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Preface

Since their introduction in the pioneering work by Schoenberg [75], splines have
become one of the powerful tools in Mathematics [2, 47, 76, 77, 95] and in com-
puter-aided geometric design [22, 27, 46, 48, 57, 103]. In recent decades, splines
have served as a source for wavelet [1, 3, 4, 12, 14, 17, 29, 39, 40, 58, 71, 80, 88, 91,
92, 96, 100, 101, 102], multiwavelet [13, 43], and frame constructions [16, 19, 21,
37, 38, 44, 67, 72]. Splines and spline-based wavelets, wavelet packets and frames
have been extensively used in signal and image processing applications [5, 6, 11,
15, 18, 23, 24, 26, 31, 32, 51, 53, 54, 65, 81, 85, 87, 89, 90], to name a few.

An excellent survey for state-of-the-art (as of year 1999) on spline theory and
applications is given in [86]. This survey motivated us in writing the present
textbook. Another motivation was the emergence in recent years of new contri-
butions of splines to wavelet analysis and applications. In addition, we believe that
the socalled discrete splines and their applications deserve a systematic exposure.

Discrete splines [30, 52, 60, 61, 62, 63, 68, 77, 93], whose properties mimic the
properties of polynomial splines, are the discrete-time counterparts of polynomial
splines. They provide natural tools for handling discrete-time signal processing
problems and serve as a source for the design of wavelet transforms [9, 10, 55, 69]
and frames transforms [16, 20, 105], whose properties perfectly fit signal/image
processing applications.

The goal of this book is to provide a universal toolbox accompanied by a
MATLAB software for manipulating polynomial and discrete splines, spline-based
wavelets, wavelet packets, and wavelet frames in signal/image processing
applications. For this, known and new contributions of splines to signal and image
processing are described from a unified perspective, which is based on the
so-called Zak transform (ZT) [28, 94]. Being applied to B-splines, the ZT
produces sets of so-called exponential splines (in Schoenberg [76] sense), which
are similar to Fourier exponentials. This approach provides explicit constructions
of different types of splines such as interpolating, quasi-interpolating and
smoothing splines, best approximation splines and orthonormal bases for spline
spaces. Constructions and utilization of various spline wavelets and spline wavelet
packets have become straightforward. The ZT of discrete B-splines produces
exponential discrete splines.

Coupled with the Lifting scheme [82] of a wavelet transform, the ZT approach
utilizes polynomial and discrete splines for the design of versatile library of
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biorthogonal wavelets, multiwavelets, and wavelet frames (framelets) [9, 10, 12,
13, 14, 16, 17, 19, 20, 21, 105]. Properties of the designed wavelets and framelets,
such as symmetry, flat spectra, vanishing moments, and good localization in either
time or frequency domains, are valuable for signal/image processing applications.
For example, the so-called Butterworth biorthogonal wavelets and wavelet frames,
which originate from discrete splines, have proved to be especially efficient in
signal/image processing applications. Digital filters, which have been produced
during wavelets design process, give birth to subdivision schemes for fast explicit
computation of splines values at dyadic and triadic rational points [22, 103, 104],
which is needed for interpolation, resampling, and geometric transformations of
images.

Periodic exponential splines form orthogonal bases of periodic splines spaces,
which are very similar to periodic Fourier exponentials. Representation of periodic
splines via orthonormal bases produces the so-called Spline Harmonic Analysis
(SHA) [99, 101], which combines approximation abilities of splines with the
computational strength of the Fast Fourier transform (FFT). It introduces the
harmonic analysis methodology into periodic spline spaces.

SHA enables us to efficiently construct and manipulate different types of
splines, wavelets, wavelet packets, and wavelet frames. SHA has paved the way
for periodic splines to contribute to solutions of signal/image processing appli-
cations [12, 18, 23, 24, 26, 101, 105].

The textbook is divided into two volumes. In Volume I, periodic splines and
their diverse signal processing applications are discussed. Volume II deals with
nonperiodic splines.

The following topics are explored in Volume I of the book:

Zak transform (ZT): ZT of periodic functions is introduced and its properties
are outlined. In particular, they include periodic counterparts of the Poisson
summation formulas (for example, [70, 79]). Realizations of the ZT in polynomial
and discrete periodic spline spaces result in the SHA, which is presented in detail.

Elements of spline theory and design: Different types of periodic polynomial
and discrete splines with equidistant nodes are presented and their properties are
outlined. The design of interpolating, smoothing, shift-orthogonal splines becomes
straightforward due to the SHA methodology. Constructions of these splines types
utilize filters with infinite impulse response (IIR). However, due to the FFT uti-
lization, the computational cost of filtering with IIR is similar to the cost of filtering
with finite impulse response (FIR) filters. FIR filtering enables real-time pro-
cessing. For this purpose, the so-called local quasi-interpolating and smoothing
splines, which are constructed by filtering data samples with FIR filters, can be
used, [17, 97, 98]. Their properties are close to the properties of global interpo-
lating and smoothing splines. These splines are presented in details in Volume II of
this book. However, a couple of examples of quasi-interpolating splines are given
in the current volume.

Spline subdivision and signals (images) upsampling: If spline values at grid
points are given, the computation of its values between the grid points is called a
spline subdivision. We describe SHA-based fast subdivision algorithms, which
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explicitly derive spline values at dyadic and triadic rational points from the
samples taken at integer grid points in one and two dimensions. The computer-
aided geometric design is a main field of application for subdivision schemes (for
example, see [27, 73]). However, these techniques suit well for signals and images
upsampling, to restore sparsely sampled signals and images at intermediate points.
These upsampling procedures increase the objects resolution. On the other hand,
when data are corrupted by noise, upsampling from a sparse grid can significantly
reduce the noise level.

Deconvolution: Deconvolution here means restoration of a signal or an image
from blurred sampled data that are typically corrupted by noise. This is an ill-
posed problem, which means that even small fluctuations in the input may lead to
output instability. Fourier analysis is a good tool in handling the convolution and
convolution-related problems, such as inverse of the heat equation and the Cauchy
problem for the Laplace equation, to name a few. This is because that Fourier
exponentials are the eigenfunctions of the convolution operator. The exponential
splines possess a similar property.

Many deconvolution algorithms are based on the Tikhonov regularization
scheme [83, 84], where the approximated solution of the deconvolution problem is
reduced to minimizing a parameterized functional. The regularization parameter
provides a tradeoff between the approximation of the available data and the reg-
ularity of the solution. Typically, data are discrete and corrupted by noise but the
physical meaning of the problem dictates the solution smoothness. In these setups,
splines are a good match. SHA provides a unified computational scheme for
finding a stable solution that possesses the required smoothness. The regularization
parameter is derived automatically from the evaluation of the relative contribu-
tions of the coherent signal and the noise in the data [18]. Note that construction of
a smoothing spline can be regarded as a special case of the regularization algo-
rithm when the data are discrete and noised and blurring is not present.

Design of spline wavelets and wavelet packets: Constructions of different
types of spline wavelets and wavelet packets in an explicit form and fast imple-
mentation of the corresponding transforms using FFT are described. The spline
wavelets construction stems from the two-scale relations between exponential
splines from different resolution scales, which are simple and the computation
complexity of which is practically independent of the splines order. The Fourier
spectra of spline wavelets from different resolution scales partitions the frequency
domain in a logarithmic way. Spline wavelet packets, which generalize wavelets,
are designed by using the same two-scale relations. The Fourier spectra of spline
wavelet packets from the j-th resolution scale split the frequency domain into 2/
bands of approximately equal width. The shapes of the magnitude spectra of the
spline wavelet packets tend to be rectangular as the splines order increases.
Therefore, the wavelet packet transform of a signal produces a number of the
signal representations, which are associated with different sets of frequency bands.
An optimal (up to a certain cost function) representation is achieved by the so-
called Best Basis algorithm [41, 74]. On the other hand, spline wavelet packets
provide a versatile collection of waveforms with different spans and different
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frequency contents. This collection can be used as a dictionary for the Matching
Pursuit framework [45, 59, 66].

Deconvolution revisited: When a signal/image is restored from blurred sampled
data affected by noise, it is worthwhile to keep in mind that relative contributions of
a coherent signal and noise are different in different frequency components of the
data. The deconvolution problem then can be solved separately in different
frequency bands, while regularization parameters are found according to the signal-
to-noise ratio in each band. This approach significantly extends the adaptation
abilities and the method robustness. Practically, this scheme is implemented via the
utilization of orthonormal spline wavelet packets. SHA provides a unified
computational scheme for their design, a fast implementation of the algorithm and
an explicit representation of the solutions. An optimal set of wavelet packets is
selected by the application of the Best Basis algorithm. Then, the equation is solved
separately for each wavelet packet transform coefficients block [24].

If an original signal to be restored from convolution with a bandlimited kernel
is highly inhomogeneous and the discrete output is strongly noised, a method,
which can be characterized as a Regularized Matching Pursuit (RMP) method,
produces good results. RMP is a greedy algorithm, which uses orthonormal spline
wavelet packet dictionaries. The main distinction from the conventional Matching
Pursuit is utilization of two different dictionaries. One dictionary, which consists
of discrete-time signals, is used to test discrete data. The second dictionary, which
consists of spline wavelet packets, approximates the continuous solution.

The regularization is achieved by replacing the orthogonal projections of the
data onto the dictionary elements, which are used in the conventional Matching
Pursuit, by oblique projections.

The above-listed regularized deconvolution methods turn into denoising
methods when the input data is not blurred.

Acoustic classification and target detection: The spline wavelet packet
transforms, which produce multiple splits of the frequency domain of a signal, can
be used to reveal frequency bands, which are characteristic either for the signal or
for a class of signals. Determining such bands is important when the processing
goal is to detect the presence or arrival of objects of a certain type or to classify
objects of different types via the analysis of their acoustic signatures. Typically,
signals emitted by mechanical objects have a quasi-periodic structure. Such
acoustic signals contain only a few dominating bands in the frequency domain,
whose general disposition remains stable with respect to varying conditions. The
combination of the inherent energies in these frequency bands can form an
acoustic signature of the object. An efficient way to determine the characteristic
bands is to apply an orthogonal spline wavelet packet transform to the signal and
calculate energies in the blocks of the transform coefficients [7, 25, 26]. This
approach is illustrated in the book on detection of the arrival of a vessel of a
certain type by analyzing hydro-acoustic signals recorded by a hydrophone.
However, the above approach is applicable to processing other types of quasi-
periodic signals such as biomedical signals [8].
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Discrete splines: The space of periodic discrete splines, which is a subspace of
the periodic signals space is described. Properties of the discrete splines mirror
properties of polynomial splines. The Zak transform applied to the discrete B-
splines produces exponential discrete splines, which serve as a source for the
construction of a discrete version of the SHA [68, 69]. The discrete SHA simplifies
manipulations with the discrete splines. In particular, it provides explicit expres-
sions for interpolating and smoothing discrete splines in one and two dimensions
and provides fast algorithms for calculation of the discrete splines values from grid
samples. This is a useful tool for upsampling signals and images.

Discrete splines wavelets and wavelet packets: Similarly to the polynomial
splines case, the wavelet and wavelet packet transforms are introduced to the
discrete splines space. These transforms are based on the relations between the
exponential discrete splines from different resolution scales. Practically, the trans-
forms of periodic signals are implemented by multirate filtering signals by two-
channel filter banks with the downsampling factor of 2 (critically sampled filter
banks). The filtering implementation is accelerated by switching to the polyphase
representation of signals and filters and using the FFT. The field of applications of
the discrete splines wavelet and wavelet packet transforms is, generally, the same as
the field of their polynomial counterparts. In particular, the discrete splines version
of the RMP is outlined.

Design of biorthogonal wavelets: The polynomial and discrete splines may
contribute to wavelet analysis in another way. They are a source for a family of
filters, which generate biorthogonal wavelets, whose properties are valuable for
signal processing. Although these wavelets originate from splines, they, unlike the
spline wavelets, do not belong to spline spaces. Design of biorthogonal wavelets
and efficient implementation of the transforms of signals is carried out through the
so-called Lifting scheme [82]. The idea is to split the signal into even and odd
subarrays. Then, the even subarray is filtered using some prediction filter in order
to predict the odd subarray. The predicted subarray is extracted from the original
odd subarray. The difference array is filtered by an update filter and it is used to
update the even subarray in order to eliminate aliasing. These operations are then
applied to the updated even subarray and so on. Thus, multiscale wavelet
decomposition is achieved. Reconstruction is implemented in the reverse order.
The key point is a proper choice of the prediction and update filters. Naturally, odd
samples can be predicted from midpoint values of either polynomial or discrete
splines, which interpolate or quasi-interpolate the even samples of the signal.
In this way, a number of linear phase IIR and FIR prediction filters are designed.
Being properly modified, they are used for the update step as well. By using these
filters, a diverse library of biorthogonal wavelets is constructed [9, 12]. Exclusive
properties are demonstrated by the so-called Butterworth wavelets, which originate
from discrete interpolatory splines. They are related to the Butterworth filters [64],
which are widely used in signal processing.

Data compression is an important application of the wavelet analysis. The
spline-based biorthogonal wavelets proved to be highly efficient in achieving
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highquality low-bitrate compression. This application is discussed in detail in
Volume II.

Wavelet frames (framelets): Recently frames or redundant expansions of
signals have attracted considerable interest from researchers working in signal
processing although one particular class of frames, the Gabor systems, has been
applied and investigated since 1946 [49]. As the requirement of one-to-one cor-
respondence between the signal and its transform coefficients is dropped, there is
more freedom to design and implement frame transforms.

Here we present some key features of framelet transforms and application to
image restoration.

Design and implementation: Wavelet transforms use critically sampled filter
banks. On the other hand, wavelet frame transforms are implemented by appli-
cation of oversampled perfect reconstruction (PR) pairs of filter banks. It means
that the number of channels in the filter banks exceeds the downsampling factor.
Moreover, translations of the filters, that constitute such filter banks, form wavelet
frames in the signal space [33, 42, 56]. Generally, the synthesis filter bank in the
PR pair differs from the analysis filter bank. In the case when both filter banks are
the same, the corresponding frame is tight. Tight frames can be regarded as
redundant counterparts of orthogonal bases. The design of a variety of three- and
four-channel PR filter banks, which generate tight frames in the space of periodic
signals, is described. The filter banks comprise one low-pass, one high-pass and
either one or two band-pass filters. All these filters are derived from the spline-
based prediction filters, which were used for the design of biorthogonal wavelet
transforms. In addition, the so-called semi-tight frames are introduced, where the
low- and high-pass filters in the synthesis filter bank are the same as in the analysis
filter bank, while the bandpass filters are different. Periodic setting, which enables
the utilization of a wide range of IIR filter banks with a relaxation of the tightness
requirement, provides a number of additional opportunities. Properties such as
symmetry, interpolation, flat spectra combined with fine time-domain localization
of framelets as well as a high number of vanishing moments can be easily
achieved. The transforms implementation is reduced to application of the direct
and the inverse FFT.

Image restoration: A valuable advantage that redundant representations hold is
their ability to restore missing and incomplete information, which is based on the
prior assumption that a frame expansion of a given signal/image is sparse. In
principle, only part of the samples/pixels is needed to (near) perfect object res-
toration. This approach, which is a variation of the Compressive Sensing meth-
odology (see, for example, [36]), has proved to be extremely efficient for image
restoration.

In practice, this approach is implemented via minimization of a parameterized
functional where the sparse representation is reflected in the /1 norm of the frame
transform coefficients. The ||-||, minimization does not have an explicit solution
and can be resolved only by iterative methods. The so-called split Bregman iter-
ation (SBI) scheme [50] provides a fast and stable algorithm for that. Variations of
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this scheme and its application to image restoration using wavelet frames are
described in [34, 35], to mention a few. A variety of impressive results on image
restoration have been reported in the last couple of years. A survey is given in [78]
while a recent development is described in [34].

Due to applications diversity, it is important to have a library of wavelet frames
in order to select a frame that fits best to a specific task. Forward and inverse
transforms in iterative algorithms are repeated many times: therefore, members in
this library must have fast and stable transforms implementation. Waveforms
symmetry with the availability of vanishing moments is also important in order to
avoid distortions when thresholding is used.

The designed family of the spline-based wavelet frames perfectly meet these
requirements. A number of experiments on image restoration, where performance
of different frames is compared with each other, is described. Their diversity
enabled a frame to be selected that best fits to each specific application. In par-
ticular, in most of the experiments semi-tight frames outperform tight frames.

The framelets construction is presented together with a fast computational
scheme in [19-21].

All the presented methods are accompanied by Matlab codes. A guide to the
software is given in Appendix.

The authors thank Steve Legrand for thorough proofreading and his comments,
which resulted in many corrections of the text.

Tel Aviv, Israel, November 2013 Amir Z. Averbuch

Valery A. Zheludev
Jyviskyld, Finland Pekka Neittaanmaki
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Chapter 1
Introduction: Signals and Transforms

Abstract In this chapter we outline some well known facts about periodic signals
and transforms, which are needed throughout the book. For details we refer to the
classical textbook Oppenheim and Schafer [2].

1.1 Continuous-Time Periodic Signals

In this section, properties of one- and two-dimensional periodic signals and their
expansions into the Fourier series are outlined.

1.1.1 One-Dimensional Periodic Signals

Piece-wise continuous functions, which are T-periodic, such that for all r € R,
f(@+T)= f(t), are referred to as continuous-time periodic signals. The space of
such signals, where the inner product and the norm are defined as

. T . T
<f,h>d=°f/0 F@) k@) dt, ||f||d§,//0 |2 dt,

is denoted by 7.

* means complex conjugation.

Note that any signal f(¢) of limited duration L can be embedded into a space
Pr, T > L, by periodization:

f@&)y=>" fa+IT). (1.1)
IeZ
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2 1 Introduction: Signals and Transforms

The circular convolution of two periodic signals is

T
g=f®h <> g(t) =/ f(t — 1) h(z)dx. (1.2)
0

Expansion of a periodic signal into the Fourier series is:

T
f(z)=%ch<f)e2”“”/T, en(f) = / fe M ar,  (13)
0

nez

where {c,(f)} are the Fourier coefficients of the signal f (7). Here is a list of a few

properties of the Fourier exponentials {?71"/T} .
Orthogonality:
T .
2rint)T ,~2milt)T 5, _ _ def | 1, ifn =0;
/0 e e dt = Té[n — 1], where §[n] = [07 otherwise (1.4)

means the Kronecker delta (an impulse in signal processing). Thus, the functions
{ezm nt/ T}neZ form an orthogonal basis of the space Zr.
Shift: The Fourier exponentials are the eigenfunctions of the shift operator:

e2m’n(l+d)/T — e27n'nd/T eZﬂint/T' (1.5)
Circular convolution:
T
/ eZﬂin(t—r)/T eZnilr/TdT =T8n—1] eZm' nt/T. (1.6)
0

Differentiation: The Fourier exponentials are the eigenfunctions of the differen-
tiation operator:

(e T)(S) = (_Z”Ti ”) 2rint/T, (1.7)

Properties (1.4)—(1.7) lead to the following relations between signals from 1
and their Fourier coefficients:

Parseval identities:

1 1
(Fihy =2 en(Den), IFIP == lea(HP (1.8)

nez nez

Circular convolution: If g = f ® A then

cn(8) = cn(f) cn(h). (1.9)
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Shift: ; '
11O F 4 d) = cu(fa) = 7T ¢ (f). (1.10)

Differentiation:

en(f9) = (2”;'1) en(f). (1.11)

Finite differences: The functions Ag[ f1() < f(t +d) — £(r) and 84 f1(r) <

f(t+d/2)— f(t—d/2) are called the forward and the central finite differences of
the signal f (), respectively. Their Fourier coefficients, which are derived directly
from Eq. (1.10), are

. d
en (AdlfD) = @ T —1ye(f), e GalfD) = (2i sin ’%) en(f).

Finite differences of higher order of a periodic signal f(¢) are defined iteratively:

def def

LA S Adl AL IO, SELF1@0 = 8al8L T TAIO10).

They are periodic signals and, their Fourier coefficients are:
en (AF1f1) = @7 — )" eu(f), (1.13)

cn (B01f1) = (21’ sin g) en(f).

The explicit expressions for the higher order differences is

Al =" (") (—1"F f @+, (1.14)

k=0 k

where (Z) is the binomial coefficient. It is a direct consequence of (1.13).

1.1.2 Two-Dimensional Periodic Signals

Two-dimensional periodic signals with periods X and Y are (piece-wise) continuous
functions f (x, y) suchthatforall (x, y) € R? theidentity f(x+X, y+Y) = f(x, y)
holds. The space of such signals is denoted by 9)2( y-IfY = X = T we say that the
signal f(x, y) is T-periodic and denote the corresponding space as @% The inner
product and the norm in ?,2“, are defined as follows:
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def Xy % def Xy 2
(fih) = o o FQ, ) h™(x, yydxdy, |fll = v o |f(x, »cdxdy.
(1.15)

The circular convolution of two periodic signals is

X Y
g=f®h<=>g<x,y)=/0/Of(x—s,y—mh(s,n)dwn. (1.16)

The Fourier expansion of a periodic signal is:

1 .
fey) = 55 2 () et /XD, (1.17)
k€7

X Y
Ck,l(f) = /0 /0 f(x’ )’) e*2ﬂl(kX/X+ly/Y) dx dy.

Relations between 2D periodic signals and their Fourier coefficients are similar
to respective relations of the 1D periodic signals. In particular:

Parseval identities:

1 1
(£ =55 20 (D e, I =55 2 lea(HPE - (1L18)

kel kel

Circular convolution: If ¢ = f ® h then
k,1(8) = cr1(f) cki(h). (1.19)
Shift:
FeaG. ) E fatey+d) & ci(fea) = XU ¢y (f)(1.20)

Differentiation:

©.0) 27i k\* [ 27wil\’
cri(fyy )Z(T) ( 7 ) cri(f). (L.21)

1.2 Periodic Discrete-Time Periodic Signals

The discrete-time counterparts of periodic signals are periodic sequences while the
discrete Fourier transform (DFT) is the counterpart to the Fourier series. The fast
Fourier transform (FFT) [1] algorithm is an important tool for signal processing.
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1.2.1 One-Dimensional Periodic Discrete-Time Signals

The N-periodic real-valued sequences x def {x[k]}, k € Z, x|k + N] = x[k] are
called discrete-time periodic signals. In the sequel, N = 2/, j is a natural number and

def 9ni . . . L
w = 2™/N These signals form an N-dimensional vector space, which is denoted

by IT[N], where the inner product and the norm are defined as

N-1 N—1
) S > ik ak]L xl = x| xR

k=0

Note that any discrete-time signal y of limited duration L can be embedded into

aspace T[I[N], N > L, by the periodization § = {JIk] = > ez Ik +INT}.
The discrete circular convolution of two signals is an N-periodic signal

N—-1
y=h®x < ylkl= > hlk —1]x[I].
=0

The discrete-time Fourier exponentials {e,},

e [k] & @27inkIN _ kn k0 N —1,

form an orthogonal basis of the space I1[N]:
N—1
en’ el Z e27Tlnk/N —27Tllk/N z eZm(n l)k/N 8[”1 _ l] N (122)
k=0

The symbol §[k] denotes the Kronecker delta (impulse), that is the signal §[k] is zero
for all integers k except for k = 0 and §[0] = 1.
The expansion of a signal x = {x[k]} over the exponential basis

N— 1 N/2—1 N—1
x[k] = Z [n] "™* == Z fn] 0™,  where £[n] = Z x[k] ™",
n= n=—nN/2 k=0

(1.23)

is the inverse discrete Fourier transform (IDFT) of the signal x and the set of coordi-
nates {)?[n]} , n € 7Z,is called the discrete Fourier transform (DFT) of x. Both IDFT
and DFT are computed by the fast Fourier transform (FFT) algorithm [1]. Since the
signals are real-valued, the complex conjugate DFT is x[n]* = x[—n].
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Throughout the book (except for Chap. 6), the notation

N/2Mm—1 om N/2"m—1
ke = > xlKo™" xlkl=" 3 &l o™
k=0 n=0

is used for the DFT of signals belonging to the space TI[N /2™]. The sequence
{f[nln}isN/2™ — periodic.
The following relations between the signals from [1[N] and their DFT hold:

Parseval identities: Equation (1.22) implies that

N—-1 1 N/2—1
Zxk]h[k]zﬁ > Rnlh[-n],
k= n=—N/2
N— N/2—1
x| Z|x[k1| v 2 [ml (1.24)
n—fN/Z

Circular discrete convolution: Ify = x ® h then
$[n] = hln] X[n]. (1.25)

Shift: If x4 def {x[k + d1}, where d is an integer number, then £4[n] = ™ X[n].
Finite differences The finite differences of a sequence x are defined iteratively:

Al (x[k + 1] = x[k]}, k € Z, A"[x] & A[A"[x]]. The central finite
dlfference of second order §2[x] = def {x[k + 1] — 2x[k] + x[k — 1]}, k € Z, and
82r[X] def 82[82n Z[X]].

Proposition 1.1 Assume that P, def {P,_1(k)}, k € Z, is a sampled polynomial

of degree not exceeding n — 1. Then, form < n A™[P,_1] is a sampled polynomial

of degree not exceeding n — m — 1. In particular, A"[P,_1] = 0. If n is even then

§"[Py—1]1=0.

Proof Denote K; € {k'}, k € Z. The difference A[K/][k] = {(k + 1)) —k'} =

{Zin 10 ( )k”’ } . Thus, application of the difference A reduces by one the degree of a

sampled polynomial. Consequently, application of the difference A”~! to a sampled
polynomial Py,_; produces a constant, while application of A" results in identical
zero. |

If x is a periodic discrete-time signal then its differences are periodic signals and
their DFT coefficients are derived from the shift property of the DFT:

Anxin] = @" — 1) 2[n]. 82 [x][n] = (—1)! (2sin7§v—”)21 ). (1.26)
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Polyphase representation of the DFT A signal x o {x[k]} € TI[N], N = 2/,
can be decomposed into a superposition of M = 2", m < j, signals belonging
to [I[N/M] = II[N /2] by

M—1
x=|J xm. uulk] € [l + kM1, k € Z,
[=0

which is called the polyphase decomposition of the signal x. The signals x; 7 €
[1[N/M] are the polyphase components of x. The DFT of x can be split into the
sum

N—-1 M—-1N/M—-1 M—
n] = Z w x[k] = Z Z w_"(m+kM) [m + kM| Z x[,M[n]m.
k=0 m=0 k=0 m=0

Special case: M = 2. Then, xo2 = {x[2k]} and x; » = {x[2k + 1]} are the even
and odd components of the signal x. The DFTs are, respectively,

x[nl = Xo20nli + ™" X1 2001, X[n+ N/21 =Xo2[nli — ™" %1200l

s Soalnls = X[n] +x[2n +N/2]’ Rl = x[n] —;a[)ri:r N/2]

.(1.27)

1.2.2 Two-Dimensional Periodic Discrete-Time Signals

Assume that j and / are natural numbers. Arrays X def {x[k,nl}, k,n € Z, which
are periodic with the periods K = 2/ and N = 2/, x|k + K,n + N] = x[k, n], are
called two-dimensional periodic discrete-time signals. These signals form a K N-
dimensional vector space, which is denoted by I1[K, N], where the inner product
and the norm are defined as

K-1

K—1N—
) xlk, n]h* [k, n], x| & > Z X[k, n])%. (1.28)
k=0 n=0

=0 n

2

(=N
~h

~
Il
S

The discrete circular convolution of two signals from I1[K, N] belongs to the
same space:

K—-1N-1

y=x®h & ylk.nl= > D" xlk—k.n—vlhlc, v]. (1.29)
k=0 v=0
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The two-dimensional discrete Fourier transform and its inverse are

K—1N-—1
R, v] = e Frilck/KAvn/N) y [k ] (1.30)
k=0 n=0
1 K—1N-1 4
xlk,n] = — T UKIKA N R, v]. (1.31)
KN
k=0 v=0

The following relations between the signals from I1[K, N] and their DFT hold:

Parseval identities: Equation (1.22) implies that

K—1N—-1 | K=in-d
(x,h) = xlk,nlh*k,n] = — X[k, v] h [k, v], (1.32)
k=0 n=0 KN k=0 v=0
| K=IN-
IXI? = Z Z Al v (1.33)

v=0

Circular discrete convolution: If y = x ® h then y[«, v] = hlic, v £k, v].

Shift: Ifx. 4 def {x[k +c,n+dl}, ¢,d € Z, thenmk, v] = i ke/K+vd/N)
X[k, v].

2D finite differences The finite differences A™ *[x] and " *[x] for 2D periodic
discrete-time signals x are defined as

AMXIE Al [AL X)) <= AV XK, n] = x[k + 1,0+ 1] = x[k + 1, 1]

—xlkon 4+ 1]+ xlkonl, A™Hx]) S AT AR [x], 87 [x] € 8780 [x].

(1.34)
They are 2D periodic signals and their DFT coefficients are:

AmTx[ic, v]] = (27N — 1y (@27 IN Rl

SRk, v] = (—1)"HH (ZSin %") (2sin %)“ K[, v]. (1.35)
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Chapter 2
Introduction: Periodic Filters and Filter Banks

Abstract In this chapter filtering of periodic signals is outlined. Periodic filters and
periodic filter banks are defined. Perfect reconstruction filter banks are characterized
via their polyphase matrices.

2.1 Periodic Filters

Filtering of signals is a basic tool of signal processing. This procedure has some
peculiarities in the periodic case, which are discussed in this section.

2.1.1 Definition of Periodic Filters

A linear operator h:[T[N] — II[N], y = hx, is time-invariant if the integer shift

X4 &of {x[k + d]} of the input signal produces the same shift y,, def {ylk + d]} of the
output. Such operators are called digital periodic filters (p-filters).

Denote by s k] def 8[k](modN) the N-periodized Kronecker delta. If the input
signal i = {S [k]}, then the output signal hi = {A[k]}, which, obviously, belongs to
IT[N1], is called the impulse response (IR) of the p-filter h. In the sequel, we use the
notation h for both the p-filter and its IR {A[k]}. If the IR of a p-filter is finite up to
periodization then the p-filter is referred to as the periodic finite impulse response
p-filter (p-FIR p-filters). Otherwise, the p-filter is referred to as the infinite impulse
response p-filter (IR p-filters).

Any periodic signal x can be represented as a linear combination of impulses
x[k] = 211\; 61 x[118[k — 1] = x ® i. Then, due to the time-invariance of the filter h,
the output signal becomesy = hx =x® h <= y[k] = ZINZBI hlk —[]x[l]. Thus,
application of the p-filter to a periodic signal is implemented via the discrete circular
convolution. The DFT of the IR of the p-filter h is called its frequency response (FR)

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 9
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_2,
© Springer Science+Business Media Dordrecht 2014
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N—1
h— {h[n]} b= kKo™, nel
k=0

Periodic filtering of a signal reduces to multiplication in the frequency domain:
h ® x <= h[n]x[n], n € Z. The frequency response of a filter can be represented

in a polar form hin] = ‘fz[n]‘ el arg(i’["]), where the positive N-periodic sequence
‘fz[n]‘ is called the magnitude response (MR) of h and the real-valued 2 -periodic

sequence arg(fz [n]) is called the phase response of h. A p-filter is referred to as
a linear phase one if its phase response is linear in n. If the IR of a p-filter h is
symmetric or antisymmetric within the interval k = —N/2,..., N/2 — 1 then h
is a linear phase p-filter.

A p-filter h is called low-pass if it passes low frequencies of signals but attenuates
or completely rejects frequencies higher than a cutoff frequency. Its FR h[0] # 0,
h[+N /2] is close or equal to zero. On the contrary, a high-pass p-filter g attenu-
ates or rejects frequencies lower than the cutoff frequency. Its frequency response
8[£N /2] # 0, while h[0]is close or equal to zero. A band-pass filter passes frequen-
cies within a certain range (passband) and attenuates (rejects) frequencies outside
that range (stopband).

2.1.2 Multirate p-Filtering

Assume that x & {x[k]} belongs to IT[N], N = 2/, and M = 2", m < j. The

operation (| M)x = x &ef {x[Mk]} € IT[N/M] is called downsampling the signal

x by factor of M. Assume that a signal x belongs to IT[N/M]. The operation

x[l], ifk =IM;

. . lel,
0, otherwise.

(1t Mx =% £kl = [

is called upsampling the signal x by factor of M. Obviously, the downsampled signal
(I M)x = xg,pu is the zero polyphase component of the signal x, while the upsampled
signal (1 M)x is a signal, whose all the polyphase components, except for the zero
component, vanish.

If p-filtering a signal is accompanied by downsampling or upsampling then it is

called multirate p-filtering. Let h = {h[k]} and h = {ﬁ[k]} be p-filters. Application

of the p-filter h = {ﬁ[—k] } , which is the time-reversed p-filter ﬁ, to a signal x, which
is followed by downsampling by factor of M, produces the signal y = {y[k]} €
II[N/M], y[k]_: Z;vzf)l fz[l — Mk] x[l], which is the zero polyphase component of
the signal y = h@®x. Application of the p-filter h to a signal y = {y[k]} € IT[N/M],
which is upsampled by factor of M, produces the signal
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N/M—1
x = {¥[kl} € TN, X[kl= D hlk — MI]§[l] <= X[n] = h[n] y[Mn).
=0

In the rest of the volume we mainly deal with down(up)sampling by factor M = 2
and denote by Xo = Xo,2 and X1 = X1 2 the even and the odd polyphase components
of a signal X.

M = 2: Downsampling: The downsampled signal y = Yo is the even polyphase
component of the signal y = {y[k]}, yl[k]= vaz?)l h[l — k] x[/], whose DFT
is y[n] = h[—n] X[n). Using Eq. (1.27), we get

hl—n131n] = hol—nl Rolnly + hil—nli &1lnl;
o™ (hol=nly &1lnly + hal=nl) Fol26n + 1)
= Jy[n] =flo[—n]1 Xolnl +f:l1[—n]1 Xi[nli, ne€Z. (2.1)

M = 2: Upsampling: Assume that p-filter h is applied to a signal y = {y[k]} €
IT[N /2], which is upsampled by factor of 2. Then,

N/2—1
Fkl= D7 hlk =201 311 = Finl = hin Sl = (holals + o ™"hnnl1) Sinly
1=0

= Xo[nl1 = holnly $Inli,  %i[nli = hi[nl; Yinli.
2.2)

Interpolating p-filters If the DFT of the even polyphase component of a p-filter
h is constant hg[n]; = C then the p-filter is called interpolating. In that case,
Eq. 2.2 1mp11es that the DFT of the zero polyphase component of the output sig-
nal X is xo[n]1 = Cy[n] This means that X[2k] = Cy[k], k € Z.

Example Butterworth p-filters: Denote

def @" (cos®” wn/N — sin® 7n/N)

2r
e 23
folnh cos? wn/N + sin® 7n/N 3

Obviously the denominator of the N /2-periodic sequence f2"[n]; is strictly pos-
itive and f 2r[0]; = 1. Therefore, the sequences

def 1 n 2 V2cos” wn/N
A S — (140" fFn]) = , 24
= J_( Ja'l ]1) cos” wn/N + sin® wtn/N @4
def —n o V2sin? wn/N
n=—=|(1—-o"f"nh)= 2.5
&lnl = f( al ]1) cos? wn/N + sin® wn/N (2)
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Fig. 2.1 The FR of the low-pass p-filters h (solid lines) and of the high-pass p-filters g (dashed
lines) fororders r = 1,2, 5

can serve as the FR of interpolating p-filters h and g. The FR h[0] = V2, /s h[N /2] =
0. Therefore, the p-filter h is low-pass. On the contrary, g[0] = 0, /; g[N/2] = V2.
Therefore, the p-filter g is high-pass.

The sequences h{n]and g[n] are the magnitude squared FR of the periodized half-
band low- and high-pass Butterworth filters of order r, respectively. The Butterworth
filters are widely used in signal processing [1]. Figure 2.1 displays the magnitude
squared FR of the half-band low- and high-pass Butterworth filters of orders r =
1,2, 5. One can observe that these frequency responses, especially of the order 5
filters, are flat within their pass-band, while practically vanishing at the stop-band.

2.2 Periodic Filter Banks

Keeping in mind the forthcoming periodic wavelet and wavelet frame transforms,
we introduce periodic filter banks.

2.2.1 Filter Banks

Definition 2.1 The set of p-filters H def {fls} ,s =0,...,5—1, which, being time-

reversed and applied to an input signal x € IT[N], produces the set of the output
signals {S'S}f;(}, which are downsampled by factor of M,

=

V= i'lk—Mx[k], s=0,....5—1,1¢7Z, (2.6)

~
Il
=}
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is called the S—channel analysis p-filter bank.

Definition 2.2 The set of p-filters H def {hs} , s=0,...,8 — 1, which, being
applied to a set of input signals {y*} € [T1[N/M], s =0, ..., S — 1, that are upsam-
pled by factor of M, produces the output signal X[/]) = Z.;S;(} ,1:/:/ 3/1 s [l —

Mk] y*[k], [ € Z, is called the S—channel synthesis p-filter bank.

Definition 2.3 If the upsampled signals y*, s = 0, ..., S — 1, which are defined
in Eq. 2.6, are used as an input to the synthesis p-filter bank and the output signal is
X = X, then the pair of analysis—synthesis p-filter banks form a perfect reconstruction
(PR) p-filter bank.

Definition 2.4 If the number of channels S equals to the downsampling factor M
then the p-filter bank is said to be critically sampled. If S > M then the p-filter bank
is oversampled.

Critically sampled PR p-filter banks are used in the wavelet analysis, while over-
sampled PR p-filter banks serve as a source for discrete-time wavelet frames design.

In the volume, we deal mainly with p-filter banks, whose downsampling factor is
M =2 and h° and h° are the low-pass p-filters.

2.2.2 Characterization of p-Filter Banks

Assume that H def {flv} ,$ =0,...,8 —1, is an analysis p-filter bank with the

downsampling factor of 2. Then, its application to a signal x € IT[N] produces S
signals from IT[N /2]:

=

-1
V= ilk—2x[k], s=0,....,.S—1,leZ. 2.7)

~
Il
=}

It follows from Eq. (2.1) that
$[nly = hj[—nly Zolnli + hi[—nli Z1ln]1, n € Z. (2.8)

Assume that H & {h°}, s =0,..., 8 — 1, is a synthesis p-filter bank with the
upsampling factor of 2. Then, its application to the upsampled signals y* € IT[N /2]
produces a signal from IT[N]:

S—1N/2—1

XD =D D h'll—2kly'[k]. | €Z. (2.9)

s=0 k=0
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Equation (2.2) implies that the DFTs of the polyphase components are

5— 5—
Folnly Z Sinli 3 [nly, %ilnly Z [n]1 9*[n]1. (2.10)
s=0 s=0
Equations (2.8) and (2.10) can be represented in a matrix form by

30l i . 30nly

: — P[—n]- )fo[n]l ’ )go[n]l — P[] :

s xi[nly x1[nli 51
V> nl y> il
where the § x 2 analysis and the 2 x § synthesis polyphase matrices are, respectively,

mnly hdnly

. . 0 rS—1
P | N Pl & (Zg[nh Zg_l[nll) —
RSl A5 R

If the relations 3
P[n]-P[-n] =1, (2.11)

where I, is the 2 x 2 identity matrix, holds for all n € Z then

5 Xolnli\ _ [ Xolnl
Pln]- Pl=n]- (fl[n]l) N ()21[”]1) ’

Thus, Eq. (2.11) is the condition for the analysis—synthesis pair {ﬁ, H] of p-filter
banks to form a PR p-filter bank.

Reference
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Chapter 3
Mixed Circular Convolutions
and Zak Transforms

Abstract In this chapter the notion of mixed circular convolution is introduced. The
polynomial and discrete periodic splines defined on uniform grids are special cases
of such convolutions. The so-called Zak transforms provide tools to handle mixed
circular convolutions

3.1 Periodic Discrete-Continuous Circular Convolution
and Zak Transform

Assume that f(¢) is a continuous-time N-periodic signal and q o {qlk]} is a

discrete-time N-periodic signal, where N is a natural number. The function

N-1
g =q® fOE D qlllf @~ 3.1)

=0

is referred to as the periodic mixed discrete-continuous convolution. Obviously, the
function g () is a continuous-time N-periodic signal.

Assume that Fourier coefficients ¢, (f) of the periodic signal f(¢) decay suffi-
ciently fast for the subsequent formulas to be justifiable. For example, it is sufficient
for f(t) to a have piece-wise continuous derivative. Due to Egs. (1.3) and (1.5),

N/2—1

1 —_— 1 ; _
f ([ _ l) — N ch(f) eZﬂl n(t=1l)/N — N Z Z Cn+mN(f) eZm(nJer)(f /N
nez meZ n=—N/2
| N RS
_ —2minl/N _ 2minl/N
=5 2 Zlh®e L feth=5 D ZUf e :
n=—N/2 n=—N/2
(3.2)
A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 15
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where

ZU 1) B gy () 70NN - N N2 1 (33)

meZ

We derive a couple of observations from Egs. (3.2) and (3.3).

1. For any fixed value 7, the sequence Z[ f],(¢) is N-periodic with respect to the
variable n.

2. For any fixed value n, the function Z[ f],(¢) is N-periodic with respect to the
variable 7.

3. Let f4() & f(t +d), d € Z, be a circular shift of the signal f. Then,

ZLfaln(t) = ™IV Z[ £1,(0). (3.4)

4. Equation (3.3) provides the Fourier expansion of the function Z[ f],(¢). Thus,
the Fourier coefficients

cm(f), ifm=n+IN,

Cm (Z[f]n) =N [O, OtherWise, = Né[m - n](mOd N) Cm(f)

(3.5)
5. On the other hand, Eq. (3.2) implies that, by a fixed 7, f (¢t 4 k) is the IDFT of
Z[f1,(t) and, consequently, Z[ f1,,(¢) is the DFT of f (¢t + k):

N-1 N-1
ZUfn@) = D fa+ ke TN =X fi— kTN (3.6)
k=0 k=0

wheren = —-N/2,...,N/2 — 1.

Definition 3.1 The set of N-periodic functions Z[ f],,(t), n = —N/2, ..., N/2—1,
which is defined by Eq. (3.3) (or, by equivalent Eq. (3.6) ) is referred to as the periodic
Zak transform of an N-periodic signal f(¢) [2, 15].

Combining different representations (Eqs. 3.3 and 3.6 ) of the periodic Zak transform,
we get the relations forn = —N/2,..., N/2 — 1:

N—1
ZIf @) = D" f 4k e 2N =N ey () ETOENUN 3)
k=0 leZ

It implies the following special cases:

N-1

ZIf1n0) = D f (k) e TN =" e (), (3.8)

k=0 [eZ
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N-1
ZIflo@ =D fa+k) =D an(f)em. (3.9)
k=0 17

Equation (3.8) establishes relation between the Fourier coefficients of a periodic
function and the DFT of its sampling. Equation (3.9) can be regarded as a periodic
counterpart of the Poisson summation formula ([6, 10], for example).

Let f(¢) be an N-periodic signal and 7 be a positive number. Then the signal
f(Nt/T) is T-periodic (belongs to Z7). Denote by .#7[ f] the subspace of the
space Zr, which consists of mixed convolutions of different discrete-time signals
q € [1[N] with the signal f(Nt/T) € Pr:

N—1
N
geMrfl= gt = Z qlllf (Tt — l) , whereq e IT[N]. (3.10)
=0

The function f € Py is called the generator of .Zr[ f].

Remark 3.1.1 1f a signal g(¢) belongs to the space .Z7|[ f] then the same is true
for all its “Axinteger”, h = T/N, shifts g(t + hd), d € Z. Thus, Zr[f]is a
shift-invariant space [7].

The set {Z[ f],,(t)} provides a proper framework for the interpolation.

Proposition 3.1 Assume the sequence {Z[f]n 0 = 1N=?)l f k) e‘zmn[/N} does

notvanishasn = —N/2, ..., N/2 — 1. Then, any signal x € I1[N] can be uniquely
interpolated by an element g(t) € M| f), that is g(Tk/N) = x[k], k = 0, ...,
N —1.

Proof Letg(t) = >N o' qll1f(Nt/T —1). Then, g(Tk/N) = 3NV qli1f (k1) is
the discrete circular convolution of the signal q € IT[N] with the sampled signal f (z).
Applying the DFT to both parts of the relation g(Tk/N) = x[k], k =0,...., N — 1,
we get, due to Eq. (1.25),

N—1 ~
. —2minl/N _ & . L
gln] Z(;f(l)e = #[n] = §¢n] = 70 (3.11)
| N/2—1
gkl =~ > qlnje?mm i,
n=—N/2
|

Corollary 3.1 Ifthe sequence {Z[ f1,(0)}, n = —=N/2, ..., N/2—1, does not van-
ish then the space MnN|f] is N-dimensional. Consequently, the functions
{f(Nt/T =D}, = 0,....,N — 1 are linearly independent and form a basis of
the space At f]. In addition, the signals



18 3 Mixed Circular Convolutions and Zak Transforms

f= Ak, A (fk—D), k=0,..,N—1,1€Z,

form a basis of the discrete-time signals space TT[N].

The sequence {Z[f1,(0)}, n = —N/2,..., N/2 — 1 is called the characteristic
sequence of the space .Zy[f].

Proposition 3.2 The signals { ZrlfIn®) % Z[Fla (Nt /T)} e Pr,l=0,..,N—

1, form an orthogonal basis of the space M7 f].
Proof Equations (1.8) and (3.5) imply that

T T N
Zrflns ZoLF]) = /0 Z0LF 0 30 d = /0 ZLf 1) Z*LFL () di

T
3 2 m(ZLf ) 6, (ZLf 1)

meZ

T[n —r1 Y leasin (NI

leZ

Assume g(t) = ZINZBI qU1f(Nt/T —1) € #7[f]. Equation (3.2) implies that

e N/2—1 | N
gt) = N Z qll] Z e 2minl/N Zrfl.(t) = v Z &0 Zr[ (D),
=0 n==N/2 n=—N/2
N-l | N2
& =qln]l = Z gl e~ 2N — g[1] = ~ Z £, e2minl/N
1=0 n=—N,2

Thus, coordinates of different representations of a signal belonging to the space
M| f] are linked to each other via the direct and inverse DFT. [ |

3.2 A Leading Example: Periodic Polynomial Splines

Periodic polynomial splines provide an example of mixed discrete-continuous cir-
cular convolution.

Definition 3.2 An N-periodic function S”(¢) is called the periodic spline of order
p € Non the grid {k}, k € Z, if it has p — 2 continuous derivatives (belongs to
CP~2) and consists of pieces of polynomials of degree p — 1 that are linked to each
other at the nodes. Nodes of splines of even and of odd orders are located at points
{k}and {(k + 1)/2}, k € Z, respectively.

The spline spaces may have a variety of generating functions, best known of
whose are the B-splines.



3.2 A Leading Example: Periodic Polynomial Splines 19

3.2.1 Periodic B-Splines

Let N = 2/, j € N. The centered N-periodic B-spline B!(r) of first order on the

grid {k}, k € Z, is defined via periodization of the compactly supported function

X[=1/2.1/210), BY() & 3,5 X[—1/2. 1/2](t + NI), where

Xla, b)) = 0, otherwise, (.12)

def [ 1, ifr € (a, b);
is the so-called characteristic function of the interval (a, b).
The Fourier coefficients of the B-spline

2 2 :
Cn(Bl) = /N/ Bl(f) e Fmint /N — l/1/ e~ 2mint/N smrn/N ﬂ-n/N.
—N/2 2/ p mn/N

The B- splines of higher order are defined iteratively via the circular convolution

BP(t) = det ® BP~L(¢). It follows from Eq. (1.9) that the B-spline B?(t) can be

expanded into the Fourier series

; p

ca(BP) = (%) — BP(1) = Z 2rint /N (“2:7}? ) RNERE)

neZ

The B-spline B? (t) is supported on the interval (— p/2, p/2) (up to periodization).

It is strictly positive inside this interval and symmetric about zero, where it has its

single maximum. The B-spline B? consists of pieces of polynomials of degree p — 1

that are linked to each other at the nodes such that B? € C?~2, Nodes of B-splines of

even and of odd orders are located at points {k} and {(k+1)/2}, k € Z, respectively.
There exists an explicit expression for the B-spline at the interval (—N /2, N/2):

1 S p p p-1 def [, if 1 >0;
p — _ I) o i b —_— 9
BP (1) = T ;( 1)) (k) (’ T3 k)+ » = [0, otherwise.
(3.14)
Surely, the length p + 1 of the spline’s B? support should not exceed the period

N, thus p+1 < N.Figures 3.1 and 3.2 display the B-splines of different orders and
their Fourier spectra.

Remark 3.2.1 Visually, the B-spline curves tend to Gaussian as the spline order
increases. It was proved in [12] that

~ Popr(P)N 2] )
pEToo[ 128 (12t)}_meXp( £/2).
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Fig. 3.1 B-splines of orders 2 (piecewise linear), 3, 6 and 10

T ---spline of order 2 |
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-10\pi  -8\pi -B\pi -4\pi 2\pi A\pi B\pi 8\pi 10\pi

Fig. 3.2 Fourier spectra of the B-splines of orders 2, 3, 6 and 10

Figure 3.3 displays the B-spline Bl12 (t) of twelfth order and the Gaussian curve
(2m)~1/2 exp(—1?/2). We observe that the curves are hardly distinguishable.

Direct calculation of the B-splines values using Eq. (3.14) is implemented by
MATLAB function bsp1P.m. Figures 3.1 and 3.2 were produced by the MATLAB
codes bsplsP.m and bsplFP.m, respectively.
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0.4

T
‘‘‘‘‘‘‘ Gauss curve
—B-spline

0.35 |

0.25 -

02 r

0.15 -

01 F

0.05 -

Fig. 3.3 Solid line: B-splines of order 12. Dotted line: Gauss curve

3.2.2 Spaces of Periodic Splines

Let T be a positive number. The periodic B-splines generate the shift-invariant
T-periodic splines spaces ? .7

Nt N Nt
SP@t) e P S <= SP(t) =q@ B? (7) = % qlk] B? (T - k) ., (3.15)

where q is an N-periodic discrete- time signal. The functions S; (t) € PST are
T-periodic splines of order p, whose nodes are located at points {Tk/N} when p is
even and at points {T'(k 4+ 1/2)/N}, k € Z when p is odd.

The Fourier coefficients of the spline S¥ (t) are

N—-1

r Nt
enlSP] = / e 2t/ T Z qlk] B? (? - k) dr (3.16)
0 k=0
N—1 N
— e—ank/Nq[k]/ e—27rnt/N Bp (t) dr
k=0 0

S A

>

sint (n/N)\?
[n] (—) .
m(n/N

Due to Eq. (3.7), the Zak transform of the periodic B-spline is
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. N-1
CPInl() & Z[BP1u (1) = Z S2TIK/N BD (1 oy G17)
k=0
=3 e (MEGINLD)
B (/N +1) :

leZ

The functions {(P[n](Nt/T)}, n = —N/2, ..., N/2 — 1 are the splines from the
space P .. We refer to the splines (?[n](¢) as the periodic exponential splines.
Due to Eq. (3.2),

| N/2—1 | N/2—1
Br—k=~ 2> o™ pro = 3 P,
n=—N/2 n=—N/2

(3.18)

Proposition 3.3 The following relations for the B-splines of any order p hold

N N—1
/ BP(r)dT = ZBP(t—k) =1. (3.19)
0 k=0

Proof Both relations in Eq. (3.19) follow from the expression Eq. (3.13) for the
Fourier coefficients of the B-spline. The integral

N
/ BP(1)dT = co(BP) = 1.
0

In turn, Eq. (3.9) implies that the sum

N—1
BP(t—k) = cn(BP)e > = co(BY) = 1.
k=0 €7
|
The characteristic sequence of the space ”.%7
N—1 _
uP[n] € CPn)0) = > e 2N gr (k) (3.20)
k=0
: p 1 p
() s ()
= \ m@/N+1D = \m(/N+1D)

Equation (3.20) implies that the characteristic sequence u”[n] is readily calculated
by the DFT of the sampled B-splines. On the other hand, once the characteristic
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Table 3.1 Values of the B-splines B? at grid points

k —4 -3 =2 -1 0 1 2 3 4
B2(k) 0 0 0 0 1 0 0 0 0
B3(k) x 8 0 0 0 1 6 1 0 0 0
B*(k) x 6 0 0 0 1 4 1 0 0 0
B(k)yx384 0 0 1 76 230 76 1 0 0
B°k)x120 0 0 1 26 66 26 1 0 0
B7(k) x 2°6! 0 1 722 10,543 23,548 10,543 722 1 0
B¥kyx7! 0 1 120 1191 2,416 1,191 120 1 0
Bo(k)y x 2871 1 6,552 331,610 2485288 4,675,014 2485288 331,610 6,552 1
BOGh)yx9 1 502 14,608 88234 156,190 88,234 14,608 502 1

function ¢” (v, 0) is known, the samples of the B-spline B? are calculated by the

IDFT:
N/2—1

BP(ky=— > &Ny, (3.21)
n=—N/2

Table 3.1 provides samples of B-splines B”(¢) of orders from 2 to 10 at grid points.
The samples of higher order splines were computed by the MATLAB function
bspuvP.m. They are gathered in the file BSUV.mat. The sequences u”[n] are
calculated by the MATLAB function juviP.m.

Examples of characteristic sequences:

Denote y = cos7n/N. Then

1 2 142 2
uh =1, uln] = % utln] = +3 Y
2 4 2 4
us[n]=5+182);+y ’ u6[n]=2+lli;5+2y ’
W] = O + 179y* + 479y + 61 ] 16y +4740y* — 4635” + 1139
720 ’ 1260

Figure 3.4 displays the characteristic sequences of several spline spaces (MATLAB
code jusplsP.m). The characteristic sequences of any order are calculated by
MATLAB function juviP.m.

In all the above examples the sequences u”[n] are cosine polynomials u}; =
P.(cosmn/N) of degree r = [(p + 1)/2] with real coefficients, which have only
even degree terms. They are N-periodic, strictly positive and symmetric about N /2.
This is true in general case.

Proposition 3.4 ([8]) For any natural p, the sequences ul = P.(cosmn /N), r =
[(p — 1)/2], are strictly positive on the real axis. Their maximal values, which are
equal to 1, are achieved at points {nN}, n € Z, while the minimal values are
achieved at points {(2n + 1)N/2}, n € Z.
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Fig. 3.4 Characteristic sequences of the spaces ”.#7 of splines of orders 2, 3, 6 and 10

Corollary 3.2 1. The shifts of the periodic B-spline {B? (Nt/T —k)}, k =
0,..., N —1, p €N, form a basis of the space P /7.

2. Any N-periodic signal x = {x[k]}, k € Z can be uniquely interpolated by a
spline from P 1: S(Tk/N) = x[k].

3.3 Periodic Discrete—Discrete Convolution
and Zak Transform

Assume, N = 2/ and M = 2", where j and m < j are natural numbers. Denote
Ny def N/2™ = 20=m Let f = {f[k]} € II[N] be an N-periodic signal and

q = {g[k]} € II[N,,] be an N,,-periodic signal. The signal

Ny —1
q & fm = [ Z qll]flk — Ml]] , keZ, (3.22)

=0

is referred to as the periodic M-fold mixed discrete-discrete circular convolution.
Denote by .# [f[;,1] the subspace of IT[ N], which consists of M-fold mixed periodic
convolutions of different signals q € IT[N,,] with the signal f € IT[N]:

Np—1

g € M) < glkl= D qlllflk — M, (3.23)
=0

where q € IT[N,,]. Thesignalf € IT[N]is called the generator of the space . [£[;,,1].
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Remark 3.3.1 The mixed circular convolution defined by Eq. (3.22) is the regular

N-periodic discrete circular convolution of the signal f € IT[N] with the signal
q € I1[Ny,], which is upsampled by factor of M.

Equation (1.23) implies that
| V-l
k+IM]l = — ; 27rin(k+lM)/N’
flk+iIM]= - > finle

where fn] = SN flkle=27"k/N is the DFT of the N-periodic signal f. Substi-

tutingn = v +rN,, v=0,. m — 1, we get
| Nl Mol
1M = = 3 S fl+ rNy] ST (304
M y=0 r=0
1 Nm_l
— eZTrlUl/NmZ[f[ (V) ]
N v=0

where forv =0, ..., N, — 1

M—1
1E A
ZL fm ) € 7 2 Sl N TN e 7, (3.25)

r=0

On the other hand, Eq. (3.24) implies that, f[k+ M1]is the IDFT of the N,,-periodic
with respect to v signal Z[ fi,,1](v)[k]. Thus,

Ny—1 Ny—1
Z[f[m]](y)[k] — Z efz‘ﬂ'il/l/Nm f[k+Ml] — Z eZTriVl/Nm f[k_Ml] (326)
=0 =0

Definition 3.3 The signal Z[ f{,,)1(v)[k], which is defined by Eq. (3.25) or by equiv-
alent Eq. (3.26), is referred to as the M-fold periodic discrete Zak transform.

Equations (3.25) and (3.26) imply that

1. For any fixed value k, the sequence Z[ f{,,1]1(v)[k] is Ny,-periodic with respect to
the variable v.

2. For any fixed value of v, the sequence Z[ fi,,11(v)[k] is N-periodic with respect
to the variable k and belongs to .Z [f[;,1].

3. Assume that d € Z. Then,

ZLfim) W)k 4+ dM] = ™V 4/Nn 7] fi01w)[k]. (3.27)
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4. Equation (3.25) provides the DFT expansion of the function Z[ f{,,,11(v)[k] in the
space IT[N] of N-periodic discrete signals. Thus, the DFT coefficients

f[n], ifn=v+rNy,,

ZLfim1W)k]n] = Np 0, otherwise,

(3.28)
= Nydlv —n] (mod N,y) flnl.

Combining different representations (Eqs. (3.25) and (3.26) ) of Z[ fi,)1(w)[k],
we get the relations forn = —N/2, ..., N/2 — 1:

ZLfim 1) [k] = f v+ rN,] 2mi@trNmk/N (3.29)

— Z E—ZWiVI/Nm f[k+Ml]
=0

Equation (3.29) provides DFT of polyphase components of the signal f € IT[N]. It
implies the following special cases:

1 M—1 [rN ' Npu—1
ZUfml Okl = - > f [ﬁ] FATIM = N flk+ M1, (330)
r=0 =0
= N Np—1 ‘
ZUfimW)I01 = 52 > f [u+ ﬁ] = > e MTUN fiMI). (331
r=0 =0

Note that Eq. (1.27) is a special case of Eq. (3.29) when M = 2.

The sequence Z[f,,;)(v)[0] is called the characteristic sequence of the space
M [fym)]. The set { Z[ fim1()[k]} provides a proper framework for the interpola-
tion.

Proposition 3.5 Assume the N,,-periodic sequence {Z [fim]@) [O]} , V€ Z, does
not vanish. Then, any signal x € I1[N,,] can be uniquely interpolated by an element
g € M), that is g[Mk] = x[k], k=0, ..., Ny — 1.

Proof Let glk] = X" qlI1 flk — MI]. Then, g[Mk] = 3~ q[1] f[M (k—1)]
is a discrete circular convolution of the signal q € IT[N,,] with the sampled signal
{fIMk]}, k=0, ...N,, — 1. Applying the DFT to both parts of the relation g[ Mk] =
x[k], k=0,..., N — 1, we get, due to Eq. (1.25),
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N—-1

Sl Mile= 21N — R0, = 4[], = ﬂ 3.32

gl IZ(;f[ le X[n] W = e oo 022
o Vol

q[l Z eZTru/l/N [V]

[ |
Corollary 3.3 If the sequence {Z[f[m]](l/) [O]} , UV € Z, does not vanish then the
space A [fim]] is Ny -dimensional. Consequently, the signals

— (A, A flk—IM), keZ, 1=0, ... Ny—1,

are linearly independent and form a basis of # [f1). In addition, the Ny,-periodic
signals
={filMk]}, 1=0,...,N, — 1, k € Z,

form a basis of the space I1[Ny,].

Proposition 3. 6 If the sequence {Z [fim]@) 0]} v € 7, does not vanish then

signals ZV[ ] % {Z[fm]](z/)[k]} v=—N/2M, ... N/2M — 1, k € Z, form an
orthogonal in the space IT1[N] basis of the space ///[f[m]].

Proof Equations (1.24) and (3.28) imply that the inner product in IT[N,,]

N—1
(27161, 2) = D ZLfim 1)K Z* [ fim 1) [K] (3.33)
k=0
1 N—1 - . " M—1 )
= < 2 ZUml@)im] (ZUfiml(oiml) = 0y =l Ny D 1 flv +r M2,
m=0 r=0

Assume g[k] = Zl:”’(;l ql!1fk — M!]. Equation (3.24) implies that

Np—1 Nm—1

Np—1
1 . 1
8kl = 5- g qll] ZE} e 2N Z1 i) W)K] = — Z & ZLfim )k

v=0

Np—1 N
N 1 .
& = qA[l/]m = Z gllle” 2mivl/Npy = q[l] = N_ Z 27711/1/Nm‘
1=0 =

Thus, coordinates of different representations of a signal belonging to the space
M [fn1] are linked to each other via the direct and inverse DFT. |
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3.4 A Leading Example: Periodic Discrete Splines

As before, N =2/, M =2", m < j,and N, =2/~

3.4.1 Non-periodic Discrete B-Splines

The non-periodic signal

U 14 def | 1/M, ifk=0,..M —1;
b[m] - {b[’"][k]} ’ b[’” k] = [0, otherwise.

is called the discrete B-spline of first order. The integer M = 2™ is called its span.

The discrete B- splines of higher orders are defined via iterated discrete convolution:

bfjn ey b[m] * b[m . The B-spline lv)fm] is a finite length signal, which is supported

onthe set 0, ..., p2™ — 1).
Remark 3.4.1 The term discrete B-spline is used in literature for designation of
different objects. For example in [1, 11, 13] the discrete B-spline is understood as a

sampled polynomial B-spline. Our definition of the discrete B-spline is that used in
[4, 9, 14].

Denote by

k[’] def[k(k+1)-~-k+r—1),1fk=0,1,...; (334)

0, otherwise.

the truncated factorial polynomial.

Proposition 3.7 ([3, 5]) The discrete B-spline I;fm] of order p is the piecewise sam-
pled polynomial of degree p — 1

i 1 £ p 1]
P [p—
bkl = W=D l§_0(—1)l’<l)(k +1 1M (3.35)

whose breakpoints (nodes) are {IM}, | € Z.
_ 1t is positive within its support and symmetric about p(M — 1)/2. The B-spline

b[lm] [k] increases monotonicallyask < p(M —1)/2 and decaysask > p(M —1)/2.

3.4.2 Periodic Discrete B-Splines

TR . ~1 . C e
Periodic discrete B—sphnes by, of first order are derived by N-periodization of the

B-splines byyy;: 5, (K1 % 37 fBym [k + IN1. The DET of the B-splines by,
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—Mn

2 1 «— 1—w )
1 _ —kn __ __ 2mi/N
b[m][n] = — kgo w = —(1 o w=e .

The discrete B-splines of higher orders are defined via iterated discrete circular

o P def [Pl
convolution: by, = by,,; ® by,; . Consequently, the DFT

1 —w Mn NP
) = (M(l - w-")) |
Certainly, as k = 0, . — 1, the periodic B-spline l;{:n][k] coincides with the

non-periodic one b [k]
In the sequel, We deal with the discrete splines of even orders p = 2r. The
B-splines of even order can be centered:

bih = {B3k1} . B[4 = Bk +r 2" = D

The DFT of the centered periodic discrete B-splines

N—-1 . 2r
o —kn L2r _( sin2"7n/N)
bim[nl = :EO w " by, k] = (—2m sin(wn/N)) , [m][O] =1. (3.36)

Thus,

N_l N—1 . 2r
. 1 sin"mn/N)
k kn bzr — kn - @ . 3.37
bin k] = nzzow m (7] N Z v (2’" sin(ﬂn/N)) 330

n=0

Examples

R 2 2r
[2][”] = cos?" 7;\7, b[zj](v) = (cos 7;\]—” cos I,n) . (3.38)

Remark 3.4.2 We emphasize that the values b[%;] [k] are non-negative integers. It is
worth noting that the discrete B-spline b[zr;] is not a sampled polynomial B-spline.

3.4.3 Spaces of Periodic Discrete Splines

A signal s[zrfﬂ = {5[2;1][]‘]’ ke Z}, which can be represented as the M-fold mixed

periodic discrete-discrete convolution of a signal q € IT[N,,] with a periodic discrete
B-spline
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Spline order 2 Spline order 4 Spline order 6

0.5 0.5 0.5
0.4 0.4 0.4
0.3 0.3 0.3
0.2 0.2 0.2
0.1 0.1 0.1 |

0 0 | | 0

101 -2-1012 3210123
Spline order 8 Spline order 10 Spline order 12

0.5 0.5 05
0.4 0.4 0.4
0.3 0.3 0.3
0.2 0.2 0.2
0.1 | | 0.1 ‘ | ‘ 0.1 | ‘ |

5 l | ol L. ol |,

-4-3-2-101234 -5-4-3-2-1012345 -6-5-4-3-2-10123456
Fig. 3.5 Centered B-splines bff] of orders 2, 4, 6, 8, 10 and 12
N1”71
2 2 2
St =4 ® (7 )y <= sprilkl = > qlllbirilk — MIl, M =2", (3.39)
=0

is called a periodic discrete spline. The space of the periodic discrete splines defined
by Eq. (3.39) is denoted %" .#,,,).
The Zak transform of the periodic discrete B-spline is

Nm_l
def j i
G K] = ZIG |0 = 3 ™M bk — 1) (340)
=0
_ zr V+/,6N ]ezm(u-i-/le)k/Nm (341)

Sk

(IJ+N,,1,[L) (Sin(zm 7T (l/ + Nm,u’))/N))2r
2m sin(w(v + Nyp)/N)

<|-

uM_ o[\ﬁg

Thus, the DFT of C[zr;](z/)[k] in the space IT[N] comprises only 2" terms
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$om @] = Ny by [n] 6[v — n](mod Ny) o
_ ( sin2"mn/N) ) 61w — n}(mod Ny)
2m sinn/N)

The set of N-periodic with respect to k discrete splines ([2,;] (v) = { C[Z,fl](u)} e
ST is Ny -periodic with respect to . We call them the discrete exponential splines.
Equation (3.40) implies that

Np—1
1S .
bl = M1) = = >, e Gy @Ik,

Np—1 N, —
m 1 m ;
sir [kl = gqmb il — M1 = - ;0 q[vlm Sy WIK].

The characteristic sequence of the space 2.

Np—1
U E Emlol= > w2 el 2m) (3.43)
=0
2m_1
=— z bip[v + Nyn]

1 Z_: (sin(2’”7r(1/ + Npn)/N)\
M 2 sin(m(v 4+ Nyn) /N))

M—1

sin?" (7 v/Np)
= 2

1
@™ sin(w (v + Npl) /NP

It is readily seen that U[m][y] is strictly positive.

Proposition 3.8 1. The discrete exponential splines {C[zr;](u) [k]} ,

v=—Nuy/2, ..., Nu/2 — 1, form an orthogonal basis of the space 2’<7”[m].
2. Their squared norms in the space I1[N] are

o]’ = N vz (3.44)

3. The circular convolution of two discrete exponential splines is a discrete expo-
nential spline:

) ® QLK) = Ny 0l — pl QP ) k] (3.45)
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Spline order 2 Spline order 4 Spline order 6
0.25 0.25 0.25
0.2 0.2 0.2
0.15 0.15 0.15
0.1 01 0.
0.05 0.05 0.05
0 0 é.lfw|1-32101231|1.l>é 0 "l‘ h"
3210123 - 3 20 10 0 10 20
Spline order 8 Spline order 10 Spline order 12
0.25 0.25 0.25
0.2 0.2 0.2
0.15 0.15 0.15
0.1 0.1 0.1
0 .ll‘ ||I| 0 .|||| ||||. 0 .|I‘|| ||‘|1.
-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 0 10 20

Fig. 3.6 Centered B-splines bfjj of orders 2, 4, 6, 8, 10 and 12

4. The discrete exponential splines are the eigenvectors of the shift operator:

(o +dM] = 74N (0 () [K] = (3.46)

2
Cimy (UM — 2mivl/Nn

. (347
U] 47

Cm](V)[lM] = eZmu[/Nm U21 [ 1

Equation (3.47) means that the discrete exponential splines interpolate the
Fourier exponential functions.
5. Any N,-periodic signal x € II[N,] can be interpolated by a spline s[zrfl] €

¥ Sy spp MU = x[1], k=0, ..., Ny — 1, where

N-1
X[nln

1
2k = N Z e ]c (3.48)

Proof

1. Itis a direct consequence of Proposition 3.6.
2. Equations (3.33) and (3.43) imply that
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3.

M—1 5
Ny, ‘b[%;][l/ + rN]‘

r=0

M—1 . 4r
Ny Z sin(2"m (v + Nyyn)/N)
M = 2m sin(w(v + Nyn)/N)

o

2
= NaUj V]

Let g[k] = C[Zrl](y) ® C[Z,Z] (p)[k] be the circular convolution of two discrete

n
exponential splines. Then the DFT coefficients of g are the products

gln) = G )[n] G o]

sin2M7mn/N \ 209
2Mm sintn/N

= N26[v — n](modN,,) 6[p — n](modN,,,) (

= 6l — n] NG ™ ).

4. This is a special case of Eq. (3.27).

5.

It is a direct consequence of Proposition 3.5.
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Chapter 4
Periodic Polynomial Splines

Abstract In this chapter the spaces of periodic polynomial splines, which are
introduced in Sect.3.2.2, are discussed in more details. It is shown that the periodic
exponential splines generate a specific form of harmonic analysis in these spaces. A
family of generators of the spaces of periodic splines is presented.

4.1 Spline Harmonic Analysis (SHA) in the Space of Periodic
Polynomial Splines

The exponential splines defined in Sect.3.2.2 provide a flexible computational
scheme in the space of periodic polynomial splines.

4.1.1 Orthogonal Periodic Exponential Splines

We recall that N = 2/, j € Nand w % ¢27i/N The centered N-periodic B-spline
BP?(t) of order p on the grid {k}, k € Z, is defined in Sect.3.2.2. The space ”.T
consists of 7'-periodic splines

N-1

N Nt
Pl ) = P _
S (T) = kzgo qlk]lB ( T k) 4.1)

on the grid {Tk/N}, k € Z. For simplicity, we assume that 7=N, thus the splines

are defined on the grid {k}, k € Z, and 7. ey 7N . Rescaling to the space 7.7
is straightforward.

The Zak transform of the periodic B-spline, which we call the periodic exponential
spline, was defined in Eq. (3.17):

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 35
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_4,
© Springer Science+Business Media Dordrecht 2014
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N—-1
¢rin)(e) = ZBNn)(0) = 3 o B (¢~ “2)
k=0
=3 o (MEONLDY
IeZ w(n/N+1)

Equation (4.2) provides expansion of the N-periodic function ¢”[n](¢) into the
Fourier series. Thus, the Fourier coefficients

i p
M) ez 43)

p _
NI ( [n])—N( 7 (/N +1)

The rest of the Fourier coefficients are zero. This can be formalized as follows

: P
cx(£7[n]) = N8[k — n](modN) (%) kel (4.4)

where §[k] is the Kronecker delta.
Denote the characteristic sequence of the space 7.

N-1

uP[n] € cPn)0) = D o "k BP (k) (4.5)
k=0

_ Z (sinn (n/N —l—l))p
_IGZ 7 (n/N +1)

., mn GV
-5 2 (rawen)

leZ

The sequence u”[n] is the DFT of the sampled periodic B-spline B? (t). It is
N-periodic and symmetric about zero, where it attains its maximal value u”[0] = 1.
The minimal value is attained at n = N/2 and it is positive. The characteristic
sequences of several spline spaces are displayed in Fig. 3.4.

We summarize the properties of the periodic exponential splines.

Proposition 4.1. 1. The exponential spline ¢ P[n](t), is orthogonal to all the expo-
nential splines ¢91[m](t) where q is an arbitrary natural number and m # n.
2. The exponential splines {¢P[n](t)}, n = —N/2, ..., N/2 — 1, form an orthog-
onal basis of the space P .. If a spline SP (t) € P. is defined by Eq. (4.1), then
it can be represented as

N/2—1
def A

Sf’(z>=% > EncPnl@). &l = §lnl. (4.6)

n=—N/2
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3. Squared norms of the exponential splines are
. 2p
)4 2_N w — Nu?? 4.7
Izaall lzzj( S GIN D uP[n]. 4.7
4. Derivatives of order s of the exponential splines of order p are exponential
splines of order p — s:
PO = (1= 0™ (1 +3). (48)
5. Derivatives of the exponential spline £ P[n)(t)®), are orthogonal to all the deriv-
atives £9[m](t)\") of the exponential splines where g, s < p, r < q andm # n.
6. The squared norms of the derivatives are
17D = Nl =, win) < 2sin 22 @9)
7. The circular convolution of two exponential splines is
tPn] ® ¢ m](1) = N&[m — n]gP 4 [n](1). (4.10)
8. The exponential splines are eigenfunctions of the integer shift operator:
tP[n] (t +d) = " ¢P[n](1) = ¢P[n] (d) = 0" uP[n], d €N.  (4.11)
9. The exponential splines are eigenfunctions of the finite differences operators:
AlEP[n] ()] = (@" — 1)’ ¢P[n] (@), (4.12)
N
SP1EP ) (0] = (—4sin 2 6P [0,
10. The exponential splines interpolate the Fourier exponentials:
P d .
E) _ pomina/v g ¢, (4.13)
uP[n]
Proof
1. The claim follows from Eq. (4.4) and the Parseval identity (1.8).
2. This is a direct consequence of Proposition 3.2.
3. Applying the Parseval identity (1.8), we derive Eq. (4.7).
4. Equation (4.2) implies

: p
Py _ 2in/ N+t —mip(n/N+1) [ ST (n/N +1)
P t— — 2 i P SRRy E)
‘ [n]( 2) leZe ¢ 7 (n/N +1)
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o p
_ z Q2i(n/N+D1 1 — ¢ 2mi@/N+D
2ri(n/N +1)

leZ

—2xi p
_ Z 2win/N+D ( 1 — e 2min/N )
= 2w i(n/N +1)
eZm‘(n/N+l)r

=1—-w™? EZ: GriGIN T 4.14)

Thus, the derivative is
p2mi(n/N+Dyt
Qmi(n/N +1))P~—s
(4.15)

¢P[n] (f - g)(” =1-0™ 10— ™P* Z

leZ

— (=P ] (t — ?) .

Hence, Eq. (4.8) follows.

. This is a direct consequence of item 4.1 and item 4.1

. Equation (4.15) provides the Fourier expansion of the derivative. Consequently,
using the Parseval identity (1.8) and the fact that for N-periodic function with

anya, fON f)dt = fON f(t +a)dt, we get

N N N3
® ®\ g, _ AN _P\®
/0 Pl (7o) dr = /O et (- %) (;P[n](z )7 ar
. N *
[ _ 2minyN __—2xin/N " —s _pb=s —s _pr=s
_(2 P e )A 1% [n](t 5 )(5” [n](t 5 )) dt

mn

s N Ay
- (2 sin W)2 /0 Pl (£ ml0)* di = N (2 sin %)2 W91,

AN L

7. If g(¢t) = ¢P[n]®9[m](¢) is the circular convolution of two exponential splines
then, due to Eqgs. (1.9) and (4.3), the Fourier coefficients

sinm (n/N +l))p+q

1
a(g) = ch(é“p[n])cl(ip[m]) = d[m —nIN ( 7 (n/N+1)

Hence, Eq. (4.10) follows.
8. This is a direct consequence of Eq. (3.4).
9. Equation (4.11) implies that the first order difference

APl O E ¢PInl (¢ + 1) = P[] (1) = (@ — DEP[n1(1)
= Aj[¢PIn]l (O] = (" — D*¢Pn](@).
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The second order central difference

def

STEPI (O] = ¢Pln) (¢ + 1) — 22P[n] (1) + ¢Pnl (r — 1)
_ (ezf”'"/N 4 e 2min/N _ 2) £P[n](t) = —4 sin® % cP[n](0).

Hence, Eq. (4.12) follows.
10. Equation (4.13) is a special case of Eq.(4.11) when t = 0.

Remark 4.1.1. We observe from Proposition 4.1 that the properties of the periodic
exponential splines ¢”[n](¢) are similar to the properties of the Fourier exponential
functions e27"/T which were listed in Sect. 1.1. The functions {eZ”i”’/T} , nez,
generate a harmonic analysis in the space &r of T-periodic signals. Similarly, the
splines {¢?[n](¢)}, n = —N/2,..., N/2 — 1, generate a kind of harmonic analysis
in the space 7. of N-periodic splines. This analysis, which is called the Spline
Harmonic Analysis (SHA), is presented in the following sections.

4.1.2 Normalized Periodic Exponential Splines

Using Eq. (4.7), we normalize the exponential splines

YRR 1) (O N 44 (0
lePinll /Nu2pn]’
The exponential splines {y”[n](¢)}, n = —N/2, ..., N/2 — 1, form an orthonormal

basis of the space 7.7. If a spline SP(t) € 7. is SP(t) = ,1(\];0] qlk]1B? (t — k),
then it can be represented as

¢Pnl(t) = vV NuP[n]yP[nl(1). (4.16)

| N/2—1 | N/2—1

P =< > EMP) = —= > olnly’lnl(), “.17)
Nn:—N/Z Wn:—N/Z

£ Y Ginl, olnl = VN (SP(0), yPInl()) = Vu2P[n] §ln].

Properties of the normalized periodic exponential splines y?[n](¢) are directly
derived from the properties of the exponential splines ¢”[n](¢), which are listed in
Proposition 4.1.

Derivatives:

u2(p—s) [n]

p () —
Yo" =\ =

(1 — 0" yP~n] (r n %) . (4.18)
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Norms of derivatives:

1P = WPl WP (25in 7 ) ”2;;—[;[]”] (4.19)
Integer shift:
yPIn] (t +d) = "y P[n](t) = (4.20)
nd p
yPn] (d) = wN VPl VP& \/uuz—i% deN.
Circular convolution:
yPIn] @ y9[m](t) = 8lm — n] /N RP[n] y"*4[n](r),
RP[n] & w2 oln] 4.21)

u?r[nlu?d(n]’

4.1.3 Representation of Periodic Splines by Exponential
Splines Bases

Expansion of periodic splines over the orthogonal and orthonormal exponential
splines bases, as presented in Egs. (4.6) and (4.17), imposes a specific form of har-
monic analysis methodology onto the spline space, which we call the Spline Har-
monic Analysis (SHA). The exponential splines act as harmonics. The coordinates
{o[n]}, n=—-N/2,...,N/2 —1(Eq.(4.17)), which act as the Fourier coefficients,
are referred to as the SHA-spectrum of the spline S (¢). Originally, this construction
of the SHA was presented in its final form in [5, 9] but some of its components were
exposed in [4, 7, 8]. The usage of SHA significantly simplifies many operations on
splines. We now describe basic relations of the SHA.

Differentiation: Let S” € 7. be represented as

N/2—1 N/2—1

1
Py == D EMIKPINI0) = —= D olly’lnl().  (4.22)
N n=—N/2 \/N n=—N/2

Then, Egs. (4.15) and (4.18) imply

N/2—1

SP () = % > o) gl (1 + %) (4.23)

n=—N/2
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N2 o 5)[}1]
Z ———— (- " oln]y’ " [nl.
J_ ) (]
Parseval identities: Let S? € 7. be represented as in Eq. (4.22) and

N-1 N—

TP (1) = % PIRAUIUIGE Z yPUI) e P (4.24)

=0 =0

From Egs. (4.22), (4.24), (4.9) and (4.19), we get:

(5P, TP) = / SP(@) TP (1) di = / Z o101 yPInl (1) yPU1 (o) dr
0

nl 0
| V-t N | N2l
_ * p 2 _ *
=y > ool [Cprme P =5 3 olaoi
n=—N/2 n=—N/2
(4.25)
| V-t | Ne-t
2 _ 2 _ 2 2
1712 =& 2 el =5 > wPPlnliglnl, (4.26)
n=—N/2 n=—N/2
| V- | N2t
ISHOP = = 30 KPP WP = © > lolll® WP (427)
n=—N/2 n=—N/2
¢ 4 2(p—s$)
sy % (5 Gin TV ,200-9) pusppdef (o . TN\ u [n]
WP [n] ( smN) [nl, WPl = (2 smN) pETTR
Circular convolution: Let S” € 7. be represented as in Eq.(4.17) and
| N/2—1 | N/2—1
Sq(t)=ﬁ DA = — D alllyill@) s (4.28)
I=—N/2 VN I=—N/2
From Eq. (4.10), we have
N | N
S”@Sq(t)=/ SP(t—0) Sl (rydr=— D &A@ c71()
0 N= 1
N/2—1
> el P )0 (4.29)
n=—N/2
N/2—1

. > RPAnlolnlninly? i (nl) € T2,

n=—N/2
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where R”-9[n] is the sequence defined in Eq. (4.21).
Sampling and interpolation: The samples of the spline S”(#) are obtained from
Eq.(4.11):

N/2—1 N/2—1

1 1 .
SP (k) = Nn__zN/f[n] cPnlk) = Nn__zws[n] uP[n] (4.30)
N/2-1 N/2—1
1 1 o[n] X
=— oln] yPnlk) = — ——uP[n] ™"
N n=§/2 N n=§:v/2 Vu??n]

Equation (4.30) means that the samples {S? (k)}, k = 0,...N — 1 are the inverse
DFT of the sequence {&[n] u?[n]}.

Assume the spline S? (¢) interpolates N-periodic data {z[k]} on the grid {k}, S? (k) =
z[k], k € Z. Application of the direct DFT results in an explicit expression for the
spline’s coordinates in the orthogonal basis

1 & im
- p P —— p
£ln] = Znl/ulIn] = SP() = n__ZN/z o] 11O (4.31)

Remark 4.1. Eq.(4.31) derives the spline’s SP(t) € P.% coordinates {£[n]} from
its samples at grid points. Conversely, once the coordinates are available, Eq. (4.30)
implies that the samples {S? (k)}, k =0, ...N —1 are calculated by the inverse DFT
of the sequence {£[n]u”[n]}. The values at the dyadic {27"k} or the triadic {37k}

rational points are derived from the grid samples, using fast subdivision algorithms
to be presented in Chap. 6.

Discrete Parseval identity: It follows from Eqs. (1.24) and (4.30)

NZ_1| el Nfl ,_ 1 Nfl » W)’

s WP =+ )] = ol 5

k=0 N n=—nN/2 N n=—N/2 u?P(n]
(4.32)

Sampled circular convolution: Substituting # = & into Eq. (4.29), we get

RS
N 2 Sl ul ) (4.33)
n=—N/2
'S P+q
- - Z G[H]n[n]w"” 0P 4n], QP4[n] def u [n]

N n=—N/2 V2P (n]u2d(n]

SP @ §9 (k)
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4.1.3.1 S-Filtering

Definition 4.1. The mixed discrete-continuous circular convolution of a spline
SP(t) e .7 with a signal h = {h[k]} € [T[N]

N—1
G Ehesre) = >l SP( -1 (4.34)

1=0
is called s-filtering the spline S? (¢).

Proposition 4.2. Assume the spline SP (t) € 7.7 is represented as in Eq. (4.17) and
= {h[k]} € II[N]. Then the function G(t) Y ® SP(t) is a spline from P . and

N/2-1 N/2—1

1 N N
G)=— D &nlhn¢nl)=—= D olnlhlnlylnl@). (4.35)
N n=—N/2 \/ﬁ n=—N/2

Proof The mixed circular convolution

N—-1 N/2—1
G(t)zzh[l]S”(t—l)— Zh[l] D Engine —1)
=0 n=—N/2
N/2—1 N—1 | N/2—1
2. Ellell@ > he™ hlil == > &nlhlnl ¢l
n=—N/2 =0 n=—N/2
| N/2—-1
— h :
an)ma[n] [n]y[n](0)

Thus, s-filtering a spline results in multiplication of its SHA spectrum with the DFT
{ﬁ[n]} of the signal h. The inverse claims is true.

Proposition 4.3. Assume the spline GP(t) € P. is represented as

| N/2—1 | N/2—1
G' =~ 2. i) x[n) ¢ [n)0) = —< > olnlxlnlylnl@). (4.36)
n=—N/2 n=—N/2

Then, it can be represented as a mixed circular convolution GP(t) = ZIN:BI hll]
SP(t — 1), where

N/2—1 N/2—1

1
SP(t) = — E &[n] ¢nl(t) = —= E o[n]y[nl(@),
N VN
n=—N/2 n=—N/2
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N/2—1

h[k]:% > W xlnl.

n=—N/2

Proof The sequence { x[n] = ﬁ[n]]. Then, using the shift property Eq.(4.11), we
get

: N/2—1 N—1 . N/2—1 N—1
GP() =~ D &l X o MA@ = >0 Elnl >0 AIEIG 1)
n=—N/2 =0 n=—N/2 =0
N-1 N/2—1
=D hNsPe—Dn, SPw == > &lnl Clnl@).
=0 n=—N/2

We call the N-periodic sequence {fz[n]} the frequency response of the s-filter

h. If |A[n] > a > 0| when |n| < N/4 and h[n] ~ O when |n| > N/4 then
s-filtering retains the low-frequency components of the spline and suppresses the
high-frequency components (low-pass s-filtering), and vice versa for high-pass s-
filtering.

4.1.4 Generators of Periodic Splines Spaces

An N-periodic spline ¢ () € 7.7 is a generator of the N-periodic splines space 7.
if any spline from S € ?.¥ can be represented as the linear combination

N-1

S(t)y= D rlklg—k). (4.37)

k=0

An obvious generator of 7.7 is the periodic B-spline B” (). Any spline, including
candidates for being generators, is represented as

N—-1
¢(t) = > fIKIBP(t —k)
k=0
| N/2—1
=— > thly”nl@), tln]l=+/Nu?[n] fn. (4.38)
Wn:—N/Z

Recall that the coordinates {t[n]} of a spline ¢ (¢) constitute its SHA spectrum.
Equation (4.20) implies that
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N/2—1

D thnly?lnle —k) (4.39)
n=—N/2
N/2—1

Z o™ T [nly?[n]@),

n=—N/2

PPt —k) =

Sl

ﬂ\

N
Tlnly?[nl(t) = T‘ PIRCAR AR} (4.40)

1
k=0
The following describes the condition for a spline to be a generator.

Proposition 4.4. A spline ¢(t) € P.7 represented by Eq.(4.38) can serve as a
generator of the space P .7 if its SHA spectrum {t[n]} does not vanish.

Proof Let a spline S(¢) € 7. be represented as

N/2—1

S() = %N nzZN/zo[n]yP[n](r).
Then, using Eq. (4.40), we can write
S(t)—— /Z“ _] P _lN/%]@N_I kn Pt —
N tlnlyPIn]() ang/zt[n] 2, ¢ (t —k)
-y lr[k]qbp(t—k), rlk] = — Nfl o (4.41)
k=0 N n=—N/2 tlnl

Proposition 4.5. Assume a spline ¢pP (t) presented as in Eq. (4.38) is a generator of
P.&. Then there exists the unique dual generator

1 N/2—-1
¢yt =—= > Olnly’[nl®)
ﬁn:—Nﬂ

such that the the biorthogonal relations

N
/ OP (1 — k) (¢F (¢ —m))" dt = [k —m] (4.42)
0

hold. The SHA spectra {t[n]} and {0[n]} of the generators ¢?(t) and 4)5 (1), respec-
tively, are linked as

t[n]0[n]* = 1. (4.43)
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Proof Equation (4.39) implies that the splines ¢ (t — k) and ¢5 (t —m) are

N/2—
PPt —k) = — Z 2 in]y PIn] (@),
Wn_ N/2
N/2-1
¢yt —m) = > o 0lnly Pl o).
\/_ n=—N/2
Then, using the Parseval identity (4.25), and the relation (4.43), we get
N | N2
/ PP (t — k) Y (t —m)* dt = 5 Z t[n]O[nT* 0 "% = §[k — m].
0 n=—N/2

Remark 4.1.2. 1f a spline is expanded over the shifts of a generator ¢ (¢) as S(t) =
N])] rlk]1¢? (t — k) and ¢5 () is the dual generator then

N N-1

(S, 0] (- —m)) = / Z k197 (t — k) ¢7(t —m)*dt = r[m].  (4.44)

4.1.4.1 Examples of Generators of the Periodic Splines Spaces

extbfPeriodic B-spline: Due to Eq.(3.18),

1 N/2—1 N/2—1
Broy=—= > ¢l )= 7= = 2 Vlnly’In@. (445
n=—N/2 n——N/2

Thus, the SHA spectrum of the B-spline B”(t) is {\/ u2p[n]} , n=—N/2,..
N /2—1.Figure4.1 displays the B-splines of orders 2, 4, 8 and 12 and their SHA spec-
tra. Visually, the SHA spectrum of twelfth order B-spline is similar to the Gaussian
curve.

Generator dual to periodic B-spline: Due to Eq. (4.43), the spline

Np2-1
L Z @ (4.46)
VN n=—n/2 VuPln]

DP(r) =

is dual to the B-spline B?(¢). The SHA spectrum of D?(t) is {1/\/u21’ [n]} , n=
—N/2,..N/2 — 1.
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Fig. 4.1 N —periodic B-splines B”(¢) of orders 2, 4, 8 and 12 and their SHA spectra, N = 256
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Fig. 4.2 N —periodic DB-splines D? (t) dual to B-splines of orders 2, 4, 8, and 12 and their SHA
spectra, N = 256

Figure4.2 displays the dual splines D? (¢) of orders 2, 4, 8 and 12 and their SHA
spectra.

The interpolating generator (fundamental periodic spline): The so-called
N —periodic fundamental spline is

N2, N2 »
IO Sl < R S 1 0 N S
N vt ﬁn:—N/2 VPin] Vu?r[n]
(4.47)
The B-spline representation of the spline L”(¢) is
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Fig.4.3 N —periodic interpolating generators L? (¢) of orders 2,4, 8, and 12 and their SHA spectra,
N =256

N-1

A 1
LP(t) = ,; AKIBP(t — k), i[n] = T (4.48)
It follows from Eq. (4.30) that the values of the spline at grid points
LP (k) = L Nfl " = 8[k](modN). (4.49)
N n=—N/2

The fundamental spline provides an explicit representation for the spline S(¢) € 7.7,
which interpolates a signal z = {z[k]} at grid points:

N-1 N—-1
()= D Ak LP(t =k, Sn) =D kI LP(n—k) =z[n].  (4.50)
k=0 k=0

Figure4.3 displays the interpolating generators L”(¢) of orders 2, 4, 8 and 12 and
their SHA spectra.
Generator dual to the periodic fundamental spline: The spline

N/2-1

M@ = o 3 VPl i) (51)

n=—N/2

is dual to the fundamental spline L7 (¢). Figure 4.4 displays the generators M P (t) of
orders 2, 4, 8 and 12 and their SHA spectra.
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Fig. 4.4 N —periodic generators M7 () dual to interpolating ones of orders 2, 4, 8, and 12 and their
SHA spectra, N = 256

The generator whose shifts are orthogonal to each other (self-dual generator):
It is readily seen from Eq.(4.43) that the SHA spectrum of such a spline should be
tln]=1, n=—-N/2,..N/2 — 1. Thus,

P = — Nfl PIl(e) = - Nfl D o] = 1. @.52)
P (1) = — yPInl(t) = — —, ||| =1. 4.
ﬁ n=—N/2 N n=—N/2 \/MT[’?]

Consequently, the splines {¢”(t — k)}, k =0, ...N — 1, form an orthonormal basis
of the space ”.¥. Any spline S(r) € 7. can be expanded as

N—-1

N
S(t) = Z s[klo?(t — k), s[k] = / S(t) P (t — k) dt. (4.53)
0

k=0

The splines ¢”(t) are the periodizations of the so-called Battle-Lemarié father
wavelets [2, 3].

Remark 4.1.3. The SHA spectra of all the above generators are positive and sym-
metric about n = 0. It follows from properties of the sequences u?[n].

Graphical illustrations Figures 4.1, 4.2, 4.3, 4.4 and 4.5 display the generators of
the splines spaces 7. where the orders p = 2, 4, 8, 12. In addition, Figs. 4.1, 4.2,
4.3 and 4.4 display the SHA spectra (right hand half-band) of all the generators except
for the self-dual ones, whose SHA spectra are identically equal to 1. All the figures
were produced by the MATLAB code GensplConsP .m. This code is utilizing the
binary spline subdivision scheme to be described in Sect. 6.2. Examples of generators
of odd-order splines spaces are displayed in Figs. 6.1 and 6.2 after introduction of the
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Fig.4.5 N —periodic self-dual generators ¢ (¢) of orders 2,4, 8, and 12, N = 256. Top left p = 2.
Top right p = 4. Bottom left p = 8. Bottom right p = 12

ternary spline subdivision scheme. The structure of Figs. 4.1, 4.2, 4.3 and 4.4 is the
following: The left panels display the generators while the right panels display their
SHA spectra. Top pair: p = 2, second from top pair: p = 4, second from bottom
pair: p = 8, bottom pair: p = 12.

Comment

We observe that, as the spline’s order grows, the SHA spectra of the fundamental
splines and their dual counterparts tend to 1. It stems from the fact that the sequence
VP[n] = uP[n]//u?r[n] — 1 as p — oo Visually, the shapes of the fundamental
spline of twelfth order and of its dual counterpart are very similar to each other and
similar to the shape of the self-dual generator.

4.1.4.2 Fundamental Splines and the Sinc Function

Equation (4.49) claims that the grid samples of the fundamental spline ¢” (k) =

8[k](modN). This property is similar to the property of the sinc function sinc(t) o
sinyrt/mt. The sinc function represents bandlimited functions via their samples ([6],
for example): If the Fourier spectrum of a non-periodic signal f(¢) is located within
the band [—o, o], then it can be represented as f (t) = > ;.7 f(Pk)sinc(t/P — k),

where P =1 /0.

def (oo

The Fourier transform of the sinc function is C(v) = |- e~ sinc(t) dr =

x[—m, m](v), where the function y is defined in Eq. (3.12). Denote by Sincy (¢) def
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> ez sinc (t + IN) the periodized sinc function. The Fourier coefficients of the peri-
odic function Sincy (¢) are

) 2nn 1, if |n| < N/2;
¢p (Sincy) = C ( N ) - [O, otherwise

N/2 :
. . sinwt(1+1/N)
S = 2ming/N _ 27772 T T
= Sincy (1) N n__ZN/ze N sinmt/N

Apparently, Sincy (t) — sinc(¢) ast € —N /2, N/2) and the period N — oo.

The Fourier spectra of the fundamental splines ¢” () approach the Fourier spec-
trum of the sinc function when the splines orders increase. Such a convergence is
established in [1] for the non-periodic fundamental splines. The statement for the
periodic case is the following.

Theorem 4.1. All the Fourier coefficients c,(¢?), where |n| < N/2, of the
N —periodic fundamental splines tend to 1 when the spline order p is growing.
The coefficients, whose indicesn > N /2 orn < —N /2 tend to zero as p is growing.
The coefficients c+n 2(@?) tend to 1/2 as p is growing.

Proof We prove the statement for the even-order splines ¢ (). Proof for the odd
order splines differs in a few non-essential details. Equations (3.16), (4.5) and (4.48)
imply that the Fourier coefficients are

2y _ 1 (sinnn/N)zr 1

e 1= oy ) T o

D1 & (T ! - ! =1 2
[n] (N) gz: NI gz“ AEN +o(n,2r],

where the sequence

1

o0

def def
oln,2r] = oyn,2r]l+o_[n,2r], ox[n,2r] = —_—
[n,2r] = oy[n, 2r1 + 0_[n,2r], ox[n,2r] Z(lﬂ:Nl/n)Z’

=1

Note that the coefficients ¢;y = O for all the integers [ # 0, while cp = 1 and all the
coefficients are non-negative and do not exceed 1. The series o+ [n, 2r] converge with
any integer n # kN. Assume that 0 < n < N /2. The terms in the series o [n, 2r]
decrease monotonically as / grows. Therefore, the following inequalities are true

oxln,2r] < dt < aq[2r],

1 o0 1
(1+ N/n)¥ +/1 (1+ Nt/n)?

def 1 2r +1
O{+[2]"] = ﬁ-{-m
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The sum of the series o_[n, 2r] is

1 oo
NPT _[n,2
(1— N/n)Zr + (1 _2N/n)2r +/; (1— Nt/n)zr dt < a_[n,2r],

def (N —n\>
a_[n,2r] = ( ) + a4 [2r].
n

o_[n,2r] <

Consequently,

2ry _ 1 1 _ - o 1 _
enly™) = o = o[n,2r1+l§( oln,2r)) =1 - Bln, 2r],

(N n)2r
0<B[n2rl<on2r]<|— + 2a4[2r].
n

Thus, each coefficient ¢,[¢*"], 0 < n < N/2, is approaching 1 as the spline order
2r increases. Recall that the order 2r cannot exceed N — 1. The convergence speed
is different for different n. When n is approaching N /2, then the convergence speed
is decreasing. Obviously, the same claim is true for —N /2 <n < 0.

Ifn > N/2then 1 — N/n < 1. Thus, the first term in the series o_[n, 2r],
whichis (1 — N/ n)~%, grows when 2r increases, while the sum of the remainder
of the series is reduced as well as the series o [n, 2r]. As a result, the coefficient
cn([(pzr] = 1/D2r[n] =0 ((1 — N/n)zr). When n > N/2 is growing then the
coefficients are converging fast to 0.

Letn = N/2. Then,

o0 o0

1 1 def 1
oLl 2= <o G CH =X
(1) 2 < P
oo

def 1 1 def
o_[n.2r] = 1+ B_[2r], p_[2r] = ,Z' G- =

M2
B~

-\.
I|
S}

Thus, D¥ [N /2] =2+ 02 %). [ ]

Corollary 4.1. The fundamental splines ¢?(t) are approaching the periodic sinc
function Sinc(t) as the spline orders p are increasing.

Figure 4.6 displays the fundamental splines ¢? (¢) of orders 2, 6, 10, 14 and their
Fourier coefficients. We observe that the effective supports of the splines widen and
their behavior becomes oscillating as the orders increase, while the shapes of their
spectra tend to the rectangle.

Figure 4.7, which was produced by the MATLAB code Sinc_examp .m, com-
pares the fundamental spline ¢2%(¢) of order 22 with the periodic sinc function
Sincy (1), N = 512. When ¢ is not far from zero (up to 5), the two functions
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Fig. 4.6 Left fundamental splines ¢’ (r) of orders (from top to bottom) 2, 6, 10, 14. Right their
Fourier coefficients

are almost undistinguishable. When ¢ grows, the spline practically vanishes while
Sincy () oscillates. The spectrum of the spline is near a perfect rectangle.

