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Preface

This book has two objectives. The first is to teach how to fit a multivariable

statistical model to cross-sectional safety data using a simple spreadsheet. The

second is to promote the understanding that is at the core of good modeling.

These twin objectives determine the flow and the structure of the book. After

some preliminaries, a real data set is introduced. From here on and all the way to the

last chapter, the same data are used to gradually build up a regression model. Along

the way there are the “what and how” sections: what is an exploratory data analysis,

how to use pivot tables, what is a curve-fitting spreadsheet and how to build one,

how to use the Solver for parameter estimation, how to examine the quality of a fit

by a CURE plot, what functions look like, etc. These are in support of the first

objective, that of teaching how to fit a model to data. Interspersed between these are

sections of a reflective nature. These support the “understanding” objective and

speak about the “why, when, and whether” issues of modeling: why do we need to

curve-fit, whether models be used in a cause–effect manner, when should a variable

be added to the model equation, why it is important to know what function hides

behind the data, etc.

Data about accidents, about the road, and about the traffic on it are routinely

collected and maintained in databases. We know where reported accidents occurred

and much about their circumstances. We also have information about many features

of the road (grade, curve radius, lane width, speed limit, parking control, etc.) and of

its traffic (daily volumes, percent of trucks, etc.). Inasmuch as these data pertain to

what is observed to exist on a cross section of “units” (road segments, intersections,

etc.) they are called “observational cross-sectional” data.

To be of use for evidence-based road safety management, the data need to be

summarized and cast into the form of statistical models. Models serve three

purposes:

1. To estimate how (un)safe are certain road segments, intersections, ramps,

crossings, etc. thereby determining the size of the road safety problem that

could perhaps be altered by interventions and design changes.
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2. To estimate by how much safety has changed following an intervention or a

design change.

3. To estimate by how much safety might be altered due to a change in some

variable value.

The book focuses on the development of regression models for purposes 1 and

2. While the use of regression models for purpose 3 is commonplace, the trustwor-

thiness of the result is in doubt. Still, it is possible that even this vexed purpose will

be well served by the approach to modeling that is advocated here.

Who will use this book? Perhaps they will be graduate students with interest in

road safety, perhaps professionals with responsibilities in data analysis, or perhaps

others. I do not know how much math, probability, and statistics I can rely on. Some

such knowledge is required by the very nature of the subject matter. There will be

parts which some readers may find taxing. The hope is that judicious skipping will

make the book accessible and useful for a variety of audiences. I tried to make the

narration succinct; diversions, elaborations, and detail were relegated to footnotes.

A glossary is provided to serve as a refresher of notation and acronyms; the index at

the end is for finding the page on which a topic or concept is first introduced.

The book evolved from lecture notes used in a series of hands-on workshops and

is richly laced with data-based illustrations, tables, and figures. The supporting

materials are available for downloading. To access and download them, go to http://

extras.springer.com/ and enter the ISBN of this book. The ISBN (International

Standard Book Number) is found just after the title page. The information is in five

folders: Data, PowerPoint presentations, Problems, Solutions, and Spreadsheets.

Together with the book these materials will be of interest to the reader, student, and

instructor.

The book, of course, can be read as is. However, unlike textbooks in the past, it

can also be used actively and creatively. The reader is invited to use the download-

able materials to see how results were obtained; to modify, expand, and enrich the

analysis; and to use the same spreadsheets with other data.

Modeling in this book is built around the use of Excel spreadsheets and readers

are assumed to have facility in their use. Information about less commonly known

spreadsheet functionalities is provided where needed. Of course there are

specialized and sophisticated statistical software packages which, once acquired

and mastered, will do a good, perhaps a superior, job of model development.

However, I find that the spreadsheet provides all the essentials; it makes for intimate

contact with the data, it has adequate and flexible visualization, the “pivot tables”

serve for exploration, an optimization tool does the curve-fitting, and it is a

hospitable environment for writing custom pieces of code.

Model development is often presented as if it was a nearly algorithmic sequence

of steps, an ordered progression of activities from “Start” to “End.” In my opinion

such an approach tends to produce inferior results. It is better to think of model

development as detective work with clues embedded in data. Like in a game of

snakes and ladders, there are advances and setbacks whereby the modeler gradually

moves towards a satisfactory outcome. Such work is well served by the atmosphere
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of a spreadsheet. For all these reasons, the spreadsheet is my environment of choice

for both instruction and creative modeling.

The modeling approach described in these pages may be thought old-fashioned,

perhaps unsophisticated. Emphasis is on what is of essence. Papers describing novel

modeling ideas and newfangled statistical techniques are being published daily and

I make no attempt to capture the latest. In defense I only say that the quality of a

meal depends more on the skill of the cook and the time spent on its preparation

than on the modernity of the food processor. As has been said: “. . . second-rate
minds grappling with first-rate problems can teach you more than first-rate minds

lost in the shrubbery.” (Lilla, 2013, p. xii).

Toronto, ON, Canada Ezra Hauer

Reference

Lilla M in Foreword for Berlin I (2013) Against the current, 2nd ed. Princeton University Press,

Princeton
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What Is What 1

Abstract

Statistical models that use data to express the safety of populations of units (road

segments, intersections, grade crossings, etc.) as a function their traits (traffic,

geometry, operation) are nowadays called Safety Performance Functions; SPFs

for short. To make this notion precise one has to say what is meant by “safety,”

“unit,” “population,” and “trait.” Most importantly, one has to be clear about

what exactly is the information that a SPF provides and what are its practical

uses. These are then illustrated by a series of examples. The practical uses of

SPFs call for an approach to modeling which is somewhat different from what is

usually done.

1.1 Units and Their Safety Property

What should one call the safety of Bobcaygeon Road between the Scotch Line and

Plantation Roads in Ontario or the safety of the intersection of Eglinton and Don

Mills roads in Toronto? These questions refer to safety as a property of some

elements of the real world to be called “units.” A road segment, an intersection, a

vehicle, or a person is a “unit.” A key feature of a “unit” is that it may be involved in

accidents1 (crashes) or that crashes (accidents) may occur on it. While the count of

1 Those who prefer to use “crash” instead think that “accident” has connotations of being

unavoidable, without cause, and thus unpreventable. This, they fear, might weaken the resolve

to reduce crashes and their harm. Since the very purpose of studying road safety is to assist in the

task of managing the frequency and severity of accidents, such an interpretation makes no sense in

this book. In this book “crash” and “accident” describe the same event. One reason for not

shunning the term “accident” is that it is the common currency in the community of transportation

professionals. Another reason is that the word “accident” provides the proper associations for the

randomness inherent in accident counts. The editor of the Canadian Oxford Dictionary

(Barber 1999) says that: “No dictionary that I know of uses the word “unpreventable” in any of

its definitions of the word “accident.” Were they to do so, the definition would be inaccurate and
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accidents is an indicator of the safety of a unit, it is not identical to it. The safety

property of a unit is defined to be the number of accidents by type and severity,
expected to occur on or to it in a specified period of time.2

Two elements of this definition need clarification. First, the word “expected”

usually corresponds to “average in the long run.” This works well for the idealized

devices used in the instruction of probability theory: coin tosses, decks of unmarked

cards, urns with balls, and fair dies. It works well because all these devices can be

plausibly assumed not to change with repeated use. In contrast, the safety of real

units changes with time.

Accordingly, one has to interpret term “expected” by a conditional and counter-

factual statement as “what the limit of the long-term average would be if3 it was

possible to freeze all the safety-related traits and circumstances of the unit.”

The second element in the definition of safety which requires clarification is the

phrase “by type and severity.” This means that, generally, the safety property of a

unit is not a single number. Thus, for example, the safety of the intersection of High

and Main streets in the 2-year period 2012 and 2013 could be described by the array

in Table 1.1.

From such an array one can obtain the row sums (5.00 rear-end, 2.40 angle, 0.42

single-vehicle, and 0.08 pedestrian accidents), column sums (4.80 PDO, 2.75

injury, and 0.35 fatal accident), and the total (7.90 accidents). Each accident may

involve one or more drivers and their vehicles. Therefore for multi-vehicle

categories such as rear-end and angle accidents the additional categorization by

number of involved vehicles may be needed.4

not reflect the actual usage of the word. The defining terms that dominate are “unexpected,”

“unforeseen,” “unintentional,” and “undesirable . . . .” Most people recognize that the things we

refer to as “accidents” do indeed have causes, whether it be an unplanned pregnancy, slipping on a

banana peel or the dog peeing on the rug and that accidents are preventable.” In some cases, such

as when one speaks of Crash Modification Functions (CMFs) the use of “crash” is so well

established that its use already seems natural. However, the exclusive use of “crash” is often a

sign of advocacy, an impression I want to avoid. This is why both terms will be used

interchangeably.
2 For a more detailed discussion of how safety is defined see Chap. 3 in Hauer (1997).
3 As if the notion of “average in the long run” was not enough of an obstacle, the “would be if”

phrase further distances the safety property from what is observable. Not only is safety not the

same as the number of accidents, it is now something that can be imagined and perhaps estimated

but can never be observed.
4 Alternatively, one may want to speak not of the number of accidents but of the number of

accident-involved vehicles or drivers. Similarly, an injury accident is one in which one or more

persons were injured. Thus one may wish to describe the safety of a unit not by the number of

injury accidents but by the number of injured persons. To convert from “number of accidents” to

“number of involved vehicles or drivers” one needs to know the ratio “involved vehicles/acci-

dent.” For the US from 1988 to 2005 the ratio remained steady at 1.724� 0.015. To convert from

“fatal accidents” to “persons killed” knowledge of the ratio “persons killed/fatal accident” is

needed. For the US from 1988 to 2005 the ratio for fatalities/fatal crash was 1.113� 0.004 which is

similar to that in Michigan (1.104� 0.013 and 1.114� 0.019 for those who had been drinking), in

Ohio (1.088� 0.013), Wisconsin (1.130� 0.022). It is also similar to the ratio pedestrian fatalities/

Pedestrian Fatal accidents which in Michigan was 1.080� 0.023.
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To save on words the symbol μ will be used to denote the expected number of

accidents of a certain unit; subscripts will provide detail when necessary. Thus, for

example, in Table 1.1, μ high and main, rear-end, fatal, 2012 and 2013¼ 0.20 accidents. A μ
always pertains to a certain unit and time period.

1.2 Safety, Traits, and Populations

That the safety (μ) of a unit is determined by its many safety-related traits will be

taken as a foundational axiom5. Units with identical safety-related traits have the

same μ. A trait is said to be “safety related” if when it changes the μ of the unit

changes.

The cube in Fig. 1.1 represents a unit, a road segment, the safety of which is μ.
The μ of this road segment is determined by groups of factors. Invoking

associations from heredity, these are shown as “safety chromosomes”; there is a

chromosome for “climate,” another for “geometry,” etc. Carrying the analogy a

step further, each chromosome consists of a multitude of traits depicted via the

DNA imagery. Thus the “geometry” chromosome of a road segments has a group of

traits pertaining to “lanes,” a group of traits for “vertical alignment,” etc. If the unit

was an intersection one would have chromosomes or traits for “number of

approaches,” “type of traffic control,” etc. If the unit was a person there would be

a chromosomes and traits to capture personality, age, gender, etc.

At times it is the safety of a set of units which is of interest. Thus, for example,

one might want to know the safety of rural two-lane roads in Ontario, or of

signalized intersections in Toronto, or of the cohort of 75–85 years old Canadian

drivers. In such cases we speak of the safety of a population of units. Units that
share a number of traits form a population6.

To illustrate consider the population the units of which are segments of rural

two-lane roads in Colorado. Their shared traits are: (1) State: Colorado, (2) Road

Type: two-lane, (3) Setting: rural. Each trait consists of a couplet – the name of the

Table 1.1 Expected

accidents
Accident type

Accident severity

PDO Injury Fatal

Rear-end 3.10 1.70 0.20

Angle 1.40 0.90 0.10

Single-vehicle 0.30 0.10 0.02

Pedestrian 0.05 0.03

5As always, an axiom is a starting point of reasoning, a premise that is accepted as true without

proof and without controversy. Inasmuch as this book is about models in which the safety of units

is to be represented as a function of their traits this is obviously a foundational axiom.
6 In his foundational paper Fisher (1922, p. 311) defines the principal task of statistics to be “the

reduction of data,” and states that “this object is accomplished by constructing a hypothetical

infinite population, of which the actual data are regarded as constituting a sample.”
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trait and its “level.” Thus, when the trait name is “State” the trait level could be

Alabama, Alaska, Arizona, etc.; when the trait name is “Road Type” the level could

be four-lane undivided, six-lane access controlled, etc.

Adding a trait to those already shared by a population of units defines a new

population, a subpopulation of the original one. Thus, for example, adding trait

(4) Segment Length: 2.5–3.5 miles forms a subpopulation of the population defined

by the aforementioned traits (1)–(3); adding to these trait (5) AADT7: 1,000–2,000

vehicles defines still another subpopulation, etc.

The more numerous are the traits which define a population the fewer are the

units that belong to it. To illustrate, in Sect. 3.2, I will introduce data about 5,323

road segments sharing traits (1)–(3). The subpopulation defined by adding trait

(4) contains 597 road segments, and when trait (5) is added the resulting subpopu-

lation has only 119 road segments. There comes a point when the units are so few

that it makes no sense to speak of a real population. Thus, for example, even with

the rich Colorado data there will be no units in a population defined by a Segment

Fig. 1.1 The safety property (μ) of some road segment as function of traits

7 Annual average daily traffic.
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Length bin of 2.6–2.7 miles and an AADT bin of 2,400–2,420 vehicles. One can

still meaningfully ask what would be the mean of the μ’s of units with these traits.

However, the population of units is now an imagined one.

While the units in a population, whether real or imagined, share a number of

safety-related traits, they inevitably differ in many other safety-related traits. Thus,

for example, the Colorado road segments which share traits (1)–(5) will still differ

in, curvature, slope, cross section, speed distribution, proportion of trucks, proxim-

ity to hospital, etc. It follows from the foundational axiom that for any population of

units, no matter how many traits are used to define it, the only realistic point of

departure is to assume that the μ’s of its units are all different. This is shown

schematically in Fig. 1.2. While all the units share the trait of being “cubes,” they

differ in other traits (size, outline, shading, etc.) and therefore each cube, each unit,

has its distinct μ.
To describe the safety of a population with parsimony I will use themean and the

standard deviation of the μ’s of its units. These are the two quantities used in

practical applications. The usual notation for the mean of the μ’s is E{μ} and for the
standard deviation of the μ’s it is σ{μ}. The square of σ{μ} is the variance of the μ’s
denoted as V{μ}.

Notation to get used to:

μ –Expected number of accidents for a unit

E{μ} –Mean of the μ’s of units in a population

σ{μ} – Standard deviation of the μ’s of units in a population

V{μ}¼ σ2{μ}
□̂ –Estimate of whatever is in the box

Fig. 1.2 A population of

units that have some but not

all safety-related traits in

common
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Notation of this kind may be off putting to non-statisticians. However,

once understood and remembered its use narrows the scope for misunderstanding.8

“E” will always stand for “expected value,” “σ” for “standard deviation,” V for

variance, and the dot in {.} for whatever variable the E, σ, or V apply to.

I have to test the patience of the non-statistician a bit further. The μ of units or the
E{μ} and σ{μ} of populations can never be known; they can only be estimated with

various degrees of accuracy. A caret ^ above a letter will stand for “estimate of.”

Thus, for example, μ̂ i is the estimate of the μ of unit i; the standard deviation of μ̂ i is,

σ μ̂ if g, and its estimate, the so called standard error, is σ̂ μ̂ if g, etc. This completes

the necessary notational conventions.

The preceding elaborate definitional and notational arsenal was needed lay down

a clear and concise definition of the SPF:

A Safety Performance Function (SPF) is a device which for a multitude of
populations provides estimates of two elements:

1. E{μ}, the mean of the μ’s in populations;
2. σ{μ}, the standard deviation of the μ’s in these populations.

The estimates of E{μ} and σ{μ} which an SPF provides are needed for the

practice of road safety management. Their uses are discussed next.

1.3 What Ê mf g and ŝ mf g Are Needed for

It is important to say why we need the estimates of E{μ} and σ{μ}9 for the practice
of road safety management. The reasons are several and fall into the two groups

shown in Table 1.2.

In the first group are occasions when the E{μ} itself is of interest. Thus, for

example, we may want to know what is the “normal” safety of units with some traits

in order to judge whether a certain unit with the same traits is “deviant” or “unsafe”

and may require attention, perhaps treatment. The related activity is called

“blackspot identification” or “network screening10.” Another occasion in this

group of reasons is when we want to know how different is the E{μ} of one

population of units from that of another population. Thus, for example, one may

ask how different are E{μ}’s of two populations of road segments that have the

same known traits but differ in whether their shoulders are paved or unpaved. Such

a difference might indicate what might be the average safety effect of shoulder

paving.

8As Whitehead (1958) pointed out: “By relieving the brain of all unnecessary work, a good

notation sets it free to concentrate on more advanced problems, and in effect increases the power of

the race.”
9Much of the highway safety manual (AASHTO 2010) is devoted to SPFs and their practical uses.
10 AASHTO. Highway safety manual (2010), Chap. 4.
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To the second group of reasons belong those occasions when we have to estimate

the μ of a specific unit and E{μ} helps with this task. This is the case when the unit

has no accident history or when the μ of a unit is estimated by the Empirical Bayes

method which mixes the estimate of E{μ} with the accident history of the unit 11.

We need to estimate the μ of specific units when we ask whether a certain road

segment is a “blackspot,” when the aim is to estimate what might be the safety

benefit of a treatment, and when inquiring by how much some treatment has

changed the μ of treated units. On all these occasions in which the μ of specific

units is of interest, one has to have an estimate of both E{μ} and σ{μ}.
It should be clear that to serve these uses many SPFs are needed. Thus, for

example, if paving shoulders on two-lane rural roads is thought to affect mainly

run-off-the-road accidents, then an SPF for this accident type and road is needed. If

blackspots involving left-turns at signalized intersections are of interest, the

corresponding SPF is needed. Thus, not only are the practical tasks many and

diverse, so are also the SPFs defined by unit and accident type. It follows that the

task of SPF development is and will continue to be a necessary accompaniment of

quantitative road safety management. The numerical examples to follow illustrate

some of the tasks of quantitative road safety management.

1.4 How Ê mf g and ŝ mf g Are Used: Numerical Examples

So as not to stray too far from our subject matter but to still link the definition of the

SPF to how its products might be used, this section provides a sequence of

illustrative examples. To keep the section brief, the examples are kept simple.

Table 1.2 The practical tasks for which estimates of E{m} and s{m} are needed

Group I: Focus is on the E{μ} of

populations of units

Group II: Focus is on the μ of specific units

What is normal for units with given

traits?

Is this unit a “blackspot” or “unsafe”?

How different are the E{μ}’s of two
populations?

What might be the safety benefit of treating this unit or

changing its design?

What was the safety effect of some treatment?

To answer we need estimates of E{μ}. To answer we need estimates of E{μ} and of σ{μ}.

11 The Highway Safety Manual, the Interactive Highway Safety Design Model software and the

SafetyAnalyst software all make use of the Empirical Bayes method. For a brief description see

Section 3.5 of AASHTO (2010).
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1.4.1 Data for Two Populations

The linked illustrations to follow make use of data about two populations of units.

One pertains to drivers, the other to road segments. The data in Table 1.3 is about

persons licensed to drive in Connecticut in the 6-year period 1931–1936.12 The data

in Table 1.4 is about rural two-lane roads in Colorado.13

In the computations to follow details will be provided for the driver data while,

to avoid repetition, for the road segment data only the end-results will be given.

1.4.2 Estimating E{m} and s{m}

What is needed in the various applications to follow are the estimates of the mean of

μ’s and of their standard deviation, the Ê μf g and σ̂ μf g. Here the question is how

these estimates can be extracted from the data in Tables 1.3 and 1.4. In these tables

k denotes a accident count and n(k) the number of units in the population, either

drivers or road segments, with k accidents. Computing the sample mean and sample

variance of the accident counts is simple.

Table 1.3 Connecticut drivers (1931–1936)14

Number of accidents, k Number of drivers, n(k)

0 23,881

1 4,503

2 936

3 160

4 33

5 14

6 3

7 1

Total 29,531

12 The data are from Cobb (1940). There is a certain attraction in the use of venerable old data.
13 The data are about 5,323 road segments of varying length totaling 6,029 miles, with an AADT

up to about 20,000 (average 2,151), on which, during 13 years, 21,718 injury and fatal and 52,317

Total accidents were recorded. The data will be introduced in Sect. 3.2 and then used throughout

the book.
14 To access and download data go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Data” folder for “2a. Connecticut drivers.xls,” or “2b. Connecticut drivers.xlsx”
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Sample mean ¼ Ê kf g ¼
Xlargest k
k¼0

k
Number of units with k

Number of units
ð1:1Þ

Sample variance ¼ V̂ kf g ¼
Xlargest k
k¼0

k � Ê μf g� �2 Number of units with k

Number of units
ð1:2Þ

As shown in Fig. 1.3, k is not μ; k is an observable accident count (an integer),

while μ is its expected value (a real number), a quantity that can be estimated but

not directly observed. The μ’s are represented by circles and the k’s by squares.

Thus, for example, while the μ of unit 1 is shown as 0.71 accidents, the count of

accidents on unit 1 in the same time period was 3. The arrow linking the circles and

the squares represent the randomness in data generation process.16

While it is true that the sample mean of accident counts Ê kf g is an unbiased

estimate of E{μ} and therefore one may use Ê μf g ¼ Ê kf g, it is also true that the

variance of accident counts V{k} is always larger than the V{μ} and cannot serve as

its unbiased estimator.17 One way18 to estimate the
ffiffiffiffiffiffiffiffiffiffiffi
V μf gp ¼ σ μf g is by:

Table 1.4 Fatal and injury accidents on Colorado road segments that

all have a 13 years accident history and are 0–1 miles long15

Number of accidents, in 5 years, k Number of segments, n(k)

0 1,499

1 777

2 398

3 273

4 141

. . . . . .

30 2

37 1

48 1

Total 3,516

15 To access and download data go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Data” folder for “3a. Colorado road segments, k and n(k)” or “3b. Colorado road

segments, k and n(k).xlsx”
16 It is commonly assumed that the k’s are Poisson distributed with μ as mean. This corresponds to

the specific data generation process in which events are rare and the occurrence of one event is not

influenced by the occurrence of another one. This process is described more fully in Appendix A.
17 The assertion that V{k}>V{μ} can be supported by visual intuition in Fig. 1.3; the squares will
tend to be more widely dispersed than the circles. This must be so since the circles on the right will

occasionally generate some squares even further out to the right and the circles on the left will

occasionally generate squares even further left.
18 The derivation of this formula is in the Appendix C. Another way to estimate σ{μ} will be

described later in the context of maximizing likelihood. Since the variance cannot be negative, it

makes sense to replace negative values of V̂ kf g � Ê μf g by 0. However, the estimator in (1.3) is

biased. To see why, consider the limiting case when all μ’s in a population are the same. Repeated

estimation by (1.3) would yield estimates of σ{μ} that are either positive or 0.
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σ̂ μf g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V̂ kf g � Ê μf g

q
if V̂ kf g > Ê μf g

0 otherwise

(
ð1:3Þ

How σ̂ μf g can be computed from the data in Table 1.3 is shown in Fig. 1.4.19

The summands for (1.1) are in column D and their sum is in cell D11. Thus, for the

population of Connecticut drivers the estimate of the mean of μ’s is 0.240 accidents in
6 years. The summands for (1.2) are in column E and their sum in cell E11. Using

(1.3), σ̂ μf g ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:306� 0:240

p ¼ �0:256accidents in 6 years. For the Colorado road

segment data in Table 1.4 the corresponding estimates are Ê μf g ¼ 1:86 and σ̂ μf g
¼ �2:84 F&I accidents in 13 years. Their computation is left as an exercise.

The estimates of σ{μ} are a quantitative expression of what is obvious. Namely,

that not all Connecticut drivers and not all Colorado road segments had the same μ.
The reason is that drivers differ in “gender,” “age,” “annual mileage,” and many

other safety-related traits, and that road segments differ in amount of traffic, terrain,

curvature, etc. However, the purpose was not to demonstrate the obvious.

The estimates of E{μ} and σ{μ} are needed for the practical applications illustrated
below.

Fig. 1.3 Expected values and accident counts

Fig. 1.4 Sample mean and

sample variance of accident

counts and the estimate of

σ{μ}

19 To access and download the spreadsheet with these and subsequent computations go to http://

extras.springer.com/ and enter the ISBN of this book. Look in the ‘Spreadsheets’ folder for

‘Chapter 1. Connecticut drivers.xls or .xlsx’.
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1.4.3 How Many High-m Units Are There?

One common application is “screening,”20 be it of drivers or road segments. The

aim is to identify units with an unusually high μ in the hope that the safety of such

units can be efficiently improved. Depending on context, these units are called

blackspots, sites with promise, accident prone drivers, unsafe vehicles, etc.

To design a sensible screening tool one should begin by forming an idea about

how prevalent are the high-μ units in a population. Thus, for example, one could ask

what proportion of drivers or road segments had a μ that is, say, five times the

population average? For the Connecticut drivers that average was 0.240 accidents

in 6 years and so the question here is how many of the 29,531 Connecticut drivers

are expected to have a μ larger than, say, 5� 0.24¼ 1.2 accidents in 6 years? For

the Colorado road segments the average was 1.85 and the question is how many of

the 3,516 segments are expected to have a μ> 5� 1.86¼ 9.3 accidents in 13 years?

To answer these questions one must make an assumption about the form of the

probability distribution function of the μ’s in the population. A popular assumption

is that the μ’s are Gamma distributed.21 The Gamma distribution has two

parameters, a and b which are related to E{μ} and V{μ} as shown in (1.4).

E μf g ¼ b

a
, V μf g ¼ b

a2
and therefore a ¼ E μf g

V μf g , b ¼ aE μf g ð1:4Þ

With this assumption one can compute the probability that amongst the Connecticut

drivers μ> 1.2 as shown in Fig. 1.5.

The estimates of E{μ} and σ{μ} obtained earlier in Sect. 1.4.2 are in cells B3 and
B4. The computed values of a and b in cells E3 and E4 are based on (1.4). The Excel
function GAMMADIST(μ, b, 1/a, true) in cell B7 and below gives the cumulative

probability of μ being less than the value in column A of the same row. Thus, as

shown in cell B31, if the “Gamma assumption was a good approximation, 0.9906 %

of these drivers were expected to have μ� 1.2 accidents in 6 years. Since there are

29,531 drivers in this population, about 29,531� (1� 0.9906)¼ 278 can be

expected to have had μ> 1.2 accidents in 6 years.

For the population of road segments in Table 1.4 the corresponding estimates of

a and b are 0.230 and 0.427; for these the Gamma cumulative probability distribu-

tion function is in Fig. 1.6. The probability that the μ of a road segment in this

population exceeded 5� 1.86¼ 9.30 F&I accidents in 13 years is about 3.1 %.

Thus, of the 3,516 road segments about 108 are expected to have a μ which is more

than five times the population mean.

20 The Free Dictionary defines screening as: “The initial evaluation of an individual, intended to

determine suitability for a particular treatment . . . .” When screening is applied to transportation

infrastructure its role is “to identify and rank sites from most likely to least likely to realize a

reduction in crash frequency. . .” (AASHTO 2010, p. 4.1).
21 This is a flexible PDF, is available as a function in spreadsheets, and makes the algebra simple.

As will be shown in Sect. 1.4.6, the Gamma assumption is often well supported by the data. More

about this is in Appendix D.
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It is the knowledge of both E{μ} and σ{μ} that allowed us to form an idea about

how prevalent or scarce are the high-μ units in a population, be these road segments

or drivers. How well a screen that is based on the accident history of units is likely

to perform will be examined next.22

Fig. 1.5 Computing values

of the cumulative Gamma

distribution for Connecticut

drivers

Fig. 1.6 The PDF of μ for the population of road segments in Table 1.4

22 Even without any computation one can say that when σ{μ} is small compared to E{μ} the

proportion of high-μ units in the population is bound to be small. In that case their identification is

difficult and perhaps unprofitable. Conversely, when σ{μ} is large compared to E{μ} the propor-

tion of high-μ units is sizeable and therefore they will be easier to catch in the screening net. A

numerical example may explain what “small” and “large” mean. Suppose that E{μ}¼ 1 and that

the aim is to identify units with μ> 4. If σ{μ}¼ 1 then, by the Normal “rule of thumb,” one may

expect 1 of 1,000 units to have a μ> 4. However, if σ{μ}¼ 3 then one may expect 160 of 1,000

units to have a μ> 4.
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1.4.4 The Performance of a Screen

Having established how many high-μ units there might be in a population, the next

question is how well can be these high-μ units identified on the basis of their

accident history. Specifically, how many of those Connecticut drivers or Colorado

road segments that had many accidents also had a μ that is larger than five times

their population average?

This answer too makes use of the estimates of E{μ} and σ{μ} or, more directly,

of the “a” and “b” which are a function of E{μ} and σ{μ}. It can be shown23 that if

the μ’s in a population are Gamma distributed with parameters a and b then the μ’s
in the subpopulations of units that all recorded k¼ 0, 1, 2, . . . accidents are also

Gamma distributed with

E μ
��k� � ¼ k þ b

aþ 1
and V μ

��k� � ¼ k þ b

aþ 1ð Þ2 ð1:5Þ

To examine these probability distributions the spreadsheet in Fig. 1.5 can be reused

except that the “b” in the GAMMADIST function has to be replaced by b + k and

the “a” by a + 1. Thus, for example, as shown in the “formula bar” of Fig. 1.7, to

obtain the PDF of μ’s for drivers who recorded four accidents in 6 years, four is

added to parameter the “b” from E4 and “1” is added to the “a” from cell E3.

Fig. 1.7 The Gamma PDF

for drivers with k¼ 4

accidents in 6 years

23 See Appendix F and Hauer (1997, p. 192).
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As shown in cell B31, some 68 % of the drivers with four accidents are expected

to have μ� 1.20 accidents in 6 years. Since there were 33 such drivers (Table 1.3),

had these been selected for some treatment one would expect 33� (1� 0.675)¼ 11

to be “correct positives and the remaining 22 to be “false positives24.” Proceeding

similarly for k¼ 5, 6, and 7 makes for Table 1.5.

The problem of this crash-based screen is now obvious. If some remedial action

was administered to drivers who recorded, say, four or more accident in 6 years

then, of the 278 Connecticut drivers estimated to have μ> 1.20 accidents in 6 years,

only 21 would be caught in this net; 257 high-μ driver would be missed. Of the

51 drivers caught in the k� 4 net, 30 are expected to be “false positives.”25

The corresponding information for the Colorado road segments with a screening

net k� 8 accidents in 13 years is as follows: Of the 3,516 segments in Table 1.4

about 108 are expected to have μ> 9.3 accidents in 13 years. Caught in the net are

172 segments of which 81 are expected to be correct positives (and 92 false

positives). The difference of 108� 81¼ 27 segments is the expected number of

false negatives.

The performance of every kind of screening program, whether one seeks to

identify drivers or elements of infrastructure, needs to be judged by these criteria:

the number of correct positives, false negatives, and false positives. The quantifica-

tion all three requires estimates of E{μ} and σ{μ}.
So far the illustrations dealt with questions about a population of units; how

many high-μ drivers are in it, how many false positives are in a subset, etc. To

provide answers one had to have estimates of E{μ} and σ{μ}. The next rung on the
illustration ladder is about the safety of specific units.

Table 1.5 Connecticut drivers; correct and false positives

K n(k) P(μ� 1.2) False positives Correct positives

4 33 0.68 22 11

5 14 0.51 7 7

6 3 0.34 1 2

7 1 0.21 0 1

Sums 51 30 21

24 In the present illustration a unit is a “correct positive” if on the basis of its crash history it is

identified as being “high-μ” when its μ is truly higher than five times the population mean. If the μ
of the unit with k¼ 4 is smaller than five times the population mean, it is called a “false positive.”

In this terminology the word “positive” was inherited from medical phrase “testing positive.”

Correct positives are sick persons correctly diagnosed as sick; False positives are healthy people

incorrectly identified as sick. A person testing positive for Xwho is determined to indeed have X, is
a correct positive. In medicine it is nowadays common to speak about “Sensitivity” and “Specific-

ity.” Sensitivity is the (Number of persons identified as sick)/(Number of sick persons in popula-

tion). In the Connecticut drivers example it is 21/278¼ 0.08. Specificity is the (Number of persons

correctly identified as not sick)/(Number of well persons in the population). In the same example

specificity is (29,531� 278)/(29,531� 21)¼ 0.99.
25More about this is in Hauer et al. (1993).
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1.4.5 Estimating the m of a Unit

The question about the safety of specific units is center-stage in two settings. First,

one often asks how many accidents will be saved by treating a unit or set of units. In

this setting the treatment is associated with a known “Crash Modification Factor

(CMF).”26 The safety benefit of implementing a treatment is μ(1-CMF). Thus, to

know what benefit to expect by treating a unit or set of units one must have an

estimate of their μ. The second common setting is when one wishes to assess what

indeed was the safety benefit of treating some units. To do so one has to estimate the

μ of the treated units both before and after the treatment.

To illustrate the first setting assume that a treatment with CMF¼ 0.95 is

considered for those 51 Connecticut drivers with k� 4 accidents in 6 years. Con-

sider first those with k¼ 4 accidents. By (1.5), the estimate of E{μ|k¼ 4} is (0.875

+ 4)/(3.647 + 1)¼ 1.05 accidents in 6 years. The results of the same kind of compu-

tation for k¼ 5, 6, and 7 are shown in column F of Fig. 1.8.

Column G gives estimates of the number of accident expected by the n(k) treated
drivers. Summing over k from 4 to 7, one should expect these drivers 51 to have

58.4 accidents in 6 years. If so, the expected benefit of treating them is a reduction

of 58.4� (1� 0.95)¼ 2.92 accidents in 6 years.

From here there is a seamless transition to the second setting, that of estimating

the safety effect of a treatment. Now the story line is that a treatment has been

applied to the Connecticut drivers with k� 4 in the 1931–1936 periods and the key

question is how many accidents should one expect these drivers to record if the

treatment had no effect and if there was no change in any safety-related conditions.

The answer is the same as before: one should expect them to have 58.4 accidents in

6 years.

Fig. 1.8 Computing the

number of accidents expected

26 Crash Modification Factor or Function � CMF� (Expected accidents with the treatment

implemented)/(Expected accidents if treatment is not implemented). CMFs for various treatments

and interventions are listed in manuals, handbooks and available from public databases.
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The reader may ask how come that the 51 drivers who together recorded

227 accidents in 6 years are expected to have only 58.4 accidents? The difference

between 227 and 58.4 is, in this case, due to the regression-to-the-mean phenome-

non. Indeed, the first expression in (1.5) is the Empirical Bayes27 estimator

designed to eliminate the regression-to-mean bias.

These simple illustrations serve to show that when one designs a screen to

identify high-μ units, and when one tries to anticipate the benefit of a treatment,

and also when one undertakes to evaluate the effect of a treatment, use is made of

the estimates of E{μ} and σ{μ}. These are the values which the SPFs provide.

1.4.6 Is the Gamma Assumption Sensible?

All these illustration as well as many of the procedures in the Highway Safety

Manual (AASHTO 2010) hinge on the assumption that the distribution of μ’s in a

population of units can be adequately approximated by the Gamma distribution.

Whether this assumption is justified can be examined only indirectly. That is, if the

assumption was true, and if the count of accidents was well approximated by the

Poisson distribution28 then, the proportion of units with k accidents should obey the

Negative Binomial (NB) distribution.29

P kð Þ ¼ Γ k þ bð Þ
Γ bð Þk!

ab

aþ 1ð Þkþb
ð1:6Þ

Multiplying P(k) by the number of units in the population yields the estimate of the

number of units expected to have k accidents. These estimates can be compared to

the observed number of units. Should the correspondence be good one may

conclude that, for this specific population of units, the data do not negate the

Poisson and Gamma assumptions.

For the two populations used in these illustrations, the correspondence between

what was observed and what was estimated using the Poisson-Gamma assumptions

is in Tables 1.6 and 1.7. The fit for the driver data is near perfect. The fit for the road

segment data is much less impressive. Were one to conduct a formal χ2 test of the

27 The EB estimator is the linear combination α E{μ} + (1�α)k where the weight α ¼ 1
1þV μf g=E μf g

(see Hauer 1997, p. 194). That this is the same as the expression in (1.5) can be shown by writing

E μ
��k� � ¼ kþb

aþ1
as the sum b

aþ1
þ k

aþ1
. After replacing b by a E{μ} this takes the form α E{μ} + (1�α)k

where α ¼ 1
1þ1=a ¼ 1

1þV μf g=E μf g.
28 See Appendix A.
29 For more detail about the Negative Binomial distribution see Appendix D. The full notation in

(1.6) would be P(K¼ k|a, b) where K stands for the “Count of Accidents” and k for a specific value
thereof. Usually the abridged notation P(k) will be used.
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hypothesis that segment counts come from this NB (Negative Binomial) distribu-

tion it would be clearly rejected.30

The question in the title of this section can now be answered. There is no reason

why the μ’s in populations of units should form a Gamma distribution. For some

data the fit is almost magically good, for others it is poorer. It is good practice to

check whether the data negates the Gamma assumption before conducting analyses

that rely on it.

The sketch illustrations which make up Sect. 1.4 show how the estimates of

E{μ} and σ{μ} which the SPF provides are used in various applied settings. Implicit

in these illustrations is a point of view. Namely, that the purpose of SPFs is to

provide estimates of E{μ} and σ{μ}. As will become evident this point of view has

implications for modeling. It is therefore, best to explain what the alternative point

of view is.

Table 1.6 The fit of the

NB for the Connecticut

driver data

k Observed n(k) Fitted using negative binomial

0 23,881 23,891

1 4,503 4,497

2 936 907

3 160 187

4 33 39

5 14 8

6 3 2

7 1 0

Sum 29,531 29,531

Table 1.7 The fit of the

NB for the Colorado road

segment data

k Observed n(k) Fitted using NB χ2

0 1,499 1,718.0 27.9

1 777 596.5 54.6

2 398 346.0 7.8

3 273 227.6 9.0

4 141 158.6 1.9

5 117 114.2 0.1

. . . . . . . . . . . .

13 10 12.8 0.6

14–15 16 17.8 0.2

16–17 6 10.9 2.2

�18 18 14.7 0.8

Sum 3,516 3,512.5 112.1

30When the Gamma assumption is not supported by the data the numerical results based on it are

in danger of being inaccurate.
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1.5 The Chosen Perspective

The SPF is usually an equation on the left hand side of which are the estimates of

E{μ} or σ{μ} and on the right hand side of which is some function of “traits”

(variables) and of “parameters.” This equation can be viewed from two different

perspectives. From the perspective of the applications listed in Table 1.2 and the

illustrations in Sect. 1.4, the model equation is thought to be a tool for generating

estimates of E{μ} and σ{μ}. This focus is shown in the upper part of Fig. 1.9.

The lower part of the figure shows the “research” perspective. When this point of

view is selected one is interested in understanding how changing the various traits

will affect E{μ} in order to predict the safety effect of design choices and

interventions. From this perspective the focus is on the value of the unknown

parameters and on the function “f” which links the traits and parameters. When

viewed from the research perspective the SPF represents the current understanding

of cause and effect and is thought to be a source of Crash Modification Factors and

Functions.31

How one goes about developing an SPF depends to some extent on the chosen

perspective.32 In this book it will be assumed that the SPF is developed to support

the practical application listed in Table 1.2. Therefore the aim will be to obtain good

Fig. 1.9 Two perspectives

on SPFs

31Opinions differ on whether such cause-and-effect interpretations of regression models are

trustworthy. I am a cause-effect skeptic and believe that the use of SPFs as a source of crash

modification factors or functions is fraught with problems. More on this is in Sect. 6.7.
32 This point was made in Lehmann’s important paper (Lehmann 1990, p. 163) where following

the pioneering work of Neyman and Box the two perspectives on modeling are called “empirical”

and “explanatory.” When discussing the purpose of models Lehman says that “. . . the two kinds of
models differ in their basic purpose. Empirical models are used as a guide to action, often based on

forecasts of what to expect from future observations. . . . In contrast, explanatory models embody

the search for the basic mechanism underlying the process being studied; they constitute an effort

to achieve understanding.” As noted later in Sect. 6.7.4, explanation and understanding go hand-in

hand with cause and effect. Furthermore, “An explanatory model, as is clear from the very nature

of such models, requires detailed knowledge and understanding of the substantive situation that the

model is to represent. On the other hand, an empirical model may be obtained from a family of

models selected largely for convenience, on the basis solely of the data without much input from

the underlying situation” (p. 164).
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estimates of E{μ} and σ{μ}. This aim does not always coincide with the focus on

parameter estimates which characterizes the “research” perspective.

1.6 Summary

Units are some elements of the real world which may be involved in accidents or on

which accidents may occur. The safety property of a unit in a specified period of

time, μ, is the number of accidents by type and severity, expected to occur on or to

it. The μ of a unit is determined by its safety-related traits. Units that share some

traits form a population. To describe the safety of a population of units the E{μ} and
the σ{μ} will be used. An SPF is a tool which for a multitude of populations

provides estimates E{μ}, and of σ{μ}. The use of these in sketch applications was

illustrated.

An SPF is usually an equation on the left-hand side of which are estimates of

E{μ} or σ{μ} and on the right-hand-side is a function of traits and parameters. From

the application-centered perspective the focus is on the left-hand side; from the

cause-effect perspective the main interest is in the parameters of the right-hand-

side. Throughout this book the application-centered view of SPFs will be the

guiding principle.
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A Safety Performance Function for Real
Populations 2

Abstract

An SPF provides estimates of the mean and standard deviation of the μ’s for
many populations of units. When the units of these populations are real, the

estimation of their E{μ} and σ{μ} is straightforward and their meaning is clear.

Attaining this clarity is the main aim of this chapter. A simple SPF for real units

will be built using data for 2,228 Colorado road segments.

2.1 The Origin

Chapter 1 introduced the notion that units which share some safety-related traits

form a population and that the safety of populations can be parsimoniously and

usefully described by the mean of the μ’s of its units (E{μ}) and by their standard

deviation (σ{μ}). The SPF was said to be a tool which provides estimates of E{μ}
and σ{μ} for a multitude of populations.

When the term “Safety Performance Function” (SPF) was first coined,1 it

referred to a relationship that gives the average number of accidents for various

amounts of exposure.2 Over the years, the term has been broadened in two

directions. First, nowadays the SPF is a function not only of exposure but also of

1Hauer (1995).
2 Exposure is a measure of opportunities for accidents to occur. The most commonly used measure

of exposure is “vehicle miles of travel” (VMT). The concept of exposure is tied to that of risk. Risk

is usually construed as the probability of a crash of a specified type and severity to occur per unit of

exposure which, in probability theory, corresponds to a “trial” the outcome of which is either

“accident” or “no accident.” These definitions of exposure and risk are due to Hauer (1982). For

examples of usage see, e.g., Keall and Frith (1999) and Hakkert et al. (2002).

# Springer International Publishing Switzerland 2015
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other traits.3 Second, the SPF now provides estimates not only of the average

number of accidents but also of the diversity of the μ’s in a population.

The “F” in SPF stands for “function.” While “function” evokes the image of an

equation, “it ain’t necessarily so.” A function can also be an algorithm, a graph, or a

table; any device which for specific values of “predictor variables” returns a value

of the “dependent variable.” To secure a clear understanding of the SPF and of the

estimates which it provides, it is best to present this first SPF in the form of a table.

Doing so will allow one to speak about real populations of units the μ’s of which
have a real mean E{μ} and a real standard deviation σ{μ}.

2.2 The Estimate of E{m}

The data to be used throughout the book are described in Sect. 3.2. The subset used

here is of 2,228 rural two-lane road segments in Colorado which are between 0.5

and 1.5 miles long.4 These road segments were sorted into 20 bins by average

AADT as shown in Table 2.1.

The ratio of the entries in columns 2 and 3 is in column 4. This is the estimate of

E{μ}, the primary element of a simple tabular SPF. The squares in Fig. 2.1 are the

graphical representation of these Ê μf g.
The ordinate of the squares – the average number of accidents per road

segment – is the estimate of E{μ} for real populations. Thus, for example, for the

population of road segments defined by the traits (1) State: Colorado, (2) Road

Type: two-lane, (3) Setting: rural, (4) Segment Length: 0.5–1.5 miles, and by

(5) AADT: 9,000–10,000 vehicles per day, the average number of accidents in

5 years was 5.37(¼102/19). This is an estimate of the average of 19 μ’s, the Ê μf gof
this population. An SPF of this type makes it clear that what is listed in a row of the

table and shown in the graph always pertains to a population of units. Here there are

20 such populations each defined by traits (1)–(4) and by an AADT bin.

The accuracy of this estimate is represented by the standard error of Ê μf g and

shown in Fig. 2.1 by the horizontal bars that surround the squares. To illustrate, for

segments with 9,000<AADT< 10,000, the standard error of Ê μf g is
ffiffiffiffiffiffiffiffi
102

p
=19

¼ �0:53 accidents in 5 years.5 Accordingly, the corresponding horizontal bars are

placed at 5.37 + 0.53 and at 5.37–0.53.

3 The Highway Safety Manual (AASHTO 2010, page G-13) defines SPF as “. . . an equation used

to estimate or predict the expected average crash frequency per year at a location as a function of

traffic volume and in some cases roadway or intersection characteristics (e.g., number of lanes,

traffic control, or type of median).”
4 To download the data, go to http://extras.springer.com/ and enter the ISBN of this book. The

ISBN (International Standard Book Number) is found just after the title page. Look in the “Data”

folder for “4 (a or b) Colorado condensed (xls or xlsx).” To make Table 2.1 out the data, the Pivot

Table tool described in Sect. 3.3 was used.
5 The standard error is the estimate of a standard deviation and is usually denoted by s The estimate

of the mean of μ’s� Ê μf g ¼ (Number of accidents)/(Number of segments). Assuming that the

number of accidents is Poisson distributed, the standard error of the average crash rate is

s ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Number of accidents

p
= Number of segmentsð Þ.
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The more segments there are in a bin, the more accurately can its E{μ} be

estimated.6 As is evident in Table 2.1, the larger the average AADT the fewer are

Table 2.1 A tabular SPF for 0.5–1.5 mile long two-lane rural road segments in Colorado

Data Estimates

1 2 3 4 5 6

Average

AADT

Injury and fatal

accidents

1994–1998

Number

of segments

Ê μf g, 1994–1998
I&F accidents/

segment

σ̂ Ê μf g� �
,

standard error of

Ê μf g

S2,

sample

variance

500 376 975 0.39 0.02 0.53

1,500 445 466 0.95 0.05 1.36

2,500 382 260 1.47 0.08 2.80

3,500 381 178 2.14 0.11 4.47

. . . . . . . . . . . . . . . . . .

9,500 102 19 5.37 0.53 35.18

10,500 81 18 4.50 0.50 9.81

. . . . . . . . . . . . . . . . . .

18,500 14 1 14.00 3.74 0.00

19,500 13 1 13.00 3.61 0.00

Sum 3,011 2,228

Fig. 2.1 An SPF which is a function but not an equation

6 The numerator in s ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Number of accidents

p
= Number of segmentsð Þ can be written asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Accidents per segment� Number of road segments
p

. It follows that for any given crash rate

(�Accidents/segment) the standard error of Ê μf g is inversely proportional to the square root of

the number of road segments which serve for estimation.
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the segments in a bin. This is why, going from left to right in Fig. 2.1, the bars move

further and further away from the squares.

What can be said on this basis? One can say that on Colorado rural two-lane road

segments which are 0.5–1.5 miles long and have an AADT between 9,000 and

10,000 vehicles, the average of the μ’s in the 1994–1998 period was about 5.37 I&F

accidents and that the standard error of this estimate is �0.53.7

Because the Ê μf g of a population is a clue about the μ’s of all units in that

population one can say a bit more. Suppose that all we know about unit i is that it is
a segment of a rural two-lane road in Colorado, that it is 1.0 miles long, and that it

has an AADT of 9,500 vehicles per day. The estimate of Ê μf g for the population of
road segments defined by these traits is 5.37 I&F accidents in 5 years. Because we

know nothing about unit i to distinguish it from other segments in that population,

5.37 is also the best estimate of the μ of unit i, the μi. It is the “best estimate”

because if Ê μf g was always used to estimate the μ of specific units with traits that

match those of the population to which Ê μf g pertains, the variance of the estimates

would be the smallest.

This section was about the estimates of E{μ} for 20 populations that comprise

real units. Taken together, these estimates together with their standard error make

up the principal element of the SPF. However, for most applications estimates of

E{μ} are insufficient. As noted earlier,8 to determine whether a unit is a

“blackspot,” to predict what might be the safety benefit of a treatment or of a design

change, and to estimate what the safety effect of an intervention was, one needs to

know how diverse are the μ’s in the population. For these applications, estimates of

σ{μ} are also needed.9 This element of the SPF is discussed next.

