).

A space borne VLF/SLF transmitter can benefit from the satellite’s motion. As
the transmitting source is much closer to a submarine, the propagation loss can be
reduced significantly. Moreover, since the LEO satellite is within the ionosphere, so
that the refractive index n is much larger than 1, the electrically length of antenna
can be increased greatly without any change to antenna size, thus giving a boost to
its radiation efficiency, and allowing the signal to be still detectable in sea water with
a small transmitting power. Therefore, as a fundamental study of a new method of
submarine communication, the investigation on the space borne VLF/SLF excitation
and propagation may be useful.

In the analysis by Bannister et al. (1993), the ionosphere was treated as a ho-
mogeneous plasma with sharp boundary. Considering the effect on the refractive
index of the ionosphere by the geomagnetic field, it is concluded that the whistle
wave (VLF) and Alfvén wave (ELF) can be excited efficiently by an electric dipole
and can propagate to the ground or sea surface. Additionally, the excellent works
on the space borne VLF/SLF excitation and propagation were carried out in the
past many years (Einaudi and Wait 1971; Tripathi et al. 1982; Armand et al. 1988;
Serebryakova et al. 1992; Melnikov 1994), especially including the works by some
Russian scientists.
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Since 1995, the authors have been researching on this topic. The radiations of
VLF/SLF electric and magnetic dipoles in infinite anisotropic plasma are treated
analytically (Li and Pan 1997; Li 1998). The approximated formulas have been
derived for the electromagnetic field on the ground or sea surface excited by a VLF
source in the ionosphere (Pan 1996; Li et al. 2004). Additionally, the propagation
of VLF/SLF/ELF waves in the lower ionosphere is investigated analytically (Li and
Pan 1998, 1999; Li et al. 2011). The results obtained will be summarized in Chap. 7.

1.7 Atmospheric Noise in SLF/ELF Ranges

The seasonal, hourly, regional, and statistical distributions of the atmospheric noise
in SLF/ELF ranges are worth studying for two reasons: First, they are important pa-
rameters for designing communication and detection system that works in SLF/ELF
ranges; Second, they are also a major basis to identify whether an “electromagnetic
anomaly”, which can be an earthquake precursor, occurs or not (Ginsberg 1974;
Fraser-Smith and Turtle 1993; Lee Boyce et al. 2003).

The main source of atmospheric noise in SLF/ELF ranges is the lightening
discharge (Feldman 1972; Enge and Sawate 1988; Meloni et al. 1992; Chrissan
and Fraser-Smith 1996a). In the industrial or urban area, the variety of human
activity also creates significant local interference in SLF/ELF ranges, especially
around power stations and power transmission lines. The human-related noise de-
cays rapidly as the distance from the noise source increases, and it thus can be
prevented and controlled in engineering. The atmospheric discharge, on the other
hand, is an external background noise that all systems working in the frequency
must encounter.

In the 1960s, Watt summarized and plotted a global distribution of atmospheric
noise in VLF range and the noise data in VLF range accumulated by communication
and navigation engineering in the United Station (Watt 1967). In this book, one year
is divided into four seasons and one day into six time intervals. In the range of
1 kHz–100 kHz, the data on the spectral density of the atmospheric noise can be
speculated on readily. However, this book leaves out information in the range below
1 kHz.

From the 1980s to the 1990s, Stanford University organized the monitoring of the
atmospheric noise from 10 Hz to 32 kHz in the eight sites global wide that lasted
several years continuously (Chrissan et al. 1997; Chrissan 1998). The observation
data from four sites were published in the two reports (Chrissan and Fraser-Smith
1996a, 1996b).

Based on the observation data in the range of 10 kHz–32 kHz by Stanford Univer-
sity, the changes of the spectral density of the atmospheric noise versus the operating
frequency in SLF/ELF ranges were investigated in our research group (Wang et al.
2009a). By using the available results on the global atmospheric noise distribution
in VLF range by Watt (1967), the global distributions of atmospheric noise spec-
tral density at the frequency of 80 Hz were deduced readily. In a similar manner,
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the corresponding data on the global distributions of the atmospheric noise spectral
density at any frequency in the range from 10 Hz to 1 kHz can also be obtained
readily (Wang et al. 2009a, 2009b, 2010). These studies will be included in Chap. 8.
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Chapter 2
Excitation and Propagation of SLF/ELF
Electromagnetic Waves in the Earth–Ionosphere
Waveguide/Cavity

In this chapter, the region of interest is a waveguide or cavity between the Earth’s
surface and an isotropic homogeneous ionosphere. The dipole (vertical electric
dipole (VED), the vertical magnetic dipole (VMD), or the horizontal electric dipole
(HED)) and the observation point are assumed to be located on or near the spherical
surface of the Earth. The approximate all formulas are obtained for the electromag-
netic field radiated by a VED and a VMD in the Earth–ionosphere waveguide or
cavity. Based on the above results, the approximate formulas are derived readily for
the electromagnetic field of an HED in the Earth–ionosphere waveguide or cavity
by using the reciprocity theorem. Analyses and computations in SLF/ELF ranges
are carried out specifically.

2.1 Introduction

The properties of the electromagnetic field generated by a VLF/ULF/SLF/ELF
dipole source in the Earth–ionosphere waveguide or cavity have been investigated
widely in the past 60 years because of its useful applications in submarine com-
munication, navigation, geophysical prospecting and diagnostics, and earthquake
electromagnetic detection (Bouwkamp and Casimir 1954; Budden 1961; Wait 1970;
Galejs 1972a; Felsen and Marcuvitz 1973; Nickolaenko and Hayakawa 2002).

Remarkable progresses in VLF electromagnetic wave propagation in the Earth–
ionosphere waveguide were made by many researchers, especially including several
pioneers such as Budden (1961), Wait (1957, 1960, 1970), Wait and Spies (1965),
and Galejs (1964, 1968, 1970, 1972a, 1972b). In early works by Wait and Galejs, the
problem on VLF wave propagation in an Earth–ionosphere waveguide was treated
analytically. In 1992, Wait examined analytically the problem on VLF radio wave
propagation in an inhomogeneous Earth–ionosphere waveguide Wait (1992). Ob-
viously, those works in VLF ranges were extended in the study on SLF/ELF ra-
dio wave propagation in the Earth–ionosphere waveguide or cavity (Wait 1957,

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_2,
© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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1960, 1970; Wait and Spies 1965; and Suchumann 1952a, 1952b; Galejs 1964,
1972a, 1972b). Based on the pioneering works by Budden, Wait, and Galejs, further
works were also carried out by many researchers (Bannister et al. 1973; Bannis-
ter 1984; Tripathi et al. 1982; Carroll and Ferraro 1990; Fraser-Smith and Bannis-
ter 1998; Cummer 2000; Wang et al. 2005, 2008). In recent years, SLF/ELF wave
propagation in the anisotropic Earth–ionosphere waveguide or cavity are treated an-
alytically (Rybachek and Ponomariev 2007; Kirillov and Pronin 2007; Li 2012).

In the 1970s, some works in SLF/ELF wave propagation in the Earth–ionosphere
waveguide or cavity were also carried out by Pan in China and summarized in
a recent book (Pan 2004). In what follows, we will summarize some works on
SLF/ELF wave propagation by Pan in the 1970s and some new research results
in our research groups. In this chapter, the region of interest is a space between
an electrically homogeneous Earth and a homogeneous ionosphere and both the
dipole source and the observation point are assumed on or near the Earth’s surface.
First, the approximate formulas are obtained for the electromagnetic field of VEDs
and VMDs in the Earth–ionosphere waveguide or cavity. Based on the results ob-
tained, the approximate formulas are derived readily for the electromagnetic field
of an HED in the Earth–ionosphere waveguide or cavity by using the reciprocity
theorem. Finally, computations and analyses are carried out in SLF/ELF frequency
ranges.

2.2 SLF/ELF Field of VED in the Earth–Ionosphere
Waveguide/Cavity

In this section, we will summarize the derivations and analyses on the electromag-
netic field of a VED in the Earth–ionosphere waveguide or cavity, which were car-
ried out by Pan in the 1970s (Pan 2004). The results by Pan, in which the derivations
are different from the available results, are similar to those by Galejs (1972a).

2.2.1 Formulations of the Problem

In SLF/ELF ranges, the effective waveguide height h, which is only 60–90 km,
is less than the free-space wavelength λ, and only a zero-order mode can prop-
agate. The geometry under consideration is the same as Fig. 2.1 in Chap. 1. We
assume that a VED is represented by its current density, ẑI dlδ(x)δ(y)δ(z − b),
where b = zs + a, and zs > 0 denotes the height of the dipole above the Earth’s
surface. The field components, for the TM waves radiated by a VED, are expressed
as follows:

Er =
(

∂2

∂r2
+ k2

)
(Ur), (2.1)
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Eθ = 1

r

∂2

∂θ∂r
(Ur), (2.2)

Hφ = iωε

r

∂

∂θ
(Ur), (2.3)

Hr = Hθ = Eφ = 0. (2.4)

Here the potential functions U satisfy the scalar Helmholtz equation,(∇2 + k2)U = 0. (2.5)

It is noted that the normalized surface impedances at the boundaries can be rep-
resented as follows:

Eθ

η1Hφ

∣∣∣∣
r=a

= −Δg; Eθ

η1Hφ

∣∣∣∣
r=a+h

= Δi, (2.6)

where η1 is the wave impedance of the air, and Δg and Δi are the normalized
Earth’s surface impedance and the normalized ionospheric surface impedance, re-
spectively.

With the substitution of Eqs. (2.2) and (2.3) into Eq. (2.6), the boundary condi-
tions are written as follows:

1

rU

d

dr
(rU)

∣∣∣∣
r=a

= −ikΔg, (2.7)

1

rU

d

dr
(rU)

∣∣∣∣
r=a+h

= ikΔi. (2.8)

In a spherical coordinate system, because of symmetry, the expanded form of
Eq. (2.5) can be written as follows:

1

r2

∂

∂r

(
r2 U

r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂U

∂θ

)
+ k2U = 0. (2.9)

The solution of the potential function U is represented in the form

U = 1

r
F (r)Φ(θ). (2.10)

Then, we have

1

sin θ

d

dθ

[
sin θ

dΦ(θ)

dθ

]
+ ν(ν + 1)Φ(θ) = 0, (2.11)

d2F(r)

dr2
+ k2

[
1 − ν(ν + 1)

k2r2

]
F(r) = 0. (2.12)
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With the substitutions of x = cos(π− θ) and θ = π− arccosx, Eq. (2.11) can be
transformed into the standard Legendre equation. We write

(
1 − x2)d2Φ

dx2
− 2x

dΦ

dx
+ ν(ν + 1)Φ = 0. (2.13)

The two solutions of Eq. (2.13) can be expressed by Pν(cos(π − θ)) and
Qν(cos(π − θ)), respectively. It is seen that the Legendre function of the first kind
Pν(cos(π − θ)) has only one pole in the situation of the dipole source with x = −1
or θ = 0. The Legendre function of the second kind has two poles at x = ±1. Ob-
viously, the Legendre function of the second kind Qν(cos(π − θ)) should not be
included in the solutions of Eq. (2.11). We take

Φ(θ) = Pν

(
cos(π − θ)

)
. (2.14)

In the space between the Earth’s surface and the lower boundary of the iono-
sphere, we have a ≤ r ≤ a + h, and h is very small compared with a. That is to
say, 1 − ν(ν+1)

k2r2 changes very slowly in the region of a ≤ r ≤ a + h. Thus the WKB
approximation can be taken in this case, and the two solutions of Eq. (2.12) can be
obtained readily. We have

F1(r) = 1

4
√

1 − ν(ν+1)

k2r2

exp

(
ik
∫ r

a

[
1 − ν(ν + 1)

k2t2

] 1
2

dt

)
, (2.15)

and

F2(r) = 1

4
√

1 − ν(ν+1)

k2r2

exp

(
−ik

∫ r

a

[
1 − ν(ν + 1)

k2t2

] 1
2

dt

)
, (2.16)

where the first solution represents the wave propagating in the direction when r

increases, while the second solution represents the wave propagating in the direction
of decreasing r .

Letting r = a + zr , zr > 0 denotes the height of the observation point above the
Earth’s surface. It is assumed that both the dipole and the observation point are on
or close to the Earth’s surface. Obviously, we have zs � a and zr � a. Then, the
following approximation can be taken as:

ν(ν + 1)

k2
0r2

≈ ν(ν + 1)

k2
0a2

(
1 − 2zr

a

)
. (2.17)

Thus, the solution of Eq. (2.12) in the Earth–ionosphere cavity becomes

F(zr) = A exp

[
−ik

∫ r

a

(
C2 + 2z

a
S2
) 1

2

dt

]

+ B exp

[
ik
∫ r

a

(
C2 + 2z

a
S2
) 1

2

dt

]
, (2.18)
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where the parameters C and S are defined by

S2 = ν(ν + 1)

k2a2
; C2 = 1 − S2. (2.19)

From Eqs. (2.7) and (2.8), the boundary conditions are rewritten as follows:[
1

F(z)

d

dz
F (z)

]∣∣∣∣
z=0

= −ikΔg, (2.20)[
1

F(z)

d

dz
F (z)

]∣∣∣∣
z=h

= ikΔi. (2.21)

With Eq. (2.20), the reflection coefficient Rg of the lower boundary (Earth–air
boundary) can be obtained readily. It is

Rg = B

A
= C − Δg

C + Δg

. (2.22)

Applying Eq. (2.18) into Eq. (2.21), we get

{
1 − Rg exp

[
2ik
∫ h

0

(
C2 + 2z

a
S2
) 1

2

dz

]}
·
(

C2 + 2h

a
S2
)

= −Δi

{
1 + Rg exp

[
2ik
∫ h

0

(
C2 + 2z

a
S2
) 1

2

dz

]}
. (2.23)

It is noted that

C′ =
(

C2 + 2h

a
S2
) 1

2 ; Ri = C′ − Δi

C′ + Δi

, (2.24)

where Ri is the reflection coefficient of the upper boundary (air–ionosphere bound-
ary). Then, the modal equation can be obtained readily. We write

RgRi exp

[
2ik
∫ h

0

(
C2 + 2z

a
S2
) 1

2

dz

]
= 1. (2.25)

If Cn is the nth root, the normalized height-gain function Fn(z) is expressed in
the following form:

Fn(zr) = 1

1 + Rg

[
exp

(
−ik

∫ zr

0

√
C2

n + 2z

a
S2

n dz

)

+ Rg exp

(
ik
∫ zr

0

√
C2

n + 2z

a
S2

n dz

)]
. (2.26)
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From Eq. (2.19), we obtain

ν(ν + 1) = k2a2S2
n = k2a2(1 − C2

n

)
. (2.27)

In practical wave modes in the Earth–ionosphere waveguide or cavity, the parameter
Cn is not close to 1. Considering that the Earth’s radius is very large, in SLF range,
k2a2 � 1, it is seen that the parameter |ν| is a large number. Then, we write

ν = kaSn − 1

2
. (2.28)

When the parameter |ν| is very large, namely |ν| � 1, while the angle θ is not
close to 0 and π, the Legendre function of the first kind is approximated by

Pν

(
cos (π − θ)

) ≈
(

2

πν sin θ

) 1
2

cos

[(
ν + 1

2

)
(π − θ) − π

4

]

=
(

1

2πν sin θ

) 1
2

e−ikaSnπ+ iπ
4 · [eikaSnθ + eikaSn(2π−θ)− iπ

2
]
. (2.29)

It is noted that the asymptotic form in Eq. (2.29) is not valid in the vicinity of
the source (θ → 0) or in the vicinity of the antipole (θ → π). From Eq. (2.29), the
function Pν(cos (π − θ)), which varies with the angle θ , includes the wave eikaSnθ

propagating along the short circular propagation path and the wave eikaSn(2π−θ)− iπ
2

propagating along the long circular propagation path, which travels over the an-
tipole. It is seen that when the observation point is not close to the antipole, the
wave propagating along the long circular propagation path can be neglected. Thus,
we write

Pν

(
cos (π − θ)

)≈ ( 1

2πν sin θ

) 1
2

e−ikaSnπ+ iπ
4 eikaSnθ . (2.30)

Then, we get

Pν

(
cos (π − θ)

)
Fn(z) ∝

(
1

sin θ

) 1
2

eikaSnθ

×
{

exp

[
−ik

∫ z

0

(
C2

n + 2t

a
S2

n

) 1
2

dt

]

+ Rg exp

[
ik
∫ z

0

(
C2

n + 2t

a
S2

n

) 1
2

dt

]}
. (2.31)

Obviously, each propagation mode includes the wave traveling to the Earth’s
surface with the angle θn = arccosCn and the corresponding reflected wave. It is
noted that the phase velocity υn is inversely proportional to the real part of Sn, and
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the attenuation rate is proportional to the imaginary part of Sn. Then, we write

υn

c
= 1

ReSn

≈ Re

(
1 + C2

n

2

)
, (2.32)

αn = 8.68 × 2π ImSn

λ
≈ 8.68 × 2π Im(−C2

n

2 )

λ
(dB/km). (2.33)

In SLF/ELF ranges, both Δi and Δg are very small. Thus, the reflection coeffi-
cients Ri and Rg are approximated by

Ri ≈ exp (−2Δi/Cn), (2.34)

Rg ≈ exp(−2Δg/Cn). (2.35)

The approximated solutions of the mode equation (2.25) can be obtained readily.
We write

Cn = nπ

2kh
+
√(

nπ

2kh

)2

− i(Δg + Δi)

kh
, (2.36)

Sn =
{

1 −
(

nπ

2kh

)2(
1 +

√
1 − 4i(Δg + Δi)kh

(nπ)2

)}1/2

. (2.37)

For both Δi and Δg being very small, when nπ > 2kh, the parameter Sn is
a pure imaginary number, which represents an evanescent mode. For a typical
daytime model with the ionospheric height h = 70 km, when λ > 2h = 140 km,
f <2.2 kHz, only the TM wave of zero order can propagate and the rest of the waves
are evanescent. Similarly, for a typical nighttime model with the ionospheric height
h = 90 km, when λ > 2h = 180 km, f < 1.7 kHz, only a zero-order TM mode can
propagate and the rest, the high-order modes, are evanescent. Then, we have

C0 ≈ e−iπ/4

√
Δg + Δi

kh
, (2.38)

S0 ≈
[

1 + i(Δg + Δi)

kh

]1/2

. (2.39)

We examine the height-gain function Fμ(z), which is the solution of Eq. (2.12).
At the Earth’s surface z = 0, we have

Fμ(0) = 1; F ′
μ(0) = −ikΔg. (2.40)

It is noted that, for the parameter μ, its variations are regarded to be continuous.
Both the height-gain functions Fn(z) and Fμ(z) satisfy Eq. (2.12) and the boundary
conditions at the Earth’s surface. Then, we write∫ h

0
Fn(z)Fμ(z)dz = 1

k2(S2
n − S2

μ)

[
Fμ(z)F ′

n(z) − Fn(z)F
′
μ(z)

]∣∣∣∣h
0
, (2.41)
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where

S2
n = ν(ν + 1)

k2a2
; S2

μ = μ(μ + 1)

k2a2
. (2.42)

Evidently, when Sμ → Sn, we have Fμ(z) → Fn(z). Thus, we write

Nn =
∫ h

0
Fn(z)Fn(z)dz = lim

sμ→sn

∫ h

0
Fn(z)Fμ(z)dz

= lim
sμ→sn

1

k(S2
n − S2

μ)

[
F ′

n(h)Fμ(h) − Fn(h)F ′
μ(h)

]
= 1

2k2Sn

[
Fn(h)

dF ′
n(h)

dSn

− F ′
n(h)

dFn(h)

dSn

]
. (2.43)

Letting

H =
∫ h

0

(
C2

n + 2z

a
S2

n

) 1
2

dz = a

3S2
n

(
C′

n
3 − C3

n

)
, (2.44)

we have

Nn = 4Rg

(1 + Rg)2

aC′
n

3S4
n

{
C′

n
3 − C3

n + 3S2
n

2

[
C′

n

(
1 − 2h

a

)
− Cn

]}

− iC′
nΔg

2C3
nk

+ i(1 − 2h
a

)(e−2ikH − R2
ge2ikH )

2kC′
n(1 + Rg)2

. (2.45)

In the case of the Earth being a perfect conducting sphere, Δg ≈ 0, Rg ≈ 1. We
obtain

Nn ≈ aC′
n

3S4
n

{
C′3

n − C3
n + 3S2

n

2

[
C′

n

(
1 − 2h

a

)
− Cn

]}
+
(

1 − 2h

a

)
sin 2kH

4kC′
n

. (2.46)

When C2
n � 2h

a
, we have

C′
n

3 − C3
n + 3S2

n

2

[
C′

n

(
1 − 2h

a

)
− Cn

]
≈ 3hS4

n

2aCn

. (2.47)

Then, a further simplification gives

Nn ≈ h

2

(
1 + sin 2kCnh

2kCnh

)
. (2.48)

By now, the potential function U for the electromagnetic field of a VED in
the Earth–ionosphere waveguide or cavity can be represented in the following
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form:

U = 1

r

∑
s

AsFs(zr )Pν

(
cos (π − θ)

)
. (2.49)

In the next step, it is necessary to determine the excitation coefficients As (s =
0,1,2, . . .) in Eq. (2.49).

2.2.2 Determination of the Excitation Coefficients As

In the region of |zr − zs | ≤ δ, where δ is a finite small value, when θ → 0, the
influences of the electromagnetic field by both the Earth and the ionosphere can be
neglected.

By multiplying the function rFn(z) on both sides of Eq. (2.49), and integrating
from 0 to h for z, we have

AnNnPν

(
cos (π − θ)

)= ∫ h

0
rUFn(z)dz. (2.50)

Obviously, the excitation coefficient An can be obtained by using the source sin-
gularity. Close to the source, the integral is written in the form∫ h

0
rUFn(z)dz =

∫ zs−δ

0
rFn(z)U dz +

∫ zs+δ

zs−δ

rFn(z)U dz

+
∫ h

zs+δ

rFn(z)U dz, (2.51)

where δ is very small. When the conditions |z − zs | ≤ δ and θ → 0 are satisfied, the
potential function U is approximated by

U
θ→0, |z−zs |<δ−−−−−−−−−→ U0 = C0eikR

r0R
≈ iI dl

4πωε0r0R
, (2.52)

where

R = (r2 + r2
0 − 2rr0 cos θ

) 1
2 ; C0 = iI dl

4πωε0
. (2.53)

In the above formulas, r0 = a + zs and r = a + zr . In the intervals (0, zs − δ) and
(zs + δ, h), both U and Fn(z) are continuous functions, and the integration from 0
to zs − δ and that from zs + δ to h in Eq. (2.51) are finite. Thus, we get∫ h

0
rFn(z)U dz = r0Fn(zs)

∫ zs+δ

zs−δ

U0 dz + O(1)

= iFn(zs)I dl

4πωε0

∫ zs+δ

zs−δ

dz

R
+ O(1). (2.54)
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Close to the source, we have

cos θ ≈ 1 − θ2

2
; R ≈ r0

[
θ2 + (z − zs)

2

r2

] 1
2

. (2.55)

Then, we obtain∫ zs+δ

zs−δ

dz

R
≈ ln

(
δ

r0
+
√

δ2

r2
0

+ θ2

)
− ln

(√
δ2

r2
0

+ θ2 − δ

r0

)
θ→0−−→ − ln θ2. (2.56)

The integral in the right side of Eq. (2.54) can be obtained readily:∫ h

0
rUFn(z)dz

θ→0−−→ − iI dlFn(zs)

4πωε0
ln θ2. (2.57)

When the observation point is close to the source, namely, θ → 0, the Legendre
function of the first order Pν(cos (π − θ)) is approximated as

Pν

(
cos (π − θ)

) θ→0−−→ sinνπ

π
ln θ2. (2.58)

Thus, the result becomes

An = 1

Nn

lim
θ→0

1

Pν(cos (π − θ))

∫ h

0
rUFn(z)dz = − iI dlFn(zs)

4ωε0Nn sinνπ

= − iI dlF (zs)

2ωε0h sinνπ
Λn, (2.59)

where the excitation factor Λn is defined by

Λn = 1

1 + sin 2kcnh
2kcnh

. (2.60)

Therefore, we have

U = − iI dl

2hrωε0

∞∑
n=0

Λn

sinνπ
Fn(zs)Fn(zr )Pν

(
cos (π − θ)

)
. (2.61)

2.2.3 Approximated Formulas of SLF Field

With the substitution of Eq. (2.61) into Eqs. (2.1)–(2.3), the formulas for the three
components Er , Eθ , and Hφ can be derived readily:

Er = − iI dl

2ωε0hr2
·

∞∑
n=0

Λnν(ν + 1)

sinνπ
Fn(zs)Fn(zr )Pν

(
cos(π − θ)

)
, (2.62)
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Eθ = − iI dlη

2hr
·

∞∑
n=0

ΛnFn(zs)
∂Fn(zr )

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ
, (2.63)

Hφ = I dl

2hr
·

∞∑
n=0

ΛnFn(zs)Fn(zr )
∂Pν(cos(π − θ))

sinνπ∂θ
. (2.64)

In general, the parameter ν has a large positive imaginary part. It follows that

ν ≈ kaSn − 1

2
; sinνπ ≈ 1

2
e−i(νπ− π

2 ). (2.65)

In SLF range, when the angle θ is not close to 0 and π, the function
Pν(cos (π − θ)) is approximated as follows:

Pν

(
cos (π − θ)

)≈ ( 1

2πν sin θ

) 1
2

exp

[
−i

(
ν + 1

2

)
(π − θ) + i

π

4

]
. (2.66)

Then, the complete formulas for the components Er , Eθ , and Hφ of the electro-
magnetic field of a VED in the Earth–ionosphere waveguide can be expressed in the
following forms:

Er = − I dlηe−i π
4

h
√

λa sin θ

∞∑
n=0

ΛnS
3
2
n Fn(zs)Fn(zr )e

ikaSnθ , (2.67)

Eθ = − I dlηei π
4

kh
√

λa sin θ

∞∑
n=0

ΛnS
1
2
n Fn(zs)F

′
n(zr )e

ikaSnθ , (2.68)

Hφ = I dle−i π
4

h
√

λa sin θ

∞∑
n=0

ΛnS
1
2
n Fn(zr )F n(zs)e

ikaSnθ . (2.69)

Letting

E0 = −I dlη

λ

eikaθ

aθ
(V/m) = −eikaθ

aθ
300
√

PkW (mV/m), (2.70)

the approximated formula for the component Er is rewritten as follows:

Er = E0

√
d/a

sin(d/a)

√
d/λ

h/λ
e−ikd−i π

4

∞∑
n=0

ΛnFn(zs)Fn(zr )S
3/2
n eikSnd , (2.71)

where d = aθ is the propagation distance along the Earth’s surface, and PkW is the
power in kW. Obviously, the approximated formulas for Eθ and Hφ can also be
written readily.
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Fig. 2.1 The real and
imaginary parts of ν versus
the operating frequency

2.2.4 New Algorithm for ELF Field

In the whole ELF range, even in the lower end of SLF range, the wavelength λ is
very long, which can be compared with the Earth’s circumference. In other words,
the parameter ka will be small. From ν(ν +1) = k2a2S2

n , we find that the eigenvalue
ν no longer satisfies the condition of ν � 1. The eigenvalue ν of the zero-order TM
wave is computed and shown in Fig. 2.1. It is seen that the eigenvalue does not sat-
isfy ν � 1 below 50 Hz. The Legendre function of the first kind Pν(cos (π − θ))

should not be evaluated by using its asymptotic formula in Eq. (2.29). In what fol-
lows, we will attempt to outline a new algorithm for evaluating the Legendre func-
tion of the first kind Pν(cos (π − θ)) (Peng et al. 2012).

In order to analyze quantitatively the ELF field in the Earth–ionosphere cav-
ity, it is necessary to evaluate accurately the function Pν(cos (π − θ)). Generally,
the eigenvalue ν is a complex number, and the Legendre function of the first kind
Pν(cos (π − θ)) can be represented in the following form:

Pν

(
cos (π − θ)

)= − sinνπ

π

∞∑
n=0

Pn(cos θ)
2n + 1

n(n + 1) − ν(ν + 1)
. (2.72)

Another form of the function Pν(cos θ) is expressed as Gradshteyn and Ryzhik
(1980)

Pν(cos θ) = 2

π

∫ θ

0

cos[(ν + 0.5)t]√
2(cos t − cos θ)

dt . (2.73)

Letting

Φ(ν, θ) = 1

sinνπ
Pν

(
cos (π − θ)

)
, (2.74)
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by using the following relation:

P ′
ν(z) = ν

z2 − 1

[
zPν(z) − Pν−1(z)

]
, (2.75)

we write

∂

∂θ
Φ(ν, θ) = ν

sin θ

[
Φ(ν, θ) cos θ − Φ(ν − 1, θ)

]
. (2.76)

In practical numerical calculations, the function Φ(ν, θ) can be expressed in the
integrated form

Φ(ν, θ) = 2

π

∫ π−θ

0

M(ν, t)√
2[cos t − cos(π − θ)] dt, (2.77)

where

M(ν, t) =
{

M1(ν, t); 0 < Im(ν) ≤ 0.75,

M2(ν, t); Im(ν) > 0.75,
(2.78)

and

M1(ν, t) = cos(ν + 0.5)t

sin(νπ)
, (2.79)

M2(ν, t) = −i

{
exp

[
i

(
Re(ν)t + Re(ν)π + t

2

)]
× exp

[−Im(ν)(π + t)
]+ exp

[−Im(ν)(π − t)
]

× exp

[
−i

(
Re(ν)t − Re(ν)π + t

2

)]}
. (2.80)

Due to the singularity at t = π − θ existing in the integral Kernel function in
Eq. (2.77), the function Φ(ν, θ) can be divided into two parts. We write

Φ(ν, θ) = I1 + I2, (2.81)

where

I1 =
∫ π−θ−δ

0

M(ν, t)√
2[cos t − cos(π − θ)] dt, (2.82)

I2 =
∫ π−θ

π−θ−δ

M(ν, t)√
2[cos t − cos(π − θ)] dt. (2.83)

It is noted that the first integral I1 can be evaluated readily by using the trape-
zoidal or Simpson’s numerical integration method. For the second integral I2, with
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the change of the variable π − θ − s = t , it follows that

I2 =
∫ δ

0

M(ν,π − θ − s)

2
√

sin(π − θ − s
2 ) sin( s

2 )
ds. (2.84)

When δ → 0, it is seen that the function M(ν,π−θ−s)

2
√

sin(π−θ− s
2 )

is approximately a con-

stant in the interval [0, δ]. Then, we have

I2 ≈ 1

4

[
M(ν,π − θ)

sin(π − θ)
+ M(ν,π − θ − δ)

sin(π − θ − δ
2 )

]
·
∫ δ

0

√
2

s
ds

=
√

δ

2

[
M(ν,π − θ)

sin(π − θ)
+ M(ν,π − θ − δ)

sin(π − θ − δ
2 )

]
. (2.85)

By now, the approximated formula has been derived for the Legendre function
of the first order Pν(cos (π − θ)) in the case of ν < 1. In whole ELF range, even in
the lower end of SLF range, the three non-zero components Er , Eθ , and Hφ can be
evaluated accurately by using Eqs. (2.88)–(2.90).

Additionally, by using the Legendre polynomial expansion of Pν(cos (π − θ)),
the Legendre function Pν(cos (π − θ)) can also be calculated accurately. We
write

Φ1(ν, θ) = Pν(cos (π − θ))

sinνπ

= − 1

π

∞∑
n=0

Pn(cos θ)
2n + 1

n(n + 1) − ν(ν + 1)
. (2.86)

As shown in Fig. 2.2, the ratios of the calculated results by using the series
algorithm of Eq. (2.86) and those by using the numerical integrated algorithm of
Eq. (2.81) are carried out at n = 100, 200, and 500, respectively. It is seen that the
calculated results Φ1(ν, θ) by using the series algorithm move closer to the corre-
sponding approximated results Φ(ν, θ) by using the approximated algorithm pro-
posed in this section when the parameter n increases. When n is larger than 200, the
results by using the series algorithm are in agreement with those by the numerical
integrated algorithm. Obviously, the numerical integrated algorithm in evaluating
the Legendre function works more quickly and easily.

In earlier works for the SLF field computation, the asymptotic expansion for the
function Pν(cos (π − θ)) is usually employed by Eq. (2.29). We write

Φ2(ν, θ) = Pν(cos (π − θ))

sinνπ

≈ 1

sinνπ

√
2

πν sin θ
cos

[(
ν + 1

2

)
(π − θ) − π

4

]
. (2.87)
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Fig. 2.2 The ratio
Φ1(ν, θ)/Φ(ν, θ) versus the
operating frequency

Compared with the other two algorithms, the numerical integrated algorithm has
the merits of high accuracy and efficiency, which is suitable for the field compu-
tations in ELF range and the lower end of SLF range, which is below 50 Hz or
so. Thus, the complete formulas for the field components in Eqs. (2.67)–(2.69) are
rewritten in the following forms:

Er = − iI dl

2ωε0hr2
·

∞∑
n=0

[
Λn(kaSn)

2 · Fn(zr )Fn(zs)Φ(ν, θ)
]
, (2.88)

Eθ = − iI dl

2ωε0hr
·

∞∑
n=0

{
ΛnFn(zs)

dFn(zr )

dz

× ν

sin θ

[
Φ(ν, θ) cos θ − Φ(ν − 1, θ)

]}
, (2.89)

Hφ = I dl

2hr
·

∞∑
n=0

{
ΛnFn(zs)Fn(zr )

× ν

sin θ

[
Φ(ν, θ) cos θ − Φ(ν − 1, θ)

]}
. (2.90)

Evidently, the field components for the ELF range can be evaluated accurately
by using Eqs. (2.88)–(2.90).

We assume that the Earth’s radius is taken as a = 6,370 km, the current moment
of the dipole is I dl = 1 A·m, the ground conductivity is σg = 10−4 S/m, the iono-
spheric conductivity is σi = 10−5 S/m, and the ionospheric equivalent reflection
height is h = 70 km. By using Eqs. (2.88)–(2.90), the magnitudes of the three com-
ponents Er , Eθ , and Hφ are computed at f = 1 Hz, 3 Hz, 5 Hz, 10 Hz, 20 Hz, and
30 Hz, and shown in Figs. 2.3, 2.4, 2.5, respectively. From the above computations,
the discussions are carried out and conclusions are drawn as follows:
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Fig. 2.3 The magnitudes of
Er versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and
30 Hz

Fig. 2.4 The magnitudes of
Eθ versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and
30 Hz

Fig. 2.5 The magnitudes of
Hφ versus the propagation
distances at f = 1 Hz, 3 Hz,
5 Hz, 10 Hz, 20 Hz, and
30 Hz



2.3 SLF/ELF Field of VMD in the Earth–Ionosphere Waveguide/Cavity 33

• When the observation point is close to the antipole of the dipole source, the
multipath effects should be considered. The interference phenomenon is re-
sulted by the two waves traveling along the small and large circle paths. The
higher the operating frequency is, the more severely the field strength by the
interference fluctuates. The smaller the distance from the observation point to
the antipole, the more smoothing the field strength by the interference fluctu-
ates.

• With the decrease of the operating frequency, the magnitude of the compo-
nent Er , which is generated by a VED in the Earth–ionosphere cavity, be-
comes relatively “flat”. When the operating frequency is below 1 Hz, the mag-
nitude tends approximately to a constant at a distance larger than 1,000 km. In
the range below 50 Hz, only the quasi-TEM wave can propagate in the Earth–
ionosphere cavity. When ν → 0, we have Pν(cos (π − θ)) → 1, φ(ν, θ) → 1

νπ
.

Namely, the magnitude becomes stable, which varies little with the propaga-
tion distance. In what follows, we will attempt to give the physical expla-
nations as follows: In the range below 50 Hz, the wavelength is compara-
ble to the Earth’s circumference, and the electromagnetic wave in the Earth–
ionosphere cavity exists in the form of “stationary wave”. Furthermore, at the
frequency range below 1 Hz, the wavelengths can be a dozen or dozens of
the Earth’s circumference. This means that the phase differences at different
propagation paths are small, and the total field is approximately equal to the
sum of the electric fields with the same phases on different propagation paths.
Therefore, the interference phenomenon is gradually disappearing and the to-
tal field becomes stable in the zones which are far away from the source
point.

• Due to the spherically symmetry, the propagation characteristics of Eθ and Hφ

are also similar. Moreover, the magnitudes of the field components Eθ and Hφ

are equal to 0 at the antipole of the dipole source and decrease drastically in the
zone near the antipole.

2.3 SLF/ELF Field of VMD in the Earth–Ionosphere
Waveguide/Cavity

In practical applications, it is impossible to employ a VMD to generate TE waves
in SLF/ELF ranges. In order to investigate the electromagnetic waves generated by
an HED, it is necessary to analyze the propagation characteristics for both TM and
TE waves. It is well known that a VMD is a typical excitation source for TE waves.
In this section, we will examine the electromagnetic field of VMD in the Earth–
ionosphere waveguide or cavity.

If the excitation source in the preceding section is replaced by a VMD with its
moment M = I da, and da is the area of the loop, the non-zero components Eφ , Hr ,
and Hθ , which the TE waves radiated by a VMD, are represented in the following



34 2 Excitation and Propagation of SLF/ELF Waves

forms:

Eφ = − iωμ

r

∂

∂θ
(V r), (2.91)

Hr =
(

∂

∂r2
+ k2

)
(V r), (2.92)

Hθ = 1

r

∂2

∂θ∂r
(V r), (2.93)

where the potential function V satisfies the scalar Helmholtz equation,(∇2 + k2)V = 0. (2.94)

The solution for V is represented in the form

V = 1

r
G(r)Φ(θ). (2.95)

In the same manner as in the preceding section, we obtain readily:

Φ(θ) = Pν

(
cos (π − θ)

)
, (2.96)

G(r) = A exp

[
−ik

∫ z

0

(
C2 + 2z

a
S2
)1/2

dz

]

+ B exp

[
ik
∫ z

0

(
C2 + 2z

a
S2
)1/2

dz

]
, (2.97)

where the relations between both the parameters S and C and the eigenvalue ν are
represented as follows:

S2 = ν(ν + 1)

k2a2
; C2 = 1 − S2. (2.98)

From the boundary conditions

Eφ

η1Hθ

∣∣∣∣
r=a

= Δg,
Eφ

η1Hθ

∣∣∣∣
r=a+h

= −Δi, (2.99)

we rewrite

1

V

∂V

∂r

∣∣∣∣
r=a

= − ik

Δg

, (2.100)

1

V

∂V

∂r

∣∣∣∣
r=a+h

= ik

Δi

. (2.101)
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Substituting Eq. (2.95) into Eqs. (2.100) and (2.101), the modal equation for TE
waves is obtained readily. It is

Rh
gRh

i exp

[
2ik
∫ h

0

(
C2

m + 2z

a
S2

n

)1/2

dz

]
= e2i(m−1)π, (2.102)

where

Rh
g = (Cm − Δ−1

g

)(
Cm + Δ−1

g

)−1
, (2.103)

Rh
i = (C′

m − Δ−1
i

)(
C′

m + Δ−1
i

)−1
, (2.104)

C′
m =

(
C2

m + 2h

a
S2

m

)1/2

≈ Cm. (2.105)

If Cm (m = 1,2,3, . . .) are the roots of the modal equation (2.102), the height-
gain functions Gm(z) can be represented in the following form:

Gm(z) = 1

(1 + Rh
g)

{
exp

[
−ik

∫ z

0

(
C2

m + 2t

a
S2

m

)1/2

dt

]

+ Rh
g exp

[
ik
∫ z

0

(
C2

m + 2t

a
S2

m

)1/2

dt

]}
. (2.106)

In SLF/ELF ranges, we find 1/Δg � Cm and 1/Δi � Cm. Then, the reflection
coefficients Rh

g and Rh
i can be simplified as follows:

Rh
g ≈ − exp(−2CmΔg), (2.107)

Rh
i ≈ − exp(−2CmΔi). (2.108)

By solving the modal equation (2.102), the roots Cm (m = 1,2,3, . . .) are ap-
proximated by

Cm ≈ mπ

kh

(
1 + i

Δg + Δi

kh

)−1

, (2.109)

Sm = (1 − C2
m

)1/2
. (2.110)

Similar to those for TM waves, the different modes for TE waves are orthogonal
each other. Then, we obtain readily:

Nmμ =
∫ h

0
Gm(z)Gμ(z)dz = 0; when μ �= m, (2.111)
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and

Nmμ =
∫ h

0
Gm(z)Gμ(z)dz = lim

Sμ→Sm

G′
m(h)Gμ(h) − Gm(h)G′

μ(h)

k2(S2
m − S2

μ)

= −4Rh
gk2C′

m
∂H
∂Sm

− 2ikC′
m

∂Rh
g

∂Sm

2k2Sm(1 + Rh
g)2

− ik ∂C′
m

∂Sm
[exp (−2ikH) − (Rh

g)2 exp (2ikH)]
2k2Sm(1 + Rh

g)2
; when μ = m, (2.112)

where

H =
∫ h

0

(
C2

m + 2z

a
S2

m

)1/2

dz = a

3S2
m

(
C′

m
3 − C3

m

)
. (2.113)

After algebraic manipulation, the factor Nm is written in the following form:

Nm = 4Rh
g

(1 + Rh
g)2

aC′
m

3S4
m

{
C′

m
3 − C3

m + 3S2
m

2

[
C′

m

(
1 − 2h

a

)
− Cm

]}

− 2iC′
mΔg

kCm(1 + CmΔg)2(1 + Rh
g)2

+ i(1 − 2h
a

)[exp(−2ikH) − (Rh
g)2 exp(2ikH)]

2kC′
m(1 + Rh

g)2
. (2.114)

In SLF/ELF ranges, Rh
g is close to −1. Then, we have

1 + Rh
g = 2CmΔg

1 + CmΔg

. (2.115)

When Cm � 2h
a

, we get

C′
m

3 − C3
m + 3

2
S2

m

[
C′

m

(
1 − 2h

a

)
− Cm

]
≈ 3hS4

m

2aCm

. (2.116)

Then, the factor Nm can be simplified as follows:

Nm = − h

2Δ2
gC

2
m

[
1 − sin 2kCmh

2kCmh
− Δ2

gC
2
m

(
1 + sin 2kCmh

2kCmh

)

− i
Δg

kh
(cos 2kCmh − 1)

]
. (2.117)
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By now, the potential function V can be written in the form of

V = 1

r

∞∑
m=1

AmGm(z)Pν

(
cos (π − θ)

)
. (2.118)

Correspondingly, the component Eφ is expressed as follows:

Eφ = − iωμ

r

∞∑
m

AmGm(z)
∂

∂θ
Pν

(
cos (π − θ)

)
. (2.119)

By multiplying the factor rGm(z)dz on both sides of Eq. (2.119), and integrating
from 0 to h for z, we have

−iωμAmNm

∂

∂θ
Pν

(
cos(π − θ)

)= ∫ h

0
rEφGm(z)dz. (2.120)

Close to the dipole source, we obtain readily:

lim
θ→0

2πrsθEφ(rs, θ) = iωμ0

∫∫
Hz(rs, θ)da = iωμ0δ(r − rs)I da, (2.121)

where the moment of the dipole source is I da, and da is the loop area. It is noted
that Eq. (2.120) is satisfied for any angle θ . Obviously, from Eq. (2.121), we have

lim
θ→0

∫ h

0
rEφGm(z)dz = iωμ0

2πθ
I daGm(zs). (2.122)

Thus, it follows that

Am = −I daGm(zs)

2πNm

lim
θ→0

{
θ

∂

∂θ
Pν

(
cos(π − θ)

)}−1

. (2.123)

By using the following asymptotic formula in the case of θ → 0:

Pν

(
cos(π − θ)

)≈ 2 sinνπ

π
ln θ, (2.124)

we have

lim
θ→0

θ
∂

∂θ
Pν

(
cos(π − θ)

)≈ 2 sinνπ

π
. (2.125)

Thus, the coefficient Am can be determined readily. We write

Am = −I daGm(zs)

4 sinνπNm

. (2.126)
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The three non-zero components Eφ , Hr , and Hθ can be expressed in the follow-
ing forms:

Eφ = iωμ0I da

4r

∞∑
m

Gm(zs)

sin(μπ)Nm

Gm(zr)
∂

∂θ
Pν

(
cos(π − θ)

)
, (2.127)

Hr = −I da

4r2

∑ ν(ν + 1)

sin(μπ)Nm

Gm(zs)Gm(zr)Pν

(
cos(π − θ)

)
, (2.128)

Hθ = −I da

4r

∑ Gm(zs)

sin(μπ)Nm

∂

∂z
Gm(zr)

∂

∂θ
Pν

(
cos(π − θ)

)
. (2.129)

For TE waves in SLF/ELF ranges, because of ν(ν + 1) = k2a2S2
m, in general

the factor Sm is a purity imaginary number. Thus the parameter ν + 1
2 is a complex

number with a large imaginary part. Then, in the case that the angle θ is not close
to 0 and π, we have

Pν(cos(π − θ))

sin(νπ)
≈ −

√
2

πkaSm sin θ
· exp

(
ikaSmθ + iπ

4

)
, (2.130)

∂Pν(cos(π − θ))

sin(νπ)∂θ
≈ −i

√
2kaSm

π sin θ
· exp

(
ikaSmθ + iπ

4

)
. (2.131)

The three non-zero components Eφ , Hr , and Hθ for TE waves can be written as
follows:

Eφ = −I dakη

h

√
1

λa sin θ

∞∑
m=1

ΛmGm(zs)Gm(zr)S
1/2
m eikaSmθ+i π

4 , (2.132)

Hr = −I dak

h

√
1

λa sin θ

∞∑
m=1

ΛmGm(zs)Gm(zr)S
3/2
m eikaSmθ+i π

4 , (2.133)

Hθ = − iI dak

h

√
1

λa sin θ

∞∑
m=1

ΛmGm(zs)S
1/2
m

∂Gm(zr)

k∂z
eikaSmθ+i π

4 , (2.134)

where the excitation factor Λm for TE waves is defined by

Λm = Δ2
gC

2
m

[
1 − sin 2kCmh

2kCmh
− Δ2

gC
2
m

(
1 + sin 2kCmh

2kCmh

)

−i
Δg

kh
(cos 2kCmh − 1)

]−1

. (2.135)

In general, in SLF/ELF ranges, the normalized surface impedance Δg is very
small, so that the excitation efficiency of VMD is very low.
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Fig. 2.6 The diagram for the
geometric relation between
the transmitting and receiving
antennas

2.4 SLF/ELF Field of HED in the Earth–Ionosphere
Waveguide/Cavity

In practical applications, a SLF/ELF radiation source is usually employed a hori-
zontal linear antenna. So that it is necessary to investigate SLF/ELF electromagnetic
field of an HED in the anisotropic Earth–ionosphere waveguide or cavity. In the pre-
ceding sections, the electromagnetic field of a VED and that of VMD are addressed,
respectively. The complete formulas can be derived for the electromagnetic field of
an HED in the presence of the Earth–ionosphere cavity by the reciprocity theorem
(Wait 1970; Galejs 1972a). It is stated that the voltage V2 excited in antenna 2 by
current I1 of antenna 1 is equal to the voltage V1 excited in antenna 1 by an identical
current I2 in antenna 2.

The geometry for a VED with its length dlve at z′
0 = zs and an HED with its

length dshe parallel to the x-axis at z0 = zr are illustrated in Fig. 2.6, where the
subscripts r and s refer to the observation point and dipole source, respectively. It
is known that the magnitude of the voltage V he excited in HED is maximum when
Eve

ρ′ is parallel to the x̂ axis (φ = 0 and π). Then, we have

V he = −Eve
ρ′
(
z′

0 = zs, z0 = zr

)
cosφ dshe, (2.136)

where the superscripts ve and he refer to the VEDs and HEDs, respectively. Simi-
larly, the magnitude of the voltage V ve in the VED is contributed by the field com-
ponent Ehe

z excited by the horizontal electric dipole. We write

V ve = Ehe
z

(
z0 = zs, z

′
0 = zr

)
dlve. (2.137)
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With dshe = dlve, from Eqs. (2.136) and (2.137), it follows that

Ehe
z

(
z0 = zs, z

′
0 = zr

)= −Eve
ρ′
(
z′

0 = zs, z0 = zr

)
cosφ. (2.138)

Next, we consider the geometry for a VMD with its loop area davm parallel to
the z′-axis at z′

0 = zs and an HED parallel to the x-axis at z0 = zr , which is shown
in Fig. 2.6. The magnitude of voltage in the HED V he by the VMD is represented
as follows:

V he = Evm
φ′
(
z′

0 = zs, z0 = zr

)
sinφ dshe, (2.139)

where the superscript vm refers to the VMD. The magnitude of voltage V vm in
the VMD is contributed by the component H he

z excited by the HED with the same
current. We write

V vm = iωμ0H
he
z

(
z0 = zs, z

′
0 = zr

)
davm. (2.140)

With V he = V vm, from Eqs. (2.139) and (2.140), it follows that

H he
z

(
z0 = zs, z

′
0 = zr

)= 1

iωμ0
Eφ

(
z′

0 = zs, z0 = zr

)
sinφ

dshe

davm . (2.141)

For spherical coordinates the z and ρ components are replaced by the r and θ

components, respectively. With Eq. (2.138), and considering that the sign should be
changed for θ derivatives when interchanging the coordinates of the receiver and
source, it follows that

Ehe
r (r, θ,φ) = − iI dsheη cosφ

2ha

×
∞∑

n=0

Λe
nFn(zr)

∂Fn(zs)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ
. (2.142)

Similarly, with the substitution of Eq. (2.132) into Eq. (2.141), it follows that

H he
r (r, θ,φ) = I dshe sinφ

2ha

∞∑
m=1

Λh
mGm(zr)Gm(zs)

∂Pμ(cos(π − θ))

sinμπ∂θ
. (2.143)

Here Fn(z) and Gm(z) refer to the height-gain function for TMn wave and that for
TEm wave, respectively. The excitation factor Λe

n for TMn wave and the excitation
factor Λh

m for TEm wave are represented by (2.60) and (2.135), respectively. We
rewrite

Λe
n = 1

1 + sin 2kCnh
2kCnh

, (2.144)
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Λh
m = Δ2

gC
2
m

[
1 − sin 2kCmh

2kCmh
− Δ2

gC
2
m

(
1 + sin 2kCmh

2kCmh

)

− i
Δg

kh
(cos 2kCmh − 1)

]−1

. (2.145)

From the expanded representations of Maxwell’s equations in the spherical co-
ordinate system, the components Eθ , Eφ , Hθ , and Hφ can be expressed in terms of
Er and Hr . We write(

k2 + ∂2

∂r2

)
(r sin θHθ) = −iωε

∂

∂φ
Er + sin θ

∂2

∂θ∂r
Hr, (2.146)(

k2 + ∂2

∂r2

)
(r sin θEφ) = ∂2

∂φ∂r
Er − iωμ0 sin θ

∂

∂θ
Hr, (2.147)(

k2 + ∂2

∂r2

)
(r sin θHφ) = iωε0 sin θ

∂

∂θ
Er + ∂2

∂φ∂r
Hr, (2.148)(

k2 + ∂2

∂r2

)
(r sin θEθ) = sin θ

∂2

∂θ∂r
Er + iωμ0

∂

∂φ
Hr. (2.149)

Taking into account the following relations:(
∂2

∂r2
+ k2

)
Zn(z) = ν(ν + 1)

r2
Zn(z), (2.150)

the complete formulas for the components Ehe
θ , Ehe

φ , H he
θ , and H he

φ can be written
in the following forms:

H he
θ = I dshe sinφ

2ha

{
1

ka sin θ

∑
n

Λe
nS

−2
n Fn(zr )

∂Fn(zs)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ

+ 1

ka

∑
m

Λh
mGm(zs)

S2
m

∂Gm(zr)

k∂z

∂2Pμ(cos(π − θ))

sinμπ∂2θ

}
, (2.151)

H he
φ = I dshe cosφ

2ha

{
1

ka

∑
n

Λe
nS

−2
n Fn(zr )

∂Fn(zs)

k∂z

∂2Pν(cos(π − θ))

sinνπ∂2θ

+ 1

ka sin θ

∑
m

Λh
mGm(zs)

S2
m

∂Gm(zr)

k∂z

∂Pμ(cos(π − θ))

sinμπ∂θ

}
, (2.152)

Ehe
θ = − iI dsheη cosφ

2ha

{
1

ka

∑
n

Λe
nS

−2
n

∂Fn(zr )

k∂z

∂Fn(zs)

k∂z

∂2Pν(cos(π − θ))

sinνπ∂θ2

− 1

ka sin θ

∑
m

Λh
mGm(zs)Gm(zr)S

−2
m

∂Pμ[cos(π − θ)]
sinμπ∂θ

}
, (2.153)
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Ehe
φ = iI dsheη

2ha
sinφ

{
1

ka sin θ

∑
n

Λe
nS

−2
n

∂Fn(zr )

k∂z

∂Fn(zs)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ

− 1

ka

∑
m

Λh
mGm(zs)Gm(zr)S

−2
m

∂2Pμ(cos(π − θ))

sinμπ∂2θ

}
. (2.154)

In SLF/ELF ranges, the horizontal antenna is usually placed on the ground. Then,
we take zs = zr = 0, Fn(0) = Gm(0) = 1, ∂Fn(z)

k∂z
|z=0 = −iΔg , and ∂Gm(z)

k∂z
|z=0 =

− i
Δg

. We write

Ehe
r (a, θ,φ) = −I dsheηΔgs cosφ

2ha

∑
n

Λe
n

∂Pν(cos(π − θ))

sinνπ∂θ
, (2.155)

Ehe
θ (a, θ,φ) = − iI dsheη cosφ

2ha

{
−ΔgsΔgr

ka

∑
n

Λe
nS

−2
n

∂2Pν(cos(π − θ))

sinνπ∂θ2

− 1

ka sin θ

∑
m

Λh
mS−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ

}
, (2.156)

Ehe
φ (a, θ,φ) = iI dsheη sinφ

2ha

{
−ΔgrΔgs

ka sin θ

∑
n

Λe
nS

−2
n

∂Pν(cos(π − θ))

sinνπ∂θ

− 1

ka

∑
m

Λh
mS−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ2

}
, (2.157)

H he
r (a, θ,φ) = I dshe sinφ

2ha

∑
m

Λh
n

∂Pμ(cos(π − θ))

sinμπ∂θ
, (2.158)

H he
θ (a, θ,φ) = I dshe sinφ

2ha

{
−i

Δgs

ka sin θ

∑
n

Λe
nS

−2
n

∂Pν(cos(π − θ))

sinφπ∂θ

− i

kaΔgr

∑
m

Λh
mS−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ2

}
, (2.159)

H he
φ (a, θ,φ) = I dshe cosφ

2ha

{
− iΔgs

ka

∑
n

Λe
nS

−2
n

∂2Pμ(cos(π − θ))

sinvπ∂θ2

− i

ka sin θΔgr

∑
m

Λh
mS−2

m

∂Pμ(cos(π − θ))

sinμπ∂θ

}
. (2.160)

From the above six formulas for the field components, it is seen that field com-
ponents consist of both TM and TE modes. It is well known that only a TM0 wave
can propagate while the rest of the waves are evanescent, which play roles in the
far-field regions.
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At large distance between the observation point and the dipole source, the com-
ponents in the far-field regions are simplified as follows:

Ehe
r (a, θ,φ) = −I dsheηΔgs cosφ

2ha
Λe

0
∂Pν(cos(π − θ))

sinν0π∂θ
, (2.161)

Ehe
θ (a, θ,φ) = iI dsheηΔgs

2ha
Δgr cosφ

Λe
0

ka
S−2

0
∂2Pν0(cos(π − θ))

sinν0π∂2θ
, (2.162)

Ehe
φ (a, θ,φ) = − iI dsheη

2ha
sinφΔgsΔgr

Λe
0

ka sin θ
S−2

0
∂Pν0(cos(π − θ))

sinν0π∂θ
, (2.163)

H he
θ (a, θ,φ) = − iI dshe

2ha
Δgs

sinφ

ka sin θ
Λe

0S
−2
0

∂Pν0(cos(π − θ))

sinν0π∂θ
, (2.164)

H he
φ (a, θ,φ) = − iI dshe

2ha
Δgs

cosφ

ka
Λe

0S
−2
0

∂2Pν0(cos(π − θ))

sinν0π∂2θ
, (2.165)

where both Δgs and Δgr refer to the normalized surface impedances at the points
for the transmitting antenna and the receiving antenna, respectively. It is seen that
SLF/ELF field of an HED in the Earth–ionosphere waveguide or cavity is propor-
tional to the surface impedance at the source point. In order to improve the radiation
efficiency of the transmitting antenna, SLF/ELF antenna should be chosen to be lo-
cated at the region where the Earth’s surface has large surface impedance or low
conductivity.