4.1.5 Remarks on Orthonormal Bases of Splines Spaces
and SHA Spectra

So far, we have introduced two alternative orthonormal bases of the periodic splines

space .7 one basis — I'’? def {yP[nl(t)}, n = —=N/2,..., N/2 — 1, consisting

of normalized periodic exponential splines, which were defined in Eq.(4.16), and
the other basis — @7 def {pP(t —k)}, k=0,...,N — 1, consisting of shifts of the
self-dual generator ¢? (¢), which was defined in Eq. (4.52). These bases are linked to
each other via the direct and inverse DFT:

N/2—1

1 —nk_, p
. z o ™y Pnl(t), yPlnlt) =
\/anfN/Z

=

-1

P (t —k) = o™ P (t — k).

Sl-
Il

(4.54)
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Fig. 4.7 Left fundamental splines <p22 (1) of order 22 (solid line) and sinc function Sincy (1), N =
512 (dashed line). Right the Fourier coefficients of this spline

The exponential splines y”[n](t) are almost perfectly localized in the frequency
domain. Fourier expansion of y ”[n](t) stems from Eq. (4.2). For simplicity, assume
that the splines orders are even, p = 2r. Then,
{Zr[n](t) Sian 7Tn/N eZﬂi(n/N+l)l
VNl NIl &5 (/N + D)
1 sintn/N 2 e2mi(n/N+Dt
VN W [n] ( wn/N ) 7 (L+ N/

Equation (4.5) implies that

y¥nl() =

(4.55)

4r
Vu*[n] = sin¥ 7n/N Z ( ! ) (4.56)
e

7w (n/N + m)
W\ 172
s1n7tnN "
() (1 Z ()
EZ\O m/n

sintn/N o
(M/N ) (1+00v™)).
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Substitution of Eq. (4.56) into Eq. (4.55) results in the relation

2mi(n/N+Dt

1 ; N N
2r 2xint/N —2r - _ _
1) = + + O(N , . 1.
7 [nl(1) TN <€ lezz\o (1 NIn)r ( )) n 5%

Thus, the spline of even order yzr [n](?) is a linear combination of the exponential
function > /N / /N and its overtones, which decay as (N1)~2". This claim is true
for the splines of odd orders p = 2r+1 as well. The complex-valued splines y ”[n](¢)
provide a substitute of the Fourier harmonics for the periodic spline spaces ”.7 . Their
properties are similar to the properties of the Fourier harmonics, which were listed
in Sect. 1.1.1. Note that, like the splines y?[n](), the functions ¢>**/N /\/N are
orthogonal to each other and their norms are equal to one.

Assume a spline S(¢) € P.7 is represented as

N/2—1

1
Sty =— > olnly’nl@).
Wn:—N/Z

The set of coefficients {o[n]}, n = —N/2,...N/2 — 1, completely determines the
spline S(¢). These coefficients have an obvious spectral meaning. Due to orthonor-
mality of y?[n](z),

N
oln] =Jﬁ/ S(t) yP[n](t)* dt
0
N
=/ S@) e 7 MIN gt + O(N7P) = ¢, (S) + O(N7P).
0

Thus, the SHA spectrum components {o[n]}, n = —N/2,...N/2 — 1, of a spline
are close to its Fourier coefficients {c,(S)}, n = —N/2,...N/2 — 1,. Note that the
Fourier coefficients {c, (S)}, whose indices n are outside the range —N /2, ...N /2—1,
are decaying as n~ 7. Therefore the SHA spectrum characterizes the splines behavior
in the frequency domain.

The complex-valued splines y”[n](¢) are not localized in time domain. On the
contrary, the generator ¢? (), whose shifts form an orthonormal basis of 7. is real-
valued and well localized in time domain, as it is seen in Fig. 4.5. The expansion
coefficients of a spline over the basis {¢” (t — k)} characterizes the splines behavior
in the time domain. The generators ¢” (¢) are not localized in the Fourier domain and
their SHA spectra are all ones. Due to the shift property (4.20) of the exponential
splines,

L Ve

=k =—= > o "yl (4.57)
ﬁ n=—N/2
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As for the non-normalized exponential splines {¢ 7 [n] ()}, which form an orthogo-
nal basis of 7.7, they are related to the non-normalized Fourier exponentials 27 "//N |
Recall the interpolation relation Eq.(4.13). Similarly to the spline y?”[n](¢), the
spline ¢”[n]() is a linear combination of the exponential function ¢>"*/N and its
overtones, which decay as (N/)~P. The time domain counterpart of the orthogo-
nal basis {¢”[n] (1)} of 7. is the basis consisting of the shifts {B? (t — k)} of the
B-splines.

4.2 SHA in Two-Dimensional Spline Spaces

For simplicity, assume that the two-dimensional splines to be discussed have the same
periodicity in x and y directions. The 2D N-periodic B-spline on the grid {k, n}
is defined as a product of 1D B-splines B”"9(x, y) def BP?(x) - BY(y). Similarly,
the N-periodic 2D exponential splines ¢ 79[k, v](x, y) def CPk](x) - ¢9[v](y) and
yPak, v](x, y) def yPlk](x) - y9[v](y) are defined. 2D splines are defined as linear
combinations of the 2D B-splines

N—1
S"”q()c,y)dﬁclc Z slk,n] B?(x — k) B1(y — n). (4.58)
k,n=0

Note that, once the variable y is fixed, S”9(x, y) becomes a 1D spline of order p
with respect to x, and vice versa for fixed x. The space of such splines is denoted as
P-4, Alternatively,

1 N/2—1
SPUG ) =1 D Elk vl EP e vl ), (4.59)
K,v=—N/2
| N/2—1
v 2 ol vy v, ),

K,v=—N/2

£k, v] = S[k, v], olk, v] = E[k, v]Vur2 [k, v],

where
def
uP Uk, v] = uP[xk]-ul[v] (4.60)
denotes the characteristic function of the space 7*9.% and 5[«, v] denotes the 2D DFT

of the coefficients s[k, n]. The coefficients s[k, n] are linked to &[«, v] and o[k, V]
via the 2D IDFT:
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1 N2l | Ve ol v]
stonl =~ > ekl =5 > o :

N [2p.2 '
K,v=—N/2 K,v=—N/2 u<p q[Kr U]

The splines y 79[k, v](x, y) form an orthonormal basis of 7-9.%, and the set of coor-
dinates {o[«, v]} of a spline $7-9(x, y) in this basis is called its 2D SHA spectrum.
The splines ¢79[k, v](x, y) form an orthogonal basis of 7*9.%. Extension of the
SHA to 2D spline spaces is straightforward. In particular:

Sampling and interpolation: Let S7°9(x, y) € 79. be represented as in Eq. (4.59).
Then, Egs. (4.11) and (4.20) imply that grid samples

N/2-1
1
SP,KI (k,n) = m Z %‘[K, V];[K’ v]p’q(k’ n) (4.61)
K,v=—N/2
| N
N2 Z Elic, vIuP [k ud[v] @k+Hm,
K,y=—N/2

If the spline S”-7 interpolates the array z = {z[k, n]}, k,n,=0, ..., N — 1,

SP4 (k, n) = z[k, n] <= E[k, v] = % (4.62)

Parseval identities:

N/2—1

||(SP"1)S;’;)||2=$ D WPl W] gLk, v (4.63)
K, v=—N/2
| N/2—1
=— > Wl W] ol v,
K,v=—N/2

where the sequences are

i 2 ~ 25 4 2(P—s)
Westnl < (25in 2T w20, Wl € (26 220) T g
N N T

Circular convolution: Let S79 € P-9.% be represented as in Eq. (4.59) and

| N

Py =— D plev1gPk vl y) € P (4.64)
K, v=—N/2

Then the circular convolution
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SP9 @ SPA(x, y)

N/2—1
1 , , , ,
=— Z Elk, v] plk, v] ;—(P“‘P),(Q-HI)[K’ vi(x, y) € (P+P),(q+ll)y7
K,v=—N/2
§P9 @ SP4(k, n) (4.65)
| Ve
=— > o T EL V] ulic, v]ul TP, v,
N2
K, v=—N/2
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Chapter 5
Polynomial Smoothing Splines

Abstract Interpolating splines is a perfect tool for approximation of a
continuous-time signal f () in the case when samples x[k] = f(k), k € Z are
available. However, frequently, the samples are corrupted by random noise. In such
case, the so-called smoothing splines provide better approximation. In this chapter
we describe periodic smoothing splines in one and two dimensions. The SHA tech-
nique provides explicit expression of such splines and enables us to derive optimal
values of the regularization parameters.

When available samples of a signal f () are corrupted by random noise, it should be
approximated from the datay = {y[k] = f(k) + e}, k € Z, where e = {&;}, k €
Z, is a vector of random errors. Exact interpolation of the data y does not make
sense because it will result in an irregular function, which hardly fits the signal f(¢),
especially if f(r) is smooth. A natural idea! is to relax the interpolation require-
ment while introducing a smoothness constraint. This approach was formalized by
Schoenberg in his 1964 paper [2] and Reinsch [3].

5.1 One-Dimensional Smoothing Splines

Minimal norm property of even-order splines

Splines of even orders from the spaces >".7 possess a remarkable property. Assume
x = {x[k]} is an N-periodic signal and denote by .#, the space of N-periodic
functions f () such that the functional 1(f) € [N(f®)(1))2dt < oo and f(k) =
x[k], k € Z.

I'It can be traced to as far back as the 1923 Whittaker paper [1]

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 59
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_5,
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Proposition 5.1 ([4, 5]) The spline S¥ (t) € *".% of even order 2r, which interpo-
lates the signal X, yields the minimum to the functional I (f) on the space F:

N
$%(t) = arg min / (FO )2 dt. (5.1)
reFi Jo
In particular, the cubic interpolatory spline S*(t) minimizes the “energy” integral
N
41 = arg min / (f"(1))*dt. 5.2)
fezrJo

The claim of the proposition remains true even when the signals samples are
defined on a non-uniform grid. The integral in Eq.(5.2) is related to the curvature,
therefore the cubic spline’s plot describes a minimum curvature line, which passes
through a given set of points on the plane. To draw such lines, draftsmen used splines
that were made flexible wood or metal strips. Mathematical splines owe their name
to that fact.

Minimization problems for noised data

Denote by .%" the subspace of the continuous-time N —periodic signals ¢ (¢) such that

the functional 7 (¢) def fOT (@ (1))? dt < oco. Assume that the signal to be approx-
imated is f(t) € %", and the available discrete data is y = {y[k] = f(k) + ex},

k=0,...,N — 1, where e = {e;} is the vector of random zero-mean independent

identically distributed (i.i.d.) errors, which is a white noise. In addition, assume that
def _

the sum e2 = ,ICVZOI e,% can be evaluated.

It is natural to approximate the signal f(r) by a function g(r) € %", which

yields the minimum to the functional I subject to the condition that the discrepancy

functional E,(g) def SV lgtk) — vkl < €2

This constrained minimization problem is reduced to the solution of the uncon-
strained problem:

. def
gp(H) =arg min (J,(2)), Jp(8) = p1(g) + E(g),
Py
which is followed by derivation of the numerical parameter p from the equation
def 2
e(p) = Ey(gp) =¢".
5.1.1 Solution of the Unconstrained Minimization Problem

Proposition 5.2 [2] A unique solution to the minimization problem minge zr J,(g)
is a spline S,[yl(t) € 2 .S of even order 2r.
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Proof Assume function g(¢) from the space .#" brings the functional J,(g) to the
minimum. Define by S,[y](¢) € 7 a spline, which interpolates the function g(t)
at grid points. Since S,[y](k) = g(k), the functional E,(S,) = E,(g). However,
due to the minimal norm property (Proposition 5.1), the functional 1(S,) < I(g).
Consequently, J,(S,) < J,(g). Therefore, the function g(t) = S,[yl(?). |

The spline S%’ (1) € 2r & which minimizes the functional J ©.1s called the periodic
smoothing spline. The spline S,(¢) can be explicitly expressed via the exponential
splines basis.

Assume a spline S(7) € 2.7 is represented as

N/2—1

W= eI,

n=—N/2
Equation (4.27) implies that the functional

N/2—1

1(5):% > w¥nlu® [n] [Eln]P, w”[n]déf(Zsin%)zr. (5.3)

n=—N/2

Due to Eq.(4.30), the grid samples of S (1) are S (k) = N~ > NV/>7] &)

@ u?" [n]. In turn, the signal y is expressed via its DFT:

| N/2—1 N—1
_ kn o N _ —k
V== >0 @5l Slnl= 3 o™ yikl.
n=—N/2 k=0
Thus, the functional
| N/2—1 5
ES) =5 > |smlu¥in =5 . (5:4)
n=—N/2

Combining Egs. (5.3) and (5.4), we get

| N2 5
B =5 D plelnlPw¥inl+ gl ] = 5inl[ . (5.5

N n=—N/2

Proposition 5.3 The minimum of the functional J,(S) on the spline space e,
which is the minimum on F7, is provided by the spline
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1 & yin]
2r _ 2r _
Syl = Nn:_zN/zs[n](p); WO, e = rn 56)

AT S pw?[n] + ' nl.

Proof Represent&[n] = x €', where x = |&[n]|, a = arg(&[n]),and y[n] = VLS
where Y = |9[n]|, B = arg(y[n]). Then, we have

2
p Eln] W [n] + |gln)u® (n] = §lnl|” = F(x, @), where
F(x, o) = x*u [n] A} [n] — 2xY u* [n] cos(o — B) + Y.
From the equations
Fl(x.a) = u*[n] (2x AT[n] = 2Y u¥ [n] cos(e — ,6)) —0,
Fl(x,a) =2x Y u*[n] sin(a — B) =0

we derive @ =  and x = Y/A;[n]. [ |

5.1.2 Solution of the Constrained Minimization Problem

Proposition 5.4 [2] A unique solution to the constrained minimization problem
minge v 1(g) subjectito Ey(g) < 2 isaspline S/%r yl(t) € 7.7 definedin Eq. (5.6),
where the parameter p is defined from the equation

e(p) & E (¥ =&, (5.7)

Proof The discrepancy functional for the parameterized spline Sgr [yl() is

N/2—1

e 1 . 2r
e0) L E(SI) =+ D [eln(e)u? n] = 5in|
n=—N/2
N/2-1 o 2
D I e e
Nn:_N/2 p w4l n] 4+ u"[n]
The derivative
N/2-1 2r 2 o
o 2 .
TR R S G ) i )

n=—N/2 (o w?[n] + u2r[n])3
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for all positive p. Thus, the function e(p) grows monotonically when p increases

and
N/2—1

1 N-1
(O =0, lim e(p) =~ > [’ = kP (5.9)
k=0

n=—N/2

Therefore, Eq. (5.7) has the unique solution p = p.

Denote i(p) < 1(S¥yD) = Jo ((S2[yl(1)")* dr. Equations (5.3) and (5.6)
imply that

| Ve - . | N s 2w
i(p) =— 1Ep[n]|“ W [n]u” [n] = — y[n] .
N n=§:\//2 ’ N n=§:v/2’ | (o w2 [n] + u?r[n])°

Obviously, the function i (p) decays monotonically, while lim,_, ;i (0) = 0. There-
fore, the minimum of the functional (S5’ [y]) under the condition E\(S2"[y]) < &

is achieved when p = p. Thus the spline Sf,’ [y1(¢) is the unique solution of the
constraint minimization problem. |

Comments:

1. Equation (5.9) means that, when p = 0, the spline S?)’ [y](¢) interpolates the data
vector y. In the other limit case p = oo, the spline S%’ [y](?) interpolates the

zero vector. Since the interpolating spline is unique, Sgg [yl(r) = 0. Thus, the
approximation of the available data deteriorates as p is growing.

2. On the other hand, when p = 0,

N/2-1 2r N
R 1 N 2 w[n] 2 ) 2
i0) = — [0 / S yien®) dr
N n=—ZN/2 el (Mzr[n])2 0 ( ’ )

is equal to the squared norm of the r —th derivative of the spline, which interpolates
the data y. Apparently, when errors in the samples y[k] present, this derivative is
far from being regular and i (0) is relatively large. When p is growing, the norm of
the r—th derivative of the spline S%’ [y(#) decreases: thus the spline is becoming

more regular until degradation to Sgg [yl(r) =0.

3. The parameter p found from Eq.(5.7) establishes an optimal trade-off between
the approximation of noised data and the regularity of the solution. When the
errors do not present, that is ¢ = 0, then the parameter is p = 0 and the grid
samples are Sg’ [yl(k) = y[k] = f(k). Thus, the smoothing spline reduces to
an interpolating one. The MATLAB function defroPSm.m derives an optimal
value of the parameter p by solving Eq. (5.7).

4. The grid samples of the spline S%’ [y] are
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N/2—1 | N

1
STk == > Enl(p o uTinl= o 3 o

n=—N/2 n=—N/2

pw?r[n] + u?'[n]’

The samples are readily calculated by the IDFT. The spline S%’ (t) can be regarded

as a spline that interpolates the signal s = {S%’ (k)}. The values between grid
points are calculated by the subdivision methods that are described in Chap. 6.

5. The smoothing splines including the subdivision are computed by the MATLAB
function smoothsplaPt .m.

5.1.3 Generators of Smoothing Splines

Denote
| N/2—1 | N/2—1
Ly ()=~ —— V() = —= Tp[n] 7 In1(0),
g N n=ZN/2 Ap[n] \/N nzzl:\//Z '

where the sequence {rp [n] def Ju*n]/ A;[n]} is the SHA spectrum of the spline

L%’ (t) € 2.7 Obviously, the periodic sequence 7p[n] is strictly positive. Therefore,
Proposition 4.4 claims that the spline can serve as a generator of the space >

Proposition 5.5 The smoothing spline Sg’ [y1(r) given in Eq.(5.6) can be repre-

sented as
N—1

S = D VKLY (6 — .
k=0

Proof Using the shift property Eq.(4.11) of the exponential splines, we transform
Eq.(5.6) as

N/2-1 N/2—1 N-1 o

1 il oy £ 10
S¥Iylt) = — () = — kny
8 Nn=ZN/2 AZ[ ] n_ZJ:V/2§ AZ[}’l]

N-1 N/2—1 o, N-1

1 —k
=2 kS > d [AE(’ S i LY (t —k).
k=0 n=—N/2 [I’l] k=0

Note that A:)[n]lp:o = u”[n]. Hence, it follows that L%’ (t) = L* (1), which is
the fundamental generator of the space 2”.%”. The values of the spline at grid points
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Spline order: 2
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Fig. 5.1 Left: Dashed lines fundamental splines L%’ (r) of orders 2,4, 8 and 12 (p = 0). Solid lines
smoothing generators Lf,’ () of the same orders, p = 0.1. Right: Dashed lines Fourier spectra of

the fundamental splines L%’ (r). Solid lines Fourier spectra of the smoothing generators L/Z,’ )

) N/2—1 uPln]
L7 (k) = — —.
PO n—_ZN/Z pwlnl +ulln]

Thus, the grid samples of the smoothing spline s, [k] def Sf)’ [yl(k), m € Z, are

N—
splkl = D yILY (k= 1), 8pn] =
=l

—

W
w2 ] + w2 ]

Transform of a signal y = {y[k]} — s, = {sp [k]} can be regarded as low-pass
p-filtering of the signal y by the parameterized p-filter hZ", whose frequency response

2r 2r 2r 2
ﬁﬁ’[n]=u—[n] 1 pw—[n]+p2(w [n]) +.... (5.10)

pwnl+u[n] " un] u®[n]

The widths of the pass-band is controlled by the parameter p.

Figure 5.1, which was produced by the MATLAB code
GensplConsPF_examp.m, displays smoothing generators of orders 2, 4, 8
and 12 with the regularization parameter p = 0.1 versus their interpolating
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counterparts (p = 0) and the respective Fourier spectra. The smoothing generators
are obviously smoother compared to the interpolating generators. Oscillations are
significantly reduced. The low-frequency parts of the spectra remain intact while the
high-frequency parts are suppressed. It stems from the structure of the denominator
Ar[n] = pw? [n]+uP[n] in Eq. (5.10). The function w? [n] < (2 sinwn/N)? ~ 0
when the frequency 7 is small, especially for splines of higher orders. Thus, when n
is small, A,’g[n] ~ u?[n] and the spectrum of L%’ (¢) is very close to the spectrum of
L% (7).

5.2 Two-Dimensional Smoothing Splines

The two-dimensional N-periodic splines from the space 9.7 are represented as

N-1 N—-1
e 1
Sty € E slk,n] B (x —k) BY(y —n) = N E Elrc, v1¢PLrl(x) ¢ I(y).
k,n=0 Kk,v=0

Grid samples of the spline S are givenin Eq. (4.61), and the spline S(x, y) € 71.7,

which interpolates an N-periodic array z def {z[k, n]}, that is S(k, n) = z[k, n], is

represented as

[«, v]

1 = 2mi(kk+nv) 2 P q
S(x,y) = mé{)e wleluary & IO EIO).

where Z[k, v] is the 2D DFT of the array z &ef {z[k, n]}. The design of the two-
dimensional smoothing splines is implemented by the same steps as in the 1D design.
For simplicity, assume that the splines have the same order in both x and y directions.
Assume that the function f(x, y) to be approximated is N-periodic in both direction,
and the functional

def

N
1S [T (GO @ + (007 didy < .

Assume that the available data array is z = {z[k, n] = f(k,n) +exn}. k,n =
0,...,N—1,ande = {ek,n}, k,n=20,..., N — 1, is the array of random errors
that is assumed to be a zero-mean white noise. The estimated squared norm of errors
s 2 N1 2
Ise” =2 —0€n

Denote by S,(x,y) € 2.2 & the spline, which minimizes the parameterized

functional J,(S) def pI(S) + E.(S) on the space 2?".#, where the discrepancy

functional E,(S) is defined as
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E.(5)E Ni (S(k, n) — z[k, n])>.
k,n=0
Equation (4.61) implies that
1 N—-1 2
EL(S) =5 D [sl vl e [v] = 2l ]| (5.11)
r,v=0
The functional
| N ) ) )
1(8) = mzzo (W' Lk, v1 + W', €1) [k, ]I,
Wi, v] & (2 sin 7;]_,()2 W T i ). (5.12)

By using Eqgs. (5.11) and (5.12), the spline is explicitly represented as

1 N-—1
Spx, ) = 77 2 &l vI(0) £ K10 £ VI G),
Kk, v=0
£l vi(py % eIl o] (5.13)
’ Ak, v](p) '

Al v1(p) E p (W Tk vl + W v, k1) + @ k] u® [v])?.

Similarly to the 1D case, an optimal regularization parameter p is derived from the

equation e(p) def E.(Sp) = €2, which is expressed as

r r 2
(e DY e s

1= 2
= 3 el (L

Kk, v=0

and has a unique solution p = p. The grid values of the spline S;(x, y), which is
called the 2D smoothing spline, are

1S 27i (ki +nv) 2Lk, v] @ [ u® [v])?
k= 2 B Wlie, vl + Wi, k) + @2/ e u? o]

(5.15)
The grid values are calculated by the 2D IDFT. Certainly, when 2 = 0, the parameter
o = 0 and the spline S;(x, y) interpolates the initial function f(x, y) such that
So(k,n) = f(k,n).
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The values of the splines in the internal points between the grid points are calcu-
lated by the subdivision methods that are described in Chap. 6.

The 2D smoothing splines including the subdivision are computed by the
MATLAB function smooth_spline2DPt .m.
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Chapter 6
Calculation of Splines Values by Subdivision

Abstract Assume, the samples of a spline S(¢) € 7. on the grid g = {k};cz are
available: S(k) = y[k]. Subdivision schemes are proposed to calculate the spline’s
values at dyadic and triadic rational points S(k/2™) and S(k/3™). The SHA tech-
nique provides fast and explicit implementation of the subdivision for one- and
two-dimensional periodic splines.

Throughout the chapter, we use some notations, which differ from the respective
notations in the rest of the volume.

We denote N = 2/, N, = 2"N =2/ N,  =3"N, m € N,and w = &>™/N
The space of N -periodic discrete-time signals is denoted by I7[ N ]. The spaces of N,,-
periodic and Nm periodic signals are denoted as IT[N,,] and IT [Nm] respectively.
The direct and inverse discrete Fourier transform (DFT) of a signal x = {x[k]} €
I1[N,,] are

Ni—1 Np—1

X[nl, = Z w2 Ry k], x[k] = — Z W2 R R . 6.1)

Ifx e II[ m] then its DFT and IDFT are

m

W3R R . (6.2)

N,,,—1
. < P 1
Rnla = D w Mkl x[k] = —
k=0 N

n=0

For N-periodic signals (m = 0), the standard notation x[n] = x[n]y is retained.
The inner product and the norm in the space IT[N,,] are defined as

Np—1 Npy—1

def
xy) =S D k] y k] = = Z R[nln 3T, (6.3)
k=0
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Np—1 Npu—1

e 1
x> €3 KIP = - Z (1]
k=0

(=)

and similarly in the space IT[N,,]. Here, -* means complex conjugation.

6.1 Interpolatory Subdivision

Interpolatory subdivision schemes are refinement rules, which iteratively refine the
data by inserting values corresponding to intermediate points, using linear combi-
nations of values in initial points, while the data in these initial points are retained.
Non-interpolatory schemes also update the initial data, in addition to the insertion
of values into intermediate points. Stationary schemes use the same insertion rule at
each refinement step. A scheme is called uniform if its insertion rule does not depend
on the location in the data.

To be more specific, a univariate stationary uniform subdivision scheme with
binary refinement [4-6] 63 consists of the following: A function F (¢) that is defined
on the grid 8" = {k/2"}xez: F (k/2™) = f™[k], is extended onto the grid g”+! by
filtering the upsampled array

m o Em sy | ST, i k=21
(" = (k1) f"1k = [0’ otherwise.
by an interpolaing filter a = {a[k]}iez such that a[2k] = §[k]. Thus, one dyadic
refinement step is

Fk/2"th) = k) = D alk — 201 "11] ©.4)
leZ
SN2k = A,
A [ Rk + 1] = Yo al2( — 1) + 1[0,

The next refinement step employs 7! as initial data. The filter a = {a[k]};cz
is called the refinement mask of &2.

A subdivision scheme with ternary refinement & consists of the following: A
function F'(¢) that is defined on the grid g" = {k/3"}rcz: F(k/3™) = f™[k], is
extended onto the grid g”*! by filtering the upsampled array

o o m, if k = 31;
(D" = {f"[k]}y, f"Ik]l = g - i)therwisé.

Thus, one triadic refinement step is
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F(k/3" ) = "kl = alk — 31111 (6.5)
leZ
3kl = kL
= I B =3 al3k — 1) £ 171,

The next refinement step employs f”*! as initial data.

Non-stationary subdivision schemes use different filters for different refinement
steps. In the periodic case, the periodicity of the data f* depends on m. Therefore
the p-filters at each step should be different, although their structure is similar.

6.2 Binary Subdivision for Periodic Splines

Assume, the samples of an N-periodic spline S(t) € P.%, which is constructed on
the grid g = {k}, k € Z, are available: S(k) = y[k]. In this case, utilization of the
SHA techniques makes computations straightforward for splines of arbitrary even
orders.

6.2.1 Spline Spaces on Different Dyadic Resolution Scales

So far, we operated with the splines from the spaces ”.#, whose nodes are located
on the grid {k}. In this Section we introduce an embedded set of periodic splines
spaces corresponding to different resolution scales. Denote by ”.%, the space of
N —periodic splines of order p on the grid {2_’" k}, k € Z, m < M. For the
space 7.7}, the notation ”. is retained. Obviously, the space 7.7}, is the subspace
of 7.7 u+1. Thus, we get a set of periodic splines spaces that correspond to different
resolution scales such that ?. C 7.9 ... C .Sy ... .

The N-periodic normalized B-spline of first order on the grid {27 k} and its
Fourier coefficients are

BL(1) E > 2y 27 27 (1 kN), (B =

keZ

sinn/ Ny,
7TI’l/Nm

)

where the characteristic function x[a, b](t) of the interval [a, b] is defined in
Eq.(3.12) and N, = N 2™.

The N-periodic normalized B-spline of order p is defined via the iterated circular
convolution

B, (t) = B, ® B, ()= N% (W—Nm e I (6.6)
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Each spline S, (1) € ., is represented by

Np—1 | Np/2—1
Sw(®) = 2 qlkl By (1 =27"k) =~ > € Glnl@), Elnl =§lnl,
k=0 "M p=—Nu/2

(6.7)
where the exponential splines, which form orthogonal bases of 7.¥,, are the Zak
transforms of the B-splines:

Npyp—1
Grinl0) € > WP B — 27k (6.8)
k=0
_om Ze2ﬂi(n/N+2_ml)t (Sin w(n/ Ny + l))”
— T /Nu+D )

wheren = —N,,/2, ..., Njy/2—1. The sequence {(, [n](7) } of mutually orthogonal
splines is N,,-periodic: C,f, [n](t) = C,ﬁ [7n 4+ N, 1(t). The N,,-periodic characteristic
sequence of the space 7.7, is

Np—1 .
p def .p _ < —27"nk pP hy—mypyN _ Am Slnﬂ(”/Nm +l))p
uh(nl = Ghinl0) = ; w Bh(2 k) =2 %(—W(H/Nmﬂ) .

(6.9)
The spline S,,(t) € ?.%,, which interpolaes an N,,-periodic signal x = {x[k]} by
SQR™"k)=xlk], ke Z, is

S z)—LNm_lf[”]'” PIlnl@t), —Nm_l —27"nk 1k (6.10)
) =5~ ga T Chinl(0), E[nlm = g w x[k]. :

Remark 6.2.1 The previous notations (P[n](t) = Cg[n](t), uPn] = ug[n] are
retained for splines on the initial scale (m = 0).

Proposition 6.1 The characteristic sequence uly[n) of the space P.#,, can be cal-
culated via the 2™ N —point DFT of the sampled B-spline BP (t) € P.¥.

Proof At the initial scale the identity holds

N—1 .
ko s1n7r(n/N+l))P
éw BP (k) = gzl(—w(nﬂv“) ) 6.11)

Replace in Eq.(6.11) N by N,, = 2™N and compare the result with Eq.(6.9).
Then,
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Nm*l

- p
—=2mink/Nm P () — (Sln’/T (n/Nm + l)) —om ’1’71 .
,; ¢ ® EZ: T 1/ Ny + 1) umlnl

Thus, the sequence ub[nlisthe 2™ N —point DFT of the sampled B-spline [bp [k] def

B? (k)] multiplied by 2", to become

NI)171
ul [n] = 2" bP[nl,, = 2" z w2 "k pP (k). (6.12)
k=0

6.2.2 Insertion Rule

Calculation of values of even order splines at dyadic rational points is implemented
via the following refinement steps:

Dyadic periodic spline insertion rule

Assume, a spline So(t) belongs to the space P.# and the samples f° & [ Okl =

So(k) t, k € Z are available. For m = 1,2, ..., construct a spline S,,—1(t) €

P S n—1, which interpolaes the sequence | def {f’"_l[k]} on the grid gm_1 def

{ky2m=1}, k € Z: Sp_1(k/2m7Y) = fmUk], k € Z. Then, f™[k]
Sm—1 (k/2™), k € Z.

def

In other words, in order to refine the data f”~! from the grid {k/2m_1} to the
grid {k/2™}, we construct the spline S,,_1 (), which interpolaes £”~! on the grid

{k/2m1} and define f™[2k1 < fm k], f2k+ 11 S, (k+1/2)/277Y),
which are the spline values at midpoints between the interpolaion points.

If the order of the splines S, (¢) € 2r . iseven, then this insertion rule reproduces
the spline, which means that S, () = S,,—1(f) = --- = So(¢). Consequently, each
refinement step provides values of the spline So(7) at the subsequent set of dyadic
rational points.

This is not the case with the splines of odd order. The subdivision scheme with the
dyadic spline insertion rule with an odd-order spline converges to a function, which

is smoother than the initial spline [6].
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Theorem 6.1 Let S(t) € ¥ be an N-periodic spline of order 2r with nodes on
the grid {k}, k € Z, and its samples {S(k) = fO[k]}, o {fO1k1}, k € Z. Then,

all the subsequent subdivision steps with the dyadic spline insertion rule reproduce

the values { f"[k] = S(k/2™)}, k € Z, m = 1,2, ... of this spline.

Proof Due to the minimal norm property (Proposition 5.1), we get

def N N
[ é/ |S<’><r)|2drs/ 1§ (1) dt,
0 0

where g(r) is any N—periodic function such that the derivative g (r) is square
integrable on the interval [0, N] and {g(k) = f°[k]}, k € Z. Let S1(t) € ¥ .1 be
a spline of order 2r, which interpolaes the values { f'[k] = S(k/2)}xcz. Then,

def N N
y é/ |S§”<z)|2drs/ GO WP,
0 0

where G(t) is any function such that G ) is square integrable and G (k/2) =
fl[k] = S(k/2). Hence, v < p. On the other hand, Sj(k) = fo[k], therefore,
< v. Thus fj' [SO@)2dt = ;Y15\ (1) dr. Hence, it follows that S (1) =
S(1). Repeating the above reasoning, we find that the spline S>(r) € 2., which
interpolaes the values { f2[k] = S} (k/4)}rez, coincides with S (r). Consequently, it
coincides with S(¢). The same is true for any spline S, (¢) € 2r #m, which interpolaes
the values { f"'[k] = Siu—1(k/2"™)}rez.- |

6.2.3 Periodic Spline Filters for Binary Subdivision

The spline So(¢) € 7.7, which interpolaes an N-periodic sequence f° o { f O[k]}
such that S(k) = fO[k], k € Z, is represented by orthogonal exponential splines

S0 (1) = Nz_l AL ¢PInl),  fnl =D w0l
N = uPln] ’ ’

keZ
P = 2mi(n/N+D)t W)P
CPlnl(t) = EZ: e ( O DY
= iy = 3 (BTN DY
u?[n] = (P[nl(0) = EZ: ( Te/NED ) (6.13)

The DFT of the refined array can be split into the polyphase components



6.2 Binary Subdivision for Periodic Splines 75

2N—1
Flinli= D" W™ flkl = fiin] + w2 £l ], (6.14)
k=0
N— N N—-1
n] & Z W k) = Ol Al €D W k).
k=0 k=0

According to the dyadic insertion rule and to the shift property Eq.(4.1) of the
exponential splines, we get

i, 1
f[2k+1]—50( ) Z:jup[n]un](mz),
¢P[n] (k + %) = Wk W2 P[],

pr,19ef —nj2 4p 1y _ il Sinﬁ(n/N'H))p
vP[n] = w C[n](z)—Ze (—WWNH) . (6.15)

leZ
Consequently,
fo[n] kn n/2 P F1 _ n/ZUP[n] 70
flk+11=— ;Mp[n] vP[n] = flln]l= w up—[n]f nl.
(6.16)
By substituting Eq. (6.16) into (6.14), we get
. N P
Flinly = aln] £, where al[n] < % (6.17)
2N-1
fUk] Z W2 6l [n] fOln (6.18)

Thus, the fine array f! is derived by p-filtering the initial data array f° by the p-filter
ag , whose frequency response &(I; [n] is defined in Eq. (6.17).

Proposition 6.2 If the order p = 2r is even, then the frequency response of the
p-filter ag is

™m ulr[n]

A2r
=2
0'ln) =2 cos” o5 2]’

n=0,...,2N -1, (6.19)
where u "[n] are defined in Eq.(3.12) .

Proof Denote, Aln] & u? [n] + v [n], then a3"[n] = Alnl/u® [n]. By combining
Egs. (6.13) and (6.15), we get
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B o\ (sinT (n/N + D\
an =3 (1+¢) (T )

€

sinm (n/N + 1)\
ZZ(H(_ll)( 7 (/N +1) )

€

Thus, only even terms in the series are present:

3 sin2m (n/2N + 1)\
A[”]_zle%( 27 (/2N + 1) )

H 2r
:22 (sm7r(n/2N+l) cosw(n/2N+l))
= T (/2N +1)

i 2N + D\
= 2cos” 5 > ST (N FDNT g o2 T ui’[nl.
2N ] m(n/2N +1) 2N

|
Similarly to Eq. (6.17), the refinement expression from the resolution scale m — 1
is obtained:

2r
A ) Am ) or T Uy 1]
Ml = gy In] £ ndwo1, Gy [n] =2 cos™ N S,
m um—l[n]

(6.20)
where u%,f[n] are defined in Eq. (6.9)and n=0,..., N, — 1.

6.2.4 Computation of Periodic Splines at Dyadic Rational Points

It follows from Theorem 6.1 and Eq. (6.20) that, once the samples {S(k) = (O[]},
k=0,...,N—1ofaspline S(r) € 2.7 are available, its values {S(k/2™)}, k € Z,
are derived by m successive refinement steps with the initial data fO and p-filters
a%’, a%’, L. ,arzn’_ 1» whose frequency responses are given in Eq. (6.20). However,
actually, the spline subdivision from the sparse grid {k} to any fine grid {k/2"} can
be implemented by one direct DFT, a few multiplications and one inverse DFT. This

process can be described explicitly. Equation (6.20) implies that

™ ulr[n] A

Flinde =ag"tn) O, ag'In] = 2cos™ D] £,

2r 2r 2r
2 _ ™m U [n] 4 ) oy TH op TN U5 [n]u1 [n] 0
f*n)y =2 cos* v u%’[n] [n]; = 2*cos v O oy 7M%’[n] u2r[n]f [n],
rm om mr[n]
findn = 2" S5 H (6.21)

Then, computation of the values S(k/2™) = f™[k] of the spline S(t) € . from
the samples S(k) = f°[k] is implemented by the following steps:
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1. Calculate the N —point DFT f On] = Zk 0 1 —kn fOlk] of the initial data fO =
{fO1k1}-
2. Multiply the array { 70 [n]}

™ nl, = 2™ uplnl 7 £Orn] Hcos

2r[

bearing in mind that u? [n] and f 0 [n] are N —periodic sequences, while u%{[n]
is 2" N —periodic.
3. Implement the 2" N —point IDFT

N, —
1 < —m A,
Sk/2™) = "Ikl = - z kil (6.22)
n=0

of the sequence fm — {f’" [n]m}.

Calculation of the spline values at dyadic rational points is implemented by the
MATLAB function intersplliPt .m.

6.3 Ternary Periodic Spline Subdivision

It was established in Sect. 6.2 that values of even-order splines at the dyadic rational
points can be readily derived by Eq.(6.22) from the initial grid samples. This is not
the case for splines of odd order. The above binary subdivision scheme being applied
to an odd-order spline does not restore this spline but rather converges to a function
that is smoother than the original spline [6]. However, the ternary subdivision scheme
to be described restores the values of splines of any order at the triadic rational points
{3"”/(} , meN.

6.3.1 Super-Resolution Spline Spaces (Triadic Scale)

l%ecall that Nm =3"N, m=1,2,...,and w def &2 /N The “triadic” DFT of an
N,, —periodic signal x = {x[k]} is denoted as

Nyp—1 Np—1 Np—1

Rnlp €D N k1 = > WAL xl = = D WP Rl

k=0 k=0 m p=0
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We refine the spline space ”.# along the triadic scale . = P.% C P.A C
PSy...CPSy. .., where P.7, denotes the space of N —periodic splines of order
pdeﬁnedonthegrld {3 ’”k}, keZ, m=0,1,....
The N-periodic normalized B-spline of the first order on the grid {37 k} and its
Fourier coefficients are

. i N,
B S 33 3 (4 kN, en(Bl) = ST N
ez mn/Npy

where the characteristic function x[a, b](¢) is defined in Eq. (3.12).
The N-periodic triadic normalized B-spline of order p is defined via the iterated
circular convolution

P, def =] ~p—1 1 sin(wn/ﬁm) r int/N
Bh(t) = B ® B}, (t):NZ ) e . (6.23)

ez /Ny

Each spline S(¢) € 7 S is represented as

Np—1

Sty = > qlklBp (1 —37"k) L
k=0 N’"

m

N — y N —1 o
Z 1 Eninl@), Elnl= D e 2 Nng ]
n=0 =l

where the exponential splines, which form orthogonal bases of ” T, are

Nm*] -
Chinl) € 37 TN Bl — 37k (6.24)
k=0

. - P
—3m Z Q2 (n/N+3" D)t (Sln w(n/Nm + l))

~ (/N + 1)

n=0,..., ]\7m — 1. The ]\7,,1 -periodic characteristic sequence of the space 5;,,, is

Np—1 .
ninl € Chnl©) = D TN Br 3 (6.25)
k=0

. ~ p
_m Z(smﬂ(n{Nm —|—l)) ‘

ez 7w(n/Npy + 1)

The proof of the following fact is similar to the proof of Proposition 6.1.

Proposition 6.3 The characteristic sequence it [n] of the space P S can be cal-
culated via the 3™ N —point DFT of the sampled B-spline BP(t) € P.¥:
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Np—1
iih[n] =3"bP[n]m = 3" D w3 "Bl (k). (6.26)
k=0

The spline S(¢) € ? S, which interpolaes an N,, -periodic signal x = {x[k]}:
S(k/3™) = xlk], k € Z, is

m_ Nm—l
sy = — 3 A - G0, 3inl N WL 627)
Now 425 iimln k=0

6.3.2 Insertion Rule

Calculation of the values at triadic rational points of N-periodic splines of order p
is implemented by the following refinement steps.

Triadic periodic spline insertion rule:

Assume we have a spline So(t) € .7 and f° &ef {fo[k] = So(k)}, k € Z.
For m = 1,2, ..., construct on the grid g"H def {k/3’"71}, k € Z, a spline
Sm—1(t) € PTmt, Su—1 (k/3") = f"U[kl, k € Z, which interpolaes the

sequence £~ & {fm Nk } Then, f™k] & Sm—1(k/3™), k € Z.

In other words, in order to refine the data ! from the grid {k / 3’"‘1} to the
grid {k/3™}, we construct the spline S,,_;(¢), which interpolaes =1 on the grid
{k/3m~1} and define f™[3k] = f™~'[k]and f"[3k+1] = Sp—1((k£1/3)/3""")
that are values of the spline at the points around the interpolaion points.

This insertion rule reproduces a spline of any order, which means that S, (t) =
Sn—1(t) = ... = So(t). Consequently, each refinement step provides values of the
spline Sy (7) at the subsequent set of triadic rational points.

The proof of this fact for splines of even order is similar to the proof of Theo-
rem 6.1.

6.3.3 Periodic Spline Filters for Ternary Subdivision

The spline So(t) € ? . which interpolaes the N-periodic sequence f° o { f 0[k]}
(thatis S(k) = fO[k], k € Z,) is represented by
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LSO P P _ 2mi(n/N+D)t (Sif”f(n/N+l))p
So (1) = — Z IR LIOL C[n]a)—gzle TN D)

The DFT of the refined array

Flinly = foln + 7™ BN flin] + 27BN fL ), (6.28)
N-1 N—-1

A E S w3k = Ol fLnE D o k£
k=0 k=0

According to the triadic insertion rule and to the shift property Eq. (4.11) of the
exponential splines, we get

70
FBkE1] = so( ) Z f [”] 40 ](k:l: 3) (6.29)

1 .
¢Pln] (k + §) = W 2N P [n],  where

- p
o8 (] & 2R3N iy ( ) 3 il (W) . (630)

= m(n/N +1)
Consequently,
70
[n -
f1[3k:|: 1] = Z i‘p[n] kn i2 in/3N P [I’l] (6.31)
A . v [n] 4
— fi] [n] — e:thn/?:N il[ ] O[H].

uPn]

Substituting Eq. (6.31) into (6.28), we get

def UP[n] 4+ v7[n] 4+ 0", [n]

Finl; = afin] 0], where afn] = , (6.32)
uPn]
1 3N—1
1 kn/3 o>
k] = N 2. w3 a8 ] fO[n}

Equation (6.32) means that the refined array f' is derived by p-filtering of the initial
array 0 with the p-filter a/j, whose frequency response is {a} [n]}.
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Proposition 6.4 The frequency response of the p-filter ag for splines of order p is

i} [n]

, n=0,...,3N —1, (6.33)
uPn]

ot =37 (14 2c0s )"
e 3N
where the characteristic sequences il [n] are defined in Eq. (6.25).

Proof Denote A[n] % uP[n] + v/ [n] + v’ [n]. Then, 4% [n] = Aln]/u”[n]. Com-
bining Eqs. (6.13) and (6.30), we get

_ 2mity3 | —2xily3) ((SInT (n/N +1))p
A[n]—gZ:(1+e te )(—FWNH)

: p
_Z (1 4 2cos @) (s1n7r(n/N+l))
— (/N +1)

Thus, only the terms [ = 3v, v € Z, in the series are present:

B sin37 (n/3N + 1)\’
A[”]_3gzl( 37 (/3N + 1) )

Using the trigonometric identity sin 3a = sin a(1 + 2 cos 2av), we get

Aln] =37 Z (simr(n/3N +1) (1 +2cosw(2n/3N +21))p

= (/2N +1)
p i p
=3l-r (1+2cos 2#7”) Z (LHW(”BN—HZ) ! <1+2cos ZJ) ﬁf[n].
3N i m(n/3N +1) 3r 3N
|
Corollary 6.1 The DFT of the m-th refined array of splines of order p is
fnlq = al_ ] " ]~ (6.34)
1 o) PP
&5,—1[”] (1 + 2 cos ﬂ) sz[n] ,
3r m u, _[n]

where iih[n] are defined in Eq.(6.25), Ny,=N3" n=0,...,N, — L.
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6.3.4 Computation of Periodic Splines at Triadic Rational Points

Now we are in a position to justify the claim about restoration of splines by ternary
subdivision.

Theorem 6.2 Let So(t) € P.¥ be an N-periodic spline of order p defined on the
grid {k}, k € Z. Its samples are {S(k) = fO[k]}, k € Z, where the sequence

f0 & {fo[k]} , k € Z is N-periodic. Then, all the subsequent subdivision steps
with the triadic periodic spline insertion rule reproduce the values of this spline

Mkl = Sk/3™), keZ, m=1,2,...,. (6.35)

Proof From the definition of the triadic insertion rule we have Sy(k/3) = f![k]. The
next subdivision step consists of construction of the spline Sy (¢) € P . on the grid
U= {k/3} such that Sy (k/3) = f'[k]. Then, by definition, f2[k] = S;(k/9). We
prove that f2[k] = So(k/9). The subsequent relations in Eq. (6.35) are derived by a
simple induction.
The array f? is obtained by successive application of the filters af after ag to the
array f0:

F2nl; = aln] finl; = 4l n) aln) fO[n] (6.36)
1 2mn\? 2[”] 2mn\? ﬁf[fl] 0 FOn]
_3p(1+2cos9—N) ﬁf[n] (1+2 3N) ul’[n]f[]_H[] Pl
where
def 1 2mn\ "’ 2mn\?
Hin'E — (1 +2cos — 1 +2cos — Pn]. )
[n] = ( + 2 cos 9N) ( + 2 cos 3N) iy [n] (6.37)

Denote s = {s[k] = So(k/9)}, k € Z. Similarly to Eq.(6.28), the 9N-point DFT of
this array is represented by

IN—-1

S[nly = D e 2Ok (6.38)

k=0

4
— §O(") + Z( 271'1)\)1/9NS)\[”] + eZm/\n/9Ns )\[n])

where 5o (n) def Zk —0 w‘”kSo k) = fo(n) and for A = £1, £2, 43, +4 there

holds
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N—1 N—1 | N-1 fo[y] A\

def —nk —nk

Sy[n] = Zw So (k+ ) - Ow NVZ_g ] CPlv] (k+§)
0

=Zw—"klz s c”[]( )
k=0
S Rl f°[u] O - o1l

— Wk Z wl/k eZmAl//‘)N vP\[n] = eZmAn/‘)N f}f\’[n]
P N = uPlv] uPln]

The sequence 04 [n] is

P11 9F =27 /N p wmiyo (SinT (/N +1v)\”
ORI = C[]( ) D (—TWNH) . (6:39)

veZ

By substituting Eq. (6.39) into (6.38), we get

uP[n] + 33, (5010 + 7, [n))
uPn]

_ foIn] . WATI/ | —2uAmi/9 sinm (n/N +v)\”
S () ) (T

_ fOIn] . 2uAT \ (sinT (n/N +v)\”
_up[n]z(1+zzcos 9 )( T (n/N + v) )

VveZ A=1

§inl = fO[n]

It is readily verified that 1 + 22‘;:1 cos2vAm/9 = 9 when v = 9n and zero
otherwise. Thus,

S[n] =

9f0[n] Z (sin 9w (n/9N +7n/))[’ 640

uPn] ) 9(n/9N + mv)

—olp (1 +2c08 22)” £l 5~ (sinsw(n/wv +7w>)1’
9N uln] “~ (n/9N + mv)

_gl-p 2mn) P 2mn\P f0ln] (sinw(n/9N+m))"
=9 (1+2COS 9N) (1—|—2c0 3N) WPl IE (/9N + 1)

2mn\ P 2mn fOnl
-2 ~D
=3"“P (1 + 2cos N ) (1 + 2cos 3IN ) iy [n] WPln]

By comparing Eq. (6.40) with (6.36) and (6.37), we see that fz[n] =S§[n], n =
.,9N — 1 and, consequently, fz[k] = S(k/9), k € Z. Repeating the above
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reasoning with the initial data set f linstead of {2, we prove that f k1= 81 (k373 =
S(k373), and so on. [ |

6.3.5 Practical Implementation

It follows from Theorem 6.2 that, once the samples {S(k) = f°[k]}, k € Z of a
spline S(¢) € P.# are available, the values of the spline at triadic rational points

{Sk/3™}, k € Z, m = 1,2, ..., are derived by m successive refinement steps
with the initial data f* and the filters a/, af,....a? |, whose frequency responses

are given in Eq. (6.34). As in the binary subdivision. this process can be reduced to
one DFT, a few multiplications and one IDFT. Due to Eq. (6.34), we get

~p m P
i)y = —om Orn) H(l—}—Zcoszﬁﬂ) . (6.41)

= 3mp p[ ] i f

Computation of the values S(k/3™) = f"[k] of the spline S(t) € P.¥ from the
samples S(k) = fO[k] is straightforward:

1. Calculate the N—point DFT fo[n] Zk 0 I y—kn fo[k] of the initial data
£ = {°k1}.

2. Derive fm[n],ﬁ from Eq.(6.41) bearing in mind that u”[n] and fo[n] are
N —periodic sequences, while i/, [1], which is calculated according to Proposi-
tion 6.1, is 3 N —periodic.

3. Implement the 3" N —point IDFT

3m N—1

m 1 —2mikn/3™ rm
SK/3"™) = [kl = e D PN Pl

n=0

of the sequence fm = {f”’[n],h}.

Calculation of the spline values at triadic rational points is implemented by the
MATLAB function intersplliPt .m.

6.3.5.1 Examples of Odd-Order Splines Generators

Figures 4.1, 4.2, 4.3, 4.4 and 4.5 display generators of the spline spaces 7. where
the orders are even, p = 2,4, 8, 12. Those graphs were produced using the binary
subdivision. To display the generators of odd-orders spline spaces ”.#, the ternary
subdivision is used. Figure6.1 displays the interpolaing generators of the spline
spaces ”.% where the orders are odd, p = 3,5, 7, 13.

Figure 6.2 displays the self-dual generators of the spline spaces 7. where the
orders are odd, p = 3, 5,7, 13.

The figures were produced by the MATLAB code GensplConsP3 .m.
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Spline order: 3 Spline order: 5
1 1
05 1 05
0 0
10 5 0 5 10 0 5 0 5 10
Spline order: 9 Spline order: 13
1 1
05 105
0 0
10 5 0 5 10 10 5 0 5 10

Fig. 6.1 Fundamental splines L (¢) of odd orders p = 3, 5,9 and 13

6.4 Two-dimensional Spline Subdivision

The subdivision schemes, which provide internal values for 1D splines, are extended

to 2D cases in a natural way. A two-dimensional N-periodic spline S(x, y) o

,}:;:]()s[k, n] BP (x — k) BY(y — n) from the space 9.5 is a 1D spline of order
p with respect to x when the variable y is fixed and a 1D spline of order ¢ with
respect to y when the variable x is fixed. Therefore, for the grid samples of the spline
{S(k,n)}, k,n =0,..., N — 1, we can first apply a binary (for this p = 2r) or a
ternary 1D subdivision scheme to the columns of the array {S(k, n)} thus producing
one of the two arrays

sh={Sk/P", )}, k=0,...,P"N—-1,n=0,....,N—1, P=2or3.

The next step is an application of a subdivision algorithm to the rows of the array
s,ﬁ, either P = 2 or P = 3, thus producing one of the following four arrays:

{S(k/P’",n/Ql)}, k=0,...,P"N—1,n=0,....,0' N=1, P=20r3, Q=2or3,

and m and [ are natural numbers.
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Spline order: 3 Spline order: 5
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Spline order: 9 Spline order: 13
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0 0
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Fig. 6.2 Self-dual splines ¢”(¢) of odd orders p = 3,5,9 and 13

We emphasize that a spline S(x, y) can have different orders with respect to x and
y. The subdivision algorithms and their depth can be different for the columns and
for the rows. In the MATLAB implementation, computations for periodic splines are
accelerated because basic operations such as the fast Fourier transforms, multiplica-
tions and divisions are applicable to the whole array rather than to separate columns
and rows.

Calculation of the 2D spline values at dyadic and triadic rational points is imple-
mented by the MATLAB function interspl1i2DPt .m.

6.5 Upsampling Signals and Images

An obvious application for 1D and 2D spline subdivision is to upsample discrete-time
signals and digital images.

6.5.1 Upsampling Discrete-Time signals

If asignal x = {x[k]}, k =0,..., N — 1, consists of samples of a smooth periodic
function x[k] = f(k/T), the subdivision techniques presented in Sects.6.2 and 6.3
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enable close approximation of the function on the internal points even if the grid
{k/T} is sparse. When the available samples are affected by noise, then smoothing
splines do a good restoration job. If the function f(¢) is bandlimited (a trigonometric
polynomial), then it is almost perfectly restored by the higher order interpolaing
splines.

Example 1: Restoration of a bandlimited signal

The 1-periodic function

£ Y cos2mFr + 5sinmFr — 2 % sindnFt — coswFt)2, F =32,

is displayed in Fig. 6.3.

The function is sampled on the grid {k/256}. The signal £0 &f {f(k/256)}, k=
0,...,255, is used as the initial data. We compared the performances of the subdi-
vision schemes with splines of different orders for restoration of the function f(¢)
at dyadic and triadic rational points. As expected, the high order splines achieved
the best result. The left panel in Fig. 6.4 illustrates the results from the application of
six binary subdivision steps with the splines S*" (¢) of even orders ranging from 2 to
20, which interpolae the signal £, The subdivision produces the splines’ 2" (k/2'%)
values. Thus, the signal £ is upsampled at the ratio of 1:64. The results are eval-

uated by the averaged deviations d*" &ef \/2*14 Z/%:JI | f(k/21%) — 2 (k/21%)).

The bars in the left panel display the values D & log,(d*"). The best restoration
of the function f is achieved by the 16-th order spline where D'® = —7.39.

The splines S *+1(r) of odd orders ranging from 3 to 21 are restored by
four steps of the ternary subdivision. The subdivision produces the splines’ val-
ues St (k/K), K = 256 - 3* = 20736. Thus, the signal f is upsampled at

the ratio of 1:81. The results are evaluated by the averaged deviations d**! o

\/K—l Zf:_ol | f(k/K) — S? (k/K)|. The bars in the right panel display the values

pr+1 & log;(d 2r+1) The best restoration result of the function f is achieved by

the 17-th order spline where D'7 = —7.5.
The experiments were implemented by the MATLAB code cos_ups_exam.m.

Example 2: Restoration of a noised signal

In this example, the original signal is a fragment of the chirp function f(t) =
sin(1/¢), wheret € [0.071, 0.971]. This fragment is displayed in Fig. 6.5. It oscillates
with a variable frequency.

In the first experiment the data contains 128 equidistant samples of the function,
which are affected by white noise whose STD = 0.35. These data were upsampled
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Fig. 6.3 The function f(t)
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Fig. 6.4 Left X-axis—orders of the splines. Y-axis—Ilogarithmic deviations D?" of the splines S
from the function f (binary subdivision). Right X-axis—orders of the splines. Y-axis — logarithmic
deviations D¥*! of the splines %! from the function £ (ternary subdivision)
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Fig. 6.5 The chirp function f(¢t) = sin(1/t)

by binary subdivision at ratio of 1:8, with the smoothing splines of orders 4, 8 and
12, where the results are displayed in the top, middle and bottom of the left side of
Fig. 6.6, respectively. To be specific, the smoothing splines were constructed on the
grid {k}, k = 1,..., 128, and their values at the points {{//8}, k = 1, ..., 1024,
were computed by binary subdivision.

In the second experiment, the data was decimated by factor of 2, thus, the
initial data consisted of 64 noised samples. These data were upsampled at the
ratio of 1:16 by the application of subdivision with the smoothing splines of
orders 4, 8 and 12. The experiments were implemented by the MATLAB code
smoothing_ examplel_sin.m. The results are displayed in the right side of
Fig. 6.6. One can observe that, in spite of the presence of strong noise and low-rate
sampling, the original signal was satisfactorily restored. Note that order 4 (cubic)
splines best restore the low-frequency part of the signal, while the splines of the 12th
order restore the high-frequency region well.

6.5.2 Upsampling Digital Images

Upsampling an image using 2D interpolaing splines increases its resolution. For this,
the image pixels are treated as the grid samples of a 2D spline and the initial data
array is upsampled by the spline’s values in internal points, which are derived by
application of binary or ternary subdivision as it is described in Sects.6.2 and 6.3,
respectively. The 2D subdivision is outlined in Sect.6.4. When pixels of the image
are affected by noise, the smoothing splines provide a good approximation.

Performance of the spline subdivision schemes is illustrated in a few experiments
with the benchmark images “Lena” and “Barbara”, which are presented by the 512 x
512 pixels arrays denoted by L and B, respectively.



90 6 Calculation of Splines Values by Subdivision

Spl. order: 4, Samp=1:8 Spl. order: 4, Samp=1:16

0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08
Spl. order: 12, Samp=1:16

0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08

Fig. 6.6 Left restoration of the function f () = sin(1/¢) from 128 noised samples by the smoothing
splines of order 4 (fop), 8 (middle) and 12 (bottom). Right restoration from 64 samples. Dotted line
indicates the original function, “pluses”—available data, and solid lines—restoring splines

Example 1: Approximation of the ‘“Lena’ image from decimated arrays

In this example, the “Lena” image is restored after it was decimated by ratio of 2:1
and of 4:1 to generate the data arrays d» of size 256 x 256 and d4 of size 128 x 128.
The low-pass anti-aliasing filtering was not applied to the decimated arrays. The data
arrays dg, s = 2,4 were interpolaed by the even-order splines Sszr (x,y), s =2,4,
that is Sszr (k, n) = di[k, n]. Then, the original array was approximated by the splines
values L(k, n) ~ S3"(k/2,n/2) and L(k,n) ~ S¥ (k/4,n/4),k,n,=0,...,511.

The proximity between an approximated image L and the original image L is
evaluated visually and by the Peak-Signal-to-Noise ratio (PSNR)

M 2552
PSNR € 10log;o | —;

ey R (6.42)
Zkzl(xk - Xk)2

where M is the number of pixels in the image (in our experiments, M = 5122),
{xk},i‘”: | are the original pixels of the image L, and {ik}lﬁil are the pixels of the

image L.
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Sampl=2:1, STD=0 Spl. order: 4, PSNR=33.28, p=0
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Fig. 6.7 Left Decimated data arrays. Top da, bottom d4. Right the “Lena” image approximated by
the interpolaing cubic splines subdivision from d; (fop) and d4 (bottom)

It turns out that the best PSNR was achieved by using subdivision with the cubic
splines. Figure 6.7 displays the results of this approximation. We observe that the
approximation from the array d is quite satisfactory (PSNR = 33.28), while the
approximation from the array dy4 is blurred (PSNR = 27.25).

Example 2: Restoration of the ‘“Lena” image from noised decimated arrays

In this example, the “Lena” image was decimated by factors of 2:1 and 4:1 to gen-
erate the data arrays dy of size 256 x 256 and d4 of size 128 x 128, respectively.
Then, the arrays were corrupted by a moderate Gaussian noise whose STD = 10.
The data arrays dg, s = 2, 4 were approximated by the even-order smoothing splines
Si’s (x,y), s = 2,4, such that ngs (k, n) ~ dg[k, n], where the optimal values of the
parameter p were derived from Eq. (5.14). Then, the original array was restored
by the splines values L(k,n) ~ ngz(k /2,n/2) and L(k,n) ~ S/%f4(k /4, n/4),
k,n,= 0,...,511. As before, the best PSNR was produced by the subdivision
with cubic splines. Figure 6.8 displays the results of this restoration. We observe that
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Sampl=1:2, STD=10 Spl. order: 4, PSNR=29.19, p=0.1612
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Fig. 6.8 Left Decimated noised images. Top da, bottom dy4. Right the “Lena” image restored by
the binary subdivision using the cubic smoothing splines from d; (fop) and from d4 (bottom)

noise is suppressed in the restored images. Restoration from the array d, produces
a satisfactory quality (PSNR = 29.19), while the restoration from the array d4 is
blurred (PSNR = 26.01).

Experiments in Example 1 and 2 are implemented by the MATLAB code
smoothing restoration2.m. Comparison of the performance of different
splines is done by the MATLAB code smoothing restoration2_mult.m.

Example 3: Upsampling the “Barbara” image

In this example, we upsample the “Barbara” image of size 512 x 512. It is given
by the array B of pixels. We used the 2D spline S7-3(x, y), which interpolaes the
initial data, that is S”-8(k, n) = B[k, n]. The spline S7-3(x, y) is of order 7 in the
vertical direction and order 8 in the horizontal direction. By application of 3 steps of
the ternary subdivision in the vertical direction and 4 steps of the binary subdivision

in the horizontal direction, we generate the array S & {S7’8(k /27, n/ 16)}, where
k=0,...,13823andn =0, ..., 8191. The array S is used for the upsampled image.
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STD=0

2000 4000 6000 8000

Fig. 6.9 Left The original “Barbara” image in two formats. Top The whole image. Bottom A
fragment of the image. Right The image upsampled after the application of the interpolaing splines
$7-8(x, y) using ternary subdivision in the vertical direction and binary subdivision in the horizontal
direction

The result is displayed in Fig.6.9. We see that upsampling significantly increased
the image resolution.

Example 4: Upsampling the “Barbara’ image that was corrupted by noise

In this example, the pixels array B is corrupted by moderate Gaussian noise with
STD=10. The image is upsampled by using the 2D bicubic smoothing spline
Sf;“(x, y), which approximates the original noised data, that is, S;“‘(k, n) ~ Blk,n].
The optimal value of the parameter p was derived from Eq. (5.14). By application of 2
steps of the ternary subdivision in either direction, the array S, o {Sg’A' (k/9,n/9) } ,
k,n=0,...,4607, is generated. The array S, is used as the upsampled image. The
upsampling result is displayed in Fig.6.10. We observe that the upsampling sup-
pressed the noise and increased the image resolution. Experiments in Example 3 and
4 are implemented by the MATLAB code smoothing upsamp2_ex.m.
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H.order: 4, V.order: 4,H.depth: 2, VV.depth: 2, p=0.0789

_

1000 2000 3000 4000

Fig. 6.10 Left The noised “Barbara” image in two formats. 7op The original image. Bottom A
fragment from the image. Right The image upsampled by the smoothing splines Sf;“(x, y) using
the ternary subdivision in each direction

Comments

The above examples demonstrate that the parameterized smoothing splines, where
the regularization parameter p is derived automatically from Egs. (5.7) and (5.14),
efficiently suppress broad-band noise. Their mode of operation on non-decimated
signals and images consists in adaptive low-pass filtering the input data. The pass-
band of the filters, which is determined by the parameter p, depends on signal-to-noise
ratio in available data. Suppression of strong noise is achieved by narrowing the pass-
band. A side effect is that fine details of the objects become blurred. A possible way
to retain fine details in the image while suppressing noise is application of wavelet
transforms followed by adaptive thresholding of the transform coefficients [1-3].
Another approach is to use different values of p for different frequency domains of
images. This approach, which is based on utilizing spline wavelet packets will be
discussed in Chap. 12.

An advantage of the smoothing splines is the simplicity of the implementation and
automatic adaptation to the available data. Processing is fast due to the utilization of
the fast Fourier transforms.
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Chapter 7
Spline Algorithms for Deconvolution
and Inversion of Heat Equation

Abstract In this chapter, we present algorithms based on Tikhonov regularization
for solving two related problems: deconvolution and inversion of heat equation.
The algorithms, which utilize the SHA technique, provide explicit solutions to the
problems in one and two dimensions.

7.1 Spline Algorithms for Deconvolution

The deconvolution problem is related to the denoising problem. The difference is
that, prior to corruption by noise, the input data has been subjected to blurring. This
effect can originate from measuring a signal by an instrument, transmission through
a channel, propagation of a seismic signal through the earth, and observation of a
distant or small object through an optical device, to name a few. In many cases, the
result of blurring can be modeled as convolution of the original signal or image f
with some kernel £, which is effectively bandlimited:

g(t) = / h(t — 1) f(v)dr, (7.1)

g(x,y)=/ / fx—=§& y—n)hE, n)dédn. (7.2)

Deconvolution is a required operation in many signal processing applications
such as system identification, spectroscopy, seismic processing, image deblurring,
acoustic and audio processing and so on. Due to bandlimitedness of the kernels, the
high-frequency components of the input object f become suppressed and their pres-
ence in the output g is minimal, if any. Typically, however, errors, which constitute a
broad-band noise, present in measurements of the output g. A straightforward inver-
sion of the convolution operator leads to an amplification of these errors. Therefore,
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this inversion is far from being stable and robust. In that sense, the deconvolution
problem is regarded as an ill-posed one. An additional complication stems from the
fact that, in practice, the measurements of the convolved signal (image) are avail-
able in a discrete set of points. Under such circumstances, an exact restoration of
the input object is not possible, and a sound approach, which was formulated in the
classical work by Wiener [7], consists in finding a reasonable compromise between
approximation of the available data and stability of the solution. By now, a number of
efficient deconvolution algorithms are based on the Tikhonov regularization method
[5, 6].

The Tikhonov methodology, in which approximate solution is derived as a min-
imizer of a parameterized quadratic functional, is, to some extent, similar to con-
struction of smoothing splines. Even more similarity arises when the output objects
g are presented by sets of discrete noised measurements and the solutions f are
approximated by splines, which map the discrete data into spaces of smooth func-
tions. An additional advantage of using splines for deconvolution application lies in
their abilities to effectively control the smoothness of the solution.

In this section, spline-based algorithms for solving the convolution integral equa-
tions are described. The algorithms are based on Tikhonov regularization. As in
the smoothing splines construction, the working tool is the SHA, which provides
the approximate solutions in an explicit form together with a unified computational
scheme, which is based on the fast Fourier transform (FFT).

7.1.1 Solution of One-Dimensional Convolution Equations

In the one-dimensional convolution Eq. (7.1) f(¢) is an unknown sought-after func-
tion, h(t) is the kernel and g(¢) is the given data function. Typically in applications,
the functions 4 (¢) and the unknown function f(¢) are compactly supported: thus,
necessarily, g(¢) has a compact support as well. Then, the deconvolution problem
can be reduced to finding a 7 -periodic solution of the equation

T
gty =h(m)® f(1) = /0 h(t — ) f(7) dx, (7.3)

where the unknown function f (¢), the blurring kernel /() and the data function g(¢)
are assumed to be T-periodic. If h(r) € C! and f(r) € C™ then g(r) € C!Hm+1,

A theoretical solution of the Eq.(7.3) is straightforward. Due to Eq.(1.9), the
Fourier coefficients of the output signal ¢,(g) = ¢, (f) c,(h). If all the Fourier
coefficients of the kernel ¢, (h) are non-zero then the Fourier coefficients of the
solution ¢, (f) = ¢, (g)/cn(h) and

_l (&) omineT
f = é—(:n(h) e ) (7.4)
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The Fourier coefficients of the kernel ¢, (k) tend to zero as n — o0, but the coeffi-
cients ¢, (g) tend to zero even faster. Thus, theoretically, the solution given in Eq. (7.4)
is stable. However, in real life, the output signal g(¢) is known up to some errors:
y(t) = g(t) +e(t). Generally, there is no reason to assume that the coefficients ¢, (e)
tend to zero according to the decay of ¢, (h) (if they tend to zero at all). Therefore,
application of the direct inversion method from Eq. (7.4) to the available signal y(t)

n(Y) omingT 1 (&) ominyr | 1 (@) opintT
t = = — —_— j— —_
f = Zc(h)e T%cn(h)e +Tl§cn(h)e

results in an unstable solution. However small is the magnitude of the error signal
le(t)|, the signal f(¢) can comprise strong high-frequency components, which do
not exist in the original signal f(¢). Therefore, a regularization, which provides a
stability to the solution at the expense of some deviation from the available data
signal y(7), is needed.

In most practical situations, the available data is being sampled on the grid {#}.
These samples are corrupted by random noise. We assume that the grid is uniform
{tx = Tk/N}. Let N = 2/ (j € N) be the number of nodes on the grld For
simplicity, we assume that 7 = N. Denote g = {g(k)}k - h = {h(k)} and
y=g+e, where e = {ek},ivzz)l is the vector of random errors, which we assume to
be a zero-mean white noise.

7.1.1.1 Parameterized Spline Solution

An approximate solution to the Eq.(7.3) will be obtained as an even-order spline
from the space ” ./, where p = 2r > m. Thus, splines from ” 5 belong to the space
C™. Given a sampled data array y = {y[k]} and a kernel data array h = {h(k)}, w
construct the interpolatory spline

! S hn
(@) = NHZZN/Z“[”“””]“)GW’ il =oon (09

which interpolates the kernel /(¢) on the grid {k}.
The further design is a generalization of the design of smoothing splines described

in Sect.5.1. The solution is approximated by the spline S, (¢) € 2r &, which mini-

mizes the functional J,(S) def pI(S) + E(S), where

N-—1
1) E SO ES)E D (r @ Skh) - ylk))?

k=0

and p is a numerical parameter. Let a spline S(¢) € >".% be represented as
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N2 5
S() = Nn:_zms[n] ¢ n](@).
Then, similarly to Eq. (5.3),
15) = ~ Nfl W [nlu® (] g2, w? 0] < (2 sin H)zr.
N n=—N/2 N

Combining Eqgs. (4.33) and (7.5) provides the expression for the sampled circular
convolution

| N
ToS® =5 D o u g ulnl.
n=—N,2

The signal y is expressed via its DFT:

| N/2—1 N—1
~ A def —
k== >0 Sl = 3 e Ik,
n=—N/2 k=0

Hence, by using the Parseval identity (1.24), the discrepancy functional is presented
as

N-1 N/2—1

E®) = Y (0@ s® k) =~ X [u@ gl uln] — 5in]
k=0 n=—nN/2
Consequently,
| N 5
IS =+ n:_ZN/zpmn] 2w ]+ [ 4[] £ln] uln] = ]|

Similarly to Proposition 5.3, the following fact is derived.

Proposition 7.1 Minimum of the functional J,(S) on the spline space 7S s
achieved by the spline

Nj2-1 2rq K1 5
_1 o w1 K] 3ln]
Sply, h1(1) = ﬁn;wzsp[n]c ), gln) = T
Aplnl € pw? Il [n] + (alallw? F (), W [n] = (2 sin %)227.@

Equations (4.30) and (7.5) imply that the values of the spline at grid points
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Fig. 7.1 Top left the blurring kernel ( Gaussian curve STD o = 4). Top right its DFT. Center left
the original signal (thin line) versus the blurred signal (thick line). Center right fragments of DFT
of the original signal (thin line) and the blurred signal (thick line). Bottom left the original signal
(thin line) versus blurred noised signal (thick line). Bottom right fragments of DFT of the original
signal (thin line) and the blurred noised signal (thick line)

| N/2—1
Sply, ity = = > Eplnlun] o
n=—N/2
o NEY L e e o $in
= — Z " ) (7.7)
n=—N/2 olnl

Itis seen from Eq. (7.7) that computation of the samples of s, = {S oly, h](k)} k=
0, ..., N — 1, reduces to circular convolution s, = d, ® y of the discrete-time signal
y = {ylk] = g(k) + ex}, k = 0,..., N — 1, with the signal d, = {d,[k]}, whose
DFT is

u2r[n] u2r+q I‘L*[n]
pu?[n] (2 sinwn/N)* + (|uln]l u¥+4[n])?’
u? [n]ulln]

u2+a[n) hin]’

dyln] =

do[n] = (7.8)
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DFT of dp, p=50 Restored vs. original
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DFT of restored vs. original
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Fig. 7.2 Top left magnitude response of the filter d,,. Top right the original signal f (thin line)
versus the input signal y (dashed line) and the restored signal s,, p = 50, (thick line). Bottom left
DFT of f (thin line) versus DFT of y (dashed line) and of s, (thick line). Bottom right fragments
of those DFT

Design of the deconvolution spline is implemented by the MATLAB function
convsplaP.m.

High-frequency components of the kernel /(7) are close or equal to zero. Con-
sequently, u[n] = h[n]/u?[n] and the denominator in do[n] are close or equal
to zero when n approaches N /2. Thus, the circular convolution of dy ® y, which
actually is the direct inversion of the convolution operator, is unstable. The term
pu®[n] (2 sintn/N)>" serves as a stabilizer. It prevents the high-frequency decay
of the denominator in Eq.(7.7). When n is small, c?p [n] ~ c?o[n]. Thus, the lower
frequencies remain practically undisturbed if the regularization parameter p is not
too big. In addition, presence of the factor ©*[n] in the numerator of d [n] suppresses
the high-frequency components of the noise.

Once the sampling s, is calculated, the spline S, [y, h](¢) is constructed as a spline,
which interpolates the signal s,.

The influence of the parameter choice on the signal’s restoration is illustrated in
the following figures. The upper frames in Fig. 7.1 display the blurring kernel, which
is the Gaussian curve h(r) = 27 /o)™ e~(W/N20 5 — 4 and the DFT of its
sampled version. Obviously, the kernel is effectively bandlimited. The central left
frame displays the original signal f (¢) (thin line) versus the blurred signal g(¢) (thick
line). The right frame displays fragments of the DFT f [n] (thin line) and g[n] (thick
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Fig. 7.3 Top left magnitude response of the filter d,,. Top right the original signal f (thin line)
versus the input signal y (dashed line) and the restored signal s, p = 0.05, (thick line). Bottom left
DFT of f (thin line) versus DFT of y (dashed line) and of s, (thick line). Bottom right fragments
of those DFT

line) of sampled functions f and g. The latter is suppressed compared to the former.
The bottom frames display the sampled signal f and its DFT (thin lines) versus the
blurred noised signal y = {g(k) + ex} and its DFT y[n] (thick lines). We observe
that middle frequencies in y[n] are significantly suppressed compared to f [n] while
there exist erroneous high-frequency components.

Figures 7.2 and 7.3 illustrate reconstruction of the function f(¢), which is depicted
in Fig.7.1, from the blurred noised data y = {g(k) + ex} (bottom left frame in
Fig.7.1). The function is restored by the cubic spline s, = {Sp [y, h] (k)} k=
0, ..., N — 1 by the circular convolution s, = d, ®y, where the signal d,, is defined
in Eq. (7.8). In both figures, the upper left frames display the DFT of the signals d,,
while the upper right frames display the signal f versus the input signal y and the
restored signal s,. The bottom frames display the DFT of these three objects.

Figure 7.2 demonstrates the results of the experiment with a large value of the
regularization parameter p = 50. We observe in the upper left frame that the passband
of the filter signal d, is very narrow and the magnitudes of the DFT do not exceed
1.2. As a result, the higher frequencies in the signal y become suppressed while
middle frequencies are almost intact. Thus, the high-frequency noise in the output
signal s, is almost completely eliminated but the essential structure of f remains
oversmoothed.
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Figure 7.3 illustrates another extreme case when p = 0.05 is too small. Now the
passband of the filter signal d, is wider and the magnitudes of the DFT have a sharp
upsurge at the middle frequencies. As a result, the middle frequencies in the output
signal s, arrive significantly elevated over the respective frequencies of the signal f.
This leads to strong parasite oscillations in s,, although the structure of f is resolved
perfectly. The plots were produced by the MATLAB code regExampleP.m.

Thus, a procedure to derive a proper value of p is needed.

7.1.1.2 Optimal Regularization Parameter

This procedure is similar to the search for the optimal parameter of a smoothing
spline. Assume we are able to estimate the squared norm &> = 11(v=—01 e,% of the
error vector. The regularization parameter p is derived from the solution of the

following problem.

Problem ORP
Among the splines S,ly, h](t) defined in Eq.(7.6), find a spline that minimizes the

Sfunctional 1(S,)[y, h] under the constraint E(S,[y, h]) < g2,

Loosely speaking, we are looking for the smoothest spline, among the splines
S,ly, h], for which the standard deviation of the vector {T ® Sply, h](k)} from the
data vector y does not exceed the standard deviation of the vector y from the exact
data vector g = {g(k)}.

Denote e(p) def E(S,ly, h]). It can happen that some coordinates w[n] of the
interpolatory spline Y are zero. Then, denote by ¢ the set of indices for which
wuln] = 0. If ¢ is not empty then denote

o 1o
6 5 > ISP

nec
It follows from Eq. (7.6) that
N/2-1 a2
oy = /Z pu¥ [n]w¥ [n] 3n]
=N A ln] '
n=—N/2

The function e(p) grows strictly monotonically while e¢(0) = 6(y) and

limp%oo e(p) = I/N Zneg |§7(l’l)|2 = ||Y||2
On the other hand, the function

. 2r 2r 2r+ A 5 2
o) 15,1y m) = . 3 L T ]

~ 2
e (o (1w 0] + (Jhln] w2+ (n)?)

decays strictly monotonically while lim,_, o i(0) = 0.
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DFT of dp, p=7.51 Restored vs. original
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Fig. 7.4 Top left magnitude response of the filter d,,. Top right the original signal f (thin line)
versus the input signal y (dashed line) and the restored signal s, optimal p = 7.51, (thick line).
Bottom left DFT of f (thin line) versus DFT of y (dashed line) and of s, (thick line). Bottom right
fragments of those DFT

Hence, it follows that, if ||y|| > & then Problem ORP has a unique solution
Ssly, hl(r) € 2r & where the value of the parameter p is derived from the equation

g(p) = & (7.9)

The optimal regularization parameter was derived by the MATLAB function
defroP_conv.m.

Figure 7.4 demonstrates the restoration of f by the spline s, where p = 7.51 is
derived from Eq.(7.9). We observe that noise is almost completely eliminated and
the essential structure of f is resolved satisfactorily. The plots were produced by the
MATLAB code regExamplePopt .m.

Approximation to the exact solution
The following fact was established in [1].

Theorem 7.1 Assume that the functions f and h are T-periodic and belong to C"
and to C', respectively, and the Fourier coefficients c,(h) # 0. Let g(t) = h® f(¢).
Then, g € CH™. If the sampling step 1/N — 0 and the norm €2 of the error vector
tends to zero then there exists a scheme for selection of the parameter p(N, €) such
that

[max | max. 1S5 O = fO)] —> 0as N — oo, & — 0.
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Noise estimation

We assume that the error vector e is a zero mean Gaussian white noise. Typically,
the convolution kernel %(¢) is efficiently bandlimited. Then, its significant Fourier
coefficients ¢, (h) occupy a relatively narrow band around zero, —K < n < K,
K < N/2. Hence, the DFT of the data vector y {$[n]}

IS

ne[K,N/2—1U[-N/2,—K]

{é[n]}ne[K,N/271]U[7N/2,7K]’ where {é[n]} are the DFT of the error vector e. By

relying on the fact that the power spectrum {|é[n] |2} of the white noise e is close to
aconstant foralln = —N/2, ..., N/2 — 1, we evaluate the variance

> |$[n1* . => 2 = N var(e). (7.10)
nelK,N/2—1]U[-N/2,—K]

var (e) ~ m

Another option for the noise estimation is to use the scheme in [3].

7.1.2 Solution of Two-Dimensional Convolution Equations

Similarly to the 1D case, we reduce Eq.(7.2) to the periodic convolution equation

T T
g(x,y)=/0 /O fx—=§& y—nhE, ndédn, (7.11)

where the kernel 7, the sought-for solution f and the output g are T-periodic with
respect to both arguments x and y. For simplicity, we put 7 = N = 2/. Assume
z = {zlk,n]=gk.,n)+exn}, k,n =0,...,.N — 1, where e = {exn}, k.n =
0, ..., N — 1, is the array of random errors, which we assume to be a zero-mean
white noise. The arrays z = {z[k, n]} and h = {h(k,n)}, k,n =0,..., N — 1, are
available data.

As in Sect.5.2, ¢ Pk, v](x, y) will stand for ¢ P[k](x) ¢P[v](y) and u?[«, v] will
stand for u?[k]uP[v].

Let

N/2-1

1
Ty =5 Dl vlgile, v, y) € 99, plk, v
Kk,v=—N/2

_ fl(/c, V)
T udk,v]’

be the spline from the space 9°9.7 that interpolates the sampled kernel h.

7.1.2.1 Parameterized Spline

Like in the 1D case, the solution of the deconvolution problem is approximated by the
spline S,(x, y) € 2r.2r & which minimizes the functional J»(S) & pI(S)+ E(S),
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where

N—1
def def
1) SISO+ 1SS17, ES) = D (S@ Tk, n) —zlk, n])*.

k,n=0

Let a spline S(x, y) € 2°?".# be represented as

| N/2—1
Sty =5 2, &l vl ¢l v ).
K,v=—N/2
Then, Eq. (4.63) implies that
1 N—1
168) = +5 z (W' ke, v1+ W' v, «1) €Lk, V112,
k,v=0
2r
WLk, v]déf(z sinij—K) Ay (7.12)

Using Eq. (4.65), the sampled circular convolution is represented as

N/2—1
S®Yk,n) = —7 > oM gl v plie, v]u ek, v].
K,v=—N/2

Hence, the discrepancy functional

N/2—1

1
E® =55 2. ’S[K,V]M[K,V]uz”"[/c,ﬂ—2[K,V]
Kk,v=—N/2

2

The parameterized functional to be minimized is

N/2—1

B =5 2 plElk vIP (Wl v+ Wb, 1)
K,v=—N/2

u¥ [k, v] 2

+ ‘é[lc, v]hlk, v] W] ZlK, v]

Similarly to 1D case, the solution to the minimization problem is derived:

N-1

1
Splz hlCx, y) = =5 D Elk, v1(0) £, vICx, ),

x,v=0
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2k, vl i, v1u +4 i, v)

i, vl(p) = Al v] .

2
Aplk, v] def o (Wr[/c, v+ Wy, lc]) + ‘/L[I{, viu e, v]| .

The grid samples of the parameterized spline are calculated by using the 2D IDFT:

N/2—1

1 2 (ck—vm)

Splz. hltk, n) = 5 > &l V1) w e, v] 0 E
Kk,v=—N/2

1N oWk e v ke vl e [, v] u [k, v]
— _
N i ) Aplk, v]

The spline values in between the grid points are calculated by the subdivision methods
described in Chap. 6.

7.1.2.2 Optimal Regularization Parameter

def — . . ..
Assume that the squared norm of the errors &2 = ,ICV " =l 0 e,% , 1s estimated. Similarly

to 1D case, the optimal regularization parameter p is derived from the equation

N—-1
ep) EESplzh) == > e},

k,n=0
N/2—-1 ~ 5
— p |2le, vl (W, v1+ W v, kDY,
mK,v:zj\//z( Ap[/(, V] ) =e¢&°, (7.13)

which has a unique solution.
The optimal regularization parameter was derived by the MATLAB function
defroP_conv.m.

7.1.2.3 Examples

Performance of the 2D spline based Tikhonov deconvolution algorithm is illustrated
on the images “Lena” and “Barbara”, which are displayed in Fig.7.5. The images
are presented by arrays f = { f[k, n]} of pixels of size 512 x 512. The “Lena” image
is more regular, while “Barbara” contains oscillating texture.

Prior to experiments, the images were blurred by convolving with the 2D Gaussian
kernel
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Fig. 7.5 Original images: On the left “Lena”, on the right “Barbara”

Gaussian kernel H(x)y), ¢=3
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Fig. 7.6 On the left Gaussian kernel i (x, y), & = 3, on the right its DFT

f,y) — glx,y) =h® f(x,y), h(x,y)= e_(202+262), o =3,

(Matlab function fspecial ('gaussian’)). The sampled kernel and its 2D

DFT are displayed in Fig.7.6.

The blurred images are displayed in Fig.7.7.
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PSNR=22.84, Blur=3

PSNR=25.66, Blur=3

Fig. 7.7 Blurred images: On the left “Lena”, PSNR=25.66dB on the right: “Barbara”,
PSNR=22.84dB

The following experiments on restoration of the images illustrate the performance
of the algorithm:

Images restoration from noised data arrays

Pixels arrays g = {g[k, n]} from the blurred images were corrupted by zero-mean
Gaussian noise e = {ex, } with different standard deviation (STD):

g —> z={zlk.n] = glk.nl +exn}. k.n=0,.,511

Then, the deconvolution cubic splines S,[z, h](x, y) € 44 & were constructed, the
parameter p was derived from Eq. (7.13). Thus, the images are approximated by the
samples of the splines: f[k,n] ~ S,[z, h](k, n).

Images restoration from downsampled kernel and noised data arrays

In these experiments, the sparse corrupted data and kernel arrays

{ [[,m] = glrl, rn]—!—elm} h= {Q[l,m] =h[rl,rn]},
l,m —0,...,512/r—1,

are available. The images are approximated by the values of the splines: f[k, n] ~
Splz, hl(k,n), k,n =0, .., 511, which are constructed on the grid {r/, rn}, I,m =
0,...,512/r — 1. The splines values are calculated by using the dyadic subdivision
procedures described in Chap. 6. In these experiments, the noise STD was fixed and,
the sampling rate r varied.

Quality of restored images is evaluated visually and by the peak signal-to-noise
ratio (PSNR) defined in Eq. (6.42).

Figures7.8 and 7.9 illustrate restoration of the non-decimated “Lena” and
“Barbara” images, respectively. The upper frames in each image demonstrate restora-
tion of the images from the blurred (¢ = 3) data, which was corrupted by a weak
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Sampl=1:1, STD=1, PSNR=25.63 Spl. order: 4, PSNR=28.87, p=0.023

Sampl=1:1, STD=20, PSNR=20.52 Spl. order: 4, PSNR=25.56, p=10

Fig. 7.8 Top left the blurred “Lena” image corrupted by noise whose STD is 1, PSNR =25.63dB.
Top right the cubic deconvolution spline, PSNR =28.87 dB. Bottom left: the image corrupted by
noise, o = 20, PSNR =20.52 dB. Bottom right: the cubic deconvolution spline, PSNR =25.56 dB

noise, whose STD is 1. In both cases, noise is eliminated and significant deblurring
is achieved. The PSNR is elevated from 25.63 to 28.87 dB for “Lena” and from 22.82
to 23.86dB for “Barbara”. The bottom frames demonstrate restoration of the images
from strongly noised (STD = 20) blurred data. PSNR of the corrupted “Lena” and
“Barbara” images are 20.52 and 19.46 dB, respectively. The images restored by appli-
cation of deconvolution splines have PSNR 25.56 dB for “Lena” and to 22.76 dB for
“Barbara”. The main structure of the images was restored, while noise was sup-
pressed, which is achieved by using values of p that are much bigger than in the
former case.

Figure 7.10 illustrates restoration of the “Lena” image when the decimated kernel
and blurred noised data arrays are available. The downsampling rate is 1:2. As in
the previous example, the upper frames in each image demonstrate restoration of the
image from the decimated blurred (¢ = 3) data, which was corrupted by a weak
noise, whose STD is 1. The image is satisfactorily restored, and noise is completely
eliminated. The PSNR is elevated from 25.64 to 28.33 dB. This PSNR number is close
to the numbers, which were achieved in process of restoration of the images from non-
decimated data in the previous example. The visual quality of the restored images in
both examples is similar as well. The bottom frames illustrate the restoration when
a stronger noise (STD is 20) corrupted the blurred decimated input data. In this
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Sampl=1:1, STD=1, PSNR=22.82 Spl. order: 4, PSNR=23.86, p=0.026

Fig.7.9 Top left the blurred “Barbara” image corrupted by noise whose STD is 1, PSNR =22.82 dB.
Top right the cubic deconvolution spline, PSNR =23.86dB. Bottom left the image corrupted by
noise, 0 = 20, PSNR =19.46 dB. Bottom right the cubic deconvolution spline, PSNR=22.76dB

case the restoration result is inferior compared to the result of the previous example.
PSNR of the corrupted “Lena” decimated image is 20.54dB. The images restored
by application of deconvolution splines has PSNR of 24.47 dB.

Figures7.8, 7.9 and 7.10 were produced by the MATLAB code conv_exa2__
stdP.m. The forthcoming Figs. 7.11 and 7.12, which were produced by the MAT-
LAB code conv_exa2_sampP . m, illustrate performance of the restoration algo-
rithm on the blurred (o = 3) decimated input data when noise is almost negligible.
STD is being 0.01. The kernel and input data arrays are downsampled at the rate of
1:2 in the upper frames and 1:4 in the bottom frames. One can observe that, when
sampling rate is 1:2, “Lena” is restored very close to the original, while fine texture
in “Barbara” is somewhat blurred. The PSNR is elevated from 25.71 to 31.62dB for
“Lena” and from 22.79 to 24.42 for “Barbara”. After decimation with the rate 1:4
“Lena” is restored still satisfactorily with the PSNR at 29.22 dB, while the texture in
“Barbara” has degraded even more. The PSNR is elevated from 22.79 to 23.5dB.

Comments

The above examples demonstrate that the parameterized deconvolution splines,
where the regularization parameter p is derived automatically from Eq.(7.13) effi-
ciently restores images from the non-decimated and decimated kernel and blurred
noised data arrays when noise is not too strong. Otherwise, to suppress the noise,
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Sampl=1:2, STD=1, PSNR=25.64 Spl. order: 4, PSNR=28.33, p=0.00028

Sampl=1:2, STD=20, PSNR=20.54 Spl. order: 4, PSNR=24.47, p=0.16

Fig. 7.10 Top left the blurred “Lena” image downsampled at 1:2 and corrupted by noise whose
STD is 1, PSNR =25.64dB. Top right the cubic deconvolution spline, PSNR =28.33dB. Bottom
left the image corrupted by noise, ¢ = 20, PSNR=20.54dB. Bottom right cubic deconvolution
spline, PSNR =24.47dB

the algorithm uses large values of the regularization parameter, which results
in oversmoothing the images. Design of the 2D deconvolution spline is implemented
by the MATLAB function convsplaP2 .m.

A possible way to improve the performance is to use different values of p for
different frequency domains of images. This approach, which is based on utilizing
spline wavelet packets will be discussed in Sect. 11.1. Another way to improve the
deconvolution results is application of the so-called Bregman Iteration technique
[2, 8] using wavelet frames. That approach is implementing a /;-minimization rather
than the /,-minimization, on which the Tikhonov regularization is based. Although
the Bregman Iteration algorithm typically produces better deconvolution results com-
pared to the Tikhonov method presented above, its computational cost is significantly
higher.

7.2 Inversion of Heat Equation

Inverting the heat equation, which is an ill-conditioned problem, is closely related to
solving the convolutionequation (7.1) (Eq.(7.11) in two dimensions).
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Spl. order: 4, PSNR=31.62, p=3.5e-08

Sampl=1:2, STD=0.01, PSNR=25.71

N\

Sampl=1:4, STD=0.01, PSNR=25.69

N

Fig. 7.11 Top left the blurred “Lena” image downsampled at 1:2, noise STD is 0.01,
PSNR =25.66dB. Top right the cubic deconvolution spline, PSNR =31.24dB. Bottom left the
image downsampled at 1:4, PSNR=25.5dB. Bottom right the cubic deconvolution spline,
PSNR=27.26dB

Assume that a T-periodic function f(x), which defines an initial temperature
distribution along a bar of length 7', belongs to the space C”, which is the space of
T-periodic functions having continuous derivatives up to order r. Denote by Uy the
linear operator such that U, f (x) = g(x, r), where g(x, 1) is the T-periodic solution
of the heat equation

ag(x,t)

PP gi(x,1), g(x,0) = f(x). (7.14)

The function g(x, r) defines the temperature distribution along the bar at the moment
t > 0. Figure 7.13 produced by the MATLAB code heat_propP .m illustrates the
temperature distribution at different time moments.

In the two-dimensional setting, assume that a function f(x, y), which defines
an initial temperature distribution at the plate of size 7 x T, is T-periodic in both
directions and has continuous partial derivatives up to order r. Denote by Ut2 the
linear operator such that U,2 f(x,u) = g(x,y,t) where g(x, y, t) is the T-periodic
solution of the heat equation
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Sampl=1:2, STD=0.01, PSNR=22.79 Spl. order: 4, PSNR=24.42, p=2.9¢-008

Sampl=1:4, STD=0.01, PSNR=22.79 Spl. order: 4, PSNR=23.5, p=0

Fig. 7.12 Top left the blurred “Barbara” image downsampled at 1:2, noise STD is 0.01,
PSNR =22.79dB. Top right the cubic deconvolution spline, PSNR =24.42dB. Bottom left the
image downsampled at 1:4, PSNR=22.79dB. Bottom right the cubic deconvolution spline,
PSNR=23.5dB

HEAT PROPAGATION
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Fig.7.13 Thin line initial temperature distribution f(x) = g(x, 0). Medium width line temperature
distribution g(x, 20) at ¢+ = 20. Thick line: temperature distribution g(x, 40) at ¢ = 40
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ag(x, y,1)

o =&y D gy 0, gy, 0) = f(x, ). (7.15)

The function g(x, y, t) defines the temperature distribution at the plate at the moment
t>0.

Problem IP1: Let t be a fixed time parameter. Given g(x,t) = U; f(x), find f(x).
Problem IP2: Let t be a fixed time parameter. Given g(x, y,t) = U,2 f(x,y), find

fx,y).
The problems have explicit theoretical solutions [4].

1D case
Assume for a moment that the 7-periodic function f (x) is known. Its Fourier expan-

sion is

CEES WAy

nez
The function g(x, t) is T-periodic with respect to x and can be represented as
1 .
g0 == > T (0) = en(f). (7.16)
nez
Substituting the expression (7.16) into Eq. (7.14), we get

dg, (1) _
dt

2
_ (27T n) gn(0), 8n(0) = cu(f) = gult) = cal(f) e @M,

T
(7.17)
Now, assume that we know the function g (x, t) = U, f (x) at some fixed time 7, and
Eq.(7.16) provides its Fourier expansion, where g, () = fOT g(x, 1) e 2minx/T g
Then, Eq. (7.17) implies that

1 .
Cn(f) — gn(t) et(Zn n/T)2 — f(x) — ? zgn(t) et(Zn rl/T)2 627” nx/T‘ (718)
nes

2D case

The Fourier expansion of the sought-for function f(x, y) is:

1 .
Fooy) =55 D cun(f)emitmT,
k,ne”Z

The function g(x, y, t) is T-periodic with respect to x and y and is represented as
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1 .
g0y =5 D gea )T, (0) = cea(f). (719)
k,neZ

Substituting the expression (7.19) into Eq. (7.15), we get

dgi.n 27\ ?
) (7”) (2 +72) ga®), 86a O = cxn(/)
= Gin(t) = cpa(f) e D), (7.20)

Assume that the function g(x,y,t) = U,2 f(x,y) at some fixed ¢ is known
and Eq.(7.19) provides its Fourier expansion, where gi ,(t) = fOT fOT g(x,y, 1)
e 2mitkx+ny)/T gy dy. Then, Eq.(7.20) implies that

ckn(f) = gkn(t) o2/ TY (K4n?)

o F) = P e ) T g
k,neZ

7.2.1 Inversion of One-Dimensional Heat Equation

Inreal life, the function g(x, ¢) is known up to some errors: y(x, t) = g(x, t) +e(x).
Generally, there is no reason to assume that the Fourier coefficients ¢, (e) tend to
zero faster than ¢! (if they tend to zero at all). Therefore, application of direct
inversion according to Eq. (7.18) to the available data y(x, 1)

f(x) _ %Z)’n(t) e, n/T)* p2minx/T
neZ
1 . 1 :
— ? Zgn(t) et(271 n/T)>? eZmnx/T + ? ch(e) et(27rn/T)2 e27nnx/T
nez nez

results in an unstable solution. However small the magnitude of the error function
le(x)] is, the function f (x) can comprise strong high-frequency components, which
do not exist in the original function f (x). Therefore, a regularization, which provides
a stability to the solution at the expense of some deviation from the available data
y(x, t), is needed.

In most practical applications, the data function g (x, ¢) is sampled on a grid {x¢}.
Typically, the samples are corrupted by a random noise {ex}. In this section, an
approximate spline solution to Problem IP1 is derived. The solution is derived in a
way similar to the solution of the deconvolution problem, where periodic splines are
used.
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7.2.1.1 Embedding the Problem into Spline Setting

Difference approximation

Denote by Vfl the linear operator defined on the spline space *".# such that for
S(x) € ¥.7, VfS(x) = s(x, ), where s(x, t) is the spline from 2".% (with respect
to x), which provides a solution to the difference approximation of the heat equation

as(x, 1)
ot

= 82[s](x, 1), s(x.0) = S(x). (7.22)

Here, 8§[q](x) def (gx — 1) —2q(x) + g(x + 1) is the circular second central
difference.
Assume the spline S(x) is represented as

N-1 | N/2—1
S() =2 gl B (x =k =~ > Elnl ¥ Inl), &l =g, (723)
k=0 n=—N/2

The splines s(x, ) = V,S(x) can be represented in a similar form

N/2—1

1
s == > EORICT @), EO)n] = Eln].

n=—N/2
When the operator Vfl is applied, it follows from Eqs. (4.12) and (7.22) that

| N/2—1

RlsI, = > EORISIE Tl

n=—N/2
| N/2-1 o a2
2 2r 2 € .

= -5 2 WEORI ). win € (2sin T2
n=—N/2
dg(®)[n] _
= "a

—W Il E@n], EO)n] = En] = En]() = e M g[n].

Collocation approximation

Denote by V¢ the linear operator on 2r & such that for S(x) € ¥.7, ViS(x) =
s(x, t), where s(x, t) is the spline from 2r & which satisfies the collocation condi-
tions for the heat equation

astk,t)
— =Sk, k=0, N~ 1 s5(x.0) = S). (7.24)



7.2 Inversion of Heat Equation 119

Equations (4.8) and (4.11) imply that

¢ [nlk) = o™ u* [n], M) =1 -0 ™Vl +1)
= (@" =2+ 0™ V() = —w 1 Pnl ),
¢ ()@ = —wAn1 2V nlk) = —w?[n] 0™ u?"Dln].

