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Preface

This is a solutions manual for the exercises in the text Analytical Mechanics.

Goshen, Indiana Carl Helrich
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1 History

1.1. We claimed that we must begin the history of our subject in ancient Greece. Par-
ticularly we went back to the Presocratics. These people we claimed were physicists
because they were more interested in how the world functioned than in how it should
function. In a brief essay speak to the concepts of modern and classical physics that
find roots in these Presocratics.

Solution:

Thales sought a unifying principle and Anaximander made that more explicit
in calling this something the boundless. This unification we may claim to find in
our concept of energy. Anaximenes made an underlying substance somewhat more
tangible by identifying the substance as air. And he spoke to what we now know as
phase changes. Xenophanes said that humans are limited to our direct experience,
which we may, if we choose, push to the questions of modern quantum theory, as
well as the basis of experimental physics. Heraclitus spoke of process and logos,
rather than of matter. The universe for Heraclitus was changing, but according to
law. We may think of this as a basis of theoretical physics. What is important is the
laws that govern the dynamics of matter. And Pythagoras spoke about numbers and
of mathematics as the basis of all. Parmenides claimed that we must look beyond
the human senses if we seek truth. We know that very well as modern scientists.
Empedocles warns us that the human mind is also fallible. As Newton later pointed
out, Anaxagoras claimed that the same forces that govern the cosmos govern action
on earth. And Democritus claimed that all that existed was atoms and the void.
Although we cannot build our atomic theory on Democritus’ ideas, the concept is
familiar.

1.2. Cicero wrote that Socrates called down philosophy from the skies. With Socrates
the truths that the philosophers, the physicists before him, had sought found their
importance with people and with human structures on earth. Philosophy became
also the study of ethics and of morals. But Socrates wrote nothing. What we know
of Socrates comes to us from Plato, his student. What characterized Plato’s thought?

Solution:

Plato’s primary interest was in educating people to govern Athens. How do you
create in real people the character that will place the good of society beyond personal
benefit? The reality on which Plato wanted his students to focus was beyond what
they saw about them. Reality is in the Forms. What we have in our existence on earth
is only an image of reality. Plato wrote in dialogue form, as many great teachers after
him have done. This is a venue for learning. We learn best from a story. The stories
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Plato presented were not to instruct in matters of truth as absolute. That is beyond
us as humans. All we can convey as humans is the likely story. The truth is present,
but beyond us.

1.3. Aristotle Has had a greater influence on philosophical and scientific thought
than any other individual. He was Plato’s student. But he disagreed with his master
about the structure of reality. How would you characterize Aristotle’s approach to
understanding the world?

Solution:

Aristotle accepted what we observe around us as reality. This differed from
Plato’s position. Aristotle accepted causality is fundamental in the world we observe,
although his concept of causality was more complex than that of the modern scientist.
He demanded a teleology and considered that causality was multi-layered. His logic
was syllogistic, which differs from the logic pursued in modern physics. Syllogism
is not, however, wholly absent from modern thought. The greatest difficulty seems
to be in Aristotle’s metaphysics, which resulted in his axioms. His logic, based on
those axioms, was not problematic. His axioms admitted of a separation of motion in
the cosmos from that on earth and found its way into aspects of motion. Notorious is
his claim that a vacuum cannot exist because it would result in motion at an infinite
velocity, since motion of matter was inversely proportional to the density of the fluid
through which the matter was moving.

1.4. Greek was the language of the Eastern Roman Empire, which did not so quickly
suffer the same deterioration that eventually destroyed the Western Roman Empire
in 476 CE (Common Era). The academy in Athens was closed by the Eastern Roman
emperor Justinian I in 529 CE. But this alone did not stifle communication between
the intellectuals of the East and those of the West. It did, however, move the intel-
lectual center farther East. Reflect on the growth of Muslim (Islamic) science that
resulted.

Solution:

The closing of the academy, although often presented as a narrow consequence of
Christian thought, seems to have been a more personal economic result of Justinian’s
endeavors in creating a competitive university. It did, however, result in the dispersal
of intellectuals, including scientists and philosophers from Athens to other homes
among the Arabs. There were some who later returned to Alexandria. But the center
of gravity had moved. And this almost coincided with Muhammad’s revelations in
610 CE. The result was a simultaneous rise in both scientific and religious thought
among the Arabs. This was also influenced by the fact that the Caliph (685 — 705
CE) changed the language in which business was conducted from Greek or Persian
to Arabic. This changed the educational system and had the result that governmental
service opportunities became more based on talent than on language.

1.5. We concentrated on Muslim developments in mathematics and in astronomy
because these were the areas of most interest to us. There we found distinct theological
as well as philosophical and scientific interactions that determined the directions of
the development of Muslim science. Outline these interactions and the influence they
had on the form of Aristotle and Ptolemy that eventually appeared in western Europe.
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Solution:

The difficulties that the Muslims encountered were twofold. First there was a
foundational difference between the philosophy of Aristotle and the astronomy finally
adopted by Ptolemy. The metaphysics Aristotle had adopted, which claimed that the
motion of the cosmos was spherical, did not fit the facts Ptolemy confronted. Aristotle
had accepted the proposal of Plato that cosmic motion was spherical. Indeed the
spheres of Plato had taken on a reality for Aristotle that Plato may not have accepted.
And they did not fit the data to which Ptolemy had access. So Ptolemy modified the
picture to fit the data, a common scientific approach, which often precedes a time
of change in our thinking. But this could not pass serious muster if one is trying
to reconcile the picture with the philosophically accepted ideas. A further difficulty
was that Aristotle’s concept of God did not compare with the Islamic concept of
a personal God. So there were already difficulties in trying to match Ptolemy with
Aristotle. And the dilemma moved Muslim astronomers to seek new mathematical
answers to questions regarding the motion. This was a notable new approach that
might have opened more doors prior to the ideas of Copernicus and Kepler. But it
did at least provide Copernicus with some of the mathematical steps he needed. The
result was at least an Aristotle and a Ptolemy that were corrected before entering
western Europe.

1.6. In 711 CE the Muslims took Spain creating al Andalus (Muslim Spain), which
lasted until 1492. This was not a continuous period of stable borders separating
al Andalus from Christian Europe. The invasion of forces from the Holy Roman
Empire pushed the border of al Andalus progressively southward. But the people
of al Andalus became inseparably mixed during the 700 years of Muslim rule. The
Muslims brought with them a culture, an educational system, and manuscripts that
had a great effect on western Europe. What was the impact of this on Europe?

Solution:

Intellectually the impact was dramatic. European intellectuals had been without
direct contact with the Greek heritage. The physics and the philosophy of Aristotle
worked, as did Ptolemaic (Muslim adjusted) astronomy. And the Muslim university
system resulted in some of the most famous of European universities. But the man-
uscripts, including Aristotle and Ptolemy, were in Arabic. These needed translation
into Latin for use in western Europe. That initiated a period of translation which
lasted centuries and brought together Jews, Christians, and Muslims in centers such
as Toledo. Muslim culture, at that time, was tolerant. And the period may almost be
seen as a golden period of scientific renaissance.

1.7. As physicists and Engineers we tend to write off medieval physics as of little
interest in part because of the influence of the Catholic Church. But there were
serious scientists even among those taking Holy Orders. What were the issues that
were considered during the late medieval period?

Solution:

We limited our considerations to only three people: Robert Grosseteste, Roger
Bacon, and Jean Buridan. The issues were the role of mathematics and experimen-
tation in physics, as well as seeking an understanding of the concepts of motion and
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force, or impetus. Realizing that only Euclidian geometry had been available to Aris-
totle it is almost logical that Aristotle would have rejected the idea that mathematics
would have anything to say about physics. It may speak to the motion of the cosmos,
but certainly not to motion on earth. But the question was unresolved in general. And
with the advances of Muslim science and astronomy it became a serious question.
Grosseteste was particularly interested in this. And Bacon was concerned about the
use of experiment. We presently have no question about the importance of experi-
ment. But Aristotle was suspicious of experiments that may affect the outcome of the
physics, particularly based on his metaphysics. And Buridan introduced the idea of
impetus, as a sort of force carried by a moving body. We know see this as momentum
and recognize the importance of Buridan. But the concept also reveals a complete
lack of understanding of what we now call a force.

1.8. The modern scientist will quickly point to the idea of Nicolaus Copernicus and
his work as the beginning of what we now call classical physics. This was followed
by the revolutionary steps taken by Johannes Kepler. With Kepler, as well as the
ideas of others, Newton was able to synthesize the basis of mechanics. Place these
ideas in context.

Solution:

No ideas are completely unique to an individual. Copernicus encountered the
ideas of a sun centered system as a student. And they were discussed in ancient
Greece. The obvious advantage was that it first seemed that placing the sun at the
center would eliminate the plethora of epicycles in the Ptolemaic system. But the
problems were not so easily solved by trying to fit circles into a system, which was
not based on circles. Kepler discovered this following a tortuous intellectual journey
with the best data in the world at that time, those of Tycho Brahe. Kepler came
to base his thoughts on hard data rather than on philosophy. He made astrophysics
out of astronomy. There are more twists to both of these stories, but we elected to
economize space.

Newton was a tortured individual bordering on nervous breakdown. He was an
isolated individual by choice and pursued his studies essentially on his own, which
was probably the cause of his second class degree from Cambridge. He was able to
synthesize the ideas of others, including René Descartes and Christiaan Huygens,
into four laws of mechanics. The turning point that led to a true publication of those
ideas was when Edmond Halley asked Newton for the orbit of a body moving under
an inverse square centralized force. In the course of this encounter Newton became
grasped by the science itself and moved with unrelenting energy to the product, which
was the Principia. Had Newton been more ready to use the calculus this would have
been the dawn of Analytical Mechanics, perhaps.

1.9. The 18™ century saw a great advance in the methods of mechanics beyond what
Newton had done. A real Analytical Mechanics emerged at the hands of Pierre Louis
Maupertuis, Leonhard Euler and Joseph-Louis Lagrange. Provide a brief explanation
of what these people did.

Solution:

Maupertuis began the quest for a variational principle that would produce a
formulation of mechanics. He was able to produce a principle for equilibrium. This
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idea of a variational principle was originally Maupertuis’ with a nod to the ideas of
Johann Bernoulli. Maupertuis only applied this to equilibrium. But the idea was very
fruitful. Euler picked this up and sought to obtain a formulation of dynamics using it.
With some caveats he did so. The mathematics was not as neat as he wished and he
had some end-point problems. But the very young Lagrange put the picture together
developing what we now know as the calculus of variations. This included his method
of undetermined multipliers, that provided for the incorporation of constraints. With
this we had an Analytical Mechanics.

1.10. William Rowan Hamilton and Carl Gustav Jacobi put together the (almost)
last parts of the Analytical Mechanics. We have provided an outline of their papers
in the chapter. Very briefly describe what they did.

Solution:

We need not discuss Hamilton’s desire to produce a theory of mathematical
optics. His goal in the first essay was to produce a function (the Principal Function)
that contained all that can be known about the system. He found that this function
could be obtained from the solution of two (essentially identical) partial differential
equations written for separate times. Once the function was found the variables could
be obtained by partial differentiation of the function. In the second essay Hamilton
obtained his canonical equations via Legendre Transformation and conducted the
derivation without a variational principle.

Jacobi had a great admiration for the work of Hamilton. However, he wondered
why Hamilton claimed he needed two partial differential equations instead of just
one. And he wondered why Hamilton had limited the theory to situations in which
the force function was independent of time. Jacobi also pointed out that, although the
partial differential equation(s) for the Principal Function were elegant the simplicity
of ordinary differential equations was lost. In many cases it was possible to reduce a
partial differential equation to a set of ordinary differential equations. He developed a
proof of each of his contentions in the course of his two papers. Jacobi also placed his
work in his lectures as soon as practicable. This provides an accessible explanation
of his ideas.

Hamilton’s ideas, modified and simplified by Jacobi form the basis of what is
known as the Hamilton-Jacobi approach.






2 Lagrangian Mechanics

2.1. Cylindrical coordinates are {r, ¥, z} . The position vector from the origin is
r = ré; + zé,. Show that the velocity vector is

—r = ié 4+ rdéy + z¢,.
dt

Solution:
We realize that the unit vector é; follows the particle and so is a function of time.
Then

d d \. d, d \.

ar = Er e +r aer + az éz.
With a quick drawing of the change 8¢, in the vector ¢é; as the particle moves through
an angle 61 we should be able to see that

Ser = 80eéy

and that, therefore,

Then
—r =Fér + ridéy + zé,.
dr

2.2. Spherical coordinates are {p, ¥, ¢}. The position vector is 7 = pé,. Show
that the velocity vector is

d . n A N
Er = pep + pY singey + ppey.

Solution.:

We know that the unit vector e o tracks the particle. It, therefore, changes direction
as the particle moves. If only the magnitude of the particle distance from the origin
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changes, while the direction ¢, does not change the contribution to the velocity vector
is

pep

The radial distance from the vertical axis (the z—axis in the preceding exercise) is
psing. So the rate of change of the vector 7 = pé, as the azimuthal angle ¢
changes at a rate ¥ is

p¥ sin ¢éy.

The rate of change of the vector 7 = pé, as the polar angle ¢ changes at a rate @
(a little picture will soon convince us) is

pPés.

The velocity of the particle is the linear sum of these three velocity components,
or

d o T A
Er = pe, + pYsingey + ppegy.

Remark 1. These exercises should serve to provide a familiarity with the coordi-
nates that will be of interest to us. The solution will require some drawing and the
consideration of small variations.

2.3. In this chapter we introduced Lagrange Undertermined Multipliers to add con-
straints to a variational principle. The reasoning should work just as well if we wish
to find the extremum of an algebraic expression subject to a constraint. For example,
if we wish to find the minimum distance from the origin to the straight line

y=3x+2

we seek the minimum distance from the origin to a point (x, y) in the plane and then
introduce the constraint that the point lies on the line. The calculation will be easier
if we minimize the square of the distance from the origin to the point (x, y), which
by Pythagoras’ Theorem is

[, y) =x*+y2

Carry out the calculation to find the point on the line.

Show that the shortest line between the origin and the straight line y = 3x + 2
is perpendicular to the line y = 3x 4 2.

Solution:

The function to minimize is the square of the distance from the origin to the point
(x, y), which is
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fx,y) =x> 4y

The points (x, y) lie on the straight line. The solutions for (x, y) are then constrained
by the requirement that

gx,y)=y—3x—-2=0,

be satisfied. We have graphed g (x, y) in the figure below.

-

Plot of y = 3x + 2.

Using Lagrange undertermined multipliers we must find extrema of
h(x,y) =x>+y>+r(y —3x—2).

We require then

oh
— =2x—31=0
0x
and
oh
— =2y+A1=0
dy
with
y=3x+2.

We first eliminate A, which is of no importance.
x+3y=0.

The last two equations then yield
y=3(=3y)+2.

Then y = 1/5. The value of x on the line at this value of y is —3/5. The vector from
the origin to this point is then (—3/5, 1/5). The vector along the line y = 3x + 2
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is (3, 2) Then the vectors along the line y = 3x + 2 and the shortest line from the
origin to this line are

(%,2) and (—3/5,1/5)

scalar product of these vectors is

2
(g, 2) -(=3/5,1/5)

= 2+2—o
-5 50 7

So they are perpendicular.

2.4. Show that D’Alembert’s Principle results in conservation of mechanical en-

ergy d(T +V) = 0 for impressed forces derivable from a scalar potential as
F = —gradV.
Solution:
Motion is consistent with constraints. So, writing §r; =dr;
d? dd
mi@ri . 51‘1 = miEEri . dri
dv;
= mid—t1 -dr;
= mjv; - dv;

1
= d( mlvz) =dT,

is the kinetic energy of the i particle. And, if the forces all come from potentials,

F;-dr;j = —grad V - dr;
= —dV;,
where Viis the potential at the location of the i " particle. Then D’ Alembert’s Principle
is
2

Z[mic%ri } dri = Zd(rwl

1

_dG+V%

which is conservation of mechanical energy for the system.
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2.5. Consider the parabola

v = —2x12 —4
and the straight line

y2=2x2+1
First show that the graphs of these two functions never intersect. Having convinced
yourself of this, then go on to find the minimum distance between these two functions.

Show also that the minimum distance is a line perpendicular to the given straight
line.

Solution:
In the figure below we have plotted graphs of the straight line and the parabola.

Plot of the functions y = —2x? — 4 and y = 2x + 1. Note the scales on abscissa
and ordinate differ.

We want to minimize the function (square of the distance between points on the
curves)

= — x>+ (2 — )’
subject to the constraints

gr=—y—2x7—4=0
and

g =—-y2+2x+1=0.

Then
0 0
o8 _ —4x1 and 981 _ —1
0xy ay1
and
982

)
— —4xjand 22 = 1.
0x2 dy2
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That is we want the extremum of

2= —x)*+ 02—y + A (—yl — 2x12 — 4) + A (=y2+2x2+1),
which is numerically equal to the first equation. At the extremum all partial derivatives
vanish. The partial derivatives with respect to Aj vanish automatically because
g1 = g2 = 0. Then

—2(x2 —x1) —4rx1 =0,

2 (x2 —x1) + 2 =0,

22 —y1)—r21 =0,

2(y2—y1) — 2 =0,

V1 = —2x12 —4,
and

yo =2x2 + 1.
Because

Al =—=20(2—y1)

and

=202 —y1).
we see

A= —Ay= A

We then have the equations
A==2(—y1)
—(xp —x1) —2Ax1 =0
A= (x2—x1).
Combining we have

A=(x2—x1)=-202—y1)
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and
-\ —2Ax1 =0.

We have as well the equations for the curves
V= —2x12 —4

and
yo =2x3 + 1.

We may now solve for x

1
X1 = —=.

2

From the parabola we have y; as
9
= 2x% _4=__,
1 X )

The equation for A then becomes
A=y —x1)=-202—y1)

(e (o)

With y, = 2x2 + 1 This is

1 11
(xz + 5) =-2 (2x2 + 7)

The solution is

23
10°

Xy =

We then have the points on the two curves as

-4
(xlvyl — _25_2

15
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and
( ) 23 18
X2, =|-—,——).
2, )2 10 3

The vector from the parabola to the straight line has the components

( ) 18 9
X2 —X1,y2 — ={—-— —)-
2 X1, 2~ )1 570

The vector direction along the straight line is (% 1). The scalar product of the vectors
is then

18 9 11
5710 2’
9 9

=——+ = =0.
10" 10

The shortest line between the curves is then perpendicular to the straight line.

2.6. In statistical mechanics we find that the Gibbs expression for the entropy is

S:—kBZPrlnPr,
T

where kg is the Boltzmann constant and P; is the coefficient of probability for the
r state, which is a measure of the density of states in the system phase space!.
Thermodynamics teaches us that under conditions of constant energy and volume
the entropy of a system will be a maximum. That is, we have the constraint that

£=> P&,

which is that the average energy of the system in the ensemble is a constant. We also
realize that there is another constraint in the definition of probability. That is

1=>"P.

Show that the probability that a system of atoms will be in a particular state of
total energy &; is given by

Pr=eXP[—1—0l—,35r],

where « and § are constants. Do this by maximizing the Gibbs entropy subject to
the constraints. The « and g are the Lagrange Undetermined Multipliers.

IThe system phase space has an axis for every canonical coordinate and every canonical
momentum of every particle (atom/molecule) in the system. This space is called I"—space.
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Solution:
We seek the maximum (extremum) of

S = —kBZmnPr
T

subject to

glza(ZPr—l)zo

and

ggzﬁ(ZPrEr—E)zo.

That is, we seek an extremum of

h(P)=—kBZPrlnPr—i—a(ZP,—1)+,3(2Pr5r—5)

subject to (now) independent variations of the probabilities P;. Then

6h(P)=0=—kBZ(SPr(1+lnPr+(x+ﬂ€r).
T

Because the P; are now independent, this requires that
l+InP+a+p5&=0

or
P=exp(—1—a—pBE&).

2.7. Study the following functional

1
J[y]:/o ax (y').

Determine whether or not it has an extremum. If it does, find that extremum.
Solution:
The Euler-Lagrange equation is
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d o ,
- ey
=3 ,

which is satisfied uniquely for all possible functions y = y (x). If we return to the
original functional we see that, with y’ =dy/dx,

1 1
J[y]=/ dx(y/)=/ dy =1
0 0

for all possible y = y (x). So the functional is always a constant and there is no
extremum.

2.8. Consider the functional

1
J[y]=/0 dx (yy') .

Determine whether or not this functional has an extremum. If so, find that extremum.
Solution:
The Euler-Lagrange Equation is

D=L =
3y ) =~ gr gy () =0
or

/ / /
—_ Yy = — :O
y dxy y =y

identically. We also notice that
' = (L2
dx \2
so the functional becomes
Iyl = / a(1) =1
=, N ) T2

regardless of the function y. There is then no extremum.

2.9. Study the functional

1
Iyl = /O dx (xyy') .
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Determine whether or not this functional has an extremum. If it does, find that

extremum.
Solution:
The Euler-Lagrange Equation is
o (xyy') — 40 (xyy') = xy = <y
ay dx 9y’ dx
=xy' —y—xy

The Euler-Lagrange Equation is then solved by the function y (x) = 0. There is then
a minimum for y = 0 and this minimum is 0.

2.10. Find the differential equation for the extremum of the functional

! 2
sy = [ a5+ () = 2vsin (o)
0

[answer: y”/ — y = —sin (x)]
Solution:
The Euler-Lagrange Equation is
d

2 N2 . d o 2 N2 .
5[ + () —2ysm(x)]—aa—y,[y + (') —2ysm(x)]

d
=2y —2si - —(2y
y—2sin( - L 2y)

=2y —2sin(x) —2y" =0,
or

y' —y = —sin(x).

2.11. Show that the functional of two functions:
5}
S[x,y]=/ At [t x, y, %, Y]
t

has an extremum when Euler-Lagrange equations for each of the functions are sat-
isfied.. That is, show that this functional has an extremum when

0 d o
—Y — ——P =0
0x dr ox
and
0 d o
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provided the variations vanish at the end points.

This requires the details of what we indicated in the text.

Solution:

We assume that an extremum of the functional exists for the functions x = & and
¥y = 1. Then we define infinitesimal functions iy and hy, which vanish at the end
points. Then the functional has an extremum when

U= (8,8 )

and the functions & + hy and 1 + hy provide a deviation of the functional from the
extremum. That is

2 . . .
8]

to A
—/t drw [1,&, 9,6, 7).

We then conduct a Taylor expansion of ¥ around the extremum condition.

W[I,E‘i‘hmrl‘f‘hy,é"‘l:lx,f}‘l‘]’.ly]

. ov ov .

=V 1,§,1n,§, ] +_h +_-h

[ 577577] ok X oE X
LA
an Y an Y

neglecting terms higher than first order in 4y y. Then

5S[x, y] /tzdt(awh +alpl& +alph +awiz)
X, = —_— — -_— —_—Q .
PES T eE T T e E T T Y T Y

Now
d [ov d ovw v .
d (—h) _ (__.) i+ L
dr \ 9¢ dr 9¢ 0&
and
d alI/h _(do¥ B+ 8lI/}-l
de\oan ¥) \drean) > an ¥
And, because the functions /iy y vanish at the end points,
/tz dt d Blllh n d 8lI/h
. de \ 9é *) dr\an ’
v 64 =
= —,hx + —_hy = 0
9§ an t=ty

Then
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2 o doaov o dov
st = [a (2o L2 (2o LY, )
" 05 dr 3¢ on  dt an
because the infinitesimal functions %y y are independent of one another, this integral
vanishes if

W dow

9t dr 3¢
and

o dow

an  dr on

independently of one another.
2.12. Consider that in the functional

©
spi= [ ar o)
t
the function F does not depend explicitly on the time 7. Show that as a consequence
LOF
F — y—— = constant.
dy

Solution:
We begin with the Euler-Lagrange Equation.

aF  9*F . 0*F .
y=0

oy 32 ayoy
If we multiply both sides through by y we have

C(OF d9F
Y\oy " aray

_9F . 9*F...  9*F ,
ayy 072 Vy ayay'y =
Now we note that
doF . 9*F..  9*F , OF
oy’ T 9327 TayayY Ty
Then
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and, comparing, we see that
.f(0F dOoF d LOF
y\l————)=—\(F—-y— ) =0.
dy dr dy dr ay
Therefore
LOF
F — y—— = constant.
dy
2.13. Using the results of the preceding exercise, i.e.
LOF
F — y— = constant,
dy

show that for F as the Lagrangian ' = T — V for a single particle of mass m that
the total mechanical energy is constant and that

Clp 335\ _S r v
dr Y9y ) T T ar '

Solution:
If F is the Lagrangian for a single particle

Felmi?ov
= —m — .
3 y
Then
LOF I, . .
F—y—=-my" =V —y@my)
ay 2
15
=—|-my V).
(2"” " )
Therefore

1
(zm)')z + V) = constant

and

Clr_ 32BNy
dr Yoy )T T '

2.14. Among all curves joining the points (xg, yo) and (x1, y;) find that which
generates the minimum surface area when rotated around the x —axis. Begin with
the Pythagorean Theorem that the differential length between two points in the
(x, y) —plane is
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ds = \/dx2 +dy? = dx\/1 + ()%

At the point x the distance to the curve y = y (x) is equal to the value of y. So the
differential area of the surface of rotation defined by the points x and x+dx on the
X —axis is

dx (271 v/ 1+ (y/)Z) .

The area of the surface of revolution between xy and x;is
X1
Ag = 27r/ dx (y\/ 1+ (y’)z) .
XQ-

[Answer: y = K cosh [(x + C) /K], where K and C are (integration) constants]
Solution:
We note that the function in the functional

F=2my\/1+ ()

is independent of the coordinate x and depends only on y and y’. From the results
of a preceding exercise, then, we know that

,OF
F — y'— = constant,
a !/

replacing ¢ with x. Now

oF d !
— = 2y 1+ () = dry—2
ay ay /1 + (y/)Z

Then

N2
Wi+ ) - yL =K,
VI+07?

where K is a constant. Multiplying through by /1 + ()’ )> we have

y =K1+ 0%

or (dropping =+)
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dy 1
=7 = 2_ K2
Y dx K Y ’
which is
K
dy —— =dx.
y2_K2

This integrates to (CRC 157)

dy /

g e —— 2 _ K2

x+C_K/ 2 5 Kln(y+ y K)
——Kln()_)—f—\/ﬁz—l)—f—Kan,

where y = y/K. Defining C = C’ — K In K, we have

x+C
_ S 52
X _ln(y+,/y 1).

And

mmW@sz+ V—O.

Then

C
ot = cosh’! )

or

C
y = K cosh (i)
K

2 Lagrangian Mechanics

2.15. A particle is released from rest at a point (xp, yp) and slides (without friction)
down a curve in the (x, y) plane. Since the differential distance down the plane is

ds = /dx2 +dy2 =dxy/1 + (/)2

the speed at which the particle slides is

ds dx
=—=4/1 2.
v dr Jr(y)dt

The speed, from energy conservation (no friction) is

v=./2gy.
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Then

J1+0)?

28y

What must the curve be, down which the particle slides, so that it reaches the vertical
line at x = b (> xg) in the shortest time? We then wish to find the extremum of the
functional for the total time

\/1 + <y'>2
Tlyl= /
=X0

This is the brachistochrone problem, which was first posed by Johann Bernoulli in
1696.

[Answer: A cycloid]

Solution:

From a previous exercise we found that for no dependence on the independent
variable in the function appearing in the functional

dr = dx

,0F
F —y'— = constant,

ay’

since here the independent variable is x (it was ¢ in the previous exercise).
Now

OF 9 \1+00 ¥/

r / -
WO VERY g 14 o2

Then
,0F
F—y—
ay’
B /1 + (y/)Z (y/)z
V2
8 Vagy/1+0)?
=K’
or

L= K'\J2gy[1 + (]

With foresight we called the constant K’. Squaring both sides,
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1=2g (k)5 [1+ ()],

Now we define K = 1/ [Zg (K’)z]. Then
dy 2 _

dy [K—y
dx y

or

This can be integrated if we are a bit crafty. We are releasing the particle (mass) from
the top of the curve. This we called (xo, yo), but we may call it the origin. And the
particle slides down the curve to a point a > xo = 0. If we choose the angle ¢ to
be the angle between the vertical axis and the tangent to the curve, and choose to
measure y as positive downward, then dx/dy = tan ¢. From our last equation, this
means

dx [y
— =tan¢ = s
dy K—y

y o sin® ¢

K—y cost¢’

or

which becomes
y cos’ ¢+y sin? ¢
=y=K sin? .

We then have a solution for y. To obtain a solution for x we return to the differential
relationship, which we write as

dy [K—ydx 1 dx
d¢p y d¢ tanpde’

With

j_; _ % (K sin2¢) = 2K sin ¢ cos ¢

this becomes
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dx dy .
— = — =2Ktan¢sin¢ cos ¢
dp do¢
or
dx
— =2Ksin’¢.
do
But

5 1 . ek
sin” ¢ = [Z [exp (i9) — exp (—ig)]
= %(1 — cos2¢) .

The a simple integral with respect to £ = 2¢ results in
K .
x = 5 2¢ —sin2¢) + C

If we choose the angle ¢ to be zero at the top of the path the additive constant C = 0.
And

K
y=Ksin®¢ = — (1= cos2¢).

These last equations describe the cycloid. So the curve which minimizes the sliding
time is the cycloid.

2.16. A particle of mass m moves under no forces in the direction x.

Find the Lagrangian and the canonical momentum. Show that the canonical
momentum is conserved. Find the energy and show that its total time derivative is
zero so that the energy is a constant.

Do this using the Euler-Lagrange equations.

Solution:

The kinetic energy is

T =-mx
and the potential energy in this case is zero. The Lagrangian is then
. 1 .,
Lx,x,t)=T -V = me

and the canonical momentum is

aL .
Px = —— = mx.
0x
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The Euler-Lagrange equation is

oL _doL _d
ax drox _alxTY

which means that

px = constant.

The energy is
E=mxx—L
1
= mx? — —mx?
2
1,
= —mx”~,
2
Which, in terms of the canonical momentum, is
e PR
2m’

The time derivative of the energy is

d px d
—5:—— :0’
dr m i T¥

since dpx/dt = 0 from the Euler-Lagrange equation.

2.17. Consider a particle of mass m in free fall under the influence of gravity. Find
the Lagrangian, the canonical momentum, the Euler-Lagrange equation. Show that
the energy is constant and integrate the Euler-Lagrange equation.

Solution:

The kinetic and potential energies are

1 ‘2
T ==

2"
V =mgy.

Then the Lagrangian is

1 .2
L= Emy —mgy.

The canonical momentum is

oL

= — =my.
ay

Py

The Euler-Lagrange equation is then
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oL doL d

o wey T T

=—-mg— —my = 0.
8 dr y
This equation is integrated as

t t
/ d(my')Z—/ dr (mg),
to to

which is

my (1) —myo = —mg (t — 1),

where
yo =y (to) -
Since
. dy
1 =—,
y (@) ”

the next integration is also immediate. Integrating

dy .
mas = me (t —10) +myo

yields

. 1
my (6) = myo = (mfo +mgto) (t = 10) = 3mg (12 = 1) .

Choosing #yp = 0, this is

o
y (1) = yo + Yot — Emgtz-

The energy is
E=pyy—1L
I .,
= Emy +mgy.

With the canonical momentum, this is

2

p
&=+ mgy.
2m

29
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The time derivative of the energy is

d py d
iy
dr mdtpy+ mey.

The Euler-Lagrange equation is

d

—mg = - py

and the canonical momentum is

oL .
= — =m ,
Py 3y y
SO
d py d
—& = +m
dr m dtpy mgy

d

=0,

and the energy is constant.