At large distance between the dipole source and the observation point, and where
the observation point is not close to the antipole, for the range of f > 50 Hz, we have

Pν(cos(π − θ))

sinνπ
≈ −

√
2

π(ν + 0.5) sin θ
exp

[
i(ν + 0.5)θ + i

π

4

]

≈ −√
2(πkaSn sin θ)−1/2 exp

(
ikaSnθ + i

π

4

)
. (2.166)

Then, it follows that

∂Pν(cos(π − θ))

sinνπ∂θ
≈ −i

√
2kaSn

π sin θ
exp

(
ikaSnθ + i

π

4

)
, (2.167)

∂2Pν(cos(π − θ))

sinνπ∂2θ
≈
√

2

π sin θ
(kaSn)

3/2 exp

(
ikaSnθ + i

π

4

)
. (2.168)

Thus, we obtain readily:

Ehe
r (a, θ,φ) = iI dsheηΔgs cosφ

2ha

√
2

π sin θ

× (kaS0)
1
2 Λe

0 exp

(
ikaS0θ + i

π

4

)
, (2.169)
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Ehe
θ (a, θ,φ) = iI dsheηΔgs

2ha
Δgr cosφ

√
2

π sin θ

× (ka)
1
2 S

− 1
2

0 Λe
0 exp

(
ikaS0θ + i

π

4

)
, (2.170)

Ehe
φ (a, θ,φ) = −I dsheη

2ha
sinφΔgsΔgr

√
2

π sin θ

× (ka)−
1
2 S

− 3
2

0 Λe
0

exp(ikaS0θ + iπ
4 )

ka sin θ
, (2.171)

H he
θ (a, θ,φ) = −I dshe

2ha
Δgs

sinφ

ka sin θ

√
2

π sin θ

× (ka)−
1
2 S

− 3
2

0 Λe
0 exp

(
ikaS0θ + i

π

4

)
, (2.172)

H he
φ (a, θ,φ) = − iI dshe

2ha
Δgs

√
2

π sin θ

× (ka)
1
2 S

− 1
2

0 Λe
0 cosφ exp

(
ikaS0θ + i

π

4

)
. (2.173)

At small distance between the dipole source and the observation point, namely,
θ � 1, we have

Pν(cos(π − θ))

sinνπ
≈ −iH(1)

0

[(
ν + 1

2

)
θ

]
, (2.174)

∂Pν(cos(π − θ))

sinνπ∂θ
≈ i

(
ν + 1

2

)
H

(1)
1

[(
ν + 1

2

)
θ

]
, (2.175)

∂2Pν(cos(π − θ))

sinνπ∂2θ
≈ − i(ν + 1

2 )H
(1)
1 [(ν + 1

2 )θ ]
θ

. (2.176)

Then, the formulas for the components in the near-field regions are rewritten in the
following forms:

Ehe
r (a, θ,φ) = −I dsheηΔgs

2ha
cosφ ·

[
ika
∑
n

Λe
nSnH

(1)
1 (kaSnθ)

]
, (2.177)

Ehe
θ (a, θ,φ) = − iI dsheη

2ha
cosφ ·

[
iΔgsΔgr

θ

∑
n

Λe
nS

−1
n H

(1)
1 (kaSnθ)

− i

sin θ

∑
m

Λh
mS−1

m H
(1)
1 (kaSmθ)

]
, (2.178)



2.5 Effect of Attenuation and Phase Velocity by Ionosphere 45

Ehe
φ (a, θ,φ) = iI dsheη

2ha
sinφ ·

[
− iΔgsΔgr

sin θ

∑
n

Λe
nS

−1
n H

(1)
1 (kaSnθ)

+ i

θ

∑
m

Λh
mS−1

m H
(1)
1 (kaSmθ)

]
, (2.179)

H he
r (a, θ,φ) = iI dshe

2ha
sinφ ·

[
ka
∑
m

Λh
mSmH

(1)
1 (kaSmθ)

]
, (2.180)

H he
θ (a, θ,φ) = I dshe

2ha
sinφ

[
Δgs

sin θ

∑
n

Λe
nS

−1
n H

(1)
1 (kaSnθ)

− 1

Δgr

∑
m

Λh
mS−1

m H
(1)
1 (kaSmθ)

]
, (2.181)

H he
φ (a, θ,φ) = I dshe

2ha
cosφ

[
−Δgs

θ

∑
n

S−1
n Λe

nH
(1)
1 (kaSnθ)

+ 1

sin θΔgr

∑
m

Λh
mS−1

m H
(1)
1 (haSmθ)

]
. (2.182)

2.5 Effect of Phase Velocity and Attenuation Rate by Gradual
Inhomogeneous Anisotropic Ionosphere in SLF/ELF Ranges

In the above sections, the region of interest is treated as ideal homogeneous isotropic
spherical Earth–ionosphere cavity or waveguide. Under practical propagation con-
ditions, the electron density and collision frequency in the ionosphere vary as the
height, and the ionosphere is usually regarded as a gradient plasma. Because the
wavelengths of SLF/ELF waves are very long, the radio waves can penetrate into
the ionosphere deeply, even up to F2-layer. Therefore, it is necessary to consider the
effects on the attenuation and phase velocity by the ionospheric profile in SLF/ELF
ranges. In practical computations on the attenuation rate and phase velocity, the
ionosphere should be treated as a gradient layered plasma, while the effect by the
geomagnetic field should also be considered. Obviously, the reflection characteris-
tics of actual inhomogeneous anisotropic ionosphere can be equivalent to those of
a reflection boundary at a certain reference height with an equivalent impedance
matrix.

In SLF/ELF ranges, only the TM0 wave can propagate in the Earth–ionosphere
waveguide or cavity. Thus, it is only necessary to carry out the computations on the
attenuation rate and the phase velocity for the TM0 wave. With second-order spher-
ical approximation, the calculation accuracy for the modal equation can be guar-
anteed. Therefore, the modal equation of SLF/ELF waves in the Earth–ionosphere
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waveguide or cavity is obtained readily. It is[(
1 + Rhe2ikH

)− C′Δ22
(
1 − Rhe2ikH

)]
× [C′(1 − Rge2ikH

)+ Δ11
(
1 + Rge2ikH

)]
+ C′Δ12Δ21

(
1 + Rge2ikH

)(
1 − Rhe2ikH

)= 0, (2.183)

where Δij (i, j = 1,2) refer to the elements of the normalized surface impedance
matrix of the ionosphere, which are satisfied to the following equation. We write[

Eθ

Eφ

]
= η

[
Δ11Δ12

Δ21Δ22

][
Hθ

Hφ

]
. (2.184)

Then, the modal equation (2.183) can be rewritten in the form(
1 − Rg‖R‖e2ik0H

)(
1 − Rh ⊥R⊥e2ik0H

)
− ‖R⊥ ⊥R‖RhRge4ik0H = 0, (2.185)

where

H =
∫ h

0

(
C2 + 2t

a
S2
)1/2

dt, (2.186)

Rg = C − Δg

C − Δg

, (2.187)

Rh = C − Δ−1
g

C + Δ−1
g

, (2.188)

C′ =
(

C2 + 2h

a
S2
)1/2

. (2.189)

It is noted that the relations between the reflection coefficient matrix and the nor-
malized surface impedance matrix are written as follows:

‖R‖ = (C′ − Δ11)(C
′Δ22 − 1) + C′Δ12Δ21

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
, (2.190)

‖R⊥ = −2C′Δ21

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
, (2.191)

⊥R‖ = −2C′Δ12

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
, (2.192)

⊥R⊥ = (C′ + Δ11)(1 + C′Δ22) − C′Δ12Δ21

(C′ + Δ11)(C′Δ22 − 1) − C′Δ12Δ21
. (2.193)
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Next, the procedures for solving the modal equation are addressed as follows:

(1) First we assume that the Earth and the ionosphere are simplified as homoge-
neous isotropic media with sharp boundaries. From Eqs. (2.38) and (2.39), the
roots (C0, S0) of the modal equation for TM0 wave can be obtained readily.
Then, we set the roots (C0, S0) as initial approximated values.

(2) With the root C0, the incident angle cosine C′ for the TM0 wave can be obtained
readily by Eq. (2.189).

(3) With the incident angle cosine C′, and the profiles for both ionospheric electron
density and collision frequency varying with the height, the equivalent surface
impedance matrix of the ionosphere can be computed easily.

(4) Substituting the parameters of the ionospheric surface impedance matrix into
the transcendental equation (2.183), the new incident angle cosine Ci = C0 +
�C can be obtained by using Newton’s iteration method with the initial value
C0.

(5) The first-order approximated parameter C′
i for the corresponding ionospheric

incident angle cosine can be solved by using Eq. (2.105) with the parameter Ci .
(6) Generally speaking, the ionospheric surface impedance matrix has little change

to the incident angle in SLF/ELF ranges, so that the iteration computation re-
peating the procedures 3 to 5 for two or three times is enough to guarantee the
accuracy.

With the roots of the modal equation, both the phase velocity and the attenuation
rate of the TM0 wave can be obtained readily:

c

vp

= ReS, (2.194)

α = 8.6858k ImS = 0.02895ω ImS (dB/1000 km). (2.195)

In SLF/ELF ranges, the ground surface impedance is much smaller than the iono-
spheric surface impedance. Evidently, the change of the ground conductivity has lit-
tle effect on the phase velocity and attenuation rate of the TM0 wave. In the practical
computation, the ground is usually idealized to the sea surface.

In order to compare quantitatively the effects of the phase velocity and the attenu-
ation rate by different ionosphere structure in SLF/ELF ranges, we choose the three
ionospheric models to carry out the numerical calculations. The first ionospheric
model is that of the ionosphere idealized as a homogeneous non-ideal plasma, for
which the equivalent conductivity is σ = 10−6 S/m. The second model is the refer-
ence structure of the lower ionosphere by the suggestions in the CCIR-895 report,
which is characterized by

N(z) = 1.43 × 107 · e−0.15H · e(β−0.15)(z−H), (2.196)

ν(z) = 1.816 × 1011 · e−0.15z. (2.197)

In the above formulas, N is the electron density in 1/cm3, ν is the electron col-
lision frequency in s−1, z is the height of the observation point in km, and H is the
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Table 2.1 The recommended values of H and β in mid-latitude regions

Summer Winter

Daytime β = 0.3, H = 70 β = 0.3, H = 72

Nighttime β = 0.0077f + 0.31, H = 87 β = 0.0077f + 0.31, H = 87

Fig. 2.7 For the international
reference ionosphere model,
the ionospheric electron
density varying as the height
in summer daytime and
winter nighttime

ionospheric reference height in km. The recommended values of H in km and β

in 1/km for mid-latitude regions are shown in Table 2.1. Here f is the operating
frequency in kHz.

The third model is the international reference ionosphere model, in which the
electron density profiles vary with the height in summer daytime and winter night-
time as shown in Fig. 2.7 (Rawer et al. 1978). The collision frequency varying with
the height is taken as Eq. (2.197) for the exponential model.

For the above three ionosphere models, following the computational method and
process addressed in this section, the modal equation for the SLF/ELF ranges is
solved readily, and the characteristic parameters of each mode can be calculated
easily. The attenuation rate on the sea surface versus the operating frequency for
the fundamental mode (TM0 mode or quasi-TEM mode) is computed for daytime
and shown in Fig. 2.8. In Fig. 2.9, the corresponding calculated results in nighttime
are given. The attenuation rates in nighttime on the sea surface versus the operating
frequency for TM1 and TE1 modes are computed and shown in Figs. 2.10 and 2.11,
respectively.

From the above computations, it is concluded as follows:

• In SLF/ELF ranges, the attenuation rate of the fundamental mode will increase
as the operating frequency increasing. However, the attenuation rate is very small
overall. Thus SLF/ELF waves can propagate to thousands kilometers or over ten
thousand kilometers away from the transmitter, even for any place in the Earth–
ionosphere waveguide or cavity.
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Fig. 2.8 The attenuation rate
in daytime versus the
operating frequency for the
fundamental mode

Fig. 2.9 The attenuation rate
in nighttime versus the
operating frequency for the
fundamental mode

Fig. 2.10 The attenuation
rate in nighttime versus the
operating frequency for the
TM1 mode
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Fig. 2.11 The attenuation
rate in nighttime versus the
operating frequency for the
TE1 mode

• The attenuation rates for the high-order modes in SLF/ELF ranges are very large,
generally several hundred dB/Mm. Thus, there only exists one propagating mode
in SLF/ELF ranges.

• For the three different ionospheric models, although the parameters for each order
modes are different from each other, the overall trends are consistent. In the case
that the observer is located on or near the Earth’s surface, it is acceptable to use a
relatively simple model in engineering.

• From the computed results, it is seen that the propagation loss of SLF/ELF waves
in daytime is larger than that in nighttime. It is resulted by the equivalent re-
flection height of the ionosphere in nighttime being higher than that in day-
time.

The attenuation rates of the fundamental mode versus the ground conductivity
are computed for the two different modes and shown in Fig. 2.12, respectively. It is
seen that the attenuation rates decrease with the Earth’s conductivity increasing, but
the changing amplitudes are not large. This is resulted by the fact that the higher the
ground conductivity is, the larger the reflections are, and the less the absorption loss
of SLF/ELF waves are.

It is noted that the effect by the geomagnetic field is not considered in the compu-
tations in Figs. 2.8–2.12. Namely, the ionosphere is regarded as a one-dimensionally
planar stratified isotropic plasma in the above computations. In lower frequency
ranges, it is necessary to consider the effects by the geomagnetic field, and the
ionosphere is regarded as an anisotropic plasma, which is characterized by using
a 3 × 3 matrix. Especially in SLF/ELF ranges, the electromagnetic waves in the
ionosphere will show significant anisotropic properties. In order to address the ef-
fects of the SLF/ELF wave propagation by the geomagnetic field, the computations
for the relative phase velocity versus the propagation direction are carried out at
f = 75 Hz and shown in Fig. 2.13. Similarly, with the same operating frequency,
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Fig. 2.12 The attenuation
rate in nighttime versus the
operating frequency for the
TEM mode

Fig. 2.13 The relative phase
velocity versus the propa-
gation direction at
f = 75 Hz

the computations for the attenuation rates versus the propagation direction are also
carried out and shown in Fig. 2.14. Magnitudes of the excitation factor for the funda-
mental mode versus the propagation direction are computed and shown in Fig. 2.15.
In the computations in Figs. 2.13–2.15, the ionosphere model is taken as the second
model as addressed in this section, the ionosphere reference height is H = 70 km,
the ground conductivity is taken as = 3 S/m, and the geomagnetic field is taken as
B0 = 0.5 × 10−4 T.

From the above computations, we conclude as follows:

• For the attenuation rate and phase velocity of the fundamental mode, there ex-
ist directional actions. Obviously, the attenuation rate propagating eastward is
smaller than that propagating westward, while the relative phase velocity propa-
gating eastward is also smaller than that propagating westward.
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Fig. 2.14 The attenuation
rates versus the propagation
direction at f = 75 Hz

Fig. 2.15 The excitation
factor for the fundamental
mode versus the propagation
direction at f = 80 Hz

• The attenuation rate and the phase velocity of the fundamental mode are affected
by the geomagnetic inclination angle Ω . When the angle Ω is larger, the attenu-
ation rate becomes larger, and the relative phase velocity is reduced correspond-
ingly. Meanwhile, the effects of the attenuation rates and the phase velocity by
the propagating direction are weakened.

• The attenuation rate and the phase velocity of the fundamental mode change
slowly with the propagation direction and the geomagnetic inclination angle.
Specifically, the effect of the attenuation rate is in the range of 0.1–0.4 dB/Mm,
while the effect of the relative phase velocity is in the range of 1 %–3 %. Thus,
the effects by the geomagnetic field are generally neglected.

• For the excitation factor of the fundamental mode, the effects by the geomagnetic
field, which are usually neglected, was not significant with respect to that of the
attenuation rate.
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2.6 SLF/ELF Fields of Ground-Based Horizontal Transmitting
Antenna

2.6.1 SLF Field in Far-Field Region

For practical ground-based SLF/ELF transmitting system, the transmitting antenna
is generally an electrode antenna with both grounded ends and low-level frame.
The antenna length is usually dozens of kilometers, even over 100 km. At large dis-
tance between the observation point and the transmitting antenna over 1,000 km, the
transmitting antenna can be taken as an HED. In this case, along the whole of the
propagating paths, both the ground and the ionosphere will be no longer homoge-
neous. Thus, the whole propagating path can be divided into several short uniform
paths, of which each uniform path is a homogeneous waveguide. For each section of
the Earth–ionosphere waveguide, the root S0 can be obtained by solving the modal
equation. The electromagnetic field in the Earth–ionosphere waveguide can be ob-
tained by using the WKB solution. When the higher-order modes are neglected in
the far-field region, the field components can be expressed in the following forms:

Er = iI dlηΔgs

2ha

√
2ka

π sin θ
cosφΛe

0(T )
[
S0(T )S0(R)

] 1
4
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[
i
∫ θ

0
kaS0 dθ + i

π

4

]
, (2.198)

Eθ = iI dlη

2ha
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4

× exp

[
i
∫ θ

0
kaS0 dθ + i

π

4

]
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Eφ = −I dlη
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where S0(T ) and S0(R) represent the values of S0 on the source point and the ob-
servation point, respectively. Λe

0(T ) represents the excitation factor on the source
point, and both Δgr and Δgs represent the normalized surface impedance of the
ground and that of the sea surface, respectively.

We assume that the local time of the transmitting point and that of the receiving
point are in daytime and nighttime, respectively. Then, it is seen that the part of the
ionosphere of the propagating path is in daytime, while the other part is in nighttime.
The corresponding equivalent reflection height of the ionosphere in the circadian
boundaries of the day-and-night transition period, there will be an obvious mutation,
and there exists conversion between different modes. In the circadian boundaries
of the unevenly transition period, the mode conversion coefficient is expressed in
Eq. (2.203):

Snm =
∫ Hmin

0 Fd
n (z)Gn

m(z)dz√∫ H1
0 [Fd

n (z)]2 dz · ∫ H2
0 [Gd

n(z)]2 dz

, (2.203)

where Fd
n and Gn

m represent the height-gain function for the nth-order mode of
daytime and the mth-order mode of nighttime, respectively. H is the ionospheric
reference height, Hmin = min(H1,H2).

With the mode conversion, in the circadian transitional period, the analytical for-
mulas for SLF field components are obtained readily. We write

Er = iI dlηΔgs
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Eφ = −I dlη
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Fig. 2.16 The radiation pattern of the horizontal magnetic field components Hφ excited by an
HED in East–West direction: I = 350 A, dl = 100 km, f = 80 Hz, σg(T ) = 0.2 × 10−3 S/m, and
σg(R) = 10−3
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where hd and hn represent the ionospheric reference height of the daytime and that
of the nighttime, respectively. Rd and Rn are the propagation distance of the daytime
and that of the nighttime, respectively. N and M represent the order of the wave
modes of the daytime and that of the nighttime, respectively.

Following the above method, when the ground conductivities and all parameters
of the ionosphere in the regions of the whole propagating paths are given, the dis-
tribution of the electromagnetic field on the Earth’s surface can be determined and
computed readily.

The radiation pattern of the horizontal magnetic field components Hφ and Hρ

excited by a horizontal line antenna, which is placed in East–West direction, are
shown in Figs. 2.16 and 2.17, respectively. In these computations, the antenna length
is dl = 100 km, the antenna current is assumed to be I = 350 A, the operating
frequency is f = 80 Hz, and the ground conductivity of the transmitting point and
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Fig. 2.17 The radiation pattern of the horizontal magnetic field components Hρ excited by an
HED in East–West direction: I = 350 A, dl = 100 km, f = 80 Hz, σg(T ) = 0.2 × 10−3 S/m, and
σg(R) = 10−3

that of the observation point are taken as σg(T ) = 0.2 × 10−3 S/m and σg(R) =
10−3 S/m, respectively.

From Figs. 2.16 and 2.17, we conclude as follows:

• There is obviously directionality for the SLF field components excited by a hor-
izontal line antenna. For the horizontal line antenna in the East–West direction,
the main radiation direction of the component Hφ is in the East–West direction,
while that of the component Hρ is in the North–South direction.

• At approximately the same propagating distance, the magnitude of the component
Hφ is much larger than that of the component Hρ .

• The attenuation rate for the wave propagating eastward is smaller than that for the
wave propagating westward, and considering the effects by the uneven ground
conductivities, the field strength of the antenna east is larger than that of the west.
Obviously, the radiation contour diagram is not completely symmetrical.

2.6.2 SLF Field in the Near-Field Region

In practice, the SLF/ELF transmitting antenna is fairly large in size. At small dis-
tances between the observation point and the transmitting antenna, especially the
distance being comparable to the actual antenna length, it is unsuitable that the
antenna is idealized as an HED. In this case, the transmitting antenna is usually
divided into many small segments, of which each segment is regarded as an HED,
and the total field can be understood as the superposition of the fields excited by
all these HEDs. The radiation pattern of the horizontal magnetic field components
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Fig. 2.18 The radiation pattern of the horizontal magnetic field components Hφ excited by an
HED in South–North direction: I = 62.5 A, dl = 80 km, f = 91 Hz, σg(T ) = 0.2 × 10−3 S/m,
and σg(R) = 10−3 S/m

Fig. 2.19 The radiation pattern of the horizontal magnetic field components Hρ excited by an
HED in South–North direction: I = 62.5 A, dl = 80 km, f = 91 Hz, σg(T ) = 0.2 × 10−3 S/m,
and σg(R) = 10−3 S/m

Hφ and Hρ excited by a horizontal line antenna with its length 80 km in South–
North direction are shown in Figs. 2.18 and 2.19, respectively. In these computa-
tions, we take I = 62.5 A, dl = 80 km, f = 91 Hz, σg(T ) = 0.2 × 10−3 S/m, and
σg(R) = 10−3 S/m. From Figs. 2.16–2.19, it is seen that the radiation pattern in the
near-field region is significantly different from that in the far-field region.
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2.6.3 The Field in ELF Range and the Lower End of SLF Range

In the whole ELF range as well as the lower end of SLF range, the wavelength can be
compared with, even exceeds, the Earth’s circumference. At this time, for the eigen-
value ν of the zero-order TM wave, the condition of ν � 1 is no longer satisfied.
Thus the Legendre function of the first kind Pν(cos (π − θ)) should not be evaluated
by using the traditional asymptotic formula in Eq. (2.29). In Sect. 2.2.4, the numer-
ical integrated algorithm is proposed for evaluating the function Pν(cos (π − θ)).
Then, the field in ELF range and the lower end of SLF range generated by an HED
in the Earth–ionosphere cavity can be computed by using the new proposed algo-
rithm (Peng et al. 2013).

In the case of an HED, the analytical formulas for the electromagnetic field in
the Earth–ionosphere cavity have been obtained in Sect. 2.4. In these formulas, all

components are expressed in terms of ∂Pν(cos (π−θ))
∂θ

and ∂2Pν(cos (π−θ))

∂θ2 . In order to
evaluate accurately these components, it is necessary to give the new algorithm for

evaluating the functions ∂Pν(cos (π−θ))
∂θ

and ∂2Pν(cos (π−θ))

∂θ2 .
As mentioned in Sect. 2.4, we denote
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From the above equations, we obtain readily:
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With the substitutions of Eqs. (2.209)–(2.211) into Eqs. (2.155)–(2.160), we
readily derive the following. We write
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In these equations, the functions ∂Pμ(cos(π−θ))

∂θ
and ∂2Pμ(cos(π−θ))

∂θ2 can be computed
by using Eqs. (2.77), (2.210), and (2.211).

We assume that the unit HED is placed at θ = 0◦ in the direction of φT = 0◦ and
the operating frequency is taken as f = 10 Hz. As shown in Figs. 2.20 and 2.21,
with the orientation of the observation point φ = 0◦, the magnitudes of the com-
ponents Eθ and Hφ are computed by using the numerical integrated algorithm pro-
posed in this chapter and the traditional method (Bannister 1984), respectively. With
the orientation of the observation point φ = 90◦, similar computations are carried
out for the components Eφ and Hθ and also plotted in Figs. 2.20 and 2.21, respec-
tively.

From Figs. 2.20 and 2.21, it is seen that the computed results by using the two
methods are significantly different from each other in ELF range and the lower
end of SLF range (below 50 Hz). The traditional method by Bannister (1984) is
based on the assumption of ν � 0, so that it is only suitable for the SLF range.
Correspondingly, the results by using the traditional method is uncorrect for the
range below 50 Hz. In ELF range and the lower end of SLF range, the distributions
of the electromagnetic field on the ground can be evaluated accurately by using the
numerical integrated method proposed in this chapter.

We assume that the current moment of the transmitting antenna, which is placed
horizontally in the x̂ direction, is taken as 1 A·m, the ionospheric reference height
is 70 km, and the conductivities of the ground and the ionosphere are assumed as
σg = 10−3 S/m and σi = 10−5 S/m, respectively. The contour diagram of the tan-
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Fig. 2.20 The magnitudes of
the components Eθ in
dB·V/m at φ = 90◦ and Eφ in
dB·V/m at φ = 0◦ versus the
propagation distance:
f = 10 Hz, φT = 0◦

Fig. 2.21 The magnitudes of
the components Hφ in
dB·A/m at φ = 0◦ and Hφ in
dB·A/m at φ = 90◦ versus the
propagation distance:
f = 10 Hz, φT = 0◦

gential electric field and that of the tangential magnetic field at f = 1 Hz are shown
in Figs. 2.22 and 2.23, respectively. It is noted that all numbers in the above contour
diagrams indicate the field strength in dB. For the electric field, 1 V/m is corre-
sponded to 0 dB. For the magnetic field, 1 A/m is corresponded to 0 dB.

At the operating frequency below 2 Hz, the wavelength is much larger than the
Earth’s circumference, and the space between the Earth’s surface and the lower
boundary of the ionosphere is actually a concentric spherical shell. Obviously, the
eigenvalue ν is smaller than 1. With Eq. (836.7) in the mathematics handbook by
Gradshteyn and Ryzhik (1980), we write
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= 2 ln sin
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θ

2

)
. (2.218)
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Fig. 2.22 The contour
diagram of the tangential
electric field at f = 1 Hz

Fig. 2.23 The contour
diagram of the tangential
magnetic field at f = 1 Hz

When ν � 1, we have
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If a first-order approximation is taken, we obtain readily:
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Thus, at the operating frequency below 2 Hz, in the far-field region, the higher
modes attenuate rapidly, and the electromagnetic field excited by an HED essentially
satisfies the following conditions:

Eθ
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= − Eφ
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; Hθ

sinφ
= Hφ

cosφ
. (2.221)
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Then, the horizontal field components are expressed in the following forms:

Et = Eθ(θ̂ cosφ − φ̂ sinφ) = Eθ x̂, (2.222)

Ht = Hθ(θ̂ sinφ + φ̂ cosφ) = Hθ ŷ. (2.223)

Evidently, the horizontal electric field is essentially in the x̂ direction, while the
horizontal magnetic field is essentially in the ŷ direction. Furthermore, it is seen that
both the horizontal electric field and the horizontal magnetic field will not change
with the azimuth angle φ.

From Figs. 2.22 and 2.23, we conclude as follows:

• At the operating frequency below 2 Hz, except for the multimode region, which
the transmitting antenna is surrounded nearby, all curves in the contour diagrams
are approximately concentric circles. Namely, at the same distance away from the
transmitting antenna, the tangential components of the electromagnetic field are
essentially equal.

• At the operating frequency below 2 Hz, the direction of the tangential electric
field component is essentially the same as that of the current moment, while the
direction of the tangential magnetic field component is essentially perpendicular
to that of the current moment.

When the operating frequency increases, the condition of ν � 1 is no longer
satisfied. For example, at f = 10 Hz, the parameter ν is comparable to 1, ν ∼ 1.
The direction of the tangential electric field component is not completely the same
as that of the current moment, while the direction of the tangential magnetic field
component is not completely perpendicular to that of the current moment.
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Chapter 3
Spherical Harmonic Series Solution
for SLF/ELF Field in the Earth–Ionosphere
Waveguide/Cavity

The spherical harmonic series solutions are obtained for the SLF/ELF electromag-
netic fields of VEDs and HEDs in the non-ideal Earth–ionosphere waveguide or
cavity. Especially, the speed-up numerical convergence algorithm is used to improve
the convergence speed for the spherical harmonic series solutions.

3.1 Introduction

In the past century, SLF/ELF electromagnetic wave propagation in the Earth-
ionosphere waveguide or cavity was intensively investigated (Wait 1962; Johler and
Berry 1962; Galejs 1971, 1972; Bannister 1974, 1979; Chang and Wait 1974; Chu
1974; Carroll and Ferraro 1990; Fraser-Smith and Bannister 1998; Cummer 2000).
In preceding chapter, this problem has been addressed specifically. It is noted that
the great progress on the FDTD modeling of SLF/ELF wave propagation in Earth-
ionosphere waveguide has been made in the past decade (Simpson and Taflove 2004,
2007; Simpson 2009; Yang and Pasko 2005, 2006). In what follows, we will at-
tempt to outline a new spherical harmonic series algorithm, which is proposed for
SLF/ELE field radiated by a VED in the ideal Earth-ionosphere waveguide or cav-
ity (Barrick 1999). Unfortunately, this algorithm was not extended to the non-ideal
case, and the changes of SLF/ELF field with the height and operating frequencies
were not addressed specifically. With extensions of the work by Barrick, a spherical
harmonic series solutions are obtained for SLF/ELF electromagnetic field radiated
by VEDs and HEDs in the non-ideal Earth–ionosphere waveguide or cavity (Wang
et al. 2007a, 2007b, 2008). In those works by Wang et al., the speed-up numeri-
cal convergence algorithm is proposed for improving the convergence speed of the
spherical harmonic series solutions.

In this chapter, we will attempt to summarize the spherical harmonic series so-
lutions for SLF/ELF electromagnetic field in the presence of a non-ideal Earth–
ionosphere waveguide or cavity and the speed-up numerical convergence algorithm.
The results obtained are in agreement with available results (Pan 2004).

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_3,
© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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Fig. 3.1 VED at (0,0, rb) in
the Earth–ionosphere
waveguide or cavity

3.2 SLF/ELF Fields of VED in the Earth–Ionosphere
Waveguide/Cavity

In this section, we will treat SLF/ELF electromagnetic field of a VED in the Earth–
ionosphere waveguide or cavity in detail.

3.2.1 Spherical Harmonic Series Solution for SLF/ELF Field
of VED in the Earth–Ionosphere Cavity

The Earth–ionosphere geometry and spherical coordinate system are shown in
Fig. 3.1. The two reflection walls, the ground and the ionosphere, are character-
ized by the normalized surface impedances Δg and Δi , respectively. Assuming
that a VED is represented by its current density ẑI dlδ(x)δ(y)δ(z − rb), where
rb = ra +zs , ra is the Earth’s radius, and zs denotes the height of the dipole above the
ground. rc = ra + h, where h denotes the height of the lower boundary of the iono-
sphere. Then, the electromagnetic field in the Earth–ionosphere waveguide or cavity
can be represented in terms of two potential functions U and V (Barrick 1999):

Er = 1

−iωε

(
∂2

∂r2
+ k2

)
U, (3.1)

Hr = 1

−iωμ

(
∂2

∂r2
+ k2

)
V, (3.2)

Eθ = −1

r sin θ

∂V

∂φ
+ 1

−iωεr

∂2U

∂r∂θ
, (3.3)

Hθ = 1

r sin θ

∂U

∂φ
+ 1

−iωμr

∂2V

∂r∂θ
, (3.4)
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Eφ = 1

r

∂V

∂θ
+ 1

−iωεr sin θ

∂2U

∂r∂φ
, (3.5)

Hφ = −1

r

∂U

∂θ
+ 1

−iωμr sin θ

∂2V

∂r∂φ
, (3.6)

where the two potential functions U and V satisfy the following equations (Barrick
1999): (∇2 + k2)U

r
= 0, (3.7)

(∇2 + k2)V
r

= 0. (3.8)

When the effects by the ground and the ionosphere are not considered, the poten-
tial functions for the primary field radiated by VED can be represented as follows:

UVED
0 = ikI dl

4πv2
b

T0, (3.9)

V VED
0 = 0. (3.10)

In the above equation, T0 is written in the form

T0 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∞∑
n=0

(2n + 1)Ĥn(νb)Ĵn(ν)Pn(cos θ); ν < νb,

∞∑
n=0

(2n + 1)Ĵn(νb)Ĥn(ν)Pn(cos θ); ν > νb,

(3.11)

where ν = kr and νb = krb . Pn is the Legendre function of order n. The function
Ĵn(ν) can be expressed in terms of half-order Bessel function of the first kind, while
the function Ĥn(ν) is its corresponding outgoing first-kind Hankel function. They
are defined as follows:

Ĵn(ν) =
√

πν

2
J

n+ 1
2
(ν), (3.12)

Ĥn(ν) =
√

πν

2
H

(1)

n+ 1
2
(ν). (3.13)

It is noted that the functions Ĵn(ν) and Ĥn(ν) should satisfy the following differen-
tial equation: [

d2

dν2
+ 1 − n(n + 1)

ν2

]
Bn(ν) = 0. (3.14)

Due to the reflection of the air–Earth boundary and that of the air–ionosphere
boundary, the secondary disturbance field in the cavity will be produced. The po-
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tential functions of the secondary disturbance field is represented in terms of the
spherical harmonic functions. We write

UVED
p = ikI dl

4πν2
b

∞∑
n=0

(2n + 1)
[
bnĴn(ν) + cnĤn(ν)

]
Pn(cos θ), (3.15)

V VED
p = 0. (3.16)

Thus, the total potential functions should be represented as follows:

UVED = UVED
0 + UVED

p

= ikI dl

4πν2
b

·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=0

(2n + 1)Pn(cos θ)

× {[Ĥn(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}; ν < νb,

∞∑
n=0

(2n + 1)Pn(cos θ)

× {bnĴn(ν) + Ĥn(ν)
[
cn + Ĵn(νb)

]}; ν > νb,

(3.17)

V VED = V VED
0 + V VED

p = 0. (3.18)

On the Earth’s surface, r = ra , the field components satisfy the impedance
boundary conditions. We have

Eθ = −ΔgηHφ |r=ra ; Eφ = ΔgηHθ |r=ra . (3.19)

At the lower boundary of the ionosphere, r = rc , we have

Eθ = ΔiηHφ |r=rc ; Eφ = −ΔiηHθ |r=rc . (3.20)

In the above equations, η is the wave impedance in the air.
Substituting Eqs. (3.17) and (3.18) into Eqs. (3.1)–(3.6), the six field components

in the Earth–ionosphere waveguide or cavity can be represented in the following
forms:

Er = −ηk2I dl

4πν2
bν2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=0

n(n + 1)(2n + 1)Pn(cos θ)

× {[Ĥn(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}; ν < νb,

∞∑
n=0

n(n + 1)(2n + 1)Pn(cos θ)

× {bnĴn(ν) + Ĥn(ν)
[
cn + Ĵn(νb)

]}; ν > νb,

(3.21)
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Hr = 0, (3.22)

Eθ = ηk2I dl

4πν2
bν

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=0

(2n + 1)P 1
n (cos θ)

× {[Ĥn(νb) + bn

]
Ĵ ′

n(ν) + cnĤ
′
n(ν)

}; ν < νb,

∞∑
n=0

(2n + 1)P 1
n (cos θ)

× {bnĴ
′
n(ν) + [Ĵn(νb) + cn

]
Ĥ ′

n(ν)
}; ν > νb,

(3.23)

Hθ = 0, (3.24)

Eφ = 0, (3.25)

Hφ = ik2I dl

4πν2
bν

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=0

(2n + 1)P 1
n (cos θ)

× {[Ĥn(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}; ν < νb,

∞∑
n=0

(2n + 1)P 1
n (cos θ)

× {bnĴn(ν) + [Ĵn(νb) + cn

]
Ĥn(ν)

}; ν > νb.

(3.26)

Considering Eqs. (3.19) and (3.20) of the impedance boundary conditions at r =
ra and r = rc , we readily have[

Ĥn(νb) + bn

]
Ĵ ′

n(νa) + cnĤ
′
n(νa)

= −iΔg

{[
Ĥn(νb) + bn

]
Ĵn(νa + cnĤn(νa)

}
, (3.27)

bnĴ
′
n(νc) + [Ĵn(νb) + cn

]
Ĥ ′

n(νc)

= iΔi

{
bnĴn(νc) + [Ĵn(νb) + cn

]
Ĥn(νc)

}
. (3.28)

Then, from the above two equations, the coefficients bn and cn may be written as
follows:

bn =

{−Ĥn(νb)[Ĥ ′
n(νc) − iΔiĤn(νc)][iΔgĴn(νa) + Ĵ ′

n(νa)]
− [iΔgĤn(νa) + Ĥ ′

n(νa)][iΔiĤn(νc) − Ĥ ′
n(νc)]Ĵn(νb)

}
{ [iΔiĴn(νc) − Ĵ ′

n(νc)][iΔgĤn(νa) + Ĥ ′
n(νa)]

+ [iΔgĴn(νa) + Ĵ ′
n(νa)][Ĥ ′

n(νc) − iΔiĤn(νc)]
} , (3.29)

cn =

{
Ĵn(νb)[iΔiĤn(νc) − Ĥ ′

n(νc)][iΔgĴn(νa) + Ĵ ′
n(νa)]

− [iΔiĴn(νc) − Ĵ ′
n(νc)][Ĵ ′

n(νa) + iΔgĴn(νa)]Ĥn(νb)

}
{ [iΔiĴn(νc) − Ĵ ′

n(νc)][iΔgĤn(νa) + Ĥ ′
n(νa)]

+ [iΔgĴn(νa) + Ĵ ′
n(νa)][Ĥ ′

n(νc) − iΔiĤn(νc)]
} . (3.30)
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So far, the spherical harmonic series solutions have been derived for SLF/ELF
electromagnetic field radiated by a VED in the Earth–ionosphere waveguide or cav-
ity. In fact, in order to calculate the numerical summation accurately, it is required
to calculate a prohibitively large number terms, even through the series remain ab-
solutely convergent. It is known that the high-frequency asymptotic approximation
based on the Watson transform of the series is not appropriate in ELF range and the
lower end of SLF range (Barrick 1999). Obviously, in the next step, the main task
is to seek a method for improving the convergence speed of the spherical harmonic
series.

3.2.2 Speed-up Numerical Convergence Algorithm

In this subsection, a speed-up numerical convergence algorithm, which is an asymp-
totic extraction technique, is employed to improve the calculation efficiency.

3.2.2.1 Speed-up Numerical Convergence Algorithm for the Component Er

The electric field component Er is written in the following form:

Er =
∞∑

n=0

(Ern − Ẽrn)Pn(cos θ) +
∞∑

n=0

ẼrnPn(cos θ). (3.31)

The latter series term in Eq. (3.31) can be expressed in analytical form, which can be
calculated readily. Since the term (Ern − Ẽrn) reduces rapidly with the increase of
n, the first series in Eq. (3.31) will converge rapidly. As a result, the field component
can be calculated efficiently with better accuracy. Next, the main task is to find an
efficient analytical solution of the latter series in Eq. (3.31).

When ν < ν0, the series in Eq. (3.21) consist of two terms: (2n+ 1)Ĵn(ν)Ĥn(νb)

and (2n + 1)[bnĴn(ν) + cnĤn(ν)]. When ν � n, from the series expression of the
circular cylinder function near the zero point, we readily have

(2n + 1)Ĵn(ν)Ĥn(νb) ⇒ −iνb

(
ν

νb

)n+1

. (3.32)

For mathematical convenience, it is necessary to examine the results at the ideal
condition of Δg = Δi = 0. At this time, the coefficients bn and cn can be simplified
as follows:

b0
n = − Ĵ ′

n(νa)Ĥn(νb)Ĥ
′
n(νc) − Ĵn(νb)Ĥ

′
n(νa)Ĥ

′
n(νc)

Ĵ ′
n(νa)Ĥ ′

n(νc) − Ĵ ′
n(νc)Ĥ ′

n(νa)
, (3.33)

c0
n = − Ĵ ′

n(νa)Ĵn(νb)Ĥ
′
n(νc) − Ĵ ′

n(νa)Ĵ
′
n(νc)Ĥn(νb)

Ĵ ′
n(νa)Ĥ ′

n(νc) − Ĵ ′
n(νc)Ĥ ′

n(νa)
. (3.34)
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By using Eqs. (3.33) and (3.34), we readily have

Tn = (2n + 1)
[
b0
nĴn(ν) + c0

nĤn(ν)
]

n�ν⇒ −iνa

n(n + 1)

(n + 1)2ρn( νa

ν
)n + n(n + 1)ρ−(n+1)τ 2n+1( νa

ν
)n

1 − τ 2n+1

+ n(n + 1)ρnτ 2n+1( ν
νa

)(n+1) + n2ρ−(n+1)τ 2n+1( ν
νa

)(n+1)

1 − τ 2n+1

= −iνa

n(n + 1)

[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρ−(n+1)τ 2n+1
(

νa

ν

)n

+ n(n + 1)ρnτ 2n+1
(

ν

νa

)(n+1)

+ n2ρ−(n+1)τ 2n+1
(

ν

νa

)(n+1)] ∞∑
m=0

τm(2n+1)

= −iνa

n(n + 1)

{[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρn

(
ν

νa

)(n+1)

+ n2ρ−(n+1)

(
ν

νa

)(n+1)

+ n(n + 1)

(
νa

ν

)n

ρ−(n+1)

] ∞∑
m=1

τm(2n+1)

+ (n + 1)2ρn

(
νa

ν

)n
}

, (3.35)

where

ρ = ra

rb
= νa

νb

; τ = νa

νc

. (3.36)

In the last term in Eq. (3.35), it is assumed that mmax = 20, the result becomes

Tn ≈ −iνa

n(n + 1)

{[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρn

(
ν

νa

)(n+1)

+ n2ρ−(n+1)

(
ν

νa

)(n+1)

+ n(n + 1)

(
νa

ν

)n

ρ−(n+1)

] 20∑
m=1

τm(2n+1)

+ (n + 1)2ρn

(
νa

ν

)n
}

. (3.37)
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From Eqs. (3.32) and (3.37), we have

(2n + 1)Ĵn(ν)Ĥn(νb) + Tn

⇒ −iνa

n(n + 1)
·
{

n(n + 1)ρ−1
(

ν

νb

)n+1

+ (n + 1)2ρn

(
νa

ν

)n

+
[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρn

(
ν

νa

)(n+1)

+ n2ρ−(n+1)

(
ν

νa

)(n+1)

+ n(n + 1)

(
νa

ν

)n

ρ−(n+1)

]

×
20∑

m=1

τm(2n+1)

}
. (3.38)

Letting

E0
rn = −ηk2I dl

4πν2
bν2

n(n + 1)(2n + 1)
{[

Ĥn(νb) + b0
n

]
Ĵn(ν) + c0

nĤn(ν)
}
, (3.39)

it is seen that Ẽrn is the asymptotic approximation of E0
rn. We write

E0
rn

∣∣
n→∞ ⇒ Ẽrn. (3.40)

By using Eqs. (3.38)–(3.40), it follows that

Ẽrn = iηk2I dl

4πνbν2
ρ

×
{

n(n + 1)ρ−1
(

ν

νb

)n+1

+ (n + 1)2ρn

(
νa

ν

)n

+
[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρn

(
ν

νa

)(n+1)

+ n2ρ−(n+1)

(
ν

νa

)(n+1)

+ n(n + 1)

(
νa

ν

)n

ρ−(n+1)

]

×
20∑

m=1

τm(2n+1)

}
. (3.41)
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With Eq. (3.41), we readily have

∞∑
n=0

ẼrnPn(cos θ) = iηk2I dl

4πνbν2
ρ

×
∞∑

n=0

{
n(n + 1)ρ−1

(
ν

νb

)n+1

+ (n + 1)2ρn

(
νa

ν

)n

+
[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρn

(
ν

νa

)(n+1)

+ n(n + 1)

(
νa

ν

)n

ρ−(n+1)

+ n2ρ−(n+1)

(
ν

νa

)(n+1)]

×
20∑

m=1

τm(2n+1)

}
Pn(cos θ). (3.42)

Considering the following relations:

∞∑
n=0

τnPn(x) = 1

g
;

∞∑
n=0

nτnPn(x) = τ(x − τ)

g3
, (3.43)

∞∑
n=0

n2τnPn(x) = τ(x + x2τ − xτ 2 − 2τ + τ 3)

g5
, (3.44)

where

x = cos θ; g =
√

1 − 2xτ + τ 2, (3.45)

we readily have

∞∑
n=0

ẼrnPn(cos θ) = iηk2I dl

4πνbν2
ρ

{[
τ1(x + x2τ1 − xτ 2

1 − 2τ1 + τ 3
1 )

g5
1

+ 2τ1(x − τ1)

g3
1

+ 1

g1

]

+ ν

νa

[
τ2(x + x2τ2 − xτ 2

2 − 2τ2 + τ 3
2 )

g5
2

+ τ2(x − τ2)

g3
2

]
+ M

}
, (3.46)
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where

M =
20∑

m=1

τm

{
τ3(x + x2τ3 − xτ 2

3 − 2τ3 + τ 3
3 )

g5
3

+ 2τ3(x − τ3)

g3
3

+ 1

g3

+ ν

νa

[
τ4(x + x2τ4 − xτ 2

4 − 2τ4 + τ 3
4 )

g5
4

+ τ4(x − τ4)

g3
4

]

+ ν

ρνa

τ5(x + x2τ5 − xτ 2
5 − 2τ5 + τ 3

5 )

g5
5

+ 1

ρ

[
τ6(x + x2τ6 − xτ 2

6 − 2τ6 + τ 3
6 )

g5
6

+ τ6(x − τ6)

g3
6

]}
, (3.47)

and

τ1 = ρνa

ν
; g1 =

√
1 − 2xτ1 + τ 2

1 , (3.48)

τ2 = ν

νb

; g2 =
√

1 − 2xτ2 + τ 2
2 , (3.49)

τ3 = ρνa

ν
τ 2m; g3 =

√
1 − 2xτ3 + τ 2

3 , (3.50)

τ4 = ρν

νa

τ 2m; g4 =
√

1 − 2xτ4 + τ 2
4 , (3.51)

τ5 = ν

ρνa

τ 2m; g5 =
√

1 − 2xτ5 + τ 2
5 , (3.52)

τ6 = νa

ρν
τ 2m; g6 =

√
1 − 2xτ6 + τ 2

6 . (3.53)

With a similar procedure, when ν > νb , the asymptotic approximation of Ẽrn can
be derived readily:

Ẽrn = iηk2I dl

4πνbν2
ρ

×
{

n(n + 1)ρ−1
(

νb

ν

)n

+ (n + 1)2ρn

(
νa

ν

)n

+
[
(n + 1)2ρn

(
νa

ν

)n

+ n(n + 1)ρn

(
ν

νa

)(n+1)

+ n2ρ−(n+1)

(
ν

νa

)(n+1)

+ n(n + 1)

(
νa

ν

)n

ρ−(n+1)

] 20∑
m=1

τm(2n+1)

}
. (3.54)
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Then, it follows that

∞∑
n=0

ẼrnPn(cos θ) = iηk2I dl

4πνbν2
ρ ·
{[

τ1(x + x2τ1 − xτ 2
1 − 2τ1 + τ 3

1 )

g5
1

+ 2
τ1(x − τ1)

g3
1

+ 1

g1

]

+ 1

ρ

[
τ2(x + x2τ2 − xτ 2

2 − 2τ2 + τ 3
2 )

g5
2

+ τ2(x − τ2)

g3
2

]
+ K

}
, (3.55)

where

K = M; x = cos θ, (3.56)

τ1 = ρνa

ν
; g1 =

√
1 − 2xτ1 + τ 2

1 , (3.57)

τ2 = νb

ν
; g2 =

√
1 − 2xτ2 + τ 2

2 . (3.58)

By using the above method, the approximated formulas for
∑

ẼrnPn(cos θ) are
derived readily. It is noted that Ẽrn is obtained from the formulas for Ern in the
case of n � ν under the ideal condition of Δg = Δi = 0. Obviously, the formulas
for
∑

ẼrnPn(cos θ) can be calculated easily. In general, compared with calculating
directly the series

∑
ErnPn(cos θ), the convergence speed for calculating the se-

ries
∑

(Ern − Ẽrn)Pn(cos θ) is improved greatly. The proposed algorithm has been
demonstrated by practical numerical calculation.

3.2.2.2 Speed-up Numerical Convergence Algorithm for the Component Eθ

The electric field component Eθ is written in the following form:

Eθ =
∞∑

n=0

(Eθn − Ẽθn)P
1
n (cos θ) +

∞∑
n=0

ẼθnP
1
n (cos θ). (3.59)

The latter series term in Eq. (3.59) can be solved analytically. The term (Eθn −
Ẽθn) is reduced rapidly with the increase of n, and the first series in Eq. (3.59) will
converge rapidly. As a result, the field component Eθ can be calculated efficiently
with better accuracy.

When ν < νb , the series in Eq. (3.23) consist of two terms: (2n+ 1)Ĵ ′
n(ν)Ĥn(νb)

and (2n + 1)[bnĴ
′
n(ν) + cnĤ

′
n(ν)]. When ν � n, from the series expression of the

circular cylinder function near the zero point, we derive readily:

(2n + 1)Ĵ ′
n(ν)Ĥn(νb) ⇒ −i(n + 1)

(
ν

νb

)n

. (3.60)
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In order to obtain the asymptotic expression of (2n+1)[bnĴ
′
n(ν) + cnĤ

′
n(ν)], we

take the ideal condition of Δg = Δi = 0. At this time, the coefficients bn and cn are
reduced to Eqs. (3.33) and (3.34), respectively.