2.3 The Estimate of s{m}

The σ{μ} characterizes the diversity of μ’s in a population of units. To explain how
an estimate of σ{μ} can be extracted from accident counts consider Fig. 2.2.10

The circles of the top tier represent the μ’s of five units and the squares of the

bottom tier represent their accident counts. Obviously there is a relationship

7An approximate rule of thumb is that the “true value” is within�2 standard deviations of the

estimated value 19 times out of 20. This rule is based on the assumption that the estimate is

unbiased and normally distributed.
8 See Sects. 1.3 and 1.4.
9 The σ̂ Ê μf g� �

in column five of Table 2.1 and the σ{μ} to be discussed next are two entirely

different constructs. One measures the accuracy with which E{μ} is estimated, the other measures

the diversity of μ’s in a population. How they combine to determine the accuracy of an estimate of

μ for a specific unit is discussed in Sect. 2.4.
10 Figure 2.2 is the same as Fig. 1.3 and is reproduced here for convenience.
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between the diversity of the μ’s and that of the k’s. It can be shown11 that when the

accident counts for each unit are Poisson distributed then

V μf g ¼ V kf g � E μf g
and therefore

σ̂ 2 μf g ¼ �Sample variance of accident counts in population

� Sample mean of accident counts in population
�

if positive, and 0 otherwise:

ð2:1Þ

To illustrate, for the 19 segments with 9,000<AADT< 10,000 that are 0.5–1.5

miles long the sample mean is 5.37� 0.53 accidents in 5 years and the sample

variance (Column 6 in Table 2.1) is 35.18 accidents2. Therefore,

σ̂ μf g ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
35:18� 5:37

p ¼ �5:46 accidents in 5 years.12 Proceeding in the same

manner for all bins in Table 2.1 for which there is sufficient information13 Fig. 2.3

shows how in our data σ̂ μf g depends on AADT. With this, the second element of

this simple SPF, the estimate of σ{μ}, is also in hand.

2.4 The Two s’s; Homogeneity Versus Accuracy

Two different σ’s were discussed in this chapter: σ{μ} and σ Ê μf g� �
. The first

describes the diversity of μ’s amongst the units of a population; the second

characterizes the accuracy with which the mean of these μ’s is estimated. The

nature of both, as well as the differences between them, can be clarified with the

help Fig. 2.4. In this figure what is computed from data is in black and what is

unknown and estimated is in grey.

Fig. 2.2 The relationship between μ’s and k’s

11 For proof, see Appendix C or Hauer (1997), pages 204–205.
12 If a yearly crash rate is of interest, these results have to be divided by 5.
13 For AADTs> 11,000, there are too few segments per bin to compute useful estimates of the

sample variance of accident counts.
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The expected value of the square of distance (1) measures the accuracy14 with

which E{μ} is estimated; it is the σ2 Ê μf g� �
. The expected value of the square of

distance (2) measures how diverse are the μ’s of the units in population; it is the

σ2{μ}. For the real populations and data in Table 2.1, estimates of both σ’s are

shown in Fig. 2.5.

In important applications both σ’s are in play. Thus, for example, suppose that

we are interested in the accuracy with which μi (the μ of unit i) is estimated when

Ê μf g serves as its estimator15. That is, we need the variance of the sum of distances

(1) and (2) in Fig. 2.4. In principle, the accuracy with which E{μ} is estimated and

the diversity of the μ’s in a population are causally independent.16 If so,

Fig. 2.3 σ̂ μf g, the second element of an SPF

Fig. 2.4 Two variance components

14 According to the Joint Committee for Guides in Metrology (JCGM 2008), the term “accuracy”

refers to the degree of closeness of measurements of a quantity to that quantity’s true value. In

contrast, the word “precision” refers to the degree to which repeated measurements under

unchanged conditions show the same results. To illustrate, if an experiment contains a systematic

error then repeating the same flawed experiment would yield a string of possibly precise but still

inaccurate (biased) results. Eliminating the systematic error would improve accuracy but may not

change precision of the results.
15 An estimator is a rule for calculating an estimate from data. That Ê μf g is the estimator of μ̂ i is

indicated in Fig. 2.4 by setting μ̂ i to equal Ê μf g.
16 In estimation, however, the two summands must be correlated inasmuch as the statisticffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Number of accidents

p
= Number of segmentsð Þ features in both.
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σ μ̂ if g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 Ê μf g� �þ σ2 μf g

q
ð2:2Þ

To illustrate, consider again that segment of a rural two-lane road in Colorado that

is 1.0 mile long and has an AADT of 9,500 vehicles. If to estimate its μ we use the

Ê μf g ¼ 5:37 then, by Eq. 2.2, σ μ̂ if g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:532 þ 5:462

p
¼ �5:47 accidents in

5 years.17

Equation 2.2 leads to a key insight. When dealing with real populations (such as

that of the Colorado road segments), the Ê μf g is obtained by dividing the number of

accidents in a bin by the number of segments in it. The wider the bin the more

segments will be in it and therefore the smaller will be the σ Ê μf g� �
. However, the

wider the bin the more diverse will tend to be the μ’s of the units in it. If so, making

the bin wider will usually cause σ{μ} to increase. The compromise between these

opposing tendencies defines a valley in the sum of the radical in Eq. 2.2 and thereby

an optimal bin width.

The same key insight and same conflicting tendencies will apply when, instead

of tabulating bin averages, the SPF will be obtained by fitting a function to data. In

this case it will not be the bin width that matters but the number of variables in the

function. The larger the number of variables the larger will tend to be the uncer-

tainty surrounding the estimates of E{μ} but the less diverse will be the μ’s of units
belonging to the imagined populations.

Fig. 2.5 Estimates of σ{μ} versus σ Ê μf g� �

17 In this case, the accuracy with which the μ can be estimated is governed by the diversity of μ’s in
the population of units with the same traits, and not by the accuracy by which the mean of the μ’s is
estimated.
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2.5 Summary

An SPF consists of two main elements: (1) Estimates of E{μ}, the mean of the μ’s in

each population and the standard deviation of this estimate, the σ Ê μf g� �
;

(2) estimates of σ{μ}, the standard deviation of the μ’s in each population. Both

are needed for practical applications. In this chapter a simple table-and-graph SPF

was built out of data for real units. The aim was to make the SPF tangible and the

meaning of E{μ} and σ{μ} unambiguous. It is now clear that whatever is measured

on the vertical axes of Figs. 2.1, 2.3, or 2.5 pertain to populations of units.

When dealing with real populations consisting of many units, the estimation of

E{μ} and σ Ê μf g� �
is straightforward. To estimate σ{μ} Eq. 2.1 can be used.

Equation 2.2 can be used to estimate the standard error of μ̂ i when Ê μf g is its

estimator.

The simple SPF used in this section was sufficient to illustrate its essential nature

and to highlight its two main elements. However, to be of practical use, the simple

tabular SPF has to be enriched along three lines. First, the bins are too broad.

Segment Length is usually known to the next hundredth of a mile and it does not

make sense to use bins in which the length of segments may vary by as much as a

mile. Second, while the simple SPF in this chapter accounts for Segment Length

and AADT, many safety-related traits (variables) are missing. Thus, example, one

cannot know what is normal for a road segment without taking into account its lane

width. Neither can one meaningfully compare the mean of μ’s for two populations

without considering possible differences in, say, terrain. Nor does it make sense to

use the mean of the μ’s to estimate the μ of unit i if it is on a sharp curve while the

curvature of the segments in the population is unknown. For the SPF of practical

use, one has to add to the SPF some important population-defining traits. Third, one

may expect that underneath the squares in Fig. 2.1 or the circles in Fig. 2.3 there is

some presently unknown continuous curve. After all, AADT and Segment Length

are nearly continuous variables. Which traits to add, what tools to use for this

purpose, and how to fit mathematical functions to data are the question discussed in

detail in later chapters.
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Exploratory Data Analysis 3

Abstract

The role of an exploratory data analysis (EDA) is to equip the modeler with an

understanding of the data. More specifically, an EDA helps to answer two core

questions: (a) whether a trait is safety related and (b) what function can be used

to represent it in the model equation. This chapter shows how to do an EDA of

the Colorado data using spreadsheet tools. As expected, Segment Length,

AADT, and Terrain are safety-related traits. However, one cannot say what

function links the E{μ} and these variables. The numerical results of the EDA

motivate important general observations.

3.1 Introduction

As noted earlier this book has two objectives: (a) to teach how to fit a multivariable

statistical model to data using a simple spreadsheet and (b) to promote the under-

standing that is at the core of good modeling. To set the stage the preceding two

chapters were devoted to objective (b). This chapter is addressing both objectives.

In line with the first objective, it will teach how to conduct an exploratory data

analysis (EDA) of the Colorado data using the Excel spreadsheet tools. The

assumption is that the reader has working knowledge of Excel but may not be

familiar with the Pivot Table tool. Because the Pivot Table plays a central role in

the EDA its use will be explained in detail.

In line with the second objective, EDA is about insight into the message of the

data. Models are built from data. The transformation of data into a model is the

work of a modeler. The modeler has to make a variety of choices: what traits

(variables) to use to define the populations, what functions to use for combining the

variables into a model equation, what should be minimized of maximized to

estimate parameter values and to obtain a good fit, how can the fit be improved,

which data points are outliers, etc. These choices depend on the exercise of
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judgment and insight. This chapter is about developing an initial insight into what

the data suggest.

“Some parts of EDA are ugly, but the real world is ugly, particularly when

errors and other aberrant material enter a data set.” Brillinger (2002) writing

about the pioneer of EDA, J.W. Tukey

This familiarization exercise is called “Initial Exploratory Data Analysis1.” The

tools of EDA are many and so are the corresponding specialized software packages.

But EDA is more than a collection of tools; it is an approach to understanding the

message of data.2

The EDA can help with answering two core questions:

(a) Whether a trait (variable) has an orderly relationship3 with the E{μ}.
(b) If the relationship is orderly, what function can represent it.

The same two questions will be asked repeatedly whenever the introduction of a

new variable into the model is considered. In this case a special-purpose Variable

Introduction EDA (the VIEDA) will be used.4

The EDA produces tables and graphs the purpose of which is to bring about an

understanding of and intimacy with the data from which a model is to be built.

While the numerical results of the EDA pertain to specific data, they will give rise

to some general observations. These general observations have practical

consequences.

1 EDA is usually thought of as a set of activities that precedes formal modeling and, in this sense,

calling it “initial” may seem redundant. However, as will be stressed repeatedly, modeling is not a

once-through process. Rather, it is akin to a spiral the coils of which are cyclically repeated

activities. The EDAwill be an integral part of every modeling cycle, every turn of the spiral. It will

help to determine whether the data indicate that a new trait is to be added to the SPF and in what

form and way. In this role it will be called a Variable Introduction EDA or, by acronym, a VIEDA.
2Here is what the Engineering Statistics Handbook (NIST/SEMATEC) says: “EDA is an approach

to data analysis that postpones the usual assumptions about what kind of model the data follow

with the more direct approach of allowing the data itself to reveal its underlying structure and

model. EDA is not a mere collection of techniques; EDA is a philosophy as to how we dissect a

data set; what we look for; how we look; and how we interpret.” (Sect. 1.1).
3 An orderly relationship is one where the existence of a perceived pattern makes curve-fitting a

sensible choice. If the relationship is not orderly there is no reason to add this trait to the SPF. The

question of when a trait should be added to the SPF is discussed at length in Chap. 9.
4 The VIEDA is discussed in Sect. 9.2.
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3.2 The Data

The data used for the EDA and for all subsequent illustrations are for two-lane rural

roads in Colorado.5 They pertains to 5,323 road segments of varying length totaling

6,029 miles, with an AADT up to about 20,000 (average 2,151), on which, during

the 13 years between 1986 and 1998, 21,718 injury and fatal and 52,317 total

accidents were recorded. The data for the first 9 (of 5,323) road segments are shown

in Fig. 3.1.

The main feature of data of this kind is that they describe a collection of units

without there being a specific intervention or treatment applied at a certain time.

Such data are usually called “cross-sectional.”

Fig. 3.1 A few rows of the Colorado data

5 The data can be downloaded from http://extras.springer.com/ using the ISBN (International

Standard Book Number) of this book. Look in the “Data” folder for file “1 (a or b) Colorado

full. (xls or xlsx).”
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Data come with holes and errors. Some such data problems can be detected

early. The spreadsheet environment is convenient for this purpose; holes are visible,

inconsistencies are easy to check for. Early detection of missing and erroneous data

will save the pain of having to redo what has already been thought completed.

Some data errors become manifest in the form of “outliers.” An outlier is an

observation that appears to be unlikely in view of most other observations. The

problem is that what may look to be an outlier in the early stages of modeling may

be seen as quite normal when all variables are in the model. This is why, inconve-

niently, outliers cannot be dealt with early on.

In the Colorado data the holes were already plugged and obvious inconsistencies

corrected. However, some holes cannot be plugged. Thus, for example, in Fig. 3.1

there are no AADT estimates for segment 8 during the early years. Holes which are

“missing data” have to be accounted for later during the model fitting stage.

Having introduced the data the EDA work can begin. The aim here is to form an

idea about how the average number of accidents varies as a function of Segment

Length, AADT, and Terrain. With this aim in mind a condensed data set was

prepared.6 It consists of the Segment Length, the 5-year average AADT for the

years 1994–1998, the corresponding 5-year sum of injury and fatal accidents, and

Terrain as shown in Fig. 3.2. The condensed data will be used in the EDA and in the

early stages of modeling.

Fig. 3.2 Condensed data for 1994–1998

6 To access and download the condensed data go to http://extras.springer.com/ and enter the ISBN

of this book. Look in the “data” folder for files “4 (a or b) Colorado condensed. (xls or xlsx).”
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3.3 The Pivot Table

To say how E{μ} changes as a function of Segment Length and AADT we need a

table with AADT bins as rows, Segment Length bins as columns, and table cells

that give statistics such as “number of segments in cell” and “number of accidents

in a cell”. The Excel spreadsheet has a versatile tool for the job: the “Pivot Table.”

Readers familiar with the use of the Pivot Table may skip the detailed instructions

below.

To introduce the tool click on the “Insert” tab and choose “Pivot Table.”7 The

window in Fig. 3.3 opens.

When selecting the data in the “Table/Range” one has to include the headings

row (row 3 in Fig. 3.2). When OK is clicked the “Pivot Table Field List” in Fig. 3.4

appears.

To create a table in which the rows will be AADT bins drag the “AADT 1994–

1998” field down into the empty square under “Row L. . . .” This opens the “Row
Labels” window in Fig. 3.5.

When any number under the “Row Labels” is right-clicked the menu with

various actions in Fig. 3.6 opens.

After “Group” is clicked the window in Fig. 3.7 opens.

Fig. 3.3 Selecting data and location for pivot table

7 In all examples I will refer to Excel 2007. Other versions may differ from it in toolbar

arrangements, menus and similar inessential detail. Readers may have to adapt to the specifics

of the version they use. The first appearance of the Pivot Table in Excel was in version 5 (1993).

Up to and including “Office 2013,” there are 12 versions of Microsoft Excel.

3.3 The Pivot Table 33



Fig. 3.4 Pivot table fields

before selections

Fig. 3.5 Specifying the

“Row Label”
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The automatic entries that appear show the lowest and the highest average

AADT as well as a suggested “bin width.” Entering 0 instead of 51.8, 20,000

instead of 19,830, keeping 1,000 in the “By” window, and clicking on “OK” leads

to Fig. 3.8.

Fig. 3.6 Menu with the

“Group” action

Fig. 3.7 The “Group”

window
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This completes the preparation of the row bins. The preparation of the column

bins is similar. Dragging the “Miles” from the “Pivot Table Field List” into the

empty square under “Colum. . .” opens the window on the right of Fig. 3.9.

Right clicking on any column label (say on 0.01), selecting “Group” on the menu

that opens, choosing to start the groups at 0.5miles, to end at 20miles, and tomake the

bins 1 mile wide prepares the table that is now ready to receive a variety of contents.

Dragging the “I&F Sum 1994–1998” field from the “PivotTable Field List”

into the empty square under the “Σ Values” heading opens the table in Fig. 3.10.

Fig. 3.8 The result of

grouping

Fig. 3.9 Ungrouped column

labels
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It shows the number of I&F accidents in each bin. Thus, for example, there are

445 accidents on 0.5–1.5 miles long segments with 1,000<AADT< 2,000

vehicles per day. The solid line is the boundary of the region where somewhat

reliable guidance may be found; the dashed line surrounds the region with no data.

To summarize the data differently right click anywhere within the table and the

menu in Fig. 3.11 opens. Choosing “Count” would produce a table with number of

segments in each bin; choosing “Average” yields the table of “average accidents/

segment” ¼ Ê μf g� �
a part of which is shown in Fig. 3.12.

Fig. 3.10 Injury and fatal accident counts

Fig. 3.11 Choosing the content of the table
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The question was how E{μ} changes as a function of Segment Length and

AADT. Inasmuch as the entries of the table in Fig. 3.12 are estimates of E{μ} the

question has now been answered. Pictures are easier to interpret than tables of

numbers and therefore the next step is to present the numerical results of Fig. 3.12

as graphs. However, even before proceeding with the visualization task, the numer-

ical results already obtained call for some important observations to be made.8 At

this point the discussion of EDA is put temporarily on hold in order to point out

what is perhaps obvious but could be easily missed.

3.4 Pausing for Reflection

Suppose that we are interested in the μ of a road segment about which we know only

that it is 3.0 miles long and is a part of the rural two-lane road network in Colorado.

Based on the highlighted entry in the last row of Fig. 3.12 the Ê μf g for such

segments is 4.74 F&I accidents in 1994–1998. This is also an unbiased estimate of

the μ of the 3.0 miles long segment of interest. If we also knew that the AADT on

that segment was 2,500 then, based on the corresponding highlighted cell in

Fig. 3.12, Ê μf g ¼ 6:80 F&I accidents in 1994–1998. Now this would be the

unbiased estimate of its μ. These two numbers, 4.74 and 6.80, illustrate a general

truth:

Obvious Observation 1: Populations defined by different safety-related traits
have differing E{μ}’s.

Fig. 3.12 I&F accidents in 5 years per segment

8 Some can reach general conclusions by logical reasoning unaided by numbers and graphs; others

need the stimulus and support of numerical results in their quest for reasoned deductions. The EDA

suits the latter group.
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It follows that when Ê μf g helps to estimate the μ of a unit of interest9 then, what
we estimate its μ to be depends on which safety-related traits of that unit we have

information about. It also follows that:

Obvious Observation 2: For the Ê μf g of a population to be an unbiased10

estimator of the μ of a unit of interest, the known traits of that unit must be the same
as the traits which define the population of units for which E{μ} is the mean.

The variables in the SPF must be the same as the data that are available for the

practical task in which the SPF is used.

These “obvious observations” lead to a “not-so-obvious” but important conclu-

sion. Namely, that what traits (variables) are to be used in an SPFs depends on the

use for which the SPF is intended and on the information that the users have. To

illustrate, if the data available for network screening11 contain no information

about, say, shoulder width or “roadside hazard rating,” then shoulder width and

roadside hazards rating should not be variables in the SPF used in this activity. For,

if they were amongst the SPF variables, it would be unclear what value to use in the

SPF to ensure that the estimate of E{μ} is unbiased. However, if in some other

circumstance the SPF is to be used for an Empirical Bayes estimate of the μ of a

road segment for which, say, the pavement friction and sight distance are known,

then the SPF must contain these variables. Otherwise, the estimate of E{μ} which

the SPF provides would not be for the population to which that road segment

belongs. In sum, one SPF does not fit all practical purposes and many SPFs are

needed to match the variety of data available to users.

Obvious Observation 2 puts SPF development on an unaccustomed footing. The

usual aim of modelers is to have an SPF that is “well specified.”12 A well specified

SPF is made up of all the important safety-related traits.13 In the pursuit of this aim

modelers attempt to assemble data about many traits (variables). After weeding out

those variables the parameters of which do not reach the required statistical

significance14 and after eliminating variables the parameters of which are not in

9 This is the case whenever the μ of a unit is estimated by the Empirical Bayes method.
10 Bias is the difference between the average value of the estimate and the true value of what is

being estimated. If the difference is not zero the estimator is said to be biased.
11 Network screening is the activity of identifying “blackspots” or “sites with promise,” units

which may require attention and perhaps remediation The SafetyAnalyst software (Harwood

et al. 2010) uses SPFs and Empirical Bayes estimates for network screening.
12 In regression analysis the process of model specification consists of selecting an appropriate

functional form and of choosing the predictor variables. Common errors of model specification are

(1) choosing an incorrect functional form, (2) omitting predictor variables which have a relation-

ship with both the dependent variable and one or more of the predictor variables, (3) including an

irrelevant predictor variables, and (4) assuming that the predictor variables are measured without

error. If an estimated model is misspecified, it will produce biased and inconsistent estimates.
13What determines whether a trait is safety-related is discussed in Sects. 9.1 and 9.2.
14 See e.g., Chiou and Fu (2013, p. 77) and Chen and Persaud (2014, p. 135).
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agreement with some prior opinion,15 modelers tend to report the parameter

estimates for the remaining “fully loaded” model. However, when the SPF is to

serve for the practical purposes described in Sects. 1.3 and 1.4 the inclusion in the

SPF of variables for which data are not routinely available to the user creates a

problem. The implications of this shift in aim are several. First, it will affect the

decision about whether a variable should be added to the SPF. Second, it will

influence the manner in which SPFs are to be reported. Both issues will be discussed

in detail later.

The numerical results of the initial EDA allow one to make yet another impor-

tant “obvious observation.”

Obvious Observation 3: The larger is the number of traits that define a real
population, the fewer are the observations from which its E{μ} is estimated and the
larger tends to be the standard error of the estimate of E{μ}.

To explain, recall that the estimates of E{μ} in Fig. 3.12 were computed by

adding up the number of accidents in a bin and dividing by the number of segments

in that bin. If the accident counts are Poisson distributed, each such estimate has a

standard error of � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Number of accidents

p
=Number of segments. Thus, for exam-

ple, for the population defined by 2.5< Segment Length< 3.5 miles the estimate of

E{μ} is 1,224/258¼ 4.74 accidents in 1994–1998 per segment with a standard error

of � ffiffiffiffiffiffiffiffiffiffi
1224

p
=258 ¼ �0:14. However, if we define a subpopulation by adding the

trait that 2,000<AADT< 3,000, then the estimate of E{μ} is 238/35¼ 6.80

accidents per segment and its standard error is � ffiffiffiffiffiffiffiffi
238

p
=35 ¼ �0:44.

Subpopulations always contain fewer units than their parent populations. The

increase in the standard error is the consequence of creating subpopulations

(subsets) by the adding traits and thereby estimating from less data. This then is

another consideration for adding traits to the SPF. Not adding a safety-related trait

to the SPF will result in a bias according to “Obvious observation 1”; adding the

same trait to the SPF will reduce the accuracy with which E{μ} can be estimated.

The right course of action is based on balancing these two considerations.

The business of the EDA is to convert data into numbers and then to transform

numbers into insight. The insights in this section were at once obvious and

unexpected. At this point we return to the EDA and the question of how E(μ}
depends on Segment Length and AADT.

3.5 Visualization

The purpose of the EDA is to gain insight into the message of the data; this is best

done by visualizing it. Three-dimensional graphs may be difficult to interpret. It

seems more instructive to reduce graphs to two dimensions, keeping constant all

15 See e.g., Gross et al. (2013, p. 236) who say that “Additional variables were considered based on

available data and included in the models if (1) the variable significantly improved the model, and

(2) the effect of the variable was intuitive.”
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variables but one. Thus, for example, Fig. 3.13 shows how Ê μf g changes as a

function of AADT holding Segment Length approximately constant.16

As expected, Ê μf g increases with AADT. However, even though the data set is

rich (6,029 miles of road and 5 years of accident history), one cannot really say

whether the relationship is one of proportionality or whether some other mathemat-

ical function promises to fit the data well.17 The randomness of the accident counts,

the paucity of data in many cells, and the many unaccounted-for traits which are the

source of diversity within each cell, all work to obscure the underlying relationship.

Whether some curve-fitting magic can help to reveal that relationship will be

examined in the next chapter.

How Ê μf g varies with Segment Length when AADT is held approximately

constant is shown in Fig. 3.14. As expected, Ê μf g is seen to increase with Segment

Length and there is perhaps a hint of nonlinearity.18

Fig. 3.13 How Ê μf g changes as a function of AADT within Segment Length bins

16 The data are from that region of Fig. 3.10 where accident counts are most numerous.
17 A non-linear relationship with AADT is a common empirical finding. This may reflect the fact

that many things change with traffic flow: speed, spacing between vehicles, alertness, etc. In

addition many safety-related traits are associated with traffic flow: level of enforcement and

maintenance, presence of illumination, road design standards, etc. It would be indeed strange if

such a complex interplay of influences when represented by the single trait-AADT, ended up as a

straight-line relationship. Even more generally, it would be unexpected for a complex web of

causes to become manifest as a simple mathematical function.
18 One might think that if a 1 mile long segment is expected to have X accidents then a 2 miles long

segment with similar traits will have 2X accidents. The problem is that in our data Segment Length

may be correlated with various safety-related traits; segment length may have something to do

with the way roads are parsed for entry into data bases. Segments tend to end at intersections,

jurisdiction boundaries and various geographic features. When intersections are far apart or a
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Graphs of this kind are a useful hint to how the dependent variable (E{μ} in this
case) varies as a function of a predictor variable. However, one must not think that

what is seen in a two-dimensional graph represents the workings of a single

variable. Causal factors are many and their web is complex. To illustrate, the

arrows in the figure point to two estimates of E{μ} the mutual position of which

seems anomalous. A reversal of this kind might occur, for example, if a larger

proportion of the segments represented by the circle were in mountainous terrain. In

this case “Terrain” would be a “lurking variable,” a “confounder.”19 In road safety

there is never enough observational data to examine how the dependent variable

varies when a certain predictor variable changes, while holding all other variables

nearly constant. In consequence, confounding due to association (correlation) with

other variables is an omnipresent impediment to correct interpretation.

What we are looking at is not always what we are looking for.

Fig. 3.14 How Ê μf g changes as a function of Segment Length within AADT bins

region is sparsely settled, segments tend to be longer. Far-apart intersections and sparsely

populated regions may have fewer driveways, more homogeneous speeds, more driver fatigue,

be further from trauma centers, etc. Because of such associations, the relationship between

segment length and accident frequency may be more complex than one of simple proportionality.
19 A variable that has an important effect on the dependent variable but is not amongst the predictor

variables.
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3.6 Terrain

Having examined the relationship between E{μ}, Segment Length, and AADT it

remains to do an EDA for “Terrain.” In the Colorado data “Terrain” comes in one of

three categories: Flat, Rolling, and Mountainous; F, R, and M for short. The

question is whether when AADT and Segment Length are held constant, the

E{μ}’s for one terrain differs systematically from the E{μ}’s for another terrain.
To answer, one has to create three tables similar to that in Fig. 3.12, one for each

terrain. The pivot table makes the task easy.

Starting with the “Pivot Table Field List” which created Fig. 3.12 drag the

“Terrain” field into the “Row Labels” window to be above the AADT 1994–1998

field. As shown on the left side of Fig. 3.15. This generates three pivot tables parts

of which are shown on the right, one for each Terrain category (F, R and M).

As expected, comparing corresponding cells, the Rolling and Mountainous

terrains have consistently more accidents per segment than the Flat terrain.20 It

follows that Terrain is a candidate predictor variable.

20 The differences between F, R and M represent unaccounted for differences in grade, curvature,

roadside, weather, road users, vehicles, etc.

Fig. 3.15 The Pivot Table with Terrain categories
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Less expected is the relationship in Fig. 3.16 which is the visual representation

made of the results in Fig. 3.15. Consider, for example, the 0–0.5 miles and 0–1,000

vpd bins. Here Ê μMf g ¼ 0:20, Ê μRf g ¼ 0:22, and their ratio is

Ê μMf g=Ê μRf g ¼ 0:90. Compare this to the 0.5–1.5 miles and 2,000–3,000 vpd

bins where the ratio is 2.08/1.40¼ 1.49. The general impression is that the longer

the segment and the more traffic it carries, the larger is the Ê μMf g=Ê μRf g ratio.

That means that the effect Terrain may depend Segment Length and AADT and this

is how it may have to be represented in the SPF.

3.7 Summary

Forging a model out of data is a process that involves probing, computation, and the

exercise of judgment. The latter requires, amongst other things, that the modeler

develop a “feel” for the data. It is the role of Initial EDA to foster this feel. While

this is a necessary early step in the modeling game, it is also a recurring one. Every

addition of a variable to the SPF, and every choice of function will require an

EDA-type activity.

The EDA story in this chapter is woven around data for Colorado two-lane rural

roads. Data come with holes and errors. Ridding data of these is the first task of the

initial EDA. What is fixed early saves tedious backtracking later. The spreadsheet is

a friendly environment for data checking and cleaning.

The EDA helps answering two core questions. (a) Whether a trait is “safety

related” and (b) what function can be used to represent it in the SFP. The Colorado

Fig. 3.16 How the ratio of Accidents/Segment depends on Segment Length and AADT
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data was used to answer these questions about Segment Length, AADT, and

Terrain. To answer these questions the Pivot Table tool was introduced and used.

This powerful spreadsheet tool greatly simplifies the conduct of an EDA.

The pivot tables were visualized in a series of graphs. In these both Segment

Length and AADT were seen to be safety related. However, one could not confi-

dently say what function links E{μ} and these two predictor variables. Terrain is

also safety related. The impression is that its effect on E{μ} is a function of both

AADT and Segment Length.

The numerical results of the EDA prompted three general observations.

1. The E{μ} of a population depends on the traits that define it. When a safety-

related trait is added to those defining a population, the E{μ} changes.

2. For the Ê μf g of a population to be an unbiased estimate of the μ of a specific

unit, the known traits of that unit must be the same as the traits which define the

population.

3. When a trait is added to those defining a real population, the accuracy with

which E{μ} is estimated diminishes.

It follows that the variables in the SPF must be the same as the data that are

available for the practical task in which the SPF is used This has implications on

how SPFs are to be developed and how reported.
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Curve-Fitting 4

Abstract

Curve-fitting1 is based on the belief that hidden under the data cloud there is an

orderly relationship between the E{μ} and the population-defining traits. The

key feature of curve-fitting is that use is made of data from neighboring

populations to fashion estimates for specific populations. This is intended to

alleviate the “sparse data problem.” But curve-fitting is not an unmixed blessing.

As it irons out unwanted randomness, it distorts some of what is real. When

curve-fitting is “nonparametric,” one only has to specify a rule by which an

estimate is to be computed from neighboring data. For “parametric” curve-

fitting, the modeler has to assume that the underlying orderly relationship can

be represented by some equation, and then to estimate its parameters. To

illustrate the nature of nonparametric curve-fitting, the “Nadaraya-Watson Ker-

nel Regression” will be applied to the Colorado data.

4.1 Why Do We Need to Curve-Fit?

The purpose of an SPF is to provide estimates of E{μ} and σ{μ} for a multitude of

populations as a function of population traits and their levels.2 The Initial EDA gave

hints about whether and how accidents on rural two-lane roads in Colorado depend

1 The Wikipedia describes curve-fitting as the process of constructing a curve or mathematical

function that has the best fit to a series of data points. The term “curve-fitting” tends to be used

by engineers and scientists whereas regression analysis is the preferred term for statisticians and

social scientists.
2 Some believe that the purpose of SPF development goes beyond the provision good estimates of

E{μ} and of σ{μ}, that the objective is to determine by how much will E{μ} change if the level of
some trait is purposefully changed. Whether their goal is attainable is subject to debate (See, e.g.,

Hauer (2010), Elvik (2011)). More on this is in Sects. 6.7 and 10.2. Be it as it may, the SPF

development described in this book is guided by the need for good estimates of E{μ} and σ{μ} as

# Springer International Publishing Switzerland 2015

E. Hauer, The Art of Regression Modeling in Road Safety,
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on Segment Length, AADT, and Terrain. However, most bins in Fig. 3.10

contained too few segments for meaningful estimation. Thus, even with a large

data set and few population-defining traits the information in most bins is too slim

to be of use. This is the “sparse data problem.”3 The saving grace is the belief that

some traits are “safety-related”4 and exhibit an “orderly relationship”5 with what is

being estimated. This orderliness can be exploited for estimation because it means,

in essence, that what is observed in one bin contains useful information about what

to expect in a nearby bin.6

To illustrate, the pivot table was used on the condensed Colorado data7 to

produce columns 1–4 in Table 4.1. Column 5 is a five-point running average of

the entries in column 4. Thus, e.g., the ordinate at, say, 7,000<AADT� 7,500 is

3.30¼ (2.37 + 3.37 + 6.15 + 2.64 + 1.98)/5.

That means that instead of using the information about the 41 segments in the

7,000<AADT� 7,500 bin and claiming that Ê μf g ¼ 6:15, we prefer to rely on

the smoother curve made of the running averages (see Fig. 4.1) and to believe that

Ê μf g ¼ 3:30 is the better estimate.

By making the estimate into a function of neighboring data, the “sparse data”

curse can be partly lifted. However, as with all curses, the remedy requires faith;

here it is faith in the existence of an underlying orderly relationship. It is through

this act of faith that “curve-fitting” becomes the kingpin of modeling.

Curve-fitting is of two kinds: “nonparametric” and “parametric.” When curve-

fitting is nonparametric, the notion of an orderly relationship is limited to the belief

these are used in practical applications discussed in Sect. 1.3, illustrated in Sect. 1.4, and described

in the Highway Safety Manual (AASHTO 2010).
3Many phenomena in diverse domains (numerical analysis, sampling, combinatorics, machine

learning, data mining) are referred to by this name. The common theme of these is that when

“dimensionality” increases, the “volume of the space” increases so fast that the available data

becomes “sparse.” Dimensionality here refers to the number of traits. Thus, with two traits, say

Segment Length and AADT, we have two “dimensions” and the “volume of space” is a table or a

plane graph. The addition of Terrain makes for three dimensions and the volume of space is now a

rectangular prism or three dimensional graph. Sparsity is a problem because to obtain statistically

sound results, the amount of data needed grows exponentially with the dimensionality. The phrase

“curse of dimensionality” was coined by Richard E. Bellman when considering problems in

dynamic optimization.
4 A trait was said to be safety related if changing it changes the μ of units.
5 A relationship was said to be orderly if it exhibits a pattern of data points that makes the fitting

some curve to it a sensible choice. This is a troubling definition because it amounts to saying that a

relationship is orderly if it seems to be so. An orderly relationship is but a promise of safety

relatedness, not a guarantee of it.
6 The notion of “useful information” contains a seed of an idea which may help doing away with

the circularity in the definition of “orderly relationship.” The observed values in bin X are useful

for estimating some unknown parameter in bin Y if using them improves the quality of the

parameter estimate. A relationship is orderly if the preceding sentence is true for most bins.

More about this is in Sect. 4.2.
7 File “4a or 4b Colorado condensed.xls or xlsx” in the “Data” folder from http://extras.springer.

com/ and the ISBN of this book.
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that the estimate at a certain level of a trait can benefit from data in the neighbor-

hood of that level. One only needs to specify the corresponding computational rule.

The running average is one such rule. The products of nonparametric curve-fitting

are tables and graphs, not equations.

Nonparametric curve-fitting is a rule for computing an estimate using both
local and neighboring data.

Table 4.1 Five-point running averages

1 2 3 4 5

AADT range

No. of

segments

No. of I&F

accidents

Average I&F

accidents/segment

SPF ordinate: five-point

running average

0–500 808 473 0.59

500–1,000 1,176 929 0.79

1,000–1,500 615 902 1.47 1.15

1,500–2,000 476 650 1.37 1.48

. . . . . . . . . . . . . . .

6,000–6,500 62 147 2.37 3.34

6,500–7,000 57 192 3.37 3.35

7,000–7,500 41 252 6.15 3.30

7,500–8,000 61 161 2.64 3.59

8,000–8,500 41 81 1.98 3.77

8,500–9,000 29 111 3.83 3.11

9,000–9,500 30 128 4.27 3.33

. . . . . . . . . . . . . . .

18,000–18,500 1 14 14.00

19,500–20,000 2 15 7.50

Fig. 4.1 Problems with nonparametric fits
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When curve-fitting is “parametric” one must assume more. Now the assumption

is that hidden under the fog of data there is some smooth curve or multidimensional

surface and that it can be adequately represented by a simple mathematical expres-

sion. That expression is called the “model equation.” The “model equation”

consists of traits (variables), and of parameters.8 The modeler then has to decide

which variables to use, to specify the function whereby these variables are to be

combined, and then to estimate the parameters of the model equation.9 Once the

model equation is specified and its parameters estimated we have an SPF.

Parametric curve-fitting is based on a “model equation” made up of
“variables” and “parameters.”

This chapter deals only with nonparametric curve-fitting. Curve-fitting of the

parametric kind is the subject of the remaining chapters.

4.2 There is No Free Lunch

The essence of curve-fitting is that it brings data from neighboring populations to

bear on the estimates of E{μ} and σ{μ} for a specific population. The price of this

stratagem is the loss of what is unique about a specific population and the importing

into it of “foreign matter” from the neighborhood. These issues are illustrated in

Fig. 4.1.

The figure is based on the Colorado data used earlier. As before, the ordinate of a

square is the average number injury and fatal (I&F) accidents in 5 years per segment

in an AADT bin10; the horizontal bars which surround the squares are one standard

8 The general notation for themodel equation of an SPF isE{μ}¼ f(X1,X2,. . ., β0, β1, β2,. . .) where f()
denotes some function of the predictor variables X1, X2,. . . and of the parameters β0, β1, β2,. . .; the
E{μ} is the “dependent variable.” In statistics it is common to call it the “response variable.” This

terminology is tendentious because it invites the interpretation that one can use themodel equation for

determining the “response” of E{μ} to a change in an X. As argued in Sect. 6.7, such a use of SPF is

fraught with problems. For this reason, I prefer to call E{μ} the “dependent variable.”
9 Parameters are constants that complete the determination of the mathematical expression in

which the variables are combined. Thus, for example, in f(x)¼ βx, the parameter “β” determines

the slope of the line described by f(x). Learned papers treat the parameter estimation topic with

much relish. It is as if the trustworthiness of the model equation was determined mainly by the

accuracy of its parameters. The unadorned fact is that there is little data-based theory behind the

choice of traits (variables) that are used in the model equation and little attention given to the way

in which they combine into the mathematical expression for which the parameters need to be

estimated. Why the focus on parameters and their estimation and the lack of interest in the

expression of which they are a part is perhaps explainable as a part of the history of statistics; it

is nevertheless difficult to justify and accept.
10 The AADT bins here are 500 vehicles per day wide.
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error away. The fitted smooth curve is based on a five-point moving average.11

Thus, for example, the ordinate of the curve at point 10 is the arithmetic average of

the ordinate at point 1 and of the four squares nearest to it. There are, of course,

more elaborate methods of nonparametric curve-fitting but my argument is best

made by what is simple and familiar.

The ordinates of points 1 and 10 are quite different. Considering the� standard

error shown by the horizontal bars which surround the square at 1, the difference

between the two ordinates cannot be attributed statistical inaccuracy; there is

something about the road segments in the 7,000<AADT< 7,500 bin that is

different from the segments in the four surrounding bins. If so, it may be quite

unreasonable to estimate the E{μ} of a segment with AADT¼ 7,250 by the ordinate

of the curve at 10. And yet, that is what is always done when a curve is fitted to data.
The moral is that as it smoothes out randomness, the fitting of a curve also irons out

some real differences; no curve-fitting method can avoid doing so.

Curve-fitting gets rid of some unwanted randomness but erases some of what
is real and should be kept.

Consider now the kink of the fitted curve inside the rectangle. The kink is due

entirely to the unusually large ordinate of point 1 which influences the running

averages inside the rectangle. There is nothing in the data within the rectangle to

suggest or to justify such a peculiar upswing of the curve. This distortion is also a

cost of curve-fitting. Inasmuch as the estimate for a specific population is made into

a function of neighboring data, it is inevitable for “foreign matter” to exert influence

on every local estimate.

Yet another problem is visible in Fig. 4.1. Judging by the horizontal bars, up to

AADT of about 5,000, the ordinates of the squares are fairly accurately estimated.

Is the smooth curve fitted to this domain a better estimate of E{μ} than the squares?
There is nothing intrinsically superior about a smooth curve nor is there reason to

believe that the underlying curve is smooth. Inasmuch as geometric design

standards and road maintenance policies are defined by a few discrete AADT

ranges, one may expect discontinuities at the breakpoints. It is therefore unclear

whether the reliance on a smooth curve improves estimation or degrades it. It may

not be an improvement to impose a smooth curve onto the data, especially not in

regions where bin-based estimates are accurate.

In sum, the fitting of some nonparametric smooth curve to data is associated with

obvious problems: it tends to erase some of what is real, it creates estimates that are

11Given a series of numbers and a “window” (subset) size, the moving average can be obtained by

computing the average of the values in the window. The window is then shifted forward, creating a

new subset of numbers, which is averaged. This process is repeated over the entire data series. In

this illustration the average is of five ordinates. Between AADT¼ 0 and 10,000 with twenty data

bins of 500 vpd, there are 20�4¼ 16 running average estimates. The Excel graphing option of

“Scatter with smooth line” makes a smooth curve out of the 16 estimates.
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not in line with what was observed, and it imposes a smooth relationship on a reality

that is possibly discontinuous. Why then is smoothing attractive? The attractions

are two. First, as will be shown shortly, it succeeds in identifying order even when it

is not visually discernible. Second, it appeals to our predisposition to think that

“Natura non facit saltus12”; to believe that the relationship in which we put our faith

is in fact smooth.

When curve-fitting is “parametric,” all the weaknesses of nonparametric curve-

fitting are retained and another is added. Now the modeler must choose a “model

equation” to represent the relationship assumed to hide within the data. While that

relationship can take on any form, the modeler has to commit to a specific

equation.13 Doing some severely restricts the range of possible shapes. Commonly

used model equations can render only simple shapes. Most cannot even have a

peak, a valley, or an inflection point, not to speak of undulations such as those in

Fig. 4.1. Thus if there is any richness or nuance to the relationship, the chosen

equation will distort reality.14

Model equations are straightjackets for data.

Thus, if nonparametric curve-fitting could do the job, it should be the tool of

choice. Can it do the job? To gain insight I will examine some nonparametric curve-

fits to the Colorado data.15

4.3 Kernel Regression

The moving average method of curve-fitting which generated the curve in Fig. 4.1

has an obvious fault; it does not allow for a nearby ordinate to exert a larger

influence over the estimand than one that is further away. The “Nadaraya-Watson

Kernel Regression” to be used here is also a moving average method of smoothing

except that close neighbors are given more weight than distant ones.16 Here the

weights will be derived from a Normal “bell curve” the middle of which is placed

12Natura non facit saltus (Latin for “nature does not make jumps”) has been a principle of natural

philosophy since at least Aristotle’s time.
13 A model equation is what in mathematics is called a “family of curves”; a set of curves whose

equations are the same but which have different values assigned to one or more of their parameters.
14 To illustrate Lord and Bonneson (2007), chose to represent the effect of lane width by the

function exp(β�Lane Width) and estimated β to be �0.188. This function can have no minimum

and this is why they conclude that as lane width increases from 90 to 130 accident frequency
continues to decrease. Early empirical evidence suggests that for rural two-lane roads there is a

minimum somewhere between 110 and 120, that widening beyond 120 may increase accident

frequency. Such a conclusion is unreachable once the exp(β�Lane Width) function is adopted.
15 To access and download, the data go to http://extras.springer.com/ and enter the ISBN of this

book. Look in the “data” folder for files 4 (a or b) Colorado condensed. “(xls or xlsx)”
16 See Nadaraya (1964), Watson (1964) or, e.g., Simonoff (1996), Li and Racine (2007).
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above the point at which the weighted average is to be calculated.17 In this context

the standard deviation of the bell curve is called the “bandwidth.”

The 5,323 data points18 are shown in Fig. 4.2. In this representation no underly-

ing pattern is discernible and the question is whether the nonparametric wizardry

can find order hidden under this cloud.

The Nadaraya-Watson algorithm has been coded onto a spreadsheet19 so that the

user can fit a nonparametric curve to any data by a click of a spreadsheet command

button. Figure 4.3 shows the fitted SPFs for bandwidth¼ 200 (solid) and 1,000

(dashed) against the background of the data points.

The merit of nonparametric curve-fitting is now clear; it lifted from the data

cloud an otherwise un-discernible relationship. The question is which of the two fits

shown or, equivalently, which of the two bandwidths is to be preferred. The issues

arising require airing.

Fig. 4.2 The data cloud

Fig. 4.3 Nadaraya-Watson

fits with two bandwidths

17 For detail, see Appendix H.
18 Points with more than 60 accidents were omitted from the figure.
19 For more detail about the N-W algorithm is in Appendix H. To download the spreadsheet, go to

http://extras.springer.com/ and enter the ISBN of this book. Look in the “Spreadsheets” folder for

“Chap. 4. Nadaraya-Watson non-parametric.xlsm”.
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4.3.1 Bandwidth and Goodness of Fit

The number of values used in computing a running average (it was five in Table 4.1)

and the bandwidth used in the Nadaraya-Watson algorithm are affine concepts. The

smaller the number of values averaged or the narrower the bandwidth, the less

weight goes to more distant neighbors, the more undulating is the curve, and the

closer it approaches the data points. Conversely, the wider the bandwidth the more

damped are the oscillations of the curve and the further it is from the data points. It

follows that the curve generated using the lesser bandwidth in Fig. 4.3 has a better

“goodness of fit” measure20 than the curve generated using the wider bandwidth.

The notion that a broadly oscillating curve always fits the data better than a

mildly undulating one must raise eyebrows for it is destructive of the very belief

that the relationship is orderly. There surely is a bandwidth beyond which a further

narrowing of it will degrade the correspondence between the fitted curve and a

plausible reality. If so, the proximity between fitted values and data points – the

goodness of fit measure – fails as a measure of fit quality; an alternative yardstick

must be sought.

To stay on solid ground, it is best to go back to the purpose of curve-fitting – that

of providing good estimates. To explain, consider again the data in Table 4.1. If the

average of the two closest neighbors was the chosen estimator then, for

the 7,000<AADT< 7,500 bin, the estimate would be (3.37 + 2.64)/2¼ 3.00. The

difference between this estimate and the sample mean computed from the bin data

alone (6.15) would be 3.15. If the estimator was the average of the four closest

neighbors, then the estimate would be (2.37 + 3.37 + 2.64 + 1.98)/4¼ 2.59 and the

difference would be 6.15�2.59¼ 3.56. Proceeding similarly for six and eight

closest neighbors, the ranking in terms of |difference| of the four estimators is in

Table 4.2. For this AADT bin, the “two-closest-neighbors” happens to be best.

A similar ranking can be obtained for all the bins in Table 4.1. For this data, the

eight-closest-neighbors estimator has the lowest average rank and is therefore

considered best. This rationale comes from the answer to the question of which

estimator, had it been used, would have come closest to what has been observed

(but not used in the estimator). A similar rationale can be used for determining the

optimal bandwidth.

Table 4.2 Rank of four estimates for the 7,000<AADT< 7,500 bin

Estimator SPF ordinate Absolute difference with 6.15 Rank

Two closest neighbors 3.00 3.15 1

Four closest neighbors 2.59 3.56 4

Six closest neighbors 2.73 3.42 3

Eight closest neighbors 2.91 3.24 2

20Many goodness of fit measures are in use. One such measure is the sum of squared differences

between a fitted curve and the data points.
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To illustrate, 1,000 of the 5,323 Colorado segments were selected at random.

Using varying AADT bandwidths (100, 150, 200, 300, 500, and 1,000 vpd) curves

were fitted by the N-W algorithm to data for the remaining 4,323 segments. The

proximity of the estimates obtained by the different bandwidths to the observed

number of accidents determined the rank of each estimate for all 1,000 segments.

From these the average rank for each bandwidth was computed.21 The result is in

Fig. 4.4.22

An indifferent estimator (or bandwidth), one which is equally likely to assume

any rank, would have an average value of (1 + number of estimators ranked)/2. With

different bandwidths tested here the indifference line is at 3.5. The best bandwidth

in this case is about 200 vpd.

At first glance this result may be thought surprising because it favors the more

turbulent curve in Fig. 4.3. The surprise is rooted in our predisposition to believe that

E{μ} is some smooth function of AADT and that there is no reason why the relation-

ship should be a wavy one. On second thought, recall the earlier dictum that in a

Fig. 4.4 Average rank as a function of bandwidth.

21 This approach to bandwidth selection is referred to in the nonparametric regression literature by

the name “leave-one-out cross validation” (LOOCV). Inasmuch as the central idea is that of

determining which bandwidth would predict best for those observed values that were not used in

generating the fitted value, in the present context a better term might be “prediction optimization.”

To download the spreadsheet, go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 4. Nadaraya-Watson non-parametric.xlsm”.
22 This comparison covers the range of 3,000<AADT< 8,000. For AADT< 1,000 estimates

could not be obtained with a bandwidth of 1,000. For estimates with AADT> 8,000, the bins do

not contain enough segments for the comparisons to be reliable.
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two-dimensional graph, “what we are looking at is not always what we are looking

for.” In Fig. 4.3 we look at the influence of AADT but must remember that Segment

Length,Terrain, and of a host of other variables remainunaccounted for.Therefore, if a

cluster of data points is above the fitted curve it may be, partly, because these segments

that are longer than average or are mainly in mountainous terrain. This may explain

why the best-predicting curve is wavy; the undulations in it correctly reflect the

influence of unaccounted-for variables. Several observations follow.

First, when the best fitting curve is oscillating while a smooth curve should be

expected, it is a sign that the influence of some safety-related variables has not yet

been accounted for. Second, if a-priory considerations point to a smooth relation-

ship but the best-predicting curve is wavy, the latter should be used for prediction.

Third, using a smooth curve for prediction when not all safety-related variables are

accounted for is not in the interest of good estimation or prediction. Fourth, when a

smooth function is expected and the best-predicting curve is smooth, it is a sign that

a satisfactory result has been attained. To reduce unwanted oscillations and to attain

a satisfactory result safety-related variables should be added. How this can be done

is examined next.