2 Lagrangian Mechanics

2.18. Consider a particle of mass m sliding without friction down an inclined plane.

We show this in the figure below.

'
¥

»

X

Particle sliding on incline.

Find the Lagrangian, the Euler Lagrange equations, and the energy. Show that the
energy is constant and solve the Euler-Lagrange equations. Find the reaction force
with the incline using the Lagrange multipliers.

Solution:

The kinetic and potential energies are

1
- ()
2m x“+y
V =mgy.
The Lagrangian is
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L=T-V
1 . .
= Em (x2 + yz) —mgy.
The canonical momenta are
JL .
px = a = mx
JL .
= — =my.
Py 3y y

The energy is then
1 . .
= Em (x2 + yz) +mgy
1 2 2
=5 (px +py) +mgy
The constraint is the relationship between x and y, which is

y =ax,
where
o =tan .

To incorporate the constraint directly into the Lagrangian we differentiate the con-
straint to get

y =ax.
Then the Lagrangian is
1
L= Em)'cz (1 + (x2) —mgax.

For this Lagrangian the canonical momentum is

oL 2\ .
g—m(l—i—a )x.

The Euler-Lagrange equation is then

%_%z—gz—mga—%(ln(l—i—az)i):&

This equation is integrated to give
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) 1 go 5
= t— = .
X = X0 + X0 2(1+a2)

This is, then, the same as free fall if we replace g by ga/ (1 + oez). The inclined
plane, then, models free fall, as Galileo claimed.

If we choose to use Lagrange multipliers, we first note that in standard form the
constraint is

g=y—ax.
Then

dg =0=dy — adx,

from which
d d
28 —tand & = —q.
dy ax

The Euler-Lagrange equations are then
oL d oL g

ox dr ox + ox
oL doL g

dy dt dy + ay

These become

0

0.

d
- x) —Aa =0
" (mx) o
d( V) +1 =0
—mg — — (m =0.
8 a y
Written in the form

m (mx) = —\«

d

we easily see that the reaction forces with the incline are

3
fo=—ha =S
0x

g

= 41 =12,
fy=+ ay

The picture is
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Forces for particle on incline.

We now have three equations to solve

— (mx) = —\
O (mx) o
d( V) + X
— (my) = —m
a y 8

y = ax,

We use the constraint to eliminate y from the second in favor of x.

d (m) mg n A

— (mx) = —— + —.

dr o o
Combining this with the first we have an equation involving only A, which is solved
by

A= 28
1+ o2

With this the first equation becomes

d( )= —ha = mog
dr my == 1+ a2

This is, of course, the same equation obtained above by incorporating the constraint
directly into the Lagrangian, which is no mystery. We have gained in use of the
Lagrange multipliers by obtaining the constraint forces. In more complicated prob-
lems the gain is more because the algebra of incorporating the constraints directly is
simply too complicated to consider.

With the solution for A the y—equation is

d . 8

a’ T T e

-8 1+a2)’

which is also the same equation as obtained before.
Differentiating the energy
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d 1 . . .
€ = — (b + pypy) +mgs
Px . Py /.
= = po+ = (py +mg).
m m
But, from the Euler-Lagrange equations

d .
a(px) = px = A

(o) = by = —mg = 2
dr
y = ax.
Then
d
Se Py Dy
dr m m
= XA — YA

=xla — xia =0,
using the constraint. That is, the energy is a constant of the motion.
2.19. Consider a mass, m, sliding without friction on the hilly terrain described by
the function

y = —4x3 +5x% — x.
We have shown the hilly terrain in the figure below.
0.3

0.2

0.1

04 06 08 10
X

Hilly terrain described by y = —4x> + 5x% — x.

Obtain the equations of motion for the particle using Lagrange multipliers.
Solution:
The Lagrangian is

L=T-V
1 . .
= Em <x2 + y2) —mgy.
The constraint is

g=y+4x> —5x2+x=0.

The partial derivatives of the constraint are
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0
28 12— 10x +1
0x
0
% .
dy
The canonical momenta are
oL .
Px = E =mx
oL .
= — =m
Py 3y y
and
oL
= _0
0x
oL
— =0.
dy

The Euler-Lagrange equations are then

0L _d(OLY L, (28) = "+x(122 10 +1)
ax  dr \ox ax) = * *

=0
and
9L d (LY, (0 .
- — | — — = —m
oy dr \ay 9y Y
—0.
That is
—mx+x(12x2—10x+1)=o
—-my+X1=0

and the constraint is
y—i—4x3 —5x2+x=0.

We note that A may be a function of the time.
These equations are sufficient to solve for the motion in principle. It may, however,
be helpful to also use the constant energy

I CIANCTA VN
o) T 5y )Y

_ L (p2 . pz) + mgy
2m \"*% y

in attempting a solution. The numerical value of the energy may be found from the
initial conditions (at the origin).

_ 2
E = myy.
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However, the actual solution for the motion may notbe at all easy. The Euler-Lagrange
equations are nonlinear.

2.20. In the figure here we have two masses connected by identical springs to one
another and to two vertical walls.

Two masses connected by identical springs to fixed vertical walls.

We neglect gravitational influences.

Study the motion of the system. Find the natural (eigen) frequencies and the
corresponding eigenvectors.

Solution:

The extensions of the springs resulting from the displacements x; > of the masses
are

spring 1 = x;

spring 2 = (x2 — x1)

spring 3 = x».
Each spring, owing to its compression or extension, has a potential energy. The
potential energies are

1
Vi = —kx?
1 2x1

1 2
V) = Ek (x2 — x1)

1
Vs = ~kx3.
3 3 Xy
The kinetic energies of the two masses are each of the form
1
T, me "

The Lagrangian is then
1 ) . 1
L= Em (xlz +x§) — Ek |:x12 + (x2 — )C1)2 +x§] .

There are two (generalized) coordinates. The canonical momenta are

JL .
= — =mx
Px 9% 1
JL .
Py = —— = mxa.

X7
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And the derivatives with respect to the generalized coordinates are
oL
ox1
oL
oxa

= —kxi +k (x2 — x1)

= —kxo —k (xp — x1).

The Euler-Lagrange equations are then
—mX| —kxi +k(x—x1) =0
—mXy —kxy —k (xo —x1) = 0.

Using the Ansatz
Xy =Xuexp(iot),

the Euler-Lagrange equations become

~ 3% + w0 (B2 — X)) = —0”

X1
2~ 2~ = 2~
—wpxy — Wy (X2 — X1) = —w Xy,
or
Zw%ﬁ - w%fz = ’%)
2~ 2~ 2~
—wpX1 + 20Xy = 0 X2,
in which
k
=k
m

Written in the form

203 —0} [ 2| X1
—2202 115 17% 15 10
wj 2w; X2 X2

we have an eigenvalue problem. The eigenvalues are

2 _ 2 2
o = wy, 3wyg.

And the corresponding normalized eigenvectors are
1

V2
1

V2

We also notice that the principal matrix is Hermitian so that the eigenvalues, which

are the values of —w? are real. The (natural) physical motion is then clear. There
is a high frequency motion at @ = ~/3 wq in which the masses move opposed to

|: } ] for the eigenvalue w%

|: _11 :| for the eigenvalue 3w},
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one another and a low frequency motion at @ = /3 w in which the masses move
together. Since this is a linear system, the general solution is a linear sum of these
motions. That is, the general solution is of the form

[2} - % [”exp (iwot) + % [‘11} exp (iﬁwot) ,

where A and B are, in general, complex numbers. That is. there are four constants
in the solution. There are also four initial conditions, which are the initial positions
and velocities of the masses.

2.21. Consider a mass sliding without friction inside a sphere. We have drawn the
picture here.

Mass Inside Sphere. Here a mass slides without friction inside a sphere, which we
choose to be of glass so the motion can be observed. The coordinates are spherical
(p, U, ¢) with the polar angle ¢ measured from zero in the central horizontal plane.

Study the motion by incorporating all constraints directly into the Lagrangian.
Find the equilibrium orbit. Study small perturbations around this orbit.

Solution:

The kinetic energy is

i . .
T =3m [/’)2 + p? (cos2 ¢>) 3 4 p2¢2] ,

where ¢ is measured as positive downward from the center of the sphere. Since the
radius of the sphere is constant

p=R,

and the kinetic energy is

2

T = % [(cos2 ¢>) 192 + ¢2] .

The potential energy is
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V = —mgRsin g,

since ¢ is measured from the horizontal plane at the center of the sphere. The La-
grangian is then

L= mTRz [(cos2 q)) 3 + ¢2] + mgR sin ¢.

This Lagrangian specifies the complete problem. We note that this is cyclic in ¢ and
the time, 7. Therefore the angular momentum,

oL _ R ( 2 ¢>) B =1
=—=m cos =
Po Py
is a constant. That is

14

v= mR? (cos? ¢)’

We can then write the Lagrangian as

2
L _mR2 (0052 (;5) ¢ + ULS [ﬁz + mgRsin¢
_ m i
2 mR? (cos? ) 2 ¢

2 n mde)z n Rsing
= mgR sin
dmR2cos2d | 2 §
The energy,
¢ R? .
E " ¢2 — mgRsing

= 2mR? cos2 ¢ + 2
is also a constant. We have only a single Euler-Lagrange equation. With

dL 0 ,
% = mmm{)—i—ngcosd:
and
aL R2'
= —— =m .
Pe 2 2

the Euler-Lagrange equation is
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L (oL
ap  dr \ 9o

2
= K— sin¢ + mgR cos ¢ — mR*$ = 0.
mR2 cos3 ¢

This is a complicated, nonlinear differential equation. We may find graphical solu-
tions. But analytical solutions do not exist. Nevertheless we can study situations of
interest. For example we expect to find an equilibrium solution with the mass moving
in a circle in a plane some distance below the central plane.

The equilibrium solution is found when ¢ = 0. That is,

: m’gR>
sin ¢ + 2 cos” ¢ =0.

We may convert this to an expression involving only sines of ¢ using
cosz¢ =1- sin2¢>.

Then, for ¢ # 0,
2 3
R 2
sin ¢ + % (1 — sin? ¢>)
3

R3 R3 R
= sin¢+m2g —2m2ge—2 sin2¢)—|—m2g€—2 sin* ¢

@
=0.

This can be solved numerically for sin ¢ if values are provided for the mass, radius,
and angular momentum. We do note, however, that for infinite angular momentum
sin ¢ = 0 which means ¢ = 0. The motion is then circular in the central horizontal
plane. For zero angular momentum we must go back to the original Euler-Lagrange
equation, before we divided by ¢, to obtain

mgRcos¢p =0,

or ¢ = m /2. These two limits agree with our expectations.
We can consider small oscillations about equilibrium at a particular angle ¢y.
Let us define the angle ¢ such that

¢ =¢o+e.

Then
cos ¢ = cos (¢0 + 5)
= cos ¢y — € sin @y,

and
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sin¢ = sin (¢ + ¢)
= sin ¢ + & cos ¢y,

for small . The Euler-Lagrange equation is then

1

; : % (sin ¢y + £ cos o) +mg R (cos ¢y — & sin o) —mR*E = 0
mR? (cos ¢ — & sin ¢y)

Expanding to first order in ¢ we have

. 8 2
&=\ —=cos —————{“sin
(R o+ m2R* cos3 ¢y ¢’0)

2 2
g . 14 2cos” ¢y — 3
(R sin ¢ + (mRz) cost ¢y €.

The motion around the equilibrium point is then sinusoidal with a frequency

2 2
_ g . 14 2cos ¢y — 3
o= (Rs1n¢0+(mR2) cos’ dg .

2.22. Consider the block, spring and pendulum system shown here.

—
X

Block, spring, and pendulum

Obtain the Euler-Lagrange equations for this system. Then simplify for equal
masses (M = m). Consider small vibrations (small x and ). Make the Ansatz that
the time dependence is exp (iwt) and find the normal modes of motion.

Solution:

The position vectors for the center of mass of the block r and the pendulum bob
rp are

ri = (a+x)eéx
ry = (a+x+{€sind)eéx — LcosVey.

The velocities are
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dr Y
—ri=W)e
dr 1 X

d . .
arg = (x + 29 cos 19) éx + £V sin ¥ eéy.

X + £ cos ¥
£9 sin ¢ ’

where we have introduced a matrix representation for the vectors. The squares of the
velocities are

i =lio][§]

= 32

and
M= [+ £ cos ¥ £ sin ¥ ] [;l;_sfnﬁ;os 19:|
= 224 0297 + 2089 cos V.
Then the kinetic energy is
1

1
T = 5Mr‘l2 + Emr'g

1 1 . .
= EM)'CZ + Em ()&2 + 62192 + 20x1 cos 19) .

The potential energy is
L
V= Ekx —mglcos?.

The Lagrangian is then

L=T-V
1o, 1 .2 242 .4 1 5
=§Mx —i—zm (x + 70 +2£xl9cosz9)—§kx +mglcos?.

From here the partial derivatives we need are

oL e .
— = —mlx?Y sin ¥ — mg¥ sin ¥
v

= —— =m X COS
Py Y
oL
— —kx
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oL .
Px = R = (M 4+ m) x + mly cos
X

The Euler-Lagrange equations are then

oL d f/OL . d (5. .
— —— = :0:—m@xﬁsmﬁ—mgﬁsmﬁ—m—(ﬁ19+€xcosf})
v dr \ 9y dt

= —mlxi¥sin® —mglsin® —m (625 + €% cos ¥ — £x 0 sin 19)
oL d (0L d . .

= —kx — ((M 4 m) % + med cos® —med* sin 19) .

We can simplify these equations by choosing the masses equal and by considering
small vibrations. That is, we assume that ¢ and x and all derivatives are small.
Neglecting product terms in these quantities the equations are then (with M = m)

—mlEDO — mgld —m (132{9 . fzfméﬁ)
= —me (5e+ei§+£§0) —0
and

—kx — (ijc' + med — m5192z9)
k . .
=—-m (—x+2x+£19) =0.
m

Introducing the natural frequency for the pendulum,

/8
-

and for the spring-mass

k
Ws =14/ —»
m
we have
F 400 + Ly =0
2% 4+ wlx 4+ 09 = 0.
Making the Ansatz that the solutions are complex exponentials

x = Xexp (iot)
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and
U= O@exp(int).

With this Ansatz, the equations are
—w*X + ¢ (—w2 +w§) ®=0
(—2w2 + w%) X —tw?O =0.

In matrix form,

w? —w? + a)g X | 10
—2w? 4+ 0? w? o] 0]

2 Lagrangian Mechanics

We have incorporated the length of the pendulum, ¢, into the angle definition for
convenience. For a non-trivial solution the determinant of the principal matrix must

vanish. That is

ot — (wg — a)z) (a)g — 2a)2) =0.
We solve this as a quadratic equation for

{=ow".
That is

I (a)g - ;) (a)f - 2;) =0.
The solutions are

2, 1.2, 1 4 4
5 w, + 505 + 3 4a)p+a)s

=0 = 2 1.2 1 4 4 "
wp + y05 — 3, /405 + @

We can find the corresponding motions by inserting these solutions back into the

original problem.

For 0 = 0} + y0? + %, [40} + o?,
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o (0B e+ ] favh+ o
X (%wg + % 4a)g + w?
2
1)
=—|1+ P

For 0 = 2 + 30? — 1, [40} + o}

p T %>
© w%—i—%a)g—% (4wg+a)§)
X lo2 -1 (4603 + a):‘)
&

|
|
+

12 1 4 4
W5 — 5 (4a)p+a)s)

The first of these is the high frequency mode and the second is the low frequency

mode. For both the motion of the block and the pendulum are opposed. That is

% < 0 1in both cases. However, because

1 1
Ea)z -5 (4@3 + wf) <0,

2 2
[ w
1+ P > |1 2 ,
S+ 4 /(40 + o) Jo2 = 4 /(40 + o)

The high frequency mode has a higher amplitude than the low frequency mode. The
general motion is, of course, a combination of these.

2.23. In the figure below we have drawn a stationary wire loop with a bead of mass
m. The bead is free to move with no friction on the wire.
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Bead on frictionless, stationary wire loop.

Find the Euler-Lagrange equations. Do not attempt a solution.
Solution:
In spherical coordinates the velocity is

d . o .
PP (psing) Fey + poeg.

Then
) 252 .2 252
Fo=p"+ p 0 sin" ¢+ p7P
and the kinetic energy is
1 . v 22
T = Em (p2 +p219 s1n2¢ +p2¢> ) .
For the situation with p = R = constant, and = 0 we have

T = %m (R2q'>2) .

The gravitational Potential energy is
V =mgRcos¢

So the Lagrangian is

L=T-V
1

=5m (de)Z) —mgRcos¢

There is only one coordinate and only one Euler-Lagrange equation.
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oL Rsing
— = sin
ag 8
= —— =m .
D¢ 9%
Then
oL doL . 5
— — —— =mgRsing —mR“¢p =0
a¢p  dt a¢
That is
o § .
o= R sin ¢

where ¢ is measured from the top of the circular wire. We may choose to measure
this from the bottom, which is the normal measurement for the simple pendulum, by
adding 7 to ¢. Since sin (wr 4+ ¢) = — sin ¢, we have then

. g .
= —=3sing@,
¢ R ¢

which is he equation of motion for the simple pendulum.

2.24. Consider now that the loop in the preceding exercise rotates at a constant
angular velocity about the vertical axis. That is ¢ = §2 = constant and p = R =
constant.

Find the Euler-Lagrange equations. What is the equilibrium location of the bead?
Show that the equilibrium is stable, that is small deviations form equilibrium result
in sinusoidal oscillations around equilibrium, provided

g g \?
1+-5__» (—) 0.
T R22 rR22) ~

Solution:
The kinetic energy is

T = %m (/’)2 + ,02192 sin2¢ + ,024')2) .
With & = £ = constant and p = R = constant,
T = %mRZ (92 sin® ¢ + d)z) .
The potential energy is

V = mgR cos ¢
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The Lagrangian is
L=T-V

1 .
= EmR2 (.{22 sin’ ¢+ (;52) —mgRcos ¢

There is again only one coordinate. So we have only one Euler-Lagrange equation.
The derivatives we need are

aL 2 2 . .
% = mR“§27sin¢p cos ¢y + mgR sin ¢

d¢p  dr ag
= mR*Q2%sin¢ cos ¢ +mgR sinp — mR*p =0
or

mR*$ = mR?>$2% sin ¢ cos ¢ + mgR sin ¢.
We may again choose to measure ¢ from the bottom of the circular wire by

adding 7 to ¢. Noting that sin (m + ¢) = —sin¢ and cos (7 + ¢) = —cos ¢, we
have

mR2$ = mR>0? sin ¢ cos ¢ — mgR sin ¢.
The bead is in equilibrium if ¢ = 0. This requires that
R$2% sin P cos Py = g sin ¢y,
where we have designated the equilibrium angle as ¢. Then

8

COS (l)o = W

That is, the equilibrium position for the bead is at an angle ¢ given by

_ -1 g)
¢o = cos (_R.QZ .

To study oscillations about equilibrium we write ¢ = ¢ + ¢ and linearize the
Euler-Lagrange equation for small ¢. Noting that
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sin ¢ cos ¢ = sin (g + €) cos (g + ¢)
= cos @y singy + ¢ (cos2 ¢y — sin’ ¢0)

= oS g/ 1 — cos? gy + ¢ (2 cos? ¢y — 1)

g g \2 g \2
RQ? r2?) ¢ [ R2?

T g8 \? 2 8 8 \?
P=E=% 1_(1«22) - []+R92_2(R.Q2)}8'

Now

g g \2
1 —2 (—) 0
tRa? r22)

and the solution for ¢ is sinusoidal provided g/R£2? < 1, which is a condition on
the rotational velocity. The frequency is

8 8 \?
52/1 —2(=%5)
+3e 2z

2.25. A physical pendulum is a uniform rod suspended on an axis constrained to
move in one plane about a point other than the center of the rod. In the figure below
we have shown a physical pendulum.

Physical pendulum.

Write the Lagrangian for this physical pendulum. Begin by writing the La-
grangian for a differential mass located at a distance x from the axis and then integrate
over the rod.

Find the Euler-Lagrange equation for this physical pendulum.

Solution:

In the figure here we have indicated a segment dx of the rod at a distance x from
the pivot.
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1
|
|
i
|
|
|
I
|
I

Physical pendulum with differential segment dx.

The mass of the segment is dm = Adx where A is the mass per unit length of the rod.
The square of the velocity of this segment is

x2d ,

using polar (cylindrical) coordinates. The kinetic energy of the segment is

1 ,.
dT =dm (Exzﬂz) .

The potential energy of the segment is
dV = —dm (gx cos ¥)

for segments on the lower side, i.e. below the pivot, and
dV = +dm (gx cos )

for those above. Then the contribution to the Lagrangian for segments below the
pivot is

1,.
ALbetow = dm [§x2ﬁ2 1 (gx cos z&‘)]
1 5.2
= Adx Ex ¥+ (gxcos?) |,
and for those above,
1 5.2
dLabove = dm 5% ¥ — (gxcos®)

1 ,.2
= Adx Ex U — (gxcos?v)|.

We obtain the total Lagrangian by integrating. We integrate over d Lpejow from 0 —
(£ — d) and over dL pove from 0 — (d). Then
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L

t-d d

1 5.2 1 5.2

A dx Ex 9" 4 (gxcos?) | + A dx Ex 9" — (gx cos V)
0 0

d

=A l)c3192—+—l x2cos ¥ K_d+)\ 1)63192—l x2cos ¥
~ e 28 . 6 28 .

1 . 1
=m’8[£2—3£d+3d2] ﬁ2+§g[€—2d]cosﬁ]-

The Euler-Lagrange equation is found from

oL m .
35 = —Eg[ﬁ — 2d]sin ¥

oL m
a3

[62 —30d + 3d2] B

as
oL d oL

a0 dt 3
- —%g[ﬁ —2d]sin® — % [£2—3£d+3d2]{§ —0
or

3 gt —2d]

R TS R

9 =

2.26. Consider a uniform rod with linear mass density A, which is fastened to the
floor by a hinge. We have a drawing of the falling rod here.

Falling hinged rod.

We release the rod from the vertical with a slight nudge so that the angular momentum
is initially zero. Obtain the time of fall as an integral. Do not attempt the integration.
[Hint: § = (1/2) dd*/di]
Solution:
The kinetic energy of the mass dm = Adx is

dT = %dm (x2192)

and the potential energy is
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dV =dm (gxsind).

The differential Lagrangian for dm is then
1 242 .
dL = Edm (x % ) — dmgx sinv.

The Lagrangian for the rod is found by integration

¢ 1
2242 .
sz/ dx (—x % —gxsmz‘})
0 2

1,0 1 5, 7
=A|=x"9 — —gx“sinv
6 2 0

1, 1
—m (55202 — 58tsin 19) .

The Euler-Lagrange equation is then found from
oL
D3

oL 1 (@21.9)
= — = m-—- B
=55 ="

1
= —m—glcosv
m > gt cos

as

a9 dr 99
1 1/
— —m=glcos® —m= (z 19) —0,
2 3
or

.. 3
v = —E%COSﬁ.

To solve for the motion we first note that

l.y._dl.?_dz?d.
T At dr do
.d. 1d .s
=9 —% = ——B".

dv 2 dv

Integrating

d.
/dﬁ—ﬁz - —3§/dﬁcosﬁ+l<1,
an ¢

2 Lagrangian Mechanics
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or
192 = —3%sinﬂ + K.
At time ¢ = 0 the angular velocity is zero. Then
g

K| =3
=77

and

B =+ /3%(1 —sin®)

Realizing that ¢ must decrease in time, we choose the negative sign.

. do g .
P=—=—/32(1 —sin?).
dr 14

Then

dr

~ do
V3% (1 —sin?)

and

do
t:/dl:—/—+K2-
V3% (1 —sin?)

This can be integrated. But the result involves elliptic integrals.

2.27. Now consider the falling rod as in the preceding exercise, except that instead
of being hinged the end of the rod is free and the floor is frictionless. We again release
the rod at ¥ = 7 /2 with a slight nudge. We have drawn the rod in the figure below.

Y A

Free rod falling.

Find the Euler-Lagrange equations for the falling rod.
Solution:
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First we locate the segment dm = Ad¢ in the fixed coordinates (x, y). The
location of the segment dm is

Ram = (x + ¢ cos¥) éx + (¢ sin ) ey.

The velocity of the segment is then

d_thm = (X —¢VUsin®) éx + (C0 cos ) éy.

We notice that for the segment dm the locating length ¢ is not a function of time.
The kinetic energy of the segment dm is then

%dm [(x — o sinﬁ)2 + ({19 cos 1?)2]

1 . .
= Jhds [x2 +£29% — 205 sin 19] .

dr

The potential energy of the segment dm is
dV = dmg¢ sin v
= Adég¢ sin v,

And the Lagrangian for the segment dm is
1 %) 2482 cn . .
dL = Ad& > (x + 70 —2{xﬁsmﬁ) —g¢sind |.
We again integrate to get the total Lagrangian of the rod as

l
L= A/ de [1 (x2 2297 — 205 sin 19) _ gCsin ﬁ}
N

14

1 1 ;. . 1
== (526 + 22397 — Pidsing ) — ~gc2sinw
2 3 2 =0
1 .2 1 242 co - 1 .
=m|-(x"+ 0V —€x9sind | — —glsind
2 3 2
The Euler-Lagrange equations follow from
oL 1 .. 1
— = ——mdxv cos ¥ — —mglcos
v 2 2
oL 1 .. 1
— = —ml"Y — —mlxsin Y,
0 3 2
and
oL
——~_0
dx
oL

— =mx — med sin 9,
0x
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as
oL doL
39 drad
1 .. 1 d (1,. 1 ..
= ——mlx¥ costt — —mglcostr —m— | =€V — —Lx sin v}
2 2 dr \ 3 2
1 1 .. 1 . .
= ——mglcos® —m | €0 — —€X sin V¥
2 3 2
and

mx — meyd sin® = constant

2.28. We have drawn a double pendulum in the figure here.

Double pendulum with equal lengths and bobs of equal mass.

Both pendulum lengths are ¢ and the masses of the pendulum bobs are both m.
We consider the masses of the rods connecting the bobs to be zero.

Obtain the Euler-Lagrange equations, linearize these for small angles and find
the normal modes of oscillation.

[Answers: for the Euler-Lagrange equations
—2me*B — me*P, (cos ¥ cos B + sin ¥ sin 2)
—me%% (—cos v sin¥y + sin ¥ | cos ¥7)
—2mgl sin ¥

=0

and

—mﬁfﬁ (cos ¥ cos ¥y + sin ¥ sinp) — mZ%i§
—mﬁzf}% (—sinvcosvrr + cos ¥y sin 1))
—mg¥{ sin ¥,

=0.

For the linearized equations
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251 + Zw%ﬂl + 192 =0
3 +i§2~|—w%192 =0,

where wg = +/g/£. For the normal modes

w = twy2 + 2
w::l:wo\/Z—\/z

the eigenvectors are

For & = ay (2+ﬁ); [@1]_ 2 [—%«/5]

] Vol 1
and
5 2 Tl
For w = wy (2—\/5): [g;}: %[2\1/5:”
Solution:

The position vectors to the masses are

Ry =[A+{sinv]ex +[—Lcosvi]ey

Ry =[A+£sind| + £sindy]éx + [—Lcos P — Lcos Vo] ey
The velocity vectors are

d . N .. o
aRl =/ [191 cos 191] ex +4 [191 sin 191] ey

and

d . . . . . R
5R2 =0 [191 cos | + 192003192] ex + 4 [191 sinv) + ¥p smﬂz] ey.

The squares of these are
R} = 0]
and
Ry =02 [(191 cos 1 + 5 cos 192)2 + (91 sin ¥ + 2 sin 192)2]

= ¢ [ﬁ% + 1'95 +2191z92 (cos 1 cos vy + sin 9 sinﬂz)] .
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From here we have the kinetic energy

1 . . .o
T = §m£2 [219? + 19% + 2911 (cos ¥ cos ¥ + sin ¥ sin 132)] ,
and the potential energy

V = —-2mglcost; —mglcos .

The Lagrangian is then

L=T-V
1 . . .
= Eméz [219% + 23‘% + 219192 (cos ¥ cos ¥y + sin ¥ sin 192)]

+2mgl cos ¥ + mgl cos V2.

The derivatives we need are

oL ..
Fr = m£2191192 (—sin? cos ¥y + cos ¥ sin ¥7)
1
—2mgl sin ¥
oL 5 2 . .
PN =2me-0 | +ml-1¥, (cos ¥ cos ¥y + sin ¥ sin )
1
oL 2o s . .
Frw = ml~9 192 (—cos ¥ sin ¥, + sin 1 cos ¥2)
2
—mgl sin ¥,
oL 2 9 ) )
W =ml 9y +ml-1Y1 (cos ¥ cos Py + sinv)y sindy)
2

Then the Euler-Lagrange equation for 9 is
mﬁzﬁlf}z (—sin¥|cos o + cos v sin ) — 2mgl sin ¥
—% [2m£2191 + mﬁzﬁz (cos ¥ 1 cos ¥y + sin ¥ sin 192)]
=0,
or
mﬁ2191192 (—sin¥| cos ¥y + cos ¥ siny) — 2mgl sin ¥
— [2m£2i§1 + mﬁzi% (cos 1 cos ¥, + sin ¥ sin 192)]
—me?9 19 (—sin 91 cos 95 + cos ¥ sin ¥7)
—m€21'9§ (—cost sin ¥y + sin | cos 1¥7)
=0,

or
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—2m£2i§1 — mﬁziﬁ"z (cos ¥ 1 cos ¥y + sin ¥ sin o)

—mﬁzf}g (—cos v sin ¥y + sin ¥ cos ¥7)

—2mgl sin U
=0.

And the ¥, —equation is

2 Lagrangian Mechanics

mﬁzf)lf}z (—cos ¥ sin ¥, + sin ¥ cos ) — mg¥l sin ¥,

d . .
T [m£2192 + m€2z91 (cos ¥ cos ¥y + sin ¥ sin 192)]

=0,

or

—mﬁ%ié (cos i costry + sintdqsinvy) — mE%i§

—m@zlﬁ (—sin | cos ¥y + cos ¥ sin 1¥7)

—mg¥{ sin ¥,
=0.
To linearize these we first set
cost =1
sin = o
Then our equations are
—2me*B — me*B, (1 + ¥192)
—mO*D5 (=97 + 91)
—2mgld
=0
and
—ml*P; (1 +9192) — me?9,
—mO*D (=9 + 92)
—mglvr
=0

If we neglect all terms containing powers of ¥ and its derivatives these become

281 + 20301 + 92 =0
31+ 02+ 0fdr =0,
where wg = /g/¢. With the Ansatz

U = @ expiowt
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for both angles, we have
20?01 + 20501 — 0* Oy =0
—w2@1 — 0)2@2 + a)(z)@z =0,

Or, in matrix form

2 (—a)2 + a%) —w? 1| _ |0
—w? —o* + w% G| |0

Setting the determinant of the principal matrix to zero
2 (—a)2 +a)%)2 —0*=0

or
ot + 204 — 40’ W} = 0.

Solving for w we get the normal modes:

a)::i:a)m/2+«/§
w::l:a)m/Z—\/z.

That is we have a high and a low frequency mode. We next find the eigenvectors for
these modes.

For w = wy, / (2 + «/5) we have, upon substitution
2(14v2) /(24 V2) 1 [@1}_[0}
1

(1+v2)/(2+v2) |L@2] L0

S

and

2(1—&)/(2—J§)1 [@1}:[0}

e 0

and
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O1]_ 2 [;V2
(&2 J6 1
In the first of these the masses move opposed and in the second they move together.

Even when they move together there is a difference in the angles. The angle ¥5 is
slightly larger.