When n � ν, we get

Tn = (2n + 1)
[
b0
nĴ

′
n(ν) + c0

nĤ
′
n(ν)

]
= i(n + 1)νa

ν

(
νa

ν

)n

ρn +
[
−i(n + 1)

(
ν

νc

)n

ρn + i(n + 1)νa

ν

(
νa

ν

)n

ρn

− in

(
ν

νa

)n

ρ−(n+1) + inνa

ν

(
νa

ν

)n

ρ−(n+1)

] ∞∑
m=1

τm(2n+1). (3.61)

If the last term in Eq. (3.61) is cut at mmax = 20, the result becomes

Tn ≈ i(n + 1)νa

ν

(
νa

ν

)n

ρn +
[
−i(n + 1)

(
ν

νc

)n

ρn + i(n + 1)νa

ν

(
νa

ν

)n

ρn

− in

(
ν

νa

)n

ρ−(n+1) + inνa

ν

(
νa

ν

)n

ρ−(n+1)

] 20∑
m=1

τm(2n+1). (3.62)

From Eqs. (3.60) and (3.62), we readily have

(2n + 1)Ĵ ′
n(ν)Ĥn(νb) + Tn ⇒ −i(n + 1)

(
ν

νb

)n

+ Tn. (3.63)

Letting

Eθn = ηk2I dl

4πν2
bν

(2n + 1)
{[

Ĥn(νb) + b0
n

]
Ĵ ′

n(ν) + c0
nh

′
n(ν)

}
, (3.64)

it is seen that Ẽθn is the asymptotic approximation of Eθn. Namely,

Eθn |n→∞ ⇒ Ẽθn. (3.65)

From Eqs. (3.63)–(3.65), we write

Ẽθn = ηk2I dl

4πν2
bν

[
−i(n + 1)

(
ν

νb

)n

+ Tn

]
. (3.66)

Thus, we have

∞∑
n=0

ẼθnP
1
n (cos θ) = ηk2I dl

4πν2
bν

∞∑
n=0

[
−i(n + 1)

(
ν

νb

)n

+ Tn

]
P 1

n (cos θ). (3.67)

Considering the following relations:

∞∑
n=0

nτnP 1
n (x) = yτ

g3
+ 3yτ 2(x − τ)

g5
, (3.68)
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∞∑
n=0

(n + 1)τnP 1
n (x) = 2yτ

g3
+ 3yτ 2(x − τ)

g5
, (3.69)

where

x = cos θ; y =
√

1 − x2; g =
√

1 − 2xτ + τ 2, (3.70)

it follows that

∞∑
n=0

ẼθnP
1
n (cos θ) = ηk2I dl

4πν2
bν

{
−i

[
2yτ1

g3
1

+ 3yτ 2
1 (x − τ1)

g5
1

]
+ N

}
, (3.71)

where

N = iνa

ν

[
yτ2

g3
2

+ 3yτ 2
2 (x − τ2)

g5
2

]

+
20∑

m=1

τm

{
−i

[
2yτ3

g3
3

+ 3yτ 2
3 (x − τ3)

g5
3

]

+ iνa

ν

[
2yτ4

g3
4

+ 3yτ4(x − τ4)

g5
4

]
− i

ρ

[
yτ5

g3
5

+ 3yτ 2
5 (x − τ5)

g5
5

]

+ iνa

ρν

[
yτ6

g3
6

+ 3yτ 2
6 (x − τ6)

g5
6

]}
, (3.72)

and

τ1 = ν

νb

; g1 =
√

1 − 2xτ1 + τ 2
1 , (3.73)

τ2 = ρνa

ν
; g2 =

√
1 − 2xτ2 + τ 2

2 , (3.74)

τ3 = ρν

νa

τ 2m; g3 =
√

1 − 2xτ3 + τ 2
3 , (3.75)

τ4 = ρνa

ν
τ 2m; g4 =

√
1 − 2xτ4 + τ 2

4 , (3.76)

τ5 = ν

ρνa

τ 2m; g5 =
√

1 − 2xτ5 + τ 2
5 , (3.77)

τ6 = νa

ρν
τ 2m; g6 =

√
1 − 2xτ6 + τ 2

6 . (3.78)

When ν > νb , the series in Eq. (3.23) consist of two terms: (2n+ 1)Ĵn(νb)Ĥ
′
n(ν)

and (2n + 1)[b0
nĴ

′
n(ν) + c0

nĤ
′
n(ν)]. When ν � n, from the series expression of the
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circular cylinder function near the zero point, we readily have

(2n + 1)Ĵn(νb)Ĥ
′
n(ν) ⇒ in

(
νb

ν

)n+1

. (3.79)

From Eqs. (3.62) and (3.79), we have

(2n + 1)Ĵn(νb)Ĥ
′
n(ν) + Tn ⇒ in

(
νb

ν

)n+1

+ Tn. (3.80)

Considering

Eθn = ηk2I dl

4πν2
bν

(2n + 1)
{
b0
nĴ

′
n(ν) + [Ĵ ′

n(νb) + c0
n

]
Ĥ ′

n(ν)
}
, (3.81)

Eθn |n→∞ ⇒ Ẽθn, (3.82)

and by using (3.80)–(3.82), we readily have

Ẽθn = ηk2I dl

4πν2
bν

[
in

(
νb

ν

)n+1

+ Tn

]
, (3.83)

∞∑
n=0

ẼθnP
1
n (cos θ) = ηk2I dl

4πν2
bν

∞∑
n=0

[
in

(
νb

ν

)n+1

+ Tn

]
P 1

n (cos θ). (3.84)

Considering the following relations:

∞∑
n=0

nτnP 1
n (x) = yτ

g3
+ 3yτ 2(x − τ)

g5
, (3.85)

∞∑
n=0

(n + 1)τnP 1
n (x) = 2yτ

g3
+ 3yτ 2(x − τ)

g5
, (3.86)

where

x = cos θ; y =
√

1 − x2; g =
√

1 − 2xτ + τ 2, (3.87)

it follows that

∞∑
n=0

ẼθnP
1
n (cos θ) = ηk2I dl

4πν2
bν

{
iνb

ν

[
yτ1

g3
1

+ 3yτ 2
1 (x − τ1)

g5
1

]
+ N ′

}
, (3.88)

where

N ′ = N; τ1 = νb

ν
; g1 =

√
1 − 2xτ1 + τ 2

1 . (3.89)

So far, Ẽθn has been obtained analytically in both cases of ν > νb and ν < νb ,
while the series

∑
ẼθnP

1
n (cos θ) can be expressed in analytical form. As a result,
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it is seen that the calculation efficiency for the field component can be improved
greatly by using the proposed algorithm.

3.2.3 Evaluations for Ĵn(ν), Ĥn(ν), Pn(ν), and P 1
n (ν)

In order to compute the first series terms in Eqs. (3.31) and (3.59), it is necessary
to evaluate the functions Ĵn(ν), Ĥn(ν), Pn(ν), and P 1

n (ν) firstly. It is noted that, for
sufficiently large n, the function Ĵn(ν) becomes exceedingly small, and the function
Ĥn(ν) becomes exceedingly large, but their product Ĵn(ν) × Ĥn(ν) remains well
within machine bounds. Next, we will consider the lower-order and higher-order
cases, respectively.

For lower-order n, beginning directly with the lowest-order terms, which are
known functions:

N̂0(ν) = − cosν; N̂1(ν) = −cosν

ν
− sinν, (3.90)

Ĵ0(ν) = sinν; Ĵ1(ν) = sinν

ν
− cosν, (3.91)

the nth terms can be obtained by the following recurrence relations:

N̂n+1(ν) = 2n + 1

ν
N̂n(ν) − N̂n−1(ν), (3.92)

Ĵn+1(ν) = 2n + 1

ν
Ĵn(ν) − Ĵn−1(ν), (3.93)

Ĥn(ν) = Ĵn(ν) + iN̂n(ν), (3.94)

Ĵ ′
n(ν) = Ĵn−1(ν) − n

ν
Ĵn(ν), (3.95)

Ĥ ′
n(ν) = Ĥn−1(ν) − n

ν
Ĥn(ν). (3.96)

For higher-order n, the products of Bessel functions (or their derivatives) can be
obtained by using the following formulas (Gradshteyn and Ryzhik 1980):

Ĵn(ν1)Ĥn(ν2) ≈ −i

{
1

2

√
fn(ν1)

Sn(ν1)
+ 1

16

[
fn(ν1)

Sn(ν1)

] 3
2

ν−1
1

− 5

48

(
n + 1

2

)2[
fn(ν1)

Sn(ν1)

] 7
2

ν−3
1

}

×
{√

fn(ν2)

Sn(ν2)
− 1

8

[
fn(ν2)

Sn(ν2)

] 3
2

ν−1
2

+ 5

24

(
n + 1

2

)2[
fn(ν2)

Sn(ν2)

] 7
2

ν−3
2

}
· ean(ν1)−an(ν2), (3.97)
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Ĵ ′
n(ν1)Ĥn(ν2) ≈ −i

{[
1

4

√
Sn(ν1)

fn(ν1)
+ 3

32

√
fn(ν1)

Sn(ν1)
ν−1

1

− 35

96

(
n + 1

2

)2

ν−3
1

(
fn(ν1)

Sn(ν1)

) 5
2
]

×
[

1

(n + 1
2 )Sn(ν1)

+ f 2
n (ν1)

(n + 1
2 )2S3

n(ν1)

]

− 1

16

(
fn(ν1)

Sn(ν1)

) 3
2

ν−2
1 + 5

16

(
n + 1

2

)2

ν−4
1

(
fn(ν1)

Sn(ν1)

) 7
2

+
[

1

2

√
fn(ν1)

Sn(ν1)
+ 1

16

(
fn(ν1)

Sn(ν1)

) 3
2

ν−1
1

− 5

48

(
n + 1

2

)2

ν−3
1

(
fn(ν1)

Sn(ν1)

) 7
2
]
fn(ν1)Sn(ν1)

1 − S2
n(ν1)

}

×
[√

fn(ν2)

Sn(ν2)
− 1

8

(
fn(ν2)

Sn(ν2)

) 3
2

ν−1
2

+ 5

24

(
n + 1

2

)2(
fn(ν2)

Sn(ν2)

) 7
2

ν−3
2

]
· ean(ν1)−an(ν2), (3.98)

Ĵn(ν1)Ĥ
′
n(ν2) ≈ −i

[
1

2

√
fn(ν1)

Sn(ν1)
+ 1

16

(
fn(ν1)

Sn(ν1)

) 3
2

ν−1
1

− 5

48

(
n + 1

2

)2(
fn(ν1)

Sn(ν1)

) 7
2

ν−3
1

]

×
{[

1

2

√
Sn(ν2)

fn(ν2)
− 3

16

√
fn(ν2)

Sn(ν2)
ν−1

2

+ 35

48

(
n + 1

2

)2

ν−3
2

(
fn(ν2)

Sn(ν2)

) 5
2
]

×
[

1

(n + 1
2 )Sn(ν2)

+ f 2
n (ν2)

(n + 1
2 )2S3

n(ν2)

]

+ 1

8

(
fn(ν2)

Sn(ν2)

) 3
2

ν−2
2 − 5

8

(
n + 1

2

)2

ν−4
2

(
fn(ν2)

Sn(ν2)

) 7
2

+
[√

fn(ν2)

Sn(ν2)
− 1

8

(
fn(ν2)

Sn(ν2)

) 3
2

ν−1
2
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+ 5

24

(
n + 1

2

)2

ν−3
2

(
fn(ν2)

Sn(ν2)

) 7
2
]

× fn(ν2)Sn(ν2)

1 − S2
n(ν2)

}
· ean(ν1)−an(ν2), (3.99)

Ĵ ′
n(ν1)Ĥ

′
n(ν2) ≈ −i

{[
1

4

√
Sn(ν1)

fn(ν1)
+ 3

32

√
fn(ν1)

Sn(ν1)
ν−1

1

− 35

96

(
n + 1

2

)2

ν−3
1

(
fn(ν1)

Sn(ν1)

) 5
2
]

×
[

1

(n + 1
2 )Sn(ν1)

+ f 2
n (ν1)

(n + 1
2 )2S3

n(ν1)

]

− 1

16

(
fn(ν1)

Sn(ν1)

) 3
2

ν−2
1 + 5

16

(
n + 1

2

)2

ν−4
1

(
fn(ν1)

Sn(ν1)

) 7
2

+
[

1

2

√
fn(ν1)

Sn(ν1)
+ 1

16

(
fn(ν1)

Sn(ν1)

) 3
2

ν−1
1

− 5

48

(
n + 1

2

)2

ν−3
1

(
fn(ν1)

Sn(ν1)

) 7
2
]
fn(ν1)Sn(ν1)

1 − S2
n(ν1)

}

×
{[

1

2

√
Sn(ν2)

fn(ν2)
− 3

16

√
fn(ν2)

Sn(ν2)
ν−1

2

+ 35

48

(
n + 1

2

)2

ν−3
2

(
fn(ν2)

Sn(ν2)

) 5
2
]

×
[

1

(n + 1
2 )Sn(ν2)

+ f 2
n (ν2)

(n + 1
2 )2S3

n(ν2)

]

+ 1

8

(
fn(ν2)

Sn(ν2)

) 3
2

ν−2
2 − 5

8

(
n + 1

2

)2

ν−4
2

(
fn(ν2)

Sn(ν2)

) 7
2

+
[√

fn(ν2)

Sn(ν2)
− 1

8

(
fn(ν2)

Sn(ν2)

) 3
2

ν−1
2

+ 5

24

(
n + 1

2

)2

ν−3
2

(
fn(ν2)

Sn(ν2)

) 7
2
]

× fn(ν2)Sn(ν2)

1 − S2
n(ν2)

}
· ean(ν1)−an(ν2), (3.100)
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where

fn(ν) = ν

n + 1
2

; Sn(ν) =
√

1 − f 2
n (ν), (3.101)

an(ν) =
(

n + 1

2

){
Sn(ν) − arctanh

[
Sn(ν)

]}
. (3.102)

The Legendre functions Pn(x) and associated Legendre functions P 1
n (x) can be

obtained by the following recurrence relations:

Pn+1(x) = 2n + 1

n + 1
xPn(x) − n

n + 1
Pn−1(x), (3.103)

P 1
n+1(x) = 2n + 1

n
xP 1

n (x) − n + 1

n
P 1

n−1(x). (3.104)

For n = 0,1,2, the lowest-order terms for the Legendre function Pn(x) and associ-
ated Legendre function P 1

n (x) are well known, and they can be written as follows:

P0(x) = 1; P1(x)= x; P2(x) = 1

2

(
3x2 − 1

)
, (3.105)

P 1
0 (x) = 0; P 1

1 (x)= y; P 1
2 (x) = 3xy, (3.106)

where x = cos θ , y = sin θ .

3.2.4 Computations and Discussions

In this section, the computations are carried out for SLF/ELF field components
due to the unit VED in the presence of a non-ideal Earth–ionosphere waveguide
or cavity. The radius of the Earth is taken to be a = 6,370 km, so that the Earth’s
circumference is about 40,000 km or so. That is to say, the propagation distance
between the dipole source and its antipole is about 20,000 km or so. Assuming
that both the dipole source and the observation point are located on the Earth’s
surface, magnitudes of the field components |Er | and |Eθ | versus the propagation
distance between the dipole source and its antipole are computed at f = 100 Hz
by using the speed-up numerical convergence algorithm and plotted in Figs. 3.2
and 3.3, respectively. In order to verify the correctness of this algorithm, with the
same parameters, the computations are also carried out by using the second-order
spherical approximation algorithm, this traditional algorithm in SLF range is ad-
dressed in the preceding chapter, and plotted in the same figures. From these re-
sults, it is seen that the numerical results by the speed-up numerical convergence
algorithm are in agreement with those by the second-order spherical approximation
algorithm except for the nearby of the antipole. Obviously, there exists mutual in-
terference between the two waves along the short-arc path and large-arc path in the
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Fig. 3.2 The electric field Er

in dB·V/m due to a VED
versus the propagation
distance: f = 100 Hz,
I dl = 1 A·m, a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m

Fig. 3.3 The electric field Eθ

in dB·V/m due to a VED
versus the propagation
distance: f = 100 Hz,
I dl = 1 A·m, a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m

zone near the antipole of the dipole source. In the asymptotic approximation of the
radial propagation factor Pν(cos(π − θ)) in the waveguide or cavity for the tradi-
tional algorithm, only the short-arc path is considered, which the long circular path
is neglected. So that the mutual interference does not appear in the numerical results
by using the second-order spherical approximation algorithm. With the same param-
eters in Figs. 3.2 and 3.3, the magnitudes of the components |Er | and |Eθ | versus
the height of the observation point are computed and plotted in Figs. 3.4 and 3.5,
respectively.

From these results in Figs. 3.3–3.5, it is concluded as follows:

• The numerical results in SLF range by using the above two algorithm are in agree-
ment with each other. And the correctness of the traditional algorithm using the
second spherical approximation has been verified by the available experimental
results in USA and Russia.

• When the observation point is located in the zone near the antipole of the dipole
source, it is unsuitable to neglect the electromagnetic wave along the large-arc
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Fig. 3.4 The electric field Er

in dB·V/m due to a VED
versus the height of the
observation point:
f = 100 Hz, I dl = 1 A·m,
θ = π

3 , a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m

Fig. 3.5 The electric field Eθ

in dB·V/m due to a VED
versus the height of the
observation point:
f = 100 Hz, I dl = 1 A·m,
θ = π

3 , a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m

path. Therefore, the speed-up numerical convergence algorithm has the advantage
to deal with the problem in case of the observation point being in the zone near
the antipole of the dipole source.

• For the numerical convergence algorithm, the operating frequency is not limited
in the derivation process, so that this algorithm is permitted to use in the lower
frequency range, especially in ELF range.

The magnitudes of the components Er and Eθ are computed at f = 100 Hz,
60 Hz, 30 Hz, and 10 Hz as shown in Figs. 3.6 and 3.7, respectively. It is seen that,
with decreasing frequency, the wavelength is gradually close to or even exceeds the
Earth’s circumference, and the electromagnetic wave in the waveguide is a “standing
wave”, of which the peaks and troughs appear clearly. In Fig. 3.8, magnitudes of the
field component Er versus the operating frequency are shown at θ = π

2 , π
3 , π

4 , and
π
5 , respectively. It is found that a maximum of the field intensity appears at the
nearby values of f = 8.8 Hz, 16.5 Hz, and 22.5 Hz.
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Fig. 3.6 The electric field Er

in dB·V/m due to a VED
versus the propagation
distance at f = 100 Hz,
60 Hz, 30 Hz, and 10 Hz with
I dl = 1 A·m, a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m

Fig. 3.7 The electric field Eθ

in dB·V/m due to a VED
versus the propagation
distance at f = 100 Hz,
60 Hz, 30 Hz, and 10 Hz with
I dl = 1 A·m, a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m

Fig. 3.8 The electric field Er

in dB·V/m due to a VED
versus the operating
frequency with I dl = 1 A·m,
a = 6,370 km, h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m
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Table 3.1 The first four
resonant frequencies Number n 1 2 3 4

Ideal lossless cavity 10.6 Hz 18.3 Hz 25.9 Hz 33.5 Hz

Non-ideal cavity 7.6 Hz 13.6 Hz 19.4 Hz 25.4 Hz

In the 1950s, Schumann predicted that there exists a resonant phenomenon in
the space between the ground and the lower boundary of the ionosphere. In his
pioneering work (Schumann 1957), from the waveguide wave propagation theory,
the resonant frequency of the Schumann resonance on the Earth–ionosphere cavity
was obtained readily. It is estimated that

fn ≈ 7.5 × √
n(n + 1)

ReS
, (3.107)

where n refers to the nth resonant frequency, and S refers to the ratio between the
wave number of the main propagation mode and that of free space. According to
this theory, the four resonant frequencies are given in Table 3.1.

From atmospheric noise spectrum in ELF range, the measured resonant frequen-
cies are 7.5 Hz, 14.5 Hz, 20 Hz, and 27.5 Hz, respectively (Larsen and Egeland
1968). These measured results are also broadly consistent with the calculated re-
sults by using the speed-up numerical convergence algorithm.

3.3 SLF/ELF Fields of HED in the Earth–Ionosphere
Waveguide/Cavity

In this section, we will treat the SLF/ELF electromagnetic field of an HED in the
Earth–ionosphere waveguide or cavity in detail.

3.3.1 Spherical Harmonic Series Solution for SLF/ELF Fields
of HED in the Earth–Ionosphere Waveguide/Cavity

In SLF/ELF ranges, the wavelength is very long, and the height of a vertical an-
tenna is very short compared with its wavelength. So that in practical applications,
it is impossible to employ a vertical antenna to generate TM waves in SLF/ELF
ranges. In general, a SLF/ELF radiation source is usually designed as a horizontal
linear antenna. So it is necessary to investigate SLF/ELF electromagnetic field of
an HED in the presence of the Earth–ionosphere waveguide or cavity. In Sect. 3.2,
the electromagnetic field of a VED in the Earth–ionosphere cavity is treated by us-
ing the speed-up numerical series algorithm. In this subsection, we will attempt to



3.3 SLF/ELF Fields of HED in the Earth–Ionosphere Waveguide/Cavity 87

obtain a spherical harmonic series solution for SLF/ELF fields of an HED in the
Earth–ionosphere waveguide or cavity.

The two reflection walls, the ground and the ionosphere, are characterized by
the normalized surface impedances Δg and Δi , respectively. We assume that an
HED is represented by its current moment x̂I dlδ(x)δ(y)δ(z − rb), where rb = ra +
zs , ra is the radius of the Earth, and zs denotes the height of the dipole above the
Earth’s surface. rc = ra + h, where h denotes the height of the lower boundary of
the ionosphere. Then, the electromagnetic field of an HED in the Earth–ionosphere
waveguide or cavity can be represented in terms of the two potential functions U

and V (Barrick 1999):

Er = 1

−iωε

(
∂2

∂r2
+ k2

)
U, (3.108)

Hr = 1

−iωμ

(
∂2

∂r2
+ k2

)
V, (3.109)

Eθ = −1

r sin θ

∂V

∂φ
+ 1

−iωεr

∂2U

∂r∂θ
, (3.110)

Hθ = 1

r sin θ

∂U

∂φ
+ 1

−iωμr

∂2V

∂r∂θ
, (3.111)

Eφ = 1

r

∂V

∂θ
+ 1

−iωεr sin θ

∂2U

∂r∂φ
, (3.112)

Hφ = −1

r

∂U

∂θ
+ 1

−iωμr sin θ

∂2V

∂r∂φ
, (3.113)

where the two potential functions U and V satisfy the following equations:

(∇2 + k2)U
r

= 0, (3.114)

(∇2 + k2)V
r

= 0. (3.115)

When the effects by the ground and the ionosphere are not considered, the
potential functions for the primary field radiated by an HED are written in the
forms:

UHED
0 = ikI dl

4πνb

cosφ · T c
0 , (3.116)

V HED
0 = ikI dlη

4πνb

sinφ · T s
0 , (3.117)



88 3 Spherical Harmonic Series Solution for SLF/ELF Field

where

T c
0 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∞∑
n=1

(2n + 1)

n(n + 1)
H ′

n(νb)Ĵn(ν)P 1
n (cos θ); ν < νb,

∞∑
n=1

(2n + 1)

n(n + 1)
j ′
n(νb)Ĥn(ν)P 1

n (cos θ); ν > νb,

(3.118)

T s
0 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∞∑
n=1

(2n + 1)

n(n + 1)
Ĥn(νb)Ĵn(ν)P 1

n (cos θ); ν < νb,

∞∑
n=1

(2n + 1)

n(n + 1)
Ĵn(νb)Ĥn(ν)P 1

n (cos θ); ν > νb,

(3.119)

where ν = kr and νb = krb . P 1
n (x) is the associated Legendre function. The func-

tion Ĵn(ν) can be expressed in terms of cylindrical half-order Bessel function of
the first kind, while the function Ĥn(ν) is its corresponding outgoing first-kind
Hankel function. The above two functions are defined by Eqs. (3.12) and (3.13),
respectively. It is noted that the functions Ĵn(ν) and Ĥn(ν) satisfy the following
differential equation:

[
d2

dν2
+ 1 − n(n + 1)

ν2

]
Bn(ν) = 0. (3.120)

Considering the reflection of the air–ground boundary and that of the air-
ionosphere boundary, the secondary disturbance field in the cavity will be produced.
The potential functions of the secondary disturbance field can be represented in
terms of the spherical harmonic functions. We have

UHED
p = ikI dl

4πνb

cosφ

×
∞∑

n=1

(2n + 1)

n(n + 1)

[
bnĴn(ν) + cnĤn(ν)

]
P 1

n (cos θ), (3.121)

V HED
p = iηkI dl

4πνb

sinφ

×
∞∑

n=1

(2n + 1)

n(n + 1)

[
dnĴn(ν) + enĤn(ν)

]
P 1

n (cos θ). (3.122)

Thus, the total potential functions can be written in the following forms:



3.3 SLF/ELF Fields of HED in the Earth–Ionosphere Waveguide/Cavity 89

UHED = UHED
0 + UHED

p

= ikI dl

4πνb

cosφ

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

× {[Ĥ ′
n(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}; ν < νb,

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

× {bnĴn(ν) + Ĥn(ν)
[
cn + Ĵ ′

n(νb)
]}; ν > νb,

(3.123)

V HED = V HED
0 + V HED

p

= iηkI dl

4πνb

sinφ

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

× {[Ĥn(νb) + dn

]
Ĵn(ν) + enĤn(ν)

}; ν < νb,

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

× {dnĴn(ν) + Ĥn(ν)
[
en + Ĵn(νb)

]}; ν > νb.

(3.124)

On the Earth’s surface, r = ra , the field components satisfy the impedance
boundary conditions. We have

Eθ = −ΔgηHφ |r=ra ; Eφ = ΔgηHθ |r=ra . (3.125)

At the lower boundary of the ionosphere, r = rc , we have

Eθ = ΔiηHφ |r=rc ; Eφ = −ΔiηHθ , |r=rc . (3.126)

With the substitutions of Eqs. (3.125) and (3.126) into Eqs. (3.108)–(3.113), the
field components in the Earth–ionosphere waveguide or cavity can be expressed as
follows:
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Er = −ηk2I dl

4πνbν2
cosφ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=1

(2n + 1)P 1
n (cos θ)

× {[Ĥ ′
n(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}; ν < νb,

∞∑
n=1

(2n + 1)P 1
n (cos θ)

× {bnĴn(ν) + Ĥn(ν)
[
cn + Ĵ ′

n(νb)
]}; ν > νb,

(3.127)

Hr = −k2I dl

4πνbν2
sinφ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞∑
n=1

(2n + 1)P 1
n (cos θ)

× {[Ĥn(νb) + dn

]
Ĵn(ν) + enĤn(ν)

}; ν < νb,

∞∑
n=1

(2n + 1)P 1
n (cos θ)

× {dnĴn(ν) + Ĥn(ν)
[
en + Ĵn(νb)

]}; ν > νb,

(3.128)

Eθ = −ηk2I dl

4πννb

cosφ

∞∑
n=1

(2n + 1)

n(n + 1)

[
n(n + 1)Pn(cos θ) − cot θP 1

n (cos θ)
]

×
{{[

Ĥ ′
n(νb) + bn

]
Ĵn(ν) + cnĤ

′
n(ν)

}{
bnĴ

′
n(ν) + Ĥ ′

n(ν)
[
cn + Ĵ ′

n(νb)
]}

− iηk2I dl

4π sin θννb

cosφ

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

×
{{[

Ĥn(νb) + dn

]
Ĵn(ν) + enĤn(ν)

}; ν < νb,{
dnĴn(ν) + Ĥn(ν)

[
en + Ĵn(νb)

]}; ν > νb,
(3.129)

Hθ = − k2I dl

4πννb

sinφ

∞∑
n=1

(2n + 1)

n(n + 1)

[
n(n + 1)Pn(cos θ) − cot θP 1

n (cos θ)
]

×
{{[

Hn(νb) + dn

]
Ĵ ′

n(ν) + enĤ
′
n(ν)

}{
dnĴ

′
n(ν) + Ĥ ′

n(ν)
[
en + Ĵn(νb)

]}
− ik2I dl

4π sin θvvb

sinφ

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

×
{{[

Ĥ ′
n(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}; ν < νb,{
bnĴn(ν) + Ĥn(ν)

[
cn + Ĵ ′

n(νb)
]}; ν > νb,

(3.130)
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Eφ = iηk2I dl

4πννb

sinφ

∞∑
n=1

(2n + 1)

n(n + 1)

[
n(n + 1)Pn(cos θ) − cot θP 1

n (cos θ)
]

×
{{[

Ĥn(νb) + dn

]
Ĵn(ν) + enĤn(ν)

}{
dnĴn(ν) + Ĥn(ν)

[
en + Ĵn(νb)

]}
+ ηk2I dl

4π sin θννb

sinφ

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

×
{{[

Ĥ ′
n(νb) + bn

]
Ĵ ′

n(ν) + cnĤ
′
n(ν)

}; ν < νb,{
bnĴ

′
n(ν) + Ĥ ′

n(ν)
[
cn + Ĵ ′

n(νb)
]}; ν > νb,

(3.131)

Hφ = −ik2I dl

4πννb

cosφ

∞∑
n=1

(2n + 1)

n(n + 1)

[
n(n + 1)Pn(cos θ) − cot θP 1

n (cos θ)
]

×
{{[

Ĥ ′
n(νb) + bn

]
Ĵn(ν) + cnĤn(ν)

}{
bnĴn(ν) + Ĥn(ν)

[
cn + Ĵ ′

n(νb)
]}

− k2I dl

4π sin θννb

cosφ

∞∑
n=1

(2n + 1)

n(n + 1)
P 1

n (cos θ)

×
{{[

Ĥn(νb) + dn

]
Ĵ ′

n(ν) + enĤ
′
n(ν)

}; ν < νb,{
dnĴ

′
n(ν) + Ĥ ′

n(ν)
[
en + Ĵn(νb)

]}; ν > νb.
(3.132)

With Eqs. (3.125) and (3.126) of the impedance boundary conditions, it follows
that

dn

[
Ĵn(νa) − iΔgĴ

′
n(νa)

]+ en

[
Ĥn(νa) − iΔgĤ

′
n(νa)

]
= −Ĥn(νb)

[
Ĵn(νa) − iΔgĴ

′
n(νa)

]
, (3.133)

dn

[
Ĵn(νc) + iΔiĴ

′
n(νc)

]+ en

[
Ĥn(νc) + iΔiĤ

′
n(νc)

]
= −Ĵn(νb)

[
Ĥn(νc) + iΔiĤ

′
n(νc)

]
, (3.134)

bn

[
Ĵ ′

n(νa) + iΔgĴn(νa)
]+ cn

[
Ĥ ′

n(νa) + iΔgĤn(νa)
]

= −Ĥ ′
n(νb)

[
Ĵ ′

n(νa) + iΔgĴn(νa)
]
, (3.135)

bn

[
Ĵ ′

n(νc) − iΔiĴn(νc)
]+ cn

[
Ĥ ′

n(νc) − iΔiĤn(νc)
]

= −Ĵ ′
n(νb)

[
Ĥ ′

n(νc) − iΔiĤn(νc)
]
. (3.136)
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The coefficients bn, cn, dn, and en, can be obtained readily by solving the above
four equations. We write

bn =

{ [Ĥ ′
n(νc) − iΔiĤn(νc)](Ĵ ′

n(νb)[Ĥ ′
n(νa) + iΔgĤn(νa)]

− Ĥ ′
n(νb)[Ĵ ′

n(νa) + iΔgĴn(νa)])
}

{ [Ĵ ′
n(νa) + iΔgĴn(νa)][Ĥ ′

n(νc) − iΔiĤn(νc)]
− [Ĥn(νa) + iΔgĤ

′
n(νa)][Ĵn(νc) − iΔiĴ

′
n(νc)]

} , (3.137)

cn =

{ [Ĵ ′
n(νa) + iΔgĴn(νa)](Ĥ ′

n(νb)[Ĵ ′
n(νc) − iΔiĴn(νc)]

− Ĵ ′
n(νb)[Ĥ ′

n(νc) − iΔiĤn(νc)])
}

{ [Ĵ ′
n(νa) + iΔgĴn(νa)][Ĥ ′

n(νc) − iΔiĤn(νc)]
− [Ĥn(νa) − iΔgĤ

′
n(νa)][Ĵn(νc) + iΔiĴ

′
n(νc)]

} , (3.138)

dn =

{
Ĵn(νb)[Ĥn(νc) + iΔiĤ

′
n(νc)][Ĥn(νa) − iΔgĤ

′
n(νa)]

− Ĥn(νb)[Ĵn(νa) − iΔgĴ
′
n(νa)][Ĥn(νc) + iΔiĤ

′
n(νc)]

}
{ [Ĵn(νa) − iΔgĴ

′
n(νa)][Ĥn(νc) + iΔiĤ

′
n(νc)]

− [Ĥn(νa) − iΔgĤ
′
n(νa)][Ĵn(νc) + iΔiĴ

′
n(νc)]

} , (3.139)

en =

{
Ĥn(νb)[Ĵn(νa) − iΔgĴ

′
n(νa)][Ĵn(νc) + iΔiĴ

′
n(νc)]

− Ĵn(νb)[Ĥn(νc) + iΔiĤ
′
n(νc)][Ĵn(νa) − iΔgĴ

′
n(νa)]

}
{ [Ĵn(νa) − iΔgĴ

′
n(νa)][Ĥn(νc) + iΔiĤ

′
n(νc)]

− [Ĥn(νa) − iΔgĤ
′
n(νa)][Ĵn(νc) + iΔiĴ

′
n(νc)]

} . (3.140)

In this subsection, the spherical harmonic series solutions have been derived for
SLF/ELF electromagnetic field radiated by an HED in the Earth–ionosphere waveg-
uide or cavity.

3.3.2 Speed-up Numerical Convergence Algorithm

In this subsection, we will attempt to treat the speed-up numerical convergence al-
gorithm for SLF/ELF fields due to an HED in the Earth–ionosphere waveguide or
cavity.

3.3.2.1 Speed-up Numerical Convergence Algorithm for the Component Ehe
r

The electric field component Ehe
r can be written in the following form:

Ehe
r =

∞∑
n=1

(
Ehe

rn − Ẽhe
rn

)
P 1

n (cos θ) +
∞∑

n=1

Ẽhe
rnP

1
n (cos θ). (3.141)

The latter series term in Eq. (3.141) can be summed up analytically. Since the term
(Ehe

rn − Ẽhe
rn) reduces rapidly with the increase of n, the first series in Eq. (3.141)
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will converge rapidly. As a result, the field component is calculated efficiently with
better accuracy. With similar procedures as addressed in Sect. 3.2.2.1, an efficient
analytical solution of the latter term in Eq. (3.141) can be obtained easily.

When ν < νb , the asymptotic approximation for the series
∑

Ẽhe
rnP

1
n (cos θ) is

expressed by

∞∑
n=1

Ẽhe
rnP

1
n (cos θ) = −iηk2I dl

4πνbν2
cosφ

∞∑
n=1

P 1
n (cos θ)

×
{

n

(
ν

νb

)n+1

+
[
(n + 1)

(
ρn+1

(
νa

ν

)n

+ τ 2n+1
(

νb

ν

)n)

− nτn
(
ρ−n − ρn+1)( ν

νc

)n+1] 20∑
m=0

τm(2n+1)

}
. (3.142)

Correspondingly, the analytical formula for the series Ẽhe
rn is expressed in the fol-

lowing form:

∞∑
n=1

ẼrnP
1
n (cos θ) = −iηk2I dl

4πνbν2
cosφ

×
{

ν

νb

[
yτ1

g3
1

+ 3yτ 2
1 (x − τ1)

g5
1

]
+ L

}
, (3.143)

where

L =
20∑

m=0

τm

{
ρ

[
2yτ2

g3
2

+ 3yτ 2
2 (x − τ2)

g5
2

]
+ τ

[
2yτ3

g3
3

+ 3yτ 2
3 (x − τ3)

g5
3

]

− ν

νc

[
yτ4

g3
4

+ 3yτ 2
4 (x − τ4)

g5
4

]

+ ρ
ν

νc

[
yτ5

g3
5

+ 3yτ 2
5 (x − τ5)

g5
5

]}
, (3.144)

and

τ1 = ν

νb

; g1 =
√

1 − 2xτ1 + τ 2
1 , (3.145)

τ2 = ρ
νa

ν
τ 2m; g2 =

√
1 − 2xτ2 + τ 2

2 , (3.146)

τ3 = νb

ν
τ 2m+2; g3 =

√
1 − 2xτ3 + τ 2

3 , (3.147)

τ4 = ν

ρνc

τ 2m+1; g4 =
√

1 − 2xτ4 + τ 2
4 , (3.148)
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τ5 = ρ
ν

νc

τ 2m+1; g5 =
√

1 − 2xτ5 + τ 2
5 . (3.149)

When ν > νb , the asymptotic approximation for the series
∑

Ẽhe
rnP

1
n (cos θ) is

also obtained readily. We write

∞∑
n=1

Ẽhe
rnP

1
n (cos θ) = −iηk2I dl

4πνbν2
cosφ

∞∑
n=1

P 1
n (cos θ)

×
{

−(n + 1)

(
νb

ν

)n+1

+
[
(n + 1)

(
ρn+1

(
νa

ν

)n

+ τ 2n+1
(

νb

ν

)n)

− nτn
(
ρ−n − ρn+1)( ν

νc

)n+1]

×
20∑

m=0

τm(2n+1)

}
. (3.150)

The corresponding analytical formula for the series
∑

Ẽhe
rnP

1
n (cos θ) is written

in the form

∞∑
n=1

ẼrnP
1
n (cos θ) = −iηk2I dl

4πνbν2
cosφ

[
−2yτ1

g3
1

− 3yτ 2
1 (x − τ1)

g5
1

+ L′
]
, (3.151)

where

L′ = L; τ1 = νb

ν
; g1 =

√
1 − 2xτ1 + τ 2

1 . (3.152)

3.3.2.2 Speed-up Numerical Convergence Algorithm for the Component Ehe
φ

The electric field component Ehe
φ is written in the form

Ehe
φ =

∞∑
n=1

(
Ehe

φn − Ẽhe
φn

)+ ∞∑
n=1

Ẽhe
φn. (3.153)

Obviously, the latter series term in Eq. (3.153) can be expressed in an analytical
form, while the first series term in Eqs. (3.153) will converge rapidly. With similar
researching line as above, an analytical solution of the latter term in Eq. (3.153) can
be obtained readily.
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When ν < νb , the asymptotic approximation for the series
∑

Ẽhe
φn can be written

in the form

∞∑
n=1

Ẽφn = iηk2I dl

4π sin θνν2
b

sinφ

×
∞∑

n=1

(2n + 1)

{(
ν

νb

)n

− ρn

(
νa

ν

)n+1

+
20∑

m=1

τm(2n+1)

×
[(

νb

ν

)n+1

− ρn

(
νa

ν

)n+1]}
P 1

n (cos θ) − ηk2I dl

4πν
sinφ

×
∞∑

n=1

(2n + 1)

{
−
(

ν

νb

)n+1

+ ρn+1
(

νa

ν

)n

+
20∑

m=1

τm(2n+1)

×
[
ρn+1

(
νa

ν

)n

−
(

νb

ν

)n]}
Pn(cos θ) + ηk2I dl

4πν
sinφ cot θ

×
∞∑

n=1

(2n + 1)

n(n + 1)

{
ρn+1

(
νa

ν

)n

−
(

ν

νb

)n+1

+
20∑

m=1

τm(2n+1)

×
[
ρn+1

(
νa

ν

)n

−
(

νb

ν

)n]}
P 1

n (cos θ). (3.154)

The corresponding analytical formula can also be obtained readily. We write

∞∑
n=1

Ẽφn = iηk2I dl

4π sin θνν2
b

sinφ ·
{[

3yτ1

g3
1

+ 6yτ 2
1 (x − τ1)

g5
1

]

− νa

ν

[
3yτ2

g3
2

+ 6yτ 2
2 (x − τ2)

g5
2

]
+ S

}
+ P, (3.155)

where

S =
20∑

m=1

τm

{
νb

ν

[
3yτ3

g3
3

+ 6yτ 2
3 (x − τ3)

g5
3

]
− νa

ν

[
3yτ4

g3
4

+ 6yτ 2
4 (x − τ4)

g5
4

]}
, (3.156)

P = −ηk2I dl

4πν
sinφ

{
ρ

(
1 − τ 2

2

g3
2

− 1

)
− ν

νb

(
1 − τ 2

1

g3
1

− 1

)

+
20∑

m=1

τm

[
ρ

(
1 − τ 2

4

g3
4

− 1

)
−
(

1 − τ 2
3

g3
3

− 1

)]}
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+ ηk2I dl

4πν
sinφ cot θ

{
ρ

(
xτ2 + 1

yτ2
+ τ 2

2 − 1

yτ2g2

)
− ν

νb

(
xτ1 + 1

yτ1
+ τ 2

1 − 1

yτ1g1

)

+
20∑

m=1

τm

[
ρ

(
xτ4 + 1

yτ4
+ τ 2

4 − 1

yτ4g4

)
−
(

xτ3 + 1

yτ3
+ τ 2

3 − 1

yτ3g3

)]}
, (3.157)

and

τ1 = ν

νb

; τ2 = ρ
νa

ν
; τ3 = νb

ν
τ 2m; τ4 = ρ

νa

ν
τ 2m, (3.158)

g1 =
√

1 − 2xτ1 + τ 2
1 ; g2 =

√
1 − 2xτ2 + τ 2

2 , (3.159)

g3 =
√

1 − 2xτ3 + τ 2
3 ; g4 =

√
1 − 2xτ4 + τ 2

4 . (3.160)

When ν > νb , the asymptotic approximation for the series
∑

Ẽhe
φn is also obtained

readily. We write

∞∑
n=1

Ẽφn = iηk2I dl

4π sin θνν2
b

sinφ

∞∑
n=1

(2n + 1)

×
{(

νb

ν

)n

− ρn

(
νa

ν

)n+1

+
20∑

m=1

τm(2n+1)

[(
νb

ν

)n+1

− ρn

(
νa

ν

)n+1]}
P 1

n (cos θ)

− ηk2I dl

4πν
sinφ

∞∑
n=1

(2n + 1)

×
{

−
(

ν

νb

)n+1

+ ρn+1
(

νa

ν

)n

+
20∑

m=1

τm(2n+1)

[
ρn+1

(
νa

ν

)n

−
(

νb

ν

)n]}
Pn(cos θ)

+ ηk2I dl

4πν
sinφ cot θ

∞∑
n=1

(2n + 1)

n(n + 1)

×
{

ρn+1
(

νa

ν

)n

−
(

νb

ν

)n+1

+
20∑

m=1

τm(2n+1)

[
ρn+1

(
νa

ν

)n

−
(

νb

ν

)n]}
P 1

n (cos θ). (3.161)
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The corresponding analytical formula is derived readily. We write

∞∑
n=1

Ẽφn = iηk2I dl

4π sin θνν2
b

sinφ ·
{

νb

ν

[
3yτ1

g3
1

+ 6yτ 2
1 (x − τ1)

g5
1

]

− νa

ν

[
3yτ2

g3
2

+ 6yτ 2
2 (x − τ2)

g5
2

]
+ S′

}
+ P ′, (3.162)

where

S′ = S; P ′ = P ; τ1 = νb

ν
; τ2 = ρ

νa

ν
, (3.163)

g1 =
√

1 − 2xτ1 + τ 2
1 ; g2 =

√
1 − 2xτ2 + τ 2

2 . (3.164)

3.3.2.3 Speed-up Numerical Convergence Algorithm for the Component Ehe
θ

The electric field component Ehe
θ is expressed by

Ehe
θ =

∞∑
n=1

(
Ehe

θn − Ẽhe
θn

)+ ∞∑
n=1

Ẽhe
θn. (3.165)

It is seen that the latter series term in Eq. (3.165) can be solved analytically. The
first series term in Eq. (3.165) will converge rapidly, and the field component can be
calculated efficiently with better accuracy. With similar steps to the above, the latter
term in Eq. (3.165) can be solved analytically.

When ν < νb , the asymptotic approximation for the series
∑

Ẽhe
θn can be derived

readily. We write

∞∑
n=1

Ẽθn = − iηk2I dl

4π sin θνν2
b

cosφ

∞∑
n=1

n(n + 1)(2n + 1)

×
{(

ν

νb

)n

− ρn

(
νa

ν

)n+1

+
20∑

m=1

τm(2n+1)

[(
νb

ν

)n+1

− ρn

(
νa

ν

)n+1]}
Pn(cos θ)

+ iηk2I dl

4πνν2
b

cosφ cot θ
∞∑

n=1

(2n + 1)

×
{(

ν

νb

)n

− ρn

(
νa

ν

)n+1
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+
20∑

m=1

τm(2n+1)

[(
νb

ν

)n+1

− ρn

(
νa

ν

)n+1]}
P 1

n (cos θ)

+ ηk2I dl

4π sin θν
cosφ

∞∑
n=1

(2n + 1)

n(n + 1)

×
{

ρn+1
(

νa

ν

)n

−
(

ν

νb

)n+1

+
20∑

m=1

τm(2n+1)

[
ρn+1

(
νa

ν

)n

−
(

νb

ν

)n]}
P 1

n (cos θ). (3.166)

Correspondingly, the analytical formula can also be obtained easily. It is

∞∑
n=1

Ẽθn = − iηk2I dl

4πνν2
b

cosφ

×
{[

2W1 + 3τ1(x + x2τ1 − xτ 2
1 − 2τ1 + τ 3

1 )

g5
1

+ τ1(x − τ1)

g3
1

]

− νa

ν

[
2W2 + 3τ2(x + x2τ2 − xτ 2

2 − 2τ2 + τ 3
2 )

g5
2

+ τ2(x − τ2)

g3
2

]

+
20∑

m=1

τm

[
νb

ν

(
2W3 + 3τ3(x + x2τ3 − xτ 2

3 − 2τ3 + τ 3
3 )

g5
3

+ τ3(x − τ3)

g3
3

)
− νa

ν

(
2W4 + 3τ4(x + x2τ4 − xτ 2

4 − 2τ4 + τ 3
4 )

g5
4

+ τ4(x − τ4)

g3
4

)]}
+ Q. (3.167)

In the above formulas, W1, W2, W3, W4, and Q are expressed in the following forms:

W1 = τ1(x + 2x2τ1 − 3xτ 2
1 − 4τ1 + 4τ 3

1 )

g5
1

+ 5τ 2
1 (x − τ1)(x + x2τ1 − xτ 2

1 − 2τ1 + τ 3
1 )

g7
1

, (3.168)

W2 = τ2(x + 2x2τ2 − 3xτ 2
2 − 4τ2 + 4τ 3

2 )

g5
2

+ 5τ 2
2 (x − τ2)(x + x2τ2 − xτ 2

2 − 2τ2 + τ 3
2 )

g7
2

, (3.169)
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W3 = τ3(x + 2x2τ3 − 3xτ 2
3 − 4τ3 + 4τ 3

3 )

g5
3

+ 5τ 2
3 (x − τ3)(x + x2τ3 − xτ 2

3 − 2τ3 + τ 3
3 )

g7
3

, (3.170)

W4 = τ4(x + 2x2τ4 − 3xτ 2
4 − 4τ4 + 4τ 3

4 )

g5
4

+ 5τ 2
4 (x − τ4)(x + x2τ4 − xτ 2

4 − 2τ4 + τ 3
4 )

g7
4

, (3.171)

Q = iηk2I dl

4πνν2
b

cosφ cot θ

×
{[

3yτ1

g3
1

+ 6yτ 2
1 (x − τ1)

g5
1

]
− νa

ν

[
3yτ2

g3
2

+ 6yτ 2
2 (x − τ2)

g5
2

]

+
20∑

m=1

τm

[
νb

ν

(
3yτ3

g3
3

+ 6yτ 2
3 (x − τ3)

g5
3

)

− νa

ν

(
3yτ4

g3
4

+ 6yτ 2
4 (x − τ4)

g5
4

)]}

+ ηk2I dl

4π sin θν
cosφ

×
{

ρ

[
xτ2 + 1

yτ2
+ τ 2

2 − 1

yτ2g2

]
− ν

νb

[
xτ1 + 1

yτ1
+ τ 2

1 − 1

yτ1g1

]

+
20∑

m=1

τm

[
ρ

(
xτ4 + 1

yτ4
+ τ 2

4 − 1

yτ4g4

)

−
(

xτ3 + 1

yτ3
+ τ 2

3 − 1

yτ3g3

)]}
, (3.172)

where

τ1 = ν

νb

; g1 =
√

1 − 2xτ1 + τ 2
1 , (3.173)

τ2 = ρ
νa

ν
; g2 =

√
1 − 2xτ2 + τ 2

2 , (3.174)

τ3 = νb

ν
τ 2m; g3 =

√
1 − 2xτ3 + τ 2

3 , (3.175)
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τ4 = ρ
νa

ν
τ 2m; g4 =

√
1 − 2xτ4 + τ 2

4 . (3.176)

When ν > νb , the asymptotic approximation for the series
∑

Ẽhe
θn is written in

the form

∞∑
n=1

Ẽθn = − iηk2I dl

4π sin θνν2
b

cosφ ·
∞∑

n=1

n(n + 1)(2n + 1)

×
{(

νb

ν

)n+1

− ρn

(
νa

ν

)n+1

+
20∑

m=1

τm(2n+1)

[(
νb

ν

)n+1

− ρn

(
νa

ν

)n+1]}
Pn(cos θ)

+ iηk2I dl

4πνν2
b

cosφ cot θ ·
∞∑

n=1

(2n + 1)

×
{(

νb

ν

)n+1

− ρn

(
νa

ν

)n+1

+
20∑

m=1

τm(2n+1)

[(
νb

ν

)n+1

− ρn

(
νa

ν

)n+1]}
P 1

n (cos θ)

+ ηk2I dl

4π sin θν
cosφ ·

∞∑
n=1

(2n + 1)

n(n + 1)

×
{

ρn+1
(

νa

ν

)n

−
(

νb

ν

)n

+
20∑

m=1

τm(2n+1)

[
ρn+1

(
νa

ν

)n

−
(

νb

ν

)n]}
P 1

n (cos θ). (3.177)

Thus, the corresponding analytical formula is obtained readily. The result be-
comes

∞∑
n=1

Ẽθn = − iηk2I dl

4πνν2
b

cosφ

×
{

νb

ν

[
2W1 + 3τ1(x + x2τ1 − xτ 2

1 − 2τ1 + τ 3
1 )

g5
1

+ τ1(x − τ1)

g3
1

]

− νa

ν

[
2W2 + 3τ2(x + x2τ2 − xτ 2

2 − 2τ2 + τ 3
2 )

g5
2

+ τ2(x − τ2)

g3
2

]
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+
20∑

m=1

τm

[
νb

ν

(
2W3 + 3τ3(x + x2τ3 − xτ 2

3 − 2τ3 + τ 3
3 )

g5
3

+ τ3(x − τ3)

g3
3

)
− νa

ν

(
2W4 + 3τ4(x + x2τ4 − xτ 2

4 − 2τ4 + τ 3
4 )

g5
4

+ τ4(x − τ4)

g3
4

)]}
+ Q′, (3.178)

where

Q′ = Q; τ1 = νb

ν
; g1 =

√
1 − 2xτ1 + τ 2

1 , (3.179)

W1 = τ1(x + 2x2τ1 − 3xτ 2
1 − 4τ1 + 4τ 3

1 )

g5
1

+ 5τ 2
1 (x − τ1)(x + x2τ1 − xτ 2

1 − 2τ1 + τ 3
1 )

g7
1

. (3.180)

3.3.3 Evaluations for Ĵn(ν), Ĥn(ν), Pn(ν), and P 1
n (ν)

The computations for the functions Ĵn(ν), Ĥn(ν), Pn(ν), and P 1
n (ν) can be treated

with same method as used in Sect. 3.2.3 in this book.

3.3.4 Numerical Results and Discussions

The computations are carried out for the SLF/ELF field components with the unit
HED in the non-ideal Earth–ionosphere waveguide or cavity. With I dl = 1 A·m,
a = 6,370 km, h = 70 km, σg = 10−4 S/m, σi = 10−5 S/m, and φ = π

4 , the magni-
tudes of the field components |Er |, |Eθ |, and |Eφ | versus the propagation distance
are computed at f = 100 Hz, 60 Hz, and 30 Hz by using the speed-up numerical
convergence algorithm and they are plotted in Figs. 3.9, 3.10, 3.11, respectively.
From these results, it is seen that in the case of the propagation distance being over
10,000 km there exists mutual interference between the two waves along the short
and long circular paths.

Assuming that the dipole source is located at the height of zs = 10 m, the obser-
vation point is located on the Earth’s surface, zr = 0 m, and the angular distance is
taken as θ = π

5 , the magnitudes of the field components |Er |, |Eθ |, and |Eφ | versus
the operating frequency are computed and shown in Fig. 3.12, respectively. From
Fig. 3.12, for the components |Er |, |Eθ |, and |Eφ |, the resonant frequency is ap-
proximated as f = 8.8 Hz, 16.8 Hz, and 22.8 Hz, respectively. Meanwhile, with the
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Fig. 3.9 The electric field Er

in dB·V/m due to unit HED
versus the propagation
distance: I dl = 1 A·m,
a = 6,370 km, h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m, and φ = π

4

Fig. 3.10 The electric field
Eθ in dB·V/m due to the unit
HED versus the propagation
distance: I dl = 1 A·m,
a = 6,370 km, h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m, and φ = π

4

Fig. 3.11 The electric field
Eφ in dB·V/m due to the unit
HED versus the propagation
distance: I dl = 1 A·m,
a = 6,370 km, h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m, and φ = π

4
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Fig. 3.12 The components
Er , Eθ , and Eφ in dB V/m
due to the unit HED versus
the operating frequency:
I dl = 1 A m, a = 6,370 km,
h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m, θ = π

5 ,
zs = zr = 0 m, and φ = π

4

Fig. 3.13 Two-dimensional
diagram of the component Er

in dB·V/m due to the unit
HED versus the propagation
distance: I dl = 1 A·m,
a = 6,370 km, h = 80 km,
σg = 2 × 10−4 S/m,
σi = 10−5 S/m, zs = 0 m,
zr = 0 m, φ = 0

absorption loss, the resonance curve is relatively “flat”. With the same parameters
as in Fig. 3.12, a two-dimensional diagram for the magnitude of the component Er

versus the propagation distance is shown in Fig. 3.13.
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Chapter 4
SLF/ELF Field in Air and Ionosphere
Generated by Earthquake Radiation Source

In this chapter, we treat analytically SLF/ELF field in air and ionosphere radiated
by an HED in the Earth. The region of interest consists of the lithosphere, air, and
ionosphere. For the planar model, the analytical solution for SLF/ELF field in the
air and ionosphere generated by an underground HED is obtained readily. Then,
comparison and analyses are treated for both planar and spherical models. Finally,
computations are carried out and discussions are presented.

4.1 Introduction

It is well known that a series of geophysical and disturbance effects may appear
in the atmosphere and the Earth’s crust near the earthquake seismogenic zone. In
the past two decades, it has been found that before an earthquake, there exist low-
frequency electromagnetic radiation anomalies in a very wide spectrum around the
earthquake source. After continuous observational studies in the past decades, it
is identified that the observations on low-frequency electromagnetic precursor may
become an important manner for short-term and imminent earthquake prediction.
In recent ten years, the earthquake electromagnetic satellites have been launched
for receiving the low-frequency electromagnetic signals from the earthquake source
by several countries, especially including Russia, France, and the United States. It
was reported that the low-frequency electromagnetic radiation anomalies were in-
deed observed before some typical earthquakes (Gokhberg et al. 1983; Parrot 1994;
Serebryakova et al. 1992; Molchanov et al. 2004). Even now, the mechanism and
spectrum properties for the electromagnetic radiation by earthquake are still in the
dark. Because of the attenuation properties of the strata, only the components below
the VLF range can penetrate the strata and can be observed on the Earth’s sur-
face. Due to the good reflective properties for both the ground and the ionosphere,
VLF/SLF/ELF waves can propagate for a long distance in Earth–ionosphere wave-
guide or cavity. With the development of VLF/SLF communication and navigation
systems, for addressing the characteristics of the electromagnetic waves radiated by

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_4,
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VLF/SLF transmitter along the Earth’s surface, mature theoretical and experimental
results have been obtained. It is noted that the problem of the electromagnetic field
radiated by an electric dipole in a three-layered or multi-layered region was visited
by many investigators and some ideas can be borrowed (Wait 1953, 1954, 1956,
1970, 1998; Dunn 1986; King 1991, 1993; King and Sandler 1994a, 1994b, 1998;
Hoh et al. 1999; Tsang et al. 2000; Collin 2004a, 2004b; Zhang and Pan 2002; Li
2009). However, in the previous research, a unified physical model for an Earth–air–
ionosphere region was not employed to treat quantitatively the electromagnetic field
radiated by underground radiation source. Meanwhile, the case for the observation
point being located on the Earth’s surface was investigated widely, and the case for
the observation point located in the ionosphere was seldom considered (Nikiforova
et al. 1989; Morgunov and Matveev 1990; Uyeda et al. 2002).

In view of the seismic source being generally situated in the Earth with the depth
of a few kilometers to several tens of kilometers, the main radiation spectrum for
earthquake should be concentrated in SLF/ELF regions. Comparing with the wave-
length of SLF/ELF waves, the geometric scale of the seismogenic zone is very small.
Thus, the radiation source can be idealized as an electric dipole. Moreover, for the
observation point on or near the Earth’s surface, the radiation efficiency of VED
below Earth’s surface is much lower than that of the HED. Obviously, a radiation
source in the Earth is usually idealized as an HED.