4.3.2 Adding a Variable

In the two-dimensional case the weights for the Nadaraya-Watson kernel regression

were derived from a univariate Normal “bell curve” the middle of which was placed

above the point at which the weighted average is to be calculated. The standard

deviation of the bell curve was the “bandwidth.” To add a variable, one has to

specify a bivariate bell curve23 which has two standard deviations,24 i.e., two

bandwidths.

With one predictor variable, AADT, the Nadaraya-Watson procedure succeeded

in bringing out a relationship that would otherwise not be discernible. The question

is whether similar success can be attained when more variables are used. In Fig. 4.5

Segment Length (L) was added to the AADT variable. For AADT the bandwidth

was 500 vpd, for L (Segment Length) a bandwidth of 0.5 miles was used.

Even with relatively wide bandwidths, the region where the fit is stable is limited

to where data is plentiful, the identified as such in Fig. 3.10. When AADT is larger

than about 8,000 and for segments longer than 2–3 miles, the undulations of the

fitted curves begin to wash over the underlying regularity. Thus, while curve-fitting

was deployed to alleviate the sparse data problem, with only two variables used, the

23 For detail, see Appendix H.
24 The correlation coefficient of the bivariate bell curve is set to 0.
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dimensionality curse is seen to raise its head again.25 It seems that nonparametric

curve-fitting can only help with SPFs with one or two traits. For SPFs with more

than two traits nonparametric fits are useful mostly as a tool of the EDA.

The main merit of nonparametric regressions is that the modeler does not have to

declare what mathematical expression hides behind the data. It seems now that in a

world in which the safety of units depends on more than one or two traits the

making of such heroic assumptions cannot be avoided. By trial and error, intuition

and experience the modeler must gradually give shape to a model equation that,

with luck, might adequately replicate the main features of the underlying regular-

ity. In doing so one has to say which traits (variables) should feature in the model

equation, in what manner they should combine into an equation, and what should

be the values of the unknown parameters in that equation. The traits chosen to be

included in the model equation and the way in which they combine, give the

model equation its range of possible shapes; they are the skeleton and lattice of the

assumed regularity. The parameter values, in turn, determine how this skeleton

and lattice are stretched and bent to bring them into conformity with the data.

This stretching and bending invariably involves some kind of minimization or

Fig. 4.5 Nadaraya-Watson regression with two variables. BandwidthAADT¼ 500 vpd,

BandwidthL¼0.5 miles

25 Viewed in an algebraic light, adding a new trait with “N” levels divides the average number of

observations per each cell by “N.” With such a geometric progression the information in the cells

of even the richest data set is quickly decimated into uselessness. Therefore, even though

multidimensional non-parametric curve-fitting is conceptually feasible, its practicality is destroyed

by the rapid diminution of data caused by the addition of traits.
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maximization26. Thus, for example, one may aim to find parameters that minimize

the sum of squared differences or of the absolute differences between the data

points and the assumed shape. Alternatively, one may want to identify that set of

parameter values which maximizes the probability to observe the available data.

The function to be minimized or maximized is called the “objective function.”

The question of what objective function to use will be discussed later in Sect. 8.

To prepare for estimating the parameters of model equations one has to know how

to find extrema of functions using a spreadsheet. This is the topic of the next

chapter.

Parameter estimation always requires the minimization or maximization of
some “objective function.”

4.4 Summary

Curve-fitting is the set of activities that transforms data into an SPF. It rests on the

belief in the existence of an “orderly relationship” between what is being estimated

and the level of traits. This belief is what allows one to bring data from neighboring

populations to bear on the estimate for a specific population. One hopes that curve-

fitting alleviates the “sparse data problem.”

The assumed-to-exist orderly relationship and the use of neighboring data are

responsible for the shortcomings of curve-fitting; they diminish what is unique

about the population of interest. Moreover, a smooth-fitted curve may not make for

better estimates then bin estimates when bins are narrow and data plentiful.

There are two kinds of curve-fitting. When curve-fitting is “nonparametric,” one

only has to specify a rule by which an estimate is to be made up from the data. The

resulting SPF is a table or a graph. When curve-fitting is “parametric,” the modeler

has to choose a mathematical expression, a model equation, and then estimate its

parameters. Now the SPF is an equation. The use of a model equation exacerbates

the blemishes of nonparametric curve-fitting. There is no reason to think that the

complexities of accident generation that are hidden within the data can be

represented by some simple assumed mathematical expression. In sum, while

perhaps unavoidable, curve-fitting is not an unmixed blessing.

To illustrate the nonparametric curve-fitting, the “Nadaraya-Watson Kernel

Regression” was applied to the Colorado data. A code was written so that the

user can fit a nonparametric curve to any data by a click of a spreadsheet command

26Minimization is the mirror image of maximization. To convert one into the other all that has to

be done is to put a minus sign in front of an expression. By doing so the task of finding the deepest

valley turns into the task of finding the highest peak. Therefore “optimization” will be used to

mean either the task of minimization or that of maximization. The common term for minima and

maxima of functions is “extrema”.
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button. The result can be quite impressive when it brings out the image of an

underlying regularity which is not apparent by just looking at a graph of the data.

What curve is fitted and what values it predicts depends on what bandwidth is

chosen. To aid this choice, a method to find the bandwidth that yields the best-

predicting fitted curve was presented. Contrary to what may be expected the best

curve was wavy. The presence of undulations when a smooth curve is expected is a

sign of unaccounted for safety-related variables.

A nonparametric fit works well with one trait but its attraction diminishes when

two or more traits have to be used. Thus, example, as soon as Segment Length was

added as a trait to AADT the undulations of the fitted curves began to obscure the

underlying regularity. When several traits are thought to affect the SPF estimates,

nonparametric fits are useful mostly as EDA études.
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Preparing for Parametric Curve-Fitting:
The “Solver” 5

Abstract

Parametric modeling requires parameter estimation which, in turn, requires

optimization. For study, for instruction, and for practical road safety modeling

one can use an optimization tool available in Excel: the Solver.

The use of the Solver is explained and its application to curve-fitting

illustrated. While the Solver is a robust tool two problems may cause it to fail.

First, while Solver is good at converging on local optima, finding the global

optimum is a challenge. The “correspondence graph” can help alleviate this

problem. Second, the algorithm may fail for computational reasons when the

parameters to be estimated differ by several orders of magnitude. This problem

may be obviated by appropriately scaling the model variables.

5.1 Optimization in Modeling

Nonparametric curve-fitting does not produce useful SPFs when two or more

variables have to be used. Because the safety of units depends on several safety-

related variables, the need to specify a model equation and to estimate its

parameters cannot be further avoided. This is why from here on, the subject matter

is that of parametric curve-fitting.

One seeks to find parameter values that make for a best fit or produce best

estimates. When “best” is said optimization is implied; it may be the minimization

of the sum of squared differences, the maximization of likelihood, the minimization

of absolute residuals, etc. For all these an optimization tool is needed.

When parameters are many, when they combine with variables in nontrivial

functions, and when datasets are large, it is not simple to find the optimizing set of

parameter values. Optimization routines are a part of statistical packages; these can

be purchased and, with some effort, mastered. However, for instruction, study, and

for most practical tasks, the use of the Solver optimization tool in Excel is
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sufficient, perhaps even preferable.1 In this chapter the Solver tool will be

introduced and its uses illustrated. After that the modeling adventure will begin.

5.2 Using the Solver to Find Minima and Maxima

To illustrate the use, capabilities, and the limitations of the Solver2 let us find the

peaks and the valleys of the objective function3 in Fig. 5.1.4

Fig. 5.1 Finding the extrema of an objective function

1 The Solver comes with Excel but has to be installed and referenced. Installation instructions may

be found at http://office.microsoft.com/en-us/excel-help/introduct. Before its first use the “Excel

Solver” has to be “referenced.” To do so, go to “Developer,” on the “Code” tab go to “Visual

Basic,” and in the window that opens click on “Tools.” On the menu select “References,” check

the “Solver” box, and then click OK.
2 For comprehensive guidance on Solver see Harmon (2011). For a description of its development

and use see Fylstra et al. (1998).
3 The term “objective function” is associated with some real setting in which an increase in the

function is thought either desirable or not desirable. This is why there is interest in finding that

combination of variables which make the objective function either largest or smallest.
4 To download this spreadsheet go to http://extras.springer.com and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 5. How to use the Solver.xlsx.”
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To begin enter some value for x in one cell of a spreadsheet (here x¼ 0.3 in cell A2)

and the formula for y as a function of that value in another cell (here the formula is in

cell B2). The 0.240 which the spreadsheet shows in B2 is the ordinate of point 1 in

Fig. 5.1. With this simple machinery one could find the peaks and valleys of the

function by intelligently entering value after value in A2. However, if ywas a function
of several variables the task would be tedious. The Solver does the work efficiently.

On the top left part of the Excel (2007) spreadsheet in Fig. 5.2 click on the

“Data” tab and then, on the top right, click on “Solver.” The “Solver Parameters”

window opens.

The aim is to find the extrema of “y” and thus the “Target Cell” of the optimiza-

tion is cell B2.5 The “radio buttons” are used to tell the Solver whether to find a

minimum or a maximum. Thus, if we want to find a minimum, the “Min” button has

to be clicked. Finally, the value in the Target Cell is minimized by changing the

value of x and therefore A2 goes into the “By Changing Cells” window. With these

three settings click the “Solve” button in the upper right corner.

Fig. 5.2 Opening the “Solver Parameters” window

5 The “Target Cell” in Solver is equivalent to “Objective Function” in optimization.
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The Solver finds a minimum at x¼ 1.058 in cell A2 and y¼�0.723 in cell B2.

These coordinates correspond to point 2 of Fig. 5.1. Were the radio button set to

“Max” (and starting again from x¼ 0.3) the Solver would find the maximum at

point 3 (x¼ 0.070, y¼ 0.343).

The main features of the Solver are now apparent. The search for an extremum

begins from an “initial guess”; here it was the 0.3 in A2. At this point Solver

computes the direction of the largest slope. If instructed to search for a minimum it

takes a step downhill in that direction; if asked to find the maximum it takes an

uphill step. Solver repeats the same process (each time adjusting the step size) till it

reaches a point from which further descent is not possible. It follows that Solver can

only find the minimum that is downhill from the initial guess. Similarly, if

instructed to search for a maximum, it can only find that peak that is reachable by

climbing uphill from the initial guess.

The Solver finds only one extremum; usually that which is nearest the initial
guess.

The function in Fig. 5.1 has two minima of which the Solver found only one.

This is the Solver’s main limitation. For parameter estimation we need to find

global minima or maxima and one cannot know whether the extremum which

Solver finds is local or global. If the function is known to be convex, i.e., when it

has only one minimum or maximum, the task is simple. The task can be difficult

when the function is non-convex and has several local extrema. The difference

between a convex and a non-convex function is depicted in Fig. 5.3.6

Because the search for the global optimum of a non-convex function can be

troublesome some statistical packages may shun model equations and likelihood

structures that lead to non-convexity. To avoid this awkward problem it is tempting

to use convex but inappropriate model equations. This amounts to throwing out the

baby with the bathwater. The Solver is not similarly constrained. All functional

forms can be tried; mixing multiplication and addition in the model equation is

allowed. One only has to be cognizant of the fact that the extremum may be a local

one7 and beware of singularities.8

6 If a function has more than one peak or valley they are its “local extrema.” The lowest of the local

minima or the highest in the local maxima is the “global optimum.” When the parameters of a

model equation are to be estimated we are interested in the global optimum. The task of global

optimization of non-convex function remains difficult. The search for efficient algorithms to find

global optima is an active branch of research in applied mathematics. An e-sourcebook of what is

known is by Weise (2008). The standard Microsoft Excel Solver and Premium Solver Pro do not

offer built-in facilities for solving global optimization problems.
7 To increase the Solver’s chance of converging on a globally optimal solution the following

two-step strategy can be tried: (1) Begin the curve-fitting by minimizing the sum of squared

differences which is known to be convex. (2) Use the solution from step 1 as a starting point for

any other objective function.
8 In mathematics a singularity is a point at which a given mathematical object is not defined or not

well-behaved.
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Having identified a local minimum at point 2 and a local maximum at point 3 in

Fig. 5.1 there may be another local minimum on the other side of this peak. To find it

one can choose an initial guess a little to the left of the peak at, say, x¼ 0.05, place this

value in A2, set the radio point to “Min,” and click “Solve.” The result is in Fig. 5.4.9

What went wrong? There is good reason why the graph in Fig. 5.1 does not

extend to values to the left of �1; that is where the radical
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ 1ð Þp

turns

imaginary. When Solver evaluated the slope at x¼ 0.05 it decided to take a step

downhill all the way to x¼�1.55 which is where the value of y cannot be

calculated. This is an example of a “singularity.” To obviate this problem, and

having understood that x must not be less than �1, a constraint has to be added to

the Solver. In the “Solver Parameters” window click “Add” and enter the

corresponding constraint. The complete “Solver Parameters” window and the

correct coordinates of the second minimum are in Fig. 5.5.

Fig. 5.3 Convex and

non-convex functions

Fig. 5.4 Oops?

9 This result is obtained by Excel 2007. Newer versions of Excel correct some errors of this kind

automatically and thereby prevent making an instructive point.
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The moral is that the functions for which we seek optima may present challenges

to computation. The snags can materialize as division by zero, logarithms of

nonpositive numbers, numbers that exceed the limits of what the spreadsheet can

represent, etc.

5.3 Solver for Curve-Fitting: An Example

The main features of the Solver were presented within the context of finding the

peaks and the valleys of the function in Fig. 5.1. The question is how this text-book

like example relates to task of curve-fitting and parameter estimation.

To illustrate how, suppose that a parametric curve is to be fitted to the estimates

of σ{μ} from Fig. 2.3. These are reproduced in columns B and D of the table in

Fig. 5.6.10 Judging by the graph on the bottom-left, β0AADT
β1 might be a

reasonable choice function to fit; it goes through the origin and could be upward

or downward bending depending on whether β1 is larger or less than 1. If it was

approximately a straight line through the data points a sensible initial guess of β1
would be 1. This initial guess was placed in G19. Judging by the data points the

ordinate of such a straight line at AADT¼ 10,000 would be about 3, making the

initial guess of β0 into 0.0003. However, to test the robustness of SOLVER and to

illustrate the value of the “correspondence line” the poor initial guess of 0.0010 was

placed into G18 instead. Using these initial guesses the formula β0AADT
β1 was

coded into column E and the spreadsheet computed the tentative Fitted Values.

Fig. 5.5 With constraint added

10 To download this spreadsheet go to http://extras.springer.com and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 5. Fitting a curve to estimates of sigma mu.xls or

xlsx.”

66 5 Preparing for Parametric Curve-Fitting: The “Solver”



The correspondence graph on the bottom right shows that with the chosen initial

guesses the fitted values are too large. The same can be gleaned from the discrepant

sums in columns D and E.

A time honored curve-fitting strategy is to minimize the sum of squared

differences (SSD) between the data points and the fitted values11. Thus, for exam-

ple, at AADT¼ 500 the squared difference (SD) between the fitted value and σ̂ μf g
is (0.50–0.38)2. When calculating the SSD it would be inappropriate to give the

same weight to an estimate of σ{μ} that is based on 376 accidents (cell C5) and to

one based on 13 accidents (cell C16). Assuming that the weights are proportional to

the number of accidents on which σ̂ μf g are based12 the weight in F5, e.g., is

Fig. 5.6 Curve-fitting spreadsheet for σ{μ} as a function of AADT

11 These differences will also also be called “residuals.”
12 Ideally the weight should be inversely proportional to the variance of the data point.
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376/2,729¼ 0.138. Using the weights in column F, the weighted squared

differences are in column G and the weighted SSD is in G17.

The role of the Solver is to find values of β0 and β1 (in the “by changing” cells

G18:G19) that will make the weighted SSD (in the “Target Cell” G17) minimum.

Clicking on the “Data” tab, then on “Solver,” preparing the “Solver Parameters”

window as in Fig. 5.7, and clicking on “Solve” produced the Solver results shown.

The estimate of β0 (0.0023) is of no interest; it is just a scaling multiplier. The

estimate of β1 (0.805) gives the model equation its shape. It seems that σ{μ}
increases less than linearly with AADT.

Fig. 5.7 The “Solver Parameters” window, Solver results, and the Correspondence graph
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5.4 Initial Guess and Parameter Scaling

For the successful use of Solver two issues require attention. The first is that of

choosing reasonable initial guesses for model parameters; the second is guarding

against potential failure of the Solver algorithm.

Note that in Fig. 5.6 the sum of fitted values is 72.00 which is about three times

the sum of the σ̂ μf g’s, 27.39. This is a sign of poorly chosen initial guesses for

β0 and/or β1. A useful tool choosing the initial values of parameters is the “Corre-

spondence Graph” at the bottom right of Figs. 5.6 and 5.7. The abscissae of the

circles are the fitted values and their ordinates are the observed values, σ̂ μf g in this
case. The dashed “correspondence line,” the diagonal, has the fitted values as both

abscissae and ordinates. For a good initial guess the circles should hug the corre-

spondence line. The tighter the hug the better is the correspondence between what

was observed and what the model equation predicts.

The second issue is the difficulty which the Solver algorithm may encounter

when the parameter values are very disparate. Thus, for example, in Fig. 5.6 the

initial guesses of 0.001 and 1 differ by three orders of magnitude. In such cases the

round-off errors may build up to the point where the Solver can no longer reliably

find the optimal solution. To guard against this potential snag an easy remedy is to

check the “Use Automatic Scaling” box in the “Options” command button. This is

not always effective. A more reliable option is to rescale the variables in the model

equation so that all parameters are within not more than three orders of magnitude

of each other. Thus, for example, one can replace Average AADT in the model

equation by, say, AADT/1,000 and thereby make the magnitude of β0 similar13 to

that of β1.
In sum, when the Solver is used to fit curves and estimate parameters, the

following are the main steps:

1. Choose the model equation to be fitted. (Here it was β0AADT
β1 .)

2. Input into a range of cells that can be later conveniently (contiguously) selected

some good initial guesses for the parameters. (Here the range was G18:G19.)

3. Input the formula that computes the fitted values. (Here it is in column F.)

4. Optionally add a correspondence graph.

5. Decide on the criterion by which to judge the goodness of a fit. It is usually either

(a) some function of the differences between the observed and the fitted values or

(b) the likelihood of the observed values in the light of the fitted ones.

(The criterion here was the sum of weighted squared differences.)

6. Use the Solver to find the parameters which make for the best fit.

With this we have the tool for estimating the parameters of a “parametric” SPF.

13Now, at optimum, β0¼ 0.59.
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5.5 Summary

Because the safety of units depends on several traits, when bins are narrow enough

to make the SPF practically useful, the data becomes too sparse for estimates to be

sufficiently accurate. As a result, parametric curve-fitting is unavoidable; the

modeler has to specify a model equation and estimate its parameters. Parameter

estimation requires optimization. For study, for instruction, and for practical road

safety modeling one can use an optimization tool available in Excel: the Solver.

A simple text-book like example was used to explain how to use the Solver and

how it finds minima and maxima. The use of Solver for curve-fitting was explained

by an example. The task was to estimate the parameters of a model equation linking

AADT and estimates of σ{μ} obtained earlier in Chap. 2. At the center of the

process were the “fitted values,” one for each AADT that has an estimate of σ{μ}
associated with it. These fitted values were computed by the spreadsheet formula

that represented the chosen model equation using an initial guess for the unknown

parameters. The Solver was then asked to find those values of the parameters that

made the weighted sum of squared differences between the fitted values and the

estimates of σ{μ} minimum.

While the Solver is a robust tool there are two main problems which may cause it

to fail. First, while the Excel Solver is good at converging on local optima, finding

global minima or maxima is a challenge. The Solver can fail to converge on the

global optimum because it is trapped in a local optimum which lies between the

initial guess and the global optimum. The closer is the initial guess to the global

optimum the lesser is the chance of encountering such a blocking local optimum.

The “correspondence graph” can help with the identification of a good initial guess.

Second, the Solver algorithm may fail for computational reasons when the

parameters to be estimated differ by several orders of magnitude. This problem

may be obviated by appropriately scaling the model variables.

References

Fylstra D, Lasdon L, Watson J, Waren A (1998) Design and use of the Microsoft Excel Solver.

Interfaces 28(5):29–55

Harmon M (2011) Step-by-step optimization with Excel solver. The Excel Statistical Master.

http://excelmasterseries.com/D-_Loads/New_Manuals/Step-By-Step_Optimization_S.pdf

Weise T (2008) Global optimization algorithms – theory and application http://www.it-weise.de/

projects/book.pdf

70 5 Preparing for Parametric Curve-Fitting: The “Solver”



A First Parametric SPF 6

Abstract

The process of SPF development favors the gradual buildup of the model

equation. In this chapter Segment Length is the first variable placed into a simple

model equation and its parameters are estimated by minimizing the sum of

(weighted) squared differences on a curve-fitting spreadsheet. Two general

questions arise: (1) How accurate are the parameter estimates and (2) whether

an SPF can be used to predict the safety effect of design changes and

interventions.

6.1 The Approach to Parametric SPF Modeling

A parametric SPF is a mathematical function of traits (variables) and of

parameters. The activity of fitting a parametric SPF to data alternates between

choosing the variables from which the model equation is to be made, determining

the form of the function (i.e., how the variables and parameters should combine into

an equation), estimating the value of the parameters, and examining the “goodness”

of the fit. These cyclical activities are shown schematically in Fig. 6.1.

The task of SPF development is difficult for several reasons. First, the regularity

which is hidden in the data and which we seek to capture by a mathematical

expression is some kind of multidimensional surface that is not easily visualized.

We can only get two-dimensional glimpses of it by the initial EDA. Because lurking

variables and confounding are omnipresent dangers, what we can see in graphs may
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not reflect the workings of what is shown along the axes but of different causes.1

Second, the main features of the hidden regularity are presently not known by some

logic-based reasoning or data-based theories. By logic one can only assert that on

segments of zero length and on segments with no traffic there will be no accidents.

That means that at the origin the chosen model equation should have a zero

intercept.2 All other assertions about how the expected number of accidents

might change as a function of traits are open to challenge. Third, we know that

there are safety-related traits for which there are no data and that these are

correlated to variables for which data are available. Thus, for example, rich people

tend to drive safer cars, use better roads, and be safer drivers than low income

persons. But in SPF modeling only the traits of the road are commonly used as

variables while road user income and education do not feature in the models. If so, a

part of what the SPF model will attribute to the road may reflect affluence. That is,

the variables that are present in the SPF are to an unknown extent proxies for

variables not present in the SPF. Fourth, the data we have is often inaccurate and

Fig. 6.1 Parametric SPF development

1 This is commonly attributed to “lurking variables.” A lurking variable is one that is not in the

model equation but affects one or more predictor variables and the dependent variable, thereby

creating a correlation between them. But “correlation is not causation.” To illustrate, consider the

relationship between the shoe sizes of elementary school students and their scores on a standard

reading test. While these are correlated, thinking that larger shoe size causes higher reading scores

is as absurd as thinking that high reading scores cause larger shoe sizes. Here the lurking variable is

age. As the child gets older, both their shoe size and reading ability increase.
2 Even this logical requirement is more of esthetic significance than of practical importance. Very

short road segments with very little traffic are of no interest in applications. Therefore, should it

turn out that a non-zero intercept improves the fit, the esthetic price may be worth paying.
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their causal meaning is diminished by averaging. To illustrate, estimates of AADT

used in modeling are usually “factored up” from counts over few summer days

conducted once in 3–4 years; these estimates are hardly accurate. Besides, while

there may be a cause–effect relationship between hourly accidents and hourly

traffic flows, the causal linkage between the daily average traffic over a year and

annual accidents is certain to be causally remote.3

The main difficulties:

• What the EDA can show is subject to much confounding

• There is no theory to guide the choice of the model equation

• Variables in the model equation are proxies for variables not in the model

• Data are inaccurate and aggregated

At the heart of parametric curve-fitting is themodel equation.As noted earlier, even

when amodel equation is not used, curve-fitting is associatedwith several problems: it

takes away some of what is unique at a certain level of a trait, it creates features of the

fitted curve that are essentially foreign and peculiar when judged against local data,

andwhen data is sufficient the fittingmay domore harm than good. The need to have a

model equation adds anothermajor concern. Now the curve or the surface is not free to

respond to the pull of the data. Being restricted to some functional family of simple

mathematical expressions, the model equation is constricted to a prespecified shape.

An increasing function cannot have a maximum, a function with one inflection point

cannot have two, a continuous function cannot accommodate jumps, etc. The model

equation is usually built up by the addition ormultiplication of simple functions of one

variable. Seldom are addition andmultiplicationmixed and only rarely do the building

blocks depend on two or more variables. However, there is no reason why the

regularity we seek to replicate and the causes of which are many and complex, should

follow any simple algebraic expressions. In short, by having to conform to an

agglomeration of simple algebraic expressions, a good parametric curve fit can still

be substantially worse than a nonparametric one. Evenwhenmasterfully executed, the

parametric fit will suffer from all the shortcoming of a nonparametric one and

then some.

A model equation puts a straightjacket on the data. A well-fitting straight-

jacket is an oxymoron.

In the chapters to follow the parametric SPF will be built from the ground

up. Variables (traits) will be introduced into the model equation one after another,

pausing after each addition to make sure that that every interim SPF is as good as it

3 See, e.g., Mensah and Hauer (1998).
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can be.4 The advantages of such an incremental buildup are several. First, it suites

the didactic purpose of the book; concepts, considerations, and tools can be

introduced at the point at which they are needed. Second, gradualism is of essence.

The insertion of every new variable into the model equation will be preceded by a

special purpose EDA that will inform the modeler about whether the variable is

worth introducing and, if yes, what mathematical function might best represent

it. Also, once a new variable is introduced into the model equation, we will examine

whether the fit is satisfactory, whether there are outliers to be discarded, and how

the fit could be further improved. In this manner the model equation is allowed to

emerge gradually and need not be postulated in its fully loaded form right from the

start. The third advantage is practical – at the end of each stage there will be a usable

product. This is of import because the data available to practitioners are usually less

extensive than the data assembled for SPF modeling. SPFs with variables for which

the practitioner has no data cannot be used. To make the results of modeling useful

to practitioners, one should report every SPF obtained en route to the richest and

final model. In that way practitioners can use the model for which they have

the data.

This chapter is about initial steps. Segment Length will be the first variable

placed into the SPF and a simple model equation will represent its relationship with

E{μ}. This will facilitate the building the first curve-fitting spreadsheet and the

estimation of its parameters. Parameters will be estimated by minimizing the sum of

squared differences (SSD). It will be shown how σ{μ} can be estimated. All this

will be the basis for elaboration in later chapters where the questions of when and

how to add variables, how to chose amongst alternative objective functions, how to

make use of more complex model equations, and how to examine the goodness of a

fit and quality of estimation will be discussed. A separate chapter will be devoted to

each topic.

Already at this initial step important questions arise. How accurate is the

estimated parameter. Can one trust the usual measures of parameter accuracy?

Does an SPF predict how the safety of a unit changes due to an intervention

which alters the value of a variable? To what extent does the parameter of variable

Xi reflect the influence of some related variable Xj which is not in the model

equation? All these issues will be raised and aired.

4 The one-after-another addition of variables is reminiscent of the “Forward Selection” approach to

variable selection as opposed to “Backward Elimination” in “Stepwise Regression.” The former

starts with no variables in the model, adding the variable that improves the model the most, and

repeating this process until no variable improves the fit significantly. The latter begins with all

variables in the model, and removing those the deletion of which harms the fit least, till a

parsimonious and satisfactory model remains. The hallmark of Stepwise Regression is that it is

an automated process; the modeler clicks a button and the software does the rest. The modeling

approach advocated here abhors automation. It rests on the belief that to build a good SPF the

exercise of human insight and intelligence is essential.
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6.2 A Simple Parametric SPF

In Fig. 6.1 the notation X1, X2, X3, . . . was used for traits (variables) and β0, β1, β2, . . .
for parameters. This notation is useful when no specific variables (traits) are named.

For named variables, it may be better to use mnemonically suggestive acronyms;

AADT for average daily traffic, L for Segment Length, etc. It makes sense to begin

model building with the most obvious variable, Segment Length� L.
By what curve (function) should one represent the dependence of E{μ} on L? Logic

suggests that when L¼ 0 then E{μ}¼ 0, i.e., that the curve must start at the origin. One

might also be inclined to think that the relationship is one of proportionality: twice the

length – twice the accidents; that is, that E{μ}¼ β0L. However, in the initial EDA

(Fig. 3.14) there was a hint that the functionmay not be a straight line and the causes of

a possible nonlinearity were discussed in Sect. 3.5.

There is a multitude of functions to choose from: β0L
β1 , β0(L+ β1L

2), β0e
β1L,

β0L
β1eβ2L, and many more. How then to choose one and not another? This question

will be examined in detail in Chap. 10. Here, to get started, E μf g ¼ β0L
β1 will be

used. For positive values of β1, this is an increasing function that bends upward

when β1> 1 and downward when β1< 1.5

6.3 Preparing and Using the First Curve-Fitting Spreadsheet

One of the main tools of SPF development will be the curve-fitting (C-F) spread-

sheet.6 The top and bottom parts of the first C-F spreadsheet are in Fig. 6.2. As

variables will be added, the model equations grow, and other objective functions

tried, the C-F spreadsheet will evolve. However, all C-F spreadsheets consist of

four essential regions plus the optional “correspondence graph”:

1. A region containing the data.

2. A region where the to-be-estimated parameters are.

3. A region where, using the data and parameters, the fitted values are computed.

4. A region where the objective function (e.g., SD and SSD) is computed.

The by-now familiar condensed Colorado data are in columns B and C. There

are 5,323 segments – one row per segment. The initial guess at the two parameters

β0 and β1 is in cells D2:E2; this is where the Solver begins its search. The formula

5A comment on the difference between β0 and β1 is in order. The β1 determines the essential shape

of the fitted curve. The role of β0 is different. It merely pre-multiplies whatever expression follows

and thereby makes sure that the sum of the predicted accidents is roughly the same as the sum of

the observed accidents. In this sense β0 is just a scaling factor. To fix this idea, β0 will be referred to
as the “scale parameter” and the other βs as “shape parameters.”
6 To download the spreadsheet, go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 6. First SPF, unweighted and weighted .xls or xlsx.”
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for the model equation Ê μf g ¼ β0L
β1 was entered into cell D8 and copied all the

way down. In E8 is the squared difference (SD) between the accident count in C8

and the fitted value in D8. The sum of the squared differences7 (SSD) is in E4.

That the initial guesses in Fig. 6.2 are not good is clear from comparing the sum

of accident counts (9,229) to the sum of fitted values (602.9) as well as from the

comparison graph. After changing the initial guess for β0 to 1.5 the by-now familiar

sequence of clicks and choices for the Solver8 yields the fit in Fig. 6.3; parameter

estimation is that simple.

Fig. 6.2 The C-F spreadsheet and its four regions

7At this early stage of model development, the minimization of the sum of squared differences is

the “objective function.” The reasons for this choice are several. First, as already noted, this is a

convex objective function and therefore the minimum which the Solver finds is global. For this

reason, it is also a good source of initial guesses for other objective functions. Second, it is a

popular choice, particularly in econometric modeling. Third, the least squares objective function

has a long history going back to Carl Friedrich Gauss who is credited for developing it in 1795

(at the age of 18) and to Adrien-Marie Legendre who published it in 1806. In addition to being

“time honored” this objective function has the merit of being the BLUE (best-linear-unbiased-

estimator) of the parameters when observation errors have a mean of zero, are uncorrelated, and

have equal variances. When the variances are not equal, as in our case, an appropriate weighting

can be applied.
8 On the “Data” tab choose “Solver,” in the “Solver Parameters” window choose E4 as “Target

Cell,” set the radio button to “Min,” choose D2:E2 as “By Changing Cells” and click “Solve.”
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Thus one part of the first parametric SPF is Ê μf g ¼ 1:675� L0:866 accidents in
5 years. This estimates the average number of accidents in 1994–1998 for

populations of rural road segments in Colorado of a known length. Since segments

in such populations will differ in AADT and in many other traits, this is hardly a

practically useful SPF. However, as will be shown, adding AADT (and other

variables) to the C-F spreadsheet is straightforward; one only has to add a column

with AADT data, add an AADT factor to the formula in the “Fitted value” column,

add space, and initial guesses for the parameters of the new factor, and then use the

Solver.

6.4 Modifying the Objective Function

This section illustrates the malleability of the C-F spreadsheet in the hands of the

modeler. There is a problem with the objective function used in Fig. 6.3. Estima-

tion by minimizing the sum of squared differences makes sense only if the

variances of all observed dependent variable are the same. In road safety this is

clearly not true. Some short segments had a fitted value of 0.03 while a 19.7 miles

Fig. 6.3 The solution that minimizes the sum of squared differences
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long segment had a fitted value of 22.1 accidents in 5 years. With such discrepant

estimates of E{μ} the observed accident counts must have very different

variances.9

When the variances of the observed values are not equal, in curve-fitting each

has to be weighted in proportion to the reciprocal value of its variance.10 In Fig. 6.4

the ratio 1/(Fitted value in Fig. 6.3) served as the raw weight11 in column F and

the sum of weighted squared differences in G4 was the “Target Cell” when Solver

was used.

Fig. 6.4 Using the first fitted value as variance

9 It is commonly assumed that accident counts are Poisson distributed and Appendix A lists the

supporting arguments. For the Poisson distribution, the Mean¼Variance. It follows that the

accident counts on segments with different means have different variances.
10When a curve is being fitted to data, it is as if each observed value was pulling the to-be-fitted

curve towards itself; the larger the variance of the observed value, the lesser is the force with which

it pulls. Here is why. Call Xi the observed value for unit i and call its variance Vi. Assume that

for units 1 and 2 V1>V2. Imagine that X2 is the average of n independent observed values the

variance of which is V1. The question is how many observed values with variance V1 must be

averaged so that the average has a variance V2? Answer: Because the average is
Σn
1 Xi

n the variance

of the average is nV1

n2 ¼ V1

n . If
V1

n is to equal V2, it is as if X2 was the average ofn ¼ V1

V2
observed values

with variance V1. That implies that when summing residuals the weight for unit 2 should be V1/V2,

i.e., in proportion to the reciprocal values of its variance. An early reference is Aitken (1935).
11 One could normalize the raw weights to make their sum equal 1 but, since this amounts only to

multiplying the sum of weighted squared deviations by a constant, doing so would not affect the

minimization.
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Thus, one part of the first parametric SPF is:

Ê μf g ¼ 1:666� Segment Lengthð Þ0:859 accidents in 5 years ð6:1Þ
Between the unweighted and the weighted C-F the estimate of β1 changed but

little, from 0.866 to 0.859. Note however that the weights in Fig. 6.4 were deter-

mined by the fitted values from the earlier spreadsheet (Fig. 6.3) and these have now

changed. Allowing the weights to adapt to the current value of the parameters12 is

simple; the formula in column F is changed to 1/(the corresponding fitted value in

column D). With this change the weights change as the Solver seeks the optimum.

After convergence, the estimates of β0 and of β1 were 3.452 and 0.737.

The role of SPFs is to produce estimates of E{μ} and σ{μ}. So far the discussion
revolved around the estimation of E{μ}. In the next section the focus is on the

estimation of σ{μ}.

6.5 Estimating s{m}

It can be shown13 that for a population of units with diverse μs in which each unit is
associated with one accident count

V μf g ¼ Variance of accident counts�Mean accident count ð6:2Þ
In a C-F spreadsheet each row is a sample of one from an imagined population.

Thus, for example, in Fig. 6.4 there are 5,323 imagined populations, each segment

being a sample of one with an unknown μ and an accident count. To use Eq. (6.2) in

this circumstance, for each imagined population (row) onemay estimate the variance

of accident counts by the squared difference between the observed accident count and

the fitted value (the SD) and the mean accident count by the fitted value. If so,

V̂ μf g ¼ SD� Fitted value ð6:3Þ
These estimates can be computed for every segment using the values in columns

C and D of Fig. 6.4 and are shown by the cloud of dots in Fig. 6.5.14 The solid curve

is the Nadaraya-Watson nonparametric fit to these points.15 Once again a pattern

masked by randomness is revealed by the magic of nonparametric regression.

12 This procedure goes under the name of “Iteratively reweighted least squares.”
13 See Appendix C.
14When estimating for one population and the difference is negative, it is best to use V̂ μf g ¼ 0.

However, when estimating for many populations doing so would entail a systematic bias. To avoid

this bias, the negative estimates were retained. The striated bands of points come from the use of

the integers 0, 1, . . . in computing the SD.
15 The bandwidth here was 2.
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Using the N-W data points in the range shown in Fig. 6.5 a weighted least

squares regression yields:

V̂ μf g ¼ 0:744Ê μf g2:00 ð6:4Þ
Equations (6.1) and (6.4) are the products which an SPF is to provide: estimates

of E{μ} and of σ{μ}.
The main aim of this chapter was to create a first SPF, a point of departure for the

development and enrichment to come. Already at this initial step some important

questions arise. The first question is about the accuracy16 of parameter estimates.

Were the estimate of β1 close to 1 one might conclude that the expected number

of accidents is approximately proportional to Segment Length. However, since

values less than 1 were obtained it is possible that the relationship is not one

of proportionality. How trustworthy is this early indication of nonlinearity? How

accurate is the estimate of β1?
The second question is about the meaning and use of parameter estimates. To

illustrate, suppose that a highway designer can choose between two alternative

horizontal curve designs; one with a 1.0 mile long tangent and the other with a 2.0

mile tangent. By Eq. (6.1) the first tangent is expected to have 1.666 fatal and injury

accidents in 5 years while on second less than 2� 1.666 accidents are expected.17

Can it really be that on otherwise identical roads a segment which is twice as long is

not expected to have twice as many accidents? If this cannot be true, then can SPFs

be used to make design choices or to predict the effect on E{μ} of change in the

value of a predictor variable? These issues will be examined in the next two

sections.

Fig. 6.5 How V̂ μf g depends on Ê μf g

16 Accuracy is the degree of closeness between the measurements of a quantity and its true value

(JCGM 2008).
17 20.859¼ 1.81.
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6.6 The Accuracy of Parameter Estimates

It is the very nature of statistical estimates that they differ to an unknown extent

from what they are estimating – the estimand. So far, using the same data and model

equation three estimates of β1 were obtained: 0.866, 0.859, and 0.737. This in itself
is an indication that parameter estimates will vary and are to some extent inaccurate

and uncertain. The sources of uncertainty are many and can be ascribed to two

sources: (1) those rooted in the modeling process – the “modeling inaccuracy,” and

(2) those deriving from uncertainty in the data – the “statistical inaccuracy.”

There are two sources of uncertainty surrounding parameter estimates:

1. Modeling inaccuracy

2. Statistical inaccuracy

As the SPF will evolve from chapter to chapter, and as modeling choices will be

made, parameter estimates will be seen to change. They will change when a new

variable is introduced into the model equation, they will depend on what functions

are chosen to represent variables, and they will be found to vary with the choice of

the objective function. These sources of parameter estimate variability derive from

the availability of data and from the choices the modeler makes; they will be

referred to as the “modeling inaccuracy.”

There is, of course, also the more commonly recognized source of inaccuracy

surrounding parameter estimates, that which derives from the uncertainties inherent

in the data used. At this point in model development, with Segment Length the only

variable, only the accident counts are a source of data-related uncertainty. To

explain, if the same period could be repeated, and if nothing changed about the

safety-related traits of the Colorado road segments, a different set of accident

counts would materialize. This is the same kind of variation in outcomes as that

between the successive casts of a die or tosses of a coin. With a different set of

accident counts, a different set of parameter estimates would obtain. That part of

statistical inaccuracy surrounding the estimate of β1 which is due to the randomness

of accident counts will be examined below. As additional variables will be added to

the model equation, new sources of data-based uncertainties will emerge. Thus, for

example, estimates of AADT are subject to considerable uncertainty. After AADT

and other variables will be added to the SPF the statistical inaccuracy issue will be

revisited.18

18 Estimates of the Annual Average Daily Traffic are usually produced by “factoring up” counts

conducted over a few hours on few summer days. Such counts are conducted once every few years

and AADT estimates for the gap years are based on interpolation. How to account for such “errors

in variables” will be discussed in Chap. 11.
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6.6.1 The Statistical Inaccuracy of b1

The path from data to parameter estimates is through computation. In this chapter

computation was of fitted values, of weighted squared differences, and of minimi-

zation using the Solver. Whatever the details of these computations, in the final

account the parameter estimates are made out of the data; were the data different so

would be the parameter estimates.

To explain more vividly, imagine that each data point (ordinate¼ Segment Length,

abscissa¼Accident Count) is tied to the to-be-fitted curve by a vertical rubber band.

When not stretched, the rubber bands are of equal length but differ in elasticity. When

stretched, the pull of on the curve is proportional to the square of the length of the

rubber band and on its elasticity; in this metaphoric picture elasticity represents

“weight” in the weighted least squares regression. The position of the fitted curve,

and thus the magnitude of β1, is where the rubber band forces are in equilibrium.

Consider now a data point which is above the fitted curve. If due to the randomness

inherent in accident counts the point was higher, its upward pull on the curve would be

stronger, the curve would move a bit upward, and therefore the estimate of β1 would
be slightly larger. Conversely, if due to the same randomness in accident counts the

data point was lower than it is now, the band would pull with less force, the curve

would shift a bit downward and the estimate of β1 would decrease. In short, as the

position of the data points varies due to randomness so will the estimate of β1. Here the
question is how much uncertainty in the estimate of β1 is caused by the randomness

inherent accident counts. How different the estimates of β1 would be if the observed

accident counts were different can be ascertained in various ways.

To explain further Fig. 6.6 shows how the weighted SSD19 changes as a function

of β1. Based on the results in Fig. 6.4, the minimum is at 0.859. It is characteristic of

extrema of smooth functions that they are surrounded by a nearly flat region. The

width of that plateau indicates how sharply the minimum is defined. The question is

by how much would the position of the minimum change due to random changes in

the accident counts.

When estimation is by maximizing likelihood, the customary method for

assessing the accuracy of parameter estimates is by computing the inverse of the

observed Fisher Information Matrix.20 In the spreadsheet environment is just as easy

and perhaps more appropriate to do so by Monte Carlo simulation.21 The idea is to

generate the accident counts for each road segment from a Poisson distribution such

that the μ of the segments comes from a Gamma distribution for which the central

moments are those given by Eqs. (6.1) and (6.4). Applying the Solver to the newly

19 26,600 has been subtracted from the ordinate.
20 This obscure sounding phrase will be explained and applied once the likelihood concept is

introduced in Chap. 8.
21 The advantage of estimating parameter accuracy using Monte Carlo simulation is that it can be

used even when parameter estimation is not by maximizing likelihood and when there are errors in

variables (e.g., in AADT). For detail, see Straume and Johnson (2010).
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generated set of accident counts, a new estimate of β1 is obtained. Repeating this

process 100 times22, the standard error of the estimate of β1 was�0.024 and 95 % of

the estimates were between 0.82 and 0.91 as shown in Fig. 6.6.

6.6.2 The Incompleteness of “Statistical Inaccuracy”

It is common practice to describe the inaccuracy of parameter estimates by standard

errors, confidence intervals, t-statistics, and p-values.23 These measure only the

“statistical inaccuracy.” And yet, the uncertainty surrounding parameter estimates

consists of both the “statistical” and the “modeling” inaccuracy. The neglect of

modeling inaccuracy in the reporting of the reliability of parameters requires

attention.

Modeling inaccuracy is difficult to measure. In consequence, it often remains

unconsidered and unmentioned. One way to think about the implications of this

omission is to list the conditions under which the consideration of only the statisti-

cal inaccuracy would suffice. The main conditions are three: (a) there are no

variables which are presently not in the model equation and the inclusion of

Fig. 6.6 The SSD “Valley”

22 To download this spreadsheet, go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 6. Simulation to determine parameter accuracy.

xls or xlsm.”
23 The t-statistic is (usually) the estimate of the parameter divided by its standard error. The p-
value is the probability of obtaining a test statistic that is at least as extreme as what was observed

when the null hypothesis is true. Thus, e.g., if the null hypothesis in E μf g ¼ β0L
β1 is that β1¼ 1,

then obtaining p< 0.01 is a strong presumption that the E{μ} is not proportional to L.
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which would alter the parameter estimates now in the model; (b) the assumed model

equation for E{μ} and σ{μ} is that which really generated the data; (c) the objective
function used to estimate the parameters is the only sensible choice.

Are these conditions met for the SPF of Fig. 6.4? Condition (a) is obviously

untrue; at this stage not even AADT is in the model equation. Condition (b) is not met

because, as noted earlier, there is no logical or empirical reason why the relationship

between expected accidents and segment length should follow any simple mathemat-

ical expression, let alone the specific function in Eq. (6.1). Condition (c) is not

fulfilled because parameters can be estimated not only by minimizing the sum of

weighted differences but also, say, by maximizing likelihood or by minimizing the

sum of absolute differences; each objective function yielding a different estimate of

β1. One cannot say with conviction which objective function is the right one.

In sum, in the present SPF (and also in general) all three assumptions are untrue

to some degree. How large is the resulting modeling inaccuracy cannot be said but

parameter estimate inaccuracy is always larger than what is reported. As our SPF

will evolve, as new variables will be added, and as choices of functions and

alternative ways of parameters estimation will be examined, the change in previ-

ously estimated parameters will become obvious and the consequences of deviation

from assumptions (a), (b), and (c) will become clearer.

At the end of Sect. 6.5 two questions were raised. The first, about the accuracy of

parameter estimates, was dealt with in this section. The second, about whether SPFs

can be used to predict the safety effect of design choices and interventions, will be

discussed next.

6.7 Regression, Design Choices, Interventions, and Safety
Effect

Early on the distinction was made between SPFs for applications and those focused

on research.24 When the focus is on applications, the purpose of the SPF is to

produce estimates of E{μ} and σ{μ} for use in practice. When the focus is on

research, the aim of the SPF is to predict the effect of cause, to predict the safety

effect of design choices or interventions, and to be the source of Crash Modification

Factors and Functions. I do not think that regressions based on cross-sectional data

can be trusted to predict the effect of cause. In this section I explain why.

For the parametric SPF in this chapter, Segment Length was the only variable, the

function β0L
β1 was chosen to represent its relationship with E{μ}, data about 5,323

Colorado road segments were used to estimate the two parameters values, and

minimization of wSSD produced the parameter estimates 1.666 and 0.859. These

first steps already provide a sufficient and tangible setting for examining the causality-

in-SPFs question. Can the equation Ê μf g ¼ 1:666L0:859 be used, as one would any

mathematical expression, to compute what effect some change in L has on E{μ}?

24 See Sect. 1.5.
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To many the very asking of this question may seem odd and the answer obvious.

Witness the vast number of peer-reviewed articles in the road safety literature in

which the possibility that a regression equation may not be used to predict the safety

effect of design choices and of interventions simply does not arise; causal

interpretations of regression equations are offered as a matter of course, without

caution or qualification. Perhaps this is so because from early on we are taught to

use mathematical equations in a manner that suggests cause and effect: change the

value of a variable on the right-hand side of an equation and you can see how doing

so changed the value on its left-hand side. Perhaps the lack of questioning comes

from later education in which logical and empirical laws presented to us in the form

of mathematical equations reinforcing the same belief. Thus, for example, we are

taught how to calculate the change in pressure of an ideal gas as a result of a change

in its temperature, volume, or the amount of gas. Alternatively, moving variables

from one side of the equation to the other, how temperature will change as a result

of manipulating pressure.

There is, however, a distinction to be made between the two kinds of otherwise

identical looking expressions and it was clearly stated by Simon (1953): When we
say that A causes B, we do not say that B causes A; but when we say the A and B are
functionally related (or interdependent), we can equally well say that B and A are
functionally related (or interdependent). Even when we say that A is the indepen-
dent variable in an equation, while B is the dependent variable it is often our feeling
that we are merely stating a convention of notation and that, by rewriting our
equation, we could with equal propriety reverse the roles of A and B. (p. 51)

Failure to distinguish between mathematical expressions that convey cause and

expression that describe functional relationships makes it difficult to accept the

caution that, unless some difficult-to-meet (and not currently agreed upon)

conditions are satisfied, in spite of similarity in appearance, a fitted regression

model equation may not be used in the same way as the familiar mathematical

equations of functions. More specifically, that the fitted model equations should not

be trusted to predict the safety effect of interventions and are not a reliable source of

Crash Modification Functions (CMFs). Two specific examples will serve for illus-

tration. These will be followed by a general discussion of this vexed issue.

6.7.1 A Road Design Example

Suppose that horizontal curves A and B in Fig. 6.7 are two road design alternatives.

If curve A is chosen, the tangent is 1 mile long while with curve B it is 0.5 miles

long. The designer asks how many accidents to expect on the tangents of curves A

and B assuming that there is no change in any safety-related trait along the entire

1 mile long tangent of curve A.

Doing the computation with Ê μf g ¼ 1:666L0:859, one expects 1.67 accidents in

5 years on the 1 mile long tangent of curve A and 0.92 accidents on the 0.5 miles

long tangent of curve B. From this the designer might conclude that choosing

6.7 Regression, Design Choices, Interventions, and Safety Effect 85



design B instead of A would save on the tangent part leading into the curves

1.67�0.92¼ 0.75 accidents in 5 years. The logical difficulty is that the 0.5 miles

eliminated by choosing design B was said to be identical in all safety-related traits

to the 0.5 miles common to both tangents where one expects 0.92 accidents in

5 years. Why should one expect on the eliminated 0.5 miles fewer accidents than on

the identical 0.5 miles remaining? The question is not which of the two numbers

0.75 or 0.92 is right or more appropriate; the question is why what looks like an

ordinary mathematical equation leads to a logical quandary?