2.29. In the figure below we have a bead moving without friction on a wire. The
wire makes an angle « with the vertical and is free to rotate about the vertical axis,
also without friction.

|
|
|
|
|
|
|
|
|
|
|
4

Bead on a frictionless wire.

We neglect the mass of the wire.
Show that motion can be described as that of a particle moving in an (effective)
potential well

Ve e + r
=————+4m
eff 2 mr?

gtanoz

where ¢ is the angular momentum of the bead.

Is there a position of stable equilibrium? This requires consideration of both the
radial velocity 7 and the radial acceleration 7.

Show that the Lagrange Undetermined multiplier is

22 mg tan «
mr3 (1 +tana) 1+tan’«

and that the forces of the wire on the bead are then

fie 02 mg tan o
T om3 (1+tan?a) 1+tan’«
and
£ tana mg tan? o
fa=

+ .
mr3 (1 +tan’a) 1+ tanZ o
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Comment on the time dependence of the A.
Solution:
We use cylindrical coordinates. The position vector to the bead is

R =re, + ze,.

The velocity is
d . ‘A o
—R =vre +riey + ze,.
dr

The kinetic energy is
1 .
T =3m (724297 +2).
The only source of potential energy is the gravitational field. The potential energy is
V =mgz.
The Lagrangian is then
L=T-V
1 .
= 3m (fz + r29° + 22) —mgz.

In our first approach to this problem we incorporate the constraint directly into
the Lagrangian. The constraint is

r

tan o

and the velocity relationship is

]}

Z= .
tan o

Then the Lagrangian is

1 . -2
L:Em(f2+r21?2+ r )—mg r

tan® o tan
1 1 4 tan? o 02 r
=—m\|———|)r"+r 0 )—m .
2 (( tan? o ) S ana
Now
1 + tan« 1

tanZ o sin

2a
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The Lagrangian is then

L= r'z +r29
=_-m r —m
2 sin? & §

tano

This Lagrangian is cyclic in %, so the angular momentum of the bead, which we
designate as ¢, is constant.

. oL
T
= mr2d = ¢.

Pv

With this constant angular momentum the Lagrangian becomes

L] 72 L1 I r
=-m——+-——m
2 sin?a 2mr? §

tano

This is the Lagrangian for the radial motion of a point particle of mass m in an
effective potential

1 2

Veff = —=——= +m .
eff 2mr2+ gtanoe

r

The derivative of this potential is always positive. There is then no relative minimum
(or relative maximum) and, therefore, no position of stable equilibrium.
The Lagrangian does not depend explicitly on time, so the energy

1 -2 1 2
E=-m—— —+m

2 sin2a 2mr2 gtana

is constant. We then have a single Euler-Lagrange equation.

From

oL 22 mg
o mr tana
oL _oom

F sinzar’

the Euler-Lagrange equation in r (the r —equation) is

02 mg d|: m i|
= - —° _ — 7

mr3  tana  drf | sin’«
Iz mg m
= - —° _ ¥

mr3  tana  sin?a




Exercises 63

Then we have the equation

tana  sin?a

and the constant energy

1 72 1 2
E=-m——
2 sin?

————4m
a 2mr? gtana

for our study of the motion. The constant energy is also just a first integral of the
r—equation. So we really could study the motion with just the energy.

We release the bead at r| with no radial velocity, but a non-zero £. Then the bead
has an energy

1 ¢
E=—ctmg L =g,

_Emrlz gtana

which may be positive or negative. The energy is then

e | o1 et

=-Mm———=-—=+tm

2 sinfa  2mr? gtanoz
= ¢,

from which we have

12 1e2f1 1 om0
-m—=—-——\ = - —= mg———.
2 sinfa 2m \ r? rl2 § tan o

In order that the radial velocity is real, the radial position r < rj. So the radial
position at which we started the motion is the maximum radial distance possible.
And at this radial position 7 = 0. The bead will remain at this position provided the
radial acceleration is also zero at his point.

The radial Euler-Lagrange equation requires that

m .. 02 mg
e mr  tna’
sSin” o mr tan o

which is always negative. Therefore, even if we start the bead with no radial velocity
atr =r; # 0, it immediately begins to accelerate toward the z—axis. There is then
no equilibrium position regardless of the magnitude of the angular momentum. So
7 < 0 and the bead just falls down the wire as the wire increases angular velocity.
Using Lagrange Multipliers:
We define the constraint as

g=r—ztana =0.
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As before, the Lagrangian is
1 -2 232 .2
Lzzm(r +rey +z)—mgz.

We still have conservation of angular momentum from the fact that the Lagrangian
is cyclic in ¥

oL

KT

=mr?d = ¢.

Pv

So we may initially include this conservation in the Lagrangian.

L:lm P+ +22) — mgz.
2 m2r2

Writing the differential of the constraint
d d
dg = 84r 4+ %8

or 0z
=dr — (tana)dz = 0,

dz

we identify the partial derivatives
dg
or
dg
9z
We have the general form for the Euler Lagrange equations with Lagrange Multipliers
as

=1

= —tanc«.

Noting that the ¢ —equation has already produced the angular constancy of momen-
tum we have only equations for » and z. These are

aL  d oL g

== =0

or dr or + or

oL d oL ag

— — —— 4+ A1— =0,

dz dr 9z 0z

or

62
—3—mi‘+A:O
mr

—mg —mZ — Atana = 0.

We still have the constraint
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r =ztan«.

These last three equations are three equations for the unknowns (A, 7, 7).
Forces of Reaction
We identify the constraint forces as

g
=A== = A
Jr ar

and

dg
fz= Aa— = —Atana.
<

So our problem is to solve for A. We can eliminate the # and the Z terms using our
constraint written as.

F=Ztanw

The radial Euler-Lagrange equation becomes

2

mZtana = — + A
mr

and, from the z—equation, multiplying through by tan ¢,
mZtano = —mgtano — A tan” «.
Equating these equations, we have

£2
—5 +A=—mgtana — Atan’ o,
mr

Solving for A

_ 02 mg tan o
T omr3 (1+tan?a) 1+tan’a

Our forces are then

02 mg tan o
mr3 (1 +tan’e) 1+tan’a

frz_

and
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2 tan o mg tan? o
3 CPRRE 2.
mr3 (1 +tan’e) 14 tan’a

Jz=

Recall that in our general development of the treatment in terms of Lagrange multi-
pliers we realized that in general the Lagrange multiplier could be a function of the
time. This was because of the fact that we introduced the constraints in terms of time
integrations and generality demanded a possible time dependence. Here we see that
time dependence in the fact that the A depends on r, which depends on 7.

2.30. In the preceding exercise the wire was free to rotate about the vertical axis,
while the angle remained constant. We now choose to drive the wire at a constant
angular velocity §2 about the vertical axis. The angle with the axis will still remain
constant at «.

Incorporate the angular constraint and the constant angular velocity using La-
grange undetermined multipliers.

Solution:

The Lagrangian is

L=T-V
= lm f2+r2192+ 2) —
=3 Z mgz.

‘We now have two constraints. The first is the same as before for the wire, which
we now identify with the subscript 1:

g1 =r— (tana)z =0.

The second is the constancy of the angular velocity, which we identify with the
subscript 2:

g =0—-82(—1)=0.
This second constraint is actually

.
dr

9

which we have written in integrated form. Of course this constraint means that the an-
gle ¥ is forever known. But we no longer have a conservation of angular momentum.
So we should include the ¥ —equation.

We have then equations for r and z as before, but now with two constraints

L daL g1 3g>

e O Y- LAY .
or darar TN TR,
oL d oL 0g1 082
D Y L NI P )
9. oz M T2

and a ¥ —equation
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aL d oL g1 g2

— - — +Ai— =0

o9 drap  “lon T "op
Identifying the partial derivatives,

0 0

1 _ 98

ar ar

0 0

981 _ —tana, 982 _ 0

0z 0z

d 0

g1 _ o 8

b v

Our equations are then
22 .
mrd” —mir +x1 =0
—mg —mZ — A tana = 0,
and

% (mrzﬁ) +Xx=0

Of course we retain our constraint equations
g1=r—(tana)z=0

and
gQZﬁ—Q(I—l‘o)ZO.

These last five equations now specify the problem in the coordinates (r, i, z, A1, A2).
If we incorporate the constraints into the time derivative equations, we have
mR2ztana — mZtan o + M =0

—mgtana — mZtano — A| tan’a = 0,
and

2m2 (z) (2)tan’ a + Ay = 0.
A solution scheme presents itself immediately. Between the first two of these we can
eliminate A obtaining an equation for Z in terms of z. The third equation allows us
to use the solution for z to obtain a solution for A;. This can then be used to obtain
r from the original form of this equation.

Eliminating 7 in the first two equations,

m2%ztana + Al = —mgtano — A tan? o

m2%ztana + Ay (l + tan? a) = —mgtan«
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m2%ztan o + mg tan o

Al = —
! tanZ o + 1

The first equation is then

ms2%z +mg
tan% o + 1

tan’ o g
s 92 _
¢ (tanzohtl)Z tanZa + 1

= ; (!22 tan” oz — g) .
tan? o + 1

Then if

m2%ztana — mitana — tana =0

or

8

1< ——s—
22 tan? «

the bead slides down the wire to the origin. But if

8

2> =
22 tan? o

2 Lagrangian Mechanics

the bead accelerates away from the central axis with an acceleration that increases

with distance.

2.31. Consider the situation above with the wire mounted at the origin in a fashion
that allows frictionless motion around the vertical and about the pivot point so that
the angle to the vertical « varies. Let there be a vertical post erected from the origin.
A spring retains the wire so that the pivot angle relative to this vertical post is limited.
The spring is mounted at a distance / above the ground on the vertical post by a collar
that permits rotation around the post. Consider small vibrations so that the spring

remains parallel to the floor. The situation is shown below

|
|
1
|
|
|
|
|
|
|
|
4

Bead on a frictionless, massless wire with a spring tying the wire to a central pole.

The height of the spring is 4.



Exercises 69

Assume that the spring is massless.

Study the motion. Is there an equilibrium orbit for the bead?
Solution:

We use cylindrical coordinates. The position vector to the bead is

R =re, + ze,.

The velocity is
d . U
ER =re +riey + ze,.

The kinetic energy is
1 .
T =3m (724297 +2%).

The sources of potential energy are the gravitational field and the spring. The potential
energy from the gravitational field is

V =mgz.

The potential energy of the spring can be difficult. If the spring stretches too far it is
no longer perpendicular to the axis. We shall then assume that the spring is always
perpendicular to the axis and choose that to define how much the angle « can deviate
from the value o for which the spring is perpendicular to the central pole. If the
spring length is x and the unextended length is xq then the spring extension is

x —xp=h (tana — tan og) .

Incorporating the constraint

r
- =tanc,
Z

this is

r
x—xozh(——tanao).
Z

We must have z # 0 because z appears in the denominator. The Lagrangian is then

L=T-V
1 . 1 2
=—-m <f2+r2192 +22) —mgz — —kh? i —tanag | .
2 2 z

This Lagrangian is cyclic in ¥ and is not directly dependent on the time. Therefore
the momentum
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oL

= — =mr219
v

Py
is constant.
mr?® = €. = constant.

And the Lagrangian becomes

1 (s o\ 1 &2 1, (r 2
L:Em(r —i—z)—l—zm—mgz—zkh E—tanao .

Because the Lagrangian is explicitly independent of the time the energy is constant.
That is

1 oy o\ 122 1, (r 2
Szzm(r —}—z)—zm—i—mgz—i—zkh Z—tanao ,

There are still two other coordinates. The derivatives we need are

aL 0 1
— = —kh*= z—tanoto ,
or mr3 7z \z

oL 21 (7
—=—mg—i—kh—2 - —tanayg |,
0z zc \z
oL .
. = mr,
or
and
oL .
— =mz.
0z~

The Euler-Lagrange equations are

21 (7 .
——3—kh— — —tanag | —mr =0
mr z\z

1
—mg + khzz—2 (g — tanao) —mz=0.

To these we add the constancy of the energy
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1 1 ¢ 1 r :
E=sm(P+2)-5— —kn? (- .
2m r-+z 2mr2+mgz+2 Z an o
From the energy we see that the motion is that of a particle of mass m moving in an
effective potential

v 1 ¢ 1kh2 ro, 2
=—=—F+ + = — —tan .
eff 22 T8zt s a0

If this potential has a relative minimum for values of r and z there will be an equi-
librium orbit. We seek a local extremum of Vi by setting the two partial derivatives
equal to zero. The partial derivatives are

IVeig 02 1
o 4 kn- (Z - tanao)

ar mr z \z
and
0 Vet L »r (r
— = — —kh"—= | - —t .
3z mg 7 2\: an o

If these are simultaneously zero,

£2 2
kh? (C — tanoto) — =t 2ng—
z m r

or

62
This equation has no real solution. There is then no relative extremum in the accessible
plane (7, z).

2.32. Inthe figure below we have drawn a cylinder of radius R lying on a laboratory
table. Assume that the surface of the cylinder is frictionless. Its axis is parallel to the
table top and the ground. The cylinder remains fixed. We then place a small mass m
on the uppermost part of the cylinder. If we release the mass and nudge it slightly it
will slide without friction on the cylinder.
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Small mass on a frictionless cylinder.

At some point the small mass will fall off the cylinder. Find this point.
Solution:
The Lagrangian for the mass is

1 .
L= Em (i"2 + rzﬁz) — mgr cos v

We choose the reference point for the potential at the center of the cylinder. The
energy is then

1 .
£ = >m (};2 + r2192) + mgrcos .

Because the Lagrangian does not depend explicitly on time, the energy is constant.
At the point of release the total energy is mgR. Then

1 2 022
ng:Em (r +reg )+mgrcosﬂ

We find the point when the mass leaves the cylinder by finding first the contact
force and then equating that to zero. The contact force is found from the Lagrange
multiplier for the constraint that the mass remain on the cylinder, which is

g=r—R=0
Then

dg=dr=0

0

% _ .

or

The Euler-Lagrange equations are
mrﬁz—mgcosﬁ —mr+Ar=0

d .
mgrsind —m— (rzﬂ) =0.
dr
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The contact force is f, = Xdg/dr = A. And r = R as long as the mass is on the
cylinder. The Euler-Lagrange equations for the motion of the mass while it remains
on the cylinder are

mRY* —mgcost +A =0
mgRsin® —mR*Y = 0.

We can solve for A from the first of these equations provided we have 192, which we
can obtain from the energy with r = R.

2mg (1 — cos ) _ 192
mR S

Then

2mg (1 —cos¥) —mgcos® + A =0.
And we have

A =—2mg + 3mg cos ¥

The contact force vanishes and the mass leaves the cylinder when A = 0. That is

2
® = cos™! (—) .
3

2.33. Consider two balls connected by a string of length 5. One is suspended through
a hole in a table and the other moves on the (frictionless) top of the table. We have
drawn the situation in the figure here.

Two balls connected by a string. One is suspended below a frictionless table and
the other freely moves on the frictionless table.

Investigate the motion. Use Lagrange multipliers. Find an equilibrium point, if
there is one. Study the general form of the motion. If you find a point of dynamic
equilibrium, consider small oscillations about that point. Determine if the orbit is
open or closed.

Solution:

We choose cylindrical coordinates. For the ball on the table the kinetic energy is
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1 ) 242
T1=—m(r +rev )
2
The suspended ball only moves in the z direction, so its kinetic energy is

1 ‘2
T = —
2 sz

The ball on the table experiences no change in potential energy. The system potential
energy is solely from the suspended ball. If we choose the ground to be the table top,
the potential energy is

V =—mgz.

The Lagrangian for the system is then
L=T1+T,—-V
U (22, 232 1 .
=-m (r +ry )+—mz + mgz.
2 2
The constraint is that the length b of the string is constant. This is

g=b—r—z=0.

Then
dg
ar
dg
99
dg
0z

Because the Lagrangian is cyclic in time, the energy is constant.

=-1

1 . 1
E=-m (’;2 + r2192) + —mz% — mgz
2 2
The Euler-Lagrange equations are then

dL  daL 9
et

-2 d )
—mrd —mg — < @mi) — » = 0.
or daror Thp —mrY —me— g Gmn)

Y dt819+ 9y dr

oL ddL g o
- = =mg—m7— A=
9z dr oz ar  mETME

The second of these is conservation of angular momentum for the ball on the table



Exercises 75
mr?® = € = constant.

If we include the constant angular momentum and using the constraint to eliminate
zZ, the energy is

1 mgr
€= mi? 24 18
" gt T

If we define an effective potential as

Vet (1) = 75 >

we have

1
E= 5mr‘2 + Vegt (r) -

A general plot of Vegr (1) is given below
Ver A

£

-

Fisn Fenace
Vesr for two balls connected by a string with one moving freely on a frictionless
table and the other suspended through a hole in the table.

Clearly from the plot above there is an equilibrium point at the minimum of the
effective potential. The radius of the orbit here is found from

dVesr (r)  d 1 2 mgr
dr “dr \4mr? 2

Lo,
=— —m

2mr3 M
=0.

The real root of this is

62
ro=\—
m2g
There are, certainly three roots, but the other two are complex. We ignore them as

invalid physical solutions.
Let us consider now the motion near equilibrium. We define

1/3
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or

Then we write Vegr in terms of p and expand around the point p = 0, which is the
bottom of the well. Going to second order in p, we have

| , me[o+ (/)"

am [p i (ez/ng)l/3]2 2

1 ( ¢ )”3+ A
=\ zgm|{—5 e
2 gm? 4m (Ez/gmz)m

2

42t 240 ( 3)
— p
4m (EZ/gm2)4/3

There is no first order term because the first derivative vanishes at p = 0. The
Euler-Lagrange equation for p is

_l dVegr (0)
m dp

Veff =

p =

o d |3 o )
3 e
om? (gz/gmz)“@p

This is the equation for sinusoidal motion at the angular frequency

3 2

wo = m—(ﬂ/gmz)m

The period for the radial motion 7, is found from the requirement that in one period
the angle has advanced through 2 radians. That is

2nrm

/ 3
Z 2([2/gm2)4/3

At the equilibrium point the motion is circular. The angular velocity at equilibrium
is

Ty =
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—
mr
_ l
T (gz/ng)%
The period for this circular motion, that is the time taken for one revolution, is
. 2
Ty = ﬁ_o

The orbit is called closed if the radial period . is an integral number of angular
periods T . If this is not the case the orbit will not close on itself and will be referred
to as open. The orbits of the planets, with the exception, of mercury, which we shall
speak of later, are closed. They are ellipses.

To see if the orbit of our ball on the table top is closed, we try to find n such that

Ty = NTy

\/5
n=, -
3

which is not an integer. The orbit is, therefore, open.

Because we have considerable computing power at hand, we should look at this
in some detail. We can solve the problem numerically for the relationship between
r (t) and ¥ (¢). Doing so and plotting we have

or

3(t)
Radial distance vs angle for ball on table, with second ball suspended.

In this plot we have started the ball at a radial distance of one meter from the center.
We see that it can, with the angular velocity chosen, move out to about 2.6 meters
and then in to about 0.5 meters. And this radial motion is also periodic in the time.

2.34. In a rocket engine the thermal energy of the burning fuel and oxidant is con-
verted in the nozzle into kinetic energy. This high energy gas is expelled. The mo-
mentum carried away by this expelled gas results in an increase in momentum of the
rocket. Consider a rocket for which
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m; = mass of the rocket excluding fuel

my¢ = mass of the fuel at any instant
me = mass of exhaust gases in the nozzle at any time

m = rate at which fuel is burned.
Let

v = velocity of the rocket
u = velocity of exhaust gases in space
v = acceleration of the rocket.
If we consider that the rocket is in a region of space in which all forces may be

neglected, obtain the Euler-Lagrange equation for the rocket. This will be the standard
propulsion equation

d
—p=Mv—mU =0,
o’ UV —m

where
M = m; + ms + me.

and U is the velocity of the exhaust gas relative to the rocket. Note that the kinetic
energy of the rocket, including unburned fuel and the exhaust gases in the nozzle is

1 1
T = Emrv2 + Emfv2 + gme (v — u)z.
The exhaust gases are considered part of the rocket until they exit the nozzle.
Solution:
The kinetic energy of the rocket, including the stored fuel and the exhaust gases
in the nozzle, is

7! 2+1 2+1 ( )2
= —mV —m<v —m V—Uu .
P M T

Because there is no potential this is also the Lagrangian.

L—l 2+1 2+1 ( )2
= 2mrv 2mfv 2me v—u)“.

Here the velocity v is, of course, x. The canonical momentum is then
oL

D)
=mv 4+ mev +me (v —u).

p

The Euler-Lagrange equation is simply
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d
Ep=mri)+mfi)+mei)+n’ze(v—u)=0,

Defining
M = m; + mg + me,

the Euler-Lagrange equation becomes

d

—p=Mv—mU =0,

dr p e

in which U is the velocity of the exhaust gas relative to the rocket. This is the standard
equation of rocket motion.






3 Hamiltonian Mechanics

Beginning with Exercise 3.10 we will consider electrodynamics. The correct treat-
ment of electrodynamics is in the context of Special Relativity. In these exercises we
shall then use the Hamiltonian, which we develop in the chapter on Relativity.

3.1. Written in terms of the Hamiltonian, Hamilton’s Principal Function is.

©
S=/ dr E pigi — H | dr.
1 .
J

Hamilton’s Principle requires that the §—variation (a first order variation with fixed
end points) must vanish. Show that a §—variation of this form of S results in the
canonical equations of Hamilton.

Solution:

Taking the §—variation of S produces

oH
55_0_2/ dthJ }apﬁpﬂs% 8q‘5qj}.
j
Integrating the second term by parts,
t . 9] d
i i
1) ¢
= Z/ dr (i) + pidail;-
X t
J

The second term on the right hand side vanishes, since the end points are fixed in the
d—variation. That is 6g; = 0 when ¢ = #; or #,. Then we have

T o e e |

Because the integral is over an arbitrary time interval, the integral vanishes only if the
integrand vanishes. Because g, and p,, are independent generalized coordinates, the
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integrand vanishes if and only if each square bracket independently vanishes. That
is

. oH
qu = ———
. opu
and
. oH
Pu = 9,

as an immediate consequence of Hamilton’s Principle.

3.2. In the text we worked out the Kepler Problem as an example. There we trans-
formed the differential equation for p into one for u = 1/p. The solution to this
equation was obviously sinusoidal. And in general it would have consisted of both a
sine and a cosine. That is

. mK
=Acosz9+Bs1n19+£—2.

u =

But we claimed that we could orient the axes such that u attained a maximum, i.e.
p attained a minimum (closest approach) at % = 0 and that then we needed only
the cosine term. That is we chose to consider our orbits as symmetrical about the
x—axis. This is an arbitrary choice.

Show that this choice does result in dropping the sine term in the above function.

Solution:

The extrema of u (and p) are

du

— =0=—Acos?V + Bsin?.
dy

If we choose this to define # = 0 then B = 0.

3.3. We consider again the two masses on springs as shown in the figure here.

Two equal masses connected by identical springs between walls.

Study this system using the canonical equations of Hamilton. Obtain the normal
frequencies as eigenvalues of the canonical equations and obtain the eigenvectors
corresponding to those eigenvalues.

Solution:

The Lagrangian is
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1 !
L=gm (x% +x§) ~ 5k (xf + (0 —x1)2+x§).

The canonical momenta are

oL .
= — =mx
P1 951 1
and
oL .
p2= - =mx2
axZ

The Hamiltonian is

H= ﬁ (p?+p3)+ %k (xF + G2 =) +3)

and the canonical equations are
pf] = —2kx; + kx>

[52 = kx1 — Zk)CZ

) 1

X1 = —p1
m

) 1

X2 = —Pp2.
m

We introduce the Ansatz that the time dependence is of a complex exponential form
exp (iwt). That is p1o» = proexp (iwt) and x12 = X12exp (iwt). The canonical
equations are then

iopy = —2kx1 + kx»

iwpr = kx| — 2kx;

. 1
iwX] = —Pp|
m
.- 1
iwx) = —pa.
m

If we write these in matrix form
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iw 0 2k —k D1 0
0 iw —k 2k )2 0
—1/m 0 iow O X1 0
0 —1/m 0 iw X 0

For a non-trivial solution the determinant of the square matrix on the left must
vanish. That is

1
— (?)k2 — dkma? + m2w4) =0
m

The Solution is

w = E\k/m,x\/3k/m.

These are the four natural frequencies. In magnitude, of course, there are only two.
To analyze the form of the motion in each case we must realize that we are dealing
presently in the complex plane. We will eventually choose the real components as the
physical solutions. But for our simple analysis it is most straightforward to remain
in the complex plane and look at the complex eigenvectors. These will reveal the
motion.

For the eigenvalues iw = i+ /k/m the eigenvectors are

- ) k P k
P R Ty w3
P2 2 |k 2 [k
e - im“y/-5 | and | iM°\/ 33

N 1 1
2 1 1

respectively. And for the eigenvalues iw = +i/3k/m the eigenvectors are

P i«/§m21/% —l'«/§m21/mi3

52 — —iﬁm%/% and i«/§m21/%
1

- —1 —1

2 1 1

respectively. From considering either the momentum or the position components of
these eigenvectors we can see that in the lower frequency modes (w = +./k/m) the
masses move in concert with one another and in the high frequency modes (v =
+./3k/m) they move in opposition. This we discovered in our study based on the
Euler-Lagrange equations. But the first order canonical equations are mathematically
easier to handle.
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3.4. In the figure below we have drawn a pendulum of length ¢ and with bob of mass
m located at the point xo, which is driven horizontally as

xo (1) = A+ acoswt,

where A and a are constants.

'Y

Y Xo

S—

|
|
|
|
|
I
|
|
|
I

v

Pendulum with driven mount.

Study the motion of this pendulum. Consider particularly small angles with cor-
responding small excursions of the mount. Use the canonical equations of Hamilton.
Explain why you cannot incorporate the constraint using a Lagrange multiplier.

[Answers: ¥ = —aw?* coswt/ ({w* — g) and py = mawlgsinwt/ ({w* — g)]

Solution:

We cannot approach this using a Lagrange multiplier because that approach
requires that the constraint be a function of position alone and independent of time.
So we incorporate the constraint in the position vector of the pendulum mass (bob).

The position vector to the bob is

R (1) = [xo + £sin®] éx + [—L cos B] &y

and the velocity vector is

%R (t) = [x0 + € cos ¥ ] éx + [€D sin¥] &y.
The kinetic energy is then
T = %m [(xg + 0297 cos? ¥ + 20501 cos 19) + 6297 sin? 19]
= %m ()&5 + 29 + 20x01 cos 19)
and the potential of the bob in the gravitational field is

V = —mgcos?.
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So the Lagrangian is
1 9 02 L.
L = Em (xo + €707 4 2€x00 cos 13) + mglcos .
We now incorporate the constraint
xo (1) = A+ acoswt
directly in the Lagrangian with
X0 = —aw sin wt.
Then
1 Y L.
L= Em (xo + €797 4 24X cos L?) + mgl cos ¥

_l 2.2 -2 232 &
= 2m a“w” sin” wt + 79 2awlP sin wt cos v ) +mglcosv.

The canonical momentum is
Py = me*% — mawl sin wt cos Y.

Then

. Do mawl sin wt cos ¥
V= —=
me? me?

Pl = me*d* — mawtd sin ot cos

The Hamiltonian is
H = plgl?’ — L

1 . 1
= Emézﬁz — —ma’w?sin® wr — mg¥ cos v

Or, in terms of momentum,

1 ¢sinwt cos ¥ \> 1

H = —me> py +mae @ — —ma’w? sin® wt — mgl cos ¥
2 me? 2
P53+ 2mawtpy sinwt cos®  m?02a’w? sin’ §

= Sl - 2 (sin2 wt) —mglcosv.

The canonical equations are

Py + mawl sin wt cos ¥

% 2

ml
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mawdl sin wt sin U m202a%w? sin ¥ cos ¥

s +
Py mi2 Py )

(sin2 a)t) —mglsind.

These equations are nonlinear. We may linearize them by dropping powers and
products of ¥ and py. The results are

. Do aw sin wt
=L
me? L

Py = — (mgﬁ — ma’®® sin® a)t) 9.
If we assume a small amplitude a on the driver, these become
Py — me>¥ = —mawl sin wt
Dy +mgld =0.
These may be solved by variation of parameters. Choose
py = Asinwt + B cos wt
Then
Py = Awcoswt — Bw sin wt
and

w w .
Y = —A——coswt + B—— sinwt.
mgl mgl

So

) 0 w2
9 = A——sinwt + B—— cos wt.
mgl mgl

Then
. w? w?
Do —mt*) = A sin wt+B cos wi — (A—E sin wt + B—{ cos a)t) = —mawl sin wt
8 8
or
w? w?
A (1 — —E) sinwt + B (1 — —6) coswt = —mawl sin wt.
8 8
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mawlg

Ctw?—g

and B = 0. Our solutions are then

aw?
v = cos wt.
Lw? — g
and
mawlg . ,
= ———sinwt.
Py (? —g

3.5. Consider the picture below of a bead on a circular, frictionless wire driven at a
constant angular velocity w about the vertical axis as we have shown here.

A
<o

bead on a driven, circular, frictionless wire loop.

In this exercise it is advisable to use spherical coordinates. It is also convenient
to take the horizontal plane through the center as the zero of potential.

Investigate the problem. There are certain things to look for. You will want to see
if there are any constants of the motion, i.e. first integrals. You will also want to look
for any equilibrium points and you will want to consider motion about those points
to see if it is stable or not. You may want to investigate the forces of constraint as
well.

Investigate the system using both the Euler-Lagrange and the canonical equations.

Solution:

The position of the bead is simply

ﬁ A~
R (1) = pep.

The velocity is

d — A . s a A
T R (t) = pep, + (psing) Vey + ppey.
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From here we have the kinetic energy as

1 . .
T =3m (p2 4 p¥ 7 sin2 ¢ + ,02¢2) .

We shall take the horizontal plane at the center of the system ((;5 = %) as ground for
the potential. Then the potential energy of the system is

V =mgpcos¢.

The Lagrangian is
_l .2 242 .2 252\
L_2m P74 p U sin" ¢+ pTp mgp cos ¢.

There are two constraints on the system. The angular velocity about the vertical
axis is constant.

29 = w = constant.
The radius of the wire on which the bead moves, is constant
p = R = constant.

With these the Lagrangian is

1 .
L=3m (R2w2 sin® ¢ + R2¢2) — mgRcosd.
The only coordinate remaining is ¢. We also notice that L depends on ¢ and, therefore,
the canonical momentum py = 9L/d¢ is not a constant.

However, we observe that L does not depend explicitly on the time. Therefore,
the Hamiltonian is a constant. With

oL
Py = 3(].5
= mR2<'ﬁ
we have

o1 .
H=mR%* — Sm (R%P sin® ¢ + R2¢2) + mgR cos
1 . 1
= Emqubz — EmRza)2 sin? ¢ +mgRcos @,

which is constant. It is instructive to note that this conserved Hamiltonian is not the
mechanical energy, which is not conserved because of the driver maintaining the
constant angular velocity. The total mechanical energy is
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1 .
E= zm (szz sin® ¢ + R2¢>2) + mgR cos ¢.

We obtain the Euler-Lagrange equations from

aL 2 9 . .

ﬁsz w” sin ¢ cos ¢ + mgR sin ¢
and

aL 9

a¢

The Euler-Lagrange equation is
mR*>w? sing cos¢ +mgR sing — mRzéS =0.
The angular acceleration vanishes when

2.2 .. . __i _l 2.2 .2
mRw”sin¢ cos¢p +mgRsin¢ = P 2mR w”sin” ¢ + mgR cos ¢
=0.