In this chapter, we will address SLF/ELF field in the ionosphere radiated by an
underground HED in three-layered planar and spherical models, while SLF/ELF
wave propagation in the anisotropic ionosphere is treated analytically (Zhang et al.
2009).

4.2 Formulation of Problem

When the propagation distance between the observation point and the dipole source
is not too large, the effect of the Earth’s curvature can be neglected. As a simple
flat model, the three-layered region of interest consists of Earth, air, and ionosphere
above. The relevant geometry and Cartesian coordinate system are illustrated in
Fig. 4.1, where an HED in the x̂ direction is located at (0, 0, −d). Region 0 ((z ≥
h)) is the ionosphere, characterized by the permeability μ0, permittivity εi , and
conductivity σi ; Region 1 (0 ≤ z ≤ h) is the air, characterized by the permeability
μ0 and permittivity εa ; and Region 2 (z ≤ 0) is the Earth, characterized by the
permeability μ0, permittivity εg , and conductivity σg .

Maxwell’s equations in the three-layered region are represented by

∇ × Ej = iωBj , (4.1)

∇ × Bj = μ0(−iωε̂jEj + x̂Jx), (4.2)

where j = i, a, g, and

Jx = I dlδ(x)δ(y)δ(z + d). (4.3)
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Fig. 4.1 The physical model

The Fourier transform of the form

E(x, y, z) = 1

4π2

∫ ∞

−∞

∫ ∞

−∞
Ẽ(kx, ky, z)e

i(kxx+kyy) dkx dky, (4.4)

and similar transforms for B(x, y, z) and Jx(x, y, z) are applied to Maxwell’s equa-
tions. Thus,

J̃x(kx, ky, z) = I dlδ(z + d). (4.5)

The transformed Maxwell equations in Cartesian coordinate system are written
as follows:

ikyẼjz − ∂

∂z
Ẽjy = iωB̃jx, (4.6)

∂

∂z
Ẽjx − ikxẼjz = iωB̃jy, (4.7)

ikxẼjy − ikyẼjx = iωB̃jz, (4.8)

ikyB̃jz − ∂

∂z
B̃jy = −i

k2
j

ω
Ẽjx + μ0I dlδ(z + d), (4.9)

∂

∂z
B̃jx − ikxB̃jz = − ik2

j

ω
Ẽjy, (4.10)

ikxB̃jy − ikyB̃jx = − ik2
j

ω
Ẽjz. (4.11)

In these equations,

kj = ω

√
μ0(εj + iσj/ω); j = i, a, g. (4.12)
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Equations (4.6)–(4.11) can be used to solve Ẽy , Ẽz, B̃y , and B̃z in terms of Ẽx

and B̃x . The results for the three regions can be expressed in the following forms:

Ẽjy = 1

k2
j − k2

x

(
−kxkyẼjx + iω

∂

∂z
B̃jx

)
, (4.13)

Ẽjz = 1

k2
j − k2

x

(
ikx

∂Ẽjx

∂z
+ kyωB̃jx

)
, (4.14)

B̃jy = 1

k2
j − k2

x

(
− ik2

j

ω

∂

∂z
Ẽjx − kxkyB̃jx

)
, (4.15)

B̃jz = 1

k2
j − k2

x

(
−k2

j ky

ω
Ẽjx + ikx

∂

∂z
B̃jx

)
. (4.16)

With the substitutions of Eqs. (4.13)–(4.16) into (4.6) and (4.9), the following
ordinary differential equations for Ẽjx and B̃jx can be obtained readily. They are(

d2

dz2
+ γ 2

j

)
Ẽjx = ωμ0I dl(k2

j − k2
x)

ik2
j

δ(z + d), (4.17)

(
d2

dz2
+ γ 2

j

)
B̃jx = 0, (4.18)

where

γ 2
j = k2

j − k2
x − k2

y; j = i, a, g. (4.19)

In a similar manner as in Chap. 15 of the book by King et al. (1992), and con-
sidering that the transforms of tangential electric field components and those of the
tangential magnetic field components are continuous on the interfaces z = 0 and
z = h, the Fourier transforms of the tangential components in Region 2 (Earth) can
be derived readily. They are

Ẽgx = − ωμ0I dl

2k2
g(k

2
g − γ 2

g )

{[
γgk

2
x + k2

g

γg

k2
y

](
eiγg |z+d| − eiγg |z−d|)

+
[
γg(Q2 + 1)k2

x − k2
g

γg

(P3 − 1)k2
y

]
eiγg |z−d|

}
, (4.20)

Ẽgy = − ωμ0kxkyI dl

2k2
g(k

2
g − γ 2

g )

{(
γg − k2

g

γg

)(
eiγg |z+d| − eiγg |z−d|)

+
[
γg(Q2 + 1) + k2

g

γg

(P3 − 1)

]
· eiγg |z−d|

}
, (4.21)
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B̃gx = μ0kxkyI dl

2(k2
g − γ 2

g )
(Q2 + P3)e

iγg |z−d|, (4.22)

B̃gy = − μ0I dl

2(k2
g − γ 2

g )

{−(k2
g − γ 2

g

)(
eiγg |z+d| + eiγg |z−d|)

+ [(Q2 + 1)k2
x − (P3 − 1)k2

y

]
eiγg |z−d|}. (4.23)

In these formulas, the factors (Q2 +1) and (P3 −1) are represented in the following
forms:

γg

2
(Q2 + 1) =

k2
gγg

k2
a

(
k2
aγi

k2
i

− iγa tanγah)

γg + k2
gγi

k2
i

− i(
k2
gγa

k2
a

+ k2
aγiγg

k2
i γa

) tanγah

, (4.24)

k2
g

2γg

(P3 − 1) = − k2
g(

γa

γi
− i tanγah)

γa + γaγg

γi
− i(γg + γ 2

a

γi
) tanγah

. (4.25)

In Region 1 (air), the total field consists of the upward and downward waves.
The transforms of the tangential components Ẽax and B̃ax can be written in the
following forms:

Ẽax = A1eiγaz + A2e−iγaz, (4.26)

B̃ax = B1eiγaz + B2e−iγaz. (4.27)

In Region 0 (ionosphere), only the upward wave exists. The transforms of the
tangential components Ẽix and B̃ix are obtained readily. They are

Ẽix = C1eiγiz, (4.28)

B̃ix = C2eiγiz. (4.29)

By using the boundary conditions, the coefficients A1, A2, B1, B2, C1, and C2

can be determined easily. They are

A1 = − ωμ0I dleiγgd

4k2
g(k

2
g − γ 2

g )

[
γg(Q2 + 1)k2

x − k2
g

γg

(P3 − 1)k2
y

]
+ ωμ0I dleiγgd

4k2
aγa(k2

g − γ 2
g )

× [−(Q2 + 1)k2
xγ

2
a + (P3 − 1)k2

yk
2
a + 2

(
k2
g − γ 2

g

)(
k2
a − k2

x

)]
, (4.30)

A2 = − ωμ0I dleiγgd

4k2
g(k

2
g − γ 2

g )

[
γg(Q2 + 1)k2

x − k2
g

γg

(P3 − 1)k2
y

]
− ωμ0I dleiγgd

4k2
aγa(k2

g − γ 2
g )

× [−(Q2 + 1)k2
xγ

2
a + (P3 − 1)k2

yk
2
a + 2

(
k2
g − γ 2

g

)(
k2
a − k2

x

)]
, (4.31)
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B1 = μ0kxkyI dleiγgd

4(k2
g − γ 2

g )
(Q2 + P3) + μ0kxkyI dleiγgd

4k2
gγa(k2

g − γ 2
g )

×
[
γg(Q2 + 1)k2

a + k2
g

γg

(P3 − 1)γ 2
a

]
, (4.32)

B2 = μ0kxkyI dleiγgd

4(k2
g − γ 2

g )
(Q2 + P3) − μ0kxkyI dleiγgd

4k2
gγa(k2

g − γ 2
g )

×
[
γg(Q2 + 1)k2

a + k2
g

γg

(P3 − 1)γ 2
a

]
, (4.33)

C1 = −ωμ0I dleiγgde−iγih

4(k2
g − γ 2

g )

{[
γg

k2
g

(Q2 + 1)k2
x − γ −1

g (P3 − 1)k2
y

](
eiγah + e−iγah

)
− 1

k2
aγa

[−(Q2 + 1)k2
xγ

2
a + (P3 − 1)k2

yk
2
a

+ 2
(
k2
g − γ 2

g

)(
k2
a − k2

x

)]× (eiγah − e−iγah
)}

, (4.34)

C2 = μ0kxkyI dleiγgde−iγih

4(k2
g − γ 2

g )

{
(Q2 + P3)

(
eiγah + e−iγah

)+ 1

k2
gγa

×
[
γg(Q2 + 1)k2

a + k2
g

γg

(P3 − 1)γ 2
a

]
× (eiγah − e−iγah

)}
. (4.35)

With Eqs. (4.30)–(4.35), and the Fourier integrals like Eq. (4.4), the integrated
formulas for the field components in Regions 0 and 1 can be derived readily.

In Region 1, it follows that

Eax = ωμ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
− 1

k2
g

[
γg(Q2 + 1)k2

x − k2
g

γg

(P3 − 1)k2
y

]
× (eiγaz + e−iγaz

)+ 1

k2
aγa

[−(Q2 + 1)k2
xγ

2
a + (P3 − 1)k2

yk
2
a

+ 2
(
k2
g − γ 2

g

)(
k2
a − k2

x

)](
e−iγaz − eiγaz

)}eiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.36)

Eay = −ωμ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
1

k2
g

[
γg(Q2 + 1) + k2

g

γg

(P3 − 1)

]
× (eiγaz + e−iγaz

)
+
[
γa

k2
a

(Q2 + 1) + γ −1
a (P3 − 1) + 2(k2

g − γ 2
g )

k2
aγa

](
e−iγaz − eiγaz

)}
× kxkyeiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.37)
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Eaz = ωμ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
k−2
a (Q2 − 1)

(
eiγaz + e−iγaz

)
+ γg

k2
gγa

(Q2 + 1)
(
e−iγaz − eiγaz

)}
kxeiγgdei(kxx+kyy), (4.38)

Bax = μ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
(Q2 + P3)

(
eiγaz + e−iγaz

)+ 1

k2
gγa

×
[
γg(Q2 + 1)k2

a + k2
g

γg

(P3 − 1)γ 2
a

](
e−iγaz − eiγaz

)}

× kxkyeiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.39)

Bay = μ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{[
(P3 − 1)k2

y − (Q2 + 1)k2
x + 2

(
k2
g − γ 2

g

)]
× (eiγaz + e−iγaz

)
+ 1

k2
g

[
(P3 − 1)

k2
gγa

γg

k2
y − (Q2 + 1)

k2
aγg

γa

k2
x

]

× (e−iγaz − eiγaz
)}eiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.40)

Baz = −μ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
γ −1
g (P3 − 1)

(
eiγaz + e−iγaz

)+ γ −1
a (P3 + 1)

× (e−iγaz − eiγaz
)}

kyeiγgdei(kxx+kyy). (4.41)

In Region 0, it follows that

Eix = ωμ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
− 1

k2
g

[
γg(Q2 + 1)k2

x − k2
g

γg

(P3 − 1)k2
y

]

× (eiγah + e−iγah
)+ 1

k2
aγa

× [−(Q2 + 1)k2
xγ

2
a + (P3 − 1)k2

yk
2
a

+ 2
(
k2
g − γ 2

g

)(
k2
a − k2

x

)](
e−iγah − eiγah

)}

× eiγi (z−h)eiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.42)
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Eiy = −ωμ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
1

k2
g

[
γg(Q2 + 1) + k2

g

γg

(P3 − 1)

]
× (eiγah + e−iγah

)
+
[
γa

k2
a

(Q2 + 1) + γ −1
a (P3 − 1) + 2(k2

g − γ 2
g )

k2
aγa

]
× (e−iγah − eiγah

)}

× kxkyeiγi (z−h)eiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.43)

Eiz = ωμ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
k−2
a (Q2 − 1)

(
eiγah + e−iγah

)
+ γg

k2
gγa

(Q2 + 1)
(
e−iγah − eiγah

)}
× kxeiγi(z−h)eiγgdei(kxx+kyy), (4.44)

Bix = μ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
(Q2 + P3)

(
eiγah + e−iγah

)+ 1

k2
gγa

×
[
γg(Q2 + 1)k2

a + k2
g

γg

(P3 − 1)γ 2
a

](
e−iγah − eiγah

)}

× kxkyeiγi (z−h)eiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.45)

Biy = μ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{[
(P3 − 1)k2

y − (Q2 + 1)k2
x + 2

(
k2
g − γ 2

g

)]
× (eiγah + e−iγah

)+ 1

k2
g

[
(P3 − 1)

k2
gγa

γg

k2
y − (Q2 + 1)

k2
aγg

γa

k2
x

]

× (e−iγah − eiγah
)}eiγi (z−h)eiγgdei(kxx+kyy)

(k2
g − γ 2

g )
, (4.46)

Biz = −μ0I dl

16π2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

{
γ −1
g (P3 − 1)

(
eiγah + e−iγah

)
+ γ −1

a (P3 + 1)
(
e−iγah − eiγah

)}
kyeiγi (z−h)eiγgdei(kxx+kyy). (4.47)

With the relations

x = ρ cosφ; y = ρ sinφ; kx = λ cosφ′; ky = λ sinφ′, (4.48)

we find

γj =
√

k2
j − k2

x − k2
y =

√
k2
j − λ2; j = i, a, g (4.49)
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kxx + kyy = λρ cos
(
φ − φ′); dkx dky = λdφ′ dλ. (4.50)

In cylindrical coordinates, we have

Eρ = Ex cosφ + Ey sinφ; Eφ = −Ex sinφ + Ey cosφ. (4.51)

Thus, the integrated formulas for the field components can be represented in the
following forms:

Eaρ = ωμ0I dl

16π
cosφ · (F (1)

aρ + F (2)
aρ + F (3)

aρ

)
, (4.52)

Eaφ = −ωμ0I dl

16π
sinφ · (F (1)

aφ + F
(2)
aφ + F

(3)
aφ

)
, (4.53)

Eaz = iωμ0I dl

8π
cosφ · (F (1)

az + F (3)
az

)
, (4.54)

Baρ = μ0I dl

16π
sinφ · (G(1)

aρ + G(2)
aρ + G(3)

aρ

)
, (4.55)

Baφ = μ0I dl

16π
cosφ · (G(1)

aφ + G
(2)
aφ + G

(3)
aφ

)
, (4.56)

Baz = − iμ0I dl

8π
sinφ · (G(2)

az + G(3)
az

)
. (4.57)

In these formulas, the terms with the superscript (1) designate the terms of the
electric-type field, also known as the transverse magnetic (TM) field. The terms with
the superscript (2) designate the terms of the magnetic-type field, also known as the
transverse electric (TE) field. The terms with the superscript (3) designate the terms
of the direct and reflected waves. We write

F (1)
aρ = −

∫ ∞

0

[(
γg

k2
g

+ γa

k2
a

)
e−iγaz +

(
γg

k2
g

− γa

k2
a

)
eiγaz

]
(Q2 + 1)

× [J0(λρ) − J2(λρ)
]
eiγgdλdλ, (4.58)

F
(1)
aφ = −

∫ ∞

0

[(
γg

k2
g

+ γa

k2
a

)
e−iγaz +

(
γg

k2
g

− γa

k2
a

)
eiγaz

]
(Q2 + 1)

× [J0(λρ) + J2(λρ)
]
eiγgdλdλ, (4.59)

F (1)
az =

∫ ∞

0

[(
k−2
a + γg

k2
gγa

)
e−iγaz +

(
k−2
a − γg

k2
gγa

)
eiγaz

]
(Q2 + 1)

× J1(λρ)eiγgdλ2 dλ, (4.60)

G(1)
aρ = −

∫ ∞

0

(
k2
gγa + k2

aγg

k2
gγa

e−iγaz + k2
gγa − k2

aγg

k2
gγa

eiγaz

)
(Q2 + 1)

× [J0(λρ) + J2(λρ)
]
eiγgdλdλ, (4.61)
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G
(1)
aφ = −

∫ ∞

0

(
k2
gγa + k2

aγg

k2
gγa

e−iγaz + k2
gγa − k2

aγg

k2
gγa

eiγaz

)
(Q2 + 1)

× [J0(λρ) − J2(λρ)
]
eiγgdλdλ, (4.62)

F (2)
aρ =

∫ ∞

0

[(
γ −1
g + γ −1

a

)
e−iγaz + (γ −1

g − γ −1
a

)
eiγaz

]
(P3 − 1)

× [J0(λρ) + J2(λρ)
]
eiγgdλdλ, (4.63)

F
(2)
aφ =

∫ ∞

0

[(
γ −1
g + γ −1

a

)
e−iγaz + (γ −1

g − γ −1
a

)
eiγaz

]
(P3 − 1)

× [J0(λρ) − J2(λρ)
]
eiγgdλdλ, (4.64)

G(2)
aρ =

∫ ∞

0

(
γg + γa

γg

e−iγaz + γg − γa

γg

eiγaz

)
(P3 − 1)

× [J0(λρ) − J2(λρ)
]
eiγgdλdλ, (4.65)

G
(2)
aφ =

∫ ∞

0

(
γg + γa

γg

e−iγaz + γg − γa

γg

eiγaz

)
(P3 − 1)

× [J0(λρ) + J2(λρ)
]
eiγgdλdλ, (4.66)

G(2)
az =

∫ ∞

0

[(
γ −1
g + γ −1

a

)
e−iγaz + (γ −1

g − γ −1
a

)
eiγaz

]
(P3 − 1)

× J1(λρ)eiγgdλ2 dλ, (4.67)

F (3)
aρ = 2

∫ ∞

0

{
γ −1
a

[
J0(λρ) + J2(λρ)

]+ γa

k2
a

[
J0(λρ) − J2(λρ)

]}
× (e−iγaz − eiγaz

)
eiγgdλdλ, (4.68)

F
(3)
aφ = 2

∫ ∞

0

{
γ −1
a

[
J0(λρ) − J2(λρ)

]+ γa

k2
a

[
J0(λρ) + J2(λρ)

]}
× (e−iγaz − eiγaz

)
eiγgdλdλ, (4.69)

F (3)
az = −2k−2

a

∫ ∞

0
J1(λρ)

(
eiγaz + e−iγaz

)
eiγgdλ2 dλ, (4.70)

G(3)
aρ = G

(3)
aφ = 4

∫ ∞

0
J0(λρ)

(
eiγaz + e−iγaz

)
eiγgdλdλ, (4.71)

G(3)
az = 2

∫ ∞

0
γ −1
a J1(λρ)

(
e−iγaz − eiγaz

)
eiγgdλ2 dλ. (4.72)

In Region 0, the integrated formulas for the field components can be represented
in the following forms:

Eiρ = ωμ0I dl

8π
cosφ · (F (1)

iρ + F
(2)
iρ + F

(3)
iρ

)
, (4.73)
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Eiφ = −ωμ0I dl

8π
sinφ · (F (1)

iφ + F
(2)
iφ + F

(3)
iφ

)
, (4.74)

Eiz = iωμ0I dl

4π
cosφ · (F (1)

iz + F
(3)
iz

)
, (4.75)

Biρ = μ0I dl

8π
sinφ · (G(1)

iρ + G
(2)
iρ + G

(3)
iρ

)
, (4.76)

Biφ = μ0I dl

8π
cosφ · (G(1)

iφ + G
(2)
iφ + G

(3)
iφ

)
, (4.77)

Biz = − iμ0I dl

4π
sinφ · (G(2)

iz + G
(3)
iz

)
, (4.78)

where

F
(1)
iρ = −

∫ ∞

0

[
γg

k2
g

cos(γah) − i
γa

k2
a

sin(γah)

][
J0(λρ) − J2(λρ)

]
× (Q2 + 1)eiγgdeiγi (z−h)λdλ, (4.79)

F
(1)
iφ = −

∫ ∞

0

[
γg

k2
g

cos(γah) − i
γa

k2
a

sin(γah)

][
J0(λρ) + J2(λρ)

]
× (Q2 + 1)eiγgdeiγi (z−h)λdλ, (4.80)

F
(1)
iz = k−2

i

∫ ∞

0

[
cos(γah) − ik2

aγg

k2
gγa

sin(γah)

]
J1(λρ)

× (Q2 + 1)eiγgdeiγi (z−h)λ2 dλ, (4.81)

G
(1)
iρ = −

∫ ∞

0

[
cos(γah) − ik2

aγg

k2
gγa

sin(γah)

][
J0(λρ) + J2(λρ)

]
× (Q2 + 1)eiγgdeiγi (z−h)λdλ, (4.82)

G
(1)
iφ = −

∫ ∞

0

[
cos(γah) − ik2

aγg

k2
gγa

sin(γah)

][
J0(λρ) − J2(λρ)

]
× (Q2 + 1)eiγgdeiγi (z−h)λdλ, (4.83)

F
(2)
iρ =

∫ ∞

0

[
γ −1
g cos(γah) − iγ −1

a sin(γah)
][

J0(λρ) + J2(λρ)
]

× (P3 − 1)eiγgdeiγi (z−h)λdλ, (4.84)

F
(2)
iφ =

∫ ∞

0

[
γ −1
g cos(γah) − iγ −1

a sin(γah)
][

J0(λρ) − J2(λρ)
]

× (P3 − 1)eiγgdeiγi (z−h)λdλ, (4.85)
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G
(2)
iρ =

∫ ∞

0

[
cos(γah) − i

γa

γg

sin(γah)

][
J0(λρ) − J2(λρ)

]
× (P3 − 1)eiγgdeiγi (z−h)λdλ, (4.86)

G
(2)
iφ =

∫ ∞

0

[
cos(γah) − i

γa

γg

sin(γah)

][
J0(λρ) + J2(λρ)

]
× (P3 − 1)eiγgdeiγi (z−h)λdλ, (4.87)

G
(2)
iz =

∫ ∞

0

[
γ −1
g cos(γah) − iγ −1

a sin(γah)
]
J1(λρ)

× (P3 − 1)eiγgdeiγi (z−h)λ2 dλ, (4.88)

F
(3)
iρ = −2

∫ ∞

0

{
γ −1
a

[
J0(λρ) + J2(λρ)

]+ γa

k2
a

[
J0(λρ) − J2(λρ)

]}
× i sin(γah)eiγgdeiγi (z−h)λdλ, (4.89)

F
(3)
iφ = −2

∫ ∞

0

{
γ −1
a

[
J0(λρ) − J2(λρ)

]+ γa

k2
a

[
J0(λρ) + J2(λρ)

]}
× i sin(γah)eiγgdeiγi (z−h)λdλ, (4.90)

F
(3)
iz = −2k−2

i

∫ ∞

0
cos(γah)J1(λρ)eiγgdeiγi (z−h)λ2 dλ, (4.91)

G
(3)
iρ = G

(3)
iφ = 4

∫ ∞

0
cos(γah)J0(λρ)eiγgdeiγi(z−h)λdλ, (4.92)

G
(3)
iz = −2

∫ ∞

0
iγ −1

a sin(γah)J1(λρ)eiγgdeiγi (z−h)λ2 dλ. (4.93)

4.3 Analytical Formulas of the Field Components

In Sect. 4.2, the integrated formulas for the field components have been obtained. In
this section, we will attempt to evaluate these Sommerfeld integrals.

4.3.1 Evaluation for the Electric-Type Field

By examining these Sommerfeld integrals, it is seen that all integrands including
Bessel functions Jj (λρ) (j = 0,1,2) are highly oscillatory and the Sommerfeld
integrals converge very slowly.
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Taking into account that γi , γa , and γg are even functions of λ, and with the
following relations between Bessel function and Hankel function:

Jn(λρ) = 1

2

[
H(1)

n (λρ) + H(2)
n (λρ)

]
, (4.94)

H(1)
n (−λρ) = (−1)n+1H(2)

n (λρ), (4.95)

it follows that

F (1)
aρ = −

∫ ∞

−∞

[( γg

k2
g

+ γa

k2
a
)e−iγaz + (

γg

k2
g

− γa

k2
a
)eiγaz]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× [H(1)
0 (λρ) − H

(1)
2 (λρ)

]
eiγgdλdλ, (4.96)

F
(1)
aφ = −

∫ ∞

−∞

[( γg

k2
g

+ γa

k2
a
)e−iγaz + (

γg

k2
g

− γa

k2
a
)eiγaz]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× [H(1)
0 (λρ) + H

(1)
2 (λρ)

]
eiγgdλdλ, (4.97)

F (1)
az =

∫ ∞

−∞

[(k−2
a + γg

k2
gγa

)e−iγaz + (k−2
a − γg

k2
gγa

)eiγaz]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× H
(1)
1 (λρ)eiγgdλ2 dλ, (4.98)

G(1)
aρ = −

∫ ∞

−∞
[(k2

gγa + k2
aγg)e−iγaz + (k2

gγa − k2
aγg)eiγaz]

k2
gγaq(λ)

×
(

γi

k2
i

− i
γa

k2
a

tanγah

)[
H

(1)
0 (λρ) + H

(1)
2 (λρ)

]
eiγgdλdλ, (4.99)

G
(1)
aφ = −

∫ ∞

−∞
[(k2

gγa + k2
aγg)e−iγaz + (k2

gγa − k2
aγg)eiγaz]

k2
gγaq(λ)

×
(

γi

k2
i

− i
γa

k2
a

tanγah

)[
H

(1)
0 (λρ) − H

(1)
2 (λρ)

]
eiγgdλdλ, (4.100)

F
(1)
iρ = −

∫ ∞

−∞

[ γg

k2
g

cos(γah) − i γa

k2
a

sin(γah)]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× [H(1)
0 (λρ) − H

(1)
2 (λρ)

]
eiγgdeiγi (z−h)λdλ, (4.101)

F
(1)
iφ = −

∫ ∞

−∞

[ γg

k2
g

cos(γah) − i γa

k2
a

sin(γah)]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× [H(1)
0 (λρ) + H

(1)
2 (λρ)

]
eiγgdeiγi (z−h)λdλ, (4.102)
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F
(1)
iz = k−2

i

∫ ∞

−∞

[cos(γah) − ik2
aγg

k2
gγa

sin(γah)]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× H
(1)
1 (λρ)eiγgdeiγi (z−h)λ2 dλ, (4.103)

G
(1)
iρ = −

∫ ∞

−∞

[cos(γah) − ik2
aγg

k2
gγa

sin(γah)]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× [H(1)
0 (λρ) + H

(1)
2 (λρ)

]
eiγgdeiγi (z−h)λdλ, (4.104)

G
(1)
iφ = −

∫ ∞

−∞

[cos(γah) − ik2
aγg

k2
gγa

sin(γah)]( γi

k2
i

− i γa

k2
a

tanγah)

q(λ)

× [H(1)
0 (λρ) − H

(1)
2 (λρ)

]
eiγgdeiγi (z−h)λdλ, (4.105)

where

q(λ) = γg

k2
g

+ γi

k2
i

− i

(
γa

k2
a

+ k2
aγiγg

k2
gk

2
i γa

)
tanγah. (4.106)

In order to evaluate the above integrals for the electric-type (TM) waves, it is
necessary to examine the poles and the branch points of all integrands. The pole
equation for the electric-type (TM) waves can be represented as follows:

q(λ) = γg

k2
g

+ γi

k2
i

− i

(
γa

k2
a

+ k2
aγiγg

k2
gk

2
i γa

)
tanγah = 0. (4.107)

In SLF/ELF ranges, for the TEM waves, the pole λ∗ should satisfy the condition

of |γah| � 1 (γa =
√

k2
a − λ∗2). Then, we have

γg

k2
g

+ γi

k2
i

− i

(
γ 2
a h

k2
a

+ k2
aγiγgh

k2
gk

2
i

)
= 0. (4.108)

Taking into account kg � ka and ki � ka , for zero-order approximations, we
take γg ≈ kg and γi ≈ ki . Thus, it follows that

1

kg

+ 1

ki

− ih

(
k2
a − λ2

k2
a

+ k2
a

kgki

)
= 0. (4.109)

The solution of Eq. (4.109) can be obtained readily. We write

λ∗ = ka

[
1 + ΔiΔg + i

(Δi + Δg)

kah

]1/2

. (4.110)

With the substitution of Eq. (4.110), as an initial approximation, into Eq. (4.107),
the pole for the TEM waves can be determined accurately by using Newton’s itera-
tion method.
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In general, for the electric-type (TM) waves, Eq. (4.107) is simplified as follows:

1

kg

+ 1

ki

− i

(
γa

k2
a

+ k2
a

kgkiγa

)
tanγah = 0. (4.111)

For n-order TM wave, we have γah = nπ + δn, where |δn| < π, and n is an
integer. Then, it follows that

γa = nπ + δn

h
, (4.112)

tanγah = tan δn. (4.113)

Substituting Eqs. (4.112) and (4.113) into Eq. (4.111), it follows that

1

kg

+ 1

ki

− i

[
nπ + δn

k2
ah

+ k2
ah

kgki(nπ + δn)

]
tan δn = 0. (4.114)

Considering the condition of nπ
k2
ah

� 1, we readily find

1

kg

+ 1

ki

− i
nπ

k2
ah

tan δn = 0. (4.115)

Then we have

δn ≈ tan−1
[
− ikah(Δi + Δg)

nπ

]
≈ − ikah(Δi + Δg)

nπ
. (4.116)

The solution of Eq. (4.111) can be obtained readily. We write

λ∗ =
[
k2
a −

(
nπ + δn

h

)2]1/2

. (4.117)

Substituting Eq. (4.117), as an initial approximation, into Eq. (4.107), the pole
for the electric-type (TMn) waves can be determined accurately by using Newton’s
iteration method.

By examining the above Sommerfeld’s integrals, it is seen that the three root
functions γa , γg , and γi are included in the integrands. Obviously, for the above
Sommerfeld’s integrals, besides the poles, there are three branch points at λ = ka ,
λ = kg , and λ = ki . As the Earth and ionosphere are lossy media, the wave numbers
kg and ki have large imaginary parts. When the distance between the observation
point and the dipole source is not too small, the integrations along the branch points
λ = kg and λ = ki can be neglected. Since the integrands are even functions to γa ,
λ = ka is a removable singularity. Therefore, for the field components, the term
contributed by the residues of poles should be included, while the term contributed
by the integrations along the branch lines may be neglected. Those properties can be
explained in a physical sense as follows: Considering the high loss characteristics
of the Earth, SLF/ELF waves will travel upward vertically form the transmitting



120 4 SLF/ELF Field by Earthquake Radiation Source

dipole source to the Earth’s surface, then propagate radially in the Earth–ionosphere
waveguide or cavity, and finally enter vertically into the ionosphere to the receiving
point. It is noted that the attenuation rate and wave number of each propagation
mode are determined by the pole equation.

Thus, with the residue theorem, Eq. (4.79) can be written in the form

F (1)
az = 2πi

∑
j

[(k−2
a + γ ∗

g

k2
gγ ∗

a
)e−iγ ∗

a z + (k−2
a − γ ∗

g

k2
gγ ∗

a
)eiγ ∗

a z]
q ′(λ∗

j )

×
(

γ ∗
i

k2
i

− i
γ ∗
a

k2
a

tanγ ∗
a h

)
H

(1)
1

(
λ∗

j ρ
)
λ∗

j
2eiγ ∗

g d , (4.118)

where

q ′(λ) = − λ

k2
gγg

− λ

k2
i γi

− iλ tanγah

[
− 1

k2
aγa

+ k2
a

k2
gk

2
i

(
γiγg

γ 3
a

− γg

γiγa

− γi

γgγa

)]

+ i
λh

γa

sec2 γah

(
γa

k2
a

+ k2
aγiγg

k2
gk

2
i γa

)
, (4.119)

γ ∗
m =

√
k∗
m − λ∗

j
2; m = a, i, g. (4.120)

In the above formulas, the value λ∗
j is the j th root of the pole equation (4.107).

With similar procedures, the remaining terms can be derived readily. We write

F (1)
aρ = −4πi

∑
j

[( γ ∗
g

k2
g

+ γ ∗
a

k2
a
)e−iγ ∗

a z + (
γ ∗
g

k2
g

− γ ∗
a

k2
a
)eiγ ∗

a z]( γ ∗
i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g d , (4.121)

F
(1)
aφ = −4πi

ρ

∑
j

[( γ ∗
g

k2
g

+ γ ∗
a

k2
a
)e−iγ ∗

a z + (
γ ∗
g

k2
g

− γ ∗
a

k2
a
)eiγ ∗

a z]( γ ∗
i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g d , (4.122)

G(1)
aρ = −4πi

ρ

∑
j

[(k2
gγ

∗
a + k2

aγ
∗
g )e−iγ ∗

a z + (k2
gγ

∗
a − k2

aγ
∗
g )eiγ ∗

a z]
k2
gγ

∗
a q ′(λ∗

j )

×
(

γ ∗
i

k2
i

− i
γ ∗
a

k2
a

tanγ ∗
a h

)
H

(1)
1

(
λ∗

j ρ
)
eiγ ∗

g d , (4.123)
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G
(1)
aφ = −4πi

∑
j

[(k2
gγ

∗
a + k2

aγ
∗
g )e−iγ ∗

a z + (k2
gγ

∗
a − k2

aγ
∗
g )eiγ ∗

a z]
k2
gγ

∗
a q ′(λ∗

j )

×
(

γ ∗
i

k2
i

− i
γ ∗
a

k2
a

tanγ ∗
a h

)
H

(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g d , (4.124)

F
(1)
iρ = −4πi

∑
j

[ γ ∗
g

k2
g

cos(γ ∗
a h) − i γ ∗

a

k2
a

sin(γ ∗
a h)]( γ ∗

i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g deiγ ∗

i (z−h), (4.125)

F
(1)
iφ = −4πi

ρ

∑
j

[ γ ∗
g

k2
g

cos(γ ∗
a h) − i γ ∗

a

k2
a

sin(γ ∗
a h)]( γ ∗

i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g deiγ ∗
i (z−h), (4.126)

F
(1)
iz = 2πi

∑
j

[cos(γ ∗
a h) − ik2

aγ ∗
g

k2
gγ ∗

a
sin(γ ∗

a h)]( γ ∗
i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

k2
i q

′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
λ∗

j
2eiγ ∗

i (z−h)eiγ ∗
g d , (4.127)

G
(1)
iρ = −4πi

ρ

∑
j

[cos(γ ∗
a h) − ik2

aγ ∗
g

k2
gγ ∗

a
sin(γ ∗

a h)]( γ ∗
i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g
deiγ ∗

i
(z−h)

, (4.128)

G
(1)
iφ = −4πi

∑
j

[cos(γ ∗
a h) − ik2

aγ ∗
g

k2
gγ ∗

a
sin(γ ∗

a h)]( γ ∗
i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g deiγ ∗

i
(z−h)

. (4.129)

In this subsection, all terms for the electric-type (TM) field are obtained readily.

4.3.2 Evaluation for the Magnetic-Type Field

The integrals for the magnetic-type (TE) field can be treated in a similar manner to
those for the electric-type (TM) field. Then, Eqs. (4.63) and (4.64) can be rewritten
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as follows:

F
(2)
aρ

F
(2)
aφ

= −
∫ ∞

−∞

[( 1
γg

+ 1
γa

)e−iγaz + ( 1
γg

− 1
γa

)eiγaz]( γa

γi
− i tanγah)

p(λ)

× [H(1)
0 (λρ) ± H

(1)
2 (λρ)

]
eiγgdλdλ. (4.130)

The poles of the integrands in Eq. (4.130) satisfy the pole equation for the
magnetic-type (TE) field. We write

p(λ) = γa

γg

+ γa

γi

− i

(
1 + γ 2

a

γgγi

)
tanγah = 0, (4.131)

where

γj =
√

k2
j − λ2; m = a, i, g. (4.132)

For zero-order approximations, the pole equation in Eq. (4.131) can be simplified
as follows:

γa

(
1 + kg

ki

)
− i

(
kg + γ 2

a

ki

)
tanγah = 0, (4.133)

For m-order TE wave, we have γah = mπ + δm, where |δm| < π, and m is an
integer. Then, it follows that

γa = mπ + δm

h
, (4.134)

tanγah = tan δm. (4.135)

Substituting Eqs. (4.134) and (4.135) into Eq. (4.133), we readily find

mπ + δm

h

(
1 + kg

ki

)
− i

[
kg +

(
mπ + δm

h

)2 1

ki

]
tan δm = 0. (4.136)

Because of δm � mπ, it follows that

δm ≈ − tan−1
imπ

h
(1 + kg

ki
)

kg + (mπ)2

kih
2

. (4.137)

The solution of Eq. (4.133) is obtained readily. We write

λ∗ =
[
k2
a −

(
mπ + δm

h

)2]1/2

. (4.138)

Substituting Eq. (4.138), as an initial approximation, into Eq. (4.131), the pole
for the magnetic-type (TEn) waves can be determined accurately by using Newton’s
iteration method.
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Similar to those for the electric-type (TM) field, it is found that, for the magnetic-
type (TE) field, the integrands are also even functions to γa , and λ = ka is a remov-
able cut. Thus, for the components of the magnetic-type (TE) field, the term of the
resides of poles exists, while the term of the integrations along the branch lines can
be neglected. With the residue theorem, the integrals for the magnetic-type (TE)
field can be derived readily. We write

F (2)
aρ = −4πi

ρ

∑
j

[(γ ∗
g

−1 + γ ∗
a

−1)e−iγ ∗
a z + (γ ∗

g
−1 − γ ∗

a
−1)eiγ ∗

a z]
p′(λ∗

j )

×
(

γ ∗
a

γ ∗
i

− i tanγ ∗
a h

)
H

(1)
1

(
λ∗

j ρ
)
eiγ ∗

g d , (4.139)

F
(2)
aφ = −4πi

∑
j

[(γ ∗
g

−1 + γ ∗
a

−1)e−iγ ∗
a z + (γ ∗

g
−1 − γ ∗

a
−1)eiγ ∗

a z]
p′(λ∗

j )

×
(

γ ∗
a

γ ∗
i

− i tanγ ∗
a h

)
H

(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g d , (4.140)

G(2)
aρ = −4πi

∑
j

[(γ ∗
g + γ ∗

a )e−iγ ∗
a z + (γ ∗

g − γ ∗
a )eiγ ∗

a z]( γ ∗
a

γ ∗
i

− i tanγ ∗
a h)

γ ∗
g p′(λ∗

j )

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g d , (4.141)

G
(2)
aφ = −4πi

ρ

∑
j

[(γ ∗
g + γ ∗

a )e−iγ ∗
a z + (γ ∗

g − γ ∗
a )eiγ ∗

a z]( γ ∗
a

γ ∗
i

− i tanγ ∗
a h)

γ ∗
g p′(λ∗

j )

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g d , (4.142)

G(2)
az = −2πi

∑
j

[(γ ∗
g

−1 + γ ∗
a

−1)e−iγ ∗
a z + (γ ∗

g
−1 − γ ∗

a
−1)eiγ ∗

a z]
p′(λ∗

j )

×
(

γ ∗
a

γ ∗
i

− i tanγ ∗
a h

)
H

(1)
1

(
λ∗

j ρ
)
λ∗

j
2eiγ ∗

g d , (4.143)

F
(2)
iρ = −4πi

ρ

∑
j

[γ ∗
g

−1 cos(γ ∗
a h) − iγ ∗

a
−1 sin(γ ∗

a h)]( γ ∗
a

γ ∗
i

− i tanγ ∗
a h)

p′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g deiγ ∗
i (z−h), (4.144)

F
(2)
iφ = −4πi

∑
j

[γ ∗
g

−1 cos(γ ∗
a h) − iγ ∗

a
−1 sin(γ ∗

a h)]( γ ∗
a

γ ∗
i

− i tanγ ∗
a h)

p′(λ∗
j )

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g deiγ ∗

i (z−h), (4.145)
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G
(2)
iρ = −4πi

∑
j

[cos(γ ∗
a h) − i γ ∗

a

γ ∗
g

sin(γ ∗
a h)]( γ ∗

a

γ ∗
i

− i tanγ ∗
a h)

p′(λ∗
j )

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g deiγ ∗

i (z−h), (4.146)

G
(2)
iφ = −4πi

ρ

∑
j

[cos(γ ∗
a h) − i γ ∗

a

γ ∗
g

sin(γ ∗
a h)]( γ ∗

a

γ ∗
i

− i tanγ ∗
a h)

p′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g deiγ ∗
i (z−h), (4.147)

G
(2)
iz = −2πi

∑
j

[γ ∗
g

−1 cos(γ ∗
a h) − iγ ∗

a
−1 sin(γ ∗

a h)]( γ ∗
a

γ ∗
i

− i tanγ ∗
a h)

p′(λ∗
j )

× H
(1)
1

(
λ∗

j ρ
)
λ∗

j
2eiγ ∗

g deiγ ∗
i (z−h), (4.148)

where

p′(λ) = λγa

(
1

γ 3
g

+ 1

γ 3
i

)
− λ

γa

(
1

γg

+ 1

γi

)
− i

λ tanγah

γgγi

×
(

γ 2
a

γ 2
i

+ γ 2
a

γ 2
g

− 2

)
+ i

λh

γa

sec2 γah

(
1 + γ 2

a

γgγi

)
, (4.149)

γ ∗
m =

√
k2
m − λ∗

j
2; m = a, i, g. (4.150)

In the above formulas, the value λ∗
j is the j th root of the pole equation (4.131) for

the magnetic-type (TE) field. In this subsection, all terms for the magnetic-type (TE)
field are obtained readily.

4.3.3 Final Formulas for SLF/ELF Fields in Air and Ionosphere

By now, all terms for both the electric-type (TM) and the magnetic-type (TE) fields
have been evaluated. At small distance between the observation point and the dipole
source, the direct wave and reflected wave can be neglected. Then, the final formulas
of the components for SLF/ELF fields in air and ionosphere can be written readily.

In Region 0 (ionosphere), we write

Eiρ = − iωμ0I dl

4
cosφ ·

[
−ik−2

a

∑
j

ΛTM
j

∂GTM
j (z)

∂z

∣∣∣∣
z=h

H
(1)
1

′(
λ∗

j ρ
)

× eiγ ∗
g
deiγ ∗

i (z−h) + 1

ρ

∑
j

ΛTE
j GTE

j (z)

∣∣∣∣
z=h
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× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g
deiγ ∗

i (z−h)

]
, (4.151)

Eiφ = iωμ0I dl

4
sinφ ·

[
− i

ρk2
a

∑
j

ΛTM
j

∂GTM
j (z)

∂z

∣∣∣∣
z=h

H
(1)
1

(
λ∗

j ρ
)
λ∗

j
−1

× eiγ ∗
g
deiγ ∗

i (z−h) +
∑
j

ΛTE
j GTE

j (z)

∣∣∣∣
z=h

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g deiγ ∗

i (z−h)

]
, (4.152)

Eiz = −ωμ0I dl

4k2
i

cosφ ·
∑
j

ΛTM
j GTM

j (z)

∣∣∣∣
z=h

H
(1)
1

(
λ∗

j ρ
)
λ∗

j

× eiγ ∗
g
deiγ ∗

i (z−h), (4.153)

Biρ = − iμ0I dl

4
sinφ ·

[
1

ρ

∑
j

ΛTM
j GTM

j (z)

∣∣∣∣
z=h

H
(1)
1

(
λ∗

j ρ
)
λ∗

j
−1

× eiγ ∗
g
deiγ ∗

i (z−h) − i
∑
j

ΛTE
j

∂GTE
j (z)

∂z

∣∣∣∣
z=h

× H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g deiγ ∗

i (z−h)

]
, (4.154)

Biφ = − iμ0I dl

4
cosφ ·

[∑
j

ΛTM
j GTM

j (z)

∣∣∣∣
z=h

H
(1)
1

′(
λ∗

j ρ
)

× eiγ ∗
g deiγ ∗

i (z−h) − i
1

ρ

∑
j

ΛTE
j

∂GTE
j (z)

∂z

∣∣∣∣
z=h

× H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g
deiγ ∗

i (z−h)

]
, (4.155)

Biz = −μ0I dl

4
sinφ ·

∑
j

ΛTE
j GTE

j (z)

∣∣∣∣
z=h

H
(1)
1

(
λ∗

j ρ
)
λ∗

j
2

× eiγ ∗
g
deiγ ∗

i (z−h). (4.156)

In Region 1 (air), we write

Eaρ = − iωμ0I dl

4
cosφ ·

[
−ik−2

a

∑
j

ΛTM
j

∂GTM
j (z)

∂z
H

(1)
1

′(
λ∗

j ρ
)
eiγ ∗

g
d

+ 1

ρ

∑
j

ΛTE
j GTE

j (z)H
(1)
1

(
λ∗

j ρ
)
eiγ ∗

g
d

]
, (4.157)
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Eaφ = iωμ0I dl

4
sinφ ·

[
− i

ρk2
a

∑
j

ΛTM
j

∂GTM
j (z)

∂z
H

(1)
1

(
λ∗

j ρ
)
λ∗−1

j eiγ ∗
g
d

+
∑
j

ΛTE
j GTE

j (z)H
(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g
d

]
, (4.158)

Eaz = −ωμ0I dl

4k2
a

cosφ ·
∑
j

ΛTM
j GTM

j (z)H
(1)
1

(
λ∗

j ρ
)
λ∗

j eiγ ∗
g
d
, (4.159)

Baρ = − iμ0I dl

4
sinφ ·

[
1

ρ

∑
j

ΛTM
j GTM

j (z)H
(1)
1

(
λ∗

j ρ
)
λ∗−1

j eiγ ∗
g d

− i
∑
j

ΛTE
j

∂GTE
j (z)

∂z
H

(1)
1

′(
λ∗

j ρ
)
λ∗

j eiγ ∗
g
d

]
, (4.160)

Baφ = − iμ0I dl

4
cosφ ·

[∑
j

ΛTM
j GTM

j (z)H
(1)
1

′(
λ∗

j ρ
)
eiγ ∗

g d

− i
1

ρ

∑
j

ΛTE
j

∂GTE
j (z)

∂z
H

(1)
1

(
λ∗

j ρ
)
eiγ ∗

g
d

]
, (4.161)

Baz = −μ0I dl

4
sinφ ·

∑
j

ΛTE
j GTE

j (z)H
(1)
1

(
λ∗

j ρ
)
λ∗

j
2eiγ ∗

g d . (4.162)

In these formulas, the excitation factors ΛTM
j and ΛTE

j , and the normalized height-

gain functions GTM
j (z) and GTE

j (z) are represented as follows:

ΛTM
j =

(
γ ∗
i

k2
i

− i γ ∗
a

k2
a

tanγ ∗
a h)

q ′(λ∗
j )

, (4.163)

ΛTE
j =

(
γ ∗
a

γ ∗
i

− i tanγ ∗
a h)

p′(λ∗
j )

, (4.164)

GTM
j (z) = [(k2

gγ
∗
a + k2

aγ
∗
g )e−iγ ∗

a z + (k2
gγ

∗
a − k2

aγ
∗
g )eiγ ∗

a z]
k2
gγ

∗
a

λ∗
j , (4.165)

GTE
j (z) = [(γ ∗

g
−1 + γ ∗

a
−1)e−iγ ∗

a z + (γ ∗
g

−1 − γ ∗
a

−1)eiγ ∗
a z
]
. (4.166)

4.4 Comparison and Analysis for Planar and Spherical Models

The physical problem addressed in this section is similar to some extent to that in
Sect. 2.4. The differences between them are as follows: (a) the excitation source in
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Sect. 2.4 is located on the ground surface or in the air, while it is buried in the Earth
and closed to the ground surface in this section; (b) the spherical model is adopted
in Sect. 2.4 and the planar model in this section. Therefore, it can be predicted that
the field distributions are basically similar for the planar and spherical models, but
there are also some there are differences.

In this section, the analytical formula for the vertical electric field Eaz can be
written in the following form:

Eaz = −ωμ0I dl

4k2
a

cosφ ·
∑
j

ΛTM
j GTM

j (z)H
(1)
1

(
λ∗

j ρ
)
λ∗

j eiγ ∗
g d . (4.167)

Correspondingly, the formula for the radial electric field Er is represented as
follows:

Er(r, θ,φ) = −I ds · η · cosφ · Δgs

2ha

∑
Λe

nFn(z)
∂Pν(cos(π − θ))

sinνπ · ∂θ
. (4.168)

From Eqs. (4.167) and (4.168), it is seen that the variations with the azimuth
angle of both the vertical electric component Ez for the planar model and the radial
electric component Er for the spherical model are described by the function cosφ.
It is noted that the vertical electric components Ez and Er , which only exist in
TM modes, can be expressed by the superposition of all propagation modes. The
changes of the components Ez and Er as the height are described by the height-
gain functions GTM

j (z) and Fn(z), respectively. Additionally, the changes of Ez and

Er as ρ̂ and θ̂ can be described by the functions H
(1)
1 (λ∗

j ρ) · λ∗
j and ∂Pν(cos(π−θ))

sinνπ·∂θ
,

respectively.
In what follows, we will examine the wave numbers of all propagation modes.
For the plane model, the characterized modes should satisfy the modal equation

(4.107). As addressed Sect. 4.3.1, with Eq. (4.110) being an initial approximation,
the modal equation can be solved accurately by using Newton’s iteration method.
We rewrite Eq. (4.110)

λ∗
0 = ka

[
1 + ΔiΔg + i

(Δi + Δg)

kah

]1/2

. (4.169)

With the substitution of Eq. (4.110), as an initial approximation, into Eq. (4.107),
the pole for the quasi-TEM waves can be determined accurately by using Newton’s
iteration method.

From Eqs. (4.110) and (4.117), we have

Cn = λn

ka
≈ nπ

kah

[
1 − ikah

(nπ)2
(Δi + Δg)

]
; n = 1,2,3, . . . (4.170)

For the spherical model, we take the first-order approximation

S0 ≈
[

1 + i(Δi + Δg)

kh

]1/2

. (4.171)
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In lower frequency ranges, the normalized surface impedance Δg for the ground
and Δi for the ionosphere are much less than 1. It is seen that there is no substantial
difference between Eqs. (4.110) and (4.171). For high-order modes of the spherical
model, it follows that

Cn = nπ

2kh
+
√(

nπ

2kh

)2

− i(Δg + Δi)

kh
. (4.172)

In SLF/ELF ranges, kh � 1. Then, Eq. (4.172) can be simplified to

Cn ≈ nπ

kah

[
1 − i(Δg + Δi)kah

(nπ)2

]
. (4.173)

It is seen that Eq. (4.173) is exactly the same as Eq. (4.170). That is to say, in
SLF/ELF ranges, the wave numbers for spherical model are in agreement with those
for plane model.

Obviously, it is necessary to examine the height-gain functions GTM
n (z) for the

plane model and Fn(z) for the spherical model. We rewrite

GTM
n (z) = 1

2

[(
1 + k2

aγ
∗
g

k2
gγ

∗
a

)
e−iγ ∗

a z +
(

1 − k2
aγ

∗
g

k2
gγ

∗
a

)
eiγ ∗

a z

]
, (4.174)

Fn(z) = 1

1 + Rg

[
exp

(
−ik

∫ z

0

√
C2

n + 2t

a
S2

n dt

)

+ Rg exp

(
ik
∫ z

0

√
C2

n + 2t

a
S2

n dt

)]
. (4.175)

In general, the conditions of k2
g � k2

a and k2
i � k2

a are satisfied in SLF/ELF
ranges. Letting Δg = ka/k∗

g and γ ∗
a = kCn, with Eq. (4.174), it follows that

GTM
n (z) = 1

1 + Rg

(
e−ikCnz + RgeikCnz

)
, (4.176)

where

Rg = Cn − Δg

Cn + Δg

. (4.177)

Considering the condition of z/a � 1 in the atmosphere, it is found that there
is no substantial difference between Eqs. (4.175) and (4.176). Concisely stated, in
SLF/ELF ranges, the height-gain functions for the spherical model are in agreement
with those for the plane model.

For the planar model, the change in the propagation direction (ρ̂ direction) is
described by the function H

(1)
1 (λ∗

j ρ) · λ∗
j . Letting λ∗

j = ka · Sj , and considering
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ka · Sj · ρ � 1, the Hankel function can be approximated by

H
(1)
1

(
λ∗

j ρ
) · λ∗

j ≈
√

2

πkaρ
ei(kaSj ρ− 3π

4 ) · S
1
2
j · ka. (4.178)

For the spherical model, the change in the propagation direction (θ̂ direction or

ρ̂ direction) is described by the function ∂Pν(cos(π−θ))
sinνπ·∂θ

. In SLF range, the condition
of ν(ν + 1) = k2

aa
2S2

n � 1 is satisfied. Thus, the Legendre function can be approxi-
mated as

Pν

(
cos(π − θ)

)≈ ( 1

2πν sin θ

) 1
2

e−ikaSnπ+i π
4 eikaSnθ . (4.179)

Considering that, in general, Sn has a large imaginary part, we have

sinνπ = e−ikaSnπ

2i
. (4.180)

Then, it follows that

Pν(cos(π − θ))

sinνπ
≈
√

2

πkaaSn · sin θ
· eikaSnθ−i π

4 , (4.181)

and

∂Pν(cos(π − θ))

sinνπ · ∂θ
≈
√

2

πkaa · sin θ
· ei π

4 · kaS
1
2
n eikaSnθ . (4.182)

Comparing Eq. (4.182) with (4.178), it is seen that there is only a difference of a
negative sign, and the factor ρ in Eq. (4.182) is replaced by the factor a sin θ .