Thus, Eq.(7.24) leads to the following relations for the coefficients

dslnl 5w Vin] B
g =V [n]—u2r[n] §[nl(@), §(0)[n] =§&[n]
2(r—1)
= &[n](t) = exp (—wz[n]luz—[n])é[n].
u="[n]

Finally, application of the operators V; = Vf(c) to the spline S € ?.7 defined in
Eq. (7.23) transforms its coefficients & [n] into

def _pr
§[nl@0) =[] nlnl(0), nlnl@0) = e "0,
def | (2sin ym/N)2 , whenV, = V¢

b'[n] = . ! 7.25

[n] [ (2sin 7Tn/N)2 u?=D[n]/u® [n] whenV, = A% ( )

Thus, similarly to the splines convolution, application of the operators V, = Vfl(c)
to a spline § € 2.7, results in multiplication of its coordinates £[n] with some
factors. Consequently, the scheme for finding approximate solutions is very similar
to the scheme presented in Sect. 7.1. Note that, unlike convolution, the operators V;
map the space 2.7 onto itself.

7.2.1.2 Parameterized Spline Solution

Assume that the sought-for initial temperature distribution function f(x)
is T —periodic and belongs to C”. For simplicity, put 7 = N. Lett > 0 be a
fixed time parameter. The data function g(x, r) = U, f(x) is sampled on the uniform
grid {k}, k=0,..,.N—-1, N = 27 and the samples are available up to some
errors. Thus, we have at our disposal a known time moment ¢ and the data vector

y = {ylk] = g(k,t) + ex}, k =0, ..., N — 1. The function f(x) is approximated

by a spline S, (x) € 2r & which minimizes the functional Jp(S) def pl(S)+ E(S),

where

1S E NSO ES YD sty —ykD?. st VS5
k

and V, = v/
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Let a spline S(x) € 2.7 be represented as

N/2-1

1
S =5 2 Elnleinlw).

n=—N/2
Then, similarly to Eq. (5.3), the functional 1 (S) is

N/2—1

1<s>=% > Wil w¥ ) = (2 Si“%)zr‘

n=—N/2
It follows from Eq. (7.25) that the spline

N/2—1

1
s == > Al &l £ nle)
n=—N/2
| N/2—1
= stk =~ > " uXlnlnlnl@élnl.
n=—N/2

Hence, using the Parseval identity (1.24), the discrepancy functional is expressed as

i )1 & 2r crl?
E® = 30 =KD =Nn:ZN]/2]u [l L)) £ln] = ]|
Consequently,
| N2 5
Ip(S) = Nn__zm”'ﬂ””z W [l [n] + [u? (n]nlnle) §1n] = S|

Similarly to Proposition 5.3, the following fact is derived.

Proposition 7.2 Minimum of the functional J,(S) on the spline space 7S s
achieved by the spline

N/2—1 2r * o
1

Sy 11 =+ D &l eIl gpln) = = ["]”[/"”[ff])[””[”]

p

n=—N/2

Aol € o u [nIw? [n] + (nln] ()] u® [n])>,

N/2=1  kn (, 2r 2 * 5
1 " (u[n])” nln]*(1)[n] $[n]
Sply, t1(k) = N z A, ] .

n=—N/2
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Design of the inversion D spline is implemented by the MATLAB function
convsplaP2.m.

Optimal parameter

Similarly to the convolution equation, in a practical situation, when the data y is
available and ¢ is the estimate of the errors array squared norm, the parameter p
can be selected as the solution to the equation

N/2—1

gt 1 pu [mlw” [n] 3l1\* 5
e(p) = E (Sply. 1]) = anzﬂ“m( FWEIE ) =e?.  (7.26)

The optimal regularization parameter is derived by the MATLAB function
defroP.m

Approximation to the exact solution

The splines S, [y, t]1(x), where either of the operators Vf’ and Vf can be used, provide
approximate solutions to Problem IP1 in the following sense:

Theorem 7.2 Assume that the T-periodic function f(x), which defines the initial
condition in (7.14), belongs to C”. If the sampling step 1/N — 0 and the variance
of the error vector var(e) — 0, then there exists a scheme to select the parameter
p(N, e) such that

max max [S,wv,ely, t](x)(i) - f(i)(x)| — 0as N - o0, e — 0.
i=0:r—1x€[0,1]

This fact was established in [9] for the case when the operator V{ was used. For the
operator Vf , the proof is similar.

7.2.2 Inversion of Two-Dimensional Heat Equation

Assume the time parameter ¢ is fixed and samples {g (k, n, 1)}, k,n = 0, N—1, of the
functiong(x, y, t) = Ut2 f(x, y) are measured up to some zero-mean Gaussian errors
e = {ek,,,}. Thus, the array z = {z[k, nl=glk,n,t)+ ek,,,} L k,n=0,N—1,1is
available while the time moment ¢ is known.

7.2.2.1 Embedding the Problem into Spine Setting

Difference approximation

Denote by Vfd the linear operator defined on the spline space >>>".% such that for
S(x,y) € 2.7, V¥ S(x, y) = s(x, y, 1), where s (x, y, 1) is the spline from 2> .
(with respect to x, y), which provides a solution to the difference approximation of
the heat equation
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BS(xa’ty,t) :6)%[S](x,y,t)+8§[S](}C,y,[), s(_x,y’()):S(x,y)' (727)

def def
Here, 62[q1(x.y) = (q(x — 1,y) = 2q(x.y) + q(x + 1. y) and 82[g](x, y) =
(g(x, y—1)—2q(x, y)+qg(x, y+1) are the partial circular second central differences.

Collocation approximation
Denote by VIZC the linear operator on 2°2".% such that for S(x,y) € 2% .7,
V[ZCS(x, y) = s(x,y,t), where s(x, y, t) is the spline from r2r & which satis-
fies the collocation conditions for the heat equation
as(k,n,t) . .
—ar =s,(k,n,t) —l—sy(k,n,t), k=0,...,N—1, s(x,y,0) = S(x, y).
(7.28)

Actually, application of the operators sz = V?d(zc) to the spline S € 227 is
similar to convolving it with another spline. Let the spline S € 2>%".% be represented

as
N/2—1

1
SCoy) =7 2L e vIET 1) ¢ vIE). (7.29)

K,v=—N/2
The splines s(x, y, 1) = V,zS (x, ¥) can be represented in a similar form

N/2-1

1
sy =550 2 EOVICTIKI@ IR, EO)K, vl =&k, v].

Kk,v=—N/2
When the operator V,zd is applied, it follows from Eqgs. (4.12) and (7.27) that

N/2—1
1
Rslr,y, 0 = o5 D0 EOIk IS Tkl ¢ V1)
K,v=—N/2
| N/2—1
=27 2 WIKIEOK v kI @) ¢ VIG),
K,v=—N/2
| N/2—1
Bl y, 0 = =55 > wVIEO, e k]@) ¢ V1),

K,v=—N/2
Hence, it follows that
ds(li,v]

dt
— £, v](0) = e D gL 1 w] © 2sin %

— (W14 w2Dv1) £l V1), EODk, V] = £k, v]
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Similarly to the 1D case, we get for the operator V,zc

1) ¢ )(n) = o “E W e u ],
S0P £ In) = —w? o ® 2D ] u ],
1) ¢ )@ = —w ] o w2V e ).

Equation (7.28) leads to the following relations for the coefficients

20—1) 20—1)
dE@le vl _ —(WZ[K]—” SR i L [”]) £l V),

dt u? k] u?v]
§0)[x, v] = &lx, v]

2(r—1) 2(r—1)
=>f['<’v](t>=exp(—t(w2[/<]” Wl v [”])).

uzr[/c] u2’[v]

Finally, application of the operators V,2 = V?d(zc) to the spline S € 2.7 defined in
Eq.(7.29) transforms its coefficients & [«, v] into

Elic, V(1) = &Lk, v] k1) nvl@), nlnl@) S e 01
(2sinzn/N)?, whenV? = V24
@2sinn/N)? u>" =V [n]/u* [n] whenV? = V¢,

def

b'[n] = [ (7.30)

Thus, application of the operators V,2 to a spline S € 2>, like 2D convolution,
results in multiplication of its coordinates & [k, v] with some factors. Consequently,
the scheme for finding approximate solutions is very similar to the scheme presented
in Sect.7.1.2.

7.2.2.2 Parameterized Spline Solution

Let r > 0 be a fixed time parameter. The data function g(x, y,t) = U,2 fx,y)
is sampled on the uniform grid {k,n}, k,n = 0,...,. N —1, N = 27 and the
samples are available up to some errors. Thus, a known time moment # and the data
array z = {z[k,n] = g(k.n, 1) + exn}, k,n =0, ..., N — 1, are available, where
e = {ek,n} , kyn =0,..., N — 1, is the array of random errors, which is assumed

to be a zero-mean white noise. The function f(x, y) is approximated by a spline

S, € 272 % which minimizes the functional J,(S) & pI(S) + E(S), where

N—1
def def
1) S ISOIP+1S12, ES) S D (stkon, 1) —zlk, n])?,

k,n=0
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where s(x, y, t) def VfS(x, y) and sz _ VIZd(Zc).
Let the splines S(x, y) € **".%” and s(x, y, 1) be represented as

N/2—1

S(x, ) =% D Ele vl I v, ),
K,v=—N/2
| N/2—1
sy =150 D0 Ol IR ¢TvIG)
k,v=—N/2
| N/2—1
=7 2 KO Ao €l vIe k) ¢ IG).
Kk,v=—N/2
Then, as in Eq.(7.12)
N—
1(S) = Z (W lie, v+ W'y, «1) [E[k, V]2,

Wi, v] & (2 sin jjv—’c)zr u? [k u [v].

It follows from Eq. (4.61) that the sampled spline

N/2—1

1
ston =~ >0 alkl@ vl e, viu® el u ] o

Kk,v=—N/2
Hence, the discrepancy functional

N/2 1

1
E®) =1y . [nlelo nivio e via e v) - 2 vl
K,v=—N/2

Consequently,

1p(8) = 5 XV p £l VI (W Tk, v] + W v, k])

~ 2
+ [nlel () nDv1@) § e, vIu el u? [v] = Zlx, v]| ™
Similarly to the 1D case, the solution to the minimization problem is derived as

N-1

Splz, fl(x, y) = Z Elic, vI(p) ¢P e, vI(x, ¥),

KVO
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§le, v](p) = gL V]U[K]*(I)An[v]*(t) uzr[/c]u2r[v],
olKe, v]

def r r 2r 2r 2
Aplic, v1'= p (Wi, vl + W v, k) + ‘U[K](I)U[V](f)u [k]u™[v]| .

Grid samples of the spline are

N/2—-1

1
Splz, tlk,m) =~ > €l vI(p) u k] u? o]
Kk,v=—N/2
N/2—1

| *F D 2L, v] nli]* (1) nlv]* (1) @ [k ] u? [v])*

NZ S ALk, v]

Optimal regularization parameter

def - S i
Assume that the squared norm of the errors £2 = ;{v . =10 e,% , 18 estimated. Similarly

to 1D case, the optimal regularization parameter p is derived from the equation

N—1
) EES == ¢,
k,n=0
N/2—1 . . s
— iz Z |2[/<, v]|2 (,O(W [K;‘V] + W [v,/c])) — 2 (13D
k,v=—N/2 pl, vl

which has a unique solution.
The optimal regularization parameter is derived by the MATLAB function
defroP.m.

7.2.2.3 Examples

Performance of the spline-based algorithm for inversion of the 2D heat equation is
illustrated on the examples where the initial temperature distributions f(x, y) are
defined by the images “Lena” and “Barbara”. The images are displayed in Fig.7.5.
The images are presented by arrays f = { f [k, n]} of pixels of size 512 x 512. Prior
to experiments, the operator U,2 defined in Eq.(7.15), with ¢+ = 5, was applied to
the original data. This operation resulted in blurring the images. The blurred images
g(x,y, 1) = Utzf(x, y) are displayed in Fig.7.14.

The following experiments illustrate the performance of the presented inversion
algorithms:

Restoration of the initial distribution from noised data arrays

Pixels arrays g = {g[k, n, t]} from the blurred images were corrupted by zero-mean
Gaussian noise e = {ek,n} with different STD:
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PSNR=25.65, Time=5 PSNR= 22.84, Time=5

Fig. 7.14 Blurred images: On the left “Lena”, PSNR=25.65dB, on the right “Barbara”,
PSNR =22.84dB

g — z={zlk,n] =glk,n,t]+ exn}, k.n =0, ..511.

Then, the cubic splines S, [z, t](x, y) € 44 were constructed using the collocation
and the difference approximations, where the parameter p values were derived from
Eq.(7.31). The images were approximated by the samples of the splines: f[k, n] &
Splz, t](k, n).

Restoration of the initial distribution from downsampled data arrays

In these experiments, the sparse corrupted data arrays affected by weak noise
z={zll,ml=glrl,rm, )+ e m}, I,m=0,..,512/r — 1,

are available. The images were approximated by the values of the splines: f[k, n] ~
Splz, t1(k,n), k,n = 0,...511, which are constructed on the sparse grid {rl, rm}.
The splines values are calculated by using the dyadic subdivision procedures
described in Chap. 6.

Quality of restored distributions is evaluated visually and by the peak signal to noise
ratio (PSNR) defined in Eq. (6.42).

RESTORATION RESULTS

Restoration from noised data arrays

Figures7.15 and 7.16 illustrate the restoration of the non-decimated “Lena” and
“Barbara” images, respectively. The left-hand frames in each image demonstrate
restoration of the images from the blurred (r = 5) data, which was corrupted by a
moderate noise, whose STD is 1. In both cases, noise is eliminated and significant
deblurring is achieved. The PSNR is elevated from 25.63 to 28.78 dB for “Lena” and
from 22.83 to 23.84 dB for “Barbara” using the collocation approximation. Utilizing
the difference approximation produced very close results. The right-hand frames
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Sampl=1:1, STD=1, PSNR=25.63 Sampl=1:1, STD=20, PSNR=20.53

Fig. 7.15 Top left the blurred “Lena” image (t = 5) corrupted by noise whose STD is 1,
PSNR =25.63dB. Top right the blurred “Lena” image (f = 5) corrupted by noise whose
STD is 20, PSNR=20.53dB. Center left the image restored by the cubic spline S,[z, t](k, n),
PSNR =28.78 dB (collocation approximation). Bottom left the same with the difference approx-
imation, PSNR=28.7dB. Center right the image restored by the cubic spline S,(z, t](k, n),
PSNR =25.45dB (collocation approximation). Bottom right: the same with the difference approx-
imation, PSNR =25.45dB

demonstrate restoration of the images from strongly noised (STD is 20 for “Lena”
and STD is 10 for “Barbara”) blurred data. PSNRs of the corrupted “Lena” and
“Barbara” images are 20.53 and 21.71dB, respectively. The restored images have
PSNR of 25.45dB for “Lena” and 23.11dB for “Barbara”. The main structure of the
images was restored. The collocation and the difference approximation produced the
same PSNR results.
The experiments were implemented by the MATLAB code

heat_exa2 di_co_stdP.m.
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Sampl=1:1, STD=1, PSNR=22.83

Sampl=1:1, STD=10, PSNR=21.71

Coll,, Spl. order: 4, PSNR=23.84, p=0.02 Coll,Spl. order: 4, PSNR=23.11, p=2.8

Fig. 7.16 Top left the blurred “Barbara” image (+ = 5) corrupted by noise whose STD is 1,
PSNR =22.83dB. Top right the blurred “Barbara” image (t = 5) corrupted by noise whose
STD is 10, PSNR=21.71dB. Center left the image restored by the cubic spline S,[z, t](k, n),
PSNR =23.84dB (collocation approximation). Bottom left the same with the difference approx-
imation, PSNR =23.82dB. Center right the image restored by the cubic spline S,(z, t](k, n),
PSNR =23.11dB (collocation approximation). Bottom right the same with the difference approx-
imation, PSNR=23.11dB

Restoration from downsampled data arrays

In the examples, which are illustrated in Figs.7.17 and 7.18, the performance of the
inversion splines S,[z, t](k, n), which are constructed using the collocation proce-
dure is compared with the performance of the splines constructed using the difference
procedure. Itis done on the blurred (r = 5) decimated input data when noise is almost
negligible: STD is 0.01. The input data arrays are downsampled at the rate of 1:2
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Sampl=1:2, STD=0.01, PSNR=25.68 Sampl=1:4, STD=0.01, PSNR=25.59

N

Fig. 7.17 Top left the blurred “Lena” image downsampled at 1:2, noise STD is 0.01,
PSNR =25.68dB. Top right the image downsampled at 1:4, PSNR =25.59dB. Center the eight-
order inversion splines designed by the collocation. Left sampling 1:2, PSNR=31.47dB. Right
sampling 1:4, PSNR =29.3dB. Bottom eight-order inversion splines constructed by the difference.
Left—sampling 1:2, PSNR =31.51 dB; Right sampling 1:4, PSNR=29.21dB

in the left frames and 1:4 in the right frames. In both cases, the eight-order splines
constructed on the sparse grids and upsampled by the dyadic subdivision algorithm
demonstrated the best results. When sampling rate was 1:2, the difference splines
produced a little bit higher PSNR than the collocation splines and vice versa for the
sampling rate of 1:4. For the “Lena” image the achieved PSNR values are 31.51dB
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Sampl=12, §TD=0.01, PSNR=22.81 Sampl=1:4, STD=0.01, PSNR=22.83

Diff., Spl. order. 8, PSNR=24.46, p=2.5¢-03 Diff. Spl. order: 8, PSNR=23.91, p=2.3¢-10

Fig. 7.18 Top left the blurred “Barbara” image downsampled at 1:2, noise STD is 0.01,
PSNR =22.81dB. Top right the image downsampled at 1:4, PSNR =22.83 dB. Center eight-order
inversion splines constructed by the collocation. Left sampling 1:2, PSNR =24.45dB. Right sam-
pling 1:4, PSNR =23.93dB. Bortom eight-order inversion splines constructed by the difference.
Left sampling 1:2, PSNR =24.46dB. Right sampling 1:4, PSNR=23.91dB

(1:2) and 29.3dB (1:4). For the “Barbara” image the achieved PSNR values are

24.46dB (1:2) and 23.93dB (1:4).
The experiments were implemented by the MATLAB code

heat_exa2_di_coP.m.
Comments

The above examples demonstrate that the parameterized inversion splines, where
the regularization parameter p is derived automatically from Eq.(7.31), efficiently
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restores images from the non-decimated and decimated blurred noised data arrays
when noise is not too strong. Otherwise, to suppress the noise, the algorithm uses
large values of the regularization parameter, which results in oversmoothing the
images. Design of the inversion 2D spline is implemented by the MATLAB function
heatsplaP2.m.

A possible way to improve the performance is to use different values of p for
different frequency domains of images. This approach, which is based on utilizing
spline wavelet packets will be discussed in Sect. 11.2.
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Chapter 8
Periodic Spline Wavelets and Wavelet
Packets

Abstract This chapter presents wavelets and wavelet packets in the spaces of
periodic splines of arbitrary order, which, in essence, are the multiple generators
for these spaces. The SHA technique provides explicit representation of the wavelets
and wavelet packets and fast implementation of the transforms in one and several
dimensions.

A breakthrough in the spline theory and applications has taken place during recent
decades, with the introduction of multiple generators of spline spaces, the so-called
spline-wavelets and wavelet packets [2, 3, 6, 12, 13]. The components of these
multiple generators are orthogonal to each other. In a sense, these multiple generators
provide a representation of a spline, which is intermediate between a time- domain
and a frequency domain representations. Once the spline is expanded over the shifts
of the components of such a multiple generator, its Fourier spectrum becomes split
into bands while the expansion coefficients retain a spatial meaning. This fact is
advantageous for signal and image processing. The wavelets and wavelet packets
achieve a remarkable success in denoising, data compression, convolution-related
problems, and features extraction, to name a few.

Throughout this section it is assumed that the splines orders are even: p = 2r.
Periodic setting provides much more flexibility compared to non-periodic setting in
the design and implementation of spline wavelet and wavelet packet transforms [7, 8,
15, 16]. It stems from the fact that all the calculations consist of fast direct and inverse
Fourier transforms (FFT and IFFT, respectively) and simple arithmetic operations.
In particular, operations with the shift-orthogonal splines and the (Battle-Lemarié)
wavelets become practical. Raising the splines order does not increase computation
complexity.

Design of multiple generators for spline spaces starts with introduction of the
splines spaces of different resolution.

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 133
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_8,
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8.1 Spline Spaces of Different Resolution Scales

In Chap. 6, a sequence of the spline spaces, whose resolution was higher compared to
the original space, was introduced. In this section, we move in the opposing direction
by extending the sequence into lower resolution spaces.

Logically, we should use negative integers for indexing the lower resolution
spaces. However, in order to avoid cumbersome notations, we use in this and the
subsequent chapters positive indices (while hoping that this will not lead to confu-
sion).

As before, N =2/, j € Nand w def' L27i/N  Denote N def N/2m = 2i="mg,
m=20,1, ...

Denote by the symbol 7.7, the space of N —periodic splines of order p whose
nodes are located on the grid {2" k}, k € Z, m = 0, 1, .. .. The dimension of the
space ?.7, is Ny,. For the space 7.7 of N —periodic splines with nodes on the grid
{k}, k € Z, the notation 7.¥ is retained. Obviously, for m > 0,

Ps ClPSyy...CP A= (8.1)

The N-periodic normalized B-spline of the first order on the grid {2 k} and its
Fourier coefficients are

Bp() S D27 (2" 2"t H kN) L en(B)) =

keZ

sinztn/ Ny,
wn/Ny

)

where the characteristic function x [a, b](¢) is defined in Eq. (3.12). The N-periodic
normalized B-spline of order p is defined via iterated circular convolution

def 1 1 sin(zn/Ny)\? .
Bp()= By @ By (0= 5> (Tl/\/m) Qint/N - (8.2)
nez m

The B-spline B} (1) belongs to the space 7.7, and its shifts form a basis of this
space. Each spline S(z) € .7}, is represented as

Np—1

S@t) = Z qlK1Bj, (t —2™k) . (8.3)

k=0

Similarly to the space 7.7, we introduce the orthogonal bases of exponential splines
in?.%,:

Nm_l
Gl > "Rl — 2"k
k=0
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_ L i G2rito/N+2 iy (ST 0/ N £ D) 84
2 2Ny +D) ) '

I=—00

no=—Np/2 ...,Np/2—1.

The sequence { {,ﬁ,’ [n](t)} of mutually orthogonal splines is N,,-periodic: g“,ﬁ [n](r) =
{,ﬁ [n + Np1(t). The N,,-periodic characteristic sequence of the space ?.%),

Nm—1 0 .
14 def _p _ < —2"nk pP (Ampy _ i sinw(n/Np +l))p
umln] = Gnlnl0) = é 0 B2 = 1:2‘00( (/N +1)
(8.5)

Proposition 8.1 The characteristic sequence ul)[n) of the space P.%,, can be cal-
culated via the 27 N —point DFT of the sampled B-spline BP(t) € P.:

Np—1
13 "
uplnl = - > w P BP (k). (8.6)
k=0

The proof is similar to the proof of Proposition 6.1.
A spline S(#) € P.#,,, which is expanded over the B-spline shifts as in Eq. (8.3),
can be alternatively represented as

m Nm/2—1 Np—1

S(r>=% > EMGnnl@), &l =glnl, = D o "qlkl.  (8.7)

n=—Np/2 k=0

As in Proposition 4.1, find the norm

Igmnlll = \/ N ud [n]. (8.8)

Thus, the orthonormal basis splines in the space 7.7, are

p def 1 p _ _
ym [n](t) = ‘/Nmu‘,i{[n] Cmn]@®), n=—Np/2,....,Nu/2 -1, (8.9)

and a spline S(¢) € ., which is represented as in Eq. (8.3), is expanded

Ny /2—1

1 o
S0 =[5 2 omoolnlyhnl©). owooln] = \/ufn] Ginln. (8.10)

M =Ny /2
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Remark 8.1.1 For splines on the initial scale (m = 0), the previous notations are
retained: P [n](t) = ;é’[n](t), yPn](t) = y(f’[n](t), uPn] = ug[n].

The space 7., is a subspace of the initial scale space 7.¥. Therefore, any spline
S(t) € 7.4, m > 0 represented as in Eq. (8.10) can be expanded over the ortho-
normal basis of 7.7:

N/2—1

S@t) = % > olnly?nl). (8.11)

n=—N/2

The set of coordinates {o[n]}, n = —N/2, ..., N/2—1,iscalled the SHA spectrum
of the spline S(¢). Further on, the relation will be established between the coordinates
{om,o,o[n]}, n=—Ny/2,...,Np/2 — 1 of the spline S(¢t) € ».¥,, m > 0 and
its SHA spectrum.

8.2 Two-Scale Relations

In the rest of this chapter, we assume that the order of the splines is even: p = 2r.

8.2.1 Two-Scale Relations in Spline Spaces

The spline space >".%,,, m > Ois a subspace of >".%,,_1. Therefore, the basis splines
{£Z [n1(1)} can be expressed via the splines {¢2" | [n](1)}.

Proposition 8.2 The two-scale relation

¢2 (1) = am—1[n1 2 n1(1) + am-10n + Nl &2 [0+ Nul(0),  (8.12)

1 mn
h _ = —cos? ,
where a,,_1[n] 5 0 N
holds forn = —Ny, /2, ..., ..., Nyn/2 — 1. In particular,

1 mn Lo TN o,
¢ Im(e) = 5 (cos” T2 ¢ Im)(0) +sin” T2+ N210) . (8.13)

Proof Keeping in mind that

. n . 2n .o, 2m(n+ Np)
sin? —— = sin?" = gin? —— "
Nm Nm—l Nm—l
22r Tn . mn
== cos¥ sin?”
m Nm—l Nm—l
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separate even and odd terms in the Fourier series in Eq. (8.4):

SIN2 27/ Ny O @2/ N+27"D

2r
&y [nl@) = T eE—
" 2m ,;oo (T (/N +D)*
o0 27i(n/N+2""+1 1)t
T s
= cos?” " sin? " ¢ >
2 N1 N1, 2= ((n/Np—1 + 1))
0 2770 ((n+Npy) /N2
+L COSZr 7T(l’l + Nm) Sian 7T(l’l + Nm) e wi((n+Npy)/N+ )t

2 (7 ((n + Np) /N1 + D)

l=—00

2m N1 Nm—-1

Comparing the last equation with Eq. (8.4), we see that

2 w(n+ Ny)

2 nl(r) = 1 (cos2r Nnn {,ﬁr,l[n](t) + cos

5 g2 I+ Nmm)) :
m—1 m—1

For further constructions, the two-scale relation between the orthonormal basis
splines is needed. It follows directly from Proposition 8.2.

Corollary 8.1 The two-scale relation

Y2 n1(t) = sm—1[n] y27 1 [01(t) + sm—1[n + Nuly2[n + Nul(0), (8.14)

4r
def | Upy_q[n] 5y TR
Sm—1ln] = ,/ 5[] cos N .
m m—1

for the normalized exponential splines holds forn = —Ny, /2, ..., Ny /2 — 1.
Remark 8.2.1 Ifn = —N,,/2, ..., —1,thenindicesn = n+ N, lieinthe range n =
Nu/2, ..., Nyy—1.The splines sequence {y2" ;[n]()}, n=—Np., ..., ..., Ny—1
is Ny, —1-periodic. Therefore, if n = 0, ..., N, /2 — 1, then ynzlr_l[n + Ny 1(t) =
ynzf_l[n — Ny ](t), where indices n = n — N, lie in the range 1 = —N,, ...,
—Nu/2 — 1.

The norms of the splines ynzf [n](r) and y,ﬁ’_ 1[n](¢) are equal to one. Hence,

(Sm_1[nD? + Gm_tln+ NuD> =1, n=—=Nu/2,...,Np/2 —1. (8.15)

8.2.2 Orthogonal Complements to Spline Spaces

Denote by 2" #}, 1 the orthogonal complement to the spline space 2%, in the space
2r “m—1. We construct an orthonormal basis that characterizes N,,-dimensional space
2’7%,,,1. Define the splines forn = —N,,/2, ..., N /2 — 1
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Y2 n1(0) L dy i [0 v 2 (1)) + dyei [+ Nl y,2 1 [0+ Nl (1),

. i u r_ [n 4+ Nyl Tn
dn1[n] % 0" 04 Nyl = 7 [FT T 2 T
2uyr[n] Np—1

(8.16)

Proposition 8.3 The setofsplines{ylﬁfl[n](t)}, n=—Ny,/2,...,Nyu/2—1, forms
an orthonormal basis for %" W1 -

Proof The mutual orthogonality of the splines { l[n](t)} n = —Ny/2,.
Ny, /2 —1, stems from the orthogonality of the “parent” splines {ym_l [n](2)}, where
n=-—Nu-1/2,..., Npy—1/2 — 1. If | # n then

(varind, y200001) = o[y 1 (720, 9,20 101)
1[0+ N ) a7 (720104 N, v 101)
o 1[0 1 11+ N (7201101, 72010+ Nl

o 11+ Nl N (720104 N, v22 [0+ Nl) =0,

Due to Eq. (8.15), the squared norms

2 2 2r 2 2 2r 2
vaniml|” = -t |72 0n)| ol + NI 7200+ N
= (sm—1ln+ NuD? + (sm-1[n)* = 1.
It remains to establish the orthogonality relation between the splines y "[n] (t) and

2’ 1[n] (¢) from the subspaces r o and 2 W1 of the space xS, respectively.
From Egs. (8.14) and (8.16), we have:

(varint, 7203 100) = sm-110) 1101 + St 1+ Nl dopa [+ NI

_2)7171

=w " (Sm—1[n] Sm—1[n + Nm]1 — Sm—1ln + Nplsm—1[n]) =0.  (8.17)

|
Remark 8.2.2 Note that the union {y2"[n](t)} U {ym 1 n](t)} = —Np/2, ...,
Ny /2 — 1, forms an orthonormal basis for the entire space 2 S n—1
Proposition 8.4 The splines ynz[ [n] (t) and yr%’ [n](¢) are the eigenvectors of the
shift operator
v nl (t +2"k) = 0™ "™ 2 [n] (1), (8.18)
yarn] (¢ +2"k) = 0® "™ 2 ] (1), k=0,..., Ny — L. (8.19)
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Proof At the initial scale, Eq. (4.20) implies that y>"[n] (t + k) = &"*y* [n](r). At
the first scale for/ = 0, 1
yioln] (t + 2k) = soln] y* [n] (t + 2k) + soln + N/2]1y* [n + N /2] (t + 2k)

= 0™ yZ[n]().

For m > 1, Eq. (8.19) is derived by induction. The proof for the splines yrfl’ 1[n]
is similar. u

8.2.3 Refined Split of the Spline Space into Orthogonal
Subspaces

The initial spline space 2., which can be regarded as the linear span of the orthonor-
mal basis splines {y2’ [n](t)} , hn=-—N/2,...,N/2 — 1, is split into the mutually
orthogonal subspaces of the first decomposition level 2. = 2.1 @2 #4.1. The
subspaces 2.7 and 2’7/1,1 are the spans of the orthonormal sets {yﬁ’o[n](t)} and

{ylzrl [n](t)} , respectively, where n = —N/2,..., N1/2 — 1.
We apply a similar procedure to either of the “offspring” subspaces. The spline
subspace is split =2 &) 2’7//2, 1- The orthonormal bases of these subspaces

are {y#'[n](1)} and {)/22’] [n](t)} ., n=—Ny/2,...,N2/2 — 1, respectively.
In order to split the subspace 2r 1.1, we define two sets {yz%rz[n](t)} and

im0} n=-Naj2.. N2 -1,

y250n)0) € diln] 2 n10) + diln + Nal v + Nal@),

Y25l E siin] v 01 () + si1ln + Naly2n + Nal(o),

4r 4r
n n—+ N
s1[n] def ul4[ ] cos?” H, dq[n] &f 2 anT [ 7 2] sin®” E.
2u; [n] Ny 2u; [n] Ny

Similarly to Proposition 8.3, it can be verified that the splines {yzzr [n](t)}, and

{yig[n](t)} , p =123, wheren = —Ny/2,..., N>/2 — 1, have norms equal
to one. They are mutually orthogonal within each set and any spline belonging to a
certain set is orthogonal to all the splines from the remaining three sets.

These orthonormal sets produce a natural split of the space " #1 | into orthogo-
nal subspaces: 2’7/1,1 = 2’%’2 @2’%,3, where the subspaces zr%yp, p =23,
consist of splines represented as
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Na2/2—1
St) = — plnl [n](0), =2,3.
\/N_zn=§2/262p ! V2 o g

Thus, the space >".7 is split into four orthogonal subspaces of the second decompo-
sition level

2r5p=2r5ﬂ2@2r%’1@Zr%’l@b%’z@%%&} (8.20)

and the union

[rrmol U imol U amol U smo) n=o v -1,

forms an orthonormal basis for the space >.7.

For uniformity, denote the space %, as > Wm0 and, respectively, the splines
Vi [01(1) as v, o[n](2).

Then, Eq. (8.20) can be rewritten as *".% = @220 W .

Such a decomposition scheme is expanded to the third level producing eight
mutually orthogonal subspaces and so on. In general, we assume that the set of

exponential splines {ynzf_ 1. l[n](t)} ,n=20,...,N,_1 — 1, forms an orthonormal

basis of the space 2r Wm—1.1. We construct a new orthonormal basis that consists
of two different blocks, which are orthogonal to each other, using the coefficients
Sm—1[n] and d,,—1[n] defined in Egs. (8.14) and (8.16).

If [ is even, then

gZ (1) =smoilnly 2y [n(0) + swoiln + Nl vy [n+ Nal(0),
(8.21)
Y21 1) = dp 1[0 Y2, (01 + dm [0+ Nl y2 0+ Nal(0).

If [ is odd then

yarylnl@) = dualnly Inl@) + dwiln + Nuly2 ) ln + Nal@),
(8.22)
Vil 1@ = sl vyl [n1(t) 4 smo1ln + Nyl vy 0+ Nul(0).

Then, the spaces 2 Win.21 and 2r7/m,21+1, which produce an orthogonal split of the
space 2r Wu—1. are formed as linear spans of the orthonormal systems {ynzf 2 [n](t)}

and {Vr%erIJr] [n](t)} , respectively, where n = —N, /2, ..., Ny /2 — 1. Similarly to
Proposition 8.4, the following shift property can be proved.
Proposition 8.5 The splines ynzlr ,[n] (t) are the eigenvectors of the shift operator

yan[nl (1 +2"k) = 0¥ "y 2 0] (1), k=0,....Ny— L. (8.23)
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Fig. 8.1 Diagram of 3-level orthogonal decomposition of the spline space

Note that application of the coefficients s,,—1[n] and d,,,_1[n] in Egs. (8.21) and
(8.22) is interchanged (see Remark 8.3.1).

Consequently, the spline space 2.% can be decomposed into a collection of
orthogonal sums:

2" —1

3
2ry=2r%’0@2r%’1 :@”%»,:,,_: @%V/m,l- (824)
=0 =0

The diagram in Fig. 8.1 illustrates the 3-level orthogonal decomposition of the spline
space 2.7. A circle with the letter s inside means application of the coefficients
sm—1[n] to the basis splines, while a circle with the letter d inside means application
of the coefficients d,,_[n].

Remark 8.2.3 Once the collection of different orthogonal subspaces of >". is avail-
able, different configurations of the split of 2.7 are possible. For example, when
3-level decomposition is performed, the splits

ZVy=2r%’0@2r%!2@2r%’7®2r%’7 or (8.25)
ZVy=2r%,0®2r%12@2r%,1®2r%,1 (826)
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and many others are possible. An optimal split is implemented via the Best Basis
algorithm [4, 9, 10, 14], which will be discussed in Sect. 8.4.4. If the decomposition
(8.25) takes place, then the orthonormal basis of >".# is formed by the exponential
splines

N/8—1

2 frmo] U o)),

N/16—1

Ulrmo) " Ulmo)

In the case (8.26), the orthonormal basis of r s

=—N/8

{n@mm]_meHmﬂmm]f;M

N/16— N/16—1

U {y32*2[n]( )} =—N/16 U {y’}’rl[n](t)}nz—N/lé'

def
By =

8.3 Spline Wavelet Packet Transforms

In this section we discuss transforms of the splines coordinates while changing from
one orthonormal basis to another.

8.3.1 Transform Matrices

Define the matrix

def Sm—1[n] Sm—1[n + Nyl
= 8.27
Am-1ln] = (%qmum4m+Nm) (827
_ ( | Sm-1ln] Sm—1[ + N )
" M spoi[n 4 Nyl =0 " sp_1n])’
4r
u,_[n] oy TN N
Sm—1ln] = 2T ] cos”" N Ny = >

The conjugate transpose of the matrix A,,_[n] denote by

[ ]dgf Sm—1[n] d; 1[”]
Sm—1[n + Nyl d* 1[”+Nm]
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Proposition 8.6 With any natural m, the matrices A,,[n] are unitary, that is

Ap—iln]-Al _[n]=A' _[n]-Ap_iln] =1,

m—1
where I denotes the 2 x 2 identity matrix.

Proof Equation (8.15) implies that

Ap—1ln] 'A:rn_l[n] = ( Sm—1[n] Sm—1[n + Np ] )

_ m—1
wm=lin Sm—1[n + Nl —w? "sm—1lnl

_2»1—]n
< Sm—1ln] w Srrlt—l[n + Nl
sm—iln+ Nul =02 " sy_y[n]

:((smlin1)2+ (sm 11+ Nn))? 0 ): (49) =1

0 (smfl[’l])2 + (Smf][n+Nm])2

Similarly, the relation A;_l [n]-A,,—1[n] = Lis verified. |

Corollary 8.2 The inverse matrix

_2/11—ln
ALl =Af_ ] = ( Smotln] - o Sm—1ln + N’"]).

smotln+ Nul =0~ 2" "5, 1[n]

8.3.2 One-Level Transforms

Let a spline S() € 2.7 be represented by the orthonormal basis splines

N/2—1

S =5 2 oo, (8.28)

n=—N/2

8.3.2.1 Transforms of the Splines’ Coordinates

The sequence {o[n]}, n = —N/2,...,N/2 — 1, is the SHA spectrum of the
spline S(r). The space 2. is the orthogonal sum of the subspaces > = 2 #1 o
and Zr%’ 1 whose orthonormal bases are {yl%[n](t)} and {ylzrl [n](t)], respectively,
wheren = —N1/2,..., N1/2 — 1 and N1 = N/2. Thus, S(¢) can be represented as
the sum of its orthogonal projections onto the subspaces > #4 o and > #4 1: S(t) =
S1.0(t) + S1.1(¢), where
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N/4-1
def |2
SLp® =5 2 eyl @, p=0,1. (8.29)
n=—N/4

The orthonormality of the basis splines implies that the coordinates
olnl = VN (S, ), o1,ln] = VN/2(S, v, [n).
Using the two-scale relations (8.14) and (8.16), we deriveforn=—N /4, ..., N/4 — 1
o1,0ln) = VNJ2(S, y2lnl) = VN72(S, (soln] v In] + solin + N/21y¥ [n + N /21))

= \g (solna[n] + soln + N/21o[n + N/2]), (8.30)

1
on1n] = \/; (do[n]o[n](t) +doln + N/2]a[n + N/2]),

un] oy TN
soln] = | —— cos™ —,
2u|"[n] N
4r N/2
doln] = o | N/2L o % = " so[n + N/2I. (8.31)

24}'[]

Equations (8.30) and (8.31) can be presented in a matrix form

orolnl) _ /1 o[n] _
(Uu[n]) _\/;Ao[n].(g[n+N/2]), n=—N/4 . .. N/4—1. (832)

The inverse relation is

oln ¥ o1,0ln]
(a[n+N/2]) V2A([n] - ( [n])
_ﬁ(so[nwv/z 1431 n°+N/z]) (a],l[n])’ n=-N/2,....N/2~1.
(8.33)

It follows from Eq. (8.33) that, once the orthogonal projections of the spline S(#)
onto the subspaces 2’7/1,0 and 2’7/1,1 are available (see Eq. (8.29)) then the spline
is reconstructed as

N/2—1

1
Sh=\y 2 olly¥ine,
n=—N/2

olnl = V2 (solnl o1 0ln] + di[nl oy 1 [n])
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— \/417 (m cos?” % o0l + o™ \/m sin" % ‘71,1["]) ‘
er[n]

(8.34)

In particular, the splines S1 o(f) € 2”7/1,0 and S1,1(7) € 2’%, | are represented as

- N/2-1 T N2
Sto® =y 2 solly¥ . S0 =5 > ailly¥ o,
n=—N/2 n=—N/2
[n] «fs [n] oy oln] = u4’[n] cos?” il op[n],
S1,0 olnlot,o ] W ‘il

4r
st, 1) < fdo[n] op,1ln] =™ /% sin®" 7;\;1 ay,1[n]. (8.35)
1

The sequences {c1 0[nl}, n=—N/2,...,N/2—1and{g11[n]} . n=—N/2,...,
N /2 — 1 form the SHA spectra of the splines S o(¢) € 2’7/170 and S1,1(¢) € 2’7/1,1,
respectively. Note that the sequences {u?r [n]}, {al,o[n]} and {01’1[n]} are N/2-
periodic.

8.3.2.2 Remarks on the SHA Spectra Transforms

Assume a spline

N/2—1

S(t) = % > olnly¥nl).

n=—N/2

It follows from the discussion in Remark8.2.1 that, if indices v lie in the range
—N/4, ..., N/4—1,then {o[n]} compose the low-frequency part of the SHA spec-
trum of S(¢). The set

4— 4—1 2—
foln + N2 4 = et M55 U o3

composes the high-frequency part of the spline’s SHA spectrum.

Equation (8.35) implies that the SHA spectrum ¢ o[n] of the splines Sj o(t) €
2r . is the product of the N-periodic sequence so[#] and the N /2-periodic sequence
V2 o1,0[n]. Due to Proposition 4.36, the spline S; ¢(#) is the result of s-filtering the
spline
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N/2—1

S 2
Sl,O(t)= N Z GI,O[n]Vzr[n](t)
n=—N/2
5 N/ . ) v
=V Z oroln] \ vy~ [nl(t) + vy n+3 (t)
n=—N/4

with the s-filter sg o, whose frequency response is so[n]. Respectively, the spline
S1.0(t) € 2.7 is the result of s-filtering the spline

) 5 N/2—1
Suw =5 2 oulnly¥no
n=—N/2
N/4—1
2 N
=%y 2 oulnl (er[,,](,) +y [n + 3] (r))
n=—N/4

with the s-filter ¢ 1, whose frequency response is dg [n] = @ "so[n + N/2].

Proposition 8.7 The sequence {sg [n]}flvz/ 2__Nl Jo Presents the frequency response of a

low-pass p-filter, while the sequence {dy[n] = &"so[n + N/ 2]},1:[:/ 2__Nl /2 Presents the

frequency response of a high-pass p-filter.

Proof Equation (8.5) implies that the characteristic sequences of the spaces .
and % M .o are

e sinn(n/N+l))4’
u [n]_lezz(”(n/N+l)

_ (sinx/M) " ! | »
_( mn/N ) (1+ (1—N/n)* + (1+N/n)4’)+O(N ), (8.36)

) = lz(sinﬂ(2n/N+l))4r

zleZ 7(2n/N +1)

_ 1 (sin2rn/N)¥ ! ! »
- 2( 27n/N ) (1+ (1 —2N/n)* + (1+2N/n)4")+0(N ). (8.37)

If |n] < N then

sin2m(n/N)

0] = (sin w(n/N)
N 2n/N

)4r+ O(N_4r) u4r[n] — l (
an/N P 2

4r
) +O(N~*)

and we have
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soln] = u* [n] 2T (2mz/N sinrr(n/N))zr o "

2u¥[n] o N mn/N sin2x(n/N) N
1

N

( 2sin(n/N) )2r oy TN

= - cos” — = 1.
2sinw(n/N) cosm(n/N)

Note that this “flat” interval is the longer, the higher spline’s order is, due to the faster
decay of the remainder terms in the expressions (8.36) and (8.36). When 7 is close
to N/2,

W [n] ~ sin® T2 ( ! n ! ) £ ON™).
N \(z(n/N)*  (w(n/N)—D*

Thus, u* [n] is decaying as n — N/2 and lim,_, v u* [n] ~ 2(7/2) ™.
On the other hand, when 7 is close to N/2, u?’ [7] can be represented as

arpq L sing@n/N—D\" 1, B 1 )4’
uy' [n] = 2 (—rr(Zn/N 1 ) + 5sin 7(2n/N —1) le;_l (7}1(2”/1\,_’_” :

Thus, u‘f’[n] is growing as n — N/2 and u‘l"[N/2] = 1/2. Consequently, the
fraction |/u*[n]/2 u‘llr [n] is decaying as n — N /2 thus enhancing the decay of

cos? wn/N. The sequence so[n] is fast decaying as n — N/2 and so[N/2] = 0.
Recall that it is symmetric about zero. Therefore, it is the frequency response of a
low-pass p-filter, while {dg[n] = w"so[n + N /2]},}1V =/ 2:1\,] P is the frequency response

of a high-pass p-filter. |

We denote by s o the p-filter whose frequency response is {sp[n]} and by sg 1 the
p-filter whose frequency response is {d(’)‘ [n]}, wheren = —N/2,...,N/2 — 1.

Figure 8.2 displays the magnitude responses of the p-filters sp o and s 1 for the
splines of orders 2, 4, 6 and 8. Observe that the magnitude responses of the p-filters
tend to rectangles when the splines orders increase.

Equation (8.30) means that the coefficients {al,o[n]} ,n=—-N/4,...,N/4—1,
are derived mainly from the low-frequency components {o[n]}, n = —N/4, ...,
N/4 — 1, of the SHA spectra of S(t), while the high-frequency components
{o[nl}, n = (-N/2,...,—N/4 - 1), (N/4,...,N/2 — 1) are suppressed,
especially for the splines of higher order. It is seen from Eq. (8.31) that, for the
coefficients {o1,1[n]}, n = —N/4,..., N/4 — 1, the situation is just opposite.

As for the reconstruction of S(¢) from the orthogonal projections, Eq. (8.34)

demonstrates that the low-frequency components {o'[n]}, n = —N/4,..., N/4—1,
of the SHA spectra are restored mainly from {0y o[n]}, n = —N/4,....N/4—1,
with minimal participation of {oy,1[n]}, n = —N/4,..., N/4 — 1, and vice versa
for the high-frequency components {o[n]}, n = (-=N/2,...,—N/4 - DU,

(N/4, ..., N/2—1).Theplots were produced by the MATLAB code S_filters.m.



148 8 Periodic Spline Wavelets and Wavelet Packets

Spline order: 2 Spline order: 4
1 ’ Y
0.8
=—s[n+N/2]
061 ': ‘|‘
1] 1
i 1
0.4 ] H
1
/ \
{02 i A
I’ A
7 kY
/ N\
’ ; : " 0 - . L b
-100 -50 0 50 100 -100 -50 0 50 100
Spline order: 6 Spline order: 8
1 1
081 1 08¢
06 ===sn] 1 o6t ===sn]
H
i
0.4r 1 041 i
1
i
02+ 102} H
1
]
7
0 0 ‘
0 100 -100 -50 0

Fig. 8.2 The magnitude responses s¢.o (dashed curves) and }so,1| = {so[n + N /2]},11\/:/ 2_—N1 2 (solid
curves) for the splines of orders 2, 4, 6 and 8, N = 256.

8.3.2.3 Periodic Battle-Lemarié Wavelets

We denote

ot l1\//2—1
<p2’(t)§\/; > y¥Inl, (8.38)

n=—N/2

These splines, whose SHA spectrum v[n] = 1, n = —N/2,...,N/2 — 1, were
introduced in Section 4.1.4, and the following property was established.

Proposition 8.8 The translations {g02’ (t—k}, k=0,...,N —1, of the splines
@ (t) form an orthonormal basis of the space *" . .

The splines ¢’ (r) are real-valued and can be produced by periodization of the
non-periodic self-dual spline generators (Battle—Lemarié father wavelets) [2, 6].
Thus, it is proper to call them the periodic Battle-Lemarié father wavelets.
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Periodic Battle-Lemarié wavelets of the first decomposition level
Define the splines

5 N/A- T N2
v (r)dﬁf\/; > yﬁ’o[n](t):\/; > violnly¥ (). (8.39)

n=—N/4 n=—N/2
N/4—1 1 N/2—1

v < f yﬁ’l[n](t)=\/; > vialnly¥nl@). (8.40)
n—fN/4 n=—N/2

Due to Eq. (8.35), their SHA spectra are

_ _ u4r[n] or 7r_n
violn] = v2so[n] = o N (8.41)
4r + N/2 )

respectively. It follows from the shift property Eq. (4.20) of the exponential splines
that the spline wf’l (t + 1) has a real-valued SHA spectrum:

T

Y+ 1) = \/;nZ::, 11 [nly? [n](@), (8.42)
4r

ban] = [N G T i N2

u?r [1] N

The splines 1//12”1 () are called the periodic Battle-Lemarié mother wavelets of the first
decomposition level. They can be produced by periodization of the non-periodic self-
dual (Battle-Lemarié) mother wavelets [2, 6]. The splines wlzfo (t) are the periodic
Battle-Lemarié father wavelets of the first level.

Equation (4.30) implies that the grid samples of the splines are

N/2-1
il =+ > wolnl e b = ] or T o

o e Ly
Nn=7N/2 utr[n] anfN/2 u‘l‘r[n] N

2 N/2-1

Nj2—1

Ve =~ S i AL
1,1 Nn=—N/2 ’ /u4r[n]

N/2—1

1 u*[n] 4 oy TN
= — ——— Ju*[n+ N/2] sin? — o*—Dn,
N2y VI N2 s

ey U1 [l
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Fig. 8.3 Left Periodic Battle-Lemarié wavelets 1[/ () (dashed curves) and 1// 1 (2) (solid curves),
r=1,2,3,4,5, of the first decomposition level. Rzght Their SHA spectra vy, o[n] (dashed curves),
and vy 1[n] (solid curves), N = 128

Proposition 8.9 Translations {4t 20} and fuic =20}, k = 0...

N /2 — 1, of the first level wavelets form orthonormal bases of the subspaces > M0
and % W 1, respectively.

.

Proof The orthonormality (Proposition 8.3) and the shift property (8.23) of the expo-
nential splines y12’1 [7](¢) imply that the inner product

N N/4—1
/ Uit = 2k) Y (r — 2D dt = 7/ > vl = 2k yHml - 20)* dt
0 n,m==—N /4
2 N/4—-1 N N/4—1
=~ 2, ot / Oy im0 de = = > o™ = sk -1,
n,m=—N/4 0 n=—N/4

Thus, N /2 splines {wf’l (t — 2k)}, which are orthogonal to each other and whose
norms are equal to one, form an orthonormal basis of the N /2-dimensional space
.1 Proof for the splines [yt — 2k is similar. ]

Figure 8.3, which was produced by the MATLAB code Gen_wp_L1P.m, dis-
plays the wavelets 1//12r0 (t) and xp%’l (t+ 1D forr = 1,2, 3,4, 5 and their SHA spectra
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v1,0[n] and vy 1[n], respectively. The spectra vj o[n] occupy the central parts of
the plots, which correspond to lower frequencies, while v; 1[n] are located near the
edges, which correspond to higher frequencies. The higher the spline’s order is,
the closer are shapes of the SHA spectra v g[n] and vy 1[n] to rectangles and the
smaller is their overlap. Respectively, the effective support of the wavelets widens
when the spline’s order increases.

8.3.3 Transforms to Coarser Levels

Assume the spline space S(f) € .7 is split into four orthogonal subspaces as
in Eq.(8.20). Then a spline S(t) € 2.7 given in Eq. (8.28) can be decomposed
into its orthogonal projections onto the subspaces 2’%,1, [ =0,1,2,3: S¢t) =

>0 0 82.(1), where

| N2/2—1 N

def

S = [+ D oulnlyiinl@), Na= .
L "Ny )2

Similarly to the first decomposition level, the coordinates o2 o[n] and o7 1[n] are
derived from o7 ¢[n] using the matrix Aj[n] defined in Eq. (8.27):

07,0[n] _\/I ) o1,0(n] _ _
(02,1[71])_ Al (01,0[H+N/4])’ NS NS

The inverse relation is

( o1,0ln] ):«/EAI[n]-(GZ’O[n])

o1,0ln + N/4] o2,1[n]

_ s1n] df[n] 02,0[n] _ _
—ﬁ(s][n+N/4]dr[nl+N/4])'(az,l[n])’ =N/ N

Hence, the splines are embedded into the space " #, ( as

7 N/4—1
S200) =1/ 2 silnlorolnl ylnl),
n=—N/4
7 N/4—1
Sz,l(t)=\/; > dinloaln] yiolnl®).
n=—N/4

Their coordinates in the space 2’7/1,0 are /2 s1[n] 02.0[n] and ﬁdf[n]az,l[n],
respectively. Using Eq. (8.35), we embed the splines into the initial space >"., thus
deriving their SHA spectra:
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T N2
Sz,p(t)=/; Z s pnly¥nlt), p=0,1,

n=—N/2
4r 4r
def u*'[n] |ui"[n] o TN o 2mn
n] = 2so[n]sin]ozoln] = | ——— cos” — ¢ — 0
s2.0ln] olnlsi[n]oz0ln] i\ w¥ il N 2,0ln]
4r 2
= 4r[n] cos? 2 cos? ﬂog oln],
uy' [n] N N

6.1[n1 & 250[n1 d}[n] 05,1 [n]

u* [n] 4r [n + N/4] n

—2n 2r
cos™ ——

\/ r[n \/ N

x sin? —0'21[11
N

The sequences {c20[n]} and {¢2,1[n]}, n = =N/2,..., N/2 — 1, form the SHA
spectra of the splines S> o(f) € 2r Wroand Sy 1(t) € 2 W5 1, respectively. It is readily
seen that their effective supports are (—N/8, ..., N/8—1)and (—N/4,..., —N/8—
D UN/S, ..., N/4—1), respectively. One should keep in mind that the sequences
{u‘l" [n1}, {o1,0[n1} and {01 1[n]} are N /2-periodic, while {u3[n]}, {02,0[n]} and
02,1[n1} are N /4-periodic.

To project the spline S(¢) € 2 .7 onto the subspaces 2 #5 > and %" #5 3, utilize

the matrix A[n] once more. Forn = —N/8, ..., N/8 — 1, the following relations

hold:
o23[n]) _ \/I ' o1,1[n]
(02,2[71]) =y il (01,1[11 + N/4])’
_ \ﬁ ( silnloyiln] + siln + N/4lo11[n + N /4] ) 8.43)
dilnloiiln]l +df[n+ N/4oyiln+N/41 )

The inverse relation is

( o1,0[n] ) :«/QAI[n]-(G“[n])

o1,0ln + N/4] 02,2[n]
_ s1[n] df[n] (023111
=2 (S1[n + N/4) df[n + N/4]) (az,z[n]) ‘

Hence, the splines are embedded into the space 2r7/1, 1 as
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1 N/4—1

230 =1+ > silnloaslnl y2nl @),
n=—N/4
N/4—1

2200 =15 > dfnlogaln] yiinl(@).
n=—N/4

Using Eq. (8.35), we embed the splines into the initial space *"., thus deriving their
SHA spectra:

N/2—1

Sop®) =\~ 2 plly¥no, p=2.3,
n=—N/2

c23[n] & 243 [n]s1[n] 02.3[n]

4(n+ N/2 2
— " w sin2 2 cos? ﬂ(72,0['1]7
ud [n] N N

el & 243l din] oaa(n]

a \/u4r[n 1 N/2] \/u‘l‘f[n + N/4]
w X

4 4
ulr[ uzr[n]

nj

oy 27N

2r
— O nj.

. Tno .
x sin“’ — sin
N

The sequences {52,3[n]} and {gz,z[n]} ,n=-—N/2,...,N/2 — 1, form the SHA
spectra of the splines S23(f) € zr Wa3and $r2(t) € 2’7/2,2, respectively.

Remark 8.3.1 At the first glance, it seems natural to derive, unlike Eq. (8.43),
02,2[n] by application of the “low-pass p-filter” si[n] to the sequence o1 1[n], n =
—N/8, ..., N/8 — 1, the “high-pass p-filter” si[n + N /4] to the sequence o7 1[n +
N /4] and vice versa for o, 3[n]. However, an analysis of the structure of iterated
p-filters,which is similar to the analysis in Proposition 8.7, dictates the transform
in Eq. (8.43). As a result of this scheme, the effective supports of the sequences
{s2.2[n]} and {c23[n]}, n = —N/2,...,N/2 — 1, which form the SHA spec-
tra of the splines S> (1) € 2 #5, and S>5(t) € > #33,are N/4,...,3N/8 — 1,
and3N/8, ..., N/2—1, (and symmetrically for the negative n), respectively. Thus,
the SHA spectra {2,0-[n1}, {s2.1[n1}. {s2.2[n1} . and {2 3[n]} produce a split
of the SHA spectrum of S(7) into four parts. The indexing of these partial spectra
correspond to their frequency content.

A similar interchanging scheme is implemented for the direct and inverse transforms
to the subsequent level. A general rule is:
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Fig. 8.4 Diagram of 3-level wavelet packet transform of a spline, whose SHA spectrum is {o [n]}.
Notation 7 % n + N/8 for coefficients of the third level

om,2i[n] _\/I ) om—1,i[n] e
(Um,yﬂ[n]) = 2Am_1[n] (Um—l,l[n +Nm])1fl iseven, (8.44)
Om,21+1[n] _ﬁ ) om—1,1[n] e
( omatln] )— Z Am-1ln] (am_l,l[n+Nm])‘f“S odd.

A diagram of the 3-level wavelet packet transform of a spline, whose SHA spec-

. L - _ def
trum is {o[n]} is displayed in Fig. 8.4. For compactness, we denote n = n+ N/8
for the coefficients of the third decomposition level.

The reconstruction is implemented in an inverse order.

( om—1,1[n] ) \/_AT _In] ( Om,21[n] )iflis even, (8.45)

om—1,1[n + Ny, om,21+1[n]
om—1,1[n] _ + [ omasilnly ...
(Gmlgl[nJer]) = V2A |In] ( ] )1fl1s odd.

Remark 8.3.2 In order to derive the SHA spectrum {c,[nl}, n = —=N/2, ...,
N/2 — 1, of aspline

N /2—1
> omalnlynlt) € ¥ Wi,

n=—Ny/2

S(t) =

vV Nm
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Fig.8.5 The magnitude responses of the second level s-filters s o[1] (solid curves), s> 1[n] (dashdot
curves), s22[n] (dashed curves) and s 3[n] (dotted curves) for the splines of orders 2, 4, 6 and 8§,

N =256

we put Umj[n] =O0foralln = —N,/2,...,N,/2 — 1 and [ # [. Then, the
reconstruction operations (8.45) should be iteratively implemented starting from the

level m till the initial level.

Denote the frequency responses of the second level p-filters , which generate the
SHA spectra of the orthogonal projections of a spline, as

sn.0ln] & soln] silnl, saaln] < soln]dilnl,

5200 & dinldinl, s2sln] E diinldinl.

where n = —N/2,..., N/2 — 1. The magnitude responses of the p-filters are dis-
played in Fig. 8.5, which was produced by the MATLAB code S_filters.m.

Remark 8.3.3 Note that a spline S ,(7) € 2’%,,,, p=0,1,2,3, from the second

decomposition level

Ny/2—1 I N/2—1
> oz,p[n]y%;[n](n:\/; > ]y Inl@),

1
SZ,p(t) =4/ 5
N2 n=—N/2 n=—N/2
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Fig. 8.6 The magnitude responses of the third level p-filters for the splines of orders 2, 4, 6 and 8,
N =256

where ¢ ,[n] = 52, p[n] o2, ,[n] can be regarded as a result of s-filtering the spline

N/2—1

S$,00=N"2">" o ,Inly*nlt) € ¥
n=—N/2

with the s-filter whose frequency response is sz, ,[1]. Recall that the sequences o3 [1]
are Ny = N /4-periodic. A similar observation is true for coarser decomposition
levels.

Figure 8.6 displays the magnitude responses of the third level s-filters. For better
resolution of the picture, in Fig. 8.6 the magnitude responses are displayed for the
half-bandn =0, ..., N/2— 1. The other half-bandn = —N /2, ..., —1 mirrors the
former one. We observe that these magnitude responses provide refined partitions
of a spline” SHA spectrum into 4 or 8 components, respectively, whose overlap is
minimal. The shapes of the curves tend to rectangles as the splines’ orders increase.

The plots in Figs. 8.5 and 8.6 were produced by the MATLAB code
S_filters.m.
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8.4 Spline Wavelet Packets

8.4.1 Definition of Spline Wavelet Packets

The complex-valued basis splines yn%’ [n](¢) and yrﬁr ;[n](z), which are designed iter-
atively via two-scale relations (8.21) and (8.22), are well localized in the frequency
domain, but their supports in the time domain occupy the whole interval [0, N) (up
to periodization). Extending the definition of the periodic Battle-Lemarié wavelets
in Egs. (8.39) and (8.40), we introduce a family of orthonormal bases for the spline
space 2.7 . Elements of these family are real-valued and well localized in time
domain. Denote,

Np/2—1

vy [ — Z yZn1(t) € Wy, 1=0,...2" — 1. (8.46)
Nﬂ‘l/2

Proposition 8.10 There holds the relation reciprocal to Eq. (8.46):
Np—1

1 ,
Yo lnl(0) = . > WPk (- 2"k) (8.47)

m

Proof Equation (8.46) and the shift property Eq. (8.23) imply that

Ny /2—1
Y2, (t —2"k) — > oMy,
n—_Nm/2
Applying the IDFT, we get Eq. (8.47). |
Proposition 8.11 The translations {I/fr%;: (= 2’"k)} . k=0,. —1,, where

Ny, = N/2™, form an orthonormal basis for the space * Wm,l. The translations

2"m—1

U (=20}, k=0, .Na—1,

=0
form an orthonormal basis for the entire space *" ..

Proof The spline 1//31’ ; (t —2"k) is orthogonal to any spline lﬁi’ i (t — 2’”/2), for

I # I because they belong to mutually orthogonal subspaces. The inner product of
two splines from the same subspace is
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N N
/ v (= 2m) v, (1= 2"k) ar
0

| Ny /2—1 N
=y X e oo
N L 0 ' '
n,n=—Np/2
| Ny /2—1 )
= — Z w2k — stk — k], k,k=0,...,N, — 1.
M =N, 2

Thus, N,, mutually orthogonal splines {w,%[l (t — 2’”k)} , k=0,...,N,—1,

whose norms are equal to one, form a basis of the N,,-dimensional space 2z W 1

The splines l/fr%l’ o () and Ip,%[ | (¢) are periodic Battle-Lemarié father and mother

wavelets, respectively. The splines wlf[ ; (1) with arbitrary [ = 1,...,2" — 1, are
periodic orthonormal wavelet packets.

8.4.2 The SHA Spectra of Spline Wavelet Packets

All the spaces > #,; are the subspaces of the initial spline space >".7, thus the
wavelet packets 1#3[ ; (1) belong to 2r . To efficiently operate with them, we need

N/2—1
to know the SHA spectra {V'"J[”]}n:/—N/z
coordinates in the orthonormal basis {y* [n](t)}, n = —=N/2, ..., N/2— 1, of the

space 2.7

of these wavelet packets, which are their

wot | Ny /2—1 I N/2—1
UOR= i > y;{l[n](t):\/; D vmalnlynl(0). (8.48)

" n=—Np/2 n=—N/2
At the initial scale we have ¢ (1) = gﬁg’ (1) = N~1/2 Z:’Z/Z:NI/Z y¥nl(t) =
vo[n] = 1. The SHA spectra of the first level wavelet packets w%’O (t) and w12r 1 (@
were presented in Eq. (8.41)

4r
u“'[n] n
1 cos? —
ui"[n] N

violnl = v2soln] = :
u*n+ N/2] n
vl = V2din] = 0" | ————L= gin? —.
1,1ln] oln] W] N
Generally, in line with Remark 8.3.2, to derive the SHA spectrum {v,, ;[n]}, n =
—N/2,...,N/2 — 1, of a wavelet packet wifl (1), one should put o, ;[n] = 1,
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Fig. 8.7 Diagram of calculation of the SHA spectra of 3-level wavelet packets

om[n] = 0and Umj[”] =O0foralln = —Ny/2,..., Nyn/2 — 1 and ] # [. Then, the
reconstruction operations (8.45) should be iteratively implemented, starting from the
level m till the initial level. However, practically, the calculations can be implemented
by the following tree-structured scheme.

. violnl) so[n]
voln] = 1, (uu[n]) = V2wln] (dg[n]),

............. (8.49)
Vm2[n] '\ _ Sm—1[n]Y ...
(Um’ﬂ“[n]) = ﬁvm_l,l[n] (d;:,,l[n]) if [ is even,
vpalnl \ dy 4InlY .., . _ _
(Vm,21+l[n]) = V21,40 (Sm_l[n])lfl isodd, n=—-N/2,...N/2—1.

The scheme is illustrated by the diagram in Fig. 8.7.

Remark 8.4.1 1t is seen from Egs. (8.49) and the diagram in Fig. 8.7 that the SHA

spectra of the pair of m-level wavelet packets 1//31’ 5 (t) and 1//31’ 2141 (#) are derived

from the SHA spectrum of the m — 1-level wavelet packet w,i’ ; (). In that sense, the
wavelet packet 1/;351 (1) is the “parent” of 1//3521 (t) and ’»”r%;ral (r) while ‘/’r%;r,21+1 (t) and
wzf 2141 (1) are its “offsprings”.

Example: Wavelet packets from the second level
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Fig. 8.8 Second level wavelet packets and the right half-band of their SHA spectra. Upper frame
from left to right:r3 ((1), ¥3 (1), ¥, (1), ¥3 5(1). Bottom frame: vy o[n], (solid line) vy,i[n]
(dotted), v2 »[n] (dashed), v> 3[n] (dashdotted)

4r
u*n] n 2mn
cos? == cos?

ug’[n] N N

4r
o, 1n] = 250l dffn] = =21 [
' ulr[n]

vp o[n] = 2sp[n] s1[n] =

)

4r
ui"[n+ N/4 2
il /4] cos? I gip2r 228

ug’[n] N N

4r

ui"[n+ N/4 2

1 [4 /4 sin?" T sin?" omn
us"[n] N N

where n = —N/2,, N/2 — 1. Figures 8.8, 8.9 and 8.10 display the second level
wavelet packets and their SHA spectra for the splines of orders 2,4 and 8, respectively.
These figures were prepared by the MATLAB code wp_level2P.m. The SHA
spectra of the wavelet packets and their grid samples were produced by the function
wavs_coefP.m.
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Spline order: 4
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Fig. 8.9 Second level wavelet packets and right half-band of their SHA spectra. Upper frame from
left to right: Y3 o (1), ¥3 | (1), ¥3 5 (1), ¥3 5(¢). Bottom frame: vy o[n], (solid line) v3 1[n] (dotted),
v 2[n] (dashed), v2 3[n] (dashdotted)

8.4.3 Wavelet Packets Bases

Assume that a spline S(¢) belongs to the space 2" #, ;. Then, it can be expanded over
the orthonormal wavelet packets basis. Equation (8.46) and the shift property (8.19)
imply that

Np—1 Npy—1 Np/2—1
S(t) = Z Gm 1 TK] Yoty (1 — 27k) Z Gualk] Dy ln] (1 —2"k)
n=—Ny /2
1 Npn/2—1 Np—1
= > vannl @) Z @ 2" g 1 1k]
n=—Np /2
| Ny /2—1
=/ 2 omilnlylnl ).
" n=—N,/2

Thus, the coordinates of the spline S(¢) € 2 W1 in two orthonormal bases of the
space are linked via the DFT as
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Fig.8.10 Second level wavelet packets and right half-band of their SHA spectra. Upper frame from

left to right: Y (1), Y3 | (1), Y5 5 (1), ¥§ 5(¢). Bottom frame: va o[n], (solid line) v3 1[n] (dotted),
v2.2[n] (dashed), v2 3[n] (dashdotted)

Ny —1 1 N /2—1
omilnl = D & quilk], guilkl=— D ¥ ™ol (8.50)
k=0 N n=—Ny /2

In particular, if a spline () belongs to the initial space "%, then it can be expanded
over the alternative orthonormal bases:

N-1 I N/2—1
S =2 qlklg” (k) =/~ > olly¥nlw),
k=0 n=—N/2

where ¢ (t) is the periodic Battle-Lemarié father wavelet defined in Eq. (8.38). The
coordinates are linked via the DFT

N-1 | N/2—1
olnl =2 o qlkl, qlkl=+ > " olnl (8.51)
k=0 n=—N/2

Assume, the set {o[n]}, n = —=N/2,..., N/2 — 1 is available. For example, if we
know the grid values of the spline: S(k) = z[k], k =0

=0,..., N — 1 then, due to Eq.
(8.52),
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nl oy o u¥In] S
= .V = : E . 8.52
oln] Vo] [n] T 2 (8.52)

Consequently, all the coordinates o, ;[n] of the orthogonal projections S(z) of the
spline S (¢) onto the subspaces 2’Wm,1, m=1,....,.M,[=0,...,2™—1 are calcu-
lated by arithmetic operations (Eq. (8.44) and Fig. 8.4). Then, by utilizing Eq. (8.50),
we find the coordinates g, ;[k] in the wavelet packets’ bases {1//31’ ;@ =2"k) 1,
respectively, of the projections S(¢). These computations are fast, because they con-
sist of forward and backward application of the fast Fourier transform. The wavelet
packet transform of a spline, whose grid samples are known, is implemented by the
MATLAB function samp_spl_WP_analP.m. Once these coordinates are calcu-
lated, it is possible to represent the spline S(¢) via a variety of orthonormal bases,
which are constituted by the wavelet packets {1//3[ ;= ka)} that belong to differ-

ent combinations of the subspaces 2 #m.1. The obvious options are:

e “Horizontal” bases that are bases consisting of shifts of all the wavelet packets

from the same level m, where m can be one of the integers 1, ..., M:
L
B, < (J{vir (r-2m%)} . (8.53)
=0
where L = 2" — 1 and k = 0, . — 1, N,, = N/2™. In this case, the

SHA spectrum of a spline S() is spht 1nto L regions of the same size as seen, for
example, in Figs. 8.8, 8.9 and 8.10. Restoration of a row signal or of rows of a 2D
array from its coordinates in a “horizontal" wavelet packets’ basis is implemented
by the MATLAB function horizontal WP_synthP.m.

e Wavelet bases

By (v (-0 U v -2 (8549

U v (-2 1k)}_"” U Uvh (r—2k>}

The SHA spectrum of a spline S (t) is split ina logarithmic mode. Figures 8.11,
8.12 and 8.13 display wavelets 1// ), 1// (1), w (1), w (t) and their SHA
spectra, which originate from the sphnes of order 2 4 and 8 respectively. The
plots were produced by the MATLAB code wiv_level3P.m.

/2—1

The direct and inverse wavelet transforms of the spline coordinates are implemented
by the MATLAB functions spl_Wv_analP and spl_Wv_syntP, respectively.
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Fig. 8.11 Spline wavelets of order 2 and right half-band of their SHA spectra. Left frame from left
to right: Y3 o (1), Y3 (1), ¥3 (1), ¥, (1). Right frame: v3 o[n], v3 1[n], va.1[n], vi1[n]
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Fig. 8.12 Spline wavelets of order 4 and right half-band of their SHA spectra. Left frame from left
to right: Y3 o (1), ¥3 (1), Y3 (1), ¥ | (¢). Right frame: v3 g[n], v3 1[n], v 1[nl, v 1[n]
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Fig. 8.13 Spline wavelets of order 8 and right half-band of their SHA spectra. Left frame from left
to right: Y8 o (1), W5, (1), Y5 (1), ¥§ | (1). Right frame: v3 o[n], v3 1[n], va.1[n], vi1[n]

8.4.4 Best Basis

Besides two kinds of orthonormal wavelet packets bases, which are presented above,
a variety of orthonormal wavelet packets bases is possible. These bases are generated
by shifts of wavelet packets from various decomposition levels. A combination of
wavelet packets can generate a basis for the spline space 2.7 if their SHA spectra
form a one-fold cover of the whole spectral domainn = —N/2,...N/2 — 1.

Remark 8.4.2 We stress that an orthonormal basis of a space 2 m—1,1 can be con-
stituted either by the set of shifts {2 (r =2""'K) |, k=0,.... Nyt = 1, of

the wavelet packet 1//3]_1’ ; (1) or by the union

{Wr%zr,zl (r— 2mk)} U {Iﬂff,zzﬂ (r— ka)} L k=0,...,N, —1,

of the sets of shifts of its “offsprings” 1//3,’, 5 (¢) and 1/”3[ 241 (1)

Examples:
The following plots of the SHA spectra illustrate different configurations of the
wavelet packets’ bases.
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Fig. 8.14 SHA spectra of the spline wavelet packets of eighth order: Wﬁo (1), 1,028,2 (1), Wg,(, (1)

and y/§ , (1)
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Fig. 8.15 SHA spectra of the spline wavelet packets of eighth order: gllgo (1), wgl (1), 1//32 (1),
Y36 (1) and ¥§ 5 (1)

N/4—1

R ) N O (2SR
Ufvise—so) )" U fuire sl



8.4 Spline Wavelet Packets 167

4F

35+

3t

25¢

0 32 64 96 128

Fig.8.16 SHA spectra of the spline wavelet packets of order 8: 1[/30 (1), 1/[;12 (t),w§y3 (1), 11/32 (1),
Vi 10 (0, 5 13 (1) and 85 (1)

2. The wavelet ‘ﬁ12,r0 (t) can be replaced by the pair of its “offsprings’:

s a0 U o] U ]

U{wds- 8k)},1:]=/2_1 U{vt - 8k)}l]:/:/2_1

3. The wavelet packets ¢22r 1 (1), and 1,//32’r6 () can be replaced by their“offsprings™:

B & [y - 4k)}]]:,=/2_1 U{vtae- Sk)}ivz/z_l U{edse- 8k)}liv:/2_l

U{whe- 4k)}iv:/2_l U{wdh. - 16k)}iv=/;6_1

Uy so] ™ U fvine s 07

Figures 8.14, 8.15 and 8.16 were produced by the MATLAB code shasp_plotP.
In order to select an orthonormal basis, which provides an optimal representation
of the spline S(7) for a certain problem, one should start with a definition of a cost
function, which enables to compare the feasibility of different bases to the given
problem.

Definition 8.1 The best basis for a spline with respect to a chosen cost function is
the basis, which minimizes the cost function.

In many problems, such as compression, denoising,deconvolution, to name a few, a
representation, which concentrates the spline’s energy in a relatively small number
of big coefficients, the remaining coefficients being negligibly small, is regarded
as optimal. For that representation, a good choice of the cost function for a
given orthonormal basis B is the Shannon entropy [11] of spline’s coordinates
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q ¥ (glk)}, k=0,..., N — 1, in this basis

N-1 2 2

def lg k]I lq [k
EBE - log, (8.55)

2 g g

The entropy measures the flatness of the energy distribution of the spline. Minimiz-
ing the entropy leads to an efficient representation of the spline when its energy is
concentrated in a few essential waveforms.

For different types of problems, other cost functions are used. For example, in
classifications problems the so-called discriminant measures are utilized [1, 9, 10].

Generally, calculation and comparison of costs of all possible orthonormal bases
is a computationally expensive task, especially in multidimensional cases. However,
when the cost function is additive, the Best Basis algorithm by Coifman and Wick-
erhauser [4, 14] significantly reduces the amount of computations.

Definition 8.2 Assume, an orthonormal basis B is the union of two bases B =
B! U B2. The cost function C is additive if for any such basis C(B) = C (B]) +
C(B?).

The entropy is an example of the additive cost function.

Selection of the best wavelet packet orthonormal basis for a spline S(7) € 2.7 is
based on the following proposition, which determines the best bases of the spline’s
projections.

Proposition 8.12 [4] Let B,,—1; be a wavelet packet orthonormal basis for the
projection of a spline S(t) € %"/ onto the space 2er_Ll and ]t’»mﬂ and Bm,21+1
be the best bases for the subspaces > W and 2 Win 2141, respectively. If C is an
additive cost function, then the best basis for the space " W1 is

Bu-1.1, if C(Bu—11)>C (Byo)+C Bunati).
(8.56)

B, .= [ﬁm,zz UBu.2i41, if C(Bu-11) < C (Bu2) +C (Buois1);
1] =

Design of the best wavelet packet basis for a spline S(t) € 2.7 consists of the
following steps:

1. Implement wavelet packet transform of the spline S(¢) down to a level M.
2. Calculate the cost function C,, ; & C ({1/;)121’ (= ka)}) for all the bases of the

subspaces 2 #,;,m =0, ... M, of the space .7 = " #j.

3. The best (and the single available) basis BM for the bottom level M is the union
of the wavelet packet bases of the subspaces 2r Wi, 1=0,..., oM,

4. The best basis BM~! for the upper level M — 1 is designed in line with the rule Eq.
(8.56) by comparing the cost functions of the “parent” subspaces with 2" #;_ 1.1
with the cost functions of their “offsprings” 2r Wy 21 and 2r W 2041-

5. The procedure is iterated up to the top space > #4.0.
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Once the wavelet packet transform of a signal is implemented and the entropies
in each block of the transform coefficients are calculated by the MATLAB function
spl_WP_analP.m, the list of the wavelet packets, whose shifts constitute the best
basis tree is compiled by the function WP_BB_ListreelD_P.m.

8.4.5 Reconstruction of a Spline from Wavelet Packet Bases

Assume a spline S() € 2.7 is expanded over some wavelet packet basis. The basis
is constituted by shifts {1//31’ (= ka)} of a set of orthonormal wavelet packets

{wi” l(t)}, (m,l) C A. That means that the spline is represented as the orthogonal
sum

N/2I”l
SO =D Swa), Swi®)= D quilkly, (1 —2"k).
(m,)CA k=0

The wavelet packets 1//,%!’ ;(¢) can be expanded over orthonormal basis of exponential
splines as 1//3,’,1 (1) = N~1/2 Zflvz/z__]\,l/z Vm.1[n] y* [n](t), where the set Vp.1[n] is the

SHA spectrum of w,ff ;(2). Then, using the shift property Eq. (4.20) of the exponential
splines, we have

N/2m N/2—1
Sm,l(t) = —F7= Z qm, e Z vm,l[n] y2r[n] (l — ka)
\/_ k=0 n=—N/2
N/2— N/2m—1
= — Z @) valnl D @ gy lk]
‘/_n— N/2 k=0
N/2—1
=L S oy, ol v Gl 8.57)
\/Nn=fN/2

Consequently, the spline S() is restored as

1 N/2—-1 N—1
S =— D olly¥nl) =D qlkle™ -k,
Wn:—N/Z k=0
| N/2—1
olnl= 2 omilnl, qlkl=—= > o™oln]
(m,hHCA n=—N/2

where 0y, ;[n] are defined in Eq. (8.57). The grid samples of the splines are
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p N u [n]
Stk) = — oln] .
N n=—zN/2 utr 1]

The MATLAB function List_synthP_samp.m restores the spline S(¢) from
the basis defined by a list A. It produces the coefficients of the spline {g[k]} in the
orthonormal basis {(pzr (t— k)}, the SHA spectrum of the spline and its grid samples.

8.5 2D Wavelet Packets

Assume that the 2D splines S(x, y) defined on the grid {k, n} are N—periodic and
have the order p = 2r in both x and y directions. The space of such splines is denoted
as 22" These splines were described in Sect. 4.2.

8.5.1 2D Wavelet Packets Bases

The splines S(x, y) € >*?".# can be expanded over the orthonormal basis consisting
of 2D normalized exponential splines yzr [k, ](x, y) def y2’ [k](x) - y2’ [c]1(y):

N/2—1

S(x,y) = N Z ok, t] y2’[K, Jx, y). (8.58)
K,0=—N/2

If the grid samples of the spline S(x, y) € 2?".% are known: S(k, n) = z[k, n], k,
n=20,...,N — 1, then, Eq. (4.62) provides coordinates of the spline:

. N-1
_ 2] oro ydef W] ~(cktvm)
o= Prigyany VM o Hevl= Kéo 2 zlk, nl.

Denote

def >
v e A0 ) = vallel@) y25lam), LT=0,...,.2" — 1.

m

Obviously, the splines yrirl [[K, t](x, y) with the same level index m are mutually
orthogonal and their norms

N 2
y,f,flj[x,z]H:\/ /O vtk G )| drdy =1.
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The 2D spline spaces 2" v, 1 C 2.2r 7 are defined as the linear spans of the splines
v i[K, Ox, y), 1, [ = 0,...2™ — 1, respectively, where N,, = N /2™:

an/2_1

Swi6¥) = 5~ D e dy e @ y) €, 7 (8.59)
K t=—Np /2

The splits (8.24) of the 1D spline spaces generate the splits of the space 2">2".% into
mutually orthogonal subspaces:

v, D210 D 2120 D,
m—1,1,1 m 21,21 m,20+1,21 m,21,21+1 m,204+1,21+1°

(8.60)

Hence, different representations of the initial space follow

2r,2ry — Zr,ZFWlYO’O@ 2}”%’0’1 @ 2r%,1,0@ 2}'%’1’1

2
=P ¥, m=2....M.

As an alternative to the orthonormal basis { 2r [/c ](x, y)} , kK,t=—Np/2,.

Ny /2 — 1, of a subspace " v, 0.0 C g there exists an orthonormal basis that
consist of shifts of the 2D wavelet packets. Then, the spline expansion , which is
alternative to Eq. (8.59), is

Np—1
S,y 1Y) = D gy kY (x = 2"k y —2"n) € ¥ H, ;. (8.61)
k,n=0 o
where
1 Np/2—1
2
V6 S LWV = 5= D0 @ a0,
K =—Ny /2
Ny /2—1
G, i[k’ nl=—— z ¥ (RO Ol l~[K’ . (8.62)
sby Nm by
K, i=—Np /2

The spline 1//2’0 o(x, y) is the 2D periodic father wavelet from level m, and the

triple wffl o(x, y), l/fm 0. 1 (x,y) and 1//m L 1 (x, y) are the 2D periodic wavelets from
level m.
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;

Fig.8.17 Left The SHA spectra of wavelets of order 10 down to the third decomposition level. Right
SHA spectra of the wavelet packets of order 10 from the third decomposition level: ¢3]!02’2(x, y)

and ¥3%5 5 (x. y)

Two-dimensional wavelets and wavelet packets can be expanded over the ortho-
normal basis {V2r [k, d(x, y) = y ¥ [kl (x)y [t1(y)} of the initial space 2r2r o

N/2—1

1
ol ) = 20 vl d vy T G ),

m,l,l
Kk, 1=—N/2

and their SHA spectra {l)m’lJ[K, ] = Vm,l[K]Vm’[[[]} are the tensor products of the
SHA spectra of the 1D wavelet packets. Figure 8.17 displays the SHA spectra of the
2D wavelets of order 10 down to the third decomposition level and of two wavelet
packets of order 10 from the third scale. For clarity, we display only the first quadrant
k,t = 0,...,N/2 — 1 of the spectral square. The magnitudes of SHA spectra in
the other quadrants mirror those in first quadrant.One can observe that the spectra
have near—parallelepiped shape. The figure was prepared by the MATLAB code
mesh_wp_listP.m.

8.5.2 2D Wavelet Packets Transforms

Assume a spline S(x, y) € r s represented as in Eq. (8.58) and {o[«, t]} con-
stitute its SHA spectrum. Then, the coordinates {Om,l,i[K’ t]}, m=1,...,M, of
its projections S .l (X y) (Eq. (8.59)) onto the subspaces Z’V/m’ I respectively,
are derived by application of the 2D wavelet packet transforms to the coordinates
{olk,},k,t = —=N/2,..., N/2 — 1. The 2D transform can be implemented by
iterated application of the 1D transform subsequently to the rows and columns of the
array {om,0,0lk, (1}.
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Assume a spline S, 7(x, y) € 2’5’"1‘1 7 is expanded as in Eq. (8.59). The space
2’Ym’”~ is a subspace of the initial spline space >>".7. Thus, the spline S i y)
can be expanded over the orthonormal basis {y2’ [x, L]} , Kyi=—N/2,...,N/2—1,
of the space 2.

N/2—1

2
S i) =5 20 Gl d vl G, y). (8.63)
K i=—N/2

The set of coordinated {gm 1 il L]} , k0 =—N/2,..., N/2 — 1, constitutes its
SHA spectrum. The SHA spectrum can be derived by application of the 2D inverse
wavelet packet transforms to the coefficients array o, , il«, (¢

8.5.2.1 Matrix Expression of One-Level 2D Wavelet Packet Transforms

Similarly to 1D transforms, the direct and inverse 2D wavelet packet transforms can
be explicitly expressed in a matrix form. To derive the one-level direct transform of a
spline S(x, y) presented in Eq. (8.58), we use relations (8.30) and (8.31). For brevity,

denote & & & +N/2andt o t+ N /2. Applying these relations to the columns of the
array {o[«, (]}, we getforanyt = —N/2,...,N/2—1landk = —N/4,...,N/4—1

1
o olk, 1 = \/; (solxlolx, ]+ solkclolic, ),

. 1 o
of 4k, = \/; (dolklolk, ]+ dolklolk, i),

4r 4r N/2
. 4[—n] cos? 22 doln] = o W sin T2 = " soln + N/21.
2Li1r[n] N 2u1’[n] N

Then, relations (8.30) and (8.31) are applied to the rows of the produced arrays. For
anyk =—-N/4,...,N/4—landt=—-N/4,...,N/4 — 1, we get

1
o100k, ] = \/; (sold of oLk, 1] + soltl of [k, 1) (8.64)

1
=3 (solr]soltlolk, 1] + sol]soltlo [k, t] + solk]solelo[i, (]
+solk]soltlo[k, t]),
1 i
or10lk, ] = \/; (dold of olic,  + dolt o o[k, 1) (8.65)

1
=5 (solxldoltlolk, ] + solkldoltlo [k, 1] + solc] dolelo [k, ¢]
+solkldpltlolic, t]) ,
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1
or01lk, ] = \/; (solddof 1 [x, 1] + soltl of [k, T]) (8.66)

1
=5 (dolk]soltlolk, ]+ dolk]soltlok, 1] + dolx] solelo [k, ¢]
+doli] soltlo[x, 1),

1
o1k, ] = \/; (dol of [k, 1] + dolil of [k, T]) (8.67)

1
=5 (dolk1dpltlolk, ] + dolc]doltlo[x, 1] + dolk]dolt]o [k, ¢]
+dolk] doltlo[x,1]) .

Equations (8.64)—(8.67) can be presented in a matrix form:

o1,0,0lx, (] olk, ]
ool Ly e g T 2 CNga L NA— 1, 8.68)
oroile, ]| 2 e oli, (] VP T » L0
o111k, t] olk, 1]

where

solec]solel solxc]solt] sol]sole]l solic]sole]
Aoli. 1] % solicldolt] solx]dolt] soli]dole] solic]dolt]
dolc]sole] dolic]solel dolic]sole] dolic]solt]

dolx1dolt] dolr1dolt] dolic]dole] dolic]dol]

Comparing the matrix Ag[«, ¢] with the matrix Ag[n] defined in Eq. (8.27), we observe
that it can be expressed in a block-wise form:

def [ solc]Agle] solc]Agle]) _
Aol = (do[K]Ao[t] do[faAom) = Aolic] ) Aol

where Ag[x] &) Ag[¢] is the tensor or Kronecker product of the matrices Ag[«x] and
Aol [5].

The operations of conjugate transpose and inversion of the Kronecker product
matrix are applied separately to its product terms. Thus, we have

Ayl 0 = A kIR Ag 1 = Ak 1R Al = Ak, 1]

sol] AZ)[L] dilk1 Al
solRTAY[] d[R] Agl]
solx]sole] solkldgle] dili]soldl dilx]di[e]
solx]solt] solk]dglt] dile]solt] dlx]d[i]
solk]sole] solic]dgle] dilic] solt] dili]dg[e]
soli]solt] solic]1dg[e] dilic] soltl dijlk]dg[2]
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Fig. 8.18 A scheme of (N/2,-N/2) (N/2,0) (N/2,N/2)
passbands of the 2D p-filters
a5,0,0, @1,1,0,a1,0,1 and aj 1
al,l,l al,O,l al,O,l al,l,l
10| D00 D00 D0
(0,-N/2) (0,N/2)

A1 10|%,0,0 %00 D10

A | D01 |Dog | Daa

(-N/2,-N/2) (-N/2,0) (-N/2,N/2)

Consequently, the inverse transform is presented as

olk, ] 01,00k, t]
Zgig = 2A} [k, 1] - Zi;?{iﬂ , kot=—N/4 ... N/4—1,(8.69
olk, 1] 01i1:1[/<,t]

where k = k + N/2,1 = ¢+ N/2. Hence, it follows

olk, ] = solk]solt] o100k, t] + solk]dgl] o100k, (]
+dglklsolt) or,0,1lx, (] + dgleldgli or,1,1lk, 0]
= solk]solt] o1,0,0[K, 1] + @™ " solk]solt + N/2]o1,1,0[K, 1]
+w " solk + N /2] solt] 01,01k, t] + @™ 'solc + N/2]solt + N /2]

x oq,1,1lk, ],

In particular, for the father wavelet ‘/”12,?),0()‘7 y) the coefficients {o7,0,0lk, (]} = 1,
while all the other coefficients arrays {0110, (1}, {o1,0,1[«, (1} and {o1,1,1 [k, (]}
are zero. Thus, its SHA spectrum is {so[«]so[¢]}. Similarly, the SHA spectra of
the wavelets wf”]’o(x, y), wlzfo)l(x, y) and wf”l)l(x, y) are w~ ' so[x]solt + N/2],
o solk + N /2] so[], and w™*Lsolx + N /2] so[t + N /2], respectively.

Remark 8.5.1 Keeping in mind properties of the sequences so[n] and do[n], which
are described in Proposition 8.7, we may claim that multiplication of the matrix
Aok, (] with the vector (o'[k, (], o[k, 1], o[k, ], o[k, )T (Eq. (8.68)) acts as appli-
cation of an anti-aliasing 2D filter bank to the array of the coordinates of a spline
S(x, y) in the orthonormal exponential splines basis.

Denote the rows of the matrix from top to bottom Aglk, ¢] as aj 9.0, a1,1,0, a1.0.1,
aj 1,1, respectively. They can be regarded as 2D band-pass p-filters. The passbands
of these p-filters are schematically displayed in Fig. 8.18.

Thus, Eq. (8.68) means that the coefficients arrays {o1,0,0x, (]}, {o1,1,0[x, 11},
{0170,1 [«, l]} and {0171,1 [«, L]} are derived mainly from the components {o[«, (]},
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{olk, 1]}, {olk, (]}, {o[k, 1]} of the SHA spectrum of S(x, y), respectively. As for
the reconstruction of S(x, y) from the orthogonal projections, Eq. (8.69) implies
that the components {o[«, (]}, {o[«, 1]}, {olk, ]}, {o[k, ]} of the SHA spec-
trum are restored mainly from the coefficients arrays {o1,0,0l«, !}, {o1,1,0lk, (1},
{o1.0,1lk, (1} and {o1,1,1[k, (]}, respectively.

01,00lk, t] <— olk, ],
o1,1,0lk, t] <— olk, 1],
o1,0,1lKk, 1] <— ok, ,
o1,1,1lKk, 1] «<— ok, t,

L=—N/4, ... N/4—1.

8.5.2.2 2D Transforms to Coarser Levels

Further transforms can be implemented either in a wavelet mode or in a wavelet
packet mode.

2D wavelet transform
The M-level wavelet transform of a spline S(x, y) € **?".% presented in Eq. (8.58)
results in decomposition of the spline into the orthogonal sum

S, y) =Sm,00x, ) +Su1,0(x, ) + Sm01(x, ) + Sm1,1(x, y)
+ Sv—1,1,00x, ) + Sy—1,01(x, ¥) +Sp—1,1,1(x, ¥) + ...
+ 81,1006, ¥) + 81,01 (x, ¥) + S1,1,1(x, ).

The splines S, ; 7(x, y) are represented either via the orthonormal bases of exponen-
tial splines as in Eq (8.59) or via the orthonormal basis of shifts of the wavelet packets
1//2’ (x ), 1, [=0,1,asin Eq. (8.61). The coordinates in two representations are
hnked by Eq. (8.62).

The coordinates oy, 0,0lk, t], om.1,0lk, t], Om.0.11k, ], om. 1,11k, ] of the projec-
tions of the spline S(x,y) € 2r.2r & onto the subspaces 2”2’7/,”,0,0, zr%n,l,o,
2 Wm0 and 2r W11, respectively, are derived from the coordinates o,,—1.0.0lx, (]
of the spline Sy,—1,0.0(x,y) € zr’erm_l,o’o in a way similar to Eq. (8.68):

om,0,0lK, t] Om—1,0,0[K, t]
om,1,0lK, 1] 1 Om—1,0,0lK, ]
v =-A,_1[«, (]- b , 8.70
om,0,10K, (] 27 il om—1,0,00ic, (] (8.70)
om, 1,10, 1] Om—1,0,0lic, 1]
def — def
Kyt =—=Np/2, ..., Nu/2—1,and Ap_1[K, (] = Ap_1[k] QR Ap—_1[t]. Here, & =

K+ Np/2,tC déf L+ Nm/2 The matrices A,,_1[n] are defined in Eq. (8.27).

The reconstruction of S(x, y) is implemented iteratively, starting from the bottom
level M similarly to Eq. (8.69):
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Fig. 8.19 Magnitudes of the SHA spectra of the wavelets of the first decomposition level:
Ui 006 ) ¥ S o ey 30, i G 3, G (x, )

om—1,0,0lx, t] om,0,0lx, ]
Om—1,0,0lK, U] f om, 1,0k, (]
0,0lK —2A 1] b , 8.71
om—1,0,0lk, (] m-1: 1] om,0,11k, ] ®.71)
Om—1,0,0lk, 1] om,1,1lx, (]
kK,t = —Np/2,..., Ny /2 — 1. Application of the transforms (8.71) can produce

the SHA spectra of the projections splines and, in particular, the SHA spectra
of the wavelets 1//31’,050(& y) and 1//3”1 i(x, y), (, I) = (1,0), (0, 1)(1, 1). These
SHA spectra provide a logarithmic-’v{/ise partition of the SHA spectral square
kK,o=—-N/2,...,N/2 — 1.

Figure 8.19, which was prepared by the MATLAB code mesh_wp_listP.m,
displays the magnitudes of the SHA spectra of the spline wavelets of order 10 from
the first decomposition level.

Figure 8.17 displays the magnitudes of the SHA spectra of the wavelets for

the 3 decomposition levels: 1p3 0.0° {1/;3 ! l} {wz ! 1} {wl ! l}, where (,[)
(1,0), (0, (1, 1).

2D wavelet packet transform

The M-level wavelet packet transform of a spline S(x, y) € 2".% presented in Eq.
(8.58) results in the decomposition of the spline into M orthogonal sums

oM _

1 3
SN =S,/ N=E S, [x.)="..= @ S, ».
1,i1=0 1,i1=0 1,i1=0

The splines S, , 7(x, y) € 2 v, .j are represented either via the orthonormal bases
of exponential splines as in Eqs (8.59) or via the orthonormal basis of shifts of
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the wavelets (p,z,l’ (x,y) and wli’ ; i(x, y) as in Eq. (8.61). The coordinates in two
representations are linked by Eq (8.62).

The coordinates o, 0.0« t], om.1,0lx, t],0m.0.1[k, t]and o, 1,1[k, ¢] of the splines
S, ¥)m.0.0 > Sm.1.0(x,¥), Smo.1(x,y) and S,;.1,1(x, y), respectively, are derived
from the coordinates o,,—1 0.0k, ¢] of the spline S,,—1,0.0(x,y) € 2’*2’7/,,,_1,0,0,
using the matrices A, —1[«, t] asin Eq. (8.70). The same matrices are utilized to derive
the coordinates Um,zl,zl"["’ L],om,21+1’21~[1<, L],O’m)21’21~+] [«, t]and O 21412041 [k, ] of
the splines S(x, ¥),,, 5 27 » Sy 2141,20% Y)5 Sy 0y 271 (X5 ¥) and S, o4y o7y (X, 9),
respectively, from the coordinates o,, , ; jl«, ¢] of the spline

Sm—l, lj(x, y) € 2er—1, 1P Taking into account the interchanging scheme described

in Eq. (8.44), we get

o)k, ] Ot g,ilic U
Ok, t 1 011 ilK: U
m,lz[ 1 = —A,_1lx, ] - m l,l,I~ " , (8.72)
Om,l3 [K7 L] 2 o'mfl,l,l[K’L]
0”1,]4 [Kv l] Gm—l 1 f[/z, L-J

where k,t = —N,;, /2, ..., Ny /2 — 1, and A, —1 [k, (] def An—1[c1Q@Q A1, the
matrices A,,_[n] are defined in Eq. (8.27) and

0, I, 15, L) (8.73)
((21,20), (21 +1,20), (21,21 + 1), (21 + 1,21 + 1)), ifl even, even;
(21,21 4+ 1), 21 + 1,20 + 1), (21, 2), (21 + 1, 2)), ifl even, odd;
(21,21 4+ 1), (21,20), 2L + 1,21 + 1), (21,21 + 1)), ifl odd, [ even;

(L + 1,21+ 1), 21,20 + 1), (2L + 1, 20), (21, 2])), ifl odd, odd.