That is,

R RO S
Vet = 2mR w”sin“ ¢ +mgR cos ¢,

which we may also identify in the Hamiltonian, considered as the energy of a mass
m moving in a circle of radius R. This effective potential has an extremum when

mR%w? sin ¢cosp +mgRsing = 0.
That is when sin ¢ = 0 or when
mR*w? cos¢p +mgR = 0.
The sine of the angle is zero if ¢ = 0 or &, which is at the top or bottom of the

circular loop. The equilibrium at ¢ = 0 is obviously unstable. If we consider small
deviations around ¢ = 7,

R’ sin (7 + 3¢) cos (w + 8¢) + g sin (r + §¢p) = —5¢ (g — Ra)z) +0 <¢3) .
Then the motion of the mass is

mR28p = —m (g - Ra)z) 54,
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which is sinusoidal provided g > Rw?. The equilibrium at ¢ = 7 may then be
stable, or not. If we consider the curvature of Vs we have

d d 2 0 :
dT&Veff = @ (—mR w”sin¢ cos¢p —mgR 51n¢)

= —mR%w? cos’ ¢+ mR*w? sin’ ¢ —mgRcos¢p
= mR>w’? (1 — 2cos? (;5) —mgR cos ¢

which is positive when ¢ = 7 provided g > Rw?.
If we consider that sin ¢ # 0 and

mR>w? cos ¢ + mgR = 0.

we have an equilibrium point when

1 8
= = —COS ——5.
¢ ¢O sz

Here the curvature of Vg is

d2 5 5 g2
erff:mR w —mg,

which is positive provided
Ro? > g.

So, in the event that there is no stable equilibrium point at the bottom, there will be
one at the angle
Po = — cos’! i.

Rw?

If we expand the Euler-Lagrange equation around ¢, we have

mR2¢ = mRw? sin (q)o + ¢) cos (¢0 + ¢) + mg sin (¢0 + ¢)

B 1 g2 2 g2 2
= —2mg\[1 - =55 —mRo (1—3(Rw2)2 b+0(8?).

So we have sinusoidal motion provided

Rw? > «/§g.

We have then two distinctly separate possibilities for the effective potential depending
upon the angular velocity of the wire loop. These we plot in the figure here.
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Vetr for a bead on a driven circular wire.

The canonical Equations
To obtain the canonical equations we go back to the Hamiltonian

H = %mqu'ﬁ

1
’_ EmR2w2 sin’ ¢ +mgRcos @,

written in terms of the canonical momentum and the coordinate ¢. Substituting the
angular velocity in terms of the canonical momentum

» Do
¢_mR2

into the Hamiltonian we have

= ! p2 - 1mRza)2 sin? ¢ +mgR cos .
2mR27? 2
Then
oH
% = —mR*w? sin ¢ cos ¢ — mgR sin ¢
oH 1
pg "~ mR? P
And the canonical equations are
_ M
Iy
1
= R2Pe
and
. oH
Py = _w

= mR’>w’sin ¢ cos ¢ + mgR sin ¢.

Of course the set is still nonlinear because of the trigonometric functions. But if
we seek an actual solution this is a better way to go.

3.6. Consider again the two identical balls of mass m connected by a string of length
b with one ball suspended through a hole in a table while the other moves on the
(frictionless) top of the table. We have drawn the situation here.
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Two identical balls of mass m connected by a string of length b.

Investigate the motion. Now use canonical equations and Lagrange multipliers.
Find an equilibrium point, if there is one. Study the general form of the motion.
Consider small oscillations about equilibrium. Determine if the orbit is open or
closed.

If you have access to appropriate software, plot the effective potential, the orbit
of the ball on the table for less than a complete rotation and for a long time, and the
phase plot of the ball on the table (p; versus r).

Solution:

We choose cylindrical coordinates for the ball on the table. The kinetic energy is

1 .
Tl = —m (r2+r2192) .
2
The suspended ball only moves in the z direction, so its kinetic energy is

1
— 2
T, 2mz

The ball on the table has no change in potential energy, so the system potential energy
is solely from the suspended ball. If we choose the ground of the potential to be the
table top, the potential energy is

V =—mgz.

The Lagrangian is then
L=T1+1T -V
1 ) 2232 1 .2
=—-m (r +rev )+—mz + mgz.
2 2
The canonical momenta are

pr = mr

Py = mr’d
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The constraint is that the length of the string is constant. This is
g=b—r—z=0.

Then

a 0 a
dg __y B8 _ 8

— — 1, ) :_l
ar 09 0z

The Hamiltonian is
1 . 1
H = M (’;2 + rzl‘}z) + zmiz —mgz
2 2 2
Pr Py P;
=L = —m
2m  2mr? + 2m 8%
To obtain the canonical equations we need the derivatives

OH _pr OH _ py OH _ ps

apr — m’apy  mr? dp,  m

and

o

= , — =0, =-m
or mr3’ 3% 0z §
The canonical equations are then
. Pr
F=—
m
: Py
U =—
mr?
_ Pz
m
oH N g\ p%
Pr ar ar)  mr3
pp =0
oH 0
Pr=——7+2% —g) =mg — A (1)
0z 0z

Clearly the multiplier X is the tension in the string, which is a function of time. We
observe first that py is a constant, which we call £. Then

mrid = ¢
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Since the Lagrangian is cyclic in the time, the Hamiltonian is constant. We call this
constant £.

2 2 2

Pr ¢ P
g= P L A—
2m  2mr? + om  ME*

Our set of equations is then

. Pr
F=—
m
. Pz
7=—
m
62
=———x
Pr= 3
Pz =mg — A
b=r+z
and
2 52 2
g=1r +&—mgz.

2m  2mr?  2m

We may eliminate A by subtracting the canonical equations for p, and p,.

62
pe— by = —— —mg.
mr

Then, since the constraint requires
7= -z,

the first canonical equations produce
Pr= =Pz

Combining this with the expression for p, — p, we have

62

2pr = — —mg.
mr

And the constancy of the Hamiltonian is
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pZ 2
E=="L — b—r).
m +2mr2 mg (b =)

So we have the differential equations
L@
2pr = —3 —mg
mr

and

and the algebraic equation

2

- Ey— + mgr — mgb

for our study. First we should find the equilibrium condition. This is the condition at
which 7 = p, = 0. If then r = rg and £ = ¢,

G

3
mro

=mg.

This is a cubic equation for r¢. There are three roots. The real root is,

173
%
ro =
0 ng

and the complex roots are

| Ez 1/3 1 Zz 173
ro=—-= -0 + i3 2 .
2\ m%g 2 m2g

We neglect the complex roots on physical grounds.
Of course the path of the mass on the table under these conditions is circular. The
system energy is

%
& = 5 +mgro —mgb
2mrg

) ) 173
2m (6(2)/m2g)2/3 m2g

(3/2) (E%mgz) " —mgb
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If we identify an effective potential as

1
2m

Vert () = —5 €2 +mg (r = b),

we have

2

H=25 4 Ver ().
2m

This is, of course, the Hamiltonian for a particle of mass m moving in a potential
Vetr (). This equation provides a pictorial understanding of the motion. which we
plot here.

Veff

a

Effective potential Vegt (r) = s~ £¢2 4+ mg (r — b).

2mr?

To consider the motion near equilibrium r» = ry we define

Then we write Vg in terms of p and expand around the point p = 0, which is
the bottom of the potential well. Going to second order in p, and assuming that the
angular momentum is approximately the equilibrium value, we have

1
2\’
r=p+(m208)

1
Vett (p) = 25 €2 +mg (r = b)

Vot = % 210 (p?
=W+ ————5pr (P)
2m (e5/gm?)

where
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1 42 1 173
Vo= g b= (d3) .

Vo is, of course, the value of the potential energy at the bottom of the well (the mini-
mum in potential). The next term is proportional to p2. There is no term proportional
to p, because that term is zero by definition of a minimum.

The canonical equation for py is

. d
2Pr=_5 etf (1) .

Near r = r this becomes

. d
2pr = - eff (,0)
dp

3 e )
_ 3B o).
4/3
m (e5/gm?)

or

3 e
a3 P

pr=—g
L 2m(2gm?)

dropping O (pz). If we define

3 e
O S 102 1 o\aB3
(go/gm )

the canonical equations are
Pr=—ap
and

p=1r
m

If we make the Ansatz of the exponential solution these are

Em Y

The matrix must be singular. That is,
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and

[a
w==x/—.
m

This is the frequency of small radial oscillations about the equilibrium position.
The orbit is the radial position as a function of #. to obtain differential equations
in ¥, which can be solved for the orbit, we use the chain rule

d .d ¢ d

Sy _ 2 ¢
dr do  mr?dy

The canonical equations are then

. ¢ dp; e
2pr =2—— )
Pr mr2 d9  mr3 §
or
dpr ¢ m2r?
w2 2wt
And
__t & _p
T omr2dy m’
or
dr _ r?
w - e P

These equations can be integrated simultaneously to produce the graphical results
we have here.

M~
©
n

\
\

The orbit of the ball on the table r = r (). The initial point is the closed circle at
t = 0. The arrow locates the ball at ¥ < 2.

The plot here is for a short time.



100 3 Hamiltonian Mechanics

In the figure below we have a long time plot of the orbit of the ball on the table.

Long time orbit of the ball on the table.
In this figure it is particularly clear that the orbit is not closed.

3.7. In the drawing here we have a mass m sliding without friction on the surface of
a sphere. We release the mass an infinitesimal distance from the top of the sphere.

-

# /(‘

x{e
EN

N 7

Mass sliding without friction on the surface of a sphere

At some point (some value of ¢) the mass will leave the surface of the sphere. What
is this value of ¢? Use canonical equations.

Solution:

We begin with the Lagrangian in spherical coordinates

1 . .
L= Em (,2)2 + ,o2 sin? ¢192 + p2¢2) —mgpcos¢

The constraint is
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p=R.
Because the Lagrangian is cyclic in ¢
— 2in2 b9 —
py = mp~sin” ¢ = constant.
Since the mass is released at the top of the sphere with i = 0, this constant is zero.
py = 0.
The remaining canonical momenta are
pp=mp
and
Py = mp°e.
The Hamiltonian is
) I PR
H=PﬁHﬁw¢—§mQ7+P¢)+mﬂW%¢

1 .
= 5m (,'02 + ,02¢>2) + mgp cos ¢

or

1 Pé
_ 2
H = . (pp + p2)+mg,0cos¢.

In standard form the constraint is
g§=pP—R
and

3
%8 _
ap

The canonical equations are found from

2
oH 1p
— =mgcos¢ — —2
ap p3m
oH
— = —mgpsing

¢



102 3 Hamiltonian Mechanics

OH _ pp
apy

and
M 1pe
dpg  p2 m

The canonical equations are

p="2
m
, 1 g
pp=—mgcos¢p + —=—+ 4
p> m
. I p
¢=—2—¢
p=m
Py = mgpsing

If we introduce the constraint p = R on the sphere, these are

0= Lr
m
1 p;
0:—mgcos¢+——¢+k
R3m
. 1p¢,
b=

Dy = mgRsing

We know that the Hamiltonian is a constant. Initially, we released the mass at a very
small distance from the top at rest. So the constant value is

‘H = constant = mgR

While the mass is on the sphere, p, = 0 and the constant Hamiltonian becomes

2

mgR = +ng cos ¢

R22m

Now we have two equations with A and cos ¢ . These are the constant Hamiltonian
and the canonical equation for p, with p, = 0 (on the sphere).
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2
1 p
mgRcos¢ = Ff + AR.

The point at which the mass leaves the sphere is that for which the reaction force
vanishes, That is, A = 0. At this point then

1 p;
m

mgRcos¢ = 7

and the Hamiltonian becomes

31 Py
mgR = -——
ST 2R m
or
3
mgR = Eng cos ¢.
Solving for ¢,

¢ = cos™!

)

SR )

which is the value of ¢ at which the mass leaves the sphere.

3.8. Consider (again) the block, spring and pendulum we have drawn here.

pr—
X

A block, spring and pendulum.

Consider the motion now in terms of the canonical equations. Linearize these
for small displacements and find the natural frequencies. Choose the masses of the
block and the pendulum bob to be equal.

Solution:

The position vectors for the center of mass of the block r| and the pendulum bob
ro are

ri = (a +x)é,
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where a is the equilibrium position of the block, and
ry = (a+x+{sind)eéx — Lcosveéy.

The velocities are

arl = (X) éx

and

d . .
o= (X + €9 cos ©) & + £ sinVéy.

The squares of the velocities are
=
and

P2 =22+ 0297 + 2059 cos V.
Then the kinetic energy is
1 o1 222 .
T =3 M+me+sm (z B +2Exﬁcosﬂ).
The potential energy is
1 2
V= Ekx —mglcos?.

The Lagrangian is then
L=T-V
1 .2 1 2352 . ¢ 1 2
= 3 (M +m) i+ S (z 5 +2€xﬁcos1§‘) — Sk 4 mgecos D,
The canonical momenta are

oL

Py = 8—,:(M—|—m))&+m€1900519
X
and
oL (32{9+z' 19)
= —— =m X COS .
Py =5

In matrix form these are
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(M +m)ymbcos? | [ x | | px
mlcos®  me? | | pe |

The inverse of the principal matrix is

105

l[ ¢ —cos ¥ i|
D|—cos® L (M+m)|
where

D = (M +m) £ — m€ cos* ®
= M{ + mlsin® 9.
Then

x| 1 14 —cos ¥ DPx

d | D|—cost L (M+m) || ps
1 Ipx — py cos V¥

" D [Py (M +m) — pxcos® |

If we choose M = m, we have

L=T-V

o1 22 L. 1,
= mx ~|—§m (E v +2£x19cosz?)—§kx + mglcos .

D = (M+m)€—m€coszz9
=m£(1+sin2ﬁ).

£ —cos? || px

—cos v % Dy
|:pr — py cos ]
%p,g — pxcos?® |’

—
SN
[

|
Sl— O~

L1
= 5 (tpx = py cos )

1
= — (Ezpf + p% cos> ¥ — 2Lpx py cos 19) ,

D2
2 1 (2 z
D =5z Zpg—pxcosﬁ
12

S

— _ 2 219_41 o
= o2 \ 2Py T pxcos J Pxpocosy ),

and
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x0

1 2
Dz (€px — py cos V) ( Py — Px €08 19)

1
D2

The Hamiltonian is

2
(szpﬁ — pr cos ¥ — Zp,; cos ¥ + pxpy €OS 1‘})

H = 2mi* + me* + 2mex cos ¥ — L
1 . . 1
=mi’ + §m£2ﬁ2 + méx®¥ cos ¥ + zkx2 —mglcosv.

In terms of canonical momenta

1 1 1
H = mﬁpf (62 — 552 cos’ 1?) +mD—p§ (2 — cos? 19)

1 1
+mﬁpxp19 (—2£ + £ cos’ 19) + Ekx2 —mglcosv.

Then
IH

— = kx
0x

IH
99 'p2Px

1
+ mﬁpxpzy (—3K sin ¥ cos 19) + mgl sin ¥

1
(Zz sin ¥ cos 19) +m— 2 pﬁ (2sin ¥ cos )

oH 1 1 1
=2m— (@2 - 562 cos? 19) + mﬁpg (—2€ + £ cos® 2?)

3 72 Px
oH 1 1
3PT19 = mﬁpx (—ZZ + £ cos’ 19) + 2mD—p19 (2 — cos’ 19) .

And the canonical equations are

Iax = _kx’

1 1
Do = —mﬁpf (62 sin ¥ cos 19) sz, (2sin ¥} cos 1)

1
— mﬁpxplg (—3( sin ¥ cos? 0) — mglsin Y,
1 s 1, 1 3
x—2mD2pX l —Eﬁ cos> ¥ +mﬁp,} (—ZZ—HZCOS 19),

and

. 1 1
D = mﬁpX (—26 + € cos® 19) + 2m—p19 (2 — cos? 19) .

If we linearize these we get
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. 2
Px = —mwgx,
Py = —ma 0,

These linear, first order differential equations have exponential solutions. We write

the solutions as

Px l?x
Py | _ | Py .
« 1= 5 exp (iwt)
0 0
In matrix form the canonical equations are then
T 0 0 —mo? 02 2' Py ] P
O O O —mZ C()p ﬁl? . ﬁﬁ
L _L 9 0 | T
m1 nfl - ~
L =7 ZW 0 0 JLv ] D
or
—io 0 —mw? 0 [ pyx] 0
0 —iw O —mﬂzw% Dy _ 0
% — ﬁ —iw 0 X 0
1 1 . 3
L~ mt “me2 0 —lw | 4 i 0
The determinant of this last principal matrix is
ot — 2a)2a)12) — a)zwg + a)lzja)g
If we solve this for w? we have
0’ =w’ + la)2 + l,/4a)4 + w?
e A 2 P S*
Then
4o} + of.
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There are then actually two natural frequencies, since the + outside of the final
radical does not indicate different natural frequencies.

3.9. In the figure here we have a schematic picture of the double pendulum.

Double pendulum.

Both pendulum lengths are £ and both masses are m. Study the motion using the
canonical equations. Obtain the modes of natural oscillation for small angles.

Solution:
The position vectors to the masses are

Ry =[A+{sind]éx +[—LcosPi]ey
Ry =[A+{sind + £sindy]éx + [—Lcos | — £ cos V2] éy.

The velocity vectors are

%Rl = 0[P cos ] ex + £ [P sind] &y

and

d . . . .
ERQ =€ [P cost| +DacosVr]éx + £ [P sind| + Do sinda] éy.

The squares of these are
R} = %]
and
R% = ¢? [(15‘1 cos | + 192 cos 192)2 + (191 sinv] + 192 sin ﬁg)z]
= ¢ [z‘/‘% + 5}3 + 2191192 (cos V1 cos ¥y + sin ¥ sin 192)] .

From here we have the kinetic energy
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1 . . -
T = zmﬁz [20% + z?% + 21192 (cos ¥ cos ¥ + sin ¥ sin 192)]
I ora:2 w2 -
= mt [2191 492 120195 cos (9 — 192)] ,
and the potential energy
V = —-2mglcost; —mglcos .

The Lagrangian is then

L=T-V
1 ofer a2 e
= Jmt [2191 + 9%+ 28192 cos (9] — 192)]

+2mgl cos vy + mgl cos 9.

The canonical momenta are

oL

Py, = 8_ = 2m£2191 +m€2192 cos (1 — 19)
1
oL 9 5
Py, = W =mlVo +ml-9cos (¥ — V)
2

The Hamiltonian is then
. 1 . ..
H = me*; + Emzzﬂﬁ T+ me2d $acos (91 — 92)
—2mglcos¥ —mgl cos o

To obtain the Hamiltonian as a function of the momenta and coordinates we must
first obtain 191 and 192 as functions of the momenta p; and p> and the coordinates
Y1 and . That is, we must invert the two equations defining the momenta. Writing
the equations in matrix form,

2| 2 cos(@1 =02 ][9] _ [ po,
cos () — ) 1 Do | | po. |’

Inverting the matrix
|2 cos (01— 92) ]
cos (] — 1) 1

11 -1 cos (¥ — )
cos (0] — 92) -2

~mi2D
where
D = cos® (9] — 1) — 2.

Solving the set of linear equations, we then have
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o8 _ 1 1 P —=py, + py,cos (@ —2)
&) me2 D P9, €OS 01— 09 — 2p192

The Hamiltonian is then
1 2
= me {pmz-cos2 01 — 92)
2c0s3 (9] — 92) — 4cos (9] —
(cos? (91 — 92) —2)°

The derivatives we need are

1 ) 2
P37 or 01 — 92)

Vs
+ Py, P, 2) ] —2mglcosv| —mglcos iy

oH 1 sin (1 — 92)

—=—2[—8p?91 cos (9] — ¥2) >

0% 2mi (cos U1 — 212) — 3)
sin (91 — 97)

—16p3, (cos (91 — ¥
Pia (008 (01 = 02)) 251 — 297) — 3

4 I . 9 .
+p9, Po, 3 (— sin (3¢ — 39¥3) + = sin (¥ — l‘/‘z))
(cos? (91 —02) —2)° \2 2
+2mgl sin ¥
oH 1 sin (01 — 97)
T T A 8P§1 (cos (71 — ¥2)) 3
0%,  2mk (cos (201 —2192) — 3)

sin (91 — 97)
(cos (28] — 2092) — 3)?

+16p3, (cos (91 — 92)

4 I . 9 .
— D9, Py 5 (— sin (391 — 3v2) + —sin (V] — 192))
(cos? (91 —¥2) —2)° \2 2

+mg¥ sin ¥,

oH 1 2 N 2c08’ (9] — ¥2) —4cos (9] — D2)
= P Py

apy,  2me? "2 —cos? (91 — 1) ’ (cos? () — ¥2) — 2)2
oH 1 20053(191—02)—4005(01—192)+2 2
opo,  2mez |7 (cos? () — 92) —2)° Pren " cos? (91— 02)

And the canonical equations are then
sin (191 — 192)
(cos (201 — 2097) — 3)?
sin (] — 92)
(cos (28] — 2092) — 3)2

. 1
Poy =505 {817191005(191 U2)

+16pj, cos (1 — ¥2)

L. 9 .
— D91 Py Esm (B —307) + zsm (U — 23‘2))]

(0} ?9 — 19 - (
(C S ( 2) 2)
—2mg1? Sin 19
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in(®; — 9
[—81),29] cos (V1 — U2) sin (9 2) 3
(cos (291 — 297) — 3)
sin (191 — 192)
(cos (291 — 2195) — 3)>

4 1. 9 .
+Po,Po, 3 (5 sin (301 — 392) + 5 sin (P — 1?2))
(cos? (] — B2) — 2)

—mg¥ sin ¥

Po> = 2me?

—16p3, cos (91 — )

5 1 2cos® (9] — 02) — 4cos (9 —192)]
1

= 12 TPy
2me2 [ '2 — cos? (9] — ¥2) ’ (cos? (91 — ¥2) — 2)2

By = 2
2 2me? tep

1 2c083 (9] — ¥2) —4cos (9] — 92) 2
Py 9 .
: (cos? (B — V) — 2)2 22 —cos? (91 — ¥2)

With
sin (0 — 97)
(cos (28] — 2095) — 3)2

cos (] — 1) = & —192)-{-0(192,19%),

4
(cos? () — 92) —2)°

=24 (9 —02) + O (0‘2, ﬂ%) :

1 9
(E sin (391 — 3v»,) + E sin (91 — 192))

2
2 —cos? (% — U7)

=2+0(192,19§),

and

2cos’ (9] — ¥2) — 4cos (9 — ¥
cos” (1 — ¥2) —4cos( ; 2) =_2+0(192’ ﬁ%)
(cos? () — ¥2) — 2)

we linearize the canonical equations as
]')191 = —2mg€z91

Dy, = —mglda

. 1
v = ) (o, — pv,)

. 1
Vv = ) (=po, +2ps,) -
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If we make the Ansatz that the solutions are complex exponential (sinusoidal), we
obtain the matrix formulation

0 0 —2mg€ 0 ﬁﬁl 1;191
(1) O1 0 —mgl ﬁ~l92 i 12792
we Tme 00 9 J)

The eigenvalues are the values of iw, which are

i = %ioo, [ (2= V2), #iwo [ (2++2),

where

=%
0 Z

These are the normal modes of vibration.

3.10. In the static case the magnetic field induction vector B is obtained from the
vector potential as

B = curl A,
provided A satisfies the Coulomb gauge
divA = 0.

Show that the magnetic component of the Lorentz electromagnetic force (per unit
charge) may be written in terms of the magnetic vector potential A as

A, . 0A, .
B = — _—
(vx B), 20 qv s dv

where the velocity of the point chargeis v = ¢, ¢,.We use the Einstein sum convention
in which the repeated Greek indices are summed from 1 to 3 over the indices for the
three Cartesian coordinates.

This will require some steps in vector algebra, which are always easier if we use
subscript notation for cross products. We use the Levi-Civita density ¢,,, defined
by

+1if pvo is an even permutation of 1, 2, 3
€uve = 1 —1if pvo is an odd permutation of 1,2, 3
0 if any 2 of the indices u, v, o are alike
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Then the 1™ component of v x B is
(v x B)u = &uygvBy

and the ¥ component of B = curl A is

944
e

By =éyap

Put these together to obtain (v x B),,.
Solution:
We begin with

(v x B)u =&y gvBy

and insert

B 8A5
= & —_—,
Y vap 30

being careful about the subscripts. Then

0Ap .
(vx B),, = €uvyeyap—4qv-
09«

Moving the y two places to the right £,45 = €4, . Then

0Ap .
(v x B)u = EuvyEafy —qv-
09

We do not sum on p, which always has a fixed value. But we must decide on the
values of the other subscripts. We may have « = p and v = 8, which has a positive
sign, or we may have 8 = u and v = «, which has a negative sign. That is

A, . 0A, .

B), = —¢, — —"4,.
(vxB), aqﬂ‘h aqv%)

3.11. Show that the canonical equations for a charged particle with charge Q
oH
m

1
m (Pu - QAM) )

Q;L:

and
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. oH
Pu=—7—
a qu

0 9A o

== (py— QA) —2 — Q0—

m g, g,

result in the standard form of Newton’s Second Law
mg, = Q (v x B)u - QFE,.

Solution:
From the canonical equation for ¢ we have

mq, = pu — QAy.

Differentiating with respect to #,
. . 0 dA,
mg, = py — Q——
Q= Pu dr

where

dA 0A, . 0A
Ko uqu + "
dr aqy Jt

Then, using the canonical equation for p we have

9A, 3¢ (BAM : BAH)

361M_Q@_Q 3qqu+7

_ aAv . 8Au . 3(]5 aAN-
= Q(aquq” 24y q“) %oan Q( o )

We can show, for the time dependent case (see previous exercise), that

miju = %(Pv - QA))

dA, . d0A,, .
—4, — —%4,,

(vx B), =
" qu aqy

where v = ¢,é,. Then

0 0A
m4u=Q(vXB)M—Q%—Q(8—t”).

And for the time dependent case
E do 9 A
= —grad¢ — —A.
& o1

Then
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mg, = Q( x B), — QE,,.

3.12. In the text we show that the low energy (nonrelativistic) form the relativistic
Hamiltonian for a classical charged point particle with mass m and charge Q is

1
T 2m

(P — QAL + Qo

where ¢ is that scalar potential from which we find the electric field, in the static
case, as E = — grad ¢. We have used Q to designate the charge because ¢ is the
designation for generalized coordinate. The vector potential A has components A,
(u =1, 2, 3). The magnetic field induction B is obtained from the curl of A as

B =curl A,
and A is limited by the requirement that
divA =0,
which is the Coulomb gauge for time independent fields.

Consider the motion of a charge Q in a region containing only a magnetic field
with induction B = ¢, B. Show that this induction results from

B R R
A= 5 (—yéx + xéy),
= _Byé)h
= Bxéy,
or
A 1B e
= —Bré
5 Brey

in cylindrical coordinates.

Let the charge be released with non-vanishing velocities in the x and y directions.
Show that the orbit of the charge is a circle.

a) Using A = —Byéx

b) Using A = —%yéx + %xéy.

Because we already know that a positive charge moves clockwise in a field with

induction ¢, B, we choose initial conditions (+ = 0) as x (0) = —R, x(0) = 0,
y(0) =0, and y (0) = v.
Solution:

First we must show that the divergence vanishes for each A. In rectangular co-
ordinates
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div A a B " a (B

1 = — _— J— J—

v ax 2y ay 2x
=0+0.

And in cylindrical coordinates

10 1
divA = —— | =Breéy
rod \2
= 0.

Then we must show that we get the correct induction.

nana(2(3) 5 (3(2)
(3 (25 ()

=¢é,B

and

0
curl A = ey (8_1 (—By))

+e _8 —B
ez( 5( y))

~

= ¢, B.
Then

Jd (1
curlA = ¢, | —— | =Br
0z \2
LA (a0,
ezr or d 2

= ¢,B.

3 Hamiltonian Mechanics

Any of the proposed expressions for the vector potential is then acceptable.
a) Using A = — Byéy. With no electric field ¢ = 0 and the Hamiltonian is

1

H= m (Pu - QAM)2

1
= o= [+ 0By + (1) + (0)?).

The canonical equations are

. 9 1

X = H=—(px +m8y)
apx m

. 0 1

y H=—py

Za_py m
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9 1

°T p; —mpz

) a

Px = _aH =0

. a

m=—5H=—9@ﬁwmw
a

5, = ——H =0

Pz 9z

£2 = QB/m is the cyclotron frequency for the charge. The canonical momenta py
and p, are constants. We are only interested in motion in the (x, y) —plane. We may
then either assume p, = 0 or transfer to a plane moving uniformly in the z—direction.
We define px = B then

Bx

X=—+Qy
m

1

Y—mpy

Py = —2B, —m2%y.

Let us call
m
or
sy b
m’
Then
x=8Y,
1
Y=—py,
and
Bx
=-028, —m2* |y -
Py Bx —m ( me
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These are solved most easily in the complex plane. We write then the quantities py,
x,and Y as the real parts of complex quantities

py = Re pexp (iowt),
x =Rexexp(int),

and
Y =ReY exp (iot)

We have then equations in the complex plane
iwf — Y =0,
|
iy ——p =0,
m
and
iop +m82°Y =0.

If we write the resulting equations in matrix form we have

0 iw —$2 p 0
-+ 0 i |[[X|=]0
iw 0 ms? Y 0

Then, setting the determinant equal to zero,
w=5.

Then our complex plane solutions are
Py = DrCos 2t — pjsin 2t
X = X;cos 2t — X; sin 2t
Y = Y;cos 2t — Y sin £21.
From the initial conditions, and considering the values of y (#) when ¢ = 7/2 and
7/4, we have B, =0, v = RS2 and
x = —Rcos 2t
y = Rsin £2¢,
which is a circle.
b) Here we encounter a more complicated solution, which is interesting math-
ematically. For practical purposes, however, if a simple solution is our goal, we do

not go here.
The Hamiltonian is then
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1
H= %;(Pu - QAM)Z

_ 1 2 1 2
= 5- (= QA" + 5~ (py — QAy)

1 0B \> 1 0B \’
_E(””Ty) +ﬁ(1’y‘7x) '

The canonical equations are

oH @( QB)

p":_ﬁz 2m py—Tx
= l.Qp - lm.sz
27 4
and
) oH OB OB
Py = —E = “om (px + T)’)
= _lgpx - lm-sz,
2 4
where 2 = Q B/m is the cyclotron frequency.
And
. O0H 1 OB
(00
1 1
= Pxt 582y
. O0H 1 OB
22
= lp — l.Qx.
m 2

The motion in the (x, y) plane is then described by the equations
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To solve these equations it is easiest to work in the complex plane. We define the
complex quantities

Z =x+1iy
and
PZ = Px + ipy-
Then the canonical equations combine to give
PZ = px + il"y
1 . 1 2 ;
=39 (py —ipx) — 78 (i)
i . 1 2 .
—59 (px +ipy) — é_lmQ (x +1iy)

i 1 2
——R2P; —-m$2°7
2 4

and

Z=x+iy

1 . 1 .
= - (px+lpy) + 59 (y —ix)

1 . i .
= (px +ipy) — 59 (x +iy)
P, 2
=Z_iZz
m 2

So we have the equations

P i QP ! %z
pr— ——m — — s
Z ) Z 4m
and
P Q
7=-2_i27
m 2

These equations are obviously solved by the Ansatz
P7; = f’z exp (iwt)

and
Z = Zexp (iwt) .