In a similar manner, by ignoring some high-order values, it is found that the ex-
citation factors for the planar model and the spherical model are also consistent.
Comparing Eq. (4.167) with Eq. (4.168), it is found that there is an attenuation
factor eiγ ∗

g d for all modes in Eq. (4.167) for planar case. The greater the vertical dis-
tance d below the Earth’s surface is, the more the factor attenuates significantly. It
is well known that the wave, which is generated by a horizontal source in the Earth,
travels from the transmitting source a vertical distance d to the Earth’s surface, then
radially propagates in the air of the Earth–ionosphere waveguide, in which some
modes are excited, and finally in the ionosphere to the receiving point. Consider-
ing the strata of the Earth to be a lossy medium, the wave in the strata attenuates
as eiγ ∗

g d in the vertical direction, thus comparing those for a radiation source be-
ing located on the Earth’s surface, the formulas for the field components in the
Earth–ionosphere radiated by an underground radiation source should include an
attenuation factor eiγ ∗

g d .
Following the above analyses, it is seen that the expressions of the analytical so-

lutions for the plane model are entirely consistent with those for the spherical model.
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At large distance between the radiation source and observation point, for example
1,000 km or beyond, the effects by the Earth’s curvature should be considered, and
it is more suitable to treat the problem by employing the spherical model. From the
above analyses and discussions, the formulas of the electromagnetic field in the air
of the Earth–ionosphere waveguide generated by an underground HED are obtained
readily. We write

Er = −ηΔgI ds

2ha
cosφ

∑
n

Λe
nFn(z)

∂Pν(cos(π − θ))

sinνπ∂θ
· eiγ ∗

g d , (4.183)

Eθ = iηI ds

2ha
cosφ

{
iΔg

ka

∑
n

Λe
nS

−2
n

∂Fn(z)

k∂z

∂2Pν(cos(π − θ))

sinνπ∂θ2
· eiγ ∗

g d

− 1

ka sin θ

∑
m

Λh
mGm(z)S−2

m

∂Pμ(cos(π − θ))

sinμπ∂θ
eiγ ∗

g d

}
, (4.184)

Eφ = ηI ds

2ha
sinφ

{
Δg

ka sin θ

∑
n

Λe
nS

−2
n

∂Fn(z)

k∂z

∂Pν(cos(π − θ))

sinνπ∂θ
· eiγ ∗

g d

− i

ka

∑
m

Λh
mGm(z)S−2

m

∂2Pμ(cos(π − θ))

sinμπ∂θ2
· eiγ ∗

g d

}
, (4.185)

Hr = I ds

2ha
sinφ

∑
m

Λh
nGm(z)

∂Pμ(cos(π − θ))

sinμπ∂θ
· eiγ ∗

g d , (4.186)

Hθ = I ds

2ha
sinφ

{ −iΔg

ka sin θ

∑
n

Λe
nS

−2
n Fn(z)

∂Pν(cos(π − θ))

sinνπ∂θ
· eiγ ∗

g d

+ 1

ka

∑
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mS−2

m

∂Gm(z)

k∂z

∂2Pμ(cos(π − θ))

sinμπ∂θ2
· eiγ ∗

g d

}
, (4.187)

Hφ = I ds

2ha
cosφ

{−iΔg

ka

∑
n

Λe
nS

−2
n Fn(z)

∂2Pν(cos(π − θ))

sinνπ∂θ2
· eiγ ∗

g d

+ 1

ka sin θ

∑
m

Λh
mS−2

m

∂Gm(z)

k∂z

∂Pμ[cos(π − θ)]
sinμπ∂θ

· eiγ ∗
g d

}
. (4.188)

In the above formulas, the excitation factors, the height-gain functions, and the
modal equations are defined as in Chap. 2.

4.5 Computations and Conclusions

With Newton’s iteration method and the initial value of the modal equation, the
poles, which correspond to the propagation modes, can be identified. Furthermore,
the attenuation rate and the normalized horizontal wave number, which correspond
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Fig. 4.2 The attenuation rate
and normalized horizontal
wave number versus the
operating frequency for TEM
mode: h = 75 km,
σg = 10−3 S/m, and
σg = 10−5 S/m

Fig. 4.3 The attenuation rate
and normalized horizontal
wave number versus the
operating frequency for TM1
mode: h = 75 km,
σg = 10−3 S/m, and
σg = 10−5 S/m

Fig. 4.4 The attenuation rate
and normalized horizontal
wave number versus the
operating frequency for TM2
mode: h = 75 km,
σg = 10−3 S/m, and
σg = 10−5 S/m
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Fig. 4.5 The magnitudes of
the vertical electric field Eaz

versus the propagation
distance: h = 75 km,
σg = 10−3 S/m,
σg = 10−5 S/m, φ = 0,
d = 1 km, and z = 0

Fig. 4.6 The magnitudes of
the vertical electric field Eaz

versus the propagation
distance: h = 75 km,
σg = 10−3 S/m,
σg = 10−5 S/m, φ = 0,
d = 10 km, and z = 0

to each mode, are obtained readily. Graphs of the attenuation rate and the normalized
wave number versus the operating frequency for TEM-, TM1-, and TM2-modes in
SLF/ELF ranges are shown in Figs. 4.2, 4.3, 4.4, respectively. It is noted that the at-
tenuation rate and the normalized wave number are represented by 20 log10(e

Imλ∗
j ·ρ

)

in dB/Mm and (Reλ∗
j )/ka , respectively. λ∗

j is the j th root of the pole Eq. (4.107).
In these computations, the ionospheric height is assumed to be h = 75 km, and the
conductivity of the Earth and that of the ionosphere are taken to be σg = 10−3 S/m,
and σg = 10−5 S/m, respectively.

Comparing to available corresponding results in SLF range (Casey 2002), it is
found that the numerical results obtained for the attenuation rate and the normalized
horizontal wavenumber are in agreement with those by Casey (2002). This indicates
that the calculated results in this chapter are correct.

Assuming that the unit HED is buried below the Earth’s surface with a depth of
d = 1 km, and the observation point is on the Earth’s surface, z = 0, and with φ = 0,
the magnitudes of the vertical electric field Eaz are computed at several different
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frequencies and shown in Fig. 4.5. With the same parameters in Fig. 4.5, in the case
that the unit HED is buried below the Earth’s surface with a depth of d = 10 km, the
corresponding results are shown in Fig. 4.6. From these results, it is seen that the
deeper the buried depth of the dipole source, the higher the operating frequency, the
larger the absorption loss is.
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Chapter 5
Propagation of SLF/ELF Waves in Anisotropic
Ionosphere

In this chapter, the propagation of SLF/ELF electromagnetic waves in the anisotropic
ionosphere is treated analytically and numerically. Because of the fact that the lower
ionosphere varies greatly with height, the lower ionosphere can be regarded as a hor-
izontally stratified anisotropic plasma for SLF/ELF electromagnetic waves. Finally,
some new numerical results and discussions are also given.

5.1 Introduction

Because of the existence of the geomagnetic field, the ionosphere behaves as re-
markably anisotropic properties in LF/VLF/ELF ranges. In the past 60 years, the
propagation of LF/VLF/ELF waves in a homogeneous ionosphere has been investi-
gated widely, while the investigation on LF/VLF/ELF wave propagation in an inho-
mogeneous ionosphere is seldom reported.

In the past two decades, few attempts of making the experiments on the direct
excitation of VLF/SLF waves in ionosphere were undertaken (Armand et al. 1988;
Bannister et al. 1993). It is known that the new programmes of the active VLF/SLF
wave experiments with the use of large loop antenna or line antenna onboard a
spacecraft are carried out (Bannister et al. 1993). Also, the programmes in which
the space borne VLF/SLF receiving experiments are used to study earthquake are
carried out (Serebryakova et al. 1992). In the past two decades, the relations be-
tween the ionospheric propagation of VLF/SLF/ELF waves and earthquake have
been treated widely by many investigators (Serebryakova et al. 1992; Ozaki et al.
2004). It is seen that VLF/SLF/ELF wave propagation will penetrate the lower iono-
sphere from the ionospheric F2-layer to Earth’s surface or from the Earth’s surface
to the ionospheric F2-layer. Therefore, it is necessary to carry out VLF/SLF/ELF
wave propagation in the lower ionosphere analytically.

In the past century, the theory and experiment of SLF/ELF wave propagation
have been treated by many investigators and the findings are well summarized by
Wait (1970) and Galejs (1972). In the available paper by Xia and Chen (2000), by

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_5,
© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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using the matrix-exponent formulations, the wave radiation and propagation in a
stratified anisotropic plasma are analyzed and computed numerically. In the works
by Li et al. (Li and Pan 1999; Li et al. 2011), the solution of the propagation of
VLF/ELF electromagnetic waves penetrating the lower ionosphere is carried out,
and analytical formulas are obtained for the electromagnetic field components on
the sea surface generated by a space borne loop antenna. In the technical report
by Chen et al. (2009), considering the case of oblique incidence, the reflection and
transmission of SLF/ELF waves by the inhomogeneous ionosphere is investigated
analytically and numerically by using matrix-exponent formulations.

Considering that the main parameters of the ionosphere, including electron and
ion densities, and electron and ion collision frequencies, changed significantly with
the height above the Earth’s surface, and their changes along the horizontal direction
are relatively slowly, the ionosphere is regarded as a horizontal stratified anisotropic
plasma. In this chapter, based on the technical report (Chen et al. 2009), the reflec-
tion and transmission of SLF/ELF waves by the ionosphere are treated by using the
matrix method and numerically. Some new numerical results and discussions are
also presented.

5.2 Propagation of SLF/ELF Waves in Homogeneous
Anisotropic Ionosphere

In this section, we will attempt to treat analytically SLF/ELF wave propagation in a
homogeneous anisotropic ionosphere.

5.2.1 SLF/ELF Wave Propagation in Homogeneous Anisotropic
Ionosphere

Considering the effect of the geomagnetic field, the ionosphere is regarded as an
anisotropic plasma, which is characterized by the tensor permittivity ¯̄ε. Let l, m, and
n be the direction cosines of the geomagnetic field B0 in the x̂, ŷ, and ẑ directions,
then the tensor permittivity ¯̄ε can be written in the 3 × 3 matrix form. It is

ε̂ = ε0[I + M] (5.1)

where ε0 is the free-space permittivity; I is 3 × 3 unit matrix; and M is the suscep-
tibility of the ionosphere, which is given by

M = Me + Mi , (5.2)

where
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Me = −Xe

Ue(U2
e − Y 2

e )

×
⎡⎣ U2
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e inYeUe − lmY 2
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e
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e U2

e − m2Y 2
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e
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e U2
e − n2Y 2
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Mi = −Xi
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2
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i )

×
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i − l2Y 2
i inYiUi − lmY 2

i −imYiUi − lnY 2
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i U2
i − m2Y 2
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i

imYiUi − lnY 2
i −ilYiUi − mnY 2

i U2
i − n2Y 2

i

⎤⎦ , (5.4)

where

Ue = 1 + i
νe

ω
; Ui = 1 + i

νi

ω
, (5.5)

Xe = ω2
0e

ω2
; Xi = ω2

0i

ω2
, (5.6)

ω2
0e = Nee

2

ε0me

; ω2
0i = Ni(zie)

2

ε0mi

, (5.7)

Ye = ω
(e)
H

ω
; ω

(e)
H =

∣∣∣∣eB0

me

∣∣∣∣, (5.8)

Yi = ω
(i)
H

ω
; ω

(i)
H = −

∣∣∣∣eziB0

mi

∣∣∣∣. (5.9)

In the above formulas, ω is the operating angular frequency; Me and Mi are the
susceptibility matrix for electrons and heavy ions respectively. ω0e is the angular
plasma frequency for electrons, and Ne is the electron density. ω0i is the angular
plasma frequency for heavy ions, and Ni is the number density of heavy ions. ω

(e)
H

and ω
(i)
H are the gyro-frequency for electrons and heavy ions, respectively.

If Ni is the same order as Ne, it is clear that Xi is negligibly small compared
with Xe. Namely, in the case of Ni ∼ Ne, the effect of heavy ions can be neglected
entirely. Only in the case of Ni � Ne will the effect by Xi of the heavy ions be im-
portant. From the available monograph by Budden (1961), it is seen that for all but
the very lowest frequency Yi is very small compared with unity. That is to say, the
anisotropic characteristics affected by heavy ions may be considered in ELF range,
even to the lower end of SLF range. According to the analysis in the technical report
by Chen et al. (2009), it is seen that when both the transmitting source and the re-
ceiving point are located under the lower boundary of the ionosphere, the effects by
the heavy ions can still be neglected in SLF/ELF ranges. When the electromagnetic
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Fig. 5.1 The physical model
for incidence, reflection, and
refraction by the ionospheric
sharp boundary

waves penetrate the ionosphere, the anisotropic characteristics affected by the heavy
ions should be considered in ELF range or the lower end of SLF range.

As shown in Fig. 5.1, we take the vertical direction as ẑ axis in a Cartesian co-
ordinate system, and assume that the propagation direction in the horizontal plane
is on x̂ direction. For the simplicity of the analysis, the ionosphere is idealized as a
homogeneous anisotropic plasma, and the sharp air–ionosphere boundary is located
in the plane of z = z0.

According to the waveguide propagation theory addressed in the preceding chap-
ters, the SLF/ELF field in the Earth–ionosphere waveguide or cavity can be regarded
as a superposition of multiple propagation modes and each mode includes the inci-
dent wave and its reflected wave with a certain incident angle. For the quasi-TEM
mode, the sine of the incident angle can be expressed in the form

S0 ≈
[

1 + i(Δg + Δi)

kh

]1/2

. (5.10)

Correspondingly, for the n-order TM mode, we have

Sn =
√

1 − C2
n; Cn ≈ nπ

kh

[
1 − ikh(Δi + Δg)

(nπ)2

]
. (5.11)

As shown in Fig. 5.1, the changes of all propagation modes in the air and iono-
sphere along the horizontal directions should meet the following relations:

∂

∂x
= ikSj ; j = 0,1,2, . . . , n, (5.12)

∂

∂y
= 0. (5.13)
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From the Maxwell equation of ∇ × H = −iωε̂E, we have

− ∂

∂z
Hy = −iωε0

[
(1 + Mxx)Ex + MxyEy + MxzEz

]
∂

∂z
Hx − ikSjHz = −iωε0

[
MyxEx + (1 + Myy)Ey + MyzEz

]
ikSjHy = −iωε0

[
MzxEx + MzyEy + (1 + Mzz)Ez

]

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
. (5.14)

Similarly, from the Maxwell equation of ∇ × E = iωμ0H , we have

− ∂

∂z
Ey = iωμ0Hx

∂

∂z
Ey − ikSjEz = iωμ0Hy

ikSjEy = iωμ0Hz

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
. (5.15)

With the simultaneous equations (5.14) and (5.15), and eliminating the vertical
components Ez and Hz, we readily obtain

1

ik

dEx

dz
= −SjMzx

1 + Mzz
Ex − SjMzy

1 + Mzz
Ey +

C2
j

+ Mzz

1 + Mzz
hy

1

ik

dEy

dz
= −hx

1

ik

dhx

dz
=
(

−Myx + MyzMzx

1 + Mzz

)
Ex −

(
C2

j + Myy − MyzMzy

1 + Mzz

)
Ey + SjMyz

1 + Mzz
hy

1

ik

dhy

dz
=
(

1 + Mxx − MxzMzx

1 + Mzz

)
Ex +

(
Mxy − MxzMzy

1 + Mzz

)
Ey − SjMxz

1 + Mzz
hy

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

(5.16)
where

C2
j = 1 − S2

j ; h = ηH =
√

μ0

ε0
H. (5.17)

If the column vector ẽ is represented in the form of

ẽ = [Ex −Ey hx hy]T , (5.18)

and the matrix T is written as

T =

⎡⎢⎢⎢⎢⎣
−SMzx

1+Mzz

SMzy

1+Mzz
0 C2+Mzz

1+Mzz

0 0 1 0
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0 SMyz
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− Mxy 0 −SMxz
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⎤⎥⎥⎥⎥⎦ , (5.19)
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Equation (5.16) can be rewritten as follows:

dẽ

dz
= ikTẽ. (5.20)

In this section, the ionosphere is a regarded as homogeneous anisotropic plasma
with a sharp boundary, it is seen that all elements in the matrix T in Eq. (5.19)
are constants, which do not vary with in spatial position. Therefore, for the matrix
equation (5.19), there should be four eigenvalues and the corresponding four eigen-
vectors. We write

T · ẽj = Dj ẽj ; j = 1,2,3,4. (5.21)

Obviously, they correspond to the four characteristic waves in the ionosphere,
which the propagation spatial variation is described by an exponential function. We
write

ẽj = ẽj |z=z0 · eikDj (z−z0). (5.22)

The eigenvalues Dj (j = 1,2,3,4) represents the normalized wave numbers and
the attenuation rates of the characteristic waves in the ionosphere. The eigenvalues
Dj of the matrix T are determined by the following equation:

det
[
T − Dj [I]

]= 0, (5.23)

where [I] is the 4×4 unit matrix and “det” represents the determinant of the matrix.
Assuming that the geomagnetic field has an angular Ω with the ẑ direction, and

its projection in the horizontal plane has an angular φ with the x̂ direction, the di-
rectional cosines of the geomagnetic field in the Cartesian coordinate system are ex-
pressed as sinΩ cosφ, sinΩ sinφ, and cosΩ , respectively. In the following deriva-
tions and analyses, we will neglect the contribution to the permittivity tensor by the
ions in the ionosphere. We denote

X = ω2
0e

ω2
; Z = ν

ω
; t = 1 + iZ

X
; Y = ωT e

ω
, (5.24)

h = Y

X
; hL = h cosΩ; hT = h sinΩ, (5.25)

then, the elements in the matrix M, which represents the susceptibility of the iono-
sphere, are denoted as follows:

Mxx = − t2 − h2
T cos2 φ

t(t2 − h2)
; Mxy = h2

T sinφ cosφ + ihLt

t (t2 − h2)
, (5.26)

Mxz =hLhT cosφ − ihT t sinφ

t(t2 − h2)
; Myx = h2

T cosφ sinφ − ihLt

t (t2 − h2)
, (5.27)

Myy = − t2 − h2
T sin2 φ

t(t2 − h2)
; Myz = hLhT sinφ + ihT t cosφ

t(t2 − h2)
, (5.28)
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Mzx = hLhT cosφ + ihT t sinφ

t(t2 − h2)
; Mzy = hLhT sinφ − ihT t cosφ

t(t2 − h2)
, (5.29)

Mzz = − t2 − h2
L

t (t2 − h2)
. (5.30)

Substituting Eqs. (5.26)–(5.30) into Eq. (5.23), we obtain the following Booker
quartic equation:

b4D
4 + b3D

3 + b2D
2 + b1D + b0 = 0, (5.31)

where

b4 = t
(
t2 − h2)− t2 + h2

L, (5.32)

b3 = 2S cosφhLhT , (5.33)

b2 = 2t
{(

1 − S2)h2 − (t − 1)
[(

1 − S2)t − 1
]}

− h2
T

(
1 − S2 cos2 φ

)− h2
L

(
2 − S2), (5.34)

b1 = −2
(
1 − S2)S cosφhLhT , (5.35)

b0 = (t − 1)
{[(

1 − S2)t − 1
]2 − (1 − S2)2h2

T cos2 φ
}

− (1 − S2)[(1 − S2)t − 1
](

h2
T sin2 φ + h2

L

)
. (5.36)

From the complex coefficient algebraic quartic equation (5.31), it is seen that
this equation has four roots, where the two roots in the first quadrant represent
the upward characteristic waves, and the other two in the third quadrant represent
the downward characteristic waves. When the waves from below penetrate into the
ionosphere, considering that the ionosphere is a homogeneous anisotropic plasma,
the waves will not encounter the reflections by the uneven surface, and there are
only upward waves in the ionosphere.

Obviously, this algebraic equation can be solved readily by the traditional
method. It can also be solved by the numerical method which is used to solve a
transcendental equation.

When the eigenvalues of the matrix T are solved, the corresponding eigenvectors
are obtained easily. Thus, the wave polarizations are determined uniquely. If we
take the component Ey as a reference, the ratios of the rest component to Ey can be
obtained readily. We write

P = Ex

Ey

= 1

M

[
h2

Lh2
T sin2 φ + h2

T t2 cos2 φ

t2(t2 − h2)2

(
1 − S2 − D2 − t2 − h2

T sin2 φ

t(t2 − h2)

)

−
(

1 − S2 − t2 − h2
L

t (t2 − h2)

)]
, (5.37)
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Q = Ez

Ey

= 1

M

{[
1 − S2 − D2 − t2 − h2

T sin2 φ
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]
− (h2

T cosφ sinφ − ihLt)(hT hL sinφ − ihT t cosφ)

t2(t2 − h2)2

}
, (5.38)

ηHz

Ey

= S, (5.39)

ηHx

Ey

= −D, (5.40)

ηHy

Ey

= T = DP − SQ, (5.41)

where

M =
[

1 − S2 − t2 − h2
L

t (t2 − h2)

]
h2

T cosφ sinφ − ihLt

t (t2 − h2)

−
[
SD + hLhT cosφ + ihT t sinφ

t(t2 − h2)

][
hLhT sinφ + ihT t cosφ

t(t2 − h2)

]
. (5.42)

In Eqs. (5.37)–(5.41), corresponding to the two different characteristic waves, the
normalized characteristic wave numbers D are different from each other. In general,
the two characteristic waves are distinguished as the ordinary wave (O-wave) and
extraordinary wave (E-wave). Then, the two upward waves in the ionosphere are
expressed as follows:

Eox = Po

Eoy = 1
Eoz = Qo

ηHox = −Do

ηHpy = To

ηHoz = S

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭AoeikDo(z−z0)eikSx, (5.43)

and

Eex = Pe

Eey = 1
Eez = Qe

ηHex = −De

ηHey = Te

ηHez = S

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
AeeikDe(z−z0)eikSx. (5.44)

For SLF/ELF waves in the space between the Earth’s surface and the lower
boundary of the ionosphere, the main propagating mode may be understood as a
vertically polarized TM0 mode. This mode may be regarded as the superposition of
the incident wave and its reflected wave with the sine of the incident angle S0. If we
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take the component ηHy as a reference, the components of the incident wave are
expressed in the following forms:[

Exi

Ezi

ηHyi

]
=
[

C
−S
1

]
eikC(z−z0)eikSx. (5.45)

Correspondingly, a reflected wave will be produced in the air–ionosphere inter-
face. The propagating properties of the reflected wave should be consistent with
those of the incident wave in the x̂ direction, while the properties are opposite in the
ẑ direction. Thus, it follows that⎡⎣ Exr

Ezr

ηHyr

⎤⎦=
⎡⎣−C

−S

1

⎤⎦ ‖R‖e−ikC(z−z0)eikSx, (5.46)

where ‖R‖ represents the reflection coefficient, and the subscript ‖ indicates that
the polarization of the incident wave and that of the reflected wave are in the same
incident plane.

Considering the effects by the geomagnetic field, the ionosphere is regarded as
an anisotropic plasma. Generally, the propagating wave in the ionosphere has six
components. Besides the original polarized TM mode, the new polarized TE mode is
generated. Thus, another reflected wave appears, which is expressed in the following
form: ⎡⎣ Eyr

ηHxr

ηHzr

⎤⎦=
⎡⎣ 1

C

S

⎤⎦ ‖R⊥e−ikC(z−z0)eikSx, (5.47)

where the subscript ⊥ in the reflection coefficient ‖R⊥ indicates that the polarization
plane of the reflected wave is perpendicular to the incident plane.

From the boundary condition in the air–ionosphere interface, we have

C(1 − ‖R‖) = AoPo + AePe

‖R⊥ = Ao + Ae

C‖R⊥ = −DoAo − DeAe

1 + ‖R‖ = ToAo + TeAe

⎫⎪⎪⎬⎪⎪⎭ . (5.48)

By solving the above equations, it follows that

Ao = −2C(C + De)

(C + Do)(Pe + CTe) − (C + De)(Po + CTo)

Ae = 2C(C + Do)

(C + Do)(Pe + CTe) − (C + De)(Po + CTo)

‖R‖ = (C + De)(Po − CTo) − (C + Do)(Pe − CTe)

(C + Do)(Pe + CTe) − (C + De)(Po + CTo)

‖R⊥ = 2C(Do − De)

(C + Do)(Pe + CTe) − (C + De)(Po + CTo)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (5.49)
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It is noted that Eq. (5.31) will be reduced to a quasi-quadratic equation, which
can be solved easily, in the following three special cases:

• Case 1: hL = 0, i.e. the geomagnetic field is horizontal, which is applied to the
case near the geomagnetic equator.

• Case 2: hT = 0, i.e. the geomagnetic field is perpendicular to the Earth’s surface,
which is corresponded to the case near the two geomagnetic poles.

• Case 3: φ = 90◦ or φ = 270◦, i.e. the propagation direction is eastward or west-
ward.

The solutions of the quasi-quadratic equation are written in the forms

D2
o =

−b2 +
√

b2
2 − 4b0b4

2b4
; D2

e =
−b2 −

√
b2

2 − 4b0b4

2b4
. (5.50)

In the case of hL = 0, the polarization factors are simplified as follows:

P = 1

M

{
h2 cos2 φ

(t2 − h2)2
−
[

1 − S2 − D2 − t2 − h2 sin2 φ

t(t2 − h2)

]
×
(

1 − S2 − t

t2 − h2

)}
, (5.51)

M =
(

1 − S2 − t

t2 − h2

)
h2 cosφ sinφ

t(t2 − h2)
− ih cosφ

t2 − h2

(
SD + ih sinφ

t2 − h2

)
, (5.52)

Q = 1

M

{[
1 − S2 − D2 − t2 − h2 sin2 φ

t(t2 − h2)

](
SD + ih sinφ

t2 − h2

)
+ ih3 cos2 φ sinφ

t(t2 − h2)2

}
. (5.53)

In the case of φ = 90◦ or φ = 270◦, both the molecules and the denominator in
Eqs. (5.51) and (5.53) are simultaneously 0. Thus, this case need to be treated in an
additional manner.

When both the conditions hL = 0 and φ = 90◦ or φ = 270◦ are satisfied, the
solutions of the quasi-quadratic equation are obtained readily. We write

D2
o = C2 − 1

t
; D2

e = C2 − t − 1

t2 − h2 − t
. (5.54)

Correspondingly, the two characteristic waves are expressed in the forms

Exo = 0
Eyo = 1
Ezo = 0

ηHxo = −Do

ηHyo = 0
ηHzo = S

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
AoeikDo(z−z0)eikSx, (5.55)
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Fig. 5.2 The real part of Do

versus the operating
frequency at different
collision frequencies:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦

and

Exe = 1
Eye = 0
Eze = L

ηHxe = 0
ηHye = De − SL

ηHze = 0

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
AeeikDe(z−z0)eikSx, (5.56)

where

L = SDe(t
2 − h2) + ih sinφ

t − C2(t2 − h2)
. (5.57)

With boundary condition equations, it is solved readily:

‖R‖ = C(SL − De) + 1

C(SL − De) − 1

Ao = ‖R⊥ = 0

Ae = − 2C

C(SL − De) − 1

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
. (5.58)

5.2.2 Computations and Discussions

With Ω = 45◦ and φ = 45◦, the real and imaginary parts of the normalized wave
numbers D0 and De are computed in the ranges from 3 Hz to 300 Hz and shown
in Figs. 5.2, 5.3, 5.4, 5.5. In the above computations, we assume that the electron
plasma angular frequency is taken as ω0e = 6.67 × 107 rad/s, the geomagnetic field
strength is B0 = 0.5 × 10−4 T.
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Fig. 5.3 The imaginary part
of Do versus the operating
frequency at different
collision frequencies:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦

Fig. 5.4 The real part of De

versus the operating
frequency at different
collision frequencies:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦

Fig. 5.5 The imaginary part
of De versus the operating
frequency at different
collision frequencies:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦
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Fig. 5.6 The real part of De

versus the angle φ at
f = 30 Hz:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
ν = 103 s−1

From these computations for SLF/ELF ranges, it is concluded as follows:

• The real and imaginary parts of D0 are positive, while the real part is much
smaller than the imaginary part. That is to say, when the ordinary wave propa-
gation is upward in the ionosphere, the amplitude attenuates quickly, while the
phase change is very small. Thus, the ordinary wave is a rapid evanescent wave.

• The real and imaginary parts of De are also positive, but the real part is much
larger than the imaginary part. Then, it is seen that the extraordinary wave can
propagate in the ionosphere with little attenuation.

• The imaginary part of De is decreased with the decrease of the collision frequency
ν, the attenuation of the extraordinary wave mainly results by the collision absorp-
tion. In the ionosphere, the electron collision frequency ν will decrease with the
increase of the height z above the Earth’s surface. Therefore, the ionosphere at-
tenuation occurs mainly in the lower ionosphere, for which the ionosphere height
is in the range of 70–100 km. Above the lower ionosphere, the collision frequency
ν becomes small, and the attenuation of the extraordinary wave will be small, too.

• The real and imaginary parts of Do and those of De will decrease with the in-
crease of the operating frequency.

We assume that the angular plasma frequency is ω0e = 6.67 × 107 rad/s, the
electron collision frequency is ν = 103 s−1, the operating frequencies are taken as
f = 30 Hz and 300 Hz, and the angle Ω are taken as 75◦, 45◦, and 15◦, respectively.
In the case of the incident wave being TEM wave, the real and imaginary parts of
De versus the angle φ are computed and shown in Figs. 5.6, 5.7, 5.8, 5.9. From the
above calculated results, we conclude as follows:

• The real and imaginary parts of De to the azimuth are symmetrical. The minima
of the real and imaginary parts are at φ = 0 or 360◦, while the maxima at φ =
180◦.

• The real and imaginary parts of De at lower latitudes are larger than those at the
higher latitudes, and the directional effect is more significant.
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Fig. 5.7 The imaginary part
of De versus the angle φ at
f = 30 Hz:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
ν = 103 s−1

Fig. 5.8 The real part of De

versus the angle φ at
f = 300 Hz:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
ν = 103 s−1

Fig. 5.9 The imaginary part
of De versus the angle φ at
f = 300 Hz:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
ν = 103 s−1
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• The higher the operating frequency is, the smaller the real and imaginary parts of
De are.

Assuming that the angular plasma frequency is ω0e = 6.67 × 107 rad/s, the ge-
omagnetic inclination angle is Ω = 45◦, and the electron collision frequency is
ν = 103 s−1, the reflection coefficients ‖R‖ and ‖R⊥ and the transmission coef-
ficients Ao and Ae versus the operating frequency are computed and shown in
Figs. 5.10–5.13. From Figs. 5.10 and 5.11, it is seen that the amplitudes of ‖R‖
and ‖R⊥ are close to 1 and 0, respectively. It is indicated that, if the incident wave
is vertically polarized, the reflected wave is primarily the vertically polarized wave,
and the horizontally polarized wave is very small. From Figs. 5.12 and 5.13, it is
seen that both the amplitudes of Ao and Ae are very small, and their phase differ-
ence is 90◦.

With the same parameters as above except for the plasma angular frequency be-
ing taken as ω0e = 3.33 × 106 rad/s, the reflection coefficients ‖R‖ and ‖R⊥ are
computed and shown in Figs. 5.14 and 5.15, respectively. Comparing Fig. 5.14 with
Fig. 5.10, it is found that the lower the angular plasma frequency is, the smaller the
reflection coefficient ‖R‖ is.

With f = 30 Hz, B0 = 0.5 × 10−4 T, ω0e = 6.67 × 107 rad/s, Ω = 45◦, and ν =
103 s−1, the reflection coefficients ‖R‖ and ‖R⊥ and the transmission coefficients
Ao and Ae versus the angle φ are computed and shown in Figs. 5.16, 5.17, 5.18,
5.19, respectively.

We assume that the angular plasma frequency is ω0e = 6.67 × 107 rad/s, the
electron collision frequency is ν = 103 s−1, the operating frequencies are taken as
f = 30 Hz, and the angle Ω is taken as 75◦, 45◦, and 15◦, respectively. In the case of
the incident wave being a TEM wave, the magnitudes of the reflection coefficients
‖R‖ and ‖R⊥ versus the angle φ are computed and shown in Figs. 5.20–5.21. From
the above calculated results, it is concluded as follows:

• The minimum for the magnitude of the reflection coefficient ‖R‖ is at φ = 90◦,
while the maximum at φ = 270◦.

• The minimum for the magnitude of the reflection coefficient ‖R⊥ is at φ = 180◦,
while the maximum at φ = 0◦ or 360◦.

• The magnitudes of the reflection coefficients ‖R‖ at lower latitudes are larger than
those at the higher latitudes, and the directional effect is more significant.

5.3 Propagation of SLF/ELF Waves in Inhomogeneous
Anisotropic Ionosphere

In this section, the inhomogeneous ionosphere is idealized as a horizontal stratified
anisotropic plasma. In what follows, we will attempt to treat analytically SLF/ELF
wave propagation for a horizontal stratified anisotropic ionosphere.
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Fig. 5.10 The magnitudes
and phases of the reflection
coefficient ‖R‖ versus the
operating frequency:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦, ν = 103 s−1

Fig. 5.11 The magnitudes
and phases of the reflection
coefficient ‖R⊥ versus the
operating frequency:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦, ν = 103 s−1

Fig. 5.12 The magnitudes
and phases of the
transmission coefficient Ao

versus the operating
frequency: B0 = 0.5 × 10−4

T, ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦, ν = 103 s−1
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Fig. 5.13 The magnitudes
and phases of the
transmission coefficient Ae

versus the operating
frequency:
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = φ = 45◦, ν = 103 s−1

Fig. 5.14 The magnitudes
and phases of the reflection
coefficient ‖R‖ versus the
operating frequency:
B0 = 0.5 × 10−4 T,
ω0e = 3.33 × 106 rad/s,
Ω = φ = 45◦, ν = 103 s−1

Fig. 5.15 The magnitudes
and phases of the reflection
coefficient ‖R⊥ versus the
operating frequency:
B0 = 0.5 × 10−4 T,
ω0e = 3.33 × 106 rad/s,
Ω = φ = 45◦, ν = 103 s−1
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Fig. 5.16 The magnitudes
and phases of the reflection
coefficient ‖R‖ versus the
angle φ: f = 30 Hz,
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = 45◦, ν = 103 s−1

Fig. 5.17 The magnitudes
and phases of the reflection
coefficient ‖R⊥ versus the
angle φ: f = 30 Hz,
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = 45◦, ν = 103 s−1

5.3.1 SLF/ELF Wave Propagation in Stratified Anisotropic
Ionosphere

As shown in Fig. 5.22, the lower ionosphere is divided into N layers; each interface
between two layers is parallel to the plane of the ground; and each layer is regarded
as a homogeneous anisotropic plasma. Above the height zn, the region is regarded as
a homogeneous anisotropic plasma with a sharp boundary. Each layered plasma can
be characterized by the tensor permittivity ¯̄εi , which is determined by the parameters
including the electron and ion densities, the collision frequencies of the electron and
ion, the geomagnetic field strength, and so on.

Considering the ionosphere is a stratified anisotropic plasma, the wave will en-
counter reflection in the interface between two layers in the ionosphere. As ad-
dressed in Sect. 5.2, it is seen that there exist two upward waves and the other two
downward waves. Note that the downward waves can be understood as the reflected
wave caused by the interface between two layers of the ionosphere. As for the two
upward waves, the first one is a rapidly evanescent wave, and the other one is a wave
which can propagate. It is similar for the two downward waves. The characteristics
for the two downward waves are also similar.
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Fig. 5.18 The magnitudes
and phases of the
transmission coefficient Ao

versus the angle φ:
f = 30 Hz,
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = 45◦, ν = 103 s−1

Fig. 5.19 The magnitudes
and phases of the
transmission coefficient Ae

versus the angle φ:
f = 30 Hz,
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
Ω = 45◦, ν = 103 s−1

For convenience in the description of the electromagnetic field in each layer, we
denote a column vector, which represents the four horizontal components in the ith
layer. We write

ẽi = [exi eyi hxi hyi]T . (5.59)

We assume that ẽ1
i , ẽ2

i , ẽ3
i , and ẽ4

i indicate the four eigenvectors in the ith layer,
which correspond to the four characteristic waves. Here ẽ1

i and ẽ2
i represent the two

upward waves, while ẽ3
i and ẽ4

i represent the two downward waves. The correspond-
ing eigenvalues are expressed as D1

i , D2
i , D3

i , and D4
i , respectively. Then, the field

components in the ith of the ionosphere are expressed as follows:

ẽi = A1
i ẽ

1
i · eikD1

i (z−zi−1) + A2
i ẽ

2
i · eikD2

i (z−zi−1)

+ A3
i ẽ

3
i eikD3

i (z−zi−1) + A4
i ẽ

4
i eikD4

i (z−zi−1). (5.60)

In the above formula, the first and second terms represent the two upward waves,
while the third and fourth terms represent the two downward waves. It is noted that
the reference plane is taken as the lower boundary zi−1 of the ith layer.
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Fig. 5.20 The magnitudes of
the reflection coefficient ‖R‖
versus the angle φ:
f = 30 Hz,
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s, and
ν = 103 s−1

Fig. 5.21 The magnitudes of
the reflection coefficient ‖R⊥
versus the angle φ:
f = 30 Hz,
B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 rad/s,
ν = 103 s−1

Fig. 5.22 The multi-layered
ionospheric model for
incidence, reflection, and
refraction of plane wave
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We denote that the 4 × 4 matrix [ei] is in the form of

[ei] = [ẽ1
i ẽ2

i ẽ3
i ẽ4

i

]; (5.61)

the matrix Di is a diagonal matrix,

[Di] =

⎡⎢⎢⎢⎣
eikD1

i (z−zi−1) 0 0 0

0 eikD2
i (z−zi−1) 0 0

0 0 eikD3
i (z−zi−1) 0

0 0 0 eikD4
i (z−zi−1)

⎤⎥⎥⎥⎦ ; (5.62)

and A is a column vector, which is written in the form of

Ai = [A1
i A2

i A3
i A4

i

]T
. (5.63)

Then, Eq. (5.60) can be rewritten in the following form:

ẽi = [ei] · [Di] · Ai . (5.64)

With the boundary condition at z = zi , it is follows that

ẽi+1|z=z1 = ẽi |z=z1 . (5.65)

It can be rewritten as follows:

[ei+1] · Ai+1 = [ei] · [D∗
i

] · Ai , (5.66)

where [D∗
i ] represents the value of Eq. (5.62) at z = zi . It is

[
D∗

i

]=
⎡⎢⎢⎢⎣

eikD1
i Δzi 0 0 0

0 eikD2
i Δzi 0 0

0 0 eikD3
i Δzi 0

0 0 0 eikD4
i Δzi

⎤⎥⎥⎥⎦ , (5.67)

where Δzi is the thickness of the ith layer of the ionosphere.
It is known that the four column vectors in the matrix [ei] represent the normal-

ized polarization factors of the four characteristic waves, and the four column vec-
tors are linearly independent. Thus, for the matrix [ei], there exists a corresponding
inverse matrix, and the recurrence relations are obtained readily. We write

Ai = [D∗
i

]−1 · [ei]−1 · [ei+1] · Ai+1; i = 1,2, . . . ,N, (5.68)

where

[
D∗

i

]−1 =

⎡⎢⎢⎢⎣
e−ikD1

i Δzi 0 0 0

0 e−ikD2
i Δzi 0 0

0 0 e−ikD3
i Δzi 0

0 0 0 e−ikD4
i Δzi

⎤⎥⎥⎥⎦ . (5.69)
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If the procedure in Eq. (5.68) is continued, it follows that

A1 = [D∗
1

]−1 · [e1]−1 · [e2] · [D∗
2

]−1 · [e2]−1 · [e3] · · ·
· [D∗

N

]−1 · [eN ]−1 · [eN+1] · AN+1. (5.70)

If the matrix [P ] is denoted by

[P ] = [D∗
1

]−1 · [e1]−1 · [e2] · [D∗
2

]−1 · [e2]−1 · [e3] · · ·
[
D∗

N

]−1 · [eN ]−1 · [eN+1].
(5.71)

Equation (5.70) can be rewritten in the form

A1 = [P ] · AN+1. (5.72)

In the N th layer, there does not exist an uneven surface. Thus, the wave will not
encounter the reflection, and there are only the upward waves in the N th layer of
the ionosphere. We write

AN+1 = [A1
N+1 A2

N+1 0 0
]T

. (5.73)

When the incident TM wave is below the z = z0 plane, the components of the
incident wave are expressed in the matrix form. We write⎡⎣ Exi

Ezi

ηHyi

⎤⎦=
⎡⎣ C

−S

1

⎤⎦ eikC(z−z0)eikSx. (5.74)

The horizontally and vertically polarized reflection waves are generated. They
are ⎡⎣ Exr

Ezr

ηHyr

⎤⎦=
⎡⎣−C

−S

1

⎤⎦ ‖R‖e−ikC(z−z0)eikSx, (5.75)

and ⎡⎣ Eyr

ηHxr

ηHzr

⎤⎦=
⎡⎣ 1

C

S

⎤⎦ ‖R⊥e−ikC(z−z0)eikSx. (5.76)

In the air below the plane z = z0, assuming that the horizontal magnetic field
component of the incident wave is normalized to 1, the four components can be
expressed in the following form:

e0|z=z0 =

⎡⎢⎢⎣
Ex

Ey

ηHx

ηHy

⎤⎥⎥⎦
∣∣∣∣∣∣∣∣
z=z0

=

⎡⎢⎢⎣
C(1 − ‖R‖)

‖R⊥
C ‖R⊥
1 + ‖R‖

⎤⎥⎥⎦ . (5.77)
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With the boundary conditions at the interface z = z0, it is seen that the field compo-
nents should be continuous. We have

ẽ0|z=z0 = ẽ1|z=z0 = [e1] · A1 = [e1] · [P ] · AN+1. (5.78)

In Eq. (5.71), each element of the matrix [P ] depends on the properties of the
ionosphere, the geomagnetic direction, and the incident angle, and it is independent
of the amplitude and polarization of the incident wave. When the matrix [P ] is
solved, for Eq. (5.78), there are only four unknown parameters: ‖R‖, ‖R⊥, A1

N+1,
and A2

N+1. It is noted that ‖R‖ and ‖R⊥ represent the reflection coefficients, while
A1

N+1 and A2
N+1 represent the transmission coefficients.

Let

[Q] = [e1] · [P ] =

⎡⎢⎢⎣
Q11 Q12 Q13 Q14
Q21 Q22 Q23 Q24
Q31 Q32 Q33 Q34
Q41 Q42 Q43 Q44

⎤⎥⎥⎦ , (5.79)

then the following equations are obtained readily:

C(1 − ‖R‖) = Q11A
1
N+1 + Q12A

2
N+1

‖R⊥ = Q21A
1
N+1 + Q22A

2
N+1

C‖R⊥ = Q31A
1
N+1 + Q32A

2
N+1

1 + ‖R‖ = Q41A
1
N+1 + Q42A

2
N+1

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
. (5.80)

Thus, the solutions are expressed as follows:

‖R‖ = (CQ21 − Q31)(CQ42 − Q12) − (CQ22 − Q32)(CQ41 − Q11)

(CQ21 − Q31)(CQ42 + Q12) − (CQ22 − Q32)(CQ41 + Q11)

‖R⊥ = 2C(Q21Q32 − Q22Q31)

(CQ21 − Q31)(CQ42 + Q12) − (CQ22 − Q32)(CQ41 + Q11)

A1
N+1 = −2C(CQ22 − Q32)

(CQ21 − Q31)(CQ42 + Q12) − (CQ22 − Q32)(CQ41 + Q11)

A2
N+1 = 2C(CQ21 − Q31)

(CQ21 − Q31)(CQ42 + Q12) − (CQ22 − Q32)(CQ41 + Q11)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

(5.81)

5.3.2 Computations and Discussions

In general, the changes of the ionosphere’s electrical parameters with the ionosphere
height are dependent on the geographic latitude, season, and local time. According
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to the data in Tables 1.2 and 1.3 in the book Blaunstein and Plohotniuc (2008), the
profiles for the ionospheric electron density and the electron collision frequency for
daytime and nighttime can be obtained readily.

By using the method addressed in Sect. 5.3.1, the following computations are
carried out. We assume that the ionospheric parameters are taken as those for night-
time model as shown in Table 2.1 in Chap. 2, the geomagnetic field strength is
B0 = 0.5 × 10−4 T, and the angles Ω and φ are taken as Ω = φ = 45◦, the reflec-
tion coefficients ‖R‖ and ‖R⊥ and the transmission coefficients A1

N and A2
N versus

the incident angle θ are computed at f = 30 Hz and f = 300 Hz, and shown in
Figs. 5.23 and 5.24, respectively. From the above calculated results, we conclude as
follows:

• The magnitudes of the reflection coefficient ‖R‖ are close to 1, and it indicates
that the ionosphere has good reflection characteristics in the SLF/ELF ranges.

• The magnitudes of the reflection coefficient ‖R⊥ are not close to 0, and they are
smaller than those of ‖R‖. This indicates that, for SLF/ELF incident waves, the
polarized coupling and conversion, which are resulted by the anisotropic proper-
ties of the ionosphere, are generated and should not be neglected.

• Despite that the magnitudes of the transmission coefficients A1
N and A2

N are rela-
tively smaller, they should not be neglected. It is shown that for SLF/ELF waves
there is still a small part that can penetrate the ionosphere to reach outer space.
It is well known that for SLF/ELF waves the ordinary wave in the ionosphere
attenuates faster than the extraordinary wave. This corresponds to that the trans-
mission coefficient of the ordinary wave is smaller than that of the extraordinary
wave.

• When the operating frequency increases from 30 Hz to 300 Hz, the characteristic
value for the extraordinary wave decreases. That is to say, with the operating fre-
quency increasing, the ionospheric refractive index in SLF/ELF regions reduces.
Thus, the difference between the ionospheric and atmospheric refractive index
becomes smaller. Correspondingly, at the air–ionosphere boundary, the reflection
coefficient reduces, while the operating frequency increases.

• Because the electron density and collision frequency in daytime are larger than
those in nighttime, the transmission coefficient in daytime is smaller than that in
nighttime. That is to say, it is more difficult to penetrate into the ionosphere in
daytime.

• The changes of the reflection and transmission coefficients as the incident angle
are more complicated than those for the homogeneous ionosphere with uniform
sharp boundary. It is resulted by the internal reflection, the conversion, and the
coupling in the stratified ionosphere.

In this chapter, the propagation of SLF/ELF electromagnetic waves in the pla-
nar stratified anisotropic ionosphere is treated analytically and some new numerical
results and discussions are presented specifically.
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Fig. 5.23 The magnitudes of the reflection and transmission coefficients versus the incident angle
θ at f = 30 Hz

Fig. 5.24 The magnitudes of the reflection and transmission coefficients versus the incident angle
θ at f = 300 Hz
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Chapter 6
ELF Wave Propagation Along Sea-Rock
Boundary and mCSEM Method

In this chapter, ELF wave propagation along the surface of the ocean floor or layered
ocean floor is treated analytically and some computations are carried out carefully.
Finally, the mCSEM method is addressed specifically.

6.1 Introduction

Over a century ago, the first analysis of the field excited by an HED near or on
the boundary between two different half-spaces was treated in the dissertation of
von Hörschelmann (1911), a student of Sommerfeld. As with the VED addressed
by Sommerfeld (1909), the field is expressed in terms of the derivatives of gen-
eral integrals, and those kinds of the integrals including Bessel function are defined
as Sommerfeld’s integrals. It is well known that for the Sommerfeld integrals it is
difficult to obtain the analytical solutions. Lately, the subsequent developments on
this problem were carried out by many investigators (Van der Pol and Niessen 1930;
1935; Norton 1937; Baños 1966; Wait 1953, 1956, 1961, 1970). Since the 1980s, the
properties of lateral waves excited by an HED on the planar boundary between two
different media have been treated extensively (King et al. 1980, 1984, 1986, 1989;
King and Brown 1984; King 1989; Pan 1985; Wu and King 1987). The details are
addressed in an excellent monograph by King et al. (1992). With the extension of
the two-layered case, the electromagnetic field of an HED in three- or multi-layered
region has been investigated widely (Wait 1970; Dunn 1984, 1986; Hoh et al. 1999;
King 1991, 1993; Li et al. 1998, 2004; Collin 2004a, 2004b; Li and Lu 2005; Zhang
et al. 2005), and the new developments on this problem were summarized in a recent
book (Li 2009).

In the early 1980s, a new plan was proposed for detecting the subbottom struc-
ture by measuring the seabed conductivity with ELF wave propagation along the
boundary between the sea water and the ocean floor (Chave and Cox 1982). With
the great progress over 30 years, the mCSEM method has been developed as a use-
ful method in geophysical prospecting and diagnostics with low cost and high effi-
ciency.

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_6,
© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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Fig. 6.1 The physical model
for an HED on the surface of
the ocean floor

In this chapter, we will treat analytically ELF wave propagation along the bound-
ary between sea water and ocean floor or layered ocean floor and address the mC-
SEM method specifically.

6.2 ELF Field of HED on the Boundary Between Sea Water and
Ocean Floor

In this section, we will treat analytically the ELF electromagnetic field radiated by
an HED on or near the boundary between the sea water and ocean floor.

6.2.1 The Integrated Formulas of the Field in Sea Water and
Ocean Floor

The geometry under consideration is shown in Fig. 6.1, where the HED in the x̂

direction is located at (0,0, d). Region 1 (z ≥ 0) is the space occupied by the sea
water characterized by the permeability μ0, relative permittivity εr1, and conduc-
tivity σ1. Region 2 (z ≤ 0) is the ocean floor characterized by the permeability μ0,
relative permittivity εr2, and conductivity σ2.

In the monograph by King et al. (1992), the integrated formulas and approxi-
mated formulas are obtained for the electromagnetic field radiated by an HED on or
near the boundary between the sea wave and the ocean floor. The integrated formu-
las in Region 1 (sea water) are written in the following forms:

E1ρ = −ωμ0I dl

4πk2
1

cosφ

×
(∫ ∞

0

{
k2

1J0(λρ) − λ2

2

[
J0(λρ) − J2(λρ)

]}
γ −1

1 eiγ1|z−d|λdλ
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+
∫ ∞

0

{
γ1Q

2

[
J0(λρ) − J2(λρ)

]− k2
1P

2γ1

[
J0(λρ) + J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.1)

E1φ = ωμ0I dl

4πk2
1

sinφ

×
(∫ ∞

0

{
k2

1J0(λρ) − λ2

2

[
J0(λρ) + J2(λρ)

]}
γ −1

1 eiγ1|z−d|λdλ

+
∫ ∞

0

{
γ1Q

2

[
J0(λρ) + J2(λρ)

]− k2
1P

2γ1

[
J0(λρ) − J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.2)

E1z = iωμ0I dl

4πk2
1

cosφ

[∫ ∞

0

(±eiγ1|z−d| + Qeiγ1(z+d)
)
J1(λρ)λ2 dλ

]
, (6.3)

B1ρ = −μ0I dl

4π
sinφ

(
±
∫ ∞

0
J0(λρ)eiγ1|z−d|λdλ

+
∫ ∞

0

{
Q

2

[
J0(λρ) + J2(λρ)

]− P

2

[
J0(λρ) − J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.4)

B1φ = −μ0I dl

4π
cosφ

(
±
∫ ∞

0
J0(λρ)eiγ1|z−d|λdλ

+
∫ ∞

0

{
Q

2

[
J0(λρ) − J2(λρ)

]− P

2

[
J0(λρ) + J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.5)

B1z = iμ0I dl

4π
sinφ

[∫ ∞

0

(
eiγ1|z−d| − P eiγ1(z+d)

)
γ −1

1 J1(λρ)λ2 dλ

]
, (6.6)

where

γi =
√

k2
i − λ2; i = 1,2, (6.7)

P = γ2 − γ1

γ2 + γ1
; Q = k2

1γ2 − k2
2γ1

k2
1γ2 + k2

2γ1
, (6.8)

M = γ1 + γ2; N = k2
1γ2 + k2

2γ1. (6.9)
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In Eqs. (6.3)–(6.5), the signs “±” are included, where the upper sign “+” and the
lower sign “−” correspond to z > d and 0 ≤ z ≤ d in Region 1, respectively.

The integrated formulas in Region 2 (ocean floor) are expressed as follows:

E2ρ = −ωμ0I dl

4π
cosφ

×
(∫ ∞

0

{
M−1[J0(λρ) + J2(λρ)

]+ γ1γ2

N

[
J0(λρ) − J2(λρ)

]}
× ei(γ1d−γ2z)λdλ

)
, (6.10)

E2φ = ωμ0I dl

4π
sinφ

×
(∫ ∞

0

{
M−1[J0(λρ) − J2(λρ)

]+ γ1γ2

N

[
J0(λρ) + J2(λρ)

]}
× ei(γ1d−γ2z)λdλ

)
, (6.11)

E2z = − iωμ0I dl

2π
cosφ

∫ ∞

0

γ1

N
J1(λρ)ei(γ1d−γ2z)λ2 dλ, (6.12)

B2ρ = μ0I dl

4π
sinφ

×
(∫ ∞

0

{
γ2

M

[
J0(λρ) − J2(λρ)

]+ k2
2γ1

N

[
J0(λρ) + J2(λρ)

]}
× ei(γ1d−γ2z)λdλ

)
, (6.13)

B2φ = μ0I dl

4π
cosφ

×
(∫ ∞

0

{
γ2

M

[
J0(λρ) + J2(λρ)

]+ k2
2γ1

N

[
J0(λρ) − J2(λρ)

]}
× ei(γ1d−γ2z)λdλ

)
, (6.14)

B2z = iμ0I dl

2π
sinφ

∫ ∞

0
M−1J1(λρ)ei(γ1d−γ2z)λ2 dλ. (6.15)

In the monograph by King et al. (1992), the complete approximated formulas are
obtained. We write

E1ρ(ρ,φ, z) = −ωμ0I dl

2πk2
1

cosφ
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×
{
k2g(ρ; k1, k2)e

ik2ρeik1(z+d) −
(

k1

r2
1

+ i

r3
1

)
eik1r1

+
(

z + d

ρ

)(
ik1

ρ2
− 3

2ρ3

)
eik1r2

− 1

2

[(
z − d

r1

)2( ik2
1

r1
− 3k1

r2
1

− 3i

r3
1

)
eik1r1

+
(

z + d

r2

)2( ik2
1

r2
− 3k1

r2
2

− 3i

r3
2

)
eik1r2

]}
, (6.16)

E1φ(ρ,φ, z) = ωμ0I dl

2πk2
1

sinφ

×
{
k2h(ρ; k1, k2)e

ik2ρeik1(z+d)

+ 1

2

[(
ik2

1

r2
− 3k1

r2
2

− 3i

r3
2

)
eik1r2 −

(
ik2

1

r1
− k1

r2
1

− i

r3
1

)
eik1r1

]

+ i

(
z + d

r2

)(
ik2

1

ρ
− 3k1

2ρ2
− 5i

8ρ3

)
eik1r2

−
(

z + d

r2

)2( ik2
1

r2
− 3k1

r2
2

− 3i

r3
2

)
eik1r2

}
, (6.17)

E1z(ρ,φ, z) = ωμ0I dl

2πk2
1

cosφ

×
{

k2
2

k1

[
f (ρ; k1, k2)e

ik2ρeik1(z+d) −
(

i

ρ2
− 3

2k1ρ3

)
eik1r2

]

− 1

2

[(
ρ

r1

)(
z − d

r1

)(
ik2

1

r1
− 3k1

r2
1

− 3i

r3
1

)
eik1r1

+
(

ρ

r2

)(
z + d

r2

)(
ik2

1

r2
− 3k1

r2
2

− 3i

r3
2

)
eik1r2

]}
, (6.18)

B1ρ(ρ,φ, z) = −μ0I dl

2πk1
sinφ

×
{
k2h(ρ; k1, k2)e

ik2ρeik1(z+d)

+
[

ik1

ρ2
− 7

2ρ3
+
(

z + d

r2

)(
ik2

1

r2
− 5k1

r2
2

− 12i

r3
2

)]
eik1r2
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− 1

2

[(
z − d

r1

)(
ik2

1

r1
− k1

r2
1

)
eik1r1

+
(

z + d

r2

)(
ik2

1

r2
− k1

r2
2

)
eik1r2

]}
, (6.19)

B1φ(ρ,φ, z) = −μ0I dl

2πk1
cosφ

×
{
k2g(ρ; k1, k2)e

ik2ρeik1(z+d)

+ 1

2

[(
2

ρ3
+ 3i

k1ρ4

)
eik1r2 −

(
z − d

r1

)(
ik2

1

r1
− k1

r2
1

)
eik1r1

−
(

z + d

r2

)(
ik2

1

r2
− 3k1

r2
2

− 6i

r3
2

)
eik1r2

]}
, (6.20)

B1z(ρ,φ, z) = μ0I dl

2π
sinφ

×
{

k2
2

k2
1

(
1

ρ2
+ 3i

k2ρ3
− 3

k2
2ρ4

)
eik2ρeik1(z+d)

−
(

ρ

r2

)[
1

r2
2

+ 3i

k1r
3
2

− 3

k2
1r4

2

+
(

z + d

ρ

)(
k1

ρ
+ 3i

2ρ2
− 9

8k1ρ3

)

×
(

z + d

r2

)2( ik1

r2
− 6

r2
2

− 15i

k1r
3
2

)]
eik1r2

− 1

2

[(
ρ

r1

)(
ik1

r1
− 1

r2
1

)
eik1r1 −

(
ρ

r2

)(
ik1

r2
− 1

r2
2

)
eik1r2

]}
,

(6.21)

where

f (ρ; k1, k2) = ik2

ρ
− 1

ρ2
− k3

2

k1

√
π

k2ρ
e−ipF(pe), (6.22)

g(ρ; k1, k2) = ik2

ρ
− 1

ρ2
− i

k2ρ3
− k3

2

k1

√
π

k2ρ
e−ipF(pe), (6.23)

h(ρ; k1, k2) = 2

ρ2
+ 2i

k2ρ3
+ ik2

2

k1ρ

√
π

k2ρ
e−ipF(pe). (6.24)
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In the above formulas, r1 = √ρ2 + (z − d)2, r2 = √ρ2 + (z + d)2, pe = k3
2ρ

2k2
1

,

and the Fresnel integral F(pe) is defined by

F(pe) = 1

2
(1 + i) − C2(pe) − iS2(pe), (6.25)

where

C2(pe) + iS2(pe) =
∫ pe

0

eit

(2πt)1/2
dt. (6.26)

In Eqs. (6.16)–(6.21), the second term including the propagation factor eik1r1 and
the third term including eik2r2 stand for the direct wave and the ideal reflected wave,
respectively. The first term including eik1(z+d)eik2ρ stands for the lateral wave. The
lateral wave travels downward from the transmitting dipole a distance d in Region 1
(sea water) to the boundary, then radially along the boundary in Region 2 (ocean
floor) a distance ρ, and finally vertically upward a distance z in Region 1 (sea water)
to the receiving dipole.