The transforms of a 2D array are implemented by the MATLAB function
spl_WP_analP2D.m. If the array consists of grid samples of a spline then the
transform of the spline’s coordinates is implemented by the MATLAB function
samp_spl_WP_analP2D.m. The reconstruction of S(x, y) is implemented iter-
atively, starting from any level m, similarly to Eq. (8.69):

) Om 1 Lk, U]
o K, 1] 4 Om bk,
m—1,1,1 " — 2A;p1—1[/<’ L] . m,lz[ ] i (8.74)
Ot gLl ¢l om 3k, U
Oy 71 ] Om 1l L]

wherek,t = —Np, /2, ..., Np/2—1, and the multi-indices (11, 12, 13, 11) are defined
by Eq. (8.73). Application of the transforms (8.74) can produce the SHA spectra of
the projections splines S, ; ;(x, y) € 2’7/,"7 ;. and, in particular, the SHA spectra of
the wavelet packets wi’ I i(x, v). These SHA spectra provide a variety of partitions
of the SHA spectral square x,t = —N/2,..., N/2 — 1. Consequently, the shifts of
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Fig.8.20 Magnitudes of the SHA spectra of the spline wavelet packets ¥5 ~(x, y),[,1 =0, 1,2, 3,

2,0,1
of eight order from the second decomposition level

the wavelet packets provide a variety of the orthonormal bases for the spline space
21.2r & As in the 1D case, the special cases are

e “Horizontal” bases that are bases consisting of shifts of all the wavelet packets

from the same level m, where m can be one of the integers 1, ..., M,
. P
B2 & | {x/firl (e = 2"k y —2"n )} (8.75)

1I=0

where k,n =0,..., Ny, — 1, N,, = N/2™. In this case, the SHA spectrum of a
spline S(x, y) is split into 2> blocks of the same size as, for example, in Fig. 8.19,
where m = 1. Figure 8.20 (MATLAB code mesh_wp_listP.m) dlsplays the
magnitudes of the SHA spectra of the spline wavelet packets 1//8 (x y), 1,1

0, 1, 2, 3, of eight order from the second decomposition level. Thelr 4- sample
shifts constitute an orthonormal basis for the spline space 38.7. For clarity, only
the first quadrant k, ¢ = 0, ..., N/2 — 1, of the spectral square is displayed. The
magnitudes of SHA spectra in the other quadrants mirror those in the first quadrant.

o Wavelet bases

1
B £ v (x =27k, y = 2" } U o (v = 2"k, y = 2"n)}

U0t~ 8- Ut

k,n=0

The SHA spectra of the wavelets from the first and third decomposition levels are
displayed in Figs. 8.19 and 8.17, respectively.
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Fig. 8.21 Magnitudes of the SHA spectra of the eight-order wavelet packets for the 3 levels
decomposition: 8 0 (x, y), 5 | o(x. ). 95, (x, ), {1//381 X y)},l,l =123, {wfl,i(x, y)},
LT=2.3,93 . y)and v, (x.y)

Besides these two options, any combination of wavelet packets, such that their
SHA spectra form a one-fold cover of the whole spectral domain k,t = —N/2, ...
N/2 — 1, generate an orthonormal basis for the spline space 2.7

Figure 8.21 (MATLAB code mesh_wp_1istP.m) displays the magnitudes of
the SHA spectra of a combination of eight order wavelet packets, whose shifts con-
stitute an orthonormal basis for 8.7, These are the wavelet packets w38’0,0(x, y),

1//38,1,0(x, y), 1//38’0’1(x, y), {t/f?l Z(x, y)}, I,[ = 1,2,3, from the third decompo-
sition level, [1//51 i(x, y)t, L ,[ = 2,3 from the second decomposition level and

‘pf,l,o(x’ y), Wf’oyl(x, y) from the first decomposition level. We observe that their
SHA spectra cover the whole spectral domain.

The above figures were prepared by the MATLAB code mesh_wp_listP.m.
The direct and inverse wavelet transforms of the 2D spline coordinates are imple-
mented by the MATLAB functions spl_Wv_analP_2D and spl_Wv_syn
tP_2D, respectively.

8.5.3 Best Basis

Once the wavelet packet transform of a spline S(x, y) € 2°>".# is implemented, a
variety of orthonormal wavelet packet bases becomes available. One can select from
this variety the best, with respect to a certain additive cost function C (B), basis for
representation of the spline S(x, y). For this, we utilize a scheme, which is similar
to the 1D scheme described in Sect. 8.4.4. As in the 1D case, the 2D wavelet packet
transform has a tree structure. The difference is that a space 2 ”//m_l’ ;.j 1s split into



8.5 2D Wavelet Packets 181

four orthogonal subspaces as shown in Eq. (8.60):

2r ___2r 2r 2r 2r
Wm—l,l [ — Wm 21, 2 @ m,2l+1, 20 @ m,21, 2041 @ m,20+1, 20+1°

Thus, the 2D wavelet packet transforms form quad-trees. The following statement is
a counterpart of Proposition 8.12.

Proposition 8.13 [4] Ler B, | 00 be a 2D wavelet packet orthonormal basis for

the projection of a spline S(x, y) € ¥°*" .7 onto the space V/n 1.0 and Bm 2.0

Bm 1100 Bm 202741 andBm 21+1 »iy1 bethe best bases for the subspaces? "W 120
2r 2r
Y oii120 - Wyis100 and ? "W o141, 21“, respectively. If C is an additive cost

m,

5
function then the best basis for the space “" W, g

By-11 = qu,l,i ifC(Bmfl,l,f) < zk.u=0,1 C(Bm,zlﬂ,ziw)?
(8.76)

Biu—10=B,, 557 UBy, 511121 UByy 212741 UBy g1 0741 Otherwise.

Design of the best wavelet packet basis for a spline S(x, y) € 2°>".# consists of the
following steps:

1. Implement wavelet packet transform of the spline S((x, y) down to a level M.
2. Calculate the cost function

Copti = e ({wm,l, (x —2"k,y — 2’”}1)])

for all the bases of the subspaces 2 V/m jpm= 1,...M, of the space r2r op

3. The best (and the single available) basis BM for the bottom level M is the union
of the wavelet packet bases of the subspaces’ ”/ﬂM i b [=0,...,2M —1.

4. The best basis BY~! for the upper level M — 1 is demgned in line with the
rule Eq. (8.76) by comparing the cost functions of the “parent” subspaces with
2’7/ 10 7 with the cost functions of their “offsprings” rWM 2100 WM,21+1,2f’
2r

"Wt 21,2804 Wy o1 o7
5. The procedure is iterated up to the top space 2.

Once the wavelet packet transform of a signal is implemented and the entropies in
each block of the transform coefficients are calculated by the MATLAB function
spl_WP_analP2D.m or samp_spl_WP_analP2D.m, the list of the wavelet
packets, whose shifts constitute the best basis tree is derived by the function
WP_BB_Listree2_D_P.m.

The MATLAB functionList_synthP_2D_samp .mrestores the spline S(x, y)
from the basis defined by a list A. It produces the coefficients of the spline {¢[k, n]}
in the orthonormal basis {¢* (x —k, y — n)}, the SHA spectrum of the spline and
its grid samples.
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Chapter 9
Discrete-Time Periodic Wavelet Packets

Abstract Direct and inverse wavelet and wavelet packet transforms of a spline are
implemented by filtering the spline’s coordinates by two-channel critically sampled
p-filter banks. In this chapter, those p-filter banks are utilized for processing discrete-
time signals. The p-filter banks generate discrete-time wavelets and wavelet packets
in the spaces of 1D and 2D periodic signals.

9.1 One-Dimensional Periodic Discrete-Time Wavelet Packets

Actually, wavelet packet transform of a periodic spline reduces to application of a
two-channel p-filter bank with downsampling factor of 2 to the coordinates of the
spline in the orthonormal basis. We outline the spline transform scheme from that
point of view.

9.1.1 Summary of One-Level Wavelet Transform of a Spline

Assume a spline S(¢) € .7 s represented by the two orthonormal bases

N—1 I N/2—1
S0 =2 qlklg”(t =k, =% > obly¥nm, O
k=0 n=—N/2

where 902’ () is the Battle—Lemarié spline and yzr [7](¢) are the orthonormal expo-
nential splines. The coordinates are linked via the DFT:

N/2—1
oln] =§ln] = Zw "qlkl. qlkl = Z "™ oln].
—N/2
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It was described in Chap. 8 that the one-level wavelet transform of the spline S(¢)
results in splitting the spline into the orthogonal sum

N/2—1
S = S0 111, S1p® = D qi kv, -2k
k=0
N/4 1 5, N/A-1
,/ > o1 pnly, o), aplkl== > W™ oy ,lnl, p=0, 1.
n_ N/4 n=—N/4

The coordinates are linked as follows
1
or0ln] = 5 (so[n]o[n] + soln + N/2]o[n + N/2)),

1
op1ln] = \/; (do[n]o[n](t) +doln + N/2]o[n + N/2]),

4r 4r N/2
soln] = u4—[n] cos2” H’ doln] = " W sin2r
2u|"[n] N 2u|"[n] N

Recall that \/Eso[n] = vy, 0[n] and \/Eda‘[n] = vy,1[n], where vy ,[n] are the SHA
spectra of the Battle-Lemari€ wavelets ¥1 ,(t), p = 0, 1 of the first level. Then,
we have

5 V21
q10lk] = Z ™™ o1,0[n]
n=0
N/2—1
_ % o™ (solnloln] + soln + N/2oln + N/21)  (9.2)
n=0
5 N
_ %— @ so[n] o [n].
n=0

Denote h) = {nJ[k]} and h} = {h}[k]} the p-filters in the space IT[N], whose
frequency responses are

h[n) = V2 solnl = violnl, hdlnl = v2din] = vy 1(n] (9.3)
N 1 N 1
hd[k] = Zw soln],  hylk] = Z "™ di[n).
n=0 n=0

Then, Eq. (9.2) implies that
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N-—1 N—
qrolkl = > K12k — 114111 Z [l —2k14[1]. 9.4)
=0 1=
Similarly, we get
N/2—1 N/2—1
2 1
fIl,l[k]=% 2 oM donloln) = < > @ (hgln)* oln]
n=0 n=0
N—-1
= quilk] = D hyll — 2k]qll]. (9.5)
=0

Equations (9.4) and (9.5) mean that the transform coefficients {q 1,0[k]} and {ql’l [k]} ,
k = 0,..,N/2 — 1, are the result of application of the two-channel analysis
p-filter bank H = h{ (Jh} with downsampling factor of 2, to the vector {g[k]},
k=0,..., N — 1, of the spline coordinates.

The inverse transform of coordinates is o [n] = o°[n] + o'[n], where

a"nl = V2sln] or,0lnl = ﬁg[n] o1,0lnl, olinl = ﬁd()"[n] ot,1lnl = ft(l)[n] op,1lnl.

Then, for p = 0, 1, the coefficients g”[k] are

N— N/2—1
qP[k] — Z nk 7 hO [n] o p[”] Z nk Z =" hp[m] Z (,()72"[
n=0 11—0
N/2—-1 N— 1 N-1 N/2—1
= >, Z Olslaplll & 27 o720 = 37 hfilk =211,
=0 s=0 n=0 1=0

Hence, in order to recover the vector q of the spline coordinates, the vectors qj o
and q 1, which are upsampled by factor of 2, are filtered by the p-filters hg and h(l),
respectively:

N/2—1

qlkl = ¢kl + 'kl = D" holk — 201 g1 ol + holk — 201 g1l (9.6)
=0

The diagram in Fig. 9.1 illustrates the direct and inverse transforms. The notation
h g , p =0, 1, means application of the p-filters in a reverse order.

The magnitude responses (MR) A9[n] = v/2so[n] and |h}[n]| = v/2so[n + N /2]
of p-filters for splines of different orders are displayed in Fig.8.2. We observe that
the MR mirror each other, their passbands and stopbands are flat and their shapes
tend to rectangular as the spline order increases. It will be shown in the next section
that impulse responses are symmetric and well localized in time domain. It is only
natural to utilize these p-filters for signal processing purposes.
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3 21 Y e Y g i e
B o2 =9 fopt2 =14

OCio [n] DFT

LY

qlk] —>|DFT = &5[n]

[T [n] DFT /% [%]

%olkT | orr G107

oln] nia

G [k] DFT On [n]

Fig. 9.1 Top Block scheme of the direct and inverse transforms of the coordinates q = {g[k]} ;{V;OI

L . . N-1 . Lo
of a periodic spline in the orthonormal basis {gozr (t — k)} «—o - Center Diagram of practical imple-
mentation of the direct transform. Bottom Diagram of implementation of the inverse transform

9.1.2 One-Level Wavelet Transform of a Signal

Assume, a discrete-time signal x & {x[k]} belongs to IT[N]. That means that it is
periodic with the period N, N = 2/. The inner product, the norm and the circular
convolution in [7[N] are defined in Sect. 1.2.1. The signal x is transformed according
to the scheme in Fig. 9.1.

9.1.2.1 Direct and Inverse Transforms

Denote
N—1 | N
oln] < #[n] = kz W™ x[k] = xlk] = ZN/zwk" olnl.
m -

Transform the array {o[n]}
1/ .
o1plnl = 3 (hg[n])* olnl+ (hlIn + N/2)* oln + N/2]) . p=01,

where the frequency responses fzg [n] are defined in Eq. (9.3). Apply the IDFT
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) N/2—1
&l =+ > 0?0y ,ln]
n=0
| N/2—1
= w2 (ﬁg[n])* olnl + (W[n + N/2)* oln + N/z]) 9.7)
n=—0
1 N—1 N—1
=5 > olnle® (hfIn)* = D hfilm =2 x[m]. p=0.1.
n=0 m=0

Once the coefficients {El,p[k]}, p=20,11=0,.., N/2 — 1, are known, the
original signal can be restored as

N/2—1

Z hQlk — 201 &1 0l11 + holk — 211 &1 1111, 9.8)

which is derived similarly to Eq. (9.6).

9.1.2.2 Discrete-Time Periodic Wavelets of the First Level

Denote the impulse responses of the p-filters h?, p =0, 1, as

5 N2 N/2—1

n—fN/Z n—fN/Z
N/2—1 N/2—1
def «/z
D= holll === > o djlnl = Z o™ vy,
n=—N/2 —N/2

where { vy, p[n]} are the SHA spectra of the wavelets wlr » (1), and call them the

discrete-time wavelets of the first decomposition level. Then, Eq. (9.7) can be pre-
sented as the inner product of x with the signal Wﬁ;[ 2% {11/12; [l — 2k]] ,

[=0, . .N—1I:
£1plk] = zqf l—2kx[l]—<x11/ [~—2k]>,p=0,1.

Consequently, Eq. (9.8) implies that any signal x € [T[N] can be expanded as
follows:
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x[k]

I
L[]

wiolk — 201 &1 oll] + W [k — 211 &1 4[]
> <x, wﬁg[.—21]>w lk—20] + < ﬁ’l[-—y]} w2k — 20] <

x= > (% WPl — 2) Wil — 201 + (x W[ - 20) W[ - 201 (9.10)

This relation implies the following fact.

Proposition 9.1 The set of signals

B! &f {%2,6[- - 21]} U {w{{’I[- - 21]} L 1=0,..,N/2,  (9.11)

from the space I1[N] forms an orthonormal basis of this space.

Proof Any signal x from the N-dimensional space IT[N] can be expanded over the
system B!, which comprises N elements. Therefore, the elements of B! are linearly
independent and form a basis of IT[N] . Take x = l1/12’O Then, it follows from Eq.
(9.10) that

N/2—1

Wikl = (i, wE) Wik + X (i, Wil - 20) Wik — 21)
=1
N/2-1
+ > <w1 - ﬁqr-zn) w2 [k — 2]

=0

Due to linear independence of elements of B!, the inner products are

(i, Wil —200) =0, forl =1,...N/2 =1, (9, ¥} =0

and (w2, w2 = | 9%, v’ =1,

The same is true for lpl rl |

Properties of the signals lI/l o
respective orthonormal periodic Battle-Lemarié wavelets wlzfp () of the first level.
They are mutually orthogonal, their Euclidean norms are equal to one and their 2
sample circular shifts form an orthonormal basis of the space IT[N] of periodic

discrete-time signals. In addition, the DFT of the signals 11/12”1) coincide with the
SHA spectra of the wavelets 1//12’ » (t). Therefore, it is natural to call the signals

p = 0,1, are very similar to properties of the

l1/12 b D= 0, 1, discrete-time periodic wavelets of the first level. Figure 9.2 displays
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Fig. 9.2 Left frames discrete-time periodic wavelets lI/ o (left) and l1’1] (right), r =
1,2,3,4,5, N = 64. Right frames DFT oflI/ o (solid lines) and oflI/ | (dashed lines)

discrete-time periodic wavelets l1/12 b P = 0, 1, of even orders 2 to 10 and their DFT.
Observe that the wavelets are symmetric and well localized in time domain. Their
shape is, to some extent, similar to the shape of the respective wavelets wlr ),
which are depicted in Fig. 8.3. The figure was produced by the MATLAB code
Di_gen_wp_LI1P.m.

The discrete-time wavelets 11/120 and ¥ 1 generate a split of the signal space
TT[N] into two orthogonal subspaces H[N] = IT1 o[N1€p T, 1[N], which consist
of signals

M g ol Wik — 211} € Ty o[ N],

(9.12)
N” Ve k — 201} € My IN],

x1,0lk] =
x1,1lk] =

X1,0

X1.1

respectively. In order to orthogonally project a signal x onto the subspaces IT; o[/N]
and I7;,1[N], the coefficients should be selected as

1,001 = (x, WPl — 211) = S5 xlk], WPk - 211,

9.13)
110 = (x, W21 — 201) = S5 xlk], @k — 211,
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If the coefficients {& 0[/]} and {&1[/]}., [ = 0,..., N/2 — 1, are known, then,
practically, the components x; ¢ and x; | of the signal x can be computed via the
DFT. Equations (9.9) and (9.12) imply that

N/2—1

Zw—”k 2 fuolll Wik =201 = ouplnlviplnl

N/2—1

o1pln] = Z w2 &.pll, p=0,1.

Thus, fork =0,..N — 1

| Mo
xplkl = = > oo pnlv il p=0.1.
—y)

Remark 9.1.1 The relations (9.13) mean that the coefficients &; ,[/], p = 0,1,
are the result of filtering the signal x by the p-filters, whose impulse responses are

{Wﬁ’p [—k] } , which is followed by downsampling by factor of 2. The relations (9.12)
mean that the signals x; , = {xl,p[k]}, p = 0, 1, are the result of application of

the p-filters, whose impulse responses are {llllzrp k] } , to the sequences &1 ,[/], which
are upsampled by factor of 2, respectively.

The DFT of the signals x10 € [110[N] and x;,; € I1;1[N] are localized
within the bands, which are determined by the DFT of the discrete-time wavelets
l1/120 and lPﬁﬁ (SHA spectra of the wavelets wlzfo(t) and 1//%’1 (1)), respectively.
These SHA spectra are effectively confined in the intervals [-N /4, N/4] and
—N/2,—N/41|J [N/4, N /2], respectively.

Due to orthonormality of shifts of the wavelets llll% and lI/ﬁﬁ, the norms of signals
are:

) N/2—-1 5 B - N/2—-1 5 s
Ixipl”= D 6,7 p=0.1 IxIP= D" |&olll]” + [&a00]
1=0 1=0
N/2—1

Loosely speaking, the sum Zl ]Sl,o[l]‘z characterizes the energy of the low-
frequency component X, of the signal x, whose DFT is concentrated within the
band [-N/2, N/2]. On the other hand, the sum ZN/Z ! |E1‘1[l]|2 characterizes
the energy of the high-frequency component x; 1 of the signal x, whose DFT is
concentrated within the band [-N /2, —N /4] |J [N /4, N/2].
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9.1.3 Multilevel Wavelet Packet Transforms of a Signal

In this section, the spline wavelet packet transforms defined in Sect. 8.3 are iteratively
applied to signals from IT[N]. These operations produce a variety of splits of the
signal space IT[N] into sets of mutually orthogonal subspaces and so also a variety
of discrete-time periodic signals, whose circular shifts form orthonormal bases of
the subspaces.

Recall the notations

4r
N u_[n] mn
Npy=—, sm-ilnl= m41 cos?’ ,
2m 2uyr[n] Np—1

4r
m— m— u, [n+N ] an
dp_iln] = & M sp_iln 4 Nyl = @' 1 |2l 7m0 Gp2r ,
2u¥[n] N1

n=—Npy,..,Ny—1.

9.1.3.1 Direct Multilevel Transform

Assume x = {x[k]} is a signal from [T[N]. Apply the multilevel wavelet packet
transforms defined by Eq. (8.44) to the sequence {o[n] = i[n]} down to level M.
As aresult, a collection of sequences is derived:

{ovolnl} | {oralnl}. n=—=Na, ..Ny — 1,

{oa.0ln1} | {o2aln]} | {o2alnl} | {o2slnl}. n=—N3, ..N3 — 1,
2y

Lﬂ {UM,l[n]} , n=—Ny41,...Ny+1 — L.

=0

Using the IDFT, the sequences oy, ;[n] are transformed into the sequences

| Ny /2—1
Em ikl = —— > M oplnl, m=1,..M,1=0,.,2" - 1.
"M p=—Np/2

A level-m sequence {am, i [n]} is derived by the “split” operator applied to the upper

level sequence {Um—lj[”]} , l_déf 11/2]:

om,1[n] = Op-10,_,n], where

def
Op—10,,_, j[n] = on_1lnlo,,_, fln] + om—1[n + Nulo,,_, fin + Ny
(9.14)
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and the coefficients

sm_l[n]/ﬁ, if [ is even & [ is even or [ is odd & [ is odd;

dp_1[n1/+/2, if [ is even & [ is odd or [ is odd & [ is even.
(9.15)

om—1[n] = [

Ultimately, the sequence {am, l[n]} is derived from the original sequence
{U[l’l] = )?[n]} by m subsequent applications of the “split” operator:

om.1ln] = 0y—1 0y—2..0g o [n]. (9.16)

Such a derivation scheme of {om,l[n]} determines the structure of the sequence
{&n.1[k1}, which is the IDFT of {0y, [n]}. It is shown in the next section that the
coefficients {Sm, l [k]} are the inner products of the signal x with shifts of some signals,
which are to be designated as the discrete-time spline wavelet packets. So far, it
was established for the coefficients {Sl,o[k]} {El,l[k]} in the one-level transform
Eq.(9.13).

9.1.3.2 Discrete-Time Wavelet Packets of Coarser Levels

Define a system of signals

def N/2—1 —
Wn%rl = {Wzrl[k N En_/ N/zw dm,l[n]},

where 9.17)

— def
Em,iln] = am )L 0 0)\[”]

where 0, [n] are defined in Eq. (9.15).

Proposition 9.2 If a sequence {0y [n]}, n = —Ny/2, ..., Nu/2 — 1, is derived
from the sequence {cr[n] = )?[n]}, n = —N/2,..,N/2 — 1 by the transform
Eq.(9.16) then its IDFT can be represented as the inner product

Nim/2-1

Enalll S — > oMol = (x W21 - 2"kl ©.18)
=N /2

Proof For all u =1, ...,m — 1, denote a partial product in Eq. (9.16) as 6,[n] =
O,—1...0¢ o [n]. Then,

Gm,l[n] = Op—1, Om—1ln] = om—1[nlom—1lnl + om-1ln + Nplom—1ln + Nyl

and the IDFT
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N /2—1
1 m - -
Enalkl=— D" " (op-1[nlGm-1[n] + om—1[n + Nplm—1[n + Nul)
m n=—an/2
1 N,,l,1/2—1

= 2 o oulnlgu-iln].

" n=-Np—_1/2

In turn,

om—1ln] = op—2lnlom—a[nl +on—2ln + Np_116m—2[n + Nyp—1]
Np—2/2-1

1 m -
= Enilkl=— D "o, 1ln]on aln)én-alnl.
Ny,
n=—Ny—2/2

Iteration of this procedure leads to the relation

N/2—1 N/2—1

1 m
Emilkl = o= > o™ HOA[H]U 5 2 @ Ewinlolnl
"™ n=—N/2 A=0 n=—N/2
where £k = 0, . — 1. The sequence w?"kn Em 1[n] is the DFT of the signal

W —2mk] = {‘I’rﬁfz [ =27 K1} . k = 0,..., N — 1. Then the Parseval identity
implies

N-1
Skl = > W2l = 2" K1 x[K] = (x W21 = 2" K1), k=0, Ny — 1,
k=0
(9.19)
where llfrir ; is defined in Eq. (9.17). |

The wavelet packet transforms of row signals or of rows of a 2D array are imple-
mented by the MATLAB function spl_WP_analP.m.

Example: DFT of the second-level wavelet packets

Er0[n] = 2s0[n]siln] = vaolnl, Es1[n] =2so[n]df[n] = va1[nl,
Ey2[n] = 2di[nldf[n] = va2[nl, &E23[n] =2dg[n]si[n] = va3[n].

wheren = —N/2,,N/2 — 1.
Similarly to the discrete-time wavelets 11/2’ and szrl of the first level, the DFT
{Z2,1[n1} of the signals lllzzj, 1=0,..3,of the second level coincide with the SHA

spectra of the corresponding wavelet packets W22rz (), I = 0,1,2,3. Comparing
Egs. (9.14) and (9.15) with the tree-structured scheme Eq. (8.49) for derivation of
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the SHA spectra of wavelet packets, one can readily verify that this claim is true for
all the levels.

Proposition 9.3 For any level m, the DFT of the signals lI/nzf ;
Emiln]l =vplnl, 1=0,.., 2"l p=—-N/2,...N/2—1,

where {vm,l[n]} are the SHA spectra of the respective wavelet packets w,%[ (0.

r

Corollary 9.1 The following orthogonality relations hold for the signals lI/n%’ I
(W,ﬁ’,[- — 2", w2l = 2" )

Z W2 = 2" W Tk — 2" = 8 — ) = |2,

=1,
(W,ifl[. S = ) =0 T

The set of signals
2m—1

B, < P {w,ﬁf,[k —omy]

=0

N/2m—1
} ) (9.20)

from the space T1[N] forms an orthonormal basis of this space.

The proof is similar to the proof of Proposition 9.1.

The signals lllzrl are called the discrete-time wavelet packets of the level m. Figures
9.3, 9.4 and 9.5, produced by the MATLAB code Di_wp_level2_P, display the
discrete-time wavelet packets of the second level, which originate from the splines
of orders 2, 4 and 8§, respectively. The bottom panels in the figures depict their DFT,
which coincide with the SHA spectra of the corresponding spline wavelet packets.
The shape of the discrete-time wavelet packets is very similar to the shape of the
continuous—time wavelet packets. They are symmetric and well localized in time
domain.

9.1.4 Bases of Discrete-Time Wavelet Packets

The wavelet packet transforms produce a variety of orthonormal bases for the space
TT[N]. If the discrete-time wavelet packets of order 2r are utilized and the transform
is implemented down to the level M then the following representations of a signal
x € [1[N] are possible
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Fig. 9.3 Second-level discrete-time wavelet packets of order 2 and the right half-band of their
DFT. Upper frame from left to right V. 2 ;» 1=0,1,2,3. Bottom frame &5 o[n], (solid line) £, 1[n]
(dotted), 5> 7[n] (dashed), 5> 3[n] (dashdotted)
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Fig. 9.4 Second-level discrete-time wavelet packets of order 4 and the right half-band of their
DFT. Upper frame from left to right l1/221, 1 =0,1,2,3. Bottom frame E3 o[n], (solid line) Z> 1[n]
(dotted), B 7[n] (dashed), E> 3[n] (dashdottea’)

oM
X = X1,0@X1,1 = Xz,o@xm @Xz,z@xm =..= @ XM, 1,
1=0

2)71
Xt = {Xm K1}, xalk] = Zsmmvﬂ’l[k 2"1], ©.21)

N-1

Ena] = (x W21 = 27A1) = D7 * K192 [k — 2",
k=0
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Fig. 9.5 Second-level discrete-time wavelet packets of order 8 and the right half-band of their
DFT. Upper frame from left to right 11/22J, 1 =0,1,2,3. Bottom frame E> o[n], (solid line) E> 1[n]
(dotted), B 3[n] (dashed), E> 3[n] (dashdotted)

Respectively, the signal space becomes decomposed into a variety of mutually orthog-
onal subspaces.

M[N] = O[NLLo@D TINT1 = TINLo €D AINL @ TN @D TN
2M

=..= P ANl
=0

This decomposition is similar to the decomposition of the spline space 2".#, which
is presented by Eq. (8.24). Equation (9.14) implies that the coordinates of the signals
X2 and X, 2741 are derived from coordinates of the signal x,,—; ; from the upper
level. Therefore, there exist tree-structured relations between the subspaces IT[ N1, ;
related to different decomposition levels, which are similar to relations between the
spline subspaces > 7/;,,, ; illustrated in Fig. 8.4:

The DFT of a signal X,, ; € I[T[N],, 1, which is presented by Eq. (9.21) is deter-
mined by the DFT of the wavelet packet ¥, ;, which is effectively confined within
the band

def [ (+DN (N (OON (+ DN
Ami = [_ mFl _2m+1i| U [2m+1’ W}  1=0,..2" 1.
(9.22)

Due to orthonormality of the shifts of the wavelets ¥ 2", the norms of signals are:

m,l°

Npy—1 2" —1 Np—1

N e S VA | R S S -1 v | o
r=0 =0 A=0
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Loosely speaking, the sum ZN’”*l |§m,1[)\]|2 = ||Xm,l ||2 characterizes the energy
of the component x,,; € [1[N],; of the signal x, whose DFT is concentrated

within the band A,, ; defined in Eq. (9.22). Therefore, the collection { || Xpn.1 || 2} , =

0, ..., 2™ —1, of squared norms reflects distribution of energy of the signal x between
frequency bands A,, ; of length N /2.

This relation between the DFT of a signal and the norms ”xml ”2 is illustrated
in Fig. 9.7, which was produced by the MATLAB code bebas_examP .m. The
top frame displays right-hand part of the spectrum {|)?[n]|} , n=20,..,511, of
a signal x € [I1[1024]. The subsequent frames display the values of the sums
Zivz(;l |$m,1[)»]|2 = ||xm,1 ||2 , 1l =0,..,2™" — 1, for the levels from m = 6
(second from the top frame) to m = 1 (bottom frame). The wavelet packet transform
originating from the eight-order splines is applied.

There are 64 mutually orthogonal components of the signal x = 21620 Xe,/, Whose
DFT effectively split the frequency band n = —512, ..., 511 of the signal x into 64
bands. The norms of the components X¢;, [ = 0, ..., 63 characterize the contents
of the signal x within each of the 64 frequency bands Ae; of width 1024/64=16.
In that sense, the set of norms Zf:o |.§6,l[)»]|2 = |x6.] 2 1 =0,.. 63, canbe
regarded as a spectrum of frequency bands of width 16 of the signal x. It presents
an alternative to the spectrum of single frequencies, which is provided by the DFT.
However, we can observe in Fig. 9.7 an apparent correlation between the DFT of the
signal and the spectrum of frequency bands. The same can be said about the norms
33, st = [|xsi]”, 1 =0, ..., 31, of the signals from the fifth level, which
produce the spectrum of wider frequency bands (width = 32). The signals X, ; from
upper levels produce the spectra of even wider bands.

These spectra of frequency bands appear useful in a number of signal processing
applications. For example, they can serve as characteristic features of a signal or a
class of signals. In order to reveal the frequency bands, which optimally represent a
signal or of a class of signals, techniques, which are modifications of the Best Basis
method, can be utilized. An example of such application is presented in Chap. 12. The
conventional Best Basis algorithm based on the entropy cost function can be applied
in order to find a representation of a signal, such that its energy is accumulated in a
small number of large coefficients.

9.1.4.1 Projection of a Signal Onto IT[N ],

Assume a signal x = {x[k]} belongs to the space IT[N] and {a[n] = f[n]} is its
DFT. The projection of the signal onto the subspace IT[N ], ;

N/27711
X 1[K] = Z En DI Tk =270, B [n] = B i[n] = vy lnl.
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Then
N/2
o[k — 2" = Z I )
n_—N/Z
and
N/zm 1 N/2
xm,z[k]= Z Enah] D @® Ty, 0]
n=—N/2
N/2 N/2m—1
= Z " v 1[n] Z PN O
n—fN/Z
1 N/2
=~ 2 @ vmilnlénilnln,
=—N/2
where the DFT ém,l[n]m = N/ 2" _1$m A w —2"n s an N,,-periodic sequence.
Thus the projection DFT
Ema[n] = V(0] & i [n]n. (9.23)

On the other hand, the projection DFT x,, ;[n] can be expressed via the DFT x[n] of
the original signal x. This expression will be utilized in the block-based deconvolution
algorithm to be presented in Chap. 11.

Proposition 9.4 The following representation of the projection DFT holds

Zmaln] = V[0l & ilnln

2m /21
U 1[1] . A 2
= o 2 Al ANal v I+ A NGl & R [l
r=—2m/2

Proof For simplicity we prove this fact for the wavelet III% [k] of the first level, whose
DFT is vy o[n] = ﬁso [n]. Proof for any other wavelet packet is quite similar.

The projected signal is xq o[k] = N/2 ! &1.0[A] lP olk — 211, where the coef-
ficient
=
E1L004 = (x. ¥ ( —20) = = D" ol vy oln],
n=0

and o [n] = x[n]. Consequently, the DFT is
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N/2—1 N/2—1 N—1
> olklo™ vy glk]
A= k=0 k=0

N—-1 N/2—1

1
5 2ol viole] > 0
0 =0

Eolnly

I
S
b
é—’
LYT
o
>
I
=4
S
o
g

olk]violk]d[n — k](modN /2)

(£[n]violn] + X[n + N /2] vi oln + N/2]). (9.24)

Due to periodicity of the sequences, we have forn = —N/4,...N /4

v,0ln]
2

%1.0ln] = violnl & olnl = (R[] violn] + £[n + N /2] v oln + N/2])

1. I _
55 [violn]|” + T ol vi ol

_ [n+NJj2,ifn <07 € (N/4, N/2),
n—N/2,ifn>0,iie(—N/2, —N/4).

Recall that the SHA spectrum {v; o[n]}, n = —N/2, ..., N/2 — 1 of the wavelet
packet wlzfo(x) is effectively localized within the domain [—N /4, N /4]. The more

|2}, n = —N/2,...N/2 — 1. On the other
hand, the product , vy o[n] vi 0[] ~ 0. This leads to the relation

so is true for the sequence {|v1,0[n]

£ [vi0lnl]®

N =

X1,0ln] ~

The higher is the spline’s order 2r, the closer is X1 g[n] to 1/2 X[n] |v1,0[n]|2 (see
Fig. 8.2). [ |

9.1.4.2 Best Basis

Like in the spline space 2.7 (Sect.8.4.4), there exists a variety of orthonormal
bases of the signal space IT[N], which are provided by different combinations of
translations of discrete-time wavelet packets. Examples are the “horizontal” bases
Bﬁl defined in Eq. (9.20) or wavelet bases

m— nl_l
By < w2 [ - 2”%]}10 U fwar [ - 2'",\]}10 9.25)
Nm—]* N/27]

U {W"%r*"‘ [ B Zm_lk]}ho | U--U {wlz’r‘ L= 2)L]})\:0
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Fig. 9.6 Diagram of 3-level orthogonal decomposition of the signal space

In this case, the DFT spectrum of a signal x is split in a logarithmic mode.

The direct and inverse wavelet transforms of a signal are implemented by the
MATLAB functions spl_Wv_analP and spl_Wv_syntP, respectively.

Besides these two kinds of orthonormal wavelet packets bases, any combination
of discrete-time wavelet packets, whose DFT spectra form a one-fold cover of the
whole spectral domain n = —N/2,...N /2 — 1, can generate an orthonormal basis
for the spline space IT[N]. Once a cost function is defined, selection of the “best”
basis for a given signal from the wide variety of possible bases is implemented in line
with the Best Basis scheme described in Sect. 8.4.4. This implementation is possible
because the structure of the wavelet packet transforms of signals (Fig. 9.6) is identical
to the tree structure of the wavelet packet transforms of splines (Fig. 8.4).

Design of the best wavelet packet basis for a signal x = {x[k]} € IT[N] consists
of the following steps:

1. Calculate the DFT o [n] = z,iv;(f ¥ x[k] of the signal x.
2. Using the two-scale relations of Eq. (9.14), derive the coefficients

omalnl, m=1,.. M, 1=0,..,2" —1, n= =Ny /2, ..., Ny/2 — 1.

3. Applying the IDFT to the coefficients o, ;[n], find the coordinates

| Ny /2—1
Emalk] = N_ Z "k om.1n],
M p=—Nu/2

m=1,..,.M,1=0,..,2"—1,k=0,..Ny — 1

of the signal x projections onto the subspaces IT[N],, ;:
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Fig. 9.7 Top Magnitudes of the DFT of a signal of length 1024 samples (right-hand part of the
spectrum). Energies in the blocks of wavelet packet coefficients {mel Hz} , 1 =0,..,2"—1,
from the sixth level (second from the rop) down to the first level (bottom)

Nm_l

Xt = {om k1), X alkl =D En iAW alk — 271,
=0

4. Calculate the cost function C, def C({Wrﬁf ;[ — 2"k] for all the bases of the
subspaces IT[N];, ;, m = 1, ...M, of the space IT[N].

5. The best (and the single possible) basis BY for the bottom level M is the
union of the discrete-time wavelet packet bases of the subspaces IT[N]y 1, | =
0,...2M —1.

6. The best basis BM~! for the upper level M — 1 is designed in line with the rule Eq.
(8.56) by comparing the cost functions of the “parent” subspaces with IT[N]pr—1
with the cost functions of their “offsprings” IT[N]y 2 and IT[N ] 21+1-

7. The procedure is iterated up to the top space IT[N].

Once the values of the cost function are available, the best basis tree is designed by
the MATLAB function WP_BB_ListreelD P.
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Fig. 9.8 Top Magnitudes of the DFT of the signal x of length 1024 samples, which was displayed
in Fig. 9.7 (right-hand part of the spectrum). Energies in the blocks of the best-basis wavelet packet

coefficients {mel HZ} , 1 =0,..,2" — 1, from the fourth level (second from the top) down to the
sixth level (bottom)

Example

Figure 9.8 illustrates the best basis for the signal x, which was displayed in Fig. 9.7.
The figure was produced by the same MATLAB code bebas_examP .mas Fig. 9.7.
The best basis is formed by shifts of the discrete-time wavelet packets of eight order.
The top frame displays the right-hand part of the spectrum { |)? [n] | } , n=0,..511,
of the signal x € I7[1024]. The subsequent frames display the values of the sums
of coefficients Q’go’ ! |.§m,1[)\]|2 = ||Xm,1 ||2 for the wavelet packets llfrﬁ,l, which
participate in the best basis.

One can observe that the wavelet packets from the decomposition levels one
to three do not participate in the best basis. Only one wavelet packet llff g from

the fourth decomposition level participates, while 15 wavelet packets 11/58,1, | =
0,7,9, 12, 14, 18 = 23, 28, 31 from the fifth level and 30 wavelet packets llfél

from the sixth level participate in the best basis. The DFT of the wavelet packets,
whose shifts constitute the best basis, provide one-fold cover of the frequency domain

of the signal x. The list of the best-basis wavelet packets lI/nf’ ; and the norms || X, 2
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of the corresponding signal’s projections can serve as characteristic features of the
signal x.

Remark 9.1.2 We emphasize that design of a best discrete-time wavelet packet basis
provides an optimal, with respect to the cost function, split of the frequency domain
of the signal.

9.1.4.3 Reconstruction of a Signal from a Wavelet Packet Basis Expansion

Assume a x signal x is expanded over an orthonormal wavelet packet basis:

Np—1
B xnir xmi={rnalkl}. xpalkl = D" Eualh] nalk — 274,
(m,ye A=0

(9.26)
It can be a wavelet basis (.#Z = (1, 1), ..., (M, 1), (M, 0)), a “horizontal” basis
(M = (M,0), ..., (M,2M — 1)), a best basis or some other basis. Assume that the
coefficients {Em,l[)»]} are known. In order to derive an explicit expression for the
component X, ;, we apply the DFT

m —1

N—-1
Enlnl = D 0 My k] = Zw"‘" Z Em (MW [k — 2" 2]

Npu—1 N—1
= > EnalAl D o KW [k — 23] = 0y (1] vy (],
=0 k=0
def Nt def =
omalnl = Epalnl = D @ e D), v glnl S W] = > 0 M, 1k,
=0 k=

Then the component x,, ; is restored by the IDFT

| N/2—1
okl =< > @ o gln] v ln]
n=—N/2
and the entire signal X is
N/2—1
wkl=~ 2 @ 30 owilnlvmlnl. (9.27)

n— N/2 (m,heH

The MATLAB function List_synthP m restores the signal x from the basis

defined by a list A. The DFT vmgl[n] '1/2’ 'y[n] are prepared by the function
wavs_coefP.
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9.2 Two-Dimensional Discrete Periodic Wavelet Packets

The symbol IT[N, N] denotes the space of N-periodic in both direction discrete
signals

x © (x[k,nl}, k,n€Z, x[k+N,n+N]=x[k,n], N=2

In this section, a system of orthonormal bases in the space IT[N, N] is described.
The bases to be presented are constituted by the shifts {1112’ =2, =2 u]}

of the 2D discrete wavelet packets lllri’l [[k, ] l1/2’l [k] 'ler [n].

9.2.1 One-Level 2D Wavelet Transform

Denote,

2 def . 2r 2r 7
lI/l;[[k n] = ¥y lk] WLT[”]’ [,LI=0,1, k,n=0,...,.N —1,

where the discrete-time wavelets 'I/()z”l [k] = 'Jflzf)[k] and lI/ 1 [k] are defined in
Eq.(9.9). Obviously, the 2D DFT of the wavelets is equal to the SHA spectra of
the 2D spline wavelet packets described in Sect. 8.5.

d ~
l1/12;l[/< = vy ”[/c t] et v1.lx] vy ile, L,1=0,1, k,t=—=N/2,...,N/2 - 1.

where vy j[k] = @f? [«]. Recall that

vkl = WPle] = V2solkl. vkl = V2 dilx]

_ (] o T o
soln] = 2u‘1"[n] cos N do[n] = @" so[n + N/2].

The following fact is a direct consequence of Proposition 9.1.
Proposition 9.5 The set of 2D wavelets

B;wdéf[ W ok — 2)\n—2u]}U{ w2 ok — 2)\n—2m]

k,,u:O,...,N/2—1, k,n=0,...N—1,

from the space I1[N, N] forms an orthonormal basis of this space.
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Proof The inner product of the wavelets

<wl2§l[k 20, n—2ul, WX k=2 n —2,1]>

N-1

=> xpf; k=23, n —2u] wf; ik =23, n —2/i]

k,n=0
= D> Uk =20k — 23] D WiHn — 26l W — 2]
=8 —M8u—pl, 1,I=0,1, A, u A a=0,.,N/2—1.
Similarly, inner products of different 2D wavelets are zeros. Thus, Bé is an ortho-

normal system in the space IT[N, N1, which comprises N2 elements. Consequently,
Bé forms an orthonormal basis of the space IT[N, N] |

Any signal x € TI[N, N] can be expanded

X =X1,00Dx1,1,0Dx1,01 Dx1.1.1.

N/2—1 (9.28)
xppplkonl =250 & % 1] ‘Plzgl[k 2%, n —2ul,
where the coordinates are
110 1l =[x, w2 [ =23, = 2p])
N—-1
= 2 xlk, W 1k =23, n = 2u] (9.29)
k,n=0

N—1 N—1
= Zwﬁ;[n—zu](zx [k, n] W} [k—2k]).
n=0 k

Itis seen from Eq. (9.29) that, in order to derive the coefficients &, L of the 2D
wavelet transform of x with the wavelet lI/ 2’ -, one can apply the 1D wavelet transform
with the wavelet lI/12§ to columns of the array x = {x[k, n]} and, subsequently, apply
the 1D wavelet transform with the wavelet '1/2’ to rows of the resulting array.

On the other hand, the coefficients &, ; ;[A u] can be directly computed by using
the 2D IDFT:
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| N/2—1
Lt ml =57 2. @l Vi lke
Kk, 1=—N/2
| N/2—1
_ 2(kr4tp) * * Et ~
=Nz Z w olk,t] UI’Z[K] vlj[c], olk,t] X[k, t].
Kk,1=—N/2

Inversely, if the coefficients &, 1 ilA, u] are given then, similarly to Eq.(9.27), the
array {xl L ilk, n]} is restored via the IDFT. Denote

N/4—1
def 2 —2(k A+t
ol d =& gl = Z R &0 qlAs pl.
A pu=—N/4
Then we have
. — N/2— 1 (kk+un) N .
xpgglkon) = 55 X0y p vy il oy gl d

(9.30)

N/2-1
= N2 > {_7 @® KT (k] v oy, il d.

The whole signal x = {x[k, n]} is restored as

N/2—1

x[k, Z ekt Z vilelvy fld oy flk, d.

Kki=—N/2 1,I=0
Expansion (9.28) generates decomposition of the space IT[N, N] into four mutually

orthogonal subspaces [T[N, N] = @II -0 IT, ,;IN, N], where T, , ;[N, N] is the
linear hull of the wavelets ’

{"I’l,z,iﬁ =2, =2ul = Wil = 2209 gl — 2#]} . A w=0,.,N/2-1

9.2.2 Multilevel Wavelet Packet Transform

Let llfrﬁ’ I J/ri’i e II[N], I, [ = 0,...2" — 1, be discrete-time wavelet packets from

level m and {vy, [k}, [vm [[L]} be their DFT, respectively. The products

2 g 2r def 7 or 2r
Wm’l’[_{lllm’lj[k,n]}, w2 gk w2 k2 9.31)
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are called 2D discrete wavelet packets of order 2r from level m. Surely, their
2D DFT

[l 0 E 0, el = vaalicl v, Lt} e o= =N/2, N2 = 1.

The following property of the 2D wavelet packets is derived from the corresponding
property of the 1D wavelet packets, which is presented in Corollary 9.1.

Proposition 9.6 The set of 2D discrete-time wavelet packets from the space [1[ N, N ]

2m—1
def
B2 | {wjflj[k 2" n— 2’”,;4} , (9.32)
1,1=0

where A, u = 0,...,N/2™" — 1, k,n =0, ..., N — 1,, forms an orthonormal basis
of this space.

Similarly to Eq. (9.28), a signal x € I1[N, N] can be decomposed

om_1 N/2—1
2
X = @ Xy 1 i Xl n] = Z §p g fl MW Tk =270 n = 2" ],
1,1=0 A,u=0

where the coordinates are

0 1) = (% W2 =270, = 2

N-—1
= > xlk.n] w}jfl Ak =20, n = 2" ]
k,n=0 v
N-—1 N—1
- Z wﬁ;[n —2"u] (Z xlk, n) WPk — 2”%]). (9.33)
n=0 k

It is seen from Eq. (9.33) that in order to derive the coefficients sm I, ilA, u] of the 2D
wavelet transform of x with the wavelet l1/2’ ,one can apply the 1D m-level wavelet

packet transform with the wavelet 11/2 to columns of the array x = {x[k, n]} and,
subsequently, apply the 1D m-level wavelet packet transform with the wavelet llfzr

to rows of the resulting array. On the other hand, the coefficients &, ; ;[A, 1] can be
directly derived by using the 2D IDFT:
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| N
gl nl =15 2, o el vy e
K,0=—N/2
| N
= Z @2 AU 5 e (] vy lK] v;kn l~[l], olk,t] Ef)?[/( t].
K=—N/2 '

The DFT spectra {vm k] } { Vo ile ]} and { Vol ilke, L]} of the discrete wavelet pack-
ets Wy, 1, ¥, rand ¥ L] coincide with the SHA spectra of the spline wavelet packets
Y. (1), wmj(t) and I[/m’lj(x, v). Therefore, the coordinates {gm’lj[x, L]} of signals
X, 1.jlc, t] can be derived by iterative application of the 2D wavelet packet trans-

fofm, described in Sect. 8.5.2, to the signal x. Herewith the space [T[N, N] becomes
subsequently split into sets of mutually orthogonal subspaces

N, N1 = IT100[N, NYED M1.1.0[N. NTED 101N, NIED IT1.1.1[N. N]

2m—] om
= @Hmfl,l,l'[N’N] @ 11, 7IN, N1,
1,I=0 1,I=0

where a subspace of level m — 1 generates the subspaces of the next level:

I, ,iIN,N]

m

9.34
11, 3 i lN. NI I, 541 5iIN. NID 1T, 5 57,1 [N, N] ©.34)

D1, 51412041 N, N1

The subspace 17, ,; ;IN, N]is the linear hull of the wavelet packets

{Wm,l,[[. — 2’71)\_, . — zmﬂ] — Wm,l[' _ 2””)\] ‘pm,i[. _ Zm/"v]} , =0, N/2m _

Inversely, if the coefficients §, , ;[A, u] are available then, similarly to Eq. (9.30)

the array {xm 1 ilks n]} is restored via the IDFT
N/2—-1
X, 7k, n] = Z kT y, gl oy, gk dd (9.35)
Kk, 0=—N/2
N/2—1

- z lktm kv, e, e,

K i=—N/2
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where
N/2m—1

def oM et
0, il 0 S &, gl dn = D> @ el
A,u=0

The whole signal x = {x[k, n]} is restored as

s |

xlk,nl =~ > oy itk v, o, e . (9.36)

K, 1==N/2 1,1=0

9.2.3 2D Wavelet Bases

Equation (9.34) means that the system of orthogonal subspaces of the signal space
II[N, N has a quad-tree structure. The very space IT[N, N] and each of its sub-
spaces, except for the subspaces of lowest decomposition level, have four mutually
orthogonal offsprings. Respectively, the system of orthonormal wavelet packet bases
has a quad-tree structure as well. For example, an orthonormal basis of the subspace
Hm_l’[j[N, N1] can consist either of the Zm’l—sample shifts of the (m — 1)-level

discrete-time wavelet packet l1/n21’_ 11790 alternatively, of the 2" -sample shifts of the

1,1
l1,2r _ 2r ~ q,Zr ~ qﬂr ~
m20,200 " m20+1,200 T m, 2020417 " m,204+1,20+1’

packets, which are “offsprings™ of the wavelet packet 2% e
m—1,t,

quadruple { } of the m-level wavelet

9.2.3.1 2D Wavelet Bases

Thus, the wavelet packet transforms offer a vast variety of possible orthogonal expan-
sions of a signal x € IT[N, N]. Examples are the “horizontal” orthonormal bases
B2" defined in Eq. (9.32) and the wavelet orthonormal bases

By < {Wrﬁfo,o[k —2%A,n— zm“]} Up=1 ({lpzirho[k — 2%k n— 2[7“]}

U otk —20an =20} U {0, 1k =272,n =271}

Direct transform

Practically, coefficients of the signal x = {x[k, n]} € II[N, N] expansion over the
wavelet basis BrznW are derived by application of one-level 1D wavelet transform to
columns of the array {x[k, n]}, which is followed by application of one-level 1D
wavelet transform to rows of the resulting array. Thus, the arrays {él,o,o[k, ,u]},
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{61,100, w1}, {€1.0,1 00, 1}, {€11.1[A, w1} of size N /2 x N /2 are produced. Then,
the same procedures are applied to the array { &1,0,0[A, ] } , whichresults in its decom-

position into the arrays {&,0,0[A, 11}, {&2,1,0[2, 1}, {&2.0,1 12, w1}, {&2,1.1 01, w1}
of size N/4 x N /4. Then the procedures are iterated down to level m. As a result,
the set

o, o {&m.0.0[2, M]}i\{f;n()_l U ({&p.1.0[1, p1}

p=1

U {gpoalr. wa} U gl m})) 20

of the transform coefficients, which comprises the same N2 number of entries as the
original array {x[k, n]}.

Inverse transform

Assume the set C7; of the transform coefficients is given. Then, the signal x is
reconstructed by the following operations:

1. The coefficients from the bottom level m are arranged into the matrix

M. % ({gm,0,0[)h w1} {&m.0.110, 1}

"7 \{ém1.0lh, 1} {Em,l,][)\»ﬂ]})’ Ao =0, N2ZE 1

2. 1D inverse wavelet transform is applied to rows of the matrix M,,, which is fol-
lowed by application of 1D inverse wavelet transform to columns of the resulting
array. By this means, the array {Em—l,0,0[)\s M]} is restored, and used for the
completion of the matrix

def ({Sm—l,o,o[k, u} {&m—1.0.1[x, ul}

-~ _ m—1 _
Mo-1 = {&m—1.1.000, 1} {Em—1.1,1[A, M]}) o A =0, N/2 I

3. The restoration procedures are iterated until, at the m-step, the signal x is restored
from the matrix

def (161,0,0[2, ]} 181.0,1[A, ] _ _
M = ({51,1,0[)»,/1]% {51,1,1[)»,/1]})’ b =0, N2 1.

Recall that {E ol ilA, ,u,]} are the coordinates of the signal x projection x .1, Onto
the subspace Hp 1IN, N

N2

X, lkonl = D &, 0 WY lk = 2Pk n =27 ).
A,u=0
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Fig. 9.9 Layout of the coefficients of 3-level 2D wavelet transform

Fig. 9.10 The DFT spectra of discrete-time wavelets of order 10 down to the second (/eft) and to
the third (right) decomposition levels

The DFT of the basis discrete-time wavelet packets lI/;rl 7 coincide with the SHA

spectra of the continuous wavelet packets 12" } l~(t). The DFT of the basis 2D wavelets,
which are the tensor products of the DFT of the 1F wavelets, split the 2D frequency
domain of the signal x in a logarithmic order in either of the two directions. A
conventional layout of the wavelet coefficients, which correspond with the frequency
content of the respective subspaces I7 b 1 jIN, N1is illustrated in Fig. 9.9.

The DFT of first-level wavelets are displayed in Fig. 8.19. Figure 9.10 displays
the DFT of tenth order wavelets down to the second and the third decomposition
levels.

The direct and inverse wavelet transforms of a 2D signal are implemented by the
MATLAB functions spl_Wv_analP_2Dand spl_Wv_syntP_2D,respectively.
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9.2.3.2 Best basis

The variety of possible orthonormal bases, which are provided by the wavelet packet
transforms, makes it possible to select a basis, which optimally represents a given sig-
nal x € I[N, N]or aclass of signals. Fitness of a basis to the signal is measured by
a cost function. The most common additive cost function is the entropy of the trans-

form coefficients of the signal. Let a matrix C def {cl[k,nl}, k,n=0,...,N—1,
comprises all the coordinates of the signal x € IT[N, N] in some orthonormal basis

Band ||C| = def ,/Zk n—o lclk, n]l Then, the entropy cost of the basis B is

N-1 2 2

def e[k, n]| e[k, n]|
EMB) = — z ——— log, —————. (9.37)

P (4] R (O

The “best” basis,

opt __ 2r y._Hmy . _ Am
B = | [wm’[j[ 2,2 u]}
(m,l,el

which minimizes the entropy cost function for a signal x € IT[N, N] provides a
representation of the signal, where its energy is concentrated in a relatively small
number of large coefficients. In addition, the best basis reveals the frequency structure
of the signal.

Design of the 2D best basis is outlined in Sect. 8.5.3. Once the coordinates {E .l ;}
of the best basis expansion

N/2m—1

NEED YD YT U R

(m1.he0 *1n=0

of a signal x € IT[N, N] are known, the signal can be reconstructed similarly to
Eq.(9.36) via the IDFT

N/2—1
xkonl=— > oMW Ny kv, o, k.,

Kk,1=—N/2 (m,l,he0

where

N/2m—1

_ & _ —2M (e
Om,l,[[K’ U= Em,l,i[K’ Um = z , @ (ertun) Em’[’i[)\w ul,
Aypu=0
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Fig. 9.11 “Lena” image.
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Fig. 9.12 Layout of the best basis coefficients at different levels for the six-level wavelet packet
transform of the “Lena” image
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N-1
11— w2 _ — (KAL) 4,20
vk, =2 e d= D v .
A,u=0

Another option is subsequent application of the 1D inverse transform to columns
and rows of the multi-layered array of the wavelet packet coefficients provided that
the coefficients blocks related to the wavelet packets, which do not participate in the
best basis are put to zero. Figure 9.12, which was produced by the MATLAB code
exam_bbP_2D.m, illustrates the layout of the best basis coefficients at different
levels for the six-level wavelet packet transform of the “Lena” image (Fig. 9.11) by
the fourth order wavelet packets.

Note that the layout of the blocks of the best basis coefficients for a 2D array and
their relative energies highlight the structure of the array ’s DFT spectrum. The set
of energies in these blocks of coefficients may serve as characteristics of the array.

The list A of the discrete-time wavelet packets, whose shifts constitute the best
basis tree is derived by the MATLAB function WP_BB_Listree2_D_P.m. The
MATLAB function List_synthP_2D.m restores the 2D signal x from the basis
defined by a list A and produces its DFT.

In the following Chaps. 10, 11 and 12 we discuss some applications of the spline
wavelet packet analysis.



Chapter 10
Deconvolution by Regularized
Matching Pursuit

Abstract In this chapter, an efficient method that restores signals from strongly
noised blurred discrete data is presented. The method can be characterized as a
Regularized Matching Pursuit (RMP), where dictionaries consist of spline wavelet
packets. It combines ideas from spline theory, wavelet analysis and greedy algo-
rithms. The main distinction from the conventional matching pursuit is that different
dictionaries are used to test the data and to approximate the solution. In addition,
oblique projections of data onto dictionary elements are used instead of orthogonal
projections, which are used in the conventional Matching Pursuit (MP). The slopes of
the projections and the stopping rule for the algorithm are determined automatically.

In Sect.7.1.1 a spline algorithm for stable solution of one-dimensional convolution
equations

T
g(t):h(t)@f(t):/0 h(t — 1) f(7)dr, (10.1)

which is based on Tikhonov regularization method [1, 2], is described. The unknown
function f(¢), the blurring kernel /(¢) and the data function g(¢) are T'-periodic.
Utilization of splines for the Deconvolution bridges the gap between discrete noised
available data and continuous nature of physical signals. The SHA methodology
enables to derive a solution in an explicit form and automatically determine an
optimal value of the regularization parameter.

However, spline wavelet packets provide additional opportunities for extraction
of original signals from available data which is affected by blurring, sampling and
corruption by noise. One of such methods is the so-called Regularized Matching
Pursuit (RMP) algorithm, which is a modification of the well-known greedy Matching
Pursuit (MP) algorithm [3—-5]. The MP performs successive approximation of a signal
by iteratively testing the available data by elements from a redundant dictionary of
waveforms. The RMP uses the spline wavelet packets dictionaries and combines
adaptation abilities of the MP with a regularization methodology.

Due to the great variability of shapes and frequency contents of the spline wavelet
packets, they may serve as universal building blocks to approximate various func-
tions. In addition, they are well compatible with the convolution operator. The SHA

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 215
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_10,
© Springer Science+Business Media Dordrecht 2014
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provides a unified computational engine for the fast implementation of the algorithm.
The characteristics of the method are:

Dictionaries: RMP uses a pair of dictionaries: One, continuous, is used to approx-
imate the solution. It consists of translations of spline wavelet packets. The other
dictionary is used for testing the data. It consists of wavelet packets that are con-
volved with a kernel and are sampled on a grid.

Computational engine:  Spline Harmonic Analysis (SHA) whose basic operation
is the fast Fourier transform (FFT). It is important that the application of the FFT
to the data is implemented only at the first iteration. At subsequent iterations,
the correlation coefficients are updated without resorting to FFT. When the iter-
ations are stopped, the inverse FFT is applied to obtain an explicit time domain
representation of the solution.

Regularization: Orthogonal projection of data vectors onto testing dictionary ele-
ments, which are used in the MP, may result in solution instability. To avoid this,
we use oblique projections, where a slope for each dictionary element is deter-
mined automatically from the data during the iterative process.

Stopping rule: Relative contributions of the coherent signal and of noise into the
input data are automatically evaluated during the iterative process. When, after a
number of iterations, the noise contribution becomes overwhelming, the algorithm
is halted.

This approach proved to be efficient for strongly noised blurred 1D signals. Prop-
erly modified, the RMP is applied to inversion of the heat equation, which is related
to the Deconvolution problem.

As in Sect.7.1.1, the available data is being sampled on the uniform grid {k}.
These samples are corrupted by noise e = {ex}, which is assumed to be a zero
mean independent identically distributed (i.i.d.) random vector. Let N = 27 ( jeN)
be the number of nodes on the grid. Denote, g = {g(k)},ivz_ol, h = {h(k)},]{\/:_o1 and
z = {z[k]} = g + e. Assume that the period T = N.

10.1 Outline of the Matching Pursuit Scheme

10.1.1 Conventional MP

The MP algorithm [3] approximates a function by elements of a redundant dictionary
of functions (features) by using a greedy strategy. The features, which best match
the signal, are selected one by one from the dictionary that subsequently improves
the approximation.

LetD = {6, } 5:1 be a dictionary with P elements and g be a given signal.

C . . . def C . . . def
e The initial approximation is g° = 0 and the initial remainder is 70 = g.
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e In the first step of MP, the orthogonal projections z?, = ay 0, /110, || of the remain-
der z° onto the normalized dictionary elements are calculated, where

a, = (°,6,)/16,1l.

e Assume that the projection onto the element 0 is the strongest (that is y =

arg max, |a, |). Denote

pdef o grdef g
a =oap, 0 =0;.

e Define the first approximation as g' = g% + A' 0! and the residual as z' =
20— 210!, where 2! € o1 /)01).

e Then, the procedure is iterated using z

12 /)62

The second approximation is g2 = g' + A2 62 and the residual is z> = z! — 1% 62,

After S iterations, we have g = g5 + 75 = Zf;(} A5 65 4 25,

U instead of z%. It results in @2, 62 and

Loosely speaking, the idea behind the MP is: The successive residuals z° are
tested for the presence of a coherent structure by elements from the dictionary D.
If a coherent component, which is close to some dictionary element presents in the
residual, then the projection of the residual onto this element is significant. Thus, this
piece of the coherent structure is transferred from the residual to the approximation
of the function g. If the noised version of the data is available then the residuals
converge to the noise component of the data [4], which is non-coherent with all the
dictionary elements. Otherwise they converge to zero [3].

10.1.2 Outline of the Regularized MP for Deconvolution

In our case, the function should be restored from its sampled convolution corrupted
by noise (vector z). This prevents utilization of the standard MP scheme. However,
we construct a pair of dictionaries and describe a modification of the MP algorithm,
which enables us to accurately approximate the original function f(¢).

We denote, ¥, (1) & w2 (t + k), k =0,...,N — 1, where y2",(t) is the
wavelet packet of order 2r from the space 2 W1 Let x (t) be a spline of order 2¢
approximating the convolution kernel /(¢). Then, the circular convolution 6,, ;(¢) o

X ® Y, 1(2) is aspline of order 2q 4 2r. We denote, 6,, 1  (¢) def Om.1(t +k). Elements
of the testing dictionary are defined via sampling the splines 6, ; x (¢) as:

Omi = {Omilcl}, Omik ={Omixlcl}, «=0,...,N—1. (10.2)

The algorithm is implemented via the following steps:

e Approximation of the convolution kernel 4 (¢) by a spline ().
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e Construction of two dictionaries:

Approximation dictionary Dy = {wm Lk ®}, k=0,..., N — 1 consisting
of one-sample shifts of spline wavelet packets from different resolution scales.

Testing dictionary D7 = {®,,; «} consisting of sampled circular convolutions
of shifts of spline wavelet packets with the spline y () approximating the kernel
h(t).

e Evaluate the error vector e: that is, construct a vector €, whose characteristics are
similar to the characteristics of e.

e Calculate coefficients o, ;i of the obligue projections of z onto the normalized
signals @, 1 k. Set a threshold 7 for the stopping rule.

e If for some triple 7, [, k the coefficient lex,s, k| < Ty then remove the signal @ . L

from the testing dictionary and the Wavelet packet wé’ T . (¢) from the approxima-
tion dictionary o

e Typically, the convolution kernel A (t) is efficiently bandlimited. Therefore, the
SHA spectra of some of remaining wavelet packets w2’~(t) actually do not overlap

with the kernel spectrum. In order to avoid 1nstab111ty of the algorithm, discard
such wavelet packets and corresponding @, 7 from the dictionaries.

o Put (1) =0,2"=z.

e Find oblique projections of z° onto remaining normalized Om.1k:

L —q zk—@m’l’k Uk = (@m’l’k’ ZO) 1— |<@m’l’k7 é)|
m, 1,k mt, 1Ol ’ st ” @mJH |<@m,l,kv ZO)| + '

o Leti,l k= arg max, ; k |amlk|

o Denote 2! € a1 /1Omill, v () € Y2, (0 and O = 6, 77 Then, put
' =203 el f! (t)—fo(t)+k yl@).

e The procedure is iterated using z! instead of z°, and so on.

e The subsequent iterations of the algorithm extract pieces of coherent structure
from the data signal z. Thus, the noise-to-signal ratio tends to one and the oblique
projection coefficients tend to zero. When all of them become less than a predefined
threshold Ty, the iterations are automatically aborted.

e As a result, the function f(¢) is approximated by a finite linear combination of

spline wavelet packets.

10.2 Description of the RMP for Deconvolution

The goal is to find a stable approximate solution f(@) tothe N -periodic convolution
equation (Eq. (10.1)) (where T = N), while the data z = {z[k]}llcvz_ol and h =

{h(k)},}{\]:_o1 are available,z=g+e, g & {g(k)} and e & {ek},ivz_o1 is arandom i.i.d.
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zero-mean errors array. Assume that /(¢) and f (¢) are smooth functions that belong
to C? and C¥, respectively. The Fourier spectrum of the kernel % is localized in
the low-frequency area: thus, the convolution with this kernel implements low-pass
filtering.

10.2.1 Dictionaries for RMP

The Deconvolution problem is immersed into spline setting. The splines are repre-
sented via the orthonormal bases {yzr [n](t)}. The kernel 4(t) € C? is approximated
by the 2g > p + 1 order spline

N/2—1
x(0) = % > ulnly¥nl@) e .7 c c?, (103)

n=—N/2

def u?4[n]

—h 2q 2q < L
plnl = hinl/V=nl, V™n] ]

which interpolates the sampled kernel h at grid points {k}. For the successive approx-
imation of f € C*, the spline wavelet packets of order 2r > s + 1 are used:

2r _ 1 ! 2r Zry
Va0 = = > vnalnl y¥[nlt) € .,
n=—N/2

m=20,...,M, I =0,...,2™ — 1, which belong to the same space C*. The
coefficients {u[n]} and {vm,z[n]} form the SHA spectra of the splines y(¢#) and
lﬂff ;(£), respectively. Since the available data z is the sampled convolution of f with

the kernel /, which was corrupted by noise, it is tested by the shifts of sampled
convolution ®,, j[«] def X ® I//’%:l(K) defined in Eq.(10.2). Due to Eq.(4.33), an

explicit representations of the testing signals {@m,l[/c]} is expressed via the inverse
DFT:

N/2—1
Omilkl == D " Q¥ (0] puln] v s[n], (10.4)
n=—N/2

u2r+2q[n]

Vu#nlu* [n].

Unlike the conventional MP, the RMP uses two different dictionaries D4 and D7
for approximation of the solution and for testing the reminders, respectively. The
dictionary D4 consists of one-sample circular shifts of the spline wavelet packets

QZ}’,Zq [l’l] —
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1//3!’ () € 2r W 1, while the testing dictionary D7 consists of one-sample circular
shifts of the signals ®,, ;.
The members of the dictionaries are explicitly expressed as follows:

-1

D, = {vfm,k(z)} ,

k=0
I N/2—1
Yo 11 () = Yl (1 + k) = 5 > vmalnlo® y¥nl@).  (10.5)
n=—N/2
Dy = {6 mlk}k 0 >
1 N/2—1
Omik(c) =~ > &*" 0¥ [n] uln] vy iln), (10.6)
n=—N/2

where «,k =0,..., N — 1 and the sequence QZ”Zq [n] is defined in Eq. (10.4).

10.2.2 Modelling Noise

Assume that the error vector e is a zero mean Gaussian white noise. Typically, the
convolution kernel A (%) is efficiently bandlimited. That means its significant Fourier
coefficients ¢, (h) occupy arelatively narrow band around zero, — K < n < K, where
K < N/2.Dueto Eq.(3.8), which relates the Fourier coefficients of a periodic spline

to the DFT of its sampling, the same can be said about {fz[n]}. Hence, outside the
band —K < n < K, the DFT coefficients of the data vector z can be expressed as

{2[”]}ne[K,N/2—1 [—N/2,—K] {e[n]}ne[K,N/Z—l]U[—N/Z,—K]' (10.7)

Relying on the fact that the power spectrum, {|é[n] |2} of the white noise e is close
to a constant for alln = —N/2,..., N/2 — 1, the DFT of noise is simulated by
symmetric expansion of {2[n } from the subset [K, N/2 — 1]JU[—-N/2, —K] to the
whole frequency domain [—N/2 + 1, N/2]. Thus, noise is modeled by the vector
€= {el} o ,whoseDFTspectrume[n] = z[n]asn e [K, N/2—1]U[ N/2 —K]

Then, the inner products |(©.1 k. €)],
(10.11), is estimated as

(Om.ik.€)] ~ emix o {Om.i.k. €)|
LS

= | 2 @™ QM inlvyln] pln) 2n)”
=-N/2
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Fig. 10.1 Top left Blurring Gaussian kernel with STD oy = 2. Top right its magnitude Fourier
spectrum (right). Bottom left column # 450 from the “Barbara” image blurred by the kernel (solid
line) versus the original column (dashed line). Bottom right blurred column affected by the i.i.d.
noise with STD o,, = 20 (solid line) versus the original column (dashed line)

Figures 10.1 and 10.2 illustrate the idea behind noise modeling. Figure 10.1 dis-
plays the blurring kernel, its Fourier spectrum and a signal, which is the column
# 450 from the blurred and noised “Barbara” image, versus the original column.

Figure 10.2 displays the magnitude DFT of the input signal versus the magnitude
DFT of the applied noise. Outside the band [—30, 30], both spectra are very close to
each other. Outside the band [—40, 40], they are practically identical. In this example,
K = 30 (see Eq.(10.7)) is selected. The bottom frame in the figure compares the
magnitude DFTs of the applied noise and the simulated one. Observe that outside
the band [—30, 30] both spectra are very close to each other, while inside the band
their structure is similar.

10.2.3 Oblique Projection

Let the initial remainder be zZ° = z = g + e and the initial approximation be
fo(t) = 0. The remainder is tested by the signals @, ; .
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Fig. 10.2 7Top the magnitude DFT of the column # 450 from the input image (blue) versus that
of the applied noise (red). Left whole spectra, right a fragment. Bottom magnitude DFTs of the
applied noise (red) versus the simulated one (black)

10.2.3.1 Source of Instability

In a conventional MP scheme, the search for the best-fitting dictionary element is
implemented via orthogonal projection of the reminder onto the normalized dic-
tionary elements. In our case, this approach should be modified. The orthogonal
projection of 70 onto the normalized Om 1k 15

L lk@m,l,k
T 1Ol

dof mik  (Omik2’)  (Omik.8) (Omik. €

= A 1 kOm,1 ks (10.8)

)\, ,l,k = = = —|— .
" 1Omil — 1Ot 1Omil® " 1Om il
N—-1 5
1Omakll = | D Omili +5)" = 1Oml.
i=0

The corresponding element from the approximation dictionary is Ay ; k w,fl’ 1.k (@)
If the spectral overlap of the wavelet packet wr%[ , (1) with x (¢) is deficient then the
norm [|®, 1 k|l = [|@.1]| of the testing element is small. Figure 10.3 displays sorted
norms of the testing signals &,, ; for the cubic splines wavelet packets from the first
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Fig. 10.3 Sorted norms of the testing signals ©,, ;

to sixth decomposition levels (altogether 126 wavelet packets) where the blurring
kernel is displayed in Fig. 10.2. Apparently, the shape of the diagram of the sorted
norms is similar to the right-hand half of the magnitude Fourier spectrum of the
kernel.

Consequently, because of presence of the term (G)m,l,k, e) /6.1 ||2 in Eq.(10.8),
the coefficients A, ; x for the approximation element wri’ I, (1) (whose norm is equal
to one) can be large. This is a reason for the solution’s instability. In addition, this fact
hampers a correct evaluation of fitness of the elements w,i’ 1. (¢) for the approximation
of the solution. To handle the problem, the orthogonal projection of the reminders
onto the dictionary elements is replaced by an oblique projection to be described in
Sect. 10.2.3.2.

10.2.3.2 Optimal Slope for Oblique Projection

Instead of the orthogonal projection coefficients A, ; x = <@m‘l,ka zo) /N1 ||2, the

oblique projection coefficients imyl, « are introduced in the following way. First, we
find A5, 1 x (p), which minimizes the function J (A, p) = pkz 4+ Dy 1k (A, z°), where

=

def 2
D1 k(2% = D (MOt () — Atk Ot k(i)

0

=
Il

=

=(r- )»m,z,k)2 (@m,l,k(K))2 =(r— )\m,l,k)z || Om,i ||2
0

=
Il
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and p is a numerical parameter. The minimum is achieved when

A1k H9m,1H2 _ (Om.1k. 2°)

A =Amik(p) = .
! ptlomi® o+ 0w’

(10.9)

The function A,, ; x(p) differs from the orthogonal projection coefficient A,, ; x by
the addend p in the denominator. The smaller the parameter p is, the closer A, 1k (0)
is to Ap 1 k. Denote,

2
def Zinik P
A1k (0) = Dtk Gom.1.k(p), 2°) = (—2) :
P+ Om]

- (6 0
where Z,, 1 x def %
m,

is the norm of the orthogonal projection of z¥ onto Om 1 k/1Cniill = Omik/1Omill.
The function A, 1.« () decays monotonically from A, ; £ (0) = A1k tO Xy 1 £ (00) =
0. Once the value of the parameter p is properly selected, A, x(p) is used as
the coefficient for the element w,i’ ;(#), which approximates the solution. For this
approximation to be stable, this coefficient should not be too large even if the norm
1O |2 is small. This is achieved by increasing p. On the other hand, the function
dm 1.k (p), which is the squared norm of deviation of the oblique A, ; x (0) @p, 1.1 from
the orthogonal A, ;. x @y, 1.k projection of z° onto the testing element O, ; 1, grows
monotonically from dy, ;. (0) = 0 t0 dy.1.£(00) = (Zm.1x)" -

It does not make sense for the oblique projection to approach the orthogonal
projection closer than the noise level. Therefore, we can increase p (thus reducing
Am,1,k(p)) until

2
z
dm,l,k(p)z(Lpz) = (Emix)’. where (10.10)
p+ [ Omi]
def |(Om.i.k. €|
E lef \Bm.Lk- ©]
i |©m]

is the orthogonal projection norm of the evaluated error vector € onto ©@,, ; x/ H Om.i H .
The parameter p derived from Eq. (10.10) is

oLk = Em. 1k ”@mluz
" (Zmik — Emix)
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Hence, an optimal slope is

s Em.ik (Omik. 2°) (©m.i.k. €)|
)\. == )\. 1 — i = 1 -
.k m,z,k( Zm,l.k) [Oms ”2 ( [(Emr 20)]

and the oblique projection of z° onto the normalized @, ; 1 is

. o,
20, 1k = Stk ”(;"n;l’l"”, where (10.11)
. N (Om.ix. 2°) |{Om.1.x. €)|
U 1k = 11Om i | Am 1.k = (O] 1 - (O 2)

can be referred to as the “oblique inner product” of the remainder z° with the nor-
malized testing signal @y, ; r.

Remark 10.2.1 Due to the fact that the estimated € rather than the real e noise vector
involved, it may happen that, for some &, ; «, the value of !(@m,l,k, é)| exceeds
‘((H)m) Lks ZO)‘. This means that within the time-frequency range of the testing signal
Ok estimated noise & prevails over the signal z°. Apparently, contribution of the
respective wavelet packet w,,%’ 1.x (1) will be erroneous. Therefore, the oblique projec-

tion coefficients are modified by including the “control” function x4 o (x + Ix])/2.
Thus, the modified coefficients are

. Em.i1.k . .
Am,l,k = Am,l,k 11— s Omlk = ”@m,l”)”m,l,k- (10.12)
Zimik) 4

10.2.4 Stopping Threshold and Reduction of Dictionaries

Let the initial remainder be 2 = z = g + e and the estimated noise vector be &.
The remainder is tested by multiplication of z° with the normalized signals @, ; .
The “oblique inner products” of the remainder z° with the normalized testing signal

@m,l‘k are
/ [(Om.1.x )
= 1 T No . S0\
Gl k = Ol k ( (@m. 1.k, 20)| +’
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where the inner product

def (Om. 1.k, 2°)

Um ik = Tom =ab s

m,
o e (Om.ik- 8) o d;f(@m,l,k,e)
mL.k T T

consists of two parts: one stems from the structured signal g while the other originates
from the random i.i.d. zero-mean errors array e. Some of the selected testing signals
O 1.k correlate well with the signal g. That means that the term argn, Lk is significant.
However, a number of the signals ®, ; ¢ practically do not correlate with g. For such

signals «; 7 ¢ ~ ocn_1 i Therefore, the fraction

is close to one. To some extent, this claim is true for the fraction
|(@rﬁj’,;, é)\/\(@,hj’,;, zo)|. Thus, for such signals @,;lj’,;, the factor
g _ 0\ ;
1= {61 e>|/.|(_@m,1,k’ 2°)| is small. _ _
Moreover. thei.i.d. errors array e correlates with none of the test signals. Therefore,
the inner products coefficients o, , , are relatively small for all the sets of {m, [, k}.

Consequently, I )|
o O iiir €
Lk~ ) .1k (1 B |<@,;,,Z,IE’ e)|)+

is close, if not equal, to zero. To remove such signals from the dictionaries, the

values A, def maxy |, 1kl kK = 0,..., N — 1, are computed for all the sets
m=1,...,M, [ =0,...2" — 1, and a threshold 7} is defined. The signals @,ﬁj’,;
such that A7 ; < T are discarded from the testing dictionary Dr. The respective
wavelet packets wzr 7 are discarded from the approximation dictionary Dy4.

It is explained i in Sect 10.2.5 how setting the threshold 7§ provides a stopping
rule for pursuit iterations.

Due to the fact that the convolution kernel A(t) is bandlimited, the norms
1@n.1kll = l|Om.]l of a number of the testing elements are small (see Fig. 10.3).
It may happen that some of the signals ®,, ;, which have survived the thresholding
process, have small norms. In order to avoid solution instability, such signals are
removed from the already reduced dictionary.

Figure 10.4 illustrates the dictionaries reduction procedures. The top left panel

displays the sorted values A, def maxy |&m ikl k = 0,..., N — 1, where m =

,6, 1 =0,...2" — 1. Altogether, there are 126 testing signals ©@,, ;. Their
magnitudes drop sharply. The top right panel presents a close-up view of the smallest
values A, ; starting from #42. This close-up view suggests that 7, = 1 canbe a proper
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Fig. 10.4 Top left sorted values A,, ;. Top right close-up view of the smallest values A,, ;. Bottom
sorted norms of 67 testing signals @, ;

threshold. This choice reduces the number of signals &, ; to 67. Their sorted norms
are displayed in the bottom panel of the figure. It is apparent that only the strongest
29 signals should be retained.

10.2.5 Pursuit

The dictionary element ®,, ; x, which fits best to the signal 79, is found from com-
parison of magnitudes of the oblique projection coefficients &, ;1 x. Let (m, [, k) =
arg maxy, / |o'zm,1’k | We denote,

def

pdefy 0 g 1 def |/ 2, ol def o
WG =dnri/ ] O 0. o' e,y

and put
2l =2 2ol Lo =20+ 2y 0.

Then, the procedure is iterated using z! instead of z°.

It is seen from Eq. (10.11) that the oblique projection coefficients &, ;. depend
on relative shares of the coherent structure and of noise in the projection of the
remainder onto the normalized testing signal &,, ; . The bigger is the noise share,
the smaller the coefficients are. Subsequent pursuit steps extract pieces of coherent
structure from the signal z. Therefore, the noise share in the reminder increases
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and the oblique projection coefficients tend to zero. Thus, one after another, they
appear below the threshold 7. Consequently, one after another signal &, ; leaves
the testing dictionary. Finally, after some K iterations, the dictionary becomes empty
thus terminating the iteration process. The approximate solution is

K
foy=fo=> 1y*e. (10.13)
k=1

10.2.6 Computational Scheme

The SHA provides efficient tools for fast implementation of the RMP algorithm.
When we have to restore a signal or a set of signals, which are blurred by similar ker-
nels and corrupted by white noise with the similar characteristics, some preliminary
operations should be conducted.

10.2.6.1 Preprocessing

Dictionaries: We choose order 2¢ of the spline y (¢), which interpolates the sampled
kernel h = {h(k)}, k =0, ... N — 1. Its SHA coordinates are calculated explicitly,
using the fast Fourier transform (FFT)

N/2-1 hn]
. z 2 29 & _ _
x (@) = _‘/Nn:—N/2'U“[7’l] yHnlt) € .S CCP, pln] = V24[n]’

the sequence V24[n] having been defined in Eq. (10.3).

Basing on a prior information on the smoothness of the solution f(¢) € C¥,
choose the depth M and the order 2r > s + 1 of the spline wavelet packets, which
are used for the solution approximation, and calculate their SHA spectra {vm, l[n]},
using Eq. (8.49):

N/2—1

Va0 =\ 2 vmilnly¥Inl@ e ¥ cC,
n=—N/2

where r = 0,...,M, [ = 0,...,2™ — 1. Then, the elements wl’%l}:lk(t) of the
approximation dictionary D4 are given by Eq. (10.5).
From the coordinates j[n] and v,, ;[n], derive the elements
N/2-1 N=1

Omik = {Omis(c) =~ > Q2] [n] ulnl}

n=—N/2 =0
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2r+2q
o= Mo N
u? [n]u*d[n]
of the testing dictionary D7. Forall k =0, ..., N — 1, the norms are
| N2
2
|Omik] = |Omi] = — > |@¥Anlvpln] ulnl|.
N n=—N/2

Modeling the noise: Additive i.i.d. noise e is estimated as described in Sect. 10.2.2.
The vector € is the estimation of e and {?[n]] is its DFT.

Setting threshold and reduction of dictionaries: Calculate the inner products
|(©m.1.k. z)| and |{Em.1.k. €)|, which are needed for the oblique projections (10.11),

as
| N/2—1
def ~
Tnik@ = |(Onipo2)| = 5| D @™ @ nlvyin] puln) 2lnT*|.
n=—N/2
1 N/2—1
def ~ =
emik = [(Onik &) = | D @™ Q¥ nlvyln] pln] elnl”|.
n=—N/2

Calculate the oblique projection coefficients

and the values A, ;(z) o max |&y, 1 x(z)| with respecttok =0, ..., N — 1.
Then, as described in Sect. 10.2.4, we set the threshold 7 and reduce dictionaries
DT and DA.

Initialization of the algorithm: We approximate the solution f(¢) of Eq. (10.1) by
a sequence of splines

N/2—1

. 1 .
fiy=— > oy’ e ¥,
Wn:—N/2

which are combinations of the wavelet packets from the reduced dictionary Dy.

Define the initial approximation f%(¢) = 0 and the initial remainder z°(7) &y
Then, we have
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T k(@) = T 1 k@), Gk (@) = dmix(@), o°n] =0.

Finally, put j = 0.

10.2.6.2 Pursuit

. Findm, [, k = arg max,, /., |o'zm,1,k(z-/')|.
jrdet o .
. Denote A = O‘;ﬁ,l,k/ @’M .

1
2

3. Puto/ ] = o/[n] + 2/ v dnl o, n= —N/2,... N/2— 1.
\ i

. Put 27 n] = Z/[n] — AT QX M nlpuln] v 7In] ", n = —N/2,...,
N/2—1.
5. Calculate the inner products
I N/2—1
Tuiw@™y == | D7 o Q¥ vyln) pln] 274 [T,
n=—N/2

6. Calculate the oblique projection coefficients

) ) T, lk(zj+l) €m,lk
JHly = Zmlb - -
U1 k(2 77) = (O] (1 ]T,,,J,k(zf“)|)Jr

and A, (z/ ) dzef max |&p,; x(z/ 1] with respecttok = 0,..., N — 1.
7. If for some (m,!) the value A; 7z’ +1y < T, then remove w;l’ 7 k(t) and
@n-”*’ v k=0,...N — 1, from the dictionaries D4 and Dr, respecti\;e’ly.

If the remaining dictionaries are not empty j = j + 1, go to 1. Otherwise: the
solution is
L Ve
fO=fIO=— D o/ly”n.
ﬁ n=—N/2

Calculate the grid points samples of the approximate solution by IFFT, using
Eq.(4.30):

N/2—1

2r

n=—N/2 utr [r]

If need be, calculate the values of the spline f/ (¢) at dyadic or triadic rational points
by the subdivision schemes described in Sects. 6.2 and 6.3.
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Remark 10.1 The described algorithm can be utilized for restoration of signals,
which are corrupted by noise (no blurring). In this case, the testing signals {('DmJ, k}
in the dictionary D7 should be replaced by the sampled wavelet packets

Dr = {Vmikosg » Vmik = {w,%,’jlw +k)} (10.14)
N/2—1 W2 [n]
W+ =~ > o®ton L ) k=0, N1

N, Vut[n]

The above algorithm is implemented by the MATLAB code RMP_runP.m in an
interactive way.

10.3 RMP for Inversion of Heat Equation

In this section we briefly outline application of the RMP method for the inversion of
the heat equation
dg(x, 1)

o7 =gy (x, 1), 8(x, 0) = f(x), (10.15)

where f(x) is assumed to be N-periodic.
As in Sect.7.2.1, where a spline algorithm based on the Tikhonov regularization
is described, U; denotes the linear operator such that U; f(x) = g(x, 1).

Problem I: Let t be a fixed time parameter. Given g(x,t) = U; f(x), find f(x).

The inversion problem is similar to the problem of Deconvolution, and the RMP
algorithm to be outlined is similar to the algorithm presented in Sect. 10.1.2. Assume
that the sought-for initial temperature distribution function f(x) is N —periodic and
belongs to C". Let r > 0 be a fixed time parameter. The data function g(x, ) =
U, f(x) is sampled on the uniform grid {k}, k =0,...,N —1, N = 27 and the
samples are available up to some errors. Thus, we have at our disposal a known time
moment ¢ and the data vector z = {z[k] = g(k,t) + e}, k =0,..., N — 1. The
function f(x) is approximated by a spline S(x) € 2".%, which is a combination of
the spline wavelet packets.

10.3.1 Dictionaries for Heat Equation RMP

As in Sect. 10.2.1, different dictionaries D4 and D7 are used for approximation of
the solution and for testing the reminders, respectively.
The dictionary D4 is formed from one-sample translations of the spline wavelet
2r 2r
packets ¥, (1) € " W 1
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N-1

Da={vr o) - (10.16)
N/2—1
1/’31r,1,1<(t) = ‘/’r%zr,l(x +k) = N 7_21\,/2 V[ ¥ n](x), k=0,...,N—1.

The available data (up to noise) is the sampled function g(x, t), which is the temper-
ature distribution at the moment ¢, provided the initial distribution was f (x). There-
fore, once the function f(x) is approximated by spline wavelet packets wnz[ [ (x+k),
it is natural to test the available data by sampled waveforms 6,, ;(x + k, t), which
approximately present the temperature distribution at the moment ¢, provided the ini-
tial distribution was 1//3f ;(x +k). To design the testing dictionary, we utilize schemes,
which are based either on the difference or the collocation approximation of the heat
equation.

Difference approximation: Denote by Gd ;(x, 1) the spline from the space r
(with respect to x), which is a solution to the difference approximation of the heat
equation

904 ,(x, 1)

o = 82000 1(x, 1), 6% ,(x,0) =y (x).

Here, 82[q](x) (q (x — 1) — 2¢g(x) 4+ g(x + 1) is the circular second central
difference.

Collocation approximation: Denote by 6 1(x, 1) the spline from the space r
(with respect to x), which satisfies the collocatlon conditions for the heat equation

065 (k. 1)

= o) k1), k=0,...,N =1, 6 ,(x,0) =y (x).

Equatlon (7.25) provides the following representation for the splines 0 4(x, 1) and
m, [(x, t):

] N/2—1
O (x, r)—\/; D vmalnl@) v [n](x), where

=—N/2

. a[n]t, f ed
Vi [1(0) = Vg [n] w(lnl,  w(@ln] “—f{ . forgc (10.17)
[’

def (o . N2 def (. w2 utD[n]
aln] = (ZSan) , b'[n] = ( nﬁ) _

ur [n]

Denote by @y, = {67 (e, 0}, k=0.... N — 1, the sampled spline 6} (x. ).
Equation (4.30) provides an explicit representation
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N U [n]
Omilkl=— D " w(@)n]vmgln] € =0,...N —1.
N n=—N/2 u*[n]

The testing dictionary D7 is constituted by one-sample circular shifts of the signals
Omi:Dr = {Op k() = Opylc + )}, k =0,...,N —1.

N/2-1 W2 [n]
Omii() =~ D " ——— u(@®nlvpglnl,  (10.18)

N2 Vut[n]

where x,k =0,..., N — 1, and the sequence w(¢)[n] is defined in Eq. (10.17).
Transformation of the wavelet packet 1//31’ [(x) € 2" ¢ into the spline 6?:,11{ lc](x, 1)

from the same space 2. is similar to convolving it with another spline, whose SHA
spectrum is condensing around zero when 7 is increasing. Depending on 7, overlap

of SHA spectra {v i i[”]} of some high-frequency wavelet packets 1//3{ l~(x) with the
set {p(#)[n]} becomes negligible. Thus, the norms ’

RS R, 2
e = % 3| T om0

Such wavelet packets wj{i(x) are discarded from the dictionary D4, and the corre-
sponding testing signals [©) iiek=0,..., N—1,arediscarded from the dictionary
Dr.

The RMP algorithm for inversion of the heat equation is implemented by the same
steps as the RMP for Deconvolution.

10.3.2 Computational Scheme

10.3.2.1 Preprocessing

Dictionaries: The depth M and the order 2r > s + 1 of the approximating spline
wavelet packets are chosen basing on a prior information on the smoothness of the
solution f(x) € C*. Their SHA spectra are calculated using Eq. (8.49):

N/2—1
V@) =% D vy @ e Y c C
n=—N/2

r=0,...,M,1=0,...,2" — 1.
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Then, the approximation dictionary D 4 is presented by Eq.(10.16).
Elements ®,, ; i of the testing dictionary D7, which is defined by Eq.(10.18), are
derived rom the coordinates u(¢)[n] given by Eq.(10.17) and vy, ;[n].

Modeling the noise: We assume that the error vector e is a zero mean Gaussian
white noise. The Fourier coefficients of the function g(x, ¢) are given in Eq. (7.17):

gn(t) = co(f) e 1T nIN, (10.19)

Their effective support is shrinking fast as ¢ is growing. Due to Eq.(3.8),

the same can be said about the DFT of its sampling {g[n](t)}, &[n](r) def

Z,}{V;O] w %" g(k, ). Therefore, the array {g(k, )} is efficiently bandlimited. That
means, its significant DFT coefficients g[n](z) are located inside the band — K (¢) <
n < K(t), where K(t) < N /2. The width K () can be evaluated from Egs. (10.19)
and (3.8). Hence, the DFT coefficients of the data vector z

{Z[n]}ne[l((t),N/27]]U[7N/2,7K(z)] ~ {e[n]}ne[K(z),N/Zfl]U[fN/Z,fK(t)]’

and we simulate the DFT of noise by symmetric expansion of {E[n]} from the subset
[K(t), N/2—1]U[—N/2, —K ()] to the whole frequency domain [-N/2+1,N/2].
Thus, noise is modeled by the vector € = {¢; }lNz _01, whose DFT spectrum ¢[n] = z[n]
asnel[K(@),N/2—-1]1U[-N/2,-K(@)].

Setting threshold and reduction of dictionaries: Calculate the inner products
|(©m.1.k. 2)| and |{©m.1.k. €)|, which are needed for the oblique projections (10.11),
as

N/2—1

S o ity 2ar
n=—N/2 Vutrin] ’

N/2—1

Z wknﬂu(;)[n]v (nléln]*
e Vutnl |

Calculate the oblique projection coefficients

P lk(z):Tm,l,k(Z) | Emlk
e |Emi Tnix@] ),

and the values A,, ;(z) dof max |&y, 1 k(z)| with respecttok =0,..., N —1..
Set the threshold 7, and reduce dictionaries D7 and D4 as it is described in
Sect. 10.2.4.

z| -

Ton.1.k(2) o (Om.1k.2)| =

Cm.l1.k déf |(@m,l,kv é>| =

z| -

Initialization of the algorithm: The initial temperature distribution f(x) from Eq.
(10.15) is approximated by a sequence of splines
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1 N/2—1
ffo=— > ohly¥hlx) e s,
W}’l=—N/2

which are combinations of the wavelet packets from the reduced dictionary D 4.

Define the initial approximation f O(x) = 0 and the initial remainder z°(¢) & Z.
Then, we have

T k(@) = T 1 k@), Gmik(@°) = dmix(@), o°n]=0.

Put j = 0.
Pursuit:
1. Find i, [, k = arg max, 1 ¢ |G 1. 27)].
i+1det o g
2. Denote A/ = & 7/ ” O; ‘
3. Puto[n)/T! = o[n)) + A/ 1! v; 7[n] o n=0,...,N—1.
4. Put 2/t n] = 2/[n] — A+ Q¥ 2 [n) uln] v: fin] ", n=0,...,N — 1.
5. Calculate the inner products
N/2—1 W] .
Tuix@ ™ =—1 > o u()[n] v a[n] 271 [n]*]

N n=—N/2 Vutn]

6. Calculate the oblique projection coefficients

N . T 7/ em
O{m,],k(Z/ 1) - ’l‘k( ) 1 Lk
+

” Om.1 ” |Tm,l,k(zj+l)|
and A, (z/ 1) déf max |, ; (21| with respecttok = 0,..., N — 1.
7. If for some (m,l) the value A"-LI-(ZJH) < Ty then remove w;’l- k(t) and

(G T i k=0,...N — 1, from the dictionaries D4 and D7, respectively.
If the dictionaries are not empty then j = j + 1, goto 1.
Otherwise: the approximate solution

N/2—1

f)~ fl(x) = — ol [n]y* [n](x).
ﬁ n=ZN/2

Calculate the grid points samples of the approximate solution by IFFT using
Eq.(4.30):
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| N2 [l
floy=— > o"——=o/ml. (10.20)
N n u*[n]

If need be, we calculate the values of the spline f/ (¢) at dyadic or triadic rational
points by the subdivision schemes described in Sects. 6.2 and 6.3.

Like the Deconvolution, the above algorithm is implemented by the MATLAB
code RMP_runP .min an interactive way for either the difference or the collocation
approximation.

10.4 Examples

We display results of a few experiments to test the RMP Deconvolution algorithm
that was applied to blurred natural signals affected by a Gaussian white noise. As
a source for the test signals the benchmark images such as “Barbara”, “Lena” and
“Fingerprint” were used. Each column was processed separately as a 1D signal. The
stopping threshold T and the reduced dictionaries were defined based on properties
of a single randomly selected column. Then, the number of iterations for each signal
(column) was determined automatically. Separate processing of 512 columns of
length 512 required from a dozen of seconds to 3 minutes in the Matlab environment,
depending on the strength of the blurring. Strong blurring means that the effective
bandwidth of the kernel’s spectrum (the passband of the filter) is narrow. Thus, the
reduced dictionaries D A and DT contain relatively small number of waveforms. In
this case, processing is faster compared to the case when blurring is weak.

Another series of experiments was conducted on inversion of the heat equation in
presence of a Gaussian white noise.

The quality of images restoration is evaluated visually and by the peak signal-
to-noise ratio (PSNR) in decibels

N 2552
PSNR ¥ 101og| ———>— ) aB
k 1(xk _)Ck)2

Here, {xk}fcv:] are the samples of the original image and M = maxy |xx|, while
{)Zk},](V:l are the samples of the restored image. In addition, we display restoration of
separate columns.

All the subsequent images, which illustrate the results of the experiments were
produced by the MATLAB code RMP_runP . m.
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Fig. 10.5 The original “Barbara” image

Example: Deconvolution of the ‘“Barbara’ image affected by moderate blurring
and strong noise:
In this experiment, columns of the “Barbara” image (Fig. 10.5) were blurred using
Gaussian kernel whose STD o} = 2 and corrupted by Gaussian white noise whose
STD was o, = 20.

Figure 10.1 displays the blurring kernel, its Fourier spectrum and the column #450
from the blurred and noised “Barbara” image versus the original column. That figure,
together with Fig. 10.2 illustrate the process of noise modeling for that column.

For the Deconvolution, we use the spline wavelet packets of fourth order (cubic
splines) from levels 1 to 6. Altogether there are 126 wavelet packets lpjh pomo=
1,...,6, 1 =0,...,2™ — 1. Respectively, there are 126 testing signals
Ops = { X @V ,(k)} . k=0,...,511. Setting the stopping threshold and the
process of reduction of dictionaries is described in Sect. 10.2.4 and is illustrated in
Fig. 10.4. In this example, the stopping threshold 7; = 1 and the dictionaries consist
of shifts of 29 waveforms.

Results of the application of the RMP algorithm to columns of the corrupted image
are displayed in Figs.10.6, 10.7 and 10.8. The left frame in Fig. 10.6 displays the
blurred and noised image. Its PSNR with respect to the original image is 20.86 dB.
The right frame displays the restored image. Its PSNR with respect to the original
image is 23.73 dB. We observe that noise is significantly reduced and the fine texture
of the image is partially reconstructed.
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Fig. 10.6 Reconstruction of the “Barbara” image from a blurred (Gaussian, ¢ = 2) and noised
(STD =20) input

—corrupted signal —restored signal
---original signal ---original signal

Fig. 10.7 Reconstruction of the “Barbara” image from a blurred (Gaussian, ¢ = 2) and noised
(STD =20) input. Column #450

Figures 10.7 and 10.8 illustrate reconstruction of single columns #450 and #30,
respectively. The left frames in the figures display the blurred and noised column
(solid line) versus the original column (dashed line). The right frames display the
restored original column (solid line) versus the original column (dashed line).
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' ——corrupted signal
i |---original signal

—restored signal
---original signal

Fig. 10.8 Reconstruction of the “Barbara” image from a blurred (Gaussian, ¢ = 2) and noised
(STD =20) input. Column #30

Example: Deconvolution of the “Barbara” image affected by stronger blurring,
no noise added:
In this experiment, columns of the “Barbara” image (Fig. 10.5) were blurred using the
Gaussian kernel whose STD o = 3 and no noise was added. The image was restored
using the cubic spline wavelet packets from the first to the sixth decomposition levels.
The stopping threshold 7 was set to 0.1. Altogether, 37 waveforms were involved.
Results of the application of the RMP algorithm to columns of the corrupted image
are displayed in Figs. 10.9, 10.10 and 10.11. The left frame in Fig. 10.9 displays the
blurred image. Its PSNR with respect to the original image is 25.17dB. The right
frame displays the restored image. Its PSNR with respect to the original image is
29.86dB. One can observe that the fine texture of the image is reconstructed almost
completely. Figures 10.10 and 10.11 illustrate reconstruction of single columns #450
and #70, respectively. The left frames in the figures display the blurred columns (solid
lines) versus the original columns (dashed lines). The right frames display the restored
columns (solid lines) versus the original columns (dashed lines). We observe that,
despite a strong blurring, the columns are restored almost perfectly.