The answer is this: Recall that the regression equation was fitted to cross-

sectional data25 about 5,323 road segments of varying lengths. Using such data

one can justly state how many accidents are expected on segments found to be 0.5

miles long, and how many on other segments found to be 1 mile long. However, one

must allow for the possibility that segments found to be about 0.5 miles long may

not have the same safety-related traits as segments found to be 1 mile long.

Therefore, based on cross-sectional data, one cannot say how many accidents to

expect on a 1 mile long segment which has the same safety-related traits as are

found on 0.5 mile long segments.

As noted earlier, there are reasons why one segment in the database is short and

another is long. The reasons may have something to do with the density of major

intersections, type of terrain, roadside development, history of road building,

administrative boundaries, etc.26 Each of these reasons can be associated with

various safety-related traits. Thus, for example, longer distances between major

Fig. 6.7 Two horizontal curve design alternatives

25 Cross-sectional data describe the traits of a collection of units without there being a specific

intervention or treatment applied to them at a certain time.
26 Thus, e.g., in the Colorado data segments that are 0.4–0.6 miles long have an average AADT of

2,899 vpd and 31 % are in mountainous terrain while for segments that are 0.9–1.1 miles long the

average AADT is 1,767 and only 5 % are in mountainous terrain.
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intersections may be associated with less traffic, poorer road users, tree-lined or

steep roadsides, more animals crossing the road, etc. Some such traits are known

(e.g., AADT) and their influence on Ê μf g can perhaps be accounted for, while other
traits are not in the database (e.g., road user income or frequency of animal

crossing) and cannot be accounted for. It follows that Ê μ
��L ¼ 0:5 miles

� �
reflects

the influence of one set of safety-related traits while the Ê μ
��L ¼ 1 mile

� �
may

reflect a set of different safety-related traits. Therefore the two Ê μf g0s are not for
segments that are identical in all traits except for length. But the designer asked

“how many accidents to expect on the tangents of curves A and B assuming that

there is no change in any safety-related trait along the 1 mile long tangent of curve

A.” This question cannot be answered by using Ê μ
��L ¼ 0:5

� �
and Ê μ

��L ¼ 1
� �

because they pertain to segments with different safety-related traits.

In fact, were the safety-related traits of the 0.5 mile and 1 mile long tangents

identical, as the designer was assuming, then, by the same logic by which 1 + 1¼ 2,

it must be true27 that E{μ|L¼ 1}¼ 2�E{μ|L¼ 0.5}. For this equality to hold (when

β0L
β1 is the model equation), it is necessary that β1¼ 1. That the estimate turned out

to be 0.859 is a sign that at this stage of modeling, β1 reflects also the influence of

various known and unknown safety-related traits other then Segment Length (L).
If so, the model equation with β1¼ 0.859 may not be used to compute the effect on

E{μ} of changes in L alone. Conversely, should at a later stage in modeling the

estimate of β1 become indistinguishable from 1 that would be a sign that L reflects

only the influence of Segment Length and that the influence of other safety-related

variables has been satisfactorily accounted for.

6.7.2 A Speed-and-Safety Example

To provide another cautionary example in a different setting consider Fig. 6.8 based

on data assembled by Garber and Gadirau (1988) for freeway, arterial and collector

road segments. Each square is an estimate of the mean accident rate of a population

of road segments having approximately the same average speed.

It does appear that there is a regular relationship between accident rate and

average speed and that a smooth function could be fitted to these points. But road

segments with an average speed of about 45 mph (population A) are not like those

in population B where the average speed was about 60 mph. The difference between

the mean accident rates of these two populations reflects all these differences, not

only the difference in mean speed. It would therefore be nonsensical to think that a

function fitted to these points can predict how the accident rate of a road segment

27 Recall that in Sect. 1.2 the axiom was that units identical in all safety-related traits have the same μ.

6.7 Regression, Design Choices, Interventions, and Safety Effect 87



would change if all its traits remained the same and only the average speed on it was

changed (e.g., by changing the speed limit and/or its enforcement). An equation

fitted to these data points could be properly used to estimate the mean accident rate

of road segment populations that differ in mean speed and the traits associated with

it; it could not be legitimately used to estimate the safety effect of changing the

mean speed while keeping all other traits unchanged.

6.7.3 A Generalization

The above examples illustrate the main problem of using SPFs based on cross-section

data for predicting safety effect. The core difficulty is in that when the SPF is used to

predict the safety consequences of design choices or interventions one always

invokes the “all-other-things-remaining-constant” assumption, whereas with SPFs

based on cross-sectional data this “ceteris paribus” assumption can be seldom

justified. The ceteris paribus assumption is not justified if, when predictor variable

X changes, other safety-related variables that are not in the model change too.

Thus, for example, Colorado road segments found to be 0.5 miles long differ in

AADT and Terrain from segments found to be 1 mile long but these traits are not

now in the model equation. It follows that the curve designer may not assume that

Eq. (6.1) will predict the effect of a change in tangent length as if “all other things

remained constant.” Similarly, roads found to have a mean speed of 55 mph differ

in safety-related traits from roads found to have a mean speed of 50 mph. Therefore

one may not expect that reducing the mean speed on a specific road from 55 to

50 mph by enforcement while not changing the road and its environment will

increase the accident rate in accord with the fitted line in Fig. 6.8.

To justify the ceteris paribus assumption, one must be able to argue that a change

in variable X now in the SPF is not associated with change in other safety-related

Fig. 6.8 How the accident rate declines with average speed
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variables that are not now in the model equation; to so argue with conviction is

difficult. Even when such variables missing from the model equation do not come

readily to mind, they still may exist. To illustrate, Hauer et al. (2004) developed

SPFs for urban four-lane roads in which AADT, segment length, percent trucks,

degree of curve, lane width, shoulder traits, driveways, and speed limit all served as

predictor variables. One might think that with all these variables in the model

equation an increase in speed limit would translate into an increase in the frequency

of injury and fatal accidents in accord with the laws of physics and numerous

empirical findings. To their surprise, the authors found that in their model, just as in

Fig. 6.8, the higher the speed limit the fewer accidents were expected under

otherwise identical conditions. This forced the authors to concede that The observed
relationship is unexpected if one thinks of the Speed Limit variable as accounting
for the causal effect of travel speed. However, it is possible that roads where a low
speed is posted were considered to be of high risk. If this judgment was correct, then
the data reflect reality, only the model failed to capture some of the risk factors
which were considered by those that set the speed limit. (p. 100)

The difficulty of justifying the ceteris paribus assumption in regressions is general,

besetting not only road safety, but all fields that rely on observational28 cross-section

data such as economics, sociology, and epidemiology. Naturally, therefore, there is a

long standing and lively debate swirling around the causal uses of regression. What

follows is a personal impression of where this debate stands.

6.7.4 The Debate

Those who design roads need to know how the choice of grade, curve radius, lane

width, and of other features is likely to affect future accident frequency. Those who

make recommendations about speed zoning, parking control, signal timing, or the

removal or roadside obstacles need to know the safety consequences of these

actions. Those who plan the transportation network need to know how the type of

road and its traffic are linked to its future safety performance. Factual knowledge is

the foundation of professionalism.

For many questions of this kind, the extraction of knowledge from large cross-

sectional databases is the only practical approach. Nobody will contemplate ran-

domization in road building and one cannot hope to learn from randomized

experiments about, say, how a change in the radius of horizontal curves, grade, or

sight distance will affect safety. Even the conduct of observational before–after

studies is often difficult because, when an existing road is rebuilt, changes in radii,

grades, sight distances, etc. are accompanied by a host of other changes (in road

cross section, surface, clear zone width, guardrail, markings, etc.). Therefore, one

28Observational data: data obtained by “observing” the system of interest without subjecting it to

interventions.
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has to try and be clever in interpreting the kind of data we have – observational data

pertaining to a cross section of units.

Unfortunately, squeezing reliable cause–effect knowledge out of observational

cross-sectional data is proving to be difficult. Many have tried and accounts of their

attempts can be found in the professional literature.29 And yet, the results – while

numerous – are highly variable, often mutually incompatible, and frequently

contradictory (Hauer 2010). There is not the kind of reassurance that comes from

the consistency and similarity of findings. Persons not steeped in the causality

literature may not readily understand the difficulty. After all, if there is a causal

relationship between accident occurrence and traits such as lane width or speed

limit, why can one not see its reflection in the massive data sets at our disposal? The

skeptical researcher will say, in answer, that while reflections of relationships can

be seen in cross-section data, it is seldom clear whether they are of cause or merely

of association. If cause, they are useful in predicting the consequences of road

design decisions, traffic management plans, safety interventions, and planning

scenarios; if associations, they are of no use for predicting the consequences of

action.

To delimit the range of the debate, it is best to focus only on those purposes of

regression which are controversial. Following Freedman’s (1997) seminal work,

Woodward30 (2003, Sect. 7.1) lists the kinds of purposes for which regressions tend

to be used:

1. To summarize or to describe a body of data.

2. To estimate the value of a dependent variable Y (here E{μ}) from a set of

independent variables X1, . . ., Xn.

3. To predict the change in the value of the dependent variable from an intervention

that changes the value of X1, etc.

Purpose “1” is uncontroversial; here the chosen model equation Ê μf g ¼ 1:666

X1
0:859 is only a Fisherian31 device for the “reduction of data,” a convenient tool for

computing estimates which fit the 5,323 Colorado road segments. According to

29 For a review of some historical evidence see Hauer (2005).
30Woodward is a philosopher with an interest in causation and explanation – a topic that has

eluded consensus since Plato. In his book (Woodward 2003) emphasis is on causation in the

context of manipulation and its results. To illustrate, what does the claim that coffee-drinking

causes cancer say? According to Woodward, the claim means that you can affect your chances of

getting cancer by changing your coffee consumption. Thus, if there is only correlation but no

causation – if, for example, the statistical connection is due to some hidden factor, say stress, that

causes both coffee-drinking and cancer – then you cannot increase your chances of getting cancer

by drinking coffee. What causal information adds to information about correlation is information

about manipulability. This kind of causality is particularly suitable for discussion of road safety

because, in road safety, the question is how what we do by design and interventions is likely to

affect accidents.
31 Fisher (1922, p. 311) defines the principal task of statistics to be “the reduction of data . . .”
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Woodward, “. . . one can use (the model equation) for this purpose even if one does
not think that X1, . . .., Xn are causes of Y (here of E{μ})” (Sect. 7.2). Using this

convenient device one can say, for example, that for a 1 mile long Colorado road

segment one estimates E{μ} to be 1.67 accidents in the 5 years 1994–1998.

Purpose “2” is to estimate the value of E{μ} . . .given various values of X1, . . ., Xn

for other bodies of data besides the data onwhich (the model equation)was estimated.
Here again successful prediction does not seem to require that the regression equation
receive a causal interpretation. (Woodward 2003, Sect. 7.2). This purpose too is

uncontroversial provided that the process generating the data serving for developing

the regression equation is similar to the process where the regression equation is

applied. In our case this might be to use Ê μf g ¼ 1:667L0:859 for estimating the

expected number of accidents for an L long segment in, say, Louisiana.32

The application of regression for purpose “3” is problematic. As Woodward

(2003, Chap. 2) and Freedman (1997, p. 116) say: Causal inference is different,
because a change in the system is contemplated; for example, there will be an
intervention. Descriptive statistics tell you about the correlations that happen to
hold in the data; causal models claim to tell you what will happen to Y (here E{μ})
if you change X. Indeed, regression is often used to make counterfactual inferences
about the past: what would Y have been if X had been different? This use of
regression to make causal inferences is the most intriguing and the most problem-
atic. Difficulties are created by omitted variables, incorrect functional form, etc.
Elsewhere Freedman (1997, p. 59) says that: For nearly a century, investigators in
the social sciences have used regression models to deduce cause-and-effect
relationships from patterns of association. . . . In my view, this enterprise has not
been successful. The models tend to neglect the difficulties in establishing causal
relations, and the mathematical complexities tend to obscure rather than clarify the
assumptions on which the analysis is based. In our examples use of the SPF for

purpose “3” would be to ask how many accidents would be saved on the tangent if

curve A was replaced by curve B or how many would be caused if the speed limit

was changed from 50 to 55 mph.

Why the “enterprise has not been successful” can be explained simply. Figure 6.9

shows how Hooke’s Law33 can be established: Take a spring, hang on it a weight,

measure the resulting elongation; add another weight, measure again, etc. If all the

data points (elongation vs. weight) form approximately a straight line, you have

support for Hooke’s law on this spring. The slope of the regression line fitted to

these points is an estimate of the proportionality constant for this spring – the

so-called spring constant. Doing the same for many other springs and if the data

32 The Highway Safety Manual (AASHTO 2010) assumes that the data generating process in

Colorado and Louisiana are similar except that due to local factors such as climate or procedures

for accident reporting they may differ by a multiplicative “Calibration Factor” (Volume 2, p. C-4).
33 Hooke’s law is named after the seventeenth century British physicist Robert Hooke. He first

stated this law in 1660 as a Latin anagram, whose solution he published in 1678 as Ut tensio, sic
vis; literally translated as: “As the extension, so the force” or the more common meaning “The

extension is proportional to the force.”
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points for each spring are close to a straight line, the law obtains support for springs

in general. Once Hooke’s law is shown to hold for steel springs, its validity can be

similarly established for other materials and structures. With this theory in hand,

bridges and airplanes can be designed.

In contrast to experimentation, imagine a roomful of springs, some with one

weight attached, some with two, etc. Now the data are observational and cross-

sectional. One can measure the length of each spring and note the number of

weights hanging on it. If these springs and weights were known to be identical,

then all springs with “n” weights would be of the same length, and Hooke’s Law

could again be established. That is, one could say how much longer would be such a

spring made by the addition of a weight. But if the springs and the weights in the

room are not certain to be identical, if springs with the same number of weights

hung on them are seen to differ in length, then the task of discovering Hooke’s law

is more difficult, perhaps impossible. Springs seen to be long do not necessarily

have many weights on them, they may have been long to begin with. Springs with

many weights may be short because they are stiff or the weights light.

One could perhaps collect additional data for each spring; one could count the

number of coils, measure their diameter, one could even ascertain the thickness of

the wire. Using such added data, one might hope to account for the effect of visible

differences between springs. That would amount to an attempt to estimate the

“spring constant” from visible spring traits. This too is exceedingly difficult to

do. The shear and torsion forces which elongate a spring are complex functions of

the visible traits. Without reliance on theory, there is little hope that these can be

successfully modeled by functions that are commonly used in regressions or by a

lucky guess at what a good approximation function might be.

Then, there are also traits that are not visible. Thus, for example, two spring of

identical dimensions and hung with the same weight, one made of alloy steel wire

and the other from tungsten high speed steel wire will differ in length. Finally, there

Fig. 6.9 Hooke’s Law
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may be unknown-to-us reasons why one spring in the room has one weight while

another spring has two or three. The “hanger of weights” may have tended to put

fewer or lighted weights on the longer springs and more or heavier weights on the

shorter springs. For all these reasons, the hope that Hooke’s Law could be discov-

ered from observational cross-sectional data about nonidentical springs is only a

very faint one.

In road safety there are no “identical springs.” This is why one should not hope

that it is possible to extract trustworthy Crash Modification Factors from observa-

tional data about road segments, intersections, grade crossings, etc. Elvik (2007)

discusses the difficulties which need to be surmounted for a causal interpretation of

regressions in road safety to be defensible. Based on the causality criteria in

epidemiology, he suggests a similar set of criteria for road safety. It so happens

that these criteria are not only difficult to satisfy but also not easy to defend.34 To

illustrate his approach, Elvik (2011) chose two case studies; one where a causal

interpretation is inappropriate and one where, in his opinion, “a causal interpreta-

tion is supported” (p. 261). On closer examination it turns out that even Elvik’s

“good regression” example cannot be causally interpreted. In the specific case

which I examined (Hauer 2010) the SPFs consistently failed the basic requirements

of causality.

The current state of affairs is bewildering. On one hand, Social science (as well
as psychology and epidemiology) journals are full of studies in which the presence
of ‘statistically significant’ correlations between X and Y (perhaps when certain
other variables are controlled for) is taken to establish that Xs cause or explain
Ys. . . (Woodward 2003, Section 4.8). The same is true for transport safety. To be

convinced one only has to attend a poster session at an annual meeting of the

Transportation Research Board. On the other hand the impression is that amongst

eminent scholars and opinion leaders the issue has been settled a long time ago.

Their conclusion: causal interpretations of multivariable regressions based on

observational data are notoriously untrustworthy. Even leading advocates of the

possibility to interpret observational data causally take care to distance themselves

from single-equation regressions. Thus, for example, Bollen and Pearl (2013)

carefully differentiate between Structural Equation Models (SEMs) and

regressions. The main distinction between the two is that in an SEM the researcher

must specify “what causes what” such that each equation (in the SEM) is a
representation of causal relationships between a set of variables, and the form of

34 Speaking about those coining and using the criteria for causality in epidemiology, Spirtes

et al. (1993) make the following unkind comment: Neither side understood what uncontrolled
studies could and could not determine about causal relations and the effects of interventions. The
statisticians pretended to an understanding of causality and correlation they did not have; the
epidemiologists resorted to informal and often irrelevant criteria, appeals to plausibility, and in
the worst case to ad hominem. . . While the statisticians didn’t get the connections between
causality and probability right, the. . . epidemiological criteria for causality were an intellectual
disgrace, and the level of argument. . . was sometimes more worthy of literary critics than
scientists. (p. 302)
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each equation conveys the assumptions that the analyst has asserted (p. 4). Fur-

thermore, that these causal assumptions derive from prior studies, research design,
scientific judgment, or other justifying sources and that (t)he analysis is done under
the speculation of ‘what if these causal assumptions were true’. (p. 9). Whether

SEMs can or cannot be used to “evaluate (albeit provisionally) the merits of
interventional policies,” as Bollen and Pearl claim (p. 9), is subject to vigorous

and presently unsettled debate. The current differences of opinion are clearly stated

in their own paper. However, there is one issue on which both sides of the debate

agree, namely, that those regressions in which the model equation is chosen for its

fit to the data and does not rest on causal assumptions which are justified without

reliance on the same data, cannot be interpreted in cause and effect terms. In short,

that . . .no analysis in the world can derive the causal theory from non-experimental
data. (p. 29)

In parametric curve-fitting the model equation is chosen for its goodness-of-fit

and parsimony of parameters. More rarely the choice is guided by the quality of the

estimates of E{μ}. If so, at this time, the model equation is not the embodiment of

some commonly accepted theory or preexisting body of consistent empirical

evidence and therefore does not amount to a “causal law,” “understanding,” or an

“explanation.”35 Nor can one be convinced that if information about other safety-

related variables was available and added to the model equation, the parameter

estimates would not substantially change. As Davis (2014) notes, the extent to

which an observed association is accepted as causal depends on the extent to which

alternative explanations for the association can be rejected. Since alternative

explanations can only seldom be ruled out, it is perilous to use SPFs for predicting

the consequences of interventions or design changes. Why then, without batting an

eye, do so many researchers present their parametric regressions models as a guide

to action or source of Crash Modification Factors?

Hope springs eternal. Because cause–effect relationships are surely embedded in

the plentiful data sets available, and because searching for these relationships is in

many cases the only practical way to the knowledge needed, it is reasonable to

persevere; to seek paths through the thicket, and to expect that the clearings of

knowledge will eventually be visible. The dream is that, eventually, by

improvements in methods of modeling and in the quality of data, research will

begin to yield compatible and consistent results. If and when they do, this jaundiced

view of the use of SPFs for assessing the safety effect of design decisions and

interventions will have to be revised.

Having discussed what curve-fitting can and may not provide, in the next chapter

we return to the task of SPF development. Consistent with the focus and perspective

35An explanation is a set of statements constructed to describe a set of facts which clarifies the

causes, context, and consequences of those facts. Explanation and cause seem to be inseparable

(see, e.g., Psillos 2002) Unfortunately statisticians speak about “explained variance” in a manner

divorced from causation, forgetting their own dictum that “association is not causation.”
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chosen Sect. 1.5 the purpose of SPF development is to provide good estimates of

E{μ} and σ{μ} in support of the applications described in Sect. 1.3.

6.8 Summary

The process of SPF development entails the choosing of the traits (variables) from

which the model equation is to be made, of determining the form of the function

representing the variables in the model equation, of estimating the value of the

parameters which best fit the available data, of examining the “goodness” of the fit

and of the E{μ} estimates, and of searching for ways to improve them. This process

is one of trial and error, of groping and backtracking, and favors the gradual buildup

of the model equation. In this “first steps” chapter “Segment Length” was chosen to

be the first variable introduced into the model equation and the function

β0 Segment Lengthð Þβ1 was used to represent its influence on E{μ}. The Solver

found those values of β0 and β1 for which the sum of (weighted) squared differences

was the smallest.

A method for the estimation of σ{μ} was presented. Once again nonparametric

regression proved useful in revealing the regularity in what seemed to be a

patternless cloud of data points. In the Colorado data set the estimate of V{μ}
was proportional to the square of the estimate of E{μ}. Thus, at the end of Sect. 6.5,
the first complete SPF could be written.

The C-F spreadsheet proved to be a flexible and user-friendly environment for

SPF development. It was simple to code in formulae for fitted values or elements of

the objective function and, when modifications were needed (such as when weights

had to be computed), these were easily accommodated.

The “first steps” nature of the SPF, because of its transparency, was well suited

for raising two general questions. One was about the inaccuracy of parameter

estimates, the other about whether an SPF can be used to predict the safety effect

of design changes and interventions.

The variability of parameter estimates is made of two parts: the “modeling” and

the “statistical” inaccuracies. Modeling inaccuracy reflects the variability of param-

eter estimates which comes from the choices which the modeler makes; it depends

on which variables are represented in the model equation, by what function they are

represented, and what is minimized or maximized when parameters are estimated.

The statistical part of parameter inaccuracy reflects the variability of the data; it

may come from uncertainty about variable values (e.g., of AADT estimates) or

from the randomness inherent in accident counts.

The statistical inaccuracy of a parameter estimate is quite easy to quantify by

Monte Carlo simulation. In contrast, that part of that variability which is due to

omitted variables and other modeling choices is not usually known and cannot be

reported on. Because “statistical accuracy” is only one part of the picture, it is an

underestimate and reporting it without qualification misleads.
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The question of the causal uses of SPFs is discussed in Sect. 6.7. Because

regression equations look like mathematical equations that represent functional

dependence, the difference between the two had to be clarified. A functional

dependence does not imply causation; an equation representing causation cannot

be manipulated as if it was a function. Two examples are furnished to illustrate the

point. The first shows why our first SPF may not be used in road design, the second

shows why a curve fitted to data may not be given causal meaning.

When an SPF is used to predict the safety consequences of some design choice or

of an intervention one always assumes that “all other thing remain constant.” With

SPFs based on cross-sectional data this ceteris paribus assumption can be seldom

justified. To justify it, one should be able to argue that a change in a variable of the

SPF is not associated with change in other safety-related variables that are not now

in the model equation.

Why it is so difficult to reach causal conclusions using cross-sectional data has

been illustrated with reference to Hooke’s law. Opinion leaders in other fields have

long recognized the difficulties that face the causal interpretation of cross-sectional

data by single-equation regressions and reached their verdict. It is therefore

surprising that the same is not more widely acknowledged in the road safety

literature.

As noted at the beginning of this summary, there are many choices which the

modeler has to make. Whether a modeler’s choice made for a better model is often

judged by whether there is an improvement in the fit of the model to the data. How

to judge the quality of a fit will be discussed next.
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Which Fit Is Fitter 7

Abstract

In this chapter discussion is about how well a model fits the data. There are

many single-number goodness-of-fit measures but they all describe only the

overall fit. For SPF modeling, this is insufficient. For the SPF to produce useful

estimates, they must be good for all values of every variable. An alternative tool

to describe goodness of fit is suggested and its uses explained. The CURE plot

shows at a glance how good a fit is and what the remaining concerns are. Long up

or down runs indicate regions of bias which demand model improvement either

by the addition of new traits or by a change of functional form; large vertical

drops in the CURE plot invite the examination of outliers. The CURE plot

is useful in determining whether a fit is acceptable and in judging which of

two fits is better.

7.1 Goodness of Fit

The modeler aims to develop an SPF which fits the data well.1 To do so one has to

be clear about what makes for a good fit. The fit of a model is judged by its

residuals—the differences between the number of recorded accidents and the

1While this sentence seems unobjectionable, a comment is in order. If the aim is indeed that of

getting a good fit then why, when estimating parameters, the objective is not that of maximizing

fit? The answer is that the usual focus in regression modeling is that of getting good parameter

estimates, not good estimates of E{μ}. This dichotomy and choice of perspective was discussed in

Sect. 1.5 and its implication for the choice of objective function will be further explored in Chap. 8.

Here it is sufficient to note that in traditional regression modeling there is a tension between

estimating parameters with one purpose in mind and judging the quality of the model with a

different yardstick in hand.
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number fitted by the model equation.2 A model is thought to fit well if the residuals

are “tightly packed” around zero.

There are many ways in which this tightness of packing is measured. Commonly

used are single-number measures of goodness of fit such as the χ2, the coefficient of
determination (R2), the scaled deviance (G2), and similar statistics.3

Single-number measures describe an “overall goodness of fit.” For the purposes

for which SPFs are developed, the “overall goodness of fit” is of little interest. The

SPF is to produce good estimates of E{μ} and σ{μ} for all variable values of

interest.4 An SPF that overestimates E{μ} in one range of a variable and

underestimates it elsewhere may fit well overall but is “biased everywhere” and,

as such, of little practical use. To illustrate, the hypothetical plot of residuals in

Fig. 7.1 indicates that for variable values between about 30 and 70 the fitted value is

too small and the opposite is true elsewhere; this model may be satisfactory overall

but is biased everywhere. In SPF development the main figure of merit is the

absence of bias for all variable values for which the model is likely to be used.

The standard procedure for examining residuals in detail is to plot the residuals

on the vertical axis against trait levels (variable values) on the horizontal axis.5

Figure 7.2 is such a plot of the 5,323 residuals for the weighted least-squares fit in

Fig. 6.4. The insert shows details near the origin.6 As is evident, the standard plot of

residuals is not informative. Without some smoothing, it is difficult to see whether

the fit is unbiased everywhere and whether it is well packed around the horizontal

axis. A different approach is needed.

2 There is in use an annoying multiplicity of terms which all seem to have the same meaning. In

curve-fitting one tends to use “difference” and “deviation”; both stand for the D in acronyms such

as SD and SSD. In examining the goodness of a fit the word “residual” is usually used to mean the

same. I will shun the word “deviation” and, reluctantly, use “difference” for the D in acronyms and

“residual” to mean the same when speaking about the quality of a fit. There is yet another related

and easily confused term in common use: “error.” While “difference” and “residual” always refer

to “observed-fitted,” “error” refers to “observed-expected.”
3 Other commonly used goodness-of-fit measures are the Root Mean Square Error of

Approximations, Statistical Deviance, the AIC (Akaike Information Criterion), the BIC (Bayesian

Information Criterion), etc. See, e.g., Miaou (1996, Miaou et al. 1996), Schermelleh-Engel

et al. (2003), and Hooper and Mullen (2008).
4 The question of what SPFs are for was discussed in Chap. 1. More specifically the differences

between the “applications” and the “research” perspectives were described in Sect. 1.5. For this

book the “applications” perspective was chosen and, as a consequence, emphasis is on how well

E{μ} and σ{μ} are estimated, not on the accuracy of the parameter estimates. This shift in

emphasis is reflected in modeling. Here it leads to the abandonment of single-number measures

of goodness of fit.
5 See, e.g., Draper and Smith (1981, p. 148).
6 The striation is due to the definition residual� observed-fitted in which the observed is always an

integer.
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7.2 The CURE Plot7

Plotting cumulative residuals is better. As shown in Fig. 7.3 before the computation

of cumulative of residuals can commence the data (copied from the C-F spreadsheet

in Fig. 6.4) have to be sorted in the ascending order of the variable of interest. Here

the data are sorted by Segment Length (“Miles” in column B). When the residuals

Fig. 7.1 Plot of residuals

Fig. 7.2 Residuals for Fig. 6.4

7 The CURE method is described in Hauer and Bamfo (1997). Because the reference is not easily

accessible the derivation of the main equation (7.1) is in Appendix I.
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are so cumulated and the ordinates in column G are plotted against the abscissae in

column B Fig. 7.4 obtains.9 Plots of this kind will be called CURE (CUmulative

REsiduals) plots.

The benefits of residual cumulation are several. First, the patternless chaos of

Fig. 7.2 is replaced by instant clarity in Fig. 7.4. The rising pieces of the

jagged curve (Origin to A, B to C and E to F) correspond to segment lengths

where the observed accident counts tend to be larger than what the model predicts;

here the model equation underestimates. Conversely, segment lengths over which

the jagged-curve decreases (here precipitously) is where the model overestimates.

This model is approximately unbiased only between C and D; it is biased every-

where else. Obviously the fitted model equation 1.666 (Segment Length)0.859 is not

a good way to estimate E{μ}. Whether the model can be improved by using a

different objective function, by choosing a more suitable functional form, by adding

variables, and by removing outliers, remains to be seen.

Fig. 7.3 The CURE spreadsheet: computing cumulated residuals.8

8 To download this spreadsheet, go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 7. CURE computations .xls or xlsx”
9 To show the relevant detail clearly, segment length was truncated at 3 miles leaving off the longer

5 % of segments.
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Second, it is now easy to say what a good CURE plot should look like. It should

not have vertical drops because these are indicative of inordinately large

residuals—possible outliers. It should not have long increasing or decreasing runs

because these correspond to regions of consistent over and underestimation. It

should meander around the horizontal axis in a manner consistent with a “symmet-

ric random walk.”10 The CURE plot in Fig. 7.4 does not come close to this

desideratum.

Third, the cost of parametric curve-fitting is now manifest. As noted earlier, the

assumption that underneath the cloud of data points there is some simple and

smooth mathematical function is an act of faith. Without such an assumption

there never can be enough data to estimate the E{μ} of a population when it is

defined by more than two or three safety-related traits. What is that smooth function

is never known. It is the modeler who selects the function to be fitted. As the CURE

plot in Fig. 7.4 clearly shows, the Colorado data cannot be adequately represented

by the β0 segment lengthð Þβ1 function. Imposing this function on the data produces

estimates of E{μ} that are biased at almost all values of Segment Length. Should a

modeler choose such an unsuitable function, either by convenience or by rote, and

when the results are later published and used, society pays the cost. The cost is

Fig. 7.4 CURE plot for Segment Length

10 In a one-dimensional random walk one follows the evolution of the sum of independent random

variables. Let R1, R2, . . ., RN be a sequence of N independent random variables. The sequence of

points with coordinates i, Σ
i

1
Ri

� 	
can be visualized as a random walk. It is what the movement

over time of a stock price would look if the probability of a price increase was the same as the

probability of an equal price drop, and if stock price changes over time were statistically

independent. The random walk of interest here is one where the Rs correspond to residuals.

When the residual is positive, the sum moves up, with a negative residual it moves down.

Inasmuch as for every i the sum of all residuals is expected to be 0, this kind of random walk

oscillates around the horizontal axis.
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that of putting into the practitioner’s hands a tool that produces biased estimates.

Biased estimates may lead to bad decisions. Bad decisions have real costs; costs that

are attributable to the use of an unsuitable model equations. The need to use a model

equation is the hallmark of parametric curve-fitting.

Fourth, the CURE plot may provide clues about what needs improving and what

the agents of improvement might be. Where the fitted values are too low (Origin

to A, B to C and E to F) they must be raised. A function capable of taking this shape

should replace the current model equation. Where there is a precipitous drop

outliers may be hidden. A search for outliers in these spots might help.

The CURE plot in Fig. 7.4 has Segment Length on the horizontal axis and shows

how well or how poorly the SPF would predict for various values of this variable.

As other variables will be added to the model equation, each will have its own

CURE plot. These variable-based CURE plots will be used to examine the goodness

of fit for each variable and to examine ways in which the fit for that variable could

be improved. Having another variable in the model equation becomes manifest in

the CURE spreadsheet of Fig. 7.3 as another data column placed before the

observed accident counts (there in column C). To produce a CURE plot for a new

variable, all that needs to be done is to sort the columns up to and including the

fitted values the ascending order of that variable.

After the diagnostic clues of all variable-based CURE plots are exploited, a fitted

value-based CURE plot will be prepared. Here the sorting is by the fitted value

column and the plot shows how well or poorly the SPF predicts, not for a specific

variable but overall, as a function of number of accidents expected on a unit.

7.3 The Bias-in-Fit

The absence of bias was said to be the main figure of merit for an SPF intended for use

in applications. A horizontal stretch of the CURE plot corresponds to a region of the

variable where the estimates are unbiased. Conversely, in regions where the CURE

plot consistently drifts up or down the estimates are biased. The systematic discrep-

ancy between the observed and the fitted values will be called the bias-in-fit.11 To

describe and quantify the bias-in-fit the CURE plot in Fig. 7.4 is approximated by a

sequence of straight lines such as the polygon 0-A-B-C-D-E-F in Fig. 7.5.

Using the data from the CURE spreadsheet in Fig. 7.3, at point A (Segment

Length¼ 0.83 miles, cumulative residual¼ +294) the accumulated number of fitted

accidents is 1,581. Thus, for segments in the 0–0.83 miles range the fitted values

underestimates the observed values on the average by about 100� (294/1,581)¼
18.6 %. Similar computations for the other ranges of Segment Length are in

Fig. 7.6. In most ranges the % Bias/Accident is unacceptably large.

11 Another kind of bias, the “bias-in-use,” will be introduced and discussed in Chap. 10. Bias-in-

use occurs when the information about variables which is available to the user of the SPF differs

from the variables in the SPF.
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An interesting figure of merit is the accumulated absolute bias in the rightmost

column of Fig. 7.6. Inasmuch as the absence of bias is a sensible yardstick for

measuring model performance, the Total Accumulated (absolute) Bias can be used

for model fitting. In Fig. 7.6 the total accumulated bias (TAB) is 2013.

The next question is how to distinguish between a satisfactory CURE plot, one

that is close to a symmetric random walk, and an unsatisfactory one that is

indicative of the presence of bias-in-fit. Before tackling this question a minor

obstruction needs removing.

Fig. 7.5 Replacing the CURE plot by a polygon

Fig. 7.6 Bias-in-fit analysis
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7.4 Leveling the Playing Field

In Fig. 6.4 the sum of observed accidents was 9,229 and the sum of fitted accidents

happened to be nearly the same (9,228.98). This degree of agreement is rare. Thus,

for example, in Fig. 6.3 where a different objective function was used, the sum of

fitted accidents was 9,309.7 differing substantially from the 9,229 observed.

Discrepancies between the sum of fitted and observed accidents occur always

when models are fitted by minimizing or maximizing some objective function.

This discrepancy is a bother when one wishes to compare the goodness of fit of two

models. The same discrepancy is also an obstacle to obtaining a simple expression

for the limit which a genuine random walk is unlikely to exceed. This bother and

obstacle can be eliminated by adding a constraint to the Solver.12 How to add such a

constraint is shown in Fig. 7.7.

Now the road is clear to determining the acceptability of a CURE plot and to

deciding which two plots fit is better.

Fig. 7.7 How to add a constraint

12 The addition of this constraint will cause a slight increase of the objective function when

minimized and a small decrease when maximized. Thus, for example, in Fig. 7.7 the SSD

increased from 78,648.7 to 78,650.3.
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7.5 When Is a CURE Plot Good Enough?

Where a CURE plot consistently drifts upward or downward there is bias-in-fit.

However, even in the absence of such bias, random walks will have “runs,” i.e.,

stretches in which several consecutive residuals tend to be positive (an up-run) or

negative (a down-run). A tool is needed to distinguish between runs that are

consistent with the play of chance in an unbiased model and those that indicate

the presence of bias-in-fit.

To help with the distinction, one can compute the limits beyond which a

random walk of an unbiased CURE plot should only rarely go.13 How to do so is

shown on the “CURE spreadsheet” in Fig. 7.8. The top panel comes from Fig. 7.3

and is the source of the auxiliary computation (columns H to K) in the middle

panel. The estimates of the standard deviation for an unbiased random walk

constrained to end on the horizontal axis, the �σ̂
0
s ið Þ, is in column L of the bottom

panel. The�2σ̂
0
s ið Þ limits are in columns M and N. The corresponding CURE plot is

in Fig. 7.9.

The reasoning behind the computation is straightforward. Let i¼ 1, 2, . . ., n
be the index of the sorted rows. The ordinate of the CURE plot at i is the sum

of i independent residuals. As the residuals are random variables, so is their sum

S(i). Being a random variable S(i) has a mean and a standard deviation. If the

model produces estimates of E{μ} that are unbiased everywhere, the mean of S(i) is
0 for all i. However, not so is the standard deviation of S(i) denoted by σS(i).
This value can be estimated by the square root of the sum of squared residuals as

was done in column K. Let σS
0
(i) denote the standard deviation of S(i) for those

random walks that end on the horizontal axis (i.e., that S(n)¼ 0.) In Appendix I it is

shown that

�σ
0
s ið Þ ¼ �σS ið Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� σ2S ið Þ

σ2S nð Þ
� 	s

ð7:1Þ

To illustrate consider row 2500 in Fig. 7.8. Here the index i¼ 2,497 and the sum

of squared residuals is 3,898. In the last row i¼ n¼ 5323 and the sum of squared

residuals is 78,656. By (7.1), �σ̂
0
s ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
3, 898

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3, 898=78, 656

p ¼ �60:9. If

most symmetric random walks are within two standard deviations from the hori-

zontal axis, we expect the sum of residuals at this point to be within �122. As it

happens the sum of residuals at this point is 256, far outside the limits, a clear

indication of pervasive bias-in-fit in this model.

13 Here only the procedure for computing the limits will be described. The derivation of the

expression by which the limits are computed is in Appendix I. To download this spreadsheet, go to

http://extras.springer.com/ and enter the ISBN of this book. Look in the “Spreadsheets” folder for

“Chap. 7. CURE computations .xls or xlsx”.
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Inasmuch as the CURE plot is a sum of many independent random variables, it is

approximately normally distributed.14 For a normal distribution, about 95 % of the

probability mass is within two standard deviations from the mean. Thus, the CURE

plot for an “everywhere unbiased” SPF should only rarely go beyond the 2σ0 limits;

Fig. 7.8 The CURE spreadsheet

14 In probability theory, the central limit theorem states that, given certain conditions, the sum of a

sufficiently large number of independent random variables, each with finite mean and variance,

will be approximately normally distributed.
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if it does, improvements should be sought. Using the same reasoning, about 40 % of

the Normal probability mass is within half a standard deviation from the mean. It

follows that the CURE plot for many unbiased models can be expected to exceed

the �0.5σ0 limits. Models the CURE plot of which does not go beyond the 0.5σ0

limits are close to being unbiased and attempts to further “improve” such models

court the danger of “overfitting.” With this guidance one can decide whether a

model requires improvement and whether a model is good enough to be left alone.

For in-between models, those for which the CURE plot punctures the 0.5σ0 bound-
ary but not the 2σ0 boundary, improvement may be attempted.

7.6 Comparing CURE Plots

In Sect. 6.5 two sets of parameter estimates for the model equation β0X
β1
1 were

obtained. When the weight was computed using the first fitted value the estimates of

β1 and β2 were 1.666 and 0.859; when the weight was allowed to converge to the

current fitted value, the estimates were 1.766 and 0.737. The question is which set

of parameter estimates makes for a better fit. The corresponding CURE plots are in

Fig. 7.10.

Two observations follow. First, that one can tell the difference between a better

and a worse fit. Such judgments must be based on an examination of the bias-in-fit,

Fig. 7.9 CURE plots with limits
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not on an impression of proximity to the horizontal axis. In Fig. 7.10 the bias-in-fit

between A and B is smaller than between A’ and B’15 which is why fit (1) is better

than fit (2). Second, the two plots are nearly parallel. That means that no matter

what β0 and β1 are chosen, the β0X
β1
1 model equation will have similar bias-in-fit

problems. Choosing a different objective function while keeping the same model

equation will not help. What may help is using a different model equation, adding

variables to it, and removing outliers.

7.7 Summary

The outlines of the modeling process are gradually emerging. In Chap. 6 a bare-

bones model equation was introduced and parameter estimation on a C-F spread-

sheet was demonstrated. In this chapter discussion was about how well this embry-

onic SPF fits the data. In the coming chapters the model will be elaborated on and

improved.

The fit of a model is judged by its residuals. In the literature one finds an

abundance of “goodness-of-fit” measures. The problem is that they all describe

only how the model fits overall and do so by a single number. For applications

oriented SPF modeling, this is insufficient. To be of practical use, the estimates

which the SPF produces have to be nearly unbiased for all variable values.

To examine the fit of a model in the requisite detail, it is commonly

recommended to plot residuals against variables of interest. Unfortunately, for

Fig. 7.10 Comparison of two CURE plots

15 Because at its right end the CURE plot must land on the horizontal axis the underestimation of

the fitted values in the AB (or A0B0) range is always accompanied by a compensatory overestima-

tion elsewhere.
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SPFs this plot is difficult to interpret. A better alternative is to use cumulative

residuals, the CURE plot.

How to prepare CURE plots was explained. The CURE plot shows at a glance

whether there are concerns and what they are. Long up or down runs indicate

regions of bias-in-fit. Vertical drops need to be examined for the presence of

outliers.

A method for estimating the magnitude of bias-in-fit was provided. The presence

of significant bias-in-fit is the hallmark of an ill-fitting model. Ill-fitting models

need improving by the addition of new variables, changes of functional form, and

removal of outliers.

Whether a model is free of significant bias can be judged with reference to the

limits which an unbiased random walk of residuals is unlikely to exceed. A way to

compute these limits was provided. The CURE plot was also shown to be useful in

judging which of two fits is better.

Here is where we now stand. The fit of the bare-bones model produced so far was

found to be unsatisfactory. The hope is that the addition of variables (AADT,

Terrain), the use of more appropriate functions in the model equation, and the

removal of outliers will improve fit. It is also possible that the fit is poor partly

because it was obtained by minimizing the weighted sum of squared differences.

Even though this is a popular minimand, especially in econometric modeling, there

are grounds to think16 that other objective functions are more suitable for SPF

modeling. Perhaps if a different minimand or maximand was used, the fit would be

better. The question of what should be optimized will be pursued next.
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What to Optimize? 8

Abstract

Parameters estimated by weighted least squares produced bad fits. The question

is whether the fit can be improved by maximizing likelihood or using

some alternative objective function. The concepts of likelihood, likelihood

function, and maximum likelihood estimation will be explained and illustrated.

In preparation for model development some commonly used likelihood

functions will be given and implemented on a C-F spreadsheet. When the

purpose of SPF development is to support practical road safety management,

quality of fit rather than maximization of likelihood may be the preferred

objective. The use of such alternative objective functions will prove both simple

and attractive.

8.1 Introduction

Optimization is the Archimedean lever used to lift parameters out of their obscurity.

In Chap. 6 parameters were estimated by minimizing the weighted sum of

squared differences. The quality of the fit was examined in Chap. 7 and was

found wanting. Perhaps the fit was bad because the chosen model equation cannot

take on the form that the Colorado data call for; perhaps it was bad because

important traits were not yet accounted for in the model equation, perhaps it was

bad because of outliers. Whether the fit will improve when a different model

equation will be used, variables added and outliers removed will be examined

later. In this chapter the question is whether the fit can be improved by using a

more suitable objective function. What objective functions should be tried? How

can these be accommodated in a C-F spreadsheet? Do they yield better fits? These

are the issues to be aired.

# Springer International Publishing Switzerland 2015

E. Hauer, The Art of Regression Modeling in Road Safety,
DOI 10.1007/978-3-319-12529-9_8

113



Parameters are usually estimated by either minimizing the sum of (weighted)

squared differences or by maximizing likelihood.1 Both approaches have deep roots

in the history of statistical thought; both have strengths and weaknesses.2 The

weakness of the least squares approach comes from the diversity μ’s amongst the

units that serve as data. Units that have different μ’s differ in the variances of the

observed accident counts. This is a problem because for estimation by least squares

one assumes that the variances are all the same. To remove this obstacle one may

resort to weighted least squares estimation but the determination of the weights can

be problematic.3

The weakness (or perhaps the strength?) of the likelihood approach is in the need

to make specific, detailed, and explicit assumptions about the probability distribu-

tion that generated the accident counts. As one does not know how well these

assumptions approximate reality, it is difficult to distinguish between a good result

and one that should not be trusted. Still, estimating parameters by maximizing

likelihood is currently the dominant approach in SPF modeling. This is why pains

1 In the mainstream statistical thought the least squares and maximum likelihood rationales are

motivated by the desire to get parameter estimates with desirable properties such as being

unbiased, having minimal variance etc. Parameters are thought to be the reflection of some

underlying law-like regularity present in nature or in human affairs which the researcher aims to

discover. What is on the left hand side of the model equation is seldom of primary interest. The

pursuit of parameters brought about a puzzling duality in the customary modeling process. While

parameters are traditionally estimated by one kind consideration (say, by minimizing the sum of

squares or by maximizing likelihood) the fit of the model to data is judged in the light of some

other considerations (say, r2, χ2, Akaike’s Information Criterion, etc.). If the aim is to have a good

fit why not estimate parameters by maximizing the chosen goodness-of-fit measure?

In contrast to the tradition in which the parameters are the focus of inquiry, here the aim is to get

good estimates of E{μ} and σ{μ} for a multitude of populations. Thus, it is not the parameters of

the model equation that are of interest, it is the quality of the estimate on the left hand side of the

model equation that matters. This change in focus from the parameters to the E{μ} has

consequences for modeling. Because it is the residuals that tell how well the E{μ}’s are estimated,

whatever reduces the residuals and makes them unbiased improves the estimates of the E{μ}’s.
The implications of this shift in focus for modeling seem to be, as yet, largely unexplored.
2 An accessible review of the strength and weaknesses is in Schermelleh-Engel et al. (2003). For

the history of least squares see Stigler (1986, Chap. 1); for that of the likelihood idea see

Edwards (1974).
3 The weight should be the reciprocal value of the variance of the observed value (see e.g., Aitken

1935; Cameron and Trivedi 1998, p. 28). In Chap. 6 the reciprocal of the fitted value served as

weight. This might be reasonable if one assumed that the fitted value is an estimate of the μ of the

unit and the observed value for that unit came from a Poisson distribution with that μ as mean. But

the fitted value is an estimate of E{μ}, not of μ. To do justice to this circumstance one might have

to further assume that the μ comes from a Gamma distribution and therefore observed value come

from a Negative Binomial distribution. But, at this stage of modeling, the variance of the assumed

Gamma distribution is not available. Besides, too many assumptions are already piling up. One

might as well make the assumptions explicit in a likelihood equation and estimate the parameters

by maximizing likelihood.
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will be taken to explain it in some detail.4 The concepts of “likelihood” will be

introduced in Sect. 8.2. A few commonly used “likelihood functions” will be the

subject of Sect. 8.3.

The dominance of likelihood maximization as the rationale in parameter estima-

tion stems from the historical interest of scientists and statisticians in the value of

parameters. However, when the SPF is to provide information needed in practical

road safety management, the focus shifts from the parameters on the right hand side

of the model equation to the estimates of E{μ} and σ{μ} on its left hand side. This

shift in focus affects a change in the objective of optimization. Now that the aim is

to get good estimates of E{μ} and σ{μ} alternative objective function may be

appropriate; these will be examined in Sect. 8.4.

8.2 Likelihood

In a dictionary “likelihood” is a synonym for “probability”; not so in statistics. To

explain the difference suppose that in 4 consecutive years 1, 7, 4, and 0 accidents

occurred on a road segment with unchanging traits. Assuming that accident counts

are Poisson distributed5 and that the number of accidents occurring in 1 year has no

influence on the number occurring in another year, the probability of 1, 7, 4, and

0 accidents to occur is P(K¼ 1&7&4&0|μ)¼P(K¼ 1|μ)�P(K¼ 7|μ)�
P(K¼ 4|μ)�P(K¼ 0|μ)¼ μ12 e�4μ/(1!7!4!0!). This expression is a function of μ
and when viewed as such is called the “likelihood function.” The function is shown

in Fig. 8.1.

In what follows L(.) will be used to denote a likelihood function. The dot in the

parenthesis is a placeholder for parameters. Thus, for example, L(μ) is the likeli-

hood function of μ.
At first glance the likelihood function looks like a probability density function

(pdf) but the twomust not be confused. In a pdf the ordinate measures the probability

of values on the abscissa to occur. In Fig. 8.1 the ordinate is the probability of 1, 7,

4, and 0 accidents to occur if the corresponding parameter value on the abscissa was

4What detail is provided should be dictated by what the reader may not already know. This,

however, is a difficult judgment to make. Some readers may be bored if the text deals with what to

them is well known; others may be frustrated by the unfamiliar and the unexplained. In the

“Preface” I set myself the goal “to promote the understanding that is at the core of good modeling”.