The £2 can be found by inserting the Ansatz into the equations. That is
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by = LB, — m2?Z
iwPy=—Z82Pz - m
and
- P
i0wZ =2 -
m
In matrix form,
[—i%Q—%sz}[f’z] : [ﬁz}
1 1 5 | =W 5
This has a nontrivial solution only when the determinant of the matrix
—il2 —1imo? EPNE i —io —im?
L —it02 01|~ L —1iR —iw

vanishes. That is when
Qow+aw*=0

which is to say

w=0,—-5.
When w = —£2,
—3iR+i2 —im? P,
L —3iQ+iQ ]|z
_[iie _%mm Pzl [o
L L Sie Jlz | |0
or
1~ 1, -
—P,+-iR7Z =0,
m 2
which is
P=-2i0z
= ——1 N
=72

The solution vector is then

4]-2[:%]
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Recalling that
Z () =exp(—if21) Z
=x()+iy(),
we have

X (1) = Re (Z (1) = ‘Z‘ cos (21)
y() =Im(Z (1) = — ’z’ sin (21)

noticing the negative sign in the complex exponential. The trajectory is a plot of y (¢)
versus x (). The geometrical form of this figure is established by the trigonometric
identity sin® o 4+ cos® & = 1. that is

~12
X +y 0 =2

)

which is a circle of radius ’Z ‘

Attime ¢t = 0, the location of the charge is (‘ 7

, 0) , that is on the x — axis at the

point ‘Z‘ from the origin. The momentum at that point is (O, —58 ‘ZD Recalling
that

oL . (0]
Pu= 22— = M4y +—Au
’m ¢
we have
. O( B
mx = px — - —5)’
1
= px + EmQ)’
and
QO (B
my = [)y — ? E)C
1
= py — Emﬂx

That is, the velocity vector is

-]
y g%
at the time + = 0 we have the velocity vector (vx, vy) = (0, —£2 ‘Z D In other

words, looking vertically down on the plane, the charge is moving clockwise in a
circle centered on the origin. A quick “right hand rule” check on the direction of
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the magnetic force will show this to be what is expected. We notice that the kinetic
energy does not change. That is, the magnitude of the velocity is constant.

3.13. Consider the motion of a charge Q in a region containing only a magnetic
field. Let the charge be released with non-vanishing velocities in the x, y, and z
directions. Show that the charge will “’spiral” along the magnetic field lines. Assume
that the magnetic field changes slowly in space so that it may always be considered
approximately constant. This phenomenon is important in plasma physics and forms
the core of some of the ideas proposed for “trapping” charges in a fusion reactor.
The radiation from such charge motion also forms the “northern lights”.

Solution:

In the text we have shown that the Hamiltonian for the charged particle in the
electromagnetic field is generally

H= 2m %“ (Pu— QA/L)Z + Q¢.

For a static magnetic field along the direction e, the vector potential is

B A R
A= E (—yeX —l—xey)

and for no electric field a the electrostatic potential is
¢ =0.

The Hamiltonian is then
1

2
Hzﬁ (Pu— QAL)
"
1 1 ) 1
5 (Px = QAD* + o (py = QAY)" + 5
1 0B \*> 1 0B \* 1 ,
—%(Px+7y) +%([)y—73€) +%Pz-

The canonical equations are then

. 8H_QB OB
Px = ax  2m Py 2x

M _ QB( QB
Ty T o \ T
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opy m 2
oH 1

= = —pZ_
p, m

The momentum p, is constant and the coordinate z varies linearly with time. The
motion in the z— direction can then be accounted for by transforming to a coordinate
frame which is moving with the z—velocity initially imparted to the particle. We then
have a problem in the (x, y) plane described by the equations

05 (, 08)

Px= 9x  2m py—Tx

. BH_ OB +QB

py— ay_ 2m pX 2)’ 9
and

. oH 1 +QB

X = — A px+ —
aPx m P Zy

. oH 1( QB)

y=——=—\py— —x).
opy v

To solve these equations it is easiest to work in the complex plane. We define the
complex quantities

Z=x+1iy
and
Pz = px +ipy.

Then the canonical equations combine to give

PZ=px+iljy
__ OB 0B OB . +QB
Tom \BY T ) T g\ T Y
0*B? . OB .
= - am (x‘f‘IY)_El (Px+lpy)
2p2
B B
_ 9 Z—Q—iPZ,
4dm 2m

and
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Z=3%+iy
1 0B 1 0B
~ (”"+Ty) T (Pv‘ T‘)
1 . . 0B .
= (px +ipy) s (x +1iy)
P B
Pz _ 28,
m 2m
So we have the equations
. 0%B? OB .
Pz =— Z——IiP,
z 4m e
and
P B
z=fz_; 98,
m 2m

These equations are obviously solved by the Ansatz
P; = Pyexp (i21)

and
Z=Zexp(iR21).

The £2 can be found by inserting the Ansatz into the equations. That is

2n2
~ B -
l.QPZz—Q Z—Q—iPZ
4m 2m
and
- P B -~
oz Pz_, 28
m 2m

In matrix form,

. (0B B2 ~

l(g_m+9> o [Pz]_[o]
L —i (% + Q) z 0
This has a nontrivial solution only when the determinant vanishes. That is when

Q2
Z(OB+2m) =0,
m
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which is to say

B
o=-2%
m

The orbit is then easily obtained from the Z (). Talking real and imaginary parts,
x (1) = Re (Z (t)) = xpcos (£21)
y () =1Im (Z (1)) = —yosin (£21) .

This orbit is a circle. Looking down on the (x, y) —plane, the direction of motion is
clockwise.

‘We may now couple this motion with uniform motion along the (original) z—axis.
The result is a spiral motion along the z—axis. Small variations in the magnetic field
along the z—axis will not disturb this general spiral motion. We may then consider
the charges as “trapped” in the spiral paths along the magnetic field lines.

3.14. Consider the motion of a charged particle in a region of space in which there
is a uniform magnetic field with induction B = ¢, B, with the vector potential

. B . B
A= —exay + eygx
and a uniform electric field E = éy E. Show that the motion is cycloidal as we have
shown here.

The trajectory of a charged particle moving in a region containing electric and
magnetic fields perpendicular to one another.

Solution:

For a static magnetic field with induction B = ¢, B the vector potential is

. B . B
A= —eXEy + eyax.

And for a static electric field E = ey E the electrostatic potential is

¢ =—Ey.
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The Hamiltonian, in rectangular Cartesian coordinates, is then
_ ! A 4 Ay)°
H—%(Px—Q x) +%(1)y—Q y) — QEy

1 N Q 2+1 2\’ oF
= — m— — -—m—x) - .
o \PX T T \ Py Ty 4

where 2 = Q B/m. Motion is then entirely in the (x, y) plane.

The canonical equations are

= (rens)
XxX=—\\pxt+tm—y
m 2

22
Py m2x

. 1
y=—
m
. 2 2
PxZE py—m?x
. £ 9}
Py=—Z\Pxtm=y)+QFE

These equations are nonhomogeneous because of the presence of the term QE.

We (as before) simplify the problem if we introduce the complex variables Z = x+iy
and P, = px + ipy. We can then combine the canonical equations to give

. 1 . 1 .
Z=z(17x+lpy)—159(x+l)’)

1 1
=—P,—i-27.
m 2

and

. 1 1
P, = _ngz (¥ +iy) =i 82 (Px +ipy) +iQE

1 1
=——mR%*7 — iz.QPZ +iQE,

4
Introduce
Z=27+pt
z=7+p
Then

7/ _ 1 . .1 .
Zz +ﬁ—n—1(px+lpy)—z§.{2(x+ly)

_Llp, iloy '1[2,3t
= 74 12 12 .

or
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Z"—lP—'l.QZ’—'l.Q -
=—Pz—i- 15 pt — B.

m 2
and
: L, .
PZ:—ZmQ Z—ZEQPZ"‘ZQE
Loz —ilop, - ! Q%61 +iQE
=——m — iz ——=m l
4 27Ty

From the first two of the canonical equations we see that
. ) 2
Pr=m(Z)+im (?) (Z2)

whether or not an electric field is present.
With Z’ this is

R
Pr=m(Z)+im (3) 4
- . ‘Q /7 . Q
=mZ +im ) Z' +mpB+im > Bt.
If we require that
. 2
Py=m(Z') +im (7) (z')
We must define

/ . 2
PZ=PZ+m,3+lm ? ﬂt

Our equation for P, then becomes

. N 2
Pz =P;+im ) B
1 27/ N / ; 1
= —Zm.Q zZ' — ’E'QPZ —im(2)B+iQFE,
We recall that the equations for no electric field are

. 1 . 1 .
ZZZ(PX"‘ZPy)_E-Q(”C_Y)

1 1
=—P;—-Ri7
m 2

and for Pz

3 Hamiltonian Mechanics
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. 1, 1 \? ,
PZZ_EQ (lpx_Py)_m EQ (x +1iy)
1. 1\
=—RiP;—m(|=82) Z.
2 2
Therefore, if we choose
—im((2)B+iQE =0

our solution is that for a charged particle moving in only a static magnetic field. That
is, if
E
G 0, E
ms2 B
then
E
x(t) =Re(Z) = Rcos (£2t) + Et
y(t) =Im(Z) = —Rsin (£21),
which is a cycloid.

3.15. If we treat the motion of a charged point particle of mass m and charge Q mov-
ing in a constant magnetic field of induction B = ¢, B using cylindrical coordinates
the vector potential is

1
A = —Breéy.
) rey

We note that

. 10 (1
divA = —— (—Br) =0

rov \2
and with
10F, oF, 0F oF,
curl F = ¢, e 2 +oy | — — —2
r 0v 9z 0z or
4o 1[0 (Fy) dF;
e YT e
that
10 (1
curlA = é,-— (=Br?) =¢,(B).
ror \2

So the vector potential above satisfies the Coulomb gauge and produces the mag-
netic field induction we desire. Obtain the canonical equations and the (constant)
Hamiltonian for this situation.
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In the cylindrical case it will be easiest to simply begin with the low energy
(nonrelativistic) approximation to the electromagnetic Lagrangian we developed in
our chapter on special relativity. The Lagrangian is the function appearing in the
Hamilton’s Principal Function. So we return to the Lagrangian for anything other
than rectangular Cartesian coordinates. This is

.. )
L= Em‘m‘]u — Q¢+ QAMIM

where the summation is over the three spatial components.
Solution:
To identify the canonical momenta we begin with the Lagrangian above in
cylindrical coordinates

r .. )
L= quMqM — Q¢+ QAMCIM

1 . 1 .
= gm (#4297 +22) + 208,
The (spatial components of the) canonical momenta are then
pr = mr
25 1 2
py =mr-y + EQBr
p, = mz.

The Legendre transformation producing the Hamiltonian (for cylindrical coordi-
nates) is then

1 1 2\?
H = M (f2+22)+—mr2 (p—ﬂz——)

2 mr 2
_ 1 2 2 Lo P 2\’
T 2m (pr + PZ) + 2mr mr2 2 )7

where 2 = Q B/m is the cyclotron frequency.
The only coordinate in the Hamiltonian is r. Then

L O (e @V e (0 2
Pr= ar mr2 2 r \mr2 2

and
pﬂ = I}Z =

We gain no insight by choosing p, to be anything other than zero. And we shall call
po = L. Then
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. 1
0= mr? (194——[2)

2

and

. ¥4 n 2 L 2

=mr|{——s+ — — — =

Pr=mr\ 2 T mr2 2
With

¢ =9+

mr2 2
we have

pe=mr (9 +2) (9).
and

1

r=—pr
m

as the canonical equations.
The Lagrangian does not depend explicitly on the time. Therefore the Hamil-
tonian is a constant of the motion. We call this constant £. That is

1 1 ¢ 2\
H=E=—p24+ _mr2|— 22
2mpr + 2mr (mr2 2 )
1 1 .0
= 5P

and release the charge with p, = 0. Then initially %9 = —£2 and
£ = 1 292
= Emro .

We note that the canonical equations and the Hamiltonian are consistent with the
circular orbit with ¢ — £2. But the canonical equations are nonlinear. So we cannot
guarantee that this is the only solution.

3.16. In the early work on magnetic confinement of fusion plasmas we considered
magnetic bottles to trap the electric charges. Magnetic fields of (almost) any geometry
can be produced by arrangements of external electric currents. Magnetic bottles are
based on the universal principle that charged particles move on circles with radii that
decrease with increasing magnetic induction.

The vector potential

. B . B
A= —eXyE exp (az) + eyxg exp (az),
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for example, produces the magnetic induction
B
By = —x aE exp (az)

B
5y (+2) e
B, = Bexp(az),

which, with z—axis vertical, has the form shown here.

Magnetic field induction B from the vector potential
A= —éxyg exp (az) + éyxg exp (az).

Charged particles in this region follow the lines of induction in a corkscrew motion
of decreasing radius.

We obtained the particle trajectory from a numerical integration of the canonical
equations using a Runge-Kutta algorithm'. In the numerical solution we released the
charged particle on the x —axisatx = 1 witha momentum in the y—and z—directions.
The result was the trajectory shown here.

I These very important numerical techniques for the solution of first order differential equations
were developed around 1900 by the German mathematicians C. Runge and M.W. Kutta.
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B - Field

positive negative

Spiral motion of charges in spatially varying magnetic field.

In this figure we have plotted results for both positive and for negative charges. The
charges spiral along the magnetic field lines moving in the positive z—direction until
they are deflected and then they spiral out with growing radius along the negative
z—direction. The top images are for a small initial momentum and the bottom for a
larger initial momentum. The larger momentum makes the spiral of the charge more
evident.

The results from a region containing oppositely converging magnetic fields
demonstrates the magnetic bottle effect. We show this in the figure.

point of reflection
l Motion after reflection

¥
initial point

Stop calculation

Spiral motion of charges in spatially varying magnetic field.

Show that the vector potential actually results in the magnetic field induction
above and that the Coulomb gauge div A = 0 is satisfied by A. Then obtain the
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Hamiltonian and the canonical equations for motion of a charge in this field. Consider
planes of constant z to show the decrease in radius with increasing z.

Solution:
With

. B . B
A= —exya exp (az) + eyxz exp (az),
0A 0A 0A 0A
cul A =& | — — —2 )+ &y (— — —
Y 9z 0z ax

. [0A 0A
6, (-2 — —
ax ay

. B . B A
= —exX (a E) exp (az) — eyy (a 5) exp (az) + e, B exp (az)

and

A, 0A, DA
divA=—4+ "4+ "2
dx ay 0z

The Hamiltonian is

o ! L me ()2+ ms2 ()2+12
_Zm Px 3 yexplaz py B X exXp (az ZmPZ

With 2 = Q B/m. The canonical equations are

. O0H 1 1
X=—=—px+ =Ryexp(az)
apx  m 2
. 0H 1 lg (@2)
=—=—p,— =xexp(a
J opy mpy 2 plaz
. O0H 1
= = _Pz
ap, m
. OH 1[2 1 o (@2) @)
Px = = 2 Py = 5m xexp (az) ) exp (az
. oH 1Q n 1 o (a2) (@2)
=——=—= = ex ) | ex
Py oy ) Px 2m yexp (az p (az
) oH 1 1
Pr=———=—58a||px+mSyexp(az) )y
0z 2 2

— (py - %mﬂx exp (az)) x} exp (az) .

We notice that the p, equation is nonlinear because of the terms in x* and y?. We may
ignore this difficulty if we confine our interest to planes of constant z assuming that
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the variation of induction with z is weak, i.e. that a is small. To keep the equations
simple we shall define £2, = £2 exp (az). The canonical equations in a plane of
constant z are then

. OH 1 n 1_{2
= apx B me 2 z)
oH 1 1

y py mpy ) zX

. oH 1 1
Px = _W = E‘QZ (Py - Eszx)
. oH 19 n 1 o

= —-—= — = —m
Py dy 5z Px ) zy
These are linear equations with solutions of the form x () = x exp (iwt). Then
oL 1. 1 .
iox = —px + =52,y
m 2

o 1. 1 .

iwy = Zpy - EQZx
R 1 - 1 5
iwpy = EQZ Dy — Em.QZx

. 1 -1 -
iwpy = _EQZ (pX + Em.QZy)

or

1 1
iwX — =82,y — —px =0
2 m

|
EQZx—I—lwy—apy:O
1

I S
Zm.Qsz +iwpx — E.szy =0

1 U .~

Zm.QZzy + EQZPX +iwpy =0.

This set of homogeneous linear equations has a non-trivial solution if, and only if
the determinant of the coefficients vanishes. That is

iw —%.QZ—
12, o 0 -1
me? 0 iw —32,
0 mR21i2, io

det

which results in
wt — wz.QZz =0.

That is
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w = +8,,

which establishes that a charged particle moves in a circular orbit in each plane of
constant z. The frequency of the motion increases with z. But the angular momentum
is constant. So an increase in angular velocity implies a decrease in orbital radius.

3.17. In the text we discussed the problem of Rutherford scattering. In his analysis
Rutherford assumed that only the Coulomb force acted on the o —particle scattered
by the nucleus. The potential was then

_OnQ1

" dweg p

We may, depending on the nucleus, also have a nuclear magnetic moment. This will
have an affect as well on the moving «—particle. The vector potential at a distance r
(using spherical coordinates |r| = p) from a nucleus with magnetic moment M is.

Ho

A = 471 p?

M xr,
which, carrying out the cross product, becomes
M 1 R
A(r) = Ko sin ¢ey .
47 p3

We shall simplify our problem by confining motion to the horizontal plane. In spher-
ical coordinates the polar angle is then ¢ = 7 /2.

Find the Hamiltonian for Rutherford scattering when the nucleus has a magnetic
moment. Linearize this for small values of M. Comment on the effect of the nuclear
magnetic moment.

Solution:

The Hamiltonian is, of course,

H=— (pu— 0A,)" + Qp.

" 2m

With sin ¢ = 1. Then the vector potential is

The Lagrangian is

| )
L=-mquq, — Q¢+ QA,qu

2
1 . ) [,LM 1.

= om (P24 p*0%) + 0E2= b — 09,
2 4T p

where ¢ is, of course, the scalar potential. The canonical momenta are
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oL )
Pr = % =mp
oL oM 1
py = — =mp*) + Q0= —.
4 p
Then
1
P = —Dp
1 ,bLoM 1
U= — .
m,ozpﬂ Q 4 mp*
From the Legendre transformation,
M1. 1 . .2 M 1
H = mp* +m,0219 —FQMO —U —sm (p2+,0219 )— Q'u0 —19+ (0]7)
0?2 2 4 p?

Loy o0
=mie + 0707 ) + Qo,
which becomes
1 1 oM 1\* OnQ1
H= — (py -0 )  ENE
2mpp+ 2mp? (pﬂ Q 47 pz) + ey p

Because the Lagrangian is cyclic in ¢ we have py =constant. If we expand this
Hamiltonian for small values of M we have

I, 1 z_MQMolp OnQ 1
2mp2"? drm pt ey p

The effective potential is then decreased in the neighborhood of the nucleus if
the nucleus possessed a magnetic moment. The 1/p* dependence of this potential,
however, makes it a weak potential at large distances.






4 Solid Bodies

4.1. In the text we obtained the matrices (operators) for infinitesimal rotations about
three basis vectors as

10 0
Ry (9)) = |0 1 -89 |,
| 089) 1
[ 1 0580
R; (89)) = 0o 10 |,
| =950 1 |
and
(1 =804 0]
R3 (605) = | 89 1 0
0 0 1]

Sow that these commute by carrying out the calculation. Pick any two matrices you
wish for this demonstration.

Solution:

We compute the two products

Ry (519/2) R3 (829/3)

1089, [ 1 8950
=| 0o 10 ||sv, 1 0
| 5950 1 0 0 I
1 =59, 8V
=| &, 1 0
2
| 50 82040 1

and
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R3 (305) Ry (65)

1 =895 0 1 0689
=60, 1 O 0 10
| 0 0 1 —8950 1
), O A
=| &5 1 570505
| -89, 0 1
They are equal.

4.2. The kinetic energy of rotation of a rigid body has the abstract form
T = » (o] I'|w)
rot = 3 w| 1 |w

If we project this onto the basis fixed in the body using
Py = ‘xu)(xu| =1

we have

1
Trot = E (w ‘x,u)(x,u‘ Ixy) (x| @) .

Show that if the rigid body is a sphere this kinetic energy has the same form repre-
sented in the fixed system with basis {|X u)}

Solution:

For a sphere

I=1p1=1Iy|xp)(x,|.
So
1
Tiot = EIO (w |xlt)(xl‘«’ xp)<xp [xp) (xu| )

1
= 510 (@ |xp) (x| @)

We transform to the fixed basis by introducing the projector
Px = |Xl‘~)(Xﬂ| =1,
which we may introduce at any point in our expression for the kinetic energy. Then

1
Tt = 5 1o (@ 1X3) (X2l %) (x5 1Xo) (Xo| @)
1
= 510 (@ |X1) 0x6 (Xo| @)

1
= EIO <0) |XA> <XA| CL)) )
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which is the same form as
1
Tiot = EIO (w |xﬂ)(x,0| o),

except the representation is in a different basis.

4.3. A spinning disk of radius a is lowered onto a table. The disk is rotating about the
axis parallel to the table at an initial angular velocity wq. The disk begins slipping and
eventually starts to roll. Study the motion and determine the point at which rolling
begins.

2 A

b Kl
d y,
y,
2}

/ Y
&
X

Disk released onto table with initial angular velocity @ = wy.

Recall that the horizontal kinetic frictional force has a magnitude
Sttiction = Mymg.

This is the horizontal force while the disk is slipping. In the Hamiltonian formulation
this appears as a Lagrange multiplier. That is

: =——+Zxk()ag“.

Solution:
The rolling constraint is

0=V +wxd,
with
d . .
V=—R=Xex+Y ey,
dr
and
d=—aey

~

w=—0 ex.
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Then
wxd=—adéy
So the rolling constraint is
0=(X) éx+ (Y —a?d) éy,
or
X=0,Y—ad=0.
This condition is not reached until slipping stops and rolling begins.

While the disk is slipping the force in the (negative) Y —direction retarding the
motion is

Sttiction = pymg
and this force provides a (negative) torque
Tfriction = @ffriction

slowing the rotational angular momentum. Because this frictional force does not
depend functionally on any of the coordinates describing the system, we cannot
include it in our usual fashion as a constraint. It simply is not a constraint, which
would confine the motion. We shall, therefore, simply insert the frictional force in the
canonical equations where appropriate. We can easily do this because we understand
the meaning of forces in the canonical equations.

There is no potential energy since the only conservative force is gravity and there
is no motion in the vertical direction. The Lagrangian is then only the kinetic energy

1 ) 1 <D
L=-m¥?+-1%°
;s

where [ is the moment of inertia of the disk about its axis. The momenta are

py = L Y
= —— =m
YT oy
oL .
Pﬁz—.zlﬂ
v

The Hamiltonian is
2 2
yo B P
om 21

Inserting the frictional force and the frictional torque, the canonical equations are
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. . Py
Py = yymgand Y = —
m
and
. . Py
Py = —apmg and ¥ = T

These equations hold until Y = a®, which is when rolling begins.
It is easiest to integrate the two canonical equations for the momenta directly.
That is

t
/ dt Py = Py = uymgt
0

/0t dt}')ly = Py — lwg = —apmgt.
When rolling begins,

Y = ad
or

. . Py
Py =mY = mav = maT.

That is,

({wo — pmagton)
1

Hxmgiroll = ma

when rolling begins at the time #,);. Then

1
—— uxmagtoll = lwy — pymagtrol
ma
or
ol = lwo/puymag
© (14 1/ma?)’

For the disk of radius a, density p and thickness w, the moment of inertia is



4 Solid Bodies

144
I = /rzdm
a 2
=/ / (,owrdz?dr)r2
=0 J =0
2
— (a2 @
e
1 2
= Ema 5
SO
awy
froll = .
3ukg

From the canonical equation

. P
y =L
m

we have the distance at which rolling begins as

troll
Yion = / dr (ugt)
0

1

2
= Elukgtroll

aza)(z)
188
We see that Yoy increases with increasing wpand decreases with increasing fi.

4.4. Consider the disk of mass M and radius a rolling down a hill, as shown below.

Disk rolling down hill.

Obtain the description of the motion by solving the canonical equations forr = x (¢).
Solution:
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The position vector, r, to the CM of the disk and the vector d from the CM to
the contact point with the incline, are

r =X ex

d=—aey.
The angular velocity of the disk is
w=—0¢,.
The rolling constraint is then
0= d%r +wxd
=% & — at) éy.
We note that the constraint
0=x% —ad
can be written as
d . .
d—f =x —av =0
with
g = constant.
Then

dg = dx — adv

and we have

0
98 _
ox
dg
— = —a.
0
The Lagrangian is

M.2 1-2 .
L= ?x +§19 + Mgxsina.

The canonical momenta are
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px = Mx
py = 19
and the Hamiltonian is

2 2

H= 2171";[ +127—? — Mgx sina.

The canonical equations are then

Px = Mgsina + A

Py = —ak
and
. Px
X =—
M
b =1
1

Combining the canonical momenta equations
. . Dy
Px = Mgsino — Py .
a

The rolling constraint may be written in terms of the canonical momenta as

Ma
Px = sz%
or
. Ma
Px = Tpﬁ,

Then we have the set of equations

1 -1 Px | | Mgsina
1 —ﬁ# ps| |0
The solution is
12 M?a*gsina
po | Ma2—1| alMgsina |-

This is actually sufficient for the solution, since the integration of these equations is
straightforward. Carrying out the integration
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Px | 1 M?a%gt sina
po | Ma2—1| alMgtsina |’
since the disk is released from rest. If we want solutions for x and ©, we write these
as
x| 1 Ma%gt sina
O | Ma2—1| aMgtsina |’
and integrate again.
x| 1 Ma?gt?sina
g 2(Ma2—1) aMgt®sina |’

noting again the release from rest.
For the disk of radius a, density p and thickness w, the moment of inertia is

I=/r2dm

a 2
:/ / (pwrdvdr) r?
r=0J9=0

= (na*wp)
1
= —Mad®
2
Then
x| 1 [Ma’gt*sina
O |~ Ma2 | aMgt*sina
_ gt?sina
~ | (g?/a)sine |

4.5. Consider a small ball of mass m is rolling inside of a cone with axis along the
z—axis of cylindrical coordinates and defined by the angle « from the central axis.
The situation is shown here
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A small ball rolling without slipping inside a cone.

Obtain the canonical equations for the motion of the ball. The fact that the ball moves
on the inner surface of the cone introduces a constraint. And there will be three rolling
constraints corresponding to the three cylindrical coordinates.

Solution:

The inner surface of the cone is defined by

r
tanoe = —.
Z

This is one constraint, which we write as
g1 =r —Ztano.

Then
dg; = dr — (tan ) dz,

so that
o1 _
or
g1
9z
The other constraint is the rolling constraint. To find the rolling constraint we
begin with the vector positioning the CM of the ball.

= —tan«

R =re + ze,.

The CM velocity is then
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d .
ER =reé +rdéy + zé,.

Here is a drawing of the ball rolling inside the cone.

S M

Constraint for ball rolling inside cone.

So
®w = wie; + wyey + w,e,.

The basis (&, &y, é,) forms a right-handed triad with
ér X ey = @&,.

Then
ér éﬁ éz
wxd=det| w wy Wy
acosa 0 —asina
= ¢; (—awy sin )
+ey (aw; sina + aw, cos o)
+é, (—awy cosa) .

The rolling constraint is then

O:R—i—wxd

= (5 —awy sinw) é; + (r{? + aw; sina + aw, cos a) ey + (Z —awy cosa) ¢,

_ (982, degs' . dga') .
_(dt)erJr(dt)eﬁJr(dt ‘z

Inthe last line here we have introduced the three functions g2, g3, g4 whose derivatives
are the components of the rolling constraint. For the rotation of the ball we define
the angles (¥1, 92, ¥'3) such that
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dz?
W = —
iy dtl
dﬂ
wy = —
D dt2
d
wy; = — .
z dt3

The (r, ¥, z) notation can then be used for the motion of the CM. We then have the
constraints from the three components of the rolling constraint above as

dg» 0 dr did

— =0=——a——sin

dr dr “ dr ¢

dg3 0 dy + dl?] . i

— =0=r—+a—sina +a—- cos«o
dr dr dr

dga dz did,

— =0=— —a——cosu

dr dr dr

From these we have
dgr =0=dr — (asinw) dd
dgz =0 =rdd + (asina)dv| + (acosw) diz
dgs =0=dz — (acosa)dvs.

We can then identify the partial derivatives for the canonical equations as

082
or
982
091
93
av
083
R
93
003
084

0z
084
902
The Lagrangian is then

=1

= —(asinw)

= (asinw)

= (acosw)

=1

= —(acosw)
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Lofd [P 1 /.20 .2 .2
L=§m ER +§Io(191+192+193)—mgz

I . L i o
= gm (24297 +22) + 21 (3] + 93+ 93) — mgz.

The canonical momenta are

oL .
pr=5=mr
oL 25
= —— = mr
Py Y
JL .
= — =m
Pz 3z Z
_ 9L = Ipd
pl—ai'}l— ovi
L)
Pz—af}z— ov2
LN
P3—a§\3— ovs3

The Hamiltonian is then

H

=p3+p§+ p;  pi+pi+p;

2m 2mr? 21y +mez.

The canonical equations with multipliers are

08k

oH
Put o+ =0
. g, ; g,
and
oH
7, — —— =0.
I opu

These are obtained as

p2
pr— = +h+ =0,
mr

Py +A3r =0,
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Dz +mg — Ajtana + kg = 0,
P1 — A2 (asina) + Azasina = 0,
P2 — Mg (acosa) =0,

D3+ A3 (acosa) =0,

and
. Pr
F=—,
m
: Py
Y = —,
mr2
. Dz
==,
m
b=,
Iy
: P2
Dy = —,
2 Io
and
: P3
V3 = —.
3 1o

The constraints add the equations

dei

ar =0=7r—(tanw)z

=2 _ (tan «) &,
m m

% 0 dr dvy

dr = =E—a?slna
Pr P11 .
= — — —asina
m Iy
d dv do dv
%Z():ra‘l‘ad—tlsma—i-ad—;cosa
Py P1

. 3
= —+ —asinu + p—acosa
mr I() IO
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% 0 dz di,

=0=— —a——cos«
dr dt dr
Dz P2
= — —acosua.
m 10

There are then 16 equations for the 12 canonical variables (coordinates and momenta)
and the 4 As. That is, the mathematical representation of the system is complete.

The set of equations appears tantalizingly simple at first glance. Were it not for
the presence of the r in the equations for p;, py and dg3/dt we would have a linear
set of equations in the momenta alone. But the presence of the » makes the equations
nonlinear. The solution is not easy.

4.6. In the figure below we have drawn a small right circular cylinder of radius a
and length £ rolling without slipping on a larger right circular cylinder with radius
A > a and length > ¢. The larger cylinder is fastened to the laboratory bench and
does not move.

9

e

Small solid right circular cylinder of radius a and length ¢ rolling on large right
circular cylinder of radius A > a and length > ¢.

The fixed coordinate system is (X, Y, Z). The unit vector éz is, according to the
right hand system, along the axis of the larger (fixed) cylinder and oriented out of
the figure. The system (x, y, z) is fixed in the smaller cylinder with the unit vector
¢, along the axis of the small cylinder and out of the figure. The unit vectors ¢g and
¢y are then parallel and positive in the direction of increasing ® and ©.

We carefully balance the smaller cylinder along the top of the larger cylinder at
X = 0 and then set it in motion with a very small nudge. At what point (value of @)
does the smaller cylinder lose contact with the larger?