At large distance from the transmitting dipole to the receiving point, we have
ρ � d , ρ � z, r1 ∼ ρ, and r2 ∼ ρ. Because the attenuation in the ocean floor is
much smaller than that in the sea water, namely, Im(k2) � Im(k1), the two terms
of the directed wave and ideal reflected wave are much smaller than the term of the
lateral wave. In this case, there are only the terms of lateral wave in Eqs. (6.16)–
(6.21). We write

E1ρ(ρ,φ, z) = −ωμ0I dl

2πk2
1

cosφk2g(ρ; k1, k2)e
ik2ρeik1(z+d), (6.27)

E1φ(ρ,φ, z) = ωμ0I dl

2πk2
1

sinφk2h(ρ; k1, k2)e
ik2ρeik1(z+d), (6.28)

E1z(ρ,φ, z) = ωμ0I dl

2πk2
1

cosφ
k2

2

k1
f (ρ; k1, k2)e

ik2ρeik1(z+d), (6.29)

B1ρ(ρ,φ, z) = −μ0I dl

2πk1
sinφk2h(ρ; k1, k2)e

ik2ρeik1(z+d), (6.30)

B1φ(ρ,φ, z) = −μ0I dl

2πk1
cosφk2g(ρ; k1, k2)e

ik2ρeik1(z+d), (6.31)

B1z(ρ,φ, z) = μ0I dl

2π
sinφ

k2
2

k2
1

(
1

ρ2
+ 3i

k2ρ3
− 3

k2
2ρ4

)
eik2ρeik1(z+d). (6.32)

Similarly, the complete approximated formulas for the electromagnetic field in
Region 2 (ocean floor) are obtained readily (King et al. 1992). We write

E2ρ(ρ,φ, z) = −ωμ0I dl

2πk2
1

cosφ
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×
(

eik1deik2r0

{
k2

[
ik2

r0
− 1

r2
0

− i

k2r
3
0

− k3
2

k1

√
π

k2ρ
e−ipF

(
P ∗)]

+ k1

(
z

r0

)(
ik2

r0
− 1

r2
0

)}

− ek1zeik1rd k1

[
1

r2
d

+ i

k1r
3
d

−
(

d

ρ

)(
i

ρ2
− 3

2k1ρ3

)

+
(

d

rd

)2( ik1

rd
− 3

r2
d

− 3i

k1r
3
d

)])
, (6.33)

E2φ(ρ,φ, z) = ωμ0I dl

2πk2
1

sinφ

×
(

eik1deik2r0

{
k2

[
2

r2
0

+ 2i

k2r
3
0

+ ik3
2

k1ρ

√
π

k2ρ
e−ipF

(
P ∗)

+
(

z

r0

)2( ik2

r0
− 3

r2
0

− 3i

k2r
3
0

)]

+ k1

(
z

r0

)(
ik2

r0
− 1

r2
0

)}

− ek1zeik1rd k1

[
1
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E2z(ρ,φ, z) = ωμ0I dl
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{
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B2ρ(ρ,φ, z) = −μ0I dl
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(
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B2z(ρ,φ, z) = μ0k2I dl
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where

P ∗ = (R − Z)2

R
; R = k3

2ρ

2k2
1

, (6.39)

Z = k2
2z

2k1
≤ 0; z < 0, (6.40)

r0 =
√

ρ2 + z2; rd =
√

ρ2 + d2. (6.41)
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Fig. 6.2 The magnitudes of
the component E1ρ(ρ,0,1)

versus the propagation
distance ρ for the two-layered
model

6.2.2 Computations and Discussions

In order to verify the accuracy of the approximated formulas, for the actual propaga-
tion conditions, the computations by the approximated formulas and the directional
numerical calculations on the integrated formula are carried out, respectively. It is
noted that three waves, the directed wave, the ideal reflected wave, and the lateral
wave, are included in the approximated formulas in Eqs. (6.16)–(6.21), while only
the lateral wave is included in the approximated formulas in Eqs. (6.27)–(6.32).

We assume that the operating frequency is f = 1 Hz, the sea water is char-
acterized by the permeability μ0, relative permittivity εr1 = 80, and conductivity
σ1 = 4 S/m, and the rock is characterized by the permeability μ0, relative permit-
tivity εr2 = 10, and conductivity σ2 = 0.01 S/m. With d = 30 m and z = 1 m, the
magnitudes of the three electric field components, which are radiated by an HED in
sea water, are computed and shown in Figs. 6.2, 6.3, 6.4, respectively.

From these computations, it is seen that the results by using the directional nu-
merical calculation method are in agreement with those by using the approximated
formulas and those by using only the lateral-wave term at the regions of ρ > 600 m,
and the differences between the three computed results are within 0.7 dB. At the
regions of ρ < 100 m, the differences are enlarged over 5 dB.

We assume that the transmitting source is located at the height of d = 30 m, and z

is taken as −1 km, −2 km, and −3 km, respectively. The components E2ρ(ρ,0, z′),
E2φ(ρ, π

2 , z′), and E2z(ρ,0, z′) in the ocean floor are computed and shown in
Figs. 6.5, 6.6, 6.7, respectively. It is noted that the computations are obtained by
the directional numerical calculation method. And the differences of the computed
results by using the approximated formulas and those by the directional numerical
calculation method are similar to those of the field components in the sea water.

From Figs. 6.5–6.7, it is seen that at ρ < 1 km, the deeper the depth of the receiv-
ing point, the smaller the field strength. This is resulted by the fact that the deeper
the depth of the receiving point, the larger the distance from the transmitting source
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Fig. 6.3 The magnitudes of
the component E1φ(ρ, π

2 ,1)

versus the propagation
distance ρ for the two-layered
model

Fig. 6.4 The magnitudes of
the component E1z(ρ,0,1)

versus the propagation
distance ρ for the two-layered
model

Fig. 6.5 The magnitudes of
the component E2ρ(ρ,0, z′)
versus the propagation
distance ρ for the two-layered
model
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Fig. 6.6 The magnitudes of
the component E2φ(ρ, π

2 , z′)
versus the propagation
distance ρ for the two-layered
model

and the receiving point, and correspondingly the greater the propagation loss. At
considerable large distance between the transmitting source and the receiving point,
when the depth of the receiving point increases, the total propagation distance does
not increase significantly. Meanwhile, the directions of the energy flow in the ocean
floor, which are not completely in the vertical and horizontal directions, show a
complex trajectory. Therefore, at a large distance of ρ > 5–10 km, when the depth
of the receiving point is deeper, the field strength may be stronger. We assume that
the distance ρ is taken as 1 km, 5 km, and 10 km, respectively. The magnitudes of
the field components versus the depth z′ are shown in Figs. 6.8, 6.9, 6.10, respec-
tively.

6.2.3 Poynting Vector and Its Trajectory in Ocean Floor

The ELF wave, which is radiated by an HED near the boundary between the sea wa-
ter and ocean floor, propagates mainly in the lateral-wave form. In order to illustrate
the penetrating depth of the lateral wave, it is necessary to analyze the direction and
the trajectory of Poynting vector in the ocean floor. By classic electromagnetic the-
ory, it is well known that the energy-flow direction in a medium is mainly described
by the Poynting vector. The electromagnetic field radiated by an HED in the ocean
floor can be divided into the electric-type (TM) components and magnetic-type (TE)
components, where the orientation changes of the electric-type components E2 and
those of the magnetic-type components are described by using the functions cosφ

and sinφ, respectively. The Poynting vector of the electric-type components and
that of the magnetic-type components are defined, respectively, as follows:
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Fig. 6.7 The magnitudes of
the component E2z(ρ,0, z′)
versus the propagation
distance ρ for the two-layered
model

Fig. 6.8 The magnitudes of
the component E2ρ(ρ,0, z′)
versus the depth z′ of the
receiving point for the
two-layered model

S2E = 1

2μ0

(
E2E × B∗

2E

)= 1

2μ0

(
ẑE2ρB∗

2φ − ρ̂E2zB
∗
2φ

)
, (6.42)

S2M = 1

2μ0

(
E2M × B∗

2M

)= 1

2μ0

(−ẑE2φB∗
2ρ + ρ̂E2φB∗

2z

)
. (6.43)

Evidently, there exists the φ̂ component of the Poynting vector in the ocean floor,
i.e.

S2EM = φ̂

2μ0

(
E2zB

∗
2ρ − E2ρB∗

2z

)
. (6.44)

The φ̂ component, which is in the azimuth direction, does not play a role for
the outward diffusion and the downward penetration of the wave energy. Thus, it
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Fig. 6.9 The magnitudes of
the component E2φ(ρ, π

2 , z′)
versus the depth z′ of the
receiving point for the
two-layered model

Fig. 6.10 The magnitudes of
the component E2z(ρ,0, z′)
versus the depth z′ of the
receiving point for the
two-layered model

is not focused on the analyses. It is well known that the direction of the Poynting
vector represents the direction of the energy flow of the electromagnetic wave. In
the stratified media, the direction of the Poynting vector will be changed with the
propagation path, so that its trajectory is certainly not a straight line. The slope of
the trajectory of the wave vector should be expressed as follows:

dz

dρ
= −dz′

dρ
= Re(S2z)

Re(S2ρ)
. (6.45)

For the electric-type (TM) wave, it is written in the form of

dz

dρ
= −dz′

dρ
= −Re(E2ρB∗

2φ)

Re(E2zB
∗
2φ)

. (6.46)
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For the magnetic-type (TE) wave, it is written in the form of

dz

dρ
= −dz′

dρ
= −Re(E2φB∗

2ρ)

Re(E2φB∗
2z)

. (6.47)

In the ocean floor, the components of the electromagnetic can be expressed by
Eqs. (6.33)–(6.38). Considering the distances between the transmitting source and
the receiving point are generally in the range of 20–30 km in practical applications
of mCSEM method, it is seen that the parameter P ∗ in Eq. (6.39) is actually close to
0, and the term of Fresnel integral in Eqs. (6.33)–(6.38) can be neglected. In order
to obtain the analytical formula for the energy-flow trajectory in the region near the
transmitting source, only the most fundamental-mode term of the formulas of the
electromagnetic field is retained, while the rest terms are neglected. Thus, we write

E2ρ ≈ −ωμ0I dl

2πk1
eik1d cosφ

(
− 1

r2
0

)(
z

r0
+ k2

k1

)
eik2r0 , (6.48)

E2φ ≈ ωμ0k2I dl

2πk1
eik1d sinφ

(
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+ iz

)(
i

k2r
3
0

)
eik2r0, (6.49)

E2z ≈ ωμ0I dl

2πk1
eik1d cosφ

(
ρ

r0

)(
− 1

r2
0

)
eik2r0, (6.50)

B2ρ ≈ −μ0k2I dl

2πk1
sinφeik1deik2r0

×
[(
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)(
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k2r
3
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(
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)(
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, (6.51)

B2φ ≈ −μ0k2I dl

2πk1
eik1d cosφ

(
− i

k2r
3
0

)
eik2r0, (6.52)

B2z ≈ −μ0k2I dl

2πk1
eik1d sinφ

(
3ρ

r2
0

)(
i

k2r
3
0

)(
z − i

k1

)
eik2r0 . (6.53)

For the electric-type (TM) wave, with the substitutions of Eqs. (6.48)–(6.53) into
Eq. (6.46), the dip angle of Poynting vector is expressed in Eq. (6.54):

dz

dρ
=

Re[( z
r0

+ k2
k1

)( 1
r2
0
)]

Re[ ρ
r0

(− 1
r2
0
)] , (6.54)

where

r0 =
√(

ρ2 + z2
); k2

k1
=
√

σ2

σ1
= δ, (6.55)

ki = βi + iαi = ei π
4
√

ωμ0σi; i = 1,2. (6.56)
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Thus, Eq. (6.54) can be rewritten in the form

dz

dρ
= Re

{(
z

r0
+ δ

)[
r0

ρ
− i

(
1

β2ρ
+ α2r0

β2ρ

)]}
= z

ρ
+ δr0

ρ
≈ z

ρ
+ δ. (6.57)

With the change of variable, z′ = −z = sρ, we have

dz′

dρ
= s + ρ

ds

dρ
. (6.58)

With the substitution of Eq. (6.57) into Eq. (6.58), it follows that

ρ
ds

dρ
= −δ. (6.59)

The solution of the above differential equation can be expressed as follows:

s = −δ ln

(
ρ

ρ0

)
. (6.60)

Then, we write

z′ = −δρ ln

(
ρ

ρ0

)
. (6.61)

It is noted that when ρ = 0, z′ ≈ 0, and when ρ = ρ0, z′ = 0.
When ρ is in the interval from 0 to ρ0, the maximum z′ = z′

m is reached at
ρ = ρm. We write

z′
m = δρ0

e
. (6.62)

When ρ = ρm and z′ = z′
m, there only exist the horizontal components for the

Poynting vector. Evidently, there exists the outward diffusion rather than the down-
ward penetration.

In Fig. 6.11, a schematic diagram of the trajectory of Poynting vector for the
electric-type (TM) wave in the ocean floor is shown. In the computations, the oper-
ating frequency f = 0.5 Hz, and the conductivity σ1 is 4 S/m, while the conductivity
σ2 is taken as 0.001 S/m and 0.0001 S/m, respectively.

From this figure, it is seen that the farther the receiving point from the trans-
mitting source, the deeper the wave penetrates in the ocean floor. The maximum of

the penetration depth is approximated as z′
m =

√
σ2
σ1

· ρ0
e , where ρ0 is the horizontal

distance between the receiving point and the transmitting source. In this section, in
order to obtain the simplified analytical solution of the flow trajectory, we take the

two assumptions of k2r � 1 and P ∗ = (R−Z)2

R
� 1.
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Fig. 6.11 Schematic diagram
of the trajectory of Poynting
vector for the electric-type
(TM) wave in the ocean floor

For instance, f = 0.5 Hz, σ2 = 0.001 S/m, if r0 ≥ 10 km, then k2r0 ≥ 0.628.
Obviously, in practical cases, the above two assumptions are not strictly satisfied,
so that the energy-flow trajectory in the actual ocean floor is more complex than
that in Fig. 6.11. However, the direction of the energy flow still can be described
qualitatively by the trajectory in Fig. 6.11.

For the magnetic-type (TE) wave, with the substitutions of Eqs. (6.48)–(6.53)
into Eq. (6.47), the dip angle of Poynting vector is expressed in Eq. (6.63):

dz

dρ
= −Re(E2φB∗

2ρ)

Re(E2φB∗
2z)

= −
Re( 2ρ2−z2

r2
0

− 3k2z
k1r0

)

Re[( 3ρ

r2
0
)(z + i

k1
)] . (6.63)

With ki = √
iωμ0σi , Eq. (6.63) is simplified as

dz

dρ
= −2

[
2ρ2 − z2

3ρz
− δ

√(
1 + z2

ρ2

)]
≈ −2

(
2ρ2 − z2

3ρz
− δ

)
, (6.64)

where δ =
√

σ2
σ1

is a small constant. For mathematical convenience, the small con-

stant δ is temporarily omitted. With the change of variable, z′ = −z = sρ, we have

dz′

dρ
= s + ρ

(
ds

dρ

)
. (6.65)

It follows that

ρ
ds

dρ
= −4 + s2

3s
. (6.66)
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Then, we rewrite

2s ds

s2 + 4
= −2 dρ

3ρ
. (6.67)

Integrating the two sides in Eq. (6.67), we have

ln
(
s2 + 4

)= ln

(
ρ1

ρ

) 2
3

, (6.68)

where ρ1 is the integration constant. With Eq. (6.68), the solution is obtained readily.
We have

z′ = ρ
2
3
(
ρ

2
3
1 − 4ρ

2
3
) 1

2 . (6.69)

Here, we denote that ρ0 is the distance from the energy-flow trajectory to the
boundary of the sea water and the ocean floor. When ρ = ρ0, z′ = 0, we obtain

ρ
2
3
1 = 4ρ

2
3
0 or ρ

2
3
1 = 4

2
3 ρ0. Thus, Eq. (6.69) can be rewritten as follows:

z′ = 2ρ
2
3
(
ρ

2
3
0 − ρ

2
3
) 1

2 . (6.70)

From Eq. (6.70), it can be resolved that the depth of the energy-flow trajectory
penetrating into the ocean floor is maximum at ρ = ρm. We write

ρm =
(

2

3

) 3
2

ρ0 ≈ 0.544ρ0, (6.71)

z′
m = √

2ρm ≈ 0.77ρ0. (6.72)

Comparing Eqs. (6.72) with (6.62), it is seen that the energy-flow trajectory for
the magnetic-type (TE) wave penetrates into the sea floor deeper than that of the
electric-type (TM) wave.

In the above analyses and derivations, the small constant δ is omitted in
Eq. (6.65), and when the constant δ is added, the maximum of the penetration depth
should be satisfied to the following equation:

2ρ2
m − z′2

m − 3ρmz′
mδ = 0. (6.73)

Considering that generally δ is significantly small, we readily obtain

z′
m ≈ (

√
2 − 1.5δ)ρm, (6.74)

where

ρm =
[

3

2

(
1 + δ

2

)]− 3
2

ρ0. (6.75)
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Fig. 6.12 Schematic diagram
of the trajectory of Poynting
vector for the magnetic-type
(TE) wave in the ocean floor

In Fig. 6.12, the schematic diagram of the trajectory of Poynting vector for the
magnetic-type (TE) wave in the ocean floor is shown. In the computations, the op-
erating frequency is f = 0.5 Hz, and the conductivity σ1 and σ2 are taken as 4 S/m
and 0.001 S/m, respectively.

In the process of the derivations of Eqs. (6.69) and (6.70), in order to obtain
conveniently the analytical formulas of the energy-flow trajectory, the field compo-
nents in the ocean floor are expressed in the simplified forms. Therefore, the plotted
trajectory indicates approximately the propagation direction of the energy flow.

6.3 ELF Wave Excited by HED in the Three-Layered Region

The three-layered region of interest consists of sea water, sedimentary rock layer,
and seabed rock. It is well known that the sea water and rock are media with high
losses. In this case, the electromagnetic field radiated by an HED in the three-layered
region has been treated analytically in the work by Dunn (1986). In this section,
based on the work by Dunn, we will attempt to give the corresponding numerical
calculated results in ELF range.

In another case, the intermeddle layer is lossless or with small loss, the trapped
surface wave can be excited efficiently by a dipole source in the presence of the
three-layered region. This problem has been treated analytically by several investi-
gators (King 1991, 1993; Collin 2004a, 2004b; Li and Lu 2005; Zhang et al. 2005)
and summarized in the book (Li 2009). It should be pointed out that the above theory
and computations are not suitable to the case in this section.
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Fig. 6.13 The physical
model for the electromagnetic
field radiated by an HED in
the presence of three-layered
region

6.3.1 Analytical Formulas for EM Field in the Three-Layered
Region

The relevant geometry and Cartesian coordinate system are shown in Fig. 6.13,
where an HED in the x̂ direction is located at (0,0, d) in Region 1 (sea water).
Region 1 (z ≥ 0) is occupied by the sea water characterized by the permeability
μ0 and relative permittivity εr1, and conductivity σ1. Region 2 (−l ≤ z ≤ 0) is the
sedimentary layer characterized by the permeability μ0, relative permittivity εr2,
and conductivity σ2. Region 3 (z ≤ −l) is occupied by the bedrock characterized
by the permeability μ0, relative permittivity εr3, and conductivity σ3. It is noted
that the condition of σ1 � σ2 � σ3 should be satisfied. The wave numbers in the
three-layered region are

kj = ω

√
μ0(ε0εrj + iσj/ω); j = 1,2,3. (6.76)

From Maxwell’s equations, and with the boundary conditions, the integrated for-
mulas for the six components in the three-layered region can be obtained readily.
In this section, we will not repeat the derivation process. In cylindrical coordinate
system, the integrated formulas for the field components at (ρ,φ, z) in Region 1 are
expressed in the following forms (Dunn 1986; King et al. 1992):

E1ρ = −ωμ0I dl

4πk2
1

cosφ

×
(∫ ∞

0

{
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1J0(λρ) − λ2

2

[
J0(λρ) − J2(λρ)

]}
γ −1

1 eiγ1|z−d|λdλ

+
∫ ∞

0

{
γ1Q3

2

[
J0(λρ) − J2(λρ)

]
− k2

1P3

2γ1

[
J0(λρ) + J2(λρ)

]}
eiγ1(z+d)λdλ

)
, (6.77)
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E1φ = ωμ0I dl
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, (6.78)

E1z = iωμ0I dl

4πk2
1

cosφ

[∫ ∞

0

(±eiγ1|z−d| + Q3eiγ1(z+d)
)
J1(λρ)λ2 dλ

]
, (6.79)

B1ρ = −μ0I dl

4π
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∫ ∞
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, (6.80)
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, (6.81)

B1z = iμ0I dl

4π
sinφ
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0

(
eiγ1|z−d| − P3eiγ1(z+d)

)
γ −1

1 J1(λρ)λ2 dλ

]
, (6.82)

where

P3 = γ3 − γ1 − i(γ2 − γ1γ3
γ2

) tanγ2l

γ3 + γ1 − i(γ2 + γ1γ3
γ2

) tanγ2l
, (6.83)

Q3 =
γ3k

2
1 − γ1k

2
3 − i(γ2

k2
1k2

3
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2
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2
γ1γ3
γ2

) tanγ2l

γ3k
2
1 + γ1k

2
3 − i(γ2

k2
1k2

3
k2

2
+ k2

2
γ1γ3
γ2

) tanγ2l

. (6.84)

When l = 0, namely, the thickness of the sedimentary layer is 0, P3 represented
by Eq. (6.83) and Q3 by Eq. (6.84) are reduced to
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P3 = γ3 − γ1

γ3 + γ1
; Q3 = γ3k

2
1 − γ1k

2
3

γ3k
2
1 + γ1k

2
3

. (6.85)

If the parameters k3 and γ3 in this section are replaced by k2 and γ2 in Sect. 6.2, it
is seen that the formulas in Eq. (6.85) are completely the same as the corresponding
formulas in Eq. (6.18).

When l → ∞, namely, the thickness of the sedimentary layer is infinite. Because
the sedimentary layer is a high-loss medium, k2 has a positive imaginary part. When
l → ∞, we have tanγ2l → i. Then, Eqs. (6.83) and (6.84) are reduced to

P3 = γ2 − γ1

γ2 + γ1
; Q3 = k2

1γ2 − k2
2γ1

k2
1γ2 + k2

2γ1
. (6.86)

Obviously, they are completely the same as the corresponding formulas for the two-
layered case.

When the condition of σ1 � σ2 � σ3 is satisfied, the complete analytical for-
mulas have been obtained for the electromagnetic field in the three-layered region
(Dunn 1986). We write

E1ρ(ρ,φ, z) = − ωμ0

2πk2
1

cosφ ·
{
Ak3eik1(z+d)eik3ρg(ν,ρ, k3)

−
(

k1

r2
1

+ i

r3
1

)
eik1r1 +

(
z + d

ρ

)(
ik1

ρ2
− 3

2ρ3

)
eik1r2

− 1

2

[(
z − d

r1

)2( ik2
1

r1
− 3k1

r2
1

− 3i

r3
1

)
eik1r1

+
(

z + d

r2

)2( ik2
1

r2
− 3k1

r2
2

− 3i

r3
2

)
eik1r2

]}
, (6.87)

E1φ(ρ,φ, z) = ωμ0

2πk2
1

sinφ ·
{
Ak3eik1(z+d)eik3ρh(ν,ρ, k3)

+ 1

2

[
eik1r2

(
ik2

1

r2
− 3k1

r2
2

− 3i

r3
2

)
− eik1r1

(
ik2

1

r1
− k1

r2
1

− i

r3
1

)]

+ ieik1r2

(
z + d

r2

)(
ik2

1

ρ
− 3k1

2ρ2
− 5i

8ρ3

)

− eik1r2

(
z + d

r2

)2( ik2
1

r2
− 3k1

r2
2

− 3i

r3
2

)}
, (6.88)

E1z(ρ,φ, z) = ωμ0

2πk2
1

cosφ ·
{

k2
3

k1

[
Aeik1(z+d)eik3ρf (ν,ρ, k3)
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− eik1r2

(
i

ρ2
− 3

2k1ρ3

)]
+ ik2

2

k2
1

Tz

(
k2l, eik1ρ

)
− 1

2

[
eik1r1

(
ρ

r1

)(
z − d

r1

)(
ik2

1

r1
− 3k1

r2
1

− 3i

r3
1

)

+ eik1r2

(
ρ

r2

)(
z + d

r2

)(
ik2

1

r2
− 3k1

r2
2

− 3i

r3
2

)]}
, (6.89)

B1ρ(ρ,φ, z) = − μ0

2πk1
sinφ ·

{
Aeik1(z+d)eik3ρk3h(ν,ρ, k3)

+ eik1r2

[
ik1

ρ2
− 7

2ρ3
+
(

z + d

r2

)(
ik2

1

r2
− 5k1

r2
2

− 12i

r3
2

)]

− 1

2

[
eik1r1

(
z − d

r1

)(
ik2

1

r1
− k1

r2
1

)

+ eik1r2

(
z + d

r2

)(
ik2

1

r2
− k1

r2
2

)]}
, (6.90)

B1φ(ρ,φ, z) = − μ0

2πk1
cosφ ·

{
Aeik1(z+d)eik3ρk3g(ν,ρ, k3)

+ eik1r2

[
1

ρ3
+ 3i

2k1ρ4
+
(

z + d

r2

)(
k1

r2
2

+ 3i

r3
2

− 3

k1r
4
2

)]

− 1

2

[
eik1r1

(
z − d

r1

)(
ik2

1

r1
− k1

r2
1

)

+ eik1r2

(
z + d

r2

)(
ik2

1

r2
− k1

r2
2

)]}
, (6.91)

B1z(ρ,φ, z) = μ0

2π
sinφ ·

{
Aeik1(z+d)eik3ρ

k2
3

k2
1

(
1

ρ2
+ 3i

k3ρ3
− 3

k2
3ρ4

)
− eik1r2

(
ρ

r2

)[
1

r2
2

+ 3i

k1r
3
2

− 3

k2
1r4

2

+
(

z + d

r2

)2( ik1

r2
− 6

r2
2

− 15i

kr3
2

)]
− 1

2

[
eik1r1

(
ρ

r1

)(
ik1

r1
− 1

r2
1

)
− eik1r2

(
ρ

r2

)(
ik1

r2
− 1

r2
2

)]}
,

(6.92)
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where

g(ν,ρ, k3) = ik3

ρ
− 1

ρ2
− i

k3ρ3
− νk2

3

(
π

k3ρ

) 1
2

e− ik3ρν2

2 F

(
k3ρν2

2

)
,

(6.93)

h(ν,ρ, k3) = 2

ρ2
+ 2i

k3ρ3
+ iνk3

ρ

(
π

k3ρ

) 1
2

e− ik3ρν2

2 F

(
k3ρν2

2

)
, (6.94)

A =
(

cosk2l − ik2

k1
sin k2l

)−2

, (6.95)

f (ν,ρ, k3) = ik3

ρ
− 1

ρ2
− νk2

3

(
π

k3ρ

) 1
2

e− ik3ρν2

2 F

(
k3ρν2

2

)
, (6.96)

ν = k3b

k1
; b = 1 − i( k1

k2
) tan k2l

1 − i( k1
k2

) tan k2l
, (6.97)

r1 =
√[

ρ2 + (z − d)2
]; r2 =

√[
ρ2 + (z + d)2

]
. (6.98)

The Fesnel integral F(
k3ρν2

2 ) is defined by

F

(
k3ρν2

2

)
= 1

2
(1 + i) − C2

(
k3ρν2

2

)
− iS2

(
k3ρν2

2

)
, (6.99)

where

C2

(
k3ρν2

2

)
+ iS2

(
k3ρν2

2

)
=
∫ k3ρν2

2

0

eit

(2πt)
1
2

dt

=
∫ k3ρν2

2

0

cos t

(2πt)
1
2

dt + i
∫ k3ρν2

2

0

sin t

(2πt)
1
2

dt.

(6.100)

In the analytical formulas in Eqs. (6.87)–(6.92), the first term including the factor
eik1(z+d)eik3ρ represents the lateral wave, which travels from the transmitting source
in Region 1 (sea water), and across Region 2 (sedimentary layer) and to Region 3
(seabed rock), then radially along the boundary in Region 3 a distance ρ, and finally
vertically across Region 2 and to Region 1 to the receiving point. In the case of
ρ � |z| and ρ � d , the total field is determined primarily by the lateral wave. The
term including the factor eik1r1 can be understood as the directed wave, while the
term including the factor eik1r2 can be understood as the ideal reflected wave. Due to
the large loss in the sea water, the actual contributions to the total field by the term
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Fig. 6.14 The magnitudes of
the component E1ρ(ρ,0,1)

versus the distance ρ

of the directed wave and that of the ideal reflected wave are not large in the case of
ρ � |z| and ρ � d .

6.3.2 Computations and Discussions

When there exists an intermediate sedimentary layer, the factor A in Eqs. (6.90)–
(6.95) appears in the approximated formulas of the field component in the sea wa-
ter, which is determined mainly by the conductivity σ2 and the thickness l of the
intermediate sedimentary layer. It is indicated that the factor A represents the prop-
agation loss of the electromagnetic wave, which penetrates the intermediate layer.

With f = 1 Hz, I dl = 1 A·m, d = 30 m, z = 1 m, l = 100 m, σ1 =
4 S/m, σ2 = 0.1 S/m, and σ3 = 0.004 S/m, the computations for the components
E1ρ(ρ,0,1), E1φ(ρ, π

2 ,1), H1ρ(ρ, π
2 ,1), and H1φ(ρ,0,1) are carried out and

shown in Figs. 6.14, 6.15, 6.16, 6.17, respectively.
From Figs. 6.14–6.17, it is seen that the results by using the numerical integration

method are in agreement with those by using the approximated formulas, and those
by the lateral-wave term at ρ > 600 km. It is noted that the differences between the
results by using the numerical integration method and those by using the approxi-
mated formula are within 0.7 dB at ρ > 600 m, while the differences are enlarged
over 5 dB at ρ < 100 m.

The components E1ρ(ρ,0,1) and E1φ(ρ, π
2 ,1), in the sea water for two- and

three-layered models are computed and shown in Figs. 6.18–6.21. In the compu-
tations, the parameters are taken as f = 1 Hz, d = 30 m, z = 1, σ1 = 4 S/m for
the three-layered model, while σ2 = 0.1 S/m, σ3 = 0.004 S/m for the two-layered
model. In Figs. 6.18 and 6.19, l = 100 m, while l = 2,000 m in Figs. 6.20 and 6.21.

From Figs. 6.18 and 6.19, it is seen that the calculated results for the two-layered
model with σ2 = 0.004 S/m are in agreement with those for the three-layered model
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Fig. 6.15 The magnitudes of
the component E1φ(ρ, π

2 ,1)

versus the distance ρ

Fig. 6.16 The magnitudes of
the component H1ρ(ρ, π

2 ,1)

versus the distance ρ

l = 100 m, σ2 = 0.1 S/m, and σ3 = 0.004 S/m. It is concluded that the contributions
of the total field by the intermediate sedimentary layer with l = 100 m and σ2 =
0.1 S/m are very small. This is resulted by the fact that ELF wave propagates mainly
in Region 3 (seabed rock) in the lateral-wave form. For the two-layered model, the
attenuations with σ2 = 0.1 S/m are obviously larger than those with σ3 = 0.004 S/m.
From Figs. 6.20 and 6.21, it is seen that there exists a difference between the two-
and three-layered models. Obviously, the effects of the total field by the intermediate
sedimentary layer with l = 2,000 m should be considered.
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Fig. 6.17 The magnitudes of
the component H1φ(ρ,0,1)

versus the distance ρ

Fig. 6.18 The component
E1ρ(ρ,0,1) versus the
propagation distance for two-
and three-layered models:
l = 100 m

6.4 ELF Wave Propagation Along the Boundary Between Sea
Water and One-Dimensionally Anisotropic Rock

Anisotropy in conductivity is found in some stratified rock which consists of al-
ternating layers of dense rock and less dense rock. It is seen that the conductivity
transverse to the bedding surfaces is always smaller than the conductivity parallel
to the surfaces (Parkhomenko 1967). The problem for the ELF wave propagation
along the boundary between sea water and one-dimensionally anisotropic rock was
first investigated by Pan in the mid-1980s. Based on Pan’s work (Pan 1985), the
results on this problem are outlined specifically.
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Fig. 6.19 The component
E1φ(ρ, π

2 ,1) versus the
propagation distance for two-
and three-layered models:
l = 100 m

Fig. 6.20 The component
E1ρ(ρ,0,1) versus the
propagation distance for two-
and three-layered models:
l = 2,000 m

6.4.1 Formulations of the Problem

The geometry and coordinate system are shown in Fig. 6.22, where the HED in the
x̂ direction is located at (0,0, d). Region 1 (z ≥ 0) is the upper half-space filled
with the sea water characterized by the permeability μ0, permittivity ε1, and con-
ductivity σ1. Region 2 (z ≤ 0) is the ocean floor characterized by the permeability
μ0, permittivity ε2x = ε2y and ε2z, and conductivity σ2x = σ2y and σ2z. Then, the
complex permittivities ε̃1 and ε̃2 are represented as follows:

ε̃1 = ε1 + i
σ1

ω
, (6.101)

ε̃2 =
⎡⎣εT − iσT

ω
0 0

0 εT − iσT

ω
0

0 0 εL − iσL

ω

⎤⎦ . (6.102)



6.4 ELF Wave Along the Surface of Anisotropic Rock 189

Fig. 6.21 The component
E1φ(ρ, π

2 ,1) versus the
propagation distance for two-
and three-layered models:
l = 2,000 m

Fig. 6.22 The physical
model for an HED on the
boundary between sea water
and one-dimensionally
anisotropic rock

Maxwell’s equations in the two half-spaces are expressed by

∇ × Ej = iωBj , (6.103)

∇ × Bj = μ0
(−iωε̃jEj + x̂J e

x

)
, (6.104)

where j = 1,2, and

J e
x = I dlδ(x)δ(y)δ(z − d). (6.105)

The Fourier transform is in the form of

E(x, y, z) = 1

(2π)2

∫ +∞

−∞
dξ

∫ +∞

−∞
dηei(ξx+ηy)Ẽ(ξ, η, z), (6.106)

and the similar transform for B(x, y, z) and J e
x are applied to Maxwell’s equation.

Then, we have

J̃ e
x = I dlδ(z − d). (6.107)

With Maxwell’s equations, and after considerable algebraic manipulation, the
transforms of the components Ẽy , Ẽz, B̃y , and B̃z can be expressed in terms of the
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transforms of the components Ẽx and B̃x :

Ẽ1y = 1

k2
1 − ξ2

(
−ξηẼ1x + iω

∂

∂z
B̃1x

)
, (6.108)

Ẽ1z = 1

k2
1 − ξ2

(
iξ

∂

∂z
Ẽ1x + ωηB̃1x

)
, (6.109)

B̃1y = 1

k2
1 − ξ2

(
−i

k2
1

ω

∂

∂z
Ẽ1x − ξηB̃1x

)
, (6.110)

B̃1z = 1

k2
1 − ξ2

(
−k2

1

ω
ηẼ1x + iξ

∂

∂z
B̃1x

)
, (6.111)

and

Ẽ2y = 1

k2
T − ξ2

(
−ξηẼ2x + iω

∂

∂z
B̃2x

)
, (6.112)

Ẽ2z = 1

k2
L − ξ2

(
iξ

∂

∂z
Ẽ2x + ωηB̃2x

)
, (6.113)

B̃2y = 1

k2
L − ξ2

(
−i

k2
L

ω

∂

∂z
Ẽ2x − ξηB̃2x

)
, (6.114)

B̃2z = 1

k2
T − ξ2

(
−k2

T

ω
ηẼ2x + iξ

∂

∂z
B̃2x

)
, (6.115)

where

k2
j = ω2μ0ε̃j ; j = 1, L, T . (6.116)

In Region 1, the following differential equations are obtained readily:

∂2

∂z2
B̃1x + γ 2

1 B̃1x = 0, (6.117)

∂2

∂z2
Ẽ1x + γ 2

1 Ẽ1x = k2
1 − ξ2

iωε̂1
I dlδ(z − d), (6.118)

where

γ 2
1 = (k2

1 − ξ2 − η2) 1
2 ; Imγ1 > 0. (6.119)

In Region 2, the equations for B̃2x and Ẽ2x are obtained readily. We write

1

k2
T − ξ2

∂2

∂z2
B̃2x +

(
1 − η2

k2
L − ξ2

)
B̃2x
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+ iξη

ω

(
1

k2
T − ξ2

− 1

k2
L − ξ2

)
∂

∂z
Ẽ2x = 0, (6.120)

k2
L

k2
L − ξ2

∂2

∂z2
Ẽ2x + k2

T

(
1 − η2

k2
T − ξ2

)
Ẽ2x

+ iωξη

(
1

k2
T − ξ2

− 1

k2
L − ξ2

)
∂

∂z
B̃2x = 0. (6.121)

With the Sommerfeld radiation condition for z → ∞, the solutions of Eqs. (6.117)
and (6.118) for B̃1x and Ẽ1x can be obtained readily. We write

B̃1x = μ0C1eiγ1z; z ≥ 0, (6.122)

Ẽ1x = C2eiγ1z − k2
1 − ξ2

iωε̂1γ1
I dleiγ1d sinγ1z; 0 ≤ z ≤ d, (6.123)

Ẽ1x =
(

C2 − k2
1 − ξ2

iωε̂1γ1
I dl sinγ1d

)
eiγ1z; z > d, (6.124)

where C1 and C2 are constants of integration.
We assume that the solutions for B̃2x and Ẽ2x are expressed in the forms

B̃2x = μ0Ae−iγ z; Ẽ2x = Be−iγ z. (6.125)

Substituting these expressions into Eqs. (6.120) and (6.121), the algebraic equations
are obtained as follows:(

1 − γ 2

k2
T − ξ2

− η2

k2
L − ξ2

)
μ0A + ξηγ

ω

(
1

k2
T − ξ2

− 1

k2
L − ξ2

)
B = 0,

(6.126)

−ωξηγ

(
1

k2
T − ξ2

− 1

k2
L − ξ2

)
μ0A +

(
k2
T − k2

T η2

k2
T − ξ2

− k2
Lξ2

k2
L − ξ2

)
B = 0.

(6.127)

With the above two equations, it follows that

γ 4k2
L + γ 2[(k2

L + k2
T

)(
ξ2 + η2)− 2k2

Lk2
T

]
+ k2

T

(
k2
L − ξ2 − η2)(k2

T − ξ2 − η2)= 0. (6.128)

The nonzero solutions are

γT =
√

k2
T − λ2, (6.129)

γe =
√

k2
T − k2

T

k2
L

λ2 = kT

kL

γL = kT

kL

√
k2
L − λ2, (6.130)
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where

λ2 = ξ2 + η2. (6.131)

The imaginary parts of γT and γe should be positive when λ is real. The coefficients
A and B in Eqs. (6.126) and (6.127) should satisfy the equations

BT

AT

= −μ0ωη

ξγT

; Be

Ae

= −μ0ωξγe

k2
T η

. (6.132)

It yields

B̃2x = μ0
(
AT e−iγT z + Aee−iγez

); z ≤ 0, (6.133)

Ẽ2x = −μ0ωη

ξγT

AT e−iγT z + ν0ωξγe

k2
T η

Aee−iγez; z ≤ 0. (6.134)

Then, the remaining four components in Region 2 are obtained readily. They are

B̃2y = μ0

(
η

ξ
AT e−iγT z − ξ

η
Aee−iγez

)
; z ≤ 0, (6.135)

B̃2z = μ0λ
2

ξγT

AT e−iγT z; z ≤ 0, (6.136)

Ẽ2y = ωμ0

(
AT

γT

e−iγT z + Aeγe

k2
T

e−iγez

)
; z ≤ 0, (6.137)

Ẽ2z = ωμ0λ
2

k2
Lη

Aee−iγez; z ≤ 0. (6.138)

With the boundary conditions B̃1y = B̃2y , B̃1z = B̃2z, Ẽ1y = Ẽ2y , and k2
1Ẽ1z =

k2
LẼ2z at z = 0, the coefficients C1, C2, AT , and Ae can be obtained readily. We

write

C1 = I dlξηeiγ1d

λ2MT Ne

(
k2

1γT γe − k2
T γ 2

1

); (6.139)

C2 = −I dlωμ0eiγ1d

λ2MT Ne

{
λ2Ne + ξ2[γ1

(
γT γe − k2

T

)− λ2γe

]}
, (6.140)

AT = − ξγT

λ2(k2
1 − ξ2)

(ξγ1C1 + ωε̂1ηC2), (6.141)

Ae = k2
1η

ωμ0λ2

(
ωμ0ηC1 − ξγ1C2

k2
1 − ξ2

− ξ

ωε̂1
eiγ1d

)
, (6.142)

where

MT = γ1 + γT , Ne = k2
T γ1 + k2

1γe = kT

kL

(
kLkT γ1 + k2

1γL

)
. (6.143)
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With Eqs. (6.139)–(6.142), and the Fourier integrals like Eq. (6.106), the six
components of the electromagnetic field in Region 1 in the range 0 ≤ z ≤ d can be
expressed as follows:

E1x = I dl

(2π)2

∫ ∞

−∞
dξ

∫ ∞

−∞
dηei(ξx+ηy)

×
({

λ2Ne + ξ2[γ1
(
γT γe − k2

T

)− λ2γe

]}− eiγ1d

iωε̂1γ1
sinγ1z

)
, (6.144)

E1y = I dl

(2π)2

∫ +∞

−∞
dξ

∫ +∞

−∞
dηξηei(ξx+ηy)

×
[
ωμ0eiγ1(z+d)

λ2MT Ne

(
k2
T γ1 + λ2γe − γ1γT γe

)+ eiγ1d

iωε̂1γ1
sinγ1z

]
, (6.145)

E1z = I dl

(2π)2

∫ ∞

−∞
dξ

∫ ∞

−∞
dηei(ξx+ηy)ξ

[
ωμ0γeeiγ1(z+d)

Ne

− eiγ1d

ωε̂1
cosγ1z

]
,

(6.146)

B1x = μ0I dl

(2π)2

∫ ∞

−∞
dξ

∫ ∞

−∞
dηei(ξx+ηy)ξη

eiγ1(z+d)

λ2MT Ne

(
k2

1γT γe − k2
T γ 2

1

)
, (6.147)

B1y = −μ0I dl

(2π)2

∫ ∞

−∞
dξ

∫ ∞

−∞
dηei(ξx+ηy)

×
{

eiγ1(z+d)

λ2MT Ne

[
λ2γ1Ne + ξ2(k2

1γT γe − k2
T γ 2

1

)]− eiγ1d cosγ1z

}
,

(6.148)

B1z = μ0I dl

(2π)2

∫ ∞

−∞
dξ

∫ ∞

−∞
dηei(ξx+ηy)η

[
eiγ1(z+d)

MT

− ieiγ1d

γ1
sinγ1z

]
. (6.149)

With the relations

x = ρ cosφ; y = ρ sinφ; ξ = λ cosφ′; η = λ sinφ′, (6.150)

and the integral representation of the Bessel functions of the first kind, viz.,

Jn(λρ) = i−n

2π

∫ 2π

0
eiλρ cos θ einθ dθ, (6.151)

the final formulas of the six components in cylindrical coordinates ρ,φ, z in Re-
gion 1 can be expressed as follows:

E1ρ(ρ,φ, z) = −μ0ωI dl

4πk2
1

cosφ

×
(∫ ∞

0

{
k2

1J0(λρ) − λ2

2

[
J0(λρ) − J2(λρ)

]}eiγ1|z−d|

γ1
λdλ
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+
∫ ∞

0

{
γ1Qe

2

[
J0(λρ) − J2(λρ)

]− k2
1PT

2γ1

[
J0(λρ) + J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.152)

E1φ(ρ,φ, z) = μ0ωI dl

4πk2
1

sinφ

×
(∫ ∞

0

{
k2

1J0(λρ) − λ2

2

[
J0(λρ) + J2(λρ)

]}eiγ1|z−d|

γ1
λdλ

+
∫ ∞

0

{
γ1Qe

2

[
J0(λρ) + J2(λρ)

]− k2
1PT

2γ1

[
J0(λρ) − J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.153)

E1z(ρ,φ, z) = iωμ0I dl

4πk2
1

cosφ

∫ ∞

0

[±eiγ1|z−d| + Qeeiγ1(z+d)
]
J1(λρ)λ2 dλ,

(6.154)

B1ρ(ρ,φ, z) = −μ0I dl

4π
sinφ

×
(

±
∫ ∞

0
J0(λρ)eiγ1|z−d|λdλ

+
∫ ∞

0

{
Qe

2

[
J0(λρ) + J2(λρ)

]− PT

2

[
J0(λρ) − J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.155)

B1φ(ρ,φ, z) = −μ0I dl

4π
cosφ

×
(

±
∫ ∞

0
J0(λρ)eiγ1|z−d|λdλ

+
∫ ∞

0

{
Qe

2

[
J0(λρ) − J2(λρ)

]− PT

2

[
J0(λρ) + J2(λρ)

]}
× eiγ1(z+d)λdλ

)
, (6.156)

B1z(ρ,φ, z) = iμ0I dl

4π
sinφ

∫ ∞

0

[
eiγ1|z−d| − PT eiγ1(z+d)

]
γ −1

1 J1(λρ)λ2 dλ,

(6.157)



6.4 ELF Wave Along the Surface of Anisotropic Rock 195

where

Qe = k2
1γe − k2

T γ1

k2
1γe + k2

T γ1
= k2

1γL − kLkT γ1

k2
1γL + kLkT γ1

; PT = γT − γ1

γT + γ1
. (6.158)

In Eqs. (6.152)–(6.157), the lower sign applies to the range 0 < z < d , while the
upper sign indicates the range z > d . By now, the integrated formulas for the six
components of the electromagnetic field have been obtained readily.

6.4.2 Approximated Formulas for the Field Components

In practical computations in engineering, it is difficult to evaluate the integrals in
Eqs. (6.152)–(6.157). In the next step, we will attempt to evaluate these integrals
and obtain useful physical insights. With the available work by Pan (1985), the
approximated formulas are obtained for the six components of the electromagnetic
field in Region 1. They can be expressed as follows:

E1ρ = −I dlωμ0

2πk2
1

cosφ

×
(

eik1(z+d)

{
eikLρ

[
ikLkT

ρ
− kT

ρ2
− k2

Lk2
T

k1

√
π

kLρ
e
−ikLρ

k2
T

2k2
1 F(pe)

]
− i

ρ3
eikT ρ

}
− eik1r1

(
k1

ρ2
+ i

ρ3

))
, (6.159)

E1φ = I dlωμ0

πk2
1

sinφ

×
(

eik1(z+d)

{
eikLρ

[
kT

2ρ2
+ ik2

Lk2
T

2k1

√
π

(kLρ)
3
2

e
−ikLρ

k2
T

2k2
1 F(pe)

]

+ eikT ρ

(
kT

2ρ2
+ i

ρ3

)}
+ eik1r2

(
ik2

1

2ρ
− k1

ρ2
− i

ρ3

)

− 1

4

(
eik1r1 + eik1r2

)( ik2
1

ρ
− k1

ρ2
− i

ρ3

))
, (6.160)

E1z = iI dlωμ0

2πk2
1

cosφ

×
(

kLkT

k1

{
eik1(z+d)eikLρ

[
kL

ρ
+ i

ρ2
+ ikT k2

L

k1

√
π

kLρ
e
−ikLρ

k2
L

2k2
1 F(pe)

]
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− eik1r2

ρ2

}
− 1

2

(
z − d

ρ
eik1r1 + z + d

ρ
eik1r2

)

×
(

k2
1

ρ
+ 3ik1

ρ2
− 3

ρ3

))
, (6.161)

B1ρ = −I dlμ0

2πk1
sinφ

×
(

eik1(z+d)

{
eikLρ

[
kT

ρ2
+ ikLk2

T

k1ρ

√
π

kLρ
e
−ikLρ

k2
L

2k2
1 F(pe)

]

+ eikT ρ

(
kT

ρ2
+ 2i

ρ3

)}
+ eik1r2

(
ik2

1

ρ
− 2k1

ρ2
− 2i

ρ3

)

− 1

2

(
z − d

ρ
eik1r1 + z + d

ρ
eik1r2

)(
ik2

1

ρ
+ 2i

ρ3
− 3

k1ρ4

))
, (6.162)

B1φ = −I dlμ0

2πk1
cosφ

×
(

eik1(z+d)

{
eikLρ

[
ikLkT

ρ
− kT

ρ2
− k2

Lk2
T

k1

√
π

kLρ
e
−ikLρ

k2
L

2k2
1 F(pe)

]
− i

ρ3
eikT ρ

}
+ 1

2
eik1r2

(
2

ρ3
+ 3i

k1ρ4

)

+ 1

2

(
z − d

ρ
eik1r1 + z + d

ρ
eik1r2

)(
ik2

1

ρ
− k1

ρ2

))
, (6.163)

B1z = −iI dl

2πk2
1

sinφ

×
[

eik1(z+d)eikT ρ

(
ik2

T

ρ2
− 3kT

ρ3
− 3i

ρ4

)
− eik1r2

(
ik2

1

ρ2
− 3k1

ρ3
− 3i

ρ4

)

+ 1

2

(
eik1r1 − eik1r2

)(k3
1

ρ
+ ik2

1

ρ2

)]
. (6.164)

In these formulas, r1 =√ρ2 + (z − d)2, r2 =√ρ2 + (z + d)2, pe = kLρ(
k2
T

2k2
1
),

and the Fresnel integral F(pe) are defined by

F(pe) = 1

2
(1 + i) − C2(pe) − iS2(pe), (6.165)

where

C2(pe) + iS2(pe) =
∫ pe

0

eit

(2πt)1/2
dt. (6.166)
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In Eqs. (6.159)–(6.164), the four factors eik1r , eik1r2 , eik1(z+d)eikLρ , and eik1(z+d)×
eikT ρ are included. The preceding two terms including the factor eik1r and eik2r rep-
resent the directed wave and the ideal reflected wave, which the two terms can be
neglected in the case of ρ � z and ρ � d . The latter two terms represent the lateral
wave, which travels from the transmitting source a distance d in Region 1 (sea water)
to the boundary, then radially along the boundary in Region 2 (rock) a distance ρ,
and finally a distance z in Region 2 to the receiving point. Because of the anisotropy
of the conductivity of the rock, the lateral wave can be divided into electric-type and
magnetic-type terms, which propagate outwardly with the wave numbers kL and kT ,
respectively. The wave number kL of the electric-type (TM) wave is determined pri-
marily by the conductivity σL in longitudinal direction, while the wave number kT

of the magnetic-type (TE) wave is determined by the conductivity σT in transverse
direction. When the conditions of ρ � z and ρ � d are satisfied, Eqs. (6.159)–
(6.164) are simplified as

EL
1ρ = −ωμ0kT I dl

2πk2
1

cosφeik1(z+d)

×
{

eikLρ

[
ikL

ρ
− 1

ρ2
− k2

LkT

k1

√
π

kLρ
e
−ikLρ

k2
L

2k2
1 F(pe)

]
− i

kT ρ3
eikT ρ

}
,

(6.167)

EL
1φ = ωμ0kT I dl

2πk2
1

sinφeik1(z+d)

×
{

eikLρ

[
1

ρ2
+ ikLkT

k1ρ

√
π

kLρ
e
−ikLρ

k2
L

2k2
1 F(pe)

]
+ eikT ρ

(
1

ρ2
+ 2i

kT ρ3

)}
, (6.168)

EL
1z = ωμ0kLkT I dl

2πk3
1

cosφeik1(z+d)φeikLρ

(
ikL

ρ
− 1

ρ2
−k2

LkT

k1

√
π

kLρ
e
−ikLρ

k2
L

2k2
1 F(pe)

)
,

(6.169)

BL
1ρ = −k1

ω
EL

1φ, (6.170)

BL
1φ = k1

ω
EL

1ρ, (6.171)

BL
1z = μ0k

2
T I dl

2πk2
1

sinφeik1(z+d)eikT ρ

(
1

ρ2
+ 3i

kT ρ3
− 3

k2
T ρ4

)
. (6.172)

In the near and intermediate distances with |kLρ · k2
T

2k2
1
| < 1, the Fresnel-integral

terms have a negligible effect on the nature of the field. With them, the components
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of the field can be expressed in the following simplified forms:

EL
1ρ ≈ −ωμ0I dl

2πk2
1

cosφeik1(z+d)

[(
ikLkT

ρ
− kT

ρ2

)
eikLρ − i

ρ3
eikT ρ

]
, (6.173)

EL
1φ ≈ ωμ0I dl

πk2
1

sinφeik1(z+d)

[
eikLρ kT

2ρ2
+ eikT ρ

(
kT

2ρ2
+ i

ρ3

)]
, (6.174)

EL
1z ≈ iωμ0I dl

2πk2
1

cosφeik1(z+d)eikLρ kLkT

k1

(
kL

ρ
+ i

ρ2

)
, (6.175)

BL
1ρ = −μ0I dl

2πk1
sinφeik1(z+d)

[
eikLρ kT

ρ2
+ eikT ρ

(
kT

ρ2
+ 2i

ρ3

)]
, (6.176)

BL
1φ = −μ0I dl

2πk1
cosφeik1(z+d)

[(
ikLkT

ρ
− kT

ρ2

)
eikLρ − i

ρ3
eikT ρ

]
, (6.177)

BL
1z = − iμ0I dl

2πk2
1

sinφeik1(z+d)eikT ρ

(
ik2

T

ρ2
− 3kT

ρ3
− 3i

ρ4

)
. (6.178)

6.4.3 Computations and Discussions

In order to verify the accuracy of the approximated formulas, for typical conditions,
we will attempt to carry out the computations by using the approximated formulas
and the directional numerical calculations on the integrated formula. With f = 1 Hz,
I dl = 1 A·m, σ1 = 4 S/m, σT = 0.004 S/m, σL = 0.002 S/m, d = 30 m, and z =
1 m, the graphs of |E1ρ | as a function of the radial distance ρ at φ = 0 is shown
in Fig. 6.23. The dash lines are for the computations by the approximated formula,
the solid lines are for the numerical calculations on the integrated formula, and the
dotted lines are for the computations of the lateral-wave term. The corresponding
curves for |E1φ | at φ = π

2 are shown in Fig. 6.24.
From the above computations, it is shown that the results by using the approxi-

mated formula, the directional numerical calculation method, and the lateral-wave
term are very close together, and the differences between the three computed results
are within 0.7 dB for ρ < 600 m. For ρ > 100 m, the differences are enlarged over
5 dB.