Example: Inversion of heat equation whose initial condition was the “Lena”
image. Moderate evolution time and weak noise:

In this experiment, columns of the “Lena” image (Fig. 10.12), which serve as initial
conditions for 1D heat equation, were blurred in process of time evolution r = 10
and affected by a weak Gaussian white noise whose STD was o,, = 2. The input
PSNR was 27.56 dB. As in previous examples, we utilized the spline wavelet packets
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Blurred, PSNR=25.1717

Restored image, PSNR=29.8562

\\\{\\\\\\ i

Fig. 10.9 Reconstruction of the “Barbara” image from a blurred (Gaussian, o = 3) input

Fig.10.10 Reconstruction of the “Barbara” image from a blurred (Gaussian, 0 = 3) input. Column
#450. Top the blurred column. Bottom the column restored

of fourth order (cubic splines) from levels 1 to 6: w:,t’l, m=1,...,6,1=0,...,
2™ — 1. The width of the band for noise modeling was chosen to be 450, the stopping
threshold 7y = 0.05, and the dictionaries consisted of shifts of 23 waveforms. In this
example, the collocation approximation of the heat equation was used.

Results of the application of the RMP algorithm to columns of the corrupted image
are displayed in Figs. 10.13, 10.14 and 10.15. The left frame in Fig. 10.13 displays
the blurred and noised image whose PSNR is 27.56. The right frame displays the
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Fig.10.11 Reconstruction of the “Barbara” image from a blurred (Gaussian, 0 = 3) input. Column

#70. Top the blurred column. Bottom the column restored

Fig. 10.12 The original “Lena” image
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Fig. 10.13 Inversion of the heat equation whose initial conditions were columns of the “Lena”
image. Evolution time r = 10. Input is affected by Gaussian noise (STD =2)

—corrupted signal —restored signal
--- ---original signal

Fig. 10.14 Inversion of the heat equation whose initial condition was column #200 of the “Lena”
image. Evolution time ¢ = 10. Input is affected by Gaussian noise (STD =2)

restored image. Its PSNR with respect to the original image is 29.24 dB. We observe
that noise is completely removed and, visually, the restored image is sharper than
the blurred one.

Figures 10.14 and 10.15 illustrate reconstruction of single columns #200 and
#300, respectively. The left frames display the blurred and noised column (solid
line) versus the original column (dashed line). The right frames display the restored
column (solid line) versus the original column (dashed line). We observe that the
structure of the columns is successfully extracted from blurred and noised input.
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f ' —corrupted signal —restored signal
ph ---original signal ---original signal

Fig. 10.15 Inversion of the heat equation whose initial condition was column #300 of the “Lena”
image. Evolution time ¢ = 10. Input is affected by Gaussian noise (STD =2)

Fig. 10.16 The original
“Fingerprint” image

Example: Restoration of the “Fingerprint” image from strongly noised input:
In this experiment, columns of the “Fingerprint” image (Fig. 10.16) are buried in
strong Gaussian white noise whose STD is o, = 50. No blurring is applied. The
input PSNR is 14.14. We utilized the spline wavelet packets of fourth order (cubic
splines) from levels 1 to 6: Iﬁ;’t’l, m=1,...,6, 1 =0,...,2" — 1. The width
of the band for noise modeling was chosen to be 400, the stopping threshold being
T, = 1, which reduced the dictionaries to 52 waveforms.
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Fig. 10.17 Restoration of the “Fingerprint” image from the input affected by Gaussian noise
(STD =50)

—corrupted signal ‘ —restored signal
---original signal ---original signal

L

Fig. 10.18 Restoration of column #250 of the “Fingerprint” image from the input affected by
Gaussian noise (STD =50)

Results of the application of the RMP algorithm to columns of the corrupted image
are displayed in Figs. 10.17, 10.18 and 10.19. The left frame in Fig. 10.17 displays
the noised image whose PSNR is 14.14 dB. Right frame displays the restored image.
Its PSNR with respect to the original image is 19.61 dB. We observe that noise is
significantly reduced and the texture of the image is revealed.

Figures 10.18 and 10.19 illustrates reconstruction of the single columns #250 and
#300, respectively. The left frames display the noised column (solid line) versus
the original column (dashed line). Right frames display the restored column (solid
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e
* -

—co_rr.upted_ signal —restored signal
---original signal ‘ ---original signal

Fig. 10.19 Restoration of column #300 of the “Fingerprint” image from the input affected by
Gaussian noise (STD =50)

line) versus the original column (dashed line). We observe that the structure of the
columns is successfully extracted from the noised input.

10.4.1 Conclusions

The regularized matching pursuit is an efficient algorithm to restore signals from
noised blurred discrete data. The computational engine, which enables an efficient
implementation of the algorithm, was provided by the Spline Harmonic Analysis
(SHA). The operations of convolution and finding the projection coefficients become
straightforward. The usage of splines enables us to map the discrete noised data
into the spaces of continuous functions. Experiments confirmed the efficiency of
the algorithm. The algorithm was able to extract the coherent structure of signals,
which were subjected to strong blurring and affected by noise. It provides sparse
representations of solutions.

However, direct extension of the algorithm to image processing appears com-
putationally expensive. A somewhat related fast algorithm for image processing,
which is based on 2D spline wavelet packets, was developed in [6]. It is presented in
Chapter 11.
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Chapter 11
Block-Based Inversion of the Heat Equations

Abstract This chapter presents robust methods, which refine the algorithms, in
Sect. 7.2, for inversion of the heat equations. The idea behind the algorithms is to
solve the inversion problem separately in different frequency bands. This is achieved
by using spline wavelet packets. The solutions that minimize some parameterized
quadratic functionals, are derived as linear combinations of the wavelet packets.
Choice of parameters, which is performed automatically, determines the trade-off
between the solution regularity and the initial data approximation. The Spline Har-
monic Analysis (SHA) technique provides a unified computational scheme for the
fast implementation of the algorithm and an explicit representation of the solutions.
The presented algorithms provide stable solutions that accurately approximate the
initial temperature distribution.

In this chapter we describe one more application of the spline wavelet packets.
In Chap.7, algorithms for solving two related ill-posed problems were presented.
These problems, deconvolution and inversion of the heat equations, were dealt with
by using a spline version of the Tikhonov regularization. According to the Tikhonov
regularization methodology, an approximate solution is derived as a minimizer of a
parameterized functional consisting of two components: a discrepancy functional,
which measures the approximation of the known data, and a stabilizer, which controls
the regularity of the solution. The numerical regularization parameter provides a
trade-off between the approximation and the solution’s regularity. This parameter is
derived automatically. Its value depends on the relative shares of the coherent signal
and noise in the available data.

These shares are different for different frequency components of the data. To take
this into account, it is natural to solve the problems separately in different frequency
bands, while the regularization parameters according to the signal-to-noise ratio
(SNR) are to be found at each band. By this means, the adaptation abilities and the
robustness of the method can be extended.

In this chapter we deal with the inversion problem. The approach to the solution
of the deconvolution problem is quite similar (see [2]).

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 247
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_11,
© Springer Science+Business Media Dordrecht 2014



248 11 Block-Based Inversion

===original

===original

unnoised

f\ ==blurred
)

\
' ==blurred
i

nnoised

0

Fig.11.1 Leftoriginal temperature distribution f (x)—dashed line; temperature distribution g (x, )
after some time r—solid line; available noised data z—dotted line. Right respective Fourier spectra

Figure 11.1 illustrates SNR in different frequency domains. We observe that, while
the influence of noise on low-frequency component of the signal is insignificant, the
high-frequency domain of the data is completely occupied by noise.

The orthonormal spline wavelet packets coupled with the SHA technique provide
a practical tool for implementation of this approach. These wavelet packets, which
are described in Chap. 8, produce a split of the frequency domain of a signal (image)
into a set of bands whose overlap is minimal. The Best Basis methodology [4, 6]
outlined in Chap. 8 enables us to find an optimal partition of the frequency domain for
a given signal (image). Another method to select essential frequency bands is the so-
called Block Pursuit algorithm (BPA). This method, which, to some extent, is related
to the Matching Pursuit ([5] and Chap. 10), enables us, in several cases, to achieve
a superior restoration quality at the expense of higher computational cost compared
to the Best Basis scheme. The solutions are explicitly represented by splines. Their
values at integer grid points are calculated by application of the inverse fast Fourier
transform (FFT), while the values at diadic or triadic rational points can be calculated
by using the subdivision algorithms presented in Chap. 6.

11.1 One-Dimensional Block-Based Heat Equation Inversion

11.1.1 Preliminaries

In this section we discuss approximate inversion of the one-dimensional heat equation

dg(x,1t)

- g (x, 1), g(x,0) = f(x) &= g(x,1) = U, f(x). (IL1)
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Problem IP1 Let ¢ be a fixed time parameter. Given g(x, ) = U; f(x), find f(x).

If f(x) is a T-periodic function then there exists explicit expression (Eq.7.18)
of the solution via the Fourier series. However, this theoretical solution is unstable
due to fast decay of the Fourier coefficients. In practice, only sampled data, which,
typically, is corrupted by noise, is available.

In Sect.7.2.1 a method for stable approximate solution of the inversion problem
was described. The method consists of embedding the problem into a spline setting.
This is followed by running the Tikhonov regularization scheme in the spline space.
In this section this method is refined using the wavelet packets machinery.

As in Sect.7.2.1, we assume that the sought-for initial temperature distribution
function f(x) is N —periodic and belongs to C". Lett > 0 be a fixed time parameter.
The data function g(x,?) = U;f(x) is sampled on the uniform grid {k}, k =
0,....,N—1, N = 2/, and the samples are available up to some errors. Thus,
we have at our disposal a known time moment ¢ and the data vector z = {z[k] =
g(k,t) + e}, k =0,..., N — 1. The function f(x) is approximated by a spline
S(x) € ¥, which is a linear combination of spline wavelet packets.

Embedding the problem into a spline setting is implemented by spline approxi-
mation of the heat equation, which is achieved in two ways.

Difference approximation: Denote, by V,d, the linear operator defined on the
spline space 2r & such that for S(x) € .7, VjiS(x) = S(x, 1), where S(x, 1) is
the spline from 2.7 (with respect to x ), which provides a solution to the difference
approximation of the heat equation

O0S(x,t)
ot

= 62[s]1(x, 1), S(x,0) = S(x).

Here, 6%[q](x) def qg(x — 1) —2q(x) + g(x + 1) is the circular second central
difference.

Collocation approximation: Denote, by V¢, the linear operator on 2. such that
for S(x) € 7.7, VES(x) = S(x, 1), where S(x, t) is the spline from 2.7, which
satisfies the collocation conditions for the heat equation

aS(akz’ D ity k=0, N —1. S(x.0)=S().

If the spline S(x) is expanded over the exponential orthonormal basis

N/2—1
S(x) = ﬁ n__zmo[n] Y ] (),

then the splines S(x, t) = Vf(C)S (x) are
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N/2—1
S(x,1) = ﬁn:_zmo(r)[n] y¥nl(x), o(0)n] = olnl, (11.2)
ef [ e~ when V, = V¢
o[n)(1) = o] nln)(o), n[n](t)d—f[ U7 when V. — VE,
2 , N2 u2=D[n]
aln] (2snﬁ) A (2smN) —Fnr (11.3)

11.1.2 Partial Solution of the Inversion Problem
in the Subspace *" W, 1

11.1.2.1 Splines from the Subspaces 2" W,

Assume a spline S(x) € 2.7 is expanded over the orthonormal bases

| N/2—1 N—1
S =—= > olly”nlx) = qlkle’ (x —k),
VN n=—N/2 k=0
N/2—1 N—
PPt—k)=—= D oy, y'ho=— Z o™ P (t — k),
\/_n—fN/2 k=0
N/2—1 N—1
qlk] = Z o™ alnl, olnl= Y o™ qlkl=qln).
—N/2 k=0

The orthogonal projection of the spline S(x) onto the subspace > #, ;

Nm_1

Smi(¥) = D qualkl vy, (x —2"k) (11.4)

where {wff ; (x = 2’"k)} e Wi C 2r & are the orthonormal wavelet packets.

The wavelet packet w;‘;l’ ; (x) can be expanded over the orthonormal bases of g

| N/2—1 N—1
Ul ) =—= > vualnly¥ 0l () = D pualkle™ (x — k), (11.5)
W n=—N/2 k=0
| N/2—1
Vi aln] = pualnl, o) (x =2"k) = —= D vpalnlo™ > y¥[n] (x)

\/ﬁ n=—N/2
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The shift property of the exponential splines Eq.(4.20) was utilized. The
coefficients v, j[n] constitute the SHA spectrum of the wavelet packet 1/131’ /-
Substituting Eq. (11.5) into Eq. (11.4), we get

Npy—1

Smi(X) = D qumalklvp, (x —2"k)

k=0
1 Np—1 N/2—1
= \/; D gmalkl D" vpalnly [n] (x — 2"k)
k=0

n=—N/2
I N/2—1 Np—1
=\ 2o Vbl 0 > @7 g lk]
n=—N/2 k=0
I N/2—1
=y 2 Gulnly¥inl @),
n=—N/2
def !
Gn i) = vialnl D @ 2 gy lk] = vy aln] Gmalndn.  (11.6)
k=0

The coefficients {¢y[n]}.n = —=N/2,...,N/2 — 1, form the SHA spectrum

of the projection spline Sy, ;(x). Recall that X[n],, = ]1(\/:/(2)"'—1 x[k] w~2""k denotes
the DFT of signal x € IT[N/2™], which is N,,-periodic, where N,, = N /2™.

On the other hand, the SHA spectrum ¢, ;[n] of the projection spline S,, ;(x) can
be expressed via the SHA spectrum o [n] of the spline S(x).

Proposition 11.1 The following representation of the projection coordinates holds

2m/2—1
n U, i[n]
Enaln) = v aln)Galnln = =50= > oln+a Nal vy, 0+ 5 Nyl
A==2m/2
1 2
~ Z—ma[n] [V a[n]|”. (11.7)

The proof is similar to the proof of Proposition 9.4.

Remark 11.1.1 The higher the spline’s order 2r is, the closer are the coefficients
— 2
Eman] t0 27" o [n] |vmaln]]”

Equation (11.2) implies that application of the operators V; = Vf(c) to the spline
Sm.1(x) produces the spline

N/2—1

S (x, 1) = ViSpi(x) = — () 1[n] y? [n](x),
\/N n=ZN/2



252 11 Block-Based Inversion

where the coefficients n[n](¢) are defined in Eq. (11.3). From Eq. (4.30), samples of
the spline S(x, t) = V;S(x), which is presented in Eq.(11.2), are

N/2-1
VR E Sk =+ 3 alnl@ ol VZinlo*,
n=—N/2

det u*[n]

[l = ninl(@) o] V¥nl, V] < Jutn]

Samples of Sy, 1(x,t) = V;Sp 1(x) are

N/2—1

Va1 & Sy o 1) = v n_;m ) (t) G i ] VY (0] 0 (11.8)

Using Eq. (11.7), we get the approximate relation

Sm [l = Nl () &m 101 V' [n]
|2

1 2r 1 3 2
N S @ ol v (1] |vm,1[n] = 5 9n] [V alnl]”. (11.9)

Remark 11.1.2 Equation(11.9) can be interpreted in a sense that confinement of
the operator’s V, domain from the whole spline space 2".% to the subspace 2" #}, ;,
effectively results in multiplication of the DFT $[n] of the sampled output y[k] =

ViS(k), k=0,..., N — 1, with the factor 2" |v,, s[n]|*.

11.1.2.2 Parameterized Spline Solution in the Subspace 2 Win,1

The scheme of partial solution of Problem IP1 in the subspace 2 Win.11s very similar to
the scheme of global solution presented in Sect.7.2.1. By assumption, ¢ is a known
time parameter and the vector z = {z[k] = g(k,t) + ex} = g + e is available,
where g(x,t) = U; f(x). From this data, a partial approximate inversion of the
one-dimensional heat Eq. (11.1) is derived as a spline

Nm_l N/2—l
Sma(0) = 2 amalkl vy, (x =2"k) = [ > Lualnly¥In] () (11.10)
k=0 n=—N/2

such that the spline S, ;(x, t) = V;S,,.;(x) approximates, in some sense, the avail-
able discrete data z. To be specific, Remark 11.1.2 suggests that the sampled spline
S.1(k, t) should approximate the “filtered” data
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| Ve
zm,,[k]"éfﬁ > " Zln), where (11.11)
n=—N/2
2 _
2 def .. - |Vmalnl]| . = —in
Zmiln] = 2l ——r—. Zlnl = > o 2k,
k=0

rather than the entire data z. Similarly to Sect.7.2.1, we find a spline S(p, x) €
Z’V/m,l, which minimizes the functional J,, ;(p)(S) def pI(S) + Epi(S), where

N-—1
1) E NSO Ena($)E D (Sket) = Zualk])*, S € V500,
k=0

V; = V¥ and p is a numerical parameter.
Assume that a spline s(x) € 2r W1 is represented as in Eq. (11.10)

T N2
s =5 2 Gl ().
n=—N/2
Then, Eq. (4.27) implies that
N | Ve
2
I(s) = / O dx=— D [Gualnl]” W Inl,
0 n=—N/2
where
2r
o, def .o\ u”[n]
W4 [n] = (2 sin W) praE

Using the DFT representations Eqs. (11.8 and 11.11), we get

N/2—1

1 A 2
Eni®) =5 2 [0nl0)naln) V¥ In] = Sl

n=—N/2
Consequently, the parameterized functional
N/2—1

1 2 2
i =5 > (p|:m,z[n1|2 W2 0] + |0ln)(0) 1] v2r[n]—zm,,[n]))
n=—N/2
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| Nt 5
=5 2 |l (pwz”[nH)n[n](r) vz’[n]\ )
n=—N/2

+ A1 (Gt V211 2y 11) + st

The minimum of J,, ;(p)(s) is achieved when

7 [n1(0) V' (1] 21 (1) ol vl

_ def 2r,r
Cn,1(p)[n] = Al . Alnl(p) = pW [n] +
drrp g def (o o TN u ] o der u*[n]
W) (2 sin ) iy VS e (11.12)
The minimal spline
N/2-1
Sna@ =5 20 Cna@n] Y0l (1) € W, (11.13)
n=—N/2
Its samples at the grid points
N/2-1
Spa®) =~ 2, & Guplnl V¥nl
n=—N/2

N/2—1

L 0* () (1) Zn.0 ()
pM? [n] + |n[n](0)|?

n=—N/2

where

r 2r
7m>27 V2 [n] = u”[n]

1 .
MT[}/Z] (2 Sll’lﬁ \/MT[H]

11.1.2.3 Selection of the Regularization Parameter

Assume that we are able to evalltllazte 1the errors vector
e = {ek},]y:_ol, ex = N1 an/_jv/z ®*"é[n], whose variance var(e) = ¢

NI Z,](V:_Ol (ek)z. Keeping in mind Eq.(11.11), denote

2

=~
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def 1 N n ~ R def |sz[n]|2
emilk] = & > W ey uln), where é, [n] = éln] o
n=—N/2
N—1 | Ve
2 def 2 R 2
(5m,l) = (em,l[k]) = N Z |€m,][l’l]| .
k=0 n=—N/2

The function

Nj2-1 z M* [n]
def 1 p ’Zm,l[n]‘

" = En (S )= —

€ ,I(P) N ( m,l) N Z pMZr[n] + |77[n](l)|2

n=—N/2
s 2
grows monotonically from zero to N ! Zr]:lz/z_Nl/z ‘Zm,l[n]’ = ]1(\1:—01 (Zm,l[k])2 as

p grows from zero to infinity. Therefore, we propose to derive an optimal parameter
p for the subspace 2 Wi, from the equation

N p )| M)

emi(p) = & n=_ZN/z PMY ] + [l (1)

= (emy)’. (11.14)

11.1.2.4 Noise Modeling

We assume that the error vector e is a zero mean Gaussian white noise. In that case,
error vector e can be simulated by a vector € = {Ei}fv: Bl in line with the scheme

. /
described in Sect. 10.3.2.1. Let {é[n)]}

n=—N/

) be the DFT spectrum of the model

- 2 . .
vector €. Then, the values (sm,l) , which are needed for the parameter p selection,
are estimated as

N/2-1

A 2
> @matn? ém| (11.15)

n=—N/2

1

2
Cna)"~ oy

11.1.3 Approximate Inversion of Heat Equation
in the Space ¥ .

11.1.3.1 Selection of the Subspaces 2Zr Wi,

The partial spline solution S, ;(p, x) of the inversion problem in the subspace > %, ;
is derived from the filtered data such that the DFT
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2
2 def o - |vmaln]]
Zm,[n] = z[n] o

Assume that {*" %, } is a set of mutually orthogonal subspaces such that their
union |4, ;¥ #u; = * .. Then, the complete solution of the problem can be
obtained as a sum of partial solutions in the subspaces > #4, ;. To select an optimal
set of the subspaces, the relation between the spline wavelet packets wi’ ; (1), whose

SHA spectra are {va [n]} and the discrete-time wavelet packets lI/n21’ ;[k],which were
defined in Sect.9.1.3, is used. To be specific, the DFT of the wavelet packet II/,%’ i[k]
is {vmyl [n]} thus coinciding with the SHA spectrum of w,%f ;(¢). This relation implies
the following fact.

Proposition 11.2 There exists a one-to-one correspondence between the subspaces
r W1 of the spline space 2  and the subspaces IT[N 1, 1 of the signal space IT[N].
In addition, the SHA spectrum of a spline from > W1 coincides with the DFT of the
respective element from IT[N ]y .

Proof Relate the signal

N/2" -1
x[kl= D" qualA @2k — 2" A,
A=0

which belongs to Pi[N],,  to a spline S(¢) € 2r W 1, wWhich is represented as

N/2"—1
SO =D quilklvn, (1 =2"2).
A=0

Due to Eq. (8.57), the SHA spectrum of the spline S(¢) is 0y, 1[1n] = Vi 1[n] @1 (0] -
On the other hand, Eq.(9.23) implies that the DFT X[n] = v, [n]lgmi[n] =
om.i[n].

An implication from the proposition is that, once we determine a decompo-
sition of the signal space I1[N] into the set of mutually orthogonal subspaces
I[Nl =¥ ma T [N]m.1, which provides an optimal split of the frequency domain
of the available signal z, it is advisable to derive partial solutions of the inversion
problem in the respective subspaces 2 #;, ;. It was established in Sect.9.1.4.3 that
such an optimal split of the frequency domain is achieved by construction of the best
discrete-time wavelet packet basis.

Thus, selection of the relevant subspaces is implemented in the following way:

1. Apply the wavelet packet transform of order 2r to the data array z = {z[k]}
down to the level M as was defined in Sect.9.1. As a result, we find the coordi-
nates {fmyl[k]} of the data z projections onto all the subspaces IT[N],, ;, m =
1,....,M, [ =0,...,2" —1.
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2. Apply the Best Basis algorithm (BBA), which is described in Sect.9.1.4.3, to the

transform coefficients {Em z[k]} As aresult, we obtain the list M L = { (m, l_)} of
indices of the discrete-time wavelet packets ¥ D> (m, ) ) € ML, which generate

an optimal basis for the signal z. The list M L determines the subspaces > V200
where partial solutions of inversion problem are derived.

Recall that the projection vector z,, def {zm [[k]} represents a noised version
of the sampled spline S, ;(x, ) = V;S,,1(x). Equations (11.6) and (11.8) imply

that the DFT of the vector y,, ; = {ym,z[k] o m.i (K, t)}

Fmaln] = nlnl() &t [n] V(0] = nln)(t) v 1[0 Em (0] V],

where the coefficients 7[n](z) are defined in Eq.(11.3). They are exponentially
decaying as n increases, therefore the vector y,, ; is effectively bandlimited. It
may happen that the overlap of its DFT spectrum with some of the SHA spectra
v, iln] of the wavelet packets w (x) from the list ML is (almost) empty. It
means that the data component yv b contains (almost) no contribution from the
function f(x) that we are looking for. Thus, the projections of the signal z onto
the subspaces 2 W, ; are (almost) pure noise. To detect such “empty” subspaces,
we calculate the norms of the signals

N/2—1 N/2—1

o 1 1
Xkl S = > il v in gl = |5 2 [nin@ v e

n=—N/2 n=—N/2

for all pairs (m,l) € ML and define some threshold 7. The list of subspaces
ML is reduced to a shorter list M L by discarding the pairs (11, [) such that the

<T.

norms HX; i

11.1.3.2 Scheme for the Approximated Inversion of the Heat Equation

Evaluate the error vector, i.e. to estimate the partial variances (sm, 1)2 of the noise
(Eq. 11.15).

Calculate the coefficients n[n](¢), which are defined in (Eq. 11.3).

Implement the wavelet packet transform of order 2r of the signal z (Sect.9.1.3,
MATLAB function spl_WP_analP.m).

Apply the BBA to the transform coefficients thus compiling the list ML of relevant
subspaces (MATLAB function WP_BB_ListreelD_P).

Reduce the list ML to M L.

Determine the optimal values p of the regularization parameter for each pair
(m,l) € ML. .

Find the partial solutions Sr’;l’l-(x) € 2’”//”—1’1* for each pair (112, 1) € ML (Eq.11.13).
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The approximated solution to the inversion problem IP1 is

fOS@ = D e

(n,)eML

11.2 2D Block-Based Heat Equation Inversion

11.2.1 Preliminaries

In this section we outline approximate inversion of the two-dimensional heat equation

0g(x,y, 1)
ot
g(x,y,0) = f(x,y) <= g(x,y, 1) = U} f(x, u).

Zg;(/(x7y7t)+g;/(xvyat)s (1116)

Problem IP2 Let ¢ be a fixed time parameter. Given g(x, y, 1) = Ut2 f(x,y), find
S, y).

The function f(x,y), which represents the initial temperature distribution is
assumed to be N-periodic in both directions. The theoretical solution of Problem
IP2 is explicitly expressed in Eq.(7.21) via the 2D Fourier series. This theoretical
solution is unstable due to fast decay of the Fourier coefficients. In practice, only
sampled data, which, typically, is corrupted by noise, is available.

The block-based scheme of the approximate solution of Problem IP2 is a direct
extension of the 1D scheme.

Assume the time parameter ¢ is fixed and samples {g(k, n, 1)}, k,n =0, N — 1,
of the function g(x, y, t) = U,2 are measured up to some zero-mean Gaussian errors
e = {sk,n}. Thus, the array z = {z[k, n]l=glk,n,t)+ £k,n} L k,n=0,N—1,1is
available while the time moment ¢ is known.

The function f(x, y) is approximated by a spline S(x, y) € ¥°? .7, which is a
linear combination of spline wavelet packets.

Embedding the problem into a spline setting is implemented by spline approxi-
mation of the heat equation, which is achieved in two ways.

Difference approximation: Denote, by Vlzd, the linear operator defined on the
spline space 2r2r & guch that for S(x, y) € 22r o VtzdS(x, y) = s(x,y,1),
where s(x, y, 1) is the spline from 2-2".# (with respect to x, y), which provides
a solution to the difference approximation of the heat equation

Os(x, y,1)

o = 0010y, 0 + 81510y, 0, s(x, 3, 0) = SCx, ).
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Here, 82[¢](x, y) < (¢(x — 1, y) — 2q(x, ) +q(x + 1, y) and 82[g](x, y) &
(gx,y — 1) —2¢g(x,y) + g(x,y) + 1 are the partial circular second central
differences.

Collocation approximation: Denote, by V,zc, the linear operator on 22" . such
that for a spline S(x, y) from 22", VtzCS(x, y) = S(x, y,t), where S(x, y, t)
is the spline from 2?".%, which satisfies the collocation conditions for the heat
equation

0S(k,n,t)

By = S/(k,n, t)—i—S;/(k, n,t), k=0,...,N—1, S(x,y,0) = S(x,y).

The spline S(x, y) is expanded over the exponential orthonormal basis

N/2—1

1
Sty = 2 ol dyT kIO y o). (11.17)

K,=—N/2

Denote, Vf = Vfd(zc) . Then the splines S(x, y, ) = V,ZS (x, y) are

| N/2—1
Sty =5 2 ol dy? k@ y¥ ),
K,=—N/2
o (O, = olic, 1], o, (1) = olic, dnlel®) i),

[ & [T, when Vi =V
" T | e 't when V,2 = Vtzc,

def [, . TL\2 def (. m\2ut[]
all] = (251n ﬁ) , D] = (251n ﬁ) MTU]

11.2.2 Partial Solution of the Inversion Problem
in the Subspace *" Vi

11.2.2.1 Splines from the Subspaces > Yo ti
Assume a spline S(x,y) € 2.7 is expanded over the orthonormal basis as
in Eq.(11.17). The orthogonal projection of the spline S(x, y) onto the subspace
2
er,l,I.

Nip—1

S i) = Dy lkn 50y (x = 27k) W2 (y =2"n), (1118)
k,n=0
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where {wfn’ ; (x(y) — 2""k(n))} ey 10 C 2r & are the orthonormal wavelet

m

packets and

ZZ’:%zr,l (x —2"k) 1/’,2,:,[ (y —2"n)
| N/2-1

=— > vmilcly, 0o 2 Ty () y ¥ 0 () (11.19)
Kji=—N/2

Substituting Eq. (11.19) into Eq. (11.18), we get

N/2—1

S =~ D &l dyP Il () Y71 (), (11.20)
K, 1=—N/2

def ~
Crille, ] = vmalel v, 1l g, ; ik, .

The DFT sequence g, ,jlk, tln = ,iv’;;é w=2" ketny
periodic in both directions, where N,, = N /2.

Then, the spline S, |, ;(x, y. 1) = V? S, 1 7(x, y)is

qm’lj[k,n] i Ny, -

N/2—1

1
S iCo 30 =5 20 Gl O I @) ¥ I (),

Kk,1=—N/2
6, il 10) = ¢, ) ke, ALl nld @),
where n[t](¢) are defined in Eq. (11.18).

Similarly to 1D case (Proposition 11.1), the following approximate representation
of the projection coordinates holds

1 2
G lics I~ 2 olicsd] vl v, gl | (11.21)

Denote, by Y[k, n] def S(k, n, t), samples of the spline S(x, y, t) = Vl2 S(x, y):

N/2—1

Yik,nl= > o ® ol nlcl@) nld@) V¥ ] V2T
K,1=—N/2

MZV[L]

/u4r[t].

Yk, ] = olk, d nlel@) nld@) VK] VI, V] =
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Then, the samples of the spline Sm’lj(x, v, t) = sz Sm’lj(x, y) are
def
m”[k n] =S5 lj(k,n,t)
N/2—-1
1 /

= Z o EO e e dnle) (0 nld @) V (k] (11.22)
Kk,1=—N/2

The following relation is derived from Eq. (11.21) similarly to Eq.(11.9):

Y, i, = &, g, Al (@) nld @) V7 ik]

1 2

4—mY[/< 0 \vmalkly,, il (11.23)
Remark 11.2.1 Equation(11.23) can be interpreted in a sense that confinement of
the operator’s V,2 domain from the whole spline space 2>%".% to the subspace
Z’Wm . > effectively results in multiplication of the 2D DFT Yk, (] of the sam-

pled output Y[k, n] = , m”(k n), k,n = 0,..., N — 1, with the factor

47"\, I[K]V [[L]

11.2.2.2 Parameterized Spline Solution in the Subspace 2" V/m, L
The scheme of partial solution of Problem IP2 in the subspace 2" Vﬂmy .j is similar to
the scheme for Problem IP1, which is presented in Sect. 11.1. By assumption, ¢ is a
known time parameter and the array z = {z[k,n] = g(k,n, 1) + exn} = g+ eis
available, where g(x, y, 1) = U[2 f(x, ). Weseek for a partial approximate inversion
of the two-dimensional heat Eq.(11.16). Keeping in mind Remark 11.2.1, prepare
the “filtered” data array

N/2—1

det 1 k 2
Zs ik, n] ¥ Z pketno Zm,l,i[K’ d,
K,ii=—N/2

where

Umilklv,, L] N-1
2 def A ‘ n, z ~ —(k
T U = 2l o ded= 3L 0T T gk n).

k,n=0

The solution is derived as a spline S,(x,y) € 2y which minimizes the

m1,D
functional J,, N 7(P)(S) def pl(S)+ E .l 7(S), where p is a numerical parameter,
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N—1
def def - 2
1) SISO+ ISV (B, (5= D (S(k,n,w—zm,,j[k,n]),
k,n=0

S,y 1) & V25(x, y) and V2 = v,
Assume that a spline s(x, y) € 2 #,, i is represented as in Eq. (11.20)

N/2—1

1
s =5 2 Gl dy¥ K@) v R 0).

Kk, 1=—N/2
Then, Eq. (4.63) implies that

s
1©0=55 > (W+ W) ig, s

K,=—N/2

def

2 y2r
W2 = (2 sin m) w1

N nan
The discrepancy functional

N/2-1

1 .
Epi®) =33 > ’n[fc](t) AW ¢,y 1k AV KTV = 2, 1k, 4]
K,=—N/2

2

’

where V¥ [1] = u? [1]/+/u* []. Consequently,

N/2—1
1
Dy dP6) = =5 D p1g, e Al (Wl + W 1)

K,u=—N/2

~ 2
+ )n[x](r) @) ¢,y 1k AV IV = 2, 1k, L]\ :

The functional J, ; 7(p)(s) achieves its minimum when

Pl (@) Vel VI TZ,, 1)
Alk, ](p)

2
Alie, 1) E p (Wl + W2 [4) + [l l) nled @) Vel V2L

G (O, ] =

’

. 2w def 1]
w2 € (2 sin = v
W% (in ) e VW W]
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The minimal spline
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11.2.2.3 Selection of the Regularization Parameter
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The optimal parameter p for the subspace 2" W, i is derived from the equation

et i S Epi (S,Z,,,;('a ')) (11.24)
2 2
1 N/2—1 P ‘Zm,lj[’c’ ( (M2r[K] + M [ s
- mmzzm p (M2 (k] + M2 [1]) + Inlk)(®) nld @O ) (Em“) '

11.2.3 Scheme for the Approximate Inversion
of the 2D Heat Equation

11.2.3.1 Best Basis Algorithm (BBA)

This method is a direct extension of the 1D algorithm, which is described in
Sect. 10.1.1. Assume the time parameter ¢ is fixed and the data array

zZ= {z[k,n] :g(k,n,t)—i—sk,n}, k,n=0,N —1,

is available, where g(x, y,t) = U,2 f(x,y). The algorithm is implemented by the
following steps.

1. Model the error array e.
2. Implement the 2D wavelet packet transform of order 2r of the data z.
3. Apply the BBA, which is described in Sect. 10.2.3, to the transform coefficients.

As a result, obtain the list MLL = {(nﬁ, 1,1 )} such that the shifts of the discrete-
time wavelet packets th P where (m, I, l:) eM LI:, form an optimal basis for

the array z. The list M LL determines the subspaces 2" pmll , where the partial
solutions to Problem IP2 are to be derived.
4. To detect “empty” subspaces, calculate the norms of the signals

| N
S 1 2 oM l) ) nld @) vy ] v A0,
v K=—N/2 '
| N/2—1
o =% | 2 @ nae v v, 1
v Ki=—N/2 '

for all triples (m, [, 1) € MLL.
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5.

Define some threshold 7. The list of subspaces M LL is reduced to a shorter lisT
MLL by discarding the triples (i, [, 1) such that the norms H X “:H <T.

Determine the optimal values / of the parameter for each triple (7, [, lf ye MLL.
Find the partial solutions Sp _ ~()c y) € 2’7/ .- for each triple (7, I[,[)e MLL.

8. The approximated solutlon to Problem P2 is

11.

S(X, y) Z Sp _~()C y) e 2r, ZVy
w0l

2.3.2 A Variation of BBA: Block Pursuit Algorithm (BPA)

This method is, to some extent, similar to the Matching Pursuit method presented in
Chap. 11

U AL —

10.

11.

12.

13.

. Calculate normalized energies E

. Select B subspaces I1

. Evaluate the error array e.
. Set a threshold T for the stopping rule.
. Set a number B of best blocks.

Put z° = z and So(x, y) =0.

. Implement the 2D wavelet packet transform of order 2r of the data z°. 3
. Apply the BBA to the transform coefficients thus obtaining the list MLL =

{6, 1.D)}.

il (the I> norms divided by the number of
coefficients in the block) for each coefficients’ block from the list M LL and sort
them in the descending order.

il = whose indices occupy first B places in the sorted list,

thus obtaining the list M LL g with B entries.

. Discard from the list MLL p the entries, whose energies

E -<T (11.25)

0L
(if such entries are present). ;
If the inequality (11.25) holds for all the entries in the list M L L p then stop the
algorithm.

Otherwise:
Determine the optimal values p of the parameter for the subspaces 2" ”//rh i from

the (possibly reduced) list ML L.

Find the partlal solutions S” _ ~(x y) e W S if
1 def (0 _ p
Put S (x, y) € $%x, y)+Z TieMLI Sm,i,f(x’y)'



266 11 Block-Based Inversion

14, UsingEq.(l1.22),derivethearrays{Y -:[k,n]}, k,n,=0,...,N—1,which

m,l,l

are the sampled splines s’ S(x,y,1) def V%Sb _=(x, y).
m,l,l m,l,l

1def [ o _ _ N
15. Putz! & {z [RIED IR /S n]}.
16. Tterate the procedures, starting from Item 5 using z! instead of z°.

Output: The approximated solution to Problem IP2 is

S(x.y) =D S(x.y) e ¥

1

11.2.3.3 Comments

1. The described algorithms can be utilized for signals’ and images’ denoising when
the time parameter t = 0. In this case, the general scheme remains unchanged.
The approximated solutions produced by the global Tikhonov algorithm (GTA),
which were described in Sect. 7.2, become the smoothing one- or two-dimensional
splines.

2. The BPA can be utilized in two modes:

Quasi-Matching Pursuit: It uses a small number (may be just one) of the Best
Basis blocks per iteration and makes a large number of iterations thus suc-
cessively approaching the solution.

Update of the BBA: It uses all the blocks contained in the reduced Best Basis
list and makes 2 or 3 iterations thus updating the result from the BBA.

It is more computationally expensive compared to BBA but, typically, produces
more accurate results.

3. The block-based algorithms for inversion of the heat equations, which are pre-
sented in this chapter are applicable, with some obvious modifications, to solving
the deconvolution problem. A detailed presentation of the block-based deconvo-
lution is given in [2].

Outline of the block-based deconvolution
In 2D case, the partial approximate solution of the convolution equation Eq. (7.11)
in the subspace %" W, i is presented by the spline

N/2—1
=2 2 i@l Ay K@ v e € 7,

Kk, 1=—N/2

0
Sm,l,l~

with the coefficients

hlk, (* T¥4[k] T?4[1] 2m,l,f(”)
Alk, t(p)
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A 2
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Its samples at the grid points are given by
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11.3 Numerical Examples

The following are examples derived from three groups of experiments on using the
block-based methods for restoration of 2D images:

Denoising: Restoration of objects corrupted by Gaussian noise (the time parameter
t =0).

Clean blurred input:  Restoration of blurred objects when the time parameter r >
0. In this case, although noise is not introduced, some errors of measurements are
present. Therefore, the problem remains ill-posed. The advantage of the block-
based methods over the global ones consists in accurate tuning the frequency
bands, where the solution is looked for, to effective frequency domain of the
blurred image. The BPA does this more precisely than the BBA due to wider
choice of available subspaces.

Noised blurred input:  Restoration of objects from blurred inputs, which are cor-
rupted by Gaussian noise.

The examples illustrate the difference between the performance of the GTA presented
in Sect. 7.1, of the BBA and of the BPA. Visual perception is compared and the peak
signal to noise ratio (PSNR) in decibels (Eq. 6.42).

All the experiments are performed using the MATLAB code Block_runP,
which implements the block-based inversion of the heat equation and the deconvolu-
tion in an interactive mode and compares the results with the results from the GTA.

Three benchmark images each of which is presented by 512 x 512 array of
samples are used as the initial temperature distributions (Fig. 11.2).
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M

my

Fig. 11.2 Top left “Barbara”. Top right “Lena”. Bottom “Fingerprint”

Example I Barbara denoising

The “Barbara” image, which was corrupted by Gaussian zero-mean noise with stan-
dard deviations STD=25 serves as an input. The time parameter r = 0. Figure 11.3
displays fragments of the noised input image and of the image restored by GTA,
BBA and BPA. One can observe that BPA produces the highest PSNR value. The
noise is satisfactorily suppressed while the fine texture is restored. The BBA result
is very similar to that of the BPA. The GTA performance in the texture restoration
is inferior compared to either the performance of the BBA or that of the BPA. The
results are displayed in Fig. 11.3.

Example 2 Restoration of the strongly blurred “Fingerprint” image

In this example, the “Fingerprint” image was used as an initial temperature distribu-
tion. The input presents the temperature distribution when the time parameter t = 46.



11.3  Numerical Examples 269

Fig.11.3 “Barbara”. Top left noised image, STD = 25, PSNR = 20.16; Top right Image restored by
GTA, PSNR = 24.68. Bottom left Image restored by BBA, PSNR = 2 5.34, spline wavelet packets
of tenth order from 2 levels were used. Botfom right Image restored by BPA, PSNR = 25.44, spline
wavelet packets of tenth order from 2 levels were used. Number of best blocks per iteration B = 4.
The result is achieved by 4 iterations

The best result is achieved by the BPA method although with a relatively high com-
putational cost (1000 iterations were implemented, which took about 5 minutes). The
BPA restored the texture of the “Fingerprint” image, which was completely smeared
in the input. The output quality from the BBA is slightly inferior to that of the BPA.
The GTA produced a much worse result. The results are displayed in Fig. 11.4.

Example 3 Deconvolution of blurred “Barbara”

This example illustrates application of block-based deconvolution algorithms to the
restoration of the “Barbara”, image, which was convolved with the Gaussian kernel,
STD=5. As in the “Fingerprint” example, the best result is achieved by the BPA
method. The BPA restored the texture of the image, which was smeared in the input.
The quality of the output from the BBA is almost the same as from the BPA but it
is achieved by a much lower computational cost. The GTA produced a worse result.
The results are displayed in Fig. 11.5.
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Fig. 11.4 “Fingerprint”. Top left Blurred image, t = 46, PSNR = 15.71; Top right Image restored
by GTA, PSNR = 19. Bottom left Image restored by BBA, PSNR = 21.22, spline wavelet packets
of tenth order from 3 levels were used. Bottom right Image restored by BPA, PSNR = 22.89, spline
wavelet packets of tenth order from 2 levels were used. Number of best blocks per iteration B = 5.
The result is achieved by 1000 iterations

Example 4 Restoration of blurred and noised “Lena”

In this example, the “Lena” image was used as an initial temperature distribution.
The input presents the temperature distribution when the time parameter r = 2. The
blurred image is corrupted by Gaussian noise, whose STD=10. The best result is
achieved by the BPA method. The BPA-restored image is sharper compared to two
other images, and its PSNR is the highest. Noise is successfully suppressed in all
the restored images. The results are displayed in Fig. 11.6. In this example the BPA
acted in the update mode: it used all the blocks involved in the BBA and made only
two iterations. The first iteration produced the same result as the BBA, while the
second one updated it.
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Fig.11.5 ‘Barbara’. Top left Image convolved with the Gaussian kernel, STD =5, PSNR = 21.71;
Top right Image restored by GTA, PSNR = 24.31. Bottom left Image restored by BBA, PSNR =
24.55, spline wavelet packets of fourth order from 4 levels were used. Bottom right: Image restored
by BPA, PSNR = 24.65, spline wavelet packets of twelfth order from one level were used. Number
of best blocks per iteration B = 1. The result is achieved by 200 iterations

Comments

The block-based algorithms described in this chapter provide stable approximated
solutions to such ill-posed problems as inversion of the heat equation and decon-
volution of signals and images where available data are discrete and noised. The
solutions are provided by spline functions, which are linear combinations of ortho-
normal wavelet packets. Diversity of spline wavelet packets enables us to have flex-
ible adaptation of the algorithm to the available data satisfying desirable properties
of the solution. The adaptation is achieved automatically. The only a-priori infor-
mation needed is noise evaluation, which is discussed in Sect.11.1.2.4. The SHA
technique, which perfectly fits to convolution problems, yields powerful tools for
fast implementation of the algorithm.

The basic idea of the method is to implement the regularized inversion (decon-
volution) of signals (images), separately in different frequency bands by assuming
that the relative portions of the coherent signal and noise are different in different
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Fig. 11.6 “Lena”. Top left Blurred noised image, t = 2, noise STD = 10, PSNR = 25.15; Top
right Image restored by GTA, PSNR = 27.93. Bottom left Image restored by BBA, PSNR = 28.20,
spline wavelet packets of the fourth order from 6 levels were used, 600 waveforms were involved.
Bottom right Image restored by BPA, PSNR = 28.29, spline wavelet packets of the fourth order
from 6 level were used. Number of best blocks per iteration B = 600. The result is achieved by 2
iterations

frequency bands. Representation of an input signal (image) in a variety of frequency
bands is achieved by its expansion with orthonormal bases formed from translations
of the spline wavelet packets. The spectra of these wavelet packets are close to rectan-
gular and form a variety of splits of the signal’s frequency domain. An optimal split
is achieved by using the Best Basis scheme (BBA). Additional adaptation abilities
stem from varying orders of the involved splines and the depths of the decomposi-
tion. Another adaptation scheme is implemented via the so-called BPA, which can be
implemented either in a quasi—Matching Pursuit mode or in a mode, which updates
the BBA result.

The conducted experiments prove the efficiency of the algorithm for solving the
problem of inversion of the heat equation/deconvolutionfrom the discrete noised
data. In addition, the algorithm was efficient in the two extreme cases: 1. Denoising
an object, which was not blurred. 2. Deblurring an object when noise is not present.
Since the presented methods extend the classical Tikhonov regularization method,
their performance was compared with the performance of the global spline-based
Tikhonov algorithm (GTA). In all the experiments, the BBA and, especially, the BPA
produced better visual quality and higher PSNR than the GTA. That was achieved
at the expense of heavier computational load. While processing of a 512 x 512
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image is carried out by the GTA in a fraction of second, the BBA requires a couple
of seconds, On the other hand, BPA processing may take from a couple of seconds
to minutes (depending on the kernel’s passband and depth of decomposition).

The library of spline wavelet packets supplied with an efficient implementation
scheme can serve as a tool in many other applied problems where an adaptive split of
the frequency domain is needed. One such application is acoustic pattern recognition
[1, 3].
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Chapter 12
Hydro-Acoustic Target Detection

Abstract This chapter presents an example of utilization of the discrete—time
wavelet packets, which are described in Sect. 9.1, to classification of acoustic signals
and detection of a target. The methodology based on wavelet packets is applied to
a problem of detection of a boat of a certain type when other background noises
are present. The solution is obtained via analysis of boat’s hydro-acoustic signature
against an existing database of recorded and processed hydro-acoustic signals. The
signals are characterized by the distribution of their energies among blocks of wavelet
packet coefficients.

This chapter describes acoustic detection of a certain boat while the background
conditions are highly variable. Energies in different blocks of wavelet packet coeffi-
cients are used as characteristic features of the acoustic signals. To derive the acoustic
signature of the boat of interest, a modification of the the Best Discriminant Basis
method [11] is used. The decision is made by combining answers from the following
classifiers: Linear Discriminant Analysis (LDA) [8], Nearest Neighbor (NN) clas-
sifier and the Classification and Regression Trees (CART) [6] that is also supplied
with an additional unit called Aisles that reduces false alarm. The presented algo-
rithm provides a generic solution for many classification and detection problems,
which deal with signals, whose structure is close to periodic[1-5]. The presentation
is based on the paper [4].

12.1 Outline of the Problem

The goal is to detect, with minimal number of false alarms and miss-detections,
arrivals of boats of a certain type via analysis of their hydro-acoustic signatures. This
processing is done against an existing database of recorded hydro-acoustic signals.
The problem is complicated because many types of boats arrive at the scene. In
addition, the following may constantly change: surrounding conditions, velocities
and directions of the boats of interest, and their distances from the receiver, not to
name some affecting conditions of the recorded acoustics.

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 275
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_12,
© Springer Science+Business Media Dordrecht 2014
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Fig. 12.1 The blue tourist boat (BTB)

As a running example, detection of the blue tourist boat (denoted BTB) that is
seen in Fig. 12.1 is to be described. A successful detection depends on deriving an
acoustic signature of the target that is built from characteristic features. This signature
enables us to discriminate between the target of interest and background objects.

Hydro-acoustics signals emitted by boats have quasi-periodic structure. This is
due mainly to the sounds emitted by their engines and propellers. Each acoustic
signal contains only a few dominating bands in the frequency domain. As the boat
moves, conditions are changing and configuration of these bands may vary, but their
general disposition remains. Therefore, we assume that the acoustic signature for the
class of signals emitted by a certain boat is obtained as a combination of the inherent
energies in the blocks of the wavelet packet coefficients of the signals, each of which
is related to a certain frequency band, as was discussed in Sect.9.1.4. Thus, they can
be used as candidates to become selected features.

The experiments demonstrate that blocks of wavelet packet coefficients provide
distinctive characteristic features, which accurately discriminate between the Boats
(B) and the NoBoats (NB) classes and between the BlueTouristBoat (BTB) and Oth-
erBoat (OB) classes. Extracting the characteristic features (parameters) and deriving
the acoustic signatures for these classes are critical tasks in the training phase of the
process.

For identification of a boat by its acoustic signatures, the final phase of the detec-
tion process combines outputs from three classifiers, which are: 1. Linear Discrim-
inant Analysis (LDA) classifier [8]. 2. Classification and Regression Trees (CART)
classifier [6]. 3. CART supplied with an additional unit called Aisles that reduces
false alarms.
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Fig. 12.2 Examples of other boats: the commuter boat, the fire boat and the ferry ship
12.2 Structure of the Recorded Data

The audio recordings were acquired by a single hydrophone. For reference, these
recordings were accompanied by simultaneous video footage. The recordings were
taken under different conditions. Some recordings were made when no boats
were present at the scene. Some recorded the BTB, which was cruising at differ-
ent speeds, directions and distances from the hydrophone. From time to time, other
boats of different types, such as fire boats, commuter boats, big ferry ships, and small
motor boats, were present at the scene together with the BTB. Figure 12.2 displays
some vessels, which arrived at the scene.

The audio recordings were sampled at the rate of 2000 samples per second. Part
of the recordings was used for training the algorithm while the remaining recordings
were left for testing.

Fragments of training recordings that did not contain boats sounds were stored as
NB-class signals. Fragments containing sounds emitted by various boats were stored
as B-class signals. The signals in the latter class were highly variable. This class
was divided into two subclasses: 1. Fragments containing recordings of the Blue
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Fig. 12.3 Fourier spectra of fragments from different recordings. Left BTB in different positions.
Right two other boats

Tourist Boat, were designated as BTB-class. 2. The rest of the B-class signals were
designated as OB-class.

Examination of the Fourier spectra of the available signals led to the showed that
spectra of the signals differ significantly from each other under different cruising
conditions, even within the same BTB class. However, there are some common
properties to all the BTB acoustic signals. These signals are quasi-periodic in the
sense that there exist some dominating frequencies in each signal. These frequencies
may vary as cruising conditions change. However, for the same boat, these variations
are confined in narrow frequency bands. Moreover, relative locations of the frequency
bands are stable (invariant), to some extent, for signals that are emitted by the same
boat. We illustrate this observation in Fig. 12.3, where the spectra of two fragments
from the BTB recordings versus the spectra of two fragments from the other boats
are displayed.

Therefore, the conjecture is that the distribution of the energy (or some energy-
like parameters) of acoustics signals from some class between different areas in the
frequency domain, may provide a reliable characteristic signature for this class. In
other words, they can be used as foundations for generating unique features that
characterize the class of signals.

12.3 Formulation of the Approach

The discrete—time wavelet packets described in Sect.9.1 provide a highly relevant
tool for adaptive search of valuable frequency bands in a signal or a class of signals.
Once implemented, the wavelet packet transform of a signal provides a collection of
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different partitions of its Nyquist frequency band. The transform is computationally
efficient. It was explained in Sect.9.1.4 that energies in the blocks of the transform
coefficients correspond to the energies in the respective subbands of the Nyquist
frequency band of the signal. Thus, the set of energies in the blocks of the coefficients
from the wavelet packet transform of a signal can be regarded as a “spectrum” of the
frequency bands as opposed to the spectrum of single frequencies, which is provided
by the Fourier transform.

By energy in a block of the wavelet packet coefficients, we understand the nor-
malized /; norms of the coordinates vectors. To be specific, if projection of a signal
X € [T[N] onto the subspace IT[N],, ; is represented as

N/2"—1
Xmalkl = D" &AW [k —272]
A=0
then the respective energy is defined as

N/2m—1

> g2 A
r=0

The coefficients from the m-th decomposition level produce the frequency bands’
“spectrum”. The width of bands is, approximately, equal to v/2", where v is the
width of the Nyquist frequency band of the signal. We can see it, for example, in
Fig. 12.4. This figure displays energies in the blocks of the wavelet packet coefficients
from levels two to six of a boat acoustic signal. Here, the wavelet packet transform
is based on orthogonal splines of eighth order.

Outline of the Approach

The pattern signals for the training phase and the online signals in the detection
phase are formed by imposing a comparatively short window on each input signal
followed by a shift of this window along the signal so that adjacent windows have
some overlap. Then, the wavelet packet transform is applied to the segments and the
energies in the selected coefficients blocks are calculated. As a result, each segment
is represented by a set of energies.

To determine a few blocks of the wavelet packet transform coefficients, which
discriminate a class of interest from other classes, we use a procedure similar to
the Local Discriminant Bases method [11], which is a variation on the Best Basis
algorithm [7, 12]. Energies in the selected blocks extracted from the segments of
training signals are used as the reference sets for further application of the LDA
classifier and for the design of the CART and Aisles classifiers.
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Fig. 12.4 Top Magnitude of the DFT of a BTB signal of length 1024 samples. X-axis: frequencies;
Y-axis: magnitudes of the Fourier coefficients. Energies in the blocks of wavelet packet coefficients
from the sixth decomposition level (second from the top, altogether 64 blocks) down to the second
level (bottom, 4 blocks). Locations of the bars approximately correspond to the locations of the
frequency subbands related to the blocks. X-axes: frequencies; Y-axes: values of energies in the
blocks of wavelet packets coefficients

Segments, which are cut out from the test signals by the moving window, are
identified individually in two steps:

1. The classifiers decide whether the segment is related to the Boats class or to the
Non-Boat class: (B vs. NB decision).

2. If the decision is B, then the other set of classifiers decide whether the segment is
related to the BlueBoat class or to the OtherBoat class: (BTB vs. OB decision).

Correspondingly, training the algorithm should be performed twice: once for B versus
NB decision and once more for BTB versus OB decision. In the rest of the chapter,
the B versus NB scheme is described. A couple of details about where the scheme
BTB versus OB differs from it are indicated.
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12.4 Description of the Algorithm and its Implementation

The classification (detection) algorithm consists of the following phases.

e Derivation of the classes signatures.
e Training the classifiers.
e Identification of test data.

12.4.1 Derivation of the Classes Signatures

In the given setting, the signatures are derived in the following way:

12.4.1.1 Construction of the Training Databases

e Part of the available data is selected for the training (Tr-data) phase, the rest is left
for the test (Te-data) phase.

e Using video recordings for reference, pieces related to B and NB classes are clipped
from Tr-data;

e The selected pieces are sliced into overlapping segments of length [ (typically,
[ =1024);

e The training database B-NB is prepared for B versus NB discrimination. The
B-NB database consists of two matrices: Mj,,—of size m}, x [, where the rows are
the B-segments and M,,,— of size m, x [, where the rows are the NB-segments.

12.4.1.2 Transformation of the Training Data

e The wavelet packet transform down to level J (typically, J = 6) is applied to rows
of the matrices M and M,,.

e The energies in the blocks of the transform coefficients are calculated. Altogether,
there are K = 2/*! — 1 blocks of coefficients. Thus, each segment is represented
by an energy vector of length K. This operation reduces the dimensionality of the
segments from / to K (typically, from 1024 to 127). Subsequent operations further
reduce the dimensionality;

e The energy vectors are arranged into the matrices Wy, of size m;, x K and W,,,
of size m, x K. A row represents a segment.

12.4.1.3 Determination of the Signature(s) of the Class(es) of Interest

e The averages W;, and W, along the columns of the energy matrices W, and W,
are calculated, respectively. We call the vectors W, and W, the energy maps
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Fig. 12.5 Energy maps of the classes B and NB. X-axes: indices of blocks of wavelet packet
coefficients; Y-axes: averaged values of energy in the blocks. / original signal, 2, 3 indices of
the 1-st level blocks; 4,...,7 2-nd level; 8,...,15 3-rd level; 16,...,31 4-th level; 32,...,63 5-th level;
64,...,127 6-th level. Top map for the Boats class; Bottom map for the NoBoatss class

of the classes B and NB, respectively. Typical energy maps are displayed in
Fig.12.5.

e The differences Dy, o W, — W, are calculated. The difference of the above
energy maps is displayed in Fig. 12.6.

e The discriminating power of a certain block of coefficients is defined as the mag-
nitude of the difference Dy,, of this block;

e There is parent—offsprings dependence between the blocks of wavelet packets
coefficients (Table 9.6). Two offsprings are related to the same frequency bands
as their parent. It is clearly seen in Fig. 12.4. For example, the pair of blocks #3
and #4 from the third decomposition level are related to the same frequency band
as their parent: the block #2 from the second level.

e Comparing parent—offsprings discriminating power. If the parent is “stronger” then
the offsprings are discarded and vice versa;

e When frequency overlap is removed, a small number M},,, whose discriminating
power is the strongest (typically, Mp, = 6 = 10) is selected out of the remaining
blocks. Denote by Ly, the list of their indices. The listis considered as the signature
of the class B against NB. Energies in the selected blocks of coefficients serve as
characteristic features of the segments.
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Fig. 12.6 Difference of the energy maps between the classes B and NB. X-axis: indices of blocks
of wavelet packet coefficients; Y-axis: differences of averaged values of energy in the blocks. /
original signal, 2,3 indices of the 1-st level blocks; 4,...,7 2-nd level; §....,15 3-rd level; 16,...,31
4-th level; 32,...,63 5-th level; 64,...,127 6-th level

e The energy matrices W, and W), are reduced to features matrices Wb of size
mp X Mp,, and W,, of size m, x My, by retaining only the columns listed in L.

e As a result, each segment of length [ is represented by the Mj,-tap vector of
energies in the selected blocks of the wavelet packet transform coefficients. Thus,
its dimensionality becomes reduced from [ to My, (typically, from 1024 to 8).

12.4.1.4 Refinement of the Feature Matrices

In order to refine the feature matrices W;, and W,,, their rows are tested. Recall that
each row in Wy, is associated with a segment in a B-class signal and each row in W,
is associated with a segment in an NB-class signal. We calculate the Mahalanobis
distances [9, 10] d?” and d®" of each row in the matrix Wb from the matrices Wb
and W”, respectively. It may happen that, for some rows from Wb the distance d*”
to the “native” matrix exceeds the distance d®" to the matrix Wn. Such rows are
removed from the matrix Wb. The same is done for the features matrix W,,. The
refined features matrices are denoted as Ry, and R,,, respectively. They are called the
reference matrices for the B versus NB classification.

Typical reference matrices R, and R, are displayed in Fig. 12.7. Even visually,
energies in the eight selected blocks for the B class segments differ from those for
the NB class segments.
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12.4.1.5 BTB Versus OB Classification

Exactly the same procedures as above are applied in order to produce the list Sp,
of My, indices, which is the signature for the class BTB against OB. Similarly, the
reference matrices Ry, and R, are produced. Naturally, the dissimilarity between
BTB signals and OB signals is much less than the dissimilarity between B signals and
NB signals. Thus, the energy maps Wy, and W5, which are displayed in Fig. 12.8,
are hardly distinguishable. Therefore, the refinement procedure for the BTB versus
OB classification is stricter than the refinement for B versus NB. Thus updated, the
method, which derives the class signature, proved to be successful in this case.

12.4.1.6 Summary

As aresult of the above operations, the dimensionality of the training set is substan-
tially reduced. Typically, a segment of length 1024 is embedded into an 8-component
features vector. Ostensibly, this part of the process looks computationally expensive,
especially if, for better robustness, large training sets are involved. This procedure is
called once and it is done offline before the detection and classification phase that is
done online (real time).
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Fig. 12.8 Energy maps of classes BTB and OB. X-axes: indices of blocks of wavelet packet
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The classes signatures Sp, and Sp, and the pairs R, — R, and Ry, — Ry of
reference matrices are stored for further use.

12.4.2 Training the Classifiers

Once two pairs of the reference matrices R, — R, and Ry, — R, have been collected,
the classifiers should be trained. For this purpose, features vectors, which form rows
in the reference matrices are used.

12.4.2.1 Classification and Regression Trees

First, the features vectors are used as the input patterns for the construction of the
CARTs.

The construction of the tree is done by a binary split of the space of input patterns
X — (X1 UX2U...UX,}, where { X} are the terminal nodes of the tree. Once
a vector appears in the node Xy, its membership can be predicted with a sufficient
reliability. The answer is the class the vector is assigned to and the probability of
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Fig.12.9 Examples of Aisles in two different CART nodes for B-NB classification. X-axes: indices
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this assignment. The basic idea behind this split is that the data in each descendant
subset is “purer” than the data in the parent subset. The scheme is described in full
details in [6]. A brief outline is given in the appendix to this chapter.

As a result, two trees Tjp, and Ty, are designed for the discrimination B versus
NB and BTB versus OB, respectively.

12.4.2.2 Refinement of CART: Aisles

Once a feature vector is presented to the CART tree Ty, it is dispatched to a terminal
node. Each terminal node is assigned to one of the classes B or NB. To reduce false
alarms, the CART classifier is refined in the following way.

All the rows of the “Boat” reference matrix R;, are presented to the tree Tj,,. Each
row is dispatched to one of the terminal nodes that are associated with the B class.
Assume that the set R’lj of rows from the matrix R, was dispatched to a node Tbk. We
calculate the M}, -tap vectors mf = [m’f s eees mljwbn }, which is the mean value of the

rows R¥ ,and s¥ = {s{‘, e sllf,lbn }, which is the standard deviation (STD) of these

rows. Then, we form the aisle AX = /¥ £ 25*. This is done for all the B-terminal
nodes Tk, k=1,..,Kp.

Similarly, we present all the rows in the reference matrix Ry, to the tree Ty, in
order to form the aisles A]ljtb for all the BTB-terminal nodes Tbkz pe k=1, Kp,
in the tree Tp,.

Two examples of Aisles are displayed in Fig. 12.9.

12.4.2.3 Summary

As a result from the training operations, the two lists, Ly, and Lj,, of the character-
istic blocks are compiled for the discrimination B versus NB and BTB versus OB,
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respectively, the pairs R, — R, and Ry, — R, of the reference matrices are collected,

def K def K .
the trees T, and Tp, and two sets Ap = (A} kil and App = (AL, k:htlh of aisles

are designed. All these data are stored to be used to identify newly arrived signals.

12.4.3 Identification of an Acoustic Signal

Identification of a newly arrived acoustic recording, which did not participate in the
training phase, is implemented in three steps:

1. Preprocessing

The process is exactly the same as in the preprocessing of the training signals. Once
a signal is assigned for identification, the following steps are carried out:

It is sliced into overlapping segments of length /;

The wavelet packet transform is applied down to scale J to each segment;
Energies in the blocks of the transform coefficients are calculated;

The segments are embedded into energy vectors of length K =27+ — 1.

2. Primary identification

The Boats (B) segments are distinguished from the NoBoats (NB) segments in the
following way:

e The energy vectors are reduced to features vectors by selecting My, blocks whose
indices are in the signature list Lp,,.

e Each features vector is classified by the Linear Discriminant Analysis (LDA) using
the reference matrices R, and R,,.

e Each features vector is classified by CART using the Ty, tree.

e Once a features vector is assigned to the B class by CART, it is subjected to the
test by Aisles using the A, set. Assume the vector v = {vl s ees UMy, } is dispatched
to the node Tlf . If the vector “passes through” the aisle A’lj, that is m;‘ - 2slk <y <
mf‘ + 2slk, Il =1, ..., Mpy,, then the Aisles classifier assigns this vector (segment)
to the B class. Otherwise, it is assigned to the NB class. This additional check
reduces the false alarm rate.

e The answer from the B versus NB classifiers is 1 if the vector (segment) is classified
as B and 0O otherwise;

e If at least one out of three answers for a given segment is zero then the segment is
classified as NB: otherwise it is classified as B.
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3. Final identification of B segments

This means separation of the BTB segments from the OB segments.
Once a segment is classified as Boats:

e The corresponding energy vector is reduced to the features vector by selecting
M}, blocks whose indices are in the signature list Lp,.

e The features vector is classified by LDA using the reference matrices Ry, and
Ryp.

e The features vector is classified by CART using the Ty, tree.

e If the features vector is assigned to the BTB class by CART then it is tested by
Aisles using the Ay, set. If the vector “passes through” the corresponding aisle
then the Aisles classifier assigns this vector (segment) to the BTB class. Otherwise,
it is assigned to the OB class.

e The answer from the classifiers is 1 if the vector (segment) is classified as BTB
and 1/2 otherwise.

e For a segment s, two decisions units are compiled: DEC}( is the product of LDA
and CART answers for a given segment, whereas DEC,% is the product of LDA
and Aisles answers. These decisions assume the following values

1, if both classifiers give positive answers;

1/2, if classifiers give different answers;

1/4, if both classifiers give negative answers

0, if the segment was primarily classified as NB.

DEC, =

(12.1)

12.5 Examples

A series of experiments was conducted to detect the presence of the Blue Tourist
Boat from acoustic signals recorded by a single hydrophone in an harbor. Half of
the available recordings were used for training the algorithm and the rest was left for
testing. The background was highly variable: there were fragments with no boats,
and the water conditions and surrounding noise varied. Fragments of recordings with
many different types of boats, which were cruising in the area, also constituted the
background. The stationary hydrophone recorded sounds emitted by the BTB and
other boats from different locations and directions, from different distances from the
receiver and from different modes of the engines’ operation. No special actions were
carried out to improve the quality of the recording, which was far from perfect.

In spite of these variabilities and drawbacks, the presented algorithm demonstrated
robust detection of the target with minimal false alarm. The following three figures
visualize the performance of the algorithm.
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Fig. 12.10 Identification of recording # 1300. X-axes—time (seconds) from the start of recording.
Top frame recording of the sound. Central frame averaged product of answers from LDA and
CART classifiers on identification of short segments of the signal. Bottom frame averaged product
of answers from LDA and Aisles classifiers on identification of short segments of the signal. While
the curves are located above 1/2, the corresponding segments are classified as BTB; localization
between 1/2 and 0 means OB; and the intervals where curves touche zero are classified as NB

12.5.1 Structure of Presented Figures

Figures 12.10, 12.11 and 12.12 display the identification results of three acoustic
recordings, which did not participate in the training procedures. Each figure consists
of three frames. In all the frames, the X-axes indicate the time (seconds) from the
start of the recording. The top frame in each figure displays the recorded signal.
Rectangles mark the time intervals where the BTB is present. Ellipses mark the time
intervals where OB are present.

The curves in the central and bottom frames present the detection results in the
following way:

Central frame: The array {DEC}(} of the decisions was smoothed by a forward
and backward moving average followed by decimation. The remaining values
were linked by a curve. The curve was synchronized with the input acoustic
signal.

Bottom frame:  The same was done with the array {DEC}}.
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Fig. 12.11 Identification of recording # 1129. X-axes—time (seconds) from the start of the record-
ing. Top frame recording of the sound. Central frame averaged product of answers from LDA and
CART classifiers on identification of short segments of the signal. Bottom frame averaged product
of answers from LDA and Aisles classifiers on identification of short segments of the signal. While
the curves are located above 1/2, the corresponding segments are classified as BTB; localization
between 1/2 and 0 means OB; and the intervals where curves touche zero are classified as NB

The horizontal lines L1,2 and L4 at heights 1/2 and 1/4, respectively, are drawn
for reference only. If, at some interval, the curve lies above the line L1, it means
that both the decision units have detected the target at this interval. If the curve
lies between the lines L1/, and L1/4 then the units have made different decisions.
If the curve’s values are positive but do not exceed 1/4 then it means that, at the
corresponding interval, both classifiers have detected an OB other than the BTB.

12.5.2 Display of Results

Recording # 1300 lasted for about 6 min. Most of the time the BTB was present
at the scene but its state varied. Both DEC! and DEC? detected its arrival and its
approach to the berth. While it was standing at the berth (with the working engine), a
small boat passed by the receiver at a high speed. The decision unit DEC' identified
many segments of this mixed interval as belonging to BTB, however the unit DEC?,
which produced the answer from Aisles, was much less tolerant. When the BTB was
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Fig. 12.12 Identification of recording # 1555. X-axes—time (seconds) from the start of the record-
ing. Top frame recording of the sound. Central frame averaged product of answers from LDA and
CART classifiers on identification of short segments of the signal. Bottom frame averaged product
of answers from LDA and Aisles classifiers on identification of short segments of the signal. While
the curves are located above 1/2, the corresponding segments are classified as BTB; localization
between 1/2 and 0 means OB; and the intervals where curves touche zero are classified as NB. The
sea is choppy

departing, another boat was present in the area. At some times, the sound from the
BTB prevailed, at other times the sound from the other boat was stronger. Therefore,
part of the segments at this interval were identified as BTB, while the rest were
declared as being OB. Clearly, as to the purity of the signal, DEC? was much more
exigent than DEC!.

Recording # 1129 continued for about 25 min. At the outset, the BTB arrived and
moored. After a while it departed. On arrival, it was accompanied by small boats.
On departure, another boat arrived. Then, after a short NB interval, a huge ferry boat
sailed into the area. When the ferry boat disappeared, a small speed boat arrived
followed by the BTB, which passed by the receiver at a long distance. At the same
time, another boat was present at the scene. In the end, the receiver recorded a strong
signal emitted by a fire boat. All these events were properly handled by both decision
units. DEC? produced fewer false alarm than DEC' but missed a few events when
the BTB was present.
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Recording # 1555 lasted for about eight minutes while sea was choppy. There
were no boats till about 90 s from the start of the recording. The decision units marked
almost all the segments from this interval as NB. Then, a couple of small motor boats
arrived at the scene followed by the BTB, which approached the berth. While it was
standing at the berth, another boat was passing by. DEC! mistakenly attributed a
few segments from the latter event to BTB, but DEC? corrected this. After a calm
interval, which was classified as NB, the BTB departed. During its departure, the
BTB was detected by DEC!, but the reports from DEC? were ambivalent.

Comments:

The detection experiments demonstrated the relevance of the approach based on

wavelet packets to feature extraction.

e Combination of the LDA with CART classifiers (DEC!) is more sensitive to the
presence of the target in comparison to the LDA-Aisles combination (DEC?).
Nevertheless, it sometimes produces false alarms. On the other hand, the decision
unit DEC?, while significantly reducing false alarms, sometimes missed the target.

e The algorithm produced satisfactory detection and classification results even when
the conditions of the real signals were essentially different from those of the
training data. When the conditions of the captured signals were close to the training
conditions, the detection was almost perfect.

e Typically, arrival of the target boat was detected much better in comparison to its

detection upon departure.

Appendix: Outline of the CART Algorithm

A comprehensive exposition of the CART scheme can be found in [6]. We consider
a two-class classification problem.

Building the tree

The space X of input patterns from the reference set consists of two reference matrices
vl 1 =1,2of sizes w1 x n, respectively. For simplicity, assume that 1 = 2. The
i-th row of the matrix V' is a vector V/(i, :) of length n representing the signal sf
,which belongs to the class C ! In our case, n is equal to the number of discriminant
blocks. All row vectors V! (i, :) should be normalized, i.e.

13
o<Vl =<1, D V=1
j=1

The tree-structured classifier to be constructed has to divide our space X into J
disjoint subspaces
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Fig. 12.13 Example of a tree for two-class problem. The terminal nodes are indicated by rectan-
gular boxes and are designated by a class label; non-terminal nodes are indicated by circles

J
X = U X!, (12.2)
v=1

Each subspace X’ must be “pure” in the sense that the percentage of vectors from
one of the matrices V!, must prevail over the percentage of the vectors from the other
matrix. (In the original space X both are 50 %.)

The construction of the binary tree is started by a split of X into two descendant
subspaces:

X=X =X\ JXs, X2ﬂX3=@.

To do so, CART chooses a split variable y; and split value z; to achieve minimal
possible “impurity” of the subspaces X, and X3. The split rule for the space X is:

If avector 'y = (y1, ..., yn) satisfies the condition y; < zj , then it is transferred
to the subspace X, , otherwise it is transferred to the subspace X3. In addition, we
divide the subspace X, in a similar manner:

x2:x4Ux5, X4ﬂX5=@.

The subsequent split variable y; and split value z; are selected on the basis that
the data in each of the descendant subspaces were “purer” than the data in the parent
subspace. Then one of the subspaces X4 or X5 can be further divided recursively
until we reach the so-called terminal subspace X which is not split further. The
decisions about whether a subspace is classified as terminal subspace depends on
the predetermined minimal “impurity” and the minimal size of the subspace. The
terminal subspace X is assigned to the class C!, with the probability
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where ml1 is the number of points in node X/ that belongs to class C! and m; is
the total number of points in the subspace X|. After termination is reached in the
subspace X we return to subspace X3 which was not split so far. Similarly, we reach
the next terminal subspace X5. We do the same with one of yet non-split subspaces
and finally the tree of (12.2) is constructed. In the terminology of graph theory, the
space X is called the root node, and the non-terminal and terminal subspaces are
the nonterminal and terminal nodes. This process is illustrated in Fig. 12.13. The
terminal nodes are marked as rectangles.

Classification

A vector x = (x1, ....X,), which is fed to the tree, in the first step is assigned to either
node X in the case where the coordinate x; < z; or to node X3 otherwise. Finally,
by checking subsequent split variables, the vector is forwarded into a terminal node
X! which is labeled as class C!, with probability p!.
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Chapter 13
Periodic Discrete Splines

Abstract Periodic discrete splines with different periods and spans were introduced
in Sect. 3.4. In this chapter, we discuss families of periodic discrete splines, whose
periods and spans are powers of 2. As in the polynomial splines case, the Zak trans-
form is extensively employed. It results in the Discrete Spline Harmonic Analysis
(DSHA). Utilization of the Fast Fourier transform (FFT) enables us to implement all
the computations in a fast explicit way.

13.1 One-dimensional Discrete Spline Harmonic Analysis

We will operate on centered discrete splines of even order p = 2r, whichare N = 2/-
periodic and whose span is a power of 2: K = 2. The powers j and m are natural

numbers and j >> m. The space of N-periodicsignals is denoted by IT[N]. As before,

w & 27N and N, & N2

13.1.1 Discrete Periodic Splines Spaces

The centered periodic B-spline of order p = 2r of span K = 2™ denoted by
b2’ = {b[z;l][k]} , k € Z, is derived by N-periodization of the discrete B-spline

[m]

b%,;] supported on the set —r 2" 41, ..., r 2" — 1, which was defined in Sect. 3.4.1:
b k1S D" Bk + NI,
leZ
Its DFT

N-1 : 2r
12r _ —kn 3 2r S1I1(2m7'[ l’l/N) 2r
bir(n] = éw bin k] = (—2m e n/N)) . bir01=1,
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is a cosine polynomial. Thus,
N—-1 . 2
sin(2"mw n/N)
k fn p2r = n f = — L) 13.1
bipn k] = Z @™ bil Zé @ (2m sin(zr n/N) (3D

Surely, [n] =1 for all n.

Proposition 13.1 There holds a recursive relation between the DFT of B-splines of
different spans

5 2" n

5[2,;+1][n] = 13[2,;][;1] cos™” N

m=20,1,..., (13.2)

Proof The DFT of the spline b (m1] 1

] — sin(2"+ 7z n/N) )2’
Bl (2m+1 sin(z n/N)

3 (2 cos(2™x n/N) sin(2™x n/N))”
B 2m+1 sin(zr n/N)

2" n

= bzrl[n] cos?”

Denote by .}, the space of N-periodic discrete splines sj,,] = {s[m][k]} ,
k € Z, which are represented via circular shifts of the periodic B-splines

Np—1
skl = D" qli1bl,lk — 2", (13.3)
=0

where q = {qlkl}, k € Z, is an N,-periodic sequence. The DFT of the discrete
spline s/, € 2.

m—1 Np—1

N-—1
§irn] = Zw‘"" Z qU1 b3k — 2"1] = Z 02" " gl > @ b k]
k=0

1=0
Np—1
. sin(2™m n/N) 2 . X 2 i
= q[nlm (—2m SinGr n/N)) . qnlm = E 0 qll]. (13.4)
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Remark 13.1.1 The space TI[N] of N-periodic signals can be regarded as the

space #7107 of splines sjo; of arbitrary order whose span is zero, where byo[k] &f

8[k](mod(N) . Consequently, each signal x e= .#J¢; is represented as

N-1 N-1
x= > x[l8lk — 1] < x= > x[lby[k — 2°1].
=0 [=0

Equation (13.2) remains true for m = 0.

13.1.2 Exponential Discrete Periodic Splines
The Zak transforms of the periodic discrete B-splines, which are called discrete
periodic exponential splines, are defined in Eq. (3.40). In our case, K = 2.

Nm_l
i) = (e}, @k S > o bk - 2" (135)

1=0
Substituting Eq. (13.1), we have

N, m

|
—_

N—1
w2’" vl Z a)(kuml)n l;%’;][n]
n=0
Np—1
wkn bIZ’;;][n] Z 0)2 I(v—n)
1=0

Il
z| =

S DIK]

(=)

=

=~
> =
P 1

@

kn b[zr:;

][n] S§[v — n](mod N,)

e
<)

n=

[38)

" —1

Z F NI [y 4 Nyn] (13.6)
n=0

5 e ( sin(2" (v + Nmz»/N))” 137)
— 27 sin(w (v + Nyl)/N) '

%l -

1
om

_ sin? (77 v/Nyp) 2mz_:1 @k (V+Nml)
- om (27 sin(T (v + Nul)/N)*

It follows from Eq. (13.7) that the DFT of the exponential splines ;“57,’] (v) comprises
only 2™ terms
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Em (D[] = Ny bl [n] 8[v — n](mod Niy,) (13.8)

sin2”wn/N)
" \2m sinn/N)

2r
) S8[v — n](mod N,,;)

The set of N-periodic with respect to k discrete splines 5[2,;](\1) = [g“[z”’l](v)[k]}

is Ny, -periodic with respect to v.
The discrete splines are represented via the exponential splines:

Np—1
j Q—-“" m
Bl =2"11= —— 37 o™ g )1k
moy=0
1 Np—1 Np—1
skl = 5= > qlll 2 o™ g0k (13.9)
=0 v=0
| Np—1 | Ny /2—1
=5 2 EmDIGnOIK = 5= >0 Emv] g Ik,
m =0 ™ =N, /2
def No !
Emlv] = Glnln = D o™ " qlll.
=0

Remark 13.1.2 The periodic discrete exponential splines in the limit case of the
signal space Sjo; are

N-1 N-1
Skl = Z " bioylk — 11 = Z " Sk — 1] = wk¥ = @2TIVK/N
=0 1=0

Thus, the representation Eq.(13.9) of a signal x = {x[k]} = sjo) reduces to the
inverse formula for the DFT

N-1

x[k] = % Z F) v

v=0

The recursive relation (13.2) between the DFT of B-splines of different spans results
in a two-scale relation between the exponential splines with different spans.

Proposition 13.2 The discrete exponential spline C[z,; +17(v) can be derived from
C[Z,;](v) by the following relation:
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1 Ny, Ny,
ey ) K] = 5 (b[m] W) 20 ) k] + bpy (v + 7) 2 (v + —) [k])

by (v) % cos?” % (13.10)
m
Proof Equations (13.6) and(13.2) imply that
2m+1_1
§[2;£+1] W) [k] = ST Z wk(v+Nm+1n)b[2;l+l][v + Npg1 11
n=0
| 2m+l 1
v
— W Z k(V+Nr71+ll’l) COS 7.[ (N_ 2) bzr][]) +Nm+1n]
n=0 m
(13.11)
Separate even and odd terms in the sum Eq. (13.11).
1 v 13!
§[2W:+1] () [k] = = cos®” — — Z wk(”+N’”")b[2,;][v + Ny n]
2 Ny, 2m =
1 v 1A
+ z sin? 2_m k(V+Nm”)+N"’“b[2,;][U + Ny n + Npt1]
n=0
1
= 5 €0s” ~ oy () K]+ 3 sin® = ¢y (v o+ Ny 1) []
|

The characteristic sequence of the space 2.}, (the MATLAB function

per_dspUP) is

N—1
U1 = ginmio) = > 07" b2 (1312
=0

2»171 . 2r
1 sin2™m (v + Nyn))/N)
= 2m Z by + Nl = 55 Z::o (2m sin(n(v—i—Nmn)/N))

~sin¥ (7 v/Ny) zmz‘:l 1
T & @ s NN

The sequences U2’ [v] are strictly positive for all v. For all the splines orders
U[Zor][v] = 1. Equation(13.10) implies a recursive relation for the characteristic

sequences U[zng][v]:
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\S)

1 N N
Uphoyvl = = (b[m W) Upn[v] + by (v+7’") of= [u+7’”D

1 L TV 5 N
=5 (co i vl 0 v+ 32 ).

Proposition3.8 presents basic properties of the discrete periodic exponential
splines. We specify claims of that proposition to the splines we are dealing with
in this section.

Proposition 13.3 The following properties of the discrete periodic exponential
splines { (u) hold:

1. The discrete exponential splines {{ (u)} =—Nn/2,...,Nn/2—1, form

an orthogonal basis of the space 2’5”[,,, .
2. Their squared norms in the space I1[N] are

H c[%](v)Hz = Ny Upr,[v1. (13.13)

3. The discrete circular convolution of two discrete exponential splines is a discrete
exponential spline:

20 ® GL GOTk] = Ndly — ul o P ) [k

4. The discrete exponential splines are the eigenvectors of the circular shift oper-
ator:

om Ik +2" 2] = o™ " g (W)[K]

Czr ()[2" A] — 2TIVA/Nny

13.14
UZr][v] ( )

= {2 Al = " P U (],

Equation(13.14) means that the discrete exponential splines interpolate the
Fourier exponential functions.
5. Grid values of a discrete spline from * A

Np/2—1
siml2"k) = — D Emv] ¢ (DI2"k] (13.15)
m v=N;,/2
Np/2—1

=— > o "ghlUg,l.

N V=N, /2

6. Any Np-periodic signal x € II[N,,] can be interpolated by a spline s|,,) €
2 L) Sy (27 k] = x[k], k=0, ..., Ny — 1, where
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Np/2—1
N X[v]m

1
Stm)[k] = —— ;
m Ny pz%/Z U[%n][\)]

¢ (IK]. (13.16)

The following property of discrete periodic exponential splines is similar to the
differentiation property of polynomial periodic exponential splines.

Proposition 13.4 The central finite difference of the discrete periodic exponential
spline

om 2d
M) (13.17)

2m
y [ 2Dk, ifd <

8 g1k = (=1? (

oV 8[k](mod2™), ifd =r.
Proof We start from the second difference, d = 1. Equation (13.7) implies that

S g MITk] = ¢m Ik + 1] = 2800 )IK] + giry (0 — 1]

SN (7T 1/ Ny ) e oEFD@+NnD 2k +Nml) 4 g (kD @+Nonl)

om P 2m sin(w (v + Npl)/N)H*
B sinzr(rr U/Nm) 2m—1 wk(v—O-N,,,Z) (eZﬂi(v+le)/N — 24+ e—2ﬂi(u+le)/N)
B 2m P @m sin(z (v + Nyl)/N)*
_ s @ v/ N 2%‘:‘ TN §in? (. (v + Nypl)/N)
- om ~ (2" sin(r(v + Nyl /NN
_ sin?( v/N,,) sin?C~D(x v/N,,) 2”’2—1 Wk HNml)
B gm=1 2m (2" sin(r(v + Npul)/N))? D
2sin2" 7 v/N)\* 201
=- (27 Gy WK

The relations (13.17) for 1 < d < r are derived by induction. In particular,

- am 2(r—1)
2sin(2™ v/N)) §[2m](v)[k].

S =Dl k] = (=1 ( o

The second difference of the second order exponential spline

; P
2sin(2"mr v/N) 2
82[5[2”[][,;][1(] = — (2—m/) o Z Wk +NuD)
1=0

e (2 sin(2”m v/N)

2
o ) S[k](mod 2"™).
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13.1.3 Normalized Exponential Discrete Periodic Splines

The discrete exponential splines are normalized using Eq. (13.13):

aet SomIKL g (I
et v U1

(2 W)IKT = [N U 0] 2 ) TR,

It follows from Eq. (13.8) that the DFT of the exponential splines y (v) comprises
only 2™ terms

] = | (szm””/N))zr [y — nl(mod N,y)
Vi TLL = U4’][] 2m sinwtn/N) v HAmMOE fm

The exponential splines {y (v)] , n=—Np/2,...,Ny/2 — 1, form an ortho-

V[m]( V)[k] = (13.18)

normal basis of the space 2" .). If a spline sp) € 2. Fp is

Np—1 Ny /2—1
skl = D q[zw%,:,][k—z’"l]— D &g I,
1=0 N V=N, /2

where &[n1[v] def q[v], then it can be represented as
N /2—1

N, Z ) [V] i (I, (13.19)
v=N,,/2

) = VN (st v ) = \ U 01 401

In particular, the B-spline

Simylk] =

Np/2—1
btk Z \/m 1y WIK]. (13.20)
V N /2

Properties of the normalized discrete periodic exponential splines y[%n’ (v) are readily

derived from the properties of the exponential splines g“ ](v) which are presented
in Propositions 13.3 and 13.4.

Finite differences: The central finite difference of a normalized discrete periodic
exponential spline is
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—14 2sin(2" v/N)\ ¢
8 Ly 11kl = 2)((W/» (13.21)
U[,,Z [v]
VUl TP 0k, ifd <
kvakkmodZH/JA%, if d=r.
Norms of differences:
|| = wrdi,
e (2827 v/N)\ U]
ra] = = - . (13.22)
2 U v
Circular shift:
Vo Ik +2" 2] = oV y 2 (0[] (13.23)
R 2 det U flv]
= VR = —— VI D], VEDE 2= el
Circular discrete convolution:
N—1
Ve W) ® b Ikl = > yZ )k — 1 yph (Wl (13.24)
=0

= 8[v — 1] /N R4 0) 7o ™ )1k,

4(r+q)[ ]

RPA] &

Ul vl Upd v

Remark 13.1.3 Recall that {o)(v)[k] = e2mivk/N. Obviously, the squared norm

2 iy 2
lao )™ = D [goiw)Ik]|” =

Thus, yoj(v)[k] = N~1/2 2miVk/N and the representation Eq.(13.19) of a signal
X = {x[k]} = sjo) reduces to the normalized inverse DFT formula

| N/2-1 o 1 N—1
x[k] = — 1k, IS — > xklo
VN U=ZN/2 VN o
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13.1.4 Representation of Discrete Periodic Splines by Exponential
Splines Basis

Keeping in mind Remark 13.1.3, we may claim that expansion of discrete periodic
splines over the orthonormal exponential splines basis as presented in Eq.(13.19)
is a natural extension of the discrete Fourier analysis. On the other hand, it can
be regarded as a discrete version of the § Harmonic Analysis (SHA), which was
presented in Sect.4.1. The discrete counterpart of the SHA-spectrum of a spline
is the set of the normalized DFT coefficients §[v] of a discrete spline s. Surely,
basic relations in the discrete SHA are similar to the corresponding relations in the
polynomial SHA.

Finite differences: The central finite difference of order 2d < 2r of a discrete
spline sp;,] € 2. % is a discrete spline from 2" =9.#,,. Let s,,;| be represented
as in Eq.(13.19). Then, Eq.(13.21) implies ford < r

P = S S g 12D W1k,
m \/N_m 5 [m] (m [m]
Bl v v € U4(rm]il[]v] (2Sin(2:,f V/N))Zd. (13.25)
Ford =r,
8% [smyl[k] = Ch Nmﬁ_l B [v] opm[v] 0¥ 8[k](mod 2™),
\/N_m v=—N,;,/2 -
v E 1 (zsm(zz,f V/N))zr. (13.26)

VN Upr V]

Parseval identities: Let sj,;; € 2%}, be represented as in Eq.(13.19) and a
spline §[;] € 2" .#{n] be represented as

Ny /2—1
Skl = ——= Z m V] Vi I (13.27)
v=Np/2
From Egs. (13.19), (13.27) and (13.22), we get:
N—-1
(Stm1s Spmt) = D St [k] 5, [K1]

~
Il
o
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| w2 N-1
DI L A Il AR
M w=Np/2 k=0
| N2 - :
- > a[m][v]a;;n][vlz\yﬁ,,ﬁ(v)[k]]
"M =N, /2 k=0
| N2
= D o], v] (13.28)
M Y=N,/2
| N2
IspmlI? = <= 22 lomlvll,
"M V=N, /2
s | N2
] = 5 > it Wi 1329
v=Np, /2
4(r—d)
2sin(2"7 v/N)\* U [v]
whereWrd[v] é( sin( nv/ )) [mir .
U ][V]

Circular convolution: Circular discrete convolution of two discrete splines is a
discrete spline, whose order is equal to the sum of the convolved splines’ orders.
The respective coordinates are multiplied. Let sj,,] € 2" .#},) be represented as in
Eq.(13.19) and the spline §,;) € 2q 71m) be represented as

Nm/2_1

> G lyph Ik, (13.30)

Simlk] =
VN v=N,,/2

From Eq. (13.24), we have

N—1
Stm) ® Skl = D spmylk — 115111
=0
N /2—1
=— D opmvI&mlul v Wik — 1@ v (W]
N
V., u=N; /2
1 N /2—1

= > ol Gmv] R 0) vy T W)[k] € 20+ Ay,
mu:Nm/2

(13.31)

Sampling and interpolation: If a spline sp,; € 2.7, is expanded over the
orthonormal basis as in Eq.(13.19) then, modifying Eq. (13.15), we present its
grid samples as follows:
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N /2—1
sm[2"1] = —— > 0¥ ol Vv, (13.32)
Non V=N, /2

et Upmv]
2 v o Zm
VUi v]

Equation (13.32) means that the samples {s;,j[2"k]}, k = 0,...,N — 1
are produced by the inverse DFT of the sequence {O’[m][l)] V[%nr][v]}, n =

—Nu/2,...,Nyu/2 — 1.
Assume the spline sj,,,] € e 5”[,,, interpolates an N,,-periodic signal x € IT[Ny,]:

Sp[2™ 1] = x[k], k=0, m — 1. Then, modifying Eq. (13.16), we represent
the spline
| /2t v
skl = 5= 22 o1y @KL oplv] = 5. (1333)
" V=N, /2 iV

Sampled Parseval identity: It follows from Eqs. (1.24) and (13.32)

Np—1 ) | Ny /2—1 )
> siml27])] = > ‘J[m][v] vl . (13.34)
k=0 M y=—Nu/2

Sampled circular convolution:  Let sj,) € . #{,) and §[) € 29.%]n) be repre-
sented as in Egs. (13.19) and (13.30), respectively. Then, substituting k = 2"«
into Eq.(13.31), we get

| Ny /2—1
> o1 Gmv] R @) v T )12 k]

S[m] ® §[m][2mlc] = N

v=N;, /2
1 Nm/2_1
=— > Qo] Smv]
o= N /2
2(r+q)
def m] [v]

O] = ————e
U4r [U] U4r][|)]

[m]

13.1.4.1 Explicit Computation of a Periodic Discrete Spline

A significant advantage of periodic discrete splines is the fact that their values can
be explicitly calculated using the DFT. Assume a spline s} € 2 ZTm] is represented
via the orthonormal basis as in Eq.(13.19)
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Np/2—1

> oVl v WK

M y=N,,/2

1

Sim)Lk] =

5

An alternative representation is via the circular shifts of the discrete B-spline as in
Eq.(13.3)

Ny—1
simlkl = D qll1binlk —2™1],
=0

where the vector q = {¢[k]} is an N,,-periodic sequence, which is linked to the
coordinates o[,,j[n] via the DFT, as is indicated in Eq.(13.19):

Nl1171 O' [n]
= > o Mgk = 2

k=0 VUt (1]

Then, Eq. (13.4) implies that

N—1 . 2r
2 . _nk 2 . sin(2"mw n/N)
Spmy[n] = < ™" si (k] = G (—2m sinGz n/N)
N/2—1 . 2
1 ofmln] sin(2"m n/N)

2r nk [m]
o k]=— E 13.35

St 1K1 @ (2’” sin(zwr n/N) ( )

N n=—N/2 \/ U[“,;][n]

In particular, assume, grid samples of the spline sp;,] are available: sp,,1[2" k] = x[k].
Then, due to Egs. (13.32) and (13.33),

k[n] /U [n]

oumln] = [m]
[m] U[%Z][n]
N/2—1 ~ .
— 2 k] = — /Z L X[n]n ( sin"mz n/N) )2r .
m] N i U[Z,Z][”] 2m sin(mw n/N)

These values are readily calculated by application of the inverse FFT (IFFT).

13.1.5 Generators of Periodic Discrete Splines’ Spaces

An N-periodic spline @) € 2 . is a generator of the discrete periodic
splines’ space .7, if any spline from sy, €2 .#{u] can be represented as a
linear combination
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]\',m*l

skl = D" rlllgulk —2" 1], Ny =N2".
=0

An obvious generator of " ] is the periodic discrete B-spline b%,;]. Any spline,
including candidates for generators, is represented as

Nm*l Nm/2 1
gumlkl = D Ikl bk —2" 1] = > thvlypnWIkl,  (13.36)
=0 M y=N,/2
Nm/2_1
vl = N Ul ] flnd, flnln D 072" fl).
k=—Npy/2
Equation (13.23) implies that
1 N /2—1
ol —2" 1= —— > tlyZ Wk —2" 1] (13.37)
N v=N,,/2
N /2—1
Z o 2" T[]y K],
v Nm/2
2 (V)[k] = 3 mlk =211 13.38
= Ty k] = —= ; ™" o ] (13.38)

There holds a condition for a spline to be a generator. The condition is similar to
Proposition 4.4.

Proposition 13.5 A discrete spline ¢, € 2’(5”[,”] represented by Egq.(13.36)
can serve as a generator of the space %" S If its coordinates {t[v]}, n =
—Nn/2,..., Nn/2 — 1, do not vanish.

Proof Let a spline sy, € > .#]n) be represented as

Np/2-1

> ovlypn vkl

v=—Np,/2

Simlk] =

g_

Then, using Eq. (13.38) we can write

Sim)Lk] =
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Np/2—1 Np—1

1 O'[n] m
= 2 g 2@ el =21
M= Ny /2 L s
Np—1 N /2—1
l m
= > rlllgmlk =21, r[l]= - > ™" Ly
1=0 "M y=—Nu/2 tln]

Proposition 13.6 Assume a spline @) presented as in Eq. (13.36) is a generator of
2 Zm)- Then there exists a unique dual generator

Nip/2—1

1
Ponlk] = —= > ol v Ik

n v=Ny, /2

such that the biorthogonal relations

=
L

ol —2M1] ¢[*m][k =2"r]=6[l —r].

~
Il
=}

The coordinates {t[v]} and {0[v]} of the generators ¢y, and @y, respectively, are
linked as

tv]ov]* =1. (13.39)
Proof Equation (13.37) implies that the splines ¢, [k —2™ [] and ¢y [k — 2" r] are

Nn

Qi lk — 2" 1] = Z

v=N;, /2
Np 1

/-
Np
1 2

Opmilk —2" r] =
[m] r \/— %“

Vv

1
—=2" v

7[v] J/ 1 (WIK,

w
o™ O] v (I
/2

Then, using the Parseval identity (13.28), and Eq.(13.39), we get

N—1
Pumlk — 2" 11 ¢ [k — 2" 1] = 8[1 — r]
k=0
| Ny /2—1
=— > 0 Wl =51 -7,
M Y=Np/2
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Order: 4 :
05 ' Order: 4
—m=1
0.4 ==m=2
-------- m=3
0.3
0.2
0.1
R 8 g 16
Order: 10
0.5
—m=1
-==m=2
0.4 e
0.3
0.2
0.1
-016 16 -’?28 128

Fig. 13.1 Top left discrete 256-periodic B-splines b‘[‘m] of orders 4 form =1, 2, 3; Top right their

DFT spectra; Bottom the same for the B-splines b[lr(,)l] of order 10

13.1.5.1 Examples of Generators of the Periodic Splines Spaces

All the figures in this section are produced by the MATLAB code
per_dsp_gen_exampP.

Periodic discrete B-splines: Due to Eq.(13.1), values of the discrete periodic

B-spline
N-—1 . 2r
1 sin(2"mw n/N)
b2r k [ kn
K1 =5 Z,)w (2m sin(z n/N)

are calculated via the IDFT. Figure 13.1 displays the 256-periodic discrete
B-splines of orders 4 and 10 for the scales m = 1,2,3 and their DFT spec-
tra. Visually, shapes of the B-splines and their DFT spectra are similar to those
of the polynomial B-splines.

Generators dual to discrete periodic B-splines: Expansion of the discrete
B-spline (Eq. 13.20) is

N /2—1

1
bﬁz][k]=\/7_m > Juin D vEn )kl

v=Np, /2
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Order: 4 -
: 20 Order: 4
---m=2| 25| i =2
15 e N=3 i e m=3
20} S m
1
06 15}
0 e i 10
05 5
b 64 P25 128
: —m=1 —m=1
10 S ---m=2 ___2:2
300 sl
200
AT
100 o i
ST
3 M\ ; ’I:"/\
198 64 0 64 256 128 64 64 128

Fig. 13.2 Top left discrete 256-periodic splines d‘[‘m] of orders 4 for m = 1,2, 3; Top right their
DFT spectra; Bottom the same for the splines d[llgl] of order 10
Then, Eq. (13.39) implies that the discrete spline
Ny /2—1
1 e Ik

\/T_’" u=%m:/2 \/ U[A;,rl][v]

is dual to the B-spline b[zrfl]. Equation (13.35) provides an explicit expression for
the splines dlzr;] via the IDFT

i [k] =

22Tk = = ae L sin(2"7 v/N) \*"
[m][ I== z @ 4r om gj :
N par U [v] sin(wr v/N)

Figure 13.2 displays the 256-periodic discrete splines dual to B-splines of orders
4 and 10 for m = 1, 2, 3 and their DFT spectra.

The discrete periodic generator whose shifts are orthogonal to each other
(self-dual generator):
Itis readily seen from Eq. (13.39) that the coordinates of such a spline go[znrl] should
ber[vl=1, n=—-N,/2,..., Ny/2 — 1. Thus,
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N/2—1
1 1 2m N
okl =~ > o™ (Zs;n(, Al N) ) . (1340
—Np2 /U[‘};][v] sin(wr v/N)
The splines (p [ —2"[], | = 0 — 1, form an orthonormal basis of the

space 2" .S Any spline sp,] € ﬂm can be expanded as

Nyp—1
simlkl = D" sl gfylk —2"11,
=0
N-—1
_ 2r m _ 2r m
U = (S, gl = 2701) = > syl @yl — 2" 11,
k=0

Figure 13.3 displays the 256-periodic self-dual discrete splines of orders 4 and
10 for m = 1, 2, 3 and their DFT spectra. We observe that, although the splines
supported on the whole interval N/2 > k < N /2, they are well localized. Their
DFT spectra, like the SHA spectra of their polynomial counterparts, have near a
rectangular shape.