Solution:

For convenience we choose

R=A+a,

which holds as long as the small cylinder remains in contact with the larger cylinder.
The vector R = R ¢ég then locates the central axis of the smaller cylinder.
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Because the large cylinder is fixed in space the velocity of the contact point is
zero and the rolling constraint is

d
0= —73) + 3@ x 71),
dr
with
— ~
d = —aeg,
@ = —deéz,
and

d— . .
ER = R er + ROegp,

Then
@ x 7 = —lééz x (—a) ér
= —aﬁé@,
since éz x ér = —ég. Then the rolling constraint is

0=R er + R(*:)é@ — af)é@
=R eR + (R@ —Cllé) eo.
As long as there is contact
R=0.
and
RO = a?d

is the rolling constraint. We notice that Rd® is the distance moved by the CM in a
time dz, which is equal to ad? if the cylinder is rolling.
Writing these constraints in differential form,

dgi =0=4dR
and

dgo» = 0= Rd® — ad?.
Then

981 _
OR
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and

g _ . 0% _
30 Ty

If we pick the reference level for the potential energy to be the plane ¥ = 0 the
Lagrangian is

L =

M dTe’2+11192 MgR cos ©
— - — cos €
dr 20 &

1
2
1

. . 1 .
—-M (R2 + R2(~)2) + 510192 — MgRcos ©

2
The canonical momenta are
_ L _ MR
R — 3 R == s
oL

Po = — = MR?O,
FY?

and

Py =L i
v = 319 = IoV.
The Lagrangian is cyclic in the time so the Hamiltonian is a constant of the motion.
1 < 2 <o 1 .o
H= EM(R + RO ) + 3 1d” + MgReos ©
P2 P P
— — + MgRcos®.
om T amrE T M
The canonical equations are then

P
T MR3

PR — Mgcos® + A

Po = MgRsin® + AR

P,} = —Xla
and
. P
R=-2
M
Po
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. P
p =2
Iy

Before proceeding we see that A is the contact force in the ég direction.
We have
2

Zh_Mm

+ Mgcos®

While there is rolling the constraint R = constant implies that Pr =0, so

2

P
A= MR3 + Mg cos ®

is the contact force in the R-direction. This vanishes when the cylinders lose contact.
We cannot obtain the solution for the angle at which contact is lost, however, until
we have Pg.

We can find Pg from the Hamiltonian. Since the small cylinder is released from
essential rest at the top, we have

H=MgR
Po + Py + MgRcos®,
— COS
T omMRrz "o, T8

while contact is maintained. Using the rolling constraint
RO = ab

we have a relation between Pg and Py.

Py = Ihy =1y (—) ®
a

_ 1 R Po
~0\4) mr?

1o Po
Ra M~
Then the Hamiltonian is then
P5  (IoPo/MRa)*
MgR = © MgR cos ®
SR=smre * 21 +Ms
1, Ma’+ 1
T2 9 R22 M2
From above

+ MgRcos ©.

P} = (Mgcos® — 1) MR>.

Then the Hamiltonian becomes
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e Ma?* + Iy

RN + MgRcos®

1
MgR = E(Mgcos@ —AM)M

R Mgcos® A)Ma2+IO+MR )
= — COS — _— COS .
5 (Mg D= g

or

1 Ma® + I
Mg=—-(Mgcos® —A|)) ———— + Mgcos®
2 Ma?

Contact is lost when A} = 0.

2

O=-— -
O =3 Ma?

or

2
@:COS_1 e —
3+ I()/Ma2

Including the moment of inertia for the solid cylinder rotated about the axis as
Ip = Ma?/2 this is

4.7. In the figure below we have drawn a small solid sphere of radius a rolling
without slipping on a larger sphere of radius A > a. The larger sphere is fastened to
the laboratory bench and is stationary.

Solid sphere of radius a rolling on a fixed sphere of radius A > a.

We carefully balance the smaller sphere at the top of the larger sphere and then
set it in motion with a very small nudge. The smaller sphere then rolls down a great
circle of the larger sphere, which is in the plane of the figure. We choose spherical
coordinate systems for both spheres. The angles ® and ¥ are the azimuthal angles.
The polar angle ¢ = 7 /2, which is the plane of motion. The unit vectors o and ép
are then parallel and positive in the direction of increasing ® and ©.
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At what point (value of @) does the smaller sphere lose contact with the larger?

Solution:

We shall designate the vector from the center of the Cartesian fixed system to the
center of the rolling sphere as R. The magnitude of this vector is

R=A+a.

Because the larger sphere is fixed in space the velocity of the contact point is zero
and the rolling constraint is

d
0:—7€)+Z))x
dr

—_
d
The vector from the center of the smaller sphere to the contact point between the

spheres we designate as

— ~
d = —aeg,

where ¢ is the unit vector along the radial vector between the centers of the two
spheres and directed outward from the origin of the system (X, Y, Z). The angular
velocity of the smaller sphere @ is oriented in the negative direction along the direction
of the Z—axis. Specifically

@ = —éy.
And the velocity of the center of the smaller sphere is

d— - .
ER :R€R+R@€(—),

where we continue to use éR to designate the radial vector. Then

— PN ~
@ x d = —éz x (—a)ér
= —af?é@,
since éz x ér = —ég. The rolling constraint is then

0= RéR—FR@é@) —aléé@
= R§R+(R@—a19)é@.

As long as there is contact we have the constraint
R=0.
and

RO = ad



Exercises 159
is the rolling constraint. We notice that Rd® is the distance moved by the center of
the small sphere in a time dt, which is equal to adv if the sphere is rolling.

Writing these constraints in differential form,

dgi =0=dR

and

dgr = 0= RdO® — adv.

Then
981 _
oR
and
08 _ .0 _
00 L

If we pick the reference level for the potential energy to be the plane ¥ = 0 the
Lagrangian is

L=1um d752+11192 MgR cos ©
= - — — — cos G
2"\ 210 &
1 . . 1 .
= EM (R2 + Rz@z) + 5101?2 — MgRcos®
The canonical momenta are
oL .
Pr = — = MR,
OR
oL 5 -
Py =—=MR"O,
hIC)
and
Py = oL = Iyd
LT R

The Lagrangian is cyclic in the time so the Hamiltonian is a constant of the motion.
1 . . 1 .
H=3M (R2 + Rz@z) + z10192 + MgR cos ©
2 2 2
Py Pg P

— 0
=5y T our? +2—IO+Mchos@.

The canonical equations are then




160 4 Solid Bodies
2
PR = P—@ — Mgcos® + i
MR3

Po = MgRsin® + 2R

P,} = —)»2(1
and

. P

R="
M

. Pe

o= _te
MR?

. P

p =2
Iy

Before proceeding we see that A is the contact force in the ég direction.
‘We have

2

A= Pr— —B_ 4 Mgcos©
L=MR= 73 gcos

While there is rolling the constraint R = constant implies that Pg = 0, so

2
PO

o

MR3

Al =— + Mgcos®
is the contact force in the R-direction. This vanishes when the cylinders lose contact.
We cannot obtain the solution for the angle at which contact is lost, however, until
we have Pg.

We can find Pg from the Hamiltonian. Since the small cylinder is released from
essential rest at the top, we have

H = MgR
P Py
= — + MgRcos @,
omrz Ty T8

while contact is maintained. Using the rolling constraint
RO = ad

we have a relation between Pg and Py.
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. R\ .
Py = Ipd = I (—) 6

a
(%) e
a) MR?

Iy Po

= 20

Then the Hamiltonian is then

P} (IoPo /M Ra)?

MgR = MgR ®
§8 = oMR? 21 + Mgt cos
1, Ma>+ 1
= EP@W + MgRCOS@.
From above
P2 = (Mgcos® — i) MR®.
Then the Hamiltonian becomes
1 Ma? + I
Mg =—-(Mgcos® —A)) ———— + Mgcos®
2 Ma?

Contact is lost when A1 = 0. Including the moment of inertia as Iy = 2M a? /35, this
Iy

3Ma? + 1,
1=COS@(Q—+O)

2Ma?

or

2
O =cos! ( ————
3+ Ip/Ma?

With Ip =2M a? /5 for the solid sphere,

-1 2 -1 10
® = cos = cos — ).
34+2/5 17

4.8. Here we shall seek an understanding of the rather mysterious motion of the
toy gyroscope. This toy is not really a gyroscope. A real gyroscope pivots about a
fixed point at the CM of the gyroscope. The toy gyroscope is actually a top, because
it pivots about a point which is not the CM. In seeking an understanding we shall
approach the problem by inserting the motion we have observed and asking whether
or not this is consistent with Euler’s Equations for rotational motion.

We have drawn a toy gyroscope in the figure below. The mass of the gyroscope
flywheel is m. The torque about the pivot point is y and is equal to the product of mg
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and the moment arm from the center of mass of the flywheel to the the pivot point.
The flywheel of the toy gyroscope rotates around the z axis with an angular velocity
wo and the precession velocity is wy,. The fixed coordinates are (X, Y, Z). The body
coordinates are (x, y, z). Initially the axes Z and z are aligned.

¢ = rotation of coordinates

t oy
i (x,y) about z

%

mg
A toy gyroscope.

The two angular velocities: wo and w,, in this figure are measurable. The angular
velocity of the flywheel has components wx, wy, and w,, which we have identified
as wg. The angular velocity wg may be measured stroboscopically before the exper-
iment. The angular velocity of precession wy, is the projection of wx and wy on the
fixed axis Y as we have shown in the drawing here.

-
~ Pr
A -
~ e
~
o
"

Combination of angular velocities of the flywheel into wy,.

In the experiment we observe that the toy gyroscope precesses around the vertical
axis Y. This is counter-intuitive. It seems to float as it precesses rather than falling
over as we may expect.

Obtain the relationship between the angular velocity of precession w;, and the
angular velocity of the flywheel about the Z—axis wy.

Solution:

From the drawing the components of wj, in the body system are

wx = wp sin@
Wy = wp COS P.
The torque arises from the force, mg, of the support on the gyroscope. The

gravitational force acts through the center of mass and has no torque about the CM.
In the body coordinates, the torque is
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Y =y cospéy — y sin péy.
The flywheel is a body of revolution. Two of the moments of inertia are the same.
We call these
Li=I =1
I, =1

Euler’s Equations, which we shall take as the fundamental equations in this treatment,
are

yx=vcosp =1+ (I —1') w,wy
yy=—ysing =1I'oy— (I —I') woy
0=lw,.

The last of these equations immediately yields

w, = constant = wy.

Then
¢ = wot.
If we define
Y
o= =
/
and
I - I’
A= 7 wo

the Euler equations are
acosd = wx + Awy
—asing = oy — dox.
These equations have the asymmetry of the charge in the magnetic field. We can
solve them in a straightforward fashion in the complex plane. We write

27 = wx +iwy.

We then write the Euler equations as
oCcosp = wx — i (iwy)
—iasing =iwy — il (wx)

and add these together to get
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aexp (—ip) = 27 — ir27.

We shall solve this equation using the standard Green’s Function approach [see e.g.
[1] Chapt. 8]. We first find the homogeneous solution and then the Green’s Function
(GF) from that homogenous solution.

The homogeneous equation is

0= 2D _in®,
which has the solution
W = exp (irr) .

The GF is a linear combination of the homogeneous solutions. Of course, since there
is only one homogeneous solution, the GF here must be simply proportional to this
solution. This is also an initial value problem so the GF vanishes for r < t. That is

Gt.1) = Oforr <t

T A(n)exp (iAr) fort > T
We only have a single condition to employ because this is a first order equation. This
is the jump condition:

n-1

——G (t, 7) is discontinuous at # = t by an amount

g =1

ap (t)

Butn = 1 for this first order problem. So we have a discontinuity in the zeroth order
derivative, which is the GF itself. Then

A(t)exp(irt) =1

or
A(t) =exp(—iliT).
The GF is then
Ofort <t
G o= [exp(ik(r—r)) fort >t

And the particular solution is

¢
Qép) = / drexp (ir (t — 7)) [wexp (—ig (7))].
0



Exercises 165

With ¢ = wot this becomes

t
Qg)) = a exp (ikt)/ dr exp(—i (A +wo) 7).
0

Integrating
.Q(p) =iaexp (iit) exp (—i (A + wo) r)]t
z A+ wp 0
— % [(sinAt + sinwor) + i (cos wot — cosAr)] .

A+ wo
The general solution is the sum of this and the homogeneous solution.
K exp (iAt)

where K is an arbitrary (complex) constant, which is evaluated from initial condi-
tions. Expanding this, the homogeneous solution is

Kexp(irt) = (Krcosit — KjsinAt) +i (Kjcos At + KysinAt) .

The complex solution, §27 is then

. (p)
27 = exp (iAr) + £2
4 *+ oo p (iAr) 7
- {[K:cos At — Kj sin At + (sin At + sin wot)]
A+ wo

+ i [K;sin At + Kjcos At + (cos At — cos wpt)]},

where K; and K; are dependent on initial conditions. To obtain values for these con-
stants these we must find the explicit forms for the angular momentum components
wx and wy and evaluate them at 1 = 0. The expressions for wx and wy are obtained
from the complex angular velocity §27.

Since 27 = wx + iwy, we have

o
wy = — [Kycos At — Kjsin At + (sin At + sin wgt)]
A+ wo
o
wy = [K;sin At 4+ Kjcos At 4+ (cos At — cos wot)] .
A+ wo

Att = 0, wy is zero and wy is equal to the precession angular velocity wp. Then

Ko
wy =0=
A+ wo
Ko
wy:wp_)»—i—a)o

So
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wp (A + wop)
" .

Ki =

With these values for K and K; the expressions for wyx and wy become

o [<1 op O F )

) sin At + sin a)ot]

wx =
A+ wo o
wp (A +
wy = i |:( p ( 0) — 1) cos)»t—i—coswot]
A+ wo o

The relationship among the components (a)x, a)y) and the precession angular velocity,
wp is

wx = wp sin wot

Wy = wp COS Wt .

Using these we obtain

. o wp (A +w . .
wp sinwpt = |:(1 — b ( O)) sin At + sin wot:|
A+ wo o
o wp (A +
wp COS wpl = |:( p 0) — 1) COS At + cos wot] .
A+ wo o

Collecting terms,

o o
wp — sinwot = — | wp — sin At
A+ g A+ wo
o o
wp — coswot = { wp — COS Af.
A+ g A+ wo

Because of the definition

I1-T
A=
I/

wo,

we cannot have wyp = . So the above equations are only satisfied if

- o
T A4wo

@p

This is then the requirement for the precession angular velocity in order that the
strange motion is actually that resulting. Putting in the terms

V4
=ML
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where £ is the distance between the CM and the support. So we do find an expression
for the angular velocity of precession. This has been checked in an undergraduate
laboratory. Agreement is good.

4.9. The rolling ball pendulum is a pendulum in which a bowling ball (of mass M
and radius a) may be either suspended by a wire of length ¢ and allowed to swing
through an arc, or removed from the suspending wire and allowed to roll on a circular
track of radius R = ¢ constructed to follow the same path as that of the swinging
pendulum. We have drawn the rolling ball pendulum in the figure here.

The rolling ball pendulum. We have shown here only the track with the ball rolling
on it. The ball (a bowling ball) may also be suspended to result in a simple
pendulum following the same path.

Experimentally we can measure the period in each case and compare them. The
fact of the matter is that we find two periods. The rolling period is slightly longer than
that of the simple pendulum. Almost all students initially claim that the difference
is the result of friction. But this is not the case if the ball rolls on the track, because
rolling on a smooth surface is frictionless.

Analyze the two situations and find the difference in the two periods. show that
there is no friction from rolling.

Solution:

For the suspended mass (simple pendulum) the angular frequency is known to
be w = /€/g. We need then only consider the motion of the bowling ball rolling
back and forth on the circular track. We locate the ball with the coordinates (r, ¥)
and define the angle of rotation of the ball about its axis as ¢. Then the kinetic energy
of the ball is

1 N 1o
T:—M(Zzﬁ) e
2 319

The potential energy, choosing the reference to be the center of the coordinate system,
is

V=—Mglcosv.

So the Lagrangian is
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1o 1o
L=§M(Kl9)+51¢ + Mgtcos?.

And the Hamiltonian is

PP
H:EM(Eﬂ)+§I¢ — Mgt cos ¥

The momenta are
py = MO
and
py =19¢.

So the Hamiltonian in natural coordinates is

P P

4

- 20 _ Mgt cos .
omez Ty T Msteos

4 Solid Bodies

The rolling constraint is found from the velocity of the CM of the bowling ball

— ..
Vom = Eoey

and the angular momentum of the ball on its axis measured in the fixed system

— A
@dp = —pe;.

The vector from the center of the ball to the track, also in the fixed system, is

ﬁ A
d = —ae,.

The rolling constraint is then
— —
0=Vem+ E)B x d
= 219519 — ad)é,;
or
09 = ag.
This constraint is written in normal form as
¢=0=10 —a¢

or
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dg =0 =+¢d9 — ade.

That is
g
F
ag _
% - _

The canonical equations are then

=/

Py = —Mglsint + AL,

Py = M€219,
p(p = —Xa,
Py = I‘i’~

First we eliminate the A.

r=-—22
a

and

po = —Mgtsing — P2¢.
a

Then we use the rolling constraint to find the relationship between py and py.

pp =19
e .
=71-0
a
V4
— 1= (ﬂ)
a \M¢?
i
la M’
Then
Mgt 9
=— sin
PP (Ma?)

To find the period we consider small displacements. For small angles we have

Mgt

P =100 (M)

169



170 4 Solid Bodies

or
Mgt
M2 = __ Mes
1+1/ (Maz)
which is
&t
1+1/(Ma?)
Then
o vg/t
Wrolling = —————
1+1/(Ma?)

The moment of inertia of a sphere about any axis is

1
[ = -Ma’.
2
Therefore
2
Wrolling = 5(1)()
= 0.8165wg

independently of the size of the ball. The period is

T=—),

w

so the relationship of the periods is

3
Trolling = 5 T0

— 1.22477,

This result is born out very well experimentally.

Perhaps the simplest way to show that the rolling constraint causes no loss in
energy, i.e. that there is no friction due to rolling, is to show that the Lagrangian
remains explicitly independent of time if the rolling constraint is incorporated into
the Lagrangian. If this is the case, then 0L /3t = 0 and dH /dr = 0.

With the rolling constraint incorporated into the Lagrangian,

1 2 L\ .2
LZE Me=4+1—)0" + Mglcos?,
a
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which remains explicitly independent of the time. Therefore the Hamiltonian, which
is the total energy in this case, is constant.

4.10. In the figure below we have a disk, which is free to rotate without friction
about the central axis, and has a rigid-rod pendulum affixed to the rim of the disk.

Disk with a pendulum.

Obtain the angular velocities in terms of the canonical momenta. Then turn to
the Euler-Lagrange Equations for the study of small vibrations. In the final analysis
simplify to the case in which a = b.

Solution:

The position vector to the pendulum bob is

R = (asing +bsin) éx — (acos¢ + bcos ) éy

The velocity of this mass is then

%R = (adcos¢ + b cos V) &x + (ag sing + b sin ) &y,

and

d 12 ] . ..
TR ="+ 07" 4 2ab ($9) cos (9~ 9).

The kinetic energy of the bob plus disk is then
1 . . .. 1 .
r=3 [a2¢2 + b2 + 2ab ($1?) cos (¢ — 19)] n 5143.
The potential energy is wholly contained in the bob and is

V =—mg (acos¢ + bcos )

where the ground is the plane through the center of the disk. The Lagrangian is then
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1 . . .. 1 .
L=m [a2¢>2 + b2 + 2ab ($1?) cos (¢ — 29)] n z1452
+mg (acos¢p +bcosv).
From here we obtain the canonical momenta as

oL . . .
Dy = % = mang + mab®¥ cos (¢ — V) + [
oL . .
Py =5 = mb*® + mabg cos (¢p — V).
In matrix form
Py | mb? mabcos (¢ — ) | [ D
pg | | mabcos(p —9) (ma®+1) o |
If we choose a = b and I = I /ma? this is

po]_ o I cos@@—o)][?
[m]"”“ [cos(«zs—ﬁ) (1+1) ]M

Then the solution for [Z:| is

|:19:|= 1 |:p19(1_+1)—p¢cos(¢—19):|
¢ ma? [1 — cos? (¢—19)+I_] Py — Po cos (¢ — V) '

We may use these solutions in the Hamiltonian. But that will introduce rather ex-
tensive trigonometric terms. We, therefore, choose to study small vibrations via the
Euler-Lagrange equations.

We already have 9L /d¢ and 9L /9% above. The derivatives of the Lagrangian
with respect to the coordinates are

dL ey .
9 = —mab (¢p0) sin (¢ — V) — mgasin ¢
dL Sy .

o5 = mab (¢ ) sin (¢ — ©) — mgbsin .

and
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d oL 2¢ + mab¥ cos (p — 9)
—— =ma ma COS —
dr 3¢
—mabd sin (¢ — 9) + mabd” sin (¢ — 0) + 19
d oL - .
T mb~Y + mabe cos (¢ — V)

—mab@* sin (¢ — ) + mabdd sin (¢ — D) .

The Euler-Lagrange equations are then

%_i%:—(ma2+l)fp'—(mabcos(¢—19))1§
dp  dt 3¢

—mabf?z sin (¢ — ¥) — mga sin ¢
oL dBL__ 2% B -
%—ag_ mb“Y — (mab cos (¢ — V) ¢

+mab<i>2 sin (¢ — ©¥) — mgb sin ¥
=0

We linearize these equations to consider small vibrations. Doing so, noting that the
sine of a difference in small angles is proportional to that difference and that the
cosine of the difference is unity and choosing a = b, we have

(ma2 + I) &+ (maz) B + (mga)p =0
(maz) B+ (maz) ¢+ (mga)® =0
If we invoke the standard Ansatz of the complex exponential, these become
—’ (ma2 + I) (} -’ (ma2) D+ (mga)qNb =0
—»® (maz) e (maz) é+ (mga)d =0
In matrix form, with I = ma? /2, we have
- w?(3/2) —w? b 0
(g/a) —w=(3/2) —w ¢|_
—w? (g/a) —? || D] |0

For a non-trivial solution the determinant of the principal matrix must vanish

aot — Saga)2 + 2g2 =0.
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Solving this for w?,
s &5 1
— & (24217
@ a(2+2 )
» &5 1
— & (227
v a(Z 2 )

Both of these are real. So the square roots may be taken to find the actual frequencies.
There are two possible frequencies. The motion may be found for each by inserting
the above w? values into the matrix equation and Solving in general for the ratio of
¥ to ¢ we have

(mga - %maza)z)

w? (ma?)

1

Then for w? = (g/a) (5/2 + m/z)

111 V17
3 = —1.2808

T2 5417

1

and for w? = (g/a) (5/2 - m/z)

5 111 =317
i _ 1N -3VI7 —.78078.
¢ 2 5-417

So we have two modes at two frequencies. The higher frequency mode has a larger
amplitude of the pendulum swing than the lower frequency mode. But in both modes
the pendulum and the disk move in opposing directions.

4.11. We have devised a sort of toy we designate as a spring pendulum, which we
have drawn in the figure here.

The spring pendulum.
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In the spring pendulum we have a rigid rod of negligible mass and of length R
mounted on a bearing about which it rotates without friction. A metal ball of mass
m with a hole drilled through it slides also without friction on the rod. To the ball we
have affixed a spring, which is solidly mounted to the end of the rod.

Study the motion of this toy. Obtain the canonical and the Euler-Lagrange equa-
tions. Seek a numerical solution if software is available.

In the figures below we have plotted results from the numerical solution of the
nonlinear canonical equations describing the spring pendulum.

* .

Radial motion r (¢) vs ¢ for the spring pendulum.

_

Angular motion ¥ (¢) vs ¢ for the spring pendulum.

Plot of r (¢) vs ¥ (¢) for the spring pendulum.

Solution:

The ball is easily located by a vector in cylindrical coordinates with origin at
the central bearing. The coordinates are then r and ¢ as shown. The square of the
velocity is

i+ r2*

and the kinetic energy is

I .
T =5m (i +1297).
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The potential energy arises from the spring and from the gravitational field. The
gravitational potential energy is

—mgr cos v,

with the reference plane containing the central axis, and the spring potential energy
is

1
—k(r —rp)?,
Sk (r=ro)
where ro = the equilibrium position of r. The Lagrangian is then
1 .9 912 1 5
L= 7™ (r + 7Y )—i—mgrcosz?— zk(”—ro) .

The canonical momenta are

oL .
pr=§=mr
aL 25
= —— = mr .
Py Py

The Lagrangian is cyclic in neither r nor ¢. So neither of these momenta is constant.
The Hamiltonian is

1 . 1
H=-m (r'2 + r2192) —mgrcos + Ek (r— ro)z.

2
With
_ Pr
m
R Py
Y= —=
mr2

the Hamiltonian is

_rL P

T 2m 2mr?

1
H —mgrcosﬁ+§k(r—r0)2.

The canonical equations are the above equations for 7 and ¥ and

IH Py
pr=—"—= p—ﬁ+mgcosz‘}—k(r—ro)
ar  mr3
. oH o
= —— = —mgrsin
Py 39 8

We have, then, a coupled set of four first order equations.
The Euler-Lagrange equations are
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oL d oL 1-92 n 9 —k( ) .
————= cos v — —rg) —
o 4 97 mr mg r —rg) —mr
=0
and
oL doaL ) d 2
— — —— = —mgrsiny — — (mr 19)
av  dr v dr
= —mgrsin® — 2mrdi — mr’9
=0.

The Lagrangian does not depend explicitly on the time. So there is a conservation of
energy

1 . 1
£ = 5m (r’2 + rzﬂz) —mgrcos? + Ek (r— ro)z.

If we linearize the Euler-Lagrange or the canonical equations we can seek the
natural modes of vibration. But those hardly seem of any interest. This splendid toy
has the possibility of very interesting motion only if we exceed the limits on linearity.
So we turn, instead, to numerical solutions. We cross checked the solutions from both
the canonical and the Euler-Lagrange equations, but we present only the results for
the canonical equations, which, as first order equations, were more easily treated by
the Runge-Kutta method.

In the plots we have above we applied initial displacements to both the radial and
angular positions and initial radial and angular momenta.

4.12. In American football the forward pass is a critical part of the game. And many
children, playing touch football in the backyard or on school playgrounds, dream of
learning how to throw that ideal spiral pass, in which the football does not tumble
awkwardly but seems to move like a bullet in slow motion to the receiver. Here we
shall analyze the motion of the passed football. This is an interesting problem not
only for those who have tried to throw that splendid spiral pass. It is also interesting
for the spectator in the stands, who believes a certain motion was observed, which
is not physically possible.
Below is a picture of an American football and the body coordinates.

L
o

American football after passing.
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The moments of inertia are chosen as

L=l =1

I, =1
Study the motion of the spiral pass, and the possible wobble that destroys the beautiful
spiral.

Solution:

There are no torques acting on the football, since the gravitational force acts
through the CM. Then Euler’s Equations are

0="1Iaox+ (I -1') oy,
0="1'oy— (I -1) o,
0=lw,.

The last of these demands

w, = wy = constant.

Defining

I1-r

A [oN)

we have as our Euler’s Equations

0 = wx + Aoy

0 = &y — Awx.
These equations we solve in the complex plane by defining the complex angular
frequency 27 as

27 = wx +iwy.

We then write our Euler’s Equations as
0=y —ik(iwy)
0 =iwy —iiwx.

Adding these

0= 8027 —ir82z
The solution is

Q7= Qexp(ir),

where £2 is a complex constant. This constant may be evaluated from the initial
conditions. We shall assume that wx and wy are non-zero.
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wx (t =0) = wx
oy (t = 0) = vy
Then
7 (t =0) = wxo + iwyo

= er COS At — f)i sin At +1i (er sin At + S~2i cos kt)‘

= Q2 +i%2:.
Equating real and imaginary parts
2r = w0
3 = wyp.

Then we have
Wx = Wx( COS At — wy( Sin At
Wy = Wx( SIN AL + wy( COS AL,

The situation is easier to visualize if we combine the sine and cosine terms and
introduce a phase angle. In general

A A
Acosat + Bsinat =+ A% 4+ B2 (— —sinat)
/A2+BZ /A2+B2
=+ A% 4+ B2 (sin ¢ cos at + cos ¢ sin at)
=V A% 4+ B2sin (at + ¢),

cosat +

where
¢ = tan! A
= 5

For our problem we define

. Wy
Sln¢ — —y
2 2
Y, 2] + a)yO
Wx0
2 2
V ®xo + a)yO
Then

wx = , /a)io + wio (cos ¢ cos At — sin ¢ sin At)
= Jwl, + w§o cos (At + ¢)
and

wy =, /a)io + “)50 (cos ¢ sin At + sin ¢ cos At)
= 1/a)io + “)30 sin (At + ¢) .
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For shorthand we call

A= 1/a)io + a)io.

Then the vector @ in the body coordinates is
@ = Acos (M + ¢) éx + Asin (A + ¢) &y + woé,.

Because there is no torque about the CM, the angular momentum in the body coor-
dinates is constant. This is

N 170 0] [ Acos (At + ¢)
Lem=1]1010 Asin (At + ¢)
_() 017 wo

[ I'A cos (At + ¢)
= | I'Asin (At + ¢)
Twg

= I'Acos (A + ¢) éx + I' Asin (At + ¢) ey + Twpéz.

Now we can draw a vector picture.

Total Angular
momentum

Tw gé P
Football vector diagram.

From here we discover the requirement for the spiral pass.
We observe that in general the angular momentum and the angular velocity are
not parallel, even for bodies of revolution. That is

- =
@ - £ cm = ol [cml cos as

where o is the angle between the angular momentum and the angular velocity
vectors. From our expressions for angular momentum and angular velocity we have

I’A cos (At + @)
— _ . , .
Ao = [Acos()\t+¢)As1n(M+¢) a)o] I"Asin (At + ¢)
Twg

= A? (0052 (At + ¢)) I'+ A? (sin2 (At + ¢)) I'+ w%l
= Al + 31,

and
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|| [ecm| = \/(AZ + wf) (I?A% + I20}).

Then the cosine of the angle between the angular velocity vector and the angular
momentum is

AT+ 0l
\/(AZ + @) (1242 + 1202)

cosay =

In alike fashion the cosine of the angle in the drawing above between the z—component
of the angular velocity vector and the angular momentum is

wol
JI?A? + 20

Now we see what is going on. The spectator and the player cannot see the angular
momentum vector. What each of them sees is the axis of the football. If the z— axis
is aligned with the angular momentum vector the football will not appear to wobble
because the angular momentum vector has a fixed direction in space. This is the
spiral pass. If B, is not zero, then the angular velocity vector rotates about the angular
momentum vector and the pass appears wobbly.

It is interesting to observe that in the spiral pass the axis of the football does not
follow along the trajectory. the axis is along the angular momentum vector, which is
fixed in space. That is, if a nice spiral pass is thrown at an angle of, say, 30° to the
ground, the axis of the football will remain at 30° to the horizontal and will gently
come down into the receiver’s hands at this convenient angle to be plucked from the
air and cradled rapidly under the arm.

cos f, =






5 Hamilton-Jacobi Approach

5.1. Apply the Legendre transformation to obtain generating functions of F» (p, P, t)

and F3 (p, O, 1).
Solution:
We transform out the ¢ from Fi (g, P, t) to obtain F> (p, P, t). The transform is

JdF;
. 1
1

=F - ZCIiPi~
i
Then
dFy (p, P,1) = dF1 — > qidpi + pidgi

F
= a—qiin + a_PidPi — qidpi — pidg;

= > pidgi + QidPi — gidp; — pidg;.

1

and
dFy (p. P.t) = > QidP, — gid o+ L
2(p, £,1) = i il — qidpi 97 o
Therefore we have

dF> oF
— =2 = —gjand —= = Q;.
p; qi P, Oi

From F (g, Q, t) we may transform out ¢ in favor of p with

- 0F(q,0)
g

The transform is
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oF
F3(q,P,1) = F(q,0,0) — Zqia—q_
. 1
1

=F(q,Q.1) = D qipi

Then
dFs = dF = qidpi + pidg;

1
=dF - Z%dpi + pidg;
i

_ N F L OF
=2 i+ 350

dqi
= Zpid% — PidQi — gidpi — pidgi

1

dQi — > qidpi — pidg;
i

and
dF3 (p, Q.1) = ) —PdQ;i — gid L
3(p,U,1)= i 1 i — qidpj a1
with
dF3 _ 0F

= —¢; and =P
op . G0, T T

5.2. Consider a conservative system and suppose that you have solved the partial
differential equation

OF
o)
dq

for the function F (g, a, £). Now suppose that you choose to form the link to the
final configuration of the system through the final canonical momenta P. That is,
you choose P; = &£. Follow the procedure we used in the chapter for Q; = £ to
discuss the steps toward the final solution for the generator.