6.4.4 Comparisons with Measurements

An interesting experiment for detecting the subbed conductivity by the measure-
ments of the ELF electric field on the ocean floor radiated by a horizontal antenna
also on the ocean floor has been reported (Young and Cox 1981). A diagram of the
experimental set and the measured data are shown in Fig. 6.25. In the experiment,
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Fig. 6.23 The magnitudes of
E1ρ(ρ,0, z) due to an HED
in sea water over
one-dimensionally
anisotropic rock

Fig. 6.24 The magnitudes of
E1φ(ρ, π

2 , z) due to an HED
in sea water over
one-dimensionally
anisotropic rock

the radial distance between the transmitting and receiving antennas is ρ = 18.9 km,
and the operating frequency is in the range of 0.25–2.5 Hz. The actually mea-
sured components EX and EY can be expressed in the terms of the components
E1ρ(ρ,φ, z) and E1φ(ρ,φ, z) of the field excited by the transmitter. We write

EX = E1ρ(ρ,φ, z) sinψ + E1φ(ρ,φ, z) cosψ, (6.179)

EY = −E1ρ(ρ,φ, z) cosψ + E1φ(ρ,φ, z) sinψ. (6.180)

In the available reference (Young and Cox 1981), the angles ψ and φ are not
given, but they can be estimated from the diagram in Fig. 6.25. Thus, we take
ψ = 5◦ and φ = 60◦. Since ψ is small, it is obtained for EX ∼ E1φ(ρ,φ, z) and
EY ∼ −E1ρ(ρ,φ, z). The components EX and EY as the functions of the operating
frequency are computed and shown in Fig. 6.26. The solid and dot-dashed lines rep-
resent the one-dimensionally anisotropic rock, where the solid lines are for σL < σT
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Fig. 6.25 Diagram of the experimental set and the measured data

and the dot-dashed lines for the physically unavailable but theoretical assumption
σL > σT . The dashed and dotted lines represent isotropic rock, where the dashed
lines are for the rock with lower conductivity and the dotted lines for the rock with
high conductivity.

From Fig. 6.26, it is seen that for both EX and EY only the solid lines are well
in agreement with the measured data. For EX , the solid and dot-dashed lines are
nearly close together and both of them agree well with the measured data. It is
found that EX is not sensitive to the interchange of the two anisotropic models with
σL < σT and σL > σT . This is resulted by EX being approximately equal to E1φ in
the case of ψ ∼ 0, and meanwhile the magnitudes of the terms including eikLρ are
approximately equal to those of the terms including eikT ρ at small radial distance
(ρ = 18.9 km).

Following the above computations and analyses, it may be reasonably concluded
that the measured data are well represented as the one-dimensionally anisotropic
model and the reasonable values are with σL ∼ 0.002 to 0.0025 S/m and σT ∼
0.004 to 0.005 S/m.
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Fig. 6.26 The comparison of computations and ocean floor measurements by Young and Cox
(1981)

6.5 The Electromagnetic Field Generated by HED for n-Layered
Subbed

In the preceding sections, the analyses and computations are concerned with the
electromagnetic field radiated by an HED on the boundary between the sea water
and the sea floor. The actual oceanic crust is always composed of several layers
with different conductivities. The multi-layered model is usually employed by geo-
physicists in the study of the ocean crust. Specifically, the measurements by Young
and Cox (1981) described in Chaps. 8 and 9 in the book (King et al. 1992) are in-
terpreted by using multi-layered model. Therefore, it is necessary to analyze the
electromagnetic field excited by a horizontal transmitting antenna on the surface of
multi-layered region.

In this section, the speeding numerical convergence algorithm will be used to
compute the field components of the electromagnetic field radiated by an HED in
the multi-layered region.

6.5.1 The Integrated Formulas for the Electromagnetic Field
Generated by HED for n-Layered Subbed

The geometry under consideration and cylinder coordinate system are shown in
Fig. 6.27, where an HED in the direction of φ = 0 is located at (0, 0, d). Region
0 (z > 0) is the upper half-space occupied by sea water, the lower half-space is
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Fig. 6.27 Geometry of an
HED in the sea water above
the horizontally n-layered
seabed

composed of a succession of n horizontally layers, each with arbitrary thickness lj
(j = 1,2, . . . , n), and arbitrary wave number kj .

In Chap. 11 of the book by King et al. (1992), the integrated formulas for the field
component radiated by an HED in the sea water above the horizontally n-layered
seabed were derived readily. They are

E0ρ = −ωμ0I dl

4πk2
0

cosφ

×
(∫ ∞

0

{
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2
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∫ ∞
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]
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)
, (6.181)
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]
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)
, (6.182)

E0z = iωμ0I dl

4πk2
0

cosφ

[∫ ∞

0

(±eiγ0|z−d| + Qneiγ0(z+d)
)
J1(λρ)λ2 dλ

]
,

(6.183)
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B0ρ = −μ0I dl

4π
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×
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, (6.184)
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∫ ∞
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, (6.185)

B0z = iμ0I dl

4π
sinφ

[∫ ∞

0

(
eiγ0|z−d| − Pneiγ0(z+d)

)
γ −1

0 J1(λρ)λ2 dλ

]
,

(6.186)

where

Qn = −γ0 − (
k2

0
ωμ0

)Zs0(0)

γ0 + (
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0
ωμ0

)Zs0(0)

; Pn = −γ0 − ωμ0Ys0(0)

γ0 + ωμ0Ys0(0)
. (6.187)

In the above equations, Zs0(0) and Ys0(0) represent the surface impedance for the
electric-type (TM) wave and the surface admittance for the magnetic-type (TE)
wave, respectively. They are expressed in the following forms:
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, (6.188)
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+ tanh−1
[(
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. (6.189)

When l1 = l2 = · · · = ln = 0, the space z ≤ 0 is uniform half-space with the
parameters σn+1 and kn+1. For n = 0, they are reduced to

Zs0(0) = ωμ0γn+1

k2
n+1

= ωμ0γ1

k2
1

, (6.190)

Ys0(0) = γn+1

ωμ0
= γ1

ωμ0
. (6.191)

Correspondingly, the factors Qn and Pn are reduced to

Qn −→
n→0

k2
0γn+1 − k2

n+1γ0

k2
0γn+1 + k2

n+1γ0
= k2

0γ1 − k2
1γ0

k2
0γ1 + k2

1γ0
, (6.192)

Pn −→
n→0

γn+1 − γ0

γn+1γ0
= γ1 − γ0

γ1γ0
. (6.193)

Obviously, when n = 0, all formulas are the same as those for the uniform half-
space.

In another special case of l1 → ∞, namely, the thickness of the first layer is very
large. Thus the remaining layers below have negligible effects on the nature of the
field in the sea water, and this case should be like the uniform half-spaces. When
l1 → ∞, it follows that

tanh(−iγ1l1 + · · · ) −→
l1→∞ 1. (6.194)

With the substitution of Eq. (6.94) into Eqs. (6.188) and (6.189), it yields

Zs0(0) −→
l1→∞

ωμ0γ1

k2
1

; Ys0(0) −→
l1→∞= γ1

ωμ0
. (6.195)

Obviously, the factors Qn and Pn are reduced to Eqs. (6.192) and (6.193).

6.5.2 Speeding Numerical Convergence Algorithm

When n ≥ 3, there have no available approximated formulas in engineering compu-
tations so far. By using the approximated formulas for the uniform half-space model
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Fig. 6.28 The magnitudes of
the factors Pn and (Pn − P )

as the functions of λ
|k0|

and those for the three-layered model, which are available, the speed-up numerical
convergence algorithm can be used to calculate numerically the integrated formulas
for the n-layered model. In what follows, as an example for the electric field com-
ponent E0ρ , we will attempt to address the main ideas for the speeding numerical
convergence algorithm.

We assume that E∗
0ρ(ρ,φ, z) is the electric field component in the ρ̂ direction

radiated by an HED in the sea water on or near the boundary between the sea water
and the homogeneous ocean floor. From Sect. 6.2 in this chapter, the component
E∗

0ρ(ρ,φ, z) is expressed as follows:

E∗
0ρ(ρ,φ, z) = −ωμ0I dl

4πk2
0

cosφ

×
(∫ ∞

0

{
k2

0J0(λρ) − λ2

2

[
J0(λρ) − J2(λρ)

]}
γ −1

0 eiγ0|z−d|λdλ

+
∫ ∞

0

{
γ0Q

2

[
J0(λρ) − J2(λρ)

]
− k2

0P

2γ0

[
J0(λρ) + J2(λρ)

]}
eiγ0(z+d)λdλ

)
. (6.196)

Here Q and P represent the reflection coefficient of the electric-type (TM) wave
and that of the magnetic-type (TE) wave for the half-space model, respectively. It is
noted that E∗

0ρ(ρ,φ, z) is expressed in the approximated analytical form, which can
be computed accurately and easily (King et al. 1992).

With Eqs. (6.181) and (6.196), the integrated formulas for the component E0ρ of
the electromagnetic field radiated by an HED in the sea water above the horizontally
n-layered seabed can be rewritten in the following form:
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Fig. 6.29 The magnitudes of
the factors Qn and (Qn − Q)

as the functions of λ
|k0|

E0ρ(ρ,φ, z) = [E0ρ(ρ,φ, z) − E∗
0ρ(ρ,φ, z)

]+ E∗
0ρ(ρ,φ, z)

= −ωμ0I dl

4πk2
0

cosφ

×
∫ ∞

0

{
γ0(Qn − Q)

2

[
J0(λρ) − J2(λρ)

]
− k2

0(Pn − P)

2γ0

[
J0(λρ) + J2(λρ)

]}
eiγ0(z+d)λdλ

+ E∗
0ρ(ρ,φ, z). (6.197)

It is seen that the factors (Qn − Q) and (Pn − P) converge much more rapidly
than the factors Qn and Pn in the case of λ → ∞ or λ being large enough. As a
result, the field component E0ρ in Eq. (6.197) can be calculated efficiently with bet-
ter accuracy. Similarly, the other five components can also be calculated efficiently
with better accuracy by using the speed-up numerical convergence algorithm.

We take that the four-layered model and the operating frequency is f = 1 Hz.
The upper space is occupied by sea water with σ0 = 4 S/m, and both the transmitting
antenna and the receiving antenna are located in Region 0 (sea water) with d = 30 m
and z = 1 m. The lower space is composed of three layers with σ1 = 1 S/m, σ2 =
0.01 S/m, σ3 = 0.001 S/m, l1 = 100 m, and l2 = 1,000 m. The half-space model
is characterized by σ0 = 4 S/m and σ1 = 1 S/m. The magnitudes and phases of the
factors Qn, Pn, (Qn −Q), and (Pn −P) as functions of λ

|k0| are shown in Figs. 6.28
and 6.29, respectively. It is seen that the factors (Qn − Q) and (Pn − P) attenuate
rapidly. As a result, the calculated efficiency is improved significantly with better
accuracy.
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Fig. 6.30 Geometry of an
HED in the four-layered
region

6.5.3 Computations and Discussions on the Normalized Surface
Impedance

The fundamental principle of the traditional passive electromagnetic sounding
method (MT) can be summarized as follows: By receiving the electric component
and magnetic component in ELF range meanwhile generated by the natural atmo-
spheric noise and solar electromagnetic pulse on the Earth’s surface, the surface
impedance, which is defined as the ratio of the magnitude of the electric component
and that of the magnetic component, as a function of the operating frequency can be
concluded readily, and the conductivity distribution of the layered structure under
the receiving point can be concluded.

Because the natural ELF radiation source is generally far away from the receiving
point, the normalized surface impedance as a function of the operating frequency
is only concerned with the conductivity structure under the receiving point, and
has nothing to do with the location and intensity of the radiation source. When
an artificial transmitting antenna is employed as the radiation source, the signal-
to-noise ratio at the receiving point is improved significantly, while the measured
time can be reduced greatly with better accuracy. On the other hand, the distance
between the transmitting source and the receiving point is not too large. It is well
known that the normalized surface impedance at the receiving point is not only
concerned with the formation of the conductivity structure, but also is to do with the
distance between the transmitting source and the receiving point. Thus, they should
be considered in signal process and analyses.

In this section, it is estimated quantitatively how far the offset distance is between
the transmitting source and the receiving point, the normalized surface impedance
is not relevant to the offset distance.

Consider the four-layered region as shown in Fig. 6.30, where the HED is located
at (0,0, d) in the x̂. Region 0 (z ≥ 0) is the upper space occupied by the sea water
with the permeability μ0, relative permittivity εr0, and conductivity σ0; Region 1
(−l1 ≤ z ≤ 0) is the sedimentary layer with the permeability μ0, relative permittivity
εr1, and conductivity σ1; Region 2 (−(l1 + l2) ≤ z ≤ −l1) is the high-impedance
layer with the permeability μ0, relative permittivity εr2, and conductivity σ2; and
Region 3 is the rest of the space (z ≤ z − (l1 + l2)) occupied by the rock with the
permeability μ0, relative permittivity εr3, and conductivity σ3.
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Fig. 6.31 The normalized
surface impedance as a
function of the operating
frequency at different offset
distances: l1 = 200 m and
l2 = 100 m

Under the four-layered model, the integrated formulas can be given in
Eqs. (6.181)–(6.186) by taking n = 4. With εr0 = 80, εr1 = εr2 = εr3 = 10,
σ0 = 3.3 S/m, σ0 = 1 S/m, σ2 = 0.01 S/m, σ3 = 1 S/m, d = 10 m, and z = 0 m,
at different depths and thicknesses of the high-impedance layer, the normalized sur-
face impedance Δ = η

Eρ

Hφ
as the function of the operating frequency is computed

and shown in Figs. 6.31, 6.32, 6.33, 6.34, 6.35, respectively.
From these curves in Figs. 6.31–6.34, it is seen that the normalized surface

impedance as a function of the operating frequency is sensitive to the offset dis-
tance at small offset distance with ρ < 1 km. When the offset distance is larger than
1 km, the normalized impedance, for which the change is only within 1–2 dB, is not
sensitive to the offset distance, while it changes significantly with the operating fre-
quency. Considering ELF range, the efficiency of the magnetic field sensor is very
low, and the sensitivity of the magnetic field sensor is much smaller than that of the
electric field sensor. Therefore, in practical applications of the mCSEM method in
geophysical prospecting and diagnostics, the electric component is only measured
in the far distance, while both electric and magnetic components must be measured
meanwhile in the near region.

6.6 The mCSEM Method and Its Applications

Since the early 1980s, the mCSEM method has been investigated widely because of
its useful applications in geophysical prospecting and diagnostics. The fundamental
principle of the mCSEM method is summarized as follows: Because the conduc-
tivity of sea water is much higher than that of the ocean floor, the attenuation of
the electromagnetic wave in sea water is much larger than that in the ocean floor.
If both ELF transmitter and receiver are placed on or near the surface of the ocean
floor with a certain distance, it is well known that the lateral electromagnetic waves
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Fig. 6.32 The normalized
surface impedance as a
function of the operating
frequency at different offset
distances: l1 = 2,000 m and
l2 = 100 m

Fig. 6.33 The normalized
surface impedance as a
function of the operating
frequency at different offset
distances: l1 = 200 m and
l2 = 10 m

can propagate along the boundary in the ocean floor. Based on the magnitudes and
phases of ELF wave in the receiving point, the conductivity distribution of the sub-
bottom structure can be concluded and inversed. Generally, the transmitting antenna
is utilized a horizontal dual-electrode antenna, which is idealized as an HED.

In 2010, the analyses and computations were carried out for the changes of the
measured anomaly of the electric field as the operating frequency, the offset dis-
tance, the target depth, the target thickness, and the conductivity (Lu et al. 2010).
Then, the detecting ability of the mCSEM method can be evaluated. In this section,
we will summarize the recent results by Pan’s research group.
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Fig. 6.34 The normalized
surface impedance as a
function of the operating
frequency at different offset
distances: l1 = 2,000 m and
l2 = 10 m

Fig. 6.35 The electric
component E0ρ(ρ,0,0) as
the function of the
propagation distance ρ at
different depths of the
high-impedance layer:
f = 0.25 Hz, l2 = 100 m

6.6.1 The Electric Field Relative Anomaly Versus the Target’s
Depth

It is well known that the conductivity of the high-impedance layer is generally much
lower than that of the surrounding rock. In the following computations, the four-
layered model and the speed-up numerical convergence algorithm are employed.
With εr0 = 80, εr1 = εr2 = εr3 = 10, σ0 = 3.3 S/m, σ0 = 1 S/m, σ2 = 0.01 S/m,
σ3 = 1 S/m, d = 10 m, z = 0 m, and l2 = 100 m, the electric component E0ρ(ρ,0,0)

as a function of the propagation distance ρ is computed at f = 0.25 Hz and 0.5 Hz
as shown in Figs. 6.35 and 6.36, respectively.
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Fig. 6.36 The electric
component E0ρ(ρ,0,0) as
the function of the
propagation distance ρ at
different depths of the
high-impedance layer:
f = 0.5 Hz, l2 = 100 m

In order to illustrate the effect of the measurements on the undersea electric field
by the target layer, the relative anomaly of the electric field ΔE0ρ is defined by

ΔE0ρ = 20 lg

∣∣∣∣E0ρ(ρ,0,0)

E∗
0ρ(ρ,0,0)

∣∣∣∣. (6.198)

It is noted that the electric component E∗
0ρ(ρ,0,0) is for the case when the target

layer does not exist or the ocean floor is homogeneous with the conductivity σ1.
Corresponding to Figs. 6.35 and 6.36, the relative anomaly of the electric field as a
function of the offset distance at f = 0.25 Hz and 0.5 Hz are shown in Figs. 6.37
and 6.38, respectively.

From these computations, we conclude as follows:

• With the increase of the offset distance, the relative anomaly of the electric field
is enlarged. Namely, with the same error of the measured equipment, the increase
of the measured offset distance will follow that the “anomaly” is found more
effectively.

• The deeper the target layer is, the smaller the relative anomaly of the electric field
is under same conditions. Namely, in order to find the deep anomaly, the measured
offset distance should be enlarged with the same error of the measured equipment.
The principle is consistent with the analyses on the Poynting vector trajectory
addressed in Sect. 6.2.3. It is indicated that the larger the distance between the
transmitting and receiving points is, more likely the Poynting vector trajectory
will penetrate into the deeper seabed, and the larger the maximum of the detecting
depth.

• With the increases of the measured offset distance, the field amplitude decreases.
Due to the limitations of the capacities of the transmitting and receiving systems,
the measured offset distance will be limited by the equipment capacity, and the
detecting depth will also be limited. With the mCSEM detection equipment used
currently, the maximum of the detection distance is about 10 km, and the probing
depth is about 3–4 km.
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Fig. 6.37 The relative
anomaly of the electric field
ΔE0ρ as a function of the
propagation distance ρ at
different depths of the
high-impedance layer:
f = 0.25 Hz, l2 = 100 m

Fig. 6.38 The relative
anomaly of the electric field
ΔE0ρ as a function of the
propagation distance ρ at
different depths of the
high-impedance layer:
f = 0.5 Hz, l2 = 100 m

6.6.2 The Relative Anomaly of Electric Field Versus Target
Thickness, Conductivity, and Operating Frequency

The curves in Figs. 6.39 and 6.40 are for the relative anomaly of the electric field
versus the propagation distance ρ at different thicknesses of the high-impedance
layer. All parameters are taken as those in Sect. 6.6.1. It is seen that at the same
buried depth, the larger the thickness of the high-impedance layer, the more obvious
is the relative anomaly of the electric field, and the more easily the target can be
detected.

In Figs. 6.41 and 6.42, the curves are for the relative anomaly of the horizontal
electric field as a function of the offset distance at different conductivities of the tar-
get layer (higher-impedance layer). It is seen that the greater the difference between
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Fig. 6.39 The relative
anomaly of the electric field
ΔE0ρ versus the propagation
distance ρ at different
thicknesses of the
high-impedance layer:
f = 0.25 Hz, l1 = 1,000 m,
σ2 = 0.01 S/m

Fig. 6.40 The relative
anomaly of the electric field
ΔE0ρ versus the propagation
distance ρ at different
thicknesses of the
high-impedance layer:
f = 0.5 Hz, l1 = 1,000 m,
σ2 = 0.01 S/m

the conductivity of the more easily the target layer and that of the sedimentary layer,
the greater the difference of the field strength is, and the more easily the target layer
may be distinguished.

We assume that the depth and thickness of the target layer are taken as 1000 m
and 100 m, respectively. The electric field E0ρ as a function of the offset distance in
the sea water is computed at different operating frequencies and shown in Fig. 6.43.
With the same parameters as in Fig. 6.43, the curves in Fig. 6.44 are for the relative
anomaly of the electric field ΔE0ρ as a function of the offset distance at different
operating frequencies.

From Figs. 6.43 and 6.44, it is concluded as follows: With the decreasing op-
erating frequency, the received field strength will increase, and the signal will be
received more easily. The lower the operating frequency, the more significantly the
relative anomaly of the electric field will reduce, and the detection resolution will
decrease. Therefore, with the chosen operating frequency both effects should be
considered.
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Fig. 6.41 The relative
anomaly of the horizontal
electric field ΔE0ρ as a
function of the offset distance
at different conductivities of
the high-impedance layer:
f = 0.25 Hz, l1 = 1,000 m,
l2 = 100 m

6.6.3 The Effect of Air Waves

When the mCSEM method is used to detect the subbottom structure by measuring
the electromagnetic field components on the seabed, in order to detect the struc-
ture of the deep seabed, we always hope that the distance between the transmitting
and receiving points is as large as possible. When the sea water is not too deep,
while the distance between the transmitting and receiving points increases, except
for the wave traveling on the ocean floor along the boundary between the sea water
and ocean floor, there exists another wave, which travels upwardly to the air, and
then along the sea surface, and finally vertically downward to the receiving antenna.
When the sea water is very shallow, and the distance between the transmitting and
receiving points is very large, the magnitude of the wave in the air may be larger
than that of the wave on the ocean floor. Thus, it is necessary to analyze and discuss
the effect of the air wave and the compensated method. In order to analyze the prob-
lem on the effect by the air, the five-layered model and Cartesian coordinate system
is shown in Fig. 6.45, where the HED is located at (0, 0, d). It is noted that Region 0
with its thickness of l0 is occupied by sea water, and the transmitting and receiving
antennas are located in this region.

Under this five-layered model, with a series of complicated derivations, the in-
tegrated formulas are derived readily for the electromagnetic field in the sea water.
They are written in the following forms:

E0ρ = −ωμ0I dl cosφ

4πρ

∫ ∞

0
γ −1

0

[
eiγ0|z−d| + P TEeiγ0z + QTEeiγ0(2l0−z)

]
× J1(λρ)dλ

− I dl cosφ

4πωε0

∫ ∞

0
γ0
[
eiγ0|z−d| − P TMeiγ0z − QTMeiγ0(2l0−z)

]
× [λJ0(λρ) − ρ−1J1(λρ)

]
dλ, (6.199)
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Fig. 6.42 The relative
anomaly of the horizontal
electric field ΔE0ρ as a
function of the offset distance
at different conductivities of
the high-impedance layer:
f = 0.5 Hz, l1 = 1,000 m,
l2 = 100 m

Fig. 6.43 The electric field
E0ρ as a function of the offset
distance at different operating
frequency: l1 = 1,000 m,
l2 = 100 m, σ2 = 0.01 S/m

E0φ = ωμ0I dl sinφ

4π

∫ ∞

0
γ −1

0

[
eiγ0|z−d| + P TEeiγ0z + QTEeiγ0(2l0−z)

]
× [λJ0(λρ) − ρ−1J1(λρ)

]
dλ

+ I dl sinφ

4πωε0ρ

∫ ∞

0
γ0
[
eiγ0|z−d| − P TMeiγ0z − QTMeiγ0(2l0−z)

]
J1(λρ)dλ,

(6.200)

H0ρ = −I dl sinφ

4π

∫ ∞

−∞
[±eiγ0|z−d| + P TEeiγ0z − QTEeiγ0(2l0−z)

]
× [λJ0(λρ) − ρ−1J1(λρ)

]
dλ
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Fig. 6.44 The relative
anomaly of the horizontal
electric field ΔE0ρ as a
function of the offset distance
at different operating
frequency: l1 = 1,000 m,
l2 = 100 m, σ2 = 0.01 S/m

Fig. 6.45 Geometry of an
HED in the five-layered
region

− I dl sinφ

4πρ

∫ ∞

−∞
[±eiγ0|z−d| − P TMeiγ0z + QTMeiγ0(2l0−z)

]
J1(λρ)dλ,

(6.201)

H0φ = −I dl cosφ

4πρ

∫ ∞

−∞
[±eiγ0|z−d| + P TEeiγ0z − QTEeiγ0(2l0−z)

]
J1(λρ)dλ

− I dl cosφ

4π

∫ ∞

−∞
[±eiγ0|z−d| − P TMeiγ0z + QTMeiγ0(2l0−z)

]
× [λJ0(λρ) − ρ−1J1(λρ)

]
dλ, (6.202)

where the sign “+” represents the region of z ≥ d , while the sign “−” represents
the region of 0 < z < d . In Eqs. (6.199)–(6.202), P TM, QTM, P TE, and QTE are
expressed as follows:

P TM = (1 − RTM
0+ )RTM

0−
1 − RTM

0+ RTM
0−

e−iγ0d , (6.203)
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QTM = (1 − RTM
0− )RTM

0+
1 − RTM

0+ RTM
0−

eiγ0(d−2l0), (6.204)

P TE = (1 + RTE
0+)RTE

0−
1 − RTE

0+RTE
0−

e−iγ0d, (6.205)

QTE = (1 + RTE
0−)RTE

0+
1 − RTE

0+RTE
0−

eiγ0(d−2l0), (6.206)

where RTM
0+ and RTM

0− represent the reflection coefficients of the electric-type (TM)
wave on the boundaries, while RTE

0+ and RTE
0− represent those of the magnetic-type

(TE) wave on the boundaries. It is noted that the sign “+” corresponds to the bound-
ary between the air and the sea water, while the sign “−” corresponds to the bound-
ary between the sea water and the sedimentary layer. They are

RTM
0+ = γ0k

2
a − γak

2
0

γ0k2
a + γak

2
0

· ei2γ0(l0−d), (6.207)

RTM
0− =

ei2γ0d + M1·M−1
2 ·ei2γ2l2 +1

M1+M−1
2 ·ei2γ2 l2

· M0 · e(i2γ0d+γ1l1)

M0 + M1·M−1
2 ·ei2γ2l2 +1

M1+M−1
2 ·ei2γ2 l2

· ei2γ1l1

, (6.208)

RTE
0+ = γ0 − γa

γ0 + γa

· ei2γ0(l0−d), (6.209)

RTM
0− =

ei2γ0d + M1·M−1
2 ·ei2γ2l2 +1

M1+M−1
2 ·ei2γ2 l2

· M0 · e(i2γ0d+γ1l1)

M0 + M1·M−1
2 ·ei2γ2l2 +1

M1+M−1
2 ·ei2γ2 l2

· ei2γ1l1

, (6.210)

where

Mi = γik
2
i+1 + γi+1k

2
i

γik
2
i+1 − γi+1k

2
i

; Ni = γi + γi+1

γi − γi+1
. (6.211)

In the above equations, γi (i = 0,1,2) represents the wave number in the vertical di-
rection of the ith layer, while γa represents the wave number in the vertical direction
in the air.

In order to analyze the effect of the thickness of the sea water layer in detecting
the ocean floor by using the mCSEM method, the following computations are car-
ried out. We note that E0ρ(ρ,0, z), which is computed by Eq. (6.199), represents the
field component excited by unit HED in the sea water in the shallow-sea case with
the depth being 300 m, while E

g

0ρ(ρ,0, z), which is computed by Eq. (6.181) with
n = 4, represents the field component in the sea water for the four-layered model in
the deep-sea case.

In Fig. 6.46, graphs are for the components E0ρ(ρ,0, z) and E
g

0ρ(ρ,0, z) as func-
tions of the offset distance ρ. In the computations, the parameters for all layers are



218 6 ELF Wave Propagation Along Sea-Rock Boundary and mCSEM Method

Fig. 6.46 In both the
shallow-sea and the deep-sea
cases, the electric field
component versus the offset
distance at f = 0.5 Hz

Fig. 6.47 In both the
shallow-sea and the deep-sea
cases, the relative anomaly of
the electric field versus the
offset distance at f = 0.5 Hz

as follows: εra = 1, εr0 = 80, εr1 = εr2 = εr3 = 10, σ0 = 3.3 S/m, σ1 = 1 S/m,
σ2 = 0.01 S/m, and σ3 = 1 S/m, the operating frequency is f = 0.5 Hz, and the
height of the transmitting antenna and that of the receiving antenna are taken as
d = 10 m and z = 0 m, respectively. It is seen that when the offset distance is less
than 4 km, the response of the electric field for the shallow sea is basically consistent
with that for the deep sea. When the offset distance is greater than 6 km, the electric
component E0ρ in the shallow sea is enlarged significantly compared with that in
the deep sea. Furthermore, with the increase in the offset distance, the difference is
growing. It is shown that for the shallow-sea prospecting in the far zone, the impacts
by the air wave will be more and more extensive.
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Fig. 6.48 In both the
shallow-sea and the deep-sea
cases, the relative anomaly of
the electric field versus the
offset distance is computed at
f = 2.0 Hz

With the depth and thickness of the target being 1,000 m and 100 m, respectively,
and the conductivity σ2 = 0.01 S/m, the relative anomaly of the electric field versus
the offset distance is computed at f = 0.5 Hz and 2 Hz and shown in Figs. 6.47
and 6.48, respectively. From these computations, it is seen that when the offset dis-
tance is less than 3 km, the relative anomaly of the electric field for the shallow sea
is consistent with that for the deep sea. When the offset distance is larger than 3 km,
the relative abnormality of the electric field for the shallow sea is reduced signifi-
cantly, and it is unable to distinguish whether the high resistivity layer exists or not.
This is resulted by the electric field, which is determined mainly by the air wave in
the shallow-sea case. It is seen that in the shallow-sea case, it is necessary to carry
out further works on the mCSEM method, otherwise both the probing depth and the
resolving power will be limited.

6.7 Summary

In this chapter, under the half-space model, three- and multi-layered models, the
ELF field in sea water radiated by an HED on the boundary between sea water
and sea floor is investigated analytically and some computations are carried out
carefully. As the applications of the electromagnetic field excited by an HED in
layered region, the mCSEM method is addressed specifically.
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Chapter 7
Radiation and Propagation of SLF/ELF
Electromagnetic Waves of Space Borne
Transmitter

A space borne SLF/ELF transmitter for the communication with submarines can be
a line antenna or loop antenna in the ionosphere at a heights of 300–450 km. In this
chapter, the line antenna is idealized as an electric dipole, the ionosphere is idealized
as homogeneous anisotropic plasma. The radiation of a SLF/ELF electric dipole in
an infinite anisotropic plasma is treated analytically, while the electromagnetic field
on the sea surface generated by a space borne SLF/ELF line antenna is analyzed.
Some numerical results are also calculated.

7.1 Introduction

It is well known that SLF/ELF electromagnetic waves can be used for subma-
rine communication. The available submarine communication systems require us
to build huge ground-based transmitting stations with large investment and wartime
sensitivity. Once damaged, they are difficult to repair. With the development of space
technology and the decrease of satellite launching costs, it is possible to develop a
space borne SLF/ELF transmitting system to use for submarine communication.
Additionally, the ionosphere high-frequency heating can also be used to generate
SLF/ELF waves. It is known that the programmes of the active SLF experiments
with the use of a large loop antenna (with diameter 300 m) or line antenna onboard
the spacecraft have been presented in Russia and the United States (Armand et al.
1988; Koshelev and Melnikov 1998; Bannister et al. 1993).

SLF/ELF waves in the ionosphere and the magnetosphere have been a subject
of investigations already for more than 60 years. The theoretical and experimen-
tal works on SLF/ELF wave propagation have been treated by many investigators
and the findings are well summarized by Wait (1962) and Galejs (1972). In the pa-
per by Xia and Chen (2000), by using the matrix-exponent formulations, SLF/ELF
wave radiation and propagation in anisotropic stratified ionosphere are analyzed and
computed numerically. In the previous work by Li, the solution of the propagation
of VLF/SLF/ELF electromagnetic waves penetrating the lower ionosphere is carried
out (Li and Pan 1999; Li et al. 2011).

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_7,
© Zhejiang University Press, Hangzhou and Springer-Verlag Berlin Heidelberg 2014
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In this chapter, we will summarize our recent work on the radiation of an
SLF/ELF electric dipole in an infinite anisotropic plasma and the electromagnetic
field on the sea surface generated by the space borne SLF/ELF transmitter. Some
new computations and conclusions are also presented.

7.2 Radiation of an SLF/ELF Electric Dipole in an Infinite
Homogeneous Anisotropic Plasma

In this section, we will attempt to address the radiation of a SLF/ELF electric dipole
in an infinite anisotropic plasma.

7.2.1 Radiation of a SLF/ELF Electric Dipole in an Infinite
Homogeneous Anisotropic Plasma

In an infinite, homogeneous, anisotropic plasma, with the ẑ-axis of the coordinate
system along the geomagnetic field, the electromagnetic properties of the plasma
can be characterized by the tensor permittivity ¯̄ε and the scalar relative magnetic
permeability μr = 1. When the ẑ-axis is parallel to the direction of the geomagnetic
field, the tensor permittivity ¯̄ε is expressed in the following form:

¯̄ε = ε0

⎡⎣ ε1 −iε2 0
iε2 ε1 0
0 0 ε3

⎤⎦ , (7.1)

where

ε1 = 1 − XeUe

U2
e − Y 2

e

− XiUi

U2
i − Y 2

i

, (7.2)

ε2 = XeYe

U2
e − Y 2

e

+ XiYi

U2
i − Y 2

i

, (7.3)

ε3 = 1 − Xe

Ue

− Xi

Ui

, (7.4)

Ue = 1 + i
ve

ω
; Ui = 1 + i

vi

ω
, (7.5)

Xe = ω2
0e

ω2
; Xi = ω2

0i

ω2
, (7.6)

Ye = ω
(e)
H

ω
; Yi = ω

(i)
H

ω
. (7.7)
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In the above equations, ω2
0e = Nee

2

ε0me
and ω2

0i = Ni(zie)
2

ε0mi
are the angular plasma fre-

quency of electron and of ion, respectively. The electron gyro-frequency ω
(e)
H and

ions gyro-frequency ω
(i)
H are expressed as ω

(e)
H = | eB0

me
| and ω

(i)
H = −| eziB0

mi
|, respec-

tively. It is noted that ω is the operating angular frequency, νe is the effective colli-
sion frequency of the electron, Ne is the electron density, me the electron mass, νi

is the effective collision frequency of the ions, Ni is the ion density, B0 is the geo-
magnetic field strength in Wb/m2, and zi , the order of the ions with positive charge,
which is usually taken as 1 or 2, is determined by the ions’ composition.

Maxwell’s equations can be expressed in the following forms:

∇ × E = iωμ0H , (7.8)

∇ × H = J δ(r) − iωε0 ¯̄εE, (7.9)

where J is an unit electric dipole in the origin point. Introducing the 3D Fourier
transforms, we have

E(r) = 1

(2π)

∫∫∫ ∞

−∞
Ẽ(k) exp(−ik · r)d3k, (7.10)

H (r) = 1

(2π)

∫∫∫ ∞

−∞
H̃ (k) exp(−ik · r)d3k, (7.11)

δ(r) = 1

(2π)

∫∫∫ ∞

−∞
exp(−ik · r)d3k. (7.12)

Substituting Eqs. (7.10)–(7.12) into Eqs. (7.8) and (7.9), it follows that

−ikyẼz + ikzẼy = iωμ0H̃x

−ikzẼx + ikxẼz = iωμ0H̃y

−ikxẼy + ikyẼx = iωμ0H̃z

−ikyH̃z + ikzH̃y = −iωε0(ε1Ẽx − iε2Ẽy) + J̃x

−ikzH̃x + ikxH̃z = −iωε0(iε2Ẽx + ε1Ẽy) + J̃y

−ikxH̃y + ikyH̃x = −iωε0ε3Ẽz + J̃z

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (7.13)

Letting kx = k sin θk cosφk , ky = k sin θk sinφk , kz = k cos θk , we readily de-
rive

¯̄A
⎡⎣ Ẽx

Ẽy

Ẽz

⎤⎦= −iωμ0

⎡⎣ J̃x

J̃y

J̃z

⎤⎦ . (7.14)



226 7 SLF/ELF Field on Sea Surface of Space Borne Transmitter

In the above equation, the 3 × 3 matrix is written in the form

¯̄A =
⎡⎣A11 A12 A13

A21 A22 A23
A31 A32 A33

⎤⎦ , (7.15)

where

A11 = k2
0ε1 − k2(cos2 θk + sin2 θk sin2 φk

)
, (7.16)

A22 = k2
0ε1 − k2(cos2 θk + sin2 θk cos2 φk

)
, (7.17)

A33 = k2
0ε3 − k2 sin2 θk, (7.18)

A12 = k2 sin2 θk sinφk cosφk + ik2
0ε2, (7.19)

A21 = k2 sin2 θk sinφk cosφk − ik2
0ε2, (7.20)

A13 = A31 = k2 sin θk cos θk cosφk, (7.21)

A23 = A32 = k2 sin θk cos θk sinφk. (7.22)

The solution of Eq. (7.14) can be expressed in the following form:

Ẽ(k) = −iωμ0
F (k, θk,φk)

det ¯̄A
, (7.23)

where

det ¯̄A = k2
0

(
ε1 sin2 θk + ε3 cos2 θk

)(
k2 − k2

1

)(
k2 − k2

2

)
, (7.24)

k2
1,2 = k2

0

2(ε1 sin2 θk + ε3 cos2 θk)
·
[
ε1ε3

(
1 + cos2 θk

)+ (ε2
1 − ε2

2

)
sin2 θk

±
√(

ε2
1 − ε2

2 − ε1ε3
)2 sin4 θk + 4ε2

2ε
2
3 cos2 θk

]
. (7.25)

The vector F (k, θk,φk) is written as follows:

F (k, θk,φk) = x̂Fx + ŷFy + ẑFz. (7.26)

In the case of the unit electric dipole being parallel to the direction of the geo-
magnetic field, J = ẑJz, namely, Jx = Jy = 0 and Jz = 1, the three components Fx ,
Fy , and Fz can be expressed as follows:

Fx = sin θk cos θk

[
k4 cosφk − k2k2

0(iε2 sinφk + ε1 cosφk)
]
, (7.27)

Fy = sin θk cos θk

[
k4 sinφk − k2k2

0(ε1 sinφk − iε2 cosφk)
]
, (7.28)

Fz = k4 cos2 θk − k2k2
0ε1
(
1 + cos2 θk

)+ k4
0

(
ε2

1 − ε2
2

)
. (7.29)
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In the case of the unit electric dipole being vertical to the direction of the geo-
magnetic field, and letting the electric dipole be in the x̂ direction, we have J = x̂Jx ,
Jx = 1, and Jy = Jz = 0. With similar steps, the three elements Fx , Fy , and Fz can
be expressed as follows:

Fx = k4
0ε1ε3 − k2

0k2[ε1 sin2 θk + ε3
(
cos2 θk + sin2 θk cos2 φk

)]
+ k4 sin2 θk cos2 φk, (7.30)

Fy = −ik4
0ε2ε3 − k2

0k2(ε3 sin2 θk sinφk cosφk − iε2 sin2 θk

)
+ k4 sin2 θk sinφk cosφk, (7.31)

Fz = −k2
0k2(ε1 cosφk − iε2 sinφk) sin θk cos θk + k4 sin θk cos θk cosφk. (7.32)

Thus, in the above two cases, the electromagnetic field can be expressed in the
integrated forms:

E(r) = − iωμ0

(2π)3

∫ π

0

∫ 2π

0

∫ ∞

0

F (k, θk,φk)

det ¯̄A
exp
{−ikr

[
(cos θ cos θk

+ sin θ sin θk cos(φ − φk)
]}

k2 sin θk dθk dφk dk. (7.33)

With the extended representation,

exp
{−ikr

[
(cos θ cos θk + sin θ sin θk cos(φ − φk)

]}
=
√

π

2kr

∞∑
n=0

(2n + 1)(−i)nJ
n+ 1

2
(kr)

× Pn

[
cos θ cos θk + sin θ sin θk cos(φ − φk)

]
, (7.34)

and substituting Eq. (7.34) into Eq. (7.33), we obtain readily

E(r) = iωμ0

(2π)3

√
π

2r

∫ π

0
dθk

∫ 2π

0

∞∑
n=0

(2n + 1)(−i)n

× Pn

[
cos θ cos θk + sin θ sin θk cos(φ − φk)

]
dφk

×
∫ ∞

0

k− 1
2 J

n+ 1
2
(kr)F (k, θk,φk)k

2 sin θk

k2
0(ε1 sin2 θk + ε3 cos2 θk)(k2 − k2

1)(k2 − k2
2)

dk. (7.35)

We denote the latter integral in Eq. (7.35) as follows:

Sn =
∫ ∞

0

k− 1
2 J

n+ 1
2
(kr)F (k, θk,φk)k

2

k2
0(k2 − k2

1)(k2 − k2
2)

dk. (7.36)

By examining the integral in Eqs. (7.35) and (7.36), it is seen that, when both
θk and φk change to π − θk and π + φk , the integrand F (k, θk,φk) in Sn is not
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changeable. In the same case, it is seen that the Legendre function Pn is an odd
function of x when n is odd, while it is an even function of x when n is even.
Obviously, when n is odd, the integration over the ranges for θk from 0 to π and
φk from 0 to 2π will be zero. There only exists the contribution by the integration
when n is even. Then, Eq. (7.35) is rewritten as follows:

E(r) = iωμ0

(2π)3

√
π

2r

∞∑
n=0

∫ π

0
dθk

∫ 2π

0
(4n + 1)(−1)n

× P2n

[
cos θ cos θk + sin θ sin θk cos(φ − φk)

]
dφk

×
∫ ∞

0

k− 1
2 J2n+1/2(kr)F (k, θk,φk)k

2 sin θk

k2
0(ε1 sin2 θk + ε3 cos2 θk)(k2 − k2

1)(k2 − k2
2)

dk. (7.37)

Considering the relations

J
(1)

2n+ 1
2
(kr) = 1

2

[
H

(1)

2n+ 1
2
(kr) + H

(2)

2n+ 1
2
(kr)

]
, (7.38)

iH(1)

2n+ 1
2
(−kr) = H

(2)

2n+ 1
2
(kr), (7.39)

and noting that both the function F and the integrand in Eq. (7.37) are even functions
of the variable k, then it follows that

S2n =
∫ ∞

0

k− 1
2 J2n+ 1

2
(kr)F (k, θk,φk)k

2

k2
0(k2 − k2

1)(k2 − k2
2)

dk

= 1

2

∫ ∞

−∞

k− 1
2 H

(1)

2n+ 1
2
(kr)F (k, θk,φk)k

2

k2
0(k2 − k2

1)(k2 − k2
2)

dk. (7.40)

With the residue theorem, we obtain readily

S2n = − πi

2k2
0(k2

1 − k2
2)

[
k

1
2
2 F (k2, θk,φk)H

(1)

2n+ 1
2
(k2r)

− k
1
2
1 F (k1, θk,φk)H

(1)

2n+ 1
2
(k1r)

]
= Sn(r, θk,φk). (7.41)

Then, the electric field can be expressed in the following form:

E(r) = iωμ0

(2π)3

√
π

2r

∞∑
n=1

∫ π

0
sin θk dθk

∫ 2π

0

(4n + 1)(−1)nS2n(r, θk,φk)

ε1 sin2 θk + ε3 cos2 θk

× P2n

[
cos θ cos θk + sin θ sin θk cos(φ − φk)

]
dφk. (7.42)
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If Yn1 is the n1-order scalar spherical harmonic function of θk and φk , i.e.

Yn1(θk,φk) = a0Pn1(cos θk) +
n1∑

m=1

(am cosmφk + bm sinmφk)P
m
n1

(cos θk), (7.43)

and considering the orthogonality of spherical harmonic functions, it follows that∫ π

0
sin θk dθk

∫ 2π

0
Yn1(θk,φk)Pn

[
cos θ cos θk + sin θ sin θk cos(φ − φk)

]
dφk

=
{

0; n �= n1,
4π

2n+1Yn(θ,φ); n = n1.
(7.44)

Thus, the integrand function can be expanded in terms of the scalar spherical har-
monic functions. We write

S2n(r, θk,φk)

ε1 sin2 θk + ε3 cos2 θk

=
∞∑

n1=0

{
a2n,n1,0(r)Pn1(cos θk)

+
n1∑

m=1

[
a2n,n1,m(r) cosmφk

+ b2n,n1,m(r) sinmφ
]
P m

n1
(cos θk)

}
, (7.45)

where

a2n,n1,0(r) = 2n1 + 1

4π

×
∫ 2π

0
dφk

∫ π

0

S2n(r, θk,φk)

ε1 sin2 θk + ε3 cos2 θk

sin θkPn1(cos θk)dθk, (7.46)

a2n,n1,m(r) = 2n1 + 1

2π

(n1 − m)!
(n1 + m)!

×
∫ 2π

0
dφk

∫ π

0

S2n(r, θk,φk)P
m
n1

(cos θk)

ε1 sin2 θk + ε3 cos2 θk

sin θk cosmφk dθk, (7.47)

b2n,n1,m(r) = 2n1 + 1

2π

(n1 − m)!
(n1 + m)!

×
∫ 2π

0
dφk

∫ π

0

S2n(r, θk,φk)P
m
n1

(cos θk)

ε1 sin2 θk + ε3 cos2 θk

sin θk sinmφk dθk. (7.48)

It is noted that in Eqs. (7.46)–(7.48), n1 should be 2n. If is not equal to 2n, the above
three coefficients should be zero.
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Substituting Eq. (7.45) into Eq. (7.42), with Eq. (7.44), it yields

E(r) = − iωμ0

(2π)3

√
π

2r

∞∑
n=0

(4π)(−1)n

{
a2n,2n,0(r)P2n(cos θ)

+
n∑

m=1

[
a2n,2n,m(r) cosmφ + b2n,2n,m(r) sinmφ

]
P m

2n(cos θ)

}
. (7.49)

By using the following relations, the representations in spherical and cylindrical
coordinates can be obtained, respectively:⎡⎣Eρ

Eφ

Ez

⎤⎦ =
⎡⎣ cosφ sinφ 0

− sinφ cosφ 0
0 0 1

⎤⎦⎡⎣Ex

Ey

Ez

⎤⎦ , (7.50)

⎡⎣Er

Eθ

Eφ

⎤⎦ =
⎡⎣sin θ cosφ sin θ sinφ cos θ

cos θ cosφ cos θ sinφ − sin θ

− sinφ cosφ 0

⎤⎦⎡⎣Ex

Ey

Ez

⎤⎦ . (7.51)

It is noted that because the function S2n and its denominator in Eqs. (7.46)–
(7.48) are only concerned with cos2 θk , the expanded coefficients are non-zero only
when n1 refers to the even term. In the case of the electric dipole being parallel
to the direction of the geomagnetic field, Fx and Fy are proportional to the factors
sinφk and cosφk , while Fz is not involved in φk . Therefore, for Fx and Fy , there is
only one non-zero term with m = 1, while for Fz, there is only one non-zero term
with m = 0. In the case of the unit electric dipole being vertical to the direction
of the geomagnetic field, the functions Fx and Fy include only the terms with the
factors sin 2φk and cos 2φk and the terms which are not concerned with φk , while
the function Fz is proportional to the factor sinφk and cosφk . Therefore, for Fx and
Fy , there are two non-zero terms with m = 0 and m = 2, while for Fz, there is only
one non-zero term with m = 1.

7.2.2 The Approximation of the Far Field

At large distance between the observation point and dipole source, namely k1r � 1
and k2r � 1, Eq. (7.41) is approximated by

S2n = π

k2
0(k2

1 − k2
2)

√
1

2πr
(−1)n

[
F (k1, θk,φk)e

ik1r − F (k2, θk,φk)e
ik2r
]
. (7.52)

With the substitution of Eq. (7.52) into Eq. (7.42), it follows that

E(r) = iωμ0

(2π)3

π

k2
0

1

2r

∫ 2π

0
dφk

∫ π

0

∞∑
n=1

S∗
2n(r, θk,φk) sin θk

ε1 sin2 θk + ε3 cos2 θk

(4n + 1)

(k2
1 − k2

2)

× P2n

[
cos θ cos θk + sin θ sin θk cos(φ − φk)

]
dθk, (7.53)
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where

S∗
2n(r, θk,φk) = F (k1, θk,φk)e

ik1r − F (k2, θk,φk)e
ik2r . (7.54)

The integrand in Eq. (7.53) can be expanded in scalar spherical harmonic func-
tions (Abamowitz and Stegun 1972; Gradshteyn and Ryzhik 1980). Let

S2n1(r, θk,φk)

(k2
1 − k2

2)(ε1 sin2 θk + ε3 cos2 θk)

=
∞∑

n1=0

{
a2n1(r)P2n1(cos θk) +

2n1∑
m=1

[
a2n1,m(r) cosmφk

+ b2n1,m(r) sinmφ
]
P m

2n1
(cos θk)

}
, (7.55)

then it is seen that the coefficients must be similar to those in Eqs. (7.46)–(7.48).
Considering the orthogonality of spherical harmonic functions, we obtain readily

E(r) =
[

iωμ0

(2π)3

π

k2
0

1

2r

]
1

4π

∞∑
n1=1

{
a2n1(r)P2n1(cos θ)

+
2n1∑
m=1

[
a2n1,m(r) cosmφk + b2n1,m(r) sinmφ

]
P m

n1
(cos θ)

}
. (7.56)

Comparing Eqs. (7.55) and (7.56) yields

E(r) = iωμ0

(2π)3

1

8k2
0r

S(r, θ,φ)

(ε1 sin2 θ + ε3 cos2 θ)(k2
1 − k2

2)|θk=θ

, (7.57)

where

S(r, θ,φ) = F (k1, θ,φ)eik1r − F (k2, θ,φ)eik2r . (7.58)

So far, the approximated formulas of the electric field in the far-field region radiated
by unit electric dipole in an infinite anisotropic plasma are derived readily.

If the unit electric dipole is parallel to the direction of the geomagnetic field,
namely, J = ẑ, then we have

F
(
kj (θ), θ

) = r̂
[
k4
j (θ) − 2k2

j (θ)k2
0ε1 + k4

0

(
ε2

1 − ε2
2

)]
cos θ

+ θ̂
[
k2
j (θ)k2

0ε1 − k4
0

(
ε2

1 − ε2
2

)]
sin θ

+ φ̂ik2
0k2

j (θ)ε2 sin θ cos θ; j = 1,2. (7.59)
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If the unit electric dipole is vertical to the direction of the geomagnetic field, and
the electric dipole is in the x̂ direction, namely, J = x̂, then we have

F
(
kj (θ), θ,φ

)= r̂Fr + θ̂Fθ + φ̂Fφ; j = 1,2, (7.60)

where

Fr = [k4
j cosφ − k2

0k2
j (ε1 cosφ + iε2 sinφ + ε3 cosφ)

+ k4
0(ε1 cosφ + iε2 sinφ)ε3

]
sin θ, (7.61)

Fθ = [−k2
0k2

j ε3 cosφ + k4
0(ε1 cosφ + iε2 sinφ)ε3

]
cos θ, (7.62)

Fφ = k2
0k2

j

[
(ε1 sinφ − iε2 cosφ) sin2 θ + ε3 cos2 θ sinφ

]
− k4

0(ε1 sinφ − iε2 cosφ)ε3. (7.63)

In Eq. (7.57), k1 and k2 refer to the wave numbers of the ordinary and extraordi-
nary waves, respectively. The wave numbers k1 and k2 are determined by Eq. (7.25)
and the Sommerfeld radiation condition, namely, Im(kj ) > 0 and Re(kj ) > 0.