The discrete splines space > 7Im] is a subspace of the space IT[N] of N-periodic
signals. The orthogonal projection of the space IT[N] onto the subspace 2’5”[,,,]
can be expressed explicitly.

Proposition 13.7 Assume a signal x = {x[k]} belongs to the space I1[N]. Then, its
orthogonal projection onto the subspace > Sm

Np—1
Xl =D &l ol lk — 2711, s[m][1]=<x, <p[2,;][.—2"’z]>(13.41)
[=0
N—1
xlk] @2 Tk — 2" 1]
k=0

N/2-1

Ly e Al (Sin(2’”7tn/N))2’

N W /U[“,;][n] 2™ sin(zw n/N)

It is a direct consequence of orthonormality of the splines {<p[2n’1 j—=2m1 ]} , =
0,..., N, — 1, and the representation Eq. (13.40).

Remark 13.1.4 Equation (13.41) offers a direct way to compute coefficients of the
orthogonal projection spline X{,,,]. That is to calculate the IDFT

N/2—1

I o Al ( sin(2"7 n/N) )2’
w

Nn:;m /;U[ﬁ;][n] 2" sin(r n/N)

nlk] =
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Fig. 13.3 Top left discrete 256-periodic splines (pén] of orders 4 for m = 1,2, 3; Top right their
DEFT spectra; Bottom the same for the splines 50[12] of order 10

and to downsample it: &,,1[/] = n[2" 1], [ =0,..., N, — L
In Sect. 14.1 we discuss an algorithm for that purpose. The algorithm is based on
two-scale relations.

The interpolating generators (fundamental discrete periodic splines): Define
the so-called fundamental spline 1[2,;] € 2 A

Np/2—1 2 2
g LS R e U]
[m] - \/N_ V2r [ ] ’ [m] - 4
M y=—N,/2 [tV U[,,’;][V]
| Ngl ] sin2"7 n/N) \ ¥
= — w .
N U[Q’;][n] 2m sin(mw n/N)

n=—N/2

It follows from Eq. (13.23) that values of the spline at grid points

Ny /2—1
li 2] = N v—% 2 " = 8[k](modNy).
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The fundamental spline provides an explicit representation for the spline sp,;,] €
z’ﬁm], which interpolates a signal z = {z[k]} € [1[N,,] at grid points:

Np—1
skl = > 2ll1ig [k —2"1]

=0
1 N&! e 2nl sin2"7 n/N) \*

== > wr— e =) . e

ne N /2 U[m][n] sin(r n/N)
Np—1
s[2"n) = > 2l 2" (0 — D] = zn].

=0

The discrete interpolatory splines possess an extremal property similar to the
extremal property of polynomial splines, which presented in Proposition 5.1.
Denote, by [T, the subspace of signals y € IT[N] such that y[2"k] = z[k], k =
0,..., Ny — 1.

Proposition 13.8 ([2, 1]) The discrete spline s, € 2’<7”[m] defined by Eq.(13.42)
provides the unique solution to the extremal problem

I(y) def || Ay] Hienz —— min.

Here, A"[y] means the finite difference of order r.

Remark 13.1.5 Loosely speaking, the discrete spline, which interpolates the
N,-periodic signal z is the smoothest of all the N-periodic interpolatants. Thus,
Eq.(13.42) provides a smooth upsampling of the signal z. When the signal z is dis-
torted by noise, utilization of the so-called smoothing discrete splines to be discussed
in Sect. 13.1.6 is a good choice.

Figure 13.4 displays the 256-periodic fundamental discrete splines of orders 4
and 10 for m = 1, 2, 3 and their DFT spectra.

13.1.6 Smoothing Periodic Discrete Splines

Design of discrete splines, which smooth noised data is similar to design of polyno-
mial smoothing splines. The idea about how to smooth noised sequences is due to
Whittaker [3]. Assume that samples x[2" 1], [ =0, ..., Ny, of asignal x € [T[N]
are corrupted by a Gaussian zero mean noise e = {¢;}, [ =0, ..., N,,, whose vari-
ance var(e) = 2. Thus, we approximate the signal x € IT[N]by a signaly € IT[N]
derived from the sparse corrupted data z = {z[/] = x[2" ]+ ¢}, [ =0,..., Ny .
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Fig. 13.4 Top left discrete 256-periodic splines l?m] of orders 4 for m = 1,2, 3; Top right their

DFT spectra; Bottom the same for the splines l[l,(,)l] of order 10

13.1.6.1 Parameterized Discrete Splines

As in continuous setting, we look for a signal y(p) € IT[N], which minimizes the

parameterized functional J,(y) &ef pl(y) + E(y), where

Np—1
def

I»E |y’ EmE D or" -1
=0

The regularization parameter p provides a trade-off between regularity of the solution
(functional I (y)) and approximation of the available data z (functional E(y)). When
p = 0, the minimum of J,(y) is achieved on the discrete spline sj,;) € > ), which
interpolates the data z (Proposition 13.8). A similar fact holds for non-zero p.

Proposition 13.9 ([1, 2]) A unique solution to the unconstrained minimization prob-
lem minye i n] Jp(y) is a discrete spline sy, (p) € 2’5”[,,,] of order 2r.

The spline sj,j(p) € ¥ ), which minimizes the functional J is called the

discrete periodic smoothing spline.
For simplicity, we assume that » = 2d is an even number. Then, due to periodicity
of signals the functional
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def

I(y) =

] = |5

where §%¢[y] is the central difference of even order . Assume that a spline sy, €
2 Z,n is represented via the orthonormal basis as in Eq. (13.19)

| w2
smlkl = —— D" o] vjm Ik
N v=N,,/2
Then, Eq. (13.29) implies that
2 1 Nm/271
L) = [0t = 5= 2 lowlvIP Wi (13.43)
szNm/
where
W ] < 2sin2"7 v/N)\* Upn[v]
[m] Vi = om U4r][l)]

Equation (13.32) provides grid samples of the spline

£ aer Upmv]
€
spm[271] = E " oy VI, V] = [";—’
N - N /2 Upm V]

which are represented via the IDFT, as well as the data vector:

Np/2—1

[l = — Z w2 vl

N V=N /2
Then, using the Parseval identity Eq. (1.24), we have
Ny /2—1
def

—1
m 1 2
E@m) = D Gpml2" = 2ll)? = = > \o[m][v]v[;’][v]—z[u],n

1=0 m =N, /2

(13.44)
Hence, we obtain an explicit expression of the parameterized functional

Nm/2_l

1 R 2
To(sim) = 5~ > (/O o V11> Wi [v] + ‘U[m][v] Vil - Z[V]m‘ ) .

M y=—N, /2

This expression is quite similar to the expression Eq.(5.5) of the parameterized
functional in the polynomial splines case.
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Proposition 13.10 Minimum to the functional J,(S|m]) on the discrete spline space
2’<7[m] is provided by the spline

Np/2-1
sim)(P)[k] = N > o]y WKL, (13.45)
V=N, /2
r 4r fa
S — LGl kel
Wil + (V2 ]2 A [v]

2m 2r
Ar[ ] del (21 m . ;v) [m][])]

The proof of this statement is similar to the proof of Proposition 5.3.
Using Eq. (13.35), we derive an explicit expression of the smoothing spline:

1 Nl wk 2Vlm [ sin@™m v/N)
s (O] = = > o Al (2m sin(or v/N))

k:O
Grid samples of the spline
| Np/2-1 .
s[m1(p)[2m1]=N_m S 02" o] VIV
v=N;, /2
LNET e U A

B Z 02" ]_r
Arp]

"M Y=Nu/2

Obviously, when p = 0, the spline sj,,;)(p) turns into an interpolatory one.

13.1.6.2 Optimal Regularization Parameter

The scheme of selection of the parameter p, which provides an optimal trade-off
between regularity of the spline s(,,,(») and approximation of the available data z,
is similar to the scheme applied to the continuous splines.

Denote, e(p) def E(sim1(p)). Equations (13.44) and (13.45) imply that

N /2—1

2
ep) = X |oumv] Vil = 2l
M y=N,, /2
_ 2
1 N"ﬁ‘ o, p (21" sin@mwv/N))
N, 4 p (217 sin@mav/N) Y + U 1)



318 13 Periodic Discrete Splines

The derivative ¢’(p) > 0 Yp > 0. Thus, the function e(p) grows monotonically,

| Np/2—1 Np—1

. ~ 2

e(0) =0, lim e(p) = > fzvla]T = D] k) (13.46)
p "™ y=N,/2 1=0

Equation (13.46) means that, when p = 0, the spline sj,,](p) interpolates the data
vector z. In the other limit case p = 0o, the spline sj,,; () interpolates the zero vector.
Since the interpolating spline is unique, sp,;j(00) = 0. Thus, the approximation of
the available data deteriorates while the regularity increases as p is growing and vice
versa.

Applying the same reasoning as in the continuous case (Sect. 5.1.1), we come to
the equation

_ 2

g Nmzetoo p (217" sin@nwv/N))> )

ep) =5~ D |2l : T = Np &?,
m N p (217" sin@mmv/N))” + Uiy V]

where £2 = var(e). The solution p of this equation, which exists and is unique, is an
optimal value of the regularization parameter. The MATLAB function D_defroP.m
derives the optimal regularization parameter p. The values of smoothing discrete
splines are computed by the MATLAB function D_smoothsplaP.m

Remark 13.1.6 The discrete spline sp,,1(0) provides an unique solution to the con-
strained minimization problem: Find a signal from y € I[T[N], which minimizes the

functional I (y) def 1A [y] ||2 subject to the condition that the discrepancy functional

E(y) © SNl (y[2m 1] — 2[1])? < Ny &2,

13.1.6.3 Examples

The following Fig.13.5 displays results of experiments with discrete smoothing
splines, which are similar to the experiments with continuous smoothing splines
illustrated in Fig. 6.6. The experiments, which are implemented by the MATLAB
code D_smoothing_example_1_sin.m, consistof approximation of the chirp
curve depicted in Fig. 6.5 from the sparse noised data. In the first experiment, the data
contains 128 equidistant samples of the function, which are affected by white noise
whose STD=0.35. The sampled initial curve was approximated by the smoothing
discrete splines 5[23’], which belong to I7[2048]. The splines orders are 4, 8 and 12,
and the results are displayed in the top, middle and bottom of the left-hand side of
Fig. 13.5, respectively. In the second experiment, the data was decimated by factor of
2, thus, the initial data consisted of 64 noised samples. The initial curve was approx-
imated by the smoothing discrete splines s%i], which belong to I71[2048]. The splines
orders are 4, 8 and 12, and the results are displayed in the top, middle and bottom of
the right-hand side of Fig. 13.5, respectively.
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Fig. 13.5 Left restoration of the sampled function f(¢) = sin(1/¢) from 128 noised samples by the
discrete smoothing splines of order 4 (fop), 8 (middle) and 12 (bottom). Right restoration from 64
samples. Dotted line—original function, “pluses”—available data, solid lines—restoring splines

Comparing the above figures with Fig. 6.6, we observe that in the above examples
the performance of discrete smoothing splines is very similar to the performance of
continuous splines.

13.2 Two-dimensional Discrete Spline Harmonic Analysis

In this section, we expand the DSHA to the 2D case. This makes it applicable to
processing digitally presented images.

13.2.1 Bases in Two-dimensional Discrete Spline Spaces

For simplicity, we assume that two-dimensional discrete splines to be discussed have
the same periodicity N in both vertical and horizontal directions. The 2D N-periodic
discrete B-spline of even order p = 2r whose span is power of 2: K = 2™ is defined
as a product of 1D B-splines
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—_

3 Periodic Discrete Splines

Fig. 13.6 Left a fragment of the original “Barbara” image. Right the same fragment of the image
upsampled at the rate 1:8 using the discrete spline of eighth order

def
by = {bElk, n1 = b2y K163 01}, kon € Z.
Similarly, the N-periodic 2D normalized exponential discrete splines
def
vim e ) = [y e ikl € v otk 2w
k,v =—=Npn/2,...,Np/2 =1, N, =N/2",

are defined. 2D discrete splines are defined as linear combinations of the 2D basis
splines

Np—1
stk nl =" sl A bk — 2" 11 b [n — 27 A, (13.47)
1,A=0

The space of such splines is denoted by 2"+2" 1. Alternatively,

Ny /2—1
st Lk, n] = o > olk vl v e vk, nl. (13.48)
" v=—Npy /2

Define the characteristic function of the space 22" ., as

def
Uik, v = Upn k1 Upry 0]
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Coefficients of the expansions (13.47) and (13.48) of a spline s[zrfﬂ are linked via the
2D DFT.

Np—1
olk,v] = U[“,;][/c, V] Z w2 ) 11 A nl,
[,0=0
Np/2—1

S[l,)\.]:L Z me(kK+Av)M

5 .
Nin K, v=—Ny /2 N Uf‘;;] [k, v]

The splines {]/[Z](K, v)} .k, v = —Ny/2,...,Ny/2 — 1, form an orthonormal

basis of 22" A

13.2.2 Outline of 2D DSHA Relations

Extension of the DSHA to 2D spline spaces is straightforward. In particular,

Sampling and interpolation:  Lets{ | € 2"%".#}, berepresented asin Eq. (13.48).
Then, Eq. (13.23) implies that grid samples

Np/2—1
Spg[271, 23] = o Z ol ]y (k, v)[271, 27 4] (13.49)
M e v=—Ny/2
| Np/2—1
=57 2 ol vIVilkl Vv o <,
m e v=—N,, /2

ot UVl
van ) &
U4r][\)]

If the spline s m] interpolates an array z = {z[/, A]}, [, A, =0, ..., N, — 1, then

2k, vim

2M1, 2" =z[l, A —_——
m][ ] Z[ ] < U[K V] V2r][/(] V[%’;,][v]

,  (13.50)

Npu—1

2[/(, Wl = Z a)z"l(lK+)‘“)Z[l,)n].

1,x,=0

Finite differences: The central finite difference §2¢:2 [x] for 2D periodic array
x was defined in Eq.(1.34). In particular, 82d'0[x] and 80'2d[x] are the partial
differences of x in vertical and horizontal directions, respectively. Let s%;;] €
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2r2r /m) berepresented as in Eq. (13.48). Then, similarly to Eq. (13.25) we derive,
ford,d < r,using Eq.(1.35):

Nlll/2_1
i i —d —d
§2-2 (sl Nk, n] = — B4 e, v] opmlic, v1 720 () K127~ ()],
U] N, im] ] m]
M e v=—Ny /2
_ " '
By ke vl S BRI BLA VL, (13.51)
By Ul (ZSin(Zmn v/N))Zd
] Ul vl o '

m

Parseval identities: Let s, € 22" .71 be represented as in Eq.(13.48). Simi-
[m] [m]
larly to Eq. (13.29), we obtain

N,-,,/Z—l
_ 2 1 ] 2
[ 5] | = o5 X ol 1P (B e v1) "L (13.52)

N2
M e v=Ny /2

where the sequence Br’d’J[K, v] is defined in Eq. (13.51).
[m]
Circular convolution: Let s[zrfl] e “1m) be represented as in Eq. (13.48) and

Ny /2—1
) - 2
Sl nl =~ 27 Gl vyl Lk, n] € 22 Sy,

M e v=—Nu/2

Then the discrete circular convolution, which is a discrete spline from 2" +4)-2("+4¢)

S

N—-1
Sim) @ Spmilk, nl = D spnylk = Ln = 15yl A
2=0
| Np/2—1 5
=— > opulic. vI3ple. v] RE (e, ) yius T e vk, nl,
N
K,v=Np /2
4(r+q)
U, [k, v]
where R”4 [k, v] def 7 ] 17 .
T
U[m][K, v] U[m][K, v]

13.2.3 Explicit Computation of a 2D Periodic Discrete Spline

Similarly to 1D periodic discrete splines, values of 2D discrete splines can be explic-
itly calculated using the 2D DFT. Assume that a spline sy, € 2+>".%{,,,] is expanded
over two alternative bases
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| w2
s[znz][k, n] = N Z olk, v] y[znf (i, V)[k, n]
M e v=—Ny, /2
Np—1
= D" qll. Albjnlk — 2" 11 biryln — 2" ],
1,A=0
Ny /21

Z 2" Uk+iv) s[l,A] = olx, vl

K, v=—Np /2 Ui lie; v

Then, the 2D DFT of the spline sj;,] is

Q[K, V]m

N—1
Sl vl = D> 0 ®H 21k 0] = Gl vl B2l 0] (13.53)
k,n=0

_ olk, v] .er[/c ol

‘/U[‘:;;][K, v]
def sin(2"mk/N) sin(2"w v/N)

Ll vl = o5 sin( k/N) 2™ sin(w v/N)’

Thus, the spline sy, is calculated via the 2D IDFT:

N/2—-1
5 / a)(kk+nu) O'[K, l)]
VATNTER Sl

N kyv=—N/2 4/ Uft:;][lc, V]

In particular, if grid samples of the spline sy,;,] are slzr;][Zml ,2™A] = x[l, A] then, due
to Eq. (13.50),

2% [k, v]. (13.54)

~ U2r [v]
olieov] = —e VI o def TimtV] (13.55)
V2r [ ] V2r [U] m] 4
(m1 Y Vim) Upp V]
N/2—1

CU(k/(+m)) )2[[(, V]n )

2r r
= sk, n] = — 27k, v].
[m] N2 U[Zn’;][l(, v]

K,v=—N/2

These calculations are implemented by the MATLAB function
D_interspll_2dP.m.

Remark 13.2.7 Equation (13.55) provide an efficient tool for upsampling digitally
presented images. For this, in order to upsample the initial array of pixels x at the rate
1 : 2™, it should be interpolated by a discrete spline sy, whose values are calculated
by Eq.(13.55).
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Figure 13.6, which is produced by the MATLAB code D_upsam_exam.m,
illustrates upsampling of a fragment of the “Barbara” image, which originally was
presented by an array of 512 x 512 pixels. A fragment of the original image is dis-
played on the left frame, whereas the right frame displays the respective fragment
of the upsampled image at the rate 1:8 image. The upsampled image demonstrates
much better resolution of the stripes.

13.2.4 2D Smoothing Periodic Discrete Splines

2D smoothing periodic discrete splines are the direct extension of 1D smooth-
ing splines. The design scheme is the same as in 1D case. Assume that sam-
ples x[2"1,2™ )\], I,A = 0,..., Ny, of an N—periodic in both directions array
x = f{x[k,n]} € II[N, N] are corrupted by zero mean Gaussian noise e =
{ers}, 1A = 0,..., Ny, whose variance var(e) = &. Thus, we approximate
the array x € I[1[N, N] by an array y € II[N, N] derived from the sparse corrupted
dataz = {z[[, A] = x[2" [,2" Al 4+ ¢}, [,A =0, ..., Ny.

13.2.4.1 Parameterized Discrete Splines

Assume that r = 2d is an even number. We look for a spline

s (p) = {s (@), n1} € ¥ Ay € TN, N,
which minimizes the parameterized functional J,(s) e pI(s) + E(s), where

def

1) = ||s;1s1]” + [ 81s1] =

Npy—1
E® S D (s[271.2" A — 2l 1),
[,A=0

When p = 0, the minimum of J,(s) is achieved on the discrete spline s, €
2r.2r 4,1, which interpolates the data z. This spline is presented in Eq. (13.55).
The spline spu(p) € 2% .#{n) , which minimizes the functional J, , is called the
2D discrete periodic smoothing spline.
Assume that a spline sj,;) € 22" ] is represented via the orthonormal basis as
in Eq. (13.48)

Ny /2—1

sl nl = —— D7 ol vl v ik nl
n K,v=—Ny, /2
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Then, Eq. (13.52) implies that

Nm/271
2 1
L) = |sml| =55 20 lowmli v (Wi ol + W)
M e v=Ny /2
2 sin(2™ N 2r U2r [v]
where W/ [v] déf( sin( ’:lrv/ )) ZZ] .
2 U[m][v]

Equation (13.49) provides grid samples of the spline

N /2—1
spmp[271,2MA] = N Z ok, v] V[Zmr] [«] V%nr][v]wzm(’(””’)‘),
n Kk, v=—N;, /2

which are represented via the 2D IDFT. Similarly, the data array is represented as

Nm/271
_ 2™ (kI+VA) 2
zll, Al = N2 E ® Zlk, vim.
K,v=—N;, /2

Then, using the Parseval identity Eq.(1.33), we have

N —1
def
E(spp) S D (spm[2" 1,2 A1 = z[1, A])? (13.56)
1,x=0
| Nm/2-l 5
2 2 5
-7 2 [otmlic. v Vel Vi vl = 2L, vl
K,v=—N,, /2
Hence, we obtain an explicit expression of the parameterized functional
N /2~1
1 2 r,r rr
s = w5 > (e lomlic I (WEitel + Wi )])
m K, v=—Ny /2

2
o omtie, vI V2L kT VE V] = 2, v | ).

Proposition 13.11 Minimum to the functional J,(S;u]) on the discrete spline space
202 Ay is provided by the spline
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| Ny /2—1
Simi(P)Ik, n] = = > opmilk, vl vpn (e, vk, nl,
m Kk, V=N, /2

Vi el Vir v 2L, vl
WERGOT+ WEn 1) + (V] Vi o)

VUi, 12l

Arlic, v]

- M\ 2\
Arliev] & pat m((sin v ) +(sin v ) )+U[2,;][K,u].

The proof of this statement is similar to the proof of Proposition 5.3.
Using Eq. (13.54), we derive the explicit expression of the smoothing spline:

omyle, vl = ) (

N/2—1

1
SOkl =~ >

K,v=—N/2

(kK+n V) Z[K l)]m

2r
A7k, v] e vl

where the sequence 2% [«, v]is defined in Eq. (13.53). The grid samples of the spline
s[m (p) are

Np/2—1
1 m
s (27,270 = — D o TP oy, vl Vin k1] Vi V]
M g v=Ny/2
_ N’ﬁ_l 2 ety Uil V12K, V]
N,% v /2 A;[/c, V]

Obviously, when p = 0, the smoothing spline sj,;,)(») turns into an interpolatory
one.

13.2.4.2 Optimal Regularization Parameter

Denote e(p) def E(sim1(p)). Equations (13.56) and (13.45) imply that

| Nm/2e 5
“w =5 2 o lic, 1 VL Vv = 2L, v

2
1 p G [k, v]
_2 Z |2[K7 V]m|2 2 [m] 2, )
Ni o p Gl v+ Uppylx, v]
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Sampl=1:1, STD=15, PSNR=24.6237

Sampl=1:1, STD=60, PSNR=12.5825

Fig. 13.7 Top left—"Barbara” image corrupted by noise whose STD ¢ = 15, PSNR = 24.62dB.
Top right—cubic discrete smoothing spline, PSNR = 26.52dB. Bortom left—the image cor-
rupted by noise, ¢ = 60, PSNR = 12.58dB. Bottom right—cubic discrete smoothing spline,
PSNR = 22.69dB

2 2
Gyl vl & (217 sin@e V)4 (2177 sin@" v /W)

As in the 1D case, we find an optimal value of p from the equation

N /2—1 . >

A 2 IO G[m][Ka V] )

e(p) = — E 2Lk, V]| — N2 &2,
N K, v=Ny /2 o G%,Z][’C’ v]+ U[z,;][if, V] "

(13.57)
where 2 = var(e). The solution p of Eq. (13.57), which exists and is unique, provides
the optimal value of the regularization parameter.

Optimal parameter value is determined by the MATLAB function
D_defroP.m, while the 2D discrete smoothing splines are designed by the MAT-
LAB function D_smoothsplaP_2d.m.
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STD=5, PSNR=34.1546 STD=15, PSNR=24.6122

Spl. order: 4, PSNR2

N

Fig. 13.8 Top left—a fragment of the “Barbara” image corrupted by noise whose STD ¢ = 5,
PSNR = 34.15dB. Center left cubic discrete smoothing spline, PSNR = 32.53dB. Bottom left
upsampled at the rate of 1:8 discrete cubic smoothing spline. Top right—a fragment of the “Bar-
bara” image corrupted by noise whose STD ¢ = 15, PSNR = 24.61 dB. Center right cubic dis-
crete smoothing spline, PSNR = 25.5dB. Bottom right upsampled at the rate of 1:8 discrete cubic
smoothing spline

13.2.4.3 Examples

A few numerical examples illustrate performance of the discrete smoothing splineson
restoration of digital images from noised input data.

Restoration of the ‘“Barbara” image from severely noised non-decimated data

Figure 13.7, which is produced by the MATLAB code

D_smooth_example_opt_2dP.m, illustrates results from the denoising exper-
iment where the “Barbara” image was restored from non-decimated noised input
arrays. The top frame demonstrates restoration of the image from data, which was
corrupted by a relatively moderate noise, whose STD ¢ = 15 by the discrete smooth-
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STD=5, PSNR=34.1546

i

Fig. 13.9 Closed-up fragments of images from Fig. 13.8

ing spline of fourth order. The noise is significantly reduced while the structure of
the image is retained. The PSNR is elevated from 24.62 dB to 26.52 dB. The value
of the parameter p derived from Eq.(13.57) is p = 0.31.

The bottom frame demonstrates restoration of the image from severely corrupted
data — noise STD ¢ = 60. PSNR of the corrupted image is 12.58 dB. The image
restored by application of the fourth order discrete smoothing splines has PSNR
22.69 dB. The main structure of the image, which was buried in noise, was extracted.
Because the relative contribution of noise to the available data is high, the automat-
ically determined value of p is much bigger than in the former case: p = 11. This
results in significant suppression of noise. However, the fine texture in the image
became oversmoothed.
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Restoration and upsampling the “Barbara” image from noised data

Figure 13.8, which was produced by the MATLAB code
D_smooth_upsam_exam_2dP.m, illustrates results from the experiment, where
denoising was coupled with upsampling the “Barbara” image. The left-hand triple
of frames from top to bottom display:

1. A fragment of image corrupted by a relatively weak noise, whose STD ¢ = 5.

2. The fragment restored by the discrete smoothing spline of fourth order.

3. The fragment restored by the upsampled at the rate of 1:8 discrete smoothing
spline of fourth order.

The right-hand triple of frames display:

1. The fragment of image corrupted by noise, whose STD ¢ = 15.

2. The fragment restored by the discrete smoothing spline of fourth order.

3. The fragment restored by the upsampled at the rate of 1:8 discrete smoothing
spline of fourth order.

One can observe that the upsampled splines produce better denoising and definitely
overcome the non-upsampled splines on resolution of stripes in the image. This is
clearly seen in Fig. 13.9, which displays closed up fragments of previous images.

Note that when noise was weak, application of the non-upsampled smoothing
spline (center left frame in Fig. 13.8) results in reduction of the PSNR.
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Chapter 14
Discrete Periodic Spline Wavelets
and Wavelet Packets

Abstract Similarly to periodic polynomial splines, existence of the set of embedded
discrete periodic splines spaces I[T[N] = So; D ¥ 1 D -+ D ¥ Hm)-++»
combined with the DSHA provides flexible tools for design and implementation of
wavelet and wavelet packet transforms. As in the polynomial case, all the calculations
consist of fast direct and inverse Fourier transforms (FFT and IFFT, respectively)
and simple arithmetic operations. Raising the splines order does not increase the
computation complexity.

In this chapter, sets of mutually In this chapter, sets of mutually orthogonal subspaces
of the periodic signals space are designed. The subspaces are related to different
frequency bands. They consist of discrete splines and discrete spline wavelets and
wavelet packets to be designed. The design is based on two-scale relations between
the discrete splines from different spaces 2. %]

14.1 Two-Scale Relations

Proposition 13.2 establishes the following relation between discrete exponential
splines of different span

2r _ l 2r 2r
o V1] = 3 (1)) Gy O] + b1y + Non) &y 0+ N IK])

bim—17 (v) & os?

. (14.1)
N1

Equation 14.1 leads to the relation between the normalized exponential discrete
splines y (WIk] = ¢ (IK/\/ Niw Uy [0]:

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 331
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_14,
© Springer Science+Business Media Dordrecht 2014
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Vim0 (K] = Spn—1] () y_1y ) (K] + Spm—1) (0 + Nan) vZ_1) (0 + Non) [K],

def

2 TV
ml(v)— "

Nm—l.

(14.2)

The norms of the splines y (u) and y (m— 1](v) are equal to one. Hence, we have

-1+ GtV + N> =1, v=—=Npn/2,....,Ny/2—1. (14.3)

14.1.1 Orthogonal Complements of Discrete Spline Spaces

Denote, by 2" W#im),1 the orthogonal complement to the spline space 2 Sm] In
the space 2" .#},,—1). We construct an orthonormal basis that characterizes Ny,-
dimensional space Zr {m],1- Define the splines for v = —N,, /2, ..., N;p /2 — 1

Ve K E 1 0) 2 K]+ a1 0+ No) v 130+ Na[K], (14.4)

_ - UY v+ Nyl
def  om—1, 2m [m—1] m 2r TV
W) = w Su—1(v+ Np) =w sin .
m 1 m—1 m 2U4r [\)] N1

There holds a statement similar to Proposition 8.3.

Proposition 14.1 The set of discrete splines {y[%”n]’] W}, v = —=Nu/2,...,Np/
2 — 1, forms an orthonormal basis for *" Wiml.1 -

Proof Due to Eq. (14.3), the squared norms

2 2
s 0 = s 2 [y 1|+ s+ 8P [0+ )|
= m—1 (v + Nu)? + (sm-1(0)* =
The proof of mutual orthogonality of the splines {ym] (W), v = =Nw/2, ..,

Ny /2 — 1, and the orthogonality relation between the splines y[%nr](v) € 2’5”[,,,]

and ym] V) € 2 Wim),1 is identical to the proof of the respective pieces in
Proposition 8.3. |

Proposition 14.2 The discrete splines y[zn;](v) and y[%]’l (v) are the eigenvectors of
the shift operator

V[%n’](vnk +2"] = ™"y ()], (14.5)
m] 1(V)[k+2ml] )/[m],l(\})[k], l =O,...,Nm - 1. (14.6)
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Proof At the initial space .#{o), the splines yjo;(v)[k] = @"*/+/N. Thus
1

Relations Egs. (14.5) and (14.6) are derived by induction from the two-scale relations
Egs. (14.2) and (14.4). |

The union {y[%nr](v)} U {7/[%1:],1(“)} , V=—Ny/2, ..., Ny /2—1, forms an ortho-

normal basis for the space 2".#},,_1}, while the union

{V[%nr](v)} U {J/[an],](v)} U {J/[znf_l]J(V)} U {Vﬁi](”)}

forms an orthonormal basis for the entire signal space IT[N].

14.1.2 Refined Split of the Signal Space II[N] into Orthogonal
Subspaces

The split scheme is the same as the scheme of the split of polynomial splines
spaces as it is described in Sect. 8.2.3. For uniformity, we re-denote the spline

spaces 2" 7/[,,1] 0 = 2 Smp» o e #1701 = IT[N] and the exponential splines
[%,C],O(V) =) V[m](V)~
The zero level normalized exponential splines are simply the normalized Fourier
exponentials {y[o](v)[k] = a)"k/\/ﬁ}, v=—N/2,..., N/2 — 1. Thus, representa-
tion of a signal x = {x[k]} € [1[N] = #¢) via its DFT

| N/2—1 | N/2—1
xkl=— > #vle™=— D iWlyg)Ik], where (14.7)
N v=—N/2 ﬁ v=—N/2
dof N—1
1 E D ko™ = VN (x, y0,(0)),
k=0

can be regarded as its expansion over the orthonormal system 7o) &t {(von}, v=
—N/2, ..., N/2 — 1. In that sense, the space -#{q] is a linear span of the set [T
The space .7g) is split into the mutually orthogonal subspaces of the first decom-
position level y = W1.0@D ¥ #11.1. The subspaces 2 #{110 and ¥ #{y
ef

are the linear spans of the orthonormal sets I71),0 def { Y1), O(v)} and 1)1 =
{y[l],l (v)} , respectively, where v = —N1/2, ..., N1 /2 — 1. This mutually orthogo-

. f . . .
nal pair of orthonormal sets 1713 < I711.0 B I71y.1, which constitutes an alternative
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orthonormal basis for IT[N], is derived from the system Ijo) by the two-scale
equations Eqgs. (14.2) and (14.4).

Application of the two-scale equations to elements of the sets 71,0 and I71),1
produces mutually orthogonal pairs of orthonormal sets 1721,0 €D IT72;.1 and 17212 €D
Ip).3, respectively, where 2 def {y[22’]’l(v)}, [l =0, 1,2, 3. The linear spans of
the orthonormal systems 1“[2] ; form a split of [T[N] into four mutually orthogonal
subspaces: [T[N] = @1 0 #121.1- In turn, the system I} 2] @l —o 11211 produces
the system I3 def @120 1310, Which generates the split [I[N] = EB, 0 o
and so on. Each of the subsequent systems I7,,,] forms an orthonormal basis of IT[N].

In general, derivation of the “offspring” pair 11,21 € Itmj.21+1 from the “parent”
system I|,,—1],; is implemented by the following rules:

If [ is even then

)/[2":],2](1)) = sm—1(v) V[2,,:_1]’1(V) + Sm—1(v + Np) )’[%,:_1],1(" + Nn),

(14.8)
Vi1 = dn1 ) vir 11 0) + din1 v+ No) viar 11, (0 + N
If [ is odd then
)’[%nr]’zl(v) =dn-1(v) 7/[2,7:,1]‘1(‘)) +dn—1(v+ Nim) y[%:l.fll’[(v + Nm),
(14.9)
Vi1 ) = sm10) Y110 + 51 + Now) vr 17,0 + Nin),
where
U4r_ [V]
sy () & | ST o2 T (14.10)

4r co N, ’
2 U [v] m—1

2m ]

dp— 1(‘)) = Sm—l(V+Nm)~

Similarly to Proposition 14.2, the following shift property can be proved.

Proposition 14.3 The splines y[?;]’ ;(v) are the eigenvectors of the shift operator

v Wk + 2" = o™yl IK]L, 1=0,...,Ny— 1 (14.11)

The diagram in Fig 14.1 illustrates 3-level orthogonal decomposition of the signal
space IT[N], which is similar to decomposition of the spline space 2. illustrated
in Fig. 8.4. A circle with s inside means application of the coefficients s,,_1(v) to
the basis splines, while a circle with d inside means application of the coefficients
Sm—1(v).
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Fig. 14.1 Diagram of 3-level orthogonal decomposition of the signal space

Remark 14.1.1 As in the polynomial splines case, different configurations of the
split are possible. An optimal split is implemented via the Best Basis algorithm
[1-4], which is discussed in Sect. 8.4.4.

14.2 Discrete Spline Wavelet Packet Transforms

14.2.1 Transform Matrices

As the polynomial spline wavelet packet transforms, the discrete spline wavelet
packet transforms can be expressed via the transform matrices. Denote

def Sm—1(V) Sm—1(v + Ny)
A[m_l][V] N (dml(v) dp—1(v + Nm)) ’

where s),,—1] (v) and dj,,_1 (v) are defined in Eq. (14.10).
Denote, by

(14.12)

T def Sm—1(v) d_ (v)
A[m_l][V] o (Sm—l(U+Nm) d;;_l[l)'FNm]a) (1413)
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the conjugate transpose of the matrix A, —1j[v], and, by I the 2 x 2 identity matrix.

Proposition 14.4 With any natural m, and v = —N,,, ..., Ny, — 1, the matrices
A, [v] are unitary, that is

Ap—nv]- Al V1= Al ] Apoy ] =1 (14.14)

Proof is identical to the proof of Proposition 8.6. Equation (14.14) implies that

Corollary 14.1 The inverse matrix

—om=1,,
1—1][U] = A—['.m—l][v] = Sm-1 (‘)) @ _2751,”1;1 (V + Nm) . (1415)
Sm—1(v + Np)  —o Sm—1(v)

14.2.2 One-Level Transforms

Let a signal x = {x[k]} € II[N] = #jo; = o). Denote s ' x. It can be
represented by the orthonormal basis

\/T N%l wuk
S[o] = oro1lvIyoi (W Ikl vioy(W)k] = , (14.16)
v=—N/2 \/ﬁ
def = .
oov] S £vl = D~ o™ x[kl = VN (si0), voj(v).
k=0

The space #{o; is the orthogonal sum of the subspaces ¥ #{10 and ¥ #{1).1
whose orthonormal bases are {y[zl’]’o(v)} and {y[zlr]’l(v)}, respectively, where

v = —Ni/2, ..., N;/2 — 1. Thus, sy can be represented as the sum of its orthog-
onal projections onto the subspaces > #{1].0 and " #{1}.1: S{0] = S[1].0 +S[1].1, where

N/4—1
def [ 2
S{11,0 = ‘/N Z nolvlyilo (). (14.17)
n=—N/4
5 N/4—1
def .
S(1],1 é\/ﬁ Z 0[1],1[\1])/[21],1(”)-

—=—N/4

The orthonormality of the basis splines implies that the coordinates

omolvl =V N/2 <S[O]a V[zlr],()(‘))>» op1[vl=+/N/2 <S[o], )/[213’1(\))>. (14.18)
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Using the two-scale relations (14.2) and (14.4), we derive forv = —N /4, ..., N/4—1

1
onolv]l = \/; (solv]ofo)[v] + solv + N /2] oo [v + N /2]),
1
oupilv]l = \/; (do[v]o[v] + dolv + N /2] oj01[v + N/2])
omolvl) \/I ) ( orop[Vv] )
= (0[1],1[1)]) =AM o+ 21 )
The inverse relation is
oro1[v] _ trop . [ o0Vl
(0[0][V + N/2]) = V24,00] (0[1],1[\1])
_ solv] dg[v] oriy,0lv]
_ﬁ( [v+ N/2] d*[U+N/2]) (0’[1],1[1)])’
= 2[v] = aj0)[v] = V2 (so[vlopip0lv] + di[v] opy[v]) (14.19)

1 oy TV . TV
= — (COS W or1], olv] + o Sin W (7[1]’1[\}]) s
JUfv]

v =—N/2,...,N/2—1.

Remark 14.2.1 In Eq.(14.19), we used the fact that Ujoj[v] = ¢01(v)[0] = O =1.

In particular it follows from Eq. (14.19) that the DFT of the splines s

(1.0 € X #i.0
and s1],1 e? (17,1 presented in Eq. (14.17) are

€l A 1 )
sinolv] = Snolv] = V2Zsolvlopiolv = 2 cos” % opolvl, (14.20)
UH’][U]
St vl & S 0] = V24 vl oy i [v] = — o sin® 7

sSin’ —U[l]_,l[v].
yuipr N

14.2.2.1 Remarks on the DFT Spectra

One should keep in mind that the sequences {Uf‘lr][v]}, {ot1.0lv1} and {op11.1[v1}
are N /2-periodic, while the sequences

1 TV o’ . TV
so[v] = ——cos” —, dy[v] = —— sin®"

5 Sin e
[2Ufv] N J2UR ]
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1<
N :
5 /7 \ —sin®xn/N ’
*, / N —os® s
L ", / cos nn/N $ 4
0.9 % / N 4
/ N sin“zn/N
\
0.8F 7 Y| -m-cosanN E
II \‘
I %
07h ! \ :
i II LY
y \
1 \
06 ! B :
i / \
i ‘\
/ \
0.5F ¥ \ 4
/ Y
! \
0.4+ I \ B
/! Ay
! L
0.3F Fi NEE B
, N\é
s
3 A
’: 3
0.2+ Ly SN 4
’ k3 5 %,
. A
4 kY & Ay
0.1F i N ,
4 AN
9 ., 3 N
0 - . ~
Pl T i -
-N/2 -N/4 0 N/4 N/2

Fig. 14.2 The sequences cos? v/N and sin® v /N for r = 2 (dashed curves) and r = 4 (solid
curves)

are N-periodic. Obviously, the sequence cos>” wv/N is essentially supported on

the central part (—N /4, N/4) of the interval (—N /2, N/2), which correspond to

lower frequencies, while sin® 7v/N, on the contrary, is supported on the higher

frequency region (—N /2, —N /4) | J(N /4, N/2). Thus, multiplication of the N /2-

periodic sequences {0[1], i [v]}, i = 0, 1 with these cosine and sine sequences acts as

application of low-pass and high-pass anti-aliasing filters, respectively (Fig. 14.2).
It follows from Eq. (13.13) that

2U[41r][v] = cos¥’ %v + sin®" %v (14.21)

Thus, factor 1/,/2 Uf"l’][v] makes the shapes of the magnitude responses of the p-

filters close to rectangular (Fig. 14.3). The figure was produced by the MATLAB
code plot_s0_doOp.

Consequently, the DFT spectra of the splines sj11.0 € 2 #{11.0 and s11.1 € 2 #{1).1
are concentrated in the low-frequency band (—N /4, N/4) and the high-frequency
band (—N/2, —N/4) | J(N/4, N/2), respectively.

14.2.2.2 Periodic Discrete Battle-Lemarié Wavelets of the First Level

Define the signals

N/4—1 N/2-1

g def [ 2 r 1
VoK =\ 20 vkl =5 > mnelvle™,

v=—N/4 v=—N/2
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0.6-

0.4F

0.2F

0
NP2 -N/4 0 N4 N2

Fig. 14.3 The sequences sé’[v] and |d§’ [v]| for r = 2 (dashed curves) and r = 4 (solid curves)

) N/4—1 | Mot

d

Yihalk = \/ PRI E N > malvle’
v=—N/4 v=—N/2

Due to Eq. (14.20), their DFT spectra are

1
cos?” ¥ = V250wl (14.22)

0Vl = ———
S

—V

T1.1v] = w—sm v —x/_do[v]

N

The signal 1// (. 1k + 1] has a real-valued DFT spectrum:

L Ve
Yk + 11 = N > tabvie™
v=—N/2
_ 1 . 9y TV
1[v] = ——=——=sin N = 11,0V + N/2].

VU]

The discrete splines 1//[213’0 are called periodic discrete Battle—Lemarié father wavelets
of the first level. They coincide with the self-dual generators of the discrete splines
spaces defined in Sect. 13.1.5. The discrete splines 1,0[21’]’1 are called periodic dis-
crete Battle-Lemarié wavelets of the first level. Like the continuous Battle—Lemarié
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wavelets defined in Sect. 8.3.2.3, the discrete Battle—Lemarié wavelets form ortho-
normal bases of the corresponding subspaces.

Proposition 14.5 The translations {I//[Z{]’O[k — 21]] and {1//[2{]’1 [k — 21]}, where
[ =0, ..., N/2—1, of the first level wavelets form orthonormal bases of the subspaces
2.0 and ¥ Wiy 1, respectively.

Proof The orthonormality and the shift property (14.11) of the discrete exponential
splines y3] o(v) imply that the inner product

N N/4—1

N
2
DUk =2 =20 = 5 >0 >0 v W)k = 201y Tk - 237"
k=0 k=0 v,u=—N/4

) N/4—1 N
_ 2(lv—rp) 2 2
=5 2 @UT Xyl 0K A, KT
v,u=—N/4 k=0
5y N/
== Z w? = = §[1 — 2] (mod N /2).
n=—N/4

Thus, N /2 splines {lelr] k=21 ]}, which are orthogonal to each other and whose
norms are equal to one, form an orthonormal basis of the N /2-dimensional space
2rW[1],1. Proof for the splines {w[z{])o[k — 21]} is similar. |

Figure 14.4, which was prepared by the MATLAB code D_gen_wp_cons_L1P,
displays the wavelets W[er],o and 1//[2{]’1 forr = 1,2, 5 and their DFT spectra t(1},0[v]
and |z(1),1[v]|, respectively. The spectra 7(1),0[v] occupy the central parts of the plots,
which correspond to lower frequencies, while |z(1,1[v]| are located near the edges,
which correspond to higher frequencies. The higher the spline’s order is, the closer
are the shapes of the spectra to rectangles and the thinner is their overlap. Respec-
tively, the effective support of the wavelets widens when the spline’s order increases.
Comparing Fig. 14.4 with Figs. 8.3 and 9.2, we observe that the shapes of the discrete
wavelets and of their spectra are very similar to the shapes of their continuous counter-
parts and of their SHA spectra and also to the shapes of corresponding discrete—time
wavelets described in Sect. 9.1.2.

14.2.3 Multilevel Wavelet Packet Transforms

14.2.3.1 Transforms of the Spline Coordinates

Assume that a discrete spline sp;,—17,; € 2 W#im—11,1 is decomposed into its orthogonal
projections S 2 € 2 #jmy.21 and Spm1 2141 € 2 W 2141
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Fig. 14.4 Left Periodic discrete Battle-Lemarié wavelets 1// {1.0 (dashed curves) and 1//[1] | (solid
curves), r = 1,2,5, of the first decomposition level. Right Their DFT spectra t(1),0[v] (dashed
curves), and |t(1),1[v]| (solid curves), N = 256

1 Nyp—1/2-1
Sim—11.1 = > ol vV, (14.23)
Nin—1 v=—Ny,_1/2
Nin—1/2-1
S == . ol vimaavl, A=0,1.
V—*Nm/z

Assume that the index / is even. Similarly to the first decomposition level, we
derive from Eq.(14.8) the following relation between the coordinates when v =
—Npm/2, ..., Nu/2 — 1

otm1.2:[v] _\/I ( Otm—11.1[v] )
(O’[m],21+1[l)])_ 2A[m—l][v] im0V & Nl ) (14.24)

The inverse relation is

( Otm—11.[v] ):\/EAELm—I][U]'( Otmy.21[v] ) (14.25)

Otm—11,1[v + Ny Olm1,21+1[V]



342 14 Discrete Periodic Spline Wavelets and Wavelet Packets

O] L oV+N/2]

A4y V1/2 ;t>
‘ O'm,o["] ;O-II],O [v+ N/ 4] ‘ 0-[1],1[1/] 50'[1],1[‘/ +N /4] ’

[0[2],0 [V]go'm,o[vj [o'm.l[v] 55[2],1[‘73 Eyms[v] 50[21,3['7]} [0[21,2[‘/];0'[21;2[‘7]]

Fig. 14.5 Diagram of 3-level discrete wavelet packet transform of a signal x € IT[N], whose DFT
spectrum is {£[v] = og[v]}. Notation v def ) 4+ N/8

where the matrices A,,—1j[v] and A[Tm_l] [v] are defined in Eqs. (14.12) and (14.13),
respectively.
If the index [ is odd then for v = —N,, /2, ..., Ny /2 — 1,

Ofm),20+1[v] _\/I ( Otm—11.1[v] )
( Ofm),20[v] )_ 3 Am-nvl otV + Nl ) (14.26)

Ofm—11.1[v] _ § ((oim241[v]
(O’[m—l]yl[l) + Nm]) = \/EA[m—l][v] ( — ) , (14.27)

The direct wavelet packet transform of a signal or a set of signals is implemented by
the MATLAB function D_WP_analP.m.

The diagram of the 3-level discrete wavelet packet transform of asignal x € IT[N],
whose DFT spectrum is {)?[v] = o10] [v]} is displayed in Fig. 14.5. For compactness,

we denote 7 & v + N/8.
The reconstruction is implemented in an inverse order.
14.2.3.2 Computation of a Discrete Spline Belonging to 2 [m1,!

Assume that a discrete spline sp,;,],; belongs to the subspace 2r Wim).1 C 7w[N]. Then,
it is represented as
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Np/2—1

z olm.1[v] V[%nr]J(U)[k]. (14.28)

v=—N;, /2

g‘_

Stm), k] =

One way to calculate its DFT spectrum is explained in the following remark.

Remark 14.2.2 In order to derive the DFT spectrum { Stm1.1[v] = Spm) v]}
—N/2,...,N/2 — 1, of a discrete spline s}, one should put om] vl=0 for all

v=—Nuy/2,...,Nu/2—1and I = [. Then, the reconstruction operations (14.25)
or (14.27) should be iteratively implemented starting from the level m till the initial
level.

As aresult, we get
Stm11 V] = St V] = Fimy vl opmyvl, v=—-N/2,..,N/2 -1,
where multiplication by the sequence Fj,,;;[v] acts as antialiasing p-filtering of the
Ny,-periodic sequence o7,,)./[V].
Example
The splines of the second decomposition level are

N/8—1

1
skl =~ > opulvlvy Ikl 1=0,1,2,3.
v=—N/8

sprilv]l = Fppalvlopylvl, v=-N/2,..,N/2 -1, (14.29)

Fiajolv] = 2solv]si[v] L cos?r IV cos?r 22
V]| = 250|V|S1|V]|] = COS™ — CoS™ —,
[2],0 0 1 Uf42r][] N N

Ulv+N/4 v, 2mv

F v] = 2so[v]d¥[v] = 02" — 3 o n
21,1[v] olvld{[v] 4’[\)] U[z][v] N N

. TV 2wy
sin? —— cos? =,

F =2d =0’ [——
121,3[v] ovIsilvl=w Ué,][v] N I

[v+ N/4] 2
Fiajalv] = 2d3 vl d}[v] = 0~ 43—/ sin? 22 sin?r Y
U [v] U[z][v] N N

The magnitude responses of the p-filters F|»),[v] are displayed in Fig. 14.6 (MAT-
LAB code D_pfilt_L2P.m). Figure 14.7 (MATLAB code D_pfilt_L3P.m)
displays the magnitude responses of the third level p-filters Fj3);[v]. For better
resolution of the picture, in Fig. 14.7 the magnitude responses are displayed for
the half-band n = 0, ..., N/2 — 1. The other half-band n = —N/2, ..., —1 mirrors



344 14 Discrete Periodic Spline Wavelets and Wavelet Packets

Spline order: 2

Spline order: 4
'\\ I SN I
4N / ‘.,
At
15 Y
1
i
7 I8
[ HE]
Tor Sy
[ i
HE S RN
7
05 ,,' ; i
i A
E . ; 1 i
"/; X, [ N e i 5 ) /;/ -," R ‘\.
—RI/2 -3N/8  -N/4 -N/8 0 N/8 N/4  3N/8 -Ruz -3N/8  -N/4  -N/8 0
Spline order: 6 Spline order: 8
p| S— P R : : ! . —— I .
SN TN 2 \ / \ T lf \f
! iit El v Vi
vif E] uf W
I’— % 1
1.5¢ 1.5 i
£
! 3
It E &
it PR
T i [ 1 | il
15 [ I 1y
1 i : £ A
HE Y 1 f ,’ 1 i !
| S O A N ost i i\ i i o
[EE \ i ! il ! i 1
riz f P i ! HE i H H
Jit N A A [
i S ; SRS 504 AV L\ A\
.Rj/z 3N/8  -N/4  -N/8 0 N/8 N/4  3N/8 -Ruz -3N/8 -N/4  -N/8 0 N/8  N/4 3N/8

Fig. 14.6 The magnitude responses of the second level p-filters Fi2);[v] (solid curves), F[z],l[v]|
(dash-dot curves), | Fj2)2[v] | (dashed curves) and }F 21,3 [v]! (dotted curves) for the splines of orders

2,4,6,8, N =256

the former one. One can observe that shapes of these magnitude responses is similar
to shapes of the respective p-filters arising in the polynomial spline wavelet packet
transforms (Figs. 8.5 and 8.6).

14.3 Discrete Spline Wavelet Packets

Once we have the exponential discrete splines ylzn:] ;(v), which form orthonormal
bases of the subspaces zr Wim),1 C IT[N], the discrete spline wavelet packets lﬂ[zr;]’ | €
2z Wim).1 are defined similarly to the continuous spline wavelet packets:

Np/2—1
def [ 1
ViK1 =[5 20 Vi W] € 2 H . (14.30)
m

v==—N;; /2

As in the continuous case, the following claims are true.
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Fig. 14.7 The magnitude responses of the third level p-filters Fi3),[v], I = 0,...,7, for the
splines of orders 2, 4, 6, 8, N = 256
Proposition 14.6 There holds the relation reciprocal to Eq. (14.30):
Ny—1
2 om
Vi (MIK] = Z Wyl Tk — 2", (14.31)
Proof Equation (14.30) and the shift property Eq. (14.11) imply that
N /2~
2 _2”lk
Yok —2"k] = Z w2y (0K
=—Np/2
Applying the IDFT, we get Eq.(14.31). |
'm — 1, where

Proposition 14.7 The translations {w2r] Lk — 2’”)»]} r=0,.

Ny, = N /2™, form an orthonormal bases for %" Wim.1- The union

2" —1

U [tk =2}, =0 Nu =1,

=0
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forms an orthonormal basis for the entire space T1[N].
Proof The spline w[zni;]’ Lk — 2™ )] is orthogonal to any spline w[zr:l ] [[k — 2" ul, for

[ + I because they belong to mutually orthogonal subspaces. The inner product of
two splines from the same subspace is

N
D Uitk = 2" A Tk — 2" ]
k=0

| Np/2—1
=— > ol Z Vi KTy, [91* []
M =—Np /2
| Ny /2—1 )
=— > wP P =§n-1] A=0.....Ny—1
M y=— Ny /2
Thus, N, mutually orthogonal discrete splines {lﬂ [k — 2’")»]} =0,...,
é\/m — 1, whose norms are equal to one, form a basis of the N,,-dimensional space
"Wiml.i- [ |

The splines w[%,’l], olkland 1//[2,;]’ (k] are periodic discrete Battle—Lemarié father and
mother wavelets, respectively. The splines w[zﬂrl]’ ;[k] with arbitrary [ =1, ...,2" —
1, are called discrete spline periodic orthonormal wavelet packets. Apparently, the
single wavelet packet in the initial space .#jo) = [1[N] is the N-periodic delta
sequence Yo (k] = 8[k].

14.3.1 The DFT Spectra of Spline Wavelet Packets

To efficiently operate with the discrete spline wavelet packets w[zﬂrl], ,[k], we need to
know the DFT spectra of these wavelet packets

N-1 N/2-1
def _
W1 S D 0 VYl k] = v z o T[]
k=0 v=—N/2
(14.32)
At the initial scale .“jo; = II[N],
Nj2—1
Yokl =8kl =N"" D" o = govl = 1.
v=—N/2

The spectra of the first level wavelet packets 1/f[21’] ik, I = 0.1, were presented in
Eq. (14.22)
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1 —V
molvl = — cos?” % =V2so[v], Tia1lvl= wT sin®” % = fod(’)‘[v].
Uihvl U vl

Generally, in line with Remark 14.2.2, to derive the DFT spectrum {r[m],l[v]} ,
v=—N/2,..., N/2—1, of awavelet packet 1//[2W’l] ;[k], one should put oy s [v] = 1,

and O] l[v] =0forallv =—N,/2,..., Ny/2 —1and [ # 1. Then, the reconstruc-
tion operanons (14.25) should be 1terat1vely implemented, starting from the level m
till the initial level. However, practically, the calculations can be implemented by the
following tree-structured scheme.

Proposition 14.8 The DFT spectra of discrete spline wavelet packets are derived
iteratively by the following rule: Tjo)[v] = 1,

( Tim,20[V] ): V2 T3] (s,:_1(v)) ifl is even,

Tim],20+1[V] dy_ vl
(14.33)

( Timy,20[V] ) = ﬁr[ml],z[v]( e ) iflis odd,

Tm1,20+1[V] Sm—1(v)

wherev =—-N/2,..N/2 — 1.

Proof Assume that [ is even. Then, using Eq. (14.8), we have

N-1 om V-1 N /2—1
T 2lv] = - 0™ i ikl =/ Z oy (WIk]
k=0

U=—Np /2

m Np—1
:\/72 —kv Z (Sm 1[,bL V[m 1] I(I’L)[ ]

st Lt N vy + NoIK))

~
II

Nm 1—1

smo1[14] V17,0 (WIK]
v= 0

2m1N1

=2

Equation (14.31) implies that

Nm—l*1
[ 1 m— _
r71],1(l$)[k]: z a)2 1ﬁ[m 1]1 —2" 1K]~
Nmfl =0

Consequently,

Nyp—1—1

Zw T swalud

n=0

Tmy,2[v] =
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x2d}[v]

Tyulv]
24 [v] xv25[v]
1'[2] 2 71213 [v

«/_dz[V * X‘/_Sz[V

[7[3],0["]} [7[3]1 ]hs]z[v]] F[s]s[‘/] i[[3]4[v [[[3]5[‘/]] f[[s]s[v] Tiap7[ ]]

Fig. 14.8 Diagram of calculation of the DFT spectra of 3-level discrete spline wavelet packets

Z m— lkul/fm 1][ k—zm_lK]

Np—1—1 Nmp—1—
1 om— _ m—1
=V2g— 2 sl Z o’ WZ Oy nalk]
m=1 20 k=0
Np—1—1 Np—1—1
m—1 _
2 T [v] > smoalul WY
Nn—1 7= iy
n= K=
2t vlsm—1[v].
The rest of relations in Eq. (14.33) are proved similarly. |

Remark 14.3.1 Like continuous wavelet packets, the set of the discrete spline
wavelet packets has a tree structure. The wavelet packet anﬁ_u ; 18 a “parent” of

1//[2,;] 5 and w[zr;] 2141 While llf[z,;] 5 and 1//57’,] 2141 are its “offsprings”.
The DFT spectra of the discrete spline wavelet packets are calculated by the
MATLAB function D_wP_coefP.m. The scheme is illustrated by the diagram in

Fig. 14.8, which is similar to the diagram of the scheme for calculation of the SHA
spectra of the continuous wavelet packets displayed in Fig. 8.7.

Example:

The DFT spectra of wavelet packets from the second level are tp2y;[v] = Fz1/[v],
where Fp1;[v] are the frequency responses of p-filters, that are presented in Eqs.
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Fig. 14.9 Second level discrete spline wavelet packets and their DFT spectra. Upper frame from
left to right W[zz],l[k]’ [ =0,1,2,3. Bottom frame t(2),0[v], (solid line) t(2),1[v] (dotted), T1212[v]
(dashed), t(2) 3[v] (dash-dotted)

(14.29). Figures 14.9, 14.10 and 14.11, which are produced by the MATLAB code
D_wp_level2P, display the second level wavelet packets and magnitudes of their
DFT spectra for the splines of orders 2, 4 and 8, respectively. Only the right half
band [0, N /2] of the spectra is displayed.

14.3.2 Discrete Splines Wavelet Packets Bases

Assume that a discrete spline s belongs to 2 #im.1- Then, it can be expanded over
the orthonormal wavelet packets basis. Equation (14.30) and the shift property (14.3)
imply that

N1117]
stk = D" quanaM Wiy Tk — 272] (14.34)
r=0
]Vm_1 Nm/z 1

~ Zq[mu[x] > VoWl —2"2]
m "N /2

V=
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N/2

Fig. 14.10 Second level discrete spline wavelet packets and their DFT spectra. Upper frame from
left to right 1//[42],1[k], I =0,1,2,3. Bottom frame t(2),0[v], (solid line) t(2),[v] (dotted), T12)2[v]
(dashed), t(2),3[v] (dash-dotted)
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Fig. 14.11 Second level discrete spline wavelet packets and their DFT spectra. Upper frame from
left to right w[gz],l[k], [ =0,1,2,3. Bottom frame t(2),0[v], (solid line) t(2),[v] (dotted), T1212[v]
(dashed), t(2),3[v] (dash-dotted)
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N /21 Np—1
= D Vi WIK] Z 02" G aA]
v=—N;,/2
[ Nn/2-1
=\ N Z Ofm1.1[v] V[%nr],z(v)[k]-
" V:_Nm/z

Thus, coordinates of the spline s € 2 #{,); in two orthonormal bases of the
subspace 2r Wim11 C IT[N] are linked via the DFT as

Np—1
oVl = D @ " g, (14.35)
1=0
1 Npm/2—1
m)[A] = N_ Z 602 VA omli[V].
" V:*Nm/2

The DFT of the discrete spline s € er[m 11> which is represented by Eq. (14.34), is

Nf —
§inl=> o Z 11D Wiy Tk — 2" 2] (14.36)
k=0 =0

N—1 -
gm0 " D o Yl Tk = Gy alndn Wiy 0]
—0 k=0

A
= qA[ [n]m Tm], [n].

Assume that the DFT of a signal x = {x[k]} € IT[N]is {£[v] = ojoy[v]}. Then,
all the coordinates oy;,,1,/[v] of the orthogonal projections sp,),; of the signal x onto
the subspaces 2" Wimi.-m=1,.,M, 1 =1,..,2" — 1 are calculated by simple
arithmetic operations (see Eqs. (14.24) and (14.26) and Fig. 14.5). Then, by utilizing
Eqs. (14.35), we find the coordinates g[;,,;[A] of the splines s} ; in the discrete spline
wavelet packets bases { w[znrl]’ Tk —2"A] ] . These computations consist of forward and
backward application of the fast Fourier transform (FFT). The discrete spline wavelet
packet transform of a signal or of an array consisting of row signals is implemented
by the MATLAB function D_WP_analP.m.

Once these coordinates are computed, the signal x can be represented via
a variety of orthonormal bases, which are constituted by the wavelet packets
{I/f[zﬂrl]’ Lk — ka]} that belong to different combinations of the subspaces 2r Wim.1
Some of the options are:
“Horizontal” bases

“Horizontal” bases consist of shifts of all the wavelet packets from the same level
m, where m can be one of the integers 1, ..., M:
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om_|
def
Bj, = U {wﬁ,ﬁ],z[k - 2’”)\]] , (14.37)
1=0
where A = 0, . — 1, N, = N/2™. In this case, the DFT spectrum of a signal

X is split into 2’" reglons of approximately the same size as it is seen, for example,
in Figs. 14.9, 14.10 and 14.11. Restoration of a signal or of an array consisting of
row signals from its representation in the “Horizontal” basis is implemented by the
MATLAB function D_hor_WP_synthP.m.

Wavelet bases
w def m - 2 m Nm*1
B = {w [m], olk —2 )\]} —0 U {‘ﬁ[m] (k=2 )»]} 0 (14.38)

U{w[ ok —2me lx}m'IU U{wtiw- 2,\}/:1

The discrete spline wavelet decomposition of a signal or of an array consisting of
row signals is implemented by the MATLAB function D_wav_analP.m. Recon-
struction is implemented by the MATLAB function D_wav_syntl1P.m.

The DFT spectrum of a signal x is split in a logarithmic mode. Figures 14.12,
14.13 and 14.14, which are produced by the MATLAB code D_wW_level3P.m,
display wavelets WB] olkl, 1,0[3] (Lk], W[zzr“ k], 1//[2{],1 [k], which originate from the
discrete splines of order 2, 4 and 8, respectively, and their spectra.

Best basis

A set of discrete spline wavelet packets has the same tree structure as the set of poly-
nomial spline wavelet packets. Like in the polynomial case, a variety of the bases
generated by shifts of wavelet packets is available. A combination of wavelet packets
can generate a basis for the spline space >". if their DFT spectra form a one-fold
cover of the whole spectral domain n = —N/2,...N/2 — 1. A basis that is opti-
mal, according to some chosen cost function, can be designed using the Best Basis
methodology, which is described in Sect. 8.4.4. Once the wavelet packet transform
of a signal is implemented and the entropies in each block of the transform coef-
ficients are computed by the MATLAB function D_WP_analP.m, the list of the
wavelet packets, whose shifts constitute the best basis tree is provided by the func-
tion WP_BB_ListreelD_P.m. The MATLAB function D_List_synthP.m
restores the signal x from the basis defined by a list A, using the relation Eq. (14.36).

14.4 2D Wavelet Packets

Asin Sect. 13.2, we assume that the two-dimensional discrete splines have the same
periodicity N in both vertical and horizontal directions. The spaces of such splines
are denoted as 2% #,,]. We keep the notations
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Fig. 14.12 Discrete spline wavelets of order 2 and the right half-band of their SHA spectra. Upper
frame left to right Wé].o, 1#[23]’1, 1//[22]’1, 10[21].1' Bottom frame t131,0[v], (solid line) 131,1[v] (dotted),
7121,11v] (dashed), t1y,1[v] (dash-dotted)
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Fig. 14.13 Discrete spline wavelets of order 4 and the right half-band of their SHA spectra. Upper
frame left to right %43],0’ 1//[43],1 R 1//[42]’1 R 1//141“. Bottom frame t(3),0[v], (solid line) tj3),1[v] (dotted),
r[g],l[v] (dashed), 1'[1],1[11] (dash-dotted)
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Fig. 14.14 Discrete spline wavelets of order 8 and the right half-band of their SHA spectra. Upper

Sl
0 N/16
frame left to right 1[/%],0, 1//[83]1 1 1/1[82], 1 1[/[8”,1. Bottom frame t(3),0[v], (solid line) t(3),1[v] (dotted),

T[z]yl[l)] (dashed), r[l],l[v] (dash-dotted)
~ def ~
i G v) = {720 e Tk, m € 32 601K 7 )i,
def
Ul ke, v S U K1UR ], kv = =N /2, oo N /2 = 1, Ny = N/2™,
2r _1=2r def 2 ~2r 7_ m
ey = {72 enlkom) € 5 0 72 o). 1LT=0,..2" — 1.

Vim0
14.4.1 2D Discrete Spline Wavelet Packets Bases
-[x, v][k, n] with the same level index m are mutually

2r
m],l,l

The discrete splines Y
orthogonal and their norms are

N—1
2
2 — 2r _
Hy[m]JJ[K’U]H_ kzoly[m],zj["’”][k’n] =1
=

The 2D discrete spline spaces > W[m] .7 C I[N, N] are defined as the linear spans

. 2 .
of the splines y[m],l,i[K’ v][k, n]:
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Ny /2—1
S 1706 11 = 5= D Ol Vv vkl €2 - (14.39)
K, v=—N;, /2

The splits of the 1D signal space IT[N], which are illustrated in diagram in Fig
14.1, generate the splits of the 2D signal space T[N, N] into mutually orthogonal
subspaces:

2 _or. M2 M2
W00 = ’%m],zz,zz@ er],21+1,21@ "W, 21+1@ ml,2041,204+1
= I[N, N1 = #01.00 = 2 #11.0.0 S W01 @ //[1],1,0@ 7/[1],1,1

2m_q
_ 2r
@ Vi m=2M
1,I=0
As an alternative to the orthonormal bases {y[%n’] . i[K’ v]k, n]} , kK, v=—Ny/2, ...,

Ny, /2—1, of the subspaces ’Wm 1iC #101,0.0 = IT[N.N], there exist orthonormal
bases that consist of shifts of the 2D wavelet packets

Np—1
2
S m1 = 27 G g ilhs 10l =270 m = 2" ), (14.40)
A,u=0
1 Ny /2—1
2r dif 2
yorlkonl =y Ikl cln] = N D> v, e vk nl,
K,v=—Ny /2
Np/2—1
i ml == > o e e vl (14.41)
n K,v=—Ny, /2

The discrete spline gh[zwrl] 0olk,nl € 2r2r #im,0,0 is the 2D periodic father wavelet,

while the triple 1//[m] 1. olk, nl, 1//[2’7';]’()’1[](, n] and 1//[2’;]’1’1[](, n] are the 2D periodic
wavelets from level m.

Two-dimensional wavelets and wavelet packets, which belong to the signal space
IT[N, N], can be represented via the IDFT:

| N

w[ml ke nl =<5 D Tl v] @*E T (14.42)
K,v=—N/2

Their DFT spectra {‘L’ (.l il v1 = Tpmy, I[K]‘L'[ m] [v]} are the tensor products of the
DFT spectra of the 1D wavelet packets.
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14.4.2 2D Wavelet Packets Transforms

Assume that a signal x = {x[k,n]} € I[N, N] = 7//[0]00 and G[O]OO[K V] def

X[k, v]isits 2D DFT spectrum. Then, the coordinates {0[ i il v]} m=1,...,M,

of its projections Sim].l. ilk, n] (Eqs. 14.39) onto the subspaces and 2 7/ 1.0 are
derived by application of the 2D wavelet packet transforms to the coordlnates
{‘7[0],0,()["’ v]}, k,v=—N/2,...,N/2—1. The 2D transform can be implemented
by iterated application of the 1D transform subsequently to the rows and columns of
the array {cr[m 1lx, v]}. If the projections coordinates {O'[m]’ lj[K, v]} at some level m
are available then the DFT X[k, v] = {a[o],o,o[/c, v]} , k,v=—N/2,...,N/2—1are
restored by application of the 2D inverse wavelet packet transforms to the combined
coefficients array

{U[m]oo[K % } {U[m]()l[K v } {G[m],o,M[K, v]}
O[m],1, 0 K,V } {(Tm] 1, 1 K,V } {U[m],l,M[K, 1)]}
C, = : : ’ : :
" : : {Glm],l,i[K’ v]} :
{G[m],M,o[K, V]} {G[m],M,l[K, v]} {U[m],M,M[Ka v]}
where M o 2" — land k,v = —N/2, ..., N, /2 — 1. Note that the size of the

array C,, is N x N.
Assume that a spline S(m).1 jlk.n] € Wm],l,i is expanded as in Egs. (14.39). Its

DFT spectrum is the coefficients set {5[,"]’“[/(, v]} , k,v=-=N/2,...,N/2—1,
of its representation in the initial space >>%".%

| N

Sl ml =55 20 Sy lic v 0HH,
K,v=—N/2

The DFT spectrum can be derived by application of the 2D inverse wavelet packet
transforms to the coefficients array C,,, where all the components except for

{G[m],lj["’ v]} are put to zero.

14.4.2.1 2D Transform Matrices

Similarly to 1D transforms, direct and inverse 2D discrete spline wavelet packet
transforms can be explicitly expressed in a matrix form. The transforms are imple-
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mented along the scheme, which is identical to the scheme for the 2D continuous
wavelet packet transforms described in Sect. 8.5.2.
Expanding the matrices A, —1j[v] and Afm—l] = A[_mlfl] defined in Eqs. (14.12)

and (14.13), respectively, to the 2D case, we define

Apn—nlx, vl &f Apn—nlx] ® Apn—nlvl (14.43)

Sim—11lec ) spm—11[v] spn—11le ] spn—11[v] -1 Sm—11[v] spm—11l6] spm—17[v]
Spm—n kKl dym—11[v] spn—n k1 dpm—1101 spn—nlcl dpm—11v] spm—nlcl dpm—1[v]
dim—11lk 1 Spn—11v1 dym—1ylk 1 Spm—11001 dpm—1 K1 Spm—111v]1 dpm—11[€]1 Spm—171V]
dim—11lk ]l dim—11[v]1 dym—1y k1 dpm—11[V] dym—11[€ 1 dpm—111v] dpm—11[€ 1 dpm—17[v]

def Uft,r,,l][v] oy TV def om—1,,
Spm—11 (V) = 5 U[4’][v] cos N1 s dp1(v) = o Sm—1(V + Np).
m

-1 —1 —1 T T T
Apnlie v = AT QAL V] = Ay, T QA V] = Aj,, [k, V]

slm—ll[K] S[m—l][v] S[m—ll[’(]d[*m,”[v] d[ﬂ;nfl][/(] S[m—l][v] d[infl][K]d[tnfl][v]
S[mfl][K] S[mfl][‘_)] S[mfl][’(]dfkm_l][‘_)] d[>,;11—1][K] S[mfl][‘j'] dfkm_”[K]d[fn_I][l_)]
slm—ll[/z] S[m—l][v] Slm—ll[’z]d[*m,”[v] d[tnfl][/z] S[m—l][v] d[i,,,]][/z] d%,]][v]
S[mfl][’z] S[mfl][‘_)] S[mfl][’?]d[tn_l][‘_)] d[);l—l][’z] S[mfl][‘j'] d[tn_[][’z] d[);l—l][]_)]

14.4.2.2 2D Discrete Spline Wavelet Transform

The m -level wavelet transform consists in decomposition of a signal x = {x[k, n]} €
IT[N, N] such that 101.0 gl v] def X[, v] into the orthogonal sum

x[k, n] = syay0,0lk, n] + spay1,0lk, n] + spay0.1[k, n] + spaa, 1k, ]
+ Spa—11,1,0lk, n] + spn—11,0,11k, n] + spa—11,1,1k, nl + -+ (14.44)
=+ sp11.1,0lk, nl + sp1y,0.1[k, n] + sp1p.1,11k, 7.

The splines Sim). lj[k, n] are represented either via orthonormal bases of exponen-
tial splines as in Eq. (14.39), or via orthonormal bases of shifts of the wavelets
w[zr:z],l,f[k’ n], Il = 0, 1, as in Eq. (14.40). The coordinates in two representations
are linked by Eq. (14.41).

The coordinates O'[m]’l’l*[k, nl, 1.l = 0, 1,, of the signal x € IT[N, N] projections
onto the subspaces 2r 7/[ . l~[k, nl, 1[ = 0, 1,, respectively, are derived from the

coordinates oy,,—1,0,0[«, v] of the spline sy, —17,0,0(k, n] € 2“2’7/[,,,_1],070 in a way
similar to Eq. (14.24):
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400

500 500

Fig. 14.15 Magnitudes of the 2D DFT of discrete splines wavelets of order 8 from three decom-
position levels: Yy, o oLk, nl, Ui, | oLk, n Yl o (e nd Wil Tk n],m =1,2,3

o[m1,0,0lx, v] O(m—1),0,0lK, V]
omy.1ole vl | _ Ty b1 | Otm=11.0.0l6 V] b= —Np /20 s Ny 21
O[m],0,1[k, V] 2 =1l V] otm—1.0.0l%, v |7 /% N /21,
O[m), 1,11k, v] O[m—11,0,0lk, V]

(14.45)
and « &of K+ Ny /2 and v def v+ N, /2. Having the coefficients ey ile, vl, m =
1,..M,1,I = 0,1, the wavelet coefficients Qi) jlA, u] are calculated using the
IDFT, as presented in Eq. (14.41).

The reconstruction of x [k, n] is implemented iteratively, starting from the bottom
level m similarly to Eq. (14.25):

Olm—11,0,0lx, v] O(m],0,0lx, v]
Om—11.000. VI } a0 0| om0l V] 14.46
Olm—11,0,0[K, V] -1l V] opmy0,1l, V] |7 (14.46)
Olm—11,0,0lk, V] ofm],1,1lK, v]

where k, v = —N,, /2, ..., N,y /2 — 1. Application of the transforms Eq. (14.46) can

produce the DFT spectra of the projections splines and, in particular, the DFT spectra

of the wavelets 1/’5;] ; i[k’ n], (, l~) = 0, 1. In a sense, these DFT spectra provide a

logarithmic-wise partition of the DFT spectral square k, v = —N/2, ..., N/2 — 1.
The 2D discrete spline wavelet transform and its inverse are implemented by the
MATLAB functions D_wav_anal_2dP.mand D_wav_syntl_2dP.m, respec-
tively.
Figure 14.15, which is produced by the MATLAB code D_mesh_wp_listP.m,
displays the magnitudes of the DFT of discrete spline wavelets of order 8 from
three decomposition levels. For clarity, we display only the first quadrant «, v =
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., N/2 — 1 of the spectral square. The magnitudes of the DFT in the other quad-
rants mirror those in the first quadrant.

14.4.2.3 2D Wavelet Packet Transform

The m -level wavelet packet transform of order 2r of a signal x € T[N, N] results
in decomposition of x into m orthogonal sums

3 2]
X = 8[1],0,0 + S[11,1,0 + S[17,0,1 + S[1],1,1 = Z 5[2]11,1' =..= Z s[ﬁz].l,f' (1447)
1,I=0 I

The splines Sim1i € 2 %m] ;. are represented either via orthonormal bases of
exponential sphnes asin Eq. (14. 39) or via orthonormal bases of shifts of the wavelet
packets wzrl ~[k n] as in Eq. (14.40). The coordinates in the two representations
are linked by Eq (14.41).

The coordinates Olm.21 HilKes vl a[m]’21+1’21~[/c, v], U[m],Zl,Zi—H[K’ v] and

Oy 211,271 [ VI OF the SPLines sy, 1 ) o781, 541 27 Sy 21,2711 A0 Sy 2111 27410
respectively, are derived from the coordinates Olm—11.1.71K V] of the spline Stm—11.1.7 €

2’7/ 1P using the matrices Ay, —1j[«, v] defined in Eq. (14.43).

om 1 [k, V] Olm—11.1,1 ilx, 1_)]

O(m1 K, V] 1A 11,1, V]
— ~Ap,_plk.v] - ¢ 14.48
Ofm).13 1, V] 2 =1L ] Olm—11,1, [[Ka V] ( )

o) Llx, V] O 110,715, V]

_ def def
where k, v = =Ny, /2, ... Ny /2 — 1, kK = k + N /2, = v+ N, /2 and

(I, 12,13, 1y) (14.49)

(21,20), 21 +1,2D), 21,21 + 1), 21 + 1,21 + 1)), if [ even, [ even;
(2L,20+ 1), 2L+ 1,21 + 1), (21, 2]), (2] + 1, 20)), if  even, [ odd;
(21,21 4+ 1), (21,20), 2L + 1,21 + 1), (21,21 4+ 1)), if [ odd, [ even;
(141,204 1), 21,21 + 1), 2l + 1, 2]), (21, 2])), if I odd, [ odd.

The 2D discrete spline wavelet packet transform, of an array x, which produces its
coordinates in the wavelet packet bases, is implemented by the MATLAB function
D WP_anal_ 2DP.m.

The reconstruction of x[k, n] is implemented iteratively starting from any level
m similarly to Eq. (14.46):
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Om—1),1,7lk V] otm11, [, V]

OtV _gpt i vy | ikl T (14.50)

Opm—11,1,716 V] " om) 13K, v]

G[m—l],l,[[E’ V] O[ml 1K, V]
where k, v = —N,, /2, ..., Ny /2—1 and the multiindices (11, 12, 13, 14) are defined by
Eq. (14.49). Application of the transforms Eq. (14.50) can produce the DFT spectra of
the projections splines s;,, Sl ilk, n] e? m]’ ;. and, in particular, the DFT spectra of

the wavelet packets w[zr; 1 I[k’ n]. These DFT spectra provide a variety of partitions

of the DFT spectral squzire k,v=—N/2,..., N/2 — 1. Consequently, the shifts of
the wavelet packets provide a variety of the orthonormal bases for the spline space
2r2r & As in the 1D setting, the following special cases are possible:

“Horizontal” bases

These are bases consisting of shifts of all the wavelet packets from the same level
m, where m can be one of the integers 1, ..., m:

B w2 -2, (14.51)

120"

where A, u =0, ..., Ny — 1, Ny, = N/2™ . In this case, the DFT spectrum of a signal
X is split into 22" regions of the same size.

Reconstruction of the array x from the coefficients in a “horizontal” basis is
implemented by the MATLAB function D_hor_WP_synth_2DP.m.

Wavelet bases

def ! "
B2 & {wm]oo[k M), n—zmul} =OU{‘/’[2rZ]1o[k—2m)"”_2m“]}x =0

U{l//[m Ol[k 24, n—ZmM]}A uil()U{'//m]oo[k 2MA, n—2mu]}A uil)U

U[w[um[k 2%, n—2u]} N2 1U[w L olk — 22, n—2u]] f_ol
r /2 1
U {‘ﬁ[l],l,][k —20,n —2,1]})\’“:0 .

Besides these two options, any combination of wavelet packets such that their
DFT spectra form a one-fold cover of the whole spectral domain x, v = —N/2, ...
N /2 — 1, generate an orthonormal basis for the signal space IT[N, N].
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Fig. 14.16 Magnitudes of the DFT discrete spline wavelet packets 1//[8m] ; Z[k’ n], of eighth order

from the second to fourth decomposition levels, whose shifts constitute the best basis for the “Lena”
image

Best basis

Among all the available wavelet packet bases, a basis that is optimal with respect to a
cost function, can be selected. It is achieved via the Best Basis methodology , which
is described in Sect. 8.4.4. The 2D case is outlined in Sect. 8.5.3. The list of wavelet
packets, whose shifts constitute a Best Basis is compiled by the MATLAB function
WP_BB_Listree2_D_P.m. The MATLAB function D_List_synthP_2D.m
restores the array x from the basis defined by a list A.

Figure 14.16, which was produced by the MATLAB code D_mesh_wp_
1istP.m,displays the magnitudes of the DFT of the discrete spline wavelet packets
1//[%”],1’1.[& n], of eighth order from the second to fourth decomposition levels, whose

shifts constitute the Best Basis for the “Lena” image defined by a 512 x 512 array
of pixels. For clarity, we display only the first quadrant k, v = 0, ..., N/2 — 1 of the
spectral square. The DFT magnitudes in the other quadrants mirror those in the first
quadrant.

Remarks on applications of discrete spline wavelet packets

The potential field of applications of the discrete spline wavelet packets is the same
as the field of applications of the continuous wavelet packets. The field consists of,
for example, feature extraction of classes of signals as in Chap. 12, deconvolution
or denoising of digitally defined images and signals by block-based algorithms or
by the regularized matching pursuit (RMP). The schemes for implementation of the
algorithms are exactly the same as the respective schemes using continuous spline
wavelet packets. The results of application of the discrete spline wavelet packets
are very close to the results of application of the continuous spline wavelet pack-
ets. We briefly outline the RMP algorithm with the discrete spline wavelet packets
dictionaries.
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14.5 Deconvolution and Denoising by Regularized
Matching Pursuit

The goal of the algorithm is restoration of a signal, which passed through a
low-pass filter, the output from which has been affected by white noise. To be
specific, we should restore a signal f = {f[k]} € m[N] from the data z =
{z[k] = glk] + ex}, k=0, ..., N — 1, where

N—1
g Chot e glkl=> hlk—1 I, (14.52)
[=0

h is a low-pass p-filter and e = {e;} is a zero-mean i.i.d. noise. Special cases include:

e A pure deconvolution when noise does not present.
e Denoising when low-pass filtering is not applied.

14.5.1 Outline of the RMP for Deconvolution

As in continuous setting, we utilize two dictionaries: one for testing the data z and

the other for approximation of the sought-after signal f.
Denote Y2, k] < Y2 [k + 4, A = 0,... N — 1, where y27 [] is the

discrete spline wavelet packet of order 2r from the space %" Wim).1- Denote

1l S W@ Y2 K], O alk] S Gk +21, A=0,.,N—1. (14.53)

14.5.1.1 General Scheme

The algorithm is implemented via the following steps:

1. Construction of two dictionaries:

Approximation dictionary D, = {1//[2,;], I, ;\[k]} , A =0, ..., N—1consisting
of one-sample circular shifts of discrete spline wavelet packets of different
resolution spans.

Testing dictionary Dy = {H[m],l, A} consisting of circular convolutions of
shifts of discrete spline wavelet packets with the signal h.

2. Modeling the error vector e, that is a construction of a vector €, whose charac-
teristics are similar to the characteristics of e.

3. Calculation of oblique projections coefficients a,,),1,5 of z onto the normalized
Oum),1,.- Setting a threshold T for the stopping rule.
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4.

If for some set 7i1, [, X, the coefficient |oe AN 5| < T then the signal 9[ WLl is

removed from the testing dictionary and the wavelet packet er [k] from the

10k
approximation dictionary.

. The p-filter h is efficiently bandlimited. Therefore, the DFT spectra of some

of the remaining wavelet packets w[Zr] - actually do not overlap with the filter

spectrum. In order to avoid instability of the algorithm, such wavelet packets
and the corresponding O)7.1» are discarded from the dictionaries.

Putf® = 0,20 = z.

. Find oblique projections of z° onto the normalized signals Otm.1.n

0 Om).1.,2 (Opm1.1., 2°) |{Bpm1.0... €)]
= N = 1 - ’
Zp)0,0. = Yml ||9[m],l T A m], 1, He[m],l ” ‘<9[m])l’)“ ZO)’ .

where x+ = (x + |x])/2.

8. Letm, [, k = argmax(uy /1 &m0, |-

10.

11.

12.

Denote A =, 75/16pmll, w' E Y2 - and ©F S g ;5. Then, put

2t =20 — Aol =04 Alyl.

The procedures starting from Item 7 are iterated, using z' instead of z°, and so
on.

The subsequent iterations of the algorithm extract pieces of coherent structure
from the data signal z. Thus, the noise-to-signal ratio tends to one, and the oblique
projection coefficients tend to zero. When they become less than a predefined
threshold Ty, the iterations are automatically aborted.

As aresult, the signal f is approximated by a finite linear combination of discrete
spline wavelet packets.

14.5.1.2 Dictionaries for RMP

For a successive approximation of f € IT[N], we use the discrete spline wavelet
packets ¥ . Equation (14.32) implies

N/2—1
Iﬂ Z 7 Ty [v] =
v_fN/Z
N/2—-1

’»”[m]z)\ Z o & g V1.

v=—N/2

Since the available data z is the discrete convolution of f with the kernel h,

which was corrupted by noise, it is tested by the shifts of the convolved signals

def

Omyilk] = h® 1//m] ;[k] defined in Eq. (14.53). Due to Eq. (1.25),
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N/2—1

> OVl vl =
v=—N/2

s R

9[%12],1,1[1‘] =N Z oV @™ h[v] Ty [v].

v=—N/2

OfmlK1 =

The dictionaries D4 and D7 are used for approximation of the solution and for
testing the reminders, respectively:

B N/2-1
Da = {vinualkl] . vtk = DI ST
B —N/2
1 Nj2—1
N-1
DTZ{G[m],M}A:ov 9[2;;]11[1‘ Z oV ™ h[V] Ty V],
v_fN/Z

where A,k =0, ..., N — 1.

14.5.1.3 Modeling the Noise

Unknown real noise vector e is emulated by a vector €, whose properties are similar
to the properties of e. The modeling scheme is described in Sect. 10.2.2.

14.5.1.4 Oblique Projection

As in continuous setting, orthogonal projection of the data onto dictionary elements
can lead to the instability of the approximate solution. Therefore, oblique projection
is implemented.

Repeating reasoning in Sect. 10.2.3, we derive an optimal oblique projection of
the data sequence z onto a normalized element €[, 7,5 of the testing dictionary, using
the noise model €:

0 0 N/ Otm1.1.s €
Zm),1, 2 =Ol[m],z,x—[m]’l’A ®fm]l.0 = (o1 >(1 - (G2, )|)

16pm.e1l” |61, | (Btm1.0.2- 2)|

(14.54)

14.5.1.5 Stopping Threshold and Reduction of Dictionaries

The scheme for setting a stopping threshold 7; and subsequent reduction of dic-
tionaries is described in Sect. 10.2.4 for the polynomial spline wavelet packets.
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Figure 10.4 illustrates that scheme. For the discrete splines case, the scheme is exactly
the same.
Setting a threshold 7 provides a stopping rule for pursuit iterations.

14.5.1.6 Pursuit

The dictionary element 8y, 5, which fits best the data array ZO, is found f_rozn
comparison of magnitudes of the oblique projection coefficients c,,,5. Let (i, [, A)
= arg maxpu],/, |a[m],l,,\|. Denote

def 977X def def
ANE TR gl S [Zn‘Z]z‘X’ o= 0715
||9[,;,]j|| ”

Put
2 =22 Ao, tl=t0+alyl

Then, the procedure is iterated using z' instead of z°.

Itis seen from Eq. (14.54) that the oblique projection coefficients o/, depend
on shares of the coherent structure and of noise in the projection of the remainder
onto the normalized testing signal 6y, ;.x. The bigger the noise share is, the smaller
the coefficients. Subsequent pursuit steps extract pieces of coherent structure from
the signal z. Therefore, the noise share in the reminder increases and the oblique
projection coefficients tend to zero. Thus, one after another, they appear below the
threshold 7. Consequently, one after another, signal 6}, ; leaves the testing dictio-
nary. At last, after some K iterations, the dictionary becomes empty thus terminating
the iteration process. The approximate solution is

K
f=tK=> Ayt (14.55)
k=1

14.5.2 Computational Scheme

14.5.2.1 Preprocessing

Dictionaries: Calculate the DFT of the kernel h fz[v] = ,]{Vz_ol o~ % nlk).

Basing on a prior information on the solution f regularity, we choose the depth
m and the order 2r of the discrete spline wavelet packets, which are used for the
solution approximation, and calculate their DFT spectra, using Eq. (14.33):



366 14 Discrete Periodic Spline Wavelets and Wavelet Packets

N/2—1
1
Vil =+ > vl o* e W C TN
v=—N/2

From the coefficients ﬁ[v] and 1,1 /[v], we derive the elements

N/2—1 N-l
Ot = 1 Omiaalk] = = > @ v g [0] :
v=—N/2 k,3=0
of the testing dictionary D7. Forall A =0, ..., N — 1, the norms are
N—1 | N/2—1 5
||9[m],1,xH = ||9[m],1|| = z Opm, 1 ()% = I z ’h[u] Tmy V]| -
i=0 v=—N/2

Modeling the noise: Additive i.i.d. noise e is estimated as described in Sect. 10.2.2.
The vector € is the estimation of e and {é [n]} is its DFT.

Setting threshold and reduction of dictionaries: Calculate the inner products
|(9[m],1,;h, z)| and |(9[m],1,;h, é) , which are needed for the oblique projections (14.54),

as
1 N/2—-1
T 1@ = oinz)l = 5| 2 @ wualv] Al 20T (1456)
v=—N/2
ot LS o
emin = [(Omins €)] = I Z "t a[v] b e[v]*| .
v=—N/2

Calculate the oblique projection coefficients
. Tim,1,0.(2) €iml.lx
Gy 1.0(2) =~ 1 -
|6um1.c | | Timi2 @] ),

and the values A,/ (z) &ef max |, (z)| with respectto A =0, ..., N — 1.

Set the threshold 7y and reduce dictionaries Dy and D4, as described in
Sect. 10.2.4.
Initialization of the algorithm: The solution f of Eq. (14.52) is approximated by a
sequence of signals

N/2—1

- ) o1 ) i
f’—{f’[k]}, f][k]_ﬁn:_zzv/zaj[n]w e I[N],
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which are combinations of the discrete spline wavelet packets from the reduced
dictionary Dy4.

Define the initial approximation and the initial remainder as
flhl=0«= o'l=0vy, 2 =2 "] =2], v=—N/2,...N/2—1.
Then, T2, (2") = Tim11,4@),  Gn11,1(2°) = dpmy 1,0 (@).
Put j = 0.

14.5.2.2 Pursuit

1. Find ., [, A = arg maxi,|,/,a |a[m],1,;h(zj)|.
i def

2. Denote A+ = i/ He[’ﬂ]jH' ]

3. Puto /M n] = o/ [n] + AT 7 f{v] 0, —N/2, o NJ/2—1.

4. Put2/+'v] = 2/[v] — AT A] 7, l[v] o, v=-N/2,..,N/2—1.

5. Calculate the inner products
N/2—1

Tim1a@ =< D @ AVt 0] 27 ]

v=—N/2

6. Calculate the oblique projection coefficients

e T @ e
by = ZmW AT Dy Cmlh
&) |6 | ( ’T[m],l‘k(zj+l)’)+

and the values Ap,)(z/ 1) & max |&m1..2 (27 T1)| with respect to A = 0, ...,
N — 1.
7. If for some (m I the values A l(zf +1) < T, then remove 1/f2’ - and@ WL

A=0,..N —1, from the dlctlonarles D A and DT, respectlvely.
If the dictionaries are not empty then j = j + 1, go to 1. Otherwise: the solution
N/2-1
FIRI~ I = VN 2 ool

Remark 14.1 The described algorithm can be utilized for restoration of signals,
which are corrupted by noise (no filtering). In this case, the testing dictionary D7 is
the same as the approximation dictionary Dy4.

The regularized Matching Pursuit is implemented by the MATLAB code
RMP_runD.m.
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I

Fig. 14.17 Reconstruction of the “Barbara” image from a blurred (Gaussian, o = 5) input

14.5.3 Numerical Examples

We display a few results from application of the RMP with the discrete spline wavelet
packet dictionaries to columns of the “Barbara”, “Lena” and “Boats” images.

14.5.3.1 Deconvolution Examples

Restoration of a strongly blurred “Barbara” image
In this example, columns of the “Barbara” image are convolved with the Gaussian
kernel whose STD o = 5. Noise is not added.

The results of the application of the RMP algorithm to columns of the blurred
image are displayed in Figs. 14.17, 14.18 and 14.19. The left frame in Fig. 14.17
displays the blurred image. Its PSNR with respect of the original image is 23.77. The
image was restored by the RMT with the discrete spline wavelet packets of fourth
order from first to seventh decomposition levels. Altogether, 255 waveforms were
available. The threshold for the stopping rule was chosen to be 0.005. The number
of waveforms in the dictionaries was reduced to 55. The right frame in Fig. 14.17
displays the restored original image. Its PSNR with respect of the original image is
26.84. We observe that the image is substantially deblurred and its fine texture is
reconstructed. Figures 14.18 and 14.19 illustrate reconstruction of single columns
#450 and #30, respectively. The left frames in the figures display blurred columns
(solid lines) versus original columns (dashed lines). The right frames display restored
columns (solid lines) versus original columns (dashed lines). One can observe that
blurred columns are restored almost perfectly.

Restoration of a moderately blurred and noised “Lena” image

In this example, columns of the “Lena” image are convolved with the Gaussian kernel
whose STD o = 3 and a white noise with STD = 5 is added.
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—blurred signal w —restored signal
---original signal ---original signal

Fig. 14.18 Reconstruction of the “Barbara” image from a blurred (Gaussian, o = 5) input. Column
#450

—restored signal
---original signal

, " [—blurred signal
---original signal

Fig. 14.19 Reconstruction of the “Barbara” image from a blurred (Gaussian, o = 5) input. Column
#30
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Fig. 14.20 Reconstruction of the “Lena” image from a blurred (Gaussian, 0 = 3) and noised
(STD = 5) input. Left input; Right restored image

—corrupted signal —re_st_ored _signal
---original signal ---original signal

—

Fig. 14.21 Reconstruction of the “Lena” image from a blurred (Gaussian, o = 3) and noised
(STD = 5) input. Column #200

The results of the application of the RMP algorithm to columns of the blurred
image are displayed in Figs. 14.20, 14.21 and 14.22. The PSNR of the input image is
28.26, while the PSNR of the restored image is 29.52. The image was restored by the
RMT with the discrete spline wavelet packets of fourth order from first to seventh
decomposition levels. Altogether, 254 waveforms were available. The threshold for
the stopping rule was chosen to be 0.5. The number of waveforms in the dictionar-
ies was reduced to 55. The image is deblurred and noise is substantially reduced.
Figures 14.21 and 14.22 illustrate reconstruction of the single columns #200 and
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" [—-corrupted signal " [—restored signal
---original signal ---original signal

Fig. 14.22 Reconstruction of the “Lena” image from a blurred (Gaussian, 0 = 3) and noised
(STD = 5) input. Column #300

#300, respectively. The left frames in the figures display blurred and noised columns
(solid lines) versus original columns (dashed lines). The right frames display restored
columns (solid lines) versus original columns (dashed lines).

14.5.3.2 Denoising Example

The RMP algorithm proved to be efficient for restoration of signals from strongly
noised input data. We illustrate its abilities on restoration of columns of the “Boats”
image. In this setting, the testing dictionary is the same as the approximation one.

Restoration of a noised “Boats’ image

In this example, columns of the “Boats” image are corrupted by a white noise with
STD = 25. The original image is displayed in Fig. 14.23.

The results of the application of the RMP algorithm to denoising columns of the
corrupted image are displayed in Figs. 14.24, 14.25 and 14.26. The PSNR of the
input image is 20.18, while the PSNR of the restored image is 25.35. The image is
restored by the RMT with the discrete spline wavelet packets of fourth order from
first to seventh decomposition levels. The threshold for the stopping rule was chosen
to be 1. Noise is substantially suppressed, while the image structure is retained.
Figures 14.25 and 14.26 illustrate reconstruction of the single columns #200 and
#400,respectively. The left frames in the figures display noised columns (solid lines)
versus original columns (dashed lines). The right frames display restored columns
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Fig. 14.23 Original “Boats” image

Fig. 14.24 Reconstruction of the “Boats” image from a noised (STD = 25) input

(solid lines) versus original columns (dashed lines). One can observe that the columns
are restored from inputs where original signals are severely corrupted by noise.

14.5.3.3 Two Dummy Examples

In the following two examples, we assume that the real noise vectors e rather than the
estimated vectors € are available. Certainly, it is completely artificial setting, which
never occurs in real life. The examples are illustrations to the oblique projections
method.

Dummy example: restoration of the strongly noised ‘“Lena” image

In this example, columns of the “Lena” image are corrupted by a strong white noise
with STD=200. Unlike in real life situations, for oblique projections of remainders,
we use the real noise vectors e rather than the estimated vectors €.
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—noised signal ‘ —restored signal
---original signal | |---original signal i

—noised signal —restored signal
---original signal ---original signal

Fig. 14.26 Reconstruction of the “Boats” image from a noised (STD = 25) input. Column #400

The results of the application of the RMP algorithm to denoising the columns
of the corrupted image are displayed in Figs. 14.27 and 14.28. The PSNR of the
input image is 2.11, while the PSNR of the restored image is 28.41. The image is
restored by the RMT with the discrete spline wavelet packets of fourth order from
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Noised image, PSNR=2.1077 Restored image, PSNR=28.4072

Fig. 14.27 Dummy example: reconstruction of the “Lena” image from a noised (STD = 200)
input. Left input; Right restored image

M

Mm i

l iyi, | x}

Fig. 14.28 Dummy example: reconstruction of the “Lena” image from a noised (STD = 200)
input. Column #232

first to seventh decomposition levels. Altogether, 255 waveforms, whose number
was reduced to 220, were available. The threshold for the stopping rule was chosen
to be 10. The image is successfully restored from the input, which is completely
undistinguishable. Figure 14.28 illustrates reconstruction of the single column #232.
The left frame in the figure displays the noised column (solid line) versus the original
column (dashed line). The right frame displays the restored column (solid line) versus
the original column (dashed line). One can observe that the column is restored from
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Fig. 14.29 Dummy example: Reconstruction of the “Barbara” image from a blurred (Gaussian,
o = 2) and noised (STD = 20) input

Fig. 14.30 Dummy example: Reconstruction of the “Barbara” image from a blurred (Gaussian,
o = 2) and noised (STD = 20) input. Column #450

the input where original signal is completely buried in noise. Certainly, in real life
we never get to know real noise vectors.

Dummy example: restoration of the blurred and strongly noised “Barbara”
image

In this example, the conditions of the experiment were the same as in the example
demonstrated in Fig. 10.6, where the PSNR of the restored image with respect to the
original one was 23.73 dB. Columns of the Barbara image (Fig. 10.5) were blurred
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using Gaussian kernel with ¢ = 2 and corrupted by white noise whose STD was 20.
For oblique projections of remainders, we use the real noise vectors e rather than the
estimated vectors €.