With this in mind I will try to explain the concepts sufficiently and simply. (“What can be said at

all can be said clearly; and whereof one cannot speak thereof one must be silent.” – Ludwig

Wittgenstein). I will tell what assumptions are being made and what their consequences are. For

this, reliance on probability and the use of mathematics is unavoidable. The details and derivations

have been sequestered into the appendix. Readers who find the going tough may want to engage in

judicious skipping.
5 Let “K” stand for “count of accidents” and “k” for some specific value thereof. By the Poisson

distribution the probability to observe k accidents when the mean is μ is

P K ¼ kð Þ��μ� � P kð Þ ¼ μke�μ

k! . This probability law arises when events (here accidents) are rare

and their occurrences are independent. More about this is in Appendix A.
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true. Thus, for example, the 1.1E� 05 does not say how probable μ¼ 2 is, it says

how probable it would be to observe the counts 1, 7, 4, and 0 if μ was 2.

While in view of the 1, 7, 4, and 0 accident counts the μ¼ 2 is less “likely” than,

say, the μ¼ 2.5, this does not mean that μ¼ 2 is less probable. For all we know in

some population of road segments there may be more segments with μffi 2.0 than

with μffi 2.5 and if so, μffi 2 would be more probable.

The peak of the likelihood function is that value of μ which is best supported by

the observed data. The μ¼ 3.0 in Fig. 8.1 is the “maximum likelihood

(ML) estimate” of μ.6 In current SPF development practice the most common

method of estimating parameters is that of finding values that correspond to the

peak of the likelihood function.

To compute the likelihoods in Fig. 8.1 an assumption had to be made about the

probability distribution of accident counts; the assumption was that they are

Poisson distributed. More generally, whenever parameters are to be estimated by

ML one has to be able to write the likelihood function expression. To do so, one has

to be explicit about what is assumed to be the probability distribution of the

observed values in which the sought parameters play a role. This is the distinctive

feature of maximum likelihood approach to parameter estimation.7

Fig. 8.1 Likelihood function

6 The maximum likelihood estimate is not the most probable value of the parameter; it is that value

of the parameter which makes the observed values most probable. It is in this sense that the

parameter value of 3 is best supported by the data. To go to the next step and say which parameter

value is most probable one would have to have some prior information about the probability of

parameters and a foot in the Bayesian camp of statisticians.
7 For ordinary least squares no assumption needs to be made about the distribution of observed

values. However, one still has to be able to support the assumption that all variances are equal. The

ML and the least squares approaches to parameter estimation are equivalent when the model

equation is linear and the observed variables are normally distributed.

116 8 What to Optimize?



Whenever a likelihood function is used one has to be explicit about the

assumptions made and then ask whether these correspond to what is known.

Two simple examples will illustrate the main features of ML estimation on a

spreadsheet. The examples will focus on estimating the parameters of the Poisson

and of the Negative Binomial (NB) distribution, both featuring later in SPF

development.

8.2.1 The Parameter Behind Poisson Accident Counts

In this example the task is to use a spreadsheet for finding that μ at which the

likelihood in Fig. 8.1 is largest and to determine the accuracy of this ML estimate.

The four accident counts are in column B of Fig. 8.2 and the corresponding Poisson

probabilities8 are in column C. These depend on the parameter μ in C2. The product
of the four probabilities, the likelihood, is in C8. This is the “Target” cell for the

Solver to maximize “by changing” the initial guess in C2. Solver finds the ML

estimate of μ to be 3.00.9

Fig. 8.2 Finding the ML

estimate μ for Poisson data

8 The Excel function POISSON(x, mean, cumulative) could be used. To get the value in cell C4

one would enter “¼POISSON(B4,$C$2,False).”
9 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 8. Poisson Likelihood. xls or xlsx.”
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Note that the sample mean (1 + 7 + 4 + 0)/4 is also 3.00. That the sample mean

and the ML estimate of μ are the same is not a happenstance.10 The sample mean is

that statistic which makes the expected squared distance to the true mean smallest.

It turned out here that the same statistic also maximizes likelihood. This can be

generalized further saying that when the observations come from an exponential

family and mild conditions are satisfied, least squares and maximum likelihood

estimates are identical (Charnes et al. 1976).

Column D in Fig. 8.2 contains the natural logarithm of the values in column C. It

was added for two reasons.11 First, because the likelihood (in C8) is the product of

several numbers and the danger is that were more accidents counts used this product

might become too small to be represented in a computer.12 Logarithmization

converts multiplication into addition and thereby surmounts this computational

obstacle while preserving the location of the maximum.13

The second reason for adding column D is that the log-likelihood is needed to

compute the statistical accuracy of ML parameter estimates.14 The numerical

10When accident counts are Poisson distributed the likelihood function is L μð Þ ¼ μΣ
n
1 kie�nμ=Π n

1 ki
where k1, k2, . . ., kn are the accident counts. The derivative is dL (μ)/dμ¼ L (μ)(∑

1

nki/μ� n).
At the peak the derivative is 0. This occurs when∑

1

nki/μ� n¼ 0. It follows that the ML estimate of

μ is the same sample mean and using the Solver, in this case, was unnecessary.
11 There is a third reason for using the log of the likelihood function and it has to do with

determining whether the addition of a parameter to the model equation is justified. This issue

will be discussed in Chap. 10.
12 The smallest allowed positive number is 2.2251E� 308. This limit would be exceeded if 300 or

so accident counts were used. In the Colorado data, e.g. there are 5,323 accident counts.
13 The logarithmic transformation is “monotonic,” i.e., order preserving. That is, if the likelihood

when μ¼ 2.0 is smaller than when μ¼ 2.5 (as in Fig. 8.1) then the log of the likelihood when

μ¼ 2.0 is smaller than the log-likelihood at μ¼ 2.5. This is why L(μ) and log(L(μ)) have a peak
over the same μ. Along the same lines, instead of using the Poisson probability μke�μ

k! in column C

one could omit the k! and use the “abridged” likelihood μke� μ or the “abridged” log-likelihood

kln(μ)� μ in column D. This too is a monotonic transformation and avoids problem of Excel being

unable to return factorials larger than 170.
14When μ is estimated maximizing likelihood then V μ̂f g is a function of the second order partial

derivatives of the log-likelihood. For a single parameter the variance of the ML estimate

is the reciprocal of the negative expected value Fisher Information (Geyer, 2003). The

Fisher Information is the second partial derivative of the log-likelihood. For the Poisson likelihood

L μð Þ ¼ μΣ
n
1 kie�nμ=Πn

1 ki the first partial derivative is
∂lnL μð Þ

∂μ ¼
Xn

1 ki
μ � n and the second partial

derivative is
∂2

lnL μð Þ
∂μ2 ¼ �

Xn
1
ki

μ2 . The Fisher Information is �E

Xn
1
ki

μ2


 �
, its observed value is

Xn
1 kiXn

1 ki=nð Þ2 ¼
n2Xn
1 ki

¼ n
SampleMean

and therefore the variance of μ̂ is estimated as Sample Mean/n.

This, again, is not a surprise. Because the least squares and the maximum likelihood estimates of μ
are identical, their variances are also the same; here the sample mean is 3, n¼ 4 and

V μ̂f g ¼ 3
4
¼ 0:75. The procedure requires the determination of the second order partial derivative

of the log-likelihood. Approximating this derivative by finite differences the corresponding

numerical expression is
∂2

lnL μð Þ
∂μ2 ffi lnL μ̂þΔð Þ�2lnL μ̂ð ÞþlnL μ̂�Δð Þ

Δ2 whereΔ is, say, μ̂ =100.
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procedure for computing the estimate of V μ̂f g has been coded into the command

button “Estimate variance” in Fig. 8.2 and the result is in cell D12.

Several features of this simple example are of general significance and will be

used whenever parameters are estimated by maximizing likelihood. First, instead of

using the product of probabilities the sum of their natural logarithms will be

maximized. Second, that the order preserving abridged log-likelihood function

will be used.15 Third, that the statistical accuracy of parameter estimates will be

determined either by a numerical procedure or by simulation.

8.2.2 The Parameters Behind the NB Distribution

Data about the number of Connecticut drivers with “k” accidents in 1931–1936 were
introduced earlier in Table 1.3 and are repeated here in columns A and B of Fig. 8.3.

Thus, for example, 4,503 drivers out of a total of 29,531 had 1 accident during the

1931–1936 period. Using these, the parameters “a” and “b” of the Gamma and the

NB distribution were estimated earlier by the “Method of Moments.”16 Now, in

Fig. 8.3, the same parameters are estimated by maximizing likelihood.

When the number of accidents for a driver is Poisson distributed with a mean of

μ and this μ comes from a population in which the μ’s are Gamma distributed with

E{μ}¼ b/a and V{μ}¼ b/a2 then, as shown in Appendix D, the probability of a

driver of this population to have “k” accidents is given by the NB distribution:

P kð Þ ¼ Γ k þ bð Þ
Γ bð Þk!

ab

aþ 1ð Þkþb
ð8:1Þ

The natural logarithm of P(k) is in cells C5:C12.17 The probability of n(k) drivers
to each record “k” accidents is P(k)n(k) and the natural logarithm thereof is in cells

D5:D12.

The log-likelihood for all drivers is in D13; this is the “Target” cell for Solver.

The “By Changing” cells are D2:E2. The Solver returns the ML estimates of “a”
and “b” in Fig. 8.3. These differ somewhat from those obtained by the method of

moments.18 The fitted values in column E are the number of drivers expected to

have k accidents if the ML estimates of “a” and “b” were the parameters. The

correspondence is extraordinary.

15While L was used to denote the likelihood function, L* will denote the abridged likelihood

function.
16 See (1.4). The Method of Moments introduced by Karl Pearson in 1984 is one of two general

approaches to parameter estimation. The other approach is that of maximizing likelihood.
17 The formula in C5 is “¼$E$2*LN($D$2)�GAMMALN($E$2)�LN(FACT(A5))

+GAMMALN(A5 + $E$2)� (A5 + $E$2)*LN($D$2 + 1)”.
18 There the estimates were 3.647 and 0.875.
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To estimate the variance of the ML estimates of “a” and “b” one has to compute

the inverse of the observed Fisher Information Matrix (Geyer, 2003).20 The

Fig. 8.3 Finding ML

estimates of a and b for

Negative Binomial data.19

19 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for Chap. 8. Negative Binomial Likelihood. xls or xlsx.

20 The Fisher Information Matrix is

�E
∂2

lnL a; bð Þ
∂a ∂a

( )
�E

∂2
lnL a; bð Þ
∂a ∂b

( )

�E
∂2

lnL a; bð Þ
∂a ∂b

( )
�E

∂2
lnL a; bð Þ
∂b ∂b

( )
266664

377775. For the

observed matrix the expectation operator (E) is omitted and the second order partial derivatives

evaluated at the ML estimates of a and b. The finite difference expression for the derivatives is

∂2
lnL a; bð Þ
∂a ∂b

ffi lnL aþ Δa, bþ Δbð Þ � lnL aþ Δa, b� Δbð Þ � lnL a� Δa, bþ Δbð Þ þ lnL a� Δa, b� Δbð Þ
4ΔaΔb

:

The nature of this unintuitive procedure can be perhaps explained with reference to Fig. 6.6.

Minimization and maximization are nearly identical twins. Thus, e.g., one would find the same

extremum if instead of minimizing wSSD one would maximize its negative value. This leads to the

following reasoning: Suppose that a parameter is estimated by maximizing likelihood or, equiva-

lently, by minimizing negative likelihood. The first derivative of the negative likelihood at the

minimum is of course 0. It is the second (partial) derivative there that measures the “sharpness of

definition” for the minimum. The larger the second derivative, the faster the curve in Fig. 6.6 turns
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numerical procedure has been coded into the command button “Compute observed

Information Matrix” in Fig. 8.3 and the results are in cell C20:D21. The inverse is

the variance-covariance matrix of the parameter estimates in range C25:D26.21

Having introduced the notion of likelihood function and the estimation of

parameters by its maximization, the next task is to prepare a few likelihood

functions to be used for SPF curve-fitting.

8.3 A Few Likelihood Functions

The Poisson and the NB likelihood functions will be introduced first. Both are

commonly used in SPF development. These will be followed by a third likelihood

function, the Negative Multinomial (NM) which makes better use of available data.

Details about the assumptions behind these likelihood functions and their derivation

are in the Appendix.

8.3.1 The Poisson Likelihood Function

The problem with minimizing the sum of squared differences in Chap. 6 was that

while the variance of the accident counts should have been constant, it clearly

differed from segment to segment. An observed value with a small variance should

carry more weight than one with a large variance but the question of what weights

should be used was left without a satisfactory answer.

To alleviate the unequal variances problem, in this section accident counts are

assumed to come from a Poisson distribution. For the Poisson distribution

mean¼ variance, and since the mean (E{μ}) increases with Segment Length, so

does the variance of the accident counts. In this manner the question of what weight

to use is automatically dealt with.

To state the Poisson likelihood function one assumes (i) that the accident counts

on each unit are Poisson distributed, (ii) that units with the same traits in the model

equation have the same μ, and (iii) that the accident count on one unit is statistically
independent of the accident count on another unit. As shown in Appendix B, with

data about n units the (abridged) log-likelihood function is:

ln L	 μ1; . . . ; μnð Þ½ 
 ¼
Xn
i¼1

�μið Þ þ kiln μið Þ ð8:2Þ

upward, the narrower is the flat plateau, the sharper is definition of the minimum, and the lesser is

the variance of the parameter estimate. From here it is just a short step to the “Fisher Information”

which is made of the negative second order partial derivatives of the negative log-likelihood.
21 The Excel function MINVERSE for matrix inversion was used.
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Replacing the μ’s by the model equation Ê μif g ¼ β0 SegmentLengthið Þβ1 turns
the log-likelihood into a function of β0 and β1, i.e., into ln[L*(β0, β1)]. The fitting of
this model equation to data amounts to finding those values of β0 and β1 that

maximize ln[L*(β0, β1)].
Implementation on the C-F spreadsheet is simple.22 The spreadsheet in Fig. 8.4

is the same as that in Fig. 6.3 except that instead of minimizing the sum of squared

differences here the abridged log-likelihood is maximized. Accordingly, the SD in

column E of Fig. 6.3 is replaced by the abridged log-likelihood from (8.2).23

The “Target” cell for the Solver, the “by Changing” cells, and the constraint all

remain the same. Only the radio button in the Solver window has to be changed

from “Min” (which is appropriate for minimizing sum of squared differences) to

“Max” (for maximizing log-likelihood.) The ML estimate of β1 is now 0.860,

nearly the same as in Figs. 6.3 and 6.4 where squared differences were minimized.

Because the parameters are very similar, their CURE plots are bound to be similar.

Fig. 8.4 Poisson ML fit to the condensed Colorado data

22 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 8. Poisson Likelihood fit. xls or xlsx.”
23 The formula in E8 is D8 +C8*IF(D8> 0,LN(D8),0). The condition is there because the natural

logarithm is defined only for positive numbers and the Solver might choose a step resulting in a

negative value for β0. Whenever the LN function is invoked it is prudent to use the appropriate

“IF” condition. An alternative is to add to the Solver the constraint β0> 0.
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In most cases the variance¼mean property of the Poisson distribution is also not

supported by data. To illustrate, amongst the 5,323 Colorado road segments, there

are 91 segments that are all 0.01 miles long. If they all had the same μ then the

variance of the accident counts on these segments should be also μ. But this is not
what the data say. The sample mean of accident counts for these segments is 0.099

while the sample variance is 0.112. The results of similar computations for 50 Seg-

ment Length bins are in Fig. 8.5. Almost all variance-to-mean ratios estimates

exceed 1. This is an indication that in this data set accident counts are

“overdispersed.” Overdispersion will occur if on each unit accidents are Poisson

distributed but segments that are identical in length do not have identical μ’s.
That segments identical in length differ in their μ’s is obvious.24 Thus, for

example, amongst those 91 segments which are all 0.01 miles long the AADTs

range from 300 to 14,000 and one must expect that the μ depends on AADT.

Generalizing, one usually finds that in populations of units defined by a limited

number of traits, the sample variance of accident counts is larger than their sample

mean. This is a sign that the σ{μ}> 0. Because in the Poisson likelihood function

the variability amongst μ’s can neither be accommodated nor estimated, a different

probability distribution must be sought.

As noted earlier, all likelihood functions are based on assumptions. For ML

estimation to be convincing, the assumptions made should be in line with logical

considerations and empirical facts. The Poisson likelihood function does not meet

this requirement. Neither by logic nor by data can one justify the assumption that

units identical in the few traits that are in the model equation all have the same μ.
The NB likelihood function allows the μ’s to differ and thereby meets this require-

ment, at least in part.

Fig. 8.5 Estimates of

variance/mean for

50 Segment Length bins

24 The logical objection to assuming that for a population of units with the same few traits σ{μ}¼ 0

was stated in Sect. 1.2 as follows: “. . .for any population of units, no matter how many traits

are used to define it, the only realistic point of departure is to assume that the μ’s of its units

are all different.”
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8.3.2 The Negative Binomial Likelihood Function

The NB distribution was already mentioned and used with the Connecticut drivers

and the Colorado road segments data. It is based on four assumptions: (i) that, as

before, the accident counts on every unit are Poisson distributed, (ii) that the μ’s
of the units in each population (real or imagined) are different, i.e., that V{μ}> 0,

(iii) that the diversity of the μ’s in each population can be well approximated by

a Gamma distribution and (iv) that the “shape” parameter of the gamma

distributions for all populations behaves in a specific manner. More about this is

in Appendices D and E.

For assumption (i) one can muster some logical support.25 Assumption

(ii) follows from the foundational axiom in Sect. 1.2. However, there is no logical

support for assumptions (iii) and (iv). Some data support assumption (iii), see e.g.,

Table 1.6, while other data negate it, see, e.g., Table 1.7. The common use of the

Gamma assumption is mostly a matter of convenience: if (i) and (iii) hold then the

probability to observe k accidents is Negative Binomial and the expression for the

likelihood function can be written. It follows that before the NB likelihood function

is used for parameter estimation one may want to check whether the data do not

negate the Gamma assumption.

As shown in Appendix E the abridged NB log-likelihood is:

ln½L	ðβ0, β1, . . . , bÞ
 ¼
Xn
i¼1

lnΓ ki þ bið Þ � lnΓ bið Þ þ biln bið Þ þ kiln bE μif g
� 


� bi þ kið Þln bi þ bE μif g
� 


264
375

ð8:3Þ

As in Sect. 8.1 earlier, Ê μif g is replaced by the model equation which is a

function of the parameters β0, β1, . . . . In addition, assumption (iv) takes the specific

form26 of bi¼ bLi. The lnΓ(.) in (8.3) is the natural logarithm of the Gamma

function.27 Implementation in the C-F spreadsheet of Fig. 8.6 amounts to coding

(8.3) into E8 and the cells below.28

The ML estimate of β1 is 0.871, close to the 0.860 obtained earlier by the Poisson
fit. The new per-unit-length overdispersion parameter (b ) is in F2. To illustrate its

use consider a 0.7 miles long road segment. The estimate of the E{μi} for a

population of road segments of this length is 1.656� 0.70.871¼ 1.2 I&F accidents

25 See Appendix A.
26 The reciprocal value of bLi is the “overdispersion parameter.” Once E{μ} is estimated by the

model equation the variance of μ follows from V{μ}¼ (E{μ})2/(bLi). The larger is “b” the smaller is

V{μ} and the lesser is the “overdispersion” in comparison to the Poisson.
27 The Gamma function is an extension of the factorial from integers to real numbers When n is an
integer. Γ(n)¼ (n� 1)!. In Excel one can use the GAMMALN(.) function.
28 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 8. Negative Binomial Likelihood Fit .xls or xlsx.”
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in 5 years. Because V{μi}¼ (E{μi})
2/bi and bi¼ b� Li, the estimate of the variance

of μ’s amongst 0.7 miles long road segments is 1.22/(0.531� 0.7)¼ 3.87 (I&F

accidents in 5 years)2. This information is needed for empirical Bayes safety

estimation.

The NB likelihood function has two main figures of merit. First, it is consistent

with the mental construct of populations of units defined by the traits in the model

equation. Because of this consistency, the interpretation of the results of curve-

fitting is unambiguous; what we get are estimates of the mean and standard

deviation of μ’s for each population. Second, because at the core of the NB

distribution is the assumption that the μ’s a Gamma distributed, the ML estimate

of the overdispersion parameter provides a direct way to estimate the V{μ} for all

combination of traits and levels. The weakness of this likelihood function is in

assumptions (iii) and (iv). There is no assurance that the μ’s in any population or

subpopulation are approximately Gamma distributed, nor may one assume without

support that the overdispersion parameter exhibits the assumed regularity. Conve-

nience in use is a strong temptation but a weak argument.

The NB distribution is consistent with the image of populations of units with

diverse μ’s. Each crash count in the data is an observation from a probability

distribution, the μ of which is one of the μ’s from that population.

8.3.3 The Negative Multinomial Likelihood Function

The Poisson and the NB likelihood function can be used only when the data pertain

to a single period of time. This is why, up to this point, the “condensed data” were

used and the 5 years 1994–1998 were taken to be a single period. The accident

Fig. 8.6 Negative Binomial ML fit to the condensed Colorado data
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count was the sum of accidents for that 5-year period and AADT was the 5-year

average. And yet, in the original data we have accident counts and AADT estimates

for each of the 13 years 1986–1998.29 Not only is the averaging of AADTs over

5 years a stretch, but not using all the available data just because our tools cannot

deal with multiple time periods is an unjustified loss of information. This is why

when in the next chapter AADT will be added to the variables, the Poisson and NB

likelihood function will be replaced by the NM (Negative Multinomial) likelihood

function. Not only will it allow all of the available data to be used, it will also bring

out and make explicit an essential aspect of reality: that the safety of units changes

with time. For completeness, the NM likelihood function is best introduced here.

Consider a sample of n units such that information about unit i is available for

time periods 1, 2, . . ., j, . . ., mi. Data of this kind are called “panel” or “longitudi-

nal.” One data element for unit i are the accident counts ki, 1, ki, 2, . . . , ki, j, . . . , ki,mi
.

As before, accident counts are assumed to be Poisson distributed only now the

means are μi, 1, μi, 2, . . . , μi, j, . . . , μi,mi
, etc. The traits of unit “i” in period “j” define

a population of units. The μ’s of this population are again assumed to be Gamma

distributed. These assumptions lead to an extension of the Negative Binomial to

panel data: the Negative Multinomial distribution. As is shown in Appendix G the

contribution of unit i to the abridged log-likelihood is:

ln L	
i β0, β1, . . . , bð Þ� � ¼ bLiln bLið Þ þ

Xmi

j¼1

ki, jln bE μi, j
� �� 
" #

þ lnΓ
Xmi

j¼1

ki, j þ bLi

 !
� lnΓ bLið Þ �

Xmi

j¼1

ki, j þ bLi

 !
ln

Xmi

j¼1

bE μi, j
� � !

þ bLi

" #
ð8:4Þ

This likelihood function will be used in conjunction with yearly data after

AADT will be introduced into the model equation.

8.4 Alternative Objective Functions

Minimizing the sum of weighted squared residuals or maximizing likelihood are the

two mainstream approaches to parameter estimation. One reason for their popular-

ity is that researchers are mainly interested in parameters. The parameter, especially

when significantly different from 0, is thought to say something about the make-up

of the world.30 With least squares or maximum likelihood approaches to estimation,

29 See Sect. 3.2.
30 The research perspective on modeling was discussed in Sect. 1.5. A jaundiced opinion about the

research perspective and the prospects of success for the causal interpretation of parameters is in

Sect. 6.7.
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the variance of parameter estimates can be minimal, statistical hypotheses about the

parameters can be tested, and confidence limits stated.

When in SPF modeling the focus is on applications attention shifts from

parameters to estimates and predictions of31 E{μ} and of V{μ}. This change of

focus opens the door to the use of other objective functions. Now it is not the

parameter value and the testability of statistical hypotheses about it that are of

interest; now one wants the model to produce good estimates and predictions of

E{μ} and V{μ} for use in practice.

If the aim is to get good estimates or predictions for E{μ} and V{μ} why would

one want to minimize the sum of squared differences; would it not make more sense

to minimize, say, the sum of absolute residuals32? Why not minimize the χ2 or

maximize the r2 of a fit33 when these are widely used to measure the goodness of a

fit? Why not choose for the objective function, one of the many other measures of

forecast accuracy that are in use34?

A few alternative objective functions were tried and the results are in Fig. 8.7.35

Their implementation required only small adaptations of the C-F the spreadsheet in

Fig. 8.6. Thus, for example, to minimize the sum of χ2 or of absolute residuals only
the formula in column E had to be changed; to maximize r2 the excel function SQR
was used in cell E4.36

31 The difference between “estimate” and “prediction” is in their relation to the data set used for

SPF development. Thus, e.g., one may estimate the parameters of a model equation using a certain

data set, or one may use the model equation to estimate the E{μ} of a certain unit in that data set. In
both cases the estimate pertains to that data set. However, when one uses this model equation with

its estimated parameters in practice, it is to predict the E{μ} for a unit or for a period that was not in
the data set used when the SPF developed.
32 The choice between maximizing likelihood and minimizing the sum of absolute differences is

reminiscent of the more familiar choice between the “sample mean” and the “sample median.”

Both are used to describe the central tendency in data, both have advantages and drawbacks The

sample mean makes the average squared error of predictions smallest; the sample median

minimizes the average (absolute) error of predictions. The sample mean is an unbiased and

minimum-variance estimate of the population mean but is sensitive to outliers and to randomness

in skewed distributions. The sample median is a more robust estimator, less influenced by errors

and deviant observation.
33 χ2� (Recorded accidents�Accidents predicted by the model)2/(Accidents predicted by the

model) summed over all data points.
34 Common measures of forecast accuracy are the MAPE (Mean Absolute Percentage Error),

MdAPE (Median Absolute Percentage Error), sMAPE (Symmetric Mean Absolute Percentage

Error), sMdAPE (Symmetric Median Absolute Percentage Error), MdRAE (Median Relative

Absolute Error), GMRAE (Geometric Mean Relative Absolute Error), and the MASE (Mean

Absolute Scaled Error). From Hyndman and Koehler (2006).
35 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for Chap. 8. Unconventional objective functions. xls or xlsx.

36 The Pearson product moment coefficient of correlation, r, is
Σn
1 Xi�Xð Þ Yi�Yð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Σn
1 Xi�Xð Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σn
1 Yi�Yð Þ2

q ; its square

is computed by the Excel function SQR(...). Here the dots stand for C8:C5330 and D8:D5330.
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The CURE plots corresponding to these objective functions are compared to that

of minimizing the weighted sum of squared differences in Fig. 8.8.37 While the

minimization of χ2 is seen to be inferior to the wSSD, maximizing r2 yields

essentially the same fit quality, and the minimization of absolute residuals is better.

However, even this best fit is not satisfactory. All four CURE plots show regions

of large bias-in-fit. Choosing one objective function or another just moves the

CURE plots up or down between the fixed endpoints leaving their in-between

shape largely unaffected. To affect this shape and to improve the fit the model

Fig. 8.7 Parameter estimates when sum of χ2 and sum of |residuals| are minimized, and when r2 is
maximized

37 The CURE plot for wSSD represents also the Poisson and NB likelihood CURE plot which had

very similar parameter estimates.
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equation has to be changed. This can be done by choosing a more suitable function

and by adding variables.

Yet another alternative objective function merits attention. How to compute the

bias-in-fit was shown in Sect. 7.3. Inasmuch as a good SPF model is one that gives

unbiased estimates of E{μ} at all variable values of practical interest the minimiza-

tion of the Total Absolute Bias is a potentially interesting objective function. The

corresponding C-F spreadsheet is in Fig. 8.9.

Fig. 8.8 Comparing CURE plots

Fig. 8.9 Minimizing the

total accumulated bias
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The letters A to F correspond to the high and low points of the CURE plot in

Fig. 8.8. Thus, for example, point A is in row 2,546 where, in column F the

accumulated accident count is 1,751 and, in cell G2546 the number of accumulated

fitted accidents is 1,410. Thus, between the origin O and point A the excess of

residuals is 341. Similarly at point B the excess of residuals is �281 and the bias

between A and B is 341� (�281)¼ 622 accidents. Proceeding similarly, the total

accumulated bias is in N10. Because the numbers in columns K and L depend on the

parameters in D2:E2, so does the total accumulated bias. The parameter estimates

in Fig. 8.9 are those that minimize the TAB; they are similar to those that minimize

the sum of absolute residuals.

A few observations follow. First, alternative objective functions deserve atten-

tion. They are simple to implement and can produce fits that are as just as good or

better than those obtained by least squares or by maximum likelihood.

Second, when the purpose of SPF modeling is to produce good estimates of E{μ}
and σ{μ} the use of an alternative objective function derives directly from the

purpose of modeling. Eliminated is the duality and tension characterizing least

squares and maximum likelihood approaches to estimation where parameters are

estimated with one aim in mind and goodness-of-fit measured with a different one.

Third, the use of a spreadsheet has a liberating influence on modeling. No

statistical software now in existence can estimate parameters that minimize, say,

Total Absolute Bias, the area under the CURE plot or similar alternative objective

functions. But a creative modeler can easily produce a corresponding spreadsheet.

Fourth, modelers bound to the conventions of least squares or maximum likeli-

hood parameter estimation will worry about conditions that may not hold and

assumptions made that may or may not be approximately true. Are the variances of

the observed values equal? If not, what weights should be used? Do the μ’s well
approximate the Gamma distribution in all populations? Is the overdispersion param-

eter a constant? What deviation from the necessary assumptions compromises

modeling results? Questions of this kind simply do not arise with the alternative

objective functions. If χ2, r2, or |residuals| are thought to measure goodness-of-fit then

these are the values to minimize or maximize. If the aim is to bring the curve or

surface as close to the data as possible then minimizing the sum of absolute residuals

makes sense; there are no unmet conditions nor assumptions that may not be justified.

Fifth, as shown in Table 8.1 parameter estimates depend to some extent on the

objective function chosen. This variability has nothing to do with the “statistical

inaccuracy.”38 Rather it illustrates its incompleteness due to neglect of other sources

of uncertainty.39 Here the uncertainty is about what objective function to use.

38 The statistical inaccuracy was defined and discussed in Sect. 6.6.1.
39 The other sources of uncertainty were called “modeling inaccuracy” and were discussed in Sect.

6.6.2.
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Which objective function is right, which estimate is more trustworthy? One

cannot say. Three of the estimates in Table 8.1 are outside the 95 % confidence

limits of β̂ 1 established in Sect. 6.6.1. This underscores that fact that the uncertainty

surrounding parameter estimates is not only due to the randomness of the data

(which the confidence interval reflects) but, amongst other reasons, due to the

uncertainty about what to minimize; a choice that must be made but is not easily

defended.

8.5 Summary

When parameters were estimated by least squares the fits were bad. A poor fit can

come about for several reasons one of which is the use of an inferior objective

function. In this section the focus was on two kinds of objective functions: those

based on likelihood and those based on goodness-of-fit.

The concepts of likelihood, the likelihood function, the abridged log-likelihood,

and the maximum likelihood estimate were explained and illustrated by numerical

examples. They show how the Solver is used to estimate ML parameters and how

their statistical accuracy can be determined using Fisher’s Information. In prepara-

tion for further model development the commonly used Poisson, the NB, and the

NM likelihoods were given and their implementation in the C-F spreadsheet was

illustrated.

The distinguishing feature of fitting SPFs by maximizing likelihood is that one

must make some explicit assumptions. For the Poisson likelihood function one

assumes (i) that the accident counts on each unit are Poisson distributed, (ii) that

units with the same traits in the model equation have the same μ, and (iii) that the

accident count on one unit is statistically independent of the accident count on

another unit. With these assumptions the abridged Poisson log-likelihood function

could be written. To make it operational, the Poisson mean was replaced by the

model equation. Implementation in a C-F spreadsheet was simple.

The assumption that units with the same traits in the model equation all have the

same μ does not make good sense and is contrary to empirical evidence. Use of the

Table 8.1 Objective

functions and estimates of

b1

Objective function β̂ 1

Conventional Unweighted least squares 0.866

Fixed weight least squares 0.859

Variable weight least squares 0.737

Poisson likelihood 0.860

Negative Binomial likelihood 0.871

Alternative Absolute differences 0.911

χ2 0.737

Total absolute bias 0.892

r2 0.848
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NB distribution is a popular remedy. The NB likelihood function retains assump-

tion (i) and (iii) but replaces (ii) by assuming that the μ’s of the units of which a

population is comprised come from a two-parameter Gamma distribution. With this

the abridged log-likelihood function could be written. To make it operational, the

mean of the Gamma distribution was replaced by the model equation and an

assumption was added about its shape parameter. The implementation on a C-F

spreadsheet was again straightforward. The attraction of the NB likelihood function

is that it provides estimates of E{μ} and V{μ} at the same time.

The Poisson and the NB likelihood functions cannot be reasonably used when

data are about multiple time periods and some traits (e.g., AADT) change from

period to period. The Negative Multinomial (NM) is the extension of the NB

likelihood function for such circumstances. It shares the assumptions of the NB

distribution and assumes, in addition, that the μ’s of all units in a population change
from year to year just as the mean of these μ’s changes.

Much of this section revolved around the concept of likelihood and the discus-

sion of three commonly used likelihood function. The overall topic, however, was

the question what to optimize. This question can be answered more generally when

the purpose of SPF modeling is not doing research about parameters but meeting

the practical needs of road safety management. With this change in focus several

alternative objective functions become sensible. The optimization of fit by

minimizing χ2, maximizing r2, minimizing the sum of |residuals| and of Total

Accumulated Bias was examined. The use of alternative objective functions proved

both simple and attractive.

What a parameter is estimated to be depends to some extent on the chosen

objective function. The choice of the objective function is made by the modeler. It

is of course disconcerting that reasonable looking objective functions produce

discrepant parameter estimates. One may be guided in the choice of objective

function by comparing CURE plots. Of the several objective functions examined

here the sum of absolute residuals proved best. But even the best fit was still

unsatisfactory. Important variables may be missing from the model equation, the

function chosen to serve as the model equation may be unsuitable, and there may be

outliers that distort the CURE plot. These issues will be tackled in Chaps. 9 and 10.
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Adding Variables 9

Abstract

In this chapter the question is whether to add a variable to the model equation

and how to do so. The key concept introduced is that of bias-in-use; it is that bias

which arises when the user has information about the value of a safety-related

variable which is not in the model equation. The purpose of adding a variable to

the model equation is to reduce the bias-in-use. To determine whether adding a

variable would reduce the bias-in-use a Variable Introduction Exploratory Data

Analysis is conducted. The addition of a variable to the model equation requires

a modification of the C-F spreadsheet following which all parameters are

reestimated. This is done for the variables AADT, Terrain, and Year. The use

of the Negative Multinomial likelihood function with panel data is

demonstrated.

9.1 When to Add a Variable

So far Segment Length was the only variable in the model equation. Predictably, the

resulting fit was bad. That the number of accidents depends on the amount of traffic

is intuitively obvious and empirically substantiated. It is therefore clear that a traffic

variable should be in the model equation. Intuition, however, is insufficient when

the question is asked about other variables. Should all variables that are thought to

affect accident occurrence be in the model equation? Should all variables for which

there are data be included? Should one add only those variables the parameters of

which are statistically significant or only those that materially improve the fit?
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The variable inclusion–exclusion decision is a part of the model specification

process1 and what is needed is some clear reasoning and guidance.

In Sect. 1.5 the distinction was made between the “research” and the

“applications” purposes of SPF development. The choice of modeling purpose

was shown earlier to affect the modeler’s attitude to the choice of the objective

function. The two perspectives also differ in the considerations that influence the

decision of whether to add a variable to the model equation. From the “research”

vantage point the purpose of a regression model is to predict by how much a

manipulation of a predictor variable will change the dependent variable. This change

depends on the size of the parameters. This is why, from the research perspective,

focus is on the quality of parameter estimates. With this focus in mind, variables the

parameters of which cannot be shown to be statistically different from zero are often

not added to the model equation. Alternatively, variables of the least statistically

significant parameters are often deleted from it. The “research” perspective offers no

unique statistical procedure for adding or deleting variables from a model equation

and what procedures are used rely on “a great deal of personal judgment” (Draper

and Smith 1981, p. 294). In some cases variables the parameters of which seem to be

incorrect are summarily deleted from the model equation.2

From the “applications” perspective it is not parameter accuracy, accord with

intuition, or statistical significance that matter. Now the purpose of adding a

variable to the model equation is to increase the accuracy with which E{μ} is

estimated or predicted and to reduce the magnitude of the σ{μ}. With this purpose

in mind the “to add or not to add” question is viewed in the light of necessary and

sufficient conditions. Two “necessary” and one “sufficient condition” will be

examined.

9.1.1 The Necessary Conditions

For the practical tasks of road safety management it is important that the estimate of

E{μ} be unbiased. One kind of bias, the “bias-in-fit,” was discussed earlier in Sect.

7.3. That bias arises when in some region of a predictor variable the fitted values are

systematically larger or smaller than the observed values. A different kind of bias is

the “bias-in-use.” This bias arises when a safety-related variable about which the

1Narrowly construed model specification in regression “. . .refers to the determination of which

independent variables should be included in or excluded from a regression equation” (Allen 1997,

p. 166). More broadly the process of model specification consists of selecting an appropriate

functional form and of choosing the predictor variables. Common errors of model specification are

(1) choosing an incorrect functional form, (2) omitting predictor variables which have a relation-

ship with the dependent variable, (3) including irrelevant predictor variables, and (4) assuming that

the predictor variables are measured without error. If an estimated model is misspecified, it will

produce biased and inconsistent estimates. (An estimator is consistent if as the number of

observations increases the estimates get closer and closer to the true value).
2 See e.g., Gross et al. (2013, p. 236).

136 9 Adding Variables



user has information is absent from the model equation or when in the model

equation there is a variable for which the user has no information.3

To illustrate suppose that we are interested in the safety during 1994–1998 of a

certain 0.5 miles long road segment of a rural two-lane road in Colorado with

AADT¼ 5,000. Using the parameter estimates from Fig. 8.6, Ê μ
��L ¼ 0:5 miles

� �
¼ 1:656� 0:50:871 ¼ 0:905 I&F accidents in 1994–1998. This would be an unbi-

ased estimate of the μ of this segment if only its length (L ) was known. But for the
road segment of interest its AADT is also known. When AADT will be added to the

model equation in Sect. 9.3 it will turn out that Ê{μ|L¼ 0.5 miles,

AADT¼ 5,000}¼ 1.724 I&F accidents in 1994–1998. Were one to estimate the

E{μ} using the model equation without AADT the bias-in-use would be the

difference 1.724� 0.905¼ 0.819 I&F accidents in 5 years.4

Another way to describe magnitude of the bias-in-use is by the “(With AADT)/

(Without AADT)” ratio in Fig. 9.1. At point A the ratio of Ê μf gs is 1.724/

0.905¼ 1.9 and not having AADT in the model equation would cause considerable

bias-in-use. However, not having AADT in the model equation would not matter at

point B where AADT is about 2,500.

The message of Fig. 9.1 is that, whatever the Segment Length, the “Without

AADT” SPF is only good in a narrow range of AADTs and is bad everywhere else.

Inasmuch as the SPF is to be used for application with various AADTs, it is clear

that estimates of E{μ} produced by a model equation without AADT have a large

bias-in-use and are therefore of no practical use.

The same, of course, can be said for any variable the absence of which from the

model equation would, in some region, have “With/Without” ratios that are much

different from 1.5 What matters in applications is not the statistical significance of a

parameter but whether the absence of a variable from the model equation would

cause practically important bias-in-use.

The obverse is also important. To compute the value of the dependent variable

on the left-hand side of the model equation one must have values for all variables on

its right-hand side. Suppose, for example, the modeler included in the model

3 The Bias-In-Use is not what in statistics is called the “Omitted-Variable Bias.” The OVB is a bias

in the parameters which occurs when a model incorrectly leaves out one or more important causal

variables. The bias-in-use pertains to the estimate of E{μ} and arises when the variables in the SPF
do not match the known safety-related traits of the unit or the population the E{μ} of which is of

interest. From the “research” perspective it is the OVB that matters; from the “applications”

perspective it is the bias-in-use that is important.
4 The following may serve as a succinct definition of bias-in-use: By “obvious observation 1” in

Sect. 3.4 if A and B are variables and B is safety-related then E{μ|A and B} 6¼E{μ|A}. The “bias-in-
use” is the difference E{μ|A and B}�E{μ|A}.
5 Situations in which variables absent from the model equation give cause for concern are

commonly encountered and familiar to practitioners. To illustrate, the practitioner will sense

that something is amiss when, say, the road segment of interest is a sag curve preceded by a

long steep grade but grade and vertical curvature variables are not in the SPF.
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equation a variable called “Roadside Hazard Rating (RHR)6.” Information about

RHR is seldom found in databases. To use such an SPF the practitioner must either

inspect the site of interest and determine its RHR value or plug into the model

equation an educated guess. When a guess is used the resulting Ê μf gwill be biased,
unless the guess is a lucky one.

All this was noted in Sect. 3.4 under “obvious observation 2”: “For the Ê μf gof a
population to be an unbiased estimator of the μ of a unit of interest, the known traits of
that unit must be the same as the traits which define the population of the units for
which E{μ} is the mean.” This was said to “lead to a ‘not-so-obvious’ and yet
important conclusion. Namely, that what traits (variables) are to be used in a SPFs
depends on the use for which the SPF is intended and on the information the user has.”

The bias-in-use is 0 if the variables in the SPF are the same as the data that are

available for the practical task in which the SPF is used.

There is a close logical link between “bias-in-use” and the concept of a variable

being “safety related.” A variable was said to be “safety related” if when it changes

then the μ of the unit changes.7 Here the same concept has a more targeted meaning

Fig. 9.1 The “With/Without” ratios for AADT

6 See e.g., Zegeer et al. (1988) and Harwood et al. (2000), Appendix D.
7 See Sect. 1.2.
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and applies to change in E{μ} due to the addition of a variable. Let A and B be

variables and the “bias-in-use” be the difference E{μ|A and B}�E{μ|A}. This
difference is 0 when E{μ|A}¼E{μ|A and B} for all values of B. That is, when the

bias-in-use is 0 for all value of B of practical interest, then variable B is not safety

related. Conversely, when the absence of variable B from the model causes bias-in-

use, then E{μ|A} 6¼E{μ|A and B} and therefore B is safety related.

Whether a variable is safety related can be examined empirically. Thus, for

example, if the residuals of the “without AADT” model tend to be positive for

segments with large AADT, negative for segments with small AADT, and near zero

in-between, thenAADT is safety related. Because information about AADT is usually

available in practice, its absence from the model equation will cause bias-in-use.

It follows that the necessary conditions for a variable to be introduced into the

model equation are two:

(i) The variable must be safety related

(ii) Information about the variable is available to users of SPFs.

Condition (ii) has consequences for report writing. The process of SPF develop-

ment was described in Sect. 6.1 as a gradual build up of the model equation to which

traits (variables) are added one after another. This will be the pattern followed in

this chapter; first AADT will be added to L, then “Terrain,” and later “Year.”

Suppose that variable “A” was introduced into the model equation first, followed by

“B”, “C”, and then “D.” Thus, in the course of SPF development the modeler would

have obtained four models; one with A, the next with A&B, etc. Had the modeler

reported all four model equations, the user could choose that model of the four for

which he or she has data. Unfortunately, modelers usually report only the final and

“fully loaded” model. This is wasteful. While the user may not have information

about all four variables in the final model and therefore cannot use it, the interim

models with A, A&B, or A&B&C might have been of use.

The modeler cannot know in what circumstances the SPF will be used and what

information future users will have. The least the modeler can do is to report all

model equations and parameter estimates as variables are introduced, one after

another. The best that could be done would be to identify commonly available

variable bundles and for these to estimate the corresponding models.

9.1.2 The Sufficient Condition

Should all variables that meet the necessary conditions be added to the SPF? A

reasoned answer depends on the balance between what is gained and what is lost by

doing so. The basic consideration is governed by (9.1).

Expected Mean-Square Error of Ê μf g � bias‐in‐useð Þ2 þ V Ê μf g� � ð9:1Þ
The gain is that of reducing the bias-in-use; the loss is in the possible increase of the

variance of the estimate of E{μ}.
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Why adding a variable increases the V Ê μf g� �
was easy to explain when, in

Chap. 3, Ê μf g was the sum of accidents in a bin divided by the number of units in

that bin. Adding a variable meant the partitioning of the bins and thereby reducing

the number of units used to estimate the E{μ}’s.8 However, when estimation of

E{μ} is by a parametric model equation, when the populations to which the E{μ}’s
pertain are imagined, the explanation is different. Each predictor variable the value

of which is uncertain (e.g., the AADT) and each added parameter estimate have a

variance. The more numerous are the predictor variables and the parameters in a

model equation, the larger will the V Ê μf g� �
tend to be. However, because

interactions are complex and correlations many, the net effect is difficult to

foresee.9 More on this is in Chap. 11.

Balancing gain and loss is not easy for two reasons. The first difficulty is that the

balance depends on circumstances and on judgment. To explain, consider the

vicinity of point B in Fig. 9.1 where the bias-in-use is small and there is little to

be gained by adding AADT to the model equation. Inasmuch as the addition of

AADT might increase the V Ê μf g� �
there will be a region near point B where the

loss due to the addition of AADT likely outweighs the gain. In contrast, where the

bias-in-use is large, e.g., to the right of point A in Fig. 9.1, the gain of adding the

AADT is almost certainly larger than the loss. Thus, when AADT is about 2,500 a

model without AADT might estimate better while the opposite is true when AADT

is larger than, say, 5,000. Since adding AADT to the model equation will degrade

estimates of E{μ} in some range of AADT and improve them elsewhere, the “to add

or not to add” question is difficult to answer without the exercise of judgment.10

8Using the numerical results of the EDA as illustration it was easy to state as “Obvious Observa-

tion 3” that “The larger is the number of traits that define a real population, the fewer are the

observations from which its E{μ} is estimated and the larger tends to be the standard error of the

estimate of E{μ}.”
9 Consider a multiplicative model equation in which expression A accounts for the contribution of

variables X1, X2, . . ., Xn and expression B accounts for the contribution of a new variable Xn+1.

Because of the uncertainties in the X’s and their parameters, both A and B are random variables.

Let σ{A} and σ{B} be their standard deviations and ρ{A, B} their correlation coefficient. With this,

σ ABf g
AB

� 
2
¼ σ Af g

A

� 
2
þ σ Bf g

B

� 
2
þ 2

σ Af gσ Bf g
AB ρ A;Bf g. If A and B are uncorrelated then

(σ{AB})2¼B2(σ{A})2 +A2(σ{B})2, If expression B which accounts for the effect of the added

uncorrelated variable has an average value of 1, the consequence of adding it to the model is to

increase the variance by A2(σ{B})2 , While it is tempting to assume that A and B are uncorrelated,

this is seldom so. The addition of B will always change the scale parameter which is part of A. It is

therefore difficult to foresee how the addition of a variable will affect the V Ê μf g� �
.

10 Lehmann (1990, p. 162) suggests using the average squared prediction error saying that: “The

best fitting model is of course always the one that includes the largest number of variables.

However, this difficulty can be overcome . . ., for example by selecting the dimension k which

minimizes . . . the expected squared difference between the next observation and its best prediction
from the model. This measure has two components: E(squared prediction error)¼ (squared bias)

+ (variance). As the dimension k of the model increases, the bias will decrease. At the same time

the variance will tend to increase since the need to estimate a larger number of parameters will

increase the variability of the estimator.”
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Another approach might be to equate the gain of adding a variable to the

reduction in V μ̂ if g. The rationale for doing so is the same as that which led to

(2.2) in Sect. 2.3. Namely, that if the Ê μf g which the SPF provides is to serve as

the estimate of the μ of a certain site i μ̂ ið Þ then

V μ̂ if g ¼ V Ê μf g� �þ V μf g ð9:2Þ

Thus, if adding the variable to the model equation increases theV Ê μf g� �
by less

than it diminishes the V{μ} then, for site i, the necessary condition is considered to

be met. If the condition is met for most sites for which the Ê μf gs will help with the
estimation of μ then the necessary condition is met.

The second difficulty is that to use (9.1) and (9.2) one has to have an estimate of

V Ê μf g� �
and obtaining it is not simple. As is already clear and will become

increasingly more evident, what E{μ} is estimated to be depends on an assortment

of assumptions. One can estimate the V Ê μf g� �
as if these assumptions were true.

However, inasmuch as different assumptions, all plausible, lead to different

estimates of E{μ}, the assumption-based estimate of V Ê μf g� �
is certain to be

too small. It is best to postpone discussion about V Ê μf g� �
till after the nature and

role of most assumptions has been more fully described. Therefore, how V Ê μf g� �
can be estimated and by how much it is increased when a variable is added to the

model equation will be discussed only in Chap. 11. As a consequence, in what

follows, the variable addition decision will be based on the necessary conditions

only; that is, on whether the variable is safety related and on whether information

about it is available to users.

If a variable is safety related and is the source of bias-in-use, adding it to the

model equation will reduce the size of residuals, will improve the fit, and will

change the Ê μf g. If a variable is not safety related and therefore is not a source of

bias-in-use, it should not be in the model equation. The determination of whether a

variable is safety related and what is the form of its relationship with the E{μ} is the
task of the “Variable Introduction Exploratory Data Analysis” discussed next.

9.2 The Variable Introduction EDA: Is AADT Safety Related?

The necessary condition for adding a variable to the model equation is that it be

safety related. To determine the safety relatedness of some variable one has to do a

Variable Introduction Exploratory Data Analysis – VIEDA for short. The purposes

and tasks of a VIEDA are two:

(i) To determine whether the residuals indicate that the variable is safety related

and, if yes

(ii) What function could represent the new variable in the model equation
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Here the specific question is whether to add the Average AADT to the model

equation. The data for this VIEDA come from the C-F spreadsheet in Fig. 8.6 to

which, in Fig. 9.2, the Average AADT was added as column C. One way of going

about task (i) is to create a pivot table11 with the sums of observed and fitted values

(columns I and J) for some AADT bins.