Solution:

If we choose P; = £ the end point Hamiltonian is cyclic in all momenta except
Py. Since 9 P; /9 P; = 0 for all i # 1, the canonical equations for the Q; are

. 9 L,E,P .
Qi=—H(a 1)=0f0r1>1,
0P
and, with P = &
. bl LE, P
o, = M@sé Py

P
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The end point coordinates Q; for i > 1 are then the n — 1 constants. That is

Q; = constant for i > 1,
and fori =1

Or=t—r,

where 7 is an integration constant.
There is then no dependence on the canonical variables Qj fori > 1. Then
0H (a, &, P)

P =
00

=0fori > 1,
and

P; = constant fori > 1

with P; = &.

5.3. In the chapter we considered the simple harmonic oscillator as an example for
which we could find a generator and a final solution. There we found equations
relating the initial coordinates and momenta (g, p) to the final coordinates (Q = &)
and momenta P based on a generator constructed based on a simple choice of the
final coordinate. These equations we found to be

k
q= $w/25/ksinﬁP
m

and

[ k
p = £v2mé& cos | —P.
m

The physics requires that the final momentum is related to the final coordinate by the
canonical equations. Use these to obtain the final momentum as a function of time
and, then, the initial coordinate and momentum as functions of the time.

Solution:

We begin with

k
q= :Fw/2€/ksin\/jP
m

and

[k
p = £v2mé& cos | —P.
m
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Now from
B BH_ 87’[_
90 AE
we have
P=1—1.

Then, recalling that the natural frequency of the harmonic oscillator is wy = /k/m,
we may also write our solution as

q=F 25/ksin[wo (T _t)]
p = £v2mé cos [wy (t —1)].

5.4. From the action-angle solution we obtained for the harmonic oscillator in the
text

2n&
Jq (&) = oy
and
o)
wq = ﬁt +dq,

or
2rwg = wo (t — 1),
obtain the standard (g, p) description of the motion of the harmonic oscillator.

Solution:
The orbit of the representative point in the phase space (g, p) is, from

P2 1 22
Hg, p) = m + Fmend =¢
the ellipse
I, mw% 2
— =1
2m8p + 28 4
Using
27 €
Jqg (&) = —
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this equation becomes

T ) mwwo\ »
+{— =1.
(mwqu) b ( Jq ) 1

The angle ¢ = wq (t — 7), which is equal to 2wy, locates the representative point
on the orbit in the phase space (g, p). That is ¢ o cos ¢ and p o« sin ¢. From

+{— =1
(mwqu) b ( Jq ) 1

and the requirement that sin? ¢ 4 cos? ¢ = 1, we have

Jq Jyq
q = cos¢p = coswg (t —1).
mawoir mawom
d
/ J, / J
p= o L sing = meo L sinwg (t — 7).
T b4

We may also use

an

Ty (€) = 2max [% 26 /me — q?

J2Emae}

+— sin’! N
e V2E/ mej —/2Ema}
_ 2né&
=

to obtain the magnitudes of ¢ and p in terms of £ resulting in the elementary forms
of the position and momentum of the harmonic oscillator.

5.5. Show that the Poisson Bracket is unchanged by canonical transformation. That
is, show that

(f.§)qp = oo = 28

_ of odg  of og

90, 0P, 0P, 00,

Choose the generator of the canonical transformation to be dependent on (¢, Q), as

in the text.
Solution:

= (f.8)op
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For the generator we have chosen ¢ and Q are independent coordinates. Then,

for f = f(Q. P)

of  of an+ of P, df 9 (aF)
dq, 90, dq,  dPydq, 3Py g, \ 90,

o _f 9P Of 9Q _ Of B (8F>+ f 30,

opu B dPs Opy, 004 dpy B _an opu \90s 00, dpy

and forg = g (Q.P)

dg g 9Q, = 0dg P,  dg O (8F)
dq, 00, 9qu aP, dqy 0P, g, \ 90,

dg  0g 8PA+ dg 90,  dg 0 (BF) dg 00,
opp 0P Opu  0Qx dpu 9Py dpu \9Q5 00 9pu
Then
of 9g  df og
(f Dgp = 7o = LK

0qu 0py Opu 9qu
_ af dg (an 8Q)\) af dg (an aPA)
- 9P, 005 \9qu dpy 00, dP, \ dp, 9q,

But, from the partial derivative relations obtained in the text

9P, 90, pu . 90 90, IP,

= - 8)»1/ = _8Av = .

9q, dpu 90 Py pu gy
Then

(f. &)qp

af 0dg (9P, Q) of 098 (30Qv 0P,
aP, 00, (851u apu) a0y 8PA(8PM 8%1)

(o vsof Bg Y,

B (8Qv aP, 0P, BQA) r

of dg  df dg

90,0P, 9P,00,

5.6. Consider the situation we considered for the time dependent Hamiltonian in
which we defined new coordinates

Gn+1 =1
et = —H (g, p,1).
Show that classically

(t,H) =1.
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Note that it then follows that quantum mechanically
(Ht —tH) = —ihl

and that, therefore, there is an indeterminacy relation
1
AEAL > Eh'

Quantum mechanically energy levels in an atom are measured by the light emitted by
the atom in transitions between states. The Planck-Einstein relation £ = hv, where
v is the frequency of the light quantum (photon), relates the characteristic spectrum
of an element to the energies of the atom. We may consider that the indeterminacy
of the time of transition from the state is the lifetime of the state. That is the atom
may decay from a state at any time up to approximately the lifetime. What is then
AE?

Solution:
For
qn+1 =1

Pl = —H (g, p. 1)
and the new set of 2n + 2 independent coordinates we have
0¢n+1 Pn+1 _ 0Pn+1 0Gn+1

0qa  Opp 990 Opp
= Sn+1,00n+1,8

(gn+1s Pn+1) =

Then the Dirac analog yields

(@n+1Posl — Poslqne1) = (—tH + Ht)
=ihl

or
(Mt — tH) = —ihl.

Since the magnitude of H is the energy £, we have
1
AEAL > <D
2

The quantity AE. is the spread in the energy of the state, or combined states, and from
the Planck-Einstein relation this results in a spread in the frequency of the spectral
line. This spread is affected by collisions with other atoms and is, therefore a measure
of the density and temperature of the environment. Based on this the temperature of
a star can be determined from the spread of the lines in particularly the hydrogen
spectrum.
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5.7. Consider a mass m moving without friction on a wire. The wire makes an angle
B with the vertical and is free to rotate about the vertical axis, also without friction.
The situation is shown here.

A

F 4

p
"'\\

P
o

Bead on frictionless wire held at an angle 8 with the vertical. The wire rotates
without friction about the vertical axis.

|
|
|
|
:
A |
]
4

Consider that at the initial time the mass is located at a distance zp above the
reference plane and has an angular momentum of £ = mr&f?o where ry and 1'90 are
the initial radial distance from the axis and the initial angular velocity. There is no
initial radial velocity.

Formulate and study the problem in the Hamilton-Jacobi formulation. Obtain the
phase plot p (r) vs r for the motion.

Solution:

The constraint is the relationship between r and z

r
— =tan f.
z

We use cylindrical coordinates.. The position vector to the mass is
R =re, + ze,.

The velocity is

d . . o
ER =rer + +rdey + ze,.

The kinetic energy is
1 .
T =3m (r‘2 + 2 +22) .

The only source of potential energy is the gravitational field. The potential energy
of the mass is

V =mgz.



Exercises 191

The Lagrangian is then
L=T-V
= %m (};2 1297+ 22) — mgz.
The constraint is

’
=
tan 8

and the velocity relationship is

’f.
7= .
tan 8

Then the Lagrangian is

1 1 + tan? .
2 tan? B tan 8

1 }:'2 202 r
=-m| — +re" ) —mg .
2 sin” B tan 8

The canonical momenta are
oL

Ty

= mrd

Py

oL
or

m
sin® B

And the Hamiltonian is then

i.

Written in terms of momenta and coordinates, the Hamiltonian is

,
tan B’

1 1
: 2 2 2
H = I (sm Bpy + ﬁpﬂ) +mg
We use, of course, the extended method with the time as a coordinate in the generator.
We identify the generator as either F; or F>. And we assume a separation of the

generator as

F1,2(q’05’t)=Ft(“at)“'Fr(rya)“‘Fﬁ(ﬁ,a)-
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Then, with

d d
Dr :d—F v (r, ) and py _EFﬂ 0, a),

we have the equation for the generator as

dF (a, 1) 1 d 2 1 /d 2 r
bl L A ~F N=F @ - .
dr 2m [Sm ﬂ(dr r(”“)) talah e "8 an B

The first separation is

dFt (a’ t) _
d

and

| .2 d 2 1 d 2 r

The constant « is, of course, the energy.
The second separation is

d 2 3 d 2
(dﬂFﬁ o, a)) = a3 = 2mar? —2m ganﬂ—rzsinzﬁ(d—rFr(r,a)) )

That is

d

which is the angular momentum. Now

1 S r
o] = m sin /3( F; (r, a)) r—ozz +m gtanﬂ'

and

et | Lo oot
—F (ra) =+—— a) — —a3 —2m .
ar e sin B m T 2% gtanﬂ

We may now choose to obtain the generator. To do that requires that we integrate

Fo(ra) =+ /d 2 L2 —om2g "
=+— r.[2ma; — a5 —2m ,
rin e sin B T aM & tan B
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neglecting the additive constant, which is of no importance. This integral is, however,
unappetizing. And we may obtain all the interesting information without carrying
out the integration.

The constants we identify as

a) = £ = energy
and

ay = £ = angular momentum py .

We may obtain both of these from the initial conditions on the motion. With no initial
radial velocity

22 n 0
)= —— +mg——
: 2mr§ gtanﬁ
and
— 2.3
ay = mryth
= m (zp tan ,B)2 do.
Then
Ft == _gt
Fy =9
and
1 1
Foo ot /dr 2mE — =02 —2m2g——.
sin B r2 tan B

If we choose to identify the generator as F; then «; and o are the final constant
coordinates Q and Q». The final constant canonical momenta are found from

dF

30;

1.

With

1 1
F1=—5t+619:|:_—/dr 2mE — — €2 —2m?g
sin B r? tan 8
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we have
oF 1
. /dr =B
0& sin S Jamg — L2 —omrg
and
P oF; - 14 /dr 1 5
2= — = —_ —2 = P2
ot N N e T

The first of these is the radial position as a function of the time. The second is the radial
position as a function of the angle ©. This detailed information about the motion of
the mass requires that we either perform the first radial integration, which we found
unappetizing, or the second two, equally unappetizing radial integrals. The trajectory
r = r (¢) may be interesting, but the plot would finally be three dimensional after
we re-incorporate z.

‘We have more insight into the system from the phase plot of p; vs r. The canonical
momentum p; =dF; (r, ) /dr is

’
tan 8

pr==

1
- \/Zmé' — —262 —2m3g
sin r

with

62

0
= +m
2mrd gtan,B

and
¢ =m (zotan B)° do.

As an example we choose

m = 1kg
b4
B = grad
190 = 5rads’!
g = 9.8ms>
zo = 3m.

Then the phase plot is
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0 R B
t r
-10

Phase plot for radial momentum vs radial position.

We see that the mass oscillates between a minimum and a maximum distance from the
vertical z—axis, which we designate here as the radial distance. The radial momentum
vanishes at each extremum and changes sign as it must in oscillation.

5.8. Consider a marble in a fishbowl. We shall assume that the marble slides without
friction so we can neglect rotation. We have illustrated the situation in the figure
below. We shall use cylindrical coordinates because then it is easiest to specify the
surface of the fishbowl.

A

z

.,

~

Marble in a fishbowl.
Pursue the problem employing the Hamilton-Jacobi approach. Find the phase
plot(s).
Solution:

The position vector to the marble is
R =re, + ze,.
The velocity is
d oA 5 oA
—R =rer + +rvey + ze,.
dt
The kinetic energy is
1 .
T = Sm (4% +2).

The only source of potential energy is the gravitational field. The potential energy
of the mass is
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V =mgz.
The Lagrangian is then
L=T-V
1 .
= Em <f2 + r29° + 22) — mgz.

We will introduce the constraint directly at this point to eliminate the z— dependence.
That is, we use directly

z=nr"
and

z = nnr™l.

(We will later re-introduce z to obtain a second phase plot.) Then the Lagrangian is

1 .
L= Em [(112172r2“'2 + 1) P+ r2192] — mgnr".

There are two variables: r, . So we have two canonical momenta

oL
Py = %
= mr2d
and
oL
Pr = g

=m (nznzrz“'2 + 1) r.

Because the Lagrangian is cyclic in the angle, the angular momentum is constant.
But we shall let this fact emerge later from our work.
The Hamiltonian is

1

H= 3m [(n2n2r2n'2 + 1) P+ rzzéz] + mgnr®.

The velocities in terms of momenta are

;= Pr
m (n2a2r?2 4+ 1)
and
R Py
0 =-—.



Exercises 197

In natural coordinates, then, the Hamiltonian is

B 1 1 b 1 2 n
H - 2m |:(n27]2r2n‘2 + 1) (Pr) + r2 (Pz?) :| +mg77r .

We use, of course, the extended method with the time as a coordinate in the generator.
We identify the generator as either F; or F>. And we assume a separation of the
generator as

F1,2(qs0l,t)=Ft(a,t)+Fr(r»a)+Fz9(ﬂsa)~

Then, with

d d
Pr= EFr (r,a) and py = EFﬂ @, a),

we have the equation for the generator as

dF (a, 1) 1 1 dF( )2+1 dF(ﬁ )2 N
DI A [ — —|— , o —mgnr".
dt 2m | (n?n?r?»2 +1) \dr ! r2\do "’ 81

The first separation is

dFR (@.1)

—a
dr

and

2 2
: : 4 (ra)) + (L F @) |+ !
=—|———7—\—F@ —|— , rt.
Do | ey oY) T e e

The constant « is, of course, the energy.
The second separation is

d ? 2 2 2, 042 r’ d ?
(EFIS (0, a)) =5 = 2mor —=2m gnr —m (EFr (r,a)) .
That is

iFﬂ (U, a) = as,
dv

which is the angular momentum. The radial momentum is



198 5 Hamilton-Jacobi Approach

d 1
pr= d—rFr (r,a) = :I:\/(Zmal —2m2gnr — r—za%) (n>n?r22 +1).

We may now choose to obtain the generator. To do that requires that we integrate

1
F(r,a) = :I:/dr\/(Zmal —2m2gnrt — —za%) (n>n?r2n2 4+ 1),
r

neglecting the additive constant, which is of no importance. This integral is, however,
unappetizing. And we may obtain all the interesting information without carrying
out the integration.

The constants we identify as

a1 = &€ = energy
and

op = £ = angular momentum py .

We may obtain both of these from the initial conditions on the motion. With no initial
radial velocity

l= mr&f?o.
and
62
E=—— +mgnry.
Zmrg M7
Then
Fi=—¢&t
Fy = Ly
and

1
F(r,a) = :I:/dr\/(ZmE —2m2gnr — r—zﬂz) (n2n?r22 + 1),

If we choose to identify the generator as F| then «; and o, are the final constant
coordinates Q1 and Q». The final constant canonical momenta are found from
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0 _
9 0i
With

1-

1
Fi=—-&t+ v :I:/dr\/(ng —2m2gnrn — —282) (n2n2r2n‘2 + 1)
r

we have
OF I’L2 2r2n—2 +1
1=—1=—t:l:m/dr ( 7 ) = B
o (ZmE —2m2gnr" — %2(2)
and
IF| dr n2n?rin2 41
r (2m5 —2m2gnr" — r—222)

The first of these is the radial position as a function of the time. The second is the
radial position as a function of the angle ¢ . This detailed information about the motion
of the marble requires that we either perform the first radial integration, which we
found unappetizing, or the second two, equally unappetizing radial integrals.

We have more insight into the system from the phase plot of p; vs r. The canonical
momentum py = dF; (r, ) /dr is

1
pr = :I:\/(2m5 —2m2gnrn — —262) (n2n2r2n2 41)
r

If we choose values

ro =0.5m
m = 0.1kg
190 = 5rads’!

and a parabolic fishbowl with n = 2 and n = 0.5, then the phase plot of p; vs r is in
the figure here.
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010+
Pr

0ns 1+

000

005 T

010 +

Phase plot for marble in fishbowl; radial momentum vs radial position.

We may also obtain the phase plot of the z— component of the canonical mo-
mentum against the coordinate z. In doing this we must be careful with the algebra,
noting the definition of p, in terms of 7. The result is

2\ (zm(g)‘z”””g" (%)‘(%)%(z)z)
”ZZ*(””(;) )
(e ()" 1)

and the phase plot is here.

035 040

Phase plot for marble in fishbowl; vertical momentum vs vertical position.
5.9. Consider the two masses connected as shown here.

~

-+

Rotating and suspended masses.

Obtain the Lagrangian for unequal masses and then simplify for equal masses
and a = b.

Show that the motion cannot be easily studied using the Hamilton-Jacobi ap-
proach. So you should turn to the canonical equations.
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Linearize the canonical equations for small vibrations and find the (eigen) fre-
quencies of vibration.
[Answers:

w:ajﬁ K1+\/K>22,$ Ky —/K?
with

Ki =k +d*k
and

K} = 'k + k% —aK' .

Solution:

We choose the origin of coordinates at the fulcrum. The vector locating the mass
m is then

Ry = (acos ) ex + (—asin ) éy.
The vector locating mass m is

Ry = (—bcosv)e, + (bsind — 2)e,.

The velocities are

%Rl = (—a{? sin z‘/‘) e, + (—af} cos z‘/‘) ey
and

d . —~ : o~

aRz = (bV sin®¥) e, + (b cos ¥ — 2) .

The kinetic energy is then
1 222 1 2242 o - .2
T = §m1 (a D )+Em2(b 9" —2b%zcosV + 2 )
The potential energy is
1 1
V = —migasin® +mag (bsin® — z) + Ek (z2 - 62) + Ek/ﬁz,

where ¢ is the unextended length of the spring.
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The Lagrangian is then

1 1 . .
L=m (a%sz) + 5m2 (b2192 — 2bBicosd + 22)

1 1
+migasin® —mog (bsin® —z) — Ek (ZZ - 62) - Ek/ﬂz.
Choose
mip =my
a=>b

. 1 .
L=m <a2192) + Em (22 — 2a1z cos 17)
+mgz — lk (z2 — 62) — lk’ﬁz.
2 2
The canonical momenta are
py = 2ma*® — maz cos ¥
and

p, = mz — maid cos V.

This is a set of two equations for & and z in terms of py and p,. These must be solved,
because we shall need the solution to formulate the Hamiltonian. The equations in
matrix form are

2ma? —macos?d | [ | po
—macos® m 2| |pre

Inverting the principal matrix, the solution to this set is

|:15}i|_ 1 |:1/a cosz&‘”iply}
Z _am(2—coszz9) cos? 2a Dz
1 |:pzcos0+£p19i|

D 2ap; + py cos ¥

where
D =am (2—cos219).

The Hamiltonian is

2

. 1 .
H= ma2z92 + zmz — mavzcos

1 ]
- —k ( 2_ 132) —K'92,
mgz + 3 z + >
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In terms of the momenta,

1 (1 211
H=ma2ﬁ (;pﬁ—i-pzcosz?) +§mﬁ(2apz+p§cosﬁ)2

1 /(1
—ma— | —ps + p.cos? ) 2ap, + py cos¥) cos ¥
D% \a
_mgz+ ok (z2 - 52) 4+ Leo?
2 2

That is

H : L S S )
_ — — cos
(2 — cos? ) \ 2ma? Py P PP

1 1
— —k ( 2_ 62) —kp2.
mgz + 3 Z + >

We now attempt a solution using the Hamilton-Jacobi approach using, of course,
the extended method with the time as a coordinate in the generator. We identify the
generator as either F or F, and assume a separation of the generator as

F1,2(qaa7t):Ft(avt)+FZ(Zaa)+Fl7(0’a)'

Then, with

d d
Pz = EFZ (z,a) and py = EFﬂ (7, ),

we have the equation for the generator as

dF (1) 1 1 d 2+1 d . 2
dt a (2—003219) 2ma? \do "’ m \dz *

1 d d 1 1
—(=F ) (= F)cosw — k(2 - ) = Sk
tna (dﬂ ”) (dz ) o8 ]+ng 2"\ 2
The time function can be separated. But beyond that we cannot separate the equation.

That is the Hamiltonian is not separable. We are then stuck with a partial differential
equation for the generator F' = Fi» (z, 9,1, ).

IF (a, 1) 1 1 3 \> 1(d \*
= “F)+—(=F
ot (2 — cos? 19) 2ma? \ 09 m \ 9z

1 (@ 9 1 1
—(ZF)(ZF)cosw — k(2= ?) - 2k'9%
T (819 )(Z)z )COS }ergz 2 (Z ) 2

But we may return to the approach using the canonical equations.

9 25in19cosz9( I, 1 2) 24 cos?

1
—H = sim?(—pﬁp )—i—k’l?
Cs (2 — cos? 1?)2 - (2 — cos? 1?)2 ma ‘

2ma? Py m
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oH
—— =-—mg+kz
0z

1 b oY e
81719_(2—005219)ma2 (2 — cos? ) ma

IH _ 2 Pz L cos v Py
ap, (2—cos?2®) m (2 —cos?¥) ma

Then
. 1 Do cos Pz
= —— P TPT P
(2 — cos? ) ma? (2 = cos? ) ma
. 2 Pz cos ¥ Py
[ —— T
(2—cos29®) m (2 —cos?¥) ma
. 2 sin ¥ cos ( 1 2~|-1 2)+ 2 +cos?y 19(1 ) Vo
Py = Py T — P - 5, sn —PoPz ) — s
(2 — cos? 19)2 2ma? m-’ (2 — cos? 19)2 ma ’
and
p, =mg — kz.

These canonical equations are, of course, nonlinear. But we have already limited
both ¥ and z to small values. So we may linearize these and consider them to be still

general.
b Lo P
ma ma
7= 2& + [7_19’
m  ma

. 2sin ¥ cos ¥ r 5, 1, 2+cos?® 1 ,
Py = 5Py + =Py )+ —————sind |\ —pyp, |-k
a m ( ) ma

(2—005219)2 2m 2 —cos2 v
:219( ! p2+ip2)+3ﬁ(ipﬂp)—k%&
2ma2’? " m ma 8

= —k'®,

and

Pz =mg — kz.
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This would be a linear homogeneous set of equations were it not for the term mg. We
can easily handle a linear homogeneous set of equations. If we redefine the coordinate

z as Z’ such that

/

mg — kz = —kz

or

,=kz—mg
k

Then our set of linearized equations is

by P
ma ma
3P P
m  ma
py = —k'9,
and
D, = —k7'.

To carry this any farther, we shall seek a solution in the complex plane. We make the
Ansatz

Ppu = Pyexp (iot)

qu = Quexp (iwt)

Then our linearized equations are

. Pﬁ Pz

00 =2—5 + —,
ma ma

P

iwZ = il 2—Z,
a m

ioPy = —k'O,

iwP, = —kZ',

or



206

0 0 2/(ma*) 1/(ma)7][® 2]
0 0 1/(ma) 2/m z e A
—k0 0 0 Py | Py
0 —ko0 0 P, P,
If we define
K =k +a’k
and

K3 = a*k* + K — a®kk’,

the (eigen) values of w are

1 1
=+—— /K| +,/K? +—— /K| — /K2
@ a/m 1+ a/m ! 2

Now

K2 (K +a%)’ a*k? + k% + 2a*kk'

K_22 a2 k2 — a2kk! T atk2 4+ k2 — a2kk!

So either of the angular (eigen) frequencies

1 1
=— K|+ K3 ——,/K; —/K?
@ as/m 1+ 2 as/m ! 2

5 Hamilton-Jacobi Approach

> 0.

is possible. There is then a high and a low frequency mode, as we expected.

5.10. Consider acharged point particle of mass m and charge Q moving in a magnetic
field of induction B = ¢,B. Assume a motion in the direction of ¢, as well as in
the (x, y) —plane. In the text we have shown that the Hamiltonian for the charged

particle in the electromagnetic field is generally

H = (1/2m) (pu — 0A,)" + Qg

summing on Greek indices. In our situation there is no electric field. Therefore ¢ = 0.
Show that the vector potential A = —éxy B produces the required magnetic field
induction. Obtain the trajectory of the charged particle using the Hamilton- Jacobi

approach.
Solution:
The Hamiltonian is

H= (Pu — QAM)Z-

" 2m
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We consider now a vector potential
A = —éxyB

This vector potential is obviously divergenceless. The magnetic field corresponding
to this potential is

0
79) =curlA = —¢, (—Ax)
dy

= Be,

Therefore, the Hamiltonian for a charged particle moving in a constant magnetic
field is

1
Ho= 5[ (pa+ QB + (py)* + ()

We identify the generator as either F| or F; and assume a separation of the generator
as

Fl,Z(Q:a,t)zFt(a,f)+Fx(x,a)+Fy(y,a)+Fz(Z,a)~

Then, with

d d d
px= TP, py= @Fy (y,a) and p, = g @,

the equation for the generator is

S Y 2+ 4k 2+ R
d ~ 2m | \dx * y dy ¥ dz * '

The first separation constant « is the energy

_ ! dF+QB 2+ dF 2+ dF ’
a1_2m dx * Y dy ¥ dz *
and

Ft = —u!

dropping the additive constant. For the second separation we have

d 2od N (d \ O,
2moy — an—i—QBy — aFy = d_zFZ =)
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and
F, = a2z

dropping the additive constant.
Then

d _\° d
2
+,/2may — a5 — (—dyFy) —mf2y = _dx Y = 03

where we introduced the cyclotron frequency £2 = Q B/m. We have then completely
separated the Hamiltonian.
The equation for Fy is

d
o= :I:\/Zmocl —a} — (a3 +m2y)~.

Then

Fy = :I:/dy\/Zmal — a% — (a3 —|—m[2y)2.

Before integration of dFy/dy the generator is

Fir(x,y,z,t,a1, 00, a3) = —a1t+a3xj:/ dy\/2ma1 — a% — (a3 + m.s?y)z—f—azz

The separation constants a1, ... «3 are the energy £ the final constant coordinates Q»,
and Q3. The final constant momenta are designated as 3, ... B3. These are found
from B; = -9 F;/da;. Then

1
o1 \/Zmoel—(xz (053+m[2y)2

1
ﬂ2=—8—=—z:l:ot2/dy ,
«2 \/2moz1 — oz% — (a3 + m.Qy)2

and

AR (a3 +mS2y)
B3 = ~a —x:l:/dy .
a3 \/2ma1 — a% — (a3 + m.Qy)2

We then have two integrals to perform. We substitute
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E=a3+mRy = dy = d§/m.

Jo
\/2ma1 — a% — (a3 + m.Qy)2

mQ/ds

g4 a3 +mfy

2
2ma1 — O(2 &

= —sin
ms2 |2ma1 —a2|

and
(3 +m82y)

fo
\/Zmoq — a2 (a3 +m.Qy)2

m.Q/ds

= —E\/Zmal — a% — (a3 +m(2y)2.

2may — 52

We then have algebraic equations for the constants £, ...53

dF 1 $2

ﬂl =__1—t:':m_51nlw’
day m |2ma1 —a%|
aIF 1 2

/32 — __l — _Ziaz_sin'l M’
doz m |2ma; —a§|

and

JdF 1

From the equation for | we have an equation for y

|2m(x1 —(x%’ o3

e sin.Q(t—,Bl)——

=+
4 ms2

which we may write as

(3 +mR2y) = &,/ |2ma; — o3| sin 2 (t — ),

The equation for §, is then
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By =—z :i:ozzL sin”! (sin 2 (t — B}))
ms2
1
=—zFxar— (t — ,
tEon— (t—81)
or
1 1
=Foar—t— By Far—p1 ),
m m

The equation for S5 gives us

(¢ +B3)" = —503 [2mar — a3 = (@3 + m2y)? ]

m2§22
which, with the equation for (a3 + m£2y), becomes

2 o3 \2 2ma) — o2
s+ (0 g) = S

In the equations

‘Zmal—aﬂ . o3
y::I:Tsm.Q(t—,Bl) e

1 1
7 =Zar—t — (,32 :FOlz—ﬂ1) ,
m m

and

2 2moy — a%
mZQZ

@+ﬁ92+(y+£%)

we have a complete description of the motion. The charge moves uniformly along the
z—axis at a rate dz/dr = wp/m. The momentum along the z—axis is then «». This
is the constant we have for the final coordinate Q>. The motion in the (x, y) —plane
is a circle centered at (—ﬂ3, —og/m.Q) with a radius R = 1/|2moz] — (x%’/m.Q.

And the (x, y) —motion in the circle is uniform at a frequency §2 as we see from the
sinusoidal solution for y. We may also note that

1 2 2 2

o1 :gzg(px—i_py_‘_pz)

Therefore
Wﬂ-a§=(ﬁ+ﬂﬁ+pﬂ—pf

= pi+py > 0.
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Then

1

— 2 2
R_mQ px+py’

which is independent of motion in the z—direction.

5.11. Asanexample in the text we considered the motion of a charged point particle
of mass m and charge Q moving in a constant magnetic field of induction B = ¢, B
using cylindrical coordinates. The vector potential is then

1
A= EBréﬂ.

Treat this problem using the Hamilton-Jacobi approach.
[Note that a positive charge has a negative angular momentum, i.e. rotates clock-
wise.]
Solution:
To identify the canonical momenta in cylindrical coordinates we begin with
the Lagrangian

.. )
L= quMqM — Qo+ 0Auqu
1 . 1 .
= 5m (r'2 L2 ¢ 22) + 5QBr219,

as we did in the text. The canonical momenta are then

The Legendre transformation producing the Hamiltonian is then

1 ) 1 2 Pv 2 2
M= gm (P4 2) +om? (25 -5

2
1 2 2 1 5 ( ps 2
T 2m (Pr +PZ) + 2mr mr? 2 )
We identify the generator as either F or F; and assume a separation of the generator
as

Fip(g,a,t) = F(a,.t) + Fr(ra) + Fy (0, 0) + F, (z, @) .

Then, with

d d d
pr= b)), py = o Fy (9, 0) and p, = d_zFZ (z.a),
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we have the equation for the generator as

LI | [(iﬂ)z . (in)z] S dn-2)

dr 2m | \dr dz 2 mr? d 2
The first separation is

Fi(t,a) = —aqt
and

2may = (iFr)2 + (in)z + (liFly — rﬂ)z.

dr dz r do 2

The second separation is

F, =asz

and

or

The third separation is
Fy = a3z?d

and

or
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, (1 m2\*
Fr== [ dr 2ma; — a5 — —a3—rT .
r

The generator is then

Fl (r7 ﬁ?Z’ t?“l? "‘1a3)
, (1 m2\?
=—ait£ [ dr,2ma; — a5 — | —a3 — rT + a3 + arz.
r
The «j, ..., @3 are the constant final coordinates and the energy (o). The final

momenta will be the constants 81, ..., 83. We could integrate what we have here and
obtain the generator directly. But the differentiation of the result looks formidable.
So we calculate first the g’s.

dF 1
/31 = _W =1lFm dr >
| Jamar — o — (tay — r12)
daF 1
: 2 -} — (b — r28)
and
/3 _ 3F1 _ 9+ dJ‘ 063—}’%)
BT dasz \/ 1 m\2
2ma1—a2 (a3—r2)

The integrals in these results require some care because of the form of the expression
(a3/r —rm§2/2), which causes the difficulty.
We write the integral in the equation for 8 as

1
d
/ r\/Zmal
d
/ r\/Zmal

If we now write

2\? 2\?
(2ma1 —a%) r?— (Ol3 —erT) =B%_ (A —rzmT)

we find that

2
_0‘2 (; 3_’”%)

r

—a3)r 2_(0‘3_r2%)2

2
2may — aj

A= ——= .
ms2 tos
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or

2
) 2mog —a% 2maog —a%
B =y ——= ) +2a03—=.
ms2 m

Then our integral is

r

/dr :/dr
Ve ) (s —r2o) g ()’

If we now make the substitution

—oz2 —(a3—r

A om$2
= —r —_—
7 2
we have
1
——dn =rd
— n=rdr

and our integral is

/ 1
dr =
\/Zmal—a%—(%ag—rng)
1 /d 1
“me ) B2 — 2
_ 1 1A_r2%
ms2 |B|
Then B, is
A — p2ms
/31—t:I:—cos1 2 ,
2 |B|
or

FIBlcos2 (t — By) = (A —r2?).