The results of the application of the RMP algorithm to restoration of columns
of the corrupted image are displayed in Figs. 14.29 and 14.30. The PSNR of the
input image is 20.87, while the PSNR of the restored image is 28.43. The image is
restored by the RMT with the discrete spline wavelet packets of fourth order from
first to seventh decomposition levels. Altogether, 255 waveforms were available.
The threshold for the stopping rule was set to be five. The number of waveforms was
reduced to 90. Noise is almost completely removed and the texture is successfully
restored even in the regions where it was lost in the input. Figure 14.30 illustrates
reconstruction of the single column #450. The left frame in the figure displays the
noised column (solid line) versus the original column (dashed line). The right frame
displays the restored column (solid line) versus the original column (dashed line).
One can observe that the column is restored almost perfectly.
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Chapter 15
Biorthogonal Wavelet Transforms

Abstract In this chapter, design and implementation of biorthogonal wavelet trans-
forms of periodic signals is described. For this purpose, perfect reconstruction (PR)
p-filter banks are used. In particular, design of compactly supported wavelets, such as
popular 5/3 and 9/7 wavelets is outlined. Adaptation of the concepts of polynomials
restoration and of vanishing moments to the discrete periodic setting is discussed.

It is important for many applications of the wavelet analysis, such as data com-
pression, denoising, deconvolution, to name a few, that the involved wavelets be
(anti) symmetric. Compact support of the wavelets (FIR filter banks) is important,
for example, in real time processing. The orthogonality of the wavelets is desirable
because this property allows the use of the same p-filters for the analysis and the
synthesis transforms. In addition, orthogonal transforms split the signal space into
mutually orthogonal subspaces.

However, it is well known that the orthogonallity of wavelets is incompatible
with the requirements of symmetry and compact support [1]. The only exception is
the Haar wavelets. All other orthogonal symmetric wavelet systems consist of non-
compactly supported wavelets. The periodic spline orthogonal wavelet and wavelet
packet transforms are described in Chaps. 8, 9 and 14.

In order to keep the compact support and the symmetry requirement, the orthog-
onality should be relaxed to the biorthogonality. A general approach to the design
of compactly supported biorthogonal wavelets, which utilized the Bezout theorem,
was developed in [2] and [3]. In addition, a variety of examples of such wavelets,
many of whom are linked to polynomial splines, are presented in [2] and [3]. One
of these wavelets, the so-called 9/7 wavelet, which is presented in [2] (see also [4])
proved to be especially efficient in image compression. It is included, together with
the so-called 5/3 wavelet into the JPEG 2000 image compression standard [5].

In turn, dismissal of the compact support limitation provides additional flexibil-
ity to the design of wavelet transforms. In Chap. 16, we describe how polynomial
and discrete splines can serve as sources for design of a family of biorthogonal
wavelet bases in the signal space. Although the wavelets to be designed originate
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378 15 Biorthogonal Wavelet Transforms

from splines, they are not splines themselves. Properties of the designed wavelets,
such as symmetry, flat spectra, good time domain localization, vanishing moments,
and smoothness of the waveforms, are valuable for signal processing.

15.1 Two-Channel Filter Banks

It was indicated in Sect.2.2.1 that critically sampled perfect reconstruction (PR)
p-filter banks produce biorthogonal bases in the signal space [T[N]. In this section
we outline two channel p-filter banks with downsampling factor of 2.

15.1.1 Matrix Expression of p-Filter Banks

Assume that H = {flo, ﬁl} is an analysis p-filter bank with downsampling factor of
2, where h? = {ﬁo[k]} € II[N] is a low-pass filter, while h! = {ﬁl[k]} e I1[N]
is a high-pass p-filter. Application of the time-reversed p-filter bank H to a signal
x = {x[k]} € IT[N] produces two signals, y0 and yl, from space IT[N/2]:
YOI = 335 WOtk — 211 x[k].
Y =N Rk =20 x[k], @€ Z.

Denote h® = {fzo[—k]} € I1[N]. The DFT of the signal ﬁo, which is the frequency
response (FR) of the p-filter,

A N71 A A
7o) = Z o ¥ BO1—k] = B[] = AO[—n].
k=0

The signal y° can be regarded as the zero polyphase component of the discrete
convolution y°[/] = S ' h%[x — k] x[k] |5=. Thus, the DFT

N/2—-1
e _ |y ~ 2 A
3]y & g W™yl = 5 (ho[—n] R[]+ Rl=n + N /21 R[n + N/z]) .
Similarly,
$'nl = % (ﬁl[—n] Rn] + ﬁl[—n + N/2] R[n + N/2]) )
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The latter relations can be expressed in a matrix form

50 ~ 20 20
Pl _ Lo ( x[n] ) = det ((hO[n] 7[n + N /2]

is the analysis modulation matrix.

Let x,, def {x[2k + m]}, k € Z, m = 0,1 be polyphase components of the

signal x and h), & {hP[2k +m]}, k € Z, m = 0, 1 be polyphase components of
the p-filters h”, p = 0, 1. The DFT of output signals can be presented in a polyphase
form

~0 ) . 5 7011 70
(Xl[n]l) = P[—n]- ({O[n]l)’ where P[n] & ( folnh Ziilnli (15.1)
y[nh x1[n] h(l)[n]l h}[nh

is the analysis polyphase matrix.

Assume that H = {ho, hl} is a synthesis p-filter bank with upsampling factor of
2, where h® = {h°[k]} € IT[N]is a low-pass filter, while h! = {h'[k]} € IT[N]is
a high-pass filter. Application of the p-filter bank H to signals y° and y' produces a
signal x

N-—1

X[k =D Ok — 200y + 'k — 211 y'[1] (15.2)
=0

x[n] = $°12n) %[n] + $'[2n) A (). (15.3)

The relations Eq. (15.3) can be expressed in a matrix form:

¢ 20 /0 Ll
. x[n] — M[n]- (Xl[n]l)’ where M[n] (Ao h°[n] N h'[n] )
X[n+ N/2] yinh holn+ N/2] h'[n + N /2]

is the synthesis modulation matrix.
The DFT of the signal X can be presented in a polyphase form

~0 70 !
( o[n]l):P[n] _ (y [n]l)’ where P[n] & (ho[”]l ho[”]l) (15.4)

il ' Rty hjinly
is the synthesis polyphase matrix.

<O =o

Definition 15.1 Assume that the pair of signals y° and y! are derived by application
of the analysis p-filter bank H to a signal x, and application of the synthesis p-filter
bank H to the signals y° and y! restores the signal x. If this is true for any signal
X € [I[N] then the pair H and H constitutes a perfect reconstruction (PR) p-filter
bank.
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A PR p-filter bank is characterized by the matrix relations

M[n]-M[—n] =2I,, P[n]-P[-n]=1, I, & ((1)?) (15.5)

Equation (15.5) imply, in particular, the following relations between the analysis and
synthesis p-filters:

0[n] A0 —n] + A'[n] ' [—n] = 2,

}f - o a (15.6)
WO h°l—n + N/21 + h'[n]1h'[—n + N /2] = 0.

15.1.2 Biorthogonal Bases Generated by PR p-Filter Banks

- -1
It follows from Eq. (15.5) that the matrix M[n] = (M[—n]) , which implies the
“perfect decomposition” property:

~0 ~0
Yinli _ Lo o (Y[nh

Hence, the following relations between p-filters arise

An] R T=n] + W n + NJ21 hi—n + N/21 = 28i — j1, i\ j = 0, 1. (15.8)

Proposition 15.1 Assume that the pair H and H constitute a PR p-filter bank:
thus the conditions Eqs. (15.5) and (15.7) are satisfied. Then two-sample shifts

[RO1 =211, R =201} and {hO1- =201, W' =201}, kil =0 N/2 =1, of
impulse responses (IR) of the analysis and synthesis p-filter banks H and H, respec-
tively, form a biorthogonal basis of the signal space T1[N].

Proof Since H and H constitute a PR p-filter bank, any signal x € [T[N] can be
represented as in Eq. (15.2)

x[k] = D" hOlk — 211 y°11] + k' [k — 211 y'[1], where
leZ

=

—1
yP[I) = fzp[k—2l]x[k]:<x,ﬁ”[-—2]]>, p=0,1. (15.9)

~
Il
o

On the other hand, Eq. (15.7) and its derivative Eq. (15.8) imply that the inner products
of the presumed basis signals are
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N—1
<h"[- — 2L [ =21 ) =" hilk — 201 Wik — 207
=0

>~

N—

Z 200 i) ]
2n(h—1) (h (] B [—n] + h'[n + N/2] fl —n+ N/Z])

mO=D = s —1].

,fZ
iz

= |

Here i = 0, 1. In addition, Eq. (15.8) implies that
<h0[~ — 2L R — 2] > = <h1[- — 21RO — 21 > -

Thus, the proposition’s claim follows. |

Remark 15.1.1 According to Proposition 15.1, the PR p-filter bank {ﬁ, H} can be

referred to as the biorthogonal p-filter bank. The analysis {flo[~ — 211, ﬁ1[~ — 21]}

and the synthesis {h0[~ — 211, h![. — 21]} , 1 =0,...,N/2, biorthogonal systems
are interchangeable. A signal x € IT[N] can be represented as

x[k] = D" ROk = 211 5°11] + k' [k — 211 5'[1], where
leZ
N-—1

Fl1=">" [k — 2] x[k] =<x,h"[-—2l]>, p=0,1.
k=0

Proposition 15.2 [f there exists abiorthogonal pair {flo, ho} of the low-pass
p-filters, such that Eq.(15.8) holds withi = j = 0, then the complementary high-
pass p-filters can be defined via the DFT:

A

Ml € o O—n+ N2 R S o BO—n + NJ2). (15.10)
Then, the pair H = {ho, hl} and H = {flo, fll} constitutes a biorthogonal p-filter
bank.

Proof If Eq. (15.8) holds with i = j = 0 and the DFT of p-filters h! and h! are
defined by Eq. (15.10) then the PR relations
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RO AO—n1 + A n] ' [—n]

— A1) hOT—n] + A%ln + N/21 R0 —n + N/2] = 2,
WOt] ROL—n + N/21 + h'[n] h'[—n + N /2]

— O] iOT=n + N/2] — A%[n] W% =n 4+ N /2] = 0

take place. Due to Proposition 15.1, the same is true for the biorthogonal relations:

Wl k' =n] + h'In + NJ21h ' [—n + NJ2] = 2,
W] OT=n] + h'[n + N /21 h%[—n + N /2] = 0.

Corollary 15.1 If the conditions of Proposition 15.2 are satisfied then the impulse
responses of the high-pass p-filters are linked with the impulse responses of the
low-pass p-filters as

Wk = (=D*RT—k — 11, A'lk] = (=D*RO[=k — 1], k € Z. (15.11)

15.1.3 Multilevel Wavelet Transforms

Assume that a pair {f{, H} forms a biorthogonal p-filter bank. Then the impulse

responses of the synthesis and analysis p-filters generate a biorthogonal basis of the
signal space IT[N]. Denote,

Pkl € Rk gk € Rk s =01, ke Z,

and y}), & vo, i ey
The periodic signals w?ll[k] and l/f[ll][k] are referred to as the discrete-time low-

frequency and high-frequency analysis wavelets, respectively, of the first decompo-
sition level while w[O]][k] and w[lll[k] are called synthesis wavelets. Then, expansion

of a signal x € IT[N] becomes x = x?l] + x[ll], where

N/2—1

xiylkl= D" yiylydylk =21, s=0.1, (15.12)
=0
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N-—1
yiglll = > hjylk — 201 x[k] (15.13)
k=0
N—-1 :
Witk = 20061k = (x, - = 211)
k=0

Denote, by I:I[l] def {ﬁfl]} , s =0, 1, an analysis, and by Hjy; def {hfl]} ,s=0,1,
a a synthesis p-filter bank, which operate in the subspace IT[N/2]. Assume that
the pair {fl[l], H[l]} form a PR p-filter bank in the space T[N /2]. It means,in

particular, that the IR of the p-filters {fzfl][k]} and [hfl][k]] ,keZ,s=0,1, are
N /2-periodic signals.

Remark 15.1.2 Tt is natural to define the p-filter banks ﬁ[l] [n] and H{jj[n] via their

def

polyphase matrices as 13[1][71] = I~’[2n], Piy[n] def P[2n], where f’[n] and
P(n], n € Z, are the polyphase matrices of the p-filter banks H and H, respec-
tively. Surely, the PR conditions Ppyj[n] - P[l][—n] = I, are satisfied. However,
different p-filter banks are possible.

Similarly to the whole signal x, the low-frequency signal y?l | € 1I[N /2] can be
represented as

N/4—1
WLkl = Z Yol Ak = 20+ vy [T Ay [k = 211, (15.14)

where the coefficients are

N/2—1 N/2—1 N—1
Ylll= D" hfylv =201yl = D hjylv =21 > ¥k — 2v] x[k]
v=0 v=0 k=0

N-1 N/2—1

= x[x] hiylv =201l — 2v]
k=0 v=0
N—-1 N/2—1

= x[k] flfl][v] }D?l][lc —2v—4[], s=0,1.
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Denote,
N/2—1

Uiylel € Z gy ] 90 [ic — 2],

Then, the coefficients are represented via the inner products: y[sz] 1= <x, wﬁz][' — 4] ]>.
By substituting Eq. (15.14) into Eq. (15.12) with s = 0, we get

N/2—1
xytkl = D7 vk — 21
=0
N/2—1 1 N/4—1
— Z Yy [k — 211 Z Z iy [M By = 22]
s=0 A=0
1 N/4 1 N/2—-1
=D > Al Z Wik — 201 k)l — 221
s=0 A=0
1 N/4—1

Z A Yy [k — 42,

Where
N/2—1

Uiylkl =7 vk = 200 Al 5 =0, 1.

=0

The signals {1// } and {wlz } , s =0, 1, are called the analysis and the synthesis

discrete-time periodic wavelets of the second decomposition level, respectively.
As a result from the two-level wavelet transform, we have the signal x expanded
over 4-sample shifts of the second level wavelets and 2-sample shifts of the first level
; v — S 1
high-frequency wavelets: x = > (X5 + X[,
where

N/4—1 N/2—1
iy lkl = 3000 iyl iyl = 410, oy k] = 20,207 vl Tk = 241,

sl = (% Iyl =401}, vyl = (x gy = 201) s =0.1.

Assume that the analysis H, &f {flfﬂ]} , s = 0,1, and the synthesis H, &t

{hf u]} , s = 0, 1, p-filter banks with downsampling by factor of 2, which operate in

the subspaces IT[N /2"], form PR p-filter banks and lN’[M [n], w=0,...,—1, and
P(,,1[n] are their polyphase matrices, respectively.



15.1 Two-Channel Filter Banks

385
Then, iterated transforms with the p-filter banks H w)[n] and Hy,[n]
N/2HF ]
Walkl = > 3Py lh gk =20+ v, g ALk =200, (15.15)
1=0
N/2H—1
OE Z B gl =20 y0401 s =01, p=1,....,m—1,(15.16)
leads to wavelet expansion of the signal x = x R > =1 x where
P
ol = 30y Wk — 2710, s =0, 1,
N/2H—1
xp gtk = S T g k= 220, < m, (15.17)

Y11= <X’ Viml - 2m”>’ Yl = <X’ Vil = 2“”)'
The synthesis and analysis wavelets are derived iteratively

def N/2h—1
viglkl = XY

120 Lol ),k =277,
(15.18)
def < N/2471-1 7 7 _
Yotk = 3 L),k =2#71], s =0, 1.

Proposition 15.3 Assume that N = 2/ and the integer m < j. The wavelet systems

N/2®
o & btk — 2] Um[k 241
ot
N/m m
W Stk - 2'”111} U1 vtk — 2411
pu=l 1=0

Jform a biorthogonal pair of bases in the signal space I1[N]

Proof Note that either of the systems ¥, and ¥,, comprises exactly N terms. Denote
elements of the system lI/ as bu and the respective elements of ¥,,, as b,, v =

N. Equation (15.17) implies that any signal x € IT[N] is represented as
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DECOMPOSITION

RECONSTRUCTION
@ u|-@% —©- 5]

@

Fig. 15.1 Diagrams of direct (fop) and inverse (bottom) 3-level wavelet transforms

v=1

Then,

X = ZN_ <X, f)v> b, . Thus, the system ¥, constitutes abasisin [T[N]. Take x = b,.

b, = ﬁ:(bk, Bv> b, = <bK, Bv> = 8[k —v].

v=1

Surely, the systems ¥, and ¥, are interchangeable. |

The m-level wavelet transform of a signal x € [T[N] results in the set of N
coefficients

m
1 0 def [ o N2t 1 def [ 1 N2t
X — Y =Y, UY[m’ Yim = {y[m][”},:o c Yy = {y[u][l]}: ,

where the coefficients y[SM] [[] are derived by the convolution operations of
Egs. (15.12), (15.13), (15.15). The set Y, of the transform coefficients can be
regarded as the set of coordinates of the signal x in a biorthogonal basis.

The transform is invertible. Once the set Y,, of coefficients is available, consecu-
tive application of the convolution operations Eqs. (15.12), (15.15) restores the signal
x. Diagrams in Fig. 15.1 illustrate direct and inverse multilevel wavelet transforms.

15.1.4 Implementation of Multi-Level Wavelet Transforms

In order to practically implement a wavelet transform of a periodic signal, it is
advisable to use the DFT and the polyphase representations of the transforms,
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which extends Eqs. (15.1) and (15.4). For uniformity, denote temporarily the PR
pair of p-filter banks H and H from the initial level as ﬁ[o] and Hj), respec-
tively. Their polyphase matrices are denoted as f’[o][n] and Pjgj[n]. Assume that
x = {x[k]} € II[N] is a signal to be operated by the m-level wavelet transform
with the PR pairs IjI[,L] and Hy,;, u© = 0,...,m — 1. For simplicity, assume that
the polyphase matrices of the p-filter banks from the adjacent levels are linked as

~ def =~ def
Ppyln] = Pyy2n], Pyoqn]l = Pyyl2al.

Algorithm 1 Direct transform

1: Initialization: y © y Split y into the even and the odd polyphase components y = yo +y; and
calculate the DFT of {Jo[n]1} and {$:1[n]:}.

2: Forp=1tom Implement the one-level transform
(?E}][ﬂ]# ) =Py_q[-n]- (20['1]“)
AR " Jilnl,
Calculate the IDFT
. N/2H—1
Yilkl = Z ok 51 nl,

n=0

and store the transform coefficients y[u] def {y[lu] [k]} ,k=0,...,N/2" -1,

of the u-th decomposition level.
N def .
Put §[nl, = 30,0l n € Z.
Compute the DFT {)A’O[n]wrl } and {§| [”]/LH} of the even and the odd
polyphase components of the signal y:

$nly + $ln + N/2#H1], $lnly — 3ln + Nj2# 1,

Jilnl =

)A’O[”]MH =

2 ’ 202k
Compute the IDFT
om N/2"—1
Yo k] = Z " 50 [l

n=0

and store the transform coefficients y?m] def {yﬁn] [k]} ,k=0,...,N/2"—1
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Algorithm 2 Inverse transform
3: Initialization: Compute the DFT

N/2" -1
Soglnlm = D @ Xy Kl k=0,... N/2" 1, 5=0,1
k=0
Forpu=m—1to0 Implement the one-level inverse transform
)A’O[n]u )A’PH,”[n]p,Jrl
P1n] = P[MJ[”]' A{
Yilltly y[u+]][n]lL+1
Compute the DFT &‘llm[n]ﬂ = ,1:]:/3#_1 w2 kn y[SHJ [kl,n=0,..., N/2H —1
Compute the DFT

S0alnle = Solnlusr + 02 * $ilnlp

Compute the IDFT

) N/2—1 2 N/2—1
yolkl = = >0 @™ Solnli, nilkl= = > o™ jilnl,
n=0 n=0

Put x[2k] = yo[k], x[2k + 1] = y;[k]

Another implementation algorithm, which is based on the so-called lifting scheme,
is presented in Sect. 16.1.

15.2 Compactly Supported Biorthogonal Wavelets

In this section we outline the design scheme of compactly supported (anti) symmetric
wavelets, which is presented in [2]. The scheme is to be the adapted to the discrete-
time periodic setting.

Section 15.1.3 describes how to derive a multilevel biorthogonal wavelet transform
from biorthogonal two channel p-filter banks. It follows from Proposition 15.2 that,

once we have a biorthogonal pair {ﬁo, ho} of the low-pass p-filters such that

W01 RO[=n] + A%[n + N /21 h%[—n + N /2] = 2, (15.19)

the high-pass p-filters {fll, h]} complementing the pair to the biorthogonal
p-filter bank are derived straightforward. Certainly, if the p-filters {flo, ho} and,

consequently, the p-filters {fll, h! }, have finite impulse response up to periodicity
(p-FIR) and linear phase, then the corresponding discrete-time wavelets of the first
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discrete level are compactly supported (up to periodicity) and (anti-)symmetric. The
wavelets of the subsequent decomposition levels are derived iteratively as described
in Sect. 15.1.3. They also have compact supports whose span doubles when passing
from a decomposition level to the next one. Thus, the key point is the design of

an appropriate biorthogonal pair {flo, ho} of the low-pass p-filters operating in the
signal space [T[N].

15.2.1 Biorthogonal Low-Pass FIR p-Filters

Start with a proposition, which is established in [2]. Define the polynomial of
degree p — 1

p—1
—1+k
NS (p + )tk, p=23.... (15.20)
k
k=0
Proposition 15.4 [2] There holds the identity
(1 =0 Py(t) +17 P,(1 —1) = 1. (15.21)

Take t = sin?7n/N. Then, | — ¢t = cos’zwn/N = sin’>zw(n + N/2)/N and
Eq. (15.21) entails the following trigonometric identity:

1.

(15.22)
Comparing Eq. (15.22) with the biorthogonality relation Eq. (15.19), we see that,
once we factorize the trigonometric polynomial

N/2 N/2
cos?? % P (sin2 71_1\171) + cos?? M P (sin2 M =

Toln] & 2cos? % P,[n] (sin2 %) -0 (sin2 7;[—”) 0 (sinz %”) (15.23)
into a product of two pqunomials of sin?7n /N such that Q(0) Q(O) = 2, then

the polynomials Q and Q can serve as the frequency responses of the biorthogonal
low-pass FIR p-filters with linear phase:

WOl = 0 (sin2 %) . mi=o0 (sin2 %) . (15.24)

The complementary high-pass p-filters can be produced in line with Egs. (15.10) and
(15.11).
An apparent way to factorize the polynomial, when the degree p > 1, is

~ 2 2
h°[n] = g cos> P~ %, h°[n] = = cos?” % P (s.in2 %) , g >0, (15.25)
q
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where s < p is a natural number. Equation (13.1.1) implies that cos>” wn/N is the
DFT of the discrete B-spline b[z{ 1> Whose span is 2, and the order is 2r. Thus, the

impulse response of the synthesis low-pass p-filter h[k] = bzr [].

An advantage of such a factorization is that the p-filters coefﬁ01ents are rational
numbers. Thus, filtering can be implemented in time domain via integer operations.
Many examples of p-filters derived via factorization of Eq. (15.25) type are given in
[2]. We discuss only one example of the so-called 5/3 p-filters, which are utilized in
the JPEG 2000 standard for the lossless image compression.

15.2.2 Examples

15.2.2.1 5/3 p-Filters
Assume p = 2. Then,
Trn] = 2 cos™ W (l + 25sin? Wn) = (ZCos2 7;]—”) (0052 % (1 + 25sin? 7;]—”)) .

Consequently, we define,

n

W0[n] = 2 cos? % - % F1+ w2 : (15.26)
) 1
701n] = cos® ”—1\? (1+2sin” %) =S (@ +2407) (-0 — )
(1)2” " 3 w " w*Zﬂ
I T e R

Obviously, h® and h® are low-pass p-filters. The complementary high-pass
p-filters are

(,()2” ; 1
2 T Ty
W'[n] = o i%—n + N/2] = o sin? W (1+2cos %) (15.27)

h'[n] = " BO—n + N/2] = 20" sin® ’;v—” -

n

= % (—o"+2—0™) (4+ " +0™")

W w 30" 1 w

The impulse responses of the p-filters (up to periodicity), which are the discrete-time
wavelets of the first decomposition level, are given in Table 15.1.
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Table 15.1 Impulse

responses of the 5/3 p-filters - - —2 ! 0 ! 2 3
ho[k]zx//g”[k] - 172 1 12 - -
ROIk] = Yy k1 —1/8 1/4  3/4 14 —1/8 -
WK =yl - - 12 1 -1/2 -
h'k] = 9rfylk] - —1/8 —1/4 3/4 —1/4 —1/8
Analysis filters DFT of analysis filters
1 ’ ’ ' ' 2
05 | 1.5
1
0
0.5
- L L 1 L ' 0 L
03 5 10 15 20 25 30 0 64 127
Synthesis filters DFT of synthhesis filters
1 : : : , of ,
0.5 181
1
0
05}
05 : : ; : s 0 ‘
0 8 10 15 20 25 30 0 64 127

Fig. 15.2 Impulse and magnitude responses of the 5/3 p-filters

The analysis and synthesis wavelets of lower decomposition levels generated by
the 5/3 p-filters are derived using Eq. (15.18). The impulse and magnitude responses
of the 5/3 p-filters are displayed in Fig. 15.2.

15.2.2.2 9/7 p-Filters

Another way to factorize the trigonometric polynomial T),[n], which leads to syn-
thesis and analysis p-filters, whose lengths are close to each other, is to factorize the
polynomial P, (t) defined in Eq. (15.20): P,(t) = P) (1) P;(1), where P)(t) and

P[% () are real-valued polynomials, and to define
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Table 15.2 Impulse

responses of the low-pass 9/7 k hik] = wlo”[k] hik] = 1//?] (K]

p-filters 0 0.85269867900889 0.78848561640637
+1 0.37740285561283 0.41809227322204
+2 —0.11062440441844 —0.04068941760920
+3 —0.02384946501956 —0.06453888262876
+4 0.03782845554969 0

Tpln] & 2cos?P % Pyln] (sin2 %) -0 (sin2 %) ) (sin2 %) = 701n] K[ =n]
Q((sin2 %) = /2 cos” % Pll[n] (sin2 %) ,
Q((Sin2 n—]\;l) = /2 cos” ﬂ—]\;l P,%[n] (sin2 ﬂ—}:) .

If degrees of polynomials P[% (t) and P[% (r) differ by 1 then lengths of the impulse

responses of the synthesis h” and the analysis h® p-filters differ by two. These
biorthogonal p-filters are close to orthogonal ones. An important example is the
set of so-called 9/7 p-filters, which are utilized in the JPEG 2000 standard for lossy
image compression.

Assume that p = 4. Then,

Ty[n] = 2 cos® % P, (sin2 %”) Py ) =14414+107% +204°,
The polynomial

Py(t) = 20(t +a) (1> + bit + by), a ~ 0.342384094858369,
b1 ~ 0.157615905141630, bg ~ 0.146034820982800.

Define
P01 4T (o TN )
h"[n] = C cos (sm N +a
_é(a)n_'_z_,r_wfn)z +_wn+2_w—n
- 16 “ 4
Ko[n] = C cos* % (sin4 ’;V—” + by sin? ’;V—” + bo) (15.28)

2
(a)” +2+w_”) —"+2—w"  (—"+2—w")?
=-C— b b ’
T (o+ | : + < )

C ~ 1.032622122063015, C =2/C ~ 1.936816921958170.

The impulse responses of the low-pass 9/7 p-filters are given in Table 15.2.
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i Analysis filters DFT of analysis filters
1.5
0.5 1
0 0.5
0% 5 10 15 2 2 320 % 64 127
] Synthesis filters DFT of synthesis filters
1.5
0.5 1
0 05
0% 5 10 15 20 25 30 0f o To7

Fig. 15.3 Impulse and magnitude responses of the 9/7 p-filters

The frequency responses of the high-pass p-filters are

h'[n] = o"C sin* %n (0052 m + a)

N
)
s (" +2—-w ") " +2+ 0"
— nC (
w 6 (a + —4 )
W'n] = " C sin’ % (0054 % + by cos? ”—1\7 + bo) , (15.29)
2
(—a)" +2— a)_”) 24w (" 42+ o )?
=C bo + b .
16 (°+ ! 4 + 16

The impulse responses of the high-pass 9/7 p-filters:
h'k] =yl [kl = (—=DFRO[—k—1],  RA'[k] = ¥]} [kl = (—=DFRO[—k—1], k € Z.

Remark 15.2.1 Filtering with the 9/7 p-filters can be implemented either directly in
the time domain, utilizing the impulse responses, or in the frequency domain, in line
with the algorithm described in Sect. 15.1.4. An alternative way to implement the
transforms is based on the so-called lifting scheme to be discussed in Sect. 16.1.

The impulse and magnitude responses of the 9/7 p-filters are displayed in Fig. 15.3.
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15.3 Restoration of Sampled Polynomials and Discrete
Vanishing Moments

It is apparent that, as the frequency response of a low-pass p-filter h at the vicinity
of zero becomes more flat, it better restores band-limited signals. To be specific, if
fz[n] = c as |n| < ng (up to a period N) and the DFT x[n] of a signal x € [T[N]
is zero outside the interval —ng < n < ng, then application of the p-filter h exactly
(up to the constant) restores the signal x by ZINZBI hlk — 1] x[l] = c x[k].

15.3.1 Restoration of Sampled Polynomials

Flatness of the frequency response of a low-pass p-filter can be characterized by the
difference fl[n] — fl[O]. Under the assumption that the frequency response ft[n] is a
rational function of " = ¢27"/N which has no poles while n € Z, the difference
hln] — h[0] = (&@" — 1)™ «[n],, where m is some natural number, and «[n] is a
rational function of ", which has no poles while n € Z and «[0] # 0. The higher
the multiplicity m of the root is, the flatter the frequency response.

Equation (1.26) claims that the sequence (w" — 1) is the DFT of the circular
finite difference of order m and (0" —1)"x[n] = A [x][n]. The sequence {«[n]} can
be regarded as the frequency response of a low-(all-)pass p-filter a. Then, application
of the p-filter h to a signal x € IT[N] can be represented as

hx = A[0]x + a A”[x]. (15.30)

Certainly, sampled polynomials do not belong to IT[N] and p-filters can not be
applied to them. However, the following facts related to the classical Fix-Strang
condition [6] hold.

Proposition 15.5 Assume that the frequency response of the low-pass p-filter h can
be represented as

m—1
hln] = AL01 + (" — 1) aln] + D (0" —1)" B, (15.31)
n=1

where m is some natural number, «[n] is a rational function of »", which has no
poles for n € Z, and «[0] # 0, and B, are constants. Suppose, p is a signal from
II[N], which coincides with a sampled polynomial Py,_1 of degree m — 1 at some
interval: plk] = Pyu—1(k) ask =ko, ..., kpn, where m < k,, —ko < N. Then,

T

hik — 1 pll] = Omo1(K), ask =ko, ...,k —m — 1, (15.32)

N
Il
S
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where Q,,—1(t) is a polynomial of degree m — 1. In a special case when all the
coefficients B, =0

N—

,_

hlk — 11 pll] = h[0] Ppy_1(k), ask =ko, ... . ky —m — 1. (15.33)
=0

Proof Under the condition Eq. (15.31) with all 8, = 0, application of the p-filter h
to a signal x € [T[N] can be represented as in Eq. (15.30). The finite difference of
the signal p

m

m fm m
A [P][k]=2(—1) ; plk+11= A"[Py_11(k), ask = ko, ..., km —m —1.
=0

According to Proposition 1.1, A™[P,,_{][k] = 0. Hence Eq. (15.33) follows. If some
of the coefficients B,, do not vanish then application of the p-filter h to the sampled

polynomial P,,_; on the interval k = ko, ..., k;, results in
N—1 m—1
hlk —1] pll] = h[O] Py—1 (k) + Z B A [pllk] = Qm—1(k),
=0 n=1
ask=ko,....kyy —m —1. [ |

Definition 15.2 If Eq. (15.32) with a low-pass p-filter h holds then we say that the
p-filter h locally reproduces sampled polynomials of degree m — 1. If Eq. (15.33) is
true then we say that the p-filter h locally restores sampled polynomials of degree
m— 1.

Proposition 15.6 Assume that R(z) is a rational function, which does not have a
root at 7 = 1, R(z) = P,(2)/Q«(2) and the polynomials P,(z) and Q,(z) are
structured as Py (z) = p+(z—1)"Py—s(2), Qx(2) = q+ (@ —1)" Qx—(2). If p # 0
then R(z) = R(1) + (z — DM R(7), where R(z) is a rational function, which
does not have root at z = 1.

The proof is straightforward.

15.3.2 Discrete Vanishing Moments

Proposition 15.7 Assume that the frequency response of the high(band)-pass p-filter
g can be represented as g[n] = (" — 1) «a[n], where m is some natural number
and «[n] is a rational function of ", which has no poles for n € 7. and «[0] # O.
Assume p is a signal from I[1[N], and it coincides with a sampled polynomial Py, 1
of degree m — 1 at some interval plk] = Pn_1(k) as k = ko, ..., ky, where m <
km — ko < N. Then, "' glk — 11 pll] = 0, ask =ko, ..., ky —m — 1.
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The proof is similar to the proof of Proposition 15.5.

Definition 15.3 If a high (band)-pass p-filter g satisfies the conditions of Proposition

15.7, we say that the p-filter g locally eliminates sampled polynomials of degree

m — 1. If a wavelet v 1][k] def glkl, k € Z, we say that the wavelet V1] has m

local discrete Vamshlng moments (LDVM).

Assume that g is a high-pass p-filter whose frequency response g[n] is a rational
function of »", which has no poles forn € Z and ¢g[N /2] # 0. Then, in the vicinity of
N /2, the frequency response can be represented as g[n] = g[N/2]+ (0" + 1)1 Blnl,
where [ is some natural number and B[n] is a rational function of ", which has no
poles forn € Zand B[N /2] # 0. The power [ determines the flatness of the frequency
response g[n] in the vicinity of N /2.

Remark 15.3.1 The statements of Propositions 15.5 and 15.7 concerning the low-
pass h and high-pass g p-filters, respectively, remain true if the frequency responses
are represented as

h[n] = h[0] + sin” ’jv—”&[n], 2[n] = sin” % &lnl,

where m is some natural number and @[n] is a rational function of ", which has no
poles for n € Z and a[0] # 0.

Restoration of polynomials by low-pass filters coupled with their elimination
by respective high—pass filters constituting the filter banks is important in signal
processing applications. For example, when data compression is implemented by
multiscale wavelet transforms, this property enables us to condense the information
on the smooth component of a signal or an image into a small number of low-
frequency transform coefficients.

15.3.3 Examples

5/3 wavelets The frequency responses of the low-pass p-filters are

20 , TN ) TN
h'[n] = 2c08? = =2 — 2sin® — (15.34)
N N
WO[n] (1+z 211 ) 14sin? ™ cos 20 (15.35)
n] = cos®> — sin> — ) = sin®> — cos ——. .
N N N N

Thus, the p-filters h® and h° locally restore first degree polynomials.
The frequency responses of the high-pass p-filters are

h'[n] = 20" sin® % h'[n] = &" sin? % (1 +2cos? %) . (15.36)
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Therefore, the p-filters h' and h! locally eliminate first degree polynomials. The
wavelets w[lu[k] = h![k] and w[ll][k] = h![k] have two LDVM each.
9/7 wavelets  Equations (15.28) imply that

WO[n] — i°[0] = € (cos4 iv—” (sin2 % + a) - a)

=C sin? jjv—n(cos“ ™ _, (cos2 ij_n + 1) )
fto[n] — sz[O] =C (cos4 nﬁn (sin4 % + by sin® % + bo) — bo)

=C sin? 7;v—n(cos4 % (sin2 7]tv_n +b1) — by (0052 7;\7—” + 1) )

The 9/7 p-filters h” and h locally restore first degree polynomials but locally
reproduces cubic polynomials.

However, it is seen from Eq. (15.29) that the frequency responses of the high-
pass p-filters h! and h! comprise the factor sin* 71/ N . Therefore, the p-filters h'
and h! locally eliminate cubic polynomials. The wavelets w[ll][k] = h![k] and

¥ {jylk] = h'[k] have four LDVM each.
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Chapter 16
Biorthogonal Wavelet Transforms
Originating from Splines

Abstract This section describes how to generate families of biorthogonal wavelet
transforms in spaces of periodic signals using prediction p-filters originating from
polynomial and discrete splines. The wavelets related to those transforms are
(anti)symmetric, well localized in time domain and have flat spectra. The families
contain low-pass p-filters, which locally restore sampled polynomials of any degree,
while the respective high-pass p-filters locally eliminate polynomials of the same
degrees.

16.1 Lifting Scheme of Wavelet Transforms

A useful tool for design and implementation of biorthogonal wavelet transforms is
provided by the so-called lifting scheme introduced by Sweldens [8—10].

16.1.1 Lifting Steps

Generally, the lifting scheme of the wavelet transform of a signal consists of four
steps: 1. Split, 2. Predict, 3. Update (lifting), and 4. Normalization. To reconstruct
the signal from the transform coefficients, the lifting steps are reversed.

16.1.1.1 Decomposition

The following are the lifting steps for the decomposition of a signal x € IT[N].

Split: The signal x = {x[/]} € IT[N] is split into its polyphase com-
ponents: X = Xo + X1, where x, = {x,[/] o x[21 + plyiez,
p=0,1.

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 399

to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_16,
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Predict:

Update (Lifting):

Normalization:

16 Biorthogonal Wavelet Transforms Originating from Splines

The even polyphase component is filtered by some low-pass
prediction p-filter f in order for the filtered version of the even
component X to predict the odd component x; . Then, the existing
odd array x is replaced by the array a', which is the difference
between x; and the predicted array.

In the frequency domain, the operations are described as

a'ln]y = f1lnly — flnl Zolnh

Generally, downsampling the original signal x into Xy depletes
the signal’s smoothness. To obtain a sparse signal similar to the
original x, and, by this means, to eliminate the spectral aliasing,
the produced array a! is filtered by a low-pass update filter, which
we prefer to denote by f/2. The filtered array is used to update
the even array Xo resulting in the array a°:

~0 A 1A ~1
a’[n]y = xo[n]1 + Ef[nh a [n].

Provided that the p-filter f is properly chosen, the even array xg
is transformed into a smoothed and downsampled replica of x.
Finally, the smoothed array y?l] and the array of details y[ll] are

obtained by the operation y?l] =2ad, ygl] =al/V2.

16.1.1.2 Reconstruction

One of the most attractive features of lifting schemes is that reconstruction of the
signal x from the arrays y?l] and y[ll] is implemented by reverse decomposition:

Undo Normalization: a® = y?l] /V2 al =42 y[ll]-

Undo Lifting:

Undo Predict:

Undo Split:

The even polyphase component %o[n]; = a°[n]; — %

fInly a'[n]; is restored.

The odd polyphase component %[n]; = a'[n]; + flnli
Xo[n]p is restored.

The last step is the standard restoration of the signal from
its even and odd components. In the frequency domain, it
appears as x[n] = xo[n]] + @ " x{[n];.

16.1.2 Filter Banks

Rewriting the lifting steps in a matrix form, we obtain the polyphase matrices of the
wavelet transforms:
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(5’0[”]1) (\/— 0 ) (1 fln] 1/2) 10 .(320[”]1)
$'nl 0 1/42 1 —flnh 1 *1[nly
_pr_1. [ *olnh
= Pl=n] (fl[n]l)'
Hence, the analysis polyphase matrix is

pig = (V2 (1= i fonn2) fiemi 2
—fl=m/v2 132

The reconstruction operations are represented by
Rolalty _( 1 O .(1 —f[n]1/2) , (l/f 0 ) Ao[nh)
X1[nly flnh 1 0 1 0 V2 $1n)
50
ynh
=Pn]-( - .
) (yl[nh)
Hence, the synthesis polyphase matrix is

Pln] = V2 —fln11/V2
I\ VR (1= fin i) )

Obviously, the perfect reconstruction condition P[r] - f’[—n] = I, is satisfied. Recall
that the polyphase matrices of p-filter banks {flo, h! } and {ho, h! } are, respectively

iy e ((31m11 Sin, []d_ef(h e 5[n11).
hinly hlinl ) [n1y hilnly

Thus, the frequency responses of the synthesis p-filters are

~0 . 1 a3

it = — (1+o7" fimh)

A 1 /2 A A

Wl =™ ﬁ(l =5 (Fn frmn - w"f[n]l)) (16.1)
a)—)’l

-2 (1= finl + Wil

where R
Winli € 1= flnl, flnls. (16.2)
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The frequency responses of the analysis p-filters are

W0 = L5 (1407 flnly + Wi=nl)) = o7 i [=n + N/2],

Winl =22 (1 - w"f[—n]l) — 0" h%[=n + N/2].

(16.3)

The pairs {flo, h! } and {h°, h'} constitute a perfect reconstruction biorthogonal
p-filter bank. Thus, the transform of a signal x —> y° Jy' can be regarded as

~ f - ~ f - .
one step of a wavelet transform, where wﬁ] ' RO and 1//[11] L RO are the analysis

. . . f def .
discrete-time wavelets, while wf.l] ' ho and Y = hO are the synthesis discrete-

time wavelets. The analysis and synthesis wavelets are interchangeable.

If the DFT of the zero polyphase component of a p-filter h is a constant holn]) = ¢
then the p-filter is regarded as interpolating. We see from (16.1) that the low-pass
synthesis p-filter h” is interpolating. Consequently, the zero polyphase component
of the synthesis wavelet w[()]] interpolates the Kroneker delta (up to the constant

¢ = 27Y2) It means that

¢, ifl=kN/2, k eZ;
wﬁJ[ZI] - IO, otherwise( e
Properties of the p-filter banks and the corresponding wavelets are determined by
choice of the predict f and the update f p-filters. The perfect reconstruction and
the biorthogonality conditions for the presented p-filter banks are satisfied with any
choice of low-pass p-filters f and f. However, utilization of polynomial and discrete
splines for the p-filters design produces a diverse family of biorthogonal wavelets.
Properties of those wavelets such as symmetry, interpolation, smoothness, flat spec-
tra, good time-domain localizations and vanishing moments fit well signal processing
needs. Implementation of these transforms is highly efficient.

Remark 16.1.1 Once a predict p-ﬁlterf is selected, any low-pass p-filter can serve
as the update p-filter £. For simplicity, in what follows, we choose the update p-filter

f to be equal to the time-reversed predict p-filter £, that is, f[n]l = f[—nl\. Other
options are discussed in [1-3].

Proposition 16.1 [fthe update p-filter frequency response f [n]) = f [—n]y and the
symmetry property o~ " f[—nli = o" f[n]i holds then the frequency responses of
the p-filters h® and h! are

O] = — (1407 fl=n1). ) = <
V2 V2

and the sequence W[n]| can be represented in the following way:

(1 - w”f[n]l) C(16.4)
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Winli =1 —|flnli* = A —o " flnl) A+ " fl-nl))  (16.5)
= 20" h'[n] h'[n] = W[=n],.

Proof The symmetry property implies Eq.(16.4), and the relation W(n]; =
11— |f[n]1|2. On the other hand,

20" WOl h'[n] = (1 — o fln]) (1 + &~ fl—nl))
=1— 0" flnli + @ " fl-nl — |flnh|?
=1 — " fl—nl + " fl=nli — | fInli? = 1 = [ flnhi|* = W[nli.
|

Corollary 16.1 Under conditions of Proposition 16.1, the frequency response of the
p-filters h' and h° are represented in the following way:

0 _ 1 nf _ 70 nil
]f [n] = f_zn(l +w f[n]l + W[n]l) _h: [n] (1 +V2w hA [n]), o6
ANEE (1 — " fln]y + W[n]l) — h'[n] (1 + ﬁwnho[n]) .

The wavelet transform is extended to the second decomposition level by application
.y . . def . -
of the lifting operations to the coefficients array y([)” = y" using prediction and

update p-filters f| (17 and fj1}, respectively, which operate in the subspace [N /2]. The
simplest way to derive the p-filters f]1} and f}1; is to define their frequency responses

= def 2 2 def 2 .
as finlnl = f[2n]> and f{1lnl2 = f[2n];. Extension of the transforms to the
subsequent decomposition levels is similar. Reconstruction is implemented in an
inverse order.

16.2 Prediction Filters Derived from Polynomial Splines

Splines provide flexible tools for design of the predict p-filters. The idea behind the
design is to construct either a polynomial or a discrete spline, which interpolates or
quasi-interpolates even samples of a signal, and to predict odd samples by the spline
values at the midpoints between the (quasi-)interpolation points. In this section the
polynomial splines case is discussed.

We deal with splines that are defined on the uniform grid {k} and are periodic
with the period N/2 = 2/,



404 16 Biorthogonal Wavelet Transforms Originating from Splines

16.2.1 Periodic Interpolating Splines

The space of N /2-periodic splines of order p defined on the uniform grid {k} is
denoted by ”.771]. A basis in this space is constituted by shifts of the N /2-periodic
B-spline, which is denoted by [Bﬁ](t). Its Fourier series expansion is

Bl = = 3 ptmin/ (SMZTH/NAT
N = 2nn/N

The B-spline Bﬁ (1) is supported on the interval (—p/2, p/2) (up to periodization).
Any spline S”(¢) from ”.77(j is represented as

N/2—1

SP(ty= D" qlk] Byt — k).

k=0
Its values at integer and semi-integer points are the circular convolutions

N/2—1 N/2—1

1
soll] & Py = Z gkl boll — k1, s111 % sP (l I E) _ Z K1 bl — K1,
k=0 =
def def 1
bolt) & B0, bl Bl (1 i 5),
The DFT of the sequence {b.[l]}, r =0, 1, is denoted as
o N/2—1
h - def »
uf’l][n] = bo[n]; = Z w2 bolll, Vﬁ][”] = binl;.
1=0

If the spline S”(¢) interpolates the even polyphase component xg = {x[2/]} of a
signal x € IT[N] then its coefficients g[k] can be explicitly calculated via the DFT

. . . . Xoln]
Solnli = Gln]1 ufyy[n] = Zolnls = §lnh = u?,l][n]]
vy ]
= f1ln]1 = Gl v Inl = 51— o]y (16.7)

upylnl
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16.2.2 Prediction p-filters

Equation (16.7) means that, in order to predict the odd polyphase component x; of
asignal x € IT[N] by the midpoint values of the spline, which interpolates the even
polyphase component Xo, one should filter the array xq by the p-filter £/, whose
frequency response is

4
Ap dif V[l][l’l]
felnhi = uf’l][n]

(16.8)

Proposition 16.2 The p-filter £ is low-pass, and the following symmetry property
holds: R R
o™ [l = o" [ [-n] (16.9)

Proof The N /2-periodic sequence uﬁ][n], which is the characteristic sequence of
the spline space ”.7{1), is strictly positive. Due to symmetry and positiveness of the
B-spline, uﬁ][n] = uf’l][—n]l, thus it is a cosine polynomial with positive coeffi-
cients. It is symmetric about N /4, where it has its single minimum. The maximal
value of uf’l][n] is 1, being reached when n = 0. A few characteristic sequences

are displayed in Fig.3.4. As for the sequence vf’]][n], its value when n = 0 is

2 .
v[pl][O] = 2]:/0 1B[’I](k +1/2) > 0 (indeed, vﬁ][O] = 1 for any natural p).

Thus, fcp[O]l > 0 and, consequently, f/ is low-pass p-filter. Define, the N-periodic

sequence {b[l ] & B[l;] €/2) } This sequence is symmetric about zero. Therefore, its

DFT

N—1
blnl = D" 0 "blll = bolnli + o™ bilnly = ufyjln] + ™" vf}[n]
=0

is symmetric about swap n — —n. Since u[p“[n] = uﬁl[—n]l, the same is true for
w™" vﬁ][n]. Hence, Eq. (16.9) follows. [ |

Table 16.1 presents the sequences {B? (1)} and {B? (I + 1/2)} for different values
of p. The samples of higher order splines are calculated by the MATLAB function
bsuvP.m. They are gathered in the file BSUV.mat.

The continuous counterparts of the sequences uﬁ][n] and vP[n];, which are
discrete-time Fourier transforms of the non-periodic B-splines, were introduced and
studied in [7]. Some additional properties of the sequences uf’l][n] and v [n]; are
established in [3, 13].
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Table 16.1 Sampled B-splines { B;,()} and [ Bf,¢ +1/2)}

l -4 -3 2 -1 0 1 2 3 4
B%() 0 0 0 0 1 0 0 0 0
B3() x 8 0 0 0 1 6 1 0 0 0
B*() x 6 0 0 0 1 4 1 0 0 0
B3(l) x 384 0 0 1 76 230 76 1 0 0
BO(l) x 120 0 0 1 26 66 26 1 0 0
B7(l) x 46080 0 1 722 10543 23548 10543 722 1 0
B2(1+1/2) x 2 0 0 0 1 1 0 0 0 0
B3(1+1/2) x2 0 0 0 1 1 0 0 0 0
B*(+1/2) x 48 0 0 1 23 23 1 0 0 0
B3(l+1/2) x 24 0 0 1 11 11 1 0 0 0
BO(I+1/2) x 3840 0 1 237 1682 1682 237 1 0 0
B7(l +1/2) x 720 0 1 57 302 302 57 1 0 0

16.2.3 Approximation Properties of Spline p-filters

Approximation properties of interpolating splines are well investigated. In particu-
lar, the non-periodic interpolating spline of order p, which consists of piece-wise
polynomials of degree p — 1, restores polynomials of degree p — 1. It means that
a spline of order p, which interpolates a polynomial 7,1 (¢) of degree p — 1 on
the grid {/}, coincides with this polynomial: Sf,’pfl(t) = mp—1(¢). In particular,
Sf,’p_l (!l +1/2) =mp_1( + 1/2). However, when the spline order p = 2r — 1 is an
odd number, the so-called super-convergence property holds, that is, the approxima-
tion order of such splines at the midpoints between the interpolation points is higher
than at the rest of points.

Specifically, If a spline of order p = 2r — 1 (degree p—1) interpolates a poly-
nomial} 7 ,(t) of degree pon the grid {l}, then S#p (I 4+1/2) = mp(I +1/2). The
super-convergence property was established in [13]. For periodic splines, the approx-
imation properties hold locally [3], attested by the following fact:

Proposition 16.3 ([3]) If the spline order is p = 2r or p = 2r — 1 then

o " fP[nly = 1 + sin? % xP[nl, (16.10)

where r is a natural number and x?[n] is a rational function of ", which has no
poles for n € Z and no root at n = 0.

The frequency responses pr [n]; of the p-filters £/, which are defined in Eq. (16.8),
are readily calculated via the DFT of the sampled B-splines.

Therefore, the choice of interpolating splines, especially of the odd order splines,
as a source for design of the prediction filters is well justified.
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16.2.4 Perfect Reconstruction p-filter Banks

In order to design PR p-filter banks, which implement the biorthogonal wavelet
transforms, the prediction p-filters are chosen to be f = £7. Their frequency responses
pr [n]; are defined in Eq. (16.8). The update p-filters f are equal to the time-reversed
predict p-filters and, consequently, the frequency response f [n] = fcp [—n]1

Then, the sequence

WPl €1 -

fr nh‘ = WP[-n];. (16.11)

Equations (16.4) and (16.6) imply that the frequency responses of the synthesis and
the analysis p-filter banks derived from the interpolating spline of order p are

i = &5 (1407 fPm) . bl =22 (1-o" f21-n1).
(16.12)
#0Tn] = h%[n] (1 + V2" El[n]) '] =i (1 ¥ ﬁw*l/%o[n]) .

Such a structure of the p-filters determines local restoration of sampled poly-
nomials by the low-pass p-filters and their elimination by the high-pass ones. The
following proposition stems from Proposition 16.3:

Proposition 16.4 Assume that the spline order is either p = 2r or p = 2r — 1. The
low-pass p-filters h® and h° derived from the prediction p-filter f = £¥ by Eq. (16.12)
locally restore sampled polynomials of degree p = 2r — 1. The high-pass p-filters
h' and h! locally eliminate such polynomlals Either of the first decomposition level
wavelets 1][k] = h'[k] and 1//[1][k = h'[k] has p LDVMs.

Proof Due to Eq. (16.10), the frequency response of the high-pass p-filter

w—n

V2

(1 —w—"ﬁ.”[n]l) _ i T O XI o) 2o,

1p,1
[n] = N NGl

S0

Then, it follows from Proposition 15.7 that the p-filter h! locally eliminates polyno-
mials of degree p — 1. The frequency response of the low-pass p-filter

n x'n]

5

WOn) = 1+ ar"fg’[n]l) . RO10] = V2 = 2°[n] = A°[0] + sin?’

1
7l
Then, it follows from Proposition 15.5 that the p-filter h” locally restores polynomials

of degree p — 1. The statements concerning the analysis low-pass p-filter hO and the
synthesis high-pass p-filters h! follow directly from Eq. (16.12). |

Remark 16.2.1 We emphasize that the low-pass p-filters derived from splines of odd
order p = 2r — 1 locally restore polynomials of the same degree p = 2r — 1 as the
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p-filters derived from splines of even order p = 2r, while the corresponding high-
pass p-filters eliminate such polynomials. This is a result of the super-convergence
property of odd order splines.

16.2.5 Examples of p-filters Derived from Polynomial Splines

In the forthcoming examples we present p-filters derived from polynomial splines
of different order using the lifting scheme. Actually, all one needs to know in order
to implement the lifting scheme of direct and inverse wavelet transforms, is the
frequency response fcp [1]1 of the prediction p-filter ff [n]y. To derive f;p [n];, it is
sufficient to calculate the DFT of the B-spline of order p, sampled on the grids {k}
and {k + 1/2}.

16.2.5.1 Example: Linear Interpolating Spline, p = 2

The frequency responses are

A 1 2n 2 —hn N
P =0 =2 (1= o"f31=n) = V2" sin® T2,

2 NG
WO = ng‘zm — V2 cos? % (16.13)
iln = % (1 +o " f2nl + Wz[—n]l) = /2 cos? % (1 + 2 5in %”)
hin) = Lj}z (1= @ f2l=n) + WInn) = V2o sin? T2 (142008 22

Comments: Comparing Eq. (16.13) with Eqgs. (15.34) and (15.36), we observe
that, up to normalization, the designed p-filters coincide with the 5/3 p-filters. The
low-pass p-filters h® and h° locally restore first degree polynomials, while the high-
pass p-filters h! and h! locally eliminate first degree polynomials. The wavelets
1//[11] [k] = h'[k]and 1/7[11] [k] = h! [k] have two LDVMs each. Impulse and magnitude
responses of the p-filters are displayed in Fig. 15.2.

16.2.5.2 Example: Quadratic Interpolating Spline, p =3

The frequency response of the prediction p-filter is
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14+ w? o cos*n/N — sin*tn/N
o+ 6+ ¢ cos* n/N + sin*n/N’
2sin*wn/N
cos* tn/N +sin*n/N’

i =4

(16.14)

1—o™" f3n] =

Therefore, the p-filters h® and h” locally restore the sampled cubic polynomials while
the p-filters h! and h locally eliminate them. Either of the wavelets Y}, and 1/}[11]
has four LDVMs.

Although quadratic splines consist of pieces of polynomials of second degree,
the low-pass p-filters locally restore sampled polynomials of third degree, while the
high-pass p-filters locally eliminate them. This fact stems from the super-convergence
property of the odd order splines. Figure 16.1 displays the impulse and frequency
responses of the p-filters derived from the quadratic interpolating splines.

16.2.5.3 Example: Cubic Interpolating Spline, p = 4

The frequency response of the prediction p-filter is

L 0+ 230" + 230" + @™

8(w? + 4 + w=2n)

sin* 7n/N (2 + cos2n/N)
2 +cosdmn/N '

fHnl = w

, (16.15)

1—w™" finl =

Therefore, like in the quadratic spline example, the p-filters h® and h° locally restore
sampled cubic polynomials, while the p-filters h! and ho locally eliminate them.
Either of the wavelets 1/f[1” and Jf[ll] has four LDVMs.

Figure 16.1 displays the impulse and frequency responses of the p-filters derived
from the cubic interpolating splines.

16.2.5.4 Example: Interpolating Spline of Fourth Degree, p = 5

The frequency response of the prediction p-filter is

0" + 11" + 1lo™" + o™
@ 4+ 760" + 230 + 760" + =21
sin® 7n/N (10 + 2 cos 27n/N)
5+ 18cos?2xn/N +cos*2mn/N’

£l = 160" , (16.16)

l—o™ f2nl =

Therefore, the p-filters h0~and hY locally restore sampled fifth degree polynomials
while the p-filters h! and h° locally eliminate them. Either of the wavelets ’»0[]1] and
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Fig. 16.1 Impulse and magnitude responses of p-filters derived from polynomial splines. Top
to bottom: quadratic quasi-interpolating \ quadratic upgraded quasi-interpolating \, quadratic
interpolating \ cubic interpolating  interpolating of order 5% interpolating of order 12. Left
panel — impulse response of p-filters left to right: h® — h! — h® — h'. Right panel - MRs
of the p-filters h® and h' — dashed lines, of the p-filters h® and h! — solid lines

lﬁ[]l] has six LDVMs. Like in the quadratic spline example, the super-conversion
property contributes to the approximation abilities of the p-filter bank.

Figure 16.1 displays the impulse and frequency responses of the p-filters derived
from the interpolating splines of fourth degree (fifth order).

All the p-filters originating from interpolating splines except for the linear spline
have infinite impulse response (IIR). The high- pass FIR p-filters derived from the lin-
ear spline have only two vanishing moments. However, it is possible to design FIR lin-
ear phase filters which use local quasi-interpolatory splines and have more vanishing
moments. Quasi-interpolating splines are studied in [4, 12]. We outline the design of
the prediction p-filter originating from a quadratic quasi-interpolating spline. Design
of p-filters that use quasi-interpolating splines of higher order is similar. More details
on quasi-interpolating splines will be provided in Volume II of this book.

16.2.5.5 Example: Quadratic Quasi-interpolating Spline

The quadratic spline, which interpolates the even polyphase component x¢ of a signal

X0, is represented as S°(f) = ,iv:/é_l qlk] B3(t — k), where, due to Eq. (16.7), the
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DEFT of the coefficients is

o]

. Xolnl Xolnli . 1 o 27n
[n]; = = = xo[n] — sin”* ——. 16.17
7 wnly 11— % sin? 2rn/N oV Z(;‘ 2! N ( )

Take two initial terms in the series in Eq. (16.17) and denote,

. 1 2 _.2n 10 — —2n
Ul €1+ 5 sin’ % _ et 5 @ (16.18)
The spline S3() = ,iV:/ é_l glk] B3(t — k), where the DFT of the coefficients is

qnly = xo[n U 3[n];, is called the quadratic spline quasi-interpolating the signal

xo € II[N/2]. Denote the values of the spline, so[k] def S3(k) and s;[k] def s3
(k+1/2), k € Z.Then, the DFT §o[n]; = g;[nl1 Ro[nli and$1[n]y = £;[n] Zolnli,
where

_w—4n +4w—2n 458 + 4602" _ w4n

golnly = u’[n); U’n]) =

64 ’
(16.19)
—2n 2n 4n
3 o 4+ 949%™ —w
fnl = T : (16.20)
—3n —n n 3n
o3 o — 907"+ 16— 90" + w

=2 sin4ﬂ (1 + 2 cos? E)
N N

Therefore, if the FIR p-filter £3, whose frequency response is given in Eq. (16.20),

is employed as a prediction p-filter in the lifting scheme then the p-filters h® and h
locally restore sampled cubic polynomials while the p-filters h! and h° locally elim-
inate them. Either of the wavelets w[ll] and lﬁ[]l] has four LDVMs. This means, in par-
ticular, that, like the quadratic interpolating spline, the quadratic quasi-interpolating
spline possesses the super-convergence property.

Figure 16.1 displays the impulse and frequency responses of the p-filters derived
from the quadratic quasi-interpolatory splines.

Example: upgraded quadratic quasi-interpolating spline
There is a way to enhance the super-convergence property of the quadratic quasi-

interpolating spline, which is described in [4, 11]. This is done by upgrading the
prediction p-filter fg to a p-filter fg , whose frequency response is given as
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A ~ 3 2
3 _ f£3 2 -2
falndy = fglnh + ¢ (w "-2+w ”)
307" = 2507 + 15007 4 1500" — 2507 + 30" 1621
- 256 - (162D

2 2
l—w™" f,f[n]l = sinﬁj% (8+9cos% + 3 cos’ %)

Therefore, if the FIR p-filter f;:’ , whose frequency response is given in Eq. (16.21),
is taken as the prediction p-filter in the lifting scheme then the p-filters h® and h°
locally restore the sampled polynomials of fifth degree while the p-filters h! and h
locally eliminate them. Either of the wavelets 1//[11] and 1/}[11] has six LDVMs.

Figure 16.1, which was produced by the MATLAB code BW_exam_5P7 .m,
displays impulse and magnitude responses (MR) of analysis and synthesis low- and
high- pass p-filters derived from polynomial splines of different orders.

One can observe that all the impulse responses are symmetric and well localized
in time domain, although most of them are not finite (up to periodization). The MRsw
are flat, especially for the p-filters derived from the twelfth order spline, whose shapes
are near rectangular. The MRs of the p-filters h® and h! mirror each other. The same
is true for the pair h® and h'. Note the “bumps” which have the MRs of the p-filters
h° and h' near the cutoff frequency.

16.3 Prediction Filters Derived from Discrete Splines

The prediction filters are derived from discrete splines by a scheme similar to the
derivation scheme for the polynomial splines. To be specific, discrete splines of span
2, which interpolate even samples of a signal are constructed. Then, odd samples are
predicted by the midpoint values of the splines.

16.3.1 Summary for the Discrete Splines of Span 2

Discrete splines are described in details in Chap. 13. Here we gather facts related to
the special case of discrete splines s[zl’] € 2’5”[1] with the span 2 (m = 1).

The N-periodic discrete B-spline b? of second order is produced byN-periodi-
zation of the sequence B[0] = 1/2, B[+1] = 1/4. The DFT is 2[k] = cos® n/N.
The discrete B-splines of higher even orders are defined iteratively via the discrete
circular convolution:

b € b2 @ b2 = 57 [n] = cos” T][\/_’1
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The N-periodic discrete splines s> are defined as linear combinations of the
B-splines:
N/2—1 o
SYRTE ST b Tk — 201 = §[n] = §lnl; cos T
=0 N

Since the sequence ¢[n]; is N /2-periodic, the DFT of the even s%’ and the odd s%’
polyphase components of the discrete spline s> are

§27[n] 4§ [n+ N/21 _ glnli

~2r 2r

= U 9
5o [nh 5 > [n]h

a2r a2r ~

N 59 [n] =57 [n+N/2]  qlnli .,

= = Vv s
51 [nly Y 5 [n]h

def o TN .oy TR
U¥[n]; = cos” — + —, 16.22

[n]; = cos Ny it ( )
V¥ [nl def o (cos2r m_ sin?’ ﬂ) .
N N

16.3.2 Filter Banks

Mimicking the p-filter design scheme based on polynomial splines, we assume that
a discrete spline s> interpolates the even polyphase component xq of a signal x €
IT[N] on the grid {2k} and predict the component x| via the spline values on the grid
{2k + 1}. Thus,

2%l o . V¥l
T [nl = Ul xolnli.

st =xo = §Inli =

The sequence U?'[n]; is strictly positive, symmetric about K/2 = N/4 and
U?[0] = 1. Similarly to Eq. (16.8), we define the prediction p-filters fd2’ via the
frequency responses:

def V2], o (cos* wn/N — sin* wn/N)

F2r
nly = = 16.23
fa'lnh U [n] cos? wn/N + sin* wn/N ( )
Obviously, ™" }’[n]l =" 3’[—11]1 and
s 2r
o N
1= f ) = sin” zn/ (16.24)

cos? wn/N + sin? wn/N’
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If the p-filter 2, whose frequency response is given in Eq. (16.23), is used as a
prediction filter in the lifting scheme then the PR p-filter bank is

N 1 A V2cos¥ wn/N

O — (1407 f71) = — n
V2 cos?” wtn/N + sin”" 7n/N

S —n R - /2 si 2r N

Wi & (1 — " dz’[—n]l) =2 h ”27/ (16.25)
V2 cos? wn/N + sin? wn/N

70 = hn] (1 + \/Ea)”}:zl[n]) AV = k'] (1 + ﬁwﬂﬁo[n]) .

All the p-filters have a linear phase. Except for the simplest case » = 1, the impulse
responses of the p-filters are infinite. Nevertheless, they are well localized in time
domain. The following Proposition, whose proof is similar to the proof of Proposition
16.4, is the consequence of Eq. (16.24).

Proposition 16.5 Assume that the discrete spline order is 2r. The low-pass p-filters
h® and W° derived from the prediction p-filter f = fé’ by Eq.(16.25) locally restore
sampled polynomials of degree p = 2r — 1. The high-pass p-filters h' and h! locally
eliminate such polynomials. Consequently, either of the wavelets ¢[]1][k] = h'[k]

and 1/;[11][/(] =h! k] have 2r LDVMs.

We emphasize that Eq. (16.25) provide an explicit expression for the p-filters with
arbitrary approximation accuracy.

Remark 16.3.1 The sequences hin] and " h'[n] are the frequency responses of
the periodic half-band low- and high-pass Butterworth filters, respectively. The But-
terworth filters are widely used in signal processing ([6]).

Due to the relation of the p-filters to the Butterworth p-filters, it is natural to refer
to the wavelets derived from discrete splines as the periodic Butterworth wavelets. .

Remark 16.3.2 One-pass non-periodic Butterworth filters were used in [5] for the
design of orthogonal non-symmetric wavelets . Computations in [5] were conducted
in the time domain using recursive filtering. Biorthogonal periodic wavelets derived
from discrete splines are presented in [ 1], while non-periodic biorthogonal wavelets
are introduced in [2].

16.3.2.1 Examples
Spline of second order: r = 1

1+w2n R
= f2nl.

fdz[n]l =" (cos2 7n/N — sin’ mz/N) =
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Thus, the prediction p-filter derived from the discrete spline of second order
coincides with the p-filter derived from the second order polynomial spline.
Splines of fourth order: r = 2

" (cos4zm/N — sin* nn/N)

costtn/N + sin* wn/N

finh = = 3l (16.26)

Comparing Eq. (16.26) with Eq. (16.14), we observe that the prediction p-filter
derived from the discrete spline of fourth order coincides with the p-filter derived from
the quadratic polynomial spline. Consequently, all the analysis and synthesis p-filters
are the same for these two kinds of splines. Such a coincidence does not take place
for higher order splines. Figure 16.2, which was produced by the MATLAB code
BW_exam_5P7 .m, displays impulse and magnitude responses (MR) of analysis
and synthesis low- and high- pass p-filters derived from discrete splines of different
orders.
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Implementation of transforms

Forward and inverse biorthogonal wavelet transforms of periodic signals with the
designed filter banks are implemented by the MATLAB functions BW_anal .m
and BW_synth .m, respectively. Two-dimensional transforms are implemented by
subsequent application of the 1D transforms to columns and rows of the 2D arrays.
This is done by the MATLAB functions BW_2D_anal .mand BW_2D_synth.m.
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Chapter 17
Wavelet Frames Generated by Spline Based
p-Filter Banks

Abstract This chapter presents a design scheme to generate tight and so-called
semi-tight frames in the space of discrete-time periodic signals. The frames originate
from three- and four-channel perfect reconstruction periodic filter banks. The filter
banks are derived from interpolating and quasi-interpolating polynomial splines and
from discrete splines. Each filter bank comprises one linear phase low-pass filter
(in most cases interpolating) and one high-pass filter, whose magnitude’s response
mirrors that of a low-pass filter. In addition, these filter banks comprise one or two
band-pass filters. In the semi-tight frames case, all the filters have linear phase and
(anti)symmetric impulse response, while in the tight frame case, some of band-pass
filters are slightly asymmetric. The design scheme enables to design framelets with
any number of LDVMs.

The computational complexity of the framelet transforms practically does not depend
on the number of LDVMs and on the size of the impulse response of filters. Recently
frames or redundant expansions of signals have attracted considerable interest from
researchers working in signal processing although one particular class of frames, the
Gabor systems, has been applied and investigated since 1946 [11]. As the require-
ment of one-to-one correspondence between the signal and its transform coefficients
is dropped, there is more freedom to design and implement frame transforms. Frame
expansions of signals demonstrate resilience to quantization noise and to coefficients
losses [12—-14]. Thus, frames may serve as a tool for error correction of signals that
are transmitted through lossy/noisy channels. Recently, overcomplete representation
of signals was applied to image reconstruction [5, 6]. Combination of wavelet frames
with the Bregman iterations techniques [2, 19] provided a new impact to the image
processing applications such as deconvolution, inpainting, denoising, to name a few
[3, 4, 9, 17, 18]. It was mentioned in Sect. 2.2 that oversampled PR filter banks
generate a specific kind of frames in the periodic signal space. This chapter presents
families of frames whose generating three- and four-channel p-filter banks originate
from polynomial and discrete splines. These frames have properties such as symme-
try, interpolation, and flat spectra, which are attractive for signal processing. These
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properties are combined with fine time-domain localization and efficient implemen-
tation. The families include framelets that have any number of discrete vanishing
moments. Non-compactness of their support is compensated by exponential decay
as time tends to infinity.

In some applications, it is important to have compactly supported framelets, which
are provided by filter banks with FIR filters. However, it was proved in [15] that
a 3-channel filter bank with linear phase interpolatory filters can only produce a
tight frame whose high-frequency framelets have two and one vanishing moments.
However, it is possible to construct a variety of compactly supported interpolatory
symmetric, referred to as semi-tight frames, with increased number of vanishing
moments. Adding one more channel to the filter bank makes it possible to construct
compactly supported interpolating symmetric tight frames [7].

17.1 Oversampled PR Filter Banks and Frames

In this section, we discuss 3- and 4-channel perfect reconstruction (PR) p-filter banks
with downsampling factor of 2. These p-filter banks generate frames in the space
TI[N] of N-periodic signals.

17.1.1 Oversampled p-Filter Banks with Downsampling
Factor of 2
A set of p-filters H def {ﬁs} , s=0,..., 8 — 1, which, being time-reversed and

applied to an input signal x € IT[N], produces the set of the output signals {y*} €
IT[N/2], s =0,...,S — 1, which are downsampled by factor of 2,

2

y[l:Z Stk =20 x[k], s=0,...,S—1, [ €Z, (17.1)
k=0

is called S-channel analysis p-filter bank. A set of p-filters g & {hs } s=0,...,
S — 1, which, being applied to a set of input signals {y*} from I[T[N /2], s =0, ...,
S — 1, that are upsampled by factor of 2, produces the output signal

S—1N/2-1

) = Z Z W[l =2k y'lk) | € Z, (17.2)

s=0 k=0

belonging to IT[N] , is called S-channel synthesis p-filter bank. If the upsampled
signals {y*} € ITI[N/2], s =0, ..., S — 1, which are defined in Eq. (17.1), are used
as an input to the synthesis p-filter bank and the output signal is X = x, then the pair
of analysis—synthesis p-filter banks form a perfect reconstruction (PR) p-filter bank.
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If the number of channels S equals to the downsampling factor of 2 then the p-filter
bank is said to be critically sampled. If § > 2 then the p-filter bank is oversampled.
Critically sampled PR p-filter banks generate biorthogonal wavelet bases (Chap. 15),
while oversampled PR p-filter banks serve as a source for the design of discrete-time
wavelet frames.

As in Chap. 15, hY and h° are assumed to be low-pass p-filters.

Let’s assume that H def {fls} , 5 =0,...,8 — 1,is an analysis p-filter bank with
the downsampling factor of 2. Then, its application to a signal x € IT[N] produces S
signals {y*} € IT[N/2],s =0, ..., S — 1, which are defined in Eq. (17.1). It follows
from Eq. (2.1) that

ynl = flf)[—n]l Xolnli + ﬁi[—n]l xi[nly, (17.3)

where)?p[n]l and ﬁ;[n]l, p=0,1, s =0,...,5—1, are the DFT of the polyphase

components of the signal X and the p-filters {flv} , respectively.

Assume now that H & {h°}, s =0,..., S — 1,is asynthesis p-filter bank with

the upsampling factor of 2. Then, its application to the upsampled signals y* produces
a signal X from IT[N] defined in Eq. (17.2).

Equation (2.2) implies that the DFT of the polyphase components of the signal X
are

S—1 S—1
Yolnli = D hylnli $°[nli, %ilnli = D Ajlnli $°[nli.  (17.4)
s=0 s=0

Equations (17.3) and (17.4) can be represented in a matrix form by

30l . $0nl
: — P[—n]- olnl , Jgo[n]l — P[n]- :
| 1lnh xi[nly As,i[
1

957 1n] 57l

=o =o

where the S x 2 analysis and the 2 x S synthesis polyphase matrices are, respectively,

R[nly KOl

. 70 rS—1
Pl & [ : P[n]‘Lef(ho[”]l"'ho [”]1), nez.

RS iy i [, At - B

If the relations

P[n]-P[-n] =1, (17.5)
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where I is the 2 x 2 identity matrix, holds for all n € Z then

= Xolnli ) _ ( Xolnh
Pln] - Pl=n]- (fl[n]l) N ()?1["]1 )

Thus, Eq. (17.5) is the condition for the analysis—synthesis pair {I:I, H} of p-filter
banks to form a PR p-filter bank.

17.1.2 Frames in the Space of Periodic Signals

Definition 17.1 A system & ¢ {¢>1}1L 01, L > N, of signals from IT[N] forms a
frame of the space I1[N] if there exist positive constants A and B such that for any
signal x = {x[k]} € II1[N]

L—1

Alxl? < D 1(x. ¢ < BlIx|I*.

=0

If the frame bounds A and B are equal to each other then the frame is said to be
tight.

If the system & is a frame then there exists another frame & def {q&l}lL 01 of
the space 17 [N ] such that any s1gnal X € [I[N] can be expanded into the sum
X = Zl o (X, &) ¢;. The analysis @ and synthesis @ frames can be interchanged.
Together they form a so-called bi-frame. If the frame is tight then @ can be chosen
as @ = cP.

If the elements {(;31} of the analysis frame & are not linearly independent (L > N)
then many synthesis frames can be associated with a given analysis frame. In this
case, the expansion x = Zf;ol (X, ¢1) ¢ provides a redundant representation of the
signal x.

It was established in [8] that the PR filter banks operating in the space /; of
decaying discrete-time signals generate frames of this space. A similar fact was
proved in [20] for the p-filter banks operating in [T[N].

17.1.2.1 One-Level Frame Transform

Assume that an analysis H & {~ } and a synthesis H & {hs} s=0,...,5-1
p-filter banks with downsampling by factor of 2, constitute a PR p-filter bank.
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We denote,
s def [ g ~o N1 o def s
Uiy € {am=rm} vy E i =rml s =0 s
(17.6)
where {I;S [/ ]} and {/*[1]} are the impulse responses of the p-filters h® and h*, respec-
tively. Then, relations in Eqgs. (17.1) and (17.2) can be rewritten as

I

N/2—1

Ak =D kL gk DT gk — 210, (17.7)
s=0 =0
N—-1 B ~

1][1 1ﬁ[l][K =20 x[k] = (x, lff[sl][' —21),
k=0
S—1 s—IN/2-1

=x= x) = (x, Yyl —200) ¥y [ — 20 (17.8)

s=0 s=0 [=0

Thus, the signal x € IT[N] becomes expanded over the system {I//[Sl][° - 21]], s =
0,....8—1,1=0,...,N/2 — 1. Expansion coefficients are the inner products

[ gt —2m}.

Theorem 17.1 [20] If the polyphase matrices P and P of p-filter banks H and H
satisfy the PR condition of Eq. (17.5) then the 2-sample shifts {Jff]][. — 21]} and

{wg”[- —21]}, $=0,....S—1, 1 =0,...,N/2 = | of the signals %, and
lﬂfl], s =0,...,8 — 1, defined in Eq. (17.6), form a pair of the analysis and the
synthesis frames of the space IT[ N1, respectively. These frames are interchangeable.
If the relations } 3

Pn]" -Pl-nl=ch, neZ, (17.9)

hold then the frame is tight.

The notation -/ means matrix transposition. If the condition in Eq. (17.9) is satisfied,

then the synthesis filter bank can be chosen to be equal to the analysis one (up to a
constant factor).

If the number of channels in p-filter banks HandHis S = 2, then the number of
elements in the frames is N, which equals the dimension of the space IT[N]. Thus, in
that case, the sets { - = 201} and [y - =201}, s = 0.1, 1=0,.... N/2-1,
constitute a biorthogonal pair of bases of the space [7[N]. This case was discussed in
Chap. 15.If § > 2 then the representation of signals from I7[N], given in Eq. (17.8),
is redundant. The redundancy ratio for one-level frame transformis p = S/2 : 1.

The signals 1}[51] and I/I[Sl], s =0,...,5—1, are called the analysis and synthesis
discrete-time framelets of the first decomposition level, respectively.
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17.1.2.2 Multi-Level Frame Transform

To increase redundancy of a signal representation, the frame transform is applied to
the low frequency signal

N—1
vhy =Pt} st =3 gk — 20 1k,
k=0

which belongs to IT[N /2].

Assume that a pair ﬁ[l] & {flfl]] and Hjp def {hfl]} ,s=0,...,85—1,isa
PR p-filter bank, which operates in the subspace T[N /2]. It means that the IRs of
the filters {flfl][k]} and {hfl][k]} , k € Z, are N /2-periodic signals.

Remark 17.1 Suppose, P[n] and P[n), n € 7Z, are the polyphase matrices of the
p-filter banks H and H, respectively. It is natuml to define the p- ﬁlter banks H[ 17 and

Hy; via their polyphase matrices as P[l][n] def P[Zn], P[n] def P[2n]. Surely,

the PR condition Pj)[n]- f’[l] [—n] = 1, is satisfied. However, different p-filter banks
are possible.

Similarly to the whole signal x, the low-frequency signal y?l] can be represented as
follows:

S—1N/4—1
YWIKI =" > v iy — 211,
s=0 [=0
N/2—1 N/2—1
gl = D" iylv =20y vl = Z Bty v =211 Zw[l [k — 2v] x[«]
v=0
N—1 N/2—1
=D xlkl D hiylv =209k —2v]
k=0 v=0
N-1 N/2—1
=D xlkl D Ay 1v e — 2v — 41]
k=0 v=0

N/2—1
def

= <x, 1/7{‘2][- — 4l]>, where &f k] = Z fzfl][v] 1}[01][/( —2v].

(17.10)
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By substituting Eq. (17.10) into Eq. (17.7) with s = 0, we get

N/2—1
xlkl = D7 iy ik =21
=0
N/2—1 S—1N/4—1
= Z Yk =200 D7 D iyl hfyll —24]
s=0 A=0
S—1 N/4—1 N/2—1
= y[sz][k] z w[on[k—ZZ] hfl][l—Zk]
s=0 A=0 =0
S—1N/4—1
= ViRl Wiy lk — 421,
s=0 A=0
N/2 1
where V) [k] Z Yyl = 200 A3, s =0,....8— 1.
[=0

The signals {1}{2]} and {lﬁ[Sz]} belonging to IT[N /4], are called the analysis and
the synthesis discrete time periodic framelets of the second decomposition level,
respectively.

Resulting from the two-level framelet transform, we have the signal x expanded
over 4-sample shifts of the second level framelets and 2-sample shifts of the first
le;llel framelets (except for the low-frequency framelet): x = Zf:_(} sz] + Zf:—ll X‘El],
where

xpy k] = IN/51—1<X, ¥t [._4z]> iylk =411, s =0,....S—1,

xilkl = S e Iy = 20) gtk =200 s =1 s - 1

Assume that a pair ﬁ[u] def {hé }, s =0,...,8 —1, and Hp def {hfu]]’

[l
s = 9, ..., 8§ —1, form PR p-filter banks, which operate in the subspaces IT[N /2/].
Let Py[nl, w =0,...,m — 1, and Py, [n] are their polyphase matrices, respec-
tively.

Then, the iterated transform with the polyphase matrices l~’[ #] [n] and Py, [n] leads
to the frame expansion of the signal x = x 2= S5 X[,,)» Where

$tlK] = Ziez (% Gl = 2700) Uik = 2700, 5 =0, 5~ 1,

; (17.11)
N/2F—1
sl = 25 (B 1 = 2000 e = 211,

uw<m,s=1,...,5—1.
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DECOMPOSITION

H° > Iy @ ba3

:
—&-

HO

@ v @& —®
® -—@J.ﬁ9J

o

Fig. 17.1 Diagrams of direct (fop) and inverse (bottom) 3-level framelet transforms
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RECONSTRUCTION

The synthesis and analysis framelets are derived iteratively
def N/2k=1_1 3
l’0[S,U][k] é l=/0 hfu_l][l] 1/I[OM_1][k —2H ll],

(17.12)

~ def < N/2H71-1 7 _
Uikl = 20 R g4, k=271, s =0,...,8 = 1.

The m-level framelet transform of a signal x results in the set of coefficients

def

x— Yo S {00} U {batn} U {200}
(17.13)

U {yllmfu[l]} U {y[zm,”[l]} U---u {yllll[l]} U {ylzll[l]} , lelZ.

The transform is invertible. Once the set Y,,, of coefficients is available, consecutive
application of the operations Eq. (17.11) restores the low-frequency coefficients. In
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the end, Eq. (17.8) restores the signal x. Diagrams in Fig. 17.1 illustrate direct and
inverse multilevel framelet transforms with a three-channel p-filter bank.

17.1.2.3 Implementation of Multi-Level Frame Transform

For uniformity, let’s denote, temporarily, the PR pair of p-filter banks H and H from
the initial level as Hjo; and Hjq), respectively. Their polyphase matrices are denoted
as f’[o] [n] and Pjg)[n]. Assume that x = {x[k]} € IT[N]1is a signal to be operated by
the m-level frame transform with the PR pairs Hj,,j and Hy,,j, =0, ..., m—1.For
simplicity, assume that the polyphase matrices of the p-filter banks from the adjacent

levels are linked as Py, 1 [n] & Piy[2n], Plgiin] & Pyyl2nl.

Algorithm 3 Direct transform

1: Initialization: y def x. Split y into the even and the odd polyphase components y = yo + y; and
compute their DFT: {fzo[n]l} and {)71 [n]q }

2: Forp=1tom Implement the one-level transform
Fpa e
P }A’O[n]#
=Py_nl—n]-{ %
AS—1 w-nl=nl (yl[”]u
Y 1l

Compute the IDFT

u N/2rt
Valkl==5 20 @il s=1..,5 -1,
n=—N/2n+1

and store the transform coefficients yfﬂ] def {yfm [k]} ,k=0,...,N/2" -1,
s=1,..., 5 — 1 of the u-th decomposition level
A def A
Put §[nl, = [0l n € 2.

Compute the DFT {)30 [n]lt+l} and {)71 [n]MH} of the even and the odd
polyphase components of the signal y:

_ Jlnlu + 3l + N/,

Yolnlt1 5 ,
~ 5)[”];&7)/}[”+N/2M+1]u
V1 [n]pH—l = 22"k
3:
Compute the IDFT
o N/
k=5 20 @ S
n=—N/2m+1

and store the transform coefficients y‘[)m] def { me] [k]} , k=0,...,N/2"—1
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Algorithm 4 Inverse transform
Initialization: Compute the DFT

N/2m—1
Sl = D @ Pyl k] k=0,... N/2" =1, 5=0,....5—1
k=0

Fory=m—1t00 Implement the one-level inverse transform
A A [
(S ) =t
A L
Compute the DFT
N/2#—1

Falnly = D o™y 1K,
k=0

k=0,....,N2F —1,s=1,...,5—1
Compute the DFT

S0alnle = Solnlusr + 0 2 " $ilnlp

Compute the IDFT

1 N/—1
Motk = 5 22 @ Sl
n=0

Put x[k] = yfy,[k]

17.2 Design of Interpolating Three-Channel p-Filter Banks
Generating Frames

In this section, we discuss the design of three-channel linear phase p-filter banks,
which generate tight and so-called semi-tight frames in the space IT[N] of periodic
signals.

17.2.1 Interpolating p-Filter Banks for Frame Generation

Assume that H = [flo, h!, flz} and H = {h° h' h?} are the analysis and the
synthesis p-filter banks that operate in the space IT[N]. Assume that the low-pass
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p-filters h° and h° are interpolating, that is their frequency responses can be repre-
sented as

1

o™ flalt), WOl = 5

:%( (1+af”f[n]1),

where f [n]; and f [n]1 are N/2—periodic sequences, which are the frequency
responses of the low-pass p-filters f and f, which operate in the space IT[N/2].

Denote W(nl; & 1 — fl=nly flnl.
We assume that the following conditions are satisfied:

Conditions:

Al. f [n]; and f [1n]; are rational functions of @" = ¢**"/N that have no poles for
ne .

A2. f0]1—f[01—1

A3. Symmetry: » "f nl; =" f —nly, w’”f[n]l =" f[—n]l.

Then, the p-filters h® and h° have linear phase. The polyphase matrices for filter
banks comprising the interpolating low-pass filters are

) 1/\/_fn]l/\/_
Pinl = | pin, Han

Pl def( 1/V2  hjnl hz[n]l)
ﬁé[nh hl[n]l

FInli/~/2 hlnly A3[nl;

The PR condition Eq. (17.5) leads to
P[]~ P"’[—n] = Qlnl, (17.14)

where

12 def [n]i ﬁ HEaN 12 o def (ﬁl[n]l /22[n]1)
P == 0 P = ,\O AO s
" (h%[n]l hz[n]l) ] hi[nly h3lnly

Q[]defl( 1 - —nly )
—flnli 2 - f[n]lf[ nl

Therefore, design of a three-channel PR p-filter bank starting from the interpo-
lating low-pass filters h” and h° reduces to factorization of the matrix Q[r] as in
Eq. (17.14).
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A straightforward option is the triangular factorization of Q[n]:

o2 1 (0 dlnh oo b 0 !
v [”]_ﬁ(l—f[nh)’ Y (w[nh —f[”h)’

where w[n]| w[—n]; = 2W|[n];.

Thus, to complete the design, the function W[n]; should be factorized. As soon
as it is done, the PR p-filter bank {ﬁ H}, where H = {flo, ﬁl, l~12}, and H =

{ho, hl, h2}, whose frequency responses are

i & % (1+ofim), < % (14" flnl1).
Wnl = o " alnl V2, Bl = o winly V2 (17.15)
1 — o flnl 1 —ow™" fln]

— WO+ NJ2L, P2 = — % 4+ N )21,

V2 V2

comes into existence. }
In this case, the p-filters h? , and h? are interpolating as well as the p-filters h”
and h°. The condition f[0] = £[0] = 1 implies that

h2n] =

R2[0] = h2[0]1 = 0, A2[N/2] = h3[N/2] = V1,

and these p-filters are high-pass. The p-filters h! and h' do not have even polyphase
components. The PR p-filter bank Eq. (17.15) generates a bi-frame in the periodic
signals space IT[ N]. The framelets of the first decomposition level are equal to the IRs
of the corresponding filters: ¥/, [k] = A*[k], ¥{\,[k] = h*[k],s = 0,1,2, k € Z.
The framelets of the subsequent decomposition levels can be derived by iterated
application of the formulas in Eq. (17.12).

However, a simpler way to derive, for example, a synthesis framelet 1//[Sm] of
the level u is to launch the m-level inverse transform using the polyphase matrices
P, as it is described in Sect. 17.1.2.3, provided that all the transform coefficients
except for the single coefficient y‘fﬂ] [1] are zero and yfﬂ][l] = 1. In order to derive

an analysis framelet tﬁ[sﬂ], one can apply the same procedure, using the analysis

polyphase matrices Py, instead of the synthesis matrices Py,;. This is justified by
the fact that synthesis and analysis frames are interchangeable.
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17.2.2 Tight and Semi-Tight Frames

When the sequence f [n]; is equal to f [n]1, we have

WOl = O], 2] = k2] = KO + N /2],
Winli = 1—|flnli*> = 2i°[n] h?[n]. (17.16)

Condition A1 and the symmetry condition A3 imply that, in this case, the numerator
and the denominator of the sequence W[n]; are trigonometric polynomials with real
coefficients containing only cosines of the form cos 2wvn/N.

Tight frames: If the inequality

1flnli| <1 asneZ (17.17)

holds, then, the sequence W{[n]; can be factored as W(n]; = w[n]y w[—n];/2. This
factorization is not unique. However, the following Riesz’s lemma holds.

Lemma 17.1 [16] Let A(z) be a positive trigonometric polynomial containing only
cosines, A(z) = Zﬂ’lzl a, cosvz, with real coefficients a,. Then, there exists a

trigonometric polynomial B(z) = Zﬂ/l: 1 by e'V? order M with real coefficients b,
such that |B(z)|> = A(z).

Thus, a r~ational factorization 2W{[n]; = w(n]; w[—n]; is possible and we have
hl[n] = h'[n]. The analysis p-filter bank coincides with the synthesis p-filter bank

ROlnl = Klnl = (1 + " flnd)/V2.
h2n] = k2l = (1 — o " flnl) /2, (17.18)
W'l = h'[n] = 0" winl /V2,

that generates a tight frame. Note that symmetry of the sequence W[n]; does not
guarantee (anti)symmetry of the sequence w[n]; = /2 W[n];.

Semi-tight frames: If the condition in Eq. (17.17) is not satisfied, it is still possible
to generate frames that are very close to tight frames. In this case, the sequence
W{n]; can be factored as 2W{[n]; = w[n]; w[—n]; and the frequency responses of
the p-filter bank are

hotn) = R0l = (1 + ™" fln])/V/2,
W] = k] = (1 — 0™ fln1)/v/2, (17.19)
h'[n] = o™ B[n11/V2, h'n] = o " winhi/V/2.

Such a p-filter bank generates a frame, which is natural to name the semi-tight frame.

In non-periodic setting, this notion was introduced in [1]. Due to the symmetry of
W(n]y, its (anti)symmetric factorization 2W[n]; = w(n]; w[—n]; is always pos-
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sible. Therefore, even when Eq. (17.17) holds, sometimes it is preferable to use a
semi-tight rather than a tight frame.

17.2.3 Interpolating Three-Channel p-Filter Banks Using Spline
Filters

In this section, we present a few examples of PR three-channel p-filter banks, which
generate tight and semi-tight frames in the space IT[N] of N-periodic discrete-time
signals. In all the forthcoming examples, the low-pass and the high-pass p-filters
are interpolating, which utilize spline-based prediction p-filters. These prediction
p-filters are introduced in Sects. 16.2 and 16.3. The design scheme is described in
Sect. 17.2.2.

17.2.3.1 p-Filter Banks Originating From Polynomial Splines

Linear polynomial spline:

The frequency response of the prediction p-filter is fcz [n]; = (1 +w*")/2. Thus, the
sequence

_w2n 12— a)72n
2

2Winly € 201 = f2nly f2-n]) =

can be factorized to be 2W{[n]; = w[n]; w[—n];, where w[n]; & (1 — wz")/ﬁ.
The analysis p-filter bank, which coincides with the synthesis p-filter bank H =
{ho, h', h2}, generates a tight frame in IT[N]. The frequency responses of the
p-filters are

hOn] = % (1 + a)_"fcz[n]l) = /2 cos? %,
Wy = 2= fz[”]‘ 2 2_ @ (17.20)
h2[n) = % (1 - w—"ff[n]]) = V2 sin’ ”—]\7

The p-filter h” locally restores sampled polynomials of the first degree while the
p-filter h? locally eliminates them. The p-filter h! eliminates only constants. Thus,
the framelets ’»0[]1] and ‘[’[21]’ which are the IRs of the p-filters h! and h?, respectively,
have one and two LDVMs, respectively. The impulse and the magnitude responses
of the filters h* are displayed in Fig. 17.4.
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Quadratic interpolating spline: p = 3

Denote .(23 [n]1 def cos* mn/N + sin? mn/N. Then,

4 . 4 ) 2
3 , cosmn/N —sin" tn/N sin“ 2mwn/N
= , W = —=—— 17.21
folnh = o 27, [n 292300, ( )
A cos*n/N . sinfn/N - o™ sin?27n/N
i = V2——L—, PPnl=vV2—~"" h'ln]= _—.
23nl; 23[n; 2 Q3nl

The p-filter h” locally restores sampled cubic polynomials while the p-filter h?
locally eliminates them. The p-filter h! eliminates first degree polynomials. Thus,
the framelets w[ll] and l/I[21] have two and four LDVMs, respectively. The impulse
and the magnitude responses of the filters h*® are displayed in Fig. 17.4.

Cubic interpolating spline: p = 4:
Denote
24 E o vat0, M Y o r 14— (1722)

Then, we have

o™ + 230" + 23 + 0~

fnl = o , (17.23)
a)2n —24 a)72n 2 4
Win] = (W) FC [n]1,
70(n] = ﬁcos4nn/N[(224[—ir;]010527m/N),
0 = ﬁsin“ nn/N!(Z24[—n]clos2nn/N).

Factorization 2W{[n]; = w[n]; w[—n];, which results in a tight frame, provides the
p-filter h!, whose frequency response is

R 2n __ 2 —2n
M= & —=t® 7 (1 - qwzn) , (17.24)
8./ 24[nli

where ¢ = 7 — 44/3 ~ 0.0718. The frequency response is not symmetric about
swap n — —n and, consequently, the framelet 111[11] is slightly asymmetric. It has

two LDVMs, whereas the framelet W[zl] has four LDVMs. Figure 17.4 displays the
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IRs of the filters h*, which are the discrete time framelets of the first level, and their
magnitude responses. Observe that the IR of the filter h! is non-symmetric.
Framelets symmetry can be achieved by factorization 2W[n]; = w[n]; w[—n]
with the unequal factors w[n]; and w[n];, which leads to a semi-tight frame with
&[11] #* 1//[11]. Non-uniqueness of such a factorization provides additional adaptation

abilities. For example, either the analysis h' or the synthesis h! p-filter can be cho-
sen to be p-FIR. The local discrete vanishing moments can be transferred from the
synthesis w[ll] to the analysis w[ll] framelet and vice versa.

The following are examples of the p-filters h' and h! that result from three different
factorization modes.

1. Symmetric factorization with equal number (two) of LDVMs in the analysis &[11]
and synthesis w[ll] framelets:

a)2n —24 w72n

] =™ 3, (17.25)
le[n] g (a)zn -2+ w_z”) Ff[n]]
B 32 24[n] ’

2. Symmetric factorization with equal number (two) of LDVMs in the analysis 1Z[11]
and synthesis w[ll] framelets. The analysis p-filter h! is p-FIR and, consequently,
the framelet &[11] is compactly supported:

a)Zn . (,()_2”
—

o (@ =2+ ™) IHnl ’
16 (24n11)°

ﬁl[n] =w" (17.26)

3. Antisymmetric factorization with three LDVMs in the analysis 1/7[11] and one
LDVM in synthesis , framelets:

w4n _ 3w2n 43— w*Zn

:1 _ —n
h'[n] = 3w 420, , (17.27)
_,.2n 4
I:\ll[n] — (,()_n (1 w ) FC [n]l
48 24[n],

Figure 17.2 displays the IRs and the magnitude responses of the p-filters h! and h',
which stem from different factorizations of the sequence W|[n]; given in Eq. (17.23).
The IRs of the p-filters h! are either symmetric or antisymmetric.
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Fig. 17.2 Top left IRs of the analysis p-filters h! for the semi-tight frames, which are defined in
Egs. left to right: (17.25) — (17.26) — (17.27). Bottom left IRs of the corresponding analysis
p-filters h! . Top right Magnitude responses of the synthesis p-filters h!, which are defined in

Egs. (17.25) (dashed line), (17.26) (dash-dot line) and (17.27) (solid line). Bottom right: Magnitude
responses of the corresponding analysis p-filters h'

Quadratic quasi-interpolating spline:

In this case, all the p-filters have finite IRs (up to periodization). Equation (16.20)
implies that

—2n 2n An
—w + 94+ 90" —w
[l = T : (17.28)

2n —2n 2
o —-24+w
W[’”‘Z(T) LHnli,

where the sequence FC4 [n]; is defined in Eq. (17.60). The frequency responses of the
low- and the high-pass p-filters are

A0n] = v2 cos* 7;/” (1 + 2sin? %) , (17.29)
iln = V2 sin 72 (14 2c052 22
[n] sin N + 2 cos N

respectively. The following factorization modes 2W[n]; = w(n]; w[—n]; are similar
to the previous modes for the cubic interpolating spline:
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1. Non-symmetric factorization 2W([n]; = w[n]; w[—n];, which results in the
frequency responses

—2n_2 2n 1— 2n
@ +oU g™
16/
(17.30)

The p-filter bank generates a tight frame. The framelet 1/f[11] has two LDVMs,

while 1ﬁ[2]] has four.
Figure 17.9 displays the IRs of the p-filters h®, which are discrete-time framelets
of the first level, and their magnitude responses. The IR of the p-filter h! is not
symmetric.

2. Symmetric factorization with equal number (two) of LDVMs in the analysis 1}[11]

Wl =h'n] =

and in the synthesis 1&[11] framelets:

~ —2n __ 2+ 2n
W'nl = w™" ( ) @ ), (1731)
};1[7’1] = a)_” ((,()_2” -2 + (1)2") Fc4[n]1

N 64 ’

3. Antisymmetric factorization with three LDVMs in the analysis ¥ ' (f) and one
LDVM in the synthesis v ! (¢) framelets:

w4n _ 3w2n 43— w—2n

Wln] = w™" : , (17.32)
i) = o UZ7) Tl
32 :

4. Symmetric factorization with all four LDVMs in the analysis ¥ () and none
LDVM in the synthesis wl (1) framelets:

A 4n_4 2n 6 —4 —2n —4n
=02 @t - w ot " (17.33)
A r}nl
hl — —n C .

[n]=w 6

The p-filter h! is all-pass.

Figure 17.3 displays the IRs and the magnitude responses of the p-filters h! and h',
respectively. These stem from different factorizations of the sequence W{[n] given in
Eq. (17.28). The IRs of the p-filters are either symmetric or antisymmetric.
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Fig. 17.3 Top left IRs of the analysis p-filters h! for the semi-tight frames, which are defined in
Eqs. left to right: (17.31) — (17.32) — (17.33). Bottom left IRs of the corresponding analysis
p-filters h'. Top right Magnitude responses of the synthesis p-filters h', which are defined in
Eqgs. (17.31) (dashed line), (17.32) (dash-dot line) and (17.33) (solid line). Bottom right Magnitude
responses of the corresponding analysis p-filters h'

17.2.3.2 p-Filter Banks Derived From Discrete splines

Denote 93’ [n]h def cos? wn/N + sin® wn/N. Once the prediction p-filter is
derived from a discrete spline of order 2r, Eqgs. (16.23), (2.4) and (2.5) imply that

" (cos?” wn/N — sin® wn/N)
27 [nli
def ~/2 cos?” mn/N def /2 sin%" an/N

h° = — h? = — 17.35
) Il ) Il (1739

f¥nl = , (17.34)

The low-pass h” and the high-pass h? p-filters locally restore and eliminate sampled
polynomials of degree 2r — 1, respectively, thus the framelet ’ﬁ[z]] has 2r LDVM.
The sequence W([n];

g sinzr 27'[]1/]\] 8(_1)r a)—an (1 _ a)2n)2r
2Win]y = = = wln]; w[—nly, (17.36)

2 (¥ [n]1)2 4 (¥ [nh)2

) A
V8w ™2P (1 —w n) . /8 sin” 27n/N
wln]; = 3 (risodd), wln]; = B F—
4 2% ) 2 22 [l

(r is even).