It is apparent that for segmentswithAADT< 2,000 themodel consistently predicts

more accidents thanwhatwas observed and that the opposite is true for largerAADTs.

The graph of the “Observed/Fitted” ratio as a function of AADT is in Fig. 9.3. Not

only is AADT seen to be safety related, the relationship is also quite orderly.

The choice of the “Observed/Fitted” ratio for examining the orderliness of the

relationship serves a purpose. This is the ratio that brings the fitted values into

line with what was observed. Thus, for example, the 1,898.7 fitted accidents in the

0<AADT< 500 bin of Fig. 9.2 need to be multiplied by “Observed/Fitted” ratio of

0.25 to make them into 473 observed accidents. Therefore, if AADT is to be

Fig. 9.2 Pivot table for VIEDA about AADT

11How to work with Pivot Tables was explained in Sect. 3.3. To download this spreadsheet go to

http://extras.springer.com/ and enter the ISBN of this book. Look in the “Spreadsheets” folder for

“Chapter 9. VIEDA for AADT.xls or xlsm.”
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introduced into the model equation by a multiplicative function, it should resemble

relationship in Fig. 9.3.12

An alternative way to check whether the relationship is orderly is to forgo the

grouping into bins and smooth the ungrouped data by, say, the Nadaraya–Watson

procedure instead.13 The result is in Fig. 9.4. Up to about AADT¼ 10,000 the

Fig. 9.3 The relationship between Average AADT and the Observed/Fitted ratio

Fig. 9.4 Smoothed relationship between AADT and Observed/Fitted ratio

12 A new variable is often introduced into the model equation by a function that multiplies the

previous expression. In this case the Observed/Fitted ratio is of interest. When the new variable is

introduced into the model equation by an additive function “case b” in Hauer (2004) should

be used.
13 See Sect. 4.3.
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existence of an orderly relationship is evident. The undulations for larger AADTs

reflect the sparsity of the data rather than the absence of an orderly relationship.

Purpose (ii) of VIEDA is to suggest the function by which the variable should be

represented in the model equation. The points in Fig. 9.3 and the curve in Fig. 9.4

suggest a straight line or an upward bending curve. The insert in Fig. 9.4 which

depicts the near-origin detail hints at a positive intercept. The function AADTβ2 is a

reasonable initial guess.

In sum, since information about the AADT is usually available the two necessary

conditions for adding Average AADT to the model equation are met. The next task

is to show how to add a function of Average AADT to the model equation and to the

C-F spreadsheet.

9.3 How to Add a Variable to the C-F Spreadsheet

Adding a variable to the C-F spreadsheet is straightforward. For didactic reasons14

the influence of the Average AADT will be initially represented by the “power

function”:AADTβ2 . Thus, the model equation to be fitted is Ê μf g ¼ β0L
β1AADTβ2 .

The task is to incorporate the power function for Average AADT into the C-F

spreadsheet of the NB fit from Fig. 8.6 and then to reestimate all parameters. How

this is done is shown in Fig. 9.5.15

The top part is the earlier NB fit with only Segment Length in the model equation.

In the bottom part the AADT data were added as column C, the new parameter β2 is
in cell G2, and the fitted values in ColumnG are the product of the scale parameter in

E2 and the factors Lβ1 and AADTβ2 in columns E and F.16 With the newly estimated

parameters17 the SPF for injury and fatal accidents in 5 years is:

E μf g ¼ 0:00158L1:078 AADT0:909

V̂ μf g ¼ Ê μf g� �2
2:202L

ð9:3Þ

14 The didactic reasons are two. First, that the power function Xβ is widely used and, as such, can be

a benchmark against which to judge alternative functions to be examined later. Second, since the

power function starts at the origin but the VIEDA suggests the presence of an intercept, the use of

the power function might be reflected in the CURE plot and thereby illustrate its diagnostic use.
15 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for Chapter 9. NB fit for L and AADT and CURE plots.xls or

xlsx
16 Keeping the factors in separate columns makes experimentation with alternative functional

forms easier.
17When running Solver the parameter estimates from the top part of Fig. 9.5 were used as initial

guesses except that 0.001 was used for β0 . Because now the parameters differ by several orders of

magnitude, it is important to activate the “automatic scaling” option in Solver. See discussion in

Sect. 5.4.
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9.4 The Omitted Variable Bias

One consequence of adding AADT to the model equation was to change the

estimate the parameter β1 from 0.871 to 1.078.18 This is way out of the 95 %

confidence interval surrounding the earlier estimate19 and underscores a general

truth which modelers recognize from experience. Namely, that when a new variable

is added to the model equation, previously estimated parameter values tend to

Fig. 9.5 Adding AADT to the model equation and the C-F spreadsheet

18 It was said in Sect. 6.7.1 that: “. . . should at a later stage in modeling the estimate of β1 become

indistinguishable from 1 that would be a sign that L reflects only the influence of segment length

and that the influence of other safety-related variables has been satisfactorily accounted for.” Now,

after the introduction of AADT, it seems that β1 may indeed be fluctuating around 1. Should it

remain so after more variables are added, it may be then be best to set the exponent of L to 1.
19 In Sect. 6.6.1 the 95 % confidence interval was 0.82–0.91.
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change. This “Omitted Variable Bias”20 (OVB) is one of the main sources of the

“modeling uncertainty.”21

The larger the correlation of the newly introduced variable with those previously

used,22 the more difficult it is to tell apart their influence on the E{μ}.23 If so,

whatever are the parameter estimates at some stage of modeling, they must be

viewed as provisional; their value is likely to change when a new variable will be

added to the model equation. By how much the parameter estimates would change

cannot be known beforehand. If the change is substantial it is a sign that the model

is still subject to the “Omitted Variable Bias.” If so, till the OVB issue is satisfac-

torily addressed, one should place no trust in the commonly reported standard

errors, t-statistics, and p-values which purport to describe that accuracy of parame-

ter estimates.

One can begin to trust the parameter values if they do not change much when

new variables are introduced into the model equation.

The habit of reporting parameter accuracy as if OVB and other sources of

modeling inaccuracy did not exist is intellectually wanting. Want turns into harm

when untrustworthy parameter estimates are used to predict how safety would

change if some variable value was changed.24 Thus, for example, in the horizontal

curve design example of Sect. 6.7.1 the exponent of L was 0.86 and the upper limit

of its 95 % confidence interval was well below 1. However now that AADT was

added, the exponent of L seems to be 1.08. If that was the final estimate the

considerations in the design example would be reversed. Alas, the estimate is not

final. After “Terrain” will be added the estimate of β1 will drop back to 0.985 and

after “Time” will be accounted for it will be further reduced to 0.969.

20 The omitted-variable bias occurs when a model leaves out one or more safety-relevant variables.

The bias pertains to estimates of parameters. When statistical packages report the standard error of

parameter estimates they do so under the grossly unrealistic assumption that all causal variables

are in the model equation and that the model equation is an exact representation of the relationship

underlying the data. For these reasons the usually reported estimates of parameter accuracy cannot

be trusted.
21 The other source discussed earlier was the choice of objective function (see Table 8.1). For a

discussion of “modeling uncertainty” see Sect. 6.6.2.
22 In road safety, correlation between traits (variables) is a pervasive part of reality. One only has to

think about the role played by traffic volume in determining the traits of roads and intersections. In

our data the correlation between Segment Length and AADT is�0.17; Segments with more traffic

tend to be shorter. Even this modest correlation is sufficient to cause a sizeable modeling

uncertainty about the parameter of L.
23 In curve-fitting this phenomenon goes under the name collinearity. When variables are highly

correlated the regression parameters change erratically in response to small changes in the model

or the data.
24Why such use of SPFs is problematic was discussed at length in Sect. 6.7.
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The importance of the realization that the OVB is omnipresent and its effect can

be sizable is threefold. First, when SPFs are used for the practical purposes

described in Sects. 1.3 and 1.4, and if only the statistical accuracy of parameter

estimates is recognized when σ Ê μf g� �
is estimated,25 it will be an underestimate.

Second, when parameter estimates are used as the source of Crash Modification

Factors,26 the users can have no clear idea about how inaccurate these numbers

really are. Third, in a more constructive vein, when the parameters in the model

equation attain a measure of stability and cease to change significantly as new

variables are added, confidence in their value can grow.

A comment about the evolution of the estimates of β1 is in order here. The

natural starting assumption might be that the expected number of crashes is

proportional to Segment Length. This would be true were it not for the fact that

the length of segments in databases depends on safety-related factors such as

intersection density, changes in number of lanes, and differences in speed limit.

Indeed, at the conclusion of the initial EDA the impression was of a nonlinear

perhaps upward-bending relationship between crash frequency and segment length.

Attempting to let the data to speak for themselves, the power function Lβ1 was

chosen to represent the relationship. With this as the model equation and with

Segment Length as the only variable the data favored a downward bending func-

tion. Indeed, all estimates of β1 in Table 8.1 are all smaller than 1. However, after

AADT was added to the model equation the estimate of β1 turned out to be larger

than 1 and the curve seemed to be upward bending. After Terrain will be added to L

and AADT the estimate of β1 will change to 0.985 bringing us back full circle, close
to the original proportionality assumption. This lends credence to the opinion that

SPF modeling is best viewed as a process during which the model gradually takes

shape; that conclusions are always provisional and could change if some of the

choices which the modeler made were to be altered and if information about

additional safety-related traits was available.

The addition of AADT to the model also changed the estimate of b from 0.531 to

2.201. The larger is b the smaller is the variance of the μ’s.27 That is, the μ’s in a

population of units defined by both Segment Length and AADT have a much

smaller variance than those of a population of units defined by Segment Length

only. The smaller is V{μ} the more influential is the SPF estimate in all

applications. Therefore, changes to the model equation that make b larger are

good for practice.

The hope was that adding AADT to the model equation will improve on the

heretofore unsatisfactory fit; whether it did is examined next.

25 See, e.g., Wood (2005), Lord (2008) and Lord et al. (2010).
26 In spite of the reservations discussed in Sect. 6.7.
27 Recall that V{μ}¼ (E{μ})2/(bL ).
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9.5 A Few CURE Plots

To see the extent to which adding a variable to the model equation improved the SPF

and what problems of fit remain, the CURE plots for every variable have to be

checked.28

The comparison of “without AADT” and “with AADT” plots for L is in Fig. 9.6.

As is evident, the addition of AADT was a significant improvement. The nearly

horizontal stretches of the new CURE plot are regions of small bias-in-fit and they

cover most segment lengths.

The two remaining regions of concern are marked by ellipses. Ellipse A is where

the observed accident counts tend to be larger than the fitted values. It is possible

that this can be remedied by choosing a different functional form to account for the

contribution of L.29

Ellipse B is over what seems to be a nearly vertical drop which could be

concealing outliers. An outlier is a road segment for which the accident count is

very different from the fitted value. In the CURE plot it would show as a large

vertical gap. Figure 9.7 examines the suspect region of ellipse B in detail.

There is no outlier here. What in Fig. 9.6 appeared to be a solid vertical drop is in

fact an agglomeration of many small ones. There are many road segments which are

0.89, 0.90, and 0.91 miles long and on which the accident count tends to be

consistently smaller than are the fitted values. What makes segments of these

lengths peculiar in this way is unclear. It is not likely that the peculiarity will

diminish when alternative functional forms are tried; perhaps it will shrink when

additional variables will be introduced.

Fig. 9.6 Comparing two CURE plots for L

28 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chapter 9. NB fit for L and AADT and CURE plots.xls or

xlsx.”
29 The examination of alternative functional forms will be the subject of Chap. 10.
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The other CURE plot that has to be examined, that with respect to the AADT, is

in Fig. 9.8.

The nearly horizontal stretch from C to D looks like a benign random walk.

Between the origin and point A there are more accidents than what is predicted. This

excess might disappear once other variables are added.30 Alternatively, it could be

corrected by using a positive intercept as was intimated earlier in Fig. 9.4. The main

problem is the ill fitting short stretch betweenB andC (1,550<AADT< 2,600)where

the model overpredicts by about 26 %. To correct this bias one would have to find a

function which predicts more accidents then the Power function for AADT< 1,500,

fewer in the 1,500<AADT< 2,600 range, and about the same for AADT> 2,600. A

simple function meeting these requirements may be difficult to find.

Fig. 9.7 Is there an outlier under ellipse B?

Fig. 9.8 The CURE plot for AADT

30 For example, if these low-AADT segments are mostly in mountainous terrain where, with the

same L and AADT more accidents are predicted than in, say, flat terrain.
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The CURE plots for L and AADT contain hints about how to improve the

representation of these variables in the model equation. However, the overall fit

of the SPF is best judged by the CURE plot for fitted values.31 This “fitted-values”

CURE plot is in Fig. 9.9; it too is unsatisfactory.

9.6 Adding Variables: Terrain

The Colorado data contain information about whether a segment is in Flat, Rolling,

or Mountainous (F, R, or M) terrain.32 The Terrain variable is associated with traits

such as grade, curvature, and roadside, which are believed to affect crash frequency

and severity. Therefore one may expect “Terrain” to be a safety-related proxy

variable. Whether Terrain is in fact safety related, i.e., whether its absence from

the model equation is a source of bias-in-use, is easily checked. Use of the fitted

values from Fig. 9.5 and of the pivot table magic leads to Table 9.1.33

Fig. 9.9 The CURE plot for “Fitted Values”

31 In terms of computation, all that is required is to sort by the “fitted value” (see, e.g., column D in

Fig. 7.3) instead of sorting by a variable value (column B in the same figure).
32 See Fig. 3.1.
33 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chapter 9. Terrain Pivot.xls or xlsx.”

Table 9.1 VIEDA for “Terrain”

Terrain Observed accidents Fitted values Observed/Fitted

Flat 831 1,424.9 0.58

Mountainous 4,806 3,682.6 1.31

Rolling 3,592 4,121.5 0.87
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The message is clear: In flat terrain there are fewer accidents than what (9.3)

predicts and using it to estimate the E{μ} of a segment in flat terrain would be

usually an overestimate. Similarly, for a segment in mountainous terrain (9.3)

would under-predict. Were “Terrain” not in the model equation there would be

considerable bias-in-use. Inasmuch as information about the terrain in which a road

segment is situated is either known or easily ascertained, the necessary conditions

for the inclusion of Terrain into the model equation are fulfilled.

The “Terrain” variable can be introduced into the model equation in several

ways only one of which will be examined here.34 A simple way of accounting for its

influence is by a multiplicative parameter βTerrain in Ê μf g ¼ β0L
β1AADTβ2βTerrain.

The βTerrain¼F will be set to 1 and the values of βR and βM will be estimated using

the Solver. When choosing this way of representing the influence of the Terrain

variable the modeler is assuming that the influence of L and AADT can be

represented by the same function and the same parameters β1, β2 in all terrains

and that the overdispersion parameter b is also the same in all three terrains.35

To estimate the parameters of the enriched-by-terrain model the earlier C-F

spreadsheet in Fig. 9.5 had to be modified in several respects as is shown in

Fig. 9.1036: the terrain data were added as column D; two new terrain parameters

were placed into cells G2:H2; a corresponding multiplier factor was added as

column H; and this factor was added to the other two factors (one for L and the

other for AADT) to compute the fitted value in column I. With these modifications

the Solver produced new parameter estimates.

The two “Terrain” multipliers are rather large.37 Now the model equation is:

Ê μf g ¼ 0:00160L0:985 AADT0:835 1 if F, 1:642 if R and 2:495 if Mð Þacc: in 5 years

V̂ μf g ¼ Ê μf g� �2
2:823L

ð9:4Þ

34 The question of how the influence of a variable should be represented in the model equation will

be discussed in Chap. 10. Thus, e.g., one of the EDA findings in Sect. 3.6 was that the effect of

Terrain might depend on both AADT and Segment Length. The question will be how such a

dependence can be captured.
35 As already noted, in the course of modeling the modeler has to make various assumptions. In the

course of the continuing illustration it was assumed that the model equation is a product of power

functions, that maximizing likelihood is a good objective, that accident counts are Poisson

distributed, that the μ’s are Gamma distributed, etc. Now another assumption is added: that the

influence on E{μ} of L and AADT is the same in every terrain. There is, of course, no prior support

for such an assumption. Its validity can be examined by fitting separate models for each terrain.
36 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chapter 9. NB fit with L, AADT and Terrain as multiplier.

xls or xlsx.”
37 A segment in rolling terrain is estimated to have 1.642 times the number of accidents of a

segment of the same length and same AADT in flat terrain; the corresponding multiplier for

mountainous terrain is 2.495. By the numbers in Table 9.1 the corresponding implied multipliers

are 0.87/0.58¼ 1.5 and 1.31/0.58¼ 2.3.
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The next variable considered for addition to the model equation is “Time.” Before

this can be done effectively the use of the condensed data for a single 5-year period

has to be supplanted by the use of panel data from 13 separate years and the move to

the Negative Multinomial (NM) likelihood has to be implemented.

9.7 Panel Data and the NM Likelihood

The original Colorado data contain AADT estimates and accident counts for each of

the 13 years 1986–1998.38 However, to this point, only the “condensed data” were

used in which the 1994–1998 were collapsed into a single period such that the

average AADT and the sum of accidents for those 5 years as served as data.39 One

reason for using a single period was that the expression for the popular NB

likelihood function is derived with one time period in mind.40 One is assuming

Fig. 9.10 Terrain as a multiplier

38 See Sect. 3.2.
39 See Sect. 3.2 and Fig. 3.2.
40 See Appendix E.
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that within that single period variable values do not change. For this to be plausible

the duration of the period is usually kept to just few years; five is already a stretch.

But AADT does change over the years41 and so do any other traits (average

speed, pavement friction, proportion of trucks, average blood alcohol content,

seatbelt wearing rate, etc.). Not to use all available data amounts to a loss of

information in more ways than one. First, it is obviously better to use more data

than less. Second, the multi-year average AADT irons out some useful detail that is

present in yearly AADTs. Third, if some safety-relevant trait of a unit changed

within the period, if shoulders were paved or the intersection signalized, data for

that unit may not be usable in a single period model and yet could be usable in a

multi-period model. Fourth, by collapsing yearly data into a single multi-year

period the resulting estimates and predictions pertain only to that period as a

whole; estimates and predictions for specific years of that period will be biased

and lost will be the possibility of extrapolation to years outside that single period.

Cross-sectional data about units with variable values available for two or more

time periods are called “panel” or “longitudinal” data. When panel data are

available and parameters are estimated by maximizing likelihood, the NM42 likeli-

hood function replaces the NB.43 The implementation of the NM likelihood func-

tion requires changes in the C-F spreadsheet. These are shown in Fig. 9.11.

The Colorado panel data are in the two top tiers. Both Segment Length and

AADT were divided by their largest values defining the normalized variables X1

and X2 so that all values are between 0 and 1. What previously was the “Average

AADT” is now split into 13 columns of X2 values (in columns C to O). Similarly

there are now 13 yearly accident counts (columns P to AB) and, in preparation for

use in the log-likelihood formula, given is their sum (in column AC). The three

factors of the model equation make up the next tier. Since Segment Length and

Terrain do not vary with time these factors have one column each (AE and AS),

while the X2 variable the value of which may change from year to year has 13 yearly

factors (columns AF to AR). The product of these factors multiplied by the scale

parameter gives the 13 yearly fitted values in the bottom tier.

41 Over the 13-year period 1986–1998 on rural two-lane roads in Colorado the AADT increased,

on the average, by about 55 %.
42 See Sects. 8.3.2, 8.3.3 and Appendices E, G.
43With a slight compromise of purity it is possible to use the NB likelihood even with panel data.

This approach will be used in the simulations of Chap. 11 where saving on computations matters.

To download the spreadsheet where the NM likelihood was used go to http://extras.springer.com/

and enter the ISBN of this book. Look in the “Spreadsheets” folder for “Chapter 9. NM, 13 year

panel, L, AADT, Terrain, and a common scale parameter.xls or xlsx.” To download the spread-

sheet where the NB likelihood was used look for “Chapter 9. NB, 13-year panel.xls or xlsx.”

9.7 Panel Data and the NM Likelihood 153



The abridged Multinomial log-likelihood equation from Sect. 8.3.3 is

reproduced on the top of Fig. 9.12 and placed in the formula bar as the content

of cell BX7. The Solver was used to maximize the content of BX4 and the

“By Changing” cells were BS3:BX3. The “Automatic scaling” option was chosen

because β0 differs from the other parameters by several orders of magnitude.44

The parameter estimates obtained by maximizing the NB likelihood when the

5 years of condensed data were used (Fig. 9.10) are similar to those obtained using

the NM likelihood and 13 years of data (Fig. 9.12).45 Both sets of parameter

estimates lead to very poor CURE plots. Can these improve by choosing a different

objective function?

Fig. 9.11 Panel data, factors of model equation, and fitted values

44 See Sect. 5.4 for detail.
45 The difference in b is due to the transition from L as segment length to the normalized X1.
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9.8 Panel Data and Alternative Objective Functions

The question what to optimize, i.e., the choice of the objective function, was the

subject matter of Chap. 8. Common objectives are to minimize the (weighted)

sum of squared differences or to maximize likelihood. Even though the two

approaches differ, when some mild conditions are met, the least-squares and

maximum-likelihood parameter estimates are very similar.46 In road safety

modeling maximizing likelihood is the more popular approach. This is why it

was described in detail in Chap. 8, why several likelihood functions were listed,

and why, initially it was the weapon of choice.

Some alternative objective functions were examined in Sect. 8.4. One of those

was the minimization of the sum of absolute differences, another that of minimizing

χ2. With the focus on fit rather than on parameter accuracy, it is simpler and more

appropriate to use one of these alternative objective functions. For the C-F spread-

sheet in Fig. 9.11, the minimization of the sum of |residuals| and of χ2 yields the
parameter estimates in Fig. 9.13.47 Both result in much improved CURE plots.

Fig. 9.12 NM parameter estimates for the 13-year panel data

46 Section 8.2.1 and Charnes et al. (1976).
47 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for Chapter 9. Alternative objectives, 13-year panel, L, AADT,
Terrain, and common scale paramete.xls or xlsx.
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The model equation is:

Ê μf g ¼ βscaleX1
β1X2

β2 1 if F, βrolling if R and βmountainous if M
� �

acc:=year

where X1 � Segment Length=19:74,X2 � AADT=21, 720

ð9:5Þ
For this model equation we now have three sets of parameter estimates depending

on what is being minimized or maximized. That the corresponding estimates of

E{μ} and can be markedly different is shown in Fig. 9.14.

Inasmuch as one can have very different estimates and predictions of E{μ} for

the same data and the same model equation, the SPF is quite footloose. The

explanation of why this is so and why two of the fitted curves are similar while

the third is so different ties together a few points made earlier.

Recall the image of rubber bands anchored to data points and pulling on the to-

be-fitted curve.48 Because the residuals tend to be small near the origin and get

larger as X2 approaches 1, the data points on the right of the figure exert a strong pull

on the to-be-fitted curve. Because the general shape of the curve is predetermined by

the functional form, here by the power functionX2
β2 , and because the curve must go

through the origin, the weak pull of the data on the left cannot resist the strong pull of

the data on the right. Recall also the affinity between maximizing likelihood and

Fig. 9.13 Parameter

estimates for two alternative

objective functions

48 See Sect. 6.6.1
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minimizing the sum of squares.49 When curve-fitting is by maximizing likelihood

and minimizing χ2 the pull of each data point is proportional to the square of its

residual. However, when the sum of |residuals| is minimized the pull is proportional

to the size of the residual itself. Therefore when likelihood is maximized or

χ2 minimized the position of the curve is largely dictated by the minority of data

points where AADT is larger than, say, 5,000. The same is true but to a much lesser

extent when the sum of absolute residuals is minimized. This is why the latter makes

for a better fit for the large majority of data points on the left side of the figure.

The same reasoning explains why the CURE plot is better when the sum of

absolute residuals is minimized than when likelihood is maximized. The CURE plot

describes how well a model fits by cumulating residuals, not by cumulating their

square. Naturally, therefore, when the objective function is made of residuals, not of

their square, the CURE plot will be better.

There is an additional reason why the few data points on the right side of the figure

play such a dominant role and determine the resting position of the entire fitted curve;

the reason resides in the notion of functional form. Once the functional form of the

model equation is chosen and thereby a certain family of curves is specified, the entire

curve moves as a unit under the collective pull of the rubber bands. The changing of a

parameter lowers or raises all points of curve with the origin as the fulcrum. This is a

specific manifestation of the straightjacket50 nature of model equations.

Fig. 9.14 Comparing estimates of E{μ} with different objective functions

49 See e.g. Charnes et al. (1976).
50 See Sect. 4.2.
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9.9 Adding Another Variable: Year

Terrain was said to be a proxy for traits such as grade, curvature, or roadside about

which the Colorado data set is mum. Similarly, “Year” is a proxy for traits such as

speed, precipitation, driving culture, road user demography, special events, or

vehicle fleet which all change over time and about which data is not usually

available. Now the task is to check whether in the 1986–1998 period “Year” was

safety related and, if yes, to examine how Year should be added to the model

equation.

A variable was said to be safety related if not including it in the model would

cause bias-in-use. That this is the case for “Year” is evident from the comparison of

the yearly Observed/Fitted ratios in Table 9.2. To illustrate, if Eqn. 9.5 and the

parameter estimates from the top panel of Fig. 9.13 were used to obtain fitted values

then, for 1986 this would be an underestimate by 19 %while for 1998 it would be an

overestimate by 12 %.

The progression of these yearly ratios is shown in Fig. 9.15. The fluctuations

around the trend line reflect the annual change in factors such as precipitation,

economic activity, and special events. The trend line represents the ongoing

changes in demography, vehicle fleet, road user culture, safer roads, better medi-

cine, etc.

Table 9.2 Yearly Observed/Fitted ratios based on minimizing ∑|residuals|

1986 1987 1988 . . . 1996 1997 1998

Observed 1,619 1,626 1,563 . . . 1,872 1,837 1,850

Fitted 1,362.1 1,362.2 1,387.6 . . . 1,889.8 2,007.6 2,098.9

Obs./Fit. ratio 1.19 1.19 1.13 . . . 0.99 0.92 0.88

Fig. 9.15 Yearly Observed/Fitted accidents ratios
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As in the case of Terrain, there are several ways in which the “Year” variable

could be added to the model equation. One is to use Ê μf g ¼ β0X1
β1X2

β2βTerrainβyear
with the ratios from Table 9.2 for βyear. To illustrate assume that the interest is in the

Ê μf g for 1988 of a 0.5 miles long road segment of a rural two-lane road in

the rolling terrain of Colorado with AADT¼ 500. If so Ê μf g ¼ 38:74�
0:5=19:74ð Þ1:028 � 500=21,720ð Þ0:947 � 1:596� 1:13 I&F accidents. Another way

to account for the influence of “Year” would be to replace the βscale by

13 parameters, one for each year. Yet another possibility is to save on parameters

and multiply the model equation by a time trend factor such as [1� βslope(Year-
1986)] or to run a regression through the ratios in Table 9.2. This option would

allow extrapolation.

9.10 Summary

This chapter revolved around the question of whether a variable should be added to

the model equation and how to do so in a C-F spreadsheet. If when the variable is

added to the model equation the estimate of E{μ} changes then the variable is said

to be “safety related.” Were a model equation without that variable used for

estimating E{μ} when the value of that variable is known, the estimate of E{μ}
would be biased. This is the “bias-in-use.” The purpose of adding a variable to the

model equation is to reduce the bias-in-use. It follows that the necessary conditions

for the addition of a variable are two: (1) that the variable be “safety related,” i.e.,

that introducing it into the model equation will reduce bias-in-use and (2) that

information about the variable be usually available for applications.

These conditions are “necessary” but are not “sufficient.” When a variable is

added to the model equation there is a gain and a loss. The gain is that of reducing

the bias-in-use. The loss is in that the addition of a variable often increases the

variance of the estimate of E{μ}. The add-or-do-not-add decision involves a

balancing of these two conflicting tendencies. Doing so is not simple.

Whether a candidate variable is safety related has to be examined just prior to its

addition to the model equation. This requires the conduct of a Variable Introduction

Exploratory Data Analysis – VIEDA. Thus, for example, to determine whether

AADT should be added to the model equation after the influence of Segment

Length was accounted for, the relationship between the ratio of Observed

Accidents/Fitted Accidents and AADT was examined. As expected, the ratio

indicated the existence of a regular pattern. In this manner AADT was confirmed

to be safety related and amenable to introduction into the model equation by a

smooth function. A similar VIEDA preceded the addition to the model equation of

the Terrain variable and of Year.

The addition of a variable to the model equation requires a modification of the

C-F spreadsheet following which all parameters are reestimated. As a result previ-

ously estimated parameter values usually change. It follows that whatever the

parameter estimates are at some stage of modeling, they must be viewed as
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provisional and biased. The bias is that caused by the variables not in the model

equation at that stage – the Omitted Variables Bias. If a new safety-related variable

was added to the model equation, some parameter estimates would change again.

For this reason, little trust should be placed in the statistics that are commonly used

to describe the accuracy of parameter estimates.

To this point the average AADT and the sum of accidents for a single 5-year

period served as data. However, the original Colorado data contain information for

accident counts and AADTs in each of 13 years. The NB likelihood function

pertains to single-period data. In contrast, the NM likelihood function allows the

use of yearly “panel” data and has been implemented in this chapter. Its chief

advantages are two. First that it makes use of all the information available. Second,

that it allows the introduction of time as a variable.

The process of model development is that of a gradual build-up. In this chapter

AADT, Terrain, and Year variables were added to Segment Length one after

another. Rather than reporting only on the final fully loaded model, the estimated

SPF was reported at each stage. This practice allows the user to choose the SPF for

which he or she has the data.

The model equation is an algebraic expression made up of variables, parameters

and algebraic operations.51 When a variable is to be added to the model equation the

modeler has to decide how to weave it into the fabric of the existing algebraic

expression. So far the assumption was that each new variable will be represented by

a function that multiplies the existing expression and that the new function would

be either a constant, as in the case of Terrain and Year, or a power function Xβ for

the Segment Length and AADT variables. These provisional assumptions were

made for clarity in exposition, because there is no theory to guide the choice of a

model equation, inasmuch as these assumptions are common practice, and because

the EDA does not support finer distinctions or more elaborate assumptions. How-

ever, there is no reason to think that these simplistic assumptions and choices make

for a good fit and accurate estimates or predictions. The difficult question of how to

choose the function behind the data is the theme of the next chapter.

51 Algebraic operations are: addition, subtraction, multiplication, division and exponentiation.
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Choosing the Function Behind the Data 10

Abstract

The general form of the model equation is E{μ}¼ f(X1, X2, . . . , β0, β1, . . .) where
f() stands for some algebraic expression. For modeling one has to choose some

specific f() and the question was how to do so. Even if the right f() is not known
one can still make decent estimates of E{μ}. However, to say what change in

E{μ} is caused by a some change in a predictor variable, not knowing the right

f() can be a problem. The task of fashioning the f() out of predictor variables and
parameters is difficult. Road safety data can be represented by many different

and footloose functions, and what the modeler chooses matters in terms of what

estimates are produced. Limited guidance is offered.

10.1 The Holy Grail

The generic model equation is E{μ}¼ f(X1, X2, . . . , β0, β1, . . .) where E{μ} is the

“dependent variable” and f() is some algebraic function of the “predictor variables”

X1, X2, . . . and of the parameters β0, β1, . . .. Determining what f() hides behind noisy
data is the holy grail of modeling. If we knew f() then a good fit would be the

promise of good estimates and good predictions. More importantly, it would

remove one of the main obstacles to the cause-effect interpretation of SPFs. It is

therefore peculiar that in both research and in practice so little attention is given to

what seems to matters most – the function in which the predictor variables combine.

Without explanation or comment most modelers tend to assert that some simple

linear or log-linear expression is the model equation and then proceed to estimate

the βs as if what matters are the parameters, not the function to which they belong.

Vexing is also the paucity of tools available to modelers for choosing a good model

equation.

Parameters are only the plumage on the body of the model equation; they have

no substance without the model equation and are of little interest if they do not

belong to the correct one. To illustrate, one could assume, along with Aristotle and
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all his followers, that the acceleration of a free falling body is proportional to its

weight. With such a model equation in mind one could use data to estimate the

missing parameter – the constant of proportionality. As Galileo demonstrated, such

a parameter belongs to the wrong model and therefore is of no use nor meaning. The

choice of the model equation is the primary activity, and the subsequently estimated

parameters depend for their meaning and usefulness on it.

It would be good if there were logical grounds or theory-based hypotheses to

guide the choice of the model equation in road safety; if it could be chosen for

reasons more weighty than habit and simplicity. A hesitant first step towards a

theory is in Appendix J. Alas, at this time, convention, goodness of fit, parsimony of

parameters, and, occasionally, performance in estimation, seem to be the only

guides for choosing the model equation.

There are very many model equations to choose from and little to guide the

choice.

As illustrated in the next section, even when f() is simple and the data good, the

function can be difficult to identify. This puts the road safety modeler in a tough

position. On one hand there is the absence of theory and thus the necessity to

somehow extract a good model from data. On the other hand there is the harsh

reality of an unknown and possibly complex relationships hiding within the cloud

of noisy and incomplete cross-sectional data. Like Tantalus, modelers keep

reaching for a fruit that is forever receding.

10.2 The Elusive f(): A Story with Morals

Imagine a researcher who, walking on the Alexandria’s seashore, found some

regular looking flat objects. The researcher wanted to determine how the longest

dimension of these objects, Y, depends on their shorter dimensions, X1 and X2. The

researcher measured the Y, X1, and X2 of 100 such objects. The measurement error

was normally distributed, N μ ¼ 0 m, σ ¼ 0:01 mð Þ. When in the course of the

EDA the researcher plotted the measured Ys against the X1s and the X2s Fig. 10.1

obtained.

Looking at the figure the researcher thought that the linear-additive form

Y¼ β0 + β1X1 + β2X2 might be satisfactory. Using the measured data1 the estimates

of the βs were 0.35, 0.73, and 0.66.2 The researcher did not know that the

1Hundred data points were generated such that the X1 are uniformly distributed in between 2 and

10 m, the X2 between 3 and 8 m, the hypotenuse Y was computed by the Pythagorean theorem, and

a N (0, 0.01 m) random error was added to each measurement.
2 Seeing the objects and having measured their dimensions the researcher could have reasoned that

if both X1 and X2 are very short Y must also be so and therefore, the intercept β0 should be set to

0. Doing so would remove a logical blemish but make for a slightly worse fit.
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Pythagorean theorem applies to these objects and that the model

Y ¼ X1
β1 þ X2

β2
� �β3 would have been the right choice of f().3

The moral of this story is manifold. First, as noted earlier, parameters belong to

what is chosen to be the model equation. The βs of the linear-additive model have

nothing to do with the βs of the Pythagorean model. Since the meaning and

magnitude of the βs depends on the f(), and not the other way around, the task of

choosing and shaping the function f() is of primary importance in modeling;

parameter estimation is secondary.

The second lesson is that the true functional form of the model equation is nearly

unfathomable. Is very unlikely that the use of the Pythagorean functional form

would have occurred to many modelers had they not already known of its applica-

bility to the data, in which case no statistical modeling would have been necessary;

Fig. 10.1 What the

researcher sees

3Were the Pythagorean model used the estimates of β1, β2, and β3 for the same data would have

been 1.98, 1.98 and 0.50. That is, if one had the right f(.) then regression would yield the right

parameters.
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logic and reasoning would do. I asked dozens graduate students to fit a model to this

kind of data; not one discovered the Pythagorean theorem by curve-fitting.

The Pythagorean theorem cannot be discovered by regressions.

Third, the linear-additive form chosen by the modeler is in some sense “sim-

pler”4 than the Pythagorean form. It follows that the guidance of Occam’s razor5

that counsels to prefer simpler models is not always good advice. It this example,

and perhaps in most representations of the real world by a model, systematic

preference for simplicity may be to the detriment of good modeling.

Fourth, however reasonable the choice of the linear-additive form in this case, its

parameter estimates tell little about how Y would change if X1 or X2 were

manipulated. It would be not only inaccurate but entirely indefensible to think

that if X1 was prolonged by 1 m then Y would increase by β1(¼0.73 m), as the

regression equation suggests. When X1 is small compared to X2 the increase in

Y would be close to 0 m, whereas when X1 is large compared to X2 the increase in

Y would be close to 1 m. In reality, the amount of change in Y depends on the sizes

of both X1 and X2 while the linear form Y¼ β0 + β1X1 + β2X2 erroneously implies

that the change in Y due to a change in an X is a constant.6

Fifth, as is shown in Fig. 10.2, the correspondence between the observed values of

Y and those estimated by the linear-additive model is very good. Still, the linear-

additivemodel fails to predict the effect on Y of manipulating anX. It follows that the
hope that a well-fitting model has a good chance of predicting the effect of

manipulations is just that – a hope. One can use the regression equation to say fairly

accurately how long is Y when X1 and X2 are known but one cannot reliably use it to

say by how much Y would be changed if X1 or X2 were made longer or shorter.

Translated into the road safety context, when the estimate of the E{μ} is to serve the
practical uses discussed in Sects. 1.3 and 1.4 one does not have to have the right f().
However, to say how E{μ} would be altered if some predictor variable was

manipulated, having the right f() is of essence.7 Without the right f() the cause-

and-effect message of the regression equation cannot be trusted.

4 The concept of simplicity is an esthetic one and has no agreed upon measure.
5William of Ockham’s (c. 1287–1347) razor says something like: “All things being equal, the

simplest solution tends to be the best one.” The “tends to be” means that simplest is not always the

best. Besides, what makes the linear model “simpler”? Some object to Ockham’s razor, because it

seems to imply that of two alternative representations of nature the simpler one is more likely to be

true. There is no empirical evidence for such a belief.
6 This leads to another important point which will be elaborated on in Sect. 10.9, namely, that by

choosing the functional form the modeler predetermines how the dependent variable will change

due to a change in a predictor variable.
7 The same distinction was made in Sect. 6.7 where the purposes of regressions were discussed.

The three purposes were: (1) to summarize or to describe a body of data; (2) to predict the value of

a dependent variable Y (here E{μ}) from a set of independent variables X1, . . . ,Xn; (3) To predict

the change in the value of the dependent variable from an intervention that changes the value of X1,

etc. The legitimacy of purpose (3) is widely questioned.
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The task of identifying the right f() from data is a tall order.

This brings us back to the two perspectives discussed in Sect. 1.5. When the

focus is on practical applications (e.g., screening for blackspots, determining cost

effectiveness of treatments, etc.) what matters is the quality of the estimates of E{μ}
and σ{μ}. In this case there is no reason to question odd looking model equations

and parameter estimates. Only when the regression equation is to be used to

compute the effect on E{μ} of a change in a predictor variable is an odd looking

model and parameter estimate disconcerting.8

In this story the researcher chose to estimate the parameters of the linear-additive

model form. This choice was reasonable because looking at Fig. 10.1 the impres-

sion is that Y increases by equal amounts for equal increases of X1 and the same can

be said, albeit with less conviction, about the association of Y and X2. This is

consistent with the linear-additive form which leads to the incorrect conclusion that

adding 1 m to X1 increases Y by β1 and adding 1 m to X2 increases Y by β2. The

researcher could have easily chosen the popular multiplicative form Y ¼ β0X
β1
1 X

β2
2

which has a more nuanced relationship between ΔX and ΔY.9 Such a model

equation might also be consistent with the data clouds in Fig. 10.1 although its

Fig. 10.2 Correspondence between observed and estimated Ys for the linear-additive model

8 I always found Henri Theil’s comforting aphorism that “Models are to be used, not believed”

puzzling; can one use a model without believing that what it tells us is approximately true? Perhaps

what Theil (1971) meant was that one need not believe that the function and its parameters are

right if the predictions produced by the model are close to the mark. In the road safety context

Theil’s cryptic statement applies only to practical applications perspective. If the model is to be

used to tell by how much E{μ} is likely to change as a results of some change in a predictor

variable, one must believe to have the substantively correct function and parameters.
9 The differential is dY ¼ Y

Xi
βidXi .
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presence in the data is not visually indicated. Had the researcher opted for the

multiplicative form without trying the linear-additive form first, the correspondence

between the observed and fitted values would still be quite impressive and the

multiplicative model also would have been found satisfactory. A nearly perfect fit

could be achieved had the researcher tried the seemingly arbitrary model

Y ¼ β0XMax 1þ β1
XMax

XMin

� 
β3� �
in which XMax is the larger of X1 and X2 and XMin

the smaller one. Nobody would come up with this model equation on the basis of an

EDA and its data visualizations.

EDA, visualization, and habit incline the mind towards the use of linear and

multiplicative (log-linear) model forms. However, as this story makes clear, when

the underlying reality is neither linear nor multiplicative, as in the case of the

hypotenuse of right angle triangles, the model equation cannot be used to predict

the effect of manipulations. For this purpose even a good correspondence between

observed values and estimates is of no comfort.

10.3 Enroute to the Multiplicative Model Equation

The subject of road safety modeling are the complex interactions between the road,

the traffic flow on it, the characteristics of road users and their vehicles, mainte-

nance procedures and budgets, the law and its enforcement, the climate, etc. This is

the complexity the substance of which the model equation should aim to capture

and represent. However, as has been illustrated, even simple functions of few

variables may be difficult to identify.

While the general model equation is E{μ}¼ f(X1, X2, . . . , β0, β1, . . .) with f()
unknown, most modelers are content to declare that a function such as

E μf g ¼ eΣ8iβiXi is the model equation.10 What justifies the abandonment of the

quest for the unknown function f() and its replacement by a simple learned-looking

assertion? The best discussion of the topic that I know about is by Lau (1986) who

explains the transition from the unknown f() to the postulation of a specific function.
The transition consists of a series of steps.

The first step in the sequence is to narrow the domain of all possible functions f()
to only those that are linear in parameters.11 This, Lau explains, was done for

historical reasons and for convenience in parameter estimation. With this,

f(X1, X2, . . . , β0, β1, . . .) is replaced by ∑fi(X1, X2, . . .)βi. To restrict the domain

further Lau says that “it is often desirable to be able to identify the effect of each

10 See, e.g., Eq. (2) in Shankar et al. (1995), Eq. (2) in Poch and Mannering (1996), Eq. (3) in Lord

and Bonneson (2007), Eq. (4) in Chiou and Fu (2013), etc.
11 The model Y¼ β0 + β1X1 + β2X2 +� � � is linear in both parameters and variables. The model Y

¼ β0 þ β1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X1 þ X2

p
is linear in parameters but not in variables. The model Y ¼ β0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X
β1
1 þ X

β2
2

q
is

not linear in either parameters or variables.
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independent variable on the dependent variable separately.” (p. 1517).12 With this

∑fi(X1, X2, . . .)βi is replaced by ∑fi(Xi)βi. The next step in the chain of domain

restrictions and function simplifications is to assume that, the function fi(Xi) which

heretofore may have differed from one predictor variable to another is, in fact, the

same function f(Xi) for all predictor variables. This is done “for ease of computation

and interpretation and for aesthetic reasons.” (p. 1517) In this way, after a series of

domain restrictions motivated history, estimation convenience, ease of computa-

tion, and aesthetics, one ends up with E{μ}¼∑f(Xi)βi or some order-preserving

transformation thereof. The last step is to choose something specific for f(Xi). If,

for example, one declares that f(Xi)¼Xi then the linear-additive model

equation obtains. If, in addition, one opts for the order-preserving transformation

ln[E{μ}]¼∑Xiβi then the multiplicative model equation E μf g ¼ eΣ8iβiXi men-

tioned earlier obtains.

Lau notes that such simplified functional forms “may be interpreted as first-order

approximations to any arbitrary function” in the vicinity of a specific point and “that

is one reason why they have such wide currency.” (p. 1517). That is, if one knows

the value of a function and its slope at some point, one can compute its approximate

value at a nearby point. This works well if the slope between the two points is nearly

constant. In road safety one may not assume that the slope of the SPF remains

nearly constant for the usually encountered ranges of traffic flow, sight distance,

sideslope, etc. This is why, in road safety modeling, the approximation argument

does not justify the use of models based on∑Xiβi. Apparently the same is often true

in econometrics about which Lau says that “. . . linear functions, while they may

approximate whatever underlying function reasonably well for small changes in the

independent variables, frequently do not work very well for many others purposes”

(pp. 1517–1518).

Model equations in road safety tend to follow all the aforementioned restrictions

of function domain and of simplification. Commonly used are multiplicative

models made of single-variable building blocks such asE μf g ¼ Segment Lengthð Þ
� β0Xi

β1X2
β2 . . .

� �
or E μf g ¼ Segment Lengthð Þ � eβ0eβ1X1eβ2X2 . . .

� �
. However,

not all the simplifications which, as Lau explains, have historical roots or conve-

nience as justification are still necessary. Even if the multiplicative structure is

retained, not all function in the product need to be the same. Neither do the

functions have to be linear in parameters nor precast as β1X1, β2X2, . . . or X1
β1 ,

X2
β2 , . . . or eX1β1 , eX2β2 , . . .; the functions can take on any form. Accordingly, in

what follows the generic form of (10.1) will be used.

12Why exactly is it desirable to make fi a function of a single predictor variable? According to Lau

doing so allows the parameter βi to be interpreted as a measure of the effect on the dependent

variable of a change in the predictor variable Xi. This convenience-motivated simplification is an

assumption about reality. In road safety it means, e.g., the safety effect of lane widening does not

depend on traffic flow, shoulder design, or any other predictor variable.
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E μf g ¼ β0 � f 1 X1; β1ð Þ � f 2 X2; β2ð Þ � � � � � interaction termsð Þ ð10:1Þ
Here β0 is a scale parameter; f1 is a function of X1, f2 is a function of X2, etc.; β1 is
the set of parameters β1, β2 , . . ., βn in f1, β2 is the set of parameters βn+ 1, βn+ 2, . . .
in f2, etc. In addition, when appropriate, interaction terms consisting of several

variables and parameters will be added.13 This multiplicative model form is still

much more limiting than the general function E{μ}¼ f(X1,X2, . . . , β0, β1, . . .).
14

However, (10.1) liberates modeling from near dogmatic adherence to

E μf g ¼ eΣ8iβiXi and the difficult-to-justify, and largely unnecessary restrictions

which it embodies.

10.4 Trying for a Better Fit

At this point the model equation is Ê μf g ¼ β0 X1
β1X2

β2βTerrainβyear. By the notation

of (10.1), f 1 X1; β1ð Þ ¼ X1
β1 , f 2 X2; β2ð Þ ¼ X2

β2 , f3(Terrain, β3)¼ βTerrain, etc. This
functional form – a product of power functions and its parameters – was to be a

starting point; it was chosen for its simplicity and because the EDA did not allow

for finer distinctions. However, it would be surprising if the complex process that

generated the Colorado data could be well approximated by such a simple expres-

sion. The baseline CURE plots for this model15 are in Fig. 10.3. Indeed, as is

obvious, they are not acceptable. The question is how to improve an inadequate

model equation.

Two problems are manifest in Fig. 10.3. There is a precipitous drop between

points A and B and there is a long decline between points C and D. Different

problems may require different remedies.

10.4.1 Remedy I: A Bump Function for Segment Length

A vertical drop in the CURE plot may conceal an outlier. However, as shown in

Fig. 10.4 the drop between A and B is really an agglomeration of many small

residuals; there are no outliers there. By Table 10.1, in the Colorado data there are

373 segments that are 0.89 and 0.90 miles long and on these the fitted accidents

consistently exceed the observed accidents.

To eliminate the A to B drop one could multiply the Ê μf g in (9.5) by 0.79 when
X1¼ 0.89/19.74 and by 0.73 when X1¼ 0.90/19.74 miles. However, the deliberate

13 The subject of interaction will be discussed in Sect. 10.9.
14 One of the main limitation of the multiplicative model is that road segments are never

homogeneous in their traits. The presence of a narrow bridge, a horizontal curve or of a driveway

affects the safety of only a part of the segment and as such should be accounted for by an addition,

not a multiplication. For discussion see Hauer (2004).
15 Specifically, the fit minimizing ∑jresidualsj from Fig. 9.13 was used.
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Fig. 10.3 Baseline CURE

plots

Fig. 10.4 CURE plot details
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introduction of a discontinuity in the continuous functionX1
β1 may seem objection-

able as we are inclined to think that the response to a continuous variable should be

free of jumps. It would be particularly displeasing to those who see in regressions a

tool for the discovery of causal links. However, the existence of the drop in the

CURE plot merely indicates that segments that are 0.89 and 0.90 miles long are

different in some way from other segments, and that this difference is not accounted

for in the model equation. Were it known what traits sets segments of this length

apart from other segments, and were these traits appropriately represented in the

model equation, there should be no drop in the CURE plot and it would not be

necessary to use multipliers.

Seen in this light the multipliers do not signify an objectionable discontinuity in

an otherwise continuous function and underscores the fact that the assumed contin-

uous function X1
β1 is not some kind of natural law; it is only a compact rule for

computing estimates of E{μ}. That something can be succinctly described by an

algebraic expression does not endow it with the prestige and mystique that goes

with mathematical logic or the rigor of science. Nor does it promise

“transferability” – the applicability of the fitted relationship beyond the data for

which it was obtained.