When the three components of the electric field are obtained, the three compo-
nents of the magnetic field can be derived readily by using the following relations:

Hr = 1

iωμ0

1

r sin θ

[
∂

∂θ
(sin θEφ) − ∂Eθ

∂φ

]
, (7.64)

Hθ = 1

iωμ0

1

r

[
1

sin θ

∂Er

∂φ
− ∂

∂r
(rEφ)

]
, (7.65)

Hφ = 1

iωμ0

1

r

[
∂

∂r
(rEθ ) − ∂Er

∂θ

]
. (7.66)

7.2.3 Analyses, Discussions, and Computations

From Eqs. (7.57) and (7.58), it is seen that the electromagnetic wave, which is radi-
ated by an electric dipole in an infinite anisotropic plasma, can be expressed in the
sum of the two waves with the wave numbers k1 and k2. The wave numbers k1 and
k2 are determined by the operating frequency, the ionospheric parameters ε1, ε2, and
ε3, and the angle θ between the propagating direction and that of the geomagnetic
field. We write

k2
1,2

k2
0

= 1

2(ε1 sin2 θ + ε3 cos2 θ)

[
ε1ε3

(
1 + cos2 θ

)+ (ε2
1 − ε2

2

)
sin2 θ

±
√(

ε2
1 − ε2

2 − ε1ε3
)2 sin4 θ + 4ε2

2ε
2
3 cos2 θ

]
. (7.67)
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With the substitutions of Eqs. (7.2)–(7.7) into Eq. (7.67), the complex refractive
index n can be expressed as follows:

n2
o
e
= k2

1,2

k2
0

= 1 − X

U − Y 2
T

2(U−X)
±
√

Y 4
T

4(U−X)2 + Y 2
L

, (7.68)

where YL = Y cos θ represents the component parallel to the direction of the geo-
magnetic field (longitudinal direction), while YT = Y sin θ represents that vertical to
the direction of the geomagnetic field. Equation (7.68) is the well-known Appleton–
Hartee Equation in the ionospheric wave propagation.

In SLF/ELF ranges, it is known that X � Y 2 � 1. From Eq. (7.68), it is seen
that n2

o is close to a large negative real number, and no has a positive imaginary part.

That is to say, the wave of eik1r is an evanescent wave. When YL >
Y 2

T

2(U−X)
, n2

e is

close to a large positive real number, and ne is a positive real number. That is to say,
the wave of eik2r is a propagating wave.

When the propagating direction is vertical to the direction of the geomagnetic
field, namely, θ = π

2 , both n2
o and n2

e are close to a negative real number. Namely, in
this case, both the o and e waves are evanescent. The critical angle θA exists. When
θ < π

2 − θA or θ > π
2 + θA, the extraordinary wave is a propagating wave, while the

ordinary wave is evanescent. When π
2 − θA < θ < π

2 + θA, both the extraordinary
and the ordinary waves are evanescent. From Eq. (7.68), the critical angle θA is
approximated by

θA ≈ sin−1

√
1 + Y 2

X

Y 2
. (7.69)

When the observation point is far away from the dipole source, there only exists
the extraordinary wave. Then, the electric field can be simplified as follows:

E(r) = iωμ0k0I dl

64π3

F (k2, θ,φ)

(ε1 sin2 θ + ε3 cos2 θ)k2
0(k2

2 − k2
1)|θk=θ

eik2r

k0r

= ik2
0ηI dl

64π3
· G(k2, θ,φ) · eik2r

k0r
, (7.70)

where

G(k2, θ,φ) = − F (k2, θ,φ)

k4
0

√
(ε2

1 − ε2
2 − ε1ε3)2 sin4 θ + 4ε2ε3 cos2 θ

. (7.71)

In the far-field region, we have nk0r � 1, and a spherical wave excited by a
dipole source can be approximated as a plane wave. In this case, the spatial changes
in the wave front, which is perpendicular to the propagation direction, can be ne-
glected. Then, we have Eφ

Eθ
≈ −i, Hr ≈ 0, Hθ = −ne

η
Eφ , and Hφ = ne

η
Eθ .
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Fig. 7.1 The real and
imaginary parts of no versus
the angle θ in SLF range

The radiated field of an electric dipole in an infinite anisotropic ionosphere can
be easily calculated. In this section, the parameters are taken as B0 = 0.5 × 10−4 T,
ω0e = 6.67 × 107 arc/s, ω0i = 3.575 × 105 arc/s, ω

(e)
H = 8.8 × 106 arc/s, ω

(i)
H =

2.532 × 102 arc/s, and νe = νi = 103 s−1, which are the same as in the available
reference (Bannister et al. 1993). The refractive indices no and ne are computed at
f = 30 Hz, 50 Hz, 100 Hz, and 200 Hz and shown in Figs. 7.1 and 7.2, respectively.
It is found that in the direction near θ = 90◦, the changes of the refractive index are
more complicated.

From the computations on Im(no), it is seen that the imaginary part of no is very
large. Namely, the ordinary wave is an evanescent wave. From the computations on
Im(ne), it is seen that the imaginary part of ne is the minimum in the direction of
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Fig. 7.2 The real and
imaginary parts of ne versus
the angle θ in SLF range

θ = 0◦, i.e., the propagation loss along the magnetic field line is minimum. When
θ is close to 90°, Im(ne) increases rapidly. Furthermore, Im(ne) is sensitive to the
value of ν

ω
. When the collision is neglected, Im(ne) is very small. When the collision

is considered, Im(ne) increases as the operating frequency decreases.
In ELF range, because the ion collision frequency and ion gyro-frequency can

be comparable to the operating frequency, the effect by the ions should not be ne-
glected. With the same parameters as in Figs. 7.1 and 7.2, the real and imaginary
parts of no and ne versus the angle θ are computed for f = 10 Hz, and 30 Hz and
shown in Figs. 7.3 and 7.4. It is seen that the effects on the real part of no and the
imaginary part of ne are very large, while the effects on the real part of ne and the
imaginary part of no are very small. In ELF range, the ion effect must be considered.



236 7 SLF/ELF Field on Sea Surface of Space Borne Transmitter

Fig. 7.3 The real and
imaginary parts of no versus
the angle θ at ELF range

With the same parameters as in Fig. 7.1–7.4, as shown in Fig. 7.5, the function
of the electric field component |Er | of the angle θ is computed at r = 10 km and
20 km, respectively. It is noted that the component |Er | is radiated by a unit electric
dipole which is parallel to the direction of the geomagnetic field. From Fig. 7.5,
it is seen that in the SLF range, the magnitude of the field component shows little
changes when the angle θ is not close to 0°, 180°, or 90°. When θ is close to 90°,
the field components decrease rapidly. The larger the distance, and the higher the
operating frequency is, the more extensive the component decays is.

In the above computations, a unit dipole source is employed. Namely, it is taken
as I dl = 1 A·m. If the moment of an electric dipole is assumed to be 100 A ×
1 km = 105 A·m, the propagating distance is r = 100 km, the angle θ is taken as
any angular degree except for 0°, 90°, and 180°, and the rest of the parameters are
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Fig. 7.4 The real and
imaginary parts of ne versus
the angle θ at ELF range

assumed as above, the electric and magnetic components can be calculated readily.
The evaluated ranges for the components |Eφ | and |Hθ | at r = 100 km are listed in
Table 7.1.

7.3 Electromagnetic Field on Sea Surface Generated by Space
Borne SLF Transmitter

In this section, the ionosphere is regarded as a homogeneous anisotropic plasma
with sharp boundary, we will treat analytically the electromagnetic field on the sea
surface generated by the space borne SLF transmitting antenna.
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Fig. 7.5 The magnitude of |Er | versus the angle θ at f = 30 Hz: r = 10 km and 20 km

Table 7.1 The evaluated
ranges for |Eφ | and |Hθ | at
different frequencies

Frequency Component

|Eφ | dB·V/m |Hθ | dB·A/m

f = 30 Hz [−368,−346] [−361,−333]
f = 100 Hz [−354,−325] [−349,−321]
f = 300 Hz [−340,−313] [−332,−311]

7.3.1 The Representations of the Field Components in the
Ionosphere

The geometry and notation of consideration are shown in Fig. 7.6. The geomag-
netic field B0, which has the angle θb with the z-direction, is in the x–z plane. The
ionosphere is regarded as a homogeneous anisotropic plasma with sharp boundary,
which is characterized by the tensor permittivity ¯̄ε (Budden 1961).

Letting l, m, and n be the direction cosines of the geomagnetic field B0 in the x̂,
ŷ, and ẑ directions, we have

lb = sin θb; mb = 0; nb = cos θb. (7.72)

In VLF range and the higher end of SLF range, the effect of the ions can be
neglected. Then, the tensor permittivity ¯̄ε of the ionosphere can be written in the
3 × 3 matrix form. It is

ε̂ = ε0[I + M], (7.73)
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Fig. 7.6 The physical model
for the space borne SLF
transmitting antenna

where ε0 is the free-space permittivity, I is 3 × 3 unit matrix, and M is the suscep-
tibility of the ionosphere. We write

M = −X

U(U2 − Y 2)

⎡⎣U2 − l2
bY

2 inbYU −lbnbY
2

−inbYU U2 ilbYU

−lbnbY
2 −ilbYU U2 − n2

bY
2

⎤⎦ , (7.74)

where

U = 1 + i
ν

ω
, (7.75)

X = ω2
0

ω2
; ω2

0 = Ne2

ε0m
, (7.76)

Y = ωH

ω
; ωH =

∣∣∣∣eB0

m

∣∣∣∣. (7.77)

In the above formulas, ω is the operating angular frequency; M is the susceptibility
matrix for electrons, respectively; ω0 is the angular plasma frequency for electrons;
and N is the electron density; ωH is the electron gyro-frequency; lb and nb are the
directional cosine of the geomagnetic field in the x and z direction, respectively.

In the ionosphere, the electromagnetic field should satisfy Maxwell’s equations.
We write

∇ × Ej = iωμ0H j , (7.78)

∇ × H j = −iωε̂jE + ẑI dlδ(x)δ(y)δ(z − z0), (7.79)

where the subscript j = i, a. It is noted that i and a indicate the ionosphere and the
air, respectively.
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We introduce the Fourier transformations of the electromagnetic field,

ej (k, z) = 1

4π2

∫ ∞

−∞

∫ ∞

−∞
Ej (r)e−ik·ρ dx dy, (7.80)

hj (k, z) = η

4π2

∫ ∞

−∞

∫ ∞

−∞
H j (r)e−ik·ρ dx dy. (7.81)

The corresponding inverse transformations are written in the forms

Ej (r) =
∫ ∞

−∞

∫ ∞

−∞
ej (k, z)eik·ρ dkx dky, (7.82)

H j (r) = 1

η

∫ ∞

−∞

∫ ∞

−∞
hj (k, z)eik·ρ dkx dky, (7.83)

where η is the wave impedance of free space, k = x̂kx + ŷky , and ρ = x̂x + ŷy.
Substituting Eqs. (7.82) and (7.83) into the Maxwell equations in the ionosphere,

and eliminating the vertical components ez and hz, the following matrix equation is
obtained readily:

dW

dz
= −ik0 · T · W + f eδ(z − z0), (7.84)

where k0 is the wave number in free space. The column vectors W and f e are
represented as follows:

W = [ei
x ei

y hi
x hi

y

]T
, (7.85)

f e = I dl · η
4π2(1 + Mzz)

[
kx

k0

ky

k0
−Myz Mxz

]T
. (7.86)

The 4 × 4 matrix T is written as

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

kxMzx

k0(1+Mzz)

kxMzy

k0(1+Mzz)
− kxky

k2
0(1+Mzz)

k2
x

k2
0(1+Mzz)

− 1

kyMzx

k0(1+Mzz)

kyMzy

k0(1+Mzz)
1 − k2

y

k2
0(1+Mzz)

kxky

k2
0(1+Mzz)

T31 T32
kyMyz

k0(1+Mzz)
− kxMyz

k0(1+Mzz)

T41 T42 − kyMxz

k0(1+Mzz)
kxMxz

k0(1+Mzz)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (7.87)

where

T31 = Myx − MyzMzx

1 + Mzz

+ kxky

k2
0

; T32 = 1 + Myy − MyzMzy

1 + Mzz

− k2
x

k2
0

, (7.88)

T41 = −1 − Mxx + MxzMzx

1 + Mzz

+ k2
y

k2
0

; T42 = −Mxy + MxzMzy

1 + Mzz

− kxky

k2
0

. (7.89)



7.3 Field on Sea Surface Due to Space Borne SLF Transmitter 241

In this section, the ionosphere is idealized as a homogeneous anisotropic plasma
with uniformly sharp boundary, it is seen that all elements in the matrix T, which
do not vary with the changes in spatial position, are determined by the parameters
including electron density, collision frequency, and the operating frequency. For the
matrix equation (7.87), it is seen that there are four eigenvalues and the correspond-
ing four eigenvectors. Generally, considering that the ionosphere is a loss medium
with ν �= 0, the four eigenvalues are complex numbers, where the two in the lower
half plane with Imλ < 0 are denoted λ1 and λ2, and the other two in the upper
lower half plane with Imλ > 0 are denoted λ3 and λ4. Obviously, the eigenvalues
λ1 and λ2 correspond to the downward characteristic waves, while λ3 and λ4 cor-
respond to the upward characteristic waves. We assume that W (j) represents the
eigenvector, which corresponds to the eigenvalue λj . Then, the transformations of
the electromagnetic field components, which is generated by an electric dipole, can
be expressed as follows:

W̃ = [C1eik0λ1(z−z0)W (1) + C2eik0λ2(z−z0)W (2)
] · U(z0 − z)

+ [C3eik0λ3(z−z0)W (3) + C4eik0λ4(z−z0)W (4)
] · U(z − z0). (7.90)

It is noted that the Heaviside step function U(x) in Eq. (7.90) is defined as fol-
lows:

U(x) =
{

1; x ≥ 0,

0; x < 0.
(7.91)

With the substitution of Eq. (7.90) into Eq. (7.84), we obtain readily

−C1W
(1) − C2W

(2) + C3W
(3) + C4W

(4) = f e. (7.92)

When all eigenvalues and eigenvectors of the matrix T are obtained, the excita-
tion coefficients Cj (j = 1,2,3,4) can be solved by the following equation:[

C1 C2 C3 C4
]= G−1 · f e, (7.93)

where the matrix G is expressed in the form of

G =

⎡⎢⎢⎢⎢⎢⎣
−W

(1)
1 −W

(2)
1 W

(3)
1 W

(4)
1

−W
(1)
2 −W

(2)
2 W

(3)
2 W

(4)
2

−W
(1)
3 −W

(2)
3 W

(3)
3 W

(4)
3

−W
(1)
4 −W

(2)
4 W

(3)
4 W

(4)
4

⎤⎥⎥⎥⎥⎥⎦ . (7.94)

Considering the path that the waves propagate along from the ionosphere to
the air until the sea surface, the waves will encounter the reflections by the air–
ionosphere interface. Thus, the transformations of the electromagnetic field compo-
nents can be expressed as follows:

W = R1W
(3)eik0λ3(z−d) + R2W

(4)eik0λ4(z−d) + W̃ . (7.95)
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When d < z < z0, we write

W = R1W
(3)eik0λ3(z−d) + R2W

(4)eik0λ4(z−d)

+ C1W
(1)eik0λ1(z−z0) + C2W

(2)eik0λ2(z−z0). (7.96)

7.3.2 The Representations of the Field Components in the Air

Similarly, with the substitutions of Eqs. (7.80) and (7.81) into the Maxwell equa-
tions in the air, the components e0

y , e0
z , h0

y , and h0
z can be expressed in terms of

the components e0
x and h0

x . The components e0
x and h0

x should satisfy the following
differential equations. We write

∂2

∂2z
e0
x + γ 2e0

x = 0; ∂2

∂2z
h0

x + γ 2h0
x = 0, (7.97)

where γ = k2
0 − k2

x − k2
y . Obviously, the general solution of Eq. (7.97) can be repre-

sented in the form of e±iγ z.
On the sea surface, z = 0, the field components should satisfy the impedance

condition, which is expressed in the form of

− e0
x

h0
y

∣∣∣∣
z=0

= e0
y

h0
x

∣∣∣∣
z=0

= Δsea, (7.98)

where Δsea is the normalized surface impedance, Δsea = √
iωε0/σsea. In SLF/ELF

ranges, Δsea can be approximately taken as 0. Thus, the Fourier transformations e0
x

and h0
x are expressed as follows:

e0
x = T1 sin(γ z); h0

x = T2 cos(γ z). (7.99)

At the air–ionosphere interface, z = d , the tangential components in the air are
written readily. They are

e0
x

∣∣
z=d

= T1 sin(γ d), (7.100)

e0
y

∣∣
z=d

= sin(γ d)

k2
0 − k2

x

(−kxkyT1 − ik0γ T2), (7.101)

h0
x

∣∣
z=d

= T1 cos(γ d), (7.102)

h0
y

∣∣
z=d

= cos(γ d)

k2
0 − k2

x

(−ik0γ T1 − kxkyT2). (7.103)
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With boundary conditions at the air–ionosphere interface, z = d , the following
four equations are obtained readily. We write

R1W
(3)
1 + R2W

(4)
1 + C1W

(1)
1 eik0λ1(d−z0) + C2W

(2)
1 eik0λ2(d−z0)

= T1 sin(γ d), (7.104)

R1W
(3)
2 − R2W

(4)
2 + C1W

(1)
2 eik0λ1(d−z0) + C2W

(2)
2 eik0λ2(d−z0)

= sin(γ d)

k2
0 − k2

x

(−kxkyT1 − ik0γ T2), (7.105)

R1W
(3)
3 + R2W

(4)
3 + C1W

(1)
3 eik0λ1(d−z0) + C2W

(2)
3 eik0λ2(d−z0)

= T2 cos(γ d), (7.106)

R1W
(3)
4 + R2W

(4)
4 + C1W

(1)
4 eik0λ1(d−z0) + C2W

(2)
4 eik0λ2(d−z0)

= cos(γ d)

k2
0 − k2

x

(−kxkyT2 − ik0γ T1). (7.107)

In Eqs. (7.104)–(7.107), there are four unknown coefficients T1, T2, R1, and R2.
When the excitation coefficients C1 and C2 are obtained, T1 and T2 are determined
readily. The Fourier transformations of the field components e0

x and h0
x can be ob-

tained easily by Eq. (7.99). The transformations of the remaining four components
e0
y , e0

z , h0
y , and h0

z are also obtained readily.

7.4 The Quasi-Longitudinal Approximation

In what follows, we will attempt to treat the case of the quasi-longitudinal approxi-
mation. When the horizontal wave numbers kx and ky are given, the eigenvalues and
eigenvectors of the matrix T may be easily obtained by using the numerical method.
For SLF/ELF waves traveling downward from the ionosphere into the air, due to the
relative refractive index in the ionosphere being much larger than 1, SLF/ELF waves
propagate mainly along the vertical direction. Thus we may only consider the case
which is near the normal of the boundary, namely, kx → 0 and ky → 0. Additionally,
because of me � mi , generally, the condition of Yi � Y is satisfied. Thus, when the
angle θb does not approach π

2 , by ignoring some small quantities, the matrix T is
simplified as follows:

T =

⎡⎢⎢⎢⎢⎢⎢⎣

lbkx

nbk0
0 0 −1

lbky

nbk0
0 1 0

− iX
nby

X

n2
by

2 0 0

− X

n2
by

2 − iX
nby

− lbky

nbk0

lbkx

nbk0

⎤⎥⎥⎥⎥⎥⎥⎦ . (7.108)
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The characteristic equation of the matrix T is written in the form

λ4 − 2lbkx

nbk0
λ3 −

(
2X

n2
by

2
− l2

bk2
x

n2
bk

2
0

)
λ2 + 2lbkx

nbk0

X

n2
by

2
λ

− X2

n2
by

2
+ X2

n4
by

4
− X

n2
by

2

l2
b(k

2
x + k2

y)

n2
bk

2
0

= 0. (7.109)

By solving the above characteristic equation, the eigenvalues of the matrix T can be
obtained readily. They are

λ1 =
[(

l4
b

4n4
b

+ X2

n2
bY

2

) 1
2 +

(
1 + l2

b

2n2
b

+ UX

n2
bY

2

)] 1
2

, (7.110)

λ2 = −i

[(
l4
b

4n4
b

+ X2

n2
bY

2

) 1
2 −

(
1 + l2

b

2n2
b

+ UX

n2
bY

2

)] 1
2

, (7.111)

λ3 = −λ1, (7.112)

λ4 = −λ2. (7.113)

The corresponding eigenvectors are

W (1) = [−P iP sign(nb) i sign(nb) 1
]T

, (7.114)

W (2) = [−iP P sign(nb) −i sign(nb) 1
]T

, (7.115)

W (3) = [P −iP sign(nb) i sign(nb) 1
]T

, (7.116)

W (4) = [iP −P sign(nb) −i sign(nb) 1
]T

, (7.117)

where P =
√

|n|Y
X

, sign(nb) is the sign function.
By now, the eigenvalues and eigenvectors are derived analytically for the quasi-

longitudinal approximation of the electromagnetic field in the lower ionosphere.
From the above analyses, it is seen that the extraordinary wave, which corre-

sponds with the eigenvalue λ1, may travel efficiently downward into the air. The
ordinary wave, which corresponds with the eigenvalue λ2, is an attenuated wave. It
is well known that the attenuation is caused by the electric collision, which can be
described by the imaginary part of the eigenvalue λ1.
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7.4.1 SLF Field on the Sea Surface

Substituting the eigenvectors into Eq. (7.93), the excitation coefficients C1 and C2
can be determined readily:

C1 ≈ −I dlη[Mxz + i sign(nb)Myz]
16π2(1 + Mzz)

≈ −I dlηlb[nb + sign(nb)
y

]
16π2n2

b

, (7.118)

C2 ≈ I dlηlb[nb − sign(nb)
y

]
16π2n2

b

. (7.119)

With the boundary conditions, the coefficients T1 and T2 are obtained readily:

T1 = − 2PC1

sin(γ d)
eik0λ1(d−z0), (7.120)

T2 = − 2PC1

sin(γ d)

[
sign(nb)(k

2
0 − k2

x) + ikxky

k0γ

]
eik0λ1(d−z0). (7.121)

With Eqs. (7.120) and (7.121), and by using the inverse Fourier transform, the
transforms of the magnetic field components on the sea surface generated by a VED
in the ionosphere can be expressed in the following forms:

hair
x

∣∣
z=0 = − 2PC1

sin(γ d)

[
sign(nb)(k

2
0 − k2

x) − ikxky

k0γ

]
eik0λ1(d−z0), (7.122)

hair
y

∣∣
z=0 = − 2PC1

sin(γ d)

[
i(k2

0 − k2
x) − kxky sign(nb)

k0γ

]
eik0λ1(d−z0). (7.123)

In cylindrical coordinates, we have

hair
ρ

∣∣
z=0 = −2PC1 sign(nb)

k0γ sin(γ d)

[
k2

0ei sign(nb)φ − k2
0ei sign(nb)φ

′

× cos
(
φ − φ′)]eik0λ1(d−z0), (7.124)

hair
φ |z=0 = −2PC1 sign(nb)

k0γ sin(γ d)

[
ik2

0ei sign(nb)φ + sign(nb)k
2
0ei sign(nb)φ

′

× sin
(
φ − φ′)]eik0λ1(d−z0). (7.125)

With the substitution of Eqs. (7.124) and (7.125) into Eqs. (7.82) and (7.83), it
follows that

Hρ |z=0 = I dl[Mxz + i sign(nb)Myz]P
8k0π(1 + Mzz)

ei sign(nb)φeik0λ1(d−z0) sign(nb)

×
∫ ∞

−∞

γ 2H
(1)
0 (kρ) + k

ρ
H

(1)
1 (kρ)

γ sinγ d
k dk, (7.126)
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Hφ |z=0 = iI dl[Mxz + i sign(nb)Myz]P
8k0π(1 + Mzz)

ei sign(nb)φeik0λ1(d−z0)

×
∫ ∞

−∞

k2
0H

(1)
0 (kρ) − k

ρ
H

(1)
1 (kρ)

γ sinγ d
k dk. (7.127)

In the above two formulas, there exist poles at γ d =
√

k2
0 − k2

j = jπ (j =
1,2,3, . . .) for the integrand function. We denote

k̄j =

⎧⎪⎨⎪⎩
√

k2
0 − (

jπ
d

)2; k0 ≥ jπ
d

,

i
√

(
jπ
d

)2 − k2
0; k0 <

jπ
d

.

(7.128)

Considering that γ = 0 is a removable pole for the integrand function, Eqs. (7.126)
and (7.127) can be written as follows:

Hρ(ρ,φ)|z=0 = iI dl[Mxz + i sign(nb)Myz]
4k0(1 + Mzz)d

P ei sign(nb)φeik0λ1(d−z0)

×
∞∑

j=0

(−1)j
[(

jπ

d

)2

H
(1)
0 (k̄j ρ) + k̄j

ρ
H

(1)
1 (k̄j ρ)

]
, (7.129)

Hφ(ρ,φ)|z=0 = −I dl[Mxz + i sign(nb)Myz]
4k0(1 + Mzz)d

P ei sign(nb)φeik0λ1(d−z0)

×
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j=0

(−1)j
[
k2

0H
(1)
0 (k̄j ρ) − k̄j

ρ
H

(1)
1 (k̄j ρ)

]
. (7.130)

When the observation point is located on the sea surface near the bottom of the
transmitting antenna, the series in Eqs. (7.129) and (7.130) converge very slowly. In
this case, the expanded expression of the factor 1

sinγ d
can be obtained readily. We

write

1

sinγ d
= −2ieiγ d

∞∑
j=0

ei(2jd)γ = −2i
∞∑

j=0

eiγ (2j+1)d . (7.131)

Then, the magnetic field component on the sea surface is expressed in the following
forms:

Hρ(ρ,φ) = iI dl[Mxz + i sign(nb)Myz]
2k0π(1 + Mzz)

P ei sign(nb)φeik0λ1(d−z0) sign(nb)

×
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j=0

eik0Rj
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2

R3
j
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R2
j

− (2j + 1)2d2

R2
j

(
3

R3
j

− 3ik0

R2
j

− k2
0

Rj

)]
,

(7.132)
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Hφ(ρ,φ) = −I dl[Mxz + i sign(nb)Myz]
2k0π(1 + Mzz)

P ei sign(nb)φeik0λ1(d−z0)

×
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j=0

eik0Rj

(
− 1

R3
j

+ ik0

R2
j

+ k2
0

Rj

)
, (7.133)

where r = [(2j + 1)2d2 + ρ2] 1
2 .

By now, in the case of the quasi-longitudinal approximation, the approximated
formulas have been obtained for the magnetic field components on the sea surface.

7.4.2 SLF Field on the Sea Surface for Several Special Cases

When the geomagnetic field is in the vertical direction, θ0 = 0◦ or 180°. For the
susceptibility matrix, we have Mxy = Myx = 0. It is found that the downward wave
excited by a VED is very small. In this case, the excitation coefficient of the down-
ward wave is represented as follows:

C1 ≈ I dlη[kx + i sign(nb)ky]
16π2(1 + Mzz)P k0

. (7.134)

With the substitution of Eq. (7.134) into Eqs. (7.124) and (7.125), with a similar
procedure as in Sect. 7.4.1, the approximated formulas are derived readily for the
magnetic field component on the sea surface. We write

Hρ(ρ,φ)|z=0 = − I dleik0λ1(d−z0)

2π(1 + Mzz)k
2
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·
{ ∞∑
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− 1

R2
j

+ ik0

Rj

)}
, (7.135)

Hφ(ρ,φ)|z=0 = iI dleik0λ1(d−z0)

2π(1 + Mzz)

∞∑
j=0

ρ

Rj

(
− 1

R2
j

+ ik0

Rj

)
eik0Rj . (7.136)

When the geomagnetic field is in the horizontal direction, i.e., nb = cos θ0 = 0,
then we have Mxy = Mxz = Myx = Mzx = 0. In SLF range, the eigenvalues of the
matrix T can be derived easily. We write

λ2 = −X + iY

√
Xkxky

k0
+ Y 2

2

(
1 − k2

y

k2
0

)
. (7.137)
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Because of X � Y 2, all the eigenvalues will have large imaginary parts, and the
wave cannot travel downward into the air. When the dipole is on the equator of the
geomagnetic field, the wave cannot go down directly.

When the electric dipole is located in the ionosphere with an arbitrary direction,
Eq. (7.79) can be rewritten as follows:

∇ × H j = −iωε̂jE + [lex̂ + meŷ + neẑ]I dlδ(x)δ(y)δ(z − z0), (7.138)

where le, me , and ne are the directional cosines of the electric dipole. Thus,
Eq. (7.84) is written in the form

dW

dz
= −ik0T · W + f e · δ(z − z0), (7.139)

where

f e = I dlη

4π2

[
nekx

k0(1+Mzz)

neky

k0(1+Mzz)
me − neMyz

1+Mzz
le + neMxz

1+Mzz

]T
.

(7.140)

Then, the excitation coefficient C′
1 is approximated as follows:

C′
1 ≈ I dlη

16π2

[
le + neMxz

1 + Mzz

+ i sign(nb)

(
me − neMyz

1 + Mzz

)]
. (7.141)

In the above derivation, replacing the excitation coefficient C1 by the excitation
coefficient C′

1, the components of the electromagnetic field on the sea surface may
be obtained readily.

7.5 Computations and Discussions

Following the above derivations and analyses, some numerical calculations will be
carried out.

In the middle-latitude regions (10◦ < θ < 80◦ or 100◦ < θ < 170◦), the geo-
magnetic field has a vertical component and n2

bY
2 � 1, and the quasi-longitudinal

approximation can be used. In this case, the downward waves include two eigen-
waves. The first one, with small attenuation, is defined as the extraordinary wave,
while the second one, which is an evanescent wave, is defined as the ordinary
wave. In the computations, the parameters are taken as follows: B0 = 0.5 × 10−4 T,
N = 1.4 × 1012 m−3, and ν = 103 s−1. Then, we have ω0 = 6.67 × 107 arc/s and
ωH = 8.8 × 106 arc/s. The magnitudes of the components Hρ and Hφ on the sea
surface radiated by a unit electric dipole at the height of 350 km are computed at
different angles θ and shown in Figs. 7.7 and 7.8, respectively. Similar calculations
are carried out at several different frequencies and shown in Figs. 7.9 and 7.10,
respectively.
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Fig. 7.7 The magnitudes of
|Hρ | in A/m on the sea
surface radiated by a space
borne VED at different angle
θ : f = 100 Hz, I dl = 1 A·m,
d = 90 km, and z0 = 350 km

Fig. 7.8 The magnitudes of
|Hφ | in A/m on the sea
surface radiated by a space
borne VED at different angle
θ : f = 100 Hz, I dl = 1 A·m,
d = 90 km, and z0 = 350 km

From Figs. 7.7 and 7.8, it is seen that when the angle θ varies from 30° to 75°,
the attenuation of the downward extraordinary wave will decrease. Correspondingly,
the magnetic field component strength on the sea surface will be enhanced. From
Figs. 7.9 and 7.10, it is seen that when the operating frequency increases, the at-
tenuation of the downward extraordinary wave will increase. Correspondingly, the
magnetic field component strength on the sea surface will decrease. The exciting
efficiency of the downward wave is affected by the change of the ionosphere sus-
ceptibility parameters with the angular θ . In the region of 50–100 km on the Earth’s
surface, there exists a minimum value for the magnitude of the component Hρ . It
is explained that this is caused by the interference of the reflections of the elec-
tromagnetic wave in the space between the ground and the lower boundary of the
ionosphere.

In the neighborhood of the equator of the geomagnetic field, both of the down-
going ordinary and extraordinary waves have a large attenuation rate, thus the SLF
wave cannot go down into the air directly.
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Fig. 7.9 The magnitudes of
|Hρ | in A/m on the sea
surface radiated by a space
borne VED at different
frequencies: I dl = 1 A·m,
d = 90 km, z0 = 350 km, and
θ = 45◦

Fig. 7.10 The magnitudes of
|Hφ | in A/m on the sea
surface radiated by a space
borne VED at different
frequencies: I dl = 1 A·m,
d = 90 km, z0 = 350 km, and
θ = 45◦

When the direction of the geomagnetic field is perpendicular to the ground, the
excitation efficiency of the downward wave by a VED is reduced extensively. In
order to obtain a significant field strength on the sea surface, the transmitting antenna
must be placed with a tilt angle to the vertical direction.
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Chapter 8
Atmospheric Noises in SLF/ELF Ranges

In this chapter, we will attempt to treat the atmospheric noise monitoring, data anal-
ysis, and forecasting distribution of atmospheric noise in SLF/ELF ranges.

8.1 Introduction

The performance evaluation of the radio communication system and the received
minimum acceptable signal level are dependent on the study of the statistical char-
acteristics of both signal and noise. Especially, the signal-to-noise ratio (SNR) is
an important parameter for system design. The radio noise can be classified into
internal and external noises. The internal noise is generated by the thermal noise
of the receiving system. The external noise includes the background noise and dis-
turbances which originate from the universe, Earth’s atmosphere, ground, and man-
made industrial system. Generally, the external noise is of non-Gaussian type and
has pulse characteristics.

In SLF/ELF ranges, the external noise is mainly from lightning and man-made
industrial disturbances, and the atmosphere noise is dominant on the sea surface
(Feldman 1972; Enge and Sawate 1988; Meloni et al. 1992; Chrissan and Fraser-
Smith 1996a, 1996b). The atmospheric noise with a statistical distribution has sig-
nificant and complex changes in time domain, geographical domain, and frequency
domain (Fraser-Smith and Bowen 1992; Fraser-Smith and Turtle 1993; Chrissan
1998; Fu et al. 2010). So far, not only are there no organizations to do work on
SLF/ELF atmospheric noise analysis, but also no independent systematic measured
data in China. From the 1970s, with the demands of SLF/ELF submarine commu-
nication, a lot of works on the experimental measurements have been carried out in
the USA (Feldman 1972; Evans and Griffiths 1974; Ginsberg 1974), and most of
measured results have not been published.

In this chapter, based on available materials, including public literature and non-
public AD reports, and our recent work, synthesized summaries are carried out. By
using the observation data in HF and VLF ranges, the global atmospheric noise
distributions in SLF/ELF ranges can be speculated on readily.

W. Pan, K. Li, Propagation of SLF/ELF Electromagnetic Waves,
Advanced Topics in Science and Technology in China,
DOI 10.1007/978-3-642-39050-0_8,
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8.2 The Distribution of SLF/ELF Noise Sources and Its
Statistical Properties

In SLF ranges, the dominant noise source is from lightning discharges. Within the
Earth’s surface area, which is approximately 500 million square kilometers, no mat-
ter what the time is, there is always lightning happening somewhere (Price and
Rind 1992). On the whole of Earth’s surface, there are about 30 thunderstorms per
minute. According to statistical data, more than 100 times per second a lightning
occurs in the world. It is seen that the lightning is very frequent. However, the geo-
graphical distribution of lightning is very uneven. In some places there are dozens,
even over 100 of thunderstorm days a year, while it is extremely rare in some other
places. The equatorial regions and tropics are the most active thunderstorm areas in
the world, where the thunderstorm appears mostly and each thunderstorm lasts the
longest time.

In general, the number of thunderstorms decreases from the equator to the Arctic
and Antarctic circles in one year. There are about 75 to 100 thunderstorm days in
one year in the regions near the equator, and 20 to 50 thunderstorm days in middle-
altitude regions, and only a few thunderstorm days near the Arctic and Antarctic
circles. North of 82◦ north-altitude and south of the 65◦ south-latitude, there occur
thunderstorms. In summary, the distribution of thunderstorm in the northern hemi-
sphere is much wider than that in the southern hemisphere.

There are several world-wide thunderstorm centers, which are located in the
equatorial and tropical regions. For example, there are about 140 thunderstorm days
in Southeast Asia each year, about 180 thunderstorm days in Central Africa, and
about 200 thunderstorm days in central Brazil. In Chino fabric, a city on the island
of Java in Indonesia, there are 332 days of thunderstorm in average in one year.

In the tropical region, there are thunderstorms throughout the whole year. Gen-
erally, a thunderstorm usually occurs on afternoon, and also often occurs at night.
In mid-latitude regions of the northern hemisphere, the thunderstorms concentrate
mostly in the period from June to July, while the thunderstorms are rare in winter.
But there are thunderstorms in winter in Iceland, Norway, and the UK. On a global
scale, the thunderstorms usually occur in 16 : 00–18 : 00 (local time), while seldom
in 6 : 00–10 : 00 (local time). In continental interior regions a thunderstorm usually
occurs in afternoon, while often at night in the coastal region or on an island.

It is well known that there exist complex convective activities in the atmosphere.
A thundercloud with a separation of positive and negative charges is the result,
while a voltage difference between cloud and cloud or between cloud and ground is
caused. When positive and negative charges in the cloud have accumulated enough,
and the electric field strength between cloud and cloud or between cloud and ground
exceeds the breakdown strength, a discharge current between cloud and cloud or
cloud and ground, named a lightning, is generated.

For a lightning, the peak of the discharge current is approximately in the range
from thousands of ampères to several hundreds of thousands of ampères, and some-
times over one million ampères. The main discharge duration is about 50–100 mi-
croseconds. Since it is a short-term transient pulse, a lightning current has a very
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Table 8.1 The divisions of season in one year and intervals in one day in CCIR 322-3

Months in one year Season Intervals in one day

Northern
hemisphere

Southern
hemisphere

12, 1, 2 Winter Summer 00 : 00–04 : 00, 04 : 00–

3, 4, 5 Spring Autumn 08 : 00, 08 : 00–12 : 00,

6, 7, 8 Summer Winter 12 : 00–06 : 00, 16 : 00–

9, 10, 11 Autumn Spring 20 : 00, 20 : 00–24 : 00

wide spectrum. From the excellent monograph (Galejs 1972), it is known that the
main spectrum of the lightning flow is in VLF/SLF ranges.

The lightning current between the ground and the cloud is a radiation source
with a very broad spectrum. The high-frequency components decay rapidly, while
the propagation losses of SLF/ELF components are very small. As addressed in
the monograph by Galejs (1972), it is known from the statistical results that the
lightning region is the largest in the interval of 12 : 00–20 : 00 UT. In practice, thun-
derstorms occur at any time in the whole world, and the exact location, time, and in-
tensity of a thunderstorm are unpredictable. Essentially, the atmosphere noise in the
receiving point is contributed totally by the lightning radiated field. Therefore, the
atmosphere noise in SLF range has complex variances in time domain, geographic
domain, and frequency domain, while there is some statistical regularity. The inves-
tigation on the statistical distribution of the SLF atmosphere noises is important and
useful for the overall design of SLF engineering.

8.3 Atmospheric Noise Data in HF and VLF Ranges

In HF/MF ranges, the long-term measurements in the 27 sites world-wide are carried
out for the atmosphere noise data, which organized by URSI. The obtained data
are summarized in CCIR Rept-322-2 (1983), CCIR Rept-322-3 (1988), and ITU-
RP327-7 (2001), which are important and useful in radio engineering designs in
HF/MF ranges. In the two reports, in order to address the distributions of atmosphere
noises in different seasons and different time intervals, one year and one day are
divided into four seasons and six time intervals. The specific divisions are shown in
Table 8.1. It is noted that the distribution in the spectral density of the atmospheric
noises may be available in the above two reports. But they are only suitable for the
range of 10 kHz–30 MHz. For the SLF/ELF regions, they cannot be obtained from
the predicted data.

Based on the accumulations by the communication and navigation engineering in
the United Station, the famous monograph VLF Radio Engineering was published
(Watt 1967), and the global distribution of atmospheric noise in VLF range was in-
cluded. The inquiry methods for the atmospheric noise in VLF range in Watt’s book
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Table 8.2 The measured
data of the atmospheric noise
at f = 10 kHz for given
location

Year or season Measured data (10 kHz)

Values Time interval Location

Year −91.8 (Max) Summer
20 : 00–24 : 00

California

−110.2 (Min) Summer
04 : 00–08 : 00

The Antarctic

Winter −94 (Max) 00 : 00–04 : 00 New Zealand

−108 (Min) 12 : 00–16 : 00 The Antarctic

Spring −98 (Max) 20 : 00–24 : 00 California

−110 (Min) 12 : 00–16 : 00 The Antarctic

Summer −91.8 (Max) 20 : 00–24 : 00 California

−110.2 (Min) 04 : 00–08 : 00 The Antarctic

Autumn −98.2 (Max) 16 : 00–20 : 00 New Zealand

−109.5 (Min) 08 : 00–12 : 00 The Antarctic

Table 8.3 The measured data
of the atmospheric noise at
f = 80 Hz for given location

Year or season Measured data (80 Hz)

Values Time interval Location

Year −128.04 (Max) Summer
20 : 00–24 : 00

California

−142.90 (Min) Autumn
04 : 00–08 : 00

The Antarctic

Winter −133.97 (Max) 08 : 00–12 : 00 New Zealand

−142.30 (Min) 00 : 00–04 : 00 The Antarctic

Spring −134.38 (Max) 20 : 00–24 : 00 California

−141.90 (Min) 00 : 00–04 : 00 The Antarctic

Summer −128.04 (Max) 20 : 00–24 : 00 California

−142.51 (Min) 00 : 00–04 : 00 The Antarctic

Autumn −132.41 (Max) 20 : 00–24 : 00 California

−142.90 (Min) 00 : 00–04 : 00 The Antarctic

are similar to those in the CCIR-322 report (1998). It is known that one year is di-
vided into four seasons and one day into six time intervals. The global distribution
for the root-mean-square (RMS) values of the atmospheric noise spectral density
can then be known at given season and time. For the frequency range of 1 kHz–
100 kHz, the data can be estimated by extrapolation according to the relation curve
of the atmospheric noise spectral density to the operating frequency, with the spec-
tral density at 10 kHz known. However, this book leaves no information in the range
below 1 kHz.



8.4 Speculation of Global Atmospheric Noise Distributions in SLF/ELF Ranges 257

Table 8.4 The speculated data of the atmospheric noise at f = 10 kHz

Year or season Speculated data (10 kHz)

Values Time interval Location

Year −86 (Max) Summer
16 : 00–20 : 00

Caribbean Sea

−110 (Min) Autumn
08 : 00–12 : 00

Near the Antarctic

Winter −86 (Max) 08 : 00–12 : 00 Southeast of
Africa
North of Australia

−108 (Min) 04 : 00–8 : 00 Near the Antarctic

Spring −90 (Max) 12 : 00–16 : 00 Central of Africa
Gulf of Guinea

−110 (Min) 12 : 00–16 : 00 Near the Antarctic

Summer −86 (Max) 16 : 00–20 : 00 Caribbean Sea

−110 (Min) 08 : 00–12 : 00 Near the Antarctic

Autumn −86 (Max) 16 : 00–20 : 00 Central of Africa
Brazil

−108 (Min) All time intervals Near the Antarctic

8.4 Speculation of Global Atmospheric Noise Distributions in
SLF/ELF Ranges

As a global communications system, the service of SLF/ELF radio communication
system will cover almost the entire Earth’s surface. Therefore, it is not enough just
to know the distributions of the atmospheric noise spectral density in the individ-
ual observation points. Meanwhile, the distributions of the atmospheric noise will
change significantly with the seasons and time intervals. In the view of the engi-
neering construction, it is urgent to search for a method which is similar to that used
in HF/VLF ranges (Watt 1967), to speculate on the distribution of the atmospheric
noise in SLF/ELF ranges.

From the 1980s to the 1990s, the monitoring of the atmospheric noise from 10 Hz
to 32 kHz in the eight ground-based sites was carried out by Stanford University.
With monitoring for several years, some observation data of the four sites and anal-
yses were summarized in the two reports (Chrissan and Fraser-Smith 1996a; Chris-
san 1998). Stanford University announced that the four sites were located at Arrival
Heights (77.80°S, 193.30°W) in the South Pole, Dunedin (45.80°S, 189.50°W) in
New Zealand, the Sondrestromford (67.00°N, 50.10°W) in Greenland, and Stanford
(37.40°N, 122.20°W) in California.

In practical engineering design, it is necessary to obtain the materials in the range
of the atmospheric noise spectrum density and its maximum and minimum values, as
well as those on the seasonal, hourly, and regional distributions of the atmospheric
noise. The actual measured data on the four stations were given by the scientists
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Table 8.5 The speculated data of the atmospheric noise at f = 80 Hz

Year or season Speculated data (80 Hz)

Values Time interval Location

Year −124 (Max) Summer
12 : 00–16 : 00

Europe

−144 (Min) Spring
08 : 00–12 : 00

Near the Antarctic

Winter −127 (Max) 20 : 00–24 : 00 North of Southern America

−144 (Min) 04 : 00–08 : 00 Near the Antarctic

Spring −127 (Max) 16 : 00–20 : 00 Central of Africa

−144 (Min) 08 : 00–12 : 00 Near the Antarctic

Summer −124 (Max) 12 : 00–16 : 00 Europe

−143 (Min) 16 : 00–20 : 00 Near the Antarctic

Autumn −125 (Max) 20 : 00–24 : 00 Central of Africa
North of Southern America

−143 (Min) 20 : 00–24 : 00 Near the Antarctic

Fig. 8.1 The RMS values of
the atmospheric noise spectral
density versus the frequency
at 4 : 00–8 : 00 in summer

in Stanford University (Chrissan and Fraser-Smith 1996a, 1996b) are listed in Ta-
bles 8.2 and 8.3. Specifically, the maximum and minimum values of the atmospheric
noise spectrum density at 10 kHz and 80 Hz and the corresponding seasons and time
intervals are given. The data for the electric field strength of the atmospheric noise
in dB·V/m

√
Hz are given in Table 8.2, while the data for the magnetic field strength

in dB·A/m are given in Table 8.3. The phase difference by calculating the spectral
density of the electric field strength and that of the magnetic field strength is in the
range of 51–52 dB.

The global distributions of the atmospheric noise spectrum density at 10 kHz are
given by Watt (1967) and listed in Table 8.4. Correspondingly, the global distribu-



8.4 Speculation of Global Atmospheric Noise Distributions in SLF/ELF Ranges 259

Fig. 8.2 The RMS values of
the atmospheric noise spectral
density versus the frequency
at 16 : 00–20 : 00 in summer

Fig. 8.3 The global contour
map for the RMS values of
the atmospheric noise spectral
density at f = 80 Hz in
04 : 00–08 : 00 in summer

tions of the atmospheric noise spectral density at 80 Hz were deduced and listed in
Table 8.5. In Tables 8.4 and 8.5, the maximum and minimum values of the atmo-
spheric noise spectrum density at 10 kHz and 80 Hz and the corresponding seasons,
time intervals, and regions are listed, respectively. Similarly, the data for the electric
field strength of the atmospheric noise in dB·V/m

√
Hz are given for 10 kHz, while

the data for the magnetic field strength in dB·A/m are given for 80 Hz.
Based on the available results on the global atmospheric noise distribution in

VLF range by Watt (1967), by using the curves for the changes between the at-
mospheric noise spectrum density and the operating frequency in VLF/SLF/ELF
ranges, as shown in Figs. 8.1 and 8.2, the global distributions of the atmospheric
noise spectral density in SLF/ELF ranges can be deduced readily (Wang et al. 2009).
It is noted that the hourly distributions of the atmospheric noise spectral density at
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Fig. 8.4 The global contour
map for the RMS values of
the atmospheric noise spectral
density at f = 80 Hz in
16 : 00–20 : 00 in summer

Fig. 8.5 The global
distribution of the RMS
values of the atmospheric
noise spectral density at
f = 90 Hz in 00 : 00–04 : 00
in winter

f = 80 Hz are shown in Figs. 8.3–8.4. The global distributions of the RMS values
of the atmospheric noise spectral density at f = 90 Hz in 00 : 00–04 : 00 in winter
are deduced readily and shown in Fig. 8.5.

8.5 Statistical Distributions of Atmospheric Noise in SLF/ELF
Ranges

Besides the atmospheric noise RMS values, the statistical distributions of the atmo-
spheric noise level are also necessary in engineering applications. It is known that
the statistical distributions in SLF/ELF ranges are different from Gaussian distribu-
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tions. In available works (Ginsberg 1974), the distributions of the atmospheric noise
spectrum density are measured at Malta in f = 33 Hz, 41 Hz, 83 Hz, and 180 Hz,
respectively. It is noted that the data are measured in autumn and spring, where the
atmospheric noise level in autumn is significantly larger than that in spring. The dis-
tribution of the atmospheric spectrum density was measured at Guam in f = 33 Hz,
41 Hz, 83 Hz, and 158 Hz, respectively (Ginsberg 1974). From the data measured in
Guam, it is seen that the observed phenomenon is the same as that in Malta. Namely,
the atmospheric noise level in autumn was significantly larger than that in spring.
Generally, the distributions of the atmospheric noise spectrum density in SLF range
are close to log-normal distributions.
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Excitation source, 34
Exciting efficiency, 249
Exponential model, 48
External background noise, 11
Extraordinary wave, 233, 249
Extremely low frequency (ELF), 1

F
Far-field region, 3, 53
FDTD modeling of SLF/ELF wave, 6
Fesnel integral, 184
First-order approximation, 4, 61, 127
Five-layered model, 214
Four-layered region, 207
Fourier transformation, 243
Fresnel integral, 167
Fresnel-integral term, 197
Fundamental mode, 51

G
Gaussian distribution, 261
Geomagnetic field, 45, 239, 249
Geomagnetic inclination angle, 52
Ground conductivity, 31
Ground-based SLF transmitter, 6
Gyro-frequency, 137, 239

H
Half-space, 161
Hankel function, 67, 117, 129
Heaviside step function, 241
Heavy ions, 137
Height-gain function, 21, 127
Helmholtz equation, 19
HF/MF ranges, 255
High-frequency component, 255
High-frequency heating, 9, 223
High-impedance layer, 207, 212
High-order mode, 3, 4
High-order value, 129
Higher-order mode, 53
Highly oscillatory, 116
Horizontal electric dipole, 33, 82, 180
Horizontally polarized wave, 149

I
Ideal reflected wave, 167, 197
Imaginary part, 23, 27, 147
Incident angle, 5, 138, 158
Inhomogeneous ionosphere, 135, 149
Initial approximation, 118
Integral Kernel function, 29
Interference phenomenon, 33
Intermediate distance, 197

International reference ionosphere model, 48
Inverse Fourier transform, 245
Inversion method, 9
Ionized gas, 2
Ionospheric electron density, 47
Ionospheric height, 23, 132
Ionospheric surface impedance matrix, 47
Ions gyro-frequency, 225, 235
Isotropic plasma, 51

L
Large loop antenna, 223
Lateral wave, 167, 197
Lateral-wave path, 8
Layered structure, 207
Legendre function, 20, 67, 228
Legendre polynomial expansion, 30
Lightning current, 255
Long circular propagation path, 22
Loop antenna, 10
Loop area, 37
Low frequency wave, 2
Lower half-space, 202
Lower ionosphere, 135, 147

M
Magnetic-type (TM) wave, 179, 197
Marine controlled-source electromagnetics

method, 161
Marine exploration, 8
Matrix-exponent formulations, 136
MCSEM method, 8, 161, 208
MKS system of units, 1
Modal equation, 3, 21, 48
Mode conversion coefficient, 54
Multi-layered region, 161, 201
Multipath effect, 33

N
n-layered model, 8, 205
Near-field component, 44
Newton’s iteration method, 47, 119, 130
Non-conductive medium, 1
Normalized surface impedance, 5, 66, 207
Normalized wave number, 140, 145
North-altitude, 254
Northern hemisphere, 254
Numerical integrated algorithm, 6, 30, 31

O
Oblique incidence, 136
Odd function, 228
Offset distance, 207, 219
Oil/water ratio, 8
One-dimensionally anisotropic rock, 187, 200
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Operating frequency, 2, 65, 232
Ordinary wave, 233, 248
Orthogonality of spherical harmonic function,

229

P
Perfect conductor, 6
Phase difference, 33, 149
Planar stratified isotropic plasma, 51
Polarized TE mode, 143
Polarized TM mode, 143
Pole equation, 120, 122
Positive and negative charges, 254
Potential function, 25, 67, 87
Poynting vector, 172, 175, 211
Propagation mode, 138

Q
Quasi-longitudinal approximation, 243, 248
Quasi-quadratic equation, 144
Quasi-TEM mode, 4, 5, 138
Quasi-TEM wave, 33, 127

R
Radiation efficiency, 6, 10, 43, 106
Receiving antenna, 43, 199
Reciprocity theorem, 17, 39
Reflection coefficient, 21, 143, 149
Refractive index, 10, 234
Relative anomaly, 211
Relative permittivity, 162, 207
Relative phase velocity, 3, 51
Removable singularity, 119
Residue theorem, 120, 228
Resonant frequency, 86, 101
Root-mean-square (RMS) value, 256

S
Schumann resonance, 86
Second-order spherical approximation, 45, 82
Secondary disturbance, 68, 88
Sedimentary layer, 180, 213
Seismic electromagnetism satellite, 7
Sharp boundary, 10, 241
Short circular propagation path, 22
Short-term earthquake prediction, 7
Sign function, 244
Signal-to-noise ratio, 207, 253
Simpson’s numerical integration method, 29
SLF/ELF waves, 1, 142, 223
Solar electromagnetic pulse, 207
Sommerfeld radiation condition, 191
Sommerfeld’s integral, 119, 161
Source singularity, 25
South-latitude, 254

Southern hemisphere, 254
Space borne SLF/ELF transmitter, 223
Spectral density, 11, 256
Speeding numerical convergence algorithm, 6,

65, 101
Spherical coordinate system, 19, 66
Spherical harmonic function, 229
Spherical wave, 233
Spherically symmetry, 33
Standard Legendre equation, 20
Standing wave, 84
Stratified anisotropic plasma, 152
Submarine communication and navigation

system, 2
Super low frequency (SLF), 1
Susceptibility matrix, 137, 239

T
Tangential magnetic field component, 62
TE wave, 33, 122
Tethered satellite, 9
Three-layered region, 106, 179
Time dependency, 1
TM0 wave, 47
Transcendental equation, 47, 141
Transmission coefficient, 149, 158
Transmitting antenna, 43, 201, 250
Transmitting power, 3
Transmitting source, 3
Transverse direction, 197
Trapped surface wave, 179

U
Ultra low frequency (ULF), 1
Uniform half-space model, 205
Upper half-space, 188
Upward characteristic wave, 141

V
Vertical electric dipole, 18, 66, 247
Vertical magnetic dipole, 17, 34, 39
Vertically polarized wave, 149
Very low frequency (VLF), 1
VLF wave propagation, 2

W
Wave front, 233
Whistle wave, 10
WKB approximation, 20
WKB solution, 53

Z
Zero-order approximation, 122
Zero-order mode, 18
Zero-order TM mode, 23
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