The band-pass p-filter hl, whose frequency response is hln] = w‘"w[nh/ﬁ,
eliminates sampled polynomials of degree r — 1, thus, the framelet 1/f[11] has r LDVM.
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The triple {h°, h!, h?} forms a PR p-filter bank, which generates a tight frame in the
space [1[N].

Discrete spline of fourth order: » =2

It is readily verified that, in this case, the p-filters coincide with the p-filters derived
from the quadratic interpolating polynomial spline.

Discrete spline of sixth order: r = 3

In this case,

3
-2 2
Mo 2 ) B B o R T i) (17.37)
2 30 +104+3w 20 2 3024104302

The p-filter h! locally eliminates sampled quadratic polynomials. Thus, the framelet
1//[11] is antisymmetric and has two LDVM. The impulse and the magnitude responses
of the filters h® are displayed in Fig. 17.4.

Discrete spline of eighth order: r = 4.

In this case,

n —n 2n _ 2 + —2n 2
WM =2 G ) . (17.38)
2 M 428w +70+ 28w 2 +

The p-filter h! locally eliminates sampled cubic polynomials. Thus, the framelet
¢[]1] is symmetric and has four LDVM. The impulse and magnitude responses of the
filters h* are displayed in Fig. 17.4.

Remark 17.2 One of advantages of the semi-tight frames is the option to swap the
LDVM between the analysis and the synthesis framelets. Typically, it is preferable to
have more LDVM in analysis rather than in synthesis framelets even in cases when
the tight frame p-filters have linear phase.

As an example, we introduce a semi-tight frame originated from the quadratic
interpolating spline, where the frequency response of the p-filters h® and h? are
given in Eq. (17.21) and

™" sin*27n/N o™ 1

W'n] = o Wn] = (17.39)
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Fig. 17.4 Impulse and magnitude responses of the three-channel p-filter banks that generate tight
frames. Left pictures display the impulse responses of p-filters where, from left to right, we have: h9
— h! — h2. Right pictures display the magnitude responses of these p-filters: h® and h? (dashed
lines), and h' (solid line). Top: linear interpolating spline. Second from rop: Quadratic interpolating
spline(discrete spline of order 4). Third from fop: Quadratic quasi-interpolating spline. Center:
Cubic interpolating spline. Third from the bottom: discrete spline of order 6. Second from the
bottom: discrete spline of order 8. Bottom: discrete spline of order 12

.Qf [n] def cos* Tn /N + sin*7rn /N. The analysis framelet 1/7[11] has four LDVM

while the synthesis framelet wlll ; has none.

One more example is the semi-tight frame originating from the sixth order discrete
spline, where the frequency response of the p-filters h® and h? are given in Eq. (17.35)
and

o™ sin*2mn/N ] o™ sin?2xn/N
h'[n] = _—

Wy =2 T
S T LTO 2 28

(17.40)

where Qg[n]l & cosd wn/N + sin® 7n/N. The analysis framelet 1/7[11] has four

LDVMs while the synthesis framelet Wllll has two. Figure 17.4 displays impulse
responses of the p-filters h®, s = 0, 1, 2, which are the discrete time framelets xp[sl]
of the first level, and their magnitude responses. Frequency responses of the low-pass
filters h® and the corresponding high-pass filters h> mirror each other.

Direct and inverse framelet transforms using three-channel p-filter banks are
implemented by the MATLAB functions fram34_dec_hm.m and
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fram34_rec_hm.m, respectively. When some framelet transforms are repeatedly
applied, it is advisable to use the functions fram34_dec_hmwf .m and
fram34_rec_hmwf .m. The two-dimensional transforms are implemented by the
functions fram34_dec2d_hm.mand fram34_rec2d_hm.m

(or fram34_dec2d_hmwf.m and fram34_rec2d_hmwf.m), respectively.
Available frames are listed in the MATLAB code 1ist_frame3 .m. Figures 17.2
and 17.3 are produced by the MATLAB code fram3_exam_P.m. Figure 17.4 is
produced by the MATLAB code fram3_exam_P7.m.

17.3 Design of Four-Channel p-Filter Banks for Frames
Generation

In this section, we discuss design of four-channel p-filter banks, which generate tight
and semi-tight frames in the space IT[N] of periodic signals.

17.3.1 Four-Channel Perfect Reconstruction p-Filter Banks

The PR condition for a pair of the analysis H= {flo, ﬁl, flz, ﬁ3} and the synthesis
H = {h’, h', h?, h3} p-filter banks is expressed via their polyphase matrices

hol—nl h§[—nly

SR Y D W e
hY[ndy hilndy hilndy B3lnl ) | R2(—n)y R2[=n), ’
hy[—nli hi[—nl;
(17.41)

n € Z. The matrix product in Eq. (17.41) can be split into two products:

Pn] - P[—n] = PO [n] - PO [—n] + PP [n] - PP [—n] = (1 O), (17.42)

01
POl [y %t ({lg[n]l lz(i)[n]l)’ PO ] %F ég[nh @?[nh

h][n]l hl[n]l h(l)[n]l h%[l’l]]
P[] & ({lé[n]l @[n]]) P23 et (é%[n]l é%[nh).

hilnly hiln]y m3[nly hilnly
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According to Theorem 17.1, a PR pair [H, ﬁ} of p-filter banks generate a tight
frame if their polyphase matrices are linked as

P[n] = P[n]” < P%'[n] = P! [n]” and PZ[n] =PZ[n])", neZ

Definition 17.2 Assume that P[n] and P[n] are polyphase matrices of the PR pair
{I:I, H} of p-filter banks, which generate a bi-frame {F F} in the space ITT[N). If
the matrices PO [n] = f’01[n]T and P3[n] = p3 (n1T, n € Z, then the frame
{F, F} is called semi-tight.

As in three-channel case, design of four-channel filter banks begins from a linear
phase low-pass filter h' = ﬁo, whose FRs fzo[n] = fzg[n]l + a)_”ﬁ?[n]l is a rational
function of " = €27"/N with real coefficients that has no poles for n € Z. Assume
that fzo[n] is symmetric about the swap n — —n, which implies that fzg[n]l =
hS[—n11 and 0 "A0n]y = " h9[—nl;. The IR {A°[k]} is symmetric about k = 0.

In addition, assume that P?![n] = PO! [n]" and the product

POl[n] - PO [—n] = (oz[gh /3[?1]1 ) (17.43)

is a diagonal matrix. The assumption in Eq. (17.43) is equivalent to the condition
hg[n]lh?[—n]l + h(l)[n]lh}[—n]l = 0. The simplest way to satisfy this condition is
to define

A ~ ~ ~ ~ 2 ~ 2
Ryl € —it=nlt, Al € Ri-nli = alnli = ity = |0t | + |0 |
Due to symmetry of h°[n], the FR

2l N o

h [n] = —h[—nl; + @ "hJ[—n] (17.44)

— " (ﬁg[n]l - w—"ﬁ?[n]l) — 0 "% + N /2]

~l
Equation (17.44) implies that the sequence w"h [n] is symmetric about the swap
n — —n and, consequently, the IR {h'[k]} is symmetric about k = 1.
It follows from the assumption in Eq. (17.43) that the product

PB[n] . PB[n] = Q[n] & (’[’g]‘ t[gh), where  (17.45)

2

’

def ~ 2 s
tn]y < 1—\h8[n]1\ +)h?[nh
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is a diagonal matrix. Thus, design of the PR p-filter bank is reduced to factorization
of the matrix Q[n].

17.3.1.1 Diagonal factorizAtion of the Matrix Q[n]

There are many ways to factorize the matrix Q[n]. One way is to define the matrices
P23 [n] and P?3[n] to be diagonal:

)
PB[n] = (ho[n]l A30 ) P2[, 0['1] 0 ’
0 hilnh T

which means that the odd polyphase components of the p-filters h? and h? as well
as the even polyphase components of the p-filters h? and h? vanish. Consequently,

we have to find four sequences fl%[n]l s ﬁ(z)[n]l, fz?[n]l and fz?[n]l such that

R2lnl 2l=nly = R3]y 3 =nl1 = tln];. (17.46)

Tight frame p-filter banks:

If the following inequality holds
0 2 0 2
ofnly = |dlali| + [l [ <1, nez, (17.47)

then, due to symmetry of the rational functions fzg[n]l and hAoo[n]l, we have

1 —a[n]; = P(cos2nn/N)/R(cos2nn/N), where R is strictly positive and P
is non-negative polynomials. Due to the Riesz’s Lemma 17.1, the polynomials can
be factorized P(cos2nn/N)) = p(o") p(w™), R(cos2nn/N)) = g(o") g(0™"),
where p and ¢ are polynomials with real coefficients and ¢ (@") does not have roots
for n € Z. Thus, we can define

def ()
Rl = Wl = Rl = ilonly = 70 & 290 7.48)
q(@")
The PR p-filter bank, whose FRs are
hon] = hd[nl + o™ "hY[n]; h*[n] = Tnli,

h'[n] = —hO[—n]y + @ "h[—nly, B3 [n] = 0 "T[-n];,

generates a tight wavelet frame in the space IT[N]. Certainly, symmetry of the FR
ho[n] does not guarantee symmetry of the FRs hz[n] and h3[n]
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Semi-tight frame p-filter banks:

If the condition Eq;(l7.47) is not fulfilled the~n the sequence ¢[n]; can be factorized
as t[n]; = T[n]y T[—n];, where T[n]; # T[n];. Thus, we obtain the PR p-filter
bank, whose FRs are

R R R 2l R A

hO[n] = hd[nly + 0 "h[nl, h [n] = —h0[=nl1 + 0 "hY[—n11,

h2[n] = T2[nl;, h2[n] = T2[n],. (17.49)
3n) = 0" T3n, 3 n] = 0" T3[n.

where T2[n], fz[—n]l =T3[n) 7~"3[—n]1 = t[n];. The PR p-filter bank defined by
Eq. (17.49) generates a semi-tight frame in the space IT[N].

Remark 17.3 The rational functiont[n] of " is symmetric about changen — —n.
Therefore, it can be factorized into product of two symmetric rational functions T [n];
and T[—n]y. An additional advantage of the semi-tight design is the option to swap
approximation properties between the analysis and the synthesis framelets.

17.3.1.2 Symmetric factorizAtion of the Matrix Q[rn]

If the inequality in Eq. (17.47) holds then the sequence f[n]; can be factorized as
t[n]y = T[n]y T[—n]; and the following factorization of the matrix Q[n] is possible.
Define,

23y 1 def [ A[—n]; —A[—n] 5230 o def po3. T
P~ [n] = (A[n]1 Alnl; ) P~[n] = P=[n]", (17.50)

where A[n]; &ef T[nly/ V2. Then, the product

P3[n] - PB[—n] = (A[—nh —A[—n]l) ‘ ( Alnly A[-nl;

Alnly Alnl —Alnl A[—n]l) = Qln].

A consequence of this choice is the fact that the p-filters h> and h® have a linear
phase:

R2[n] = A[-nli + @ " Alnli, h*[—n] = Alnl; + " A[-n]| = " k*[n],
Pn] = —Al-nly + 0 " Alnl;, h’[-n] = —A[n] + " A[-n]; = —o" A’[n].

The following symmetry properties hold.

Proposition 17.1 The impulse response (IR) of the p-filter h? is symmetric about
1/2, while the IR of W is antisymmetric about 1/2.
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Proof: The IR of the p-filter h? is A2[k] = N~' 3"V 0¥ i2[n]. On the other hand,

1 N-1 1 N-1 1 N-1
Rlktl= > o o Pl = & 3 " iPl-nl = & 3" o iPlnl = 11k
n=0 n=0 n=0

The claim about the p-filter h3 is proved similarly. |
Since P?3[n] = P?*[n]7, the four-channel p-filter bank

WOtn] = A§[nly + 0" Rlnli,  h'[n] = =Af[=nli + 0 "AQ[-n1,
h*[n] = A[-nli + 0 "Alnly, h’[n] = —A[-nli + 0 "Aln];.

generates a tight frame in the space IT[N].
A symmetric factorization scheme was presented in [ 10]. Certainly, other schemes
are possible.

17.3.1.3 Interpolating p-Filter Banks

Assume that the low-pass p-filter hY is interpolating and its frequency response is
W] = (1 + a)’”f[n]l) /ﬁ, where the sequence f[n]; is a rational function of

" = ¥ /N that has no poles as n € Z and

fI0li =1, o™ flnl1 =" fl-nl.
The sequence #[n]; to be factorized is
. 2 . 2 W[n]
nly = 1= [Rnn |+ || = ==

2
Winli € 1= fInh 2 = 20001 R%n + N /21,

When the diagonal factorization of the matrix Q[n] is applied, the polyphase sub-
matrices are

01, 1 _ 5011, 1T _ 1( 1 f[”]])

PO = Pl = o () (17.51)
. (T*nli 0 s o (Tl 0

P [”]_( 0 T3[n]1) P ["]_( 0 T3[n]1)’ (17.52)

where T2([n]; T%[—n]; = T3[n), T3[—n]; = W[n]; /2.

In the case when the inequality Eq. (17.47) holds and the sequence ¢[n]; is factor-
ized as t[n]y = T[n]; T[—n];, the polyphase matrices PO[n] = pY! [n]” are given
in Eq. (17.51), while the matrices P2 [n] = P23[n]” are given in Eq. (17.50).
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17.3.2 Low-Pass p-Filters

Like in the three-channel case, the key point in the design of a four-channel PR
p-filter bank generating a (semi-)tight frame in the signal space IT[N] is definition
of a relevant low-pass p-filter h’ = h. Once it is done, the rest of the p-filters is
designed in a way described in Sect. 17.3.1.

17.3.2.1 Interpolating Low-Pass p-Filters

A number of interpolating linear phase low-pass p-filters, which originate from poly-
nomial and discrete interpolating splines, is described in Sect. 17.2.3. The structure
of the frequency responses of those p-filters is

hOn] = fzo[n] = % (1 + w_”f[n]l),

where f [n]; is the frequency response of a prediction p-filter derived from a spline.
If the polynomial interpolating spline of order p is utilized then

A R P
Finli = g, 4 20l
uP[n]y
N/2-1 N/2—1
il €D W B +1/2). wllnll €Y o™ BPO),
k=0 k=0

where BP (1) is the B-spline. The corresponding low-pass p-filter h” locally restores
polynomials of degree p — 1 if p is even and of degree p if p is odd.

The frequency response of the prediction p-filter derived from the discrete spline
of order 2r is

A N dof @" (cos¥ wn/N —sin® 7n/N
finli = £ Inlh = ( . — )
cos?’ tn/N + sin” wn/N

The corresponding low-pass p-filter h” locally restores polynomials of degree 2r — 1.

All the above low-pass p-filters, except for p-filters derived from splines of
second order, have infinite impulse response. These second order p-filters locally
restore linear polynomials. However, in some applications, it is preferable to have
FIR filters with a higher approximation accuracy. One of such p-filters is pre-
sented in Sect. 17.2.3. That is the interpolating low-pass p-filter whose FR is

ﬁo[n] = (1 + o™ fq3 [n]l) / /2, where the prediction p-filter is derived from the
quadratic quasi-interpolating spline (Eq. (16.20)):
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_a)—Zn 494 9a)2n _ a)4n
16 '
A ) TN
h0[n] = V2 cos* = (1 + 2 sin? —) 17.54
(n] N N ( )

£

(17.53)

17.3.2.2 Two Examples of Non-interpolating p-FIR p-Filters
Quadratic quasi-interpolating spline

Denote by S3(¢) the quadratic spline, which quasi-interpolates the even polyphase
component X of a signal x¢ (Sect. 16.2.5.5). Denote values of the spline so[k] def
S3(k) and s1[k] € S3(k+1/2), k € Z. Then, the DFT $o[n]; = g3[n]s foln]; and
$ilnli = f2[n]i Zolnli, where f2[n]; is given in Eq. (17.54) and

_w—4n +4w—2n 458 +4w2n _ Cl)4n
64 '

gilnli =

Non-interpolating low-pass p-filter is defined by its FR:

70 def 1. 3 —n 73
W € Golnli + 7" filah) = T(gq[thrw famn)
1 2
= —cos4n—n 3—cosﬂ
V2 N N
. 2 2
= h'0] — V2 sin* 7(5—1—40057—}-0052 %)

The IR of the p-filter h® comprises nine terms (up to periodization). The low-pass
p-filter h° locally restores cubic polynomials.

Note that the same approximation order is achieved by p-filters, which have shorter
IRs. For example, the interpolating p-filter h® , whose frequency response is defined
in Eq. (17.54), locally restores cubic polynomials, while its IR comprises only five
terms (up to periodization).

Like the interpolating spline, the quadratic quasi-interpolating spline possesses
the super-convergence property at midpoints between grid nodes. This is the reason
why the p-filter and h° locally restores cubic polynomials, respectively.

Pseudo-spline p-filters

A family of linear phase FIR low-pass filters is introduced in [10] for non-periodic
setting. In the periodic case, the design starts from the obvious identity
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m+l
| = (0052 TR | Gin? @) , m,leN. (17.55)
N N

The FR of a low-pass p-filter h is defined by summation of the first / + 1 terms of
the binomial expansion in Eq. (17.55):

I

N n m+1 S TTn N TR

h°[n] = V2 cos®" =— sin®/ — cos?(=9) ==,
nl N ;) i )TN N

Example: m =2, [ =1

ﬁo[n]zﬁcos N (0052%+3s1n jjv—n) V2 cos? W(1+251n %)

One can observe that the p-filter h” is the same as the interpolating p-filter derived
from the quadratic quasi-interpolating spline, whose FR is given by Eq. (17.54).

Example from [10]: m =3, [ = 1

A ﬂn
A0n] = v2 cos® 22 (1 +3 —)
[n] cos® N sin N
WO[n] — A%[0] = +/2 sin* ’;V—" (3 cos? % + 2 cos? %” n 1) .

Then, Proposition 15.5 implies that the low-pass p-filter h® locally restores sampled
cubic polynomials. The p-filter h is not interpolating. IRs of the filters h® comprises
nine terms (up to periodization).

17.4 Four-Channel p-Filter Banks Using Spline Filters

In this section, we present examples of PR four-channel p-filter banks, which generate
tight and semi-tight frames in the space IT[N] of N-periodic discrete-time signals.
The design scheme was described in Sect. 17.3.1.

Summary of the design scheme

Once a linear phase low-pass filter h® whose FR is 7°[n] = ﬁg[n]l + o "h[ny, is
designed, the high-pass filter h! is defined by its FR as follows:
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~

W'n] = w™ (ﬁg[n]l - af"ﬁ?[n]l) = w "i0n + N/2].
Design of the band-pass p-filters is based on factorization of the sequence

il & 1[R[+ 800 [ = 7, Fron.

Once the factorization is accomplished, the FRs of the band-pass p-filters h*® and
h%, s =2, 3, are defined as

12 _ 73 g
]Z [n] = 7:[”]17 ]f [n] = =0 " T[—n]y, (17.56)
h*n] = Tnli, h’[n] = —w "T[-n];.

The PR pair {fI, H} of the p-filter banks, where H = {ho, h!, l~12, ﬁ3} and

H= {hO, h! h2, h3} generates a semi-tight frame in I7T[N].
When T[n]; = T[n]l, we use the “Symmetric” design of the p-filter banks H
generating tight frames:

h*[n] = Al-nli + 0 "Alnli, A[n) = —Al-nli + 0 " Alnl;,  (17.57)

where Alnl; € Tn],/v2.

In the forthcoming examples, we use the “Symmetric” design of tight frames.

Recall that impulse responses of the p-filters h* and h*, s = 0,1, 2,3, are the
framelets IZI[SH and v} of the first level, respectively.

In almost all the forthcoming examples, the low-pass p-filters are interpolating.
If the low-pass p-filter is interpolating then the polyphase submatrices of the four-
channel PR p-filter bank are presented in Eqs. (17.51), (17.52) and (17.50). In this
case, once the prediction p-filter f is available, the FRs of the low- and the high-pass
p-filters and the sequence to be factorized are

ROtn] = K% = (1 + ™" fInl1) V2.
W'nl=h'ln] = 0" (1 — o" fl—nh) /2,

tnly = Winl /2, Winli € 1= | finh|? = 20001 7°n + N /21.

Consequently, if W[n]; = w[n]; w[—n]; then the sequences

wln]; wlnly

A = .
NG [n]h NG

If the sequence W{n]; is factorized as W([n]; = w[n]; w[—n]; then the sequence
Aln]1 = wln]y /2.

T[n); = (17.58)
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17.4.1 Examples of p-Filter Banks With p-FIR p-Filters

A few examples of p-filter banks with FIR p-filters are given in this section.

Linear interpolating spline:
The prediction p-filter is fcz [n]1 = (1 + a)z") /2. Thus,

2n —2n 2n
—o"+2—-—w l—w
Winl = 1 = Aln]; = 1

The frequency responses of the p-filters are

A an A~ mn
ROln) = V2 cos® =, h'ln] = 2 sin?
(n] cos” — [n] =0~ sin ~
- -2 (1 — (14 ™) (1 — o™)?
h2 — —n - _ i
[n] ;e 4 402
Py L@ alze? (e o
4 4 - 4 @21 :

The p-filter h” locally restores sampled polynomials of the first degree while the
p-filters h!' and h? locally eliminate them. The p-filter h® locally eliminates only
constants. The framelets w[ll] and 1/f[21], which are the IRs of the p-filters h! and h2,
respectively, have two LDVMs. Either of them is symmetric. The framelet 1//[31] is
antisymmetric and has one LDVM.

IRs of the p-filtersh®, s = 0, 1, 2, 3, and their magnitude responses are displayed
in Fig. 17.9. Although both magnitude responses |h2[n]| and |h3 [n]| are equal to
zero when n = 0, the magnitude response |h2[n]| is flatter in the zero vicinity in
comparison to |h3[n]|. This geometrical phenomenon reflects the fact that > has
two LDVMs in comparison to one LDVM in 1.

Quadratic quasi-interpolating spline (interpolating low-pass p-filter):

The FRs of the prediction p-filter f and of low-pass p-filter h” are given in Egs. (17.53)
and (17.54), respectively. Then, we have

o , TTH
AOt] = V2 cos* 22 (1 2 —)
[n] cos? N + 2sin N

il = o™ 0+ N2l = 07 V2 sint I (14 2008 22
[n] =w [n+N/2l=w sin N + 2cos N
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The sequence Wn] to be factorized is

2n —2n\ 2
1 o —-24w 4
Win] = (1—6) I[n]y,
o € -0 + 14— 02, (17.59)

The p-filter h” locally restores sampled polynomials of third degree while the p-filter
h! locally eliminates them. Thus, the framelets w[ll] has four LDVMs.
The following factorization modes W [n]; = w[n]; w[—n]; are possible:

1. Non-symmetric factorization Wn]y = w[n]; w[—n];, where

—2n 2n 2n
—24 1 —
= 121/?3( 197) G =7- 43,

FRs of the p-filters h? and h? are defined in Eq. (17.57) with A[n]; = w[n];/2.

wln]) =

The p-filterbank H = {h*}, s =0, 1, 2, 3, generates a tight frame. The p-filters
h? and h? locally eliminate sampled polynomials of second and first degrees,
respectively. The framelets 1//[31] and w[zl], which are impulse responses of the

p-filters h', h? and h?, respectively, have three and two LDVMs, respectively.

IRs of the p-filters h*, s = 0, 1, 2, 3, and their MRs are displayed in Fig. 17.9
(second from top). MRs of the p-filters h? and h3 mirror each other.

2. Symmetric factorization of W[n]; = w[n]y w[—n];, which provides equal num-
ber (two) of LDVMs to the analysis and to the synthesis framelets:

—2n __ 2 2n —2n __ 2 2n I—v4

winl = 4 : o4

FRs of the p-filters h* and h*, s = 2,3, are given in Eq. (17.56), where the
sequences T'[n]; and 7~”[n]1 are defined by Eq. (17.58).

3. Antisymmetric factorization of W[n]; = w[n]; w[—n];, which assigns three
LDVMs to the analysis framelet 1}[21] leaving only one LDVM to the synthesis

framelet w[zl] and vice versa for the framelets 1/7[31] and }[/[31]1

_ w4n _ 30)211 43— w—2n (1 _ w2n) FC4[71]1
wln]y = 2 , wlnlp = 3 .

FRs of the p-filters l~1s~ and h*, s = 2,3, are given in Eq. (17.56), where the
sequences 7' [n]; and T'[n]; are defined by Eq. (17.58).
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Figure 17.5 displays impulse responses of the p-filters h' and h*, s = 2,3,
which are the discrete time framelets of the first level and their MR.

Quadratic quasi-interpolating spline (non-interpolating low-pass p-filter):

Frequency responses of the p-filter h® and h! are

1 2
h°[n] = — cos* T (3 — cos _nn)’
V2 N N

A - n 2mn
h'n] = in* — (3 — ).
[n] NG sin N ( ~+ cos N )

The p-filter h” locally restores sampled polynomials of third degree while the p-filter
h! locally eliminates them. Thus, the framelets 1ﬂ[11] has four LDVMs.

S

2™ =24 02"’ Tnly
1282 ’
Tl &~ — 1202 +346 — 12072 — ™",

def
thnli = 1 — |hS[nli? — |KO[n]y|? =

1. Non-symmetric factorization t[n]y = T[n]; T[—n];:

V2 (@0 =2 4+ 0 ) (1 — q10*) (1 + arw®™)
T[I’l]] = ’

128 /o ap
a1 = 0.073953753020242364122024941764069,

az = 0.039128545627548780526469694812049.

FRs of the p-filters h? and h? are defined in Eq. (17.57) with A[n]; = T[n]i /ﬁ.
The p-filterbank H = {h®}, s =0, 1, 2, 3, generates a tight frame. The framelet
wfl] has three LDVMs, while W[zl] has two. IRs of the p-filtersh®, s =0, 1, 2, 3,
and their MRs are displayed in Fig. 17.9 (center).

2. Symmetric factorization t[n]y = T[n]; f[—n]l, where either of framelets 1/7[31]
and Wlsll’ s = 2,3, has two LDVMs:

_ V2(—0™ +2 — 072" T[n]

T b
L)y 2048
- ﬁ(_wZn 42— w—2n)
T[n] = .
4
3. Antisymmetric factorization of t[n]; = T[n]; 7~‘[—n]1, which assigns three

LDVMs to the analysis framelet 1}[21] leaving only one LDVM to the synthe-

sis framelet 1/f[21] and vice versa for the framelets 1Z[31] and wa]:
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‘Symmetric factorization |
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‘Antisymmetric factorization | I/ ‘\
Fig. 17.5 Left IRs of the p-filters h> — h®> — h®> — h3 derived from quadratic quasi-

interpolating splines (interpolating low-pass p-filter). Right MRs of h? and h? (coincide with each

)

other) (dashed lines), and MRs of h? and h3 (coincide with each other) (solid line)

4n 2n —2n
~ 0" =30 +3 —w
Tinl; = V2 o
(1 —w®) YInl
T =2 .
bl = V2

FRs of the p-filters h* and h*, s =2, 3, are defined in Eq. (17.56). Figure 17.6
displays IRs of the p-filters h® and h®, s = 2,3, which are discrete-time

framelets of the first level, and their MRs.

Upgraded quadratic quasi-interpolating spline:

Frequency response of the prediction p-filter f = fs is given in Eq. (16.21).
Then, frequency responses of the low- and high-pass p-filters h® and h!, respec-

tively, are
™ 1—|—9sin27[— > _2_2m1 ,
N 2 N
3 . 227'[”
N

)

—n £3
W] = Lo flnh = /2 cos®
1+9cos2n—n—
N 2

V2

Al = 0" K%+ N/2]) = 0" /2 sin® =2 (
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Fig. 17.6 Left 1Rs of the p-filters h2 —> h? —> h®> — h? derived from quadratic quasi-

interpolating splines (non-interpolating low-pass p-filter). Right MRs of h? and h3 (coincide with
each other) (dashed lines), and MRs of h? and h3 (coincide with each other) (solid line)

Their IRs comprise seven terms (up to periodization). The low-pass h” and the high-
pass h! p-filters locally restore and eliminate sampled polynomials of fifth degree,

respectively. Thus the framelet 1//[11] has six LDVMs.

The sequence

. 2n 2 —2n,\3
CoT T2 )" piy. Pl % 90 — 9602 + 814 — 96021 + 90—,

Winh = 2562
1. Non-symmetric factorization Wn]; = w[n]; w[—n];: The Laurent polynomial

of w?*, P[n]; has four roots:

4 8
ap = VI5i + 2V2V151 =5+ 2 = 5.274196044905089 + 7.833803759614890i

a =1/ay, a3 =af, ag=1/af,

where a* is the complex conjugate of a. Thus, the sequence W[n]; can be

factorized as follows:
3(1 — a)—2n)3
Winli = winly wi-nly, winl; = (80— Bro™ + pro™),
5256
*
NN 116963119775494,

1
Bo = — =~ 0.105889419948135, p; =
levy | leey |
Bo = |a1| >~ 9.443814126943037.
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Fig. 17.7 Left IRs of the p-filters h2 —> h?2 —>~l~13 — h3 derived from the upgraded quadratic
quasi-interpolating splines. Right MRs of h2 and h3 (coincide with each other) (dashed lines), and
MRs of h? and h? (coincide with each other) (solid line)

FRs of the p-filters h? and h? are defined in Eq. (17.57) with A[n]; = w[n];/2.

The p-filter h® eliminates sampled polynomials of second degree, thus the
framelet 111[3]] has three LDVMs. The p-filter h? eliminates cubic polynomials,

thus the framelet w[zl] has four LDVMs.

IRs of the p-filters h*, s = 0, 1,2, 3, and their magnitude responses are dis-

played in Fig. 17.9 (second from bottom).
2. Symmetric factorization W[n]1 = w[n]; w[—n];, which assigns four LDVMs
to the analysis framelet w[ll and two LDVMs to the synthesis framelet w[l] and

vice versa for the framelets w[l] and w[l].

~ (_wZn 42— w—2n)2 (_wZn 42— a)—2n)
_ 4 - Plnl;.
w[n]; 756 , wlnl 756 [n]1

FRs of the p-filters h* and h*, s =2, 3, are givenin Eq. (17.56), where the sequences

T[n]1 and T[n]; are defined by Eq. (17.58).
Figure 17.7 displays IRs of the p-filters h® and h®, s = 2, 3, which are discrete-

time framelets of the first level and their MRs.
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Pseudo-spline:

FRs of the non-interpolating low-pass p-filter h® and the corresponding high-pass
p-filter h! are

P0r1 — 6T L2 7T
h[n]—\/icos N(1+3sm N)’

N n n
h] — —n 2 -6 - (1 3 2 _) ,
n]l=w sin N + 3cos N

The p-filter h” locally restores sampled polynomials of third degree while the p-
filter h! locally eliminates sampled polynomials of fifth degree. Thus, the framelets
1//[11] has six LDVMs. We have

Z(wZn ) + w—2n)2 Q[n]1
2562 ’
—90™ — 28w + 1610 — 28w 2" — 9o~ ",

def
tinli = 1 — [hd[nli > — [W[n]y)? =

def

Oln]y =
1. Non-symmetric factorization t[n]y = T[n] T[—n];:

V23 =2+ 01 — a10?)(1 + ar0®)

2564 AN%)
a1 = 0.084036721311635863751390197446785,
ar = 0.066541718952892961207287011854059.

T[n]

FRs of the p-filters h? and h? are defined in Eq. (17.57) with A[n] = T[n]/v/2.
The p-filterbank H = {h*}, s =0, 1, 2, 3, generates a tight frame. The p-filters
h? and h3 locally eliminate sampled polynomials of first and second degrees,
respectively, thus the framelets w[zl] and %”[31] have two and three LDVMs, respec-
tively.

IRs of the p-filters h®, s = 0, 1, 2, 3, and their MRs are displayed in Fig. 17.9
(bottom). ~
2. Symmetric factorization t[n]; = T[n] T[—nl;:

V2(—0* +2 — 0™ Q[n],
8192 ’
ﬁ(_wZn 42— w*Zn)
; .

T[n]; =

Tlnl) =

The p-filters h® and h',:s =23, locally eliminate sampled polynomials of
first degree, thus the framelets 1//[21] and xpfl] have two LDVMs.
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Fig. 17.8 Left IRs of the p-filters h> —> h?> — h? — h? derived from the pseudo-spline. Right
MRs of h? and h? (coincide with each other) (dashed lines), and MRs of h? and h? (coincide with
each other) (solid line)

3. Antisymmetric factorization of l‘[fl]] = T[nh T[—n]l, which assigns three
LDVMs to the analysis framelet 1/f[21] leaving only one LDVM to the synthe-

sis framelet 1/f[21] and vice versa for the framelets 1}?1] and w[31]:

B w4n _ 3&)2" +3- w—2n (1 _ 6U2n) Q[n]l
T[n]l—ﬁ 3 s T[n]l—ﬁT

FRs of the p-filters h® and h®, s = 2, 3, are defined in Eq. (17.56).

Figure 17.8 displays the IRs of the p-filters h®, which are discrete-time framelets of
the first level, and their MR.

Display of tight frame FIR p-filters

Figure 17.9 displays impulse and magnitude responses of the p-FIR four-channel
p-filter banks that generate tight frames. The impulse responses of the p-filters h®
are the corresponding discrete-time framelets wsl [k], s = 0,1,2,3, of the first
decomposition level. The framelets wfl][k], s = 0, 1, 2, are symmetric, while the

framelets W[31] [k] are antisymmetric. The magnitude responses of the p-filters h” and

h' mirror each other and the same is true for the band-pass pair h> and h?. In the
caption to the figure, abbreviation QIS means quasi-interpolating spline.



17.4 Four-Channel p-Filter Banks Using Spline Filters 455

S P

Fig. 17.9 Impulse and magnitude responses of the p-FIR four-channel p-filter banks that generate
tight frames. Left pictures display the impulse responses of p-filters where, from left to right, we
have: h® — h! — h> — h3. Righr pictures display the magnitude responses of these p-filters:
h® and h? (dashed lines), W3 (dash-dot line) and h? (solid line). Top linear spline. Second from rop
quadratic QIS (interpolating low-pass p-filter). Center quadratic QIS (non-interpolating low-pass
p-filter). Second from the bottom: upgraded quadratic QIS. Bottom pseudo-spline

17.4.2 Four-Channel p-Filter Banks With IIR p-Filters

Unlike non-periodic setting, implementation cost of IIR p-filters is no higher than
the cost of p-FIR p-filters. However, giving up the requirement of finite impulse
response provides additional flexibility in the design of p-filter banks with necessary
properties.

For the design, we use the interpolating low-pass p-filters h°. The frequency
responses of the p-filters are structured as ﬁo[n] = (1 + " f [n]l) /«/5, where

A

fIn]; is the frequency response of a some prediction p-filter. Prediction p-filters
derived from interpolating polynomial and discrete splines are described in Sect. 16.2
and 16.3, respectively.



456 17 Wavelet Frames Generated by Spline Based p-Filter Banks

Similarly to design of three-channel p-filter banks with interpolating low-pass
p-filters, which is described in Sect. 17.2, the key point is factorization of the sequence
Win]y = 1—|f[nh |2. Therefore, we can use the factorization results from Sect. 17.2.

17.4.2.1 Examples of p-Filter Banks Originating From Polynomial
Interpolating Splines

Quadratic interpolating splinep = 3:

Denote 222[n], Lf 2 +6-++w~2". The prediction p-filter £ is defined in Eq. (17.21).

Frequency responses of the p-filters h® and h! and the sequence W([n] are

N cos*mn/N 4 sin*tn/N
Pin= V2——L—, hi'ml=0"V2——"—,
23[n] 23[n]
0 2+ w2\ [sin®2mn/N\’
winli = (50— ) = (S5pap0) -
£22[nl 2822 [n]

The p-filter h” locally restores sampled cubic polynomials while the p-filter h'
locally eliminates them. Thus, the framelet 1//[11] has four LDVMs.

1. Symmetric factorization W[n]; = w[n]; w[—n];, where

(02" =2+ ™)  sin?2wn/N
23[n] -~ 223(n]

wln]) =

FRs of the p-filters hZ and h? are defined in Eq. (17.57) where A[n]; = w[n];/2.
The p-filter bank H = {h*}, s =0, 1, 2, 3, generates a tight frame. The p-filter
h3 locally eliminates sampled quadratic polynomials, thus the framelet %”[311’ has
three LDVMs, while the framelet w[z I has two LDVMs. The IRs of the p-filters
h%, s =0, 1,2, 3, and their MRs are displayed in Fig. 17.13 (top).

2. Antisymmetric factorization of W[n]; = w[n]; w[—n];, which assigns three
LDVMs to the analysis framelet 1/}[21] leaving only one LDVM to the synthesis

framelet W[21] and vice versa for the

w4n _ 3a)2n 43— w—2n 7] 2 (1 _ a)2n)
, winl1 = ——37
223 [n]y 23[nh

wlnl; =

FRs of the p-filters h* and h®, s = 2, 3, are defined in Eq. (17.56), taking into
account Eq. (17.58). Figure 17.10 displays IRs of the p-filters h® and h*, s =
2, 3, which are discrete-time framelets of the first level, and their MRs.
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Fig. 17.10 Left IRs of the p-filters h? — h? — h?® — h? derived from quadratic interpolating
splines. Right MRs of h? and h? (coincide with each other) (dashed lines), and MRs of h* and h3

(coincide with each other) (solid line)

Cubic interpolating spline: p = 4:

Denote,

2 C o +at0, Ml Y o™+ 1a—0 . (17.60)

The prediction p-filter f? isdefined in Eq. (17.23). Frequency responses of the p-filters
h° and h! and the sequence W[n]; are

cos* wn/N (2 4 cos2n/N)

~o
W) = V2 2T, ,
.4
S P sin“zn/N (2 —cos2mn/N)
'l =w"V2 2T :
P 2 4
Winh = (W) I'’[n];. (17.61)

The p-filter h” locally restores sampled cubic polynomials while the p-filter h!

locally eliminates them. Thus, the framelet 1//[11] has four LDVMs.
Comparing Eq. (17.61) with Eq. (17.59), we observe that numerators of the
sequences W[n]; in both cases are the same. Therefore, factorization of W[n];
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for the cubic interpolating spline is similar to the factorization for the quadratic
quasi-interpolating spline.

1. Non-symmetric factorization Wn]y = w[n]; w[—n];, where

2n —2n
o =24+ w 2
= ——F— (1 — ”), =7 —443.
wln]; 8\/55??[”]1 ( qow q f

FRs of the p-filters h? and h? are defined in Eq. (17.57) where A[n]; = w[n];/2.
The p-filter bank H = {h*}, s =0, 1, 2, 3, generates a tight frame. The p-filter
h? locally eliminates sampled quadratic polynomials, thus the framelet I/I[SI], has

three LDVMSs, while the framelet w[zl], has two LDVMs. IRs of the p-filters
h*, s =0, 1, 2, 3, and their MRs are displayed in Fig. 17.13 (second from top).
2. Symmetric factorization W[n]; = w[n]; w[—n];, where

w2n i a)—Zn

T e LU

wln] =

The p-filters h® and h*, : s = 2, 3, locally eliminate sampled polynomials of
first degree, thus the framelets I/I[zl] and w[sl] have two LDVMs.

3. Antisymmetric factorization Wln]y = Al[n] A[—n]l, which assigns three
LDVMs to the analysis I/fz[l] and one LDVM to the synthesis w[zl] framelets

and vice versa for 1&3[1] and one LDVMs in synthesis 1p[31] :

w4n _ 3602" 13- w72n A[ ] (1 _ c0211) Fc4[n]1
’ n =
4250, ! 16 23[n],

Alnly =

In both the symmetric and the antisymmetric cases, FRs of the p-filters h* and
h*, s =2, 3, aredefinedin Eq. (17.56), taking into account Eq. (17.58). Figure 17.11
displays IRs of the p-filters h® and h®, s = 2, 3, which are discrete- time framelets
of the first level, and their MRs.

Interpolating spline of fourth degree, p = 5:

Denote,

.Qf [n] def i +760>" +230+ 760w " + ™, 1'15 [n]1 el +98—w 2.

The prediction p-filter f 65 isdefined in Eq. (16.16). Frequency responses of the p-filters
h° and h! and the sequence W[n]; are
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Fig. 17.11 Left IRs of the p-filters h? — h? — h® — h® derived from cubic interpolating
splines. Right MRs of h? and h3 (coincide with each other) (dashed lines), and MRs of h? and h?
(coincide with each other) (solid line)

fzo[n] _ 128«/5(:056 an/N (2 +cosn/N)

22[n ’
-6 : 2
A R sin®tn/N (2 4+ sin“wn/N)
h'n] = 0" 1282 oA ,
L3 Anl
Winl = (-0 +2 —0™2") —<—
( ) (230n11)°

The p-filter h® locally restores sampled polynomials of fifth degree while the
p-filter h! locally eliminates them. Thus, the framelet w[ll] has six LDVMs.

1. Non-symmetric factorization W{n]y = w[n]; w[—n];, where

2n —2n —4n
wln] = @ +ow @ (1 — qa)Z") ,

Va 22[nh

g = 49 — 20/6. FRs of the p-filters h? and h? are defined in Eq. (17.57) where
Aln]y = w([n]1/2. The p-filter bank H = {h*}, s =0, 1, 2, 3, generates a tight
frame. The framelets 1/f[21] has four LDVMs and ‘/’[31] has three LDVMs. IRs of
the p-filters h®, s = 0, 1, 2, 3, and their MRs are displayed in Fig. 17.13 (third
from top).

2. Symmetric factorization W[n]; = w[n]; w[—n];, which assigns four LDVMs
to the analysis 1}[21] and two LDVMs to the synthesis 1/f[21] framelets and vice
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Fig. 17.12 Left: IRs of the p-filters h2 —> h? — 133 —> h? derived from interpolating splines
of fifth order (fourth degree). Right: MRs of h? and h? (coincide with each other) (dashed lines),

and MRs of h? and h? (coincide with each other) (solid line)

versa for 1}[31] and 30[311 :
(wZn — 2+ a)—Zn)2

a)2n —24 a)72n 5 _
ST AR sy —8v2
wln]y s/2sn, ¢ [n]1, wln]y 230,

3. Antisymmetric factorization W[n]; = w[n]; w[—n];, where all the framelets
l/ffl] and wfl], s = 2, 3, have three LDVMs:

- I2nl
wln]; = wln) 8 (17.62)

~[ ] w2n — 34 30)—2n _ w—4n
win|y =
1 8+/2 25[n];

’

In both the symmetric and the antisymmetric cases, FRs of the p-filters h* and
h%, s =2,3, are deﬁnedin~Eq. (17.56), taking into account Eq. (17.58). Figure 17.12
displays IRs of the p-filters h® and h®, s = 2, 3, which are the discrete time framelets

of the first level, and their MR.

17.4.2.2 Four-Channel p-Filter Banks Derived From discrete splines

Denote, [25’ [n]1 o n /N + sin® wn/N. The prediction p-filters f = fd2’
are given in Eq. (17.34). Frequency responses of the low- and high-pass p-filters and
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the sequence W{n]; are

0y = Y2 TN gy o V2SI /N
2% [n] 2% [
Wi, = A8 2mn/N A1) 072 (1= o)
nl = 5 = 5 .
22r (-Q;r[n]l) 42r (95’[11]1)

The sequence W{n]; is factorized as W[n]; = w[n]; w[—n], where
2072 (1 — )" /(4" 23 [n]) if ris odd, p € Z;

2 sin" 27n/N /(2" [25’ [7]1), if r is even,

h’[n] = A[-nli + @ ™" A[n];.  h’[n] = —A[—n]; + 0" A[n];.

wln]; = {

where A[n]; = w[n];/2. The interpolating low-pass p-filter h® locally restores
sampled polynomials of degree 2r — 1 while the high-pass p-filter h! eliminates
them (the framelet 1/f[11] has 2r LDVMs). The p-filter bank H = {(h*}, s =0, 1,2, 3,

generates a tight frame. If r is even then the band-pass p-filter h? locally eliminates
sampled polynomials of degree r (the framelet wﬁ] has r + 1 LDVMs), while p-filter

h? eliminates polynomials of degree r — 1 (the framelet wfl] has » LDVMs) and vice
versa for r odd.

Example: Discrete spline of fourth order: r = 2

In this case, the p-filter bank H is the same as the p-filter bank derived from the
quadratic polynomial interpolating spline.

Example: Discrete spline of sixth order: r = 3.

In this case,

w72n — 34 36()2" _ w4n

Aln]; = . 17.63
U= G s 10430 ) (17.69
Example: Discrete spline of eighth order: r = 4.
In this case,
in*27n/N
Alnl; = sin” 2mn/ (17.64)

16 (cos8 wn/N + sin® rn/N)’
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Fig. 17.13 Impulse and magnitude responses of the IIR p-filter banks that generate tight frames.
Left pictures display impulse responses of the p-filters. Left to right in the left picture: h® — h!
—> h% — h3. Right pictures display magnitude responses of these p-filters: h® and h! (dashed
lines), W3 (dash-dot line) and h? (solid line). Top quadratic IS. Second from rop cubic IS. Third from
top four degree IS. Center DS of order 6. Third from bottom DS of order 8. Second from bottom
DS of order 10. Bottom discrete spline of order 12

Display of tight frame IIR p-filters

Figure 17.13 displays impulse and magnitude responses of IIR four-channel p-filter
banks that generate tight frames. The p-filters are derived from the polynomial inter-
polating splines of orders 3, 4,5 and from the discrete splines of orders 6, 8, 10
and 12. Impulse responses of the p-filters h® are the corresponding discrete-time
framelets W[Yl][k]» s = 0,1, 2,3, of the first decomposition level. The framelets

lp[sl] [k], s =0, 1,2, are symmetric, while the framelets 1/f[31] [k] are antisymmetric.
MRs of the p-filters h® and h! mirror each other and the same is true for the band-pass



17.4 Four-Channel p-Filter Banks Using Spline Filters 463

pair h? and h3. Note that, as the spline order is growing, the shapes of MRs of the
p-filters h” and h! are approaching rectangles while MRs of the p-filters h”> and h?
are shrinking. In the caption to the figure, abbreviation IS means interpolating spline,
DS means discrete spline.

Direct and inverse framelet transforms using four-channel p-filter banks are imple-
mented by the MATLAB functions fram34_dec_hm.m and
fram34_rec_hm.m, respectively. When some framelet transforms are repeatedly
applied, it is advisable to use the functions fram34_dec_hmwf .m and
fram34_rec_hmwf .m. The two-dimensional transforms are implemented by the
MATLAB functions fram34_dec2d_hm.mand fram34_rec2d_hm.m
(or fram34_dec2d_hmwf.m and fram34_rec2d_hmwf .m), respectively.
Available frames are listed in the MATLAB code 1ist_frame4 .m. Figures 17.5,
17.6,17.8,17.7, 17.10, 17.11 and 17.12 were produced by the code framd_exam
_P.m. Figures 17.9 and 17.13 were produced by the code fram4_exam_P7 .m.
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Chapter 18
Application of Periodic Frames to Image
Restoration

Abstract In this chapter, we present examples of image restoration using periodic
frames. Images to be restored were degraded by blurring, aggravated by random
noise and random loss of significant number of pixels. The images are transformed
by periodic frames designed in Sects. 17.2 and 17.4, which are extended to the 2D
setting in a standard tensor product way. In the presented experiments, performances
of different tight and semi-tight frames are compared between each other in identical
conditions.

18.1 Outline of the Restoration Scheme

Images are restored by the application of the split Bregman iteration (SBI) scheme [1]
that uses the so-called analysis-based approach (see for example [2]).

Denote by u = {u[k, v]} the original image array to be restored from the degraded
array f = Ku + ¢, where K denotes the operator of 2D discrete convolution of the
array u with a kernel k = {k[«, v]}, and ¢ = {ek,n} is the random error array. K
denotes the conjugate operator of K, which implements the discrete convolution with
the transposed kernel k”. If some number of pixels are missing then the image u
should be restored from the available data

P f =P,y (Ku+e), (18.1)

where the symbol P4 denotes the projection on the remaining set of pixels.
The solution scheme is based on the assumption that the original image u can be
sparsely represented in a frame domain. Denote by F the operator of frame expansion

of the image u, where C def f‘u, C = {c[k, v]}, is the set of the frame transform
coefficients. Denote by F the operator of reconstruction of the image u from the set
of the frame coefficients. We get F C = u, FF = I, where I is the identity operator.

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 465
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4_18,
© Springer Science+Business Media Dordrecht 2014
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An approximated solution to Eq. (18.1) is derived via minimization of the
functional

1 _
min > P4 (Ku— /) +2 |Fuf . (18.2)

1

where |||y and ||-||, are the /1 and the /> norms of the sequences, respectively.
Ifx = {x[«x,v]}, «k =0,...,k, v=0, ..., n, then

k—1n—1 k—1n—1

Ixl €S el vl Ikl €[0S Ixlk, vl

k=0v=0 k=0v=0

Denote by Ty the operator of soft thresholding:

Tox = (xoli, v}, xolc, v] < sen(x[k, v]) max {0, [x[x, v]| — 9} .

Following [2], we solve the minimization problem in Eq. (18.2) by an iterative
algorithm. We begin with the initialization u® = 0, d° = b% = 0. Then,

utl .= (KPA K+ uDu=KPyf+ uF(d —bb),
d“t =T, (Fukt! + b5, (18.3)
bk+l — bk + (ﬁukH _ dk+1).

The linear system in the first line of Eq. (18.3) is solved by the application of the
conjugate gradient algorithm. The operations in the second and third lines are
straightforward. The choice of the parameters A and n depends on experimental
conditions.

18.2 Numerical Examples

The restoration algorithms were applied to the “Window”, “Barbara”, “Boats”,
“Lena” and “Fingerprint” images. These images were blurred by convolution with
either the motion kernel or the Gaussian kernels and were degraded by loss of a large
number of pixels. In some experiments, the degradation was aggravated by addition
of zero mean random noise.

In the presented examples, we compare the performance of tight frames (TF)
to that of semi-tight frames (STF) derived from different polynomial and discrete
splines. The available frames using 3-channel p-filter banks are listed in Table 18.1,
while frames using 4-channel p-filter banks are listed in Table 18.2.

The proximity between an image u and the original image u is evaluated visually
and by the Peak-Signal-to-Noise ratio (PSNR) (Eq. 6.42).
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Table 18.1 List of spline-based frames using 3-channel p-filter banks

T3,  LinearIS TF, T3, QUISTF,

T), CUISTF, 83, CU IS STF (SY, IIR),

S3,  CUIS STF (SY, FIR), S35 CU IS STF (ASY),

T3, QU QIS TF, s3, QU QIS STF (SY),

S3, QU QIS STF (ASY), S35 QU QIS STF (4 LDVMs in analysis framelet)
Tg, DS of 6-th order TF, 53 DS of 6-th order STF (SY),

T3, DS of 8-th order TF, T3,  DSof 12-th order TF.

1S interpolating spline, QIS quasi-interpolating spline, DS discrete spline, TF tight frame, STF semi-
tight frame, LPF low-pass p-filter, SY symmetric, ASY antisymmetric, QU quadratic, CU cubic

Table 18.2 List of spline-based frames using 4-channel p-filter banks

Ty, LinearIS TF, T}y QUISTE

S3, QUIS STF (ASY) Ty, CUISTF,

§3, CUIS STF (SY, FIR), S3, CUIS STF (ASY),

T,y 4-thdegree IS TF, Siy  4-thdegree IS STF (SY),

Sio  4-thdegree IS STF (ASY), 7., QU QIS TF (interp. LPF),

S¢, QU QIS STF (SY, interp. LPF), S, QU QIS STF (ASY, interp. LPF),
T¢y QU QIS TF (non-interp. LPF), S¢, QU QIS STF (SY, non-interp. LPF),
S¢, QU QIS STF (ASY, non-interp. LPF), T}, Upgraded QU QIS TF,

S;‘J Upgraded QU QIS STF (SY, non-interp. LPF), Té o Pseudo-spline TF,

qul Pseudo-spline STF (SY), Sg_z Pseudo-spline STF (ASY),

Tgoo DS of 6-th order TF, Tgo0 DS of 8-th order TF.

Tﬁ)o 0 DS of 10-th order TF, T1420 0 DS of 12-th order TF.

1S interpolating spline, QIS quasi-interpolating spline, DS discrete spline, 7F tight frame, STF semi-
tight frame, LPF low-pass p-filter, SY symmetric, ASY antisymmetric, QU quadratic, CU cubic

18.2.1 Restoration Experiments with the “Window” Image

This image was taken from [2], where results of two restoration experiments were
cited. The experiments described below were carried out in the conditions similar to
the conditions cited in [2].

Experiment 1.1: Image blurred and pixels missing
The image was blurred by convolution with the motion kernel (MATLAB function
fspecial(‘motion’,15,45)) and its PSNR becomes 24.15dB. Then, 30 % of the
pixels were randomly removed. This reduces the PSNR to 11.61dB. No random
noise was added. The image was restored by 50 SBI, using the parameters A =
0.001, pu = 0.001 in Eq. (18.3). The conjugate gradient solver used 100 iterations.
Tight and semi-tight frames listed in Tables 18.1 and 18.2 were tested. Decomposition
is implemented down to the fifth level. The restored PSNR results are illustrated by
the diagram in Fig. 18.1. The bars in the diagram are arranged in the order given in
Table 18.3.

The best PSNR = 44.09dB result for the restored image was produced by the
tight frame Tg,o derived from the pseudo-spline. A close PSNR = 44.0dB value
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Fig. 18.1 PSNR results for Experiment 1.1. The best PSNR = 44.09dB is achieved by the frame
T4
8,0

was produced by the semi-tight frame Sgyz derived from the pseudo-spline with

antisymmetric factorization of the sequence t[n]; = T[n]; f[—n]l (Sect. 17.4.1).
Figure 18.2 displays the restoration result. Visually, the restored image hardly can
be distinguished from the original one.

Experiment 1.2: Image blurred and noised and pixels missing
The image was blurred by convolution with the motion kernel (MATLAB function
fspecial(‘motion’,15,45)) and a weak random zero-mean Gaussian noise, whose
STD is 0 = 5, was added. The PSNR was 23.74dB. Then, 30 % of the pixels were
randomly removed. This reduces the PSNR to 11.59dB. The image was restored
by 30 SBI, using the parameters A = 0.3, u = 0.1 in Eq. (18.3). The conjugate
gradient solver used 10 iterations. Tight and semi-tight frames listed in Tables 18.1
and 18.2 were tested. Decomposition is implemented down to the second level. The
restored PSNR results are illustrated in Fig. 18.3 (see Table 18.3).

As in the previous experiment, the best PSNR = 28.57dB result for the
restored image was produced by the tight frame Tg,o derived from the pseudo-

spline. The value PSNR = 28.56dB was achieved by the semi-tight frame Sg,z
derived from the pseudo-spline with antisymmetric factorization of the sequence
tinl1 = T[nh T[—n]l (Sect. 17.4.1). Frames derived from the quadratic quasi-
interpolating spline (non-interpolating log-pass p-filter) produced very close PSNR
results. Figure 18.4 displays the restoration result. Noise is completely removed and
the image is effectively deblurred.
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Fig. 18.2 Top left Source input—the “Window” image. Top right Blurred. PSNR = 24.15dB.
Bottom right After random removal of 30 % of its pixels. PSNR = 11.61 dB. Bottom left The image
restored by the frame T§,0~ PSNR = 44.09dB
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Fig. 18.3 PSNR results for Experiment 1.2. The best PSNR = 28.57dB is achieved by the
frame Tg,o
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Table 18.3 Order of bars in the diagrams

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Tio Tl 31 Tio S31 S35 Tilo Siy Sia Tsho S51 532 o Seu Sea To S71 Tio S5
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38
Séz T6400 Téoo T14000 Tf"zoo T130 T23,0 T330 S;’l Séo).z 533 T730 S73,1 S?z S733 T63.0 Sgl T830 T1320

Fig. 18.4 Top left Source input—the “Window” image. Top right Blurred and noised. PSNR =
23.74dB. Bottom right After random removal of 30 % of its pixels. PSNR = 11.59dB. Bottom left
The image restored by the frame Tg,o* PSNR = 28.57dB

18.2.2 Restoration Experiments with the “Barbara” Image

The “Barbara” image has fine texture, which vanishes when blurring and should be
restored despite a significant loss of pixels.

Experiment 2.1: Image blurred and pixels missing

In these experiments, the “Barbara” image was restored after it was blurred by a
convolution with the Gaussian kernel (MATLAB function fspecial(’gaussian’,
[5 51,5)) and its PSNR became 23.32dB. Then, 50 % of its pixels were randomly
removed. This reduces the PSNR to 9.34dB. Random noise was not added. The
image was restored by 50 SBI using the parameters A = 0.001, w = 0.001 in
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Fig. 18.5 PSNR results for Experiment 2.1. The best PSNR = 30.33dB is achieved by the frame
T?oo 0

Eq. (18.3). The conjugate gradient solver used 100 iterations. Tight and semi-tight
frames listed in Tables 18.1 and 18.2 were tested. Decomposition is implemented
down to the second level. The restored PSNR results are illustrated in Fig. 18.5 (see
Table 18.3).

The best PSNR = 30.32 dB result for the restored image was produced by the tight
frame TéllOO,O derived from the discrete spline of tenth order. Almost the same value
PSNR = 30.31dB was achieved by the tight frame ij o derived from the polynomial
interpolating spline of fourth degree. The frames derived from the discrete splines
of eighth and twelfth order produced very close PSNR results. Figure 18.6 displays
the restoration result. The image is deblurred and the fine texture is restored almost
completely.

Experiment 2.2: Image blurred, noised and pixels missing

In these experiments, the “Barbara” image was restored after being blurred by a
convolution with the Gaussian kernel (MATLAB function fspecial(‘gaussian’,
[5 51,5)) and corrupted by a moderate random zero-mean Gaussian noise, whose
STD is 0 = 10. The PSNR was 22.08 dB. Then, 50 % of its pixels were randomly
removed. This reduces the PSNR to 9.31dB. The image was restored by 50 SBI,
using the parameters A = 0.8, p© = 0.03 in Eq. (18.3). The conjugate gradient
solver used 15 iterations. Tight and semi-tight frames listed in Tables 18.1 and 18.2
were tested. Decomposition is implemented down to the fifth level. The restored
PSNR results are illustrated in Fig. 18.7 (see Table 18.3).

The best PSNR = 24.1886dB result for the restored image was produced by
the semi-tight frame Sg,z derived from the pseudo-spline. Almost the same value
PSNR = 24.1853dB was achieved by the semi-tight frame Sg,z derived from the
quadratic quasi-interpolating spline (non-interpolating low-pass p-filter). Figure 18.8
displays the restoration result. The image is deblurred to some extent, noise is
removed and the fine texture is restored only partially.
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Fig. 18.6 Top left Source input—“Barbara” image. Top right Blurred, PSNR = 23.32dB. Bottom
right After random removal of 50 % of its pixels. PSNR = 9.34dB. Bottom left The image restored
by the frame T‘l‘OO’OA PSNR = 30.32dB
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Fig. 18.7 PSNR results for Experiment 2.2. The best PSNR = 24.1886dB is achieved by the
frame S‘g’z
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Fig. 18.8 Top left Source input—the “Barbara” image. Top right Blurred and noised, PSNR =
22.08dB. Bottom right After random removal of 50 % of its pixels. PSNR = 9.31dB. Bottom left
The image restored by the frame Sgyz. PSNR = 24.19dB

18.2.3 Restoration Experiments with the “Boats” Image

Experiment 3.1: Image blurred and pixels missing

In these experiments, the “Boats” image was restored after it was blurred by a con-
volution with the motion kernel (MATLAB function fspecial(‘motion’,15,45)),
and its PSNR became 22.62dB. Then, 70 % of its pixels were randomly removed.
This reduces the PSNR to 6.37dB. Random noise was not added. The image was
restored by 50 SBI, using the parameters A = 0.005, p© = 0.001 in Eq. (18.3). The
conjugate gradient solver used 40 iterations. Tight and semi-tight frames listed in
Tables 18.1 and 18.2 were tested. Decomposition is implemented down to the first
level. The restored PSNR results are illustrated in Fig. 18.9 (see Table 18.3).

As in Experiment 2.2 the best PSNR = 31.39dB result for the restored image
was produced by the semi-tight frame S‘gyz derived from the pseudo-spline. Almost

the same value PSNR = 31.32 dB was achieved by the semi-tight frame Sg,z derived
from the quadratic quasi-interpolating spline (non-interpolating low-pass p-filter).
Frames derived from the discrete splines of eighth and twelfth order produced
very close PSNR results. Figure 18.10 displays the restoration result. The image
is deblurred and the fine texture is restored almost completely.
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Fig. 18.9 PSNR results for Experiment 3.1. The best PSNR = 31.39dB is achieved by the
frame Sg’z

Fig. 18.10 Top left Source input—the “Boats” image. Top right Blurred, PSNR = 22.62dB.
Bottom right After random removal of 70 % of its pixels. PSNR = 6.37dB. Bottom left The image
restored by the frame S§,2' PSNR = 31.39dB
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Fig. 18.11 PSNR results for Experiment 4.1. The best PSNR = 29.04 dB is achieved by the frame
S5

18.2.4 Restoration Experiments with the “Lena’ Image

Experiment 4.1: Image blurred and distorted by curves

The source image was severely blurred by convolution with a Gaussian kernel (MAT-
LAB function fspecial(‘gaussian’,[12,12],12)) (PSNR = 23.64dB). The blurred
image was distorted by randomly drawn curves (PSNR = 16.44 dB). Noise was not
added. The image is restored by 50 SBI with the parameters A = 0.06 and . = 0.17
by the tight and semi-tight frames listed in Tables 18.1 and 18.2. Decomposition was
implemented down to the fifth level. The conjugate gradient solver used 11 iterations.
The restored PSNR results are illustrated in Fig. 18.11 (see Table 18.3).

The best PSNR = 29.04 dB result for the restored image was produced by the
semi-tight frame Sg,z derived from the quadratic quasi-interpolating spline (non-
interpolating low-pass p-filter). Almost the same value PSNR = 29.04dB was
achieved by the semi-tight frame Sg,z derived from the pseudo-spline. Figure 18.12
displays the restoration result. The image is deblurred and the distorting curves are
completely removed.

18.2.5 Restoration Experiments with the “Fingerprint” Image

Experiment 5.1: Image blurred, noised and pixels missing

Unlike previous experiments, the “Fingerprint” image was affected by a strong
zero-mean white noise with STD ¢ = 20 after being blurred by convolution
with the Gaussian kernel (MATLAB function fspecial (‘gaussian’,[5 5],5))
(PSNR = 19.66dB). Then, 50% of its pixels were randomly removed and this
produced PSNR = 7.45dB. The image was restored by 40 SBI with the parameters
A =2.3and u = 0.35 using the tight and semi-tight frames listed in Tables 18.1 and
18.2. Decomposition is implemented down to the fifth level. The conjugate gradient
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Fig. 18.12 Top left Source input—the “Lena” image. Top right Blurred, PSNR = 23.64 dB. Bottom
right Distorted by random curves. PSNR = 16.44 dB. Bottom left: The image restored by the frame
S¢.,- PSNR = 29.04dB

solver used 10 iterations. The restored PSNR results are illustrated in Fig. 18.13 (see
Table 18.3).

The best PSNR = 23.78 dB result for the restored image was produced by the tight
frame Tgo,o derived from the discrete spline of eighth order. Almost the same value

PSNR = 23.76dB was achieved by the tight frame Ti,o derived from the polynomial
interpolating spline of fourth degree. The frames derived from the discrete splines of
tenth and twelfth order produced very close PSNR results as did the semi-tight frames
derived from the polynomial interpolating spline of fourth degree. Figure 18.14
displays the restoration result. The image is deblurred, noise is almost completely
removed and the texture is restored.

18.3 Comments on the Experiments

In the above experiments, spline-based tight and semi-tight frames proved to be
highly efficient for image restoration. It is important that the computational cost
does not depend on the spline order. This makes the framelets with high number of
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Fig. 18.13 PSNR results for Experiment 5.1. The best PSNR = 23.78 dB is achieved by the frame
T4

Fig. 18.14 Top left Source input—"Fingerprint” image. Top right Blurred and noised, PSNR =
19.66dB. Bottom right After random removal of 50 % of its pixels. PSNR = 7.45dB. Bottom left
The image restored by the frame Tgo,O' PSNR = 23.78dB
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LDVMs and infinite impulse response suitable for utilization in implementation. In
some cases, such as the Experiment 2.1 with “Barbara” and Experiment 5.1 with
“Fingerprint”, the best results were produced by tight frames derived from higher
order discrete splines and from the interpolating spline of fourth degree. Note that
both images have fine texture, which is satisfactorily restored after strong blurring,
corrupting by noise (“Fingerprint”) and subsequent random removal of 50 % of their
pixels.

When image distortion is not strong, as in Experiment 1.1 with the “Window”
image, it is restored close to perfection. The images “Lena”, which was strongly
blurred, and “Boats”, where 70 % of its pixels were missing, were successfully
restored. For these three images, which are relatively smooth, the best results were
produced by the semi-tight frames, which are derived from the quasi-interpolating
quadratic spline and from the pseudo-spline. The low-pass p-filters in the generating
p-filter banks are non-interpolating and have relatively long IRs (nine taps). Note that
in most cases, the semi-tight frames performed better than their tight counterparts.

Typically, increase in the SBI number above 50 does not contribute into the restora-
tion quality. In some cases, as in the “Window” and “Barbara” experiments, a large
number of iterations of the conjugate gradient solver increased the restoration quality.
However, in the experiments with the strongly degraded “Lena” and “Fingerprint”
images, increase in the number of iterations above 12 depleted the quality.

Choice of the regularization parameters A and u is of crucial importance. The
restoration quality is sensitive to them. Even a small change in the parameters sig-
nificantly affects it. The number of decomposition levels is also important.

Generally, frames using four-channel p-filter banks were advantageous over the
three-channel frames, but the results do not differ significantly.

The experiments on image restoration by the Bregman iterations using the
spline-based frames are implemented by the MATLAB code run_Bregman.m.
The performance comparison is carried out by the code compare_frames.m.
The comparison results are being saved in the file TAB. txt.
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Appendix
Guide to SplineSoftP

The toolbox contains MATLAB codes, which implement the spline-based methods
described in the above chapters. It comprises 13 folders:

. SplineP,

. SubDivP,

. ConvolutionP,

. RMPursuitP,

. Block basP,

. W_packetsP,

. Discr_SplineP,

. Discr_SplineWaveletP,
9. Discr_SplineRMPursuitP,
10. B_waveletsP,

11. FramesP,

12. Bregman_iteration,
13. Utilities,

14. Store.

el e SRV B S

SplineP

This folder is associated with Chaps.3 and 4.

bsplP.m This function computes values of the B-splines B”(¢) of any order
using Eq.3.14.

GensplConsP.m The code displays generators of even-order spline spaces and
so also their SHA spectra.

spligenP.m The function designs a single generator of an even-order spline
space, using the binary subdivision. For subdivision it calls the function
intersplliPt.m.

GensplConsP3.m The code displays generators of odd-order spline spaces.

A.Z. Averbuch et al., Spline and Spline Wavelet Methods with Applications 479
to Signal and Image Processing, DOI: 10.1007/978-94-017-8926-4,
© Springer Science+Business Media Dordrecht 2014
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spligenP3.m The function designs a single generator of an odd-order spline
space, using the ternary subdivision. For subdivision it calls the function
intersplliPt.m.

bsplsP.m The code displays the B-splines.

bsplFP.m The code displays Fourier spectra of the B-splines.

bspuvP.m The function calculates samples of B-splines of multiple orders at
integer and semi-integer points and saves them in the file BSUV . mat.

juviP.m The function designs characteristic sequence of the space of N-periodic
splines of a given order, which is the DFT of the B-spline sampled at integer points,
and computes the DFT of the B-spline sampled at semi-integer points.

SubDivP

This folder is associated with Chap. 6.

intersplliPt.m This function implements binary/ternary N-periodic spline
subdivision (any spline order for ternary subdivision, even spline order for binary
subdivision).

intersplli2DPt.m The function implements binary/ternary 2D spline sub-
division using the function intersplliPt.m. The subdivision can be either
of the same type in both directions or ternary in one direction and binary in the
other.

smoothsplaPt.m This function implements binary/ternary subdivision of a
smoothing spline (any spline order for ternary subdivisionusing the function
intersplliPt.m (any spline order for ternary subdivision,even spline order
for binary subdivision).

smooth_spline2DPt.m The function implements binary/ternary subdivision
of a 2D smoothing spline using the function intersplli2DPt .m. The subdi-
vision can be either of the same type in both directions or ternary in one direction
and binary in the other.

defroPSm.m The function finds the optimal regularization parameter for smooth-
ing splines.

ConvolutionP

This folder is associated with Chap.7.

conv_splaP.m This function implements the spline-based Tikhonov deconvo-
lution algorithm, using samples of an input signal at integer points. The input
signal is blurred with a kernel and/or corrupted by noise. Restoration of the sam-
ples is followed by the binary spline subdivision.

convsplaP2.m Does the same for two-dimensional signals.
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buikerP.m This function is modeling blurring kernels for 2D convolution and
the heat equation.

defroP_conv.m The function finds the optimal regularization parameter for
the 1D and 2D Tikhonov deconvolution and inversion of the heat equation.

heatsplaP2.m This function implements the 2D spline-based Tikhonov algo-
rithm for inversion of the heat equation, using samples of an input signal at integer
points. The input signal is blurred with a kernel and/or corrupted by noise. Restora-
tion of the samples of the initial temperature distribution is followed by the 2D
binary spline subdivision.

ETTA_P.m This function is preparing coefficients for inversion of the heat equa-
tion for the collocation and the difference approximation.

W_packetsP

This folder is associated with Chaps. 8 and 9.

spl_Wv_analP.m This function implements the 1D wavelet transforms of a
row signal or an array of row signals. The transforms are using the spline-based
p-filters as it is described in Chap. 9.

spl_WP_analP.m This function implements the 1D wavelet packet transforms
of a row signal or an array of row signals, using the spline-based p-filters as it is
described in Chap. 9.

spl_WP_analP2D.m Does the same for two-dimensional signals.

samp_spl_WP_analP.m This function implements the 1D wavelet packet
transforms of an array, where each row consists of grid samples of a spline. It
produces the spline’s coordinates in the wavelet packets bases as it is described
in Chap. 8.

samp_spl_WP_analP2D.m Does the same for two-dimensional splines.

wP_downP.m This function implements one step of the spline wavelet packet
transform of a signal using the transform matrix.

wP_down_2DP.m Does the same for two-dimensional signals.

matr_transP.m The function prepares the transform matrices for the direct
and inverse wavelet packets transforms.

spl_Wv_syntP.m This function implements synthesis of a row signal or an
array of row signals from the set of the spline wavelet transform coefficients.

spl_Wv_syntP_2D.m Does the same for two-dimensional signals.

horizontal WP_synthP.m This functionimplements synthesis of arow sig-
nal or an array of row signals from the set of the spline wavelet packet transform
coefficients from a single decomposition level.

List_synthP.m This function implements synthesis of a row signal or an array
of row signals from the set of the spline wavelet packet transform coefficients.
The set is defined by a list of wavelet packets, which generate a basis of the signal
space.
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List_synthP_2D.m Does the same for two-dimensional signals.

WP_BB_ListreelD_P.m This function prepares the list of wavelet packets,
which generate a Best Basis tree.

WP_BB_Listree2 D P.m Does the same in the two-dimensional case.

wp_genP.m This function designs spline wavelet packets of various orders using
the binary subdivision.

wavs_coefP.m This function computes SHA spectra of wavelet packets of var-
ious orders and their grid samples.

lohifilP.m This function designs frequency responses of the low-pass s and
the high-pass d spline wavelet filters.

RMPursuitP

This folder is associated with Chap. 10.

RMP_runP.m This code launches the interactive process of the Regularized
Matching Pursuit of columns of an image, which are blurred either by a Gaussian
kernel or by time evolution in the heat equation, and/or are corrupted by additive
noise.

loadParametersMP_P.m This function supports the user interface for setting
the processing parameters.

buildInputFunctions_RMP.m This function prepares the orinal image, the
blurred image, noised blurred input, the DFT of the blurring kernel and an additive
noise.

wavs_theta_coefP.m This function calculates the SHA spectra of wavelet
packets for the approximating dictionary and the DFT of testing waveforms
(wavelet packets convolved with the kernel).

tnorrP.m This function calculates norms of testing waveforms.

nois_model.m This function emulates the additive noise by analysis of the
input signals, as is described in Sect. 10.2.2.

purs_optP.m This function computes the oblique projection coefficients of the
remainder. In addition, it is finding an optimal waveform, and determines its
position.

rm_pursP.m This function implements the Regularized Matching Pursuit of a
row signal. It does the main job in the folder.

RMP_displayP.m Thisfunctiondisplays the result of the Regularized Matching
Pursuit.

build _kernP.m This function prepares the sampled kernel and its DFT either
for the deconvolution or for inversion of the heat equation with either difference
or collocation approximation.
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Block_basP

This folder is associated with Chap. 11.

Block_runP.m This code launches the interactive process of the 2D block-
based inversion of the heat equation and the deconvolution and compares results
with the results from the global Tikhonov algorithm.

loadParametersB_P.m This function supports the user interface for setting
the processing parameters.

buildInputFunctions_BP.m This function prepares of the orinal image,
the blurred image, noised blurred input, the DFT of the blurring kernel and an
additive noise.

weteviP.m This function prepares auxiliary coefficients to be used in the global
and block-wise Tikhonov solutions.

tikh_dec.m This function produces a regularized Tikhonov solution to either
the deconvolution or the inversion problem.

defro_PN.m This function determines an optimal regularization parameter.

deconExecute_BbpP.m This function implements the Block Pursuit algo-
rithm, using the functions wavs_coefP.mand spl_WP_anaP2D.m from the
W_packets folder.

deconExecute_BbbP.m Thisfunctionimplements the block-based Best Basis
algorithm, using the functions wavs_coefP.mand spl_WP_anaP2D.mfrom
the W_packets folder.

onePacketDecon_PN.m This function finds the partial Tikhonov solution in
a subspace defined by a single block of the wavelet packet coefficients.

WP_BB_Listree2D_P.m This function prepares the list of wavelet packets,
which generate a best basis tree for the input image. The wavelet packets in the
list are sorted according to the energies of the respective blocks of the transform
coefficients.

sort_list_P.m This function is sorting the wavelet packets included in the
Best Basis list according to the norms of their convolutions with the blurring
kernel.

thresh_det.m This function is setting threshold for the Block Pursuit algo-
rithm.

Discr_SplineP

This folder is associated with Chap. 13.

per_dbspP.m This function computes values of the discrete periodic B-spline,
its DFT, its samples on the sparse grid and the characteristic sequence of the
respective discrete spline space.
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D_gen_cons.m This function designs generators of the discrete spline spaces,
their DFT and samples on the sparse grid.

D_smoothsplaP.m This function computes values of the discrete periodic
spline, which is interpolating or smoothing a signal on a sparse grid.

D_smoothsplaP_2d.m Does the same in the two-dimensional case.

D_defroP.m This function determines an optimal regularization parameter for
the discrete smoothing splines.

Discr_SplineWaveletP

This folder is associated with Chap. 14.

D_wav_analP.m Thisfunctionimplements the 1D discrete spline wavelet trans-
forms of a row signal or an array of row signals.

D_wav_anal_2dP.m Does the same for two-dimensional signals.

D_WP_analP.m This function implements the 1D discrete spline wavelet packet
transforms of a row signal or an array of row signals, using the function
wP_downP .m from the W_packetsP folder.

D_WP_anal_2DP.m Does the same for two-dimensional signals, using the func-
tion wP_down_2DP.m from the W_packetsP folder.

matr_transP.m The function prepares the transform matrices for the direct
and inverse wavelet packets transforms.

D_wav_syntP.m This function implements synthesis of a row signal or an array
of row signals from the set of the discrete spline wavelet transform coefficients.

D_wav_synt_2dP.m Does the same for two-dimensional signals.

D_hor_WP_synthP.m This function implements synthesis of a row signal or
an array of row signals from the set of the discrete spline wavelet packet transform
coefficients from a single decomposition level.

D_hor_WP_synth_2DP.m Does the same for two-dimensional signals.

D_List_synthP.m This function implements synthesis of a row signal or an
array of row signals from the set of the discrete spline wavelet packet transform
coefficients. The set is defined by a list of wavelet packets, which generate a
basis of the signal space. The list of wavelet packets, which generate a Best
Basis tree is being produced by the function WP_BB_ListreelD_P.m from
the W_packetsP folder.

D_List_synthP_2D.m Does the same for two-dimensional signals. The list
of 2D wavelet packets, which generate a Best Basis tree is being produced by the
function WP_BB_Listree2_D_P.m from the W_packetsP.

D_wP_coefP.m This function computes the DFT spectra of discrete spline
wavelet packets of various orders.
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Discr_SplineRMPursuitP

This folder is associated with Sect. 14.5.

RMP_runD.m This code launches the interactive process of the Regularized
Matching Pursuit of columns of an image, which are blurred by a Gaussian kernel,
and/or are corrupted by additive noise.

loadParametersMP_D.m This function supports the user interface for setting
the processing parameters.

buildInputFunctions_RMP_D.m This function prepares the orinal image,
the blurred image, noised blurred input, the DFT of the blurring kernel and an
additive noise.

D_wP_theta_coefP.m This function calculates the DFT of the discrete spline
wavelet packets for the approximating dictionary and the DFT of testing wave-
forms (wavelet packets convolved with the kernel).

D_nois_model.m This function emulates the additive noise by analysis of the
input signals, as is described in Sect. 10.2.2.

D_purs_optP.m This function computes the oblique projection coefficients of
the remainder. In addition, it is finding an optimal waveform, and determines its
position.

D_rm_pursP.m This function implements the Regularized Matching Pursuit of
a row signal. It does the main job in the folder.

D_RMP_displayP.m Thisfunctiondisplays the result of the Regularized Match-
ing Pursuit.

B_waveletsP

This folder is associated with Chap. 16.

BW_anal.m This function implements the forward lifting biorthogonal wavelet
transform of a row signal or an array of row signals, using prediction filters derived
from polynomial and discrete splines.

BW_anal_2D.m Does the same for two-dimensional signals.

down_1lif.m This function implements one step of the direct biorthogonal
wavelet transform.

s1filt_1if.m This function provides spline-based prediction filters for lifting
biorthogonal transforms.

BW_synth.m This function implements the inverse lifting biorthogonal wavelet
transform. It restores a row signal or an array of row signals from the set of the
wavelet transform coefficients.

BW_synth_ 2D.m Does the same for two-dimensional signals.
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FramesP

This folder is associated with Chap. 17.

hmwf .m  This function prepares the set of filters for a given frame transform, using
the functions FW3_P.mand HM4_ P .m.

FW3_P.m This function prepares the set of filters for one step of a given frame
transform, which is implemented by a three-channel filter bank.

HM4_P.m This function prepares the set of filters for for one step of a given frame
transform, which is implemented by a four-channel filter bank.

fram34_dec_hm.m This function provides the frame decomposition of a signal
or an array of row signals. The frame transforms are implemented by either three-
channel or four-channel filter banks, involving either FW3_P.m or HM4_P.m
functions, respectively.

fram34_dec2d_hm.m Does the same for two-dimensional signals.

fram34_dec_hmwf.m This function provides the frame decomposition of a
signal or an array of row signals. The frame transforms are implemented by either
three-channel or four-channel filter banks, using filters prepared by the function
hmwf . m. It is advisable when the frame transforms are applied repeatedly as, for
example, in the Bregman Iterations.

fram34_dec2d_hmwf.m Does the same for two-dimensional signals.

fram34_rec_hm.m This function implements synthesis of a row signal or an
array of row signals from the set of the frame transform coefficients. The inverse
frame transforms are implemented by either three-channel or four-channel filter
banks, involving either FW3_P.m or HM4_ P . m functions, respectively.

fram34_dec2d_hm.m Does the same for two-dimensional signals.

fram34_rec_hmwf.m This functionimplements synthesis of arow signal or an
array of row signals from the set of the frame transform coefficients. The inverse
frame transforms are implemented by either three-channel or four-channel filter
banks, using filters prepared by the function hmwf . m. It is advisable when the
frame transforms are applied repeatedly as, for example, in the Bregman Iterations.

fram34_dec2d_hmwf.m Does the same for two-dimensional signals.

fram3_down_hm.m This function implements a single step of the three-channel
frame decomposition of a signal or an array of row signals, involving the function
FW3_P.m.

framd4_down_hm.m This function implements a single step of the three-channel
frame decomposition of a signal or an array of row signals, involving the function
HM4_P.m.

fram3_down_hmwf.m This function implements a single step of the three-
channel frame decomposition of a signal or an array of row signals, using filters
prepared by the function hmwf . m.

framd4_down_hmwf.m This function implements a single step of the three-
channel frame decomposition of a signal or an array of row signals, using filters
prepared by the function hmwf . m.
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fram3_up_hm.m This function implements a single step of the three-channel
frame reconstruction of a signal or an array of row signals, involving the function
FW3_P.m.

fram4_up_hm.m This function implements a single step of the three-channel
frame reconstruction of a signal or an array of row signals, involving the function
HM4_P.m.

fram3_up_hmwf.m This function implements a single step of the three-channel
frame reconstruction of a signal or an array of row signals, using filters prepared
by the function hmwf . m.

fram4_up_hmwf.m Thisfunction implements a single step of the three-channel
frame reconstruction of a signal or an array of row signals, using filters prepared
by the function hmwf . m.

list_frame3.m This script comprises the list of the available frames generated
by spline-based three-channel filter banks.

list_framed4.m This script comprises the list of the available frames generated
by spline-based four-channel filter banks.

Lis_fram.m This code comprises the list of indices of available frames gener-
ated by spline-based filter banks. To be used by the function compare_fra-
mes . m from the folder Bregman_iteration.

Bregman_iteration

This folder is associated with Chap. 18.

run_Bregman_1ld.m This code launches the interactive process of the restora-
tion of columns of an image by 1D Bregman iterations. The columns are blurred
by a Gaussian kernel, and/or are corrupted by additive noise and a number of
samples are missing.

loadParameters_Breg_ld.m This function supports the user interface for
setting the processing parameters.

BREGMAN_INPAINT_DEBLU_hm_1d.m This function implements a single
Bregman iteration for the restoration of a row signal.

framinPb_1d.m Thisfunctionimplements linear operations with one-layer cell
arrays.

conjgradBP_1d.m 1D conjugate gradient solver.

fram_threPb_1d.m This functionimplements soft thresholding of a one-layer
cell array of the frame transform coefficients.

run_Bregman.m This code launches the interactive process of the restoration
of an image by 2D Bregman iterations. The image is blurred by either a Gaussian
or a motion kernel, and/or is corrupted by additive noise and a number of pixels
are missing.

loadParameters_Breg.m This function supports the user interface for set-
ting the processing parameters.
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BREGMAN_INPAINT_DEBLU_hm.m This function implements a single Breg-
man iteration for the restoration of an image.

framinPb.m This function implements linear operations with cell arrays.

conjgradBP.m 2D conjugate gradient solver.

fram_ threPb.m This function implements soft thresholding of a cell array of
the frame transform coefficients.

display_breg.m This code displays the result of the Bregman iterations.

compare_frames.m This code compares performance of different frames on
restoration of a corrupted image. The PSNR results are saved in the file TAB. txt.

loadParameters_Breg.m This function supports the user interface for set-
ting the processing parameters for the frames comparison.

Utilities

This folder contains auxiliary codes.

betw.m This function inserts columns of an array inbetween columns of another
array.

circ_h.m Circular shift of a row signal or an array of row signals.

rshuk.m Right shift of of a row signal or an array of row signals..

lshuk.m Left shift of of a row signal or an array of row signals..

ushuk.m Up shift of of a column signal or an array of column signals..

dshuk.m Down shift of of a column signal or an array of column signals..

evod.m Separation of even and odd columns of an array.

exteB.m Symmetric extension of an array.

shrinB.m Shrinkage of an array.

havshB.m Split an array into two halves in horizontal direction.

havsvB.m Split an array into two halves in vertical direction.

quartB.m Split a square array into four squares.

surqua.m This function inserts a sub-array into upper left corner of a bigger
array.

Store

This folder contains a few image files in .mat, .bmp, .tiff and . jpg formats,
which are used in applications.



Glossary

Z and N  sets of integer and natural numbers, respectively
*  complex conjugate

({) the binomial coefficient

Pt space of T-periodic continuous-time signals

t@}z(’y space of X, Y-periodic 2D continuous-time signals
C?  space of functions, which have p2 continuous derivatives
cn(f) the Fourier coefficient of a periodic signal f(¢)

IT[N] space of N-periodic discrete-time signals

w0 2mi/N where N = 2/,jeN

8[n] Kronecker delta

51k1 < 5[k1(modN)  the N-periodized Kronecker delta

II[N] space of N-periodic discrete-time signals

il =3 x[klo™  DFT of signal x € IT[N]

R[nly = SN2 X[kl "% DFT of signal x € IT[N /2"]

p-filter digital periodic filter

Xo and x;  the even and the odd polyphase components of a signal x

VAl f1,() periodic Zak transform

xla, b](t) characteristic function of the interval (a, b) (Eq.(3.12))
BP(t) N-periodic B-spline of order p

P<r  space of T-periodic splines of order p

P& space of N-periodic splines of order p on the grid {k}, k € Z
P,  space of N—periodic splines of order p on the grid {2" k}, k € Z
¢P[n](t) periodic exponential splines of order p on the grid {k}, k € Z
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u?n] e ¢P[n](0) characteristic sequence of periodic spline space 7.
yP[n](t) = ¢P[n](t)/v/N u?P[n] normalized periodic exponential splines
of order p
def

Ny = NJj2m =2/i—m

N & N y3m

VP il gg (4.20)
uP[n]

def 2(p+q)
RP[n] = /% Eq.(4.21)

WPsn] & (2 sin )™ 2020 g (4.19)

uP[n)

Eq.(4.33)

def ptq
Py S ]
Q [ ] u?P[nlu?4[n)

x[nl; def Z,&lo_le_z’”"kmmx[k] “Triadic” DFT of an N,,—periodic signal

x = {x[k]}, where N,, & N /3"

w2 [n] € (2 sin 22)* Eq.(5.3)

Wik, v] & (2 sin %)2’ w? [klu*[v]  (Eq.(5.12)

Pl v ) 2Pl () 2P 1)
wPlic, v] & uP e ul[v]

PSNR ¥ 1010g,, (Lﬁz) dB  Eq.(6.42)

SM (u—ix)?
Bl (t) The N-periodic normalized B-spline in the space ?.7,, (Eq.(8.2))
;,’,i (t) The N-periodic exponential spline in the space 7.7, (Eq.(8.4))
ub[n] The N, -periodic characteristic sequence of the space 7.%;, (Eq.(8.5))
Y (t)  The N-periodic normalized exponential spline in the space 7.%;, (Eq.(8.9))

4r
sm_1[n] & /312;3[[:]] cos? T (Eq.(8.14))

u4r

def m—1 m—1 mot+Nul .
dp_1[n] = " " sp_i1ln + Nyl = 02" " 2147” sin - (Eq.(8.16))

1//3,’ ;1) spline wavelet packet of order 2r (Eq.(8.46))

11/,3’ ;  discrete-time wavelet packet of order 2r (Eq.(9.18)) in space [T[N]

w2 [k, n] def 'Jfr%’ L3 11/”2” i[n] 2D discrete-time wavelet packet of order 2r in

m,l,l~

space IT[N, N]
quJrq [

Sut [ ud ]

72ap) & Eq.(11.26)
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b%,;] = {b[z,;][k]} , k €Z, centered N-periodic discrete B-spline of order p = 2r
of span K = 2™ (Sect. 13.1.1)
2 Zm  the space of the N-periodic discrete splines of span K = 2"

g‘[znrl](v) = {g[zr;](v)[k]} discrete periodic exponential spline in the space 2 S

(Eq.(13.5))

U[2’J[v] dof ;frz J(1))[0] characteristic sequence of the space 2’5’[,”] (Eq.(13.12))

m
y[%n’](v) = {g[zr;](v)[k]} normalized discrete periodic exponential spline in the
space ") (Eq.(13.18))

v ("M 4d Ar=d)
Whalsrr (ZS‘“QZ,,’} ”/N)) bl [U[]”] (Eq.(13.22))
[m]
def  UZIv]
VE ] S 2= (Bq.(13.23))
U[m] v]

?[v] def LN ,1(\7:_01 x[k]w~*"  normalized DFT

f
xS (o x)/2
2r m),.  the space of the N-periodic discrete splines wavelet packets of span K =
2m
y[%n’]’l(v) normalized discrete periodic exponential spline in the space 2’7/[,,1],1
(Egs. (14.8) and (14.9))
¢[2nZ], ;  discrete spline wavelet packets from the subspace erm],l (Eq.(14.30))
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2D wavelet packets transforms, 172, 177

5/3 p-filters , 390
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A

Analysis modulation matrix, 379

Analysis p-filter bank, 418

Analysis polyphase matrix, 14, 379, 419

Analysis filter bank, 13

Applications of discrete spline wavelet
packets, 361

B

Bases of discrete-time wavelet packets, 194

Best basis, 165, 180, 199, 212, 264, 352, 361

Best basis algorithm (BBA) for inversion of
heat equation, 257, 264

Best basis for discrete-time signal, 199

Biorthogonal p-filter banks, 381

Biorthogonal bases generated by p-filter
banks, 380

Binary refinement, 70

Block based deconvolution, 266

Block pursuit algorithm for inversion of heat
equation, 265

Butterworth p-filters, 11

Butterworth wavelets, 414

C

Characteristic function of the interval, 19

Characteristic function of the discrete spline
space, 31, 299

Characteristic sequence of periodic spline
space ., 22

Characteristic sequence of the periodic
splines space, 36

Characteristic sequence of the space
Mr1f118

Characterization of p-filter banks, 13, 419

Circular convolution, 2, 4

Circular convolution of the exponential
splines, 37, 38

Circular convolution of discrete splines, 305

Continuous-time periodic signals, 1

Cost function, 167

D

Definition of the stopping rule threshold in
RMP, 225, 364

Derivatives of the exponential splines, 37

Deriving the DFT spectra of discrete spline
wavelet packets, 347
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Deriving the DFT spectrum of a discrete
spline, 343

Deriving the SHA spectra of spline wavelet
packets, 158

Deriving the SHA spectrum of a spline, 154

Design of biorthogonal low-pass FIR
p-Filters, 389

DFT of polyphase components of a
signal, 26

Dictionaries for RMP, 219

Discrete circular convolution, 5, 7

Discrete exponential splines, 31

Discrete B-splines, 28, 29

Discrete circular convolution, 6, 8

Discrete fourier transform (DFT), 5

Discrete Parseval identity for periodic
splines:, 42

Discrete periodic splines spaces, 295

Discrete spline wavelet bases, 352

Discrete spline wavelet packet
transforms, 335

Discrete spline wavelet packets, 344

Discrete splines wavelet packets bases, 349

Discrete-time periodic wavelet packets, 192

Discrete-time periodic wavelets of the first
level, 187

Discriminant measure, 168

Downsampling, 10

DSHA in two-dimensional discrete spline
spaces, 319

Dyadic periodic subdivision, 71

E

Entropy, 167, 212

Explicit calculation of a 2D periodic discrete
spline, 322

Explicit calculation of a periodic discrete
spline, 306

Exponential discrete periodic splines, 297

F

Filter bank, 417

Filter bank frame, 420

Finite differences, 3, 6

Finite differences 2D, 8

Flatness of spectra, 394

Four-channel p-filter banks derived from dis-
crete splines, 460

Four-channel p-filter banks derived from
polynomial splines, 455

Frequency response (FR) of p-filter, 9

Fundamental periodic discrete splines, 313

Index

G

Generator dual to the periodic fundamental
spline, 48

Generator of periodic spline space whose
shifts are orthogonal to each other
(self-dual generator), 49

Generators of smoothing splines, 64

Generators of periodic discrete splines
spaces, 307

Generators of periodic splines spaces, 44, 46

H

“Horizontal” 2D discrete splines wavelet
packets bases, 360

“Horizontal” 2D wavelet packets bases, 179

“Horizontal” discrete spline wavelet packets
bases, 351

“Horizontal” wavelet packets bases, 163

1
Implementation of multi-level frame trans-
form, 425
Impulse response (IR) of p-filter, 9
Inner product and norm, 1, 3, 5,7
Interpolating periodic generator (fundamen-
tal periodic spline), 47, 50
Interpolating p-filter, 11
Interpolating p-filter banks, 442
Interpolation by periodic splines:, 42
Interpolation by discrete periodic
splines:, 305
Interpolation by mixed convolution, 17
Interpolation by mixed periodic discrete-
discrete convolution, 26
Inversion of 1D heat equation, 117
Inversion of 2D heat equation, 121

K
Kronecker delta, 2, 5

L

Lifting scheme of wavelet transforms, 399
Linear phase p-filter, 10

Local discrete vanishing moments, 395
Low-pass filter, 10

M
M-fold periodic discrete Zak transform, 25
Magnitude response (MR) of p-filter, 10
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Matching Pursuit (MP), 216

Matrix expression of 2D discrete spline
wavelet packet transforms, 356

Matrix expression of 2D wavelet packet
transforms, 173

Minimal norm property of even order
splines, 59

Modeling the noise, 255

Modelling noise in RMP, 220

Multi-level frame transform, 422

Multilevel wavelet transforms, 382

Multirate filtering, 10

N

N-periodic B-splines, 19

N-periodic normalized B-splines, 35,
71,134

Noise estimation, 106

Non-interpolating p-FIR p-filters, 444

Normalized periodic exponential splines,
39,135

Normalized exponential discrete periodic
splines, 302

Norms of derivatives of the exponential
splines, 37

Norms of the exponential splines, 37

(0]

Oblique projection in RMP, 221, 364

One-dimensional spline subdivision, 86

One-dimensional smoothing splines , 59

One-dimensional block based heat equation
inversion, 248

One-level wavelet transform of a 2D
signal, 204

One-level frame transform, 420

One-level wavelet transform of a signal, 186

Optimal regularization parameter for 2D
discrete  periodic ~ smoothing
splines, 326

Optimal regularization parameter for
2D  Tikhonov deconvolution,
108, 125

Optimal regularization parameter for
discrete  periodic  smoothing
splines, 317

Optimal  regularization parameter for
Tikhonov deconvolution, 104

Orthogonal basis of exponential splines, 36

Orthonormal basis of discrete exponential
signal, 302
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Orthonormal basis of exponential splines, 39
Oversampled filter banks, 418

P

Parseval identities, 6, 8

Parseval identities for 2D periodic signals, 4

Parseval identities for discrete periodic
splines, 304

Parseval identities for periodic splines, 2

Partial inversion of heat equation, 250, 259

Perfect reconstruction (PR) filter bank, 13,
14, 420

Perfect reconstruction (PR) p-filter bank,
379, 418

Periodic discrete Battle-Lemarié wavelets,
339, 346

Periodic discrete smoothing splines, 315

Periodic exponential splines, 22

Periodic Battle-Lemarié wavelets of the first
level, 149

Periodic discrete-time signals, 4

Periodic discrete Battle-Lemarié wavelets,
338

Periodic filter banks, 12

Periodic mixed discrete-continuous convo-
lution (PMDCC), 15

Periodic mixed discrete-discrete convolu-
tion, 24

Periodic spline filters for binary subdivision,
74

Periodic spline filters for ternary subdivi-
sion, 79

Periodic splines spaces ”.7r, 21

Periodic Zak transform, 16

Periodization, 1, 5

Periodized Kronecker delta, 9

Phase response of p-filter, 10

Poisson summation formula, 17

Polynomial splines spaces, 21

Polyphase decomposition, 7

Polyphase representation of DFT, 7

Prediction filters derived from discrete
splines, 412

Prediction filters derived from polynomial
splines, 403

Pseudo-spline p-filters, 444

Q

Quadratic interpolating spline, 456

Quadratic quasi-interpolating
spline, 410, 444
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R

Reconstruction of a signal, 203

Reconstruction of a spline from wavelet
packet bases, 169

Regularized matching pursuit with discrete
spline wavelet packets, 362

Regularized MP for Deconvolution (RMP) ,
217,218

Representation of discrete periodic splines
by exponential splines basis, 304

Representation of periodic splines by expo-
nential splines basis, 40

Restoration of sampled polynomials, 394

RMP for inversion of heat equation, 231

S

S-filtering periodic splines:, 43

Sampled circular convolution for periodic
splines, 42

Sampled circular convolution for periodic
splines, 306

Sampled Parseval identity for periodic dis-
crete splines, 306

Self-dual generator of periodic discrete
splines space, 311

Semi-tight frame, 429

Semi-tight frame p-filter banks:, 441

SHA in two-dimensional polynomial spline
spaces, 56

SHA spectrum of periodic splines, 40, 136

Shift-invariant space, 17

Space of periodic discrete splines, 28, 29

Space of periodic polynomial splines, 35

Spline wavelet bases, 163

Spline algorithms for deconvolution, 97

Spline algorithms for inversion of heat equa-
tion, 113

Spline wavelet packet transforms, 142

Spline wavelet packets, 157

Subdivision scheme, 70

Super-convergence property of odd order
splines, 406, 407, 409-411

Super-resolution spline spaces (dyadic
scale), 71

Index

Super-resolution spline spaces (triadic
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Synthesis p-filter bank, 418

Synthesis polyphase matrix, 14, 379, 419

Synthesis filter bank, 13

T

Ternary periodic subdivision, 77

Ternary refinement, 70

The 2D discrete Fourier transform (DFT), 8

The discrete Fourier transform (DFT), 5

Tight frame, 429

Tight frame p-filter banks:, 440

Triadic periodic spline insertion rule, 79

Two-dimensional spline subdivision, 85, 86,
89

Two-dimensional block based heat equation
inversion, 258

Two-dimensional periodic signals, 3

Two-scale relation for the discrete periodic
exponential splines, 298

Two-scale relations for periodic discrete
B-splines, 296

Two-scale relations in polynomial spline

spaces, 136
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Upgraded quadratic quasi-interpolating
spline, 411

Upsampling, 10
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Wavelet packet transforms of a 2D
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