Instead of applying two multipliers and enshrining a discontinuity in the model

equation, one could apply a continuous patch to a wider region.16 Let XL denote the

lower limit of the range of variable X to which the Bump Function patch is to apply

and XU its upper limit. Define

t � X � XL

XU � XL

when XL < X < XU ð10:2Þ

A convenient bump function (BF) is

BF ¼ 1þ tβBF,1 1� tð ÞβBF,2
h i

when the fitted value is too small and

1� tβBF,1 1� tð ÞβBF,2
h i

when the fitted value is too large,

where βBF,1 > 0 and βBF,2 > 0

ð10:3Þ

How to choose a continuous bump function is shown in Appendix K. Both the

two discrete multipliers and the continuous patch can eliminate the A to B drop.

However, the resulting CURE plot for Segment Length remains unsatisfactory.

Table 10.1 Data near the A to B drop

Segment length

(miles) X1

No. of

segments

Observed

accidents

Fitted

accidents

Observed/

fitted

0.89 0.0451 117 203 257.85 0.79

0.90 0.0456 256 312 429.38 0.73

16 For detail see Appendix K.
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10.4.2 Remedy II: Alternative Functions

The problem with the baseline CURE plot for AADT is that between C and D the

fitted values are too large and to the right of D they are too small. To determine what

correction could be applied the VIEDA methods of Sect. 9.2 can be used to

advantage. How the observed/fitted accidents ratio depends on the normalized

AADT is shown in Fig. 10.5.

The progression of points in Fig. 10.5 suggests that multiplying the power

function X2
β2 by the straight line (1 + β3X2) with β3> 0 might help. This requires

a modification of the corresponding factor in the C-F spreadsheet as is shown in

Fig. 10.6.17

This modification improved the CURE plot substantially. The question is

whether some other function of X2 (�AADT/21,720), one that is not just a modifi-

cation of the power function, would be a better choice. To choose intelligently the

modeler needs to know what various functions look like and how their shape is

affected by changes in their parameters.

Fig. 10.5 Seeking a modification for the X2
β2 function

17 To download these spreadsheets go to http://extras.springer.com/ and enter the ISBN of this

book. Look in the “Spreadsheets” folder for “Chapter 9, Alternative objectives, 13-year panel data,

L, AADT, Terrain, Common scale parameter and Chapter 10 Absolute residuals, Power x Line.xls

or xlsx.”
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10.5 What Equations Look Like

Some can look at a mathematical expression and see the shape of the corresponding

graph in their mind’s eye; they can also envision how the changing of a parameter

alters the function’s shape. Most do not have this skill. For those a “visualization

spreadsheet tool” was created.18 Programmed into this tool are the four “basic” and

three “modifier” functions listed in Table 10.2.

The “basic” functions may represent the dependence of E{μ} on “basic

variables” such as Segment Length and AADT that start at the origin and take on

positive values.19 The “modifier” functions, in contrast, start with the ordinate of

1 at X¼ 0. Multiplying a basic function by the modifier serves two purposes. One is

to add detail to the shape of the “basic” function, the other is to represent the

influence of variables such as “Degree of Curve” or “Lane Width” which modify

(increase or decrease) the E{μ}.

Fig. 10.6 Modifying the “Power” function

18 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chapter 10. The visualization tool.xls or xlsx.”
19 The addition of a positive intercept can raise the entire basic function by a fixed amount.
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For the parameter values in Fig. 10.7 the Visualization Tool Spreadsheet shows

the shapes of the basic functions in Fig. 10.8 and of the modifier functions in

Fig. 10.9. By changing these parameters on the spreadsheet one can observe the

response in the graphs.

Table 10.2 Factors for multiplicative model equations

Basic Modifier

1. Power: Xβ1 5. Exponential: eβ1X

2. Polynomial: β1X + β2X
2 + β3X

3 . . . 6. Linear : 1 + β1X

3. Logistic: 1= 1þ β1e
β2X

� �� 1= 1þ β1ð Þ 7. Quadratic: 1 + β1X+ β2X

4. Weibull: 1� e� X=β1ð Þβ2

Fig. 10.7 Parameters used in Figs. 10.8 and 10.9

Fig. 10.8 Graphs of some basic functions
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Combining three basic and four modifier functions creates 12 potentially useful

“composite” functions. Thus, for example, multiplying the basic¼ power function

by the modifier¼ exponential function yields the Hoerl (1950) composite function

in Fig. 10.10.20

Equipped with this tool and understanding one can make modifications to the

model equation in (9.5) attempting to improve the fit.

Fig. 10.9 Graphs of some modifier functions

20 The Hoerl function is used mainly for curve-fitting. It arises in physics where it represents the

dependence of the strong nuclear force on the distance between particles and, in inverse form, in

the vapor pressure curve. However, here it is not representing any theory. The most that can be said

is that if the embryonic theory in Appendix J has some substance then the Hoerl function could

approximate the general shape which that theory suggests.
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10.6 Trying Various Functions

The functions of X2 tried, along with their parameter estimates are listed in

Table 10.3 and the corresponding graphs are in Fig. 10.11.

Note that up to about X2¼ 0.4 (AADTffi 9,000) the six functions in groups A and

B are practically indistinguishable. Here it makes no difference which function

from this repertoire is chosen. For larger values of X2 the curves diverge such that

within each group of three the estimates of E{μ} are nearly overlapping whereas

between the two groups the differences are practically important.

It is remarkable that functions which are so different in appearance can very

nearly overlap in the range containing more than 90 % of the data segments. This is

also the range where the CURE plot of Fig. 10.3 is deficient; so much for the hope

that one of these alternative functions will remedy this bias-in-fit problem.

Noteworthy is the fact that the six functions in groups A and B all have very

similar log-likelihoods. How then to choose between such functions when they

give substantially different estimates of E{μ}? By extension, in addition to the

few functions tried, there must be many other functions which away from the

origin will yield different estimates of E{μ} and make the data nearly equally

likely. While there is no compelling reason to prefer one such function to another

their estimates of E{μ} can be substantially different. In this and in similar cases

the uncertainty about the estimate of E{μ} is in large part due to the uncertainty

about which of the many alternative functions that could be chosen is the

right one.

Fig. 10.10 Combining basic and modifier functions
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This source of uncertainty is not usually considered when estimating the vari-

ance of Ê μf g. The usual approach is assume that the variance of Ê μf g reflects the

uncertainty surrounding the parameter estimates while the model equation used is

assumed to be the correct one.21 But, unless there is some preexisting theory, the

chosen model equation is not known to be correct and in some cases, perhaps in

most, there are many footloose functions, not one that dominates.

Different functions that fit to the same data almost equally well differ in their

estimates of E{μ}.

This then is yet another consideration which makes model equations footloose.

In Chap. 9 it became evident that using the same data and model equation one could

obtain substantially different estimates of E{μ} just by choosing one objective

function rather than another. Here the footloseness is that of diverse functions

that provide differing estimates of E{μ} having approximately the same likelihood.

The upshot of the multifaceted footloseness is that the accuracy of the estimate of

E{μ} depends not only on the uncertainty inherent in data and in parameter values,

it also depends on the uncertainty about what mathematical expression should

feature in the model equation and what objective functions ought to be used. The

issue of estimate accuracy will be discussed in Chap. 11.

Fig. 10.11 Selected model equations and their graphs

21 See e.g., Wood (2005), Lord (2008), and Lord et al. (2010).
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Curve C in Fig. 10.11 is the power model fitted to only those segments with

average AADT< 3,300 (i.e., X2< 0.15). This curve was added in order to explain

why the CURE plot remained recalcitrant when all data were used, no matter what

function was tried. In the AADT range between 0 and 3,300 curve C fits the data

well. None of the functions fitted to all the data could come as high because of the

influence of data points in the high AADT region. Conversely, when the curve C fit

is extrapolated into the high AADT region – the light dashes – the fit is not good.

Thus, none of the single-equation models tried gave the curve the required shape in

the entire AADT (X2) range. It follows that in the case of the Colorado data set, and

perhaps generally, it is not easy to find a relatively simple function that suits the

data along its entire domain. For this reason, were one of these single-equation

models chosen, it would act as a straightjacket to the SPF and cause bias-in-fit.22

10.7 Parameter Proliferation

There are, of course, many other functions that could be tried. Adding complexity

and parameters might improve the fit. Doing so raises a sticky question: is the

improvement in log-likelihood an indication of genuine progress or is it an artifact

of parameter proliferation?

To explain, it helps to think of a parameter as a control knob which, as it is

turned, changes the shape of the curve. Generally, the more knobs there are to turn

the larger is the range of shapes a curve can take on and the better it can fit to the

data. In the limit, if one used as many parameters as there are data points, all

residuals would be zero; such a “model equation” would not capture any regularity

hidden in the data, it would merely replicate what was observed.

The same issue arose earlier and in a more intuitive form in the context of

nonparametric curve-fitting.23 By choosing a narrow bandwidth one could make the

fitted curve come closer to the data points while choosing a wider bandwidth was

seen to dampen oscillations whereby the distance between the fitted curve and the

data points increased. It was difficult to know what the best choice of bandwidth

is. Similarly, in the present context, one can improve the fit by increasing the

number of parameters but it is difficult to know where parameter inflation and

“overfitting” begins.24

Modelers address the question formally using the Akaike or the Bayesian

“Information Criteria,” the acronyms of which are AIC and BIC. The better

22 See Sect. 4.2.
23 See Sect. 4.3.
24 In SPF modeling when for some subset of units the sum of squared residuals is smaller than the

sum of fitted values, the crash counts are less widely dispersed around the fitted value than what is

consistent with the Poisson distribution; such as model is most likely “overfitted.”
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model is that for which the AIC or the BIC are smaller.25 The AIC is 2(number of

parameters in model)� 2ln(maximized likelihood). According to this criterion it is

worth adding a parameter if doing so increases the natural logarithm of the

maximized likelihood by more than 2.7. The BIC is 2ln(maximized likelihood)

+ (number of parameters in model)ln(number of data points). By this criterion it is

worth adding a parameter if doing so increases the ln(maximized likelihood) by

more than ln(number of data points)/2.

To illustrate, model Eq. (3) in Table 10.3 has one more parameter than model

Eq. (1) and the addition of this parameter increased the log-likelihood from

�25,930.17 to �25,929.72, i.e., by 0.45. The AIC requires an increase by at least

2.7 and the BIC by more than ln(5,323)/2¼ 4.3. In this case one would go with the

simpler model Eq. (1).

10.8 Options and Choices: Terrain Revisited

The question of how a predictor variable should be represented in a model equation

is not as narrow as that of choosing one mathematical function out of many. To

illustrate, in Sect. 9.6 the provisional decision there was to represent Terrain by two

multipliers: βRolling and βMountainous (with βFlat¼ 1).26 Another option for

representing Terrain in the model equation is to fit three separate SPFs, one to

each terrain. In addition, as noted during the EDA,27 it is possible that the influence

of the Terrain predictor variable on the E{μ} depends in some way on both Segment

Length and on AADT. Therefore a third option would be to make βTerrain into a

function of these predictor variables. In short, there are many ways in which the

influence of a predictor variable on the dependent variable can be accommodated in

the SPF and it is up to the modeler to make the choice. To make an informed choice

the ramifications of the various options need to be examined.

10.8.1 Fitting Separate SPFs

To fit a model to each terrain the data in Fig. 9.11 were separated into F, R, or M

spreadsheets. In each such C-F spreadsheet the model equation is Ê μf g ¼ β0 X1
β1

X2
β2 1þ β3X2ð Þ and the ∑jresidualsj was minimized to yield the parameter

estimates in Table 10.4.28

25 The AIC is based on information theory, the amount of information lost when a given model is

used to represent the process that generated the data. The BIC is based on comparing the posterior

probability of the data of models the prior probability of which is assumed to be the same. The BIC

tends to be the more stringent of the two criteria.
26 The current estimates of βRolling and βMountainous are in Fig. 10.6.
27 See Sect. 3.6.
28 To download these spreadsheets go to http://extras.springer.com/ and enter the ISBN of this

book. Look in the “Spreadsheets” folder for “Chap. 10. Flat, Power x Line.xls or xlsx,” “Chap. 10.

Rolling, Power x Line.xls or xlsx” and “Chap. 10. Mountainous, Power x Line.xls or xlsx.”
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The solid curves in Fig. 10.12 are based on the parameters in Table 10.4 and the

dashed curves on the estimates of βRolling and βMountainous in Fig. 10.6. The common

normalized segment length was 0.1 (2 miles). While for mountainous terrain the

two curves are close, for Flat and Rolling terrains the two modeling options produce

substantially different estimates of E{μ}.
One of the differences between these modeling options is in the number of

parameters used. The model Ê μf g ¼ β0 X1
β1X2

β2 1þ β3X2ð ÞβTerrain with βRolling
and βMountainous (βFlat¼ 1) requires 4 + 2 parameters. To fit Ê μf g ¼ β0 X1

β1X2
β2

1þ β3X2ð Þ for each terrain 4� 3 parameters are needed.

The merit of adding or of saving parameters can be quantified in light of the AIC

and BIC discussed in the preceding section. The log-likelihood of the “Common

model�multipliers” in Fig. 10.6 was �26,088. The sum of log-likelihoods in

Table 10.4 is �25,959. Thus the addition six parameters increased log-likelihood

Fig. 10.12 Comparing “Common model�multiplier” versus “Separate models”

Table 10.4 Separate models for Terrain¼ F, R, and M

Terrain Accidents βscale

X1 X2

b Log-likelihoodβ1 β2 β3
Flat 1,882 39.09 1.204 0.889 3.315 47.76 �4,773.7

Rolling 8,563 14.77 0.982 0.574 4.100 103.47 �13,442.4

Mountainous 11,273 39.48 1.070 0.689 3.273 36.86 �7,742.8

Sum �25,958.9
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by 129 which is easily justified by both by both AIC and BIC.29 On this score then

one might prefer the “Separate models” option.

As noted earlier, the “Common model�multipliers” option rests on the assump-

tion that β1, β2, and β3 are the same for all three terrains. There is little reason to

think this to be true.30 Inasmuch as the estimates in Table 10.4 do not support the

assumption, on this score too, the “Separate models” option is more attractive.

While the “Separate models” option has two strikes in its favor, the modeler

cannot yet make the choice because the main question remains unanswered. The

main question is not which option requires fewer parameters, neither which requires

fewer unsupported assumptions, nor which makes the data more likely. When the

focus is on applications31 and the purpose is to produce good estimates of E{μ} the
main question is which SPF will do so.32 The quality of estimates question will be

discussed in Chap. 11.

The CURE plots for mountainous terrain in Fig. 10.13 are based on parameters

estimated by minimizing ∑jresidualsj. The CURE plots for the rolling terrain are

similar. Compared to the baseline CURE plots in Fig. 10.3 the use of separate

models by terrain is a substantial improvement.

The parameter estimates in Table 10.4 (and the CURE plots in Fig. 10.13) are

based on minimizing ∑jresidualsj. For completeness and to facilitate comparison,

the parameters for the mountainous terrain data were also estimated by maximizing

the NM likelihood. Both sets are in Table 10.5 and the corresponding two curves are

compared in Fig. 10.14. Several observations follow.

First, the choice of the objective function is seen to matter but the grounds on

which the choice is to be made are not well defined. By habit and tradition road

safety modelers tend to maximize likelihood. However, if the aim is to predict well

then, as this case suggests, this may not always be the right choice. Those interested

29While both AIC and BIC use the maximized log-likelihood the values in the rightmost column

of Table 10.4 and in Fig. 10.6 are based parameter estimates obtained by minimizing the sum of

absolute residuals. Even so, increase of the log-likelihood of 129 is close to what would obtain if

all parameters were estimated by maximizing likelihood.
30 One might be inclined to conduct a statistical test of significance with the “all-parameters-are-

the-same” assumption as the null hypothesis. This inclination is best resisted. The problem is that

such a statistical test does not answer the question of interest; it does not say what the probability of

the aforementioned assumption to be (approximately) true is. The statistical test only speaks about

the probability of obtaining parameter estimate differences equal to or larger than those in

Table 10.4 if the null hypothesis was true. If this probability is small (say, less than 0.05) then

the “no difference” hypothesis “rejected”; otherwise it is “not rejected.” If the “no difference”

hypothesis is not rejected then, in spite of one’s better judgment, one is stuck with the “no-

difference” hypothesis even though the “yes-difference” hypotheses are more plausible It makes

no common sense to proceed on the basis an un-rejected “no difference” assumption when a “yes-

difference” assumption is better supported by the data. For discussion see, e.g., Edwards (1976,

pp. 179, 180), Harlow et al. (1997), Hauer (1983).
31 See Sect. 1.5.
32 See Sect. 2.3.
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Fig. 10.13 CURE plots for mountainous terrain

Table 10.5 Comparing parameter estimates (Mountainous) for two objective functions

Objective

function βscale

X1 X2

b Log-likelihood ∑jresidualsjβ1 β2 β3
Maximize

likelihood

46.12 0.924 0.739 0.125 35.38 �7,674.0 6,197.9

Minimize

∑jresidualsj
39.48 1.070 0.689 3.273 36.86 �7,742.8 5,955.5

Fig. 10.14 Comparing curves obtained by two objective functions



in the properties of parameter estimates may well continue to maximize likelihood;

those interested in producing good estimates of E{μ} should consider alternative

objective functions.

Second, maximizing or minimizing an objective function was said to be the

Archimedean lever which enables us to estimate parameters. There are several

levers for the modeler to choose from and each places the hypersurface which the

model equation represents in a different position within the same data cloud. This is

another instance of the “footloseness” of model equations noted earlier in Sect. 9.7.

Third, that parameter estimates (such as those in Table 10.5) depend on what the

modeler chooses to minimize or maximize may be found disconcerting. However, it

is disconcerting mainly when the regression equation is used to predict by how

much E{μ} will change when a predictor variable is changed by a specified amount.

In this case one can rightly ask: “Why should the effect of a treatment or of a

manipulation depend on the choice of the objective function?” As noted earlier,33

such uses are to be questioned. It is not disconcerting when the model equation is

used to estimate the average number of injury and fatal accidents for a population of

rural two-lane road segments of a certain length, with a stated AADT, in a given

year, and in a specified terrain of Colorado.

10.8.2 Making bTerrain into a Function of Other Predictor Variables

Early on, during the initial EDA, it appeared that in rolling and mountainous terrain

the association between E{μ} and the Terrain variable may depend on both

Segment Length and AADT.34 Attempting to capture this “interaction,” instead

of the constant βTerrain in Ê μf g ¼ β0 X1
β1X2

β2 1þ β3X2ð ÞβTerrain, the function f3 in
Eq. (10.4) is used.

f 3 Terrain, X1,X2,βð Þ ¼
1 if Flat

βRolling 1þ β4X1 þ β5X2ð Þ if Rolling

βMountainous 1þ β6X1 þ β7X2ð Þ if Mountainous

8<:
ð10:4Þ

The corresponding parameter estimates obtained by maximizing the NM likeli-

hood and by minimizing the ∑jresidualsj are in Fig. 10.15.35

The purpose of this section was to show that there are several distinct ways in

which to include a predictor variable in the model equation. The predictor variable

here was Terrain and it was alternatively represented by:

33 See Sects. 6.7 and 10.2.
34 See Sect. 3.6, Fig. 3.16.
35 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 10. Terrain as a function of X1 and X2.xls or xlsx.”
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(a) Two constants βRolling and βMountainous.

(b) Two functions βRolling(1 + β4X1 + β5X2) and βMountainous(1 + β6X1 + β7X2).
(c) Three separate model equations, one for each terrain.

Option (a) required six parameters, option (b) 10, and option (c) 12. As expected,

the larger was the number of parameters the larger was the log-likelihood and the

lesser was the ∑jresidualsj. The question of which option makes for more accurate

estimates and predictions awaits examination in Chap. 11.

Option (b) is a departure from the multiplicative model in which each factor is a

function of only one predictor variable. To allow for the possibility that the

association between Terrain and E{μ} may not be the same on short and long

segments and/or that it may depend on whether traffic is light or heavy, the

functions in option (b) depends not only on Terrain (through βRolling and

βMountainous) but also on Segment Length (through X1) and on AADT (through X2).

In road safety interactions of this kind are common. One may expect that the

influence of the Lane Width as predictor variable may depend on Shoulder Width

and on whether it is Paved or Unpaved; one can assume that the contribution to

E{μ} of the Radius of Horizontal Curvature is influenced by preceding Frequency

of Curves and Tangent Length; one can anticipate that the effect of Left-Turn

Protection at a traffic signal is a function of the Number of Opposing Lanes and of

Approach Speed, etc. Because in road safety such interactions are of essence, when

the modeler chooses the structure of the model equation thought must be given to

their accommodation. This topic is discussed next.

10.9 Interaction

“An interaction effect is said to exist when the effect of the independent variable on

the dependent variable differs depending on the value of a third variable, called the

moderator variable.” Jaccard and Turrisi (2003). Is the “Terrain” variable subject to

interaction? Is AADT a moderator variable for Terrain?

Fig. 10.15 Terrain as a function of Segment Length and AADT
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When used as a predictor (independent) variable “Terrain” is a proxy for grade,

sight distance, curvature, lane and shoulder width, sideslope, etc., all variables that

are associated with Terrain and thought to affect the probability of accident

occurrence and accident severity. The question is whether the influence on E{μ}
of a variable such as Lane and Shoulder Width (and thereby of Terrain) varies with,

say, AADT. Empirical evidence suggests that the answer is affirmative.36 The same

is likely true for grade, sight distance and other safety-related variables associated

with Terrain. If so, AADT is likely to be a moderator variable for Terrain and the

modeler ought to allow for this interaction when shaping the model equation.

The narrow question is whether the three options for incorporating Terrain into the

model equation discussed earlier can capture the AADT–Terrain interaction. Option

(a) clearly does not do so; the two multiplier-constants βRolling and βMountainous are the

same irrespective of what AADT is. Option (b) is a deliberate and seemingly sensible

attempt to capture that interaction; whether it succeeds will be examined below.

Option (c) appears capable of expressing the interaction. The three solid curves in

Fig. 10.12 each depend on AADT in a somewhat different manner and therefore their

ratio will be a function of AADT. Whether a function obtained in this manner is more

than a arbitrary by-product of curve-fitting will be discussed.

The broader question is how to provide for interaction when the modeler is

shaping the f() in E{μ}¼ f(X1,X2, . . . , β0, β1, . . .). As noted earlier, not much has

been written on the general task of how to come up with a good f(). Guidance on the
sub-task of capturing interactions in multivariable regression models is even

sparser.

In road safety modeling there are two main traditions for obtaining the algebraic

expressions which describe how E{μ} depends on predictor variables. The econo-

metric tradition is to examine “elasticity,”37 i.e., the percent change in E{μ} due to
1 % change in Xi. The road safety management tradition is to examine the Crash

Modification Function (CMF), i.e., the ratio E{μjXi,a}/E{μjXi,b}. Both traditions

invoke the “ceteris paribus” assumption; namely they examine the change in E{μ}
when only the level of Xi changes from “b” (connoting “before”) to “a” (connoting

“after”) while all else remains unchanged.

Section 10.3 describes the sequence of (unconvincing) arguments by which the

general model equation E{μ}¼ f(X1,X2, . . . , β0, β1, . . .) was whittled down to the

simplified E μf g ¼ eΣ8iβiXi which is now widely used in road safety modeling. In

this book, so far, the less restrictive E{μ}¼ β0f1(X1,β1)f2(X2,β2) . . . form was used.

However, even this less restrictive family of model equations still retains two basic

traits: (a) it is a product of factors and (b) each factor is a function on one

variable only.

36 Thus, e.g., having a 100 lane on a rural two-lane road instead of a 120 lane is expected to increase
the number of accidents by a factor of 1.3 when AADT¼ 2,000 and by a factor of 1.11 when

AADT¼ 1,000 (AASHTO 2010, Figs. 13.1 and 13.5).
37 For the general model equation E{μ}¼ f(X1, X2, . . . , β0, β1, . . .), the elasticity of function f with

respect to variable Xi is defined as εf ,Xi
� ∂f

∂Xi

Xi

f .
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Contrary to common belief,38 model equations of this family cannot possibly

accommodate interaction.39 Whatever the functions f1, f2, . . . , be they simple (as in

eΣ8iβiXi) or more complicated, the corresponding expression for elasticity is always

a function of one variable only and the corresponding CMF is never a function of

moderator variables.

A model equation that is a product of single variable factors cannot accom-

modate interaction and cannot be a source of CMFs that are a function of

other variables.

This negative conclusion is important. It should diminish the waste of time and

resources in the pursuit of an illusion. After all, it is clear that Shoulder Width is a

moderator for Lane Width, Tangent Length for Degree of Curve, Sight Distance for

Pavement Friction, etc. Because interaction is omnipresent in the real world of road

safety, continued reliance on model equations that are products of single-variable

factors appears to be folly.

The positive aspect of the same conclusion should motivate the pursuit of means

by which interaction can be incorporated into model equations.40 The first step is

already clear: for a factor in a multiplicative model to accommodate interaction, it

must be a function of the relevant moderator variables. The next step is to ask what

form this function should take.

The Jaccard and Turrisi (2003) book from which the opening quote was taken is

about interaction in additive linear regression models. The authors show, for

example, that if Y¼ β1X1 + β2X2, and if X2 is a moderator variable that affects β1
through β1¼ α0 + α1X2, then the model equation changes into

Y¼ α0X1 + β2X2 + α1X1X2. That is, β1 changes to α0 and the interaction between

X1 and X2 is captured by adding the product term α1X1X2 to the right hand side.41

Road safety models are multiplicative (not additive) and functions representing

predictor variables are not of the simple βiXi form. The question is by what

algebraic expression to represent interaction in such models. Consider, for example,

the multiplicative model Y ¼ β0 � X1
β1 � X2

β2 in which X2 is a moderator variable

that affects β1 through β1¼ α0 + α1X2. As shown in Appendix M, to accommodate

this interaction the model has to be Y ¼ β0 � X1
α0 � X2

β2 � X1
α1X2 .

38 Thus, e.g., Chen and Persaud (2014, p. 132) assert that in their model equation E μf g ¼ β0
AADTβ1 eβ2X2 eβ3X3 . . . the factors eβ2X2 , eβ3X3 , . . . “are technically CM-Functions” for the X2,

X3, . . . Since theirs is a multiplicative model equation in which each factor is a function of only one

predictor variable, as shown in Appendix L, the assertion is open to question.
39 See Appendix L.
40Whether CMFs obtained from such model equations can be trusted is a different question as

discussed in Sect. 6.7.
41 For detail see Appendix M.
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Some general conclusions follow. First, if the influence of predictor variable Xi

on E{μ} depends on the value of moderator variable Xm then, for the model

equation to accommodate this interaction one has to add a new “interaction factor”

which is a function of both Xi and Xm. Second, the form of the interaction factor is

not always the same; in one circumstance the term α1X1X2 was added to the model

equation, in another circumstance X1
α1X2 multiplied the model equation. The

interaction terms depends on the function by which Xi alone was assumed to

influence E{μ} and the manner in which Xm is assumed to influence this function.

Third, the addition to the model equation of the interaction factor will change the

parameters in the function by which Xi alone was assumed to influence E{μ}.
The above procedure for structuring model equations that can accommodate

interactions has attained a degree of formalization under the rubric of Hierarchical

(or alternatively, Multilevel) modeling.42 At the first level is the original

E{μ}¼ β0f1(X1,β1)f2(X2, β2) . . . – the product of single-variable factors. The

equations by which the parameters vectors β1, β2, . . . depend on the predictor

variables X1,X2, . . . constitute the second level of the hierarchy. Substituting for

the βs in the first level the equations from the second level makes some factors into

a function of several variables and thereby accounts for interaction.

Option (b) in Sect. 10.8.2 for the addition of the Terrain variable is an illustra-

tion. Here the βRolling and βMountainous were replaced by βRolling(1 + β4X1 + β5X2) and

by βMountainous(1 + β6X1 + β7X2). If the linear relationships well represent the influ-

ence of the moderator variables X1 and X2 then, as shown in Appendix M, this

option is satisfactory.

The third option mentioned there (Option c) was to extract interaction from

separately estimated models. Thus, for example, using the parameters from

Table 10.4 in Ê μf g ¼ β0 X1
β1X2

β2 1þ β3X2ð Þ the estimate of the E{μMountainous}/

E{μRolling} is 2:67X
0:088
1 X0:115

2
1þ3:273X2

1þ4:100X2
. This function is an automatic by-product of

the model equation chosen earlier. Had a different model equation been chosen or

different objective function optimized, a different result would obtain. Because

the chosen model equation is so footloose, the function representing the

E{μMountainous}/E{μRolling} ratio is also uncertain. The main weak point of option

(c) is that it requires neither insight into nor deliberation about what the moderator

variables are and how they might be expressed in the model equation. Before such

deus-ex-machina results can be trusted, more research is required.43

42 See, e.g., Chen and Persaud (2014, Sect. 4).
43 In this specific case it produces suspicious results for low-volume short road segments. Thus,

e.g., for a 0.2 miles long segment with AADT¼ 100 it predicts fewer accident in mountainous than

in rolling terrain.

10.9 Interaction 189



10.10 Summary

The question was how to shape the f() in E{μ}¼ f(X1,X2, . . . , β0, β1, . . .); this was
said to be the holy grail of modeling, the promise of good predictions, and the

condition for cause-effect interpretations. That on so central an issue there is so

little guidance is vexing. One can lean mostly on the broken reeds of habit,

convention (much of it groundless), goodness-of-fit, and parameter parsimony.

To show how elusive f() can be a story was concocted: A researcher is given

good data to determine how Y depends on X1 and X2. Based on an EDA the

researcher fits a model equation which does an excellent job of predicting what

Y would be, on the average, when the magnitudes of X1 and X2 are given. The same

model and therefore also the researcher fail badly when predicting what change in

Y is caused by a change in X1 or X2. This is so because, based on an EDA, the

researcher assumed that f() is β0 + β1X1 + β2X2 when, in fact it was X
β1
1 þ X

β2
2

� 
β3
.

With plentiful and good data the regression did not find the Pythagoras theorem.

The main moral is that you do not have to have the right f() in order to estimate Y,
but that having the right f() is essential if you want to predict the effect of

manipulation, intervention, and change.

Why are so many modelers content to just state that E μf g ¼ eΣβiXi is the model

equation? I found no good answer to this question. The manner in which the general

expression E{μ}¼ f(X1, X2, . . . , β0, β1, . . .) was whittled down to a product of

simple identical functions is replete with questionable simplifications. The resulting

simple log-linear structure is not likely to well represent the complexity of the

process by which variables combine to generate accidents. Removing some of the

inessential simplifications the more flexible structure E{μ}¼ β0� f1(X1, β1)�
f2(X2, β2)� � � � � (interaction terms) was adopted for further modeling. While

this f() is still a product of factors, the functions f1, f2, . . . can be complex and differ

from one variable to another.

At the end of Chap. 9, with f() the simple power function and Segment Length,

AADT and Terrain the predictor variables, the CURE plots were very poor. The

question was how to improve the inadequate model equation. Two remedies were

tried. One was to apply “bump functions” to some region of the prediction variable,

the other was to substitute alternative functions for the power model. These

modifications and explorations were simple to implement in the C-F spreadsheet

and improved the CURE plots substantially.

To make the transition from a graph that shows some data-based regularity to a

mathematical function that can represent it, one has to know what functions look

like. A spreadsheet tool was created for this purpose and its uses were described.

Equipped with the ability to visualize the shape of functions and how they respond

to change in parameters, several such functions were fit to the Colorado data.

Function that in their algebraic form look very different were found to be nearly

congruent near the origin but away from the origin they could give very different

estimates of E{μ}. None of the functions tried fitted the data well throughout its
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entire domain; every such function, if used, would cause bias-in fit in a part of the

domain.

By increasing the complexity of function and the number of their parameters one

can increase likelihood. The question is how much of an increase in likelihood

justifies the addition of a parameter. Guidance was provided in terms of the Akaike

and Bayesian Information Criteria.

To this point the question of how to shape f() was construed narrowly as that of

choosing the algebraic expression for the functions f1, f2, . . . in

E{μ}¼ β0� f1(X1,β1)� f2(X2,β2)� � � � � (interaction terms). But the question of

how to represent a variable in the model equation is broader than that. Thus, for

example, Terrain could be represented either by two multiplicative constants, or by

two functions of Segment Length and AADT, or by fitting separate models to data

from each terrain. These options were examined in detail and their strengths and

weaknesses discussed. It became obvious is that the fit of the model and the

estimates and predictions of E{μ} depend crucially on what the modeler chooses

to minimize of maximize. With the data at hand, minimizing the sum of absolute

residuals seems to outperform the maximization of likelihood.

Another key element of shaping f() is enabling it to represent “interaction” when
present. Interaction exists when effect on E{μ} of a predictor variable depends on

the value of another, a “moderator” variable. In road safety interaction is omnipres-

ent; the effect of Lane Width depends on Shoulder Width, of Horizontal Curvature

on Tangent Length, etc. As it turns out, a model equation that is a product of single

variable factors cannot accommodate interaction. When interaction is present the

corresponding factor must be a function of the moderator variables. How this is to

be done was explained.

The several improvements to the f() of the Colorado SPF led to CURE plots that

are respectable. However, some of the modeling choices made were based on

secondary considerations. The primary consideration, that of the estimate accuracy,

is the subject of the next chapter.
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Accuracies 11

Abstract

While estimate accuracy is the touchstone for many modeling choices and

decisions, its determination is difficult. The difficulty is not technical but con-

ceptual. In this chapter the accuracy of estimates is determined by simulation.

The simulation code has been used to examine several issues: how estimate

accuracy is affected by the addition of the Terrain variable, how the variance of

AADT estimates influences estimate accuracies, and what is the effect on

accuracy of using fewer years of data.

11.1 Considerations

A good SPF is one that produces accurate estimates of E{μ} and small σ{μ}’s. The

matter of Ê μf g accuracy arose earlier and was seen to be the key to several

modeling decisions. Already in Chap. 21 it was recognized that when Ê μf g helps

to estimate the μ of a unit, the V Ê μf g� �
is one of two elements determining the

V μ̂f g. Later, in Chap. 9, when discussion revolved around the question of whether

a variable should be added to the model equation, the decision could not be made

without knowing by how much doing so will increase the V Ê μf g� �
. In Chap. 10,

where the question was how to choose the model equation and whether increasing

the number of required parameters is worthwhile, the answer again required

knowing how adding parameters affects V Ê μf g� �
. The discussion of “accuracies”

was postponed till this chapter, till when it became clear how the estimates which

the SPF produces depend on the many modeling choices, decisions, and

assumptions.

1 See (2.2).
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The inaccuracy of Ê μf g is usually attributed entirely to the uncertainty about the
parameters of the model equation2 and the latter is assumed to be solely due to the

“statistical inaccuracy”3 – that inaccuracy which stems mainly from the

randomness of accident counts. There are, however, other important sources of

uncertainty about Ê μf g ; those due to the lack of clarity about what objective

function to use, those due to the footlessness of the functions selected to be the

model equation, and those due to the absence of safety-related variables from the

model equation.4 These causes of “modeling inaccuracy,” while present, are diffi-

cult to account for in some quantitative way. The reason is that one cannot

meaningfully speak of the probability of an objective function being right, of the

chance that some functional form of the model equation is the correct one, or of the

bias due to the absence from the model equation of some safety-related variable.

The upshot is that the estimate of V Ê μf g� �
is a conditional one; it would be

appropriate if the objective function was clearly the right one, if the model equation

was truly behind the process that generated accidents counts, if there were no

variables absent from the model equation, etc. As none of this is true, this condi-

tional and partial estimate ofV Ê μf g� �
is too small, perhaps very much so. This is a

major shortcoming. The most that can be done about this blemish at present is to

declare it.5

One would like to makeV Ê μf g� �
into a touchstone that helps to make modeling

decisions. Thus, for example, one would like to determine which of two alternative

model equations makes V Ê μf g� �
smaller. The problem is that the magnitude of

V Ê μf g� �
can be determined only when a specific model equation is assumed to be

the right one and therefore the choice between alternatives remains indeterminate.

Only the conditional and incomplete V Ê μf g� �
can be estimated and this can be

done in several ways. Since the source of the V Ê μf g� �
is assumed to be only

the inaccuracy of parameter estimates, when least squares are used to estimate the

parameters then its estimate comes from the variance-covariance matrix of the

predictor variables. When likelihood is maximized the inverse of the Fisher Infor-

mation Matrix is used for this purpose.6 In what follows the V Ê μf g� �
will be

determined by simulation. The advantages of simulation are several. First, in a

simulation one can represent all sources of statistical inaccuracy, including the

“error in variables.” Thus, for example, as will be shown, it is simple to account for

the inaccuracy inherent in the estimates of AADT. Second, one is not limited

2 See e.g., Wood (2005).
3 See Sect. 6.6.1.
4 These were called “modeling uncertainty” and discussed in Sect. 6.6.2.
5Mathematical deductions and the resulting expressions tend to impress by their rigor. However,

when the premises of these deductions are assumptions, the results are conditional; they apply to

the extent that the assumptions approximate reality. This is why assumptions made have to be

stated explicitly and why they deserve the modeler’s attention.
6 See Sects. 6.6.1 and 8.2.
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to parameter estimation by least squares or by maximum likelihood; one can

estimate the accuracy of Ê μf g no matter what the objective function is. In this

chapter V Ê μf g� �
will be estimated when the sum of absolute residuals is

minimized. Third, the simulation approach is explicit; it is clear what is being

assumed and what the sources of uncertainty are. There is no need to rely on matrix

inversion or on second order partial derivatives, constructs that are not transparent

to intuition. As will be shown, the simulation code is organically coupled with the

C-F spreadsheet. The VBA7 code generates the data which the Solver then uses to

find parameters and to compute fitted values. The main disadvantage of simulation

is that, at present, the VBA code requires adaptation to specific circumstances and

therefore, to be of use, some facility with VBA programming is a prerequisite.

11.2 The Simulation Idea

The idea of determining accuracies by simulation is best explained in the context of

an illustration. To begin simply, suppose that the model equation is Ê μf g ¼
β0X1

β1X2
β2 , that the data are those in Fig. 9.11, and that parameters are estimated

by minimizing ∑|residuals|. These elements are shown in Fig. 11.1. The fitted

values in that figure are the yearly estimates of E{μ}. The question is what their

standard error is.

Now the essence of the simulation idea can be described. Consider a population

of road segments8 with the same X1 and X2 as Segment 1. Suppose that the true sum

of E{μ}’s in this imagined population was indeed 0.17 accidents in 1986–1998 and

that the true b was 41.70. If so, the variance of ∑μ in this imagined population is

V{∑μ}¼ (∑E{μ})2/ bX1ð Þ¼ 0.172/(41.7� 0.076). These∑E{μ} and V{∑μ} define
a Gamma distribution of ∑μ’s. In the simulation the ∑μ for this road segment will

be randomly generated from that Gamma distribution. The μ in year y will then be

computed as (∑μ)� (Fitted value in year y)/(Sum of fitted values). Using the yearly

μ’s the number of accidents in each year will be generated from a Poisson distribu-

tion. The same will be done for all 5,323 segments. Using the new 13� 5,323

matrix of newly generated accident counts, the parameters of the model equation

will be reestimated and new fitted values obtained. The entire process is then

repeated several times. Each such simulation “run” yields a new set of parameter

estimates and fitted values. Using these, as will be shown, the variances of interest

can be estimated.

The paragraph above presents the basic idea. The point of departure is the fitted

values which are taken to be the true E{μ}’s of an imagined populations. The sum

of these, ∑E{μ}, jointly with the parameter b , yields the V{∑μ}. Next, a ∑μ is

randomly generated from the Gamma distribution the moments of which are

7Visual basic for applications.
8 See Sect. 1.2.
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∑E{μ} and V{∑μ}. The μ’s for all years are then prorated. Using these yearly μ’s,
accident counts are randomly generated from the Poisson distribution. Based on

these new accident counts Solver obtains new parameter estimates and new fitted

values. Repeating such simulation runs several times, sample variances of both

parameters and fitted values interest can be computed. How this is done is

shown next.

11.3 The Idea Executed

Here the simulation idea will be implemented using a C-F spreadsheet with the

Colorado data and Ê μf g ¼ β0X1
β1X2

β2 as the model equation.9 On the spreadsheet

there is a “command button” which activates the simulation code. To begin, the

spreadsheet will be used to determine the standard errors of Ê μf g and of the

parameter estimates. Next the effect on these standard errors of adding the Terrain

variable will be examined. Following that, the contribution to the standard errors of

inaccuracies in AADT will be quantified. Finally some study design issues will be

explored.

Fig. 11.1 Fitted values and parameter estimates

9 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 11. Simulation with X1 and X2.xls or xlsm.”
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11.3.1 Determining Standard Errors

The simulation was run ten times. The estimates of ∑E{μ} produced by the

simulation for the first five road segments are in columns G to P of Fig. 11.2.

Thus, for example, for Segment 1 for which the true ∑E{μ} was taken to be

0.17 accidents in 13 years, the simulation runs produced ∑E{μ} estimates of

0.14, 0.16, . . ., 0.17. For this segment the square root of the average squared

difference around the 0.17, the standard error, is σ̂ ΣÊ μf g� � ¼ 0:013 accidents in

13 years; for Segment 2 it is 0.031, and so on.

The relationship between the true ∑E{μ}’s in column F and the standard

errors in column Q for all 5,323 segments is depicted in Fig. 11.3. The solid line

is a fitted Hoerl curve10. The limitations noted in Sect. 11.1 apply. Namely, that the

ordinate would be a valid estimate of the standard error of the estimate of∑E{μ} if

Ê μf g ¼ β0X1
β1X2

β2 was the right model equation, if no safety-related variables

Fig. 11.2 Simulated estimates of ∑E{μ}

Fig. 11.3 The standard deviation of the estimate of E{μ}

10 σ̂ ΣÊ μf g� � ¼ 0:0685 ΣE μf gð Þ0:878exp 0:0078ΣE μf gð Þ.
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were missing from it, and if minimizing ∑|residuals| was the correct objective for

parameter estimation.

Thus, for example, for a population of segments expected to have 50 accidents

during the 13 years period 1986–1998 the standard error of the estimate of ∑E{μ}
is �3.14. Expressed as a yearly average, for a population of segments with

50/13¼ 3.85 accidents/year the standard error is �3.14/13¼�0.24 accidents/year.

Each simulation run produced also a set of parameter estimates from which their

standard error was computed. The statistical accuracies11 of the estimates of β1 and
β2 for this model equation are listed in the usual manner12 in the first row of

Table 11.1.

11.3.2 How Accuracy Is Affected by the Addition
of the Terrain Variable

In Chap. 9, when discussing the question of when to add a variable, the issue of

whether the “sufficient condition” is met was left unresolved. To meet the sufficient

condition one had to show that by adding a variable the bias-in-use was reduced by

more than the standard error of Ê μf gwas increased. But the means to estimate this

standard error were not available. The change in the standard error of Ê μf g due to
the addition of the Terrain variable can now be determined.

One option for adding Terrain into the model equation was13 to multiply Ê μf g
¼ β0X1

β1X2
β2 by βTerrain. Simulation showed that the addition of this variable left

the accuracy with which the E{μ}’s are estimated virtually unchanged.14 It follows

that, since adding the terrain variable reduces bias-in-use while V Ê μf g� �
is hardly

increased, the sufficient condition for adding Terrain is met.15 The statistical

uncertainty surrounding the parameter estimates for the “with-Terrain” model as

determined by simulation is shown in the second row of Table 11.1.

Table 11.1 Parameter estimates and their standard error

β1 β2 βRolling βMountainous

1. Ê μf g ¼ β0X1
β1X2

β2 1.115� 0.061 1.033� 0.030

2. Ê μf g ¼
β0X1

β1X2
β2βTerrain

1.028� 0.027 0.947� 0.023 1.595� 0.018 2.375� 0.026

11 See Sect. 6.6.
12 The �one standard error notation is common in the experimental sciences and in engineering.
13 See Sect. 9.6.
14 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 11. Simulation X1, X2 and Terrain.xls or xlsm.”
15 See Sect. 9.1.2.
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11.3.3 How Accuracy Is Affected by the AADT “Error in Variables”

The X2 variable in the model equations is the normalized AADT. The AADT data

are based on short-term traffic counts conducted during few days of the year once

every few years. These counts are then “factored-up” to a year taking into account

the specific hours of day and days of year of the short-term traffic count. The record

at some permanent counting station where traffic is counted throughout the year and

which is thought representative of that road segment is used for this purpose. These

factored-up AADT estimates are then interpolated for years in which there was no

short-term traffic count.

Naturally the AADT data are subject to considerable uncertainty. How large the

uncertainty is depends on the details of jurisdiction-specific practices. Simulation

was used to examine the effect of this “error-in-variable” on the accuracy with

which E{μ} is estimated.16 The assumption was that the AADTs are drawn from a

Gamma distribution the mean of which is that of the Colorado data17, and the

standard deviation of which is once 10 % and another time 30 % of that mean. The

results are summarized in Fig. 11.4.

Thus, the uncertainty surrounding the AADT estimates has a substantive effect

on the accuracy with which the E{μ} is estimated.

What the simulation says about how the accuracy of parameter estimates

depends on the inaccuracy of AADT is shown in Table 11.2. Surprisingly, the

inaccuracy of AADT does not seem to have a large adverse effect on the standard

error of parameter estimates.

Fig. 11.4 The effect of AADT “error in variables”

16 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 11. Simulation, Error in AADT.xls or xlsm.”
17 See Fig. 3.1.
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11.3.4 Study Design

The question often arises how much data is needed to develop a satisfactory SPF.

When the focus is on practical applications18 the response is in terms of the

accuracy of Ê μf g and the magnitude of σ{μ}. When the focus is on research one

is interested in the accuracy of the parameter estimates.

The data used throughout the book pertains to 5,323 Colorado two-lane rural road

segments totaling 6,029 miles, on which, during the 13 years between 1986 and

1998, 21,718 Injury & Fatal occurred. Is this an overkill? One can ask, e.g., how

large would be the standard error of the estimates of E{μ} or of the β’s if, say, only
3 years of data were used. These are the kinds of questions that arise when the

development of an SPF is first planned. Simulation can be used to answer. Here the

task is to determine the standard error of Ê μf g if the most recent 1, 3, or 5 years of

data were used instead of all 13. The model equation was Ê μf g ¼ β0X1
β1X2

β2βTerrain
and σ{AADT}¼ 0.1�Mean{AADT} was used. The results are in Fig. 11.5.19

Table 11.2 Parameter estimates and their standard error for Ê mf g ¼ b0X1
b1X2

b2bTerrain

β1 β2 βRolling βMountainous

1. σ{AADT}¼ 0 1.028� 0.027 0.947� 0.023 1.595� 0.018 2.375� 0.026

2. σ{AADT}¼
0.1�Mean{AADT}

1.064� 0.028 0.950� 0.023 1.611� 0.018 2.346� 0.026

3. σ{AADT}¼
0.3�Mean{AADT}

1.071� 0.098 0.949� 0.106 1.604� 0.020 2.364� 0.080

Fig. 11.5 The standard error of Ê μf g vs. data years or number of accidents

18 See Sect. 1.5.
19 To download this spreadsheet go to http://extras.springer.com/ and enter the ISBN of this book.

Look in the “Spreadsheets” folder for “Chap. 11. Simulation, Years of data.xls or xlsm”
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Thus, for example, with 5,559 accidents in the most recent 3 years of Colorado

data, for a population of sites where the average is 10 accidents/year, the standard

error of the estimate of E{μ} which the model produces is about �1.75. The

standard proviso is that this would be a valid estimate if

Ê μf g ¼ β0X1
β1X2

β2βTerrain was the right model equation, if no safety-related

variables were missing from it, and if minimizing ∑|residuals| was the correct

objective for parameter estimation.

How the accuracy of parameter estimates depends on the number of accidents in

the data is shown in Table 11.3.

11.4 Summary

The “goodness” of an estimate is not measured by its fit to data; it is measured by

how close it is to the real value. Since the aim of SPF modeling is to produce good

estimates, estimate accuracy is the touchstone for modeling choices and decisions.

The problem is that in regressions of this kind the determination of estimate

accuracy is problematic. The difficulty is conceptual. Accuracy can be quantified

only in a conditional manner; that is, we can say what would be if some conditions

held. The conditions are that: (a) the model equation used is the right one, (b) the

objective function that is optimized returns the right parameter estimates, and (c) no

important safety-related predictor variables are missing from the model equation.

Not only are these conditions not met, these are some of the key modeling decisions

which the determination of estimate accuracy should help us to make. It follows

that such a conditional estimate of accuracy is overly optimistic and that its very

conditionality begs the question: How can one use estimation accuracy to decide

between competing model equations or objective functions if that accuracy depends

on the model equation or objective function assumed to be correct?

In this chapter this conditional accuracy was determined by simulation. The

main idea was to assume that the results of modeling are the true values and then to

use realistic and explicit mechanisms for introducing randomness into data. Thus,

for example, μ’s were assumed to come from a Gamma distribution, accident

Table 11.3 Parameter estimates and their standard errors

β1 β2 βRolling βMountainous

1998, 1 year,

1,850 accidents

1.435� 0.063 1.261� 0.049 4.057� 2.669 7.952� 5.336

1996–1998, 3 years,

5,559 accidents

1.163� 0.044 1.104� 0.073 1.865� 0.247 3.112� 0.500

1994–1998, 5 years,

9,229 accidents

1.171� 0.047 1.083� 0.053 1.418� 0.141 2.253� 0.211

1986–1998, 13 years,

21,718 accidents

1.064� 0.027 0.950� 0.023 1.611� 0.018 2.346� 0.026
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counts from a Poisson, AADT estimates were assumed to have a stated variance,

etc. Data generated in this manner were then used in the C-F spreadsheet to give rise

to new estimates of E{μ}, σ{μ}, and model parameters. From the results of few such

simulation runs, the standard error of estimates could be ascertained.