Solving for > we have
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r? = iAﬁ:iumcossz(t—ﬁ )
ms2 ms2 -
So the radial distance from the origin to the charge oscillates sinusoidally during the
motion.
The same integral appears in the expression for 8,. Then

A— 2ms2

LB 1 1 s
= Fop——Ccos ——=—,
4 2 = F zm.Q |B|
or we could also write
" 4 | A""z%
= ——sinT —=
G P = o e st B
Then either
mS2 om82
j:lBlcos—(z~|—,32)= A—r-——1|.
o 2
or

. m$2 m$2
:|:|B|sma— (z+8y) = (A —rz—) .
2

Using the f; result we have then

2
FIBlcos2 (1 + ) = :I:IBIcosn;—z (z+ B>)

or
. m$2
|B|cos.Q(t+ﬂ1)=|B|sma—(z+,32)
2
ms2 T
=|B|cos—(z+,32——).
o) 2
That is
(o= e+ )
1 —a2 < 275
or
a2 a a2

The motion in the z—direction is then uniform. and
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., mS2 mS2
|B|? sin? — (z +,32) = (A - rz—) .
oo 2

To perform the integral in f; we need a new substitution. The difficulty is in
replacing the term (a3 /r — rm£2/2)? by a single quadratic term and still having the
differential dr in simple form. Defining & = («3/r — rm$2/2) will not do. However,
if we define

§= (1013 + r?)

we see that

So we obtain the differential in the B integration. Also

1 m2§2?
52 = r—2a§ + r? + asm§2

and

1 m2\* 1,  ,mQ?

;053 — r—2 = r_2053 +r 4 - O[3m9
so that

1 2\

r

which differs from the term in the square root only by a constant. Then

/dr ]oz —rng) _ /ds 1
\/2moz1—oz —(iag—r%)z \/Zmal—a%+2a3m(2—§2

= cos’! f
|2ma1 —a; + 2a3m[2|
= cos’1 ( @ + rﬂ)

2may — o2 + 203m 2 ’
| ; |

This is the relation between r and the angle ¥, which is the orbit.

2 1 mS2
2ma —a2+2a3m[2‘cos (19+ﬁ3) =+ —a3+rT )
,

We write this as
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2may — a2 + 2a3mR2
F2r ! ng 3 | cos (19 + ,83) = 2’::—;2 + r2,

or

2ma) —a% — 2|z m2
3] 240, 1 —ad =23 me|
ms2 ms2

2

cos (19 + B 3) ,
noting that the angular momentum o3 < 0. If we identify

_ |2mot1 —Ol% — 2|a3|m.{2|
B ms2

ro
and

2
R _ 2|o(3| n (2ma1 —a% - 2|a3|m$’2)
 TmQ m2022 ’

Then R > ry and the orbit is
R>=r>+ rg — 2rrpcos (19 + ,83) ,

where we have chosen the negative sign so that 83 < 0. If we call 83 = —¢ the
orbit has the form

R? =2 + rg — 2rrgcos (9 — ),

which is the general form of the cosine law. In the figure below we have drawn the
orbit, projected onto the (x, y) plane, as depicted by this result.

Orbit of charge in uniform magnetic field. Origin is indicated by 0. The line of
constant length ry is from the origin to the center of the orbit. R is the radius of the
orbit. The arrow outside the circle indicates the direction of motion of the charge.

The orbit is a circle of radius R with center located by rg, and is distinct from the
origin of coordinates, which is designated by 0. The charge rotates in a clockwise
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fashion around the circle, which results in a negative angular momentum along the
z—axis, which is out of the plot. The motion of the charge in the z—direction is
uniform, and may also be stationary.

5.12. Consider the motion of a charged particle in a region of space in which there
is a uniform magnetic field with induction B = ¢,B and a uniform electric field
E =¢yE.

For a static magnetic field with induction B = ¢,B the vector potential is A =
—eéxyB. And for an electric field E = éy E the electrostatic potential is

¢ =—Ey.

Find the orbit of the charged particle using the Hamilton-Jacobi approach.
Solution:

The Hamiltonian is
1 2 1 2 2
H= %(Px— QA5) t 5, (Py+Pz) — QEy

1 2 1 2 2
=5 (px +m2y)~ + m (Py + Pz) — QEy.
where 2 = QB/m.
We identify the generator as either F| or F; and assume a separation of the generator
as

Fip(g,a,t) = F(a,t) + Fx (x,a) + Fy (y,a) + F, (z, ) .

Then, with

d d d
px= i), py =g F (e and p, = 2 F @ @),

we have the equation for the generator as

ey = - (Lramay) =SSR +(25) |40k
J— s = - —_— m _ —_— —_—
ar e 2m \dx ™ 4 T L dz'? Y

The first separation is
Fi(t,a) = —aqt

and
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The second separation is

dF
J— =
dz z 2

with

d 2ord
2ma1+2mQEy—(an+m.Qy) —( Fy) =a%.

dy

To obtain the third separation we first write

d d _\’?
aFX =-mfy \/Zmal +2mQEy — a% - (aFy)

for which all functions of y are on the right hand side. Then

~—I'x = Qa3

dx

and

d —i/z 2 2 2y)?
a y = may +2mQEy — a5 — (a3 +mS$2y)~.

We then have the generator as

Fio(g,a,t) = —otﬂ—i—agx:l:/ dy\/2motl +2mQEy — oz% — (a3 + mQy)2+a2z.

219

Again, because the partial derivatives become complicated, we shall proceed first to

the momenta B; = —0F (q,1, a) /0.

dF 1
pr= ol —LFm dy .
o1 \/Zm(x] ~|—2mQEy—oe%—(og—l—m()y)2
0F 1
ﬂz__a_:_ZiOQ dy ,
«2 \/2m011 +2mQEy — oz% — (a3 —i—m.Qy)2
and
oF 2
e [y @+ m2y)
das

\/Zmal +2mQEy — a% — (a3 —}—m.Qy)2
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We define

§ = (a3 +mS2y)

so that
dé =mS2dy
and
_§-as
ms2
Then

2may +2mQEy — a% — (a3 + m.s?y)2

=m292|: (2ma1 —a%)+2£y— (£+y)2]

m202? me2? ms2

And, after some algebra

OF a3 2
man = o) +2, 0y = (15 +)
(motl *)+ m.sz ty

m2§22 ms2
1 ,  , (QE 2 1 (QE 2
=W(2’"°‘1‘“2‘“3+(7‘“3) e e 7o)
We then define
1 QOE 2
and
: | (QE
=y——|— -«
T AN
so that
\/2ma1+2mQEy—a%—(a3+m[2y)2:m.s’2,/A2—“§2
and
d¢ = dy.

The integral in 8 and B, is then
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1

Jo
\/Zmotl + 2mQEy — a% — (a3 —i—m.Qy)2

Q/dS

ol y— (QE/m.Q2 — a3/m.Q)

m.Q A
With this result
QE a3
= (m.QZ -— + Acos 2 (t — By)
and
OF o3 mS2
=— - — )+t Acos— .
(m.QZ ey cos w (z+ B,)
The charged particle then moves along the z—axis according to
= Ol_zt.
m

This may also be zero if «y = 0.
We may handle the integral in 85

/ (003 +m82y)
dy
\/Zmozl +2mQEy — oz% — (a3 —i—m.Qy)2

in the same basic fashion. But the interpretation of the result is difficult. So we use
a different approach. We first reform the term in the radical as we did above. That is

2maoy +2mQEy—o:2 (a3 —I—m.s?y)2
1 QE o3 2
_ 202
=m-$2 |:—m292 (2m(x1 ) +2 sz — (_m.Q +y) i| .
Then we reform the term in the bracket [ ] as before, with some algebra, as

1 ) OE @3 2
m2$22 (2’”“‘ _“2) t2 Y (mSZ +y)

1 2 o2, (QE ? I (QF ?
‘W(M“I‘“Z‘“ﬁ(?‘“) “Uaele

If we now recall our definition we introduced above

1 E :
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and define

which is essentially our solution for y

me? ms2

y:(QE ﬁ)iAcossz(r—ﬂl),

the term in the integral within the radical becomes

2may +2mQEy — a% — (a3 —i—m.Qy)2

1 OF 2 0 o3
— 1,202 2 E

= m2022A2 (1 — cos? A) .

The differential of y is
dy = AsinAdA
and the numerator and differential in the integrand result in

E
(3 +mS2y)dy = (% —m2A cosk) A sin AdA

_ QE . b .
= EA sin AddA — m£2 A< cos A sin AdA.

The integral then becomes
/ (o3 +m82y)
dy
\/Zmotl +2mQEy — a% — (a3 + m.(.?y)2
_ /dA(QE/Q) sinA —mS$2AcosAsin A
m$2,/(1 — cos? 1)

/dk (g — Acosk)
ms2?
OFE

= ——A— AsinA.
ms$2?

Then, choosing the positive sign,

QFE .
)C+ﬂ3 = W}»—ASIHK,

or
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QF :
x+ﬂ3=W.Q(t—ﬂl)—Asm.Q(t—,Bl),
which with
o3 OF
Yo = (mQZ) —Acos 2 (1 — ),

is the general form of the equation for a cycloid. The constants 85 and 3 /m §2 locate
the cycloid relatively to the origin in the (x, y) —plane. The form of the cycloid is
determined by the relative sizes of Q E/m$2? and A. There are three general forms
of the cycloid depending upon whether Q E /m $22 is greater than, less than, or equal
to A.






6 Chaos in Dynamical Systems

7.1. The equations for the Rossler system are

dx_
a - P
dy
— =Xx+t+ay,
dr Y
and
dz
— =bx —cz+x2z.
dr

Following the argument in the chapter show that the rate of change of the Rossler
system volume in phase space may be either positive or negative and that

—R2=@—-c)2+F ,Y,2),
a (a—0)2+Fo(x,y,2)

where
Fo(x,y,2) :/ xds2.
Q

Solution: As we showed in the chapter the rate of change of the system volume
in phase for the Hamiltonian system is

i 02 = [ 2 (gt ) 02

where §2 is the phase space volume. The Rossler system has three coordinates, none
of which are actually identified as momenta. So the rate of change of the phase space
volume for the Rossler system is

i 07 = [, 2 () 02
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where the g; are (x, y, z) and
0 dx

ox dr

a dy

8y dr

0 dz
— = —Cc++x.

9z dr
a2 = [ (50) 02

Then
=/ (a—c+x)ds2
2

:(a—c)52+/xd$’2
2

The remaining integral cannot be easily evaluated because the phase space volume
£2 is a function of time. The facial area perpendicular to the coordinate x involves
the values of x as well as y and z. And §2 may not be small. We then have the result
that d§2 /dt depends on each consecutive point in time. All we can say definitely is
that

d
59=(G—C)Q+F9(x,y,z),

where
Fo(x,y,2) =/ xd$2.
2

7.2. We consider a simplified model of the water molecule with the oxygen atom
at the coordinate x, and the two hydrogen atoms at coordinates x; and x3 along the
same axis. We consider that the vibration of the hydrogen atoms is small enough
that the potential energy of the bound hydrogen atoms can be approximated by a
quadratic with a spring constant k. The mass of the hydrogen atom is m and the mass
of the oxygen is um. a) Obtain the Hamiltonian of this model water molecule. b) Is
the Hamiltonian separable? ¢) What are the frequencies of vibration of this model
water molecule and the corresponding eigenvectors?

Solution:

a) The Lagrangian is

L= %m (x% +opid + x;) _ %k ((x1 —x)? 4 (2 — x3)2) .

With momenta
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pi = mx;

the Hamiltonian is

1 2 2 I, 1 2 2
H= m (P1 +P3) +2M—mP2+§k((x1 —x2)" + (x2 — x3) )
b) Because of the product terms x1x, and xpx3 this Hamiltonian is not separable.
¢) The canonical equations are

. 1

X1 = —Pp1,
m

. 1

X2 = —pD2,
um

. 1

X3 = —p3,
m

p1 =k (x2—x1),

P2 =k (x1 —x2) —k (x2 — x3) = kx1 — 2kxo + kx3,
and

p3=k(x2—x3).

This is a set of linear coupled ordinary differential equations. The solution is complex
exponential with

xj = Xjexp (iwt)
and
pi = piexp (iwt).

The canonical equations are then
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wXx]y = —Ppi,
m
- I
WXy = — P2,
um
. 1.
wXx3 = —p3,
m

wp1 =k (X2 —X1),
wpy = kx; — 2kxy + kx3,
wp3 =k (X2 — X3) .

In matrix form these are

1000007 [ & 0 0 0Lloo]rs
010000 || % 0 0 005 -0/||%
0010001 51 o 0 000 Ll
000100 || p —k k 00 0 O0/|]|P
000010 || p2 k =2k k 0 0 0 P2
000001 P3 0 kK —k0 0 0 P3

The eigenvalues (frequencies) are:

2
+iwp, 0, and Fiwg (1 + —)
i

And the canonical equations can be written as
(a)2 + w%) X = w%fz
2 Lo ~ =
w Xy = ;“)O (X1 —2x2 + x3)

(a)2 + w%) X3 = a)(%iz

wp1 =k (X2 — X1)

wpy = kx; — 2kxy + kX3

wp3 = k (X2 — Xx3)

where

So

xp=x3=1
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X w2+1
=1 .
2 w%

Then for w = iwg

X2 =0,
forw =0
X =1,

and for w = Fiwy (l + 1%)

B 2 2
H=1-(1+2)=-=.
3 w

7.3. In the text we encountered the algebraic system of equations

0=—-y—z
0=x+ay
0=bx —cz+ xz.

for the condition that the velocity components for the Rossler system vanished, i.e.
dx/dt =dy/dt =dz/dt = 0. Obtain the two solutions to this set of equations.

Solution:

It is obvious that the first solution is at the origin of coordinates x = y = z = 0.
We must be cautious in seeking any other solutions to this set of equations, since we
cannot divide by x, y, or z. We can, however, write the third equation in terms of
each of the variables. That is, with

1
I=-y=—x,
a
we have
c 1
0=bx — —x+ —x2
a a

1

= I:b—f—i——x]x,
a a

0= —aby~|—cy—}—ay2

=[—ab+c+ayly,

or
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0 = abz — cz + az’
=lab—c+az]z

These equations are solved if (x, y, z) vanish, or if

c 1
b——+-x=0,
a a

—ab+c+ay =0,
and

ab—c+az =0.

That is, if
x=c—ab
v=b-<
z=£—b

6 Chaos in Dynamical Systems



7 Special Relativity

8.1. Using the Lorentz Transformation show that
+ |:(de)2 - (dx1)2 - (dxz)2 - (dx3)2]
=i%Mf-@ﬂf-@ﬁY—@ﬁf]

Solution:
From the Lorentz Transformation

x/O =y (x() _ ,3x]
x/] =y (xl —,on
x/2 =x2

e

~——

we have

dx’® = ydx? — y Bdx!
dx'! = ydx!' — yBdx°

dx/Z — d)C2
dx? = dx?
Then

() = (")~ (ae2) — (a7)
- (ydxo - yﬂdx‘)2 - (yclx1 - y,deO)2 - (dx2)2 - (dx3)2
— 2 (1 - ,32) (dx0)2 _ 2 (1 - ,32) (dx‘)2 — 292Bdx"dx!
1+2y2Bdx0dx! — (dx2)2 - (c1x3)2

Using the definition
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This becomes
2 2 2 2
(@) = (&) - (o) - (o)
(o) ) o) o)

[0 - @) - o) - )]
e f(e) - @) - o) - 0]

8.2. Use the Lorentz Transformation matrix A to obtain time dilation. Consider that
frame &k’ moves at a velocity v in the direction of the x—axis of k. Then dy =dz = 0
and dx = vdz, which is the distance that the origin of X’ moves in the time dz. The
differential world line in k is then

or

cdt

vdt
0
0

This differential world line is transformed into the differential world line ds’ in k¥’ by
ds’ = A - ds.
Find the differential world line ds’ and from the result show that dt’ = /1 — B2dr.

Solution:
The differential world line ds’ is

y —yB0O cdt
;| —vB v 00 vdr
=19 0 10| o0
| O 0 01 0
[ ycdt — yBude
| yvdt —yBcdt
- 0
i 0
That is

dt' =y (1 —52) dr

=/1— B%dr.

8.3. The Minkowski Axiom requires that the velocities of material bodies are always
less than the speed of light. Using ux = (u} + ¢B) / (1 + Bul/c) show that if the
inertial frame k' has a velocity v < ¢ and if the particle moving in k" also has a
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velocity uy < c, as it must, the velocity of the particle as measured in k is also < ¢
regardless of how close v and uy are to c.

[Hint: Choose B, =1 —k and B =1 — A]

Solution:

Choosing B = 1—« and B = 1 — A the equation ux = (i} + cpB) / (1 + Bul/c)
results in

By + B 2—Kk—A
= = <
1+ BB, 2—k—A+kh

Bx 1.

This is the argument that Einstein presented.

If we choose 8 = 1, so that we are considering a light pulse in frame k' rather
than a particle. Then ¥ = 0 and this results in 8, = 1, which is Einstein’s second
postulate.

8.4. Consider a collision between a high energy proton and a photon. The proton is
moving at a velocity u along the positive x—axis and the photon of frequency v is
initially moving toward it in the direction of the negative x —axis. After the collision a
photon of frequency v’ leaves the site of collision moving along the positive x —axis.
Designate the 4—momentum of the proton before and after collision as P and P;,
and that of the photons before and after collision as P, and P;,. What is the energy
of the final photon?

Solution:

Our law of mechanics is

P,+P,=P,+ P,

Before the collision the proton 4—momentum is
P, =moy, (c, uéx)

and the photon 4—momentum is

h .
Py == (1.=&).

After the collision the 4—momentum of the photon leaving the site is

W
P;,:Tv(l,ex),

We know nothing about the scattered proton. So we use the same trick as in our
example of Compton scattering. We isolate Pl’D and write

2 2
(Po+ P, —P,) =(P)
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or

2
2 2 2 I ’_ /
PI+ P —P242P,- (P, —P))+2P, P, =(P}) .

2
Realizing that sz = PI;Z = mjc? we see that P% and (P]’)) cancel on each side.

And Pf = PJ//2 = 0. We are left then with
P,-(P,—P))=P, P,

Now
Py (Py— P)) = Pigas (P - PY)
n h n hv' n
= moy, (c, uéy) - |:?V (1, e) — Tv (1. —ex):|

hv hv'
=moyu[7(0+u)—7(0—u)],

noting that the scalar product involves gug, which places a negative sign on the
product of the spatial components. And

P, P, = PlgupP)
_h '

- (1, —é) - — (1, —&)

h 2
(E) w (1+1)
h 2
2(—) vy’
¢

moyah [v (14 B) — v (1 - )] =2 (ﬁ)2 o,

c

Then we have

s /
solving for v’,

V= moy Vv (1 + ﬁu)
2 (hv/cz) +moy, (1 — ﬂu)'

Or, in energy terms

,_ (moyye) () (14 B)
2 (hv) + (moyyc?) (1 - By)
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Since m, = hv/ ¢? is the relativistic mass of the incoming photon, we may also write
this as

, moyy (hv) (1+B,)
h' = )
2my, +moy, (1 — By)

As an example we consider that a photon from the cosmic background radiation,
about 2.73 K with energy

hv = kgT =2.3525 x 10"*eV

collides with a cosmic ray proton with a velocity of “0.998¢. The proton rest energy
is moy ,c> = 938.272 MeV. We find a final energy for the photon as
!/

(938272 x 10%eV) (10 eV) (1 +0.998)
" T 2(10%eV) + (938.272 x 10°eV) (I — 0.998)
=9.9900 x 107 %eV.

There has then been essentially a 400 fold increase in photon energy.

8.5. Using the concept of relativistic mass of the photon, find the relativistic mass
of two photons moving in opposite directions with frequencies v; and v;.

Solution:

The 4—momenta of the photons are

__hyy .
P1 = - (l,nl)
and
_hva
P, = A (1, I’lz) .

The total momentum is

_ h R
P= p (v1 + va, (vy —vz)nl).

We then have a relativistic mass as
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mc* =2 &

8.6. A photon with sufficient energy can produce an electron and a positron. The
positron is the antiparticle of an electron. This was first predicted by Paul Dirac and
first identified in a cloud chamber track by Carl Anderson. For the photon to produce
an electron and a positron there must only be another particle present for momentum
conservation. We consider a particle of mass mq; at rest at the origin of a frame
k. A photon with frequency v approaches this particle. At the point of “collision”
the photon disappears and an electron e and a positron e* appear. The electron and
the positron both have rest mass mg.. What is the minimum energy of the photon
required for pair production?

[After the collision refer all particles to a CM frame kcp.]

Solution:

Our law of mechanics (conservation of momentum) is

P,+ P =P.
Squaring this

P> + P} +2P, P =P

Now
2 _
PV_O
2_ 2 2
Pl —mOIC

As in the example in the text, we do not know the velocities of the particles in kcvm
after the collision. The minimum energy is found if we consider that the masses all
have no kinetic energy after the collision. Then

P? = (2moe + mo1)* ¢

and

h .
pP,-P = TvaI (1,n)~(c,0)

= hvm01.

Then our equation of mechanics is

m3 c* + 2hvmg = <4m(2)e +mb, + 4m01moe) ¢

or



Exercises 237

hv =2 (1 + %) moecz.
mo1

If the mass m; is a nucleon (proton or neutron) then mg./mo; =~ 0 and

hy ~ 2m0602.

That is, the absolute minimum energy of the incoming photon is the sum of the rest
energies of the electron and positron.

8.7. Using the fundamental tensor, show that the covariant form of the Field Strength
tensor is

faﬁ = 8oc~A,B - 8ﬁvAou
which in matrix form, is

0 Ex/c Ey/c E;/c
—Ex/c 0 —B, By
—Ey/c B, 0 —Bx
—E,/Jc =By By 0

Faﬂ:

Solution:
We begin with the contravariant form

TP =% AP — 9P A*
and intersperse the fundamental (metric) tensor, which has only unity for elements,
o ff _ a gB B pa
8uaF 8By = &uad A gpv — &upd A San

The terms g, and gg, here are numbers (&1) and, therefore commute. And g, =
8ay- Using the lowering property of the fundamental tensor.

’7:1’“) = BMAV - 8]}AM.

To establish the covariant form of the Field Strength tensor, we first note that the
spatial terms in the covariant and contravariant forms are the same. That is

*FAY — v A :31“4])_3‘”4”'

This is because both the grad terms and the vector potential terms change sign.
That is 0" = —9,, and A* = —A, for u = 1,2, 3. However, neither the zeroth
components of the differential nor the 4—potential change sign, i.e. 3° = 9 and
A% = Ag. Therefore
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Fou = oAy = 0y Ao = — (004" = 9" A7) = —F

and likewise
Fuo = —FH.

There are then changes in the signs of the zeroth row and the zeroth column.
8.8. Using the differential operators show that

10 .
0,07 A% =9° (;E(p + div A) .

Solution:
We exchange the order of the (partial) differential operators to obtain

9,07 A% = 970,47

Then we use

0
0y = (E’ grad)

and the contravariant form of A

A =(p/c,A)
to obtain
0,07 A% =97 iigo +div A
7 2ot ’

8.9 Show that the elements of the 4—vector
9 Fup =0

are Gauss’s Law
divE =0

and Ampere’s Law

10
curl B=———E.
c2 ot

of Maxwell’s equations for empty space.
Solution:
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For the component 8 = 0,

0o Foo = 90F00 + 01.F10 + 02F20 + 93F30

—180+18E+18E 19
ot cox " cay Y lcoaz ”
1
=—-divE
c

For the component g = 1,

o Fo1 = oFo1 + 01 F11 + 02F21 + 03F31

N Y R S

T2 Y ax ay - 9z Y
10

= _C_ZﬁEX + (curl B),

For the remaining components 8 = 2, 3 the y and z components are obtained. So
we have Gauss’s Law

divE =0

and Ampere’s Law

10
curl B=———E.
c2 ot

8.10. Show that the even permutations of
0pFor =0

or
PF T =0

yield Oersted’s result
divB =0

and Faraday’s Law

0
curl E = —-—B
ot

of Maxwell’s Equations in empty space.
Solution:
For pot =123
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0 0 0
81f23+83f12+32f31:_Bx+_BZ+_By
ox 9z dy
=divB =
For pot =013
10 10 10
PFP+ P FN 49 F0 = - —By+ - —Ex— -—E,
c ot c oz cox
1[0
= ; EBy—i—(CurlE)y =0

For pot = 012, 023 we obtain the remaining two components of (1 /c) [0 B /9t + curl E] =
0.

8.11. Although we do have the spatial force law in the form of Newton’s Second
Law

fzap’

if we attempt to formulate this in terms of an acceleration, for the sake of our intuition,
we encounter difficulties. For example we may attempt to consider only pure forces
in the 4—vector form of Newton’s Second Law

d
F=—P
dr

d ( )
= — (mc, y
dr 4
and use the relation

P =myU,

we can write

d
F =my—U.
dr

If we then attempt to define a 4—acceleration as

d

A=—
dr

and write F = mgA for the pure force we find difficulty. Find the difficulty.
Solution:
The difficulty appears if we evaluate A explicitly. Differentiating the 4—velocity
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with respect to T using

dr =dry/1 - p?

we have

d
A=yiq (©w
= y3(0, du/dr) .

But differentiating the 4—momentum and using

d

fzap’

the 4—vector force is

d 1de
p—y (- 7).
dr V“(c dr f)

For a pure force, using

d&é
Pt
we have
d 1
F=—P= —f-u, .
I Vu(cf u f)

Equating myA to dP /dt we find that we require
moA = moy2 (0, du/dr)

=Vu(lf'uvf):
C

1
moyy (0, du/dr) = (;f u, f) .

or

That is, we require
f-u=0,
as well as

f =moy,du/dz.

241
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The latter of these is not outside of our expectations, but the former is. This (also)
violates the expectation that a force, while it may not change the rest mass, in the
case of a pure force, it must not be limited in such a way that it cannot change the
total relativistic energy.

8.12. In our discussion of energy we followed Wolfgang Pauli to obtain the Einstein
mass-energy relation. This required a proposal for the equation of motion of a material
body, in addition to conservation of momentum. We chose this to be the relativistic
form of Newton’s Second Law written, using the spatial components of momenta,
as

" (moyau) = F

— (moy u) = F.

dr 0Yu

And we later verified that this is the correct covariant form of the force law.
Begin by accepting this force law and obtain Pauli’s result that

Exin = moyuc2 + constant
2 1 2
~ moc” + Emou -+ constant.

Then note that we retrieve the known classical result for the kinetic energy if we
choose the constant to be —mgc?. That is

Exin = moy y¢* — moc” .
We may then identify identify
E =moy,c?
as the total energy and
Exin = € —moc? .

You will first need to evaluate d(moyuu) /dt. Then you will need to use your
result to obtain an expression for the work done on a material body by the force F.
This will lead you to the result d(moy ,c?) /dt = F -u, which you integrate to obtain
the result above for the kinetic energy. The next steps require Einstein’s aesthetic
insight. They should now follow.

Solution:

Performing the time derivative of mqy ,u we have

d d d
a (moyuu) = moy ¢ (‘yﬁﬂu : aﬂu) ﬂu + mOVuCEﬂu

=F

The rate at which work is done on a material body of (relativistic) mass m (u) = moy,,
moving with velocity u is F - u. So we take the scalar product of this equation with
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u obtaining

d d
u- E (m()yuu) = moyaczﬂu . aﬂu
=F - u.

From straightforward differentiation we also find that

d d

E (moyucz) = moyiczﬂu : Eﬂu'
Therefore

sy (mor?) = F

— (moy,c°) = F - u.

dr 0Yu

243

The rate at which work is done on a body is the rate of change in kinetic energy. The

kinetic energy of the material body is then

Ekin = moy ¢ + constant.

To identify the constant we expand y, in powers of . Carrying the expansion to

second order in B, we have

1
Ekin ~ m0c2 + Emou2 + constant.

We then retrieve the known classical result for the kinetic energy if we choose the
constant to be —mqc?. This we term the rest energy of the material body. This is the

energy present in the body when at rest.
The kinetic energy then becomes

Exin = moyuc2 — moc? .
If we identify

E =moy,c?

as the rotal energy of the material body then what we have indicates that the kinetic

energy is the difference between the total energy and the rest energy.

8.13. By direct differentiation show that

aA®

Pcang) = ¥
X

and
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A

Pcan?) = T

are identical, thus verifying

7 Special Relativity

dA®  JA0

dxW axm
Solution:
We begin with

o_ 040 9 — b ew
Pcan) = Yy (—moc,/g,wxl‘x” — QA g, x )
e p\-172 .
= —moc (g;wxuxv) Zavx” — Q-Augua
moXy

_\/1 —u?/c? — QA

With U, = y,Xq, this becomes
Pcang) =—P,— 0A,
or
Pcan® = (—mc — Q%, p+ QA) ,

which is Pcangf) .

8.14. Show that the Canonical Equations from the relativistic Hamiltonian for the

Lorentz force

172

© 2
((pcan) - QAOl)
HO =moc® | 1+ -y + Qg
mgc
are
d ¢ dg
o (Pgn)u = Quf (9Ap/0x") = 00
and
2=-12
o, ((pln) - 04a)
—_ = = — 1
dtx " mo + mgc2

((

P&

o)
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where ( p((;gn) are the spatial components of the 4—momentum
%

Pcan® = (—mc — Q%, p+ QA) .

Solution:
Taking the partial derivatives of the Hamiltonian

((pgta)n)a - QAot)z

2.2
mgc

172

+ Qg

HY = moc® | 1 +

with respect to the spatial components of the covariant differential operator

) a
P YK d )
ax¢ (cat g )

we have
5172
aHW® dg ) ((pga)n)a - QAa) ((p&?n)ﬁ - QA/s) (9Ag/0xH)
axn an” —moQc” | 1+ m%cz m(z)cz

dg
= 0y - ouP (8Ag/0xH).

The canonical equations for the spatial momenta are then

d AHW® o
- (v _ _ B e Y.
dr ( can)u = Fyom = Qu (3Aﬂ/8xp‘) 0 FPTh

Taking the partial derivatives of the Hamiltonian with respect to the spatial compo-
nents of the 4—momenta,

(), - o) ] 2((r), - 04s) (32)

L(t) - lmocz 1+
i (pga)n) 2 mie? mie?
' © 24-12
_ 1 - ((pcaﬂ)a B QA“) ((pm ) —0A ) .
mo mic? can) 1

The canonical equations for the spatial coordinates are then
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-172

® 2

d M 1 Pcan N — QAy ©

R ( ) —04,).
a’ " mo * m3c? ( Pew), ¢ M)
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