The VBA simulation code has been used to examine several issues: how

accuracy is affected by the addition of a variable, how the variance of AADT

estimates influences the accuracy of Ê μf g, and what is the effect on that accuracy of
using fewer years of data.
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Closure 12

I set out in pursuit of two objectives: to show how to develop Safety Performance

Functions using only a common spreadsheet and to lay the foundations for an

understanding of statistical regression modeling in road safety. I hope that progress

has been made towards both goals.

When the suggestion that a lowly spreadsheet can be used to advantage was first

made it may have seemed outlandish. But by now it is evident that the tool fits the

aims. The art of modeling is best presented with all its elements in plain sight and

the spreadsheet is an admirable environment in this way. The modeler has to make

choices that require insight and understanding and the construction of the C-F

spreadsheet relies on such an understanding and promotes it. After all, it is

“Cogito,” not “Computo ergo sum.”1

The most common aspiration of modelers is to develop SPFs that allow one to

say by how much the E{μ} might change if by some manipulation one changed the

value of a predictor variable. I (and many others) doubt that regression models

based on observational cross-section data can deliver such goods.2 This is why I

settled for the modest and largely uncontroversial aim of developing SPFs that

provide good estimates of the E{μ} and σ{μ}. This election shaped the modeling

approach to a surprising extent. The main consequence was a shift of attention from

the plumage to the bird; from preoccupation with the parameters to the quality of

the dependent variable.

For didactic purposes, the chapter topics were a succession of building blocks,

each dealing with a specific subject matter: how to do an EDA, how to fit a function

to data, how to examine the quality of a fit, etc. These subjects occasionally required

the introduction of a tool: the Pivot Table for EDA, the SOLVER for parametric

curve-fitting, the CURE plot for fit quality. It is my hope that, taken together, the

1 The Latin phrase cogito ergo sum (I think, therefore I am) is a philosophical proposition by René

Descartes.
2 For reasons see Sects. 6.7 and 10.2.

# Springer International Publishing Switzerland 2015
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building blocks and the tools amount to a coherent guide to the art and practice of

SPF development.

As construed here, modeling is not of a once-through process in which, once the

data are assembled, the rest is up to some comprehensive and automated software.

The picture painted is of a modeler who has to make choices: what to optimize,

what variables to use, by what functions to represent their influence, how to purge

bias from fits, etc. If this modeling process was pictured as made up of sequentially

ordered activities, it might be this: a variable is considered for introduction into the

model equation! the function by which its influence is accounted for is

chosen! the parameters of the function are estimated! the resulting CURE

plots are examined! alternative functions that could improve the CURE plots

are tested. These activities make for one turn of the modeling spiral in Fig. 12.1.

The next cycle begins by considering the introduction of another variable. Occa-

sionally, as in the “snakes-and-ladders” game one has to go back a turn or two to try

another option or correct a misstep. The spiral has no natural end. The process

reaches its end when all available data has been used and when no opportunity for

improvement is evident.

Modeling is seen as a sequence of choices; choice involves consideration; and

consideration requires on understanding. This book with all its warts is a witness to

my incomplete understanding. I hope that the right issues were raised even when the

right answers could not always be given. I also hope that this unconventional view

of regression modeling will prompt others to search for better ways.

Fig. 12.1 A schematic representation of the modeling process
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Appendices

The appendices contain various materials mentioned in the main text and about

which the interested reader may want to have more detail.

Appendix A: Accident Counts on a Unit: The Poisson Assumption

The common assumption is that accident counts for an unchanging unit are approx-

imately Poisson distributed. That this is a serviceable approximation has been

assumed for a long time.1 The use of the Poisson distribution for accident counts

may have started with L. von Bortkiewitcz2 who had data about the number of

deaths by horse-kick in ten Prussian army corps over 20 years. When comparing the

number of years with 0, 1, . . ., 5 deaths to the number predicted by the Poisson

distribution the fit was remarkably good.3

There have been attempts to examine whether road accident counts actually

obey the Poisson distribution.4 A time series of yearly accident counts for 35 urban

intersections served as data. The original analysis led to the conclusion that there

are grounds for doubting the general validity of the Poisson assumption. However,

when the data were later re-analyzed using a better statistical test the conclusion

was that “there is little (if any) justification for rejecting the Poisson distribution.”

The time-honored assumption that accident counts obey the Poisson distribution

is impossible to refute by data. The reason is that to examine whether a set of

accident counts fits the Poisson distribution, one would need many counts which all

materialized while the same mean number of accidents per unit of time (λ)
prevailed. However, on real transportation systems the conditions that determine

the λ change over time. Therefore, support for the conjecture that accident counts

1 See, e.g., Gerlough (1955).
2 Von Bortkiewitcz (1898).
3 There were later claims, perhaps unfounded, that the data has been censored to improve the fit.

But the essential reason for the good fit was that the numbers were small and the variation in the

mean (λ) from year-to-year and from one army corps to another was small (Quine and Seneta

1987).
4 Nicholson (1985, 1986) and Nicholson and Wong (1993).

# Springer International Publishing Switzerland 2015

E. Hauer, The Art of Regression Modeling in Road Safety,
DOI 10.1007/978-3-319-12529-9
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are Poisson distributed must come mainly from the conviction that if λ did remain

constant then the nature of the accident generation process would approximate the

conditions which, by logical necessity, give rise to the Poisson distribution. That

this is a reasonable conviction to hold is argued below.

Imagine a period of time during which all factors affecting the safety of some

unit (traffic flow, weather, geometry, traffic control, road user demography, etc.) as

well as the factors affecting the reporting of accidents remained nearly constant. If

so the mean number of reported accidents per unit of time, λ would be constant.5

Imagine further that this time period is finely divided (as in Fig. A.1) so that within

each subdivision of duration Δt the probability of one accident is λΔt and the

probability of more than one accident within Δt is negligibly small.6

To illustrate, consider an intersection where the mean accident frequency λ is

0.006 accidents/h. If Δt¼ 1 min, the probability of an accident in Δt is 0.006/

60¼ 10�4. Were the occurrence and reporting of one accident entirely independent

of the occurrence or nonoccurrence and reporting of another, the chance of two

accidents occurring in the same minute would be 1� 10�8 or once in about

200 years. If our interest is in the distribution of the monthly or yearly accident

counts, the neglect of one accident in 200 years is immaterial for all practical

purposes. Even if the assumption of independence was not true, as is likely, and if

the chance of a second accident to occur once the first has occurred was, say, ten

times more than that of the first one (i.e., 10�3), one might find two accidents in the

same minute only once in 20 years.

Under the aforementioned conditions the occurrence of accidents is said to be a

“Poisson Process.” A purely logical argument will show7 that for a Poisson Process

the probability (P) that the number of accidents (K ) in time period T during which λ
prevails is k, is given by the Poisson distribution:

P K ¼ k
��μ� � ¼ e�μμk

k!
where μ ¼ λT ðA:1Þ

In this equationμ is the number of accidents expected to be reported duringT. Thus,
for example, in T¼ 100 h during which λ¼ 0.006 accidents/h (and therefore μ¼ 0.6

Fig. A.1 Fine subdivision of the time axis

5 The dimension of λ is the reciprocal of time.
6More formally, let Kt, t+Δt be the number of accidents occurring in the time interval (t, t+Δt]
where Δt> 0. The conditions which lead to a Poisson process are (1) P(Kt, t+Δt¼ 0)¼ 1� λΔt+
o(Δt), (2) P(Kt, t+Δt¼ 1)¼ λΔt+ o(Δt), (3) P(Kt, t+Δt� 2)¼ o(Δt), and (4) that Kt, t+Δt is statisti-

cally independent of the number and time of accidents that occurred in (0,t]. The expression o(Δt)
denotes a function any f(Δt) which goes to 0 more rapidly than Δt (i.e., limΔt!0

f Δtð Þ
Δt ¼ 0).

7 See, e.g., Sect. 5.7 in Freund and Walpole (1987).
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accidents in 100 h), P(K¼ 0)¼ e�0.6¼ 0.549, P(K¼ 1)¼P(K¼ 0)� 0.6/1¼ 0.329,

P(K¼ 2)¼P(K¼ 1)� 0.6/2¼ 0.099, . . ..8

The Poisson distribution has two convenient properties:

Property 1: If K is Poisson distributed then E{K}¼V{K}.
Property 2: If the accident counts K1, K2, . . ., Kn are statistically independent and

Poisson distributed with means μ1, μ2, . . ., μn then their sum is also Poisson

distributed with a mean of μ1 + μ2 + � � � μn.

Appendix B: The Poisson Likelihood Function

For units 1, 2, . . ., i, . . ., n the accident counts are k1, k2, . . ., ki, . . ., kn. If the
accident counts are independent and Poisson distributed with means μ1, μ2, . . .,
μi, . . ., μn then by the “multiplication rule for independent events” the likelihood

function is:

L μ1; . . . ; μnð Þ
Yn
i¼1

e�μiμi
ki

ki!
ðA:2Þ

Because logarithms preserve the location of the maximum and since the ∏ 1
nki !

is a constant that does not depend on any parameter it is sufficient to seek the

maximum of ln(L∗), the “abridged” log-likelihood:

ln L∗ μ1; . . . ; μnð Þ½ 
 ¼
Xn
i¼1

�μið Þ þ kiln μið Þ ðA:3Þ

In a model equation the μ’s are functions of variable values and parameters.

Replacing the μ’s in (A.3) by the model equation makes the abridged

log-likelihood into a function of parameters. Thus, for example, we examined

the model equation μi ¼ β0 Segment Lengthið Þβ1 in which “Segment Length” is

the variable and β0, β1 are the parameters. This makes every μi into a function of

β0 and β1 and thereby ln [L∗μ1, . . ., μn] turns into ln[L∗(β0, β1)]. Fitting this model

equation to data amounts to finding those values of β0 and β1 which maximize the

ln[L∗(β0, β1)].

Appendix C: The Variance of m’s and of Accident Counts
in a Population of Units

The foundational axiom was that the μ of a unit is determined by its safety-related

traits. Since the units in a population share some such traits but differ in many

others, the corollary of the foundational axiom is that their μ’s must differ.

8 The recursive relationship P(K¼ k)¼P(K¼ k� 1)� μ/k is convenient in computations.
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This diversity of μ’s is illustrated in the upper tier of Fig. A.29 by the different μ’s of
five units comprising a population. The lower tier of that figure shows the count of

accidents on each unit.

The diversity of the unobserved μ’s in the upper tier can be measured by V{μ}
and that of the observed k’s by V{K}. The question is how V{μ} and V{K} are

related and how the estimate of V{K} can be used to estimate V{μ}.
To establish the relationship between V{μ} and V{K} a convenient starting point

is the law of total variance. This logical relationship states that for random variables

X and Y

V Yf g ¼ E V Y
��X� �� �þ V E Y

��X� �� � ðA:4Þ

If μ takes the place of X and K of Y, the inner part of the first term on the right hand

side, the V{Y|X}, is the variance of the accident count Ki for a unit with the mean μi.
Assuming that accident counts are Poisson distributed V{Ki|μi}¼ μi and therefore

the first summand is E{μ}. The inner expression of the second term of the right hand

side, the Y{Y|X}, is the mean value of Ki when the mean is μi. Assuming again that

the accident counts are Poisson distributed, E{Ki|μi}¼ μi and therefore the second

summand is V{μ}. It follows that

V Kf g ¼ E μf g þ V μf g or V μf g ¼ V Kf g � E μf g ðA:5Þ

Replacing V{K} by the sample variance of accidents counts in the population and

E{μ} by the sample mean of accident counts yields a “method of moments”

estimate of V{μ}.

Fig. A.2 The μ’s and k’s in a population of units

9 The same figure was used earlier as 1.3 and 2.2.
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Appendix D: The Negative Binomial Distribution
and the Gamma Assumption

The NB distribution for accident counts in a population of units is based on three

assumptions:

(i) That the accident counts on every unit are Poisson distributed.

(ii) That the μ’s of the units of which a population is comprised are different.

(iii) That the frequency of μ’s in the population can be well approximated by a

Gamma distribution.

The plausibility of assumption (i) comes from the similarity between the realities

of accident occurrence and the conditions from which the Poisson distribution is

derived by logic as shown in Appendix A. Assumption (ii) is plausible because

units (roads, intersections, drivers) that have the same safety-related traits which

define a population still differ in many other safety-related traits. Assumption (iii)

has no real source of plausibility; there is no reason why the μ’s in populations of

units should form a Gamma distribution. The motivations for its use are conve-

nience and flexibility. Convenience – because together with (i) and (ii) it implies a

closed-form probability distribution: the Negative Binomial10; flexibility – because

the Gamma pdf can take on many shapes as is shown in Fig. A.3.

Fig. A.3 The many shapes of the Gamma probability density function

10 The Negative Binomial distribution can arise in number of ways; one is as a continuous mixture

of a Poisson distribution P K ¼ kð Þ ¼ e�μμk

k!

� 

the μ in which is Gamma distributed ( f(μ)¼

abμb� 1e� aμ/Γ(b)). In this case, P K ¼ kð Þ ¼
Z 1

0

e�μμk

k!
abμb�1e�aμ

Γ bð Þ dμ ¼ ab

Γ bð Þk!
Z 1

0

e�μ aþ1ð Þ

μkþb�1dμ ¼ Γ kþbð Þ
Γ bð Þk!

ab

aþ1ð Þk�b. For this distribution E{K}¼ b/a and V{K}¼ b/a + b/a2.
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Even so, there are limitations. Thus, for example, if the distribution of μ’s in
some population of units has more than one peak that cannot be well represented by

the Gamma pdf.

The Gamma probability density function has two parameters, “a” and “b.”11

f μð Þ ¼ abμb�1e�aμ

Γ bð Þ ðA:6Þ

In terms of these parameters the mean and the variance of this distribution are:

E μf g ¼ b

a
and V μf g ¼ b

a2
¼ E μf g2

b
ðA:7Þ

From here,

a ¼ E μf g
V μf g and b ¼ aE μf g ðA:8Þ

For a given E{μ}, the V{μ} in (A.7) is proportional to 1/b. That is, the larger is
“b” the lesser is V{μ}. This is why the “1/b” is called the “overdispersion”

parameter.

Appendix E: The Negative Binomial Likelihood Function

On the foundation of assumptions (i)–(iii) in Appendix D one can build the NB

likelihood function as follows. We have data about units 1, 2, . . ., i, . . ., n. Begin by
considering unit “i.” The traits of unit “i” that are in the model equation define

population “i” of units with the same traits. We do not know the μ of the unit for

which we have data but, by assumption (iii), it is one from a Gamma distribution

with parameters ai and bi. If so, the distribution of accident counts in population “i”
is NB12:

P Ki ¼ kið Þ ¼ Γ ki þ bið Þ
Γ bið Þki!

ai
bi

ai þ 1ð Þkiþbi
ðA:9Þ

11 The “a” is the so-called “rate” (or reciprocal of “scale”) parameter and “b” is the “shape”

parameter. The Excel spreadsheet function is GAMMADIST(μ, b, 1/a, TRUE for cumulative or

FALSE for density)
12 See derivation in Appendix D and earlier mention in (1.6) and (8.1).
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With this, the likelihood function is:

L a1; b1ð Þ; . . . ; ai; bið Þ; . . . ; an; bnð Þ½ 
 ¼
Yn
i¼1

Γ ki þ bið Þ
Γ bið Þki!

ai
bi

ai þ 1ð Þkiþbi
ðA:10Þ

At this point two considerations are invoked. First, because E{μi}¼ bi/ai, the ai
in (A.10) can be replaced by bi/E{μi}. With this substitution

L b1, . . . , bn,E μif gð Þ ¼
Yn
i¼1

Γ ki þ bið Þ
Γ bið Þki!

bi
bi þ E μif g
� 	bi E μif g

bi þ E μif g
� 	ki

ðA:11Þ

The second consideration pertains to the “shape” parameter of the Gamma pdf. It

can be shown13 that for road segments that differ in length to have the correct

influence in parameter estimation, and also for coherence when SPFs are used to

estimate the μ of a road segment, it is best to use

bi ¼ b � Li where b is a parameter and Li is the length of segment 00i 00 ðA:12Þ
Equation (A.12) amounts to adding assumption (iv)14, namely that the shape

parameter is always proportional to the Segment Length and that there is a constant

of proportionality (b ) that is common to all the populations. While assumptions

(i) and (ii) are justifiable on logical grounds and assumption (iii) has the merit of

being flexible and leading to a closed-form expression for the distribution of

accident counts, it is difficult to offer a convincing justification for assumption (iv).

Replacing E{μi} with Ê μif g,L becomes a function of the parameters β0, β1, . . .
and of b . Now the abridged log-likelihood is

ln L	 β0, β1, . . . , bð Þ½ 
 ¼
Xn
i¼1

lnΓ ki þ bLið Þ � lnΓ bLið Þ þ bLiln bLið Þ½

þkiln bE μif g
� 


� bLi þ kið Þln bLi þ bE μif g
� 
i ðA:13Þ

This is the abridged NB log-likelihood function used in Chap. 8.

Although the Poisson likelihood function is simpler, its drawback is that it is

inconsistent with the logical necessity and empirical reality of overdispersion.

Being able to account for overdispersion is the main merit of the NB likelihood

function. It also has the practical advantage of simultaneously providing estimates

of E{μ} and V{μ}. These desirable features come at a price: the need to make

specific and difficult-to-justify assumptions about the distribution of μ’s in

populations and about b being a constant for all populations. Even though the

mathematical deductions are solid, the end result is only as good as the assumptions

on which it rests.

13 See Hauer (2001).
14 If the units are intersections L¼ 1.
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Appendix F: The Conditional Expectation, E{m|K¼ k}

The SPF provides an estimate of E{μ}, the mean μ’s in a population of units with

specified traits. Consider a subpopulation of those units which all recorded

k accidents. What is the estimate of the mean of μ’s (denoted by E{μ|K¼ k}) of
this subpopulation? This is needed to answer questions such as those posed in Sects.

1.4.4 and 1.4.5.

By the Bayes Theorem for distributions,

f μ
��K ¼ k

� � ¼ constantð ÞP K ¼ k
��μ� �

f μð Þ ðA:14Þ
Substituting the corresponding expressions from (A.1) and (A.6),

f μ
��K ¼ k

� � ¼ constant 1ð Þ e
�μμk

k!

abμb�1e�aμ

Γ bð Þ
¼ constant 2ð Þμkþb�1e�μ 1það Þ ðA:15Þ

After integrating over all μ> 0, the constant needed to make the integral into 1 is
1það Þkþb

Γ kþbð Þ . It follows that:

f μ
��K ¼ k

� � ¼ 1þ að Þkþbμkþb�1e�μ 1það Þ

Γ k þ bð Þ ðA:16Þ

This too is a Gamma pdf except that “a” turned into a+ 1 and “b” into k+ b. In
correspondence, the mean and variance of the conditional distribution are:

E μ
��K ¼ k

� � ¼ k þ b

aþ 1
and V μ

��K ¼ k
� � ¼ k þ b

aþ 1ð Þ2 ðA:17Þ

These are the expressions used in Sect. 1.4.4.

Appendix G: The Negative Multinomial Likelihood Function

The NB likelihood function can be used when the data pertain to a single period of

time. Until late in Chap. 8 the 5 years 1994–1998 were considered to be a single

period; the accident count was the sum for those 5 years and Annual Average Daily

Traffic (AADT) was the period average. The original Colorado data give accident

counts and AADT estimates for each of 13 years. When data is for multiple time

periods15 the NB likelihood function is replaced by the Negative Multinomial

(NM); its derivation is given below.16

15 If in a cross-sectional sample for the same units the observed traits are available for two or more

periods the data are said to form a panel, longitudinal, or cluster data set.
16 The derivation follows Guo (1996).
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For unit i we have data for time periods 1, 2, . . ., j, . . ., mi. The mean accident

count for unit “i” in time period “j” is μi,j. The traits of unit “i” in period “j” define
an imagined population of units. The μ’s of this population are assumed to be

Gamma distributed with a mean E{μi,j} and variance E{μi,j}
2/b. Or, equivalently,

μi, j ¼ E μi, j
� �

θi ðA:18Þ

where θi comes from the Gamma distribution the density of which is

f θið Þ ¼ θb�1
i e�bθi bb

Γ bð Þ ðA:19Þ

The mean of this pdf is 1 and its variance is 1/b.
Equation (A.18) contains a strong assumption. Namely that the μ’s of all units in

population i change from one period to another in proportion to the change in mean

of the μ’s in that population.

If the ki,1, ki,2, . . ., ki,j, . . ., ki,mi accident counts for unit i over the mi periods are

independent and Poisson distributed and when θi is given, the probability to observe
these counts is:

P ki, 1, ki, 2, . . . , ki, j, . . . , ki,mi

��θi� � ¼Ymi

j¼1

E μi, j
� �

θi
� �ki, j

e�E μi, jf gθi
ki, j!

ðA:20Þ

However, if θi is not given but known is the pdf in (A.19) then the probability to

observe the ki,1, ki,2, . . ., ki,j, . . ., ki,mi accident counts is:

P ki, 1; ki, 2; . . . ; ki, j; . . . ; ki,mi

� � ¼ Z 1

0

Ymi

j¼1

E μi, j
� �

θi
� �ki, je�E μi, jf gθi

ki, j!

θb�1
i e�bθi bb

Γ bð Þ dθi

ðA:21Þ
For notational brevity, I will use

ki �
Xmi

j¼1

ki, j, E μif g �
Xmi

j¼1

E μi, j
� �

, and
Ymi

j¼1

θi
ki, j ¼ θi

Xmi

j¼1
ki,

� θi
ki ðA:22Þ

With this notation (A.21) can be rewritten as

P ki, 1; ki, 2; . . . ; ki, j; . . . ; ki,mi

� � ¼ bb
Ymi

j¼1
E μi, j
� �ki, j� 


Ymi

j¼1
ki, j!

� 

Γ bð Þ

Z 1

0

θkiþb�1
i e�θi E μif gþbð Þdθi ¼

bb
Ymi

j¼1
E μi, j
� �ki, j� 


Γ ki þ bð ÞYmi

j¼1
ki, j!

� 

Γ bð Þ E μif g þ bð Þkiþb

ðA:23Þ
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As noted in Appendix E to preserve consistency in EB estimation b is replaced

by bi ¼ bLi. Replacing E{μi,j} with Ê μi, j
� �

of the model equation the left hand side

of the equation turns it into a function of the parameters β0, β1, . . . and b . Viewed in
this way it is the contribution of unit i to the likelihood function. Omitting the

constant with the ki,j!, the contribution of unit i to the abridged log-likelihood is

ln L	
i β0, β1, . . . , bð Þ� � ¼ bLiln bLið Þ þ

Xmi

j¼1

ki, jln bE μi, j
� �� 
" #

þ lnΓ
Xmi

j¼1

ki, j

 !
þ bLi

" #
� lnΓ bLið Þ

�
Xmi

j¼1

ki, j

 !
þ bLi

" #
ln

Xmi

j¼1

bE μi, j
� � !

þ bLi

" # ðA:24Þ

The maximum likelihood parameters are those that maximize

ln L	ð Þ ¼
Xn
i¼1

ln L	
i β0, β1, . . . , bð Þ� � ðA:25Þ

Appendix H: The Nadaraya Watson Kernel Regression

In two dimensional smoothing we have a set of “points” given by coordinate pairs

(Xi, Yi), i¼ 1, 2, . . ., N. Variables values are on the abscissa (X). The N-W estimator

at X¼ x is a weighted average of the Y’s:

ŷ xð Þ ¼
XN
1

wiYi ðA:26Þ

The weight, wi is given by

wi ¼
K x�Xi

h

� �XN

1
K x�Xi

h

� � ðA:27Þ

K(.) is the “kernel function” and h the “bandwidth.”

There are several popular kernel functions. In this book the Gaussian Kernel was

used. The Gaussian kernel is:

K :ð Þ ¼ e
� x�Xið Þ2

2h2 ðA:28Þ
in which the bandwidth (h) corresponds to the standard deviation of the Gaussian

(Normal) probability distribution.
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So that the Gaussian window not go beyond the data, “h” is variable near the

edges; it is chosen to make sure that (x� 0)/h and (xN� x)/h are larger than, say,

3. To illustrate, suppose that x measures Segment Length which varies from 0 to

10 miles and that away from the edges the bandwidth is to be 0.6 miles. If so, near

the origin h must increase linearly from 0 at the origin to 0.6 at x¼ 3� 0.6¼ 1.8

miles and decrease from 0.6 in the same manner from x¼ 8.2 miles. Thus, denoting

the bandwidth away from the edges by h*,

h ¼

x

3
when x � 3h	

h	 when 3h	 < x � XN � 3h	

XN � x

3
when x > XN � 3h	

8>>>><>>>>: ðA:29Þ

For h to reach h* it must not exceed XN/6.

When smoothing is in three dimensions the data points are the coordinates

(Xi, Yi, Zi), i¼ 1, 2, . . ., N. The X and Y measure two variables on the ordinates,

and Z is the abscissa. The only difference between two and three dimensions is that

now the kernel function is

K :ð Þ ¼ e
� x�Xið Þ2

2h2x
� y�Yið Þ2

2h2y ðA:30Þ
and that two bandwidths, hx and hy, have to be chosen.

Appendix I: The CURE Limits

Let the residuals be arranged in increasing order of an explanatory variable of

interest and numbered consecutively, such that n is the total number of data points

(residuals), “i” is an integer between 1 and n, and S(i) is the sum of the residuals

from 1 to i. If the mean of all residuals is 0, then E{S(i)}¼ 0. On the assumption that

E{S(i)}¼ 0 for all i, the variance of S(i), denoted by σS
2(i), can be estimated by the

sum of cumulative squared residuals at i.
Even if the individual residuals do not have the same variance, one can invoke a

loose version of the central limit theorem to argue that the sum S(i) is approxi-

mately normally distributed with mean¼ 0 and variance σS
2(i). Similarly, the sum

of the residuals for the remainder of the random walk has a mean 0 and a variance

σS
2(n)� σS

2(i) On this basis, the probability density function for the realization that
the random walk reaches S(i)¼ s at i and returns to 0 at n is the product of two

normal probability densities. This product can be written as
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1ffiffiffiffiffi
2π

p ffiffiffiffiffiffiffiffiffiffi
σ2S ið Þp e

� s2

2σ2
S
ið Þ � 1ffiffiffiffiffi

2π
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2S nð Þ � σ2S ið Þp e
� s2

2 σ2
S
nð Þ�σ2

S
ið Þ½ 
 ðA:31Þ

To simplify, the exponents in (A.31) can be rewritten as

e
� s2

2σ2
S
ið Þ e

� s2

2 σ2
S
nð Þ�σ2

S
ið Þ½ 
 ¼ e�

s2

2
σ2S nð Þ

σ2S ið Þ σ2S nð Þ � σ2S ið Þ� � ¼ e
� s2

2σ
0
s2 ið Þ ðA:32Þ

where σ
0
S2 ið Þ � σ2S ið Þ σ2S nð Þ�σ2S ið Þ½ 


σ2
S
nð Þ ¼ σ2S ið Þ 1� σ2S ið Þ

σ2
S
nð Þ

� 

The remaining part of (A.31) can be rewritten as

1

σS ið Þ ffiffiffiffiffi
2π

p � 1ffiffiffiffiffi
2π

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2S nð Þ � σ2S ið Þ2

q ¼ 1ffiffiffiffiffi
2π

p
σS nð Þ

1ffiffiffiffiffi
2π

p
σ

0
S ið Þ

¼ constant
1ffiffiffiffiffi

2π
p

σ
0
S ið Þ ðA:33Þ

Therefore, the probability density for a randomwalk that ends at 0 to pass through

S(i)¼ s is approximately normal with a mean 0 and standard deviation σS
0
(i).

Appendix J: Towards Theory; First Steps

Parametric curve-fitting requires one to state the model equation. When the SPF is

used to estimate the E{μ} of some population, it may be sufficient to choose the

model equation by considerations of simplicity, goodness of fit, and quality of

estimation. However, when the SPF is to be used to tell how changing a predictor

variable on the right hand side of the model equation is likely to affect the E{μ} on
its left hand side, this kind of guidance is insufficient. To predict the effect of cause

the model equation must reflect a plausible causal theory.17 The aim here is to take

an initial step in that direction.

Consider a 1 km long road section. Let “f” be the expected frequency on this

road section of reported accidents per lane per second, “c” the vehicle

“concentration” – the (average) number of vehicles/(lane-km), “p” the probability
of a vehicle to be in a crash in the next second, and “r” the probability of the crash to
be reported. With this notation

f ¼ c� p� r ðA:34Þ
Concentration (c) can be measured. The probabilities “p” and “r” depend on causal
factors such as speed and headway. Speed, in turn, depends on concentration.

17 These matters are discussed at length in Sects. 6.7 and 10.2.
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Because for single-vehicle accidents “p” most likely diminishes as “c” increases,
while the opposite may be true for multivehicle accidents18 the two cases are

handled separately. Subscripts “m” and “s” will be used to distinguish between

the parameters that apply to the two cases.

Multivehicle Accidents

One may advance various hypotheses about the functions that may link “p” and “r”
to factors such as concentration, speed, and headway. Which hypothesis is to be

preferred depends on how well they are supported by data. Here it will be assumed

that for multivehicle accidents “p” is a function of the average headway, h ;

specifically, that p / 1= h
� �αm� �

where the parameter αm is some positive number.19

Since it is always true that h ¼ 1= cvð Þ, where v is the average speed,20 the same

assumption can also be stated as p / cvð Þαm .
The probability “r” of an accident to be reported is assumed to depend on v. The

larger the speed, the more severe the crash and the more likely it is to be reported.

Again many functions could be advanced. Here it will be assumed that r / vð Þγm
where γm is a positive parameter and likely larger than 1. With these assumptions

f / c� cvð Þαm � vð Þγm ¼ c1þαm � vð Þαmþγm ðA:35Þ
Measurements indicate that “ v ” is a function of “c” and that v cð Þ can be

described by21:

v cð Þ ¼ v0 when 0 < c < c0
v0 � β c� c0ð Þ when c0 � c < cb



ðA:36Þ

In this v0 is the average “free-flow” speed, c0 is the largest concentration at which

the traffic is still moving at “free-flow speed,” and cb is the concentration at which a
bottleneck begins to form when the average speed is vb. Equation (A.36) means that

up to concentration c0 the average speed is hardly influenced by the proximity of

other vehicles, and that from there on, as concentration increases, the average speed

declines approximately linearly. Equation (A.36) does not apply to conditions

within queues.

18 The distinction between “single” and “multivehicle” is based on what can be seen and recorded,

not on the notion that single-vehicle crashes are those that occur without interaction with other

vehicles. Thus, for example, if a driver falls asleep and crashes into another vehicle it is a

multivehicle crash but if he wakes up at the last moment and manages to run off the road, it is a

single-vehicle crash.
19 This simple assumption is plausible for same-lane crashes and perhaps for adjacent-lane crashes

(because 1=h ¼ Flow).
20 Averaging is over distance, not time.
21 See, e.g., Transportation Research Board (2000) and Brilon (2011).
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Because v is a function of “c,” the “f” in (A.35) is a function of “c” only. To see

what this f(c) looks like a numerical example may be of use. The computations are

in Fig. A.4.

For the “c” in column B the v is computed in column C by (A.36) using the

parameters in C2:C3. The Highway Capacity Manual (2000, Exhibit 13-2,

upper curve) implies that for a freeway on which v0¼ 120 km/h, c0� 11

vehicles/lane-km, cb� 28 vehicles/lane-km, and β� 2 [(km/h)/(vehicles/lane-

km)]. Using “c” and “v” and the chosen parameters for “p” and “r” in E2:E3

these factors of (A.35) are computed in columns D and E; their product is the “f”
in column F. The shape of f(c) for the chosen functions and parameter values is in

Fig. A.5.

Fig. A.4 Computations for multivehicle accidents

Fig. A.5 Multivehicle accident frequency as a function of concentration when αm¼ 2 and γm¼ 3
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We usually have data about traffic flow (q), not about concentration (c). This is
why for SPF development the functional dependence of “f” on “q” is of interest.22

Because q ¼ 1

h
¼ cv,

f ¼ q

v
� qαm � vð Þγm ¼ q1þαm vð Þγm�1 ðA:37Þ

Here v as the implicit function of q:

v qð Þ ¼
v0 when 0 < q < q0

v0 � β
q

v qð Þ �
q0
v0

� 	
when q0 � q < qb

8<: ðA:38Þ

Up to q0� c0v0 traffic is assumed to move at the free-flow speed. When c0¼ 11

vehicles/km and v0¼ 120 km/h then q0¼ 1,320 vehicles/h and at cb� 28

vehicles/lane-km, qb� 2,400 vehicles/lane-hour, and vb� 86 km/h. Column G in

Fig. A.4 contains the values of “q” that correspond to “c” and “v” in columns B and

C. The shape of f(q) for the chosen functions and parameter values is in Fig. A.6.

Single-Vehicle Accidents

The denser the traffic the less likely it is for a stray vehicle to run off the road

without first hitting another car. To formulate a plausible function for “p” let p0 be
the probability of a vehicle to run out of control. That is, p¼ p0 when c! 0 and the

Fig. A.6 Multivehicle accident frequency as a function of traffic flow when αm¼ 2 and γm¼ 3

22 In curve-fitting the traffic flow data is often that of AADT. However, if there is to be a

meaningful causal relationship between crash frequency and traffic flow, q must refer to a period

measured in minutes, not more than a few hours.
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average headway is very large. As “c” increases, the chance of an errant vehicle to

encounter another vehicle increases. As before, the probability of such an encounter

is taken to be proportional to 1= h
� �αs

, αs � 0. Let hb denote the average headway

when c¼ cb and assume that at that headway there are very few single-vehicle

accidents. If so, a plausible function for p might be

p ¼ p0 1� hb

h

� 	αs� �
¼ p0 1� cv cð Þ

cbvb

� 	αs� �
ðA:39Þ

With this,

f cð Þ / c� p� r ¼ cp0 1� cv cð Þ
cbvb

� 	αs� �
vð Þγs ðA:40Þ

The computations of the ordinates “f” for arguments of the abscissa “c” are in

Fig. A.7 and the corresponding f(c) and f(q) for the assumed functions and parame-

ter values are in Figs. A.8 and A.9.

Figures A.6 and A.9 are the visual embodiment of those factors of the model

equation which might represent the influence of traffic flow (q) on multivehicle and

on single-vehicle accidents. These are not algebraic expression selected from a

repertoire of simple and fully formed functions commonly used in curve-fitting.

Rather, they are fairly complex expressions that are built up gradually and which

represent explicitly stated postulates, assumptions, and data-based empirical

equations.

The postulate is the conceptualization in (A.34). The assumptions are about how

the probability to be in an accident and the probability to report that accident

depends on various causal factors. The empirical element was about how the

average speed depends on concentration.

Fig. A.7 Computations for single-vehicle accidents
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The main assumptions were two. One was about how the probability of a crash

depends on the average headway. The other was about how crash severity and

thereby the proportion of crashes that get reported depends on the average speed.

These are plausible, simplistic, and provisional building blocks. Different plausible

building blocks could have been used. Which building block (assumption) better fits

the available data is an empirical question. The hope is that within the

Fig. A.8 Single-vehicle

accident frequency as a

function of concentration

when αs¼ 0.5 and γs¼ 3

Fig. A.9 Single-vehicle

accident frequency as a

function of traffic flow when

αs¼ 0.5 and γs¼ 3
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conceptualization f¼ c� p� r, research about crash generation and testing against

data will lead to an improved representation of how “p” and “r” depend on various

factors.

The empirical equations based on data-based research are about the relationship

between average speed and concentration (A.36) or, equivalently, traffic flow

(A.38). These make “f” into fairly complicated functions of “c” or of “q.” Such

functional forms cannot be discovered by curve-fitting. While one may stumble

upon a workable approximation, the diffuseness of the available data clouds causes

“goodness of fit” to be an ambiguous and fallible guide to functional form. A

conceptual framework such as that proposed here may be a better guide for

choosing a good functional form when fitting a curve to data.

The probability of a crash to occur for single and multivehicle crashes was

assumed to be dissimilar. This is in line with what extant data suggest.23 It follows

that, if possible, separate models should be used to fit these two crash types. If, as is

the habit, “total” (single +multivehicle) crashes were to be fitted the result would be

a superposition of the curves in Fig. A.6 and A.9. It would take a complex function

indeed to replicate all the resulting inflections and transitions. Simple functions are

unlikely to well replicate the more complex reality.

For the empirical and assumed functional dependencies to make much sense, the

flow data must be for time periods measured in minutes or at most a few hours. One

cannot expect the conceptual framework to be of guidance when traffic flow data

pertain to an average for a typical day of the year (AADT). This issue has been

called “argument-averaging” by Mensah and Hauer (1998). Flow averaging is not

the only source of averaging bias. The conceptual framework developed here is also

vulnerable to biases due to the use of average speed and average headway.

By marrying some elementary traffic flow theory with the empirical knowledge

about how drivers choose their speed of travel, and by making a few assumptions, it

was possible to erect a conceptual framework for examining how crash frequency

might depend on traffic concentration or on traffic flow. As the figures show, this

conceptual framework can produce functional relationships that are not

contradicted by available data; it may provide an explanation for what is observed

and guidance for what function should be chosen for parameter estimation. From

data about accidents and traffic flow for short time periods the α’s, β’s, and γ’s
could be estimated.

The proposed conceptual framework does not amount to a theory; a theory is an

explanation of reality that has been sufficiently tested so that most scientists agree

on it. The hope is that it opens a fruitful direction of investigation that could,

eventually, help a theory to emerge and causal interpretations to become

trustworthy.

23 See, e.g., Ivan et al. (1999) and Jonsson et al. (2009).
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Appendix K: The “Bump Function”

Logic suggests and experience shows that simple algebraic expressions often do not

fit data in the entire domain of a variable; that there are regions where the simple

function needs to be bumped up or down. A “bump function” (BF) can be used to

multiply the fitted values in that region. To make sure that after such multiplication

the model equation has no discontinuities, at the edges of the range the bump

function should be 1.

Let Xl denote the lower limit of the range of variable X to which the Bump

Function is to apply and Xu its upper limit. Define

t � X � Xl

Xu � Xl

when Xl � X � Xu ðA:41Þ

A convenient Bump Function (BF) is

BF ¼ 1þ tβ1 1� tð Þβ2
h i

if the fitted values are too small or

1� tβ1 1� tð Þβ2
h i

if the fitted values are too large

with β1 > 0 and β2 > 0

ðA:42Þ

The shape of this function for selected parameter values is shown in Fig. A.10.

To get an average multiplier of, say, 0.9 one has to use the function with the

minus sign in (A.42) and select the β’s so that the area between the BF¼ 1 line and

the curve is about 0.1.24

Fig. A.10 The Bump

Function

24 The area between the BF¼ 1 line and a curve is the, so-called, Beta function. For β1 and

β2 integers the area
β1�1ð Þ! β2�1ð Þ!
β1þβ2�1ð Þ! . For non-integer values the area is

Γ β1ð ÞΓ β2ð Þ
Γ β1þβ2ð Þ and can be computed in

Excel by using combinations of Exp(GAMMALN(.)).
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Appendix L: Elasticity and CMFs for Multiplicative
Single-Variable Functions

Claim 1: For multiplicative single-variable model equations elasticity is a function

of one variable only and therefore model equations of this family cannot represent

interaction.

Proof: For the general model equation E{μ}¼ f(X1, X2,. . ., β0, β1, . . .) the elasticity

of “f” with respect to variable Xi is defined as εf ,Xi
� ∂f

∂Xi

Xi

f . The partial derivative of

β0f1(X1,β1)f2(X2, β2) . . . with respect to Xi is
∂f
∂Xi

¼ f
f i Xi;βið Þ

∂f i Xi;βið Þ
∂Xi

. The elasticity

of “f” with respect to Xi is εf ,Xi
� ∂f

∂Xi

Xi

f ¼ f
f i Xi;βið Þ

∂f i Xi;βið Þ
∂Xi

Xi

f ¼
∂f i Xi ;βið Þ

∂Xi
Xi

f i Xi;βið Þ which is a

function of only Xi.

Claim 2: For multiplicative single-variable model equations CMFs are constants

and model equations of this family cannot represent interaction.

Proof: CMF Xi,a;Xi,bð Þ � β0f 1 X1;β1ð Þf 2 X2;β2ð Þ, ...: f i Xi,a;βið Þ, ...
β0f 1 X1;β1ð Þf 2 X2;β2ð Þ, ...: f i Xi,b;βið Þ, ... ¼

f i Xi,a;βið Þ
f i Xi,b;βið Þ

which, given values for Xi,a and Xi,b, is a constant.

Conclusion: For multiplicative single-variable model equations elasticity

depends only on Xi and for given values of Xi,a and Xi,b the CMF is a constant.

Appendix M: Interaction Terms for Additive Linear
and Multiplicative Power Models

Following Jaccard and Turrisi (2003) consider a linear additive model such as

Y¼ β0 + β1X1 + β2X2 in which X2 is a moderator variable that affects β1 via

β1¼ α0 + α1X2. Substituting, Y¼ β0 + (α0 + α1X2)X1 + β2X2¼ β0 + α0X1 + β2X2 +

α1X1X2. The effect of the assumed linear interaction is to add a product term and

to change the regression coefficient of X1.

Suppose now that X1 is also a moderator variable and affects β2 through

β2¼ γ0 + γ1X1. Substituting, Y¼ β0 + (α0 + α1X2)X1 + (γ0 + γ1X1)X2¼ β0 + α0X1 +

γ0X2 + (α1 + γ1)X1X2. The effect of the assumed double linear interaction is to add

a product term and to change the regression coefficients of both X1 and X2.

Consider now the multiplicative model Y ¼ β0 � X1
β1 � X2

β2 in which, again X2

is a moderator variable that affects β1 via β1¼ α0 + α1X2. Substituting,

Y ¼ β0 � X1
α0þα1X2 � X2

β2 ¼ β0 � X1
α0 � X2

β2 � X1
α1X2 . The effect of the

assumed linear interaction is to change β1 into α0 and to add the term X1
α1X2 .

Suppose now that X1 is also a moderator variable that affects β2 through

β2¼ γ0 + γ1X1. Substituting, Y ¼ β0 � X1
α0þα1X2 � X2

γ0þγ1X1 ¼ β0 � X1
α0 � X2

γ0�
X1

α1X2 � X2
γ1X1 . The effect of the assumed double linear interaction is to add the

factors X1
α1X2 and X2

γ1X1 to change the regression coefficients of both X1 and X2.
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Consider now the multiplicative model ¼ β0 � X1
β1 � X2

β2 � βTerrain in which

βTerrain¼ 1 when Terrain¼ Flat, βRolling when Terrain¼Rolling, and βMontainous

otherwise. In this case the influence of the moderator variable X2 could be captured

simply by, say, βTerrain(1 + αTerrainX2) as in Sect. 10.8.

References

Brilon W, Lohoff J (2011) Freeway flow models. In: 90th Annual meeting of the Transportation

Research Board, Washington, DC

Freund FE, Walpole RE (1987) Mathematical statistics, 4th edn. Prentice-Hall, New York

Gerlough DL (1955) Use of Poisson distribution in highway traffic. The ENO Foundation,

Saugatuck. http://ntl.bts.gov/lib/26000/26800/26814/use_of_poisson_distribution_in_high

way_traffic.pdf

Guo G (1996) Negative multinomial regression models for clustered event counts. Sociol

Methodol 26:113–132

Hauer E (2001) Overdispersion in modeling accidents on road sections and in Empirical Bayes

estimation. Accid Anal Prev 33:799–808

Ivan J, Pasupathy R, Ossenbruggen P (1999) Differences in causality factors for single and multi-

vehicle crashes on two-lane highways. Accid Anal Prev 31:695–704

Jaccard J, Turrisi R (2003) Interaction effects in multiple regression, 2nd ed. Sage University

papers on Quantitative Applications in the Social Sciences, 07-072. Sage, Thousand Oaks

Jonsson T, Lyon C, Ivan J, Washington S, van Schalkwyk I, Lord D (2009) Differences in the

performance o safety performance functions estimated for total crash count and for crash count

by crash type. Transp Res Rec 2102:115–123

Mensah A, Hauer E (1998) Two issues of averaging in multivariate modelling. Transp Res Rec

1635:37–43

Nicholson AJ (1985) The variability of accident counts. Accid Anal Prev 17:47–56

Nicholson AJ (1986) The randomness of accident counts. Accid Anal Prev 18:193–198

Nicholson AJ, Wong YD (1993) Are accidents Poisson distributed? A statistical test. Accid Anal

Prev 25(1):91–97

Quine MP, Seneta E (1987) Bortkiewicz’s data and the law of small numbers. Int Stat Rev 55

(2):173–181

Transportation Research Board (2000) Highway capacity manual. National Research Council,

Washington, DC

von Bortkiewitcz L (1898) Das Gesetz der Kleinen Zahlen. Tebner, Leipzig

Appendices 225





Index

A
Abridged log-likelihood, 118, 119, 121, 122,

126, 131, 132, 207, 211, 214

Adding traits, 4, 40

Akaike information criterion (AIC), 100,

180–183

Alternative functions, 144, 173–174, 177,

190, 204

Alternative objective functions, 74, 115,

126–132, 155–157, 185

Annual Average Daily Traffic (AADT), 4, 5,

8, 22–25, 27, 28, 31–33, 35, 37, 38,

40–45, 48–51, 54–56, 59, 66–70, 73,

75, 77, 81, 82, 84, 86–89, 95, 111,

123, 126, 132, 137–153, 155–157,

159, 160, 173, 174, 177, 178, 180,

181, 185–191, 194, 196, 199–200,

202, 212, 219, 222

error in variables, 194

Aristotle, 52, 163

Automatic scaling, 69, 144, 154

Average safety effect, 6

B
Bandwidth, 53, 57, 59, 79, 180, 214, 215

vs. goodness of fit, 54–56
optimal, 54

Baseline CURE plots, 170, 171, 173, 183

Basic functions, 174, 175

Bayesian information criterion (BIC), 100,

180–183

Best-linear-unbiased-estimator (BLUE), 76

BF. See Bump function (BF)

Bias, 16, 39, 40, 79, 100, 104, 105, 107, 111,

129–132, 136, 137, 140, 145–147,

149, 160, 194, 204, 222

Bias-in-fit, 104–105, 107, 109–111, 128,

129, 136, 148, 177, 180

Bias-in-use, 104, 136–141, 150, 151,

158, 159, 198

safety-related, 137–139, 141

BIC. See Bayesian information criterion (BIC)

Blackspot, 6, 7, 11, 24, 39, 167

BLUE. See Best-linear-unbiased-estimator

(BLUE)

Bump function (BF), 170–172, 190, 223

By changing, 63, 68, 76, 88, 90, 117, 119,

122, 154, 175

C
Causal inference, 91

Cause and effect, 18, 85, 91, 94

in research perspective, 18

Central limit theorem, 108, 215

Ceteris paribus, 88, 89, 96, 187

χ2 test of hypothesis, 16–17
Chromosomes, 3

Closure, 203–204

CMF. See Crash modification factor/function

(CMF)

Colorado data, 4, 29, 31, 32, 43, 48, 50, 52,

58, 75, 86, 95, 103, 113, 118, 122,

125, 150, 152, 158, 160, 170, 180,

190, 196, 199, 201, 212

Colorado road segments, number with 0, 1,

accidents, 9

Composite functions, 176

Condensed data, 32, 125, 152, 154

Conditional estimate, 201

Conditional expectation, 212

Confounder, 42

Confounding, 42, 71, 73

Connecticut drivers, 8, 10–15, 17, 119, 124

correct and false positives, 14

Constraint, 65, 66, 106, 122

Convex function, 64, 65

# Springer International Publishing Switzerland 2015

E. Hauer, The Art of Regression Modeling in Road Safety,
DOI 10.1007/978-3-319-12529-9

227



Correlation between traits (variables), 146

Correspondence graph, 67–70, 75

Correspondence line, 66, 69

Counterfactual, 2, 91

Crash, 1, 2, 11, 14, 21–23, 25, 111, 125, 147,

150, 180, 216, 217, 219, 221, 222

Crash modification factor/function (CMF), 2,

15, 18, 84, 85, 93, 94, 147, 187, 188,

191, 224

Cross-sectional data, 84, 86, 88, 90, 93, 96,

153, 164

CUmulative REsiduals (CURE), 101, 102, 111

limits, 215–216

CURE plots, 101–111, 122, 128–130, 132, 144,

148–150, 155, 157, 170–173, 177, 180,

183, 184, 190, 191, 203, 204

comparing, 109–110, 129, 132

for fitted values, 150

Curve-fitting

first, 74–77

problems, 56, 58

D
Dependent variable, 22, 39, 42, 50, 72, 77,

85, 90, 136, 137, 163, 166, 169,

181, 186, 203

Deviant safety, 6

Difference, reasons for use, 76

Discontinuity, 172

E
EB safety estimation, 125

Econometric tradition, 187

Elasticity, 224

Elusive f(), 164–168, 190

Empirical Bayes, 7, 16, 39, 125

Ε{μ}, 5–14, 16–19, 21–24, 26–28, 30, 33,
38–40, 42, 43, 45, 47, 50, 51, 55, 74,

75, 78–80, 83, 84, 87, 90, 91, 94, 95,

99, 100, 102, 103, 107, 114, 115,

119, 121, 124, 127, 129, 130, 132,

136–141, 146, 147, 151, 156, 157,

159, 163, 166–170, 172, 174, 177,

179, 181–183, 185–187, 189–191,

193, 196–203, 208, 210–212,

216, 224

estimate for real populations, 22, 45
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